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Chapter 1

Introduction

The main focus of this thesis is on properties of Artin-Schreier curves. Let k be

an algebraically closed field of characteristic p where p > 0 is prime. Then, an

Artin-Schreier curve is a smooth projective k-curve X given by an affine equation

yp − y = f(x) for some f(x) ∈ k(x). In order for this curve to be connected, we

require that f(x) 6= zp − z for any z ∈ k(x). Artin-Schreier curves are cyclic degree

p covers of the projective k-line.

Artin-Schreier curves often yield examples of interesting phenomena. For this

reason, Artin-Schreier curves have been studied a lot in recent years. For instance,

the Newton polygons of Artin-Schreier curves have been studied in [1, 2, 3, 13,

16]. In [6, 21, 22], the focus is on Artin-Schreier curves with many rational points

defined over finite fields. This is also the case in [20] where the focus is on coding

theory using Artin-Schreier curves. The zeta functions of Artin-Schreier curves

over finite fields are considered in [10, 11]. While this list is far from complete, it is

clear the Artin-Schreier curves are an active area of research.

To each curve X, there is an associated abelian variety called the Jacobian,

Jac(X). To study the Jacobian of X, we look at the multiplication-by-p morphism.

The kernel of this map is denoted by Jac(X)[p] and is called the p-torsion of the

Jacobian of X. Because the multiplication-by-p morphism is inseparable, Jac(X)[p]
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has the structure of a group scheme. Two invariants of the p-torsion of the Ja-

cobian of a curve X are the p-rank and the a-number. To define these invari-

ants, let µp and αp denote the group schemes which are the kernel of Frobenius

on Gm and Ga, respectively. As schemes, µp = Spec (k[x]/(xp − 1)) and αp =

Spec (k[x]/ (xp)) . The p-rank of X is sX = dimFpHom (µp, Jac(X)[p]) . The num-

ber sX is the integer which satisfies #Jac(X)[p](k) = psX . The a-number of X is

aX = dimkHom (αp, Jac(X)[p]) . If g is the genus of X, the p-rank and a-number

satisfy the inequalities 0 ≤ sX ≤ g and 1 ≤ sX + aX ≤ g.

The a-number of a curve X can be computed via the Cartier operator on the

sheaf of holomorphic 1-forms of X. The modified Cartier operator is a 1/p-linear

map C : H0(X,Ω1
X) → H0(X,Ω1

X) taking exact differentials to zero and satisfying

C(fp−1df) = df. If β is a basis for H0(X,Ω1
X), let M̃ be the matrix which gives the

action of the modified Cartier operator on β. The matrix M formed by taking each

entry of M̃ to the pth power is called the Cartier-Manin matrix and it gives the

action of the Cartier operator. The a-number of X is then aX = g− rank(M), where

g is the genus of X.

For the main result of the paper, we consider an Artin-Schreier curve X : yp −

y = f(x) where f(x) ∈ k(x). Let r + 1 be the number of poles of f(x). For 1 ≤ j ≤

r + 1, let dj be the order of the jth pole of f(x). We assume that each dj divides the

quantity p−1. In this case, the Riemann-Hurwitz formula [18] gives that the genus

of X is g =
(∑r+1

i=1 (dj + 1)− 2
)
· (p− 1)/2 and the Deuring-Shafarevich formula [9]

gives that the p-rank of X is sX = r(p− 1). With this setup, we prove the following

theorem in chapter 3.

Theorem 1. Let X be an Artin-Schreier curve with affine equation yp − y = f(x), with

f(x) ∈ k(x). Suppose f(x) has r + 1 poles, with orders {d1, . . . , dr+1}. If each dj divides

p− 1, the a-number of X is

aX =
r+1∑
j=1

aj, where
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aj =


(p−1)dj

4
if dj even

(p−1)(dj−1)(dj+1)

4dj
if dj odd.

In particular, the a-number ofX only depends on the orders of the poles of f(x)

and otherwise does not depend on the equation for X. This is the first example

known of a family of curves for which the a-number is constant and greater than

three. Theorem 1 shows that the a-number of each curve in this family is roughly

half of the genus. Using [15, Theorem 1.1 (2)], the dimension of this family can be

computed to be
∑r+1

i=1 (dj + 1)− 3 = 2g/(p− 1)− 1.

This result can be situated in the context of other results about Artin-Schreier

curves and the p-rank and a-numbers of curves [4, 5, 7, 14]. Specifically, it general-

izes [14, Corollary 3.3 (1)]. A few of these results are described in section 2.7.

In Section 4.6.1, a deformation result is given for Artin-Schreier curves. Specifi-

cally, we give a scenario under which it is possible for an Artin-Schreier cover with

one branch point to deform to an Artin-Schreier cover with three branch points.

This increases the p-rank by 2(p − 1). This result builds on previous deformation

results [12, 15].

Theorem 2. Let X be an Artin-Schreier curve of genus g = (p− 1)(d− 1)/2 and p-rank

0. It is given by an affine equation yp−y = f(x) for some degree d polynomial f(x) ∈ k[x]

with d 6≡ 0 mod p. Assume d ≥ 2p + 1 and f(x) ∈ xdk [x−p] . Then, there exists a

flat deformation of X over Spec(k[[t]]) whose generic fibre is an Artin-Schreier curve with

p-rank 2(p− 1).

This result gives some information about the geometry of the moduli space of

Artin-Schreier curves. This deformation is realized by an equation of the form

yp − y =
f(x)

(1− xt)b(1 + xt)c
,

where b and c satisfy certain numerical conditions.

3



The paper begins with background information on Artin-Schreier curves. It is

here that we discuss the genus, the p-rank, and the a-number of an Artin-Schreier

curve. In Chapter 3, we state and prove Theorem 1. Chapter 4 will focus on the

moduli space of Artin-Schreier curves. In Section 4.6, we state and prove Theo-

rem 2.

The main result of this paper, which appears in Chapter 3, was discovered

through a computer program written in the computer algebra system Maple. This

code appears in Appendix C. Also in the Appendix are sections about the Riemann-

Hurwitz formula (Appendix A) and supersingular elliptic curves (Appendix B).
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Chapter 2

Artin-Schreier curves

Let k be an algebraically closed field of characteristic p > 0. An Artin-Schreier

curve is a smooth projective connected k-curve Y with affine equation yp − y =

f(x) where f(x) ∈ k(x). We first notice that if (x, y) ∈ A2
k is in the variety Y0 =

V (yp − y − f(x)) then so is the point (x, y + 1).

(y + 1)p − (y + 1) = (yp + 1)− (y + 1)

= yp − y

= f(x).

Let B ⊂ P1(k) be the set of poles of f(x). The cover Y0 → P1
k − B corresponds to

the field extension

k(x)→ k(x)[y]

(yp − y − f(x))
.

From the work above, we can see that one element of the Galois group is given by

σ : x 7→ x, y 7→ y + 1. Since the field extension has degree p and σ has order p, we

see the Galois group is cyclic of order p. Thus an Artin-Schreier curve is a cover φ

of the projective line with Galois group Z/p.
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2.1 Standard form

First, we look at the special case when the Artin-Schreier curve is defined by a

polynomial.

Proposition 2.1.1. Given an Artin-Schreier curve of the form yp−y−f(x) where f(x) ∈

k[x] has degree n, there is an isomorphism with an Artin-Schreier curve yp − y − g(x),

where g(x) is a polynomial with the following form:

1. g(x) is a monic polynomial of degree d ≤ n where p - d, and d = n if p - n,

2. the coefficient of xd−1 is zero,

3. the coefficient of xm is zero for m ≡ 0 mod p.

Proof. This is done through changes of variables as follows. Suppose we are given

an Artin-Schreier curve yp − y = f(x) where f(x) = anx
n + . . . + a0, an 6= 0.

Assume that n is not divisible by p. If n is divisible by p we can use a change of

variables similar to the one we will use to show property three. We can achieve

the first property above by letting x = x1 · (an)−1/n and substituting this into the

equation for our curve. Our original curve is then isomorphic to the curve given

by yp − y = f1(x1) where

f1(x1) = f(x)

= f(x1 · (an)−1/n)

= an(x1 · (an)−1/n)n + an−1(x1 · (an)−1/n)n−1 + . . .+ a0

= xn1 + bn−1x
n−1 + . . .+ b0

and bi = ai · ((an)−1/n)i for i ∈ {0, . . . , n− 1}. Notice that f1 is a monic polynomial.

To achieve the second property above, we let x1 = x2 − 1
n
bn−1. Substituting this
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into f1(x1), we get

f2(x2) = f1(x2 −
1

n
bn−1)

= (x2 −
1

n
bn−1)

n + bn−1(x2 −
1

n
bn−1)

n−1 + . . .+ b0

= xn2 − bn−1xn−12 + · · ·+ bn−1x
n−1
2 + . . .+ b0

= xn2 + cn−2x
n−2
2 + . . .+ c0.

In the second to last step, we showed that the two terms with an exponent of n− 1

cancel. We leave out the calculation of the coefficients ci in the last step. We now

have that our original curve is isomorphic to yp− y = f2(x2) where f2 is a degree n

monic polynomial with no term of degree n− 1.

For the third property, we can use a change of variables to get rid of the terms of

f2 which have an exponent divisible by p. Supposem = c·p, c 6= 0 and that we have

a term cmx
m
2 in f2. Since k is algebraically closed, c1/pm ∈ k. Let y = y1+(cm)1/p ·(x2)c.

Substituting this into the left side of the equation yp − y = f2(x2) we get

yp − y =
(
y1 + (cm)1/p · (x2)c

)p − (y1 + (cm)1/p · (x2)c
)

= yp1 + cmx
c·p
2 − y1 − (cm)1/p · (x2)c

= yp1 − y1 + cmx
m
2 − (cm)1/p · (x2)c.

From this, we can see that the cmxm2 term is on both sides of the equation and will

cancel out. We also see that we get a new term −(cm)1/p · (x2)c. Since c is smaller

thanm,we see that we can use this change of variables to get rid of all terms which

have an exponent m = c ·p by starting with the biggest such m and working down.

We have now shown that our original curve yp−y = f(x) is isomorphic to the curve

defined by yp1 − y1 = h(x2) where h(x2) has properties one, two, and leaving out

the case when m = 0, property three above. So we only need to consider the case

m = 0. For this, let y1 = y2 + r. Substituting this into the left side of yp1 − y1 = h2(x2)

7



gives

yp1 − y1 = (y2 + r)p − (y2 + r)

= yp2 − y2 + rp − r.

Since k is algebraically closed, we can choose r ∈ k so that rp − r is equal to the

constant term of h2. Then we get exactly the properties listed above.

