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ABSTRACT

T H E  AUTOLOGISTIC MODEL W ITH COVARIATES FOR SAM PLE DATA 

AND ROBUST SAM PLING DESIGNS USING PRED ICTED  PRO BABILITY

OF PRESEN CE

We extend the autologistic model for spatially correlated binary response lattice data  

by including covariates related to presence and using sample da ta  from a subset of 

sites instead of complete data. We assume the binary response is presence or absence 

of a  species. The model ou tpu t is the predicted probability of presence for sites 

over the lattice. We present a Bayesian framework and develop a Gibbs sampling 

estim ation procedure. We dem onstrate  using three examples tha t the autologistic 

model with covariates for sample da ta  reproduces the tru th  more accurately than 

either the autologistic model, which uses only spatial relation information, or the 

logistic regression model, which uses only covariate information.

We further extend our model to account for possibly imperfect detection in 

the sample observations. We assume there are covariates which are related to de­

tectability  of the species and modify the likelihood function to a  logistic regression 

form. We expand the Bayesian set-up and Gibbs sampling estim ation procedure to 

include the modified likelihood function. W ith  two examples we dem onstrate  that 

also using sighting-related covariates achieves good reproduction of the tru th .

We investigate the use of the  predicted probability in development of robust 

sampling designs whose goal is maximization of detection. T he model ou tpu t can

iii
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be used to determine inclusion probabilities for unequal probability samples, define 

homogeneous partitions for stratified designs and be included in a ratio estim ator of 

number of occupied sites. We present and compare four unequal probability sam­

ple design estimators, two s tra ta  construction methods, two within s t ra ta  sampling 

methods, seven allocation strategies, and a fixed top s tra tum  design. These com­

parisons are made with respect to the expected number of observed presence sites 

and the variance of the estim ator of occupied sites. The fixed top s tra tu m  design, 

which samples all sites in the s t ra ta  with the highest predicted probability, achieves 

the greatest detection and also a tta ins a small variance for the estimator. This work 

serves to advance statistical methods used to map and detect rare species. These 

methods are applicable as well to mapping, or image analysis, and sample designs 

for lattice data.

Molly Leecaster 
Departm ent of Statistics 
Colorado State  I*niversitv 
Fort Collins. Colorado 8052.J 
Fall 1999
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C h ap ter  1

IN TR O D U C TIO N

The I 'n ited  States Forest Service (FSFS) manages public land that is both home 

to many species of plants and animals and ripe for logging. Management decisions 

regarding this land depend, in part, on the abundance of the native species of plants 

and animals. For many species the abundance and range is not known. The first step 

in m anagem ent of public lands is to determine which species need special trea tm ent,  

and therefore their habita t special management.

The FSFS has a goal to develop methodology which provides improved infor­

mation on species presence. We took on this goal as the project for our current work. 

Obtaining improved information on species presence involves sampling. The spatial 

nature  of environmental d a ta  leads us to use a  mapping tool to develop the best 

sampling program. So our project became two-fold. First we develop methodology 

which will utilize all of the available information about a species of interest in order 

to produce a map of likelihood of presence of the  species. Second, we investigate 

sampling designs which are based on these maps, with the goal of detection of the 

species of interest.

Development of the autologistic model w ith covariates for sample d a ta  achieves 

the first goal of development of a map. We extend the autologistic model, which 

is a spatial model for binary data , to improve prediction. The autologistic model 

w ith  covariates for sample d a ta  utilizes observed d a ta  collected from a sample of
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sites over the area of interest, habitat information measured over the entire area of 

interest, a measure of search intensity, and the assumption tha t the species form 

clusters to  provide predicted likelihoods of species presence.

The second goal, investigation of sampling designs to increase detection of the 

species, is a tta ined by rigorous investigation of designs which utilize the map of 

predicted probability of presence produced through the first goal. The information 

from the map can be used in at least three ways to improve detection of species. 

The first approach we consider is to use these predicted probabilities of presence in 

selecting sites to sample in an unequal probability sampling strategy. The second 

way we use the map information is to stratify the population based on the predicted 

probabilities. The population will be stratified into segments which are homoge­

neous with respect to predicted probabilities. A final use we make of the predicted 

probabilities is through the ratio estim ator of number of sites with specie's presence. 

This estim ator may be especially useful when using a sampling design which does 

not incorporate these predicted probabilities in its design, such as simple random 

sampling.

The work we present has been motivated by the USFS project, but is applicable 

to a variety of fields. The autologistic model with covariates for sample da ta  which 

we develop is applicable to the many other applications which this type of model has 

been used such as agricultural research (G um pertz et al.. 1997). forestry (Preisler. 

1993). archaeology (Besag et al.. 1991). and biological range mapping (Heikkinen 

and Hogmander. 1994: Hogmander and Moller. 1995: Augustin et al.. 1996).

In C hap ter  2 we introduce the basic autologistic model and some extensions. 

This model is the basis of our autologistic model with covariates for sample data.
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3

In Chapter 3 we derive the extensions to the basic model. We introduce the infor­

mation we use in the extended model and provide a Bayesian framework. W ithin 

this framework we propose methodology for param eter estimation. In Chapter 4 we 

dem onstra te  the utility of the extended model through three simulated examples. 

T he  examples serve to compare utility of the model with respect to different envi­

ronmental factors as well as to compare our model to two existing, more limiting 

models, logistic regression and the basic autologistic model. Our model initially 

uses a simplistic function for species detection. We extend this in Chapter o where 

we propose a more comprehensive approach to model search intensity over the area 

of interest. Chapter f> is devoted to the investigation of sampling designs and es­

tim ators  of detection. We compare different ways to use the map information in 

sampling designs by comparing estimates of detection of presence sites and variance 

for various properties of the population in simulated setups and through the ex­

amples formulated in Chapter 4. We also compare the utility of the three models, 

the  autologistic model with covariates for sample data, logistic regression, and the 

autologistic model with respect to sampling designs. In Chapter 7 we summarize 

our conclusions and propose areas for future work.
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C h ap ter  2

AUTOLOGISTIC MODEL

The basic autologistic model is a spatial model for binary response. The model 

has the same form as a logistic regression model, but the model covariate is a 

function of the 'neighboring' responses. The spatial dependence is defined by a 

locally dependent Markov random held. In image analysis applications the binary 

response for each pixel is black or white. In our application the  response at each site 

(or pixel) is presence or absence of the species of interest. The input to the basic 

autologistic model is a  response at every site which is observed with error. The 

likelihood function of the d a ta  is the functional form of this observation mechanism. 

The o u tpu t of the basic autologistic model is the predicted probability of positive 

response for each site. i.e. black, or presence. In this chapter we will introduce 

notation, assumptions, the basic autologistic model and extensions.

2.1 N otation

T he area of interest, for example an image or a  particular forest, is divided into 

.V sites on a lattice structure . We assume for our examples a square grid s tructure  

of appropria te  scale over the area of interest. Each of the N  sites on the  lattice will 

be the square area inside the  gridlines and the sites will be contiguous.

For each site there  is a  true state of the binary response. We denote this 

unknown t ru th  for th e  site by x , , i  =  I  , iV. Black, or presence, at site i is
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Figure 2.1: A Second Order Neighborhood.

i

indicated by r ,  =  I. and white, or absence, at site i is indicated by .r, =  0. The 

tru th  over the  whole lattice is denoted by a vector x  of length .V.

There is also an observed response at each site which is denoted for site i by y,. 

An observed value of y, =  1 indicates observed black at site i. or observed presence 

of the species at site /. Observed absence, or white, at site i is denoted by y, — 0. 

The observed values for the whole lattice are denoted by a vector y of length A’.

Spatial dependence between sites is assumed for a •neighborhood' of each site. 

The neighborhood of site i. S.. can be defined in a variety of ways. A first order 

neighborhood of site i includes the four sites north, south, east, and west of site 

i. A second order neighborhood would include the first order neighbors plus the 

four corner sites, as shown in Figure 2.1. Any defined neighborhood must meet 

the neighborhood condition: if site i is a neighbor of site j .  then site j  m ust be a 

neighbor of site i .

i <E S, j  £ S,.

The spatial correlation between sites is assumed to be limited to the  defined 

neighborhood. We summarize the information in the neighborhood of site i using a 

spatial covariate. s,. This value can be defined in a variety of ways. For exam ple 

s, could be the number of neighbors with ‘black’, or ‘presence’, s ta tus. We will 

introduce versions of the spatial covariate, s. as they appear in the basic model, an 

extension, and in our autologistic model with covariates for sample data.
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6

In summary, the notation for the autologistic model is defined:

.V =  num ber of sites on the lattice over the area of interest

{ L observed black, or species presence, at site i 
0 observed white, or species absence, at site i

{ L true black, or species presence, a t site i 
0 true  white, or species absence, a t site i

x _ t = true  status for all sites except site i

<), =  neighborhood of site /

=  true  status for neighbors of site /

.s, =  spatial covariate for site i some function of x .

In what follows probability density functions will be represented by p. proba­

bilities will be denoted by Pr,  likelihood functions by / .  and prior distributions by

7T.

2.2 A ssum ptions

Three assumptions underlie the autologistic model (Besag. 1972). Cressio 

(1993) summarizes the  assumptions and development for the autologistic as well 

as other spatial auto-models such as the auto-Poisson.

The first assumption is tha t the likelihood function of the observations is con­

ditionally independent given the tru th  at each site.

.v
f ( y  U )  = 1 1  p i y >  I • * • ) •

i=I

The probability of observing a black or white pixel a t pixel i depends only on 

the true  color at pixel i, not colors of the other pixels. In our application, the 

probability tha t we observe a  species at a  site depends only on whether the species 

is actually present a t the site, independent of presence/absence in other sites. This

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



product form for the likelihood function allows for mathematical convenience, but 

also provides a valid foundation for independence of site by site detectability in our 

application. Using this form for the likelihood function we can specify detectability, 

the probability of observing a species on a sampled site given tha t it truly exists 

there (see Chapter o).

The second assumption defines a  locally dependent Markov random field. It is 

assumed that the distribution of true black, or presence, x,. at each site given all 

other sites. x_,. is the probability of x, given the tru th  at neighboring sites. x,,- .

Pr  (x, | x _.) =  Pr, (x, | x,, ) .

This limits the spatial dependence to the neighborhood of the site. Sites outside of 

the neighborhood of site i are assumed to be independent of x, given x,$

The final assumption is the positivity condition. If c,' =  {/y : Pr  (y) > 0 }  and

C. =  {y< '• Pr{y. )  > 0} for i =  1 V. then the positivity condition is satisfied

if c,’ =  C :d • • •  d C.v. vvhere d ••• } C.v is the Cartesian product of all sets

Ci C.v- T h e p o sitiv ity  cond ition  requires that any configuration o f presences and

absences over those sites is possible. There are no restrictions on possible images 

as would be the case for contagious disease where a site with presence cannot occur 

without presence in a neighboring site.

2.3 Basic A utologistic M odel

The basic autologistic model was formulated by Besag (1972) for images which 

were measured with error. We introduce the data , spatial dependence assumption 

and characterization of this model.

The observations are recorded values of black or white at each site. The re­

liability of the observations is not known, except that there may be error. The
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autologistir model estimates the probability of presence for each pixel using the 

presence/absence of the neighboring pixels. The basic autologistic model updates

the image to an image closer to the tru th  using observed values and the assumption 

of neighborhood dependence. In other words, the model is used to 'clean up’ images 

tha t are 'd ir ty '.

The spatial covariate. s,. establishes the extent of spatial dependence assumed 

when applying the autologistic model to images. The neighborhood must be spec­

ified in accordance with the neighborhood condition defined above. A first order 

neighborhood is often a reasonable assumption. For image analysis, a common 

spatial covariate is defined as the number of black pixels in the neighborhood.

Fsing this spatial covariate. the resulting autologistic model is formulated as.

jes,

so .s, =  {0 of neighbors}. Larger values of .s, correspond to "blacker" neigh­

borhoods.

where 3 X is the spatial coefficient. Both of these coefficients need to be specified or

estim ated. The model has the form of a logistic regression model, but the covariate

is a  function of neighboring values of the response, hence the name autologistic.

The joint distribution for x over the whole lattice has the form

p ( x  | 3) oc exp ( 3 s ) . (2.3)

where s is defined in Equation 2.1. There is a  denom inator which is the sum  over

all possible combinations of black and white pixels and  is the normalizing function
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for the  probability. This sum generally has too many terms for com putation  to be 

tractable. Since the joint distribution. p{x),  is analytically in tractab le  except for 

very small lattices, maxim um  likelihood estimation for the autologistic model is not 

feasible.

Many approaches to estimation for the autologistic model have been developed. 

Besag (1986: 1974: 1989) develops estimation procedures based on iterated  condi­

tional modes, coding, and a Bayesian setup, respectively. In all of these approaches, 

the coefficient A, is specified a prion.  In the iterated conditional modes approach 

(Besag. 1986) each site is updated based on information from the rest of the lattice, 

along a raster scan using the conditional likelihood. A raster scan simply starts  at 

one corner, say the bottom  left and visits sites sequentially left to right, up succes­

sive rows. The coding technique (Besag. 1974) works with partial sets of data. For 

instance, using a second order neighborhood, there would be eight neighbors for each 

site and eight sets of partial data . The joint distribution of sites with the same rela­

tive neighborhood position (e.g., the top right corner site of the neighborhood) given 

the rest of the sites is used to obtain estimates. The relative position is shifted and 

the next joint distribution is used. The resulting estim ate is a  combination of these 

joint distributions. Besag (1989) adopts a Bayesian estimation approach for the 

autologistic model applying a Gibbs sampler (Geman and G em an. 1984). Possolo 

(1986) suggests a logit approach to estimation as an alternative to pseudolikelihood 

estimation. Gray et al. (1992) combine these approaches for estim ation of noisy 

binary images.
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2.4 Extensions to the A utologistic M odel

Several authors have ex tended the autologistic model to accommodate vari­

ous applications. We'll briefly discuss these applications and then summarize the 

extension which formed the basis of our work.

2.4.1 Applications of the A utologistic M odel

Besag. York, and Mollie (1991) apply the autologistic model to both archeology 

and epidemiology data . They use the Gibbs sampler to obtain Bayes estim ates of 

the coefficients.

G um pertz . G raham  and Ristaino (1997) model spatial patterns of disease in 

agricultural fields using the autologistic model. They add covariate terms in the 

model. In their model, they have complete da ta  for the response and covariates 

as opposed to a sample of observed responses. They estim ate param eters using 

m axim um  pseudolikelihood (Besag. 1974). The pseudolikelihood is the likelihood 

which results by assuming conditional independence of the true presence/absence 

at sites given the other sites.

Preisler (1993) modeled destruction due to bark beetles using an autologistic 

model. He also employed m axim um  pseudolikelihood estimation.

Huffier and Wu (L995) use an autologistic model with covariates to model the 

distribution of several plant species in Florida using Markov chain Monte Carlo 

(MCMC) maxim um  likelihood m ethod of Gever and Thompson (1992). They also 

investigate the distributional properties of their MCMC estimates. These authors 

(Wu and Huffier. 1997) compare three methods of estimation: coding, maximum 

pseudolikelihood, and their M CM C method. Their MCMC m ethod produces smaller
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standard  errors and mean square error, but the bias in their estimates is consistently 

larger than  the bias for the other two methods.

Augustin, et al. (1998) develop an autologistic model to model the spatial 

distribution of red deer in Scotland. They develop a Gibbs sampler to  estimate 

true  presence/absence, but they do not put prior distributions on the parameters 

in the autologistic model. Instead they use the pseudolikelihood to estim ate these 

parameters.

2.4.2 A utologistic M odel with Search Intensity

Heikkinen and Hogmander (1994. HH hereafter) use the autologistic model for 

biogeographic range estimates. HH extend the work of estimating biogeographic 

distributions introduced by Hogmander and Moller (1995) who use the autologis- 

tic model to estimate distribution maps of several bird species in central Finland. 

Hogmander and Mailer extended the autologistic model to account for heterogeneous 

research activity, and they use maxim um  marginal posterior estimation and the it­

erated  conditional modes algorithm for estimation. HH also use the level of search 

employed on each site to extend the autologistic model in predicting probability of 

presence but use a Bayesian setup for estimation.

HH apply their methodology to model presence/absence of a species of toad. 

The observations are made with error corresponding to the level of search employed. 

If the site was intensely searched and no toads were found, then an observed absence 

at tha t site is deemed more likely to be correct. If the site was searched only slightly, 

then an observed absence would not be so believable. This added information enters 

the model through an altered form of the likelihood function. f ( y  | x_).
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To introduce their extended model, further notation is necessary. HH define the 

spatial covariate, s,. as the num ber of neighbors with presence minus the number of 

neighbors with absence.

