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ABSTRACT OF DISSERTATION

A POSTERIORI ANALYSIS OF OPERATOR DECOMPOSITION ON
INTERFACE PROBLEMS

This thesis is devoted to the a posteriori analysis of the effects of operator
decomposition on interface problems. Operator decomposition offers an at-
tractive solution strategy for multi-physics and multi-scale problems. This
technique allows previously defined component codes optimized for single
physics problems to be reused in an iterative manner to solve a multi-
physics, multi-scale problem. This is also called loose-coupling or a parti-
tioned approach. Unfortunately, this technique introduces additional errors
due to the transfer of information between components. For interface prob-
lems, this results in a loss of accuracy for the converged approximation in
the L? norm. In this thesis, we use a posteriori analysis to detect the source
of this loss of accuracy and show that a common flux recovery technique

can be used to recovery the expected accuracy.

Timothy Wildey
Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Summer 2007
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Chapter 1

INTRODUCTION
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Interface problems arise naturally in the modeling of heat transfer be-
tween materials where a discontinuous coefficient represents the difference in
the thermal properties in each region. In 1970, Babuska [4] studied elliptic
problems with discontinuous coefficients on a smooth domain with a smooth
interface. Since then, interface problems have been analyzed for elliptic and
parabolic problems with smooth interfaces [24, 14|, using an immersed fi-
nite volume element method [32], using least-squares finite element methods
[19], and using mortar elements for nonmatching triangulations across the
interface (2, 59, 50, 46]. All of these methods are designed to solve the fully
coupled system since the solution in each subdomain behaves on the same
scale and may be approximated with the same numerical method.

Operator decomposition is a widely used technique for solving multi-
physics, multi-scale problems. The general approach is to decompose the
problem into components involving simpler physics over a relatively limited
range of scales, and then to seek the solution of the entire system through
an iterative procedure involving solutions of the individual components.
This approach is appealing because there is generally a good understanding
of how to solve a broad spectrum of single physics problems accurately
and efficiently, and because it provides an alternative to accommodating
multiple scales in one discretization.

In the case of conjugate heat transfer, operator decomposition can be
viewed as domain decomposition that allows for very different discretiza-
tions in each component. However, operator decomposition presents an
entirely new set of accuracy and stability issues, some of which are obvious
and some subtle, and all of which are difficult to correct. In the case of
the conjugate heat transfer, the operator decomposition causes a loss in the

approximation order of convergence.
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In this thesis, we perform an a posteriori error analysis of a finite-
element implementation of the operator decomposition technique and ob-
tain accurate error estimates that are used to guide an adaptive discretiza-
tion strategy. Our approach is based on the standard techniques using
variational analysis, residuals and the generalized Green’s function solution
to an adjoint problem [10, 18, 30, 31, 28, 42], which we modify to account
for several new features arising from the operator decomposition. These

include the following.

e Numerical errors in the solution of each component are propagated

through the boundary condition applied to the other component.

e Numerical errors in the solution of each of the components at one step

of the iterative procedure are propagated to the next step.

e The solution operator of the full problem and the approximate solu-
tion operator of the problem are distinct operators with distinct ad-
joint operators and these differences must be recognized when seeking

accurate error estimates.

These issues typically arise in operator decomposition solution processes,
e.g. [21, 38], and generally require extensions of the usual a posterior: anal-
ysis techniques.

In addition to obtaining accurate estimates, we seek to improve the
accuracy of the operator decomposition method in an efficient way. In
particular, we adapt the “boundary element flux” technique developed by
Wheeler [55] and Carey [34, 20] to compute normal derivatives on a bound-

ary, and show that this can be used to improve accuracy, and in particular,
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restore the order of convergence that is lost due to the operator decompo-
sition.

In Chapter 2, we review some basic definitions and classical results
in functional analysis and function spaces. This naturally leads to the
definition of the adjoint operator. We conclude this chapter by computing
the adjoint for a number of differential operators and show how the adjoint
boundary conditions are determined.

In Chapter 3, we develop the Galerkin finite element method for linear
elliptic differential equations and prove optimal order a priori and a poste-
riori error bounds. Next, we show how the adjoint solution may be used to
estimate a linear functional of the forward solution or to adaptively refine
the mesh. We conclude the chapter by deriving a priori and a posteriori
error bounds for stationary nonlinear problems.

Chapter 4 describes the a posteriori estimation of the error in the flux
of a finite element approximation on a piece of the boundary of the domain.
The estimate is obtained via a generalized Green’s function corresponding
to the quantity of interest on the boundary. We investigate the effects of
smoothing the data corresponding to the quantity of interest and explore
the effective domain of dependence of the quantity. We relate this approach
to previous work by M. F. Wheeler [55], G. F. Carey (34, 20}, I. Babuska
[7, 8, 6], et al, and M. Larson {35], et al.

In Chapter 5, we discuss the convergence of operator decomposition
methods. We begin with covergence criteria for an analogous linear alegbra
problem with a block structure. Next, we prove that operator decomposi-
tion methods for 1D interface problems only converge in certain situations.

As an alternative in the divergent case, we present a relaxation method and
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develop a Newton method for the boundary information. We complete the
chapter by extending these results to operator decomposition methods for
2D and 3D interface problems and for globally coupled equations.

In Chapter 6, we consider the accuracy of an operator decomposition
finite element method for a conjugate heat transfer problem consisting of
two conducting materials coupled through a common boundary. We derive
accurate a posteriori error estimates that account for the transfer of error
between components of the operator decomposition method as well as the
differences between the adjoints of the full problem and the discrete iterative
system. We use these estimates to guide adaptive mesh refinement. In
addition, we address a loss of order of convergence that results from the
decomposition, and show that the approximation order of convergence is
limited by the accuracy of the transferred gradient information. We employ
a boundary flux recovery method to regain the expected order of accuracy
in an efficient manner.

In Chapter 7, we explore a few advanced topics in finite element the-
ory. First, we show how a commonly used finite volume method may be
rewritten as a Petrov-Galerkin finite element method and optimal order
a priort and a posteriori error bounds are derived. In addition, we apply
adjoint based a posterior: error estimation techniques to estimate a linear
functional of the error in the finite volume approximation. Next, we analyze
mixed finite element methods and prove optimal order error bounds for the
Stokes equations. We build on this result in the following section where
we develop a finite element method for the Navier Stokes equations, derive
the adjoint operator, and prove a priori and a posteriori error bounds. We
conclude this chapter with an analysis of a finite element method for the

steady Boussinesq equations.
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In Chapter 8, we consider the accuracy of an operator decomposition
finite element method for a conjugate heat transfer problem consisting of a
fluid and a solid coupled through a common boundary. We derive accurate
a posteriori error estimates that account for both local discretization errors
and the effect of the transfer of error between components of the operator
decomposition method. We use these estimates to guide adaptive mesh
refinement. In addition, we again show that the order of convergence of the
operator decomposition method is limited by the accuracy of the transferred
(gradient) information, and how a simple boundary flux recovery method
can be used to regain the optimal order of accuracy in an efficient manner.

In Chapter 9, we extend the results in the previous chapters to a time-
dependent interface transfer problem. We begin by discussing the compli-
cation which arises due to the interaction between integration and itera-
tion. Next, we use the adjoint problem to derive an error representation
formula which accounts for both local discretization errors and the effect
of the transfer of error between components of the operator decomposi-
tion method. In the final section, we present numerical results. The first
demonstrates that certain operator decomposition methods are stable only
if the time step is below a critical value. The second result shows that the
accuracy of the operator decomposition method is affected by the transfer
of derivative information, and that the flux recovery technique described in
previous chapters may be extended to time-dependent problems and used

to regain the loss of accuracy.
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Chapter 2

ADJOINT OPERATORS
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In this chapter, we review some relevant material on duality and adjoint

operators. See [44, 10, 12, 42, 18, 30, 31, 28] for more details.

2.1 Banach spaces

Recall that a linear functional on a vector space Visamap L: V — R
such that L(av; + fvg) = aL(vy) + BL(vy).
We define a special type of map on V, || - || : V — R, called a norm,

satisfying the following properties

L flu+o| £ lul + v, Yu,veV,
2. law| = |a|||lvll, YveV, VaeR,
3. vl >0, YweV,
4. |v]|=0=v=0.
A map |-|:V — R is called a semi-norm if it satisfies the first three

properties, but not necessarily the fourth. We define a normed vector space

to be a pair (V,]| - |lv) with V a vector space and | - ||y a norm on V.

Definition 2.1.1. A Banach space is a normed vector space that is complete
with respect to || - ||y, i.e. any Cauchy sequence in V converges under || - ||v

to an element in V.

Definition 2.1.2. The dual space of a normed vector space V is the set
of all bounded linear functionals on V and is denoted V*. In addition, the
dual space is a normed vector space under the dual norm

Lz
1Ll = sup 1E@
zev, z0 || Zllv
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We use the bracket notation,
<. ->V*'xV-oR
to represent the dual pairing,.

Definition 2.1.3. Let X and Y be Banach spaces and L : X — Y a
bounded linear operator. The adjoint operator, L* : Y* — X*, is defined so
that

<y* Lz >y=< L'y*, z >x . (2.1.1)

Example 2.1.1. Let z € R"*, y € R™ and A : R®™ —» R™. Then the adjoint

A* : R™ — R™ is the transpose matriz, often denoted AT.

2.2 Hilbert spaces

Definition 2.2.1. An inner product space is a pair (V,(-,")v) with V a

vector space and (-,-)y an inner product on V.

We can always take an inner product space and create a normed vector
space using the norm induced by the inner product || - ||y = (;, )%,/ 2 This
leads to an important connection between inner product spaces and Banach

spaces.

Definition 2.2.2. An inner product space, (V,(,-)v), is called a Hilbert

space if the associated normed vector space (V, (v, v)%,/ 2) is a Banach space.

Let V be a Hilbert space with inner product (-,-)y. Given v € V|,
it is clear that L(z) = (z,v)v defines a linear functional for any z € V.
This naturally leads to the question if all linear functionals can be defined
this way. The Riesz Representation Theorem states that this is the case on

Hilbert spaces.
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Theorem 2.2.1. Riesz Representation Theorem
Any bounded linear functional on a Hilbert space V may be uniquely

represented as L(v) = (u,v)y for some u €V and ||L|

ve = lullv

We say that a Hilbert space is isometrically isomorphic to its dual

space.

Definition 2.2.3. A bilinear form, a(-,-) : V x V — R, on a Hilbert space

V is said to coercive and continuous if it satisfies
a(v,v) 2 alvlly, and a(u,v)] < Cllufvilv]ly, (2.2.1)
respectively with 0 < a < C.

These conditions imply that the bilinear form induces a norm equiva-
lent to || - ||v. If the bilinear form is symmetric, continuous and coercive,
then the Riesz Representation theorem guarantees there exists a unique u
such that

a(u,v) =< fiu>, YveV

We may reach the same conclusion if the bilinear form in non-symmetric,

but the Lax-Milgram theorem must be used.

Theorem 2.2.2. Lax-Milgram
Given a Hilbert space (V, (-, ")), a continuous and coercive bilinear form,
a(-,-) : VxV = R, and a continuous linear functional f € V*, there exists

a unique u € V such that

a(u,v) =< f,v>, YveV.

10
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2.3 Sobolev spaces

In this section, we introduce a special class of Hilbert spaces: the

Sobolev spaces. First, we define the LP(}) spaces,

LP(Q) = {v | (/Qv” dm)l/p < oo},

where the integral is understood in the Lebesgue sense. The space L2(2)
is particularly important since it becomes a Hilbert space under the inner

product
(u,v)q = / wv dz,
Q
with the corresponding norm

||U||0,n = (U,U)l/2~

We will frequently write (-,+) = (-,)q and || - lo = || - |lo.o When the domain
is obvious.
Remark 2.3.1. The dual space of LP(Q2) is LI(Q2) with % + % =1 for any
integers 1 < p,q < co. L%(Q) is a special case since (L2(Q))" = L*()

For convenience, we define a multi-index notation for partial deriva-

tives. Let a@ = (a1,09,...,an) € N™ with || = o3 + ... + am, and for

z € R™ let % = z7" - - - z%m. Similarly, we define the differential operator

o 9 \™ g \*

Definition 2.3.1. We say u € L%(Q) has a weak derivative ¢ = D%u in
L*(Q) if
('U, ¢)0 = (_l)lal(Dava u)O)

for all smooth v which are nonzero on a compact subset of Q).

11
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It is easy to see that this definition corresponds to the classical defini-
tion of integration by parts whenever u is sufficiently smooth, and the test

function v (and its derivatives) are zero along the boundary.

Definition 2.3.2. For an integer m > 0, define the space of functions
H™(Q) = {ve L*Q) | D*u € L*(Q) V|a| <m}.
This space is a Hilbert space under the inner product

(U, V)m = Z (D%u, D%v)o,
lal<m

with the norm

follm = (v, )70,

and the corresponding semi-norm
1/2

Wl = | D I1D%ull3

la|=m

We are also interested in the subspace
HF () = {ve H™(Q) | v|lsa = 0.} .
Next, we define Sobolev spaces of positive real order.

Definition 2.3.3. Let k > 0 be an integer, 0 € (0,1), and s=k+o. We

define the Sobolev space

|D%v(z) — D(y)|

HY(Q) = {v € HQ) | e L}Q x Q), Y|o| = k},

lz = ylo+4
with the norm
1/2
|De(z) — Do (y)[?
olls = | o]z + / dz dy
G HZ o Tz — g+
12
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Definition 2.3.4. The negative norm Sobolev space, H™*(f2), is defined to
be the dual space of H*(2). It is useful to remember the following embed-
dings

LHTEQ) D HTNQ) D LA(Q) D Hy(Q). ...

The most common use of non-integer order Sobolev spaces is in dealing
with functions defined over boundaries. The definition of H*(0R) is slightly
different [1, 3], but H*(9Q) is still a Hilbert space and gives rise to the

following trace theorems.

Theorem 2.3.1. If u € H™(Q), then the trace yu = ulsq belongs to
H™12(8Q) and

vullm-1/200 < Kifullma-

Conwversely, if v € H™ 1/2(0Q) then there exists u € H™(Q) with v = u|sq

and

lullma < Koljvllm-1/2,60-

Theorem 2.3.2. Suppose that Q has a Lipschitz boundary, and u € H™(Q)

with m > 0. Then there is a constant C, such that
1/2 1/2
[ollm-100 < ClIvlLZ, ool

m,

and if we set |02 = r then there exists C' > 0 such that

[vlm-100 < C'(r{[vllm-10 + r[vlma)-

2.4 Computing adjoint differential operators

In general, computing adjoint operators can be difficult. There is a

systematic formal process in the setting of a Hilbert space with the L2

13
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inner product. In this case, we compute adjoint differential operators by

applying a version of the divergence theorem
——/ V- (AVu)v dz = —/ AVu-nvdS+ / AVu-Vuvdz, (2.4.1)
Q 80 Q

where n denote the unit outward normal, to move derivatives from the test
function onto the trial function. We first compute the adjoint operator for
functions having compact support in the domain, assuring that any bound-
ary terms will drop out. To extend the adjoint to more general functions,

we must define the adjoint boundary conditions.

Definition 2.4.1. The formal adjoint boundary conditions are the mini-
mal conditions to reduce to zero all of the boundary terms that arise when

evaluating the bilinear indentity.

Next, we compute the adjoint to a number of differential operators and
indicate how the adjoint boundary conditions can change depending on the

forward differential operator and boundary conditions.
2.4.1 Linear elliptic operators

Consider the elliptic operator
Lu= -V (AVu)+ b Vu+ cu,
The adjoint differential operator, L*, is defined such-that
(Lu, @) = (u, L ¢).
We apply the divergence theorem and determine

L'¢=-V:(AV¢)—b-Vé+(c— V- b)s,

14
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with extra boundary terms
—(AGnu, ¢) + (A0nd, u) + ((b - n)u,9).

In Table 2.4.1, we assume I' is a connected subset of the boundary and
consider several common boundary conditions for the forward problem, and

the resulting adjoint boundary conditions.

Forward BCon T Adjoint BC on T’
u=20 =0
Adu =10 ABpp+ (b-n)p =0
Ad,u—(b-mu=0 Add =0
Adyu+au=0 Abd+(a+b-n)p=0

Table 2.1: Common forward boundary conditions and the corresponding
adjoint conditions.

2.4.2 Linear parabolic operators
Consider the parabolic operator
ut — V- (AVu) + b - Vu + cu. (2.4.2)

To determine the adjoint operator, we multiply by a smooth function ¢,
integrate over {2 and integrate in time over [0,7T]. The divergence theorem

is applied to move the spatial derivatives as before, and integration by parts

fo (wg) dt = - / (urd0) dt,

neglecting the boundary terms. Thus, the adjoint operator is

gives

—¢— V- (AV¢) —b-Vé+ (c— V-b)s.

A parabolic operator such as (2.4.2) is well-posed given appropriate bound-

ary conditions in space, as well as an initial condition. The adjoint boundary

15
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conditions in space can be read from Table 2.4.1. To derive an “initial con-
dition” for the adjoint problem, we recall that integration by parts in time

results in
(“’a ¢)|t=T - (?L, ¢)|i=0'

Assuming the initial condition for the forward problem is u(z,0) = 0, we
set ¢(z,T) = 0 to remove these terms. Hence, the adjoint problem is given
a final condition rather than an initial condition, but notice that the time

derivative runs backwards, giving a well-posed problem.
2.4.3 Nonlinear operators

The adjoint of a nonlinear operator is more complicated to define.

Consider the nonlinear problem,
F(u) =g,

and let U be an approximation to u. We want to estimate a linear functional

of the error, (e,9) =)(u — U, ¢). The residual,
R=yg - F(U),

is computable, but in general, F(e) # F(u) — F(U) since F is nonlinear.

To obtain a linear operator we use the integral mean value theorem
1
F(u)y— FU) = / F'(su+ (1 -3s)U)- (u—-"U) ds,
0

where F' is the Jacobian. This requires that F is Frechet differentiable and
that the domain of F' is convex.

We now have the linear equation for the error,
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where

Fe /1 Fsu+(1— s)U) ds.

We define the linearized adjoint operator F" such that
(Fe,¢) = (e,F 9).

Unfortunately, this adjoint operator is not useful in practice as it re-
quires the exact solution u. We can define a computable adjoint by lin-
earizing around the approximate solution, F'(U), giving the approximate
adjoint problem,

(F'(U)yé=1y.
In practice, this appears to give meaningful error and stability estimates.
In Eastman [25], the effects of linearization on a posteriori error estimation

for elliptic problems is analyzed.

17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 3

FINITE ELEMENT METHODS

18
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In this chapter, we recall some basic ideas about finite element meth-

ods. See [15, 13, 45, 27| for more details.

3.1 Weak formulations

Let €2 be a bounded domain with boundary 952 and consider the model

boundary value problem

{Luz_v-(AVqu-W“”:f’ x €, (3.1.1)

u =0, x € 092,
with the data f and coefficients A(z) > Ay > 0,b and c sufficiently smooth
functions. To derive the weak form, we multiply the differential equation

(3.1.1) by a smooth function, v, integrate over 2, and apply the Divergence

theorem to move derivatives from u to v. This gives
a(u,v)=/(AVu-Vv+b-uv+cuv)da:=/fvdx. (3.1.2)
Q Q

In order for this relation to make sense, we require u,v € H}(2) and f €
H~1()). We call this the weak formulation because we have weakened the
regularity assumptions from the stronger relation (3.1.1).

Suppose that instead of homogeneous Dirichlet boundary conditions,
we have u = g on 8. We assume g € H'/?(9Q) and by the trace theorem
there exists G € H(2) such that YG = g along 0). We let u = up + G
and seek up € H} () such that

a(ug,v) =< f,v > —a(G,v), Vv e H}(Q).

Next we consider the boundary value problem (3.1.1) with mixed bound-

ary conditions

u =0, xz e I'p,
Abpu = gn, T €T,

19
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where 00 = I'p UT'y. The application of the Divergence theorem now
results a term along the boundary involving the Neumann data gy. As a

result, we define V = {v € H}(Q) | v|r, = 0} and seek u € V such that
a{u,v) =< f,v >+ < gn,v >r,, YWEV.

Suppose we further generalize the boundary conditions to be

U= 0, S FDa
AB,u = gn, z €'y,
Al u+ Pu=gr, z€Tlpg,

where we have split the boundary into Dirichlet, Neumann, and Robin
components with 90 = I'p U T'y UT'g. The weak formulation seeks u € V

such that

a(u,v)+ < fu,v >rp=< f,v >+ < gn,v >ry + < grR,V >1z, YV E V.
A similar conclusion can be reached using inhomogeneous Dirichlet data.
3.1.1 Existence and uniqueness

For simplicity, we focus on the Dirichlet problem (3.1.1) and the weak
formulation (3.1.2). The bilinear form af(:,) is clearly continuous, and
if we assume b =0 and ¢(z) > 0, it will also be coercive. Then, given

f € H™1(Q), existence and uniqueness of u € H}(Q) satisfying
a(u,v) =< f,v >, Yve H(Q),

is guaranteed by the Riesz representation theorem (2.2.1).

If, on the other hand, b # 0, then the bilinear form is not symmetric
and (2.2.1) does not apply. Instead, we can show existence and uniqueness
using the Lax-Milgram lemma (2.2.2) provided ¢(z) — 3V - b > 0, which

guarantees coercivity.

20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.1.2 Elliptic regularity

Let u € H2(Q) N H}() be the solution to (3.1.1) with f € L?(Q). We

say u satisfies the elliptic regularity condition if
lull2 < Cll fllo, (3.1.3)

for some positive constant C.

It is natural to wonder if assuming smoother data, i.e. f € H*(Q) with
s > 0, leads to smoother solutions. In general, this is not the case unless
the boundary is more smooth than a polygonal domain. This presents a
number of problems associated with curved boundaries [13, 15]. We do not

address these issues here.
3.2 Piecewise polynomial spaces
3.2.1 Triangulations

One of the keys to the finite element method is the concept of a par-
tition, or triangulation, of the domain into a finite number of subsets. Let

Ty, = { K} denote a triangulation of ) satisfying
1. Q=U ke, K,
2. each K is closed with a nonempty interior,

3. for distinct K, K» € Ty, K1N K> is either empty, or a common vertex,

or a common edge.

To elaborate, we assume that the triangulation covers all of €2, and that
there are no hanging nodes. For an arbitrary element K € T}, let hg

denote the longest edge of K with

h = max hg.
KeT,

21
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Furthermore, we say a triangulation is quasi-uniform if there exists a con-
stant Cj such that

min hg > Cymax hy
KeT, = T Ker, '

i.e. all the elements are of similar size.
3.2.2 The Lagrange basis

Next we use the triangulation, Ty, to define a finite dimensional space.
Let PY(k) denote the space of piecewise polynomials of degree ¢ on an
element K, and define {N;}k to be the set of linearly independent basis

functions such that for any p € PI(K),

M
p(.’ﬂ) = Z aiNi(‘T)v

where o; € R.

Let {n;}x denote the set of nodes on an element K. The Lagrange
basis is defined so that N;(n;) = §;;. For P1(K), the set of nodes is simply
the corners of the element K. With higher degree polynomials, we need to
add nodes to the element determine a basis. For P?(K), we require 6 basis
functions, so we take the three corner nodes, as well as the midpoint of each
edge. For P3(K) we need 10 basis functions, so we use the corner nodes,
two nodes along each edge, and the centroid to form a basis.

Let K, K2 € Ty represent two element sharing a common edge. It is
an easy exercise to show that if {n;} g denotes the set of nodes along the
common edge, E, and if v(n;)|k, = v(m)|k, for all nodes in {n;}g, then v

is continuous over K; and K.

22
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3.2.3 Interpolation theory

At this point, it is useful to review some basis facts from interpolation
theory. Let K be an arbitrary element of a triangulation T}, and let S,
denote the space of continuous piecewise polynomial functions of degree ¢

on T}. Define the interpolation operator 7 : H+1(Q)) — Sy, such that

Ny
=Y ugi(z),
i=1

where v; = v(z;) and ¢;(z) the Lagrange basis function associated with
node z;.

The following local éstimates can be derived using the Bramble-Hilbert
lemma

v = 7vlls.x < Creh%™*|v]gs1 k- (3.2.1)

If we assume the triangulation is quasi-uniform, then we can prove the
global bounds

v — mv||s < CRIM 5|41 (3.2.2)
3.3 Galerkin finite element methods
3.3.1 Formulation

Consider the second order elliptic equation

Lu=f, xe€8,
3.3.1
{u:O, x € 09, ( )

Let a(-,-) : H}(2) x H}(€2) — R denote the bilinear form associated with
(3.3.1) and assume f € H~1(Q). The weak form of (3.3.1) seeks u € H}(Q)
such that

a(u,v) =< f,u >, Vve HyQ). (3.3.2)

23
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Since H} is an inﬁnite dimensional space, we need to choose finite dimen-
sional closed subspaces of Hj(2), The subspace containing the test func-
tions, v, is frequently called the test space, while the subspace containing
the approximation, U, is called the trial space. For now, we consider prob-
lems where the test and trial space are both S, as previously defined. Then

the Galerkin finite element method finds U € S}, such that
a(U,v) =< f,u>, VvES, (3.3.3)
For simplicity, we set
Sp={veC()|ve PYK) VK € T,},

e.g. the space of continuous piecewise linear polynomials, unless stated

otherwise.
3.3.2 H! error bounds

We begin by proving that the H! error in the finite element approxi-

mation is proportional to the best approximation in Sj.

Theorem 3.3.1. If the bilinear form in (8.3.2) is continuous and coercive,

then the finite element solution to (8.3.8) satisfies
,— Ully < C inf ||u—
lu—Ulh < Jnf [l = vlls,

and if u € H2(Q) N H}(Q) satisfies the elliptic reqularity condition (5.1.3),
then

lu—Ully < Ch|fllo

24
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Proof. Let v be an arbitrary element of S, and consider

alu-U|? < alu—Uu-U) Coercivity
= a(u—U,u) Galerkin Orthogonality

= a(u—U,u—v) Galerkin Orthogonality

< Gillu=Ulhllu = vlh Continuity

lu-Ul; < %Hu—v“l Division by afjlu — U||;.

Since v € Sp, was arbitrary, we have
- < C i - .
lu=Ul: < Cvlergh lw — vl

The second assertion follows from taking v = wu and applying the interpo-
lation results and elliptic regularity.

3.3.3 L? error bounds

Error bounds in the L? norm are more complicated than H? or energy
norm bounds, and come in two varieties: a-priori and a-posteriori. Both of
these require the adjoint problem and some regularity of adjoint solutions.

Let ¢ solve the adjoint problem

(3.3.4)

L'¢=u—-U, x€,
¢ =0, x € 012,

with weak formulation
a*(¢,w) = (u—U,w), we Hy(Q).
First we prove the a-priori result.

Theorem 3.3.2. Assume the bilinear form in (8.8.2) is continuous and
coercive, u € H2(Q2) N HF(Q) and satisfies the elliptic regularity condition
(8.1.3), and let ¢ solve (8.8.4) with ||¢|la < C|lu — Ullg. Then the finite

element solution to (3.8.3) satisfies

llu = Ullo < CR|f]lo,
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Proof. Letting w = v — U we have

lu—UlE = a*(¢,u—U) Weak form of Adjoint
= a(u—U,¢) Def. of Adjoint
= alu—U, ¢ —nd) Galerkin Orthogonality
< Cillu—Ulillé - el Contimity 3 ; o
< Cohllulla]|d - 7élly See (3.3.1)
< Csh?|lull2li4ll2 Interp. Theory
< Csh?¥|fllollu = Ullo Elliptic Regularity
lu—=Ulo < Cih?|flo Division by ||u — Ullo

Notice that we got one power of h from the H! bound on v — U, and
one from a similar bound on ¢ — 7¢. In the next theorem, we prove the
a-posteriori error bound, which gets both powers of h from ¢ — 7w¢.

First we make an important point. The residual we want to use is
f — LU which gives an indication how well the approximation satisfies the
strong form of the differential equation. Unfortunately, U ¢ H?(Q) so
(LU, ¢) does not make sense globally. However, we do have U € H%(K) for
any K € Ty. Therefore, our estimates are computed locally which produces
jump terms along the element boundaries. We will have to bound these

terms separately, but this is easily accomplished using the trace theorems.

Theorem 3.3.3. Assume the bilinear form in (3.8.2) is continuous and
coercive, u € H2(Q) N H}(Q) and satisfies the elliptic reqularity condition
(8.1.8), and let ¢ solve (8.3.4) with ||¢]l2 < C|lu — Ullo. Then the finite

element solution to (3.8.3) satisfies

lu=Ullo < > CSxh (If — LUllox + I fllox) (3.3.6)

KeT,

where Sk = ||p||l2.x is a local stability factor.

Proof. Let ¢ solve

(3.3.7)
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Notice that we have normalized the data for the adjoint problem. In general,

we will not be able to divide by ||u — Ul|o as in the a-prior: error bound.

lu—=Ullo = a*(¢,u—"U) Weak Adjoint
= a(u—"U,¢) Def. of Adjoint
= a(lu—U,¢—7¢) Galerkin Orth.
= (f7 ¢ - 7T¢) - a’(U7 ¢ - 71'(]5) Use a(u1 U) = (fa ’U)

Yoker, ([ —7d)x —a(U, ¢ — 7md)k

Yoken,(f — LU, ¢ — md)k—

3([48,U), ¢ — md)ax Green’s Identity
= Ji+J2

where [A9,U] denotes the jump in the normal derivative across an edge or

a face. We bound each term separately.

Ji = Yker,(f— LU ¢ —md)k
< Yker, Cillf - LU)loxh%|l¢ — mé|lk Cauchy-Schwartz
< Yker, Collf = LUlloxh%k o ll2,x Interp. Theory
Jr = Yker, 3([A0,U), ¢ — m¢)ak
= ZKGTh(Aan(u - U)) ¢ - WQS)BK :t(AanU, ¢ — 7T¢))BK
< Y ker, Cillu = Ullioxll¢ — molloox Cauchy-Schwartz
< Sien, (Calle - Ul I - UIFR)
(Calls - mollsklé — eIk Trace Thm.
< ZKeTh CahZe || fllox | Bll2,x Interp. and Ellip. Reg.

3.3.4 Estimating a linear functional

The use of the adjoint problem in the a-posteriori L? error bound leads
to another important application. Namely, the estimation of linear func-
tionals of the error, u —U. The goal is to compute some specific information
from a computed approximation accurately. Quantities such as the aver-
age value, the drag on a wing, the normal flux through a boundary, or a

point value are important, and all can be expressed as linear functionals
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of the solution. There is a significant amount of literature on this subject,
but we refer the reader to {26, 45, 10, 18, 30, 11] for more information and
applications.

Consider the differential operator given by (3.3.1) and let ¢ solve

{U¢=w,xeﬂ, (33.8)

¢ =0, x € 00,

with ¢ € H~1(Q). Formally speaking, we do not use the strong form of the

adjoint. Rather, we use the weak formulation,
a* (¢, w) =< Y,w >, we Hy(Q).

Now we let w = e and observe

<Y,e> = a*(p,e)
= a’(e’ ¢)
CL(C, ¢ - 7T¢)
= (f,¢-7T¢)—(J.(U,¢—7T¢).

This equation is frequently called the error representation formula. For-

(3.3.9)

il

mally, given ¢ we can compute 7¢ and determine the exact linear functional

of the error.
3.3.5 Adaptive mesh refinement

The adjoint-based a-posteriori error estimate provides the capability
of developing a global basis for adaptivity that takes into account both
the local production of error from discreitization and the global effects of
stability in terms of propagation, accumulation, and cancelation of error
across the domain. |

The standard approach is to write (3.3.9) as

(W.e)l < D [(fr¢— 1)k — aU, ¢ — md)k]

KeTy,
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with the obvious notation for localizing form to elements K. The right-hand
side provides a computable bound after approximating ¢. When the bound
is larger than the stated tolerance, an element K is marked for refinement

when the local element indicator

Nk = l(f1¢_7r¢)K - a(Usd)— 7T¢)|)

is larger than a local tolerance, typically the tolerance divided by the current
number of elements. This is the standard, optimal control “Principle of
Equidistribution”, basis for error control.

The dual weights provided by the factors involving ¢ mean that the es-
timate and the local indicators reflect the stability properties of the quantity
of interest. We can define a useful notion of effective domain of dependence
[30] for a quantity of interest. In an elliptic problem, the domain of influence
of the value of a solution in a localized region is formally the entire domain.
However, in many cases, generalized Green’s functions corresponding to lo-
cal quantities of interest exhibit a decay away from the local region. We
define the effective domain of influence as the region where the local indi-
cators 7y are significantly larger than the rest, i.e. where the mesh must
be refined in order to yield the quantity of interest to a desired accuracy. A
large effective domain of influence corresponds to needing to refine a large

portion of the domain in order to resolve a localized quantity.
3.3.6 Approximating the adjoint

In practice, ¢ is never known and must be approximated. The only
constraint is that we cannot use the same finite element method that we
used on the forward problem. Galerkin orthogonality would cause the error

estimate to be zero.
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In some approaches, the adjoint solution is computed on a finer mesh
and in other approaches it is computed using higher order elements. Al-
ternatively, there have been attempts to use patch recovery techniques

[10, 47, 48].

3.4 Nonlinear problems
Consider the nonlinear reaction diffusion equation

(3.4.1)

-V (AVu) + f(u) = g(z), x€Q,
u = 0, x € 0Q.

with A > Ay >0, g € L%(2), and Q a convex polygon in R2. We assume f

is Lipschitz continuous, i.e.

1/ (w) = F()llo < Cllu = vllo,

for all u,v € H}(Q), and that the Gateaux derivative of f, which we denote
f', exists and is bounded. Since the problem is nonlinear, we must define
an iterative method to find the approximation. Given an initial guess, ug,
we consider two classical iterative methods: Newton’s method (NM) and

successive substitution (SS) defined in weak form by
(NM)  a(u,v) + (f'(u*")uk,v) = (g(z) + (5 Db = f(u),0),

and
(S8) a(uf,v) + (f(uF1),v) = (g9(z),v),

for v € Hj(Q) with a(u,v) = [, AVu - Vo dz.
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3.4.1 Coercivity

For the linear Poisson equation, the coercivity of the bilinear form was

easy show. If on the other hand, we change Poisson’s equation to
-V - (AVu) + cu = f,
and if ¢(z) > 0 we see
allell < ale,e) < ale, e) + (ce, €),

and we may continue as in section 2.1. We can weaken the assumption on
c(z) if we use the positivity of a(-,-) to balance a slightly negative ¢(z).
Suppose c¢(z) > @ where § is negative. Then
ale,e) + (ce,e) > alle||? + (ce,e)
> aflell} + Bllell3
> aflell} + CEOllell?
where Cp is the constant from the Poincare inequality

lvllo < Crllvlly, v e Ho(Q),

which depends only on the domain Q. From this, we see that the problem

is coercive if

a+Ci3 >0,
or, if
e
£ > _C_,%'

For our nonlinear problem, we need to guarantee
a(e,e) + (f(u) — f(U),e) > 0.
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First, we define the linearized form, f, such that

(f(u) = f(U),e) = (fese),

specifically,
1
fi= / f'(su+ (1 = s)U*) ds. (3.4.2)
0
Clearly, assuming the linearized form is positive definite will be a sufficient
condition for coercivity. Alternatively, we may define

ver @) |[vl|3

which leads to the same condition as the linear problem

. a
ﬁ>_c_}3,

where Cp is the constant from the Poincare inequality. Under this assump-

tion we have
allell} < ale,€) + (f(u) — F(U*),e).

3.4.2 Nonlinear orthogonality

We must be careful to apply Galerkin orthogonality correctly. Notice

that u satisfies
a(u,v) + (f(u),v) = (g,v),

for any v € V. The approximation, U*, does not satisfy this equation.

