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ABSTRACT

TWO-STEP CODING THEOREM IN THE NEARLY CONTINUOUS CATEGORY

In measurable dynamics, one studies the measurable properties of dynamical systems. A recent
surge of interest has been to study dynamical systems which have both a measurable and a topo-
logical structure. A nearly continuous Z-system consists of a Polish space X with a non-atomic
Borel probability measure . and an ergodic measure-preserving homeomorphism 7" on X. Let
f + X — R be a positive, nearly continuous function bounded away from 0 and co. This gives
rise to a flow built over 7" under the function f in the nearly continuous category. Rudolph proved
a representation theorem in the 1970’s, showing that any measurable flow, where the function f is
only assumed to be measure-preserving on a measurable Z-system, can be represented as a flow
built under a function where the ceiling function takes only two values. We show that Rudolph’s

theorem holds in the nearly continuous category.
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1. INTRODUCTION

In the 1940’s, Ambrose and Kakutani[1][2] showed that any measure-preserving R-action on a
Lebesgue probability space is measurably isomorphic to a flow built under a function. Rudolph[16]
simplified this representation further for ergodic R-actions with the Two-Step Coding Theorem.
He showed that given the Ambrose-Kakutani representation of an ergodic R-action, and any irra-
tionally related p, ¢ € R, there exists a representation where the ceiling function only takes values
p and q. Hence any measure-preserving ergodic [R-action can be represented as a flow built under

a function where the ceiling function only takes two values.

The goal of this paper is to prove the Two-Step Coding Theorem in the nearly continuous cat-
egory, where along with the measure theoretic properties, we also study the topological properties
of the underlying systems. Keane and Smorodinsky [8, 9] were the first to investigate the interplay
of measure and topology, and Denker and Keane [5] formalized the category in what they called
almost topological dynamical systems. There thas been a recent spurge of interest in this field
by the works of Hamachi and Keane [7] and followed by works of Roychowdhury [15], [14] and
Rudolph [12], del Junco and Sahin [4] and Del Junco, Rudolph and Weiss [3] repalacing the term
almost topological with nearly continuous. A nearly continuous (n.c.) dynamical system consists
of a Polish space, i.e, a separable and completely metrizable space, equipped with a Borel proba-
bility measure. The group action on this space is nearly continuous, i.e., measure-preserving and

continuous on an invariant G5 subset of full measure, with respect to the induced topology.
Informally, our result is to show that given any irrationally related p, ¢ € R™, any ergodic n.c.
flow built under a function can be represented as a n.c. flow built under a function where the ceiling

function only takes values p and q.

Note here that we are not saying any n.c. R-action, or even one that is ergodic, can be repre-



sented as a flow built under a function. We do not yet know if this statement is true. It is an open

question whether the Ambrose-Kakutani result is true in the n.c. category.

In what follows, we give formal definitions and state our result precisely.

Definition 1.1. (X, u, T) is called a nearly continuous (n.c) Z-system, whenever X is a Polish
space with a non-atomic Borel probability measure ;4 and 7' : X — X is an ergodic measure-

preserving homeomorphism.

Definition 1.2. A function f : X — R is called nearly continuous (n.c) if there exists a G5-subset

Xo C X with u(Xy) = 1 such that f is continuous on Xj in the induced topology.

To define the n.c. flow built over 7" and under the function f we first assume that f : X — R
is a n.c function and uniformly bounded away from 0. We define a space X to be the of all points

that lie under the graph of f, i.e.,

X={t=(x,5):2€X,0<s< f(z)}

./ with the identification that every point (z, f(x)) on the graph of f is identified with the point
(T'z,0). The topology on X is given by the product of the topology of X and the usual topology
of R. We let /i denote the completed product measure of 1 on X and the Lebesgue measure on R.

Without loss of generality (by rescaling f if necessary) we assume (X ) = 1.

It is easy to check from definitions that X is Polish space with Borel probability measure /.

The n.c. flow built over 7" and under f is an R-action denoted by {{/; };cr and defined by

U(z,s) = (T"z, s+t — f(x,n)) (1.1)

where n € Z such that f(z,n) < s+t < f(z,n + 1) and where f(x,n) is given by



( n—1

Y f(T'z) ifn>0

1=0

flx,n) = 0 ifn=0 . (1.2)

_Zf(sz) ifn <0

\ i=n

The idea is that every point (z, s) in the space flows vertically up at unit speed until it reaches
the graph of f. The point (z, f(z)) is identified with the point (7'(x),0) in the base and the flow

continues upward as seen in Figure 1.1.

Fig. 1.1: Flow built over T" under f

Definition 1.3. Let X be a Polish space with Borel probability measure ji. An R-action {U; }1cr
on X is called a nearly continuous flow if there exists a Gs-subset Xy C X with ;(X,) = 1 such

that for each ¢t € R, U; is a measure-preserving homeomorphism of X in the relative topology.

It is easy to check that {l4; },cr, as defined in (1.1), is an ergodic n.c. R-action on X. Hence-

forth, we will always refer to X as the discrete space and X as the flow space.

Definition 1.4. Let (X, /1) and (Y, 7) be Polish probability spaces and let {4 }icr, {V;}icr be
n.c. R-actions on X and Y respectively. We say {U; }icr is nearly continuously conjugate to
{V, }ser if there exist invariant G;-subsets Xo C X, Y, C Y with ju(Xy) = #(Yy) = 1 and a

measure-preserving homeomorphism ¢ : f(o — 170 such that oUf; = V,¢ forall t € R.
The goal of this paper is to prove the following theorem:

Theorem 1.5. Let (X, u, T') be a Z-system and let f : X — R be a n.c. function such that there

exist constants ¢, € R satisfying 0 < ¢ < f(z) < ¢ < ocoforall x € X. Let {U;}icr be an
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ergodic n.c. flow built over T under [ and let o € R be any positive irrational. Then there exists a
n.c. Z-system (Z,v,Tz) and a n.c. function g : Z — {1,1 + «a}, such that the n.c. flow built over

Tz under g is n.c. conjugate to {U, }1cg.

The main idea in proving the two-step coding theorem in the measurable category is to be able
to identify a measurable cross-section Z of the flow space X so that the orbit of a.e. point visits Z
precisely in time intervals 1 or 1 + «. Rudolph achieved this by defining a map ¢ on X, so that for
ae. & € X, ¢(%) is a tiling of R using only intervals of length 1 and 1 + «. The set of all points

whose corresponding tiling has its origin located at the beginning of an interval, will form the set Z.

The map ¢ is the limit of inductively defined maps ¢°, where each ¢' associates a partial orbit
of a point to a partial tiling of R. At stage ¢ + 1, the partial tilings are extended to cover longer
partial orbits, in a manner that they match most of the previously defined partial tilings. As it is not
possible to exactly fill in the gaps between the partial tilings with intervals of length 1 and 1 + «,
the definition of the partial tilings are changed in a measurable way and on a small measure set,
with the measure going to zero, as the induction goes to infinity. Borel-Cantelli Lemma then says
that the set of points where the definition of patches changes infinitely often is a set of measure

zero. Hence a.e. point in X, has its orbit tiled by intervals of length 1 and 1 + «a.

We cannot mimic this argument in the n.c. category, as the Borel-Cantelli Lemma does not
allow for any topological control on the set of points where there is convergence of the maps ¢',
and thus there is no guarantee that the invariant set of full measure is a G5, nor that the section
Z is one either. Instead, to control the topological structure of sets in our construction we use
the template machinery of Rudolph et al., where the idea is to not define the maps ¢’ explicitly,
but rather at every stage, for a large set of points, define a set of choices for ¢’ with the property
that some subset of each set of choices will have the property that the gaps beteween them can be
tiled as needed. In other words, the idea of the template machinery is to defer making a choice

of tilings rather than to make adjustments to the choices that have already been made. This idea



was introduced in [12] and used extensively in [13, 6] as the scaffolding necessary to control the

topological structure of the constructions.

So far, in every example where the template machinery is used, there has been a natural way of
defining towers in the underlying spaces. As X does not have a natural tower structure, we need
to set one up, which will let us use the template machinery. To do so, we first define a special
sequence of tower decompositions of the discrete space X in Chapter 2. These decompositions are
a generalization of the skeleta machinery of Keane and Smorodinsky [8]. In Chapter 3 we use the
special sequence and construct tower partitions of the flow space X. We give basic definitions of

tilings in Chapter 4, and prove two lemmas that are crucial in the proof of our result.

The proof of Theorem 1.5 consists of two parts. In the first part we construct the maps ¢° that
converge to a map ¢ from X to the tiling space. In the second part we construct the Z-system
(Z,v,Ty) and the n.c. flow built over 7%, and under a two-step function, and show that this flow is
n.c. conjugate to {{; };cg. In Chapter 5 we introduce the template machinery and define stencils
and templates. We also give sufficient conditions that the stencils and the templates need to satisfy
to guarantee the convergence of the maps ¢'. In Chapter 6.3 we prove Theorem 1.5, where we first
inductively construct the stencils and templates and then show that they satisfy the conditions from

Chapter 5. In Chapter 6.3 we finish with the second part of the proof.



2. SKELETA DECOMPOSITION

Let (X, i, T) be a n.c. Z-system. We want to define a sequence of tower partitions of X that
satisfy certain specific properties. These tower partitions play the role of skeleta machinery of
Keane and Smorodinsky[8, 10] in the proof of the finitary isomorphism theorem for Bernoulli

shifts.

Definition 2.1. A clopen tower (or just tower) 7 of height h in X is a sequence of pairwise disjoint
clopen subsets Fy, E1, ..., E},_; of X such that T*(FEy) = E; fori = 0,1,....h—1. We call E = E,

the base of the tower and the sets F;,7 = 0, 1, ..., h — 1 the levels of the tower.

Definition 2.2. If 7 is a tower of height 4 with base E, then a sequence of clopen sets C, T'C, T*C,

..., T"=1C is called a column of T7if C C E.

The special partitions referred to in the beginning of this chapter, will be denoted by P? i > 0
and will consist of countably many disjoint clopen towers, i.e., forall + = 0, 1, 2, ..., there exists a
J; € Z such that

P ={rl:jeJi}. 2.1

These partitions will be defined based on two parameters - an increasing sequence {/N; }5°, and an
Ly € N. The N;’s play the role similar to that of markers, and L, plays a role similar to the length

of fillers in the skeleta machinery.

Definition 2.3. Let (X, i, 7)) be a n.c. Z-system, {V;}°, be a strictly increasing sequence of
positive integers and Lo € N. A sequence of tower partitions {P' = {7} : j € J;} : 1 =0,1,2,...}
of X is called a skeleta decomposition of (X, pu, T') with respect to { N;}5°, and Ly if there exists a

clopen subset A C X with 0 < u(A) < 1 and the {P'}$2,, satisfy the following properties:

(i) forallz =0,1,2,.. and j € J;, any level of 7']? is either contained in A or disjoint from A.



AcCX

Fig. 2.1: Tower partition P’ fori > 1

(1) forall: =0,1,2,.. and 5 € J;, there exists dé' > N, such that
di—1 .
a. ULy TH(E;) C A
b. forany m € {di,di + 1,..., ki — N;} we have | JH M T (B ¢ A

71777

In other words, the initial d; levels are contained in A and after that we do not see IV;
. . o di—1 , .
consecutive levels that are all in A. These initial levels (J,_, T"(E}) form the discrete

collar of T;

(iii) foralli =0,1,2,.. and j € J;, the top L levels are disjoint from A i.e., Usozl Thé""(E]i-) N
A=0.

(iv) forall: € Nand j € J;, the tower 7'; has a unique decomposition into columns from towers

in Pi~!i.e., there exists k € N and ji, ..., j € J;_1 such that

kB 1
5-0'U re.

m=1 n=0

where

a. C,, C E;;l



b. T"m (Cp) = Chyy forall m = 1,2, . k — 1.

