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A Modified Block FTF Adaptive Algorithm with
Applications to Underwater Target Detection

Mohammed A. Hasan and Mahmood R. Azimi-Sadjadi, Senior Member, IEEE

Abstract—— In this paper, the problem of weighted block re-
cursive least squares (RLS) adaptive filtering is formulated in
the context of block fast transversal filter (FTF) algorithm. This
“modified block FTF algorithm” is derived by modifying the con-
strained block-LS cost function to guarantee global optimality.
This new soft-constrained algorithm provides an efficient way
of transferring weight information between blocks of data. The
tracking ability of the algorithm can be controlled by varying the
block length and/or a soft constrained parameter. This algorithm
is computationally more efficient compared with other LS-based
schemes. The effectiveness of this algorithm is tested on a real-
life problem dealing with underwater target identification from
acoustic backscatter. The process involves the identification of the
presence of resonance in the acoustic backscatter from a target
of unknown shape submerged in water.

1. INTRODUCTION

LOCK LMS (BLMS) adaptive filtering was studied in
Bseveral papers [1], [2] as an efficient means to perform
adaptive filtering on nonstationary data. Using this scheme,
the filter tap weights are updated once per each block rather
than once per each sample as with the conventional filters.
Among the benefits of this class of filters are: low com-
putational requirements, especially when implemented using
fast transform schemes, reduced round-off error effects, high
inherent parallelism, etc [1]. However, the learning rate in
this algorithm is not data dependent, and additionaily, LMS-
based algorithms typically suffer from speed-accuracy trade-
off problems.

In [3], a block FTF structure was developed that can
be used to process either consecutive blocks of data or
- discontinuous variable length blocks of data. In this method,
a block-least squares (LS) cost function is minimized in every
block independently. As a result, this algorithm guarantees
a locally optimal solution in each block. This algorithm is
computationally very efficient compared with other L.S-based
schemes. To transfer weight information from one block
to the next, a soft constrained method was suggested by
modifying the block-LS cost function. The tracking ability of
this algorithm can be controlled by varying the block length
and/or the soft constrained parameter [3]. For example, in
many applications, fast tracking is required only over an initial
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“start-up” time, after which only much slower tracking will be
sufficient. This can be achieved by using a) smaller size blocks
at the start and then gradually increasing the block length
and/or b) smaller soft-constrained parameter at the beginning -
and then increasing this parameter. The latter algorithm is
referred to as “growing memory tracking” in [3]. However,
due to the modifications to the block-LS cost function, the
optimality is traded in favor of information transfer between
the data blocks.

We will begin by showing how the soft-constrained term in
[3] can be chosen to guarantee a near optimal solution. Then, a
new modified block FTF algorithm is suggested that provides
a more efficient means of weight transferring between the data
blocks while maintaining the optimality of the solution. The
implementation of this scheme using the original block FTF
structure is then suggested. The effectiveness of our algorithm
is tested on the underwater target identification problem from
acoustic backscattered signals.

Various signal processing schemes [4]-[8] have been pro-
posed in the literature to extract resonance information from
the acoustic backscatter from objects of regular shapes such
as thin spherical or cylindrical shells submerged in water. In
[4], a joint time-frequency analysis of the impulse response
of a spherical shell has been studied for characterization of
the surface waves on an elastic shell using the Wigner—Ville
distribution. The wavelet transform using five-cycle cosine-
modulated Gaussian wavelet approximations was applied to
the impulse response of a spherical shell of differing thickness
to examine resonance characteristics of the target [5]. A
wavelet-based classifier that uses an artificial neural network to
adaptively compute discriminatory information on a target in
the form of locations, sizes, and weights of Gaussian patches in
time scale is described in [6]. The method in [7] uses a short-
time Fourier transform to determine the resonance spectrum
of submerged elastic cylindrical wires.

In [8], an RLS-based adaptive filtering scheme for the sep-
aration of resonant and specular components in the backscat-
tered signal from objects of arbitrary shape is developed.
The test results in this reference indicated that unlike the
previous methods, no underlying model assumptions on the
elastic return, and no a priori knowledge on the signal statistics
would be required. In- addition, this method offers excellent
robustness in presence of noise and great performance for
relatively stationary backscattered signals and is ideally suited
for on-line processing situations. However, these results also
revealed the interesting fact that for certain aspect angles,
where the backscattered signal exhibits highly nonstationary
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behavior, the system attempts to track the variations of the
backscattered. This problem can be circumvented if the track-
ing ability of the adaptation algorithm can be controlled. Since
there exists a time delay between the onset of the specular and
resonant components, we start out with fast tracking before the
appearance of the resonant component and slow tracking (or
no tracking at all) when this component has occurred. This is
addressed in this paper by using the proposed modified block
FTF structure.

This paper is organized as follows. In Section II, the neces-
sary notation, vector space interpretation of the LS problem,
and analysis of soft-constrained algorithm are introduced. The
modified block FTF is derived in Section III. Generalization
of the modified block FTF is derived in Section IV. The
performance of the algorithm is demonstrated, and the test
results are presented in Section V.

II. BLock FTF ADAPTIVE FILTER [3]

The original block FTF problem as stated in [3] is the
determination of the weight vector Wy, that minimizes the
block LS cost function

k

Evie =y (d(r) = WyunXn)*(dr) - Wy Xnr) (1)
r=k—I1+1

where x denotes conjugate transpose, Xp =

[z*(7) z*(r — N + 1)]* is the input vector with

z(r) being the input signal at time r, and where

d(r) desired signal

N number of parameters in the weight vector Wi

l length of the block

k  highest time index in the block.

Next, let us define the general aggregate data matrix and
desired vector in (2), which appears at the bottom of the page,
and dy. = [d(k) d(k-1) d(k =14+ 1)*.

Defining the error block vector ey = di, — XnieWiyy»
(1) can be rewritten as {nik, = €€ N1E- Minimizing (1) with
respect to Wy, gives the normal equation €3 Xy = 0
from which the block-LS solution can be obtained as

Wik = dj K nik- 3

In addition, we can write exy, = Prdik, and v
d}, Py dip, where Knio = Xnu{ X3 Xnw}?, Paie
XNM{XI*W,CXNUC}#XI*\%, and # represents any generalized
inverse that usually reduces to the standard inverse when the
quantity involved is invertible.

