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A B S T R A C T  O F D ISSE R T A T IO N  

T H E  D IM E N S IO N  O F PL A N A R  L IN E A R  SY STEM S

T h e  space o f  a lgeb raic  curves satisfy ing  m u ltip lic ity  cond itions a t  specified 

po in ts  is a  lin ea r sy stem  of p lane curves, and  is n a tu ra lly  a p ro jec tive  space. In 

som e cases th e  co n d itio n s  im posed a re  depen d en t, even  when th e  p o in ts  a re  chosen 

in general p o sitio n , giv ing the  sy stem  a  larger d im en sio n  th a n  is expected . Such 

linear system s a re  called  special. T h e  H arbourne-H irschow itz  C o n jec tu re  h y p o th ­

esizes th a t a  lin ea r sy stem  will be special only if every  curve o f the  sy stem  has a 

m ultip le  of som e fixed (-1) curve as a  com ponent.

A linear sy s te m  w ith  a  fixed m ultip licity , rii, assigned to all b u t one of the  

po in ts  is called a  quasi-hom ogeneous linear system . T h e  ( -1) curves w hich m ay be 

con ta ined  in a  quasi-hom ogeneous linear system  a re  described  herein. All linear 

system s w ith  rn =  4 w hich do co n ta in  a  m u ltip le  (-1) curve are  listed . A recent 

technique d escrib ed  by Rick M iran d a  and  Giro C ilib e rto  is then  used to prove these 

are the  only quasi-hom ogeneous linear system s w ith  m  =  4 w hich are  special.
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C hapter 1

Introduction

M athem atic ians have long been in te rested  in th e  in te rp o la tio n  problem : given 

po in ts in the p lan e , can a polynom ial curve o f a given degree o r less be found 

th a t  passes th ro u g h  those points? M ore generally , we m ay ask th a t  the  curve van­

ish m-fold a t a  p o in t. T h is m eans th a t  we requ ire  all o f  the  p a rtia l derivatives 

th rough  the (m  — l ) s t  derivatives to  be zero as well. In th is case the  curve is said to 

pass through th e  p o in t w ith m ultip lic ity  rn. T h e  question  addressed  in this paper 

is "how m any" curves are  there  th a t  sa tisfy  som e given cond itions  o f th is type. For 

convenience we p refer to work in pro jec tive  space. P 2. T h is  m eans th a t  instead  of 

dealing w ith g en era l polynom ials in two variab les o f a  given degree or less, we ho­

mogenize the p rob lem  an d  work w ith  hom ogeneous po lynom ials in th ree  variables 

of some fixed degree.

C onsider th e  collection of all hom ogeneous po lynom ials o f degree cl. together

1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



w ith  the  zero polynom ial. T his form s a  vecto r space w hich w ill be called £,/. a n d  

we can easily  com pu te  th e  dim ension. If we take  as a  basis th e  m onom ials o f degree

o f a po lynom ial define the sam e curve, it is m ore n a tu ra l  to  consider th is as a  

pro jective space  (of one lower d im ension). Unless o therw ise  s tilted , all d im ensions 

will be p ro jec tiv e  dim ensions. T h u s we w ill w rite

If instead  we ask  for a ll hom ogeneous po lynom ials  of degree d  w hich have m u lti­

plicity  in  a t  som e fixed point p. we get a  su b se t of Ca d e n o te d  C d ( - m p ) .  T h is  

subset is in fact a  projective subspace, since d ifferen tia tion  is a linear o p era tio n . 

T h is  is ca lled  the  linear system  of p lane  curves of degree d  w hich pass th ro u g h  p  

w ith  m u ltip lic ity  m .  By asking for m u ltip lic ity  rn a t a  p o in t, we have im posed 

linear cond itions  on the coefficients o f th e  polynom ial. In th e  hom ogeneous case it 

is enough to  requ ire  th a t  all of the  (m  — l ) s t  p a rtia l deriva tives a re  zero. T hus a  

poin t w ith  m u ltip lic ity  rn imposes m(/ " ~ 11 lin ear conditions.

C onsider th e  p ro jective plane P 2 a n d  n  4- 1 points p Q .p y . . . .  , p n . C onsider th e  

linear sy stem  of p lane curves of degree d  w hich pass th ro u g h  th e  po in ts p t w ith  

m ultip lic ity  for 0 <  i < n. We den o te  th is  system  by C =  Cd( — o m i'Pi)• ail<^

define its vir tual dimension

d. we see th e  vector space dim ension o f Cd is . B ecause scalar m ultip les•)

2
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We have m erely su b trac ted  the  n u m b er o f cond itions im posed from  th e  dim ension 

of C,i. S ince the actual d im ension  o f  a  linear sy stem  canno t be  less th a n  -1 (pro- 

jectively . an  empty sy stem  has d im ension  - 1). we define the  expected d im ension  to 

be

e =  e{C) =  m ax{ — 1. v ( C ) }.

O f course there m ay be ways to  select th e  po in ts  in special p o sitio n s  th a t  allow 

th e  a c tu a l dimension of the  vector space  to  be larger th an  ex p ec ted . As a  sim ­

ple exam ple, consider th e  linear sy s tem  consis ting  o f curves of degree one passing 

th ro u g h  th ree  points. £ [ (  — pi — p> — Pz). I f  we choose the  three p o in ts  so th a t they 

lie on  a line then  this system  will co n ta in  th a t  line, while the  syrs te m  is expected 

to be em pty  ( e(£) =  — 1 ) a n d  for m ost choices o f the  th ree  p o in ts  th e  system  is 

em pty . In  general there is a  Zariski o p e n  set in the  p a ram ete r sp ace  o f (71 +  l)-tup les  

o f p o in ts  w here the d im ension  o f £ d ( ~  ^ " = 0  rrqPi) achieves a  m in im um . W hen the 

p o in ts  are  in this set we will say th a t  th ey  a re  in general position. T h e  d im ension  of 

th e  sy stem  w ith points in general p o s itio n  we call th e  dim ension  o f £  a n d  we write 

£ =  £(C). T h e  actual d im ension  I  m ust be a t  least as big as the  e x p ec ted  dim ension 

e, w ith  equality  when th e  sy stem  is e m p ty  or w hen th e  co n d itio n s  im posed  are 

in d ep en d en t. It is possible, however, for the  cond itions im posed  by th e  po in ts to 

be d ep en d en t even w hen the  po in ts  a re  in genera l position .

T h e  generic system  £  is called non-special  if it has the  ex pected  d im ension , th a t 

is if £{£) =  e (£ ) . IfT (£) >  e (£ )  th e n  th e  cond itions are  d e p en d en t, a n d  th e  system

3
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is sa id  to  be special. We w ould like to  identify  th e  special linear system s.

As a  first exam ple  o f a  special linear system  take  conics double  a t two po in ts. 

£-2(—2pi — 2po). T h is  system  is expected  to  be em pty , b u t the  ac tua l d im ension  is 

zero. T h e  system  consists of th e  line th rough  th e  two po in ts doubled (defined by 

sq u a rin g  the  e q u a tio n  for the  line th ro u g h  the  two po in ts).

T h e  con jectu re  regard ing  special linear system s relies on  a  knowledge o f in tersec­

tio n  num bers a n d  on  the  genus form ula for curves. In  th e  pro jec tive  plane. B ezo u t’s 

T heo rem  tells us th a t  if two curves do not sh a re  a com m on com ponent th en  the 

to ta l num ber o f in tersec tions, coun ted  w ith  m ultip lic ities, is the  p roduct of th e  de­

grees o f the  two curves. Take curves C\  €  £</( — Y1 ”liPi) an d  C'j €  Ct.( — Y2 If

th ey  do not share  a  com ponent. B e z o u ts  T heorem  gives de  in tersections. A t each 

po in t pi , the curves are g u aran teed  to  m eet a t least r/vrq tim es. We can coun t the 

•’e x tra  in tersec tions” de — Y 2 Tnin i- I f  th is num ber is negative, th en  the conclusion 

o f B ezou t's  T heo rem  fails to  hold, so the hypothesis m ust not be satisfied a n d  the 

two curves m ust sh a re  a  com ponent.

Suppose th a t  D \  is an  irreducib le  curve in £ j (  — Y l rniP>-) arKf th a t is any 

o th e r  curve in £ j (  — Y l m iPi)- T he  e x tra  in te rsec tion  num ber for these curves is 

d1 — If  th is  n um ber is negative one. th en  D \  is con ta ined  in every curve in

Cd{— Y2 rniPi)• B u t D i has degree d, so Cd(— Y i  rtiiPi) consists of this curve alone.

A sm oo th  com plex curve is a  R iem ann  surface, an d  topologically  m ay be de­

scribed  by its genus. A curve C  in £ d i ~  m iPi) h as singu larities  a t po in ts p L w ith

4
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m l > 2. I f  th is  curve is sm oo th  a n d  irreducib le  a fte r resolving these  s in g u la ritie s , 

then  it w ill have a  genus given by th e  form ula o f Pliicker

t n \  ( d - l ) ( d - 2 )  m i {rnl — 1 )
9(C ) =  --------   ^ -------- 2-------- '

A n irreducib le  curve w ith  se lf-in tersec tion  -1 and  zero genus is called  a  ( -1 ) 

curve. A linear system  which co n ta in s  a  (-1) curve, con ta ins no o th e r  curves an d  

may be iden tified  w ith  the (-1) curve. Following the  convention of e a rlie r  work, the  

word class is used  to  refer to th e  num erica l d a ta  o f a  linear system , nam ely  the  

degree, cl. an d  th e  m ultip lic ity  n um bers . m £. A n irreducib le  (-1 ) class refers to the 

num erical d a ta  th a t  satisfies the  in te rsec tio n  and  genus conditions, a n d  co rresponds 

to a lin ea r system  which contains a n  irreducib le  curve.

In  a ll know n exam ples, the  failure  o f a  sy stem  C to have the ex p ec ted  d im ension  

is due  to  m u ltip le  (-1) curves co n ta in ed  in every curve o f £ . In o th e r w ords, th ere  is 

an irreducib le  ( -1) class £  (consisting  o f a  un ique  (-1 ) curve) such th a t  L  ■ £  <  —2 . 

It is know n th a t  a  system  which con ta ins a  m ultip le  (-1) curve is specia l. Such 

system s a re  referred  to as (-1) specia l. It is a  con jec tu re , due to H a rb o u rn e  [Hit] 

and  H irschow itz  [Hi], th a t  all specia l system s a re  (-1) special.

In  th is  p a p e r  we discuss system s in  w hich all th e  m ; a re  equal to som e num ber m  

for i >  1 . Such  a  system  is called quasi-homogeneous  an d  is deno ted  C(d. iriQ.n. rn). 

In C h a p te r  2 we classify all irreducib le  quasi-hom ogeneous (-1) curves. In  C h a p te r  3 

we com ple te  th e  analysis of irred u c ib le  (-1 ) curves w hich m ay be c o n ta in ed  in  a  

quasi-hom ogeneous linear system . In  C h a p te r  4 we consider quasi-hom ogeneous

5
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linear sy stem s w ith  m  = 4: we list a ll system s which con ta in  m u ltip le  (-1) curves 

a n d  p roceed  to  prove th a t  th ese  are  the  only  quasi-hom ogeneous linear system s 

w ith  m  =  4 w hich are special.

6
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C hap ter 2

Q uasi-H om ogeneous (-1) 

Classes

T h e  following classification was proved by C ilib e rto  an d  M iranda  [CM1].

P r o p o s i t i o n  2 .0 .1  All quasi-homogeneous (-1) classes are those classes o f  the 

fo r m  C{d. rriQ.n.m) with (d. rriQ. n . rn) on the fo llow ing  list.

(a) (2 .0 .5 .1) and (1.1.1.1)

(b) (e. e — 1 , 2 e. 1) with e > 1

(c) For any  m  >  2, x  >  1. y > 1 with

i) x y  — (m  — l ) ( 2m  +  1)

ii) x  +  rn >  y

tii) x  — y  = rn mod 2. and  

iv) m |(x  -r 2y — 1 )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the four-tuple

x  4- y  -t- 3rn x  — y  4- m  x  4- 2y  — 1
( -------- ^ 5------- • ------------------  4 - 4 .m )

2 2 m

P r o o f :  Suppose th a t  C (d .n iQ .n .m )  is a  quasi-hom ogeneous (-1) class. Then

C~ =  — 1 m eans th a t

d~ — itiq — run~ — — 1 (2 .1 )

an d  a cond ition  equ ivalen t to  the  genus condition  can  be w ritte n  as

3 d — rriQ — run =  1 (2.2)

Solve 2.2 for mo a n d  su b s ti tu te  into 2.L. We get

8d~ — Qdnrn 4- n 'r n 1 — 6d  -r 2nm  + run~ =  0. (2.3)

Using the  change o f coord inates

u — 4 d — nrn, v =  2d — run

2.3 becomes

uv -r (rn -  l)u  — (2m  -r l)u  =  0. (2.4)

C hange coo rd ina tes again  by se tting

x  =  u  — 2 m  — 1. y =  1 — rn — v

T his takes 2.4 to

x y  =  (m - l)(2 m  4- 1).

8
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T h e  case m  =  1 leads to  the  classes in p a rts  a) an d  b). Reversing th ese  changes 

o f coord inates for m  >  2. vve get classes as in p a r t  c). T h e  cond itions in p a rt c) 

ensu re  th a t  d. rriQ.  a n d  n  are  in tegral an d  in ranges th a t  m ake sense. I

T h e  classes in p a rt (a) a re  obviously irreducib le . T h e  class £ ( l .  1. i .  1) is a line 

th ro u g h  two po in ts , an d  £ (2 .0 . 5. 1) is a  conic th ro u g h  five po in ts  in g en era l position. 

T h e  next two lem m as address o th er sim ple cases.

L em m a 2.0.1 Q u a s i-h o m o g e n e o u s  ( - l ) - c l a s s e s  with

(d. rriQ, n. m ) =  (e. e — 1. 2e. 1)

are irreducible.

P roof: Perform ing  the  s ta n d a rd  q u a d ra tic  tra n sfo rm a tio n  cen tered  a t  mo and

any two points o f m u ltip lic ity  one leads to th e  class w ith

( d .  rriQ. n. rn) =  (e — 1. e — 2. 2(e — 1). 1).

a  class of the sam e form . T h e  class £ (1 .0 . 2 .1 ) , the  e =  1 case, is irreducible, 

a n d  every o ther class o f th is  form reduces to  th e  e =  1 case a fte r e — 1 q u ad ra tic  

transfo rm ations. 1

L em m a 2.0.2 Q u a s i-h o m o g e n e o u s  ( - l ) - c l a s s e s  f r o m  c o m in g  f r o m  a f a c to r i z a t io n  

x y  =  (m  — l ) ( 2m  +  1 ) w ith  y  =  1 are irred u c ib le .

9
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P roof: I t is easily  checked th a t these classes have the  form

C ( m 2 -r m , rn2 — 1. 2m +  3. m ).

If we app ly  q u a d ra tic  tran sfo rm ations m  +  I tim es, cen tered  a t the  p o in ts  po- P 2 i - l -  

P2 i r for i =  1. . . .  . m  1. th en  th is class transform s to

£ (ra  -i- 1. rn. 2rri + 2 . I)

w hich is irreducib le  by the  previous L em m a. I

P r o p o s it io n  2 .0 .2  T here  is a t  least o n e  irreducible  q u a s i -h o m o g e n e o u s  t - l )  c lass  

f o r  every  n  >  4 .

P roof: In  the  case w here n  is even we are  guaran teed  an  irreducib le  class th a t

has the form  £ ( § ,  ^ ^ , n .  1) by L em m a 2.0.1. If n  is odd . we are  g u a ra n tee d  an  

irreducib le  class o f  the  form  £ ( (n~ 3><"-D. - n% iLrdj Liy L em m a 2.0.2. I

It is enough  for us to  consider irreducib le  (-1) classes. A linear sy stem  con ta ins 

a  (-1) class if a n d  only  if it contains an  irreducib le  (-1) class. It w ould  be  desirab le  

to  have a  classification  o f irreducib le  qu asi hom ogeneous (-1) classes. To th is  end. 

we begin by investiga ting  som e sm all values o f n. From  the  above list we see th a t  

for n  =  1 th ere  is only  the  class £ ( 1 . 1 , 1. 1). a  line th rough  two po in ts . For n  =  2 

a n d  for n  =  4 th e re  a re  only the classes £ ( 1 , 0 , 2 , 1) an d  £ ( 2 . 1 ,4 , 1 ) coining from

10
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p a rt (b) o f P ro p o sitio n  2.0.1. £ ( 1 .0 .2 . 1 ) is again  a  line th ro u g h  two poin ts, and  

£ (2 . 1.4 . 1) is a  conic th ro u g h  five poin ts. T hese classes a re  irreducib le. T here  are 

no classes w ith  n  =  3. P a r t  (e) of P roposition  2.0.1 only  app lies  w hen n  > 5.

2.1 Irreducible C lasses W ith  n < 7

W hen n  =  5. we have the  irreducib le  class £ (2 .0 .5 . 1). a  conic th rough  five points, 

from  p a rt (a) o f P ro position  2.0.1. an d  we have th e  p o te n tia l for classes coining 

from  a  fac to rization  of (m  — l)(2 rn  +  1). If we set n  =  5 in the  form ula

x  +  2y -  1
n  =  1- 4

rn

an d  solve for x .  we get

x  = rn — 2y +  1.

S u b s titu tin g  th is  in to  the  equa tion  x y  = (m  — 1)(2m  4- 1 ) we see th a t classes w ith  

n  =  5 correspond  to  in teger so lu tions to the following equa tion , w ith  rn >  2 . and

y  >  l .

2 m 1 — m y +  2 y 1 — y — in — 1 = 0  

Orgcinize th is  as a  function  of y,  a n d  apply  the q u a d ra tic  form ula to see th a t

(m  +  1 ) ±  \ / —15m2 4- 10m  4- 9 y  =  -----------------------

T h e  d iscrim inan t is negative for m  > 2. therefore th e re  a re  no real so lu tions for y. 

let alone in teger ones.

11
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For ti =  6 the  analysis is sim ilar. P a rt (b) o f P roposition  2.0.1 gives the irre­

ducib le class £ ( 3 .2 .6 .  1). M aking a  sim ilar su b s titu tio n  to  th e  one in th e  n  =  5 

case, we are led to looking for integer so lu tions to

2 m~ — 2 m y  +  2y~ — y  — rn — 1 = 0 .

A gain the  d isc rim inan t, w hen organized as a polynom ial in y. is negative for in >  2. 

T h ere  are  no quasi hom ogeneous (-l)-c lasses com ing from p a rt (c) o f P roposition  

2 .0.1  w hen n =  6 .

