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ABSTRACT

MULTI-CHANNEL FACTOR ANALYSIS: PROPERTIES, EXTENSIONS, AND
APPLICATIONS

Multi-channel Factor Analysis (MFA) extends factor analysis to the multi-channel or multi-view
setting, where latent common factors influence all channels while distinct factors are specific to
individual channels. The within- and across-channel covariance is determined by a low-rank matrix,
a block-diagonal matrix with low-rank blocks, and a diagonal matrix, which provides a parsimonious
model for both covariances. MFA and related multi-channel methods for data fusion are discussed in
Chapter 1. Under conditions on the channel sizes and factor numbers, the results of Chapter 2 show
that the generic global identifiability of the aforementioned covariance matrices can be guaranteed a
priori, and the estimators obtained by maximizing a Gaussian likelihood are shown to be consistent
and asymptotically normal even under misspecification. To handle temporal correlation in the
latent factors, Chapter 3 introduces Multi-channel Factor Spectral Analysis (MFSA). Results for
the identifiability and parameterization properties of the MFSA spectral density model are derived,
and a Majorization-Minimization procedure to optimize the Whittle pseudo-likelihood is designed
to estimate the MFSA parameters. A simulation study is conducted to explore how temporal
correlations in the latent factors affect estimation, and it is demonstrated that MFSA significantly
outperforms MFA when the factor series are highly autocorrelated. In Chapter 4, a locally stationary
joint multivariate Gaussian process with MFA-type cross-sectional covariance is developed to model
multi-vehicle trajectories in a highway environment. A dynamic model-based clustering procedure
is designed to partition cohorts of nearby vehicles into pods based on the stability of the intra-pod
relative vehicle configuration. The performance of this procedure is illustrated by its application to

the Next GENeration SIMulation dataset of vehicle trajectories on U.S. Highway 101.
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Chapter 1

Introduction and Background

1.1 Factor Analysis Background

A foundational method in multivariate statistics, Factor Analysis (FA) has been used to solve
problems and obtain insights for over a century and in fields as diverse as radio astronomy (Boonstra
and van der Veen, 2003; Van Der Veen et al., 2005; Antman and Leshem, 2020), market research
(Stewart, 1981; Howard and O’Sullivan, 2024), machine learning (Chen et al., 2013; Fan et al., 2021;
Kilian et al., 2023), array signal processing (Pesavento and Gershman, 2001; Ramirez et al., 2011;
Koutrouvelis et al., 2019) and many others. Factor analysis enjoys such a wide-ranging scope of
application due to the centrality of its intended purpose, which is to explain the observed correlations
between a large number of measured variables in terms of a small number of unobserved factors
without restrictive assumptions on the scales of measurement. As so much real-world statistical
work requires boiling down an undifferentiated mass of variables into a small set of manageable and
meaningful quantities, the use of factor analysis will surely persist so long as human understanding
is a desired outcome of data exploration.

In its simplest form, the data-generating model which underlies classical factor analysis relates
the n x 1 vector of scalar measurements x to the  x 1 vector f of latent factors and the n x 1
idiosyncratic noise vector u as

x = Af +u, (1.1)

where the n x r matrix A is called the loading matrix, as the ij entry [A];; determines how the
ith scalar measurement x; loads on the jth factor f;. In (1.1), the observed vector x is modeled as
the linear combination of two parts, namely the systemic part s = Af and the error part or noises
u. The values of the factors f and the noises u are not observed, and neither the loading matrix A

nor the noise variances ¢; = Var(u;), i = 1,...,n are known in advance. Estimation of A and



® = diag(¢y, ..., ¢,) on the basis of repeated samples x, ..., xr is a common goal of classical
FA in the exploratory setting.

Factor analysis can be referred to as a second-order technique, in that the primary quantity of
interest is the second central moment of the measurements, R, = Var(x). The covariance of the
systemic part, Rgs = Var(s), is low-rank when the number of factors is less than the number of
scalar measurements and the noises u; and u; in distinct scalar measurements ¢ = ¢’ are assumed to
be uncorrelated, so estimating R¢s produces a succinct description of the second-order relationships
between the scalar measurements. This follows as [Ryx|:» equals [Res; for i # ¢ and R is
low-rank and therefore “simple". As FA is concerned with the second moment of x, the first moment
is typically taken to be zero. In classical factor analysis, models for the higher moments or further
distributional assumptions on f and u are not an essential component of FA, although joint normality
of (f,u) is commonly used for estimation, to calculate hypothesis tests, or to obtain closed-form
expressions for quantities of interest.

In particular, under the orthogonality and scale specification Var(f) = I, and the specification
that the noise u is uncorrelated with the latent factors, Cov(f,u) = 0, estimation of A and ®
allows for partial recovery of the latent factors by the Minimum Mean-Square Error (MMSE)
estimates when joint normality is assumed. Under these assumptions, the covariance model of the
measurements X is

R, = AAT+® =R, + Ry,. (1.2)

That is, the measurement covariance is modeled as the sum of two structured summands, namely a
rank-r covariance matrix and a diagonal covariance matrix. The properties of such a sum have been
studied extensively (see, e.g., Shapiro (1982, 1985); Bekker and ten Berge (1997) and references
therein). For the use of classical FA in statistical signal processing, (1.1) can be cast as the
multivariate signal model for measurements made at a multi-sensor array where the number of
sensors is n and r is the number of point sources or total number of transmitting antennae. The
factors f can then be interpreted as the signal transmitted by the point sources, while the error

u represents the sensor noise which is not attributed to the point sources. The matrix A then is



the channel matrix, which is determined by the physical characteristics of signal propagation and
accounts for how the transmitted signal is received by the multi-sensor array and is assumed to be
constant over a sufficiently small time-scale. In the uncalibrated case, the sensor noise variances ®
may be unequal and the channel matrix is unknown, and estimation of A and ® on the basis of the
observed samples xy, . .., Xy allows for approximate recovery of the transmitted signal f. From
this simple example and its possible extensions, factor analysis is seen to be related to problems of
interest within Multiple-Input and Multiple-Output (MIMO) signal processing.

As a statistical method, classical factor analysis was theoretically grounded by the mid-century
work of Kendall (1950); Anderson and Rubin (1956); Anderson (1959); Lawley and Maxwell
(1962); Joreskog (1970) and many others. However, the idea of factor analysis and the development
of particular forms of FA originated in the field of psychometrics at the turn of the century. To
treat the problem of capturing general intelligence, Spearman (1904) devised what is now termed
a one-factor approach similar to (1.1) with r = 1. Continued work by psychologists (such as
Thurstone (1935, 1947); Bartlett (1937); Ledermann (1937) ) developed much of the vocabulary and
concepts used in the literature of factor analysis. Traces of the utilitarian origin of factor analysis
remain, and from a statistical point of view it enjoys neither the theoretical nor computational
convenience of other tent-pole multivariate methods such as Principal Component Analysis (PCA)
or Canonical Correlation Analysis (CCA) which have similar aims and are closely related to FA (see,
e.g., Rao (1955); Browne (1979); Basilevsky (1994)). In particular, the problems of identifiability
of the covariance model (1.2) and the computation of suitable estimates of A, ® are significantly
more challenging than is the case for PCA.

However, it cannot be denied that practitioners have found a vast array of uses for factor analysis,
and a staggering number of generalizations, extensions, and derivative methods have been developed
which expand the reach and applicability of FA. The foundation of this dissertation is an extension
of classical factor analysis to the so-called multi-view or multi-channel setting, which is the topic of

the following section.



1.2 Multi-Channel Methods

1.2.1 Data Fusion

As the quantification of the world accelerates, the challenge of extracting insights from multiple,
diverse datasets continues to increase in importance. Within engineering and applied science,
the problem of joint analysis of multiple data sets which contain distinct views of some shared
phenomenon has been reified as data fusion (Khaleghi et al., 2013; Lahat et al., 2015; Gao et al.,
2020). Although the goal of data fusion, namely deriving insights about both commonalities
and distinctions within some related collection of datasets, is not new and can be traced back to
representative foundational works such as Hotelling (1936); Cattell (1944); Tucker (1966); Carroll
and Chang (1970); Kettenring (1971), the quantity and diversity of the datasets now available has
led to increased priority on obtaining methods that perform data fusion in a principled fashion.
For example, data fusion is particularly relevant to prominent research domains such as brain
functionality (where fusing modalities like EEG, fMRI, and DTI can improve spatiotemporal
resolution (Levin-Schwartz et al., 2016)), human-machine interaction (where combining visual,
auditory, and tactile modalities can improve command-following (Turk, 2014)), and autonomous
driving (where fusion of LiDAR, visual, and internal state data can improve navigation (Yeong
et al., 2021)).

Within signal processing, data fusion naturally arises in the context of multi-channel problems
where vectors of measurements collected from multiple sensor arrays are to be jointly analyzed. As
each sensor array may possess characteristics unique to the given array (due to, e.g., sensor location
or modality) as well as capturing some shared signal, fusion of multiple channels and modalities
of data can yield a richer understanding of both the signal of interest and the particularities of the
data collection setup. Modern research areas in signal processing such as coordinated multipoint
processing (Chu et al., 2013), cooperative relaying in Time-Division Multiple Access (TDMA)
systems (Dohler and Li, 2010), and passive radar (Bandiera et al., 2007; Hack et al., 2014) can be

seen as possessing a natural multi-channel structure and hence are potentially amenable to analysis



by Multi-channel Factor Analysis (MFA). The central components of MFA are outlined in Sections
1.2.2 and 1.2.3, related multi-channel or multi-view methods of data fusion are reviewed in Section
1.2.4, and toy examples of multi-channel signal processing problems for which MFA is applicable

are described in Section 1.3.

1.2.2 Multi-Channel Factor Analysis

Multi-channel factor analysis is a method introduced by Ramirez et al. (2020) as an extension of
classical or single-channel factor analysis to the multi-channel or multi-view setting. The channel-c
measurement vector X, consists of n. scalar measurements, where the channel number ¢ ranges

from 1 to C for C' > 2, and is modeled as
X. = A.f + B.g. + u.. (1.3)

The latent variables are the common factors f of size ry which are shared across all channels, the
distinct factors g, of size r. which are unique to channel ¢, and the channel-c noises u.. of size n.. In
(1.3), the observed channel-c measurement vector X, is the linear combination of three unobserved
parts, namely the shared systemic part s, = A f in channel ¢ (also referred to as the signal in
channel c), the unshared systemic part i. = B.g. (also referred to as the interference in channel c),
and the channel-c noises u..

To jointly analyze the multi-channel measurements x; ... X¢, the vectors are concatenated into

the all-channel measurement vector x = [x] ... x}|T. From (1.3), the model for x then is

x = Af + Bg 4 u, (1.4)

where g = [g] ... gl]" and u = [u] ... ul]" are stacked in the same fashion as x and the

all-channel common and distinct loading matrices A and B are respectively defined as

A1 Bl



If n = ny + -+ + n¢ is the total number of scalar measurements across all channels and r =
r1 + -+ - 4+ r¢ is the total number of distinct factors across all channels, then A is of size n x ry and
B is of size n x r. We assume that the total number of factors ry + r is less than the total number of
measurements 7, and that the number of distinct factors in channel c is less than 7., the number of
measurements in channel c. In addition, most of the results in this dissertation require that the block
matrix [A B] be full column rank or equivalently that the signal subspace col A and the combined
interference subspace col B intersect trivially. The channel size vector n = [ny,...,nc|’ € Ng
and the factor number vector r = [ro,71,...,7¢c]" € Ngy are used for economy of notation.

The model (1.4) is the foundation of this dissertation. In Chapter 2, the method of MFA is
described in greater detail, conditions which guarantee the generic identifiability of the covariance
components are obtained, and the asymptotic properties of the associated estimators are derived.
In Chapter 3, (1.3) is extended to discrete time series and the new method of Multi-channel
Factor Spectral Analysis (MFSA) is presented. In Chapter 4, the method of MFA underpins the
development of a technique to model multi-vehicle trajectory data and categorize vehicles into pods
on the basis of stability of relative configuration. Finally, Chapter 5 discusses the findings of this

dissertation and describes possible directions for future work.

1.2.3 MFA Covariance Properties

In the all-channel model (1.4), the latent vectors f, g, u are assumed to be mean-zero and
uncorrelated with each other. The latent factors f and g can be further assumed to have identity
covariance without loss of generality, as discussed in detail in Section 2.2. With these assumptions,
the observation covariances Ry that can be obtained through the data-generating model (1.4) can

be written as a sum

Ryx=Ri:+R;+®P=AAT+BB "+ & (1.6)

where Ry is a covariance matrix of rank 7y, Rj; is a block diagonal covariance matrix whose jth

block is of size n. x n. and rank r., and ® is a diagonal covariance matrix. The set R(n, r) contains



the MFA observation covariance matrices Ry, which can be realized by (1.6) for some A, B, ®
with the given channel sizes and factor numbers, as detailed in Section 2.2.

To study the properties of the covariance matrices Ryx € R(n, r) for some n, r, the terms in
the decomposition (1.6) can be grouped into R¢s + Rj; and ®. Diagonal covariance matrices like ®
are well understood, so we concentrate on the properties of those covariance matrices which can be

written as the sum Ry + Ry;. If a matrix K € R,,«,, can be written as
K=Ry +R;=AAT + BB’

for some A € R,,»,, and B = blkdiag(By,...,B¢) with B, € R, ., c=1,...,C, then K will
be referred to as a noise-free MFA covariance matrix or as a block-spiked rank-restricted covariance
with spike sizes n and rank restrictions r. The set of such K is denoted by K(n, r).

To contextualize the identifiability results of Chapters 2 and 3, the following characterizations
of the elements of /C(n, r) and the random vectors whose variance is in K(n, r) will be of use. By
constructing the all-channel observation x by stacking the observations in individual channels, we
implicitly decompose the all-channel observation space R,, into the subspace sum C; H - - - H C¢,
where the channel-c observation subspace C.. is isomorphic to R,,_. In this perspective, matrices such
as B which are block-diagonal with blocks of the appropriate sizes correspond with the operators
which have C.,c = 1,..., C as invariant subspaces. As the signal subspace col A is not required to
be orthogonal to the combined interference subspace col B, relating the subspace sum col A & col B
to the channel decomposition C; B --- HH C¢ in the context of the Euclidean inner product is
somewhat complicated, and the goal of the following propositions is to provide some clarity. For the
first proposition, the maximal rank elements of X(n, r) are shown to admit a particular factorization

into structured components.

Proposition 1. (Factorization) The positive semi-definite matrix K € R,,,, with rank ro + r is

in K(n,r) if and only if K = QHQT for some Q € Ry x (rg+r) With Q'Q = 1,,,, and invertible



H € Ry 4r)x(ro+r), Where Q and H™! are structured as

r To

Q= [w U]m W = blkdiag(W1,...,W¢), W.€R, ., c=1,...,C,

r To
T Y|r
H'= , T = blkdiag(Ty, ..., Te), T.€R, xr., c=1,...,C.
YT S To
Proof. See Section A.1 in Appendix A for proof. 0

For the second proposition, if y is a random vector in R,, whose covariance is a maximal-rank
element K € K(n,r), then the following proposition relates the channel structure of K to the
geometry of linear MMSE predictors of the channel subvectors y1, ..., y¢c. As defined in Section
1.4, S;HS, is the orthogonal direct sum of subspaces S;, S; C R,,, S+ is the orthogonal complement,
and P is the orthogonal projection onto S in the Euclidean inner product. In addition, for random
vectors u, v and z, the notation u L v | z indicates that the linear MMSE errors in predicting u and
v using z are uncorrelated. Thatis, u L v | z is equivalent to E[(u — 1)(v — v)T] = 0, where u
and v are the LMMSE predictions of u and v using z. With these definitions, Proposition 2 shows
that the random vectors whose variance is in KC(n, r) are precisely those whose channel subvectors
are conditionally uncorrelated given the orthogonal projection of y onto a subspace V of dimension

ro and where the channel prediction errors y. — y. live in a r.-dimensional subspace of C..

Proposition 2. (Prediction) Suppose’y = [y! ... y5|" is a mean-zero random vector in R,, with
subvectors 'y, of size n. for c = 1,...,C. The covariance matrix K = Var(y) is in K(n,r) with

rank ro + r if and only if there exists a subspace YV C R,, of dimension r( such that

colK =VH (col KNVENC)A---A(cll KNV NCo), (1.7)
dim(colKNV*NC)=r, c=1,...,C, (1.8)
YCLyk|vaa Cyk::]-)"'aca C#k (19)



Proof. See Section A.2 in Appendix A for proof. [

If y = Af + Bg and Qg a is an oblique projection with range col B and kernel which includes
col A, then Qp oy = Bg. The oblique projection Qg a is adapted to the non-orthogonal subspace
decomposition R,, = col A & col B & Z where Z is any complementary subspace to col K. As
B is block-diagonal and the channel subvectors g1, ..., gc are assumed to be uncorrelated, the
projection Qg a decorrelates the channels by removing the common factor. This fact is related to
but distinct from the result of the above proposition, which decorrelates the channel prediction errors
by conditioning on the orthogonal projection of y onto a certain subspace V. Note that VV will not
equal col A in general unless col A and col B are orthogonal subspaces in addition to intersecting

trivially.

1.2.4 Related Multi-Channel Methods

With the rise of data fusion as a high-level area of research interest, a number of extensions
of classic multivariate statistics techniques to the multi-channel setting have been developed.
Examples of such multi-view methods include Joint and Individual Variation Explained (JIVE)
(Lock et al., 2013), which can be seen as a multi-channel analog of PCA, Shared Independent
Component Analysis (ShICA) (Richard et al., 2024) which can bee seen as a multi-channel analog
of Independent Component Analysis (ICA), and Joint Independent Subspace Analysis (JISA) (Lahat
et al., 2015; Lahat and Jutten, 2019) which is a multi-channel generalization of both Independent
Subspace Analysis (ISA) as well as Independent Vector Analysis (IVA) (Silva et al., 2014). Other
methods of multi-view data fusion do not directly correspond to a classical multivariate method
but instead exploit novel properties of higher-order tensors, such as the essential uniqueness of the
Canonical Polyadic Decomposition (CPD) (Carroll and Chang, 1970; Kruskal, 1989). Examples of
such methods include Coupled Matrix and Tensor Factorization (CMTF) (Acar et al., 2013) and
Generalized Coupled Tensor Factorization (GCTF) (Ermis et al., 2015) which is its probabilistic
analog, as well as Coupled Canonical Polyadic Decomposition (CCPD) (Kuang et al., 2023) and
Linked Multi-Way Component Analysis (LMWCA) (Cichocki et al., 2015).



The diversity of methods for multi-channel data fusion represents the substantial freedom which
researchers have in specifying how information from the multiple views should be combined, and
precisely which aspects of the model are to be shared across views and which are allowed to vary
from view to view. Within this abundance of riches, MFA provides value by partnering the intuitive
simplicity of FA with a multi-channel model which is sufficiently flexible to cover problems of
interest (as seen in Section 1.3) while allowing for important results such as the identifiability
guarantees of Chapter 2 to be obtained. Further discussion of MFA identifiability and comparisons
to identifiability results of other multi-channel methods is found in Section 2.3. As research into
data fusion continues to progress, multi-channel methods such as those discussed above will be
streamlined and unified, best practices will be developed, and the empirical performance of these
methods on real-world problems will become clear. We believe that MFA as well as the associated

results and extensions presented in this dissertation are an important contribution to this progression.

1.3 Illustrative Multi-Channel Problems

1.3.1 Multi-Channel Blind Source Separation with Interference and Noise

Blind Source Separation (BSS) (Cardoso and Souloumiac, 1994; Cardoso, 1998) is a classic
array processing problem where the observed measurement vector x is assumed to arise as a linear
mixture of unknown sources, where the mixture matrix is unknown and the source signals are
not observed. The objective of BSS is to estimate the unmixing transformation, allowing the
individual transmitted signals to be recovered from the measurements. Distinguishing the signals
requires the exploitation of some form of diversity between the mixed signals (Sidiropoulos and
Bro, 2000), which in the classic ICA approach to BSS consists of the assumption that the sources
are independent and non-Gaussian. However, the multi-channel setting allows for additional forms
of source diversity (Lahat et al., 2015, Sec. II1.C) and can enable source separation beyond what is
possible in the single-channel case.

Consider the setting in which a single high-powered source transmits a rank-one signal f[t],

which is detected by C' spatially separated antenna arrays. The measurement series in each channel
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are the vectors x;[t], ..., X¢[t]. In addition to the high-powered source, the cth antenna array also
receives interference from r. weak local sources. The interference from the r. sources close to
the cth array is assumed to have negligible effect on the measurements at all other arrays. With
the addition of idiosyncratic noises u; [t], ..., uc[t], the measurement series x.[t| € C,,_. can be

modeled as
X[t] = fltlac + > gegltIbe + w[t].
j=1

The vector a. € C,,_ controls how the transmitted signal f[t] is received in the cth channel, and the
b ; perform a similar role for the interfering transmissions g. ;[t]. With the assumption that the g, ;
are uncorrelated for different channels, MFA can be used to estimate the a. and b, ;. Due to rotation
invariance, the g. ;[¢] cannot be uniquely determined in the Gaussian setting from the second-order
statistics (1.6) alone. However, due to the source diversity implied by the multi-channel structure
of the problem, the magnitude of the rank-one signal series of interest, | f[¢]|, can be uniquely
separated from the interference and noise up to a scale factor when identifiability conditions on
the channel sizes and factor numbers are satisfied, even in the case where all signals are normally
distributed. This would not be the case if classical single-channel factor analysis were applied to the
all-channel observation vector X, as the class of observation-equivalent source separations would
include mixtures of the rank-one signal and the interferences. A simulated experiment related to the
application of MFA to multi-channel BSS in the presence of interference and noise is conducted
in Section 3.5.2, where modeling the diversity between the temporal correlation of the rank-one
signal and that of the interferences in addition to the multi-channel structure is found to improve the

recovery of the signal of interest.

1.3.2 Target Detection in Passive Radar

As described in Ramirez et al. (2020, Sec. IV.D), MFA with C' = 2 channels is well-suited
to the problem of detecting the presence or absence of a target by a passive radar system. Unlike
active radar, a passive radar system is receiver-only and relies on a non-cooperating source of

radio emissions. A passive radar system (Hack et al., 2014) has surveillance and reference antenna
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arrays which yield associated measurement vectors x; and x5 respectively. The unknown signal f
is transmitted by some strong opportunistic illuminator such as a commercial radio station. The
reference channel will always receive the signal as s, = A,f, where f will present as s; = A f
in the surveillance channel only when a target is present to reflect the direct path signal from
the illuminator and synchronize the channels. Both measurements are potentially corrupted by
interferences i; = B1g; and i, = Bygs, which respectively account for the direct path signal to the
surveillance array and the potential multi-path signal to the reference array.

Target detection in a passive radar setup can then be cast as a hypothesis testing problem between

the target-present model #; the target-absent model H,,

x; =Af+Bigi+w x1 =Bigi+tu
Hl : ) HO :

Xy = Aof + Bags + 1y Xy = Aof + Bags + 1y

As the experiments of Ramirez et al. (2020) demonstrate, the GLRT of the above problem can be
evaluated using MFA and enjoys substantially improved detection performance over a competing
coherence-based test, which fails to leverage the assumed low-dimensional nature of the interference
terms. In Section 3.5, a similar experiment is conducted where temporal correlation is introduced
into the latent factors, and an approximate GLRT detector evaluated with MFSA is shown to
outperform the MFA-based detector as the former exploits frequency-varying differences in power

spectral densities to distinguish the signal from the interference and noise.

1.4 Notation

Matrices and vectors are denoted with bold-faced symbols, and scalars are denoted with light-
face symbols. A real matrix of size n X m is written as D € R,,«,,, and a column vector of length n
is written as d € R,,. The zero matrix of dimension m X n is 0,, , and the n x n identity matrix is
I,. A zero vector of dimension n is written as 0,,. When clear from context, the subscripts may be
dropped. The standard basis for R,, will be written as {e, ..., e, }. Matrix and vector transposes

are written as DT and AT respectively. The determinant of D is written as det D, and the trace
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is written as tr D. The (4, j)th entry of a matrix D is [D];;, and similarly for the ith entry of a

i
column vector. The matrix obtained by concatenating the columns of B to the right of the columns
of A is written as [A B]. For row and column index sets « C {1,...,n}and 5 C {1,...,m}, the
submatrix D|a, 5] contains the entries [D];; with (i, j) € o x . For M € C,,x,,, let M~ denote
the Moore-Penrose pseudo-inverse of M. The non-negative part of a scalar expression a € R
is (a); = max{a,0}. The normal distribution with mean m and variance V is N'(m, V). The
Kronecker product of X and Yis X ® Y.

The operator Diag ™! applied to a matrix yields the vector containing the diagonal entries. The
block-diagonal operator blkdiag applied to a list of matrices yields the block-diagonal matrix
with the listed blocks. The vec operator vectorizes a matrix by stacking the columns vertically,
while vech, applicable to square matrices, vectorizes by extracting only the lower-triangular entries.
Denote the spaces of n X n symmetric, symmetric positive semidefinite, orthogonal, and diagonal
matrices as Sym(n), PSD(n), O(n) and Diag(n) respectively, with IP,, being PSD(n) N Diag(n).
For matrix A with submatrix A;;, the generalized Schur complement of A;; is A \ A;;. For
symmetric matrices V, W of the same size V = W indicates that V — W is positive semi-definite.
For vector subspaces A and B, the subspace intersection is A N 3 and the subspace sum and direct
sum are respectively denoted by A + 3 and A @ B. If A and B are orthogonal, their subspace sum
is A H B. For a matrix X, col X is the linear span of the columns of X. For a linear map T, the
image and kernel subspaces are Im(T') and Ker(T).

The space of n x 1 column vectors with complex entries is C,,, and the space of n X m matrices
with complex entries is C,,«,,. For a scalar z € C, Z denotes the complex conjugate of z. The
argument of a complex number if arg z. The conjugate transposes of x and X are written as x" and

XH. 1t X € C,,«, is invertible, then X! is its inverse while X T = (XT)~! and X H = (XH)~1.
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Chapter 2
Identifiability and Asymptotics of Multi-Channel

Factor Analysis

2.1 Chapter Overview

In this chapter, the method of multi-channel factor analysis is specified in greater detail, with
particular focus on the covariance model (Section 2.2). The problem of identifiability of the
covariance components is treated in depth (Section 2.3), with the goal of giving identifiability
guarantees which require only the specification of the channel sizes and signal and interference
dimensionality. For single-channel factor analysis, practitioners correctly assume identifiability
whenever the number of common factors is much smaller than the number of observations (Shapiro,
1985). However, for multi-channel factor analysis, the channel sizes and desired number of common
and distinct factors may vary widely, and so the question of identifiability becomes more challenging
and less intuitive. This chapter carefully examines the two main sources of non-identifiability of
MFA (Section 2.3.1), namely isolation of the idiosyncratic noise variances and separation of signal
and interference covariances. Conditions which guarantee the generic global and local identifiability
of the covariance components are then obtained, providing the desired identifiability results using
only what is a priori specified, namely the channel sizes and factor numbers. This parallels the
advancement of single-channel FA as a statistical method as reviewed in Section 2.3. With this
identifiability result, parameter estimates obtained by maximizing a Gaussian likelihood as in
Algorithm 1 of Ramirez et al. (2020) are shown to be consistent and asymptotically normal (Section
2.4), even in the case where the true distribution of the latent vectors is non-normal. The work

contained in this chapter has been previously published as Stanton et al. (2023a, 2024).
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2.2 MFA Model

2.2.1 Description

An archetypal data collection scheme for which MFA is applicable consists of multiple sensors
or observation units, each of which collects a vector of measurements. Often these sensors are
homogeneous (such as when all sensors measure voltage), but MFA is also applicable to a hetero-
geneous collection of sensors. The input from an individual sensor then composes an individual
channel of observation for some shared signal which is measured by multiple sensors. This channel
structure is set by the design of the sensor array, and is known in advance of data collection. The
channels are numbered by ¢ = 1, ..., C with n. scalar measurements in channel c.

For channel ¢, denote the vector of measurements within that channel as x.. As in (1.3), the
generative model for x, is

x. = A.f +B.g. +u,, 2.1

where A f is the signal in channel ¢, B.g. is the channel-c interference that lives within a low-
dimensional subspace, and u. is the measurement noise. The matrices A, € R, «,, and B, €
R,.. . are the common and distinct factor loadings for channel c. The number of common factors
ro < n and distinct factors 71, ..., r¢c with r. < n. determine the flexibility of the model, as the
common factor f is in R,, and the distinct factor for channel ¢, g, is in R,... The remaining portion
of each measurement in channel ¢ which is not a result of the influence of the latent factors is
contributed by u. € R,,..

The above data collection scheme and related model (2.1) is appropriate for several signal
processing problems, as described in Section 1.3. Another possible application of (2.1) is cooperative
relaying in Time-Division Multiple Access (TDMA) systems (Dohler and Li, 2010), where multiple
relays each transmit a common signal to a multi-antenna access point in sequential time slots
c=1,...,C. The common signal presents in slot c as A_.f and is subject to interference B_.g. and

measurement noise U..
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The all-channel observation vector is obtained by stacking the channels as x = [x] ---x/[]T.

The first-order model for the all-channel observations is
x = Af + Bg + u, (2.2)

where A and B are the all-channel loadings,

A=[AT ---Al]", B=blkdiag(By,...,Bc¢), 2.3)
with g = [g] ---gl]" and u = [u] ---u/]". For clarity of notation, continue to let n =
[n1,...,nc]", and v = [rg,71,...,7¢c]". The total number of observations is n = ZCC=1 n. and

the total number of distinct factors is r = ZCCZI r.. Denote the cumulative sum of the number of
. e _ c—1 _ c—1 .

observations and distinct factors as n.. = ) ,_;ni and r.. = > ;| 1y, respectively. For ¢ = 1,

r<1 and n.; are set to 0. Similarly, define n.. =n —n. —n..andr-. =r — r. — r—.. Table 2.1

summarizes the notation which is frequently used in this chapter.

2.2.2 Covariance Specification

In (2.2), the factors f, g and the errors u are latent random quantities, while the factor loadings

A, B are fixed unknown parameters. The latent factors are assumed to satisfy
E[f] = 0,,, E[HT] = Rg, E[gc] =0,,, E[gcgcT] = Rgcgc-
Factors of different types are required to be uncorrelated,
Elfg'] =0,,,, Elg.gl] =0,.,, c#c.
The idiosyncratic errors u are assumed to satisfy

E[u] =0, E[ugT] =0, E[ufT] = 0,1, E[uuT] =P,
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for some covariance matrix ® € P,,. With this specification, x has mean zero with covariance

matrix
Ryx = ARgAT + BRyB' + @,
(2.4)
= Rss + Rii + (I)a
where Rge = blkdiag(Rg, g, - - -, Rg,g.) and the signal and interference covariances are Rqs =

ARgAT and Ry; = BRg B, respectively. The set R(n,r) C PSD(n) contains all observation

covariance matrices realizable by (2.4).

2.2.3 Parameterization of MFA Covariance Models

For given channel sizes n and factor numbers r, the generative model (2.2) for the all-channel
observation x under MFA determines a set of covariance matrices R(n,r) C PSD(n) by (2.4).
The set R(n,r) can be parameterized in three ways, namely by the triple of structured compo-
nents (Rgs, Rij, @), by the loading matrices A, B and noise variances ® whose structures are
shown in Figure 2.1, or by a vector 7 which captures the degrees of freedom in the (A, B, ®@)

parameterization.

Parameterization by (R, Rj;, @)

In MFA, (2.4) shows that the observation covariance R,y is the sum of a low-rank matrix R,
a channel-structured block-diagonal matrix Rj; with low-rank blocks, and a non-negative diagonal
matrix ®. Any triple (Rgs, Ry, @) of appropriately structured n x n matrices determines an element
of R(n, r) by the second line of (2.4). That is, if Rss € PSD(n) has rank at most o, R;; € PSD(n)

is block-diagonal whose cth block is n. x n. with rank at most r,, and ® is in P,,, then
Rxx(R557 Rii7 ‘I)) = Rss + Rii + P (25)

is in R(n, r). This can be seen by taking Rg and R, to be identity matrices and obtaining A and
B from the Cholesky factors of Rss and Rj; respectively.
Recovering (Rsgs, Rij, ®) from an estimate of R is the central goal of MFA, as decomposing

R« into the three summands will separate Rgs, which controls the cross-channel covariance,
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from Rj;, which modifies the within-channel covariance. Both covariance-controlling components
are then isolated from the idiosyncratic noise variance for individual inputs. As the summands
are separately interpretable and are identifiable from Ry, as will be shown in Section 2.3, the
parameterization of R(n, r) in terms of (Rgg, Ry, ®) forms the basis for interpreting the results of

MFA.

Parameterization by (A, B, ®)

However, the rank constraints on R, and Rj;; are inconvenient, as the set of such matrices is not
a vector space. It is typical in factor analysis to parameterize in terms of the loading matrices A
and B, so that the rank constraints are automatically satisfied. This increases the complexity of the
parameterization map (as it is quadratic rather than linear), but simplifies the domain.

The first line of (2.4) parameterizes R(n, r) in terms of (A, B, Rg, Rgg, ®). However, without
further information about either the loading matrices A, B or the factor variances Rg, Rgg, it is
clear that the pairs (A, Rg) and (B, Rgg) are non-identifiable from knowledge of x alone. As
the factors are unobserved, any change of basis on the factor spaces taking (A, f) to (AT, T 'f)
and (B, g.) to (B.T., T, 'g.) leaves the observations unchanged. In the exploratory case where
no information beyond the channel structure and the factor space dimensionality is assumed, the
invariance of the observations to linear transformations of the factor space is most easily resolved
by imposing that the factors be uncorrelated and unit-scale, Rg = L, and Ry . = I, for all

¢=1,...,C. Under this assumption, R (n, r) can be parameterized as

R« (A,B,®)=AA" + BB + &. (2.6)

The set of common factor loadings A is A = R, «,,, while the set of distinct factor loadings is
B C R,,«, containing those B € R,,,, which are block diagonal with cth block B. € R,,_«,.. The

domain of Ry (A, B, ®)is A x B x P,,.
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A

Figure 2.1: Depiction of MFA covariance parameters (A, B, ®) for two channels. Triangles indicate
constraints of A;, and By,.

na 0 3%

B

P

Table 2.1: Table of commonly used notation and descriptions in Chapter 2

Quantity Description Quantity Description
C # of channels Ne Chan-c size
o Common fac. num. Te Chan-c distinct fac. num.
n Total chan. size r Total distinct fac. num.
n € Ngo Vector of chan. sizes r € Noyg Vector of fac. numbers
A € R, x;, | Common fac. loadings | B € R, «, Distinct fac. loadings
A C Ry xpy Set of As B C R, Set of Bs
Ap, By LT top block subspaces 7. BT LT with positive diag.
P cR,un Diag. noise cov. n <Ry (A, B, ®) free params
Rs € R, i Rank-rg cov. R € R« Blkdiag interf. cov.
R, MFA observation cov. R(n,r) Set of RS
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Parameterization by 7

The above parameterization Ry (A, B, ®) by the loading matrices introduces a rotation in-
variance, as Rxx(AQy, BQ,, ®) equals Ry (A, B, ®) for any orthogonal Q; and Q,, where
Q, = blkdiag(Qg1,...,Qgc) With Q. € R, «,., c=1,...,C. For purposes of estimation and
asymptotic analysis, it is desirable to eliminate this invariance by adding artificial restrictions to
A and B, in such a way that the realizable products AAT and BB are not restricted. Analogous
restrictions which remove rotation invariance in single-channel factor analysis are well-known,
and typically involve orthogonality of loading matrix columns or imposition of structural zeros
(Anderson and Rubin, 1956; Joreskog, 1969).

Here, appropriate restrictions are imposed in the same fashion as in Ramirez et al. (2020).
Consider loading matrices A, By, ..., B¢ which have lower-triangular (LT) top blocks, A; and
Bii,...,Bc, of sizes 7o X rp and 1. X r.,c = 1,...,C respectively. The remaining rows are
unconstrained, and the remaining submatrices are written as A and B 5, ..., B¢ . Define A;, C A
and B; C B as the subspaces of loading matrices which satisfy their respective restrictions. Further,
distinguish A} as the subset where, for each j = 1,...,r(, the main diagonal element [A,];; is
either positive or the jth column of A; is zero. The set B} is defined similarly.

The non-redundant degrees of freedom in (A, B, ®) for A € Ay and B € B compose the

vector n € Ry, as
n = [vech(A;)" vec(As)" vech(By1)" vec(Bis)" ... vec(Bea)' Diag_l(ti’)T]T, (2.7)
where the dimension L is
L =nro—3ro(ro—1) + 25:1 [nere — Are(re = 1)] +n. (2.8)

The subset of 77 so obtained is V' C Ry. The parameterization Ryx(7) of R(n,r) is obtained by

inverting (2.7) for (A(n), B(n), ®(n)) and taking Rxx(A(n), B(n), ®(n)).
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2.3 Identifiability

Definition

For multi-channel factor analysis as defined in Section 2.2, we say that an observation covariance
matrix X, € R(n,r) is identified when it can be uniquely decomposed into a sum of appropriately
structured components. That is, in the terms of Section 2.2.3, 3, is identified if there is a unique
triple (Rgs, Rij, @) such that Ry (Rss, Rii, ®) = Xx«. As the covariance matrices Rgg, Ry, and ®
contain all information in MFA about the statistical properties of the signal, interference, and noise
respectively, any inference must be based on these covariances. However, if there exists a different
triple (IN{SS, f{ii, 'i') of structured matrices which also sums to 3., then any inference based on the
individual values for the summands must be suspect. As 3, is not known, practical application of
MFA requires that the observation covariance model (2.4) be guaranteed to be identified using only
what is specified a priori, namely the channel sizes and number of common and distinct factors. If
the channel sizes n and factor numbers r permit such a guarantee, we say that MFA is identifiable
with those channel sizes and factor numbers.

In this definition, identifiability of MFA is a property of the covariance matrix 3,5 and refers
to the uniqueness of the second order decomposition (2.6), not uniqueness of the first order
generative model (2.1). As discussed in Section 2.2.3, the latent factors themselves are not uniquely
identifiable even in the noise-free case, as the bases for the common and distinct factor spaces can
be changed without altering the observations. However, if the MFA covariance 3. is identified in
the above sense and a preferred basis for the factor space is chosen, then the uniqueness of the MFA
decomposition allows for linear MMSE estimation of the latent factors f and g., c=1,...,C'in
that basis (see (Ramirez et al., 2020, Section IV.B) for a related experiment).

Identification of (Rgs, Ry, @) from X4, breaks into two subproblems, namely isolation of the
idiosyncratic variances and separation of the signal and interference covariances. That is, the
former subproblem refers to whether 3, uniquely determines (Rgs + Rj;, @) while the latter

subproblem refers to whether Rgs + Rj; uniquely determines (Rss, Rii).
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In Section 2.3.1, conditions on n and r which resolve the subproblems and ensure the iden-
tifiability of (Rgs, Rji, ®) from 3, are derived. The following Section 2.3.2 investigates the
identifiability and associated properties of the parameterization Ry (7) of R(n, r) in terms of 7,
which provides the required technical foundation for the asymptotic analysis of Section 2.4. The

relationships between the conditions and results of this section are summarized in Figure 2.2.

Generic, Global, and Local Identifiability

To establish the channel sizes and factor numbers for which MFA is identifiable, it is important
to realize that certain degenerate 3., will never be identified. For example, choose A, B such that
the block matrix [A B] has some orthogonal rows and all other rows being zero. The resulting
Rss + Rj; belonging to K(n, r) will itself be diagonal and so the noise variances cannot be isolated.
Although the subset of R(n, r) containing the non-identified MFA observation covariance models
is not precisely characterized, it is sufficient for practical applications to find conditions on n and r
which imply that such non-identified covariance models are atypical. In addition, a distinction can
be made between local and global identifiability. A locally identified triple (Rss, Rji, ®) summing
to X« 1s guaranteed to be the unique such triple within some neighborhood, whereas global
identifiability extends this guarantee to the entire space.

These types of result are common in the identifiability literature; Shapiro (1985) and Bekker
and ten Berge (1997) establish local and global identifiability for single-channel factor analysis in
this generic sense, while Kiraly and Tomioka (2012) examines generic identifiability in low-rank
matrix completion. Formally, we call a subset of a d-dimensional real vector space null if its image
under a linear isomorphism to R; has Lebesgue measure zero. A statement is generically true if it is

true for all elements excepting a null subset.

Connections to Previous Results in FA

The question of identifiability in single-channel factor analysis was an area of interest for many
years. Based on an equation-counting argument, Ledermann (1937) provided a heuristic for the

maximum number of factors (known as the Ledermann bound). Anderson and Rubin (1956) set
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Figure 2.2: Diagram indicating the relationships between the conditions imposed on the channel sizes and
factor numbers and their implications for the different aspects of MFA identification. Directions marked with
asterisks were obtained in Ramirez et al. (2020). “LT" refers to the lower-triangular structure in A7 and B}

Noise Isolation

out a simple sufficient condition for identifiability by requiring that the loading matrix contain two
disjoint full-rank submatrices after removal of a single row, which will be generically satisfied
when the number of common factors is less than half the number of observations. Later, Shapiro
(1985) demonstrated that the Ledermann bound was generically sufficient for local identifiability,
providing a maximal number of common factors which approaches n rather than n/2. Shapiro also
conjectured that this identifiability threshold also held for global identifiability, which was later
shown to be correct by Bekker and ten Berge (1997).

In this paper, analogous results for multi-channel factor analysis are obtained. The discussion
on the identifiability of MFA was opened by Ramirez et al. (2020, Sec. III) and the importance
of the problem was recognized. In particular, the authors provided the restrictions which remove
rotation invariance used in Proposition 5, and give necessary conditions on the factor numbers by
an equation-counting argument. The authors conjectured that, as in single-channel FA, the threshold
obtained by counting knowns and unknowns should be sufficient for identifiability, which here is

Condition 4. With the addition of conditions to ensure separability of the signal and interference
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covariances, which was not treated by Ramirez et al. (2020), this conjecture is verified for local

identifiability. For global identifiability, we instead require the slightly stronger Condition 2.

Identifiability in Related Multi-Channel Methods

Just as classical FA has deep connections with other multivariate statistical methods such as
Canonical Correlation Analysis (CCA) (Rao, 1955), MFA can be related to other techniques for
multi-channel data analysis. In particular, CCA (both in classical two-view form (Ibrahim and
Sidiropoulos, 2019) and in the generalized multi-view form (Sgrensen et al., 2021)) has been
successfully used to find latent structures shared across multiple channels, which is also an objective
of MFA. Other multi-channel techniques such as Joint Independent Subspace Analysis (JISA)
(Lahat and Jutten, 2016), Shared Independent Component Analysis (ShICA) (Richard et al., 2024)
and Deep CCA (Andrew et al., 2013) also enable discovery of latent structures under differing
assumptions on the relations of the shared and unshared aspects to the multi-channel observations.
Useful identifiability results for Generalized CCA (Sgrensen et al., 2021), Deep CCA (Lyu et al.,
2022), JISA (Lahat and Jutten, 2019), and ShICA (Richard et al., 2024) have been obtained through
a variety of approaches.