Note that in the multichannel case, z(r) is a p X 1 vector,
and d(r) is a ¢ x 1 vector that makes Wy, a ¢ X np matrix.
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Equation (3) can be solved recursively in every block using
either an RLS-based scheme that requires O(N?) operations
per sample or an FTF-type algorithm [3] with only O(N)
computational efforts per sample.

A. Geometric Projections and Updating Formulae

To develop a transversal filter structure, the following defini-
tions are needed. The operator that projects an L-dimensional
vector onto the subspace spanned by the columns of an
L x n data matrix X is Px X(X*X)1X*, and its
orthogonal complement is Py = I — X(X*X)~1X*. Note
that P2 = Px, and consequently, P5 Py = 0. A transversal
filter operator defined in terms of the data matrix X is Kx =
X(X*X)~!. All residuals and cross-correlation coefficients
may be expressed in the form u*P)J(:’zv, and all transversal
filters may be written as v* K x [9], [10]. Updating transversal
parameters involves appending new information to the data
matrix. Thus, the new data matrix will have {X} @ {z} as
its subspace. The quantity Px . will denote projection on the
subspace {X} @ {z}. spanned by the columns of X and 2.
Augmenting a vector z to the collection of vectors X leads to
the following projection updating rule (see [9] and [10]):

u*Pg v =u*Pxv — w PE2(2*Psz) ' Pyv.  (4a)

The transversal filters are updated using

w*Kx., = [u*Kx|0] + " Pl 2(2* P 2) [~ 2" Kx|I], (4b)
v K, x =[0lu"Kx] + u*P)J(‘z(z*P)%z)—l[I[—z*KX] (4c)

where u, v, and # are matrices in O?*¥ where C is the field of
complex numbers. The choice of the matrices u and v depends
on the parameters to be updated, and z determines the type of
update being performed on the parameters.

In the sequel, the unit vector e; will be used to denote a
vector with all entries as zeros except 1 in the :th position.
The dimension of this vector is conformable with the context
in which it appears.

Let X = [f;] such that X is an [ — 1 X n matrix forming

the first [ — 1 rows of X, and x5 is the /th row of X. Then

v

0 ] = Kx + Pieile} Pe)) H—e Kx]. 3)

Similarly, if we use the decomposition X = [;”(12 ] , where z

is the first row of X and X5 is a matrix of the last [ — 1 rows
of X, then

0 * - *
[K ] =Kx+ P)%el(elegel) 1[—elK.X]- 6)
X2

Xtk = [Tt Zik—1 Tih—nt1 ]
z*(k) z*(k - 1) z*(k—n+1)
z*(k—-1) z*(k-2) z*(k —n) @)
x*(k _l+ 1) . r*(k_l) ........ x*(k_n_l +2)
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Note that appending e; or e; to the columns of X leads to the
following projection updating rules:

0 o n 0 Pg
)%;elz{o p)JJ’ and PX;ez:[O 0)*{} 0

The block FTF algorithm is the direct result of certain sub-
stitutions for u, v,z in (4)—(6) that lead to a closed set of

recursions. The original block FTF algorithm is given in [3]

(see Tables II-IV in this reference).

B. Block FTF and Soft-Constrained Algorithm

In the block FTF algorithm, the weights are updated block-
wise using an order update procedure, and the filtering is
performed on each block individually. To transfer the weight
information interblockwise, the soft-constrained algorithm [3]
can be used. In this algorithm, the following soft-constrained
block-LS cost function is minimized:

k
Ente = 1| [Wie = WollP + > (d(r)
r=k—I(+1

= Wi Xne )™ (d(r) = WX wy) (®)

where (11, is a nonnegative quantity used to weight the effect of
initial conditions on the cost criterion, and Wy is a 1 x N row
vector that represents some initial setting for Wy, prior to
processing the data from £ —[+1 to k. The vector W, could be
the weight solution from the previous block, in which case, this
algorithm provides a way to transfer information from previous
data blocks to the current data block. The soft constraint term
allows greater flexibility in varying the tracking ability of
the block FTF and, at the same time, avoiding singularity
difficulties. By choosing very large values of piy, the tracking
ability of block FTF algorithm can be slowed down.

The updating rules for this algorithm- are the same as in
the order update algorithm [3, Table IV], except that the
matrices Xy and dy, are replaced by Xy 14, and din i,
respectively, which are defined by (9), which appears at the
bottom of the page, and

dipnge =[d(k),d(k - 1), -,
d(k -1+ 1)7 NI/ZWC&N—I» e 11UJ1/2W070]*

where WO = [WO’O
is

Wo,n—1], and the weight solution
Wi itn ke = dion 1 KN i3 - (10

In [3], three different schemes were suggested to control
the tracking capability of block FTF by changing: the soft-
constraint parameter u;, and/or the block length /. These are
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called growing memory tracking, fixed memory tracking, and
variable memory tracking. In the growing memory tracking,
the tracking capability of the algorithm is steadily diminished
by increasing the soft-constraint parameter y while the block
length is kept fixed. Fixed memory tracking, on the other
hand, offers better tracking of slow variations in Wyy;. In.
this algorithm, the soft-constraint parameter u; and the block
length [ take certain fixed values. Finally, in the variable
memory tracking algorithm, both pj and [ are varied from
block to block. In the next section, we analyze the optimality
properties of the soft-constrained block FTF algorithm.

C. Analysis of Soft Constrained Block FTF Algorithms

In this section, we investigate rigorously the effects of the
parameter uj and the initial weight vector Wy on the opti-
mality of soft-constrained block-LS solution. For notational
convenience, we will drop the subscripts of X, W, d and use
X, W;, and d; to denote the data matrix, the weight vector,
and desired vector for the ith block. In the soft constrained
block-LS problem, the cost function to be minimized can be
rewritten as '

Minimize §i = [J,i(Wi — Wo)(T/V, — Wo)*

+(d; - WiX))(d; - WiX[)". (1D

The factor u; allows the control of the influence of the soft
constrained term on the squared error sum. The main purpose
of using soft constraint, besides keeping the weights bounded
and, hence, providing numerical stability, is to give certain
weight to some initial weight vector Wy of previous data block
that might have been obtained by some other methods. It can
easily be checked that the solution that minimizes &; in (11) is

W,L'SO& — WO + (d: — WOX:()Xl{.U’%I + X;Xi}_—l- (12)

Let WM = d!X;(X;X;)~" be the LS solution for the ith
block; then, (12) can be rearranged so that

WP = Wo o+ (WS — Wo) X7 X + X7 X370 (13)
or equivalently

Wit = WS — 1, (WES — Wo){l + X2 X3 (14)

By examining the equivalent forms (12)-(14), it is obvious
that substituting 4, = 0 in (14) yields the LS -solution, i.e.,
maximum- tracking, whereas substituting pu; oo in (13)
yields the initial weight vector Wy, i.e., no tracking. This
implies that the soft-constrained solution for p; # 0 is neither
locally nor globally optimal. The following theorem shows the

XNI4NE = [Z14NE T4 NE-1 T Nb—N11) =

o z*(k) z*(k-1) z*(k—=N+1) 7
(k-1 2*(k-2) z*(k — N)
‘%; (k_l Jr 1) . m*(k_l) ........ x*(k_N_H— 2) o
0 0 #1/2
B N1/2 ........... 0 ................... S |
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relation between the soft-constrained solution and the global
LS solution of two consecutive blocks.