If  n  =  7 we proceed  as before. We look for in teger so lu tions to

2 in 1 — limy  -b 2 y 1 — y  — rn — I — 0.

T his tim e we get th e  so lu tion

3m 4 - ld ;  \ / —7rn2 -b 14 m  -b 9 
V =  -------------------- j ----------------------•

T he  d iscrim inan t is negative for rn > 3. b u t positive for rn =  2. W hen  rn = 2. 

y  - y  =  -i-lp is not integral, b u t y  =  leads to th e  ckiss £ ( 6 .3 .7 .  2) from

the  factorization  x  =  o. y  =  1. This is the  only class w ith  n  - 7 an d  it is irreducib le 

by Lem m a 2.0.2.

2.2 Irreducible Classes W ith  n =  8

T h e  case where n  =  8 s ta r ts  the sam e, bu t we see a m ajo r difference. We have 

the  irreducible class £ (4 ,3 .8 .  1) com ing from  (b) since n  is even, bu t the  q u ad ra tic

12
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equa tion  to w hich  we seek in teger so lu tions is no longer a n  ellipse: it is the h y p e rb o la

2m " — 4m y  -f- 2y 1 — y — m  — 1 = 0 .

We have th e  possib ility  for a n  in fin ite  num ber o f in teg e r so lu tions, and  th is  possi­

bility is realized . M aking the  su b s titu tio n s  m  =  a n d  y  =  transfo rm s the  

e qua tion  into

2 u 2 -  u  -  1 =  0 .

T he inverse o f  th is  s u b s titu tio n  se ts  v  =  m  — y  a n d  u — m  4 - y. We also have the  

rela tion  x  =  A m  — 2y  — 1 =  u +  3ij +  1. It is c lea r th a t  in teger so lu tions in in 

and  y  lead to  in teger so lu tions u  a n d  u. It is also tru e  th a t  u and  u tran sfo rm  to 

integers m  a n d  y  if and  on ly  if a an d  v a re  integers such  th a t  u = r m od(2). Since 

2v2 — u — 1 = 0 . th is  last c o n d itio n  is satisfied if a n d  on ly  if v is odd.

We m ust find  cond itions so th a t  m  > 2 and  y  >  1 a n d  x  >  1 . To do th is  let us 

w rite  these variab les in term s o f v a lone, using a = 2 v 2 — 1.

x  =  2 t ’" -r- 3  v  

•> ' U r  1
y =  v - -  —

o V 1
m  = v -  4- ——

In  o rder for m  >  2. |uj m ust be  3 or g rea ter. T h is  is en ough  to  ensure th a t  y  an d  

x  are  b o th  1 o r  m ore as well.

We m ust now  check th a t  th e  o th e r  conditions from  p a r t  (c) are  satisfied . In 

p a rticu la r, x  A- m  > y. x  — y  =  m  m od(2), a n d  m \ x  -+- 2y — I. We see th a t

1 3
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x  +  rn > y  if an d  only  if i r  -j- 2v > 0. T h is  is true, p rovided  v ^  — I. Also. 

x  — y  — m  = 3v + 1, which is even since v  is odd . Therefore x  — y = rri m od(2). 

Finally, x  4- 2y  — 1 =  4u2 +  2u — 2  =  4m . so m \ x  +  2 ij — 1 . T herefore, we do get a  

quasi hom ogeneous (-L)-class for all o d d  v  w ith  |u| > 3 .

In o rd e r  to  list these  classes, let us set v  =  —2z  — 1. T h e n  for 2 >  1 and  2 <  —2 

we get th e  classes

C [ l2 z 2 + 8 z A z 2 -  1 ,8 ,4 s -  + 3 2 ).

W hen 2 =  —1. we get the  class £ ( 4 .3 .8 .1 ) .  w hich is the irreducib le  quasi hom o­

geneous (-1) class m entioned  above. All o f these classes tran sfo rm  to each o th er. 

The 2 c lass can  be brought to th e  2 +  1 class by the  following sequence of twelve 

s ta n d a rd  C rem ona  tran sfo rm ations. T h e  underlined  m ultip lic ities co rrespond  to

the cen te rs  o f the  nex t tran sfo rm ation .

122 2 +  82  : 422 — 1. (422 +  32)8

122 2 +  7z : 42 2 — 1. (4z 2 +  2z ) 3. (4z 2 +  3z)°

122 2 +  62  : 422 -  1. (422 +  2 z )3. (4z2 +  z) ,(4z'2 +  32)'2

122 2 +  82  +  1 : (422 +  42 +  l) '2. (422 +  32)3, (I2'2 -h 2 z ) :i. 4 z 2

12z 2 +  U 2  +  2 : (422 +  52 +  l)'2. (422 +  42 +  l);i. (422 +  3z) .

4 z2 +  2 2
122 - +  142 +  4 : (42- +  62  +  2 )-. 42“ + 5 2  +  2. (42“ + 5 2  +  1)“.

(4 2 “ +  4 2  +  1 ) . 4 2 ~ +  32  

122 2 +  172 +  6 : (422 +  72  +  3 )2, (422 +  62  +  2)3. 4 z2 + 5 2  +  2
(4z 2 -h 5z  -h 1)~, 4z 2 + 4 ^ - f l  

12z~ ~b 20z  ~h 8 1 4 .3“ *+■ Sz  H—1.4z~ -1- 8z  4* 3. (4z~ -f* -r~ 3)'^.
(422 +  62  +  2 )3 . 422 + 5 2  +  1 

122“ +  232 +  11 r (42" +  92 +  5)". (42" +  82  +  4)". 42" +  82  +  3.
(422 +  72 + 3 ) 3. 422 + 6 2  +  2

122 " +  262  +  14 : (42" +  IO2 +  6 )“, (42" +  92 +  5)3. (42" +  82  +  4)

14
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4 z~ 4- 8 z 4- 3 .4z~ 4- i z  +  3 
L2z~ 4-  29z 4- 17 : (4z2 +  1 lz z  +  7)2. (4z2 4- lOz 4- 6)3 . (4z2 +  9z 4 - 5):>

4Z“ -t- S z  ~r 3
12z2 4- 31z 4- 19 : (4z2 4- l l z  4- 7)5 . (4z2 4- lOz +  6 )3. 4 z 2 +  8z +  3

1 2 z 2 +  3 2 z  +  2 0 :  ( 4 z 2 +  l l z  +  7)8 .4 z 2 +  Sz +  3

T h e  last class can be w ritten  i\s

C{V2{z 4- l )2 +  S(z +  l ) ,4 ( z  +  l) '2 -  1 .8 .4 (z  4- I ) 2 4- 3(z -i- 1))-

Since each  C rem ona  tran sfo rm atio n  is its own inverse, reversing  these tran sfo rm a­

tions takes th e  z class to th e  z — 1 class. T herefore all o f th ese  classes are b ira tiona lly  

equ ivalen t to  the  z =  —1 class C{4. 3 .8 . 1). and  are  irreducib le . All quasi hom o­

geneous (-1) classes w ith  n  — 8 a re  irreducible. T his, com bined  w ith the previous 

section , proves the  following theorem .

T h eo rem  2 .2 .1  There is exactly one quasi-homogeneous (-l)-c lass  fo r  n — 1. 2. 

4. 5. 6, and  7, and it is irreducible in each case. A ll  quasi-homogeneous ( - 1j-classes

with n  =  8 are o f  the fo rm  C{12z2 4- 8 z .4 z 2 — 1 .8 .4 z 2 4- 3z). fo r  z < —1 or z > 1.

arid are irreducible.

2.3 Irreducible C lasses W ith  n =  9

We em ploy th e  sam e technique as above. T h e  q u a d ra tic  we look to solve is

2m 2 — 5m y  -i- 2y2 — m  — y — 1 =  0 .

T h is  factors as

(2y  — m  4- l ) (y  — 2rn — 1) =  0.

15
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Suppose y  =  2m  -r 1. T h en  x  = m  — 1. an d  x  - m  =  2rn — 1 <  2m  r  1 =  y. T here 

are no so lu tions for y  -  2rn +■ 1. So we suppose  rn - 2y  -t- 1. T h en  y  =  and 

x  =  4m  4- 2. We have x  + m  — 5m  -I- 2 w hich is g rea ter th a n  y  since rn > 2. T he 

requ irem ent th a t  x  — y  =  m  m od(2) forces y to  be odd , since x  is even  and  m  is 

odd. I f  we w rite  y  =  2z — 1 for z  >  1. and  w rite  every th ing  in term s o f z. the  results 

are th e  classes £ (1 5 ^  — 3 .9z  — 1 .9 .4 z  — 1). T h e  class £ (1 2 .8 .9 .3 ) .  w hen  c =  1. is 

the irreducib le  class g uaran teed  by P ro p o sitio n  2.0.2. T h is is the  on ly  irreducible 

class w ith  n  = 9. All o th e r classes C rem ona reduce to som eth ing  w hich splits, as

follows.

152 — 3 : 92 - 1 .(42 -  1 0

132 -  3 : Tz — 1 .(2 2  - I '•  (42 — I ) 7

112 -  3 : 5 z  — 1 . ( 2 2 - I ■‘. ( 4 2 - l ) 5

92 -  3 : 32 - 1 . ( 2 2 -  1 G. ( 4 2 - l ) 3

62  — 3 : 32 - 1. ( 2 2 -  1 G. ( 2 -  l )3

52 — 3 : (2 2 -- i r . ( 2 - I)5

42 -  3 : (2 - I )2
32 -  3 : (2 - 1)9. - 1

R eversing th is  reduc tion  shows the  class £ (1 2 .8 .9 .3 )  is th e  class w hich splits. 

T h is  is verified easily  by looking a t  the  index  o f in tersection .

12(152 -  3) -  8(92 -  1) -  (9)(3)(42 -  1) =  - 1

We have proved th e  following.

P r o p o s i t i o n  2 .3 .1  £ (1 2 ,8 ,9 .3 )  ts the lone irreducible quasi homogeneous (-1)- 

classes with n  =  9. All  others are reducible and contain this class as a component.
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2.4 Irreducible C lasses w ith  n =  10

W ith  n  =  10 we proceed as before. We have the  irred u c ib le  class £ (5 .4 . 10. 1) from 

P ro p o sitio n  2.0.2. T h is  tim e we get th e  q u ad ra tic

2m" — 6m/y 4- 2y~ — in — y — 1 = 0 .  (2-5)

a n d  so lu tions y  o f th e  form

6m  4- 1 ±  \/2Qrn- 4- 20m  4- 9
v = ---------------------------------------^ --------------------------------------- •

It is possib le  to  classify all in teger so lu tions to th is  u sing  th e  theory  o f P e ll's  equa­

tions. b u t th is  m eth o d  does not generalize  easily  to  la rge r values o f n.  Instead , 

we can try  to  prove som eth ing  m ore general th a t  does not depend  on y  being  an  

integer. T h e  following lem m a allows us to  do th is.

L e m m a  2 .4 .1  Solut ions to equation 2.5  o f  the f o r m

6 m  4 -1 4 -  \Z20m2 4- 20m  -f 9
y = ---------------------5---------------------

do not  lead to quasi-homogeneous (-1) classes. In  particular, they fai l  to satisfy  

x  4- m  > y  (necessary for  mo to be non-negat ive ) .

P r o o f :  S uppose  th a t  y has the  above form . T h e n  x  — (10 — 4)m  4- 1 — 2y  has the

form

6m  4- 1 — s /2 0 m 2 4- 20m  +  9 
x  =  --------------------------------   .

17
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We can  d irec tly  check th e  inequality  x  4- rri > y.  T h is  sim plifies to

10m 4- 1 >  3 \ /2 0 m 2 4- 20m  4- 9.

B o th  sides o f th is  inequality  are  positive for m  > 2. so we m ay  sq u a re  b o th  sides

an d  sim plify  again . T h is  inequality  holds if a n d  only  if

0 >  80m 2 4- 160 m  4- SO.

T h is  is c learly  false for all m  > 2. I

T h is  L em m a is enough to  prove the following resu lt.

P r o p o s i t io n  2 .4 .1  £ (5 .4 .1 0 .1 )  is the only irreducible quasi-hornoyeneous (-1)-  

class wi th n  — 10. Al l  others are reducible and contain this class as a component .

P r o o f :  We m ust show  th a t  the  index o f in te rsec tion  o f any  (-1) class of the  form

C(d. m o. 10. rn) and  th e  class £ (5 .4 . 10. 1) is negative. T h a t  is.

5d  — Imo — 10m <  0.

F irs t, no te  th a t  £ (5 ,4 ,1 0 ,1 )  is the only class w ith  m  =  1 an d  n  =  10. T hus, we 

m ay assum e th a t  m  >  2 an d  the  class C(d,  m o, 10, m )  com es from  a  fac to rization  

x y  =  {m  — l) (2 m  4 -1 ). T h e  previous lem m a allows us to  assum e th a t

6m  4- 1 — \/2 0 m 2 4- 20m  4- 9 
1/ =   -A •

18
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an d

6m  +  1-1- \/2 0 m 2 +  20m  +  9
x  —

9

Now we m ay w rite d a n d  mo in term s of m . as well.

d =
x  +  y  +  3m  30m  +  3 +  \/2 0 m ‘- +  20m  +  9

9 8

rriQ =
x  — y  +  m 107n +  1 +  3v/20m 2 +  20m  +  9 

8

M ake these su b s titu tio n s , an d  sim plify 5d  — lmy — 10m. We get

5 d — 4mo — 10m =
30m  +  11 — 7 \/2 0  m 2 +  20 m  +  9 

8

We w ish to show th a t  th is  q u a n tity  is negative. T his will be negative if

30m  +  11 <  7 \ J 20m 2 +  20m +  9.

B o th  sides of th is inequality  a re  positive for m >  2. so we m ay sq u are  b o th  sides 

an d  sim plify. T his inequality  holds if

(30m +  l l ) 2 -  49 (20m 2 +  20m  +  9) =  - 8 0 m 2 -  320m  -  320 <  0.

T h is  inequality  is tru e  for m  >  2. If these num bers are  in tegers, th is  im plies th a t 

every quasi hom ogeneous (-1) class w ith  n  — 10 contains the  class £ (5 .4 . 10. 1). I

2.5 Irreducible C lasses w ith  n > 11

For n  =  9 and  n  =  10 we saw  th a t  the  irreducible class given by P ro p o sitio n  2.0.2 

was th e  unique irreducib le  class for th a t  value o f n.  We  a re  now  in a  position  to

19
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a tte m p t to prove th is  in general.

For a  given n . solve n  =  +  4 for x.  S u b s titu te  x  =  (n  — l)m  — 2y 4- 1

in to  th e  equation  x y  =  ( m  — l)(2 m  4- 1), a n d  solve for y.

(n — 4)m  4- 1 ±  \ / n ( n  — 8 )m - 4- 2n u i  4- 9 
y =  ------------------------------ 4------------------------------

L e m m a  2 .5 .1  Factorizations x y  — (m  — l)(2 /u  +  1) with rri >  2 and

(n — 4)m  +  1 -r \ / n ( n  — S )rn- -+- ' h im  4- 9 y =    ------------------------------

do not  correspond to quasi-homogeneous (- l ) -c lasses  for  n  > 11. Specifically, a 

solut ion o f  this f o r m  will no t  satisfy the condi tion x  +  rn >  y.

Proof: If 7/ has the above form, then

(n — 1 )rn r  I -  \ J n ( n  — 8 ) m -  — 'h im  9 
x =     .

T h e  inequality  x  -i- rn > y  sim plifies to

n m  t  1 > 3  \ J n ( n  — 8 ) m 2 +  2rvrn -f- 9.

B o th  sides of th is inequality  are  positive  for n  > 11 and  m  >  2. S q u a re  b o th  sides 

a n d  sim plify again  to  see th a t  th is  in eq u a lity  holds if and  only if

0 >  8 n (n  — 9 )m 2 4- 16nm  +  80.

T h is  is clearly false for n >  11 an d  m  >  2. I
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T his lem m a allow s us to  assum e th a t  for any class com ing from a  fac to riza tio n

x y  — (rn — l)(2 m  4- 1) w ith  rn > 2.

(n  — 4 )m  4- 1 — \ J n ( n  — S ) m 2 4- 2nr n  4- 9 y =   -  .

and  therefore

(n  — 4 )rn 4- 1 4- \ J n ( n  — 8 )rn~ 4- 2nr n  4- 9 
x =  -------------------------------------------------------------- -

T his lets us w rite  d  an d  mo in term s o f rn and  n.

1 4 -1 /4 -  3m  3m n  4-3  4- \ / n ( n  — 8)m - 4- 2nrn  4-9
d  =  ------ - ---------  =   — ---------    (2.6)

2 8

x  — y  4- rn rn n  4- 1 4- 3 \ / n ( n  — S)rn-  4- 2nrn  4 -9  ,
m ° =   2  =  8---------------------------

P r o p o s i t i o n  2 .5 .1  For  a g i v e n  e v e n  n  >  12. C( 77. r-Lr ^ - n .  1) is the u n i q u e  i r r e ­

ducible  q u a s i  h o m o g e n e o u s  ( - 1 )  class.  E v e r y  o th er  qua s i - hor nog ene ous  ( -1 )  c lass  

C ( d . m o , n . m )  wi th e v e n  n  >  12 c o n t a i n s  the c lass  C(  rjj.  r-F~-. n.  1) as a c o m p o n e n t .

P r o o f :  F irs t  no te  th a t  for any  even n  >  12. £ ( ^ .  ,Ĵ = - .n .  1) is the  only  class w ith

rn =  1. T h is  class is irred u c ib le  by P roposition  2.0.2. T h u s, we conclude th a t  any

o th er class C ( d . r r i Q . n . m )  com es from  a  facto rization  x y  — (rn — 1)(2rn 4- 1) w ith

m  >  2. Use th e  s u b s titu tio n s  2.6 an d  2.7 to check th a t  the  index o f in te rsec tio n  of

any o th e r  class C ( d . n i Q . n . m ) w ith  £(%.  i^ . n .  1).

n n  — 2 
—d -------  — mo — n m ,

is negative. T h e  index o f in te rsec tio n  becomes

n ( n  — 7)rn 4- ( n  4- 1) — (n  — 3) \ / n ( n  — 8 )m 2 4- 2nm  4- 9
8 '
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T his  will be  negative if an d  only if

n (n  — 7)rn r ( n +  1) <  (u  — 3) \ / n ( n  — 8 )m~ -f- 2nrn -4- 9.

For n  >  12 and  m  > 2. b o th  sides of th is  inequality  are  positive, so vve m ay square 

b o th  sides. T h is inequality  is tru e  if a n d  only  if

0 <  8n (n  — 9 )m ' 4- 3'2nrn -f- S(ri — 2)(n — 5).

