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ABSTRACT

OPTIMIZING SPARSE COMPUTATIONS USING UNION OF Z-POLYHEDRA

Sparse matrices play a central role in a wide range of modern computational problems. They
are especially common in domains such as scientific simulations, numerical methods, graph analyt-
ics, machine learning, and high-performance computing workloads, where data is often structured
in a way that leads to a significant number of zero-valued elements. Instead of treating these zeros
as meaningful data, sparse matrix techniques aim to exploit this sparsity to reduce both storage
and computational cost, thereby improving scalability and efficiency. The Union of Z-Polyhedra
(UZP) sparse format models sparse structures as unions of integer polyhedra intersected with affine
lattices, capturing both regular and irregular sparsity patterns in a unified form. Building on this
abstraction, ur work introduces a suite of tuners that apply structural transformations to UZP rep-
resentations without altering their mathematical semantics. These transformations improve data
locality, Single Instruction Multiple Data (SIMD) vectorization, and parallelism, enabling perfor-
mance tuning without modifying execution logic. Evaluated across 229 matrices from the SuiteS-
parse collection, the optimized UZP representations achieve highly competitive performance for
sparse matrix-vector multiplication (SpMV) computations on multi-core CPUs, outperforming ref-
erence approaches such as Intel MKL’s sparse implementation or formats dedicated to SIMD vec-

torization.
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Chapter 1

Introduction

Sparse computations sacrifice the structural regularity and optimization opportunities inherent
in dense computations in order to reduce memory usage and computational cost by bypassing
operations on zero-valued elements. While this may lead to a reduction in raw throughput, the
overall efficiency is often improved due to the substantial decrease in the total number of executed
operations.

Sparse computations depend on specialized data structures designed to capture arbitrary distri-
butions of nonzero elements, inherently introducing irregularity in contrast to the structured loop
nests and memory accesses typical of dense computations. Widely used storage formats—such
as Compressed Sparse Row (CSR), Compressed Sparse Column (CSC), Coordinate (COO), and
Blocked Compressed Sparse Row (BCSR)—explicitly encode the positions of nonzero entries, fa-
cilitating general-purpose representations of sparsity patterns without assuming any inherent reg-
ularity. However, the use of these formats necessitates the development of format-specific execu-
tors [19], which in turn must be carefully optimized to exploit the architectural features of target
hardware platforms [37, 4, 29].

In contrast, dense computations benefit from regular loop structures and affine memory ac-
cesses, which enable a wide range of compiler optimizations, including loop tiling, paralleliza-
tion [5], and effective Single Instruction Multiple Data (SIMD) vectorization [18]. A mature
ecosystem of optimization frameworks has evolved to support dense linear algebra across di-
verse hardware architectures, frequently leveraging polyhedral compilation techniques that rep-
resent computations and data accesses as affine transformations. Recent advancements—such as
the introduction of the Affine dialect in MLIR [21]—have further streamlined the specification and
optimization of dense computations, building on the foundational principles established by earlier

polyhedral frameworks [35, 5].



Efforts to enhance the performance of sparse computations span a broad spectrum of ap-
proaches. At one end are Inspector/Executor (I/E) frameworks, which operate over general-purpose
sparse formats [28, 31]. These methods involve analyzing and restructuring the sparsity pat-
tern—through partitioning, reordering, or other transformations—prior to execution in order to
generate a more optimized executor. At the other end are sparsity-specialized techniques that gen-
erate code at compile time for a known set of nonzero coordinates. By eliminating indirection
arrays, these approaches enable highly efficient SIMD vectorization [2, 18, 39, 11]. Between these
two extremes lie hybrid solutions that leverage constrained structural regularity. Formats such
as Diagonal (DIA) and Blocked Compressed Sparse Row (BCSR) strike a balance by partially
mitigating the overheads inherent to fully general, structure-agnostic formats like CSR and COO.

A longstanding challenge in sparse computation lies in determining the optimal combination of
storage format and executor organization that yields high performance for a given sparsity struc-
ture, particularly when targeting specific hardware architectures. In this work, we introduce an
alternative strategy that bridges the gap between sparse and dense computation models, along with
their respective optimization techniques.

Inspired by recent advances in reconstructing sparse sequences of integer tuples as unions of
polyhedra and lattices [2, 27], we present a tunable and unified sparse representation known as the
Union of Z-Polyhedra (UZP) format [26]. UZP is a novel and highly flexible format based on a
key insight: any arbitrary set of sparse integer coordinates can be equivalently represented as a
union of dense sets.

In the most general case, a set of n sparse coordinates may be expressed as n singleton dense
sets, each containing one coordinate—preserving complete generality. On the other hand, when
regularity exists—such as in matrices with nonzeros along the diagonal—the entire set can be
concisely represented by a single dense polyhedral set, e.g., {(i,7) | 0 < i < nAi = j}.
This principle naturally extends to higher-dimensional tensors, enabling UZP to represent sparsity

patterns of arbitrary dimensionality in a unified, structured manner.



Given the structural flexibility of the UZP format, this thesis investigates the potential for post-
generation optimization of UZP representations. This is realized through the development of a set
of transformation tools, referred to as tuners, which leverage the decoupled design of shape defi-
nitions and origin lists within the UZP framework. These tuners enable the transformation of one
valid UZP representation into another, facilitating explicit trade-offs between storage compression
and runtime performance.

For example, certain tuners may favor shape configurations that enhance SIMD vectorization
potential, while others may reorder origin coordinates to improve data locality and reduce control-
flow divergence. Importantly, these transformations are applied at the representation level and
do not require modifications to the executor logic or recompilation of low-level code. As such,
tuners serve as a key enabler for flexible and architecture-aware performance tuning within the
UZP ecosystem.

This thesis presents the design, implementation, and empirical evaluation of these tuners, em-
phasizing their impact on the execution efficiency of UZP-based sparse computations. Further-
more, a comprehensive performance analysis is conducted to examine the broader implications of

tunable structured sparsity on sparse matrix representations.

Contributions

The key contributions of this thesis are as follows:

* Development of Tuners: Design and implementation of a suite of tuners-Aggregator, Favor
Locality, and Tile-based Origin Reordering that transform UZP representations to improve

storage compression, data locality, and computational performance.

* Performance Profiling and Analysis: Detailed profiling of hardware-level behaviors such
as cache utilization, SIMD vectorization efficiency, and memory access patterns across dif-

ferent tuned UZP variants, using performance counters and systematic benchmarking.



* Design of Generic Executors: Creation of generic, parameterized executors capable of
operating on UZP representations, including auto-generation of macro-specialized loops to

improve compiler optimizations without sacrificing flexibility.

* Experimental Validation: Comprehensive evaluation over 229 matrices from the SuiteS-
parse collection, demonstrating significant improvements in SpMV runtime, memory foot-

print, and SIMD throughput compared to both traditional UZP and baseline formats.

Thesis Outline

This thesis is organized as follows:

* Chapter 2 introduces the background and motivation for sparse matrix representations. It
reviews the limitations of traditional formats, explores recent advances in structured sparse
modeling using polyhedral techniques, and discusses foundational concepts behind Z-polyhedra

and their use in capturing sparsity patterns.

* Chapter 3 presents the design and mathematical foundations of the Union of Z-Polyhedra
(UZP) format. It details how UZP generalizes sparse representations by modeling nonzeros
as unions of structured polyhedra and lattices, and discusses the implementation strategy

including integration with traditional CSR and COO formats.

* Chapter 4 describes the tuning mechanisms developed for UZP, including the Aggregator
Tuner for merging regularly strided origins, the Favor Locality Tuner for optimizing access
locality, and the Tile-Based Tuner for spatial restructuring. It also presents the design of
generic executors capable of operating over UZP representations, along with strategies for

auto-generating shape-specific loop macros.

* Chapter 5 details the experimental methodology, benchmark suite, and evaluation metrics.
It presents comprehensive results analyzing the impact of different tuners on SpMV perfor-
mance, memory behavior, SIMD utilization, and scaling. Comparisons between Standard

UZP, Aggregated UZP, and Favor Locality-enhanced variants are discussed.



* Chapter 6 introduces an interactive visualization tool developed to support UZP analysis.
The tool enables graphical inspection of sparse matrix structures, shape placement, and trans-

formations applied by the tuners.

* Chapter 7 concludes the thesis by summarizing key findings, evaluating the broader implica-
tions of tunable structured sparse representations, and suggesting future research directions

for extending the UZP framework and optimizing sparse computations further.



Chapter 2

Prior work and Background

2.1 Sparse Matrices in Modern Computing and its Challenges

Sparse matrices play a central role in a wide
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Figure 2.1: HB/can_1072: 1072x1072 matrix as meaningful data, sparse matrix techniques exploit

with 12,444 nonzeros . .
sparsity to reduce both storage and computational

costs, thereby improving scalability and efficiency.

Beyond traditional scientific computing, the role of sparse matrices has become increasingly
critical in emerging fields such as deep learning model compression, natural language process-
ing (e.g., sparse attention mechanisms), recommender systems, and large-scale knowledge graphs.
Sparse representations enable systems to scale to billions of parameters or nodes while maintain-
ing tractable memory footprints and computational demands. Efficient sparse data structures and
algorithms are essential for enabling real-time inference on edge devices, accelerating graph-based
learning models, and optimizing solvers in numerical weather prediction, finite element analysis,
and quantum simulations. As hardware architectures evolve toward memory-centric and dataflow-
oriented designs, the ability to exploit sparsity at multiple levels of the system-storage, memory
access, and computation-continues to be a key factor in achieving performance, energy efficiency,

and scalability at exascale and beyond.



Given the central role of sparse matrices across a wide range of computational domains, a
natural question arises: how should sparse data be efficiently stored and organized to maximize
computational performance? The choice of storage format significantly affects memory access
patterns, computational throughput, and overall algorithmic efficiency. Sparse matrix represen-
tations must balance competing objectives, including minimizing storage overhead, enabling fast
random or sequential access, and supporting efficient parallelization.

Common computational kernels such as Sparse Matrix-Vector Multiplication (SpMV) and
Sparse Matrix-Matrix Multiplication (SpMM) are foundational operations in applications rang-
ing from iterative solvers and eigenvalue computations to machine learning and graph processing.
The performance of these kernels is highly sensitive to the underlying sparse data representation,
motivating decades of research into storage schemes and execution strategies. Over time, the com-
munity has developed a variety of sparse matrix formats, including most commonly used one’s i.e,
Compressed Sparse Row (CSR), Compressed Sparse Column (CSC), Coordinate Format (COO),
and more recent innovations aimed at hardware-specific optimizations.

In the section 2.1.1, we review some of the prominent and state-of-the-art work that has been
done towards sparse matrix storage formats and computational frameworks. This survey highlights
promising directions explored by the research community to address the challenges associated with

sparse data representation and computation.

2.1.1 Related Work

Sparse matrix representations utilize specialized storage formats that encode only the nonzero
elements and their corresponding positions, thereby eliminating the overhead associated with stor-
ing zero entries. Among the most widely adopted formats are Compressed Sparse Row (CSR),
Compressed Sparse Column (CSC), and Coordinate (COO). The CSR format, for instance, main-
tains three arrays: one for nonzero values, one for the column indices of those values, and one for
row pointers marking the start of each row. CSC is its column-major analog, while COO represents

nonzeros as explicit (row, col, val) tuples.



COO Format
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Figure 2.2: Figure showing a sample sparse matrix and its storage in (1) COO and (2) CSR formats.

These formats significantly reduce memory usage and enable efficient sparse matrix-vector
(SpMV) and matrix-matrix (SpMM) operations at scale. Much work has been done to improve
its shortcomings, particularly in tuning the storage format to specific computations. For example,
Vuduc [38] presented an automated system for generating efficient implementations of SpMV on
CPUs, while Williams et al. [41] moved toward multi-core platforms with the implementation of
parallel SpMYV kernels. Figure 2.2 illustrates the CSR and COO representations of a sample sparse

matrix. Listing 2.2 shows the corresponding CSR-based SpMV executor.

Listing 2.1: CSR executor for SpMV.

i|for (i = 0; 1 < N; ++1)
2 for (3 = row_ptr[i]; J < row_ptr[i+l]; ++73)
3 y[i] += A[J] * x[col_idx[]j]];

While traditional formats such as CSR and COO are space-efficient and relatively simple to
implement, they exhibit performance limitations on modern hardware. In particular, the CSR ex-
ecutor shown in Listing 2.2 relies on indirect memory accesses, such as x[col_idx[j]], to
fetch vector elements. These indirection arrays often cause irregular, non-contiguous memory
access patterns, which are poorly suited for Single Instruction Multiple Data (SIMD) execution.

Modern vector units require predictable and aligned memory access to fully exploit their through-



put capabilities. As a result, the irregularity inherent in formats like CSR and COO presents a
bottleneck for compiler auto-vectorization, cache reuse, and hardware prefetching.

To mitigate these challenges, several high-performance libraries, including Intel MKL and cuS-
PARSE, provide architecture-specific optimized implementations for operations such as sparse
matrix-vector multiplication (SpMV) and sparse matrix-matrix multiplication (SpMM). These li-
braries achieve high throughput on large matrices with regular sparsity patterns by applying pre-
processing techniques such as format-specific tuning, blocking, and sparsity analysis. However,
the preprocessing overhead can be significant, and its cost may dominate execution time for smaller
or highly irregular matrices, resulting in diminished overall performance.

Another approach to address the limitations introduced by indirection-based memory access is
to restructure sparse computations into regular forms to improve SIMD compatibility, cache effi-
ciency, and hardware utilization. Recent research has proposed several methods to minimize or
eliminate the dependency on indirection arrays through structured sparsity representations, poly-
hedral modeling, and code generation techniques. These efforts aim to enable predictable memory
access patterns, facilitate compiler auto-vectorization, and reduce preprocessing overhead, partic-
ularly for matrices with irregular sparsity pattern.