Instead, if we have used (NM) we have
a(U*,v) + (F/(USHU*v) = (g+ fF(UFHUR = f(UF),0),
for any v € V4. Subtracting the two equations, we have
a(e, v) + (f(u),v) = (f(UHU* w) = (fU*) = FUHU*,0),
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and after rearranging
a(e,v) + (f(u),v) = (FU),0) + (FUFHU* - U, 0),
To simplify, assume f is sufficiently smooth and expand
FUR) = FUF) 4 FUF ) UF = U + f1UFHUF = U 4 hot,
where h.o.t. denotes higher order terms. Substituting this gives
a(e,v) + (f(u),v) = (F(U*),0) = = (f"(UYU*F = UF1),0),

for any v € V},.
3.4.3 H! error bounds

Now we have

allell} <ale,e) + (f(u) — F(U*),¢)
=a(e,u) + (f(u) = f(U*),u) + (f/(UFHU* - U2, U%)
=a(e,u — mu) + (f(u) — f(Uk),u — mu)
4 (f//(Uk—l)(Uk — U2 Uk - )
=N+ D+ s
We bound each of these separately. For the first term we only need to use
continuity:
I, = a(e,u — wu)
< Clelly - llu = muls.
For the second term we use continuity, the Lipschitz assumption on f, and

the Poincare inequality:

I = (f(w) = f(U*),u - mu)
< Cllello - llu = mullo

< Cllelly - lfu = mully
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For the third term we use only continuity

13 — (fII(Uk—l)(Uk _ Uk—1)2, Uk: _ 7T’LL)

< CIF" WU Do - NU* = UFHE - |U* = 7ullo

We use these bounds along with interpolation and elliptic regularity results

to conclude

CI" W Hllo - NU* — UG - |U* — 7rullo

lells < Chllgllo +
I “1 | ” a”enl

Of course, we have assumed f” to be bounded, and that |U*¥ — U*¥~!||Z can
be made as small as we like. This implies that the second term will not
dominate.

If we use (SS) to solve the nonlinear problem, we can derive a similar

bound

CIfUFYlo - [U* = UFYlo - |U* = 7ulo
allelly

lell: < Chllgllo +

Notice that we only require that f’ is bounded, but the second term con-

verges linearly with respect to |U* — U¥~1|| rather than quadratically.
3.4.4 L? error bounds

Next, we derive L? error bounds in the case that (NM) is used to solve

the forward problem. Let ¢ solve the linearized adjoint problem

{-v (AVe) + fo =4, x€Q, (3.4.3)

¢=0) x € 91,
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with f defined by (3.4.2). We let ¢ = e, multiply by e, and integrate by
parts to give
lells =a(¢,e) + (Fo.e)
=a(e, $) + (f(w) = F(U*),9)
=a(e, ¢ ~ 79) + (f(u) — fF(U*), ¢ — 7¢)
- (f"UFHU*r = R, 1)
=L+ L+

We bound each of these terms individually. For the first term, we use con-

tinuity, the H' error bound, an interpolation result, and elliptic regularity.
I} =ale, ¢ — o)
<Cllell: - ll¢ — m¢llx
<CR||gllo - I9ll2
<CR?|lgllo - llello

For the second term, we use continuity, the Lipschitz assumption on f, an

interpolation result, and elliptic regularity.
Iy = (f(u) = [(U*), 6 = 7¢)
<CIIf(w) = FU*)o - &~ 74llo
<Ch|lello - 1]l
<Ch?ligllo - flello

For the third term, we use continuity, the boundedness of f”, and the

stability of the interpolant.
Iy =~ (f"(U*)(U* - UF1)?,mg)
IO Dllo - NUF = UG - imgllo

<C|lU* - U*5
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We combine these terms to give the a-priori error bound

CllU* - U*1§

ello < Ch?|lgllo +
el = n el

An a-posteriori error bound can be derived as follows,

lell =ale, ¢ — 7¢) + (f(u) - F(U*), 6 — 7¢)
- (f"UFHUF - U, mg)
=(9,¢ — 7¢) — a(U*, ¢ — 79) — (f(U*), ¢ — 70)
R AR (AR A L)

=S (g4 V- (AVU*) - [(U*), ¢ — 79)

KeTy,
+ % ([A8,U), ¢ — ) 5
— (f(UEHUk - U2, mg)

< > Chikllg = FUMllox - lellox

KeTh
+ Chklgllox - llello,x

+CllU* = URIG,

where we have omitted the standard arguments for the jump terms. The
bound is complete after dividing by |le|lo.

Similar a-priori and a-posteriort error bounds can be derived if (SS) is
used to solve the nonlinear problem. The only difference is that the third
term again converges linearly with respect to |U*¥ — U*~!||o rather than

quadratically.
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Chapter 4

BOUNDARY FLUX CALCULATIONS
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4.1 Introduction

Goal-oriented error estimation is critically important in large scale com-
putational science and engineering. Indeed, the situation in which the goal
of a computation is to obtain an accurate approximation of a specific quan-
tity of interest, e.g. the normal flux of the solution on a portion of the
boundary of the domain, is very common, if not the norm, in practice.
Moreover, it is very often possible to compute specific quantities of inter-
est accurately using discretizations that yield poor global accuracy in the
sense of some norm. This is critically important in applications that are
too complex and large to allow asymptotically resolved discretizations.

However, computing a quantity of interest with true efficiency requires
an understanding of exactly how the discretization errors affect that spe-
cific quantity of interest. Several different methods have been developed to
estimate the error in a linear functional of the solution along a boundary.
A popular technique for calculating boundary flux values was developed by
Wheeler [55] and expanded later by Carey [34, 20]. Babuska and Miller in-
troduced another technique for estimating linear functionals in (7, 8, 6]. In
[35], Larson et al applied a-posteriori error analysis techniques based on the
generalized Green’s function (10, 12, 36, 26, 27, 30, 31, 28, 29] to estimate
the error in a boundary flux computed by a post-processing technique.

In this chapter we build on the results in [35] to describe how to esti-
mate the error in the average flux of the solution over a piece of the boundary
using adjoint-based a-posteriori techniques. Our purpose is to clarify how
the adjoint problem is defined in order to obtain this quantity of interest.

We also relate this approach to the prior work and draw some interesting
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connections between all of these approaches. Finally, we investigate the af-
fect that smoothing the data for the adjoint problem corresponding to the
quantity of interest has on the effective domain of dependence of the data
as determined by the generalized Green’s function.

This chapter is organized as follows. In the first section, we introduce
the model problem. In the second section, we define the appropriate adjoint
problem and derive the error representation formula. In the third section,
we relate these results to previous work on boundary flux computations.
In the last section, we apply these results to various test problems and one

application.

4.2 Model problem

We consider a second order linear elliptic problem of the form

Lu= -V .(AVu)+b-Vu+cu= f(z), z€Q,

= ) r )
“=9p TEiD (4.2.1)
A@nu=gN, TE FNv
Ad u+ au = gg, x € [y,

posed on a convex bounded polygonal domain ) with boundary 652, where
FpUTNyUTR = 90, T'p # 0, 8, denotes the unit outward normal derivative,
the boundary data gp, gn,gr and coefficients A(x) > Ay > 0, b,c, f are
sufficiently smooth functions.

Let V={ve H(2) | v=0o0nI'p}. The weak formulation of (4.2.1)

seeks u € H'(Q) such that u = gp on I'p and
a(u’a ’U) = (fa 'U) + (gNa U)FN + (gR) U)FR, forallv e H[}(Q)a (422)
with

a(u,v) = /(AVu -Vv+b-Vuv+ cuv)dz +/ auv ds,
Q Tr
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and (-, *)ry, (-, ")r, denote the integrals along 'y, ' respectively. We as-
sume that a is coercive. The Galerkin finite element method selects a finite
dimensional subspace S, C H}(Q) and seeks U € S, such that (4.2.2)

admits a unique weak solution,
a(U,v) = (f,v), for all v € S;.
Throughout this paper, we use
Sy = {ve CQ)nPYK),VK € T;},
where T}, is a quasi-uniform triangulation of .

4.3 Estimating the error using the generalized Green’s function

4.3.1 Defining the adjoint

The standard adjoint to (4.2.1) for a quantity of interest in the interior
is

L*¢ ==V -(AV0)—-b-Vo+(c—V-b)¢=9(z), z€Q,

¢ = 0, : S FD,

Adpdp+(b-n)p =0, z €y,

Abpdp+(a+b-n)p=0, z € T'g.

(4.3.1)

Note that the presence of the convection term has altered the boundary
conditions on the Neumann and Robin portions of the boundary.

Now we consider the case when the quantity of interest is the boundary
flux on a portion of the boundary, I' € T'p, for (4.2.1). Computing formally,

we modify the adjoint problem (4.3.1) to get

([*¢ = -V - (AV¢)—b-Vo+ (c—V -b)p=0, z€Q,
¢ =1, zel,
19=0, relp\l', (43.2)
Adpd+(b-n)p=0, z € Iy,
(A0nd + (a+b-n)p =0, z € I'g,
40
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where I' € I'p and ¢ € HY/?(T"). The associated bilinear form for the adjoint
problem is still a*(¢, w) but the analysis for the error representation changes
since the adjoint data appears on the boundary rather than the right-hand

side of the adjoint equation. Thus,

0= a*((;b,e) = a‘(e’ ¢)v

but ¢ is not zero everywhere on I'p. Consequently, the true solution of

(4.2.1) satisfies
a(u, ¢) = (f, ¢) ~ (Adpu, )r.

This also complicates the use of Galerkin orthogonality. We use a special
interpolant. For K € Ty, let {n;} ¢ denote the set of nodes of K. We define

7% H?2 - S, via

() = mv(n:), m¢T,
"rov("h) = 01 i € F,

where 7 is the Lagrange interpolant. Proceeding, we have

0= a(ed) = ale,¢ — 1°¢) = (f,¢ — 7°¢) — a(u — U, ¢ — 7°¢) + (ABpu, ¥)r.

The last line uses the fact that ¢ = ¥ and 7% = 0 on I". We obtain
—(Adyu,¥) = (f, ¢ — 7°¢) — a(U, ¢ ~ 7°¢).

If we define ;¢ = n% — 7h, we get an estimate of a linear functional of

the normal derivative of the true solution

—(ABhu, ¥) = (f, ¢ —7¢) — a(U, ¢ — 7¢) + (f, ms¢) — a(U, ms¢). (4.3.3)

Notice that 7s¢ is nonzero only on elements adjacent to the boundary.
To estimate a linear functional of the error in the flux on I', we add

(Ad,U, ¥)r to both sides and obtain the formal error representation,
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Theorem 4.3.1. The error e = u — U satisfies

_(Aanea ¢) = (f’ ¢_ 7T¢) - a(U! ¢ - 7T¢) + (fa 71'5¢) - a(U, 776¢) + (AanUa ¢)1"
(4.3.4)

4.3.2 Adaptive error control

Following the approach described in section 3.3.5, we write (4.3.4) as

|(A8n€, ¢)| < Z I(fv ¢_7r¢)1( - a(Ua ¢_ 7T¢)K + (fa 7T5¢)K - CL(U, 7T5¢)K

KinTh
+ (Aa'nUa ¢)Knl‘|,
with the obvious notation for localizing the forms to elements K. The right
hand side provides a computable estimate after approximating ¢. When
the estimate is larger than the stated tolerance, an element K is marked

for refinement when the local element indicator

nk = |(f.¢ ~ 7d)k — a(U, ¢ ~ )k
+ (f, 7!'5¢)K — CL(U, 7['5¢)K -+ (AanU, ¢)Knl‘|, (4.3.5)

is larger than a local tolerance, typically the tolerance divided by the current

number of elements.
4.3.3 Smoothing the boundary data

The representation (4.3.4) is optimal in the case that I' = I'p because ¢
has the prerequisite regularity for ¢— ¢ to yield O(h?) estimates. However,
in general (4.3.4) does not give O(h?) convergence when I' # I'p. For
example, the Dirichlet portion of the boundary conditions for the quantity
of interest equal to the average error ﬁ fr Adpe ds, namely

p=1/|I'|, ze€T,
¢ =0, $€FD\F,

42

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



places discontinuities in the boundary data for the adjoint. Since the data
is only in HY/27¢(T'p), for € > 0, ¢ is no longer in H2(2). Consequently,
¢ — m¢ no longer yields O(h?) accuracy and it becomes harder to compute
¢ accurately.

We replace the ideal Dirichlet portion of the boundary conditions,

¢ = "7[), M F;
{¢ 0, zeTo (4.3.6)
by
=14, z€Tlp, (4.3.7)

where ) € H¥%(T'p), ¥ ~ ¢ on ', and ¢y ~ 0 on I'p\I". Note that this
means we do not compute the quantity of interest exactly. The gain is a
smoother Green’s function that is easier to compute.

There is no unique way to construct dA) In §4.5, we consider a couple
of different choices for a model problem and demonstrate that the choice
of ¥ can have a strong impact on the generalized Green’s function and the
effective domain of dependence. In addition, the closer we choose ¥ to the
nonsmooth data (4.3.6), the more difficult it is to approximate the Green’s

function.

4.4 Comparison with previous techniques

4.4.1 The Boundary-flux approach

In this section, we describe the post-processing techniques developed
by Wheeler and Carey [34, 20, 55] to compute boundary fluxes, and show
how the generalized Green’s function may be used to prove a high order of

accuracy for the recovered flux on unstructured meshes.
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We begin with the analysis in R as this case has fewer technical details
than R™. Let Q = (0,1), and let T, be a partition of Q into N — 1 subin-
tervals. Define S, C H*(Q) to be the space of continuous, piecewise linear
polynomials on T,. We use S to denote the subset of S;, consisting of
functions which are zero on the boundary.

Consider the elliptic problem,

U = @, z =0, (441)
u=_0, z=1

The finite element method seeks U € Sy, such that U(0) = o, U(1) = 5,

and

a(U,v) = (f,v), Yv € Shp,

where

L/ du dv du
a(u,v)—/o (A-&;-E-i-ba-v—i-cu-v) dz.

Suppose we are interested in the boundary flux at £ = 1. Let v be an
arbitrary element of Sp. If we multiply (4.4.1) by v and integrate by parts,

we have

—A=—v|*Z + a(u,v) = (f,v). (4.4.2)

Now, suppose vy is the basis function corresponding to £ = 1. Then

vn(1) = 1, and vy = 0 at every other node in the mesh. This gives

du

—A(l)a—x—

(1) = (f,un) — a(u,vn). (4.4.3)

Of course, u is still unkown, so we define ¢ such that

—o = (f,un) — a(U,vn),

where U is the finite element solution.
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Comparing (4.4.2) and (4.4.3), it appears that ¢ should give an ap-
proximation of the normal derivative. To prove that this is the case, let ¢

solve the adjoint problem

T

=0, =0, (4.4.4)
¢=1, z=1.

-4 (A%) -4+ (= #)4 =0, 2O

To derive an error representation, we proceed as in §4.3,

du

_A(]')'CE(]‘) = (fa ¢ - 7r¢) —’G(U, ¢ - ﬂ(lb) + (fa 71'5¢) - G,(U, 7l'5¢),

where 7s¢ is nonzero only on the N — 1 subinterval. Thus, ms¢ is a multiple

of vy and we can use (4.4.3) to substitute o,

du

~AM)Z () = (6~ 76) — a(U, 6~ 9) — o,

Moving o to the other side, we have

- (A0EW-0) = (6 -m9) -aWs=re). (149

We take the absolute value of each side,

‘(A(l)j—z(l) - 0)

and apply an interpolation result to prove the following theorem.

= |(f,¢—7l'¢) —a(U,¢—7r¢)|,

Theorem 4.4.1. The error in the recovered boundary fluz, o, defined by

(4.4.3), is bounded

ANy =
(awgw--)

‘We can also define ¢ to be the recovered flux at = 0 and derive a

< Ch||fllo - 18-

similar result.
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Remark 4.4.1. If A is constant, then the solution to the adjoint problem
(4.4.4) is a linear function. Therefore, ¢ — ¢ is zero everywhere, and the
error in the recovered fluz should be zero. In practice, quadrature errors in

evaluating either a(u, v) or (f,v) affect the accuracy, so o may not be exact.

Example 4.4.1. We solve (4.4.1) with

A=1+z, b=1, c=2,

f=((1+ z)(47%) + 2) cos(4rz),

and boundary conditions u(0) = u(1) = 1. The ezxact solution to this prob-
lem is u = cos(4nz). In Table 4.1 we compare the error in the finite element

flux and the recovered boundary flux at x = 0 and at x = 1. We see that

h [ 14(0) - U(0)] | [w'(0) — o(0)] | lw'(1) = U'(1)] | [w'(1) — o(1)]|
0.1 7.1138 1.1903¢-2 6.8154 2.7988e-3
0.01 | 7.9103-1 1.3241e4 7.8725¢-1 3.1196e-5

0.001 | 7.898Ie2 1.3253¢-6 7.8043e-2 3.1225e-7
0.0001 | 7.8959e-3 1.2388¢-8 7.8056e-3 3.1729¢-9

Table 4.1: Comparison the error in the finite element flux and the recovered
boundary flux at x = 0 and at x = 1 in Example 4.4.1.

the finite element derivative converges O(h) at both endpoints, while the

recovered flur converges O(h?).

Complications arise in higher dimensions because of the geometry, e.g.
the domain may have corners. In general, AVu - n is discontinuous at a
corner, even if u is smooth, because the normal vector is discontinuous. In
this case, we need to allow o to be discontinuous as well. We address this

situation in R? and the extension to R? follows easily.

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Let © be a bounded set in R?, and consider the elliptic problem

{_v.(AvU)+b-Vu+cu=f, z €, (4.4.6)

u =0, z € 090,
If the boundary does not have a corner and if u is smooth, then AVu - n
is smooth as well. If this is the case, we define Nyq to be the set of nodes
on the boundary, and B}, the space of continuous piecewise polynomials on
9. To be clear, a function v € B is a linear combination of the basis
functions associated with the nodes in Njq.

Let U € S;, be the finite element function solving
a(U,v) = (f,v), Yv € S,
where S}, is defined as in §4.2, and
a(u,v) = /Q(AVu-Vv+b~Vuv+cu v) dz.
The boundary flux method seeks o € By, such that

—(oyv)aq = (f,v) — a(U,v), (4.4.7)

for all v € B,

Next, we consider the case where a corner represents the intersection of
a Dirichlet boundary, I'; and a Neumann boundary, I's. Let v, denote the
basis function associated with this corner node. As we can see in Fig. 4.1, v,
has support on the Neumann boundary as well. Let gy denote the Neumann
condition posed on I';. We define Nr, to be the set of nodes on I'y, and B,
the space of continuous piecewise polynomials on I';. We define o, € By,

such that

_(UI’U)FI = (fl ’U) - CL(U,’U) + (gN)U)an
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Figure 4.1: A piecewise linear basis function associated with a corner node.

for all v € By, ;. We note that the only basis function with support on I’y is
v, 80 the additional term on the right hand side is zero for most v € B, ;.

Finally, we consider the case where two segments, I} and I';, with
Dirichlet conditions meet at a corner, z,. Suppose we are interested in
recovering the boundary flux along I';. As before, we denote this boundary
flux oy. If we already know the recovered flux on I's, 03, then we can define

Nr, and B as in the previous case, and seek o; € By ; such that
—(011 U)Fx = (f, ’U) - a(Ua 'U) + (0'2,1))1“2,

for all v € By ;. Unfortunately, we often do not know o3 in advance, and
computing oo would similarly require o;.

As an alternative, let gpr, and gpr, represent the Dirichlet data on
I'y and I'; respectively. Now, let t; and ty denote the tangent vectors to
I'y and I'; respectively at z.. We can easily compute Vgpr,(z.) - t; and

Vgpr,(xc) - t2 either analytically or numerically, and use these values to

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



reconstruct Vu(z.) - n; and Vu(z.) - ns at z, where n; and m; represent
the normal vectors to I’y and 'y at -xc.

Now we use Nr, and By, as before, but we also define B ; to be the
space of functions in Bp; which are also zero at z.. The boundary flux

method seeks oy € Bp, such that o1(z.) is the reconstructed value using

the derivatives of the Dirichlet data, and

_(UI’U)Fx = (f’ 'U) - a(U’ ’U),

for all v € By ;.
Example 4.4.2. Let Q = (0,1) x (0,1), and consider the elliptic problem

—V - (Vu) = 87%sin(2nz)sin(27my), z € Q,
u =0, T € 09,
with ezact solution u = sin(27z) sin(27y). We use the technique described

above when boundary segments with Dirichlet condition meet at a corner to

compute the boundary flux alongz =0, 0 <y < 1. In Table 4.2, we see

h IVu-n—VU-n| | ||[Vu-n—o
0.1 1.5691 3.4639%-1
0.05 8.0070e-1 8.0524e-2

0.025 4.0273e-1 1.9358e-2
0.0125 2.0168e-1 4.6571e-3

Table 4.2: A comparison of the error in the finite element flux and the
recovered boundary flux along = 0 in Example 4.4.2.

that the error in the finite element fluz converges only O(h), while the error

in the recovered flur converges O(h?).

This post-processing technique can also be used to estimate a linear

functional along the boundary and to guide adaptivity. The boundary-flux
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method finds a piecewise polynomial approximation to Ad,u rather than

an estimate of a functional. However, if msu € W}, and ¢ = msu = ¢ on 09,

—(0 — Adyu, ¥)aq = (f, ¢ — 1¢) — a(U, ¢ — 7¢).

In other words, ¢ provides an estimate of a functional of the boundary flux,
—(O', 1/))39 ~ —(Aan“’a 'ltb)aﬂ)

if (f,¢ —n¢) — a(U, ¢ — 7¢) decays away from 9 rapidly. If we use (o —
ABnu)sq as an error indicator for refinement, only those element next to
the boundary are refined. If (f, ¢ — 7¢) — a(U, ¢ — m¢) does not decay away
from 69 rapidly, then those terms eventually become dominant.

The recovery technique developed by Larson et al [35] is essentially the
same as the boundary-flux method. The difference is that the boundary-flux
method results in a piecewise polynomial approximation of the normal flux
with support on the elements touching the boundary, whereas the Larson
et al technique provides an estimate of a linear functional of the normal

derivative.
4.4.2 Extraction Function Approach

The adjoint method is closely related to another post-processing tech-
nique developed by I. Babuska and A. Miller [7, 8, 6]. This technique uses
a so-called extraction function to estimate a linear functional of the true
solution. It turns out that the extraction function is actually the gener-
alized Green's function, although it is not described in this way. A close
inspection reveals their approach provides an alternative method for solving

the adjoint problem. Consider the adjoint problem

L*¢=0, ze€q,
{¢ Cv zedn (4.4.8)
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We choose a function ¢p such that ¢p = 1 on 02 and ¢p decays rapidly in
Q2 as we move away from the boundary. We then write the adjoint solution
as ¢ = ¢; + ¢p. Since ¢pp = ¥ on the boundary, ¢; is zero on the boundary
and therefore ¢; € H}(Q2). In general, ¢; is still unknown, but we insert

¢ = ¢1 + ¢p into (4.4.8) to obtain

{L ér=—L"¢s, zTEQ, (4.49)

¢r =0, z € 0.

Finally, we use ¢ to obtain an a-posteriort estimate which corresponds to
choosing ¢gmsd.

Babuska and Miller consider Laplace’s equation on a simple domain,

in which case it is possible to get precise estimates on ¢; using classical

Green'’s function theory. In general, we could solve (4.4.9) instead of (4.4.8)

in the hope that it might be easier to compute an accurate solution.

4.5 Numerical results

In this section, we present some computations to illustrate the preced-

ing discussion.
4.5.1 Square domain

For the first problem, we consider the solution of

{—Au = f(z), z€Q,

4.5.1
u =0, r e 'p=09. ( )

The exact quantity of interest is

/Vu-nds,
Jr

where T is the segment z; = 1, 1/3 < z, < 2/3. Note that the exact value

of the quantity of interest is 0. We obtain approximations corresponding to
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three smoothed adjoint data

(arctan(200(zg — 1/3)) — arctan(200(ze — 2/3))),

1
(7)) = 35 Toa027

o () (arctan(20(z, — 1/3)) — arctan(20(z2 — 2/3))),

~ 3%0.97816
P3(z) = 622(1 — z2),

each normalized to have integral norm 1. We plot the smoothed adjoint

data in Fig. 4.2. The data ; provides a very close approximation to the

Figure 4.2: Plot of the adjoint data i, 19, 3 along the line z = 0, 0 <
y<1

ideal discontinuous 1 defining the exact quantity of interest. The data 1
yields an average of the normal derivative over a larger region however the
corresponding adjoint solution is significantly smoother.

In the first set of computations, we use
f(x) = 167% sin(2nzx; ) sin(27z),

so u(z) = sin(27z,) sin(27z;). In Fig. 4.3, we plot the adaptive meshes ob-
tained by adaptive refinement after 5 refinement levels. The localized nature
of the refinement needed to resolve the desired information is clearly visible.

On the left in Fig. 4.4, we plot the effectivity index (error estimate/true
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Figure 4.3: Adaptive meshes corresponding to ¢ (left) and 1, (right).

error) for the three computations. The smoother ¢ approximations yield
much more accurate error estimates on coarser meshes, whereas using
requires a mesh that is fine near the layers in that function. In the context
of uniform meshes, using 1; to approximate the quantity of interest means
having to use a much finer mesh.

On the right in Fig. 4.4, we plot the final adaptive mesh when the
function f is perturbed by an approximate delta function located away
from the boundary and 1 is the data for the adjoint problem. We see that
the adaptive mesh refinement yields a mesh that is refined near the region
where the forcing term is concentrated and the region where the desired
information is computed. The former results from large residuals in the

forward approximation and the latter results from large adjoint weights.
4.5.2 L-shaped domain

We next consider Laplace’s equation defined on an L-shaped domain
shown in Fig. 4.5. We impose homogeneous Dirichlet boundary conditions
along the coordinate axis and choose Neumann boundary conditions on the
remaining boundaries so that the true solution is u(r,8) = r%3sin(26/3)
in polar coordinates. The quantity of interest is the average value of the

normal derivative =— Jro Vu-nds.
ITp] JTp
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Figure 4.4: On the left, a plot of the effectivity indices for 1,42, %3. On
the right, we plot an adapted mesh for a problem with a highly localized
forcing and data 1, for the adjoint.
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Figure 4.5: One the right, we illustrate the L-shaped domain. On the left,
we plot the final adaptive mesh obtained using the adjoint problem (4.5.2).
In the first computation, we choose I'p to be the line segment along

=0, -1<23<0and 0 <2z <1 and x5 =0. The adjoint problem is

-Ap=0, €,
¢ = 1/2) T 6 FD, (4-5.2)
Ono =0, T € 8Q\FD,

which has exact solution ¢ = 1/2. This implies that the adjoint weight
¢ — w¢ is negligible away from I'p. Table 4.3 displays the details of the
error estimation. We obtain accurate estimates at all refinement levels.

Figure 4.5 shows the final adaptive mesh from these calculations.
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Elements | DOF | Adj. Est. | True Error | Effect. Ratio
242 156 | -0.127067 | -0.126349 1.0057
341 213 | -0.080861 | -0.080681 0.9998
531 322 | -0.050952 | -0.050907 1.0009
903 535 | -0.032048 | -0.032037 1.0003
1639 956 1-0.020159 | -0.020156 1.0001

Table 4.3: Error estimates and effectivity ratios for the L-shaped domain
problem.

Now, we test the boundary-flux technique by using

—(Bnu /D, = Y (fiv)k — (VU V) + (8aU,1/2)r,.

KNTp#0

The error estimation results are given in Table 4.4. We can adapt the mesh
along the boundary using the resulting estimate and then refine the mesh
in the interior to match. In this special case, the boundary-flux technique

compares favorably with the estimates using the adjoint problem.

Elements | DOF | B-Flux Est. | True Error | Effect. Ratio
242 156 -0.126342 -0.126349 0.9999
341 213 -0.080679 -0.080681 0.9999
531 322 -0.050907 | -0.050907 1.0000
903 535 -0.032036 | -0.032037 1.0000
1639 956 -0.020156 | -0.020156 1.0000

Table 4.4: Error estimates and effictivity ration using the boundary-flux
technique.

Next, we consider two different smooth approximations for the data
in the L-shaped domain problem. The quantity of interest is the normal

flux across the line segment
{z]z2=00<1z <1}

The first approximation to the discontinuous data

1) .’E2‘—-‘0,0S$1S1,
0) -T1=0’ OS$2S]~)

Y=
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we use

1 1
Y = 3 + - arctan(100(z, + 0.1)),

which is nearly one when z, = 0 and drops off rapidly as zs decreases. For

this problem, the exact normal flux is known, so we may use the functional
(Onu,91)r, = ~1.185761,

to compare with the adjoint estimates in Table 4.5. The final adaptive mesh

is given is Figure 4.6.

Elements | DOF | Adj. Est. | True Error | Effect. Ratio
242 156 | -0.239095 | -0.210139 1.1378
881 494 | -0.145261 | -0.141630 1.0256
1523 829 | -0.092468 | -0.092524 0.9994
2171 1179 | -0.057318 | -0.056936 1.0067

Table 4.5: Error estimates and effectivity ratios using ¥,

VAYAYAYAVAVAVAVAVAVAVAVAVAVAVAN Z4VAVAVAN.
NNAYAYAYAVAVAVAYAVAVAVAVAVAVAVAVAVAY
AVAVAVAV¢V¢VAVAMNAVAVAV¢V¢VAVAVAV

| PAYAVAVAVAVAY,
NAYAYAVAVAY:

\AVAVAVAVAVAVAVAY
va)
ANAVAVAVAVAVAVAVAVA|

Figure 4.6: Plots of the final adaptive meshes corresponding to vy (left)
and v (right).

Next, we consider
2
1Pp = — arctan(20z,).
T

Using 9, means regularizing the Dirichlet data on I'p\I" so that ¢ =~ 1 on

I'. Using 1, means regularizing the data on the segment of interest. Using
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the analytic solution, we evaluate

(Onu, ¥o) = —0.792209,

and summarize the results in Table 4.6. The final adaptive mesh is given

in Figure 4.6.

Elements | DOF | Adj. Est. | True Error | Effect. Ratio
583 351 |-0.024659 | -0.033015 0.7469
1221 678 |-0.012221 | -0.015601 0.7834
1664 911 | -0.005765 | -0.007134 0.8081
2130 1166 | -0.005765 | -0.007134 0.8355
2764 1524 | -0.001715 | -0.001925 0.8906

Table 4.6: Error estimates and effectivity ratios using

o7
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Chapter 5

OPERATOR DECOMPOSITION
METHODS
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5.1 Introduction

Operator decomposition methods are an attractive solution strategy for
computing complex phenomena involving multiple physical processes, mul-
tiple scales or multiple domains. The general strategy is to decompose the
problem into components involving simpler physics over a relatively limited
range of scales, and then to seek the solution of the entire system through an
iterative procedure involving solutions of the individual components. This
approach is appealing because there is generally a good understanding of
how to solve a broad spectrum of single physics problems accurately and ef-
ficiently, and because it provides an alternative to accommodating multiple
scales in one discretization.

The trouble with this approach is that it defines a fixed point problem
which may not converge. In this chapter, we investigate a few simple itera-
tive procedures for operator decomposition, and, in special circumstances,
we provide conditions for convergence. We use these results to derive a
relaxation scheme and a Newton method to force the fixed point problem
to converge in all situations. Numerical examples are provided throughout

the chapter.

5.2 Linear Algebraic Systems

Consider the system
Az + Aprg = by,
Az + Apzs = by,

with Ay; € RNXN, A € RNXM, Ag € RMXN, Ay € RMXM, T1,b € RN,

(5.2.1)

and z3,b; € RM. This is equivalent to solving the full system Az = b where
_ [An Ap _ [ (]
A= <A21 Aw)’ T &) b= by’
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It is important to note that even if A is invertible, the individual blocks

may not be. Suppose we can solve
Apnzp = data, and Agpzs = data, (5.2.2)

but solving the full system is either impractical or impossible.
On the other hand, suppose A;; and/or A,y are invertible, but A is not.
Determining conditions for the invertibility of A in terms of the off-diagonal

blocks is far more difficult than it appears.

Example 5.2.1. Suppose A1y, Ay € RVN*N are symmetric positive definite
matrices. If we assume A1y and Ao are symmetric positive definite, can
we guarantee a unique solution? The answer is no. Take A1z = Ay and

A9y = Ayy. The full system has an eigenvalue of 0 with algebraic multiplicity
of N!

Example 5.2.2. Suppose the linear system may be written

(5 %) @)-()
B 0 To by
where Ay, € RVN is symmetric positive definite, and B € RM*N. Egis-
tence and uniqueness of solutions can be guaranteed if and only if B satisfies
the inf-sup condition

2T

Y
sup ——— > v >0
a€RM yern |||y

Theorem 5.2.1. Suppose A1, € RV*N and Ay € RY*N gre invertible

matrices. Then the full matriz,
An Am)

A=
<A21 A/’
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18 invertible if and only if neither

G1 = A2_21A21Ai_11A12, (523)
Gy = A ApA As, (5.2.4)
have an eigenvalue of 1.

Proof. Suppose A is not invertible. Then A has an eigenvalue of 0. Hence,

there exist a nonzero = = (1, z2)7 such that Az = 0. Equivalently,
Anzi + Az =0,
Agizy + Apzy = 0.
We solve for z; in the first equation,
T, = — Ay Ao,
and substitute into the second and solve for z
Ty = A2"21A21A1_11A12x2.

Therefore, o = Gz and A = 1 is an eigenvalue of G, with eigenvector z,.
Similarly, we can solve for z; in the second equation, substitute into
the first equation and solve for x;. This gives z; = G3z;. Therefore, A =1

is an eigenvalue of G, with eigenvector ;. O

Remark 5.2.1. Numerical experiments have demonstrated that if N > M,
and X is an eigenvalue of Go, then either A is an eigenvalue of Gy, or
A = 0. An analogous result seems to hold when M > N. This result

TEMAINS UNPTOVEN.
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In the sections to follow, we define iterative algorithms for computing
the solution to (5.2.1) using only (5.2.2). In each case, the convergence
of the algorithm depends on the spectral radius of G; and/or Gy. As we
shall see, if the global system does not have a unique solution, then the
algorithms do not converge since the spectral radius of both matrices is at

least 1.

5.2.1 Block Jacobi Method

Assume that we have an initial guesses xio} and xéo}. To compute the

solution of (5.2.1) we construct the following iterative method.

Block Jacobi Method
k=0
while (|z* — 2 4 |z — 2l > TOL) do
(a) k = k+1

(b) Given .zék—l} and xék_l}, solve

All.’L'ik} = bl - Alzmék_l}

{k} {k~-1}
2

Apzy = by — Anz]

for xik} and z

{k}
2 .
end while

We use substitution to determine

Eod

-2
xi%} _ Gik}mf(’} + ( G% | ¢y,

%

l
=)

>
L]

x%k} _ ng}xgo} + (Z G%i) e,

1=
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where ¢; = Az} (by— A ALlb), ca = A (b1 — A12AZ, b2) and Gy and G, are
defined by (5.2.3) and (5.2.4). The convergence of this sequence depends
on the spectral radius of Gy and Gs. If p(G;) < 1 and p(G2) < 1, then the

iterative method converges. Otherwise, the method diverges.

Example 5.2.3. Take

1 2 10 -1 2 0 3
All = (_1 3) 1 A12 = (1 1> ’ A21 = ( 0 3> 3 A22 = (2 1) )
1 1
n= (1) - (4)

The full system has solution x; = [0.5,1.5]7, 5 = [~2.5, —0.5]7. We choose
the initial guess :céo} = [0,0]7, apply the block Jacobi algorithm, and the
sequence converges within a tolerance of 1 X 107% after 55 iterations. In

this case, the eigenvalues of both G, and Gy are 1/6 and 3/5, so the spectral

radius is less than 1.

Example 5.2.4. Change A1 in the previous example to

1 2
All - (_1 O) )

The solution to the full system is now x; = [5,—3)7, 2o = [2,4]T, but the
eigenvalues of both G, and Gq are 1/6 and 3/2. We choose the initial guess,

rzéo} = [0,0]T, and after 100 iterations the error in T4 is 1.84 x 108.
5.2.2 Block Gauss-Seidel Method

Assume that we have an initial guess a:éo}. To compute the solution of

(5.2.1) we construct the following iterative method.

Block Gauss-Seidel Method

k=20
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while (||z{* — i~ > TOL) do
(a) k = k+1

(b) Given mgk_l}, solve

A11$§k} = bl - Alz,'Egk_l}

for x%k}.

(c) Given a:?c}, solve

A22.’E£k} = b2 — Agl.’L‘ik}

for mék}.

end while
Recursively, we determine

k-1
z = Gizf" + (Z Gﬁ) a,

i=0
where ¢; = Ay (by — Ag A 'b) and G, is defined by (5.2.3). The con-
vergence of this sequence depends only on the spectral radius of G;. If
p(G4) < 1, then the iterative method will converge. Otherwise, the method

will diverge.