If an Artin-Schreier curve is given by yp − y − f(x) where f ∈ k(x), we can still

put it in a standard form. We can use similar changes of variables as above and a

partial fraction decomposition to find an isomorphism between this curve and the

curve

yp − y = g∞(x) +
r∑
i=1

gi(x− αi)
(x− αi)di

.

In this standard form, g∞ has no terms with an exponent divisible by p. Also, each

gi(x− αi)
(x− αi)di

=
c0 + c1(x− αi) + . . .+ ct(x− αi)di−1

(x− αi)di

=

di−1∑
j=0

cj(x− αi)j−di

can be written so that the exponents j − di are not divisible by p.

2.2 Genus of an Artin-Schreier curve

The genus of a curve X is the dimension of the vector space of holomorphic 1-

forms on X over k. Let the regular differential 1-forms of X : yp − y = f(x) be

denoted H0(X,Ω1
X). Then the genus of X is

g = dimk

(
H0(X,Ω1

X)
)
.

We assume that the Artin-Schreier curve is given by yp−y = f(x) where f(x) ∈

k(x) is a rational function.

8



Proposition 2.2.1. Suppose yp−y = f(x), where f(x) ∈ k(x), defines an Artin-Schreier

extension φ : Y → P1(k). If f(x) has a pole of order d, p - d, at a point P, then the

ramification index of φ at the point P ′ above P is e(P ′|P ) = p and the degree of the

different at P ′ is

d(P ′|P ) = (p− 1)(d+ 1).

Proof. This is a special case of Proposition III.7.8 in [18]. See Appendix A for more

information about the ramification index and the different.

Definition 2.2.2. Suppose yp− y = f(x) defines an Artin-Schreier extension in standard

form. For each pole P1, . . . , Pr+1 of f(x), define dj to be the order of the pole at Pj. The

number dj is the ramification invariant at the point Pj. It can be assumed that p - dj for

all j. For the remainder of the paper, we let ej = dj + 1.

Lemma 2.2.3. Let yp − y = f(x) define an Artin-Schreier extension in standard form.

Suppose f(x) has r + 1 poles at the points P1, . . . , Pr+1. The genus of the curve Y :

yp − y − f(x) can be expressed in terms of the ramification invariants as follows:

gY =

((
r+1∑
j=1

ej

)
− 2

)
· p− 1

2
.

The formula for the genus follows from the Riemann-Hurwitz formula. To sim-

plify the genus formula, let

D + 2 =
r+1∑
j=1

ej,

then gY = D(p−1)
2

. The number D + 2 will be used frequently in the Chapter 4.

In the special case where X is an Artin-Schreier curve X : yp − y = f(x) with

f(x) ∈ k[x], the genus of the curve can be computed using the formula

g =
(p− 1)(d− 1)

2
,

where d is the degree of f(x). The following theorem gives a proof about the basis

of H0(X,Ω1
X) in this special case.

9



Proposition 2.2.4. Let X : yp − y = f(x) be an Artin-Schreier curve in standard form

with f(x) ∈ k[x] of degree d. A basis for H0(X,Ω1
X) is given by {yrxbdx} where

0 ≤ r ≤ p− 2 (2.2.1)

0 ≤ b ≤ d− 2 (2.2.2)

rd+ bp ≤ pd− d− p− 1. (2.2.3)

Proof. If x is equal to zero, there are p solutions of the equation yp − y = f(0). Let

R1, . . . , Rp be the points of X lying above x = 0. Then the divisor of the function x

is

(x) = R1 + · · ·+Rp − pP∞.

Let Qi be the point of X where y = 0 and xi is the ith root of f(x), counted with

multiplicity. The function y has a root at each Qi. The order of the zero of y at Qi is

the order of the root xi in f(x). The only pole of y is at P∞. Therefore,

(y) = Q1 + · · ·+Qd − dP∞.

The divisor of dx is

(dx) = (2g − 2)P∞ =

(
2

(p− 1)(d− 1)

2
− 2

)
P∞ = (pd− d− p− 1)P∞.

Using the above calculations, we see that the divisor of xbyrdx is

(xbyrdx) = R1 + · · ·+Rp +Q1 + · · ·+Qd − (rd+ bp− (pd− d− p− 1))P∞.

So xbyrdx is a holomorphic differential if and only if rd + bp ≤ pd − d − p − 1. For

each pair (b,r) satisfying (2.2.1) and (2.2.2), the number rd + bp − (pd − d − p − 1)

will be different because p and d are relatively prime. Therefore, each xbyrdx has a

different coefficient on P∞ and we see that this set is linearly independent.

The last thing we need to do is count the number of pairs (b, r) satisfying the

conditions stated in the theorem. Ignoring condition (2.2.3), there are (p− 1)(d− 1)

pairs. To see that the genus of X is (d− 1)(p− 1)/2, we need to show that only half

10



of these points satisfy (2.2.3). We do this by a symmetry argument on pairs (b, r)

and (d−2− b, p−2− r). As a visual aid, we provide the following picture for p = 5

and d = 6.

rd+bp=pd−d−p−1

W

b

r

×

×

×

×

×

×

×

×

×

×p−2

d−2

(b,r)

(d−2−b,p−2−r)

Let (b, r) be a pair satisfying rd+ bp ≤ pd− d− p− 1. Then

(p− 2− r)d+ (d− 2− b)p = 2pd− 2p− 2d− bp− rd. (2.2.4)

Using the assumption we made about (b, r), equation (2.2.4) is

≥ pd− p− d+ 1

> pd− p− d− 1.

So if (b, r) satisfies (2.2.3), the pair (d− 2− b, p− 2− r) does not.

Now assume (b, r) is a pair with rd+ bp > pd− d− p− 1. Then

(p− 2− r)d+ (d− 2− b)p = 2pd− 2p− 2d− bp− rd. (2.2.5)

Using the assumption we made about (b, r), equation (2.2.5) is

< pd− p− d+ 1.

We need to show that (p− 2− r)d+ (d− 2− b)p ≤ pd− p− d− 1 but so far we have

(p−2−r)d+(d−2−b)p ≤ pd−p−d.We notice that if (p−2−r)d+(d−2−b)p = pd−p−d

then rd+bp = pd−d−p. This would mean (r+1)d+(b+1)p = pd,which is impossible

given conditions (2.2.1) and (2.2.2).

11



Therefore, the linearly independent set of elements ofH0(X,Ω1
X) defined by the

conditions in the theorem has (p − 1)(d − 1)/2 elements. Knowing that the genus

of this curve is (p− 1)(d− 1)/2, we have found a basis for H0(X,Ω1
X).

Proposition 2.2.4 is a special case of the basis given in [19, Lemma 1]. For a

more detailed description of the genus, see A.4.

2.3 The p-rank of a curve

Suppose we are given a smooth projective curve X of genus g defined over an al-

gebraically closed field with characteristic p > 0. Then X has an associated abelian

variety Jac(X) of dimension g called the Jacobian of X, which is an abelian group.

To study the Jacobian of X, we look at the multiplication-by-p morphism. The ker-

nel of this map is denoted by Jac(X)[p] and is called the p-torsion of the Jacobian

of X. Because the multiplication-by-p morphism is inseparable, Jac(X)[p] has the

structure of a group scheme. The group scheme, Gm = Spec(k[x, x−1]), is called

the multiplicative group. Let µp be the kernel of Frobenius on Gm. As a scheme,

µp = Spec(k[x]/(xp − 1)). The p-rank of X is sX = dimFpHom(µp, Jac(X)[p]).

The p-torsion points of the Jacobian are the points Q ∈ Jac(X)(k) where pQ =

0. The set of p-torsion points will be denoted by Jac (X) [p] (k). The number of p-

torsion points will be a power of p. The number sX defined above satisfies

#Jac (X) [p] (k) = psX .

The p-rank of a curve satisfies the inequality 0 ≤ sX ≤ g.

Proposition 2.3.1. Let X : yp − y − f(x) be an Artin-Schreier curve in standard form

and let B be the set of r + 1 poles of f(x). The p-rank of X is

sX = r(p− 1).
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The proof of the above proposition is a special case of the Deuring-Shafarevich

formula [9].

When the genus ofX is one,X is an elliptic curve. In this case,X having p-rank

1 is equivalent to X being an ordinary elliptic curve. If the p-rank of X is 0, this is

equivalent to X being a supersingular elliptic curve. We consider this special case

further in Appendix B.

2.4 The a-number of an Artin-Schreier curve

The group scheme, Ga = Spec(k[x]), is called the additive group. Let αp be the

kernel of Frobenius on Ga. As a scheme, αp = Spec(k[x]/(xp)). The a-number of X

is aX = dimkHom(αp, Jac(X)[p]).

The a-number of a curve is bounded by zero and the genus of the curve. If the

p-rank is not equal to the genus, then the a-number is strictly greater than zero.

If the a-number is equal to g, then the Jacobian of the curve is isomorphic to a

product of supersingular elliptic curves.

2.5 The Cartier operator and the a-number

The Cartier operator, C, gives a semi-linear map C : H0(X,Ω1
X)→ H0(X,Ω1

X) with

the following properties (see [5]):

• C(ω1 + ω2) = C(ω1) + C(ω2)

• C(fpω) = fC(ω)

• C(fn−1df) =


df if n = p,

0 if 0 < n < p.
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Suppose β = {ω1, . . . , ωg} is a basis of H0(X,Ω1
X). For each ωj, write

C (ωj) =
∑
i

mi,j ωi.

The matrix M with entries (mi,j)
p is the g× g Cartier-Manin matrix of the curve X

with respect to β. The a-number of the curve X is

aX = g − rank(M).

2.6 Example of a family of Artin-Schreier curves where

the a-number is constant

Let p = 5. In this section, we show that any Artin-Schreier curve y5 − y = f(x),

where f(x) ∈ k[x] has degree 4, has a-number 4. If the Artin-Schreier curve is in

standard form, it is given by an affine equation X : y5 − y = x4 + a2x
2 + a1x. A

basis of H0(X,Ω1
X) is given by the set {dx, xdx, x2dx, ydx, yxdx, y2dx}. In this case,

the genus ofX is g = 6.Applying the Cartier operator to each element of our basis,

we get:

C(dx) = 0.

C(xdx) = 0.

C(x2dx) = 0.

C(ydx) = C((y5 − x4 − a2x2 − a1x)dx)

= C(−x4dx)

= 4dx.

C(yxdx) = C
(
(y5 − x4 − a2x2 − a1x)xdx

)
= 0.

C(y2dx) = C
(
(y5 − x4 − a2x2 − a1x)2dx

)
14



= C(−2x4y5) + C(a22x4dx)

= 3ydx+ (a22)
1/5dx

This gives the Cartier-Manin matrix:

M =



0 0 0 4 0 a22

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 3

0 0 0 0 0 0

0 0 0 0 0 0


.