However, the MFA-specific identifiability results of this chapter are not direct consequences of
previous results, and differ in two ways. First, Proposition 4 for generic separability of the signal
and interference covariances does not require that the number of factors ry 4 7. affecting channel
c be less than the channel size, as Condition 1 allows for ry 4+ 7. to be greater than n. for some
channels. If ro + 7. > n,, then the latent factors (f, g.) cannot be uniquely determined from x,
alone, even in the noise-free (& = 0) case with A. and B, known. Second, the presence of noise
in the observations substantially alters the identifiability problem, as unique isolation of the noise
variance ® neither implies nor is implied by separability of the signal and interference covariances.
Specific comparisons to the identifiability results for Deep CCA, Generalized CCA, JISA, and

ShICA are discussed in Section B.12 in Appendix B.
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2.3.1 Identifiability of R (Rss, Rii, @)

Separation of Signal and Interference Covariances

The first subproblem of MFA identifiability involves the noise-free part of (2.6), namely the
combined signal-and-interference covariance Rgss+Rj;. To treat the first subproblem, it is convenient
to work with the loading parameterization Ry (A, B, ®), then transfer to Ryx(Rss, Rii, ®).

Define two equivalence relations on A x B by
(A,B) ~; (A,B) < AA" + BB = AAT + BB
(A,B) ~; (A,B) < AAT = AAT and BB" = BB".
Under ~, two pairs of loading matrices are equivalent if they correspond to the same sum Rgs + Ry,
while under ~,, two pairs are equivalent if they correspond to the same tuple (Rss, Ry;). It is clear
that ~5 is a finer relation than ~1, and by definition R¢s + Rj; can be uniquely separated into Rgg
and Ry; iff the ~5-equivalence class of Rgs + Rj; contains a single ~;-equivalence class.
More can be said about the structure of these ~; and ~5 equivalence classes. Application

of a well-known result (see, e.g., Anderson and Rubin (1956, Lemma 5.1)) shows that for pairs

(A,B),(A,B) € A x B with (A, B) ~; (A, B) we must have
AB] - [AB]Q

for some orthogonal matrix Q € O(ro + r). That is, any two ~j-equivalent pairs are such
that the combined loading matrices [A B] and [A B] represent the same map under different
orthonormal bases for the combined factor space of both common and distinct factors. Similarly, if

(A,B) ~; (A,B) then A = AQy for Qg € O(r) and B, = B.Q,. with Q.. € O(r,) for each
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c=1,...,C. Partitioning Q as,

7"0 fr‘l ........ ’r'C

Qoo Qo1 ... Qoc |70

Q- 910 Q.n Q.lc 7‘1 (2.9)

Qoo Qe ... Quelre

then (A, B) ~, (A, B) iff [A B] can be obtained from [A B] by right-multiplication by a block-
diagonal Q.

One distinction between multi-channel FA and single-channel FA with 7y 4 r total factors is that
not all products [A B]Q will correspond to a valid pair of MFA loading matrices (A, B) € A x B.
This is due to the structural zeros of B. If Q is block diagonal, the product [A B]Q will preserve
the structural zeros in B and correspond to a valid member of A x B. However, the converse is not
true without further restrictions on n and r, as non-block-diagonal Q which preserve the structural
zeros in B can exist even in non-degenerate cases. A example of this is given in Section B.11.

With the above equivalence relations ~; and ~s, existence of such a non-block-diagonal Q
occurs exactly when Rgs + Rj; cannot be uniquely separated. The following proposition gives
sufficient conditions on (A, B) so that all Q which preserve the structural zeros of B are block-

diagonal.

Proposition 3. For A € A and B € B, suppose that, after possibly renumbering the channels, the

submatrices My, ..., M¢ of [A B] have Full Column Rank (FCR), where M., is

A.. B,
M.= | = |, M =[A] ... AL (2.10)

A.. 0

with A, =[A] ... AL]T, AL, =[Al,, ... Al]" and B_. = blkdiag(By,...,B._1). Then any
Q € O(rq + r) such that [A B]Q = [A B] for some (A,B) € A x B must have Q;; = 0 forall

1 # j when partitioned as (2.9).

Proof. See Section B.2 in Appendix B for proof. [
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If the ~;-equivalence class of Rgs + Rj; contains any (A, B) which satisfy the condition of
Proposition 3, then all elements in the ~;-equivalence class belong to the same ~3-equivalence
class and so Rgs + Rj; can be uniquely separated. This can be seen by letting (A, B) satisfy the
above condition, so for any (A, B) ~, (A, B) the pairs must in fact be related by a block-diagonal
orthogonal transformation. Hence, the ~, and ~ equivalence classes collapse by transitivity.

The following condition on n and r implies that the hypothesis of Proposition 3 is generically

satisfied on A x B, and therefore Rgs + Rj; can be uniquely separated into (Rgg, Ry).

Condition 1. The channel sizes n1, .. .,nc and factor numbers rq, . .., r¢ satisfy r. < n. and

ro +7ree <N — N, (2.11)
forallc=1,...,C.

If ro + r. < n, for all channels, then Condition 1 is satisfied for any ordering of the channels.

This follows as rg < min.—y _c{n.—r.}impliesro < (ny—r1)+... (Ne—1—7c_1)+ner1+...nc»

77777

and so (2.11) is satisfied forall c = 1, ..., C". Condition 1 depends on channel ordering, but its use

in the following proposition is not order dependent.

Proposition 4. (Generic Separability of Rgs + Ry;) If Condition 1 is satisfied for some permutation
of the channel numbers, then the subset of A X B which does not satisfy the condition of Proposition

3 is null.

Proof. See Section B.3 in Appendix B for proof. [

Isolation of Noise Variances

For single-channel FA identifiability, the main criterion is ¢ defined for n,r,p € N as

r(r+1) plp+1)

o(n,r.p) = === =—F5— = plr=p) —n.
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The threshold for global identifiability of single-channel FA (Bekker and ten Berge, 1997) is then

¢(n,r,2r —n) > 0. For MFA, the analogous criterion function ¢)(n, r, p) is

c
b(n,r, p) = n+d(nro, po) + Y ¢(ne,res pe) +1e(ro — po), (2.12)
c=1
with non-negative integer vector p = [pg, p1, - . ., pc]". The criterion 1) depends on all of the factor
numbers 7,71, . . . , "¢ and not a function of the total number of factors alone.

Condition 2. The channel sizes n and factor numbers v satisfy r. < n. and ro+r < n. In addition,

let 1" be the smallest criterion value over possible MFA reductions,

Y* = min (0,1, p) (2.13)

(n',r',p)eM
where M C Nsc o contains all non-negative (0, v’ p) satisfying
n,<n,c=1,...,C,
= (re— (ne—mn.))y, c=1,...,C,
ro = [ro = X (ne = = )4, (2.14)
pe <minf{rl, 2(ri +71.) —n.}, c=1,...,C,
po = min{ro, 2y + S0 2 — p. — nl},
and chzl n., > 0. Either v* > 0 or M is empty.
Similarly to Bekker and ten Berge (1997), (A, B, ®) is said to have globally identified noise
variances if Rxx(A, B, ®) = Ry (A, B, ®) implies that ® = ®. The following theorem estab-

lishes that Condition 2 is sufficient for (A, B, ®) to generically have globally identifiable noise

variances and hence that the noise variances can be uniquely isolated from AAT + BBT.

Theorem 1. (Separation of ®) If Condition 2 is met, (A, B, ®) has globally identified noise

variances except for a null subset of A x B x P,,.

Proof. See Section B.7 in Appendix B for proof. 0
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If the channel sizes and factor numbers meet both Conditions 1 and 2, the results of this section
imply that the observation covariance can be uniquely decomposed into the signal, interference,
and noise covariances, except for a null set of degenerate cases. Therefore, interpretation of the
individual components of MFA is well-founded.

Showing that Condition 2 is sufficient for the unique isolation of the noise variances divides into
two cases. The first possibility considered is whether the observation covariance Rgs + Ry; + @
permits a second representation as ﬁss + f{ii + & with all noise variances [;I;]“ not equaling
[®);;, i = 1,...,n. Such a second representation precludes unique isolation of the noise variances,
and implies that Rgs + Ry differs by a diagonal matrix from another noise-free MFA covariance with
the same factor numbers. This relationship between two noise-free MFA covariances implies the
existence of a symmetric matrix H of size ry 41 with appropriate structural zeros and satisfying both
an overall rank constraint and rank constraints on the main diagonal blocks, where the constraints
are functions of the channel sizes and common and distinct factor numbers. As the overall and block
rank constraints interact, the integer vector p sets the ranks of the diagonal blocks of H, where
the possible values are given in Condition 2 for n!, = n., v, = rgand 7, = r.forc =1,...,C.
The criterion ¢ can be seen (B.8) as the effective number of constraints imposed on H minus the
degrees of freedom in choosing the diagonal difference matrix. If the criterion ) is positive for all
permitted p, then all block ranks lead to an overdetermined problem, so generically no such second
representation exists.

In the second case, the noise variances have [;IB]“ = [®];; for ¢ in some index set /3. To resolve
the second case, the fact that the difference [®];; — [®];; = 0 for indices in 3 yields that the
associated principal submatrices of R¢s + Ry; and f{SS + f{ii are equal. Taking the generalized Schur
complement in Rgs + Rj; of this submatrix reduces the second case to the first case with smaller
channel sizes n/, and factor numbers r, and /. for ¢ = 1, ..., C, where the possible reduced channel
sizes and factor numbers (for varying index sets ) are set out in Condition 2. If ¢ is positive for

all possible reduced n’, r’ and the associated possible block ranks p, then ® can be generically be

isolated from R + Ry;.
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2.3.2 Identifiability of R, (n)

The previous section established conditions under which the MFA decomposition of the obser-
vation covariance into the signal, interference, and noise covariance matrices is identifiable and thus
interpretable. This section provides complementary results for the identifiability of Ryx(n7). These
results are of technical relevance for the analysis of Section 2.4 as they allow standard parameter

estimation theory to be applied.

Unique Representative
In constructing the parameterization of R(n,r) in terms of 7, the first step is defining the
subset A} x B} of ~9-equivalence class representatives. The following proposition establishes that

A7 x B} contains a unique representative from each ~,-equivalence class.

Proposition 5. (LT Uniqueness) For any (A, B) € A x B there is a unique (A, B) € A% x B}
such that (A, B) ~, (A, B).

Proof. See Section B.4 in Appendix B for proof. [

This result parallels the use of LT restrictions to select a unique representative loading matrix
in single-channel FA. However, for MFA, a previously unrecognized complication occurs when
Rss + Ri; cannot be uniquely separated. In this case, there exist multiple elements of A} x B}
which are ~; equivalent, and so the LT restrictions do not select a unique representative from each
~1-equivalence class.

Proposition 6 applies a result for confirmatory factor analysis (Bekker, 1986) to give a necessary
condition that the channel sizes and factor numbers must satisfy so that the LT restriction will
distinguish a unique representative of the ~;-equivalence class. Condition 1 is sufficient for the

same result.

Condition 3. The channel sizes n and the factor numbers r satisfy

ror + 25:1 Telee < Zle(n — Ne)Te. (2.15)
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Proposition 6. If almost all (;&, ]§) € A} x B] are the unique representative in A} x B} of their
~1-equivalence class, then Condition 3 is satisfied. Conversely, if Condition 1 is satisfied, then

almost all (A, B) are the unique representative in A% x B} of their ~1-equivalence class.
Proof. See Section B.5 in Appendix B for proof. 0

In connection to Ry (n), if 7,7 € V are obtained by (2.7) for (A, B, ®;) and (A, B, ®,)
respectively, for (A, B) and (A, B) in A} x B3, then Ry () = Ryx(77) implies 7 = 7 except on
a null subset of V. That is, if the noise variances are known, then Condition 1, under which the
signal and interference covariances can generically be separated, also yields that 7 is generically

globally identifiable. The following two subsections treat the typical case where ® is unknown.

Local Identifiability

For fixed Xyx € R(n,r), the equation Ry, (1) = X« defines a quadratic system of equations
in the entries of 7). As this system is nonlinear, simply counting the number of knowns in ¥, and
the number of unknowns in 7) is not sufficient to determine whether a solution is unique. However,
linearization of the system by considering the differential dRy(n) allows investigation of local
identification. Here, local identification at 17 means that there is a neighborhood of 17 on which
R« () is an invertible map. We say that MFA is generically locally identifiable with channel sizes
n and factor numbers r if almost all € V' are locally identified.

As Rxx(n) is a smooth map, local identification at 1) follows by the inverse function theorem
if dRxx(n) is injective. To assess this, a key condition follows from the count of knowns and
unknowns in MFA with channel sizes n and factor numbers r, as discussed in Ramirez et al. (2020,

Sec. III).

Condition 4. The number of common factors rq satisfies
r0§%<2n+1— 8(n+D)+1>, (2.16)

where

D =% ne—tr(r.—1), (2.17)
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and for each channel c = 1, . .., C, the number of distinct factors in that channel satisfies

re <+(2n.4+1—+8n.+1). (2.18)

The following proposition, which was proven in Ramirez et al. (2020), shows that Condition 4

is necessary for dR to be injective.

Proposition 7. It is necessary that the channel sizes n and factor numbers r satisfy Condition 4 for

dRyx (M) to be injective at any n € V.

However, ensuring that dRx(n) is generically injective is more challenging, as it requires
examining the differential itself in addition to the dimensions of the domain and codomain. The fol-
lowing theorem shows that, when combined with the separability result of Proposition 4, Condition

4 is also sufficient for local identifiability.

Theorem 2. (Local Identifiability) If the channel sizes n and factor numbers r satisfy Conditions 1

and 4, then the differential dRxx(n) is generically injective.

Proof. See Section B.8 in Appendix B for proof. [

Global Identifiability

Although the local identifiability result of Theorem 2 provides valuable information about the
behavior of Ry (7) on small neighborhoods and will be needed in Section 2.4, a stronger global
identifiability result for Ryx(n) is desired. The following proposition combines the results of
Section 2.3.2 with Proposition 4 and Theorem 1 to show that Ry (7) is an invertible map, excepting

a null set of 7.

Proposition 8. (Global Identifiability) If the channel sizes n and factor numbers r satisfy Conditions

1 and 2, then there exists a subset V.C V such that Ryx(n) is injective on V and V \ 'V is null.

Proof. See Section B.6 in Appendix B for proof. [
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2.4 Asymptotics

2.4.1 Estimation

Suppose T’ observation vectors Xy, . . ., xp are available and are i.i.d. with covariance Y, =
R« (7). In this setting, Ramirez et al. (2020) presents an estimation procedure to obtain the value
of 7 which maximizes the likelihood of the observations under the assumption that the latent factors
and idiosyncratic errors are jointly multivariate normal. Under those distributional assumptions, the

implied log density for x up to constant terms is

1 1
log f(x;m) = — 5 log det Rxx(n) — §xTR;,1(n)x. (2.19)

With this density, estimation of A, B, ® from x;, .. .xy is framed as the optimization problem

min log det Ry () + tr R (n)Sr (2.20)
ne

where St is the sample covariance, S = T~} Zle xjij, and the sample objective function /7 is
(7(S7;m) = log det Ryy (1) + tr RL (1)S7. (2.21)

To avoid the Heywood cases (Lawley and Maxwell, 1962), we restrict attention to (A, B, ®)
such that min;[®];; > ¢ for some fixed € > 0. This has the advantage of ensuring that the smallest
eigenvalue Ry« (A, B, ®) is bounded away from zero. Letting V' C V' contain all n which satisfy
this additional requirement, we define the estimators KT, ]§T, :I\)T as those obtained from the
minimizer of {7(St;n),

Ny = argmin £7(S7; n). (2.22)
nev’

The estimators for the MFA parameters, KT, ]§T, &JT, are obtained by inverting (2.7) for 7).

As the latent factors and idiosyncratic errors are not observed, the assumption of joint multi-
variate normality can be difficult to support. Therefore, the asymptotic results of Section 2.4.2
are obtained by treating (2.21) as a quasi-loglikelihood (Heyde, 1997) objective function to be

optimized, rather than requiring that (2.19) be the true likelihood. The results on the asymptotic
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consistency and normality of the estimators do not require the joint normality of the latent factors
and errors. These results instead require only mild moment assumptions, so the estimators are

asymptotically valid if the latent vectors are non-normal.

2.4.2 Asymptotic Properties

In this section it is primarily assumed that the observation vectors x, . . ., Xr are independent

and identically distributed with mean zero and MFA covariance model (2.6),
Var(x;) = Zxx = Rux(A, B, ®). (2.23)

The true values A and B = blkdiag(B;, ... B¢) are such that (A, B) € A% x B} and [®];; > ¢
foralli = 1,...,n. The vectorization (2.7) of (A, B, <I>) ism € V'. The higher moments of x; are
not specified, and in particular the observations need not be normally distributed. Theorem 3 also
speaks to the misspecified case where X ¢ R(n,r).

The next theorem shows that identification of the true 3, is enough to ensure that the estimators
are consistent for the factor loading parameters A and B and the idiosyncratic noise variance P.
This follows from the fact that x has finite second moment and the exclusion of singular covariance
models in the definition of the parameter space. The objective function /1 is then sufficiently
well-behaved so that the maximizer 73, of 7 converges to the maximizer of ¢, = E[(r|, which is 7.

Convergence of KT, ]§T, &)T to A, ]§, & then follows.

Theorem 3. (Consistency) Suppose x1,Xs,... are an i.i.d. sequence of random vectors with
E[x;] = 0 and positive definite Var(x;) = Y. If there exists a unique Ry, € R(n, r) minimizing
D1, (N(0, )| | VO, f{xx)) with Ryx = Rux(7)) for j € V' in the interior of the globally
identified set 1% defined in Proposition 8, then AT, ]§T, EI\>T converge in probability to A, EOR, P

respectively.
Proof. See Section B.9 in Appendix B for proof. [

In particular, if the model is correctly specified with Var(x;) = Ryx(n) for 1) in the interior of

the globally identified set, then the estimators :&T, ]§T, &)T are consistent.
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The following theorem shows that the estimators have a limiting Gaussian distribution when
the observation distribution has a finite fourth moment. This is obtained from consistency of the
estimators and the nature of /7 in a neighborhood of the covariance Ry (7). In particular, Theorem
2 is used to show that the objective generically has a positive second differential, and so the limiting
covariance is positive definite. As the limiting distribution is non-degenerate, 7, — 1) converges to

zero in probability at the standard parametric rate of 7~/2,

Theorem 4. (Asymptotic Normality) Assume the conditions of Theorem 3 are satisfied with Yy, =
R« (7). In addition, assume that x; satisfies E[||x;||*] < oo. Under these conditions, the estimated

parameters 1) converges in distribution as
VT (@i — ) 5 N (0L, W) (224)
for positive-definite matrix W from (B.20) in Appendix B.

Proof. See Section B.10 in Appendix B for proof. 0

2.5 Experiments

2.5.1 Numeric Comparison of Conditions

In Section 2.3, conditions on the channel sizes and factor numbers and their implications for
MFA identifiability are given. To gain intuition for how varying channel sizes and factor numbers
affects the satisfaction of these conditions, Figure 2.3 depicts the illustrative case of three equal-
size channels. The figure compares Condition 3, which is necessary for identifiability, to the
hypotheses of Theorem 2 and Proposition 8 which are respectively sufficient for generic local and
global identifiability. To interpret Figure 2.3, examine channel size n; = 15 in the middle panel
with 7. = 5. In this case, Proposition 7 implies that, for vy > 25, the set of ~,-representatives
A7 x B} does not contain unique representatives of almost all ~;-equivalence classes, preventing
the separation of signal and interference. This is indicated by the circle at n; = 15 and ry = 25.

Further, 19 is the maximum ry which guarantees local identifiability under Theorem 2 as shown by
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Figure 2.3: Comparison of maximum common factor number ¢ under three identifiability conditions, for
varying channel sizes. Channel structure depicted is three equally-sized channels, with r. = 2,5, 10 distinct
factors for c = 1, 2, 3.
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Figure 2.4: Experimental validation of Theorem 3 for varying common factor number 7y, with C' = 3
channels of size n. = 8 and r. = 2 distinct factors, ¢ = 1, 2, 3. Points indicate average NMSE from 1000
Monte Carlo trials at each setting.
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the square at n; = 15 and ry = 19. Finally, 14 is the largest 7, which yields global identifiability
under Proposition 8, which is indicated by the triangle at n; = 15 and ry = 14. The maximum 7
for which generic global and local identifiability can be respectively guaranteed under Proposition 8
and Theorem 2 agree as channel size increases, but the channel size for which the condition agree
increases as the distinct factor number increases. In addition, the gap between Condition 3 (which is
necessary for identifiability) and Conditions 1 & 4 is constant in the shared channel size and small
relative to the total factor number 7y + 7. Although the results of this paper give only sufficient
conditions for local and global identifiability, the experiment in this section demonstrates that these
conditions are close to Condition 3 which is an upper-bound for MFA identifiability. For further

discussion and comparisons with unequal channels, see Stanton et al. (2023a).

2.5.2 Asymptotic Behavior of Estimators

To verify the consistency of 77, resulting from Theorem 3, Figure 2.4 shows the Normalized
Mean Square Error (NMSE) ||, —n||?/||7||* when the model is correctly specified and the channel
sizes and factor numbers satisfy Conditions 1 & 2. For each trial, non-zero entries of the true
parameters A € A7, B e B} and ® are independent (0, 1) samples. For entries constrained to be
non-negative, the absolute value is taken. Initial values for the estimation procedure of Ramirez et al.
(2020) are independently obtained in the same fashion, and 7, is computed from 7" independent
samples with covariance 3.

For C' = 3 channels with n, = 8, Figure 2.3 shows that the largest ; meeting Conditions 1 & 2
is 7o = 9 while the largest 7y meeting Conditions 1 & 4 is vy = 12. The decreasing NMSE in Figure
2.4 for ry = 9 verifies that the parameters 77 can be consistently estimated when global identifiability
is guaranteed, while the non-decreasing NMSE for ry = 12 shows that local identifiability alone is
insufficient for consistency. The decreasing NMSE for intermediate cases 9 < ry < 12 may indicate

that MFA is globally identifiable for those factor numbers, but this is not given by Proposition 8.
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2.6 Discussion

This chapter provides a set of theoretical results for multi-channel factor analysis, which justify
applying MFA to analyze the second-order structure of multi-channel observations. Conditions
on the allowable number of common and distinct factors which guarantee generic uniqueness
of the decomposition of the covariance into across-channel, within-channel, and idiosyncratic
components are set out in Section 2.3. These identifiability results ensure that conclusions drawn
from MFA are meaningful as long as the channel sizes and factor numbers satisfy the appropriate
conditions. Further, although the estimation procedure proposed in Ramirez et al. (2020) is obtained
by likelihood maximization under the assumption of normality for the latent vectors, the results of
Section 2.4 demonstrate that violation of this assumption does not affect the asymptotic validity of
the resulting estimators.

When introducing multi-channel factor analysis, Ramirez et al. (2020) discusses the broad
potential applicability of the MFA model to diverse problems in signal processing, statistics,
and machine learning where channel structure is a relevant feature. The promise of this method
comes from the utility of the decomposition of the observation covariance into structured parts
corresponding to the latent signal, interference and noise, the uniqueness of which can now be

verified.
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Chapter 3
Multi-Channel Factor Spectral Analysis for Multiple

Time Series

3.1 Chapter Overview

The previous chapter’s discussion of MFA investigates the setting where the structured cross-
sectional correlation within and between the observation channels is estimated based on repeated,
temporally independent measurements of the channels. However, in many signal processing
applications, there is substantial temporal correlation from measurement to measurement. This
chapter introduces the method of Multi-channel Factor Spectral Analysis (MFSA) as an extension
to MFA (Section 3.2), and the identifiability and parameterization properties are examined. A
frequency-domain Gaussian quasi-likelihood (Section 3.3) is used to quantify model fit, and a
generalized Majorization-Minimization (MM) procedure is developed for parameter estimation
(Section 3.4). A simulation study is conducted (Section 3.5), which demonstrates the improved
performance of MFSA over MFA when the measurements are temporally correlated for several
problems of interest. Parts of the work in this chapter have previously been published as Stanton

et al. (2023b).

3.2 MFSA Model

3.2.1 Description

The observations of interest are a collection of C' discrete time series x;[t], ..., x¢[t], t € Z,
where x.[to] € C,, is a vector of n. measurements collected at time ¢y,. Each x.[t| may be
obtained as the series of readings obtained by polling an array of n. scalar sensors at evenly spaced
times that are common to each sensor array. The grouping of the scalar measurements into C'

distinct MIMO channels reflects some structure of a priori interest in the data. For example,
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the scalar measurements may be grouped by sensor modality, where the scalar measurements in
x; [t] may have some shared physical meaning (such as all being voltage measurements) while the
scalar measurements in X»[t] have a distinct meaning (such as all being current measurements).
Alternatively, the scalar measurements in x.[t] may not have a shared physical meaning but are
instead tied together by some detail of the data collection process, such as all being measured at
the same location. Grouping the scalar measurements into C' channels and jointly analyzing the
resulting intra- and cross-channel correlations is at the heart of multi-channel methods, as discussed
in Section 1.2.1. This approach is distinct from the two limiting “single-channel" approaches,
namely grouping all scalar measurements together into one channel (which ignores the structure
of a priori interest) or analyzing each x.[t] separately (which ignores all potentially interesting
cross-channel correlations).

In MFSA, the channel-c observation series X, [t] is modeled as the linear combination of the

three latent series s.[t], i.[t], u.[t] € C,.,
Xc[t] = sc[t] + ic[t] + uft]. (3.1)

The first series, s.[t], represents the manifestation of some unknown signal of interest within
channel c. The second series, i.[t], represents the effects of interference within channel ¢, while
is temporally correlated and affects multiple scalar measurements in channel c. The third series,
u.[t], represents temporally-uncorrelated measurement noise in the individual scalar measurements.
The distinguishing property between s, [t] and i.[t] is that the signals in channels ¢ and ¢/, namely
s.[t] and s.[t], are assumed to derive from some shared underlying phenomenon and are therefore
cross-sectionally correlated. In contrast, the interferences in channels ¢ and ¢/, namely i.[¢] and
i [t], derive from unrelated phenomena and therefore the i.[t] and i [t] are assumed to have no
cross-sectional correlation. By the assumption that the underlying phenomenon of interest affects
all channels, its effects can be disentangled from those of the interference and noise by examining
the commonalities present across all channels, allowing for approximate recovery of s;[t], ..., s¢[t]

based on x4 [t], . .., Xxc[t] alone.
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To jointly analyze the series of measurements obtained from the C' channels, it is convenient to

combine x4 [t], ..., X¢[t] into a single all-channel measurement series x[t] € C,,, as
T
x[t] = |:XI[t] xg[t}} , t €,

where n = ZS:1 n. 1s the total number of scalar measurements collected across all channels.
Corresponding all-channel signal, interference, and noise series are denoted by s|t], i[t] and u[t]
respectively and are similarly obtained by vertical concatenation. With these definitions, the C'

equations contained in (3.1) correspond to the all-channel observation equation,
x[t] = s[t] + i[t] + ult]. (3.2)

For the analysis to follow, it is convenient to introduce the notion of channel-patterned vectors and
matrices. A vector v € C,, is channel-patterned if it is partitioned into C' subvectors of lengths
ni,...,nc respectively asv = [v] ... v}]T. A Hermitian positive semi-definite matrix M € C,,,,

is channel-patterned if it is partitioned into C? submatrices as

nl ........ no
M11 MIC 1
M =
H .
MlC N MC’C’ ngc

This patterning reflects that the measurements originate from C' distinct channels, which is a
nuance that should be preserved in subsequent multi-channel analyses. In the notation of Chapter 1,
channel-structured matrices arise from the action of the corresponding operator on the decomposition
Ci B --- B C¢ of the all-channel space C,, into the channel subspaces. The important distinction
between intra-channel and cross-channel correlations is represented by differing treatments of
on-diagonal and off-diagonal blocks in channel-patterned matrices. For notational convenience, let
n=[ny,...,nc]" € Ng be the vector of channel sizes.

To make the expression (3.2) of x[t| as a sum of three latent series meaningful, additional

assumptions must be imposed on s|t], i[t] and ult] to distinguish the latent series. The assumption
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which will be used to distinguish s[¢] from i[t] is that the received signals in different channels are
cross-sectionally correlated while the interferences in different channels are not. To distinguish
the systemic part s[t] + i[t] from the noise part u[t], we assume that s[t] + i[t] belongs to some
unknown low-dimensional subspace which is the same for all ¢ € Z. Therefore, the part of x[t]
which is orthogonal to this subspace must be due entirely to u[t]. If this subspace and the second
moments of s[t], i[t| and u[t] were known, then the systemic part s[¢] + i[t] can be estimated by an
appropriate projection of x[t] onto the subspace of the systemic part, allowing for s[t] + i[t] and

u[t] to be distinguished.

3.2.2 Second-Order Properties of the Series

Like MFA, multi-channel factor spectral analysis is a second-order method in that the first
moments of the latent series are assumed to be previously handled by centering and removal of
deterministic components, while the higher moments of the latent series are not relevant to the
method (aside from mild regularity assumptions). Accordingly, we assume that s|¢], i[t] and u[t]
are wide-sense stationary and completely nondeterministic (i.e. linearly regular), as well as the

following first and second moment assumptions. First, all the latent series are mean zero,
E[s[0]] =0, E[u[0]] =0, E[i.[0]] = 0,, 3.3)
forc=1,...,C. Next, we assume that the latent series are uncorrelated across all lags,

Els[si*t)] = Onney Elslsa™[]) = e ElslsliT[l] = s Elslshu”[1] = 0,
st = 0oy Eliclslu?[] = 0 Bl ST = 0y Elicls]u™f]] = 0,

C/

forallt,s € Zand ¢, =1,...,C with ¢ # (. Further, the latent series are assumed to be proper

(Neeser and Massey, 1993) and hence have vanishing psuedo-autocovariance

E[s[s]s"[t] = Onn, Elu[slu'[t]] = 0., Elic[s]i; [t] = Op .
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forallt,s € Zandc = 1,...,C. Assumptions of the circularity or propriety of complex signals are
common but can oversimplify underlying phenomena of interest (Adali et al., 2011). Nevertheless,
the assumption of propriety is commonly made for factor analysis in signal processing (Sardarabadi
and van der Veen, 2018) and we continue to make that assumption. However, requiring that the latent
series are proper is less crucial to MSFA than the assumption that they are pairwise uncorrelated, as
the estimates of the measurement PSD remains valid for improper measurement series.

The low-dimensionality assumption on s[t| and i.[t|,c = 1,..., C is imposed by assuming that

there exist subspaces S C C,, and Z. C C,,, such that
Psslt] = s[t] Pri.[t] = i.[t], SN(ZTy®---dZ) =10}, (3.4)

forallt € Zandc=1,...,C, where Ps and Pz, are projections onto S and Z, respectively. The
dimensions of the subspaces are taken to be 1y = dim S and r. = dim Z., and for later clarity
we define the total interference dimension r = ZCCZI r. and the vector of subspace dimensions
r = [ro,71,...,7¢]". The assumption that the signal subspace S and interference subspace
T, @ - - - & I intersect trivially ensures that if S and Z,., ¢ = 1,.. ., C are known, the systemic part
s[t] + i[t] can be uniquely separated into s[t] and i[¢] for all values of s[t] + i[t]. It is satisfied when
ro + r < n and the signal and interference subspaces are in generic position with respect to each
other.

The measurement noise u|¢] is not required to live in any subspace, but is required to be white

noise with diagonal variance ®,
E[u[0]u™[0]] = ® = blkdiag(®4,..., Pc),

where ®. € C,,_«,, is the diagonal variance of u.|[t].
The above first and second moment assumptions on the latent series allow second-order quanti-

ties of interest to be usefully described with the following Wold representations.

43



Proposition 9. Under the above assumptions on s[t], u[t], and i.[t], ¢ = 1, ..., C the series are

uniquely represented as

st] L /7r e ICs () dZo(w),

:% ,

1 T .
il = o- / UK (0)dZo(w), =1, C, (3.5)
1 T 1
alt] = %/ 1P AW (),

—T

where KCs(2) = 3772 K j2 77 and K (2) = 372 K, jz~7 are n X rg and n, X r. matrix transfer

functions, while Zy(w), Z.(w),c=1,...,C, and W (w) are orthogonal increments processes with
BldZo(w)dZ}) ()] = Ly, BldZo(w)dZ] ()] = 0ds,
E[dZ.(w)dZH (w)] = 1,,dw, E[dZ.(w)dZ] (w)] = 0dw,
E[dW (w)dW"(w)] = I,dw, E[dW (w)dW T (w)] = 0dw,

forall w € (—7, w| and which are pairwise uncorrelated. The transfer functions have col Ks(z) C
col Ks ¢ and col I (z) C colK;, o for all z € C, and the top 1o X 1o block of Ko and top v, X r,

block of K;, o, c = 1,...,C are lower-triangular with positive main diagonal.
Proof. See Section C.1 in Appendix C for proof. 0

The Power Spectral Densities (PSDs) of the various latent series are central to MFSA, and are

defined using the above proposition for w € (—m, 7] as
Sss(w) = s ()L (), Sii. (W) = Ki. (€)K3 ().

The assumption (3.4) that the latent series are uncorrelated ensures that the PSD of the all-channel

interference is

Sii(w) = blkdlag (Si1i1 (w), e Sicic (w)),

and so the all-channel measurement PSD is the channel-patterned matrix function,

Sxx(w) = Sgs(w) + Sii(w) + P. (3.6)
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Let D(n, r) denote the set of MFSA power spectral densities, which can be obtained from (3.6) for

some latent series s[t], i[t] and ul[t] satisfying the assumptions of Proposition 9.

3.2.3 Parameterization

To estimate the power spectral densities Ses(w), Sii(w) and @ of the latent series using measure-
ments from all channels at a finite number of times, it is convenient to define a finite dimensional
parameterization for some subset of all Sy, (w) obtained by (3.6).

To do so, let L,,»,, C C,,«,,, for n > m be the subspace of n x m complex matrices whose top
m x m block is lower-triangular. Further define the affine subspace L~ C L., as the subset

nxm

where the top m X m block is unit lower-triangular (that is, the entries on the main diagonal are 1),

0
nxm

and the subspace LL as the subset where the top m x m block is strictly lower-triangular (that is,
the entries on the main diagonal are 0).
In a slight abuse of notation, let L, »,,,«, be the space of n x pm complex matrices which are

obtained by horizontally stacking p elements in L, ,,. That is, if L € L, xp then

L= |:L1 c.. Lp:|
where L; € L, ., for j = 1,..., p. The subset L}mep is the subset of L, ., x, Where each block
L; belongs to L) ., and LY, ., is defined similarly. Each element in L, is then associated
with a n x m matrix of polynomials in z~! of maximum degree p using u,(z) = [z71,...,277]T as
L,
L(z) = + L(u,(z) ® L,). (3.7)
O(n—m),m
Using the associated polynomials, a subset Lﬁimxp C L, xmxp can be defined by requiring that

the top-block main diagonal polynomials [L(z)];;, j = 1,...,m be Schur-stable. That is, L €

Lt mxp C Linxmxp if the roots of [L(z)];; have absolute value < 1 for all j = 1,...,m. These
component polynomials are of particular interest, as if z is not a root for any [L(2)];;, 7 =1,...,C,

then L(z) is full rank. Similarly, define LYE<! " C IL,,,,x, such that only the south-east top-block

nXmxXp

polynomial [L(z)],,, is required to be Schur-stable and the other polynomials are unrestricted.
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Computing the measurement spectral density requires inversion of a matrix of the form L(e),

and restricting attention to some subset L,Sn’;’flx p of Lk, o , can ensure that this matrix is sufficiently

well-conditioned for all w. To define this subset, choose 0 < k¥ < 1 and 0 < B < oo, and write

L =1L +L"where L/ € L.? contains the strictly lower-triangular part of each coefficient

mxmxp
matrix and L” = [LY ... L] contains the remaining diagonal part of each coefficient matrix. Then
L ey}, isin ]L'f,;fmxp if the roots of the main diagonal polynomials [L”(z)];; have absolute
value < r for j = 1,...,mand ||L'||20 < B, where ||X]||3 « is the maximum ¢, norm of the rows

of X. If L € L” then the condition number cond (L(ei‘“)) is bounded above (Guggenheimer

mxXmxp?

et al., 1995) as

cond (L(eiw)) < 2((1 + k)P + mpB)m/2

< S (3.8)

where vj,, k= 1,...p are the zeros of [L(z)];; and

| det (L(e*))| =TT/, TThoy 1(1 — vgke ™)
> (L)™
iw m iw 2
IL(e“)|[F < 3275, [[L(e)]j5|” + m®plIL|3 o
<m(1+ k) +m?*pB

as ||u,(e") @ L,||p is /mp, so ||[L"(u,(z) ® L,)||r < my/D||L"||2,00- In a similar vein, define

the subset L;gnb;%xp C L5, as the set where the south-east polynomial [L(2)]mm has roots

SE=1

mxmxp Where the south-east coefficient [L;],.,, equals 1 for each

with magnitude at most x, and L
coefficient block L;, j =1,...,p.

Next, define P,, C C,,,, to be the set of n x n diagonal matrices with positive diagonal entries.
To avoid numeric underflow in the estimation procedure, we will work within the further subset

]P’,ZL6 C P,,, where the diagonal entries are > ¢ for some ¢ > 0.

]T and

Let r, p, q be three vectors in N¢ 1, namely r = [ro, 7y, ...,7¢]T, P = [po, p1,-- -, PC

d = [q0,q1,---,qc|", which contain the subspace dimensions, numerator orders, and denominator
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orders respectively. The parameter space O (r, p, q) is then defined as the Cartesian product,

O(r,p,q) =P, x L}, x L2550 o x Lt x P,

nxro 70 XT0 XPo 70 X7T0Xq0

1 SE<1 <1
X IL"r7,1><’r’1 X LT1><7’1><p1 X IL”r“1><’l‘1><ql X ]P)Tl

1 SE<1 <1
X anxrc X chxrcxpc X L’rcxrquc X IP)TC'

The subset ©*(r, p, q) is obtained by replacing all P. with P=¢, L5!

; <x,B SE<1
. With L7, and L2735 with

IL,SXEXSN of the appropriate dimensions for some specified ) < e < 1,0 <k < land 0 < B < .

The components of a parameter tuple 8 € O(r, p, q) are labeled
0= (¢7 A7 M7 C7 \Ija Bla Nla D17 T17 s aBC'7 NC) Dc, TC) (39)

As the columns of A are channel-patterned, it will also be convenient to define A = [Af ... AH]H
where A, € C,, .., is the block of A that lies in channel ¢ for ¢ = 1,...,C. Additionally,
the combined matrix B = blkdiag(By, ..., B¢) contains the bases for each of the interference

subspaces. The parameter space ©(r, p,q) corresponds to a manifold with boundary of real

dimension,

dim®(r,p,q) =n+ 2nrg — ro(ro + 1) + (po + qo)ro(ro + 1) + 79
+ 20021 2nere — re(re + 1) + (pe + qe)re(re + 1) + 7.

The parameter tuple 0 then defines the matrix transfer functions,
Ks(2;0) = AM(2)C ! (2) W2, Ki.(2:0) = B.N,(z)D; ! (2)Y2, (3.10)
1
where ¥2 and Y'¢ are the positive-definite square roots. The associated spectral densities are

Sss(w; 0) = Ks(e; 0)K (e;0), Sii.(w; ) = Ki (€ 0)Ki! (e; 6)
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Wo Tl TQ% — D'Ql(z) — Ng(z) g ) [t] — 0 BQ W3 [t]—(ﬁ%

Figure 3.1: Two-channel synthesis diagram for the all-channel observation series x[t] under MFSA param-
eterization 6 € O(r, p, q). The series wy|t], w;[t] and wy[t] are pairwise-uncorrelated white noise series
with identity variance. All boxed quantities are structured parameters to be estimated on the basis of the
measurements x[0], ..., x[7T — 1].

with S;i(w; @) = blkdiag(Si,i, (w;0), ..., Sicic(w; 8)). The power spectral density for the all-

channel measurements with § € O(r, p, q) then is
Sxx(w; @) = Ses(w; 0) + Sii(w; 0) + . (3.11)

In the above parameterization, A € L,,,, is a basis for the signal subspace S, while B, € LL,,, .,
is a basis for the channel-c inference subspace Z.. The 7y x 1 blocks of M € L;;xr,xp, and

D e L=t

roxroxqe are the lower-triangular coefficient matrices in the numerator and denominator

respectively of the rational matrix function M(z)D~!(z), which controls how the columns of Kg(z)
are obtained as frequency-dependent combinations of the columns of A. The r. x r. blocks of
N, € Lg%, ., and D, € L perform an analogous role for K;,(z) and B.. Last, ¥ and
Y,,... Y set the variance of the input white noise for the associated latent series. This synthesis
process is depicted in Figure 3.1.

Note that the Schur-stability of the main diagonal polynomials of C(z) and D.(z), ¢ =1,...,C
ensure that all entries of Ks(z;0) and K;_(2;0), ¢ =1, ..., C are analytic for |z| > 1 and so they

represent stable systems for all . Hence Ks(z) has a stable, causal power series representation

> 2o K j(8)277 for [2] > 1, whose constant term is

K.0(0) = lim Ky(2;0) = Ad?,

zZ—00
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which is lower triangular with positive main diagonal entries in the top ry X 7o block. The constant
terms K;_¢(0), ¢ =1...,C similarly have the appropriate structure. This ensures that Sy (w; 6)
does in fact belong to the set of PSDs obtained by (3.6) by way of Proposition 9. However, the
location of the zeroes of the main diagonal polynomials of M(z) and N.(z),¢c = 1...,C are
unconstrained, and so Ks(z;60) and K (2;0),c = 1,...,C may represent systems which do not

have stable left-inverses.

3.2.4 Identifiability

In MFSA, the first-order model for the measurements is (3.1), which posits that the measure-
ments in the individual channels are in fact a sum of a low-dimensional signal s.[t] which has
cross-channel correlations, a low-dimensional interference i.[t] which is uncorrelated across chan-
nels, and measurement noise u.[t]. As the latent series s[t], i[t] and u[t] are not directly observed,
we must determine what statistical properties of the latent series can be uniquely determined based
on sufficiently many channel measurements. The purpose of MFSA then is to estimate these
quantities, which form a basis for drawing conclusions about the measurement series and allow for
a decomposition of the measurements into signal, interference, and noise parts.

For multi-channel factor analysis, Chapter 2 demonstrates that the covariances of the signal,
interference, and noise parts can generically be uniquely identified from the all-channel measurement
covariance when conditions on the channel sizes and signal and interference dimensionality are
satisfied. Given sufficiently many channel measurements, the covariances of the unobserved parts
can be estimated to any desired degree of precision. This allows for the approximate recovery of
signal, interference, and noise parts using MMSE estimates from the estimated covariances of the
unobserved parts.

