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ABSTRACT 

DYNAMIC RESPONSE OF PRESSURE TRANSMISSION 

LINES TO PULSE INPUT 

The dynamic response of pressure transmission lines to pulse input 

was investigated experimentally. The most commonly used commercially 

ava i l able flexible Tygon tubings were examined at a constant 1/ 2-psi 

air pressure with a frequency up to 300 cps. Short tubings, from 1 inch 

t0 3 feet and inside diameters between .05 2 inch and 1/4 inch, were 

tested in the experiment. Pressure transducers were selected which had 

very smal l internal volume and the reference transducer was kept at a 

practical minimum distance from the pressure source. Tubing with and 

without inlet res t riction has been investigated to determine the 

phenomenon of resonant frequency . To determine the effect of the 

elastic wall of the tubing on the pressure response, comparison 

measurements were taken in rigid wall, flexible Tygon, and rubber 

tubings. Phase shift of flexible tubings with various lengths and 

inside diameters were determined for the frequency range 0-300 cps. 
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Chapter I 

INTRODUCTION 

In many research and industrial processes it is necessary to know 

or to utilize the pressure at one or more points in a fluid conduit. 

It is not always possible to place an instrument directly into the con­

duit at those points. In the low pressure transducer, the pressure­

sensitive diaphragm is usually made large to i ncrease the output per 

unit pressure because of the requi rement to measure small pressure 

changes. It is quite difficult or impossible to arrange for the 

diaphragm to be flush with the surface of the space in which the pres­

sure changes take place. In consequence, the use of the pressure 

transmission lines seems to be unavoidably necessary. It is desirable 

to use flexible lines especially in research applicatons. Flexible 

tubings are made of elastic materials, often with very thin wall; 

therefore, the tubing may show elastic properties " Thus, two types of 

pressu~e lines enter into the problem of defining their response 

charac~eristics: rigid wall with constant cross section and elastic 

wall with external constraints. In dynamic pressure measurements, the 

evaluation of response characteristics of connecting systems i s required. 

Before 1950, the only solution for the dynamic response of pressure lines 

was generally based on an elementary theory that considers the system 

as eq~ivalent to an R-C electrical network (15, 20) . The main defect of 

this theory is that it does not provide cri teria for the limits of its 

applicability. The paper by A. S. Iberall (8) provides the first 
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comp lete t heoretica l so lut i on for response of pres sure lines (rigid 

wal l). At present , Ibera l l ' s mat hemat i cal treatment of the problem is 

the most rigorous and has the best ab i li t y to solve the line response 

problem. 

Several experiments have been undertaken i n order to study the 

pressure transmission line response . Some of the experimental data, 

as mentioned in Refs.(1 6) and (17) , have been compared to Iberall's 

theoret~cal calculations . The reported compari sons between Iberall's 

theory and experiment have been qui te poor . I t was presumed that 

Iberall's theory was cons i derably more accurate than these experiments 

indicate . The possible reasons for the poor results of the comparison 

ca~ be summarized as follows: 

1 . Iberall's theor y can be appl i ed only to non-turbulent flow, 

i.e., Reynolds number less than 2000 . 

2. Ki th large lines, cons i derable distortion of the inpµt signal 

is caused near the l i ne resonant frequenc i es . This distortion 

causes considerable diffi culty when measuring the amplitude of 

input s i gnal . 

3. Iberall's equations are valid for an i nfinite volume at the 

input end of the line . Because line resonance implies 

reflect ed waves in the t ransmission line, the boundary 

conditions at the input end, and therefore the response, 

depend upon the input volume . 

4 . The pneumatic pressure transmi tter has a pneumatic feedback­

loop with broad resonant peak . The feedback-loop will, 

therefore, interact with the reflected s i gnals from the line 

and change t he l i ne r esponse . 
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S. The graphs which Iberall presented i n his paper in order to 

simpl ify the solution of the prob lem will cause some deviation 

because of reading and interpolation errors . 

Iberall's equations are sufficiently complicated so that they have 

not had wide use . In order to obtain a reliable comparison between 

the derived equations and experimentally obtained data, an I . B.M . 

computer program has been devised which calculates the system behavior 

using Iberall's equations . Only the exact version of his equations 

was us ed in the computer program to avoid any possible error during 

calculat ions (computer program generates answers accurate to better 

than , 1%)(16). Laboratory experiments (17) were conducted using 

condenser microphones to measure the response of tubings of different 

diameter, containing atmospheric air . The experimental and calculated 

results agreed wi thin experimental accuracy for intermedi ate length 

of tubing (4 to 8 ft) . Considerable errors were found, however, when 

shorter tubings were used . 

The second type pressure line, the elastic one, is discussed in 

Ref . (21) and is related to the blood flow theory . 

According to Refs. (4 , 8, 16, 17) the experimental results of 

the behavior of rigid pressure transmission lines follow closely the 

t heoretical predictions from a length approximately 4 ft and longer . 

Therefore, in the present experiment the behavior of shorter tubings 

(from 1 inch to 3 feet lengths) was investigated. 

It gives special meaning to the present study that this length-range 

besides showi ng deviation from Iberall's equations - for practical 

purposes is the most important one because of the frequency of its 

application . 
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Chapter II 

RE VIEW OF LITERATURE 

Solving the problem of response characteristics of the connecting 

system i n dynamic pressure measurements is a quite comp lex task and 

has been t ne subject of many intricate analyses and experimental 

studies , 

In this chapter, the more frequentl y used theories are briefly 

discussed. The availabl e theories can be divided into two main 

categories: one which deals wi th a connect i ng system where the 

connecting passage is as sumed to be rigid and the other which treats 

it as an e l astic one , 

A. Theories Concerning Rigid Wall Tub ing 

One s i mple theory (4, 5, 6, 7 , 20) is based on the assumption that 

the flow in the connecting tube is laminar and the pressure-sensing 

instrument behaves in an elastic manner if the flu i d medium is liquid . 

In th i s case, the pres sure-sens i ng system consi s ts of a passage and a 

volume of the pressure sensing instrument, Figure l . The spring-loaded 

piston represents the flexible diaphragm of the pressure transducer . 

If the system is gas f i ll ed, the compress ibili t y of t he gas in the 

volume V becomes the maj or spring effect when the pres sure pickup 

is at a l l st i ff . Therefore , i t is assumed that the vo lume V is 

enclosed by rigid walls . This setup can be treated as a lumped­

parameter system if the following restrictions are met: 
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1 . The passage length is sufficiently short so that the dead 

time (length of the tubing divided by the sonic velocity) 

can be neglected . 

2. The dimensions of the pressure-sens i ng instrument volume must 

be such tha t the pressure in the volume may be considered 

uniform at any time . 

3 . The volume of the tubing must be small compared to the volume 

of the pressure-sensing instrument to assure un i form volume 

flow throughout the length of the tub ing. This i s the result 

of the compressibility of the gas in the pressure - sens ing 

instrument . 

The analysis consists merel y of applying Newton's second law to 

the mass of gas i n the tubing . In i tially, it is assumed that 

P
1 

= P
2 

= P
4 

. The forc e due to the pres sure P
2 

is : 

The viscous force due to the wall shearing stress is: 

where x is the displacement of t he mass of the gas in the tubing . I f 

the mass of gas moves into volume V , an amount x, the pressure P
4 

will increase. The compression is assumed to occur under adiabatic 

conditions. The adiabatic bulk modulus 

E = a 
dP 

dV/V = yP 

E of a gas is given by 
a 

The displ acement x wi ll cause a volume change 

dV = rrd2x/4 • 
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This will cause a pressure change 

The force due to this pressure excess is 

Newton's law then gives 

TIP d4 

- :- - BTTµ-lx -

since 

16V 
Trd2lp ., 

= 4 X 

The final form is a second order differential equation 

(2. 1) 

From equation (2.1) the natural frequency 

are defined as: 

w n and the damping ratio 

32µ 
r, = ""J3 ..... f"ve v~ . 

a 

Then equation (2 . 1) reduces to 

(2. 2) 

(2.3) 

(2. 4) 
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The limi tations of this theory are that dur ing pressur e changes both E 
C: 

and p vary; therefore, t he natural frequency w 
n 

and the damp i ng 

ratio s are not constants, that is, the system i s not linear. The 

existence of laminar f low in the tubing duri ng a pulse input is also 

questionable. For low pressure measurements the def l ection of a 

pressure transducer diaphragm is negligible. 

