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ABSTRACT

SPECTRAL PARTITIONING OF GRAPHS INTO COMPACT, CONNECTED REGIONS

Partitioning a graph into regions that are both compact and connected is an important prob-
lem with applications in many areas, for example, circuit design, social network analysis, and
electoral redistricting. Our work builds on existing ideas of spectral bipartitioning and Markov
chain Monte Carlo (MCMC) recombination methods to provide a new method for partitioning
graphs: spectral recombination. Previous methods utilized these ideas independently, for ex-
ample, partitioning a graph directly using its spectrum or using MCMC recombination meth-
ods that do not rely on its spectrum. Our work represents a novel approach that combines the
two ideas. We provide empirical evidence that spectral recombination methods generate parti-
tions with low cut edge counts, that is, more compact regions with shorter boundaries. More-
over, we demonstrate that our base spectral recombination algorithm can be modified to pri-
oritize different metrics, such as balanced vertex weights among regions. We note that there
appears to be a trade-off between achieving low cut edge counts and maintaining approximate
weight balance, illuminating an avenue for future research. Our code and data can be found at

https://github.com/MaxFlorescence/spectral_redistricting.
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Chapter 1

Introduction

This thesis explores the topic of computing compact and connected graph partitions. The key
data structures in question, graphs, are collections of vertices and edges between those vertices. A
graph is defined as an ordered pair G = (Vg, E¢), where V; is the set of the graph’s vertices and
Eq C (VZG) is the set of the graph’s edges. For example, figure 1.1 depicts a triangle graph (Cs)

with corners labeled a, b, c:

Cy = ( {a,b,c}, {ab,bc, ca} C
( ) 7N

Figure 1.1: A triangle graph.

A graph T'is called a tree if it contains no cycles (non-empty sequences of distinct edges that
form loops) and is connected. If G is a graph and 7" = (V, Er) is a tree, then 71" is referred to as a
spanning tree of G.

Graphs provide the setting for which partitions can be defined. A partition of a graph G is
a set of subsets D C V, called regions, that form a partition of V;. For example, consider the

four-cycle (C}) with corners labeled a, b, ¢, d in figure 1.2.

(D)
Cy= ({a,b, ¢, d}, {ab,bc, cd, da}) da be

cd

Figure 1.2: A square graph.



If the top (ab) and bottom (cd) edges of C; were to be removed, the result can be represented
by a partition with two districts: the left and right halves of C}. Figure 1.3 shows the subgraphs of

(', induced by the partition D.

______________

o= {0, 0.0} r

Figure 1.3: A size-2 partition of a square graph.

The cut edges of a partition is the set of edges that span two distinct regions of the partition. In
the par of Cy in figure 1.3 there are two cut edges, ab and cd.

We study the problem of graph partitioning specifically through the lens of electoral redis-
tricting. We can apply graph partitioning to real-world maps by utilizing their dual graphs. Each
subdivision of the map (country, state, county, etc.) is a vertex, and vertices are connected by edges
if and only if they share a border. In this context, a graph partition is called a districting plan, and
each region of the plan is called a district.

To make real life elections practical, maps can be divided into districts and votes are counted
for each district. However, depending on exactly how this districting process is carried out, the
results of the election may not be representative of the population’s votes. This phenomenon is
known as gerrymandering, and is described in more detail in section 2.1.

In general, it is difficult to intuitively say if a given districting plan is gerrymandered or not.
One technique in the literature uses ensembles of automatically generated districting plans for
comparison. In short, if a computer can generate tens of thousands of random districting plans
without any bias, then we can compare the plan in question to this ensemble and determine if it is

an outlier or not. If it is, then we can say that the plan was likely gerrymandered. In this way, we



can shift our focus away from the difficult question of “is this districting plan biased?” and to the
easier question of “is this plan similar to ones that were generated to be unbiased?”

To generate these ensembles of districting plans, Markov chain Monte Carlo (MCMC) methods
can be used. These methods start using an initial, provided districting plan, and then iteratively
update it in small ways over and over again. After hundreds, thousands, or sometimes millions of
small updates, a chain can end up at a districting plan that is completely different from the original
plan it started on.

In particular, we study one type of MCMC method called recombination. For recombination
chains, these iterative small steps involve recombining two adjacent districts in the current plan,
and then splitting them back apart to form the next plan. Of course, there are many ambiguities in
this statement. How does the chain decide which two districts to join? What considerations go into
how the joined districts are split again? Different answers to these questions give rise to different

types of recombination methods, including the two methods we propose in this thesis.

1.1 Thesis Structure

The remainder of this thesis is structured as follows. In chapter 2, we provide the necessary
motivation for why the congressional redistricting problem is important. Next, in chapter 3, we
explain the background needed to fully understand our contributions. Chapters 4 and 5 describe our
contributions in detail, and chapter 6 contains our empirical evaluations of them. Finally, chapter 7

lists our conclusions, and chapters 8 and 9 discuss related and future works respectively.



Chapter 2

Motivation

Our motivation in the development of the spectral recombination algorithms is two-fold. First,
our algorithms provide additional methods of generating districting plan ensembles which can be
used in the detection of partisan gerrymandering. Second, other current methods use different
metrics (such as the number of spanning trees a district admits) of a plan’s districts as a surrogate
measure for district compactness. Therefore, exploring the number of edges cut by a districting

plan and how that can be used to inform a redistricting algorithm is an interesting area of research.

2.1 Gerrymandering

In the United States, most states elect local and federal representatives using some form of
district maps. These divide the population of the state into multiple districts, within which votes
are cast for a representative. While it might seem that any map which partitions the population into
equally sized districts would also be equally fair, the map can be drawn to give certain groups an
advantage or disadvantage. This process is called gerrymandering.

The word “gerrymander” is derived from the 19" century politician Elbridge Gerry and the
word salamander. Purportedly, as the governor of Massachusetts, Gerry had signed a bill calling
for its redistricting. His party ended up creating a districting plan that favored themselves, with
one of the oddly-shaped districts resembling a salamander. This resulted in a depiction of the
district with a salamander imposed appearing in the Boston Gazette with the caption “The Gerry-
mander”, and the portmanteau caught on [1]. Originally, the word “gerrymander” was pronounced
with a hard g (like “great”), the same way that “Gerry” was. But over time, it came to be mostly
pronounced with a soft g (like “giraffe”).

