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ABSTRACT

RESPONSE AND TRANSPORT PROPERTIES IN COMPLEX QUANTUM SPIN SYSTEMS

Understanding how quantum systems respond to external perturbations lies at the core of con-

densed matter physics. In spin systems—where localized magnetic moments interact through ex-

change, spin-orbit coupling, and external fields—these responses are often rich with emergent

behavior. Spin degrees of freedom not only govern magnetic ordering and excitations, but also

mediate charge and heat transport, and serve as carriers of information in next-generation quantum

technologies. This dissertation investigates how complexity—arising from spatial inhomogeneity,

many-body interactions, or local spin structure—affects the transport and response properties of

quantum spin systems.

A central focus of this work is to clarify and reinterpret signatures observed in Hall transport

measurements of magnetic materials. In Chapter 1, I explore how spatial inhomogeneities and

resistances due to the presence of domain walls can mimic features traditionally associated with

topological spin textures, such as skyrmions. Using homogenization theory, we derive rigorous

bounds on the anomalous Hall conductivity (AHC) in inhomogeneous conductors under minimal

assumptions. While the homogenized AHC must lie within the range of local conductivities, I

show that experimental configurations involving inhomogeneous magnetic domains can give rise

to apparent anomalies—such as humps in the Hall resistance hysteresis loop—without invoking

topological effects. This result offers a non-topological explanation for widely observed transport

features and underscores the importance of disentangling geometric, topological, and extrinsic

contributions in interpreting experimental data.

Chapter 2 addresses a different aspect of spin response: the control of magnetic relaxation

dynamics through local environmental design. Motivated by the need to suppress decoherence

in spin-based quantum devices, we present a new strategy for engineering long spin relaxation
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times by embedding a magnetic complex within a chemically compatible, but spin-active, matrix.

Specifically, we show that the magnetic relaxation of the [Co(SPh)4]2˘ complex can be slowed

by three orders of magnitude when embedded in isostructural lattices of [M(SPh)4]2˘ (M = Ni2+,

Fe2+, Mn2+). Magnetometry, EPR, and computational analyses reveal that the host matrices’ large

positive zero-field splitting and integer spin values generate a dynamically quiet local environ-

ment. Unlike traditional strategies that rely on diamagnetic dilution, this approach leverages struc-

tured magnetic environments to suppress spin noise—opening new design principles for molecular

qubits and coherent spin systems.

Finally, Chapter 3 focuses on spin-orbit-driven transport phenomena that underlie much of

modern spintronics. In systems with strong spin-orbit coupling (SOC), the spin Hall effect (SHE)

and its inverse enable the interconversion of spin and charge currents—offering powerful tools for

manipulating non-equilibrium spin states. This chapter examines the microscopic origins of the

SHE and ISHE, their dependence on crystal symmetry and SOC strength, and the conditions under

which transverse spin currents can be maximized or suppressed. These results contribute to the

growing theoretical understanding of spin-charge coupling mechanisms and provide guidelines for

optimizing spin current generation in realistic materials and devices.

Taken together, the results presented in this dissertation shed light on how local structure, sym-

metry, and disorder shape the transport and dynamical properties of quantum spin systems. The

overarching theme is one of complexity—how microscopically diverse environments and interac-

tions can yield counterintuitive or emergent behavior in macroscopic response. In doing so, this

work provides theoretical tools, reinterpretations, and design strategies that are broadly relevant to

the study of magnetic materials, spintronic devices, and quantum information platforms.
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Chapter 1

Introduction

The study of spin-dependent transport phenomena lies at the heart of modern condensed matter

physics, both as a fundamental theoretical challenge and as a foundation for emerging spin-based

technologies. The field of spintronics, in particular, seeks to utilize the spin degree of freedom of

electrons to manipulate the equilibrium and nonequilibrium properties of quantum materials. In

this dissertation, we investigate several critical aspects of spin transport and spin response, focusing

on the role of spatial inhomogeneities, magnetic interactions, and spin-orbit coupling in shaping

measurable effects such as the anomalous Hall effect (AHE), spin relaxation dynamics, and the

spin Hall effect (SHE).

The anomalous Hall effect is a hallmark of ferromagnetic systems with broken time-reversal

symmetry and strong spin-orbit coupling. While the intrinsic AHE is widely understood in ho-

mogeneous materials through Berry curvature physics, interpreting experiments on real samples

often encounters a major obstacle: spatial inhomogeneity. Domain walls, texture boundaries, and

nonuniform current paths can all significantly alter the measured Hall voltage, often in ways that

defy naive expectations.

In Chapter 2, we rigorously address this issue using tools from homogenization theory—a

branch of applied mathematics concerned with the effective properties of heterogeneous media.

We establish general upper and lower bounds on the homogenized anomalous Hall conductivity

based solely on local conductivity tensors. We prove that under minimal assumptions, the effective

Hall conductivity cannot exceed the range spanned by the local anomalous Hall response.

Surprisingly, however, certain anomalies frequently observed in experiments—such as non-

monotonic features or “humps” in Hall resistance hysteresis loops—appear to violate these bounds.

These features are often attributed to the topological Hall effect arising from skyrmions or chiral

spin textures. Our work shows that similar signatures can arise even in systems without any topo-

logical spin texture, purely due to inhomogeneities in the material or due to the presence of a do-
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main wall. This is described in Fig. 2.1. Through two concrete examples, we demonstrate how spa-

tial inhomogeneities alone can mimic THE-like behavior, raising caution about over-interpretation

of Hall data in complex materials. These apparent contradictions can be resolved either by rec-

ognizing that the extrema—humps and dips—represent the bounds and can exceed the saturated

conductivity, or by noting that the hump observed in the hysteresis curve appears in the resistiv-

ity; upon inversion to obtain the conductivity, the hump vanishes. This work was conducted in

collaboration with Hua Chen, Olivier Pinaud, and Evan Camrud. The homogenization analysis

was primarily carried out by Evan Camrud and Olivier Pinaud. The results were published in

Communications Physics [1].

Spin relaxation mechanisms govern the lifetime of nonequilibrium spin polarizations and are

central to the design of spin-based memory or quantum information platforms. While much at-

tention has been given to spin-orbit-mediated relaxation channels, recent work has shown that

dipolar interactions between localized spins can dominate in certain molecular or insulating sys-

tems. These interactions are long-ranged, anisotropic, and intrinsically inhomogeneous due to

local structural disorder.

In Chapter 3, we develop a dipolar field model to study spin relaxation from a linear response

perspective. We treat an ensemble of spins coupled via dipole-dipole interactions and subject

to thermal fluctuations. Using a perturbative approach, we compute the dynamical susceptibility

and extract characteristic spin relaxation times as a function of interaction strength and spatial

configuration. This work was carried out in collaboration with Ian Mosely, Joe Zadrozny, and Hua

Chen. Ian Mosely and Joe Zadrozny performed the experimental measurements. The results were

published in Cell Reports Physical Science [2].

A key result is that increasing the dipolar interaction strength—counterintuitively—can slow

down spin relaxation. We trace this to a suppression of local field fluctuations as the system

becomes more correlated, leading to a kind of self-stabilization of spin orientation. This insight

opens new avenues for chemically engineering longer spin lifetimes by tuning dipolar couplings

through the choice of molecular ligands or host matrices.

2



The spin Hall effect (SHE) and its reciprocal, the inverse spin Hall effect (ISHE), offer a route to

generate and detect spin currents in nonmagnetic systems via spin-orbit coupling. These effects are

pivotal to many spintronic devices, yet their interpretation—particularly in materials with strong

spin-orbit coupling—remains subtle. The notion of a spin current itself becomes ill-defined when

spin is not conserved, complicating continuity equations and transport formalisms.

In Chapter 4, we revisit the spin Hall response, including both intrinsic and extrinsic contribu-

tions to the spin current. We examine the role of spin accumulation at sample boundaries and the

impact of strong spin-orbit interaction, where the spin current ceases to be a conserved or even a

gauge-invariant quantity. In such regimes, we argue that focusing on measurable spin densities or

edge accumulations, rather than bulk spin currents, provides a more physically robust description.

We also present a novel computational approach based on a tight-binding Hamiltonian that

includes both Kane-Mele-type spin-orbit coupling and electronic interactions. This allows us to

capture both the band-structure-derived (intrinsic) and interaction-driven contributions to spin ac-

cumulation. We find that the interplay of these two ingredients can significantly modify the mag-

nitude and sign of the transverse spin response.

Conclusion and Outlook

Taken together, the three chapters of this dissertation highlight the crucial role that spatial

inhomogeneities and internal interactions play in determining spin transport phenomena. While

linear response theory provides a rigorous foundation for analyzing such effects, the presence of

disorder, long-range interactions, or nonuniform geometries necessitates careful theoretical and

computational treatment. By combining analytical bounds, perturbative modeling, and numerical

simulations within a unified linear response framework, this work offers new perspectives on how

to interpret and manipulate spin transport in complex quantum systems.

The results have implications not only for basic understanding but also for practical spintronics,

where engineering the local environment and interaction profile may prove as important as band

structure design. Future work may extend these methods to time-dependent phenomena, nonper-
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turbative effects, or topologically nontrivial systems, where new forms of response behavior may

emerge from the same foundational principles.
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Chapter 2

Bounds and anomalies of inhomogeneous anomalous

Hall effects

It is well recognized that interpreting transport experiment results can be challenging when

the samples being measured are spatially nonuniform. However, quantitative understanding on

the differences between measured and actual transport coefficients, especially the Hall effects,

in inhomogeneous systems is lacking. In this work we use homogenization theory to find exact

bounds of the measured or homogenized anomalous Hall conductivity (AHC) in inhomogeneous

conductors under minimal assumptions. In particular, we prove that the homogenized AHC cannot

exceed the bounds of the local AHC. However, in common experimental setups, anomalies that

appear to violate the above bounds can occur, with a popular example being the “humps” or

“dips” of the Hall hysteresis curves usually ascribed to the topological Hall effect (THE). We

give two examples showing how such apparent anomalies could be caused by different types of

inhomogeneities and discuss their relevance in experiments.

An experimental setup is shown in Fig. 2.1. To measure the resistivity tensor, current is first

injected along the +x axis while the Hall voltage is recorded across the contacts along the y axis.

The procedure is then repeated with current driven vertically along the y axis and the voltage

measured laterally along the x axis. From these measurements, all components of the resistivity

tensor are obtained via ρij = ∆Vi/Ij , and the conductivity is determined by matrix inversion,

σ = ρ−1. To acquire hysteresis loops, an out-of-plane magnetic field is applied to saturate the

magnetization and then slowly swept between positive and negative values and back, tracing out

the hysteresis loop while measuring the Hall conductivity.
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Figure 2.1: Example experimental setup for measuring all components of conductivity. The sample is
placed between four conductive leads. Current is first driven along the +x direction, while the voltage drop
is recorded between contacts along the y axis. The procedure is then repeated with current applied along
the y direction and the voltage measured between contacts along the x axis. These measurements yield the
components of the resistivity tensor ρij , from which the conductivity tensor is obtained via σ = ρ−1. This
procedure is repeated as the magnetic field is swept from +z to −z and back, tracing out the hysteresis loop.

2.1 Introduction

Transport experiments are usually performed using macroscopic or mesoscopic samples that

have unavoidable spatial inhomogeneities. Inhomogeneities on the scale much larger than the

mean free path of the microscopic quasiparticles can be described by classical transport equations

with spatially varying coefficients. The effective transport coefficients measured experimentally

by probes located at the sample boundary or in the interior but separated by macroscopic distances

[3] are, however, not trivially determined by the local ones through a simple spatial average [4].

In certain cases the mesoscopic spatial inhomogeneity may lead to dramatic consequences not

expected from the local physics. A prominent example is the classical inhomogeneity-induced

non-saturating magnetoresistance [5, 6] proposed to explain the experimental observation in silver

chalcogenides [7].

Another anomaly in transport experiments that has attracted significant interest recently is the

hump or dip features in Hall resistivity versus magnetic field curves [8–18, 18–58], usually ob-

served in magnetic conductors lacking spatial inversion symmetry either in the bulk or due to the

presence of interfaces. A physically appealing picture of such anomalies is that finite magnetic

fields stabilize an intermediate skyrmion phase in inversion-symmetry-breaking systems [59]. It
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has been well established that conduction electrons coupled to skyrmion magnetic textures expe-

rience an emergent magnetic field and consequently have an extra Hall effect contribution, now

known as the topological Hall effect (THE) [60–64]. The THE in the intermediate skyrmion phase

therefore serves as a straightforward explanation for the anomalies [64]. However, such an inter-

pretation, particularly when there is no complementing evidence from other experimental probes,

has been seriously challenged in recent years [40–42,46,47,65–72]. Among the alternative mech-

anisms, a widely accepted one is that superposition of anomalous Hall effect (AHE) [60, 73–83]

hysteresis loops coming from subsystems with distinct magnetic (e.g. coercive fields) or trans-

port (e.g. signs of the AHE) properties in the measured samples can lead to similar hump or dip

features [37, 65–70, 84–86]. Effectively such a superposition is equivalent to performing a simple

spatial average of the AHE. However, since the anomalies of the Hall signal occur near magnetiza-

tion reversal which is a first-order phase transition, inhomogeneities due to formation of magnetic

domains are prevalent. It is not clear if the measured anomalous Hall signals in an inhomogeneous

magnetic conductor are always equivalent to such a spatial average. Moreover, the assumption of

subsystems with individually well-defined coercive fields may be overly stringent [26].

In the above context, it is desirable if one can constrain the measured Hall coefficients, es-

pecially the anomalous Hall conductivities (AHC), in inhomogeneous systems without assuming

particular mechanisms, so that influences due to inhomogeneities only may be isolated. Theoretical

bounds of AHC of nonuniform systems can also be a useful diagnostic tool for uncovering details

of inhomogeneities by standard transport experiments. Exact results of such type are, however,

relatively scarce in the physics literature (see e.g. [87, 88] and references therein), possibly due

to the general complexity of inhomogeneous transport problems and to the lack of experimental

techniques for accurately characterizing inhomogeneity.

In this section, we use homogenization theory, a topical field in partial differential equations

(PDE), to study the bounds and anomalies of the measured AHE in inhomogeneous quasi-two-

dimensional systems. This is enabled by assuming the system has well-defined local conductivities

determined by microscopic electronic structure details, so that classical transport equations are
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applicable and the inhomogeneities are encoded in the spatially varying transport coefficients. We

have first given exact bounds of the homogenized AHC in systems with both inhomogeneous

longitudinal and Hall conductivities. The insights from this exact result further guide us to propose

two inhomogeneity-related mechanisms that can lead to the hump/dip features in Hall hysteresis

loops.