When th e volume of the passage becomes a signifi cant part of the 

total volume of a system, compressibility effects are no longer 

restricted to the volume of the pressure-sensing instrument alone and 

equations (2.2) and (2.3) become inaccurate. A more refined analysis 

is given in Ref. (6) where a simplified second order model is presented 

with the following equations for natural frequency 

ratio s 

w n 
and damping 

w n = 
C 

ty;:Ii 

Thus, the undamped natural frequency w and damping ratio 
n 

(2 .5) 

(2. 6) 

are 

functions of acoustic velocity c , tube l ength l , cross-sectiona l 

area A , instrument volume V , frictional res i stance R , and fluid 

density p 

Analyzing equations 2.5 and 2.6, it is apparent that with a 

constant instrument volume, increases with line length and w n 

decreases. Similarly, with a constant length of line, increasing the 

instrument volume, increases and w decreas es. 
n 

Damping ratio s 

depends on fluiJ visc os.i. ty anJ JE:us.i. t y anJ on sound velocity, the 

undamped natural freq ency w depends only on sound velocity. 
n 
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A somewhat different approach to calculating the response and l ag 

in measuring systems subj ected to steady-state sinuso ida lly varying 

pressure is discussed in Ref . (15) . The pressure system is assumed to 

cons i st of an i nlet restriction, tubing length, and connected instru­

ment volume . The response of the pressure transduce r is considered 

constant throughout the frequency range and the deflection of its 

flexibl e membrane is sufficiently small so that neg l igible changes 

occur in the internal vo lume . Th e author used the analogy of 

electrical wave propagation in the transmission lines. It is 

assumed that the air in a tubing has mass inertia, elasticity, and 

can dissipate energy with its motion; therefore, wave motion can be 

propagated a long its length. 

The behavior of the system is defi ned by the general equations for 

a transmiss i on line . 

E2 = E
4 

cash ml+I
4 

z sinh rzy ,e_ 
0 

( 2. 7) 

I2 I 4 cosh ml+ 
E4 /zy,e_ = Z sinh (2. 8) 

0 

where z = R + jwL 

and Y = jwC . 

The quant ity /vi may be written as 

/vi= a + jS (2 . 9) 

where a is an attenuat i on constant determined by the decrement in 

pressure ampl i tude per l ength of tube and S i s a propagation constant 
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of phase angle changes per un i t length of tubing as defined by 

2TT 
8 = velocity of propagation 

Equation (2. 7) is rewritten in the form of pressure ratio: 

= aosh 
z 

/zy l + z° sinh 
4 

(2. 10) 

or by substitution of equation (2 . 9) into (2 . 10) and simplifying, the 

final form of (2 . 10) is 

p2 
lsinh 2 al + aos 2 Sl /tan- 1 (tan Sl to:nh al) 

p4 = 

tan- 1 tan Si 
tanh al (2. 11) 

Equation (2 .11) defines the ratio of the pressure amplitude at the 

open end of the tubing to the amplitude existing at the instrument 

volume . The equation in this form requires lengthy calculation plus 

the attenuation constant a has to be determi ned experimentally. 

Therefore , the author uses a simplified form to calculate the pressure 

ampl i tude ratio and t he resonant frequency of the s ystem. Taback 

assumes negligible i nstrument volume and sufficiently large diameter 

of tubing, thus, negligible attenuation of the pressure wave occurs in 

the tub · ng; that is, a is assumed to be zero. Limitations of this 

theory can be summarized as follows: 
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1 . The lack of any method for cal cul at i ng a (i t can be 

determined only experimental ly using long tubing with no 

restriction and negligible instrument volume) . 

2. For accurate measurements the pressure transducer volume 

cannot be neglected, especially when short tubing is used . 

Theory considering the damp ing of the occurring resonant frequencies 

w· th an i nlet restriction in a connecting passage is discussed i n 

Ref. (10). The author makes the following assumption i n order to 

simplify the calculat ions . 

1 . The flow i n ~he passage is one dimensional and the flow 

resistance can be ignored . 

2 . The state changes are adiabatic in the passage and the 

instrument volume . 

3. There is no change in the volume of the pressure sensitive 

instrument , 

4. The pressure waves i n the passage propagate at constant 

velocity equal to the soni c vel ocity . 

The author then uses the accoustic theory - based on the 

assumption of small pressure changes - to calculate t he frequency 

response of the system. A simpl ified form of the system is shown in 

Figure 2 . The following steps were used to derive the equations. 

The pressure change in the reference space is assumed to be 

P
1 

= 1 + ~p sin 2nft (2.12) 
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where P
1 

is the reference atmospher ic pressure and 6P i s the 

amplitude of periodic pres sure change. 

The boundary conditions at t he passage in l et wi th throttle a r e 

defined as 

(2 . 13) 

The boundar y condition a t the indica t or end of passage i s 

By t aking p = p = 1 
3 4 

- on the assumpt i on of small pressure changes -

another boundary condi tion is given by 

(2 , 14) 

where a = 2/(K - 1) and u
3 

= u/c
0 

There are two ki nds of pressure waves propagating in the passage . 

One propagates from the passage i nlet to the i ndicator end and the 

other in the opposite di rection . Therefore, the pressure P and 

velocity U are writ t en a s 

P = 1 + A sin[2TTf (t - :'.__ ) + sA ] + B sin [2TT f (tr :'.__+ sB] 
C C 

0 0 

( 2.15) 

U = aA sin [2TTf ( t - :'.__ ) + sA ] - aB sin [2rr f (t + :'.__ ) + sB J 
co co 

(2. 16) 

Pressure P
4 

, using equat i on (2. 12)~ can be writ ten as 

P4 = 1 + C6P sin (2TTft + sc ) ( 2 . 17) 
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The const ants A , B , C , sA , c.B , sc in equati ons (2 . 5) , (2 . 16) , 

and (2. 17) are solved by introducing t he pressure and ve loci ties - at 

bot h en.ds of the passage (at X = 0~ X = 1) whi ch are de r i ved from 

equat i oos (2 . 15) 

(2 . 13) and (2. 14) , 

(2 . 16_ , (2 , 12) , and (2 , 17) - into equat i ons 

The final equations fo r the magnificati on of amplitude (C) and t he 

phas e lag of the pre s sure osci llat ion in t he instrument volume (Ee) : 

C = '( sin2~fl - ~TTrV cos 2~fl i2 R2 + ( cos 2~fl -
l1 

0 0 0 0 
]

¼ 
2TT f V sin2TT f l )2 2 

C A C 
0 0 

(2. 18) 

(sin
2
~fl - !n{V cos

2
;fl )R ] 

0 0 0 

~ 2TT f V . 2"Tfl 
~os c - c A s~n c 

(2 . l S) 

0 0 0 

and al so defi nes t he r esonant fr equency of connecting passage as : 

2nf l 
__ r_ tan 

C 
0 

e V 
(2 . 20 

0 

Na5ao (9, 10) repor s the f ol lowi ng i mpor ant re sults of his theory 

and experimental work . 

1 . The error, r esul i ng from the passage o t he diaphr agm of a 

pres sure-s ens itive i n t r ument , i ncreases wi th the decreas e i n 

the resonant f r equency of t he connec t i ng pas sage . 

2 . The r es onant oscillat i on i n t he connecting passage , which occur s 

due to t he cross- sect i ona l area of pass age, can be avoided by 

fitting the pas sage wi th a damper such as a thr ot tle , 

3 . The de lay of t he measured pres- ure change due t o the damper i s 

permissibly small , 
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4 - Tie optimum throttling ratio i s found to be 0 . 4 to 0 . 5 for 

damping the ampl i tude of resonant pres sure oscillat i on and 

increases slightly the delay . 