For example, suppose there are two populations of interest: 45 purple voters and 36 yellow
voters distributed across a 9 x 9 square grid as shown in figure 2.1. The figure gives three example

ways that plans can be drawn such that the total population is partitioned equally into nine districts,



each with nine voters that elect one representative. Each square represents one voter, and voters

are grouped into districts as indicated by the black boundaries.

(a) A districting plan that closely aligns with the voting population (5:4).

(b) A districting plan that favors purple voters (9:0). (¢) A districting plan that favors yellow voters (2:7).

Figure 2.1: Three valid districting plans demonstrating voter representation and misrepresentation.

Plan 2.1a might be an ideal solution, where the ratio of purple to yellow majority-districts is
close to that of the ratio across the population as a whole. In such a plan, the ratio of elected
officials would be representative of the entire population.

Plans 2.1b and 2.1c however, give an advantage to purple and yellow voters, respectively. If
elections are winner-take-all, where in each district the candidate that receives the most votes is
elected, then the ratio of elected purple representatives to elected yellow representatives would not
correspond to the actual ratio of purple to yellow voters. One population is over-represented while

the other is under-represented.



If the populations of interest correspond to different political parties, then this would be referred
to as partisan gerrymandering. The district map was created to intentionally provide an advantage
to one political party over the others.

Of course, real world maps are not as neat as the example map in figure 2.1, and so it is much
harder to visually identify when gerrymandering was done intentionally. Counter-intuitively, in
some cases it is impossible to draw a map that is representative of the voting population. For
example, on pages 9-11 of Duchin and Walch’s book Political Geometry [2], it can be seen that
due to the way individual voters are distributed across the state of Massachusetts, all possible

districts have the same political leaning.

2.2 Detecting Partisan Gerrymandering

One technique proposed in the literature to detect the presence of a partisan gerrymander in
a districting plan is ensemble comparison [3—8]. Suppose a particular districting plan comes un-
der review to determine if it had been gerrymandered. If there exists a large ensemble of non-
gerrymandered plans to compare it against, then we have a way to obtain evidence: if the plan
in question is an outlier compared to the ensemble (with respect to some set of metrics), then we
can be fairly confident that the plan was gerrymandered to some degree. Furthermore, ensemble
comparison can also be robust to edge cases like the one discussed at the end of the previous sec-
tion. The ensemble data would likely report the same result, implying that it is at least extremely
unlikely that a non-gerrymandered plan would have proportional representation.

This idea is a step further than Vickery’s argument that the “elimination of gerrymandering
would seem to require the establishment of an automatic and impersonal procedure for carrying
out a redistricting” [9], and is referred to by Guest et al. [10] as a “division of labour in which
humans debate and formulate districting criteria whereas machines optimise the criteria to draw
the district boundaries”. Moreover, this idea has been used in court cases before, as discussed by
Herschlag et al. [3]. Building on the analysis used in these cases, they were able to confirm that

past districting plans of North Carolina were gerrymandered by creating ensemble using a Markov



chain Monte Carlo (MCMC) method and simulated annealing. Since then, MCMC methods for
generating ensembles have become popular in the literature. In general, these involve designing a
Markov chain that targets a particular distribution over the space of desirable plans. And recently,

the so-called spanning tree distribution has been the target of several chains [4].

2.3 Spanning Trees and Cut Edges

Clelland et al. [4] explored the relationship between cut edge count and number of spanning
trees. The Recombination and Reversible Recombination methods from the literature [4, 7] are
both based on the idea that the number of spanning trees that a district admits correlates with how
compact it is. That is, a district with more possible spanning trees can be considered more compact,
an intuition demonstrated in figure 2.2. In district (a) the nodes of the dual graph (in yellow) are
“more connected” than those of district (b). One concrete way this holds is that district (a) admits

more spanning trees.

(a) A district with over 5 billion spanning trees. (b) A district with just 16 spanning trees.

Figure 2.2: The number of spanning trees as an indicator of compactness.

Clelland et al. showed that the number of spanning trees across any pair of districts (Pp) ap-

pears to decay exponentially with the number of cut edges between those districts (Ep):

~ —kE
P’DNCG D,



where C' and k are constants that depend on the graph in question. And so, the intuition can be
re-framed in terms of cut edge counts: a districting plan with fewer cut edges is more compact than
one with more cut edges. This is good because, as Clelland et al. describe, the number of edges
cut by a districting plan is easier to calculate, visualize, and understand than how many spanning
trees it admits.

Furthermore, Procaccia and Tucker-Foltz [11] agree that there is a relationship between cut
edges and spanning trees. They state that, for example, if one districting plan for a large grid graph
has at least 7.23 times the number of cut edges as another plan for the same graph, then the plan
with fewer cut edges is more likely to be sampled under the spanning tree distribution. Specifically,
they found that there is an inverse exponential relationship between a plan’s number of cut edges
and the probability that the plan is sampled under this distribution. If D and D’ are two districting
plans for a graph G such that GG and its dual have second-largest degrees bounded by a constant,

then:

P [D] _ se(jae0/106)

Pr,[D'] — ’
where p* is the spanning tree distribution and J;D denotes the set of edges of G that are cut by D.
The condition of G and its dual having bounded second-largest degrees corresponds to the types
of graphs typically of interest to the congressional districting problem; all census block have few
neighbors, and no large group of blocks intersect at the same boundary point.

Our idea therefore utilizes the cut edge count of a districting plan as the fundamental metric
to consider, rather than number of spanning trees. One use case we envision for our methods is
to provide a standard initial state for other redistricting algorithms. To our knowledge, there is no
standard way to begin a redistricting MCMC run, and without rigorous bounds on the chain’s mix-
ing time, it is possible that the chain’s initial state has some influence on its final state. However,
our two algorithms might be able to provide unbiased initial states. As can be seen in section 6.2,

they both seem to successfully generate districting plans with low cut edge counts in just a few

hundred steps, and our second algorithm also maintains low population deviation from the ideal.



This alternative method also speaks to an open question from DeFord et al. [5], “Propose other
balanced bipartitioning methods to replace spanning trees, supported by fast algorithms”. Addi-
tionally, an invitation written by DeFord and Duchin [2] reads, “New methods should strive for
easy implementation, low rejection rate, adaptability to varied districting criteria, and of course
theoretical properties like provable ergodicity or reversibility”. While we do not completely ad-

dress the points raised in these texts, our work makes good progress on these problems.



