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ABSTRACT OF DISSERTATION

GEOSTATISTICAL MODELS: MODEL SELECTION AND PARAMETER 

ESTIMATION UNDER INFILL AND EXPANDING DOMAIN ASYMPTOTICS

The research presented in this dissertation was originally motivated by the appli­

cation of spatial models to the field of ecology. Often ecologists are interested in 

either (1) identifying significant relationships between the response of interest and 

candidate explanatory variables or (2) generating maps of the mean response and 

making predictions at unobserved locations. In the former case the scientist is trying 

to identify significant explanatory variables and understand the underlying relation­

ship^) with the response. For the latter case the scientist desires to make inference 

about the model parameters and/or produce predictions at unobserved locations 

and quantify the variability of these predictors. General linear models have proven 

to be very effective at addressing these two problems. However, over the past 10 

to 20 years with the advent of global positioning systems (GPS), satellite imagery, 

etc., the ease of obtaining geo-referenced data has increased several fold. As a conse­

quence scientists are now eager to incorporate spatial dependency into the models. 

A statistical model for a continuous process with geo-referenced data, henceforth 

referred to as a geostatistical model, provides a powerful means to investigate both 

motivating questions by accounting for potential spatial relationships.

Coupled with any modeling exercise is the ability to compare competing models. 

This is especially important when trying to identify significant explanatory variables. 

A common anecdotal observation in the ecological sciences is that “neighbors at close 

proximity tend to be more similar than neighbors separated by large distances.” A
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strength of the geostatistical model is its ability to prescribe just such a relationship. 

Although the importance of accounting for spatial correlation has been discussed in 

other contexts (Cressie, 1993), the effect of spatial correlation on model selection has 

not been fully explored. We begin in Chapter 2 by developing the AIC statistic for 

geostatistical models. Roughly speaking, AIC is a measure of the loss of information 

incurred by fitting an incorrect model to the data. The AIC statistic can be broken 

down into two components: the first component is a measure of the quality-of-fit and 

is a function of the likelihood function and the second component is a penalty factor 

that increases with increased model complexity. Evaluating the likelihood function 

for geostatistical models is computationally expensive because, in general, there does 

not exist a closed form for the parameter estimates. Thus optimization requires 

systematic searching of the parameter space to identify the maximum likelihood 

estimates. This becomes more and more taxing with increased sample size and/or 

model complexity.

Traditionally in geostatistical modeling, the AIC statistic is used to identify 

the best subset of explanatory variables assuming independent residuals. Having 

selected a subset of the explanatory variables, one proceeds to investigate the nature 

of the correlation structure of the model residuals. If the independence assumption 

appears to be met the researcher is done. If there appears to be correlation among 

the residuals, a suitable family is chosen to model the covariance function, the para­

meters of the trend surface are updated, followed by an updating of the covariance 

parameters. This process proceeds iteratively until some convergence criterion is 

met. Wc refer to this procedure as independent AIC. A deficiency associated with 

independent AIC is that the importance of one or more explanatory variables may 

be masked by the covariance structure. Indeed, the presence of one or more addi­

tional explanatory variables may reduce or eliminate the presence of correlation in 

the residuals. Thus we suggest that (possible) correlation in the error process must

iv
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be incorporated into the model selection process. Through a series of simulations we 

demonstrate that inclusion of spatial dependence during model selection can greatly 

improve the probability of identifying the correct model. We also demonstrate that 

sampling pattern and signal-to-noise ratio impact model selection where we define 

the signal-to-noise ratio as the ratio of the variability of the mean structure (large 

scale variability) to the variability of the noise process (small scale variability). Per­

formance comparisons are made between independent and spatial AIC as well as 

a non-information based procedure, minimum description length (MDL). MDL has 

the distinct advantage that the researcher need not assume that there exists a true 

model. Instead, MDL attempts to minimize the amount of “storage space” required 

to adequately describe the data set. Similar to information-based criteria methods 

it reduces the data into two components: quality-of-fit and a penalty term that 

increases with model complexity.

We follow with two examples that implement spatial AIC and illustrate the 

flexibility of the method. The first example attempts to identify the best subset of 

explanatory variables for species abundance data while assuming the noise process is 

Matern. We then construct a simulation study using the selected model to compare 

the performance of spatial AIC to independent AIC. A second example examines 

water chemistry response variables collected along a stream network in Maryland. 

An important complication is that the distance between observation locations can 

now be defined in one of several ways: Euclidean distance and hydrological dis­

tance (restricting movement to “within” the network). Hydrological distance can 

be further categorized as either symmetric or asymmetric depending on whether or 

not one accounts for the direction of (water) flow. Ver Hoef et al. (2006) demon­

strate that the exponential function, among others, can be used for each of these 

distance measures, although a carefully constructed weight matrix is required for 

asymmetric hydrologic distance. Model selection proceeds using spatial AIC and

v
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then selected models (one for each distance measure) are compared by evaluating 

the mean square prediction error (MSPE) for a randomly selected subset of the data 

that were withheld from model selection/fitting.

The derivation of the spatial AIC statistic requires standard asymptotic as­

sumptions. For example, we assume that the parameter estimates for the large 

scale variation parameters and the correlation parameters are asymptotically unbi­

ased and normally distributed with asymptotic covariance equal to the inverse of 

the Fisher Information. This motivates Chapters 3, 4, and 5 which set out to show, 

among other things, that the maximum likelihood estimator (MLE) of the spatial 

parameters are normally distributed. Since the underlying process is assumed to 

have a continuous domain, collection of additional observations of the response can 

proceed in one of two ways: collect additional observations within the current do­

main (infill) or collect new observations outside the current domain (expansion of 

the domain). Conceivably the former method of increasing the sample is always 

available to the scientist, although it may not be practical. However, the latter 

method is often restricted in the sense that for real applications the domain of 

interest is finite and hence one cannot expand the domain indefinitely. In either 

case one can approximate the distribution of the finite sample MLEs with random 

variables generated over infinite domains with the sampling distributions per unit 

length. Thus we show that the standard asymptotic assumptions required for the 

derivation of spatial AIC hold with respect to expansion of the domain with and 

without infill for the exponential correlation function in one-dimension. Simulation 

results indicate that the same can be said for both the exponential and the Matcrn 

class of correlation functions in two-dimensions.

We begin in Chapter 3 by considering the Ornstein-Uhlenbeck process, the con­

tinuous analogue of the discrete first, order autoregressive Gaussian process (AR(1)) 

in one-dimension. This process is characterized by the range parameter 9 which

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



describes the strength of the correlation between two locations as a function of the 

distance between them. We develop the asymptotic distribution for (1) the MLE of 

0 when the observations are equally spaced, (2) a weighted least squares estimate 

for 0 when observations are randomly spaced, and (3) the MLE of 0 for randomly 

spaced observations. For each we provide simulation results that corroborate the 

theoretical results. Chapter 4 proceeds to the two-dimensional case where we ex­

plore the asymptotic properties of the MLE of 9 for the exponential correlation 

function through simulation. Chapter 5 investigates the asymptotic behavior of the 

MLE 6 = (6i, 62)' for the Matern class of correlation functions in both one- and 

two-dimensions. Coupled with each of these analyses is the concept of sampling 

design by which we mean the prescribed manner in which sampling locations are 

selected. We demonstrate that infill and expansion of the domain both impact the 

distribution of the MLE and, for the exponential case, there appears to exist an 

optimal sampling design for a fixed domain and sampling effort (where sampling 

effort refers to the total number of observations).

The development of spatial AIC along with the (partial) verification of the 

underlying asymptotic assumptions provides researchers with a powerful tool for 

conducting model selection and model fitting in the geostatistical framework. Ap­

plications are numerous and include diverse fields of study including the ecological, 

geological, atmospheric, and oceanographic sciences.

Andrew A. Merton 
Department of Statistics 
Colorado State University 
Fort Collins, Colorado 80523 
Fall 2006
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C hap ter 1

IN TR O D U C TIO N  A N D  M OTIVATION

Over the past 10 to 20 years the development and application of spatial models 

has grown at a remarkable rate. Much of this stems from the relative ease of being 

able to collect geo-referenced data with the introduction of global positioning sys­

tems (GPS), remote imaging technology (sattelite imagery), etc. as well as improved 

computing capabilities for fitting highly complex models. Examples are plentiful and 

include varied topics such as the presence of pollutants within stream networks and 

across larger bodies of water, the composition of soil throughout agricultural or 

forested regions, ozone levels across urban environments, and the migration of a 

bird species across North America. What all of these examples share in common is 

that each observation can be referenced to a specific geographic location. Hence sci­

entists can begin to ask questions with respect to location: “Is there a relationship 

between the response and the geographic location?”, “Are neighboring locations at 

close proximity (significantly) more similar than observations separated by large dis­

tances?” , “Is there an effective range outside of which observations of the response 

are approximately independent?”, etc. The first question is akin to asking how does 

the mean response vary over space. The remaining two questions are associated 

with the anecdotal observation that “observations of the response at close proxim­

ity tend to be more similar than observations separated by large distances.” This 

notion appears frequently in ecological studies and suggests that the response is pos­

itively correlated at small distances. The geostatistical model provides a framework
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2

in which one can easily incorporate spatial (geographic) dependencies along with 

potential explanatory variables.

Often the scientist is interested in developing a model to answer one of two moti­

vating questions: “Which explanatory variables (covariates) are not significant with 

respect to the response?” and “Which subset of the explanatory variables provide 

the most precise predictions for unobserved locations?” The first question involves 

identifying which covariates are most influential with respect to the response. In 

this case the scientist may not necessarily be interested in the model form per se, 

rather she wants to classify which factors are significant. For the second question the 

scientist is chiefly concerned with developing a model for interpolating, or kriging in 

the geostatistical lexicon, the data to generate maps of the predicted response and to 

quantify the corresponding standard error. In either case the geostatistical model is 

a powerful tool for investigating these questions. By fitting the geostatistical model 

to different subsets of explanatory variables one can make comparisons and identify 

the subset that best meets the desired goal.

1.1 T he G eostatistical m odel

We begin by assuming that the data can be modeled by a random field defined 

over a continous domain V. The linear model for the random field is given by

Y(s) = X'(s)/3 + 5(s), (1.1)

where (3 =  (/i0, •.. is a p -v ec to r  of the unknown regression coefficients,

W(.s) =  (l,X i(.s),.. .  ,^p_i(.s))/ is p—vector of covariates, and S(s) is a stationary, 

isotropic Gaussian random field with covariance function C ov(sj,Sj) =  a 2p(\\-Si — 

Sj||; 6).  Here a 1 is the variance of the process, p(\\ • ||; 6) is a family of autocorrelation  

functions parameterized by the k —vector 0, and || • || denotes the Euclidean distance 

between two sampling sites. For a fixed sampling effort of size n, we observe the
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response and covariates at locations £ {1,2 ,... ,n}. Therefore the model for 

the complete partial realization, i.e., the collection of all n sampling locations, is

Y  =  X/3 +  e, (1.2)

where Cov(£i,£j) = a2T is the n x n Gaussian variance-covariance matrix of the 

residuals. Here a2 is the variance of the process and T is the correlation matrix 

such that the (i, j)th  element equals p(||sj — s — j\\;6 ) where is p{-\6 ) is a family of 

autocorrelation functions parameterized by the fc-vector 6 and where || • || denotes 

the Euclidean distance between two locations. Note that if T =  In we recover the 

general linear model with independent errors.

The model form above, adopted from (Cressie, 1993), can be used to predict 

the response at unobserved locations through interpolation, known as kriging in 

the spatial context. This approach requires fitting the complete model; that is to 

say one must fit the regression coefficients [3, the correlation coefficients 6, and the 

variance component a2. Hence for a particular set of explanatory variables we can 

estimate all of the model parameters and interpolate (krige) the response at any 

location .s € T>. But which, if any, subset of the explanatory variables should be 

included in the model?

1.1.1 Param eter Estim ation

For the majority of this dissertation we estimate the model parameters by 

optimizing the likelihood function. We adopt this method because of its importance 

with respect to model selection using information-based selection criterion. Since 

the random field is assumed to be Gaussian, the likelihood function of (1.2) as a 

function of the partial realization Y  is

(Y — X/1)'E_1(Y — X/3) 1 . (1.3)£(P,0,<t2;Y )  = (27r)-”/2|S r 1/2e x p | - ^
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Defining the log-profile function as £(•; Y) = log (£(•;, Y)) and substituting S = a2F 

into (1.3), we obtain

£(P, 6, a 2; Y) = ~  log(27r) -  £  log(a2) -  ± log |r| -  ^ ( Y  -  X ^ T " 1̂  -  X/?).

(1.4)

Optimization of (1.4) requires searching over a parameter space of p + k + 1 dimen­

sions which can be computationally expensive and may fail to converge for poorly 

defined initial quesses of the parameter values. For this particular form of the log- 

likelihood function, one can concentrate out both the regression parameter vector 

f3 and the variance paramter a2 by setting the partial derivatives of ^(-;Y) with 

respect to /3 and a2 to zero and solving. Hence,

ftp
—  =  2X'r-1x  -  2X 'r-1Y  = o
o p

which implies

/3(e) = 0 =  (X T_1X )_1 X T _1Y. (1.5)

Furthermore, after substituting (1.5) into (1.4), we find

^  = - ^  + ̂ (Y- X«T" (Y- X« = 0
implying

a2(e) =  (T2 = i ( Y  -  X/3)'r_1(Y -  X/3). (1.6)

Thus (1.4) can be written in terms of the correlation parameter vector 0 alone, 

referred to as the profile log-likelihood function, such that

* 7 1  1  77
Vofile(0; 0, <72, Y) CX -  log(d2) +  -  log |r| + -  (1.7)

so that now we have an objective function to maximize of dimension k instead of 

p + k +  1.

Optimization of (1.7) can still be computationally expensive due to the pres­

ence of a determinant term and matrix inversion. For particular sampling designs,
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such as along a fixed lattice in one-dimension, the exact likelihood can be com­

puted very efficiently using the spectral density and fast fourier transforms (FFT) 

(Brockwell and Davis, 1991). This methodolgy can be extended to two- or more 

dimensions as well as to sampling designs where the sampling locations no longer 

fall on a lattice. For the latter case the sampling locations are “snapped” to a 

fine lattice and the likelihood is approximated using, say, Whittle’s approximation 

(Fuentes, 2005). Large data sets can also be computationally challenging. As the 

number of sampling locations n increases, the number of operations required to in­

vert the n x n correlation matrix increases somewhere between 0 (ri2 log(n)) and 

0 (n 3), depending on the computational method. Johns et al. (2003) propose vari­

ous methods for coping with very large data sets such as avoiding matrix inversion 

by solving the implied set of linear equations. For many of the correlation functions 

commonly considered, the correlation between locations s and t goes to zero when 

they are separated by a large distance. Hence by keeping track of where the “zeros” 

are located throughout a large correlation matrix one can avoid unnecessary mul­

tiplications. Theses approximation methods, among others, are powerful tools for 

estimating the likelihood but they do not, in general, achieve the exact optimal so­

lution, i.e., the maximum likelihood estimate. Therefore we have have restricted our 

efforts to methods that solve for the exact MLEs. This is especially important when 

discussing the asymptotic distribution of the parameter estimates (see Chapter 3).

1.2 M odel selection

A general philosophy for choosing a model is that we would like to incorporate 

information that we believe influences the response variable while acknowledging 

that we do not know everything associated with the response. These unknowns 

could be quantities that we did not (or could not) measure, complex variable in­

teractions, heterogeneity, etc. Thus the error process is included in the model to
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“account” for these unknowns. The problem becomes increasingly complicated when 

we consider that there may be competing models each using a different subset of 

known variables, a different error structure, or some combination of the two. There­

fore a measure is required that will allow one to compare models. We consider the 

Akaike Information Criterion (AIC) (Akaike, 1974) as applied to the geostatistical 

model. Roughly speaking, AIC is a measure of the loss of information incurred by 

fitting an incorrect model to the data. The AIC statistic can be broken down into 

two components: the first component is a measure of the quality-of-fit and is a func­

tion of the likelihood function and the second component is a penalty factor for the 

introduction of additional parameters to the model. Hence, we derive heuristically a 

modified form of AIC to account for the addition of the correlation coefficient vector

e.

Typically modelers use the AIC statistic to identify the best subset of explana­

tory variables assuming independent residuals. Having selected a model the modeler 

then investigates the nature of the correlation structure of the model residuals. If 

the independence assumption appears to be met, the modeler is done. If there ap­

pears to be correlation among the residuals, a suitable family is chosen to model the 

covariance function, the parameters of the trend surface are updated, followed by 

an updating of the covariance parameters. This process proceeds iteratively until 

some convergence criterion is met. We refer to this procedure as independent AIC. 

A deficiency associated with independent AIC is that the importance of one or more 

explanatory variables may be masked by the covariance structure. Indeed, the pres­

ence of one or more additional explanatory variables may reduce or eliminate the 

presence of correlation in the residuals. Thus we suggest that (possible) correlation 

in the error process must be incorporated into the model selection process. Since the 

class of models being considered here are Gaussian, it is relatively straightforward 

to derive the likelihood function and optimize it to achieve the maximum likelihood
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estimates (MLEs) of the model parameters. Thus, unlike the independent AIC pro­

cedure, all of the model parameters are fit simulataneously, i.e., spatial correlation 

is accounted for during model fitting. We refer to this procedure as spatial AIC.

1.3 A sym ptotic D istribution o f the M odel Param eters

The development of the spatial AIC statistic relies on standard asymptotic as­

sumptions. For example, it is assumed that the relations (3 — (3 and 9 — 0 converge 

in distribution to mean zero normal random variables with covariance matrix equal 

to the inverse of the Fisher information. In the spatial context one can obtain ad­

ditional observations of the response in two distinct ways. First one can assume 

that new observations are available outside the current domain T>. Hence new ob­

servations are obtained by “expanding the domain”. However, since the underlying 

process is assumed to be continuous one can also obtain additional observations 

within the current domain. This is referred to as “infill” . For the former case the 

domain can be extended indefinitely while for the latter, as the total sampling effort 

increases, the mean distance between locations must go to zero. Therefore it is nec­

essary to investigate the asymptotic properties of the MLE under both paradigms.

Coupled with the asymptotic distributions of the model parameter is the notion 

of sampling design (or sampling pattern). For example, one common sampling proce­

dure is to take observations on a fixed lattice in one-, two-, or even three-dimensions. 

A second method is to “cluster” sampling locations by randomly selecting parent 

sites and then subsampling within a fixed radius of each parent location. Although 

not a primary objective of this dissertation, it is important to explore the relationship 

between sampling design and the distribution of the model parameters. In recent 

years there has been an ongoing effort to try to develop optimal sampling design by, 

for example, minimizing the Fisher information (Xia et al., 2005; Zhu and Zhang, 

2005; Zhu and Stein, 2005).
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1.4 O utline of D issertation

Chapter 2 begins by developing the AIC statistic for geostatistical models. 

We demonstrate through simulation the importance of incorporating spatial de­

pendency during model selection by comparing the independent and spatial AIC 

methods. Furthermore we introduce the non-information based model selection 

method minimum description length (MDL) and tabulate its performance as well. 

Different sampling designs and signal-to-noise ratios are used throughout the simu­

lation studies where the signal-to-noise ratio is defined as the variability of the mean 

surface to the variability of the error term (noise process). Two model selection ex­

amples using real-world data are also presented: the first models the presence of 

the Orange-throated whipta.il lizard found in southern California (Ver Hoef et al. 

(2001)) and the second performs model selection for stream water chemistry data 

located in Maryland. The former example demonstrates the utility of spatial AIC 

for a highly clustered sampling design with numerous potential explanatory vari­

ables. The latter example illustrates the flexibility of spatial AIC with respect to 

different distance measures: distance between two locations along a stream network 

depends on whether or not travel is restricted to “within” the network.

As stated above, the derivation of the spatial AIC statistic requires standard 

asymptotic assumptions for the model parameter estimates. Chapter 3 proceeds 

to derive the asymptotic distribution of the range parameter for a mean zero sta­

tionary process with exponentially correlated residuals in one-dimension. We begin 

by presenting Uhlenbeck-Ornstein process, a stochastic differential equation, which 

is the continuous analogue of the stationary first order autoregressive model. An­

alytical results with respect to expansion of the domain and infill, supported by 

simulation studies, are derived for three cases: (1) the maximum likelihood estima­

tor for equispaced sampling locations, (2) the weighted least squares estimate for 

randomly spaced sampling locations, and (3) the maximum likelihood estimator for
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randomly spaced sampling locations. We illustrate the impact of sampling design on 

the asymptotic distributions and provide evidence that there does exist an optimal 

sampling design for the exponential case. We extend the empirical results of Chap­

ter 3 to two-dimensions in Chapter 4. We begin by defining sampling designs in 

two-dimensions that are analagous to the one-dimensional sampling designs. Next 

we illustrate the distribution of the MLEs with respect to both expanding domain 

and infill asymptotics.

In Chapter 5 we revisit the Matern class of correlation functions first presented 

in Chapter 2. The Matern class is a large class of correlation functions that includes 

the exponential correlation function as a special case. We summarize the results 

from a series of simulation studies for both one- and two-dimensions using various 

sampling designs and introduce the statistic integrated mean square error (IMSE) 

as a candidate measure for comparing sampling design strategies. We close the 

dissertation by citing the major findings and suggesting future work in Chapter 6.
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C hap ter 2

M ODEL SELECTION FOR GEOSTATISTICAL M ODELS

2.1 Introduction

Ecologists and scientists in other fields typically consider a number of plausible 

models in statistical applications. Formal consideration of model selection in ecolog­

ical applications has dramatically increased in recent years, perhaps in part due to 

the publication of the book by Burnham and Anderson (1998, 2002). Concurrently, 

the wide availability of inexpensive global positioning systems and other advances 

in technology have allowed for the collection of vast quantities of data with geo­

referenced sample locations. As a result, models for spatially correlated data are 

becoming increasingly important. We consider these two problems together, spatial 

modeling and model selection. The importance of accounting for spatial correla­

tion has been discussed in other contexts (Cressie, 1993), but the effect of spatial 

correlation on model selection has not been fully explored.

A general philosophy for choosing a model is that we would like to incorporate 

information that we believe influences the response variable while acknowledging 

that we do not know everything associated with the response. These unknowns 

could be quantities that we did not (or could not) measure, complex variable inter­

actions, heterogeneity, etc. Thus an error process is often included in the model that 

“accounts” for these unknowns. For example, we may suspect that the abundance 

of a certain species is dependent on the availability of a certain type of vegetation 

and the predator to prey ratio. But we must acknowledge that other variables,
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perhaps unmeasurable, are likely to play an important role such as the availability 

of fresh water or the prevalence of a certain disease. The model that we construct 

should account for these unknown influences. This is the main role of an error term 

in any such modeling exercise. The problem becomes more complicated when we 

consider that there may be competing models each using a different subset of known 

variables. For example, perhaps there are two types of vegetation that the species 

will eat. Is either vegetation species a better predictor of abundance or should some 

combination of the two be used? In other words, which subset of explanatory vari­

ables and error structure together provides the best model? To attempt to answer 

this question, we adopt a geostatistical model (Cressie, 1993) which can be used 

to predict a response at unobserved locations. This approach, also referred to as 

kriging, involves the fitting of an autocorrelation function which describes the rela­

tionship between observations based 011 the distance between the observations. This 

method allows for any number of the explanatory variables observed at the sample 

locations to be included in the model to improve the overall predictions.

Typically, spatial correlation is ignored in the selection of explanatory vari­

ables which can have a dramatic effect on the choice of model. For example, the 

importance of particular explanatory variables may not be apparent when spatial 

correlation is ignored. To address this problem, we consider the Akaike Information 

Criterion (AIC) as applied to a geostatistical model. We provide simulation results 

that show that using AIC for a geostatistical model is superior to the standard ap­

proach of ignoring spatial correlation in the selection of explanatory variables. This 

idea is demonstrated via two real-world problems: a model for the abundance of 

the orange-throated whiptail lizard found in southern California and a model for 

stream water chemistry in Maryland. The principle of minimum description length 

(MDL) applied to the variable selection problem is also investigated and simula­

tion results are provided for comparison. The water chemistry example extends the
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model selection methodology to non-traditional measures of distance, e.g., in-stream 

distance.

This chapter proceeds as follows. In Section 2.2 we describe a geostatistical 

model and methods for parameter estimation. In Section 2.3 we develop the AIC 

and offer a heuristic derivation of the AIC in context to geostatistical models and 

discuss fitting spatial models and other model selection issues. Simulation results in 

Section 2.4 and the examples in Section 2.5 underscore the importance of accounting 

for spatial correlation in the selection of explanatory variables.

2.2 The G eostatistical M odel

Suppose we are interested in the abundance of the orange-throated whiptail 

lizard in a specific region in southern California. (Analysis results of this data set 

are given in Section 2.5.) Assume that we have collected information at each of 150 

sites spread across the area of interest. Our data set consists of the average number 

of lizards observed per day, the percent coverage of vegetation, the abundance of 

ants (a primary food source), and a geo-reference for each site, such as latitude 

and longitude. It is not feasible to collect data at all possible locations, thus we 

are assuming that these 150 sites are representative of the entire area of interest. 

Let Z(s-i) denote the average abundance of lizards at site i where i — 1 , . . . ,  150. 

Thus the vector Z  = (Z(si) , . . . .  Z(s iso))' is a partial realization of the continuous 

random field over this finite area, D. In other words, we are assuming that at any 

given site s within the domain D, the average abundance of the lizards is a function 

of a specific set of variables that can be observed along with some random noise.

A m odel for th e  continuous random  field a t any location ,s €  D is given by

Z(s) = X'(s)f3 + 5(s), (2.1)

where X (,s) =  (1, Ai(.s),. . . ,  Ap_i(.s))' is a p vector consisting of the constant 1 and 

p — I explanatory variables observed at location .s, (3 =  (,% ,..., /ip_i)' is a p vector
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of the unknown model coefficients, and £(s) is the unobserved “regression” error at 

location .s. For example, Ai(.s) and X2(.s) may be the percent coverage of vegetation 

and the abundance of ants at location .s, respectively. For computational ease we 

will assume that the error process S(s) is a stationary, isotropic Gaussian process 

with mean zero and covariance function Cov(5(sj),6(,s'j)) = cr2p(||.Sj — sy||;0). Here 

a2 is the variance of the process, pg(\\ • ||) is a family of autocorrelation functions 

with a parameter vector 6  of length k, and j| • || denotes the Euclidean distance 

between two sites. Thus, we assume that the correlation between any two sites is 

only a function of the distance between them. In deciding among the covariates, we 

must also choose an appropriate autocorrelation function. As will be demonstrated 

below, these two issues are inextricably linked. The isotropic assumption could 

certainly be omitted if the process is directional by nature, e.g., weather.

The autocorrelation function must satisfy certain mathematical conditions in 

order to be valid. This restricts our selection to one of a number of standard au­

tocorrelation families. Most readers should be familiar with the independent error 

process associated with multilinear regression. In this case one is assuming that the 

errors are identically distributed and independent of one another and independent 

of location. For geospatial data, it is reasonable to assume that observations that 

are nearby will have similar response values, so we seek to model this relationship 

via the autocorrelation function. A rich family of autocorrelation functions is the 

Matern family (Handcock and Stein, 1993; Stein, 1999a). The Matern autocorrela­

tion function has the general form

where ) is the modified Bessel function of order 02 (Abramowitz and Stegun, 

1965). The “range” parameter, 01; controls the rate of decay of the correlation be­

tween observations as distance increases. Large values of 9i indicate that sites that
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are relatively far from one another are moderately (positively) correlated. The pa­

rameter 02 can be described as controlling behavior of the autocorrelation function 

for observations that are separated by small distances. The Matern class includes 

the exponential autocorrelation function when 02 = 0.5 and the Gaussian autocor­

relation function as a limiting case when 02 —> oo. The Matern class is very flexible, 

being able to to strike a balance between these two extremes, thus making it well 

suited for a variety of applications. Figures 2.1 and 2.2 illustrate the flexibility of 

the Matern autocorrelation function. Notice that for small distances the correlation 

between sites is large and decreases as distance increases.

The autocorrelation function given in (2.2) can be further adapted to include 

the possibility of measurement error, often referred to as nugget in the spatial con­

text. A mixture model that incorporates measurement error in these spatial models 

is considered in Thompson (2001). To minimize the complexity of the current dis­

cussion, we have chosen not to include a nugget effect in our simulations or analysis 

of the lizard data example. The stream water chemistry analysis includes a nugget 

parameter. It should be noted that selection of the form of the autocorrelation func­

tion can be easily incorporated into the model selection process. For example, one 

could assume that the autocorrelation function is Matern but allow the selection 

process to determine whether or not a nugget should be included.

2.2.1 Estim ation

The model in (2.1) is often referred to as a geostatistical model or a universal 

kriging model. For a particular subset of explanatory variables and structured error 

process, we are now tasked with estimating the parameters (3, a2, and 6. Estimation 

of the parameters of this model can proceed using one of several likelihood based 

approaches (Cressie, 1993; Haining, 1990; Smith, 2000) or a Bayesian approach 

(Handcock and Stein, 1993; Thompson, 2001). Here we consider the former. Note
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Figure 2.1: Matern autocorrelation function for several parameter values. The hor­
izontal axis is the distance between points and the vertical axis is the correlation 
between two points at a given distance. We used a fixed range parameter, 9i = 2.00, 
with various smoothness parameter values, 02. Note that the exponential autocorre­
lation is equivalent to the Matern autocorrelation function with # 2 =  0.50 and that 
the Gaussian autocorrelation function corresponds to the limiting case such that 
0'2 —► oo.
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Figure 2.2: Matern autocorrelation function for smoothness parameter 02 =  1.00 
and various range parameter values, 0\.
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that both approaches can be computationally challenging to implement for large 

sample sizes.

Using the assumption that the error process is Gaussian, the log-likelihood of 

the parameters in equation (2.1), (0,0, a2), based on the observed data, Z,  is given 

by

I (0,0,  a2; Z) = ~  log |a2r |  -  ^  (Z -  X/3)' T 1 (Z  -  X 0 ) , (2.3)

where T =  [p^(||s, -  Sj 11)] represents the matrix of correlations between all pairs of 

observations, i , j  = l , . . . , n .  By concentrating out 0  and a2, the profile likelihood 

can be easily computed which can often accelerate optimization of the likelihood. 

That is, by maximizing the likelihood with respect to 0  and a2, we obtain (3 = 

0  (6) = ( X ' r 1 ! ) ' 1 X ' Y  xZ  and <r2 =  <r2 (0) = ( z  -  X 0 )  T~l [ z  -  X p )  /n. 

The resulting log profile likelihood is

(
A \  j VI

0 -0 ,a 2, Z j  = —-  log |T| -  -  log (d2) -  - .  (2.4)

Maximizing (2.4) yields the maximum likelihood estimates for the parameters of 

the spatial autocorrelation function, 0, which can in turn be used to compute the 

maximum likelihood estimates for 0  and <r2.

An alternative approach for parameter estimation is the restricted maximum 

likelihood (REML) approach of Patterson and Thompson (1971). Cressie (1993, 

p. 93) supports the use of REML over maximum likelihood as a method of estima­

tion when the number of explanatory variables is large. For model selection, most 

procedures involve a component consisting of the maximized likelihood function. 

Since REML does not maximize the likelihood, we do not consider REML here fur­

ther. However, once a model has been selected, the researcher is free to re-estimate 

the model parameters using, for example, REML.
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2.3 M odel Selection for G eostatistical M odels

Model selection is a critical ingredient in nearly any model building exercise. 

Depending on one’s philosophical perspective, which is often driven by the modeling 

objective, there are a myriad of procedures for selecting an optimal model subject to 

a particular criterion. The introductions in the books by McQuarrie and Tsai (1998) 

and Burnham and Anderson (2002) give excellent accounts of the various philoso­

phies underpinning model selection. It is important, however, to adopt a model 

selection paradigm that reflects the ultimate objective of the modeling process. For 

example, an explanatory model that establishes useful relationships between ex­

planatory and response variables may not necessarily perform as well as a predictive 

model and vice versa. Section 2.3.1 develops the Akaike Information Criterion (AIC) 

for spatial models of the form (2.1) while Section 2.3.2 discusses spatial model fit­

ting. Section 2.3.3 contains a brief discussion of the concept of Minimal Description 

Length (MDL) and further remarks on model selection issues.

Returning to our working example of the whiptail lizard, the current question 

at hand is which model should be selected? Should we include both of the potential 

explanatory variables, just one, or perhaps neither? What is the most appropriate 

form of the autocorrelation function? What is required is a quantitative measure of 

how closely each of the candidate models coincides with the true model. We may 

also wish to penalize less parsimonious models. We suggest that AIC, extended to 

spatial models, accomplishes these goals.

2.3.1 AIC for Spatial M odels

There are often two points of view taken in model selection. The first presumes 

that there exists a true finite-dimensional model from which the data were generated. 