Early work by Saltz et al. [28] proposed runtime techniques for distributed-memory paralleliza-
tion of irregular applications [28, 23, 30]. These efforts were later augmented with compiler-based
approaches that automatically generated parallel code from irregular structures [36, 15, 1]. More
recent techniques aim to exploit runtime regularity to improve execution efficiency. For instance,
Ravishankar et al. [25] leverage dynamic analysis to generate polyhedrally-optimizable executor
code in specific cases. Similarly, Sukumaran-Rajam and Clauss [33] detect runtime regularity
using linear interpolation and regression models, selecting optimizations speculatively based on
detected patterns. Cheshmi et al. [12] further advance this direction by developing an inspection
method that fuses two sparse kernels, enabling the generation of parallel code optimized for both

memory locality and load balancing.



The Sparse Polyhedral Framework [20, 32, 34] employed uninterpreted function symbols to
over-approximate irregular computations within a polyhedral model, facilitating the generation of
inspector/executor code at compile time. The generated code is valid for any input sparse matrix
but does not exploit opportunities for specialization based on the structure of a particular matrix.

Sympiler [8, 9] is an inspector/executor compiler that analyzes the sparsity structure of an
input to generate ad-hoc executor code. But the problem with is, indirection arrays are not fully
eliminated and may still appear in loop bounds and access functions. Similar work, the TACO
compiler [19, 14] is a framework for generating optimized sparse tensor computations, supporting
a wide range of sparse input formats and enabling the composition of different formats to generate
the corresponding executor programs.

One of the promising work done in this approach is, Augustine et al. [2] DSCG work, they
identify regularity in the sparsity structure of a matrix by computing polyhedral shapes that capture
the nonzero coordinates, and generates data-specific code that eliminates the use of indirection
arrays. The method employs Z-polyhedra to represent nonzero coordinates and relies on compiler
auto-vectorization to optimize the generated matrix-specific executor. A more detailed discussion
of DSCG is presented in the next section, 2.1.2 as it forms part of the foundation for this thesis
work.

Horro et al. [18] leverages DSCG work by developing a custom local rescheduling and ad-
vanced SIMD synthesis approach, including the fusion of independent reductions. MACVETH
achieves systematic performance improvements over DSCG; however, these approaches lack the
modularity and flexibility provided by UZP (our proposed work, explained in section 3). In partic-
ular, the executor code must be recompiled for each target sparse matrix, leading to binaries whose
size can be proportional to the number of nonzero elements. In contrast, UZP generates generic
executors whose size is independent of the number of nonzeros, while storing the polyhedral set
information separately in a file that can be tuned and communicated efficiently.

Another work towards obtaining regularity from the sparse data was demonstrated by Cheshmi

et al. [11] - Partially-Strided Codelets. PSC work propose to optimize sparse computation execu-

10



tion on multi-core CPUs [11]. PSCs are polyhedral shapes, but represent a more restricted subset
compared to those considered by, e.g., Augustine et al. [2]. These structures can be encoded within
the UZP framework. PSC targets a limited set of codelets for which efficient implementations
are available, either through existing libraries or manual generation, and applies a partitioning
strategy during inspection to map nonzero coordinates (nzc) to codelets, facilitating locality and
load-balancing in parallel execution.

Where as UZP, by contrast, provides a generalized representation supporting arbitrary poly-
hedral shapes, enabling modular and decoupled reconstruction, tuning (e.g., locality optimization,
storage compression), and execution. While PSC [11] is optimized for large sparse matrices on
multi-core CPUs using a small number of predefined shapes, UZP focuses on scaling reconstruc-
tion across a larger set of candidate shapes and optimizing for matrices with fewer than 20 million
nonzero elements, particularly in cold-cache, single-core environments. In single-core, cold-cache
setup, UZP generic executor (more about in ssection 4.4 outperforms PSC on approximately 76%
of evaluated matrices.

Block-based formats [13, 7] such as BCSR, BELLPACK, and CSB exploit structural regularity
by representing contiguous coordinate sets through fixed-size blocks, often storing explicit zeros.
These formats typically impose a uniform block size across the matrix. In contrast, UZP imposes
no fixed block size or explicit zero storage.

DCSR, RPCSR, and DCSC [40, 6] compress index structures to reduce bandwidth overheads.
CVR Xie et al. [42] targets SpMV by processing multiple rows concurrently. AlphaSparse Du
et al. [17] optimizes SpMV on GPUs by generating sparsity-specific storage formats. Many of

these formats can be encoded within the UZP framework.

2.1.2 Reconstructing Irregular Structures via Z-Polyhedra

Irregular data structures are typically characterized by sets of discrete points, each of which
must be uniquely identified within the computational domain. In this work, such elements are

modeled as integer tuples, or points, forming the basis for a more structured representation.

11



These points are first captured in an ordered list called a trace. A trace formalizes the sparse

layout as a sequence

where each 7 is an m-dimensional integer tuple. If the computational semantics allow, the trace
may be considered reorderable, meaning that its elements can be grouped without preserving their
original order. This is particularly relevant for operations such as SpMV, which are associative in
nature and allow independent accumulation of nonzeros.

To provide a structured yet compact encoding of such irregular traces, this work leverages the
mathematical abstraction of Z-polyhedra. A Z-polyhedron is defined as the image of an integer

polyhedron D under an affine lattice mapping F', or equivalently as the intersection:
Z =DNEF,

where:
An integer polyhedron D can be defined as the set of integer points satisfying a system of affine

inequalities, where each inequality takes the form:
d
Zaixi—kﬁ >0 withey,BE€Z, z;€Z,
i=1

In contrast, an integer lattice F'is a multidimensional affine function that maps an integer input

domain I to an output domain 0] using a set of equalities:

F= {[ilw--vidim(f)] = {01, 0gimg)] - 01 = Ai(), 03 = fz(q)v---},

where each output dimension can be defined as a linear combination of input indices with integer

coefficients.

Example 1 (Example of a Z-polyhedron). Consider a set of four 1D points: {2,4,8,10}. These

points can be captured by applying an integer lattice to the domain of a polyhedron.
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* Define the integer lattice: ' = {[i, j| — [z] : v = 6i + 25}

* Define the integer polyhedron: Dy = {[i,j] : 0 <i<1A1<j <2}

Applying the lattice F to the integer polyhedron D yields a Z-polyhedron:
Z = F(D»)

The image 7 evaluates to the set {2,4,8,10}, as the affine function x = 6i + 2j maps the points

in D5 to these values.

Coming back to the reconstruction, each Z-polyhedron thus models a regular subset of points
that satisfy both geometric constraints and affine transformation rules. The origin of a Z-polyhedron
is the lexicographically smallest point in D N £ and serves as an anchor for instantiating the shape.

A reconstructed trace T},1y from an original trace T" of n elements is defined as a finite collection
of Z-polyhedra D;, denoted as

Tooy = {D1, ..., Dy},

such that

> #D;=n and T =Ty,

where T, captures exactly the same set of points as T". Each Z-polyhedron D; in T},,;, may have
a different dimensionality and a different number of points.

To illustrate the polyhedral expression presented in Example 1, the following code fragment
demonstrates how the iteration space can be mapped into a nested loop structure, with p, denoting

the computed coordinate along the x-axis.
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Listing 2.2: Generated loop structure corresponding to Example 1.

i|for (i = 0; 1 <= 1; ++1)
2 for (3 = 1; 3 <= 2; ++3)
3 p_x = 6%1 + 2x7;

Example 2 For the first 11 points from the Figure 2.3 if we want to construct Z-polyhedron and
show that non-contiguous points can be grouped into same polyhedra considering that the trace to

be reorderable.
e Dy ={[i,j,k] :2<i<3ANi=jAk=16i— 12} models points p°, p'°.
e Dy ={[i,5,k] : 0<i<1Ai=jAk=_8&} models points p', p*.
e Dy={[i,j,k] :1<i<2A4<j<5ANk=12i+4j — 16} models points p*, p°, p7, p°.

e Dy ={[i,j,k] :0<i<1Aj=3i+3Ak=236i+ 4}, with lattice F; = {[i,5, k] —

[z,y,2] : 2 =3i Ny = j Az =k}, models p?, p''.
e D5 ={[i,j,k] : i =3 Aj=0Ak =32} models the singleton point p°.

To illustrate the polyhedral expression corresponding to the points pg = (2,2, 20) and pjy =
(3,3,36). The following loop structure is generated by mapping the iteration space into a simple
nested computation where ¢ and j are equal, and k is computed as an affine function of ¢ for

polyhedron D;.
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Listing 2.3: Generated loop structure corresponding to polyhedron D;.

i|for (int 1 = 2; 1 <= 3; ++1i) {

2 int j = 1i;

3 int k = 16 = 1 - 12;

4 // (i, J, k) represents the generated coordinates
5 // example - perform spmv on them.

6 y[i] = A_datalk] * x[3];

7| }

All polyhedra except Dy use the identity lattice F' = {[i, j, k] — [z,y,2] :x =iAy=jAz =
k}. The trace is thus reconstructed as the collection D, Do, D3, Dy, D5, covering all 11 points.

Now to construct such 7.y, Augustine et al. [2] introduces an Extended TRE algorithm
(eTRE), which incrementally builds polyhedra from the trace. The algorithm uses a window-based
strategy, maintaining a list of candidate polyhedra sorted by heuristic fitness scores, and attempts
to grow the best candidate at each step. When a candidate cannot be expanded further without
incurring excessive dimensionality or violating structural constraints, the algorithm falls back to
the next candidate or begins a new polyhedron.

Table 2.1: Evolution of the number of pieces as a function of their maximal dimensionality (maxd ) for
matrix HB/nos1 (1,017 nonzero elements).

maxgy 2 3 4 5 6 7 8
pieces 312 159 81 4 3 2 1
cycles | 11373 11583 9938 35730 34116 39306 50371
LoC 772 1004 671 195 368 165 101

Note the Table 2.1 illustrates the trade-offs involved in reconstructing sparse traces using
Z-polyhedra at different maximum dimensions, for Fig. 2.3(c). While higher dimensions (e.g.,

max, = 8) can represent all points with a single polyhedral piece, they result in poor execution
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Figure 2.3: Different sparse matrices from the HB group of the SuiteSparse Matrix Collection. Figure (a)
shows an except of the accesses performed during SpMV of matrix HB/nos1. The nonzero elements in
this matrix are shown in Figure (b), and a zoom of its main diagonal is provided in Figure (c). This is a
237 x 237 matrix with 1,017 nonzero elements, and its reconstructed code consists of a single statement
inside an 8-dimensional loop. Figure (d) shows the nonzero elements in HB/can_1072,a 1,072 x 1,072
matrix with 12,444 nonzero elements, which does not exhibit any apparent regularity. Its reconstructed code
includes 870 pieces of up to 8 dimensions.

performance due to complex control flow and high cycle counts. Conversely, very low dimen-
sions (e.g., maxy; = 2) produce many small pieces, introducing significant overhead. The optimal
balance is observed around max; = 4, where the execution cost and code complexity are both
minimized. This highlights the need to carefully tune the polyhedral modeling parameters based
on application and hardware characteristics, rather than optimizing solely for structure or compact-
ness.

Although effective, the eTRE approach is limited by its dependency on trace-order processing,

which can result in suboptimal computational structures such as polyhedra with irregular strides or
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poor data locality. To address this, the thesis introduces a complementary pattern-matching-based
reconstruction strategy.

This pattern-matching approach operates on reorderable traces and searches for known polyhe-
dral patterns across the trace, regardless of order. When a match is found, the corresponding points
are grouped into a Z-polyhedron. This method might enable better control over loop regularity,
spatial locality and vectorization opportunities.

Together, these strategies enable a principled and tunable reconstruction of sparse traces into
structured, reusable, and optimization-friendly polyhedral components. This serves as the founda-
tion for efficient sparse representation and compiler-based code generation, enabling further tuning
and execution-level optimization within the polyhedral framework.

Hence, this reconstruction approach proposed by Augustine et al. [2] enables the automatic
generation of layout-aware, hardware-conscious code tailored to the static sparsity structure of the
input. It generalizes across a wide range of sparse workloads, including tensors, and does not re-
quire manual format selection or tuning, thereby simplifying integration into compiler toolchains.
However, a significant trade-off in this method is the increase in code size due to specialization.
For each distinct polyhedral region identified in the trace, the compiler generates a corresponding
loop nest, leading to potentially large and fragmented binaries. While these specialized loops are
effective in exploiting locality and vectorization particularly on single-core CPUs this increase in
code volume may hinder scalability and maintainability in larger applications. Again the scala-
bility of this approach to multi-core architectures is not thoroughly explored, as the evaluation is
limited to comparisons against Intel MKL’s inspector-executor model in its single-core configura-
tion. Consequently, the reported performance gains remain largely confined to single-core CPUs,

leaving open questions regarding its applicability to modern multi-threaded environments.

2.1.3 Custom Vector Code Generation for Fixed Sparse Structures

Another notable limitation of the Augustine et al. [2] approach is its dependency on standard

compiler heuristics for vectorization. While the framework generates affine loop nests amenable
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to SIMD execution, it does not emit explicit SIMD intrinsics or low-level vectorized code. As a
result, the extent of vectorization is assigned to the compiler, which may not fully exploit available
vector units in the presence of non-contiguous or strided memory accesses. The regularization
strategy thus enables, but does not ensure, efficient SIMD utilization.

To address this gap, subsequent work by Horro et al. [18] proposes custom vector code genera-
tion tailored to fixed sparse structures. This approach targets the generation of data-specific SIMD
code that balances performance with code size and complexity, extending the capabilities of prior
frameworks by addressing the irregularities that persist even after loop restructuring.

The [18] approach acknowledges that naive unrolling or aggressive vectorization may result
in excessive code size, leading to instruction cache pressure and increased Translation Lookaside
Buffer (TLB) overhead. Instead, the authors propose generating SIMD code in a data-specific
manner-carefully selecting unrolling factors, vector widths, and memory layouts tailored to the
structure of each sparse input. This enables fine-grained control over how vector instructions
are applied, allowing the framework to extract more consistent performance across diverse inputs
while avoiding the pitfalls of excessive specialization. Importantly, this work begins to bridge the
gap between high-level structural regularization and low-level hardware aware code generation,
moving toward truly end-to-end optimized execution pipelines for sparse computations.