Chapter 3

Background

This chapter provides the information necessary to understand our contributions fully. We start
by precisely defining the congressional redistricting problem and describing the different metrics
we will use. Next, we briefly describe the framework under which our algorithms operate and
specify the precursors to our algorithms from the literature. We then finish with an overview of

relevant ideas from spectral graph theory.

3.1 Problem Statement

We formulate the congressional redistricting problem (or simply, the redistricting problem) as
follows.

Given an n-vertex graph G = (V, E¢), a positive integer k, and a set of constraints C, create
a districting plan D = {Dy, D,, - - - , Dy} that satisfies all constraints in C'.

That is, the districting plan D must identify each vertex of G with exactly one of k districts.
This can be visualized by associating each district with a unique color, and coloring each vertex
of GG with its district’s color. When applied to states in the USA, we consider a state’s dual graph
constructed by associating each of the state’s precincts with a vertex, and connecting two vertices

if and only if the two corresponding precincts share a border. Figure 3.1 demonstrates this.

3.1.1 Notation

For simplicity, we make the following definitions.
D(v) is defined to be the unique district of which v is a member.

E¢(U, V) is defined as the edges of G between the vertex sets U and V:

Eq(U,V):={weEg:ueUandveV}.

10
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(a) Colorado’s 2018 congressional districts.

(b) The corresponding dual graph representation.

Figure 3.1: How U.S. states are represented in the redistricting problem.

0D is defined to be the edges of G that are cut by the districting plan D:

0D = | Ec(D:i,D;).
D;,D;€D
i#]

p(v) is defined to be the population of vertex v, p(G) is the population the entire graph, and

p(V) is the population of a vertex subset V' C V:

p(G) ==Y p), p(V):=> pv).

veVg veV

G[V] is defined as the subgraph of G induced by the vertex set V. That is, the subgraph of G

that contains all of the vertices in V', and all edges that have both end points in V':
GlV]:= (V,Eg(V,V)).
ST(G) is defined as the set of all spanning trees of G:

ST(G) := {T : T is a spanning tree of G'}.

11



T'\ e, where T is a tree, is defined as the pair of connected graphs obtained from 7" by removing

the edge e € Er.

3.2 Metrics

There are different metrics we can use in the evaluation of a given districting plan. For this
thesis, we focus on metrics involving the plan’s cut edges, district sizes and populations, and

contiguity.

3.2.1 Cut Edges

A districting plan’s cut edge count quantifies the total length of the plan’s borders in a graph-
theoretic way. It is the sum of the number of edges cut between the vertices of each distinct pair of

districts:

9Dl = 3 |Ea(D,. D))l
D;,D;€D
i#]
A plan with a low cut edge count will have districts that can be considered more compact, since
more precincts will be on the interiors of districts rather than on the borders. Our algorithms are

mainly concerned with this metric since, as discussed in section 2.3, it seems to correspond to the

compactness of districts without being too influenced by specific district boundary shapes.

3.2.2 Deviation and Tolerance

A plan’s deviation is, in concept, the furthest any individual district is from the “ideal” value

of some metric. In terms of size, we can consider a plan’s size deviation:

D,
k‘ ’—1

sizeDev (G, D) := max
n

D;eD

Y

and in terms of population, we consider population deviation:

popDev(G, D) := max

12



Deviation ranges in value from 0 (all districts are equal in size/population), to ~ k£ — 1 (all
districts contain a single vertex/population unit, except for one). We also note that size deviation
can be thought of as a special case of population deviation, where each vertex has population 1.

A more natural way to phrase approximate population equality among districts might be
through tolerance. That is, for all D; € D, the population of D; is within some tolerance € of

the ideal population, p(G)/k:

with a similar pair of inequalities holding for size tolerance.
From this we can see that, given a population/size tolerance of ¢, an equivalent way of stating

the above inequalities is to say that the plan’s population/size deviation should be no more than ¢:

(1-— 5)p<lf> < p(D;) < (1 +5)]$, VD, € D
— — < k];(g))—l <e , VD, € D
p<Dz’)
<= gl}% kp(G)_l‘Sg

3.2.3 Contiguity

A districting plan is contiguous if each of its districts induces a connected subgraph of G:

True if G[D;] is connected, for all D; € D,
contiguous(G, D) :=

False otherwise.

Contiguity is often included in the constraint set C'.

3.3 Markov Chain Monte Carlo Methods

A Markov chain is a type of memory-less random process which explores a state space; in our

case, the space of valid districting plans. We can efficiently sample a plan from the state space

13



by running a corresponding chain, and our choice of chain influences which types of plans are
sampled. The state space for our MCMC methods of interest is parameterized by £ and G| the set

of all valid partitions of V; into k districts:

Qe = {D : Dis a C-feasible districting plan of G with £ districts}

Using MCMC methods, we can efficiently generate many districting plans. A new random plan
is sampled by starting from an initial plan oy € {2¢ ;, and running some random walk over Q) 5, for
some number of steps N. The specific computations performed during each step are determined by
which proposal function p is being used, that is, which chain is being run. The proposal function
defines the transition matrix of the chain, and in turn which distribution to sample plans from.

The library “GerryChain” [12], created in 2018 by the Data and Democracy Lab (formerly
the MGGG Redistricting Lab), provides a framework for implementing such MCMC methods in

Python. A simplified version of GerryChain’s generic MCMC method is shown in algorithm 1.

Algorithm 1 Markov chain Monte Carlo Redistricting

1: procedure REDISTRICTING(N, C,0g,p)  # input: steps, constraints, initial state, proposal
2 for1 <i< Ndo

3 repeat

4. g; < p(O'l;l)

5: until o; is feasible under C' # don’t step out of the state space
6 end for

7 returno y # output: final state
8: end procedure

3.4 Recombination Algorithms

One group of MCMC methods studied in the literature are “recombination” proposals. These

types of algorithms follow the same basic structure (depicted in figure 3.2):

1. Select two adjacent districts in the current districting plan

14



2. Recombine the two districts into one connected graph

3. Split the combined graph back into two districts

—

recombine

(a) A 56 x 56 grid graph with (b) The graph after the brown and (c) The graph after the com-
seven districts. red districts have been recombined. bined districts are split again.

Figure 3.2: An example step of a recombination algorithm on a 56 x 56 grid graph.

We refer to two recombination algorithms from previous literature: Recombination, and Re-

versible Recombination.