This matrix has rank 2. So, any Artin-Schreier curve given by a degree four poly-

nomial f(x) has a-number aX = g − rank(M) = 6− 2 = 4.

2.7 Some results related to the a-number

In [4], it is shown that if the genus of a curve is g > p(p−1)
2

then aX 6= g.

Theorem 2.7.1. (Ekedahl) Let g denote the genus of a curveX defined over k. The Jacobian

of X is not isomorphic to a product of supersingular elliptic curves, i.e., aX 6= g if

1. g > p(p−1)
2

2. g > p−1
2

if X is hyperelliptic and (p, g) 6= (2, 1).

We will explore this result for Artin-Schreier curves given by affine equation

yp − y = f(x) with f(x) ∈ k[x] in two ways. First, we give a proof of part 1 of

Theorem 2.7.1 for p ≥ 3. Second, we give an example to show that this result is

optimal.

Proof. SupposeX is an Artin-Schreier curve with affine equation yp−y = f(x) with

f(x) ∈ k[x].Recall that the genus of this curve is given by g = (degf(x)−1)(p−1)/2.

15



Since we are assuming that g > p(p − 1)/2, we must have that degf(x) ≥ p + 2.

With this fact, we can show that the 1-form xp−1dx is in H0(X,Ω1
X). This requires

showing that the equation

rd+ bp ≤ pd− d− p− 1

is satisfied when r = 0 and b = p − 1. Using that degf(x) ≥ p + 2, the right hand

side of this inequality is greater than or equal to p2−3. The left hand side is equal to

p2−p. Since p ≥ 3, we have that rd+ bp ≤ pd−d−p−1. So, xp−1dx is in H0(X,Ω1
X).

The Cartier operator applied to xp−1dx yields C(xp−1dx) = dx. This means that

the rank of the Cartier-Manin matrix must be at least one because it has an entry

corresponding to this calculation. Therefore, the a-number of X cannot equal g.

To see that that the result of [4] is optimal, consider the curve X : yp− y = xp+1.

We will show the well known result that aX = g for this curve by showing that the

image of C on all 1-forms is 0.

Theorem 2.7.2. The a-number of the Artin-Schreier curve X : yp − y = xp+1 is

aC = g =
p(p− 1)

2
.

Proof. The basis for H0(X,Ω1
X) we will use is given by {yrxbdx} with the three

conditions given in Proposition 2.2.4. Using d = p+ 1, and equations (2.2.1),(2.2.2)

and (2.2.3) gives

0 ≤ b ≤ p− 2

0 ≤ r ≤ p− 1

b ≤ p− 1− r − r + 2

p
.
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Notice that C(xbdx) = 0 for all b because 0 ≤ b ≤ p−2.Now consider C(xbyrdx) :

C(xbyrdx)

= C
(
xb
(
yp − xp+1

)r
dx
)

= C(xb(yrp − rx(p+1)y(r−1)p + rx2(p+1)y(r−2)p + . . .

+ (−1)r−1rx(r−1)(p+1)yp + (−1)rxr(p+1))dx)

= C((xbyrp − rx(p+1)xby(r−1)p + rx2(p+1)xby(r−2)p + . . .

+ (−1)r−1rx(r−1)(p+1)xbyp + (−1)rxr(p+1)xb)dx)

Let’s look at the exponents on x in the above calculation:

xb

xp+1xb = xp+1+b

x2p+2xb = x2p+2+b

x3p+3xb = x3p+3+b

...

xrp+rxb = xrp+r+b

We will show that none of the exponents above are congruent to −1 mod p and

thus C(xbyrdx) = 0. Suppose ap + a + b = (a + 1)p− 1 where 0 ≤ a ≤ r. This gives

b = p−a−1. From above, we know that b ≤ p−1− r− r+2
p
, giving a contradiction.

Thus, C(xbyrdx) = 0 for all possible b and r.

The result of [4] was given for all nonsingular curves. In [5], the focus is on

cyclic covers of the projective line. In particular, this paper gives lower bounds on

the a-number of cyclic covers X : y` = f(x) with f(x) ∈ k[x]. We give the main

result of [5] below.

Theorem 2.7.3. (Elkin) Let k be an algebraically closed field of characteristic p > 0 and

` 6= p be prime. Let X : y` = f(x) be a curve defined by f(x) ∈ k[x], where f(x) has no

repeated roots, of genus g.
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1. If ` = 2, aX ≤ (1− 2/p)g + (p− 1)/p.

2. If 2 < ` < p, aX ≤ (1− 2/p)g + 2(`− 1)(p− 1)/p.

3. If ` > p, aX < (1− 2(1− u)/p)g + (`− 1)(2p− 2 + u)/p

where u = (`+ p− 1)/2`p.

The main result of this paper is closely related to the results of [14]. In [14], a

formula is given for the a-number of Artin-Schreier curves of the form X : yp−y =

xd for all d > 0.

Theorem 2.7.4. (Pries) Let aX be the a-number of the curve yp − y = xd.

1. If p ≡ 1 mod d, then

aX =


(p−1)d

4
if d even

(p−1)(d−1)(d+1)
4d

if d odd.

2. If p 6≡ 1 mod d, define hb ∈ [0, p− 1] to be the integer satisfying

hb ≡ (−1− b)d−1 mod p. Then

aX =
d−2∑
b=0

min (hb, p− d(p+ 1 + bp)/de) .

We extend the result of part (1) to all curves X : yp− y = f(x), with f(x) ∈ k(x)

whose poles have order dividing p− 1, in chapter 3.
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Chapter 3

Main result

The result in this chapter was discovered by using a computer to compute the a-

number of Artin-Schreier curves yp − y = f(x) with f(x) ∈ Fp[x]. We used the

computer algebra system Maple to compute the a-number for a given prime p

and polynomial f(x). Letting Maple produce random polynomials, f(x), led to

the discovery of the main result of the paper. This code is included in Appendix C.

Let k be an algebraically closed field of characteristic p. In this section, we con-

sider an Artin-Schreier curve of the form X : yp − y = f(x) with f(x) ∈ k(x)

satisfying that f(x) 6= zp − z for any z ∈ k(x). After a fractional linear transfor-

mation, we can suppose that f(x) has a pole at infinity. Taking the partial fraction

decomposition of f(x), we can write

f(x) = f0(x) +

µ∑
j=1

fj

(
1

x− ej

)
where, for each 0 ≤ j ≤ µ, fj ∈ k[x] is a polynomial. Defining

xj =


x if j = 0,

(x− ej)−1 if j ∈ {1, . . . , µ},

we can write

f(x) =

µ∑
j=0

fj (xj) .
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Let dj and δj be the degree and leading coefficient of the polynomial fj, respec-

tively. We consider the situation where the order of each pole of f(x) divides the

quantity (p − 1), i.e., each dj divides (p − 1). As each dj divides (p − 1), we will

define the integers γj = p−1
dj
.

Theorem 3.1. With the setup as above, the a-number of the Artin-Schreier curve X :

yp − y = f(x) is

aX =

µ∑
j=0

aj, where

aj =


(p−1)dj

4
if dj even

(p−1)(dj−1)(dj+1)

4dj
if dj odd.

Proof. We will use the basis for H0(X,Ω1
X) given by [19, Lemma 1]. This basis is

given by the set W = ∪µj=0Wj where

W0 =
{
xbyrdx

∣∣r, b ≥ 0 and rd0 + bp ≤ (p− 1)(d0 − 1)− 2
}
, and

Wj =
{
xbjy

rdx
∣∣r ≥ 0, b ≥ 1, and rdj + bp ≤ (p− 1)(dj + 1)

}
if j 6= 0.

We note that |W0| = (d0 − 1)(p− 1)/2, and |Wj| = (dj + 1)(p− 1)/2.

The set of 1-forms xbyrdx ∈ W0 can be associated with the integer ordered pairs

(b, r) that lie in the region bounded by the lines r = 0, b = 0, and r = (p−2−γ0)−γ0b.

r
=

(p−
2−
γ
0 )−

γ
0 b

W0

b

r
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Similarly, the 1-forms xbjyrdx ∈ Wj can be associated with the integer pairs (b, r)

lying in the region bounded by r = 0, b = 1, and r = (p− 2 + γj)− γjb.

r
=

(p−
2
+
γ
i )−

γ
i b

Wj

b

r

We define an ordering ≺ on the basis W. Define xb1i y
r1dx ≺ xb2j y

r2dx if

1. r1 < r2, or if

2. r1 = r2 and i < j, or if

3. r1 = r2, i = j and b1 < b2.

This gives W the following ordering.

W =

{
dx, xdx, x2dx, . . . , x1dx, x

2
1dx, . . . , xµdx, x

2
µdx, . . .

ydx, xydx, x2ydx, . . . , x1ydx, x
2
1ydx, . . . , xµydx, x

2
µydx, . . .

}
We now consider the action of the Cartier operator on the elements of the set

Wj for a fixed j. In general,

C
(
xbjy

rdx
)

= C
(
xbj (yp − f(x))r dx

)
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Using the extended binomial theorem,

(yp − f(x))r =
∑

(α−1,...,αµ)∑
i αi=r

cαy
pα−1fα0

0 (x)fα1
1 (x1) · · · fαµµ (xµ)

where α = (α−1, . . . , αµ) and cα = (−1)α0+···+αµ
(

r
α0,...,αµ

)
. So,

C
(
xbjy

rdx
)

=
∑

(α−1,...,αµ)∑
i αi=r

cαy
α−1C

(
xbjf

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ) dx
)

Lemma 1. If r ≥ (b + 1)γ0, then the 1-form xbyr−(b+1)γ0dx appears in the expansion of

C(xbyrdx).

Proof. Consider the terms of

C
(
xbyrdx

)
=

∑
(α−1,...,αµ)∑

i αi=r

cαy
α−1C

(
xbjf

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ) dx
)

where α−1 = r− (b+1)γ0. The biggest choice for α0 is then (b+1)γ0. For this choice

of α, i.e., α = (r − (b+ 1)γ0, (b+ 1)γ0, 0, . . . , 0), the term of the above sum becomes

cαy
r−(b+1)γ0C

(
xbf

(b+1)γ0
0 (x)dx

)
= cαy

r−(b+1)γ0
(
δ
(b+1)γ0/p
0,dj

xb + . . .
)
dx

as deg
(
xbf

(b+1)γ0
0 (x)

)
= b+ (b+ 1)γ0d0 = (b+ 1)p− 1.

To show that the coefficient of yr−(b+1)γ0xb on the right hand side of the above

equation is nonzero, we notice that for all xbyrdx ∈ W0, we have r ≤ p − 2 − γ0.

This fact gives that cα 6= 0.Also, as δ0,dj is the leading coefficient of f0,we have that

δ0,dj 6= 0.

