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ABSTRACT

BAYESIAN DATA ASSIMILATION FOR CFD MODELING OF TURBULENT

COMBUSTION

Achieving accurate CFD prediction of turbulent combustion is challenging due to the mul-

tiscale nature of the dynamical system and the need to understand the effect of the small-scale

physical features. Since direct numerical simulation (DNS) is still not feasible even for today’s

computing power, Reynolds-averaged Navier-Stokes (RANS) or large-eddy simulation (LES) is

commonly used as the practical approach for turbulent combustion modeling. Nevertheless, phys-

ical models employed by RANS or LES for describing the interactions between the turbulence,

chemical kinetics, and thermodynamic properties of the fluid are often inadequate because of the

uncertainties in the dynamical system, including those in the model parameters, initial and bound-

ary conditions, and numerical methods. Understanding and reducing these uncertainties are critical

to the CFD prediction of turbulence and chemical reactions. To achieve this, this dissertation is

focused on the development of a Bayesian computational framework for the uncertainty estima-

tion of the dynamical system. In the framework, a data assimilation (DA) algorithm is integrated

to obtain a more accurate solution by combining the CFD model and available data.

This research details the development, verification, and validation of a multi-algorithm sys-

tem (referred to as DA+CFD system) that aims to increase the predictability of CFD modeling of

turbulent and combusting flows. Specifically, in this research, we develop and apply a Bayesian

computational framework by integrating our high-order CFD algorithm, Chord, with the maximum

likelihood ensemble filter to improve the CFD prediction of turbulent combustion in complex ge-

ometry. The verified and validated system is applied to a time-evolving, reacting shear-layer mix-

ing problem and turbulent flows in a bluff-body combustor with and without C3H8-air combustion.
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Results demonstrate the powerful capability of the DA+CFD system in improving our understand-

ing of the uncertainties in model and data and the impact of data on the model.

This research makes novel contributions, including (i) the development of a new alternative

approach to improve the predictability of CFD modeling of turbulent combustion by applying data

assimilation, (ii) the derivation of new insights on factors, such as where, what, and when data

should be assimilated and thus providing potential guidance to experimental design, and (iii) the

demonstration of data assimilation as a potentially powerful approach to improve CFD modeling

of turbulent combustion in engineering applications and reduce the uncertainties with data. Future

work will focus on a performance study of the present DA+CFD system for turbulent combustion

of high Reynolds numbers and understanding the uncertainty in model parameters for developing

and assessing physical models based on available information.
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Chapter 1

Introduction

1.1 Background

In computational fluid dynamics (CFD) modeling of highly-turbulent combustion, the difficult

question to answer is: how is the approximate solution of the Navier-Stokes equations augmented

with chemical reactions related to the “true” solution over long time intervals? This is difficult

because the problem at hand is unstable and chaotic. That is, for example, if the exact solu-

tion converges to an unstable stationary solution, it is most unlikely the numerical solution would

converge to an approximation of this unstable stationary solution [3]. Hence, turbulence and com-

bustion modeling in CFD is difficult and intricate. One major issue is the accuracy of the physical

models, which are often employed in modeling turbulent combusting flows in engineering because

direct numerical simulation (DNS) of turbulence is still not feasible even for today’s computing

power. In Reynolds-averaged Navier-Stokes (RANS) or large-eddy simulation (LES), the practical

engineering approaches for turbulence modeling, models are used and their accuracy is often sig-

nificantly influenced by model assumptions and model parameters which are further dependent on

flow conditions (e.g., boundary conditions, operating conditions, geometrical configurations, and

flow regimes, etc.). While models free of coefficients are desirable and recent progress has been

made in this effort (e.g., Wiart et al. [4]), the development of a model that is truly coefficient free

is still challenging because it is paramount to know the validity and sensitivity of the assumptions

employed in the dynamic procedure to determine the free coefficient and the optimal values of

the coefficient. After all, the choice of the coefficient will inevitably have an intricate nonlinear

relationship with the physical model itself. A common practice in many CFD applications is to

use reduced order models (ROMs) to simulate the statistical turbulence evolution in a natural dy-

namical system. However, these ROMs are often sensitive to flow conditions. For instance, Spalart

and Rumsey [5] reported that the ratio of eddy viscosity to laminar viscosity used by the Spalart-
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Allmaras turbulence model “has a huge dynamic range that makes it unwieldy” and they show that

the tuning of this parameter from 5 to 5000 results in a significant difference in the predictions of

Mach number. The need to tune model parameters dynamically becomes apparent when the mod-

els would drift away from the known state as time evolves due to the uncertainties in the models.

Unfortunately, tuning is not a well-defined term, and it is often accomplished by hard-coded inputs

or highly sensitive calibrating procedures during each simulation; considerable ambiguity exists in

the choice of the parameter and how it is tuned.

We believe that sensible tuning should be based on the statistical error analysis and mathemat-

ical compatibility of the dynamical system by using all information available. This is a natural

course of using data assimilation (DA) [6–9]. The uncertainty estimate is an intrinsic part of the

solution in the DA algorithm. Data assimilation is unique in that it rigorously combines probability,

statistics, control theory, information theory, linear algebra, and functional analysis to maximize

the utility of information from prediction models and data. Since the 1960s, data assimilation

has been widely used in atmospheric science and meteorology and has dramatically improved the

predictability of the atmospheric and meteorological modeling systems [10–16]. By melding the

simulation model (e.g., CFD model) and available data (e.g., physical experiments or high-fidelity

computational simulations), data assimilation helps assess, validate, and develop physical models

to improve prediction. In many cases, when there is a lack of data in regimes where physical testing

is limited or does not exist, data assimilation can still help quantify the sensitivity and applicability

of models and nonlinear error correlations by assimilating data from other regimes. Many existing

engineering data are often not effectively exploited to quantify uncertainties and assess models, al-

though some well-founded Kriging-based approaches are available for merging such data [17–19].

In response to assist in addressing these numerical challenges in CFD modeling of turbulent com-

bustion for engineering problems, this dissertation aims to employ a DA algorithm to improve our

fundamental understanding of the uncertainty and the CFD prediction by symbiotically integrating

model and data. This dissertation details the development, verification, and validation of a multi-

algorithm system that combines the CFD algorithm and observation data through Bayesian data
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assimilation to increase the predictability of CFD modeling of turbulent and combusting fluid flow

problems in engineering. The verified and validated system is then applied to the turbulent com-

bustion simulations with realistic geometries to gain a better understanding of the uncertainties in

the model and data, the impact of experimental data on the model for improved prediction, and

provide guidance on data measurements and experimental design.

1.2 Motivations and Objectives

While the fields of atmospheric science and meteorology exercise data assimilation routinely

with great success, the field of engineering is relatively new to data assimilation. A pioneering

study by Gao et al. [20] first introduced DA to CFD for engineering. In recent years, with the

availability of different observations (experimental and high-fidelity simulation data) and the in-

creasing power of the computational ability, how to combine the existing simplified turbulence

model and the perfect or noisy data to improve the uncertainty estimation in turbulence modeling

has become an active research area in the CFD community. There are some recent works using

machine learning techniques for turbulence modeling (e.g., [21–23]). Oliver and Moser [24] and

Cheung et al. [25] used the Monte Carlo sampling methods for the posterior probability density

functions (PDF) to quantify the uncertainty in the turbulence models. Markov-chain Monte Carlo

(McMC) methods were used in Edeling et al. [26] for the statistical inference for their RANS

model. A brief overview of recent studies mainly focused on DA applications to flow, turbulence,

and combustion demonstrates effective use of the family of ensemble Kalman filter (EnKF) and

variational DA method to improve the CFD prediction. Colburn et al. [27] applied the EnKF to es-

timate a 3D incompressible turbulent channel flow using the experimental data along the wall, and

their DA results have at least an order of magnitude less error at the location about 20 viscous units

from the wall. Their numerical method is a second-order finite-difference scheme. Using particle

tracking velocimetry, Suzuki [28] employed a reduced-order Kalman filter to a 2D incompressible

flow with DNS algorithm and found that the increasing feedback gain improves the replicability

of the simulation to the experimental data. The DNS algorithm adopts the fractional-step method
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with an overall second-order scheme. Gronskis et al. [29] explored a variational DA method by

using experimental data to improve initial and inflow boundary conditions for 2D incompressible

flows. Their numerical method is a sixth-order compact finite-difference scheme. Kato [30] used

an ensemble transform Kalman filter to reconstruct transonic flows around a 2D airfoil flow and a

3D flow around a wing to show the effectiveness in combining experimental fluid dynamics and

a second-order finite-volume method for representing complex turbulent flows. Mons et al. [31]

investigated, analyzed, and assessed three DA methods, such as four-dimensional variational (4D-

Var), the ensemble Kalman smoother (EnKS), and ensemble-based four-dimensional variational

(4DEnVar), using examples in the construction of the unsteady 2D compressible flow past a cylin-

der, and provided a review and useful information on DA application to CFD. Gao et al. [20]

applied the EnKF to estimate burning speed in a 2D freely propagating flame. The EnKF method

has been used to examine local extinction events in turbulent flame with high-speed measurements

and models in Labahn et al. [32]. Iterative EnKF (IEnKF) was used in Xiao et al. [33] to handle

the nonlinearity of the applications. In He et al. [34], a continuous adjoint method was used to

minimize the cost function, which is similar to the variational DA methods [9], surveys recent de-

velopments in improving the RANS modeling with the experimental observations and/or the DNS

data sets. Nevertheless, the DA application to turbulent combustion flows with realistic geometry,

a high-order forward model, and experimental data is still a new area. This motivates the thesis

research to be dedicated to this new application.

The present work aims to develop and apply a Bayesian computational framework by integrat-

ing a high-order CFD algorithm with a DA method for improving the CFD prediction of turbulent

combustion flow in complex geometry and help obtain a better understanding of the uncertainty

of the dynamical system with data. Since nonlinear problems are common in engineering, par-

ticularly for turbulent combustion applications, one of the main questions of DA applications is

how a DA method is appropriately chosen and assessed. Motivated by the general advantages of

the ensemble-based DA methods, allowing higher computational efficiency and providing more

statistical information on both analysis and uncertainty of states than the variational ones, this
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dissertation focuses on applying an ensemble-based DA method to address the nonlinearity in

the data assimilation for CFD simulations. Specifically, the maximum likelihood ensemble filter

(MLEF), one of the deterministic ensemble filters, is implemented and adapted into the compu-

tational framework since the method is suitable for high-dimensional nonlinear applications. By

minimizing the cost function, MLEF finds the maximum a-posteriori (MAP) point of the posterior

probability distribution that produces a good estimate of the analysis and the uncertainty about the

DA intervals. In addition, under the concept of using nonlinear iterative minimization, MLEF has

its advantage on the nonlinear DA application over other standard ensemble DA algorithms [35].

The following objectives are established in this thesis research:

1. Choose an appropriate DA method by comparing EnKF, iterative EnKF, and MLEF using a

convection-diffusion-reaction problem and the chaotic Lorenz 96 model.

2. Develop a DA+CFD system by implementing the MLEF to interface with our high-order

inhouse CFD algorithm, Chord.

3. Validate the performance of the DA+CFD system by turbulence Couette flow based on vari-

ous quality assessment methods.

4. Apply the DA+CFD system to improve the predictions of the time-evolving shear-layer mix-

ing with CH4-air combustion, correct the boundary conditions of turbulent flow in a bluff-

body combustor, and understand the uncertainties of the turbulent flows with and without

C3H8-air combustion in the same combustor.

The DA+CFD system consists of three major components: the forward model (i.e. CFD model),

the observation data, and the DA algorithm, as shown in Fig. 1.1. The remainder of this chapter is

a brief review of each component of this system.

1.3 Forward Model

Chord [36–41], a fourth-order finite-volume code, is used as the forward model. It is developed

by the CFD & Propulsion Laboratory at Colorado State University and designed for achieving

5



CFD
pre

di

ct
io
n
s

Data error

Model+
pre

di
ct

io
n
er
ro

rs

R
ei
ni
tia

liza
tionwith optim

a

Improved CFD predictions

①

CFD Model

(Chord)

③ Data

Assimilation

② Observation

Data

Figure 1.1: Illustration of the CFD+DA system.

high-order accuracy in time and space on modern high-performance computing architecture for

modeling fluid flows with turbulence and combustion. For smooth flows, it is at least fourth-order

in space and time. Chord features adaptive mesh refinement (AMR) in space and time, accommo-

dates complex geometry while preserving free-stream conditions with mapped multiblock (MMB)

technique, and scales to at least 1×105 cores. Chapter 3 will describe the detailed information of

Chord.

1.4 Observation

In the present DA+CFD system, the errors of observation and forecast are assumed to be Gaus-

sian. The discretization error introduced by the CFD forward model is neglected, which is con-

sidered as a “perfect” model scenario. When assuming that there is no uncertainty in the initial

and boundary conditions, the physical models, and model parameters, the numerical simulation

obtained by the perfect CFD model is regarded as the “truth”. In the present research, observations

are either synthesized from the “truth” or the literature data for the verification, validation, and DA

application to the time-evolving shear-layer mixing with combustion. The physical experimental

data is used for DA application to the turbulent combustion simulation in the bluff-body combustor.

Chapter 9 will describe the detailed information.
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1.5 Data Assimilation

Practical DA methods can be broadly categorized into variational and ensemble approaches,

along with a variety of hybrid approaches that combine the variational and ensemble methods.

Variational DA method, such as three-dimensional variational (3D-Var) and 4D-Var (e.g., [42,43]),

utilizes optimal control theory to find the analysis state that minimizes a cost function, which is

a function attempting to balance the model prediction and the data. In contrast to the variational

method, the ensemble DA method, such as EnKF, EnKS, square-root EnKF, and MLEF (e.g.,

[35, 44–49]), is based on the statistical estimation and from the Bayesian point of view, striving

to obtain the information about the mean and the covariance of the posterior probability density

function (PDF) conditioned on the data. In practice, it is infeasible to determine the complete

information, and instead, statistical parameters, such as the mean/mode and/or the variance of the

distribution, are sought.

Regardless of classification, all DA methods can, in principle, involve one of the two different

types of correction processes: filtering and smoothing. Both processes use observations from the

past up to the current time to achieve the optimal estimate of a state. In filtering, the optimal

analysis is achieved by directly estimating the state at the current time, while in smoothing, the

state at some moment in the past is changed/optimized, which is then used to predict the state

up to the current time. Mathematically speaking, in the analysis step, the filtering process only

involves the observation operator, but the smoothing process involves both the prediction model

and observation operators.

The core operation of data assimilation is the estimation of PDF parameters in the analysis step,

which, in practice, reduces to an estimate of the mean and error covariance. Over the years in atmo-

spheric and meteorological research, many types of variational and ensemble DA methods along

with their hybrids have been developed and applied to improve the computational efficiency of

this operation. Further details can be found in work by Bannister [43], which provides a thorough

review of these methods, including their developments, performances, strengths, and limitations.

Since ensemble DA methods, in general, are more advantageous than variational methods due to
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estimating the flow-dependent forecast uncertainty, we focus on understanding the ensemble filters

in the present dissertation.

Another important aspect of data assimilation is its ability to address nonlinearity when it

comes to practical engineering applications. A practical approach to handle the nonlinearity in data

assimilation is to apply nonlinear optimization such as gradient-based unconstrained minimization

algorithms. Numerical optimization has been a major component of variational data assimilation

for decades (e.g., [50–54]) and later was applied to ensemble data assimilation (e.g., [35, 49]) as

well as in hybrid variational-ensemble DA methods (e.g., [55, 56]). It is well-known that one can

iteratively use the Kalman filter equations to form a Gauss-Newton minimization algorithm [57].

Alternative ways to address the nonlinearity in the ensemble Kalman filters have been developed

as IEnKF methods (e.g., [58–60]). These IEnKF often combine empirical arguments with partic-

ular numerical optimization algorithms, such as Newton and Gauss-Newton methods. The main

difference between MLEF and IEnKF methods in addressing nonlinearity is the methodology used

to find the optimal analysis solution. MLEF [35] is a straightforward application of standard op-

timization algorithms developed in control theory, while IEnKF methods are generally empirical

methods with a limited mathematical foundation to assess their optimization characteristics. A

consequence is that MLEF can benefit from the mathematical foundation of control theory that

assures a minimization convergence with favorable properties [61]. For the computational cost,

IEnKF methods [60, 62] are often implying the use of a smoother which requires running an en-

semble of prediction models in each optimization iteration. The use of a prediction model in

the optimization iterations greatly increases the cost of minimization as well as the nonlinearity,

implying even more optimization iterations are needed. While it is straightforward to introduce

a smoother into MLEF, the MLEF formulation used in this dissertation is based on the filtering

approach. The smoother or similar approaches are being by ongoing studies in the group.

Like other standard ensemble DA methods, MLEF computes the analysis error covariance to

update the forecast error covariance. In addition, similar to other standard variational DA meth-

ods, MLEF obtains the optimal analysis by maximizing the posterior PDF (e.g., MAP), practically
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accomplished by an iterative minimization of a cost function. Hence, it has theoretical advantages

in producing more accurate and efficient solutions in nonlinear DA problems over standard ensem-

ble methods and updating error covariance over standard variational methods. Moreover, it does

not need any adjoint calculation and uses Hessian as a preconditioner to accelerate the conver-

gence for finding the MAP point. This present work focuses on employing the MLEF algorithm

with a fourth-order accurate finite-volume CFD model to improve the CFD modeling of turbulent

combustion flows with bluff-body geometry.

1.6 Outline of Dissertation

This dissertation is structured as follows. Chapter 2 describes the mathematical formulations

of the problem. Chapter 3 reviews the numerical solvers used for the forward model. Chapter 4

describes and compares the differences in the mathematical formulations and numerical algorithms

among the three ensemble DA methods. The integrated new DA+CFD system is summarized in

Chapter 5, along with the observation operator, the observation quality control, and the initializa-

tion strategy. The quality measures of DA performance are introduced in Chapters 6. Chapter 7

presents a performance study for supporting the decision of choosing MLEF as the primary DA

method in this dissertation. In Chapter 8, the verification and validation of the system are per-

formed. The verified and validated system is then applied to canonical fluid dynamics problems.