2.2 Bounds of the homogenized AHC

We consider the following set of equations governing classical electric transport in 2D:

∇ · (σσσ · E) = 0, ∇× E = 0, (2.1)

where

σσσ =







σxx σxy

σyx σyy






(2.2)

is the 2D conductivity tensor varying with position r = (x, y). The Hall conductivity σh is the

antisymmetric part of σ, i.e., σh ≡ (σyx − σxy)/2, and is due to either external magnetic fields

(ordinary Hall effect) or spontaneous time-reversal-symmetry breaking (anomalous Hall effect). In

this work we consider the latter only. σh is therefore odd under the reversal of the magnetic order

parameter that breaks time-reversal symmetry, and fluctuates between positive and negative values

in the presence of magnetic domains.

The boundary condition is chosen so that the spatial average of E is equal to that of the ex-

ternally applied electric field E0, i.e., ⟨E⟩ ≡ 1
A

∫

d2rE = E0, A being the sample area. The

homogenized conductivity σ̄σσ focused on in this work is defined through the spatial average of the

electric current density j satisfying

⟨j⟩ = ⟨σσσ · E⟩ ≡ σ̄σσ · ⟨E⟩ = σ̄σσ · E0. (2.3)
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To get some feel of the problem we start from the simplest case when σxx = σyy ≡ σ0,

σyx = −σxy = σh(r), and |σh(r)| = σh. Namely, only the AHC fluctuates between ±σh spatially

according to the magnetic domain profile. Bounds of σ̄h in this case can be obtained by first

transformingσσσ to an isotropic tensorσσσ′ using the duality transformation [89–93], and then applying

the Hashin-Shtrikman bounds for 2-phase isotropic composites [88, 94]

σ̄h

σh

∈
[

−1 +
2pσ2

0

σ2
0 + (1− p)2σ2

h

, 1− 2(1− p)σ2
0

σ2
0 + p2σ2

h

]

(2.4)

where p is the area percentage of domains with σh(r) = σh. The two bounds are realized by domain

configurations of packed coated circular cells with the same core/shell ratio [88]. Moreover, one

can see that the absolute value of σ̄h can never exceed σh. The two bounds reduce to the trivial

spatial-average value ⟨σh(r)⟩ = (2p− 1)σh when σh/σ0 → 0.

Can σ̄h exceed the bounds of local σh when the longitudinal conductivity is inhomogeneous

and in particular has a nonzero correlation with σh? A simpler version of the problem can be

obtained by replacing σ0 by σ1 (σ2) in domains with σh(r) = σh (−σh). Such a situation could

happen during a magnetization reversal, when individual domains first nucleate at the regions with

lower conductivities or more defects (see below). Note the values of σh(r) can be either positive-

or negative-correlated with the longitudinal conductivity, depending on the material and on which

half of the hysteresis loop is under consideration. The bounds of σ̄h in this case can be obtained

using the same approach as

σ̄h

σh

∈
[

−1 +
8pσ2

2

[(1− p)σ1 + (1 + p)σ2]2 + 4(1− p)2σ2
h

,

1− 8(1− p)σ2
1

[(2− p)σ1 + pσ2]2 + 4p2σ2
h

]

. (2.5)

Different from Eq. (2.4), the above bounds can now exceed the spatial average ⟨σh⟩, demonstrating

the nontrivial consequences of correlation between longitudinal and Hall conductivities. However,

they still cannot go beyond the maximum or minimum of σh.
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The above observations, plus numerical results not shown here, motivated us to speculate that

the homogenized AHC is always bounded by the maximum and minimum of the local AHC. This

indeed turns out to be the case as we prove below with minimal assumptions. To be precise, we

consider σσσ(r) = σσσ0(r) + σh(r)R⊥, where σσσ0(r) is a positive definite diagonal matrix with entries

σxx and σyy, and R⊥ is the π/2 rotation matrix in 2D. σσσ0 and σh can be correlated or not, and do

not have to vary smoothly with r. The theorem below, whose proof is given in the supplemental

material A.2, shows that in this case σ̄h is still bounded by the global minimum and maximum of

σh(r):

Theorem 1. Suppose that σxx, σyy and σh are stationary ergodic random fields (see e.g. [95]

for definitions) and that σxx, σyy are both bounded above and below by positive constants. Suppose

additionally that

−σM ≤ σh(r) ≤ σM , (2.6)

for some positive constant σM . Then, we have the inequality

−σM ≤ σ̄h ≤ σM . (2.7)

The above theorem is independent of physical mechanisms contributing to the local σ and

suggests that in order for the measured AHC in the Hall hysteresis loop to exceed the values at

saturation, the latter must not be the maximum/minimum of the local AHC when the anomalies

appear, which includes the skyrmion scenario. Another potential cause of the anomalies is that

the measured Hall signal is not σ̄h. We provide examples for both possibilities associated with

inhomogeneities below.

2.3 Anomalies due to nonuniform saturated AHC

In this section we discuss a possible mechanism for the anomalies when the spatial dependence

of σh(r) is not only due to the magnetic domains. To this end we first give a recipe for modeling
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magnetic domain evolution in field sweeps. As the perpendicular magnetic field sweeps, e.g., from

negative to positive values, one expects the magnetic configuration to continuously evolve from a

uniform negative magnetization, to spatially separated positive/negative-magnetization domains in

a relatively narrow field range centered at the coercive field Hc, and finally to a uniform positive

magnetization. This process can be qualitatively captured by the following function describing the

spatial profile of normalized perpendicular magnetization

m(r) = sgn

[

H −Hc

ϵH
+M(r)

]

(2.8)

where sgn(x) = 1 (−1) when x > 0 (x < 0), H is the perpendicular magnetic field, Hc is

the coercive field, M(r) is a smooth random field ranging from Mmin < 0 to Mmax > 0, and

ϵH controls the abruptness of magnetic switching. For analytical convenience, below we replace

sgn(x) by erf(x) where erf(x) = 2√
π

∫ x

0
e−t2dt is the error function. Note that Eq. (2.8) gives

infinitely sharp domain walls, while using the error function makes the domain wall width be

determined by the r dependence of M .

If the inhomogeneity of σh(r) is only caused by magnetic domains, one can express it simply

as σh(r) = σhm(r), where σh is the absolute value of the AHC in magnetically saturated states.

However, in the presence of inhomogeneous material composition in real samples, even if the local

magnetization in different spatial regions is the same, the local AHC does not have to have the

same value or sign. This is particularly the case for nearly compensated ferrimagnets whose AHC

changes sign across the compensation point [96–100]. To account for such an inhomogeneity, we

generalize σh(r) to the following

σh(r) = σh [1 + rhC(r)]m(r) (2.9)

where C(r) (C stands for composition) is a zero-mean random field whose typical size is controlled

by the dimensionless number rh > 0.
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While C(r) is in general distinct from M(r), it is reasonable to expect them to have certain

correlation, as already mentioned in the last section. For example, the energy barrier for locally

nucleating a magnetic domain in an inhomogeneous sample is ultimately determined by the lo-

cal material composition. Therefore regions where the local magnetization flips first during field

sweeps should also have consistently larger/smaller AHC compared to the other regions. Similar

correlation can also exist between local AHC and other local magnetic properties such as coercivity

and saturation magnetization.

We now show that the correlation between C(r) and M(r) generally leads to hump/dip fea-

tures in Hall hysteresis loops, which already manifests in the lowest order approximation of the

homogenized conductivity σ̄ ≈ ⟨σ⟩. Namely,

σ̄h ≈ ⟨σh(r)⟩ = σh

〈

(1 + rhC) erf

(

H −Hc

ϵH
+M

)〉

(2.10)

To proceed, we assume both C and M are zero-mean Gaussian random fields with unity variance

and a nonzero covariance

⟨C2⟩ = 1, ⟨M2⟩ = 1, ⟨CM⟩ = VCM (2.11)

where the fields in the angle brackets have the same position variable r and the covariance VCM

can be either positive or negative depending on the nature of the correlation. Eq. (2.10) can then

be formally calculated using Wick’s theorem in the appendix (A.1). However, before using the

resulting formula to numerically evaluate ⟨σh⟩, we derive some useful qualitative results first.

The extrema of ⟨σh⟩ versus δh ≡ H−Hc

ϵH
can be found by

0 =
∂⟨σh⟩
∂(δh)

≈ 2√
π
σh⟨(1 + rhC)(1− 2δhM −M2)⟩ (2.12)
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which gives the critical values δhc = 0. The resulting extremal value of ⟨σh⟩ is

⟨σh⟩c ≈
2√
π
σh⟨(1 + rhC)(δhc +M)⟩ = 2√

π
σhrhVCM (2.13)

whose absolute value can exceed σh if rh|VCM | ≳ 0.89. Since |VCM | is expected to be less than

1, rh should be on the order of 1 or larger. This means that the fluctuation of σh must be strong

enough so that its sign can change spatially even in a uniform magnetic state.

The above qualitative picture is verified by Figure 2.2, which plots Eq. (2.10) versus H as

well as its time reversal, amounting to (Hc,M) → (−Hc,−M). Note that the half of hysteresis

loop with positive Hc corresponds to sweeping H from negative to positive values. A hump in

the upsweeping curve therefore occurs when VCM > 0 [Fig. 2.2 (b)]. More intuitively, when

H ≈ Hc > 0, regions with M > 0 are positive domains nucleated within a negative magnetization

background. The positive VCM therefore means that regions with larger AHC are switched first.

When a local coercive field can be approximately defined, it means regions with larger AHC have

smaller coercive fields, as proposed in previous literature [65–68], but our theory applies to more

general situations such as that in [26, 36].

2.4 Anomalies due to domain wall resistance

In this section we consider another possible cause of the anomalies, i.e., it is not the σ̄h that is

actually measured. We also consider another complication that is not accounted for in Theorem 1,

i.e., when σ(r) has symmetric off-diagonal components.

Experiments for Hall effects are usually performed using “Hall bar” devices, where the longi-

tudinal currents flowing through the sample are externally controlled and are expected to be nearly

uniform near the middle of the bar, and it is the voltage between transverse boundaries that is

measured. Supposing one considers a system in the domain x, y ∈ [0, 1], the above measurement
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(a) (b)

Figure 2.2: Dip (a) and hump (b) features due to nonuniform saturated values of σh correlated with magnetic
domains, plotted using Eq. (2.10). The up-sweeping part of each loop is plotted using σh = 0.5, Hc = 0.8,
ϵH = 0.1, rh = 4, VCM = −0.7 (a) and VCM = 0.7 (b), while the down-sweeping half is obtained by
flipping the signs of Hc and VCM .

geometry can be described by the following boundary conditions:

j · n̂ =































−σ0E0, x = 0

σ0E0, x = 1

0, y = 0, 1

(2.14)

where n̂ is the unit normal vector of the boundary pointing to the exterior of the solution do-

main. The combination of σ0E0 for specifying the longitudinal current Ix is introduced for later

convenience. One can then obtain Ryx = Vy/Ix, where Vy is the voltage difference between

top and bottom edges averaged over x. The Hall resistance is Ryx after antisymmetrization:

Rh = (Ryx − T [Ryx])/2 where T means time reversal.

We solve the above problem for Rh by considering an anisotropic contribution to σ(r) from the

magnetic domain walls, which prevail during the magnetization reversal. It is well known [101]

that currents flowing parallel and perpendicular to a domain wall experience different resistivities.
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Near a domain wall oriented along the y-axis, we can define the domain wall contribution to σ as

σDW = f(r)







σ⊥ 0

0 σ∥






(2.15)

where σ⊥ (σ∥) is the local change to the xx (yy) component of the conductivity tensor. Normally

one expects −σ0 < σ⊥ < σ∥ < 0. f(r) is a positive scalar function that smoothly increases from

0 to 1 as one moves from domain interior to the wall. Using notations in the last section, we can,

for example, choose

f(r) = 1− erf2
[

1

ϵW

(

H −Hc

ϵH
+M

)]

(2.16)

where the new parameter ϵW controls the typical width of f variation relative to that of magneti-

zation domain walls, since the spatial range in which f(r) becomes significant does not have to be

the same as that of the magnetization variation near a domain wall. We can then rotate Eq. (2.15)

to describe arbitrarily oriented domain walls as

σDW(r) = f(r)R[θ(r)]







σ⊥ 0

0 σ∥






R−1[θ(r)]

where R[θ(r)] is the 2D rotation matrix with the rotation angle θ a function of r. θ(r) can be

obtained from f(r) since the gradient of f is perpendicular to the domain wall: (cos θ, sin θ) =

1
|∇f |(∂xf, ∂yf).

We next solve the transport equations with the boundary condition Eq. (2.14), σDW in Eq. (2.17),

and Eq. (2.9) with C = 0 for σh(r). This is done numerically with FEniCS [102] and M gener-

ated as a 2D Gaussian random field in the unit square. The time reversal of Ryx for defining Rh

corresponds to (H,M,Hc) → (−H,−M,−Hc) in our model.

Figure A.1 (a) plots the hysteresis loop Rh(H) obtained from the above numerical scheme. A

distinct feature of the figures, different from Fig. 2.2, is that both a hump and a dip appear in a
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single half of the hysteresis. Figure A.1 (b) shows the domain profile at the peak position of the

up-sweeping curve, indicating that the correlation length ξ of the random field M is not very small

compared to the solution domain. However, by further calculating configurations with ξ ≪ 1, as

exemplified by Fig. A.1 (d), the double hump/dip feature still survives [Fig. A.1 (c)], suggesting

the domain wall mechanism is relevant even in the homogenization limit.