Example 5.2.5. Take

1 2 1 0 -1 2 0 3
A11=<_1 3)) A12=(1 1)) A21=<0 3)) A22=<2 1>,

The full system has solution z; = [0.5,1.5]7, zo = [-2.5, —0.5]T. We choose
the initial guess :1:%0} = [0,0]%, apply the block Gauss-Seidel algorithm, and
the sequence converges within a tolerance of 1 x 1078 after 29 iterations. In
this case, the eigenvalues of Gy are 1/6 and 3/5, so the spectral radius is

less than 1.
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Example 5.2.6. Change Aq1 in the previous example to

1 2
All - (_1 0) b

The solution to the full system is now z; = [5,—3|T, o = [2,4]%, but the
eigenvalues of Gy are 1/6 and 3/2. We make the initial guess, xéO} = [0,0]7,
and after 100 iterations the error in zp is 1.58 x 1018, Even if the initial
guess is changed to x§°} = [1.99,4.01]7 the error in o after 100 iterations

is 1.98 x 10'5.

We make the observation that the block Gauss-Seidel method trans-
forms the full linear system into a triangular system, allowing each equation
to be solved in a particular order. Whether one chooses an upper triangular
system or a lower triangular system affects the order in which the equations
can be solved. In the above examples we solved a lower triangular system
by making an initial guess for z; in the first equation. Alternatively, we
may make an initial guess for z; in the second equation and solve the cor-
responding upper triangular system. We proceed as before to derive the

sequence

k-1
£~ i+ (Tt ) o

=0
where c; = A7'(by — A12A5, by) and Gy is defined by (5.2.4). Similar to

before, the convergence of this sequence depends on the spectral radius of
Gy. However, in Remark 5.2.1, we made the observation that in practice
the spectral radius of G, and G5 appear to be the same. Thus, there is no

gain is switching the order of the equations.
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5.3 Interface Transfer

A typical algorithm for solving a system of two coupled differential
equations begins by making an initial guess of one function, say uio} and
using this to solve for the other unknown function, u§°}. This approxima-
tion u§°} is used to construct a new approximation for the first function,
uil}. This effectively defines an iterative procedure which may or may not
converge. The naive assumption is that the approximations uik} and uék}
converge to the true solutions as k increases.

Below, we present examples that demonstrate this is not always the
case, and propose a Newton method where a Gateaux derivative of the
approximate solutions with respect to the previous approximation is used
to define a similar system, called the variational system, the solution of
which gives the elements of the Jacobian required for Newton’s method.

We begin with the simplest case, namely two Poisson equations in

one dimension coupled at a point on the common boundary between two

adjacent regions.
5.3.1 Convergence Criteria in 1D

In this section, we consider Poisson’s equation defined on two adjacent
domains with common boundary I'. At this interface we impose continuity

in the solution and continuity in the normal flux. The global problem is

given by

(8 (M) = ) se=(0)

u = &, z=0,
Uy = Uy,

4 ) rel = 1, 5.3.1
{Al% AW (5.3.1)
"2 (1) < @)y £ = (12)

\ U2 = ;81 z=2
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In addition, we assume that neither the function value, nor the normal flux
at r = 1 is known. It is possible to write down a finite element method
for the union of the two domains, [0,2], which can be solved all at once.
However, we are interested in splitting the domain at the interface as a
prelude to more complicated problems where different physics, and therefore
different solvers, may be used on each side of the interface.

Assume we have an initial guess for the Dirichlet data, z{®. We use
z1%} to avoid confusion with either uﬁk} or ugk}, which may be different. To
compute a numerical solution of (5.3.1) we construct the following iterative

operator decomposition method.

Interface Operator Decomposition Method
k=0
while (||z{F} — (-1} > TOL) do
(a) k = k+1
(b) Solve

()
_é% (Ala—alz—) = fl(x), x € Ql = (0,1),

uH = q, z=0, (5.3.2)
u{k} - Z{k—l}, r=1,
for u§k}.
(c) Solve
8 3u(’°)
—55 | A2~ ) = falx), € =(1,2),
{k} no 53.3
A{zk(:%zw_ = A%, z =1 (5.3.3)
Uy " = /6, = 4,
for uék}.

(d) Set 2{* = uék}(l).
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end while

This algorithm is similar to the block Gauss-Seidel algorithm described in
the previous section.

In practice, we discretize (5.3.2) and (5.3.3) using the continuous piece-
wise linear finite element method with constant mesh parameters h and &

respectively.

Proposition 5.3.1. The above iterative procedure converges for finite ele-
ment solutions if Ay < Ay, is a 2-cycle if Ay = Aj, and diverges if A, > As.

This is independent of mesh size.

Proof. We discretize (5.3.2) and (5.3.3) giving the linear system

AU} = plo}
where
1 0 0
—A1/h  2Ay/h  -A1/h 0
. .
—Ai/h  2A1/h —Ay/h 0
A= 0 1 0 4}
~Ar/h Ay/h Az/k -Az/k
0 0 —Aa/k  2A2/k -Az/k
—Az./k 2457k —Ag/k
0 0 1

b{O} = [aa (f) v2)) ey (f: Un): Z{O}a (f) 'Un+2)» ‘e 3ﬁ]Ta
U{l} = [U1{1}1 U2{1}3 vy r{zi-}m+2}T'

Then we note that z(1) = U,(Llﬁz, ie. the new Dirichlet value is taken from

Then we note that z() = Ur(iu)z, ie. the new Dirichlet value is taken from
the weight on the first basis function on [1,2].
We know that (5.3.2) and (5.3.3) are well-posed problems, so A is

invertible and we can write

A= Ul = A (n + 2,60
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where A™!(n + 2,:) denotes the n + 2 row of A~!. Similarly, we have
2EtD = A7 (n 4 2, :)blFY,

Since none of the components of the load vector change except the Dirichlet

value, we can write

plE+1} . oplk}

where

C=1lc¢ ¢ ... Cnt1 C2n+2

= O 1 -

and A~} (n+2,:) = [e1,¢2, ..., Conta] as the n 4+ 1 row of C.

Recursively, we easily see that
b{k+1} — Ckb{O}

This gives a simply way to determine the convergence of b%*} in terms of

the eigenvalues of C. We compute these eigenvalues to be

Al = Cny1y A2.2n42 = L.

The convergence of the fixed point problem depends only on the eigenvalue
corresponding to the value on the interface. Therefore we only need to look
at cp41, corresponding to the entry in the n+2 row and n+1 column of A~?,
to determine the convergence.

It is not practical to compute the entire inverse matrix for one entry,

so we use the formula for the classical adjoint along with the relationship
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between this matrix and the inverse to find ¢,4;. We can find the (4, j)

component of A7 by

AL, §) = (=1)" det(A(5", 1))

det(A)
where A(j’,7') denotes the matrix obtained by deleting the j row and ¢

column of A. A tedious calculation shows that

nATAp!
det(A) = ———k;n_zl ,
and
. nAT AR
det(A(j',7')) = ];T_lz

Thus, the critical eigenvalue of C is

This value corresponds to the (n+2,n+1) entry of A™!, which provides the
minus sign. From this, we conclude that the iteration converges if A; < As,

diverges if A; > Ay, and enters a 2-cycle if A} = A,. a

Example 5.3.1. To demonstrate the results in Proposition 5.3.1, we choose
appropriate boundary conditions away from the interface and data such that
the ezract solution is known. Next, we set h = k = 1/16 and compute finite
element solutions with an initial guess z = 1.25.

In Fig. 5.1, we plot the first four iterations when Ay =1 and A, = 5,
as well as the true solution for comparison. We see that the iterative method
18 converging.

In Fig. 5.2, we plot the true solution and the first four iterations when
A, = Ay = 5. We see that the first and third iterations are ezactly the
same, and the same can be said about the second and fourth iterations.

Finally, in Fig. 5.8 we plot the true solution and the first four iterations

when A; =5 and Ay = 1. We see that this iterative method is diverging.
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Iterations with a1=1, a2=5 and §=1.25
25

2 2
15 15
1 1
05 05
0 0

05, 05 1 15 2 05, 05 1 15 2
25 25
2 2
15 15
1 1
05 05
0 )

03 05 1 15 2 05 0.5 1 15 2

Figure 5.1: Starting in the upper left corner and moving clockwise, we show
four iterations of the fixed point problem with A; =1 and Ay =5

5.3.2 A Relaxation method

Showing that the iterative method converges in certain situation is
interesting mathematically, but it does not indicate how to proceed if the
problem starts to diverge. As an alternative, we define the following relaxed

interface operator decomposition method.

Relazed Interface Operator Decomposition Method

k=0

Guess z{%

while (J|z{% — 251} > TOL) do
(a) k = k+1
(b) Solve (5.3.2) for uik}.
(c) Solve (5.3.3) for ugk}.
(d) Set zt*} = az{kt + (1 — a)ul¥(1),, where a € [0, 1].
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Iterations with a1=a2=5 and p=1.25
2.5

25
2 2
15 15
1 1
05 05
0 0
-05 -05
o 05 1 15 2 1 05 1 15 2
25 25
2 2
15 15
1 1
05 05
) 0
-05 -05
o 05 1 15 2 o 05 1 15 2

Figure 5.2: Starting in the upper left corner and moving clockwise, we show
four iterations of the fixed point problem with A; =5 and A3 =5

end while

Example 5.3.2. We are interested in the effects of varying the relazation
parameter, «, on the number of iterations for iterative operator decomposi-
tion scheme to converge. To investigate this, we set fi = fo = 1 and choose
homogeneous Dirichlet boundary conditions away from the interface.

In Fig. 5.4 we plot the number of iterations required to drive ||z{¢} —
21| < 1% 1078 for a range of parameter values when A; = 1 and A, = 5.
This is the convergent case from Proposition 5.8.1. We see that the iterative
method converged quickly for small o, with the fastest convergence occuring
when o = 0.15 and o = 0.2.

In Fig. 5.5 we plot the number of iterations required to drive |z{*} —
21| < 1% 1078 for a range of parameter values when A1 = 5 and Ay = 5.

This is the 2-cycle case from Proposition 5.3.1. We see that the iterative
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Iterations with a1=5, a2=1 and p=1.25
10

2
5
0
-2 0
-4
-5
-6
-8 -10
0 0.5 1 1.8 2 0 0.5 1 1.5 2
10 200
0 150
-10 100
~20 50
-30 0
-40 -50
0.5 1 1.5 2 2 0.5 1 1.5 2

Figure 5.3: Starting in the upper left corner and moving clockwise, we show
four iterations of the fixed point problem with A; =5 and A; =1

method converged fastest for a = 0.5.

In Fig. 5.6 we plot the number of iterations required to drive ||z{* —
21| < 1x 1078 for a range of parameter values when A; = 5 and Ay = 1.
This is the divergent case from Proposition 5.3.1. We see that the iterative
method only converges when the parameter is between 0.7 and 0.95, with the

fastest convergence occuring when o = 0.85.
5.3.3 A Newton Method

In this section we solve the model problem (5.3.1) using the following

iterative algorithm.

Newton Interface Operator Decomposition Method
k=0

Guess z{%
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Figure 5.4: Plot showing the number of iterations for a variety of parameter
values in Example 5.3.2 when A; = 1 and A; = 5. The method did not
converge within 100 iterations for parameter values outside the window.

while (||z* — 2{5-1}|| > TOL) do
(a) k = k+1
(b) Solve (5.3.2) for uik}.
(c) Solve (5.3.3) for uik}.
(d) Use a Newton method to determine z{}.

end while

The goal is to write a Newton method to find a root of the function
F(z) = 2z — us(1; 2),

where we note that the solution, u,, depends on the initial guess z. Newton’s

method amounts to solving the equation
F'(zh 5tk = _ p( kY,

for 61k} = 2{k+1} _ 2{k} Here we treat z like a variable, but later we treat it

as a function. For this reason we compute the Gateaux derivative of F(z)
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Figure 5.5: Plot showing the number of iterations for a variety of parameter
values in Example 5.3.2 when A; = 5 and A; = 5. The method did not
converge within 100 iterations for parameter values outside the window.

in the “direction” 4.

F(z+ €d) — F(z)

F'(2)§ = lim
(2) 1 -
- lim (z4+ €6 — up(l,z + €d)) — (2 — uq(1, 2))
e—0 €
- 5 Bug(l,z)&

0z

For the current problem, F'(z) is a function of one variable, so we can write

(1 - Baz%}—h:l) 50 — 1R} 4 an(1; 21, (5.3.4)
Note that z{*} is given and uy(1; z{¥}) is found by solving (5.3.2) and (5.3.3).
However, %Hz:l is still an unknown quantity.

To determine the dependence of us(1;2) on z, we take the Gateaux
derivative of (5.3.2) and (5.3.3) with respect to the input variable z in the

"direction” of §. This gives

—% (AI%L)($=O, .’EEQl
v6 =0, z=0, (5.3.5)
v6 =4, z=1,
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Figure 5.6: Plot showing the number of iterations for a variety of parameter
values in Example 5.3.2 when A; = 5 and A; = 1. The method did not
converge within 100 iterations for parameter values outside the window.

—(%: (Ag%) 5 = 0, x € Qz

Az%}é = Al%‘;ld, T = 1, (536)
20 =0, z=2
where
ou ou
u(z) = E‘l', va(x) = _8—23

We call this the first variational system. (In this case we note that § =1
since z is a variable in R, not a function or a vector. This is analogous to
the observation that the Gateaux derivative is the same as the standard
derivative in this case.) The advantage in solving this additional system is
the observation that

Ouy

V(1) = ——|z=1,

Oz

which provides the Jacobian required for Newton’s method. Note that there
is no reason to solve the first variational system on the same grid, or even

with the same method, as the original system. Newton’s method converges
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even if the Jacobian is not exact, although the convergence will likely be

linear rather than quadratic.

Example 5.3.3. If we assume Al and A, are constant functions, then we

can solve (5.8.5) and (5.3.6) explicitly giving

A A
() =z, vir)=—1—2—.
1( ) 2( ) A2 A2
This gives, %ﬁj = uy(1l) = —/—’}21. We substitute into the Newton equation

(5.3.4) and obtain

A A
ey M (1 _ _1) pey
? A+ Aq AL+ Ay 2

Therefore, the optimal relaxation parameter in this case is a = AII:’I P which

agrees with the results in the previous section.

Remark 5.3.1. If A; and Ay are constants, but we change the domains
so that Q; = (a,b) and Q; = (b,c), where a < b < ¢, then the optimal

relazation parameter is

(C— b)Al
(C — b)Al + (b - a)Az‘

oY =

Thus, the optimal relazation parameter depends on the geometry of each

domain as well as the thermal conductivities.
5.3.4 Interface Transfer in R"

In this section, we extend the algorithms in the previous sections to
higher dimensional problems. In each of the examples to follow, we use the

same model problem. Define ©; = (0,1) x (0,1) and 2, = (1,2) x (0,1),
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and I' = 9Q2; N Q. Consider the model problem,

(—V . (A1Vu1) = f1, S Ql,
uy =0, z € OM\T,
Uy = Uz,
eT, 5.3.7
{Alanul = A20nus, ’ ( )
-V (AzVUg) = fz, S QQ,
\uz2 =0, z € O\

-

with A; = 5, Ay = 1, and data chosen such that the true solutions are
uy = sin(27z) sin(27y), and up = 5sin(27z)sin(27y). We choose uniform
triangulations T3 5 of ; and T3 j, of {25 such that each contains 800 elements

and the triangulations align along the interface.

Example 5.3.4. We attempt to solve (5.8.7) using the interface opera-
tor decomposition method defined in §5.8.1. After 10 iterations, ||z{% —

2A=1H| = 6.1758 x 10°. The iterative method is clearly diverging.

Example 5.3.5. Next, we solve (5.3.7) using the relaxed interface operator
decomposition method defined in §5.3.2. In Fig. 5.7, we plot the number of
iterations to drive ||zt —2{¥=1}| < 1x 1078 for a range of parameter values.
We see that the method converges only for a narrow range of parameter

values with the fastest convergence occuring for o = 0.25.

Next, we want to solve (5.3.7) using the Newton interface operator
decomposition method defined in §5.3.3. While the algorithm is basically
the same, the Dirichlet condition, 2%}, is now a function rather than a

number. The Newton update is found by solving

o}
<I—£>5=—Z+UQ,

for 4.
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Figure 5.7: Plot showing the number of iterations for a variety of parameter
values in Example 5.3.5 when A; = 5 and A; = 1. The method did not
converge within 125 iterations for parameter values outside the window.

Formally, vy = %} is an operator defined using the Gateaux derivative.
Since the equations are discretized, v, represents a matrix. If there are N
degrees of freedom on the interface, then we need to solve N variational

systems to construct the Jacobian. The j** such system may be written as

'—V . (Al'l){) =0, &y,
U‘{ =0, x € 891\1",
vl =, z €T,
. 5.3.8
< -V (AZ'U%) =0, z¢€ Qz, ( )
’U‘; = O’ xr e aQ2\F,
| Ay0,v) = A8,v], z €T,

where e’ denotes the basis function associated with the j* node on I'. We

construct the Jacobian by inserting vg into the j** row.

Example 5.3.6. We solve (5.3.7) using the Newton interface operator de-
composition method defined in §5.3.3.
We plot a typical solution of the variational system (5.8.8) in Fig. 5.8.

The iterative method converges to within 1.71 x 107! after & iterations.
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Figure 5.8: A typical solution to the variational problem (5.3.8). On the
left, we plot v;. On the right, we plot vs.

This is the ezpected convergence rate for Newton’s method since the first

iteration uses the initial value.

Remark 5.3.2. As we can see in Fig. 5.8, the solutions to the variational
system (5.8.8) tend to decay rapidly away from the boundary. This indicates
that a good approzimation of the Jacobian may be obtained by solving a local
problem on a patch of elements near the boundary. This would be much

cheaper than solving each of the variational systems globally.

5.4 Global Coupling

Consider the following system of equations:

Ll(ul,uﬂ):fla .’L'GQ,

1 =0 o0

Uy , z € 091, (5.4.1)
La(u,uz) = fa, z €,

ug = 0, z € 00,

where L; and L, are linear differential operators on a convex domain  C R™
with a Lipschitz continuous boundary 99Q.
Rather than solving this system all at once, we construct an iterative

operator decomposition method to solve each equation separately.
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Global Operator Decomposition Method
k=0
Guess z{%

while (||z{¥} — 2{t-1H| > TOL) do

(a) k = k+1
(b) Solve
L™ = f;, zeq
"y (5.4.2)
uy =0, z € 09},
for u?c}.
(c) Solve
Lo uf™ = f,, zeQ, (5.43)
uék} =0, z € 092, o
for ugk}.

(d) Set (K = uiF}

end while

Since Ly and L, are linear operators, this is similar to the block Gauss-Seidel
method described earlier. Therefore, we expect that this iterative method

will diverge under certain conditions.

Example 5.4.1. Define Q@ = (0,1) x (0,1), and consider the system

—AU1+25U2=fla .'L'EQ,

=0, T € 09,
" re (5.4.4)
—Auy —25u; = fy, z€Q,
us = 0, T e 89,

with data chosen such that the true solutions are u; = sin(2mz)sin(27y),
and ug = sin(nz) sin(my). To discretize, we use an unstructured triangula-

tion of Q0 with 4951 elements and 2577 degrees of freedom for each variable.
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We begin by making an initial guess z(z) = 0 for uy and apply the
iterative global operator decomposition method. A plot of the error for each

iteration is shown in Fig. 5.9. It is clear that this iteration is diverging.

6 7 8 9 10

1 2 3 4 5
Iteration Number

Figure 5.9: Plot of the absolute value of the error in Example 5.4.1 for ten
iterations.

In an attempt to improve the convergence behavior, we define the fol-

lowing Newton method.

Newton Global Operator Decomposition Method
k=0
Guess z{%
while (|2} — 2t~} > TOL) do
(a) k = k+1
(b) Solve (5.4.2) for uik}.
(c) Solve (5.4.3) for ugk}.
(d) Use a Newton method to determine z{*},

end while
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Consider the functional
F(2) = z — us(z; 2). (5.4.5)

The goal of the iterative method is to find a root of F(z). Newton’s method

for this problem is given by
F'(2)6 = —F(2). (5.4.6)

The operator giving the rate of change in us with respect to z in a particular
direction is the solution to the variational system differential equation. We
determine this by taking the Gateaux derivative of the iterative system with
respect to z as in previous sections.

In practice, we use a finite dimensional version of the variational sys-
tem. Let Uy, U, € Vj be the finite element approximations of u; and u,,
where Vj, is a finite dimensional subspace of H}(Q). For simplicity, we
assume that u; and us are approximated on the same mesh.

Define €’ to be the basis function associated with the j** node. The

jt* row of the Jacobian requires Ug which satisfy

Li(vi,e) =0, zeq,

7 =0, o9,
=0 Te (5.4.7)
Ly(vi,v}) =0, z€Q,
vy =0, x € 00.

Example 5.4.2. The variational system for (5.4.4) corresponding to the

jt* basis function is

—Av] +25¢1 =0, z€Q,

I = N0
n=0 T (5.4.8)
~Av) - 250 =0, z€Q,
Ug = 0, T e 89,
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To construct the exact Jacobian, we solve a variational system on the
same mesh corresponding to each degree of freedom for u,;. In Example
5.4.1, this requires the solution of 2577 systems, each having 5154 degrees
of freedom.

A well known feature of Newton’s method is that a sufficiently accu-
rate approximate Jacobian may lead to rapid convergence, although not at
the optimal rate. To construct an approximate Jacobian, we design the

following algorithm.

Jacobian Approzimation Method
k=0
Construct a coarse triangulation of 2.
while k <= Degrees of freedom do
(a) k = k+1
(b) Project e* onto the coarse mesh.
(c) Solve the variatioanl system on the coarse mesh for v¥ and v§.
(¢) Project v¥ onto the fine mesh.
(d) Update the k* row of the Jacobian matrix.
end while
Example 5.4.3. Consider the model problem (5.4.4). First, we solve the
7t variational system defined by (5.4.8) on the same mesh. This involves
solving 2577 wvariational systems, each having 5154 degrees of freedom, to
construct the Jacobian. In Fig. 5.10, we plot typical solutions to the varia-
tional system.
Nezt, we approzimate the Jacobian by solving the variational systems

on a coarser mesh. We solve 2577 systems, but we use uniform meshes
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Figure 5.10: A typical solution to the variational system (5.4.8). On the
left, we plot v;. On the right, we plot vs.

with h = 0.05, h = 0.1, and h = 0.25 with 882, 242, and 50 degrees of
freedom repectively. In Fig. 5.11, we show the original mesh and the mesh

corresponding to h = 0.25. We use an L? projection to map the basis

o 02 04 [X] [ 1

Figure 5.11: On the left, we plot the original mesh. On the right, we plot
the coarse mesh used to approximate the Jacobian.

function to the coarse mesh, and to map the variational solutions to the
fine mesh.

In Fig. 5.12, we plot the convergence of the iterative method using
the full Jacobian, and using the Jacobian approximation method. We see
that using the true Jacobian yields high accuracy and converges in three
iterations since the problem is linear. Using the approzimate Jacobians

yields convergence, although more iterations are required.
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Figure 5.12: Plot of ||2f¥} — 2{¥-1}|| using the exact Jacobian and using
projected Jacobians in Example 5.4.3.

On the other hand, we are usually more concerned with solution time
than the number of iterations. In Fig. 5.18 and Table 5.1, we break down

the solution times in each case. We see that using the exact Jacobian s

3500 T v T Y

=%4] Jacobian Assembly
3000t | [__JLU Factorization of Jacobian
I Other

2500}

2000}

Time (s)

1500}

10001

500

Unif-0.25 Unif-0.1  Unif-0.05 Same Mesh

Figure 5.13: Plot of the solution times in Example 5.4.3 using the exact
Jacobian and using projected Jacobians.

impractical since the construction of this Jacobian is so expensive. Using
a coarse mesh to solve the variational problem and approzimate the Jaco-

bian is much faster despite requiring more iterations for convergence. We
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Var. Mesh | Iterations | Jac. Time (s) | LU Time (s) | Total Time (s)
Original 3 3005.0 50.5 3060.0
Unif. - 0.05 6 738.0 50.5 769.9
Unif. - 0.1 8 236.3 50.4 298.3
Unif. - 0.25 14 48.0 6.8 71.2

Table 5.1: Number of iterations and break down of solution times in Ex-
ample 5.4.3.

include the time required to compute the LU decomposition of the Jacobian
to demonstrate that this is an ezpensive process due to the fact that the

Jacobian is nearly full. For this problem, we only needed to compute the

Jacobian and the LU decomposition once since the problem is linear.
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Chapter 6

INTERFACE TRANSFER FOR ELLIPTIC
EQUATIONS
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6.1 Introduction

In this chapter, we consider the solution of a conjugate heat transfer
problem by an operator decomposition approach. The goal is to compute
a functional of the temperature of a body composed of two distinct com-
ponents that share a common boundary or interface. The two components
may have different conductivities and be subject to different heat sources
and boundary conditions. The model consists of a system of boundary
value problems for two elliptic equations coupled through boundary condi-
tions posed on the common interface. Our interest is in situations where
there is a small number of interfaces between the components.

The operator decomposition method we consider is closely related to
the non-overlapping domain decomposition methods as described in, for
example, [52, 58, 54, 59]. The major focus of these papers, however, is
the convergence of different iterative methods and the design of effective
pre-conditioners or relaxation parameters, while the accuracy of the final
finite element approximation is usually not addressed, despite the fact that
some of the numerical results indicate a loss of accuracy. To our knowl-
edge, the analysis below is the first work to address the loss of accuracy.
Our results would extend to a particular type of non-overlapping domain
decomposition.

In §6.2, we introduce the conjugate heat transfer problem and provide
some notation. We describe the iterative operator decomposition finite ele-
ment method and some modifications in §6.3, as well as the boundary flux
method used to compute gradients on the common interface. We perform
two a posteriori error analyses in §6.4, using first the adjoint to the fully

coupled problem and then the adjoint to the iterative scheme, and present
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numerical results to highlight the differences between the two. We end the
section with a brief discussion of adaptive mesh refinement. In §6.5, we
carry out an analysis which identifies the transferred gradient information
as being responsible for the loss of order and show that using the bound-
ary flux method to compute the gradient information restores the order of

convergence.

6.2 A model for conjugate heat transfer

Let ; and €, be convex polygonal domains in R? or R® with bound-
aries 0); and 0f); intersecting along an interface I' = 9Q; N 9N,. We
consider a system of second order linear elliptic problems, where the com-

ponents are coupled through boundary conditions imposed on I,

(Lyuy = fy, x € (,
u; =0, X € 391\F,
up = Uz,
xeT, 6.2.1
4 {Alanul = A0,uy, ( )
Laug = fa, x € (Qy,
\ Ug = 0, X € BQQ\F,

where for 1 = 1,2, Lyu; = =V - (A; V) + cuy, A; > Aip > 0,¢, f; are suffi-
ciently smooth functions and 9,, denotes the unit outward normal derivative
to 0Q;. The results of this chapter extend easily to general elliptic oper-
ators and general Dirichlet, Neumann, and Robin boundary conditions on
the boundaries in the complement of the interface.

We let L2(€);) denote the space of square integrable functions on §;
with inner product (-, ), and norm || - ||g,, but use (-,-) = (-, *)q, when the
domain is clear. We use H*(Q;) to denote the Sobolev space with real index

s associated with the norm ||« ||, s and seminorm | - |, ;. We also use the

subspaces H} (%) = {v € H(),v = 0 on 8Q,\I'}.
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The weak formulation of (6.2.1) seeks u; € H}(§) such that uy; = up

on I" and
2

ai(ui, v;) = Z(fi’vi)a (6.2.2)

2
i=1 =1
for all v; € H}(Q) with a;(u;,v) = fQ( (A;Vu; - Vv + qu) dz for ¢ = 1,2.

Assuming that each a;(+, ) is coercive, (6.2.2) admits a unique weak solution

in H3(%) (4, 14, 24].
6.3 An iterative operator decomposition method

To compute a numerical solution of (6.2.1), we consider several itera-

tive operator decomposition methods. Let uéo) be an initial guess for the

Dirichlet data along the interface. We solve

L =f,  xeq,
ul® =0, x € OO\T, (6.3.1)
u&k) = ugk_l), x €T,

followed by

Lou$® = f,, x € (O,
u =0, x € O\T, (6.3.2)

A8,ulF) = 4,0,uP, x e,
We iterate until (hopefully) a convergence criteria is met, e.g., ]|ugk) -

u(gk_l)“r is smaller than a prescribed tolerance.
6.3.1 Finite element discretization

We let T}, be a triangulation of ; into elements K where the length
of the longest edge is hx and h = maxger,, hx. We assume that each
triangulation is locally quasi-uniform and ; = Uker; , K. However, the

triangulations on either side of I" are not assumed to be aligned.

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We use the piecewise polynomial spaces

S1 = {v continuous on ©,, v € P'(K) for all K € Ty},

Sy = {v continuous on s, v € P}(K) for all K € Tz,h} ,
and the associated spaces

Sio={vesS |v=0,x¢e o0},

Sg,() = {’U €5, | v=0,x€ 892\I‘},

where P!(K) denotes the space of linear polynomials on an element K. We
let m; be a projection into S; as well as the projection into S; along the
interface I'.

For the finite element approximation, we compute Ul(k) € 5] satisfying

a1 (UPv) = (fi,v)q,, forall ve Sy,
U =0, x € OM\T, (6.3.3)
Uk = mulE, xeT,

followed by Uék) € S, such that

{az(Uz(k),v) = (f2,0)a, — (A418,UP, v)p, for all v € Sy, (6.3.4)

Uk = o, x € 80,\T.
6.3.2 Relaxed iterations

Unfortunately, the simple iterative (6.3.3)-(6.3.4) may not converge. In
particular, the convergence depends on the values of A; and A, along the
interface and the geometry of each region [37, 52, 58]. As an alternative,

we consider two “relaxed” iteration schemes.

(1) Relazed Dirichlet values

We choose a € [0,1] and update the Dirichlet interface values with

UP = oUufD + (1 - a)ymUF™. (6.3.5)

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Optimal values of & can be found in [52, 58], but o = 1/2 works well

in most situations.

(2) Relazed Neumann values
We chose 8 € [0, 1], set Ng = BA8, U™ + (1 — 8)A4:8,UP, and
seek Uz(k) € Sy such that

az(USF v) = (fa,v)q, — (N, v)r, for all v € Sy, (6.3.6)
A proper choice of § reduces the number of iterations.

6.3.3 Flux correction

It turns out that the operator decomposition results in a loss of order
arising from the relatively low order of accuracy in the derivative of the fi-
nite element solution, namely, O(h) when computed with a standard O(h?)
method. We show below that this reduces the order of the overall approx-
imation to first order. To mitigate this effect, we use a post-processing
technique developed by Wheeler [55] and Carey [34, 20] to compute more
accurate boundary flux information. See Chapter 4.4 for more details.

We define the set of elements in 7} 5 that intersect the boundary by
T ,={K e€Tix | KN3Q # 0},
and the corresponding space
Wy = {v e P}(K) with K € Tfh, v(n) =0 if 0, ¢ 0Q},

where {7;} denotes the nodes of element K, so the degrees of freedom

correspond to the nodes on the boundary. We seek o(¥) € W, satisfying

—(e®,v)r = (fi, v)ay — a2 (U{?,0), for all v € W, (6.3.7)
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where Ul(k) solves (6.3.3). Green’s identity implies that o(®) gives an approx-
imation to the normal flux on the boundary that is relatively inexpensive
to compute.

In general, the accuracy of the flux approximation depends on the
regularity of an associated Green’s function [35, 56]. In many cases this
post-processed flux is O(h?) rather than the typical O(h) for the normal flux
of a piecewise linear finite element approximation. However, it turns out
that a fortunate cancellation of errors makes the accuracy of this recovered
flux unimportant for our purposes.

We stress that ¢*) is not assumed to be continuous. In fact, if the
domain has a corner on the boundary, the normal derivative is, in gen-
eral, discontinuous due to the jump in the normal vector. When Dirichlet
conditions are given on each boundary segment we implement the method
described in [20] and allow two degrees of freedom to account for the dis-
continuity. For the application to more general boundary conditions, such
as a Neumann or Robin condition on one segment, or an interface condition
on both, we refer the reader to §4.4.

Now, as an alternative to (6.3.4), we may solve

{GQ(Uék)a ’U) = (fZa'U)Qz - (a(k))v)l", for all v S SZ,O; (6 3 8)

UsP =0, x € OML\T.

Other potential approaches to mitigating the loss of order include ap-
proximating the boundary flux using a gradient recovery techniques such as
the Zienkiewicz-Zhu (ZZ) patch recovery technique [59] or the polynomial
preserving recovery (PPR) method [49], or using higher order polynomials
near the interface to improve the accuracy of the finite element flux {9, 42].

We had mixed computational success using these other approaches.
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6.4 A posteriori error analysis

To estimate the error of the operator decomposition finite element ap-
proximation, we apply a posteriori techniques based on variational analysis
and the adjoint problem. In this case, however, the adjoint for the fully
coupled original problem differs significantly from the adjoint problem as-
sociated with the discretization of the decomposed system. The motivation
to use operator decomposition suggests that the adjoint of the full problem
is unavailable in practice and therefore the decomposed adjoint is used to
compute error estimates. The difference between the adjoint problems can
be decreased by increasing the computational work used to solve the de-
composed adjoint, however in practice, we must consider the issue that the
two adjoints lead to significantly different error representations.

In order to understand the differences, we derive a posterior: error esti-
mates using both adjoints. Both analyses begin in the same way. We wish
to estimate the difference between the exact solution to the full problem
and the numerical approximation to the solution of the iterative procedure,

ie. E®) =y — UK, We decompose the error,
E® = u—U® = (4 - u®) 4 (u® — y®) = 0 4 0,

The first component c¢{*) measures the difference between the exact solution
to the full problem and the exact solution to the iterative problem. If the
iterative method converges, then ¢*) — 0. The second component e®)
measures the numerical error in solving the iterative problem.

It is helpful to remark that in the conventional approach, the adjoint
is defined in such a way as to make the formal bilinear identity hold [44,

29], i.e.,, to make the boundary terms arising from integration by parts
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equal to zero. In the analysis below, we find it convenient to consider the
values passed between components as quantities of interest defined on the
common boundary and we have to alter the definition of the adjoint problem

accordingly.
6.4.1 The adjoint to the fully coupled problem

The adjoint boundary value problem for the quantity of interest (¢, u) =
(Y1, u1) + (s, ug) for the coupled problem (6.2.1) is

(L){qbl =¢1, XEQI)
¢1 =0, X € 391\F,
] {i‘a: ¢2’_ xeT, (6.4.1)
1 n¢1 = A28n¢2a
L;¢2 = wz, X € 927
L @2 =0, x € OML\T,

where Lf¢; = —V - (A;V ;) + cidi. We use af(-,-) to represent the weak
form of the adjoint operator. We solve (6.4.1) numerically by using an
iterative operator decomposition approach as for the forward problem. The
iterations are completely independent of the forward iterations.

We can derive an error representation formula for the basic scheme
(6.3.1)-(6.3.2), a weighted relaxation technique (6.3.5) or (6.3.6), or when
using the post-processed flux as in (6.3.8). In the discussion below, we use
92’“) to denote the numerical flux passed at the k** iteration from Q to Q.