The sequence {7';;1 D dm € Ji,m = 1,2, ...k} C P71, is called the associated sequence
i—1

_ . hi~l_1 .
of previous stage towers for 7;, and for m = 1,2,.... k, the column U, T"C,, is called

the m*" sub-tower of TJZ

Note that

dy =dit foralli > 2. (2.2)

J

Hence for a tower 7/, if there exists an n. > i such that d’; > N,,, then any column of 7/ that appears

in a tower of P", can only appear within its bottom most sub-tower.

The following proposition lets us assume without loss of generality that every (X, 1, T") has a

skeleta decomposition with respect to any given {N;}°, and L, € N.

Proposition 2.4. Let (X, u,T) be a n.c Z-system. Given any increasing sequence {N;}°, and
Ly € N, there exists a T-invariant Gs-subset X' C X with u(X') = 1 and a sequence of tower
partitions {P* = {1} : j € Ji}}32, that give rise to a skeleta decomposition of (X', p|x:,T|x')

with respect to { N;}5°, and Ly,.

Proof. By [4], we know that there exists a T-invariant Gs-subset X; C X with ,u(X 1) = land X,
has a countable base of clopen sets with respect to the induced topology. We first show that there
exists a countably infinite clopen tower decomposition Q = {7, : j € J} of the space X; such that

if IJ; denotes the base and h; denotes the height of the tower 7;, then /; > Ny + Lo and h; — oo.

Foreachn € N, letr; = 2% so that ZjeN r; = 1. By Lemma 2(b) in [4] applied to X; and r;,
there exist disjoint clopen subsets B; of X; such that 4(B;) = r;. By Lemma 4(b) in [4] applied
to these sets B, and Ny + Ly, we then get clopen towers 7; with height j(Ny + Ly). Let J = N
and Q ={1;:j € J}.



Define sets A,, C J based on the heights of the towers in @, i.e., for n € N, define
An:{]GJNn—f—LoSh] <Nn+1+L0}

We define the set A to be the union of the bottom NN, levels of each tower 7;, whenever j € A,,

1.e.,
Np—1

A= U U 1eE).

neN jeA, m=0
Note that at least the top L levels of any tower are disjoint from A, and therefore 0 < p|x, (4) < 1.
As A and A€ are both unions of clopen levels, they are both clopen in the topology of X;. Also as

{rj : j € J} is a tower partition of X1, any point z € X satisfies the following conditions:
C1 both the forward and the backward orbit of x visits the set A° infinitely often.

C2 both the forward and the backward orbit of = see at least NV, consecutive occurrences of the

set A.

To define the sequence of partitions {P'}:2, that give rise to a skeleta decomposition with

respect to { NV, }22, and Ly, we will need condition C2 to be true for all V;, i=0,1,..., i.e.,

C2’ forallv = 0,1, ..., both the forward and the backward orbit of x sees /NV; consecutive occur-

rences of the set A.

For this, we will need to restrict the space X; further as follows: Let B; denote the set of all points
in X that never see IV;, i = 1, 2, ..., consecutive occurrences of the set A in either their forward or

backward orbits, i.e.,

B, = U{$GX1:Vn20, 31 <m < Njsuch that 7" ¢ A}
ieN

U U{x € X,:¥Yn >0, 31 <m < N, such that 7~(m*") ¢ A}

< N;—1 N;—1
= U m U T*(ner)(Ac) U U ﬂ U Tner(Ac)
1€ENn>0 m=1 1i€ENn>0 m=1

9



and let

BQ - U TnBl

ne’l

Note that B is a T-invariant subset of X; and hence by ergodicity of 7" has measure 0. Let
X’ = Xj \ By. Then X’ is a T-invariant Gs-subset of X; (and hence of X), with p(X’) = 1 and

satisfying conditions C1 and C2’ for all z € X".

We will use induction to construct the sequence of partitions { P}2°,. Fori = 0, let Jy = J

and P° = {TJO =17, :j € Jo}. Foreach j € Jy, define d? = N,,, whenever j € A,,.

By construction of A we know that for all 5 € Jy, each level of T]Q is either contained in A or
disjoint from A, the bottom most d? > N, levels are all contained in A, and the top h? — dg-) > Lo
levels are all disjoint from A. Hence PV satisfies the conditions for skeleta decomposition for N

and L.

Now suppose that for some i, there exists J; C Z such that P! = {T]Z : J € J;} satisfies all
conditions in the definition of skeleta decomposition of X’ with respect to { N;}°, and L,. Then
every tower T;, j € J; has its first dé- > N, levels all contained in the set A. Let X C .J; so that
jEK < d; > Ni.

Fixaj € K. We want to partition the base E; of the tower T; in a very specific way so that the orbits
of all points in a partition set visit the same towers 7, Tj,, ..., Tj,,_,» With Ji, J2, ..., jm—1 € K,
before first returning to a tower ij,jm € K. Foreachm € N, j1,72, ..., jm_1 € K¢ and j,, € K,
define

., TE Mg € E; }

E;(.](]:jajla?]m) - {J/’GE; ZTh;OQTGE;:l’”

EnT "B )N 0T~ 55 (B, ).

As the Eji-k, k = 0,...,m are all clopen and 7" is a homeomorphism, the set EJ’ (Jo, ey Jm) 18

10



Clopen in X', Let Q; = {E;(Jova.]m) 7é @ tm e Naj() = j7j17"'7jm—1 € KC)jm € K} It

is straight forward to check that it is indeed a partition of E}. For each E(jo, ..., jm) € Q}, let
7/ (Jo, -, jm) be the tower with base E!(jo, ..., jm) and height S hi . Observe that for n =
1,...,m — 1, we have

n—1 hz i/ - -
T2 k=0 JkEj(]O, ey Jm) C E;

In*

Therefore 7'; (Jos ---» Jm) is made by stacking columns of towers 7'}

- T4, in P, Define

Jm
P = {71, s Gim) 5 € K Bl (o, - jm) € Q3.

To see that P**! is a tower partition of X”, let + € X" and first suppose that = € 7} for some j €
K, then T~"z € E! for some 0 < n < h}. Hence x belongs to T"E(jo, ..., jm) C 7} (Jo, - Jm)

for some tower in P!,

Now suppose x € Tj for some j ¢ K. As the orbit of x sees N;;; occurrences of A in
both its forward and backward orbits, there exist n;,ny (least) in N, and j’, ;7 € K such that

T~™z € El, and Tz € E!,. This implies that there exists m > 1, ji, ..., jm—1 € K° such that

RS T;(]O = j/ajlv "'7jm—17jm = j//) S Pi+1'

All that remains to show is that P**! satisfies the properties of skeleta decomposition for X'

For convenience, let J;,; enumerate the towers in P! and rename the towers in P! as

P ={r*h € Jial,

where each tower 77" = 77 (jo, ..., jm) for some jo € K, has base Ei*' = E! (jo, ..., jm) and
: i+1 m—1 34
height 27" = > 75 hi .
Every level of T;+1 is a subset of a level from some T;k, k =0, ..., m —1, and therefore is either

11



contained in A or disjoint from A. The tower 7'}0 (jo, ---, jm) is made up of columns of towers T;k
m = k,...,m — 1 and hence we can define the sequence of previous stage towers for T}“ to be
{r} :k=0,..,m—1}. Clearly d;“ = d’ > N as jo € K. Also, the top Ly levels of T;+1 are

subsets of the top L levels of T;m, and therefore are disjoint from A.

By induction, the sequence {P'}2, satisfies the properties of skeleta decomposition for X’

with respect to {N;}3°, and L.

12



3. TOWERS IN THE FLOW SPACE

Recall that {U; };cg is the n.c. flow built over 7" under f on the flow space X. Given a tower
7 in the discrete space X with base E and height A we define a corresponding tower 7 in X with
respect to {U,; }icr. Informally, we obtain 7 by “filling in” the flow times to get from one level to

the other in X. More formally, let EO = FE x {0} C X and define

= U 0.

(z,0)ek  0<t<f(z,h)

_——_———-

N N—

El/\

Eo Eo

T T

Fig. 3.1: Towers in X

Note that the levels E,, of 7 now correspond to levels £, = E,, x {0} in 7. The time it takes for
a point (z,0) € E to flow to the set E, is f(z,n) and the time any point in E spends in the tower
T is f(z, h), as defined in (1.2). As the function f is not constant, these times vary for different
points in E. Therefore it is not possible to define rhe height for the tower 7. For future use, we will
want to define the towers in X in such a manner that the variation in the time it takes for two points
in the base £ = E X {0} to reach certain levels E,, is controlled. We will do so by imposing

specific conditions on the skeleta decomposition of space X.

Suppose {P'}%°, is a skeleta decomposition of X. We define a corresponding sequence of

tower partitions in X by { P’} where

13



Pr={7:j€ Ji}fori=0,1,2,.. (3.1

and for each 5 € J,, %} is the tower that corresponds to the tower T; in X. Suppose {¢; };en is any
sequence decreasing to 0. We want to assume, without loss of generality, that for any ¢ € N and
j e J,if 7:; is a tower in P’ with base EJZ and its associated sequence of previous stage towers
{7*;;1 2 Jm € Ji1,m = 1,2, ..., k}, then the time it takes for any two points in the base EJZ to flow
to the base of the m*" sub-tower i.e., to E% ! for m = 1,2, .., k, is within ¢; of each other. The

following proposition lets us assume so:

Proposition 3.1. Let (X, pu,T) be a n.c. Z-system and f : X — R be a n.c. function such
that there exist constants c¢,c € R satisfying 0 < ¢ < f(x) < ¢ < oo forall x € X. Let
Ly € N, {N;}2, be an increasing sequence and {¢;}icn be a sequence with ¢; decreasing to 0.
Then there exists a T-invariant Gg-subset X' C X with u(X') = 1 and a skeleta decomposition
{P" = {1} . j € Ji}}2 of (X', pulxr, T|x:) with respect to {N;}32, and Lo, such that the P’

satisfy the following properties:

a. for any tower TJQ € P° and forall x,y € EJQ we have
[f (@, h3) = f(y, h)] < eo. (3.2)

b. for any tower T; € P, i € N,j € J;, with its associated sequence of previous stage towers

{7';;1 S Jm € Jio,m=1,2,... k}, and forall z,y € EJz and m = 2, ..., k, we have

. . . . €;
Pl bt by L) = Fly b+ 1)) < o (3.3)

7N Im—1 Im—1

Proof. By Proposition 2.1 in [3], there exists a T-invariant Gs-subset X; C X with pu(X;) = 1,
such that f is continuous on X;. By Proposition 2.4 applied to X;, {N;}2, and L,, we get a

T-invariant Gs-subset of Xy C X; with u|x, (X3) = p(X2) = 1 and a skeleta decomposition
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Pi={rl:je J;},i=0,1,2,.. X, with respect to {N;}3°; and L.

For each i = 0,1,... and each 7/ € P’, we will define a partition Q% = {E! } of the base
E; so that all points z,y € E]’n satisfy (3.2) and (3.3). We will then restrict to an invariant G
subset X’ C Xj, so that each E;n is clopen in X, with respect to the induced topology. Then
letting T]Z-"n be the tower with base E]‘n and height h;, we get a sequence of refined tower partitions
P' = {7, : Ei, € Q)j € J}. Since we only partitioned individual towers in P’ to get the
towers in P, the sequence { P'}2°, will be a skeleta decomposition of X’ with respect to { N;}22,

and L and in addition, will also satisfy (3.2) and (3.3).

Suppose j € Jy and 70 € P°. Let

a= inf {f(z,h))}, b= sup{f(z,h))}.

er? J:EE?
If a+€9/2 > b, then (3.2) is true for all 7,y € E}. Define Qf = {EJ} and B} = 0. If a+¢0/2 < b,

then choose r € N so that a + re/2 > b and define Q) = {E),, : n =1, ...,7} where

E), = {z€E): f(z,h)) € (a+ (n—1)e/2,a+nep/2)n=1,...,7}

—1
0
h]- 1

= E]Qﬂ Zfon ((a+(n—1)e/2,a+ ney/2)) .