3.4.1 Spanning Tree Recombination

The first recombination chain (ReCom) [5, 13] is given by algorithm 2. In general, it functions
by sampling a uniform random spanning tree of the dual graph of the combined districts. Then it
can split the districts back into two by sampling an edge from the tree to cut.

In order to maintain roughly balanced district populations, the algorithm cannot select edges
of the spanning tree arbitrarily. Instead, after an edge is sampled uniformly, it ensures that the
difference in population between the districts is limited by a population tolerance parameter,
(line 10 in algorithm 2). But for any given spanning tree, it is not guaranteed that there exists an
edge that satisfies the population tolerance when cut (see figure 3.3 for an example). So in this
case, the algorithm rejects the tree and samples a new one.

Because ReCom samples spanning trees in determining how to split the recombined districts,

the overall Markov chain targets the “spanning tree” distribution. For example, consider the two

15



Algorithm 2 Recombination Proposal [4]

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

I:
2:
3
4:
5:
6
7
8
9

procedure RECOM(D; G, ¢) # input: current state; graph, tolerance
select{u, v} € gD uniformly at random (UAR) # sample a cut edge
H <+ G[D(u) UD(v)] # recombine the districts spanned by the edge
edges < ()

cuttable < FALSE
while — cuttable do

select? € ST(H) UAR # sample a spanning tree
fore € T'do # find all e-balanced cuts of T’
T17 T, T \ e
if ||T1] — |To|| < [T then

edges < edges U {e}
cuttable < TRUE
end if
end for

end while
selecte € edges UAR # pick one of the e-balanced cuts, e
Ty, Ty < T\ e # cut T at e to form new districts
D'+ (D \ {D(u>7 D<U)}) U {VT17 sz}

return D’ # output: next state

20: end procedure

Figure 3.3: A spanning tree with no e-balance edges for ¢ < 7/19.

16



districts in figures 2.2a and 2.2b. Since 2.2b admits fewer spanning trees than 2.2a, it is less likely
to be chosen over 2.2a when ReCom samples a random spanning tree. (Of course, the districts
shown in figure 2.2 would each have complementary districts such that the union of 2.2a and its
complement equals the union of 2.2b and its complement.)

Though, ReCom is only able to approximate the spanning tree distribution. In order to create
a chain that provably has the spanning tree stationary distribution, ReCom was modified to be

reversible.

3.4.2 Reversible Recombination

The Reversible Recombination (RevRecom) algorithm, created by Cannon et al. [7], modifies
ReCom to give it a property called detailed balance. This, in turn, allowed for the proof that
RevRecom’s stationary distribution is the spanning tree distribution.

A description of RevRecom is given by algorithm 3. The notation “RAND(0,1)” indicates
choosing a uniform random real between O and 1, for use in probabilistic tests. Similar to ReCom,
RevRecom functions by sampling a random spanning tree of the recombined districts’ graph, and
then cutting an edge that maintains some population tolerance. This tolerance is characterized
by “c-balance edges”, edges of the spanning tree that, when cut, maintain a population tolerance
across the whole graph G of at most €.

However, the two algorithms differ in key areas. Most importantly, RevRecom provides many
chances for the proposed split to be rejected. The parameter m indicates the absolute maximum
number of e-balance edges that can be found for any spanning tree of any two districts of GG. This
value is impractical to calculate, and so it is often determined empirically. As such, choosing a
value of m that is too large causes many more rejections than necessary, since m determines how
likely RevRecom is to reject the sampled spanning tree based just on the number of e-balance
edges it contains (line 11 of algorithm 3).

Moreover, RevRecom can still reject the split based on how many edges it would cut in G (line

16 of algorithm 3). The overall increased likelihood of rejection means that RevRecom runs more
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Algorithm 3 Reversible Recombination Proposal [7]

1: procedure REVRECOM(D; G, e, m) # input: current state; graph, tolerance, maximum
balance edge count

2: accept < False
3: repeat
4: selectD;, D; € D such that E¢(D;, D;) # 0 UAR # sample adjacent districts
5: H « G[D; UD,] # recombine
6: select] € ST(H) UAR
7 b+ Null
8: fore € Fr do # repeatedly find e-balance edges
9: Tl, Ty < T \ e
10: D' < (D\{D;,D;}) U{Vp, Vp}
11: if (popDev(G,D’) < &) A (RAND(0,1) < 1/m) then
12: b+e # choose this e-balance edge b with probability %
13: break
14: end if
15: end for
16: if (b # Null) A (RAND(0,1) > 1/|E¢(T1,T3)|) then
17: accept < True # accept split made by b with probability m
18: end if
19: until accept
20: return D’ # output: next state

21: end procedure
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slowly than ReCom, as it wastes time rejecting splits. This problem was mitigated in implemen-
tation by allowing many different spanning trees to be considered in parallel, and moving on once
one of them is accepted [14].

Figure 3.4 provides example districting plans produced by RevRecom. While they do maintain
approximate population balance, the district borders are visually more jagged. This is quantified

by the cut edge counts of the plans shown in section 6.2.

T
T

b) Colorad h.
(a) 56 x 56 grid graph. (b) Colorado grap

Figure 3.4: Example plans after 100,000,000 steps of RevRecom.

3.5 Algebraic Connectivity

Our recombination algorithm (described in chapter 4) uses the idea of algebraic connectivity,
also named the Fiedler value after Miroslav Fiedler [15], to determine how to split the recombined
districts.

For an undirected, finite, simple graph GG with n vertices, we consider three n x n matrices that

are indexed by pairs of vertices of G. The adjacency matrix Ag of G is the symmetric matrix that
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has the weight of each edge of G at its corresponding entries:

weight(uv) ifuv € Eg,
Aglu,v] =

0 otherwise.

We note that, in the case that G is an unweighted graph, the weight of each edge is defined to be 1.
The degree matrix D¢ of G is the diagonal matrix that has the degree of each vertex of G along
its diagonal:

degree(v) ifu =,
Dglu,v] =

0 otherwise.

And finally, the Laplacian L¢ of G is defined to be the difference between the degree matrix
and adjacency matrix of G: Lg = Dg — Ag. In some contexts, the normalized Laplacian matrix
Lg = Dgl/ 2LGD;/ %) is used. In this thesis though, the term Laplacian will be used to refer the
un-normalized Laplacian matrix L.