Chapter 9 delineates the configurations of the problems, procedures, analysis, and discussion of the

results. Finally, the conclusions, original contributions, and future work are detailed in Chapter 10.
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Chapter 2

Mathematical Modeling

The present work solves the fully-coupled, compressible, thermally-perfect, reacting Navier-

Stokes (NS) equations on a structured grid to model turbulent combustion. The Navier-Stokes

equations are used to model fluid flow phenomena’ physics. A set of species transport equations

is coupled with the NS equations for reaction modeling when combustion is considered. The

computational domain is Cartesian. To model the reacting flow in realistic, complex geometries,

the MMB technique is employed to represent complex geometry from the physical space onto a

Cartesian grid with AMR in the computational space using the general curvilinear coordinate trans-

formation. The present research assumes that the grid will not deform over time. The remainder

of this chapter provides a review of the important elements in the system of governing equations.

2.1 Governing Equations

On a rectangular physical domain which is the same as the computational domain without

applying the coordinate transformation, the system of partial differential equations (PDEs) for a

compressible gas consisting of the continuity, momentum, energy, and a set of species transport

equations is given by

∂ρ

∂t
+ ~∇ · (ρ~u) = 0 , (2.1)

∂

∂t
(ρ~u) + ~∇ ·

(

ρ~u~u+ p
~~I
)

= ~∇ · ~~τ + ρ~f , (2.2)

∂

∂t
(ρe) + ~∇·

[

ρ~u

(

e+
p

ρ

)]

= ~∇·
(

~~τ · ~u
)

− ~∇ · ~q+ρ~f ·~u , (2.3)

∂

∂t
(ρcn) + ~∇ · (ρcn~u) = − ~∇ · ~J n + ρẇn , n = 1, . . . , Ng , (2.4)

where ρ is the density, ~u is the velocity vector, p is pressure,
~~I is the identity tensor, and e =

|~u|2/2 +∑ cnhn − p/ρ is the total specific energy with cn and hn being the mass fraction and the
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specific enthalpy of species n, respectively. The pressure is given by the ideal gas law p = ρRuT ,

where Ru is the universal gas constant and T is the temperature. ~f is a body force per unit volume

acting on the gaseous mixture, but its impact is negligible in the present work. ~q is the molecular

heat flux vector. The molecular fluid stress tensor, ~~τ , is defined as

~~τ = 2µ

(

~~S − 1

3
~~I ~∇ · ~u

)

, (2.5)

where
~~S is the strain rate tensor and µ is the fluid molecular viscosity. In addition, a total of Ng

species comprise the gaseous mixture, with Ng transport equations. ~J n and ẇn are the species

diffusive flux and the production/destruction rate of species n, respectively. The thermally-perfect

reactive mixture of gases neglects Dufour, Soret, and radiative heat transfer effects in the present

work. To describe the production/destruction rate of species n, the finite-rate chemistry modeling

is briefly reviewed.

2.2 Finite-rate Chemistry Modeling

For reacting flows, the finite-rate chemistry model is used for calculating the reacting source

term, which is described in detail in works by Gao et al. [63–66] and Owen et al. [41,67]. For com-

pleteness and convenience, the calculation of the production/destruction rate is briefly described

here. The production/destruction rate for species n is calculated from the general form of the law

of mass action [68] with

ẇn =
Mn

ρ

Nr
∑

r=1

(

υ′′
n,r − υ′

n,r

)

(

Ng
∑

j=1

αj,r [Xj]

)[

kfr

Ng
∏

i=1

([Xi])
υ′

n,r − kfb

Ng
∏

i=1

([Xi])
υ′′

n,r

]

, (2.6)

with Mn being the molar mass of species n, [Xn] = ρcnMn being the molar concentration of the

nth species, and Nr being the number of chemical reaction steps. υ′ and υ′′ are defined as the

stoichiometric coefficient for individual products and the stoichiometric coefficient for individual

reactants in each chemical reaction step, respectively. α is the third-body coefficient specified in the
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chemical mechanism. The forward reaction rate, kfr , for each species is modeled by the Arrhenius

equation [69] in form of kfr = ArT
βrexp(−Ea,r/RuT ), where Ar is the pre-exponential factor

in the rate constant for the rth reaction, βr is temperature exponent in the rate constant for the

rth reaction, and Ea,r is the activation energy for the rth reaction. For reversible reactions, the

backward reaction rate can be calculated by kfb = kfr/Keq,r, where the equilibrium rate is given

by

Keq,r = exp

[

Ng
∑

n=1

υn,r

(−Gn

RuT

)

]

(

patm

RuT

)

∑Ng
n=1

υn,r

, (2.7)

where the net of the stoichiometric coefficients is calculated by υn,r = υ′′
n,r − υ′

n,r and the Gibb’s

free energy, Gn, is defined by

Gn

RuT
=

Hn

RuT
− T

Sn

Ru

. (2.8)

In the equation, Hn and Sn are the molar specific enthalpy and the molar specific entropy of the

nth species, respectively. Specific reaction kinetics are employed in this dissertation for modeling

the combustion of hydrocarbon fuels, i.e., methane and propane.

2.3 Chemical Kinetics

In this dissertation, the combustion of two hydrocarbon fuels – methane (CH4) and propane

(C3H8) are considered. The non-premixed CH4-air combustion is modeled by a 12-species, 38-

steps reaction mechanism developed by Xu et al. [2]. The C3H8-air combustion is premixed with an

equivalence ratio of φ = 0.65 and modeled by the chemical mechanism developed by Zettervall et

al. [1] (“Z66”), including 25 species and 66 reactions. For convenience, both reaction mechanisms

are listed in Appendix A.
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2.4 Grid Mapping

This thesis focuses on applying data assimilation to improve the predictions of turbulent com-

bustion flows in realistic geometry. In order to model the reacting flow in complex geometry, the

MMB technique accommodates complex geometry to work with structured AMR grids [70]. The

transformation grid metrics, NT, and metric Jacobian, J , are introduced into the system of govern-

ing equations to transform from physical space, ~x, into computational space, ~ξ, where ~ξ = ~ξ(~x).

They are defined as

N = J
(

~∇x
~ξ
)T

, NT = J ~∇x
~ξ , J ≡ det

(

~∇ξ~x
)

. (2.9)

After applying the coordinate transformation to Eqs. (2.1) - (2.4), the governing equations on a

mapped domain can be written into the vector form, given by

∂(JU)

∂t
+ ~∇ξ ·

(

NT~F − NT~G
)

= JS , (2.10)

where U is the solution vector, ~F is the inviscid (hyperbolic) flux vector, ~G is the viscous (elliptic)

flux vector, and S is the reaction source vector. They are defined as

U =



















ρ

ρ~u

ρe

ρcn



















, ~F =



















ρ~u

ρ~u~u+ p
~~I

ρ~u
(

e+ p
ρ

)

ρcn~u



















, ~G =



















0

~~T
~~T · ~u− ~Q

− ~J n



















, S =



















0

ρ~f

ρ~f ·~u

ρẇn



















. (2.11)

The mapped stress tensor,
~~T , is given by

~~T = 2µ

(

~~S − 1

3
J−1~~I ~∇ξ ·

(

NT~u
)

)

, (2.12)
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where the mapped strain rate tensor,
~~S , is updated by

~~S =
1

2

(

(~∇ξ~u)

(

NT

J

)

+

(

NT

J

)T

(~∇ξ~u)
T

)

. (2.13)

The mapped molecular heat flux, ~Q, is modeled by

~Q = −
(

κ
N

J
~∇ξT −

Ng
∑

n=1

(

hn
~J n

)

)

, (2.14)

where κ is the thermal conductivity coefficient and ~J n is the mapped mass diffusion of species n

modeled by the Fourier’s law, given by

~J n = −ρDn
N

J
~∇ξ~u . (2.15)

In the equation, Dn is defined as the molecular diffusivity for species n.
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Chapter 3

Forward Model: Chord

The Bayesian computational framework developed in the present work consists of three impor-

tant components: the forward model, the observation data, and the DA algorithm. In this chapter,

we are going to discuss the forward model, Chord. Chord [36–41] is our inhouse high-order

finite-volume CFD code. Chord achieves high-order accuracy in time and space for modeling fluid

flows with turbulence and combustion, features AMR in space and time, accommodates complex

geometry while preserving free stream conditions with MMB technique, and performs efficient

computations on high-performance computing (HPC) architectures. These essential features of

Chord are described briefly in the remainder of this chapter.

3.1 Spatial Discretization

Traditionally, finite-volume methods (FVMs) have been constrained to second-order accu-

racy [71], and high-order methods are more complicated for the implementation and stability study.

However, increasing the order of accuracy of an algorithm from second-order to fourth-order in-

creases the convergence rate of solution error as the grid is refined in a smooth flow [72]. In this

research, our forward model is based on the FVM with a fourth-order accurate approximation in

space and time for smooth flows. Recall from the previous chapter, the system of governing equa-

tion on a Cartesian/computational domain in the vector form is given by Eq. (2.10). For FVMs,

this general divergence form is first integrated over control volume as

∂

∂t

∫

Vi

JU dV +

∫

Vi

(

~∇ξ ·
(

NT~F − NT~G
)

− JS

)

dV = 0 . (3.1)

On a rectangular computational domain, the cell centers are marked by the points (i0, ..., iD−1) =

i ∈ Z
D. Thus, the control volumes Vi take the form Vi = [x0 + (i − 1

2
u)∆x,x0 + (i + 1

2
u)∆x]

where x0 ∈ R
D is some fixed origin of coordinates, ∆x is the mesh spacing, and u is the vector
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whose components are all equal to one. Representing the integrals as averages and applying the

divergence theorem of Gauss, we arrive at a semi-discrete form

d

dt
〈JU〉i = − 1

∆xd

D
∑

d=1

(

(

〈J ~∇d
~ξ ~F〉i+ 1

2
ed−〈J ~∇d

~ξ ~F〉i− 1

2
ed

)

−
(

〈J ~∇d
~ξ ~G〉i+ 1

2
ed−〈J ~∇d

~ξ ~G〉i− 1

2
ed

)

)

+〈JS〉i ,
(3.2)

where the math symbol 〈·〉 indicates cell-averaged or face-averaged quantities, and the superscript

d is used to denote the direction of the flux vector. A fourth-order center-differencing scheme

is used to compute face-averaged quantities and gradients for flux evaluation. Some care is fur-

ther taken in transforming from conservative to primitive variables to preserve fourth-order accu-

racy. The stencil for computing the fourth-order, face-averaged primitive variables, 〈W〉, uses four

neighboring cells in each coordinate direction, given by

〈W〉i+ 1

2
ed =

7

12
(〈W〉i + 〈W〉i+ed)−

1

12
(〈W〉i−ed + 〈W〉i+2ed) . (3.3)

Then, the hyperbolic (inviscid) face-averaged fluxes 〈F〉d
i+ 1

2
ed

can be computed by 〈F〉d
i+ 1

2
ed

=

Fd(Wd
i+ 1

2
ed
) + ∆x2

24
∆(d,2)Fd(〈W〉d

i+ 1

2
ed
) . In addition, the viscous flux vector requires the fourth-

order evaluation of the gradients of primitive variables, 〈~∇W〉i+ 1

2
ed , in addition to 〈W〉i+ 1

2
ed . The

detail for the gradient evaluation is not duplicated here and can be found in Gao et al. [36]. Addi-

tional information for the modified stencils for the hyperbolic spatial discretization near physical

boundaries, including issues on limiters and the dissipation mechanisms for strong shocks or det-

onation waves, can be found in this studies [37, 39, 41]. In the present research, the discretization

error in the forward model is neglected, which is considered as a “perfect” model scenario.

3.2 AMR and MMB

Chord features AMR and utilizes the generalized curvilinear coordinate transformation with the

MMB technique to accommodate complex geometries to use AMR effectively. As mentioned in
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Chapter 1, this thesis research aims to apply the DA+CFD system to improve the CFD predictions

of the turbulent flows in a bluff-body combustor (BBC) with or without C3H8-air combustion. To

demonstrate the application of the DA+CFD system to practical geometry, the bluff-body combus-

tor is used in this research. Figure 3.1 shows a bluff-body-stabilized premixed flame computational

configuration, consisting of an equilateral triangle flame holder centered in a rectangular duct and

a sudden expansion plenum for the combustor flow exhausts. At the left boundary of the duct, the

inflow is the premixed C3H8-air mixture at an equivalence ratio of 0.65 under the temperature of

310 K, the pressure of 100 KPa, and the velocity of 16.562 m/s. The Reynolds number, based

on the trailing edge length of the bluff body and the inlet air velocity, is ReD = 38,658. At the

left x-boundary of the plenum, the second inflow is specified as air under the temperature of 310

K and the velocity of 2 m/s. The total pressure at the end of the plenum is set to be 100 KPa.

No-slip and adiabatic conditions are applied to the solid surfaces of the bluff body. The AMR

and MMB features are shown in Fig. 3.2, and the spatial resolution is adaptively refined near the

trailing edge of the bluff body where re-circulation, shearing, and mixing occur. AMR enables the

computational efficiency of flows by effectively adapting the refinement in regions characterized

by sharp gradients in temperature, species mass fractions, and vorticities, such as flame fronts and

intense recirculating, shearing, or separation zones. The refinement criteria are based on vorticity

and cOH× cCH2O, satisfying some thresholds for the non-reacting and reacting flows, respectively.

3.3 Time-marching Methods

To advance the solution, the fourth-order standard four-stage Runge-Kutta (RK4) method is

used to evolve Eq. (3.2) for the cold flow. However, for reacting flow, small time-step constraints

can be placed for the simulation if the combustion is stiff, for example, the premixed C3H8-air

combustion used in the BBC case. To overcome the small chemical time step due to fast chem-

istry, the implicit-explicit (IMEX) time integration approach is used. Specifically, the fourth-order

additive Runge-Kutta (ARK4) method is employed [73–75] in Chord for the solution’s accuracy,

stability, and efficiency. The ARK4 method has shown significant computational efficiency by
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Figure 3.1: The computational domain of the bluff-body combustor. The light green boxes are multiblock
in physical domain.

(a) The overview. (b) The zoom-in view near the bluff-body region.

Figure 3.2: An MMB grid with 3-level grid (2 levels AMR) in the physical space of BBC case. The
refinement ratio of each AMR level is 2.
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partitioning the physics into stiff and non-stiff terms, then treating each with implicit and explicit

methods, respectively. The convection and diffusion physics are solved explicitly, while chemical

reactions are solved implicitly. Christopher et al. [74,75] reported that ARK4 could provide a 70×

speedup over the standard RK4 in the two-dimensional test case, and three-orders-of-magnitude-

larger time step sizes are achieved for the three-dimensional test case. ARK4 is employed as the

time marching method; however, it is not the focus of discussion in this dissertation; interested

readers are referred to the above study.
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Chapter 4

Data Assimilation Methods

This chapter is focused on the discussion of data assimilation. Data assimilation is the method

of melding available data with a model (here, in particular, CFD) to improve the prediction. The

mathematical foundation of data assimilation is based on Bayes’ theorem, which provides a sys-

tematic approach for model state estimate and uncertainty assessment. To better understand the

uncertainty of the dynamical system, an appropriate DA method needs to be considered to address

the accuracy and efficiency of computing the error covariance correlations (Pf ) for the uncertainty

estimation. This is the central point of data assimilation. One must incorporate the nonlinear

dynamics and the uncertainty of the dynamics in the transient dynamical system. One must be

computationally efficient when working with high-dimensional dynamical systems, such as the

case of CFD modeling of turbulent combustion.

To obtain an accurate estimation of Pf , one needs a full rank matrix over the model state space

(Ns), requiring a sample consisting of Ns independent model states vectors. However, for the

high-dimensional (Ns ≈ 109) applications, the cost of evaluating the full rank P
1/2
f matrix be-

comes unaffordable in data assimilation. In recent years, ensemble-based DA methods have been

increasingly used for approximating Pf . Even the high-dimensional data assimilation becomes

feasible when using the square root covariance and ensemble DA approach, since the Ns ×Ns co-

variance matrix then reduces to Ns×Ne matrix. Given that the ensemble size, Ne, is approximately

10-100, while Ns is approximately 109, the dimension reduction can be considerable. Therefore,

this dissertation focuses on applying an ensemble-based DA method to improve the predictions of

the turbulent combustion simulations. The remainder of this chapter describes the classification

of three ensemble-based DA methods, including the MLEF, the EnKF, and the IEnKF, and their

characteristics. After that, the similarities and distinctions between the MLEF and EnKF methods

are delineated at the concept, mathematical formulation, and numerical algorithm levels.
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4.1 Ensemble Kalman Filter

We evaluate the ensemble Kalman filter (EnKF) developed by Evensen [13]. The solution

procedures for applying the EnKF method include three steps: initialization, forecast, and analysis.

They are described in the following. The forecast state is obtained by conducting a CFD simulation

from the current analysis time to the next analysis time when the observation is available, using the

current analysis state as the new initial condition for the forward model. For example, to transport

uncertainties, the CFD model advances each analysis member, Qa
h−1, to get the forecast state at the

hth DA cycle as shown by

Q
f
h,1 = M(Qa

h−1,1) ,

. . .

Q
f
h,i = M(Qa

h−1,i) ,

. . .

Q
f
h,Ne

= M(Qa
h−1,Ne

) , (4.1)

where Q is the model state vector, M(·) is defined as the forward CFD model operator, and the

superscripts, f and a, denote the forecast and analysis state, respectively. At the forecast step, the

forecast ensemble mean (Q̄
f
) and forecast error covariance (Pf ) can be calculated in the form of

Q̄
f
=

1

Ne

Ne
∑

i=1

Q
f
i , (4.2)

Pf =
1

Ne−1

Ne
∑

i=1

(

Q
f
i − Q̄

f

)(

Q
f
i − Q̄

f

)T

. (4.3)

The symbol T stands for the transpose. Then, each member in the ensemble is updated at the

analysis step with the perturbed observations [76] as

Qa
i = Q

f
i + K

(

Oi − HQ
f
i

)

, (4.4)
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where the Kalman gain matrix, K, is given by

K = PfHT

(

HPfHT + R

)−1

, (4.5)

where H is the linearized observation operator (H(·)) at the forecast mean (Q̄
f
). Oi is defined as the

observation vector. In some of the cases in this research, we create the vector Oi by synthesizing

from the “truth” or the literature for the verification and validation processes, given by

Oi = Ō + ǫi , Ō = H
(

Qt
)

+ λ , (4.6)

λ, ǫi ∈ N(0,R), i = 1, · · · , Ne . (4.7)

Finally, the analysis covariance matrix Pa can be calculated by

Pa =

(

I − KH

)

Pf . (4.8)

Evaluating the trace of Pa is one of the DA performance measures in this dissertation, which will

be discussed in Chapter 6. The subsequent forecast is applied for running to next DA cycle,

Q
f
h+1,i = Mh

(

Qa
h,i

)

, i = 1, · · · , Ne . (4.9)

4.2 Iterative Ensemble Kalman Filter

The Kalman gain matrix in Eq. (4.5) applies linear update of the ensemble by linearizing the

observational operator. However, this linear update process could be problematic when the obser-

vation operator is strongly nonlinear since the information in the observation data (e.g., experimen-

tal measurements) is not fully utilized during the analysis step. As described in work by Lorentzen

et al. [58], this can lead to estimates that are not as accurate as they could be. In this work, we

adopt the iterative ensemble Kalman filter (IEnKF) method developed by Lorentzen et al. [58]. It

does not need any adjoint calculations. It addresses the nonlinearity by introducing an inner-loop
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iterative process when solving Eq. (4.4) at the analysis step. Specifically, we show the concept of

the inner-loop iterative solver to distinguish the difference from the EnKF method in the following.