The origin of the double hump/dip feature in the homogenized Hall resistance can be under-

stood from a heuristic perturbation calculation as follows. Up to the lowest nonzero order in σh(r),

the solution of the transport equation is E ≈ E(0) + E(1) where the superscript means the order in

σh. The spatial average of j(r) is then

⟨j⟩ ≈
〈

(σ0I+ σhR⊥ + σDW)
(

E(0) + E(1)
)〉

. (2.17)

For simplicity we approximate ⟨AB⟩ ≈ ⟨A⟩⟨B⟩, and consider the homogenization limit when

⟨σxx
DW⟩ = ⟨σyy

DW⟩ ≡ σDW and ⟨σxy
DW⟩ = ⟨σyx

DW⟩ = 0. The boundary condition ⟨jx⟩ = j0, ⟨jy⟩ = 0

then leads to

(σ0 + σDW)⟨E(0)
x + E(1)

x ⟩ − ⟨σh⟩⟨E(1)
y ⟩ = j0 (2.18)

(σ0 + σDW)⟨E(1)
y ⟩+ ⟨σh⟩⟨E(0)

x + E(1)
x ⟩ = 0

from which we get the Hall resistivity

ρ̄h ≈ −⟨E(1)
y ⟩
j0

=
⟨σh⟩

(σ0 + σDW)2 + ⟨σh⟩2
(2.19)

consistent with that obtained by inverting the averaged conductivity tensor as expected. Com-

pared to the saturated value ρh = σh/(σ
2
0 + σ2

h), ρ̄h differs by a factor of rDW ≡ ρ̄h
ρh

≈ ⟨σh⟩
σh

(1 −

|σDW|/σ0)
−2, assuming the Hall conductivities are negligible compared to the longitudinal ones.

rDW is always positive when ⟨σh⟩ has the same sign as the saturated value σh. Therefore both a

hump and a dip will appear simultaneously in either half of the hysteresis loop when rDW > 1,
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(a) (b)

(c) (d)

Figure 2.3: (a, c) Hysteresis loops with humps/dips induced by the domain wall resistance mechanism,
calculated using ξ = 3 × 10−2, |Hc| = 5.0 (a) and ξ = 2 × 10−3, |Hc| = 3.6 (c), respectively, and a
mesh size of 128 × 128. (b, d) Domain configurations m(r) at the peaks of up-sweeping curves in (a)
and (c), respectively. The other parameter values are: σh = 0.07, σ⊥ = −0.8, σ∥ = −0.4, ϵW = 10,
σ0 = E0 = ϵH = 1.
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or equivalently ⟨σxx⟩
σ0

<
√

⟨σh⟩
σh

, at certain values of H −Hc. Since ⟨σxx⟩
σ0

grows quadratically with

H − Hc near Hc, while ⟨σh⟩
σh

increases linearly with H − Hc, the inequality always holds when

⟨σxx⟩(Hc)
σ0

→ 0, i.e., when the longitudinal conductivity is strongly suppressed by the presence of

domain walls.

The coexistance of hump/dip in a single half of the hysteresis loop, together with abnormally

large magnetoresistance near the magnetic switching, are strong indicators of our domain wall

mechanism. Such a scenario has been briefly discussed in [35], where the difference between ρ̄h

and σ̄h is also emphasized. The double hump/dip features due to the domain wall mechanism can

be very similar to that caused by the THE when the coercive field is negligible. In such cases the

field dependence of the longitudinal resistance is essential for distinguishing the two.

Finally, as shown in the appendix (A.4), we have consistently observed that the Hall conduc-

tance, obtained by first inverting the resistance tensor and then antisymmetrizing the off-diagonal

part, is always bounded by the saturated values in the homogenization limit [35]. This strongly

suggests that the conclusion of Theorem 1 still holds when the conductivity tensor has spatially

dependent anisotropy.

2.5 Discussion

In this work we have given exact bounds of the AHC in nonuniform systems that satisfy the

classical transport equation with spatially varying coefficients. As a result, it also incorporates

quantum effects as long as their contribution can be described as a local conductivity tensor, such

as the THE as mentioned previously. Therefore our formalism can in principle be generalized to

include other interesting quantum effects such as domain wall modes in Weyl semimetals, integer

or fractional Chern insulators, etc., and to study their consequences in the presence of various

mesoscopic inhomogeneities. Our study also calls for the need of developing transport techniques

that can characterize the extent of inhomogeneity and allow for comparison with a full solution

of the transport problem in a given system. This is in the same line as recent experiments in
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disentangling domain wall vs. bulk contributions to the Hall conductivity in quantum anomalous

Hall systems [103, 104].
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Chapter 3

Spin relaxation: Dipolar Field Model

Strategies for slowing magnetic relaxation via local environmental design are vital for devel-

oping next-generation spin-based technologies (e.g. quantum information processing). Herein

we demonstrate a new technique to do so via chemical design of a local magnetic environment.

We show that embedding the open-shell complex (Ph4P)2[Co(SPh)4] in solid-state matrices of the

isostructural, open-shell species (Ph4P)2[M(SPh)4] (M = Ni2+, S = 1; M = Fe2+, S = 2; M = Mn2+,

S = 5/2) will slow magnetic relaxation for the embedded [Co(SPh)4]2− ion by three orders of mag-

nitude. Magnetometry, EPR, and computational analyses reveal that integer spin and large, positive

zero field splitting (D) values for the diluent produce a quiet local magnetic field. As a result, these

matrices enable slower relaxation rates. Embedding complexes into diamagnetic environments

is well-established for slowing relaxation. Herein we, in contrast, slow magnetic relaxation via

embedding in a spin-abundant environment.

The unifying framework for this investigation is linear response theory, a foundational tool in

condensed matter physics used to predict how systems near equilibrium respond to weak external

perturbations. While thermodynamic quantities offer susceptibility via differentiation, they are

inherently coarse-grained and obscure spatial structure and dynamical behavior. However, since

such quantities are accessible in experiments, it is essential to develop a theoretical framework that

connects them to the underlying microscopic dynamics.

At its core, linear response theory relates equilibrium correlation functions of conserved quan-

tities to nonequilibrium responses such as currents, polarizations, and accumulated densities. To

describe the linear response of an observable Xi(r, r) to a weak external perturbation F ′
j(r

′, t′)

applied in the past, we write,

Xi(r, t) =

∫

dt′
∫

ddr′χij(r, t; r
′, t′)F ′

j(r
′, t′) +O(F 2

j ) (3.1)
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Here, χij is the response function characterizing the influcence of the perturbation spacetime point

(r′, t′) on the observable at (r, t). This framework captures the causal, linear dependence of system

observables on external forces that drive the system out of equilibrium. Retaining only the first term

in Eq. (3.1) is typically justified, as external forces are generally much weaker than the internal

interactions governing the system.

3.0.1 Symmetries and Constraints

The response function is subject to several fundamental constraints. A key one is causality: a

generalized force F ′
j(t

′) cannot influence the system before it is applied. This implies the response

function must vanish for earlier times, i.e., χij(r, r
′; t, t′) = 0 for t < t′. We refer to such a

response as retarded.

For Hamiltonians that are explicitly not a function of time, the response depends only on the

time difference, χij(r, r
′; t, t′) = χij(r, r

′; t − t′). This time-translation invariance allows a sim-

plification via Fourier transformation. Defining the Fourier transform of the observable response

X(r, ω) as

X(r, ω) ≡
∫

dt e−iωtX(r, t)

=

∫

ddr′
∫

dt′
∫

dt e−iωtχij(r, r
′; t− t′)F ′

j(r
′, t′) (3.2)

replacing t− t′ = τ → dt = dτ ,

X(r, ω) =

∫

ddr′
∫

dt′e−iωt′
(∫

dτ e−iωτχij(r, r
′; τ)

)

F ′
j(r

′, t′)

=

∫

ddr′χij(r, r
′;ω)

(∫

dt′e−iωt′F ′
j(r

′, t′)

)

=

∫

ddr′χij(r, r
′;ω)F ′

j(r
′, ω). (3.3)

An immediate consequence is that an external force oscillating at frequency ω induces a response

at the same frequency, reflecting the linearity and time-translation invariance of the system.
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Another important symmetry to explore is that of translational invariance. Applying the same

reasoning as the previous paragraph, we obtain

X(q, ω) ≡
∫

ddr e−iq·rX(r, ω) = χij(q;ω)F
′
j(q, ω) (3.4)

This relation shows that X(q, ω) corresponds to the system’s response to a perturbation of fre-

quency ω, with a wave vector q.

Another symmetry is that of Time-Reversal symmetry. The constraint is if the unperturbed sys-

tem is invariant under time-reversal, this symmetry can impose relations on the response functions.

For example, the conductivity tensor σij satisfies σij(B) = σji(−B) under time reversal with a

magnetic field B.

The response function must yield real observable quantities and obey second law of thermody-

namics. This implies that the imaginary part of the response function that is related to dissipation

must be positive definite, e.g., Im[χ ≥ 0].

Suppose we have a time dependent Hamiltonian:

H(t) = H0 +H ′(t), (3.5)

where H0 is the unperturbed Hamiltonian, and H ′(t) is a small time dependent perturbation of the

form:

HF(t) =

∫

ddrF ′
j(r, t)X̂j(r). (3.6)

Here the coefficients F ′
j(r, t) are called the generalized "forces" who represent a perturbation that

couples to the system through some operatorX̂ , for example F ′(r, t) could correspond to the elec-

tric field, and X̂ could represent charge or density operator.

Suppose we want to find the expectation value of some operator Ŷ . To first order in the pertur-

bation, this is given by Eq. 3.1. In the interaction picture, the time evolution of the density matrix
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ρI(t) is:
dρi(t)

dt
= − i

ℏ
[H ′

I(t), ρI(t)] (3.7)

To first order in H ′, this gives, with ρI(t) = ρ0 + ρ′(t):

ρI(t) = ρ0 −
i

ℏ

∫ t

−∞
dt′[H ′

I(t
′), ρ0], (3.8)

where ρ0 = e−βH0/Z is the equilibrium density matrix.

Then the expectation value of Ŷ becomes:

〈

Ŷi(r, t)
〉

= Tr
[

ρI(t)Ŷi,I(r, t)
]

, (3.9)

Inserting this into the expansion for ρI(t):

δ
〈

Ŷi(r, t)
〉

= − i

ℏ

∫ t

−∞

∫

ddr′Fj(r
′, t′)

〈[

Ŷi(r, t), X̂j(r
′, t′)

]〉

0
(3.10)

Where ⟨· · · ⟩0 means expectation in equilibrium. This then gives us the form of the response

function, including causality we get:

χij(r− r′, t− t′) =
i

ℏ
θ(t− t′)

〈[

Ŷi(r, t), X̂j(r
′, t′)

]〉

0
(3.11)

which is known as the Kubo formula. This expresses that the response of an observable to an exter-

nal perturbation is governed by the system’s equilibrium fluctuations. It quantifies the sensitivity

of an observable Ŷ (r, t) to a perturbation Xj(r
′, t′) applied at an earlier time.

Having established the framework of linear response theory, we now turn to its application in

understanding spin relaxation phenomena. Relaxation processes determine how long a spin system

retains nonequilibrium polarization, directly impacting technologies ranging from molecular qubits

to spintronic memory devices. While many treatments emphasize spin–orbit–mediated channels,

recent work highlights that dipolar interactions between localized spins can serve as a dominant
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relaxation pathway, especially in molecular and insulating systems. In the following section, we

introduce the dipolar field model of spin relaxation and show how the linear response formalism

provides both conceptual clarity and quantitative access to relaxation rates in experimentally rele-

vant systems.

In the following, the experimental work was done by Ian Mosely, and Joe Zadrozny.

3.1 Introduction

Single-molecule magnets are potential next-generation components in information storage and

processing, [105–107] spintronics [108], and magnetic resonance imaging [109]. These complexes

display an activation energy barrier (U) to reorientation of the magnetic moment that can induce

extremely long magnetic relaxation times (> 1s) at low temperature [110–116]. Environmental

spins (which constitute the “spin bath”) frequently induce rapid relaxation through dipolar inter-

actions, and nearly all envisioned applications of single molecule magnets involve the existence

of a spin bath in some form (e.g. high-density arrays of open-shell molecules on surfaces or 1H

nuclear-spin-rich aqueous environments) [117]. Hence, developing new ways to study, understand,

and chemically control the impact of the spin bath is vital to eventual application.

At low temperatures, the spin bath of a metal ion hastens relaxation by enhancing quantum

tunneling of the magnetization [118]. In this process, a single-molecule magnet’s spin will flip

and undercut the barrier [119]. Tunneling in these systems is driven by electronic dipolar inter-

actions with adjacent molecules and can be disrupted by diamagnetic dilution [105]. Diamag-

netic dilution is achieved by taking a magnetic molecule and either (1) dissolving it into an or-

ganic solvent or matrix (as was done for Mn12O12) [120, 121], or (2) cocrystallizing with a struc-

turally analogous, closed-shell species. For example, mononuclear M2+ complexes can be diluted

with Zn2+ [122] or low-spin Ni2+ analogues [123], M3+ species can be diluted with low-spin

Co3+ [124], Y3+ [125, 126], or Ga3+ [127], and M4+ species can be diluted with Ti4+ [128]. In

these dilute systems, wherein the potential size advantage of molecular information storage is lost,

magnetic relaxation is often slowed by orders of magnitude. It is vital to deviate away from these
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Figure 3.1: (left) The local environment of [Co(SPh)4]2− in crystals of pure (Ph4P)2[Co(SPh)4] (Co) is rich
in high-spin Co(II) ions. (right) We show via chemical control of the spin bath that certain paramagnetic
diluents are able to lengthen magnetic relaxation times (τ ) analogous to nonmagnetic molecules.

magnetically quiet confines to discover how to slow relaxation rates when the environment is noisy.

Thus, it is necessary to develop new, chemical means of modifying the local magnetic environment

for studying magnetic relaxation.

Herein, we illustrate a new way of chemically manipulating relaxation through a synthetically

tunable paramagnetic matrix and the technique of paramagnetic dilution. Importantly, we use

this method to show that select S = 1 and S = 2 ions can produce a spin bath that suppresses

tunneling similar to a bath of closed-shell Zn2+. This work focuses on the mononuclear single-

molecule magnet [Co(SPh)4]2− Fig. (3.1), which demonstrates facile quantum tunneling at low

temperature [122]. We measured the magnetization dynamics of dilutions of (Ph4P)2[Co(SPh)4]

(Co, S = 3/2) in the paramagnetic diluents (Ph4P)2[Ni(SPh)4] (Ni, S = 1), (Ph4P)2[Fe(SPh)4] (Fe,

S = 2), (Ph4P)2[Mn(SPh)4] (Mn, S = 5/2), and the diamagnetic diluent (Ph4P)2[Zn(SPh)4] (Zn, S

= 0). These data reveal an exciting disruption of tunneling for baths of S = 1 Ni and S = 2 Fe,

similar to the effects observed for the traditional diamagnetic diluent S = 0 Zn. On the basis of

EPR, susceptibility, and theoretical modeling data, we correlate the viability of the S = 1 Ni and S

= 2 Fe diluents with the positive zero field splitting (D) of these species. This feature, we propose,

makes them effective-spin zero (Seff = 0) at low temperature despite possessing multiple unpaired

25



electrons and effectively quiets the local dipolar fields that hasten relaxation [129, 130]. Whereas

most dilutions of single-molecule magnets exploit strictly diamagnetic environments, this study

is, to the best of our knowledge, the first to explicitly target magnetically concentrated diluting

conditions.