For example, one might hypothesize the true model to be linear in which there exists 

an explicit linear relationship between the explanatory variables and the response.
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In this case, the key modeling objective is to identify the correct set of covariates that 

comprise the model. The second modeling perspective, which seems particularly well 

suited for ecological data, is that the “truth” and consequently, the underlying true 

model, is essentially infinite dimensional and we have no hope of identifying all the 

requisite factors that go into the process under study. In other words, reality cannot 

be expressed as a simple “true model” because, as Burnham and Anderson (1998) 

observe, “[Ecological] systems are complex, with many small effects, interactions, 

individual heterogeneity, and individual and environmental covariates (being mostly 

unknown to us).” Thus, the goal is to find the best approximating finite dimensional 

model to this infinite dimensional problem.

Under the first scenario, consistency should be a minimum requirement of a 

model selection procedure. That is, as more data are acquired, the model selection 

procedure should ultimately choose the correct model with probability one. In 

the second situation where the true model is infinite dimensional, a model selection 

procedure ought to choose a finite dimensional model that is closest to the true model 

in some sense. The Akaike Information Criterion (Akaike, 1973) is one procedure 

that is designed to achieve this second goal.

AIC was developed as an estimator of the Kullback-Leibler Information. 

Roughly speaking AIC is a measure of the loss of information incurred by fitting 

an incorrect model to the data. To describe the main idea behind AIC, let Z  be 

an n-dimensional random vector with true probability density function J't and con­

sider a family {./(•; V'), A € vt/ } of candidate probability density functions. The 

Kullback-Leibler information between /(•;?/’) and f T is defined as

(2.5)
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Applying Jensen’s inequality, we see that

ity) = j  - 2  log |  } f T^ dz

with equality holding if and only if f(z;  V>) =  f r (z )  almost everywhere with respect 

to the true model fr-

By treating I(‘ip) as the information loss associated with /(-;V0, the idea is to 

minimize /(</') over all candidate models ij> € 'S'. Unfortunately this is not possible 

without knowing fr ,  thus we need to adopt a strategy that is not dependent on the 

unknown density f T.

First rewrite the Kullback-Leibler information in the following manner;

The first term, defined as the Kullback-Leibler index, can be written as =

Et { — 2  log Lz (■!,/'■)} where the expectation is taken with respect to the true density 

and Lz(ip) is the likelihood based on the candidate model corresponding to tj) using 

the data Z.  Note that the second term in (2.6) is a constant and plays no role in 

the minimization of /((/')• While it is generally not possible to compute either A (i/j) 

or A (</>), where rt/j is the maximum likelihood estimate of Vq wc can strive to find a 

model that minimizes an unbiased estimate of E^{A('ijj)), where E^ represents the 

expectation operator relative to the candidate density

J  -2 \og{ f ( z ;  i/j)} f T(z)dz + j  2 log {fT(z)} J'T(z)dz  (2 .6 )
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It is shown in Section 2.3.1.1 that the quantity

AIC =  - 2  log Lz {-0) +  2 n p + k + 1 (2.7)
n — p — k — 2

is an approximately unbiased estimate of the expected Kullback-Leibler informa­

tion evaluated at where p is the number of explanatory variables (including an 

intercept term), k is the number of parameters associated with the autocorrelation

function, and n is the number of observed sites. Henceforth we will refer to this ver­

sion as the spatial AIC which includes a measure of the quality of fit of the model 

(first term) and a penalty factor for the introduction of additional parameters into 

the model (second term). The traditional (corrected) AIC statistic for this model is

AICc =  —2 log L z fy )  +  2(p + k + 1). (2.8)

Notice that for large n the penalty factors, 2n{p+k+l)/ (n—p —k —2) and 2(p+k+l)  

are nearly equivalent. The spatial AIC statistic has a more severe penalty for larger 

order models which helps counterbalance the tendency of AIC to over fit models to 

data.

The principle of AIC is to select a combination of explanatory variables and a 

model for the autocorrelation function which minimize either spatial AIC or AICc. It 

is worth remarking that in many classical situations, such as linear regression or time 

series modeling, spatial AIC and AIC are not consistent order selection procedures. 

In other words, as the sample size increases there is a positive probability that 

a model selected by spatial AIC or AICc does not correspond to the true model. 

Nevertheless, these statistics should produce good estimates of the Kullback-Leibler 

Information for which they were formulated (Hurvich and ling Tsai, 1989).

2.3.1.1 D erivation o f spatial AIC

To give a heuristic derivation of the spatial AIC statistic in the spatial model 

setup of (2.1), we follow the development in Brockwell and Davis (1991, p. 303).
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Suppose Z =  (Zi , . . . ,  Zn)' ancl Y  =  (Yi,. . . ,  Yn)' are two independent realizations 

from model (2 .1 ) at fixed locations (.si,. . . ,  sn) with true parameter value -0 o — 

(Po,Oo, CTg)'. Let /(•; ip) be a candidate Gaussian density function corresponding to 

the parameter vector ip = (/3,8, a2)'. Then by the independence of Y  and Z,

E,t A(V0 = E,i E f  |-21ogLy(V»)|z | = Fy, -21ogLy(V»)

where LY is the likelihood based on Y  and ip is the maximum likelihood estimate 

of ip based on Z. Using properties of the Gaussian density function and the repre­

sentation a2 — (Z  -  X(3)' (Z  — X 0 ) / n ,  we have

21ogLy (V>) =  —2 logLz{ip) + a 2SY(/3,8) -  n, (2.9)

where SY0 , d )  =  (Y — X(3)' ( r (0)^ ( Y  — X/3). The goal is find an unbiased 

approximation for E^ <t~2Sy ((3,8) of equation (2.9).

Using a second order Taylor series to expand SY(j3,8) in a neighborhood of 

((3,8), we obtain

Sy(0,  6 )  =! SyU3, />) + ( 0 , «) -  (0, e ) ) ' ' 3 3 M > .

+
(2 .10)

To evaluate the expected value of the terms in (2.10), we assume that standard 

asymptotics hold for the MLE ip =  ((3,6. a2)'. These are

(i) (f3,6)' is approximately normal with mean (0,6)'  and asymptotic covariance 

matrix given by the inverse of the Fisher information,

(ii) for large n, In 1 can be approximated by

V((3,8) ± - F
2a2

d2SY((3,8)
[8 0 ,8 )8 (0 ,8 ) ' \ P
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(iii) for large n, no2 =  Sz(/3,6) is distributed as o2x 2{n—p — k) and is independent 

of (/3,6)', where k is the dimension of the parameter 6 associated with the 

correlation function for the noise process {<i(s)}.

Using the independence of Y  and Z, we find that

E4,Sy ( P , 0 )  ^  E i , s Y (i3 ,o )  +  ( ( f r e ) - ( P , e j ) ' { v ( p , o ) }  1 ( 0 , 0) -  (/3,0 ))

is an approximately unbiased estimate of the expected Kullback-Leibler information 

evaluated at ip.

The argument given above for spatial AIC relied on the validity of standard 

asymptotic theory for the maximum likelihood estimates of the parameters in the 

spatial model (2.1). In order for these results to hold, it is likely that an increasing 

sample size that both fills in and expands the domain under study is required. In 

the statistics literature, this is often referred to as infill and increasing (expanding) 

domain asymptotics. Unfortunately asymptotic theory for maximum likelihood esti­

mates for unequally spaced data is not fully developed. Chapter 3 explores whether 

or not these assumptions hold by first developing complete asymptotic results for a 

regular lattice in one-dimension for an AR(1) process. The result is then generalized 

to observations collected at random (and independent) intervals in one-dimension.

~  a2n + o2(p + k).

Hence, from the last two terms of (2.9), we have

Ei:(o-2S Y(f3 ,0 ) ) - n  = E^{d~2)E.,!>(SY{P, 0)) -  n

o2(n + p + k) — n

The quantity

AIC  =  -2\og Lz {ip) + 2  (p + k +  1 )
n

(2 .11)
n — p — k — 2
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2.3.2 Spatial M odel F itting

Traditionally, the fitting of the model (2.1) is accomplished in two steps (see, for 

example, Venables and Ripley (1999, pp. 439-444)). In the first step, explanatory 

variables for modeling the large scale variation are chosen via a model selection tech­

nique such as Akaike’s Information (Corrected) Criterion (AICc) in (2.8) (Sugiura, 

1978; Hurvich and ling Tsai, 1989). Second, the residuals from the model are exam­

ined for spatial correlation and a suitable family of correlation functions is chosen. 

The estimates of the parameters in the trend surface are updated using general­

ized least squares followed by maximum likelihood estimation of the parameters 

of the covariance function using the updated residuals. This two step estimation 

process is repeated until some suitable convergence criterion is attained. Since a 

correlation function is not identified in the selection of the explanatory variables in 

Step 1 , AICc is implemented under the working assumption of independent residuals 

(Cressie, 1993; Haining, 1990).

A limitation of the model selection procedure described above is that it ignores 

potential confounding between explanatory variables and the correlation in the spa­

tial noise process {<£($)}. Although it is convenient to select explanatory variables 

for the model before fitting a covariance function to the residuals, it is generally 

not a good idea to separate these two steps. The inclusion of one or more impor­

tant explanatory variables may remove or reduce the correlation structure of the 

residuals from the model. For example, Ver Hoef et al. (2001) demonstrate the sim­

ilarities between a model with independent errors and a linearly decreasing mean 

and a model with correlated errors and a constant mean. Alternatively, ignoring 

the autocorrelation structure of the error process may mask explanatory variables 

which are very important in modeling the mean function. The additional noise in 

the data can overwhelm the information in the data, resulting in the identification 

of fewer important explanatory variables.
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Model selection techniques for spatial models need to include the correlation 

structure to determine the best set of predictors. By computing the spatial AIC 

statistic described in Section 2.3.1 for all members of the candidate models, one can 

find a single “best” model or a set of models which fit the data well. This method 

attempts to strike a balance between the competing forces of large scale variability 

as modeled via the explanatory variables with small scale variability as modeled 

through the correlation in the residuals.

During model selection, the researcher should restrict their attention to max­

imum likelihood estimates of the model parameters. This is because the spatial 

AIC statistic (see Section 2.3.1) is derived using the principle of maximum likeli­

hood. Alternative parameter estimation techniques, such as REML or the method 

of moments, do not maximize the likelihood function, precluding them from model 

selection. In principle, the profile likelihood achieves the maximum and is therefore 

appropriate for model selection. However, once a model has been selected, the re­

searcher is free to re-estimate the model parameters using, for example, REML to 

improve the individual parameter estimates.

2.3.3 Other considerations

In Section 2.3.1 the spatial AIC statistic derived for the geostatistical model 

(2 .1 ) required that the true model was a member of the family of candidate 

models, all of which were finite dimensional. However, in many applications 

(McQuarrie and Tsai, 1998; Burnham and Anderson, 2002), the AIC selection pro­

cedure enjoys additional optimality properties regarding the choice of a finite­

dimensional model when the true model is in fact infinite dimensional. This includes 

the notion of efficiency for prediction in time series models and optimal signal-to- 

noise ratios for linear models (McQuarrie and Tsai, 1998).

AIC and other information-based criteria such as BIC and HQ have an objec­

tive function consisting of two pieces (Kass and Raftery, 1995; McQuarrie and Tsai,
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1998). The first, is related to -2xlog-likelihood, which is a measure of the quality of 

fit of a model, and the second is a penalty factor for the introduction of additional 

parameters into the model. The principle of minimum description length (MDL), 

an idea developed by Rissanan in the 1980s, e.g., Rissanen (1986), also contains 

two similar pieces, but is motivated by different ideas. MDL attempts to achieve 

maximum data compression by the fitted model.

The idea behind MDL is to decompose the code length of the “data” into two 

pieces (see the survey paper by Lee (2001) for more details). Roughly speaking, 

the code length of the “data” is the amount of memory required to store the data. 

Typically the code length of the data can be decomposed into the sum of the code 

length of the fitted model and the code length of the data given the fitted model, 

i.e.,

L (“data") =  L(“fit ted model”) + L(“data given fitted model”).

Here L(“f itted model”) might be interpreted as the code length of the model para­

meters and L (“data given fit ted model") as the code length of the residuals from 

the fitted model. It follows that a more complex model is chosen provided there has 

been a compensating decrease in the code length of the residuals. According to the 

MDL principle, the best model is the one producing the shortest code length for the 

data. The attraction of this procedure is that the data is being compressed in the 

most efficient manner possible and the notion of a true model at any level is not 

required.

The code length of the fitted model based on the MLE, xp, can be approximated 

by L(“f i tted model”) ~  |(p  + k + 1) log2 n. The code length of the data given the 

model based on xp is approximated by log2 L{xp). Adding these terms together and 

rescaling, the minimum description length is defined as

MDL =  ^ ( —2 log(Lz (xp)) +  log(n)(p + k + 1)) .
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The only difference between the value of the spatial AIC statistic and 2-MDL is the 

magnitude of the penalty term coefficient. For spatial AIC, the leading coefficient 

is of order 2 compared to log(n) for 2-MDL. For sample sizes greater than 8 , the 

penalty for 2-MDL is larger. For example, when n = 100, p = 4, and k = 2 

the penalty coefficients are 2 and 4.60, respectively. MDL generally selects more 

parsimonious models, i.e., models with fewer explanatory variables.

Bayesian model averaging is an alternative approach to model selection and 

prediction (Hoeting et ah, 1999). The idea of Bayesian model averaging is to average 

across several models instead of selecting one model. In computing the average, each 

model is weighted by its posterior model probability, a measure of the degree of 

model support in the data. Empirical and theoretical results over a broad range of 

model classes indicate that Bayesian model averaging can provide improved out-of- 

sample predictive performance as compared to single models. For the geostatistical 

model in (2.1), Thompson (2001) showed that Bayesian model averaging can offer 

improved predictive performance as compared to the single models that are selected 

when spatial correlation is ignored. However, the gains are modest in the simulations 

that were explored.

2.4 Sim ulations

To explore the impact of ignoring spatial correlation on model selection, we 

carried out two simulations to evaluate the model selection methodology proposed 

in Section 2.3.2. Of primary importance was comparing which explanatory vari­

ables were selected using the traditional independent AIC model selection procedure 

(which ignores spatial correlation) to those selected using the spatial AIC approach 

and the MDL approach described in Section 2.3.3. We also conducted simulation 

studies to characterize the strength of the predictive ability when spatial correlation 

was included in the selection process of explanatory variables.
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2.4.1 Sim ulation 1

For the first simulation we generated five possible explanatory variables, 

X i, X 2, X 3, X 4, and X 5. Each explanatory variable was independently gener­

ated from a standardized Student’s t distribution with 12 degrees of freedom, 

X  < ~  for i =  1, . . .  ,5. The explanatory variables were held fixed for all

simulations.

For a fixed set of n = 100 sites randomly located over a 10 x 10 square, data 

were simulated from the model

Z  =  2  +  0.75X! +  0.50X2 +  0.25X3 + S, (2.12)

where 6 was a Gaussian random field with mean zero, a2 = 50, and autocorrelation 

Matern with parameter vector 6 = (4.0,1.0)'. Five hundred replicates were simu­

lated with a new Gaussian random field generated for each. The largest component 

of the “signal” in (2 .1 2 ) is associated with X\  which is three times the “strength” of 

X3 . Thus one expects that the majority of models selected should at least include 

* 1 .

With five possible explanatory variables, there are 25 =  32 possible combina­

tions of explanatory variables, including the intercept-only model. For each realiza­

tion, we computed the AICc statistic for all 32 possible models. For the traditional 

method, the AIC statistic was calculated using (2.7) with k =  0 . We refer to this 

as the independent AIC approach. The spatial AIC results were calculated using 

(2.7) with k =  2. Further details on the simulation set-up and additional simulation 

results are given in Thompson (2001).

2.4.1.1 General R esults

Table 2.1 compares the models selected by the spatial and independent AIC ap­

proaches. When independence is assumed, the AIC statistic selects the true model
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Table 2.1: Model Selection Results for the Random Pattern with 6 =  (4.0,1.0)'. 
Independent AIC, Spatial AIC, and MDL report the percentage of simulations that 
each model was selected. Of the 32 possible models, the results given here include 
only those with 1 0 % or more support for one of the models.

Variables in Model Spatial
AIC

Independent
AIC MDL

X ! , X 2, X 3 56.0 2.4 40.4
X 1, X 2)X :hX 5 14.4 0 . 2 4.2
x1,x2,x3)x4 1 0 . 8 0 . 2 0 . 8

X r , X 2 1 0 . 2 8.4 46.4
Intercept only 0 . 0 26.8 0 . 0

X , 0.4 14.2 1 . 2

X 2 0 . 0 13.8 0 . 2

( X i , X 2, X :i) only 12 out of 500 simulations (2.4%) while the intercept-only model 

is selected 134 out of 500 simulations (26.8%). Over all 500 simulations, the in­

dependent AIC statistic selected models that included both explanatory variables 

X i  and X 2 only 15.8% of the time. These results provide a vivid example of the 

drawbacks of the standard model selection approach for spatially correlated data. 

In total, the first explanatory variable is in 40.2% of the selected models, and the 

second explanatory variable is included in 35.4% of the models.

The spatial AIC method outperformed the independent AIC method. The 

true model was selected in 56.0% of the simulations. When the true model was not 

selected, spatial AIC tended to overestimate the number of parameters in the model, 

selecting models with one or two extra variables (28.4%). In contrast to indpendent 

AIC independence, the hrst explanatory variable is in 100% of the selected models 

and the second explanatory variable is included in 98.6% of the models.

Figure 2.3 illustrates the necessity of including spatial correlation during model 

selection. The top panel lists the models from smallest to largest average AIC over 

all 500 simulations. The horizontal axis list the variables included in the model
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Figure 2.3: AIC values for the spatial and independent AIC selection strategies. 
Note that the models for the spatial AIC method have been ordered from smallest 
to largest average AIC over all 500 simulations. The horizontal axis lists the variables 
included in each model where n u l l  refers to the intercept-only model.

where NULL refers to the intercept-only model. Note that the model with the small­

est average AIC is the true model (X i , X 2, X 3 ). All of the first 16 models listed 

include Xi, while the first eight models also include X-2. In sharp contrast, the box- 

plots for the independence assumption during model selection are virtually identical. 

Although the models are listed from most to least parsimonious, any rearrangement 

would look nearly identical. The lack of trend in this plot illustrates that ignoring 

spatial dependence during variable selection may lead to selection of an inappropri­

ate model.
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Table 2.1 also illustrates MDL’s ability to select the appropriate model when 

spatial correlation is accounted for during variable selection. Although it only selects 

the “true” model for 40.4% of the simulations, it selects the model containing only 

X i  and X 2 46.4% of the time. These results are consistent with the idea that MDL 

more strongly penalizes models with a large number of explanatory variables and 

thus tends to select more parsimonious models. Also note that MDL selects one of 

three models for more than 90% of the simulations.

To further evaluate the performance of the spatial AIC strategy, we performed 

additional simulations using different values of the Matern correlation function pa­

rameters, 6. For the first experiment, we fixed the range parameter, By — 4.0, and 

varied the smoothness parameter, 02 — (0.50,0.75,1.00,4.00). For the second ex­

periment, the smoothness parameter was fixed, 02 =  1 .0 0 , and the range parameter 

was varied, 9\ =  (2.0,4.0,6.0,8.0). For each experiment, 100 sets of random obser­

vations were generated according to (2 .1 2 ) at the same sampling locations as in the 

previous simulation study, and the two model selection techniques were compared.

Table 2.2 illustrates how varying the smoothness parameter, 02, influenced 

model selection. As 02 was increased from 0.5, which corresponds to an exponential 

autocorrelation function, the AIC for the spatial model approach tended to pick the 

true model more frequently. In addition, the tendency of overfitting was enhanced. 

Note that this second result is not necessarily undesirable because the inclusion of 

additional explanatory variables often improves the overall predictive capabilities 

of the model. In cont.ra.st:, assuming independence during model selection tended 

to lead to under fitting, often with one or no explanatory variables. In fact, the 

traditional approach appeared to be invariant over all values of 02. Table 2.3 shows 

similar results when the range parameter, 9\, was varied. Inclusion of spatial cor­

relation lead to the correct model or an over fit, being selected as 9\ was increased. 

Ignoring spatial dependence during model selection tended to under fit the model 

(often the intercept-only model was selected).
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Table 2.2: Model selection results for the Matern family with various smoothness 
parameter values. For all simulations the range parameter is fixed at 9\ =  4. Listed 
is the percentage of simulations that each model was selected using the spatial AIC 
and independent AIC methods. Of the 32 possible models, the results given here 
include only those with 1 0 % or more support for one of the models.

Variables in Model e2 =
spat

0.50
ind

e2 =
spat

0.75
ind

0 2 = 
spat

1 . 0 0

ind
0 2  — 
spat

4.00
ind

x u x 2, x 3 15 3 35 1 56 2 62 3
x u x 2, x 3, x 3 1 0 3 0 14 0 14 0

X l , X 2, X;i, X 4 3 0 7 0 1 1 0 18 1

X  i , X  2 2 2 7 2 0 4 1 0 8 0 8

Intercept only 4 30 0 32 0 27 0 2 2

17 17 1 2 2 0 0 14 0 2 0

* 2 4 1 2 0 1 1 0 14 0 8

Table 2.3: Model selection results for the Matern Family with various range para­
meters values. For all simulations the range parameter is fixed at 02 =  1-00. Listed 
is the percentage of simulations that each model was selected using the spatial AIC 
and independent AIC methods. Of the 32 possible models, the results given here 
include only those with 1 0 % or more support for one of the models.

Variables in Model 0 i =
spat

2

ind

II<£■ 
1vfi1

4
ind

0 1  = 
spat

6

ind
0 i =

spat
8

ind
x u x 2, x 3 25 2 56 2 6 6 5 71 4
X UX 2, X 3, X 3 6 0 14 0 1 1 0 1 0 0

X \ , X 2, x 3, x 4 7 0 1 1 0 19 2 14 1

X u x 2 2 2 8 1 0 8 0 14 0 2 1

Intercept only 0 2 2 0 27 0 25 0 1 2

X ! 14 2 0 0 14 0 15 0 23
X 2 1 8 0 14 0 1 1 0 9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

2.4.1.2 Im pact o f Sampling P attern

Thompson (2001) demonstrated that the use of spatial AIC appears to be en­

hanced when the sampling pattern includes both some closely spaced and more 

distant pairs of sample locations. Note that all of the simulations in Section 2.4.1.1 

used the same 1 0 0  sampling locations that were randomly placed over a 1 0  x 1 0  

square. To explore the impact of the sampling pattern, the main simulation was 

repeated using four additional sample patterns: highly clustered, lightly clustered, 

regular, and grid. Figure 2.4 displays all five patterns. For each sampling pat­

tern (including the random pattern) 100 new realizations of the Gaussian random 

field were generated using (2.12) with 0 = (4.00,1.00)' and both the spatial and 

independent AIC statistics computed for each.

Table 2.4 summarizes the models that were most frequently selected. The highly 

and lightly clustered patterns selected the true model in over 65% of the simulations. 

There is evidence that as the sampling pattern provides less information at small 

distances, the selection of the correct set of explanatory variables becomes more 

challenging. Indeed, for the grid design the correct model was only selected in 16% 

of the simulations.

The independent AIC approach gave similar results to those for the random 

pattern given in Table 2.1. Over all five sampling patterns, the independent AIC 

approach selected the correct model in less than 1 % of the simulations and the model 

with X x and X 2 was selected in 5% of the simulations.

2.4.1.3 M ean Square Prediction Error

Another measure of the importance of including spatial correlation during 

model selection is the concept of mean square prediction error (MSPE). We can 

evaluate MSPE for the simulated data because we know the true underlying model 

(2.12). MSPE is the average squared difference between the actual and predicted
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Table 2.4: Spatial AIC model selection results for five different sampling patterns. 
Each column reports the percentage of simulations that each model was selected. 
Of the 32 possible models, the results given here include only those with 10% or 
more support for at least one of the sampling patterns.

Variables in Model Highly
Clustered

Lightly
Clustered Random Regular

Pattern
Grid

Design
X 1}x 2, x 3 73 65 46 43 16
x lfx 2 0 2 18 2 1 35
x ltx 2, x 3, x 4 1 2 13 8 8 3
X i ,  X 2, X 3, X 5 1 0 13 1 1 7 7

values at a new collection of locations such that

MSPE =  ^ E ( z i - ^ ) “- <2'13>
j=i

Here Z, is the universal kriging predictor for the j th prediction location using the 

maximum likelihood estimate of the parameter vector t/> and Zj is the true value 

at location j. Small values of MSPE indicate predicted values are close to the true 

values on average, where an MSPE of exactly zero corresponds to perfect prediction. 

What we expected to see was an MSPE that was systematically smaller for spatial 

AIC compared to independent AIC.

Returning to the random sampling pattern, 100 new locations were randomly 

selected over the 10 x 10 square. At each of these new locations the response 

was simulated using (2.12) [conditioned on the original 100 observations]. Next, Z 

was computed using the selected model and the corresponding maximum likelihood 

estimates for f3,a2, and 0 for both spatial and independent AIC. Finally, MSPE 

was calculated for each of the 500 simulations.

Figure 2.5 illustrates the improvement made by incorporating spatial correlation 

into the model selection process. The mean MSPE for the spatial AIC method was 

4.57 compared to 5.50 for the independent AIC selection method (an improvement
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Figure 2.5: Comparison of the Mean Squared Prediction Error (MSPE) for both 
selection methods based on 500 simulations.

of 16.9%). Over the set of 500 simulations, the two methods selected the same 

model only 11 times. When these simulations were removed from the data set, the 

improvement in mean MSPE increases to 17.3%. It should be noted that when 

spatial correlation was ignored altogether, i.e., independent error structure assumed 

after model selection, the mean MSPE was 39.6.

2.4.2 Sim ulation 2

The results from the first simulation study clearly demonstrate that (possible) 

spatial correlation should be accounted for during model selection. But there is a 

deficiency in the set-up of this simulation; the ratio of the “signal” of the mean trend 

is small compared to that of the noise process. Note that the explanatory variables, 

X i , i  =  1, . . . ,  5 are realizations of a mean zero white noise process. Figure 2.6 

illustrates a single realization of a random field generated by this process. Note 

that the surface is very “rough” and that locations at close proximity can have
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remarkably different response values. Many explanatory variables do not behave 

this way. For example, the observed canopy density at two locations in a forest 

separated by 1 0  meters are unlikely to be very different, i.e., positively correlated. As 

the distance between locations increases the observed canopy densities will become 

nearly independent. Furthermore, the mean surface of simulation 1 is itself a white 

noise process because the sum of two or more iid processes is also iid. Therefore, 

the only “signal” present in simulation 1  was imposed by the error process, i.e., the 

correlation among the residuals. Hence it is not surprising that the independent 

AIC method was unable to select the correct explanatory variables.

To generate a more interesting mean surface it was decided that the explana­

tory variables should be “smoother”, i.e., have a non-zero trend surface. For exam­

ple, one can define X  as a quadratic function, i.e., a two-dimensional “smooth” 

surface. We chose to let each X ,  be an independent realization of the model 

bXi ~  jV"(0, r 2 Matern(4,l)) where r 2 =  1. Figure 2.7 is one such realization 

smoothed over a 10 x 10 lattice. Note that for locations at close proximity the 

values of the response surface are similar. Also observe that the correlation struc­

ture of each X i  is identical to that of the noise process S. (This was done to simplify 

computing S/N. See below.)

2.4.2.1 Signal-to-N oise R atio

We define the signal-to-noise ratio as the square root of the ratio of the vari­

ability of the mean structure (large scale variability) to the variability of the noise 

(small scale variability). We write this as

Var(Er=i(
V a r(E

Var (EfLi(A) +  PiXu  +  • • • +  fipXpi 
V a rQ X i *)

1/2

(2.14)

Var (l 'X/3)  
Var(I'd)

1/2
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White Noise Explanatory Variable

Figure 2.6: A (smoothed) realization of a white noise explanatory variable X  such
that X 1 2 ^ 2 -
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Autocorrelated Explanatory Variable

Figure 2.7: A (smoothed) realization of an autocorrelated explanatory variable X  
such that X  ~  A/"(0, cr2 Matern(4,1)), where a2 = 1.0.
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where 1' is an n-vector of ones. As an exercise, let’s compute the S/N for the first 

simulation. Recall that the explanatory variables are independent and identically 

distributed, i.e., X ,  ~  |/,12. This implies

_ j 1  if ix =  t2 and j  =  k,

1 0  otherwise.

Therefore the numerator (inside the radical) is Var (l 'X/3) = n(fi2 + /if +  (32) and 

is function of (3. The denominator can be evaluated as follows:

V a r( l 'i)  =
\ i = l  3 = 1

= £ £ * m
i = 1 j = l

= ^2E E e WII»<-^II;0)],
i, = 1 j = l

where s.( and S j  are sampling locations. Therefore the denominator is a function of 

the spatial parameters, 0. Evaluating the numerator and denominator with the para­

meter values (3 = (2.00,0.75,0.50,0.25)', a1 =  50, and p{-\0) — Matern(-; 4.0,1.0), 

we find that S/N does not exceed 0.50 for any of the sampling patterns. This is 

quite low and indicates that the contribution by the explanatory variables to the 

overall process is small. This provides a possible explanation as to why independent 

AIC did so poorly.

Replacing the original X*’s with the autocorrelated explanatory variables, the 

numerator of S/N is written as

n n

V ar(l'X 0) =  {!3l + f3% +  / 3 f ) E E E M l *  " *11; ^  •
* 3

Combining this result with the denominator result simplifies the evaluation of the 

signal-to-noise ratio to S/N =  (([3‘f +  /if +  (3l)a~2)1̂ . Hence, for fixed (3, the S/N 

can be set to any value by simply scaling a2.
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It should be noted that the reported signal-to-noise ratios in Section 2.4.2.2 

are approximate. To compute S/N we are assuming that each X i  is random. For 

this problem, and indeed for real world applications, we observe a single realization 

of each explanatory variable (held fixed for all subsequent simulations). Hence, to 

compute the actual S/N one would need to evaluate (2.14) using the estimates /3, 

<r2, and 0.

2.4.2.2 M odel Selection as a Function o f S /N

Following the same procedure outlined in Section 2.4.1, a random Gaussian 

field was generated using (2.12) and the autocorrelated explanatory variables and 

evaluated at each of the 100 locations (for the random sampling pattern only). We 

performed model selection using both spatial and independent AIC for 100 separate 

realizations at each level, S/N = {0.25,0.50,1.00,2.00,4.00}.

Table 2.5 clearly illustrates the impact of S/N on model selection. For small 

S/N, spatial AIC identifies that either (or both) X i  and X -2 are the only important 

significant explanatory variables (under fitting). As the S/N increases, spatial AIC 

selects the “true” model more often and, consistent with the nature of AIC, favors 

overfitting the model for large S/N. Contrast this with independent AIC which fa­

vors the full model at all levels of S/N. For large S/N, independent AIC consistently 

selects larger models.

2.5 Exam ples

In this section we present results using actual data. The first example explores 

the abundance of the orange-throated whiptail lizard Cnemidophorus hyperythrus 

of southern California. These data were previously analyzed by Hollander et al. 

(1994) and Ver Hoef et al. (2001). It turns out that the sampling locations for 

the lizard data are highly clustered. We use our model selection results to set up 

an additional simulation to further explore the importance of using spatial AIC
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Table 2.5: Model selection results for five different levels of S/N using the random 
sampling pattern. Each column reports the percentage of simulations that each 
model was selected. Of the 32 possible models, the results given here include only 
those with 10% or more support for at least one S/N level.

Signal-to-Noise Ratio, S/N
Variables in Model 0.25 0.50 1.00 2.00 4.00

spat ind spat ind spat ind spat ind spat ind
X ltX 2, X3 6 7 23 8 61 13 77 16 77 17
X UX 2, X 3, X4, X 5 0 13 2 17 4 27 5 29 5 33
X 1, X 2, X3, X 5 1 6 5 9 9 16 10 20 10 21
x 4, x 2, x 3, x 4 1 7 4 9 7 16 8 24 8 24
x ux 2 12 1 43 2 16 2 0 1 0 0
X ! 22 3 7 0 0 0 0 0 0 0

14 1 2 0 0 0 0 0 0 0
Intercept only 13 0 0 0 0 0 0 0 0 0

for model selection. The second example is a model selection exercise using water 

chemistry data collected throughout the state of Maryland. The general goal of this 

analysis was to select the best model for each response variable. The key extension 

in the second example is that the definition of “distance” between sites, and hence 

the autocorrelation structure, is also in the set of competing models. All of the 

analyses presented thus far have involved Euclidean distance (“as the crow flies”). 

Stream networks provide a unique challenge in that movement can be restricted to 

within the stream network (“as the fish swims” or “as the water flows”).