Theorem 2.1: Consider two consecutive blocks of lengths
[, and l5 with data matrices and desired vectors X1, d; and
Xo, do, respectively. Let W; and Wy be the LS solutions
of the two individual blocks, ie., W; = d} X;(XX;)~! for
1 = 1, 2. Then, the LS solution for the whole data sequence is

WS = (&1 X1 + d5 X)) { X1 X1 + X3 X} 7! (15a)
or alternatively

WS = Wy + (Wy — W) X3 Xo{ X7 X1 + X3 X} (15b)
and the soft-constrained solution is

weoft — W, + (W2 — Wl)X;XQ{HI—i— X;XQ}_I, (16)

Additionally, there exists a constant A > 0 such that

HVVSOPc - WLsHmin < A(/\maX(X;Xl) - )‘min(Xle))-

This minimum is achieved when

— Amax(Xle) + )\min(Xile)
2 ;

for which the soft-constrained solution corresponds to a nearly
optimal solution.
Proof: See Appendix A.

Remark: Comparing (15b) and (16) yields that W= and
WS are identical if X;X; = ul, which is not practically
feasible. However, this suggests that to minimize the difference
||[Wseft —WLS||, we have to choose y that minimizes || X X1 —
pI||. Note that W= = WIS if all eigenvalues of XX,
are equal. In that case, X7 X; = A] = ul, i.e., the data are
decorrelated and stationary, which rarely occurs in reality as
mentioned before.

The results of Theorem 2.1 can easily be extended to the
general case by considering all the previous data samples to
be contained in the first block. As can be observed from
these results, if the solution is to be near the global optimal
solution for multiple blocks, the soft-constrained parameter
should be chosen, depending on the eigenvalues of the prior
data correlation matrix. Even though there are a number of
algorithms available that allow recursive determination of
these eigenvalues, this is not a particularly feasible scheme.

In the next section, we develop a new class of block
FTF algorithms that allows greater flexibility in tracking by
adjusting the block length, and at the same time, all the
information in the previous blocks are fully transferred to
determine the current block weight. This algorithm differs
from the block FTF algorithm [3] in several aspects. As shown
before, the block FTF in [3] transfers the useful information
between blocks using weighted initial condition, whereas
this algorithm transfers information using some weighted
correlation matrices of previous blocks, which yields better
tracking, whereas for certain weighting, it guarantees globally
optimal solution; this is a feature that is not present in the
block FTF [3]. Moreover, this algorithm can be used as a time
update algorithm by choosing the block length/ to be one.
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III. THE MODIFIED BLOCK FTF ALGORITHM

A. A New Soft-Constrained Block-LS Cost Function -

While the soft constrained block FTF algorithm of [3] is
very convenient to use, it does not provide an optimal solution
when needed especially for the first few blocks where fast
tracking is desired. As shown above, the maximum amount
of information that can be transferred from a previous block
X; to a current block X, is dependent on the quantity
(Amax(X7X1) = Amin(X7FX1))/2, which could be very large
in a nonstationary environment and highly correlated data.
In this section, we develop a soft constrained algorithm that
can transfer as much information as needed by weighting
the previous data blocks. To establish a better choice of the
soft constraint term, let us first consider the following soft-
constrained LS problem: :

(Wi = W) P(W; = Wiq)*
+ (d] - W, X7)(d} — W, X[)*

Minimize ¢;
an

where P is a positive semi-definite matrix. Note that (17)
becomes the original soft-constrained problem in (11) if P =
i I and W;_; = Wy. The solution of (17) can be shown to be

Wit = (i X; + W1 P)Y{P + X/ X}
=Wisy + (df = Wi 1 X)X {P+ X/ X} 71 (18)

or, equivalently,

Wt = Wiy 4+ (WE - W)X X {P+ XX}~ (19)

where WS is the LS solution of the block of data matrix X;
and desired vector d;. Again, if we consider two consecutive
blocks with data matrices X; and X, then comparing (19)
when ¢ = 2 with the global LS solution given by (15b)
suggests that Wsoft = WIS if and only if P = X} X}, i.e., to
transfer all information from the block X; to the block X,
the matrix P must be chosen to be X7 X;. This result is very
interesting as it shows how the soft-constrained LS method can
be modified in order to maximally transfer the data and, more
importantly, generate a globally optimal block-LS solution.
This result is generalized in the following developments.

Now, let us consider M consecutive (not necessarily equal
size) blocks with data matrices Xy, ---, Xy and desired
vectors dy,---,dys, respectively, and define the following
modified block-LS cost functions that must be minimized.
M-1

Z l/'iXi*Xi)

=7

Minimize £557 = (W — Wit)) <

(W = Wit
+ (dg = WX3)(di - WXG)' (20)

and
Minimize ¢85 = (d, — WX (dhy — WX3i)*
M-1
+ > wildf - WX])(df - WXF)" 21)

where W]S‘;f_t 1 in (20) minimizes §ﬁ)}fﬁl in the block M — 1.
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Note that the first cost function represents the cost function
for a soft-constrained block-LS problem while the second one
is the weighted block-LS problem. The next theorem shows
that these problems can lead to the same solution if the ui
are properly chosen.

Theorem 3.1: Consider the LS minimization problems de-
fined in (20) and (21):

a) The solutions W32 and W15, of these are, respectively,

given by
W;;ft W]T;ftl + (dM Wsof’c X?\})
; M-1 -1
-XM{XX/[XM-F Z /»‘iXi*Xi} (22)
WiP =Wis | + {(dy, - X}\k/[)X

+(#M—1—1)(dM L= W X ) X1}

M-1 -1
: (X&XM + Z NiXi*Xi>

=7

(23)

with initial condition WS"ft W = &5 X1 (X3 X,)!

b) The two solutions are equal if and only if pu; = 1 for

t=1,---,M — 1. Note that up = 1.
Proof: See Appendix B.