The spectrum of the graph G is the set of eigenvalues of L, exactly one of which is zero for

connected graphs [16]. Listing the spectrum in order, we have:
0=A <A< <A,

where ), is referred to as the algebraic connectivity of G. An eigenvector with eigenvalue \; is
known as a Fiedler vector of GG, f. While it is possible that the geometric multiplicity of A, is
greater than 1, corresponding to meaningfully different choices of Fiedler vector, we do not explore
this possibility in this work. We discuss this further in section 9.1.

Urshel and Zikatanov [17] show that for any connected, undirected, simple graph G, there

exists a Fiedler vector f such that the bipartition given by

{fé fat ={{veVa: folvl >0}, {veVa: fol] <0}}
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results in two connected subgraphs of G: G[f£] and G[f].

The fact that spectral graph partitioning is a technique found in the literature [15, 16, 18], com-
bined with Urshel and Zikatanov’s results, provides motivation for considering the approach in
congressional redistricting. The bipartition described above makes use of the positive (including
zero) and negative entries in the Fiedler vector. Notably, cut-vertices of graphs (vertices that, when
removed, split the graph into two components) have corresponding entries of zero, and so other
vertices can be thought of as being on the “positive side” or “negative side” of this cut. This intu-
ition is demonstrated in figure 3.5, in which each vertex is labeled and colored to correspond with
its Fiedler vector entry, rounded to the nearest thousandth (the graph contains no cut-vertices, but

positive and negative sides still emerge).

<
Ql

________________________

Figure 3.5: A spectral bipartitioning example. Each vertex is labeled with its Fiedler vector entry.
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Chapter 4

The Spectral Recombination Proposal

In this chapter we describe our two algorithms that build on the ideas present in ReCom and
RevRecom from the literature. Our first algorithm, Spectral Recombination, utilizes the spectral
bipartitioning technique as discussed in section 3.5. The second algorithm, Balanced Spectral Re-
combination, illustrates how Spectral Recombination can be modified to account for the population

deviation metric, ensuring that district populations stay as balanced as possible.

4.1 Spectral Recombination

Our first algorithm, Spectral Recombination (SpecRecom), uses the graph’s spectrum as de-
scribed in section 3.5. First, like ReCom, SpecRecom chooses two districts to recombine based
on the number of edges between them. District pairs that cut more edges of GG are more likely
to be chosen. After the recombination step, the induced subgraph’s Laplacian and Fiedler vector
are computed. From here, the split step proceeds by associating each of the subgraph’s vertices
with one of the entries in the Fiedler vector, and assigning those vertices with negative entry to one
district and those with non-negative entry to the other.

Performing the split based on each vertex’s Fiedler vector entry is a common theme for both
this basic version of SpecRecom, as well as our “balanced” version in section 4.2. Algorithm 4
provides a precise description of SpecRecom.

Lines 4-6 of algorithm 4 show that, to introduce non-determinism into SpecRecom, we first
randomize the edge weights of GG to be between 1 and 2. For the purposes of bipartitioning via
the Fiedler vector, edge weights determine the strength of each edge—weaker edges are easier to
cut. Without random edge weights, all edges would have equal weight and the proposal would
be deterministic. Various edge weight configurations, along with the Fiedler vector entries they
induce, are shown in figure 4.1. Our choice to use weights between 1 and 2 was arbitrary, but it

appears to provide sufficient variety in generated plans.
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Algorithm 4 Spectral Recombination Proposal

1: procedure SPECRECOM(D; (7) # input: current state; graph
2: select{u,v} € 0D UAR # sample a cut edge
3 H <+ G[D(u) UD(v)] # recombine
4. fore € Ey do
5: weight(e) - RAND(1,2) # randomize edge weights
6 end for
7 H, + H[f}] # apply spectral bipartitioning
8 My« H[fy]
9: D'+ (D \ {D(U), D(U)}) U {VHI’ VHz}
10: return D’ # output: next state

11: end procedure

®- oo
oe o0
oo - @

(a) Edge weights determine how “easy” they are to cut.

@+ >@® O @
- - = - »‘—\ = - =
-0 0©©e0
- - = r‘—- ,‘_. = - =
- -0 @ @

(b) A graph with all edges having equal weight. (¢) A zero-weight edge recreates figure 3.5.

Figure 4.1: How edge weights impact Fiedler vector entries.
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Figure 4.2 depicts two example districting plans produced by SpecRecom with 7 districts after
400 steps of the chain. Visually, both plans are more “compact” than RevRecom’s, in the sense
that the district shapes featured have lower cut edge counts.

We note that SpecRecom does not take into account vertex population. Therefore, while the
plans may appear to be sufficient, their district populations are not well-balanced. For example,
the grid graph and Colorado graph in figure 4.2 have population deviations of approximately 0.15
and 0.33 (respectively), both of which are worse than the majority of plans seen to be generated by

RevRecom (see section 6.2).

(a) 56 x 56 grid graph (b) Colorado graph.

Figure 4.2: Example plans after 400 steps of SpecRecom.

Preliminary work by Davies et al. [19] attempted to incorporate vertex population in SpecRe-
com by using a Laplacian with vertex weights, as described by Chung and Langlands [20]. Unfor-
tunately, they found that this version of SpecRecom struggled to enforce contiguity and decrease
cut edge counts in generated plans. We hypothesize that including vertex weights in this way
over-emphasized the importance of population balance. So to address these concerns, we added a
separate step to SpecRecom in which population balance is considered after the Fiedler vector has

been calculated using the population-oblivious Laplacian.
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4.2 Balanced Spectral Recombination

Balanced Spectral Recombination (BalSpecRecom) attempts to resolve the population balance
issues of SpecRecom. In SpecRecom, the Fiedler cut is always made using a threshold of zero.
That is, vertices whose entries are below this threshold are assigned to one district, and the rest to
the other. In BalSpecRecom, we include a brute-force search for the threshold that optimizes for
population balance, while attempting to maintain district contiguity.

Naively, the sheer number of available thresholds would render this brute-force search infea-
sible. However, recall that the purpose of a threshold is to partition the vertex set of G using the
Fiedler vector. Therefore it suffices to consider just the entries of the Fiedler vector themselves as

the threshold candidates. Algorithm 5 describes this process.