To address the limitations of relying solely on compiler-driven vectorization, the authors of the
Horro [18] paper propose a novel source-to-source compiler called MACVETH (Multi-Architectural
C-VEcTorizer for HPC). Rather than depending on the auto-vectorizer within conventional com-
pilers, MACVETH takes the output of data-specific inspectors such as those from the [2] approach
and generates explicit SIMD-optimized C code tailored to the target architecture. Its core contri-
bution lies in systematically exploring the design space of vectorization strategies for irregular
memory access patterns commonly found in sparse computations.

MACVETH generates multiple candidate “codelets” for small computational units that involve
gathering, reducing, or packing sparse data. These implementations leverage AVX2 intrinsics

and range from using hardware gather instructions to handcrafted sequences involving shuffles,
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blends, and load permutations. To manage the explosion of variants, the system integrates an SMT
solver to prune instruction sequences that are functionally redundant, ensuring efficient coverage
of meaningful vectorization strategies without exhaustive enumeration.

For each piecewise-regular loop obtained from the sparse matrix structure, MACVETH substi-
tutes scalar memory accesses with the most efficient SIMD instruction sequence discovered during
profiling. It also performs fusion of independent reductions to better utilize vector units and reduce
instruction count. Recognizing the impact of code size on performance, particularly for instruction
cache and TLB pressure, the system balances performance and binary footprint by preferring com-
pact instruction recipes even at the cost of minor slowdowns overly unrolled versions. This hybrid
strategy ensures both high performance and maintainability of the generated code.

Empirical results reported in the paper demonstrate that, across a diverse suite of 230 sparse ma-
trices (with up to 20 million nonzeros), MACVETH achieves a geometric mean speedup of 1.33x
over Intel MKL for matrices with more than 10,000 nonzeros. Its advantage diminishes for very
large matrices, where memory bandwidth and cache pressure become the dominant bottlenecks.
One notable limitation of MACVETH lies in its complexity: it requires architecture-specific pro-
filing and exhaustive benchmarking to construct its microkernel database. This profiling step is
resource-intensive, although amortized over repeated use. Moreover, its current scope is restricted
to CPUs with AVX2/AVX-512 support, making generalization to other architectures an open chal-

lenge.

2.1.4 UZP Representation and its Background

The works of [2] and [18] collectively mark a significant progression in the field, from high-
level structural regularization to low-level, vector-specific code generation. Despite these advance-
ments, both approaches remain closely tied to the structure of individual matrices, relying on cus-
tom code generation pipelines and static analysis methods tailored to specific sparsity patterns. As
a consequence, the generated binary code size can increase significantly for larger matrices, due to

the need to generate and store extensive matrix-specific code. This leaves open the broader ques-
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tion of how to generalize sparse matrix representations and executor design while maintaining a
balance between performance, portability, and programmability.

To address this gap, we introduce the Union of Z-Polyhedra (UZP) format a flexible, parametric
representation that decouples the structural encoding of sparse data from executor logic. Unlike
prior methods that generate dedicated loop nests per matrix, UZP supports a reusable, shape-
aware execution model driven by a compact dictionary of polyhedral shapes and a list of origin
points. Furthermore, rather than relying on aggressive static specialization, UZP enables post-
optimization through tuners that transform the representation itself. These tuners restructure origin
ordering, merge origins, or alter tiling layouts to improve locality, vectorization potential, and
thread-level parallelism without requiring changes to the executor. As a result, UZP bridges the
gap between static structural encoding and dynamic execution needs, offering a practical pathway
toward performance-portable sparse computation.

A key feature of the UZP format is the separation between shape definitions and their instanti-
ation points (list of origins). Rather than explicitly enumerating every occurrence of a polyhedral
pattern which leads to redundancy when identical shapes recur, UZP stores a dictionary of poly-
hedral shapes and a corresponding list of origins where these shapes can be instantiated. This
decoupling significantly reduces storage overhead and facilitates the reuse of structural patterns.
To ensure representation profitability, UZP subsumes classical formats such as CSR and COO - use
them for the set of unincorporated non zero points that are not part of the polyhedral dictionary.

We will learn more about this section 3.
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Chapter 3
Understanding the Union of Z-Polyhedra Format
(UZP)

The Union of Z-Polyhedra (UZP) is a structured sparse matrix representation that captures
regularity among nonzero coordinates to enable compact storage and efficient computation. Unlike
traditional formats such as Compressed Sparse Row (CSR) and Coordinate List (COO), which
represent each nonzero independently without exposing any higher-level structure, UZP organizes
nonzeros into a dictionary of affine polyhedral shapes that can be instantiated across different
locations within the matrix.

This chapter presents the mathematical foundations of UZP, formalizing the construction of Z-
polyhedra and illustrating how sets of nonzero coordinates are grouped into such representations.
We begin by revisiting prior work of Augustine et al. [2] on polyhedral modeling for sparse data
structures, then progressively build toward a unified framework that accommodates both structured
and unstructured sparsity.

[2] demonstrated the use of polyhedra and affine lattices to compress sets of nonzero coordi-
nates in sparse matrices. Each nonzero element in an n-dimensional sparse dataset can be repre-
sented as an integer tuple (;, data), where i denotes the coordinate and data indicates the position
within the data vector. Using this abstraction, sets of nonzeros—potentially non-consecutive—can
be grouped into Z-polyhedra

Formally, a Z-polyhedron is defined as follows:

Definition 1 (Z-polyhedron). A Z-polyhedron is the image of a k-dimensional integer polyhedron
P under an m x k integer affine lattice L. Here, P is defined by a set of affine inequalities over its
dimensions, and L is represented by an integer-coefficient matrix mapping from a k-dimensional

space to an m-dimensional space.
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In this definition, the dimension & of the polyhedron P is unrestricted, while the lattice di-
mension m equals n + 1 in the above encoding. Consequently, the image L(P) equivalently the
intersection of P and L compactly represents the sparse coordinates and their associated data po-
sitions within the sparse data structure.

For illustration, consider a sparse matrix containing six nonzero coordinates (nzcs): (0,0, 0),
(0,71,1), (1,42,2), (2,44,3), (3,46,4), and (42,42,5). In each 3-tuple, the last value represents
the position in the data vector, as commonly used in CSR or COO storage schemes.

A possible polyhedral representation of this sparse structure might involve defining six separate

Z-polyhedra. For example, the first nonzero coordinate could be represented by:

Pl : {(Zvjvd)Z:O/\j:O/\d:O}7 Ll : {(27J7d> — (Z7jvd)}7

and similarly the second point as:

PQ{(Z,j,d)ZZO/\]:71/\d:1}, LQILI,

with analogous definitions for the remaining points. However, such an approach provides limited
practical benefit compared to traditional COO encoding, since it requires one distinct polyhedron
for each individual nonzero element, offering no actual compression or structural simplification.

Instead of representing each nonzero coordinate (nzc) individually, compression can be achieved
by grouping multiple nzcs into a single polyhedral structure. For instance, the points (1,42, 2),

(2,44,3), and (3,46, 4) can be captured compactly using the following formulation:

Py {(l):1<1<3}, Ly:{() = (4,5,d):i=1 j=40+2l, d=1+1}.

This single Z-polyhedron represents all three points, thereby reducing the number of polyhedra

required to express the structure by two, compared to an uncompressed representation.
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This strategy proves effective even in sparse matrices that exhibit limited regularity. By identifying
and modeling repetitive strided patterns, multiple nzcs can be grouped into structured polyhedra.
As demonstrated in prior work Augustine et al. [2], complex sparsity structures can be recon-
structed using this approach. For example, Figure 2.1 shows a reconstruction comprising 870
Z-polyhedra, some of which utilize up to eight dimensions (k = 8) to encode high-dimensional

patterns [16, 2].

3.1 Design Principles of UZP

The UZP format is a polyhedral-based sparse matrix representation that facilitates the imple-
mentation of generic executors. In contrast to previous approaches [2, 18], UZP explicitly decou-
ples the parametric definition of polyhedral shapes from their instantiation coordinates, referred
to as origins. This design choice allows the creation of executors independent of specific sparsity
patterns while still benefiting from polyhedral compression. Generic executors that operate using
the UZP format are described in Section 4.4.

As illustrated in Section 3, explicitly listing all occurrences of polyhedral shapes introduces
redundancy, since identical shapes (e.g., a diagonal pattern of length three with stride two) fre-
quently recur due to the shape-mining process [2, 18]. To mitigate this redundancy, UZP stores
shape definitions separately in a dictionary of parametric shapes, distinct from the list of origins
where these shapes apply. Consequently, storage overhead is substantially reduced. Furthermore,
UZP integrates hybrid segments, allowing portions of the sparse structure to be represented using
traditional formats such as CSR or COO. This hybrid capability is particularly useful for irreg-
ular sparsity patterns where polyhedral compression yields minimal benefit. Thus, UZP enables
both flexible tuning of sparse representations and interoperability with established sparse matrix
formats.

A complete UZP representation thus comprises five distinct components:

* A dictionary of parametric shapes represented as Z-polyhedra;

* A list of origin coordinates specifying instantiation points for each polyhedral shape;
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* An optional CSR-encoded segment for efficiently handling sparse regions with limited struc-
ture;
* An optional COO-encoded segment for explicitly representing irregular sparsity patterns;

* A data vector containing the actual nonzero values associated with these coordinates.

3.2 Implementation of UZP

The implementation of both the UZP format and the associated generic executors, presented in
the section 4.4, has been accomplished using C/C++ data structures. UZP is fully implemented,
including conversion from/to CSR and COQ, automatic mining of polyhedral shapes to build a

UZP file, and very simple generic executors for SpMV and other computations.

Dictionary of Shapes.

A shape in UZP is defined as a parametric Z-polyhedron, which is applied to a set of ori-
gins. Z-Polyhedra are typically represented using matrices of integer coefficients [3] representing
inequalities bounding the polyhedron, and the associated lattice. In the UZP format, columns
of this matrix can be omitted when the shape is hyper-rectangular, as only extremal vertices are
needed to represent the shape. For instance, a block of 8x8 dense points is simply represented as
the pair of vertices (0,0); (8, 8) and a unit lattice. A dense block of nonzero coordinates located at
(42..50 x 128..136) is therefore represented with the origin (42,128), on which the dense block pro-
totype (0, 0); (8, 8) with unit-stride is applied, resulting in the set (42+0..42+8 x 128+0..128+8).

List of Origins.

An origin in UZP is defined as an m + 2-tuple of integer coefficients. This tuple includes the
first m-dimensional vertex (e.g., (42, 128) in the previous example), the data offset, and the shape
identifier in the dictionary. The list of origins in UZP is constrained to never exceed the number of

non-zero elements (nnz).
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Modeling Data.

The data vector in UZP stores the actual data values for each non-zero coordinate (nzc). The
reconstruction of the sparse structure into polyhedral shapes can be constrained to operate on a
fixed data vector (e.g., the exact data vector of an existing CSR matrix representation, to facilitate

integration in a full application flow of data-specific SpMV codes without any data conversion

Modeling Unincorporated Points.

Finally, UZP includes an optional section that is typically utilized to encode points that cannot
be efficiently captured by Z-polyhedral shapes. Rather than modeling these points using a single-
point shape and the associated origins, UZP supports modeling these points using the classical

CSR and COO formats, with their separate data segment.

Example 2. Fig. 3.1 illustrates the representation of a sparse matrix using CSR, COO, and two
possible UZP representations. In this example, the dictionary encodes hyper-rectangular shapes;
however, UZP also supports more general polyhedral shapes.

In the bottom-left example of Fig. 3.1, shape s1 represents a 1D structure. Shapes in UZP are
encoded using a combination of a polyhedron and an integer affine lattice. The first two values
define the vertices of the 1D polyhedron (e.g., | : 0 < [ < 2, where the vertices 0 and 2 are stored).
The subsequent values define the coefficients of the integer affine lattice mapping | — (i, j,d).
For instance, the tuple 2,0, 0, 0, 1, 0 encodes the mappings i = 2l + 0, j = 0l + 0, and
d = 11 + 0. Origins are applied to instantiate this Z-polyhedral shape. For example, applying
the origin (0,0,0, s1) in the left UZP example yields the tuples (0,0,0), (0,2,1), and (0,4, 2),
corresponding to the first three nonzero coordinates (nzc) labeled S, C, and A.

Optionally, individual nonzero entries can be encoded using CSR or COO fragments. However,
these entries can equivalently be represented as polyhedra of a single point, as demonstrated in
the right UZP example with shape s4.

The UZP dictionary can accommodate shapes of varying dimensionalities. On the right side

of Fig. 3.1, shape s1 is a 2D shape defined by two loop variables |, and ly such that 0 < [} < 2
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and 9 < ly < 1(encoded as 0, 2, 0, 1), along with an associated lattice (l1,ls) — (i, j, d), where
1 = 0l; + 9y + 0. This two-dimensional mapping requires three integer coefficients per output

dimension instead of two, and applying the origin (0,0, 0, s1) instantiates the nonzero entries S,

C, AR I and X.

To further clarify the instantiation process, consider again the 2D Z-polyhedral shape s1
described in Example 2. Listing 3.1 presents the generic executor code that can be used to
perform the SpMV operation on such a 2D Z-polyhedral shape. Given the dictionary values
associated with s1, (0,2,0,1,0,9,1,2,0,1,1,3,0), these entries can be directly mapped
to the corresponding fields in the generic executor: (shape.start[0], shape.end[O0],
shape.start[1l], shape.end[l], orig.shape.lattice[0][0],
orig.shape.lattice[0][1], orig.shape.latticel[0][2],
orig.shape.lattice[1][0], orig.shape.latticel[l][1],
orig.shape.lattice[1][2], _, _, _). Substituting these values into the executor

loop structure shown in Listing 3.1 yields the specialized code presented in Listing 3.2.