3.2 Results / Discussion

3.2.1 Synthesis

The following section presents work carried out by Ian Mosely and Joe Zadrozny. The (Ph4P)2[M(SPh)4]

species (M = Mn, Fe, Co, Ni, and Zn), denoted Mn, Fe, Co, Ni, and Zn, are isostructural mononu-

clear complexes [131, 132]. A tetragonal distortion in the tetrahedral MS4 unit of these complexes

makes the local symmetry D2d and engenders an extreme magnetic anisotropy and slow magnetic

relaxation for Co [133]. A slight change is observed in the average M–S distances as a function

of M 2.328(4) for Co [132], 2.288(4) for Ni [131], 2.356(6) for Fe [132], 2.442(3) for Mn, and

2.352(3) Å for Zn [134], but all crystallize in the Pbc21 space group. Furthermore, the same tetrag-

onal distortion toward D2d symmetry is seen in all [M(SPh)4]2− units. Finally, each metal ion has

12 nearest neighbors, with closest MM distances of around 10.456(7) Å (Fig. 3.1) [129, 132].

Multiple sets of solid solutions of Co in Ni, Fe, Mn, and Zn were made to test the impact of

paramagnetic spin baths on magnetic relaxation of Co. First, we prepared variable-concentrations

of Co in Ni (73%, 58%, 25%, 9%, and 3% Co relative to Ni). Second, we prepared dilutions of

Co in Fe (83%, 57%, 24%, 16%, and 6% Co to Fe). Third, dilutions of Co in Mn (81% and

43% Co to Mn) and finally, dilutions of Co in Zn (30% and 3% Co to Zn). PXRD demonstrates

that these dilutions assume the same crystalline phases of their pure components, and preliminary

energy dispersive X-ray spectroscopy (EDS) data suggests homogeneous distribution over µm-

length scales Fig. S1, S2 [135, 136].
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3.2.2 DC Susceptibility

Magnetic analyses via direct-current (dc) magnetic susceptibility (χMT) measurements indi-

cate that Co, Ni, Fe, and Mn are isolated spin systems with varying magnetic anisotropies. Room-

temperature (300 K) χMT values of 2.45, 1.34, 2.90, and 4.56 cm3K/mol for Co, Ni, Fe, and Mn

(Fig. S3), indicate S = 3/2, 1, 2, and 5/2 metal ions, respectively, matching previous results [137].

With decreasing temperature, χMT decreases, most dramatically for Ni, somewhat less for Co and

Fe, and almost negligibly for Mn, decreases likely attributable to zero-field splitting. The χMT

data were fit with a spin Hamiltonian accounting for zero-field splitting (using the program PHI34

– see SI for fitting details). The final extracted D values are D≈ –61 for Co, D = +68 cm−1 for Ni,

D = +5.85 cm−1 for Fe, and D = -0.12 cm−1 for Mn, all values are in keeping with previous reports

for other similar, 4-coordinate MS4 complexes [138–141].

3.2.3 High-Field, High-Frequency EPR (HF-EPR)

Electron paramagnetic resonance (EPR) measurements were pursued to better quantitate the

zero-field splitting for Mn, Fe, and Ni (Figs. 3.2.3) Fig. S4-S7 [136], as dc susceptibility can

sometimes incorrectly assign the signs/magnitudes of these parameters. [142] High-field and high-

frequency EPR (HF-EPR) analyses of Co were previously reported and generally agree with the

large, negative D obtained from dc susceptibility fits [133]. For Ni and Fe, which also appeared

by χMT to have large D values, we used high-field (up to 17 T) and high-frequency analyses (up

to 650 GHz). For Mn, which signaled a small D in the χMT analyses, we employed X-band

(9.838 GHz) analyses augmented by one high-frequency (381 GHz) (Fig. S7 [136]) spectrum. Mn

revealed an X-band spectrum with 6 broad peaks while only 5 peaks were observed at 381 GHz

(Fig S4-S6 [136]). For Fe, a highly frequency- and temperature-dependent EPR spectrum was

observed, with multiple sharp peaks detected at all frequencies (Fig. 3.2.3)(Fig. S4-S6 [136]). In

contrast, no EPR signal was observed for Ni from 0 to 17 T and frequencies up to 650 GHz.

The EPR spectra generally agree with the susceptibility analyses and were simulated with

Easyspin40 and the programSPIN, see [136] for full details. First, for S = 1 Ni with a D of ca.
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Figure 3.2: Top:633 Ghz EPR spectra for a powder of Fe collected at 20 K. See SI
for experimental and simulation details. Middle: Field versus frequency dependence of the EPR
translations for Fe. Each circle represents a transition observed at that field and frequency. Green,

blue, and red lines were calculated with Fe x, y, and z
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+67 cm−1, we observed, as expected, no EPR signal under the experimental fields and frequen-

cies. Second, for Fe (S = 2), relatively sharp, well resolved peaks were observed, and the fre-

quency/field dependence of these peaks can be convincingly modeled with D = +5.848(1) cm−1,

and E = +1.428(1) cm−1, in general agreement with other lower-frequency EPR analyses (Fig.

3.2.3) [143–145]. Finally, for Mn, simulations of the X-band and 381 GHz spectra produce aver-

age D and E values of -0.11 cm−1, and -0.024 cm−1, respectively, close to the small values from

χMT simulations (Fig. S7) and the general expectations for an Mn2+ ion [146–148].

Modeling the HF-EPR spectra of Fe and Mn was attempted for both positive and negative val-

ues of the anisotropy parameters (D and E). The models for Fe obtained when D > 0 resulted in

significant improvements over the model with D< 0 (Fig. S7 [136]). In the case of Mn, which

possesses a much smaller ZFS, the simulations of the X-band and HF-EPR spectra were of gener-

ally equal quality with negative or positive D.

Together, the susceptibility and EPR data highlight an important varying aspect of the different

bath spins, beyond just S: the ground-state MS values (Fig. 3.2.3). The large positive D for Ni

suggests that the MS = 0 level of Ni bath spins is the lowest energy and separated from the MS =

±1 levels by a ∼67 cm−1 gap. The data for Fe likewise indicate that the Fe spins possess a ground

MS = 0 level. But, the MS = 0 level is only separated by ∼3 cm−1 from the MS = ±1 levels and

∼24 cm−1 from the MS = ±2 levels for Fe relative to the 67 cm−1 gap for Ni. Note that the MS

= ±1 levels are split for Fe by a transverse anisotropy |E| = 1.43 cm−1, and this anisotropy also

mixes these levels. For Mn, the separation in all MS levels is even smaller, with the ground-state

MS = ±5/2 levels only 0.38 cm−1 below the MS = ±3/2 levels and 0.58 cm−1 below the MS = ±1/2

levels (Fig. 3.2.3). As is shown below, these specific arrangements of MS levels are likely critical

to the roles of Mn, Ni, and Fe as diluents for Co.

3.2.4 AC Susceptibility

Out-of-phase, alternating-current (ac) magnetic susceptibility (c′′M ) measurements of pure Co,

Ni, Fe and Mn reveal slow magnetic relaxation at zero applied dc field for only Co at ac frequencies
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from 0.1 to 1500 Hz. For Co, we observe a nonzero, frequency-dependent c′′M with a peak at

27.7 Hz at 2.0 K (Fig. S8 [136]). From 2 to 2.6 K, the frequency of this peak is temperature-

independent, indicative of quantum tunneling. In contrast, above 3.0 K the peak position is highly

temperature dependent. This behavior is typical of magnetic relaxation that transitions to thermally

activated processes [122, 149]. In contrast Ni, Fe, and Mn display a featureless c′′M at zero applied

dc field (Fig. S9 [136]). The only indication of slow magnetic relaxation in these latter compounds

is in Mn, which shows a high- frequency rise in cM
′′ (200-1000 Hz) under 500-1500 G applied

fields, but a peak maximum is never fully resolved (Fig. S10 [136]). These data establish the

zero-field ac susceptibility measurement as an effective probe of the dynamics of Co alone in the

three probed spin baths (composed of Ni, Fe, and Mn), owing to the absence of a zero-field χ′′
M

signal in these diluents.

Zero-field ac magnetic susceptibility studies of Co diluted to different extents in Ni (Fig. S11-

13 [136]) (Figs. 3.3) reveal a slowing of magnetic relaxation at 2 K upon dilution in the S = 1 bath.

For pure Co, there is a region of temperature independence in c′′M below 2.5 K when no external

field is applied, an indication of magnetic dipole-mediated tunneling relaxation processes. In con-

trast, for the dilutions, magnetic relaxation is increasingly temperature dependent below 2.5 K with

increasing dilution level, indicating that the tunneling process is disfavored in the diluted samples.

Furthermore, the c′′M peaks for Co broaden at low temperature when diluted, an additional indicator

that the dilution process is effectively modulating the tunneling-based magnetic relaxation in the

< 3 K temperature regime.

Quantitation of the relaxation times (τ ) from a Cole-Cole analysis [150] of the AC data enabled

the construction of Arrhenius plots (Fig. 3.3) for the relaxation dynamics of Co in Ni. For pure Co,

τ is temperature-independent from 2.0 to 2.6 K at a value of 27.6 Hz (Fig. S8 [136]). The values

of τ become longer over this temperature window and generally more temperature-dependent with

increasing dilution level in Ni. The parameter a, which is also obtained from the Cole-Cole fitting

(and characterizes the broadness of the c′′M peak), increases from 0.276 at 2.0 K for pure Co to

0.579 at 2.0 K for the 1:34 Co:Ni dilution. A larger value of a in the Cole-Cole analysis suggests
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Figure 3.3: Top: Out-of-phase AC susceptibility data (χ′′
M ) for a 1:10 dilution of Co in Ni as a function of

temperature in zero applied magnetic field. Data were collected at temperature intervals of .3 K from 1.8 K
to 2.7 K and intervals of .5 K from 3.0 K to 6.5 K. Lines were generated via fits to the Cole-Cole equation
(see SI). Bottom: Temperature dependence of the zero-field relaxation time (τ ) for Co dilutions in Ni. Solid
black lines are fits of the temperature dependence following the Raman and tunneling model proposed in
the main text. Inset: 1/τ as a function of dilution level.
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a larger distribution of relaxation times for the Co unit upon dilution in Ni, which is likely because

of some inhomogeneity in the disruption of the tunneling process.

The variable-temperature τ data for pure Co can be easily modeled with two common magnetic

relaxation processes, Raman and quantum tunneling [119, 151], via the following equation (Fig.

S8 [136] for full details):
1

τ
= AT n +

1

τQTM

, (3.12)

here, 1/τ is the relaxation rate, A is the Raman coefficient related to physical properties of the

crystal, n is the Raman exponent, T is temperature, and τQTM is the timescale of the quantum

tunneling of the magnetization. As a function of dilution, the best fits change, most notably for the

tunneling process, which slows considerably, with τQTM = 6.6(4) ms for pure Co lengthening to

τQTM = 41(3) ms for 1:2 Co:Ni (Figs. 3.3 and Fig. S15 [136]). These data indicate a slowing of

magnetic relaxation via reduction of tunneling with increasing Ni concentration, just like dilution

with Zn [122]. At higher dilutions, tunneling is no longer required to simulate the data, which

can be modeled solely with a Raman process. The parameters for the Raman process change

upon dilution, with A ranging from 0.03(1) to 0.8(2) K−ns−1 and n = 5.6(1) to 7.96(9) for Co:Ni

dilutions. The Raman process is predicted to be dependent on dipolar interaction [151]. These data

may provide the first quantitative evidence of the spin-bath impact on Raman relaxation; however,

caution should be exercised in analyzing this change too deeply as the present analysis only spans

a 5 K window of relaxation dynamics.

Additional variable-concentration ac susceptibility analyses of the dilutions of Co in S = 2 Fe, S

= 5/2 Mn, and S = 0 Zn were performed to test the effect of the different paramagnetic baths (Figs.

3.5 and Fig. S11-19 [136]). Zero-field, 2 K analyses of dilutions with Fe demonstrate a similar

effect as Ni and Zn, in that increasing concentration of the diluent slows the relaxation rate of Co

and the c′′M peaks broaden considerably. Importantly, however, Fe appears slightly less effective

as a diluent than Ni, as the relaxation rates for Co appear faster in the Fe diluent at all studied

concentrations. Just like with Fe and Ni, the peak in c′′M for Co when diluted in Mn becomes

broadened in frequency space, indicating a distribution in relaxation times. However, in contrast
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Figure 3.4: Variable-concentration relaxation rate (1/τ ) for Co diluted in Ni, Fe, Mn, and Zn. All relax-
ation rates were extracted from variable frequency AC susceptibility measurements at 2 K and zero applied
magnetic field. Inset: Scale altered to show Mn dilution data.

to Fe and Ni, the c′′M peak maximum for Co in Mn rapidly moves to higher frequencies with

increasing Mn concentration, indicating relaxation times that rapidly hasten beyond the detectable

range of our magnetometer.

The presented relaxation time data suggest that the functional feature of the Fe and Ni spin

baths is related to the magnetic anisotropy of the spin-bath ions. For an integer spin ion with a

positive D (e.g. Ni and Fe), the ground MS levels are Ms = 0 and bear no spin angular momentum.

Note that this scenario is distinct from being completely diamagnetic, as both Fe and Ni still

possess unpaired electrons (i.e., they are not undergoing a low-temperature spin crossover) [152],

and there is no zero-field splitting for an S = 0 spin state. At 2 K, the 67 cm−1 energy gap between

the MS = 0 and ±1 levels in Ni is significant, and the MS = 0 level is populated by nearly 100 % of

the spins in the Ni bath (following a simple Boltzmann distribution). Hence, to the magnetization

dynamics of Co ions embedded in the Ni bath, this “effective S = 0” state for Ni appears to wield

the same impact as the S = 0 Zn bath, despite Ni still bearing two unpaired electrons. Fe is also an

integer spin with positive D, and hence it shows a similar effect on the quantum tunneling process

for Co, owing to a high population of the MS = 0 level (73 %). However, the data in Fig. (3.5)

demonstrate that Fe does not disrupt the tunneling process as effectively as Ni, as the relaxation
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rates for Co diluted in Fe are faster than when diluted in Ni at all measured concentrations. To

explain this discrepancy, we note that the D of Fe is smaller than that of Ni by a factor of 11.7.

This relatively smaller D (and the appreciable E) for Fe means that one of the MS = ±1 levels

is populated by 26 % at 2 K. Hence, Fe is less effective as a diluent because there is sufficient

population of the magnetic MS ̸= 0 levels at 2 K, and the spin bath can hence induce quantum

tunneling for Co. This explanation mirrors previous work by Cornia and coworkers on chain

compounds, which showed that integer-spin ions with strong easy-plane anisotropy incorporated

into chains of open-shell species will block intrachain exchange interactions [153].

The temperature dependence of τ for Co in Fe supports this argument. We posit that, if pop-

ulation of the excited-state MS levels in Fe is driving relaxation of Co in that bath, then there

should also be a greater T -dependence of τ for Co in Fe versus in Zn. Indeed, comparison of the

temperature-dependence of τ for Co in baths of Co, Fe, Ni with that of Zn shows temperature

dependence similar to that of the pure Co, while dilution with Zn appears less temperature depen-

dent over the high-temperature regime (Fig. S19 [136]). 2.2 K. Mn is similar to Co, except there

is only a pronounced temperature dependence below ca. 0.5 K.