Note that in the modified soft-constrained block-LS case
in (20), tracking can be controlled by varying the number of
blocks processed and the block lengths. The case r = 1, u; = 1
fort=1,..., M yields the optimal solution for the whole data
set up to the upper edge of the Mth block, whereas the case
p; =0fori=1,..., M — 1 yields the block FTF algorithm
of [3].

To implement the results of Theorem 3.1 using the original
block FTF, the following algorithm for the modified block
FTF algorithm is given.

B. Implementation of Modified Block FTF

To be consistent with the notation of Section II, the sth block
with data matrix X; will be denoted by Xy, 1,, where k; is
the highest time index in X; and [; is the size of the block.

One can view the block FTF algorithm in [3, Table IV] as a
method of computing . Xni,k, { X3y x. X ik, } 1, where
XNk, is any matrix of the form given in (2). Let {X;} M,
be as in Theorem 3.1, and let

AV UM~1X1*\</[*1
erX:]*

=[XM V=2 Xy o

XNLyku

where Ly, = Ef\ir l;, and [; is the size of the ith block X;.
This Ly x N matrix X nr,,,k,, satisfies the shifting property
for each M if only if u; = 1,4 = 1,---, M, in which case,
the block LS solution can be obtained recursively by applying
the fast block FTF algorithm stated in [3, Table IV].

As shown in Theorem 3.1, the updating equation for the
weight vector can be rewritten as

Wi Lyka = WNLy1ka_s T AWNLM"JM (24)
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where
AWNLackss = (k0 = WNLsikar s X Niggkas)
M -1
XNt eas (Z X;‘MXNliki> (25)
and dj, 1, is the desired vector for the Mth block.

As in [3, Table II], the correlator quantities p,;j, and
Ik, for a block with data matrix X,,;,5, are, in our case,
deﬁned_as Dnlik; = zfiki;nwlm and hppp, = x}:ki—ndlikz’
where di.;, = (d],x, — War,_ k., X1 1. ) Xni;k,» Which for
convenience can be written collectively in matrix form as

Hyir, = [hot;t,
Pk, = [potk,

Since an optimal solution is required for each block, the pa-
rameters o, , 5ol k; > Bot:k; -1, Dotk » hotk;» and poyx, are
to be computed and saved for updating the parameters in the
next block. In essence, we are implementing the block FTF
algorithm for the single block Xy, %, However, this is
done in steps so that we can have access to the weight vector
at the edge of each block for the filtering process. The steps
for implementing the general version of this algorithm when
pi # 0 are described in the next section.

It should be observed that this algorithm can be applied to
process any number of consecutive blocks of data. In fact, it is
possible to apply this algorithm for sample by sample filtering
if desired. In this case, [; should be set to be equal to N to
ensure optimality; then, [; = 1 should be chosen for 7 > 2.

—% ' -
= dliinXNlikz

E3
T, o, XNk -

hv—11;k:)

PN—1lik:] = (26)

Information is passed from one block to an-
other wusing correlational quantities accumulated in
0L, ky> PoLikis BoLiki—1, Doriky, Hyik,  and P,

Tracking in this algorithm can be controlled by varying
the lengths of individual blocks or the number of consecutive
blocks used. The main drawback of this algorithm is that
it cannot be used to solve (20) or (21) with the pu;’s
being different from 1 due to the fact that the data matrix
involved does not satisfy the shifting property. However,
generalization of this algorithm in this case can be established
to accommodate the changes of the data matrix at the edges of
individual blocks. This will be addressed in the next section.

IV. GENERALIZATION OF MODIFIED BLOCK FTF ALGORITHM

Let us re-examine (20) and consider two blocks of data of
lengths {; and I (with [; 4+ [ = ). We shall later discuss
the transfer of information from one block to another. Now,
this two-block problem can be stated as the determination of
a vector W that minimizes ‘

2 = m (W — W) XT Xy (W — Wy)*

- WX5)(d; - WX5)" (@D

where
X7 data matrix for the first block
Xo data matrix for the second block
d, desired vector for the second block
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W, some initial weight vector that, in this case, can be the

weight vector for the first block.
Using the notation of Section II, matrices X1, X5 and the
desired vector dy can be written as Xy = Xpyp,i, X1 =
XN k—15, and da = dy, ., where k is the highest time index
in the second block. As shown in Theorem 3.1, the solution to
the minimization problem in (27) is W = W; + AW}, where

AW = (dy — W1 X3) Xo(ua X1 X1 + X5 X5) 71

The main purpose of this section is to develop a fast algorithm
for computing AW;. Using the above notations, the cost
function (27) can be rewritten as

Entitok = 1 (Wniiok = W) XNy ki, XNt k-1,
c(Whtiok = W)™ + (dik = Wi,k X N1k)™
(e = WX nak) (28)

where uy > 0,d(r) and Xy, are defined as in Section II.
In the multichannel case, z(r) is a p x 1 vector, and d(r) is
a ¢ x 1 vector, which makes W;,;,r a ¢ X np matrix. The
derivation of the multichannel case is similar to that of the
single-channel; therefore, the derivation here is stated for the
multichannel case.

Before we proceed, we introduce the following notations,
which are convenient for geometric interpretation of the block
LS problem (27). The geometric interpretation of the block
LS problem (27) can be established within the vector space
C!, where C is the field of complex numbers, by defining the
following vectors (or collection of vectors in the multichannel
case):

ik = (diy — Wite—1; Xi,1), 0"
Ty, = [2(k) z(k—l+1) maz(k—1)
Vie(k — 1+ D]
and the ! X np data matrix of the two blocks is defined
as (29), which appears at the bottom of the page. Clearly,
Xntitze = Ay i, Xnare and 1, = Ay, 1,21, Where Ay g, is
a diagonal matrix defined by
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and
Priiok = XNk { X h e XNtk Y E X N0
are as defined before.
Note that the updating rules in (5) become
Ko, -1k f L _
[ o = Knt ik + Paporer(ef Pofyoner) !
[—ef Kniy1,k) (31a)
0 _
I:Knll—llzk—l:| = Kutyto + Pri,re1(e1 Pagyeen) ™
el Kni, 155 (31b)
and
0 0*
1 _
Frbtaise, = [0 P'r_zlil—llgk—l] and
n 0 P _1n
Pnlllgk;el = |:0 ll%* k=1 ] (32)