T h is  is c learly  true  for n > 12 an d  m  >  2. If these num bers are  in tegers, this 

im plies th a t  every quasi hom ogeneous (-1) class w ith  even n > 12 con ta in s  the  class 

^ = . n ,  1) as a  com ponent. T h is  m akes C { £̂ . n .  1) the unique irreducible 

chiss for a  given even n > 12. 1

P r o p o s i t io n  2.5.2 For a given odd n  > 11. the unique irreducible quasi homoge­

neous (-1) class is C(  (,t~3K'I~ 1) _ lU z ilil lr l l  n _ lU zT ) _\ny other  quasi-hornogeneous  

(-1) class C(d.niQ. n. m )  with odd n  >  11 contains  this class as a component.

P r o o f :  N ote th a t  for odd  n > 11 th e re  are  no classes w ith  rn = 1. Therefore,

all quasi hom ogeneous (-1) classes w ith  o d d  n  > 11 come from  ti facto rization  

x y  — (m  — l)(2 m  -+- 1) w ith  m  > 2. Use th e  su b s titu tio n s  2.6 and  2.7 to  check th a t 

th e  index  o f in tersection  o f any o th e r class C ( d , m o , n , m )  w ith  a  class o f the  form

( n —: i ) ( n— I) ( n - o ) p i - L )  ^  { n - 3) ^

(n — 3 )(n  — 1) (n — 5 ) (n  — 1) (n — 3)
---------------------d -------------------------- mo — n -----------rn.

4 4 2
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is negative. T h e  index of in tersection  becom es

n(n~ — 1 In  4- 26)m  4- n(n  — 3) — (n  — 6)(n  — 1) \ / n ( n  — S)rn2 4- 2nrn -I- 9
16

T his will be  negative if and only if

n ( n 2 — l l n  4- 26)m  4- n ( n  — 3) <  (n  — 6)(n  — 1 )y j n ( n  — S ) m 2 4- 2n m  4- 9.

B oth  sides o f  th is  inequality are positive for ri >  11 a n d  rn > 2. so we m ay square 

b o th  sides a n d  sim plify. This inequality  holds if a n d  only if

0 <  32n ( n  — 9 ) m 2 + 4n ( n 2 — 3n 4- 18)m 4- 4(n~ — 9n  4- 9)(2n" — 12n 4- 9).

A quick check using the quad ra tic  form ula show s th a t  a ll term s on the right 

are positive for n  >  11 and  m  > 2. If these num bers are  all integers, this 

implies th a t  every quasi hom ogeneous (-1) class w ith  o d d  n > 11 contains the 

class C{ _ n _ ) as a com ponen t. T h is  m eans th a t the  class

( n - 3 ) ( n - L )   ̂ ( n - o ) ( n - 1 ) ^  ( n - 3 ) )  u n j q u e  ir r e ducib le  class for a given odd

n  >  11. I

2.6 C onclusion

We have com plete ly  classified irreducib le  quasi hom ogeneous (-1) classes. To com­

plete the p ro o f o f the  following theorem , one m ust on ly  check th a t  the irreducible 

classes we found  for sm all values o f n  a re  rep resen ted  in th is  list.
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T h e o r e m  2 .6 .1  All  irreducible quasi homogeneous (-1) classes are those classes 

£ (d .  m Q,n .  rn) wi th (d. rriQ. n. rn) on the fol lowing list

(a) (1,1.1,1)

(b) (§ . 7i .  1) f o r  n  even, n  > 2.

. , , i n  —3 ) ( n  — 1) (n  — 5 ) ( n — L) n — '.i\ r i ,  ^  -(c) ( ------ ^ j  . n.  — ) f o r  n  odd. n  >  o.

(d) For n  = 8. there is an infinite fami ly  o f  irreducible classes. For all integers 

z  0 we have the class

( I 2 z 2 - 8 z A z 2 -  1 .8 .4 z -  -  3z).

2 4
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C hapter 3

C om pound (-1) Configurations

Let. .4 be a  (-l)-cu rv e  of degree S an d  m ultip lic ity  p , a t p o in t p L. for i from 0 to n. 

Suppose th a t  A  is con ta ined  as a com ponen t o f a  quasi-hornogeneous linear system . 

£  -  £ . ( d . m o . n . m ) .  For an y  p e rm u ta tio n  cr 6  S n let .4a- be  th e  curve of degree <). 

m ultip lic ity  po a t po- a n d m u ltip lic ity  p a(i) a t p t for i >  L. T h e n  if £  con tains .4 

as a  com ponen t. £  m ust also co n ta in  .4<j for all a  €  S n . In  th is  s itu a tio n  the  -40- 

curves m ust be d isjo in t, for if two (-l)-cu rv es  m eet on a  ra t io n a l  surface th e ir  union 

moves in a  linear system . T h e  P ic a rd  g roup  of the  blowup su rface  has rank  n  4- 2. 

and th e  largest negative defin ite  subspace  has dim ension n  4- 1. T his m eans th a t 

there can  be a t m ost n  4- 1 o f these  d isjo in t (-l)-curves.

P a r ti t io n  th e  m u ltip lic ities  pi ,  for i from  1 to n. in to  th e  largest subsets on 

which the  m ultip lic ities a re  c o n s ta n t. If these  subsets have size

k i  ^  A.'9 5 ; • ■ • T  I 's -

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



th e n  the num ber o f d is tin c t perm u ta tio n s  (an d  th e  num ber o f d is tin c t .4CT's) is

n\
k [ l b , \ . . .  k s l'

T his  m ust be less th a n  o r equal to n  +  1. T h e re  are  only  two possib ilities. E ither 

s =  1 and  A  is itse lf quasi-hom ogeneous. o r s =  2. k\  =  1 an d  k> =  n  — 1. In 

th e  second case A  is a  curve of degree 6. m u ltip lic ity  p o  a t p0. m u ltip lic ity  p x a t 

p i. an d  some co n stan t m u ltip lic ity  p  a t p t for i from  2 to n. C opying  the notation  

for quasi-hom ogeneous linear system s, let us say A  =  C(d. rriQ. rri\ . n. rn). T his will 

occasionally  be referred  to  as a  quasi-quasi-hom ogeneous (-1) class. (N ote th a t this 

renam es the degree a n d  m ultip lic ity  o f .4. b u t changes the  m ean ing  o f the  variable 

n; n  is now two less th a n  the  to ta l num ber o f po in ts  instead  o f one  less th an  the 

to ta l num ber o f po in ts, as in the  quasi hom ogeneous case.)

I f  A  is con ta ined  in a  quasi hom ogeneous linear system  C. th e n  C will also 

con ta in  the sum  of th e  curves A a . T his sum  is itse lf quasi hom ogeneous, w ith the 

form

C [ ( ti 4- l)d . (n 4- l)m o- n  4- 1. m i 4- nm ).

We will refer to  such a  su m  as a  (quasi hom ogeneous) (-1) c o n f i g u r a t i o n .  The 

configuration  is Sciid to b e  c o m p o u n d  if it consists  o f m ore th a n  one (-1) curve. 

We will classify the irreducib le  curves .4. a n d  list th e  co rrespond ing  com pound  (-1) 

configurations.

We have several cond itions on the degree an d  m ultip lic ities o f .4. Since .4 is a
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(-l)-c lass we have

d~ — thq — rnf  — n m 2 =  — 1. (J3.1)

A cond ition  equ iva len t to the  genus cond ition  (specifically, th a t  C ■ K  =  — 1 on  the

blow-up surface) is

3d — tuq — m  i — n m  =  1. (3.2)

Recall th a t  the  classes .-1CT. a rriv ed  a t  by pe rm u tin g  the p o in ts  /q  th ro u g h  p n . m ust

be d isjo in t. T h is  m ay be expressed  in term s o f their index  o f  in tersec tion  as

d" — rriQ — 2m  i m  — (n  — L)m" =  0. (3.3)

S u b trac tin g  e q u a tio n  3.1 from 3.3 gives

(m i — rn)2 =  1.

which im plies th a t  m i =  rn ±  1.

Solve eq u a tio n  3.2 to get mo =  3d — m \  — n m  — 1. T h is  tran sfo rm s eq u a tio n  3.1 

into

8d" — Gclnrn[ -i- n 2rn2 — 6d 4- 2n m  n m 2 -I- 2m  — 6dm i 4- 2rnf  4- ' 2nm im  — 0.

We  have two cases to  consider, rni =  tri±. 1. We will exam ine  these cases separa te ly .

3.1 T he C ase mi =  m — 1 for Sm all n

If m i =  m  — 1. we need m  >  1 o r else m i will be negative. W hen m i =  m  — 1. 

equation  3.1 becom es

8d2 — 6dm  — 6d n m  +  2m 2 4- 3nrn2 + n 2m 2 — 2rn =  0. (3.4)
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T his m ay  be re w ritte n  as

(2d  — (n  4- l)m )(4c/ — (n 4- l)m ) 4- (n  4- l)m "  — 2rn =  0.

suggesting  the  change o f  coord inates

u  =  2d  — (n 4- l)m .

■u - i d  — (n  4- l)m .

N ote th a t  v — 2u  — (n  4- l)m . E q u a tio n  3.4 is tran sfo rm ed  into

uv  4- v m  — 2uni  — 2m  =  0.

F inally , th e  change o f coord inates

x  = —u — in.

y  = v — 2 rn

takes th is  eq u a tio n  to

x y  =  2 m ( m  — 1). (3.5)

R eversing  these  changes o f coo rd ina tes  yields

x  4- y  4- 3 m  
d  — ------ ^ -------- .

y — x  + m  
m 0 = -------  ,

m  i =  rn — 1.
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T his gives the following classification.

P r o p o s i t io n  3 .1 .1  The (-1) classes C(d .mQ.rr i i .n .rn)  with rri\ =  m  — 1 are those 

with (cl. rriQ. m  i . n . m ) o f  the f o rm

x  4- y  4- 3m  y -  x  -i- rn 2x  4- y  .
( ---------   . ----------   . m  -  1 . ---------------- r  3 .  r n ) .

I  1  r n

f o r  integers x  and y  sat is fy ing the fol lowing conditions

a) x y  =  2 m  ( m  — 1) f o r  rn > 1

b) y — x  = rn m o d  2 

cj rn\2x  4- y

d) y + m  > x

e) i  +  i / t  3m  >  2 

n  > _2J y m —

P r o o f :  By the  p reced in g  p a ra g ra p h , such a  class C{d.rnQ.rri[ .n .rn)  will satisfy

equations 3.1. 3.2. a n d  3.3. If these num bers are  integral a n d  in ranges th a t make 

sense, they  will c o rre sp o n d  to (-1) classes. We see th a t  cl a n d  mo will be in tegral 

if an d  only if x  a n d  y  a re  in tegers such  th a t  y  — x  = m  m od  2. a n d  th a t n  will be 

in tegral if an d  only  if m |2 :r 4- y.  T h e  rem ain ing  conditions en su re  th a t  d. n  an d  rn 

will be g rea te r th a n  o r equa l to  1. w hile mo an d  m i  will be zero o r g reater. I
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Let us consider first the  case m  — 1. E q u a tio n  3.5 is x y  =  0 in th is case, so 

e ith e r x  — 0 or y  =  0. S uppose  th a t  x  — 0. T h en

V 3d  -
2 '

y + 1m 0 = £

m y  - 0 .

and

n  =  y  -i- 3.

T h is  gives a (-1) curve  o f the  desired  form for every odd  y > — 1. T hese m ay be 

w ritte n  in a  m ore fam iliar form  as C(e .e  — 1 .0 .2e. 1). for all e >  1. T h is  class and 

it 's  p e rm u ta tio n s  su m  to the  com pound  (-1) configuration  £(e(2e 4- 1). (e — l)(2e  -r 

1). 2e +  1. 2e).

Suppose now th a t  y =  0. T h en

X  - r  3
d =

mo =

2

1 — x
2

TUy = 0,

and

n  — 2x  -r- 3.

We need bo th  d a n d  mo in tegral, d  >  0 a n d  mo >  0. T his happens only  for 

x  =  ± 1 . T he case x  =  1 leads to  th e  class £ ( 2 ,0 ,0 ,  5 ,1 ). and  x  — —1 the  class
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£ ( 1 .1 ,0 .1 .1 ) .  T hese  are  the  only classes w ith  rn =  1. T h e y  lead  to  the  com pound 

(-1) configurations £ (1 2 .0 .6 .5 )  a n d  £ ( 2 .2 .2 .1 )  respectively.

Now consider rri > 2. Solve th e  e q u a tio n  n  - 2x̂ 'J +  3 for \j. S u b s titu te  into 

eq u a tio n  3.5 an d  solve for x  to get

(n  — 3)m  ±  \ J {n  — T ) ( t i  4- l )m 2 4- 16m 
x  =  --------------------------------------------   . (3.6)

For a  given n.  x  m ust a t least sa tisfy  e q u a tio n  3.6. and  be in teg ra l. A sim ple check 

shows th a t th ere  are no real so lu tions for x  w ith  til >  2 a n d  n  < 5. W hen n  =  6. 

we have

3m  ±  v —Trn-  4- 16m
x  =  ---------------------------------.

4

T h is  has on ly  m  =  2, x  =  2 as a  so lu tio n , leading to  th e  class £ (5 .1 . 1 .6 .2 ). 

T h is  sy stem  is irreducib le , as it C rem o n a  reduces to a  line th ro u g h  two points. 

I t  p roduces the com pound  (-1) co n fig u ra tio n  £ (3 5 .7 .7 .1 3 ) . For n  > 7  th ere  are 

p o ten tia lly  a n  infin ite  num ber of so lu tions.

3.2 T h e C ase mi =  m  +  1 for Sm all n

In  th is case, we m ay consider all values m  > 0. W hen n q  =  rn -f- 1 the  equation  3.1 

becom es

8d2 — 12d  +  4 +  6m  4- 4nrn — 6drn — Gdrim +  2?n~ + '3nm1 4- n 2rn2 = 0. (3.7)

If m  =  0, th is  e q u a tio n  factors as A{d — 1)(2d  — 1) =  0, w hich forces d to  be 1. 

T h is  brings us to th e  class .4 =  £ ( l .m o .  l .  n .O ). Now, .4--4 =  —1 im plies th a t  mo is
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also equal to  1. T h u s  we have the class £ (1 . 1. 1,77,0) for any n  >  0. co rresponding

to  the (-1) configu rations C(e .e .  e, 1) for a ll e > 1. T h e  configuration  is com pound

if e >  2.

For m  >  1. e q u a tio n  3.7 m ay be re w ritte n  as

(2d — (n +  l) rn )(4 d  — (n + l )m )  4- (m  — 2)(4d  — (n 4- 1 )rn)

— (2m  4- 2)(2d — (n  4- l)m )  4- 2 m  4-4 =  0. 

again  suggesting  the  change o f coord inates

u - 2d — (ti 4- l)m .

■u - 4d — (n +  1 )m.

T his tran sfo rm s eq u a tio n  3.7 into

uv  4- (m  — 2)v — 2(/7i 4- l )u  4- 2 ( m  4- 2) =  0. (3.8)

C hange co o rd in a te s  again , using

x  =  —u — ( m  — 2), 

y = v -  2 ( m  4- 1).

E q u a tio n  3.8 becom es

x y  =  2 m 2. (3.9)

R eversing th ese  changes yields

x  4- y  4- 3771
d  =

2 
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y — x  +  m
™0 =   T .

77li =771 +  1,

and

2 x  +  y  -  2
Tl = ------------------------ r  0 .

rn

We have th e  following classification.

P r o p o s i t i o n  3 .2 .1  The (-1) classes C{d.rriQ. rn\_. n. rn) with rni — rn +  1 are those 

with {d. rnQ. m.]_. ri. rn) either o f  the f o r m

(1. 1.1.77, 0). n  >  0. or

x  +  y  +  3m  y  -  x  +  m  2x + y -  2
( ---------------- . -------------  . m  +  1 . ------ r  3. rn)

2 2 ni

f o r  integers x  and y  satisfying the fol lowing conditions.

a) x y  = 2 m 2 f o r  m  > 1

b) y  — x  =  m m od2

c) m  12x  +  7/ — 2

d) y  +  rn > x

e) x  +  y  +  3 rn > 2

f )  >  - 2J J rn —

P r o o f :  By the  p reced ing  p a ra g ra p h , such  a  class C ( d , r n Q .m i .n , r n )  will sa tisfy

equations 3.1. 3.2, an d  3.3. If  these  num bers a re  integral an d  in ranges th a t  m ake 

sense, they  will co rrespond  to  (-1) classes. C ond ition  b) g uaran tees  th a t  d  and
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rno will be integral. C ondition  c) ensures th a t  n  will be integral. T h e  rem ain ing  

cond itions force d. n.  an d  rn to be g rea ter th a n  o r equal to  1. and mo an d  m i to 

be zero o r g reater. I

We begin  the analysis in m uch the sam e way as before. Solve th e  equation  

n  -  -  +  3 for y, su b s titu te  in to  x y  - 2 m ’. an d  solve for x  to see th a t

2 + (n  — 3)m  ±  \ / { n  — 7)(n  +  l)m -  4- 4 (n  — 3)rn +  4
X  — ------------------------------------------------------------------------------------------------------------. ( . j . l u )

4

For a  given n,  x  m ust a t least sa tisfy  th is e q u a tio n  a n d  be integral. For n  from 

1 th ro u g h  4 there  are no real so lu tions for x  w ith  rn > 1. W hen n  =  5. the  only 

so lu tion  is m  =  1, x  = 1. which gives the  irreducib le  system  £(3 . 1 .2 .5 . 1). an d  the 

com pound  (-1) configuration £ (1 8 .6 .6 .7 ) .  W hen  n  =  6. th ere  are two possib ilities. 

E ith e r m  — 1. x  = 2, and  the sy stem  is £ (3 . 0 .2 . 6. 1). o r rn =  2. x  =  2. w ith  the 

system  £ (6 . 2. 3 ,6 .2 ). These are  b o th  irreducib le  a n d  lead to the co m pound  (-1) 

configurations £ (2 1 .0 .7 ,8 )  and  £ (4 2 .1 4 .7 .1 5 )  respectively. For n  > 7 there  are 

po ten tia lly  an  infinite num ber o f solutions.

3.3 T h e Case n — 7

As in the  quasi-hom ogeneous case, these linear system s w ith  nine po in ts  (i.e. when 

n  is seven) are  unusual. We will see infin itely  m any irreducib le (-1) classes. We 

m ust s till consider separa te ly  m i = m ± l .
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3 .3.1 m i =  m  — 1

For n  =  7. th e  (-1) classes w ith  n i l  =  rn — 1 com e from  so lu tions to  x  =  rri ±  yjrri 

(from  equation  3.6). C learly, m  m ust be a  perfect square . Set r n  =  z~ for r  >  I. so 

th a t  x  = z 2 ±  z.