Since f: Xo =& Rand T : Xy — X, are both continuous and E;-) is clopen, each E;-),n is open in

Xs. Also, for each x,y € E;-)m, (3.2) is now true. Define
B? ={zre EJQ : f(x,h?) =a+ (n—1e/2,n=1,..,1},

and note that BJQ is a closed set of measure 0 in X5.

Now let: > 1, 7 € J; and T; be the tower from P! with its associated sequence of previous
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stage towers {7‘;;1 :m =1,2,...,k}. If m = 1, then E; trivially satisfies (3.3). In this case, let

Qi ={F —j'}and B} = 0.
If m > 2, then foreach x € Xy and m = 2,3, ..., k, let

Fo(w) = flw, B 4R L),

>N

As f: Xy - Rand T : Xy, — X, are both continuous, so is F},,. Note that for all z € E!, F,,,(z)

is precisely the time it takes x to reach the base of the m!” sub-tower. For each m = 2, ..., k, define

em = inf {F,(x)}, d,=sup{F,(z)}.

IGE; xEE;’

If e,, + €¢;/2 > d,,, then define Q,, = {EJZ} If e,, + €;/2 < d,, then choose r,, € N so that

em + rm€i/2 > d,, and define Q,,, = {E,,,, : n = 1,...,7,,,} where

Epn = {z€El:Fye(em+ (n—1)6/2en+ne/2)n=1,.. 1y}

E;N (F) " ((em + (n — 1)€;/2, e + i /2)) .

. . . 0 . 0 . . Z _ k
Since F,, is continuous and E7 is clopen, each E7 is open in X,. Let Qj = V;,_,Q)y, and note

that every F € Q; is open in X, and every z,y € E satisfy (3.3). Let

k
B = | J{E;nF ({em+ (n—1e/2}) in=1,....m},
m=2
so that Bji» is a closed set of measure in X5. Finally let
X=X\ |J T2 Ujes, BY).
neL

Then X' is a T-invariant Gs-subset of X with x| x,(X’) = p(X’) = 1, and restricted to X', each

16



@} is a clopen partition of £?. For each E?, € Q’, let 7, be the column of 77, with base £, and
height h’. Let P = {7}, : E}, € Q,j € J;}. Itis easy to check that { P'}?°, forms a sequence
of clopen tower partitions of X’ and that the sequence {P'}3°, is a skeleta decomposition of X’

with respect to { N;}3°, and L satisfying (3.2) and (3.3) as desired.

17



4. TILINGS

In this chapter, we introduce some definitions and notations about tilings which we use in this
paper, and refer the reader to [11] for standard definitions and details. We also introduce two lem-

mas that will be used heavily in the proof of Theorem 1.5.

Any closed interval of R is called a tile. Let o € R be a fixed positive irrational. We will only
consider tiles that have length 1 or 1 + «, i.e., all tiles will be of the form [b, b+ 1] or [b, b+ 1 + ¢
for some b € R. If [a, b] is a tile, call the location a € R the base point of the tile, and b € R the

end point of the tile.

A tiling T of R is a collection of tiles such that any two tiles have pairwise disjoint interiors
and their union covers R. Let Y denote the space of all tilings of R by tiles of length 1 and 1 + a.
For any I' € Y and ¢t € R, define the translation of I' by ¢, denoted by S;(I'), to be the tiling

obtained by shifting each tile of I' to the left by ¢ i.e.,

S(I)={D—t:DeTl}.

A patch w 1s a finite subset of a tiling I' € Y, such that the union of tiles in w is connected. This
union is called the support of w and written supp(w). If w; and wo are patches in Y and w; C wy

then w; is a called a sub-patch of ws.

Note that if ¢ € R and w is any patch in Y, then

supp(Siw) = supp({D —t : D € w}) = supp(w) — t. 4.1)

The topology on the tiling space Y is based on the idea that two tilings are close if after a small
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translation they agree on a large interval around the origin. Let I'y, I's € Y. The tiling metric d is

defined by

1 1 11
d(I'y,Ty) = inf{{ﬁ} U{0 <r < —: Jpatchesw; € I';,i = 1,2, covering (—;, ;)

V2
and t € (—r,r) such that S;w; = ws}}

Given a patch w with support X' C R and € > 0, the cylinder set given by w and ¢, denoted by

C(w, €), is defined by
Clw,e) ={T' €Y : 3 t € (—e,¢) sothat S;I' = won K}.

The cylinder sets are open, and form the basis for the topology on Y. By [11], Y is compact and
the translation {S, };cr is a continuous R-action on Y. In this paper we will use special patches,

called grid patches, which consist of a union of successive translates of the patch{[0, 1], [1,2+«]}.

Definition 4.1. A patch w € Y with supp(w) = [a, b] is called a grid patch whenever b = a +
n(2+ «) for some n € N and w is a concatenation of the patches S_,_,,(2+0){[0, 1], [1,2 + a]} for

m=0,1,....n—1.
The following lemma from [16], will play an important role in our proof:

Lemma 4.2. If o € R is irrational, then given any € > 0, there exists an M € N, such that for any

v € (=2 — a, 2 + ), there exist u,v € Z with |u| + |v| < M and
lu+v(l+a)—79] <e

We will also need the following lemmas in the proof of Theorem 1.5. Suppose we haveay € R
with |y| < 2 4+ « and a patch in the tiling space, consisting of three sub-patches, the first and the

third being grid patches. Suppose we want to rearrange the tiles in such a way that the middle
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patch remains the same, but is shifted by a distance which is approximately v. Lemma 4.3 says
that there is a way to do this, provided the grid patches have appropriate lengths. Lemma 4.4 is a
one-sided version of Lemma 4.3. These lemmas are also the key lemmas used by Rudolph in [16],

to prove the measurable version of Theorem 1.5.

Lemma 4.3. Given any € > 0 there exists an M € N such that for all v € (=2 — «,2 + «), if w is
a patch in'Y with supp(w) = [a, b] for some a,b € R and there exist p,q € R, a < p < q < b such

that W|[ay) and w|jqy are grid patches with
p—ab—q>M2+a) 4.2)

then there exists a patch w' € Y with supp(w') = [a,b] such that wpq = Sy, .4 for some

|y —t| <e

Proof. Let € > 0. Then by Lemma 4.2, there exists M € N such that for any v € (—2 — «, 2+ «),
there exist u, v € Z with |u| + |v] < M and |u 4+ v(1 + ) — | < e. Lett = v+ v(1 + «), and let

w be a patch satisfying the hypothesis. Let wi = w|[q ), W2 = w|[p,q and ws = w](g4)-

Suppose © > 0 and v < 0. Equation (4.2) guarantees that we have at least M tiles each of
length 1 and 1 + « in the patches w; and ws. As |u|,|v] < M, we can interchange |u| tiles of
length 1 in w3 with |v] tiles of length 1 4+ « from w;. This will shift w, to the left by a distance of

lu| =] v|(14+a) =u+v(l+ o) =t

Call this modified patch w’ and note that w, appears in w’ at location p + ¢, as desired. The
other cases can be argued in a similar manner.

O

Lemma 4.4. Given any ¢ > 0 there exists an M € N such that for all v € (=2 — a,2 + «), if

w is a patch in'Y with supp(w) = [a,b] for some a,b € R and there exists p € R, a < p < b
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such that Wl p) is a grid patch with p — a > M (2 + «), then there exists a patch w' € Y with

supp(w') = [a, b+ t] such that wp,p) = Swwy,, 4y for some |y —t| <e.

Proof. Let w be a patch in Y satisfying the hypothesis. Let # be the concatenation of w and a grid

patch with support [b, b + M (2 + «)], where M is obtained by applying Lemma 4.2 to ¢.

Apply Lemma 4.3 to 0 to get a patch 0’ and t € R, |t — 7| < €. Let w’ be the restriction of ¢’ to

the interval [a, b + t].
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5. STENCILS AND TEMPLATES

In this chapter, we introduce the template machinery to define the maps ¢, as discussed in
Chapter 1. Recall that (X, u, T') is a Z-system and f is a n.c function on X. The n.c. flow built
over Tz under f is given by {U; };cr. We want to define maps ¢’ so that they converge to give a
near conjugacy ¢ between X and the tiling space Y. The maps ¢ will be defined as point-to set
maps, using the towers from { P'}, corresponding to a skeleta decomposition {P?} of the discrete
space X. To every tower 7, € P, we will associate a patch A%, and for points Z € 7, we will
define ¢'(7) to be a cylinder set given by /\; To understand this better, we define stencils and

templates, and ask the reader to refer to Figure 5.1 for a geometrical interpretation.

Definition S.1. Let 7 be a tower in X with base £ and height h. Let 7 be the corresponding tower in

X with base E. An e-stencil for 7 is a 3-tuple (A, G, ¢) where ) is a patch in the tiling space Y with

supp(A) [O7inf(x,o)eE f(x,h)], G C 7 is of the form G = Use(p, o Us(E) with (p, ) C supp(X)

and ¢ is a point-to-set map defined on G by ¢(Z) = C(S;\, €) whenever & € Us(F).

C(A€)

Fig. 5.1: e-stencil (A, G, ¢) for a tower 7

Definition 5.2. Let P be a tower partition of (X, u, T') and P denote the corresponding towers in
X. Let (\;, G;, ¢,) be e-stencils for towers 7; € P,j € J. A template for P is a 2-tuple (G, ¢)

where G = U,c;G; and ¢ is a point-to-set map defined on G by ¢(Z) = ¢;(Z) whenever z € G;.
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To define the map ¢, we will first define €;-stencils (A}, G%, ¢) for each tower in 7/ € P'.
Using these stencils, we will then define templates (G, ¢') for each P*. The following proposition
gives sufficient conditions to guarantee that the template maps ¢ converge to a near conjugacy

¢ : X — Y, and also that the cross-section Z consisting of all points whose corresponding tiling

has its origin located at the base point of a tile, is indeed a Gs-subset of X.

Proposition 5.3. Let (X, u,T) be a n.c. Z-action, f : X — R* be continuous and {¢;};cn be
a decreasing sequence of reals with €; decreasing to 0. Let Y denote the space of all tilings of

R by tiles of length 1 and 1 + . Let {P'};cn be a sequence of tower partitions of X, with
P ={ri:j€ Ji}i=12,.. Let (X, p, {U }icr) denote the n.c. flow built under the function
and let P' = {%; :j € Ji},i = 1,2, ... denote the corresponding tower partitions of X. Suppose
for each v > 1 and j € J,, there exist €;-stencils ()\é, G;,gb;) for %; and their corresponding

templates (G', ') for P’ satisfying:

(a) for any x € X and ty,t, € R, there exists an i € N and j € J; such that the partial orbit

Uselts,to)UsT Is contained in G;
(b) G* CG?> C ..., and
(c) foranyi € Nand & € G', ¢'(x) D ¢"*(Z).

Then there exists amap ¢ : X — Y such that for all & € X and t € R we have

o(UiT) = Si(9T).

Furthermore, for eachi € Nand j € J,, if G;- =U )USE; with (p?-, q;) C supp()\;), then let

€ (D},

Z; ={ U U USE~§ : 1 is the basepoint of a tile in /\;}

n€(ph+2ei,q5—2¢;) [n—s|<ei
and 7' = Ujey, ZJ’ Suppose for each i € N, the sets Z' satisfy
(d) G'NZi+t C Z' and
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(e) Z'NZ1+0.

Then the set of all points & € X such that the origin is located at the base point of a tile in (),

forms a non-empty Gs-subset of X.