2.5.1 O range-throated Lizard o f Southern California

We applied the model selection strategy to the whiptail lizard data previously 

analyzed by Hollander et al. (1994) and Ver Hoef et al. (2001). The data set consists 

of abundance data for the orange-throated whiptail lizard of southern California. A 

total of 256 locations in 21 regions were used for trapping. Each observation consists 

of the average number of lizards caught per day at each location. After removing 

sites where no lizards were caught (to maintain distributional assumptions), a total
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of 148 observations remained for the abundance analysis. Figure 2.8 shows that the 

pattern of the sites where the lizards were observed was highly clustered. A log 

transformation was applied to the response, average number of lizards caught per 

day, to allow for the use of a Gaussian random field.

There are a total of 37 explanatory variables available including information on 

vegetation layers, vegetation types, topographic position, soil types, and abundance 

of ants. This corresponds to approximately 237 or 1.374 x 1011 possible models 

[without interactions]. To make the analysis tractable, the number of explanatory 

variables was reduced to six. See Ver Hoef et al. (2001) for further details about 

preliminary explanatory variable selection.

The subset of explanatory variables used in the analysis were Crematogaster ant 

abundance (3 categories - low, medium, and high), log percent sandy soil, elevation, 

a binary indicator variable describing whether or not the rock was bare, percent 

cover, and log percent chapparal plants. Ant abundance is a categorical variable 

and has five (5) unique modeling subsets. This leads to a total of 5 x 25 =  160 

competing models.

All 160 unique models were fit to the data using the strategy outlined in Sec­

tion 2.3.2. We assumed a Matern autocorrelation structure (without nugget) for 

each model. For comparison, the independent AIC model selection approach was 

also applied to the data set. Table 2.6 summarizes the top 3 models selected when 

employing each strategy. For each model the corresponding rank (by AIC) under 

the opposing strategy is also listed. The two methods select very different models. 

When spatial dependence is incorporated into the selection process, very parsimo­

nious models are chosen and are consistent with the results of Ver Hoef et al. (2001). 

The traditional approach leads to much more complicated models. By initially as­

suming independent covariates, the selection process is trying to compensate for 

correlation in the error structure by incorporating too many explanatory variables.
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Figure 2.8: Locations in southern California where the whiptail lizard was observed: 
(n = 148).
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Table 2.6: Model selection results for the whiptail lizard data. Listed are the ex­
planatory variables selected using AIC as the selection criterion. The rank of the 
model (by AIC) is provided under both model selection strategies. Anti corresponds 
to low abundance and Ant2 corresponds to medium abundance.

Predictors Spatial Rank Independent
Rank

Anti, % sand 1 6 6

Anti, Ant2 , % sand 2 56
Anti, % sand, % cover 3 59

Anti, Ant2 , % sand, %c over, elevation, 41 1

barerock, % chaparral
Anti, Ant2 , % sand, elevation, barerock, 33 2

% chaparral
Anti, % sand, % cover, elevation, barerock, 38 3

% chaparral

In fact, the full model has the smallest AIC when the correlation structure is ignored 

during model selection. It should be noted that the top three models selected by 

the MDL method exactly matched those selected by spatial AIC.

2.5.1.1 Lizard Sim ulation D ata

The highly clustered sample locations for the lizard data motivated the follow­

ing simulation study (see Figure 2.8). First we define the “true” model as the model 

selected by spatial AIC, i.e., log(abundance) = /(A nti, %sand) with Matern auto­

correlation function. The maximum likelihood estimates of =  (j3, a2. 6) were used 

to parameterize the model. A distinct advantage to this approach is that we need 

not assume anything about the nature of the explanatory variables. Each variable 

may or may not be autocorrelated and, perhaps, correlated with one another, thus 

providing a powerful paradigm to examine the impact of ignoring spatial correlation 

during model selection.

Using the selected model wre generated 100 realizations of the Gaussian random 

field at the 148 locations used to fit the “true” model. For each realization we
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Table 2.7: Model selection results for the simulated lizard data set. Listed is the 
percentage of time each model was selected out of 100 simulations using AIC. Only 
models with at least 5% support are presented.

Variables in Model Spatial
AIC

Independent
AIC

X\ , X4 (True model) 75 5
X 4, X4, X5 8 5
X UX 4, X5, X S 1 1 0

x 1;x 4, x 5, x 7 0 6

XuX^Xe 2 5
x 4, x 4, x s 3 5

performed model selection over the complete set of 160 models using both spatial and 

independent AIC. Table 2.7 lists the models most commonly selected. Clearly spatial 

AIC outperforms independent AIC, selecting the “true” model 75% of the time. 

Independent AIC once again generally selects models with additional explanatory 

variables (over fitting). Note that nearly 90% of the models selected using spatial 

AIC are listed while less than 40% of the selected models for independent AIC 

are identified. This implies that the variability associated with model selection is 

higher for independent AIC. Overall, the lizard simulation results are consistent with 

the simulation results presented in Section 2.4.1.2 for the highly clustered sample 

pattern.

2.5.2 M aryland Biological Stream  Survey

The second example attempts to model water chemistry variables collected 

along streams throughout the state of Maryland. An important complication arose 

because the distance between two sites can be defined differently depending on 

whether or not one restricts movement to be within the stream network. As a 

consequence, there were competing distance measures to be used in the correlation 

function. It was decided that the best model be identified for each distance measure
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Figure 2.9: Spatial Distribution of the Maryland Biological Stream Survey (MBSS) 
Data.

separately. Note that the spatial model selection procedure can easily incorporate 

competing correlation functions but it is unclear if spatial AIC can properly differen­

tiate between different distance measures used within the same correlation function.

The Maryland Biological Stream Survey (MBSS) was conducted by the Mary­

land Department of Natural Resources over the years 1995, 1996, and 1997. A 

stratified probability-based random survey design was employed collecting observa­

tions at over 880 locations spread throughout 17 interbasins. Figure 2.9 illustrates 

the spatial relationship of the sampling locations. Data collected included the acid 

neutralizing capacity, dissolved organic carbon, whether or not the surrounding 

landscape was urban or rural, etc. Peterson et al. (2006) provide a full description 

of the modeling process including a complete list of the response and explanatory 

variables. What follows is a brief accounting of the unique features of the stream 

network problem.
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2.5.2.1 H ydrologic D istance and Flow C onnectivity

Perhaps the greatest complication involved in this analysis is the nature of a 

stream networks. All of the simulations and examples presented thus far have been in 

two spatial dimensions and the distance between sites s t and Sj has been defined by 

Euclidean distance, Ay =  ||s, — Sj\\. Conceptually this equates to “as the crow flies” 

across a two dimensional landscape and can be easily modified to accommodate one 

and three spatial dimensions. Indeed one can imagine a stream network as part of a 

two dimensional surface. If travel across land is allowed then the distance between 

two locations along the stream network is consistent with Euclidean distance. But 

what if travel between the two sites is restricted to the stream network within the 

two dimensional landscape?

Conceptually we are proposing a distance measure akin to “as the fish swims”. 

Two locations that are geographically close may now be far apart hydrologically 

or, perhaps, not connected at all (such as the head waters on either side of the 

continental divide). We define symmetric hydrologic distance as the “in-stream” 

distance between locations. In recent years there has been significant development, 

of Graphical Information System (GIS) tools that allow users to measure (approx­

imate) the hydrologic distance between any two locations within a stream network 

(Theobald et al., 2005). To further complicate the issue we can also incorporate 

the direction of flow. For example, suppose a pollutant has been introduced to the 

stream network at a specific location (point source). If its transport mechanism is 

solely dependent on the direction of (water) flow, only locations downstream will be 

influenced by the presence of the pollutant. Thus downstream sites are flow con­

nected but upstream sites are not. This relationship is referred to as asymmetric 

flow distance. Figure 2.10 demonstrates each distance measure used in the analysis.

Ver Hoef et al. (2006) have developed a series of correlation structures that 

can accommodate both symmetric and asymmetric hydrologic distance. They show
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Figure 2.10: Distance measures for stream networks. The figure represents a con­
fluence of two streams coming together. The are two upstream observation sites (1 
and 2) on separate tributaries and a single downstream site at 3. The dashed lines 
of the first panel illustrate the Euclidean distance between sites. The second panel 
illustrates symmetric hydrologic distance. Note that travel is allowed to move both 
up and down stream. The third panel illustrates asymmetric hydrologic distance. 
Site 3 is flow connected to both sites 1 and 2  but sites 1 and 2  are not flow connected 
with one another.
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that the exponential correlation function, among others, is well suited for working 

with hydrologic distance. The symmetric case is very similar to the traditional 

Euclidean distance case while the asymmetric case requires the introduction of a 

carefully constructed weight matrix to preserve positive definiteness of the variance- 

covariance matrix.

2.5.2.2 Sum mary of K ey A nalysis R esults

Models were developed for eight different water chemistry variables. The Mary­

land Biological Stream Survey (MBSS) data contains many potential explanatory 

variables so the number of potential explanatory variables was restricted to five for 

each response. The set of competing models was limited to linear models (without 

interactions) with exponential spatial correlation. This set-up was chosen because 

the exponential correlation function is compatible with all of the proposed distance 

measures. It was assumed that measurement error was present and hence the cor­

relation matrix of (2.3) was updated with

r(<j;8 ) =  I 1 i fd« = 0'
( ( 1  — 0i) exp{—dij/# 2 } otherwise,

where is the distance between locations i and j  (distance measure dependent), 

0\ is the proportion of variability due to measurement error, and O2 is the range 

parameter. A general rule associated with the exponential correlation function is 

that sites that are within 3 # 2  of one another are considered to be correlated.

For each response variable, model selection was performed over the set of all 

possible linear models by maximizing the profile likelihood (2.4) with respect to 0 

for each distance measure. The selected models were then compared by evaluating 

MSPE over a fixed subset of data that was withheld from the model selection process 

as defined by (2.13).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



50

Table 2.8, originally published by Peterson et al. (2006, Table 6 ), list the MSPE 

for model selected for each distance measure. For five of the eight responses, symmet­

ric hydrologic distance provided a moderate gain over Euclidean distance (“straight- 

line distance”) with respect to MSPE and to the coefficient of determination, r 2. 

Asymmetric hydrologic distance was only shown to be superior for the water tem­

perature response. Unfortunately the utility of the models for water temperature 

were generally poor.
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Table 2.8: Autocorrelation parameter estimates, mean square prediction error 
(MSPE), and sample coefficient of determination (r2) for the general linear model 
(GLM), straight-line distance (SLD), symmetric hydrologic distance (SHD), and 
weighted asymmetric hydrologic distance (WAHD) model for each unsealed response 
variable. The MSPE and r 2 values were calculated using the observed and predicted 
values contained in the validation set.

Response
Variable

Distance
Measure MSPE r 2 Nugget % Sill Range (km)

ANC

GLM
SLD
SHD
WAHD

293,000
50,600
55,800
87,200

0.411
0.899
0.877
0.843

NA
1.90
2 . 0 0

0.90

NA
0.388
0.286
0.644

NA
26.8
57.5
47.7

GLM 34,900 0.712 NA NA NA
PONFlI AR SLD 11,600 0.921 0.90 0.961 12.4

SHD 3,230 0.959 1.30 0.573 27.6
WAHD 4,010 0.948 1 . 1 0 0.569 45.2
GLM 7.85 0.520 NA NA NA

n o r SLD 5.46 0.644 1.54 0.282 56.3
U U v j SHD 5.37 0.656 2.89 0.693 180

WAHD 5.47 0.649 1.99 0.734 82.3
GLM 1.91 0.294 NA ' NA NA

n n SLD 1.58 0.414 5.45 0 . 2 0 2 62.7
D kj SHD 1.64 0.392 7.04 0.283 301

WAHD 1.74 0.355 3.98 0.263 82.3
GLM 1.14 0.671 NA NA NA
SLD 0.82 0.772 3.60 0.593 20.7
SHD 0.75 0.783 7.40 0.957 45.1
WAHD 0.95 0.725 6.50 0.937 73.3
GLM 0.16 0.504 NA NA NA

d u t  A R SLD 0 . 1 1 0.663 4.70 0.647 16.3
r  r lijA iD SHD 0 . 1 0 0.679 6.40 0.500 36.4

WAHD 0 . 1 1 0.663 3.50 0.503 33.9
GLM 363 0.190 NA NA NA

o n SLD 2 1 0 0.400 1.81 0.271 23.4
0VJ4 SHD 259 0.360 3.06 0.443 40.8

WAHD 292 0.286 1.76 0.922 82.3
GLM 8.81 0.712 NA NA NA

TTT'A/TP SLD 7.72 0.278 1.25 0.310 6.90
1 IMVlr SHD 7.49 0.298 4.20 0.702 14.0

WAHD 7.37 0.309 1 . 8 8 0.473 15.9
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2.6 Conclusions

Our results demonstrate the problems that can be encountered in the selection 

of an appropriate set of explanatory variables when spatial correlation is ignored. 

Both spatial AIC and MDL based on the geostatistical model performed well in 

the selection of appropriate explanatory variables. Ignoring spatial correlation in 

the selection of explanatory variables and/or in the modeling of the data can lead 

to mis-speeification of the model as well as higher prediction errors. In addition, 

we showed that for the sampling patterns considered here, it is advantageous to 

consider a clustered type of sampling design that offers observation pairs at both 

small and large distances. Other aspects of model mis-specification, such as the 

appropriateness of the adoption of a Gaussian random field and stationarity of the 

autocorrelation function, are also important. Cressie (1993, p. 289) and Smith (2000, 

pp. 94-96) summarize some of the research on these issues.

For this presentation, we have assumed that only the candidate explanatory 

variables enter the model as main effects with no interactions or higher order terms 

under consideration. Thus for a data set with 10 potential explanatory variables 

there are 210 =  1024 candidate models if only a  single error structure is examined. 

But a data set with 20 potential explanatory variables leads to 1.04 x 106  candidate 

models under the same set up. This number will increase further if, for example, 

we allow interactions or highor-order polynomial fits. Thus there are practical limi­

tations to defining the collection of candidate models. To overcome this limitation 

the researcher has many avenues open to her. She can perform exploratory data 

analyses to reduce the  num ber of po ten tia l explanatory  variables, lim it th e  candi­

date models to a particular class (such as linear), restrict the error structure to a 

single form, e.g., Matern without nugget, etc.. Often a researcher can rely on their 

expertise to further reduce the size of the family of candidate models. Both spatial
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AIC and MDL allow the researcher to restrict the type and class of models that best 

suits her needs.

The derivation of the spatial AIC statistic in Section 2.3.1.1 required the intro­

duction of standard asymptotic assumptions about the distribution of the maximum 

likelihood estimators of the model parameters. We need to verify that these assump­

tions hold in the spatial context. Chapter 3 investigates the asymptotic behavior 

of the maximum likelihood estimators in one dimension by supposing a underlying 

continuous first order autoregressive process. It will be proved that the assumptions 

required for the AIC derivation hold for the AR(1) process. Empirical results will 

demonstrate that the assumptions also appear to hold for the Matern correlation 

function.
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C hap ter 3

A SY M PTO TIC  ANALYSIS FOR TH E O N E-D IM ENSIO NAL CASE

In Chapter 2 we demonstrated the importance of accounting for the residual 

dependence structure during model selection. We found that ignoring potential cor­

relation in the residuals can lead to the selection of an inappropriate model. In the 

argument given for the spatial AIC statistic some assumptions about the asymp­

totic distribution of the maximum likelihood estimator of the model parameters 

were made. In this chapter we investigate the asymptotic distribution of the esti­

mator for the spatial parameter vector Q in the special case of the one-dimensional 

Gaussian process with an exponential covariance function. We begin by first ex­

amining the concept of increasing sample size in the spatial context. There are 

three general schemes for increasing the number of observations: collecting data 

between previous observation sites (infill), collecting data outside of the current do­

main (expanding domain), and a combination of both infill and expanding domain. 

We begin our analysis by first assuming observations arc available at regular fixed 

intervals along a one-dimensional transect (or lattice). Next we allow the spacings 

between subsequent locations to be random yet prescribed by a known (continuous) 

probability distribution.

3.1 Infill and Expanding Dom ain A sym ptotics

A major obstacle in the analysis of spatial data is that maximum likelihood 

estimators do not have an explicit form in terms of the data and this in turn precludes 

calculating its distribution (Cressie, 1993, p. 480). Instead, we typically have to rely

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



55

on approximating the finite sample distribution using the asymptotic distribution. 

Second, the spatial framework allows for the collection of additional observations 

of the response within the current area of study (referred to as infill). A natural 

question that arises is at what level of sampling effort, i.e., the number of sampling 

locations per unit length or area, should the investigator target to maximize the 

precision of the parameter estimates? In other words, is there a point of diminishing 

returns such that additional observations made at close proximity provide limited 

or minimal additional information about the model parameters?

Cressie and Zimmerman (1992) and Cressie (1993) outline the geostatistical 

model including the asymptotic distribution of model parameters with respect to 

expanding domain. Additional work by Ying (1993) demonstrates the consistency 

and distribution of the product of MLE of the range and variance parameters (da2) 

along a regular lattice in two-dimensions. However, we are interested in the distribu­

tion of the individual parameters themselves. For example, in the ecological sciences 

the researcher is often interested in making inferences about the range parameter 0 

alone (Peterson et al., 2006).

In recent years there has been interest in identifying optimal sampling schemes. 

Anecdotal evidence over the past 10 to 15 years has suggested that for fitting geosta­

tistical models clustering sampling locations throughout the region of study appears 

to be best. Formal arguments are put forth by Loh and Lam (2000), Zhu and Stein 

(2005), Xia et al. (2005), Zhang and Zimmerman (2005), and Irvine et al. (2006). 

Extensive simulation results can be found in Thompson (2001). Although not a 

primary objective of this dissertation, we do identify (heuristically) an optimal sam­

pling pattern for the exponential correlation function in one-dimension.

Finally, the ease of collecting spatially referenced data has provided both the 

opportunity and dilemma of having large data sets available for fitting geostatistical 

models. When the sampling locations are fixed to a lattice and the correlation
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function being considered is exponential there are numerical “shortcuts” to compute 

the likelihood function. This is especially helpful during model selection where 

the modeler may be trying to identify the best subset of covariates from a large 

collection. Unfortunately, most data sets do not restrict observations to a regular 

lattice. This greatly increases the computational time required to evaluate the log- 

likelihoocl. Many modelers approximate the likelihood, often working in the spectral 

domain, by “snapping” the data to a fine grid or approximating the covariance 

matrix; see Fuentes (2005) and Johns et al. (2003). Although this is extremely 

effective and cost efficient with respect to computational time, we have chosen to 

avoid the introduction of an error term due to approximation and work with the 

exact likelihood instead.

3.2 Processes w ith  Exponential Covariance Function

A Gaussian process in one-climension with an exponential covariance function 

is often referred to as a first order autoregressive process (AR(1)) in the time series 

literature. That is to say that the observed value of the process at the current 

time t is related to the observation at a time s < t such that Yt = e~T̂ -s)yi. + 

ay/2r e~T{t~u)dBu where r  > 0. For example, an ecologist may be interested 

in the water temperature or flow volume at a particular site over time. Although 

conceptually she could sample the site continuously with respect to time, it is not 

uncommon to sample at regular fixed intervals such as hourly, daily, weekly, etc. 

Hence, observations are made a discrete points in time such that t\ < f2 < . . .  < 

tn. The discrete autoregressive model, Yti =  oY,, , +  eti where </>>() and eti ~  

iid a2), is used in place of the continuous model.

Often spatial data fit into this framework as well. Many investigators sample 

locations at regular fixed distances along a transect or over a lattice in two- or 

three-dimensions. For example, the pH level of water at 50 meter intervals along a
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stream or the percent silt sampled at regularly spaced locations across a farmer’s 

field. Typically, in the spatial context one assumes that the domain of the random 

field is continuous and one is able to sample at any location along a transect or 

across the domain of interest. For example, one common sampling approach is to 

take many observations around a central site close to one another, move to another 

central site a good distance away and repeat the process (this is known as cluster 

sampling). For the remainder of this chapter we will focus on the continuous time 

AR(1) process, also known as the Ornstein-Uhlenbeck process.

3.2.1 Ornstein-U hlenbeck Process

The continuous AR(1) process is defined as the solution to the following sto­

chastic differential equation (SDE):

Here t represents time or space, r  is defined as the range parameter, and Bt is a 

standard Brownian motion, i.e., Bt is a Gaussian process such that

i. Bo =  0  almost surely,

ii. Bt has independent increments, i.e., Btl, Bt.2 — Btl , . . . ,  Btk — Btk_1 are inde­

pendent for all 0  < t\ < t'2 < ■ ■ ■ < tfc,

iii. Bt — B s ~  Af(0, t — s) for s < t,

iv. Bt has continuous sample paths almost surely.

The solution to equation (3.1), known as the Ornstein-Uhlenbeck process, is given

dYt = —TYtdt + aV2rdBt, r  > 0. (3.1)

by

(3.2)
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for s < t and r  > 0. Therefore,

E Yt = erTit- s)EYs,

EYt2 = e"2T(t-")ET,2 +  cr2(l -  e- 2T(/'- s)), and 

EYtYt+h = e_T|/l|EYt2 where h e R .

If To ~  A/"(0, <r2) then it follows that {Yti} is strictly stationary and that EYt =  0, 

Eyt2 =  <j2, and Cov(Yt,Yt+h) =  EYtYt+h = e~T̂ a 2. Under the current parame­

terization we see that for small values of r, locations U and tj are more strongly 

correlated compared to when r  is large. In the spatial literature it is more common 

to parameterize the process with 9 =  r -1. Under this parameterization locations U 

and tj are strongly correlated for large values of 9. Thus 9 is often interpreted as the 

range parameter where locations that are separated by less than (approximately) 39 

are strongly to moderately correlated since exp(—39/9) = 0.05.

Finally, it should be noted that as the distance between sampling locations 

tends toward zero, the T() ’s become very strongly correlated. In the lexicon of the 

time series literature we approach a unit root (or random walk) for autoregressive 

models (the exponential covariance model in one-dimension is equivalent to an AR(1) 

process structure). See, for example, Dickey and Fuller (1979), Dickey and Fuller 

(1981), Evans and Savin (1981), Ahtola and Tiao (1984), and Chan and Wei (1987). 

From the spatial statistical framework similar analyses have been explored using 

various correlation functions with and without measurement error. See, for example, 

Whittle (1954), Stein (1995), Bhattacharyya et al. (1997), Stein (1999b), Chen et al. 

(2000), Johns et al. (2003), Loti (2005), and Zhu and Zhang (2005).

3.2.1.1 D iscrete case

Although we assume that the data are sampled from a continuous process such 

as defined above, it is infeasible to sample processes continuously, so in practice
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one is limited to collecting a finite set of observations at discrete locations. For 

example, if we assume that subsequent sampling locations are separated by a fixed 

distance A and we define X k =  Y(k.A), k — {0, ± 1 , . . then the sequence {X k} is 

a discrete-time AR(1) process.

An important special case is to assume that the observations occur at regular 

intervals along a transect. Suppose that our domain is [0, m] and each unit interval 

is subdivided into n equal intervals. Let U index each site within the first interval 

such that {ii = i/n ;i = I , .. .  ,n}. The corresponding index set for the mn sites is 

then {ti = i/n\ i = 1, . . . ,  mn}. Hence, (3.2) is rewritten as

where {£(.;} ~  iid M  (0, a2(l — The covariance between any two locations

U and tj is Cov(Yti,Ytj) = <72e~^~^en. This will prove to be a convenient notation 

for investigating the asymptotic behavior of the estimator of 9 as both n —> oo and 

m  —> oo. Infill will be modeled by increasing the number of observations n per unit 

length. As n increases the spacings between subsequent observations decreases and 

reaches zero in the limit. Similarly, expansion of the domain will be modeled by 

increasing the total number of unit lengths m.

3.3 A sym ptotic R esults for a R egular Lattice

We begin by supposing that the sampling design is a regular lattice such that 

there are n observations per unit length and there are a total of m contiguous units 

(see Section 3.2.1.1). To simplify notation let <j)n = e_1/(0n) denote the correlation 

between subsequent observations. Thus as n increases cj)n increases to one. For a 

fixed n > 1 (3.3) can be written as Yti = <pnYti , + stj. If we assume that the mean is 

exactly zero, i.e., (3 = 0, the general spatial model (1.2) simplifies to Y  ~  W(0, a2T) 

where the (i, j ) th element of the correlation matrix T is for i, j  =  1 , 2 , . . . ,  mn.

(3.3)
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To evaluate the profile log-likelihood (1.7), it will be convenient to condition on 

Yt0 = 0  where to =  0. Conditioning on the unobserved response Yto we find that

B f j .  V I V  / n _ \  m n i { T d Z ( Y t i - < l > n Y t i _ 1) 2 \Vofile(^n,Y|Tt0)(T ) -  2  log(27T) ^ log m n(l -  ^  J
- l l 0 g ( l - ^ r " - ^

m n , , m n . i ' Y h = i ( Y u ~ <f>nY t i _ 1) 2 \  mn
2 ■ 106(2^ log v m n !  2

(3.4)

Maximizing (3.4) with respect to </>„ is equivalent to minimizing the quantity 

E?=i(Yu ~ W , . , ) 2- Therefore,
mn

E
k  =   . (3 .5)

E y,Li= 1

Chan and Wei (1987) note that (3.5) is also the least squares estimator of >̂n con­

ditioned on Ytg =  0. We now proceed to derive the asymptotic distribution of the 

range parameter 6.

T heorem 1

Let Y  be an m,n-vector of observations generated by the continuous AR(1) process 

as defined by equation (3.2) such that Y, = Yti where L = {i/n ;i = 1, . . .  ,mn}. 

Let 6 be the maximum likelihood estimate of the range parameter 9 conditional on 

Yi0 =  0 . Let denote convergence in distribution. Then,

(a) for fixed n and to —> oo,

s/m(9 - 0 ) ± A f  (0,94n(ei2/8n) -  1)) ,

(b) as n —> oo and rn —> oo,

y /m {0 -0 ) ^ A f(0 ,2 9 :i).

Proof of Theorem 1
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(a) For n fixed and m —> oo, this corresponds to a discrete AR(1) process. While 

the derivation of the limit result is standard in time series, we provide a proof 

to illustrate key ideas that will be used in later arguments. Substituting Yti = 

<i>nYti-.i + £ti into equation (3.5), we have

mn
X) ((fin btj-i + £ti)Yti-1

? _  i=i_______________
t U run

XXLi=l
mn mn

Y^^nYt XX-Xi-i
= ^ -------- + L L -------  (3-6)

E ^ L  E ^ L
» = 1  i = 1

m n

1

=  4>n +  L L ----------------•

E ^ Li=l

Rearranging and rescaling the estimator gives

Vmn(4>n -  (/>„) =  hiL . (3.7)
— y w 2m n £*m n  H 1 

v;=1

To establish the asymptotic distribution of — (f>n) we consider the

terms in the numerator a.nd denominator separately.

The expected value of the denominator is

/  - inn

E l y y  _1 rrin^—̂ ,_1 =  a 2 .m n '
,  t=i
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Noting that EYfY? = (2e 26(4 +  l)cr4 for s > t, the variance of the denom­

inator can be computed as

(I mn \  /  . m n  \  ^ 1 m n  \  \  "

.. mn m,n

^ ^ ( 2 ^ I M  + l)a 4 - a 4m2 n 2 i=i j=i 
m n  mn^  r r b> (• (H id

= s w E D e v
i=l j=i

m n  \

— , I -*■m n“  ' /
0  as m —> 0 0 .

Hence,

— V u 2
m n ^  *' 1 

2 = 1

2

Now we change the focus to the numerator. Since the eti's are an independent 

sequence and sti is independent of Yti_1 it follows that Yti^xsti and Ytj_t£tj are 

uncorrelated for every i ^  j. Hence, the expected value of the numerator is

(1 mn \

and the variance is
/ \ 9/  ^  rnn \  ^  m n

= " ( 1  -  <̂r> 4

Using a standard central limit theorem for martingales (Hall and Heyde, 

1980), the numerator is asymptotically normal with mean zero and variance 

n (l -  i-e.,
- m n

■t = E E - ^  n (x ~ (3-8)V m i=1

a sm- >oo .
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Combining the results for the numerator and denominator and employing Slut­

sky’s Theorem, the asymptotic distribution for equation (3.7) is

y/mn{<j>n ~ 4>n) A/"(0, n(l -  (3.9)

as m —> oo.

A second application of Slutsky’s Theorem can be used to evaluate the as­

ymptotic distribution of 9 — 0. Following Brockwell and Davis (1991, Ch. 6 ), 

let g ( x )  bo a roal-valued function that is difforontiablo at a, and let {frm} 

be a sequence of positive constants satisfying bm —> oo as m —► oo. Then 

bm(Xm -  a) X  implies bm(g(Xm) -  g(a)) g'(a)X. Take g(x) =

— (nlog(ic))-1, bm = y/m, and a = e~l^ 0n\  Therefore, g ' { x )  = (na; log2 (a: ) ) - 1  

and

y/m{9 - 6 ) ±  A/"((), 04ne2̂ f>n')(l -  <&)) = M(Q,94n(e2/{0n} ~  1)), 

as claimed.

(b) Here we assume that n is a function of rn such that as m —* oo, nm = n(m) —> 

oo as well. Equation (3.7) can be rewritten as
ronm

^  E £tiYU i
■i—1

mrijn
mnm

±— V  Y 27l?n —1
1 = 1

Using the exact same argument as before, the denominator can be shown to 

go to a2 in probability, i.e.,
rnum

1 E v i A - 2rnrim .l~l
The asymptotic distribution of the numerator remains nearly the same. The 

only change is that the variance term goes to 2<t48~1 as nm —> oo. Hence, 

equation (3.8) can be rewritten as
mnm 

^  2= 1
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Thus

(3.10)

Using the mean value theorem,

g— l/0nm.) e-l/(fln™) + ( § - 0) (3.11)

where 9* is between 9 and 9. We obtain the desired result by substituting

(3.11) into (3.10) and noting that exp{ — l/(9*nm)} —► 1 as m  —> oo. Hence,

R e m a r k  1 By holding n fixed for most of the proof, it is evident that expansion 

of the domain, i.e., increasing m, induces normality of the estimator.

R e m a r k  2 Increasing infill (n) reduces the overall variance of the estimator but 

with diminishing returns as n —► oo. This is due to the fact that the variance of 

equation (3.9) can be written as

For sufficiently large n, the error term is close to zero and little gain is made by 

further increasing n.

3.3.1 Sim ulation results over a regular lattice

We present a series of simulations to illustrate how the mean square error (MSE) 

varies relative to infill and expanding domain over a regular lattice. Figure 3.1 

summarizes the results for 9 = {1,2}. The top two panels are the observed MSE 

based on 1000 simulations. The middle and bottom panels decompose the MSE into

v/m( 0  -  0) - i  0 2V ( 0 , 20-1) ~  Af(0 , 203).

□

= l  + O id n 1).
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the contributions associated with the standard error and the bias, respectively. Note 

that the scales of the axes are log2 units such that m, n = {2°, 21, . . . ,  28}. Expansion 

of the domain is represented by moving from left to right across a particular image 

plot and moving from bottom to top represents increased infill.

Evident in Figure 3.1 is that the standard error dominates the MSE. Further­

more, there appears to be little or no reduction of the MSE with respect to increased 

infill. Notice that the contours of the MSE images are parallel to the infill axis. In 

contrast, as the domain is expanded for any fixed level of infill the MSE tends toward 

zero. This illustrates the consistency of the estimator with respect to expanding do­

main (m).

Figure 3.2 illustrates similar results for the case 6 = 4. The top two panels 

plot the MSE and the bottom two panels plot the contributions attributable to the 

standard error and bias. Note that the MSE image is very similar to the previous 

two cases with respect to shape. However, the bias term contributes a noticeable 

portion to the overall MSE for small domains (m < 2). This is due in part to the 

fact that the individual observations are very strongly correlated over these small 

domains. Notice that as the domain is expanded beyond 1 x 9 that the bias term 

tends toward zero at a faster rate than the standard error term, consistent with the 

previous results. This illustrates the need to have an adequately large domain for 

estimation.

Table 3.1 lists the observed and asymptotic variance for a fixed total sampling 

effort of mn  =  256 for 0 =  {1,2,4}. The reported observed variances, based on 1000 

independent simulations, have been scaled by rn to match the order of magnitude 

of the asymptotic variances, denoted by parentheses, which were computed using 

part (a) of Theorem 1, i.e., Var(0) =  04n(exp{2/(0n)} -  1). In general the observed 

values agree with the asymptotic values.
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MSE: Regular lattice 
theta*1

Var: Regular lattice 
theta=1

BiaaA2: Regular lattice 
theta*1

MSE: Regular lattice 
theta«2

Var: Regular lattice 
theta~2

1.0 e

BiaeA2: Regular lattice 
thata*2

Figure 3.1: Simulated results for the AR(1) process over a regular lattice for 6 = 
{1,2}. The top two panels are the observed MSE for 1000 simulations. The middle 
and bottom panels display the contributions associated with the standard error and 
bias, respectively. Note that the axes are log2 such that m ,n  = {2°, 21, . . . ,  28}.
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MSE: Regular lattice 
theta*4 Mean square error

Variance

2  4

Dom ain, k>g2(m)

D om ain, log2(m )

Squared bias

2  4

D om ain, k>g2(m)

Figure 3.2: Simulated results for the AR(1) process over a regular lattice for 6 — 4. 
The upper panels are the observed MSE for 1000 simulations. The lower panels 
display the contributions associated with the standard error and bias, respectively. 
Note that the axes are log2 such that rn, n = {2°, 21, . . . ,  28}.