The threshold of the tolerance (ζtol) and maximum iteration integer (n) are set to be 0.02 and 12 in

the present work, respectively. At an iteration k,

1. If k = 0, then we initialize Qk and Q̄k as follows

• Set each member with

Qi
k = Q

f,i
h , i = 1, · · · , Ne . (4.10)

• Calculate the mean estimation in form of

Q̄k =
1

Ne

Ne
∑

i=1

Qi
k . (4.11)

2. Otherwise, we perform the augmented state approach as follows

• Estimate P
f
k based on Q̄k−1 and Qk−1 by using Eq. (4.3).

• Set

Hk =
∂

∂Q̄k−1

(

H
(

Q̄k−1

))

. (4.12)

• Evaluate Kk by using Eq. (4.5).

• Calculate (O −H(Qk))i for i = 1, . . . , Ne.

• Update each member, Q1:Ne

k , by using Eq. (4.4).

• Calculate the mean estimation, Q̄k, by using Eq. (4.11).

• Evaluate the L2-norm of the ensemble mean difference by

ζk =

√

∑Ns

j=1

(

Q̄k,j − Q̄k−1,j

)2

Ns

. (4.13)
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• Check the following conditions

(a) if ζk ≤ ζtol or k > n, the augmented state vector, Q̄k, is obtained. Then, exit the

loop.

(b) otherwise, set k = k + 1 and repeat the above steps.

Once exiting from the inner-loop iterative solver, the analysis solution can be updated by

Q
a,{i}
h = Q

{i}
k , i = 1, · · · , Ne ,

and then used to reinitialize the next forecast step.

4.3 Maximum Likelihood Ensemble Filter

The MLEF method developed by Zupanski [49] is considered. There are three steps in the

MLEF method, including initialization, forecast, and analysis steps. The MLEF method follows

the main idea of the Kalman filter (KF), in which the forecast state and the forecast uncertainty

are obtained by transporting the analysis and the analysis uncertainty through a simulation model.

A cost function is defined and minimized for Q̂, a control vector consisting of a vector for the

solution variables and a vector for the model parameters if desired. The general derivation of the

cost function is based on the Bayes formula, which finds the posterior PDF from the prior, the

conditional, and the observation PDFs under Gaussian assumption [77, 78]. The cost function is

defined as a negative logarithm of the posterior PDF and takes the form of

J(Q̂) =
1

2

[

Q̂−Q̂
f
]T

P−1
f

[

Q̂−Q̂
f
]

+
1

2

[

O−H(Q̂)

]T

R−1

[

O−H(Q̂)

]

, (4.14)

where Pf is the forecast error covariance, R is the observation error covariance, O is the observa-

tion vector, and H(·) is again the observation operator mapping state space to observation space.

The forecast state can be obtained by conducting a CFD simulation from the current analysis

time to the next analysis time, using the current analysis state as the initial condition. Similar to the
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EnKF method, we define the initial state for each member using the analysis control vector (Q̂
a
)

perturbed by a column of square-root error covariance P1/2
a . To transport uncertainties, the CFD

model advances the deterministic state (Q̂
f
) and the ensemble forecast (Qf ) using P

1/2
a,i (i.e., the ith

column of P1/2
a ) at the hth DA cycle as

Q̂
f

h = M
(

Q̂
a

h−1

)

,

Q
f
h,1 = M

(

Q̂
a

h−1 + P
1/2
a,1

)

,

· · ·

Q
f
h,Ne

= M
(

Q̂
a

h−1 + P
1/2
a,Ne

)

. (4.15)

Since the state vector Q̂ is generally multivariate, it can include variables with different orders

of magnitude. It is not feasible to invert the forecast error covariance in high-dimensional prob-

lems. The MLEF algorithm starts by introducing the variable change in the cost function and the

minimization process for computational efficiency. A typical change of variable is applied as

Q̂ = Q̂
f
+ P

1/2
f ψ . (4.16)

Then, we can get
[

Q̂ − Q̂
f
]

= P
1/2
f ψ. The new control variable ψ is dimensionless. Correspond-

ingly, the cost function, Eq. (4.14), is reformulated based on ψ as

J(ψ) =
1

2
ψTψ+

1

2

[

O−H(Q̂
f
+P

1/2
f ψ)

]T

R−1

[

O−H(Q̂
f
+P

1/2
f ψ)

]

. (4.17)

Taking the second derivative with respect to ψ, we obtain

∇2J(ψ) = I +
(

P
1/2
f

)T

HT
ψR−1HψP

1/2
f , (4.18)
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where

Hψ =
∂H(ψ)

∂ψ
. (4.19)

Refer to the Hessian matrix as

∇2J(ψ) ≡ Aψ . (4.20)

The condition number, K(Aψ), can be calculated by

K(Aψ) =
|λmax|
|λmin|

, (4.21)

where λmin and λmax are the smallest and largest eigenvalues of the Hessian matrix, respectively. In

general, when K(Aψ) becomes larger, more iterations are needed to minimize the cost function. To

achieve a fast convergence of minimization and a reasonable estimate of analysis error covariance

in the system, we introduce another variable change, referred to as the Hessian preconditioning

ψ =

[

I +
(

Z(Q̂)
)T (

Z(Q̂)
)

]−1/2

ξ , (4.22)

where ξ is the final control variable, and Z is a matrix defined as

Z(Q̂) =
(

z1(Q̂), z2(Q̂), z3(Q̂), . . . , zNe
(Q̂)
)

No×Ne

, (4.23)

zi(Q̂) = R−1/2

[

H(Q̂ + P
1/2
f,i )−H(Q̂)

]

, i = 1, 2, . . . , Ne , (4.24)

where No is the number of available observation or data points. The Hessian preconditioning sig-

nificantly reduces the condition number, which helps speed up the convergence rate of the iterative

minimization methods.

In the minimization process, both the first derivative and second derivative with respect to ξ

are required. In our application, we employ the nonlinear conjugate gradient method since it is one
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of the important methods for solving nonlinear unconstrained optimization problems. The method

has the advantage of not requiring the storage of large matrices, which is better suited for the high-

dimensional problems as those in the present research. For example, in the problem of minimizing

a function of n variables,

min f(x) , x ∈ IRn×1 , (4.25)

where f(x) is assumed to be a smooth function so that its gradient ∇f exists. The problem can

then be solved iteratively in form of

xk+1 = xk + αkdk , (4.26)

where the descent direction, dk, can be calculated by

dk = −Bk∇f(xk) . (4.27)

In the method, k indicates the number of iterations, αk is defined as the step-length value that can

vary in each iteration and is determined by the methods, such as the conjugate gradient, quasi-

Newton, or Limited-memory Broyden–Fletcher–Goldfarb–Shanno (LBFGS) methods, and Bk is

either a scalar or a square matrix depending on the chosen method.

In our system, following Eq. (4.26), the control variable ξ is iteratively updated by

ξk+1 = ξk + αkdk . (4.28)

The descent direction (dk) can be computed by using the quasi-Newton method as

dk = −Sk∇ξJ(Q̂k) , (4.29)
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where Sk is defined as the inverse Hessian matrix. At k = 1, it can be calculated as

S1 =
(

∇2
ξJ(Q̂1)

)−1

. (4.30)

For k > 1, Sk can be updated in form of

Sk =
(

I − λk−1βk−1ω
T
k−1

)T
Sk−1

(

I − λk−1βk−1ω
T
k−1

)

+ λk−1ωk−1ω
T
k−1 , (4.31)

where

λk−1 = ∇ξJ(Q̂k)−∇ξJ(Q̂k−1) , βk−1 = αk−1dk−1 , and ωk−1 =
1

λk−1β
T
k−1

. (4.32)

Or, the descent direction (dk) can also be computed by using the nonlinear conjugate gradient

method in form of

dk =















−∇ξJ(Q̂k) k = 1

−∇ξJ(Q̂k) + βkdk−1 k ≥ 2

, (4.33)

where the scalar βk is approximated by using the Fletcher–Reeves formula as

βk =
∇T
ψJ(Q̂k)∇ξJ(Q̂k)

∇T
ψJ(Q̂k−1)∇ξJ(Q̂k−1)

. (4.34)

The minimization process starts with the initial step-length α = 1 and the initial guess ξk=0 = 0,

which means

Q̂k=0 = Q̂
f
. (4.35)
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After the optimal value of ξk is obtained, the analysis deterministic state vector Q̂
a

is then calcu-

lated by

Q̂
a
= Q̂

f
+ P

1/2
f

[

I +

(

Z(Q̂
f
)

)T(

Z(Q̂
f
)

)

]−1/2

ξk . (4.36)

Then, Q̂
a

is used to update the square-root analysis error covariance,

P1/2
a = P

1/2
f

[

I +

(

Z(Q̂
a
)

)T(

Z(Q̂
a
)

)

]−1/2

. (4.37)

Finally, a Gaussian perturbation to Q̂
a

is made to prepare for each member in the ensemble as

initial conditions for the next DA cycle,

Qa
i = Q̂

a
+ P

1/2
a,i , i = 1, . . . , Ne . (4.38)

4.4 Comparison of the Filters

The MLEF, EnKF, and IEnKF methods follow the main idea of the Kalman Filter (KF); that

is that the forecast state and its uncertainty are obtained by transporting the analysis and analysis

uncertainty through a simulation model (aka. the forward model). All methods involve three sig-

nificant steps: (i) initialization step, (ii) forecast step, and (iii) analysis step. The main difference

is in the analysis step. In the EnKF method, both the simulation model and observation opera-

tors have to be linear. The Kalman filter equation is used in the linear update process for solving

the optimized state. To address the nonlinearity of the observation operator, IEnKF uses the aug-

mented state approach and iteratively utilizes the Kalman filter equation for optimization. Unlike

the EnKF and IEnKF, MLEF does not assume that either model or observation has to be linear.

The simulation model and observation operator can be nonlinear. The forecast state is obtained by

conducting a simulation from the current analysis time to the next analysis time, using the current

analysis state as the initial conditions for the next DA cycle. To transport uncertainties, one needs

29



to define the initial state for each member in the ensemble as the analysis perturbed by a column

of square-root analysis error covariance, which makes MLEF more suitable for high-dimensional

applications. It does not need any adjoint calculation but uses Hessian as a preconditioner to ac-

celerate the convergence for finding the MAP point.

Algorithms 1-3 present the major steps in each component for three ensemble-based DA meth-

ods, respectively. In the EnKF and IEnKF methods, observations have to be perturbed again when

evaluating the observation increments with respect to each member in the ensemble. The Kalman

gain matrix (K) is then introduced and used to update each member in that ensemble sequentially

by linearizing the observation impact from the observation space into the model state space. As

shown in line 18 of Algorithm 1, the EnKF method solves the optimized state by the linear update

process using the Kalman filter equation in Eq. (4.4). Lines 16 and 17 of Algorithm 2 show that

the IEnKF method uses the augmented state approach and iteratively utilizes Eq. (4.4) to form a

minimization algorithm for addressing the nonlinearity of the observation operator. In the MLEF

method, as presented in lines 20-30 of Algorithm 3, an iterative minimization solver is applied to

the cost function in Eq. (4.14) for the optimization. In addition, only the optimal deterministic

state vector is solved in the ensemble space (Ne), and then it is used to update the analysis error

covariance matrix and the members to reinitialize the new DA cycle. However, the potential com-

putational cost of the MLEF method is still comparable to that of the EnKF and IEnKF methods.

Based on our experience in lower-dimensional problems (Ns ≤ 105), they are mostly on the same

order of magnitude.
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Algorithm 1 EnKF Method

Step 1: Initialization

1: INITIAL STEP (Q1:Ne

0 )
2: Select the initial conditions of uncertainties.
3: if (Uncertainty in model states) then

4: Use the lagged forecast method.
5: end if

6: if (Uncertainty in model parameter) then

7: Use Box–Muller transform method.
8: end if

9: Construct Q1:Ne

0 .
10: end

Step 2: Forecast Step

11: FORECAST STEP (Qf ,Pf )
12: Propagate M(Q1:Ne) from th−1 to th

13: Calculate Q̄
f

and Pf by Eqs. (4.2) and (4.3)
14: end

Step 3: Analysis Step

15: ANALYSIS STEP (Qa,Pa)
16: Calculate (O −H(Q))i for i = 1, . . . , Ne.
17: Evaluate K by Eq. (4.5).
18: Update Qa by Eq. (4.4).
19: Calculate Pa by Eq. (4.8).
20: end

21: Next DA cycle
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Algorithm 2 IEnKF Method

Step 1: Initialization

1: INITIAL STEP (Q1:Ne

0 )
2: Select the initial conditions of uncertainties.
3: if (Uncertainty in model states) then

4: Use the lagged forecast method.
5: end if

6: if (Uncertainty in model parameter) then

7: Use Box–Muller transform method.
8: end if

9: Construct Q1:Ne

0 .
10: end

Step 2: Forecast Step

11: FORECAST STEP (Qf ,Pf )
12: Propagate M(Q1:Ne) from th−1 to th.

13: Calculate Q̄
f

and Pf by Eqs. (4.2) and (4.3).
14: end

Step 3: Analysis Step

15: ANALYSIS STEP (Qa,Pa)
16: Call inner-loop iterative solver.
17: Update Qa with the output from last step.
18: Calculate Pa by Eq. (4.8).
19: end

20: Next DA cycle
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Algorithm 3 MLEF Method

Step 1: Initialization

1: INITIAL STEP(Q1:Ne

0 ,Q̂0)
2: Select the initial conditions of uncertainties.
3: if (Uncertainty in model states) then

4: Use the lagged forecast method.
5: end if

6: if (Uncertainty in model parameter) then

7: Use Box–Muller transform method.
8: end if

9: Construct Q1:Ne

0 and Q̂0.
10: end

Step 2: Forecast

11: FORECAST STEP(Qf ,Pf )

12: Propagate M(Q1:Ne) and M(Q̂) from th−1 to th.

13: Obtain Qf and Q̂
f
.

14: Calculate P
1/2
f .

15: end

Step 3: Analysis

16: ANALYSIS STEP(Q̂
a
,Pa)

17: Set Q̂k=0 = Q̂
f
.

18: Apply change of variable ψk=0.
19: Evaluate the Hessian preconditioner by Eq. (4.22).
20: while 1 ≤ k ≤ n do

21: if (solver == ‘Quasi-Newton’) then

22: Calculate dk by Eqs. (4.30)-(4.31).
23: end if

24: if (solver == ‘Nonlinear conjugate-gradient’) then

25: Calculate dk by Eq. (4.33).
26: end if

27: Update ξk by Eq. (4.28).

28: Update Q̂k by Eq. (4.36).

29: Calculate Z(Q̂k).
30: end while

31: Update Q̂
a

by Eq. (4.36).
32: Calculate P1/2

a by Eq. (4.37).
33: Update Qa

i for i = 1, . . . , Ne by Eq. (4.38).
34: end

35: Continue the next DA cycle.
36: Repeat Steps 1-3.
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Chapter 5

DA+CFD Framework

It is critical to couple the CFD and DA algorithms and ensures proper data/information com-

munication between these two components in the framework. This chapter reviews some essential

features established in the current DA+CFD system, including the framework structure, the obser-

vation operator, the ensemble size, the concept of observation quality control or assessment, and

the DA initialization strategy.

5.1 Framework Structure

There are three steps in the DA+CFD (or “DA+Chord”) system, as illustrated in Fig. 5.1,

including forward model, innovation (aka. observation increment), and analysis. Note that this

flow chart uses the symbol of the deterministic state of MLEF for illustration. Firstly, each member

Q̂h−1 + P
a,1/2
h−1

Update

Members

Oh

Observations

Mh(Q̂h−1)

Chord

Step 1: Forward Model

O
f
hObservation Operator

Oh - Of
h

Step 2: Innovation

Q̂
a

h e.g. quasi-Newtons

Data Assimilation
Algorithm
(MLEF)

Optimization

Step 3: Analysis

Reinitialization
H(Q̂h)

Figure 5.1: Schematic description of elements in the DA+CFD system.
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in the ensemble is propagated by the forward CFD model to the time when the observation data

is available, and Pf is evaluated at that time. The CFD model predicts the temporal and spatial

evolution of the system, whose spatial and temporal scales depend on the numerical algorithm.

Secondly, the observations can be measurements in space and time, whose spatial and temporal

scales rely on the technique used to make the measurements in the physical experiments. When

assimilating the observation data into the forward model, the innovation is calculated by the dif-

ference between the observation and the initial guess of the forecast state. Finally, the analysis

combines CFD simulation and experimental data and makes the estimation of the optimal state

based on the optimization criteria from statistical error analysis. Finally, the analysis state is used

to reinitialize the CFD model for each member in the ensemble to propagate the forward CFD

model to the subsequent DA cycles.

5.2 Observation Operator

Assimilating the observation data into the CFD model generally requires a transformation or

mapping from the state space (solved by the forward model) to the observation space, accom-

plished through an observation operator, H(·), since observations are not necessarily the same as

the states. For example, Fig. 5.2 describes a mapping operation process of using 2D observations

that are different from states and measured at spatial locations different from the computational

mesh points/cells. Introduce the observation operator to be H(·) = βB ·βG ·βS(·). Matrix βS is a

spatial operator to average a solution variable of interest from 3D to 2D in the state space. Matrix

βG converts this variable (marked as black dots) to the observed variable (marked as blue dots) in

the 2D computational grid. Matrix βB interpolates the quantity from computational points in the

black mesh to the measurement points in the red grid. Then, the innovation can be evaluated in

the form of

(

O−H(Q̂)

)

. Moreover, we use experimental measurements as observations for some

of the DA+CFD applications in the current work. For example, a part of the data used for im-

proving our prediction of the turbulent reacting flow is the signals of the OH planar laser-induced

fluorescence (OH-PLIF) measurements. The signals are defined as SOH = cOHT
(γ−1), where γ is
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a constant and suggested to be 1.0 by Wu et al. [79], cOH is the concentration of species OH, and

T denotes the temperature. Since ρcOH and ρ are the variables solved by our forward model, the

nonlinear observation operator needs to be constructed in the form of H(Q̂) = ρcOH/ρ for the cOH

increment calculation. If γ 6= 1, the nonlinear operator accordingly has a more complicated form.