In order to determine a recursive solution for AWy, 1k,
relationships between Ky, — 11,1 and Ky, 1, 1% and Py, 1,k
and P,,;,—1x are required, which can be established as
follows. Let Ryi,1,1 be defined by Ruiyi,6 = X5y, 1, Xnty bk
Then

Ruik = > XokoiXip—s
=0
I15—1
*
+ Z Xok—ty—iXnp—1,—i
i=0

and
Rutyto—1k = Rty —100k + (1 — p1) Xkt 1 X gy, 1. (33)

Applying the matrix inversion lemma to (33) yields

-1  p-1
Rnhlz—lk _Rnl1—1l2k
-1 * -1
B Rnl1—-1l2ank—l1+1Xnk—l1+1Rnl1—1l2k

Ay, = [Ili 0 ] 1 1
e 0 T + Xt 1B~k Xnk—t 411
Therefore, AW or AW Ny, 1,5 18 (34)
AWtk = &1, KNk 30 §ince
where 1
N 4 Xoket, 41 = —==¢€1, —1Xnt, ~ 11k
Kntiok = XNt A XN, e X N0k} 2 \
r z*(k) 2(k-n+1) T
*(k—-1) z*(k —n)
"h—l +1 “h—n—l +2
Xntiiok = [Z1, 155 Tl lok-ntl] = i 1+ o'k —mn—l +2) 29

Viiz*(k = 11)
Szt (k=1 — 1)

-\/,u—lx*(k;l—l— 1)

Virzt(k ~n~1; +1)
Vet (k—n—1y)

Voret(k—n—1+2) |
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it follows that

1
* —1 _
KXokt 1Bty 1,5 X nk—ti41 = E(l = [ty —11,%)

1
where frnii.e = e}"l P 1, k€1, and

-1 * -1
Rnh71lgk:Xnk—ll+1Xnk—ll+anl1—llzk

1 * *
= EKnll—llgkell—1el1—lKnll—ll2k'

It can also easily be verified that X1, 1,— 1% = F X1, 11,k
where F is an identity matrix, except it is 1/./u1 in the
Iy — 1 x Iy — 1 position or, equivalently, F' = I;.; + (1 —
VBi//B1)er, —1e), _;. Premultiplying both sides of (34) by
Xniy1,—1% and simplifying the results gives

Kt to—16 = F Knty—10,%

Poty—1i,0€1,-1€7, 1 Kty — 115k
- 1 . (35

= fali—1Lk

1=y

Postmultiplying both sides of the last equation by X7 ;. 1,
yields

Poity—16 = F{ Paiy—115k

Pty k€1, -1€7, 1 Pty — 100k
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TABLE I
SUBSTITUTIONS FOR GENERALIZED BLOCK FTF DERIVATION

# U X z
49a Ziyipk Xntylgk—1 1 lgk—n—1
49b- Tpylpk—n—1 Knlylgk—1 Ti ik
49¢ e1 Xnlylak Tl lgk—n
49d e Xnlylgk—1 Ty lok—n—1
49 er Xntylok Ty lok—n
49f Tl lok—n—1 Xnt1lylpk el
49¢ Tl lgk—n—2 ' Xn4lljlok—1 e
49h d1112k Xn+llllzk Zijlgk—n—1
491 Tl lgk—n—1 Xntbilylok—1 e

that F? = I 4+ (1 — p1)/pae, 1€}, _,. By defining a new
quantity Gy, = —eg, Kniyi,r and premultiplying (35) by
uj = viF, we obtain

u Knit,—16 =01 Knt — 110k

1Pk -
A G e 37)
T—m fatita—1k
Similarly, premultiplying (36) by v} = v} F and postmul-
tiplying by u; = Fv; for i = 1,2, respectively, yields (38a),
which appears at the bottom of the page, or, equivalently,
(38b), which is also at the bottom of the page.

To develop a block FTF-like algorithm, a recursion for
Woti1,% in terms of Wy 1, has to be determined. This
recursion is the direct result of substitutions for u, v, X, and
z in (37) and (38). By making the substitutions of Table I in
(31a) and (31b), we obtain eight transversal-filter recursions
as follows: .

- T F. (36) Anpiniok =[Annne 0] = AuynkBu L eet
1— 1 Frin -1k [0 Bniyise-1] (39a)
B, =[0" Buiytak—1] — Ak 1wl
Equations (35) and (36) are all that is required to derive Fiiatzh =1 fzk-1] nhlk Tk k
equations that relate quantities with index nlily — 1k to [Anntoe 0] (39)
those with index nl, — 1lyk, in which case, we typically Crsiniak = [Criigk O] = Tt 1B 1,1 Brilsiak
pre or postmultiply (35) and (36) by vectors of the form (39¢)
© = ['v. This means that the quantities between brackets Duitistyoet = [Dptyoe—1 0] ~ b
including K, —15,% and Ppy, 14,5 in the right-hand side of iz e nhizk=1
these equations are multiplied by F'2v. It can easily be verified Briziak—1Bristar—1 (39d)
U— (1 — 1) faty—10 y
. . 1 e €],y — Prhl—1lgk611*1671—lp1#1—112k
U Prt iy —1ku2 = V7§ Paiy—10,6 + 1 () (38a)
. o Frii -1tk
Ui Pat, 1, —1kt2 = V1 Pa, _11,0v2 + ujug — vivg
1= (1= p1) faty~1k .
( Ml) i Ulellflefl—ﬂ? - Ulnyil—uzk@lrl@?l-1Prﬁ1—112kv2
_ T (38b)

1—

= fali—1k
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TABLE 1I
BLock FTF PARAMETERS

Input Definitions Filter Definitions

Prlylok = [ 1k pn@litsk Antyion = =a] 11 Kniyip6-1]
Ptyigk = ] 0 _nTlilok Briytoh = =% 13k —n Kntyizk 1]
Xpg=[e®)* - *(k—n+1)]* Chiyipgk = =1 Kniy ik
Dyt = —€f Knij ok
Griyigk = =€ Kniy ik

=% N
AWeiiiok = di 1,6 Kntyipk

Gri1l; 11361 = [Grir—11k-1 0] = Ppty ~103k—1

Btk _1tyk—1 Bty —112k-1 (3%)
Bttt —1125—-1 = Bngititak — Tn+1z112m;11,]l2k
[Cnsi16 0] (399)
Briiisk—1 = Butit—1tak—1 + b5 411,15 —1h—1
[Dpyite-1 0] (39g)
AW, o1,k = [AWatinitok Ol + Wng1t15k
Brtatyipk Brritiiok (39h)