With increasing dilution, both the local field magnitude and its temperature dependence grad-

ually change from that of pure Co to that of the diluent, as shown in Fig. 3.5b for the case of Co

in Ni. At a fixed temperature, we found that cnh depends linearly on the dilution for all baths (Fig

3.5c; S23), a consequence of our independent bath spin assumption. The nice agreement between

the linear dependence of cnh and the experimental 1/τ data on dilution confirms the applicability of

this assumption.

The observed orientation, temperature, and diluent dependence of the local dipolar fields are

all in agreement with our interpretation of the effect of the different [M(SPh)4]2− environments.

Thus, we see the operative mechanism of the Ni and Fe diluents. The MS = 0 level is almost

entirely populated at low temperature, causing all dipolar fields to fall to 0. This reduction of the

dipolar field then suppresses the tunneling relaxation, as observed for diamagnetic Zn dilution.

Furthermore, we see why Co and Mn both enable tunneling of embedded Co species: the half-
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Figure 3.5: a. Computed variable-temperature local dipolar field variance for the x, y, and z components (
cx,y,zh ) of pure Ni. b. Computed variable temperature cxh for a [Co(SPh)4]2− embedded in Ni. c. Computed
variable-concentration cxh for [Co(SPh)4]2− diluted in Mn, Ni, and Zn at 2.6 K.
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integer spins of these bath complexes (in contrast to the integer-spin, positive-D Ni) ensure that

a substantial, nonzero dipolar field (Mn larger than Co) exists at low temperature. Consequently,

we see tunneling proceed in pure Co and the relaxation rate increase in Mn. Together, these

computational and experimental data pinpoint the mechanistic function of the chemically tuneable

paramagnetic spin bath.

3.2.5 Conclusion

The foregoing demonstration is the first slowing of the magnetization dynamics of a single-molecule

magnet by deliberate chemical dilution in a magnetically concentrated environment. Furthermore,

the results reveal that S = 1 and S = 2 complexes can be used to reduce quantum tunneling of the

magnetization, like S = 0 analogues, if D is positive and of sufficient magnitude.

There are two broader implications of these results. First, from a practical standpoint, the abil-

ity to realize magnetic dilution with open-shell complexes opens the door to the effective dilutions

when closed-shell analogues are chemically unstable or impossible to synthesize, as for example,

radical-bridged bimetallic species [154]. Second, we show that the paramagnetic dilution tech-

nique is a valid means of manipulating relaxation via chemical engineering of the dipolar field. The

work thus provides a new experimental technique for studying the relaxation dynamics of molec-

ular magnets, one that, critically, approaches the proposed conditions where magnetic molecules

may be applied. We finally highlight that this work describes the impact on a single-molecule

magnet with easy-axis magnetic anisotropy, for which quantum tunneling is the dominant relax-

ation mechanism. There are many other relaxation mechanisms, many of which are predicted to be

affected by dipolar fields [155–157]. Future work will test these theories using the paramagnetic

dilution approach presented here, and those results will be presented in due course.

3.3 Calculation and estimations of the relaxation rate

The following details are partitioned into four subsections. In the first two subsections, we

briefly define the out-of-phase magnetic susceptibility and its relationship to a relaxation rate; then
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we discuss the relaxation rate in the context of an S = 1
2

ion induced by a dipolar magnetic

field. In the last two sections, we justify treatment of the embedded Co(II) ions of [Co(SPh)4]2−

as effective S = 1
2

species, then describe how we calculated the expectation values of the dipolar

field components cnh = ⟨hnhn⟩, (n = x, y, z). A visual representation of the vectors on the easy

axis and the transformed axis is given (see Fig. 3.1).

3.3.1 Out-of-phase magnetic susceptibility description used for model

First, we describe the relationship between out-of-phase susceptibility and spin relaxation rate,

which yielded the c′′M versus frequency plots (Figs. 3.3). The AC magnetic field (H) used to

measure the relaxation behavior has a simple sinusoidal, linearly polarized form, where ω is the

frequency of the applied field:

H(t) = H sin(ωt) (3.13)

the power absorbed by the spin system at a given frequency, P (ω), is

P (ω) = − 1

T

∫ T

0

M i(t)dH i(t) =
ω

2
H iHjχ′′

ij(ω) (3.14)

where M i is the i-th component of the magnetization, T is the period, and χ′′ is the imaginary part

of the magnetic susceptibility tensor

χ(ω) ≡ χ′(ω) + iχ′′(ω) (3.15)

Below we take the independent spin approximation and consider the χ due to a single spin for

simplicity. It is useful to relate χ to the time-correlated function or relaxation function defined as

Φij(t) ≡ 1

2
⟨Si(t)Sj + Sj(t)Si⟩ − ⟨Si⟩⟨Sj⟩ (3.16)

where Si is the i-th component of the spin operator. The symmetrization is to ensure that Φij(t)

is real. Below we assume ⟨S⟩ = 0 in the absence of external magnetic fields. The fluctuation-

37



dissipation theorem dictates

γ2Φij(ω) =
2ℏ

1− e−βℏω
(χ′′)ij(ω) (3.17)

where γ = gµB/ℏ is the gyromagnetic ratio and g is the Landé g-factor for the electronic spin.

Since our interest is in χ′′
ij , it is sufficient to consider only the time correlation function, Φ. In the

case that Φ(t) is described by a simple exponential decay, Φ(t) = Φ0e
−Γ|t|, where is the decay

rate (Γ > 0), we have

Φ(ω) =
2Γ

ω2 + Γ2
Φ0 (3.18)

In the present experiments the frequency ω(< 1000 Hz) is much smaller than kBT/ℏ ∼ 1011 Hz.

So e−βℏω ≈ 1− βℏω, and we can obtain χ′′

χ′′(ω) ≈ γ2

kBT

ωΓ

ω2 + Γ2
Φ0 (3.19)

which is non-monotonic with ω and takes its maximum at ω = Γ. Thus, the position of the low-

frequency peak of χ′′(ω) corresponds to the decay rate. If more complex fitting functions (e.g., the

Cole-Cole function) of the experimental χ′′(ω) are needed, the decay behavior is likely to be more

complicated than the simple exponential form.

3.3.2 Relaxation of an S = 1
2 spin

In this section we give a general discussion on the relaxation of an S = 1
2

spin in the presence

of a DC magnetic field and explain the difficulty in modeling it when the DC field vanishes. The

consideration of S = 1
2

is also motivated by the fact that the low-frequency behavior of the χ′′(ω)

for Co spins is governed by the low-energy Kramers doublet behaving as a spin-1
2
.

We assume the DC magnetic field is along z, and the spin is subject to a fluctuating magnetic

field (h) which is assumed to be much weaker than the DC field (h0). The Hamiltonian is

H = −h0σz − h(t) · σσσ (3.20)
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where σσσ is the Pauli matrix vector and all numerical factors are absorbed into h0 and h(t). We also

assume that h(t) has a zero time-average. For simplicity we consider the time correlation function

Φii only, i.e.

Φii = ⟨σi(t)σi⟩ − ⟨σi⟩2 (3.21)

When |h| ≪ h0, Φii can be calculated from time-dependent perturbation theory. Denoting H0 =

−h0σz and H(t) = −h(t) · σσσ, up to 2nd order of h one can find

σi(t) ≈ σi
0(t)−

1

ℏ2

∫ t

0

dt1

∫ t1

0

dt2U
†
0(t)

[[

σi, σj
0(−t2)

]

, σk
0(−t1)

]

U0(t)⟨hj(t2)h
k(t1)⟩h (3.22)

where ⟨hj(t2)h
k(t1)⟩h is the stochastic average over h(t), and U0 ≡ exp(−itH0/ℏ). We assume

h(t) to be described by a Gauss-Markov process with the autocorrelation

⟨hj(t2)h
k(t1)⟩h = chδ

jke−Γh|t1−t2| (3.23)

Here, ch is the varience of the dipolar fields at ∆ = 0, δij is the Kronecker delta, and Γh is the

phenomenological decay rate. The integrals in Eq. 3.22 can be done explicitly, leading to

σ+(t) = σ+
0 (t)

[

1− ch
ℏ2

(

|t|
Γh

+ e−Γh|t|−1
Γ2

h

− |t|
2iω0−Γh

+ e2iω0t−Γh|t|−1
(2iω0−Γh)2

)]

σ−(t) = σ−
0 (t)

[

1− ch
ℏ2

(

|t|
Γh

+ e−Γh|t|−1
Γ2

h

+ |t|
2iω0+Γh

+ e−2iω0t−Γh|t|−1
(2iω0+Γh)2

)]

(3.24)

σz(t) = σz
0(t)

[

1− ch
ℏ2

(

2|t|Γh

4ω2+Γ2

h

+ e2iω0t−Γh|t|−1
(2iω0−Γh)2

+ e−2iω0t−Γh|t|−1
(2iω0+Γh)2

)]

where ω0 ≡ h0/ℏ. Therefore, all components have a common form,

σi(t) = σi
0(t)[1− f(t)] ≈ σi

0(t)e
−f(t) (3.25)

A more complete discussion on the approximation involved in the last step can be found is Ref.

[158] The decay behavior of σi(t) is thus due to the linear in t terms in Eq. 3.24. These can also
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be obtained by taking the long time limit (|t| → ∞)

σ+(t) = σ+
0 (t)

[

1− ch
ℏ2

(

|t|
Γh

− |t|
2iω0−Γh

)]

σ−(t) = σ−
0 (t)

[

1− ch
ℏ2

(

|t|
Γh

+ |t|
2iω0+Γh

)]

(3.26)

σz(t) = σz
0(t)

[

1− ch
ℏ2

2|t|Γh

4ω2+Γ2

h

]

In the ω0 → 0 limit relevant to AC susceptibility measurements, one cannot truncate the perturba-

tion series at 2nd order (to be discussed further below). However, in the following regime

√
ch/ℏ ≪ ω0 ≪ Γh (3.27)

the 2nd order perturbation result should still be valid, which gives

Γ± = Γz =
2ch
ℏ2Γh

(3.28)

Where Γz is the axial component of the relaxation rate. Although Eq. 3.27 may not be satisfied in

the present experiments, the relaxation rate in Eq. 3.28 is still a useful reference for making qualita-

tive estimates. For example, when [Co(SPh)4]2− is diluted with Ni or Zn which does not contribute

to the fluctuating dipolar fields at low temperatures, the dipolar field felt by each [Co(SPh)4]2− is

only due to the other Co ions, felt at long range. Then it is natural to expect that Γh ∼ Γ and Eq.

3.28 suggests that

Γ ∼ Γh ∼
√
2ch
ℏ

(3.29)

We will see below that the other limit Γh ≪
√
ch
ℏ

, Γ is on the order as Γh and is independent

of ch. Therefore eq. 3.28 is expected to hold approximately when Γh is not too small compared to
√
ch/ℏ.

A nonperturbative treatment of zero-field spin relaxation was first developed by Kubo and

Toyabe [159] by treating h(t) as a random vector that can be described as a Gauss-Markov process.

Analytic results can be obtained using this approach in the static limit (Γh = 0) and isotropic
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cnh = ch. The result is the Kubo-Toyabe relaxation function

Φzz(t) =
1

3
+

2

3

(

1− cht
2

ℏ2

)

e−
cht2

2ℏ2 (3.30)

which approaches a constant as t → ∞. When Γh is finite the 1
3

will be replaced by a complex

time-dependent function and only numerical results can be obtained in general. Therefore, the

long-time decay behavior necessarily comes from a finite Γh. In the present case, since Γh itself is

implicitly dependent on ch, as the bath spins are coupled together through the dipolar interaction,

such a calculation is not necessarily useful. Instead, we may consider the other limit Γh ≪
√
ch
ℏ

that was not able to be addressed using the perturbation method. For isotropic ch [151] showed

analytically that in this limit the long-time behaviours of Φzz is described by an infinite sum of

exponentially decaying functions with different decay rates approach

Γn =

(

−1 +
√
17

2
+ 2n

)

Γh, n = 0, 1, 2, . . . (3.31)

The long-time decay is then governed by Γ0 ≈ 1.56Γh. Therefore, qualitatively we expect that the

decay rate is of the same order of magnitude as Γh in the limit Γh ≪
√
ch
ℏ

as well, and
√
ch
ℏ

serves

as an upper bound of Γ. The main problem with this approach is, however, that Γh depends on the

microscopic details of the bath, some of which are experimentally unknown here and therefore its

value cannot be given by this theory.

3.3.3 Relaxation of an effective S = 1
2 pseudospin of a single Co ion

The cobalt complex of [Co(Sph)4]2− is an S = 3
2

molecule with large zero-field splitting. The

local Hamiltonian of an isolated Co ion is governed by the crystal electric field (CEF) contribution.

By local terms up to 2nd order in spin operators we have the following simplified CEF Hamiltonian

HCEF = DS2
z + E(S2

x − S2
y), (3.32)
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here D and E are input from fits of experimental data. For S = 3
2
, the spin operators take the

following form in the Sz eigenstate basis {|m = −3/2⟩, |m = −1/2⟩, |m = 1/2⟩, |m = 3/2⟩}

Sx =



















0
√
3
2

0 0
√
3
2

0 1 0

0 1 0
√
3
2

0 0
√
3
2

0



















, Sy =



















0
√
3
2
i 0 0

−
√
3
2
i 0 i 0

0 i 0
√
3
2
i

0 0 −
√
3
2
i 0



















, Sz =



















−3
2

0 0 0

0 −1
2

0 0

0 0 1
2

0

0 0 0
√
3
2



















(3.33)

where we have set ℏ = 1. For the case of (Ph4P)2[Co(SPh)4], D < 0 and |D| ≫ |E|, the two

low energy eigenstates mainly consist of the states with m = ±3/2. At the lowest temperatures

(below 10 K, where the χ′′ measurements were performed) the size of D ensures near complete

population of these levels and negligible population of the higher lying m = ±1/2 levels. Thus,

we define them as up and down eigenstates of pseudospin S = 1/2, as follows (assuming E > 0)

| ↑⟩ =u|m = 3/2⟩ −
√
1− u2|m = −1/2⟩ (3.34)

| ↓⟩ =v|m = −3/2⟩ −
√
1− v2|m = 1/2⟩

where

u =



1 +

(√
D2 + 3E2 +D√

3E

)2




− 1

2

, v =

√
D2 + 3E2 −D

√

3E2 + (
√
D2 + 3E2 −D)2

(3.35)

recalling that D < 0, u, v approach 1 as |E/D| → 0. One can then define the pseudospin operators

σ̃ as the usual Pauli matrices but in the | ↑⟩, | ↓⟩ basis. Moreover, the original S = 3/2 operators

projected to the pseudo spin space and rotated to the | ↑⟩, | ↓⟩ basis have the following form

(Sx, Sy, Sz)ps = (gxσ̃x, gyσ̃y, gzσ̃z), (3.36)
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(gx, gy, gz) =

(

D − 3E

2
√
D2 + 3E2

+
1

2
,− D + 3E

2
√
D2 + 3E2

− 1

2
,− D

2
√
D2 + 3E2

+
1

2

)

≈ 3

2

(

E

D
,
E

D
, 1

)

(3.37)

Since |E/D| ≪ 1, magnetic fields predomintly couple to the z component of the pseudospin

only. Thus, if one calculates χ′′ and Φ using the S = 1/2 results in the previous sections, the

power absorption is dominated by χ′′
zz since the other contributions will be suppressed by E2/D2.