Building on that work, the following proposition shows that the PSDs of the latent series can be
uniquely identified from the PSD of the all-channel measurement series as long as the values of the

PSDs of the latent series can be uniquely identified at a single (non-degenerate) frequency.
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Proposition 10. (Single-Freq. Identification) If Sxx(wo) uniquely determines (Sss(wo), Sii(wp), P)

for some wy € (—m, 7| and

rank |:SSS(WO) Sﬁ(wo)} =7+,
then Syx(w) uniquely determines (Sgs(w), Sii(w), ®) for almost all w € (—7, 7].
Proof. See Section C.2 in Appendix C for proof. [

Previous results for MFA identifiability provides conditions on the channel sizes n and subspace
dimensions r which suffice for the generic global identifiability of Sg, S;; and ® from Sy at some
frequency. Proposition 10 can then be used to obtain the generic global identifiability of the MFSA
decomposition (3.6) at all frequencies. To see this, let wy be some frequency such that (10) is

satisfied, and let S° be the real 2n x 2n matrix,

ReSxx(wo)  Im Syx(wp)
—Im Syx(wp) ReSxx(wo)

By hypothesis, Syx(wo) = AA" + BB + & for some full rank A € C,,, and B equalling
blkdiag(By, ..., B¢) with full rank B, € C,,_,... Hence,

ReSgs(wp) = [ReA Tm AJ[Re A Tm AT,
ReS; ;. (wo) = [ReB, ImBJ[ReB. ImB,]",c=1,...,C
Re Sxx(wo) = Re Sgs(wo) + Re Sii(wp) + P,
and so Re Sxx(wp) is the sum of a real n x n covariance matrix of rank at most 2r, a block-diagonal
covariance matrix with blocks of size n. X n, with rank at most 2r. and a diagonal covariance
matrix. This is the setting of Theorem 1, and so if Condition 2 is satisfied with channel sizes n

and factor numbers 2r, then generically ® can be uniquely isolated from Re Sgs(wp) + Re S;i(wp)-

Defining the matrices A° and B forc =1,...,C as

ReA ImA ReB., ImB.
A = B’ = ,
—ImA ReA —ImB, ReB,
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with B® = blkdiag(B?, ..., B2) and ®° = blkdiag(®, &), we further have
So _ P° — [AO BO][AO BO}T'

If the submatrices of [A° B] satisfy the condition of Proposition 3, then A°A°T and B°B°T will
be uniquely determined from S° — ®°. This will generically occur when Condition 1 is satisfied
with channel sizes 2n and subspace dimensions 2r. As A°A°T determines S¢s(wy) and similarly for
B°B°T and S;;(wy), the measurement PSD S, (w) will uniquely determine (Sgs(wp), Sii(wo), @)

generically when the above conditions on n and r are satisfied.

3.2.5 Parameterization Coverage and Uniqueness

The parameterization outlined in Section 3.2.3 defines a map from 6 € O(r, p, q) into D(n,r),
the set of MFSA power spectral densities. For the parameterization to be useful, the union of the
parameterization images for varying r, p, q should cover a sufficiently large subset of D(n,r). As
the following proposition shows, the union of parameterization images includes all S, (w) obtained

from rational transfer functions which are full rank and have no poles on the unit circle.

Proposition 11. (Coverage) Suppose Sxx(w) is obtained from (3.6) for some Ks(2), Ki, (z), ¢ =
1,...,C and ® as defined in Proposition 9. Further suppose that Ks(z) and IC; ,(z), c=1,...,C
are full rank when |z| = 1 and that all components of Ks(z) and K;_(z), ¢ = 1,...,C are

rational functions of z~! taking finite values when |z| = 1. Then there exist v,p,q € N¢o, 1 and

0 € O(r, p, q) such that Sxx(w; @) = Sxx(w) for almost all w € (—7, 7|.
Proof. See Section C.3 in Appendix C for proof. 0

In addition to being sufficiently expressive, a desirable property of a parameterization is that
the map from the parameter space into the set of MFSA observation spectral densities D(n, r) be
one-to-one. As the all-channel measurements x[t],¢ = 0,...,7 — 1 are used to obtain a best-fitting
MFSA spectral density for the chosen r, p, q, it is required for numeric convergence that those
best-fitting power spectral densities corresponds to a unique 8 € ©(r,p,q). As the following

proposition shows, the map from ©(r, p, q) into D(n,r) is in fact one-to-one except on a null

51



subset of the parameter space. Hence, the estimated Syx(w; @) will generically correspond to a

unique tuple of parameter values.

Proposition 12. (Uniqueness) If the channel sizes n and subspace dimensions r are such that the
conclusion of Proposition 10 holds for Sxx(w; 0) except on a null subset of ©(r, p, q), then there

exists a null subset N C ©(r, p, q) such that the map 6 — Sy (w; 0) is injective on O(r,p,q) \ N.
Proof. See Section C.4 in Appendix C for proof. [

The preceding two propositions concerning the parameter space © (r, p, q) and the parameteri-
zation (3.11) show that the class of parametric models considered is flexible enough to represent
a broad set of MFSA spectral densities while still retaining the desired unique connection be-
tween the parameter tuples and the represented spectral density. As the next section shows, this

parameterization is also convenient for estimation.

3.3 Estimation

We assume that measurements x.[t] from all channels ¢ = 1, ..., C are collected at T" equally-
spaced times t = 0,...,T — 1. The primary goal of MFSA is to obtain a decomposition of the
all-channel measurement PSD S, (w) into the power spectral densities of the latent series as (3.6).
To this end, the all-channel periodogram I(w) will be used as an empirical analog of the unknown
Sxx(w) for the purpose of estimating the terms in the decomposition (3.6). In particular, the tapered

DTFT

and the tapered periodogram I(w) = x(w)x"

w) are the inputs to Algorithm 1, where the taper
function h(y) : [0,1] — R is normalized to 1 = /" h(t/T). Use of taper functions or similar
methods of smoothing the periodogram are known (Dahlhaus, 1988) to improve finite-sample
performance of spectral estimation techniques, as they reduce the edge effect created by using a

finite number of observations. The all-channel periodogram I(w) € C,,«,, is a channel-patterned

matrix whose diagonal blocks I..(w) are the intra-channel periodograms obtained from x.[t| while
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the off-diagonal blocks I..(w), ¢ # ¢ are the cross-channel periodograms obtained from x.[t] and
X [t].

For the purpose of estimation, we consider the subspace dimensions r and the numerator and
denominator orders p and q to be specified a priori. To ensure that unique minima exist for the
relevant sub-problems, we further require that 7 > max{||r||s, ||P||c0, ||d||sc; 7} The procedure
described in the remainder of this section is designed to obtain a value 8 € ©(r, p, q) which solves

the following optimization problem.

3.3.1 Optimization Problem

As a measure of goodness of fit, we use the finite-sample Whittle pseudo-likelihood,
log det Syx (wi; @) + tr Sl (wy; 0)I(wy),

for the Fourier frequencies wy, = 2wk/T for k = 0,...,T — 1. The Whittle pseudo-likelihood, both
in the form of an integral and in the form of a Riemann sum over the fundamental frequencies, has
a long history of use in time series analysis (Whittle, 1953; Dahlhaus, 1988; Rao and Yang, 2020)
and signal processing (Itakura and Saito, 1968; Ramirez et al., 2011). As a measure of model fit, it
can be motivated as minimizing the Itakura-Saito spectral divergence of the periodogram from the
target PSD (Taniguchi, 1987; Takabatake and Yano, 2023), or as the asymptotic log-likelihood of
the periodogram at a fixed set of frequencies (Brillinger, 1975; Choudhuri, 2004).

The optimization problem by which the parameters of MFSA are estimated then is,

min  {(0), (3.12)

0€®*(r,p,q)

where, for numeric stability, the set of parameter values optimized over is ®*(r, p,q) which
includes the constraints that the noise and innovation variances are bounded away from zero
by a positive constant and that the magnitude of the zeros of the appropriate entries of the nu-
merator and denominator polynomials are bounded away from 1 by some positive constant. A

useful aspect of these constraints is that they ensure that the matrices C~!(e)¥C~H(elw) and
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D 1(e“)Y.D;"(e%), ¢ =1,...,C are finite and positive definite for all w € (—n, 7] This will
allow certain applications of the matrix determinant and inverse lemmas to ¢(0) so as to transform
it into a form which is convenient for optimization and exploits the dimensionality assumptions of

MEFSA.

The frequency-flat component of the objective is defined as,

(@, W, Y1, Yo) = 300, log[@s + [T 3, 2 Lwi)la[@
+ 325 log W]y + D2, 3 log[ Yol

in which the data enter through the main diagonal of the sample covariance matrix for the tapered

(3.13)

all-channel measurements.

As the systemic part s[t] 4 i[t] of the all-channel measurement x|[t] is constrained to live in an
ro + r-dimensional subspace, many aspects of the optimization problem (3.12) can be defined in
terms of (ro+7) X (ro +7) matrices with the appropriate structure. As the total subspace dimension
ro + 7 1s typically much less than the total channel size n, working with 7o + 7 X 7y 4+ 7 matrices
instead of n X n matrices can produce significant computational savings. Accordingly, a Hermitian

positive semi-definite matrix Y € C,1,xr,1r 18 factor-patterned if it is partitioned into (C' + 1)?

blocks as
7"0 ’r‘l ........ T’C
YOO Y()l e YOC To
Y()Hl Y11 e ch T
Y = C
As the signal subspace S and interference subspaces 71, . . . , Z¢ are of central importance to MESA,
we can describe the diagonal blocks Yy, ¢ = 0,...,C' as intra-subspace quantities and the off-

diagonal blocks Y, ¢ = (' as cross-subspace quantities.
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With this notion, the transformed periodogram J(w) can be defined as the factor-patterned

matrix whose blocks are given by,
Joo(w) = M () AR @ T (w) @ AM(e),
Joe(w) = MR () AP T, (w)® ' BN (e¥), (3.14)
Jow(w) = NH () BY® I (w)®, 'BuNy (),

forallw € (—m, x|, with ¢,/ = 1,...,C and ¢ # . Note that J(w) depends both on the data

through I(w) and the parameter tuple 6, but that dependence is suppressed for clarity of notation.

Additionally define the factor-patterned block-diagonal matrix E(w) as

Eoo(w) = CH(“)T1C(v),

(3.15)
E.(w) =D e) Y 'D. (), c=1,...,C,
and let F(w) € C,,»,,+, be the frequency-varying combined loading matrix,
F(w) = |AM(e“) BN(e¥)| - (3.16)

With the above definitions, we can define the factor-patterned spectral density T(w) as
T(w) = (E(w) + F*(w)® ' F(w)) .

As previously described, the restriction that € is in ©(r, p, q) ensures that E(w) is finite and
positive definite for all w, hence E(w) + F"(w)® 'F(w) is itself positive definite and so T(w)
exists for all w. Using the matrix determinant and inverse lemmas, the objective £(8) can be shown

to equal

0(0)=-T1 ZZ:_Ol [log det T(wy) + tr T(wk)J(wk)} 5.17)

+e(®,0,Y1,...,Te) +7(C) + X, 6.(D.),
forall @ € O(r, p,q), where v(C) and 6.(D.) are

Y(C) = —T7 '3} ) log det CH(elr)C(eir),

6.(D.) = —T7' 37} ) log det DM (e™*)D,(el*).
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The expression (3.17) of /(6) demonstrates an important aspect of the optimization problem
(3.12). The parameterization of Sy, (w; @) is naturally described in terms of signal-related parameter
blocks (A, M, C, ¥) and the channel-c interference-related parameter blocks (B.,N., D., Y.)
for ¢ = 1,...,C. These parameter blocks are intermingled within ¢(€) and so they must be
optimized jointly rather than separately. However, when examining (3.17) it can be seen that if
T (w) were block-diagonal for each w, then the optimization subproblems for the signal-related and
interference-related parameter blocks would be separable as the trace of the product of a matrix
with a block-diagonal matrix is the sum of the traces of the products of the diagonal blocks. The

quantity which prevents T'(w) from being block-diagonal is the factor-patterned matrix,

AH®'A AN®'B, ... Al® 'B,
B"® 'A, BY'®;'B, ... 0

R =
Bl® ' A 0 ... Bi®.'B¢

In terms of the inner product on C,,, (.4, defined by ® (namely tr(XHtIJ_lY) for X, Y €
Chx(ro+r))> R is the Gram matrix for the columns of [A BJ. So, the above matrix will be block-
diagonal if and only if the signal subspace S, for which the columns of A are a basis, is ®-orthogonal
to the combined interference subspace Z; & - - - & Z¢o. In MFSA, we assume that the signal and
combined interference subspaces intersect trivially (which is generically true when the total subspace
dimension 7y + r is less than the total channel size n), but ®-orthogonal signal and combined
interference subspaces would imply a particular relationship between s[t], i[t] and u[t] which
may not hold for many problems. Nevertheless, a surrogate function is designed for £(@) in the
following sections which leverages this geometric perspective and allows for the signal-related and

interference-related parameter blocks to be optimized separately.

3.3.2 Optimizing /(0) by Majorization-Minimization
To find a @ € O(r, p, q) that optimizes (3.12), a Majorization-Minimization (MM) approach is

used. MM algorithms can be seen as extensions of the Expectation-Maximization (EM) approach
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(Dempster et al., 1977; Moon, 1996) to estimation that relax the “incomplete data" formulation
of EM and instead directly obtain a surrogate function with the needed properties (Sun et al.,
2017). Benefits of MM estimation procedures are that the sequence of objective values obtained
is monotonically decreasing, which leads to improved stability and can reduce sensitivity to
initialization, and that parameter constraints can more easily be incorporated when minimizing the
surrogate function than is the case for gradient-based methods.

For MM algorithms, a surrogate function ¢(8|6) for the objective £(8) is constructed, which is
a global upper bound ¢(8|0) > ¢(6) for all 8, 8 and has the equality ¢(8|0) = £(0) for all 8. So,
an update to the parameter tuple taking 6 to @ which decreases the surrogate as ¢(6'|6) < ¢(6|6)
must also decrease the objective, £(8') < ¢(6). The surrogate function can be designed to have
certain desirable properties (such as separation of parameter blocks and closed form updates for
the parameter blocks) which make it easier to find an 8" which decreases the surrogate rather than
directly optimize the objective.

To obtain a convenient surrogate function, the following elementary majorizing inequalities
will be used. The ability to obtain a surrogate by combining matrix majorizing inequalities which
have clear geometric interpretations is an advantage of optimizing in the spectral domain, as
corresponding time-domain inequalities would be much more difficult to handle. In the follow-
ing expressions, X, X € Cpxm are arbitrary matrices, S, S e Cxm are positive definite, and

V,W. M, Ve Crism, D € C,,«,, are positive semi-definite with M = W,

logdet S < logdetS + trS~'(S — S), (3.18)
—tr(ST'V) < trST'VS 'S — 2Retr ST Vz (V) (3.19)

tr X"DXW < tr X"DXM — 2Re tr X"DX(M — W) + tr X"DX(M — W).  (3.20)
Expressions of the form V2 indicate any matrix such that V = V%(V%)H. That is, V2 is any
matrix square root of V, not necessarily the unique positive semi-definite square root. The first

inequality (3.18) follows from the concavity of the log-determinant, as it is globally upperbounded

by its differential at any S. The second inequality (3.19) follows from the non-negativity of
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1(S2)H(S'Vz — S~'V2)||2. The third inequality (3.20) follows from the non-negativity of
|(XD2 — XDz )H(M — W)z||2, as a square root of M — W existsby M = W.IfS =S, X =X
and V2 = V2 (hence V = \N/) then all three hold with equality.

Before applying the above majorizing inequalities to ¢(8) in the form (3.17), needed geometric
and algebraic relationships between various relevant quantities will be established in the following

sections.

3.3.3 Majorization of v(C) and 6.(D.)

As C(e) and D.(el) are lower-triangular, log det C(e)C(e) and log det D (e)D,.(el)
reduce to the sum of the log squared magnitudes of the main-diagonal polynomials. As the zeros of
these polynomials are constrained to have magnitude at most x < 1, it will be convenient to work

with their respective zeros v;,, and w. j,,,, which have

[C(2)]j; = TLnai (L= vjmz™"), j=1,... 70,
D.(2));; =T1%_,(1 = wejmz™"), 5=1,... 7.
As the main-diagonal polynomials have constant term 1, the vector of coefficients and the set of
zeros are in one-to-one correspondence. As the update step for C and D, ¢ =1, ..., C defined in
Section 3.4.3 updates v;,,, and w, j., directly, the zeros for the [C(z)];; and [D.(2)];; can be stored
rather than their coefficients. This also avoids ambiguity in the indexing of the zeros, as they can be
numbered arbitrarily at the initialization step and the indexing preserved subsequently.
As ¢(0) depends on the spectral density at the Fourier frequencies, we use the identity
1 = . > = S 2
~ D logll — v = 35 e £ D) = —log1 - 7]
= j=1 k=0
T— 1 R

which holds for all [v| < 1 by the Mercator series expansion for —log(1 — z) and that ), _

is 1" if 7 is a multiple of 7" and zero otherwise. The first and second Wirtinger derivatives of

f(v)=—2log|l —v”|are
af o af ™!
0z 1—uT’ 9z 1-v0
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0*f w20 +T -1) 0*f v 2@ +T-1)

922~ (1—oT)2 022~ (-

and %5; = 0. If f(v) is expressed as a function of the real and imaginary parts, the largest

eigenvalue of the associated Hessian D? f(x, y) satisfies

20" (0" + T = 1)
11— T2

- 26T Y KT+ T — 1)

- (1 —kT)2

Amax(D*f) (2, y) =

=n(k,T),

for all v = z +iy with |v| < &, by the relation of the real Hessian to the second Wirtinger derivatives
given by van den Bos (1994). As the real Hessian satisfies D? f(z,y) < n(x,T)I, for all (z,y)
with radius at most x, the quadratic majorization (see, e.g., Sun et al. (2017)) via Taylor expansion
for twice-differentiable real functions can be employed. The resulting inequality, when expressed in
terms of v, is

~Tr—1 N T
— U

f(v) < f(v) +2Re

‘U—:[}/’Q,

which holds for all v, v with magnitude at most x and holds with equality when v = v. Applying

this to all zeros, we obtain

r ~ K, T ~
HC) < S0 S8 F(@jm) + LD v — Ty

+2Re ] (1= 00,,) " (vjm — Ujm),

(3.21)

Tc c ~ &, T 7y
(D) < Zj:l met f(We,jm) + o 2 )|wc,jm ~ We,jm|”

+ 2Re {EZJ_T:L(]_ - @ij)_l(wc,jm — ﬁ)JC’jm>,

forall C,C € L3P . and D, D, € L;%2 . These inequalities hold with equality when

C = C and D, = ]N)c, as this implies that all main-diagonal zeros are equal, vj,, = v, and

We,jm = We, jm for all ¢, j, m up to permutation. To use these inequalities in the construction of the
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surrogate function, define +, (C|5) and 0. . (DC|5) to be

T0 q0
y (s, T) ~ _ _ N
% (ClO) =D [Vjm = Ojm|” + 2 Re D), (1 = 0j,,) ™ (0jm — Tjm),

, 2
7=1 m=1
N ol n(k,T) ~ 2 ~7_1 AN | ~
507*(DC|0) = Z Z D) |w01jm - wC?jm| + 2 Re wc,jm<1 - wc,jm) (wc,jm - wc,jm)-
j=1 m=1

3.3.4 Block-Diagonal Bounds in the Loewner Order

As mentioned previously, separation of the signal-related parameter blocks and the C' channel-
specific parameter blocks is prevented by the fact that T'(w) and related matrices are not generally
block-diagonal. However, the results of this section allow us to sidestep this problem through the
use of majorizing inequality (3.20) with a constructed block-diagonal matrix which is the needed
upper bound in the Loewner order (Bhatia, 2007). This block-diagonal matrix is constructed in three
steps, first by finding a block-diagonal lower bound for the Gram matrix R, finding a block-diagonal
upper bound for the transformed periodogram J(w), and combining these to obtain an upper bound
for T(w) + T(w)J(w)T(w).

The first quantity for which we will obtain a block-diagonal lower bound is R, the Gram matrix
for the columns of [A B in the inner product induced by ®. To do so, let o be the smallest principal

angle between col A and col B; & - - - & col B,

(3.22)

o = min { arccos
W?y

(wHely| }
(WHE™'w)z (yHD y)2

forw € colAandy € col B. Note that 0 < o0 < w/2and o # 0if col A and col B; @ - - - @ col B¢
intersect trivially. Recalling that A. € C,,_,. is the block of A which corresponds to channel c, let

pcforc=1,..., C be the smallest principal angle between col A, and col B, respectively,

’WIc—l(I)c_IYC‘ }

(WD tw) (yh Ty, (329

pPe = min { arccos
We,Ye

for w,. € col A. and y. € col B,. If ¢ is large, the signal and combined interference subspaces are
close to orthogonal, while if p. is large, the channel-c interference subspace and the projection of the

signal subspace onto channel c are nearly orthogonal. So, o and p1, . . ., pc capture distinct elements
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of the geometric relationships between the signal and interference subspaces. The following

proposition uses the two distinct perspectives to find block-diagonal lower bounds.
Proposition 13. If R, ; and R, » are the factor-patterned matrices

R.1 = blkdiag ((1 — cos )R, . . ., (1 — coso)Rec)
R*,Q = blkdlag (chzl(l — CO8 pC)Ach)glAc7 (1 — COs pl)Rllu SRR (1 — Cos pC)RC’C))7

then R,; = Rand R.» < R.
Proof. See Section C.5 in Appendix C for proof. 0

If o # 0, then R, ; is positive definite. In contrast, R, » will fail to be positive definite if any
pe,c=1,...,C is zero, which may occur if ry 4+ . > n.. If o is close to zero yet p, is large, the
c + 1th diagonal block in R, > can be much larger than the same block in R, ;, and so appropriately
combining the lower bounds will improve the tightness.

As both R, ; and R, » are block-diagonal lower bounds for R, so to is any convex combination
AR. 1+ (1 —A)R. . To select a combination of R, ; and R, , a reasonable choice is to choose the
combination which is closest to R in the Frobenius norm by minimizing ||[R—AR..; — (1—\)R..2||%
for A € [0,1]. As R, and R, are block-diagonal, some algebra shows that the unconstrained

global minimizer is

c=1

i (cos pe—cos o) (|| A@, A7 + [ B, Be7)

ZC (COS pC_ COS U) COS pC(HACQC_IACH%‘ + HBC@C_IBCH%') (3 24)

The denominator is zero iff R.; = R as ||B.®, 'B.||% is positive for all c. If R.; # R.a,
IR —AR..1 — (1 —A)R.2||% is a non-negative upward-opening quadratic, so the constrained global
minimizer A, is equal to (3.24) if it is within [0, 1] or the nearest endpoint if it is outside the interval.

Define the linear combination,

R, = MR, + (1 - A)R.o, (3.25)
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which satisfies R, < R and is block-diagonal. The lower bound R., then yields a block-diagonal

upper bound T, (w) > T(w) for each w by

1

T.(w) = (E(w) + L"(w)R.L(w)) ", (3.26)

where L(w) = blkdiag (M(e'), Ny (™), ..., N¢(e¥)). That T, (w) is an upper bound for T (w)
follows from

F'(w)® 'F(w) = L"(w)RL(w) = LY (w)R,L(w).

Hence T™!(w) — T, Y (w) = 0, s0 T, (w) = T(w) for all w.

Next, we require a block-diagonal upper bound for the transformed periodogram J(w). To
obtain this, let P be the projection onto col A which is orthogonal in the ® inner product, that
is, Pg = A(A"®'A)"'A"®"!. Similarly, let P, = B.(B/®_'B,)'B/'®_" be the appropriate
projection onto colB¢x for ¢ = 1,...,C. Let mg(w) € R be the relative magnitude of the
periodogram within col A, and similarly let m.(w), ¢ = 1,..., C be the relative magnitude of the
channel-c periodogram within col B... If x(w) is not ®-orthogonal to col A @ col B; @ ... col Be,

then mg(w) is
tr &' PoI(w)PH
tr & 'PoI(w)PH + 7 tr &P I, (w)PH

If the denominator were zero, then Pyx(w) and P.x.(w) are zero for all ¢, which occurs only if

mo(w) =

x(w) is ®-orthogonal to both col A and col By & . .. col B¢. Similarly, let m, be

() tr ®,'P I..(w)P"
me(w) =
tr & PoI(w)PH + 27 tr &, 'P I, (w)PH
forc=1,...,C. The following proposition uses these magnitudes to obtain a block-diagonal upper

bound to J(w). Note that, if mq(w) = 0 for some w, then Pox(w) = 0 and so x(w) is ®-orthogonal
to col A.. Therefore, A"®'x(w) = 0 and so Jgo(w) = 0. Taking my ' (w)0 = 0 when mq(w) = 0

and similarly for all m.(w), the upper bound J,(w) is well-defined.

Proposition 14. If J.(w) is the factor-patterned matrix

Ji(w) = blkdiag(mgl(w).]oo(w), . ,mal(w)Jcc(w)),
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then J.(w) = J(w) forall w € (—7,m|.
Proof. See Section C.6 in Appendix C for proof. [

Last, it is necessary to obtain a block-diagonal upper bound for the quantity
Gw) =Tw) + T(w)J(w)T(w). (3.27)

From the previous steps, we have the block-diagonal upper bounds T(w) =< T,(w) and J(w) =<
J.(w). However, it does not follow that T, (w) + T (w)J.(w) T, (w) is an upper bound for G(w).
Instead, to use T, (w) and J,(w) to find a block-diagonal bound, note that G(w) is the sum of a
positive definite matrix plus a rank-one positive semi-definite matrix. Use of the following lemma

is the central step to obtain a bound for G(w).

Lemma 1. (Tilted SM) For non-zero x € C,, and a,b € R with b # —x"x, the matrix

bxxH
L, — —— 3.28
¢ b+ xHx (3.28)
is positive definite iff a > 0 and
(42 X } > 1 (3.29)
m - .
U T b+ xx ’
in which case the inverse is
T (a=1b)xx" ‘
ab + (a — b)x"x
Proof. See Section C.7 in Appendix C for proof. [

If a = b = 1, the lemma reduces to the usual Sherman-Morrison formula for a rank-one update

to the identity.
Proposition 15. If G.(w) = T, (w) for J(w) = 0 and

G.(w) = m(w)A(w)(Ts(w) + b (w) Ty (w) I, (w) T (w))
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for J(w) # 0, where

m(w) = max{1, tr T,(w)J(w)},

fw).
h(w) = (A Hw) — 1) tr Ty (w)J (W) + A (w) tr T(w)J (w),

@) = A (T ? () T(w) T

then G (w) is block-diagonal with G, (w) = G(w).
Proof. See Section C.7 in Appendix C for proof. O

As 0 < T(w) < T.(w) implies 0 < Aw) < 1 and tr T(w)J(w) > 0 when J(w) # 0 by
T(w) positive definite, A~ (w) and A~ (w) exist and G, (w) is well-defined. The block-diagonal
upper bound G, (w) allows for construction of a surrogate function which separates the signal and

interference related parameter blocks, as described in the following section.

3.3.5 Surrogate Function g(@\é)

The majorizing inequalities (3.18) - (3.20) can be combined with the block-diagonal upper
bound to obtain a surrogate function which separates the signal- and interference-related parameter
blocks and enables closed form updates to the various parameters. To do so, let 6, 0 O(r,p,q)
be two parameter tuples, where the components of 0 are denoted as (3.9) and the components of 0
are denoted as (:I;, . Tc) Quantities such as T'(w) dependent on the parameter values in 6 are
similarly denoted as T'(w).

Applying (3.18) with S = T~!(w) and S = T~!(w) yields the majorizing inequality
—log det T(w) < —logdet T(w) — (rg + ) + tr T(w)E(w) + tr T(w)F"(w)® 'F(w),

for all w, with equality at @ = 8. Applying (3.19) with V = J(w), V = J(w), S = T~}(w) and

S = T~!(w) yields the majorizing inequality

—tr T(w)J(w) < tr T(w)I(w)T(w) (E(w) + FM(w)® 'F(w))—2 Re tr T(w)J 2 (w)(J

N|=
—~
&
~—
~—
T

64



where Jz (w) and J2 (w) are respective matrix square roots of J(w) and J(w) where 6 equalling 0

1

implies J (w) equals J2 (w). In particular, we can take

J2(w) = FM(w)® 'x(w), Ji(w) = FM(w)® 'x(w).

Combining these inequalities with the negative log majorization of Section 3.3.3 and applying

them to (3.17) yields

0(8) < —const + €(0) + 7.(C|0) + 3, 6...(D.|0)
+ T o4 tr Glwr) E(wy)
N (3.30)
+ T Y2y tr Gw) FH (wi) @7 F (wy)

— 27 ST Re tr T (wi ) FM (wy,) @ T(wy,) @1 F (wi)

where G(w) is T(w) + T(w)J (w)T(w) and const is

const = T~ ST Mog det CH (e )C(er) + T 27, 21~ Hog det DH(eir ) D, (')
+ (ro+7) + T~ 37~ log det T(wy),

which does not depend on 6.

In the right-hand side of (3.30), multiplicative interaction between signal and interference
parameter blocks in 6 occurs only in the terms of the form tr G(w)F(w)® 'FH(w), as E(w) is
block-diagonal. By using the block-diagonal upper bound for é(w) found in Proposition 15 in

conjunction with the inequality (3.20), this interaction can be eliminated. Taking X = F(w) and

X = F(w) while D = ® !, W = G(w) and M = G, (w) in (3.20), we further obtain
tr G(w)FM(w) @ 'F(w) < tr G.(w)F™(w)® 'F(w) — 2Retr (G.(w) — G(w))F(w)"@'F(w)
+ 11 (G (w) — G(w)) F(w)' e 'F(w).

To combine the above majorizations into a surrogate function, construct the coefficient n x (rg + r)

matrix K(w) as

K(w) = F(w)(G.(w) — G(w)) + I(w)® 'F(w)T(w).
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The matrix K (w) can be partitioned in a fashion similar to [A B],

To 1 Ce Tco
Klo(a)) IN{ll(W) ....... K10<w) nl
K(w) = : : : -
Koo(w) Kei(w) ... Kee.(w)|ne
and let Ko(w) = [KJ,(w), ..., KTy(w)]T. In terms of the parameter blocks in 6 as well as the

quantities G, (w), G(w), F(w) and K (w) depending on 8, the surrogate function can be constructed

as a sum of the following quantities. Define the surrogate parts a and b, as

T-1
1 .
a(A, M, ®|9) = [tr G o0 (wr ) M (€9 ) AR AM (1)
k=0
— 9Retr KH(wy)® ' AM(e Mk)}
1 (3.31)
D\ — - H( iw Hg—1 iwy,
be(Be,N., ./0) = — kz_o [tr G co(win) NH (€ ) BH® ' B,N, (')
— 2Retr R';C(wk)@c—chNc(eiwk)} ,
and define the surrogate parts ¢, d. and e as
T-1 "
o(C,¥|0) = —Ztr Goo(w)CH(e @) BLC(e“r) + 7,(C|0),
T-1 ~
d.(D,, X.|0) = —Ztr Geo(w)DH (e )Y D () + 6..(D,|0), (3.32)
T—1 " "
o(®|6) = —Ztr(I) UF (wie) (G (wi) — G (wi ) ) FH (wy ).
Combining the above parts, we obtain the surrogate function,
9(816) = —const + a(A, M, ®|6) + ¢(C, ¥|0) + ¢(®|6)
(3.33)

C
+3 " be(Be, N, ®]0) + d.(D..Y.[6),

which possesses the desired upper-bound properties as it is iteratively constructed through applica-

tion of majorizing inequalities which possess the needed properties.
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3.4 Algorithm

Through the manipulations of Section 3.3.2, a surrogate function g(0|5) is obtained which
separates the parameters into the (overlapping) blocks (A, M, ®), (By, Ny, ®,),..., (B¢, N¢, ®¢)
and the non-overlapping blocks (C, ¥), (D1, Y;),... (D¢, Y¢). The first collection of blocks are
overlapping only by the mutual dependence on the noise variances ®.

If the parameter values at step s are denoted by 0), new parameter values oLty

which satisfy
g(0CTV10%)) < ¢(09]0®) = £(0™)) can be sequentially obtained through block coordinate
descent applied to ¢(0|6')). In particular, after first updating & to ®*Y, the remainder of the
block updates can be performed in parallel as the optimization subproblems are decoupled when ®
is fixed at @V Within each block, updating the block components in an appropriate sequence
allows for each update to be obtained in closed-form. The outline of the estimation procedure is
given by Algorithm 1, and the details of the update calculations are given in Subsections 3.4.1
through 3.4.4. In Algorithm 1, a default initialization for 0 is provided; alternatively, MFA can be
used to provide initial values for A, B, ¥ Y and ®.

By application of a general result for global convergence of Majorization-Minimization proce-
dures (Razaviyayn et al., 2013) and the generic unique representative result of Proposition 12, the

sequence of parameter values {0(5) %, can be guaranteed to converge to a stationary point of ¢(0)

in most cases of interest. This convergence result is given in the following theorem.

Theorem 5. (Convergence) Suppose the distribution of the random vector [x'[0],...,x"[T —1]] T
is absolutely continuous with respect to the Lebesgue measure, the channel sizes n and factor
numbers r are such that MFSA is generically globally identifiable in the sense of Section 3.2.4,
and T > max{||r||oc, ||P||ocs |Q||00, n}. If these assumptions are met, the sequence of iterates

{60} converges to a stationary point of £(0) almost surely.

Proof. See Section C.8 in Appendix C for proof. [
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Algorithm 1: MFSA Estimation Procedure
Data: Periodogram I(wy), factor numbers r, numerator orders p, denominator orders g
Result: Parameter values @ € ©*(r, p, q) solving (3.12).
Set s < 0;
Initialize loadings as A©® « [I,, 0]T, BY) « [I,. 0];
Initialize idiosyncratic noise variances O 1,

Initialize input variances O I, T((:O) — L
Initialize M© < 0, ,,,, and N < 0,_,,.,.:
Initialize C©) «— 0, 4., and D <~ 0,_,.,.:
while 8) not converged do
Update to @) as (3.35) ;
Update to U1 and Y a5 (3.37) ;
Update to A+ and BEHY as (3.40), (3.42);
Update off-diagonal C'+1), D™ a5 (3.47), (3.54) ;
Update diagonal C”¢+1), D™ a5 (3.52), (3.56);
Update non-SE MG+ N a5 (3.59), (3.64);
Update SE part of MG+, N& ™ as (3.62), (3.65);
L s+ s+1
Return 9(5);

3.4.1 Updating &, ¥ and Y.

The parameter most intertwined with other parameters in the surrogate function g is the noise
variance ® as it occurs in terms a, b and e. Holding all the other parameters fixed at their values in
step s, minimizing ¢(0|60*)) for ® € P>¢ then reduces to

c

min a(A®. MO [0¥)) + (@0 + Y nBH N & ¢ (3.34)
( Y Y c ) c

PP ¢ =1
This optimization problem has a simple closed-form solution. To see this, first recall that the
majorizing equality (3.20) applied to the surrogate function holds with equality when F(w) = F(w).
However, F(w) is a function of (A, M) and (B.,N,),c = 1,...,C which still equal their values in

0'). Therefore, the objective in (3.34) in fact equals

logdet ® + TS tr T(wp) @ + T 3000 FO (W) GO (wy ) FOH ()@
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— 2 S Retr FO) (wp) T (wy, ) FOH (wy ) (29) 1T (wy ) @
To simplify the above expression, define y(w) € C,, as
y(s) (w) — (In —_F® (M)T(S) (M)F(S)H(w)(q)(s))_1> X(w).

If u(w) is the tapered DTFT of ult], then y*)(w) is the LMMSE estimate of u(w) from x(w) at *
when the mean squared error is measured in the ® inner product. Expanding G*)(w) and J® (w),

the outer product y(w)y®"(w) equals

Y @)y M) = 1w) + FOw) (G w) — T(w) F*

—2Re F(w)T®(w)FOH (W) (@) T(w).
Let V() (w) be the n x n positive semi-definite matrix,
V(W) =y (w)y M (w) + FO ()T () FOH(w),
then the expansion of y®) (w)y®)H(w) gives that the objective in (3.34) equals

logdet ® + L S M VO (wy) @7

As the noise PSD @ is frequency-flat, the minimizer of (3.34) is

@+ = argmin log[®]; +
BePz©

where V) is the frequency-average 7! Zg;ol V) (w;). This matrix V) will be almost surely
positive definite under the assumption that 7' > max{||r||sc, ||P||c0, ||Q||c0, 72} and the joint density
of the x[t] is absolutely continuous with respect to the Lebesgue measure as y*)(w) is obtained

from x(w) by a continuous map. So, (3.34) has a unique minimizer over P=¢ given by
[<I)(SH)],-,- = max {[V(S)]ii, e}, i=1,....n (3.35)

as log z + ¢ is unimodal on (0, co).

69



Minimizing ¢(0|0)) for @ and Y., ¢ = 1,...,C while holding C and D, ¢ = 1, ..., C fixed

at C® and D" respectively reduces to similar optimization problems,

70 ar
Pt — argminZlog[\Il]jj + =
\II»EIP’,?O6 j=1 [\I’]jj
. W (3.36)
Y+ — argminZlog[\Il]jj + [ C]jj, c=1,...,C
Y P2 o1 [Xc]j;
where W® and W c=1,...,C are
Wy =T 3705 CO () G (wi) COM (),
W =T 30 D) G (wn) DI (e,
These problems have also have the unique minimizers,
[\II(S+1)] = max{ WO s 6} j=1,. 05
(3.37)

(CED) = max {[WP]jj, e}, =1, 7,

forc=1,...,C.

3.4.2 Updating A and B,

Having updated ® to &V and holding M fixed at M(®), the profile optimization for A is

min  a(A,M®), D19, (3.38)
A€LL g
To solve this problem, set
X (w) = M () Gy (w)MEH (), Y () = K& (w)MOH (o),
and let X*) and Y be the frequency averages 731 X (wy) and 77132, —) Y (wy)

respectively. The objective in (3.38) then equals

tr XWAH(@ET)TIA — 2Retr YOH(@EHD)TIA,
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The matrix X(®) can be seen to be positive definite. First, note that
LY MO () =T, + LS S Melnd =1, (3.39)

where the second equality follows from py < 7'. Next, G(*)(w;,) positive definite for each w;, implies
7 = ming{ Amin (G(S) (wk))} is positive. Combining the previous facts with the definition (3.7) of

M (e?), we have
X (5) = 77! ZZ;Ol M(s)(eiwk)M(S)H(eiUJk) — I+ 1511 MéS)MES)H .0
As X ) is positive definite, (3.38) can be put into the equivalent least squares form,

. s _1 s s _1 s S)\ —
min [[(@C) ALY — (@) L) i,

nxrgy

where L{" is the lower-triangular Cholesky factor of X\, As A € L} v, thereisa A" e LY
such that
I,
A= + A
0
As L{” and (V)2 are lower-triangular, the quantity (®¢*)~2 A’LY is also in LY, So, the

optimal A’ in IL.?

nXT

, can be found by orthogonal projection onto LY , followed by left and right

N X7

multiplication by (®©*1)2 and (L(()S))_1 respectively. The unique minimizing A € ! is then

nxXro

I 1
A = |7 (@) s (LY) 1, (3.40)
0

0
nXr

where H(()S) is the projection onto I, ., whose entries are

B, - [0 - o)

Y
ij

forl1 <j<rpandj <i <nand [H(()S)]ij = (0 for¢ > j.
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The profile optimization problem for B, is similar. To update B, while holding IN.. fixed at N

and ® at & results in the profile optimization problem

min  b.(B,, N©® @b+ |g), (3.41)
BeeLy, o,
Define the relevant quantities,
X (w) = N9 ()GE)(w)NEH (), Y (w) = K& (w)NEH (),

with X! = 71 ST X (wy,) and Y = 71 S, Y (wg). A similar argument to that

above yields that the unique solution to (3.41) is given by

I

BEY = || 4 (@6 s HE (LE) ! (3.42)

0

where L' is the Cholesky factor of X'* and H'" has the entries

ij

() = [(@0)3 (YOL) "+ LT o)
forl <j<r.andj <i<mn,.and [H((f)]ij =0fori > j.
3.4.3 Updating C and D..
The terms in g(0]6'”)) which depends on C are ¢(C, ¥|0®)) and ~,(C|6'*)). Obtaining a
new value for C which reduces the surrogate function is complicated by the constraint that the
magnitude of the zeros of the main diagonal polynomials of C(z) are at most x. However, if the

main-diagonal coefficients are held constant at their values in 6", the minimization problem to

obtain the coefficients of the sub-diagonal polynomials is unconstrained. Dividing C(z) as
C(z) =C'(2) + C"(2)
with C'(z) the strictly lower-triangular part and C”(z) the diagonal part,

C'(2) = Cl(uy(2) ® 1), C'(z) =1, + C'(uy(2) @ 1),
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where C’; and C7, j = 1,.. ., qo are respectively the strictly lower-triangular part and diagonal part
of the jth coefficient block C;, and C' = [C]" ... C/[]" while C" = [C[T ... CIT]T,

With this division, the optimization problem for C’ is

min  ¢(C,C") @D 19)), (3.43)

/ 0,B
C EL’I‘QXT‘OX(]O

as 7, (C|0")) is constant in C'. Setting Uy(w) = u,,(¢*) ® I, the objective in (3.43) equals
T g tr Uo(wr) Gy () UE () CM (B EHD) 1€
— 2771 Y1) Retr Ug(we) Gy (wp) (C79) P (eior) (+1) 1

plus terms that are constant in C’. Defining the needed frequency-average matrices

OF) = L YT UG (we) UM @y), QY = £ 5171 €O (e4) G (wr) UM (),

then as G(wy) is positive definite and the set of Fourier basis vectors {u,,(wy)};_, is linearly
independent by 7' > max{qo, 7}, the average Oés) is positive definite. With these definitions, the

objective in (3.43) is
tr(E 1O CM 4 2 Re tr(WEHD) "L CHHQIM (3.44)

plus terms constant in C’. Let c;» and qg ; for j = 2,...,ry be the row-vectors containing the jth

row of C’ and Q'”. Then as

=y

VeC(O(%C’H\IF%) = (\If*% ® Og )vec(C™),

1
where (\Il_% ® 03) is block-diagonal, some algebra shows that (3.44) has equivalent vector form,
r (s)
PR —[\IASH)] c; O - —[\wszl)]jj Re cjqg;. (3.45)

The constraint that C’ be in ]meox 4 Yields that ¢’ has goj(j + 1)/2 components constrained to

be zero with remaining components obeying the norm constraint ||C’||2 ., < B. To use this fact,
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define the matrices Z,, ;, for 1 < j < m as

L L
Zonip = blkdiag 2, (3.46)
Om—j; Om—j.j-
Then Z,, ;, is the pm x pj matrix which transforms a vector v, patterned as [v{ ... v} |7 with

each vy, k =1,...,pbeing length j, as

Ly jpv =

| Oy |

Reparameterizing the vectorized form (3.45) with ¢! = Z,, ;_1 4,v; for some v; € C,,(;_1), the
problem (3.43) is equivalent to minimizing the sum of quadratic forms in distinct variables, where
the jth quadratic form is minimized over C, ;1) without constraints. As Z, ; ., is full column
rank and O(()s) is positive definite, so too is Zy, ; O(()S)Zm j.q0- Therefore, the new value of C’ which

uniquely minimizes (3.43) can be found by projecting Qés) onto the convex set Lgﬁquo which is

denoted by Qi) *). For B sufficiently large, the unconstrained projection would be such that the jth

row g ; of Q{)S) forj=2,...,791is

;o H (s) —lgH
Qo = 40 Zro,i-100(Zrgj-1,0000 Zroi—140) " Zrg 1.0

If ||qg ;||2 < B, then the constraint on the maximum row norm of QE)(S) does not bind qj ;, which
is given by the above expression. If |[qp ;||o > B as computed above, then the revised row qj ;
minimizing (3.45) and satisfying the norm constraint can be found as an orthogonal projection onto
an ellipsoid, which does not have closed form in general but can be computed efficiently (Jia et al.,

2017). In either case, the global minimizer of (3.43) is unique and the update is

C/et) = QY. (3.47)
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After updating C’, it remains to update C”. Holding C’ fixed at C'**1), the profile optimization
problem is

min  ¢(C'CH), ¢, Wt |9l)), (3.48)
CreL 00 wao

where the objective in (3.48) can be written as

rOTl

" iw 2
1. (CloW) + T~ IZZ s+1 2 [C" ()] (3.49)
=1 k=0
ro T—-1 (s) 1(s+1)H ( piwg
. _ZZR GO (wk>cs+1) (e )]]J [CH( 1wk)] i
j=1 k=0 [ Jis

plus terms constant in C” as C”(z) and ¥*™) are diagonal. To ensure the constraint that C belongs

to L,%’;ixpo is satisfied, [C"(z)];; for j = 1,...,rq is parameterized by its zeros v;,,, as

[C"(2))j5 = TTm=a (1 = vjm2).

m=1

Note that if [C”(z)];; is stored and updated in factored form, it is not necessary to explicitly
determine the zeros of a polynomial from its coefficients at any step.