Proof: For any Z € X, by (a) and (b), there exists an n(#) € N such that & € G for all i > n(Z).
Hence, using (c), we get that the sequence {¢'(Z)};>n(z) forms a decreasing sequence of nested
cylinder sets. Since each ¢' () = ¢}, (Z) = C(Syi)Ny,, €;) for some j(i) € J; and (i) € R, such

that * € U, Ei i) and Y is compact, we have

() ¢'@ = [ CSuNiwe) D [| ClSunAiy €i/2) # 0, (5.1)

i>n(Z) i>n(Z) i>n(Z)
as Y is compact. By (a) and (b), there also exists a strictly increasing sequence {ij }x>; such that
i > n(Z) and Use g s € G ’“ 5. As T is at height ¢(i;) in the tower TE“ )» we then have
[t(i) — k,t(ix) + k] C (p* j(%) q i )) which by definition is a subset of supp(\' ’E .- This implies

that [—k, k] C supp()\;’zik ) — t(i1) = supp(Sii, A%, ). Therefore

7 (k)
,}H& supp(st(ik)/\i@kﬂ =R,

which in turn implies that

lim SUPP<St(i))\i(i)) =R
1—00

Using this and the fact that ¢, — 0 as @ — oo, we get

() 6@ = () CSunre) (5.2)

i>n(Z) i>n(Z)

is at most a singleton. By (5.1) and (5.2), the map ¢ : X — Y defined by

o(@) = ) ¢

1>n(&)
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is then well-defined on X . Also note that for any n > n(Z), we have ¢(#) € Ni>,¢'(Z) and by the

same arguments as in (5.1) and (5.2), is a singleton. Therefore
P(Z) = Ni>nd'(¥) forany n > n(7). (5.3)

Now suppose that & € X and t € R. We will show that ¢(14,i) = S,(¢Z). By (a) and (b),
there exists an n > max{n(Z), n(U;Z)} such that T,U;z € G y forall i > n,j(:) € J;. Then
o'(z) = ](Z)(~) = C(Sii )\j(z €;), where t(i) € R such that 7 € L{t(i)E;(i). This implies that

Uz € Z/{t+t(i)E;.(i) and hence
O (UT) = @) (Us) = O(SepayNjays €) = SiC(Siny Ny €0) = 529 (Z).

Using (5.3), we then have

oUi) = [ ¢'UZ) = (| S (x) = S [ ¢'(z) = S6(&).
i>n >n i>n
Let Z denote the set of all points Z € X such that the origin origin is located at the base point
of a tile in ¢(Z). To show Z is Gs, first note that E; is clopenin X forany ¢ € N and j € J;, and
therefore U|5_n|<€iL{SE~J is open in X. As aresult all Zt, and hence Z', are open subsets of X. We

will show that Z = N,>1 Uj>y 7', and hence will be a Gs-subset of X.

Suppose & € Z. By definition, there exists n(z) € N such that ¢(Z) = Ni>nz¢'(Z). Hence
for each i > n(), there exists a j(i) € J; and (i) € R such that T € Mt(i)Ej(i) C GY, and
¢'(7) = ¢ (T) = C(Sii)Aj(;): €)- Since & € Z, the origin origin is located at the base point of a
tile in ¢(2). As ¢(z) € C(Syu) )\ i) €) there exists 7(i) € (£(i) — €, t(i) + €) such that 7 is the
base point of a tile. This implies & € U, l)E and |t(i) — ()| < €;, and therefore 7 € Z;(i) c Z'.

Hence z € ﬂizn({f)ZZ C ﬂnZl UiZn Zl
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Now suppose Z € N,>1 Ui>, Z%. Then there exists a strictly increasing sequence {n;} such

that € Z™ forall k > 1. Note that forany ¢ € N, and j € J;, EJZ is clopen in X, and therefore

7=y U U uica

J€Ji ne(pi+2ei,qi—2¢;) [s—nl<ei
Hence for each k > 1, we have Z™ C G™. Now & € Z™ N Z™+1 and G™ C G™*" forall r > 1,
implies & € G™+1~1 N Z™+1, Using (d) we then get # € Z™+1~1. By the same argument, using
(d) repeatedly, we get & € Z™+12 . 7™+ This is true for all ¥ > 1 and therefore & € Z* for
all ¢ > ny. Hence for all i > n,, there exists j(i) € J; and n(i) € R such that n(7) is the base point

of atile in )\j.(l.) and T € Mt(i)Ej"» for some |t(7) — n(i)| < €;, and
¢Z(3~5) = Cb;(i) () = C(St(i))\é‘(ip €) C C(Sn(i))\;(i)a 2¢;).

In other words, for every tiling in ¢’(%), the origin is located within 2¢; of the base point of a tile.
Since ¢; — 0 as ¢ — oo and ¢(T) € ¢'(Z), we see that the origin is located at the base point of
a tile in ¢(Z). Therefore & € Z. All that remains to show now is that Z # (). For each i > 1, let
K =2'NZ.By(e) K'# (. and K*' = Z' n 7+ = Nt 7" 5 Z' N Z! = K. Therefore
{ﬁ} is a nested decreasing sequence of closed sets in X and have a non-empty intersection as X

is complete.

Using (d) and the fact that Z! ¢ G C G?, we get
KHlcZ'nZH c G'nZH+ C Z°.

Therefore

7=UNZ>UNFT 40

n>1i>n n>1i>n
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6. PROOF OF THEOREM 1.5

We are now ready to give a proof of Theorem 1.5. We will first define the sequences {IV; }32,,
{e;}°, and an Ly € N, and then define a skeleta partition of { P'}2°, of X with respect to { N;}2°,
and L. Then in Section 6.1, we will do an inductive construction using the sequence {P?}2°,, so
that at the end of stage i, we would have associated to each tower %} € ]5;', an ¢;-stencil ()\;, G;, gb;)
In Section 6.2, we will show that for all i > 1, j € .J;, the ¢;-stencils (A}, G, ¢%) and their corre-
sponding templates (G, ¢") satisfy the hypothesis of Proposition 5.3. In the last Section, we will
define the Z-system (Z,v,T7) and the function g : Z — {1,1 + «}, and conclude the proof of
Theorem 1.5 by showing that the n.c. flow built over 7’7 under g is n.c. conjugate to the flow

{ut}tE]R on X—

Proof of Theorem 1.5: Let (X, 11, T) be an.c. Z-system and f : X — R be a n.c. function such
that there exist constants ¢, ¢ € R satisfying 0 < ¢ < f(z) < ¢ < oo for all z € X. Let {U; };cr

be the n.c. flow built over 7" under f, and let & € R be a positive irrational. Define Ly € N such

that
cLy > 4(2 + a). (6.1)
Define a sequence {¢; };cy so that
> 1
» e<s (6.2)
: 3
=0
and
€ir) < % for all i € N. (6.3)

Apply Lemma 4.2 to the sequence {¢; };en to get { M; }cn with the property that for all i € N and

v € (=2 — a, 2 4+ «), there exist u;, v; € Z such that

|uz| + |U1’ < ]\4z and ‘UZ + Ul(l + Oé) — ’}/‘ < €i41- (64)
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Without loss of generality, we can assume
My > M;+ 2, forall: =0,1,2, ... (6.5)

Define the sequence { V; }2°, so that for all i € N, we have N; > N;_; and

¢N; > 6 (1 +ZMH) (2+ ). (6.6)

n=0

Apply Proposition 3.1 to {N;}2,, Ly € N and {¢; };cn to obtain a T-invariant Gs-subset X’ C X
with p(X) = 1 so that there exists a clopen set A C X’ and a skeleta decomposition { P*}2, of
X' satisfying equations (3.2) and (3.3). In the end, we will show that the flow {4, },cR restricted to
the flow space X’ with the Z-system (X', uz|x+, T|x+) as its base, is continuously conjugate to the
two-step flow built under the function g. Therefore, without loss of generality, we will assume that
(X, u, T) itself is such that there exists a clopen set A C X and the sequence of tower partitions

{P'}$°, is a skeleta decomposition of X satisfying equations (3.2) and (3.3).

Let {]-:”' >, to be the sequence of tower partitions of the flow space X, corresponding to the
skeleta decomposition of the discrete space X.
We want to define a flow collar for each tower %} € Pi. The purpose for doing so is to leave
ourselves enough room to be able to construct €;, -stencils at stage ¢ + 1, from the ¢;-stencils at
stage 7. The height of the flow collar of a tower will help control the size of the gaps between the
supports of patches in the stencils at any given stage. We will use Lemmas 4.3 and 4.4 heavily to
build the patches of the stencils. Recall from those lemmas
that to be able to shift a patch w by a distance within ¢; of ay € (—2 — «,2 + «), we need to
be able to concatenate w on both sides by grid patches of lengths at least M; (2 + «), and hence
the gaps between shorter patches needs to be at least 2M;_1(2 + «). If we want to shift a patch
independently by a distance within ¢, of v, € (=2 — a, 2+ ), foralln = 0, 1, ..., i, we will need

the gaps to be at least 2 Zi;lo M;(2 + «) long. For technical reasons, we demand that the gaps,
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and hence the heights of the flow collar of towers, be at least 6 22;10 Mi(2+ «).

Fig. 6.1: Collar of 7]

Also, recall that forz € N, j € J; d; is the number of levels in the discrete collar of the corre-
sponding tower T} in X. We want to define the height of the flow collar of %} in such a manner that
if Z belongs to the flow collar of %} and has the form & = (z,0) for some = € X, then z should

belong to the discrete collar of T; in X. This means that we want the height of the flow collar of 7:;

to be at most cdé, as for any = € X, we have f(z) > c.

Therefore we want to define the height of the flow collar of %} such that it is in between

63— Mi(2 + ) and cd’. Let a! denote the height of the flow collar of 7! and define
al = (1 +6) Mk> (24 @) (6.7)
k=0
where n > i is such that NN,, < dé- < N,11. By (6.6) and the fact that N,, < d;'., we get

i—1
63 Mp(2+ @) <dl <cN, < cd. (6.8)
k=0

as desired. For ease of notation, let

ri=1+Y M, (6.9)
k=1
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and rewrite

aj = 6r5(2 + a). (6.10)

Also, fori > 1, as d; = d;l_l, the number of levels in the discrete collar of T; in X is the same as
the number of levels in the discrete collar of its first sub-tower. This gives us the same relationship
for the heights of the flow collars

ay =alt foralli > 1, (6.11)

i.e., the height of the flow collar of any tower %} is the same as that of its first sub-tower. Also
recall from the proof of Proposition 3.1, that if {%;;1 :m = 1,..., k} is the associated sequence of
previous stage towers for 77 € P?, then F,,(x) is the time it takes for a point (z,0) € E; to reach
the base of the m!" sub-tower and

em = inf {F,(z)}. (6.12)

(z,0)eL}

By (3.3), we know that for any = (z,0) € E!

j7
Also note that since aj.l_l < Fy(z) and €; < 2 + «, using (6.11) and (6.13), we have

ai < ey +aj ' forallm > 2. (6.14)

6.1 Constructing the €;-stencils.

We now describe an inductive construction in X, using the skeleta decomposition { P*}>°,. At
the end of stage 4, we will associate to every tower 71 € P, its (¢;)-stencil (A}, G, ¢1). We will

also associate to this stencil two numbers u; and vé, which will help construct the ¢, ;-stencils at
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stage ¢ + 1.

Before starting the induction, we define patches \) for each tower 7} € PO at stage 0. Let 7y
be a tower from P. Let b9 denote the largest multiple of 2+ o so that b7 is at least (2 + a) smaller

than f(x, h) for any (x,0) in the base £, i.e.,

0 : 0 0
b +(2+a) < (x,z)r)leng [z, hs) < b +2(2+ ). (6.15)

Since | f(x, h9) — f(y, h?)| < € forall (x,0), (y,0) € E?, we then have
flz hd) =224 o) <b) < f(z,h)) — (2+a) + €. (6.16)

As f(z) > cforall z € X, and the fact that the tower TJQ in X has at least d? + Lo levels,
we know that the time each point (z,0) € E? spends in 7} is at least ¢(d) + Lo). Hence using
(6.16), we get b + 2(2 + «) > ¢(d} + Lo) and by choice of a} and Ly in (6.10) and (6.1), we get

bY +2(2 4+ ) > a) + 4(2 + a). Therefore
0 0 0
W >al+2(2+a) forall (z,0) € EY. (6.17)

Let \) be the grid patch of length 1Y = b7 — a with supp(\9) = [af, b]. It follows from (6.16)

and (6.17) that supp()}) C [0, inf , g c o f(, hY)].