The previously di scussed theories have their limitati ons as were 

mentioned before . By far the most detailed and complete theory is 

Iberall's (8) . In this work Iberall f irst developed an elementary 

theory based on incompressible viscous-fluid flow . The elementary 

solut ion is then modified to take into account compressibility, finite 

pressure amplitudes, apprec i able fluid acceleration and finite length 

of tubing (end effects) . Account is also taken of heat transfer into 

the tube , 

The scheme of the system is shown in Figure 3 - Oscillatory 

pres sure from the conduit 1) i s applied to the entrance of the 

transmi ssion tubing, and 2) t he tubing has constant cross-sectional 

area (rigid wall ) and length. The pressure-sensitive instrument is 

characterized by its enc losed volume V It is assumed that 1) if 

the walls enclosing the instrument volume are fle xible the enclosed 

volume can be replaced by a larger equi valen rigid volume that will 

s to re the same mass amount of fluid per unit pressure change, and 

2) the pressure-sensing instrument response is independent of the 

frequency of expected pressure oscillation . 

Deriving the elementary t heory, i t is assumed that: 

1 , Poiseuille's law of viscous resistance holds at each point 

in the tube. 

2 . The fluid is incompressible i n the tube , 
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3. The sinusoidal pressure oscillation at the beginning of the 

tube is of small amp l itude , compared to the mean absolute 

pressure . 

4. I f the fluid is gas it behaves isothermally in the instrument 

volume. 

For Poiseuille's law, the following equation is written: 

aP 
ax 

and for continuity equation, 

-= ax - A ~ at 

(2. 21) 

(2. 22) 

Equation ( 2. 21) is then differentiated with the boundary conditions 

(x = o and x = f ). A new variable is introduced: the fractional 
p - p 

pressure excess r, = _P __ o_) The pressure excess is then separated 
0 

to var y with x and t . The ratio of the amplitude of the pressure 

excess at the end of the tube to that at the beginning of the tube is 

gi ven by 

1 1 - = ---- = ----
1 + TW J 1 + X j a o 

where the attenuation factor X = Tw · the time constant o a ' 

defined as 

llo 
T = 32 D 

~o 

f 2 V ri AI 

(2 . 23) 

T is 

~L is the maximum amplitude of the pressure excess a t the instrument 



15 

volume and ~o is the amplitude of the frac tional pressure exces s at 
t,, p 

~o = P 
0 

the origin 

The real part of equation (2 . 23) is the attenuation in amplitude of 

the pressure excess and the imaginary part is the phase lag . Thus, 

equation (2.23) can be written as 

1 = -----

tan 6 
0 

k 
( 1 + x2 J 2 

0 

where 6
0 

is the lagging phase angle. 

(2.24) 

This simplified theory of Iberall indicates that a transmis s i on 

system can be characterized by a time constant T (function of tubing 

dimensions ) , the internal volume of press ure -sensing device, the 

average condition of the gas in the tubing and an attenuation factor 

x
0 

from wh i ch the attenuation and phase lag can be computed. 

In the more complex, "complete", solution Iberall removes the 

restrict i ve assumptions considered i n the elementary solution . Never­

theless, a complete solution to the problem is not obtained . All 

first -order effects are treated to the point where the solution is 

correct . On l y an elementary treatment is given for the second-order 

distortion effects . A br i ef discussion of the corrected theory is 

given below . 

1. Theory corrected for compressibility - A s ign ificant difference 

can be noticed first i n the new time constant Tt : 

the tube volume instead of the instrument volume . 

that it is based on 
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where n is an exponent of "polytropic" expansion in tube . In the 

corrected theory the attenuation factor xto i s defined as 

Comparing this relation to the one i n the elementary theory, it 

can be seen that Xto 

elementary solution . 

needs to be small in order to be valid for the 

The ratio of the fractional pressure excess at the end of the 

tube E,L to that at the beginn ing of the tube 

given by 

E,o in this case is 

where ~To is an attenuation parameter depend ing on the tube volume 

and ~Io i s an attenuation parameter depending on the instrument 

volume . Or, in similar form as in elementary theory (equation 2 . 24) ) , 

the real part becomes 

= 
1 (2 . 25) 

2. Theory corrected for finite oscillation pressures - In this 

section Iberall determines the effect of finite fractional pressure 

excess on the attenuation in a tubing . The only assumption is that 

the Poiseuille velocity distribution holds . It is shown that the 

effect of finite pressure excess is to excite higher harmonics, 

resulting in a distortion of wave form and raises the mean pressure 
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along the tube . The higher harmonics are excited because of the 

nonlinearity of the equations. 

The method described by Iberall i n section 2 is the expansion in 

harmonic series . The obtained solut i ons are only valid for the leading 

term of each harmonic . By considering the solution for an infinite 

tube (for which only one set of boundary conditions is required), the 

question of convergence of the solution i s discussed . 

3 . Theory corrected for acceleration - In the third part of the 

corrected section, Iberall removes the main restrictive assumption: 

the assumed Poiseuille velocity distribution . In order to do this, he 

uses the Navier-Stokes equation (equat i on of motion) combined with the 

continuity and energy equation_ , which represents a detailed energy 

balance among thermal and kinetic energies, to arrive at the 

Kirchoff's equation of sound . These equations are valid to first 

order . There is no assumption as to the form of equation of state of 

the fluid. 

However, the result of this part of Iberall's paper is not valid 

for finite pressure amplitude . For this the neglected second-order 

term in Kirchoff's equations should be used . Therefore, it is con­

cluded that the distortion mentioned in section 2 is valid whenever 

the Poiseuille regime holds . 

4 . Theory corrected for fin ite length-end effects - The end 

effect arises from the fact that i t takes an appreciable length of 

tubing to set up the Poi seui lle velocity distribution in t he t rans ­

mission lines . The character of the entrance flow is that the axial 

velocity is flat at the entrance, gradually developing an approximately 

laminar boundary layer with a core of un iform velocity until the tube 

is filled with laminar viscous flow . 
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Iberal makes the followi ng as sumption i n order to solve the 

probl em of end effect , 

a o The entranc e flow is in.compressible o 

b , The ariation of pressure i n r ad ial direct i on in the 

entrance por t i on i s negligi ble . 

c. The quadrat ic erms i n vel ocity are negligible in the 

boundary layer , 

d , The core of the veloc ity distTi but i on i s potential . 

Then a simplified version of equation of motion is used to find t he 

desired result . The final result shows that the approxi mate effect of 

the ent rance is to dis t ort each i npu harmonic " The first-order terms 

are uneffected and t he only equation requi ring modification is the 

attenuated second harmonic , 

Iberall presents a series of graph for the purpose of obtaini ng 

a simple gr aphi cal solution to the line response o Four of the six 

graphs are based on approxi mate s oluti ons , and probably much of the 

apparent di sagreement dis cussed i n the l i teratur e has been t he cause 

of this approximate nature of Ibe ral l's graphs , 

In general, the restricti ons applicab le o Iberall's equations can 

be summariz.ed as: 

a . The minimum Reynolds number mus t be les than 2000 , 

b o The tube mus t be long enough so hat he end effect can be 

neglected o No cr iterion is tated which woul d enable one 

to determine when a tube is long enough o 

Iberall ' s equa ions were verified by a dig i tal computer (16, 17 

and laboratory e peri ment have been conducted (16), During the 

experiment descri bed in ( 6) he restrictions ment i oned under a and 
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b were completely f ullfilled . The final conclusion of the compared 

results is that Iberall's equations are valid - when end effects are 

i ns ignificant - to an accuracy better than 1%. 

B. Theory Concerning Elastic Wall Tubing 

The behavior of the pressure transmission line assuming elastic 

wall is di scussed in Ref . (21) . Womersley treats the blood vessels as 

a thin- Na lled, isotropic, elastic tube with external constraints . The 

analysis of the unsteady flow through a distensible vessel requires 

that the equations which describe both the flow and the movements of 

the ve~sel wall to be solved simultaneously. The basic flow equations 

for cyl indrical symmetry is given by the continuity equation and the 

Navier-Stokes equations for an incompressible fluid . Womersley 

assumed: 1) under no excess internal pressure the tube has a constant 

r adius R and wall th i ckness h , 2) the density of the material is 

pw , 3) h/R << 1 ~ and 4) that the radial displacements ~ and 

longitJdinal displacements ~ at the wall and their derivatives are 

small to admit linear relationship. The properties of wall material 

are expressed by elastic modulus E 
C 

and the Poisson's ratio V • 

Since the longitudinal wall displacements are extremely small, 

Womer~ley introduced a longitudinal elastic constraint characterized 

by a natura l frequency W /2TI , 
n 

The equations for the fluid and those 

for the wall are coupled by the condition that the flui d does not slip 

a long the surface of the wall: 

for 

\.I = ~ at and 

r= R+ ~ . 

w = 
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Solving the pres cribed equations and boundary conditions is not 

feasible at this time; therefore , some simplification must be L-a1-ried 

out. 