Table 3.1: Comparison of the observed and asymptotic variance for the estimator 
9, scaled by m, for a fixed sampling effort of mn = 256. The asymptotic variances 
are delimited by parentheses and were calculated using part (a) of Theorem 1.

Parameter
Value

(Domain, Infill) = (m, 
(256,1) (128,2) (64,4)

n)
(32,8)

9 =  1
6.13

(6.38)
3.38 2.76 

(3.43) (2.59)
2 . 1 2

(2.27)

9 = 2 29.2
(27.4)

22.6 19.1 
(20.7) (18.1)

17.3
(17.0)

9 = 4 169
(166)

152 148 
(145) (136)

140
(132)
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3.3.2 E xpected m ean square error for the regular lattice

A benefit to having the estimator for 9 in closed form is that we are able to 

approximate the mean square error (MSE) as a function of domain and level of infill 

using second-order Taylor expansion. Recall the estimator for 4>n = exp{—1 /(On)} 

is
7

(r n  \ - ^ m n  -1^2 
Lsi=i rti-i

Let U =  (m» ) - 1  *t?_i and V  =  (mn) - 1  Yl'i=i for notational conve­

nience. Therefore, the estimator for On = -(log (</>n ) ) _ 1  can be written as

(
1 m n  -  m n  \  — ^

k>g ^ X FX  -  1()g — X X  *v'.
m n i= 1 m n i= 1 )  (3.12)

1
(logf/ -  log E)

Approximating (3.12) using a second-order Taylor expansion about EU and EE, we 

have

1 1 (U  — EU V — E E 'On
log EU — log EE (logEf/ -  log EE ) 2 \  EU EE

(3.13)
+ h u  -  m 2 2 + l^ EU~ l̂ EV

2{ J (Ef/)2 (logE[/ - lo g E E ) 3

2 — log EU +  log EE+ - ( E - E E ) 2
2 7 (EE)2 (logEt/ — log EE ) 3

(U — EU){V — EE)- 2
EC/EE (log EU — log EE ) 3  ’ 

The expected value of U is evaluated as

 ̂ m n

EU =  E— V b 2 m,n ' '* 1 
2 =  1

i  m n

- F e  y;2
mn* 

2 = 1

=  a 2 .
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Similarly, the expected value of F is
- nm

ei /  =  e —mn t—1
-  m n

W t MnYti t +eu)m*—i
? ,= !

-  m n

- £ E^ y u . +mn *■—'
i — 1

= 0n<72-

Therefore (logEf/ — log EF) 1 =  On. Substituting this result into (3.13) and rear­

ranging terms yie

2 { U - E U ) ( V - E V )  3 ,

 lew  20 a  ’

where 6 — 6 is the bias. The approximate expected bias is

r ~ 2 ( Varf/ VarF 2Cov((/,F)\ 62n ( VarF VarF \
e[* - « ] « +  (ivy - -hTe^J + -  (pjy - w y )

3 2 /  E F 2 El/ 2 2 E F F \  62n (  EU2 EV2 \
~  V (E t7p+ (M7)2 “  E t w y + ”  V(EC/^ (El/)2/ '

To approximate the variance of 6 we evaluate the variance of (3.14) using only the

first-order terms. Thus,

oil />4 2 ( V&vU VarF 2Cov(U ,V )\
r [ ] ^  6 n \(E U )2 + (EV)2 EUEV )

4 2 f  EU2 E F 2 2EUV \  
n \ ( E F ) 2 + (EF ) 2 E U E V )  '

Note that both approximations require the evaluation of EU2, E F 2, and EUV.

To evaluate EU2 first expand the summation such that

EU = E

m2 n2

l E  Fmn 1
i = 1 

-  in n  run

i = l  j = 1
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For all i and j  we can evaluate E[Yt2._tYt2_J. For example, for % =  j ,  E|Yt4_J =  3a4 

Similarly, for j  = i +  1 ,

HY2.X}  =  E[Yli{(g Y l i +2<t>nYû ti+el)}

= < & W L \  +  +  E [ Y l r f j

= 3<f2y  + (1 -  cf2n)a4 

=  (2 ^  +  l)^ 4,

and for j  — i +  2 ,

=  +  2 ^ E [ ^ e ti+1] + E[Y2

= + l )°A +  (! -  <t>iy

=  (2^; +  l ) a 4

2 - 2
U+U

By symmetry (recall that the process is isotropic) it is evident these results must 

hold when j  =  i — 1 and j  — i — 2, respectively. Thus, using induction the above 

relations can be summarized by the expression

4  m n  m n

EU2 =
m2n2 ■;=l j =l

We expand EE 2 in the same manner such that

2

EE 2 E
mnz T , y' - ‘y ‘-i=l 

m,n m n

i=1 j = l

(3.15)
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Once again we can evaluate each term for all i and j. When j  = i we have a previous 

result, i.e., E [Y£ i ^ ]  =  (2<f>2n +  1)ct4. For j  =  i +  1,

=  +  (3.16)

= ^nitj +  30nEti +  £j*.) + Ft,;

= 4 4 , + do^r/; , 5 , ,  + 3 4 *1 , 4  + , 4  + .

Taking expectations on both sides yields

E[Yu_XYtw] = WW + 3^(1 -  4 ) a

30 ĉr4.

Setting j  =  i — 1 we have 1), 2Yfi Yti which is identical in form to (3.16). By 

symmetry E [Yt,._1Yt2. J = 34 ^ 4- For j  = i +  2,

4 .  , 4  > 1 , 4W+2

— 4 * 4 i4  + ^4lii-iY^sti+1 + 4 n l i 4 +i + °"4 ,--'.4,, + Eti_jEtiEti+1eti+2.
Applying the expectation operator and using a previous result we find

4 _ 4  , , . 2 / i  , / . 2 \  4
E t V ^ t m V W ,]  =  3 0 >  + 4 (1  -  4 ) fj

=  4(24  +  i ) a 4.

Once again, taking advantage of the symmetry and using induction we derive the 

relation
4  /  m n  \

">"(2 ^  + 1 ) + «  E  E w »  +  »>)•
\ i=l j^ii /

Finally, expand EUV such that

EUV =  E
1 ran  1 m n
1 Y '  y 2  V -  y  y

mn Y-* t,i~1 mn J t'3~1 *=i j=i
1 rnn m n

« E E  e K - V . * , ! -
?:=! j=l
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For j  = i,

m L Y u ]  = ^ n W t U  + W l M  

= 3 (/>n<74.

Note that for j  = i -  1 we have F4i_2 Ft®_i which is identical in form. Thus the 

expected value is also 3(f)na4. For j  = i + 1,

=  <j)n(2(f)2n + l)(j4.

The same form occurs when j  = i — 2. By induction we derive the expression for 

EUV to be

, 4 m n /  m n  \

E W  = ^ E  ZMP-*+ D + E ( 2^ ‘' J_1)+ « ) •
<=1 \j>j j<i J

Thus, given m, n, and 0, the expected value and variance of the estimator 6 can be 

well approximated. Note that neither the expected value nor the variance depend 

on a2 as it cancels from both expressions.

Figures 3.3 and 3.4 illustrate the impact of domain expansion and infill on the 

MSE of 6 for 0 = {1,2}. The left panels of Figure 3.3 demonstrate how the MSE 

converges quickly with respect to expansion of the domain for various levels of infill. 

Note that difference between the curves is small for n = 4 and n = 8  implying that 

additional infill does not significantly reduce the expected MSE for even moderate 

domains. The right panels further illustrate this observation by fixing the domain 

and infilling. Note that the scale of the x-axis is log2. Hence the reduction in the 

MSE is nearly zero for sampling efforts in excess of 2,! =  8  locations per unit length. 

Figure 3.3 demonstrates how the expected standard error begins to dominate the 

MSE for moderate domains. The left panels plot the expected MSE surface as a 

function of both expanding domain and level of infill. Note that the surfaces tend
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toward zero as the domain increases but are approximately constant along contours 

of fixed domain. This observation coincides with the plots of Figure 3.3 and, in fact, 

the plots of Figure 3.3 are nothing more than slices of the surface at fixed levels of 

infill or domain. The panels on the right of Figure 3.4 illustrate the contribution to 

the MSE attributable to the standard error. Regions of red indicate that the bias 

term dominates the MSE whereas white regions indicate that the standard error 

term dominates. For moderate domain sizes the contribution due to bias is small. 

As a footnote, it should be noted that the magnitude of the expected MSE is suspect 

because the approximation using the second-order Taylor expansion will be poor for 

small m  and n. Of principle interest are the trends in the standard error and bias 

terms and their relationship to one another.

For other correlation functions, e.g., Matern, we will wish to estimate a 

“smoothness” parameter. One expects that it will be beneficial to make obser­

vations at small distances. Anecdotal evidence from our model selection analysis 

suggests that clustering the observations is superior for identifying the appropriate 

model when a smoothness parameter is to be specified. This type of analysis will 

be used to assess the impact of expansion of the domain, infill, and the sampling 

pattern on the MSE for 0. As we will see, for the case of the Matern correlation 

function, wc do not have the benefit of a closed form for the estimator of 0. Thus we 

will be forced to rely on simulations to provide insight into the relative importance 

of the aforementioned factors (see Chapter 5).
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theta^l theta*1

n=1
n=2
n=4

1 2 3 4 6 85 7

D om ain, m

  m=2
  m =4

0 2 4 6 8

Infill, log2(n)

theta*2 theta*2

8

s n=1
n=2
n=4

o
r

m =2
m =4
m=6
m =8

 ,-----
4

Infill, log2(n)

Figure 3.3: Expected mean square error for 0 as a function of m and n for 0 =  {1,2}. 
The left panels depict the MSE as a function of domain for four levels of infill where 
n = {1,2,4,8 }. The right hand panels illustrate the MSE as a function of increasing 
sampling effort per unit length (infill) for four fixed domains m — {2,4, 6 , 8 }. Note 
that the scale for the level of infill is log2 such that n = {2 °, 2 1, . . . ,  2 8}.
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Estimated MSE Surface 
theta*1

D om ain, m

Estimated MSE Surface 
theta"2

Dom ain, m
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tneta>1

4 0  $
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theta«2

t
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Figure 3.4: The left panels illustrate the expected mean square error for 0 as a 
function of rn and n for 0 =  {1,2}. The right panels illustrate the proportion of 
the MSE attributable to the square of the standard error. Red regions indicate that 
the bias squared term dominates the MSE whereas white regions indicate that the 
standard error dominates. Note that the scale for the level of infill is log2 such that 
n — {2 °, 2 1, . . . ,  2 8} in all four panels.
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3.4 A sym ptotic results for random locations along a transect

In the previous section, the results were restricted to data observed at regular 

intervals along a one-dimensional lattice. We would like to now present a similar 

analysis where we are no longer restricted to regular (fixed) intervals. Conceptually 

this is equivalent to making observations at random or irregularly spaced locations 

along a transect.

To begin we will assume that there exists a transect of finite length that can be 

divided into m  unit lengths (or blocks). Examples include a strip of forest or open 

plain, or along a stream or river (assuming no confluences). We next assume that t, 

is an n —vector of ordered locations within block i. To construct each t, wc first draw 

a simple random sample of size n from the sampling distribution / t ( 0  defined over 

the interval [0,1]. Define t* =  ( i - l ) l  +  (/.(1), t(2), . . . ,  /.(„))' =  (^ i, /.i)2, • ■ •, ti,n)' where 

t(j) is the ;/th order statistic. We repeat this procedure for every i =  { 1 ,2 ,..., m}. 

It is not necessary for the number of sampling locations per block to be equal, only 

that the distribution of the sampling locations for each block remain identical. For 

example, one might consider letting the number of observations in block i to be a 

discrete random variable, e.g., negative binomial distribution, and then locate the 

rii sites uniformly in that block. For the subsequent discussion and for notational 

convenience we will assume that n is constant relative to block. Therefore the 

total sampling effort is N = mn. We avoid resampling the same location twice 

by restricting the distribution of / t ( 0  to be continuous. This assumption can be 

relaxed to include discrete probability distributions as long as the selection of sites 

is restricted to sampling without replacement. Finally, we assume that the selection 

of the sampling locations occurs independently from the process Y(t).

The asymptotic behavior of parameter estimation can be easily explored using 

the current paradigm. For example, one can concatenate additional observations for 

blocks rn +  1 , . . . ,  m +  k to the current sample for expanding domain asymptotics.
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The process of infill can modeled by generating additional observations for each 

block over the current domain.

Often we will require the distance between subsequent locations (spacings). 

Define 8 as the mn—vector of spacings such that 8itj =  titj — fij- i for i =  { 1 ,... ,  to} 

and j  =  ( 1 , . . . .  n}. For all i > 1 we define Up =  i.e., use the last sampling site

from the previous block. Hence <5itl =  l,iti — Let ^1,1 = this corresponds to

not having a sampling location prior to and, consequently, implies that the first 

observation of the process is a single realization from a mean zero normal random 

variable with variance a2, i.e., YtM ~  A/̂ O, rr2). By constructing the sampling design 

as outlined above, the realizations of Si — (8^i, 8it2, ■ ■ ■, 8i>n)' for i > 2  are identically 

distributed. However the Si’s are not independent due to the presence ti<n in both S{ 

and i. Figure (3.5) illustrates how the 8,;j’s vary for different sampling patterns. 

Generalize (3.3) with

YtiJ =  e - ^ / % ^  +  stiJ i = { 1 , . . . ,  to}; j  = {1 , . . . ,  n}, (3.17)

where the £ti j are independent, mean zero normal random variables with variance 

<r2(l -  e~26i’̂ e). Note that, for i > 1 and j  = 1, Yt i J = Yti_ln . The expected 

value and variance at each site remains unchanged, i.e., EYti j — 0  and EY 2 . =  a2. 

Similarly, the covariance between any two sites liyj and conditioned on the 

sampling locations t, is only a function of the distance between them and can be 

written as Cov(FiM,y t<(j.,) =

For notational convenience define (j) = exp(—1/0) and rewrite (3.17) as Yti j =  

+ £u,r Note that as 8itj tends toward zero, tends toward one, which

is consistent with near neighbors being more highly correlated with one another. 

Conversely, for (relatively) large 8^, subsequent locations are nearly independent 

since (j)6̂  —► 0 .

A consequence of allowing the distance between observation sites to be ran­

dom is that there no longer exists a closed form for the (conditional) maximum
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likelihood estimator <f>. Estimation requires maximization of the likelihood function 

with respect to (j> = exp {—1/0}. We will show that the asymptotic distribution of 

the estimator of 9 goes in distribution to a normal random variable. This will be 

established using a local asymptotic argument. Prior to working with the likelihood 

function we will first demonstrate the analysis by determining the asymptotic distri­

bution of a weighted least squares (WLS) estimate of 0. Recall that the conditional 

MLE and the least squares estimate are identical when the sampling locations are 

equispaced. The general motivation for working with WLS first is that the objective 

function to be optimized is considerably simpler than the likelihood function and it 

will provide an opportunity to illustrate the solution strategy to be applied to the 

MLE. We will show that the WLS estimator is also asymptotically normal.

3.4.1 W eighted Least Squares Approach

We begin by defining the weighted least squares objective function to be mini­

mized with respect to </> =  exp { — 1 / 0 }:

m  n

(3.i8)
i = l  j = l

Let (j> be the value of </> that minimizes (3.18), i.e.. 4> =  argmin S((j)). The distance
<#>€(0 , 1)

5ij found in the denominator of the individual terms in the sum approximates the 

expression 1 — that appears in the quadratic term of likelihood function. For 

Sij small, 1 — 4>2&i-i ~  20~15ij .  Hence, sampling locations that are relatively close 

to one another are weighted more heavily than locations that are further apart. 

Thus (3.18) is a weighted least squares estimate for <j). It should be noted that the 

contribution to S{<!>) is zero when i = 1 and j  = 1 since <jf° =  0 for all <p e (0,1) 

which further implies Yt2 = 0. The following theorem describes the asymptotic 

distribution of 9.
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T h e o r e m  2

Let t  he an mn-vector of sampling locations along a transect of length m such 

that each unit length (block) contains n sampling locations constructed using fr(t)  

as outlined above. Let S be the m n—vector of spacings between subsequent sam­

pling locations such that 8itj = titj — ^  a ŝo described above. For ease of

notation we introduce the random variable S which corresponds to a randomly se­

lected spacing from block i > 2  such that 5 =  5itj with probability 1 /n  so that 

E[f (<)')] =  n~l Y  E[/(<5)]- Let Y be an mn-vector of observations corresponding to 

the sampling locations t.{j generated by the continuous A R ( 1) process as defined by 

(3.2) replacing Y =  YtiJ. Define 0 to be the weighted least squares estimator of the 

range parameter 6 that minimizes (3.18). Then,

(a) for fixed n and m —> oo,

L 0 ] ,
\  ’• ( E [ < « ] ) 2 j

(b) as n —► oo and m  —>• oo,

y /m (6 -6 )  -^M(O,203).

Proof of Theorem 2:

(a) We will parallel the approach taken in Davis and Dunsimir (1997) by first 

reparameterizing the objective function S(4>) by setting (j) = <po +  7 / s/m, where 

4>o — exp{—1/0}. One can think of ■j/y/m as a scaled deviation from the 

“true” value c/>0. Rewrite (3.18) as
m  n

Tm W  -  E E  (Y“; -  W» + l l ^ ) s‘-Y Ui, y  /Sij. (3.19)
i=1 j=l

Next, define the objective function T^(y) = Tm(7 ) -  Tm(0) =  — S((f>0).

Note that minimizing T*n(l)  with respect to 7  is equivalent to minimizing
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S((j)) with respect to c/> since S’(0O) is a constant. We intend to show that 

1 ^ ( 7 ) - i  T(^) on C[—k,k] for every k > 0 and furthermore, that the 7  that 

minimizes T{7 ) is a mean zero normal random variable. We begin by showing 

that 7 ^ ( 7 ) converges pointwise to T(7 ). Hence,

r m(7) =  J 2 J 2  (y*u _  (0 ° +  IK i
i=1 i=l

m  n 

j=l J=1
m  n

-  (̂ >0 + 7 / -  £2 ) / (̂,J
i=l j=1
m n /  /  2 \

( (e‘u  +  J -  (0o +  7 / \ /m)<5,J| ^ . .^ 1 ) -  ) A j
t  =  l  j  =  l  ^  /

m n 2 

Z S  0o"' -  (0o + Y£. J S ij
i—l j= 1

m  n

-  ^ - ( ^ 0  + 7 / ^ ) ^
i = l  j = l

(3.20)

The second order Taylor expansion of (</>0  + 7 / v/w ) di'3 is 

(<£0 + 7 /s fm )6̂  = of,1'' + 7 -^ = 4 i J _ 1

+

TO
72 M ^ j - 1 ) ,

(3.21)
'( 0 o + 7*j/\/™ )*J 2,

where 7 *? is an intermediate value such that 17 *̂ | e (0, |7 |). Similarly, the 

third order Taylor expansion of (<p0 +  7 /y /m )Si’j is

Wo +  7 / v ^ ) '“  =  +  7 -^ M  Si j " 1 +

+ 73 ~ l)(^,j -  2)
6  m3 / 2

(</>o +  3,
(3.22)

where 7 ** is an intermediate value such that |7 **| € (0 , J7 1).
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Substituting expressions (3.21) and (3.22) into (3.20) and rearranging terms 

yields

The first term of (3.23) converges in probability to a constant, the second 

term converges in distribution to a mean zero normal random variable, and 

the remaining four terms (which are effectively error terms) converge to zero 

in probability.

quence of cr-fields. Note that the UUi are identically distributed by assumption 

but they are not independent due to the presence of Y* (which are corre­

lated across blocks). In fact {UHi,i =  2 ,3 ,...}  is a strictly stationary ergodic 

sequence. Thus a direct application of the ergodic theorem (Hall and Heyde, 

1980) yields

and the desired result is obtained.

Now we turn our attention to the second term of (3.23). Let VrH =

3 m3 / 2

i=l j = 1 

3  m  n

(3.23)

Define Uni = ^2j=i anc  ̂ * =  2 ,3 ,...}  be an increasing se-

(3.24)

such that {VUi,i =  2 ,3 ,...}  is also a strictly stationary 

sequence of random variables on 1 2 .
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Next we evaluate the mean and variance of Vni. We have

EVni = E

=  E 

=  0

E
J = 1

■ 3 = 1

(3.25)

since Yti<j_l and etif are independent and E [£i, J5 ]  =  0. Moreover,

t n

+ E

EV£ =  E

= E
-j=i

(3.26)

The second term of (3.26) is zero because st/ and e*. k are uncorrelated for all 

j  ^  k and for j  < k, et. k is independent of Yti j . Continuing,

E
U=i

E

E

E -i*
u=i

I > « 4,X  .E k j *
j =i (3.27)

=  cr E £ C J d - C J )

(74 n E [ ^ ( l - ^ 4)].

Thus by direct application of the central limit theorem for a stationary 

martingale sequence (Hall and Heyde, 1980), m ~ ] / 2 Vrii converges in 

distribution to a normal random variable with mean zero and variance 

«E [$j4(l -  cf)f)], i.e.,

m

— V E ^ ' n ,
i = 1

W (0 ,n E  $ » (1  -< /? )]) (3.28)

We now take each of the remaining four terms and show that each converges 

to zero in probability as rn —> oo. First recall that <j>o E (0,1) and <5,̂  E (0,2)
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for all i and j  (since we are assuming there are n > 1 observations per block). 

Thus 4>o'J < 1 and all polynomials of Sitj are bounded in absolute value by 

some constant, say C\. Furthermore, since 6  (0, |7 |) there exists for every 

7  > o a constant, say C2, such that (<po +  7 lj/y/rn)Si'j~2 < (h- Hence,

E 7
m 3/2  0

<

m  7i.

E E  k j i k j  ~  1 ) 4 "’ (^ o  +  2Y?. ._x

31 m n
~ * ‘ E

?:=l L j=i

|7 3 |<ji>o1CiC2 n(T2

(3.29)\/rn.

_  _ 1 _

\/rn'
—> 0  as m  —► oo.

The exact same argument can be made for the next term in (3.23) replacing 

Ci and C2 with C[ and C'2, respectively, i.e.,

E
3  m n 

i= 1 j = l

< ■E
i = l

'! ' 1  ■6 2 E E ( V'lL-l)
7 =  1

(3.30)

:|7 3 |C (C 'na 2
s / m ,

—> 0  as m —» 0 0 .

For the fifth term, define VFni =  — l)0o’, l/«i,i-ieti,j an(l note Hiat'

{VFni, i =  2 ,3 ,...}  is a strictly stationary sequence of correlated random vari­

ables on fi. We evaluate the mean as follows.
n

E Wn, =  E E
L i= i

-  E 

=  0

n

.j=i

(3.31)
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since Y jJ^1 and £/; j are independent and E [eq -|5] = 0. Direct application of 

the ergodic theorem yields

2 i  m

\  lim -  V  W„. ^  0. (3.32)
fflfttn-oom '

u i = l

The limit of the last term can be determined in exactly the same manner as 

the previous term. That is to say, if one defines X rH =  E"=i(^*d — 1)(«5<J- — 

2)(</>o +  7i*j/y/^)Si'i~'i YtiJ..1£ti,:i, then {X ni,i =  2 ,3 ,...}  is a strictly stationary 

sequence of random variables. Therefore,

6 A/m m L—'
V 2—1

and hence,
O 1  - m

7  1 l n v  p

3 sjmm,
*=1

Having determined the limiting distributions for each term in the objective 

function (3.20), we see that for fixed 7

'C M  ^  7 2</̂o 2nE [<$8] -  2 ^ N n, (3.33)

where Nn ~  M  (0, nE [<'/>o*(l -  c^ff)]) •

We now extend the pointwise convergence to process convergence over a com­

pact set of R, i.e., C[—k, fc] for any k > 0. First rewrite (3.23) as

2  rn n  0  rn n

7 ) =  -  d j * 1 E E < “ v . % h ( i )
2 = 1 j~ 1 V 2=1 j = l

=  ^ ( 7 ) - T * 2(7) +  op(l), 

where ^ ( 7 ) =  W ™ " 1 E ^ i  E"=i

Tm2 (7 ) =  2 7 ^0 1 W 1 / 2  E I l i  E"=i and for any constant

sup|op(l)| 0 . 
l7l<fc
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First note that

sup |T„*i (7 ) - 7 V '« E  [<$t5] | 
lil <k

sup 7
1' i  E £  - *2«e w'i]

Z= 1  7 = 1 (3.34)

< sup fc2 I Op (1)1
|7|</c

— ° p ( l ) )

implying that 7)*tl(7) converges in probability to 7 2 <£o2nE[(f^sS] on C[—k,k\.

Now consider 7 ^ (7). Since m  1 / 2  E S i  E L yv„, then

u I I il It

V j=l ) = 1
!r,.,1 ( 7 ) - r i, . , ( 7 ) | - |7 - 7 l

=  l 7 - 7 l | 2 f t 1Op(l)[.

Therefore for any q > 0 there exists e > 0 such that

(3.35)

P lim sup IT* (7) -  7^, (7)| > q

= P (lim sup |7 -  7 112(̂ (71 Op(1)| > 7 7 )
V m  l7-7l<<= /

< P [ lim sup 2e</)(71|Op(l)| > 7 7 )
V m |7 -7 |<*  J

= P [ lim sup jOp(1) | > — -  ) 0 as m  —> 0 0  and e —> 0.
\  m |7-7|<< 2  6 J

(3.36)

Therefore T,„2(7) is tight. Thus if T(7) has a unique minimum, say 7mi„, 

then there exists a minimum 7*lin =  argmin 7 )7 (7 ) such that 7l*in 7min 

(Billingsley, 1995).

Equation (3.33) can now be minimized by taking the derivative with respect 

to 7 , setting the result to zero, and solving for 7 . Therefore,

7 =  -  <f>0 ) <j>0 (raE [4>fb] ) 1 Nn. (3.37)
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Taking g(x) =  -(log(x)) 1 ancl applying Slutsky’s Theorem (as we did for the 

regular lattice) yields

y/m(0 -  6) A  M  0 ,

and we obtain the desired result.

(3.38)

(b) Now we turn to the case where n —> oo. As for the regular lattice we assume 

that n{m) — nm —► oo as m  —> oo. Next we assume that fr (t)  > 0 a.e. where 

t, € (0,1]. This implies that as m —> oo, tp) —> 0 and t(n) —» 1. Moreover, 

since for each i € {1 , 2 , . . . ,  m} 5,^ — t^j — U j-,, then

i = i  i = i

tj,0 î,n
(3.39)

— n — b;,n —* 1 aS m  —► OO.

Note that for i = 1 we redefine t.-ho =  0; that is to say the sampling location of

the first observation approaches zero from the right and the sampling location

of the prior unobserved response approaches zero from the left. Since the

previous arguments for fixed n still hold, all that remains to show is the limiting

values for the expressions Y?j=i and (I — <$%'3). Hence for

every i € ( 1 , 2 ,...} ,

lim V  off’'15 ( =  lim V '
l).— ‘ m— ^

i = i

„ 2  6a 1 (25,,
1  ± l + . I

lim 5iJ ~ lim X  \-29 lSh  -  29 26h  +  • • •]n.—koo • m—*oo • ■ Jm —>oo « ?n—*oo
j = i  j = i

= i,
ancl

D0 = lim V
m —

j=i j=i

25^ 1 (25itj

c\ n m n m

= a lim X ^ ’" ^  - iim xr7 m — V in —>-on *
i = i j=i

— (b2Si,i52 4-Q2 ̂ 0  %  +  •••

20_1.
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Substituting the above expressions into (3.38) we obtain the desired result,

i.e.,

y /m (6 -0 ) ± N (O ,2 0 S).

□

R e m a r k  3 This result clearly demonstrates that the distribution of the sampling 

procedure has a direct impact on the asymptotic variance of the estimator. Note 

that if d =  n_1l  we recover the same limiting distribution derived for the regular 

lattice. Explicitly, the variance reduces to

e4E £ ^ 1 0 0 ^ ( 1 - <ff*j 6»4 n / 2 (i _  01)

(E r (n0 nn _ 1 ) 2 (3.40)

?4n [e2lnl) 1)

Furthermore, we can show heuristically that sampling along a regular lattice is 

most efficient (minimizes the asymptotic variance for a fixed sampling effort n per 

block). For small 5j the asymptotic variance can be approximated by

E 25j E E L .  +  W ?)>

( e [e ; , .  *»"'«.■])

2 0A

20

E E  l - . t f N i

(E r
E

Lj=i

j 2 6 j r
h) JSj

To minimize the asymptotic variance, we need to maximize E [/(d)], where /(d )

Xp=i 0o subject to the constraint X )”= 1  S:j =  1. Symmetry considerations suggest

the maximum occurs when Sj — n~l for j  =  1 , . . . ,  n. We explore this result through 

simulation in Section 3.4.1.1 where we compare several different sampling patterns.
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3.4.1.1 Sim ulation R esults

To demonstrate the impact of the sampling pattern on the asymptotic variance 

we generated a scries of realizations using five different sampling patterns to compare 

against the expected asymptotic variance. The five sampling patterns include (1) 

making observations along a regular lattice, (2 ) generating n random locations uni­

formly per block, (3) sampling n random locations over each block using a beta(3,3) 

distribution, (4) sampling n random locations using the beta(10,10) distribution, 

and (5) sampling Ni uniformly distributed locations where Ni has a negative bino­

mial distribution. Each of the first four sampling patterns has n observations per 

block. Patterns (3) and (4) tend to cluster the sampling locations toward the center 

of each block with the latter more tightly clustered. The final sampling pattern, 

referred to hereafter as the clustered pattern, varies the number of sampling loca­

tions per block thereby allowing some blocks to contain few or no observations and 

others to contain many observations. In order to compare the sampling patterns on 

the same footing, we set the expected number of sampling locations per block for 

the clustered pattern equal to the number of locations per block for the other four 

patterns. Figure (3.5) illustrates a single realization of each pattern over the first 

two blocks with n = 4 for patterns (1) through (4) and EiVj =  4 for the clustered 

pattern.

Figures 3.6 and 3.7 illustrate the MSE surface as a function of domain and level 

of infill for the non-regular sampling patterns where 6 = 1 and 6 = 2, respectively. 

Note that the overall shape of the surfaces are somewhat different than those gen­

erated by restricting observations to a. regular lattiee(see Figure 3.1). For 6 = 1 the 

contours of the MSE arc not as close to parallel to the infill axis as for the regular 

lattice sampling pattern. This is in part to the relatively large range of the temper­

ature (color) scale. The scale for the WLS non-regular sampling images is roughly
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•  • • • • • •  R egu lar

•  •  •  •  •  •  •  Uniform

•  • •  •  Beta{3,3)

Beta(10,10)

I--------------1--------------1--------------1--------------1--------------1-------------- 1
0 .0  0 .5  1.0 1.5 2 .0  2 .5  3 .0

Dom ain, m

Figure 3.5: Partial realization of the sampling patterns used during simulation. 
The first four patterns (regular, uniform, beta(3,3), and beta(10,10)) all have four 
locations per block while the number of sites per block is random for the clustered 
pattern (E.-'V =  4).
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twice that of the comparable regular pattern image due to large MSE for very mea­

ger sampling efforts, i.e., (to, n) = (1,2). For 6 = 2 the WLS results closely agree 

with the regular sampling pattern results. Once again the contours are nearly par­

allel to the infill axis and significant decreases in MSE are attributable to expansion 

of the domain. The uniform sampling pattern, for both 6 = 1 and 6 = 2, appears to 

be more efficient than the remaining three patterns. We illustrated earlier that the 

optimal sampling pattern for the AR(1) process is the regular pattern. The uniform 

pattern most resembles the regular lattice for moderate to high levels of infill unlike 

the beta patterns which tend to cluster observations toward the center of each unit 

length and the clustering pattern which, by design, varies the density of sampling 

from unit to unit. Thus it is not unexpected that the uniform sampling method is 

most efficient with respect to the standard error.

The asymptotic variance can be calculated exactly when sampling along a reg­

ular lattice. For the four remaining cases, the asymptotic variance was estimated 

using Monte Carlo simulation. We generated many realizations of each sampling 

pattern and empirically computed

with 6 = 1. Figure (3.8) illustrates how the asymptotic variance approaches 263 = 2 

as the sampling effort per block increases. Note that the asymptotic variance for

heuristic result presented in the first half of the proof. For the most meager of 

sampling efforts (n =  1 ) the beta distributions outperform the uniform distribution. 