Stage 1: Let 7, € P!, and let {75, 75, .7, } be its associated sequence of previous stage tow-

ers. We will first construct the patch A} and define u;, v; and then define the €;-stencil (A}, G}, ¢}).

If £ = 1 then %]-1 consists of a column from a single tower %jol . In this case, let bjl- = b?l and

note that a} = af. As h} = hY , by (6.17) we have b} < f(z,h}) forall (z,0) € E} C EY. Let

Aj =AY and note that supp(\}) = [aj, bj] < [0, inf . ) i1 f(x, h})]. Define u; = vj = 0.
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Suppose k > 2. For m = 2,3, ..., k, recall that e,, as defined as in equation (6.12), is the the
approximate entry time of a point in E~J1 to the m** sub-tower 77 . Then e,, 4+ af is the approx-
imate height where the collar of the m!" sub-tower ends in %jl. Ideally, we want to define )\]1 in
such a way that when we look at the sub-patch covering the interval [e,, + a?m, em + a?m + l?m], it
matches the patch )\?m of the corresponding sub-tower, as seen in Figure 6.2. The natural thing to
do would be to place the the A} as sub-patches covering the intervals [e,, +af ,em +a) +19 ],
and fill the gaps between the sub-patches by intervals of length 1 and 1 4+ «. Note that e; = 0 and
a?l is a multiple of 2 + «, and therefore there is no problem placing the patch )\?1 as a sub-patch

of )\Jl, starting at the desired location ajl-. But for m = 2, ..., k, as e,, (and hence ¢,, + a?) are not

necessarily linear combinations of 1 and 1 + «, it would not possible to tile all the gaps as desired.

We will define a patch )\]1- which does not quite achieve the goal described above. Instead it will
satisfy the property that for each m = 2, ..., k, the sub-patch )\?m will appear at a location within ¢;

of the desired location ¢,,, 4 aj .

We construct )\} by modifying a grid patch. For m = 2, ..., k, choose (,, € N so that 3,,,(2+ «)

is the closest 2 + « multiple to e, + ag-’m as seen in Figure 6.2, i.e.,

lem +a), — B2+ )| < (24 ) (6.18)

N | —

and let l;jl = Br(2 + a) + 1) . Note that since 12 is a multiple of 2 + , s0 s Z;jl Let 5\} be the grid
patch with support [a;, ZA)jl]

As each )\?m is a grid patch, the idea is to think of /\?m as being the sub-patch of ;\} covering the
interval [3,,(2 4+ «), 8n(2 + a) + 1 ]. This sub-patch will have to be moved if it were to appear
in the perfect location, i.e., beginning at location e,,, + a(;m. For m = 2,..., k, let |v,,| denote the

distance to be shifted, i.e.,
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71
bj
e3+a93~ ::33(2+a)
P3
€3
es +al ]
2 J2 FB2(2+ )
™ p2
e
0
Ajy
— B1(2+ @)
: 1 N1
ideal )\j )\j

~1
Tj

Fig. 6.2: A flow tower, indicating the approximate locations of sub-towers, the approximation of these loca-
tions by multiples of 2 + «;, and the patches w,,

Ym = €m + a;-)m — ﬂm(Q + a).

Then from (6.18), we have |7,,| < (2 + «)/2.

To move the sub-patch 5\}‘[57”(2 +0),Bm (2+0)+10, ] by Y, we will use Lemmas 4.3 and 4.4, and
therefore need these sub-patches to be preceded and followed by grid patches of appropriate
lengths. Recall that all towers in P! have flow collar heights a} = 6r}(2 + a) where r} =

1+ My + M. Form = 2, ..., k, define

Pm = (ﬁm - 37“?m)(2 + a)>

and let w,, denote the sub-patches of 5\31 covering the intervals [py,, pmi1] form = 2,k — 1
and [p,, i)jl] for m = k, as shown in Figure 6.2. Geometrically, the sub-patch w,, is the patch /\Jl-m

that cover

concatenated before and after with grid patches 5\]1 | [pm,3m (24a)) and 5\]1 | (B (24) O pmti]

half of the flow collars of the m'" and the m + 1** sub-towers respectively. Since these grid patches
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have supports about 317 (2 + ) and 37 (2 + «a) respectively, and since 7§ ,r% > Mo, the

supports are longer than My(2 + «). Therefore the patch w,, satisfies the hypothesis of Lemma

4.3. Apply Lemma 4.3 to w,,, with 7, and €, to get a patch w/,, with

supp(s,) = supp(@m) = [Pms ps1] (6.19)

and such that the sub-patch X}![ﬁm(z +0),Bm (2+)+10, ] is shifted to a location beginning within €; of

em + aj  as seen in Figure 6.3.

em +aj
Ym!
|
ot | - — |
Pm Bm (2 'h' a) (5m+\\\1 4ij+1)(2 + a) Pm+1
[T
/ |
Wit + l l
Pm less than e Pm+1

Fig. 6.3: wy, and W/,

Similarly, for m = k, the grid patch 5\} | (o3 (2+)) acts as the grid patch preceding 5\} |2 )b
and is longer than M(2 + «). Therefore wy, satisfies the hypothesis of Lemma 4.4. Apply Lemma
4.4 to wg with ; and €y, to get a patch wj, with supp(w}.) = [px, ZA); +t], where t = u + v(1 + «)
for some u,v € Z with |u| + |v| < My and |t — x| < €1, and such that the sub-patch 5\]1|[/8k(2+a)76§]
is now shifted to a location beginning within €; of e + a?k. Note here that by using Lemma 4.4,
we pretended that we had a grid patch after 5\; |52 +a)’6;10f length longer than My(2 + «). The u
and v keep track of the number of intervals interchanged, so that in later stages, when this tower %]1
appears as a sub-tower within a tower in P* for i > 2, we will be able to reconcile this interchange
of tiles using a part of the flow collar that appears above it.

Also note that the support of wj, starts at the same location as the support of wy. By (6.19),

we know that supp(wy,) = supp(w,,) for all m = 2, ...,k — 1. Therefore, we can construct a new

1 ; 171 ; ; —
patch \; on the interval [a;, b; + ], by replacing all sub-patches w,, with w;, forallm =1, ..., k.
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We want to show that the support of this new patch )\} is strictly contained in [0, (x})r)lefE1 f(z, h]l)]
Geometrically speaking, supp()}) is the same as supp(jle) up to pi. The only differerice comes
from the part where we shifted Agk to begin at the location (2 + «) + ¢, instead of beginning at
Br(24 ). As Bi(2 + ) is within (2 +a)/2 of e, + @, and B;.(2 4 o) +t is within €; of e, +af
we have moved closer to the desired location e, + a?k. Now, for any point & = (z,0) € E}, the
part of its orbit from time Fy () to f(y, hY ), where (y,0) = Up, )T € E?k, is the part that belongs
to the k" sub-tower. By (6.13), we know that | F,(x) — e;| < €;. Therefore the difference between

where the patch )\?k begins in )\jl-, i.e., Br(2 + «) + t, and where we expect it to begin in relation to

the partial orbit of 7 i.e., at location F,(z) + af , is at most 2¢,. Hence
|Fr(z) + al — Br(2+ o) — 1] < 261 (6.20)
Let bjl- denote the end point of )\}, ie.,

bj = Br(2+ @) +t + (b), —af,).

Jk

Then (6.20) implies b; < Fj(x) 4 2¢; + b . By (6.16) we know b9 < f(y,h)) — (2 + @) + 0.
Using this and the fact that Fy,(x) + f(y, h) ) = f(z, h}) we get

by < f(x,h;) — (24 a) 4+ 2(eo + €1). (6.21)

To show that a; < b}, recall from (6.14) that a; < ej, +aj, as k > 2. Since ¢, + aj, is within ¢; of

Br(2 + ) +t, we get aj < Bp(2 4 a) +t + ;. Therefore using (6.17), we get

by —a; >b) —a) —e >22+a)—e.

Therefore supp(\}) = [aj, bj] S [0, inf , g5 f(2, h]).
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For future reference, we also compute a lower bound for bjl». By (6.20) again, we have b; >

Fi(x) — 2e; + b9 . Using (6.16), we then get
by > Fr(x) — 261 + f(y, h,) =22+ ) = f(z,h]) —2(2+ a) — 2€1.
1_pl_ 1 1 _ 1_
Let [ = b; — a; denote the length of supp();). Define u; = u and v; = v Note that

ljl-—u;—v;(l—l—a):l;—t:i)}

and hence is a multiple of 2 + «. Also note that
ui| + |vj| < M.

Define

1 1
p}:a;—i—g q;:bjl-—§+€0,

and let

1 1
P;<s<g;

For all # € U,E C G, define the map ¢}() = C(S;AL,e1). Clearly, (A}, G}, 1) forms an ;-

stencil for %jl.

Stage i+1: Now suppose for i € N, every tower 7; € P is assigned an e;-stencil (A}, G, ¢)

with supp(\}) = [a}, b5] < [0, inf , 5 o f (2, h%) and such that

7777
Fla, hl) =224 a) =2 e, < by < f(a,h) = (2+a)+2) e (6.22)
n=1 n=0

Let I} = b’ — a! satisfy
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(2

[>2240) =) e (6.23)

n=1
Suppose G = Ui syt U,Et where
i—1
pi=ai+1/2 and g =0—1/24+) e (6.24)
n=0
Also suppose that u, v} are such that
i—1
s + | < > My, (6.25)
m=0
and
I —uj — vi(1+ «) is a multiple of (2 + ). (6.26)

Fixa7/t! € P Let {7 ,7.,...7. } be its associated sequence of previous stage towers. Again

i+1 i+1
i Y5

we first construct the patch \j*" and define and then define the €;;-stencil for 7/ *'.

_ +1 i i+1 _ 13 i+l g i+l _ g
If kK = 1 define )\j = /\j1 and bj = bjl' Note that a;" = aj, and as hj = hjl’ we have
(6.22) is satisfied. Therefore supp(\;™) = [aj™, b5"!] € [0,inf , o\ zier f(2, hST)]. Also define
with =l it = of and I = 12 Ttis clear that (6.23), (6.25) and (6.26) are also true.
Suppose £ > 2. We will follow what we did in Stage 1 almost exactly with the exception
that the patch 5\3“ will not be a grid patch to begin with. The patches X , corresponding to the
sub-towers %}m, for m = 1, ..., k from the previous stage are not grid patches any more. We will

construct the patch ;\§+1 by placing )\;'»m as sub-patches beginning at the nearest 2 4+ « multiple of

¢, v® and grid patches

the final desired location, and fill in the gaps with patches constructed using uj, v

of appropriate lenghts. Having once constructed 5\§+1, the rest of the construction will be the same

as in Stage 1.
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Recall from (6.12) that e,, is the approximate entry time of a point in E;H to the m'" sub-tower

7, .Foreachm = 2,3, ..., k, choose 3, € N, to be the closest 2 + « multiple of e,,, 4 a i.e.,

lem +al, — B2+ )| < (24 ) (6.27)

| —

and let $(2+ a) = a"' = al. Let M = 3! M, and for m = 1,...k — 1 let 5,, =
M =l + (M =} )(1+ a). The role of sy, is to help define a patch 6,, that reconciles the
interchange of tiles that took place in the top sub-tower of %;m at Stage ¢. To construct ;\3-“, we

will concatenate the sub-patches Aj-m with the patches 6,,, and fill in the gaps with grid patches, as

shown in Figure 6.4.

Form =1, ...,k — 1, define 6,,, to be a patch consisting M — uém tiles of length 1 followed by

M — v} tiles of length 1 + « and covering the interval [3,,(2 4 «) + 1’

Jm

B2+ @) + 15, + 5]
By hypotheses we have [u/ |+ [v} | < M, and therefore [supp(6m)| = sm < 2M(2 + ). We
claim that 3,,(2+«a) +1%  + sy, is a multiple of 2+ o and is smaller than (S,11 — 47,,,,) (24 ).