•s ' =  Y  -  t a = o l )  •
jts,

This form of the spatial covariate has a range of integers from minus the num­

ber of neighbors to the num ber of neighbors. Negative values indicate a ’whiter" 

neighborhood, and positive values a ’blacker' neighborhood.

HH categorize search intensity into three levels corresponding to  high, medium 

and low search intensity. The levels are denoted by e =  0. I. or 2 and gFi is the search 

intensity at the site. The probability of observed absence given the species is 

present, is given by.

- f I. if x, = 0.
PilJ, = 0 | -r.) =  I

{ gF>. i f . r , =  l.

So the distribution of g, is the probability of "missing'' the species at the specified 

search level, e.

HH adopt a fully Bayesian approach for estimation. I will present the likelihood 

function, priors, and posterior as HH have formulated them. The likelihood function 

for the lattice is. by assumption, the product of the likelihood function for eacli site.

,v

f { y  I = T [ p { y '  I ■
i= i

T he param eters in this likelihood function are the true presence/absence, x.  and the 

the detectability, gt , e; =  0 .1 .2 .

From the  locally dependent Markov random field assumption it follows tha t the 

prior distribution on x  is

k (x | ,3) oc exp ( s / 3) . (2.4)
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Figure 2.2: Specification of J MAX for Autologistic Model

X .Y
.Y .Y

This likelihood function is intractable due to the normalizing constant which is the 

sum of this exponential function over all possible configurations of species pres­

ence/absence. The prior distribution for the detectability parameters. gr. is defined 

to provide the  natural ordering, 0 <  g2 <  gx < g0 <  I. The probability of missing 

the species increases as search level decreases. The hvperprior for i is chosen as 

uniform over the range 0 to J MAX. The value for J MAX is determined by pu tt ing  a 

minimum probability on finding a 'corner' of presence sites. If the true neighborhood 

has a corner of species presence, shown as .Y"s in Figure 2.2. then the probability 

of predicted presence at the center site is set to be greater than or equal to some 

specified value. For Figure 2.2. .s, =  4 — o =  — I. so .iMAX can be solved for.

The full posterior distribution for the param eters of the autologistic model of 

HH is

P ( i ,  J . g  I y j  ac /  (y | x . g j  ~ (x | J )  ~ (y) -  (J ) .

This posterior distribution is in tractable  due to  the prior on x.

In HH. estimation is accomplished via a  'Clibbs-Hastings' sampler. For a Gibbs 

sampler, all full conditional distributions are needed. For the autologistic model of 

HH. the full conditional distribution for J  is intractable, so a pseudolikelihood ap­

proximation and Metropolis-Hastings step is used. This approach will be described 

for our extended model in 3.3.3.
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HH obtain results consistent with the sightings and search level. They present 

posterior distributions with little variability for the es tim ated  parameters. With 

this work HH have opened the door for further extensions of the  autologistic model.

The extensions of HH are not general enough to fill our needs. We need to 

extend the detectability  to involve sites that were not sampled. We also include 

habitat covariates.
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C h ap ter  3

AUTOLOGISTIC M ODEL W ITH  COVARIATES FOR SAM PLE  

DATA

Our goal for the l.’SFS project is to produce a map of predicted probability 

of presence for each species over an area of interest. The available information we 

have is sighting information at some sites, sampling status for all sites (each site 

is sampled or not sampled), covariate information (which is assumed to be related 

to species presence) at all sites, and the assumption that the species form clusters. 

The extensions to the autologistic model presented in the proceeding chapter do not 

fully meet our needs. I ’nsampled sites have no presence/absence information. This 

is different from the models thus far presented since there was an assumption made 

tha t observations are available, albiet with error, at every site on the grid.

We introduce the autologistic model with covariates for sample d a ta  which 

incorporates sample observed presence/absence data, and covariates, and we use a 

Bayesian setup for estimation. The chapter begins with an introduction of notation 

to be used. The Bayesian framework is then presented by defining and deriving the 

likelihood function, priors and posterior. We then detail the estimation procedure 

which involves a Gibbs-Hastings sampling scheme.

3.1 N otation
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In this section, we introduce the notation for the autologistic model with co­

variates for sample data. Additional clarification is provided in subsequent sections 

where needed. We defined notation for the basic autologistic model in Chapter 2. 

We use similar notation here, but some of the notation takes on slightly different 

meaning for the autologistic model with covariates for sample data. Here we present 

only terms whose meaning has been altered or new notation. All notation is sum­

marized in Table 3.1. We will use the language of species presence/absence for the 

binary response, although the autologistic model with covariates for sample da ta  is 

applicable to situations appropriate for the basic autologistic model such as image 

analysis.

We assume the da ta  have been observed on a Unite regular lattice. The sites 

are dehned as before as the area between gridlines. We denote the number of sites 

in this lattice. .V. A setup for hexagons or other shapes is possible as well.

3.1.1 Observed Data

Observed presence or absence is available at only some sites since some of the 

sites were not sampled. We define y, to be I if the species was observed at site 

i, and redefine y, to be 0 if either the species was not observed at site i. or site /' 

was not sampled. A value of y; =  0 at site i may represent observed absence or 

lack of information. The observed values for the lattice are denoted by the vector 

y =  (yi yv).

In addition to the observed presence/absence values, y. we dehne a variable a 

representing the sampling sta tus for all sites. We define a, =  1 if site i was sampled 

and  a, =  0 if site i was not sampled. If site i was not sampled, a, =  0. the species 

cannot be observed and necessarily y,- =  0. If the species was observed at site i.

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



17

tji =  L, then the site m ust have been sampled, a* =  1. T he  vector a =  ( a ! ...........a.v)

represents the sampling s ta tus  for the lattice of interest.

The covariates. h ab i ta t  variables in our application, are represented by the 

N  x (p-f L) m atrix  Z.  The num ber of covariates measured at each site is denoted by 

p. The first column of Z  is a column of ones which corresponds to an in tercept term  

in the autologistic model with covariates for sample da ta  (Equation 3.2. described 

below).

3.1.2 N eighborhood Characterization

We use a spatial covariate to characterize the presence or absence in the neigh­

borhood. We define the spatial covariate for site i. as the sum of the  predicted 

probability of presence over sites in the neighborhood of site /. 6,.

^  Pr  (Xj = I ) . (3.1)
j€iSi

where Pr{.r, =  I) is the predicted probability that the species is present in site 

i. Apriori. P(x,  = I) is equal to either 0 or I. It. is typical to adjust the spatial

covariate for edge effects. The sites on the edge of the lattice have fewer neighbors

than the interior sites and therefore have less information contained therein. When 

we perform estim ation, we use only interior sites. Thus these edge sites, which have 

limited information, do not affect estimation. We discuss this estim ation procedure 

in detail in Section 3.3.3.2.

Additional param eters . 0 and 3.  will be defined in Section 3.2.2 T he  other 

notation remains as defined in C hapter 2. The notation for the  autologistic model 

with covariates for sample d a ta  is summarized in Table 3.1.
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Table 3.1: Notation for the Autologistic Model with Covariates for Sample Data

N number of sites in the area of interest

P the  number of covariates

a t <
I site z was sampled 

0 site z was not sampled
*

‘Jt
I observed species presence at site z 

1 0 observed species absence at site z. or site z was not sampled

X,
I true species presence at site z 

0 true species absence at site z
*

{.rj  : j  ^  i} = true species presence/ absence for all sites except site z

Si neighborhood of site z

{.r7 : /£<!>,} =  true presence/absence for neighbors of site z

Xi I x (p -|- I ) vector of covariates for site z

0 I x (p +  I) vector of covariate coefficients

spatial covariate for site z

j spatial covariate coefficient

3.2 Bayesian Formulation

T he autologistic model with covariates for sample da ta  is defined

P r(x ,  =  H * _ , . M ) =
1-------- ^  l+ e x p { r  £  + 3s ( x t)} [

where r, is a vector of covariates for the zth site with the  first element equal to L. 9

is a  vector of parameters for the covariates, and 3 is the parameter associated with

the spatial covariate, s(x,). The spatial covariate for site z. s(xi).  is equal to the

total num ber of sites where the species was present in the neighborhood of site z.
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Since s{x{) is the auiocovariate. we have chosen to treat this term  separately from 

the  other covariates for ease of understanding.

We consider a Bayesian setup for the autologistic model with covariates for 

sample da ta  for two reasons. First, the Bayesian setup allows the incorporation of 

existing information through the prior distributions. The incorporation of informa­

tion is im portant for ongoing monitoring programs since new information is always 

being gained. The USFS project involves development of sampling plans which are 

to  be the basis for monitoring programs. The USFS will monitor many of the rarely 

seen species by sampling at regular time intervals. For a species being monitored, a 

sampling plan would be developed or modified for each time interval of monitoring. 

Information obtained in one sample will be used in the model to predict probability 

of presence. These predicted probabilities of presence will be used to increase the 

efficiency of the sampling plan for the following sampling period. This monitoring 

procedure lends itself to defining prior distributions based on information from the 

previous sample. In this way. information gained from the current sampling can 

readily be utilized for the next sampling plan inside a Bayesian framework. The 

logistics for updating prior distributions would be addressed after the initial sample 

d a ta  is collected. The posterior distributions from the first sample will be used 

as the prior distributions for the map of predicted probabilities used to design the 

second sample.

The second reason to consider a Bayesian framework is for ease in estimation of 

parameters. The likelihood for the true scene. p(x). is intractable, as described be­

low. Straightforward maximum likelihood estimation cannot be implemented in this 

case, so an alternative estimation procedure is necessary. O ther options for estim a­

tion, including m aximum pseudolikelihood estimation, were discussed in Chapter 2.
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We introduce a  Bayesian framework for estimation of param eters for the au­

tologistic model with covariates for sample data  by first introducing the likelihood 

function, prior distributions and the posterior distribution.

3.2.1 Likelihood Function

The likelihood function is the joint density of the da ta  given the  parameters. 

For the autologistic model with covariates for sample da ta  we define the likelihood 

function of the joint density of tj. given the underlying true presence/absence x.  

as /  (y I £) ■ By assumption (Chapter 2). this joint density is the product of the 

conditional densities at each site.

v
/  (y I £)  =  I I  M/y. I *.)•

1=1

since each site is conditionally independent, given the tru th  at tha t site. We use 

sample observed presence/absence da ta  instead of observations at every site, so the 

likelihood function for the autologistic model with covariates for sample da ta  will 

be modified from the likelihood function in the basic autologistic model.

We consider the likelihood function to be a function of detectability. Probability 

of detection is the likelihood function of observing the species given th a t  the species 

is present. As in Heikkinen and Hogmander (1994. HH hereafter), we formulate the 

likelihood function in term s of nondetectability. Nondetectabilitv is defined as the 

likelihood of not observing the  species given that the species is present, or restated, 

the likelihood of 'missing' the  species in our search. For now we concentrate on 

the sample d a ta  setup with two levels of search intensity: each site is sampled or 

is not sampled. We assume th a t  sampling is done with a  high level of rigor so 

th a t  nondetection probability is zero for sampled sites and one for unsam pled sites.
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Extensions to this likelihood function setup to account for imperfect detection are 

described in Chapter 5.

Our likelihood function limits the  possible true scenes to be consistent with the 

observed sample. We define possible true  scenes to be only those configurations of 

presence/absence over the lattice for which the unsampled sites, a, =  0 . can have 

either x, =  I or x, =  0. but sampled, a, =  1. sites are fixed at x, =  ;y,. The modified 

likelihood function allows updating for unsampled sites, but fixes presence/absence 

for sampled sites. Thus we define the likelihood function for the autologistic model 

w ith covariates for sample d a ta  as the product of p(y , . a t | x,) over all sites where

I. if x, =  0
P r ( y t =  O.n, | x.) = ( : U )

I — a,, if x, =  I.

So we necessarily observe yt =  0 if the species is truly absent or if we do not search 

the site. Similarlv.

P r ( y , =  L.n, | x , . ) =
0 . if x, =  0

( : U )

a,, if .r, =  I.

T he  likelihood function defined in this wav limits possible true  scenes to those 

consistent with the observed data.

3.2.2 Prior D istributions

In a  Bayesian setup, the param eters in the likelihood function, x in our case, 

are considered to be random variables with distributions. The distributions for 

these param eters are prior distributions. Prior distributions reflect beliefs about the 

param eter values, prior to observing the data.

The covariates. Z . are related to the true  presence/absence, x. We introduce 

a  prior distribution 7r(x) ,  which is a function of the new covariates as well as the
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spatial covariate. By assumption, the  true presence/absence on the  lattice of interest 

is represented by a locally dependent Markov random field (LDM RF. C hapter 2). 

T he  prior distribution on x  is.

j t (x  | 3.0)  -x exp j ̂  r . . r ^  0T + j . (To)

where =  I when site i and j  are neighbors and 0 otherwise. Note tha t this

is the a priori  definition of .s, (Eqn 3.1). As in the basic autologistic model, the 

form of the prior distribution is of a logistic regression function where the spatial 

covariate is a function of the neighborhood responses. The prior distribution on 

x  is analytically in tractable since the sum in the denom inator is over all possible 

configurations of presence/absence on the lattice.

In a fully Bayesian hierarchical framework, the parameters of the prior d istribu­

tion. in our case 0 and 3.  are in tu rn  considered random variables with distributions 

called hvperprior distributions. We next present the form of the  hyperprior distri­

butions we use in the autologistic model with covariates for sample data.

The hvperprior distributions for 0_. and 3 are specified as follows. We assume

0 ~  .V(0,E ) .

a multivariate normal distribution with mean 0, and a diagonal covariance matrix.

E. with (^TQ.rf Tp) on the diagonal. Here (Tq . r f  r j )  are hvperparameters

to be chosen. The covariate coefficients. 0. are assumed to be independent a priori. 

This assumption is not reasonable when columns of Z  constitu te  a set of dum m y 

variables for a categorical variable. Raftery, Madigan, and Hoeting (1997) suggest 

an appropriate hyperprior distribution for this situation in the  context of linear 

regression.
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The hvperprior distribution we assume for 3.  the spatial param eter, is gam m a. 

r ( t i \ a ) ,  where

" M )  =  - f—- 3 ' l'~l e x p ( - 3 / a ) .  (3.6)r(<r)

and t/’ and a  are hyperparam eters to be chosen. This hvperprior distribution con­

strains the spatial param eter to  be greater than 0. For populations tha t form clus­

ters. this is certainly a reasonable constraint. If the population of interest is not 

necessarily clustered, or is repulsive to nearby presence, then a different hvperprior 

distribution would need to be specified to allow negative values of the coefficient for 

the spatial covariate 3.

3.2.3 Posterior D istribution

T he posterior distribution is the conditional distribution of all of the parameters 

given the data. By Bayes theorem, the posterior distribution is the normalized 

likelihood function times the prior distribution(s). For the autologistic model with 

covariates for sample data, the posterior distribution is

P ( i r  3.0_ | y . a j  x  /  (jj/.a | - l) z  (x | 3 . 0 ) z ( 3 ) z ( 0 ) . (3.7)

This posterior distribution is analytically intractable due to the normalizing constant 

in the prior distribution for x, z  (x | 3.0) .

3.3 Estim ation

The parameters in the autologistic model with covariates for sample d a ta  to 

be estim ated are x, J .  and 0. Since the posterior distribution is analytically in­

tractable. we cannot easily obta in  m aximum posterior estimates of these param e­

ters. We mention two techniques for performing this estimation. Exact Sampling
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(Propp and Wilson. 1996) is a Markov chain Monte Carlo technique which could be 

used for estimation of the presence/absence parameters x.  The methodology uses 

the idea of coupling from the past. Heuristically. the image is s tarted  at the two ex­

tremes, all presence and all absence, which are updated  in reverse until they couple, 

or achieve the same image. At the point it can be assumed that the chain has con­

verged and all subsequent iterations are used in estimation. In practice coupling is 

difficult to achieve so we adopt an alternative estimation technique. Cibbs sampling 

(G em an and Geman. 1984). The Gibbs sampling estimation procedure uses the full 

conditional distributions in an iterative procedure to obtain estimates of the param ­

eters from the intractable posterior distribution. We describe this Gibbs sampling 

methodology, derive the full conditional distributions, describe a modification of the 

Gibbs sampling for full conditional distributions which are intractable, and discuss 

convergence criteria.

3.3.1 Gibbs Sam pling

For the autologistic and related models, many authors have used a Bayesian 

framework and MCMC methodologies for estimation (Besag et at.. 1991: Huffer and 

Wu. 1995: Augustin et al.. 1998: Heikkinen and Hogmander. 1994). HH utilize a 

fully Bayesian hierarchical framework and a Gibbs-Hastings sampling procedure for 

param eter estimation. We extend this approach to obtain param eter estim ates for 

the  autologistic model with covariates for sample data.