The ninth substitution of Table I into (37) yields the ninth
transversal filter

Brtiti,—1k-1
= Bojit ~1iak-1

Pog1ty —115k—1
T = [Grt1ty—113k6-1

- fn+1ll—ll2k—1

+ 0] (399

-

The following scalar parameters can be updated making the
substitutions of Table III in (4) with ©u = v

Unt1liiak = Cnlyisk — Antytok Bt 1y k10t 1ok
Brtititak = Brtstoh—1 — Ani ok Onts 1,6 Dl lok
Vntlllsk = Vnlylok — Taty 1ok Bnts 1,k Tnl ok
Snt1liak—1 = Onlylak—1 — brg 1ok—1 ;l:izzkﬂbntllzkﬂ
But 1ty —113k—1 = Brtilylak — Tntllylok Vi1t 1,k mt 1ls Ik
Brt1tiiak—1 =Bt thla—th—1 + U511, — 11k —100 110, 1kt
Trtllilsk—1 = Bnyine—1Xnt26-1

The parameter 3,11;,1,—1k—1 can be updated using u; =
U2 = Ty —1yk—n—1 in (38b) Thus

/8n+ll112-—1k—1 =ﬁ’n+1l1-—llg—lk—-l
+(1—,u1)x(k~—n—ll—1)
(k—n—l—1)

_ (ﬁl__l)Ql.(k_ll —n)

H1
(k-1 —n)
Pt —vigk—1Pr 10 11,61
S
= [t —Us—1k—1-
1= 1 n-+1y 2
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Using the right substitution, we obtain

— * -1
Prllylak = Tnlylak—1 — App 1k Qnl 1,k Enly 1ok

— -1
Entllilk = Enlilok — DnlilakBop 1yp—1Tnlilzk—1

— * —1 *
€n+2lilok = €n+liylak — wnl1l2k6n+1lllzkrn+1lllgkx

All quantities used in the recursive solution of (27) are listed
with their definitions in Table III. This concludes the derivation
of the algorithm. The relevant equations of the modified block
FTF algorithm are shown in Table IV. The sample lags pri, 1,
and hpy, i,k are defined by

—_ * —_— *

Prlilok = T3, 1,k Tl k—n = Tl 4,k My TG+ k—n
— —%

Pnty ik =81, 1, 15Tt 10 k—n = & 41,1 A LEL 4 k-n

—_—k
J— *
= dlgkzlgk—n

where Ay, 4, is defined before. The computations of Ai,1,% and
Dniy ok Tequire O(N) operations per sample. Table III presents
the definition and computation of all parameters required in
the algorithm.

It should be mentioned here that this algorithm reduces to
that in [3, Table IV] if x; = 1 since then, By y17 —11,6—1 =
Bntinito—1k-1,Gniitpk—1 = 1, and hnqpan,—16—1
Tn+1ly1s~1k—1- This block FTF method is numerically stable
since the finite-precision error does not accumulate from
block to block as the only quantities carried from the previous
block is Wy 1,4, and its effect decays as more blocks are
processed.

In the multichannel case, @, 1,1 and Bni,,5 are p X p
matrices, and their inversion is left to the choice of the reader.

A. Initialization

The algorithm is started by computing the weights of the
first block using [3, Table IV], in which certain parameters
must be initialized. Then, depending on how much influence
the previous block should have on the tracking, 1; is chosen,
and the computed parameters of the previous block will serve
as an initialization for the the current block parameter update
applying Table IV. These initial values are computed directly
from their definitions in Table III as follows:

Aotk =Botok =1, otk = Doty ok = Ty, kTl ks
Boty 121 =Dotlsk—1 = Z[ 5 1%l 1ok—1,
bot,i,6—1 =x(k — 1+ 1),

Boty 1ok = Qlylsks  C0LIak—1 = Totipk = £(K),

rontk—1 = 2(k — 1),
Aovisk =T a8l isk—1, AW LE = hot, 1, kPG 1
(40)

Yoty 1ok = Ootyipk—1 = 1,

The quantities Cpi, 1,45 Dniyiok, and Gpy, 1,5 have meaning
only for n > 1. The algorithm for the general case of u; # 1
is given below.
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TABLE III
GENERALIZED BLOCK FTF PARAMETERS
Input Definition Computation
enlylak LY e R Anty 5 Xn 1k
Tnlylzk z;llzk—npr%hlzkel B"lll2kX“+1k
Ynlylgh P e 1+ Catytp6 Xk
bl lak & Pl e 1+ VI Dy 1ok X k141
€nlylak d}‘ll‘szjll,zkﬁ d(k) = Wt i,k Xnk
bniytyk T} 1y ki Paly 19k € VLBt 1k Xn 1k — 141
b1k Bii— 16 Xntik—1+1 Bri—1kXnt1k—141
Fnlylak xfllgkprfllbk—lzhlzk A"lll2k1p81112k‘7 T p:Lllle]*
Buiytzk T 1k Pal 1,0 k= Britarlprigiors 0 Poryipel”
Bntyizk 11,k Paly 1k 1 B o kn—1 AnyiaklPrsitioks s Pillgk—n]®
©Cnlilok & Pl kTl ik —n PSitoks s PrEl Bhi ik
Entyigk drllePﬁLlllgkdhlzk 501112’6_Wn5132k[h81112k7 T h:;.—llllgk]*
Trtitok et P ne 14+ Gtk Xng1k—1y
Pty tok RN S RN Bry1iy 1ok Xng2k—1;—n
Algorithm QOLsk; = O0Ly 1kicy + (Him1 = D)0y kimy + Tk, Btk

Step 1: Initialization of Parameters:

i1=1

l;: length of the i-th block

L;: length of the block
(X7 VmiaX{

vV //'i—ZXz;Q

Vi Xl

k;: highest time index in the i-th block

N\

Li=1l;, Wnroer, =0
Aot;k; = Botk; = Boyes—1 =1,

*
otk = Botiks = L5, Tl

.
Botiki—1 = [ 4, — 1%k, 1,

Yolk; =

otk —1 = 1

. ]
Hyie, = dip, Xntkss Pk, = 250, XNtk

eotk; = Totk: = (ki) Totki—1 = w(ki — 1),

bot;ki—1 = x(k; — ;)

—1
Dok, = [k, Briki—1,  AWink, = hoikPor,

Step 2: Order Updating and Filien'ng in Each Block:

* Apply steps 1-20 of Table IV forn = 1,---, N to deter-
mine AWy, i, and update the weight using Wy, i, =

WNL, ks, + AWnNi ik,

* Filter to obtain the output and error signals in the ith

block using Wxr,,-
Step 3: Parameter Updating:

i=i+1l, Li=1Li 1+
AoL;k; = Bork; = Borki-1 =1
EZki :d;:ki - WNLiélkileItflikiv
Hyir, =dj, g, Xnz,
Py, =Pnii kg + (ici — D)PNiy_ ik,

«
+ 27, X i,

Borik: = Bori_ki v + (im1 = 1)fot_ ki + Z1, 1, Tk,
Boriki—1 = Bori_ykiy—1 + (ti—1 — 1)Bot, _1kiy—1
+ T 1Bk 1
BoL;k; €0Lik; = ToL;k; = T{k;)
Torki—1 = (ki — 1),

= QOLk; = POL;k;»

Yor.k; = Oor,k,—1 =1

boriki—1 =x(ki — Ly),
Aorik; =Dor; 1k s + (im1 = 1D)Aot,_yk,_,
+ & 3, Tk -1
A'W].Lik,; = holikzpa[}iki
Go to Step 2.

V. TEST RESULTS

The modified block FTF algorithm in Sections IH and IV
developed in this paper was examinéd on the actual acoustic
backscatter data. This data set consisted of an incident signal
and the backscattered data for a submerged cylindrical elastic
target and an irregularly shaped cement chunk of similar
size and for different aspect angles. The incident signal was
wideband linear frequency modulated (FM). The adaptive
block FTF system had 32 tap weights. The reference input
to the adaptive system was the incident waveform, whereas
the desired signal was the backscattered signal. The goal was
to produce an accurate estimate of the specular component at
the output of the adaptive filter so that the resonant return,
which is typically present for elastic targets, can be separated
at the error signal. There are two principal assumptions behind
the development of this scheme: 1) The specular part is
more correlated with the incident part, and 2) there is a
time lag between the onset of the specular and that of the
resonant part. These characteristics, which are dependent on
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TABLE 1V
GENERALIZED BLock FTF ALGORITHM

Steps Updating Equations
1 Btk =[Pl Prgtiniokl Briiigh—1
2 Crstyink = [Cotyigk O =20 11 Bty Brty ok
3 Butityigk = [0 Batyigk—1]l = A% 1% iy Anti ok 0]
4 Braititak = Briyigk—1 — A;lllzka;llllzkA"llbk
5 Wntilyloh = S0 0 Aokl Brsiiik
6 AWpgot ok = [AWatityi,6 0] +wn+1zlzzkﬁ;l_llllngnHlllzk
7 Antityiok = [Antiok 0 = Aty 154857 16110 Briytph—1)
8 Dytityioh—1 = Datyiak—1 0] = 8%y i1 Bty km1 Batylok—1
9 Vntillok = Tnlylok = Thy 1ok Pnls ok Tnlylok
10 Bt 1l lok—1 = Enlylok=1 = Uap, k1 Py 1pk—1Onlalak—1
11 Tadilyisk = Palylgk—1 = AN kO 1oxEnly Lok
12 ntilyiok = Enlylzk = Dnlylak Bty gk -1 Tnlilak—1
13 Brg10,—113k—1 = Bag1liloh = i1l ok Vi, 1,k Crt ity 1ok O]
14 Ant1lylak = Anlylak — An’112k'B;llllgk—lA:llllgk
i T A
17 Gty —1ipk—1 =[Gty —1ip1k—1 O]+ Pty —110k=185 1, _115k 1 Bty —115k—1
18 Pogity —100k—1 = 1+ Grgaty 100k —1 Xng1k—1,+1
19 Bitiig—1k—1 = Brgiy—1t9k—1+ — Pntily = 1igk -1 [Grt1ty—1156—1 0]
e fn+ll‘—:112k-—l
20 by 1ty 1igk—1 = Bttt —115k—1Xn 42—
21‘ bpt1ylpk—1 = bg‘+1ll—1l2k—1‘5n+11112k—1
22 Bupinizk—1 = Bjiigtg—1k—1 + b2 11 1 —15—1[Prtiyipk—1 0]
23 Brtilyly—1k—1 = Byl —1lg—1h—1+ (1 —p1)e(k=n -l = Da(k—n -4 = 1)*
_ =17 V? 2(k—li —n)z(k =11 —n)* + hn+1111_”2k_1h;+”1_llzk_l
7
” . s —m _*fn+1l1—112—1k—1
Brtiiiigk—1 = Brt1iylp—1k—1 + bn+1ll—llgk—1bn+llll2k—1
25 Tty lak—1 = Butiiytoh—1Xnt2k—1

the physical nature of the object, are discussed in [11]-[13].
The latter property would enable the adaptive filter to generate
a “good” estimate of the specular component prior to the
appearance of the resonant, and the former property guarantees
that the system continues to provide a reasonable estimate
of the specular part, even after the resonance has appeared.
Consequently, the adaptive scheme should have fast tracking
at the beginning, whereas after the resonance has occurred,
slow tracking would be more desirable.

To study the effects of varying the block length on the
overall performance of the modified block FTF algorithm, two
different choices for the block length were considered. In the
first case, a fixed block length of 300 samples was employed,
whereas in the second case, variable-length blocks of sizes
100, 200, 300, and I, where L represents a block length
containing the rest of the samples in the backscattered signal,
were used. The weight updating rule generated a weight vector
for each block, and then, the filtering was performed in each
block in one pass. The overall performance of the variable
block length scheme was substantially better than those of
the fixed-size cases as the tracking ability can be controlled

by varying the block sizes. This can be attributed to the fact
that the first few hundred samples of the backscattered signal
mostly contain the specular part, after which, the resonant
part may appear. Thus, using smaller blocks at the beginning
generally would provide a better tracking capability for the
specular part, whereas after resonance has appeared, switching
to bigger block lengths would reduce the tracking of the
backscattered signal.