The Wirtinger derivative of (3.48) with respect to vjy, 1s

n,_ —(s s — s —1
§(Ujm )+ (T (1 — (o))
+7 Zk: =0 ajm(wk)(vjm — e k) — by (i) ek

where a;,,(w) and b, (w) are

G§

ajm (W) = ‘I/(S+1 JJ H 11— vjme lw’2
b (3.50)
[G(S) (w)C/+DH ()] .
bime) = =2 gy 1] (= vgmee™)
33 m/#£m

Note that |v;,,/| < 1 for all m’ # m implies a;,,(w) is real and positive for all w, as G(()f)) (w) is

positive definite. As (3.48) is real, the unique stationary point v}, € Cis

n, () (ﬁ‘gi‘i)T 1N~ = 1 elwk
2Vim T @) +T7 2 (@jm () + bjm(wr))
* o Jjm
Uim = 77 1 7 G:>1
+ 1= Zk 0 a]m(wk)
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which can be shown to be the unconstrained global minimizer using a;,,(w) > 0 and n > 0. If
[V7,.| > K, then the constrained minimum occurs on the boundary. If kel’ni is substituted for

V;jm 1n (3.48), the associated optimization problem reduces to minimizing an objective of the form

—1"c08(0m; + 0') + const, which has unique global minimum at 6,,,; = —0" = Argvj,,.
If v](-fr)” m = 1,...,q are the zeros of [C"(*)(2)];; counted with multiplicity, the new zero

locations can be computed iteratively for m = 1 through m = qq as

opt = min{1, k/ o]} - 0, (3.52)
where ag-f%(w) and bgf%(w) are computed as (3.50) using vﬁ“% . ,v](.f;_)l), vj(fznﬂ), . vj(-f,)L, and

(s)

o) ©

m 1S obtained as (3.51) using a;,, (w) and bgir)L(w) This update step is performed for all j =
1,...,7ro toupdate C”, and, when combined with the update step for C’, yields an updated C**1)
within Lf(;gquo which decreases the surrogate function.

The update steps for D., ¢ = 1,...,C is analogous to the update step for C, as D.(z) can
similarly be partitioned into D’,(z)+D”(z) with corresponding off-diagonal and diagonal coefficient
blocks D’ and D”. The optimization problem for D/, is

min  d (D, D) YD |9) (3.53)

D.eL’?

TeXTeXqe

as 0., (D,|0®) is constant in D”. The needed quantities to update D, are

O = £ 347 Uelwr) Ge () U (i),

c

QY = L YT DI ()G (we) UM (),

c

with U (w) = u,, (e¥) @ I,,. If Q') ¢ 102 is the projection of Q% onto L%, o Which

TeXTeX({e
has jth row
H —1rzH
q,CJ = qcvj ZTCVj_LqC (ZTCJ_LQC OﬁS) ZTC 7j—17qC) ZTCyj_lzqc ’
where q,; is the jth row of Qﬁs) for j = 2,..., ., then the profile objective minimum for D/, is

D) = Q). (3.54)

c
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With the obtained values for D.* "™V, the profile optimization problem D’ is

min d (D/C(S+1),D/C/,T((:S+l |0 s+1)) + 5 (D/ (s+1) D//|0 s+1)) (3.55)

D”G]LSK ,0

which can be updated in the same fashion as C”. To update the on-diagonal polynomials D”(z)

with zeros we j,, for j =1,...,rcandm = 1,.. ., g, requires

GCC
fc,jm( [[T(S+‘I}))]JJ H |1 _wcgm’e 1w|2

(s) M(s+1DH /iy L. .
hc,jm<w) = [Ge2 (w)De (e")]yjj H (1 _ wc,jm’e_lw>7

GtD
B .
: s m/#m
which yield the unconstrained minimum

(s) (w (s) )T 1 -
gwcd‘m - 1_;;7;) )T + Zk 0 e '(fc,jm(wk) + hqjm(wk))
W = e . (3.56)
2 + Z fc,]m(wk)

(s) *(s)
Iteratively computing fc ]m( w), h, ]m( w) and w;,,," using the previously computed zeros in the

same fashion as a(s) o (w), b;i,)L( ) and v (<) respectively yields the update,
(s+1) .
wc,jm - I'Illn{l, ’%/|wc ]ml} ,]m

3.4.4 Updating M and N,

To update M holding A and ® fixed at the new values A1) and &Y the relevant term
in the concentrated surrogate function is a(AG+) M, ®T1|0()). As for the update of C, the
constraint that the zeros of the south-east polynomial [M(z)],,, have magnitude at most x adds an
additional complication to the minimization problem. Updating the values for the other coefficients
in M prior to updating the zeros in [M(z)],,, will ensure that this constraint is satisfied.

To separate the two types of coefficients in M, first take an LD L" decomposition as

’S\és+1)fés+1)’s\és+1)H _ HA(erl)H((I) (s+1) ) lA (s+1) H
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where I1 is the anti-diagonal permutation matrix (that is, the order-reversing permutation). Let the

reversed SU and TP be

Sy = msyhr, L5+ = IIT, V1L

Then S(SJrl e L! (s+1)

roxro 18 unit lower-triangular and T'

€ P,, is diagonal with real positive
diagonal components. If we further set M = S(S+1)1\/I then M is in L, xroxp, Where the diagonal
entries of the coefficient blocks M equal those of M, (in particular, [ﬁ Jroro = [Mlrory)- With

this transformation, the quantity
MH (Z)A(S+1)H(@ s+1)) IA (s+1) M(Z)

equals, for all M € L, xroxpos

—~

- H
(S5 + My (2) 91T,) ) TE (S 4+ M(uy () @1,)).

Next, for each coefficient block /1\/\Ij, J=1,...,pin M, let M\; € L, -, be the matrix with
south-east entry [ﬁ;]mm = 1 and all other entries equal to those of K/I\j. If £ € Cpyroxporo 1S the

diagonal matrix

60 = blkdiag(ITOfla [Ml]rof‘oa s 7:[7'0*17 [MPO]T‘OTO)

forj =1,...,po, then M = ﬁ/éo where M’ = [ﬁ’l . ﬁ;o]. If E(()S) is constructed as previously

described using M(®), then the optimization problem for M is

min  a(ACTD M, €l @GtD|9¢). (3.57)
M/eLSESL o

Defining the quantities,
S S s)H
Py (W) = 57U () G () U (w)€S",
A (w) = Ko (w) (@) AL TS

Ly (w) = [APM (W) = TFTISFTVGE) (w) | Ul (w)gs "
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with P* ISP () and LY = 71 ST L) (w,). Note that P is positive definite
for the same reason as O0 when 7" > max{py, 7"0} as long as [M ]mrO #0forallj=1,...,p9
which occurs almost surely when the distribution of x is absolutely continuous. Then the objective

in (3.57) is equivalent to
tr TEFOMPY MM — 2 Re tr(MMLE" (3.58)

plus terms which are constant in M’. A similar argument to that used in Section 3.4.3 yields that

(3.58) has equivalent vectorized form

T0o
> ) P m — 2 Re e

j=1

where ffl’. and £ ; are the row-vectors containing the jth row of M’ and L[()S) respectively. For

(s) SE=1

ToXT0XPo’

Jg=1...,70— 1, let L ) be the orthogonal projection of L;” onto the affine space L

which has jth row Eo,j fory=1,...,r9g — 1 given by

> s+1)1— s
£, =[ry* )]jjlfo,jzro,j,po(ZH PZy jp0) 12N

70,J,P0 70,3500

SE=1

and for j = ry, the displacement of the affine space L, 57,

yields the projected row,

KO T W0+<[F(s+1 ]roroeo 70 WOPE)S)>ZTO,T0—1,P0(ZH P(()S)ZTO,J}PO) IZH

70,J,P0 ro,r0—1,p0’
where w] € C,,,, has entries numbered k - o for k = 1,...,p, equaling 1 and all others zero.
Then M/ = IA,(()S) is the unique minimizer of (3.57), so the update M'**1) then is
M) = () I (3.59)

(s+1)

To update zeros in the south-east polynomial, suppose S ) 4+ ﬁ(upO () ® 1) is patterned as

_ Mp(z) 0
SOV M(uy, ()@ L) = | . (3.60)

my;(2) Maa(2)
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Then ﬁll(z) and my; (z) are functions of M’ alone while maa(z) = [M(2)]ror,- If M’ is held

constant at M'(**1)_ the profile objective for [M(2)],,r, is

LS VG (i) rore [IM(2)]rgro |

(3.61)
+ 2 5505 Re (867 (@) ™™ (@) — [Ao(wi)lrura ) M)y,

plus terms which are constant in [M(z)],,,,. Here, m$;" )i

is the row-vector of length o — 1 from
(3.60) using M'*D, while g\ (w) is the first 7o — 1 entries in the bottom row of Gf:())o(w). As in
Section 3.4.3, the polynomial [M(z)],,, can be parameterized in terms of its zeros x;, j = 1,. .., po

as

[M(2)lroro = TT721 (1 = 2;271).

Defining the quantities

pi (@) = L6 VG0 (@)ror [T (1 — e ™),
4(w) = <[A((JS)(°")]T0T0 — (&5 ()i gsiH)H(w))) (1 —zjpe™),

(s+1)

then as in Section 3.4.3, the minimizing z; can be found as

T iw s s
wo onme e (08 (we) + ¢ (wi)

€T. = s

’ o 0 (wi) (3.62)

(s41) _ &)y . *(s)
z; ) =min{l, k/[ 7} 2

where pg.s)

(s+1)

(w) and q](.s) (w) are computed using z\*"™ through 2!**"

J—=

and 2 +1 through :c,SJ

The updates for N, ¢ = 1,...,C are analogous, as the relevant term in the surrogate function
is bC(BgSH), N, Y+19¢)) . To update the entries in N, prior to updating the location of the zeros
of [Ne(2)]r.r., let SETVTETVSETIH be the LDLM decomposition of IIBE V(@) 1BE 1T
where here 11 is the order-reversing permutation matrix of the appropriate size. The reversed
S and TV are obtained in the same fashion as S{"" and T, Let N, = SU™N, be
the transformed coefficient matrix, and let N, = [ﬁ’cl e ﬁgp | be the matrix in L5 - where

[N’c jlrer, = 1 and all other entries in N’C ; are the same as in the corresponding coefficient matrix
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NCJ fory =1,...,p.. Taking

E&S) - blkdiag(:[rc—b [N((;?%]rcrca s 7:[1“5—1’ [N(S) ]TCTC)7

C,Pe

we have ﬁc = 1/\\1’650, and the profile optimization problem for IQT’C is

min b (BETD N/ ¢ @6+1|90)). (3.63)

N/ G]LSE 1

TeXTeXpe

To find the update for N’ the needed quantities are

P (w) = £U(w) GE () UY ()€,

>
&
I

K((:s)H (w) (@gs-&—l))le((:erl) (S(s+1))717

C

L(s)( ) = [A(S ( )_ I‘ff*”Sff“’G sc( )]UH( )5 s)H

and set P = 77151 ) (wy,) and LY = ISR (W) Let L be the projection of
L& whose jth row ec,j forj =1,...,r. — 1is given by

-~

Ecaj = []‘_‘CSJrl ] l'e Z"'c j7pc(ZH P£S)Z7"c’japc) IZH

Te,J\Pe TeyJsPe?

and the r.th row is

~

Loy, =W+ ([F(S—H)] Ler, — WCP£S)>ZTc,rc71,pC(ZH P( )Zrcjpc) 'z

TcTe TesJsPe Te,Te—1,pe”

/(s+1)

where w! € C,_,. has every r.th entry being 1 and all other entries zero. The update N is
obtained as

N/EH) = (SEH) 1L, (3.64)

For the south-east coefficients, if the zeros of [N.(z)],.,, are denoted as y.; for j = 1,...,p. so

that

[Ne(2)lrer. = ;;0:1(1 — Y2 ),
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then the needed quantities to update ¥, ; are

tej(w) = [I‘£S+1)G(S) (W)]rore ?f#(l — ycﬂve*iw)

) *,cC

5 () = (18D @), — (8 @RS (@))) Ty (1~ vegre™)

where g!¥)(w) is the first . — 1 entries in the bottom row of G\*).(w) and ﬁS;rll)H(w) is the first

r. — 1 entries of the bottom row of S + NIV (u, @1,.). As above, the minimizing yg,sjﬂ)
can be found as -
o _ Do M (15 (i) + g (i)
Yo o 1) () | (3.65)
yi = mind 1,k / i)l
where tf} (w) and u((fj) (w) are computed using yﬁ,i* Voo yﬁsjtll) and yﬁsj e U

3.5 Experiments

In this section, a simulation study is conducted in order to examine how modeling both the
cross-sectional and temporal correlations of the observations (as in MFSA) can lead to improved
performance relative to MFA, which models only the cross-sectional correlations. For the three
problems of cross-sectional covariance estimation, transmitted signal recovery, and target detection
in passive radar, the following experiments demonstrate that MFSA has improved performance
characteristics when the observations have significant temporal correlations.

In the following experiments, the relative contribution of the signal, interference, and noise

series to the channel-c observation are quantified by the channel-c average power ratios, defined as

T 1 T tr @,
Ns. / tr Sg.s, (W)dw, s, / tr Sy, (w)dw, — Nu, = ! (3.66)

"o ). " 2P ). P,

where P, is the average power in channel c,

1 s
P.=— / tr Sy, x, (w)dw,
2 J_, e

and S, (w), Si,i.(w) and ®,. are the power spectral densities of s., i. and u,. respectively.
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3.5.1 Cross-Sectional Correlation Estimation

In multi-channel problems, the cross-sectional correlations within and between channels are
often of primary interest. To understand how the presence of non-trivial temporal correlations in the
latent series affect estimation of zero-lag cross-sectional correlation matrix Ryx = E [X[O]XH [0]] ,
we simulate x[¢] using temporally correlated latent factor series. MFA, which exploits the low-
dimensional channel-structured observation model (2.2) but the assumes that the observations
are temporally independent, still allows for consistent estimation of Ry, even when the ob-
servations are temporally dependent, under mild moment conditions. Therefore, the estimates
f{MFA obtained using the method of Ramirez et al. (2020) can be compared to the estimated
Ramrsa = (2m)~! ffﬂ Ssx (w; @)dw obtained as a result of Algorithm 1. In addition, we compare to
cross-sectional covariance estimates which do not follow the low-dimensional channel-structured
observation model, namely f{ARM A and ﬁSamp’ which are respectively obtained by fitting a multi-
variate ARMA model directly to the all-channel observation series x[t| and by using the sample
covariance matrix Rgamp = 7 3.1 x[t]x"[t] as a nonparametric estimator.

To make this comparison, we perform an experiment analogous to that of Experiment 3 in
Ramirez et al. (2020, Sec. IV.c), with C' = 3 channels of sizes n; = ny, = ng = 7 influenced by
ro = 2 common factors and r, = 1 distinct factors for each channel, with the added feature that the

common and distinct factors exhibit significant temporal correlation. The average power ratios are

the same across the three channels,
Ns,e = 0.1, Ni,c = 0.5, Na,e = 0.4, c=1,2,3.

In the temporally correlated setting, the latent factors are independent realizations of multivariate
Gaussian AR(3) processes, where the diagonal poles of greatest magnitude , vj;,j = 1,..., 70 and
wei1,¢=1,2,3,7 = 1,...,7., are set to 0.95 and the remaining poles are uniformly distributed
with |v;,,,| < 0.95 for j = 1,...,r9,m = 2,3 and similarly |w, | < 0.95 forc =1,2,3,j =
1,...,r.,m = 2,3. In the temporally uncorrelated setting, the latent factors are independent

standard normal random variables. In both settings, the remaining unconstrained parameters are
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sampled as independent standard normal variables, and positive-constrained parameters are sampled
as the absolute value of independent standard normal random variables. The channel-c loading
parameters A, and B, are then scaled so as to obtain the target power ratios.

In this experiment, the measure of cross-sectional covariance estimation quality is the Normal-
ized Mean-Squared Error (NMSE), defined as

| Rxx — R

NMSE =E :
| R [

for R = ﬁMFS As f{MFA, f{ARM A, f{Samp, which is estimated by averaging 250 Monte-Carlo trials
at each combination of simulation settings.

In Figures 3.2a and 3.2b, we compare the achieved NMSE for varying number of samples T’
when the latent factor exhibit temporal correlations versus the setting where the latent factors are
uncorrelated across time. Figure 3.2a demonstrates that ﬁMFS A exhibits improved performance
for estimation of the cross-sectional covariance when non-zero temporal correlation in the latent
factors is present, and that the performance gap between ﬁMFS A and PA{MFA increases as the number
of samples increases. Conversely, when the latent factors are temporally uncorrelated, Figure 3.2b
shows that f{MFA and f{MFS A perform similarly except when the sample size is small.

In both settings, the estimates ﬁMFS A and f{MpA that leverage the fact that the signal and
interference series are belong to the subspace S @ (Z; @ Z, @ Z3) which is of dimension 79 +r = 5
significantly outperform the estimates f{ARM A and ﬁSamp which work directly in the observation
space of dimension n = 21. As ﬁMFA outperforms ﬁARMA in both settings, this experiment
demonstrates that leveraging the low-dimensional and channel-structured aspects of the observations
while ignoring temporal correlations can be more useful than the reverse, when the factor sizes
are sufficiently small relative to the observation sizes and even when the factors are temporally
correlated. However, the fact that ﬁMFS A 1s the best-performing estimator in the temporally-
correlated setting demonstrates that leveraging both the low-dimensional and channel-structured
aspects and modeling the temporal correlations of the latent factors an substantially improve

estimation of the cross-sectional correlation matrix.
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Figure 3.2: Normalized mean-squared error achieved by estimators of zero-lag cross-sectional covariance
Rxx with varying T at different temporal correlations.
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3.5.2 Transmitted Signal Recovery

In the previous experiment, the cross-sectional correlation was of primary interest while mod-
eling the temporal correlation served only to improve the estimates of R,,. However, modeling
both cross-sectional and temporal correlation directly is useful for many problems of interest. In the
multi-channel blind source separation problem of Section 1.3, estimation of the transmitted signal
f[t] on the basis of the observed data is a crucial task. When the latent series exhibit temporal corre-
lations, the information about the transmitted signal at time ¢ is contained in both the measurements
at time t as well as at other times. Leveraging the information contained in x[s], s # ¢ to predict
f[t] requires estimation of the entire covariance function, which can be accomplished with MFSA.

To understand the utility of modeling the temporal correlation of the latent factors, this section
reports an experiment with 7" = 400 samples, C' = 2 channels of sizes ny = ny = 5, withrg = 1
common factors and r; = r, = 1 distinct factors per channel. The average power ratios are equal
across channels and set to 7. = 0.3,7;. = 0.4 and n, . = 0.3. The latent factors are sampled
as independent Gaussian ARMA(2, 1) processes where the degree of temporal correlation varies
for a fixed sample size. To accomplish this, the largest diagonal poles v;; for j = 1,...,r, and
we,C=1,2,7=1,..., r.is set to a value in the interval [0, 0.95] and the magnitude of the other
diagonal poles and zeros are uniformly distributed with magnitude less than the magnitude of the
largest poles. The remaining parameters are sampled in the same fashion as in Section 3.5.1. The
loading parameters are scaled to obtain the desired average power ratios.

For MFSA, the estimates of the transmitted signal ?MFS A[t] are obtained as the MMSE estimates

using all observations x[0], ..., x[T — 1],
£t = F11)(1r © AT x. (3.67)
where x = [x7[0],...,x"[T — 1]]7 is the nT vector of stacked observations, L'y is the block

Topeliz matrix with sh-th n x n block being

~ 1 L ~
Iux[s — h] = %/ el(s_h)Sxx(w; 0)dw,

—Tr
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and [t] is the ro x roT block matrix whose sth block is T'xx|t — s]. These predictions can be

compared to the MMSE estimates obtained under the model that the factors are independent,
T _ Rl/23RHp-1
fura[t] = Rg "A"Rypax([t], (3.68)

and to the oracle MMSE estimates of f[t] obtained as in (3.67) by replacing Sxx(w; 5) with the true
power spectral density. In (3.68), the factor R};f/ ? is included to scale the estimated factors /f\MFA [t]
appropriately, as MFA uses the scaling convention where the latent factors have identity covariance.
The measure of transmitted signal recovery is the NMSE, which here is
S 111 — £l |2]
o I ]

and is estimated by 250 Monte-Carlo trials at each setting.

NMSE =FE

In Figure 3.3a, it can be seen that the estimates ?MFS A[t] obtained by estimating both temporal
and cross-sectional correlations significantly outperform the estimates ?MFA [t] (which only use
the cross-sectional correlations) when the latent series have substantial temporal correlations.
Conversely, when the temporal correlation is low, most of the information about f|¢] is contained in
x; and so the estimates /fMFA [t] are preferable.

As a further demonstration, Figures 3.3b and 3.3c compare the magnitudes of the factor estimates
|[Eursalt]]| and | [Eupalt]|] to the true factor magnitude ||£[¢]||. The MESA estimates track the true
factor substantially better than the MFA estimates, as the MFSA estimates are able to borrow
information about the factors from nearby times s # ¢ while MFA uses only the same-time

observations x|t] to estimate f|t].

3.5.3 Passive Radar Application

As described in Section 1.3, the target detection problem for passive radar can be framed as a

two-channel hypothesis testing problem,

Hl : Xl[t] = Alf[t] + Blgl[t] + ul[t] 7 ’HO : X1 [t] = B1g1 [t] +u [t]

%o[t] = Asf[t] + Bogo[t] + wslt] xolt] = Aof[f] + Bogolt] + wolt]
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Figure 3.4: Probability of missed detection for approximate GLRT & (I(w)) using temporal correlations
(MFSA) and GLRT G (X[O], S VA 1]) if no temporal correlations were present (MFA), for varying SINR
and fixed false-alarm probability pr, = 1072

Channels 1 and 2 are respectively the surveillance and reference channel, and H; is the target-
present condition while #, is the target-absent condition. To test if x[t] was synthesized by H;
versus H, a test G(x[0],...,x[T" — 1]), which is GLRT when the observations are normal and
temporally independent, is proposed in Ramirez et al. (2020, Eq. 75).

To examine how temporal correlation effects the distinguishability of H; from H,, we repeat
the passive radar experiment with the introduction of temporally correlated factors. The channels
contain n; = ny = 10 scalar measurements each, with r; = 1 common factor and r; = r, = 1
distinct factors. The total number of time-points is 7' = 400, and the latent series are independent
realizations of Gaussian ARMA(1,1) processes where the largest diagonal poles are set at 0.95.
The remainder of the sampling scheme is as in the previous subsection, with the exception that the

average SINR, defined as,

s
SINR,(db) = 101 e )

is varied over the range —18 through —10. The channel-c common factor loading matrix A, for

c = 1, 2 is scaled to obtain the target SINR.
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As the estimator proposed in Section 3.3 are obtained by maximizing the Whittle psuedo-

likelihood, the test

S(I(w)) = —2[%922)}56(1@); 0) — gré%}éé(I(w); 0)} 2 T (3.69)

can be defined, which will be an (approximate) GLRT (Ramirez et al., 2023, Ch. 8.3) when the
latent vectors are jointly normal for an appropriate threshold 7, which is estimated by Monte-Carlo
simulation under H,.

Figure 3.4 compares the performance of this test against the temporally-independent GLRT
G(x[0],...,x[T — 1]). It can be seen that the approximate GLRT S, which is a function of the PSD
over all frequencies, has improved detection performance compared to G, which is a function of the

sample cross-sectional covariance alone.

3.6 Discussion

In this chapter, the method of Multi-channel Factor Spectral Analysis (MFSA) is introduced
as an extension of MFA to allow for temporal correlations within the latent factors. As many
problems within statistics and signal processing to which MFA may be applied exhibit temporal
correlation in addition to the within- and across-channel cross-sectional covariance modeled by
MFA, this extension can be of value for such problems. As demonstrated by the experiments of
Section 3.5, explicitly modeling the temporal correlations can yield dividends on core multi-channel
problems like signal recovery and target detection. The theoretical results on MFSA identifiability
and the properties of the parameterization found in Sections 3.2.4 and 3.2.5 characterize the model’s
properties and can be useful building blocks for further results, as is the case for Theorem 5.
The MM estimation procedure designed in Section 3.4 to optimize the Whittle psuedo-likelihood
demonstrates that the chosen parameterization is tractable despite its complexity. In total, the
development of MFSA is a useful addition to the class of second-order methods for analyzing

multivariate time series across multiple channels.
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Chapter 4
Application of MFA to Multi-Vehicle Dynamics in a

Highway Environment

4.1 Chapter Overview

In this chapter, a model for the trajectories of multiple vehicles in a highway environment is
developed. The cross-sectional correlation of these trajectories is jointly modeled by the MFA
decomposition (Section 4.4.2), which isolates the across-vehicle covariance from the low-rank
within-vehicle covariance and parsimoniously models the common influence of the highway con-
ditions. The real-world data which is analyzed consists of location and kinematic data for many
vehicles on a tracked highway segment, where the membership on the tracked segment changes
(Section 4.4.1). The resulting partially overlapping trajectories adds complexity to analysis of
cross-vehicle correlation, and so the data are modeled as a partially observed joint multivariate
Gaussian process (Section 4.4) whose cross-sectional covariance is of MFA form. As the cross-
vehicle covariances may change, the MFA decomposition is extended (Section 4.4.3) to allow for
time-varying parameter curves. These parameter curves are estimated by the method of moving
segments (Section 4.6.2), and the resulting estimators are justified through the theory of locally
stationary processes. The goal of clustering vehicles into pods whose relative configuration is close
to static is introduced and characterized geometrically (Section 4.5). The podding problem is con-
nected to the MFA decomposition, and a dynamic model-based podding procedure (Section 4.6.3) is
developed. The results of applying this procedure to cohorts of spatiotemporally-proximate vehicles

within the Next GENeration SIMulation (NGSIM) highway dataset are investigated (Section 4.7).
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4.2 Motivation

Understanding vehicle behavior on highways is a fundamental problem for traffic researchers
and designers of autonomous driving systems. The highway traffic stream is marked by both
substantial regularity in vehicle motion, as well as deviations from the local average motion by
individual vehicles. Decomposing the highway traffic stream into more interpretable components is
a well-studied problem (Avila and Mezi¢, 2020), with continued application to decision-making
for traffic agencies. However, most existing methods are tailored to identify patterns in aggregate
vehicle density and so have reduced capability to describe the motion of individual vehicles or small
groups of vehicles. In this Chapter, we present a model-based approach to dynamically segregating
cohorts of vehicles into pods, which can provide insights at the level of individual vehicles.

The defining characteristic of a pod of vehicles is the stability of the relationships between
vehicles within the same pod, when compared to vehicles in other pods. The spatial homogeneity
of highways suggests that the relative positions and velocities of pairs of vehicles can be a proxy
for the relationship between said vehicles, so the relative configuration of the vehicles within a
pod will be more stable than the overall traffic stream. Motivating examples of pods include small
groups of vehicles which remain nearby due to safety or familiarity, despite overtaking opportunities.
Other collections which meet our pod definition include single outlying vehicles whose motion is
potentially erratic and thus very different from that of nearby vehicles, as well as the lane-specific
groups which arise when motion is constrained due to congestion.

This pod decomposition can provide a novel lens onto the emergence of regularities within
micro-scale traffic data, and tapping into the heightened stability of nearby pods can represent a
pro-social strategy for autonomous driving systems. Previous work has shown that cooperative or
altruistic autonomous driving systems can yield globally improved outcomes for all participants
when the relationships of other vehicles are appropriately accounted for (Toghi et al., 2022, 2021).
Additionally, assessing the riskiness of traffic conditions can depend on the stability of the ego

vehicle’s relation to nearby vehicles, which is directly related to the pod decomposition.
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A hurdle to the analysis of traffic data at the level of individual vehicles is the changing
identity of the vehicles on a given stretch of highway. Previous work has successfully modeled
individual trajectories as multivariate Gaussian processes, which incorporate dependencies between
the multiple features associated with a given vehicle as well as temporal dependence. Splitting a
cohort into pods requires examining multiple contemporaneous trajectories, so a joint multivariate
Gaussian process is used to model time-varying inter-vehicle relationships.

The approach taken for dynamic pod assignment relies on developing a model for the relation-
ships between the trajectories of spatiotemporally-proximate vehicles. The modeling strategy used
leverages the high degree of coordination and regularity present in vehicle trajectory data via latent
factor methods. In light of the multivariate nature of vehicle trajectory observations, we employ
multi-channel factor analysis to model the cross-sectional covariance, which distinguishes between
the tight, physically-required covariance for features corresponding to the same vehicle and the
looser cross-vehicle covariances which are of central interest. This method of analysis is extended to
a factor decomposition for the joint multivariate Gaussian process, where factor loading estimation
is performed for time-varying parameters on a collection of vehicles whose composition may also

vary with time.

4.3 Related Work

4.3.1 Trajectory Modeling

Modeling individual vehicle trajectories is an area of intense research interest, with competing
approaches ranging from classic techniques like the Kalman filter (Mercat et al., 2019), sophisticated
deep-learning algorithms (see Leon and Gavrilescu (2021) for a recent survey), and probabilistic
models such as multivariate Gaussian processes (Goli et al., 2018; Patterson et al., 2020). The
primary application of these methods is for prediction, where neural-network-based methods
typically represent the state-of-the-art. However, experiments such as those by Zhu et al. (2019)
have found that regression approaches remain competitive with deep-learning methods. These

probabilistic models have the advantages of parameter interpretability, uncertainty quantification,
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and the ability to be fit with relatively less training data. These advantages underlie the successful
use of multivariate Gaussian process regression as a technique for trajectory modeling in both the
domain of vehicle traffic (Yoon et al., 2021), and beyond (Eerland et al., 2016; Buelta et al., 2021).

The definition of a pod and its basis in the stability of geometric configuration of a group of a
vehicles has interesting connections to vehicular platoons (El-Zaher et al., 2012; Maiti et al., 2017).
A vehicular platoon is a multi-vehicle system of reactive agents which seek to maintain a predefined
relative configuration as they travel together down the highway, without any physical coupling.
Smart design of platoon agents can enable reduced fuel usage and increase highway safety and
efficiency (Alam et al., 2010). The self-organization of the agents obtained by their individual
actions responding to local perceptions allows for the maintenance of the desired geometry in the
presence of external shocks (El-Zaher et al., 2011). As the identified pods are likewise defined
by having a stable relative configuration, they can be viewed as naturally occurring examples
of transient platoons among human drivers who are similarly motivated by personal safety and

efficiency.

4.3.2 Dynamic Clustering

Measures of similarity between objects can be used to break down a collection of objects into
subgroups via cluster analysis. Clustering methods are tightly connected with mixture models, which
assume the observed objects have unobserved labels that identify a particular mixture component
from which that object is sampled. For mixture models, the problem of choosing the number of
mixture components can be side-stepped by moving from a finite mixture model to a infinite mixture
model. A standard model which enables this is the Dirichlet process mixture model, which uses a
Bayesian nonparametric approach to specify the mixing distribution and allows for an unbounded
number of mixture components (Antoniak, 1974). However, posterior inference for Dirichlet
process mixtures can be challenging. A tractable alternative was given by Kulis and Jordan (2012),
whose DP-means algorithm derives a straightforward k-means-like iterative approach from the

small-variance limit of the Dirichlet process mixture model with Gaussian kernel.
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Clustering methods have been applied to vehicle trajectory data for a variety of goals. These
include driving style identification (de Zepeda et al., 2021; Wang et al., 2020, 2017), vehicle state
segmentation (Yi et al., 2016), risk assessment (Guo and Fang, 2013; Shi et al., 2022), maneuver
detection and execution (Pang, 2019; Mahajan et al., 2020), lane detection (Hota et al., 2009), and
traffic shockwave detection (Lu and Skabardonis, 2007), among others.

Static cluster analysis assigns a fixed label to a specific object. For the problem of identifying
vehicle pods, we require the flexibility that the pod assignments and composition can change over
time. This problem of time-changing cluster assignments is known as dynamic clustering, and it
provides a sequence of labels for a given time series which capture the evolution of similarities
between objects as time passes. Dynamic clustering methods for time-series data is an active area of
research (Bouchachia, 2012; Sartério and Fonseca, 2020; Aghabozorgi et al., 2015). Recent work
in dynamic driving style identification by de Zepeda et al. (2021) has underscored the importance of
directly incorporating the nonstationarity of driver behavior to obtain deeper insights.

A particular application of dynamic clustering to vehicles which has received a great deal
of interest is the development of vehicular ad-hoc networks (VANETSs). For these networks,
identification of groups of vehicles which are spatially close and likely to remain so for some
time is necessary to reduce the costs of network construction and maintenance. Accordingly, a
number of clustering methods are based on problem-specific distances such as Link Expiration Time
(Benslimane et al., 2011) or heuristics like highest-degree and lowest-ID (Lin and Gerla, 1997).
More sophisticated algorithms such as WCA (Chatterjee et al., 2002), VWCA (Daeinabi et al.,
2011), or QMM-VANET (Fatemidokht and Rafsanjani, 2020) weigh combinations of time-varying
factors such as distance, average speed, trust, and network degree to assign time-varying clusters.
These methods differ substantially from the dynamic clustering algorithm proposed in this Chapter,

as they are specifically tailored towards mobile network construction.
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4.4 Trajectory Model

4.4.1 Multi-Vehicle Trajectories

Development of a dynamic podding method requires simultaneous analysis of the motion of
many vehicles in order to identify commonalities. For this purpose, complete trajectory datasets
(Section 4.4.1) provide the necessary trajectory data for many vehicles. Previously successful
models of trajectory data with multivariate Gaussian processes can be extended to joint multivariate
Gaussian processes, which provides the desired framing for the discovery of commonalities in

vehicle motion.

Complete Vehicle Trajectory Datasets

A useful class of datasets for traffic researchers and ADS engineers are complete vehicle
trajectory datasets (Seo et al., 2020). A complete vehicle trajectory dataset consists of positions
for all vehicle within a delineated road section, observed at high frequency over some substantial
duration. From these high-frequency observations, trajectories can be interpolated for all vehicles
on the road during the collection interval. A classic example of a complete vehicle trajectory dataset
is the Next GENeration SIMulation (NGSIM) project (U.S Department of Transportation, Federal
Highway Administration, 2016), which captured vehicle trajectories on 3 road segments recorded
for 30-45 minute durations at I0Hz. More modern examples include HighD (Krajewski et al., 2018),
Zen Traffic Dataset (Hanshin Exp. Co. Ltd., 2024), and others.

For complete vehicle trajectory datasets, the structure of the resulting recordings poses several
analytic challenges. As the typical travel-time down the road segment is much shorter that the total
recording duration, the captured trajectories are non- or partially-overlapping in time. That is, many
pairs of vehicles do not ever occupy the tracked road segment at the same time, and those pairs
which do simultaneously occupy the tracked segment may only do so for a short time and may be
spatially distant. These complications make joint trajectory modeling difficult, and many analyses

develop marginal models for the trajectories of individual vehicles without directly modeling the
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Figure 4.1: A schematic diagram of multivariate trajectories for vehicles ¢ = 1,2, 3, ... with n = 3 features.
The time-index ¢ of the trajectory is the global recording time, leading to partially-overlapping trajectories of
differing lengths. White spaces indicate potential (¢, ¢) pairs which are not observed, due to pair occurring
before the vehicle enters the tracked road segment or after it leaves. Between its entry and exit times, a
vehicle’s trajectory is completely observed.

interactions between spatially and temporally proximate vehicles. As the interactions between
vehicles are of central interest, we instead frame the data as a partially-observed joint multivariate

Gaussian process, where the structure of the partially-observed data is depicted in Figure 4.1.

Joint Multivariate Gaussian Processes

A Gaussian Process (GP) on an index set [ is a flexible and widely-used method of specifying
a random function  : I — R, via the constraint that for any finite set of indices t;,...¢,, the
random vector [x(t1), ..., z(t,)]" will have a multivariate Gaussian distribution. A GP can be fully
specified by a mean function i : I — R and a symmetric, positive definite covariance kernel
k : I x I — R. The GP model can be extended to the n-dimensional multivariate Gaussian process
(MV-GP) (Crépey and Dixon, 2020; Chen et al., 2023), which in turn models a random function
x(t) : I — R, via the mean function u(t) : I — R,,, covariance kernel x(t,t5) : I x I — R and

column-covariance matrix R € R,,«,, by requiring that the marginal distribution for any vector of
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indices t = [ty,...,t7]" satisfy
X(t) ~ MN(M(t), R, U(t)),
where the matrices X (), M(t) € R, xr and U(t) € Ry are

k(ti, t1) ... k(t,tr)
X(t)—{x@l) x@T)],M(t)—[M(tl) )] U=

R(tT,tl) KJ(tT,tT)

As the matrix normal distribution MN (M, R, U) for random matrix Y € R, 7 is equivalent to
requiring that vec(Y') have multivariate normal distribution with mean vec(M) and covariance
R ® U, the covariance of the MV-GP model is separable into the index covariance kernel x(ty, t5)
and the column-covariance matrix R. The multivariate Gaussian process (MV-GP) method has been
successfully been used as a model for both continuous-time (I C R) and discrete-time (I C Z)
trajectory data (Patterson et al., 2020; Eerland et al., 2016).

An objective of the current work is to examine the relationship between the trajectories of
nearby vehicles, and hence the joint distribution of multiple trajectories is to be specified. To build
on the utility of the MV-GP model for individual trajectories, the MV-GP model can be extended
to a multivariate stochastic process with domain N x [ and range R,,. This n-dimensional joint
multivariate Gaussian Process (JMV-GP) gives a probabilistic model for an unbounded number of
trajectories, such that the marginal distribution of any fixed finite cohort is an MV-GP. Elementary
properties of JIMV-GPs are provided in Section D.1 in Appendix D.

The mean function p(c,t) : N x I — R, and covariance kernel (¢, tq,co,t2) @ (N X
I) x (N x I) = R, serve to fully specify the JIMV-GP. Two potential properties of these
functions will be used in model development, namely stationarity and separability. A IMV-GP is
temporally stationary if there exist functions p(c) and Ko(cy, ¢o, 7) such that p(c, t) = py(c) and
K(c1,t1, ca,ty) = Ko(c, o, |t1 — ta]). Similarly, a IMV-GP has separable covariance if k factors

as

K(c1,t1, C,t2) = Keime(t1, t2)Kida(c1, ¢2) 4.1)
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where Kume : I X I — R is a scalar covariance kernel, and kig : N x N — R,,,, 1S a matrix
covariance kernel.

For IMV-GPs with separable covariance, the marginal distribution for rectangular index sets
has simple form. An set of indices is rectangular if it can be written as the Cartesian product
{c1,...,cc} x {t1,...,tr}, with associated index vectors ¢ = [cy,...,cc]T and t = [t1,... t7]|T.
The index set then consists of the same set of trajectories observed at the same set of times, and

hence the measurements can be arranged into a rectangular C'n x 7" matrix:
X(Cl, tl) Ce X(Cl, tT)
X(c,t) = : : . 4.2)
x(co,ty) ... x(co,tr)
As shown in Section D.1, the separability condition implies that X (c, t) has matrix normal distribu-

tion,

X(c,t) ~ MN (M(c,t), R(c), U(t)) (4.3)
with the following block-structured matrices fori =1,...,Candj =1,...,T,

M(c,t) = [p(ci, t))]i;  (n x 1 blocks),
U(t) = [Keime(ti, )] (1 x 1 blocks), (4.4)
R(c) = [Kia(ci, ci)]ij  (n x n blocks).
This motivates the description of the defined process as a joint multivariate Gaussian process
as, for any fixed index vector ¢ = [c, ..., cc]" and separable covariance kernel k(cy, 1y, co, 1) =
Kiime (t1, 2)Kia(c1, ¢2), the stochastic process x(c,t) = [x"(ci,t) ... x'(cc,t)]T is an MV-GP

with covariance kernel Kime(t1, t2) and column-covariance R(c).

4.4.2 Stationary Separable JVM-GPs with MFA Decomposition

For the purpose of joint trajectory analysis, the main modeling choice is picking the class of
cross-sectional covariance kernels ;4 under consideration. Unlike for spatial or temporal Gaussian

processes, we may have no reason to assume that c¢; being close to ¢, should imply that they are
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Figure 4.2: A synthesis diagram for a JIMV-GP with stationary MFA decomposition as defined in (4.5). The
ro = 2 common factors form a latent MV-GP which is multiplied by vehicle-specific loadings A (c¢) and
provide all cross-vehicle correlation in the model. Each vehicle has a distinct factor as 71 = 1, which models
additional within-vehicle correlation between features, modified by B(c). The idiosyncratic error process
u(c,t) = (IZ'%W(C, t) explains remaining variability in the vehicles features. The linear combination of these
three sources produces the observed series x(c, t) for vehicle c.
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more correlated than if ¢; is far from c;. Instead, we use the MFA covariance model (1.6) as
the cross-sectional covariance, wherein the observed across-vehicle commonalities are due to the
influence of a small number of latent across-vehicle factors. Further, the covariances within the same
vehicle are affected by within-vehicle factors, and remaining variation is attributed to idiosyncratic
noise. By partitioning the covariance in this way, we isolate the across-vehicle covariances (which
are of primary interest), and model them parsimoniously. For clarity of presentation, we assume
that the number of scalar measurements associated with each vehicle is n and does not vary across
vehicles. Similarly, we assume that the number of distinct factors per vehicle is r; for each vehicle.