This is because the beta distributions tend to place the sampling location toward the 

center of the block thereby creating a more regular pattern across blocks. However, 

as n increases the sampling locations tend to remain near the center of each block and 

the beta patterns diverge from the optimal design. Conversely, the uniform pattern

2

the regular pattern is uniformly best for all sampling efforts and coincides with the
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WLS: unif(0,1)
theta ■ 1

WLS: beta(3,3) 
theta ■ 1

2  4

D om ain, k>g2(m)

WLS: beta(10,10) 
theta ■1

2  4

D om ain, log2(m )

I
2  4

D om ain, k>g2(m)

- 6 

-  5

I
0

WLS: cluster
theta * 1

2  4

Dom ain, k>g2(m)

I

- i

I

Figure 3.6: MSE for the weighted least squares estimator (WLS) of an AR(1) process 
for each non-regular sampling pattern where 9 — 1. The surfaces represent the 
results based on 1 0 0 0  independent realizations for each combination of domain and 
level of infill. Note that the axes are log2 such that m, n = {2°, 21, . . . ,  28}.
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WLS: unif(0,1)
theta ■ 2

WLS: beta(3,3) 
theta ■ 2

2  4

D om ain, log2(m )

WLS: beta(10,10) 
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D om ain, log2(m )

S.1.0 I

2  4
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WLS: cluster
theta ■ 2

2  4

D om ain, k>g2(m)

I

I

Figure 3.7: MSE for the weighted least squares estimator (WLS) of an AR(1) process 
for each non-regular sampling pattern where 6 = 2. The surfaces represent the 
results based on 1 0 0 0  independent realizations for each combination of domain and 
level of infill. Note that the axes are log2 such that m, n = {2°, 21, . . . ,  28}.
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  R egular
  Uniform
  B eta(3 ,3)
  Beta(10 ,10)
  C luster

I--------------1---------------- 1----------- 1------------ 1 I I
1 2  5  10 20  5 0  100

Infill, n

Figure 3.8: Asymptotic variance for the WLS estimator. The curve for the regular 
pattern is exact. The curves for the remaining four sample patterns are each based 
on 100 Monte Carlo simulations of rn = 1024 blocks for all sampling efforts n € 
{ 1 , . . . ,  100 } .

more evenly covers each block and, consequently, the overall pattern becomes more 

regular.

Table (3 .2 ) lists the observed variance of the estimator 6. A total of 1000 simu­

lations for each combination of sampling pattern and sampling effort were generated. 

For all sim ulations 9 = 1  and the dom ain was fixed at rn = 1024. Thus the total 

sampling effort varies with the sampling effort. The estimate 6 is the optimal solu­

tion of the weighted least squares objective function (3.18) where (j> =  exp{—1/0}. 

Overall the observed variances very closely match the asymptotic variances, delim-
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Table 3.2: Observed and expected variance of 0 for 1000 simulations with 0 = 1 
as a function of sampling pattern and sampling effort. For the first four patterns 
the total sampling effort is N  = 1024n and for the clustered pattern the expected 
effort per block was set to n =  {1,2,4.8 }. The expected asymptotic variances are 
delimited by parentheses.

Sampling Pattern Sampling effort per block, 
n =  1 n =  2 n =  4

n
n = 8

Regular 6.71
(6.38)

3.26
(3.43)

2.39
(2.59)

2.28
(2.27)

Uniform 7.94
(7.55)

4.28
(4.62)

3.23
(3.23)

2.58
(2.55)

Beta(3,3) 6.89
(6.72)

4.80
(4.75)

3.36
(3.48)

3.01
(2.83)

Beta(10,10) 6 . 1 2

(6.52)
5.09

(5.23)
4.24

(4.31)
3.63

(3.63)

Clustered 1 1 . 6

(11.9)
5.86

(6.17)
3.73

(3.89)
2.97

(2.91)

ited by parentheses. The largest relative difference is 8 % and the mean difference is 

-0.1%.

3.4.2 M axim um  Likelihood Approach

We now extend the estimation procedure to involve the exact likelihood function 

conditioned on the observed data Y  at the sampling locations t. In this case we 

will show that the asymptotic distribution of the MLE 0 is the same independent of 

sampling pattern. In other words, the likelihood function accounts for the distance 

between locations. The likelihood consists of two terms: a determinant component 

and a quadratic component. We will show that both components play an important 

role in the asymptotics.

We begin by assuming that the observed data are sampled from the Ornstein- 

Uhlenbeck process as defined in (3.2). Wc further assume that there are mn  sampling 

locations, n per unit length, generated as described previously. The corresponding
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observation vector Y  is mn-dimensional with joint distribution, in matrix form, Y  ~  

JV(0 , <j2T) where 0  is an mn-vector of zeros and T is an mn x mn correlation matrix 

such that the correlation between locations titj and ti>j> is exp{—\t^j — ti>tj>\/0}. 

Since the sampling locations are random, we write the likelihood as

m  ff2; Y, t) <x exp | - ^ L y T - ' y }  (3.4!)

where 4> — exp{ —1/0} and C is a proportionality constant resulting from / ( t) = 

f  (f 1.1 1 • • • i ■

We obtain the profile likelihood by taking the partial derivative of the log of 

(3.41) with respect to <r2, setting the result to zero and solving for <r2 =  a2((/>), and 

substituting a2 in place of a2 into (3.41). Thus,

77? 77 1

V°fiie(0 ; o'2 ’ Y ’ * 0 0 0  ~y l o g _  2 log ('3'42'*

where <7 2 =  (mn)- 1Y /r - 1Y.

Defining k = (i — 1 )n + j,  Brockwell and Davis (1996) show that (3.42) can be 

expressed in terms of the one-step prediction errors, Ytk — Ytk, and their variances 

utk }, thus avoiding direct computation of F_ 1  and del, T. They show that Y T _1Y  = 

J2T=i(Yth ~ Yt-k)2/ vtk_1 and detT = ^or model, we find that Ytk =

<PilkYtk_1 and =  1 —<̂2<5u where Stlr = %—tk-i- (We define £tl =  oo which implies 

Vl0 = 1 and Ytl = 0.) Returning to double indexing for the sampling locations, the 

reduced likelihood function is
m

w  = - ETO i= 1

1 "
- E k)g(i -4>2Ki)n.

\ m
\  2 =  1

(3.43)

\  E ( U j  -  i  -  <plk ‘)
' j=i

The first term arises from the determinant in the likelihood expression and the 

second term corresponds to the quadratic term. Minimizing (3.43) with respect to 

(f) is equivalent to maximizing the conditional likelihood with respect to 0.
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T h e o r e m  3

Let t  be an mn-vector of sampling locations along a transect o f length m such that 

each unit length (block) contains n sampling locations. Define 8ij as the distance 

between subsequent sites such that 8ij = tgj — where 8iti = tn  — L-i.n fori >2  

and Si'i = oo. Once again we introduce the random variable 8 which corresponds to a 

randomly selected spacing from block i > 2  such that 8 =  8^j with probability 1 /n  so 

that E[/(<5)] = n - 1  Y  E[/(<5)]. Let Y  be an mn-vector of observations corresponding 

to the sampling locations t  generated by the continuous AR(1) process as defined 

by (3.2) replacing Yi =  Ytij . Define 9 to be the estimator that minimizes (3.43). 

Then,

(a) for fixed n and m —► oo,

^ , ( 6  -  9) (o, ^  (2 Var [8cf>26/ ( l  -  <$)\ + E [82<fff/(l -  <Po)])

(b) as n —>• oo and m  —+ oo,

y /m (0 -B ) ±Af(Q ,203).

Proof of Theorem 3:

(a) As in the proof of Theorem 2, we begin by reparameterizing (3.43) using 

4> = 4>o + 'y/y/m, where <j>o =  exp{ — 1/9}. The new parameter 7  is interpreted 

as the deviation from the “true” value 70- Thus the reduced-likelihood can be 

written as
m

% )  =  - Eni
4 = 1

71 + log M - E
i= 1

E  biA l/y/™ )n 1
.7 = 1

(3.44)

where

9i,j(7 /Vm) =  log (1 -  ((f)0  +  j /V m ) 25̂ )  ,

K jh /V r n )  =  (Yti . -  (<fo +  7 / Vm ) 6*’3 2 /( I  -  (<A) +  7A /m )2*J ).
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Next define ^ ( 7 ) =  m (£(j) -  £(0)). Note that minimizing £*n(y) is equivalent 

to minimizing £(j) since m and £(0) are constants. Therefore,

C M  = E
i—1

- £ s < j ( 7 A /m )
3 = 1

E
<=1 3- 1

+"lk«UE
2 = 1

n
3 = 1

(3.45)

m
/ rn ..

ns=i _ j=i

We will show' that ^ ( 7 ) —> £('y) on C(R) and that... To evaluate the asymp­

totic distribution of 7  with respect to m we need to expand (3.45) about 7  = 0  

using Taylor’s theorem. We begin by looking at the terms contributed by the 

determinant. Define

Dm( 7) =  £  
2 = 1  

in

-E

- £ w ? ( 7 / \ / m )  71 '
3 = 1

E
2=1 i=i

*= 1 j=l
~  £  f5*,j(0) +  7.9/,j (0) +  0) +  Ri ( i , j ) (3.46)

£
* =1 3=1

where R \(i,j)  is the remainder. Note that R i(i,j)  ~  m  3//2 since

^ i( b j )  =  -^-9/oKj) 

where 17^j| £ (0, |7 |) for all 7 and j. Define </>7 =  >̂0 + 7/ \fin- Thus 

9*o(7/Vm) =  log (1 -  f f i s )

1 1 1 t \ 2 .̂,- o-'*'-' 1
9 i j { i N m)  =  — 7^ : -------arw

« / / /zr\ _  2 (i/J (2 d/,j — 1 ) (/>7' ,J 4(ji ?- (/>7

fh,jW /Vrn) , 2 (S(; \ m /  o* \ 2 '

Therefore,

E
2=1 J= 1

E
*=i

- £ l o g ( l - # j <J) (3.47)
i=i
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and

E
2 = 1

2 0 o1-^ =  V ]
1 n
T) «

j=i
1

2 0 0  1 —7= ^ n*!

(3.48)

where Uni =  n r 1 £ " = 1  “  0o'S'’J)- The sequence {!/„,.,-i =  2 ,3 ,...}

is strictly stationary and 1-dependent; that is to say that Uni and Unj are 

independent for all i — j  j > 1 . Application of the central limit theorem for 

strictly stationary m-dependent sequences (Brockwell and Davis, 1991) yields

1
J ]  (Uni -  E \Un\) - i  M  (0, Var[f/„J),
2 = 1

where

and

Continuing, 

1

E[Un] = E [4 < /(1  -  $ ) ] ,

Var [Un] = Var -l

j=i

(3.49)

(3.50)

(3.51)

E
2=1

-<<(«)

m E
t=i

E
i=i

25,
2 M V ^ o  

1 -  t o ”

'*•3 1 n  4 ^ 2

n  /
j=l ( l  -  ■A f')'

(3.52)

^ rn  ̂ rn

= —2 (/)q 2 £  v;,. -  4«/,0- 2-  ^  140,,
m  ' m  z—̂

2 = 1  2 =  1

where 1 0 , =  n " 1 ^ '= i  -  l ) 0 o^’J/C1 “  ^o^'7)

and 140. =  n~l J2j=i _  t o ” )2- Both sequences (I0<5i =  2, 3 ,...}

and {VEni,?; = 2 ,3 ,...}  are strictly stationary and 1-dependent, and hence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



99

by direct application of the central limit theorem for strictly stationary in­

dependent series we have

m E  K, 4  E [Vn] = E [«5(2<5 -  l)4>f/(l -  ^ ) ]  , (3.53)
?' = !

and

m E  Wni 4  E [W„] =  E [ 5 ^ / ( 1  -  cgsf ]  . (3.54)
2 =  1

Since ~  m  3//'2, then X E i n 1 EJ= l^ i( 'h i)  =  op(m1/2) -> 0  as

m  —> oo for fixed n.

Substituting the above expressions into (3.46) yields

1

A n (7) =  -27^0 ] -F =  E  t/n'Vrn t-*
V 2=1

“ 72</>(72 (m ̂  Vn'; + E S 2VFni) + °̂ ml/2)'
(3.55)

We now present a similar analysis for the components of (3.45) that arise from 

the quadratic term. Define

Qm(7 ) = m log ( — V\ rn
* = 1

’ 1  n
-  E

,'=1

— m log ( - E  
Vm i E .7 = 1

(3.56)

We expand (3.56) about 7  =  0 as follows:

Qm{l) =  m log ( — E  \ m
i = 1

:EM»)
, = 1

+  7
2 ^i= 1 ' ^ E E 4 , ( o )

J_ yim 
m 2-j%=1 ± E E 4 , W

4
t  e ;u  / c m /  1

1 2 ^ i = 1 7  E E  4 ,(0 )

[ ; E 7 . M 0 ) \ J_
\  m Z_/ t=l ^ E E 4 , W

4

m
\  1=1 1 j=1 j /

+  i?2-

(3.57)
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Here is the remainder term, is a function of the /^ (y /^ /m ) and its first 

three derivatives, and is of order 0 (m R 2).

Recall (j>j =  (j)o + 7 /  y/rri. Therefore,

= {YtiJ -  ot-'V;,, ,)2/( l  - 6A<)

26,
m

( 1

26, Yt.1,3

K jil/V rn )

( 1  -  **■<)

+

( l  -  4h->)

( w T j ) 2

s s i / 6 ‘^ ( y h. , - 'A - 'Yu ,.? j t
m

m

+
2%j
m ( l  -  o f " ')  ' 

Therefore,
- m f - n "I - m T - n

^E = ̂ Em ' n »=i . j=i m ■£—' n
* = 1  L 1 = 1

(3.58)

since Ktij ~ 4>o'iYu,j-i = £tij• Define 5r(i =  n 1 J ^ =1 s l j ( l  -  <!%*'*) and note 

that the sequence {S1H, i =  2 ,3 ,...}  is strictly stationary and ergodic, thus by 

the ergodic theorem

(3.59)
i=i
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where

E[Sn] =  E

E

C J)
1 = 1

Z : E E k , l < l  /( I
1=1

,25;. (3.60)

= cr2.

Furthermore.

Var[Sn] =  E[S2J  -  (E[Sn ] ) 2

= E ,2 ^ ) 2

1=1

= E

+ E 

1

i #
— a

nx l=i

(3.61)

Next,

E
2= 1

+ E 

=  2a4n~1.

n

Y . K M
1=1

=rEE[<Al«]/( a

2 <̂o1 / r ^ £TO

2 <̂o 1

2 =  1 

1

rm

n ^ ,
j=i

Ei=l j = l
-  rn ^  rn

= 2 ^ 0 1 j— ^   ̂A ; — 2 0 o 1 .— £ ^  Bni.
V™'

(3.62)

where /ln,. =  n 1 £ ”= 1  'h.jO(f 'E .7 ^  / ( 1  -  ^  f  

and Bni =  n _ 1  X )’‘= 1  ^ K Myt<j-i£*<,i/(l “  such that {A ^k  =  2 ,3 ,...}  

and =  2 ,3 ,...}  are strictly stationary 1-dependent sequences. By ap-

0  we have

1

* \ 2

£  (Ani -  E[An}) A  a t  (0, Var [A ,]), (3.63)
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where

E [An] = E

=  E

n
j = 1

<7 E

1=1

i E M f ' / d - t f " ' )
1 = 1

(3.64)

= o-2e  [ c / d  -  m

0 "!E[f/n],

and

Var[An] =  E[A2n] -  (E[An ] ) 2

E
1

n j=i

+  E

= E
1

r i E ^ ^ K X ' ' V ( i -<#■?,',J>
1= 1

I . V ' f ,  I"?2 IjsI < kA k^"3h+ E n* Y , e \ < A J s
&k

2

(1 -  ^ ) 2 (l _ ^ ) 2
o-4 E[f/„,.]

3<r4E
1 = 1

+  cr E
2<5ij 126i'kni v

Lr,2 ^ ( i - ^ ‘J ) ( i - C ) J
A2<Ji,fcN

-  rr4E[t/„]2

2cr E X ^  x2 ./4<Ei //I .k2S*,J\2£ ^ C 7 ( i
1=1

+ cr Var[?7n]

2cr4n 4E [52<j)Q6/(1 -  </>jf)2] +  (7 4 Var[f/r,J.
(3.65)

Furthermore, the sequence {j4nj,i =  2 .3 ,...}  is ergodic, hence by direct ap­

plication of the ergodic theorem we have
-  m

- j 2 A’‘A * !n v ni
i=l

(3.66)
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Application of the central limit theorem for strictly stationary m-dependent 

series to the second sequence {Bnj.i =  2 ,3 ,...}  yields

1 m
^ T B n, ^A 7(0 ,V ar[Bn]) 
'm i—1

(3.67)

since

E [Bn] = E

= E 

=  0 ,

3=1
n

, / c i  o f ; - ' )

j=i

and where

Var[Bn] = E [£?2]

= E
nc 3=1

+ E

E aE® Yl - A J s ^ ' / a - C - f
i=i

+ E -j2 /  ->

(74E
.7 = 1

= a 4 n - 1E[52 ^ V ( l - ^ ' ) ] .

(3.68)

(3.69)
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Continuing, 

1E
» .  L" j - .

Y . k m i  ~ # ' j)2
»=i L 1=i

m

^ E
2 =  1

1

1=1

+ 8</>02 — Ern f-j'
1  rn

- 2 ^ - x :m
2 =  1 

-  m
+ 2^72 -  £  

m *—f2=1

1=1
n

.7 = 1

l=i
(3.70)

We next show that each term of (3.70) converges in probability to its mean. 

First define C7li = n -1 ]C"=i ~ £‘u ~  $T,J)2 and note that

the sequence {C,H,i =  2 ,3 ,...}  is strictly stationary and 1-dependent. Hence,

rn £  Cni —» E[CY„], (3.71)
7 = 1

where

E[C„] -  E

E

ct2E

~  £  S i jW i j  -  1 ) 4 ^  e2u ./( l  -
U l = i  J

“E e Rj5] - 1)̂*-J/(1 - 4>oE
* 1 = 1

i ^ ^ ( 2 ^ - l ) ^ / ( l - ^ M)
1=1

(3.72)

=  a 2E [«J(2<J -  1 )$ 4/(1 -  $ ) ]

=  o*E\vn].

Define An< =  n_l £ ”=1 -  4>fiJ)2. The sequence {£>„,,« =

2 ,3 ,...}  is also strictly stationary and 1-dependent. Therefore,
.. m
1 „  P

m £  DUi ^  E [Dn] =  0, (3.73)
2 = 1
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smce

E[£>„] =  E

=  E 

=  0 .

1=1

AW<J\ 2
1= 1

(3.74)

Define Enj = n 1 £]"=1 ,/(1 -  ‘ftf*’’')3- The sequence {Fni,i =

2, 3 ,...}  is strictly stationary and 1-dependent. Therefore,

m
^ £ n iT>E[£n], (3.75)
?:=i

where

E[F„] =  E

E

i=i

i=i

=  (j E - E ^ o 5‘' V ( i - ^ j )2r> « *

cr2E [^VV/(1 -  ^ / ) 2]

(3.76)

=  ff2E[W„].

Next define Fn< =  n"1 X)"=i iM ^ .l -  £«<,,-/(! “  0 0 ^  )2- The se­

quence {Fni,i =  2 ,3 ,...}  is strictly stationary and 1-dependent, and
-  rn

- V f „ , ' e [f „] = o,
m  ■'

(3.77)
?:=i

since

E[F„] =  E

=  E 

=  0 .

1 ”
-  Oo^'Vi,, i / ( 1 - < ^ ) 2

i=i

■ £ E -  i ) ^ v ( i  -  ^ f ' 3)2
1 = 1

(3.78)
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Finally, define Gni =  n ' 1 J ^ =l 8? ^ ’ -  o~0-) -  The 

{Gnj,i =  2, 3 ,...}  is strictly stationary and 1-dependent, and

.^ E [ G n],
i=1

where

E [Gn] = E

= E

.7 = 1

"  .7 =  1

i=i
=  cr2E [52̂ / ( l  -  </>2/)] . 

Substituting the above relations into (3.57) yields

Qm( 7) =  2-70c7]
-i 1 /T,"=i [Am -  Bn

s / m  V r n - 1  E ™  1  ‘S'n 

, . 2 ,-2 1 ( Y Z l  -  4Dni + 4En, -  FUi +  Grti]
7 00 m I,

- 1 / 2

-  272<(>o rn
+ o),(m1/2).

_2 1

m " 1  E I E .  ^
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Finally, by substituting (3.55) and (3.81) into the reduced likelihood (3.44) we 

obtain

C ( 7 )  =  A n  ( b )  +  Q m i l )
1 v-vm t j  1 n 1 v-<*n A J 1 V"''m R

x ^  Z ,j=L  m 2^1=1 °n« ^  Z ^ j= l -^ni “1“ ^  Z , j = l
-27^0

+ T fo

m_1 E fcl S*
.2 , - 2 "I-1 E™ i [ Q  -  4/7n, + 4E,h -  Fni + G„J

m - i  Y Z i  S n
-  771

n 2-  E  + 2W»7 2 m i—1

£ £ 1

+ op(ml/2)

^TZAUnt-EpnViTZlSn
=

+ 27</>0
^ E I E  ( ^  -  ° 2V [U n ] )

Y Z i  S’H
t  ^  E ’E  -  <X2 ) E[Un] + j -  Y Z l  B «

+  7 ' v 'o
2 ,- 2™_1 E “ i [<?„, -  4An +  4E(li -  Fni +  GnJ

1 m

^ ■ 2r E ^ + 2 ^ ]m  .i=i

("•-‘ K A )
+ op(m1/2)

2

(3.82)
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Taking the limit with respect to m and employing Slutsky’s theorem we find 

lim C ( 7) =  - 2 7^o1 (Nu -o-2 - N a + Ns • E[Un] + Nb )
771-+00 '

+ (E[Cn] -  4E[Dn\ +  4E[£n] -  E[Fn] +  E[G„])

-  720o2 (E[V;,J + 2E[Wn})

-  2 7  (E [^ ])2

= - 2 70o ^  {Nu -a2 - N A + Ns ■ E[Un\ +  NB)

+ 720o"2^  (c2E[Ki] +  4a2E[W„] + a2E[<j2027 ( l  -  0 f )]) 

-  720o2 (E[En] +  2E[lVn])

-  2720o2^  {cr2E[Un\)2

= -2 70o_1^  { N u ■ a2 - N a + Ns • E[£/n] + NB)

+ 720o2 (2E[(i20 ^ /( l  -  025)] -  2 ( E [ ^ / ( l  -  0o5)])2)

+ 7 ^ 2E [ ^ / ( 1 - ^ ) ]

=  - 2 7 0o1 ̂ 7  {Nu ■ <J2 -  Na + Ns • E [Un] + NB) '<7Z

+ 720o 2 (2Var[502V (l -  0 f )] + E[<5202V(1 -  0 f )]) ,
(3.83)

where Nv , NA, Ns , and NB have joint multivariate normal distribution with 

mean 0 and covariance matrix such that 

Var (Nu) = Var [Un],

Var(Na) = 2a4n - 1E[52̂ V ( l  -  0(f)2] + ^ V a r[(/„],

Var (Ns) =  2<74rV \
(3.84)

Var(Nb) = a4n - lE{524>20s/ ( l  -  <j>f)],

Cav(Nu, Na) = a 2Var[C/n], and 

Cov(NA, Ns ) = 2ain~1E[Un}.
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To compute the covariances we have 

E[tv„yln] =  E

=  E

(7 E

j=l ' A;=l

1 n  i  n

r t ^ / C  -  ^ h E B f c . H l  ' W f V O  -  t f " ) !
• 1 '  ;  17 =  1 fc=l

j E M ^ / a  -  t f » > ± E M ? " / < i  -  * * )
l=i fc=i

=  ^2E[t/;],

which implies

Cov(Nu, Na) = a2Vai[Un}.

(3.85)

(3.86)

Next,

E[v4„5n] =  E

= E

' -  n .. n

- Z M S ^ / a  -  ^ ) 2- E 4 , / a  -
i=i

i=i

*:=i

+  E

3(7 E

i¥-k

E u “ y / ( 1 - ^ )
1=1

+  (74E

= 2cr4n_1E[f/n] +  a*E[Un], 

which implies

Cov(Na ,N s ) =  2<r4n -1E[C/„].

(3.87)

(3.88)
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It is straight forward to show that each of the remaining covariances are zero. 

Thus,

Var ±r2 (Nv • n2 - N a + Ns ■ E[Uni] + Nb)

(3.89)

=  Var(Nu) +  < r4Var(lV„) +  n~4 (E[Uri])2 Yav(Ns ) +  <T4Var(lVH)

-  2<7~2Cov(iV{/, Na) -  2 a-4E[t/n]Cov[(yV ,̂ Ns )

= Var[t/„] +  2n~lE{524 $ / (I -  tf*)2} + Var[Un] +  2rT 1 (E[Un) f  

+  n - lE[52cf>2S/ ( l  -  $*)} -  2Var[Un] -  4n“x (E[C/ n ] ) 2 

= 2n_ 1  (E W / ( l  -  <^)2] -  (E[8<ff/(1 -  <^')])2)

+ n lE[82 4 ^ / ( 1 - ^ ) ]

= 2 r r1V ar[^2V (l -  <$)] + n~lE [ ^ / (  1 -  $ ) ) .

Therefore, after combining all of the results thus far, we have

lim t m(j) = -27</>q 1Nn +  ^ 2̂ 2Kn, (3.90)
rn—+ oc

where Nn ~  Af(0, rClKn) and Kn =  2Var[5 ^ /(1  - ) ]  + E[82<f>f/{1 -

We can show that the reduced likelihood converges over a compact set on M

by following the methodology first presented for the weighted least squares 

approach. That is to say we can rewrite (3.82) as

C (7) =  C 1 (7) + C 2 (7) + op(1), (3-91)

where ^  (7 ) collects the quadratic terms, ^ ( 7 ) collects the linear terms, 

and for any constant fc,

sup |op(1 )| 0 .
H<*

It is straightforward to show that

S U p  ^ 1( 7 )  -  7 2<A)2^ n |  =  ° p ( l ) ,
W<fc
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implying that €1(7) converges in probability to K„  on C [ —k.  k]. Moreover, 

C ( 7 ) = 720(72/<n +  C 2(7 ) +  op( l) .

Second, if we consider £*,(7) and note that £^ ,(7 ) N n where N Kn is defined 

as above, then

V - m S )  -  ^m<2 (7) I =  17 -  71100 1° p ( 1)|.

where

sup |Op(l)j =  op(l) .  
bl<fc

Thus for any q >  0 there exists e >  0 such that

P I lim sup |£2(7 ) — £2(7)1 I —► 0 as rn —> 00 and c —> 0 ,
\  m l'T--rl<< J

implying that £2 (7 ) is tight. It follows that £*n(j)  £(7 ) on C(R).

If £(7) has a unique minimum, say 7,njn, then there exists a minimum 7^in =  

argm in£*(7) such that 7*lin 7mm- Equation (3 .90) can now be minimized by 

taking the derivative with respect to 7, setting the result to zero, and solving 

for 7. Hence,

7  = v 7«(0 -  <£0 ) 0oA£ (0, (nK n)~l) .

taking g ( x )  =  — (log(.x))'1 and applying Slutsky’s theorem yields the desired 

result,

-  0) i  V  ( 0 , - 2Var[J>r/(1 _ # ) |  +  E [ ^ / ( l  -  # ) ] )  ' (3'92)

(b) Now consider the case where n  —> 00. Once again we assume that n ( r n )  =  

n m —> 00 as m  —> 00 and that f r { t )  >  0 a.e. where t  e  (0 , 1]. Recall that as 

m  —> 00, t(i) —> 0 and f(n) —> 1 which in turn implies that 1 f°r

every i € ( 1, 2 , . . . ,  rn}.  Furthermore,

p

max Si i —* 0 .
1 <j<nm
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The previous arguments for fixed n still hold; therefore all that remains to show 

are the limiting values for nm • 2Var[<5$jV(l — ^oO] and nm ■ E[<50q5(1 -  fil6)]- 

By the mean value theorem we have for every i € {1,2,...},

nmE [&<$/{ 1 -  cftf)] =  E

E

i=i
n”» /  V

Lj'=l

=  2E E ^ ’T 
- 1 = 1

where 5-ij £ (0, <5*j) for all j. Note that < 1. For the proof

of Theorem 2 we showed

h2Si> 'ijrO 1.
l=i

Therefore as m  —► oo, nmE [ ^ ^ / ( l  — ‘/'o'5)] —* 20 h

In a similar manner we can show that the variance terms goes to zero. A 

second application of the mean value theorem yie 

nmVar [5<$/{1 -  $?)}

= E

E

Tljn

,j=i
E

n„ E m t v i i C J)
ui=i

Ll=i
—  E
nm \

82
=  4 <E E

-i=i

J.4(<5i, j £»,j) 
&0 E

nr.

E * ^ o  )
. 1=1

Ll=i

Using the same arguments as before it is straightforward to show that the 

expression inside the braces goes to zero as m —> oo. Substituting this result 

along with the previous result into (3.92) we obtain

V ^(0 -  0) A/"(0,203). (3.93)

□
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R e m a r k  4 Once again the result for fixed n incorporates the sampling pattern into 

the calculation of the overall efficiency of the maximum likelihood estimator. How­

ever, unlike the weighted least squares approach, it is not immediately clear if there 

is an optimal design. To minimize the asymptotic variance we need to maximize 

nKn. For a small sampling effort per block the variance term may be relatively large 

and perhaps dominate the expected value term. However, as n increases the vari­

ance will converge to zero and the expected value term will dominate. We recover 

the regular lattice result setting <5 =  n_1 l; En [(fiff 52 /  (I -  (f>ls)\ =  n~24>2J ( l  — (f%) 

and the asymptotic variance reduces to 6i n<j>~2{ 1 — = 6,4 n(e2//0rt — 1). We will

confirm through simulation that the efficiency of the maximum likelihood estimator 

appears to be nearly invariant relative to the the sampling pattern provided that 

the effort per block remains constant, even for small n.

R e m a r k  5 Unlike many likelihood estimation procedures the determinant term 

plays an important role in the asymptotics; see for example Broekwell and Davis 

(1996). Recall the coefficient of 7  in (3.90) is given by
1 V■~'m J J  J_  y v m  q  1_  a .___ 1_  p

0  2 L , i =  1 u n i m  2 - 7 = 1  ° n 3 vAS 2 j * = 1  7 m  2 _ A = 1  ° n i

£ ' = 1  Sni

includes the random variable Y1T= 1 Uni ^ ia*' comes from the determinant term. 

The product Y1T= 1 Urn ' m ~l X7 I 1 Snj acts as a mean correction for i.e.,

E E l l i  Unim~l ■ Srij] = An,]- Thus Yn=\ Uni centers the distribution

of 7  at zero (since E[ )̂,™ j  Brh] =  0).

Figure 3.9 presents a comparison of the weighted least squares and the maxi­

mum likelihood approaches. For this particular realization 0 = 1, rn = 1024, n = 4, 

and the sampling distribution is uniform. The upper panels plot the objective func­

tions as defined by (3.18) and (3.43), respectively. The lower two panels decompose 

(3.43) into the determinant and quadratic terms. Notice that the quadratic term 

has a distinct global minimum below 9 = 0.5. Although not readily apparent at the
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current scale, the determinant effectively helps to better identify the global mini­

mum, that is to say that the right tail of the WLS objective function increases at a 

slower rate than the right tail of the MLE objective function.
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Weighted Least Squares Maximum Likelihood

5

3+A

o.o 0 .5 1.0 1.5 2.0

<S|
?

<o
©I

o

I

0.0 0.5 1.0 1.5 2.0

Determinant term of MLE Quadratic term of MLE

Figure 3.9: A comparison of the weighted least squares approach and the maximum 
likelihood approach. The upper two panels plot the respective objective functions. 
The lower two panels decompose the (reduced) likelihood function into the deter­
minant term (left) and the quadratic term (right). For this particular realization 
0 = 1, m = 1024, n — 4, and the sampling distribution is uniform. 6\vls — 0.983 
and $mle = 0.972.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



116

3.4.2.1 Sim ulation R esults

Figures 3.10 and 3.11 illustrate the MSE surface as a function of domain and 

level of infill for the non-regular sampling patterns where 9 = 1 and 9 = 2, respec­

tively. Once again the same general pattern is forthcoming: the contours of the 

surfaces run parallel to the infill axis and the MSE tends toward zero with respect 

to expanding domain. Further note that for a fixed 6 the four surfaces are very 

similar to one another. This suggests that the likelihood function is better able to 

compensate for non-regularly sampling locations than the weighted least squares 

function. Resolution of the MSE images where 9 = 1 is diminished to account for 

the large MSE values at very meager sample sizes. In fact the maximum MSE is 

more than 2x that for the sampling effort over a regular lattice.