Finally, the results of the modified block FTF algorithm
developed in this paper were benchmarked against those of the
standard RLS scheme in [8]. This comparison indicated that
block FTF with variable block length as described above pro-
vided substantially better results for the target cases, whereas
the RLS results for the nontarget cases were-slightly better.
However, overall the winner was the modified block FTF
algorithm with variable block length. The results for aspect
angle 55° are shown in Figs. 1-4. Note that 0° corresponds to
broadside incident. These plots show the backscattered signals
in Figs. 1(a)—4(a), estimates of the resonant in Figs. 1(b)—4(b),
and specular components in Figs. 1(c)—4(c) and their corre-
sponding spectra, respectively. As can be seen in the results
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Fig. 1. Backscattered signal, error, and output of the RLS-based adaptive

system and their spectra (target at aspect angle 55°).

of Figs. 1 and 3, for the target cases, the output of the adaptive
system, which provides the estimate of the specular part, has
a broad-band spectrum, whereas the error signal, which gives
an estimate of the resonant part, generally contains one or
more narrowband components, indicating the presence of an
elastic target. This separation of broadband and narrowband
components is not so evident in the results of Figs. 2 and 4,
for the nontarget cases, which is typically due to absence of
resonance. Additionally, comparing the results in Fig. 1 for
the RLS case with those in Fig. 3 for the modified block FTF
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Fig. 2. Backscattered signal, error, and output of the RLS-based adaptive
system and their spectra (nontarget at aspect angle 55°).

clearly indicates the superiority of the signal separation for
the latter scheme. This can especially be seen in the results
of Fig. 3(c) for the output of the modified block FTF, which
shows close resemblance of this specular return estimate to
the linear FM incident. Overall, the classification rates of the
block FTF method with variable block length for both the
target and the nontarget cases measured based on the data from
seventy two aspect angles from 0 to 360° with 3° in between
were measured approximately to be 86 and 79%, respectively.
These rates are determined based on the evaluation of the
characteristics of the spectra of the output and error signals.
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VI. CONCLUSION

The problem of block RLS adaptive filtering of nonstation-
ary data is addressed. In many nonstationary environments,
it is essential to control the tracking ability of the adaptation
process while maintaining the optimality of solution. This is
accomplished in this work by developing a modified block
FTF adaptive algorithm that can process independent variable
length blocks of data or consecutive blocks of data with a
better information transfer between the blocks. This modified
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Fig. 4. Backscattered signal, error, and output of the modified BFTF system
and their spectra (nontarget at aspect angle 55°).

block FTF adaptive algorithm provides optimal solution to
certain types of soft-constrained LS problems. Additionally, it
allows variable tracking by changing the number of blocks,
their lengths, and/or a soft constrained parameter. The main
feature of this approach is that it can provide exact imple-
mentation of LS solution by a proper choice of the soft-
constrained parameter. Consequently, it can be considered to
be a modification and generalization to the original block FTF.
The performance of this algorithm is tested on real data, which
involved variable tracking of nonstationary data.
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APPENDIX A
PROOF OF THEOREM 2.1

From the following matrix inversion formulae

{(XT X+ X5 X}

= (X7X0) ™" = (X7 X)) T (X3 X)) { X Xy + X5 Xo}
(A1)

{ XX+ X5 X}
= (X5 X) ™" = (X5 Xo) T H(XF XXX+ X5 X} !

(A2)
and (15), it follows that
W = Wy + (Wy — W) X5 X (X7 X1 + X5 X)L (A3)

It can easily be verified, using the 1dent1ty A"l - Bt =

A-Y(B = A)B~Y, that
(bl + X3Xo} 7 = {X{ X0 + X5 X0} 71
= {ul + X5 Xo} THXT Xy — uD){X{ X0 + X5 X0}
(A4)

Thus, subtracting (A.3) from (16) and using (A.4), we obtain

Weolt - WIS — (Wy — W) X5 Xo{ul + X3 X5} 71
(XX — pD{XTX) + X3 X)L (AS)
Thus
“Wsoft WLSH

< W, — W1||||X2X2H||{M[+X2Xz} X Xy
— pl||I{X X+ X5 X237 (A.6)

To determine || X7X; — pl||, let

A2 A> 2 Ay >0

be the elgenvalues of the positive semi-definite matrix X X;.
Then
(X7 Xy — D)l

= [Amax (X7 Xy — pl)] = max{|X; — pl}

= max{|Ay — pf, [An — pl}-
This implies that the minimum of || X7 X7 —u!|| occurs at p» =
(A1 + An)/2, in which case, | XX — ul]| = (A1 — An)/2,
i.e., proportional to the eigenvalue spread of X7 Xj.

On the other hand

1|| < ;
T Amin( X3 X3)
provided that Apin (X5 X 2) # 0. Therefore, if the constant A
is chosen as
(W2 — Wi[[| X3 Xa|[{XT X1 + X5 X5}
2Amin(X3X2)

[{ud + X5 Xa}™

A:

then

W — WS < 24]| X7 Xy - ul].

The conclusion of the theorem follows by setting = (M +
AN)/2. QED.
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APPENDIX B
PROOF OF THEOREM 3.1

a) Let WSOft be the optimal solution of (20); then

3£soft M-1
_ soft _ yyrsoft LYKV
W —2(VWM WM—1);:T piXi Xy

—2dy - WX )X =0.  (B.1)

Let%; = X7 X; —|—EZ — ' 11X X; be the weighted autocorrela-
tion matrlx then Vi =85+ X5 X+ (s — DXFX;.
Thus, (B.1) simplifies to

=7

Wit Sy =diy Xar + Wit (Z X} X)

=i Xor + Wt (Sar — X5 X ).

Therefore
Wi = diy X + W52 (Sar — X5, X o)
from which it follows that
(W3g" = Wiz,) S
=dy X~ W™ X3 X
= (dly — W X5 X
Next, let WES be the optimal solution of (21). Then
O _

o = ~2dy -

M-1

-2 Z i (d; —

from which it follows that

wXHX =0
M-1

WirSa = dy Xar + Y pudi X;.

i=r

(B.2)

In addition
‘ M—2
Wit Sy1 = dy Xap 1 + Z pid; X;
=r
Since £pr1 = Xy — X5 X + (par—1 — DX X1,
then (B.3) becomes

(B.3)

M-2
Wi i Sar =dyr Xora + Y puad) X

7 T
+ WP Xj X = (par—1 — 1)
Wit Xy Xnor
Subtracting (B.3) from (B.2) yields
(Wif = Wit1) Sy
= (dy = Wit X3 X
+ (a1 = D(dyroy = Wit X i) X s
which is equivalent to (23).
b) Since Wit = WIS, it follows from (22) and (23) that
Weott = WLS if and only if y4; = 1 for i = 1,---, M. In this

case, we obtaln the standard LS solution for both cases.
QE.D.

(B.4)
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