3DState

Q̂h

2DState

Q̂h

2DState

O
f
h

2D
Observation

O
f
h

βS βG βB

Figure 5.2: Schematic of an observation operator, H(·).

5.3 Ensemble size

The uncertainty estimate is sensitive to the ensemble size when applying the ensemble-based

DA method. In a sensitivity study, it needs to be performed first to consider both the solution

accuracy and computational efficiency. A reduction of the ensemble size generally results in a large

spurious correlation in the error covariance estimation. To eliminate spurious non-zero correlation,

the minimum number of the ensemble required is approximately 1/(kpη2) in theory [80], where kp

is the probability of the non-zero correlation and η is its estimated value. For example, if we want to

control the probability of the spurious non-zero correlation (e.g., η ≥ 0.03) to be 5%, the ensemble

size needs to be on the order of 20,000, which is infeasible in practice. In the DA community,

the ensemble size is typical of the order of 10-100 for the high-dimensional dynamical systems

(of the order of 109) applications. In addition, various covariance localization schemes have been

proposed and can be applied implicitly or explicitly in the DA algorithms to suppress the spurious

correlations if needed [80]. In the present DA+CFD system, we focus on applying the ensemble-

based DA method to a high-dimensional system. The ensemble is used for the representation of the
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PDF, and members in the ensemble are independent. Under the Gaussian assumption, the forecast

error is unbiased.

5.4 Quality Control Concept

While assimilating the observations into the CFD model, an important issue is that the qual-

ity of the observation data needs to be examined since data need to be inspected for the potential

unfavorable impact on the optimization process and the computational cost. A common practice

for assessing the quality is calculating an error of the observational increment during data assimi-

lation cycles. As a reminder, the observation increment is measured by
(

O −H(Q̂)
)

. Under the

assumption of Gaussian distribution for the uncertainty perturbation, the error of the observation

increment should also be expected to follow the Gaussian distribution. However, the observations

may be very distant from the predictions by the forward model at a certain time and space domain.

This, consequently, adds difficulty and computational expense to the process of determining the

optimal state by the MLEF minimizer. To remedy this, a quality region is specified in this work for

accepting or rejecting observations when and where the observation increment error deviates from

the thresholds. For example, observations are assimilated when the errors fall inside the quality

region by assessing

−CTσobs ≤ εobs ≤ CTσobs , εobs =
(

O −H(Q̂)
)

, (5.1)

with σobs being the expected observation error for each solution variable and CT the coefficient

of the quality control. Theoretically, in statistics, 95% of a sample that follows the Gaussian

distribution falls inside the region of ± 3 standard deviation (SD). In the present work, when the

observations are synthesized from the perfect model for most test cases, the quality control region is

set here as CT = 5, ideally permitting 99% of the data to the DA algorithm. When the observations

are from the experimental measurements, we set the quality control region with CT = 3, which
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ideally permits 95% of the data to the DA algorithm. However, the actual rate of acceptance in

each case is always lower than we expect.

5.5 DA Initialization Concept

Before any data assimilation can begin, it is necessary to define an initial state (including

solution variables and empirical parameters) and the uncertainty of that initial state. In the present

work, we employ the lagged forecast method [12] for the initial conditions of data assimilation,

as shown in Fig. 5.3. Given the time for which the initial state and its uncertainty are needed at

th = 0, a deterministic simulation of length 4tτ is started from a time th = -2tτ in the past. The

time frame tτ can typically be equal to the assimilation frequency window (τDA). For an ensemble

with Ne members, one runs “Ne + 1” CFD simulations in the MLEF method. While Ne in the

EnKF family method can be equally distributed over the 4τDA interval, in this approach, we use

time-lagged simulations as members of the ensemble. The initial deterministic state may be set

by the simulation whose start is at th = 0, or simply the ensemble mean of Ne members. We

use random perturbations for the initial uncertainty of empirical parameters, currently based on

a Gaussian probability density function. However, the lagged forecast method is not an inherent

t

t

-2tτ -tτ th=00 tτ 2tτ

Members
CFD

DA+CFD

Q
1

Q
2

Q
3 Q̂ Q

4
Q

5
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6
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For DA Initialization

tDA=1

Apply
DA

Figure 5.3: The schematic of the lagged forecast method.
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component of any of these DA methods. It is chosen here because it has a good record in applica-

tions to various time-dependent problems in meteorology. When using the lagged forecast method,

some spatial differences and the uncertainty correlation between the model variables and the model

parameters are included as dynamical features are advected over time. Based on our experience,

it can help reduce the non-physical perturbation noise when forming the initial forecast error co-

variance matrices in ensemble DA methods, which could benefit these methods to recover correct

error covariance after only a couple of DA cycles.
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Chapter 6

DA Performance Measures

The performance of the DA+CFD system needs to be assessed in the verification and vali-

dation processes and the final results for gaining a better understanding of the uncertainty. Four

quality measurement methods are utilized in the present research, including the trace of the error

covariance, the true error and root-mean-square (RMS) errors, the χ2-squared diagnostic, and the

normalized cost function estimation. All are prescribed in this chapter.

6.1 True Error and Root-mean-square Error

To verify the DA impact on the numerical predictions of the system, the true and RMS errors are

commonly used in the context of the ensemble DA method. The true error value can be evaluated

by the total difference between the “truth” and the DA+CFD prediction in the form of

ǫt =
(

Qt − Q̃
)T (

Qt − Q̃
)

, (6.1)

where Qt denotes the truth vector and Q̃ represents the mean predicted solution vector by the

data assimilation. However, the “truth” is usually unknown. In some of the cases presented in

this dissertation, the numerical simulation obtained by the perfect CFD model is regarded as the

“truth” and used to create the observations. When the observations are from the experimental

measurements, the Qt term is replaced with the observation vector O for the calculation. The

spatially averaged RMS error is calculated for each observed solution variable, labeled as the

index j, by

RMSj =

√

√

√

√

∑Nobs,j

m=1

(

O −H(Q̃
a
)
)2

m

Nobs,j
. (6.2)
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In Eqs. (6.1) and (6.2), the Q̃ term is replaced by the analysis ensemble mean vector (Q̄
a
) for the

EnKF and IEnKF methods and the deterministic analysis vector (Q̂
a
) for the MLEF method. Both

the estimations of ǫt and RMS are expected to decrease as more DA cycles are performed.

6.2 Trace of the Error Covariance Matrix

The other important statistical quality assessment of the ensemble filter algorithm is to calculate

the trace of the analysis error covariance matrix, trace(Pa), which indicates the filter performance

on the uncertainty reduction during the DA process. Since the uncertainty error is expected to be

reduced by the available observations, the variance of the members should decrease and converge

to a sufficiently small tolerance as more DA cycles are performed. The expected value for trace(Pa)

should be close to sufficiently small tolerance as possible at the end of the data assimilation.

6.3 χ2-squared Test

For the validation of the DA performance, the χ2-diagnostic test is used in ensemble data assim-

ilation. It evaluates the correctness of the innovation covariance matrix based on the observation

error matrix R and the forecast error covariance matrix Pf ,

χ2 =
XTX

Nobs
, X =

(

R + H(Q̃)PfHT(Q̃)
)−1/2 (

O −H(Q̃)
)

, (6.3)

where Nobs denotes the number of accepted observations after applying the observation quality

control method, and H is the tangent linear model of H(·). The χ2-calculation evaluates the cor-

rectness of the innovation covariance matrix with respect to R and Pf . The expected values for χ2

after analysis step should be close to 1.0 as possible [49].

6.4 Normalized Cost Function

For the deterministic ensemble filter algorithm, such as MLEF, the necessary statistical verifi-

cation is to estimate the normalized cost function value of the observational correction part, which
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indicates the difference between the observation and the solution after the minimization process

by DA method. For the MLEF method, the normalized cost function is, in fact, related to the χ2

test [49]. The idea of using normalized cost function in addition to χ2 is only for assessing the

minimization in a multi-variate problem, where we try to achieve a similar decrease of normalized

cost-function for each observation. For each solution variable j, the newly defined cost function is

normalized by the number of observation points, Nobs,j , and calculated by

(

J

Nobs

)

j

=
1

Nobs,j

(

1

2

(

O −H(Q̂)
)T

j
R−1

j

(

O −H(Q̂)
)

j

)

. (6.4)

Based on the equation, it measures the ratio of the expectation of the difference between the obser-

vation and prediction (E

[

(

O −H
(

Q̂
))2

]

) with respect to the expected observation error. The

observation error is under the assumption of following the Gaussian distributed curve. The opti-

mal state is generally determined by using both the background and observation information. At

the beginning of the DA process, the background error is bigger than the observation error. The

expectation value after the correction is bigger than the variance of observation error, which makes

J/Nobs slightly bigger than 0.5 (e.g., 0.5 ≤ J/Nobs ≤ 0.8). As more DA cycles are involved, the

optimal state gets pulled closer and closer toward the observation. The expectation value is then

closer to the variance of observation error (J/Nobs ≈ 0.5) at the end of the data assimilation [80].
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Chapter 7

The Choice of DA method

To choose an ensemble DA method for efficient and effective application to large nonlinear

reacting flows, we have investigated and compared the MLEF, the EnKF, and the IEnKF methods.

In this chapter, the assimilation performance of three ensemble DA methods is verified and com-

pared by the 1D convection-diffusion-reaction (CDR) problem and the Lorenz 1996 (L96) model

regarding the solution accuracy and computational efficiency. The performance study shows that

MLEF demonstrates better convergence and higher accuracy. Therefore, MLEF is selected as the

primary DA method in this dissertation work.

The CDR problem involves three transient physical processes of convection, diffusion, and

source, but the system eventually becomes steady. The L96 is a chaotic model. The rationality

of choosing the two representative problems is based on that (i) both have the “truth” which can

be used to assess the assimilation performance and predication accuracy easily, and (ii) complex

engineering fluid dynamics problems are often characterized by physical processes, including con-

vection, diffusion, and source, in addition to turbulence/chaos. In most engineering applications,

solution variables are not always observed, so nonlinear mapping between observation and state

space is required. Both linear and nonlinear observation operators are studied using the EnKF,

IEnKF, and MLEF methods. The verification process focuses on the capabilities of the three DA

methods to address (i) the nonlinearity of the observation operator and (ii) the chaotic dynamics

and the nonlinear physics processes. The assimilation performance is assessed based on the quality

metrics, such as the squared true error, the trace of Pa, and the RMS error.
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7.1 Convection-diffusion-reaction Model

7.1.1 Problem Configuration

We start the investigation of the DA impact on the imperfect initial condition for the one-

dimensional transient inhomogeneous CDR problem, which eventually has a steady-state solution.

Assume that the model parameters are inaccurate and need to be estimated by data assimilation.

In addition, we are interested in assessing how the adverse impact of imperfect initial conditions

on predictions can be removed or mitigated by data assimilation. Specifically, the uncertain model

parameters to be estimated are γ, µ, and c in the CDR equation,

∂φ

∂t
+ γ

∂φ

∂x
− µ

∂2φ

∂x2
+ cφ = f , 0 ≤ x ≤ 1 , (7.1)

where φ is the solution variable. For convenience, the true values for the convection speed, γ, the

diffusivity, µ, and source term coefficient, c, are known, and they are all unity. The other source

term, f , is modeled by f = 2 (x− 1) e−t. Dirichlet boundary condition is applied for the inlet, and

Neumann boundary condition is specified for the outlet domain extent. The computational domain

size for the problem is set to be Lx = 1 m. A total of 128 cells are used. The analytical solution of

the problem is used as the truth and defined in the form of

φt(x, t) = x2e−t . (7.2)

Two tests are configured. The first case examines the consequence of an imperfect initial condition

on the solution field. The second test investigates the situation in which the errors exist in both the

initial condition and the three model parameters simultaneously. The assimilation performance for

each case is assessed by comparing the solution differences between the truth and the DA+CFD

predictions at the end of the DA cycles.
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7.1.2 Imperfect Initial Condition in Transient-mode Problem

The first case is to assess the assimilation performance and make a comparison among the

EnKF, IEnKF, and MLEF methods when the observation operator is linear. The observation oper-

ator, H(·), is given by

H(φj) = φj , j = 1, 2, . . . , Nobs . (7.3)

The observations are synthesized from the perfect model at every other 4 cells by adding noise

with the error distribution N(0, 0.15). The linear observation operator H(·) can be written into the

matrix format, as

H(·) =



















δ 0 . . . 0

0 δ
. . .

...

...
. . . . . . 0

0 . . . 0 δ



















Nobs×Ns

, δ =















1 if observed

0 else

, (7.4)

where Nobs and Ns denote the number of available observation data and the total number of the

model states, respectively. The DA frequency is set to be every 5000 time steps, and the time step

size is ∆t = 1 × 10−5 s, that is that a DA cycle occurs every 0.05 s along with the propagation

of forward model. An ensemble consisting of 8 members is used in this work. A small amount of

perturbations is added into the initial CFD condition for propagating the solution using the lagged

forecast method as

φ(x, t = 0) = x2 sin(β1
2πx

Lx

+ β2) , β1 ∈ N(0.1, 0) , β2 ∈ N(0.01, 0) . (7.5)

The initial members in the ensemble are presented and compared to the truth in Fig. 7.1. The

DA performance is assessed by comparing the predictions of each DA method with the truth. The
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Figure 7.1: The members in the initial ensemble.

results in Fig. 7.2 show the predictions of each member and their mean estimation in 3 columns and

3 rows. For the MLEF method, we use the prediction of the control vector as its mean estimation.

In each column, the predictions from different DA methods are compared to the truth at the same

DA cycles. Rows show the comparisons at 5th, 10th, and 15th DA cycles, respectively. At the 5th

DA cycle, the variance of the members by the MLEF method is the smallest, which indicates that

MLEF has better convergence rate of the uncertainty reduction than the other two methods. In

addition, as more DA cycles are performed, all the DA predictions are getting closer and closer

toward the truth, which is what we expected from a proper DA process.

The performance is further assessed by measures of the true error, the trace of Pa matrix, and

the RMS error along the DA process. By tracking the trajectories of the convergence history in

Fig. 7.3a-7.3c, we clearly see that the IEnKF method shows faster convergence at the beginning of

the DA process. But, the MLEF method results in a smoother and higher error reduction rate than

both the EnKF and IEnKF methods along the DA process. Moreover, we calculate the absolute

solution difference, ‖∆φ‖ =
∥

∥φDA − φt
∥

∥, over the computational domain after 15 DA cycles. The

MLEF prediction shows the smaller difference in the results among the 3 DA methods, as shown

in Fig. 7.3d.
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Figure 7.2: Solution comparisons among the EnKF (1st column), IEnKF (2nd column), and MLEF (3rd

column) methods at the 5th, 10th, and 15th DA cycles.

Furthermore, we investigate the performance of the MLEF and IEnKF methods for the case of

using a nonlinear quadratic observation operator, where H(·) is given by

H(φj) = 2.5φ2
j + 1.5φj , j = 1, 2, . . . , Nobs . (7.6)

The DA setups are the same as those in the above case; that is the same in the assimilation fre-

quency and the initial ensemble for the initial condition. In this study, the assessment of the perfor-
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Figure 7.3: Comparisons of different measures among the EnKF (blue line), IEnKF (red line), and MLEF
(green line) methods.

mance depends on tracking the convergence histories of the true error, the trace of Pa matrix, and

the RMS error along the DA process. The trajectories for the true error estimation and the trace of

Pa matrix are shown in Fig. 7.4a and 7.4b. Both methods have achieved an error reduction by more

than 95% within 6 DA cycles. As the DA predictions converge toward the truth, the overall impact

of data assimilation on the CFD simulations decreases as expected. Similarly, the RMS error can
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be considered for the quality assessment of data assimilation. As shown in Fig. 7.4c, the MLEF

method drives the error down much lower in the case of the quadratic observation operator based

on the RMS error. The solution differences between the truth and the DA+CFD predictions at the

last DA cycle are shown in Fig. 7.4d. The final prediction by MLEF shows a better convergence

towards the truth than IEnKF.
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Figure 7.4: Comparisons of different measures between the IEnKF (red line) and MLEF (green line) meth-
ods.
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7.1.3 Errors in Both Initial Condition and Multiple Parameters

We investigate the performance of the MLEF and IEnKF methods with the same nonlinear

observation operator for the situation in which the uncertainties exist in both the initial condition

and the three model parameters (γ, µ, and c) simultaneously. For each model parameter, members

are selected randomly by following a normal distribution. The normal distribution curves used

here have the mean value of 3.0 and standard deviation of 1.0 for generating the initial guess of

µ and c, and using the mean value of 4.0 and standard deviation of 2.0 for the initial guess of γ.

The DA setups remain the same as those in the above cases. Since the magnitude of the errors

in the model parameters and the initial condition are of a different order of magnitude, tracking

the overall true error would not be particularly instructive. Instead, we plot the trajectories of the

convergence history of the true error estimation for the model parameters and the solution variable

separately in Figs. 7.5a and 7.5b. We clearly can see that some fluctuations occur in the results

by the IEnKF method, while the results by the MLEF method show nice and smooth convergence

history along the DA process. The error takes a much longer time to be adjusted or converged

to a lower magnitude for this case. This is not surprising because the model parameters are not

observed components in the given observation and can only get corrected through the covariance

between the coupled uncertainties with the solution variable. Similar oscillation phenomena are

observed in the results of the IEnKF method when tracking the trajectories of the trace value of

only the solution variable part of Pa matrix along the entire DA process in Fig. 7.5c. Figure 7.5d

compares the final DA predictions by the IEnKF and MLEF methods to the truth along with the

free CFD runs. In addition, the trajectories of each model parameter by the two DA methods are

plotted in Fig. 7.6. Clearly, MLEF can efficiently and effectively improve the estimate of the model

parameters and the prediction.
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Figure 7.5: Comparisons of various measures between the IEnKF (red line) and MLEF (green line) meth-
ods.
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7.2 Lorenz-96 Model

7.2.1 Problem Configuration

We continue the investigation of the DA impact on the imperfect initial condition of L96 model.