To define the stationary separable MFA model for the observation IMV-GP x(c, t), select some
stationary temporal covariance kernel ke (|1 — t2|; @) which is known up to a finite dimensional
vector 8 € © of temporal covariance parameters and where the associated covariance matrices
U(t; 0) are positive definite for all t, 0 € ©. For identification, assume that ki, is scaled such
that rme(0;0) = 1 for all @ € ©. Let the latent across-vehicle factors f(¢) be a ro-dimensional
zero-mean MV-GP with covariance kernel ke (|t1 — t2]; @) and column-covariance matrix I,.,.
The within-vehicle factors g(c, t) are an -dimensional JIMV-GP and the noise w(c,t) is an n-
dimensional JMV-GP. Both g(c,t) and w(c, t) are zero mean with stationary covariance kernels
which is separable into Kyme(|t1 — t2|;0) and Kiq(c1, c2) being the appropriately sized identity
matrix if ¢; = ¢, or the zero matrix if ¢; # ¢o. The latent IMV-GPs f, g, and w are are assumed to
be independent from one another. With these assumptions, the observation process x(c, t), defined
as

x(c,t) = A(O)f(t) + B(e)g(c, t) + ®2 (c)wl(c, t) + p(c) 4.5)

for fixed mean function g : N — R,,, is a stationary separable JMV-GP with multi-channel
factor decomposition. The cross-sectional covariance parameters are the common factor loadings
A : N — R, .,,, distinct factor loadings B : N — R,,,,,, and noise variances ¢ : N — P,. The

covariance function for the observation process then has two forms. The within-vehicle covariance
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Kx(c,t1, ¢, ty) for vehicle ¢ is
Kx(C t1, ¢ t9) = Kime(|t1 — t2]; 0) (A(C)AT(C) +B(c)BT(c) + ®(c)) (4.6)
while the across-vehicle covariance Kk (c1, t1, c2, ta) between ¢ # c3 is
Kx(C1,t1, Costa) = Fgme ([t — ta]; @) A(c)) AT (). 4.7)

For a rectangular index set with index vectors c and t, the marginal distribution of X(c, t) is

X(c,t) ~ MN(M(c),A(c)AT(c) + B(c)B(c) + ®(c), U(t; 6)) (4.8)
where
Afc) B(c1)
Ac) = : B(c) = 4.9)
Alcc) B(cc)
and ®(c) = diag(®(c1),...,P®(cc)). The mean matrix M(c) and temporal covariance matrix

U(t; 0) are as defined in (4.4).

4.4.3 JMV-GPs with Time-Varying MFA Decomposition

The assumption of a stationary covariance for x(c,t) implies that the covariance between
same-time observations of two series is constant. In the context of vehicle trajectories, this may
not be tenable over longer periods of observation. Instead, it is desirable to allow for a changing
relationship between vehicles, which can be accomplished by allowing the loadings to vary slowly
over time. Extending the observation process (4.5) to include time-varying parameter curves A (c, t),

B(c,t), ®(c,t) and p(c, t) gives the time-varying decomposition,

x(c,t) = Ale, )E(t) + B(c,t)g(e, t) + @2 (c, )wlc, t) + p(c, t). (4.10)
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Then x(c, t) is a non-separable IMV-GP whose within-vehicle (¢; = ¢2) covariance is

Kx(c1,t1,¢1,t2) = Kiime(t1, t2; ) (A(Ch t1)AT(c1,t2) + Bler, t1)BT ey, to)
4.11)

+ <I)%<Cl, tl)i)%(cl, tg))

and across-vehicle (¢; # ¢2) covariance is
Kx(C1, b1, €2, t2) = Kiime(t1, 12, 0) (A(c1, t1)A(ca, t2) ). (4.12)

Estimation of the time-varying factor decomposition can be approximately reduced to estimation
of the stationary separable factor decomposition, if the time-indices fall within some sufficiently
small window and the parameter curves are slowly varying. Formally relating the time-varying
decomposition to stationary approximations at each time point can be accomplished in the frame-
work of locally stationary processes (Dahlhaus, 1996b, 2012), which provides justification for
the approach presented in Section 4.6.2. Locally stationary process theory obtains properties of
estimators for time-varying parameters under infill asymptotics, wherein the number of observations
used to estimate the individual values of the parameter curve is allowed to increase while the “total
duration" of observation is held constant. A locally stationary process can defined as being close to
an appropriate collection of stationary processes (Vogt, 2012), and stationary estimation procedures
based on moving windows of the observations can be justified via infill asymptotic considerations
(Chiann and Morettin, 2005).

For the present problem, let 7 indicates the total number of time-points observed and define
a sequence of IMV-GPs {x(c,t)}3°, on N x {1...7T}. For consideration of infill asymptotic
behavior, underlying continuous parameter curves are instead defined on the rescaled time interval
0, 1] via the mapping ¢ — /7. That is, the parameter curves of the form A(c, t) are related to an

underlying time-rescaled parameter curve A’(c,u) : N x [0, 1] — R, «,, by

Ae,t) = A(c,t)T).
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Given the time-rescaled cross-sectional parameter curves A’(c, u), B'(c, u) and ®'(c, u) whose
domains are N x [0, 1] as well as a time-rescaled temporal covariance curve 6'(u) : [0, 1] — © and

W (c,u) : N x [0,1] = R, the sequence of IMV-GPs {x7(c,t)}3°; on N x {1,...,T}is

x7(c, t) =A (e, t/TEr(t) + B'(c, t/T)gr(c, t) + % (c, t/Twrle, t) + ' (c,t/T).  (4.13)

Here, {f7(¢)}>_, is a sequence of zero-mean MV-GPs on {1,...,7} with non-stationary co-
variance kernels {K7 gime (t1,2; 0'(1)) }5°, specified by a temporal parameter curve 6’(u) and
column-covariance I,,,. Similarly, {gr(c,t)}7°_; and {w(c,t)}7°_, are sequences of non-stationary
separable zero-mean JMV-GPs on Nx {1, ..., 7} with temporal kernels { £ gime (t1, t2; 0 (1)) }5°,

and Kiq(c1, c2) being the appropriately sized identity matrix if ¢; = ¢ or zero if ¢; # co.

Local Stationarity of x(c, t)

As suggested by the name, locally stationary processes can be defined (Vogt, 2012) as those
processes which are, at any time, close in probability to some (time-dependent) member of a
collection of stationary processes on the rescaled time interval. That is, a sequence of vector-valued
processes {y7(t)}57°_; with domain {1, ..., T} is locally stationary if, for each rescaled time-point

u € [0, 1], there exists a strictly stationary process y;(u) such that
lyr(®) =yl < (/T —ul+ T ) Upr(u) as, (4.14)

where U, (u) is a positive process with a finite pth moment for p > 0 not dependent on u or
T . This ensures U; 7(u) is bounded in probability, so ||y7(t) — y¢(u)|| is O, (|[t/T — u| + T71).
Motivated by this definition, we can define a locally stationary sequence of IMV-GPs {xr(c,t)}5_;
by requiring that, for any fixed finite cohort ¢ = [cy, ..., cc]T, the associated sequence of stacked
processes {x7(t)}3_, with x7(t) = [x"(c1,t) ... x'(co, )] is locally stationary as defined in
(4.14) for p not depending on ¢, u or T .

With this definition, the following proposition shows that local stationarity of the latent processes
and smooth and bounded cross-sectional parameter curves ensures that {x7(c, t)}3°_, is a locally

stationary sequence of JMV-GPs. The assumptions on the cross-sectional parameter curves used for
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this proposition and for Theorem 6 are contained in the following assumption. Here, c7(t) and ¢’(u)
are time-varying cohort vectors in original and rescaled time respectively, with c1(t) = c/(t/T).

The respective lengths C-() and C’(u) are such that c,-(¢) € N¢7® and ¢’(u) € N¢'®),
Assumption 1. (Cross-Sectional) The time-rescaled cross-sectional parameter curves satisfy:

(Al) Forall ¢, A'(c,u), B'(c,u), P’z (c,u) and p'(c,u) are Lipschitz continuous in u for some

Lipschitz constants that do not depend on c.

(A2) The norms ||A’(c,u)|

B’ (¢, u)]

P r, and ||®'(c,u)||r are uniformly bounded above by

constants that do not depend on (c, ).

(A3) The noise covariance is bounded away from zero,
“min  [®'(c,u)]; > >0,
for some constant € which does not depend on (c, u),

(A4) The cross-sectional covariance parameter curve 1 (c’ (u), u) is in the globally identified subset

for all u.

Note that the curve n(c’(u), u) is obtained by vectorizing the loadings A (c’(v)), B(¢'(u)) and
P (c’ (u)) as in (2.7) and the globally identified subset is as defined in Proposition 8. As the shared
channel size and factor numbers are held constant at n, 7y and r; respectively, Assumption (A4)
implies a lower bound on the cohort size C’(u) > Cy,, for all u for some C,;,, which is a function

of n, rg and r. With the first two of these assumptions, the following proposition can be proven.

Proposition 16. Suppose {f(t)}3°_, is a locally stationary sequence of MV-GPs on {1,...,T},
and {g7(c, )}, {wr(c, )}, are locally stationary sequences of IMV-GPs on N x {1,..., T }.
If {x71(c,t)}3_, is the sequence of IMV-GPs defined by (4.13) for A'(c,u), B'(¢c,u) and ®'(c,u)

satisfying (Al) and (A2), then {x7(c,t)}3°_, is locally stationary.

Proof. See Section D.2 in Appendix D for proof. 0
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The above proof requires that the latent processes be locally stationary, which depends on the
properties of the covariance kernels {£7 ime (£1, t2; 0'(w)) 152, . If the {K7 time (t1, t2; 0" () 152,
arise from a model which is known to be locally stationary, such as the Gaussian tyARMA(p, q)
process (Dahlhaus, 2012, Ex. 4.2), then the latent processes will also be locally stationary.

Further, if ¢/(u) is a time-varying cohort vector with maximum size C,,y, then the max cohort
vector Cpax € NOmax can be defined as the ascending list of indices where c is listed in ¢y, if there
exists some u such that c is listed in ¢’(u). Define the selector matrix Z(u) as the C”"(u) X Cpax
block matrix associated with ¢/(u) by

L, [c(u)]i = [Cmax;
Djj(u) = ,

0,, o.w.
[Z(u)]w = Dz](u) for: = 1, ceey C'/(u), j = 1, cey Crnax-

If x7(t) and X;(u) is the stacked process associated with the constant cohort c,,,, and its sta-
tionary local approximations as obtained in the proof of Proposition 16, then ||Z(t/T)xr(t) —
Z(t/ T)Ru(w)]| < lIxr(t) — % (w)l], 50 ||Z(t/T)xr(t) — Z(t/T)%e(w)|| is Oy (/T — ul + 7).
For a time-varying cohort ¢’(u) with bounded size, the vector Z(t/7T)X;(u) is the stationary local
approximation to Z(¢/7 )x(t). This is necessary because the difference Z(t/7T )x7 — Z(u)x;(u)

is only well-defined if ¢'(¢/T) = ¢/(u).

4.5 Podding via Relative Configuration

To identify stable sub-groups of vehicles as they travel down the highway, we focus on the
relative configuration of the vehicles. That is, only the motion of vehicles which alters their relative
position and velocity are considered, and continued constant-speed down-highway movement is
ignored. Given a cohort of vehicles with complete observations over a given window, the space of
relative configurations is identified with a subspace of the trajectory space. Similarly, partitioning
the cohort into pods creates a collection of subspaces which capture the relative configuration

of vehicles within the pod. A loss function for poddings which measures the instability of the
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within-pod relative configurations is constructed. Under the stationary separable covariance model

of Section 4.4.2, a simple expression for the expected podding loss is obtained.

4.5.1 Overall Relative Configuration

Suppose a cohort of vehicles with index vector ¢ = [cy, ..., cc] are observed at times t =
[t1, ..., tr], with n features measured for each vehicle. The cumulative changes in relative configu-
ration can be obtained from this vector-valued time series. The space of relative configurations of
the cohort can be identified as follows. On the trajectory space R, 7 equipped with the Frobenius

inner product, we can define the action of a all-vehicle translation 7y, as

x(c1,t1) +vy ... x(c1,tr) + vy

Tv(X(c,t)) =X(c,t) + (1c @ V) = : : (4.15)
X(Cc, tl) +vy ... X(Cc, tT) + Vvp

where V € R, «r has columns [v; ... vy] and 1,, € R,, is the vector of ones. Configurations

of the same cohort are equivalent if they differ by some all-vehicle translation 7y,. The space of
relative configurations of the cohort is defined as the quotient space under this equivalence relation,
which can be identified with a particular subspace of R¢,, . Therefore, projecting onto the space
of relative configurations removes the effect of the down-highway motion V which is applied

uniformly to each vehicle.

Proposition 17. The space of relative configurations of the cohort c at times t, defined as the
quotient space of Rey,«r under the above equivalence relation, is isomorphic to the (C — 1)Tn

dimensional subspace C*+ C Ry, 1, where
C=Span{le®e;®e;|i=1,....,n, j=1,...,T}

Here, e; € R,, and €; € Ry are the standard basis vectors of the appropriate sizes. The
orthogonal projection Por(Y) =Y — 1c ® (C7'(1L ® L,)Y) for Y € Reyxr is equivalent to

the quotient space projection.

107



Proof. See proof of Proposition 18 with mp = 1¢. [

Given a subset B of the cohort {cy, ..., cc}, the space of relative configurations of the vehicles
in B can be identified with an (| B| — 1)Tn-dimensional subspace of R¢,,» in the same fashion.
To see this, define the binary membership vector mp € R which has a 1 in the jth component if
c¢; € B and zero otherwise. The space of all configurations of the vehicles in B can be identified
with the |B|Tn dimensional subspace Sp C R, «r defined as the image of R¢,, 1 under left-
multiplication by Pg,, = diag(mp) ® I,,. As for the full cohort, the space of relative configurations
of the pod whose members are given by B is defined as the quotient space of R, <7 under the

equivalence relation arising from the transformation T 5 (X(c, t)) = Pg,X(c,t) + (mp ® V).

Proposition 18. For any B C {c1,...,cc} at times t, the space of relative configurations of the
pod with members in B can be identified with the (|B| — 1)T'n dimensional subspace C N Sp,
where

Cp=Span{mp®e;, ®e;r|i=1,...,n, j=1,...,T} (4.16)
The orthogonal projection Pg onto C N Sp is Pg(Y) =Pgs, Y —mp @ (|B| '(m] ®1,)Y).
Proof. See Section D.3 in Appendix D for proof. [

If B is a singleton, then Cz N Sy = {0} and all trajectories yield the same trivial relative

configuration for the vehicle in pod B.

4.5.2 Podding Loss

A podding P can be defined as a partition of the cohort c into the subsets By, ... By, with
each By, designating a pod of vehicles. For a stable podding, the within-pod relative configurations
should be close to constant. To measure this, first define the time-average configuration X(c, t) of

the vehicles in ¢ over the times in t as

X(c,t) = T 'X(c,t)17. 4.17)
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Figure 4.3: Example of podding decomposition for C' = 5 vehicles and 7' = 3 time points with n = 2
features (Along- and across-highway position). Top row depicts absolute configuration for the vehicle
positions on highway segment at ¢1,t2,t3. The second row shows relative configuration of the overall
cohort at each of the three time-points, while the third row shows the within-pod relative configurations
for the optimal 2-part podding. The central black dot in each relative configuration box is the origin of the
configuration space. The podding loss £ from (4.18) corresponding to each pod is given in the third column.
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The deviation from the time-average configuration when measured on the associated relative
configuration subspaces captures the appropriate notion of within-pod stability. For the measurement
matrix X(c, t) and a podding P for the cohort of vehicles ¢ measured at times t, define the podding
loss E(P, X(c, t)) as the (scaled) squared magnitude of the deviation from the time-average
configuration, X(c,t) — (X(c, t) ® 1}) when projected onto the subspace (Cg, N Sp,) B - - - H
(Cg, N Sp,) of the relative configurations of the pods,

L(P,X(c, t)) *—ZIIPB (c, t) — X(c, t) @ 17)|I7 (4.18)
BeP
An example of the relation between a vehicle podding and the podding loss is shown in Figure 4.3.

The loss function £ measures the per-time squared average deviation from a static within-pod
relative configuration. A loss of zero is attained only if the podding breaks the cohort C into pods
where the relative configuration of the vehicles is unchanging during the times {t1, ..., ¢z}, which
is a “perfect” podding. The above podding loss is non-increasing as partition fineness increases, and
the trivial podding P,,;, which assigns each vehicle its own pod will always achieve a loss of zero.
To avoid this, we can impose a penalty for finer poddings. In the same setting as £ above, define the

penalized podding loss £, (P, X(c, t)) with penalty weight A > 0 as
Ly(P,X(c,t)) = L(P,X(c,t)) + A|P]. (4.19)
If S(c, t) is the sample lag-zero covariance matrix for the cohort c at times t,
S(c,t) = (T - 1) ' (X(c,t) —x® 1) (X(c,t) —X® 1),
then some algebra shows that £(P, X(c, t)) can be written in terms of S(c, t) as

L(P,S(c,t)) = Z trPgs,S(c,t)Ps, — % tr (mj; ® (Pg,S(c,t)Ps,(mp ®1,)))
BeP

1
+ |'?| tr PSBS<C, t)PSB (mBmE X In)
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If S(c, t) is partitioned into the n x n blocks corresponding to each pair of vehicles,
SH(C,t> R SCl(C,t)
S(c,t) =
S—er(C, t) e Scc<C7 t),
then the above expression can be simplified into

L(P,S(c,t) =) {Z Bl-1, S..(c |B| > trSu(c,t) } (4.20)

BeP -ceB c,c’eB
c;éc’

Under the stationary MFA model (4.5), the cross-sectional covariance is channel-structured and so
the expected podding loss E[L(P, S(c, t))] for X(c, t) distributed as (4.3) is

BIE(P.S(e. )] = 3 |5 T X lIAl) - AN+ 172 S IBOIE + 20

BeP CEB c/eB cEB
4.21)

In Section 4.6.3, the above expression for the expected podding loss for cohort ¢ under the stationary
model (4.5) is used to construct a dynamic podding rule for the locally stationary model using a

related kernel distance measure.

4.6 Estimation and Podding

Given a time-varying cohort of vehicles and their associated partially-overlapping trajectories,
our goal is to dynamically cluster the cohort into pods. The model-based dynamic podding procedure
outlined in Section 4.5 requires estimating the vehicle-specific loading parameters on the basis of
the trajectories of this time-varying cohort ¢ (¢), while allowing for these loadings to slowly vary.
This is accomplished by taking small windows of length W over which the cohort is static and
completely observed and applying a stationary psuedo-likelihood maximization algorithm (Section
4.6.1). These estimates are stitched together into an estimate of the time-varying loading curves
(Section 4.6.2) and this is shown to be a consistent estimation procedure under infill asymptotics.

Using these curves, a dynamic podding estimator is obtained by selecting the optimal podding for
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the stationary approximation to the time-varying factor decomposition (Section 4.6.3) at each time

t.

4.6.1 Estimation of Stationary Approximations

For vehicles ¢ = [cy, ..., cc| with n features each, observed at times s = [sy, ..., sy, the
Cn x W windowed data X(c, s) is modeled as a sample from a separable stationary JMV-GP with
MFA decomposition, (4.5). The mean matrix M(c) is estimated by the time-average configuration
X(c,s) ® 1], as in Section (4.5). The remaining parameters to be estimated are the cross-sectional
covariance parameters A(c), B(c), ®(c) and the temporal covariance parameters 8. Estimates of
these parameters are obtained by maximizing the stationary pseudo-log-likelihood,

/(X(c,s); A,B,®,0) = —tr U (9)ZTR"(A, B, ®)Z

(4.22)
— Wlogdet R(A, B, ®) — Cnlogdet U(0),

plus terms which do not depend on the unknown parameters, where

Z = X(c,s) — X(c,s) ® 1y,
R(A,B,®) = AAT + BB" + ®.

For the cross-sectional parameter spaces A}, B} and [P, are as defined in Chapter 2, then the

optimization problem on the given window is

max ((X(c,5);A, B, ®,6). (4.23)

(A,B,®,0)cA} xB} xP, x©

Estimation of the scale matrices of the matrix normal likelihood can be accomplished via a
flip-flop algorithm (Srivastava et al., 2007). Numeric experiments by Werner et al. (2008) have
demonstrated that flip-flop methods for estimating covariance matrices with Kronecker structure
tend to converge to a global optimum more rapidly than Newton-Raphson methods and have
improved asymptotic efficiency over projection of the sample covariance onto the space of covariance
matrices with Kronecker product structure. Algorithm 2 solves the optimization problem (4.23)

by sequentially updating the parameter blocks (A, B, ®) and 6 using the existing MFA block
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majorization-minimization approach (Ramirez et al., 2020, Alg. 1) and off-the-shelf methods for 0
respectively. The updates for (A, B, ®) and 0 are detailed in the following two subsections. The

procedure is outlined in Algorithm 2.

Algorithm 2: Stationary estimation of parameters on single window
Input: Centered observation matrix Z for vehicles ¢y, ..., cc at times s; ... sy
Output: Estimated loading parameters A, B, ®, estimated temporal covariance
parameters 6

s+ 0
Initialize A© B, $© 90
repeat

S(09) L (ZU@(S))*%) (z

2 S
)
=
~—
e
N——
—

Update to A S“) as (4.27) using S(8©)), B®), ()
Update to B¢+ as (4.29) using S(6*)), A+ &)
Update to &+ as (4.31) using S(6)), A=+ B(+1)
REHD  AGHFDAGHIT 4 BEHDBGHDT 4 ls+l)

Z(ﬁ(s-ﬂ)) (ﬁ(s-{—l))féz
Update to 66+ as in 4. 6 1 using Z(R©+D)
until A 5),B(5)7 d© and ) converged

Updating (A, B, ®)
Holding the estimated temporal covariance parameters 0 fixed at 5(5), the profile optimization

problem for A, B, ® is

max —tr (U(§<S>)—1ZTR—1(A,B,q>)z> ~ WlogdetR(A,B,®).  (4.24)

(A,B,®)cA} xBE xPy,
If the temporally-whitened covariance S(6) is defined to be

S(9) = Wl_ - (ZU(6)~"?) (ZU(6)~2)", (4.25)

then maximizing the above profile likelihood is equivalent to solving the problem

max  —logdet R(A, B, ®) — tr (R*ls@(s))) . (4.26)

(A,B,®)cA’ xB% xP,
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under constraints for A, B, ® which are equivalent to that of Ramirez et al. (2020, Alg. 1).
Those authors provide a three-step block-minimization-majorization approach to identifying the

maximizing A, B, ®. For completeness, those steps are summarized below.

Common factor loading update

Holding B and ® fixed at B® and </I\>(S), the maximizing AG+D has the closed form
A — (E®): (D)2 QY (4.27)

where E®) = BOBET + P ) P)T is the estimated error covariance, which is used to isolate the

influence of the common factor as
E2S(0®)(E®) 2 = cPAPCHT. (4.28)

The right-hand side is the eigendecomposition of the left, with A(()S) = diag(A1, ..., Acn) sorted
in descending order and C(()S) orthogonal. The matrix D(()S) = diag(dy,...,d,,0,...,0) with
d; = max(\; — 1,0) is the truncated and thresholded matrix of eigenvalues. The orthogonal matrix

Q(()S) is chosen to satisfy the constraints of Aj.

Vehicle-specific factor loading update

Holding A and & fixed at AGD and ), the updated estimate for B can be obtained by
maximization of a minorizing function, which is equivalent to C' classical factor analyses applied
separately to the individual vehicles. For vehicle ¢;, the maximizing ]§£S+1) is obtained in the same

fashion as in step 1, with

Bl — (q,<s+1>)—%c<s> (DES))_%QES), (4.29)

A %
where the eigendecomposition of the appropriate whitened vehicle covariance block is

(@Z(S))_% (S“(/é(s)) . KZ(S-FI)K-ES-FI)T) (‘PES))_% — CZ(S)AZ(S)C,ES)T, (430)
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and S;;(0() is the ith n x n block on the diagonal of S(6®)). Blocks A, B;, ®; are blocks of their

)

respective matrices for vehicle ¢;. The matrix DZ(-S is obtained from thresholding of the eigenvalues

as in the step above, and QES) enforces the constraints of Bj .

Idiosyncratic variance update

Holding A and B fixed at AG+D and B+, the updated estimate for P is obtained by assigning

the residual sample variance to ®, via

$($+1) _ dlag <S(§(s)) . K(S—l—l);&(s-i-l)-r . ]§(5+1)]§(5+1)T) ] (431)

The updated estimates A+ and BG+Y ensure that the right-hand side has exclusively non-negative

entries.

Updating 0
Holding the cross-sectional covariance parameters (A, B, ®) fixed at (A9, B®), ®©)) with

associated cross-sectional covariance matrix R®) = AGAGT 4 BOBET 4 ‘/I\J(S), the profile

optimization problem for 0 is

max — tr (U(e)—lzT(ﬁ<S>)—1z) — Cnlogdet U(O). (4.32)
S

Let the spatially-whitened data Z(R) be defined as
Z(R) =R 2Z, (4.33)

and let z; be the ith row of Z (f{(s)). The profile optimization problem then is
Cn
max  — ;FZ-TUl(H)E — Cnlogdet U(B).
This optimization problem is the same as that solved by a maximum likelihood estimation routine
for Cn independent replicates of a zero-mean Gaussian time series with covariance model U(6).

Depending on the choice of temporal correlation model U(8), off-the-shelf methods for Gaussian

maximum likelihood estimation of € may exist. For example, if fime(|t1 — t2|; @) is the autoco-
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variance function of a ARMA model, the parameter vector can be estimated by the procedure of

Brockwell and Davis (1991, Ch. 8.7).

4.6.2 Time-Varying Parameter Estimation via Moving Segments

An elementary and intuitive method for handling time-varying parameters a(t) in locally
stationary models is the method of moving segments (Allen and Rabiner, 1977; Dahlhaus, 1996a;
Chiann and Morettin, 2005), where small windows of the data are taken around each . A method
for estimating the parameter of interest for the stationary time series is then applied separately
to each window, and the resulting estimate cvr-(¢/7) is assigned to the midpoint of the window.
Interpolating these estimates in rescaled-time produces a curve ar-(u) which serves as a estimator
of the underlying time-varying parameter curve o (u). If the parameter curve a(u) is sufficiently
smooth and consistency of the stationary estimators a7 (¢/7) holds as the window size increases,
the moving-window estimator a.r-(u) will typically converge to a(u) under infill asymptotics as
T — oo.

This approach can be applied to estimation of the rescaled-time parameter curves A’(c, u),
B'(c,u) and ®'(c,u) as in (4.10). Let c(¢) be a potentially time-varying vector of vehicle indices
eter curve ¢’ (u) by cr(t) = ¢/(t/T). For each time window centered at ¢, let s-(¢) be the smallest
timein {1,...,7} suchthat cy(s) equals cr(¢) forall s € {s,(¢),...,t}. Similarly define 5 (¢) as
the largest time in {1, ..., 7 } such that c(s) equals c(¢) forall s € {¢,...,5(¢)}. With these defi-
nitions, let the vector of windowed times s7(¢) be [min{s(t), (t—%+1)}, ..., max{s(¢), (t+%)}] .
As c7(t) is constant on the times s7(¢), the cohort c7(s) equals c(¢) for all times s in s7(¢) and so
yields a rectangular index set, allowing the construction of the windowed dataset X (c7(t), s7(t)).

On each windowed dataset, the estimation procedure (2) based on likelihood maximization for
the stationary approximation can be applied to obtain the estimates .X(c), ]§(c), </I;(c) and @ for cin
c7(t). The window estimates A (c), B(c), ®(c) and 0 for cin cr(t) obtained using the windowed

data X (c7(t), Smathearr(t)) centered at time ¢ are assigned to A, t/T),B'(c,t/T), ® (c,t/T)
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and 6’ (t/T) respectively. The overall estimated parameter curves A’ (c,u), B’ (c,u), 3’ (¢,u) and
0 (u) are obtained by interpolating these window estimates, which are obtained the on the grid
+...., T=1 1 in the rescaled-time interval [0, 1]. That is, A'(c,u) equals A'(c, [Tu]/T) foru >0
and A’ (¢,0) is set to A/ (¢,1/T). The other curves are interpolated in the same fashion.

The following theorem demonstrates that, under appropriate conditions on the cross-sectional
and temporal covariance parameter curves, the moving-window estimation procedure will be
consistent for the parameter curve segments of a specified time-varying collection of vehicles. The

needed assumptions on the temporal covariance are specified in the following Assumption.

Assumption 2. (Temporal) The covariance kernels {KT time (tl, to; Hl(u)) }°_,, parameter curve

0'(u), and parameter space © satisfy:
(B1) The temporal covariance parameter curve 0'(u) is Lipschitz continuous.

(B2) If 0'(u) is the constant value 6y, then K gime(t1,t2;0'(v)) equals k(|t; — ta|; 6o) for all
t1,ty and T, where k(|j|; 0) is some absolutely summable autocovariance function that is

continuous in 0 and has unit variance k(0;0) = 1.
(B3) Foranyt € {1,...,T}andall -t +1 < j <T —1t,
K ime (1 ¢ + 50/ (u)) = K(|j]; 0,7) + O(T ),
uniformly in t and j, where 0, + = 6'(t/T).

(B4) The parameter space and temporal covariance kernels are such that, for any distinct times

t1,...,trin{1,..., T}, the matrix

K;T,time (tla tt? el(u)) e l‘f’T,time (t17 tT7 6,(u)>
KT(t§ Ol(u)) -

RT time (tTa tta 0/ (U)) -+ - KT time (tT’ tT’ GI(U))

has Apin <KT(t; 0’(u))> > ¢ for some € > 0 that does not depend on T or 6'(u).
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(B5) The parameter space © is compact and the estimator @ obtained by minimizing the stationary

log-likelihood (4.22) for known A, B, ® is consistent as W — oc.

The central local stationarity assumption (B3) is shown to hold in Dahlhaus (2012, Sec. 4) for a
class of linear locally stationary processes. Under Assumptions 1 and 2 on the cross-sectional and
temporal parameter curves respectively, application of a general theorem (Dahlhaus, 2012, Thm.
3.2) for locally stationary processes shows that the parameter curves estimated by the method of

moving segments are consistent estimators of the relevant portions of the true curves.

Theorem 6. (Consistency) Let {x1(c,t)}7°_, be the sequence of IMV-GPs on N x {1,...,T}
defined by (4.13) for A'(c,u), B/'(c,u), ®'(c,u) satisfying Assumptions (Al)-(A4) using the MV-
GP sequence {f(t)}3°_, and JVM-GP sequences {g7(c,t)}5¥_, and {wr(c,t)}_, as defined in
Section 4.4.3 with temporal covariances { KT time (t1,t2; 0'(w)) Y52, and 0’ (u) satisfying (BI) - (B5).
If the estimated parameter curves A'(c,w), B'(c, u), ®'(c,u) and o (u) are obtained by the method
of movement segments, as specified in Section 4.6.2, for windows sr(t) whose size W (T) is such
that W(T) — coand W(T)/T — 0as T — oo and for a cohort curve c'(u) with bounded size
and which is right-continuous with a finite number of points of discontinuity in (0, 1), then for any
ug € (0,1) the estimates A'(c,uo), B'(c,up), ®'(c,uo) and 0'(up) converge in probability to the

true values A'(c, ug), B' (¢, ug), ®'(c, up) and 0'(ug) for any c in ¢’ (uy).

Proof. See Section D.4 in Appendix D for proof. [

4.6.3 Dynamic Pod Estimation

As illustrated in Section 4.5, within the framework of the podding losses accrued for non-static
relative configurations, a JMV-GP x(c, t) with stationary factor decomposition (4.5) has the expected
podding loss (4.21) for cohort c. The optimal podding P} of c into k pods for the stationary x(c, t)
is

Bi(c) = argmin 3 ﬁ S llA(e) — Al

[Pl=k
BeP 5 1JeB 4.34)
) D] > (Bl + ll@(ell) -
BeP CiGB
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For any cohort of vehicles c and fixed pod number £, finding the optimal podding can be framed as
kernel k-means problem under the kernel described below. This connects the podding problem with
the large literature on clustering, and provides a springboard for efficient estimation by enabling
the model-based podding procedure where the parameters A (c), B(c) and ®(c) are first estimated
using X(c, t).

This approach extends to the time-varying factor decomposition, as within each window the
estimated parameter curves A’ (c,u), B’ (c,u) and 3’ (¢, u) are obtained by likelihood maximization
for the stationary local approximation. We can define the dynamic podding rule P; (c7(t),t) by

using the optimal podding rule for the local approximation at each time:

Piler(t),t) = Pr(cr(t)).

This completes the dynamic podding method, in that the time-varying factor decomposition is
locally approximated by a stationary factor decomposition, which has an optimal podding under
the expected podding loss. As the locally stationary approximation varies, so too does the optimal
podding, leading to the above dynamic podding rule.

To estimate P; (c7(t), t), first note that the stationary podding problem (4.34) is equivalent to a
kernel k-means problem with scalar kernel £ : N x N — R,

tr AT(c)A() ifc#¢
k(e,d) =

IA(E + B + [[@(0)][r ifc=c.
This is easily seen to be a positive semi-definite kernel, as for any vector of vehicle indices
c =|ci,...,cc]T, the associated C' x C kernel matrix is the sum of the Gram matrix V'V with
V = [vec(A(c1)) ... vec(A(ce))] plus a non-negative diagonal matrix and is therefore positive
semi-definite. In this formulation, 75; (c) can be computed efficiently using the kernel k-means
algorithm (Dhillon et al., 2004, Alg. 1). In the time-varying parameter setting, let E(c, d;t) be the

above kernel computed using A'(c,t/T),B/(c,t/T) and ®'(c, t/T).
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For the penalized loss (4.19), the estimation of the optimal partition P;(cr(t),t) with the
addition of a penalization term for the number of pods and penalty weight A can be accomplished
via the kernel DP-means algorithm (Kulis and Jordan, 2012). The resulting optimization problem
is minimization of the within-cluster pairwise discrepancies with the addition of a penalty of A
times the number of clusters, over the space of all partitions. The resulting clustering algorithm is
similar to £-means, with the addition that new cluster formation will occur when a given observation
is more than A units from all other cluster centers. This flexibility is well suited to the dynamic
podding problem, as an a priori fixed number of pods would be unrealistic. This dynamic podding

with varying observation identities is obtained via Algorithm 3.

Algorithm 3: Model-based dynamic podding using DP-means

Data: Estimated loading parameters curves A’(c, u), B(c, u), ®'(c, u), time-varying
vehicles index vector c1(t), start and end times tg.¢ and tenq

Input: Pod count penalty

Output: P,(cr(t),t), the dynamic podding of c7(t)

for ¢ < tgart . . - teng dO
if t= tstart then

‘ P {cr(t)} // initialize to trivial podding
else

‘ P(—ﬁ,\(CT(t—l),t—l) // start at previous step podding
repeat

fori <« 1,... len(c(t)) do
Compute d; g for all pods B € P as

dip = k(ci,ciit) + |BI 71 (e, c55t) — 2h(ci, ¢j5t)

CjEB

if ming d@B > ) then
‘ In P, move ¢; to a new pod
else
| InP, move ¢; to pod argming.p d;

until P does not change
| Pale(t),t) <P
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Figure 4.4: Example of how the trajectories of the cohort of the ego vehicle (in orange) can be divided
into windows. Data are partitioned into five-second (W = 50) windows with inclusion radius p = 60. The
non-filled rectangle is initial vehicle position with filled being final in window, arrow magnitude and direction
give velocity.

In the following section, we apply the above dynamic podding procedure to cohorts of spatially

proximate vehicles centered around an ego vehicle and discuss the resulting podding decomposition.

4.7 Results

4.7.1 Data

For the purposes of illustrating the performance of the dynamic podding procedure based on the
time-varying MFA model (4.10) as well as exploring the qualitative aspects of the resulting dynamic
podding estimates, we use the NGSIM US-101 complete trajectory dataset as our primary data
source (U.S Department of Transportation, Federal Highway Administration, 2016). The dataset
consists of location and kinematic data for thousands of vehicles as they travelled along the US 101
highway, polled with a high sampling rate of 10Hz. The trajectories were recorded along a 2100ft
section of the highway during three 15 minute periods, and the data encompass a variety of traffic
conditions from free-flowing to heavily-congested. Vehicles occupy five primary southbound lanes

and one auxiliary southbound lane between on- and off-ramps.
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Measurement of vehicle position and bounding box was recorded by 8 overhead cameras. For
the purposes of this analysis, n = 4 vehicle features were investigated: Vehicle position (in feet)
relative to the left edge of the highway, Vehicle position (in feet) relative to the beginning of the
tracked segment, and vehicle velocity components along those axis (in feet/second). The latter two
features were derived via centered numerical differentiation.

The full US-101 dataset consists of nearly five million vehicle-timepoint observations, and
as discussed in Section 4.4.1, the trajectories are predominantly non- or partially-overlapping.
Accordingly, the moving-window method developed in Section 4.6 will be applied to sequences of
rectangular index sets where identity of the comprising vehicles are allowed to change. With the
goal of applicability towards autonomous driving, an interpretable class of sequences of rectangular
index sets can be defined around a given ego vehicle, an example of which is depicted in Figure 4.4.
These index sets will include all nearby vehicles for a chosen ego vehicle, and therefore capture
the experience of the ego vehicle during its journey down the tracked segment and also represent a
cohort of co-travelling vehicles.

Explicitly, a sequence of rectangular index sets is extracted as follows. First, choose some
ego vehicle cy, whose first and last recorded positions were at times 4,1 and t.,q. Fix a time
window length W, and a spatial bound p > 0 for distance from the ego vehicle. For times
t € {tsiart, - - -, lend}> define the associated vehicles cq(t) as all ¢ € N such that there exists
some s € (t —W/2+1)...(t + W/2) where dspace(X(c, s),%x(co,5)) < p, when dspace is the
Euclidean distance applied to the two position features of x(c, t). The time-varying cohort cq(t)
then consists of all vehicles who were within p feet of the ego vehicle h at any point during the
window (t —W/2+1)...(t+ W/2). The ego vehicle itself will always be in c((t), and the identity
of the other vehicles is allowed to change as they fall behind or move ahead of the ego vehicle.

This defines the sequence of rectangular index sets with for cohort cy(t) at times sit) =
[(t — W/2 4+ 1),...,(t + W/2)] as t ranges from fsar tO teng. The estimation procedure of
Section 4.6.2 and for the time-varying factor decomposition can be applied, which yields estimates

of the parameter curves A(c,t), B(c,t), ®(c,t) for all (c,t) pairs such that ¢ € co(t). These

122



estimated curve segments enable the use of the Algorithm 3 to cy(¢) and so a dynamic podding
Pa(co(t), t) of the surrounding vehicles is obtained. Computing the dynamic podding P (co(t), t)
requires selecting three tuning parameters, namely the number of common factors 7, the number of
vehicle-specific factors 1, and the pod creating parameter A. These tuning parameters are selected
empirically by a double cross-validation procedure (Zeng et al., 2019), as discussed in Section D.5

in Appendix D.

4.7.2 Podding Evaluation

The utility of the proposed method for dynamic podding can be assessed both by examining the
qualitative aspects of the time-varying pods, and by comparing the resulting pods to those arising
from simpler methods.

Two example dynamic poddings of the same cohort at 4 times are shown in Figure 4.5, where
the vehicles are grouped into time-varying pods based on Algorithm 3 with W = 50,7 =2, =1
and A = 40, 60. The differing A\ values are seen to decompose the cohort at different levels of
granularity. For the larger value A\ = 60, the differing speeds between the slower leftmost two lanes
and the faster three rightmost lanes is the dominant influence in the podding. For the smaller value
A = 40, additional patterns can be discerned. For example, vehicle 1 in the middle lane is assigned
its own pod in three out of the four timesteps, which is due to the fact that it is the only vehicle
with no leading vehicle in its lane within the cohort and so is able to (and chooses to) overtake
the majority of the cohort. This is in contrast to vehicle 10 in lane 2, which, despite having no
within-cohort leading vehicle, maintains a steady configuration with vehicles 12 and 13 and so is
assigned to the same pod as them in the second and third times.

For a more quantitative comparison, two other dynamic podding methods are investigated in
addition to the proposed dynamic podding method (“MCFM" in Figure 4.6). For the first additional
method, vehicle-specific factors are removed by setting 7; = 0, which reduces the multi-channel
factor model to a classical single-channel factor model (“SCFM" in Figure 4.6). Comparison of the

proposed method to the single-channel model assesses the merit of inclusion of vehicle-specific
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Figure 4.5: Example dynamic podding obtained by application of Algorithm 3 with A = 40,60, ro = 2,7 =
1, W = 50. Vehicles are colored according to pod membership, 4 total timepoints are depicted, with the
timepoints spaced by 20 timesteps each. Vehicle bounding box is to-scale, and line-type of bounding box
outline also indicates pod membership. Vehicles with no bounding box outline belong to a single-vehicle pod.
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factors. The second comparison method is a model-free method which directly minimizes the
penalized podding loss (4.19) using the formulation (4.20) applied to the window sample covariance
matrix (“Trajectory” in Figure 4.6).

For each method, we can evaluate the quality of the resulting pods in a fashion similar to the
blocked cross-validation approach outlined in Section D.5. For a subsample of 500 cohorts, windows
of length W + H are extracted and the optimal podding on the first I/ timesteps is computed for
each method over a range of A\. The resulting within-window podding loss is shown in Figure 4.6,
top. Using the same podding assignments, the penalized podding loss (4.19) is computed on the /
held-out timesteps, and the out-of-window podding loss is shown in Figure 4.6, mid. The overall
average number of pods chosen is shown in figure 4.6, bottom.

Examining Figure 4.6, it is unsurprising that the method based around directly clustering the
trajectories minimizes the within-window loss, as the podding produced is also the loss-minimizing
podding. However, this performance fails to generalize outside of the training window, as the out-of-
window loss is substantially greater for the trajectory-based podding than for both the single-channel
and multi-channel factor-based poddings over the range of A determined in Section D.5. The reason
for this discrepancy is shown in bottom Figure 4.6, which indicates that the trajectory-based podding
tends to produce a greater number of pods than the factor-based approaches. Out-of-window, these
additional pods fail to sufficiently reduce the within-pod change in relative configuration to offset

the inclusion penalty, and so are effectively spurious.

4.8 Discussion

This chapter employs the idea behind multi-channel factor analysis to develop a model-based
decomposition of cohorts of vehicles into pods, where the within-pod relative configuration of
vehicles is more stable than the overall traffic stream.

A generative model for the joint motion of cohorts of vehicles is developed, where the cross-
sectional covariance is of MFA form (1.6). This multi-channel factor model for vehicle position and

velocity separates the modeled correlations in motion across vehicles from the modeled correlation of
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Figure 4.6: Comparison of dynamic podding methods. 7op: The within-window penalized podding loss
(4.19) for all three methods, over a range of A. Mid: The resulting penalized podding loss on the held-out
observations when the podding obtained on the training window is propagated forward, as detailed in Section
4.7.2. Bottom: The average number of pods per window, for each method.
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the kinematic variables for a single vehicle. The across-vehicle correlations are modeled by a small
number of factor loading parameters, which isolate and summarize the observed motion coordination
between vehicles. In order to model the joint motion of cohorts of vehicles within complete highway
trajectory datasets, it is necessary to allow for change over time in the relationships between vehicles
as well as change in which vehicles compose the cohort. The time-varying model (4.10) allows for
change over time to the factor loading parameters, and a moving-window estimation procedure is
constructed.

These loading parameter curves summarize how the motion of a given vehicle relates to the others
within its time-varying cohort. A geometric measure for the stability of the relative configuration of
a collection of vehicles is developed. It is demonstrated that assigning vehicles to pods to minimize
expected relative configuration loss under the generative model produces a more robust podding
method than a model-free trajectory-based approach. This model-based podding is fit into the
framework of algorithmic clustering methods with a particular kernel function, and application
of these methods to the loading parameter curves provides a dynamic podding method which is
optimal under the generative model.