Womersley's solutions are based on the linearized equations . He 

considered an infinitely long tube with sinusoida l waves travell i ng 

in one direction . He neglected the nonlinear term on the basis that 

the velocity components are much smaller than the wave veloci ty i n the 

circulatory system . He also neglected the second order term 

a2 u a2 w 
822

, 
822 

being very small . It is also assumed that the boundary 

conditions are satisfied with r = R , instead of r = R + ~ , because 

~ is small compared to R . Then he obtained the solution for the 

pressure as 

P = B exp. [iw ( t - z/c)] (2 . 26) 

for longitudinal wa l l displacement 

s = D exv . [i w( t - z/c)] (2. 27) 

and for rad i al wall displacement 

~ = F exp. [-iw(t - z/c)] (2 , 28) 

where B , D and F are integration constants . 

The final equation for the complex wave velocity c is given as 

c /c = X - iY 
0 

(2 . 29) 

where c is the pulse wave velocity for perfectly elastic tubes and 
0 



is defi ned as 

¼ 
c = (hE/2Rp) 2 

0 
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( 2.2 9) 

and X and Y are real and imagi nary values of wave velocity ratio . 

The phase velocity of the waves given by c/ X and Y represents 

the damping of the wave amplitude . 

The above analysis has been restricted to waves propagating in one 

direction . Actually, reflected waves are also present, and the pressure 

measurements record superposition of advancing and receding waves . The 

solution for the receding wave is obtained by replacing c by - c 

therefore, the pressure is given by 

P = B
1 

exp. [ i w( t - z/ c)] + B
2 

exp. [iu:(t + z/c) ] 

where B
1 

and B
2 

are the pressure amplitude of advancing and 

receding waves . 
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Chapter III 

THEORETICAL ANALYSIS 

The measurements of rapidly varying pressures require in most 

cases that the pressure sensing instrument be connected to the measuring 

point through a finite length of connecting tubing . The tube opening 

may be restricted by a connector of smaller inside diameter either 

because two different size tubing need to be coupled or because the 

response of the measuring sys tem to the oscillating pressures must be 

adjusted . In most cases, exposing the pressure-measuring diaphragm to 

a reference pressure is necessary , This procedure requires that the 

diaphragm be installed so that it is exposed to a reference pressure 

volume which may be connected by means of tubing to a reference pres­

sure source , The reference volume and connecting tubings is hereinafter 

referred to as the reference pressure system , 

It will be considered that 

l , The response of the pressure-sensing instrument is constant 

throughout the measured frequency range. 

2. The deflection of diaphragm is sufficiently small so that 

negligible changes in internal volume occur and no energy 

is transferred to the reference pressure system. 

In this paper the response characterist ic of short transmission 

lines for small amplitude pressure variation is investigated , Because 

of the complexity of Iberall's equations, an analysis of the problem 

based on propagation of electrical waves on transmission lines (15, 20) 

is presented in this chapter . 
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The air column i n a tube has mass i nert i a , elasticity , and can 

dissipate energy with its motion; consequently, wave motion can be 

propagated al ong i ts lengt h , The behavior of the pressure system will 

be descr i bed in terms of the ana logous electrical system by use of t he 

electrical notations. The elect rical term and the equivalent acoustical 

terms used herein are shown in the following table . 

ELECTRICAL EQUIVALENT ACOUSTICAL 

Term Unit Symbol Term Unit Symbol 

Voltage Volts V Pressure Psi p 

Current Amperes I Volume fl ow f t 3/ sec Q 

Resistance Ohms R Flow res i s- lb-sec/ ft 5 R 
tance 

Capacity Farads C Volumetric f t 5/ lb C 
capacity 

Inductance Henri es L Inertance lb-sec2 / ft 5 L 

In acoustical terms the inductance per unit length of line is 
Pav 

L= ­ A , 

the capacitance per unit length is A 
C = ~, and the resistance per 

unit length is R = tiP . 
Q 

av 

The behavior of the system can then be defined by the general 

equations for a transmission line (15) 

E2 = E4 cash l zft + I 4Za sinh ml 

E4 
ml I2 = I 4 cash ml+ Z sinh 

a 

(3.1) 

(3. 2) 

In equations (3.1) and (3 .2), Z represents t he sum of flow resistance 

and inertance or by electrical analogous the series impedance of the 
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system: 

Z = R + jwL 

and Y represents the volumetric capacity of the system or by 

e lectrica l analogous 

Y = j wC 

The quantity fzY therefore is a complex number and can be wri tten as 

✓zf =a+ jS (3.3) 

where a is an attenuation cons t ant, determined by the decrement in 

pressure ampl i tude per length of tube and S i s a propagation con­

stant or a phas e -angle change per unit length of tube and can be defined 

as 

s =~ 
C 

The quantity z 
0 

indicates the characteri s tic impedance of the tube 

and can be written in the form 

a + jS 
y 

For computation convenience, equation (3. 1) can be rewritten as 

= cosh 
I

4
z =o o . h vZY,c + - E- s 1,n 
4 

and can be defined as the instrument impedance thus, 

(3 . 4) 



25 

equation (3.1 ) become s : 

z 
r;::;7;o o . h v ZY-c + z s1,n. 

4 

Substituting equation (3 . 3) into equation (3.5), 

or, in _another form, 

z 
(af + jSf) + 

2
° s inh (af + jSf ) 
4 

✓sinh2 af + cos 2 sl ;tan- 1 (tan Sf tanh af) 

(3 . 5) 

(3.6) 

Equation (3 . 6) is the general form (15) for defining the ratio of 

the pressure amp l itude at the open end of the tube to the amplitude 

existing at the pressure-sensing instrument volume . The reciproca l of 

this ratio is defined as the response of the system , 

Even though equation (3 . 6) is much less complex than, for example, 

equat i ons derived by Iberall (8), in practical i nstrumentation pro­

blems it would still require elaborate calculat i ons . To simplify the 

calculations without loss of accuracy, it can be assumed in most cases 

that the pressure-sensing instrument volume is negligible compared to 

the volume of connected tubing . In most of the latest model pressure 

transducers, the instrument volume is very smal l . 
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With the assumption that negligible air flows at the instrument 

end of the tubing, the instrument impedance z
4 

approaches infi ity 

and equation (3.5) reduces to: 

= cosh 

or, in terms of pressure (equation 3.6) 

p2 
- lsinh2 al + cos 2 Sl /tan - 1(tan Sl tanh al) . 

p4 -
(3. 7) 

In order to determine the characteristics of resonant frequencies 

existing in the system, the use of a sufficiently large inside 

diameter tubing would result in a negligible attenuation of pressure 

waves; therefore, in equation (3.7) the attenuation constant a 

approaches zero and equation (3 . 7) simplifies to 

In this case, the system response is a function of the applied 

frequency, tubing length, and the wave propagation velocity . At 

resonance frequencies, equat ion (3.8) becomes zero and t he system 
P, 

':i: response p becomes infinite . 
2 

(3 . 8) 

For determination of resonant frequencies, the following simple 

relationship can be derived: 

if 

.' . cos al= o 
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?reviously S =~ 
C 

t en for resonant frequencies: 

2TTf l r TT 3 5 
Sl = - ...,-,,- = 2 ., 2 TT _, 2 TT _, 

wrere fr is the resonant frequency of the tube with negligible 

ir~trument volume and can be defined as 

c 3c Sc 
= 4l-'4l-'4l-' 

Tre wave length of a pressure wave is given by the relation: 

C 
A = 

f 

(3.9) 

Th ~refore, equaticn (3 . 9) indicates that at resonance frequencies, the 

tu- e length is an odd multiple of ¼-wave length . 