We now proceed to quantifying the asymptotic variance of the maximum like­

lihood estimator 9 with respect to the five sampling patterns first presented in 

Section (3.4.1.1) at four different sampling efforts, n = {1,2,4, 8}. Figure 3.12 il­

lustrates the expected asymptotic variance as a function of both sampling pattern 

and effort, when 9 = 1. The plot for the regular lattice is the same exact calculation 

for the weighted least squares approach. The remaining four “curves” are plots of 

the sample variance at each level of sampling effort (n) computed from an extensive 

series of Monte Carlo simulations. Notice how all five plots follow a very similar tra­

jectory. This is a very different result compared to the weighted least squares case 

where there was a pronounced influence due to sampling pattern (see Figure (3.8)). 

It appears that the (reduced) likelihood function is much more capable of compen­

sating for unequal spacings in the sampling locations than the weighted least squares 

approach.

A comparison between the observed and theoretical variances is presented in 

Tables 3.3 and 3.4. We generated two sets of simulations where the total sampling 

effort N = nm  was fixed at 256 and 1024, respectively. This required that the
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MLE: unif(0,1)
theta * 1

2  4

D om ain, log2(m )

MLE: beta(10,10) 
theta * 1

2  4  6

D om ain, log2(m )

MLE: beta(3,3)
theta ■ 1

2  4

D om ain, k>g2(m)

MLE: cluster
theta ■ 1

2  4

D om ain, log2(m )

I

Figure 3.10: MSE for the maximum likelihood estimator (MLE) of an AR(1) process 
for each non-regular sampling pattern where 0 = 1. The surfaces represent the 
results based on 1000 independent realizations for each combination of domain and 
level of infill. Note that the axes are log2 such that m, n = {2°, 21, . . . ,  28}.
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MLE: unif(0,1)
theta ■ 2

2  4  6

D om ain, k>g2(m)

MLE: beta(10,10) 
theta ■ 2

D om ain, log2(m )

-  2 .5

-  2.0

I

15 s
1.0 J
0 .5

0.0

-  2 .5

-  2.0

E

• 0 .5

• 0.0

MLE: beta 3,3)
theta *  2

2  4

D om ain, log2(m )

MLE: cluster
theta *  2

2  4

D om ain, k>g2(m)

Figure 3.11: MSE for the maximum likelihood estimator (MLE) of an AR(1) process 
for each non-regular sampling pattern where 0 = 2. The surfaces represent the 
results based on 1000 independent realizations for each combination of domain and 
level of infill. Note that the axes are log2 such that m ,n  = {2°, 21, . . . ,  28}.
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—  R egular 
Uniform

  B eta(3,3)
  Beta(10 ,10)
  C lusterin

co

1 2  5  10 20  5 0  100

Infill, n

Figure 3.12: Expected asymptotic variance for the maximum likelihood estimator. 
The curve for the regular pattern is exact. The curves for the remaining four sample 
patterns are each based on 100 Monte Carlo simulations of m = 1024 blocks for all 
sampling efforts n G {1, . . . .  100}.
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Table 3.3: Observed asymptotic variance as a function of sampling pattern and 
sampling effort per block. For the first four patterns the total sampling effort is 
N  =  256 and for the clustered pattern the expected effort per block was set to 
n =  {1,2,4,8}. The results listed are the means of 1000 simulations with 9 — 1. 
The expected variances are delimited by parentheses.

Sampling Pattern (Domain, Infill) = (m, 
(256,1) (128,2) (64,4)

n)
(32,8)

Regular 6.51
(6.38)

3.56
(3.43)

2.45
(2.59)

2.32
(2.27)

Uniform 6.48 3.46 2.59 2.35
(6.41) (3.54) (2.64) (2.29)

Beta(3,3) 6.79
(6.40)

3.54
(3.53)

2.58
(2.67)

2.26
(2.32)

Beta(10,10) 6.47
(6.39)

3.54
(3.65)

2.60
(2.76)

2.40
(2.42)

Clustered 6.80
(6.76)

4.36
(3.93)

2.80
(2.84)

2.40
(2.38)

domain be adjusted appropriately for each level of sampling effort. For the clustered 

sampling pattern we set the expected number of sampling locations per block to 

n =  (1,2,4,8} and fixed the domains to match those of the other four patterns. 

Tables 3.3 and 3.4 report the variance of the MLE for 0. Overall the agreement 

between the observed and expected variances are excellent. For N  =  256 the relative 

difference between the simulated variances and the expected variance never exceeds 

11% with a mean difference of 0.4%. For N  = 1024 the largest relative difference is 

13% with a mean difference of just over 1%.

3.5 Conclusions

In this chapter we derived the asymptotic distribution of the MLE for the range 

parameter 8 for a mean-zero Gaussian process with exponential covariance function 

in one-dimension. We began by deriving the asymptotics for equispaced sampling 

locations along a transect. Next we derived the asymptotics for a weighted least
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Table 3.4: Observed asymptotic variance as a function of sampling pattern and 
sampling effort per block. For the first four patterns the total sampling effort is 
N = 1024 and for the clustered pattern the expected effort per block was set to 
n = {1,2,4,8}. The results listed are the means of 1000 simulations with 0 — 2. 
The expected variances are delimited by parentheses.

Sampling Pattern (Domain, Infill) = (m, 
(256,1) (128,2) (64,4)

n)
(32,8)

Regular 6.68
(6.38)

3.87
(3.43)

2.48
(2.59)

2.24
(2.27)

Uniform 6.51
(6.41)

3.38
(3.54)

2.56
(2.64)

2.41
(2.29)

Beta(3,3) 6.60
(6.40)

3.40
(3.53)

2.80
(2.67)

2.28
(2.32)

Beta(10,10) 6.67
(6.39)

3.53
(3.65)

2.76
(2.76)

2.46
(2.42)

Clustered 6.99
(6.76)

4.17
(3.93)

2.65
(2.84)

2.37
(2.38)

squares approach which was constructed to mimic the likelihood function with a sim­

pler mathematical form. We introduced several techniques that were later applied 

to the likelihood solution including reparameterization of the objective function and 

Taylor expansion. For each method we provide simulation studies that corroborate 

the theoretical results.
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C hap ter 4

EX PO N EN TIA L CORRELATION IN  TW O -D IM EN SIO N S

In Chapter 3 we explored the limiting behavior of 0, the MLE of the range 

parameter, for the Ornstein-Uhlenbeck process in one-dimension. We examined the 

impact of the sampling pattern on the weighted least squares estimate as well as the 

maximum likelihood estimate. We were able to quantify the asymptotic variance 

for estimators for increasing levels of infill and an expanding domain including the 

limiting case, i.e., n —* oo. Simulation results support the theoretical results.

The one-dimensional case provided insight into the behavior of the estimator as 

a function of increased sampling effort, both infill and expanding domain. Now we 

would like to broaden the scope to higher dimensions. While most ecological studies 

collect observations over a two-dimensional area such as a forest or on the surface 

of a body of water; atmospheric and oceanographic studies often require analysis 

in three spatial dimensions. The question of interest is “do the same asymptotic 

properties hold?” Many new obstacles are encountered when analyzing data in 

higher dimensions. For example, the concept of ordering sampling locations becomes 

much less intuitive when compared to the one-dimensional case. In addition, the 

order of the sample locations impacts the overall structure of the correlation matrix 

T. Thus there are many factors that may impact the asymptotic behavior of 6.

This chapter examines the exponential covariance function model in two- 

dimensions. We empirically estimate 6 by maximizing the likelihood function for 

various combinations of sampling patterns and the total sampling effort. The intent
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is to gain an understanding of the behavior of 9 as a function of infill and expanding 

domain and compare it to the one-dimensional case.

4.1 Sam pling patterns in two-dim ensions

For the one-dimensional Gaussian process with exponential correlation function, 

the paraemter set is continuous and one is able to sample the process at any location 

/;. Hence the investigator could conceivably make observations of the process using 

any of numerous sampling patterns, e.g., regularly spaced observations or randomly 

selected locations. Furthermore, the investigator can return to the process and make 

additional observations at new locations within the current domain (infill), outside 

the current domain (expansion of the domain), or some combination of the two. To 

extend this concept to two (spatial) dimensions we need to introduce the concept of 

a random field. We assume that the field can be observed at any spatially referenced 

location. Examples include observing the percent silt in the soil in a farmers field 

or recording the surface temperature at distinct locations across a body of water 

such as a lake. For both of these examples any location in the domain of interest 

can be referenced by two spatial coordinates such as latitude and longitude. Most 

importantly, the assumption of a continuous random field preserves the concepts of 

infill and expansion of the domain with respect to collecting additional observations. 

Hence we need only to generate sensible sampling schemes.

To mirror the general sampling patterns used for the one dimensional case we 

first consider two of the patterns found in previous chapters: the regular lattice 

and the uniform pattern. Figure 4.1 illustrates a regular lattice and a single re­

alization of the uniform (random) pattern, also known as a homogeneous Poisson 

process, where N  = 121 and the domain is 4 x 4 square. Accompanying each sam­

pling pattern is a plot of the empirical (Ripley’s) K-function. The K-function is 

the cumulative distribution function of the distances between all pairs of sampling

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



124

locations. Roughly speaking the K-function is a powerful diagnostic tool typically 

used to classify point processes as uniform, regularly spaced, or clustered. The K- 

function for the homogeneous Poisson process is K (d) = nd2 where d > 0. Since 

the locations of the sampling points are assumed to be independent, the proportion 

of individuals within d units is proportional to the surrounding area. The plot of 

L(d) — (K (d)/^)1/2 should be a line for a Poisson process. Hence we have a null 

hypothesis with which we can test the distribution of points. For the uniform pat­

tern the empirical K-function, L(d), follows the trajectory of the theoretical L(d) 

very closely. However, for the regular lattice L(d) is remarkably different. Since the 

minimum distance between any two locations is fixed by the lattice itself, L(d) =  0 

for all distances less than this minimum value and the empirical K-function will fall 

below the hypothesized line. Furthermore, the set of all possible distances between 

any two points is finite leading to the typical “stair-step” pattern as illustrated in 

the upper right panel.

To simulate clustering we departed from the original formulation as presented 

in Chapter 2. The cluster centers were generated by first uniformly selecting n 

sites within a 10 x 10 square, referred to as the parent locations. Centered at each 

parent location is a (radially symmetric) mean-zero bivariate normal distribution 

with covariance function £  = r 21. To prevent points from being too close to one 

another we generated a very fine lattice onto which all sampling locations were 

restricted. Thus if two or more parents are close to one another and their “circles” 

of influence overlap, then the affected lattice locations arc weighted by the sum of 

the densities. Thus higher weight is placed at locations that are at or near one or 

more parent locations while outlying locations far from the parents receive little or 

no weight. Figure 4.2 illustrates the construction of a clustered sampling pattern 

for N  = 121 over a 4 x 4 square. The upper left panel is a temperature plot where 

white (think “white” hot) indicates locations with relatively large weights and red
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Regular Lattice

I----- 1----- 1----- 1----- 1
0  1 2  3 4

Uniform Sampling

i----- 1----- 1----- 1----- 1
0  1 2  3  4

x

Figure 4.1: Illustration of two of four sampling patterns used in the two-dimensional 
studies. The upper panels demonstrate the regular lattice and its corresponding 
Ripley’s K-function. The lower two panels present a single realization of the random 
pattern and the corresponding Ripley’s K-function. For both sampling schemes 
IV = 121 and the domain is rn x rn = 4 x 4 .

corresponds to small (or zero) weights. The upper right panel is a perspective 

plot of the same weight surface. Large peaks correspond to regions with several 

parents in close proximity. The bottom two panels illustrate a single realization 

and the corresponding K-function. Note that the K-function indicates that there 

is a minimum distance between points (L(d) = 0 for d < 0.02) and then quickly 

rises above the hypothesized line. This is because there are many pairs of points 

that are close to one another (within clusters) and many pairs that are far apart 

(across clusters) giving the K-function its distinct shape. Finally, note that the total
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sampling effort for the two-dimensional clustered patterns is not random. For the 

one-dimensional “cluster” pattern we allowed the number of observations per unit 

block to be random.

A total of four sampling schemes were used to explore the behavior of the 

spatial parameter estimators: regular, uniform, and two clustering patterns (r =  

0.4 and r  =  0.2), hereafter referred to as light and heavy clustering, respectively. 

For both the exponential and Matern correlation simulations in two-dimensions 

the sampling locations were constrained to a fine lattice for all three non-regular 

sampling patterns. For the non-regular sampling patterns a new realization of the 

sampling locations was generated for each simulation. Thus for the cluster patterns 

a new weight surface was generated first and then a single realization of the sampling 

locations was generated using the updated weight surface.
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Relative Weights for 
Cluster Sampling Relative Weight Surface

Realization Ripley’s  K-Function

0.0 02 0 .4 0.6 0.8

Figure 4.2: Illustration of the construction of a clustered sampling pattern. The 
upper left panel is a image plot of the relative weights assigned to each node of a 
fine grid. The upper right panel is the corresponding perspective plot of the same 
weight surface. The N  sample locations are randomly selected over the m  x to square 
according to this surfaces. The lower panels illustrate a single realization and the 
corresponding Ripley’s K-function. Here N — 121, rn =  4, and the individual weight 
surface for each parent location is the product of two independent mean-zero normal 
densities with a =  0.2 (heavy clustering).
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4.2 Exponential correlation function

We begin by first reviewing the derivation of the profile likelihood function. Let 

Y =  (Y(si ) , . . . , Y ( sjv) }  be a partial realization of a mean-zero Gaussian random 

field over some domain V. The corresponding model for the N-vector Y  is

Y  ~  Af(0, cr2r ) ,  (4.1)

where N  is the total sampling effort, a2 is the variance of the random field, and T 

is an N  x N  correlation matrix. If the correlation function for the Gaussian process 

is parameterized by 9, then after concentrating out a2, the profile likelihood for 9 

based on the obcervecl data Y  is given by

^profile (9J «72, Y) = - y  log 2?T -  y  log ̂  log |r | ~ y , (4.2)

where a2 = jV- 1Y 'r- 1Y. For the exponential correlation function the (i , j )Lh el­

ement of r  is exp{ — |sj — s j|/(9} where |s* — Sj| is the Euclidean distance between 

locations i and j  and 9 is the range parameter.

In general evaluating (4.2) requires calculation of det(r) and the quadratic 

form Y T _1Y  which can be computationally intensive. Brockwell and Davis (1996) 

show that for any (one-dimensional) AR(p) process (4.2) can be written in terms 

of the one-step ahead predictions and their corresponding variances. By employing 

the Innovations algorithm, a recursive algorithm for estimating model parameters 

for series with finite second moments (Brockwell and Davis, 1996), one can greatly 

reduced the computational burden and evaluate the likelihood quickly. Hence, for 

the exponential correlation function in one-dimension, which we showed is exactly 

equivalent to an AR(1) process, evaluating the (reduced) likelihood is relatively in­

expensive. Unfortunately, for higher dimensions no such algorithm currently exists, 

thus (4.2) must be evaluated by computing det T and Y ' T Y  explicitly For the expo­

nential correlation function there is only a single parameter over which to optimize
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and hence the time required to find a solution is generally not too long. Optimiza­

tion over a higher dimensional parameter can take much longer. For example, the 

profile likelihood function for the Matern correlation function is a function of two 

spatial parameters. If one assumes the presence of measurement error the dimension 

of the parameter space increases to three.

It should be noted that there do exist methods that approximate the likelihood 

function. For example, Whittle’s algorithm uses the spectral density and effectively 

eliminates the need to invert the correlation matrix (Whittle, 1954). For the current 

treatise we are interested in the asymptotic behavior of the maximum likelihood es­

timate of the range parameter 0, thus we have chosen not to use approximation 

methods to evaluate the likelihood function. In short we do not wish to introduce 

additional sources of error by using estimates for the likelihood when one can com­

pute it exactly. The trade-off is that we are restricted to moderate sample sizes 

(especially when working with the Matern correlation function).

4.2.1 2D sim ulation setup for the exponetial correlation case

We conducted a series of simulations using three different values of the range 

parameter (0 =  {1/2,1,2}) by simulating realizations of (4.1). Since the opti­

mization requires inversion of the correlation matrix F we restricted the maxi­

mum sampling effort to N  = 256. We generated realizations for all sampling ef­

forts equal to the square numbers between 62 =  36 and 162 =  256 inclusive, i.e., 

N  =  {36,49,... ,225,256}. The simulated domains include all square areas with 

sides of length m  = {1,2, . . . ,  8}, i.e, m  x m  =  {1 x 1,2 x 2 , . . . ,  8 x 8}. Recall 

that the effective range (30) for the three parameter values of 0 are 3/2, 3, and 

6, respectively. Therefore only the large domains will contain numerous pairwise 

(approximately) independent points. This is especially true for 0 — 6. One hundred 

realizations for each combination of 0, m x m, N,  and sampling pattern were gen­
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erated and the maximum likelihood estimate of 9 computed and recorded. For all 

simulations the variance parameter was fixed at a1 =  1.

4.2.2 Sim ulation results and discussion

Figures 4.3, 4.4, and 4.5 illustrate how the mean square error (MSE) changes 

with respect to the domain and the sampling effort for each combination of 9 and 

sampling pattern. Expansion of the domain is represented by moving from left to 

right across a particular image. Moving from the bottom to the top of the image 

represents increasing the level of infill. The highest density of sampling locations 

occurs when m x m = l x l  and N  = 256 (upper left corner) and the smallest 

density when m x m  =  8 x 8 and N  = 36 (lower right corner). Note that the x- and 

y-axes are linear with respect to m and \//V, respectively. Each of the image plots 

have been smoothed using simple linear interpolation.

Of primary interest is the shape of the MSE surfaces and how they do (or do 

not) differ across sampling pattern and range parameter 9. Clearly evident from 

each image is the reduction of the MSE with respect to increasing the domain for a 

fixed sampling effort N. Each image has a large (relative) MSE for small domains 

regardless of sampling effort. This is perhaps best illustrated by Figure 4.4 where 

9 = 1. Similar to the one-dimensional case, for a fixed domain, increasing the the 

level of infill does not appear to dramatically reduce the MSE. This trend is most 

evident for 9 = 1 but it does appear to be present for the remaining two cases. 

The “patchiness” of the images, i.e., less well defined contours compared to the 

one-dimensional simulation studies, is likely a result of the relative small number 

of simulations. It is presumed that the accumulation of additional realizations will 

temper the local variability of the MSE surfaces.

The relative rate at which the MSE decreases with respect to expansion of the 

domain at first glance appears to differ for each of the three values of 9. However,
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closer inspection reveals that each MSE surface approximately reaches the “blue” 

at approximately 36. For example, for 0 = 1 the MSE surface is small along the 

transect of rn x rn = 3 x 3 .  Although not as well defined for 6 = 2, the same trend 

is evident in Figure 4.5. Similarly, for 6 = 1/2 the MSE surface is small along the 

m x m =  2 x 2  transect. (Currently no simulations have been produced for a domain 

of size 1.5 x 1.5.) This observation suggests the importance of collecting data over 

a domain that encompasses the effective range.

It is not surprising that, in general, for smaller sampling efforts the MSE is 

large. However, a peculiar feature of the upper left panel of Figure 4.3, where the 

9 = 1/2 and the sampling pattern is regular, is the distinguishable plateau (or 

mesa if you prefer) for small N  and large m x m. This is not an artifact due to 

simulation. Note that when IV = 36 and m x m =  8 x 8 ,  the distance between 

adjacent points is 8/6 =  1.25 for the regular sampling pattern. Hence there is 

enough separation between the sample locations that the observations are nearly 

independent, i.e., p{—1.25/0.50) = 0.082. This phenomenon was not encountered in 

the one-dimensional case due to the design of the experiment. Recall that the first 

four of the five sampling methods (regular, uniforn, beta(3,3), beta(10,10)) used for 

the one-dimensional analysis enforced that at least one observation was made per 

unit length. The fifth pattern, referenced as cluster sampling, assigned on average 

at least one observation per unit length. Since none of the simulated processes 

had an effective range of less than one unit, subsequent sampling locations were 

(almost) guaranteed be within the effective range. For the present study this is 

not the case. For a fixed sampling effort, the mean distance between sampling sites 

necessarily increases as the domain increase. For the exponential correlation function 

sampling locations separated by more than 36 are essentially independent. As the 

mean distance between locations approaches, and subsequently exceeds, 39 the set of 

observations essentially becomes iid. Note that the regular sampling pattern is most
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susceptible to this phenomenon of high MSE for large m x m .  By design the distance 

between adjacent sampling locations must increase as the domain is expanded for a 

fixed sampling effort. The remaining three patterns arc less susceptible because of 

the manner in which they assign locations. For the uniform pattern the distribution 

of the pairwise distances is uniform. Until the domain is very large there is non-zero 

probability that two or more locations will be near one another. The cluster patterns 

virtually guarantee that there will be sample locations within close proximity of one 

another. Hence to properly examine the asymptotic behavior of the MLE for 9 one 

must account for the density of the sampling locations.

The experimental design for the one-dimensional simulations prevented the pos­

sibility of having too few sample locations within the domain of interest. This is 

because the (expected) number of sampling locations per unit length was always 

held constant. Therefore as the domain was increased the total number of sampling 

locations also increased and the (expected) density remained constant. The equiv­

alent idea in two-dimensions is to hold the mean number of observations per unit 

area constant as the domain is expanded. Referring to the image plots of the MSE, 

the contours of constant density are straight lines with positive slope such that the 

greater the density the steeper the slope.

Asymptotic analysis of the MLE for 6 is only meaningful with respect to con­

stant or increasing sampling densities. We define sampling density as the mean 

number of sampling locations per unit area. Tables 4.1 and 4.2 decompose the MSE 

into the standard error and bias. The tables illustrate how each varies with respect 

to expansion of the domain for fixed sampling densities of 4 and 9. The bias is neg­

ative for all 9 and sampling patterns. Recall that the theoretical and observed bias 

was positive for all combinations of 6 and sampling pattern in one-dimension. Thus 

in two-dimensions the range parameter is, on average, being underestimated. The 

magnitude of the bias is generally smaller than the corresponding standard error.
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This is especially true when the range parameter is small, e.g., 6 = 1/2. This implies 

that the order of magnitude of the standard error dominates the calculation of the 

MSE. Furthermore the bias appears to go to zero more rapidly than the standard 

error. For example, for a sampling density of 4 locations per unit area and a range 

parameter of 9 =  2 (bottom panel of Table 4.1) the magnitudes of the standard 

error and bias are the same for the smallest domain of (m x m) =  (3 x 3). However, 

as the domain is expanded, the absolute value of the ratio of the standard error to 

bias increases from approximately 1 to somewhere between 2 and 3 (dependent on 

sampling pattern).

Figure 4.6 shows the observed MSE for constant sampling densities for each 

9 and sampling pattern. The left column of panels correspond to a densities of 4 

sampling locations per unit area and the right column summarizes the MSE for a 

density of 9 locations per unit area. Immediately apparent is that the MSE decreases 

as the domain increases implying that the MLEs are consistent with respect to 

expanding domain. Since the bias term approaches zero, the MSE approximates 

the asymptotic squared standard error for the relatively large domains. Each plot

also indicates that for moderate and large domains, the regular (----- ) and uniform

(----- ) sampling patterns perform best with respect to the MSE. Furthermore, the

heavy clustering (----- ) pattern appears to be the poorest performer for all but

one case. The overall shape of the plots closely matches the expected asymptotic 

variance plots presented in Section 3.4.2.1 (see Figure 3.12).

Figure 4.7 plots the histogram of the MLE estimator 9 for each sampling method 

where 9 = 1/2 and (N, m  x m) =  (256,8x8). These plots suggest that the distribu­

tions are approximately normal. We employed the Anderson-Darling test to formally 

test the normality of 9 for each combination of 9, sampling effort (N ,m  x m), and 

sampling pattern. The results for 9 = 1/2 and 9 = 1 are summarized by Figures 4.8 

and 4.9. The null hypothesis is that the distribution is normal. The blue squares
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indicate that the null hypothesis was rejected at the 0.05 significance level. Red 

squares indicate that there was insufficient evidence to conclude that the distrib­

ution was not normal. For the case where 6 = 1/2 the regular sampling pattern 

is most successful at inducing normality for the distribution of 0, typically for do­

mains of size 6 x 6 or larger and for moderate to large sample sizes. The remaining 

three sampling patterns are less likely to induce normality over the domains and 

sampling efforts studied. Notice that for 6 = 1 many fewer distributions are des­

ignated as approximately normal. (For the case where 6 = 2 only one distribution 

was designated as normal, results not included here.) There observations suggest 

that the simulated domains are not large enough to observe approximately normally 

distributed range parameter estimates for the cases 0 = 1 and 6 = 2 and sample 

sizes up to N = 256. Recall that the effective ranges are approximately 3.0 and

6.0, respectively. It is expected that if the simulated domains are increased that the 

resulting distributions for 0 will be approximately normal.

The simulation results in two-dimensions provide evidence to support the hy­

pothesis that regularly spacing the sampling locations is optimal with respect to 

MSE with the caveat that if the domain of interest is large with respect to the 

accompanying sampling effort N, then it may be fruitful to employ the uniform pat­

tern. For the researcher in the field this has important applications. For example, 

if it is known a priori that the correlation structure is exponential then a regular 

pattern is likely to be best. However, if there is no a priori knowledge about the 

effective range then the researcher risks locating the sampling locations too far apart 

if the true range parameter is small (relative to the domain). In this case, she may 

be better served to hedge her bet and employ a uniform pattern or conduct a pre­

liminary study to better evaluate the optimal sampling pattern. Typically, however, 

the structure and range of the correlation function is unknown a priori. Thus the 

modeler often requires a more flexible family of correlation functions. The Matern
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correlation function contains as special cases both the exponential and Gaussian 

correlation functions making it a strong candidate for modeling spatially correlated 

isotropic data. It is precisely for this reason that we devote the next chapter to 

exploring the behavior of the MLE of the spatial parameter vector for both the one- 

and two-dimensional Gaussian processes with a Matern covariance function.

4.3 Conclusions

One of the key results illustrated by the simulation study is the importance 

that the domain of the sampling locations encompasses the effective range (3#). 

This ensures that there are sampling locations that are effectively independent of 

one another. However one must take care not to allow the mean distance between 

sampling locations to be too great or correlation may be undetectable. Further­

more. it is important to compare sampling designs with respect to the mean density 

of sampling locations per unit area. Empirical results confirm that for a constant 

density the MSE decreases with expanding domain. Finally, to induce normality of 

the MLE for the range parameter one requires sampling over a relatively large do­

main with respect to the true effective range. Additionally, the regular and uniform 

sampling designs appear to be most effective at obtaining this result.
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Figure 4.3: Image plots of the MSE for 6 sampled from a two-dimensional mean- 
zero exponentially correlated Gaussian random field with known range parameter 
of 8 = 1/2 as a function of four sampling pattern: regular, uniform, light and heavy 
clustering. Each panel plots the observed MSE for sampling effort versus domain for 
a particular sampling pattern. Note the color scale for MSE is the same for all four 
panels and that the scales for x- and y-axes are linear in \ fN  and m, respectively. 
High density sampling, i.e, large N  and small m x m , are found in the upper left 
hand corner of each image plot and, conversely, low density sampling falls to the 
lower right of each image.
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Figure 4.4: Image plots of the MSE for 9 sampled from a two-dimensional mean- 
zero exponentially correlated Gaussian random field with known range parameter 
of 9 = 1 as a function of four sampling pattern: regular, uniform, light and heavy 
clustering. Each panel plots the observed MSE for sampling effort versus domain for 
a particular sampling pattern. Note the color scale for MSE is the same for all four 
panels and that the scales for x- and y-axes are linear in y/N and m, respectively. 
High density sampling, i.e, large N  and small m  x m, are found in the upper left 
hand corner of each image plot and, conversely, low density sampling falls to the 
lower right of each image.
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Figure 4.5: Image plots of the MSE for 0 sampled from a two-dimensional mean- 
zero exponentially correlated Gaussian random field with known range parameter 
of 9 =  2 as a function of four sampling pattern: regular, uniform, light and heavy 
clustering. Each panel plots the observed MSE for sampling effort versus domain for 
a particular sampling pattern. Note the color scale for MSE is the same for all four 
panels and that the scales for x- and y-axes are linear in y/N  and m, respectively. 
High density sampling, i.e, large N  and small m x m , ,  are found in the upper left 
hand corner of each image plot and, conversely, low density sampling falls to the 
lower right of each image.
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Table 4.1: Observed standard error (se) and bias of the MLE 6 for a constant sam­
pling density of N / (m x m )= 4 . The tabulated values are based on 100 independent 
simulations.

Range Parameter 0 = 1/2
Sampling (Sample Size, Domain) = (N, m2)
Pattern (36,32) (64,42) (100,52) (144,62) (196,72) (256,82)

Regular se
bias

0.224
-0.116

0.158
-0.040

0.131
-0.018

0.096
-0.038

0.100
-0.021

0.083
-0.006

Uniform se 0.190 0.176 0.113 0.108 0.089 0.091
bias -0.083 -0.042 -0.042 -0.029 -0.025 -0.021

Light se 0.184 0.160 0.124 0.106 0.104 0.100
Clusters bias -0.102 -0.061 -0.046 -0.027 -0.011 -0.014
Heavy se 0.271 0.168 0.188 0.118 0.113 0.120
Clusters bias -0.057 -0.063 -0.024 -0.047 -0.032 -0.021

Range Parameter 0 = 1
Sampling (Sample Size, Domain) = (N, m2)
Pattern (36,32) (64,42) (100,52) (144,62) (196,72) (256,82)

Regular se
bias

0.593
-0.264

0.370
-0.103

0.332
-0.085

0.305
-0.054

0.235
-0.099

0.247
-0.027

Uniform se 0.460 0.383 0.446 0.265 0.217 0.252
bias -0.230 -0.155 -0.057 -0.093 -0.079 -0.081

Light se 0.380 0.411 0.338 0.320 0.254 0.253
Clusters bias -0.264 -0.186 -0.104 -0.054 -0.117 -0.046
Heavy se 0.536 0.487 0.381 0.371 0.320 0.269
Clusters bias -0.294 -0.155 -0.152 -0.074 -0.088 -0.105

Range Parameter 0 = 2
Sampling (Sample Size, Domain) = (N. m 2)
Pattern (36,32) (64,42) (100,52) (144,62) (196,72) (256,82)

Regular se
bias

0.820
-0.808

0.867
-0.468

0.802
-0.429

0.686
-0.477

0.562
-0.353

0.542
-0.379

Uniform se 1.12 1.17 0.752 0.773 0.754 0.620
bias -0.686 -0.503 -0.426 -0.308 -0.233 -0.197

Light se 0.928 0.567 0.800 0.714 0.829 0.628
Clusters bias -0.845 -0.662 -0.546 -0.374 -0.255 -0.276
Heavy se 1.12 0.805 0.850 0.850 0.782 0.856
Clusters bias -0.863 -0.736 -0.533 -0.329 -0.430 -0.387
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Table 4.2: Observed standard error (se) and bias of the MLE 9 for a constant sam­
pling density of N /(m  x m) =  9. The tabulated values are based on 100 independent 
simulations.