To begin, we multiply the system (6.4.1) by (¥1,%2)T and apply the
divergence theorem, noting that u; = up and A,0,¢; = A38,¢, along T, to

obtain

(1, e1) + (2, €2) = a1(e1, $1) + ag(es, ¢a)
+ (Ul(k)a A18n¢l)F - (Uz(k), Azangbz)p.
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Observe that the test space S consists of functions that are zero along
the interface, while in general, ¢; is not zero along I. This means that
the projection of ¢; into S;g cannot be the interpolant. We define a new

projection ¥ : H? — S, ¢ such that for any node z;

Ci)y T4 Fa
d(z:) = {gl"s(’ ) - z - (6.4.2)

We also observe that
az(en, Tag) = —(A18pus, Tao)r + (B, mado)r,
and
a1(u1, @1 — mié1) = (f1, ¢1 — 1) + (A18nu1, 1)1,

az(ug, ¢z — mad2) = (fa, ¢ — madp2) — (A10nur, 2 — T2h2)r,

since the adjoint solutions are not zero along T
Using the projection (6.4.2) in the Galerkin orthogonality relation and

the equalities above, we have

($rre1) + (Y2, €2) = (f1, 61 — 13¢1) — ar (U, 1 — nd¢1)
+ (far b2 — mag) — a2(USY, ¢y — mahe)
+ (U = UP, 418pd1)r + (6, mada)r.
Next, we define mp¢y = m¢d1 — mi¢y which is nonzero only near the
interface due to the definition of 7¢;. Substituting nd¢; = mé; — ma
gives
(Y1, e1) + (2, €2) = (fr. 1 — M) — al(Ul(k),¢1 ~ Ty¢1)
+ (f2, 62 — magn) — a2(USP), 6 — maha)
+ (f1, ma¢1) — ar (U, madr)

+ (Ul(k) - U2(k)a A1Bndy)r + (9;(1k), Tada)r
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Finally (6.3.7) implies that the recovered boundary flux, o) satisfies

—(o®, mag1)r = (f1, mad1)a, — a1(US", magy),
while m5¢, = m1¢, along I'. We conclude

Theorem 6.4.1. The errors e; = uy — Ul(k) and ey = up — Uék) satisfy

(W1, 1) + (Y2, €2) = (f1, 61 — M) — (U, 1 — mr)
+ (f, §2 — Maghs) — aa(USY, ¢ — mahy)
+ (U = UP, Avdudn)r

+ (0, m2¢2)r — (0™, mid1)r (6.4.3)

The error has been decomposed into two discretization components, an
iterative component, and a component reflecting the error arising from the
transfer of derivative information. The choice of iterative method does not
affect the discretization component of the error, but it does influence both

the iterative and the transfer components along I'. We illustrate this for a

few common iterative schemes:
e Suppose Ul(k) = ﬂlUék_l), then
k
U = U, A18.¢1)r
= MUY = U, Arbagn)r + (UFF - USFY, Ardag)r,
which represents a projection error and an iteration error.

e Suppose U = aUl(kd) + (1 - a)mU ™Y, then

k-2
(U —UP, A18ugr)r = ot m (U — UFD), AiBugi)r

=1
+ (Uz(k_l) - 2(k)> A10n91)r
+ (mUSFED —UF A8,60)r,

98

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



which represents a series of iteration errors and a projection error.
Notice that since a < 1, the effect of the iteration error from previous

iterations diminishes due to the increasing power on a.

e Suppose we set Gﬁk) = AlanUl(k), then
08 ma2)r— (0™, m1)r = (A10,U{F —0®), m30)p+ (0™, made—midi)r,
which represents a transfer error and a projection error.

e Suppose we set 9,(:“) = o{®) then

(9;(1k),7r2¢2)1* — (oW, m¢1)r = (6*), w22 — m1)r,

which represents only a projection error with no transfer error.
6.4.2 The adjoint to the iterative scheme

Next, we derive an error representation using the natural adjoint for
the iterative system (6.3.1)-(6.3.2), where we set Ul(k) = wle(k_l) and
A23nU2(k) = AIBnUl(k). This adjoint avoids the formulation of a globally

coupled adjoint, and reads

L’{ gk) = gk), X € Ql,
o =0, x € OO\, (6.4.4)
¢§k) - gk)a XE€ P:
Ly = i, x € Oy,
) g, x € O\T, (6.4.5)

A0n0%) = 4,6,6F) xeT,
for k = N,...,1 with A18n¢(1N+]) = 0. Note that the adjoint system is
defined “backwards”. In the reasonable case in which we seek information
from the final iterate, the data for the adjoint problem would be 1/)9) =

wél) =...= 1/)§N_1) = wéN_l) = 0, with 1/)§N) and wéN) chosen appropriately.
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We derive the error representation formula for this system by observing

N

N
(0%, + 7, 0)) = 3 (Lol &) + (L3, &),

k=1 k=1
and apply the steps used to derive (6.4.3). This provides the following

theorem.

Theorem 6.4.2. The errors eg ),egl), . e(lN) gN) satisfy

N

k) (k k) (k
(@, 6”) + @57, e)
k=1

N

= 30 (00~ i) — (U9, 09— i)

k=1
k k
+ (f, 85 — m)) — as (UM, ¢ — magi?)

+ (Ul(k) - Uzk Y , A10n gk))l“ + (AlanUl(k)>7rl¢(lk))F - (U(k),ﬂzﬁbgk))r)
(6.4.6)

It is possible to define adjoints for more complicated iterative methods,
but it may be difficult. For example, relaxation techniques couple Ul(k) to
both U, (*=1) and Ul(k—l) which affects how the adjoint variables are coupled.
In addition, using the post-processed numerical flux given in section 3.2

requires defining the adjoint of the post-processing procedure.

6.4.3 Numerical results

We illustrate the a posteriori estimates in §4.1 and §4.2.

Example 6.4.1. We triangulate the domains Q; = [—0.25, 0.25] x[—0.25, 0.25]

and 2 = ([-1,1] x [-1,1]) \%; independently, see Fig. 6.1, and consider
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Figure 6.1: Triangulations of ©; and §2; that do not match along the inter-
face.

the elliptic interface problem,

r—V'(V'U,l):‘fl, x €,
Uy = Uy,
el
T Bnul = 3n’LL2, x (647)
-V (Vug) = fo, x € Qy,
U2 = 0, X € aQZ\F)

where fi(z,y) and fa(z,y) are chosen so the true solutions are uy = sin(47z) sin(47y)

and u; = 3uy. We solve this using (6.3.3)-(6.3.4) with U® = m, U™ and

iterate until ||U®) — U* V)i < 1075, We consider several quantities of

interest
1. the global average value,
2. the average value over £,
3. the average value over {Qy,
4. the value of uy at the point (0,0) computed using the approximate

delta function dy(z,y) = 40 exp(—400x% — 400y2).
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First we use an independent iterative scheme to solve the adjoint of the
fully coupled problem using the relaxation parameter @ = 1/2 and iterating
until ||(I>§k) - ¢>§’°"’||p < 1078, where q>§k) represents the approximation of
the adjoint solution at the k** iteration. We display the error estimates for
each of the quantities of interest in Table 6.1.

Next we solve the adjoint to the operator decomposition method and
give these results in Table 6.2. Note that the number of iterations, as well
as the values of the relaxation parameters, are determined by the number

of iterations used in the solution of the forward operator decomposition

method.
1| Yo | True Error | F.C. Adjoint | Effect. Ratio
1. | 4 | 4/15 —0.20 -0.20 0.99
2.1 4 0 -0.15 —0.15 0.99
3.1 014/15 —0.046 —0.046 1.00
4. | &g 0 —0.15 -0.15 0.99

Table 6.1: Error estimates and effectivity ratios using the adjoint for the

fully coupled system.

1| Y2 | True Error | O.D. Adjoint | Effect. Ratio
1.| 4 | 4/15 —-0.20 —0.20 0.99
2.1 4 0 -0.15 —0.15 0.99
3.1 0 [4/15 —0.046 —0.046 1.00
4.1 4§ 0 -0.15 -0.15 0.99

Table 6.2: Error estimates and effectivity ratios using the adjoint for the
operator decomposition method.

Example 6.4.2. Next we consider neighboring domains Q; = [0,1] x [0, 1]

and Q = ([1,2] x [0,1]) with independent triangulations, and the elliptic
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interface problem

(—V - (A Vuy) = fi, x € (U,
Uy = O, X € 891\1—‘,
% = Uy,
el 6.4.8
ﬁ {Ala'n.ul = A30nuy, * ( )
-V (AzV'LLg) = f2, X E Qg,
ug = 0, X € 802\1",

where A; = 1, A; = 3, and fi(z,y) and fa(x,y) are chosen so the true
solutions are ug = sin(27z) sin(27y) and u; = 3uz. The quantity of interest
is the average value over ; U Qy, so ¢ =192 = 1.

This experiment demonstrates that the error representation formulas
(6.4.3) and (6.4.6) may give different estimates if relatively few iterations are
used in the operator decomposition method for the forward problem. We
set a fixed number of iterations in the operator decomposition method for
(6.4.8) and use (6.3.3) and (6.3.4) to approximate the solution. We solve the
fully coupled adjoint iteratively using sufficient iterations for convergence.
However, the number of iterations for the adjoint of the iterative system is
determined by the number of iterations for the forward problem.

In Fig. 6.2, we plot the number of iterations versus the effectivity ra-
tios for the two estimates. We observe that the adjoint for the operator
decomposition method does not produce accurate estimates until a suffi-
cient number of iterations for the forward problem have been carried out.
This implies that the iterative component of the error, ¢®) = u — u(®),
dominates the estimate.

If the iterative method converges, we expect that the effect of the initial
guess and the first few iterations would diminish. This is reflected in Fig. 6.2

where we plot the L? norm of the iterative adjoint ¢§k) and ¢§’“) over §2; and
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Figure 6.2: On the left, a comparison of the effectivity ratios using the two
adjoints for a given number of iterations used for the operator decomposition
method for the forward problem. On the right, we plot [|¢{|| + [|¢$”| to
show the decay of influence of errors that occur in previous iterations.

)y respectively at each iteration. We observe that the norm decays rapidly
as k decreases, which indicates that the norm of the fixed point operator,
and hence the norm of the adjoint fixed point operator, is small. Thus, the
influence of errors in previous iterations are rapidly damped and have little
influence on the current error. This implies that we can compute accurate

estimates using the truncated series
N) (N N) (N
W™ ef™) + 5", e5™)
N
= Z ((fl, gk) - 7T1¢§k)) - al(Ul(k), §'°) - 7T1¢§k))
k=M
+ (2887 — m208") — aa(Us™, 687 — ma9i”)

+ (U - U, A1,

(AU, moP)r = (0, mad)r ) (649
where 1 < M < N, in place of the full series (6.4.6). This significantly
reduces the computational cost associated with computing a series of adjoint
problems. In Fig. 6.3 we plot the effectivity ratio for the global average value
where we truncate the error representation and compute only the last N

terms.
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Figure 6.3: A comparison of the effectivity ratios computed using a trun-
cated error representation.

6.4.4 Adaptive refinement

We use the a posteriori error estimate as the basis for adaptivity by em-
ploying the standard “optimization framework” after writing the estimate
as a sum of element contributions and introducing norms [26, 27, 12, 10].
An element K is marked for refinement when the local error indicator is
larger than a local tolerance, usually the global tolerance divided by the

current number of elements.

Example 6.4.3. We demonstrate the adaptive procedure on the model
problem (6.4.7) with the quantity of interest equal to the value of u; at
the point (1.75,0.25), which we approximate by choosing ¥; = 0 and ¢, =
400/m exp(—400(z —1.75)2 - 400(y — 0.25)2). Fig. 6.4 shows the results after
3 refinement steps. We solve (6.3.3)-(6.3.4) and observe that refinement
occurs within €, along I' which reflects the impact of numerical errors in

the normal derivative on the quantity of interest.

6.5 An analysis of the loss of order

In practice, the iterative technique (6.3.3) and (6.3.4) is occasionally

observed to result in O(h) convergence rather than the O(h2) convergence
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Figure 6.4: Adaptive mesh for the quantity of interest equal to the value of
uy at the point (1.75,0.25).

that is obtained when solving the fully coupled problem. This loss of order
results from passing the normal derivative of the finite element approxima-
tion, which is only O(h). Passing the recovered boundary flux restores the
full order of convergence. We use the adjoint for the fully coupled prob-
lem to derive a posteriori error bounds for the iterative approximations in
the case where Ul(k) = 7r1U2(k—1). The case where the Dirichlet values are
updated using a relaxation technique can be analyzed using the same ap-
proach and gives identical results. Numerical examples are provided at the

end of the section.

6.5.1 L2 error bounds

Let u; € H*(Q;) and u; € H'**2(Q,;) be the solutions to (6.2.1)
with 0 < a;,a2 £ 1, and Ul(k) and Uz(k) be the solutions of (6.3.3) and
(6.3.4) respectively at the k" iteration. Let ¢, € H'T*1(Q;) and ¢, €
H'*2(Q),) and pose the adjoint problem (6.4.1) with ¢; = e;/||e1]|q, and
Yo = ez/|lezllq,. Starting with (6.4.3), integration by parts over each ele-
ment K gives

lexlla, + lezlla, = L+ Iz + I3 + I,
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where

1
I = Z (fi = LUP, ¢y — 1)k + 5([A13nU1(k)],¢1 — mé1)ok
KETl,h

1
+ Z (fa — LzUék), $2 — Tad2) K + 5([A23nU2(k)], $2 — Tadh2) ok

KETz'h
I =(A23nU2(k), ¢2 — mad2)r — (AlanUl(k), $1 — mo1)r,

]3 =(A18n¢1v Ul(k) - Uz(k))l",

It =(A18,U%)  mao)r — (6@, mén)r,

where [A;8,U;] denoting the jump in the normal derivative across an element
edge.

The first term I, is a standard a posteriori error bound for elliptic prob-
lems and is not affected by non-matching triangulations along the interface
or by transfer error. The second term I, is similar to the jump terms along
element edges in I; and is the expected jump term when the triangulations
align along the interface. The third term I3 represents the jump in the
Dirichlet values across the interface. Finally, the fourth term /4 represents
the difference between the flux passed from 2; to €3 and the flux cbtained
via the boundary-flux correction technique.

We first construct Lemmas 6.5.1 to 6.5.4 below to bound I; to I4 in-
dividually. In each of these Lemmas we first provide the general bound
when the triangulations do not match across the boundary and then show
the simplification that arises for matching triangulations. We then combine
these four lemmas into Theorems 6.5.1 and 6.5.2 which give error bounds
for the basic iteration (6.3.3) and (6.3.4), and when using flux correction
(6.3.8) respectively. These two theoren.ls describe the general result when
the triangulations do not match across the boundary while the simplifica-

tion given matching triangulations is provided as a Corollary.
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Lemma 6.5.1. (Bound on I)

he 3 (- LUl (mgﬂmmmg
= r 2 A18. U ok ) \Chid® 1|k 14e

KETl,h K
+ Z 12 = LaU3") ¢ : (OhI?a2|¢2|K,1+a2) .
G \lIh (420,00 loxc ) \Chi* 162l K140

Proof. Apply standard arguments using the Cauchy-Schwarz inequality and

a trace inequality. O

If uy € H*Qy), we can also provide a bound for the jump terms.
Ordinarily, we would add and subtract (A;0,u1, $1—m1é1)axk to estimate the
jump term. However, this causes an iteration error (A;0,u; — Alanugk), ¢1—

m1¢1)r, which may be quite complicated. Therefore, we let 17,§k) solve

al(ﬂgk),v) = (f1,v)q,, forall v e H}EY),
¥ =0, x € 8O\T, (6.5.1)
" = mUFY, xel.
To be precise, 77,§k) is the exact weak solution over Q; given the data from
the previous iteration. Standard finite element theory can be applied to

estimate

~(k k
2 ~ UPlay1 < Chall fullss-

We add and subtract (Alana§k>, ¢1 — m¢1)sk and use the Cauchy-Schwarz

and trace inequalities to obtain,
1A418.U ok < Chi |l

A similar argument holds if us € H2(£2,).
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Lemma 6.5.2. (Bound on Iy) If the triangulations T1, and Typ do not

match along the interface, then

I < (183 (A8.U D)) (CRE ol saa) + (1 418U I ) (i = magh )

where

Ty — madrllr < flmd1 — dallr + |61 — medn|lr

< Oy bl rrar + 2y %% ol 1as.
If the triangulations Ty p and Ty, match along the interface, then
I < (107148, MNlIr ) - (ChY* gl 14as)

where [A8,U®)] = A,8,U8 — 4,8,U*) and hy = maxker, , hx.

Proof. We add and subtract (AlanUl(k), ¢o — Ta2)r and use 1 = ¢gp on T’

to write
Iy = (A0, U = 4,0,UP | 5 — magho)r + (A18,UF)  mdhy — madhy)r.

Observe my ¢ = ma¢hy if the triangulations match along the interface. We

apply the Cauchy-Schwarz and trace inequalities to complete the proof. O

If up € H?(Qy), we may define ﬁgk) similarly to ﬂ(lk) in (6.5.1) and
obtain

140,V lIr < Chy?|| folla,-
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Lemma 6.5.3. (Bound on I3) If the triangulations Ty, and T3p do not

match along the interface, then

Is < (148a01l0) - (U = U

+ (1Asondilir) - (ImUf™ - U V))
where
Im U = U Die < CaY** ala, e + Cahy/* [ 1a0-
If the triangulations Ty, and T match along the interface, then
I3 < (l4da01le) - (10557 - Ul )
Proof. First, observe that Ul(k) = 7r1U2(k_1) and rewrite I3 by adding and
subtracting (A,0,¢1, Uz(k_l))r‘ to get
Is = (A10¢y, MUY — U0 4 (A18ndhy UL — U

To bound l|7r1U2(k—l) — Uz(k_l)Hp we introduce a new function @ such that
@ € H'*1(Q)) and @ € Ho2(Q), as well as mé = 7r1U2(k_1) and mol =

US| This yields
ImUS™ = UF Ve < CLRY? Yl 14ar + Cahy 2% a0y 140

Observe that 7T1U2(k_1) = 2(k_1) if the triangulations match along the inter-

face. We apply the Cauchy-Schwarz inequality to complete the proof. O
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Lemma 6.5.4. (Bound on Iy) If the triangulations T1n and T, do not

match along the interface, then

I < (110,08 = 41850 e + |1 410,54 — oW e - (Imadelr)
+ (lo®Ir) - (Imadpe — mrlir)
where
Image — mérlle < Crhy™ |1l 1400 + C2hy > %% b2l 14
If the triangulations T\ and T match along the interface, then
I < (148,02 = 48,50 + 418,50 = oPlIe ) - (Imagsallr).

where a&") is defined by (6.5.1).

Proof. We add and subtract (¢(F), my¢9)r and use ¢; = ¢, along ' to get
I = (A18,UF — 6® m380)r + (0, maghy — migho)r.

Observe m ¢, = oy if the triangulations match along the interface. We
add and subtract (Alanﬂgk) , Tao)r to the first term and apply the Cauchy-

Schwarz inequality to complete the proof. (W

In practice, the error in the normal derivative is typically the same
accuracy as the H! error, namely O(h$'). However, an application of the
trace theorem only proves O(h'f‘/ 2) accuracy. This is not an important
issue, however, since we intend to use the fact that this term is less accurate
than the others, and therefore pollutes the L? error. We assume the error

in the normal derivative can be bounded,

14:8,U% — aP||r < Ch || fillens
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for o4/2 < f < ;. The error in the recovered boundary flux can be
bounded
148a751" = e®|lr < CSIATY | filln,

where S; is a stability factor defined by an associated Green’s function

35, 56].

Theorem 6.5.1. Assume the triangulations Ty and T do not match
along the interface I'. If Ul(k) and U2(k) solve (6.3.3) and (6.8.4) respectively,

then the errors ey = uy — Ul(k) and ey = Uy — U2(k) satisfy

I — LUk (Gh}:“‘lcmlmal
e L FHlezlla, < Y . '
“ 1”0 “ 2”9 KEZTlh <%||hKl/2[AlanU{k)]”aK Ch?a‘|¢1|K,l+Ql

)

.S < 12~ LU ),(m;{zymi&uaz)
ke, \allhr " [A28:U3" ]llox Chg **|¢2lk1+az

+ (Ih2* 148U W] ) - (CHE 163l 140)

+ (1410uale) - (10570 = U )

+(CH I Alla, + CSEE™ falay ) - (Imasselr)

+CLh* " ((S2 + Sa)|d1las van + Sl 1van)

+Cahy/** ((Sy + Sa)lb2lag14as + Salfilag1tas)

with on/2 < B < o1, S1 is a stability factor independent of h, S =
1410.0|Ir, S5 = | A18arIr, and S = lo®r.

Corollary 6.5.1. Assume the triangulations Ty, and Ty match along the

interface T'. If Ul(k) and Uz(k) solve (6.3.8) and (6.3.4) respectively, then the
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errors €1 = U — Ufk) and ey = Uy — UQ(k) satisfy

15 = LU« <Ch}:‘“1¢llx )

e + |ie < i . N )
el + el KEZTx_;. (%”hkl/z[AlanUl(k)]”aK Chy* |$1lx 14
Sl L ,<0hg“2|¢2|x,1+m)
KeTy %“hl_{u2[A2anU§ )]HaK Chy *|¢2|K 140,

+ (145 148,UMr ) - (CRE*™[bal14as)
k- k
+(l418nenlir) - (1052 = U9 )
+ (CH I illay + CSIAF™ I fillay ) - (Imasale)
with 0n/2 < B < a; and Sy is a stability factor independent of hy.

It is clear that the term containing h? decreases at a slower rate than
the other terms. In fact, if we assume u; € H?(2;) and uy € H2();) then
the other terms are O(h?) or O(h2), while the finite element flux is O(h;)
at best. Suppose that instead we solve (6.3.8) rather than (6.3.4), i.e., we

pass 0(® instead of the finite element flux. This changes the fourth term in

the error representation formula to

Iy = (0™ maga)r — (0, mgi)r.

Theorem 6.5.2. Assume the triangulations Ty, and T3 ) do not match

along the interface T'. If Ul(k) and Uék) solve (6.3.3) and (6.8.8) respectively,
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then the errors e; = Uy — Ul(k) and ey = U — Uék) satisfy

s = LU (Ch1+“lx¢1|m+m>
< . o ’
Jeslos ek < 0 (znh-lﬂmlanul"“)nwK Ch™ b1l ten
o 3 (Mo LUl .(Chg‘*wx,m)
= LR ?[A28,UP ox | \Chy | d2lk140,

+ (872 148,0 P10 ) - (CRE*|2l11a1)
+ (1 As8anlle) - (U547 = Uf)ir)
+CL Ry (S + So)l 1l 14an + Salilariva)

+C1hg/ % (S5 + Su)ld2las 1 vas + Saltlaz,ives)
where Sy = || A18,UF v, Sz = || A18nr 1, and Sq = lo®]|r.
Corollary 6.5.2. Assume the triangulations 11, and Ty match along the

interface I'. If Ul(k) and U(k) solve (6.3.8) and (6.3.8) respectively, then the

ETTOTS €] = Uy — Ul(k) and ey = uy — Uz(k) satisfy

lf1 — L1U1(k)”K ( hl+ml¢1|K1+a1>
e + |le < v o
” 1“01 “ 2||QZ ng;‘h (2“h I/Z[AlanUfk)]naK 1+ 1‘¢1|K)1+a1
+ Z ”flz; LzUz(k)ILlK ( h:a’|¢2|}(1+a2>
o \BlIAx 142008 lox ) \Chi **|¢2lxrres
+ (112 2148,U PNl ) - (ChE***163]14a)

+ (14:8a1lIe) - (108 = Ul

Comparing Theorem 6.5.2 with Theorem 6.5.1 and Corollary 6.5.2 with
Corollary 6.5.1, we see that the terms involving h” have dropped out and

the optimal order of convergence has been restored.
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6.5.2 Numerical results

Example 6.5.1. Let Q; = [0,1] x [0,1] and O = [1,2] x [0,1] and as-
sume that the triangulations match along I' = {(z,y)|z =1, 0 <y < 1}
Consider the elliptic interface problem

-V (vul) = flv z € Ql’

U1 = Ua,
z €T, 6.5.2
811“1 = anUZ’ ( )

=V (Vug) = f, =€ Qy,

where the data fi(z,y) and fo(z,y) are chosen so the true solutions are
uy = ug = sin(mz/2) sin(27y). The purpose of this experiment is to show
how the asymptotic O(hf ) convergence rate may be masked by apparently
minor changes to the problem, and therefore may be difficult to observe in
all situations. We change the boundary conditions along the top boundary,
solving (6.5.2) with the boundary conditions

uy =0, along z =0 and y = 0,

Onuy = 27 sin(nz/2), along y = 1,

uy =0, along x = 2 and y = 0,
Oqug = 2msin(wz/2), alongy = 1.

We set & = 1/2 and iterate until the convergence criteria is met. For com-
parison, we also solve (6.5.2) using a fully coupled method on the same mesh
in COMSOL. We see, in Figure 6.5, that the fully coupled solution converges
quadratically, while the iterative solution converges linearly. Next, we solve

(6.5.2) with Dirichlet boundary conditions

u; =0, z€ 8(21\1‘,
up =0, z€ L\l
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-3 —e—Tully Coupled Solution -—o— Fully Coupled Solution
—e— Operator Decomposition —— Opcrator Decomposition

log( Lerror)
G

—_

S 2 25 3 35 1.5 2 25 3 35
log(sqrt{dcgrees of frecdom)) log(sqrt(degrees of freedom))

Figure 6.5: Comparison of L? error in the fully coupled approximation and
the operator decomposition approximation over €, (left) and €, (right)
with mixed boundary conditions on dQ\I for ¢ = 1,2.

2 -2
—e— Fully Coupled Solution -e— Fully Coupled Solution
—4 -—s— Operator Decomposition 4 —s— Operator Decomposition
5 I~
5 -6 g -6
r.ni 'ﬁ
a0 ~—r
£ .3 :30 -8
-10 ‘10
2 3 4 s 6 2 3 4 5 6
log(sqri{degrees of frecdom)) log(sqri(degreces of frecdom))

Figure 6.6: Comparison of L? error in the fully coupled approximation and
the iterative approximation over §; (left) and Qy (right) with Dirichlet
boundary conditions on dQ\T for ¢ = 1, 2.

and again we also solve the fully coupled problem for comparison. In Figure
6.6, we observe that the operator decomposition solution initially converges

quadratically, but eventually the O(h?) term dominates and the conver-

gence is ultimately linear.

Example 6.5.2. In the final example we assume the triangulations do not

match along the interface and consider (6.5.2) with the mixed boundary
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N ~e- Using Finite Element Flux
-4 \"- Using Boundary Flux
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tog( L!crror)
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log(sqri(degrees of trecdom))

Figure 6.7: Comparison of L? error in the iterative approximation using
the finite element flux and the boundary flux recovery method over 2, U,
with mixed boundary conditions on OQ\T for 7 = 1, 2.

conditions

(u; =0, along z = 0,
A0y = 2msin(nz/2), alongy=1,
Ay0,uy = —2msin(nz/2), along y =0,

T uz =0, along z = 2,

A20pug = 2wsin(nz/2), alongy=1,

| A20pug = —27sin(mz/2), alongy =0.

First, we solve the problem iteratively by passing the finite element flux,
AlanUl(k). Next, we use the boundary flux method to compute and pass
o®) . In Figure 6.7, we compare the L? errors over Q; U Qs on a series of
meshes. We see that the approximations using the finite element flux con-
verge linearly, while the approximations using the boundary flux converge

quadratically.
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Chapter 7

FURTHER TOPICS IN FINITE ELEMENT
METHODS
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In this chapter, we review the standard error analysis for mixed finite
element methods with particular emphasis on the Stokes and Navier-Stokes

equations. See [15, 41, 40] for more details.

7.1 Mixed finite element methods

7.1.1 Abstract framework

We begin by proving some abstract convergence results for mixed finite
element methods. Let V and S be Hilbert spaces with norms || - ||y and

| - lls. Consider the variation problem seeking u € V and p € S such that
a(uv U) + b(v,p) = (f7 v)a
b(u, q) = (9,9),

forallv e V and q € S with f € V* and g € S*. The Stokes equations are
a special case with ¢ = 0. Let V,, C V and S, C S be finite dimensional

subspaces with U € V}, and P € S}, satisfying

a(U,v) + b(v, P) = (f,v),

b(U» q) = (gaq)a

for all v € V,, and ¢ € Si. We make frequent use of the orthogonality

relation

a(u —U,v) 4+ b(v,p— P) =0,

b(u—U,q) =0, (7.1.1)
for all v € V4, and g € S, and the linear space
Zn(g) = {v € Va | b(v,q) = (9,9), Vg € Sn},
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with the corresponding subspace of V
Zn={veVy|bv,q) =0, Vge Sp}.
We make the following assumptions on the bilinear forms:
(1) Continuity of a(,-)
la(u,v)| < Chillullv - llvllv,
for all u,v e V.
(2) Zp-coercivity of a(-, ),
a(zn, z) 2 af|zall?,
for all z;, € Zp,.
(3) Continuity of b(-, ),
b(v,9)| < Callvllv - llglls,
forallve Vandge S.
(4) The inf-sup condition,

inf sup (v, 9) z
9€Skvev;, Vv - llglls

1

or, equivalently,

b(v,
sup 2% 9 > B,
o Tollv

for all v € V}, and g € S.
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Notice that the inf-sup condition is imposed over all of V;, and Sy, while the
coercivity of a(-, -) is only assumed over the subspace Z. It is well known
that these four conditions and necessary and suflicient to prove existence
and uniqueness of U and P [5, 16].
The first bound for v — U uses only the first three conditions. Let z be
an arbitrary element of Z;(g). Then,
lu = Ully < llu = 2llv + U = zllv, (7.1.2)
from the triangle inequality. Since U, z € Z,(g), the quantity (U — 2) € Z},.
Now, we use coercivity to bound
allU —z||} <a(U — 2,U — 2)
=a(U,U - 2) —a(z,U — 2).
From the orthogonality relation (7.1.1), we have
a(U,U —2) =a(u,U —2)+b(U — z,p— P),
since (U — z) € V}. This gives
allU = 2|3 < a(U,U - 2) — a(z,U — 2)

a(u,U—-2)+bU —2z,p— P)—a(z,U — 2)

a(u —2,U — 2) +b(U — z,p— P).

Now, since (U — z) € Zy, b(U — z,q) = 0 for any g € S,. We apply this to
replace b(U — z,p — P) with b(U — z,p — q) where q is an arbitrary element

of Si,. Now, we have

al|lU - 2|2 <a(u—2U—2)+bU - z,p—q)
SGillu=zlly - [U =z2llv + Co||lU = 2|lv - |lp = qlls

Ci Cy
U-zlly < — inf — —~ inf — )
I v < o ot lu - 2llv + 5 Jf lp —qlls
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Substituting this into (7.1.2), we have

G\ . Ce .
— <{14— f - — inf ||p — . 1.
v s (1+2) int sty + 2 int gl (719

This states that the error is proportional to the best approximation in Z(g),
rather than over all of V4. This is problematic if we want to replace z with

the interpolant 7w, since this is unlikely to lie in Z,(g). We need to show

inf jlu— < C inf |ju— .
Zeﬁ(g) flu —z||v < ’ inf e — vy

To do this, we use the inf-sup condition. Let v be an arbitrary element of

Vi, and let w € V}, satisfy
b(w,q) = b(u —v,q),

for all ¢ € S, Continuity of b(-, ) and the inf-sup condition imply that
lully < Z2u vl

Recall that b(u,q) = (g,q) for all ¢ € S, so (v+ w) € Z,(g) as well. In

addition,

lu = (v+w)lv < llu—viv + lwlly

S (1 + %) H'LL - ’U”V.

Since v € V), was arbitrary, we have proven

. C,
f - <14+ =} inf -
it = sl < (142 g =l

as well as

Cl C2 . C2 .
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Next we derive a bound on p— P. Let ¢ be an arbitrary element of Sj.
We use the inf-sup condition, as well as the orthogonality relation (7.1.1)

and continuity of the bilinear forms to estimate

Bllq - Plis < sup 1204~ P)l
veve  lvllv
— sup [P = P) +b(v,g — p)
vEV) HUHV
— sup | —a(u—U,v) +b(v,q — p)|
vEVh lvllv

< Gillu=Ully + Cellp — gl

We combine this with the triangle inequality to give

C Cy\ .
Ip= Pls < St = Ul + (1+ %) inf I - als.

and finally with (7.1.4) to obtain

Ip— Plls < (%) - (1 ; %) . (1 + %—) i fuvly

C: | Co .
1+ —+ — - . 1.
(1424 2) it o= als. (129

7.1.2 The Stokes equations

Consider the Stokes equations with no-slip boundary conditions,

—vAu+ Vp= f(z), z€,
-V -u=0, €, (7.1.8)
u =0, z € ofl.

The weak formulation seeks u € H}(Q) andp € L§(Q) = {g € L*(Q) | [,qdz =
0} such that

a(w,v) + b(v, p) = (f,v)

b(u,q) =0,
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where a(u,v) = [, vVu- Vv dz and b(u,p) = — [, V-u p dz. We point out

that

/Q(Vp)vd.r:/m(v-n)pdS—/Q(V-v) p dz.

Therefore, [, (Vp)v dz = —b(v,p) as long as the boundary term vanishes.
The quantity, v - n, is zero whenever u or w - n is prescribed along the
boundary. If this is not the case, i.e, an outflow boundary, we set p = 0
along this boundary.

To approximate the solutions to these equations, we choose finite di-
mensional subspaces V, € H}(Q) and S, € L3(Q2) and seek U € V; and
P € S} such that

a(U,v) + b(v, P) = (f,v),

b(U,q) =0,

for all v € V,, and ¢ € Si. A pair of subspaces satisfying the inf-sup con-
dition is the Taylor Hood finite element pair, for which V} is the space of
continuous piecewise quadratic polynomials, and S, is the space of contin-
uous piecewise linear polynomials. The bilinear forms are easily seen to be
continuous and coercive over H}(2) and LZ(2). Assuming the true solutions
are sufficiently smooth, i.e. u € H*(Q)N H}(Q) and p € H2(2) N L(N), we
define the projections my : H® — V;, and 75 : H?> — Sj, to be the Lagrange

interpolants on the triangulation 7. Then, the interpolation estimates
lu = myulls < CR**|lulls_,

lp — wsplls < CR**|pll2-s,

hold for s = 0,1 [15].
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Furthermore, we assume the elliptic regularity conditions,

lullz + lIplls < 1 f llos

l[ulls + llpllz < 1711,

are valid, although, as previously mentioned, the second inequality may be
difficult to verify.

A direct application of (7.1.4) gives

C C C.
-l s (1+ L) (145 = mvuls + Lo - msl
< Csh?|lulls + Cah?|pll2

< 2| fll. (7.1.7)
Similarly, the abstract error bound for the pressure (7.1.5) gives

lp — Plio < Csllu — myully + Crllp — mspllo
< Csh®||ulls + Coh®||pl|2

< Cwh? £l (7.1.8)
7.1.3 L? error bounds for the Stokes equations

Let ¢ and z solve the adjoint for the Stokes equations,

—vAp+Vz=1¢, x€N,
-V ¢ =1y, x €, (7.1.9)
¢ =0, x € Q.

We use 1), and v, to denote the data for the adjoint since these frequently
represent linear functionals for a quantity of interest in the errors e, = u—U

and e, = p — P respectively. We assume that the regularity condition

lgllz + llzll: < llvoullo,
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holds for the adjoint problem. We set ¥, = e, and ¥, = 0, and multiply

the system by (e,,0)7 and integrate by parts to give

lells =a(¢, eu) + (Vz,e4) = (V - 6, €p)
=a(eu, ¢) + b(ew, 2) + b(d, &)
=a(ew, ¢ — mu) + b(¢ — M, €p) + b(ew, 2 — Ms2)
<Cllell1 - |¢ — mudlls + Cll¢ — mudlls - llepllo + Clleulls - [z — szl
<Chlleullr (¢ll2 + llzll) + Chllepllo - lI¢ll2

<Chlleull1 - lleullo + Chliepllo - llewllo-
After dividing by ||ey|[o, we have the a-priori estimate

leullo < Ch (lleullr + llepllo) -

Combining this result with (7.1.7) and (7.1.8) easily leads to the optimal

order a-priori L% bound

lu—Ullo < CR|I fl1. (7.1.10)
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An a-posteriori error bound can be derived as follows

lewlld =alew,  — myd) + b(d — Ty, ep) + blew, z — Ts2)
=(f,¢ —mug) — a(U,¢ — muyd) — b(¢p — mu, P) — b(U, z — wsz)
= Z (f +vAU = VP, ¢ — myd)k + ([vOnU], ¢ — mud)ox

KeT,
+(V.U,z —7TS:Z)K

<Y Gillf +vAU = VPlok - [I6 — mudllox

KeT,
1/2 1/2 1/2 1/2
+ Collealli/2 - llealls’2 - 16 — mudlli/z - 6 — muallr

+ C3||V - Ullo,x + |12 = mszllo,x

< Z Cah%||f + vAU — VPlloklleullox
KeTy

+ Cshi 1 £k - Nleullzli - lewlloe
+ Cehk||V - Ullox - llewllox-
As before, we require the convergence of residuals to complete the estimate.
Fortunately, one of the residuals is easy to bound,
IV - Ullo.x =IIV - eullo.x
<Clleullr,x
<Chi | flhx.

To bound the second residual we assume that the weak solutions, v and p,

are smooth enough to be solutions to (7.1.6) as well. Then, using an inverse

estimate and the energy error bounds, we have

If +vAU = VPllox =|| = vAu+ Vp+vAU — VPllox
<Cllella,x + Clipll1.x
<Chi'llellx + Chi'lIpllo.x

<Chgl||fll1,x-
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7.2 Navier-Stokes equations

We are in position to talk about the error in numerical solutions to the
Navier Stokes equations with no-slip boundary conditions,

—vAu+ (u-Vi)u+Vp=f, xe€Q,
-V.u=0, x €, (7.2.1)
u =0, x € 09Q.