It is commonly used as a model problem in data assimilation. The model equation is given by,

dxj

dt
= (xj+1 − xj−2) xj−1 − xj + F , j = 1, 2, . . . , Nx , (7.7)

where Nx represents the total number of variables. In this study, we use Nx = 20. F is the

source term for enforcing the system to be the chaotic regime, which has the value of 8.17. A

strong positive or negative correlation is observed for each variable with respect to the adjacent

variable components in the vector. The periodic boundary condition is applied in the system. The

numerical solution is obtained by discretizing Eq. (7.7) in the temporal space using a fourth-order

Runge-Kutta time marching scheme with a constant time step ∆t = 0.001. The truth of this

problem is adopted as the solution that is propagated from the initial condition of setting the first
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model variable to be 0.1 and the rest of them to be zero. This test focuses on filter performance

with a nonlinear quadratic observation operator.

7.2.2 Imperfect Initial Condition in Chaotic-mode Problem

A sensitivity study of the ensemble size is performed first using the IEnKF method to consider

both the solution accuracy and computational efficiency. A linear observation operator is applied

in the form of

H(Xj) = Xj , j = 1, 2, . . . , Nobs . (7.8)

The observations are synthesized from the perfect model for every component by adding noise

with the error distribution N(0, 0.5). The initial members are generated by randomly perturbing

the initial condition. The DA frequency is set to be every 100 time steps, and the time step is

∆t = 0.001 s. Six ensembles, consisting of 4, 6, 8, 10, 12, and 14 members, are generated. The

total computational costs and the cost increments on average are reported in Table 7.1 with respect

to each ensemble size. The trajectories of the convergence history of the RMS error are plotted in

Fig. 7.7. We find that an ensemble consisting of 12 members shows the best performance in the

aspects of both the solution accuracy and the computational efficiency along the DA process. In

the following test cases, we use 12 members in the ensemble.

Table 7.1: The computational cost and the cost increment of each ensemble.

Ensemble size Total CPU cost (sec) Increment (%)

4 0.563 –
6 0.702 24.64
8 0.885 26.03

10 0.997 12.60
12 1.107 11.04
14 1.218 10.08
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Figure 7.7: Comparison of the RMS errors of the six ensembles.

The DA performance is firstly assessed by comparing the solution of the model states between

the predictions by the three DA methods and the truth. We use the same linear observation operator

as defined in Eq. (7.8). The observations are still synthesized from the perfect model, but now they

are at every other cell by adding noise with the error distribution N(0, 0.75). The DA frequency and

the time step size remain the same as those in the above case. The initial members are generated
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Figure 7.8: The members in the initial ensemble.
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by the lagged forecast method with tτ = 250. Figure 7.8 shows the spread of the members, the

ensemble mean, and the truth. The results in Fig. 7.9 present the trajectory comparisons of both the

observed component (X5) and unobserved component (X16) predictions along the entire DA pro-

cess. The small black triangles indicate when the observations are available and assimilated into the

DA+CFD system. By comparing the overall difference between the truth, the free CFD runs, and
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(a) The observed component.
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(b) The unobserved component.

Figure 7.9: Trajectory comparisons on the observed and unobserved components among the EnKF (blue
line), IEnKF (red line), and MLEF (green line) methods.
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the predictions from the EnKF, IEnKF, and MLEF methods, all DA predictions are pulled toward

the observation at the beginning of the DA process. However, only the MLEF prediction gets better

converged toward the “truth” along the entire process. Partially, this may be due to the optimization

at the analysis stage in the MLEF method.

We further assess the performance based on the measure of the RMS error. By tracking the

trajectories of the convergence history of the RMS error over the DA cycles and comparing among

the three different DA methods in Fig. 7.10a, we find that data assimilation is effective in the error

reduction for the chaotic mode problem since all the RMS error values are reduced as more DA
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Figure 7.10: Comparisons of different measures among the EnKF (blue line), IEnKF (red line), and MLEF
(green line) methods.
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cycles are performed. Some fluctuations occur in the results by 3 DA methods. However, the result

of the MLEF method converges to lower magnitude along the DA process. The final prediction

by MLEF converges closer to the truth after 40 DA cycles in Fig. 7.10b, which shows that the

MLEF has better convergence performance than the other two methods on addressing the chaotic

dynamics.
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(a) The observed component.
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Figure 7.11: Trajectory comparisons on the observed and the unobserved components between the IEnKF
(red line) and MLEF (green line) methods.
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More interestingly, we investigate the performance of the MLEF and IEnKF methods for the

nonlinear quadratic observation operator, where H(·) is given by

H(Xj) = 2.5X2
j + 1.5Xj , j = 1, 2, . . . , Nobs . (7.9)

Similarly, the observations are synthesized from the perfect model at every other component by

adding noise with the error distribution N(0, 0.25). In this case, because of the chaotic model

problem and the nonlinearity introduced from the given observations, a very small perturbation in

the DA initial conditions can lead to a significant deviation when testing both the IEnKF and MLEF

methods. Instead, the observation error is reduced in order for us to focus on understanding the

uncertainty reduction between the IEnKF and MLEF methods. The DA frequency is set to be every

200 time steps, and the time step is still ∆t = 0.001 s. The predictions of the observed component

(X5) and unobserved component (X16) predictions are compared among the results of the IEnKF

and MLEF, the truth, and the free CFD run in Fig. 7.11 along the entire DA process. The small

black triangles still indicate when the observations are available and assimilated into the DA+CFD

system. Clearly, both DA methods can pull the forecasts to the truth, but the prediction by the

MLEF method converges closer to the truth. Nevertheless, as more DA cycles are performed, the

solution is getting closer and closer toward the truth, not surprisingly, and apparently than the free

CFD run.

The assimilation performance is further investigated by tracking the RMS error over the DA

cycles and comparing the two DA methods. The trajectories of the convergence history are plotted

in Fig. 7.12a. They are clearly consistent with what we observed in Figs. 7.4c and 7.10a, which

show that data assimilation is effective in the error reduction. The absolute solution difference is

calculated and presented in Fig. 7.12b. The final prediction of MLEF shows a smaller difference

than that in the prediction of the IEnKF, which can indicate that the MLEF method has better filter

performance on addressing the nonlinearity of the observation operator than the IEnKF method

does.

58



0 800 1,600 2,400 3,200 4,000
0

0.4

0.8

1.2

Time steps

R
M
S
er
ro
r

IEnKF(Q̄)

MLEF(Q̂)

(a) RMS error estimation.

5 10 15 20
0

0.2

0.4

0.6

Cell index

‖∆
X
‖

IEnKF(Q̄)

MLEF(Q̂)

(b) Solution difference (‖∆X‖) after 20 DA cycles.

Figure 7.12: Comparisons of different measures between the IEnKF (red line) and MLEF (green line)
methods.

7.3 Conclusion

MLEF consistently produces more accurate and efficient solutions than the other two meth-

ods and provides more information on both states and their uncertainties during the verification

process. This study provides enough evidence to support us in choosing the MLEF method as

an appropriate DA algorithm when establishing the DA+CFD system for further investigations in

current research.
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Chapter 8

Verification and Validation

Before applying data assimilation to improve the predictions of practical turbulent reacting

flows, the DA+CFD system established in the current work needs to be verified and validated.

The CDR problem, as described in the previous chapter, verified the MLEF method. Here, a

turbulent Couette flow is used to validate the framework. This flow problem is chosen because it is

a canonical fluid dynamics problem and has literature data for the performance assessment of the

framework. Moreover, the prediction of the turbulent viscosity model is of particular interest. The

CFD predictions are compared between those with the use of data assimilation and those without

the use of data assimilation. The assimilation performance is assessed based on the measures, such

as the χ-squared diagnostics and the RMS errors.

8.1 RANS Modeling of Turbulent Couette Flow

The CFD modeling of the plane turbulent Couette flow is based on Reynolds-averaged Navier-

Stokes equations. The Spalart-Allmaras model [81, 82] is employed. Since the turbulent eddy

viscosity, ρν̃, has to be solved in the coupled system for the turbulent Couette flow, the system of

governing equations is slightly different from Eqs. (2.1) - (2.3) on a rectangular physical domain,

given by

∂ρ

∂t
+ ~∇·(ρ~u)=0 (8.1)

∂

∂t
(ρ~u)+ ~∇·

(

ρ~u~u+p
~~I
)

= ~∇·
(

~~τ + ~~τt

)

(8.2)

∂

∂t
(ρe)+ ~∇·

[

ρ~u

(

e+
p

ρ

)]

= ~∇·
[(

~~τ + ~~τt

)

·~u
]

− ~∇·(~q + ~qt) (8.3)

∂ρν̃

∂t
+ ~∇·(ρ~uν̃) = Cb1(1−ft2)ρS̃ν̃ + ~∇·

[ρ

σ
(ν+ν̃) ~∇ν̃

]

− 1

σ
(ν+ν̃) ~∇ρ· ~∇ν̃

+
Cb2ρ

σ
~∇ν̃ · ~∇ν̃−ρ

(

Cw1
fw−

Cb1

k2
ft2

)

ν̃2

d2
, (8.4)
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where the model closure coefficients are detailed described in the works by Allmaras et al. [81]

and Spalart and Allmaras [82]. All the solution variables are time-averaged quantities in equations.

In the equations, ~~τt is the turbulent Reynolds stress tensors, and ~qt is the turbulent heat flux vector.

The other mathematics symbols are the same as those described in Chapter 2.

8.2 CFD and DA Configurations

The flow is channeled by two infinite long plates, as shown in Fig. 8.1, which are parallel in x

coordinate and separated by a height of H = 0.0292 m in y. The computational domain is 0.0292m

× 0.0292m with a grid of 32×32 cells. The top wall moves in x-direction with a constant speed of

Uw = 104.18 m/s. The Reynolds number is around Rey = 10000 based on the moving wall velocity

and the channel height. The fluid is air at 80 ◦C, with a kinematic viscosity (ν) of 2.09×10−5 m2/s,

a density of 1.177 kg/m3 and a thermal conductivity of 0.0243 W/mK. Periodic BCs are set for

the x-direction. For the y-direction, the top wall moves with Uw while the bottom wall is set to no-

slip. The x-velocity of the flow field is initialized using the laminar Couette flow velocity profile

(see Gao et al. [36]). The eddy turnover time (τe) is about 5.61 × 10−4 s based on the channel

height and initial velocity.
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Figure 8.1: Diagram of the turbulent Couette flow case showing boundary conditions and initial velocity
profile at the starting point.

For DA configuration, the lagged forecast method [16], as mentioned in the previous section, is

implemented for creating the initial ensemble by running the forward model from -2TDA to 2TDA,
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where the data assimilation frequency (TDA) is set to be 2τe. The central time of the initial lagged

forecast region is 10.5τe. Members (Ne = 10) are randomly selected along this lagged forecast

region. The deterministic control state (Q̂0) is the solution at the central time of the region. In the

present study, uncertainties are assumed to exist in both the initial condition and the two model

parameters (cb2 and cw3) simultaneously. The reference values for cb2 and cw3 are 0.622 and 2.0,

respectively. For each model parameter, members are selected randomly by following a normal

distribution. The normal distribution curve used for generating the initial guess of cb2 has the mean

value of 3.0 and standard deviation of 1.0, and using the mean value of 6.0 and standard deviation

of 1.5 for the initial guess of cw3. The control vector Q̂ is constructed by cb2, cw3, ρ, ρu, ρv, ρǫ and

ρν̃ in form of

Q̂ =










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, (8.5)

where Nc denotes the total number of the cell of the computational domain. Note that the internal

energy, not the total energy variable, is selected as a control variable because of its “independent”

relationship with other model variables in order to keep its error as Gaussian. In addition, from

that point of view, using independent control variables makes the data assimilation more efficient

and possibly more robust. A literature data of steady-state u profile is available in work by Spalart

et al. [83]. The observations in the current work are synthesized from this profile at every other

cell by adding noise with the error distribution N(0, 4). It is important to point out that in the

case of decaying modes, such as those in a statistically steady-state system like the Couette flow,

perturbed and non-perturbed simulations would eventually come to the same point, which implies

minimal uncertainty. But, for the verification purpose, by assimilating the steady-state solution

as the observation into the system, we focus on proving that the data assimilation can reduce the

uncertainty faster than that by the dissipation mechanism in the forward model, which leads to the

eventual steady state.
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8.3 Performance Assessment

The profiles of axial velocity (u) and the eddy viscosity quantity (Rρν̃) are shown in Fig. 8.2

after the 1st, 5th and 10th DA cycles. The variable Rρν̃ is calculated by

Rρν̃ =
u′v′ρν̃

uτH
du
dy

, (8.6)

where u′v′ is a component of the Reynolds stresses and uτ is the friction velocity. These y-profiles

are investigated and plotted at x = L/2. The reference solutions of u and Rρν̃ come from the work

by Spalart et al. [83]. The free CFD predictions (i.e., the solutions without using data assimilation)

are compared to the predictions with data assimilation along with the literature. As more data

assimilation cycles are performed, the solution for each variable is apparently getting closer and

closer toward the reference than the free CFD simulations. It is worth pointing out that ρν̃ is

treated as a non-observed variable in the system. However, a positive impact on its prediction by

data assimilation is obtained along the DA process, which clearly indicates that the DA impact on

the non-observed variable can be realized through the coupled dynamics and the solution-dominant

covariance between the coupled uncertainties generated in the DA+CFD system. Table 8.1 shows

that the optimization with data assimilation reduces the solution error faster than the free CFD

run, implying that data assimilation effectively reduces uncertainty. As a reminder, χ2 test is used

to evaluate the correctness of the innovation covariance matrix, and the values are expected to be

closer to 1.0 as possible.
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Figure 8.2: Comparisons for u and Rρν̃ profiles at x = H
2 after the 1st, 5th and 10th DA cycles.
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Table 8.1: χ2 for the CFD and DA+CFD predictions.

DA cycle χ2 (CFD) χ2 (DA+CFD)

1 6.72951 1.27838

2 6.39608 1.19123

3 5.03123 1.20321

4 4.11283 1.03216

5 2.62701 1.01494

6 2.33488 1.11669

7 2.42313 0.99635

8 1.96743 0.96314

9 1.73231 1.08076

10 1.59313 1.10593

Furthermore, the trajectories of each model parameter are plotted in Fig. 8.3. MLEF effectively

improves the estimate of the model parameters and thus further helps improve the prediction. To

keep in mind, since the synthetic observation is not perfect, we do not expect that the predictions

converge perfectly to the reference data.

The relative RMS errors of axial velocity from the free CFD and DA+CFD predictions are

compared along the data assimilation process at the analysis stage, as illustrated in Fig. 8.4. Along

each trajectory, the RMS error is normalized by its forecast RMS error for the first DA cycle. The

DA+CFD result converges to a lower magnitude along the DA process. It confirms the effective-

ness of the MLEF method in error reduction by using data to optimize the prediction. Especially,

the data assimilation helps to reduce uncertainty more significantly than the dissipation mechanism

in the model.
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Figure 8.3: The estimation of each model parameter along 10 DA cycles.
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(blue line) along 10 DA cycles.
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Chapter 9

Results and Discussion of the DA+CFD system

The verified and validated DA+CFD framework is now applied to improve the CFD predictabil-

ity of the time-evolving shear-layer mixing with CH4-air combustion, correct the boundary condi-

tions of turbulent flow in a bluff-body combustor, and understand the uncertainties of the turbulent

flows with and without C3H8-air combustion in the same combustor. These problems are selected

since they mimic the physics process, such as the development of flow and flame of the shear lay-

ers, occurring in practical combustors, where some stabilization mechanisms are often embraced

to anchor flames. For example, a bluff body is usually adopted as a flame holder in practical com-

bustion devices. It is important to understand the mixing process and vortex dynamics in practical

combustors for the design of the combustor and the overall combustion performance. In particular,

data assimilation is applied to improve the prediction of such physics. As mentioned previously,

the concept of using data to improve the predictability of CFD modeling of turbulence and com-

bustion has been brought into the field of science and engineering only recently. However, its

application to turbulent combustion is still at the fledgling stage due to the complexity of chemical

reactions and the intricate interactions between chemistry and flow dynamics. This chapter will

focus on investigating how data assimilation works for complex problems and what can be learned

by assimilating data to correct the boundary condition and improve the CFD prediction of the flow

and flame dynamics.

9.1 Numerical Tests and DA Configurations

9.1.1 Reacting Shear Layer Flow

As illustrated in Fig. 9.1, two parallel, gaseous fluid streams, the upper and the lower halves,

flow oppositely along the axial direction in an infinitely long duct bounded by two walls in the

y-direction. Specifically, the upper stream is CH4 while the lower stream is O2. The mean axial
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velocity in the upper stream is U1 = 102.0882 m/sec while the lower stream has a mean axial

velocity U2 = −U1. The y- and z-velocity are initialized to be zero. A hyperbolic tangent profile

is used for initializing the U(y) and the mass fraction profile of the chemical species (O2 and

CH4). In addition, the Busemann–Crocco relationship [84] is used for the initial temperature with

T1 = 300 K and T2 = 1800 K. The slip-wall BC is specified for the walls, while periodic BCs are

applied for other physical boundaries. The initial Reynolds number based on the vorticity thickness

is around 640. The domain is 2mm× 4mm× 0.25mm with a computational grid of 64× 128× 8

cells. Due to the velocity difference, the shearing force causes the two layers to mix in the center

of the duct. When CH4 and O2 mix at a high temperature, the reaction occurs. The reaction is

modeled by a 12-species, 38-steps CH4-O2 chemistry mechanism developed by Xu et al. [2].

No-slip Wall

No-slip Wall

y

x

z

U1

U2

O2 with T2

ρ1, P1

ρ2, P2

CH4 with T1

h = 4mm

l = 2mm

Figure 9.1: Diagram of the reacting shear layer flow.

All conservative variables are assumed to have uncertainties. With using Eq. (7.4), the ob-

servations are synthesized from the perfect model for all the species mass fractions, the x- and

y-momentum, and the density at every other cell. For each species mass fraction, the observa-
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tion error is set to be 5-8% of its true global maximum value. For the density and the x- and

y-momentum, we set the observation errors to be 8-10% of individual global maximum true value,

as σρ = 0.2 , σρu = 5, and σρv = 2. The average acceptance rate of the observations is around 63%

in the first 3 DA cycles. Then, it increases to 80% after 5 DA cycles are performed. The ensemble

consists of 12 members, created from the lagged-forecast method by setting the TDA = 9000 time

steps.