The algorithm proceeds by sampling iteratively from the full conditional dis­

tributions for the parameters. A full conditional distribution for a  param eter  is 

the  conditional distribution for th a t  param eter given all other param eters and the 

data .  One iteration of the Gibbs sampler involves sampling a  value for each pa­

ram eter  from the corresponding full conditional distribution. The full conditional
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distributions are upda ted  following the sampling for each param eter, thus utilizing 

the updated  information in a continuous cycle. This procedure is iterated  until the 

Gibbs sampler converges to the appropriate stationary distribution. T he  collection 

of sampled values can be used to estimate the distribution of each param eter. The 

means of these distributions are used as the param eter estimates.

There are N  — n + 2 + p parameters to be estim ated in the autologistic model 

with covariates for sample data: .V — n presence/absence param eters for unsampled

sites, x: p coefficients. Qx 0p. corresponding to the covariates. I intercept term.

and I coefficient for the spatial covariate. J.  The Gibbs sampling estimation 

procedure requires a  full conditional distribution for each param eter.

We derive the full conditional distributions and describe the sampling procedure 

for each param eter in the  autologistic model with covariates for sample data. We 

then summarize the  whole procedure which involves specifying inputs, sampling 

values, and monitoring convergence.

3.3.2 Full Conditional D istributions for True P resence/A bsence

The full conditional distribution for x  is formulated using the posterior distri­

bution in Equation 3.7. and the assumed m utual independence of ij. .i. and 0.

f  ( y . a  I d  I
x ( i3)tt (0)

=  /  (j/ ,a  I x j  7r (x  I 3,0)

*  l x , ) ) e x p { ( ^ c lxA  0r  +  s , , j ) .  (3.8)
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where the likelihood function. p(i/,-,at | x t ). is given in Equations 3.3 and 3.4. This 

distribution is intractable due to the sum in the denominator over all possible con­

figurations of presence/absence over the lattice.

The Gibbs sampling algorithm uses the  full conditional distribution for each 

param eter, so we are interested in the full conditional distribution for x t. i  =  

1.2 V. which is formulated as

p (x ,  | y , a . x _ t, J .f l)  - xp ( y , . a ,  | x , ) 7r ( x t | x St. J . 0 )  .

the  likelihood function for the observation at site i given the tru th  at site / multiplied 

by the conditional prior distribution of the tru th  at site i given the tru th  at all other 

sites and the model parameters. The conditional prior distribution for each x, given 

41 -i is
. . exp (.r, (z ,0T +  s ,d ) )

x ( . r ,  ) = ------- / -  r (T9)
V '  I +  exp (c,-£r  +  .s, j )

the logistic function of the spatial covariate and habitat covariates which is obtained 

from the prior distribution for x in Equation 3.5. Note that the full conditional 

distribution for the tru th  at each site, .r, is analytically tractable since the sum in 

the denominator, over all possible x,. is the sum over x, =  0 and x, =  I.

We use the likelihood function in Equations 3.3 and 3.4 and the conditional 

prior distribution for .r; in Equation 3.9 to  obtain the full conditional distribution 

for j , :

p (x; =  1 | £ , a ,x  =  p(l/ i .ai  \ x,  =  L) 7r (x, =  I | x  Sr J .f l)

exp(z_.dT +  Sif3). ai = 0 . or a, =  I. y; =  I 
a  { (3.10)

0, a, =  L . ( / i = 0 .

p (x, =  0 | y , a ,x  =  p{y , , a i  | x,- =  0) tt (x,- =  0 | x 5t, 3 . 0 )
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L. «, -  0 . or a, =  L. t/x =  0
x

0 .  a ,  =  L, t/i =  I .

( 3 . 1 1 )

Combining these proportional distributions, we obtain the full conditional distribu­

tion for x, =  I.

**pU,£r +stfj ) «. =  0 .

P ( x t =  1 I J.fl) '•xpU.jTt'xp(iA

a, = l.ij, =  0.

For our sample da ta  setup, only sites tha t were not sampled, a, =  0 . are updated. 

The .V — n full conditional distributions for x, are fully specified by Equation 3.12 

and can be readily sampled from in the Gibbs sampler.

U pdating x in the Gibbs Sampler

We use the full conditional distribution for true presence at site i (3.12) to 

update  the predicted presence, x, in three steps. The first step is to calculate p. the 

predicted probability of presence, for unsampled sites. «; =  0. The second step is

to calculate the spatial covariate. s. The th ird  step is to update the prediction of

presence/absence, x. Below we describe this three step process for obtaining sample 

values at iteration t. The initialization step, t = 0. is described in Section 3.3.4.

For iteration t, the first step for sites i such tha t a, =  0. p, =  Pr(.v, =  L) is

calculated as

< l + e x p f £ ^ f l T , t - l > + a ] (3.13)
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Figure 3.1: Groups of Independent Sites

On

where l ' are param eters from iteration (t — 1).

The second step is to calculate the spatial covariate s. By definition, the 

LDMRF utilizes the neighboring presence/absence information. .r,,-t . not estimates 

of the probability of presence. However the estimation algorithm does not converge 

when the spatial covariate is a function of estimated presence/absence, so we use 

the spatial covariate defined below to approximate a  LDMRF. We use estimates of 

the probability of presence from iteration t , p((). from the first step. We calculate 

the spatial covariate defined in Section 3.1 as.

= Z  pf-

The param eters p^* and are not updated simultaneously for all sites. We 

calculate p|^ simultaneously within a  group of independent sites and then calculate 

s\^  simultaneously within th a t  same group of independent sites. This is done for 

each group of independent sites in turn. We use four groups of independent sites, 

consisting of groups of sites from every other row and every other column. This

10 20
1 2  3 4

30 40
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independent group s tructure is seen for the whole lattice in Figure 3.1. Group I 

s tar ts  with the  bottom left corner and is represented by white sites. Group 2 contains 

the next site to the right and all other light grey sites. The algorithm proceeds 

analogously for groups 3 and 4. The im portance of sampling simultaneously only 

within independent groups will be discussed in Section 3.3.5.

The third step is to update  the presence/absence parameters, x. To assign 

updated  presence/absence at site i. at iteration t, we sample from a  Bernoulli dis­

tr ibution with probability pj** (Eqn 3.13). Thus, the probability tha t xj*' equals I 

is p<‘>.

3.3.3 Full Conditional D istributions for the M odel Parameters

The full conditional distributions for 3 and 0 are formulated using the full 

conditional distribution of x and the assumption of a priori  mutual independence 

of y. 3.  and 9 as.

p ( 3 \ y . x j )  x  p ( x  | (/, J . 0 ) p ( j  | y.O)

= p ( x \ y . 3 . ( t y x { 3 ) .  (3.14)

and

p(0k  I *  p (i. I y . 3 . 9 )  p (A* I y . J . i - k )

= p ( x \ y . i 3 , ^ j T r ( 9 k).  (3.15)

for k  =  0 ,  p. All of the full conditional distributions for the coefficient param ­

eters are analytically intractable since they involve the intractable full conditional

distribution for x  and thus we cannot sample directly from the full conditional

distributions. To estim ate the param eters we obtain sample values from these full 

conditional distributions using a Hastings-Metropolis step within the  Gibbs sampler 

for each 3  and 9k. k  =  0____,p.

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



30

3.3.3.1 H astings-M etropolis Steps

The Hastings-Metropolis algorithm (Hastings, L970) is an MCMC sampling 

method for distributions tha t are intractable or distributions from which it is difficult 

to sample. The difficult distribution of interest is called the target distribution, 

denoted by p(-). In general, although p is intractable, the ratio p(x) /p(x ' ) .  for .r 

x'.  usually is not intractable. The method of Hastings-Metropolis utilizes a user- 

specified. easy to sample from, proposal distribution, denoted by g(-). The domain 

of the proposal distribution must include the domain of the target distribution.

The Hastings-Metropolis algorithm proceeds as follows. At iteration t. a value 

is sampled from the proposal distribution g(-). This value is either accepted as a 

valid value from the target distribution or rejected. The probability that a value 

is accepted is calculated as the ratio of target and proposal distributions at the 

previous value and the new proposed value. In general the acceptance probability. 

a.  has the form.

Pi  new) (/(previous)
«  =  —-------:------— ------ -. (3.1b)

p { previous) <7(new)

If the value is rejected, then the ‘upda ted ’ value takes on the previously sampled 

value from iteration (t — I).

Usually the ratio of the target distributions. p(new)/p(previous), is not in­

trac tab le  because the  difficult normalizing constant in p usually cancels. The au­

tologistic model with covariates for sample da ta  involves a sum which is a  function 

of the param eters of interest. The normalizing constants in p(previous) and p(new) 

contain the previous value or the new value, respectively, so the  normalizing con­

stan ts  do not cancel. Thus, the ratio of the target distributions in a  is intractable, 

and a  is not calculable. We use alternative target distributions instead of the full
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conditional distributions in order to calculate a.  As in HH, we use the full condi­

tional pseudolikelihood distributions. Next we define the target distributions, which 

are the full conditional pseudolikelihood distributions, and specify proposal distri­

butions.

3.3.3.2 Pseudolikelihood

We define the full conditional pseudolikelihood distributions for the parameters 

of interest. J  and £. as the target distributions for the Hastings-Metropolis steps. 

The full conditional distributions for J  and £ are functions of the full conditional 

distribution for x. Thus, the full conditional pseudolikelihood distributions for J  and 

£ are functions of the full conditional pseudolikelihood for x.

The full conditional pseudolikelihood distribution for x_ is the distribution re­

sulting from the assumption tha t true presence at each site is conditionally inde­

pendent given the other site values. Since the border sites, those site's with fewer 

than eight neighbors, are estimated from a reduced pool of information, we follow 

the suggestion of HH and use only interior sites to estim ate the model parameters. 

For site i. we define 6; =  I if the site is on the interior of the area of interest and 

define 6, =  0 otherwise. The pseudolikelihood distribution for x  is the product over 

only sites for which 6, =  I. The pseudolikelihood distribution will be represented by 

pl{-). Assuming this conditional independence, the full conditional pseudolikelihood 

distribution for x  is

.v
pl (•£ I =  Y [ p ( x i \  y , x _ „ J . 0 )

;=i

=  n  « p ( x . ( ^  +  ^ ) )  (:U 7)
V«9:6,=l 1 +  exp (z ,•£ +  Sifl)
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Thus the full conditional pseudolikelihood distribution for 3  is defined

pi ^3  | y . x . d )  cc pi (x | y , 3 . d )  ~ ( 3 )

f e x p ( x , ( ^ £ r  +  s , j ) )  ^ 3 v~ l exp (—( 3 / a ) ) ..........

\yi3 -.b,=i [l + e x p  ( c , l T +  s . j j ]  J eCT(c’)

and the full conditional pseudolikelihood distribution for Ok is defined

pi (f)i. I x. 3.  0 _k) x  pi ^x | y. 3.  t (»k)

^Vi9:/>, =  1 I +  e * P  +  -S 3 )

T 1/2 . f  3  
*Tk

fan) l / ‘ exp ( - ^ f i ) • (;h l 9 )

for k = 0. 1 p. These target distributions, the full conditional pseudolikelihood

distributions, are fully specified, so the acceptance probabilities, n in Equation if. 16. 

ran  be calculated. We present the proposal distributions and acceptance probabili­

ties which com plete the sampling steps for 3 and 0 at iteration /.

3 .3 .3 .3  M axim um  Pseudolikelihood Estim ation

We specify the  proposal distributions to be used in the  Hastings-Metropolis 

steps using the recom mendation of HH. Under regularity conditions in Cox and 

Hinklev (1974). the  log of the full conditional pseudolikelihood distribution of x is 

asymptotically norm al with mean and variance equal to the m axim um  likelihood 

estimates from the  pseudolikelihood. Since each pseudolikelihood distribution is a 

nonlinear function, we use a quasi-Newton optimizer to find the maxim um  pseu­

dolikelihood es tim ate  for the  mean. The variance for each coefficient param eter is 

obtained using the  observed Fisher information from its pseudolikelihood distribu­

tion. The specification of the  proposal distribution is done a t every iteration.
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At iteration t. for each coefficient param eter, 3  and 0, we calculate the m ax­

im um  pseudolikelihood estim ate of the mean and the Fisher information from the 

full conditional pseudolikelihood distribution. The mean and variance obtained for 

each coefficient param eter define the  parameters of the normal distribution used as 

the proposal distribution for each coefficient param eter. We use a nonlinear mini­

mization procedure to obtain m axim um  pseudolikelihood estimates. We minimize 

the negative of the log of the full conditional pseudolikelihood distribution. For 3. 

the negative log full conditional pseudolikelihood distribution is

- l o g p /  (3  | y. x .O)  = Y  l°g ( L +  ^ p  (r, £T +  .s, 3) )
V,S:b,= l

~ ( r  -  I )  l o g (  J )  +  -  +  K' l o g ( a )  4 -  l o g  r ( c ). 
a

and for 8k. k  =  0  p. the negative log full conditional pseudolikelihood distribu­

tion is

- lo g / ) /  (0k | y .x ,  3 . 0  _k) = Y  l°g  ( l + e x p  ( c , « r  + -s.d))

We use the n lm in  function in Splus to obtain the maximum pseudolikelihood esti­

mates, ^ mple- an(i ^ mple- These values are then used as the means in the proposal 

distributions.

To obta in  the variance for each proposal distribution we use the  inverse of the 

observed Fisher information from each full conditional pseudolikelihood distribution.
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The observed Fisher information is calculated as the negative of the second derivative 

of the  log of the full conditional pseudolikelihood distribution, evaluated at the 

m axim um  pseudolikelihood estimate. The variance for the proposal distribution for 

3 is derived as follows.

' ^ M P L E

0 2 log pi (3)
diV -

- i

()-
d J 2 ~  Y  log ( 1 +  exp (r ,  0T + Sid) ) +  Y  •r ‘ U ‘ ^  +  s ‘J )

Vi9:i>,= L

3
+ ( f  -  l ) l o g ( J )  ii’ log(a) -  l o g r ( t ’)

a

Vi3:6, =  1 

-11

J = . i MPL E

d_
33

■». exp f  + »,.)) -  1 1
/  „ / T \ ~̂* /  - j j

Vi3:f), = l 1 +  exp (c, 0_ -f- .s, J J  Vi9:f>,= l °

-I

^  exp (c ,f lT +  s j j )  ^  _  i

v.9:f>,= i ( l + e x p  (-,■ 0T 4 -Si.d))' 3 2

• I n
■ i  =  ^ M P L E

(3.20)

■J = : < M P L E

The hyperparam eter ti\ is the specified scale from the hvperprior distribution on 

3 given in Equation 3.6. The variance for the proposal distributions for Ok. k  = 

0 p. is derived as follows.

^/c.MPLE

d 2 log pi {Ok)
dOl

- t

S« t = flfc.MPLE

d 2
d o 2 -  Y  lo§ ( l +  exP ( «  £T +  ■s' J ) )  +  H  x ‘ t  o !  +  m3)

Vi3:b,=  1 Vi9:fe,= l

- r
+  log (2TTT̂ ) +  ^

_ d_

00t
V  - « eiIP ( l i t T + ^ )  . V  r - , B±

V i9 :6 ,=  l l + e x p ^ Z , - 5  +  Si3 j  V t 9 : 6 ,= l  Tk

- n

j L  4  exP ( a  oT +  er f )  1

v«9:6,=l ( l  4- exp ^  0T 4- ^i/3))

-I
tffc=0»t ..\IPLE

(3.21)

®fc=®)k.MPLE
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The hyperparam eter is the specified variance from the normal hyperprior d is tri­

bution on Ok-

To increase efficiency in the sampling algorithm we multiply the  variances in 

the proposal distributions by 2.38, as recommended by Gelman et al. (1995). Using 

an inflated variance in the  proposal distributions allows for larger 's teps ' in the 

Gibbs sampler. A sampled value which is far from the previous value is considered 

to be a large step. For the first iterations, these large steps allow for greater speed 

in coverage over the range of values. For the later steps, the difference tha t the 

increased variance makes is negligible.

The proposal distributions using the mean and variance from the full conditional 

pseudolikelihood distributions are.

f / M)  =  v

( j ( 0 h ) =  .V

3M P L E *

/
0 k'Sl

\

^  -sfexp ( z , 0 F +  s j )  | f - L

V i3 :6, = i  ( l  +  exp ( r ,  Of +

^  -fe ,exp(r ,tfT +  .s,j) ^  2_

Vi9 :6 ,= l  ( l  +  e x p  ( c ,  Of +  -s . ^ ) )

t -in

-I < =  . i v i PL E  /  

-tn \

lik = 0  i c . M P L E /

for k  =  0  p. To obtain sample values for 3  and 0 at iteration t. we sample a value

for each coefficient param eter from these proposal distributions. The coefficients. 3 

and 0. are sampled in random order. This eliminates any order bias in sampling. 