For x  =  z~ — z. y  — 2z ( z  +  1). an d  we get th e  class w ith

2z~ 4-3  2 
m 0 =   ^-----

2 im [ =  2 — 1.

a n d  rn = z 2. O f course, n =  7. From  th e  equa tions  for d  a n d  /no we see th a t  c 

m ust be even. M ake th e  s u b s ti tu tio n  z  =  2a for a >  1. an d  these classes take the  

form

d  =  12a" 4- a . 

rno - 4 a 2 4- 3a. 

m i  =  4 a 2 — 1.

m  =  4 a 2 an d  n  =  7.

For x  = z 2 +  z. y  =  2z ( z  — 1). a n d  we get th e  class w ith

2 z 2 -  3z  
m 0 =  ----- -------

m  i = z 2 — 1,
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m  =  z 1. a n d  n  =  7. Again z m ust be even, so s u b s ti tu te  z =  2a for a > 1 to  rew rite  

th is  class as

d — 12a2 — a. 

rtiQ =  4 a 2 — 3a, 

m i  =  d a 2 — 1.

rn =  4 a 2 an d  n  =  7.

T h ese  two sets o f classes m ay be com bined , g iv ing  th e  following p roposition .

P r o p o s i t i o n  3 .3 .1  All ( - 1 )  classes w i t h  n  =  7 and  t t i \  — ni — 1 are o f  t h e  f o r m

£ ( 12a2 4- a , 4 a 2 -1- 3a, 4 a 2 — 1, 7, 4 a 2)

f o r  some  a ^  0.

T h e  irred u c ib ility  o f these classes is d iscussed  in sec tion  3.3.3.

3 .3 .2  n i \  — tn -f- 1

For n  =  7 a n d  m  > 1. (-1) classes w ith  m \  =  m  +  l  com e from  so lu tions to

2 m  4- 1 ±  \JAm 4- 1 
X ~  2

(from  eq u a tio n  3.10). We see th a t Am  4- 1 m ust be a  perfec t square . Set rn = a' ~ 1. 

T h e n  x  =  a*~r ^ - 2<1. C learly a m ust be o d d . Let a — 2z  4- 1, and  th is  sim plifies to 

give x  =  z~ o r x  =  (z  4- l ) 2, and  m  -  z ( z  4- 1).
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C onsider th e  case x  =  (z4- l ) 2. T h is  gives y  =  2z 2. T he  ca lcu la tio n  d  =  J—'J^-Un 

gives d  =  T h is  requ ires th a t  z be  o d d  as well. Let z =  2p 4- 1. and  we are

finally led to the  class w ith

d =  12p 2 4- 17p 4- 6.

rri o =  4p2 4- 3p, 

m i  =  4p2 4- 6p 4- 3. 

rn — 4p2 4- 6p 4- 2.

an d  n  =  7. for all p  >  0.

T he case x  = z~ works o u t sim ilarly. We are  led to  the  conclusion  th a t  z is even 

an d  make th e  su b s titu tio n  z =  2p. T h is  gives the  class w ith

d - - 12p2 4- 7p 4- 1.

mo =  4p2 4- op 4- 1. 

rn i =  4p2 4- 2p 4- 1. 

m  =  4p2 4- 2p.

a n d  n  = 7. for all p > 1.

These two sets of classes can also be com bined. R eplace p  by — p — 1 in the

second set o f classes to  get th e  following. N otice th a t  the  case p  =  — 1 is the class

£ (1 .1 ,1 ,7 ,0 ) ,  a  line th ro u g h  two po in ts , so th is  does give a  (-1) class as well (the

(-1) class w ith  n  — 7 a n d  m  =  0).
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P ro p o s it io n  3 .3 .2  A ll  (-1) classes with n  =  7 and m i  = m  -t- 1 are o f  the fo rm

£ (  12p 1 4- 17p  4- 6 .4 p 2 4- 3p. 4p2 4- 6p 4- 3. 7 .4p2 4- tip 4- 2) 

f o r  some p  €  Z .

3 .3 .3  I r r e d u c i b i l i t y  

P r o p o s i t i o n  3 .3 .3  .4// classes

£ (  12a~ 4- a . 4a" 4- 3a. 4a" — 1.7. 4 a " )

f o r  a  ^  0. and

£ (1 2 p 2 4- 17p 4- 6. 4p2 4- 3p. 4p l  4- tip 4- 3. 7. 4/j2 4- tip 4- 2) 

f o r  all p — 1 are irreducible.

P r o o f :  To see th is, it is enough to show th a t one class is irreducible, and  th a t all

o thers reduce to each o ther.

The class co rrespond ing  to a =  1, £ (1 3 . 7. 3. 7, 4). reduces to  a line th rough  two 

po in ts by the  following C rem ona tran sfo rm atio n s (cen tered  a t th e  first th ree  po in ts 

in each case).

13 7. 4. 4. 4. 4. 4. 4. 4, 3
11 o . 4. 4. 4, 4, 4. 3, 2. 2
9 4, 4. 4. 3. 3, 2, 2. 2. 2
6 3, 3, 2. 2. 2. i  I, L 1
4 2. 2. 2. 1. 1, 1, L 1
2 L 1, 1, 1, 1
1 1; 1
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T he following tra n sfo rm a tio n s , centered a t  th e  underlined  po in ts , tak e  the  class

c o rre sp o n d in g  to  a to  th e  c lass  c o rre sp o n d in g  to  a 4- 1.

1 2 a2 4- a: 4 a 2 4 -3a. 4a2 — l . ( 4 a 2) ‘

12 a 2 4- 2a: 4 a 2 4- 3a. 4a2 — 1, (4 a 2 4- a ) '1. (4a2 ) 1

12a2 4- 4a: 4 a 2 4- 3a. 4a2 — 1. (4 a 2 4- a)'5. (4a2 4- 2aV*. 4 a 2

12a- 4" I o. 4- 1 : (4a2 4- 3a)2 ,4 a 2 4- 4a 4- 1. (4a2 4- a)" .

(4a2 4- 2a)3 .4 a 2 4- 3a 4- 1
12a2 4- 10a 4- 2: (4a 2 4- 3a)2. (4a2 4- 4a  4- l ) 3 .4 a 2 4- 5a 4- 1.

(4a 2 4- 2a)". 4 a 2 4- 3a 4- 1

12a- 4- 13a 4~ 3: (4a2 4- 3a)‘ . (4a2 + 4 a 4  I )3. (4a2 -r 5a -  1):1.

4 a - 4- 6a  4” 2
12a2 4- 16a 4- 5: (4a 2 4- 6a 4- 2)3 .4 a 2 4- 7a 4- 3. (4a2 4- 4a 4- 1)".

(4a - 4- 5a 4* 1)

12a2 4- 19a 4- 7: (4o- 4* 6a 4- 2) , (4 a - 4- / a 4- 3)3. 4a~ 4~ 8 a 4" 3.

(4a2 4- 5a 4- 1)~

12a2 4- 22a +  10: (4a2 4- 6a 4- 2)” . (4 a 2 4- 7a 4- 3) \  4 a 2 4- 8 a  4- 3.

(4a2 4- 8a 4- 4 )2 .4 a 2 4- 9a 4- 5
12a- 4~ 25a 4- 13: (4a2 4- 9a 4- 5)3 .4 a 2 4- 10a 4- 6 . (4a2 4- 7a 4- 3)"

4a - 4- 8 a 4- 3, (4a- 4" 8 a 4—1)~

12a2 4- 28a 4- 16: (4a 2 4- 9a 4- 5)3. (4 a 2 4- 10a 4- 6 ) '\  4 a 2 4- 8 a  4- 3

4 a - 4- 11a 4~ 7 .4 a - 4~ 8 a  4—1
12a2 4- 26a 4- 14: (4a- 4" 9a 4* 5) . 4 a - 4- 8 a 4” 3. 4 a - 4- 1 la  4~ 7,

(4a- 4- 8a 4* 4)^
12a2 4- 25a 4- 13: 4 a - 4~ 11a 4" 7 ,4 a - 4~ 8 a  4- 3. (4a- 4* 8 a 4- 4 ) 1

T h is  last class m ay b e  rew ritte n  as

£ (1 2 (a  4- 1)“ 4- (a  +  l ) ,4 ( a  4- l ) - 4- 3 (a 4- i ) ,4 ( a  +  1)“ — 1. r .4 ( a  4- I ) - ).

th e  class co rrespond ing  to a +  1. Since C re m o n a  tran sfo rm atio n s a re  th e ir  own 

inverses, reversing th is  red u c tio n  will take th e  c lass co rresponding  to  a to  the  class
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corresponding  to  a — 1. as well. T h is  proves th a t a ll classes o f th is  form  transfo rm  

to each o ther, a n d  a re  therefo re  a ll irreducib le  since the  a =  1 case is irreducib le.

T h e  following tran sfo rm atio n s , cen tered  a t the underline po in ts , take the  class 

corresponding  to  p  to the  class co rrespond ing  to p 4- 1.

12p2 4- 17p 4- 6 : 

12p2 4- 16p 4- 5:

12p- 4- 14p 4“ 4:

12p2 4- 17p 4- 6 : 

12p2 4- 20p 4- 8 : 

12p2 4- 23p 4- 11:

12p2 4- 26p 4- 14: 

12p2 4- 29p -r 17: 

12p2 +  32p +  21: 

12p2 4- 35p +  25: 

12p- 4- 38p 4- 30:

12p~ 4* 40p 4~ 33: 

12p2 4- 41p 4- 35:

4p2 4- 3p. 4p2 4- 6p 4- 3. (4p2 4- 6p 4- 2 )' 

4p2 4- 3p. 4p2 4- 5p 4- 2. (4p2 4- 5p 4- l ) 2. 
(4p2 4- 6p  4- 2)°

4p~ 4- 3p.4 p “ 4- 5p 4- 2. (4p_ 4- 5p 4- I ) - .

(4p2 4- 4p 4- l ) 3. (4p2 4- 6p 4- 2 )2

(4p2 4- 6p 4- 2)3. 4p2 4- 5p 4- 2 . (4p2 4- 5p 4- 1)‘ .
(4p2 4- I p  4- 3 )2 . 4p2 4- 4p 4- 1
(4p2 4- 6p  4- 2) ' \  4p2 4- 8p 4- 4. 4p2 4- 5p 4- 1.

4p2 4- 8p 4- 3. (4p2 4- 7p 4- 3 )3
4p2 4- 6p 4- 2. (4p2 4- 8p 4- 4 )2. 4p2 4- 8p 4- 3.

(4p2 4- 7p 4- 3)3. (4p2 4- 9p 4- 5 )2

(4p2 4- 9p 4- 5)3. (4p2 4- 8p 4- 4)". 4p2 4- 8p 4- 3.

4p2 4- 7p 4- 3 . (4p2 4- lOp 4- 6 ) 2

(4p2 4- 9p 4- 5)3. (4p2 4- l i p  4- 7)2. 4p2 4- Sp — 3 .

(4p2 4- lOp 4- 6 ) 3

4p2 4- 9p 4- 5 . (4p2 4- l ip  4- 7)3. (4p2 4- 10p 4- G)3. 

(4p2 4- 12p 4- 9 )2

(4p2 4- 12p +  9)3. (4p2 4- l i p  4- 7)3. 4p2 +  lOp 4- 6 . 

(4p2 4- 13p 4- 10)2

(4p2 +  12p +  9 )3, (4p2 +  14p +  12)2. 4p2 +  l i p  +  7

4p~ 4- 13p 4-11 . (4p- 4- 13p 4- 10)“
4p2 +  1 lp  4- 7, 4p2 +  13p -4 11. (4p2 -r 13p 4- 10)~ 

(4p2 +  14p 4- 12)5
4p 2 4- l i p  4- 7. 4p2 4- 14p 4- 13, (4p2 4- 14p 4 -12)'

T h is last line m ay be w r itte n  as

£ (1 2 (p  4- l )2 4- 17(p 4- 1) 4- 6 , 4(p 4- l ) 2 4- 3(p 4- l ) ,4 (p  4- l )2 4 -6 (p  +  1) + 3 .
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7 .4(p 4- l ) 2 -f- 6(p -+-1)4-2).

th e  class corresponding  to p 4- 1. T h is  shows how all of these classes transfo rm  to 

each o ther.

T h e  class corresponding  to  p  =  0 is £ ( 6 .0 . 3. 7. 2). This class is show n to be

irreducib le  by the following tran sfo rm atio n s (all centered at the  first th ree  points).

6 : 3. 2. 2. 2, 2. 2, 2. 2
5: 2. 2. 2. 2. 2. 2, 1. 1
4: 2. 2. 2. 1 . 1. 1. 1. 1
2 : 1. 1. 1. 1 . 1
1: 1. 1

Since the  case p =  0 is irreducib le , all of these  classes are irreducible. I

T hese  collections o f irreducib le  (-1) classes sum  to the com pound (-1) configu­

ra tions

£ (8 (1 2 n 2 4- a), 8(4a2 4- 3a). 8 . 8 -4 a 2 -  1). 

for a  ^ 0 . an d  the (-1) configurations

£ (8(12p2 4- 17p +  6 ) ,8 (4 p 2 4- 3p, 8 , 8(4p2 4- 6p +  2) 4- 1)

for all p (com pound if p  7  ̂ — 1 ).

3 .4  T he Case n — 8

T h e  classes w ith  n  = 8 a re  generally  reducib le  an d  contain the irreducib le  quasi 

hom ogeneous class w ith  the  sam e to ta l n u m b er o f points, the  class £ (1 2 .8 ,9 .3 ) .
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T h e  excep tions occur only  when rn =  1 an d  ni \  =  m  — 1. a n d  in the  case w ith  

m  =  0 and  m i  =  m  +  1. T he  m ethod  used to  prove th is  con jec tu re  can  be ex tended  

to  prove a  s im ila r conjecture  for all classes w ith  n  > 8 .

3 .4.1 mi  =  rn — 1

T h e  classes w ith  =  rn — I an d  m  =  1 were d iscussed  se p a ra te ly  in  Section 3.1. 

All o ther classes w ith  m i  = m  — 1 com e from  fac to riza tio n s  x y  =  2 m ( m  — 1) w ith  

rn > 2. T hese  classes will have the form

x  + y -r  3 rn
cl =

rriQ -

2

y  — x  -f- m  
~

m i  = m  — 1

2* +  y , .,n  — ------------r  3 =  b
rn

As before, solve th is  hist equation  for y  an d  solve x y  =  2rn(rn — 1) for x  to get

5m  ±  v 9 m -  -r 16rn 
x  — ------------------------------ .

L e m m a  3 .4 .1  Factorizations with x  =  Jm~v9m- + t6m n o £ [eaci  i0 ^ i j  claS!ies. 

In particular they ja i l  to satisfy condition d) o f  Proposi tion d. 1.1. that y + rn >  x  

(necessary f o r  mo > 0 ) .

P r o o f :  If x  has th e  above form, th e  co rresp o n d in g  y  has the  form

5 m  — V 9 m 2 +  16m  
y = ------------- 3---------------•
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In  o rd er for th is  to  lead to a  (-1) c lass we m ust have x  < y  +  m .  So we check

5m  4- \j9rri1 4- 16m  5m  — \/9 m 2 4- 16m
-I- rn.

4 9

T h is  sim plifies to

3 y / 9m'- 4- 16m <  9m .

For positive  m  th is  inequality  is c learly  false, and  th is  com pletes the proof. I

P roceed ing  as in the above p ro o f we check th a t classes w ith  x  =  ——v 9,"~— 

do sa tisfy  th e  cond ition  x  < y  4- m . We will assum e th a t  x  luis this form, a n d  th a t

9m  4- 3 v 9 m -  4- 16m 
m Q =  -----------------------   . (3.12)

A (-1) class C {d .m o , r r i i , 8 .m )  w ill con ta in  the cu rve  £ (1 2 .6 .9 .3 )  if th e  index 

o f in te rsec tio n  is negative, th a t  is. if V2d — 8mo — 3m  i — 24rn <  0.

P r o p o s i t i o n  3 .4 .1  All (-1) classes with rn\ =  m — 1. m  >  2. and n = 8 contain 

the curve  £(12 .8 .9 .3 ) .

P r o o f :  W rite  12c/ — Stuq — 3m i — 24m  in term s o f  rn. using the equa tions 3.11

an d  3.12. A fter sim plifying, we get

=  5m W 9; r  + i 6 ^ . This allows us to  w rite

d =
27m  4- \ /9 m 2 4- 16m

(3.11)
8

12 d  — 8mo — 3m i — 24m  =
9m  4- 6 — 3 \ /9 m 2 4- 16m

2
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T his  expression is c learly  negative for a ll m  > 2.

3 .4 .2  rn t =  m  4- 1

Classes w ith  m \  — rn 4- 1 a n d  m  >  1 com e from  facto rizations x y  =  2 m 2. Such a 

fac to rization  leads to th e  class w ith

x  4- y  4- 3m
d —

rriQ =

2

y — x  -t- in

m i  =  m  4- 1

2x + y  — 2
n   ------------------1 - 3 = 8

m

T his  last equa tion , again  forces x  to have the  form  x  = 5 rn - r  2 :r y 7 *J m  ~ — 20 m —4 
-t

L e m m a  3 .4 .2  Factorizations with x  =  —~Um~ 1 do not  laid to t - l )

classes. In particular, they fa i l  to satisfy x  < y  -f rn.

P r o o f :  If  x  has the  above form  then  y  =  v' 9.',rt'~~0m d . C heck th a t

5 m  4- 2 4- \ / 9m 2 4- 20m  4- 4 5m  4- 2 — \ /9 rn2 4  20 m  4- 4 ---------------------------------------  < --------------------------------------------- ■- rn.

T his  sim plifies to

3 \ / 9 m 2 4  20m  4  4 <  9m  4- 2,

a n d  th is  is false for positive  m .

We m ay assum e, therefore , th a t  x  =  om~r?—:/9tZL~i+20r7i±4 pQr x  ̂ we jiave t jiaE
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=  ■̂m+^+v'9m2-r-'20m±± This allows us to write

cl =
27m  6 +  \/9 m - +  20m 4- 4 

8
(3.13)

m 0 =
9m  -+- 2 3 \ / 9rn - +  20 m  -I- 4

8
(3-14)

P r o p o s i t io n  3 .4 .2  .4// (-1) classes with rn i = rn + 1. m  >  1. and n  - 8 contain

the curve  £ (1 2 .8 .9 .3 ) .