On the other hand, in the expression of σz(t) (or rather σ̃z(t)) one would just need the following

replacement

ch → 9E2γ2
Coℏ

2

8D2
(cxh + cyh) (3.38)

if different components of the fluctuating magnetic fields are allowed to have different variances.

We have also recovered the gyromagnetic ratio of Co (γCo = gCoµB/ℏ) and ℏ. A crude estimate of

the relaxation rate based on Eq. (3.28) is then

Γz =
9E2γ2

Co

4D2Γh

(cxh + cyh) (3.39)

or if Γz ∼ Γh,

Γz ∼ 3|EγCo|
2|D|

√

cxh + cyh (3.40)

From this result, we see that the relaxation rate is directly driven by the magnetic dipolar field

components in the x-y plane relative to the embedded spin. In addition, we see that the rate is

dependent on the E of the embedded ion. As E is extremely small and likely consistent of different

environments owning to the strong structural similarities of the MS4 coordination shells [105], the

rate changes as a function of bath are more likely to be impacted by changes in cxh and cyh, which

are diluent dependent.

3.3.4 Estimation of ch

In this subsection we provide estimates of the ch in the present experimental system. The

dipolar magnetic field generated at the position of a Co ion in [Co(SPh)4]2− (assumed to be the
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origin) by another spin (S ′′
i ) is

hi =
µ0γb
4πr3i

[3r̂(S ′′
i · r̂i)− S ′′

i ] (3.41)

where γb is the gyromagnetic ratio of bath spins, r̂ is the distance separating the two spins, and µ0

is the vacuum permeability. The total dipolar field at the origin is

hd =
∑

i

hi (3.42)

For the convenience of studying the temperature dependence of bath spins, we introduce {ê′′ =

{x̂′′ŷ′′ẑ′′} consistent with the local coordinates of a spin back Si (according to which E and D are

defined). Similarly, the local basis for the Co ion at the origin is defined as {ê′} = {x̂′, ŷ′, ẑ′}. As

a first approximation, we assume the spin baths are not correlated with each other. Then, taking

⟨hz′hz′⟩ as an example

⟨hz′hz′⟩ =
∑

ij

⟨hz′

i h
z′

j ⟩ =
∑

i

⟨hz′

i h
z′

i ⟩ (3.43)

=
∑

i

(

µ0γb
4πr3i

)

[

9(r̂ · ẑ
′)2⟨(S′′

i · r̂i)
2⟩ − 3(r̂i · z′)

(

⟨(S′′ · r̂i)(S
′′
i )

z′⟩+ (S ′′
i )

z′⟩(S′′ · r̂i)
)

+ ⟨(S ′′
i )

z′(S ′′
i )

z′⟩
]

(3.44)

⟨SαSβ⟩ for independent spins in thermal equilibrium should be

⟨SαSβ⟩ = 1

Z
Tr
[

e−βϵiSαSβ
]

=
1

Z

∑

i

e−βϵi(U †SαSβU)ii (3.45)

Where U is the unitary transformation that diagonalizes H . Due to the independent spin assump-

tion, samples of different dopant concentrations can be considered simply by making

⟨hα
i h

α
i ⟩ = fNi⟨hα

i h
α
i ⟩Ni + fCo⟨hα

i h
α
i ⟩Co (3.46)

where fs is the concentration of species s, and ⟨hα
i h

α
i ⟩s is the correlation calculated with all bath

spins being species s. It is important to note that in calculating ⟨hα
i h

α
i ⟩ one must use the correct
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spin Hamiltonians, i.e. S = 3/2 for Co, and S = 1 for Ni. Furthermore for Ni, since its ground

state is a singlet (i.e. D > 0), the dipolar field due to Ni is not active unless the temperature

is comparable to |D|. Fundamentally this is because the effect of the "dipolar field" in Co spin

relaxation comes from intra-band transitions among the low-energy modes in the bath. Therefore

we account for this effect in our calculation by replacing S with PSP , where P is a projection

operator that projects out matrix elements across nondegenerate levels.

In calculating cαh ∼ ⟨hαhα⟩ we use γs = gsµB/ℏ where s = {Ni, Co}, together with parameter

values listed tables 3.1 and 3.2. ch therefore has units of T 2(T =Tesla), and the spin operators are

dimensionless.

Parameter Unit Value

ℏ [eV][Sec] 6.582 ×10−16

ℏ [Joules][Sec] 1.05 ×10−34

µB
[Joules]
[Tesla] 9.27 ×10−24

µ0
[Henries]
[Meter] 4π×10−7

c [cm]
[sec] 2.998 ×10+10

gNi - 5.105
gCo - 2.24
gMn - 2.126

γ = gµB

ℏ

[eV]
[Tesla]

1
[eV ][sec]

g × 5.788× 10−5 × 1
6.582×10−16

DNi [eV] +67.54 cm−1×ℏ[eV sec] ×c[cm/sec]
ENi [eV] -0.25 cm−1×ℏ[eV sec] ×c[cm/sec]
DCo [eV] -61.4 cm−1×ℏ[eV sec] ×c[cm/sec]
ECo [eV] +0.0011 cm−1×ℏ[eV sec] ×c[cm/sec]
DMn [eV] -0.097 cm−1×ℏ[eV sec] ×c[cm/sec]
EMn [eV] +0.008 cm−1×ℏ[eV sec] ×c[cm/sec]

Table 3.1: Parameter values used in the calculations of ch for Ni, Co, and Mn bath spins.

Ni (no projection) Ni (projection) Co Mn

(ch)x 5.1 ×10−5 2.7 ×10−7 6.7 ×10−5 9.66 ×10−5

(ch)y 1.1 ×10−4 4.8 ×10−8 2.8 ×10−5 7.14 ×10−5

(ch)z 1.6 ×10−4 8.0 ×10−8 4.1 ×10−5 1.02 ×10−5

Table 3.2: Calculated values of ch for Ni, Co, and Mn as spin baths in units of T2 at 2 K.
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In much smaller ch in the case of Ni when one uses the projection operator is due to the inactive

m = ±1/2 levels of its spin at low temperatures. Thus, the typical size of the fluctuating dipolar

magnetic field, when the bath spins have dipole moments ∼ 10−3T . This can be converted to a

frequency by doing the substitution in Eq. 3.38. Since gcoµBE
D

× 1T ∼ 10−9eV , the fluctuating

dipolar field corresponds to an energy scale of ∼ 10−11 to 1012 eV, or 103 to 104 Hz. This is

larger than Γ = 1
τ
< 102 Hz measured experimentally. The experimental system is therefore in

the limit of Γh ≪
√
ch
ℏ

when [Co(SPh)4]2− is diluted by nonmagnetic ions such as Zn(11). Thus,

the slowing down of Co relaxation as the concentration of Ni increases is due to the decreasing

Γh. Although qualitatively it is reasonable to expect that Γh should decrease with decreasing ch,

their precise relationship can only be established by understanding the dynamics of the correlated

bath spins, which is beyond the theories presented here and will be left for future processes that

are well documented for single molecule magnet like [Co(SPh)4] [105]. On the other hand, when

the bath spins are Mn, the relaxation rate seems to approach the
√
ch
ℏ

. Thus Eq. 3.28 may be used

to estimate the dependence of Γ on the concentration of Mn.
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Chapter 4

Spin Hall effect with interaction

Spintronics utilizes both charge and spin degrees of freedom of electrons to manipulate nonequi-

librium and equilibrium states of materials [160–163]. At its center is the control of spin cur-

rents [164–166]. A key mechanism is the spin Hall effect (SHE), which describes the transverse

spin current response to a charge current. Its reciprocal is the inverse spin Hall effect (ISHE) where

a transverse charge current arises in response to a spin current. Both effects rely fundamentally on

spin-orbit coupling (SOC).

The SHE was predicted as far back as 50 years ago [167], but it wasn’t until 1999 [168] and

2000 [169] that it resurfaced with theoretical predictions suggesting the possibility of significant

contributions to the intrinsic SHE. The mechanisms underlying the SHE are described in terms of

AHE, which encompasses three contributions: Intrinsic deflection, skew scattering, and side jump.

A schematic for what the SHE is illustrated in Fig 4.1. The sample is placed between two leads,

then an electric field is applied along the x axis to drive a current. Spin will then accumulate along

the y axis.

Figure 4.1: Schematic of the spin Hall effect. An electric applied along the x axis generates a spin current
in the y axis.

The interpretation of the SHE as a response to a spin current is valid only in the regime where

the SOC is much smaller than ℏ/τ . With τ denoting the disorder scattering time. In this weak SOC
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limit, one can meaningfully define spin currents and formulate continuity equations. However, in

materials of interest for spintronics applications—where SOC is typically strong—spin currents

become ill-defined, and the notion of a continuity equation breaks down, even with the inclusion

of a phenomenological decay term. In such cases, the concept of spin accumulation provides

a more robust and physically meaningful description. Below, we solve for the non-equilibrium

Green’s functions to compute physical observables, focusing in particular on the transverse edge

spin accumulation.

We here analyze a tight-binding Hamiltonian that simultaneously incorporates on-site electron-

electron interactions and intrinsic spin-orbit coupling in the form of a Kane-Mele term. While each

component has been studied extensively in isolation, their combined treatment remains largely

unexplored due to the added complexity introduced by competing energy scales and broken spin

conservation. Our approach captures both correlation-driven effects and topological band structure

on equal footing.

4.1 SHE with spin-orbit coupling and interaction

We now discuss a mechanism for the SHE that arises from including interactions. In our study,

we numerically compute the SHE in a finite strip of a hexagonal lattice connected to leads held

at different chemical potentials. The Hamiltonian incorporates both Kane-Mele spin–orbit (SO)

coupling [170], whose strength is governed by λ below and an exchange field described by the

mi · σαβ term, where the exchange field breaks time-reversal symmetry in the spin sector and

the SO interaction entangles the spin and orbital degrees of freedom. We specifically examine

how these mechanisms affect the bare magnetic susceptibility at the edge of a two-dimensional

topological insulating ribbon. To further elucidate our findings, we develop an analytical toy model

and compare its predictions with the numerical results.
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To model this we consider the following Hamiltonian, obtained from the usual Hartree-Fock

decoupling [171] of the Kane-Mele-Hubbard model [172, 173],

H ≈ t
∑

⟨i,j⟩,α
c†iαcjα + iλ

∑

⟨⟨i,j⟩⟩,αβ
νijc

†
iασ

z
αβcjβ

+
U

2

∑

i,α,β

c†iα (ni1αβ −mi · σσσαβ) ciβ +
U

4

∑

i

(

n2
i − |mi|2

)

(4.1)

where t is the hopping potential, λ is the strength of the Kane-Mele spin orbit coupling. The factor

νij takes values ±1, with νij = −νji, determined by the orientation of the two nearest-neighbor

bonds as the electron moves from site i to j: νij = +1 if the second neighbor is reached in a coun-

terclockwise sense, and νij = −1 if reached clockwise. ⟨. . . ⟩& ⟨⟨. . . ⟩⟩ is the nearest neighbors,

and second nearest neighbors respectively, 1 is the 2 × 2 identity matrix, σσσ = (σx, σy, σz) is a

vector of 2× 2 Pauli matrices acting in spin space, and defining the local mean electron density as

ni =

〈

∑

α

c†iαciα

〉

, (4.2)

and the local mean spin polarization as

mi =

〈

∑

αβ

c†iασσσαβciβ

〉

, (4.3)

which is determined self consistently.

4.1.1 Calculating spin accumulation

We briefly describe the procedure [174] for calculating the spin accumulation. We begin with a

tight-binding Hamiltonian for a lattice connected to two leads. For a system with N sites, quantities

such as the Green’s function G and the self-energy Σ are represented by N × N ×K matrices at

each energy, i.e. G = G(ri, rj, Ek).
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In principle, the retarded and advanced Green’s function, GR and GA, are obtained from

GR =
[

EI −HC − ΣR
]-1

(4.4)

GA =
[

GR
]+

. (4.5)

where Hc is the Hamiltonian of the conductor, ΣR includes contributions from electron-electron

interactions and coupling to the leads. Once GR is determined, any observable can be computed.

To describe the transport properties, we need to consider the correlation between lattice sites ri

in the conductor, and sites pj in the leads by partitioning the full Green’s function as,

G =







Gp GpC

GCp GC






, (4.6)

where GC is the Green’s function for the conductor, GCp (and its conjugate GpC) describes the

coupling between the conductor and the leads, and GP pertains to the leads themselves.

We begin by calculating the self-energy term as,

Σ(pi, pj, E) =t2g(pi, pj, E) (4.7)

=− t
∑

m∈p
χm(pi)e

ikmaχm(pj) (4.8)

where χm(pi) represents the transverse mode, g(pi, pj, E) is the Green’s function for an isolated

lead between two points along an edge, p labels the isolated lead, and λ = ℏ
2/2ma2 relates the

spacing between lattice sites. The quantity,

Γp(i, j, E) =
∑

m∈p
χm(pi)

ℏvm
a

χm(pj) (4.9)

expresses the scattering rate and determines the rate of electron loss. Here km is the wavenumber

for mode m, and vm is the velocity for the mode, related to the energy E via the tight-binding
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dispersion relation,

E = εm + 2λ [1− cos(kma)] (4.10)

and the velocity given by,

ℏvm =
∂E

∂km
= 2aλ sin(kma), (4.11)

with εm being the cutoff energy for mode m.

Next, we obtain the inscattering and outscattering functions, whose sum equals Γ. Assuming

each lead is in equilibrium with some Fermi distribution fp(E) we write

Σin
p (ri, rj, E) = fp(E)Γp(ri, rj, E) (4.12)

Σout
p (ri, rj, E) = (1− fp(E))Γp(ri, rj, E). (4.13)

These expressions enable the evaluation of both the retarded Eq. (4.4), and advanced Eq. (4.5)

Green’s functions.