If 3  is always sampled first, for example, this new value is used in the target and 

proposal distributions for each Ok- This constant order may prevent full exploration 

of the param eter space.

Each sampled value is then either accepted or rejected. The general acceptance 

probability was given in Equation 3.16. For this acceptance probability is.

P ( f {t]) 9
O0(i) —
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( n i l .  p i  ( * ! ' ’ i j ' * ’ . s ) )  *■ (* * “ ' )  o  " iMPLE
_      V J M P L E  /  ̂

v  J M P L E  /

where ©(•) is the density function for a  s tandard  normal random variable.

Similarly for 0^. k  =  0  p. the  value 0^* is either accepted or is used

again. For 0\!K k  =  0 p. the acceptance probabilities are

p K 'M e 1’)
Ct.ii i — —:—:---rr:------------

"k

( n i . w  (-r, i y . £ . i - j - s . o
, i«-n

“ ' ' f c . MP l  E

“•MPLE '  .(3.23)
.3° k  ““ " k * M P L E( n ; = i  p i  ( a  I l ) ) )  JT (0Jt u )  o  (

\  " f c . MP LE

In this way. sampled values at iteration  t are obtained.

3 .3 .4  G ibbs-H astings Sam pling

We have now described the Gibbs sampler and the Hastings-Metrolpolis steps 

in detail which used together construct our Gibbs-Hastings sampler. The Gibbs- 

Hastings sampler is used to obtain estim ates for the .V — n +  p -(- 2 param eters. ,r_.

i. and 0. We summarize the Gibbs-Hastings sampler steps below.

First the parameters s. J .  and £ are initialized. There are two parts to the 

initialization step. First, we calculate the initial values of the spatial covariate. s. 

Recall th a t  we defined

Si = Y , P i * j  =  I)- (3.24)

T he  da ta .  y. consist of observed presence/absence for each site, not probability of 

presence, so we don’t have values for P (x , =  1) before the algorithm is initialized. 

Thus for the  initial estim ate for the spatial covariate we use.

*!°' =  £  !/,, (3.25)
jeJ.
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This spatial covariate is similar to spatial covariates typically used in image analysis.

Second we initialize the coefficient parameters 3 and £. We use logistic regres­

sion to es tim ate  these parameters based on the initial spatial covariate. s (u). the 

observed presence/absence, y. and the covariates. Z. for sampled sites. The param ­

eter estim ates obtained from the logistic regression are used as the initial values. 

J (0). and 0(o\  This assumes that response, y, is independent between sites, and uses 

only information from sampled sites, but starts the estim ation routine closer to the 

tru th  than  arb itrary  initial values would.

At iteration t. one cycle of the Gibbs sampler is described as follows:

L. Calculate the predicted probability of species presence p(() given in Equa­

tion 3.13 and the spatial covariate s <() given in Equation 3.2-1.

2. Sample the proposed estim ate of the tru th ,  from Bernoulli (p1*’).

3. Sample each flj/'.for k = 0 p. and J*'* using a Hastings-Metropolis step

as described in Section 3.3.3.1.

3.3.5 Convergence

Under only weak conditions. Geman and Geman (1984) show tha t the Gibbs 

sampler for Bayesian image analysis using a LDMRF assum ption converges to the 

proper stationary  distribution. The condition they specify is on the m anner in which 

site param eters  are updated. No two sites which are neighbors should be updated 

together, to ensure convergence of the Gibbs sampler.

T he  Gibbs sampling algorithm we suggest utilizes the full conditional distri­

butions to obta in  estimates from the  posterior distribution. The param eter values.
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3^K  and d^K are sampled from their full conditional distributions and approx­

imations thereto. Since the update  schedule we employ abides by the assumption 

specified by Geman and Geman (see Section 3.3.1). these sampled values are con­

sidered to be values from the posterior distribution. This simply states tha t it is 

reasonable to assume tha t the algorithm converges after some moderate number of 

iterations. We use a variety of convergence diagnostics in our examples to ensure 

tha t the sampler indeed converges and to monitor when the sampler converges.
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C h a p ter  4

EXAM PLES

The USFS project which motivated our work is still in progress. The data  are 

not available so we are unable to use tha t real data. VVe test the model on simulated 

examples.

VVe use simulated data  to evaluate the performance of our methodology. This 

simulated d a ta  is treated as the tru th  which allows us to determ ine whether our 

model produces accurate results. The model is evaluated on how well it reproduces 

the tru th  using various sets of input data. The input d a ta  consist of observed pres­

ence/absence information at a sample of sites and covariate information at all sites 

in the area of interest. The information contained in the observed presence/absence 

is varied by using different sampling plans and sample sizes. The information con­

tained in the covariate is varied to determine how well the model discriminates 

among sites with good habitat but no true presence, good habita t and true pres­

ence. poor hab ita t but species presence, and poor habitat with species absence.

VVe com pare the predicted probability of presence results from the autologistic 

model with covariates for sample da ta  to results obtained from two simpler models. 

The logistic regression model assumes independence of species presence/absence 

among all sites. The basic autologistic model uses spatial correlation but does 

not use covariates related to species presence. Thus we determ ine whether our 

model improves upon existing models. We introduce the setup of the simulations.
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present the  exam ple results from the three models, discuss and present convergence 

diagnostics, and  finally present the results of a sensitivity analysis.

4.1 Sim ulation Setup

To setup the simulations we produce a true scene, determine covariate values 

for the sites, and then specify a sample plan which is used to obtain the  observed 

data. VVe use a  40 a 40 lattice for a total of A =  IGOO sites in the area of interest for 

the simulations. The true scene was generated by placing patches of presence over 

our area of interest. VVe did this to a t ta in  a picture which had separated clusters 

and clusters th a t  seemed to be joined, and also covered the area of interest.

VVe limit our simulations setup to utilize one covariate which has high covariate 

values corresponding to ’good’ habitat for the species. The covariate is subjectively 

formulated in three information patterns: one which has good habitat only in areas of 

species presence, and two confusing patterns which have either good hab ita t  in areas 

of species absence or poor habitat in areas of species presence. For each information 

pa tte rn  the covariate is generated from two normal distributions each with mean 0 . 

T he normal distribution which corresponds to good habita t sites has variance I and 

the normal distribution corresponding to poor hab ita t sites has variance o.

We use two sampling plans at two levels of coverage and each a t  two sampling 

intensities to obtain a variety of observed presence/absence images. The sampling 

plans we use are simple random sampling and systematic grid sampling of clusters. 

T he system atic  grid sample of clusters s tarts  with a one random s ta r t  systematic 

sample and a t each selected site we also sample the neighborhood which is the 

eight surrounding sites ("Observations =  V'” in Figure 4.1). T he  two levels of 

sample coverage are either over the whole axea of interest or over only a portion
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( “Observations =  V”  in Figures 4.1 and 4.4). VVe use two sample sizes corresponding 

to either a large or small sample for each coverage and sample plan combination. 

T he  sample size, which varies for the different sampling plans, will be presented for 

each example.

4.2 Gibbs Sam pler Set-up

The estimation procedure which was described in C hapter 4 requires hvper- 

prior distribution specification. Hyperparameters are chosen using pilot, runs of the 

Gibbs-Hastings sampler. For the spatial param eter. J .  we specify a broad gam m a 

hvperprior distribution, r (c .o ) .  with ( u \ a )  =  (2. 1.5). This distribution has most 

of its mass between 0 and 3. For each covariate param eter. we specify a vague 

normal hvperprior distribution. .V( 0 . 102). These hvperprior distributions are shown 

in the middle row of Figure 4.14. Sensitivity analyses are described in Section 4.6.

VVe assume a  second order neighborhood (Figure 2.1) for the locally dependent 

Markov random field (LDMRF) spatial structure. VVe also tried using a first order 

neighborhood but found the results to be less consistent, especially for small sample 

sizes.

For all simulations we run the Gibbs-Hastings sampler for 10.000 iterations, 

discarding the  first 2000 iterations as burn-in. To obtain an independent sample 

for estim ating  param eters we use every other iteration value. These values are 

set using recommendations from Gibbsit (Raftery and Lewis. 1992). a program 

for identifying proper parameters for Gibbs sampling convergence, which will be 

discussed in Section 4.5.
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4.3 Perform ance Evaluation

T hree sim ulation exam ples follow. Nine scenes are given for each sim ulation: 

the  tru e  scene, the observed scene, the covariate. the prediction scenes from the 

logistic regression model, the autologistic model, and the autologistic model with 

covariates for sam ple d a ta , and difference scenes described below. In th e  true  scene 

black sites ind icate presence. In the observed scenes unsam pled sites are light grev. 

sam pled sites where species are not present are m edium  grey, and sam pled sites 

where species are present and hence observed are black. VVe assum e perfect detection 

in obtaining observed presence/absence data for these sim ulations. In the covariate 

scenes higher covariate values are darker in color which corresponds to be tte r hab itat 

for the  species. For prediction scenes darker colors indicate tha t the  probability or 

posterior probability of presence is closer to one. or the species is more likely to be 

present.

VVe use several m ethods to evaluate performance. The difference of scenes are 

the predicted  probabilities (p) minus the true presence/absence (,r) for each site. 

These plots highlight where the models are having difficulty. Light colors indicate 

underestim ation  of predicted probability of presence and dark colors indicate over­

estim ation  of predicted probability of presence. Shades corresponding to zero in the 

legend indicate correct prediction.

T he second m easure of perform ance is sensitivity and specificity. Sensitivity is 

the proportion of occupied sites th a t are predicted to contain the species. Specificity 

is the  proportion of unoccupied sites which are predicted to be absent of the species. 

If bo th  sensitiv ity  and specificity equal 1, the model produces perfect predictions. 

M athem atically , these are form ulated as
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£ i , / .
Sensitivity =

e : v=[x, ■

Specificity =  - i , Lv 'l,)[[l,=0] ■ (4.L)
£-<■=1 ( f )

VVe predict presence, x, = L. if p, > 0.5. This cutoff value of 0.5 is not arbitrary: 

since we know the tru th  we investigate cutoff values which m axim ize the num ber of 

correctly classified sites. For our exam ples, this m axim um  is obtained for a  cutoff 

in the  range from 0.4 to 0.6. The sensitivity and specificity results are given in 

Table 4.L.

VVe also com pare perform ance of the  models by considering the  predicted prob­

ability  of presence for the two groups, th e  true presence sites and the true  absence 

sites. A histogram of predicted probability of presence for the  absence sites should 

be concentrated around zero with few high predicted probabilities of presence. A his­

togram  of predicted probability of presence for presence sites should be concentrated 

around one with few sm all predicted probabilities of presence. VVe present these two 

histogram s for each model for each exam ple. Since there are many m ore absence 

sites we use two different scales for the histogram s of presence sites and absence sites. 

T he histogram s are not directly  com parable across the groups of presence/absence 

sites, bu t are com parable across models w ithin groups of presence/absence sites.

VVe present histogram s and sm oothed d istributions of the posterior distributions 

for the  model coefficients in Figures 4.2, 4.5. and 4.8. VVe sum m arize estim ated 

values and  give 95% confidence intervals for the logistic regression param eters, and 

95% highest posterior density intervals for the autologistic m odel and autologistic 

m odel w ith  covariates for sam ple d a ta  in Tables 4.2, 4.3, and 4.4.
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Table 4.1: Sensitivity  and Specificity of Models for All Exam ples

Exam ple 1 Exam ple 2 Exam ple 3
Sens. Spec. Sens. Spec. Sens. Spec.

Logistic Regression .76 .92 .13 .97 .11 .98
Autologistic .43 .91 .50 .78 .66 .98

A utologistic with Covariate .99 .96 .79 .97 .66 .98

Table 4.2: Coefficient Estim ates and 95% Intervals for Exam ple L from Logistic 
Regression( LR ). Basic Autologistic M odel(AL). and A utologistic Model w ith Co­
variates for Sample Data(AM C'S).

Model 3 95% Interval 95% Interval tfi 95% Interval

LR - - -11.20 (-13.50. -8.90) 2.52 (0.22. 4.82)
AL 1.90 (0.61. 3.20) - - - -
AMCS 2.68 (0.56. 6.52) -16.75 (-40.89. -3.10) 1.86 (-0.40. 5.83)

4.4 Sim ulation R esults

4.4.1 Exam ple 1

The first exam ple uses observations from a small system atic grid sam ple of 

clusters over the top portion of the area of in terest (F igure 4.1). The sam ple size 

is 54. a 3.4% sample, w ith 12 observed presence sites. T he covariate has reliable 

inform ation: good hab ita t occurs where the species is actually  present.

The predictions from the three models are given in Figure 4.1. The logistic 

regression model m irrors the covariate m ap as expected when only one explanatory  

variable is included. T he basic autologistic m odel has trouble w ith this sm all am ount 

of observed presence/absence inform ation. T he autologistic m odel w ith covariates 

for sam ple d a ta  reproduces the  true  image well.

T he bo ttom  scenes, which are the differences between predicted probability  (p ) 

and  tru e  presence/absence (x) show th a t th e  logistic regression has a tendency to

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



45

underestim ate  presence and th e  autologistic model w ith covariates for sam ple d a ta  

has a tendency to overestim ate presence around the perim eter of clusters.

The sensitivity  and specificity (Table 4.1) for the autologistic model w ith co­

variates for sam ple d a ta  are 0.99 and 0.96. respectively indicating alm ost perfect 

prediction. The logistic regression model also has high specificity. 0.92. but consid­

erably lower sensitivity. 0.76. due to the  tendency to predict m oderate probabilities 

of presence. T he autologistic model w ith covariates for sam ple d a ta  is m ore discrim i­

nating th an  the  logistic regression since it forms groups of sites with high probability  

of presence. The perform ance measures for the autologistic model (sensitivity  =  0.44 

and specificity =  0.91) reflect the poor prediction we see in Figure 4.1.

The coefficient estim ates from all three models (Table 4.2) all have overlap­

ping confidence/probability  intervals, where applicable. Thus, although the models 

obta ined  from the m ethods do not have different coefficient estim ates, the  pres­

ence of all coefficients in the model certainly produces a b e tte r prediction of pres­

ence/absence over the  area, as we discussed above. The posterior d istribu tions of 

the coefficient estim ates are shown in Figure 4.2.

T he histogram s of predicted probability of presence for groups of absence and 

presence sites are shown in Figure 4.4. The logistic regression model tends to  predict 

absent sites as having lower predicted probability of presence and present sites as 

having higher predicted  probability  of presence, but there is no d istinct break in p 

between the  present and  absent sites. The histograms for the  autologistic model with 

covariates for sam ple d a ta  show two distinct groups based on predicted probability 

of presence, where tru e  presence sites all had p > 0.4 and over 95% of tru e  absence 

sites had  p < 0.4.
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Table 4.3: Coefficient Estim ates and  95% Intervals for Example 2 from Logistic 
Regression!LR), Basic Autologistic M odel(AL). and Autologistic Model w ith Co­
variates for Sample Data(AMC'S).

Model 3 95%' Interval 0o 95% Interval 0i 95% Interval

LR - - -7.20 (-10.30. -4.10) 1.20 (-1.90. 4.30)
AL 2.24 (0.70. 3.70) - - - -
AMCS 2.10 (1.19. 3.51) -20.90 (-30.80. -9.71) 2.63 (0.74. 4.2S)

4.4.2 Example 2

In the second exam ple the system atic grid sam ple of clusters covers the entire 

area of interest (Figure 4.4). The sam ple size is 81. a 5% sample, with observed 

presence at 13 sites. The covariate gives confusing inform ation as the range of good 

hab ita t is larger than  the actual range of the species.

The prediction scenes for Exam ple 2 are given in Figure 4.4. The logistic 

regression model m irrors the covariate. which in this case gives poor predictions in 

areas of good hab ita t even with species absence. The autologistic model requires 

more observed presence/absence d a ta  to produce reliable results. The predictions 

from the  autologistic model w ith covariates for sam ple d a ta  are sim ilar to  those 

from th e  logistic regression except in the  area of good hab itat and species absence. 

T he autologistic model w ith covariates for sam ple da ta  is more discrim inating about 

sites w ith good hab ita t: the model forms clusters within areas of good hab ita t.