Range Parameter 9 = 1/2
Sampling
Pattern

(Sample Size, Domain) = 
(36,22) (81,32) (144,42)

(N , m 2) 
(225,52)

Regular se
bias

0.175
-0.128

0.167
-0.034

0.115
-0.038

0.118
-0.015

Uniform se
bias

0.180
-0.122

0.165
-0.054

0.129
-0.033

0.096
-0.026

Light
Clusters

se
bias

0.225
-0.082

0.163
-0.071

0.138
-0.032

0.126
-0.007

Heavy
Clusters

se
bias

0.208
-0.161

0.217
-0.041

0.131
-0.031

0.161
-0.008

Range Parameter 9 = 1
Sampling
Pattern

(Sample Size, Domain) = 
(36,22) (81,32) (144,42)

(A’. iti2) 
(225,52)

Regular se
bias

0.599
-0.256

0.371
-0.187

0.335
-0.079

0.329
-0.053

Uniform se
bias

0.700
-0.253

0.366
-0.216

0.350
-0.145

0.266
-0.128

Light
Clusters

se
bias

0.401
-0.412

0.323
-0.246

0.334
-0.198

0.313
-0.049

Heavy
Clusters

se
bias

0.409
-0.370

0.404
-0.160

0.405
-0.136

0.369
-0.107

Range Parameter 9 = 2
Sampling
Pattern

(Sample Size, Domain) = 
(36,22) (81,32) (144,42)

(N, m 2) 
(225, 52)

Regular se
bias

0.686
-1.07

1.03
-0.597

0.711
-0.610

0.901
-0.393

Uniform se
bias

0.822
-0.985

0.866
-0.621

0.748
-0.507

0.822
-0.452

Light
Clusters

se
bias

0.664
-1.15

1.32
-0.621

0.805
-0.555

0.787
-0.450

Heavy
Clusters

se
bias

0.638
-1.15

1.27
-0.566

1.03
-0.553

0.674
-0.553
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Figure 4.6: Observed MSE when sampling at a constant density, i.e., N /(m  x m) 
where (m x m) is a constant. The left panels correspond to a constant density of 4 
sampling locations per unit area and the right panels to a density of 9 locations per 
unit area.
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Figure 4.7: Distribution of the parameter estimator 0 for 0 = 1/2 and ( N , m x  m) 
(256,8 x 8).
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Figure 4.8: Normality testing results where T =  exponential 1/2). The Anderson- 
Darling test was performed on the observed distribution of 9 at a significance level of 
0.05 for all combinations of (N , m x m) and sampling pattern. The null hypothesis is 
that the distribution is normal. Blue squares correspond to non-normal distributions 
and red squares to normal distributions.
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Figure 4.9: Normality testing results where T = exponent,ial(l). The Anderson- 
Darling test was performed on the observed distribution of 6 at a significance level of 
0.05 for all combinations of (N , m x m) and sampling pattern. The null hypothesis is 
that the distribution is normal. Blue squares correspond to non-normal distributions 
and red squares to normal distributions.
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C hap ter 5

M ATERN CORRELATION FU N C T IO N

Up to this point we have focused on the exponential correlation function in one- 

and two-dimensions. The chief motivating factors for working with the exponential 

correlation function are its simple mathematical form, that it is characterized by a 

single parameter (when assuming no measurement error is present), and that the 

likelihood can be easily computed without the need to invert covariance matrices 

explicitly in the one-dimensional case. By exploiting each of these factors, we were 

able to develop the asymptotic distribution of the MLE for the range parameter 6 in 

one-dimension with respect to expanding domain and infill asymptotics. Simulations 

conducted in two-dimensions provided insight into the behavior of the MLE with 

respect to the expanding domain and infill and suggest that the form of the MLEs 

asymptotic distribution will be similar to the one-dimensional case. Now we would 

like to broaden the scope of the analysis and incorporate a larger class of correlation 

functions, namely the Matern class.

5.1 M atern correlation function

Over the past 10 to 20 years there has been increased interest in using the 

Matern correlation  function in d a ta  analysis (Peterson et, al., 2006). P a rt  of this 

stems from its flexibility; recall that both the exponential and Gaussian correlation 

functions are subclasses of the Matern function (see Section 2.2). The Matern 

function (assuming no measurement error) is characterized by the two-dimensional
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vector d = (Q\, 62)'. Recall that the functional form is

where K,q2 (■) is the modified Bessel function of order 02 (Abramowitz and Stegun, 

1965). The “range” parameter, 9y, controls the rate of decay of the correlation 

between observations as distance increases. Large values of 9y indicate that sites 

that are relatively far from one another are moderately (positively) correlated. The 

parameter 02, typically referred to as the “smoothness” parameter, can be described 

as controlling behavior of the correlation function for observations that are separated 

by small distances. We recover the exponential correlation function when 02 =  1/2 

which, in turn, implies 6 = 9y/\/2. The Gaussian autocorrelation function is the 

limiting case when 02 —► 0 0 . The Matern class is very flexible, being able to to strike 

a balance between these two extremes. Figures 2.1 and 2.2 illustrate the flexibility 

of the Matern correlation function. Notice that for small distances the correlation 

between sites is large and decreases as distance increases.

In Chapter 2 we demonstrated that for a, fixed sampling effort we were more 

likely to identify the correct model form of the correlation structure when the spa­

tial AIC statistic was used during model selection. We did not, however, investigate 

how well the maximum likelihood estimates compared with the known true para­

meter values for the simulated data. This is the focus of the subsequent material. 

Specifically we wish to determine whether the standard asymptotics assumed in the 

heuristic proof of the spatial AIC statistic hold. For example, is the distribution of 

maximum likelihood estimate (/3, 6)' approximately normal with mean (/3,6)' and 

asymptotic covariance matrix given by the inverse of the Fisher information, /„? 

We also hope to glean information regarding whether or not there is an optimal 

sampling design. Through simulation we hope to explore all of these aspects and 

lay the ground work for future theoretical work.
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5.1.1 Sim ulation constraints for the M atern class

The Matern correlation function presents some difficulties not encountered 

with the exponential correlation function. Two primary concerns are (1) there 

are two parameters that must be estimated simultaneously, and (2 ) the presence 

of a Bessel function prevents easy calculation of the likelihood function.For this 

presentation we restrict attention to estimating the spatial parameter vector 6 for 

a mean-zero Gaussian random field with Matern correlation structure. Let Y  de­

note the ./V-vector of observations from the random field { Y (.s1),s £ D}. Therefore 

Y  ~  A7(0, <r2r) where T is Matern(#i, 6*2 ). Hence the profile log-likelihood func­

tion retains the same form with the only difference in the functional form of the 

correlation structure (see (1.7)). For large sampling efforts N  optimization can be 

computationally expensive in terms of the number of operations required. Conse­

quently we restricted the maximum data set size to be N < 256 (with a minor 

exception made for cluster sampling in one-dimension).

The correlation matrix T is positive definite for all 0\ > 0 and 62 > 0 

(Abramowitz and Stegun, 1965). Hence r 1 exists for all strictly positive values 

of 61 and 62- Computationally one is restricted to the numerical precision of the 

platform upon which one is working. For the Matern correlation function, large 

range parameters generally imply that neighboring observations at close proximity 

are very strongly correlated, i.e., p(\u — v\\9) ~  1. This leads to a nearly singular 

correlation matrix that may not be numerically invertible. The problem is further 

exacerbated when the smoothness parameter is also large. (See Figures 2.1 and 

2.2.) Preliminary analysis demonstrated that the minimum distance between sub­

sequent locations when the maxima for the range and smoothness parameters are 

constrained to 6  and 3, respectively, is 0.02 units. This number is somewhat arbi­

trary because it depends on the user defined maxima of “allowable” values of the 

spatial vector 6 . Consequently, we implemented the following two constraints for
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all simulations involving the Matern correlation function: (1) the parameter space 

was constrained to (0i,02) 6 {[0.02,6.00] x [0.10,3.00]}, and (2) all of the Matern 

observations were restricted to a fine lattice.

Constraining the parameter space prevents the optimizer from straying too far 

from the “truth” and potentially generating a nearly singular correlation matrix. 

However, many realizations yielded optimal solutions that fell on the boundary 

of the parameter space, e.g., §2 = 3.00. This was especially true for the smaller 

sampling efforts, i.e., N  < 16. We decided to include solutions 011 the boundary when 

computing summary statistics and creating maps of the mean square error (MSE) so 

long as the optimizer reported that the convergence criteria was met. (All likelihood 

functions in this study were optimized using the R function optimO developed 

by R Development Core Team (2006)). The optimization procedure L-BFGS-B is a 

quasi-Newton method that constrains each variable with an upper and lower bound 

defined by the user. The second constraint, placing all of the observation locations 

onto a fine lattice, eliminated the possibility of randomly assigned sampling locations 

being too close to one another. Section 4.1 describes the procedure(s) used for 

both the exponential and Matern classes in two-dimensions. A similar discussion is 

presented in Section 5.1.2 for the Matern class in one-dimension.

5.1.2 O ne-dim ensional analysis

We begin with the exploration of the Matern correlation function in one- 

dimension. As was performed for the exponential correlation function, we investi­

gated the parameter estimates using five different sampling patterns first presented 

in Section 3.4.1.1: regular, uniform, beta(3,3) and beta(10,10) sampling patterns, 

and the clustered pattern. Recall that the first four patterns assign a fixed number 

of observations per block while the clustered pattern randomizes the number of ob­

servations for each block (following a negative binomial distribution). We restricted

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



149

the observation locations to a fine lattice to prevent neighboring observations from 

being too close. This in turn removed the potential for the correlation matrix T to be 

nearly singular as the optimizer searched over the parameter space (see Section 4.1). 

The minimum distance between any two sampling locations was 0.02 units.

Four parameter vectors 0 were used for simulation: (1) 0 t =  (V 2,1/2)', (2) 

02 =  (2,1)', (3) 0 3  = (2\/2,2)', and (4) 04 =  (4,2)'. The corresponding effec­

tive ranges are approximately 3.0, 4.0, 5.4, and 7.6, respectively. Note that the 

first case is exactly equivalent to the exponentially correlated model with 9 = 1. 

The domain m and level of infill n were incremented by powers of two such that 

mn G {4 ,8 ,..., 256}. For each combination of 0,, m, n, and sampling pattern 100 

realizations were generated and the MLE for 0 computed and recorded.

5.1.2.1 M ean square error

Figures 5.1 and 5.2 illustrate how the MSE for each parameter varies with 

respect to the domain size and level of infill for sampling on the regular lattice. In 

these plots the scales of the x- and y-axes are log2. Note that the shape of the MSE 

surface is very similar for all four known spatial parameter vectors; the images differ 

in magnitude only. As both the range and smoothness parameters are increased, the 

MSE of the range parameter estimator increases and the MSE of the smoothness 

parameter estimator decreases. The general shape of the MSE surface for the range 

parameter closely resembles the observed surfaces for the exponentially correlated 

simulations in one-dimension. As the domain increases the MSE decreases but an 

increase in the level of infill (for a fixed domain) does not significantly reduce the 

MSE. This result closely mirrors the theoretical and observed behavior of 6 for 

the exponential correlation function in one-dimension. Note that 0 is the “range” 

parameter for the exponential correlation function and it should not be surprising 

that the MSE surface of By is so similar in shape (if not magnitude). The MSE 

surface for the smoothness parameter estimator, 02, is decidedly different. For the
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Figure 5.1: MSE of the range parameter estimator, §i, for the Matern correlation 
function when sampling is restricted to a regular lattice in one-dimension. Note that 
the scales of the x- and y-axes are log2.

smoothness parameter there is a distinct reduction in the MSE as either the domain 

or level of infill is increased. Notice that the surface is not symmetric about the 

n = m  line. The MSE tends toward zero faster when the level of infill is increased. 

This observation matches what one would intuitively suspect. Since 92 controls the 

behavior of the correlation function for short distances it is not unexpected that 

making observations at close proximity should improve the overall estimate with 

respect to MSE.

Figures 5.3 and 5.4 represent the MSE surfaces for the four non-regular sampling 

patterns. Note that the temperature (color) scales have been fixed to match the
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1 2  3  4

D om ain, log2(m )

thata»(4,2)

1 2  3

D om ain, log2(m )

Figure 5.2: MSE of the smoothness parameter estimator, 02, for the Matern cor­
relation function when sampling is restricted to a regular lattice in one-dimension. 
Note that the scales of the x- and y-axes are log2.

corresponding scale for the regular lattice allowing for direct comparisons. Overall 

the MSE surfaces for each parameter are very similar to the corresponding surfaces 

for the regular lattice. The MSE for §i decreases at a fast rate with respect to 

expansion of the domain. There is evidence that increasing the level of infill for 

a fixed domain does reduce the MSE for the range parameter estimate but at a 

decidedly slower rate, i.e., the asymmetry of the MSE surface about the one-to-one 

line is very pronounced. Similar to the regular pattern, the MSE for 02 decreases 

with respect to both the domain and level of infill. The asymmetry about the one-
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Figure 5.3: MSE of the range parameter estimator, for Matern(2\/2,2) correla­
tion when sampling is non-regular. Each panel illustrates how the MSE varies for 
a particular sampling pattern. The temperature (color) scales have been fixed to 
match the corresponding scale for the regular lattice. Note that the scales of the x- 
and y-axes are log2.

to-one line indicates that increasing the level of infill has stronger impact on the 

MSE.

The MSE surfaces indicate that there appear to be two competing strategies 

for placing sampling locations: (1) spreading the sampling locations over the entire 

domain of interest which results in small MSE for 9\, and (2) locating sampling 

locations at close proximity which results in small MSE for 02. Of course one can 

combine both of these strategies into a third that assures some sampling locations are 

at close proximity while others are spread over the remainder of the domain. Cluster
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Figure 5.4: MSE of the smoothness parameter estimator, 02, for M atern(2\/2,2) 
correlation when sampling is non-regular. Each panel illustrates how the MSE 
varies for a particular sampling pattern. The temperature (color) scales have been 
fixed to match the corresponding scale for the regular lattice. Note that the scales 
of the x- and y-axes are log2.

sampling is one such sampling strategy (Zhang and Zimmerman (2005)). But which 

strategy to use is critical and may depend on the goal of the investigation. Typically 

a researcher’s resources are finite and she desires to invest her sampling efforts in 

a manner that will glean the most precise estimate for 6. A second researcher, 

however, may be more interested in a subset of the spatial parameter vector and 

yet a third researcher may be interested in prediction.Since the scope of these goals 

is very broad, we will restrict attention to the asymptotic behavior of the MLE
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of 9 with respect to expanding domain and infill asymptotics and comment where 

appropriate about the impact of the sampling pattern on MLE.

Table 5.1 decomposes the MSE into the standard error (se) and bias terms 

for r  =  M atern(\/2,1/2) and T = Matern(4, 2) where the sampling effort is fixed 

at rnn = 256. Empirical results are listed for the regular and three of the non­

regular sampling patterns. The table illustrates that as the domain increases the 

standard error and the magnitude of the bias of 9\ decrease. The same cannot be 

said for the estimator of the smoothness parameter 02- For some sampling patterns 

the standard error decreases with increasing domain and for others it increases. 

Furthermore there is no discernible general trend for the bias term. Recall for 

exponentially correlated data in one-dinrension we were able to develop expressions 

for the expected variance and bias for any combination of sampling pattern and 

sampling effort (to, n). Currently we do not have that luxury for the Matern class. 

Although the sampling effort is held constant, the density of observations is variable. 

Recall that the contours of constant sampling effort (N  =  mn) for Figures 5.1 

through 5.4 are lines with a slope of —1. Since the MSE surfaces are asymmetric 

about the one-to-one line and the MSE is large when either m  or n is small, then 

the MSE along the constant sampling effort contour must be bowl shape.

Tables 5.2 and 5.3 decompose the MSE of 9\ and 02 with respect to a constant 

sampling density of n =  4. Listed are the empirical results of 100 independent re­

alizations for each combination of sampling pattern and spatial parameter vector. 

Also tabulated is Pearson’s sample correlation coefficient for 9j and 92. As expected 

there is a decrease in both the standard error and in the magnitude of the bias 

for both estimators as the domain is increased. The bias for the range parameter 

estimate is always negative implying that 9\ is, on average, being underestimated. 

Recall for the exponentially correlated data in one-dimension that the bias was pos­

itive. The bias of the smoothness parameter estimate is positive. Furthermore, the
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estimators are moderately (negatively) correlated over all simulations. Of concern 

is how these biases and correlation impact the overall estimation of the correlation 

function. (See Section 5.1.2.3 for further discussion.)

In general, the standard error and bias for the range parameter estimates are 

similar with respect to the sampling pattern. However, the standard error and 

bias are typically smaller for the beta(10,10) and cluster patterns than for either 

the regular or uniform patterns. In fact, the standard error is always largest for 

the regular pattern and the bias is nearly always largest. This is consistent with 

the observation that increasing the level of infill is more efficient at reducing the 

MSE of 02- By design the beta(10,10) sampling pattern generates clusters of size n 

centered in each unit length thereby being more capable of estimating 02 well. The 

cluster pattern and the uniform pattern also have built in mechanisms that virtually 

ensure that some if not many of the sampling locations will be at close proximity. 

In contrast, the design of the regular pattern spaces the sampling locations as far 

apart as possible for a given sampling effort. Hence it is not unexpected that the 

standard error for 02 is poorest for the regular pattern.

Another important observation illustrated by Tables 5.2 and 5.3 is that the 

standard error term dominates the bias term with respect to the MSE. In other 

words, as the domain increases the bias quickly approaches zero (in magnitude). For 

example, for T = Mat,ern(\/2,1) the ratio of the magnitudes of the standard error to 

the bias is approximately two for (rn, n) = (8,4) and increases to approximately four 

when (rn,n) =  (32,4). Similarly, for E = Matern(4,2) the ratio is approximately 

one for a domain of length rn = 8 and increases to about two for rn = 32.Recall for 

the one-dimensional exponential correlation function that the expected variance for 

a fixed sampling effort (m, n) was a function of 0, m, and n. Since the exponential 

function is a subclass of the Matern there is ample reason to believe that a similar 

asymptotic limits exist for 0\ and 02.
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The MSE surface plots clearly demonstrate that the MSE decrease with respect 

to expansion of the domain. Figures 5.5 and 5.6 are profile images of the MSE plot 

along the contour of a constant sampling density equal to four observations per unit 

length. The left panels are the MSE of the range parameter estimator and the right 

panels are for the smoothness parameter estimator. Overall, each sampling method 

performs nearly the same for each simulated spatial parameter vector 0. For the 

range parameter estimate there is some empirical evidence that the regular and 

uniform patterns out perform the other “clustered” patterns for very small domains. 

The story is reversed for the smoothness parameter estimate; the best performers 

in a MSE sense are the “clustered” patterns. These observations are consistent 

with intuition, i.e., sampling patterns that spread the data over a larger area will 

estimate the range parameter well whereas sampling patterns that locate observation 

locations at close proximity will, in general, estimate the smoothness parameter well. 

Finally, the MSE of B\ for each sampling pattern is very similar for the large domains. 

This is reminiscent of the derived MLE result for the AR(1) process, i.e., for medium 

to large domains the standard error of 6 is nearly indistinguishable across sampling 

patterns.
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Table 5.1: Standard error (se), bias, and correlation for M atern(\/2,1/2) and 
Matern(4, 2). Estimates are based on 100 independent realizations for a fixed sam­
pling effort of N  = 256. p is Pearson’s sample correlation coefficient for and 02-

Spatial Parameter ( \/2 ,1/2)

Sampling
Pattern

(Domain, Infill) = (m, n)
(m, n) =  ( 8,32) (m, n) = (16,16) (m, n) =  ( 32,8) 

se bias se bias se bias
0i

Regular §2 
P

0.850 -0.220 
0.052 0.013 

-0.421

0.518 -0.118 
0.062 0.014 

-0.453

0.431 -0.066 
0.069 0.010 

-0.570
h

Uniform 02 
P

0.434 -0.454 
0.047 0.009 

-0.275

0.531 -0.190 
0.046 0.009 

-0.451

0.393 -0.130 
0.042 0.010 

-0.538
0i

Beta(10,10) 02 
P

0.692 -0.284 
0.050 0.014 

-0.322

0.398 -0.258 
0.035 0.004 

-0.328

0.380 -0.194 
0.042 0.015 

-0.494
0i

Clustered 02 
P

0.658 -0.279 
0.053 0.006 

-0.430

0.530 -0.210 
0.049 0.013 

-0.416

0.392 -0.056 
0.043 0.006 

-0.465

Spatial Parameter (4,2)

Sampling
Pattern

(Domain, Infill) = (m, n)
(m, n) =  (8,32) (m, n) = (16,16) (m, n) =  (32,8) 

se bias se bias se bias
0i

Regular 02 
P

0.872 -0.645 
0.055 0.002 

-0.621

0.712 -0.334 
0.057 0.014 

-0.617

0.627 -0.139 
0.065 0.010 

-0.639
0i

Uniform 02 
P

0.885 -0.851 
0.052 0.010 

-0.498

0.668 -0.497 
0.054 0.015 

-0.351

0.551 -0.279 
0.057 0.014 

-0.617
01

Beta(10,10) 02 
P

0.867 -0.732 
0.045 0.009 

-0.538

0.712 -0.442 
0.042 0.016 

-0.558

0.646 -0.143 
0.050 0.002 

-0.583
0i

Clustered 02 
P

0.917 -0.640 
0.059 0.004 

-0.478

0.689 -0.444 
0.045 0.004 

-0.582

0.611 -0.209 
0.054 0.008 

-0.649
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Table 5.2: Standard error (se), bias, and correlation for M atern(\/2,1/2) and 
Matern(2,1). Estimates are based on 100 independent realizations for a fixed sam­
pling effort per block of n — 4. p is Pearson’s sample correlation coefficient for B] 
and §2-

Spatial Parameter ( \/2 ,1/2)

Sampling
Pattern

(Domain, Infill) = (m, n)
(m,n) = (8,4) (m, n) =  (16,4) (m,n) =  (32,4) 

se bias se bias se bias
(h

Regular fj2 
P

0.788 -0.337 
0.784 0.418 

-0.476

0.756 -0.124 
0.362 0.170 

-0.537

0.588 -0.102 
0.211 0.088 

-0.624
0i

Uniform 02
P

0.812 -0.325 
0.442 0.201 

-0.455

0.567 -0.267 
0.148 0.044 

-0.393

0.502 -0.067 
0.081 0.021 

-0.584
0i

Beta(10,10) §2 
P

0.956 -0.212 
0.265 0.073 

-0.369

0.847 -0.106 
0.125 0.035 

-0.591

0.643 -0.069 
0.069 0.021 

-0.602
0i

Clustered fj2 
P

0.868 -0.402 
0.590 0.208 

-0.295

0.648 -0.191 
0.113 0.038 

-0.530

0.473 -0.142 
0.079 0.022 

-0.487

Spatial Parameter (2,1)

Sampling
Pattern

(Domain, Infill) = (m, n)
(rn,n) = (8,4) (rn, n) =  (16,4) (rn.n) = (32,4) 

se bias se bias se bias
0i

Regular §2 
P

0.894 -0.365 
0.469 0.237 

-0.578

0.768 -0.271 
0.313 0.137 

-0.570

0.472 -0.127 
0.142 0.034 

-0.702
0i

Uniform Q2 
P

0.932 -0.483 
0.434 0.231 

-0.509

0.646 -0.265 
0.164 0.064 

-0.555

0.428 -0.136 
0.098 0.026 

-0.663
0i

Beta(10,10) 02 
P

0.828 -0.365 
0.198 0.111 

-0.576

0.685 -0.223 
0.119 0.028 

-0.669

0.470 -0.103 
0.071 0.013 

-0.608
0i

Clustered Q.z 
P

0.755 -0.436 
0.329 0.133 

-0.587

0.682 -0.198 
0.115 0.043 

-0.524

0.516 -0.077 
0.092 0.013 

-0.659
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Table 5.3: Standard error (se), bias, and correlation for M atern(2\/2,2) and
Matern(4,2). Estimates are based on 100 independent realizations for a fixed sam­
pling effort per block of n = 4. p is Pearson’s sample correlation coefficient for 0X 
and 9-2 ■

Spatial Parameter (2y/2,2)

Sampling
Pattern

(Domain, Infill) = (m,n)
(tn,n) = (8,4) (m,n) =  (16,4) (m,n) =  (32,4) 

se bias se bias se bias
0i

Regular §2 
P

0.946 -0.311 
0.378 0.127 

-0.758

0.523 -0.346 
0.230 0.098 

-0.753

0.455 -0.055 
0.166 0.018 

-0.802
0i

Uniform §2
P

0.830 -0.405 
0.306 0.103 

-0.655

0.599 -0.225 
0.183 0.045 

-0.652

0.447 -0.138 
0.129 0.013 

-0.737
0i

Beta(10,10) §2 
P

0.782 -0.339 
0.236 0.061 

-0.705

0.546 -0.306 
0.140 0.074 

-0.642

0.404 -0.115 
0.101 0.007 

-0.755
(h

Clustered §2 
P

0.892 -0.346 
0.270 0.091 

-0.605

0.581 -0.288 
0.146 0.054 

-0.604

0.430 -0.108 
0.088 0.014 

-0.695

Spatial Parameter (4, 2)

Sampling
Pattern

(Domain, Infill) = (m, n)
(rnpn) — (8,4) (m, n) =  (16,4) (rnpn) = (32,4) 

se bias se bias se bias
Oi

Regular §2 
P

1.12 -0.935 
0.327 0.192 

-0.716

1.04 -0.378 
0.264 0.076 

-0.791

0.686 -0.229 
0.139 0.022 

-0.667
0i

Uniform §2 
P

1.22 -0.764 
0.275 0.108 

-0.683

0.863 -0.428 
0.175 0.049 

-0.704

0.750 -0.240 
0.119 0.031 

-0.777
0i

Beta(10,10) §2 
P

0.949 -0.940 
0.195 0.093 

-0.566

0.747 -0.582 
0.124 0.048 

-0.574

0.609 -0.257 
0.079 0.023 

-0.601
0i

Clustered §2 
P

1.12 -0.694 
0.242 0.085 

-0.585

0.887 -0.595 
0.140 0.043 

-0.711

0.669 -0.112 
0.080 0.003 

-0.658
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Figure 5.5: MSE of 0y and 02 as a function of domain for a constant sampling effort 
per block, n =  4, for T — Matern(-\/2, 1/2) and T =  Matern(2,1). The left panels 
plot the MSE of the range parameter estimator and the right panels plot the MSE 
of the smoothness parameter estimator.
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Figure 5.6: MSE of i)i and 02 as a function of domain for a constant sampling effort 
per block, n — 4, for T = Matern(2\/2, 2) and T = Matern(4, 2). The left panels 
plot the MSE of the range parameter estimator and the right panels plot the MSE 
of the smoothness parameter estimator.
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5.1.2.2 D istribution o f the param eter estim ates

In Section 5.1.2.1, we illustrated how MSE of the MLE varies with respect to 

the domain, level of infill, and sampling pattern. One important observation was 

the correlation between the parameter estimates 0\ and 02- The correlation was 

moderate for nearly all cases (typically of the order of 0.60) and always negative. 

Furthermore, the empirical biases, consistent with the sample correlation coefficient, 

indicate that the range parameter is typically underestimated and the smoothness 

parameter overestimated. So what impact do these results have on the estimation 

of the correlation function?

Note that the sample correlations reported in Tables 5.2 and 5.3 underestimate 

the true correlation. Pearson’s correlation coefficient is a measure of linear corre­

lation. Figures 5.7 through 5.10 plot the MLEs for 6 for all 100 realizations for 

r  = Matern(2,1) and a fixed sampling density of four observations per unit length. 

For the smaller domains, rn = 4 and rn = 8, the overall shape of the MLEs is that of 

a severely bent “banana”, independent of sampling pattern. Thus, the correlation 

estimates for the small domains will, on average, be low. As the domain is expanded 

the cluster “straightens out” to an oblong shape with a principal (major) axis nearly 

parallel to the range parameter estimate axis. Note how the variability of the MLEs 

with respect to the smoothness parameter estimate is reduced more quickly for the 

“cluster” patterns. This is consistent with the observed standard errors listed in 

Tables 5.2 and 5.3. Although the variability of the MLEs with respect to 0\ also 

decrease as the domain is expanded, no particular sampling pattern appears to be 

more efficient. The negative bias associated with 0-\ is clearly visible for the mod­

erate and large domains as the center of the distribution of the MLEs is clearly to 

the left (less than) of the true parameter value.

Clearly the joint distribution of (#i,$2 ) is not bivariate normal for small do­

mains. However as the domain is expanded the distribution of the MLEs appears
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to form a more regular, albeit oblong, cluster. The heuristic proof of the spatial 

AIC statistic assumed that the parameter estimates are asymptotically normal with 

mean zero and covariance matrix equivalent to the Fisher Information. Referring to 

Figure 5.10, the distributions of the MLEs are nearly symmetric about the true pa­

rameter value. The beta(10,10) pattern appear to have a larger right tail (positively 

skewed) with respect to Q\. We performed the Anclerson-Darling test [*** Lookup 

AD reference ***] on the observed distributions of 6\ and Qi for each combination of 

0, sampling effort (m, n), and sampling pattern. The null hypothesis associated with 

the Anderson-Darling test is that the distribution is normal.Figures 5.11 through 

5.14 summarize the results where blue indicates that there is sufficient evidence (at 

the 0.05 significance level) to conclude that the distribution is not normal. Red 

squares indicate that the null hypothesis was not rejected. The left columns corre­

spond to the range parameter estimates and the right to the smoothness parameter 

estimates.

For the range parameter estimate, typically the domain must be large and 

the true parameter value, Q\, must be relatively large (> 2) for the approximate 

distribution of 0\ to approach normality. In contrast, the domain need not be large 

for the smoothness parameter estimate to approach normality but the level of infill 

must be reasonably large (generally at least 4 observations per unit length). No 

sampling pattern appears to reach normality more quickly than any other although 

there is mild evidence suggesting that the clustered pattern induces normality jointly 

more often.
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Figure 5.7: Plot of the MLE (81, 62) as a function of sampling method for (m, n)
(4,4) where T = Matern(2,1). The true value of 0 is indicated by (+).
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Figure 5.11: Normality testing results where F = M atern(\/2,1). The Anderson- 
Darling test was performed individually on the observed distribution of each para­
meter estimate for each combination of sampling effort (m, n) and sampling pattern. 
The null hypothesis is that the distribution is normal. Blue squares correspond to 
non-normal distributions and red squares to normal distributions.
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Figure 5.12: Normality testing results where T = Matern(2,1). The Anderson- 
Darling test was performed individually on the observed distribution of each para­
meter estimate for each combination of sampling effort (m, n) and sampling pattern. 
The null hypothesis is that the distribution is normal. Blue squares correspond to 
non-normal distributions and red squares to normal distributions.
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Figure 5.13: Normality testing results where T — Matern(2v/2 ,2). The Anderson- 
Darling test was performed individually on the observed distribution of each para­
meter estimate for each combination of sampling effort (m, n) and sampling pattern. 
The null hypothesis is that the distribution is normal. Blue squares correspond to 
non-normal distributions and red squares to normal distributions.
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Figure 5.14: Normality testing results where T = Matern(4,2). The Anderson- 
Darling test was performed individually on the observed distribution of each para­
meter estimate for each combination of sampling effort (m, n) and sampling pattern. 
The null hypothesis is that the distribution is normal. Blue squares correspond to 
non-normal distributions and red squares to normal distributions.
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5.1.2.3 E stim ated correlation function

Figures 5.15 through 5.18 plot the estimated correlation functions (light blue) 

using the MLEs of (Oi,02) for (m,n) = (16,16). Superimposed on the plots are 

the true correlation function (black)and the empirical 5th, 50th (median), and 95th 

percentiles (blue)Note that the plotted percentiles do not necessarily correspond 

to the 5th, 50th, and 95th percentiles of the parameter estimates. Instead the 

percentiles correspond to the values of the estimated correlation functions at each 

distance. For example, for the distance of 2 units, the value of each estimated 

correlation function was determined and the percentiles computed. This was done 

for each distance along a fine grid and the results plotted.

For all cases the median correlation function underestimates the true corre­

lation. Recall that the bias for the range parameter is negative and the bias for 

the smoothness parameter is positive. Although these two biases appear to work 

against one another the overall effect is to underestimate the correlation function 

at all distances. In other words, underestimation of the range parameter cannot be 

fully overcome by overestimating the smoothness parameter. Furthermore, the pos­

itive bias associated with the smoothness parameter estimate implies that sampling 

locations at close proximity are estimated to be more strongly correlated than the 

“true” model dictates.
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Figure 5.15: Fitted correlation functions for the M atern(\/2,1/2) where (m, n) =
(16,4). Each light blue line corresponds to a single realization. The dark blue lines 
are the median (solid) and the 5t.h and 95t,h percentiles (dashed). The solid black 
line is the true correlation function.
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Figure 5.16: Fitted correlation functions for the Matern(2,1) where (m, n) =  (16,4). 
Each light blue line corresponds to a single realization. The dark blue lines are the 
median (solid) and the 5th and 95t,h percentiles (dashed). The solid black line is 
the true correlation function.
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Figure 5.17: Fitted correlation functions for the Matern(2\/2,2) where (m,n)  =
(16,4). Each light blue line corresponds to a single realization. The dark blue lines 
are the median (solid) and the 5t,h and 95th percentiles (dashed). The solid black 
line is the true correlation function.
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Figure 5.18: Fitted correlation functions for the Matern(4.2) where (m. n) = (16,4). 
Each light blue line corresponds to a single realization. The dark blue lines are the 
median (solid) and the 5th and 95th percentiles (dashed). The solid black line is 
the true correlation function.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



177

5.1.2.4 M ean integrated square error

To compare performance amongst the different sampling designs we adopt the 

mean integrated square error (MISE). Recall that the function p(-;0) defines the 

correlation between locations u and v as a function of the Euclidean distance between 

them, i.e., d — \u — v\. Substituting the MLE for 9  in place of 9  one can plot 

the estimated correlation function with respect to distance. Integrating the square 

error between the estimated and known correlation functions over the positive real 

line yields a positive measure that will be zero if the estimated correlation function 

exactly coincides with the “truth”. We refer to this statistic as the integrated square 

error (ISE) (Givens and Hoeting, 2005) written as

where p(-;0) — Matcrn(f?i, 82). Wc define the mean integrated square error as the

empirical mean of the ISE statistic for r realizations such that
1 r

MISE =  -  ISE,:.
1 = 1

Figures 5.19 through 5.22 illustrate the observed MISE as a function of sam­

pling pattern. Superimposed 011 the image plots are the approximated contours to 

better highlight the gradients. Note that the MISE surfaces are very similar to the 

MSE surfaces for the exponential correlation function simulations of Chapter 3. For 

example, compare the upper left panels of Figures 5.1 and 5.19. Although the mag­

nitudes differ the direction of the contours are similar. Subtle differences are visible 

for meager levels of infill. Implied is that the (relatively) large MSE of 02 for small n 

has a modest impact on the estimated correlation function. This is consistent with 

the observations first presented in Section 5.1.2.3. The direction of the contours 

suggest that the first priority is to sample over a large domain and then incorpo­

rate infill second. There is modest evidence indicating that the clustered sampling 

pattern outperforms the remaining sampling patterns, especially for small sampling 

efforts.