To show that this term is canceled by no others, we note that no other choice for

α−1 would yield the correct power on y. We also note that any smaller choice for

α0 would not give a high enough power to yield xb. Thus, the 1-form xbyr−(b+1)γ0dx

appears in the expansion of C(xbyrdx).
�
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We partition W0 into two subsets, those elements which satisfy the hypothesis

of Lemma 1 and those that do not. We call these subsets H0 and A0, respectively.

That is,

H0 =
{
xbyrdx ∈ W0|r ≥ (b+ 1)γ0

}
,

and

A0 = W0 −H0.

r
=

(p−
2−
γ
0 )−

γ
0 b

r
=

(b
+

1)
γ 0

H0

A0

W0

b

r

Lemma 2. For 1 ≤ j ≤ µ, if r ≥ (b− 1)γj, then the 1-form xbjy
r−(b−1)γjdx appears in the

expansion of C(xbjyrdx).

Proof. If r ≥ (b− 1)γj, we see that the term of C
(
xbjy

rdx
)

where α−1 = r− (b− 1)γj ,

αj = (b− 1)γj , and αi = 0 for all i 6∈ {−1, i} is

cαy
r−(b−1)γjC

(
xbjfj (xj)

(b−1)γj
)

= cαδ
(b−1)γj/p
j,dj

xbjy
r−(b−1)γjdx+ . . . (3.1)

because the term in the denominator of xbjfj (xj)
(b−1)γj with the largest exponent is

(x− ej)(b−1)γjdj+b = (x− ej)(b−1)p+1.

To show that the coefficient of the term shown on the right hand side of (3.1) is

nonzero, we note that for all xbjyr ∈ Wj, we have r ≤ p − 2. This gives that cα 6= 0.

Also, δj,dj 6= 0 as it is the leading coefficient of fj.
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The term on the right hand side of (3.1) cannot be canceled by another term in

the expansion of C(xbjyrdx). To see this, we notice that in order for xbjyr−(b−1)γjdx

to appear, we must have α−1 = r − (b − 1)γj. But if aj is chosen any smaller than

(b − 1)γj, as it was chosen above, the 1-form xbjy
r−(b−1)γjdx will not appear in the

expansion of C(xbjyrdx).

�

Based on the hypothesis of Lemma 2, we partition the set Wj into two subsets,

Hj and Aj. Let

Hj =
{
xbjy

rdx ∈ Wj

∣∣∣r ≥ (b− 1)γj

}
,

and

Aj = Wj −Hj.

r
=

(p−
2
+
γ
i )−

γ
i b

r
=

(b
−

1)
γ i

Hj

Aj

Wj

b

r

For convenience, we define the sets

H = ∪µj=0Hj

and

A = ∪µj=0Aj.
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Based on the statements of Lemma 1 and Lemma 2, we make the following

definition for the 1-forms in Hj . We will say that the key term of C(ω) is
xbyr−(b+1)γ0dx if ω = xbyrdx ∈ H0,

xbjy
r−(b−1)γjdx if ω = xbjy

rdx ∈ Hj for some j 6= 0.

We note that Lemmas 1 and 2 guarantee a key term to appear in the expansion

of ω for all ω ∈ H. The next Lemma will show that this key term does not appear

for any basis element smaller than ω. Lemmas 1-3 show that the columns of the

Cartier-Manin matrix which correspond to H are linearly independent.

Lemma 3. 1. The 1-form xbyr−(b+1)γ0dx does not appear in the expansion of C (ω) for

any ω ≺ xbyrdx.

2. The 1-form xbjy
r−(b−1)γjdx does not appear in the expansion of C (ω) for any ω ≺

xbjy
rdx.

Proof.

To show that (1) is true, we will show that xbyr−(b+1)γ0dx can only appear in the

expansion of C(ω) if ω ≥ xbyrdx. Recall the calculation

C
(
xBk y

Rdx
)

=
∑

(α−1,...,αµ)∑
i αi=R

cαy
α−1C

(
xBk f

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
.

In order for xbyr−(b+1)γ0dx to appear in the expansion of C
(
xBk y

Rdx
)
,we need α−1 =

r − (b + 1)γ0. This gives the restriction that α0 ≤ R − (r − (b + 1)γ0). At this point,

we must consider two cases: when k = 0 and when k 6= 0.

If k = 0, we need α0d0 +B ≥ (b+ 1)p− 1 in order for xbyr−(b+1)γ0dx to appear in

the expansion of C
(
xByRdx

)
. Combining these inequalities, we find that

R− r ≥ b−B
d0

.

Using that 0 ≤ b, B ≤ d0 − 2, we have that the 1-form xbyr−(b+1)γ0dx can appear in

the expansion of C
(
xByRdx

)
only if R > r or if R = r and B ≥ b.
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If k 6= 0, we require α0d0−B ≥ (b+ 1)p− 1 in order for xbyr−(b+1)γ0dx to appear

in the expansion of C
(
xBk y

Rdx
)
. Performing a similar calculation to the one in the

previous case, we find that

R− r ≥ b+B

d0
.

As B > 0, we conclude that xbyr−(b+1)γ0dx can only appear in the expansion of

C
(
xBk y

Rdx
)

if R > r. In both cases, we have shown that xBk y
Rdx must be greater

than or equal to xbyrdx. This finishes the proof of part (1).

To prove part (2), we must show that xbjyr−(b−1)γjdx can only appear in the ex-

pansion of C(ω) if ω ≥ xbjy
rdx.

We will once again need to look at the calculation

C
(
xBk y

Rdx
)

=
∑

(α−1,...,αµ)∑
i αi=R

cαy
α−1C

(
xBk f

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
.

We see that we need α−1 = r − (b− 1)γj in order for xbjyr−(b−1)γidx to appear in the

output of C
(
xBk y

Rdx
)
. This gives the restriction that αj ≤ R− (r − (b− 1)γj).

If k 6= j, we see that xbjyr−(b−1)γjdx will only show up in the expansion of

C
(
xBk y

Rdx
)

if αjdj ≥ (b− 1)p+ 1. Using the inequalities above we see that

R− r ≥ b

dj
.

As b > 0, we conclude that xbjyr−(b−1)γjdx can only appear in the expansion of

C
(
xBk y

Rdx
)

if R > r.

If k = j, we need αjdj + B ≥ (b − 1)p + 1 for xbjyr−(b−1)γidx to appear in the

expansion of C
(
xBj y

Rdx
)
. Using the inequalities above, we find that

R− r ≥ b−B
dj

. (3.2)

Using that b and B are both bounded by dj, we see that this equation is only sat-

isfied if R > r or if R = r and B ≥ b. This completes the proof of statement (2).

�
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Recall the definition of the key terms for ω ∈ Hj . The key term of C
(
xbyrdx

)
is

xbyr−(b+1)γ0dx, (3.3)

and the key term of C
(
xbjy

rdx
)

is

xbjy
r−(b−1)γjdx (3.4)

First, consider the term in (3.3) for a fixed r as b increases from zero. These

terms lie on a line of slope −γ0 as shown on the following graph.

L
1 : R

=
r −
γ
0 −
γ
0B

r − γ0

The term shown in (3.4) can be thought of in a similar way. Here, the terms

shown in (3.4) appear on a line of slope −γi as shown below.
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L
2 : R

=
r +
γ
i −
γ
iB

r

1

With these two pictures in mind, we make the following definitions. First, let

Z0,r =
{
xByRdx ∈ W0

∣∣∣R = r − γ0 − γ0B
}

if i = 0, and

Zj,r =
{
xBj y

Rdx ∈ Wj

∣∣∣R = r + γj − γjB
}

if j ∈ {1, . . . , µ}.

Second, let

Yj,r =


∪ri=γ0Z0,i if j = 0,

∪ri=0Zj,i if j ∈ {1, . . . , µ}.

We now turn our attention to showing that the columns of the Cartier-Manin

matrix that correspond to the basis elements in A are linearly dependent on the

columns corresponding to the set H . The following two lemmas will show that the

output of the Cartier operator is contained in the span of the sets Yi,r. As the sets

Yi,r are built from key terms, which come from the image of the Cartier operator on

H , we will have that each term in the output of the Cartier operator on an element

of A also appears as a key term for some element of H .

Lemma 4. If ω ∈ Wj appears in the expansion of C
(
xbjy

rdx
)

then ω ∈ Yj,r.

Proof. The proof will be in two parts. First, we will show this statement when j = 0.

In order to show this, we will show that if the inequality R ≥ r−γ0−γ0B+1 holds
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then xByRdx will not appear as a term of C
(
xbyrdx

)
. Recall that

C
(
xbyrdx

)
=

∑
(α−1,...,αµ)∑

i αi=r

cαy
α−1C

(
xbfα0

0 (x)fα1
1 (x1) · · · fαµµ (xµ)

)
.

For xByRdx to appear in the expansion, we must have α−1 = R. This gives that

α0 ≤ r − R. Now using that R ≥ r − γ0 − γ0B + 1, we have α0 ≤ γ0B + γ0 − 1. We

now notice that the degree of xbfα0
0 is

deg
(
xbfα0

0

)
= b+ α0d0

≤ b+ (γ0B + γ0 − 1) d0

= b+ (p− 1)B + (p− 1)− d0

= (B + 1)p− 1−B + b− d0.

By looking at the picture ofW0,we see that b ≤ d0−2. So, deg
(
xbfα0

0

)
< (B+1)p−1.

Thus, xByRdx does not appear as a term in the expansion of C
(
xbyrdx

)
with R >

r − γ0 − γ0B.

We now prove the claim in the case when j 6= 0. Here, the claim can be re-

stated in the following way. There is no term xBj y
Rdx appearing in the expansion

of C
(
xbjy

rdx
)

withR > r+γj−γjB. We will use the inequalityR ≥ r+γj−γjB+1.

Recall that

C
(
xbjy

rdx
)

=
∑

(α−1,...,αµ)∑
i αi=r

cαy
α−1C

(
xbjf

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
.

For xBj yRdx to appear as a term in the expansion, we must have α−1 = R. This gives

that αj ≤ r −R. Now using that R ≥ r + γj − γjB + 1, we have αj ≤ γjB − γj − 1.

We now notice that the degree of xbjf
αj
j is

deg
(
xbjf

αj
j

)
= αjdj + b

≤ (γjB − γj − 1) dj + b

= (p− 1)B − (p− 1)− dj + b

= (B − 1)p+ 1−B − dj + b.
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Looking at the picture of Wj we see that b ≤ dj. As B has to be greater than or

equal to one, we see that deg
(
xbjf

αj
j

)
< (B−1)p+1. Thus, xBj yRdx does not appear

as a term in the expansion of C
(
xbjy

rdx
)

if R > r + γj − γjB.
�

Lemma 5. If ω ∈ Wj appears in the expansion of C
(
xbiy

rdx
)
, where i 6= j, then ω ∈

Yj,r−1.