T he difference im ages show the  tendency for the logistic regression model to 

produce m oderate values for predicted probability of presence and hence under­

estim ates true  presence. The autologistic model w ith covariates for sam ple d a ta  

overestim ates presence on the perim eter of clusters of species presence and under­

estim ates presence in the lower right cluster of species presence.
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Table 4.4: Coefficient Estim ates and 95% Intervals for Exam ple 3 from Logistic 
Regression!LR). Basic Autologistic M odel(AL), and A utologistic Model w ith Co­
variates for Sam ple Data(AM CS).

Model 3 95% Interval $0 95% Interval 0i 95% Interval

LR - - -5.70 (-7.40. -4.00) 0.95 (-0.75, 2.65)
AL 0.73 (0.48. 0.98) - - - -
AMCS 1.60 (0.82. 2.60) -5.20 (-8.90. -1.70) -0.20 (-0.90. 0.50)

The autologistic model with covariates for sam ple d a ta  has sensitivity of 0.79. 

and specificity of 0.97 which indicates good correspondence between predictions 

and the tru th  (Table 4.1). For th e  logistic regression model sensitivity  is 0.13 and 

specificity is 0.97. High specificity for all models is expected due to the large num ber 

of absence sites. The measures for the autologistic model (sensitivity =  0.5 and 

specificity =  0.78) again correspond to the poor im age reproduction.

T he coefficient estim ates display the same properties as in exam ple 1. the 95%. 

intervals overlap (Table 4.3. and the distributions from the autologistic model with 

covariates for sam ple da ta  have reasonable spread (F igure 4.5).

The histogram s of predicted probability of presence are displayed in Figure 4.6. 

The logistic regression results are poor due to the m oderate predicted probability  of 

presence. T he autologistic model with covariates for sam ple d a ta  shows some overlap 

between present and absent sites as com pared to  exam ple 1. bu t th e  predictions 

generally fall into two correctly classified groups.

4.4.3 Exam ple 3

O ur th ird  exam ple uses observations from a large sim ple random  sam ple with 

coverage over th e  top portion of the  area of in terest. T he sam ple size is ISO. an 

11.25% sam ple, w ith 31 sites of observed presence. T he covariate provides confusing 

inform ation; th e  range of good h ab ita t is larger th an  the  actual range of th e  species.
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T he results from this exam ple are in Figure 4.7. T he logistic regression m irrors 

th e  covariate values which do not m atch up w ith tru e  presence. T he autologistic 

model perform s well w ith this large quan tity  of inform ation except in the  area where 

no sam ple d a ta  was obtained. The autologistic model w ith covariates for sam ple 

d a ta  does a good job  for the sampled area, sim ilar to  the  autologistic model, but 

shows a slight increase in probability of presence for th e  area of good hab itat in the 

non-sam pled sites in the lower half. This is a clear exam ple of the autologistic model 

w ith covariates for sam ple d a ta  utilizing th e  best of bo th  the autologistic model aucl 

the logistic regression models.

The difference images again show the m oderate predictions from the logistic 

regression model. The difference images for the autologistic model and autologistic 

model w ith covariates for sample d a ta  appear to be quite  sim ilar since the increase 

in predicted  probability  of presence from the autologistic model with covariates for 

sam ple d a ta  in the bottom  half is very slight.

The sensitiv ity  and specificity from the  logistic regression model are sim ilar to 

the  results from the  previous exam ple since the covariate is the same (Table 4.1). 

T he sensitiv ity  and specificity perform ance of the  autologistic and autologistic model 

w ith covariates for sam ple da ta  are identical. This equality, even in the face of a 

hint of presence in th e  lower right corner, is due to the  classification of predicted 

presence using p, > .5. A more discrim inating rule for predicted probability scenes 

w ith th is h in t of presence might be used to include the lower right cluster in the 

predicted  presence classification.

T he coefficient estim ates again overlap, bu t show more dissim ilarity than  the 

o ther exam ples (Table 4.4). T he distributions of the estim ates from the  autologistic 

m odel w ith  covariates for sam ple d a ta  axe fairly G aussian w ith reasonable spread.
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T he histogram s of predicted probability of presence are displayed in Figure 4.9. 

T he logistic regression results are again fairly poor since they form no definite groups. 

The autologistic model histogram s display the 'm issed ' cluster as the  low predicted 

probability  of presence for the  true  presence sites (x =  I). O therw ise the predictions 

for the true  presence sites are relatively uniform. T he autologistic model w ith covari­

ates for sam ple d a ta  results show fewer present sites w ith low predicted probability 

of presence th an  the autologistic model but still display the missed cluster.

4.5 Convergence

T he G ibbs-H astings sam pler is an iterative estim ation procedure. The results 

converge to the appropria te  estim ates. Besides setting  up the  algorithm , we m ust 

m onitor and judge convergence. There are three issues to the num ber of iterations 

th a t are necessary for convergence. The first is how many iterations are necessary 

until the procedure is sam pling from the appropriate d istribu tions. The second is to 

determ ine if all sam ples are independent and if not. how m any in-between samples 

should be dropped to ensure independence of the rem aining. The th ird  num ber is 

how many saved sam ples are necessary to produce valid estim ates. VVe investigate 

these in the following sections.

4.5.1 Burn-in and Num ber of Iterations

We use the  program  G ibbsit (R aftery and Lewis. 1992) to determ ine run lengths 

for the  G ibbs-H astings sam pler. We introduce the  sam pler param eters, describe the 

G ibbsit program , and present the results.

T he num ber of iterations used in the  Gibbs-Hastings sam pler is denoted by M.  

T he burn-in period is the num ber of initial iterations which are not used in esti­

m ation . T he G ibbs-Hastings sam pler provides values from the  proper d istribution

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



50

asym ptotically  so we disregard the  first iterations until we can assum e the  Markov 

chain has converged to the  appropriate stationary  distribution. VVe define K  to be 

the  step num ber; after burn-in we use only every iteration  value in order to 

obta in  an independent sam ple for estim ating param eters.

The program  G ibbsit uses ou tpu t from an initial short run of a G ibbs sam pler 

to determ ine the necessary sam pler param eters to achieve specified precision on the 

estim ated  param eters. VVe specify the recom mended precision bound of .01 011 a 

95% confidence interval for the param eters x. J .  and 9.

The results we obtained from G ibbsit are as follows. For the sim ulation ex­

am ples. slightly conservative values for the sam pler param eters are .1/ =  10.000. 

burn-in=  2000. and K  =  2.

4.5.2 Convergence Diagnostics

The sam pler param eters are not guaranteed to provide convergence so we also 

use several convergence diagnostics to m onitor convergence of the G ibbs-Hastings 

sam pler. One convergence diagnostic m ethod is to m onitor sam ple paths of the 

param eter values. The sam ple values should settle  into a random  variation around 

some central value. This procedure is straightforw ard for J .  0Q. and 0\. but is not 

feasible for site values, e ither x.  or p, since there are 1600 values of each param eter 

for every iteration.

Since m onitoring each site is unrealistic we consider a function of the site  values 

which we call the  C-index. The C-index m easures the num ber of sites whose differ­

ence between predicted probability of presence a t iteration t and iteration (t — I) 

differs by more than  0.05. Thus the C-index measures the num ber of sites whose 

predicted probability of presence is changing even moderately. T he C-index a t th e
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itera tion , C-index*. is defined

v
C-index* =  ^  I [| p..t_, -  p,.t |>  0.05] .

1=1

VVe diagnose convergence by m onitoring the sam ple path  of the C'-index* as well as 

3, 0Q. and 0\.

Figure 4.10. Figure 4.1 L. and Figure 4.12 show the sam ple path convergence 

diagnostics for Examples L - 3. The top plots are sam ple paths for 3. 0Q. and 0y. 

respectively. There are 4000 values shown because M = 10.000. burn-in =2000. and 

only every o ther value was retained for estim ation  purposes. The bo ttom  plot is 

the  sam ple path  for the  index on p. C-index*. T he C-index is shown for all 10.000 

iterations. These plots show, as expected, th a t the param eters are correlated. There 

is some question as to w hether the  sam ple paths for the param eters have converged 

and longer runs may be needed for improved param eter estim ates. However, the 

m ain in terest is in the maps of mean predicted probability of presence.

To investigate convergence of the scene, we also m onitor the mean predicted 

p robability  of presence m ap for sequences of 400 iterations. VVe use this m ethod 

for all exam ples but display the resulting sam ple path of images for Exam ple 2 

in Figure 4.13. These plots indicate convergence of the predicted probability  of 

presence maps.

4.6 Sensitiv ity  Analysis

T he estim ation procedure for the autologistic model w ith covariates for sam ple 

d a ta  m ay be sensitive to hvperparam eter values chosen for 3.  90. and 0y. The 

hyperparam eter values for 3  are the gam m a distribution  param eters shape =  xv and 

scale =  q . T he hyperparam eter value for each 0u is th e  variance for th e  norm al
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distribu tion . We perform ed a sensitivity analysis to determ ine if the  estim ation 

procedure is robust to  these specifications using the  setup of Exam ple 2 in Figure 4.4. 

T he regular hyperprior d istributions we used in the  exam ples presented above and 

also th e  hvperprior distributions we consider for the  sensitivity analysis are shown 

in Figure 4.14. T he first row of densities represent narrow hvperprior distributions.

x (.J) =  G a m m a ( l ,2 ) .

T ( f f k ) =  N (o .3 2) . (4.2)

for k =  0. I. The second row of densities are the  hvperprior d istribu tions used in 

the exam ples.

x (  J )  =  G am m a(2 . 1.5).

x ( 0 „ )  =  N(0 .10'2) .  (4.3)

for k = 0. I. T he bottom  row of the  figure displays hvperprior d istribu tions which

are more broad.

x(/J) =  G am m a (3 .2 ) .

n { 0 k) =  N (o .202) . (4.4)

for k  =  0. I.

VVe do not consider a hvperprior d istribu tion  for J  which allows values less

than  zero as clustering of species was an assum ption of the  analysis. We also do not

consider different location hyperparam eters for the  9k's since we have no reason to 

choose a  hyperprior distribution which is not vague in its location. We use the  same 

s ta rtin g  values th a t we use in th e  exam ples since the chain is robust to  these inputs. 

We run the  sensitivity  analyses using th e  sam e sam pler param eters of burn-in =
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2000 and  N =  10,000. VVe use every second sampled value (K = 2) for estim ation. 

Based on m onitoring of scenes of predicted probability of presence, we concluded 

th a t these sensitivity analyses had converged.

T he initial com parison for sensitivity  to hyperparam eter specification is on the 

prediction scenes shown in Figure 4.15. T he top image was produced using the 

narrow hvperprior d istribu tions in Equation 4.2. The narrow hvperprior d istribu­

tions constrained the sam ple values too much to allow proper posterior coverage. 

T he posterior d istributions are displayed in Figure 4.16. The posterior d istributions 

from the  narrow hvperprior d istribu tions are narrow themselves.

T he regular and broad hvperprior distributions result in very sim ilar images 

and posterior d istributions. This indicates th a t the procedure is robust to hvper- 

param eter choice when the  spread in the  hvperprior d istribution  is broad. Thus 

hvperparam eters should be chosen conservatively.

VVe further investigate the  effect of hyperparam eter specification, by com paring 

the  estim ates of the param eters and their posterior d istributions. Table 4.5 displays 

the estim ates and standard  deviations for the coefficient param eters from three 

hyperparam eter value specifications. Again, these results indicate th a t the narrow 

hvperprior d istributions can im pact the results. However, note th a t inferences based 

on all three set-ups will be sim ilar. All m ethods show a positive spatial correlation 

between sites and a negative in tercept. All m ethods also indicate a positive rela­

tionship between the  covariate and probability of presence, however the  param eter 

is not significantly different from zero for the narrow hvperprior d istributions.

VVe include two measures used to com pare the site param eters in the  sensitivity  

analysis (Table 4.5). VVe consider the num ber of misclassified sites which is the 

sum  of the absolute value of th e  difference between predicted presence/absence at
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a  site and the tru th . Presence is predicted for sites w ith p >  0.5. The num ber of 

misclassified sites for the regular and broad hyperprior d istributions are sim ilar at 

219 and 211. while the  narrow hyperprior distributions result in m ore misclassified 

sites. 336. Since com parison of all individual sites is not efficient we com pare the 

predicted probability of presence for only the three sites p ic tu red  in Figure 4.17. 

Site #  1010 is a definite presence site, site #1298 is a site on the border of a 

cluster, so estim ation is more difficult, and site #205 is a definite absence site. 

Note the sim ilarity between the  regular and broad hvperprior d istribu tions and the 

com paratively poor predictions from the narrow hvperprior d istribu tion .

4.7 Conclusions

The autologistic model w ith covariates for sam ple d a ta  provides improved pre­

diction over the logistic regression and the basic autologistic model. The examples 

we present dem onstrate the ability of the model to utilize both  spatial inform ation 

and covariate inform ation to  form reliable predictions based on lim ited observed 

presence/absence inform ation. The estim ation procedure we suggest provides rea­

sonable posterior estim ates using broad hvperprior d istribu tional inform ation.
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Figure 4.1: Setup and O utput Maps for Example L
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Figure 4.3: H istogram of Predicted  P robability  of Presence for Presence and Absence 
Sites Separately for Exam ple L
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Figure 4.4: Setup and O utput Maps for Example 2
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Figure 4.5: Posterior D istributions of Coefficients for Exam ple 2 w ith Kernel Esti­
m ate
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Figure 4.6: H istogram  of P redicted  Probability of Presence for Presence and Absence 
Sites Separately for Exam ple 2
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Figure 4.7: Setup and O utput Maps for Example 3
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Figure 4.8: Posterior D istributions of Coefficients for Exam ple 3 w ith Kernel Esti­
m ate
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Figure 4.9: H istogram  of P redicted  Probability  of Presence for Presence and  Absence 
Sites Separately for Exam ple 3
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Figure 4.L0: Convergence Diagnostics: Sam ple Paths for Exam ple I
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Figure 4 .LI: Convergence Diagnostics: Sample Paths for Exam ple 2
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Figure 4.12: Convergence Diagnostics: Sample Paths for Exam ple 3
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Figure 4.13: Convergence Diagnostics: Sequence of Images for Example 2
Iterations 2000 - 2800 Iterations 2800 - 3600

0 10 20 30 40 0 10 20 30 40

Iterations 3600 - 4400 Iterations 4400 - 5200

0 10 20 30 40 0 10 20 30 40
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Iterations 6800 - 7600 Iterations 7600 - 8400
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Iterations 8400 - 9200 Iterations 9200 • 10000
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Figure 4.14: H yperprior D istributions for Sensitivity Analysis
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Figure 4.15: O u tp u t Maps from Sensitivity Analysis 
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Figure 4.16: Posterior D istributions of Coefficients from Sensitivity Analysis w ith 
kernel estim ate
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Figure 4.17: Comparison Sites for Sensitivity Analysis
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C h ap ter  5

ESTIM ATION OF DETECTABILITY

We have assum ed, thus far. th a t the observed presence/absence d a ta  are ob­

tained w ithout error. However, for many species the probability of detection, given 

presence, is less than  one especially under various hab ita t, w eather, and sampling 

conditions. In C hapter 3 we extended the autologistic model to account for sample 

d a ta  and included covariates related to species presence. We make a further ex­

tension to the  autologistic model to estim ate detectability  for a species at each site 

in the area of in terest. Each site has a possibly different probability of detection 

which we assum e can be estim ated  using covariates related to detection. Possible 

covariates related to  detection might be aspect, percent ground cover, w eather con­

ditions. or the am ount of tim e spent searching a given site. We use a function of 

these covariates to estim ate  probability of detection for a species at each site via the 

likelihood function of the  d a ta  given the param eters.

We derive this extension to the autologistic model w ith covariates for sample 

d a ta  for estim ation  of detectability , describe an estim ation algorithm , and dem on­

s tra te  its u tility  through two exam ples.

5.1 N otation

We denote the  q covariates th a t we suspect are related to  detection  by an 

'V x ( q +  1) m atrix  W .  We include an intercept term  in th e  detection function so
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th a t the first column of W  is a colum n of ones. We introduce new param eters A =

function. All o ther notation is the  sam e as the notation  sum m arized in Table 3.1.