The weak formulation seeks u € H}(Q) and p € L3(Q) such that
a(u,v) + c(u, u,v) + b(v,p) = (f,v),
b(u,q) = 0, (7.2.2)

for all v € Hj(Q) and g € LE(Q2), with the trilinear form defined as

c(u,w,v) = / (w-V)u v dz.
Q
We assume continuity,

|a(u, V)| < Cillully - flvll
lb(v, p)| < Callvily - lIpllo

le(w, w,v)] < Callully - flwlly - vl

and the inf-sup condition,

b
of (v.q)
3 vem (o) [vll1llgllo

Existence of a unique solution to (7.2.2) can be shown if

N
Sl <1,

where

N= suwp le(u, v, w)| ’
u,v,weHHN) llullfvlflwll:

eg., for sufficiently small data, or small Reynolds numbers {40, 41].
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7.2.1 A finite element method

Let V, C H}(Q) and S, C L2(Q) be finite dimensional subspaces
associated with a quasi-uniform triangulation of 2, T}. Since the problem

is nonlinear, we make an initial guess, u°, and use Newton’s method to find

U* € V,, and P* € S}, such that

a(Uk,v) + c(U*, UF 1, v) + c(U*2, U*,v) + b(v, P) = (f,v) + (U1, U*1,v),
b(U*,q) =0,
(7.2.3)

for all v € Vj, and ¢ € S,. Subtracting (7.2.3) from (7.2.2) leads to the

orthogonality relation

aleq,v) + c(u, u,v) — c(U*, U*,v) + b(v,ep) = Ry, YweV,

blew,q) =0, Vg€ Sy (7.2.4)
where Ry is a residual given by
Ry = c(UF — UF1, Uk —U*1 v),

It is common to neglect this term since the continuity of the trilinear form
gives

|Ra| < Csl|U* = US|y - IU* = UF - oy,

which is small whenever Newton’s method has converged.

Next, we define the space of weakly divergence free functions
Zp={veV,|blvgq) =0, Vqe Sp}.
We assume af(-,-) is coercive over Z, X Zy, i.e.

a(z,2) > allz||}, Vz € Z,,.
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Next, we must choose V}, and S}, so that the discrete inf-sup condition

b
inf sup M— > B,
9€SnveV;, [l llgllo

holds for 8 > 0 independent of h. To accomplish this, we choose V} to be
the space of continuous piecewise quadratic polynomials, and S;, to be the

the space of continuous piecewise lineare polynomials over Tj,.
7.2.2 Discrete maximum principles

For the Stokes equations, the above assumptions were enough to prove
optimal order error bounds. Unfortunately, this is not the case for the
Navier-Stokes equations due to the presence of the nonlinear term. Similar
to the reaction diffusion equation in section 3, we need coercivity over Zj X
Zn

a(w,w) + (U, U, w) — ¢(z, z,w) > 'y||w||f,

for some positive v, where U is the finite element approximation, z an
arbitrary element of Z;, and w = U — z their difference. First, we follow
[40] and consider a slight perturbation of the Navier Stokes equations.

Consider a simple application of the divergence theorem:
c(u,v,w) = —c(u, w,v) - /(V cu)w - v dz,
Q
where u, v,w € H}(§). This leads the following observations on this trilin-

ear form:
(1) If V-u =0, then ¢(u,v,w) = —c(u,w,v) for any v,w € H}(Q).
(2) If V- u =0, then c(u,w,w) = 0.

(3) Define &(u,v,w) = 1(c(u,v,w)—c(u,w,v)). If V-u = 0, then

é(u,v,w) = c(u, v, w).
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Of particular interest is the new trilinear form, &(-,-,-). Notice that this is
antisymmetric, i.e. &(u,v,w) = —&(u,w,v), even if V- u # 0. In [40}, they

consider a perturbation of the Navier-Stokes equations

a(u,v) + é(u, u,v) + b(v,p) = (f,v),

b(u,q) =0, (7.2.5)

At the continuous level, these equations have the same solution as the Navier
Stokes equations. The advantage of using these equations, rather than
(7.2.2), is that the antisymmetry of the trilinear form is preserved, which has

an important consequence in proving coercivity. Define the mesh dependent

quantities
Moo sup lEw)
wowevh, [[ulllfvllllwli
and
171l = sup 1420
vevi Jlvih

where N, — N and ||f|ln — ||fllo as h | 0, see [40]. Let U € Z, be the
finite element approximation to (7.2.5), z be an arbitrary element of Zj,

and w = U — z. Then

a(w,w) + &U,U,w) — &(z, z,w) = a(w,w) + &(w, U, w) + &(z, w, w)
= a(w,w) + &(w, U, w)

> vijwll? — NallUl flwll?

> ( - th) w2

v
—v (1 ~ N ”ﬂ"> ol
Hence, the perturbed problem is coercive whenever
Nh“l{# <L
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The key to the above analysis, is that the antisymmetry of ¢ implies &(z, w, w) =
0. In the next section, we examine the original trilinear form, c(,, "), for
which ¢(z,w,w) # 0.

The next goal is to provide criteria for coercivity of the weak form of the
Navier Stokes equations over Z, x Zp. In the last section, we considered a
perturbation of the Navier Stokes equations, and although the two problems
are the same at the continuous level, they are not the same at the finite
dimensional level. Hence, a finite element approximation to one may not

be the same as a finite element approximation to the other. To be precise,
c(u, v, w) = é(u, v, w),

but
c(U,v,w) # &U,v,w),

since V - U # 0. Furthermore, we would like to consider general problems

of the form

a(u, v) + c(u, u,v) + blv, p) = (f,v),

b(u,q) = (9.9), (7.2.6)

where ¢ is a smooth function. Notice that this corresponds to V- u = g,
s0 ¢ is not antisymmetric even at the continuous level. We need to provide

conditions under which

a(w,w) + c(U,w,w) — c(z,w,w) > v||w|?3,
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for some positive «y, where U is a finite element approximation, z an arbi-

trary element of Z,(g), and w = U — 2. Proceeding as before, we have

a(w,w) +c(U,U,w) — c(z, z,w) = a(w,w) + c(w, U, w) + c(z, w, w)
> vilw|l} = NallU i Jwll} + c(z, w, w)

h
> il - N2 o2 4 ez, w, ),

but now, c(z,w,w) does not drop out. Instead, we use the divergence

theorem to write
1
c(z,w,w) = —= /(V c2)w - w dz.
2 Ja
Now, z € Zx(g), which means

—(v : Z,Q) = (qu)v Vq € Sha

but w-w ¢ Sp,. So we cannot simply replace —V -z with g. Using the above

relation, we have

/Q(V-z)w-wdx= /Q(V-z)(w-w-ﬂs(w-w)) dx+/(197rg(w~w) dx
< Crh|IV - 2llo - lwll} + llgllo - lims(w - w)|
< C(2)hllwl} + Clgllollwli?.
where C(2) is a constant depending on z and the interpolation constant Cf,

but not on A or U. The other constant, C, depends on the constant from

the Poincare inequality and the stability constant from

lrséllo < Cslléllo.

Combining this with the previous result gives

afw,w)+o(U,Uyw) =z, v0) 2 (v = N2 — Zen ~ Seialo)
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which leads to the condition

Il C(2),  C
Tt h+2u”g”°<1‘

Remark 7.2.1. This is still incomplete. The “constant” C(z) depends on
the arbitrary function z, and the bound must hold for all z € Zy(g). It

would be better if we could bound either ||V - z||o, or ||2||1, for z satisfying

b(z,q) = (g9,q) for all q € S.
7.2.3 The adjoint
Before presenting optimal order L? bounds on u — U, we discuss the

adjoint for the Navier Stokes equations. First, we rewrite the Navier Stokes

equations in the form

—vAu+ c(u) + Vp = f, (7.27)
-V .u=0.
We define the linearized form
1
= / d(su+(1-3s)U) ds,
0
which satisfies
(c(u) — c(U), ¢) = (e, 8) = (e,T"¢).
The linearized adjoint of (7.2.7) is
—vA P _
vAp+cp+Vz =1, (7.2.8)
-V-¢=0.

For the Navier Stokes equations,
To=—-a-Vo+ (Va—-V-a)e,
where a = % (u+ U). The weak form of the linearized adjoint is given by

a* (¢, w) + b(w, 2) = (Y, w),
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where

a*(¢,w) = (WV¢,Vw) + (T ¢, w).
To prove existence and uniqueness of weak adjoint solutions, we only need
to show coercivity of a*(,-) since the inf-sup condition is the same as the
forward problem. Consider the following

a*(¢,4) =(vV¢,V¢) + (T°¢, 8)

=v||¢ll} - (a-V¢,¢) + ((Va -V - )8, ¢)

ol + (Ve = 57 -a)o.0)
Now, we use the definition of «, the fact that V -u = 0, the a-priori bound

llullr £ C||fllo, and the Poincare inequality |[vllo < Cpl|v|1, to conclude

C Cph
2 (6, 8) >v|2 - (—3 t L) 1l - 19112

v 4v

Thus, the linearized adjoint problem is coercive if
Cp h
— 14+~ 1.
7 (147) 1l <
7.2.4 Error bounds

Now, we assume that T} is a quasi-uniform triangulation of Q2 and that

the weak formulation is coercive over Zp X Zy, i.e.
a(w,w) + c(U,U,w) — c(z, z,w) > 7||wl||3},

for some v > 0, with U, z and w defined as before. In addition, we assume

the iterative method to solve (7.2.2) has converged, making Ry, negligible.

Theorem 7.2.1. The finite element approrimation, U, is quasi-optimal

over Zp,

=0l <€ nf a2+ inf o= alo). (7.2.10)

where the constant C may depend on u and z, but not on h.
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Proof. Let z be an arbitrary element of Z,, w = U — 2, and g an arbi-
trary element of S;. We use the coercivity condition and the orthogonality
relations (7.2.4) to bound
Yw||? <a(w,w) + c(U,U,w) — c(z, z,w)

=a(u — z,w) + c(u, u, w) — c(z, z,w) + b(w,p — P)

=a(u — z,w) + c(u, u, w) — ¢(z, z,w) + b(w,p — q)

<Cillu = zlly - flwlly + Crllu = zllillwll + Callwlh - llp — gllo

<C| inf ||u-— inf |lp —

<0 (ing hu= =l + inf ool
where Cp is a constant which may depend on u and 2. If ¢ is uniformly
Lipshitz, then we may remove this dependence. The triangle inequality

lw = Ul < [lu— zlls + }U — 2|,

completes the proof.

Theorem 7.2.2. If b(-,-) satisfies the inf-sup condition, then

lu=-Ulh <C (;gvfh Ju— vl + inf o - CI“O) . (7.211)

Furthermore, if u € H¥(Q) N H3(Q) and p € H*(Q) N LE(Q), and |ulls +
Izlls < Clifll, then
lu~Ullh < CR?|| fll1. (7.2.12)

Proof. The first part was proven section 4 using the inf-sup condition and
continuity of b(-,-). The second part can be shown by choosing v = myu

and g = mgp, and applying standard interpolation results.

Theorem 7.2.3. If b(-,) satisfies the inf-sup condition, then

_ < i - i -
I~ Pllo < C ( iaf = vl + ing ah) (7:2.13)
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FUTthCT'mOTe, qu < HB(Q) N Hé(Q) and pE HQ(Q) N L%(Q)’ and “’U,H3 n
Ipllz < Cl|fllh, then
lp = Pllo < CR*[if]l1- (7.2.14)

Proof. Let g € Sy, be arbitrary. We use the inf-sup condition, the orthogo-

nality relation (7.2.4), and continuity of b(:, ) to obtain

Bllg — Pllo < sup 2202l
vEVS lfvlly
— sup lb(v,p — P) + b(q — p)|
vEV, ”U”I
~ sup | — a(u — U,v) — c(u, u,v) + ¢(U,U,v) + b(v,q — p)|
VeV vl

<C (e~ Ul +lIp — )
_ <c i , — i - .
o= Pl <C ( inf ol + iaf o~ alo)

This proves (7.2.13), and (7.2.14) follows by choosing v and ¢ to be the

interpolants.

Theorem 7.2.4. Assume that the iterative method to solve (7.2.2) has
converged so that the remainder term, Ry, is negligible, and that the weak
form of the linearized adjoint problem (7.2.8) is coercive with solutions ¢ €
H2(Q) N H}(Q) and z € H*(Q) N L2(Q) satisfying the elliptic regularity

condition

llgllz + llzll: < Cll%llo.
Then,
lu—Ullo < Ch(lu=Ulls + llp = Pllo) ,

and if the assumptions of Theorems 5.2 and 5.3 hold

lu=Ullo < CR¥| £l
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Proof. Let 1 = u — U in (7.2.8), multiply the system by (e, ep)T = (u —

U,p — P)T, and integrate by parts, giving

llu — Ull3 =a*(¢, en) + blew, 2) + b(¢, €p)
=(wV¢,Ve,) + (T ¢, eu) + bley, 2) + (¢, ep)
=a(ey, @) + c(u,u,¢) — c(U,U, @) + b(ew, 2) + b(¢, ey).

Next we apply orthogonality, Lipschitz continuity, and the continuity of the

bilinear forms to give

lu — Ul§ =a(ew, ¢ = mve) + c(u, u, ¢ — 1v9) — ¢(U, U, ¢ — mv )
+ b(ey, 2 — ms2) + b(d — Ty, €p)
<C(llewlls - 16 = mvélls + lleulls - |z — mszlls + ¢ — v ol - llepllo)
<C (hlleullr - lll2 + Allewlly - |zl + Rllepllo - |6]l2)
<Ch({leullr + llepllo)

lw = Ullo <Ch(llu = Ully +llp = Plo),

which proves the first assertion. A direct application of Theorems 5.2 and

5.3 proves the second assertion.

Theorem 7.2.5. Assume that the iterative method to solve (7.2.2) has
converged so that the remainder term, Ry, is negligible, and that the weak

form of the linearized adjoint problem (7.2.8) is coercive with solutions ¢ €

H2(Q) N HY(Q) and 2z € HA(Q) N LE(Q) with

181l + llzll. < Clillo,

then

lu—=Ullo < Y CiSkhi| fllvx + Codrchicl fllix,
KeTy,

where Sk = ||¢|l2,x and Jx = ||2||1,k.
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Proof. Let ¢ = ”—1:% in (7.2.8), multiply the system by (ey,ep)7, and

integrate by parts, giving
v = Ullo =a™(¢, eu) + bew, 2) + b(¢, €p)

=(uV¢,Ve,) + (€6, eu) + bey, 2) + b(d, ep)

=a(eu, 9) + c(u,u, @) — c(U, U, ¢) + blew, 2) + b(¢, ep)

=a(ew, ¢ — 1vP) + c(u,u, ¢ — 7y ) — c(U,U, ¢ — 1y @)
+ by, 2 — T52) + b(p — TV P, €p)

=(f,¢ —mv¢) —a(U,¢ —mv¢) — c(U,U, ¢ — mv¢)
—b(U, z — mgz) — b(¢p — Ty $, P)

=> (f+vAU—(U-V)U = VP, ¢ —my¢)y

KeTy

+ ([I/anU],(,b - 7TV¢)3K +(V.-U,z— 7rSZ)K
=> h+L+1I

KeTy,

The bounds for the second and third terms are exactly the same as in section
4.2 for the Stokes equations. For the first term we use an inverse estimate

and the H! error bound:

L= (f+vAU — (U -V)U = VP,¢ — myé)

KeTy

< Y I +vAU = (U-V)U = VP - |6 — mvéllx
KeTy

< Z Ch\f +vAU — (U - V)U = VP||k - ||¢ll2.x
KeTy, .

<3 CRllello - llae
KeT,

< > Chi (hidllelhuk) - llzx
KeTy,

< Z Ch N fllhik - |1 @lla.x-
KeTy,
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7.3 The Boussinesq equations

The equations of motion for a heat conducting Newtonian fluid can be
approximated by the Boussinesq equations when the temperature difference
is not large enough to affect the density, and the flow is driven by buoyancy.

We write the Boussinesq equation as

—pAu+ po(u-Vyu+ Vp+ pofBeT = pog (1 + BT1)), z € Q,

-V - -u=0, x €,
—kAT + pocpu - VT = Q, z €,
(7.3.1)

where 1 denotes the viscocity, § the coefficient of thermal expansion, pp the
density and ¢, the specific heat. For simplicity, we assume no-slip boundary

conditions on the fluid and specified heat for the temperature, i.e.
u=0and T=Tg, ze€d.

The weak formulation seeks u € (H}())¢, p € L(Q), and T € H'(Q) such
that T'= Ty for z € 92 and

ai(u,v) + a1(u, u,v) + b(v,p) + d(T,v) = (f,v),
b(u,q) = 0, (7.3.2)
GZ(T, ’LU) + Cg(’U,, T> ’U)) = (Qa ’U)),
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for all v € (H}(Q))%, ¢ € LE(Q) and w € H(Q2), where f = pog(1 + BT75)

and
a(u,v) = /Q/J,V’U, :Vu dz
az(T,w) = /QﬁVT -Vw dz
bv.0) = = [ (V-v)q da
ci(u,v,z) = /on(u'V)v-z dr
co(u, T, w) = /ﬂpocp (u-VT) wdz
d(T,v) = /QpO,BTg ‘v dx
We assume the bilinear forms are continuous
la1(u, )| < Ciflully - [Jv]h

laz(T, w)| < Co|| Tl - lwlx

|6(v, g)| < Csllvllx - llgllo

(T, v)| < CallTlo - [lvlo
and the nonlinear terms are Lipshitz continuous

ler(w,v,2) — (U, V,2)| < Cs (lu = Ully + v — Vi) - ||zl

lea(u, T, w) — (U, S,w)| < Cg (lu — Ully + |T ~ Sh) - w1
7.3.1 A finite element method

To discretize, let 7, be a quasi-uniform triangulation of ? and define

the piecewise polynomial spaces
Wy={ve H(Q)nC(Q) | v e PK)},

Wh,0={v€Wh|w=0,x€8§2},
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Vi, = {v € Hy(Q) N C(Q) | v € P*(K)},
Sh={qe Li(QNC(Q) | g€ P'(K)},
Zp={veVy|blvqg) =0, Vqe S}

We use my, mg, and Ty to represent a projection into Vi, Sp and W
respectively. We refer to Vy, and Sy, as the Taylor-Hood pair, which are

known to satisfy the discrete inf-sup condition

b
inf sup M > 0.
9€Sh vev,, llvllallgllo

The finite element method seeks up € Vi, pr € Sy, and T, € W), such that
Ty, = nTg along 91} and

a1 (un, v) + c1(Un, un, v) + b(v, pp) + d(Th, v) = (f,v),
b(un,q) =0, (7.3.3)
a2(Th1 'LU) + C2(’U,h, Tha ’UJ) = (Q) ’UJ),

forall v € Vi, g € S) and w € Wy,
7.3.2 The adjoint

Let B(u,p,T) denote the Boussinesq operator. Defining the adjoint
to the Boussinesq operator is complicated by the fact that it is a nonlinear
operator. Let u,, pn, and T} be approximation to u, p, and T respectively
and define e = (u — up,p — pa, T — T1). Formally, we define the linearized

adjoint operator, B, such that

(B(u,p, T), ¢) — (B(un, s Tn), ) = (B(e), ¢) = (e, B'(¢))

where the linearized operator, B, is defined by

B(e) = /01 B'(su + (1 — s)up, sp+ (1 — 8)pn, sT + (1 — s)T3) - e ds.
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where

0B 0B 0B

T
B ) = (ot D), S wn D), Grtwn)) -

First, we define the linearized forms. Let ¢;(v,v) = po(v - V)v. The

Gateaux derivative in the direction 4 is given by

(v, v0)f = linfl) ci(v +ed,v +665) —c1(v,v)
po((v+¢€b) - V) (v +€b) — pov-V)v
€
= po(d - Vv + po(v - V)d

We define the linearized form, ¢; such that
1

t(ew) = A (po(€w - V)(us + up(l — 5)) + po((us + ur(l — s)) - V)ey) ds

1 1 1 1
= po(eu . V) <§u + 5“}1) + Po ((5’(1/ + Euh) . V) €y
The adjoint linearized operator, ¢j(¢), is defined such that (Zi(ew),¢) =

(ew,Ci(¢)). Using the divergence theorem, we obtain

— 1 1 1 1 1 1
¢l (@) = poV (51': + §uh> “$—po (5’“ + Euh) V—po (V : (511 + §Uh>) ¢.
Similarly, we define cy(v,w) = pocy(v - V)w. The partial Gateaux

derivative in the direction ¢ is given by
Bcz(v,w)(S — lim c2(v + b, w) — co(v, w)
ov e—0 €
pocp (v + €6) - V) (w) — pocp(v - V)w
€

= pocp(d- V)w
We define the linearized form, ¢, such that

Cou(€n) = /0 (pocp(€w - V) (Trs + Tpp(l — s)) ds
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1 1
= pocp(ew- V) (§TF + 'Z‘TF,h>

The partial Gateaux derivative in the direction + is given by

Ocy(v,w) lim ca(v,w + €y) — c2(v, w)

ow e—0 €
oty (v) - 9) (w + €7) = pocy(v - V)
€

pocp(v - V)

We define the linearized form, €7 so that

Corlery) = /1 (pocp((su + (1 — s)un) - V) (er,) ds

= e ( (L o) 9 e

The adjoint linearized operators, @, () and ¢;(6), are defined to satisfy
(Coulew),0) = (€w,C3,(0)) and (Car(er:),8) = (er.,Cr(f)) respectively.

Using the divergence theorem, we find
. 1 1
C5.(0) = pocyV <§T+ §Th> 8,

and

. 11 11
Cor(8) = —pocy (Eu + 5“") - V8 — pocy (V . (iu + §uh)> g.

We write the formal adjoint to the Boussinesq equations in strong form

—”A(p + E’{((ﬁ) +Vz+ E;u(e) =y, T€Q,
=V - ¢ =1, z € Q, (7.3.4)
—kAG + 251 (8) + poBg - ¢ = Yr, z € Q,

with the adjoint boundary conditions

¢ = O) x E Fu,Da (7 3 5)
=0, z¢€ FTF,D- h
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To derive the error representation, we multiply the system (7.3.4) by
(e, ep,eT)T, apply the Divergence theorem and the definition of the lin-

earized adjoint terms:

(l»b'un eu) + (wm eP) + ("»[/'T, eT) =
al(eu’ ¢) + Cl(ua u, ¢) —Q (uh’ Uh, ¢)
+ b(eua Z) + d(eT: ¢) + b(¢’ eP)

+ a2(eTa 0) + Cg(u, T7 6) - CQ('U:h, Tha 9)

Next, we apply Galerkin orthogonality for nonlinear problems,

(wuv e‘u) + (wp’ ep) + ("st, eT) =
al(eun ¢ - 7rV¢) + cl(u) u, ¢ - 7TV¢) - cl(u’hv Uh, ¢ - 7TV¢)
+ b(eua z = ﬂ'sz) + d(eTa ¢ - 7rV¢) + b(d) - 7TV¢7 ep)

+ ag(er, 8 — mwh) + co(u, T, 0 — mw0) — co(up, T, 0 — Twb) (7.3.6)

and use the fact that the true solutions solve (7.3.2) to replace these with

the data,

(Y, €u) + (¥, €p) + (Y, e7) =
(£, —mve) — ar(un, @ — 1vP) — cr(un, un, ¢ — v P)
= b(un, 2 — m5z) — d(Th,  — Ty @) — b(¢ — v b, pn)
(Q,8 — Tw8) — ag(Th, 6 — 1w 8) — caltun, Thy 6 — T B).
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7.3.3 Error bounds

We assume that 75, is a quasi-uniform triangulation of {2 and that the

weak formulation is coercive,

’Yny”? S al(w)w) + Cl(uh)uh)w) - Cl(Z,Z,'U)) + d(n)w)

+ ax(n,n) + ca(un, Thyn) — c2(2,s,m), (7.3.7)

for some v > 0, with u, and T}, the finite element solutions, z an arbitrary
element of Z,, s an arbitrary element of Wy, w = u, — z, n =T, — s, and
y = (w,n)?. In addition, we assume the iterative method to solve (7.2.2)

has converged, making the nonlinear residual negligible.
Theorem 7.3.1. The finite element approzimations, uy and Ty, are quasi-

optimal,

) R
4T Thul_c(;nghnu 2l + inf lp —qllo+ inf IT snl),
(7.3.8)

where the constant C may depend on u and z, but not on h.

Proof. Let z be an arbitrary element of Z,, w = u, — z, ¢ an arbitrary
element of Sy, s an arbitrary element of Wy, n = T, — s, and y = (w,n)7

We use the coercivity condition and the Galerkin orthogonality relations to
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bound

TYl? <an(w, w) + c1(n, us, w) — a1z, 2,w) + d(r, w)
+ az(n,m) + c2(un, Th,m) — c2(2,5,7)
=a(u — z,w) + c(u, u,w) — c(z,z,w) + d(T — s, w)
+b(w,p — pr) + a2(T — 5,1) + c2(u, T, m) — ca(2,5,7)
=a(u — z,w) + c(u, u,w) — c(z, z,w) + d(T — 5, w)
+b(w,p — q) + az(T — 5,7) + c2(u, T, 7)) — a2, 8,7)
<Cllu— z|1 - [lwl + Cllu — 2|l [jwl,
+ CIT = sl - flwlly + Cllwlh - llp — gllo
+ CIT = slly - [Inll: + C (T — sl + llee - 2|[1) [In]lx
ol <6 (iaf =21+ iaf Ip—alh + jgf 1T slh)
The triangle inequality

lw—wnlly + IT = Thlly < flu = 2t + T = sl + llylh,

completes the proof.

Theorem 7.3.2. If Vi, and Sy, satisfy the inf-sup condition, then

JumsnllHIT=Til < € (inf =l + of o= allo+ af 17 =511

(7.3.9)
Furthermore, if u € H3(Q) NH(Q), p € H*(Q) N L), T € H3(Q), and
Fealls + lplla + I1Tlls < ClIEl + 1@, then

lu = unlly + | T = Tally < CR2 (Il + Q1) - (7.3.10)

Proof. The first part is proven using the same techniques asin § 7.1 and § 7.2

for the Stokes and Navier Stokes equations, e.g. the inf-sup condition and
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continuity of b(-,). The second part can be shown by choosing v = myu,

q = msp and s = mw 7T, and applying standard interpolation results.
Theorem 7.3.3. If V, and Sy satisfy the inf-sup condition, then
— < inf - inf ||p — inf ||T — . (7.3.11
o=l < C  ag u vl + iaf Ip = alo+ g 17 = slh ) . (732

Furthermore, if w € H3(Q) NH(Q), p € H2(Q) N L3(Q), and T € H3(Q),
and [[ulls + [Ipllz + [Tlls < Cliflly + |1Qll1, then

llp = pallo < CR2 (£l + 11QII) - (7.3.12)

Proof. Let ¢ € S, be arbitrary. We use the inf-sup condition, Galerkin

orthogonality, and continuity of b(-,-) to obtain

b(v,q —
Bllg — palle < sup LWl
vev, vl
b — b(q —
~ sup PP pn) + blg — p)|
VeV, vl
. ‘ —a(u — up,v) — c(u,u,v) + c(un, un, v)
vV, o]l
d(T — Th,v) + b(v,q — p) |
lvllx

<C(lu—wunlli +llp = qllo + IT — Tif1)
— <C/|{ inf - inf ||p — i — .
o= pulo < ( iag llu= vl + a8 Ip = alo+ ing 17—l )
An application of the triangle inequality proves (7.3.11), and (7.3.12) follows

by choosing v, g, and s to be the interpolants.

Theorem 7.3.4. Assume that the iterative method to solve (7.3.2) has
converged so that the nonlinear remainder is negligible, and that the solution
of the adjoint problem satisfy the regularity condition (7.3.18) with 1 =
(0w, Yo, %1)T. Then,

luw — wpllo + |IT = Tallo £ Ch(||lu — uslly + lp — prllo + |T = Tall1),
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and if the assumptions of Theorems 7.3.2 and 7.3.3 hold
lle — wnllo + IT = Tallo < CR® (Il + Q1) -

Proof. Let ¥, = u — u and Yr = T — T} in (7.2.8), multiply the system
by (eu,€p)T = (v — U,p — P)T, apply the divergence theorem, and use the

definition of the linearized adjoint to obtain

”U - uh”g + ”T - Th”g zal(eua ¢) + Cl(u» u, ¢) - Cl(uh’ Up, ¢)
+ bew, z) + d(er, @) + b(g, €p)

+ GQ(ET, 0) + Cg(u, T, 0) - Cz(uh, Th, 0)
Next, we apply orthogonality,

e — wnll§ + IT — Tall§ =01(ew, @ — v @) + c1(u, u, d — Ty @)
— c1(Un, Un, @ — Ty P) + bley, 2 — Tz2)
+d(er, ¢ —mvd) +b(d — v, ep)
+ ag(er, 8 — mw) + co(u, T, 0 — Ty 0)

— co(up, Th, 8 — Twb)
the continuity of bilinear and trilinear forms,

lw = wally + IT = Thll§ <Clleulls - |6 ~ mvlly + Clleulls - ¢ — v ol
+ Clleullr - |z = mz2llo + Cllerlls - {|¢ — mv ¢l
+Cllé — vy - llepllo + Cllerlls - 16 — mw by

+ C (lleulls + llerlli) 116 = mwlix
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an interpolation result,

I — wnl§ + 1T = Tallg <Chlleulls - #ll2 + Chileulls - [|#]l2
+ Chlleulls - 2l + Chiler|i: - ¢l
+ Chl|9llz - llepllo + Chllers - |16ll2

+ Ch(|leull + llerll) [16]l2

and finally the regularity estimate (7.3.13) to conclude
llw = wnllo + T = Tallo <Ch (llewlls + llepllo + llexlls)

which proves the first assertion. A direct application of Theorems 7.3.2 and

7.3.3 proves the second assertion.

Theorem 7.3.5. Assume that the iterative method to solve (7.3.2) has
converged so that the nonlinear remainder is negligible, and that the solution

of the adjoint problem satisfy the reqularity condition

@ll2 + llzll2 + [16l]2 < Cliwbllo, (7.3.13)
where tp = (w‘ua wp) wT)T' Then;

lu—unllo+|T=Thllo < D Ch (Ifllk + 1QUx)-(IBlak + Izl i + 16la)
Kery,

(7.3.14)
Proof. We set
€4y er
’(p = (—_1 0) —> »
leullo” " llerllo

multiply the system by (e, e, er)T, and integrate by parts, yielding

lealo + llerllo = 37 (e, — my)yc + 5 (ueunl, 6 — mv o

KeTp’h

+ Z (Rg,z —mz2) g

KGTF-';,

1
+ Z (R3,9 - WWaF)K + '2' ([anTh], 6 — ﬂ'We)aK

KeTpn
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with

Ry =+ pAup ~ po (up - V) up — Vpr — poBThe
R2 =V- Up

R3 = Qr + kAT, — pocpun - VT,
First, we use the definition of u, p, and T to rewrite the residuals

Ry= —pA(u—up)+po(u-V)u—po(un- V)us+V (p—ps)
+pB(T —Th)g
Ry = — V- (u—up)
Rs = — kA (T —Ty) + pocyu - VT — pocyup, - VT,
Now, we bound each term individually.
The first term is (R, ¢ — my¢)x. We apply the Cauchy-Schwarz in-
equality

[(R1,¢ — mv)k| < |Rallk - 1 — mv ol

To bound the residual, we require the inverse estimate

lw—unllzx+Ip=prllk+ T —Thll2.k < Chi ([l x + |Qllk) , (7.3.15)

which assumes that the mesh is quasi-uniform. Each term in R; may be
bounded using either the inverse estimate or the a priori error bound (7.3.2),

giving

[Rillx < Chy ([Ifllvx + 1Qll1x) -

The other component, |¢ — Ty ||k, is easily bounded

¢ — vl < Ch¥k|dlak,
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using an interpolation result.
The next residual term is (Rj, 2 —7zz),. We apply the Cauchy-

Schwarz inequality,
|(Rz2, 2 — 722) | < CllRallk - l|z — m22| k.
where the a priori error bound (7.3.2) gives
IRallxe < Ch% (€1l + 1Qll1x) »
and an interpolation result gives
lz = 72zl < Chll2|1.x-
Combining these results, we have
|(Ra, 2 — mz2) | < Chig (If 1k + 1Qlvx) - 1zll1,x-

The third residual term is (Rs3, 6 — mwf),. We apply the Cauchy-

Schwarz inequality,
|(R3,0 — mw0) k| < Cl|Rallx - [|0 — 7wl x-

Each of the terms in the residual may be bounded with either the inverse

estimate (7.3.15) or the a priori error bound (7.3.2)giving

[Rsllx < Chr (fllx + 1@Qll%)

and an interpolation result gives
16 ~ 7wl < Ch%|I]|2,k-

Combining these results, we have
(Rs,6 — mw8) | < Ch (Ifllhx + Qv k) - 18]l2.x-
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The remaining terms represent jump terms over element edges. We
provide the details for 2 ([8,un], @ — Ty @),y and note that the other term,
3 ([k0nTh],0 — mwl) s, may be handled similarly. We add and subtract

(uOpu,  ~ Ty @)k to give

([WOnun], @ — Ty @)ag = 5 (WOnu — pOrun K, @ — TV )5k

1
+ 3 (WO up g — pOpu, @ — 71"’d))¢9]( ?

DO —
N |

where u), x represents the approximation on element K and up g represents
the approximation on a neighboring element K’. Next, we use the trace
inequality

lvllox < CllvE2 - Ilvlli/z (7.3.16)

along with the a priori bound (7.3.2) and an interpolation result to conclude

3 (10l & — v B)ore| < 5OHE (IEl +1QUx) - Bl

1
+ §C’h3 g+ N1QNLK) - |Dl2.k

When we sum over all elements, each edge is counted twice, which removes

the factor of 1/2.
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Chapter 8

INTERFACE TRANSFER IN
FLUID/STRUCTURE INTERACTION
PROBLEMS
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8.1 Introduction

In this chapter, we consider an operator decomposition approach for
the solution of a (conjugate) heat transfer problem between a heat con-
ducting fluid and a solid. We assume that we have one method for solving
the temperature field in the solid and another for determining the velocity
and temperature field in the fluid, and we are required to ensure continuity
of temperature and heat flux across their common boundary. Obtaining
a solution of the fully coupled system by this operator decomposition ap-
proach proceeds via a (nominally) infinite fixed point iteration during with
the current solution in one domain provides boundary conditions for the
new solution in the other domain. We model the temperature field in the
solid using the simple heat equation and apply the Boussinesq approxima-
tion within the fluid, and consider situations where there are only a small
number of interfaces between fluid and solid domains.

Our goal is to ensure that the error in a given a functional of the
temperature field satisfies a user-specified tolerance. We perform an a pos-
teriori error analysis of a finite-element implementation of the operator
decomposition technique and obtain error estimates that can be used to
guide an adaptive discretization strategy and show how the operator de-
composition causes a loss in the approximation order of convergence. Our
approach is based on the standard techniques using variational analysis,
residuals and the generalized Green’s function solution to an adjoint prob-
lem [10, 18, 30, 31, 28, 42|, which we modify to account for the fact that
numerical errors in the solution of each component are propagated to the
other component through the boundary conditions and from one step of the

iterative procedure to the next. Both effects are characteristic of operator
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decomposition discretizations, e.g. [21, 38|, and require extensions of the
usual a posteriori analysis techniques.

The “boundary element flux” technique developed by Wheeler [55] and
Carey [34, 20] provides an efficient way to compute a more accurate estimate
of the normal derivatives on a boundary. We show how that this technique
can be used to improve the accuracy of the operator decomposition method,
and more subtly, how the use of this modified flux restores the order of
convergence that is lost due to the operator decomposition.

In §8.2, we consider the flow of a hot fluid past a cylinder and construct
the general conjugate heat transfer problem. We describe the iterative op-
erator decomposition finite element method in §8.3. In §8.4 we present an
example which demonstrates the loss of order of convergence due to oper-
ator decomposition in order to motivate the consideration of the boundary
flux method in §8.5. We perform an a posteriori error analysis in §8.6 and
describe on adaptive mesh refinement strategy based on the error estimates
we obtain. We provide numerical examples in §8.7 and demonstrate the
optimal convergence rate obtained using the “boundary element flux”. In
§8.8, we carry out an analysis which identifies the transferred gradient in-
formation as being responsible for the loss of order and show that using the
boundary flux method to compute the gradient information restores the

order of convergence.