To carry out this computationally intensive step, we require the matrix representation of the

conductor Hamiltonian, Eq (4.1). The local electron and spin densities are defined by Eqs. (4.2)

and (4.3), respectively. Recall, both ni and mi are determined self-consistently.

Next, we compute the correlation functions:

Gn = GRΣinGA (4.14)

Gp = GRΣoutGA. (4.15)
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The scattering functions include contributions from both leads and interactions:

Σin =

[

Σin
φ +

∑

p

Σin
p

]

(4.16)

Σout =

[

Σout
φ +

∑

p

Σout
p

]

. (4.17)

Note that Σφ must be updated at each iteration.

The self-energy and scattering functions due to the interactions are calculated iteratively until

convergence is achieved. At every step, we invert an N×N matrix for each energy channel, where

the calculation depends on the temperature, bias, and correlation energy.

Σin
φ(r, r

′, τ) = D(r, r′)GN(r, r′), (4.18)

where D(r, r′) represents the spatial correlation and energy spectrum of phase breaking scatterers,

D(r, r′, ℏω) =
∑

q

|Uq|2







−exp [−iq(r− r′)Nqδ(ω − ωq)

exp [+iq(r− r′) (Nq + 1)δ(ω − ωq)






(4.19)

Although computationally intensive, this iterative procedure is essential for achieving self-consistency.

Having established the computational framework for the spin Hall effect with spin–orbit cou-

pling and interactions, we now develop a complementary toy model that captures the essential role

of edge states and their associated spin accumulation.

4.2 Toy Model

To complement the previous section, we here provide a minimal model to compute the spin

accumulation response. In a metallic strip of finite width, electrons occupy states that can be

classified as either edge or bulk states. In the low-energy limit of a topologically nontrivial material,

only a few—or even a single—edge state contributes to conduction. Here, we investigate whether

perturbing a single edge state can induce spin accumulation along the edges.
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4.2.1 Symmetry Considerations

In this discussion we analyze how symmetry considerations constrain the system’s response to

spin accumulation in the presence of an external magnetic field h. We define the response to an

applied magnetic field, Qij , as

Qij = δsixj = χijkhk, (4.20)

where δsi represents the i-th component of the spin accumulation, xj is the j’th Cartesian compo-

nent, and χijk is the response tensor.

Under inversion, both δsi and hk remain invariant while the coordinate transforms as xj →

−xj . Thus, applying the inversion operator yields

I−1δsiII
−1xjI = IχijkI

−1IhkI
−1, (4.21)

which simplifies to

δsi(−xj) = χ′
ijkhk, (4.22)

where χ′
ijk denotes the transformed response tensor. Comparing with the original definition sides,

we obtain

−χijk = χ′
ijk. (4.23)

Therefore, if χijk were inversion symmetric – that is, if χijk = χ′
ijk – it would necessarily vanish.

A nonzero spin accumulation in response to the applied h-field thus requires that the response

tensor χijk lacks inversion symmetry.

In particular, if we want an accumulation of δsz, due to the z component of the h field,

δszxj = χzjzhz (4.24)
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we see we would need some of the components of the row/column of χzjz to be non-zero. In the

following section, we imagine a thin strip, of finite width along the y-component, which could

mean we need χzyz in particular to be non-zero to accumulate δsz.

4.2.2 Initializing the Hamiltonian

In the preceding section, we demonstrated that inversion symmetry must be broken to achieve

spin accumulation. Consider the Hamiltonian:

H = H0 +Hint (4.25)

where

H0 = ℏvkk σz ⊗ τz (4.26)

is the free electron Hamiltonian, and

Hint = ∆ σk ⊗ τl (4.27)

represents interaction Hamiltonian, with k, l ∈ {x, y, z}. Here σi are the Pauli matrices in spin

space, and τi are the Pauli matrices in edge space (top edge vs bottom edge).

To examine the symmetry-breaking requirements of Hint, we consider the inversion operator Ii

along the i−th Cartesian axis and the time-reversal operator T , defined as:

Ii = {k → −k} ⊗ σ0 ⊗ τi; i ∈ {x, y} (4.28)

and

T = {k → −k} ⊗ σy ⊗ τ0κ (4.29)

where κ denotes complex conjugation.
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For Hint to break inversion symmetry, it must satisfy

H ′
int = I−1

i HintIi ̸= Hint (4.30)

leading to

H ′
int = ∆σk ⊗ {τiτlτi}. (4.31)

To break both Ix and Iy, we require l = z.

For time-reversal symmetry, we consider:

H ′
int = T−1HintT = ∆σyσkσy ⊗ τz (4.32)

If k = y, H ′ = Hint, preserving time-reversal symmetry. Conversely, if k = z (or k = x), then

H ′
int = ∆σyσzσy ⊗ τz = ∆(−σz)⊗ τz = −Hint (4.33)

breaking time-reversal symmetry. This term correlates bands along the z-axis through σz.

While our complete framework provides a controlled way to initialize and explore the Hamil-

tonian, the resulting spin accumulation proved difficult to interpret. These challenges point toward

the need for further refinements and motivate the directions outlined in the following section on

future work.

4.3 Future Work

This work establishes clear parallel between the SHE and AHE emphasizing that the mecha-

nisms underpinning both–intrinsic, skew scattering, and side jump–have analogous roles. How-

ever, for SHE, each contribution must take account for opposite spin orientations.

In systems with strong SOC, spin current is ill-defined due to the absence of spin conservation

and a valid continuity equation. Instead, spin accumulation at material edges becomes the phys-

ically meaningful and measurable quantity. By incorporating on-site Hubbard interactions into
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the tight-binding Kane-Mele model, the study provides a more complete and realistic description

of spin transport in correlated systems. This combination of topological band structure and in-

teraction is rarely tackled directly due to its complexity, but is essential for accurate modeling of

experimental systems.

This study details a numerical framework using nonequilibrium Green’s functions to compute

spin accumulation in a finite strip geometry. The inclusion of self-consistent Hartree-Fock terms

and full treatment of lead couplings allows for precise tracking of interaction effects on edge spin

accumulation. A symmetry-based toy model confirms that inversion symmetry must be broken to

observe a non-zero spin accumulation. This is consistent with expectations from linear response

theory: the spin accumulation response tensor must be odd under inversion. We presented a mini-

mal model that captures conditions for time-reversal and inversion symmetry breaking. This sim-

plified two-band model shows that to produce edge spin accumulation we need two things. First,

the Hamiltonian must include interaction terms coupling spin and edge degrees of freedom (e.g.,

σz ⊗ τz). Second these terms must break inversion and optionally break time-reversal symmetry,

depending on the specific σk used.

While the Kane-Mele model and the Hubbard interaction are both well-studied, their combined

impact on the spin Hall effect and spin accumulation has not been extensively explored. This

work contributes a new method to compute spin accumulation in such systems, providing both

numerical and analytical tools. The results point to the edge states of topological insulators as the

key contributors to spin accumulation, especially under the influence of interactions and symmetry

breaking—consistent with the expected behavior of quantum spin Hall systems.

This work provides a unified framework to understand how interactions modify the spin Hall

response, focusing on spin accumulation rather than ill-defined spin currents in the strong SOC

regime. It advances the field by offering a self-consistent computational method and toy model

analysis that clarify how symmetry and interactions control spin accumulation in topological ma-

terials. Future work will be on elucidating the origin of an unexpected sign change of spin accu-

mulation versus changing chemical potential in the NEGF calculation by using the toy model.
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Appendix A

A.1 Approximation of the effective conductivity

Let us consider the following approximation for the effective conductivity, that depend C and

M ,

σ̄h ≈ ⟨(σh + C(r)) erf

(

H −Hc

ϵH
+M(r)

)

⟩. (A.1)

We will now show that the correlation between C(r) and M(r) generally leads to hump/dip fea-

tures in the Hall hysteresis loops. To calculate this, we use the series expansion for the error

function, and the binomial theorem, obtaining

σ̄h =
2√
π

∞
∑

n=0

2n+1
∑

l=0

(−2)n(2n− 1)!!

l!(2n+ 1− l)!

(H −Hc)
l

ϵlH
⟨(σh + C(r))M2n+1−l(r)⟩. (A.2)

Using Wick’s theorem on the two terms ⟨CM2n+1−l⟩ and ⟨M2n+1−l⟩, we obtain two series whose

terms are non-zero for even and odd l, respectively.

Where,

Odd l ⟨M2n+1−l⟩ = ⟨M2n−2k⟩ = Vn−k
M (2n− 2k − 1)!!, (A.3)

Even l ⟨CM2n+1−l⟩ = ⟨CM2n−2k+1⟩ = VCMVn−k
M (2n− 2k + 1)!!, (A.4)

thus we have

σ̄h =
2√
π

∞
∑

n=0

n
∑

k=0

(−1)n2k(2n− 1)!!Vn−k
M

(n− k)!

[

(H −Hc)
2k+1

ϵ2k+1
H (2k + 1)!

σh +
(H −Hc)

2k

ϵ2kH (2k)!
VCM

]

. (A.5)
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A.2 Bounds of the anomalous Hall conductivity in a 2-phase

composite

We first consider a simple case. A 2D conductor has random magnetic domains with the

following conductivity tensors

σσσ+ =







σ0 −σh

σh σ0






, σσσ− =







σ0 σh

−σh σ0






, (A.6)

where σ0 and σh are positive constants. The spatial variation of the local conductivity tensor of the

system is described by

σσσ(r) = h(r)σσσ+ + [1− h(r)]σσσ−, (A.7)

where h(r) = 1 in the domains with the local conductivity tensor σσσ+, and 0 otherwise. We would

like to understand the behavior of the effective conductivity tensor σ̄σσ defined as

⟨j⟩ = σ̄σσ · ⟨E⟩, (A.8)

where ⟨. . . ⟩ means spatial average. In general σ̄σσ depends on the form of h(r). So we will focus on

the bounds of the components of σ̄σσ.

We first perform a duality transformation which can transform σσσ(r) to diagonal tensors. The

general form of the duality transformation is [93]

σσσ′ = (aσσσ + bR⊥) · (cI + dR · σσσ)−1, (A.9)

where

R⊥ =







0 −1

1 0






(A.10)
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is the π/2 rotation matrix, and a, b, c, d are arbitrary constants. It can be proved [91, 93] that the

effective conductivity tensors for σσσ′ and σσσ are related by the following equation

σ̄σσ′ = (aσ̄σσ + bR⊥) · (cI + dR⊥ · σ̄σσ)−1, (A.11)

which will be used later to obtain the bounds of σ̄σσ from that of σ̄σσ′.

σσσ′ can be made diagonal by choosing a = d = 1 and

b = c =
√

σ2
0 + σ2

h ≡
√
∆. (A.12)

The explicit form of σσσ′ in different domains, σσσ′
±, is

σσσ′
± =

2σ0

√
∆

σ2
0 + (

√
∆∓ σh)2

I ≡ σ′
±I. (A.13)

We have therefore transformed the original problem into a problem of finding the effective conduc-

tivity of the composite formed by two phases with different isotropic conductivities. The bounds of

such an effective conductivity have been given in [88, 94], obtained using variational approaches.

When applied to our problem they give

σ̄′ ∈
[

σ′
−
σ′
−σ0 + (1 + p)σh

σ′
−σ0 + (1− p)σh

, σ′
+

σ′
+σ0 − (2− p)σh

σ′
+σ0 − pσh

]

, (A.14)

where p is the area ratio of domains with σσσ+. According to [88], the bounds are realized when

the composite has the form of packed coated cylinders (in 2D). In our case, such a configuration

means that the system can be partitioned into circular coated cells of arbitrary sizes with the core

being one domain and the shell or coating being the other domain, and the area ratio of the two

domains in each cell is fixed to p/(1− p). Now let σ̄σσ ≡ σ̄0I + σ̄hR⊥. Eq. (A.11) indicates that

σ̄′ =
σ̄0√

∆− σ̄h

, (A.15)

σ̄2
0 + σ̄2

h = σ2
0 + σ2

h = ∆,
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from which we can obtain

σ̄′ =

√

∆− σ̄2
h√

∆− σ̄h

. (A.16)

Combining Eqs. (A.14) and (A.16), we finally obtain the bounds of σ̄h:

σ̄h ∈
[

−σh +
2pσ2

0σh

σ2
0 + (1− p)2σ2

h

, σh −
2(1− p)σ2

0σh

σ2
0 + p2σ2

h

]

, (A.17)

which takes the values of ±σh when p = 1 and p = 0, respectively, as expected. More importantly,

one can see that the absolute value of σ̄h can never exceed σh. The two bounds reduce to the trivial

value (2p− 1)σh when σh/σ0 → 0, and (2p− 1)σh is also in-between the two bounds.

We next consider a slightly more complex case: the two domains have the following conduc-

tivity tensors

σσσ+ =







σ1 −σh

σh σ1






, σσσ− =







σ2 σh

−σh σ2






, (A.18)

with σ1 ̸= σ2. Thus there is certain correlation between the longitudinal and Hall conductiv-

ities. For example, if σ1 > σ2, one can say that the positive magnetization domains have larger

conductivity than the negative magnetization domains. Such situations could happen during a mag-

netization reversal, when the domains with negative magnetization first nucleate at the regions with

lower conductivities or more defects, which is physically sensible. Note that the sense of positive

and negative is reversed when considering the other half of the hysteresis curve during the mag-

netization reversal. Assume one starts from the uniform positive magnetization case with positive

anomalous Hall conductivity, and slowly decreases the magnetic field. Negative magnetization do-

mains will start to nucleate at regions with smaller longitudinal conductivity. However, when one

starts from the uniform negative magnetization in the other half of the hysteresis curve, positive

magnetization domains will first nucleate at regions with smaller longitudinal conductivity. Thus
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the values of σh(r) can be either positive- or negative-correlated with the longitudinal conductivity,

depending on the material and on which half of the hysteresis curve is under consideration.

By using the same approach in the above section, after some algebra one can obtain the follow-

ing bounds for σ̄h:

σ̄h/σh ∈
[

−1 +
8pσ2

2

[(1− p)σ1 + (1 + p)σ2]2 + 4(1− p)2σ2
h

, 1− 8(1− p)σ2
1

[(2− p)σ1 + pσ2]2 + 4p2σ2
h

]

.(A.19)

Apparently |σ̄h| < σh, so that the absolute value of the effective Hall conductivity cannot exceed

that of the local Hall conductivity. Nonetheless, Eq. (A.19) suggests that it is possible for the lower

bound to go above the simple average 2p− 1 when

σ2
2 ⩾

(

1− p

2
σ1 +

1 + p

2
σ2

)2

+ (1− p)2σ2
h, (A.20)

which is easily satisfied when σ2 > σ1, and σh ≪ σ1. Conversely, the upper bound can be lower

than the simple average when

σ2
1 ⩾

(

2− p

2
σ1 +

p

2
σ2

)2

+ p2σ2
h, (A.21)

which is easily satisfied when σ1 > σ2 and σh ≪ σ2.