5 .2  L ik e lih o o d  F u n c tio n

We propose a likelihood function for the observed presence/absence given the

sence a t a  sam pled, presence site. The probability of nondetection is calculable for 

sites which were searched, a, =  I. and absence was recorded. y, =  0. We assume 

th a t species presence is observed w ithout error so th a t if y, =  I the probability of 

nondetection is zero. For sites which were not searched, a, =  0. the probability of 

nondetection is one since we cannot observe the species if we don 't sam ple. The 

likelihood function for the d a ta  given the  tru th  th a t distinguishes these scenarios is 

as follows

nondetection. To illustrate, consider Figure 5.1 which portrays a hypothetical re-

(A0. ----- A,) which are the coefficients for the detection covariates in the likelihood

tru th  wherein the  probability of nondetectiou using a  logit function of the detection 

covariates. The probability of nondetection is the probability th a t we observe ab-

.v

(5.1)
a, =  1 and x, =  I.

for i =  I  .V and w, is the  tth  row of the detection covariates m atrix . IT. Thus

th e  likelihood function sim ply states th a t the probability of nondetection is a logit 

function of the detection covariates. W . and coefficients. A. for sites w ith possible

lationship between percent ground cover and probability  of nondetection for sites
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w ith true  species presence given by

Pr(y

Probability  of noncletection for individual sites will fall somewhere along th e  line

shown here.

This likelihood function extends the  model of Heikkinen and Hogm ander (1994. 

HH hereafter) which involves only three levels of search intensity. HH use a c a t­

egorical variable m ultiplier to include detectab ility  which in their case represented 

search intensity. One category corresponded to no search which was their approach 

to  utilizing sam ple da ta . O ur approach will be m uch more widely applicable.

5.3 Prior and Posterior D istributions

In a hierarchical Bayesian setup we define prior d istributions, hvperprior d is tri­

butions, and the  posterior d istribution of the  param eters given the data . Based on 

the likelihood function in Equation 5.1 we define two prior d istributions. rr(j*) and 

~(A). The prior d istribu tion  for x,  by the locally dependent Markov random  field 

(LD M RF) assum ption, is given in Equation 3.5 as

This is num erically in tractab le  due to  the sum  in the  denom inator over all possible 

configurations of presence/absence on th e  lattice.

We specify th e  prior d istribution  for the  nondetection coefficients. A. to  be a 

vague m ultivariate  norm al d istribution. A ~  iV(0, Ey). where Ey is a  diagonal co-

t  (x I 3. 0) oc exp 0T 4- (5.3)

variance m atrix  w ith ( r 2o. r 2( , ___ t 2̂  on the  diagonal. The values ( t ?q , r 2( ____ _

are hyperparam eters to  be chosen. We assum e a priori  m utual independence of 

Aq,. . . .  A,.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

We use the  hvperprior d istributions for 3  and 9 th a t we specified in Sec­

tion 3.2.2, so 3  ~  r ( i / \ a )  and 9 ~  N(0,  E).

T he posterior d istribution of the  param eters given the d a ta  is

P ( i ,A , J .0  I ^  I £, A) 7r(A)7r(.r | 3 . 9 ) t t ( J ) ; t ( 0 ) . (5.4)

5.4 Estim ation

T he posterior d istribu tion  is in tractab le  due to the sum in the denom inator so 

we present an extended version of the G ibbs-H astings sam pling algorithm  described 

in Section 3.3 for estim ation of the param eters x .  A. 3.  and 9. The G ibbs-Hastings 

sam pler utilizes the full conditional d istributions for all param eters to obtain pos­

terior estim ates. The distributions and quantities which are necessary for the esti­

m ation procedure are the full conditional d istributions, the pseudolikelihood d istri­

butions for 3 and 9, the negative log d istributions used to estim ate means for the 

proposal distributions in the Hastings-M etropolis steps, and the Fisher inform ation 

used to estim ate  variances for the proposal d istributions for the  Hastings-M etropolis 

steps.

We derive these new distributions and quantities for sam pling x  and A values. 

We m erely present the updated  distributions and quantities for 3  and 9 since they 

are analogous to those derived in Section 3.3. We then review the steps of the 

G ibbs-H astings estim ation procedure for this extension.

5.4.1 Full Conditional D istributions for Presence/A bsence (X)

T he full conditional d istribu tion  for x  is derived using the  posterior d istribution  

(Eqn 5.4), the  prior d istribution  for x (Eqn 5.3), the  likelihood function (Eqn 5.1),
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and the  a priori  m utual independence of y, 3 , and 0, The full conditional d istribution 

for x is defined

P (*  I a , y. A. 3 . fl)

P (i-A - 3. 0  | y. a)

P (A- 3 . 0_ | y. a^ 

f  {fJ-Q. i £.• A) ~ (A) 7T (x ] 

' ( A  ) - (3 )~{

= /  (y-Q. I -L- a ) rr (x \ 3.0)

x  (FE;=i P ! -r.-A)) e x p { ( £ " = 1 1 .x,  ) £ r +  s . j }

where s, is defined in Equation 3.24 and is a priori  e ither 0 or I. This distribution 

is in tractab le  due to the norm alizing constant in the denom inator.

The Gibbs sampling algorithm  uses the full conditional distribution for each 

param eter, so we are interested in the full conditional d istribution for {.r,}. The full 

conditional distribution for each x, is the likelihood function for the observations at 

each site multiplied by the conditional prior d istribution  for the  tru th , so

p(-r,  I A, 3 . 0 )  oc p(y,  j .r,. a,. A) tt (.r, | x ^ . J . ^ ) .  (5.6)

for i =  I  N.  T he conditional prior d istribu tion . tt(x; | x i5i. 3.0).  is given in

Equation 3.9. In particu lar there are three possible observed da ta  com binations 

corresponding to nonsam pled sites, observation of presence for sampled sites, and 

observation of absence for sam pled sites. These are fully outlined in Equation 5.7.

We first present the cases of presence and  absence separately for clarity. The full 

conditional d istribution for the  probability th a t a species is tru ly  present given 

observed presence/absence, true  presence/absence in the  neighborhood, and model
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param eters is defined

( x t =  L | y t,a .i .x  S, .A ,  J . j

=  P i y i  I -r. =  l . a ; . A )  *  (•£. =  f I £

exp ( r ,  0T +  s l7j )  . a, =  0.

i ^ xpU xT) exp ^  +  S‘J ) ' a ‘ =  1 and y‘ =  °-

t S ^ F T - p  ^  ~ + s,:i) • a ‘ =  1 and y ' =  L

oc

So for a site which was not searched, the probability th a t the species is tru ly  present 

is a function of the h ab ita t and spatial covariates and if the site  was searched, the 

probability th a t the species is truly present is also a function of the probability of 

detection, depending in tu rn  on observed presence/absence. The probability th a t 

a species is tru ly  absent given observed presence/absence, true  presence/absence in 

the neighborhood and m odel param eters is proportional to

p (x, =  0 | yt, a , . x  J(. A, = p(y,  | x : =  O.a,. A) x (x, =  0 | x 5|. J . f / j

I. a, = 0 or «, =  I and y, =  0.
-x

0. a, =  I and y, =  I.

So for a site which was not searched, or absence was observed, the probability  th a t 

the species is truly absen t is proportional to one and for a site which was searched 

and presence observed, the  probability th a t the species is tru ly  absent is zero. We 

combine the  above proportional full conditional distributions to  fully specify the full
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conditional d istribution  for species presence a t site i

e x i
rt, = 0.

l + e x p f i ,  S T£, +*id

p  (x, = I | y i . a t. x  St. A, J.fl)
y, =  0 . u , =  I.1 + ------ -̂----r-«p(r

l + e x p ( i u 4 A r )  -  »

=  I. y, =  l . t i ,  =  L.

for i = I  .V. The full conditional d istribu tion  for true  presence at site i. x,  =  L.

is a function of covariates. For sites which were not searched the probability of non­

detection is one so only covariates related to species presence are used. For sites

to  the  posterior probability of presence through covariates related to detectability . 

Large probability  of nondetection at s ite  i increases th e  posterior probability of

rior probability of presence a t site i. [f the species was observed a t the site then 

nondetection is zero and the predicted probability of presence is one.

pling from this d istribution  is straightforw ard. T he routine described in C hap ter S. 

Section 3.3.2. can be used to carry out the  sam pling.

5.4.2 Full Conditional D istribution for N ondetection  Coefficients

To ob ta in  estim ates for A, the  nondetection coefficients, we sam ple from the 

full conditional d istribution  for each Aj, j  =  0 , . . . ,  q. We use the likelihood function

th a t were searched and absence observed the probability of nondetection contributes

presence a t site i. Small probability  of nondetection a t site i decreases the poste-

Equation 5.7 fully specifies the full conditional distributions for {x,}. Sam-
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(Eqn 5.1), th e  norm al prior distribution for A, and the a priori  m utual independence 

of y, 3.  and 0 to  obta in  the  full conditional distributions

p (Aj | y. a, x,  A _r  3,0)  oc f  (y. a \ x.  A, 3.0)  tt (A7)

=  /  ( y < a I J , a )  tt ( A j)

=  P ( i / * >  « «  I - r . - A ) ^  j r ( A j )

'  exp ( i / , ( ^ A r) ) X

a,=i I +  exp (ic, At ]
\ y .  =  i

(•27rr()-l/-e x p  (5.8)

for j  =  0 ......... </. The product in this full conditional d istribu tion  is over sites which

were searched and presence observed. If the species is not present at site i there is 

no possibility of nondetection and hence no contribution to the likelihood function. 

Sites which are not searched have probability of nondetection equal to  one.

This full conditional distribution for Xj . j  =  0  q is fully specified but is

difficult to sam ple from due to the normalizing constant so we use a Hastings- 

M etropolis step to obta in  sample values. T he H astings-M etropolis step requires 

the  target d istribu tion  which is the full conditional d istribu tion  and a proposal 

d is tribu tion . We use a norm al proposal distribution where the param eters are equal 

to  the m axim um  likelihood estim ates from the ta rge t d istribution.

T he full conditional d istribution for A is a nonlinear function so we utilize a 

quasi-N ew ton m inim ization algorithm  to obtain the  M LE’s for use in the proposal 

d is tribu tion . We m inim ize the negative of the log of the  full conditional d istribu tion  

to  obta in  th e  MLE for A, AMLE. T he negative of the  log of the  full conditional 

d istribu tion  is

- l o g p  (A, | y ,a ,x ,A  =  -  log [/(y ,a  | i ,  A)7r(Aj)]
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=  - l o g
t t  exp(j/,-(iu,A )) 1 ( ~ ^ j
i i  , . ,  exP
a, = I *•

U/.=
,=i 1 + e x p ( i ^  At ) \ '2t ^
* = 1

=  Z  AT +  log( l  +  exp(tc, Ar ))
ot = l
y* = i

for j  =  0 q.

T he variance for the normal proposal d istribution is obtained as a function of 

the  Fisher inform ation. We derive this variance as follows.

' j . M L E

d 2 log p {\ j  
c)Xj

-1

A , = A

d 2
dx) Z  [you*Ar -  i°g( i +  exP(au A7 )]

at=l 
J/i = l

~~2 logC’rr^  ) -
- t

_ d _

d \ ,
^  (  f^ .ex p lic , Ar ) \  \
Z  -  t t — ;—vn ~ t t\  l +  e x p (u ;1 A ) /  r x

ILu __________
^  (1 4- exp{w,  A7 ))2

-J/.= l

ic'fj exp{Wi Ar )

-i-

j = ' ; , M L E

+

•in

(5.9)

=  MLE

At iteration t the Hastings-M etropolis step for obtaining sample values for

X j . j  =  0  q is as follows. We obtain m axim um  likelihood estim ates AJiMLE and

. We then sam ple a value from the proposal d istribution  with these param e-
A . m l e

ters. This sam pled value is accepted with probability

p W W - ’)

p ( * r w )
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j .M L E

n : = , p ( » i  I ■r . .A , ,“ ‘l)  rr ( A ' ' - " )  O

If Ay> is not accepted, the previous value. A**-1* is used.

5.4.3 Full Conditional D istribution for M odel Param eters

Next we present the H astings-M etropolis steps used to ob ta in  sam ple values 

for model param eters 3  and 0 at iteration  t. This step is sim ilar to  the Metropolis- 

Hastings step described in Section 3.3.3. The full conditional d istribu tions for 3 and 

0 are given by

p ( 3 | (/. a. x,  A. 0) x  p (z  | y, a, A, 3.  0) p ( .i | y. a. A. 0^

= p  (x | .(/. a.  A. 3 . 0 .) -  (3). (o.ll)

and

P (&k I .(/• i.! A, 0 x  p  (x | ;y. a. A. J. 0. ) p  (Ok | tj. a .  A. 0

=  P ( -11 J/.tb A, J .0 . )  rr (0fc) . (5.12)

for k  =  0 p. These distributions are in tractab le due to the  in tractab le full

conditional d istribu tion  for x.

Since th e  inform ation from border sites is lim ited, we restric t the pseudolikeli­

hood to include only interior sites (as in Section 3.3.3.2). We define 6, for site i th a t 

is 1 if site  i is interior and was sam pled and 0 if site i is a  border site or was not 

sam pled. We present the  full conditional pseudolikelihood d istribu tions for 3 and 0 

which we use as the target d istributions in the  H astings-M etropolis steps. We then

(o.lO)

j .M L E
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present the  proposal d istribu tions which are normal w ith means equal to  the m axi­

mum pseudolikelihood estim ates and  variances derived from the Fisher inform ation 

of the pseudolikelihood distribu tions.

We use the full conditional d istribu tion  for j*, given in Equation 5.7 to obta in  

the  full conditional pseudolikelihood distribution  for x

v
pl (* I y-k- A? =  IX P ( x i I .Vi> bi .x  ,5 . A, 3. o)

1=1

.v- n
■=i

l-t-exp(iiL, V
f— tt e x p U ^  +  .SiJ)

-£*« n

i )

( I -  V.  )

.(5.13)

This full conditional pseudolikelihood d istribution is used in the full conditional 

pseudolikelihood d istribu tion  for 3

pl (.i | y .6 .x. A,£) =  pl (x  | y.b.X.  3 . 0)  tt{3)

- n 3'r 1 exp ( —3 / a )

" =" 1 +  ( l T T ^ F i ) ' exP ( - 2 r  +  s ' J >

Similarly, the  full conditional pseudolikelihood for 0k is 

pl (#& I y. k, x.  A, 3,  d _ fc) =  pl (x | y . 6, X , 3 . 0) x (0k )

(  l+exp(ju, A1') )  r a P ( - . 2 T +  S- ; )= n
'■=° 1 +  ( T T S ^ F i ) ' exP(- 2 ' r  +  s -J »

( 2 f T ^ ) - , / 2 e x p  .

for k  =  0 ,1 ,  p.

Next we obta in  the M LE’s which we use as the param eters in the  proposal 

d istributions. T he pseudolikelihood d istribu tions are nonlineax functions so we use
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a quasi-N ew ton m inim ization algorithm  on the negative of the  log of the  full condi­

tional pseudolikelihoods to obtain  the m axim um  pseudolikelihood estim ates J M p l e  

and Q_MPLe. T he negative log full conditional pseudolikelihood distribu tion  for 3  is

— log pi ( 3  | y. 6. x, A.

=  -  Y i  [•*■*'{bilo§ 1 +  e x p ( t ^ a 7-)] +  =t i r  +  j }
y, =o

-  log ĵ l +  | l /  [l +  exp(t£  Ar )j} ‘ exp( 0 r +  .s..*)Jj 

- ( ( / • — 1) log J  H (- <r log a  +  log n  v ).
o

T he negative log full conditional pseudolikelihood d istribution  for 0* is

- l o g pi (Of. | y.  b, x ,  A, 3 . 0

=  -  YL [bi lo§ ( 1 +  e x p ( ^  a t )) +  =i fiT +
Vi =0

- l o g  +  [ t /  ( l  +  exp(uji Ar ))] ‘ <,xp ( c , 0 r +

I , 2 H+  -log (27rrfc) +

for k  =  0 p.

T he Fisher inform ation is used to obtain  m axim um  likelihood estim ators for 

the variances in the proposal d istributions. We present the derived variances below.

°"̂ MPLE
a 2 log pi {3)

8 3 2

- i

^ = 4 MPLE

b,
- h

E
s‘ G -w p ln U 1'))  ” P(- 2 T +  S- J ) c, -

/  \* . ~ \ 2 +  3 2
*' °  ( X +  ( i + « p L . a ; ' ) )  e x P U i & T  +  ^ 0 ) )

(5.14)

j = d MPLE
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fl(c,MPLE

cl2 log pl(Ok)
dei

-1

■ 0fc=0*.MPLE

b.

Z
y, =o

( » + ^ p k A r ))  exp( - + -SiJ)

I + 17Trr )  e*pUi £ r  +  'l+ ex p t t t j  \ l )

- 1 -1

(5 .1 5 )

f̂c=̂ fc.MPLE

for A =  0  p.

T he Hastings-M etropolis steps at iteration t for obtain ing sample values for J  

and 0 are as follows. We obtain m axim um  likelihood estim ates and then sample 

values from the norm al proposal distributions

and

A (^MPLE' ° J MpLE) •

A  ( ^ f c .  M P L E  • (*~3 k  MP L E  )  '

15.15)

(5.17)

for A =  0  p. The values are accepted with probabilities analogous to Equations

•'5.22 and 3.23. If a new value is rejected the previously sam pled value is used.