9.1.2 Non-reacting Flow in a Bluff-body Combustor

The bluff-body combustor developed by the US Air Force Research Lab (AFRL) [85], as illus-

trated by Fig. 9.2, has a 38.1 mm equilateral triangle flame holder centered in the y-direction and

resembles the practical combusting devices in terms of forming three core regions: the anchored

flame, recirculation zone, and shear-layer mixing. The computational domain is configured as the

inflow and outflow for the x-boundaries, no-slip, adiabatic walls in y-direction, and periodicity in

z-direction. The center xy-plane is Lx × Ly = 0.829m × 0.127m. For the inflow air condition at

the left x-boundary, the velocity and temperature are specified as u =14.9 m/s and 310 K, respec-

tively. The Reynolds number is 50,164 based on the trailing edge length of the bluff body and the

free stream inlet velocity. The total pressure at the right x-boundary is set to be 100 KPa. No-slip

and adiabatic conditions are applied to the solid surfaces of the bluff body.

Figure 9.2: The configuration of the bluff-body combustor.

For data assimilation, the ensemble consists of 19 members and 1 control case. Although the

details are not shown here, it is important to mention that the sensitivity study of the ensemble

size was performed first for the consideration of both the solution accuracy and computational
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efficiency. The control vector is Q̂ = (ρ, ρu, ρv, ρε)T, with the size of Ns = 48,128. We use the

same linear observation operator as described in Eq. (7.4). The observed variables are the density

and the x- and y-momentum for two cases, as shown in Fig. 9.3. In case 1, there are 27,800 data-

points (observations) being synthesized for the xy-plane at x× y = [0, 0.677] m × [-0.635, 0.635]

m, whereas case 2 has 144 data-points synthesized for y ∈ [-0.635, 0.635] m at x = 0.0005 m. Both

cases represent the locations where typically experimental data are measured. The observation

errors are set to be 5-8% of their global true maximum values, giving σρ = 0.1 , σρu = 5, and

σρv = 3. The averaged acceptance rate of the observations is close to 88% in both cases along the

DA process. Assimilation frequency is TDA = 0.021 second.

y

x

No-slip and adiabatic

No-slip and adiabatic

Figure 9.3: Diagram of two observation regions for BBC case.

9.1.3 Reacting Flow in a Bluff-body Combustor

Data assimilation has been performed for the premixed C3H8-air reacting flows at φ = 0.65 in

the bluff-body combustor by focusing on 2D configurations first. Three benefits are achieved by

using the 2D DA investigation. First, we can gain confidence in applying the DA+CFD system

to complex reacting flows in a burner with realistic geometry and assimilation of experimental

measurements. Establishing the proper workflow and assimilation criteria is essential before com-

mitting an enormous amount of CPU hours for the 3D DA investigation. The solution process of

DA+CFD should be largely independent of spatial dimensions, and the resulting procedure from

2D is expected to be applicable to 3D. Secondly, we can assess the DA performance and parametric
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sensitivity for fast turnaround times between investigations, such as the ensemble size, the assim-

ilation frequency, and the experimental data usage, including the instantaneous or the averaged

quantities (time-averaging, spatial-averaging, or space-time averaging, signals or derived quanti-

ties). Although not all information is presented herein, it is cataloged as guidance for the 3D study.

Finally, scalability of specific operators and estimation of computational cost for 3D simulations

are made, providing a basis for CPU time allocations for the 3D DA study in future work.

The computational domain as illustrated by Fig. 3.1 is reduced to a xy−plane with z = 0 for the

2D cases. The C3H8-air reactions are modeled by the chemical mechanism developed by Zettervall

et al. [1] (“Z66”), including 25 species and 66 reactions. The boundary conditions for the premixed

C3H8-air combustion are the same as described above. The mesh used for this study is particularly

chosen with a similar resolution that is consistent with the literature references [86–89] for the

purpose of comparisons. This “4mm-mesh”, commonly referred to in these works, was created

by taking into account a few important physical length scales to turbulent combustion, such as the

boundary layer of the bluff body affecting the dynamics of shearing and recirculating. Cocks et

al. [86] estimated this length scale to be approximately 1/
√
ReD, requiring the spatial resolution of

5 mm; ReD is 38,658 based on the trailing edge length of the bluff body and the inlet flow condition.

In the present work, the base grid consists of 24 mapped blocks, with 16,384 computational cells

in total. The cell distribution is either the 8×16 cells or 16×16 cells per block. In most regions

of the main combustor channel, the cells are nearly isotropic with a resolution of 5.5 mm, but the

cells are refined near the walls by stretching the mesh as shown in Figs. 3.1 and 3.2. The stretching

ratios in x and y-direction are limited to be less than 10%, giving some fine cells with a resolution

of 1 mm. Cell resolution in the plenum is much lower than the rest of the domain since it simply

exists to enforce the boundary conditions properly.

Two DA tests are configured. The first case examines the consequence of an imperfect initial

condition on the solution field. The second test investigates the situation in which the uncertainties

exist simultaneously in both the initial condition and the inlet boundary condition, specifically, the

axial velocity (uinlet) at the leading edge of the slip wall region, as shown by the black arrowed-
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lines in Fig. 3.1. In each case, the ensemble consists of 10 members and 1 control case. To define

an initial state, including all the solution variables and their uncertainties, we select each member

in the ensemble from the solution time region of 2.25τf ≤ t ≤ 2.7τf by using the lagged forecast

method. The unit flow-through time, τf , is defined as the total amount of time that a particle travels

through the duct part of bluff-body combustor along the streamline directory by τf = Lx/uinlet.

For the first case, τf is calculated to be 0.0521 s. For the second test, τf is calculated based on the

mean inlet velocity in the control case, which is about 0.0908 s. The DA frequency occurs every

third of 1 flow-through time in the first case and every half flow-through time in the second case,

respectively. To initialize the uinlet condition in each member but avoid introducing unphysical

noise into uinlet profile, we add a small number of perturbations into the profile equation by,

uinlet(y, t=0)=















100β1y
2 + β2 , if β3 > 0

β2 , otherwise

, (9.1)

where we select β1, β2, and β3 randomly by following a normal distribution as

β1, β2 ∈ N(9.5, 2) , β3 ∈ N(0, 1) . (9.2)

The reference inlet velocity data is available in the work by Caswell et al. [90]. The initial members

of the inlet velocity profiles are presented and compared to the reference data in Fig. 9.4.

The experimental measurement setup and area in the work by Caswell et al. [90], as illustrated

in Fig. 9.5, are a 2D plane with dimension of 3.47D × 2.91D as the viewing window, where

D = 38.1mm. Note that there is a difference in the transversal width between the computational

and experimental configurations as shown by the side view in Fig. 9.5b, and this difference needs to

be taken into consideration when 3D investigations are considered in future work (e.g., normalizing

the data with the corresponding inlet velocity). The data, including instantaneous u and ρcOH, are

assimilated for the first 42 DA cycles in the first test and the first 19 DA cycles in the second test.

The time-averaged quantities are also assimilated, for the last 8 DA cycles in the first case and
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Figure 9.4: Initial inlet u profiles for the members.

the last 11 DA cycles in the second case, respectively, to demonstrate the data impact. The errors

in the x-velocity and the ρcOH are 5-10% of their global maximum values, giving σu = 4.5 and

σρcOH = 8.5× 10−5, respectively. The average acceptance rate of the observations is close to 75%

along the DA process.

(a) Experimental measurements setup [90].
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Chord Caswell,2015
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(b) Observation location (i.e., viewing window).

Figure 9.5: Schematic of the experimental measurements setup and the viewing window.

Before assimilation, the experimental measurements of ρcOH are rescaled from the normalized

OH-PLIF data for the equivalence ratio of φ = 0.65. A 1D free flame simulation in Cantera

version 2.5.1 [91] using Z66 kinetics and multi-component transport was performed at the specified

equivalence ratio. The maximum value of the mass fraction of OH is 0.00063, which is used
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as the scaling factor (αcoeff) during the pre-processing of experimental data. It is important to

mention that the experimental data is for φ=0.6, and there are available scaling factors in multiple

variables for rescaling normalized OH-PLIF for a range of equivalence ratios. In particular, for φ

= 0.65, the factors for the mass fraction, mole fraction, and concentration for OH, and the total

fluid density are 0.002941, 0.004869, 3.7124 ×10−5, and 0.2146, respectively, based on the 1D

free flame simulation in Cantera using Z66 kinetics and multi-component transport performed.

The maximum location of OH concentration through the flame was located, and the mass fraction,

mole fraction, concentration, and density at that point are reported as the scaling factors in the table.

Unfortunately, a caveat is that the point of maximum concentration does not always correspond to

the point of maximum mass fraction or maximum mole fraction. However, the differences between

these points are small, and to ensure consistency between density and mass and mole fractions,

only the values at the point of maximum concentration are reported.

9.1.4 High Performance Computing

In the current work, the reacting shear layer flow and the non-reacting flow in a bluff-body

combustor were carried out on Atlantis, an internal high-performance compute server managed by

the Computational Fluid Dynamics and Propulsion group at Colorado State University. It consists

of nine compute nodes and 189 TB of storage connected by a 40 Gbps InfiniBand network. In

total, there are 200 cores on the compute nodes. For the turbulent reacting flow in a bluff-body

combustor, the member simulations were carried out on Narwhal and Onyx managed by the De-

partment of Defense (DoD) Navy Supercomputing Resource Center (DSRC) and the U.S. Engineer

Research & Development Center (ERDC) DSRC, respectively. Technical details on the system ar-

chitectures, programming environments, memory complement, and disk subsystems can be found

in https://centers.hpc.mil/systems/unclassified.html.
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9.2 Results and Discussion

9.2.1 Reacting Shear Layer Flow

Figure 9.6 compares the DA+CFD predictions of ρcH2O to the synthesized truth and the free

CFD simulations for assimilation cycles 1, 5, and 10. This figure consists of 3 rows and 3 columns.

Each row (from top to bottom) shows the results for a particular assimilation cycle. Columns from

left to right correspond to the free CFD simulation (e.g., without using data, Q̂
free

), the truth (Q̂
t
),

and the optimal analysis from data assimilation(Q̂
a
), respectively. The flame structure indicated by

the ρcH2O species distribution is well corrected, which is promising. It demonstrates that the opti-

mization algorithm is robust because a combusting fluid dynamical system can be very sensitive to

the species variations, and the optimization algorithm may diverge easily or have slow convergence

issues. The analysis also reveals that the changes (e.g., the difference between Q̂
a

and Q̂
t
) become

less pronounced after cycle 5. This is the phenomenon we expect to see, and when this occurs, it is

encouraging because a larger error reduction should be expected to be seen in earlier assimilation

cycles than later ones, and this fact demonstrates that the data is effectively driving the system to

the true trajectory. We have also observed that all solution variables behave consistently over the

cycles. This is remarkable for a combusting system, positively indicating that the dynamical sys-

tem is in a good balance during data assimilation. All indicates that the Chord-MLEF framework

is effective, and the data quality is good.

It is worth pointing out that ρǫ is treated as a non-observed variable, and hence a positive impact

on its predication by data assimilation is realized through the coupled dynamics and the solution-

dominant covariance between the coupled uncertainties generated in the DA+CFD system. As

stated above, all quantities behave consistently well. This parametric study has an important im-

plication for realistic applications; that is, data is not always available for some variables, some

locations, or some times. The forecast error covariance expresses the relationship between solution

variables. It transmits information in the changes of observed variables to unobserved variables.

The performance is further assessed by measures of χ2 and the error reduction of the total cost

function. For each assimilation cycle, the error reduction of the total cost function can be evaluated
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Figure 9.6: The comparisons for ρcH2O between the free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the

DA+CFD (Q̂
a
) solutions at the midpoint of z-axis (z = 0.125 mm).
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as γtot =
(∣

∣

∣
J(Q̂

f
)− J(Q̂

a
)
∣

∣

∣
/J(Q̂

f
)
)

. Figure 9.7a shows the promising error reduction over the

cycles, where χ2
a is for the data-assimilated CFD simulations and χ2

free is for the free CFD simula-

tions. As the data assimilation predictions converge toward the truth by the optimization algorithm,

the overall impact of data assimilation on the CFD simulations decreases, which is expected. By

tracking the χ2
a along the assimilation process and comparing it to the free CFD run in Fig. 9.7b,

it also shows that χ2
a is always smaller than χ2

free in each DA cycle. This demonstrates that data

assimilation is effective in uncertainty reduction by examining γtot. As seen, the error reduction is

about 25% in the first DA cycle, and the error reduction becomes smaller as more DA cycles are

performed, as expected when data assimilation is performed properly. Similarly, RMS error can be

considered for the quality assessment of data assimilation. Figure 9.8 shows that the analysis RMS

error is always smaller than the forecast RMS error during the data assimilation process, indicating

the positive impact of data assimilation on the dynamical system with uncertainties.

2 4 6 8
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γ
to

t
(%

)

(a) The historical trajectory of γtot.
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χ
2
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χ2
a

(b) The χ2 comparison.

Figure 9.7: The trajectory of γtot and the χ2 comparison between the data-assimilated CFD (χ2
a) and the

free CFD (χ2
free) simulations over the assimilation cycles.

While the present results show a promising application of data assimilation to combustion,

more exciting questions may arise when highly turbulent combusting flows are considered. How
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often does data need to be assimilated since a numerical prediction of such a dynamical system

may deviate from the “truth” rather quickly? In such a highly chaotic system with many modes,

what would happen when all quantities do not behave consistently during data assimilation? A

future follow-up study will be conducted to address these questions.
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Figure 9.8: The relative RMS errors of the forecast and the analysis solutions.

9.2.2 Non-reacting Flow in a Bluff-body Combustor

Figures 9.9-9.10 compare the optimal solution driven by assimilating the 2D-plane data to the

free CFD simulation and the synthesized truth for up to 8 cycles. Each figure has 2 columns and

3 rows. The left column shows the 2D contours at the center xy-plane, while the right shows the

y-profiles at x = 0.0005 m. Rows from top to bottom are for density, momentum, and energy,

respectively. In each contour and line profile, the comparison is made between Q̂
a
, Q̂

free
, and Q̂

t
.

Figure 9.9 shows the flow structure is immediately pulled toward the truth after 1 data assimilation

cycle and the y-profiles also show such behavior in detail. The solution fields for those quantities

(ρ and ρu) who have observed data being assimilated are corrected considerably to the synthesized

truth with 4 assimilation cycles, while the non-observed energy takes a couple of more cycles to be

corrected, as demonstrated by Fig. 9.10. Despite the discrepancy in the amplitude for ρe between
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Q̂
a

and Q̂
t
, the 1D profiles show the phase of the vortex shedding dynamics is properly corrected.

The Strouhal number of the vortex shedding, St = fLy/u, for the data assimilation result, is

approximately 1.6, which is the same as the true value.

Figures 9.11-9.14 compare the optimal solution driven by assimilating the 1D data to the free

CFD simulation and the synthesized truth for up to 20 cycles. The layout of each figure is the

same as above. In contrast to the above case of assimilating 2D-plane data, the flowfields take

much longer to be adjusted or pulled to the truth for this case of assimilating 1D data. This is

not surprising. The more quality data is assimilated, the faster the system is being driven toward

the optimal state. As shown in Figs. 9.11-9.14 over the 20 cycles, the flow structure behind the

bluff body is slowly responding to the data, and the local correction eventually influences the global

flowfield as assimilation proceeds. Starting from the 12th cycle, visually, the flow structure is being

pulled toward the truth, albeit taking more cycles. From this, factors, such as where, what and

when data should be assimilated, are important to consider for assimilation efficiency and solution

accuracy. Similarly, when flows become more and more turbulent, how likely is the “correction”

would be washed out if not enough data is assimilated? A follow-up study will focus on highly

turbulent flows with more complex geometries. Nevertheless, the present study demonstrates a

new application of data assimilation for a moderate turbulent flow with the presence of geometry

to improve the prediction of vortex dynamics. The result is promising.

For turbulent flows, statistical analysis of flow fields (spatial or temporal averages) is very

useful for engineering designs. For case 2, the time-averaged profiles are compared in Fig. 9.15

showing 3 columns and 4 rows. In each column, the y-profiles of Q̂
a
, Q̂

free
, and Q̂

t
are compared at

x = 0.01 m for ρ, ρu and ρe. Rows are for showing the averaged amplitudes over 1-5, 6-10, 11-15,

and 16-20 assimilation cycles, respectively. For all quantities, the averaged behavior is consistent.

The phase error is large in the first set of the averaged profiles (i.e., averaged over 1-5 cycles),

but significantly reduced for the rest. The averaged amplitude of Q̂
a

is much closer to Q̂
t

for ρu

than others. The time-averaged profiles at different spatial locations may likely display somewhat
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Figure 9.9: The forecast (Q̂
free

), the synthesized truth (Q̂
t
), and the analysis (Q̂

a
) solutions at 1st DA cycle

when assimilating a 2D-plane data.
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Figure 9.10: The free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the DA+CFD (Q̂

a
) solutions at 8th DA

cycle when assimilating a 2D-plane data.
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Figure 9.11: The free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the DA+CFD (Q̂

a
) solutions at 1st DA

cycle when assimilating 1D data.
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Figure 9.12: The free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the DA+CFD (Q̂

a
) solutions at 8th DA

cycle when assimilating 1D data.
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Figure 9.13: The free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the DA+CFD (Q̂

a
) solutions at 12th DA

cycle when assimilating 1D data.
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Figure 9.14: The free CFD (Q̂
free

), the synthesized truth (Q̂
t
), and the DA+CFD (Q̂

a
) solutions at 20th DA

cycle when assimilating 1D data.
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(a) Time-averaged ρ (left), ρu (mid), and ρe (right) over 5TDA.
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(b) Time-averaged ρ (left), ρu (mid), and ρe (right) over (5 - 10)TDA.
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(c) Time-averaged ρ (left), ρu (mid), and ρe (right) over (10 - 15)TDA.
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(d) Time-averaged ρ (left), ρu (mid), and ρe (right) over (15 - 20)TDA.

Figure 9.15: The y-profiles at x = 0.01 m for the time-averaged free CFD (Q̂
free

), the time-averaged syn-

thesized truth (Q̂
t
), and the time-averaged DA+CFD (Q̂

a
) where 1D data is assimilated.
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different behavior. Nevertheless, statistical analysis is important for assessing data assimilation

performance and fluid dynamics for engineering purposes.