The problem of evaluating the effect of an added constriction at 

th tube inlet when the instrument vol ume is negligible - so that the 

vo: ume flow in the instrument approaches zero - is dis cussed as follows . 

In case of restrictions which are short in length compared to one-

wa e length, the flow impedance consists of a resistance caused by 

vi9Cous pressure losses and an i nertance caused by the mass of air in 

the restriction . Thus, the impedance at the inlet restriction is 

defined (15) as 

z 
Y' 

= 
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This i mpedance caus es a pressure loss 

where is the applied pressure and P' 
2 

(3.10) 

is the pressure applied to 

the tube past restr i ction. From equations (3 . 1) and (3 . 2) when Q
4

(I
4

) 

approaches zero, 

P' = p4 cosh lzy,e__ 
2 

and 

I2 Q2 
p4 

sinh lzy,e__ = = z 
0 

Substitut i ng equations (3 . 11) and (3 . 12) into equat i on (3.10), 

or 

since 

p4 
sinh /zy,e__ Z 

Z r 

p - P ' 
2 2 

p4 

0 

z 
r 

= z 
0 

P' 
2 

sinh lzy,e__ 

cosh /zy,e__ 

P - F ' Z 
2 2 = _£_ tanh /zy,e__ 
P' Z 

2 o 

(3 . 11) 

(3 .12) 
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~r in more convenient form by use of equat ion (3 . 3) 

p2 z 
P' = 1 + /' tari. h (al + jBl) 

2 o 
(3 .13 ) 

3quation (3 . 13) defines the ratio of the pressure appl ied to the inlet 

J f the tube to the pressure existing in the tube past the restriction . 

The magnitude of the overall response of the tube and restriction can 

Je obtained if the effect iveness of the restriction equation (3 .1 3) is 

nultiplied by the relation for the tube without the restriction 

3quat ion (3.7) . 

p2 Zr k/ = [ 1 + -
2 

tanh (al + jBl) ] (sinh2 a.t + cos 2 Bl) 2 tan- 1 (tcm.Bl tanha.f.J 
p4 C ----------

(3 . 14) 

~rom equation (3 . 14), it can be concluded t hat the effectiveness of 

~he restriction varies with the applied frequency and the tube 

:haracter i stics . 

For a better visualization of the effect of the restriction in the 

- ube to the response of the system, equation (3. 13) can be written by 

- rigonometric substitution as follows: 

z 
1 + r ,tanh al + j tan Bl ) 

Z ' 1 + j t anh al tan Bl · 
0 

(3 . 15) 

[ram equation (3.15), at resonance frequencies where 1 
Bl = 2 TT , 

~ TT , • •• tan Bl equals infinity, equation (3 . 15) therefore reduces to 
C 

P.., 
c; 

P' 
2 

= 
z 1 

1 + r 
Z tanh al 

0 
(3 . 16) 
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The inlet restriction needs to be appl ied mostly when the tub i ng 

diameter is rather large and has to be reduced to a smaller diameter 

tubing . In this case, as discussed previously, the attenuation 

constant a approaches zero and equation (3 . 14) reduces to 

or 

z 
= (1 + / tanh jB.tJ cos Bl 

0 

(3 . 17) 

If the inside diameter of the applied constrict i on is small, the 

impedance is almost pure resistance since the viscous forces whi ch 

cause pressure losses are much larger than the inertia forces caused 

by the mass of a i r i n the constriction . The ratio of the impedance 
z 

r therefore , closely approaches real number and equation (3 . 17) z a 
0 

c an be rewritten in polar coordinates 

p2 Z ~ Z 
- - [cos 2 Bl + (

2
r sin Bl) 2 ] 2 tan- 1 (

2
r t an Bl) 

p4 - O O 
(3 . 18) 

i n the special case, when the impedance ratio 

r educes to 

z 
r 

z 
0 

= 1 , equation (3. 18) 

(3 .19) 

nalyzing equations (3 . 16) and (3.18), the important conclusion can 

Je seen: the restr iction at the tubing inlet is extremely effective in 
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reducing large amplitude resonances a s ver 1f1e d also by Ref s , (l, 9, 

10, 15). The de :ay is hardl y increasing when the proper restr i ction 

ratio (optimum between 0 . 4 to 0.5 , Ref . (10) is us ed . A large 

diameter tubing with the proper inlet restricti on 1s more effective 

i n r educing the r esonant f requencies and secures a unit r esponse over 

a large frequency range, than a small diameter tubing would, which 

caus es considerable attenuation at higher frequencies. Ana l ysis of 

pressure s ys tem with ins trument volume i s presented in th e appendix . 

The remaining part of this chapter discusses the problem of the 

elastic property of the tubing , When the system is liqui d-f i lled, i t 

is quite often possible that the flexibi lity of the tubing gi ves rise 

to a compressibility comparable to that of the liquid . The simplest 

way to take into account the flexi bility of the tubing is t o define 

and replace the compressibility of the liquid by an effective value b 

and K (Ref . 8) . The effe ctive compressibility fac tor b fo r a liquid, 

taking into account the elastic property of the t ube, becomes then 

P - P d 
b = b + _o _E __ a~ h 

and the effective compressibility of a liquid K is 

P - P d 
K = K + ___;;_o __ a...;__~ 

P E h 
0 

where p = mean liquid pressure, 
0 

p = ambient external pressure (usually atmospheric), 
a 

E = elastic modulus of t he tubing material, and 

h = wall thickness of the ubing . 

(3 . 20) 

( 3 . 21) 
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Equations (3 . 20) and (3.21) have assumed that the thickness of the 

tubing wall is small compared to the tubing diameter . However, the 

effect of the tubes' elastic property on the compressibility as 

expressed in equations (3 . 20) and (3.21) are extremely small . 
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Chapter IV 

EXPERIMENTAL EQUI PMENT AND TECHNI QUE 

The pressure transmission lines from the point where the pressure 

i s being measured to the pre s sure sens i ng i nstrument play an important 

role in dynamic pressure measurements . In order to obtain the maxi mum 

dynamic performance, a flush diaphragm pressure transducer mounted 

directly at the point of the pres sure measurement is des ired, if at 

all poss i ble, since any connecting tub i ng or volume chamber will 

degrade performance to some extent . When this i s not pos sible, the 

use of transmission lines cannot be avoided . 

Theori es di s cussed i n Chapter II describe t he behavior of pressure 

transmission lines . Those theories have been experiment ally verihed . 

However, tubings of short lengths (less than four fe et) show con­

siderable deviation from predic ted values . The purpose of th is 

experiment is to provide sufficient and rel i abl e data to c larify the 

behavior of short connecting tubings exposed to pulse 1.nput . 

The use of commercially available and most frequent ly used 

pressure transducers and connecting tubings were emphasi zed t hrough ­

out this research . The experiment also intends to relieve the pro­

blem of calculating dynamic pressure without i nvolving the complex 

equat ions concerning th i s phenomenon . 

The experiment discussed in this chapter was made i n t he Fluid 

Dynamics and Diffus i on Laboratory at Colorado State University , 
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A. Production of Pulsating Pressure 

For higher accuracy of the measurements, the usage of precisely 

controlled pressure pulse was desirable. A mechanica l device which 

generates such a pulse was constructed from delrin and is shown in 

Figure 6. Its frequency range is limited, of course, but was suf­

ficient for this experiment . Th is pulse generator consists of a valve 

housing with a pressure i nlet- and outl et-port and a rotating valve 

with the shaft supported by two ball bearings . The disc, which served 

as the rotating va l ve to control the air flow, has four intercr ossing 

passages drilled precisely at 45 0 from each other . The line of the 

(inlet+ outlet) ports lies in the plane of these passages, thus, 

as suring perfect a lignment of the ducts in the proper phases of the 

rotation, yielding eight pressure pulses per revolution . 

Care was taken to keep the air gap between rotor and valve 

housing down to a minimum for smallest possible air leakage . Escaping 

pressure could cause a disturbance and amplitude variation in the 

delivered pressure pulses . The rotating valve turns freely in the 

housing, thus, avoiding heat build-up in the system which would affect 

the output signal of the pressure transducer . 