8.2 Flow of a hot fluid past a cylinder

We consider the steady flow of a heat conducting viscous Newtonian

fluid past a solid cylinder as shown in Fig. 8.1.
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Figure 8.1: Computational domain for flow past a cylinder

Our primary interest is in the heat transfer between fluid and solid.
We solve the heat equation in the solid. In the fluid, we use the Boussi-
nesq approximation to solve the conservation of momentum, mass and heat
equations. The temperature field is advected by the fluid and couples back
to the momentum equations via the buoyancy term. Our approach is to
estimate and drive adaptivity to minimize the error in a given functional of
the solution such as the temperature in a given region, or the shear stress

on part of a boundary. This approach is therefore similar to that of Giles,

et. al [37, 35].
8.2.1 The general conjugate heat transfer problem

Let ©; and ; be polygonal domains in R? with boundaries 9, and
0€); intersecting along an interface I'y = 0Q2,N0Q2. We consider fluid/structure

interface problems of the form

(—pAu+po(u-Vyu+ Vp=gp (1 — B(Tr — Tret)), € Qp,

-V .-u=0, z € Qp,

—krATr + Pocpd - VTr = Qr, T € QF,
(75 = Tr, (8.2.1)

K _3_& _k % z ey,

Fon Son’
( —ksATs = Qs, z € Qg.
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where 9, represents the unit normal derivative into the fluid, p denotes the
viscocity, kr and ks the thermal conductivities of the fluid and solid, ¢,
the specific heat, § the coefficient of thermal expansion, and pg and T} are
reference values for the density and temperature respectively.

To simplify the notation, we define I', p and ', y to be the sets of
boundaries where we pose Dirichlet conditions and Neumann conditions

respectively for the fluid velocities, and set

U = Gu,D, z € Iy p,
pou/on = gun, T€Tlyn.

Similarly, we define I'r,. p, I'ro v, I'rg,p, and I'rg n to be the sets of bound-
aries where we pose Dirichlet and Neumann conditions for the temperature

fields in the fluid and the solid respectively, and set

Tr = g917.D) z € I'rp Dy
kr 8Tp/an =97s,N, I E PTp,N»
TS = gr1s,D> S I.‘Ts,D)

k‘s BTS/an =grs,Ny, ITE FTS,N-
To simplify the discussion, we assume that these boundary conditions
can be interpolated exactly in the finite element space, meaning that errors

due to interpolating the Dirichlet boundary conditions are zero.
8.2.2 Weak formulation

We let L2(€2) denote the space of square integrable functions on Q with
inner product (-, -)q and norm |||, or simply (-, -) when the domain is clear.
We use H°(f2) to denote the Sobolev space with real index s associated with
the norm || ||o,s and seminorm |- |q s [1, 15] with the obvious generalization

to vector valued functions.
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The weak formulation of (8.2.1) seeks u € Vi, p € L2(Qr), Tr € Wr
and Tg € Wg such that

ar(u,v) + c1(u, u,v) + b(v,p) + d(Tr,v) = (f,v),
b(u» Q) = 0:

CLQ(TF,'LUF) + CZ(uaTFa wF‘) + CL3(TS,'LUS) = (QF)wF) + (QSawS)(a )
8.2.2

for all v € Vg, q € L3(Qr), wr € Wgo and wg € Wsy, where

f = Lo (1 + ﬂTref) g
a(u,v) = / uVu: Vo dx
QF
ag(TF, 'LUF) = / k‘FVTF . V’LUF dz
QF
a3(TS,w5) = / ksVTs . sz dz
Qg
bo.g) = = [ (Vo)
Qp
ca(u,v,z) = / po(u-V)v-zdz
Jag
co(u, T,w) = / pocyu - VT w dz
Qp

d(T,v) = /ﬂpo,@Tg-vda;,
P

Here

Ve = {veH' ()| v=guponTup},

S
il

{we H'(Qr) | w=gr,ponTr.p},

Ws = {w € H'(Qs) | w = grg,p on FTS,D},
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and
VF‘,O = {UEVF|U=00nFu|D}7
Wpo = {weWp|w=0o0nTrnp},

WS,O = {w (S WS | w = 0 on FTS,D}7
LAQ) = {v € L*(Q) | / vdr = 0} .
Q

We assume that the source terms and the boundary data are suffi-
ciently small and the viscocity p and thermal conductivities kr and kg are

sufficiently large so that (6.2.2) admits a regular weak solution.

8.3 An iterative operator decomposition method

Assume that we have an initial guess for the Dirichlet data along the
interface between fluid and solid domains, T}O}. To compute a numerical so-
lution of (8.2.1) we construct the following iterative operator decomposition

method.

Iterative Operator Decomposition Method
k=20
while (| — T, > TOL) do
(a) k = k+1
(b) Given Tlfﬂk_l} on I';, compute Tgvk} € Qs by solving

{—ksATék} =Qs, x€Qg,

8.3.1
T =18, xery, (8.3.1)

(c) Given T, compute u{¥}, pt*} T} € Qp by solving
—uAutkt 4 po (utkh . V) ukd 4 Vplkt 4 po8TH g = £, x € Qp,

—V - ulk =0, T € QF,
—kFA{T,}}{:‘k} + pocpul®t - VT = Qp, z € Qp,
Tk oTiH
kr 6:; = ks 551,’ x el
(8.3.2)
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and subject to the appropriate boundary conditions on the velocity,
pressure and temperature fields away from the interface.

end while
8.3.1 Finite element discretization

Let 77, and 7gp be locally quasi-uniform triangulations of Q2r and Qg
respectively. We do not assume that the triangulations on either side of I'y
are aligned.

We use the piecewise polynomial spaces

Vi = {v € V| v continuous on Qp, v; € P*(K) for all K € TF,h},
A {z € Z | z continuous on Qr, 2z € P*(K) for all K € Tp'h} ,

WE = {w € Wr | w continuous on Qp, w € P*(K) for all K € TF_h} ,
wh = {w € Ws | w continuous on Qg, w € P?(K) for all K € Ts,h} ,

and the associated subspaces

V},O = {vGV"lszonFu,D},
WII;I“O = {U)GW;"U)=OOIIFTF,D},

W&O = {weWl|w=0onTrp}.

where P?(K) denote the space of polynomials of degree ¢ on an element K
by PY(K). We let mv, Tw,., mws, and 7z be projections into V&, W} Wk
and Z" respectively. We also use my, and my, to denote projections into

W} and W respectively along the interface I';.

Operator Decomposition Finite Element Method: OD-FEM

k=0
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while (|7 — 7, > TOL) do
(a) k = k+1
(b) Find Té{w,';} € W such that Ts{,’;;} =mT }fch_l} along the interface I';
and

as(TS w) = (Qs,w), Ywe Why, (8.3.3)
(c) Find ul* € V&, pi¥ € Z*, and T} € W such that

al(u,{lk}, v) + cl(u,{lk}, uﬁk}, v) + b(v,p}lk}) + d(T,fﬂ";l}, v) = (f,v),
b(uf{zk}7Q) = 07
ax(Tes w) + ea(uy, Ta w) = (Qryw) — X, wr,,
where () = ksanTS{f;},
(8.3.4)

Vv € Vi, g€ Z* and w € Wh,.
end while
We have chosen V} and Z" to be the Taylor-Hood finite element pair

which are known to satisfy the discrete inf-sup condition

b
inf sup 29 5550 (8.3.5)
aez* yevh vl - llgllo
8.3.2 Relaxation schemes

Unfortunately, the simple iterative scheme OD-FEM may not converge.
In particular, the convergence depends on the values of A; and A, along the
interface and the geometry of each region [37, 52, 58]. As an alternative,

we consider two “relaxed” iteration schemes.

(1) Relazed Dirichlet values

We choose a € [0, 1] and update the Dirichlet interface values with

T = ol + (1 - a)rn, TH. (8.3.6)
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before solving equation (8.3.3). Optimal values of o can be found in

[52, 58], but a = 1/2 works well in most situations.

(2) Relazed Neumann values

We chose f € [0, 1], set
NI = Bkp0, TE ™ + (1~ B)ks0a TS,

and replace x{*} = Nﬁ{k} in the rhs of the temperature equation in

equation (8.3.4), i.e.,
ax(TH w) + el T w) = (Qr,w) - (NP w)r,. (83.7)
A proper choice of 3 reduces the number of iterations.

8.4 Motivational example illustrating loss of order

We apply the OD-FEM to the steady flow of a viscous Newtonian fluid
in a channel connected along one boundary to a solid which is heated from

below as shown in Fig. 8.2.

e
]
s
i 0
=%

—— n A S X AV ¥ AW A . ¥ h — Ay
AY Ay Y X X, < A W W W AV
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P W VM W WL ¥ X N X V% Y X I_X
AN A AY AY 3 X X A} AN AY A X AP~ L UEE" VL "V V AW ¥ AR Y 3 X AEIAY AVREA Y
A W W W ¥ A W W WM WA WA W WL WL E 97> | W W WA W, VR W Win Vel WA Wit Wik W U
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SN % X X A W W ¥ A W W W Y L WYL W WU W, WS W
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Figure 8.2: Computational domain for motivational example.

The Reynolds number (based on the channel width and the flux aver-

aged inlet velocity) is Re = 2.5, and thermal conductivities,

kr =09 and kg = 1+ 0.5sin(27z) sin(27y),
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were chosen so that the solution is smooth, but nontrivial. The temperature
fields are given in Fig. 8.3.

We solved the problem iteratively by passing the finite element flux,
lcSVTg;l} -1 in equation (8.3.4). We also compute a reference solution with
a higher order method for comparison. In Fig. 8.4 we compare the L? errors
in the temperature fields over Qg U 2 on a series of meshes which align

along the interface [51].

Figure 8.3: Temperature fields within the fluid and the solid.

164

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e Passing FEM Flux
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Figure 8.4: Comparison of the mesh size, h, versus the L? error in the
temperature field when the finite element flux is passed.

We sce that the approximation using the finite element flux converges
quadratically with respect to the mesh size, rather than the expected cubic
rate. This loss of order must be a result of the operator decomposition
technique. The most likely reason is the use of the normal derivative of
the temperature field that is based on the computed temperature field in
the solid and applied as a boundary condition to the computation in the
fluid domain. This normal derivative is known to be less accurate than the
values of the temperature field itself. We examine a well known procedure

for computing a more accurate estimate for the normal flux in the following

§8.5.

8.5 Flux Correction

The numerical example in the previous suggestion suggests that the
operator decomposition technique results in a loss of order of convergence.

In an attempt to mitigate this effect, we use a post-processing technique
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developed by Wheeler [55] and Carey {34, 20] to compute more accurate
boundary flux information.

We define the set of elements in 75 that intersect the boundary by
00 = (K € r5p | KNOQ £ 0},
and the corresponding space
Zh = {v € PX(K) with K € 75}, v(m) = 0if p; ¢ 6Q},

where {7;} denotes the nodes of element K, so the degrees of freedom

correspond to the nodes on the boundary. We seek o{*} € &}, satisfying
— (0™, v)r, = (Qs,v)0, — aa(T&},v), forall v e By, (8.5.1)

where TS{.’IZ} solves (8.3.3). Green’s identity implies that o{*} gives an approx-
imation to the normal flux on the boundary which is relatively inexpensive

to compute. This provides a third relaxation strategy.

(3) Use of the recovered flur
We set x*) = g%¥} in the rhs of the temperature equation in equation

(8.3.4) , ie.,

ar(TH) w) + ca(uf® T w) = (Qr,w) — (™ w)r,.  (85.2)

In general, the accuracy of the flux approximation depends on the
regularity of an associated Green’s function [35, 56], but in many cases
this post-processed flux is O(h%) rather than the standard O(h?) for the
normal flux of a piecewise linear finite element approximation. In fact, as
we will show in §8.8 the improvement that arises by using the recovered flux

is due to a fortunate cancellation of errors rather than the precise details
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of the accuracy of the recovered flux. Consistent with this observation,
we had only mixed success with other methods of increasing the accuracy
of the normal derivative such as the Zienkiewicz-Zhu (ZZ) patch recovery
technique [60], the polynomial preserving recovery (PPR) method [49], and

using higher order polynomials near the interface 9, 42].

8.6 A posteriori error analysis of OD-FEM

To estimate the error of the operator decomposition finite element ap-
proximation, we apply a posteriori techniques based on variational analysis

and the adjoint problem.
8.6.1 The adjoint to the heat equation

Consider the linear elliptic boundary value problem,

Lu=f, z€4,
8.6.1
{u =0, zedq, ( )
where Lu = —kAu + b - Vu + cu. Let up be an approximation to u and

define e = u — up. We define the formal adjoint operator, L*, such that

(Le, ¢) = (e, L"¢).

When L is a differential operator, this involves the application of the di-
vergence theorem to transfer derivatives to the test function ¢. This usu-
ally involves additional terms along the boundary. We define the adjoint
boundary conditions such that these terms vanish. Thus, the formal adjoint

boundary value problem to (8.6.1) is

L'¢=1, zeq,
{ 6=0.  zecon (8.6.2)

where L*¢ = —kDAd —b - Vo + (c— V- b)o.
The adjoint to the heat equation within the solid is the special case

where b and ¢ are zero.
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8.6.2 The adjoint to the Boussinesq equations

Let B(u,p,T) denote the Boussinesq operator. Defining the adjoint
to the Boussinesq operator is complicated by the fact that it is a nonlinear
operator. Let uy, pp and T}, be approximation to u, p, and T respectively
and define e = (u — up,p — pp, T — Tj). Formally, we define the linearized

adjoint operator, B”, such that
(B(w,p,T), ¢) — (B(un, pr, Th), ) = (B(e), ¢) = (e, B (¢))
where the linearized operator, B, is defined by
B(e) = /01 B'(su + (1 — s)up,sp+ (1 — 8)pn, sT + (1 — 5)T3) - e ds,
with

, 8B 8B 8B T
B (uvp» T) = ('a_u(uapaT)a '8_p(uapa T)a 'a_T(uapv T)> .

First, we define the linearized forms. Let ¢;(v,v) = po(v - V)v. The
Gateaux derivative in the direction ¢ is given by

0 c1(v+€b,v + €d) — ci(v,v)
e—0 €
po (v +€b) - V) (W +ed) — po(v - V)v
€
= po(6-V)v+ po(v-V)é

Il

cy(v,v)d

We define the linearized form, ¢, such that

1
afew) = / (polew - V)(us +U(1 = 5)) + po((us + U(1 - 5)) - V)eu) ds

0
1 1 1 1
po(euV) <§’U,+ §U> + po <<§u+§U> V) €Eu

The adjoint linearized operator, ¢;(¢), is defined such that (Gi(e.),¢) =

(ew,T;(¢)). Using the divergence theorem, we obtain
. 11 11 11
(@) = poV <§U + ‘éuh) “9—po (5'“ + §uh> -Vo—po (V : (51! + 5“11)) @
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Similarly, define co(v, w) = pocp(v + V)w. The partial Gateaux deriva-

tive in the direction ¢ is given by
des(v, w)(S ~ lim co(v + €6, w) — ca(v, w)

ov e—0 €

pocp (v + €6) - V) (w) — pocp(v - V)w

€

= pocp(d - V)w

We define the linearized form, ¢y, such that

1
Srulen) = /0 (Pocolew - V) (Trs + Tra(l — 5)) ds

1 1
= pocp(ewn- V) (’éTF + §TF,h> :

The partial Gateaux derivative in the direction =y is given by

302((90, ’LU),y — lim co(v,w + €y) — co(v, w)
w e—0 €
pocs (V) - V) (w + €7) = pocp(v - V)w

€

= pocp(v - V).

We define the linearized form, ¢,7 such that

Grler,) = / (pocp((su+ (1 — )U) - V) (ex) ds

p:c,, ((%u + %U) . V) (ere) -

The adjoint linearized operators, ¢, (6) and €;r(6), are defined to satisfy

il

(Coulew),8) = (ew,C3,(0)) and (Corlery),8) = (er;,Chr(0)) respectively.

Using the divergence theorem, we find
— 1 1
CZ’LL(Q) = pocpv <§T + §Th> g,

and

. 11 11
E2T(9) = —pPoCp ("2’7.1« + EUh> -V — PoCp (V : (EU + §Uh>> 0.
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We write the formal adjoint to the Boussinesq equations in strong form

—uA@ + () + V2 +C5,(0) = u, TEQ,
V¢ =1, zeq, (8.6.3)
—kpA0 + 50 (0) + poBg - ¢ = ¥, T €Q,

with the adjoint boundary conditions

¢ = 01 T € P‘u,D;
,u’a_¢ = 0) TE I~-\'u.,Na
on (8.6.4)
6 = 0, zc FTF,D1
00
k!p% =0, € FTp,N-

In practice we cannot use the true adjoint (8.6.3) since the exact solu-
tion is unknown. We linearize the nonlinear operator around the approxi-
mate solutions and compute the adjoint of the linearized system. Comput-

ing as before, we have

—pAd — poun - Vo + po (Vun ¢ — (V- up)@) + Vz + (pocy VTR)0 = o,
-V.¢p= wpa
—ksAfB — pocyup - VO — pocy(V - up )b + pofig - ¢ = ¢,

(8.6.5)
with the adjoint boundary conditions
¢ = Oa S Iﬂu.,Da
/J’§;¢S = 0) rec I-\'u,,N)
on (8.6.6)
g = 0, X e PTF,D»
06
kp% =0, z€ FTF,N'

8.6.3 The adjoint to the conjugate heat transfer problem

We define e, = u — uflk}, ep = p— pﬁk}, er, = TF — T}IZ} and er; =

Ts— Té,';}. The adjoint boundary value problem for the quantity of interest

('(/’, e) = ('d)ua eu) + (wp’ ep) + (pra eTp) + (wTsa eTs)
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for the coupled problem (8.2.1) is

(—1Ad + T (D) + V2 + T, (0F) = Yu, =€ Qp,
'—V'(,b‘-‘-"lpp, T € Qp,
—kpAbp + T3 (0F) + poBg - ¢ = Y7, T € Qp,
4 0 = g, ] (8.6.7)
395‘ 695 xely,
kF'% = ks%,
\ —ksQbs = Yrg, x € g,

with adjoint boundary conditions

'd) =0, x e Fu,D,
,U'and) = Oa re Fu,Na
fr =0, z € I'r..p,
o8
< kF—F =0, z€Trn, (8.6.8)
on
05 = 0, T e FTg,Da
00s
\k'S% =0, ze€Tlrgn.

We solve (8.6.7) numerically using the approximate Boussinesq adjoint
(8.6.5) and an iterative operator decomposition approach as for the for-
ward problem. These iterations are completely independent of the forward

iterations.
8.6.4 An error representation

We can derive an error representation formula for the basic scheme
(8.3.1)-(8.3.2), a weighted relaxation technique (8.3.6) or (8.3.7), or when
using the post-processed flux as in (8.5.2). In the discussion below, we use
x,{lk} to denote the numerical flux passed at the k%* iteration from Qg to Qp.

To begin, we multiply the system (6.4.1) by 1 and apply the divergence
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theorem, noting that 8r = 85 and kr0,0F = ks0,0s along I'y, to obtain

(W,e) = arlew ) +arw,u,¢) - a(uy? ul?, ¢) +b(4,e,) + dler,, )
+ b(ew, 2) + az(ery, OF) + c2(u, Tr, Or) — ca(ul, THY, 0F)
+ aa(ery, 0s)
+ (T ks0.85)r, — (T}, krdnbr)r,.
Observe that the test space W.s@,o consists of functions that are zero along
the interface, while in general, g is not zero along I';. This means that

the projection of dg into Wg,o cannot be the interpolant. We define a new

projection 7y, : H> — W}y such that for any node z;

Os(zs), = ¢ 7T
0 9 ;) = TwsVs(Zi), ) 8.6.9
Tws0s(2:) {0, z, €l ( )

We also observe that
0 Tr, mwg0r) — ca(ul, TS, mw, 0
az(ere, Twpbr) + c2(w, Tr, Tw0r) — c2(uy”, Ty, Tw,Op)
= —(ksBuTs, TweOr)r; + (X0 Twebr)ry,

and

a3(Ts, s — my0s) = (Qs, bs — my,0s) + (ksdTs, 0s)r,,
a2(Tr,0r — Tw.0r) = (Qr, 07 — Tw.0r) — (ksOnTs, 0r — Tw.0F)r,,

since the adjoint solutions are not zero along I';.
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Using the projection (8.6.9) in the Galerkin orthogonality relation and

the equalities above, we have

(W, €) = (£,¢ —1ve) — ar(uf, ¢ — 1y ) — 1wl uf, 6 — 1y )
—b(¢p — v, pr) — d(TH, ¢ — 1y @) — b, z — m22)
+(Qr,0r — W, 0r) — az(T},IZ}, 0r — Twp0r) — cz(u,ﬁ"},T},’;}, br — Twe0F)
+(Qs, 0s — my 0s) — as(Ts{,l;l}, Os — my0s)

+ (T8 — T ks0.85)r, + O™, TwebF)r,. (8.6.10)

Next, we define 7505 = mw,0s — WSVSGS which is nonzero only near the
interface due to the definition of 7r3vs fs. Substituting 7r8vs Os = Ty bs—mals

gives

(Qs, 05 — 7% 05) — aa(T&} 85 — 15,.05) = (Qs, 05 — Tws0s)

— a3(TE, 05 — Twss) — (Qs, ma8s) + as(TE , mobs)
Finally (6.3.7) implies that the recovered boundary flux, o{¥} satisfies
~(0™, me85)r; = (Qs, mabs) — ar(ul™, mabs),

while 7505 = mw0s along T'y.

We substitute into (8.6.10) and conclude
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Theorem 8.6.1. The errors e,, = u — u,{lk}, €p =P —pflk}, er, = Trp— T}'j}

and ey, = Ts — TS{,_]Z} satisfy

(w,€) = (£,6 = mve) — ar(ufh, & - 1y ) — ca(uf uf?, ¢ — 7y @)
—b(¢p— v, pr) ~ d(Té,’i,}, ¢ — myp) — b(u, z — m52)
+ (Qr, 0r — TwebF) — az(TE,’Z}, Or — Twe0F) — Cz(u,{f},Ték,f, Or — Twi0F)
+ (Qs, 65 — mws0s) — as(T3h}, b5 — mwbs)
+ (T8 — T ksBabs)r,
+ 0P, mwe b, — (0™, T bs)r,. (8.6.11)
The error has been decomposed into four discretization components,
an iterative component, and a component reflecting the error arising from
the transfer of derivative information. The choice of iterative method does
not affect the discretization component of the error, but it does influence

both the iterative and the transfer components along I';. We illustrate this

for a few common iterative schemes:

e Suppose TS{.";} = WWST#,:I}, then

(T.S{',I;z} - Tlg‘,kh}3 ksanHS)FI

k— - —
= (mws T T = TR ks0nbs)r, + (T8 — T ksOubs)r,,
which represents a projection error and an iteration error.

e Suppose Ts{,,’;} = aTé)’;_l} +(1- a)an}gﬁfl}, then

k-2
(T = T ks0.85)r, =D o M (mwe (T = TED), ksOubs)r,
=1

+ (T — T ks8,60)r,

+ (s T = T ks8n65)r,,
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which represents a series of iteration errors and a projection error.
Notice that since o < 1, the effect of the iteration error from previous

iterations diminishes due to the increasing power on a.

e Suppose we set Xik} = kganTg;}, then

( {k}

Xt mwebp)r, — (0™

aﬂ-WseS)FI =
k
(kSaﬂTs{’,h} - G{k}’TrWFGF)PI + (U{k}v 7TWF9F - 7rngs)[‘n
which represents a transfer error and a projection error.

e Suppose we set xftk) = ik}, then
k
Y, 7w 0r)r, — (0, Twsls)r, = (0™, Tw,8F — Twbs)r;,
which represents only a projection error with no transfer error.

8.6.5 Adaptive refinement

We use the a posteriori error estimate as the basis for adaptivity by em-
ploying the standard “optimization framework” after writing the estimate

as a sum of element contributions and introducing norms [26, 27, 12, 10j,

nk = |(f,¢ - Ty )k — al(ul{zk}’¢ - Ty P1)Kk — Cl(u;{lk}»u;{lk},ﬁb —Tyd)k
= b — v, pu) ~ d(TEY & — v )i — bluy”, 2 — mzz)k
+(Qr 0F — TweBr) k — (T, 0 — TwpBr) i — ca(ul, TS, 6 — ) i
+(@s,0s — mwsbs)K — as(Tgf_’Z}, Os — mwsbs) K
+ (Té,kh} - T‘,fﬂ,';}, ksOnfs)oxnr,

+ (X, TwebF)r, — (¥, mwsbs)oknr, |, (8.6.12)

with the obvious notation for localizing the forms to an element K. An
element is marked for refinement when the local error indicator is larger

than a local tolerance, which may be
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e a predetermined element tolerance,
e 3 global tolerance divided by the current number of elements,

e a tolerance based on the percentage of the elements we are willing to

refine.

In section 8.7, we use (8.6.12) with a predetermined element tolerance to

drive adaptivity for a variety of linear functionals.

8.7 Numerical Results

In this section, we present computational results illustrating the adap-

tive procedure given in §8.6.
8.7.1 Motivational Problem revisited

We reconsider the steady flow of a viscous Newtonian fluid in a channel
connected along one boundary to a solid which is heated from below as
shown in Fig. 8.2.

As before, we first solve the problem using the finite element flux,
ie., using x*) = kgVTé,kh} m in (8.3.4). Next, we compute and pass the
recovered boundary flux, i.e., using x*) = ¢{*} in (8.3.4). We also compute
a reference solution with a higher order method for comparison. In Fig.
8.5 we compare the L? errors in the temperature fields over Qg U Qfr on a
series of meshes which align along the interface [51]. We observe that the
approximation using the finite element flux converges quadratically with
respect to the mesh size, rather than the expected cubic rate. We also see
in Fig. 8.5, that solving the iterative system using the recovered boundary

flux restores the optimal cubic order of convergence.
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Figure 8.5: Comparison of the mesh size, h, versus the L? error in the
temperature field when the finite element flux is passed, and when the
recovered boundary flux is passed.

8.7.2 Flow past a cylinder

We now return to our original problem and consider the flow past a
cylinder as shown in Figure 8.1. We solve the steady non-dimensionalized

Boussinesq equations in the fluid domain

Re(u-V)u = —-Vp+ Au— Pe — Ra Tr ) j,
PrFr
-V - u =90,
1
u-Vip = P_BATF+QF

and the non-dimensional heat equation in the solid domain

k
T AT =
{Pe Ts QS)

coupled by the interface condition

TS:TFa
kVTs - n=V1g-n.
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The non-dimensional groups based on length scale L, velocity scale U and
a temperature non-dimensionalization T = (T* — Tj)/AT are

/7 7 72 3
Re=£L—, Pezg—L, PT=Z, FT‘=-U—, Ra:ggL—AI-, —ﬁ,
v K K gL VK kg

and n points from the fluid into the solid and & = kr/(pc,). Defining the

velocity scale, U, to be

_ 1 L/2
0-7 [ wwa,

and for a blockage ratio, B = d/L = 0.5, the computational study by Chen,
et. al [23] indicates that the critical Reynolds number at which the flow

becomes unstable at a Hopf bifurcation point exceeds 100.

1+

Figure 8.6: Streamlines for flow past a cylinder.

We use the error indicator given by (8.6.12) to adapt the mesh when
the quantity of interest is the temperature at a small region in the wake
above the cylinder. The final adaptive fluid mesh is given in Fig. 8.7. The
adaptive scheme concentrates mesh refinement near the region of interest
and upstream of the region of interest, locating more elements between
the cylinder and the top wall than the cylinder and the bottom wall since
the flow advecting heat to the region of interest passes above rather than
below the cylinder. The solution downstream of the region of interest can
be computed with much less accuracy as is recognized by the much coarser
mesh. We note that the presence of gravity causes the mesh refinement to

be slightly nonsymmetric.
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In Fig. 8.8, we compare the mesh produced by the adaptive strategy
within the solid when using x* = kSVTé,’;,} -m in (8.3.4) (left) and when

using x* = o{*} (right).

A
67

el
BBk

Figure 8.7: Final adaptive mesh in the fluid when the quantity of interest
is the temperature in a small region in the wake above the cylinder.
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Figure 8.8: Final adaptive mesh in the solid when the quantity of interest
is the temperature in a small region in the wake above the cylinder in the
case when the finite element flux is passed (left), and in the case when the
recovered boundary flux is passed (right).

When using the finite element flux (left), the grid is greatly refined
near the solid boundary in order to increase the accuracy of the normal
derivative that is computed in the solid and used as a boundary condition
in the fluid computation. When using the recovered boundary flux, the
solid is essentially refined uniformly since there is no need for local grid
refinement in order to increase accuracy of the normal derivative used for

the fluid computation. At the expense of solving a simple lower dimensional

179

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



problem for the recovered flux, the computation using the recovered bound-
ary flux required 1581 elements in the combined domains while the original
computation using the finite element flux required 3284 elements, or over
twice the number of elements. These extra elements are all contained in the
solid, since the fluid mesh in both computations was essentially the same.

Next, we use the error indicator given by (8.6.12) to adapt the mesh
when the quantity of interest is the temperature at a small region in the
center of the cylinder. The final adaptive fluid mesh is given in Fig. 8.9.
The adaptive scheme concentrates mesh refinement upstream of the cylinder
while the solution downstream of the region of interest can be computed

with much less accuracy as is recognized by the much coarser mesh.

1 ZAVAYAVZAVAVAVAN AN PAVAVAYAN AN ZAVAVAVAVAVAVAVAVAVAVY
\VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV,VAVAVAVAVAVAYAN

AVAVAVAVAVAVAVAVAVS SN AY AT AVAV, S\ YA VAVAVAVA N
RS AR RO
AV NN 2 N VAVAVAVAVATAVAVAVAVAY VA VAVAVAY,
SNSNAN L ZNNININSNININISINININN NS

Figure 8.9: Final adaptive mesh in the fluid when the quantity of interest
is the temperature in a small region in the center of the solid.

In Fig. 8.10, we compare the mesh produced by the adaptive strategy
within the solid when using x¥) = kSVTé,I;} -m in (8.3.4) (left) and when
using x® = of¥} (right). As before, the final adaptive mesh in the solid
is refined near the boundary when the finite element flux is passed, reflect-
ing the fact that the error in the finite element flux makes a significant
contribution to the error in the quantity of interest. When the recovered
boundary flux is passed, there is no additional refinement along the edge of

the cylinder, resulting in much fewer elements required to achieve the same
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Figure 8.10: Final adaptive mesh in the solid when the quantity of interest is
the temperature in a small region in the center of the solid in the case when
the finite element flux is passed (left), and in the case when the recovered
boundary flux is passed (right).

accuracy. We also note that when the recovered flux is passed, the adaptive
procedure refines along the boundary in the upstream direction, indicat-

ing that the temperature at the center of the cylinder depends strongly on

upstream information.

8.8 An analysis of the loss of order

We now analyse the loss of order and show the flux recovery technique
recovers the optimal convergence rate. We use the adjoint for the fully
coupled problem to derive a posteriori error bounds for the iterative ap-
proximations in the case where all of the variables are sufficiently smooth
and Ték,z = WWST},’;:”. The case where the Dirichlet values are updated
using a relaxation technique can be analyzed using the same approach and

gives identical results.
8.8.1 L? error bounds using finite element flux

Let u € Hs(QF), p € HZ(QF), Te € H3(QF), and Ts € HB(Qs) be

the solutions to (8.2.1), and uﬁk}, p,{lk}, T}kh} and Tg;} be the finite element

181

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



solutions from the operator decomposition method at the k** iteration. Let
¢ € H3Qp), z € H*(QF), 0r € H3(QF) and 5 € H3(Qs) and pose the
adjoint problem (8.6.7) with v, = 0, ¥, = 0, Y7, = er./|lerz|la- and
Y1 = erg/llers|las. Starting with (8.6.11), integration by parts over each

element K gives
“eTF”QF + ”eTs”Qs =L+ 1L+ I3+ 14
where

1
L = Z <R1(u’{1k},p’{lk}’Tg;1}), ¢ — 7rv¢)K + 5 ([Nanuik}], ¢ — 7TV¢>6K

KeTpp

+ Z (Rg(u,{lk}),z—ﬂzz>K

KeTepn

1
+ Z (R;g(u,{lk},Tg;}), 9F - WWFHF)K + 5 ({kpanTlf—;}], 91:* - WWF@F)BK

Keren

+ Z (R4(Té§l}), fs — stes)K + % ([ksanTgch}], fs — stes) oK

KETs_h

I =(kF3nT},’2}, Or — Twe0r)r, — (ksanTé,kh}, fs — Twsbs)r;,
Iy =(ksa8s, TS — TN,

o

]4 =(X{k}ﬂ WWFGF)PI - ( 1WW565)Fp

with [-] denoting the jump across an element edge and
Rl 2, 78 = £+ b — o ()l - 959 - T
Ry(ul) = v ul?
Ra(ui, TiR) = Qr + krATE) — pocuy” - VT
R4(Té§z}) = Qs+ ksAT.é,IZ}
The first term [; is a standard a posteriori residual term and is not

affected by non-matching triangulations along the interface or by trans-

fer error. The second term /5 is similar to the jump terms along element
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edges in [; and is the expected jump term when the triangulations align
along the interface. The third term /3 represents the jump in the Dirichlet
values across the interface. Finally, the fourth term I, represents the dif-
ference between the flux passed from Qg to F and the flux obtained via
the boundary-flux correction technique.

Below, we present Lemmas 8.8.1 to 8.8.4 below to bound I to I in-
dividually. In each of these Lemmas we first provide the general bound
when the triangulations do not match across the boundary and then show
the simplification that arises for matching triangulations. We then combine
these four lemmas into Theorems 8.8.1 and 8.8.2 which give error bounds
for the basic iteration (8.3.3) and (8.3.4), and when using flux correction
(8.5.2) respectively. These two theorems describe the general result when
the triangulations do not match across the boundary while the simplifica-
tion given matching triangulations is provided as a Corollary.

In each of the Lemmas to follow, we will need to add and subtract a
smooth function to complete the error bounds. However, Tg — Téi}, for
example, contains iteration and pollution errors as well as discretization
errors. Similarly, Ték} - Ts{.';l} contains pollution and discretization errors.
Therefore, we need to define a new function, Ték}, such that Ték} - Té,’;}

contains only discretization errors. We define Ték} such that

-—ksATS{wk} =Qs, x€fg

~{k k
Téki = 5t7.0 xels (8.8.1)
TS = gTs,D, X € FTS,D

ksa’nTék} = 9Ts,N> X € FTs.,N’
where the Dirichlet data gr, p along the interface in the solid is defined to

be smooth function with mwsgr, p = FWSTF{{;_I} and Tw,.gr, p = T}kh_l}.
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Next, we define @{*}, (¥} and T}k} such that

—uAAatk 4 pg (@l . V) a4 vptkd 4 o087 g = £, £ e Qp

-V -4tk =0, z € Qp
—k)FATIE-k} + pocpﬁ{k} . VTng} = Qr, z € Qp
kpanT}k} = gr,,N, x ey,
(8.8.2)
with the boundary conditions
,a{k} = Gu,D) XcE Fu,D
st = €T,

pr (8.8.3)

T = 97¢,D, x€l'rep

T}k} = 9T N, x € l'r. N

where the Neumann data gr, y along the interface in the solid is defined to
be a smooth function such that (gr, n,v) = (ksanTS{.’l;}, v) for all v € P}(K)
for all K € 75 and (gr, n,v) = (kp(')nT},’;l},v) for all v € P}(K) for all
K € 1rp .

We assume that each of the domains are sufficiently regular and that
the data for each problem is sufficiently smooth that the following regularity
estimates hold {13, 40]:

178 s.05 < ClAE 05, (8.8.4)
where

Kk k
157 .25 = 1Qslluas + 198 o e, + l97s.0llrrg 0 + 1975 51,07 - (8.8.5)

and
1T s 00 + 16¥ 30, + 15* 20, < 148 105, (8.8.6)

where

140 = 1QFIhar + Iflhar + |8uwnllire o + l8unliire o

k
+ ”gTF,D”LPTF,D + “gTF,N”LFTF,N + llgl{‘,,}an.Fr (8'8'7)
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Furthermore, if we assume the data is sufficiently small in relation to certain
nondimensional groups to guarantee coercivity {41, 40|, then the following

a priori error bounds hold:
o {k k {k
ITE = T8 10y < CRdE (10 (8.8.8)
and

1T — T ap + 155 — o logp + 185 — w1 0, < CR2|dE |1 0,

(8.8.9)

Lemma 8.8.1. (Bound on I)

L2 Y (Chld® k- (lxca+12lica+ 18rlx2) )
K

€TE,h
+ 30 (Chklds Ik - 16slxa)

KeTs,n

{k}
F

with the obvious meaning for localizing di¥t and (fgk} to an element K.