Interestingly, Eqs. (A.20) and (A.21) may explain the following behavior in certain experi-

ments: When plotting the anomalous Hall conductivity versus the total magnetization, sometimes

there is also hysteresis, which suggests that the effective anomalous Hall conductivity is not strictly

proportional to the total magnetization throughout the magnetization reversal. Note that the total

magnetization is nothing but (2p − 1)M0, where M0 is the saturated magnetization. Since the

designations of σ1 and σ2 are interchanged for the two halves of the hysteresis curve, it is indeed

possible to have a hysteretic dependence between σ̄h (bounded by Eq. (A.19)) and the total mag-

netization, when Eqs. (A.20) or (A.21) are satisfied. We should nonetheless note that the simple

correlation in Eq. (A.18) does not apply throughout the hysteresis curve, as the regions with σ1
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and σ2 are independent of magnetization. So this conclusion needs to be verified by more realistic

numerical calculations.

A.3 Proof of Theorem 1

This section was completed by Evan Camrud, and Olivier Pinaud.

We recall that the microscopic conductivity readsσσσ(r) = σσσ0(r)+σh(r)R⊥, forσσσ0(r) a positive

definite diagonal matrix with entries σxx and σyy, and R⊥ the π/2 rotation matrix. We denote by σ̄σσ

the corresponding effective conductivity with effective Hall conductivity σ̄h. The assumptions in

the theorem ensure that the effective conductivity is well-defined and constant [95].

The main ingredient of the proof is a variational formula for the homogenized coefficients.

Before getting to this, the standard theory of stochastic homogenization gives first the following

expression for the effective conductivity, see [175]:

σ̄σσ = lim
L→∞

σσσL, (A.22)

where the Hall conductivity of σσσL is

σL
h =

1

L2

∫

ΩL

(

σσσ(r)∇(ϕξ(r) + ξ · r)
)

· ξ⊥dr. (A.23)

Above, ΩL = [−L/2, L/2]× [−L/2, L/2], ξ = (1, 0)T , ξ⊥ = (0, 1)T (T is for transposition), and

for each u ∈ R
2, ϕu is the unique (weak) solution to the corrector equation

∇ ·
(

σσσ(r)∇(ϕu(r) + u · r)
)

= 0 in ΩL, (A.24)

equipped with zero Dirichlet conditions at the boundary of ΩL. Similar expressions hold for the

diagonal terms in σσσL but these will not be needed.

In (A.22), the limit holds for almost all (in the probabilistic sense) realizations of the random

fields σxx, σyy and σh, and (A.23), (A.24) are defined for one of these realizations. Working with
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σσσL instead of σ̄σσ makes it possible to make use of the following variational characterization of the

homogenized conductivity. Further, we denote by σσσL
s = (σσσL+(σσσL)T )/2 (resp. σσσs = (σσσ+σσσT )/2))

the symmetric part of σσσL (resp. σσσ) and by σσσL
a = (σσσ − (σσσL)T )/2 (resp. σσσa = (σσσ − σσσT )/2)) its

antisymmetric part. Since (A.23) is the expression of the effective coefficient in standard periodic

homogenization, we have, according to [88], page 277, for ξs and ξa two arbitrary vectors in R
2,







ξs

ξa






·







−σσσL
s −σσσL

a

σσσL
a σσσL

s













ξs

ξa






=

max

∇× es(r) = 0

< es >= ξs

min

∇× ea(r) = 0

< ea >= ξa

〈







es

ea






·







−σσσs(r) −σσσa(r)

σσσa(r) σσσs(r)













es

ea







〉

where ⟨f⟩ =
∫

ΩL
f(r)dr/L2. The critical points solution to the saddle point problem are ēs =

(∇ϕζ +∇ϕ′
ζ′)/2 and ēa = (∇ϕζ −∇ϕ′

ζ′)/2, where ζ = ξs+ ξa, ζ ′ = ξs− ξa and ϕ′
ζ′ solves (A.24)

with σσσ replaced by σσσT and u = ζ ′.

With ξs = (1, 1)T/2, ξa = (1,−1)T/2, and the fact that σσσa = σhR⊥ as well as σσσL
a = σL

hR⊥,

direct algebra shows that

σL
h = min

∇× es(r) = 0

< es >= ξs

max

∇× ea(r) = 0

< ea >= ξa

Fσh
(es, ea) (A.25)

where Fσh
(es, ea) =< es ·σσσses > − < ea ·σσσsea > +2 < σhes ·R⊥ea >. We now bound σL

h above

and below. For this, since the assumption −σM ≤ σh ≤ σM holds, we have, independently of the

sign of es ·R⊥ea,

−σM(es ·R⊥ea) ≤ σh(es ·R⊥ea) ≤ σM(es ·R⊥ea).
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As a consequence, we obtain from the definition of Fσh
the inequality

F−σM
(es, ea) ≤ Fσh

(es, ea) ≤ FσM
(es, ea),

which, according to the variational principle (A.25), implies that

σL
h,− ≤ σL

h ≤ σL
h,+. (A.26)

Above, σL
h,± is the homogenized Hall coefficient associated with the microscopic conductivity

σσσ±(r) = σσσ0(r)±σMR⊥. To conclude the proof, it suffices then to show that limL→∞ σL
h,± = ±σM .

This is done as follows. In the same way as (A.23), we have the following expression for σL
h,+:

σL
h,+ =

1

L2

∫

ΩL

(

σσσ+(r)∇(ϕ+
ξ (r) + ξ · r)

)

· ξ⊥dr (A.27)

for the ξ and ξ⊥ defined earlier. The function ϕ+
ξ is the weak solutions to (A.24) with σσσ replaced

by σσσ+. Since the off-diagonal entries of σσσ+ are equal to ±σM and are therefore constant, ϕ+
ξ is

actually solving (A.24) with σσσ replaced by σσσ0, that is

∇ ·
(

σσσ0(r)∇(ϕ+
ξ (r) + ξ · r)

)

= 0 in ΩL, (A.28)

equipped with Dirichlet boundary conditions at the boundary of ΩL. Multiplying (A.28) by ξ⊥ · r

and integrating by parts yields

L−2

∫

ΩL

(

σσσ0(r)∇(ϕ+
ξ (r) + ξ · r)

)

· ξ⊥dr = L−2

∫

∂ΩL

nnn · (σ0(r)ξ)(ξ⊥ · r)dS,

where the right-hand-side corresponds to line integrals along the boundary ∂ΩL of ΩL and nnn is the

outward unit normal to ∂ΩL. We denote the last term above by TL. This allows us to rewrite σL
h,+
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as

σL
h,+ =

1

L2

∫

ΩL

(

σσσ0(r)∇(ϕ+
ξ (r) + ξ · r)

)

· ξ⊥dr+
σM

L2

∫

ΩL

(

R⊥∇(ϕ+
ξ (r) + ξ · r)

)

· ξ⊥dr

= TL + σM +
σM

L2

∫

ΩL

(

R⊥∇ϕ+
ξ (r)

)

· ξ⊥dr.

Above, we used that (R⊥ξ) · ξ⊥ = 1. Besides, the last term is equal to zero since ϕ+
ξ vanishes on

∂ΩL. We now show that limL→∞ TL = 0, which is a consequence of Birkhoff ergodic theorem.

Indeed, direct calculations show that

TL =
1

L2

∫ L/2

−L/2

δσxx(y)ydy =

∫ 1/2

−1/2

δσxx(Ly)ydy,

where δσxx(y) = σxx|x=L/2−σxx|x=−L/2 (we recall that r = (x, y)). We now exploit the separation

of scales between δσxx(Ly) and the function y. Let NL be the integer part of
√
L. We break the

interval [−1/2, 1/2] into NL intervals of length 1/NL centered at yk = −1/2 + 1/(2NL) + (k −

1)/NL, for k = 1, · · · , NL. We denote these intervals by Ik. Hence,

TL =

NL
∑

k=1

∫

Ik

δσxx(Ly)ydy.

On each Ik, the function y varies slowly compared to δσxx(Ly) for large L, and we can write

TL =

NL
∑

k=1

yk

∫

Ik

δσxx(Ly)dy + o(1),

where o(1) is a term that goes to zero as L → ∞. Since the random field δσxx is stationary and

ergodic, Birkhoff ergodic theorem implies that

lim
L→∞

NL

∫

Ik

δσxx(Ly)dy = E{δσxx}.
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Note that E{δσxx} does not depend on position by stationarity of δσxx. This shows that

TL = N−1
L

NL
∑

k=1

ykNL

∫

Ik

δσxx(Ly)dy + o(1)

= E{δσxx}N−1
L

NL
∑

k=1

yk + o(1)

= E{δσxx}
∫ 1/2

−1/2

ydy + o(1).

In the last line, we used the fact that N−1
L

∑NL

k=1 yk is a Riemann sum for the integral
∫ 1/2

−1/2
ydy.

Since σxx is stationary, it follows that E{σxx} is independent of position and as a consequence

E{δσxx} = 0. Hence limL→∞ TL = 0 and limL→∞ σL
h,+ = σM . We prove in the same way that

limL→∞ σL
h,− = −σM .

We are now in position to conclude. Since limL→∞ σL
h,± = ±σM and limL→∞ σL

h = σ̄h, it

suffices to pass to the limit in (A.26) to obtain −σM ≤ σ̄h ≤ σM . This ends the proof of Theorem

1.

A.4 Homogenized Hall conductance in the presence of domain

walls

Supplementary Fig. A.1 shows the finite-element results of Hall conductance Gh obtained by

inverting the resistance tensor followed by antisymmetrization for 250 random instances of param-

eter sets using the domain wall resistivity model, as indicated in the figure caption.

A.5 FEniCS

To further explore how the domain wall resistivity effects the Hall response, we approached

this problem numerically using FEniCS, a PDE solver implemented with Python [176]. To use

FEniCS, we must precisely state the problem you wish to solve, the steps are as follows. One is to
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Figure A.1: Hall conductance Gh normalized to σh, obtained by inverting the resistance tensor for ran-
dom realizations of the domain configurations in the presence of domain wall resistivities. Gh/σh is
strictly bounded within ±1. The parameters used are ξ ∈ [5 × 10−3, 5 × 10−2], σ⊥ ∈ [−0.8,−0.1],
σ∥ ∈ [−0.7,−0.1], σh ∈ [0.05, 0.5], ϵW ∈ [0.2, 2.0], ϵH ∈ [0.2, 2.0], H ∈ [−3.0, 3.0], Hc = 0.0,
ϵW = 2.0, σ0 = E0 = 1.0.

identify the domain, PDE, boundary conditions, and source terms. Next is to reformulate the PDE

as a finite element variational problem. Then to write the python code, then call FEniCS.

The first step,

∇ · σ(-∇u(x)) = f(x); x ∈ Ω (A.29)

u(x) = uD(x); x ∈ ∂ΩD (A.30)

n̂ · (-σ∇u(x)) = g(x); x ∈ ∂ΩN (A.31)

with u(x) is the unknown trial function, f(x) is the source function, uD(x) is the known Dirichlet

boundary condition, and gx) is the known Neumann boundary condition, Ω is the spatial domain

of u(x), and ∂Ω is the boundary of Ω.

Next, we multiply eqn (A.29) by a test function v(x) that satisfies the Dirichlet boundary

conditions, v(x) = 0; x ∈ ∂Ω, and integrate over the domain.

-
∫

Ω

dx v(x)∇ · σ∇u(x) =

∫

Ω

dx v(x)f(x) (A.32)
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The next step is to reduce the order of polynomial order of v and u to be as low as possible. This

reduces the requirement of the polynomials used in the trial functions, here from being twice dif-

ferentiable, down to once differentiable. This is a common practice using Finite Element method,

because while the test functions that we cast over the domain Ω are required to be continuous, their

first derivatives are not. This means that that the second derivatives are not as well defined. Doing

by-parts on the left hand side of eqn (A.32) yields,

=-
∫

Ω

dx v(x)∇ · σ∇u(x) (A.33)

=

∫

Ω

dx∇v(x) · (σ∇u(x))−
∫

∂Ω

dS v(x)n̂ · (σ∇u(x))

=

∫

Ω

dx∇v(x) · (σ∇u(x)) +

∫

∂ΩN

dS v(x)g(x)

Using this result, and rearranging eqn (A.32) we get,

∫

Ω

dx∇v(x) · σ∇u(x) =

∫

Ω

dx v(x)f(x)−
∫

∂ΩN

dS v(x)g(x) (A.34)

Note the right hand side is completely known. If we require eqn (A.34) to hold for all v(x) ∈ Ṽ ,

so-called test space, we obtain a problem that uniquely determines the solution u(x) ∈ V , which

lies within a possibly different function space. This is the weak form, or variational form of the

original PDE.

The computational implementation proceeds as follows. First, we define the the domain Ω

using FEniCS,

mesh=fen.UnitSquareMesh(N,N)

This creates a mesh over the unit square [0, 1]× [0, 1], where the parameter N specifies the number

of subdivisions along each axis. Each square is then divided into two triangles. FEniCS also

supports more complex domains constructed via unions and intersections of simpler shapes, and

external mesh generation tools can be used for greater flexibility.

Next, we define the function space:
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V = fen.FunctionSpace(mesh, "Lagrange", 1),

this creates a finite element space V over the mesh, using first-order (linear) Lagrange elements.

The trial and test functions, along with the source term, are defined as:

u = fen.TrialFunction(V)

v = fen.TestFunction(V)

f = fen.Constant(0)

Here, u and v are defined over V, and f represents a source (or sink), which we take to be zero.

We impose boundary conditions via:

bc1 = fen.Expression("x[0]==0? -1.0", degree = 1)

bc2 = fen.Expression("x[0]==0? -1.0", degree = 1)

g = bc1 + bc2

This corresponds to current flowing in from the left (x = 0) and out on the right (x = 1), with g

encoding the total boundary condition.

We now define the bilinear form corresponding to the left-hand side of Eq. (A.34). The weak

form is implemented as:

a=(( sig00 * u.dx(0) + sig01 * u.dx(1))*v.dx(0)

+

( sig10 * u.dx(0) + sig11 * u.dx(1))*v.dx(1))*fen.dx

here sig00 corresponds to σ11, and so forth for the other components. The right-hand side is

given by:

L = f*v*fen.dx - g*v*fen.ds

All terms in L are known functions.

The problem is then solved using:

fen.solve(a==L, u)

yielding u, the numerical solution defined over the domain.
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