The shaft of t he rotating valve was connected to a Barber Colman 

permanent magnet D.C. motor. This motor is equipped with a gear box, 

reducing the motor speed to 225 0 RPM at full vol tage . The motor was 

powered from a 30V D.C . variable voltage power supply . The construc­

tion of the motor enables it to vary its speed by altering the i nput 

voltage, thus obtain i ng the desired frequencies. 
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The wave fo rm from the pulse-function generator is shown in 

Figures 6b and 6c as it appeared on the dual beam osc i lloscope 

(Tektronix Type 502A) which was used throughout this experiment. At 

low frequency, the oscilloscope trace shows the true output of the 

pulsator; however, from approximately 120 cps the output wave form is 

sinusoidal. 

B. The Pressure Detecting System 

The arrangement of the pressure detecting system and the scheme of 

experiment setup i s illustrated in Figures 7 and 5, respectively . 

Two identical Statham unbonded strain gage type pressure transducers 

Model P22 with a r ange of 0-1 psi was us ed for this experiment. The 

inner construction of this type of pressure transducer consists of a 

flexible diaphragm mechani cally connected to a movable frame with four 

fil aments of strain sensitive res i stance wire and an instrument volume 

(0 . 073 cu . inch) . The filaments are of equal lengths and are arranged 

in the form of a Wheatstone bridge . High resonant frequency did not 

appear in the response of the pressure transducers to pulse input within 

the frequency range 0-300 cps . Therefore, it was concluded that the 

natural frequency of pressure transducers were above the tested frequency 

range. 

The inlet port s of the pressure transducer were connected to a 

manifold made of the same si ze brass tubing as the inlet ports, keep i ng 

the distance from the center of man i fold to the pres sure transducer at 

a practicable minimum (about 1 inch, Figure 37) . The manifold is 

connected through a 5/16-inch I.D . , 6-inch long heavy wall Tygon tube 

to a 1/16- inch DI A. inlet port emb edded in a vertical wall . The 
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5/16" x 611 tube served as a pressure equali zing chamber to make 

certain that equal pressure pases through the mani fold to the pressure 

t rans ducers. 

In order t o assure that the t wo pressure transducers' output are 

i den ical throughout t he frequency range, a control unit was built for 

each trans ducer, Figure 4, Nos , 9, 10 . The schematic diagram is shown 

in Figure 8 . A 3V D.C. power supply, Figure 4, No . 7, excites the 

transducers' strain-gage br i dge , Wi th no pressure the br i dge output 

can be zero ba l anced by adjus ting the var i able resi s tor of zero adjust. 

The pressure transducer output can be controlled by adjusting the 

variable resistor of sensi tivity adjust . This enables one to balance 

the two transducers to deliver i dentical output signals when connected 

t o the same pressure s ourc e . 

Proof of i dentical functioning of the two adjusted pressure 

transducers connected directl y to the man i fold is i llustrated in 

Figures 9 and 10 by the super imposed signal waves on the dual beam 

osci lloscope for several frequencies . 

During the experi ment the transducer kept as reference was 

attached di rectly to the man i fold and the other was connected with the 

tubings to be tes t ed (Figure 12), 

The pres sure t ransducers were ca librated wi th a Meriam water 

manometer (type W, model 30 EB 25) and a pitot static tube served as 

a pickup . The cal i bration curve is shown in Figure 11 . 

The 1/ 16-inch diameter inlet hole in the wall was chosen 

arbitrarily . Several di fferent si zes from 1/32- i nch to 1/8-inch DIA . 

were tested and no effect on the quality of wave output was found . 
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C. Readout Instruments 

The output voltage of the pressure transducers was fed directly 

i nto a dual beam oscilloscope (Figure 5, No. 5) Tektronix model 502 A; 

t hus, the two output wave forms were observed simultaneously. The 

traces were photographed by a polaroid camera and the pictures were 

used to calculate the phase shift . 

The output signals from the pressure transducers, led through a 

distributor switch, were fed into a preamplifier (Figure 5, No. 3) 

Tektronix, type 122 having a gain of 1000 . The signal from the pre­

amplifier then was fed into a RMS voltmeter (Figure 5, No . 2) and into 

an electronic counter (Figure 5, No , 6), HP 523 B for the exact deter­

mination of the frequency . The RMS voltmeter measured the RMS values 

of the pressure transducers ouput signals. The introduction of the 

high gain amplifier was needed to tr i gger the e l ectronic counter . The 

output voltage of the pressure transducers was in the order of milli­

vo lts; therefore, the waves observed on the oscilloscope and recorded 

in the pictures were unampl ified , 

D. Measuremen t Procedure 

The scheme of the complete test setup is shown in Figure 5 and the 

instruments used in Figure 4. The test procedure was as follows , The 

air pressure was regulated to generate waves with amplitude identical 

to one shown in Figures 9 and 10 each time a run was started; therefore, 

in all measurements the pressure input was constant . The pulse genera­

tor outlet port was held against the 1/16-inch DIA. inlet port of the 

pressure chamber (Figure 4, No . 13 and Figure 7) . The gap was 0 . 020 

inches. 
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During the adj ustment of two pre ssure transducers for the same 

output at various fre quency r anges, it was found that the construction 

of the manifold was extremel y i mportant in order to obtain two identi­

cal outputs . The slightest as ymmetry caused considerable difference in 

the pressure transducers output . Therefore, before each run the pres­

sure transducer #2 (Figure 4, No . 11) was calibrated against the 

reference pressure transducer #1 (Figure 4, No . 12) . After calibration, 

the tube to be tested was placed between the manifold outlet port and 

pressure transducer inlet port (Figure 12) , 

Various lengths and I oD. of flexibl e "Tygon" tubings formulation 

R3603, manufactur ed by U. S. Stoneware Co . , were tested. Tubings 

1/8-inch I . D. and up were connected by using couplings with constant 

LD. (0 . 035 inch), length (o 565) , and variable O. D. 's to fit the test 

tubings . The other end of the coup ling was made the same O. D. as the 

pressure transducer i nlet port; thus , the connection with a piece of 

flexible tubing was easily obtai ned. 

Tubings less than 1/ 8 - i nch I . D. were connected directly over the 

manifold and pressure t r ansducer ports . 

By varying the D. C, motor revolut i on (Figure 4, No. 14), the 

desired frequency from the pul se generator was obtained. The pressure 

transducer signals were observed on the dual beam oscilloscope (Figure 

4, No . 5) and were recorded by a pol aroid camera . The signals through 

a double pole switch (Figure 4 , No . 8) through t he preampl i fier (Figure 

4, No . 3) were read on the RMS voltmeter (F i gure 4, No . 2) and the 

frequency of pulses counted on the electron i c counter (Figure 4, No . 6). 

The purpose of the switch was to re cord both pressure transducer 

signals on the same RMS voltmeter by swi t chi ng f _om one signal to the 
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other, thus, avoiding the chance of error caus ed by poss ible 

differences between instruments. 

No special temperature measurements were taken because the entire 

test was made at room temperature thermostatically controlled within 

± 1°c . 

In the electrical system, only the oscilloscope was grounded . All 

cables carrying the signals of pressure transducers were shielded to 

avoid the noise pickup . 
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Chapter V 

ANALYSIS OF DATA 

Data obtained by the technique described in Chapter IV is 

ana yzed in this chapter. This analysis emphasizes comparison 

between the simplified theory discussed in Chapter III and the result 

of this experiment . 

The result of this analysis may be used as a reference in most 

practical cases when high accuracy of the solution is not absolutely 

necessary . The experimental data can be analyzed from the following 

points of view: 

1 . Simple tube system with neglig i ble instrument volume, no 

inlet restriction. 

2. Tube system with i nlet restrictions , 

3 . Test results of the elastic tub i ngs , 

4 . Phase shift analysis . 

A. Simple Tube System with Negligible Instrument Volume, No Inlet 
Restriction 

For this test, relatively small inside diameter tubings were 

selected to fit over the th i n inlet port of the pressure transducer 

and the manifold to avoid the use of a coupling which might act as an 

inlet restriction . 