Both the locally stationary multi-channel factor model for vehicle trajectories and the resulting
dynamic podding method can be applied to help answer questions of interest to researchers. Driver
actions which differ significantly those of nearby drivers may be questionable, and so identifying
drivers with a pattern of taking such actions is of interest (Dinh et al., 2021). Within the framework
of this Chapter, these outlying drivers will be frequently assigned to a single-vehicle pod if their
relative position to surrounding vehicles is not sufficiently stable. So, examining the proportion
of the trip down the tracked highway section which is spent in a single-vehicle pod can allow for
identification of outlying drivers. This method does not depend on defining pre-sepecified dangerous
maneuvers or desired vehicle configurations, but is instead dependant solely on the across-vehicle
relationships.

Frameworks for driver decision-making (Frédéric et al., 2006) propose that drivers balance

individual efficiency and societal norms when planning their vehicle trajectory. Proposed trajectories
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which maintain more stable relationships relative to other vehicles while still accomplishing the
desired goal are likely to be more socially acceptable. Incorporation of the observed trajectories of
the current or target pod into a trajectory planning algorithms can therefore improve the acceptability
of proposed trajectories, as these pods are defined based on the stability of their relative configuration.
Socially-aware trajectory planning approaches can then improve the performance of autonomous
vehicles in mixed traffic environments.

For cohorts of vehicles traveling down the highway, the regularity of their joint motion allows for
parsimonious modeling of their trajectories. The time-varying relationships between nearby vehicles
can be captured in a parametric model and used to create a dynamic decomposition into pods of
vehicles who maintain a stable relative configuration. The existence of these pods is an interesting
feature of highway traffic and is potentially informative about how human drivers understand their

relationship to other vehicles in the context of societal driving.
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Chapter 5

Conclusion and Future Work

5.1 Discussion

Multi-channel factor analysis maintains much of the applicability and interpretability of classical
factor analysis, and many of the properties and uses of MFA can be seen as extensions from the
single-channel case to the multi-channel case. For example, the generic global identifiability result
of Chapter 2 was obtained by first examining the corresponding result for classic FA and uncovering
what missing pieces were needed for the multi-channel version. However, the multi-channel setting
does result in some new properties, such as the differing threshold for generic local and global
identifiability. The interplay between the three structured components in the MFA covariance model
increases the complexity which must be managed to obtain the desired results, but the usefulness of
MFA is sufficient to make the effort worthwhile.

In a similar fashion, the extension from MFA to MFSA adds another layer of complexity to
balance. However, as the construction of the surrogate function on the basis of block-diagonal
upper bound in Section 3.3.4 exemplifies, the complexity can be reduced by adopting the correct
perspective on the problem at hand. Further, as the experiments in Section 3.5 demonstrate, the
complications created by the addition of an explicit model for the temporal correlations can be well
worth the cost.

Like the use of MFA detailed in Chapter 4, many problems can be framed in such a way that
MFA is naturally applicable, even when the problem does not appear to have a channel structure
at first glance. Just as classical factor analysis works to model the covariances between distinct
variables in a simple way and without restricting the variances, the simultaneous and parsimonious
modeling of both the within-channel and across-channel covariances is the core advantage of MFA.
As multi-channel methods proliferate, the straightforward appeal of multi-channel factor analysis

will continue to interest practitioners.
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5.2 Future Research Directions

The results of this dissertation are obtained assuming that the signal and interference dimensions
are prespecified. Many applications of interest would require estimating these dimensions from the
observations, which is a challenging order selection problem as the MFA covariance sets S(n, r)
for varying factor numbers r are nested in a partial order, rather than a total order. In single-channel
FA, techniques such as maximization of an information criterion (Akaike, 1987), bi-cross-validation
(Owen and Wang, 2016), or eigenvalue analysis (Ahn et al., 2009) can be used to estimate the
number of common factors. Adapting these techniques or inventing new methods of order selection
in MFA is a very important direction for future work.

An additional interesting direction for future work is the high-dimensional setting. Many modern
techniques in factor analysis derive their validity from asymptotic regimes where, in addition to
the number of samples, the measurement dimensionality also increases. This can allow for the
asymptotically exact recovery of the latent factors, and can be used to justify simple, computationally
efficient estimation procedures which perform well as long as the measurement dimensionality is
sufficiently large. Applying the same idea to MFA is made more complicated by the question of
determining what the high-dimensional asymptotic regime should be. Options include increasing
the number of channels, fixing the number of channels and increasing channel size, or allowing
both number of channels and channel size to go to infinity while controlling the ratio of the largest
channel size to the smallest channel size. These differing asymptotic regimes may have diverse
implications for the identification of the latent variables and future work should explore what form
high-dimensional MFA could take.

For MFSA, the power spectral densities in the model developed in Chapter 3 are formulated in
terms of rational transfer functions. The resulting method necessarily has all the advantages and
disadvantages of classic multivariate time series models, and it could be of interest to instead utilize
a nonparametric or semiparametric approach to modeling the power spectral density of the latent

series.
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Finally, it could be of interest to apply the joint trajectory model of Chapter 4 to sensor data
collected from autonomous vehicles with rich suites of sensors. Data fusion is a topic of great
interest in the autonomous driving literature, and combining the data collected from several sensors
across multiple vehicles could potentially yield interesting findings about road state and pro-social

driving behaviors, such as socially-aware trajectory planning as discussed in Section 4.8.
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Appendix A
Supplementary Materials for Chapter 1

A.1 Proof of Proposition 1

Proof. First, suppose K € IC(n, r) with rank ry + r. By the definition of K(n, r), there exist some
A € R, 4, and B = blkdiag(By,...,B¢) with B, € R, «,.. forc = 1,...,C such that [B A]
has rank 75 + r and K = [B A|[B A]" = AAT + BB'. Let QR be the thin QR decomposition
of [B A}, so Q € R, «(,+r) has orthogonal columns and R is upper triangular. The matrices are

partitioned as

T1 ey rc To

Ry ... RIC R10 T

rn ... Tc To

Q=|Q ... Q¢ Qu|n R = o D an

Rce Reo|re

Roo |0

As B is block diagonal, the equation [B A| = QR implies

B,
= Q1R117

0

and as [B A] is full column rank, the diagonal entries of R4; are positive and hence Ry; is
invertible. Multiplying the above display by R;;' on the right, we obtain that Q in fact equals
[QT,,07,...,07]" where Q;; = B1R;}, so colQ; C C;, and Q;; € R,, ., has orthogonal
columns. Then as the top-right n; X (r — r;) submatrix of B is zero as B is block diagonal,
the equation Q'[B A] = R implies Ry, = 0, ,, for k = 2,...,C. As an induction hypothesis,

suppose col Qi C C.fork =1,...,c—landRy; = 0,, ,, fork=1,...,c—landj = k+1,...,C.
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In the same fashion as for ¢ = 1, the equation [B A] = QR yields

0

= QlRlc + e+ chlR(c—l)c + QcRcc = QcRcc

where the second inequality follows from the induction hypothesis. As R.. is invertible, we similarly

obtain col Q. C C.. Similarly, as the submatrix of B consisting of the n. rows containing the block

B, and the 7 — (71 + - - - + 7.) columns to the right of B.. are zero, the equation Q' [B A] = R then

implies that R,; = 0 for j = ¢+ 1,..., C and so the induction step is verified. We obtain that Q

and R are in fact structured as

T

Qll

rc To

0 Qo |71

Qcc Qco|ne

rc To
0 Ry
Rce Reo
Roo

(A1

(A.2)
rc

To

As K = [B A][B A]", this implies that K = Q(RRT)QT. The inverse of the middle term is

R~ "R}, and the structure of R and the formula for the inverse of a block upper triangular matrix

imply that R~! has the same structure as R,

-1
Rll

0 Zy
Ree Zeo
Ry
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where Z € R, ., 18

Rl_ll PN O R10 ZlO ™
Z=—|: - t | Ry =
0 P Rgvlcv RCO ZCO Tc

Writing Rp = blkdiag(Ry, . .., Rce), it can be seen that

—Tp-1 -T
H'!'==R "R = Ry Byt Ryy'2
Z'R;' Ry Ry
and so QHQ" has the desired properties.
For the other direction, suppose K = QHQ" for appropriately structured Q and H™!. As H is

full rank and Q has orthogonal columns, we necessarily have that K is rank ro + 7. Let LL.T be the

Cholesky decomposition of H™!, so that

YT S Ly L 0 L
and the formula for the Cholesky decomposition of a 2 x 2 block matrix yields that T = Ly, L],.
As T is block-diagonal, so too is its Cholesky factor L;;. We then have that

L, zZT| |[L7Y o wT
K — QHQT — [W U] 11 11

9

0 Ly || Z Lol |UT

where Z = —LgLigL;!. Taking B = WL;;' and A = WZ' + UL, we have that B is
block diagonal with the appropriately sized blocks, and K = AAT + BB'. So, K € K(n,r) as
desired. [l

A.2  Proof of Proposition 2

Proof. First, assume that K is in K(n,r) with rank ro + 7. Then K = [B A][B A]" for some
appropriately structured B and A. As in the proof of Proposition 1, let QR be the thin QR

decomposition of [B A], and Q and R have the structure of (A.1) and (A.2). By Proposition 1,
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K = QHQT and so col K = col Q. Let V = col Qg, which has dimension 7 as Qg is n x 7o with
orthonormal columns. Then the columns of Q, are a basis for col K N V* N C,. This follows from
the facts that col Q. C col K, col Q. C (col Q)* as Q has orthogonal columns, and col Q. C C.

by the structure of (A.2). So, col Q. C col K N V+ N C,, while if z € col K N V*+ N C,, then

Wi
Qu .. 0 Qy
s—Qw—|: - ) .
we
0 ... Qcc Qco
Wo

by z € col K for some w € R, .. Asz € V-, Qlz=1[0,...,0,wo] = 0and so wy = 0. As Co
for ¢ # cis orthogonal to C,, we also have Q[ z = 0 and so we similarly have w., = 0. Therefore,
2z in fact equals Q.w. and so z € col Q. which implies col Q. = KN V- NC.. As Q.isn x 7,
with orthonormal columns, we have established (1.8) while (1.7) follows from the fact that QQ has
orthonormal columns.

To show (1.9), first note that Py, equals QuQ(. If H is partitioned as

T c. Tc To
H11 RN ch H10 1
H=
T
HIC .. HCC HC’O Trc
T T
HlO Ce HCO HOO To,

then Var(Pyy) = QoQJ QHQ ' QoQ) = QoHQ. Writing H,, for [H], ... Hf, HJ)|T, we
similarly have Cov(y, Pyy) = QH.oQ/. With these results, we have that the LMMSE estimator y
of y given the projection Pyy is ¥ = QH.oHyy Q[ y.

Partitioning y into [y{ ... ¥1]T and using the structure of Q, we obtain that

Ye = (QCCHCOHaol + Qco)ng, c=1,...,C.
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For notational simplicity, let G denote the be the n. x n regression matrix (Q..Ho Hgol +Q.0)Qq.

To show (1.9), we need that, for 1 < c < k < C,
0=FE[(yc—¥e)(yr — yk)T] =Ko — G K — K-I;G;— + GCKGL

where K, = Ely.y}] and K. = E[yy]] are the appropriate submatrices of K. The quantity

G K ;. can be expressed in terms of Q and H as

G K = CTchoHaongonk + Qconong + QcchoQZo + QCOHOOQZ—(}?

while GCKGE = G.K ; can be verified using QgKQO = Hyg. As the structure of Q implies

Ko = QecHat Qf, + QecHoo Qg + QeoH Qo + QeoHoo Qfp,
combining the above results yields

E[(yc - yc) (Yk - S’\k)T] = ch - K—I;G;gr
= QCC(Hck - HcOHaongo)Q;k-

However, the quantity H;, — H.oHy, HJ, equals zero due to the structure of H~! implied by Propo-
sition 1. Recalling the expression of the inverse of a 2 x 2 block matrix in terms of the Schur com-
plement of the south-east block, we have that T, the north-west block of H™!, equals (H/Hg) .
As K € K(n,r) implies T is block-diagonal by Proposition 1, we obtain that (H/Hgy) ™! and
hence H/Hyy is similarly block diagonal. Noting that the quantity H, — H.oHy, H], is the value
of the off-diagonal block in H/Hg, of size n. x ny, we obtain that H., — HcOHO’OleO for all
1 <c< k<C,andso (1.9) is satisfied.

In the reverse direction, suppose (1.7), (1.8), and (1.9) are satisfied for some covariance K =
Var(y) and subspace V of dimension 7. As (1.8) implies that col K has dimension 7 + 7, we
have rank K = ry + r. Let the columns of Qy € R,,, be an orthonormal basis of V, and
similarly let the columns of Q. € R, «,. be an orthonormal basis for col K N V- nNC, for c =

1,...,C. Let Z € Ryx(u—ry—r) be an orthonormal basis for (colK)*. By (1.7), the matrix
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Q = [Q1 ... Qc Qo Z] is orthogonal, and as col Q. C C, for ¢ = 1,...,C we also have that
[Q1,...,Qc|] = blkdiag(Q1, - . ., Qcc) for Q.. € R, «y,. The product Q"KQ can be partitioned

as

T1 Trc To n—Tro—7T
Sll SlC SlO 0 1

S o~

=Q KQ = S—er ... Scc Sco 0 rc

00
S-lro SEO SQO 0 To
_0 ... 0 0 0 |n—ro—r

as ZTK = 0 by construction. As Py, = QOQOT by construction of Q, we have Var(Pyy) =

QQIKQuQJ = QuSewQF and Cov(y, Pyy) = KQQJ = QSQ'QuQJ = QS.Qj. where
So=1[S{y --- S& S 0"]T. Combining these formula and using the block-diagonal structure of

the first  columns of Q, we obtain

Ve = (QueSeo + Qe0S00)S0 Qoy, c=1,...,C.

Therefore, Q;yc = Sc()S(}OlQOTy as the columns of Q.. and Q. are orthogonal. By (1.9) for all

1<e<k<C(C,
0=QLE[Ye~ Y — ¥u)1Qur = EUQLY — QLYe) (Quyr — Qiu¥r) ']
= Q;E[chg]QLﬂ — Sc0Spy oTE[Yy;gr]Q;crk - QICE[yCYT]S&]lS;CI—O + 8085 OTKQOSEOISL)
= S — ScoSS&SZo
and so all the off-diagonal blocks of S/Sg are zero. As this implies that (S/Sqo) " is similarly

block-diagonal, we obtain that K = QSQT where Q = [Q; ... Q¢ Qq] and S~! have the structure

required in Proposition 1, and we conclude that K € IC(n, r) as desired. ]
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Appendix B

Supplementary Materials for Chapter 2

B.1 Lemmas

For ease of notation, let A © B C R, (»,+) be the subspace of matrices that can be written as
[A B] for some A € A, B € B. The spaces A & B and A x B are trivially isomorphic. Further,
let (A @ B)* contain all FCR elements of A @ B. As long as ro + r < n and r. < n, for each ¢,
(A @& B)* is an open submanifold. The set A;, @& By, is defined similarly.

As many of the propositions proved here involve null sets, we distinguish between null subsets
of the unrestricted loadings A x B and null subsets of the equivalence class representatives A} x B7 .
A null subset of A x B need not correspond to a null subset of representatives. For example, A} x B}

is itself null in A x B. Lemma 2 connects the two notions.

Lemma 2. IfC C A x B is a null set that is a union of ~s-equivalence classes, then the set of

representatives C C A% x B% is null in Ay x By,

Lemma 3. Let H = [H] H]|" and Z = [Z] Z)]|" be m x p matrices with Hy,Z, € R,,. If H;

is invertible, H, and Z, are LT, then HZ" + ZH" = 0 implies Z = 0.

Lemma 4. (Maximal Rank Sub-Loadings) Let (A & B)** be the subset of (A & B)* containing FCR
[A B] where, forall c = 1, ..., C, the rank of all submatrices of the channel c loadings [A. B.]
are maximal. That is, if D is any s X t submatrix of [A. B.], then rank(D) = min{s,t}. The

complement A ® B\ (A @& B)** is null.

Proof of Lemma 2. Let (A, B) be a random element in A x B with all non-zero entries being
independent standard normal random variables. As C is null, P((A, B)eC ) = 0 by the equivalence
of the Gaussian and Lebesgue measures. If A is the first 7o rows of A and A the remaining rows,
then A; is full rank almost surely. So, the Cholesky decomposition LL" of A;A] has positive

diagonal almost surely. As A; A7 is Wishart with ry degrees of freedom and scale I, the Bartlett

155



decomposition implies that L has independent entries with [Lq}; ~ x2 _; 1 and [Lo];; ~ N(0, 1)
for i < j. Further, we have that A;Q] = L for some random orthogonal Q. Although Q
depends on A;, independence of Qg and A, and the sphericity of A, implies that A5Q still
has independent A (0, 1) entries and is independent of Ly. Arguing similarly for By,..., Bs
to obtain L, ..., L¢ and Qi ..., Qc, we have that [A B] £ [A B]Q where A = [LT A]]T,

B. = [L] B],]", B = blkdiag(B, ..., Bc), and Q = blkdiag(Qo, . . ., Qc). Therefore,

P((A,B)eC)=0=P((A,B) ()

by the closure of C under right-multiplication by block-diagonal orthogonal matrices. From the
result P( (A,B) € C) = 0 and (A, B) has independent entries whose distributions dominate the

Lebesgue measure on A; x B, we obtain that Cisnull in A . X By. O

Proof of Lemma 3. The lemma will follow from the square-matrix case with m = p, where H is a

square invertible LT matrix of size p X p. For any p X p LT matrix Z, if
HZ' +ZH" =0 (B.1)

we show that Z = 0.

For p = 1, (B.1) is 2[H|11[Z];; = 0, and [H];; # 0 as H is invertible, so [Z];; = 0. Suppose
the lemma is true for all 1 < k < p. Note that (B.1) implies that HZT is skew-symmetric and
hence has zero diagonal. The top left entry of HZT is [H];;[Z],;, and so, as [H];; is non-zero
as H is invertible and LT, [Z];; is zero. Skew-symmetry yields that [H];[Z];; = —[H]1[Z]11,
and so [Z];; = Oforall: = 1,...,p. The leading columns of Z, H can then be dropped, and the
square-matrix case of the lemma follows from the induction hypothesis. To extend to the non-square
case, note that the hypothesis of Lemma 2 implies H;Z! + Z,H] = 0, and so Z; = 0 by the above
proof for the square case. With the given partition of H and Z, the upper right block of the equation
HZ" + ZH" = 0 reduces to H;Z] = 0 when Z; = 0. As H; is invertible, we obtain Z, = 0 as

well and the lemma follows. O]
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Proof of Lemma 4. Fix ¢ and index sets & C {1,...,n.} and 8 C {1,...,79 + r.}, and let
det) cap : (A @®B) — R be the determinant of ([A. B[, 8])T([A. B.][a, 8]). Similarly, let
dety,. 5 be the determinant of ([A. B.][x, 8])([A. B.[a, 8])T. Then rank([A. B[, 8]) <
min{|a/|, |3]} only if [A, B is in det ; , 5(0) Udety, 5(0). As dety cq g and dety . q g are non-
zero polynomials in the matrix entries, their zero sets are null. Taking the finite union over all ¢, a, 3

proves the lemma. [

B.2 Proof of Proposition 3

Proof. First, set ¢ = C, so M is the submatrix of [A B] obtained by dropping the rows and
columns for the last channel. Partition Q as

r'<c TcC

Qoe Qoc |r<c

Q=

Qce Qec|re

The top n. — n¢ rows of the last 7o columns of B are zero as B € B, so [A B] = [A B]Q yields

O(n—nc)ﬂ”c = [MC O(n—nc)ﬂ‘c][ gc QEC]T'

Thus, 0 = M Qg and, as M is full column rank, Qg is zero. A standard result for 2 x 2 block
orthogonal matrices (see, e.g., Horn and Johnson (1990, Lem. 2.1.10)) then implies that Q. is
zero as well. So, in fact Q = blkdiag(Qgzs, Qcc)-
Next, for 1 < ¢ < C' suppose that Q is structured as
T<e Te T>c
Qz Qa 0 |re
Q=1Qz Q. 0 |r.
0 0 Quc|rsc
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where Q.. = blkdiag(Qc+1)(c+1), - - - » Qo). The 7. columns of B for the channel-c loadings are

zero outside of the n, rows within channel ¢, so the structure for QQ implies

O(n—nc),rc - [Mc On—nc,rc Z] [Qg—c Q-CI-C OT]T

for Z the appropriate submatrix of B. The equation above implies 0(,_,),., = M.Qg. and, as

M. has full column rank by assumption, we obtain that Qz = 0. The same reasoning as in
the ¢ = (' case yields that Q. = 0 by the orthogonality of Q. Therefore, Q must in fact be

blkdiag(Qzz, Qce, Q). Induction on ¢ yields the result. ]

B.3 Proof of Proposition 4

Proof. Let C be the subset of A x B where the C' submatrix-rank conditions of Proposition 3 are
not all satisfied. First, consider ¢ = 1, where M is an unstructured (n — ny) X 7o matrix, which
is full column rank except on the closed and null set C; as long as n — ny > ry. Next, consider
1 <ec<C.AsBy,..., B, are unstructured with at least as many rows as columns, they are each

full column rank except on a closed null set. So, except on a closed null set, we can form the matrix

G = blkdiag(Gy, ..., G.1) with

o B, 0
k — 3
_Bk,QB];j Inc_rc
for k = 1,...,(c — 1) and By ; and By being the top r; rows and bottom nj — rj rows of

B, respectively. Taking M/ = blkdiag(G,I,.,)M,, we have rank(M/) = rank(M,) as G is
non-singular. Partitioning M, as a 2 x 2 block matrix in the same pattern as M., the upper right

block of M, is

T1 IT’C

GB_. = blkdiag e

O(m—n),ﬁ 0(nc71—7“cf1),7"c71
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The upper-left block, GA ., continues to be an unstructured matrix, as we can take A’ = G 'A_..

Let the size-r.. index set § C {1,...,(n —n.)} be

g = U{(n<k +1),...,(nek + 1)},

which selects the rows corresponding to the non-zero parts of GB_. in M. Denote the complement
as 8°={1,...,(n—n.)}\ B. Then M.[5°{1,...,r0}] is an unstructured (n — n. — r<.) X 1y
matrix. As rg < n — n. — r. by assumption, generically there is some index set o« C 3¢ of size
ro where M/ [, {1,...,70}] is non-singular. Then the ry + r.. rows of M/, selected by a U (3 are
linearly independent, as those selected by a have zeros in the last .. columns while the rows
selected by 3 have a non-zero entry in distinct columns. Therefore, M. is full column rank except
on the closed null set C,.

As the subsets Cy, ...,Cc excluded by the above argument are each closed and null, so too
is their finite union C. For all ¢, if [A B] = [A B]Q for block-diagonal Q, the corresponding
submatrix M., of [A B] is M.Q_. where Q.. is the northwest (rg + r-.) X (rg + 7~.) submatrix
of Q. As Q.. is invertible, this implies that rank(M,) = rank(M.,) for each c. This shows that C

is a union of ~,-equivalence classes, and so Lemma 2 yields that the set of ~ representatives C is

null in Ay, x By. Note that C = A% x B NC, and so C is relatively closed in A} x B, O

B.4 Proof of Proposition 5

Proof. For the top blocks A1, By 1,...,Bcy, let LoLJ, LiL], ..., LoLL be a Cholesky factor-
ization of AjAf,B1 B ,,...,Bc1B(; respectively. By Gentle (1998, Ch. 3.2.2), the lower-
triangular factors Ly, . . ., Lo with either positive diagonal entries or zero columns is unique, even
in the rank-deficient case. Taking the SVD of the top blocks and lower-triangular factors respec-
tively, there exist orthogonal Qg, Q, ..., Q¢ of the appropriate sizes such that A; = LyQq and
B.; = LQ.forc=1,...,C. Taking A = [L] QyA]]" and B. = [LT Q.BT,]" provides the

desired ~,-equivalent representative. [
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B.5 Proof of Proposition 6

Proof. First, it is shown that Condition 3 is necessary. The combined matrix [A B] inA; @& By, can
be thought of as a loading matrix for confirmatory factor analysis with certain structural zeros. In
particular, [A B] has exactly

c

K ro—l —l—ZTC +Zrcn—nc

c=1

entries constrained to be zero, and so the subspace Ay ¢ B is defined by K linear restrictions.
By application of the result of Bekker (1986), if K > (rq + 1)(r¢g +  + 1)/2 then the equation
[A B][A B]" = [A B][A B]" has multiple solutions with [A B] in A; & B;, for almost all values
of [A B]. As K < (ro+ 1)(ro 4 r + 1)/2 is equivalent to the condition (2.15), if almost all (A, B)
are to be unique representatives of their ~;-equivalence class, it is required that (2.15) be satisfied.

To see that Condition 1 is sufficient, note that Propositions 4 and 3 and Lemma 2 imply that the
~1-equivalence class of (A, B) equals the ~,-equivalence class of (A, B) except on null subset of
A7 x B} . Application of standard results on lower-triangular constraints in single-channel FA (e.g.

Anderson and Rubin (1956, Sec. 5)) then yields the result. L]

B.6 Proof of Proposition 8

Proof. Let U be as defined in the proof of Theorem 1, and recall that A & B and A x B are
isomorphic. Let C be the subset of A x B where the full-rank submatrices condition of Proposition
3 is violated. As the definition of &/ (B.2) depends only on AAT + BBT, it is clear that I{ is a
union of ~y-equivalence classes. As C and I/ are null by Proposition 3 and Theorem 1 respectively
and both are unions of ~ equivalence classes, then their intersection C N f is a null union of ~y
equivalence classes. By Lemma 2, the set of representatives corresponding to C N U is null in
A} x Bj. AsV and A x B} x P, are isomorphic, the set of n € V with (A(n),B(n)) e CNU

is null as well. If V is the complement of said set of 17, Rxx(n) is injective on V. OJ
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B.7 Proof of Theorem 1

Proof. Define B C A x B x IP,, as the subset where (A, B, ®) does not have globally identified
noise variances. For any ® = &, if (A, B, ®) is in B then so too is (A, B, ®') as Ry« (A, B, ®) =
Ryux(A, B, @) implies Ryx (A, B, ® + [® — ®]) = Ryx(A, B, ® + [® — ®]) with &' # & +
[®" — ®]. As the set of @’ greater than ® has positive Lebesgue measure in Diag(n), B is null
in A x B x P, iff its projection onto A x B is null. That this projection is null is shown in the
remainder of the proof.

Let i/ C A @ B contain those [A B] such that there exists some other [A B] and a diagonal

@ =® — P with
AAT +BBT + o = AAT + BB, w #0. (B.2)

If [AB] € U for p = & — ® £ 0, then (A, B, ®) is in B, and so showing ¥/ to be null will imply
that B is null.

To show U is null under the conditions of Theorem 1, I/ is partitioned into a number of cases. Let
U* contain the elements of I/ satisfying the maximal rank condition of Lemma 4, U* = (A®B)*NU.
Next, note that &/* can be written as the finite union of ¢/3 where 5 C {1,...,n} is a proper subset
of the possible indices. The subset U/3 is obtained by adding the restriction that [¢]; = 0 for all
i € fand [p];; # 0 for j € B¢ to (B.2). The proof proceeds in two steps. In the first step, 3 is the
empty set and so ¢ is non-singular. Results from differential geometry will imply that {5 is null. In
the second step, the diagonal of ¢ has zeros, which enables reduction to the invertible case with

smaller n and r.
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Case 1: ¢ non-singular

In the primary case, 3 = () and so ¢ is non-singular. To eliminate the quantification over A and

B in the definition of I/ , construct the block matrices

¢ A B p. A. B,
M= |AT — Iro 0 ) M, = A;I' Iro )
BT o0 -I B] 0 L.

forc=1,...,C, where ¢, is the submatrix of ¢ in the cth channel. Additivity of rank with respect

to the Schur complement implies

ro + 7+ rank(AAT + BBT) = n + rank(H),

(B.3)
ro + . + rank(A A + B.BT) = n, 4 rank(H,),
forc=1,...,C, where H is
Ir + AT 71A AT 71B
HAB ) — | % v , (B4)

B'p AT I,+BT¢p'B

and similarly H. is
H.(A:,Be,p.) = Lir, + [Ac BC]T‘Pc_l[Ac B.].

Further, the block-diagonal structure of B yields that the lower-right part of H is block-diagonal
with blocks of size r. X r.,c = 1,...,C. The lower-right part of H, equals the cth block of the
lower-right part of H. Combining the bounds

rank(AAT + BBT) <7y + 7,

rank(AcAI + CBCT) < min(ne, ro + ),

with (B.3) yields that

rank (H(A, B, ¢)) < 2(rg +17) —n,
(B.5)
rank(I,, + B} ¢, 'B.) < min{r., 2(ro + r.) — n},
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forc=1,...,C. To establish the second line of (B.5), we combine (B.3) with the above bounds to
yield that rank(H.) < min{rg + 7, 2(rg + 7.) — n.}. As I, + Bl 1B, is the lower-right block
of H. of size r. X r,, its rank is bounded above by the minimum of the block size and rank of the
whole matrix as min{r., min{rg + r., 2(r9 + r.) — n.) }. This expression then equals the RHS of
the second line of (B.5).

Therefore, showing that the set of [A B| where H(A, B, ¢) satisfies (B.5) for some invertible ¢
is null implies that I is null as well. If either 2(r¢+r)—n < 0 or there is a ¢ with 2(ry+7.) —n. < 0,
a bound in (B.5) is negative and so U is empty. For the remainder of this case, assume that
2(ro +7) > nand 2(rg + r.) > n, forall c.

For the codomain of H, let S C Sym(r( + r) contain the vector space of all symmetric matrices
whose r x r lower-right part is block-diagonal with blocks of sizes r. x r. forc =1, ..., C, which

has dimension

dim S = —’"O(’";J’l) fror+ 30, TC(TSH).

Recall that both (A @ B)**, which contains [A B] satisfying the maximal rank submatrix condition
of Lemma 4, and the non-singular diagonal matrices ;" are open submanifolds of their respective
vector spaces. So, H is a smooth map from the product manifold (A @& B)** x P>% to S. The

differential H of this map at (A, B, ¢) is

dH = [A B]T¢ '[dA dB] + [dA dB] ¢ '[A B]
+[A BT dpp ' [AB].
The differential is surjective. To see this, consider the subspace of tangent vectors (dA, dB, 0)
with [dA dB] = ¢ '[A BJL, for L € R(;4r)x(ro+r) lower-triangular and partitioned as L =
[L1; 0; Lys Loy, where Loy, is block-diagonal with cth block of size . x .. The space of such L
has equal dimension to S. It can be verified that ¢~ *[A B|L has structural zeros in the appropriate
places, and so is a valid choice for [dA dB]. On this subspace, dH is injective. Suppose that, for

some L with the above structure,

dH=0=[AB]"¢ ?[AB|L+L'[AB]"p %A B].
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The matrix [A B]T¢2[A B] is positive-definite as ¢~ is positive and [A B] is FCR. Therefore,
the matrix [A B|"¢2[A B] has Cholesky-type decomposition UUT with U upper-triangular
and non-singular. This is obtained by taking the usual Cholesky decomposition of the original
matrix with the order of rows and columns reversed. So, the above equation can be manipulated to
yield UTL(UY)T = —U'L"U and so UTL(U1)7 is skew-symmetric. However, as the LHS is
lower-triangular while the right is upper-triangular, we must also have that UTL(U~!)T diagonal.
Diagonal skew-symmetric matrices must be zero, and UTL(U~!)T implies L = 0 as U is invertible.
So, dH is injective on a subspace with the same dimension as the codomain, and so dH is surjective.
As (A, B, p) € (A ®B)*™* x P, was arbitrary, H is a smooth submersion.

Next, we will show that the subset of S where the rank conditions (B.5) are satisfied can be
written as a union of embedded submanifolds. For any index set « C {1,..., (ro + )}, relate « to
the block-structure of H by defining py = [aN{1,...,ro}|and p. = |aN{(r<c+1),..., (r<ctre) }|

for each c. Then for those a where p = [po, p1, - - - , po] satisfies

Po + Zle Pe < 2(T0 + T) - n,
(B.6)

Pc S Q(TO + Tc) — N,

let S,, be the subset of S € S where the principal submatrix S|, ¢ is non-singular and rank(S) =
la|. If H(A, B, ¢) satisfies (B.5), then H(A, B, ) € S, for some « satistying (B.6). For S € S,,,
symmetry and invertibility of S|« o] implies the complementary submatrix, S[a¢, a°], is a smooth
function of S|o, o] and S[a, a¢]. This fact is equivalent to the well-known matrix completion
result that, for C € Sym(n) partitioned as C = [Cy; Cio; CJ, Cy] with Cy; invertible and
rank(Cy;) = rank(C), we have Cy; = C1,C{ CJ,.

Forall S € S,, the submatrices S|a, a and S[a, o] inherit structural zeros from S which are
determined by «. Define the vector space W,, C Sym(py + p) containing all symmetric matrices
with structural zeros in locations which match those of S[«, o], and similarly let ), C R (ro+r—p)
be the vector space containing all matrices with structural zeros matching those of S|, a¢]. As I},

is in W,, the subset W containing only non-singular matrices is the preimage of det ' (R \ {0})
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and so is a non-empty open submanifold of the same dimension as WW,,. Here det,, : W, — R is

the usual determinant with domain restricted to WV,,. The dimensions of these spaces are

(B.7)

dim(Ya) = po(ro +7 — po) = pop + Yeey pe(re — pe)-

Then there is the obvious embedding from the product manifold W x ), into S obtained by
setting S, a equal to the first component, S|a, a°] and S[a’, o] to the second component and its
transpose respectively, then smoothly obtaining S[a“, a¢| as the unique low-rank matrix completion.
So, S, can be treated as an embedded submanifold of dimension dim(W,,) + dim(Y,).

As S, is an embedded submanifold, H is automatically transverse for S, by virtue of being
a submersion. So, a standard application of Sard’s Theorem (see, e.g., Lee (2002, Thm. 6.30))
ensures that H™!(S,,) is an embedded submanifold of (A & B)** x P.° with codimension equal to

the codimension of S, in §, namely

ro(ro+1)—po(po+1 C re(re+1)—pe(pe+1
o(ro 2P0 £0 )+ZC:1 ( )20 (pct1)

codimS, =
+ (o — po)r — po(ro — po) — Zle Pe(Te = pe).-

Let 7 be the projection map from (A @ B)* x P> to (A @ B)**. Dimensional considerations (Lee,

2002, p 131) then imply that 7 (H~*(S,,)) is null if
dim(A @ B)* +n — codim S, < dim(A & B)*. (B.8)

If the above inequality is satisfied for all & with p meeting (B.6), then U} is null for § = (). This
follows as for any [A B]in Uy, H(A, B, ¢) is in S, for some ¢ and some « satisfying (B.6). Hence

U; is a subset of | J, 7 (H'(S,)), and the latter is a finite union of null sets.

Case 2: ¢ singular

We will show that /s with | 5| > 0 is also null by reducing to the non-singular case with smaller

channel sizes and factor numbers. To do so, let j. = | N {(r<c + 1),...,(r<c + 7)}| be the
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number of zeros in the cth channel on the diagonal of ¢ and let the channels be numbered such that
N1=J2 2 2 je

For the first channel, we can take ¢ = Diag(0;,, ¢’) without loss of generality by permuting x;.
Continuing to let A; and B; be the common and distinct factor loadings for channel 1 respectively,
define the submatrices A1; and By, containing the first j; rows of A; and B, respectively. Similarly
define An and ]:3)11 with respect to Al and Bl. The remaining submatrices A5, B1s and Alg, ]:3»12
contain the last 7, —j; rows of A, By and A, By respectively. Finally, let A’ = [AT, AT ... A¢]T
and B’ = blkdiag(Bi2, Bs, .. ., B¢) be the loadings after exclusion of the top j; rows, with A’ and
B’ being similar.

With these definitions, the zeros of ¢ show that (B.2) implies
AllA—lrl -+ BllB—lrl == AllA—lrl + BUBL- (B9)

As ¢ is diagonal, the off-diagonal blocks are also equal,

[All Bll OT>IHAI B/}T - [All Bll 07’>1HA/ B/]T. (BIO)

Next, recall that the generalized Schur complement of A;;A], + B;;B], in AAT + BBT is
A'A' +B'B - [A'B|WIA' BT, (B.11)
where W is defined as
W =[A;;B1; 0]" (A A], + By B)) 7 [A1By 0],

with ()~ being the Moore-Penrose psuedo-inverse. As AAT + BBT is positive semi-definite, the

generalized Schur complement is uniquely defined (Zhang, 2005, Ch. 6), and so (B.11) equals

P 0| |AT
(A’ B'] , (B.12)
01 BT

T>1

where P is the orthogonal projection onto Ker([A; B1;]), which has dimension (o + 71 — ji)+ by

maximal rank submatrix condition. To represent P, note that dim Ker(By,) is 7} = (11 — j.)+ as
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B; is a j; x r; submatrix of [A; B;]. Choosing v/, ... ,v;,l as an orthogonal basis for Ker(B;),
the vectors v; = [0 v;]" are also in Ker([A1; Byy]). To the list vy, ..., v,s, we can extend to an

orthogonal basis of Ker([A1; By;]) by adding wy, .. ., w,, where
ro=(ro+ri—ji)+ — (r—ji)+ =[ro— (i — 1) 4]+

W =[w; ... wyland V' = [v] ... v,/], thenif
re To—Ty Tho T1i—T]
D— W, 0 0 0 To |
W, 0 \% 0 ry
the projection P equals DDT, where W and W contain the first 7, rows and the remaining r;
rows of W respectively.

So, the inner term in (B.12) factors into RR" where R = [D 0; 0I,_,]. As R has a block
lower-triangular form, it can be verified that [A’ B'|R continues to have the appropriate channel
structure. The generalized Schur complement can then be represented as A,A! + B,B/ where
[A, B,] is obtained from [A’ B'|R by dropping the zero columns.

Using this representation, we can take the lower (n — j;) X (n — j;) block of (B.2) and subtract
[A’ B'/W[A’ B’] from both sides. By the equalities (B.9) and (B.10), this implies the relation

between the generalized Schur complements,
K\K11 :K\K11+QO,

where K = AAT + BBT and K;; = A;A], + B, B]}, and K, K, are defined similarly using
A, B. As discussed above, this implies there are A°, B® and A", B such that

AvoT + BoBoT _ AAOT + BOBOT + (P,.

In the case with j. = 0 for ¢ > 1, The above procedure exhibits a reduction from ¢/; into Uy" where

U’ is the set of loadings satisfying (B.2) for channel sizes n; — j1, no, ..., n¢ and factor numbers
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T4, Ty, T2, - - -, Tc. As the orthogonal projection P varies smoothly with [A1; By;], the matrix D can
be chosen to smoothly vary in [A1; By;] and so the reduction is smooth.

In other cases, the above procedure can be iterated to remove j. zeros from ¢, each time,
yielding a smooth reduction from U} to Uy*. Showing U} to be null reduces to showing U" to be

null, where U’ is the non-separable set (B.2) with channel sizes ny — j1,...,nc — jc and factor

sizes ry = (ro — chzl(jc — 1))y, T = (re — je)y fore=1,...,C.

Verification of Condition 2

To demonstrate that Condition 2 is sufficient to imply that I/ is null, first assume that M as
defined in (2.14) is non-empty. For l{;, if the subset of M containing (n’,r’, p) withn’ =n,r’ =r
is empty, then (B.6) cannot be satisfied with p non-negative and so either 2(ro + r) —n < 0 or
there is a ¢ with 2(rg + r.) — n. < 0. That is, H(A, B, ¢) cannot satisfy (B.5) for any (A, B) and
so Uy is empty. If the aforementioned subset of M is non-empty, then at least some non-negative
p satisfying (B.6) is possible. Then the dimension condition (B.8) is equivalent to ¢)(n,r, p) > 0
with ¢ defined in (2.12). As a function of py alone, 1 is decreasing on [0, ], so ¢ being positive
when pg is at its maximum feasible value implies v is positive for all smaller values of py. So,
min, ¢ (n, r, p) > 0 ensures that (B.8) is satisfied for all valid a.. Therefore, 1 is null.

For any index set § with j.,c = 1, ..., C zeros in the cth channel on the diagonal of ¢, taking

n, = n. — jeand rg, 1, ... r¢ as in (2.14) effects the reduction of U} to U™ as discussed in the

previous subsection. The above argument can be applied to I, showing that ¢)* > 0 implies ;" is
null for all possible reductions. Therefore, {3 is null for all 5. The remaining part of { is a subset
of (A @ B)\ (A @®B)**, which is null by Lemma 4. So, I/ is a subset of the finite union of the null
sets Uy, U for all 3, and (A © B) \ (A @ B)™.

Finally, if M is empty, then no feasible value for p exists for any possible reduction and so U*

isempty. Thend C A D B\ (A @ B)** and so is null. As A @ B is isomorphic to A x B, the result
pty. p

of Theorem 1 follows. [
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B.8 Proof of Theorem 2
Proof. First, note that dR () is equivalent to dRxx (A, B, ®) when (A, B, ®) € A} x B x P,
is obtained from 7 by inverting (2.7). For (dA,dB) € A, x By, and d® € Diag(n), the differential

dR, = AJA" + dAAT + BdB" + dBB" + d® (B.13)

is a linear map in (dA, dB, d®) from a vector space of dimension L as defined in (2.8) to a space
of dimension n(n + 1) /2. Necessary conditions for injectivity can be obtained by dimensionality
considerations. First, the dimension of the domain must be no greater than the codomain for the

map to be injective, so L < n(n + 1)/2. The previous inequality is equivalent to the condition
1
ro < §<2n—|—1— 8(n—|—D)—|—1),

where D is defined in (2.17). Similarly, setting dA,d® and dB,,...,dB¢ to zero (of the ap-

propriate dimensions), the restricted dRyx is a linear map from a vector space of dimension

1 (7‘1—1)

5— into the subspace of symmetric matrices with only the top n; x n; block being

niry —
non-zero. Again, the dimension of the restricted domain must be no greater than the codomain,
meaning ny 7y —r1(r1 —1)/2 < nq(nq +1)/2. This is equivalent to 7y < 1 (2nq + 1 — +/8ny + 1) .
The same considerations for other blocks yield the conditions that, forallc = 1,...,C, r. <
% (2nC +1-— \/m) Combined, this is Condition 4 and so Proposition 7 is proven.

Next, we will show that the Condition 4 combined with the separability Condition 1 is sufficient
for dRxx to be generically injective in (dA, dB, d®). Assume that the combined matrix [A B] is
FCR, which excludes a null subset of A; x B} . The proof proceeds in three steps: first showing
that dA — AdAT + dAAT and dB — BdBT + dBBT are separately injective, then showing the

sum of the two is generically injective, then finally showing that the map (dA, dB, d®) — dRyy is

generically injective and therefore dR4(n) is generically injective.
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Define the linear maps F5 : Ay — Sym(n) and Fg : By, — Sym(n) as Fo(X) = AX" +

XATand Fg(Y)=BY' + YBT. Similarly, Fo g : A7, x By, — Sym(n) is
Fap(X,Y)=Fa(X)+Fp(Y)
(B.14)
=[AB]XY]" + [XY][AB]".

For F 5, an application of Lemma 3 implies that F' 5 is injective, as F 5 (X) = 0 implies X = 0
by the structure of A and the FCR assumption. Arguing channel-wise for Fg, Fg is injective in a
similar fashion.