Proof. This claim will be proven in two parts. First, when j 6= 0 and i 6= j, we can

restate the claim in the following way. The term xBj y
Rdx does not appear as a term

in the expansion of C
(
xbiy

rdx
)

where R ≥ r + γj − γjB.

Assume that R ≥ r + γj − γjB. Then

C
(
xbiy

rdx
)

=
∑

(α−1,...,αµ)∑
i αi=r

cαy
α−1C

(
xbif

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
.

For xBj yRdx to appear as a term in the expansion, we must have α−1 = R. This

gives that αj ≤ r − R. Now using that R ≥ r + γj − γjB, we have αj ≤ γjB − γj.

We notice that in the argument of cαyRC(xbif
α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)), the degree of

xj is less than or equal to αjdj, which is less than (B − 1)p+ 1. Thus, xBj yRdx does

not appear as a term in the expansion of C
(
xbiy

rdx
)

if R ≥ r + γj − γjB.

The next case to consider is when j = 0 and i 6= 0. Here, the claim states

that there is no term xByRdx appearing in the expansion of C
(
xbiy

rdx
)

with R ≥

r − γ0 − γ0B.

Assume that R ≥ r − γ0 − γ0B. In the calculation of

C
(
xbiy

rdx
)

=
∑

(α−1,...,αµ)∑
i αi=r

cαy
α−1C

(
xbif

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
,

we would need α−1 = R in order for xByRdx to appear in the output. This, together

with the inequality R ≥ r− γ0 − γ0B, gives that α0 ≤ γ0B + γ0. We now see that in

the argument of cαyα−1C
(
xbif

α0
0 (x)fα1

1 (x1) · · · fαµµ (xµ)
)
, the degree of x is less than

or equal to α0d0, which is less than (B + 1)p + 1. Thus, xByRdx does not appear as

a term in the expansion of C
(
xbiy

rdx
)

if R ≥ r − γ0 − γ0B.
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�

Lemmas 3, 4, and 5 show that the Cartier operator applied to xbyrdx or xbjyrdx

can be written in the following way. If xbyrdx ∈ W0 then

C
(
xbyrdx

)
= ν0,b,r−γ0−bγ0x

byr−γ0−bγ0dx+ ν0,b−1,r−bγ0x
b−1yr−bγ0dx+ · · ·+ ν0,0,r−γ0y

r−γ0dx

+

µ∑
k=0

( ∑
R<r+γk−γkB

νk,B,Rx
B
k y

Rdx

)
(3.5)

where each νk,b,r ∈ k and ν0,b,r−γ0−bγ0 6= 0. If xbjyrdx ∈ Wj then

C
(
xbjy

rdx
)

= νj,b,r+γj−bγjx
b
jy
r+γj−bγjdx+ νj,b−1,r+2γj−bγjx

b−1
j yr+2γj−bγjdx+ · · ·+ νj,1,rxjy

rdx

+

µ∑
k=0

( ∑
R<r+γk−γkB

νk,B,Rx
B
k y

Rdx

)
(3.6)

where each νk,b,r ∈ k and νj,b,r+γj−bγj 6= 0.

The elements xbjyrdx of Aj satisfy 0 ≤ r < (p − 2)/2 for any j ∈ {0, . . . , µ}. We

have already shown that if σ = xbjy
rdx ∈ A, the output of C(σ) will be contained

in Yj,r. The next lemma shows that each term of Yj,r is a key term of C(ω) for some

ω ∈ Hj.

Lemma 6. Suppose 0 ≤ r < (p− 2)/2 and 0 ≤ j ≤ µ. Every element of Yj,r is a key term

of C(ω) for some ω ∈ Hj.

Proof. Let xBj yRdx ∈ Yj,r. Define ω to be

ω =


xByR+γ0+γ0Bdx if j = 0,

xBj y
R−γj+γjBdx if j ∈ {1, . . . , µ}.

Once we have shown that ω ∈ Hj, then the key term of C(ω) is xbjyrdx.

First, consider the case when j = 0. We have ω = xByR+γ0+γ0Bdx. If xByRdx ∈

Y0,r then R ≤ r − γ0 − γ0B. Notice that this means the power on y in ω is

R + γ0 + γ0B ≤ (r − γ0 − γ0B) + γ0 + γ0B ≤ r.
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In general, for xβyρdx to be in H0, we need ρ ≥ γ0 + γ0β. For ω, this means that we

need R + γ0 + γ0B ≥ γ0 + γ0B which is trivially satisfied. This, together with the

power on y in ω being less than r, gives that ω ∈ H0.

Second, we consider the case when j 6= 0. We have ω = xBj y
R−γj+γjBdx. If

xBj y
Rdx ∈ Yj,r then R ≤ r + γj − γjB. Notice that this means the power on y in ω is

R− γj + γjB ≤ (r + γj − γjB)− γj + γjB ≤ r.

In general, for xβj y
ρdx to be in Hj, we need ρ ≥ −γj + γjβ. For ω, this means that

we need R− γj + γjB ≥ −γj + γjB which is trivially satisfied. This, together with

the power on y in ω being less than r, gives that ω ∈ Hj.
�

The next lemma will show that the columns of the Cartier-Manin matrix which

correspond to the elements of the sets A` do not contribute to the rank of the

Cartier-Manin matrix.

Lemma 7. Suppose η ∈ Ak for some k. Then C(η) is contained in span {C(ω)|ω ∈ H} .

Proof. Since η ∈ Ak, then η = xbky
rdx for some 0 ≤ r < (p − 2)/2. Using Lemmas 4

and 5, we have that C(η) is in span(Yk,r). By Lemma 6, C(η) ∈ span {C(ω)|ω ∈ H} .

Choose the largest ω and denote it by ω′. Choosing an appropriate coefficient, ν,

there is a new expression C(η) − νC(ω′) in which the key term of C(ω′) does not

appear. By Lemmas 3 through 5, we know that all other terms of C(ω′) are key

terms of C(ω) for elements ω ∈ W which are smaller than ω′. So, every term of

C(η)−νC(ω′) is a key term of C(ω) for an element of ω ∈ W which is smaller than ω′.

Repeating this process, we can express C(η) as a linear combination
∑

ω∈H νωC(ω).
�

We now know that the rank of the Cartier-Manin matrix is equal to the sum of

the sizes of the sets H`, ` = 0, . . . , µ. As a = g− rank(M) and g = |W |, we have that

a =
∑
|W`| −

∑
|H`| =

∑µ
`=0 (W` −H`) . One could also compute the a-number by

finding
∑µ

`=0 |A`|.
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Lemma 8. The number aj = |Wj| − |Hj| is
(p−1)dj

4
if dj even,

(p−1)(d2j−1)
4dj

if dj odd.

for each j ∈ {0, 1, 2, . . . , µ}.

Proof. First, consider the case when j = 0. The size of W0 is given by

∣∣W0

∣∣ = (p− 1)(d0 − 1)/2.

To find the size of H0, we will count the integer points (b, r) corresponding to

xbyrdx ∈ H0. The lines r = p−2−γ0−γ0b and r = γ0b+γ0 intersect at b = d0
2
−1− 1

2γ0
.

The largest value of b appearing in the set H0 is

b′ = bbc =


d0−4
2

if d0 is even,

d0−3
2

if d0 is odd.

Using the picture of W0 shown earlier as a guide, we have

a0 =
∣∣W0

∣∣− ∣∣H0

∣∣
=

(p− 1)(d0 − 1)

2
−

b′∑
b=0

[(p− 2− γ0 − γ0b)− (γ0b+ γ0) + 1]

=
(p− 1)(d0 − 1)

2
−

b′∑
b=0

(p− 1− 2γ0 − 2γ0b)

=
(p− 1)(d0 − 1)

2
− (p− 1− 2γ0) (b′ + 1) +

2γ0 (b′) (b′ + 1)

2

=


(p−1)d0

4
if d0 even,

(p−1)(d20−1)
4d0

if d0 odd.

Now suppose j 6= 0. The size of Wj is given by

∣∣Wj

∣∣ = (p− 1)(dj + 1)/2.
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The size of Hj will be found by counting the integer points (b, r) corresponding to

xbyrdx ∈ Hj. The lines r = p−2+γj−γjb and r = γjb−γj intersect at b =
dj
2

+1− 1
2γj
.

The largest value of b appearing in Hj is

b′ = bbc =


dj
2

if dj is even,

dj+1

2
if dj is odd.

Using the picture of Wj shown earlier as a guide, we have

aj =
∣∣Wj

∣∣− ∣∣Hj

∣∣
=

(p− 1)(dj + 1)

2
−

b′∑
b=1

[(p− 2 + γj − γjb)− (γjb− γj) + 1]

=
(p− 1)(dj + 1)

2
−

b′∑
b=1

(p− 1 + 2γj − 2γjb)

=
(p− 1)(dj + 1)

2
− (p− 1 + 2γj) b

′ +
2γj (b′) (b′ + 1)

2

=


(p−1)dj

4
if dj even,

(p−1)(d2j−1)
4dj

if d0 odd.

�

Lemmas 8 gives the result we were looking for.
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Chapter 4

Moduli space for Artin-Schreier

curves

In this chapter, we present a new result about the existence of deformations of

Artin-Schreier covers with varying p-rank. This work builds on [12, 15].

4.1 Partitions

In Theorem 4.3.1, we see a connection between the p-rank of Artin-Schreier curves

and a partition of the number D + 2. First, we describe the specific partitions of

D + 2 we wish to consider. These are the partitions of D + 2 into r + 1 numbers

~E = {e1, . . . , er+1} such that each ej 6≡ 1 mod p. We denote the set of all such

partitions by ΩD. The subset of ΩD which contains all partitions of length r + 1 is

denoted by ΩD,r. We can make a directed graph by ordering these partitions in the

following way. If ~E1 and ~E2 are two partitions, we say ~E1 < ~E2 if ~E2 is a refinement

of ~E1. We draw an edge from ~E1 to ~E2 if ~E1 < ~E2 and if there is no partition strictly

between them.

As an example, let’s look at the directed graph for D = 6 when p = 3:
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{8}

{6, 2} {5, 3}

{3, 3, 2}

{2, 2, 2, 2}

The sets of interest are

Ω6 = {{8}, {6, 2}, {5, 3}, {3, 3, 2}, {2, 2, 2, 2}}

Ω6,0 = {{8}}

Ω6,1 = {{6, 2}, {5, 3}}

Ω6,2 = {{3, 3, 2}}

Ω6,3 = {{2, 2, 2, 2}} .

Note that Ω6,r is empty if r ≥ 4.