By (6.26), I’ — v — v}(1 4 «) is a multiple of (2 + a) and therefore
Bn(24 @) + 1+ Sm = Bn(2+ @) + 2M + (I! — v} — vi(1 + @)

is also a multiple of 2 + a.

We now show 3,,(2 + a) + 15+ 5m < (Bmg1 — 475,,,,)(2 + a). Using (6.27) and the fact that

for any (z,0) € E;“, em approximates F),(z) within ¢; 1, we get
(6m+1 — ﬁm)(2 + Oé) > Fm+1($) — Fm(l’) + G§m+1 - CL;-m - (2 + OZ) - 262‘4_1.

Since Fyi1(x) — Fo(x) = f(y, i) for (y,0) = Up, (2,0), Which by (6.22), is greater than b ,

we in turn get
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(B — Bm)(2+a) >0, +a)  —al —(2+a)— 2. (6.28)

Im+1 JIm -

Now by definition, we have X =1+ M,anda’. = 6rt (2+4«). Since s, < 2M(24a) <

Jm+1 Jm+1 Jm+1

2r; 12+ a) = 2(2 + a), we get

7 7
ajm+1 > 4ij+1

2+ a)+sm,+22+a).

Substituting in (6.28), we get (B41— Bm)(2+ ) > 5 —a} +4r), ., + s, and hence our claim.

)\;m 2% a grid patch }k
— t t t t t {
B1(2+a) Bm(2+a) Bm(2+a) Bm(2+a) Bm+1(2+a) Br(2+ ) Br(2 + )
+ 4 sm +15,

Fig. 6.4: The patch 5\;*1

Let b = B4(2 + a) + I, . We define X" on on the interval [a’™, 5'™], using the patches

patches A; .60,, and grid patches. For m = 1,2,..., k, define 5\3“ to be the patch )\;m on the

Jm >

interval [5,,(2 + @), B (2 + ) + 1} ], ie.,

Ritl . - . .
)\; |[ﬁm(2+a),ﬁm(2+a)+l’ ] - Saz-"b—ﬁ'm(g'i‘a))\;m'

m

Form =1,2,....k — 1, define 5\;'.“ to be the patch 6,, on the intervals [3,,(2 + a) + I}, Bm(2 +

) + 12+ s e,

)\;H’[ﬂm(2+a)+l§.m,Bm(2+a)+z;‘.m+3m] - S—Bm(2+a)—l§m Orm, (6.29)

As 5,,(2+ «) +1j,, + sy, is a multiple of 2 + «, fill the remaining gaps, i.e the intervals [3,,(2 +

@) + 1+ 5m, Bms1(2 4+ )] form =2, ..., k — 1, with grid patches of appropriate lengths.

We can now use Lemmas 4.3 and 4.4 to modify 5\;“ to A5 so that for each m = 2,3, ... k.
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the sub-patch )\;-m appears at a location within ¢, ; of e,,, + aﬁ-m within Aé“. Form = 2, ..., k define
Vm = €m + a;‘m - Bm(Q + Oé)

and

Pm = (B — 3r§m)(2 + ).

By (6.27), |vm| < (2 4+ «)/2. Let w,, denote the sub-patches covering the intervals [p,,, pm+1]
for m = 2,..,k — 1 and [py, %] for m = k. Note that the sub-paches \i™'|, 5. (2+a) and
5\3-“ | (B (2+0) U bsmopm] ACLAS the grid patches preceding and succeeding the patch

5‘3’“’[5m(2+a),6m(2+a)+l§m+8m] in w,,. Since r}m, T§m+1 > M > M, each of the above two grid

patches have length at least M;(2 + «). Therefore for m = 2, ...,k — 1, w,, satisfy the hypothesis

of Lemma 4.3. Apply Lemma 4.3 to w,, and with ~,, and ¢;; to get a patch w/, with

supp(wy,) = supp(wim) = [Pm Pm-+1] (6.30)

and note that the sub-patch 5\§+1|[5m(2 ), B (24 0) HE | is shifted to the location beginning /3,,,(2 +

@) 4ty With ey, + @} — Bn(2 4+ ) = t| < €541

For m = k, in a similar fashion, wy, satisfies the hypothesis of Lemma 4.4. Applying Lemma
4.4 to wy, with 7y, and €;41, we get a patch wj, with supp(wy,) = [px, ZA);“ +t], where t = u+v(1+a)
for some u, v € Z, with |u|+|v| < M; and |t—~x| < €;41. Note that the sub-patch 5‘§‘+1|[ﬁk(2+a),5§“]
is now shifted to the location the location beginning 3,,,(2-+a) —t;, with [e,,+a}, — B (2+a) —ti| <
€it1-

Also note that the support of wj, starts at the same location as the support of wy. By (6.30), we
know that supp(w,,) = supp(wl,) for all m = 2,....k — 1. Therefore, we can construct a new
patch A} on the interval [aj], 15]1 + t], by replacing all sub-patches w,, with w/ forallm = 2, .... k.

We then have
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)\é,+1 = Sa§7n_ﬂm(2+a)_th§m (631)
on the interval [3,,(2 + &) + tim, Bm (2 + @) + t,, + 1} ] with
lem 4+ al — Bn(2+ @) — tn| < €41 (6.32)
Define
b§+1 =6p(2+ ) +t + (b;k — ajl-k). (6.33)
Using the same arguments as in Stage 1, it is easily shown that
i+1 i+1
fla, W) =22+ a) =2) e < b < fla, b)) = 24 a) +2) e (6.34)
n=1 n=0
for all (z,0) € £ and
i+l
I =b — ol > 224 0) = ) e (6.35)
n=0

Therefore supp(\;™) = [aj™, 05™"] € [0,inf , o pier (2, A5 Let uj™ = wf 4 u,0j™ =
’ J

vj-k + v. Note that

i
+1 i1 i +1
w0l = g |+ o A+ ]+ [v] < ZMm

m=0

Using (6.33) and the fact that ¢, = u + v(1 + «), we get

l§+1 — u§+1 — U§+1(1 +a) =062+ o)+ l;- — u; — U;(l + «)
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and hence I}*' — u/*! — v/*1(1 + ) is a multiple of 2 + c. Define

i+l i1
Gt = U UL
p;+1<t<q;+1
where ‘
, A 1 . A —
i+l il i+l _ i+l
p; - =a;" + 5 and ¢ =07 — 3 + nz; €n- (6.36)

For all i € U,E C G%', define the map ¢'"'(&) = C(S,A™",€41). It is then clear that

(X G i) forms an €;44-stencil for 77+

6.2 The ¢;-stencils for 7} € P' satisfy the hypothesis of Proposition 5.3.

Recall that there exists a clopen set A C X and a skeleta decomposition { P} of X with
respect to Lo and {N;}22,, as defined in (6.1) and (6.6). Also recall that the sequence {P?}>°,
denotes the corresponding sequence of tower partitions for the flow space X. For each i > 1
and 7 € P, (\i,Gi, ¢) are the ¢;-stencils for 7/ from Section 6.1. Let (G, ¢) denote the
corresponding templates, so that G* = Ujc;,G% and ¢'(Z) = ¢}(Z) whenever & € G’. To show
that the sets Gé— satisfy condition (a) of Proposition 5.3 in the flow space X, we first show that a

similar condition holds true in the discrete space X.

Lemma 6.1. Let v € X and ny < ny € Z. Then there exists i € Nand 7} € P* such that T"z € 7]

: ] : ng—m 7 7
for all ny < n < ny, and away from the discrete collar of 7} i.e., if T"* ™z € E, then m > d;.

Proof. Choose my,ms € Z so that m; < n; < ny < mg and 7™z, 7™ x ¢ A. Choose i € N
so that N; > mo — my + 1. Then there exists j € J; such that both 7™ x and 7"« belong to the
tower T; If not, 7™ 2 and T""?z belong to different towers, and as the bottom most N; levels of
every tower in P! are contained in the set A, there exist at least N; occurrences of A between 7'z

and T2 x. This is a contradiction as V; > my — mq + 1.
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Therefore 7™ x and T2z belong to the same tower 7'} which implies
Ty € 7'} for all m; < n < ms.

Also,as T™x ¢ A, and the lower dé- levels of 7'; are all contained in A, we have T™2z is not in the
first d; levels of the tower. This implies that if 772~z € E; then m > d; Therefore the result is
true for my, mo, and follows for n, ns.

]

Lemma 6.2. For any © € X and any t1 < ty € R, there exists an i € N and j € J; such that

{Ut:t, <t <t} CG

Proof. Let & = (z,5) € X forz € X and 0 < s < f(z). It suffices to show that there exists an
t € Nand 5 € J; such that U, 7 is at a height greater than pj- and U, 7 is at a height smaller than qé

i
in 7;.

First choose ny < ny € Z so that

Uy, T = (TMz,s;) forsome 0 < 57 < f(T™x)

and

U, 7 = (T™ ', s5) for some 0 < s5 < f(T™ ).

Recall that the ceiling function f satisfies f(x) > c for all z € X. Now choose & € N so that
ck > 5(2 + «) and choose my,ms € Z so that my < n; — k < ny + k < ms. By Lemma 6.1
applied to my, mo, there exist: € Nand j € J; sothat Tz, T™x € T;, and away from the collar
of the tower, i.e., dj- <my < mgy < h;

Therefore in the tower 7”';, we have Uy, & = (T™x,s;) is at height greater than or equal to
c(my+k)+s1 > c(d; + k) +s1. As cd; > af and o +1/2 = p}, we get Uy, T is at a height greater

than a’ + 5(2 + «) + 51 > p in 7.
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Also, Uy, = (T™ 1, s5) is at height at least c(my — no) > ck > 5(2 + a) below (T™2x,0) in
the tower 7. In other words, if U, (Z) = (y,t) for some (y,0) € EI, thent + 5(2 + o) < cmy <
f(y. hi). By definition, g} = b\ — 1/2 + Y"1 €,, and by (6.34), we know b} > f(y, hi) — 2(2 +
a) — 230 €. Therefore ¢ > f(y,hi) — 3(2+ a) >t + 2(2 + ). Hence Uy, &, Uy, & € G'.

]

The following lemma shows that the sets G*, i € N satisfy condition (b) of Proposition 5.3.

Lemma 6.3. Foralli € N, G C G,

Proof. Suppose & € G’ for some i € N. Then there exists r € J; such that & € 7/ and & € U, E!
for some pi. < s1 < ¢. As P! is a tower partition of the flow space X, there exists j € J;;; and

s > O such that z € %;H, and 7 € U,, E*! for some s, > 0. To show that 7 € G+, it suffices to

S92 7

show that p™ < s, < ¢/

Now Z € 7. N7, " implies that 7/ € {7} :m = 1,..., k}, the associated sequence of previous

stage towers of %;“, ie., r = j, for some m = 1,2,..., k. Hence either s, = s;ifm = 1 or
S2 = s1+ Fy(y) if m > 1 for some (y,0) € E7. If m = 1, then pi™ = p;, < s1=s0. I m # 1,

then F,,,(y) > pi*' and therefore s, > pi™.

It remains to show that s, < ¢;*'. Suppose not i.e., ¢"*! < s5. This implies that i belongs to

the top sub-tower of 7", i.e., sy = s1 + Fi(y). As |Fp(y) — ex| < €1 and 51 < ¢i, , we get

¢ < s3 < ¢, + em — €141 Using (6.36) and replacing ¢! and ¢;*" in terms of b% and b, we

get B! € < bl + g + €41, or equivalently €; < ey, +bj, — b5 + €.

By definition of 05" from (6.33), b;"! = B,.(2 + ) + (b}, — a’, ) + tx, and by (6.32), we know

lex + al — Br(2+ a) — ti| < €41. Therefore we get

€ < e+ Gé-k — B2+ a) =tk + €1 < 2644

44



which is a contradiction as 4¢;.1 < ¢; for all <.