Second, define the image subspaces as A = Im(F 4 ) and B = Im(Fg). Injectivity of F 5 and
Fy implies

dim(A) = nrg — —TO(Tg_I)

dim(B) = 200:1 Nele — %
The sum map F o g will be injective iff AN B = {0}, as existence of (X,Y) withFA (X, Y) =0
implies that F o (X) = —Fp(Y) and so Fg(Y) isin AN B. If AN B = {0}, then injectivity of F
and Fg separately implies (X,Y) = (0, 0). The converse direction follows as if G € AN B and
G # 0, then exist non-zero X and Y such that F5 (X) = G = Fg(Y) and so FA 5(X,-Y) = 0.

To show AN B = {0}, suppose Fa 5(X,Y) = 0 and so
AXT +XAT=-BY' - YB". (B.15)

Next, suppose there exists some v € R,, with v € Ker(AT) N Ker(BT) but at least one of X"v or

Y Tv is non-zero. Then applying the transformations in (B.15) to v, we obtain
AX"v =B(-Y)v.

The LHS is then in Im(A) and the RHS is in Im(B). As Im(A) N Im(B) = {0} is implied by
the FCR assumption on [A B], we must have that both AXTv and B(—Y)Tv are zero. However,

A and B both being full rank implies that Ker(A) = {0} and Ker(B) = {0}. As at least one of
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XTv and (—Y)"v is non-zero by assumption, at least one of AX v and B(—Y)Tv is non-zero,
yielding a contradiction. So, for all v € Ker(AT) N Ker(B"), X"Tv and Y "v are zero.

Hence, we have that Ker(XT) D Ker(AT) N Ker(BT) while Ker(YT) D Ker(AT)NKer(BT),
which is equivalent to Im(X) C Im(A) & Im(B) and Im(Y) C Im(A) & Im(B). So, all columns
of [X Y] can be written as a linear combination of the columns of [A B] and there exists some
W € R(yy4r)x(ro4r) sSuch that

[X Y] =[A B]W. (B.16)

Combining (B.16) and (B.14), F5 g(X,Y) = 0 can be written as [A B](WT + W)[A B|" = 0.
As [A B] is FCR, left and right multiplying by ([A B]"[A B])~*[A B]T and its transpose yields
that (W + WT) = 0, so W is skew-symmetric.

However, Proposition 4 implies that W must be zero unless (A, B) belong to a null subset of
A% x Bj. To see this, recall that the Cayley transform gives that there exists a Q € O(ro + ) such

that W = (Q — I)(Q + I)~'. So, (B.16) is equivalent to
XY]+[AB]=([AB] - [XY])Q.

The above implies that (X+A,Y +B) ~; (A—X,B—7Y), where both pairs are in A;, x B,. Note
that Fo 5(X,Y) = 0 implies that F5 g(eX,€Y) = 0 for any ¢, meaning that (A — X, B —Y)
can be assumed to belong to an arbitrary neighborhood of (A, B) in A} x B%. By the proof of
Proposition 4, the subset C C A% x B% where the full rank submatrix condition of Proposition
3 is not satisfied is closed and null. Generically, (A, B) is in the complement A% x B% \ C and
so (A — X, B —Y) also belongs to the complement for small enough (X,Y) as [A B] is FCR.
So, Proposition 3 applies to (A — X, B — Y ), meaning that Q must be block-diagonal and so
(X+A,Y +B) ~ (A —X,B—Y). By Proposition 5, the ~,-representatives in A} x B} are
unique, hence (X,Y) = (0,0). Thus, F g is generically injective.

For the third step, we complete the proof by showing that

(A @ B) N Diag(n) = {0}, (B.17)
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which is equivalent to showing that the differential (B.13) is injective. The show (B.17), we examine
the orthogonal complement ((.A @& B) N Diag(n))". Standard properties of the subspace lattice
(Kollo and Dietrich, 2005, Ch. 1) show that ((A @ B) N Diag(n))" equals (A* N B+) N (AL N
B+ N Diag(n)*)* @ Diag(n)*. As dim(Diag(n)t) is n(n — 1)/2, it suffices to show

n = dim ((A- N B*Y) N (A" N B+ N Diag(n)™)*). (B.18)

Expanding B+ using that Fg(Y) is channel-structured block-diagonal, we see that any matrix with

zeros in the block-diagonal is within B+. Let ) be the subspace of such matrices,
Y = Span({ee] +eje] : Test. i <reo+7r.<j}).

The structure of ) then implies ) C B+ and therefore B = Y @ (l’)’L N yl). The subspace
B+ N Y+ contains all channel-structured block-diagonal matrices where for all ¢, the cth block is
orthogonal to all matrices of the form B. Y] + Y.B/. Hence, the subspace B+ N Y+ be can be
written as W) @ - - - & W, where W, C Sym(n) contains the matrices in B+ N )+ whose entries
for blocks other than c are all zero.

The intersection A+ N B+ N Diag(n)* equals A* N (W, & --- & W, @ Y) N Diag(n)*, which
in turn equals A+ N (W) @ --- @ W,.) N Diag(n)t) ® V) as Y C Diag(n)t. The subspace
(W, @ --- & W,) N Diag(n)* consists of all C € B+ N Y+ with zero diagonal. This space
equals Wl DD WC, where VNVC is the subspace of all elements of W, with zero diagonal. So,

dim(A+ N B+ N Diag(n)t) is
dim(A) + 37, dim(W,) + dim(Y) — dim(A+ X5, W, + D).

The dimension of WV, can be written as

dim(W,) = dim(W,) + 2elte=) _ (nelietd) _ 7y
= dim(W,) — (n. — J.),
where J, is the dimension of the intersection between the subspace of matrices in Sym(n,) that

are realized as B, Y + Y_.B/ and the subspace of diagonal matrices. This will be zero iff the
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individual channel is locally identifiable as a single channel factor model, which will generically
occur when (2.18) is satisfied, as shown by Shapiro (1985, Thm. 3.2). If the above is satisfied,

B N Diag(n) = {0}. From this, we obtain that

AL+ Bt = (A + BY) n (AT + (B N Diag(n)*))
(B.19)

@ (At + BH) N (AN (B @ Diag(n))).
However, the term .4 N (B & Diag(n)) can be shown to be {0} by the results from Shapiro (1982)

for single-channel FA when (2.16) is satisfied. In particular, if C € AN (B @ Diag(n)), then as
C € A, Shapiro (1982, Lemma 2.1) implies that

v;erjzo, 1<i<73<n—ry,

where vy, ..., v, ,, € R, is abasis for Ker(AT). As the structure of A does not restrict Ker(AT),

n—ro

5 ) constraints, and

all the above linear constraints on C are generically independent. There are (
C € (B® Diag(n)) has dim(B @ Diag(n)) degrees of freedom. Hence, A N (B & Diag(n)) is {0}
iff

(=G > i (B) + dim(Diag(n),

as the RHS is dim(B & Diag(n)). This is equivalent to the condition (2.16), and therefore .4 N (B &
Diag(n)) = {0}. This implies that the RHS of (B.19) equals (A* + (B+ N Diag(n)~)). Finally,
(B.18) can be expanded as,
dim ((A" N BY) N (AT N B N Diag(n)*)")
= dim(A"') + dim(B*') — dim(A* + B*)
— dim(A* N B+ N Diag(n)*)
= dim(AY) + Y7, dim(W.) + dim(Y)
— dim(A* + BY) — dim(AY) — 19, dim(W,)

+ dim(A* + (B+ N Diag(n)™*)).
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By the previous results, this simplifies to
n—[dim(A*4+B+)— dim(A* +(B* N Diag(n)1))] - S, 7.,

which equals 7 iff all J. = 0 and
dim(A* 4 (B+ N Diag(n)*)) = dim(A* + B*).

This occurs generically when the criteria in Proposition 2 are satisfied, and so the differential dR
will be injective at almost all (A, B, ®) € A} x B} x Diag(n). This space is isomorphic to V', so

dRxx(m) is generically injective. O

B.9 Proof of Theorem 3

Proof. Define the function ¢, overn € V,

lo(n) = Ellr(n)] = log det Rux () + tr Ryt (17) Sxx
= 2Dy, (N (0, By ) [[NV(0, Rux (1)) ) + log det Ty

By hypothesis, /y has a unique minimum over V"’ at 1} as 1) belongs to the globally identified set.
Further, this minimum is well-separated. To see this, first note that the sublevel sets of ¢y(n) are
compact by the proof of Ramirez et al. (2020, Thm. 1) with S = 3, and the fact that the map
n — (A, B, ®) is continuous. Let m = £,(#)), which is finite as Xy, and Ry are positive definite
and so yield a finite KL.-divergence. For any & > 0 and all € > 0, the closed set V' is partitioned

into the three sets B, N L, B N Ly, and Lj, where

Be={neV';lln—nll <e},

Ly={neV'; t(n) <m+h}.
The set L;, N B¢ is the intersection of a closed set and a compact set, so it is compact. Therefore, the
infimum of the continuous function ¢y(n) over L, N B¢ is achieved at some 7. By the assumption
of a unique minimum, ¢o(n’) > m for all ¢ > 0. Additionally, as » > 0, the infimum of ¢, over L

is strictly greater than m. Therefore, inf,cpe /(1) > £(n) and so 7 is a well-separated minimum.
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The deviation of /7 from ¢ is controlled as,

sup |lr(n) — lo(n)| = sup|tr Rig () (St — Tk |
nev’ nev’

< sup |[Rc(M|[F][ST — Zxllr
nev’

S 6_1\/ﬁ||ST - 2xxHF-

The third line follows from the definition of V', which imposes that A\, (Rxx(77)) > €. As the
second moment of x exists, Sy is consistent 50 ||[Sy — Eyx||r = 0. So, £1(n) converges uniformly
in probability to the limiting function ¢y(n). As 7, minimizes ¢, standard results for M -estimators
(Vaart, 1998, p. 45) imply that 7j, = 7, so (Ar, By, ®7) & (A, B, ®) as well. Note that if
Yxx € R(n,r), then the minimizing Ry, is .., which is the unique minimum by the Gibbs

inequality. 0

B.10 Proof of Theorem 4

Proof. For any r > 0, define the set of n € V' with ||Ryx (1) — Zsux||r < r and ||R L (n) —

S Hlr < r. As Rux(n),RZl(n) are continuous and 7 is in both sets, their intersection is

? XX

a non-empty open neighborhood of 7). In this neighborhood, the objective function {7(n) is
Lipschitz, as for any 1, , 1, in the neighborhood with R; = Ry« (7, ), Ra = Rxx (1), the difference
|¢r(n,)—{r(n,)| is bounded above,

|00 (m,)—Cr(ny)| < [logdet RiRy | + [tr Sr[Ry — Ry
< [trRa[Ry ' — Ry + [ tr Sp[Ry ' — Ry
< ([[R1 — Exxl[r + |[Bxx||F + [|S7[[F) %
IR, #|RS ] #||R1 — Ra|p
< m(r, Exx, S)[|R1 — Ra|F,

with m(r, Zyx, S) = (14| Zxx| |7 +[S||7) (r+ || Z5k] | 7)?. Since by assumption E[||x,||!] < oo, it

is implied that F'[||St||%] < oo and therefore E[m(r, Xxy, S)?] < co. As ||R||r is bounded within
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the neighborhood, it is similarly true that the associated ||A||r, ||B||r are bounded. Therefore,

[IR1 — Ra||r < 2[|A4]|F||A1 — Asl|p + [|®1 — B2 |F
+ 2||B1||r||B1 — Baf|r
< O(r, Bl |M1 — ]2

for some non-random C'(r, ). Hence, {7(n) is Lipschitz within some neighborhood of 17 with
first differential

dlr(n, dn) = tr(Ry (1) dRucx (1, dn))
Both dR,« (1, dn) and R_}(n) exist for all n € V, so dlr(n, dn) is well-defined. The second

differential expands as

d*lr(n, dn) = 2tr (R (n)dRxx (0, dn)]* Ry (n)Sr)
— tr ([Rox (M) dRxx (1, dm)]?) .

—1/2

o |[f for

Taking expectation and evaluating at 7, the above display equals || X/ ?dRyx (7, dn) 2
dRyx as in (B.13), evaluated at (A, ]§, <I>) with tangent vector (dA, dB, d®). This norm is zero
only if dRxx (7, dn) is zero. However, as in the proof of Theorem 3, identifiability of 1 implies
that dR  is non-zero for all non-zero (dA, dB, d®). Let V, be the Hessian matrix of ¢ at 77. As
the second differential is positive, the defining property of the second differential (Magnus and
Neudecker, 1988, p. 119) shows that the quadratic form dn'Vydn is positive for all dn # 0, so
V) is positive definite. Standard results for M-estimators (e.g. Vaart (1998, p. 53)) then imply that
VT 7y — 1) 5 N (0, W), where

Olr(7y) o ()"
on on

W = VglE[ Vil (B.20)
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B.11 Example of Non-BD Q) Preserving Channel Structure
The following example with C' = 2,;ny = 3 = ngyand ryp = 3,7 = 1,7, = 1 shows that

non-block-diagonal Q can preserve the block structure of B,

3 0 0 2 0
-1 2 0 -1 0
2 1 1 3 0

A = B —= ,
-3 4 1 0 1
—6 5 1 0 -3
> —4 3 0 2

[ 0740 0352 —0221 0483 —0.214)
_0579 0.683 0.0553 0439  0.053
Q=1{0069 0073 0801 —0052 —0.588]
0022 0528 0332 0712 0321

| 0334 0354 0443  —0.253 0.709 |

as it can be verified that [A B|Q produces a B which is appropriately structured yet Q is not
block-diagonal. The corresponding AAT + BB provides an example of a non-trivial noise-free

MFA covariance matrix which cannot be uniquely separated into signal and interference parts.

B.12 Identifiability Result Comparison

The generative model (Lyu et al., 2022, Equation 5) of Deep CCA can be related to the generative

model of MFA in the two-channel, noise-free (® = 0) case by setting z = f, cld) = g, and

@ z f
g = {Aq Bq} )
cl@ g,

for ¢ = 1, 2. However, Lyu et al. (2022) further assumes that g@ is an invertible transformation for

each ¢, and that assumption is a crucial component of the proof of the authors’ main identifiability
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result (Lyu et al., 2022, Theorem 1). In the noise-free case, our primary identifiability condition
is Condition 1 which enables the signal and interference covariances to generically be uniquely
separable. Condition 1 allows for ry + r. > n. for some (but not all) of the channels, which makes
[A. B.| a wide matrix. For example, n; = 10,n2 = 5 and ry = 4,r; = 3,7y = 2 are channel
sizes and factor numbers which satisfy Condition 1 and 7 + 75 > ns. In this case [A. B,] has no
left inverse and so the identifiability result of Lyu et al. (2022) is not applicable. In the case of
multiple smaller channels or substantially different channel sizes, requiring that ry + . < n, for all
c=1,...,C will be significantly more restrictive than Condition 1.

A similar point also holds for the relation of the identifiability results of Sgrensen et al. (2021)
for Generalized CCA. To translate the noise-free case of MFA into the notation of Sgrensen et al.
(2021), set the number of views as N = (', the channel sizes as J,, = r, forn = 1,..., N, the
number of observations as / = T’, the common factor dimension as R = r, and the distinct factor
dimensions as L,, = r, forn =1,..., N. If X,, is the [ X J,, matrix whose mth row is the transpose
of the mth sample of our channel-n observation vector x,,, F is the I X R matrix whose mth row
is the transpose of the mth value for our common factors f, and G,, is the I x L,, matrix whose
mth row is the transpose of the mth value for our channel-n distinct factors g, then the observation

equation (9) in Sgrensen et al. (2021) becomes

X,=FA! +G,B/
=[F G,JS;

where A,, and B,, are our common and distinct factor loading matrices for the cth channel and
S, = [A,, B,,]. The identifiability results of Sgrensen et al. (2021, Section IV) require that S,, be
full column rank (and so R + L,, < J,), while our Condition 1 allows for R + L,, > J,, for some
channels.

Similarly, the identifiability results of MFA in this chapter differ from those for JISA obtained
by Lahat and Jutten (2019). To translate the noise-free (® = 0) case of MFA to that of JISA’s
generative model (Lahat and Jutten, 2019, Equation (2)), set the channel sizes as R = C, source

number 12 = 2, common source s[lk} = s[ll] =fforall k =1,..., K and channel-specific source
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S[Qk] = gi. Then the channel-£ generative model in JISA is

X — AV 4 APl

where A[f] is the common factor loading matrix in channel £ (which is Ay in the current chapter),
and A[Qk] is the distinct factor loading matrix in channel k£ (which is By, in the current chapter). The
mixing matrix A* equals [A[lk] A[Qk}], which is [A;, Bg] in our notation. With these definitions,
the MFA in the noise-free scenario is indeed a special case of the general JISA model outlined in
Lahat and Jutten (2019, Section II.A). However, the identifiability results obtained in Lahat and
Jutten (2019, Section V) are obtained under a number of additional assumptions. In particular,
Assumption (A4) in Lahat and Jutten (2019) is that the mixing matrix A¥! is non-singular for all
channels £ = 1, ..., K, which differs from the the primary condition for unique separability of the
signal and interference. The second identifiability subproblem treated in the current chapter, namely
unique isolation of the noise variances, is discussed in Lahat and Jutten (2019, Section VIIL.D). In
that section, those authors note that the inclusion of noise will increase the complexity of the model
identifiability problem, and they mention that the additional analysis needed for the noisy case is
outside the scope of that paper. Therefore, although the noise-free case of MFA can be seen to be a
special case of the general JISA model, our results on MFA identifiability are substantially different
from the identifiability results of Lahat and Jutten (2019).

The method of Shared Independent Component Analysis (ShICA) represents a different approach
to modeling multi-channel observations from that used in MFA. In the ShICA generative model
(Richard et al., 2024, Equation 1), the channel-: observation forz = 1,...,m and m > 3 1is of size p
and it is generated by adding p-dimensional channel-specific noise n; to a shared latent component
s, also of size p, and passing the sum through a non-singular p X p mixing matrix A;. In the ShICA
model, the all-channel observations x = [x{ ... x| ]T live in a subspace of dimension p within

the all-channel observation space R,,,,. The effect of the channel specific noise n; on the channel-:
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observation is A;n;, while the effect of the shared component is A;s and so the effects of the
shared component and noise components do not belong to distinct low-dimensional subspaces. The
identifiability results of Richard et al. (2024, Theorem 1) utilize the assumption that the diagonal
covariances of the signal s and noise components n; have sufficient diversity to allow their effects
on the multi-channel observations to be distinguished. This is a different approach than used for
separating the signal and interference covariances in MFA, where our Proposition 1 distinguishes
signal and interference using the properties of the combined loading matrix [A B] and relies on the
fact that the shared component Af and unshared component Bg in x live in different subspaces.
Therefore, identifiability of MFA is a different problem from identifiability of ShICA, even in the

noise-free case of MFA.
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Appendix C

Supplementary Materials for Chapter 3

C.1 Proof of Proposition 9

Proof. The proof is similar to a standard proof of the existence of the Wold decomposition (see, e.g.
(Rozanov, 1967, Ch. 2)) with some modifications to account for the assumptions on the series at hand.
We assume that the components of s[t], i[t], u[t], ¢ € Z are defined on the same probability space, and
let £? be the Hilbert space of square-integrable complex random variables defined on that probability
space. Next define the subspaces H|t] as the closed span of { [s[k]],;k < t,i =1,...,n}, and
define H;, [t], c =1...,C and H,[t] similarly, and let Hs[oo], H;_ [0o], Hu[oo] be the closed span
of all values of their respective processes. The innovation subspaces Dg|t] are H[t] N (Hs[t — 1)1,
and by the hypothesis that s[t| lives in the ro-dimensional subspace S for all ¢, we have that n — rq
of the components [s[t]L can be written as a linear combination of the remaining r,. Without loss
of generality, suppose the components are numbered so that the [s[t]],, for i = ro + 1,...n are

linear combinations of the [s[t]]., fori" =1,... 7,

[S[t“z" = 21‘11 Quyr 4o [S[t”i// y

for some coefficients oy € C. As Dslt] is generated by {(I — Py 1)) [s[t]];, 7 = 1,...,n},
where Py, ;1) is the orthogonal projection onto H[t — 1], if we let €, [t] = (I — Py p—1)) [s[t]],0,
we obtain
(L= Pog ) [s[t]]; = 2252, awmen|t],

and so dim Dgt] < rq for all ¢. A similar definition and argument shows that dim D;_[t] < r. for
all ¢.

Next, let Ug be the unitary operator on Hs[oo] defined by Us [s[t]], = [s[t + 1]], for all ¢ €
Z,i=1,...,n, which is guaranteed to exist as s[t| is WSS (see, e.g., Rozanov (1967, Ch. 1)). As

s[t] is completely nondeterministic, ()., Hs[t] is the trivial vector space and so Hs[oo] equals the
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orthogonal direct sum ,_, Ds[t]. Without loss of generality, we can assume that dim D[0] = o,
as if dim Dg[t] < ro for all ¢, then s[¢] in fact belongs to a proper subspace of S and the preceding
argument can instead be run for that subspace. Then, let [5[0]], for k = 1,. .., be an orthonormal
basis for Ds[0] and set [e;t]], = UL [es[0]],. As Hs[t] = D, Ds[s], s[t] is obtained by application
of a causal linear time-invariant filter of e[t], hence
s[t] = /Tr et ICs(e)dZo(w)

where [7_e“dZ(w) is the spectral representation of e4[t], and Ky(z) = > 2o K j277 is the matrix
transfer function of the linear filter. As &t] is white noise with E|es[0]e"[0]] = L,,, Z(w) is
an orthogonal increments process with E[dZ(w)dZ"(w)] = 1,, for all w € (—n, 7] Further, as
Hs[t] = @D, Ds[s], the innovations €[t] are obtained by application of a causal linear time-
invariant filter of s[t|]. By assumption, s[t] is proper, and hence so is ¢]t] (Neeser and Massey,
1993), which in turn implies that E[Zy(w)Z{ (0)] = Odw as the pseudo-autocovariance function of
€ 1S zero.

As Ko = E[s]0]e"[0]], Ko must be full rank or dim Ds[t] would be strictly less than r for
all t. Hence, we we can choose the orthonormal basis for Ds[0], which is €5[0], so that K o has

lower-triangular top block with positive diagonal. Finally, col Cs(2) C Ky, as
Pss[t] = Y PsK, e[t — j] = s[t]
=0

and so the uniqueness of the linear filter coefficients yields K¢ ; = PsK; for all j. Hence
PsKs(z) = Ks(z) for all z and we have col Ks(z) C col Ks o as Ky is full rank.

A similar argument yields e;_[t], K.(2) and Z.(w) for ¢ = 1,...,C with the desired proper-
ties. As ulf] is white noise with E[u[0Ju"'[0]] = ®, its immediately follows that it has spectral
representation [ ei“@%dW(w) for an orthogonal increments process W (w) with the desired
properties. Finally, by the assumption (3.4), it follows that the subspaces Hg[oo|, Hyu[oo] and

H;.[oo], ¢ =1,...,C are pairwise orthogonal, and therefore

Eleslsleil[t]] = 0pre: Elesls]u™[t] = 0ry . Eleslsleil [t]] = 0rr Eles[sJu"[t] = 0y,
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for all s,¢ € Z. As the cross-covariances of the form E[dZ(w)dZ(w)] between the orthogonal
increments processes are the Fourier transforms of the above covariance functions, it follows that

the orthogonal increments processes are uncorrelated and the proposition follows. [

C.2 Proof of Proposition 10

Proof. Let (Sgs(w), Sii(w), @) and (Sgs(w), Sii(w), @) be two triples obtained as described in

Section 3.2.2 such that

Ses(w) + Sii(w) + ® = Syx(w) = Ses(w) + Sii(w) + ®.

By hypothesis, we have (Sgs(wo), Sii(wo), ®) equals (Sgs(wo), Sii(wo), ®) for some wy. Hence
® = & and so

Sss(w) + Sii(w) = Sxx(w) — ® = Sgs(w) + Sii(w) (C.D

for all w. Next, let Ps be an oblique projection onto col Ss(wp) whose kernel contains col Sj;(wp).
Such an oblique projection must exist, as Sgs(w) = Kg(e“))KCH () with ICg(e™) an n x r, matrix
implies that rank Sgs(w) < r( for all w. Similarly, rank S;;(w) < r for all w. Hence (10) implies
that col Sgs(wp) N col Sii(wy) = {0}, and so a projection Ps with the desired image and kernel
exists.

Next, as col K¢(z) C col K by Proposition 9, we have col Sgs(wp) C col Kgp. In fact, we
have col Sgs(wp) = col K ¢ as both subspaces are dimension 7. So, PsKs o = K and therefore
PsSss(w) = Sgs(w). A similar argument shows that col Si;(w) C col Sii(wp) for all w. Thus,
PsSii(w) = 0,,, for all w, as we have PsS;i(wp) = 0,,, by construction. Left-multiplying (C.1)

by Ps, we obtain
Ps(Sxx(w) — ®) = Sgs(w) = PsSes(w) + PsSii(w).

However, a similar argument to the above shows that col §SS (w) C col gss(wo) = col Sgs(wp), while
col S;; (w) C col gii(wo). Thus, ngss(w) = gss(w) and PsS;i(w) = 0,,,, for all w, and therefore
Sss(w) = gss(w). Subtracting S¢s(w) from both sides of (C.1) yields S;;(w) = §ii (w) for all w.
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C.3 Proof of Proposition 11

Proof. First, define the coordinate z-spectrum Sg(z) € C,xr, as
Se(2) = K;OICS(z)IC:'(l/E)(K;O)H,

where K, is the Moore-Penrose pseudo-inverse of K. Then S#(z) has the Cholesky-like
decomposition Sg(z) = L, (z)LY(1/z) with L (z) being a lower-triangular matrix of rational
functions whose diagonal entries are the corresponding canonical scalar spectral factors (see
Ephremidze et al. (2024); Janashia et al. (2011) for details of this construction) and so all zeroes
and poles of the rational functions on the main diagonal have absolute value < 1. The off-diagonal
entries of L (z) may have poles for |z| > 1. However, the assumption that all entries of () are
finite if |2| = 1 implies that all entries of Sg(z) are finite when |z| = 1. This in turn ensures that all
entries of L, (z) are finite when |z| = 1. To see this, first consider the base case where Sg(z) is
1 x 1, in which case | L (2)L4 (2)| = [Sg(z)| < oo implies | L (2)| < oo as desired. Returning to
the original case, note that the upper-left entry [Sg(2)]11 is [L (2)]11[Lt(2)]11, hence [L (2)]11 is
finite when |z| = 1. Unless [L..(2)]y; is identically zero, the remaining entries in the first column

of L, (2) are
1

Ly (2)]1

By hypothesis, Ks(2) is full rank on the unit circle and so Sg(2) is positive definite when |z| = 1.

Ly (2)]in = [Ser(2)]i1-

Hence [L.(z)]11 # 0 on the unit circle, so |[L(z)];1] < oo when |z| = 1. For the rest of the
columns of L, (z), note that they are the obtained by factorizing the Schur complement of [L (2)]1;
within L (2), which is an (1 — 1) x (rg — 1) matrix of rational functions of z~! which is positive
definite with finite entries for all |z| = 1. By induction, we then have that no entry of L, (2) has a
pole on the unit circle.

Next, suppose the ijth entry of L (z) has a pole p with |p| > 1. Right-multiplying L(z) by the

diagonal paraunitary transformation U,,(z) whose jjth entry is (7' — p)/(1 — pz~"') and all other
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diagonal entries are 1 reflects the pole p in the ijth entry to 1/p, which is within the unit circle. For
other entries in the jth column, the right-multiplication introduces a zero at p and a pole at 1/p.
This procedure can be iterated until all poles outside the unit circle have been reflected, and we can
define L' (z) as the resulting rational lower triangular matrix. For the south-east entry of L (z), it
already has all poles and zeros within the unit circle and so is unchanged.

Next, note that det L’(z) is the product of det L (z) and a finite number of the terms det U, (z).
As det L, (2) is the product of the canonical spectral factors on the diagonal, lim, ., det L (z) is
finite and non-zero as the spectral factors have all poles and zeros within the unit circle. Further,
lim,_, det U,(z) = —p which is non-zero as |p| > 1. Hence lim,_,, det L’(2) is finite and non-
zero, so L, = lim,_,, L'(2) is full-rank. Let L(z) = L/(2)U, where U is the constant diagonal
unitary unitary matrix that takes the diagonal elements of L, to be positive. As L(z) is obtained from
L (z) by right-multiplication with paraunitary matrices, the factorization L(2)LH(1/%) = Sg(2)
continues to hold. As the constant term of [L, |, is already 1, we have [L(2)],.r, = [L1(2)]roro-

Further, define Ly = LU = TW?> where ¥ is diagonal with [¥2];; = [Kyo];;[L,U];;
for j = 1,..., 79, which is positive by the construction of K and L{U. The matrix T is then
lower-triangular with [T];; = 1/[Ks];;, j = 1,...,70 and so K, (T has unit-triangular top ¢ X g
block. If we define R(z) = T~'L(2)¥ 2, then lim, .o R(2) = L.

To show that R(z) has the appropriately-structured factorization, let d(z) be the monic least
common multiple of the denominator polynomials for all entries in L(z), which has d(z) # 0 for
all |z| > 1 by the construction of L(z). Then (T~ 'd(z)L(z), d(z)\Il_%) is a right matrix fractional
decomposition of R(z) as d(z)L(z) is a matrix of polynomials in 2. Next, let (M(z), C(z)) be
an irreducible right matrix fractional decomposition of R(z), with M(z) and C(z) being lower-
triangular matrices of polynomials in z~! whose constant terms are I, and [C(z)];; # 0 for all |z| >
1,7 =1,...,7r9. Such an MFD must exist, as if (M"(z), C”(z)) is any irreducible right MFD of
R(z), then C"(z) can be made lower-triangular through right-multiplication by a unimodular matrix
B(z) which takes C”(z) to row-Hermite form. So, (M'(z2),C'(z)) = (M"(2)B(z), C"(2)B(2)) is

another irreducible right MFD with C’(z) lower-triangular. As M'(z) equals R(z)C'(2), this also
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implies M'(z) is lower-triangular. So,

I, = lim R(z) = lim M'(2)C"(2)

Z—00 Z—00

and therefore the constant terms M, and C{, must be full-rank and equal. Letting (M(z), C(z)) =
(M'(2)Mj ', C'(2)C; '), we have an irreducible right MFD with the numerator and denominator
polynomials being lower-triangular with constant term I,,,. As (T~1d(2)L(2),d (z)\II_%) is a right
MFD and (M(z), C(z)) is an irreducible right MFD of R(z), there exists a matrix exists a matrix
W (z) which is polynomial in z~! such that d(z)q)’% = C(z)W(z) (Kailath, 1980, Lemma 6.5-5).
Hence,

d(z) = det $2 det C(z) det W(z),

and as the right-hand side is a polynomial in 2!, we can conclude that det C(z) # 0 for |z| > 1.
As C(z) is lower-triangular, this implies that the main-diagonal polynomials [C(z)];; # 0 for
|z| > 1,5 =1,...,r0, as desired. Finally, as [Lo|,,,, = 1, the south-east entry [R(z2)],., equals
(L4 (2)]rgr0» 50 [M(2)] 1, has all zeros within the unit circle by construction.

Combining the above definitions,
Se(z) = L(2)LY(1/z) = TR(2)¥R"(1/2)T"
= TM(z)C ' (z)®CH(1/2)M"(1/2)TH.
As col Ks(z) C col Kg forall 2, K oK (Ks0(2) = Ks(2). Letting A = K, T, whose top 7 X 7
block is unit lower-triangular by the construction of T, we have

Ses(w) = AM(c®)C () TCM ()M () AN,

Defining Sg ¢, (2) = Kj_ (K, (2)K™(1/2)(K;_ ()", an analogous argument to that above pro-
vides

Si.i. (w) = BCNC(eiw)Dc_l(eiw)TcDC_H(eiw)NE (eiw)Bch

with the appropriately-structured factors. Setting o = dim col K and . = dimcol Kj_ g, ¢ =

1,...,Cand pg, p1, ... pc and qo, q1, - - - , ¢c as the maximum polynomial degree of the entries of
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M(z),Ny(z),...,N¢(z) and C(z),D1(2), ..., D¢(z) respectively, the above construction implies

that there is a parameter tuple 8 € O(r, p, q) such that
Sxx(w;0) = Sxx(w)

forallw € (—m, 7). O

C.4 Proof of Proposition 12

Proof. By hypothesis, there is a null subset N’ C O(r, p,q) such that the Sy, (w; 8) uniquely
determines (Sgs(w; 0), Sii(w; 0), @) on O(r,p,q) \ N'. Suppose that 0, 0ec O(r, p,q) are such
that

Ssex(w; 0) = Syx (w3 0) (C.2)

for all w € (—, 7. For notational convenience, let Ks(z), K;. () and Ks(z), K;,(z) denote the
transfer functions (3.10) Ky (2;0), Ks.(2;0) and Ky(z; 0), Ky (z; 8) respectively, forc = 1,. .., C.
Similarly, denote the components of 0 as ®, A, and so on. Next, let D§ C O(r,p,q) contain
parameter tuples such that the sets of zeros of det M(z) and det C(z) are disjoint and the deter-
minants have maximal degree (that is, deg det M(z) = ropo and deg det C(z) = r¢qo), and define
similarly D¢ with respect to det N.(z) and det D.(z) forc = 1,...,C. Finally, let Z, C O(r, p,q)
contain parameter tuples such that there exists a zy # 0 where one of the initial o — 1 columns of
ICs(2) vanishes identically at 2, ( that is, [Ks(z2p)];; = 0 forsome 1 < j < rpandalli =1,...n).
Similarly define Z. with respect to the initial . — 1 columns of K;_(z) forc=1,...,C.

To see that the above sets are null, first consider Dy. If @ € Dy, then either some leading
coefficient [M,,];; or [Cy,|;; is zero forsome j = 1,...,7q or the tuple (1, ..., Tropy, Y1, - - - Yroqo)
has some repeated element where z1, . . ., Z,,,, are the roots of det M(z) and yy, . . ., Y4, are the
roots of det C(z), counted with multiplicity. As the coefficients of [M(z)];; and [C(z)];; live in an
open subset of C,,, and C,, respectively, the first case corresponds to a Lebesgue null subset of ©.
For the second case, note that each root belongs to an open subset of C and so the set of possible

tuples is an open subset of C,(,,14,)- It can then be shown that the set of tuples with non-distinct

187



elements is Lebesgue null and hence the corresponding set of coefficients for [M(z)];; and [C(%)];;,
j=1,...,791s also Lebesgue null.

Next, we will show that Z, N D is null, and so Zj is null as Dy is null by the above argument. To
see this, note the jth column of K(z) vanishing is equivalent to the jth column of M(29)C ()

vanishing as A is full-rank and @ is full-rank and diagonal. For j < r(, the main-diagonal and

sub-diagonal entries of M(z)C~!(z) respectively are

[M(2)] (G+1)(G+1) [C(2)] (+1)j
[C(2)]5 .

Either [M(2)](j41); and [C(2)](j+1); are zero for all j or s;(2) is a non-constant rational function

sj(2) = [M(2)]1); —

with at most poqy zeros. The former case is clearly Lebesgue null in the set of all coefficients, so
assume that s;(z) is not always zero. As s;(z) does not depend on the coefficients of [M(z)],;, it can
be seen that for any tuple of zeroes (21, . .., zp,) of [M(2)];;, the set of coefficients of [M(2)](;11);
[IM(2)](j+1)G+1)> [C(2)](j+1); and [C(2)];; such that s;(x;) = 0 for some k = 1,...,po is null in
the open set of all possible coefficients.Then as 8 € Z; implies that there is some j < ry and some
2o such that ¢;(zp) = 0 = s,(29), the above argument yields that Z, is Lebesgue null. A similar
argument shows that D, and 7, are Lebesgue-null, forc =1,...,C.

Let Nbe N'UDyUZyU---UDgU Z, which is a finite union of null subsets and so is null. As-
sume that § € O(r,p,q) \ N. As 0 ¢ N’, Syx(w; ) uniquely determines (Sgs(w; ), Sii(w; 0), P)
for all w. We must then have that Sy (w; 0) = Sss(w;é), Sii(w; 0) = Sii(w; 5) and ® = &, as
otherwise Sqs(w; 0) + Sii (w; @) + ® would provide a distinct decomposition of Sy (w; 8), violating
the assumption that @ € N'.

As Kq(2),Ki.(2) and K(z), Ky, (2) are analytic for |z| > 1, typical results in rational spectral

factorization (Rozanov, 1960) show that Ses(w; 0) = Ses(w; 8) for all w implies

Ks(2) = Ks(2)U(2) (C.3)
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for all z, where U(z) is a paraunitary matrix of rational functions of z~*. As the top 7y x 7o blocks
of Ks(z) and K4(z) are lower-triangular and U(z) is unitary when |z| = 1, we further have that
U(~z) is diagonal. So,

[Ks(2)i; = [Ks(2)]i[U(2)]is (C4)

forallj=1,...,r9,2=17,...,n.

For the south-east entry where j = 7, both [M(z)],.r,/[C(2)]rer, and [M(z)]roro/[é(z)}mm
have all poles and zeros within the unit circle. By the uniqueness of the canonical spectral
factorization in the scalar case, this implies that [U(z)],,,, is a unit-magnitude constant. As the

constant term in M(z), M(z) and C(z), C(z) is L, we obtain that [U(2)],r, = 1.

Next, consider the case with j < ryand i = j,...,n. By construction, [Ks(z)];; and [Ies(z)]w
have no poles for |z| > 1, and so [U(z)];; = 0 implies [Ks(z)];; = 0 for any |z| > 1. As 0 ¢ Z,
implies that the jth column of K(z) does not vanish identically, this implies that [U(z)],; # 0 for
all |z| >landj=1,...,79 — 1.

As [U(z)];; is a scalar paraunitary transformation, the fact that [U(z)];; has no zeros for |z| > 1

implies that [U(2)];; has no poles inside the unit circle, for j = 1, ..., 7, — 1. For the main diagonal

with ¢ = j, (C.4) becomes

M) _ M) 5,01
COL, B,

As [U(z)];; has no poles in the unit circle, if p with |p| < 1 is a zero of [C(z)];; with multiplicity

m, then p must also be a zero of [C(z)];; with multiplicity m > m. However, as deg[C(2)];; <
deg[C(z)];; by 8 € D§, we in fact have m = m. As both [6(2)]17 and [C(z)];; have all zeros
within the unit circle and constant term 1, this implies [C(z)];; = [C(2)] jj- So, we in fact have

[M(2)];;(®@];; = [M(2)];;[®];;[U ()] (C.5)

Next, note that (det C(z))C~!(z) and (det C(z))C~!(2) are matrices of polynomials in z~!.
This follows as the application of back-substitution to compute C~!(z) and C~*(z) shows that all

the denominator polynomials in C~*(z) and C~*(z) divide det C(z) and det C(z) respectively.
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Then as det C(z) = Hgil[é(z)]” = [1:2,[C(2)];; = det C(z) by the previous step, we have that

7j=1

all entries in (det C(z))C~*(2) and (det C(z))C~!(z) are polynomials in 2. So,

det C(Z)[}Ss(z)]w
det C(2)[Ks(2)]i

is a ratio of polynomials in z~* which equals [U(z)];; by (C.4). Hence if [U(z)];; equals zero for
z # 0, the numerator det C(2)[Ks(z)];; must be 0 for all i = j,...,n. However, (C.5) implies
that, if [U(2)];; = 0 then [M(2)];; = 0. As the zeros of the main-diagonal polynomials of
M(z) and C(z) are disjoint by 8 € D§, [M(z)];; = 0 implies det C(z) # 0, hence we in fact
have [Ks(z)];; = 0 for all ¢ = j,...,n, which contradicts @ ¢ Z,. So, [U(z)];; is a paraunitary
transformation which is non-zero for all z € C, and therefore it equals e'¥ for some ¢ € R. Finally,

taking the limit of (C.5) as z — oo, we obtain
1 3 i
[@2];; = [®7];;¢7.

As [®];; and [®] ;; are positive, we conclude [U(z)];; = 1. Thus, U(z) = I,,, and so the transfer
functions are equal, Ky (2) = Kq(2).
It remains to show that A = A, M = M, C= é, and & = . Taking the limit as z — oo of
Ks(2) = Ks(z), we obtain
Ad: = Ad:,
and as A, A are unit-triangular and P, ® are positive and diagonal, we obtain A = Aand ® = &.

As the top 7 X 7 block of A and &7 are both invertible, Ks(2) = Ks(z) implies

As (M(z),C(z)) and (M(z), C(z)) are both right MFDs of the same transfer function, we have
C(z) = C(z)R(z) for some matrix R(z) of polynomials in z~!, which must be lower-triangular.
As shown above, the diagonal elements of C(z) and C(z) are equal, hence diag(R(z)) = 1,,.

Taking limits as 2 — oo of C(z) and C(z)R(z), we also obtain that the constant term of R(z) is
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I,,. For the first sub-diagonal of (~3(z) we then have

[C(2)]j+1); = [C(2)]G+1); + [C(2)]j5[R(2)] j+1);-

As deg[C(2)];; = qo by 8 € D while deg[C(2)](j+1); and deg[C(z)](j+1); are at most gy, we must
have deg[R(2)](j+1); = 0. As the constant term of R (%) is I, this then implies [R(z)](j;+1); = 0
forall z, j = 1,...,r9 — 1 and so the first subdiagonal of R(z) is zero. Iterating this argument then
shows that all subdiagonals of R(z) are zero, so R(z) = I,,,. This then implies that M((z) = M(z)
and C(z) = C(2).

A similar argument to the above shows that B, = B,, N.(z) = N.(z), D.(z) = D(z) and
Y.= 7Y, forallc=1,...,C. Hence we can conclude 8 = 6, and so 6 — Sxx(w; 0) is injective

on G(r’paq)\N

C.5 Proof of Proposition 13

Proof. If o0 = 0,then R, ; = O and so R, ; < R trivially as R is a Gram matrix. Then R—R.,; = 0

is equivalent to requiring
(cos’0)A"®'A-A"® 'B(B"®'B) 'B"e'A (C.6)

be positive semi-definite for & > 0. This can be shown by taking the Schur complement of
the southeast » x r block of R — R, ; and multiplying by coso. The matrix BH® 'B =
>¢  BH®_'B, is positive definite as B, € L. . . To verify the above display, first note
that @’%B(BHtI”lB)_lBHq)’% is the projection onto col & 2B which is orthogonal in the Eu-
clidean inner product. Hence the projection can be written as QQ" for unitary Q, and thus

B(B"® 'B)"'B" equals YY" with Y = #2Q and YH® 'Y = I,.. Similarly, if UDV" is the
compact SVD of @_%A, then A = WDVH with W = @%U and WHO1W = I,,. With these
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definitions, the matrix (C.6) equals
(VDM (cos? 01, — WHYYHW) (VDM

The inner term in the above expression is positive semi-definite, as the largest singular value s; of
WHY satisfies

§1 = max la"WHYD| < cos(o),
a,

fora € C,, and b € C, with afa = 1 = b"b. The inequality follows from Wa € col A and
Yb € col B with atWH® "Wa = 1 = bHYH®'Yb. Hence if s; > cos(o), we could take
w = Waand y = Yb in (3.22) and obtain a contradiction. Therefore, the largest eigenvalue of
WHYYHW is bounded above by 2, which in turn implies that (C.6) is positive semi-definite. So,
R.; <R.