Algorithm 5 Balanced Spectral Recombination Proposal

1: procedure BALSPECRECOM(D; (7) # input: current state; graph
2: select{u, v} € ;D UAR # sample a cut edge
3 H + G[D(u) UD(v)] # recombine
4: fore € E'y do
5: weight(e) - RAND(1,2) # randomize edge weights
6: end for
7: popDiff < oo
8: splits < {{D(u),D(v)}}
9: fort € f, do # brute force search for optimal threshold(s)
10: e {veVy: fylv] >t}
11: T {veVy: fylv] <t}
12: if contiguous(H, {f[%t, f3}) then
13: hl,h2<—H[ ?It],H[ I<{t]
14: if |[p(h1) — p(hs)| = popDiff then
15: splits < splits U{{hy, ha}}
16: else if [p(h1) — p(h2)| < popDiff then
17: splits < {{h1, ha}}
18: popDiff < |p(h1) — p(hs)]|
19: end if
20: end if
21: end for
22: H,, Hy < argmin |0y S| # break ties with cut edge count
Sesplits
23: D'+ (D\{D(),D(v)}) U{Vu,, Vu,} # split
24: return D’ # output: next state

25: end procedure
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In figure 4.3, example plans generated by BalSpecRecom are shown. While the districts appear
less “neat” than those generated by SpecRecom, the population deviations are greatly improved.
The grid graph plan in figure 4.3 has a perfect population deviation of 0.0, and the Colorado
graph plan has a population deviation of approximately 0.002. This improvement is quantified in

section 6.2.

(a) 56 x 56 grid graph (b) Colorado graph.

Figure 4.3: Example plans after 400 steps of BalSpecRecom.
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Chapter 5

Implementation

Our implementations of SpecRecom and BalSpecRecom are both written in Python, and utilize
the GerryChain library for political redistricting [12]. We found that experimentation time could
be reduced by consolidating our code, so we wrote a “Redistricting” Python package to contain
experiment instances. Each instance holds all of the relevant data for a particular redistricting
algorithm, ready to run with a set of tunable parameters, that automatically formats and outputs
the necessary data at the end of the instance’s run.

Moreover, to provide a baseline with which to compare cut edge counts, we implemented
a “spectral k-means clustering” (SpecKMeans) algorithm. This algorithm simply combines the
idea of embedding vertices in a vector space, as done by Lee et al. [18], with k-means clustering
to partition these embedded vertices into districts. This algorithm is deterministic and blind to
contiguity, but serves as a good baseline by achieving low cut edge counts with few lines of code.

All source code for the Redistricting package, as well as the data collected by it, is available at

https://github.com/MaxFlorescence/spectral_redistricting.

r = Redistric
graph = /co_precincts_shp',
k=7,
assignment
proposal = 's
steps = 480,
single updaters = [ ', 'population disparity'],
population_ke
graph_name =

)

r.run(
interactive level = '
plot_interval = 100
output_level = °
output_parent = ph-output ',
checkpoint_interval = 1080,

checkpoint_dest = 'Co ph-test_run-ch

Figure 5.1: Code snippet demonstrating how to use the Redistricting package.
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Chapter 6

Evaluation

6.1 Methodology

To evaluate if SpecRecom and BalSpecRecom sample districting plans with low cut edge
counts, we experimentally compared the two to RevRecom’s performance. We wrote several
Slurm scripts to run many Redistricting instances on the CSU Computer Science department’s
Falcon cluster. Our independent variables for each experiment were the algorithm that was run
and the graph that it was run on. Our dependent variables were cut edge count and population
deviation of the resulting plan. The details are summarized in table 6.1. This included running

10,000 SpecRecom and BalSpecRecom chains for 400 steps each, across 20 cores.

Table 6.1: Summary of experimental configurations.

Algorithm Graph Steps (N) Districts (k) Ensemble Size (m)
RevRecom 3636 grid graph 10,000 7 10,000
2018 Colorado districts
SpecRecom 5656 grid graph 400 7 10,000
2018 Colorado districts
BalSpecRecom >0 >0 grid graph 400 7 10,000

2018 Colorado districts

While GerryChain provides an implementation of RevRecom, it does not utilize parallelism
to consider multiple spanning trees, as discussed in section 3.4.2. Therefore, we used a Rust
implementation written by Rule et al. [14] to first generate many different plans. Then to facilitate
data collection, we used a technique known as sub-sampling, as described in Political Geometry
[2]. Instead of running m chains independently for NV steps each, we run a single chain for m - N

steps, sampling one state every /N steps to produce m plans. In our case, m = N = 10,000.
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To provide a baseline with which to compare our results from the Colorado graph, we chose
to use a square grid graph with 56 vertices per side. This value was chosen as it was the integer

whose square (562 = 3136) was the closest to the number of vertices in the Colorado graph (3135).

6.2 Results

Figures 6.1 and 6.2 show the distribution of cut edge counts and population deviations respec-
tively, across the 6 different combinations of algorithm and graph. Each histogram is normalized
independently. In orange is the data for RevRecom, in blue is SpecRecom, and in green in Bal-
SpecRecom. A vertical, dashed red line indicates the initial values of the graph for each metric. A
vertical, dashed purple line indicates the baseline SpecKMeans value. For the 56 x 56 grid graph,
the initial districting plan was seven equally-sized horizontal stripes (as seen in figure 3.2a), and for

the Colorado graph the initial plan was the 2018 congressional district map (as seen in figure 3.1a).

Grid Graph Cut Edges Distributions Colorado Graph Cut Edges Distributions
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(a) 56 x H6 grid graph. (b) Colorado graph.

Figure 6.1: Cut edge distributions across each algorithm.

6.3 Discussion

In terms of cut edges, we see a clear difference between our SpecRecom and BalSpecRecom

algorithms and RevRecom. Figure 6.1 shows that for both the 56 x 56 grid graph and the Colorado
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Figure 6.2: Population deviation distributions across each algorithm.

graph, SpecRecom achieves the lowest numbers of cut edges in its final generated districting plans,
followed closely by BalSpecRecom plans, and then RevRecom plans with around twice as many
cut edges on average. RevRecom’s distribution also lies mostly above the initial cut edges value
for each graph, while SpecRecom and BalSpecRecom lie below it. Relative to the SpecKMeans
baseline, only SpecRecom manages to mostly generate plans with fewer cut edges.