Proof. Recall that

1
L= (R s T8 ¢ - mve) +5 (Wowul) ¢ —mve)

Ketrn
+ Z (Rz(uik}),z—wzz)l(
Kerpn »
£, Ti, 0r - U (ko T, 6
! KEZTF,h (RB(Uh Ten).Or 7rWFGF)K + 2 <[kF8"TF,h]a OF ﬂwpep) 8K
" Z <R4(Té’l;})’ % - ﬂWSeS)K M % ([ksa"Ts(,I;}]» bs — 7rws9s> oK

Kersn

with
Ra(u™, o™ T = £+ posuf® — pg (uf{f} - V) ui? — Vi — poBTf e
Ry(ul) = v.uM
Rs(uik}» T}IZ}) = Qr + kFATlé‘,kh} - pocpuﬁk} ’ VTgch}

Ry(TSH = Qs + ksATE)
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with

Ruaf® 2, T = £+ usuf? — o (w9 ) = Vo — popT e
Rl =V uf?
RS(ui{lk}vTF{',kh}) = Qr + kpAT}ﬁ? - Pocpu}{lk} : VT;{Z}
R(TN = Qs + ksATSS)

First, we use the definition of (¢}, plk}, T}k}, and Ték} to rewrite the

residuals
Ri(ul pt T = — ua (a{k} - u,ﬁ"}) + oo (@ . V) al®
~ Po (u,{,k} . V) u v (ﬁ{k} - P;{Ik})
+poB (TH - T ) &
Ra(ulh) = = v (@l - uf)
Ry(ul#, T8) = — ket (79 )
+ pocpat®t - VT — pocyuf® - vTL
Ri(TH) = — kots (T8 - THH)
Now, we bound each term individually.

The first term is (Rl(u,{lk}, pﬁk}, T Pﬁ’;}), ¢—ny o) k. We apply the Cauchy-

Schwarz inequality

k k k
|(Ra(ui™ o, TN, & = mv )l < IR wf o, TN - b = mv .
To bound the residual, we require the inverse estimate

a8 — uf o + 115% = p M ke + 1TEkY — TEM ok < Chicl| A8 1.k,
(8.8.10)
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assuming that the mesh is quasi-uniform. Each term in Rl(u,{Lk}, p,{f}, T}’;})

may be bounded using either the inverse estimate or the a priori error

bound (8.8.9), giving
IR (u™, oA TED ke < Chaclldi i
The other component, ||¢ — Ty ||k, is easily bounded

¢ — mvllx < Chkldlak,

using an interpolation result.
The next residual term is (Rz(u,{f}), z— 7rzz) . We apply the Cauchy-
K

Schwarz inequality,
|(Ratuf),2 = m22) | < CUR(wul ) s - 12 = mazllx,
where the a priori error bound (8.8.9) gives
IRyl < CHNdR ok,
and an interpolation result gives
lz = 7z2||k < Chkllzli1k-
Combining these results, we have
| (Ratwl®). 2= 722), | < OB - el

The third residual term is (Rg(u,{,’“},T}’;}),ep — 7TWF9F) . We apply
' K

the Cauchy-Schwarz inequality,

|(Ra(uf, T8, 05 — mwe ) | < CllRo(ul, TEN ke - 105 — 7w b5
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Each of the terms in the residual may be bounded with either the inverse

estimate (8.8.10) or the a priori error bound (8.8.9)giving
IRs(uf TSIk < Chicldi ik,
and an interpolation result gives
167 — 7w, 0rllx < ChkllOF|2k.
Combining these results, we have
l(Rs(U;{lk}) THh, 0r - 7TWF6F>K1 < Ch ¥ e - 10F ok

Finally, we apply the Cauchy-Schwarz inequality to the fourth residual

term

|(Ra(TE). 65 — mwsbs) | < CURATED e - 105 = 7wl
The only term in the residual is bounded using the inverse estimate

178k} = T8 2k < Chiclldf k. (8.8.11)
An interpolation result bounds
195 — mwsbsllx < Chilfslaxk.
We combine these results to conclude
| (Ra(zéfo 05 = musts) | < OB e - sl

The remaining terms represent jump terms over element edges. We pro-

vide the details for % <[u3nu,{1k}], ¢ — 7rvq.‘>> ok and note that the other two
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terms, % ([kFE)nTP{‘fh}], fr — 7rWF9F) oK and % ([ksanTéﬁ}], fs — stf)s) o’ Y
be handled similarly. We add and subtract (u8,u!¥}, ¢ — my@)ax to give
1 1 .
5 (Wowuf @ —mve) =5 (kona® - poulh.p—mve)
1 .
+ 3 (uanui’f}« TR AL ¢—n v¢)

bl
oK

where u,{zk,i represents the approximation on element K and uflk}}{, represents

the approximation on a neighboring element K’. Next, we use the trace
inequality
lollaxe < Cllvll® - ol (8.8.12)
along with the a priori bound (8.8.9) and an interpolation result to conclude
1 {k} L sy gtk
»5 ([Manuh e - 7Tv¢)aK‘ < 5Chkllde "k - {@lox

1

QCh3 NdE ke - |l

+

When we sum over all elements, each edge is counted twice which removes

the factor of 1/2. O

Lemma 8.8.2. (Bound on I3) If the triangulations gy and 75, do not

match along the interface, then

I < (Oh}]ld{p’“}nl,m : |9F|2,np)
+ (“91{";?1\1 lrz) *(llmwsbs — mwe0F|lr,)

+ (CHYAP s - Bsans)

where
Imwsbs — mwiOrlir, < C1hg*|Bsls.as + Coh¥ 2 10F]s0-
If the triangulations Tpp and 7sy match -along the interface, then

Iy < (Ch A iy - 1070, ) + (RN I1.0; - 16shas ) -
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Proof. Recall

I, = (kFanT}_’;}, Op — nw,,ap)r _ (ksanTS{_’;}, 85 — 7rWSevS>F

I 1

We add and subtract (gl{ff_}N, 0s — mwsfs)r, and (91(“1,9,}1\]’ Twels)r, to write

= (kFaan{?ﬁ;} - gl{"lj}N’ O0F — Tw.0F)r,

+ (gyf,}N, TwsBs — Twebs)r; + (girly — ksOuTs, 05 — mwebs)r,

To bound the first term, we note that kpan’f“}k} = gl{ﬂk} and apply the

Cauchy-Schwarz inequality,
(ke 0T —kr 0T Or—mwebr)r,| < Ikrda T —kr0n i Ie, |07 —mwebrl,

followed by a trace theorem, the a priori estimate (8.8.9), and an interpo-

lation result to give
(kr8, T — g3y 00 — mwp8p)r,| < CRSIdW | 0r - 18F 12,05

The second term is bounded using the Cauchy-Schwarz inequality and an
interpolation result.

To bound the third term we apply the Cauchy-Schwarz inequality,

gy ~ ksB. T, 05 — mwsBs)r, | < 1980y — ksBTENr, - 1165 = 7w, b5l -

Next, we use that fact that the L? projection of g{ ' onto 75 along ['; is

ks(?nTé,h , along with a trace theorem and an interpolation result to give

(gt — ks, TEY 85 — mwsbs)r,| < ChEIIAS 105 - 18sli2.0s-
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Lemma 8.8.3. (Bound on I3) If the triangulations Tr, and Tsy do not

match along the interface, then

Is < (Ilksntsllr,) - (I = T ir,)

+ (1ksdabsllr,) - (Imwe T = TH e, )
where
ImwsTen ™ = Te My < RSP w0 + Conf*ld o
If the triangulations Tp) and Tsy match along the interface, then
Is < (IksBadsliv,) - (1T = T8, )

Proof. First, observe that Té.lz} = WWST;{;:U and rewrite /3 by adding and

subtracting (ksanes,Tg‘,,‘”)p, to get
Is = (ksOnbs, mws T Y = T e, + (ksdabs, T — TN,

To bound the first term we add and subtract ’f’ék} and use the fact that
FWSTék} = WWSTIE-,’;:I} and WWFTS{k} = T}ﬁ;l} along I'y and apply the
Cauchy-Schwarz and trace inequalities followed by an interpolation result

to give give
lmws T = T ey < Ch 215 as + Coh3l 1 |,

Observe that WWST},IZ_I} = T}";—” if the triangulations match along the
interface. We apply the Cauchy-Schwarz inequality on the second term to

complete the proof. O
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Lemma 8.8.4. (Bound on I;) If the triangulations Tg, and 7sp do not

match along the interface, then

o < (Ix® = ks0aT e, + kst T = o™lr, ) - (lmwebrlr,)

+ (Ne™®ir,) - (lrwebF — Twebslir,)

where

1Twe 8 — Twsbslie; < C1hY*|6slass + Cahi*10rlar.s.

If the triangulations 11 and To 5 match along the interface, then
I < (I = ksBu T e, + ks8a T = e, ) - (lmweOrIr,)

Proof. We add and subtract (O'{k},TFWFOF)I‘I and use fg = O along 'y to
get

Ii = (x* = o™y 0p)r, + (6, 7w — TwsBr)r, .
Observe my 0s = mw,0p if the triangulations match along the interface.

We add and subtract (ksan'f’ék}, we0r)r, to the first term and apply the

Cauchy-Schwarz inequality to complete the proof. O

In practice, the error in the normal derivative is typically the same
accuracy as the H! error, in this case O(h%). However, an application of
the trace theorem only proves (’)(hg/ 2) accuracy. This is not an important
issue, however, since we intend to use the fact that this term is less accurate
than the others, and therefore pollutes the L? error. We assume the error

in the normal derivative can be bounded,

IksO T — ks, TENIe, < CRENAE 105,
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for 3/2 < 3 < 2. The error in the recovered boundary flux can be bounded
lksB T — e r, < CSiAZIIdS 1.0,

where S; is a stability factor defined by an associated Green's function

35, 56].

Theorem 8.8.1. Assume the triangulations Ts, and Trp do not match
along the interface T'y. If u,{lk}, p,{lk}, T}kh} and Té_’;} solve (8.3.3) and (8.3.4)

respectively, then the errors ery = Tg — Téi} and er, = Tp — T}",} satisfy

lerslins + lerellar < 37 (CRA® i - (la+ I2lxca + 16rlxa)

KGTp.h

+ Y (ChdP - 16slxca

Kergh
+ (Crtligtiylan - etz ) + (CHEId las - 165laas )
+ (lesdabslle,) - (ITE™ = T Ir,)
+ (CHEIIE s + CS A1 o ) - (Ilmw, O lir,)

—|—C’1h"§/2 ((5'2 + S4)|0s|as3 + 53|62{sk}|1,ﬂs>

where dA}k} and défc} are defined by (8.8.7) and (8.8.5) respectively, 3/2

+CahY? ((52 + S4)|0Flaps + Sslde 1,05

IN

B < 2, Sy is a stability factor independent of hg, Sy = Hgg,}N“r,, Ss
HksangS”F,, and S4 = “o-{k)”Fl'

Corollary 8.8.1. Assume the triangulations 1 and Trn match along the

interface 'y, If u,Ek}, Pf{lk}, T}g’;} and T.s{',,;;} solve (8.8.3) and (8.3.4) respec-
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tively, then the errors erg = Ts — Té Y and e, = 1Tp — T}kh} satisfy
lerloc + o < 3 (ChRNE - (lrca + I2lca + oelic)

)
+ 7 (RN i - Bslxca)
)
I

KGTSh

+ (Chlgllyliar - 100, ) + (ChEIAY la - Bslaas

+ (Iksdn0sllr,) - (1TE = T,

+ (ChEId o, + CShEIdE s ) - (lmweOrlr,)

where d‘;’“} and dAgk} are defined by (8.8.7) and (8.8.5) respectively, 3/2 <

8 <2, 8] is a stability factor independent of h.
8.8.2 L? error bounds using “boundary element flux”

It is clear that the term containing hg decreases at a slower rate than
the other terms. Suppose we solve (8.5.2) rather than (8.3.4), i.e., we pass
ot} instead of the finite element flux. This changes the fourth term in the

error representation formula to

[4 = (U{k}v WWFGF)I’I - (U{k}: ﬂ-WSQS)Fl'

Theorem 8.8.2. Assume the triangulations 7s, and Trp do not match

along the interface I';. If’u,,{lk}, p,{lk}, T{k} and T{k} solve (8.3.3) and (8.5.2)
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respectively, then the errors ers = Ts — T_S{‘,l;l} and ep, = Tp — T;,’;L} satisfy

lersllas + llerellas < 3" (ChENdE i - (blica+ llica + Brlxa))

KETF,h

+ Y (O I - 15l

)

+ (cntlgla, - 10l ) + (Ch3IAE s - Bslaas)
+(lksdabsle,) - (ITE = T Ir,)

+CyhY? ((52 + 54)|0slas,3 + Sslfigk}|1,ns)

+Cohid? ((Sz + S4)|0rlapa + S3|‘Z{Fk}|1'“‘°) ’

where J}k} and d{s"} are defined by (8.8.7) and (8.8.5) respectively, Sy =
k5074 e, S5 = lksBnbslles, and Ss = llo™ lr,.

Corollary 8.8.2. Assume the triangulations 75y and Trp match along the
interface T'y. If uflk}, pflk}, T}kh} and Té’;} solve (8.3.3) and (8.5.2) respec-
tively, then the errors erg = Ts — TS{];} and er, = Tr — Té’;} satisfy

lerslias + llerellar < (C'h%ldgc}ﬂx (|Plra + l2lk2 + |9F|K,2))

KGTp_h

+ 3 (ChNd - 16l

Kergh )
+ (Chtlofinla, - rlaa, ) + (CH3IE las - Bshaa)
+ (lkstadslin,) - (178 = T8 ir,)
where (jgc} and J{Sk} are defined by (8.8.7) and (8.8.5) respectively.

Comparing Theorem 8.8.2 with Theorem 8.8.1 and Corollary 8.8.2 with
Corollary 8.8.1, we see that the terms involving A° have dropped out and

the optimal order of convergence has been restored.
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Chapter 9

TIME-DEPENDENT INTERFACE
TRANSFER
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9.1 Introduction

Operator decomposition offers an attractive solution strategy for time-
dependent problems where different components of the solution evolve at
different time scales. In this chapter, we extend the operator decomposition
techniques and error analysis to time dependent problems coupled across
an interface. However, the interaction between integration and iteration
complicates the analysis. First, we introduce a model problem and define a
space-time finite element method. Next, we define several operator decom-
position schemes and present analysis for a subset of strategies. Finally, we
present numerical results demonstrating the stability and accuracy of these

schemes.

9.2 Model problem

Let €, and €2, be polygonal domains in R? with boundaries 8€); and
09, intersecting along an interface I' = 9Q; N 99,.

We consider parabolic interface problems of the form

(%4 4 Lyuy = fi, (x,t) € Q x (0, tn],
UI(X, 0) = U1,0, t =20,
Uy = 07 X € BQI\F,

%) = Us,

\ xel 9.2.1
{Alanul = A0pus, ( )
%1;_2 + Loug = f, (x,t) € Qy x (0,tn],
UZ(xv 0) = u2,0) t = O,

(U2 = 0, x € Q\T,

where Lyu; = —V-(A;Vu;) +¢u;, and 9, denotes the unit normal derivative

directed out of 2, with data f;, and coefficients A; > A;o > 0,b;, ¢, uip
sufficiently smooth functions for ¢ = 1,2. We assume the initial values

satisfy the boundary conditions and the interface condition.
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9.3 A Finite Element Method

Let T1 4 and Ty, be quasi-uniform triangulations of 2; and ), respec-
tively, which do not necessarily match along the interface, and divide the
time axis into subintervals I, = [t,-1,t,] where 0 < ¢} < t3 < ... < tn.

Define the piecewise polynomial spaces
S = {v €C(), ve PH(K) forall K € leh} ,

Sy ={veC(Q), ve PI(K) forall K € Top},

and

Vi={ve S, ve L*0,T) | ve P°(I,) Vn}.
Vo={ve S, veL*0,T)|ve PIL) Vn}.

We use V) to represent the functions in V) that are zero along the
boundary and the interface. Similarly, V5 consists of functions in V;, that
are zero on the boundaries excepting the interface. Let g be a smooth
function, m;g the projection of g into S;, and (m;p)g = (pm;)g the projection
into V;.

The discretization in space results in a system of ordinary differential
equations in time. We solve this ODE using the method of lines. Let U™ be
the finite element solution at time ¢, and approximate the time derivative
with the backward difference quotient (U™ —U™"!) /k,, where k, = t, —tn_1.

This is called the backward Euler method.

9.4 An Operator Decomposition Method

We solve the model problem iteratively. In Q;, we compute Dirichlet

condition, D(Uy, Us), along the interface, which may involve the U; and/or
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U, at a previous time or the current time, and solve for U'. In Q, we
compute Neumann condition, N(U;,Us;), along the interface, which may
involve the U; and/or U, at a previous time or the current time, and solve
for U7.

Some of the simplest iterative schemes are:

e The up-tooth method shown in Fig. 9.1. The name come from the
fact that it resembles a saw blade facing upwards. This method cor-

responds to D(Uy, Uy) = U3~ and N(U,, Up) = A,8,U7.

e The down-tooth method shown in Fig. 9.2. The name come from the
fact that it resembles a saw blade facing downwards. This method

corresponds to D(U,,Uz) = U and N(Uy,Us) = A,8,UF L.

e The x-cross method shown in Fig. 9.3. The name come from the
pattern in the figure. This method corresponds to D(Uy, Uy) = Up~!
and N(Ul, Ug) = AlanUF_l.

e The subcycled x-cross method shown in Fig. 9.4. This method is
similar to the x-cross method, but the information is updated within a
time step until convergence. This method corresponds to D(U;, Us) =
U;’{k} and N(Uy,Us) = AlanU{"{"}, where Uln’{k} denotes the solution
at time node t,, at the k** iteration. The initial values for the iteration

are UM% = U721 and 4,8,U71 = A8, U7

Formally, we seek U € V; such that

[ (@ =ur ) +a@r) d= [ (vd ©41)

I, In
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Y \ , —> |Pass Dirichlet
|
/ :
S

| | 1
1 i T

t1 t2 t3

Figure 9.1: The up-tooth iterative method for the parabolic interface prob-
lem.

U, N N —> | Pass Dirichlet
AN \ N
N \ \
A \ N
u, \J ‘J \J - - » | Pass Neumann

Figure 9.2: The down-tooth iterative method for the parabolic interface
problem.
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—> | Pass Dlnchlet

t t t

Figure 9.3: The x-cross iterative method for the parabolic interface problem.

— Pass Dirichlet

Figure 9.4: The subcycled x-cross iterative method for the parabolic inter-
face problem.
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for all v € Vjo with U} = D(Uy,U,) along I'. Next we seek U} € V, such

that

/, ((UF = UF=) k) + ag(U,0)) de = /, (farv) + (N(Us, Uy), v) dt,
" ’ (9.4.2)

for all v € V.

9.5 The adjoint problem and error representation formula

Consider the model problem (9.2.1). The standard adjoint boundary

value problem for the quantity of interest (¢1, u1(x, tn)) + (Y2, ua(x, tn)) is

(—%1 4 L1¢ =0, (x,t) € O % (tn,0],
A (x,tn) = 91, t=tn,
¢ =0, x € OM\T,
$1 = ¢2,
4 {A13n¢1 — 4By, xel, (9.5.1)
—%2 4 3¢, =0, (x,t) € Qy X (tn, 0],
$2(x,tN) = Yo, t =tn,
(42 =0, x € O\T,

where Li¢; = —V - (A;V ;) + c;s, and al(+,-) are the corresponding weak
forms for 1 = 1,2. We derive the error representation formula by combining

the techniques used in the previous chapters.
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0 (( 8¢1 )"’ 1¢1,61)> dt
Ot (( 8;12’62>+(L2¢2,62)> dt
/In (( o >+“1(¢’1761)) dt

n

() )

Z ((A28n¢2,€2)r — (A1Ond1,e1)r) d

II"

=S e+ /In((%?,cbl)m(el,m) @
Z (¢2,e2)li"_, /In (<%%,¢z) +(12(€2,¢2)> dt

In

+ Z/ (A1Bndy, UT — Up)r di
In JIn

We let [U;],—1 denote the jump term at time ¢,_; and rearrange some terms,

(W1, e) + (W2,e8) =(¢1,€) + D (¢1,[Uln-1)
I

o[ (G 0) rotee)

+ (¢, € )+Z(¢2» [Ua}n-1)+

/1,, <<8e2’¢2> + az(ez,fﬁz))

+2/ (A18n1, UT — Uz)r dt
I, VI

We observe that the test space V) consists of functions that are zero along
the interface, while in general, the adjoint solutions are nonzero along the

interface. Therefore, we use nl¢; as in previous chapters to denote the
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projection of ¢; into Vjo. This gives

(1, e1') + (12, €}) ¢1,61 + Z ¢1 — (pm)) b1, [Ur)n1)

v ((%¢ ~ (o201 ) +anler 1~ (o)) )
+ (¢2,€ )+Z ¢2 — (pm2)d2, [Uszln-1)

+ /1,. (<8e2,¢2 (p7r2)¢2) + az(ea, @2 — (PW2)¢2)>

+ Y [ (A18agy, Up — Up)r dt
I, Yn

+Z/ (A10e1, (pm2)d2)r dt.
I, Y1n

We substitute the data f; and f, for the true solutions and apply the
divergence theorem, taking care to include the necessary boundary terms.

We also note that (U;); = 0 over each I,,.
(wla ei\’) + (w% 62 ¢1a + Z ¢1 pﬂ-(]))d)la [Ul]n—l)

+ /, ((f1. 1 — (0n0)1) + ar(UT, 1 — (pn) )
+ (¢2’ 6(2)) + Z(¢2 - (p7l'2)¢2, [UZ]n—l)
In

/ ((f2, 2 — (pm2)b2) + a2(UZ, 2 — (pm2)é2))

/ A an¢17 ) dt
In
+ ;/In(N(Ul)Uﬁ, (pm2)d2)r di

where N (U, Us) is the normal derivative information obtained from previ-

ously computed values of U; and/or U,.
We isolate the error in the normal derivative by rewriting 7r?¢1 = M Pr1—

w¢ where the projection w¢ has support only near the boundary. This
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results in an additional term

([Uiln-1,wér) + / ((frywe1) — ar (U, we1)) dt,

In
over each subinterval I,,.
We define the recovered boundary flux at time ¢, to be o™ satisfying

—/ (o,v)r dt:([Ul]n—1,U)+/ ((f1,v) = aa(UT,v)) dt
I,

for all suitable test functions, v. As in previous sections, we use the basis
function in V; as the test and trial functions for o™, but we allow ¢™ to be
discontinuous wherever the boundary has a corner.

We substitute ¢™ into the error representation formula and finish with
(1, e) + (Y2, €)) =(¢1, €9) + Z ¢1 — (pm)é1, [Ui)n—1)

+ /, (1,61 — (pm)b1) + s (U, 61 — (pm) b))
+ (¢2,€9) + D (62 — (pm2)ba, [Ualn-1)

I
t /, ((far 2 — (7)) + ax(U. b2 — (pma)2))
+3 | (a0, U7 ~ U at

+Z / N(Uy, Ua), (pma)da)r — (0™, (pm1)di)r) dt

The first four lines can be interpreted as typical contributions to initial,
space, and time errors and are easily shown to be O(h% + k). We focus our
attention on the last two lines.

The last line represents the difference between the flux we compute and
pass, and the recovered boundary flux. Suppose we set N(Uy, Uz) = A10,U

as in the up-tooth scheme shown in Fig. 9.1. Let A;0,4} be the exact normal
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derivative given the data from the previous time step. We add and subtract
this term to obtain two components

Z (A10,UT — A10,07T, (pm2)d2)r + (A10R1T — o™, (pm2)d2)r dt.

I, YIn

If we insert norms, we see that the first component is O(h;) at best, while
the second component is typically O(h?). The O(h;) term has a pollution
effect and causes the global L? error to be O(h;) as well.

As an alternative, suppose we set N(Uy, Up) = o™. This leaves

21;:/171 (c™, (pma)d2)r — (™, (pm1)é1)r) dt.

If the triangulations match along the interface, i.e. (pm1)¢1 = (pm2)@2, then
this term vanishes from the error representation formula. If the triangula-
tions do not match along the interface, then we are left with a projection
error. We can control this by assuming the meshes are not too badly mis-
aligned.

The other term we are interested in,

S [ (40t U~ U)e
I, Yin

represents a jump term along the interface. Recall that we defined Ul =
D(Uy,Us). If we set D(Uy,Uz) = Up~! as in Fig. 9.1 or Fig. 9.3, we can
rewrite this as

> / (A18nh1, UF~t — UP)r dt.
I, Vin

This jump term depends on the coefficients A, and Aj, the size of each
region, and the length of the time step. We suspect that if A; >> Ay, then
the accumulation this jump term will be significant. If this is the case, we
may need to consider subcycling within a time step to drive this error below

the tolerance.
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9.6 Numerical Results

In this section, we present numerical results illustrating the effects of
operator decomposition on time-dependent interface problems. The first
example addresses the stability of a particular iterative scheme and shows
how subcycling allows the use of larger time steps. In the second example,
we show that passing the finite element flux introduces an additional error
in the solution, and that passing the recovered boundary flux removes this

eITor.

Example 9.6.1. Let Q; = [0,1] x [0,1] and Qg = [1,2] x [0,1]. Consider
9.2.1 with A; = 10, Ay = 1, ¢; = ¢p = 0, and initial conditions u;(x,0) =
uz(x,0) = 0. The boundary conditions and data, fi and fa, are chosen so

the ezact solutions are
uy = sin(7t)z?® sin(27z) sin(27y),
uy = 10sin(7t)z> sin(27z) sin(27y).

To discretize, we triangulate each of QU1 and Qy into 800 elements. These
triangulations match along the interface.

We set ty = 0.02 and use the z-cross scheme shown in Fig. 9.8 with
three different time steps: k = 0.001, k = 0.0005, k = 0.0001. In Fig. 9.5, we
see that the approzimation grows rapidly when k = 0.001 and if we decrease
the time step to k = 0.0005, the approzimation grows even more rapidly.
This indicates that the z-cross scheme ts unstable for large time steps due
to an accumulation of errors from the transfer of boundary information. If
we decrease the time step to k = 0.0001 the approzimation is stable. This
indicates that there is a critical value for the time step, below which the

z-cross scheme is stable.
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Figure 9.5: Plot of the L*®(0,t; L2()) errors for the x-cross method in
Example 9.6.1 for £ = 0.001, £ = 0.0005, and k& = 0.0001.

Nezxt, we use the subcycled z-cross scheme shown in Fig. 9.4 with k =
0.05. We use a relazation parameter to force convergence of the Dirichlet
values within each time step. In Fig. 9.6, we see that this method allows

much larger time steps while avoiding unbounded growth.

Example 9.6.2. Let Q; = [0,1] x [0,1] and Q2 = [1,2] x [0,1]. Consider
9.2.1 with A; =10, A3 =10, ¢; = ¢ = 0, and initial conditions u;(x,0) =
uz(x,0) = 0. The boundary conditions and data, fi and f3, are chosen so

the exact solutions are
uy = sin(mt)z® sin(27z) sin(27y),
ug = sin(nt)z® sin(27) sin(27y).

To discretize, we triangulate each of Q, and Qy into 800 elements. These
triangulations match along the interface.
We set ty = 0.5 and use the subcycled z-cross scheme shown in Fig. 9.4

with k = 0.01. We subcycle within a time step until the difference in the
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Figure 9.6: Comparison of the L*(0, ¢; L%(Q2)) errors in Example 9.6.1 for
the x-cross method with & = 0.0001, and the subcycled x-cross method with
k = 0.05.

Dirichlet value is less than 1 x 1078, For comparison, we also compute
the fully coupled approximation on the same space-time mesh and plot the
L>=(0,t; L2(Q)) in Fig. 9.7. We see that there is an additional error in
the operator decomposition solution. Since the subcycling removes iteration
error, we suspect that this error is due to passing the finite element fluz
from §y to Qy. In Fig. 9.8, we compare the subcycled z-cross scheme and a
similar scheme when the recovered boundary flux is passed rather than the
finite element flur. Comparing Fig. 9.7 and Fig. 9.8, we see that passing

the recovered boundary fluz removes the additional error.
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Figure 9.7: Comparison of the L*°(0,t; L%(Q)) errors in Example 9.6.2 for
the subcycled x-cross method and the fully coupled scheme with k& = 0.01.

10
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Figure 9.8: Comparison of the L*(0,t; L2(Q2)) errors in Example 9.6.2 for
the subcycled x-cross method when the finite element flux is passes and

when the recovered boundary flux is passed.
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Appendix A

FINITE VOLUME ELEMENT METHODS
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A.1 Formulation

Petrov-Galerkin finite element methods are different from the Galerkin
method in that the test and trial spaces are not the same. In fact, the
test and trial spaces may not even be subspaces of the same Hilbert space.
For this reason, we need to generalize the Lax-Milgram theorem to include
bilinear forms mapping a : U X V — R where U and V may be different
Hilbert spaces.

Theorem A.1.1. Let W,V be Hilbert spaces and a(-,-) : W xV — R. The
variational problem seeking u € W such that

a(u,v) =< f,v >, forallveV
with f € V* has a unique solution if and only if
1. (Continuity) There exists C > 0 such that
|a(u, v)| < Cllullwlvilv,
forallue W andv e V.

2. (Inf-sup) There exists a > 0 such that
a(u,v
b (u,v)

> allu|lw
SUP il lullw,

forallue W.

3. For allv € V there exists u € W with a(u,v) # 0.

Remark A.1.1. The Lax-Milgram theorem follows as a special case of
theorem A.1.1. Notice that if W = V then coercivity, a(u,u) > a|ul|?
implies the inf-sup condition.

A.2 The finite volume element method

The key to a finite volume method is the discrete conservation of certain
quantities over a given volume. There are two ways to derive this. The first
technique integrates a governing partial differential equation over a given
control volume. Consider the nonlinear conservation law

Ou+V-fluy=0, ze€Q (A2.1)
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with initial condition u(zx,0) = u¢(z) and appropriate boundary conditions
on 99. Integrating (A.2.1) over a control volume, V', and applying the
divergence theorem gives

LA . / £(u) -n dS = 0. (A.2.2)
at av

where n is the outward pointing normal of unit length. The second deriva-
tion does not assume a global, pointwise-defined differential equation. In-
stead, it begins with a physical conservation balance to relate volume inte-
grals with net surface integrals. Observe that (A.2.2) states that the rate
of change of a quantity, u, over a control volume V is equal to the total flux
of the quantity through the boundary, V. It is straightforward to include
a source term on the right hand side of (A.2.2).

Example A.2.1. Scalar Transport
Consider a scalar quantity, ¢, which solves the PDE

8ip— V- (aVe)+ V- (bg) = s.

The corresponding balance equation for a control volume V is given by

/a@dv—/ av¢-nds+/ ¢b~ndS=/st.
14 av ov |4

Example A.2.2. Conservation of Momentum
Consider the pointwise conservation equations for momentum in fluid flow

g(u.)+i(u.u.)_i %+% 9P _
ot P Bzvj pUsti 8.’123' H 3.’L’j 3rzj 6:0,- B

using the Einstein summation notation. The corresponding control volume
balance equation is

0 Ou;  Ou;
—(pu;) dV iui)n; dS — : 2 ) n;
/V Y (pu;) dV + /av(pu,u m; /av'u <8mj + Bmi> n; dS

v \4

S4

Given a triangulation, Tj, there are numerous ways to construct con-
trol volumes. Most of these are either cell-centered of vertex-centered finite
volume schemes. A cell-centered finite volume scheme uses the elements
themselves as control volumes. While this may be the simplest construc-
tion, the resulting approximation is usually discontinuous along element
interfaces which may not be desirable. A vertex-centered finite volume
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Cell-centered Vertex-centered

Figure A.1: Example of cell-centered and vertex-centered control volumes.

scheme decomposes each element into smaller sub-control-volumes and as-
sociates each of these with a node as shown in Fig. A.1. In this case the
collection of these control volumes is often referred to as the dual mesh,
Ty. Nearly all techniques for constructing the dual mesh connect a point
in the interior of an element, such as the barycenter, with points on the
element edge, eg. the midpoints. Since each node in T}, is associated with a
control volume in the dual mesh, this provides a natural projection into the
space of continuous piecewise linear polynomials on T},. This is one of the
advantages it holds over traditional cell-centered schemes. The remainder
of this survey uses vertex-centered control volumes and we will refer to the
resulting method as the finite volume element (FVE) method.
For simplicity, we will focus on discretizing the stationary elliptic prob-
lem
{—v (AVW) = f, x€Q (A2.4)
u =0, x € 002

where a(z) is a smooth function with a(z) > ap > 0 and source term
f(z) € L?(). Let T}, be a triangulation of Q and 7}, the dual mesh with
V a control volume. Define

Sy = {v e C(Q) N P(K), VK € Ty},

the space of continuous piecewise linear polynomials on T}, and the corre-
sponding space
52 = {’U € Sy I 'U|3Q = 0}.

The goal of the finite volume method is to find U € S? which satisfies

—/ AVU-ndS:/de, (A.2.5)
v \4
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for all control volumes V' € T}. In general, these integrals must be evalu-
ated using quadrature. The midpoint rule will be used for all surface and
volume integrals as depicted in Fig. A.2. The discussion in [53] treats these

\\ /
/
‘.,\ bl X I . . .
\ S *  Valume integration paint
‘\ 7N ,"
\ ~ ~.. S . . .
W LS ® Surace inlegration painl
\re’ N
" >
\ X !
\ /
N ;
\
\ ),/
\\ /,

Figure A.2: Midpoint quadrature rules for sub-control volumes and surfaces.

integration points as new variables which must be determined in terms of
the nodal variables via integration point operators. The natural way to
do this is to use direct interpolation of the Lagrange basis functions. For
example, an integration point at the centroid of an element would depend
equally on all of the nodal variables. This works well for diffusion domi-
nated problems, but often fails when the problem has strong convection. In
this case, it is common to use an upwind method to relate the integration
variables to the nodal variables [53].
The trial space for the finite volume problem (A.2.4) is

Sp={veC)|ve PYK), K € Tp},
and the test space is
Sp={ve L*(Q)|ve P(V), VeT}}.
We define the projection 7' : C(Q2) — S}, by
=3 va ),
VeT,

where zy is the node associated with the control volume V and xy is the
characteristic function over V. In addition, let m : C(2) — Sy denote the
usual nodal interpolant. The FVE method for (A.2.4) finds U € Sy, such
that

a(U,v) = (f,v), YveS;, (A.2.6)
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with
a(u,v) = Z - AVu-nvdS,
ver, YoV
and (f,v) the standard L? inner product.

Remark A.2.1. The bilinear form in (A.2.6) is actually defined to be

a(u,v) / AVu - -VoudV — AVu-nvdS.

If v € S}, then Vv = 0 and the first term drops out. On the other hand, if
v and Vu are continuous across control volume interfaces, then the second
term drops out.

Existence and uniqueness will be shown for (A.2.6) in the discrete
spaces S and S;. First we prove a couple of lemmas for this particular
bilinear form.

Lemma A.2.1. Let vy, and wy be arbitrary functions in Sp. Then

a(vp, wp — mwy) = Z Aa un(wp, — 7wy )dS.

TeT),

Proof. We use the definition of the bilinear form and apply the divergence
theorem over each sub-control volume

a(vp, wp — Twy) = Z / AV, - V(wp, — m'wy)dz

VeT,,

- Aanvh(wh - ﬂ’wh)dS
av
= Z Z AVvh : V(wh - w'wh)dx
ver, scvev ¥ SCV
— ABpup(wp, — mwy)dS
J oV
= Z Z ~V - (AVvp)(wp — 7'wp)dz
ver, scvev Y SCV
+/ Aanvh(wh - n'wh)dS
ascv

—/ ABpvp(wy — 7wy )dS

ov
= Z Aanvh(wh - 7r’wh)dS
KeTy, V0K
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The last line follows from the fact that part of the boundary of each sub-
control volume is the boundary of an element, K, and part is the boundary
of a control volume, V. Those over the control volumes cancel with the
boundary terms already present, leaving only the integrals over the bound-
aries of the elements in T}.