9.2.3 Reacting Flow in a Bluff-body Combustor

Imperfect Initial Condition

The instantaneous contours of the forecast states for ρe, ρcOH, and ρcO2
at the 50th DA cycle

are shown in Fig. 9.16 from the top to the bottom rows. Although many intermediate cycles are

examined for all solution quantities, the final cycle is shown to demonstrate the resulting overall

flame shapes and flow dynamics. In addition, the close-up of the flame immediately behind the

bluff body is displayed for the viewing window. The overall flame shape is symmetric about the

centerline (y/H = 0) parallel to the axial axis, agreeing with the experimental observation [90], so

is clearly shown by the close-ups. Importantly, the symmetry maintains throughout the combustor,

which was not the case in the 3D flame simulations as reported in literature [86–89,92–95]. To see

how assimilating experimental data changes the states, Figs. 9.17 and 9.18 show the difference be-

tween the forecast and the analysis states, revealing the spatial and temporal effects of DA on ρcOH

and ρe. These two solution variables are chosen to represent the observed and unobserved quanti-

ties, respectively. While spatial effects can be seen from individual contours, temporal effects are

displayed by the sequence of contours in rows from top to bottom.

Figure 9.17 shows that assimilation changes the OH mass in the recirculation region near the

trailing edge of the bluff body and the flame fronts at the 8th, 20th, 40th, and 50th DA cycles. But,

the primary changes are found along the flame fronts after 40 DA cycles. While ρcOH is used for

assimilation, ρe is an unobserved quantity. Assimilating ρcOH is expected to impact unobserved

variables through nonlinear coupling dynamics. From Fig. 9.18, the footprints of changes in ρe

follow the flame fronts closely. Large spatial gradients in the changes, ~∇
(

(ρe)a−(ρe)f
)

, are

generally distributed along the flame fronts, the shear layer, and the outer edge of the recirculation

zones, which are exactly the regions with complex fluid and flame structures. Similarly, large

variations over time occur in the same regions. The flow and flame fields are physically and
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(a) ρe

(b) ρcOH

(c) ρcO2

Figure 9.16: Instantaneous forecast state contours at the 50th cycle. top: ρe, middle: ρcOH, and bottom:

ρcO2
.
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(a) 8th cycle

(b) 20th cycle

(c) 40th cycle

(d) 50th cycle

Figure 9.17: The model state difference (Q̂
a − Q̂

f
) contours of ρcOH at the 8th, 20th, 40th, and 50th DA

cycles.
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(a) 8th cycle

(b) 20th cycle

(c) 40th cycle

(d) 50th cycle

Figure 9.18: The model state difference (Q̂
a − Q̂

f
) contours of ρe at the 8th, 20th, 40th, and 50th DA

cycles.
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numerically responding to DA, nonlinearly and dynamically, as desired. This consistent behavior is

very encouraging in two perspectives: (i) model is responsive/sensitive to data in the regions where

information transfer is high and interactions between data, model, and physics are compatible; (ii)

data being assimilated is generally reliable. All solution variables are examined (not shown here)

and demonstrate similar characteristics as that illustrated by ρcOH and ρe. We also examined the

eigensystem of Pa, confirming that the magnitude and direction of information transfer correspond

to dominant eigenvalues and eigenvectors. We assert that the DA+CFD system works properly.

Figure 9.19 shows the time-averaged temperature contours in the viewing window, comparing

the flame shapes obtained by the DA+CFD and the free CFD simulations and showing the differ-

ence between the two. In the matrix of subfigures, 5 rows×3 columns, from top to bottom, each

row shows the time-averaged contours over 10 DA cycles; that is 1-10, 11-20, 21-30, 31-40, and

41-50, respectively. From left to right, each column shows the flames obtained by the DA+CFD,

the free run, and their difference, respectively. Clearly observed is that the DA+CFD flames are

more wrinkled and slightly further expanded into the shear layers than the free CFD flames. The

increase in the spatial gradient of temperature in the DA+CFD contrasts with the free CFD. The

difference highlights the flame features, such as symmetry, thickened flame fronts, and wrinkled

surfaces, all converging toward the proper flame shapes. Other quantities, such as velocities and

species mass fractions, behave consistently and compatibly with the temperature. Indeed, this is

not easy to achieve when the partial differential equations (PDEs) being solved include 29 solution

variables with turbulence and combustion. Solutions can be easily destroyed if instability in one

single variable (due to perturbations introduced during the DA process) can not be suppressed in

this large, nonlinear, chaotic dynamical system. This demonstration of the stability and robustness

of the DA+CFD system increases our confidence in applying the DA+CFD system to the 3D DA

study in the follow-up work.

Upon assimilation, data introduces perturbations to the model. A desirable characteristic of

DA is to create a dynamically-balanced analysis state. If a new analysis state contains unphysical

wave modes, it can lead to spurious noise in prediction and eventually to erroneous prediction.
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Therefore, it is important to assess the relative contribution of unphysical perturbations in the

analysis and ensuing prediction. In our case, the unphysical perturbations are computed and found

to be in the range of 0.2-3.5% of the reference conserved quantity on average after each DA cycle.

MLEF appears to sufficiently suppress the erroneous modes introduced by assimilation, and with

proper assimilation frequency, the unwanted waves are expected to be smoothed out along the

propagation of the forward model.

Time-averaged flames (e.g., over the entire 50 DA cycles) are more useful to engineering.

Figures 9.20 and 9.21 show the averaged solution contours for density, axial momentum, specific

total energy, OH mass, CH2O mass, and temperature. Each figure contains 2 columns of subfigures,

with the left showing the DA+CFD solution and the right for the free CFD solution. In Fig. 9.20, the

contours of ρ, ρu, and ρe are placed in the top, middle, and bottom rows, respectively. Figure 9.21

shows the ρcOH, ρcCH2O, and temperature. Overall, the time-averaged flame shape is fluffed up

slightly by DA. Moreover, the regions of recirculation behind the bluff body and the shear layers

are more visually different between the DA+CFD and CFD solutions than others. Specifically,

more fine structures appear in the DA+CFD solution while the free CFD contour is smooth. The

averaged solution over 50 DA cycles is relatively smoother than the averaged solution over 10 DA

cycles, which can be seen more clearly in the close-ups by Fig. 9.22. Remarkably, the DA+CFD

flames remain symmetric. In the plots for ρcCH2O, two tiny spotty stripes along the outer edges of

the recirculation zone appear behind the bluff body. This anomalous distribution turns out to be

harmless to the solution stability. In fact, we have observed this phenomenon (spotty high-value

ρcCH2O) in a 3D reference simulation where AMR is used without DA. They appear, disappear,

and re-appear; sometimes short-lived, highly localized, this miniature explosion of radical CH2O

apparently has no damaging impact on the stability, which is good.

Furthermore, Figs. 9.23 and 9.24 compare the averaged y-profiles between the DA+CFD and

free CFD predictions at x/D = 0.0394 and x/D = 2.62, respectively, for ρ, u, ρe, ρcOH,

ρcCH2O, and temperature. Both locations have observed data for velocity and OH mass, which are

assimilated to the model. At x/D = 0.0394, data appears to impact ρ, ρe, and temperature
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(a) Average over 1st to 10th DA cycles.

(b) Average over 11st to 20th DA cycles.

(c) Average over 21st to 30th DA cycles.

(d) Average over 31st to 40th DA cycles.

(e) Average over 41st to 50th DA cycles.

Figure 9.19: Time-averaged temperature contours comparisons for the viewing window. left: DA+CFD,
middle: CFD, and right: Difference between DA+CFD and CFD.
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(a) ρ.

(b) ρu.

(c) ρe.

Figure 9.20: Time-averaged contours for ρ, ρu, and ρe over the time frame of 50 DA cycles. left: DA+CFD,
right: CFD.
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(a) ρcOH.

(b) ρcCH2O.

(c) Temperature.

Figure 9.21: Time-averaged contours for ρcOH, ρcCH2O and temperature over the time frame of 50 DA
cycles. left: DA+CFD, right: CFD.
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(a) ρ.

(b) ρu.

(c) ρe.

(d) ρcOH.

(e) ρcCH2O.

(f) Temperature.

Figure 9.22: Time-averaged contours for ρ, ρu, ρe, ρcOH, ρcCH2O, and temperature in the viewing window
over the time frame of 50 DA cycles. left: DA+CFD, middle: CFD, right: the difference.
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Figure 9.23: Time-averaged 1D y-profiles comparisons at x/H = 0.0394 over the time frame of 50 DA
cycles.
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Figure 9.24: Time-averaged 1D y-profiles comparisons at x/H = 2.62 over the time frame of 50 DA
cycles.
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Figure 9.25: Instantaneous ρcCH2O and ρcOH comparisons between the experimental measurements and the
simulations. from left to right: Column 1: experiment, Column 2: 3D AMR simulation, Column 3: 2D
DA+CFD with a coarse grid, and Column 4: 2D free-CFD with the same coarse grid. In each column,
the rows from top to bottom show the normalized ρcCH2O, the normalized ρcOH, and the overlap of ρcCH2O

(green) and ρcOH (red), respectively.

insignificantly, but the positive impact on the observed quantities (axial velocity and OH mass) is

apparent. From the profiles further downstream, positive DA impacts on model predictions for all

quantities are noticeable. The profiles indicate flame fronts with more wrinkles, consistent with the

observation contour. The solution structures manifest an effective DA process, driving model pre-

diction toward data. However, DA performance saturates when the computational model contains

structural errors or gravely under-resolves critical flow and flame dynamics. Figure 9.25 compares

the instantaneous ρcCH2O and ρcOH between the measurements and the predictions. Rows 1 to 3

from top to bottom show the normalized ρcCH2O, the normalized ρcOH, and the overlap of ρcCH2O

(green) and ρcOH (red), respectively. Columns from left to right are the experiment, the 3D AMR

simulation, the 2D DA+CFD with a coarse grid, and the 2D free CFD with the same coarse grid.

The experimental flame thickness is similar to the prediction by the 3D AMR grid but thinner than
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that by the 2D coarse grid. Although much less meaningful in this comparison using instanta-

neous quantities, an important point to make is that DA has demonstrated its powerful impact on

the 2D coarse solution, pulling the flame dynamics toward the reference AMR solution, and one

can expect further improvement in the DA+CFD flames by performing a 3D DA study. Never-

theless, an even more important point to make from this investigation is that DA can identify the

deficiency when the computational model is insufficient in capturing the fundamental structure of

the dynamics. For example, model errors may come from the physics models and their parameters

employed by the governing PDEs (e.g., the SGS model and the approximation of turbulent burning

speed), the reaction rate parameters, the thermodynamic parameters, the transport properties, and

the computational configurations, such as the initial/boundary conditions and the accuracy of the

computational geometry as compared to the real one.

Along the DA process, values of the cost function are evaluated, which measure the DA per-

formance, i.e., uncertainty reduction rates. The uncertainty error is expected to be reduced after

observations are assimilated at each DA cycle, and the value of the cost function after the process

of the minimization decreases as well. For the present investigation, 50 DA cycles are performed,

and the trajectories of the values of the cost function are compared between the forecast and the

analysis. Figure 9.26 shows that at each assimilation cycle, the value of the analysis stage is al-

ways smaller than that of the forecast stage, demonstrating that DA is performed properly and the

optimization algorithm is robust.

The performance is further assessed by measures of the error reduction of the total cost function

and the L2-norm of the ensemble skill. For each DA cycle, the error reduction of the total cost

function can be calculated in form of γtot = (J(Q̂
f
) − J(Q̂

a
))/(J(Q̂

f
)) × 100% , where the

superscripts f and a represent the forecast state (Q̂
f
) and the analysis state (Q̂

a
), respectively. The

formulation for computing the L2-norm of the ensemble skill can be expressed as

‖S‖L2
=

1

Nobs

∥

∥

∥
O −H(Q̂)

∥

∥

∥
, (9.3)
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Figure 9.26: The trajectory of J(Q̂) along 50 DA cycles.

where Nobs is the total number of accepted observations by the quality control method. Skill

evaluates the forecast or the analysis quality, measuring the overall level of agreement between

the forecast/analysis and the observations. While the skill based on L1 measures the absolute

error of the deterministic vector, the L2-based skill is used here to measure the square error of the

deterministic vector. Table 9.1 shows the evaluations of J(Q̂), γtot, ‖S‖fL2
and ‖S‖aL2

along 50

DA cycles. As seen, for each observed quantity, the value of skill fluctuates along the DA process,

in fact reflecting the chaotic nature of the dynamical system. However, the magnitudes of the L2-

based skill for u and ρcOH at the analysis stage are reduced in comparison to those at the forecast

stage and closer to their observations’ errors at each DA cycle. In addition, the γtot values are

between 0% and 100%. Larger values of γtot indicate a larger reduction of the cost function. Such

properties signal promising results. Noticeably from Fig. 9.26 and Table 9.1, the last 8 DA cycles

have consistently lower values for J(Q̂
a
). This may be an indication that assimilation of averaged

data results in a smaller reduction in uncertainty than the use of instantaneous data, or that likely

that the DA+CFD solution was indeed close to statistically steady since the reduction level does

not fluctuate as much as that in the early DA cycles.
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Table 9.1: The diagnosis results of J(Q̂
f
), J(Q̂

a
), ‖S‖fL2

and ‖S‖aL2
along 50 DA cycles.

DA cycle J(Q̂
f
) J(Q̂

a
) γtot ‖S(u)‖fL2

‖S(u)‖aL2
‖S(ρcOH)‖fL2

‖S(ρcOH)‖aL2

(%) (×10−5) (×10−5)

1 8394.5 3176.5 37.84 11.78 9.02 7.64 5.55

2 12457 9859.8 20.85 15.93 14.15 14.51 13.05

3 10109 6676.1 33.96 13.98 11.24 13.37 11.62

4 8046.3 6657.5 17.26 13.77 12.11 11.42 11.35

5 6205.9 4571.4 26.34 14.70 11.21 7.56 8.24

6 9824.9 6036.4 38.56 15.06 11.22 14.21 11.94

7 13764 10420 24.29 19.49 15.37 12.37 12.94

8 11787 9386 20.37 14.58 12.74 16.88 15.78

9 10378 7867.1 24.19 14.42 12.49 14.24 12.99

10 10371 5759 44.47 13.96 9.934 16.11 12.71

11 14303 9770.3 31.69 20.08 16.23 12.32 11.01

12 14991 11968 20.17 20.47 16.78 13.54 14.46

13 8964.6 6912 22.90 13.18 11.93 12.01 10.24

14 6425.1 3033.9 52.78 15.08 9.17 7.87 8.34

15 8660.1 5947.3 31.33 16.04 10.65 12.47 13.04

16 9445.1 6884 27.12 14.32 12.11 12.17 10.93

17 8779.9 5134.8 41.52 12.85 9.67 14.58 11.79

18 9833.5 4991.9 49.24 13.55 10.01 14.12 9.94

19 16487 12732 22.78 20.72 17.54 13.46 13.32

20 8550.5 6403.6 25.11 12.95 11.01 13.29 12.58

21 11200 8786.6 21.55 16.19 13.52 10.85 11.13

22 14491 9947.9 31.35 19.10 15.24 12.36 11.77

23 8835.3 5891.4 33.32 15.11 11.12 11.06 11.99

24 7813.3 4697.1 39.88 13.15 9.74 11.96 10.23

25 17368 11955 31.17 21.98 16.76 12.72 13.32

26 5880.5 3408.2 42.04 11.14 8.83 10.97 7.47

27 10244 6307 38.43 14.78 10.30 14.05 12.22

28 8083 5007.4 38.05 12.93 10.11 11.91 9.67

29 12821 6589.1 48.61 19.31 13.24 11.01 10.12

30 5561.5 4923 11.48 15.00 11.41 11.93 12.34

31 12498 5917.7 52.65 8.54 5.23 12.45 11.53

32 10599 7006.9 33.89 10.29 5.91 10.71 10.47

33 16357 10515 35.72 11.93 7.70 10.27 9.40

34 14507 9089.3 37.35 11.53 7.15 10.72 9.90

35 12677 7415.5 41.50 11.38 7.25 10.82 9.84

36 8276.8 5367.5 35.15 6.90 5.84 13.15 10.54

37 7162.7 4974.4 30.55 6.91 5.76 12.46 11.31

38 7218.7 4344.1 39.82 6.71 5.19 12.51 10.60

39 8816.1 7508.3 14.83 8.58 8.48 12.64 10.58

40 10169 6394.9 37.11 13.01 9.35 17.11 13.33

41 7753.2 5231.9 32.52 8.54 6.88 11.86 10.28

42 12463 10092 19.02 13.59 10.75 17.43 14.49

43 12833 6244.8 51.34 11.94 6.9 17.59 15.14

44 9059.5 6951.9 23.26 9.91 8.19 14.80 12.01

45 10885 5898.4 45.81 12.32 8.05 15.31 13.85

46 10194 6856 32.75 12.28 7.80 16.82 12.79

47 9769.5 4351 55.46 11.38 6.56 12.94 9.84

48 9880.5 5684.7 42.47 8.36 6.58 12.63 9.03

49 9567.1 7355.8 23.11 9.01 7.82 14.22 11.89

50 9031.9 4284.2 52.56 8.98 6.59 13.62 9.70
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Errors in both Initial and Boundary Conditions

The performance of the MLEF method is further investigated for the situation in which the un-

certainties exist in both the initial and inlet boundary conditions. Like the DA process as described

in Chapter 5, at the analysis stage of each DA cycle, the predictions of the solution variables and

uinlet are updated simultaneously by the DA+CFD system with assimilating the observation data.

Even though uinlet is a non-observed variable in this study, the correlation relationship between

the observed and unobserved variables is evaluated in the forecast error covariance matrix in the

DA+CFD system, which is further used to transmit information in the changes of observed vari-

ables to unobserved variables during the DA correction process. After that, the updated solution

variables and uinlet are used to reinitialize the solution field and the boundary condition for the

next forecast step in each member and the control case. In Fig. 9.27, the DA+CFD predictions of

uinlet profiles from the control case are plotted after the 1st, 5th, 10th, 15th, 20th, and 30th DA cy-

cles. Clearly observed is that both the shape and estimation of uinlet profiles are apparently getting

closer and closer toward the reference data as more data assimilation cycles are performed. This

phenomenon is encouraging because it demonstrates that the observation data effectively correct

the erroneous boundary condition to a profile converging toward the reference along the DA pro-

cess. However, by comparing the final DA+CFD profile and the reference profile, the DA+CFD

prediction does not perfectly recover the reference data. The results are still acceptable since they

show the DA impact on improving the boundary condition estimation over 30 DA cycles. Further-

more, tracking the difference between the two profiles along the DA process shows that the inlet

velocity boundary condition is more responsive/sensitive to data in the regions near the top and

bottom walls than in the center region. This is insightful in the sense that the DA+CFD system

essentially tells us that some model characteristics at the inlet boundary may be most sensitive to

perturbations in the assimilation process. Perhaps, measurements may be uninformative, or the

information transfer process may be insufficient near the center region. A future follow-up study

will be conducted to investigate and address the factors, such as what and when data should be

assimilated into the system, to improve the center region.
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Figure 9.27: The analysis uinlet profiles after the 1st, 5th, 10th, 15th, 20th, and 30th DA cycles.
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The time-averaged solution contours, including density, axial momentum, specific total energy,

OH mass, CH2O mass, and temperature, over the entire 30 DA cycles are presented in Figs. 9.28

and 9.29. And, Fig. 9.30 shows the time-averaged solution contours in the viewing window, com-

paring the DA+CFD and the free CFD predictions and showing the difference between the two.