Hence s; < ¢

We next show that the template maps ¢*, i € N, are consistent from stage i to 7 + 1.

Lemma 6.4. If & € G', then ¢'(%) D ¢" ().

Proof. Leti € G' C G, then 7 € %;“ N7: , where 7! is a sub-tower of %;“. Therefore we

can write 7 in two ways:

i = U,, i for some §; = (y,0) € E-

Im?

and

T = U,,gofor some 7o = (y2,0) € E;H

where sy = s; + F,,(y2). This implies

¢ 7= C(Sy N, e)

Jm 51 Im?

and

¢i-+1i' — C(S Ai-+1, Ei—f—l)-

J 527%

We need to show that C(S,, X &;) D C(S, A" €i41). Let I' € C (S5, A5, €11). Then there

S1 ]7”7 (2
exists r € (—¢€;11, €;41) such that

i+1
52)\j

S, I'=S9

on

(S 57) = sup () — 5, = 5 .67 ]
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If m = 1, then s; = s, a?l = a/ and /\j*l = Ai on supp(X; ). This means

S,I' = S, AL on supp(Ss, \:),

S177°91 S17°1

and |r| < €41 < €. Hence T' € C'(S,, \% | ¢;) as desired.

51
Suppose m > 1. Then by equation (6.31) we know that
N =80 gaera)-tn i
on the interval [3,,(2 + &) + tm, Bm(2 4+ a) +t + I} ] and for some [t,,| < €;41. Therefore

i1 i
ST»F = S )\‘+ = SSQ+G;-m —ﬁm(2+a)_tm)\jm

82 7

on the interval [5,,(2 + «) + t,, — S2, B (2 + @) + t + l;m — $9].

By (6.32) and (6.13), we know |F},,(y2) — €| < €;41 and |e,,, + a§m — Bm(24+ @) —ty| < €41-

Hence | Fn(y2) + @}, — Bm(2 4 @) — tm| < 2€541. Since s3 — 51 = Fp(y2), we get
((s2+al, — B2+ a) —tn) — s1| = [Fn(ye) + al,, — B2+ ) — tn] < 2ei41.

We can then write s, + aém — Bn(2 + @) — t,,, = 81 + 1/ for some || < 2¢;,1, and 3,,(2 + a) +

y / . . .
ty — So = a}m — s1 — r'. This implies

%

_ i i 1o / i) AN/ /
Sl = Sgapj, onlag, —s1 =1 a4y, —si v+ | = a5, —s1 =1 b, —s1 =77,

which in turn implies

ST =5, A% on [aﬁ-m — 81, b;m — 51] = supp(Ss, \: ).

817 m 3177 )m
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As|r—7r'| < 3e1 < e, wegetD € C(S, N, | €).

S1 ]m’ 7
Foreach? > 1and j € J;, let

Zi={ U U U, : 1 is the basepoint of a tile in A’}

nE(ph+2e€i,q5—2¢;) [n—s[<e;

and let Z' = Ujc;,Zi. The following lemmas shows that the sets Z* satisfy conditions (d) of

Proposition 5.3.

Lemma 6.5. G N Zit1 C Z' forall i € N,

Proof. Let & € G N Zi+1. As P and P! are tower partitions of X, there exist j € J;; and
jm € J; such that 7 € 7”'}“ N7, ,where 7/ denotes the m'" sub-tower of %;H. Then we can write
Z in two ways

T = Us, 71, for some §; = (y1,0) € E;m

and

= USQ%, for some g5 = (yQ’ 0) c Ejl:—&-l

where sy = s1 + Fi,(y2)-

As € G% p° < s; < q' and since 7 also belongs to Zi+1, there exists ’ € R such that 7’
p]m Im g 7] TI

is the basepoint of a tile in A} and Z € L{SQE;H with | — s3] < €;41. By (6.31), we have
+1 7
on the interval [3,,(2 + &) + tm, Bm(2 + @) + ty + I} ]. Therefore

n:n’+a§-m—ﬁm(2+a)+tm
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is the base point of a tile in A} with supp(\j ) = [a} , 0 |. Hence, by (6.13) and (6.32), we get

|n" — s1 — em| < 2¢;11 and hence |s1 — 1| < 3e;41 < €.

Now pi < s1 < ¢ implies that n € (p} — €,q, + ¢). Note that pi = a’ +1/2
and aj-m is the base point of the first tile in the patch )\;'-m. Since all tiles have length at least 1, and
> o €n < 1/6, we will never see the base point of a tile in the interval (a} +1/2—¢;,a) +1/2+
2¢;) = (ph, — €, Pl + 2¢). Similarly, as b}, is the end point of the last tile in X} , we will never
see the base point of a tile in the interval (bi —1/2+ >/ €, —2¢;,b. —1/2+ 30 €, +¢;) =
(qj,, — 2€i,q;,, + ). Therefore all base points in (p} — €;, ¢} + €) are actually contained in

(0%, + 26,4, — 2¢). This means that

= U, (1), for some ; € E;m and |n — s1| < ¢

2

and 7 is the base point of a tile in A;m such thatn € (pj-m +2¢;, qﬁ-m —2¢;). Therefore & € Z}m c Zt.
[

We introduce a notation here to describe the difference in heights of two points in the same
tower from any given P'. Let ,§ € %} for some ¢+ > 1 and 5 € J;, and suppose they located at

heights ¢ and s respectively i.e., T € USE;- and y € UtE;». Then we define

In the following lemma, we show that if two points 7, § are close in a tower in P!, with & € Z°

and g € Z'"1, then g € Z°.

Lemma 6.6. Fori > 1 and j € J;14, let 7:;“ e Pt and let %}m be its m'" sub-tower. Suppose

veZ N7 andye T with |, Gl < 2€41. Then§ € Z! and |2, 3]; < 2€;.

Proof. Since z € 71 N 7™, we have & = U, (21,0) for some (z1,0) € £/ and & = U, (x2,0)
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where (22,0) = Ur,,(s,)(21,0) € Ei with s = 51 = F,,(2;). As @ € Z! , there exists an 7 such

that 7 is the base point of a tile inX; and |s; — 7| < ;.

As € 71T, we know § = Uy, (y1,0) for some (y;,0) € Ei™" and as |, §liv1 < 2641, We
have [s; — 71| < 2€;41. Let (y2,0) = U, (41)(11,0) € E}m and ro = 1 — F,,(y1). By Proposition

3.1, we know | F,,,(z1) — Fp(y1)] < €i41. Therefore we get
2 =0 = |r1 = Fn(y1) — nl <[s1 — Fo(21) — 0l + 3611 = [s2 — 0l + 3eipa < 4eipa.

As €; > 4e; 41, we get |ry — 1| < ¢; which implies that § € U|s,m<€iL{S|E§m C Zj and |T,7|; =
|sg — ro| < |s2 —n| —|re — n| < 2.

]

Corollary 6.7. Suppose & € Z" for alln < i, and § € Z" such that |7, 9|; < 2¢;. Theny € Z" for

all n <.

Proof. Letz € Z" foralln < iand § € Z' with |Z,7|; < 2¢;. Then by Lemma 6.6 applied to
T e Z7 weknow g € Z71 with |Z,7],_1 < 2¢;_;. Applying Lemma 6.6 successively, we get

ye Ztforalln=1—1,2—2,..., 1.

Lemma 6.8. Foralli > 1, Z' N Z" #£ 0.

Proof. We prove the result by induction on i. As Z* # (), the result is true for 7 = 1. Suppose the

result is true for some i = n, i.e., Z' N Z™ # (). We will show that Z! N Z"+* £ ().

Let # € Z' N Z™. By skeleta decomposition, there exists a j € Jp,11,jm € Jp, such that

T e N7} and 77 is the m'™ sub-tower of 77!, Hence we can write & = U, (21,0) for some

(21,0) € E7™ and & = U, (22, 0) where (25,0) = U, (z,)(21,0) € ET with s = 51 = F,(2).
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As T € Z7 , there exists an 1) such that 1) is the base point of a tile in A} and sy — n| < €,. By
(6.31), we know X! = San B (2+a)—tm A, o0 the interval [B,,(2+a)+tp, B (2+a) +t,+1 ].
for some e, +a} — B (2+ @) = t,| < €41. Hence ) =0 —a} — (2 + ) — 1, is the base

pooint of a tile in A} *1.

Choose a (y;,0) € E;”l and an r; € R such that |7y — 7| < €,.1 and let § = U, (y1,0) in

7 Thenj € ZI'™™ C Z"+'. We will show that j € Z'.

Let (y2,0) = Up,, (1) (y1,0) € E;m and ro = r1 — F,,(y1). By (6.13), we know |e,,, — fr(y1)] <

€nt1, and therefore
Py — | =|r1 —em — 1 — al A+ Bn(2+ @) +ty] + enpr < |11 — 1| + 26041

As|ry = 1| < €41, we have |ry — 1| < 3€,41 < €,. This implies § € Zém and as |1y — | < €,, we

get |ro— 85| < 2¢,. By Corollary 6.7, we get§ € Z* forall k = 1,2, ...,n. Hence j € Z1NZ"
0.

[

We have now proved that for all i € N, the ¢;-stencils (A}, G}, ¢) and the templates (G*, ¢*)

satisfy the hypothesis of Proposition 5.3.

6.3 The two-step n.c. flow

By Proposition 5.3, we get a map ¢ : X — Y so that the set Z, consisting of all points & € X
such that the origin is located at the base point of a tile in ¢(Z), forms a non-empty Gs-subset of X.
Let Z inherit the subspace topology from X. As X is Polish, Z forms a Polish space with respect
to the subspace topology. In this section, we will define a homeomorphism 7, : Z — Z and a
continuous map g : Z — {1,1 + a}. We will then show that the topological space Z consisting

of the points under the graph of g over (Z, T), with every point (2, g(2)) identified with (7,2, 0),
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and endowed with the product topology of Z and R, is homeomorphic to X. In the end, we will
show that there exists a Borel measure v on Z such that the flow built under the function g over

(Z,v,T,) is n.c. conjugate to {U; };cr on X.

First note that every point Z € Z has the property that the origin is located at the base point of
atile in ¢(z). As all tiles in Y have length either 1 or 1 + «, we get either U1 Z € Z orUy,,2 € Z,
depending on the length of the tile that begins at the origin of ¢(Z). And similarly, either/_,Z € Z
orUU_i_,z € Z depending on the length of the tile that ends at the origin. We use this property to

define four sets Z;,1 = +1, 2 as follows:

Zv= {feZ:UieZy =2ZnULZ (6.37)
Zy= {(€Z: U ai€Z} =ZNU_ o7
7= {ie€eZ:U e}y =ZNUZ

Z_9 = {26212/[_1_0(262} :ZﬂL{HaZ

Note that Z = Zl U ZQ = Z_1 U Z_Q.
Lemma 6.1. The sets Z;,i = +1,£2 are open subsets of Z.

Proof. We only show that Z; is open in Z. The argument for openness of the remaining sets is sim-
ilar. Let Z € Z;. Then the origin is located at the base point of a tile of length 1 in ¢(Z). By Lemma
6.2, there exists an 7 € N and a j € J; such that the partial orbit {2 : s € (=2 — a,2 + a)} is

contained in G of the tower 71. Therefore Z = 4, for some # € Efandt € (p’+2+a, ¢i—2—a).

As Z € Z, there exists an ty € (t — €;,t + ¢;) so that the patch )\j- has the base point of a tile
of length 1 located at 5. Now let U = Use(sy—2¢;,t0+2¢;)- Then U is open in X and Z € U. Also,
for every point § € U N Z, the origin is also located at the base point of a tile of length 1 in ¢(7).

Hence U N Z C Z;, implying Z; is open in Z. U
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Define amap 7', : Z — Z based on the time of first return to the set Z, with respect to the flow

{U, }1er, as follows:

Uz ifzez
Tz = (6.38)
Upia? ifZ€ Zy

Lemma 6.2. T, is a homeomorphism on Z.