P r o o f :  We check th a t  for C(d. ttiq. m i . 8. rn). the index of in tersec tion  is negative.

S u b s titu tin g  equations 3.13 an d  3.14. we see th a t the  index of in tersection  is

3.5 T he Case n E ven and Larger than  E ight

We a tte m p t to use th e  m eth o d  of th e  preceding section to  prove th a t in g en e ra l the 

classes C{d. r nQ .m \ .n . rn )  w ith  n  even and  larger th an  eight con ta in  the irreducib le  

quasi hom ogeneous (-1) class w ith  the sam e to tal num ber of poin ts. W h en  n  is 

even, n  +  1 is odd. a n d  the irreducib le  quasi hom ogeneous (-1) class is

12d — 8mo — 3 m  i — 24 m  =
9m  +  8 — 3 \J 9m - +  20m  +  4

2

T his is negative for all m  >  1. I

n ( n  — 2) n ( n  — 4)
4 4
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T h e  m ethod  consists o f w ritin g  d. tciq. a n d  m i  in term s o f m  a n d  ri. th e n  showing 

th a t  the  index o f in tersec tion

n (n  — 2) n ( n  — 1) n  — 2 n  — 2
------------ c l ---------------- m n -------------7t i t  -  n  rn

4 4 2 2

is negative.

3 .5 .1  m i  = m  — 1

We analyzed  sep ara te ly  th e  (-1) classes w ith  m \  — m  — 1 a n d  rn =  1. T he (-1) 

classes w ith  rn i =  m  — 1 a n d  rn > 2 com e from  factorizations x y  =  2rri(rri — 1). For 

a  g iven  n.  x  m ust satisfy

(n  — 3)7ri ±  i / ( n - 7 ) ( n  +  l)7/t- 4- 16777
x  =  -----------------------------  •

L e m m a  3 .5 .1  Factorizat ions with x  =  (» l 7̂n f-0

(-1) classes. In particular  they do n o t  satisfy rriQ > 0.

r* -r f  t i * , ( r i —3 ) m — w  { n  — 7 ) (  n - r  i ) m - - r  l t i m  r  ,
P r o o f :  If  x  has the  above torm , th e n  y —    -̂------------------- . In order to

lead to a  (-1) class (w ith  rrio > 0). we m ust have th a t x  < y  4- rn. S u b s titu te  the  

expressions for x  an d  y  a n d  sim plify. We see th a t  x  < y  4- m  if a n d  on ly  if

3 \ / ( n  — 7) (n  4- l)77i2 4- I 6771 <  (n -r 1) rn.

B o th  side o f th is inequality  are  positive, so we m ay square b o th  sides a n d  sim plify 

ag a in  to see th a t th is  inequality  hold  if  a n d  only  if

8(n  — 8 )(n  4- l ) m 2 4- 16771 <  0.
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For rn > 2 a n d  n  > 8, th is in eq u a lity  is false. T herefo re , x  w ith  the above form 

does not lead  to  a  (-1) ckiss. I

P r o p o s i t i o n  3 .5 .1  All (-1) classes C { d . r r i Q .m \ ,n . r n ) . with n  even, n  > 8. m i =  

rn — 1. and  m >  2 are reducible and contain the irreducible quasi homogeneous class

1 . ^ ) .

i (n— 3)m— \/(n — ~)(n-~ L )m- - r  16m _  . . ,
P r o o f :  We m ay assum e th a t  x  =  ------------ -------  . r o r  tins x.  we have

, (ri-:3)rfiT-v/(n-7)(riT-L)m--i-Lfjm r . . .th a t  y =  ----------------   -̂--------------- . Use these expressions to w rite

, 3(n +  l )m  +  \ / ( n  — 7)(ri -r l ) rn -  -r IG/n , , , - >
d =  ---------------------    . (3.1 o )

(n -f- l )m  -1-3 \ / { n  — T)(n  +  l ) m ‘- -t- lGm 
77l0 : -----------------------------   ■ (3.1G)

Now check th a t  th e  index of in te rsec tio n  is negative.

n ( n  — 2) n ( n  — 4) n  — 2 n — 2
------------- d -------------------r r i n ---------------m> — n  rn

4 4 2 2

sim plifies to

(n 4- l ) ( n 2 — 9n  +  16)m 4- 8 (n  — 2) 4- n(5 — n)  \ / { n  — 7){n  4- l )m -  4- 16m
16 '

T h is  will be negative  if

(n 4- l ) ( n 2 — 9n  4- 16)m 4- 8(77 — 2) <  n ( n  — 0 ) \ J { n  — 7) (n  4- 1 )771- 4- 16m.

B oth  sides o f th is inequality  are p o sitiv e  for n  >  8 a n d  rn > 2. Square both sides 

a n d  sim plify. T h e  index  of in te rsec tio n  will be negative  if a n d  on ly  if

—32(77 4- 1)(77 — 8 )777“ — 3 2 (n 2 — 77 4- 16)777 4- 64(77 — 2 )2 <  0.

4 7
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For a  given value o f n  >  8. this expression is m axim ized w hen  rn =  2. If this 

expression  is negative w hen  rn =  2. it will be negative  for all m  >  2. W hen  rn =  2 

th is  inequality  reduces to

—64(2ri" — 1 In  — 4) <  0.

T h is  is tru e  for all n  >  II-rj l -3 . so ce rta in ly  tru e  for all n >  S. T h e  index of 

in te rsec tion  of C ( d .m Q .r r i \ . n .m ) .  w ith  n  even an d  n  >  8 an d  rrti =  rn — 1. with

n , n { n — 2) n ( n —4)  , , n — \ • i.* ■£ ( ~ 4— - 1. ls negative. I

3 .5 .2  rrii =  m  +  1

T h e  (-1) classes w ith  rrii =  m  -f- 1 and rn =  0 were taken  care o f earlie r. T he  (-1) 

classes w ith  m i =  rn -+- 1 a n d  rn > 1 come from  facto rizations x y  =  2rrr.  For a 

g iven n. x  m ust satisfy

(n — 3)m  4- 2 ±  \J{n — 7)(n +  l )m -  4- 4(n — 3)rn  -f- 4 
x  = ---------------------------------------------------------------------------------.

r  o rr o v  i ■ i- iL ( n - 3 ) m - r '2 - r \ / (ri-?){n— L)m-- r 4 ( ri- 3 )m -r-l .L e m m a  3 .5 .2  rac to n z a t io n s  with x  =  ----------------*-------- -̂-------------------------  do not

lead to (-1) classes. In particular they do not  satis fy  rriQ > 0.

P r o o f :  I f  a: has the above form, then  y  =  ^  order

to  lead  to a  (-1) class (w ith  rriQ > 0), we m ust have th a t  x  < y  + rn. S u b s titu te  the 

expressions for x  and  y  a n d  simplify. We see th a t  x  <  y  4- rn if a n d  only if

3 \ / { n  — 7 ) (n  +  l )m 2 4- 4 (n  — 3)m  4- 4 <  (n 4- l )m  4- 2.
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Both sides o f th is  inequality  a re  positive. Square b o th  sides a n d  sim plify  to  see th a t 

this inequality  is tru e  if a n d  on ly  if

8(n  -j- l ) ( n  — 8) +■ 16(2n — 7 )rn -i- 82 <  0.

This inequality  does not hold for any  n > 8 and  m  >  1. 1

P r o p o s i t io n  3 .5 .2  All  (-1) classes C (d .n iQ .r n i .n .r n ) ,  with even n  > 8. rrq =  

in -f 1. and m  >  1 are reducible and  contain the irreducible quasi homogeneous class

c  n r  .. { n - : l ) m + 2 - > / ( n - 7 ) (  n - r  1 ) m 2 —I l ( n - 3 ) m —-1 _P ro o f :  We m ay assum e th a t  x  — ---------------   -̂------------------------- . For th is

■ . 1 . ( n —3)m-r2-i- v /  (ri —7)(ri-r- I ) m 2 - r - l (n -3 ) rn -M  r r •x.  we have th a t y  =  ---------------     r,---------------- . u se  these expressions to

write

3 (n  l)m  4-6  4- \ / ( n  — 7)(n  +  l)ru -  4- 4 (n  — 3)m  4- 4
d — ----------------------------------------------------  :---------. o .l  i

8

(n 4- l )m  -+- 2 4- 3 \ / ( n  — 7 ) (n  4- 1 )rn- 4- 4 (n  — 3 ) in -j- 4
m 0 = ---------------------------------------- 3-----------------------------------------  (3.18)

o

Now check th a t th e  index o f in te rsec tio n  is negative.

n ( n  — 2) n ( n  — I) n  — 2 n  — 2
 j d ------------- j-------- r r i Q --------- -— r n \  — n — - — r n

4 4 2. 2.

simplifies to

(n  -I- 1) (n 2 — 9n  -I- 16)m 4- 2 (n2 — on  4- 8 )
16

^ n ( 5  — n) \ J (n  — 7 )(n  4- l ) m 2 4- 4 (n  — 3)m  4- 4
16
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This will be negative if

(ti -f l ) { n 2 -  9n  +  16) m  -I- 2 (n 2 —5n  + 8)

< n ( n  — 5) \ / ( n  — 7)(n  +  l ) m 2 +  4 (n  — 3 )rn -f 4.

B oth  sides o f this inequality  a re  positive, so we m ay sq u a re  b o th  sides a n d  simplify. 

T h e  index  o f in tersection  w ill be negative if a n d  only  if

—32(n +  l ) ( n  — 8 )m 2 — 3 2 (n 2 +  3ti — 16)m  -1- 64(n  — I) (ri — 1) < 0 .

It is c lear th a t  if th is in eq u a lity  holds for all n  > 8 an d  in = 1. then  it w ill be true 

for a ll n  > 8 and all rn > 1. W hen  rn =  1. th is  inequality  sim plifies to

- 6 4 (3 n  -  16) <  0.

T h is  is c learly  true  for all n  > 8. T herefore, the  index  o f in tersec tion  o f the  class 

C(d.  niQ. m i .  n. m).  w ith  even n  > 8 an d  m i  = m  +  1. w ith  the quasi hom ogeneous 

(-1) curve o f the form £ (  _ nin~J. 1 _ n  +   ̂ rĵ =-) is negative.

I

3.6 T h e Case n O dd and Larger th an  E ight

U sing th e  Lem mas 3.5.1 a n d  3.5.2. we can  prove th a t  a lm ost every class w ith  n 

od d  a n d  larger th an  eight. C ( d . T n Q . m i . n . m ) .  con ta in s th e  irreducib le  qu asi hom o­

geneous (-1) class w ith  th e  sam e  to ta l  n um ber o f  po in ts. W hen  n  is o d d , n  4- 1 is
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even, and  the  irreducible quasi homogeneous (-1) class is

( n +  1) ( n -  1)
£ ( — 2— — 2— n + l . U -

3 .6.1 m i  =  m  — 1

P r o p o s i t i o n  3 .6 .1  All  (-1) classes C(d. rriQ, m i .  ri. m ) . with n  odd. n  > 8. m i =

rn — 1. and  m  >  2 are reducible and  contain the irreducible quasi homoyen tous  class 

( r x - l )  ,n  +  L l ) _

P r o o f :  Use th e  expressions 3.15 an d  3.16 to  w rite  d  a n d  tuq in term s o f rn an d  n.

W rite  th e  index  of in tersection

(n  4- 1) (ti -  1)
   d    mo — rri\ — Tim.

T h is  sim plifies to

(n  — 6)(n  -!- l) rn  4- 8 4- (2 — n) \ / ( n  — 7 )(n  4- l )m -  4- 16rri

T his  w ill be negative if an d  only  if

(n  — 6)(n  4- l )m  4- 8 <  (n  — 2) (n  -  7 )(n  4- l)'m - 4- 16m.

B o th  sides o f th is  inequality  a re  positive  for n  >  8 a n d  m  >  2. S quare  b o th  sides

an d  sim plify . T h is  inequality  will hold if and  on ly  if

—8(n  4- l ) ( n  — 8 )m 2 — 16(n 4- 10)rn 4- 64 <  0.
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It is enough  to  check th is  is tru e  w hen m  =  1. W hen  m  — 1. th is  inequality reduces 

to

- 8 (n -  I )(n  — 4) <  0.

This is tru e  for all n  > 8. therefore the  index of in te rsec tio n  will be negative for all 

71 >  8 an d  m  >  2. I

3 .6.2 mi  =  m +  1

P r o p o s i t io n  3 .6 .2  Al l  (-1) classes C(d. with odd n  > 8 .  m \  =  m - r i

and with in >  1 are reducible and contain the ii-reducible quasi homogeneous class 

£(l r i+i )_ +  L L)_

P r o o f :  Use th e  expressions 3.17 and  3.18 to w rite  d  a n d  itiq in term s of m  and  n.

W rite the  index of in te rsec tion

(n +  1) [n -  1)
   d    m o  — m i  — n m .

This sim plifies to

(n — 6 )(n  +  l )m  +  2 (n — 2) +  (2 — n) \ J (n  — 7) (n  -t- l )m -  4- 4 (n — 3)m  -f- 4
8 '

This will be negative if an d  only  if

(n  — 6 )(n  +  l )m  +  2 (n  — 2) <  (n — 2) y /(n  — 7 )(n  -f l ) m ’2 +  4 (n  — 3)rn 4- 4.
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B oth  sides of th is inequality  a re  positive. Square  b o th  sides and  sim plify  to see that 

th is  in eq u a lity  is tru e  if a n d  on ly  if

—8 ( t i  4- l ) ( n  — 8)m " — 48(n  — 2 ) m  < 0.

T h is inequality  holds for n  >  8 an d  rn > L. therefore  the  index o f in tersec tion  is 

negative. 1

3.7 C onclusion

C om bin ing  the  resu lts  of th is  ch ap te r gives the  following list o f c o m p o u n d  (-1) 

configurations.

T h e o r e m  3 .7 .1  All  (-1) configurations constructed f ro m  irreducible quasi-quasi- 

homogeneous (-1) classes are on the following list.

a) The system  £ (1 2 ,0 .6 ,5 )

b) The system  £ (1 8 ,6 ,6 ,7 )

c) The system  £ (2 1 ,0 ,7 ,8 )

d) The system  £ (3 5 ,7 ,7 . 13)

e) The system  £ (4 2 ,1 4 . 7. 15)

f )  Sy s tem s  £ (2 e2 4- e. 2e~ — e — 1. 2e 4- 1. 2e). f o r  e >  1

g) Sys tem s  £ (e , e, e, 1), f o r  e >  1

h) Sys tem s  £ (8 (1 2 a 2 4 - a ) ,8 ( 4 a 2 4 -3a), 8 ,8 (4a2) — 1)
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f o r  a 0

i) Sys tems  £ (8 (1 2 p 2 4- 17p 4- 6). 8 (4p2 4- 3p). 8 .8(4p2 4- 6p 4- 2) 4- 1) 

fo r  p #  - 1 .

T hese (-1) configu rations a re  all com pound  except case g) w hen e =  1.
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C hapter 4

Special System s W ith  m  =  4

A linear system  C is (-1) special if th ere  are (-1) curves A t  Ar such th a t C -A j  =

—N j  w ith  N j  >  1 for every j  a n d  N j  > 2 for some j. w ith  the residual system  Ad - 

C  — Nj  A j having non-negative  v irtu a l d im ension  a n d  non-negative in tersection  

w ith  every (-1) curve A j .  T h e  (-1) curves A j  m ust be pairw ise d isjo in t.

It is know n th a t every (-1) special system  is special. T he m ain  con jectu re  is 

th a t  every special system  is (-1) special. We begin  by classifying the  (-1) special 

linear system s.

4.1 (-1) Special S y stem s

Suppose th a t  C ( d . m o . n . i )  is a  (-1) special linear system . T hen  C m ust be one of 

two possib le forms. T h e  first possib ility  is th a t

C — M  + N - C .
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where v ( f A )  > 0 an d  M.  • C  =  0. In  th is case N  is 2. 3, or 4. an d  the  (-1) curve 

or configuration C  =  £(d\  1). o r N  is 2 and C  =  £(S.  f i o . n . 2 ) .  T h e  second

possibility  is th a t

£  =  2 Ci  +  2C)-

In  this case C\  an d  Co m ust be d isjo in t (-1) curves or configurations.

The following is a  com plete list o f (-1) curves and  configurations w ith  rn < 2.

£ (2 .0 .5 .1 )

£ ( e .  e — 1. 2e. 1) e >  1

£ { e .  e .e . 1) e >  1 com pound for e >  2

£ (6 . 3. 7. 2)

£ (3 . 0 .3 . 2) com pound

Note th a t the only d isjo in t curves on  th is  list are  £ (e . e — 1. 2a. 1) a n d  £ (2 e . 2e. 2e. I). 

We may now classify (-1) special curves w ith  m  = 4.

T h e o r e m  4 .1 .1  The quasi homogeneous (-1) special systems  with rn =  4 are those 

systems £{d.  iuq. n .  4) on the follo wing list:
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m 0
0 £(d,  d, e. 4) d  > 4e >  4
1 £ so ft. 1 o> JO

. d > l e  >  1
2 £ (d .  d -  2, e. 4) d  >  9e+r >  10— .5 — 3
2 £ (6 e .6 e  -  2 .2 e .4 ) e >  1
3 £ (5 e . 5e — 3 .2e. 4) e >  1
3 £ (5 e  4- 1 .5e — 2 .2e. 4) e >  1
4 £ (4 e . 4e — I. 2e. 4) e >  1
4 £ (4 e  4- 1.4e -  3 .2 e .4 ) e >  1
4 £ (4 e  4- 2 .4e — 2. 2e. 4) e >  1
5 £ (5 .0 .2 . 4)
5 £ (6 .1 ,2 . 4)
5 £(S . 3 ,4 ,4 )
5 £ (9 ,4 ,4 ,4 )
5 £ (1 2 .7 ,6 .4 )
5 £ (1 5 .1 0 ,8 .4 )
6 £ (6 .0 , 2 .4)
o £ (6 .0 .3 .4 )
6 £ (8 .2 . 4. 4)
6 £ (1 2 .6 .7 .4 )
7 £ (9 .2 , 5 ,4)
8 £ (8 .0 ,5 .4 )
8 £ (9 .1 .5 .4 )
9 £ (9 ,0 .5 .4 )

P r o o f :  S uppose  th a t  £  = M. + N C  w ith  N  — 2. 3. or 4. We beg in  w ith  N  =  4.