The layout of each figure is the same as the previous DA case. By comparing the temperature con-

tours in Fig. 9.29, we can see that the overall time-averaged flame shape in the DA+CFD prediction

appears slightly bigger than the one in the free CFD prediction. All the other quantities, including

density, axial momentum, specific total energy, and species mass fractions, behave consistently

with the temperature. As desired, the DA+CFD flames still remain symmetric. In addition, the

difference between the DA+CFD and CFD solutions can be seen more clearly in the regions of

recirculation behind the bluff body and the shear layers. More fine structures are observed in the

DA+CFD solution in Fig. 9.30. The DA+CFD flames are more wrinkled behind the bluff body

and then fluffed up slightly in the shear layers, while the free CFD flames are just smooth in these

regions.

As shown in Figs. 9.31 and 9.32, the performance is further assessed by comparing the averaged

y-profiles of the quantities, such as ρ, u, ρe, ρcOH, ρcCH2O, and temperature, between the DA+CFD

and free CFD predictions at x/D = 0.0394 and x/D = 2.62, respectively. As a reminder, both

locations have observed data for velocity and OH mass, which are assimilated to the model. At

x/D = 0.0394, the positive impact by the data is only observed in the region of flame fronts.

At x/D = 2.62, data appears to impact model predictions for all quantities significantly in the

regions of both flame fronts and near the top and bottom walls. However, the DA impacts on those

unobserved quantities in the center region are small, consistent with the impact seen in the inlet

velocity profile estimation. Overall, the solution structures in the DA+CFD prediction indicate that

the Chord-MLEF framework is effective and demonstrate that DA is performed properly.
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(a) ρ.

(b) ρu.

(c) ρe.

Figure 9.28: Time-averaged contours for ρ, ρu, and ρe over the time frame of 30 DA cycles. left: DA+CFD,
right: CFD.
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(a) ρcOH.

(b) ρcCH2O.

(c) Temperature.

Figure 9.29: Time-averaged contours for ρcOH, ρcCH2O and temperature over the time frame of 30 DA
cycles. left: DA+CFD, right: CFD.
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(a) ρ.

(b) ρu.

(c) ρe.

(d) ρcOH.

(e) ρcCH2O.

(f) Temperature.

Figure 9.30: Time-averaged contours for ρ, ρu, ρe, ρcOH, ρcCH2O, and temperature in the viewing window
over the time frame of 30 DA cycles. left: DA+CFD, middle: CFD, right: the difference.
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Figure 9.31: Time-averaged 1D y-profiles comparisons at x/H = 0.0394 over the time frame of 30 DA
cycles.
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Figure 9.32: Time-averaged 1D y-profiles comparisons at x/H = 2.62 over the time frame of 30 DA
cycles.
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Chapter 10

Conclusions and Future Work

10.1 Conclusions

This dissertation details the development, verification, validation, and application of a multi-

algorithm system that combines the CFD model and data through Bayesian data assimilation to

increase the predictability of CFD modeling of turbulent and combusting engineering fluid flow

problems. Specifically, we develop and apply a Bayesian computational framework by assimilating

data into Chord using MLEF to improve the prediction of turbulent combustion flow in complex

geometry and obtain a better understanding of the uncertainty of the dynamical system. Chord

uses AMR, ARK4, and MMB techniques altogether to solve practical problems with computational

efficiency, enabling the ensemble calculation with reasonable CPU hours. MLEF is chosen as the

main DA method, supported by a performance study using the CDR problem and L96 model for

three ensemble-based DA methods, including MLEF, EnKF, and iterative EnKF. The assessment of

DA performance demonstrates that the MLEF method is superior to the EnKF method in both the

computational efficiency and the solution accuracy in the case of the linear observation operator

and the IEnKF method in the case of the nonlinear observation operator. Especially in the cases of

the nonlinear observation operator, the MLEF demonstrates consistent efficiency and effectiveness

in improving the estimates of the model parameters and predictions. The turbulent Couette flow

has demonstrated the validity of the DA+CFD system. The optimal states found by the DA+CFD

system are significantly driven toward the true states and fast in the sense of the computational

time, rendering the system a promising tool. By examining the vortex shedding frequency and

the amplitude of the oscillations for the non-reacting flow in a bluff-body combustor, the optimal

states are driven to the true states faster when assimilating more data from a 2D-plane than from

a 1D-line. Notably, the vortex shedding frequency and the large-scale flow dynamics behind the

bluff body are quickly corrected by assimilating more data. In addition, for those quantities without
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observations being assimilated, the predictions are also improved through the coupling influence of

solution variables and error covariances. This is deemed as a powerful impact of data assimilation

on prediction because data is not always available for all variables, and deriving insights from

available information on the non-observed quantities is an important aspect of data assimilation.

Moreover, the quality of the DA+CFD system is tested by the 2D turbulent reacting flow in

a bluff-body combustor, which provides a reliable process of assimilating measurements from

physical experiments. Since the measurements are often different from the computation data in

type and resolution, the experimental data may not match the computation data type without post-

processing, such as temperature or species PLIF images, and often, they are instantaneous. An ob-

servation operator must be developed to assimilate data properly into the model, and its accuracy

impacts the assimilation performance and efficiency. We have developed proper nonlinear obser-

vation operators, applied observation-quality-control method, and measured performance through

the present work. The results are promising, and what particularly merits a mention of the solution

behavior is the consistent characteristics of model prediction by the DA+CFD system. This has

two layers of meaning. First, the MLEF method demonstrates efficacy in damping any potential

discontinuities that can arise during the DA process, particularly for a turbulent combustion sys-

tem where radical species and thermodynamic states are sensitive to changes, even small ones.

Secondly, the transfer of information from experimental data to the model appears to be smooth,

indicating that the model characteristics in the spatial region, where data are available, and as-

similation is performed, are stable and responsive to data in driving the dynamics. Furthermore,

the investigation provides us a fundamental understanding of the scalability of the solution pro-

cess developed from the low dimensions to the high dimensions, providing a quantitative basis for

guiding the 3D DA studies on BBC and other DA application investigations. Similar positive DA

impacts are observed in the results of the 3D DA studies on BBC. More fine structures appear in

the DA+CFD solution immediately behind the flame holder, while the flame structures in the free

CFD solution are much smoother in that region. The instantaneous DA+CFD flame is impacted by

the observations to behave more wrinkled than the free CFD flame in the shear layer, which shows
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a closer feature to the experimental flames. Furthermore, the DA+CFD system shows that some

model characteristics may be most sensitive to perturbations in the assimilation process. From the

inlet velocity profile comparison at the end of the DA process, as shown in Fig. 9.27, we remark

that measurements from that spatial region could be less informative, and with more similar in-

vestigations using the DA+CFD system, recommendations on experimental measurements may be

made, such as what quantities need or need not be measured, what regions contain sensitive dy-

namics, and how to better improve the information transmission from data to model for correcting

the boundary condition.

10.2 Original Contributions

This dissertation makes novel contributions toward the development of the DA application for

improving the CFD predictability of the turbulent combustion flows with realistic geometry, a high-

order forward model, and experimental data. Some important original features of the research are

as follows:

1. The development of a new alternative approach to improve the predictability of CFD mod-

eling of turbulent combustion flows by reducing the uncertainty via data assimilation.

2. The derivation of new insight on factors, such as where, what, and when data should be

assimilated, providing valuable guidance to data measurements and physical experimental

design.

3. The demonstration of data assimilation as a potential powerful approach to improve CFD

modeling of turbulent combustion in engineering applications and reduce the uncertainties

with data.

10.3 Future Work

Through this research, we have investigated the data assimilation impact on the predictability

of flow and flame dynamics structures. The future work will focus on

113



1. Extending the present DA+CFD system to present performance studies on the turbulent com-

bustion applications of high Reynolds numbers.

2. Understanding the uncertainty in model parameters for developing and assessing data-driven

models.

3. Demonstrating a new approach to address non-Gaussianity by integrating the MLEF with an

implicit particle filtering method.
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Appendix A

Reaction Mechanisms

Table A.1: Propane-air “Z66” mechanism [1]

Num. Reaction Ar βr Ea,r [cal mol−1]

1 C3H8 => CH3 + C2H5 1.7E+16 0 54840

2 C3H8 + H => 3 CH3 1E+09 0 3000

3 C2H6 + H => C2H5 + H2 537 3.5 5200

4 CH3 + CH3 => C2H6 1E12 0 5000

5 C2H6 => CH3 + CH3 2.239E19 -1 88310

6 C2H5 + M => C2H4 + H + M 2E+15 0 39000

7 C2H4 + H + M => C2H5 + M 4.17E+10 0 11030

8 C2H5 + H => CH3 + CH3 3.16E+13 0 0

9 C2H4 + O => HCO + CH3 3.31E+12 0 1130

10 HCO + CH3 => C2H4 + O 1.58E+11 0 31180

11 C2H4 + OH => C2H3 + H2O 4.79E+12 0 1230

12 C2H3 + H2O => C2H4 + OH 1.2E+12 0 14000

13 C2H4 + CH3 => C2H3 + CH4 1E+13 0 13000

14 C2H3 + CH4 => C2H4 + CH3 3.02E+13 0 12580

15 C2H2 + H + M => C2H3 + M 1.23E+11 1 10360

16 C2H3 + H => C2H2 + H2 2E+13 0 2500

17 C2H + H + M => C2H2 + M 1.1E+09 1 770

18 C2H2 + H => C2H + H2 2E+14 0 19000

19 C2H2 + OH => C2H + H2O 6.03E+12 0 7000

20 C2H + H2O => C2H2 + OH 5.37E+12 0 16360

21 C2H2 + O => C2H + OH 3.24E+15 0.6 17000

22 C2H + OH => C2H2 + O 2.95E+14 0.6 910

23 C2H + O2 => HCO + CO 1E+13 0 7000

24 HCO + CO => C2H + O2 8.51E+12 0 138400

25 H + O2 => OH + O 2.65E+14 0 16800

26 OH + O => H + O2 1.5E+13 0 690

27 O + H2 => OH + H 1.80E+10 1 8826

28 OH + H => O + H2 8E+09 1 6760

29 H2 + OH => H2O + H 1.17E+09 1.3 3626

30 H2O + H => H2 + OH 6.0E+09 1.3 18200

31 OH + OH => O + H2O 6.0E+08 1.3 0

32 O + H2O => OH + OH 5.0E+09 1.3 15000

33 H + O2 + M => HO2 + M 1.1E+18 -0.8 0

CH4:6.5/CO:0.75/CO2:1.5/H2:1/H2O:6.5/N2:0.4/O2:0.4
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Num. Reaction Ar βr Ea,r [cal mol−1]

34 H + HO2 => OH + OH 1.5E+14 0 1004

35 H + HO2 => H2 + O2 2.5E+13 0 700

36 OH + HO2 => H2O + O2 2.0E+13 0 1000

37 CO + OH => CO2 + H 1.51E+07 1.3 -758

38 CO2 + H => CO + OH 1.57E+09 1.3 18200

39 CH4 (+ M) => CH3 + H (+ M) 6.3E+14 0 104000

C3H8:3/CH4:6.5/CO:0.75/CO2:1.5/H2:1/H2O:6.5/N2:0.4/O2:0.4

Low/ 1.0E+17, 0, 86000

40 CH3 + H (+ M) => CH4 (+ M) 5.20E+12 0 -1310

C3H8:3/CH4:6.5/CO:0.75/CO2:1.5/H2:1/H2O:6.5/N2:0.4/O2:0.4

Low/ 8.25E+14, 0, -19310

41 CH4 + H => CH3 + H2 2.20E+04 3 8750

42 CH3 + H2 => CH4 + H 9.57E+02 3 8750

43 CH4 + OH => CH3 + H2O 1.6E+06 2.1 2460

44 CH3 + H2O => CH4 + OH 3.02E+05 2.1 17422

45 CH3 + O => CH2O + H 6.80E+13 0 0

46 CH2O + H => HCO + H2 9.0E+13 0 3991

47 CH2O + OH => HCO + H2O 6.0E+13 0 1050

48 HCO + H => CO + H2 4.0E+13 0 0

49 HCO + M => CO + H + M 1.60E+14 0 14700

50 CH3 + O2 => CH3O + O 5.0E+12 0 25652

51 CH3O + H => CH2O + H2 2.00E+13 0 0

52 CH3O + M => CH2O + H + M 2.40E+13 0 28812

53 HO2 + HO2 => H2O2 + O2 8.0E+12 0 0

54 H2O2 + M => OH + OH + M 1.30E+17 0 45500

55 OH + OH + M => H2O2 + M 9.86E+14 0 -5070

56 H2O2 + OH => H2O + HO2 1.00E+13 0 1800

57 H2O + HO2 => H2O2 + OH 2.86E+13 0 32790

58 OH + H + M => H2O + M 2.20E+22 -2 0

59 H + H + M => H2 + M 1.80E+18 -1 0

60 CH3 + OH => CH2 + H2O 7.6E+06 2.0 5000

61 CH2 + O => CO + H2 3.0E+13 0 0

62 CH2 + OH => CH + H2O 1.13E+07 2.0 3000

63 CH + O => CO + H 5.7E+13 0 0

64 CH + OH => HCO + H 3.0E+13 0 0

65 CH + O2 => HCO + O 3.3E+13 0 0

66 CH + CO2 => HCO + CO 2.5E+14 0 50
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Table A.2: Mechane-air mechanism [2]

Num. Reaction Ar βr Ea,r [cal mol−1]

1 H + O2 <=> O + OH 1.09E+14 0. 15310

2 O + H2 <=> H + OH 3.82E+12 0. 7950

3 O + H2 <=> H + OH 8.79E+14 0. 19180

4 OH + H2 <=> H + H2O 2.16E+08 1.51 3437

5 OH + OH <=> O+H2O 3.35E+04 2.42 -1928

6 H2 + M <=> 2H + M 4.58E+19 -1.4 104390

H2:2.5/CO:1.9/CO2:3.8/H2O:12/CH4:2/CH2O:2.5

7 O + H + M <=> OH + M 4.71E+18 -1.0 0

H2:2.5/CO:1.9/CO2:3.8/H2O:12/CH4:2./CH2O:2.5

8 H2O + M <=> H + OH + M 6.06E+27 -3.322 120800

O2:1.5/H2:3/CO:1.9/CO2:3.8/H2O:0/CH4:7./CH2O:2.5

9 H2O + H2O <=> H + OH + H2O 1.01E+26 -2.44 120200

10 H + O2 (+M) <=> HO2 (+M) 4.65E+12 0.44 0

O2:0.78/H2:2/CO:1.9/CO2:3.8/H2O:14/CH4:2/CH2O:2.5

Low/ 1.91E+21, -1.72, 525.

Troe/ 0.5, 30, 90000, 90000.

11 HO2 + H <=> H2 + O2 3.68E+06 2.087 -1455

12 HO2 + H <=> OH + OH 7.08E+13 0 300

13 HO2 + H <=> O + H2O 1.45E+12 0 0

14 HO2 + O <=> OH + O2 1.63E+13 0 -445

15 HO2 + OH <=> H2O + O2 7.00E+12 0 -1093

16 HO2 + OH <=> H2O + O2 4.50E+14 0 10930

17 CO + O (+M) <=> CO2 (+M) 1.06E+13 -0.308 6943

H2:2.5/CO:1.9/CO2:3.8/H2O:12/CH4:2/CH2O:2.5

Low/ 1.40E+21, -2.1, 5500

18 CO + O2 <=> O + CO2 2.53E+12 0 47700

19 CO + OH <=> H + CO2 8.46E+04 2.053 -356

20 CO + OH <=> H + CO2 8.64E+12 -0.664 332

21 CO + HO2 <=> OH + CO2 1.57E+05 2.18 17944

22 CH4 + H <=> CH3 + H2 3.07E+06 2.5 7588

23 CH4 + O <=> OH + CH3 2.31E+08 1.56 8485

24 CH4 + OH <=> CH3 + H2O 1.00E+06 2.182 2446

25 CH3 + H (+M) <=> CH4 (+M) 1.41E+14 0 0

H2:2/CO:1.5/CO2:2/H2O:6/CH4:2./CH2O:2.5

Low/6.35E+35, -5.57, 3818

Troe/0.37, 3315, 61, 90000

127



Num. Reaction Ar βr Ea,r [cal mol−1]

26 CH3 + O <=> H + CH2O 1.08E+14 0 0

27 CH3 + O => H + H2 + CO 2.31E+13 0 0

28 CH3 + HO2 <= O2 + CH4 1.16E+05 2.350 -1522

29 CH3 + HO2 => OH + CH2O + H 2.08E+13 0 -590

30 CH3 + O2 => O + CH2O + H 2.51E+12 0 28297

31 CH3 + O2 <=> OH + CH2O 2.28E+01 2.53 9768

32 CH3 + CH2O => H + CO + CH4 1.06E+01 3.36 4310

33 CH2O (+M) <=> H2 + CO (+M) 3.70E+13 0 71976

H2:2/CO:1.5/CO2:2/H2O:6/CH4:2./CH2O:2.5

Low/4.40E+38, -6.1, 94000

Troe/0.932, 197, 1540, 10300

34 CH2O + H => H2 + CO + H 5.67E+12 0.361 4609

35 CH2O + H => H2 + CO + H 1.14E+13 0.582 14395

36 CH2O + O => OH + H + CO 4.16E+11 0.57 2762

37 CH2O + OH => H + CO + H2O 7.82E+07 1.63 -1055

38 CH2O + O2 => HO2 + H + CO 2.44E+05 2.5 36460
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