5.4.4 Gibbs-H astings Sampler

We review the  steps in the Gibbs-Hastings estim ation  algorithm  for the autolo- 

gistic m odel w ith covariates and detection param eter for sam ple data. We initialize 

the values of s ( ° \  f l °K and 0*°’ as described in C hapter 3. The detection coefficients. 

Al°>. are initialized in the  same m anner, using estim ates from a logistic regression 

on th e  sam ple da ta . At iteration t one cycle of the  G ibbs sam pler is described as 

follows:
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1. C alculate the predicted probability of species presence, p ((). given in Equa­

tion 5.7 and the spatial covariate. s (t). given in Equation 3.24 for groups of 

independent sites as described in Section 3.3.2

2. Sam ple .r(‘*. the proposed estim ate of the tru th , from Bernoulli (p(t)) (Eqn 5.7)

3. Sam ple each Â  for j  =  0......... q using the  H astings-M etropolis step described

in Section 5.4.2

4. Sam ple each flj/'for k  =  0......... p and J (() using a Hastings-M etropolis step as

described in Section 5.4.3

These steps are iterated  until convergence as described in Section 3.3.5.

5.5 Exam ples

We present two exam ples to dem onstrate  the im provem ent in prediction over 

the autologistic model w ith covariates for sam ple d a ta  m ade by using the modified 

likelihood function to estim ate  detectability . The sim ulation setup  is the sam e as 

C hap ter 4.

For the first exam ple we use one covariate. which is p ictured in the top left 

of Figure 5.2. This covariate is confusing since it displays good hab ita t in some 

areas of species absence. We specify a covariate related to  detection. tt\ which is the 

top right scene in Figure 5.2. In our sim ulations, high values of w (darker pixels) 

correspond to lower detection of the species. T he observed presence/absence d a ta  is 

ob ta ined  as follows. We generate site  num bers from a sim ple random  sam ple of size 

L60. If th e  species is present a t a  sam ple site we observe presence w ith probability  

t+exp2(2-iw ~) • otherwise we observe absence. This probability  is th e  defined functional
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form of the  likelihood function w ith intercept 2 and slope -3. Using this detection 

function, we observed absence at 14 sites which actually  contained the species. The 

bo ttom  left scene of F igure 5.2 shows the tru th , the  sam ple sites, and th e  observed 

presence sites. T he sites w ith observed presence are black, the sites w ith observed 

absence are m edium  grey, sites w ith true  presence are light grey, and sites w ith true 

species absence are very light grey. Hence m edium  grey sites which are w ithin the 

light grey areas are sam pled sites a t which the species was 'm issed '. The prevalence 

of nondetection is greater tow ard the top where the detectab ility  covariate is large: 

for exam ple corresponding to high percent ground cover.

The resulting predicted probability of presence from the autologistic model with 

covariates and estim ated  detection for sam ple d a ta  is shown in the bo ttom  right. 

These results are very sim ilar to Exam ple 2 in C hapter 4 where there are no obser­

vations in the top portion although there is a swath of good hab ita t. Although no 

presence was observed in th e  top right corner, the predicted probability of presence 

there is high. This area of high predicted probability corresponds to good habi­

ta t. The sensitivity  and  specificity (Eqn 4.2) are 0.96 and 0.83 respectively. These 

measures indicate th a t the  model is predicting correctly m ost of the tim e but is 

less accurate a t predicting tru e  absence. T he results from the  model w ithout de­

tectab ility  are 0.79 and  0.97 for sensitivity and specificity. Thus it seems there is a 

tradeoff of sensitiv ity  and specificity in prediction by using detection inform ation in 

th is case. H istogram s of th e  predicted probability of presence for groups of absence 

and  presence sites is given in Figure 5.3. T here are a  few absence sites w ith high 

predicted probability  of presence bu t overall the predictions show two groups of high 

and  low predicted probabilities which m atch true  presence and absence.
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In Exam ple 2 we use the  sam e covariate related to species presence, r .  The 

detectab ility  covariate, w,  now corresponds to  b e tte r detection toward the  top of 

the la ttice. The observations were form ulated as in Example I using probability  of 

observing presence use<  ̂ a different detection param eter here to

accom m odate the altered  detection covariate values. Here, we m istakenly observed 

absence at 9 sites. The observed scene is set up as in Example I. Note th a t there 

are no observations of presence in the bottom  half of the lattice. This is sim ilar to 

the observed presence/absence d a ta  in Example 3 from C hapter 1. The sam ple sizes 

are sim ilar. 180 for Exam ple 3 from C hapter 4 and 160 for these exam ples. The 

predicted probability of presence is shown in the bottom  right of Figure 5.4. The 

predicted probability of presence for the area of 'm issed ' species at the bo ttom  of 

the area of interest is higher than  from the predicted probability of presence from 

the  model w ithout detection. The top portion indicates a loss in specificity when 

using detection. The sensitivity  and specificity for Example 2 are 0.7 and 0.84. 

respectively. The sensitivity  and specificity for the model w ithout detection was 

0.66 and 0.98. Thus showing the sam e tradeofF we observed in Exam ple I. The 

histogram s of predicted probability of presence (Figure 5.5) show th a t there are two 

groups of predicted probabilities, and th a t there is some error in their m atching 

w ith true  presence and absence due to the lack of observed presence inform ation in 

the bottom  half.

5.5.1 Conclusions

The addition of a detectab ility  covariate has made a further im provem ent in 

sensitiv ity  of prediction for situations w ith poor or misleading inform ation. T here is 

a  slight reduction in specificity by using the detectab ility  covariate. T he im portance
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of the tradeoff will vary from application to application. T he am ount of observed 

presence/absence inform ation we used in the  estim ation of the detection param eters 

for these exam ples is small. More covariate inform ation from observations with 

species presence would be necessary for precise estim ates of A.
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Figure 5.2: Example 1: Demonstration of Detectability Estimation
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Figure 5.3: Exam ple 1: H istogram s of P redicted  Probability  of Presence for Absence 
and Presence Sites.
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Figure 5.4: Example 2: Demonstration of Detectability Estim ation
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Figure 5.5: Exam ple 2: Histogram  of P redicted  P robability  of Presence for A bsence 
and Presence Sites
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C h ap ter 6

D EV ELO PM EN T OF SAM PLING  DESIG NS

T he second goal of the  United States Forest Service (USFS) project is to design 

sam pling plans to  im prove detection of rarely observed species. The sam pling plan 

needs to  satisfy certain  cost or sample size constrain ts and m axim ize the  expected 

num ber of sam ple sites which are occupied by the species of interest. At the sam e 

tim e the  sam pling plan should provide a design unbiased and efficient estim ator 

of th e  to tal num ber of occupied sites. We investigate sam pling plans with these 

goals in m ind. The sam pling plans we consider use the predicted probability of 

presence from the autologistic model with covariates for sam ple data . We introduce 

sam pling plans which incorporate predicted probability of presence in the sam ple 

selection scheme or estim ation  procedure.

T here are two m ain considerations for sam pling plan developm ent in the USFS 

pro ject. The first goal is to maximize detection of the  species of in terest. We 

will utilize the predicted probability of presence from the  autologistic model with 

covariates for sam ple d a ta  to increase the probability of sam pling occupied sites. A 

good fitting model will serve to maximize detections, bu t th e  predictions are not 

w ithou t error. T he sam pling plan m ust be robust to  possible errors in prediction.

T he  o ther goal in sam ple design for the USFS pro ject is to  provide an estim ator 

of th e  to ta l num ber of occupied sites which has an acceptable m ean squared error. 

We consider unbiased estim ators since for this single objective a  'best* estim ator
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would a tta in  m inim um  variance. Different sam ple plans are required to achieve 

these two goals. We investigate several sam pling plans which provide a reasonable 

com prom ise between the two goals.

A naive sam pling plan would cover the  area of interest evenly. Ignoring available 

inform ation, such as the predicted probability of presence, sites would be equally 

likely to contain the  species a priori. We have developed the autologistic model w ith 

covariates for sam ple d a ta  to obtain  predicted probability of presence for the species 

of in terest for each site. We investigate three sam pling plans which use predicted 

probability  of presence to select sam ple sites: sam pling with inclusion probabilities 

proportional to the  predicted probability of presence, stratified sam pling, and fixed 

top s tra tu m  sam pling (see Section 6.4 for definition). We also consider simple ran­

dom  sam pling using the estim ated  probability in estim ation via the ratio estim ator.

T he chapter begins by reviewing and introducing notation. There are three 

classes of sam pling design which are introduced, sam pling with probability propor­

tional to estim ated probability, stratified sam pling, and fixed top stra tu m  sam pling. 

We introduce each along with their respective design param eter alternatives, and 

make com parisons along the way. Finally we dem onstrate the level of u tility  for 

each of the three models, the logistic regression model, autologistic model, and the 

autologistic model with covariates for sam ple d a ta , in designing sam ple plans w ith 

respect to expected num ber of sam ple detections and estim ation variance for chosen 

designs and estim ators.

6.1 N otation

We review notation  for the discussion of sam pling plans which is consistent w ith 

th e  previous chapters and  in troduce further necessary notation.
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The presence or absence of a species at site i is denoted by T he num ber 

of sites on the la ttice , which is the  population size, is N.  The predicted posterior 

probability of presence for site i is denoted by p, =  P(xi  =  I | y.a) .

The single draw sam ple inclusion probability is denoted by p,. T he definition 

of this will change depending on the  specified design.

In the sam pling plans described below, the sample size is denoted by n. For a 

stratified population, we use h as a  s tra tu m  index to identify the different s tra ta , 

and H  as the to ta l num ber of s tra ta . T he num ber of units in s tra tu m  h.  is denoted 

by The sam ple size for s tra tu m  h is ri^.

The to tal num ber of occupied sites in the population is denoted by X  =  x <-

The to tal num ber present in each s tra tum  is denoted by .Y/, =  £ i= hi x h.t- ^ ie sutn 

indicators for sites i in s tra tu m  h. Note th a t H /L i A\  =  .Y.

6.2 Sampling w ith Probability Proportional to Estim ated Likelihood

We assume the  predicted probability of presence for each site from a good fitting 

model is closely related to presence of the species. We propose assigning sam ple 

inclusion probabilities to sites based on the predictions from the autologistic model 

w ith covariates for sam ple d a ta . We refer to the predicted probability of presence as 

the estim ated  probability  and the  sam pling plans based on the estim ated  probability 

as sam pling with probability  proportional to estim ated probability  (SPL).

In SPL plans, sites are selected using one of three general approaches. The pro­

cedures for choosing sam ple points differ depending on w hether the  sites are "draw ” 

sequentially selected from th e  population of sites, or “list" sequentially  selected 

where each site in tu rn  is selected w ith a  given inclusion probability  (Sarndal et al..
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1991). We introduce th ree  sam ple selection approaches and com pare their estim a­

tors.

6.2.1 Sampling W ith  R eplacem ent

To sam ple w ith replacem ent each site is first assigned a single draw probability 

of inclusion which is proportional to the estim ated probability. p \  p,y. where

= (6.1) 
T . j =i Pj

Next the  single draw inclusion probabilities, p,-, and the cum ulative single draw 

inclusion probabilities. J2k= l  Pk> are calculated for all sites. A uniform random  

variable between 0 and  1. u. is chosen and site i. i > I. is chosen to  be in the sam ple 

if Hfc=li Pk < u < Pk■ Site I is chosen if u < pi. The selection of n independent 

uniform  variate values [0. I) then  identifies the n site labels composing the sample.

The expected num ber of detections for SPL with replacem ent is easily deter­

m ined. Let t t be a random  variable which counts the num ber of tim es the 

site is included in the  sam ple. The expected value of t, is £ ( / ,)  =  npt. Then the 

sam ple num ber of observed occupied sites is D ^R =  - r w h e r e  x t is the true  

presence/absence a t site  i. Hence the expected num ber of detections for SPL with 

replacem ent is

E ( 0 ;  R) =  X > .-£ (* i)
1=1
:V

=  £ . r  inpi.
i=l

Sam pling w ith replacem ent m ay result in observing and counting an occupied 

site  m ore than  once. W hat is of in terest, however, is m axim izing the num ber of 

unique occupied sites. D. T he expected num ber of unique detections is obtained
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using an indicator, I[t,>i], which equals one when site  i is included in the sam ple at

least once. The expected num ber of unique sam ple detections is then

,v
e ( d w r ) =  y  x j E(  /ft. > i i)

■ = i

N
=  5Z >  i)

1 = 1

V
=  Y . X i ( [ - P ( t i = 0 ) )

1 = 1

.v
=  5 > , ( l - ( l  -  p , )rl)

:=i
,v

=  .V - P , ) T
1=1

T he expected num ber of unique detections is always less than  or equal to the  num ber 

of expected detections when sam pling is done with replacem ent.

The Hansen-Hurwitz (1949) estim ator of the num ber of occupied sites is

-v„„ = E  —

V r t,L 1 1 1

h  np>
•v t t

which is obviously an unbiased estim ator of .V. The variance of this estim ator is

This variance simplifies to

V ( V „ )  =  - ! - X > ( 4 - 2 . y -  +  -y 2
n \Pi Pi

=  i E ( - -  2-Vx,- +  . v O  
n t i \ P i  )

iV 2
=  i ( y  f l _ 2X 2 +  X 2)

n V t t  Pi /
\  (  N  X 2- -  (y  — -  x2
n \ ^ [  Pi

(6.3)
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We use this form of the variance for com parisons with o ther SPL m ethods.

6.2.2 Sam pling W ithout Replacem ent

In sam pling w ithout replacem ent, the  inclusion probabilities for unselected sites 

change after each draw. The calculation of all inclusion probabilities for sampling 

w ithout replacem ent is generally com putationally  prohibitive. For a sum m ary of 

many unequal probability m ethods <ee Brewer and Hanif (1983) and Cochran (1977) 

We consider only one technique, the  Rao. Hartley. Cochran m ethod (Rao et al.. 

1962) which has some desirable properties. The Rao. Hartley. Cochran (RHC) 

m ethod random ly divides the population into n groups, indexed by g. where group g

is of size . \3.g  =  I  n and £ j =l .Va =  .V. It is recommended tha t ,V7. g = I  n

be made as close to equal as possible. One unit is selected from each group with 

single draw inclusion probability which is proportional to the estim ated  probability, 

norm ed w ithin the group. The single draw inclusion probability for site i w ithin 

group g is

-  P‘
p'J-‘ y N  a / '

where f3,7 is the  indicator for inclusion of site j  in group g. The num ber of observed 

occupied sites for RHC is equal to

n  .V(J

^RHC =  ^  (6.-1)
3=1 j  = 1

where x g-J denotes presence or absence of site j  in group g. The expected num ber of 

sam ple detections for RHC can then  be determ ined using conditional expectation.

E (D ^ ac) — E

=  H  E { X] X9,JP9,J
i=l I J=1
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y-'v9
_ E  ̂ — 1=1 Xs,J^3,J

3 = 1

N

1=1

where Ra is a ratio  estim ato r in a SRS w ithout replacem ent of size S.j from .V. 

Hence this is a first order approxim ation of the expectation. The RIIC unbiased 

estim ator of the num ber of occupied sites is

n V'' x
v  =  E l ^ .

, j = l  .=  1 r 3*

The variance of this estim ato r, for the case .V, =  X / n . g  =  I  n. is

Thus, sam pling can be perform ed w ithout replacement and estim ation  of variance 

can be calculated easily using only the first order single draw inclusion probabilities 

(Sarndal et al.. 1991). Note th a t since ( n — I) <  (.V — L). V'(.VBHC) <  V(.VHh)- Thus 

SPL w ithout replacem ent, using the Rao. Hartley. Cochran m ethod, always a tta in s  

sm aller estim ation variance than  SPL with replacem ent. Note also th a t sam pling 

w ithout replacem ent achieves g reater expected unique detections.

6.2.3 Poisson Sam pling

Poisson sam pling (Sarndal et al.. 1991. C hapter 3.5) selects sites by sam pling 

list sequentially. Site i is selected w ith inclusion probability up, where it is assum ed 

th a t npi < 1. or p, <  1 /n  for all sites. Since each site is independently  selected or 

not selected with probability  np,-, the num ber of sites selected is a random  num ber.
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T he expected sam ple size is n.  This is easily shown since the expected num ber 

sam pled is the sum  of all np;,

;V .V - A
Pi £->j=l Pi

2 ^  nP‘ — 2 -  n - — n V /v - ~  n - i=i ;=i L . j= i Pj 2^ j= i  Pj

The expected num ber of sam ple detections is the sum  of the inclusion proba­

bilities over sites w ith presence.