S uppose  th a t  £ ( 2 ,0 .5 .  1) sp lits  off 4 tim es from  £{d ,  mo. 5. 4). T h e n  th e  residual

system  AA. =  £ { d  — 8, mo. 5, 0). AA is d isjo in t from  £ { 2 . 0, 5. 1) on ly  if d  =  8. and  so

v(AA)  =  0 im plies th a t  mo =  0. T h u s we have the  class 4 - £ ( 2 .0 ,5 .  1) =  £ (8 .0 .5 .4 )  

w ith  v ir tu a l d im ension  —6, b u t d im ension 0.

S uppose  th a t  .4 =  £ ( e .e  — 1.2e. 1) sp lits  off 4 tim es from  £(r/. m o. 2e. 4). Then 

AA = £ ( d  — 4e. mo  — 4e -f 4, 2e. 0). We require th a t

AA ■ A  = e{d — mo  — 8) 4- m o 4-4  =  0
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so th a t  mo >  d  — 8. T hen  u(A4) > 0 implies th a t  mo < d  — 1. T h e re  a re  four 

possib ilities for mo-

■mo =  d  — 7: M. ■ A  =  e(d — mo  — 8) 4- mo + 4 =  0 im plies th a t e =  d  — 3. T h en

u ( M )  — —12d  +  .49 >  0 implies th a t  d  <  4. This, however, m akes m 0 <  0.

rriQ =  d — 6: .Vf • .4 =  e(d — mo — 8) +  mo -r 4 =  0 im plies th a t d  =  2e +  2. B ut

d  >  4e an d  e >  1. so e =  1 an d  d — 4. A gain this m akes mo <  0.

mo = d — 5: M. ■ .4 =  e{d — mo  — 8) +  mo  + 4 =  0 im plies th a t d — 4e 4- 1. B ut

d > 4e an d  e > 1. so e =  1 an d  d  =  4. T h is makes m 0 =  — 1.

mo =  d — 1: A4 • -4 =  e(d — mo  — 8) +  m() +  4 =  0 im plies th a t d  =  4e. T h is 

gives th e  system  £ (4 e .4 e  — 4 .2 e ,4 ) . for all e > 1.

S uppose th a t  .4 =  £ (e .e .e .  1) sp lits  off 4 times from  C(d.  nio. e. 4). T h e n  =  

C(d  — 4e, mo — 4e. 2e, 0). VVe require  th a t

j\4 ■ .4 =  e(d  — le) +  e(/rio — 4e) =  0.

so th a t  d  =  mo- Now v(j\4) > 0 w henever d > \e.  T h is  gives the  system  C(d. d. e. 4)

w henever d > 4e >  4.

T h is  com pletes the  N  =  4 analysis.

Suppose th a t  .4 =  £ (2 ,0 ,5 .1 )  sp lits  off 4 times from  C{d, mo, 5 .4 ). T h e n  .M =  

C(d  — 6. m o, 5 ,1 ) . and  M. ■ .4 =  2d — 17. T h is can never be zero, so th is  case  canno t 

occur.

Suppose th a t  A  =  £ (e , e — 1.2e. 1) sp lits  off 3 tim es from  £ (d , mo. 'le. 4). T h en
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M. = C{d  — 3e. mo  — 3e 4- 3. 2e. 1). We requ ire  th a t

M. - A  =  e(d  — mo — 8) +  m o 4 - 3 = 0 .

T h is  forces mo >  d — 8. T h e n  v{M.)  >  0 requires mo <  d — 3. an d  th e re  are  five 

p ossib ilities for mo-

771q = d  — 7: -M - .4 =  d — e — 4 = 0  im plies th a t  mo =  e — 3. b u t riiQ > lie — 3. 

T h is  case canno t occur.

m o — d  — 6: M. ■ .4 =  d — 2e — 3 =  0 im plies th a t mo =  2e — 3. b u t mo >  3e — 3. 

T h is  case canno t occur.

rriQ = d  — 5: M  ■ A  =  d — 3e — 2 =  0 im plies th a t d  =  3f̂  -r 2 an d  mo =  3e — 3.

In th is  case M.  =  £ (2 .0 .2 e . 1) and  v( j\4)  > 0 forces e to be 1 o r 2. T hese are  the

system s 22(5.0 .2 .4) and  £ ( 8 .3 .4 .4 ) .

77zo =  d — 1: yVd • .4. =  d  — 4e — I =  0. so d  =  4e -f I and  mo =  4e — 3. Now 

M. — C(e  +  I .e .  2e, 1) has v irtu a l d im ension  2 for all e. Therefore we have the (-1) 

special system  £ (4e  -f 1.4e — 3 .2e . 4) for a ll e > I.

mo =  d  — 3: M. ■ .4 =  d — 5e =  0. so d =  5e an d  mo =  5e — 3. Now M. — 

£ (2 e . 2e, 2e, 1) has v irtua l d im ension  0 for all e. T his gives the  system  £ (5 e .5 e  — 

3, 2e. 4) for all e >  1.

S uppose  th a t  .4 =  £ ( e .e .e .  1) sp lits  off 3 tim es from  £ (d . m o .e .4 ) . T h en  .Vf =  

£ (d  — 3e. mo — 3e. 2e. 1). We requ ire  th a t

j \4 ■ .4 =  e(d — mo — 1) =  0.
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so th a t  mo =  d — 1. Now u(.M) =  2d  — 7e >  0 if d  >  ^e. T iiis gives th e  sy stem s 

£ (d , d  — 1. e. 4) for every d > -je > ^ .

T his  com pletes the iV =  3 analysis.

Suppose th a t  .4 =  £ (2 .0 , 5 .1) sp lits  off tw ice from  £ (d . m 0. 5 .4 ). T h en  A4 =  

C{d — 4. m o, 5. 2), and  M.  • .4 =  2d  — 18. so d  — 9. u(.M ) >  0 im plies th a t 0 <  

M  — 0 <  2. T h is  gives the system s £ ( 9 .0 .5 .4 ) .  £ (9 . 1 .5 .4 ) . and  £ (9 .2 . 5. 4).

Suppose th a t  .4 =  £ (e .e  — 1.2e, 1) sp lits  off tw ice from  £ (d . mo. 2e. 4). T h e n  

M.  =  £ (d  — 2e. mo — 2e 4- 2. 2e. 2) an d  M. ■ .4 =  e(d  — mo — 8) +  mo +  2. T h is  forces

mo > d — 8. We also have mo < d — 2 so th a t  u (,M ) >  0. T h e re  are six possib ilities

for mo.

mo =  d — 7: M. ■ -4 =  d — e — 5 =  0. so d  =  e 4-5 a n d  m 0 =  e — 2. But niQ > 2e — 2. 

so th is  case canno t occur.

mo = d — 6: A4 • .4 =  d — 2e — 4 =  0. so cZ =  2e 4- 4 a n d  mo =  2e — 2. Now 

v{M.)  =  14 — 6e >  0 implies th a t  e is 1 or 2. T h is  leads to  th e  system s £(G. 0. 2. 4) 

an d  £ (8 . 2. 4 .4 ).

mo — d — 5: - .4 =  d — 3e — 3 =  0. so d =  3e + 3 an d  mo =  3e — 2. T h e n

v(j\A)  =  9 — 2e >  0 implies th a t  e is 1. 2, 3, o r 4. T hese  system s are  £(t>. 1 .2 .4 ) .  

£ ( 9 .4 .4 ,4 ) ,  £ (12 . 7 ,6 ,4 ) , and  £ (1 5 ,1 0 , 8 ,4 ).

mo =  d  — 4: M. ■ .4 =  d — 4e — 2 =  0. so d  =  4e 4- 2 a n d  mo =  4e — 2. In  th is

case u(A4) =  5 for all e, giving the  system s £ (4 e  4- 2 .4 e  — 2 ,2 e ,4 ) for all e >  1.

mo =  d  — 3: • .4 =  d — 5e — 1 =  0, so d  — 5e 4- 1 a n d  mo =  5e — 2. T h is  tim e

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



u(j\4) =  2 for a ll e. giv ing the sy stem s £ ( 5e 4 -  1.5e — 2 .2 e .4 )  for a ll e >  1.

mo =  d — 2: M. ■ A  — d — 6e =  0. so d — 6e and  m 0 - iSe — 2. b u t v ( M )  =  —2 

for all e. T h is  m eans th a t  £ (e . e — 1. 2e. 1) canno t sp lit off by itse lf  in  th is  case. We 

will see la te r  th a t  th is  case does occur w hen C (e .e  — 1.2e. 1) a n d  £ (2 e .2 e .2 e . 1) 

b o th  split.

Suppose th a t  A  =  £ (e . e.e .  1) sp lits  off tw ice from  £ (d . m 0.e . 4). T h en  M.  =  

C(d  - 2e. mo — 2e. e. 2) an d  M.  - .4 =  e{d — rno — 2). T h is  forces mo =  d — 2. Now 

v ( M )  = \\d — 9e — 1 > 0  occurs w henever d  >  T h is  gives a  (-1) specia l system

C{d, d — 2.e .  4) w henever cl > ^

Suppose th a t  .4 =  £ (6 . 3. 7. 2) sp lits  off tw ice from C{d. r r i Q .  7. 4). T h e n  M  ■ .4 =  

6d — 3mo — 54 an d  rno — 2d — 18. Now v(„\A) >  0 only if d < 12. b u t d  >  12 since 

.4 sp lits off tw ice. T herefo re  d =  12 a n d  the  system  is £ (  12. (j- 7 .4 ) =  2.4

Suppose th a t  .4 =  £ (3 . 0. 3. 2) sp lits  off tw ice from £(cZ. m o. 3. 4). T h e n  M. ■ .4 =  

3 (d — 6) =  0 im plies th a t  d =  6. a n d  u(.M ) >  0 im plies th a t  mo =  0. giving the  

system  £ ( 6 .0 ,3 .4 )  = 2 .4 .

T his com pletes th e  analysis o f  th e  case w here one curve sp lits  off tw ice. T he final 

possib ility  is th a t  £  =  M  4 -  2A'\ 4 -  2N>.  w here N i  an d  N-> a re  d isjo in t (-1) curves 

o r  configurations. As m entioned  previously, £ ( e ,e  — l ,2 e .  1) a n d  £ (2 e . 2e. 2e. 1) 

a re  the only  possib ilities  for N i a n d  iV > . In  th is s itu a tio n , th e  res id u a l system  is 

A4 — C(d — Ge. mo  — tie 4- 2, 2e. 0). W  and  Aro in tersect M.  as

M . ■ £ (2e , 2e, 2e, 1) =  2e(cl — mo) — 4e =  0.
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M. ■ £ (e , e — 1. 2e. 1) =  e(d  — mo — 8) 4- mo +  2 = 0 .

From  th e  first equa tion  we get th a t mo =  d — 2. From  th e  second we th en  have 

d =  6e. Now n(y\4) >  0 im plies th a t mo =  fie — 2. T h is  leads to th e  (-1) special 

system s 2 N i  +  2No =  £ (6 e . 6e — 2. 2e. 4) for every  e >  1.

I

4.2 Large mo

T h e  cases w ith  mo > d — 5 are dealt w ith  by th e  following lem m as from  [CM1] 

(m odified  to th e  case rn =  4).

L e m m a  4 .2 .1  Let C -  C ( d . d  — 4 ,n .4 ) .  with d  > 4. Write  d  = Aq +  jj. with

0 <  ix <  3. and  n  — 2h +  e, with e G {0. 1}. Th e n  the sys tem  £  is special i f  and

only i f  q =  h, e — 0 and p. < 2.

In  p a rtic u la r . C{d.d  — 4. n .4 )  is special if a n d  only  if it is one o f th e  following 

types:
p. =  0 C{Acp Aq — 4. 2q, 4) 

f i -  I £(4r/ +  1. Aq — 3. 2q. 4)

p  =  I £ (4q +  2. Aq — 2, 2q, 4)

T hese  agree w ith  the  list in  theorem  4.1.1.
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L e m m a  4 .2 .2  Let £  =  C ( d .d  — 1 +  k.ri .  4) with k  >  1. arid let 

£  =  C(d  — kn .  d  — k n  — 4 k. n .  4 — k).

Then  d im  C =  d im  £  and  C is non-special unless either

(a) k  > 2 and £  is n o ne m p ty  and non-special, or

(b) £  is special.

A gain, we com pare these  resu lts  w ith  the  list in T heo rem  4.1.1. if k  =  1. 

C - £ { d . d  — 3. n . 4) an d  £  =  £{d  — n . d  — n  — 3 .n . 3). a  system  w ith  rn - ; 3. 

C is special if and  only if  £  is special. T h e  special quasi hom ogeneous system s 

w ith  m  <  3 are  classified in [CM1]. £  is special if a n d  only if it is o f the form 

£ (3 e . 3e — 3. 2e. 3). or £ (3 e -i-1 .3e —2. 2e. 3). T hese lead to  system s C(oe. be — 3. 2e. 4) 

an d  £ (5 e  4- 1 .5e  — 2 .2 e .4 ) . T hese ap p e a r  on the list in T heorem  4.1.1. and  they  

are  th e  on ly  classes on th e  list w ith  d  — mo =  3.

If k = 2. £  = C ( d .d  — 2 .n .4 )  an d  £  - C(d  — 2n . d  — 2n  — 2 .n .2 ) .  £  is 

nonem pty  a n d  non-special if d >  9n.~1. £  is special if an d  only if it has the  form 

£ ( 2 e ,2 e  — 2, 2e .2 ). T h is  gi%res £  = £ (6 e ,(ie  — 2. 2e.4). T hese  agree w ith  the list in 

T h eo rem  4.1.1.

If k  =  3, £  =  £ ( d , d  — 1,71.4) an d  £  — £ ( d  — ' i n .d  — 3ri — l . n ,  1). £  is 

non-special since m  =  1 a n d  nonem pty  if d > If  k  =  4. £  — £ ( d . d . n . A )  and  

£  =  £ ( d  — 4n . d — 4ri, n.  0). £  is non-special since m  =  0 an d  nonem pty  if d >  4n. 

T hese cond itions m atch  those  on  the  list in T heorem  4.1.1.
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L e m m a  4 .2 .3  Let  £  =  C ( d . d  — 5. n . 4) with d >  5. Write d  — '.iq 4 - p  with

0 <  p  <  2. and tl =  2h ~  e with e G {0. 1}. Then the sy s t e m  C is non-special  unless

(a) q — h + I. p  =  e =  0 and  h < 4. or

(h) q = h. e =  0. and Aq <  p ( p  4- 3).

C ase (a) gives th e  system s C{3/i -f 3 .3 h — 2 .2h .A )  w here 1 <  h  <  4. These 

a p p e a r  on the  list in T h eo rem  4.1.1. In case (b). fj =  0 an d  p  =  1 b o th  force 

d < 5, so we are left w ith  p  =  2 and  q =  1 or 2. T hese  a re  th e  sy stem s £ (5 .0 ,2 .4 )  

and  £ ( 8 .3 .4 .4 ) .  T hese  acco u n t for a ll the system s w ith  d  — tuq =  5 on  the  list in 

T h eo rem  4.1.1.

T h e  m ain  con jec tu re  holds for quasi hom ogeneous system s w ith  rn = 4 and 

mo >  d  — 5.

4.3 T h e D egen eration

To finish the  classification o f special system s we use th e  d eg en era tio n  of th e  plane 

described  in detail by C ilib e rto  an d  M iranda [CM1]. T h e  general p lan  relies on 

the  fact th a t  if the po in ts  a re  in  specia l position , the  d im ension  o f th e  system  can 

only increase. We a tte m p t to  find a  special position  for th e  po in ts  th a t  allows us 

to  ca lcu la te  the  d im ension , b u t such  th a t the  d im ension  is not g re a te r  th a n  the 

expected  dim ension. We a re  ab le  to  do so because th e  d eg en era tio n  affords us a 

g rea t dea l o f flexibility.

Briefly, we consider V  =  P 2 x A 1 and  X .  the  b low -up  in th is  th ree-fo ld  of
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a line in P 2 x {0}. We have th e  p ro jec tions  pi  : V  —> A 1 a n d  po : V  ?"• 

the blow up m ap /  : X  —> V .  a n d  th e  com positions 7iq = p\  o /  : X  —>• A1 and  

7t -2 =  po ° /  : X  —i- P 2. Let X t be th e  fiber o f Tiq over t in A 1. T h e n  X t = P 2 if I ^  0. 

In Xo, the  d eg en era tio n  produces two surfaces, a  p lane  ?  =  ? 2 an d  a H irzebruch  

surface F  — F i- jo in e d  transverse ly  a long  a  curve R. R  is th e  line L in ?  an d  the 

exceptional d iv iso r E  o f F.

T h e  P icard  g ro u p  o f X q is th e  fibered  p ro d u ct o f P ic (P ) a n d  P ic(F). T h a t is. a 

line bund le  X  on A"o is equivalen t to  a  line bundle  X?  o n  P  a n d  a  line bund le  X?  

on F  w hich agree w hen  res tric ted  to R.  T h is  m eans we m u st have th a t X? = Oy(d)  

and  X y =  0 ? ( c H  — d E )  for som e c  a n d  d. D enote th is b u n d le  on  A'o by X{c.  c — d).

We also have ?  a n d  F as d iv isors on X .  and  the co rre sp o n d in g  bundles 0 \ - ( F )  

and  (P.v(P)- T h e  b u n d le  d?.\'(P) is d isjo in t from  the fibers X t  for f ^  0. bu t res tric ts  

to P as Oy(  — 1) a n d  res tric ts  to F  as C?(E) .

D enote by 0 \ ( d )  th e  line b u n d le  7r.*(C?p>(d)). For t ^  0 th e  res tric tio n  of O x ( d )  

to  X £ is isom orphic  to  Oyi{d).  T h e  re s tr ic tio n  of 0 \ ( d )  to  A'o is th e  bundle X ( d .  0). 

T he bund le  X(d .O )  res tric ts  to P  as O - ( d )  a n d  to F as O j ( d H  — dE) .

Let O x ( d . k )  b e  th e  line b u n d le  0 \ { d )  ® O x ( k P ) .  W h e n  O x (d . f c )  is res tric ted  

to  X t for t 7^0 th e  resu lt is isom orph ic  to Oyi(d ) ,  as before , b u t the  res tric tio n  to 

Xo has changed. T h e  res tric tio n  o f  O x ( d , k )  to Xo is isom orph ic  to  X ( d . k ) .  w hich 

res tric ts  to  P as 0 ? ( d  — k)  and  re s tr ic ts  to  F  as O j ( d H  — (d  — k ) E ) .

In th is  way, a ll o f  th e  bundles X { d ,  k)  on  Xo are seen as flat lim its o f the  bundles
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0 ~2 (d) on  th e  general fiber A'£ o f  th is  degenera tion . T h is  is p a rt o f the  flexibility 

th is d egenera tion  provides. T h e  rest o f the  flexibility  lies in the  position  of the  

poin ts.