In terms of population deviation, the large difference between SpecRecom and BalSpecRe-
com or RevRecom necessitated that the plot be split. Figure 6.2 shows that BalSpecRecom and
RevRecom both manage to get population deviation values below 0.01 (a 1% tolerance), while
SpecRecom achieves values for the Colorado graph that are an order of magnitude higher. For the
56 x 56 grid graph, BalSpecRecom most frequently manages to maintain the perfect population
balance of the initial plan, and for the Colorado graph it consistently achieves deviations less than
0.005. In both cases, SpecRecom achieved values mostly above the SpecKMeans baseline, and
BalSpecRecom achieved values below it.

In the case of RevRecom, the sharp cutoff at 0.01 population deviation can be attributed to the
algorithm’s implementation. Using e-balance edges, RevRecom never accepts plans that exceed a

population deviation of . For the implementation of RevRecom that we used, ¢ = 0.01.
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Chapter 7

Conclusions

Our results provide empirical evidence in favor of the hypothesis that Fiedler vectors can be
used to create districting plans with much shorter boundaries than existing algorithms from the
literature. Figure 6.1 demonstrates that SpecRecom and BalSpecRecom both tend to generate
districting plans with fewer cut edges than RevRecom, and in much fewer steps (400 as opposed to
10,000). Both the 56 x 56 grid graph and the Colorado graph exhibit this behavior, indicating that
spectral recombination methods can work across different types of graphs. Moreover, SpecRecom
produces plans with fewer cut edges and a higher affinity for contiguity than a simple clustering
approach like SpecKMeans. That is, SpecRecom is more likely to produce contiguous plans,
whereas SpecKMeans would need to be modified to guarantee contiguous plans.

Figure 6.2 demonstrates that the SpecRecom algorithm can be used as a base to create new
algorithms that effectively take different redistricting metrics into consideration, specifically pop-
ulation deviation. RevRecom achieves population deviation of at most 0.01, since this is the value
of £ used in our experimentation. However, due to SpecRecom making no attempt to maintain pop-
ulation balance within the same ¢ tolerance, it achieves significantly higher population deviation
values for both graphs. In contrast, BalSpecRecom mostly achieves population deviation values
lower than those achieved by RevRecom, owing to its brute-force search for the optimal spec-
tral bipartitioning threshold (with respect to population deviation) during each step. The values
given by the SpecKMeans also reveal that a smarter algorithm is necessary; while it does achieve
a population deviation below 0.01 for the 56 x 56 grid graph, it is on-par with SpecRecom for the
real-world Colorado graph.

When taken together, these results imply that there exists a trade-off between generating dis-
tricting plans with few cut edges and with low population deviation. Figure 6.2 clearly shows
that BalSpecRecom generates plans with population deviations lower than SpecRecom, but 6.1

indicates that this comes at the cost of increasing the number of cut edges relative to SpecRecom.
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Chapter 8
Related Work

8.1 Early Redistricting Methods

Chen and Rodden [21] first published the idea of districting plan comparison in 2015. With the
intent to detect partisan gerrymanders in districting plans, they focused on generating a benchmark
plan to compare currently implemented plans against. In essence, their algorithm works by starting
with each precinct as its own district, and whittling down the number of districts by combining two
at a time. Then, the algorithm repeatedly flips units to improve population balance. They applied
their result to the 2012 Florida congressional district map and were able to successfully detect that
it had been gerrymandered.

In 2017, Kawahara et al. [22] described an algorithm for exhaustively enumerating graph par-
titions for districting plans. They focus on using a zero-suppressed decision diagram data structure
to explore the space of all districting plans given a graph and district count. They also detail how
to modify the original algorithm to consider population disparity, making sure that only plans with
bounded disparity are enumerated.

Cohen-Addad et al. [23] provided another algorithm for creating districting plans utilizing
power diagrams in 2018. Their algorithm uses centroidal power diagrams to determine the districts
to which population units should be assigned, by solving the balanced k-means clustering problem.
These districts end up being polygons whose centroids define the center points of each power
region in the diagram. Notably, the average number of sides for all polygons is less than 6 and their
populations differ by at most 1, and so the districts end up being balanced and visually compact.

Levin and Friedler [24] in 2019 used a similar idea with Voronoi diagrams. Like Cohen-Addad
et al, their algorithm iterates using two components, a Voronoi component to bipartition regions
and a swapping component to ensure population balance and contiguity. But in contrast, Levin

and Friedler’s is a divide-and-conquer algorithm, bipartitioning the whole state first then recursing
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downward. Ultimately, their algorithm generates plans with strong compactness scores by their

measures.

8.2 MCMC Methods in the Literature

Fifield et al. [25] proposed the first MCMC redistricting algorithm in 2020. Their motivation for
investigating an MCMC method is that there were not many simulation methods in the literature,
and that the state-of-the-art algorithm was not ideal. A step of their chain functions by randomly
selecting clusters of nodes along the current district boundaries, and then proposing swaps where
clusters can switch membership to adjacent districts. This new plan is then accepted or rejected
before continuing to the next step.

The idea to apply an ensemble of generated districting plans for comparison with a proposed
real-world plan was enacted by Herschlag et al. [3], also in 2020. Building on Fifield et al.’s
work, they use their MCMC method with an added simulated annealing procedure to generate this
ensemble of plans. Using this ensemble of 66.5 thousand plans, they were able to determine that
the enacted North Carolina districting plan was biased, whereas previous plans drawn by bipartisan
judges were not.

In 2021, Clelland et al. published on the ReCom MCMC method developed by the MGGG
redistricting lab in 2018, and DeFord et al. characterized it as one method among a family of re-
combination methods [4,5, 13]. These groups introduce the idea that the spanning tree distribution
is important for compactness in districting plans, and they show how to target this distribution
using MCMC methods.

Then, in 2022, Cannon et al. [7] modified the ReCom method to be reversible, making RevRe-
com. This improved on previous work by ensuring that the spanning tree distribution was the exact
distribution that the MCMC method converges to. They also describe a parallel implementation of
RevRecom that makes up for the increased mixing time resulting from this modification.

In the same year, Cannon et al. [8] also published work improving biased random walk MCMCs

for redistricting by adding “short bursts”. Their motivation for this work was to maximize the
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number of simultaneous majority-minority districts in generated plans. Their idea was to run the
chain in periods of unbiased random walks called short bursts. At the end of each burst, the chain

would be re-started from the most extreme plan seen within the most recent burst window.