COO Format
S (4 A T
vawes [s[c|a[t]r[e[r|e[o]m]a]T[r]1]x]
T Col Index |0|2|4|7|3|4|0|1|2|3|5|6|0|2|4|
Rowindex [o]o[o]o|2]4]6]6|e[6]6]s]0]o]e]
: CSR Format
R | £ | o | m A vawes [s[c|a]t]r[e[r|e[o]m|a|7][r]1]x]
cotindox [0]2]]7]3]a]o]2]z[2]s]s]o]2]4]
: | ” i Row Index nnan
UZP Format - 1D Shapes & COO UZP Format - 2D & 1D Shapes
Dictionary = { Origins: Dictionary = { Origins:
§1:0,2 0,0 2 0,1, 0 %0 05l s1:0,2,0,1,0,9,0,2,0,0,1,3,0 0, 0, O, sl
s2:0,2,2 0,1, 0 1, 0 2,3, 3s2 s2: 0, 2, 2, 01, 0,1, O 2, 3, 6 s2
s3:0, 3 0, 0,1, 0,1, 0 6, 0, 6, s3 s3:0, 3, o o1 0,1, O 6, 0, 9, s3
} 9, 0,10, s1 s4:0,1, o, 0,0, 0,0, O 0, 9, 13, s4
. } 8, 7, 14, s4
COO: Col Idx. [[8,7] Row Idx. [0,8] Eﬂ
Values:|s|c|A|T|E|A|R|E|D|M|R|||x Values:|s|R|c|||A|X|T|E|A|R|E|D|M|T|T|

Figure 3.1: Different possible representations of the same sparse matrix: CSR, COO and two possible
UZPs.
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doublex const data_vector = uzp_matrix->data;
int idx_i, idx_7j;
// Retrieve data offset and shape information from origin:

int a_data_pos = orig.data_offset;

int lattice_0_0 orig.shape.lattice[0][0];

int lattice_0_1 = orig.shape.lattice[O0][1];

int lattice_1_0 orig.shape.lattice[1][0];
int lattice_1_1 = orig.shape.lattice[1l][1];

// Compute lattice increment for the inner loop:

int offset_idx_i = lattice_1_0 % shape.stridel[l];

int offset_idx_j lattice_1_1 x shape.stridel[l];

// Loop nest scanning coordinates:

for (int i = shape.start[0]; i <= shape.end[0]; i += shape.stride[0])
idx_1i = orig.coordinates[0] + i % lattice_0_0
+ lattice_1_0 % shape.start[l] + orig.shape.lattice[0][2];

idx_j = orig.coordinates[1l] + 1 % lattice_0_1

+ lattice_1_1 x shape.start[l] + orig.shape.lattice[l][2];

for (int J = shape.start[l]; J <= shape.end[l]; J += shape.stride[l])

// Computation-specific operation:

y[idx_1i] += data_vector[a_data_pos] * x[idx_jl;
// Update coordinates and data offset:

idx_1 += offset_idx_i;

idx_j += offset_idx_7j;

a_data_pos += 1;

{

{

Listing 3.1: Parameterized executor for 2D shapes in SpMV.
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offset_idx_y = 0 ~ 1;
offset_idx_ x = 2 x 1;
for (int i = 0; i <= 1; i += 1) {
idx_y = orig.coordinates[0] + (i = 9) + (0 % 0) + O;
idx_x = orig.coordinates[1l] + (i * 0) + (2 = 0) + 0O;
for (int j = 0; j <= 2; j += 1) {
ylidx_y] += data_vector[a_data_pos++] * x[idx_x];
idx_y += offset_idx_y;
idx_x += offset_idx_x;
}
}
Listing 3.2: Executor loop after parameter substitution for shape s1 for 2D form
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Chapter 4

Tuning Mechanisms for UZP

The UZP format encodes sparse matrices through reusable Z-polyhedral shapes and their asso-
ciated origin points in the global coordinate space. Irregular regions are handled using embedded
formats like CSR, CSC, COO, or BCSR. This separation of shape definition and instantiation cre-
ates a compact representation while preserving structural information.

While the construction of the UZP representation focuses on detecting and abstracting repeat-
ing patterns, it leaves the placement and ordering of shapes and irregular segments in a form that
reflects the initial structure of the input matrix. As a result, there are several opportunities for
post-processing the UZP representation to improve how the data is organized and later consumed

by executors.

Y

{Aggregator Tuner} l

Y

[Favour Locality Tuner} ——————————

\4

************ >[Tile Based Tuner}

\4

‘ Output UZP Format

Figure 4.1: Schematic representation of tuner interaction pathways.

This section explores the space of such post-processing strategies, outlining specific transfor-
mation opportunities available within the UZP format. These may include reordering of origin lists,

canonicalization of shape entries, layout normalization of irregular segments, and shape merging
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when reuse is detected. Each tuning opportunity leverages the modular structure of the UZP for-
mat and aims to improve data organization or access efficiency, without changing the meaning or
flexibility of the representation.

As illustrated in Figure 4.1, the UZP pipeline incorporates tuners such as Aggregation,
Favour Locality, and Tile Based. These modular post-processing stages can operate
independently or sequentially, enabling flexible optimization for various performance goals and

hardware targets while maintaining the format’s fundamental structure.

4.1 Aggregator Tuner: Merging Regularly Strided Origin Points

The UZP format represents sparse data structures using reusable Z-polyhedral shapes instan-
tiated at multiple origin coordinates. Although many origins share the same shape definition, they
are not necessarily aligned in a regular geometric pattern. However, in practice, subsets of origin
points often exhibit regular strides consistent with the underlying lattice structure of the shape.
This observation creates an optimization opportunity: when origin points are regularly spaced
according to the geometric properties of the lattice, they can be merged into a single, extended
shape instance. Such merging reduces metadata redundancy and enhances spatial locality, thereby
improving memory access efficiency and overall computational performance.

To exploit this property, we introduce the Aggregator tuner, a mechanism that identifies and
merges regularly strided origin points. For each shape, the tuner iterates over the associated origin
list and detects sequences of origins that follow the expected stride pattern defined by the lattice
structure. When such a sequence is identified, the tuner merges the corresponding origins by
extending the original shape’s loop bounds, while preserving the lattice coefficients and stride
parameters. This transformation effectively folds multiple shape instances into a single, larger
polyhedral shape, reducing the total number of origins without modifying the semantics of the
sparse representation.

To illustrate this process, consider a simple 1D Z-polyhedral shape applied to a 2D sparse

matrix. The shape iterates over four points using a loop variable | € [0, 3], with a lattice mapping

30



defined as:

(Zvj) = (IO + 2l7 l]0 +3l)a

where (/y, Jo) denotes the origin. Instantiating the shape at an origin generates a set of nonzero
coordinates determined by this affine relation.

Suppose two origins are observed at (6,9) and (14, 21). Instantiating the shape at (6,9) yields
the coordinates:

(6,9), (8,12), (10, 15), (12,18),

while instantiating at (14, 21) produces:

(14,21), (16,24), (18,27), (20,30).

It is evident that the sequence of points generated by the second origin continues the pattern ini-
tiated by the first. Rather than representing these as two distinct shape instances, the aggregator
tuner merges them into a single shape by extending the loop domain to [ € [0, 7], thereby gener-
ating all eight points under a unified polyhedral representation. Importantly, the underlying lattice
structure and projection function remain unchanged during this merger.

While the preceding example is based on a 1D Z-polyhedron function (D, F') over a 2D coor-
dinate space, the aggregator tuner is not limited to such simple cases. The algorithm generalizes
naturally to arbitrary multidimensional polyhedral domains with affine lattice projections. Merg-
ing decisions rely solely on detecting structural regularity under the shape’s lattice semantics and
affine iteration space. Furthermore, the merging process is inherently iterative: it continues con-
solidating origin points as long as new regular stride patterns are identified within the origin list,
progressively compressing the overall representation.

This optimization significantly reduces the number of shape instantiations and their associated
origin metadata. In addition, it improves the spatial regularity of nonzero coordinates, enhancing

cache locality and enabling more effective vectorization during execution. The Aggregator tuner
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thus acts as a structure-preserving refinement phase, applied after the initial UZP reconstruction, to

compress and regularize the layout without modifying the semantics of the original sparse matrix.

4.1.1 Algorithm & Implementation Details

The implementation of the aggregator tuner follows the structure described in the preceding
section and is realized through two modular procedures: the main tuner loop, presented in Algo-
rithm 1, and the shape-specific origin consolidation routine, described in Algorithm 2.

Algorithm 1 performs the top-level traversal over all shapes in the input UZP representation
U. For each shape S, it constructs a spatial index over the associated origin list and computes a
merge map M that identifies origin points exhibiting regular stride patterns aligned with the shape’s
lattice. Regularity is determined based on lattice-consistent translations, verified through spatial
queries over the origin index. Once the merge map is populated, the shape .S and its corresponding
map M are passed to the MERGEUSINGMAP procedure for consolidation.

The merging logic is encapsulated in Algorithm 2. This procedure first iteratively applies the
merge map to combine the data pointers associated with matched origin pairs. It then groups
merged origin blocks that share identical lattice configurations and constructs new shapes with ex-
tended loop bounds reflecting the enlarged spatial extent covered by the combined origins. Origins
that do not participate in any merge are preserved in their original form and included in the final

output.

4.1.2 Impact Evaluation of Aggregator Tuner

We evaluate the impact of the Aggregator Tuner within the UZP framework using a benchmark
suite of 229 sparse matrices drawn from the SuiteSparse collection [16]. The evaluation focuses
on multiple performance metrics, including execution time, computational throughput (GFLOPs),
cache efficiency, SIMD utilization, and memory footprint. Specifically, we assess the Aggregator
Tuner’s effect on SpMV performance by analyzing throughput variations, reductions in the number

of origin points, and changes in the base polyhedral shape count. All results are reported relative
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Algorithm 1 Aggregator Tuner for UZP

1: procedure AGGREGATORTUNER(UA) > U is the input UZP representation
2 Initialize Upey +— 0 > New UZP container
3 for all S € U .shapes do
4 Let n < |origins(.5)]
5: Initialize merge map M € Z", M|i] + —1
6 Let O < spatial index structure over S.origins > e.g., hash map or kd-tree
7 fori < Oton—1do
8 Let o; «+ S.origins|] >o; € Z°
9: Let £ «+ S.lattice > L € ZPxm
10: Let t < vector of loop counters from polyhedral domain
11: Leto+ o, +L -t
12: Let j <~ SEARCHORIGIN(O, 0) > Multidimensional search
13: if 7 exists then
14: MJi] < j
15: end if
16: end for
17: Let 1istSpew ¢ MERGEUSINGMAP(S, M) > List of merged shapes
18: Unew — Unew U 11St Spew
19: end for
20: return ey

21: end procedure

to a baseline UZP configuration (UZP Standard), allowing a direct quantification of the structural

compression and performance improvements introduced by the Aggregator Tuner.
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Algorithm 2 MERGEUSINGMAP: Merge Origin Points Using Index Map
1: procedure MERGEUSINGMAP(S, M)

2: Let O «+ S.origins, n <« |0 > O, is the j-th origin struct; M [j] is its merge target
index
3: for j < n — 1 down to 0 do
4: if M[j] # —1 then
5: Let k < M|j]
6: O;.dataptr <— O;.dataptr U Oy, .dataptr
7: Oy..dataptr < ()
8: end if
9: end for
10: Initialize 11ist Spew < 0
11: forj <~ Oton —1do
12: if |O,.dataptr| > 0 then
13: Let L+ S.L
14: Let t < |O,.dataptr|
15: Let €pey < S€+(t—1)- L
16: Try to find S" € 11 st Spew such that:
17: S' €= €ewand "L =L
18: if such S’ exists then
19: Append O; to S’ origins
20: else
21: Create new shape S, < clone of S
22: Set Spew-€ < Enew
23: Set Spew-origins <— {O; }
24: Add Spe t0 115t Spew
25: end if
26: end if
27: end for
> Handle origins that were not part of any merge
28: Create shape Sriginal <— clone of S with empty origin list
29: forj < Oton —1do
30: if M[j] = —1 and |O;.dataptr| == 1 then
31: Append O; to Syiginal-Origins
32: end if
33: end for
34: if | Soriginai-origins| > O then
35: Add Soriginal tolist Shew
36: end if
37: return 1ist S, .y

38: end procedure
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Comparison and Improvement: Standard UZP vs Aggregated UZP

x  Standard UZP i
8 Aggregated UZP | !

0 50 100 150 200
Sparse matrices arranged in increasing order of nnz

Figure 4.2: Performance comparison of Standard UZP vs Aggregator Tuner UZP across 229 sparse matrices
ordered by non-zero count, highlighting gains from Aggregator tuner.

Figure 4.2 presents the comparative performance, measured in GFLOPs, for 229 sparse matri-
ces ordered by increasing nonzero count (nnz). Note, the full experimental setup is described in
Chapter 5

The analysis shows that the Aggregated UZP configuration consistently outperforms the Stan-
dard UZP baseline across a wide range of matrices. On average, Aggregated UZP achieves 2.79
GFLOPs compared to 2.25 GFLOPs for Standard UZP, corresponding to a 24% improvement in
computational throughput. The performance gains are particularly pronounced for matrices with
larger nnz values, where the benefits of origin consolidation and improved memory locality be-
come more significant.

The primary factors contributing to the observed performance variation are the reduction in the
number of origins and the increase in the size of the base polyhedral shapes. Figures 4.3 and 4.4
present the changes in the number of origins and base shapes per sparse matrix before and after

applying the Aggregator Tuner.
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Comparison and Improvement: Standard UZP vs Aggregated UZP
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Figure 4.3: Plot showing Base shape count of Standard UZP vs Aggregator Tuner UZP across 229 sparse
matrices ordered by non-zero.
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Figure 4.4: Plot showing Origins count of Standard UZP vs Aggregator Tuner UZP across 229 sparse
matrices ordered by non-zero.
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Figure 4.4 shows that, for most larger matrices, there is a substantial reduction in the number
of origins after applying the Aggregator Tuner. This reduction decreases the associated metadata
overhead and improves performance by enabling the merger of contiguous points. As a result,
more iterations are executed within individual polyhedral shapes, leading to better loop regularity

and improved computational efficiency.

4.2 Reordering Origins for Locality Optimization

Beyond structural compression achieved through origin merging, spatial and temporal data lo-
cality are critical factors influencing execution performance in sparse matrix operations. In partic-
ular, access locality directly affects cache utilization during memory-bound computations such as
Sparse Matrix-Vector Multiplication (SpMV) and Sparse Matrix-Matrix Multiplication (SpMM).