Three pieces of tub i ngs were tested - all the same length (3 ft) 

but different I. 0 , (3/32", 1/16", and O. 052") , Their amplitude ratio 

versus frequency is plotted in Figure 13 . The plot of the 3/32" I . D. 
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tubing shows clearly the f i rst re s onant peak at 15 cps but its 

ampl itude is only 1 . 05 magnitude (Figure 24) , Due to the larger DIA, 

its attenuation i s less steep compared to the two smaller DIA tubings . 

The 1/16" I .D . showed a high amplitude amplification (1 . 13) at the 

first resonance frequency regi on, around 30 cps (Figure 25 . I has 

steeper attenuation until approximately 120 cps compared wi th the 

larger DIA tubing . 

I. B. M. computer program was written to calculate a 1/ 16 11 inside 

diameter, 3-ft long tubing r esponse for di fferent value of a us i ng 

equat ion (A.2) , taking i nto account the volume of the pres sure 

transducer . The resonant peaks appearing at low frequency are well 

predicted by equation (3 . 6) (Figure 39) for small diameter tubing with 

no i nlet rest riction . 

The low amp litude of the resonance frequency of the tub i ng with 

3/32 11 I , D. i s probably caused by in let restriction effect due to the 

size difference between t he manifold outl et (and the pressure trans­

ducer i nlet, respectively) and the tubing I . D. even though no extra 

coupl ing was used . 

Theories (10, 15 predict that no resonance frequency occurs when 

the tubing I , D. is suffic iently small. This experiment indi cat es that 

the 1/16" I . D, tubing has a large resonant peak; therefore, i t cannot 

be considered " small 11 enough . The O. 05 2" I. D. tubing shows ver y small 

(1 . 01 ) resonant peak; therefore, i t can be considered suffici ently 

"small 11 to damp the first res onant peak . 

The occurrence of the f i rst resonant peak i n the 1/16 11 I . D. tubing 

can be analy zed more in detail in Figure 14, where the amplitude ratio 

of different leng h tubings are plotted against frequency Different 
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tube lengths produce different amp l itude res onant peaks . The 

magni tude of the resonance peak i s a maximum for a tube length of 12 

i nches, where the magni fication factor is 1 . 25 (Figure 26) , Decreasing 

t he tube length below 12 inches causes the ampl i tude of the resonance 

frequency to become more and more fl at unt i l the pressure P
4 

equals 

P
2 

. This amplitude decrease is very gradual and even for a one-inch 

tube length an amplitude still exists (Figure 27) . 

Attenuation of the 1/16" I . D. tubing is i n good agreement with the 

predicted values (Figure 39) after the first resonance peak is 

i ncreasing rapid y . The frequency where the unity line is crossed 

increases as the tube length becomes shorter. Three-ft long tubings 

with I . D. less than 1/16" show very rapid attenuat ion (Figure 13) . 

It should be noted that the appearance of the resonance peaks at 

high frequency is relatively uneffected by the length and I , D. of the 

tubing or by any coupl i ng effect (Figures 13 and 14) . The magnitude 

of the peak shows sl i ght sensit i vi ty towards I . D. of t he tubing and 

dimi nishes with the decrease of tube length and wi th the i ncrease of 

I.D . of the tub i ng . All thi s resonance peaks s tart around 240 cps 

(Figure 28) , reach max i mum at approxi mately 270 cps (Figure 29), and 

decrease gradually a t higher frequencies , A comparison of -Fig res 28 

and 29 clearly shows the increas ed pressure in the tubing between 

frequenc i es 240 and 270 cps . 

B. Tube System with an Inlet Restri ction 

In the test procedure, tubings larger than 3/32" I.D . were 

connected to the pressure trans ducer and the man i fold by means of 

coupl ings . Thus, t he system could be treated as one with an inlet 
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restri ction . The l ength and I . D. of the coupling 5 were kept constant 

(ratio of .062) throughout the experi ment . 

The response of var i ous J , D. t ubes with connector, all the same 

length (3 ft) are shown i n Figure 15 . Ne ither of the plots showed any 

first resonance frequency which was predi cted in theory equations 

(3 . 16) and (3. 18); that is, the inlet restri ction reduces the first 

re sonance frequency (Figure 30) , However , the coupling effect does 

not prevent the occurrence of resonance peaks at hi gher frequencies 

(270 cps) . The magnitude of these peaks is a function of the tube 

I . D., i t is i nversely proportional to the i nside diameter of the 

tubing (Figures 31, 32, and 33 The at t enuation has an increasing 

gradi ent with i ncreased tubing inside diamete r until about 60 cps. 

From there on it becomes nearly l i near t o about 220 cps , 

Amplitude ratio i s plotted against frequen cy for several tube 

lengths below 3 f t i n Fi gure 16, 1/8'' ins i de di ameter and Figure 17, 

for 1/4" inside diameter . These curves do not show a first resonance 

frequency , but a peak at high frequency is present in all . Comparison 

between Fi gures 16 and 17 show an import ant result , The 1/8" inside 

diame ter tub i ng is much more s uitable for practical application . The 

attenuation i s hard ly effected by the length of the tube and the 

curves are very close t o each other , The value of the ampl itude ratio 

approaches one as the length of the tubing be comes shorter (one i nch) . 

The attenuation is very gradual and almost linear up t o 220 cps . The 

curves on Figure 17 are more dispersed , Due t o t he larger diameter, 

the attenuation is much more sensit ive to t he changes of t ube length . 

The value of t he ampl i tude ratio i s one only for very short tubings 

(one inch) until approxi matel y 38 cps . 
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The result of the test proves that coup l ings serving as inlet 

restrictions are very effective in reducing the first resonance fre­

quency, while they do not cause any noticeable change to resonance peaks 

at high frequency . 

C. Test Result of Elastic Tubing 

Experiments were run to determine possible effects of the elastic 

properties of commercially available tub i ngs on the pressure pulse 

response. The setup of the previ ous experiments was used; the system 

was air filled wi th the pressure kept approximately 1/2 psi , Instru­

ment volume was negligible . 

Comparative studies were done on tubings of different materials 

but constant inside diameter (1/8 ") in two different lengths, 3 ft and 

10 in . : 

1 . rigid wall tube 

2 . flexible 1/16" wall, Tygon tubing* 

3 . flexible 1/ 32" wall, rubber tubing . 

Amplitude ratio versus frequency of the above mentioned tubing is 

shown i n Figures 18 and 19 . 

The result indicates that - under tested pressure ( l /2 psi) and 

frequency range (0-300) - no significant difference between the most 

flexible rubber tubing and the more stiff Tygon tubing. Their curves 

are almost identical , However, some deviation from the rigid wall 

tubing exists . This is probably due to the different coup ling solu­

tion which had to be applied to connect the rigid wall tubing to the 

pressure transducer and to the manifold . 

*Tygon t ub ings with the thinest available wall (1/32") were compared 
with heavier (1/16" ) over a large range of tube length and I.D , No 
noteworthy difference was found , 
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D. Phase Shift Analysis 

The phase rel ations were cal culated from the traces appearing on 

the dual beam oscilloscope . A plot of this phase shift versus fre­

quency for various tubing I.D , ' s having the same length (3 ft ) is 

illustrated 1n Figure 21 . These curves show that the following general 

character i stics are common to the response curves (Figure 20). The 

phase angle shifts very slowly until the first resonance frequency is 

reached. Almost no lag can be detected in the frequency range up to 

10 cps Figure 34). From thereon a rapid change occurs until it 

reaches about 70° at approximately 40 cps (Figure 35) . Then for a 

short frequency range (40 -60 cps) the phase shift remains almost con­

stant . The lag from thereon increases . The rate of change of lag­

angle wi th i ncreasing frequency becomes more and more linear as the 

ampl i tude ratio becomes nearly linear . The second detected resonance 

fre quency doe s not affect the linearity of phase lag . In case of a 

shorter tubing (approximately 1 ft) (Figure 22), the phase lag shows 

more linearity during first resonance frequency; however, it becomes 

nonlinear as the frequency increases. During the second resonance 

frequency the phase lag decreases (Figure 36) . 