Take in tegers ti an d  b such th a t  0 <  b < n.  consider n  — b -t- 1 general points 

Po-Pl- ■ • • - Pn-b  iu ^  a n d  b general po in ts . . . .  p n in F. T hese can  be realized

as the lim its o f  n 4- 1 general po in ts  po.t-Pi.t ■ ■ ■ -Pn.t in AY T hen  we have the Linear 

system s Ct(d.TriQ.n.rn) = C ( d . rnQ .n .m )  in A'£ =  P-> for t ^  0.

O n Xo we have th e  system  form ed by div isors in  X ( d . k )  having a  poin t of 

m u ltip lic ity  tuq a t pQ a n d  m ultip lic ity  rn a t po in ts  p \ . . .  ■ . p n. T his system  will be 

called C q := Co{d. k .Tno .n .b .  rn). Any one o f these system s m ay be considered as 

the  flat lim it on Xo of the  system  Ct =  C{d. ttiq. ti. rn). We will say th a t Cq is 

o b ta in ed  from  £  by a  (k ,b)  degeneration.

T h e  linear system  Cq re s tric ts  to !P as the  system  :=  C{d — k. r r i Q .  n  — b.rn) 

and  res tric ts  to  IF as the  system  Cy := C{d. d — k.  b. tti). Divisors in the  linear system  

Cq com e in th ree  types. T he  first type consists o f a d iv isor C'y on IF in the system  

\dH  — (d — k )E \  a n d  a  d ivisor Cy  on IP in th e  sy stem  | (d — k )H \ .  b o th  of which 

satisfy  th e  m ultip le  p o in t cond itions, an d  w hich re s tr ic t to  the sam e d ivisor on the 

curve R .

T h e  second type  is a  d iv isor correspond ing  to a  section  o f the  bundle  which 

is iden tically  zero on  P, an d  gives a  d iv isor in  the  system  Cy which contains the 

excep tional curve £  as a com ponent. A d iv isor in Cy  which con tains E  is an
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elem ent of th e  sy stem  E  -f C ( d .d  — k  -+- 1.6. rn). S ince we a re  in terested  only in the  

dim ension o f th is  kernel system , we will deno te  it by Cy  an d  (abusing  no tation ) 

w rite  Cy — C(d. d  — k  -f 1.6. rn).

T he th ird  type  is sim ilar. It co rresponds to a sec tio n  o f th e  bundle which is 

identically  zero on F. and  gives a  d iv isor in the system  Cy  w hich contains the  line 

I  as a  com ponent. T h a t is. it comes from  an  elem ent o f the  system  L 4- C(d — 

k  — l . m o . n  — b.rn).  We will deno te  th is  kernel sy stem  by Cy  a n d  abuse no ta tion  

fu rth e r to  w rite  Cy =  C(d, d — k  4- 1 .6. m ) .

T he four m ain  linear system s are  collected in th e  following tab le . T hey  are all 

quasi hom ogeneous, and  in ou r case have rn = 4. T h ey  also have sm aller d a ta  th an  

the original system , an d  give us the  chance to argue by induction .

Cy : d d - k  + I 6 4

Cy : d d - k 6 4

£ ?  : d -  k rn0 n  — b 4

Cy : d — k -  1 rn o n  — 6 4
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T he following notation will be used.

v  th e  v ir tu a l d im ension  o f  th e  genera l system .

up th e  v ir tu a l d im ension  o f  th e  sy stem  on P.

vp th e  v ir tu a l d im ension  o f  th e  sy stem  on P.

up th e  v ir tu a l d im ension  o f  th e  kernel system  on ? .

up the  v irtu a l d im ension  o f  th e  kernel system  on P.

i  the  d im ension  o f the  g en era l system .

ip  th e  d im ension  o f the  sy s te m  on  P.

ip  th e  d im ension  o f the  sy s tem  o n  P.

ip  th e  d im ension  o f the  k e rn a l sy stem  on P.

ip  the  d im ension  o f the  k e rn a l sy stem  on P. and

i 0 the  d im ension  o f the  sy s te m  Cq.

We have th a t  i  < io by sem i-continuity , a n d  we will a tte m p t to exp lo it th e  inequality  

v < i  < i o to  show th a t  the  lin ea r system  £  has th e  expected  d im ension .

N ote th e  following re la tio n sh ip s  betw een  the v irtu a l d im ensions o f th e  m ain 

linear system s.

L e m m a  4 .3 .1  The fol lowing are identit ies  in the variables d. itiq. n ,  k .  and  b.

a. ■up 4- up — v  t  d — k.

b.  vp -t- vp =  v — 1.

C. V p  - r  V p  =  V  —  1 .
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4 .4  C lassification  of S p ecia l S ystem s w ith  m =  4

O ne of the  m ain  resu lts  of [CM1] is th e  following c o m p u ta tio n  of the  dim ension of 

Cq.

T h eo rem  4 .4 .1  Let  i y  =  £p — f y  — 1 and  r? = £? — £? — I. Then

(a) [ f r y  4- rp  <  d — k — 1. then

t o =  £? +  l 7 4- 1.

(b) I f  ry  +  r? > d  — k  — I. then

t 0 = £? +  e? - d  + k.

T h e  d im ension  co m pu ted  in p a rt (b) of th e  T heorem  is th e  v irtu a l dimension of the  

system  C by L em m a 4.3.1. and  will be used  to show th a t  a non-em pty  system has

the expected  d im ension . P a rt (a) o f the  T heo rem  is m ore  useful for showing th a t  a

sy stem  is em pty. T h e  next two lem m as m ake th is exp lic it.

L em m a 4 .4 .1  Let  C be a quasi homogeneous linear s y s t e m  with negative virtual  

dimension,  v  <  — 1. I f  integers k  and b can be f o u n d  such that when a (k . b ) 

degeneration is executed

(a) The systems  C y and  £p  are all non-special,  and

(b) the kernel  systems Cv and C ? are empty,  

then C is empty.
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P r o o f :  If  e ith e r L y  o r £ ?  is em pty  then  £  is em p ty  as well since the  kernel system s

a re  em pty. If  Cy  a n d  £ ?  are  not empty, then

ry  r y  = £y +  £y = vy + vy = v +  d  — k  < d — k  — I.

T h e  first equality  follows from  (b). T he second is tru e  because th e  system s are non­

specia l an d  not em pty . T h e  th ird  equality  is L em m a 4.3.1 a. T h e  final inequality  

holds by assu m p tio n  v < — 1. Therefore T heorem  4.4.1 (a) app lies an d  £q =  £y — 

£y +  1 =  — 1. Now £  m ust be em pty  since —l < £ < £ o  — —l- 1

L e m m a  4 .4 .2  Let  £  be a quasi homogeneous l inear system with virtual  dimension  

v  >  —1. I f  integers k  < d and b can be fo u n d  such that when a (k . b ) degeneration 

is executed

(a) The systems  Cy. Cy. Cy. and Cy are all non-special, and

(b) the systems  Cy and Cy have virtual dimens ion at least - 1 . 

then  £  has the expected dimension.

P r o o f :  T he  p ro o f relies on the identities from  L em m a 4.3.1. We claim  th a t  w ith

th e  given hypotheses, £y 4- £y < v —  1. T here  a re  th ree  possib ilities. If b o th  Cy

a n d  £ y  are em pty, th e n  £y +  £? =  — 2 <  v — 1 since v > — 1.  If b o th  system s

are  non-em pty  an d  non special, then £y -- vy  an d  £y = vy.  T h e n  using  the  three 

iden tities  we get

£y  +  £y = vy  -f- vy — v  — 1 — d  +  k  < u — 1.
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T he inequality  holds since k  <  d. If one o f the  system s is em pty  and  the  o th e r is 

not. iden tities b) a n d  c) give

l y  l y  =  — 1 -f- v y  =  V  —  1 —  1 — Vy <  U — 1.

or

l y  - r  l y  =  u p  -  I  =  v -  1 -  1 -  uy <  v -  1 .

T h e  inequalities follow from  hy p o th esis  (b). Now.

r y  r y  =  £p — £p — 1 +  £y  — l y  — 1

=  uy -I- uy — £y — £y — 2 by hypothesis

=  v  + d — k  — ( l y  +  l y )  — 2 by Lem m a 4.3.1 ii)

>  v  -r d — k  — (v  — 1) — 2 by the  claim

d — k — 1.

We apply  T heorem  4.4.1 (b) to g e t Eq =  i y  + t y  — d - r  k  = vy + vy — d +  k  = v.  by

Lem m a 4.3.1 a. Finally, we have v < i  <  Eq =  v. Therefore P. =  u an d  C is non

special. 1

These a re  th e  basic  tools in  th e  p ro o f o f the  M ain C onjecture.

T h e o r e m  4 .4 .2  .4 syst em L(d .  niQ, n .  4) is special i f  and only i f  it is a ( - 1 ) special

system, i.e., it is one o f  the sy s tem s  listed in Theorem 4-1-1-

P ro o f :  We m ay assum e th a t  mo <  d — 6 a n d  th a t  d  >  6. T he  p roo f is by induction

on d. A ssum e the  theo rem  is tru e  for sm aller values of d. T h e n  assum e th a t  L  is
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not (-1) special, and prove th a t  it is non-special.

B egin w ith  the  case v  <  —1. VVe perfo rm  a  (k . b ) degenera tion  w ith  k  =  3. T h is 

gives th e  following im p o rtan t system s.

C y  : d d -  2 b 4

C y  : d d  — 3 b 4

C y  : d - 3 rnQ n  — b 4

C y  : d — 4 m 0 n  — b 4

We w ish to  find a  b so th a t  b o th  C y  a n d  C y  are  em pty, a n d  all four sy s tem s are

non-special. We pick b > so th a t  C y  is not (-1) special, a n d  thus non-special by

section  4.2. T h e n  6 > 'UI.~ 1. w hich m akes v y  < — 1. T herefore  Cy  is em pty . If. in

a d d i t io n ,  b <  4^~ 2 . th en  v y  <  — 1 s in ce  v  — v y  =  4c/ — 2 -f-106 and  v <  — 1. Now if Cy

is no t (-1) special (and non-special by in d u c tio n ), it will be em pty. If m o <  d — (j

th is  can  be ensured  by choosing b so th a t  n  — b is odd . T his is also en o u g h  to

conclude th a t  C y  is not (-1) special (an d  non-special by induction). In  o rd e r  for Cy

to  be not (-1) special (and  thus non-special by section  4.2). we choose b <

A n in teger b. satisfy ing the  inequalities

3d — 1 d  , 4cZ — I Ad — 2
—  <  3 ■= 6 <  —  <  — •

a n d  such  th a t  n  — b is odd , m ay be found  w hen d  is 29, 32, 34. 35. o r d > 37. T h is

choice o f b m akes all o f the  system s involved non-special and  the  kernel system s

em pty . We a p p ly  Lem m a 4.4.1. T h is  proves th a t  C  is em pty, p rov ided  d > 37.

ttiq < d  — 6 a n d  the conjecture  holds for lower d.
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If mo =  d  — 6. £ ?  m ight be (-1) special even w hen n  — b is od d . but only  if 

n — b < . I f  £;? is not (-1) special. Lem m a 4.4.1 can be used to conclude

th a t  C is em pty . We w ould like

^ 3 ( d - 4 ) - l  , ,
' * > --------9----------t 6 '

For a  given d  an d  m o, we only need  to  prove the  theorem  for the  sm allest a w hich 

m akes u negative. For m o =  d — 6. th is  value is the sm allest in teger n  such th a t  

n  ^  1 ̂ u)1:j - ^  *s ^ lear th a t  we need to choose b as sm all as possible. We will pick 

f  <  b <  ^ 4- 2 such th a t  n  — b is odd . T h e n  —I 4- b < • Now

I d  — 15 6 d  4- 5
n  > -----------  > ----------

10 9

w henever d > 62. T h is  guaran tees  th a t  is not (-1) special w hen m 0 =  d  — 6 

a n d  d > 62. For values of d  betw een 62 an d  39. one m ay d irec tly  check th a t th is  

choice of b m akes £ ?  no t (-1) specia l for the  sm allest value of n. T h e  same is tru e  

for d - 38. 37, 35. a n d  34. We are  assum ing  th e  theorem  for sm alle r values of d. so 

L em m a 4.4.1 app lies  a n d  these sy stem s a re  em pty. T he only  o u ts ta n d in g  case w ith  

d > 37 is d =  39 a n d  mo =  33.

For d =  39 an d  mo =  33. the  sm allest n  w hich makes u negative is n = 26. We 

choose k  =  3 a n d  b =  13. T h is  m akes £ ?  non-special a n d  em pty  by section 4.2 a n d  

£ ?  non-special an d  e m p ty  by in d uction . is no t (-1) special since b <  an d  

non-special by sec tion  4.2. £ ?  is no t (-1) special since n  — b is o d d  for n  = 26 an d  

non-special by in d u c tio n . Now all the  system s non-special an d  th e  kernel system s
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e m p ty  so we use Lem m a 4.4.1 to  conclude th a t  th is  system  is em pty. We have 

proven the  theorem  for all d  > 37 provided  it is tru e  for sm aller values o f d. T he 

theo rem  will be  proved case by case for sm aller values o f d.

If  d =  36. we perform  a  (3. 13) degenera tion  g iv ing  the  system s

Cy  : 36 34 13 4

Cy : 36 33 13 4

Cy  : 33 mo n  — 13 4

Cy  : 32 m 0 n  — 13 4

We are  assum ing  th a t mo <  30. If  a ll these sy stem s a re  non-special and  th e  kernel 

sy stem s are  em p ty  then  we use L em m a 4.4.1 to conclude  th a t £  is em pty. T h e  kernel 

sy stem s have negative v irtu a l d im ension , so are e m p ty  if they  are non-special. T he 

system s C y  a n d  Cy  are not special by section 4.2. T h e  system  Cy is (-1) special 

on ly  if it has th e  form £(32 . 28. 16. 4) o r £ (3 2 .3 0 . x.  4) w ith  x  <  10. T he first comes 

from  the  system  £  =  £ (3 6 .2 8 .2 9 .4 )  w hich has v ir tu a l dim ension v =  6. con tra ry  

to  hypo thesis. T he  second type  com es from a sy s tem  £  =  £(36. 3 0 .x  4- 13.4) w ith 

v ir tu a l d im ension  v = 107 — I0x. A gain, v  is positive  (since x  <  10). co n tra ry  to 

hypo thesis. T h e  system  C y  is (-1) special only if it has the  form £ (3 3 .2 9 . 16.4). 

T h is  comes from  the  system  £  =  £ (3 6 ,2 9 ,2 9 ,4 )  w ith  v irtu a l dim ension v — —23. 

T h e  system  C y  =  £ (3 3 ,2 9 ,1 6 ,4 )  is special, b u t C rem ona  reduces to the  class of a 

line, an d  so has dim ension 2. C y  is non-special w ith  v irtu a l dim ension 11. So in 

th is  case, r y  + r y  = l y  +  l y  =  2 -f- 11 < d — k — I — 32 an d  we m ay appeal d irec tly

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to  T heo rem  4.4.1 (a) to conclude th a t  £  is em pty .

T h e  next open case is d =  33. (T he cases d - 34 and  d  =  35 were m entioned 

earlie r.) We perform  a  (3. 11) degeneration g iv ing  the  system s

£ ?  : 33 31 11 4

£ ? : 33 30 11 4

£ ?  : 30 rrio n  -  11 4

£ ?  : 29 ttiq n  -  11 4

T h e  kernel system s have negative v irtu a l d im ension , hence th e y  a re  em p ty  il they 

a re  non-special. £ y a n d  £ y  are  non-special by sec tion  4.2. I f  £ ?  a n d  £ ?  are non­

special we app ly  L em m a 4.4.1 to conclude th a t  £  is em pty. £ ?  is only  (-1) special 

if it o f the  form £ (2 9 .2 5 . 14.4) or £ (29 . 27. x .  4) w here x  < 9. B o th  o f these come 

from  system s w ith  p ositive  v irtua l d im ension . £ p  is only (-1) specia l only if it is 

£ (3 0 .2 7 .1 2 ,4 )  or £ (3 0 .2 6 .1 4 .4 ) . In these cases we ap p ea l d ire c tly  to Theorem

4.4.1 (a).

In  b o th  cases £p  is non-special o f d im ension  19. £ (30 , 27. 12. 4) C rem ona  reduces 

to  th e  zero d im ensional space of constan t po lynom ials. Now ry  4- ry — Cy 4- Py — 

0-i-19 <  d — k — l  =  29, so we use T heorem  4.4.1 (a) to conclude th a t  £  is em pty. In 

th e  o th e r  case, we n o tice  th a t  £(30, 26, 14, 4) C rem o n a  reduces to  th e  5 d im ensional 

space o f quad ra tics . T h is  m eans th a t r?  4- r j  =  Z? 4- £? — 5 4- 19 <  d  — k  — 1 =  29. 

an d  T heo rem  4.4.1 (a) tells us th a t £  is em pty.
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W hen d  =  32 we pick b as before ( j  <  b < a n d  n  — b o d d ). T h is  allows us to 

app ly  L em m a 4.4.1 unless £  =  £ (32 .26 .71 .4). It is enough  to  prove £ (3 2 .2 6 .2 1 .4 )  

is em pty. VVe perfo rm  a  (3. 11) degeneration  in th is  case a n d  ap p ly  L em m a 4.4.1.

For d  =  31. a  (3. 11) d egenera tion  produces system s w hich are  no t (-1) special 

and  kernel system s w hich a re  em pty, unless £  =  £ (3 1 . 24. 25. 4) or £ (3 1 . 25. x - r  11.4) 

w ith  x  <  8. T h e  la te r  does no t have negative v ir tu a l d im ension . T h e  form er 

degenera tes as
£ ?  : 31 29 11 4

£ 7  : 31 28 11 4

£ ?  : 28 24 14 4

: 27 24 14 4

£ y  is non-special o f d im ension  =  11. £ ?  C rem ona reduces to  the zero d im ensional 

class of a  q u a d ru p le  line. In  th is  case, ry + ry = f.y -r t y  — 11 4- 0 <  d — k  — 1 - 27. 

an d  T h eo rem  4.4.1 (a) tells us th a t  £  is empty.

If d — 30. we perfo rm  a  (3. 11) degeneration . T h is  p roduces  sy stem s w hich are 

not (-1) sp ec ia l an d  kernel system s which are em p ty  unless £ ?  =  £ (2 6 .2 2 .1 2 .4 ) . 

£ (2 6 .2 3 ,1 0 .4 ) ,  or £ (2 6 ,2 4 . x.  4). w here x  < 8 . T hese  excep tions a ll com e from 

system s w ith  positive  v ir tu a l d im ension , therefore L em m a 4.4.1 h an d les  all cases 

w ith  d =  30.