The prior Aggregator Tuner 4.1 primarily targets structural contiguity by merging origin points
into larger polyhedral shapes. While this strategy effectively reduces metadata overhead and im-
proves computational regularity, it does not explicitly account for cache behavior. In some cases,
aggressive merging can produce oversized shapes whose memory footprint exceeds cache capac-
ity. Additionally, merged shapes may span non-contiguous memory regions if the origin points are
not spatially clustered, potentially degrading memory access performance due to reduced locality.

To address the limitations of purely structural merging, we introduce a locality-aware reorder-
ing strategy. This tuner incorporates two mechanisms aimed at improving spatial data locality

while maintaining manageable shape sizes:

1. Merge Limiting via Thresholding: A user-defined threshold is applied to restrict the num-
ber of origin points that can be aggregated into a single polyhedral shape. Once this threshold
is reached, the current sequence of origins is finalized, and subsequent origins are processed
separately. This constraint ensures that the spatial extent of each shape remains within a

cache-friendly region.

2. Block-wise Reordering by X-Axis Locality: To further enhance memory coalescing, origin

coordinates are grouped based on there polyhedral shapes and reordered based on their X-
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axis position. For each polyhedral shape independently, the associated list of origin points is

partitioned into spatial blocks of size (7, defined as:

S

where z; denotes the X-axis coordinate of origin o; Algorithm 3. A stable sort is then
applied over the block indices b;, ensuring that origins belonging to the same spatial region
are clustered in memory. This reordering is performed separately for the origins associated
with each shape, rather than across all shapes globally. As a result, even if multiple shapes
are processed sequentially during execution, the working set corresponding to each shape
remains spatially compact, enabling better utilization of the CPU cache. Although full global
contiguity is not guaranteed, limiting data movement to a small number of shape accesses

significantly improves effective cache residency and reduces memory access overhead.

The complete reordering procedure is outlined in Algorithm 3. The method is lightweight,

requires no matrix-specific tuning, and can be applied broadly across diverse sparse workloads.

Algorithm 3 Origin Reordering for X-Axis Locality

Require: Origin list O = {0y, 09, ...,0,}, with o, = (y;, x;)

Require: Grouping threshold parameter G € Z-q

Ensure: Reordered list O’ optimized for X-axis locality

1:

2:

Assign block index: b; < |z;/G|, Vo,€ 0O
Construct block mapping: B = {(b;,0;) | 0; € O}

Sort 3 by block index b; using a stable sorting algorithm
Extract reordered origins: O < projection of B onto o;

return O’
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4.2.1 Impact Evaluation of Favour Locality Tuner

Building upon the previous evaluation setup, we assess the impact of the Favour Locality Tuner
on SpMV performance using the same benchmark suite of 229 sparse matrices from the SuiteS-
parse collection [16]. For this the full experimental setup is described in Chapter 5. This evaluation
focuses on improvements in memory access locality, computational throughput (GFLOPS), and
changes in the structural organization of origins and base shapes. All results are reported relative

to the baseline UZP configuration (UZP Standard).

Comparison and Improvement: Standard UZP vs Aggr Favoured Locality UZP
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Figure 4.5: Performance comparison of Standard UZP vs Favour Locality Tuner UZP across 229 sparse
matrices sorted by increasing non-zero count, highlighting gains from locality-aware tuning.

Figure 4.5 presents the comparative performance in GFLOPS for 229 sparse matrices, ordered
by increasing number of non-zero elements.

The performance analysis shows that the Favour Locality Tuner achieves further improvements
over the Standard UZP configuration by explicitly promoting spatial access locality. On average,
the Favour Locality Tuner achieves 2.87 GFLOPS compared to 2.25 GFLOPS for Standard UZP,

representing an average improvement of 28%. The performance gains are particularly notable for
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matrices with larger nnz values, where access locality has a more pronounced impact on cache
behavior and memory bandwidth utilization.

In addition to performance improvements, the structural impact of the Favour Locality Tuner
is examined. Figures 4.6 and 4.7 present the variations in the number of base shapes and origins,
respectively, before and after applying the locality-aware reordering. While from the Fig 4.6 we
can see that the Avg. number of base shape per matrices is increased from 102.79 to 126.97
which better when compared to Aggregator tuner case 4.1, the number of origins shows a notable
decrease compared to the Standard UZP configuration, reflecting improved aggregation efficiency

while preserving spatial locality.

Comparison and Improvement: Standard UZP vs Aggr Favoured Locality UZP
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Figure 4.6: Base shape count of Standard UZP vs Favour Locality Tuner UZP across 229 sparse matrices
sorted by increasing non-zero count.
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107 Comparison and Improvement: Standard UZP vs Aggr Favoured Locality UZP
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Figure 4.7: Origin count of Standard UZP vs Favour Locality Tuner UZP across 229 sparse matrices sorted
by increasing non-zero count.

The observed performance improvement is attributed to two primary factors: (1) maintain-
ing manageable number of shapes and also shape sizes through limiting merge process prevents
cache overflow, and (2) improving the spatial clustering of origins listed under each shape, which
enhances memory coalescing during loop execution. By ensuring that origins belonging to the
same shape are reordered based on their X-axis locality, the tuner reduces cache misses, branch

misprediction and improves effective cache residency, particularly in memory-bound scenarios.
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4.3 Tile-Based Origin Reordering for Locality Optimization

To further enhance memory access locality in sparse matrix-vector multiplication (SpMV),
we introduce a tiling-based origin reordering strategy within the UZP framework. The tiling-
based reordering tuner aims to improve memory access locality by reorganizing origin points in
the UZP format. Typically, for medium to large matrices where irregularity and sparsity are more
pronounced, the list of origins often scales to millions of entries and must be efficiently managed to
maintain runtime performance. For example, in the msdoor/INPRO matrix from the SuiteSparse
collection, sized 415,863 x 415,863 with over 20 million nonzeros, the initial UZP representation
of this matrix yields 138 distinct base polyhedral shapes that collectively capture 99.37% of the
nonzero entries, yet the total number of mined origin points still stay at 2.7 million.

To improve memory locality, the tuner introduces a tiling mechanism that partitions the matrix
domain into user-defined tile blocks. Each origin is assigned to a tile based on its (y, z) coordi-
nates, and within each tile, origins are lexicographically sorted in the order of shape_id,y, &x.
This localized grouping facilitates spatial clustering of nonzeros, allowing the corresponding data
values to be laid out contiguously in memory. In contrast to the locality-favoring tuner, which
primarily focuses on optimizing reuse of the z-vector without considering y-vector contention,
the tiling-based reordering inherently accounts for both x- and y-axis access patterns. The row-
major traversal of tiles enhances cache alignment, reduces data movement overhead, and improves
hardware prefetching efficiency.

By preserving the semantics of the original sparse matrix while reorganizing its internal layout,
the tiling-based transformation improves computational throughput on modern memory-bound ar-
chitectures. Furthermore, this reordering provides a foundation for subsequent optimizations, such
as loop tiling, SIMD vectorization, and NUMA-aware thread scheduling. Although the current
tuner does not explicitly assign tiles to threads, the resulting memory-friendly layout is particu-
larly well-suited for parallel SpMV kernels, where minimizing cache contention on the y-vector is

critical for achieving scalability.
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Mean elapsed Time for Various Tile Variants (nnz > 50000)
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Figure 4.8: Illustrates average elapsed time for SpMV across Standard UZP and Tile Tuner UZP variants

for matrices with nnz > 50K.
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We evaluated the impact of tile-based tuning on sparse matrix-vector multiplication (SpMV)
performance across different tile sizes ranging from 64 to 8196. The analysis primarily focuses
on matrices with a nonzero count (nnz) greater than 50,000 to ensure sufficient computational
workload.

Figure 4.8 presents the mean elapsed time across the variants. The standard and aggregated
configurations exhibit the highest elapsed times, with the standard configuration reaching approx-
imately 6.4 x 107 seconds. As the tile size increases, the elapsed time decreases consistently,
with configurations such as ti1e1024,ti11e2048, and t11e4096 achieving the lowest times
around 5.5 x 1073 seconds. The results indicate that tiling improves memory access regularity
and reduces overhead. However, beyond t11e2048, further increases in tile size show minimal
additional improvement, suggesting a performance saturation point.

Figure 4.9 shows the corresponding mean Gflops achieved for the same set of configurations.
Tile-based variants achieve higher Gflops compared to the standard and aggregated baselines. In
particular, ti1e2048, ti1e4096, and ti1e8196 configurations reach mean Gflops values
around 2.5, compared to approximately 2.1 for the standard case. The increase in Gflops with larger
tile sizes indicates better computational throughput and improved utilization of available memory
bandwidth. Similar to the elapsed time trends, Gflops performance stabilizes beyond t11e2048,
indicating that tiling beyond this point does not yield significant additional benefits. As a note, all
these experiments were run for single thread double precision and cold cache configuration.

Overall, tile-based tuning is effective in improving SpMV performance for matrices with nnz
greater than 50,000. Configurations with tile sizes of 512 and larger consistently outperform the
baseline variants. Further improvements can be explored by refining tile sizes within the range of
512 to 2048 and profiling cache behavior to optimize memory hierarchy utilization. Adaptive tiling
strategies based on matrix sparsity patterns could also be investigated to enhance performance
across diverse matrices. The Figures 4.10 & 4.11 shows the average No. of shapes and origins

count stored in the UZP across all variants.
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Mean No. Base shapes for Various Tile Variants (nnz > 50000)
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Figure 4.10: Illustrates average number of base shapes in SpMV across Standard UZP and Tile Tuner UZP
variants for matrices with nnz > 50K.
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Figure 4.11: Illustrates average number of origins in SpMV across Standard UZP and Tile Tuner UZP
variants for matrices with nnz > 50K.
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4.4 Generic Executors for Polyhedral Sparse Representations

Prior work leveraging Z-polyhedra to encode sparse structures primarily focused on generat-
ing sparsity-specific programs tailored to a fixed computation [2, 18]. In contrast, the UZP format
seeks to overcome this limitation by introducing a more flexible approach: allowing the construc-
tion of generic executors that, similar to traditional sparse formats, are independent of the com-
putation or sparsity pattern. These executors can be specialized or tuned for particular hardware
targets or optimization goals.

A key feature of UZP is its ability to leverage coordinate compression through Z-polyhedra,
while supporting the construction of generic executors applicable to a range of computations, in-
cluding SpMV as discussed in Sec. 5.3. These executors operate over all nonzero coordinates
using (strided) dense loops and are amenable to optimization by polyhedral compilation frame-
works. Unlike approaches that rely on computation-specific specialization, UZP-based executors
perform a full traversal of the nonzero structure in a uniform and analyzable manner.

An important contrast with the generation of sparsity-specific code specialized for a particular
computation is the independence of the executor binary size from the size of the sparse structure,
since now the coordinates to operate on are externalized in a separate UZP data structure. It
therefore alleviates the issues with potential binary size explosion and stress of the instruction
cache [2, 18], however at the cost of some performance potential lost by lack of code specialization
Horro et al. [18], as shown below.

In this section, we present generic executor framework, designed to perform sparse matrix-
vector (SpMV) and sparse matrix-matrix (SpMM) operations on matrices represented in the UZP
format. The executor demonstrates how UZP enables a structured and compiler-friendly code
generation strategy, allowing general-purpose compilers to achieve effective SIMD vectorization
with minimal manual intervention.

Our executor implements a specialized SpMV kernel tailored for UZP-encoded matrices, where
the matrix is decomposed into a collection of structured polyhedral blocks. Each block defines a

multidimensional iteration space characterized by lattice-based strides and origin points. The ex-
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ecutor dynamically dispatches computation over these blocks by generating loop nests that match
the dimensionality (1D, 2D, or 3D) of the underlying polyhedral shape.

The key innovation lies in our structured code generation approach, which explicitly targets the
characteristics of UZP encoded sparse matrices. By preserving affine loop structures and exposing
regular memory access patterns, our strategy enables generic compilers such as GCC and Clang to
more effectively recognize and apply SIMD vectorization. Unlike traditional sparse formats, UZP
facilitates the injection of minimal yet strategic structural hints, making it possible to generate
high-performance code through standard compilation pipelines without extensive manual tuning

or architecture-specific optimization.

4.4.1 Design Principles of the Generic Executors

The generic executor in UZP is designed to traverse all nonzero coordinates through a two-step
process: (1) enumerating all origin points, and (2) scanning the corresponding polyhedral shape
associated with each origin using a loop nest to reconstruct the original coordinates and apply the
desired computation.

Although it is theoretically feasible to construct a fully generic parametric polyhedral loop
nest capable of handling any shape, such an approach typically hinders the effectiveness of low-
level compiler optimizations in C/C++. To address this, UZP adopts a more practical strategy: it
instantiates a finite set of specialized loop nest templates, one per dimensionality case. This set
remains tractable in practice, as the format only supports shapes up to 8 dimensions, and models
sparse tensors of dimensionality ranging from 1D to 4D. This leads to a total of 80 loop nest cases.

The listing below illustrates a representative executor implementation for a 2D shape in the con-
text of SpMV. This executor is parameterized based on the lattice structure and performs strength
reduction to simplify induction variable generation, facilitating loop analysis and optimization by
the compiler. For clarity, the example assumes that the data vector layout aligns with a unit lattice

for computing data positions.
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It is worth noting that for computations requiring a single traversal of the sparse matrix, without

constraints on the order of access, the generic executor is directly applicable. The computation-
specific operation can be encapsulated in an inlinable function or macro, utilizing idx_1, idx_ 7J,

and a_data_pos to access the appropriate coordinates and data values.

To improve performance, the executor design leverages the C/C++ compiler’s ability to op-

timize regular loop structures. In particular, to facilitate compile-time analysis and enable auto-
vectorization of the strided loops, the executor is specialized for distinct combinations of loop
strides and lattice parameters. This approach exposes sufficient structural information to the com-

piler, allowing for more aggressive low-level optimizations.