4.2 Partitions and curves

Given a partition ~E = {e1, . . . , er+1} ∈ ΩD,r, there exists an Artin-Schreier curve

yp − y = f(x) where f(x) has r + 1 poles with ramification invariants dj = ej − 1.

We look at the above example to illustrate this. The partition {8} occurs for

Artin-Schreier curves when f(x) has one pole with ramification invariant 7. The

partition {6, 2} occurs for Artin-Schreier curves when f(x) has two poles with ram-

ification invariants 5 and 1. The existence of such curves is given by the following

lemma.

Lemma 4.2.1. There exists an Artin-Schreier curve of p-rank r(p− 1) and genus g if and

only if D = 2g
p−1 ∈ Z≥0 and ΩD,r 6= ∅.

Proof. See [15, Lemma 2.7].

To illustrate further, we give an equation for an Artin-Schreier curve which

corresponds to each partition in the example of the previous section.
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Partition Example

{8} y3 − y = x7

{6, 2} y3 − y = x5 + 1
x

{5, 3} y3 − y = x4 + 1
x2

{3, 3, 2} y3 − y = x2 + 1
x2

+ 1
x−1

{2, 2, 2, 2} y3 − y = x+ 1
x

+ 1
x−1 + 1

x+1

4.3 Moduli space for Artin-Schreier curves

A moduli space for Artin-Schreier curves is an algebraic space V such that there is

a bijection between maps S → V and Artin-Schreier curves defined over S. In this

section, we define the two moduli spaces we will be interested in. The first is the

moduli space of Artin-Schreier curves with genus g which will be denoted by ASg.

The second is the moduli space of Artin-Schreier curves with genus g and p-rank s

which will be denoted by ASg,s.

The p-rank satisfies the inequality 0 ≤ s ≤ g so we have

ASg =

g∐
s=0

ASg,s.

The irreducible components of ASg,s correspond to the elements of ΩD, s
p−1

as long

as s
p−1 ∈ Z≥0. The dimensions of the irreducible components of ASg,s are given by

the following theorem [15, Theorem 1.1].

Theorem 4.3.1. Let g = D(p− 1)/2 with D ≥ 1 and s = r(p− 1) with r ≥ 0.

1. The set of irreducible components of ASg,s is in bijection with the set of partitions

{e1, . . . , er+1} of D + 2 into r + 1 positive integers such that each ej 6≡ 1 mod p.

2. The irreducible component of ASg,s for the partition {e1, . . . , er+1} has dimension

D − 1−
∑r+1

j=1 b(ej − 1)/pc .
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We consider the example above to illustrate. Since p = 3, the genus g = D(p −

1)/2 = D = 6. We have

AS6 =
6∐
s=0

AS6,s.

The p-rank in this case is s = r(p− 1) = 2r. Since we only had four non-empty sets

Ω6,r above, we only have four moduli spaces of interest: AS6,0, AS6,2, AS6,4, and

AS6,6. As a specific example, AS6,2 has two irreducible components which corre-

spond to the two partitions in Ω6,1. We denote these by AS6,{6,2} and AS6,{5,3}.

In order to figure out if ASg is connected, it is necessary to consider deforma-

tions of Artin-Schreier curves in which the p-rank varies.

4.4 Deformations

We have already seen that an Artin-Schreier curve yp − y = f(x) is a Z/p cover of

the projective line. In this section we are interested in finding a family of covers

yp − y = f(x, t) such that when t = 0 we have our original cover and when t 6= 0

we get a different cover with some desired properties. This is called a deformation.

More specifically, we are interested in flat deformations. Having a flat deformation

implies the genus of the curve given by yp− y = f(x, t) is constant for all values of

t. Using the formula for the genus of an Artin-Schreier curve,

g =

((
r∑
j=1

ej

)
− 2

)
· p− 1

2
,

we see that the genus will be constant as long as

r∑
j=1

ej =
r∑
j=1

(dj + 1)

remains constant. So, the number of poles can change as long as the orders of the

poles sum in the right way.
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4.5 Known deformations

Let S = Spec(k[[t]]). The following result is presented in [15].

Proposition 4.5.1. Suppose that Y◦ is an Artin-Schreier k-curve of genus g and p-rank

r(p − 1). Suppose there is a ramified point of Y◦ under the Z/p-action whose lower jump

d satisfies d ≥ p + 1. Then there exists an Artin-Schreier curve YS over S whose special

fibre is isomorphic to Y◦ and whose generic fibre has genus g and p-rank (r + 1)(p− 1).

This is a generalization of the deformation result which appears in [12]. Stated

in the language of the previous sections, this proposition shows that an Artin-

Schreier curve with partition ~E1 deforms to a family of Artin-Schreier curves with

partition generically ~E2 if the edge has the form {e} → {e1, e2}where either e1 or e2 ≡

0 mod p.

Proposition 4.5.1 shows that it is possible for the p-rank of the fibres to vary by

p − 1. In the next section, we present a situation in which the p-rank will vary by

2(p− 1).

4.6 A new deformation

To build on the deformation result that appeared in the previous section, we con-

sider whether an Artin-Schreier curve with a single pole can deform to a curve

with three poles. This would increase the p-rank from 0 to 2(p− 1).

Theorem 4.6.1. Let X be an Artin-Schreier curve of genus g = (p − 1)(d − 1)/2 and

p-rank 0. It is given by an affine equation yp − y = f(x) for some degree d polynomial

f(x) ∈ k[x] with d 6≡ 0 mod p. Assume d ≥ 2p + 1 and f(x) ∈ xdk [x−p] . Then, there

exists a flat deformation of X over Spec(k[[t]]) whose generic fibre is an Artin-Schreier

curve with p-rank 2(p− 1).
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Proof. Let b and c be such that

b ≡ 0 mod p,

c ≡ 2d mod p,

1 ≤ c, and

1 ≤ d− b− c.

Note that this is possible for d ≥ 2p+1; let b = p and let 0 < c < pwith c ≡ 2d mod p.

Let 0 < ξ < p be such that ξ ≡ d mod p. As f(x) ∈ xdk [x−p] , we can write

f(x) =
∑bd/pc

q=0 rqx
qp+ξ for some coefficients rq ∈ k. Now consider the Artin-Schreier

curve yp − y = f(x, t) where

f(x, t) =
f(x)

(1− xt)b(1 + xt)c
.

Observe that f(x, t) has poles at x = 1/t, x = −1/t, and x = ∞. Also notice that

yp − y = f(x, 0) is our original curve X.

First, we will compute the ramification invariant at the pole x = 1/t. To do this,

we will compute the Laurent expansion of f(x, t) centered at x = 1/t. Notice that

f(x, t) can be rewritten as f(x, t) =
(
(−t)−bf(x)/(1 + xt)c

)
(x− 1/t)−b. With this in

mind, the first three coefficients of the Laurent expansion f(x, t) =
∑∞

n=−b hn(t)(x−

1/t)n are

h−b(t) = − 1

2ctb

bd/pc∑
q=0

rq
tqp+ξ

,

h−b+1(t) =
1

2c+1tb

bd/pc∑
q=0

rq (c− 2ξ))

tqp+ξ−1
, and

h−b+2(t) =
1

2c+3tb

bd/pc∑
q=0

rq (4cξ − c(c+ 1)− 4ξ(ξ − 1))

tqp+ξ−2
.

Since 2ξ ≡ c mod p, we see that h−b+1(t) = 0. We also notice that because b ≡ 0 mod

p, we can use a change of variables to replace h−b(t) with its pth root (Section 2.1).

Our third observation is that the coefficient h−b+2(t) is not equal to zero because
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d 6≡ 0 mod p. Putting these three things together, the Artin-Schreier curve yp − y =

f(x, t) can be written in the form yp−y = f̃(x, t) where f̃(x, t) =
∑∞

n=−b+2 hn(t)(x−

1/t)n+h−b(t)
1/p(x−1/t)−b/p. This shows that the ramification invariant of the curve

above x = 1/t is b− 2.

Computing the Laurent expansion of f(x, t) centered at x = −1/t shows that

the ramification invariant above x = −1/t is c. The last pole of f(x, t) is at infinity

and has ramification invariant d − b − c. Recall the formula for the genus of an

Artin-Schreier curve from section 2.2, g = (
∑r+1

j=1(dj + 1) − 2)(p − 1)/2. Using this

formula, the genus of the generic fibre is

g = ((b− 2 + 1) + (c+ 1) + (d− b− c+ 1)− 2)(p− 1)/2) = (d− 1)(p− 1)/2.

Because the genus of the generic fibre is the same as the genus of the special fibre,

the deformation is flat.
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Appendix A

The different

Given an extension of an algebraic function field, we would like to study the rela-

tionship between the genera of the two function fields. This relationship is given

by the Hurwitz genus formula. Specifically, we will try to understand the term of

the Hurwitz genus formula which measures the ramification. This term is called

the different. We will start by introducing some basic knowledge about algebraic

function fields, valuation rings, and discrete valuations. Then we will give the

necessary background for understanding the Hurwitz formula. Finally, we show

some steps in the calculation of the different for a specific example. Most of the

following can be found in chapters one and three of [18].

A.1 Algebraic function fields

We begin with some definitions about function fields, valuations, and valuation

rings. An example using these definitions is given in the next section.

Definition A.1.1. Let K be a field. If F is a finite extension of K(x) for some x ∈ F ,

then F/K is called an algebraic function field.

Definition A.1.2. The field of constants of F/K is the set

K̃ = {z ∈ F | z is algebraic over K}.
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K is called algebraically closed in F if K̃ = K.

Definition A.1.3. A ring L is called a valuation ring of the function field F/K if

K ⊂ L ⊂ F and if z ∈ F, either z ∈ L or z−1 ∈ L.

Definition A.1.4. A function ν : F → Z ∪ {∞} is called a discrete valuation of the

function field F/K if it has the following properties:

1. ν(x) =∞ ⇐⇒ x = 0.

2. ν(xy) = ν(x) + ν(y) for any x, y ∈ F.

3. ν(x+ y) ≥ min{ν(x), ν(y)} for any x, y ∈ F.

4. There exists an element z ∈ F with ν(z) = 1.

5. ν(a) = 0 for any 0 6= a ∈ K.

Here we note that the properties of a discrete valuation guarantee that it is

surjective onto Z ∪ {∞}.

Definition A.1.5. Suppose L is a valuation ring of F/K. Then L is a local ring. The

maximal ideal P of L is called a place of F/K. An element λ ∈ P is called a prime

element for P if P = λL. We also define

PF = {P | P is a place of F/K}.

A valuation ring L of F/K is determined by its maximal ideal P :

L = LP = {z ∈ F | z−1 /∈ P}.

Definition A.1.6. Let P be a place of F/K. We can associate P with a discrete

valuation νP : F → Z∪ {∞} in the following way. If t is a prime element of P then

each x ∈ F can be written in the form x = tnu for some n ∈ N and some u ∈ L∗.