8.3 Spectral Graph Theory and Redistricting

So far, we have seen many different types of solutions to the redistricting problem. However,
to our knowledge no redistricting algorithms have been published that utilize the idea of spectral
partitioning. Most relevantly, spectral bipartitioning was refined in Urschel and Zikatanov’s work
[17], and applied to k-partitioning by Lee et al. [18]. Our work can be seen as an attempt to unite
these two areas of research to produce contiguous spectral k-partitions.

In 2014, Urschel and Zikatanov refined the work of Miroslav Fiedler, for whom the Fiedler
vector is named. Their work proved many theorems around the robustness of using the Fiedler
vector to partition a graph into two connected subgraphs. Notably, with their generalized bisection
theorem, they prove that for any connected, undirected graph with no self-loops there exists a
Fiedler vector with which the graph can be bipartitioned into connected subgraphs.

In the same year, Lee et al. [18] built on the idea of Cheeger’s inequality. It states that a graph
has a sparse cut if and only if there are two eigenvalues in its spectrum that are close to zero—and
generalize it to show that a sparse k-cut exists if and only if there are k eigenvalues close to zero.
Their general-purpose algorithm works by embedding each vertex of the graph in a real vector
space, then outputting subsets of vertices that form least-expanding sets.

While this technique can produce a k-partition with small cut edge count and population devi-
ation, it is not necessarily suited for the problem of congressional redistricting. It is unclear if the
approach would be able to guarantee contiguity in districting plans, but we hypothesize that it does

not. Moreover, the approach may need to be modified to ensure population balance.
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Chapter 9

Future Work

Here, we list several areas in which our work can be expanded. The first two relate to improving
our algorithms’ robustness, the next two to fully addressing the open questions mentioned in sec-
tion 2.3, and the last to what work needs to be done before applying our algorithms to redistricting

in the real world.

9.1 Alternate Bipartitioning Vectors

As Urschel and Zikatanov note, there may be more than one Fiedler vector for a particular
graph, depending on the geometric multiplicity of the second eigenvalue of the Laplacian. More-
over, Colin de Verdiere’s invariant [26] reveals that the corank (and thus the geometric multiplicity
of the algebraic connectivity) of a planar graph’s Laplacian can be at most three. Therefore, even
though our spectral recombination algorithms seem to be well-suited for producing ensembles, we
do not thoroughly explore the full eigenspaces. Future work might consider an optimization over

the entire eigenspace of Fiedler vectors.

9.2 Improved Balancing Sweep

Since our BalSpecRecom algorithm considers applying a variable threshold to the Fiedler vec-
tor’s entries, it strictly enforces the order of the graph’s vertices according to those entries. This
may not be ideal, as the optimal split in terms of population deviation might be inaccessible since
it could require a slightly different ordering. To this end, future work might consider some kind of
“noisy sweep”’, in which for each threshold the vertices near the threshold can be permuted. Con-
sidering all permutations would lead to an exponential increase in running time, and so perhaps a
single, randomly chosen permutation would be considered instead.

Alternatively, we note that Recom and RevRecom take a population-balancing parameter, €,

while BalSpecRecom only considers the threshold that maximizes population balance at each step.
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Instead, BalSpecRecom could consider “c-balance thresholds”—any threshold that achieves pop-
ulation balance within some ¢ tolerance. This modification may allow plans with fewer cut edges
and acceptable population deviation to be generated, addressing the trade-off discussed in sec-

tion 6.3.

9.3 Algorithm Optimization

Recall that DeFord et al.’s open question asks researchers to “Propose other balanced bipar-
titioning methods to replace spanning trees, supported by fast algorithms” [5]. Regarding this,
we made no attempt to optimize SpecRecom or BalSpecRecom beyond basic implementations in
Python.

Rule et al.’s Rust implementation of RevRecom [14] was optimized to perform steps of the
chain in parallel, decreasing the amount of time the chain spends rejecting possible moves. In
our experimentation, we found that with 8 cores the Rust implementation of RevRecom completes
approximately 55.3 thousand steps per second on the Colorado graph. While our implementations
of SpecRecom and BalSpecRecom are not comparable to this implementation of RevRecom, we
have observed practically that they take much more time to generate the same number of plans.

Given that the majority of SpecRecom’s computational load is spent performing matrix op-
erations, we hypothesize that optimizing it would be relatively easy. However, BalSpecRecom
includes all of SpecRecom’s code as well as a brute force loop through the Fiedler vector, adding
an O(n) factor to the time complexity. An optimized version might consider parallelizing this loop
or replacing it with a smarter method of searching for an acceptable threshold, such as stopping

early once an e-balance threshold is found.

9.4 Statistical and Theoretical Analysis

Recall that DeFord and Duchin’s invitation asks that “New methods should strive for easy
implementation, low rejection rate, adaptability to varied districting criteria, and of course the-

oretical properties like provable ergodicity and reversibility” [2]. While our work demonstrates
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that spectral recombination algorithms are viable, we do not know if either SpecRecom or Bal-
SpecRecom is aperiodic, irreducible, or reversible. Future work could give insight in this area,
providing a rigorous understanding of the chains by determining their stationary distributions and
(in particular) mixing times.

In the abscence of theoretical guarantees, Chikina et al. describe several statistical tests. The
“/€” test [27] would allow it to be determined with significance p = v/2¢ whether or not a given
run of a Markov chain is mixed at its current state. Furthermore, an extension of this test allows

for the effect size € to be separated from the significance p [28].

9.5 Considering Additional Plan Constraints

Clelland et al. [6] list districting plan requirements for Colorado, two of which are that plans
must “preserve communities of interest and political subdivisions” and “minimize the number of
divisions when a city, county, or town is divided”.

While our algorithms do not consider these constraints during the chains’ runs, we note that
GerryChain does provide methods for determining how many units are split by a given plan. More-
over, these methods are parameterized by which type of unit (counties, precincts, etc.) is being
considered. Future work could analyze how SpecRecom and BalSpecRecom perform under these
metrics, and propose modifications to comply with them, if necessary. Another constraint listed
by Clelland et al. is that plans must “maximize the number of politically competitive districts”.
Again, GerryChain provides metrics for determining how competitive a given districting plan is,
and so the same can be said about future work with regards to this constraint.

We have demonstrated that our SpecRecom can easily be modified to account for population
deviation, yielding BalSpecRecom. Future work might be able to modify SpecRecom in similar

ways to account for the metrics and constraints discussed above.
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