Lemma A.2.2, Let v, and wy be arbitrary functions in S,. Assume u
is the true solution of (3.3.1) and satisfies (8.1.8), and A(z) > Ag > 0 a
smooth function. Furthermore, assume that the control volumes are formed
using the barycenter of each element and the midpoint of each edge. Then
we have

|a(vn, wh — 7'wh)| < Ch?||lwalli | fllo-

Proof. We have restricted the control volumes to be formed using the barycen-
ter and the midpoint of each edge and because wy is piecewise linear and
n'wy, is defined to be the interpolant at the nodes, we have

/ (wp — w'wy)dS = 0.
oK

Since O,vy, is constant on each element we may write

Aanh(wh — 7r’wh)dS = / (A — Z)@nvh(wh — 7r’wh)dS,

oK 0K

where @ is a piecewise constant function defined to be the average value of
a(z) over an edge. Now we use the continuity of 8,u across element edges

to bound
la(vp, wp — Twp)| = (A — A)Bn(u — vp) (wy — T'wy)ds
KeTh oK
< Z 14— Allox |lu — vl ox lwn — mwhlox
KeTy
< Y7 ChENAllvoxllu — valls o llwnlh,ox
KeTy,

where we have used Taylor’s theorem to estimate
1A = Allox < Chi||Allvox

and the interpolation result

fwp — Twpllag < Chillwellyox-
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Now, the fact that wy, € C(Q) is linear over K, implies ||wi|l1,06 < Cllwrll1,k-
We use this result and a trace theorem to conclude

la(vn, wn — wwp)] < D Chi| Allekllwllox llwll, i
KeTy,

Ch?|lwall1ll fllo-

INA

A similar argument proves the following lemma, which may also be found
in [22, 33, 32, 39, 43].

Lemma A.2.3. Let vy, and wy be arbitrary functions in S, and A(z) >

Ap > 0 a smooth function. Then we may bound

(a(vn, Tws)| < Chllvallsllwall.

We are now in position to prove existence and uniqueness.

Theorem A.2.1. Existence-Uniqueness

Let T}, be a quasi-uniform triangulation of Q, T} a dual triangulation,
and a(z) > ag > 0. Assume that the bilinear form a(:,) is coercive over
Sk X Sp, i.e. there exists a > 0 such that a{vp, va) > a||vp|l1 for all vy € Sh.
Then the weak problem

a(U,v) =< f,v >, forallveS;,

has a unique solution U € Sy, for any f € L*(€).

Proof. We need to show the three conditions in Theorem A.1.1 are satisfied.
Continuity of the bilinear form is guaranteed by Lemma A.2.3. The third
condition is apparent from the bilinear form. The most difficult to prove is
the inf-sup condition. From Lemma A.2.1 we have

a(U,n'U) = a(U,U) = > [ ABU(U —'U)dS.

KeT,, V9K

We have assumed that the bilinear form is coercive over S X Sy, so we have

la(U,7'U)} = |a(U,U) = ) / A8 UU - 7'U)dS
KEeTy, oK
> lUU) - > / ABU(U — ©'U)dS
KeT, /0K
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> al|lU)? - Z/ ABU(U = w'U)dS
KeTy, oK
> a|U|} - ChlU|}

Now we choose h small enough so that « — Ch > 0.

Intuitively, one would expect the error in the L? norm, |lu — U||12(q,
to be O(h?) since U is a piecewise linear approximation. This would be
consistent with the piecewise linear interpolant and the standard Galerkin
approximation [15]. But we also expect that there should be a trade-off from
using piecewise constant test functions rather than piecewise linear func-
tions. The main result in [33] shows that we need to assume some additional
smoothness in the source term f(x) to recover second order accuracy.

Lemma A.2.4. Assume that Q is a convez polygonal domain and v and U
are the solutions to (A.2.4) and (A.2.6) respectively. Further, suppose u €
H%*(Q), f € H? with0 < 8 <1, A(z) a smooth function with A > Ay > 0,
and wy an arbitrary function in Sy. Then there exists a constant C > 0
such that

la(u — Uywy — w'wn)| < Chllwall (W15 + A1 flo) . (A2.7)

Proof. We use the fact that a(-,-) is linear in the first argument to split
a(u — U,wp — m'wy) = a(u, wp, — 7'wy) — a(U, wp, — m'wy),
and estimate each term independently. Since u solves (A.2.4) we have
a(u,wp — Twr) = (f,wp —7'wy) (A.2.8)

If the control volumes are formed using the barycenter and the midpoints
of each edge, then we have

/ (wp, — 7'wp) dz = 0,
K

for K € Ty. Note that this only works because wy, is a linear function on
K. This allows us to write

a(u, wp — 7'wy) = (f — fx, wn — T'wy),
where fx is a piecewise constant function equal to the average value of f

over each element. We would like to claim ||wp — 7'wa||x < Chi||wal|1,x,
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but this is not immediately clear since 7wy, ¢ H!(K). The approach in
(33, 32] uses a discrete norm

Nwnllany.x = (T'wh, Twp) + Z Z meas(V;) ((U(z:) — U(-'Ej))/dij)27

TiENp z; €M1(3)

where N, is the set of nodes in the triangulation, I1(7) the set of nodes
which share an element with z;, and d;; the distance between z; and z;. This
discrete norm is first introduced in {17] where it is shown that ||wp—7'wy || <
Ch|lwrl(1,1),k, and that the discrete norm is equivalent to the H! norm for
wy, € Sp. This allows us to bound

la(u, wn — 7'wy)| |(f — fr, wn — 7'wp)]

A

> F = frllxllwn — w'walix
KeTy,

< > CRM™P||fllpllwallx
KeT,

< CR* fllgllwn .

This provides a bound for the first term. The second term, a(U, wy — 7'wy),
is easy to bound using Lemma A.2.2

|a(U, wh — m'w)] < CA*|lwall1]| Fllo-

Theorem A.2.2. H! Error Bound

Assume that Q is a conver polygonal domain and u and U are the
solutions to (A.2.4) and (A.2.6) respectively. Further, suppose u € H?(f),
f € L) and A(z) a smooth function with A > Ay > 0. Then there ezists
a constant C > 0 such that

lu = Ully < Ch|fllo- (A.2.9)

Proof. This proof resembles the H! error bound for the Galerkin finite
element method. The key difference is the Galerkin orthogonality, a(e,v) =
0, which only holds for v € S}. Before beginning, we define wy = 7w — U
and note that

lwally < flu = Ully + Chljullz,
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using the triangle inequality and an interpolation result. Let C denote a
generic constant independent of A.

alu—Ul|} < a(u-Uu-U) coercivity
= a(u-Uu— 7u)
+a(u — U,mu—U) +a(u — U, mu)
= a(u—U,u— 7u)
+a(u — U, ws) wp=7u—U
= a(u—U,u—mu)
+a(u — U, wp, — 7'wy) orthogonality
< Cllu—=Uli|lu — mul, continuity
+Chlfwrll (1o + bll 1) Lemma A.2.4
< Cllu=Ulls|lu - mulls + Chllwnll o
< Cllu=Ulhllu — muf
+Ch (Jlu = Ully + Ch|luli2) )| fllo see above
lu=Uli < Cllu—muly + Chifll div. allu - Ul
< Chl\flo

Theorem A.2.3. L? Error Bound

Assume that 0 is a convexr polygonal domain and w and U are the
solutions to (A.2.4) and (A.2.6) respectively. Further, suppose u € H?(),
f € HP with 0 < B < 1, and A(zx) a smooth function with A > Ay > 0.
Then there exists a constant C > 0 such that

lu=Ullo < C (Rllulla + h"™*°|| fllg + R2[1fllo) - (A.2.10)

Proof. The proof is similar to the L? error bound for the Galerkin finite
element method. We let ¢ solve the adjoint problem

{—v (AVe) =9y, zcQ (A.2.11)
¢ =0, z € 99,
and denote ¢p, = Mo to avoid writing 7'(7w).
lu-Ulg = a*(¢,u—U) weak adjoint
= a(u-U,¢) def. of adjoint
= a(lu—U,¢—¢p) +alu—U,dep) ta(u — U, wy)
= alu—U,¢—¢p)+alu—U, ¢, — m'dp) orthog.
< Cllu=Ullill¢ — ¢nll continuity
+Chlignll (RN flls + Rl llo) Lemma A.2.4
< Ch*ull2llgl]2 H! bounds
+Chl|nlls (W) flls + CRII o)
< Ch*|ullallu—Ullo
+Chllu—Ullo (R°|| flls + Al fllo) regularity
lu=Ullo < C(Wluls+ B2 fls + R fl))  div. Ju— Ul
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Theorem A.2.4. a-posteriori L? Error Bound
Assume the bilinear form in (8.8.2) is continuous and coercive, and u
satisfies (3.1.3). Then the finite element solution to (3.3.8) satisfies

lu=Ulle < > CSkhk (If = LUllox + 1 fllox)

KeTy,

+ 3 OSichrc (Wl Floe + bl o)

KeTy,

where Sk = ||¢ll2,x and Sk = ||énll1,k are local stability factors.

Proof. Let ¢ solve the adjoint problem (A.2.11) and recall from the previous
theorem

”u - UHO = a’(u - Ua ¢ - ¢h) + a‘(u - Ua ¢h - 7T,¢h),

where ¢, = m¢. The first term was estimated in Theorem 3.3.3 where we
showed

la(u=U,¢ = n)| < D CSxchik (If = LU ok + I fllox) -

KeTy,

Next, notice that within the proofs of Lemmas A.2.2 and A.2.4 we showed

la(u, én — 7'én)| < D Chid®lignlhxl flox,

KeTh

and

la(U, ¢n — m'¢n)| < D CSxchicllgnllxllfllox,

KeT,

respectively. Combining these three results gives the desired error bound.

A.3 Estimating a linear functional

Consider the model problem

{—\7 (AVu) = f, x€(0,1) x (0,1) (A.3.1)

u=20, x € 00

with A =14z +y and f(z,y) chosen so that the true solution is u(z,y) =
(1 - z)y?(1 - y).
We let e = u — U and use the adjoint problem

V- (AVH) =¥, x€(0,1)x (0,1)
{gb =0, x € 00 (A.3.2)
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to estimate the linear functional < ,e > with the error representation
formula

<tp,e> = a*(¢,e)
= ale, ¢)
= <f»¢>—a(Us¢)'

In the first example, we take ¢ = 1 to estimate the average error. We
use the piecewise quadratic finite element method to solve the adjoint and
display the results in Table A.1.

We also want to compare different methods for solving the adjoint
problem. It is clear that any approximation of the adjoint solution, which
we denote @, cannot lie in the test space, for this would imply a(e, @) =
0. On the other hand, Petrov-Galerkin methods produce approximations
which are not in the test space. Therefore, it is natural to wonder if we
can achieve accurate estimates if we use the same method to solve the
primal and adjoint problems. Table A.2 shpws the estimates achieved using
the piecewise quadratic finite element method (cG(2)), the piecewise linear
finite element method (¢G(1)), and the FVE method. We see that the two
plecewise linear approximations do not capture enough information from
the adjoint problem to provide reliable estimates.

In the second example we want to estimate the error at the point
(0.5,0.5). We use

Y = %Qexp(—400(a: —0.5)% — 400(y — 0.5)?)

to approximate a delta function centered at (0.5,0.5). The results are pro-
vided in Table A.3. Note that we have compared the estimates with the
exact functional < 1, e > rather than the actual error at (0.5,0.5).

Elements | DOF | True Error | Adjoint Est. | Effect. Ratio
192 120 | 1.2925e-4 1.3796e-4 1.0674
517 293 | 4.3009e-5 4.2971e-5 0.9991
1229 667 | 2.0268e-5 2.0262¢-5 0.9997
2148 1143 | 1.1502e-5 1.1500e-5 0.9998

Table A.1: Estimates of the average error using piecewise quadratic finite
elements to solve the adjoint problem.
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Elements | DOF | Adj. ¢cG(2) Est. | Adj. ¢G(1) Est. | Adj. FVE Est.
192 120 1.3796e-4 -9.2348e-7 -9.2146e-7
817 293 4.2971e-5 -6.9282e-7 -6.9296e-7
1229 667 2.0262e-5 -1.3175e-7 -1.3178e-7
2148 1143 1.1500e-5 -1.1081e-7 -1.1082e-7

Table A.2: Comparison of using different numerical methods to solve the

adjoint.

Elements | DOF | True Fctl. Error | Adjoint Est. | Effect. Ratio
192 120 1.7932¢-4 1.7922e-4 0.9994
1229 667 2.6965e-5 2.6958e-5 0.9997
2148 1143 1.4896e-5 1.4894e-5 0.9999
4951 2580 6.3841e-6 6.3837¢-6 0.9999

Table A.3: Estimates using the linear functional ¥ = %exp(—400(x —
0.5)% — 400(y — 0.5)2).
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Appendix B

SOFTWARE DOCUMENTATION
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B.1 Introduction

ACES (Adaptive Coupled Equation Solver) is a MATLAB software
package designed to solve multiphysics problems, linear or nonlinear, sta-
tionary or time-dependent, with a flexible framework allowing the user to
apply tight and loose coupling to any component of the differential equa-
tion. This includes problems where a variable in one domain is coupled
to another variable in a different domain via an interface condition, even if
different numerical methods are used in each domain and the discretizations
do not align along the interface. ACES also incorporates the adjoint-based
error estimation and adaptivity as described in [10, 26, 27, 18, 30, 31, 28].

ACES is a powerful research tool for anyone interested in developing
new techniques for solving small to medium scale (;500,000 unknowns) mul-
tiphysics problems. The code is free to download from my webpage:

http:\\www.math.colostate.edu\"wildey

Please feel free to modify the code to best meet your own needs. Comments,
questions, suggestions, and code contributions can be sent to

t_wildey@yahoo.com

B.2 TUser Manual

To create an application, the user designs an input file which calls the
appropriate subroutines. The basic structure of the input file is as follows:

e Geometry: define the mesh and the boundary information
e Physics: define the coefficients

e Initialize: sets up the basis functions and interpolation variables on
the mesh

e Solve: compute the approximation
e Post-processing: visualize the results

The main structure used by the code is called ACES. In the next section,
we describe some common fields associated with this structure.
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B.2.1 Common fields in ACES

In the following descriptions, N will denote the number of variables,
P, the number of degrees of freedom for the nt* variable, M the number
of meshes, K,, the number of elements on the m** mesh, T the number of
time nodes, and P, ; the number of degrees of freedom for the nt® variable
on the k** element.

ACES.physics An N x N structure array containing the coefficients and
boundary conditions for the differential equation.

ACES.settings A structure containing the application settings such as
the dimension, element shape, degree of the basis functions, quadra-
ture rule, etc.

ACES.mesh A 1 x M structure array containing the nodes and element
pointers for each mesh. Also contains a list of the nodes and elements
on each boundary as well as the additional nodes that higher order
polynomials use.

ACES.elist A 1x M structure array containing the field element, which is
a 1x K, structure array containing all of the integration information,
basis functions, and neighbor information for the elements on that
particular mesh.

ACES.basisMaps A structure containing the sparse matrices which map
values at the nodes to values at the integration points. These maps
are used to assemble the global matrix and to efficiently compute
nonlinear coefficients. The sparse matrices stored in

ACES.basisMaps(ml,m2) .vars(p).qrule(q)

map the nodal values for a polynomial of degree p on mesh m2, to the
integration points for quadrature rule ¢ on mesh m1.

ACES.boundaryMaps A structure containing the sparse matrices which
map values at the nodes to values at the integration points on the
boundary.

ACES.matrizContr An N x N structure array containing the contribu-
tions to each block in the global matrix and the global load vector.

ACES.matriz The sparse global matrix.
ACES.load The global load vector.
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-1 -05 0 05 1
Figure B.1: A sample mesh generated by distmesh.

ACES.constraint A 1 x N structure array containing the constraint in-
formation, such as boundary constraints, average value constraints,
and point constraints, for each variables.

ACES.sol The global solution.

ACES.localsol A 1 x N structure array containing the solution for each
variables extracted from the global solution.

ACES.solution A N x T structure array, where T is the number of time
nodes. This contains the fields sol and polysol. Both are P, x P,
matrices. The field sol contains the solution on each element as node
values, while polysol contains the solution on each element as a poly-
nomial.

B.2.2 Creating a mesh

Any mesh generation software can be used with ACES, as long as
it outputs a list of nodes, and a list of pointers (triangles). MATLAB'’s
Delaunay triangulation is an example of code with such output.

The mesh generation program used for most of the benchmark prob-
lems is called distmesh, by Per-Olof Persson [51] and is freely available on
the MATLAB file exchange. This package is capable of creating nearly
uniform triangulations of any geometry defined by a set of parametric
curves. A demonstration of the capabilities of distmesh is provided in
distmeshdemo.m.

Example B.2.1. To create the mesh shown in Fig. B.2.1, we type,
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fd=inline(’ddiff (drectangle(p,-1,1,-1,1),...
dcircle(p,0,0,0.4))’,'p’);

box=[-1,-1;1,1];

fix=[-1,-1;-1,1;1,-1;1,17;

hsize=0.05;
[p,t]=distmesh2d(fd,@Ghuniform,hsize,box,fix);

B.2.3 Defining the boundary information

The boundary information is defined in
ACES.physics(n,n).boundary(j),

where n is the variable number, 1 < 7 < M and M is the number of
boundary segments. If there is only one variable, then the (n,n) reference
may be dropped.

The code expects

ACES.physics(n,n).boundary(j).location

to be an inline function which evaluates to zero when a point is on the
boundary. The field
ACES.physics(n,n).boundary(j).type

is a string giving the type of the boundary condition. The code recognizes
"Dirichlet’ or 'D’, 'Neumann’ or 'N’, and 'Robin’ or 'R’. The last field in
this category is

ACES.physics(n,n).boundary(j).value,

which gives the value of the boundary condition. Typically, this is an inline
function or a constant.

Example B.2.2. Suppose we want to use homogeneous Dirichlet conditions
on the unit square.

ACES.physics.boundary(1) .location=inline(’x-17);
ACES.physics.boundary(2).location=inline(’y’);
ACES.physics.boundary(3).location=inline(’y-1’);
ACES.physics.boundary(4).location=inline(’x’);

ACES.physics.boundary (1) .type=’Dirichlet’;
ACES.physics.boundary(2) .type=’Dirichlet’;
ACES.physics.boundary(3) .type=’Dirichlet’;
ACES.physics.boundary(4) .type=’Dirichlet’;

ACES.physics.boundary(1).value=inline(’0’);
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ACES.physics.boundary(2) .value=inline(’0’);
ACES.physics.boundary(3) .value=inline(’0’);
ACES .physics.boundary(4) .value=inline(’0’);

Example B.2.3. Suppose we want to define boundary information for the
mesh in Fig. B.2.1. The boundary conditions for the box will be inhomoge-
neous Dirichlet, and for the circle will be homogeneous Neumann.

ACES.physics.boundary(1).location=inline(’x-17);
ACES.physics.boundary(2).location=inline(’y+1’);
ACES.physics.boundary(3) .location=inline(’y-1’);
ACES.physics.boundary(4) .location=inline(’x+1')};
ACES.physics.boundary(5) .location=inline(’x"2+y~2-0.572");

ACES.physics.boundary(1) .type=’Dirichlet’;
ACES.physics.boundary(2) .type=’Dirichlet’;
ACES.physics.boundary(3) .type='Dirichlet’;
ACES.physics.boundary(4) .type=’Dirichlet’;
ACES.physics.boundary(5) . type=’Neumann’;

ACES.physics.boundary(1).value=inline (’sin(pi*y)’);
ACES.physics.boundary(2).value=inline(’sin{(pi*x)’);
ACES.physics.boundary(3) .value=inline(’sin(pi*x)’);
ACES .physics.boundary(4) .value=inline(’sin(pi*y)’);
ACES.physics.boundary(5).value=inline(’0’);

Over 40 predefined geometries and boundary conditions are included
in the ACES package. Each of these are defined in separate function files
within the geometries directory. These functions can be accessed directly
from the input file with the command

ACES=useGeometry(’geometry_name’ ,hsize);
where hsize is the average element size. To add another mesh, type
ACES=useGeometry(’geometry_name’ ,hsize,ACES);

At this point, ACES.physics(1,1) contains all of the boundary information
for the first mesh, and ACFES.physics(2,2) has the information for the sec-
ond.

If more than two variables are to be used, be sure to copy the correct
boundary information.
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B.2.4 Defining the physics

We think of the physics structure as an N x N block system of fields,
where N is the number of variables. This perspective is particularly useful
when dealing with large systems of coupled differential equations. The
coefficients are usually defined as inline functions or constants.

Example B.2.4, Consider the differential equation
—V - ((2 + sin(z)) Vu) + (22, 1)T - Vu + ey = 1,

We would define the physics as

ACES.physics.a=inline(’2+sin(x)’);
ACES.physics.bx=inline(’x."2%);
ACES.physics.by=inline(’17);
ACES.physics.c=inline(’exp(sin(x))’);
ACES.physics.f=1;

Example B.2.5. Consider the coupled system

—Auy +3u;+4uy =1, z€Q
—1.5Auy — Vuy = 0, ze

We would define the physics to be

ACES.physics(1,1).a=1;
ACES.physics(1,1).c=3;
ACES.physics(1,1).£f=1;

ACES.physics(1,2).c=4;

ACES.physics(2,1) .bx=-1;
ACES.physics(2,1) .by=-1;

ACES.physics(2,2).a=1.
ACES .physics(2,2) .f=0;

B.2.5 Initialization

Initialization is one of the key steps in solving a system of differential
equations in ACES. Given a mesh and a number of user defined settings,
the function initialize.m assembles all of the pre-solve information. This
includes

e Determining all of the integration points and weights.
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Creating all of the basis functions.

Evaluating the basis function (and derivatives) at the appropriate
integration points.

Assembling the neighbor and boundary information.

Creating sparse matrices mapping nodal values to integration point
values.

A list of all of the functions called within initialize.m and their purpose is
provided in Table B.1. The basic command to initialize the problem is

Function Purpose
updateSettings Changes the settings from the defaults
createJacobian Creates the integration maps and Jacobians
gaussPoints Maps the integration points to each element.

getIntegrationlnfo | Assembles the global integration information.
getEdgelnfo Gets the neighbor and boundary information.

projectOldSol Projects an old solution to the current mesh.
basis Determines the basis functions.
basis Vals Creates the sparse maps.
getBoundaryMaps Creates the sparse boundary maps.

Table B.1: Functions called within initialize.m.

ACES=initialize(ACES);

although a number of settings can be changed from the input file. A list
of the most common settings for initialize.m is given in Table B.2. As an

Setting Purpose Value Default
usemesh mesh for each variable 1 x N vector | ones(1,N)
degree degree for each variable |1 x N vector | ones(1,N)
quadrule | quadrule for each variable | 1 x N vector | ones(1,N)
method | method for each variable | 'FE’ or 'FV’ 'FE’
status turns statusbar on/off 0=off, 1=o0n 1
appinfo | output the application info | 0=off, 1=on 1

Table B.2: Optional settings for initialize.m. N is the number of variables.

example, suppose the problem has five variables, and we want the first,
second and fourth variable to be piecwise linear, the third to be piecewise
quadratic, and the fifth to be piecewise cubic. If all of the variables use the
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same mesh and their respective natural quadrature rules, then the command
will be

ACES=initialize(ACES, ’degree’,[1 1 2 1 3]);

If all of the variables use the same mesh and the same quadrature rule, then
the command will be

ACES=initialize(ACES,’degree’,[1 1 2 1 3],’quadrule’,3);

where '3’ represents the standard quadrature rule for piecewise cubic func-
tions.

B.2.6 Solving

After defining the geometry, settings the physics and initializing the
problem, the next step is solving the problem. This is accomplished by
typing
ACES=solve (ACES) ;

The optional argumuments are entered as setting-value pairs as previously
described for initialize.m. A list of the settings available in solve.m are pro-
vided in Table B.3. Next, we briefly describe the matrix assembly process.

Setting Purpose Value Default
solver change the solver GE, NL, TD GE
whichvars variables to solve for 1 x N, vector (1,2,...,N]
status turns statusbar on/off 0=oft, 1=0n 1
reAssemble [ reassemble the pw poly 0=off, 1=o0n 1
timemethod time integrator BWE, FWE, CN BWE
timetol inner tolerance small number 1E-4
timespan time nodes 1 x Nr vector 0:01:1
reCM matrix - how often number
reBC BC’s - how often number 1
staggerSolve stagger variables cell {1: N}
lumpedmass lump mass matrix 0=off, 1=on 1
maxNLiter max. nonlinear iter. number 25
NLtol nonlinear tolerance small number 1E-6

Table B.3: Optional settings for solve.m.

We provide the details for computing the stiffness matrix, A, in 2D where

Ay = / AVu; - Vo, dz.
Q
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Define N, and N, to be the number of degrees of freedom and the
number of integration points respectively in the mesh. Let M, and M, be
the sparse N; x N, matrices mapping the nodal values to the x-derivative
values and the y-derivative values at the integration points. Let A; be a
vector containing the value of the diffusion coefficient at the integration
points.

The stiffness matrix can be written

A=MIDM; + M]DM,,

where D is an Ny x N, sparse diagonal matrix with A; on the main diagonal.

Since the basis maps are computed and saved in the initialization pro-
cess, assembling the stiffness matrix requires an evaluation of the diffusion
coefficient at the integration points, followed by a few sparse matrix mul-
tiplications (even if the problem is nonlinear). In MATLAB, this is much
faster than an assembly algorithm using element matrices.

B.2.7 Postprocessing

No finite element software package would be complete without some
basic tools for post-processing the results. The main component is usually a
visualization tool. In ACES, this function is called FEMplot.m. A number
of quantities can be plotted for 1D or 2D problems. For example,

FEMplot (ACES, ’u’)

plots the first variable,

FEMplot (ACES, 'u3x’)

plots the x-derivative of the third variable,

FEMplot (ACES, 'mesh2’)

plot the second mesh. For a list of all of the options in FEMplot, type
help FEMplot

Another common post-processing tool integrates certain quantities over
the domain. This is particularly useful to compute linear functionals, or
to provide a basis for adaptivity. In ACES, the integration tool is called
integrate.m. This function uses a high order integration rule to integrate
an inline expression. The basic command is

[I,ACES]=integrate (ACES, expression)
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where expression is an inline function which can depend on any of the spatial
variables, the finite element solutions, or any of the physics coefficients. See
getFunction Vals.m for a complete list of options. The value of the global
integral is the output /. The value of the integral over the k** element on
the M*" mesh is saved in ACES.elist(M).element(k).ezpression and can be
plotted by typing

FEMplot (ACES, ’expressionM’)

where M is actually the mesh number.

B.2.8 Sample input files

Example B.2.6. Define 2 = (0,1) x (0,1) and consider the elliptic differ-
ential equation,

—V - (Vu) + 10u = (8x2 + 10) sin(2nz) sin(2ny), z € Q
u =0, z € 0N,

with exact solution u(z,y) = sin(2nx) sin(2ny). We solve this problem using
piecewise linear finite elements on a mesh with hsize = 0.05. The input file
is provided below.

%_Define the Geometry

[ACES]=useGeometry(’unit_square’,0.05);
%_Define_physics

ACES .physics.a=inline(’1’);

ACES.physics.c=10;

ACES .physics.f=inline(’ (8*pi~2+10)*sin (2*pi*x) *sin(2*pi*y)’);
%_Initialize __________ __ __ .

[ACES]=initialize(ACES);

d_S0lvVe
[ACES]=so0lve (ACES);
%_Post_process

FEMplot (ACES,’u’)
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Example B.2.7. Define Q = (0,4) x (0,1) and consider the Navier-Stokes
equations,

—vAu + py(u - V)u + Vp =0,
-V -u=0,

T

with u = (u,v)?. We define the inflow boundary condition

u=yx*x(1l-y), v=0,
along z = 0, and the outflow boundary condition
vo,u=0, vo,v=0,

along x = 4, and set uw = v = 0 along the remaining boundaries. To
constrain the pressure, we set p(4,0.5) = 0.

Below, we provide the input file to solve the problem using the Taylor-
Hood finite element pair on a mesh with hsize = 0.025. The viscocity and
the density are provided as parameters. We use Newton’s method to define
the physics coefficients.

%_Define the Geometry
[ACES] =useGeometry(’long_rectangle’,0.025);

h_Define_physies______________ o _____
ACES.physics(2,2)=ACES.physics(1,1); % Copy the boundary info
ACES.physics(3,3)=ACES.physics(1,1); % Copy the boundary info

ACES.settings.parameter=[0.01 1]; %[\nu \rho_0]

ACES.physics(1,1) .a=inline(’pl’);
ACES.physics(1,1) .bx=inline(’p2+u’);
ACES.physics(1,1) .by=inline(’p2%u2’);
ACES.physics(1,1).c=inline(’p2*ux’);
ACES.physics(1,1) .f=inline(’p2%u.*ux+p2*u2.*uy’);

ACES.physics(1,2).c=inline(’p2*uy’);
ACES.physics(1,3) .bx=1;

ACES.physics(2,2).a=inline(’pl’);
ACES.physics(2,2) .bx=inline(’p2*u’);

ACES.physics(2,2) .by=inline(’p2*u2’);
ACES.physics(2,2) .c=inline (’p2*uly’);
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ACES.physics(2,2).f=inline(’p2*u.*u2x+p2*u2.*u2y’);

ACES.physics(2,1) .c=inline(’p2*u2x’);
ACES.physics(2,3) .by=1;

ACES.physics(3,1) .bx=-1;
ACES.physics(3,2) .by=-1;
ACES.physics(3,3).£=0;

%_Set the boundary conditions___________________________
%_Assuming the conditions provided in useGeometry are
%_homogeneous Dirichlet

ACES.physics(1,1) .boundary(1).type=’Neumann’;
ACES.physics(1,1) .boundary(4) .value=inline (’y*(1-y)’);
ACES.physics(2,2) .boundary(1) .type=’Neumann’;

for j=1:length(ACES.physics(3,3).boundary)
ACES.physics(3,3) .boundary(j).type=’none’;
end

ACES.constraint(S).point=[4 0.5 01;
%_Initialize _ __ ______ e

[ACES]=initialize(ACES, ’degree’,[2 2 1],’quadrule’,[2 2 2]);

%_Solve

[ACES]=solve (ACES, ’solver’,’NL’);

%_Post_process

FEMplot (ACES, "flow’)

B.2.9 The GUI

The ACES package comes with a basic graphical user interface (GUI)
designed to run an application without the use of an input file.

The user can easily solve a linear or nonlinear system of equations on
a variety of geometries and visualize the results. In addition, the adjoint
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Figure B.2: Layout of the ACES graphical user interface (GUI).

problem can also be approximated and used for a posteriori error estimation
and adaptivity.

B.3 Benchmark Problems

To demonstrate the accuracy and efficiency of the code, we have put
together a series of standard benchmark problems. Some of these problems
are well established test problems for finite element or finite volume codes.
Others been chosen so that the approximations can be compared to a known
analytic solution.

B.3.1 Linear stationary problem
Define 2 = (0,1) x (0,1) and consider the elliptic differential equation

{—V-(AVU)+b-Vu+cu=f, z € Q,

B.3.1
u = 0, z € 00 ( )

with Az, y) = 2+22+12, b(z,y) = (0.5(z% + y?), 1.5(z2 + v2))7, c(z, y) =
z? 4+ 4, and f(z,y) chosen appropriately such that the true solution is

u(z) = sin(2nz) sin(27y).

We, use a sequence of uniform meshes to demonstrate the optimal order
accuracy in the L? norm for the piecewise linear finite element method
(cG(1)), the piecewise quadratic finite element method (cG(2)), and the
piecwise cubic finite element method (cG(3)). In Table B.3.1 and Fig. B.3,
we see that the ¢cG(1) method converges O(h?), the ¢cG(2) method converges
O(h?%), and the cG(3) method converges O(h?).
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Method | h= 0.1 | A= 0.05 | h = 0.025 | Rate
cG(1) | 4.838e-2 | 1.289¢-2 | 3.261e-3 | 1.95
cG(2) | 2.435¢-3 | 3.047e-4 | 3.829e-5 | 2.99
cG(3) | 1.378¢-4 | 8.364e-6 | 5.384e-7 | 4.00

Table B.4: L? errors for each method on uniform meshes and the slope of
the best fit line on a log-log plot.

-2 — . — . —

_4L e

Iog(L2 error)
A

—&— cG(1)
—&— ¢G(2)
—A&—cG(3)] ]

Figure B.3: Convergence rates using piecewise linear elements (cG(1)),
piecewise quadratic elements (cG(2)), and piecewise cubic elements (cG(3)).

B.3.2 Nonlinear stationary problem

Define Q = (0,1)x(0, 1) and consider the nonlinear stationary problem,

{—v (AVu) +ut=f, z€Q, (B.3.2)

u =0, T € 00
with A(z,y) = 2, and
f(z,y) = 167%sin(27z) sin(27y) + (sin(27z) sin(27y))*.
The data has been chosen such that the exact solution is
u(z) = sin(27z) sin(27y).

The goal of this example is to show how to define the physics for a suc-
cessive substitution method and for Newton’s method, and to demonstrate

the expected convergence of the nonlinear iterations from an initial guess
of U =0.
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~=E— Successive Substitution
g ~ B = Newton's Method

-4}

Log of the difference

14 . . . . ,
1 1.5 2 2.5 3 35 4
Iteration

Figure B.4: Plot of iteration number vs. log(|U* — U*~1||) for (SS) and
(NM).

The (SS) method seeks U* € Sy, such that
a(U*,v) = (f,v) — (UF"H*v), Yve Sh
Recall that the physics coefficients always use the previous value for u. We

define the physics to be

ACES.physics.a=2;
ACES.physics.f=inline(’ 16%pi~2*sin(2*pix*x) .*sin(2*pi*xy)+...
(sin(2xpi*x) .*sin(2xpix*y)) . 4-u."4’);

For Newton’s method, we seek U*¥ € S}, such that
a(U*,v) + (4UF 10U, v) = (f,0) + BUF Y4 0) Vo € S

We define the physics to be

ACES .physics.a=2;
ACES.physics.c=inline(’4*u."3’);
ACES.physics.f=inline(’16*pi~2*sin(2*pi*x) .*sin(2*pi*xy)+. ..
(sin(2*pix*x) .*sin(2+pi*y)) . 4+3%u."47%);

The norm of the difference between iterations is given in Fig. B.4.
We clearly see that both (NM) and (SS) converge, although (NM) is much
faster.
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Figure B.5: Domain and mesh used to compute the flow past a cylinder.

B.3.3 Flow past a cylinder

Define the computational domain as shown in Fig. B.5. Consider the
Navier-Stokes equations

—vAu + po(u - V)u+ Vp =0,
-V -u=0,

with no-slip boundary conditions for the velocity except along the inflow
we set
u1=1—'£/2, ’UQ:O,

giving a mean flow of 4/3, and along the outflow we set
vobu=0, p=0.

The Navier-Stokes equations provide an excellent demonstration of
ACES’s ability to solve a fully coupled system of nonlinear equations using
different degree polynomial spaces for different variable, e.g. quadratic for
the velocity and linear for the pressure. In this experiment, we set pg = 1
and decrease the kinematic viscocity, v, to observe the onset and growth of
the recirculation zone behind the cylinder.

In Fig. B.6, we clearly see that for relatively large values of v there is
no recirculation, but as v decreases the flow becomes convection dominated
and the region behind the cylinder begins to show recirculation.
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Figure B.6: Streamlines for the flow past a cylinder with v = 1 (top left),
v =1/100 (top right), and v = 1/300 (bottom).
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Figure B.7: Computational domain for the backstep benchmark problem.

B.3.4 Back-step

Define the computational domain as shown in Fig. B.7. Consider the
Navier-Stokes equations
—vAu+ (u-V)u+Vp=0,
~-V-.-u=0,
with no-slip boundary conditions for the velocity except along the inflow

we set
u; = 43520(y — 0.005)(0.01 —y), up =0,

giving a mean flow of 0.544, and along the outflow we set
vo,u=0, p=0.

The purpose of this example is to compare the results from ACES with
the results using the commericial software COMSOL Multiphysics.

We compute the average values of the velocity and pressure fields for
both approximations and give the results in Table B.3.4. The slight differ-
ence in values is mostly due to the fact that the meshes used by the two
software programs are not identical.
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ACES COMSOL
Average x-velocity | 2.1760e-4 | 2.1760e-4
Average y-velocity | -7.5392e-6 | -7.5862e-6
Average pressure | -2.7633e-5 | -2.7773e-5

Table B.5: Comparison of average values using ACES and the COMSOL
Multiphysics package.
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Figure B.8: Streamlines for the backstep problem.
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