Define νP (x) = n and νP (0) =∞.
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Theorem A.1.7. The discrete valuation νP of the place P can be used to define

LP = {z ∈ F | νP (z) ≥ 0},

L∗P = {z ∈ F | νP (z) = 0}, and

P = {z ∈ F | νP (z) > 0}.

A discrete valuation ν of F/K can be used to define a place and a valuation ring as

follows:

P = {z ∈ F | ν(z) > 0},

LP = {z ∈ F | ν(z) ≥ 0}.

If x ∈ F, then νP (x) = 1 if and only if x is a prime element for P.

A.2 Places and valuation rings of K(x)

Let K be a field and F = K(x) be the field of rational functions in x. If p(x) is an

irreducible polynomial in K[x], the corresponding valuation ν = νp(x) measures

the “divisibility by p(x).” In the following we let f(x), g(x) ∈ K[x] and when we

write f(x)/g(x) we understand that g(x) 6= 0 and gcd(f(x), g(x)) = 1. We have

Lp(x) = {q(x) ∈ F | ν(q(x)) ≥ 0}

=

{
f(x)

g(x)
∈ F

∣∣∣∣ ν(f(x))− ν(g(x)) ≥ 0

}
=

{
f(x)

g(x)
∈ F

∣∣∣∣ p(x) - g(x)

}
,

Pp(x) = {q(x) ∈ F | ν(q(x)) > 0}

=

{
f(x)

g(x)
∈ F

∣∣∣∣ p(x) | f(x), p(x) - g(x)

}
.

We can also define the valuation ring L∞ and its maximal ideal P∞ as follows:

L∞ =

{
f(x)

g(x)
∈ F

∣∣∣∣ deg(f(x)) ≤ deg(g(x))

}
,

P∞ =

{
f(x)

g(x)
∈ F

∣∣∣∣ deg(f(x)) < deg(g(x))

}
.
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Notice that λ = p(x) is a prime element for Pp(x) and λ = 1
x

is a prime element for

P∞.

A.3 The different

Let F/K be an algebraic function field and F ′/F a finite separable extension. In

this section, we define the different of an algebraic extension F ′/F. This will be

related to the ramification in the field extension. The different is an important part

of the Hurwitz genus formula which follows in the next section.

Definition A.3.1. F ′/K ′ is an algebraic extension of F/K if F ′ ⊇ F is an algebraic

field extension and K ′ ⊇ K.

We will assume F ′/K ′ is an algebraic extension of F/K from now on.

A place P ′ ∈ PF ′ of F ′/K ′ lies over P ∈ PF if P ′ ⊇ P. We denote this by P ′/P.

Definition A.3.2. Suppose P ′ ∈ PF ′ lies over P ∈ PF . The integer e for which

νP ′(x) = e · νP (x) for all x ∈ F is called the ramification index and denoted by

e(P ′|P ).

If e(P ′|P ) > 1 then P ′|P is called ramified and P is called a branch point. If

e(P ′|P ) = 1 then P ′|P is called unramified.

We now define the complementary module which will allow us to define the

different exponent for each P ′/P.

Definition A.3.3. Let P ∈ PF and let L′P be the integral closure of LP in F ′. The

complementary module over LP is

CP = {z ∈ F ′ | TrF ′/F (z · L′P ) ⊆ LP}.

Proposition A.3.4. The complementary module has the following properties:
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1. L′P ⊆ CP and CP is an L′p-module.

2. There exists t ∈ F ′ such that CP = t · L′P .

Notice that the element t in part two of proposition A.3.4 may not be unique.

However, the following definition is well defined for any choice of twhich satisfies

part two of the proposition.

Definition A.3.5. Let P ∈ PF and let L′P be the integral closure of LP in F. Let

CP = t · L′P be the complementary module over LP . The different exponent of

P ′/P is

d(P ′|P ) = −νP ′(t).

Theorem A.3.6. Suppose P ′ ∈ PF ′ lies over P ∈ PF . Then

1. d(P ′|P ) ≥ e(P ′|P )

2. d(P ′|P ) = e(P ′|P )− 1 if and only if char(K) - e(P ′|P ).

We give an example of Theorem A.3.6 part 2 in section 2.5. A proof of this

theorem appears in [18].

Definition A.3.7. The different of F ′/F is the divisor

Diff(F ′/F ) =
∑
P∈PF

∑
P ′|P

d(P ′|P ) · P ′.

We can see from this definition that the different is a divisor which contains

information about ramification in the function field extension. In the Hurwitz for-

mula, we will need the degree of this divisor. First, we need to define the degree

of a place.

Definition A.3.8. Let P ∈ PF . The residue class field of P is

FP = LP/P.

The degree of P is

deg P = [FP : K].
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For an irreducible polynomial p(x), the degree of Pp(x) is deg(p(x)).

A.4 The Hurwitz genus formula

We will use the Hurwitz formula below to compute the genus of a curve. This

formula does not give much insight to the definition of the genus so we give the

definition here.

Definition A.4.1. Given a smooth connected projective curve C, the genus of C

is the dimension of the vector space of holomorphic 1-forms on C over K. More

formally, the genus of C is

g = dim (Ho (Ω1)) .

Given an algebraic function field F/K, there exists a unique smooth projective

curve C defined over K such that F is the field of rational functions on C. The

genus of the function field F/K is the genus of the curve C.

We will use the following theorem to compute the genus of Artin-Schreier

curves later in the paper. For a more thorough treatment of this theorem, see [18].

Theorem A.4.2 (Hurwitz Genus Formula). Let F/K and F ′/K ′ be algebraic func-

tion fields with F ′/F a finite separable extension and K ′ the field of constants of

F ′. Let g and g′ denote the genus of F/K and F ′/K ′ respectively. Then

2g′ − 2 =
[F ′ : F ]

[K ′ : K]
(2g − 2) + deg Diff(F ′|F ).

A.5 Computing the different

We now show how to compute the different in a specific example. This is an ex-

ample of part two of Theorem A.3.6.
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Theorem A.5.1. Let K be a field of characteristic not 2. Let F = K(x) and F ′ =

K(x)[y]

y2 − h(x)
where h(x) has deg h(x) = r distinct roots in K. Then the genus of F ′/K

is

g′ =


r−2
2

if r is even,

r−1
2

if r is odd.

Proof. Fix the place P = (x). The corresponding valuation ring is the localization

LP = D−1K[x] where D = K[x]− (x). We have the following setup:

F ′ = K(x)[y]
(y2−h(x)) ⊇ L′P

|

F = K(x) ⊇ LP = D−1K[x]

|

K .

We now find L′P , the integral closure of LP in F ′, so we can later compute the

complementary module over LP . Since F ′/F is a degree two extension, we have

z ∈ L′P ⇐⇒ TrF ′/F (z) ∈ LP and NF ′/F (z) ∈ LP .

A basis for F ′/F is {1, y} so any z ∈ F ′ can be written z = a+ by where

a = f1
g1
, b = f2

g2
∈ K(x) with each fi, gi ∈ K[x]. The minimal polynomial of z =

a+ by ∈ F ′, is

minz(χ) = (χ− (a+ by))(χ− (a− by)) = χ2 − 2aχ+ (a2 − b2h)

where we have used that y2 = h(x). We find TrF ′/F (z) = 2a and

NF ′/F (z) = a2 − b2h. We now have

z ∈ L′P ⇐⇒


2a = 2f1

g1
∈ LP = D−1K[x]

a2 − b2h =
(
f1
g1

)2
−
(
f2
g2

)2
h ∈ LP = D−1K[x]

⇐⇒ z =
f1
g1

+
f2
g2
y, where x - g1(x), x - g2(x)

⇐⇒ z =
f1
g1

+
f2
g2
y, where g1(0) 6= 0, g2(0) 6= 0.
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Now that we have L′P , we can compute the complementary module over LP .

Using that {1, y} is a basis for L′P as a vector space over LP , we can write

CP = {z ∈ F ′ | TrF ′/F (z · L′P ) ⊆ LP}

= {z ∈ F ′ | TrF ′/F (z · γ) ∈ LP for γ ∈ {1, y}}.

If z = a+ by where a and b are defined as above, we have

z ∈ CP ⇐⇒


TrF ′/F (z · 1) ∈ LP

TrF ′/F (z · y) ∈ LP

⇐⇒


2a ∈ LP

2bh ∈ LP

⇐⇒


2f1
g1

∈ LP

2f2
g2
h ∈ LP .

We can see from this calculation that CP depends on the polynomial h(x). To pro-

ceed, we need to consider the two possible cases: x | h(x) and x - h(x).

If h(x) is not divisible by x, then the complementary module is

CP = {z = a+ by | g1(0) 6= 0, g2(0) 6= 0}

= L′P .

We need to write CP = t · L′P for some t ∈ F ′. In this case, t = 1 and we have

CP = 1 · L′P . If P ′ is place lying over P, then νP ′(t) = νP ′(1) = 0.

Now we look at the case where x divides h(x). In this case, the complementary

module is given by

CP = {z = a+ by| g1(0) 6= 0, x2 - g2(x)}.

The difference in this case is that g2(x) is allowed to have zero as a root. We find

CP = y
x
·L′P which gives t = y/x in the expression CP = t ·L′P . In order to compute
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the different exponent, we need to find the place P ′ which lies over P. We find that

P ′ = y · L′P so y is a prime element for P ′. The different exponent is

d(P ′|P ) = −νP ′
(y
x

)
= − (νP ′(y)− νP ′(x))

= −
(

1− νP ′
(
y2 · x

h(x)

))
= −(1− 2)

= 1.

So P ′|P is ramified in the case when x divides h(x).

From this calculation, we see that we will get d(P ′|P ) = 1 for each P ∈ K

corresponding to a factor of h(x). In this extension, the degree of the places cor-

responding to the roots of h(x) have degree 1. This can be seen from the n = efr

theorem. From the Hurwitz formula we can see that the cover will be branched at

infinity if the degree of h(x) is odd, and not branched over infinity if h(x) has even

degree. Therefore, the degree of the different for this example is

deg Diff
(

K(x)[y]

(y2 − h(x))

∣∣∣∣K(x)

)
=


r if r is even,

r + 1 if r is odd.