W hen d  =  29 we pick b as before ( |  <  b < ancj n  — b odd ). T h is  satisfies 

the  co n d itio n s  o f L em m a 4.4.1 unless £  — £ (2 9 ,2 3 , n , 4). I t  is enough to  show th a t 

£ (2 9 ,2 3 ,1 9 ,4 )  is em pty . A  (3 ,10) degeneration  allows us to use L em m a 4.4.1 in
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this instance as well.

For d =  28, a  (3 .10) degenera tion  satisfies the  conditions o f L em m a 4.4.1 in all 

b u t five cases, only  two o f which have negative v irtu a l d im ension. In these cases 

we use C rem ona red u c tio n  to find th e  d im ension  o f £ ?  and  app ly  T heo rem  4.4.1 

(a). T he  d — 27 case has one excep tion  w hen a  (3. 9) degeneration  is used, and  it is 

hand led  in the  sam e way. A (3 ,9) deg en era tio n  also suffices to prove the  theorem  

in case d — 26 a n d  25.

W hen d  =  24. a  (3, 9) degenera tion  works unless £  is o f the  form £ (2 4 . 18. 17.4). 

£ (24 . 17 .19 ,4 ). o r £ (24 . 16, 19.4). In  th e  first two o f these excep tions £ ?  is special 

an d  we proceed as above using C rem ona reduc tion  to find th e  d im ension . In the 

final case, it is £ ?  w hich is specia! a n d  we m ust find an o th er app roach . A (4, 10) 

degeneration  allows us to use Lem m a 4.4.1 to  conclude th a t £  is em p ty  in th is case 

as well.

I f  d = 23, we use a  (3 .8 ) degenera tion . T h is lets us app ly  L em m a 4.4.1 in 

all b u t two cases. In  these  cases, we use C rem ona reduction  an d  T h eo rem  4.4.1 

(a). For d  =  22. a  (3 .8 ) degenera tion  allows us to app ly  L em m a 4.4.1 unless 

£  =  £ (2 2 .1 6 ,1 4 .4 ) . T h is  system  C rem ona  reduces to the  sy stem  £ (8 .0 .1 5 .2 ) .  

T he  theorem  is tru e  for m  =  2 ([CM 1]), an d  th is system  is no t (-1) specia l, so this 

sy stem  is em pty. T herefo re  £  is em pty, as well.

W hen 18 <  d  <  21, we use a  (3 ,7 ) degeneration . We m ay a p p e a l to  Lem m a

4.4.1 in  all b u t a  fin ite  n um ber of cases. In  all b u t one of these cases we use C rem ona
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red u c tio n  to  determ ine the  d im ension  o f Cy  and  ap p ly  T heorem  4.4.1 (a ) . In  case 

£  - £ (1 9 .1 2 .1 5 .4 ) . we use a  (3 .8 ) degeneration  a n d  Lem m a 4.4.1. I f  d  =  17. a 

(3. 6) degenera tion  succeeds. If  d  — 16 there  are eleven possib ilities for rriQ. In  each 

case, it is enough to prove the theo rem  for the sm allest n  which m akes v  negative 

a n d  the  system  not (-1) special. W e have the following system s

£(16 . 10, 10. 4)
£(16 . 9. 11. 4)
£(16 . 8. 12. 4)
£(16 . 7. 13. 4)
£(16 . 6. 14. 4)
£(16. 5. 14. 4)
£(16 . 4. 15. 4)
£(16 . 3. 15. 4)
£ (16 , 2. 15. 4)
£(16 . 1, 16. 4)
£(16 , o. 16. 4)

T h e  first system  C rem ona reduces to  a  hom ogeneous system  w ith rn =  2. which is 

e m p ty  [CM1]. A (3.6) degenera tion  is used for all b u t the  th ird  and n in th  system s. 

For these  degenerations. Cy  is special bu t we use C rem ona tran sfo rm atio n s  to find 

its d im ension  a n d  apply T heorem  4.4.1 (a). T he rem ain ing  system s y ield  to  it (4. 7) 

d egenera tion  an d  Lem ma 4.4.1.

For d =  15 o r 14. a (3 .5 ) d egenera tion  works. A (3 .5 ) degeneration  also  works 

w hen  d  =  13 in all but one case. T h e  case C =  £ (1 3 ,5 .9 .4 )  did not y ie ld  to any 

o f th e  approaches used so far. To see th a t  th is sy stem  is em pty, M aple was used 

to analyze  the  105 x 105 m atrix  co n stru c ted  using the  po in ts  po =  (0, —3). p i =  

(8 ,3 ), p 2 =  ( 4 , - 4 ) ,  p3 =  ( - 5 , - 5 ) ,  p 4 =  ( - 5 , - 2 ) ,  p 5 - ( 3 , - 1 ) ,  p6 =  ( - 5 , - 9 ) ,
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p -  =  (8 .5 ). ps =  (5 .8 ). a n d  pg =  ( — 1 .4 ). T h e  m atrix  was found  to  have full rank, 

therefore there  are no th ir te e n th  degree  polynom ials passing th ro u g h  these points 

w ith  m ultip licities. T h is  im plies th a t  £ ( 1 3 .5 .9 .4 )  is em pty  for p o in ts  in general 

position .

In the d  =  12 case, we again  list th e  system s co rrespond ing  to  possib le values 

o f mo and  the  critica l ti for each. W e have the  following seven sy stem s.

£(12 . 0, 8. 4)
£(12 . 5. 8. 4)
£(12 . 4. 9. 4)
£(12 . 3, 9. 4)
£(12 . 9 9, 4)
£(12 , 1, 9. 4)
£(12 . 0. 10. 4)

It is sufficient to show th a t  the second , s ix th , an d  seventh  sy s tem s a re  em pty, as 

these  im ply th e  rest a re  em pty. T h e  second  system  C rem ona reduces to £ (8 . 1 .8 .3 ). 

w hich is non-special a n d  em pty  by [C M l]. To show the s ix th  is em pty , we employ 

a  (4 .5) degenera tion  a n d  Lem m a 4.4.1. F inally , we use a  (4 .5 ) d eg en era tio n  w ith 

th e  seventh system . £ ?  C rem ona  reduces to  a  q u ad ru p le  line, a n d  so has dim ension 

0. We app ly  T heorem  4.4.1 (a).

T he  (/ =  11 case proceeds sim ilarly . T h e re  are  six possib ilities 0 <  m 0 <  5. and  

we only need to  check th e  sm allest n  in  each. We only need to show  th a t  £ ( 11. 4. 7. 4) 

a n d  £ (1 1 ,0 .8 ,4 )  a re  e m p ty  since th ese  im ply  th e  o th er four a re  em pty . In  bo th  of 

these  cases we use a  (3 ,4 ) degenera tion . £ y  is special, b u t C re m o n a  reduces to the 

two dim ensional class o f a  line. In  b o th  cases £ ?  is not (-1) sp ec ia l w ith  v irtua l
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dim ension  4. We a p p ly  T heo rem  4.4.1 (a).

In th e  d = 10 case, for s im ilar reasons, we only  need to  show  th a t £ ( 1 0 .3 .6 .4 )  

an d  £ (10 . 0. 7,4) a re  em pty . T h e  first C rem o n a  reduces to  the  em pty  system  o f con­

s ta n t  polynom ials w ith  a  double  poin t. T h e  second reduces to the em pty  sy s tem  of 

q u a d ra tic s  w ith a  tr ip le  po in t. W hen d =  9. it suffices to show  th a t £ (9 . 3. 5. 4) a n d  

£ (9 .0 . 6 .4 ) are em pty . T h e  form er reduces to  the  em p ty  system  of lines th ro u g h  

th ree  general po in ts. T h e  la t te r  reduces to  the em p ty  system  of non-zero con­

s ta n t  polynom ials passing  th ro u g h  three p o in ts . For d =  8. we need to  show  th a t  

£ (8 . 1 .5 .4 ) and  £ ( 8 .0 .6 .4 )  are  em pty. T h e  first reduces to  the  em pty  sy s tem  of 

non-zero constan t po lynom ials  passing th ro u g h  a po in t. T h e  second we m ay con­

clude is em pty  by ap p ly in g  a  (3 .3 ) deg en era tio n  and  L em m a 4.4.1. Finally, we 

m ust show  th a t £ (7 . 0 .4 .4 )  an d  £ (6 .0 . 4 .4 ) a re  em pty. £ (7 . 0 .4 .4 ) reduces to  the  

em pty  system  of q u a d ra tic s  w ith  a  q u a d ru p le  po in t. £ (6 .0 .4 .4 )  reduces to  the  

em p ty  system  of c o n s ta n t po lynom ials w ith  a  q u ad ru p le  po in t.

Now we consider th e  v >  — 1 case. A gain , we assum e th a t  tiiq < d — 6 an d  th a t  

d > 6. We assum e th a t  £  is not (-1) special w ith  v  >  — 1 and  prove th a t  it is non 

special. For each d  a n d  mo it is enough to prove the  theorem  for the largest n  w hich 

m akes the  v irtua l d im ension  v  >  0. If C(d,  rr iQ,n, i)  is non em pty  and  non specia l, 

th e n  C ( d , m o , n ' ,4)  w ill be non-em pty  an d  non-special for n'  <  n. T h is  is because  

th e  conditions im posed  on curves of degree d  in £ (d , mo, n '.  4) are a  subset o f the  

in d ep en d en t conditions for the  system  C{d,  m o ,n ,4 ) .  For mo =  d — 6. u >  0 w hen
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n  ~ ib',L° ~ ^or ôwer m o- th e  largest value o f n  w hich makes u > 0 m ust be a t least 

as b ig  as in the niQ — d — 6 case. T herefore , we will assum e th a t  n  >  — 1.

We use a (3.6) degenera tion  w here 6 is chosen to satisfy  the  hypotheses of 

L em m a 4.4.2. up is not (-1) special w hen 6 >  | .  up is not (-1) special if 6 <  .

up is not (-1) special w hen n  — b is odd . up is no t (-1) special if n  — 6 is odd and 

mo 7= d  — 6. Now up an d  up a re  non-special an d  up an d  up a re  non special by the 

inductive  hypothesis. We need 6 <  to  m ake up >  — 1. To force up >  — I. the

second identity  in the  p roo f o f Lem m a 4.4.2 gives us th a t it is enough  to have th a t 

v > — 1 an d  up <  — 1. T h e  form er is tru e  by hypothesis and  th e  la te r  is tru e  when 

6 >  All of th is m ay be achieved (w hen  mo <  d  — 6) by choosing

d , 2 d  — 2 
-  <  6 <  — —
3 o

so th a t  n  — 6 is odd . As before, we can  do th is  for d = 29. 32. 34. 35. o r whenever 

d  > 37. Recall th a t  n  >  . so th a t th is  choice makes 6 <  n  for all d > S.

W hen mo =  d — 6 , up w ill b e  (-1) specia l if n  — b < diiLALA por mo — d  _  (3 the 

largest n  m aking u >  0 is th e  in teger 1 <  n  <  ■' ■ We need b < n  — —-.

P u tt in g  these last two inequalities  to g e th e r, we see th a t we shou ld  choose 6 <  

33 9 0  9° ~ T h is guaran tees th a t  up is non-special even when mo = d — 6.

I f  we select |  <  6 <  'i:i^~9° such th a t  n  — 6 is odd. th e n  we may appeal to 

L em m a 4.4.2 to conclude th a t  C  is non-special. T h is may be done for d >  91. 

For 37 < d < 90, the  hypotheses o f L em m a 4.4.2 are satisfied  (for m 0 — d — 6 

an d  th e  largest n  w hich m akes u >  —1) if we choose |  <  6 <  ^ 4- 1, for all

81

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



b u t d  =  46 an d  d  =  40. For the  system  £ (4 6 .4 0 .3 0 .4 ) .  we perform  a  (3.16) 

degeneration . £ p  is em pty. C y  is non-special o f  d im ension  21. C y  is non-special (by 

induction ) of d im ension  29. an d  C y  is ex pected  to  be em pty , bu t is (-1) special. 

C y  =  £ (4 2 .4 0 .1 4 . 4) C rem ona reduces to  the  zero d im ensiona l space of constan ts. 

We com pute rp  4- rp  =  (29 — 0 — 1)4- (21 — ( — 1) — 1) = 4 9  > d — k  — I = 4 6  — 3 — 1. 

T herefore. £0 =  214-29 — 464-3 =  7 by T heo rem  4.4.1 (b). an d  th is  is also the  v irtu a l 

d im ension . T he d =  40 case follows in th e  sam e fashion. Use a  (3. 14) degeneration . 

C y  is special, b u t C rem ona  reduces to the  zero d im ensiona l space of constan ts. T he 

hypothesis of T heo rem  4.4.1 (b) are  satisfied a n d  v  =  £q since v y  =  l y  and  up =  l y .

T h e  theorem  is proved for d > 37, provided  it is tru e  for sm aller values o f d. We 

now prove the theo rem  for d < 37 case by case. In  each  case we choose b so th a t uy 

an d  up are  a t least -1. th en  check th a t all th e  sy stem s a re  not (-1) special. If they 

a re  all not (-1) specia l we m ay app ly  Lem m a 4.4.2. W hen  d  =  36 we use a  (3. 13) 

degeneration . We analyzed  th is  degenera tion  a lread y  in the  v < —1 case. If the 

four m ain  system s a re  all non-special a n d  Cy  a n d  Cy  have dim ension a t least -1 we 

a p p ly  T heorem  4.4.1 (b) to conclude th a t  £  has th e  expected  dim ension. Now. b 

was chosen so th a t  Cy  and  Cy  have v irtu a l d im ension  a t least -1. so it is enough th a t 

th e  system s are  all non-special. We saw earlie r th a t  th is  only fails (when u >  —1) 

if £  =  £ (3 6 ,2 8 ,2 9 ,4 )  or if £  is o f the  form £ (3 6 ,3 0 , x  4- 13,4) where x  <  10. In 

th e  second case it is enough  to  prove the theo rem  for th e  largest n  m aking u >  — 1. 

so we m ay assum e £  =  £ (3 6 ,3 0 ,2 3 ,4 ) . In  b o th  cases Cy  is special, b u t we may
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use C rem ona tran sfo rm atio n s  to find it 's  d im ension . T h e n  d irec tly  app ly  Theorem

4.4.1 (b).

For d  =  35. we m ay choose b to be 12 o r 13 to  m ake n  — b o d d  (for the  largest 

n  m aking  v  a t  least 0) a n d  use Lem m a 4.4.2. I f  d  — 34, th is  b also works unless 

£  =  £ (3 4 .2 8 .2 2 .4 ) . In  th is  case we ap p ea l to T h e o rem  4.4.1 (b) (using  C rem ona 

red u c tio n  to find the  d im ension  o f Cy. W hen d  =  33 we use a (3. I I )  degeneration  

a n d  L em m a 4.4.2 unless £  =  £ (3 3 .2 5 .2 5 .4 )  o r is o f the  form  £ (3 3 .2 7 . x  -f- 11.4) 

w here  x  < 9. In the  first case we ap p ea l to T h e o rem  4.4.1 (b ). In  the  second 

case, no te  th a t  we only  care  a b o u t the largest n  ( th e  largest x ). T h is  is the  system  

£  =  £ (3 3 .2 7 .2 0 .4 ) , b u t £ (3 3 .2 7 .2 1 .4 )  is n o n -em p ty  an d  non sp ecia l (by Lem m a 

4.4.2) so £  is as well.

W hen d — 32. we m ay choose b — 11 o r 12 so th a t  n  — b is o d d  for the largest u  

m ak ing  v  a t least 0 a n d  use L em m a 4.4.2. For d  =  31 a  (3. 11) d eg en era tio n  allows us 

to  ap p ly  L em m a 4.4.2. A (3, 11) degeneration  also  allows us to a p p ly  Lem m a 4.4.2 

in a ll b u t th re e  cases. For these exceptions, we use  C rem ona  red u c tio n  to find the 

d im ension  o f th e  special system s and  use T h eo rem  4.4.1 (b). If  d  =  29. we let b be 

e ith e r  10 or 11 so th a t  n  — b is odd  and  use L em m a 4.4.2 unless £  =  £ (29 . 23. 18.4). 

Tn th is  case we use a  (3 .10) degeneration  a n d  T h e o rem  4.4.1 (b).

For every d  from  17 to 28 the  process is the  sam e . For each mo < d — 6 and  the  

co rrespond ing  largest n , th e re  is a  6 (betw een jjj a n d  so th a t  vy  and  vy are

a t  least -1) such  th a t  e ith e r  a (3,6) degenera tion  sa tisfies  the  hypo thesis  of Lem m a
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4.4.2, o r so th a t  we m ay use C rem ona  reduction  to find th e  d im en sio n  o f th e  special 

system s a n d  a p p ly  T h eo rem  4.4.1 (b).

W hen  d  =  16. we m ay use a  (3 ,5 ) degeneration  an d  T h e o rem  4.4.1 (b) in all bu t 

two cases. In  th ese  cases ( £  =  £ (1 6 .6 . L3.4) or £ (16 . 1 .1 5 .4 ))  a  (4 .7 ) degenera tion  

satisfies th e  requ irem en ts  o f  L em m a 4.4.2. For d  =  15 or 14. a  (3 .5) degenera tion  

works.

If  d  =  13 th e re  are  e igh t cases to  check. For ttiq — 7 o r 6 th e  system s (w ith  the 

largest ti) C re m o n a  reduce to  a  know n case a n d  are  non-special. E ith e r a  (3 .4) or 

a (3 .5 ) d eg en era tio n  works for the rest of the  cases excep t mo =  2. To prove the 

theorem  for th e  system  £ (1 3 ,2 ,1 0 ,4 )  a  (6.7) d egenera tion  satisfies the  hypotheses 

of L em m a 4.4.2. W hen d  =  12 th ere  are six cases to  check. T h e  top  two (mo =  5 

or 6) C rem o n a  reduce  to  a  know n case and  a re  non-special. A (3 .4 ) or a  (4.5) 

degenera tion  w orks for th e  rest.

For 6 <  d  <  11, 0 <  m o <  d  — 6. and  the  co rresp o n d in g  largest n  m aking  u a t 

least 0 an d  th e  system  non-special, th e  linear system s all C rem o n a  reduce to known 

cases a n d  a re  non-special.

T herefo re , a ll linear sy stem s £ (d . m o .n .m )  w hich a re  n o t (-1) special a re  non­

special. In  o th e r  words th e  only special quasi hom ogeneous linear system s w ith 

m  =  4 are  th e  (-1) special system s listed  in T heo rem  4.1.1.

I
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