An example of such a specialization is shown below for a 1D shape corresponding to a dense

vertical vector of coordinates. This case assumes a unit stride and a lattice aligned along the row

dimension:

// Specialized 1D shape #0:

// lattice[0] = 1, lattice[l] = 0, lattice[2] = 0,

// stride[0] = 1, start[0] = 0, arbitrary end[0] supported.
int idx_i = orig.coordinates[0];

int idx_j = orig.coordinates([1l];

for (int i = 0; 1 <= shape.end[0]; 1 += 1) {

// Computation-specific operation:

y[idx_1] += data_vector[a_data_pos] *x x[idx_7jl;
// Update coordinates and data offset:

idx_1i += 1;

a_data_pos += 1;

Listing 4.1: Specialized executor for 1D vertical vector shape.

To accommodate performance-critical patterns, specialized executors have been developed for

both 1D and 2D shapes, covering dense and strided cases across horizontal, vertical, and diagonal
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directions. Each shape entry in the dictionary is associated with a unique int hash key that
identifies the corresponding specialized implementation. At runtime, a simple switch statement
on this key dispatches execution to the appropriate specialized routine when available; otherwise,
it falls back to the generic executor described earlier.

To further enhance performance, versioning and semi-manual SIMD vectorization are em-
ployed to bypass the compiler’s conservative cost models in some cases. In this work, we restrict
ourselves to a limited set of explicitly versioned shapes, relying on GCC’s auto-vectorization capa-
bilities to optimize these routines. The primary focus is on evaluating the baseline performance of
minimal loop forms necessary to implement correct UZP executors, thereby establishing a lower-
bound performance reference that highlights the intrinsic limitations and optimization potential of

the format.

4.4.2 Further Optimization via Auto-Generated Shape-Specific Loops

At the core of the UZP code generation framework lies the run_o2dtype> Listing 4.2 execu-
tor, a statically compiled, shape-dispatching function designed to support efficient computations
over structured multidimensional iteration spaces. This executor serves as a runtime dispatcher
that selects among pre-generated loop nests specialized for distinct polyhedral shapes captured in
the UZP representation.

Each polyhedral shape mined during the UZP encoding process is assigned a unique shape_id
and is associated with metadata encapsulated in the shape_reg structure. Where this structure
holds a metadata that includes the shape’s multidimensional lattice basis, iteration bounds, and
stride values, which collectively define the affine iteration space required to reconstruct the sparse
matrix’s nonzero coordinates.

Building on this foundation, we implement an automated code generation system that emits
statically defined loop macros for each unique polyhedral shape. When the matrix structure is
known at compile time and is immutable, we exploit this static information to pre-generate loop-

optimized code blocks for each shape instance. These loop nests are parameterized and inlined
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22

into the executor via C macros, which are compiled into a centralized header file. The executor

dispatches execution via a lightweight swit ch-based mechanism that selects the appropriate loop

nest macro for a given shape_id. An example dispatcher definition is shown below:

#define fundecl_run_shape_o2d_multitype (datatypename) \

static inline \

void run_shape_o2d_##datatypename (s_spf_structure_t+* restrict spf_matrix,

{

const datatypenamex const

int shape_id, int start_offset, \

int end_offset, \

const int* restrict coord_y, \

const int* restrict coord_x, \

const int dataptr, \

const datatypenamex const restrict x,
datatypename* restrict y) \

data_vector = spf_matrix->data; \

int a_data_pos = dataptr; \

switch (shape_id) { \
case 0: LOOP_SHAPE_O0; break; \
case 1: LOOP_SHAPE_1; break; \
case 2: LOOP_SHAPE_2; break; \
case 11: LOOP_SHAPE_11; break; \
default: break; \

FA

\

\

Listing 4.2: Dispatcher definition for shape-specialized execution.

Each generated loop macro (e.g., LOOP_SHAPE_0, LOOP_SHAPE_1, etc.) represents a fully

unrolled inner loop that performs fused multiply-accumulate operations over a fixed number of
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lattice-based iterations. The outer loop iterates over origin entries using input coordinate arrays
coord_y[] and coord_x[] while maintaining a linear update of destination and source in-

dices. Here is an example of such a specialized loop nest:

#define LOOP_SHAPE_O0 \
_Pragma ("GCC_ivdep") \
for (int j = start_offset; j < end_offset; Jj++) \
{\
int idx_y = coord_yI[j]; \
int idx_x = coord_x[jl; \
_Pragma ("unroll") \
for (int 1 = 0; 1 <= 2; ++i) \
A\
y[idx_y] += data_vector[a_data_pos++] » x[idx_x]; \
idx_y += 1; \

idx_x += 1; \

FA

Listing 4.3: Macro definition for LOOP_SHAPE_0

By externalizing these shape-specialized loops, we reduce control-flow complexity and elim-
inate loop-carried dependencies that might hinder vectorization in the generic case. This design
effectively transforms the SpMV executor into a shape-aware JIT-like system at compile time,
where each shape is associated with a statically generated SIMD-friendly loop nest. Compiler
directives such as _Pragma ("GCC ivdep") and _Pragma ("unroll") are strategically in-
serted to assist the compiler in performing aggressive vectorization and loop unrolling, bypassing
cost model limitations.

This approach makes it easier for backends like GCC and Clang to detect vectorization oppor-
tunities, as the loops are fully predictable, stride-1, and aligned with the SIMD execution model of
modern CPUs. Furthermore, this technique decouples the computation logic from runtime shape

interpretation, thus allowing additional compiler-level tuning passes such as software pipelining,
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register prefetching, and cross-loop fusion. Since each macro is generated with shape-specific it-
eration bounds and lattice directions, the generated code can be directly tailored for shape-locality
grouping and cache-aware blocking strategies.

While this work focuses on generating a limited set of such specializations and relies on auto-
vectorization through GCC, the overall framework is extensible to more advanced code generation
strategies, including hardware-specific tuning, explicit SIMD intrinsics, or polyhedral scheduling
tools. Our macro-driven strategy significantly enhances SIMD utilization for sparse kernels by
enabling compilers to emit vector instructions even for sparsely structured loops, as long as the
iteration space and memory accesses remain statically analyzable. This approach bridges the gap
between domain-specific loop generation and low-level SIMD ISA exploitation, setting the stage
for future extensions such as AVX-512 adaptation, instruction prefetch hints, and autovectorization

report feedback loops integrated into the code generator.

4.4.3 Fine-Grained Loop Specialization Using Per-Origin Dispatch

As a refinement to our earlier shape-specialized code generation strategy, we introduce a more
granular macro-based execution model in which loop bodies are now dispatched per-origin rather
than over a batch of grouped origins. In the previous implementation, a fixed set of coordinates
(coord_x[] and coord_y [ ]) and shape identifiers were processed in a range-based loop across
all origins sharing the same shape ID. Each shape-specific macro (LOOP__SHAPE_ k) was applied
uniformly across this batch, relying on spatial locality within the group for optimization opportu-

nities.
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#define fundecl_run_shape_o2d_multitype (datatypename) \
static inline \
void run_shape_o02d_##datatypename (s_spf_structure_t* restrict spf_matrix, \
s_origin_2d_t orig, \
datatypename* restrict x, \
datatypenamex restrict y) \
{\
const datatypename* const data_vector = spf_matrix->data; \
int a_data_pos = dataptr; \
switch (shape_id) { \
case 0: LOOP_SHAPE_O0; break; \
case 1: LOOP_SHAPE_1; break; \

case 2: LOOP_SHAPE_2; break; \

case 11: LOOP_SHAPE_11; break; \

default: break; \

Listing 4.4: Dispatcher definition for shape-specialized execution.

In contrast, the updated design shifts to an origin-level dispatch model, where each origin is
processed individually using its associated shape macro. The dispatcher,
run_shape_o02d_<type> Listed 4.4, now accepts a single origin descriptor s_origin_2d_t
containing the starting coordinate, data pointer offset, and shape ID. Based on this shape ID,
the function invokes one of several statically defined macro templates (Example: for the sparse
matrix named apache2/GHS_psdef we have 11 shapes that will generate 11 macro for loops
LOOP_SHAPE_O0 to LOOP_SHAPE_10), each representing a loop nest fully unrolled and an-
notated with SIMD-friendly directives (e.g., #pragma unroll). The Listing 4.5 shows sample

macro thats getting generated for a particular polyhedral shape. Leveraging the structured infor-
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mation provided by the UZP format, we integrate C macro auto-generation techniques to enable
compile-time optimizations. The iteration bounds and index stride computations are statically
encoded within each macro, allowing the compiler to recognize and emit predictable affine loop
structures that are highly suitable for SIMD vectorization.

This modification simplifies the loop control flow and increases the effectiveness of compiler
autovectorization by eliminating runtime conditionals, loop bounds checks, and indirect indexing
across batches. Additionally, per-origin dispatch enhances modularity and extensibility, allowing
distinct prefetching, unrolling, or alignment strategies to be encoded on a per-shape basis. How-
ever, this finer-grained approach comes at the cost of increased function call overhead due to lack
of loop fusion and fewer opportunities to amortize instruction fetch latency across similar origins.
Furthermore, the lack of spatial grouping may degrade cache locality in cases where multiple ori-
gins from the same shape are adjacent in memory but are now processed independently.

Despite these trade-offs, this per-origin strategy represents an important shift toward just-in-
time shape specialization at compile time. By tightly coupling shape metadata with its corre-
sponding execution pattern, we enable future integration with adaptive runtime dispatch tables or
even instruction-level tuning based on AVX-512 vector widths. This design also makes it feasible
to explore compiler feedback loops and MLIR-based dynamic code regeneration in the future. In
summary, the updated implementation sacrifices some locality aggregation in exchange for greater
compiler friendliness, stronger inlining potential, and a scalable path toward dynamic shape-aware

optimization in sparse matrix kernels.

4.4.4 Impact of Favour Locality Tuner with Macro-Specialized Executors
While the Favour Locality Tuner already demonstrated significant performance gains over the
Standard UZP configuration using fully generic executors, its impact can be further amplified
by introducing macro-specialized execution paths for common repeating patterns. Figure 4.12
illustrates the comparative performance results under this extended configuration. Note that the

full experimental setup is described in Chapter 5.
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#define LOOP_SHAPE_O0 \
_Pragma ("unroll") \
for (int i = 0; i <= 119; i++) \
{ \
/% Compute. =/ \
y[idx_y] += data_vector[a_data_pos++] * x[idx_x]; \
idx_y += 1; A\

idx_x += 1; \

Listing 4.5: Macro definition for LOOP_SHAPE_ 0.

Comparison and Improvement: Standard UZP vs Aggr Fav NewEx UZP

91 x Standard UZP * e
o Aggr Fav NewEx UZP

GFlops

0 50 100 150 200
Sparse matrices arranged in increasing order of nnz

Figure 4.12: Performance comparison of SpMV operations on Standard UZP versus Favour Locality Tuned
UZP with newgen/executor across 229 sparse matrices sorted by increasing non-zero count).

Experimental results show that under this configuration, the Favour Locality Tuner achieves

a further uplift in GFLOPS compared to the fully generic execution case. On average, through-
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put increases from 2.87 GFLOPS Section 4.2 (generic executors) to 3.10 GFLOPS with macro
specialization, reflecting an additional improvement of approximately 8%. The benefits are more
pronounced for matrices with larger numbers of nonzeros, where repeated structural patterns are
more common and can be effectively captured by specialized macros.

The observed improvements are attributed to two main factors: (1) the Favour Locality Tuner
continues to enhance spatial locality through controlled aggregation and X-axis reordering, and (2)
the introduction of macro-specialized loops reduces runtime branching, improves loop unrolling,
and enables more effective SIMD vectorization for the frequent cases. Together, these effects lower
instruction overhead and improve cache and memory subsystem utilization.

Overall, combining the Favour Locality Tuner with macro-specialized execution paths provides
a scalable and effective optimization strategy within the UZP framework. It leverages sparsity
structure regularization and common-pattern specialization to achieve higher performance without

requiring extensive auto-generation infrastructure or full manual tuning.
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Chapter 5

Experiments and Results

This chapter presents the experimental evaluation of the UZP framework and the developed
tuners. We analyze single-threaded performance improvements for both double-precision and
single-precision kernels, and evaluate parallel scaling behavior. We compare UZP performance
against various state-of-the-art representations, including CSR, CSR5, BCSR, and Intel MKL, for
SpMV computations. Additionally, we compare baseline and tuned UZP configurations across
key metrics such as computational throughput, storage compression, and memory efficiency. The
results highlight the effectiveness of structured sparse representations and tuning strategies in op-
timizing sparse computations.

We evaluate our approach on a set of 229 sparse matrices, following the selection methodology
of Horro et al. [18]. The matrices are obtained by filtering the SuiteSparse Matrix Collection Davis
and Hu [16] to retain instances with fewer than 20 million nonzero entries, using a sieving strategy
similar to that employed by Augustine et al. [2]. It is worth mentioning that the complexity of the
UZP generation process is approximately linear in the number of nonzeros. The corresponding
generation times are reported in Figure 5.2.

Matrices are classified according to the decile they belong to in terms of the number of nonzeros
and the percentage of them captured in polyhedral patterns. This process yields 100 categories,
and inside each category, k-means clustering is used to select representative matrices. The number
of representatives per cluster is chosen so that the probability density of the sample matches the

original distribution. Figure 5.1 displays this selection process.
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Figure 5.2: UZP generation time.

In this section, we analyze the experimental performance of SpMV executed on double-precision

floating-point data. Experiments were conducted on an Intel Core 19-12900K processor with
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128 GiB of RAM. Each run was repeated 10 times; we report the best performance achieved
for each experiment after removing outliers, identified as measurements deviating more than 3o
from the mean. The CPU frequency was fixed at the nominal base of 3.2 GHz to minimize exper-
imental variability due to thermal throttling. Both data and code segments were allocated using
2 MiB hugepages for all experimental versions. All codes were compiled with GCC 11.4.0, using
the flags -02 -ffast-math -ftree-vectorize —-floop-unroll-and-jam
-march=native. The PolyBench benchmarking harness [24] was used for performance mea-
surements. Prefetching of the text segment [2] was included during linking for data-specific code
versions. Under the same setup, using the 16 logical P-cores of the processor, Intel Linpack reports
an average raw performance of 364.2 GFLOPS, with a peak of 499.6 GFLOPS. The memory-
bound Intel HPCG benchmark reports a peak single-threaded SpMV performance of 5.5 GFLOPS.
We evaluate six different versions of the SpMV computation: (1) a baseline CSR implemen-
tation shown in Listing 2.2; (2) Intel MKL 2024.1.0 using the mk1_sparse_s_mv () routine;
(3) the same MKL version using BCSR encoding through mk1_sparse_convert_bsr ();(4)
our generic executor described in Section 4.4, labeled UZP GenEx; (5) a CSR5-based SpMV ker-
nel [22]; and (6) the partially-strided codelets approach [11, 10], using publicly available GitHub

sources.