Proof. 1t is clear from definition that 7', is well-defined on Z. To see that 7% is 1-to-1, suppose
there exist z;, 2o € Z such that 77z, = T z,. Without loss of generality, assume z; € Z;. Then

TZ'%I = Ulzl.

By definition, 7%z, is either U 2o or Uy o 20. If Ty 2y = Uy 20, then U2y = Ui 22, Which
implies z; = U,Zs, and hence ¢(2;) = ¢(U,22) = Sa¢(Z2). Now both Z; and 2, are in Z, therefore
both ¢(Z;) and ¢(Z;) have base points of some tiles at their origins, which means ¢(Z;) cannot be
the same as S,®(2>), as there are no tiles or patches of length « in the tiling space Y. Therefore

Ty Zy = Uy 2y = Uy 21, which implies Z; = Z; as U; is a homeomorphism of X.

To show that T; is a homeomorphism of 7, it suffices to show that given any open C' C Z,

both 7,,*C and T,;C are open in Z. Fix an open subset C in Z. Note that

T,'C = ULCNZ)UU1-oCN Zy)

and Tzc = (Z/{lC N Zfl) U (Z/{1+a0 N Z,Q)

where Z;,1 = £1,+£2, are as defined in (6.37). We first show that i/ _C' N Z; is open in Z.

C'is open in Z implies that there exists an open V C X such that V N Z = C'. Therefore

UCNZi=U(VNINZ=UVNUAZNZ=U1VNZ
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asU «ZNZy = Zy. AsU_1V is open in X, we have /_1V N Z is open in Z. Also, Z; is open in
Z. Therefore (U_1V N Z)NZ; =U_1V N Z; is open in Z, which means U_;C' N Z; is an open

subset of 7.

Using similar arguments as above, we can show that the sets &/_;_,C' N Zy,U1C N Z_4 and
U1+oC N Z_5 are also open in Z. Therefore 7, is a homeomorphism of Z.
]
Next we define a function g : Z — {1,1 + a} to be the first return time function on Z, given
by
1 ifz ez,

9(%) =
l+a ifzeZ,

Lemma 6.3. g is continuous on Z.

Proof. g is continuous as both g1 ({1}) = Z; and g~ ({1 + a}) = Z, are open in Z.

Note that, using the definition of g, we can write 7’7 in terms of g, so that

TyZ =UyzZ forall Z € Z. (6.39)

Now consider the product space Z x R with the product topology. In this space identify every
point of the form (, g(Z)) with the point (T;Z,0). With this identification, we let Z to be the part

of Z x R that lie under the graph of g i.e.,

A~

Z={(zp) :2€Z,0<p<yg(2)}

It is easy to check from definitions that Z forms a Polish space with respect to the identification
topology. Also, for ease of notation, let g(Z, n) denote the time it takes for a point Z € Z to return

n times to Z, under the map 77, i.e.,
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g(Ty2) ifn>0

@
I
o

g(z,n) = 0 ifn=0 (6.40)

-1
> g(Thz) ifn<0

\ i=n

Then, using the identification (Z, g(2)) = (12Z,0), we get that if ¢ € R, then

(Zp+1t) = (T72,p+t—g(%,n)) (6.41)

where n € Z such that g(2,n) < p+1t < g(Z,n+1).

We want to show that the spaces X and Z are topologically the same. To understand the
sameness, observe that for every Z € X, by definition, ¢ (%) is a tiling consisting of tiles of length
I and 1+ «v. Therefore, there exists a unique p such that the origin shows up at a distance p from the
base point of a tile in ¢(Z), where 0 < p < 1 if the origin of ¢(Z) is strictly inside a tile of length
1,0 < p < 1+ «if the origin of ¢(7) is strictly inside a tile of length 1 + « or p = 0 if the origin
is located at the base point of a tile. In other words, there exists a unique p such that S_,¢(Z) has
its origin at the base point of a tile, and 0 < p < the length of this tile. As S_,¢(Z) = ¢(U_,T),
this means that there exists a unique p such that /_,7 = Z for some Z € Z and 0 < p < g(2).
Here g(z) is the time it takes for Z to return to Z which is in fact, the length of the tile containing

%. Therefore, every point # € X can be uniquely represented as

T=U,Z forsome Z € Zand 0 < p < g(2). (6.42)

Using the above representation, define a map ¢ : X — Z by

() = (Z,p). (6.43)
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The uniqueness of the representation implies that v is a well-defined bijection between X and Z.

Lemma 6.4. X and Z are homeomorphic via the map .

Proof. We first show 1) is continuous. Suppose A is an open subset of Z and (z,p) € A. Let

i=1 Y2 p) e, T =UZin X.

As A is open in Z, there exists an open C' € Z and a < p < b € R such that (Z,p) €
C x (a,b) C A. Choose n € N such that 4¢,, < min{p — a,b — p}. By Lemmas 6.2 and 6.3, there
exists an¢ > n and j € J; such that zZ € Gz As z € Z, there exists a t; € R such that ¢, is the

base point of a tile in the patch X’ and Z € R = Ujy_)|<,Us E.

As C'is open in Z, there exists an open set U € X so that C = U N Z. This implies that
Ze UNR. LetV = U,(UNR). Then V is open in X and & = U,z € V. We will show that
P(V) C A

Lety € V. ThenU_,y € U N R, and we can write U_,y = L{qﬁ for some h € (UNRYNZ
and |¢| < 2¢,. AsUNZ = C and ¢; < €,, we get § = Uy, h for some h € C and p + ¢ €

(p — 2€,,p + 2¢,) C (a,b). Hence, ¢(3) € C x (a,b) C A and 1) is continuous.

To show that the inverse map 1) ~! is also continuous, let U be an open subset of X. It suffices
to show that for every & € U, there exists an open V € Z such that ¢(z) € V C ¢(U). Fix an
Z € U. Then ¥(Z) = (Z,p), where x has the unique representation & = U,z or some Z € Z and

0<p<yg(3)
Since U is open and & € U, there exists an open A C X and a,b € R such that 7 = (z,t) €

A x (a,b) C U. Choose n € N such that 4¢, < min{t — a,b — ¢t}. By Lemmas 6.2 and 6.3, there

existsan¢ > n and j € J; such thatf_,x € G; AsU_,7 = z € Z, there exists a ty € R such that
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to is the base point of a tile in the patch X’ and Z € R = Uj,_y|<c,Us E;.

LetC = (RNAX(t—p—e¢,t—p-+¢)) NZ Note that C'is open in Z and Z € C. Let

V =C x (p—€,p+€). Then V is open in Z and (%) = (Z,p) € V. It remains to show that
V- Cy(U).

Let (h,q) € V.Thenh € C C Ax (t—p—¢€;,t —p+e¢;) and |p — g| < €;. Therefore we have
Uh e Ax(t—(p—q) —e,t—(p—q)+ea) CAx(t—26,t+2¢) CAx (a,b) C U. This
implies (h, q) = ¢ (U,h) € ¥(U), and hence 1)~ is continuous.

[

Next, we define a measure 7 and a o-algebra of measurable sets G on A , to be the respective

push forwards of the measure /i and the o-algebra of measurable sets F on X, ie.,

G={AcC X:¢y Y (A) e F}and

7(A) = fi(yp "t A) whenever A € G.

Using ¢, we also define a flow {V,},cr on Z by

Vi=volyoy™' forallteR. (6.44)

Then {V, }+er is measurable with respect to 7 on Z and is measurably conjugate to {U };cr. It is
a straight forward computation to check that {V, },cg satisfies the definition of the flow built over

T under the function g, i.e., for all (Z,p) € A

Vi(Z,p) = (TzZ,p+1t—g(Zn)) (6.45)

where n € Z such that g(2,n) <p+t < g(Z,n+ 1) and g(2, n) is as defined in (6.40).

56



At this point we have defined a measure on Z that makes the flows {Ui }1er and {V,; }ier n.c.
conjugate. We still need to show that Z has a Borel measure v and with respect to the product of v
and Lebesgue measure on 7 , the flow built over 7’7 under g is in fact n.c. conjugate to {{; };cx. We
will use the following representation theorem of Ambrose to show the existence of such a measure

von/Z.

Theorem 6.5 (Ambrose[1]). Let {V, }cr be as defined in (6.45) on Z, with a measure v on Z. If
{V, }ier is a measurable flow and if the functions F and G defined by

F(z,p)=g(3), G(zp)=p (6.46)

forall (Z,p) € Z, are both i-measurable, then there exists a measure v on 7 for which g is a mea-
surable function and 'T'; is a measure-preserving transformation and such that v is the completed

direct product measure of v on Z with Lebesgue measure on the vertical axis.

Proposition 6.6. Let (Z,7,{V,}cr) be as defined above. Then there exists a Borel measure v on

Z such that {V, };cr) forms the flow built over T; under the function g.

Proof. We will first show that the functions F and G as defined in (6.46) are r-measurable on A ,
and obtain a measure v on Z so that v = v xLebesgue on Z. We will then show that v is Borel
and T is ergodic with respect to v. This will imply that (Z,v,T7) is a n.c. Z-system and since
{V; }1er satisfies (6.45), and g is continuous on Z, {V, };cr will indeed be the flow built over T

under g.

Set F = Fo Y and G = G o 1 on X. To show that F and G are r-measurable, it suffices
to show that I and G are 7 measurable, as 7 is the push-forard measure of i. Let B C X be a

fattening the set Z defined by,
B= |J uz

t€[0,3]
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Since Z = Mpen Ui>p 7', where each 7' = Ujer, U n(ig 1) Uli— anQZ/{t , we get

+77m +€;

p-AUUU U ub

neNi>n jeJ; m=1 t=nm—¢;

and hence is measurable in X. Now
{i:F@@)=1}= |J u(BNUB)
te(0,4)NQ

and

{i:F@) =1+a}= |J UBNULDB)
t€[0,2)NQ

and therefore I is measurable on X. Similarly, GG is also measurable as

(| B ifr<

N

(|l uB ifr>

telr—1 rInQ

N

Hence F' and GG are r-measurable in Z, and by Theorem 6.5, there exista a measure v on Z
for which ¢ is a measurable function and 77, is a measure-preserving transformation and 7 =

vxLebesgue measure. The measure v and the o algebra B on Z are defined as follows:

B={CcZ:{(z,p):2€C,0<p<g(2)} e g}, (6.47)

and for all C' € B,
v(C)=20(C x (0,1/2))

We next show that v is a Borel measure on Z. To see this, let C' be an open subset of Z. Let
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Cy =CnNZ;and Cy, = C' N Z; be open subsets of Z so that C' = C; U Cs. Define
Cy = Useo,nUsCh Cy = Use(0,14a)UsCa.

By (6.47), to show that C' is measurable in 7, is equivalent to showing CLUC; and Cy UCY belong
toG. Note that Z; = ZNU_1Z and Zo = Z NU_1_,Z. Since Z is a G5 Subset of X, Z, Ly are
measurable in X . Hence C1, Cy are measurable in X.

To show is that C;,Cy € G, note that ¢(C;) = C; x (0,1) and ¥(Cy) = Cy x (0,1 + ),
are open with respect to the product topology on Z. Since Z is homeomorphic to X, C; and Cs,

are open in X, and therefore measurable in X. Hence C' is a measurable subset of Z and v is Borel.

All that remains to show is that 7', is ergodic with respect to v. Suppose not, then there exists

a Ty-invariant A C Z with 0 < v(A) < 1. Define U C X to be the set

U= |J u(Anz)) u | U(ANZ).

s€[0,1) s€[0,1+a)

Then 0 < i(U) < 1 and for any ¢ € R, we have ;U = U. This is a contradiction as U; is ergodic
on X. Hence T is ergodic on Z and as a result, {Vi}+er) is indeed the flow built over 77 under

the function g. O

Corollary 6.7. (X, i, {U; }1er) is continuously conjugate to (Z, 7, {V; }1er)

Proof. By Proposition 6.6, {V; }cr is the flow built over 77 under g. By (6.44) and Proposition

6.4, the two flows are continuously conjugate.
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