Using this result in the Hurwitz genus formula yields the theorem.
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Appendix B

Supersingular elliptic curves

Let k be an algebraically closed field of characteristic p. An elliptic curve E defined

over k can be put into its Weierstrass form

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

where ai ∈ k. From these coefficients, we can define

b2 = a21 + 4a2

b4 = 2a4 + a1a3

b6 = a23 + 4a6

b8 = a21a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a24

c4 = b22 − 24b4

c6 = −b32 + 36b2b4 − 216b6

∆ = −b22b8 − 8b34 − 27b26 + 9b2b4b6

j = c34/∆

where ∆ is the discriminant and j is the j-invariant of the elliptic curve E. Our first

fact about the j-invariant is that two elliptic curves are isomorphic over k̄ if and

only if they have the same j-invariant.
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Definition B.0.1. An elliptic curve E is called supersingular if it has no p-torsion

points, that is, if E[p](k) = {O}. If E[p](k) 6= {O}, E is called ordinary.

Example B.0.2. The only supersingular elliptic curve over a field of characteristic

p = 2 is the curve with j-invariant 0. We need to show that an elliptic curve with

no 2-torsion points has j-invariant 0. Let P = (x, y) ∈ E, then the multiplication by

2 map has x-coordinate x4−b4x2−2b6x−b8
4x3+b2x2+2b4x+b6

. In characteristic 2, this can be simplified to
x4−b4x2−b8
b2x2+b6

. In order for there to be no 2-torsion points, b2x2 + b6 6= 0 which implies

0 6= b2x
2 + b6

0 6= (a21)x
2 + (a23)

0 6= (a1x+ a3)
2

a1 = 0 and a3 6= 0.

With a1 = 0 and a3 6= 0, the discriminant is

∆ = b22b8 + b26 + b2b4b6

= (a21)
2(a21a6 + a1a3a4) + (a23)

2 + (a21)(a1a3)(a
2
3)

= a43

6= 0.

Using that a1 = 0 and ∆ 6= 0, we see the j-invariant is

j =
c34
∆

=
b22
∆

=
(a21)

2

∆
= 0.

Proposition B.0.3. If E is defined over a field k with char(k) 6= 2, then

(a) E is isomorphic to some Eλ : y2 = x(x− 1)(x− λ) where λ ∈ k̄ and λ 6= 0, 1.

(b) The j-invariant of Eλ is j(Eλ) = 28(λ2−λ+1)3

λ2(λ−1)2 .

(c) The map from k̄\{0, 1} → k̄ defined by λ 7→ j(Eλ) is two-to-one over j = 0,

three-to-one over j = 1728, and six-to-one over all other j.
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Theorem B.0.4. Let E be an elliptic curve defined over a finite field k with charac-

teristic p > 2.

(a) Suppose E : y2 = f(x) where f(x) is a degree three polynomial with distinct

roots in k̄. Then E is supersingular if and only if the xp−1 coefficient of f(x)(p−1)/2

is zero.

(b) Define the polynomialHp(t) =
∑m

i=0

(
m
i

)2
ti wherem = (p−1)/2. ThenHp(λ) = 0

if and only if Eλ : y2 = x(x− 1)(x− λ) is supersingular.

(c) The number of supersingular elliptic curves, up to isomorphism, in character-

istic p is bp/12c+ εp where

ε3 = 1

εp = 0 if p ≡ 1 mod 12

εp = 1 if p ≡ 5, 7 mod 12

εp = 2 if p ≡ 11 mod 12.

This theorem is stated in [17]. The following examples illustrate part (c) of

Theorem B.0.4.

Example B.0.5. Let p = 3, then m = p−1
2

= 1. From part (b) of the theorem, Hp(t) =∑1
i=0

(
1
i

)2
ti = 1 + t. The only root of this polynomial is t = −1 which gives the

elliptic curve E−1 : y2 = x(x− 1)(x+ 1).

Example B.0.6. Let p ≥ 5 and letE : y2 = x3+1 be the elliptic curve with j-invariant

zero. For which primes is this elliptic curve supersingular? Part (a) of the theorem

above tells us that we need to look at the coefficient of xp−1 in (x3 + 1)(p−1)/2. The

xp−1 term of this polynomial only appears if 3|(p− 1). In this case, the coefficient is(
(p−1)/2
(p−1)/3

)
. Thus, E is ordinary if p ≡ 1 mod 3, and supersingular if p ≡ 2 mod 3.

Example B.0.7. If p ≥ 3, the elliptic curve E : y2 = x3 + x with j-invariant 1728 is

ordinary if p ≡ 1 mod 4 and supersingular if p ≡ 3 mod 4.
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Appendix C

Maple code for computing the

a-number

randomize():

with(linalg):

with(ArrayTools):

#pick a prime and degree for the pole at infinity

p:=7:

d[0]:=3:

#number of extra poles and degrees of the poles

numpoles:=1:

d[1]:=3:

#d[2]:=2:

#d[3]:=3:

#locations of the poles (does not support x=0 as a pole location)

e[1]:=1:

#e[2]:=2:
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#e[3]:=3:

#Gammas

for i from 0 to numpoles do

gam[i]:=(p-1)/d[i]:

end do:

#compute the genus

genussum:=0:

for i from 0 to numpoles do

genussum:=genussum + (d[i]+1):

end do:

genus:=(genussum-2)*(p-1)/2:

#compute expected a-number

expectedanum:=0:

for i from 0 to numpoles do

if type(d[i],even) then

anumpart[i]:=(p-1)*d[i]/4:

else

anumpart[i]:=(p-1)*(d[i]ˆ2-1)/(4*d[i]):

end if:

expectedanum:=expectedanum + anumpart[i]:

end do:

#compute the basis of 1-forms for both the input and output

n:=0:

m:=0:

maxbound:=0:

A:=Array(1..genus,1..3):
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A2:=Array(1..genus,1..3):

for i from 0 to numpoles do

if i=0 then

bound[i]:=(p-1)*(d[i]-1)-2:

else

bound[i]:=(p-1)*(d[i]+1):

end if:

maxbound:=max(maxbound,bound[i]):

end do:

#Basis built left to right

for r from 0 to maxbound do

for b from 0 to bound[0] do

if (r*d[0]+b*p <= bound[0]) then

n:=n+1;

A[n,1]:=b;

A[n,2]:=r;

A[n,3]:=0:

end if:

end do:

for i from 1 to numpoles do

for b from 0 to bound[i] do

if b>0 and (r*d[i]+b*p <= bound[i]) then

n:=n+1;

A[n,1]:=-b;

A[n,2]:=r;

A[n,3]:=e[i]:

end if:

end do:
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end do:

end do:

#Use same output basis

A2:=A;

#Build function to test

r1:=rand(0..(p-1)):

r2:=rand(1..(p-1)):

func:=xˆ(d[0]):

for i from (d[0]-1) to 0 by -1 do

if i mod p <>0 then

a:=r1():

func:=func + a*xˆi:

end if:

if i=0 then

a:=r1():

func:=func + a:

end if:

end do:

for j from 1 to numpoles do

for i from -1 to -(d[j]-1) by -1 do

if i mod p <>0 then

a:=r1():

func:=func + a*(x+e[j])ˆi:

end if:

end do:
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end do:

m:=1:

for j from 1 to numpoles do

a:=r2():

func:=func + a/(x+e[j])ˆd[j]:

end do:

#Build Cartier Matrix

C:=Array(1..genus,1..genus):

for k from 1 to genus do

g:=A[k];

if g[2]<>0 then

if g[3]=0 then

h:=xˆg[1]*(yˆp - func)ˆg[2];

h:=sort(expand(convert(h,parfrac,x)),x) mod p;

H:=nops(h):

end if:

for i from 1 to numpoles do

if g[3]=e[i] then

h:=(yˆp - func)ˆg[2]*(x+e[i])ˆg[1];

h:=sort(expand(convert(h,parfrac,x)),x) mod p;

H:=nops(h):

end if:

end do:

else
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if g[3]=0 then

h:=xˆg[1];

H:=1:

end if:

for i from 1 to numpoles do

if g[3]=e[i] then

h:=(x+e[i])ˆg[1];

H:=1:

end if:

end do:

end if:

j:=Array(1..H,1..4):

h2:=0:

if H=1 then

if degree(h,x) mod p=(p-1) then

temp:=h:

h2:=h2+xˆ(floor(degree(temp,\

x)/p))*yˆ(degree(temp,y)/p)*temp/(xˆdegree(temp,x)*yˆdegree(temp,y)):

j(1,1):=floor(degree(temp,x)/p):

j(1,2):=degree(temp,y)/p:

j(1,3):=0:

j(1,4):=simplify(temp/(xˆdegree(temp,x)*yˆdegree(temp,y))) mod p:

end if:

for n from 1 to numpoles do

if degree(h,x+e[n]) mod p=(p-1) then

temp:=h:

h2:=h2+temp*(x+e[n])ˆ(-degre\

e(temp,x+e[n]))/yˆdegree(temp,y)*yˆ(de\
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gree(temp,y)/p)/(x+e[n])ˆceil((-degree(temp,x+e[n]))/p):

j(1,1):=-ceil((-degree(temp,x+e[n]))/p):

j(1,2):=degree(temp,y)/p:

j(1,3):=e[n]:

j(1,4):=simplify(temp*(x+e[n\

])ˆ(-degree(temp,x+e[n]))/yˆdegree(temp,y)) mod p:

end if:

end do:

else

for i from 1 to H do

if degree(op(i,h),x) mod p=(p-1) then

temp:=op(i,h):

h2:=h2+xˆ(floor(degree(temp,\

x)/p))*yˆ(degree(temp,y)/p)*temp/(xˆdegree(temp,x)*yˆdegree(temp,y)):

j(i,1):=floor(degree(temp,x)/p):

j(i,2):=degree(temp,y)/p:

j(i,3):=0:

j(i,4):=simplify(temp/(xˆdegree(temp,x)*yˆdegree(temp,y))):

end if:

for n from 1 to numpoles do

if degree(op(i,h),x+e[n]) mod p=(p-1) then

temp:=op(i,h):

h2:=h2+temp*(x+e[n])ˆ(-degre\

e(temp,x+e[n]))/yˆdegree(temp,y)*yˆ(de\

gree(temp,y)/p)/(x+e[n])ˆceil((-degree(temp,x+e[n]))/p):

j(i,1):=-ceil((-degree(temp,x+e[n]))/p):

j(i,2):=degree(temp,y)/p:

j(i,3):=e[n]:

j(i,4):=simplify(temp*(x+e[n\

])ˆ(-degree(temp,x+e[n]))/yˆdegree(temp,y)):
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end if:

end do:

end do:

end if:

for i from 1 to H do

nope:=0:

if j[i,4] <> 0 then

for q from 1 to genus do

if IsEqual(j(i,1..3),A2(q,1..3)) then

C[q,k]:=C[q,k]+j[i,4];

nope:=1:

break;

end if:

end do:

if nope=0 then

print(i):

break:

end if:

end if:

end do:

end do:

#Compute the rank of the Cartier matrix.

C:=Matrix(C):

#Compute the a-number

anum:=genus-rank(C):

print(p):
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print(func):

print(anum,expectedanum):
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