5.1 Single-Threaded Performance

The performance of these kernels under cold-cache, single-threaded conditions is shown in
Figures 5.3 and 5.4. In these experiments, each SpMV kernel is executed once after data loading
and cache flushing, measuring raw performance. UZP GenEx achieves the best overall results,
averaging 2.29 GFLOPS across the full experimental set (CSR: 1.63, CSR5: 1.39, MKL: 1.83).
While CSR and CSRS5 consistently underperform relative to UZP, MKL begins to close the gap
for matrices with more than 500K nonzeros. A closer analysis shows that GenEx’s advantage over
MKL correlates with the percentage of unincorporated points and the number of shapes required to

capture the majority of incorporated points. Considering matrices with more than 10K nonzeros,
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MKL outperforms GenEx with 72% probability when more than 20% of points are unincorpo-

rated. Conversely, when fewer than 10% of points are unincorporated, GenEx is more likely to

outperform MKL.
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Figure 5.3: Performance (GFLOPS) of double-precision, cold cache kernels. MKL-BCSR in Fig. 6e shows
the best performance for all block sizes between 2 and 32.
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Figure 5.4: Performance (GFLOPS) of single-precision, cold cache kernels.

Results for MKL-BCSR and PSC are reported separately, as these kernels do not produce
outputs across the full experimental set. Averages are computed over the corresponding valid
subset for each kernel. The MKL-BCSR implementation requires that the block size divides both
the number of rows and columns; when these dimensions are coprime, no feasible block size exists.
For each matrix, all feasible block sizes between 2 and 32 were evaluated, and the configuration
achieving the best raw performance is reported in Figure 5.3. Across the matrices for which results
are available (187 matrices), MKL-BCSR achieves an average performance of 1.75 GFLOPS,
compared to 1.89 GFLOPS for MKL and 2.37 GFLOPS for UZP over the same subset. MKL-
BCSR outperforms both UZP and MKL on 30 matrices, where the spurious computation overhead
(i.e., computations on explicit zeros introduced by BCSR padding) remains below a 2x factor
(average overhead: 1.91x). On this subset, MKL-BCSR achieves an average performance of
2.91 GFLOPS, compared to 2.02 GFLOPS for MKL and 1.98 GFLOPS for UZP. For the remaining
157 matrices, MKL-BCSR introduces a higher spurious overhead, averaging 5.27x, and achieves
an average performance of 1.52 GFLOPS (MKL: 1.86, UZP: 2.44).

For PSC, we modified the publicly available source code to normalize the experimental setup
by introducing the PolyBench/C harness. We reproduced a cold-cache environment in our tests:
the matrix is read, the cache is flushed, and a single repetition of the SpMV kernel is executed.

Symmetric matrices were expanded to ensure fair comparison with all other kernel versions in our
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setup. This approach produced results for a total of 166 matrices,' yielding an average performance
of 1.71 GFLOPS (MKL: 1.97, UZP: 2.49). Performance is primarily driven by how well the
sparsity structure of a matrix conforms to the predefined codelet shapes. PSC outperforms both
MKL and UZP GenEx on 16 matrices, for which it emits only 2.15 instructions per FLOP (MKL:
2.43, UZP: 2.52) and achieves an average performance of 3.51 GFLOPS (MKL: 2.64, UZP: 2.75).
For the remaining 150 matrices, PSC emits 22.83 instructions per FLOP (MKL: 14.20, UZP: 5.03)
and achieves an average performance of 1.52 GFLOPS (MKL: 1.90, UZP: 2.46).

We draw general performance considerations by analyzing selected hardware counters. The
superior performance of UZP GenEx relative to MKL is attributed to both improved memory
behavior and more efficient vectorization. On the memory side, UZP incurs 0.29/0.016 L2/L3
cache misses per FLOP (MKL: 0.45/0.031, MKL-BCSR: 0.65/0.072). Regarding vectorization,
MKL performs on-the-fly zero-filling when traversing the sparse structure, whereas GenEx relies
on statically provided UZP metadata. Consequently, MKL executes 19% more FLOPs than strictly
required across the experimental set, emitting 1.38 billion FLOPs versus 1.13 billion useful FLOPs.
In contrast, GenEx emits 1.16 billion FLOPs, much closer to the theoretical minimum.

CSR, CSRS, and PSC also exhibit degraded memory performance compared to GenEx, with
L2/L3 cache misses per FLOP of 0.33/0.021 (CSR), 0.30/0.017 (CSRS5), and 0.52/0.023 (PSC),
respectively. Additionally, these kernels execute approximately 1.5x more instructions than UZP
GenEx and MKL. In CSR, all FLOPs are scalar, while CSRS relies almost exclusively on 256-bit
AV X2 vector instructions, resulting in a total of 1.44 billion FLOPs, corresponding to a 27% excess

over the theoretical operation count.

Single-Precision Kernels.
We repeated these experiments for single-precision floating point inputs, except for CSR5 and
PSC, whose implementations are not compatible with floats. We observe the same trends as for

double-precision computations: UZP GenEx achieves the best overall performance, with an aver-

"'We suspect possible incompatibilities with certain MTX file formats from the SuiteSparse Matrix Collection.
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age of 2.93 GFLOPS (CSR: 1.73, MKL: 2.19, MKL-BCSR: 2.05). Using single-precision inputs
the L2/L.3 misses per FLOP experiment a reduction across all kernels (UZP: 0.25/0.008, CSR:
0.28/0.014, MKL: 0.42/0.020, MKL-BCSR: 0.46/0.033). The number of FLOPs issued by both
approaches also grows, to 1.39 and 1.54 billion, respectively, for GenEx and MKL. This signals a
less efficient utilization of the available vector lanes when their numbers increase. Other execution
parameters remain qualitatively similar to the double-precision case. Selected performance plots

are shown in Fig. 5.4.
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Figure 5.5: Joint performance (GFLOPS) plots of different kernel versions.

Repeating the same reasoning on attainable peak performance as above, we now obtain a peak
range between 6.3 and 18.8 GFLOPS, derived from the change in arithmetic intensity due to the
new datatype sizes. In this case, the maximum observed performances increase to 8.47 and 15.87
GFLOPS for MKL and GenEx, respectively. The joint performance plot for this case is shown in
Fig.5.5.
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Hot Cache Setting.

We executed the SpMV kernels in a hot cache, double-precision setting, repeating the sparse
multiplication 100 times for each matrix while varying the input vectors and without flushing the
cache in between each repetition. This configuration is similar to, e.g., neural network inference.
UZP GenEx remains the best performing approach on average, achieving 3.37 GFLOPS (CSR:
2.13, CSRS: 2.02, MKL: 3.32, PSC: 2.58%). We observe the same trends as for cold cache exper-
iments in terms of L2/L.3 misses per FLOP, which appears to indicate that all approaches benefit
from the cache in a similar way. In this case, the maximum performance obtained by UZP GenEx
increases to 12.79 GFLOPS (CSR: 3.09, CSRS5: 4.88, MKL: 7.88 GFLOPS). The joint perfor-

mance plot for this case is shown in Fig. 5.5.

Data-Specific Codes.

Generating highly-specialized data-specific and hardware-specific kernels has the potential to
provide significant performance advantages, by fine-tuning the code to the specific characterics of
both data and hardware. Fig. 5.5 shows the joint plot of the performance of GenEx vs MACVETH.
This experiment uses a single-precision, cold cache setting, as the MACVETH compiler by Horro
et al. [18] is not compatible with double-precision data. For completeness, experimentation was
also conducted for the original data-specific codes as generated by Augustine et al. [2], i.e., data-
specific codes compiled using GCC directly, without MACVETH optimization. This version, re-
ferred to below as DSCG, never outperforms MACVETH in our experimental set.

The MACVETH-optimized data-specific codes have a clear performance advantage over other
kernels, achieving an average of 3.67 GFLOPS (GenEx: 2.93, MKL: 2.19, DSCG: 1.72). The
fundamental driver of performance in this case is a 5.8x reduction in the number of instructions
executed (3.7x fewer microoperations). This is due to the fully linear nature of MACVETH codes,
which have been fully unrolled (no loops exist in the code) and then aggressively vectorized using

AV X2 primitives specifically designed for the target machine. However, the clear disadvantage is

ZFor the subset of matrices for which PSC produces results, the GFLOP count is: UZP: 3.59, MKL: 3.54, CSR: 2.26,
CSR5: 2.16.
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the explosion of code sizes: while the generic executor binary is only 80 KiB, MACVETH binaries
for the largest matrices in the experimental set have sizes in the order of hundreds of MiB. This
imposes high pressures both on the memory subsystem, featuring a 1.5x increase in the number of
L3 misses, and on the processor front-end, which routinely becomes the performance bottleneck.
As aresult, even if this approach presents the best average performance, it achieves a more limited
peak performance of 10.58 GFLOPS (UZP GenEx: 15.87). Joint plots of both MACVETH and
DSCG vs UZP are shown in Fig. 5.5.

5.2 Parallel Scaling

The UZP framework introduces a structured approach to sparse matrix-vector multiplication
(SpMV) by leveraging polyhedral shape representations of nonzero entries. Unlike traditional for-
mats that rely on flat coordinate-based encodings, UZP enables a shape-centric view that can be
exploited for improved computational efficiency and parallelism. In the context of parallel exe-
cution, the UZP generic executor partitions the matrix into independent polyhedral regions, each
corresponding to a distinct instance of a reusable pattern. These regions are then distributed across
threads using OpenMP-based static scheduling. Specifically, the executor employs #pragma
omp parallel for directives to dispatch processing tasks across multiple cores, allowing for
concurrent evaluation of the matrix-vector product over disjoint shape-origin mappings. This de-
sign facilitates scalable parallel execution by aligning computational granularity with structural
regularity, reducing thread synchronization overhead and improving cache locality.

To evaluate the effectiveness of parallelization within the UZP-based SpMV executor, we con-
ducted a set of cold-cache, double-precision experiments across four competing backends: UZP
GenEx, Intel MKL, CSRS, and PSC. All implementations were executed using multithreaded con-
figurations, with the MKL backend utilizing the threaded variant of the Intel MKL library. For UZP
GenEXx, parallelism was achieved by statically distributing loop iterations via OpenMP directives,

enabling concurrent processing of disjoint polyhedral regions in the matrix.
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Our results, summarized in Figure 5.6, focus on matrices with more than 100,000 nonzeros to
ensure meaningful performance trends. The UZP executor demonstrated strong scaling behavior,
achieving average parallel performances of 3.94 GFLOPS and 6.46 GFLOPS under varying thread
configurations. This surpasses the performance of MKL (3.73 and 5.53 GFLOPS), CSR5 (2.94 and
6.06 GFLOPS), and PSC (3.97 and 5.18 GFLOPS) on average. Furthermore, UZP GenEx attained
peak throughput of 11.61 GFLOPS and 29.19 GFLOPS-outperforming all baselines, including
MKL (7.33 and 12.13 GFLOPS) and CSRS5 (6.48 and 17.72 GFLOPS). These results indicate that
the structured parallelization strategy employed by UZP not only scales effectively with increasing
thread counts but also capitalizes on the inherent regularity of polyhedral regions to deliver superior

performance across a range of sparse matrix workloads.
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5.3 [Evaluation of UZP & TUNNERS Optimization Strategies

GFLOPS vs NNZ: Double, Cold Cache
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Figure 5.7: Comparison of UZP variants under double-precision, cold-cache settings. Aggregation and
favourdata tuners progressively improve performance over the non-aggregated baseline. Shuffling origin
order reduces locality, leading to lower average throughput despite the same shape set.

This section presents a comprehensive evaluation of the UZP representation and the optimiza-

tion strategies enabled by the developed tuners. All experiments are conducted using a benchmark
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suite of 229 sparse matrices drawn from the SuiteSparse collection [16], covering a wide range of
matrix sizes, sparsity patterns, and structural complexities.

We compare the performance impact of each tuner- Aggregator Tuner, Favor Locality Tuner,
and Auto-generated macro-specialized loops based Executor optimizations—focusing on key met-
rics such as computational throughput (GFLOPS), memory access behavior, and scalability across
different sparsity profiles. The evaluation highlights how selective aggregation, locality-aware
reordering, and executor specialization contribute to overall improvements in sparse matrix com-
putation efficiency, particularly for operations such as SpMV and SpMM.

In this section, we also further analyze the impact of the tuners developed, focusing on both
their improvements and potential degradations. We begin with the Aggregator Tuner, emphasiz-
ing a deeper analysis based on hardware counter data collected using PAPI (Performance Appli-
cation Programming Interface). PAPI enables precise measurement of machine cycles spent on
fundamental operations during execution, providing detailed insights into low-level performance
characteristics.

The Figure 5.7 consolidates the GFLOPS versus NNZ performance results across all major
UZP tuning configurations: Standard UZP (Nonaggregated), Aggregated UZP, Favour Locality
UZP, and Favour Locality combined with New Executors. Each subplot reports both the maximum
and average GFLOPS achieved across the 229 matrices, with points color-coded based on matrix
density.

The overall trend clearly illustrates the progressive impact of each tuning stage. Aggregated
UZP achieves a substantial improvement over the Standard UZP baseline, raising the average
GFLOPS from 2.25 to 2.79, primarily through the reduction of origin metadata and improved
computational efficiency. The Favour Locality Tuner builds upon this by enhancing memory
access regularity, achieving an average of 2.87 GFLOPS. Further, the introduction of New Ex-
ecutors—optimizing loop structures to better align with modern SIMD architectures—pushes the

average performance to 3.10 GFLOPS.
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These results demonstrate that while Aggregation alone provides significant benefits, additional
layers of tuning focused on memory access locality and executor specialization can deliver further
improvements. Importantly, the modularity of the UZP framework enables each optimization to be
applied independently or in combination, without altering the fundamental matrix structure.