To prove R, » < R, let S© forc =1,...,C be the factor-patterned matrices whose blocks are
St = cos p.AN® 1A,
S[(];) = A?(I)ngCa
S\, = cos p.BI'®. "B,
fork=1,...Cand S\, = O for k # K. It can be seen that 5% S(© = R — R, ,.
The requirement that S(°) be positive semi-definite is equivalent to requiring that

(cos® p) A"® A —AN®'B.(B'®'B,)'B"® A,

be positive semi-definite, which can be demonstrated by a similar argument to that above. As S(9 is

positive semi-definite for each ¢, we have R = R, 5. O

C.6 Proof of Proposition 14

Proof. Let UODOVS' be the compact SVD of A, and define W, = <I>%U0 which is ®-orthogonal
as WH® "W, = I,,. Similarly, let B. = W.D.V! with WH®_ "W, = I,.. Then define

qQo(w) = WH®'x(w) and similarly q.(w) = WH® 'x.(w). Without loss of generality, assume
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that q and all q. are non-zero at w. This is not problematic, as qo(w) = 0 only if AH®'x(w) = 0,
in which case Jgo(w) = 0 for all £ = 0,...,C. A similar result holds when q.(w) = 0 for any
¢ =1,...,C. For w where some subset of the q are zero, the associated blocks of J(w) and
J.(w) are also zero, while the following argument can be applied to the remaining non-zero ¢ and
associated submatrices.

If q(w) = [q} (w) ... q&(w)]" and Y = blkdiag(V,D}{', ..., VDY), then

AH
& I(w)P ! {A B} = Yq(w)q" (w) Y™ (C.7)
BH
Recall that for projections Q; and QQ; which are orthogonal in the Euclidean inner product, Q; =<
Q. iff col Q; C col Q. Let Q(w) = ||q(w)||2q(w)q™(w) be the rank-1 orthogonal projection
associated with q(w), and similarly define Qx(w) = ||qr(w)||2qr(w)q} (w) for k = 0,...,C.
Then,

Q(w) = blkdiag (Qo(w), .-, Qe (w)) (C.8)

as the right hand side is the orthogonal projection onto

qQ(W) Ce 07"0

col
0. ... qc(w)

which has col Q(w) as a subspace. Next, note that VVOWOHCI>_1 equals Py as WOWS'@_l 18
idempotent, W, is full-rank with the same range as A, and W0W0H<I>_1v = 0 iff v is ®-orthogonal

to col A. So,
llao(W)]* = x"(w) B~ W (W@ W) Wid ™ 'x(w)

= (Pox(w))"®@ 1 (Pox(w)) = tr @ 'PI(w)PY,
and similarly ||q.(w)||?> = tr ®_'P.I..(w)P". Therefore, ||q(w)||?/||qo(w)|]> = mg'(w) and

similarly for m.(w), ¢ = 1,...,C. Multiplying both sides of (C.8) by ||q(w)||?, which equals
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llqo(w)]]> + -+ - + ||ac(w)]|?, and plugging into (C.7), we obtain
AH
& 'I(w)P ! {A B} < K, (w)
BH
where K, is the factor-patterned matrix with diagonal blocks
K. oo(w) = my (w) A" ()@ 'A,
K, co(w) =m Y (w)B'® 'I..(0)®,'B,, c=1,...,C
and zero off-diagonal blocks. If L(w) = blkdiag(M(e“), N;(e“),..., N¢g(e*)), then left and
right-multiplying the above inequality by L(w) and LH(w) respectively yields

J(w) 2 Ju(w),

as desired.

C.7 Proofs of Proposition 15 and Lemma 1

Proof of Lemma 1
Proof. Let M be the matrix in (3.28) and let yy,...,y,,_1 € C,, be a set of orthonormal vectors
with y; L x. Then Mly; = ay; for each y;, and so M is positive definite only if a > 0. The vector

X is an eigenvector of M with eigenvalue
A =a— (bx"x)/(b+ x"x)

This divides into 3 cases when a > 0. If —x"x < b < 0, then the quantity subtracted is negative
and so A > 0. The second term in (3.29) is greater than one iff 0 > b > —x'"x, which accounts
for this case. If b > 0 or b < —x"x then A > 0 is equivalent to a/x"x + a/b > 1, which can
be seen by multiplying A > 0 by the positive quantity (b + x"x)/(bx"x). Hence when (3.29) is

satisfied, (y1,...,¥n_1,X) is an eigenbasis for M whose corresponding eigenvalues are positive,
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so M is positive definite. Conversely, if a < 0 or (3.28) is not satisfied, then M has a non-positive

eigenvalue. The expression for the inverse can be verified by direct calculation. U

Proof of Proposition 15

Proof. If J(w) = 0, then the conclusion reduces to T.(w) = T(w), which has previously been
shown. For J(w) # 0, instead of finding an upper bound for G(w) (which is positive definite for
all w as T(w) is positive definite), we will find a lower bound for G™*(w) = T~ (w) (T} (w) +

J(w))

-1

T~ !(w). To do so, let W(w) and K(w) be

and note that W (w) > I for all w as T, (w) = T(w), while K(w) is rank-1 positive semi-definite.

The inverse then is,

Next, note that

W(w) + K(w) < m(w)(W(w) + (trK(w))'K(w))
as either tr K(w) < 1, so m(w) = 1 and (trK(w))_lK(w) = K(w) or tr K(w) > 1, in which
case m(w) = tr K(w) and (tr K(w))W(w) = W(w). As J(w) # 0 and T, (w) is positive definite,
we have tr K(w) > 0. Using this bound and applying the Sherman-Morrison formula yields

m (W)W (W) (W(w) + (trK(w)"K(w)) ™

W(w) =
mHw)(W(w) — (tr K(w) + tr W (w)K(w)) ' K(w)) (C.9)
< W (w)(W(w) + K(w) " W(w).

Next, note that A(w) > 0 as T(w) and T (w) are positive definite, hence A~} (w) = Apin (W (w))

exists. Letting

V(w) = A" (w)I- (trKw)+tr W (w)K(Ww)) Kw), (C.10)
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we have

V(w) 2 W(w) = (trKw) + tr W (@)K (@) K(w),
as Ain (W (w))T < W (w). If tr K(w) + tr W (w)K(w) # 1, we can apply Lemma 1 to V (w)
with a = A\~ (w), xx" = K(w) and

tr K(w)
trK(w) + tr W-H{w)K(w) — 1

b

Then b # — tr K(w) as tr K(w) > tr W 1(w)K(w) > 0. With these values, the first term in the

criterion (3.28) for Lemma 1 has

. tr WHw)K(w)
A (w) (1 + ) ) > 1.

as A" (w) > 1by W(w) = Iand tr W (w)K(w) > 0 by W(w) positive definite. Hence V (w) is

positive definite with inverse
Vi w) = AMw) T+ 2 (w)K(w)) (C.11)

astrK = tr T, (w)J(w) and tr W (w)K(w) = tr T(w)J(w) implies

b 1
ab+ (—a)x"x (A Hw)— D) tr K(w) + A L(w) tr WK (w)

= h™Hw).
In the case where tr K(w) + tr WK (w) = 1, V(w) is still a positive definite lower bound

with inverse given by (C.11). As tr K > 0 and tr W1 (w)K(w) > 0, this case has tr K(w) < 1.

Then as A~ *(w) > 1, constructing an eigenbasis for A~ (w)I — K(w) shows

W(w) — K(w) = V(w) = A Hw)I - K(w) = 0.

Letting xx" = K(w), applying the Sherman-Morrison formula to obtain the inverse of A\~ (w) +

(—x)xH shows that V~!(w) is given by (C.11) as well, as h(w) = A7} (w) — tr K(w) in this case.
Combining (C.10) with (C.9) in the expression for G~!(w) yields

1

m (w)Ts >V (w)T.

=

=G (w)
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where both terms are positive definite. Inverting and using (C.11) shows

m(w)Aw) (Tu(w) + A (w) Tu(w)J (W) Ti(w)) = G(w).

Replacing J(w) with its block-diagonal upper bound J,(w) in the left hand side gives G.(w) =
G (w), as desired. O

C.8 Proof of Theorem 5

Proof. As the upper bounds on the magnitudes of the roots of the main diagonal polynomials of

C(z) and D.(2), ¢ = 1,...,C as well as on the south-east polynomials of M(z) and N, ¢ =

1,...,C do not lead to convex sets in the space of coefficients, we can reparameterize L,
0,B mp 0,B . . . . 0
as Ly mxp X Doy where L, ) s the subset of off-diagonal coefficient matrices L € L, o,

satisfying ||L||2.c < B and D, is the set of z € C with |z| < k. As both these subsets

<
LSE_H

are compact and convex, so too is their product. Similarly, LS55

can be reparameterized as

LS oy X D2, which is then convex (but L5575, | is closed and unbounded). Further, it will be
convenient to parameterize by the precision matrices ® ', W' and Y_!, ¢=1,..., C rather than

the covariances. The space of corresponding precision matrices is then IP’?,fl contains all m x m
diagonal positive definite matrices with all diagonal entries bounded above by ¢ 1.

Substituting these new sets into the definition of the parameter space ®*(r, p,q) given in
Section 3.2.3 defines the space ®**(r, p, q), which as a Cartesian product of closed and convex sets
is itself closed and convex. As there is a smooth bijection between the coefficients of a polynomial
with constant term 1 and the roots of the polynomial as well as a smooth bijection between a
positive definite matrix and its inverse, there is a smooth bijection between the parameter spaces
©*(r,p,q) and O (r, p, q). Accordingly, we will prove convergence of the sequence of iterates
0L ©*(r, p, q) corresponding to ¢ ©*(r,p,q). In a small abuse of notation, ¢(6') and
g(@’\é’ ) will denote the objective and surrogate function applied after application of the smooth

bijection taking 6’ — 6 and 6’ — 6.
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First, it must be shown that the sublevel sets {8’ € ©* | £(0') < '} are compact for all o € R.

To do so, note that
T—

00" > — Z log det Syx(wy; @) + etrI(w).
=

as ® = el,. Then as S,y (w;0") = @ for all w, we have logdet Syy(w;0") > logdet ® >
log(€"~!||®||2). So, if any entry in & diverges (and so the corresponding entry in &' goes to zero),
then £(0") goes to +oo regardless of the other parameter values.

Next, for j = 1,. .., the diagonal entry of S, (w; ) is bounded below by

o Ay [IM(e“)]551° g1
[Sxx(w79 )]J] Z [SSS( ’0 )]]J Z |[C(ei‘“)]jj|2 [\I’]]ﬁ

as [Sss(w; 0)];; is the squared norm of the jth row of AM(e)C~ (ei‘”)\Il%. The denominator is
bounded above as |[C(e™)];;|* < (1 + k)?®, while by the discussion around (3.39) shows that the

numerator satisfies

T o M) ]y < T 3Ty (M) 51,
forall j = 1,...,ro. Hence for all j, there is some kg such that |[M(e'“*0)];;|> > 1 and we obtain

1

1S (@iho; 0)l2 > [Sox(wio )] > e

As Sy (w; 0") = €I, we similarly have log det Sy (W, ; @) > log(€"||Sxx(wWiy; @')]]2). So, if
any entry of W diverges, then £(8’) goes to +oo regardless of the other parameter values. A similar
argument applied to the (Zfl;ll nq + j)th diagonal entry of Sy forc=1,...,Cand1 < j <r,
shows that the same conclusion holds for Y., ¢ = 1,...,C. Hence all entries of &, ¥ and
Y., c=1,...,C are bounded above by some K; < oo if £(0') < «

Next, note that
ID(e“)® "D (e)||; < e !|[D(e¥)]]3
e ZI Nigl? + D (e)]]7

< e M1+ k)PP 4 ety B2
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and so E7}(w) = D7) @D H(e) = KL, for Ky = (e 1(1 + k)20 + ¢~ 1o B?)~1 > 0.
Let U(w) = [1,e*,...,e“»|T @ I, and M = [I,, M, and so M(z) = MU(z). Define matrices

S, E and U as
S = blkdiag (S(wo; 0'), ..., S(wr-1;0")),

E = blkdiag (E(wp), ..., E(wr_1)),

U = blkdiag (U(w), . . ., Ulwr_1)).

The nT" x nT" matrix S then has
S = (I ® AM)UE'U"(I;  AM)" = Ky (I ® AM)UUP (I, © AM)",
and by taking the trace we obtain
nT||S||y > trS > Ky tr AM( 31— U(wy,) U (wy) ) MHAH,

However, py < T implies

Z;Ul ﬁ(wk)ﬁH (wk> = TI(PoJrl)ma

as all off-diagonal entries sum to zero. Therefore,

[Sll2 > [[AMI[E = [|A][E + 3272, [|AM][3, (C.12)

%
and so if any entry of A diverges, so too does ||S||2. As

S0 log det Sy (wi; @) = log det S > log(e"~1(|S]2),

this then implies that £(8’) goes to positive infinity if any entry of A diverges, regardless of the
other parameter values. Hence £(0') < « implies ||A||r < K3 for some K3, and so the largest
singular value of A is also < K. If A; is the unit lower-triangular matrix containing the top 7

rows of A, then both |[A, || bounded above by K3 and

Amin(A1AY) < 0 (A)
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follow by the Cauchy interlacing theorem. As det(A;AY) = 1 by A, unit lower triangular, then

Amin(A1AY) > K507 5 0 when £(8') < a. But then (C.12) implies
5118l > Ky~ IM [

and so if any entry of M diverges, £(8") will go to +oo. A similar argument to the above can be
applied to B, N and D, to show that any entry of those matrices diverging implies £(6’) diverges.
Therefore, £(8") < « implies that all the non-diagonal parameters live in a bounded subset of their
respective spaces, each of which is closed. Also, £(8') < a implies the diagonal entries of &, ¥
and Y., c=1,...,C live in a closed interval [K; ', e"']. As a was arbitrary, combining these
results implies that the sublevel sets of £(6") are compact.

Next, we verify that the objective function £(6') and its surrogate ¢(8'|6") satisfy (A1)-(A4) of
Razaviyayn et al. (2013, Assumption 1). Assumptions (A1) and (A2) are satisfied as g is a surrogate
for ¢ and hence by its construction in Section 3.3.5 we have ¢(6'|0") = (') and ¢(8'|0) < ((8").
Assumption (A4) requires that ¢(6'|8') be continuous in (6', @), which is equivalent to continuity
in (6, 0) of g(0|6) as the map 8 — 6 is smooth. For fixed 8 (and therefore fixed G (w), G (w)
and K(w)) the continuity of ¢(6|@) can be immediately verified by inspecting the definitions (3.31),
(3.32) and (3.33). Recalling that the eigenvalues and singular values of a matrix are Lipschitz
continuous functions of its entries, the matrices G(wy,), G, (wy,) and K(wy) for k =0,..., T — 1
are also continuous functions of w. Hence (A4) is satisfied. Finally, the definition of ®*(r, p, q)
depends on chosen values € > 0,0 < k < 1, and 0 < B < oo to ensure that the spectral density
Sxx(w; @) is well-behaved for 8 € ©*(r, p, q). Relaxing these values to e.g. €/2, (1 — k)/2 + k/2
and 2B and considering the interior of the resulting parameter space provides an open set containing
©*(r, p,q) on which ¢(6,8) continues to satisfy (A1) and (A2). As both £(6) and ¢(6|0) are
differentiable in @ in this open set, the result of Razaviyayn et al. (2013, Proposition 1) implies that
(A3) is satisfied.

As Razaviyayn et al. (2013, Assumption 1) is satisfied, Razaviyayn et al. (2013, Theorem 1)

can be applied to show that every limit point of the sequence of iterates 0 isa stationary point of
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0(0). As stated, Razaviyayn et al. (2013, Theorem 1) applies to iterate sequences obtained where
6 is the global minimum of g(0|0(5+1)). However, inspection of the proof shows that only the
property that g(0¢*1]0%)) < ¢(8®)|0')) is needed, which is satisfied for the sequence of iterates
obtained from Algorithm 1 as each step is obtained by minimizing ¢(8|8‘®)) over some block of
parameters in @ while holding the others fixed, and each step also has a unique minimum under the
assumptions of Theorem 5. Combining this result with the fact that the sublevel sets are compact,
we obtain that the sequence of iterates ') converges in norm to the set of stationary points of £(8).

The above result does not preclude the possibility of cycling within the set of stationary points of
((0). However, the properties of the optimization subproblems as well as the generic uniqueness of
Proposition 12 will ensure convergence to a single point almost surely. To show this, we first show
that each update in Algorithm 1 is obtained by minimizing a strictly convex function, and as the
change in magnitude of the profile surrogate function decreases to zero by the previous results, we
must also have that the magnitude of the change in the iterates ||0(S+1) —9© || goes to zero as well.
Note that the optimization subproblems solved in the steps of Algorithm 1 are all of two forms. First,
for the positive-constrained parameter blocks ®, W, Y, the optimization problems 3.34 and 3.37 are
equivalent to minimizing the strictly convex function — log y + ay on (0, ¢~ !). As the minima are
unique and the change in magnitude of the function values [¢(0“*1)) — £(0*))| goes to zero by the
previous results, the properties of strictly convex functions imply that ||®¢+) — ®®)||2 — 0 and
similarly for ¥ and Y. Second, the updates for the other parameter blocks are each obtained by
minimizing a quadratic form (see profile optimization problems (3.38), (3.41), (3.43), (3.48), (3.53),
(3.55), (3.57), (3.61), and (3.63)). Under the assumptions of Theorem 35, these quadratic forms are
positive definite with probability one for each s and so are strictly convex. By the same argument
as above, monotonic convergence of the objective values implies that ||A(+) — A®)|| — 0 and
similarly for the remaining parameter blocks. Combined, we obtain that the total magnitude of

st _ 9©)|| — 0. Last, if the set of stationary points

the change in the iterates goes to zero, ||6
of £(0) is discrete, then convergence of the sequence of iterates to the set of stationary points and

the magnitude of the step-wise change going to zero suffices to show that the sequence of iterates
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converges to a single point which is a stationary point of /() (Lange, 2013). By the assumed
generic global identifiability, the result of Proposition 12, and the assumed absolute continuity of
the data distribution, we have that all elements in the sequence of iterates almost surely lie within
the unique-representative subset ©(r, p,q) \ /N on which the map 6 — Sy (w; @) is injective, and
so there does not exist a connected non-isolated set of 8 in ©(r, p,q) \ N mapping to the same
Sxx(w; 0). Therefore, the set of stationary points of £(8) for 8 € O(r,p,q) \ N is discrete, and

the sequence of iterates converges to a single stationary point, as desired. [
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Appendix D

Supplementary Materials for Chapter 4

D.1 Properties of Joint Multivariate Gaussian Processes

Positive semi-definite matrix kernel

Recall that a symmetric function x : X x X — R is a PSD kernel on the set X if for any
Xi,...,X, € Xand wy,...w, € R,
Z Z ww;ik(x;,x;) > 0. D.1)
i=1 j=1
For a PSD matrix kernel, this generalizes if k : X x X — R™*™ is a function such that for any
X1,Xo € X, we have

K(Xb Xz) = "GT(XQ, Xl) (D.2)

and for any x;,...,x, € X and wy,...w, € R™,
Z Z w, K(x;,%;)w; > 0. (D.3)
i=1 j=1

Then (-, -) is a PSD matrix kernel of dimension m.

In matrix form, the second requirement is that
K(X1,X1) ... K(x1,X,)]| |w;
[w{ WT} S | >0 (D4)
K(Xp,X1) .. K(Xnp,Xp)| [Wh

and so the PSD kernels can also be characterized as giving rise to symmetric, positive-semi-definite
matrices with a block structure such that the ijth m x m block is k(x;,x;). This in turn entails the

requirement that K(x, x) is PSD for all x.
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Definition and Existence

Let x(c, t) be a multivariate stochastic process with index set N x I and range R™. For every

finite list of indices L = {(c1,t1) ..., (¢, tp)}, let x(L) be the mp x 1 random vector,

X(Cl7 tl)
x(L) =
x(¢p, tp)
If for every L and for every list of vectors wy,...,w, € R™ withw = [w] ... w]|", the

characteristic function of x(L) satisfies

‘ 1 p p ' q
E [eXp (1WTX(L))} = exp <_§ Z ZWIE(Cj,tj)(Cj“tj/)wjl + IZW}“(cj,tj)) ) (D.5)

j=1 /=1 j=1
for some parameters { i)} and {E, +,)(co,t2) }»> then x(c, t) is an m-dimensional IMV-GP. The
parameters are the mean and covariance of the JMV-GP. The covariance can be specified in terms of

a PSD matrix kernel k(cy, t1, ¢o, t2) which takes values in R™*"™ such that
Cov (X(Cl7 tl), X(CQ, tg)) = K',(Cl, tl, Co, t2)

For any index set I, any mean function ¢ : N x [ — R and any PSD matrix kernel function
K :NxIxNxI— R™™, there exists a probability triple ({2, F, P) and m-dimensional JMV-GP

x(c, t) such that, for any finite list of indices L = {(c1,t1) ... (¢, 1)}, x(L) satisfies
(D.6)

with

/,L(Cl,tl) I‘L(Cl,tl,Cl,tl) K;(Cl,tl,cp,tp)

K(cp, tp) KT(ci i Cpytp) oo K(Cptp, Cpity)
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This follows from a standard application of the Kolmogorov extension theorem (Tao, 2011, Thm.

2.4.3). The characteristic function definition (D.5) with

(st egroty) = [R(L)]js+
I"I’Cj,tj - [m<L)]J7

requires that the finite-dimensional distributions satisfy

X(L) ~ N(m(L),R(L)),

D.7)

(D.8)

for every finite L. These finite-dimensional distributions satisfy the consistency condition of the

Kolmogorov extension theorem, as for any sublist of indices J = {(c;,,t;,) ..., (¢;,,t;,)} of L, the

marginal distribution of x(.J) satisfies

x(J) £ P,X(L),

where

M(c]d ) tjl) K’(le ) tjl 1 Gy s tjl) S K’(le ) tjl’ Cig> tjq)

x(J) ~ N : ,

“(Cjcﬂ tjq) K’T(le ) tjl’ qu’ tjq> T K’(qu’ tjq’ qu ) tjq)

(D.9)

by the specification of the finite-dimensional distributions. This follows as the multivariate normal

distribution transforms appropriately under projections, hence the pm X g¢gm projection matrix

defined as
L, if (¢j,t;) € J
J )
O O.W.
P, = blkdiag(Dy, ... ,D,),

provides the appropriate connection as

P,x(L) £ N (P,m(L),P,R(L)P,) < x(J).
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As the covariance kernel x is assumed to be a PSD matrix kernel, the marginal covariance matrix
P,;KP, is also PSD and so the marginal multivariate normal distribution for J is well-defined.
So, the finite-dimensional distributions are consistent, and the Kolmogorov extension theorem
gives the existence of a probability triple (€2, F, P) supporting a stochastic process x on the index
set N x [ with the desired finite-dimensional distributions. This process x satisfies the defining
characteristic function identity, and so can be taken as an appropriate JMV-GP with mean function
p and covariance kernel K.

If x(c, t) is a IMV-GP with separable kernel k(cy, t1, ¢2,t2) = Kgime(t1, t2)Kia(c1, ¢2), then for

any rectangular set of indices K = {cy,...,cc} X {t1,...,tr} and any mCT x 1 vector
. T T T
W=[Wi ... Wi . Worl

the associated characteristic function of x(K) = vec(X(c,t)) is
B Jexp(i o0, 321y wl (e, )

rr.o,0o.¢ T C
= exp (Z Z —3 Z Z W;I:j/ftime(tj, ti)Kia(Ciy Cir ) Wir jy + iz Z iju(ci, tj))

j=1j'=1 =1 /=1 j=1 =1
T T c C T C
1 T : T
= exp (—5 Z Z /‘ftime(tj, tj/) Z Z WZ'VjK'id(Cia Ci’>wi’,j’ +1 Z Z Wm-,u(cl-, t])>
j=1j'=1 i=1 /=1 j=1 i=1

= exp (—%WT(U(t) ® R(c))w + iw'vec(M(c, t))) )

where U, R, M are as defined in (4.4). The last line is the characteristic function of a multivariate
normal distribution with mean vec(M(c, t)) and covariance U(t)®R(c), which is in turn equivalent

to the matrix-normal distribution MN (M(c, t), R(c), U(t)).

Additivity and Linear Transformations

As the JMV-GP has Gaussian marginals, it is not surprising that linear transformations of
JMV-GPs and sums of independent JMV-GPs will also be JIMV-GPs. In particular, let x(c,t)
and y(c, t) be two m-dimensional JIMV-GPs defined on the same probability triple, with means

py(c,t), py(c,t) and covariance kernels kx(ci,t1, ca,ta), Ky (1,11, C2, t2) respectively. Assume

206



that x, y are independent as for finite index sets

L1 = {(Cl,t1)7 PN (Cp, tp)},
Ly = {<Cp+17 tp+1)a ceey (Cp-i-qa tp—irq)}a

the random vectors x(L;) and y(Ls) are independent. The sum process z(c, t) = x(c,t) + y(c, t)

is also an m-dimensional JIMV-GP with

/J,Z(C, t) = p’x(ca t) + lJ’y(C7 t)v
KZ<C, t) - K/x(cla tl? CQatQ) + K/y(Cl, tl? CQatQ)'

This follows as the characteristic function of z(L) for any mp x 1 vector w = [w{ ... w]T is,

ZW x(cj, t; ZWYC], ]

—exp(——ZZW Kx(cj tj, cjr ti) + Ky(cj, ty, ci, tyr)) Wy

Jlj’l

E[IW z(

+1Zw (b(es ty) + py (st ))>,

by the assumption of independence.

Last, if A(c,t) : N x [ : R®™ is a matrix-valued function, the transformed process
v(c,t) = A(e, t)x(c, ),
will be a d-dimensional JMV-GP. This follows as the characteristic function of v(L) is
p
E iz w,v(c;,t;)
j=1

= exp (—% D W Ay )R (gt ety ) AT (et )Wy 41300 W;‘I—A(Cjatj)ux(cjvtj)> :

DY (AT (s, t)wi) Tx(cj, t5)

=1

=k

Hence v(c,t) is a d-dimensional JMV-GP with mean function p,(c,t) = A(c,t)py(c,t) and

covariance kernel K,V(Cl, tl, Ca, tg) = A(Cl, tl)K;x<C1, tl, Co, tQ)A.T<CQ, tg)
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D.2 Proof of Proposition 16

Proof. As {£7(t)} is locally stationary, let f,(u) and Ut(’];z(u) be the associated stationary approx-
imation satisfying (4.14). For a cohort ¢ = [c1,...,cc|", let g7 (t) and w(t) be the stacked

vectors,

gr(t) = [grlc,t) ... grlce. )],

wr(t) = [wr(ci,t) ... wi(co,t)]".
By assumption, these processes have associated stationary approximations g;(u) wy(u) satisfy-
ing (4.14) for some positive processes Ut(f?(u) and Ut(}”r) (u). From (A1), the positive constants
ky, ks, ks, ky are the Lipschitz constants for A’(c,u), B'(c,u) ®'(c,u), and p'(c, u) respectively,
while the positive constants K7, Ky, K3 are the respective bounds on ||A(c, u)||, ||B(c, w)||r and

||®(c,u)||r guaranteed by (A2). Define the approximation
% (u) = A/ (W) (u) + B ()8 (u) + &2 ()W, (u) + ' (w), (D.11)

with A'(u) = [A'T(c1,u) ... AT (ce, u)}T, while B'(u) = blkdiag (B'(c1,u),...,B'(cc, u))

and ®'(u) is defined similarly. The mean p'(u) equals [p'T(c1,u) ... p'T(cc, u)}T Combining

(D.11) with (4.13) yields
I (t) = Xe(w)[| < [JA'(/T) — A ()|l )] + [| A (w)]| ] [f7(2) — £(u)]|
+[IB'(¢t/T) = B'(W)|[rllgr®l + |[B'(w)||r|lgr(t) — g:(w)]]
1173 (/T — @F ()l ellwr ()] + 19 ()] [lIwr () — ()]
+ |7 (t/T) — ' (u)]
< (kl[Er @] + kallgr (O + Esl[wr (O[] + k)[t/T — ul
+ (KUY + KU + KRUS) ()T = ul + T7Y).

Therefore, the requirement (4.14) is satisfied with

UD = K\UD + KU + KU + ka|[Er ()| + kol lgr ()] + ksl lwr ()] + ka,
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as f7(t), g7 (t) and w(¢) have identity covariance and so Uf? will have a finite moment. O

D.3 Proof of Propositions 2 and 3

Proof. Suppose Y is such that Tv 5(Y) = 0 for some V € R™*T. This implies that the projection
onto Sp, Pg,Y, equals —mp ® V while the projection onto S ﬁ i1s unconstrained. So, if N C

RE™*T is the subspace of such Y, then counting the degrees of freedom in V and S5 yields

dim N = Tn + (C — |B|)Tn. Also, Pg(Y) = 0iff Y — mp ® (|B|"'(m} ® 1,,)Y) is in S3,
which is equivalent to P5, Y = —mp ® V for some V. Hence, Ker P = N. By the first
isomorphism theorem, the quotient space R°"*? /N is isomorphic to the subspace col Pg, and the
rank-nullity theorem gives dimrangePp = (|B| — 1)T'n. To verify that the map Pg(Y) is the

orthogonal projection on /V, it can be seen that
mp @ (|B] (mp ®L,)(mp @ V)) =mp @V,
and so
Py(Pp(Y)) =Ps,Y = Ps,mp @ (|B] " (mp ® L,)Y) = Ps(Y)

by the multilinearity of the Kronecker product and the fact that (m}, ® I,,)Ps, = (m}, ® I,). By

above, all elements in Ker P g are of the form mp ® V, and as
tr (mp ® V)T (Ps, Y —mp @ (1B (m} ©1,)Y)))
=t1Y Pg,(mp® V) — tr(mymp ® | B 7'V (m, ®1,)Y)
=t1Y' (Ps,(mp®V) - (mpIL,)V)=0

asmp®Visin Sgand (mp®1,)V=mpx®I1,)(1®V) = (mp® V). Hence Py is idempotent
and the kernel and image are orthogonal in the Frobenius inner product, so Pg is the orthogonal

projection onto its image, which is isomorphic to the quotient space R“™*? /N U
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D.4 Proof for Theorem 6

Proof. Let C'(u) be the size of the cohort curve c’(u) at each u, which has max,c1; C'(u) < 0o
by assumption. As ¢’(u) has a finite number of points of discontinuity, let 0 < v; < -+ <wvp < 1
denote them. As the codomain of ¢’(u) is a discrete space and ¢’(u) is right-continuous, ¢’(u) is
constant on the intervals Z, = [0, vy), Zy = [v1,v2), ..., Zp = [up, 1). Let § > 0 be the minimum
width of these intervals. Fix some uy € (0, 1), and note that we have two cases, namely where v
equals v; for some j = 1,..., D or uy is a continuity point of ¢’(u). We treat the second case, as
the first differs only in that the window will be one sided. Let Z,,, be the interval within whose
interior u, belongs, and let the time ¢y be [T ug], so [Tug]|/T is the next grid point. As u is a
continuity point of ¢’(u) so too is t, for 7 sufficiently large. Similarly, ¢'(ty) = c’(u) as long as
[ugT|/T < supZ,,, which will be the case for 7 sufficiently large. Hence we can assume that
c'(to/T) = c'(up) and so the parameter curve estimates at u, will be obtained using the windowed
data X (c'(uo), s7(to)) with s7(t) of length W (T).

Define the C'(uo)nW (T) x 1 vector z as,
z = vec (X (c/(uo), s7(to)) — X(c'(uo), s7(t0)) ® Lw(r)
so that the stationary approximation pseudo-log-likelihood on can be written in terms of z as
Uo7 (2; A, B, ®,0) = —2" (Ur(t5;0) @ R(A, B, ®)) 'z — log det (Ur(t; 0) ® R(A, B, ®)),

where A is C'(ug)n x ro, B is C'(ug)n x C'(ug)ry and @ is C’'(ug)n x C'(ug)n. Then Ur(ty; )
is
1 oo k(s = swn)]; 09)
UT(tQ; 0) = . ’
E(|swer —s1:0) ... 1

where s7(tg) = [s1,...,sw(m)]" and s; = to — W(T)/2 + j.
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Under the time-varying model (4.13), the vector z is distributed A (0, V. (ty)), where V7 (to)
is the C" (ug)nW (T) x C'(up)nW (T ) matrix with blocks of size C’(ug)n x C'(ug)n defined by

Rrj(to) = A'(c'(uo), 55/ T)A (' (uo), 55/ T) +B'(c'(uo), 5:/ T)B'T (¢ (o), 55/ T)
+ @3(¢/ (), 50/ T) @' (¢ (o), 55/ T).
[V (t0)]ij = K7 time (81 553 0 (u) )Ry (to),
fori,j =1,...,W(T). The cross-sectional covariance matrices are

T

A(C(ug), ) = [AT (€' (wo)]1,0) . AT o)y )]

B'('(uo), u) = blkdiag (B'(¢/(uo)]1, w), - ., B (€ (t0)]cr(uo), ).

P’ (c'(uo), u) = blkdiag (®'([¢'(wo)]1,w), . .., B ([¢'(w0)]cr(u), u))-
With these definitions, the log-likelihood for z under the time-varying model is

Uiy T (z; A'(c,u),B'(c,u), ®(c,u), Ol(u)) = —zTV}1 (to)z — log det V1 (to),

plus constant terms. The difference between the time-varying and stationary log-likelihoods is,
diy7(2) = g 7(2; A'(c,u), B'(c,u), ®'(c,u),0'(u)) — EOJ'(Z; A B, 0)

= —z" (V7 (to)— (U (to;0) @ R™'(A, B, ®))z—log det V(to) (U7 (t;6) ® R™'(A, B, ®)).
To control |d;, 7(z)|, the first needed bound is

27 (V7 (f0) — U7\ (t9:0) © R\ (A, B, ®))2| < [[2IP|[V7" (fo) — UF'(t9:0) © R (A, B, ®)|];

< [12ll*[[VF (to)ll2|[UF (to; 0) ® R (A, B, @)[[2]|V7(to) — (Ur(to; 6) @ R(A, B, ®))||r
(D.12)

where || - ||2 is the {5 operator norm. By Assumptions (A3) and (B4), the smallest eigenvalue of

Vr(to) is be bounded below. To see this, define

®'2(c'(ug), 51/ T)wr(s1)

&'z (¢ (uo), sw )/ T)Wr(sw )

211



and note that Var(u) < Var(z) = V1 (ty) as, by (4.13), z can be written as a sum of independent

random vectors with u as one of the vectors. The variance of u is,

P = blkdiag(®'2 (c(to), s1/T), ... ®'2(c (o), s1/T)).
Var(u) = P (K(wr (t0); 6/ (1)) © Tor(un) P2,

for K as defined in (B4), and s0 Ay (Var(u)) > €2 from (A3) and (B4). Hence ||V (to)|]2 is
bounded above by ¢2. Similarly, if 8,, 7 = 0'(to/T), Ay, 7 = A’(c'(uo), to/T) and similarly for
By, 7 and ®,, 7, then [|U (t0; 0,,7) @ R (A, 7, By 7, ®14,7)] |2 is bounded above by €2 as
the smallest eigenvalue of a Kronecker product is the product of the factors” smallest eigenvalues.

On the other side, by the boundedness assumption (A2) and the fact that the local covariance
kernels k(|j|; @) are scaled to have unit variance, the norm of each block [V (%¢)];; is bounded
above by a constant. Hence ||V (to)||r = O(W(T)) as there are C’(ug)*W (T)? blocks.

Finally, the term ||V (o) — (U7 (to; 01 7) @ R(Ayy 7, Big. 7, Pro. 7)) || is O(W(T)*T ). To
see this, consider the ijth block of V(o) — (Ur(to;: 04, 7) @ R(Ay, 7, Biy. 7, ®iy.7)), which is

KT time (Si7 Sj5 Ol(u))R'T,ij (tO) - k(lsz - Sjl; 0t07T)R(At0,7—7 Bto,T7 (I)to,T)'

The Frobenius norm of this block is bounded above by

|57 gime (51, 57 0(w)) — k(|5: — 551 0¢.7)] - | Ry i; (ko)
+|k(lsi = s5[; 807 - [R745(t0) — R(Asy, 7, Buo 7, @1 7)) 7
=0T Ho)+ 0(H)OW (T 1) =0W(T)T )
by assumptions (B3), (A2), (A1) and the unit variance of k(|j|; 8). As there are O(W (T)?) blocks
in Vr(to), |[V7(te) — (Ur(to; 0sy.7) @ R(A4y 7, Biy. 7, ®io.7))| |7 is O(W(T)?*T ). Combining
the above bounds with the fact that ||z||*/ tr Vr(to) = O,(1) and so ||z||* is O,(W(T)) by the

boundedness assumptions and number of blocks in V(t), we have that

2" (V7' (to) = U7 (t0:6) @ R (A B, ®))2| = O,(W(T)’T ).
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The other term in d;, 7(z) can be bounded using the inequality

log det V(o) (U (t;0) @ R™'(A, B, ®)) < tr (V(to) (UF (t0;0) @ R™'(A, B, ®)) —I)
< |[Vr(to) — Ur(to; 0) @ R(A, B, ®)||r|[U7' (t;0) © R™'(A, B, @)||r,

where the first inequality is obtained from the concavity of log det and the second is obtained by

Cauchy-Schwarz. For Ay, 1, By, 7, ®4, 7 and 6, 1, the previous results similarly imply the rate
log det VT(tO) (U%l (to, 015077—) ® Ril(Ato,Ta Bto,T7 q’to,T)) = O(W(T)2T71>

Combined with the bound for the other term, the likelihood difference average is

1 _
W\dto,’r(z)\ = O0,(W(T)T ),
for A = Ay 7,B = By 7,® = &, 7 and 8 = 0, +. As W(T)/T — 0, we have that
w7 deo,7(2)| converges in probability to zero.

Next, define the expected likelihood £7 -(A'(c,u), B'(c,u), ®'(c, u), 8'(u)), which is

ng(A/(C, u), B/(C, U), (I)/(C, U), Ol(u)) =F |:£t0,7’ (Z; A,<Ca u)v B,(Q u)’ (I)/(C’ U), 0l<u))i|
= —C"(ug)nW(T) — log det V(t).

By the covariance assumptions (B2) and (B3), the compactness of the parameter space assumed

in (B5) and (A2), and the smoothness of the parameter curves (B1) and (A1), we have that the

by b
W(T) W(T)

T, W(T) — oo. Also, |dy, 7(z)|/W (T) converges in probability to zero by W (T )/T — 0, the

difference converges in probability to zero uniformly in the parameter curves as
consistency of the stationary component estimators from (B5) and Theorem 3, the Kronecker
structure of the stationary log-likelihood, and the smoothness of the parameter curves as to /7T — ug
when 7 — oo. With these results, we can invoke Dahlhaus (2012, Thm. 3.2) and so obtain
A’(c,u0), B(c, ug), ®'(c, uo) and 5’(u0) converge in probability to A’(c, ug), B'(c, ug), ®'(c, up)

and 0’ (ug) respectively for all ¢ belonging to ¢(uy), as desired. O
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D.S Tuning Parameter Selection

Factor Structure Selection

Execution of Algorithm 3 for estimation of the factor loading curves requires selection of 3
tuning parameters: the number of common factors 7, the number of vehicle-specific factors 7, and
the window size 1. The use of the aforementioned n = 4 features under the MFA identifiability
Condition 3 imposes 71 < 2, so an exhaustive comparison is feasible. Simultaneous selection
of 7o and W can be accomplished under the following scheme, which is reminiscent of Double
Cross-Validation (DCV) for selection of the number of common factors in approximate factor
models. Recent work by Zeng et al. (2019), has demonstrated that DCV can serve as a robust
alternative to spectral methods of selecting the number of common factors.

To find optimal values for r, and I/ while accounting for temporal dependence, a blocked cross-
validation method is used. Windows of length W + H are extracted, the stationary approximation
(Algorithm 2) with g common factors is fit to the first ¥ observations, then the fit quality is
evaluated on the remaining / held-out observations. This evaluation is performed by extracting
the fitted observation values X(¢;, s) for vehicle ¢; on the held-out timesteps. To accomplish this,
the estimated common factor loadings _?A(c) are obtained from the first 1/ observations, and the
common factor ?(i) (s) on the held-out timesteps are estimated by regressing the observations for all
other vehicles on their estimated loadings. The resulting H fitted values X(¢;, s) = A(cl)f(z)(s) are
then obtained without use of the observed values for vehicle ¢; on the held-out timesteps, so direct
comparison of the fitted and actual values is valid.

This procedure is repeated for each vehicle in turn, and squared error is averaged over the
number of vehicles, features, and timesteps to give the following DC'V criterion for the given

window of W + H timesteps:

| LW S
DOV = = >N Ix(ei s) = (i) — Alen) i ()] [3
i=1 s=W+1
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where X(c;) is the temporal average for vehicle ¢; on the held-out observations. A low value
for DC'V implies that the estimated loadings A continue to capture the relevant between-vehicle
covariance during the following H timesteps, so that knowledge of the motion of the other vehicles
allows for prediction of the motion of the held-out vehicle.

As it is necessary for the choice of W and 7 to serve for a variety of traffic conditions, 500 ego
vehicles and associated temporally-separated windows were subsampled from the full NGSIM data.
The resulting median DC'V criterion for window lengths of W = 30, 50, 70,100 and ry = 1...10
are shown in Figure D.1. For all window lengths W, the held-out sample length was fixed at
H = 10. The global minimum of the criterion occurs at W = 50,y = 2,7, = 1, which will be

used as the factor structure for the remainder of the results section.

Podding Granularity

Selection of the factor structure parameters as detailed in the previous section enables the
estimation of the time-varying loading curves A’(c,u), B'(c, u), ®'(c, u) for all vehicles within the
cohort of interest. Converting these curves into a dynamic podding is accomplished by Algorithm 3,
but this podding is dependent on the choice of penalty weight \. The penalty weight A\ controls how
different a vehicle must be from other vehicles before it is assigned its own pod, and so governs the
granularity of the podding. The number of pods then adapts to the observed similarity of the vehicle
trajectories.

The A range for which the estimated dynamic poddings are non-trivial is explored in Figures
D.2a and D.2b. Figure D.2a shows the relationship between the out-of-sample non-penalized
podding loss (4.18) and the number of pods, averaged across all timesteps for the cohort-window
subsamples. For values of A < 40, the podding loss rapidly decreases as the number of pods
grows, indicating that the introduction of potentially-spurious pods. On the other hand, for values
of A > 120, the out-of-sample podding loss grows more rapidly. Hence for values of A between 40
and 120, interesting and potentially useful poddings structures at differing levels of granularity can

be extracted.
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Figure D.1: An plot of the out-of-sample median fit quality for various number of common factors and
window duration . All models include one vehicle-specific factor per vehicle, 1 = 1. The vertical axis
plots the DCV squared error per vehicle. The minimum of this criterion occurs at rg = 2, W = 50. Error
bars are 80% bootstrap confidence intervals for the median, based on the subsampling method.
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This range is further confirmed by examination of Figure D.2b, which shows the average
Silhouette Coefficient (SC) for varying A\. The SC is a common measure for internal validation
of a clustering assignment (Kaufman and Rousseeuw, 2009), based around the comparison of
the average distance to observations in the same cluster to those in the next closest cluster. The
discrepancy between vehicles used here that of Algorithm 3. As can be seen in Figure D.2b, the SC

peaks at A = 60, decays rapidly for A < 40 and decays more slowly for A > 120.
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H held-out timesteps. varying lambda.

Figure D.2: Characteristics of resulting pods from Algorithm 3, for varying pod creation parameter \.
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