E. Summary of Analysis 

A general plot of the response of all 3-ft long flexible and rigid 

wall tubes is shown in Figure 20 . Tubes with small diameter which were 

free from inlet restrictions show first resonance peaks predicted by 

the theory. The tube with large I . D. where a coupling had to be used 

and thus was treated as a tube system with inlet restriction shows no 

first resonance frequency . The coupling, therefore, is very effective 

in damp ing the resonance frequency as mentioned in (1 , 8, 10, 15). 
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Tubing wi th inside diameter less than 1/16" are free from first 

resonan ce peaks, but their attenuation is progressing rapidly with the 

increase of frequency up to 100 cps. The above experimental resul ts 

were well predicted by the s implified theory discussed in Chapter III . 

The appearance of resonance peaks at higher (270 cps) frequencies 

are not affected by either an inlet restriction or very small diameter 

and/or length of the tubing. The response curves which were ca l culated 

from equation (3.6) (Figure 39) indicates no resonance frequency in 

this range. These peaks appeared always in the same frequency range 

regardless of the tubing geometry . Therefore, it was concluded that 

this is the resonant frequency of the system and it is independent of 

the tested tubing. Because of the high frequency at which it sets in, 

no special investigation was made to define them . 

No commercially available tubings, including the most flexible 

1/32" walled, showed any elastic property at tested pressure (1/2 psi) 

and frequency range (0-300). 
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Chapter VI 

CONCLUSIONS 

The response characteristics of short pressure lines to pulse 

input were experimentally investigated . The results of the experi­

ment are summarized as follows: 

1 . For low air pressure applications commercially available, 

flexible tubings can be treated as rigid wall tubes . 

2. To obtain flat response, the shortest possible tube should 

be used. 

3 . In order to avoid the phenomenon of low frequency resonant 

peak, either small ins i de diameter tubing less than 1/16 inch 

or larger I . D. with inlet restriction, should be employed. 

4 . Small I . D. tubings, 1/16 inch and less, have considerable 

attenuation up to 120 cps. Tubes of large inside diameter of 

1/4 inch with inlet restrictions showed progressed attenuation 

to approximately 60 cps . 

5 . For practical applications where various tube lengths are 

required, the optimum is found to be 1/8-inch I.D . with i nlet 

restriction to reduce resonance frequency. The effect of the 

length on the r esponse is minimum at th i s di ameter . Slight 

attenuation takes place . 

6 . Pressure is slightly affected by the tube characteristics 

bet ween 120 and 220 cps (Figure 24). 
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7. The lack of a method for calculating the attenuation constant 

a , limits the general application of the equations discussed 

in Chapter III. The value of a is critical in computation 

of the response curves (Figure 39) . 

8. In case of short length tubing of 1/2 - 3 ft after the first 

resonance peak, the phase lag is nearly linear. In case of 

very short tubing, 2 inches and less, the lag becomes non­

linear and tends to shift toward zero wi th the increase of 

frequency. 

The experiment is of use for dynamic pressure measurements at the 

des:::ribed range where the existing theories are inaccurate. 
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APPENDIX 

In Chapter III detailed theoretical anlysis is given to determine 

the general response of pressure transmission lines to pulse input . 

The theory is then simplified, assuming negligible instrument volume. 

The response of flexible tubing was determined experimentally using 

identical pressure transducers. Even though the reference pressure 

transducer was kept at a practicable minimum distance (1 inch) from 

the center of the manifold, it did not measure the true pressure 

exis t ing in the manifold. It is of interest to know the degree of 

pre3sure change in case of such short connecting passage. 

Because of the small volume of the connecting tubing, the internal 

voL1me of the pressure transducer cannot be neglected . The instru­

ment i mpedance in such cases is a function only of its volumetric 

cap~city and can be written 

The characteristic impedance of the tubing as given by equation (3 . 4) 

is 

z 
0 

= a + j f3 = 
y 

4 (a + JS ) .tKP av 

The ratio of these impedancies is 

(A . l ) 



53 

This impedance r a t io appears in equation (3 .6 ) and its va lue depends on 

the ratio of the pressure transducer volume t o the total volume of the 

passage . Equation (3 . 6) is altered to include equation (A. l ) , only the 

values of real quantiti es and phase angles, 

.k I = (sinh 2 al+ cos 2 Sl) 2 ft an- l (tan Sl tanh al) 

(A . 2) 

Equation (A .2) defines the ratio of the pressure amplitude at the 

manifold end of the passage to the amplitude existing at the pressure 

transducer volume. 

In order to apply equation (A . 2) to the reference pressure system, 

the value of a had to be determined experimentally . In Chapter III 

a was defined as an attenuation cons tant determined by the decrement 

in pressure amplitude per leng th of tubing . In th is present work a 

was determined for a 0.035-inch inside diameter tub ing (same I . D. as 

the pressure transducer and manifold ports), 1 1/8-inch long. It was 

found to vary with the square root of the applied frequency. Its 

value is 0.022 /J . Value of S was calculated from the veloci ties 

of propagation in different I . D. tubings given in Figure 5, Ref. (15) . 

The value of free -air velocity was rounded off to 1000 ft/sec. The 

pressure transducer internal volume was 0 . 073 cubic inch , length of 

the passage 1 inch and the inside diameter of the passage was 0 . 035 

in ch. 
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An I.B . M. computer program was written to calculate the reference 

pressure system res?onse, using equation (A.2) for a frequency range 

0-300 cps. The result of the calculation is presented in Figure 38. 

The computation was accomplished by a C. D. C 6400 computer at 

Colorado State University Computer Center . 
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I. SHAFT 

l 2. BALL BEARINGS ( a ) 
3. VALVE HOUSING 

4. ROTATING VALVE 

5. PRESSURE INLET PORT 

6. PRESSURE OUTLET PORT 

(b) (c) 

Figure 6. Ro t a t ing va l ve pulse-funct ion generator 
a) Cons t r uctional f eatures of pul sator 
b) Output wave form at low frequency 
c) Output wave form at high frequency 



Fi gure 7 . Pressure ?ulse generat or an<l pressur e ce t ecting 
system i n ca libr ation position 



INPUT 
3 voe 

SENSITIVITY 

ADJ. 

100.0. 68.0. 

r----------------, 
1 PRESSURE 
: TRANSDUCER 
1 STRAIN - GAGE 
: BRIDGE 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

- ---------------- _J 

OUTPUT 

Figure 8. Pressure transducer strain-gage bridge with sensitivity and balance 
control circuit 



63 

Time scale 20 msec /cm 
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Figure 9 . Superimposed pressure transducer output 
wave form at low frequency 
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Ampl. sca l e 1 mv/ cm 
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Time scal e 5 msec / cm 
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Figure 10 . Superimposed pressure transducer output 
wave form at high frequency 
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Figure 12 . Pressure sensing system with the test tube 
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Figure 24. Pressure deviation in a 3-ft long, 3/32-inch diameter tubing 



Figure 25. Pressure deviation in a 3-ft lone , 1/16-inch insi <le diameter tubing 
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Figure 26. Pressure deviation in a 1-f t long , 1/16-inch inside J iameter tubing 

c., 
0 



++t-·• 

•· -

I 
L_ _ _ ___,1--_____ ,.._ ________ _ 

Figure 27. Pressure deviation in a 1-inch long , 1/16-inch inside di ameter tubing 



Figur e 28. Pressure deviation i n a 3-ft long, 1/16-inc, insi c e lliameter tubing 
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Figure 29. Pressure Jeviat i on rn a 3 - :fi.: long, 1/16 - i nch inside diameter tubing 



Figure 30. Pressure deviation i11 a 3-ft long, 1/8-inch inside diameter tubing 



Fi gure 31. Pressure deviation in a 3-ft long , 1/S-inch inside dia~•1eter tubing 
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Figure 32. Pressure devia ticn in a 3-ft long, 5/32- inch inside ~iameter t ub ing 
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Figure 33 . Pressure oeviation in a 3-ft long 

1/4-inch inside dia~eter tubing 



Figu~e 34. Phase shift i n a 3- ft long , 5/32-inch inside diameter tut ing 



Figure 35. Phase shift i n a 3-ft long , 3/32- inch inside diameter tubing 



Figure 36. Phase shift in a 3-inch long, 1/16-inch inside diameter tubing 
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