Now let’s dive deeper into understanding the cause and reasons behind the improvements in
performance due to the Aggregator Tuner. Before that its important to note that presenting PAPI
variations across all 229 matrices would be impractical and not particularly informative. Given
the diversity of the dataset, aggregate statistics can obscure meaningful trends and make it difficult
to draw actionable conclusions. Moreover, failures or limited improvements for certain matrices
often arise due to intrinsic properties such as sparsity patterns, highlighting the importance of
understanding the structural characteristics of each matrix class.

To address this, we focus our detailed analysis on the top 20 matrices—approximately the
top 10% of the dataset—ranked by the performance improvements achieved with the Tuner. This
selection enables a more targeted evaluation of the tuner’s effectiveness under favorable condi-
tions, while still maintaining generality. Although the tuners are applied independently across all
matrices, focusing on best-performing cases provides clearer insights into the types of sparsity
structures where the tuner yields substantial benefits. An overly generalized view across the full
dataset would risk diluting these insights, as variations would be averaged out and potentially mask
important optimization effects.

To evaluate the impact of the Aggregator Tuner within the UZP framework as part of the UZP
& TUNERS Optimization Strategies work, we conduct an experimental study using 229 sparse
matrices from the SuiteSparse collection. This evaluation analyzes multiple performance dimen-
sions, including execution time, computational throughput, cache behavior, SIMD utilization, and
memory footprint, providing a comprehensive view of system performance. Results are compared
against the baseline standard UZP representation to quantify both the structural and computational

improvements achieved by the Aggregator Tuner.
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Performance Metric Distributions
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Figure 5.8: Box plot comparing the normalized PAPI counter performance metrics for Standard Uzp versus
Aggregated Uzp.

Figures 4.2, 4.3, and 4.4 illustrate the key structural and performance impacts of the Aggregator
Tuner. To further investigate the underlying causes of the observed performance improvements,
Figure 5.8 presents a detailed analysis of hardware counter variations (PAPI metrics) across the
experimental dataset of top 20 best performing samples listed in the Table 5.1 for both the Standard
UZP and Aggregated UZP configurations. The results show that the performance gains achieved
by the Aggregator Tuner are not primarily due to cache behavior improvements, but rather then
enhanced control flow regularity and reduced computational overhead. With the aggregation of
contiguous origin points, we tend to reduce the instruction count, which in turn reduces significant
load and store operations.

In Sparse Matrix-Vector Multiplication (SpMV) experiments, the Aggregated UZP format
demonstrates consistently better performance compared to the Standard UZP format, despite ex-
hibiting slightly higher cache miss rates. A detailed analysis reveals that the Aggregated format

reduces the total number of micro-operations issued, decreases memory load and store operations,
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and lowers stall cycles within the processor pipeline. These reductions indicate that Aggregated
UZP not only improves memory access regularity but also minimizes computational work per
nonzero matrix element.

Additionally, modest improvements in AVX vectorization rates were observed, suggesting en-
hanced SIMD utilization. Collectively, these factors show that the performance improvement re-
sults from a combination of reduced instruction overhead and more efficient memory bandwidth
utilization. Although cache miss rates increased slightly, the Aggregated format enables more con-
tiguous memory accesses, allowing hardware prefetchers and DRAM controllers to sustain higher
effective throughput. Thus, the performance gains can be attributed to both increased computa-
tional efficiency (fewer pops and improved vectorization) and better memory streaming behavior,
with memory bandwidth optimization playing the dominant role.

Table 5.1: Comparison of Standard UZP and Aggregated UZP GFlops of SpMV operation on top 20 per-
forming matrices

File Names Nrows ncols nnz | Inc. (%) | Std GFLOPS | Agg GFLOPS | Diff (%)
JP 87616 67320 | 13734559 96.63 0.47 2.15 357.90
crankseg_2 63838 63838 | 14148858 99.70 1.01 4.05 302.64
pkustk14 151926 | 151926 | 14836504 99.47 0.89 3.49 292.27
nd6k 18000 18000 | 6897316 97.27 0.93 3.27 253.29
cfd2 123440 | 123440 | 3087898 98.12 0.85 2.94 245.86
air02 50 6774 61555 94.68 0.84 2.83 236.47
Zd_Jac6_db 22835 22835 663643 89.79 0.73 2.25 210.21
in-2004 1382908 | 1382908 | 16917053 94.63 0.80 2.46 208.90
Maragal_6 21255 10152 537694 85.65 0.75 2.19 193.91
web-NotreDame 325729 | 325729 | 1497134 91.75 0.78 2.29 192.04
human_gene2 14340 14340 | 18068388 69.53 0.74 2.05 176.55
eu-2005 862664 | 862664 | 19235140 91.30 0.77 1.96 153.51
Freescalel 3428755 | 3428755 | 18920347 83.74 0.59 1.30 119.14
tp-6 142752 | 1014301 | 11537419 66.73 0.60 1.26 111.43
rajat30 643994 | 643994 | 6175377 86.78 0.58 1.21 110.18
rajat20 86916 86916 605045 79.69 0.52 1.09 108.83
Zhao2 33861 33861 166453 100.00 2.45 5.02 104.87
TSOPF_RS_b162_c4 20374 20374 812749 99.89 4.16 8.04 93.15
rajat29 643994 | 643994 | 4866270 85.49 0.60 1.15 92.85
TSOPF_FS_b162_cl 10798 10798 608540 99.55 4.29 8.23 91.82

Beyond performance improvements, the Aggregator Tuner also has a significant impact on

storage efficiency particularly in compressing the metadata required to represent sparse matrices.

72



As discussed earlier, the UZP format is composed of reusable polyhedral shapes and an associated
list of origin points. By reducing the number of origins through merging, the tuner directly reduces

the volume of metadata stored per matrix, which can be substantial for large, sparse datasets.

Space Occupancy: SPF Standard vs SPF Aggregator
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Figure 5.9: Stacked bar chart illustrating the relative space occupied by Standard UZP versus Aggregator
UZP metadata size for multiple sparse matrices sorted in increasing order of non-zero elements.

To quantify this effect, we compared the metadata size of the standard UZP representation
with that of the Aggregated UZP across all 229 matrices in our evaluation set. We observed that
approximately half of the matrices benefited from aggregation in terms of storage space. In many
cases, especially for those matrices that exhibited strong regular patterns, the memory footprint
got reduced because of the significant reduction in the number of origin entries and compressing
the output size. The Figure 5.9 illustrates the comparison of storage space utilization between the
Standard UZP and Aggregated UZP formats across 229 sparse matrices. The y-axis represents the
percentage of total storage space, with the sum of the blue and green regions normalized to 100%
for each matrix.

The primary cause of this behavior is the reduction in the number of origin points, as previously

observed in Figure 4.4 and discussed in Section 4.1. By consolidating multiple origins into larger
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polyhedral regions, the Aggregator UZP strategy reduces metadata overhead and improves storage

efficiency, while fully preserving the completeness of the sparse matrix representation.

Table 5.2: Top 10 Matrices with Significant GFlops Improvement across Aggregated UZP vs Favour Lo-
cality UZP (nnz > 50K)

File Name nnz GFlops (Aggregated) GFlops (Favour Locality) GFlops Diff (%)
apache2 4,817,870 2.7142 3.9916 47.06
crashbasis 1,750,416 4.7169 6.7799 43.73
rat 268,908 4.8079 5.8063 20.77
Zhao?2 166,453 5.0209 5.7903 15.32
kim2 11,330,020 4.3824 5.0508 15.25
TSOPF_RS_b162_c4 812,749 8.0429 9.2072 14.48
sparsine 1,548,988 2.2630 2.4284 7.31
TSOPF_FS_b162_cl 608,540 8.2301 8.7686 6.54
fomel3 285,056 1.0986 1.1687 6.38
gridgena 512,084 2.7655 2.9109 5.26

Table 5.2 lists the top 10 matrices where the Favour Locality Tuner achieves the highest
GFLOPS improvement over the Aggregated UZP configuration, with gains reaching up to 47%.
These results demonstrate that locality-aware reordering and selective aggregation strategies are
critical for optimizing sparse matrix performance, particularly for matrices with large and irregular
sparsity patterns.

The Favor Locality Tuner consistently improves memory access regularity by reorganizing
origin points based on spatial proximity, which enhances cache utilization and reduces memory
latency. While Aggregated UZP reduces metadata and computational overhead by merging origins,

Favor Locality further refines performance by aligning data layouts with the memory hierarchy.
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Figure 5.10: Box plot comparing the normalized PAPI counter performance metrics for Aggregated Uzp
versus Favour Locality Uzp.

This combined approach ensures that the tuners not only compress the representation but also
expose more predictable memory access patterns, critical for achieving high throughput on modern
architectures.

Although the Favor Locality Tuner improves memory access regularity, which is also evident
from the Figure 5.10 the overall performance gains compared to the Aggregator Tuner remain
modest. The observed improvements are incremental, with only marginal differences between the
two configurations. Further enhancements, particularly in tile-based tuning strategies, could unlock
greater potential. Reordering origin locations after polyhedral shapes have been expanded through
aggregation becomes increasingly challenging, as it requires careful consideration of the shape
bounds used for instantiation. While additional tile-based reordering experiments were explored,
they did not yield significant improvements in the current implementation.

Nevertheless, these experiments demonstrate the flexibility of the UZP framework and its po-

tential for further optimization. The ability to modify origin organization, aggregation strategies,
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and data layout — without altering or corrupting the underlying sparse structure information —
offers a powerful foundation for continued development. Overall, the tuners validate the adaptabil-
ity of the UZP representation and highlight many promising opportunities to enhance compression

and performance in sparse computations such as SpMV and SpMM.
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Chapter 6

Sparse Matrix Visualization Tool

In this chapter, we introduce a custom software tool developed as part of this research to visu-
alize and analyze very large-scale sparse matrices. Sparse matrices are ubiquitous across scientific
computing, machine learning, numerical simulations, and graph analysis, where datasets often con-
tain millions or billions of elements, with only a small fraction being nonzero. Traditional matrix
visualization tools frequently fail to handle such high-dimensional sparse data due to performance
limitations or lack of interactivity, making it difficult to inspect structural properties at scale.

To address this gap, we developed an efficient matrix visualization tool capable of loading,
rendering, and interacting with extremely large sparse matrices stored in Matrix Market (.mtx)
format. The tool supports scalable matrix traversal, coordinate inspection, and interactive pattern
extraction, enabling researchers to efficiently explore sparsity patterns without incurring high com-
putational overhead. To show how tool user interface look we have added the figures 6.1 & 6.2 that
load portion of selected large-scale matrices such as apache2.mtx & 3DSpectralwave2.mtx.
The apache?2 .mtx which contains over 715,000 rows and columns and nearly 5 million nonze-
ros, showcasing its ability to load and render datasets that exceed the practical limits of traditional
visualization methods.

The primary motivation for building this tool stems from the need to visually inspect matrix
structures, identify locality, and detect patterns in sparsity that are critical for algorithmic opti-
mization. Structural features such as diagonal dominance, banded sparsity, or block patterns can
inform the design of more efficient solvers, preconditioners, or storage schemes. In the context of
graph-based algorithms, where sparse matrices often represent adjacency matrices, visualization
enables the intuitive detection of communities, isolated nodes, and connectivity patterns.

The tool also facilitates hands-on pattern mining, manual pattern selection, and exploratory
data analysis in domains where direct inspection of sparsity is critical yet traditionally infeasible.

Overall, this contribution supports a wide range of research activities that require insight into spar-
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sity structure, providing a practical foundation for both algorithm development and performance

optimization.
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Figure 6.1: Interactive sparse matrix visualization tool displaying a tiled view of the apache2.mtx matrix
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Chapter 7

Conclusion and Future Work

This thesis presented an in-depth exploration of optimizing Union of Z-Polyhedra (UZP) [26]
representation towards improving the sparse computations performance for SpMV on CPU. Sparse
matrices, fundamental to many computational domains such as scientific simulation, machine
learning, and graph analytics, present unique challenges in storage efficiency and computational
performance due to their inherent irregularity. Traditional sparse formats like CSR, CSC, and COO
efficiently represent arbitrary sparsity, but their reliance on indirect memory accesses often limits
performance on modern architectures.

The UZP format was introduced as a structured, highly flexible representation that models
sparse structures as unions of integer polyhedra intersected with affine lattices. This approach
unifies the representation of regular and irregular sparsity patterns and enables efficient executor
design through decoupling shape descriptions from their instantiation points.

Building on the core capabilities of UZP, this work developed a suite of tuners-Aggregator, Fa-
vor Locality, and Tile-based-that transform UZP representations to further optimize performance
without altering the underlying sparse structure. These tuners exploit opportunities to merge reg-
ularly strided origin points, improve access locality, and restructure spatial layout to better suit
hardware characteristics. A lightweight generic executor framework was also developed, support-
ing flexible operation over tuned UZP representations, with optional shape specific macro special-
ized loop next generation to enhance compiler optimizations.

Experimental evaluations conducted over a suite of 229 matrices from the SuiteSparse col-
lection demonstrated that the tuners significantly improve storage compression, SIMD utilization,
and computational throughput for Sparse Matrix-Vector Multiplication (SpMV) operations. In
particular, the Aggregator tuner was shown to reduce the number of origins and improve execu-
tion locality, while the Favor Locality tuner further enhanced memory behavior through reordering

strategies. Together, these techniques demonstrated the effectiveness of post-optimization in the
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UZP ecosystem and validated the viability of tunable, structured sparse representations for practi-

cal high-performance computing.

Future Work. While this work establishes the effectiveness of tunable transformations within
UZP, several exciting research directions remain open. Future efforts could explore adaptive tun-
ing strategies that automatically select or combine tuners based on matrix characteristics or hard-
ware profiles. Additionally, extending the UZP framework to fully support multi-threaded execu-
tion, heterogeneous compute platforms (e.g., GPUs and accelerators), and integration with modern

compiler toolchains such as MLIR presents promising avenues.
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