(5.2)
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Figure 5.19: Mean integrated square error (MISE) maps for T = M atern(\/2,1/2) 
for each sampling pattern. Note the temperature (color) scale for MISE is the same 
for all four panels and that the scales for the x- and y-axes are log2.
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Figure 5.20: Mean integrated square error (MISE) maps for T = Matorn(2,1) for 
each sampling pattern. Note the temperature (color) scale for MISE is the same for 
all four panels and that the scales for the x- and y-axes are linear in m  and \Z/V, 
respectively.
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Figure 5.21: Mean integrated square error (MISE) maps for F = M atern(2\/2,2) 
for each sampling pattern. Note the temperature (color) scale for MISE is the same 
for all four panels and that the scales for the x- and y-axes are linear in m  and y/N, 
respectively.
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Figure 5.22: Mean integrated square error (MISE) maps for T = Matcrn(4,2) for 
each sampling pattern. Note the temperature (color) scale for MISE is the same for 
all four panels and that the scales for the x- and y-axes are linear in m  and \fN,  
respectively.
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5.1.3 Tw o-dim ensional analysis

We extended the simulation study for the Matern class to two-dimensions in 

the same manner as was done for the exponential correlation function. As described 

in Section 4.1, we generated sampling locations over square domains with sides of 

length m =  {1 ,2 ,... , 8 }. All sampling locations were constrained to a fine lattice 

to maintain numerical stability for the optimizer. The same four sampling patterns 

used for the exponential correlation function in two-dimensions were used for the 

Matern class: regular, uniform, light and heavy clusters. Four spatial parameter 

vectors were employed to generate the realizations. The first three are identical to 

the ones used for the one-climensional analysis, i.e., By = (y/2 , 1 / 2 )', 0-2 =  (2 , 1 )', 

and 03 =  (2-\/2,2)'. Recall that the effective range of each is 3.0, 4.0, and 5.4, 

respectively. Since the maximum area under study is 8  x 8  it was concluded that the 

fourth parameter vector, By =  (4, 2), which has an effective range of approximately 

7.4, would not allow for proper expanding domain analysis, i.e., very few locations 

would be pairwise (approximately) independent, we replaced 64 with 6 5 =  ( l / \ / 2 , 1 ) 

which has an effective range of approximately 1.5. What follows are selected results 

that mirror the presentation of Section 5.1.2 for the exponential covariance function.

5.1.3.1 M ean square error

Figures 5.25 through 5.30 illustrate the observed MSE for both the range and 

smoothness parameter estimates for each of the examined cases. Note that the axes 

follow the same format presented for the exponential class in two-dimensions, i.e., 

the x-axis is the domain m  x m  and is linear with respect to rn and the y-axis lists 

the total sampling effort N  and is linear with respect to y/N. The first three cases 

have similar MSE surfaces for both the range and smoothness parameter estimates. 

For small domains the MSE is (relatively) large for the range parameter as well as for 

small sampling efforts. As the density of the sampling locations decreases, the MSE
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of 02 increases. It is most dramatic for the regular sampling pattern where sampling 

locations are separated by design. Hence estimates for the smoothness parameter 

suffer. For the remaining case, #5 , the MSE surfaces are quite different. Recall 

that the effective range for this case is approximately 1.5 units, thus moderate sized 

domains will contain numerous sampling locations that are pairwise (approximately) 

independent. For the cluster patterns, light and heavy, the MSE of 6\ is small even 

for very small sampling densities. In contrast, for the regular pattern the MSE of 01 is 

large for moderate sized domains and small sampling efforts. Note that for a domain 

of 6 x 6  and sampling effort of N  =  36 the sampling locations are no less than one 

unit length apart. Consequently the MSE for the smoothness parameter estimate 

is large for all small sampling densities. This effect is diminished for the uniform 

and clustered patterns because each of these sampling methods have a mechanism 

to place some or many sampling locations near one another. It should be noted that 

for the regular pattern there appears to be a ridge on the MSE surface with respect 

to §2. This suggests that there may be a least optimal sampling strategy.

The MSE is decomposed in Tables 5.4 and 5.5 for a sampling density of N/(rn x 

m) =  4 sampling locations per unit area. Once again the standard error of the 

estimators dominates the magnitude of the bias as the domain is expanded, i.e., 

the magnitude of the bias term decreases more rapidly. Also, the estimators for the 

range and smoothness parameters are moderately (negatively) correlated. These 

results parallel the one-dimensional case.

Figures 5.31 and 5.32 plot the profile of the MSE surfaces along the contour of 

a constant sampling density of 4. (Recall that the contours of constant sampling 

densities are straight lines with positive slope equal to the square root of the density.) 

For 0\ the four sampling patterns perform approximately equally well with respect 

to MSE. However the regular pattern performs poorly over small domains for the 

smoothness parameter estimator, 02. Unsurprisingly, having no observations at close
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Figure 5.23: MSE of B\ where F = M atern(\/2,1/2) for each sampling pattern.

proximity the regular pattern must contain a large sample to significantly impact 

the MSE.
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Figure 5.24: MSE of 02 where T = M atern(\/2,1/2) for each sampling pattern.
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Figure 5.25: MSE for 0\ where T = Ma,tcrn(2,l) for each sampling pattern. Note 
that the scales of the x- and y-axes are linear with respect to m and \ / N , respectively.
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Figure 5.26: MSE of 62 where T = Matern(2,1) for each sampling pattern. Note that 
the scales of the x- and y-axes are linear with respect to rn and VN,  respectively.
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Figure 5.27: MSE of 6X where T = Matern(2\/2. 2) for each sampling pattern. Note 
that the scales of the x- and y-axes are linear with respect to to and y/N, respectively.
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Figure 5.28: MSE of §2 where T =  M atcru(2\/2,2) for each sampling pattern. Note 
that the scales of the x- and y-axes are linear with respect to m  and VN,  respectively.
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Figure 5.29: MSE of 6\ where T = M atern (l/\/2 ,1) for each sampling pattern. 
Note that the scales of the x- and y-axes are linear with respect to rn and \/7v, 
respectively.
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Figure 5.30: MSE of 02 where T = M atern(l/\/2 ,1) for each sampling pattern. 
Note that the scales of the x- and y-axes are linear with respect to m  and \f~N, 
respectively.
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Table 5.4: Standard error (se) and bias of the MLE for B\ and B-> for a constant 
sampling density of N f  (rn x m) = 4. Also listed is Pearson’s sample correlation coef­
ficient for 9\ and §2- The tabulated values are based on 100 independent simulations.

Spatial Parameter B\ — ( \/2 ,1/2)'

Sampling
Pattern

(Sample Size, Domain) =  (N , m x m )
(64,4 x 4) (144,6 x 6 ) (256,8 x 8 ) 

se bias se bias se bias
b}

Regular ().2 
P

0.594 -0.373 
0.824 0.586 

-0.466

0.516 -0.217 
0.434 0.196 

-0.491

0.362 -0.149 
0.156 0.083 

-0.607
0i

Uniform §2 
P

0.681 -0.274 
0.379 0.156 

-0.399

0.573 -0.098 
0.120 0.049 

-0.496

0.411 -0.103 
0.083 0.018 

-0.531

Light ^
Clusters 2 

P

0.582 -0.292 
0.192 0.102 

-0.549

0.470 -0.228 
0.089 0.052 

-0.521

0.398 -0.191 
0.065 0.020 

-0.487

Heavy
Clusters ^ 2 

P

0.725 -0.300 
0.215 0.089 

-0.478

0.546 -0.219 
0.081 0.035 

-0.504

0.526 -0.100 
0.063 0.012 

-0.590

Spatial Parameter =  (2,1)'

Sampling
Pattern

(Sample Size, Domain) =  (N. m x m )
(64,4 x 4) (144,6 x 6 ) (256,8 x 8 ) 

se bias se bias se bias
0i

Regular f)2 
P

1.084 -0.124 
0.478 0.199 

-0.531

0.687 -0.177 
0.307 0.146 

-0.661

0.590 -0.029 
0.149 0.039 

-0.577
0i

Uniform ()2 
P

0.832 -0.286 
0.363 0.174 

-0.626

0.512 -0.211 
0.172 0.062 

-0.608

0.464 -0.095 
0.103 0.019 

-0.624

Light J  
Clusters

P

0.543 -0.458 
0.303 0.156 

-0.522

0.590 -0.164 
0.117 0.043 

-0.568

0.432 -0.139 
0.081 0.030 

-0.586

Heavy ^
Clusters 2 

P

0.704 -0.353 
0.233 0.078 

-0.526

0.550 -0.222 
0.107 0.050 

-0.579

0.498 -0.209 
0.070 0.024 

-0.641
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Table 5.5: Standard error (se) and bias of the MLE for 03 and 05 for a constant 
sampling density of N/(m  x m) = 4. Also listed is Pearson’s sample correlation coef­
ficient for 61 and 02. The tabulated values are based on 100 independent simulations.

Spatial Parameter 03  =  (2\/2 ,2)'

Sampling
Pattern

(Sample Size, Domain) =  (N , m x m )
(64,4 x 4) (144,6 x 6 ) (256,8 x 8 ) 

se bias se bias se bias
Ox

Regular §2 

P

0.853 -0.343 
0.441 0.247 

-0.750

0.573 -0.254 
0.289 0.154 

-0.799

0.474 -0.147 
0.192 0.080 

-0.741
Ox

Uniform §2 

P

0.738 -0.293 
0.329 0.143 

-0.707

0.457 -0.275 
0.196 0.103 

-0.760

0.429 -0.120 
0.155 0.042 

-0.754

Light f
Clusters 2 

P

0.721 -0.296 
0.270 0.130 

-0.714

0.492 -0.196 
0.172 0.041 

-0.783

0.498 -0.089 
0.103 0.028 

-0.754
T j  $ 1Heavy
Clusters ^ 2 

P

0.769 -0.238 
0.238 0.096 

-0.701

0.487 -0.166 
0.097 0.023 

-0.692

0.422 -0.147 
0.075 0.018 

-0.664

Spatial Parameter Or, =  ( l / \ / 2 ,1)'

Sampling
Pattern

(Sample Size, Domain) =  (N , m  x m)
(64,4 x 4) (144,6 x 6 ) (256,8 x 8 ) 

se bias se bias se bias
0i

Regular §2 
P

0.253 -0.024 
1.078 1.023 

-0.698

0.166 0 . 0 1 0  

0.819 0.389 
-0.694

0.126 -0.004 
0.699 0.334 

-0.743
0i

Uniform Q2 

P

0.256 -0.038 
0.758 0.440 

-0.642

0.132 -0.038 
0.444 0.184 

-0.641

0.101 -0.015 
0.199 0.060 

-0.690

Light J
Clusters ^  

P

0.202 -0.037 
0.550 0.269 

-0.619

0.147 -0.037 
0.268 0.103 

-0.601

0.126 -0.013 
0.129 0.055 

-0.738

Heavy °l 
Clusters

P

0.215 -0.055 
0.463 0.193 

-0.582

0.189 -0.024 
0.225 0.079 

-0.766

0.143 -0.018 
0.103 0.034 

-0.706
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Figure 5.31: MSE of 6\ and 02 as a function of domain for a constant sampling 
density of N /(m  x m) — 4 for F = M atern(\/2,1/2) and T = Matern(2,1). The left 
panels plot the MSE for the range parameter estimator and the right panels plot 
the MSE of the smoothness parameter estimator.
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Figure 5.32: MSE of 0% and 62 as a function of domain for a constant sampling 
density of N /m  x m = 4 for F = Matern(2 v/2 , 2 ) and T = Ma,tern(l/v/2 ,1). The 
left panels plot the MSE for the range parameter estimator and the right panels plot 
the MSE of the smoothness parameter estimator.
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5.1.3.2 D istribution  o f the param eter estim ates

The joint distribution of (0\, Oo) for a constant sampling density of 4 locations 

per unit area are illustrated by Figures 5.33 through 5.35. Note that the “banana” 

shape observed in the one dimensional case is present for a domain of 4 x 4 .  As 

the domain is expanded the MLEs form tighter oblong clusters and appear to be 

distributed as a bivariate normal. For each combination of 0, m x m, N, and 

sampling pattern we tested each parameter estimate, individually, for normality 

using the Anderson-Darling test at a significance level of 0.05. Figures 5.36 and 5.37 

illustrate the results for 0 2 = (2,1) and 0s =  (1 /x/2,1), respectively. In general the 

distribution of the smoothness parameter estimate reaches normality more quickly 

than the range parameter estimator. In addition the range parameter estimator 

appears to require large domains to induce normality compared to the smoothness 

parameter estimator that can be approximately normal for all domains for moderate 

to large samples. For the two cases not presented, the results are similar and mirror 

Figure 5.36.
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Figure 5.33: Plot of the MLE (<9i, ^2 ) as a function of sampling method for N ,m  x 
m) = (64.4 x 4) where T = Matern(2,1). The sampling density, N /(m  x m), is 4 
observations per unit area. The true value of 0  is indicated by (+).
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Figure 5.34: Plot of the MLE (<?i, 02) as a function of sampling method for (JV, m  x 
m) =  (144,6 x 6 ) where T = Matern(2,1). The sampling density, N /(m  x m), is 4 
observations per unit area. The true value of 6 is indicated by (+).
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Figure 5.35: Plot of the MLE (0], 02) as a function of sampling method for (AT, m  x 
m) =  (256,8 x 8 ) where T = Matern(2,1). The sampling density, N /(m  x m), is 4 
observations per unit area. The true value of 6 is indicated by (+).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



200

Regular Regular

Domain, mxm

Domain, mxm

Light Clusters

Domain, mxm

Heavy Clusters

2 4 6  8
Domain, mxm

Light Clusters

Domain, mxm

Heavy Clusters

Figure 5.36: Normality testing results where T = Matern(2,1). The Anderson- 
Darling test was performed on the observed distribution of each parameter estimate 
individually at a significance level of 0.05 for all combinations of domain (m x m), 
sam pling effort N  and  sam pling p a tte rn . T he null hypothesis is th a t  th e  d istribu tion  
is normal. Blue squares correspond to non-normal distributions and red squares to 
normal distributions.
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Figure 5.37: Normality testing results where T = M atern(l/\/2 ,1). The Anderson- 
Darling test was performed on the observed distribution of each parameter estimate 
individually at a significance level of 0.05 for all combinations of domain (m x m ) ,  
sam pling effort N  and  sam pling p a tte rn . T he null hypothesis is th a t  th e  d istribu tion  
is normal. Blue squares correspond to non-normal distributions and red squares to 
normal distributions.
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5.1.3.3 E stim ated correlation function

The plots of the estimated correlation functions for two of the cases are found 

in Figures 5.38 and 5.39. The plots correspond to a sampling density of 4 where 

(TV, rn x m) =  (144,6 x 6 ). Each light blue line corresponds to a single realization, the 

dark blue lines identify the 5th, 50th, and 95t,h percentiles, and the solid black line 

is the true correlation. Similar to the one-dimensional case, the bias of 91 is negative 

and the bias of # 2  is positive. Consequently the estimated correlation is typically 

below the true correlation. It should be noted that the variability of the estimated 

correlation functions is much larger for 9X = 2  compared to 9X =  l/\/2 . This stems 

from the fact that the estimator of the range parameter 9\ is more variable for the 

former case and, as we have seen previously, the range parameter typically dominates 

the overall shape of the correlation function whereas the smoothness parameter 0 2 

influences the shape near zero (distance).

5.1.3.4 M ean integrated square error

We illustrate the mean integrated square error (MISE) maps for each case with 

Figures 5.40 through 5.43. Superimposed on each plot are approximate contours to 

better differentiate gradients. For each spatial parameter vector 6 the four panels, 

one each for the sampling methods, are very similar in shape. For the first three 

cases the largest MISEs occur when the domain is small independent of sampling 

method. The contours suggest that the higher priority is to cover the domain of 

interest with fewer sampling locations but with sufficient density. Note that for 

smaller domains a greater sampling is required, hence denser sampling on average, 

in order to reach the region with the smallest MISE. For the remaining case, 9 = 

(1/V2,1)', there is a significant increase in the MISE for moderate to large domains 

and small sampling efforts (low sampling densities). The inability to approximate 

the smoothness parameter in this region (in an MSE sense) is the source of the
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error. This particular example demonstrates that the contribution to the MISE by 

the smoothness parameter estimator can be the dominant term. Note that the MISE 

surface for the previous three cases much more closely resemble the MSE surfaces 

of 9\ (by shape, not magnitude). Conversely, the MISE surface for the last case 

resembles the MSE surface of 92.
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Figure 5.38: Fitted correlation functions for Matern(2,l) where (N ,m  x m) = 
(144,6 x 6 ). Each light blue line corresponds to a single realization. The dark 
blue lines are the median (solid) and the 5th and 95th percentiles (dashed). The 
solid black line is the true correlation function.
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Figure 5.39: Fitted correlation functions for M atern(l/\/2 ,1) where (N,rn x m) = 
(144,6 x 6 ). Each light blue line corresponds to a single realization. The dark blue 
lines are the median (solid) and the 5th and 95th percentiles (dashed). The solid 
black line is the true correlation function.
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Figure 5.40: Mean integrated square error (MISE) maps for T = M atern(\/2,1/2) 
for each sampling pattern. Note the temperature (color) scale for MISE is the same 
for all four panels and that the scales for the x- and y-axes are linear in m  and s /N , 
respectively.
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Figure 5.41: Mean integrated square error (MISE) maps for F = Matern(2,1) for 
each sampling pattern. Note the temperature (color) scale for MISE is the same for 
all four panels and that the scales for the x- and y-axes are linear in m and \/N , 
respectively.
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Figure 5.42: Mean integrated square error (MISE) maps for T = M atern(2\/2,2) 
for each sampling pattern. Note the temperature (color) scale for MISE is the same 
for all four panels ancl that the scales for the x- and y-axes are linear in m  and \/N , 
respectively.
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Figure 5.43: Mean integrated square error (MISE) maps for T = M atern (l/\/2 ,1) 
for each sampling pattern. Note the temperature (color) scale for MISE is the same 
for all four panels and that the scales for the x- and y-axes are linear in m  and y/N, 
respectively.
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5.2 Conclusions

In this chapter we have performed an extensive number of simulation studies 

to characterize empirically the behavior of the MLE of the spatial parameter vector

0 with respect to expanding domain and infill for the Matern correlation function. 

The Matern class is characterized by two parameters (in the absence of measure­

ment error): a range parameter and a smoothness parameter 02- The Matern class 

includes as a special case the exponential class. A drawback in using the Matern 

correlation function is the presence of two parameters over which to optimize in­

creases the time required to find optima. Simulations indicate that the smoothness 

parameter estimator was approximately normal in distribution for sufficiently large 

domains and levels of infill. The normality of the range parameter estimator proved 

to be more elusive and mimicked the behavior observed for the exponential correla­

tion function in two-dimensions. We identified that the bias for the range parameter 

estimator was negative and the bias for the smoothness parameter estimator was 

positive. Overall the effect on the estimated correlation function was underesti­

mation of the true correlation for most distances. Using the correlation function 

we introduced an ad hoc measure for goodness-of-fit called the integrated square 

error (ISE). Observing that the parameter estimates are moderately (negatively) 

correlated we suggested integrating the squared difference between the estimated 

and true correlation function. ISE values close to zero indicate that the correlation 

function using the MLE 0 is close to the true correlation function. The resulting 

image plots appeared to be composites of the MSE images for the individual MLEs

01 and 6*2 - These clearly showed that the estimate of the range parameter dominates 

the overall mean ISE (MISE) in that the resulting MISE image is very similar to 

the MSE for 0\ image plot. This suggests that the sampling design should place 

more emphasis no estimating the range parameter well compared to the smoothness 

parameter.
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We extended the Matern class simulations to two-dimension following the pro­

cedure first outlined in the two-dimensional simulation study for the exponential 

correlation function. Many of the observations of the two-dimensional study coin­

cided with the the results of the one-dimensional study. Both studies suggested that 

the regular pattern is less than optimal for minimizing the overall MSE and that 

clustering the sampling locations was very beneficial provided that the the clusters 

were spread across the domain of interest.
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CONCLUSIONS A N D  FU T U R E  W ORK

With the advent of new technologies such as Global Positioning Systems (GPS) 

and Graphical Information Systems (GIS), the ability to collect and analyze geo­

referenced data has become increasingly easy. One positive consequence is re­

searchers are now more apt to analyze the data in a spatial or spatial-temporal 

framework. In addition, the increased growth of computational capability allows 

the researcher to freely explore potentially huge model spaces with large numbers 

of covariates and many error processes from which she selects the “best” model. 

Some researchers are interested in identifying the underlying process while others 

may wish to focus on developing maps for prediction. This interest in fitting spatial 

models and selecting the “best” model from a collection of competing models is the 

motivation for the subsequent work found in Chapter 2 . We began by first looking 

at these issues concurrently, spatial modeling and model selection, by developing 

the spatial AIC statistic heuristically. Spatial AIC provides a means to evaluate the 

goodness-of-fit and complexity of each candidate model and allows the researcher 

to make direct comparisons. Furthermore, by optimizing the profile likelihood all of 

the model parameters are fit simultaneously eliminating the need to iterate between 

fitting the mean surface and correlation parameters. We apply the spatial AIC sta­

tistic to both simulated and real world data sets showing it superior to more classic 

modeling approaches with respect to selecting the “true” model from a collection of 

candidates. We also demonstrate the statistic’s utility by applying it to a stream net­

work problem where movement between locations is restricted to “within-stream”,
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i.e., as the fish swims. Hence the spatial dimensionality is somewhere between one- 

(a stream without confluences) and two- (open water) dimensions.

The development of spatial AIC requires standard asymptotic assumptions. 

Chief among them is that the estimates of the model parameters, particularly the 

spatial parameters, are asymptotically unbiased and normally distributed with co- 

variance structure equal to the inverse of the Fisher information. We set out in 

Chapter 3 to develop the asymptotic distribution of the MLE for the range pa­

rameter 0 for the exponential correlation function in one-dimension. We assume 

the underlying process is continuous and can be modeled as the Uhlenbeck-Ornstein 

process (a stochastic differential equation). Furthermore, we assume that we observe 

the process without measurement error at a finite set of geo-referenced locations. 

We further assume that one can observe the process anywhere, hence there are two 

methods to increase sample size. The first is to extend the current domain and 

continue to collect information, and the second is to make additional observations

inside the current domain at previously unobserved locations. The former is known
\

as expanding the domain and the latter as infilling. Within this framework we de­

velop the asymptotic distribution of the maximum likelihood estimator (MLE) of 6. 

We illustrate that the asymptotic results are good approximations for finite sample 

sizes through a series of simulation studies. Coupled with the asymptotic analysis 

is an analysis of the impact of the sampling design, i.e., the procedure for choosing 

sampling locations. We show theoretically and empirically that for a fixed domain 

and sampling effort, regular equispaccd sampling is preferable to any other design 

with respect to minimizing the standard error of the estimator.

Due to complexities in the theory, the scope of Chapter 3 is rather restrictive: a 

Gaussian process in one-dimension with exponential correlation structure. Hence we 

seek to broaden our understanding of the behavior of the MLE in two-dimensions for 

both the exponential class and for the larger Matern class in Chapter 4. The Matern
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class includes as a special case the exponential class and as the limiting case and 

Gaussian class. The difficulty of the problem forces us to first restrict our attention 

to empirically analyze the situation and defer development of the theoretical results 

for now. Nonetheless, through simulation we are able to develop distributions of the 

MLEs and observe that the standard assumptions appear to be satisfied, we present 

these results as a departure point for developing the asymptotic distribution for the 

Matern class and to further our understanding of the impact of the sampling design 

on estimation of the spatial parameters.

6.1 Future work

The importance of these efforts is demonstrated by the continued interest in 

applying spatial models to larger and more complex data sets. It will only become 

easier with time to collect and analyze data in a spatial setting. Computational lim­

itations are continuously being overcome. We suggest several avenues for continued 

work in this area.

6.1.1 Spatial AIC, m odel selection, and m odel m isspecification

The development of the spatial AIC presented in Chapter 2 was heuristic in 

nature. The next step is to formally develop spatial AIC in a more rigorous manner. 

Furthermore, it is important to verify that the MLEs for each of model parameters 

meet the assumptions for the more general case. The work presented here focused 

on the correlation parameters; one can explore the distribution of the estimated 

regression coefficients f3 and estimated variance a2 using the realizations from the 

current study.

A drawback to the AIC approach is the assumption that there exists an un­

derlying “true model”. Regardless of one’s philosophical position, that either there 

is a true model of finite dimension or that there exists a best approximating model
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to the truth, one is still required to assume that a “best” underlying model ex­

ists. A promising alternative approach is minimum description length (MDL) (see 

Section 2.3.3). MDL does not require the existence of a “true model” . Developed 

through information theory and computer science, MDL seeks to describe the data 

in the fewest “bits” . Much like AIC it consists of a likelihood term and a penalty 

term. In this context one can think of the likelihood term as the residuals and the 

penalty term as the model itself where less parsimonious models are more heavily 

penalized. One of the core principles of statistical modeling is identifying significant 

relationships in data and, barring evidence to the contrary, assuming simpler models 

whenever possible. But how does one interpret the fitted model parameters? For 

example, is it still appropriate to refer to 6 as the range parameter when one is 

simply trying to minimize the information lost by compressing the data? and what 

can we say about inferences concerning 0 ?

6 .1.1.1 M odel m isspecification

An important avenue that requires further investigation is the impact of mis- 

specifying the model form during the model selection process. In this scenario one is 

assuming that there is a “true” underlying model that governs the process. In Sec­

tion 2.3 we introduced the spatial AIC statistic for use during model selection which 

consists of two terms: the first term, — 2 xlog-likelihood, represents the quality of 

fit and the second term acts as a penalty that increases with increased model com­

plexity. The AIC statistic was developed as an estimator of the Kullback-Leibler 

information criterion and roughly represents the loss of information incurred by 

fitting an incorrect model to the data.

The following two examples were generated to illustrate the impact of model 

misspecification. For the first example, the underlying model is Y  =  a2T where 

a2 = 1 and T = exponential(l). For each sampling design (N  = mn > 8 ) we 

generated 100 realizations. For each realization we fit both the exponential and
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Matern correlation functions and used spatial AIC to select the “better” model. 

Figure 6 . 1  illustrates the percentage of the time that the exponential model was 

selected in favor of the Matern model. Red indicates that the exponential model 

was selected more often than the Matern model. Regions of yellow and orange 

indicate that the Matern model was selected nearly one quarter of the time; this 

implies that by allowing the smoothness parameter to vary a significant reduction 

of the likelihood function was achieved to compensate for the additional penalty. 

Recall that the exponential class is a subset of the the Matern class (62 =  1/2). 

Therefore, for particular realizations of the random field the data may indeed be 

better represented by the Matern model.

For the second example the true correlation matrix is F = Matern (2,1). Once 

again, 1 0 0  realizations for each sampling design were generated, both model forms 

fit, and spatial AIC used to select the favored model. Figure 6 . 2  illustrates the results 

where blue regions indicate that the Matern model was selected more often. The 

Matern model was selected for nearly all realizations of size 64 or more independent 

of sampling design while for more modest sample sizes the exponential model was 

favored.
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Regular Uniform

0 1 2 3 4 5  0 1 2 3 4 5

Dom ain, k>g2(m) D om ain, log2(m )

Beta( 10,10) Clustered

D om ain, k>g2(m)D om ain, log2{m)

Figure 6 .1 : Summary of the model selection results for the M atern(\/2,1/2). The 
image plot illustrates the percentage of times that the exponential model was se­
lected in favor of the Matern model. The selected model was determined by the 
minimum spatial AIC. Red indicates that the exponential model was selected for 
a large majority of the realizations where as blue indicates that the Matern model 
was selected for a large majority. Only realizations with a sample size of at least 8  

were considered (due to the nature of the penalty term of the spatial AIC).
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Figure 6.2: Summary of the model selection results for the M atern(\/2,1/2). The 
image plot illustrates the percentage of times that the exponential model was se­
lected in favor of the Matern model. The selected model was determined by the 
minimum spatial AIC. Red indicates that the exponential model was selected for 
a large majority of the realizations where as blue indicates that the Matern model 
was selected for a large majority. Only realizations with a sample size of at least 8  

were considered (due to the nature of the penalty term of the spatial AIC).
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6.1.2 A sym ptotic distribution o f spatial param eter estim ates

Standard asymptotic assumptions were required for the development of the spa­

tial AIC statistic. In Chapter 3 we formally developed the asymptotic distribution 

of the MLE 0 for the exponential correlation function in one-dimension and much of 

Chapter 4 was devoted to exploring the behavior of the MLE with respect to expand­

ing domain and infill. Empirical evidence developed from the simulations suggests 

that the derived asymptotics in one-dimension hold for the exponential class in two- 

dimension as well as for the Matern class in both one- and two-dimensions. We 

now need to progress and formally develop the asymptotic distribution for the MLE 

for the exponential class in two-, and perhaps more, dimensions. Ideally one would 

next proceed to the Matern class but it may prove beneficial to first examine the 

Gaussian class (the limiting case of the Matern class). The simulation studies do 

provide some insight into the distributional properties of the MLEs including the 

rate and direction from which the bias goes to zero as well as the normality of the 

MLEs.

6.1.3 M easurem ent error

All of the work presented thus far assumes that the process has been observed 

without error. In part this was to maintain a reasonable scope for the study. How­

ever, the inclusion of additional noise in the signal can greatly complicate the co- 

variance structure and precludes the possibility of closed form solutions (as was 

used for the exponential class in one-dimension). A typical model that incorporates 

measurement error into the covariance structure is E  =  a'2T  +  r 21 where a2 and 

r  are defined as before, r 2 is the variance of a white noise process, and I is an 

n x n identity matrix. In this modeling framework, the researcher does not observe 

the underlying process of interest Z . Instead she observes the process plus white 

noise, i.e., she observes Y  = Z  + ij where {//,} ~  W N(0,r2). The parameter r 2
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is often referred to as the “nugget” in the spatial context and typically represents 

measurement error (squared) due to instrumentation or observation.

The presence of white noise in the process signal greatly impacts optimization. 

For example, the Matern class which is characterized by two parameters must now 

be extended to include a third parameter a. The parameter a is the proportion of 

the total variance (<j 2 + t 2 )  of the observed process that is attributable to white noise, 

i.e., a  =  t 2 /(ct2 +  r 2). The same is true for the exponential class. Thus for both 

cases the presence of white noise increases the dimension of the parameter space 

by one and thus increases the difficulty to find numerical solutions. Furthermore, 

preliminary studies suggest that the behavior of the parameter estimate a  is poor, 

even for moderate values of a (0.10 or 0.20). Additionally, the sampling pattern may 

play a more crucial role with respect to expanding domain and infill asymptotics. 

For example, it may be “best” to include observations at (extremely) close proximity 

to better estimate the nugget.

One promising avenue for research is considering the exponential correlation 

function in one-dimension observed with noise. If the sampling locations are 

equispaced, then we can show that the resulting structure is equivalent to the 

ARMA(1,1) model from time series. Define Zt to be the underlying process of 

interest, Yt to be the observed process with noise, and rfr to be a Gaussian noise 

process such that {rjt, t = 1 ,2 ,...}  ~  iid Af (0, r 2). Recall Zt — (f>Zt- 1 +  et where 

(et, I = 1, 2 ,...}  ~  A/"(0, rr2(l -  </i2)). Hence,

Yt — +  r}t.

= (4>zt- i  +  £t) +  m

= (f> (Z,._i +  ??t-i) +  Si + rji -  (frrji-i

= <t>Yt-l + (£t + Vt) — <f>T)t-l 

= <t>Yt-i + Vt + @Vt- ii
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where {jj*} J\f(0, <r2(l — </>2) +  r 2) and 6 =  —<j>r/\fo-2{l — 4>2) +  r 2. Therefore Ft — 

4>Yt- i  — rj* + 0r7t*_x which is precisely the ARMA(1,1) model (Brockwell and Davis, 

1996). Note that we recover the underlying process {Zt} when r  =  0. The hope is 

that a procedure similar to that employed to derive the asymptotic distribution for 

the exponential class in one-dimension without measurement error can be recycled 

for the current case.
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