.v
E iD ^ j )  =  x ,n p t.

i=i

and hence is approxim ately equal to  th a t for SPL w ithout replacem ent using RHC. 

An unbiased estim ato r of the num ber of occupied sites is

ri x
-VPO = £ — .

nP>

T he variance of the estim ator of num ber of occupied sites using Poisson sam pling 

for binary d a ta  is

.v
l ' (A 'p o )  =  ' * T n p i ( l - n p i )

■  s G H - '

■  i a - x

(np,)2

(6-6)

-VALT =  (6.7)

Sarndal et. al. (1991) present an alternative to  this estim ator used with Poisson 

sam pling, a ratio  estim ato r of the  num ber of occupied sites.

E N  t , x ,  
i=l

np,

T hey obtain an approxim ation for th e  variance of this ratio estim ator from a general 

regression es tim ato r framework as

iV T 9  V  iV r  Y 2 iV 1 V 2

V(VA„ )  *  z —  -  # £  —  +  —  -  -V + S r«P. w ^  n p i  N 2 np,- iV
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T he variances of these two Poisson sam pling estim ators com pare as follows.

Pi. and all sites w ith absence have the sam e inclusion probability, po. with pi >  pa. 

and X  <  .V/2. Thus the predicted probability of presence is greater for all presence 

sites and no m ore than  half the sites are occupied. We could expect this situation, 

a t least approxim ately, from the ou tpu t from the autologistic model with covariates 

for sam ple data .

6.2.4 Com parison of SPL M ethods

Next we com pare the four SPL m ethods. Since the expected num ber of de­

tections are approxim ately equal for RHC. PO and ALT. but is less for sam pling 

with replacem ent, and all estim ators are unbiased, we com pare only the estim ation 

variance obtained  from each m ethod. We note th a t V’RHC < V „H always. We com pare 

the  SPL m ethods to simple random  sam pling (SRS) with a ratio  estim ator as well. 

This es tim ato r has the  following form

V-'(.VALT) <  V’(-Ypo) i f

( 6 . 8 )

This is true  for instance if all sites w ith presence have the sam e inclusion probability.

.VSR S-R atio (6.9)

The variance of the  ratio  estim ator for SRS (C ochran. 1977) is approxim ated by

S R S -R a tio

We m ake som e general comparisons am ong variances and then make comparisons

based on sim ulated  populations.
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First

V'(.YPO)-V ( .V „ „ )  =  £  —  -  -Y -  -  ( E  -  -  ,y -n
fr[ m n Vtt Pi

X 2= - x  + —
n

- v  . . .
=  v ( - “\  n

If -V <  n.  then  l'(-Ypo) <  l ’(.YHH). If instead. X  > n. then V ( .YHh ) < V’(.YPl-, )• f ° r 

rare populations, we might expect ,Y < n and would prefer PO over HH.

We also com pare the PO variance to the RHC variance. Since for .Y > n. 

we already know th a t l'(.Y RHc) < V(.YHH) < V’(.YPO). we concentrate on the case 

.Y <  n.  Again we consider the difference in their variances.

V ( - Y p o )  -  V ( - Y r h c ) =  X~  -  -Y -  ( l  -  ^ i )  -  ( t  ~  •
n Pi v .v — I /  n Pi J

Assuming m we find

V(AV,.-V(.w» < .v !;

-

If pi =  y -  for all i such th a t x , =  I. then ^  =  X 2. and V(.YPO) =  V’(.YRHC). 

B ut, if for i such th a t j:, =  1. and stric tly  greater for some /. then  in fact

<  -Y2 . and C (.Y Po )  <  V (-YRHC). Thus, if the model predicts presence with 

fairly high probability for actual presence sites, the SPL Poisson sam pling m ethod 

m ay have sm aller variance than  R H C . Note th a t as .Y increases, the  p, generally 

decrease, and vice versa, so th a t in general V ( A PO) < V’(.YRHc)-
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We m ake no o ther general com parisons for the SPL m ethods, bu t use numerical 

studies to com pare the ir efficiency. In this sim ulation study we com pare the vari­

ance of the  estim ators by varying th ree characteristics of the  population. We use 

only three values for estim ated  probability of presence for sim plicity: the values are 

O.S. 0.5 and 0.1. T he first population characteristic we consider is the relationship 

between species presence/absence. .V. and the estim ated  probability , p. We consider 

three scenarios of this relationship The first possibility is th a t species presence corre­

sponds to large values of p. 'good ' prediction. The second possibility is th a t species 

presence corresponds to sm all values of p. 'poor' prediction. T he th ird  possibility is 

th a t species presence is not related to p. We discuss the sim ulation of the d a ta  for 

these three setups below.

The second characteristic we investigate is the d istribu tion  of the value of p. 

We consider a la ttice with 1600 sites. The first situation , denoted P i .  we consider 

is equal num ber of sites w ith p =  .8. p =  .5. and p =  . 1. T he second situa tion . P*2. 

assigns m oderate estim ated  probabilities to 1200 sites, high estim ated  probabilities 

to 100 sites and low estim ated  probabilities to 300 sites. T he th ird  situa tion . P3. 

has low estim ated  probabilities a t 1200 sites, m oderate es tim ated  probabilities at 

300 sites and high es tim ated  probabilities at 100 sites. T hese are sum m arized in 

Table 6.1.

The th ird  population characteristic  we consider is abundance of the species. We 

use three values for num ber of occupied sites. X  =  500.200. and 50. We consider 

perform ance a t th ree sam ple sizes n=  50. 250, and 400.

The d a ta  are generated as follows. The sites are assigned es tim ated  probabilities 

according to  one of the  setups described above. For the  good prediction scenario, 

presence is a ttached  to sites sequentially  from highest es tim ated  probability  to lower
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estim ated  probability up to th e  abundance num ber specified. For the poor prediction 

scenario, presence is assigned sequentially to  sites with lowest estim ated  probability  

to  higher estim ated  probability  up to the  abundance num ber specified. Note th a t 

th e  order within estim ated  probability  ’classes' is inconsequential since the  values 

are equal. The th ird  scenario has independence between estim ated  probability  and 

presence, so th a t presence is a ttached  to sites through random  num ber generation. 

The reported variance is th e  m ean of 100 runs of the random  num ber generation.

T he results are given in Tables 6.2. 6.3. and 6.-1. for the three p resence/estim ated  

probability  relationship scenarios. Bold values indicate the design and estim ato r 

w ith the  smallest com puted variance w ithin a comparison group. G enerally RHC 

is best, but for rare (X =  50) presence situations. RHC. PO . and ALT are very 

sim ilar with PO b e tte r in half of the six cases of Table 6.2. If presence is related 

to small estim ated probability  (Table 6.3) or when presence is not a t all related 

to estim ated  probability (Table 6.4) then SRS with the ratio  estim ato r is best. 

For presence independent of estim ated  probability, with larger sam ples and rare 

presence, the o ther estim ators approach the variance of SRS. Since we expect the 

model to perform well, so th a t presence is related to large values of p. we recom m end 

the RHC estim ator. In cases where PO is better, the difference is m inim al. We use 

the  RHC m ethod for the SPL sam pling results in the rest of our investigations.

6.3 Stratified Sam pling

O ur population, or area of in terest is believed to be heterogeneous w ith respect 

to presence of any particu lar species. T he  goals of this sam pling design are to m ax­

im ize detection of the  species and  provide an estim ator of to ta l num ber of occupied
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Table 6.1: Definition of P I , P2. and P3 for SPL Comparisons. N um ber of Sites w ith 
Specified p ____________________________________________

D istribution of E stim ated  Likelihood

PI P'2 P3

533: p  =  O.S 

533: p  = 0.5 

534: p  = 0.1

100: p  = O.S 

1200: p =  0.5 

300: p  =  0.1

100: p  = O.S 

300: p  = 0.5

1200: p  — 0.1

sites w ith m inim um  m ean squared error. We use the estim ated  probability as auxil­

iary inform ation in an a tte m p t to define s tra ta  which are homogeneous w ith  respect 

to the estim ated  probability. S tratification addresses both of our goals. Detection 

of species is m axim ized when the estim ated  probabilities correspond to presence of 

the species. The estim ated  probabilities have error which may result in decreased 

detection. Using a portion of the sam pling effort in low estim ated  probability  sites 

builds robustness into the sam pling design. Definition of homogeneous s tra ta  also 

increases the efficiency of the estim ator.

In this section vve explore the  elem ents of stratified sam pling (S tr). We first 

consider two m ethods for defining s tra ta , a com putational approach and a subjective 

one. We explore two sam pling selection plans w ithin stra ta , the SRS and RHC to 

see which makes m ore sense in our setup. We then consider various allocation of 

sam ple size m ethods, some involving only one goal, and m any which consider a 

com prom ise of cost, detection , and efficiency goals. We make some com parisons of 

s tra ta  definition, sam pling design, and  allocation in the sections they are introduced 

and make overall com parisons a t th e  end. T he comparisons we make are w ith respect
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to th e  expected num ber of sam ple detections and the variance of the estim ator of 

the  num ber of occupied sites.

6.3.1 N otation

We review the estim ators and notation  here to provide reference for the upcom ­

ing derivations and com parisons. YVe use h to denote the s tra tu m , where H  is the 

num ber of stra ta . For sim ple random  sam pling (SRS) within s tra ta , we utilize the 

ratio  estim ator
H

E f t . . ;V!»" =  £
k=l

Sh .

whose variance is

V ( - V ^ )  =  £

1=1

Y"'Vh xt. Vh /Y '‘Vh r t  \  " Sh
\ - 5 t r  .}  I , I  t— 1 = 1  1 V '  -2
•'stis./i “ Y-./V'h - +  [ ^ . \ \  - ] £^,Ph.i

l ^ i = l  Ph.i ,= l

•V*

E*vh “ /
.= l / W  .= 1

The other sam pling plan used is the Rao. Hartley. Cochran m ethod for sam pling 

w ithout replacem ent w ithin s tra ta  which utilizes its corresponding estim ator.

H nh Vh.j
• C h’c =  £  £  £

h,g,i

h = i a = i  i=i Pk'H't

and variance

v(.Clc) = £  (i -  ^ T i )  ±
1 > Tlh.

'.Vk

E —- (E *̂
Pfc..- Vi=T

6.3.2 Construction of Strata

We present two strategies for constructing s tra ta  and com pare them  using the 

expected  num ber of sam ple detections and the  estim ation variance.

O ne strategy for constructing s tra ta  from Dalenius and  Hodges (1959) was 

developed to obta in  op tim al estim ation  of a population to ta l, which is in our case
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the  num ber of occupied sites, from SRS w ithout replacem ent w ithin s tra ta . The 

estim ato r of num ber of occupied sites in this case is given by

H .\'h
Dins = ' Z T , t kJx hJ. (6.10)

h=lj=l

The m ethod forms s tra ta  tha t are equally spaced on the  scale of the cum ulant square 

root of the  density of an auxiliary variable. We use the estim ated  probability from 

the autologistic model with covariates for sam ple d a ta  as the  auxiliary variable. The 

m ethod is as follows. A frequency (F) and relative frequency (R .F .) d istribution  of 

the estim ated  probability  are constructed. N ext, the  square root of the  relative 

frequency is cum ulatively summed (Cumx/RLF). The s tra ta  are formed so tha t 

the cum ulant square root densities have approxim ately the  sam e range w ithin each 

stra tum .

We dem onstrate  this method using Exam ple 2 from Section 1.1.2. We dis­

play the  relative frequency distribution, and form ation of s tra ta  in Table 6.5. The 

colum ns for 3 S tra ta  and 6 S tra ta  display the partition ing  into s tra ta .

A nother approach is to subjectively form s tra ta  which are homogeneous relative 

to estim ated  probability. We dem onstrate using estim ated  probabilities for Example 

2 to form s tra ta . The histogram  of estim ated probabilities in Figure 1.6 seems to be 

either large (greater than  0.65) or small (sm aller than  0.1). We therefore consider 

s tra ta  formed by.

S tratum  I: 0 < P < 0.1

S tratum  2: 0.1 < p <  0.65

S tratum  3: 0.65 <  p < 1

We discuss sam pling among s tra ta , allocation of the sam ple w ithin s tra ta  and 

then  com pare these two m ethods of stratification.
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Table 6.5: Formation of S trata  Using C u m \/R.F. .

p F R.F. n/R .F . C um s/R .F . 3 S tra ta 6 S tra ta

0 - 0.03 489 0.306 0.553 0.553 1 I

0.03 - 0.05 615 0.384 0.620 1.173 1 2

0.05 - 0.10 151 0.094 0.307 1.480 2 3

0.10 - 0.15 45 0.028 0.168 1.648 2 3

0.15 - 0.20 24 0.015 0.122 1.770 2 4

0.20 - 0.25 20 0.013 0.112 1.8S2 2 4

0.25 - 0.30 15 0.009 0.097 1.979 2 4

0.30 - 0.35 13 0.008 0.090 2.069 2 4

0.35 - 0.40 20 0.013 0.112 2.181 2 I

0.40 - 0.45 16 0.010 0.100 2.281 2 5

0.45 - 0.50 14 0.009 0.094 2.374 3 5

0.50 - 0.55 8 0.005 0.071 2.445 3 5

0.55 - 0.60 11 0.007 0.083 2.528 3 5

0.60 - 0.65 11 0.007 0.083 2.611 3 5

0.65 - 0.70 16 0.010 0.100 2.711 3 5

0.70 - 0.75 21 0.013 0.115 2.826 3 6

0.75 - 0.80 30 0.019 0.137 2.963 3 6

0.80 - 0.85 22 0.014 0.117 3.080 3 6

0.85 - 0.90 19 0.012 0.109 3.189 3 6

0.90 - 0.95 0 0 0 3.189 3 6

0.95 - 1.00 40 0.025 0.158 3.347 3 6
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6.3.3 Sam pling W ithin Strata

We consider two m ethods for sam pling w ithin s tra ta : RHC and SRS. SRS in­

volves sim ple sam ple selection criteria and estim ation  formulas and is appropriate 

for homogeneous populations. We explore the possibility of using SRS w ithin s tra ta  

and the ratio  estim ato r instead of RHC since we construct s tra ta  which form ho­

mogeneous groups of sites relative to  the  estim ated  probability. We first compare 

expected num ber of sample detections and estim ation  variance for SRS and RHC 

and then  consider w hether the assum ption of hom ogeneity within s tra ta  is appro­

priate based on the  examples in C hapter 4.

T he expected num ber of sam ple detections using SRS is

/ l = l  • V/l

since the inclusion probability is n,h/Nh for all sites is s tra tu m  h. The estim ator for 

occupied sites using RHC within s tra ta  is

H nh Sh.o
d hhc =  E  £  L ' w w  (6 - iu

h=l 3h = 1 J=l

where there  are gh groups in s tra tu m  h. ■Ch.g.j is presence or absence of site j  in group

Qh, and th.g.j is the  indicator of a site being included in the group gn- T he expected

num ber of sam ple detections using RHC. following the argum ent of Equation 6.5 is
H .v,.

^ R H C  )  ^  y .  ^ h . i P h . t  •

h= I t — I

where ph. , =  ^  v ‘—  is the single draw inclusion probabilitv  for site i w ithin s tra tum  
2_.=i p*-'

h. T he difference in the expected num ber of sam ple detections for the two sampling 

m ethods is

E ( D £ , ) - E ( D S c )  =  £

H

-  E
h=\

Xk  ^  
n h n h 2Lt Ph't

nk^ Xh-‘ {jrh~ Ph-)
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If Ph,t =  Ph =  1 / N h  for all h then  the  expected detections for SRS and RHC are 

equal. Consider the  case where all sites with species presence have p^  

w ith stric t inequality for at least one site. This requires th a t all sites w ith species 

absence have />/,,, <  I/Nh-  In th is case the expected num ber of sam ple detections 

w ithin s tra tu m  h are greater for RHC than for SRS. We expect ph-l to be large for 

presence sites for a good fitting model in the whole population but this relationship 

may not necessarily hold within each stratum .

Based on the  sim ulations in Tables 6.2. 6.3. and 6.4. SRS is better for the sce­

nario of independence between presence and estim ated probability but the  difference 

is not great for rare species if sam ple size is large.

Now we investigate the validity of the assum ption of homogeneity of the es­

tim ated  probability within s tra ta . We plot the estim ated  probabilities versus the 

tru e  presence/absence for 3 s tra ta  in Examples I. 2. and 3 (Figure 6.1). The s tra ta  

were formed using the subjective cutoffs of 0.1. and 0.65. The estim ated  probabili­

ties appear to be fairly random  across the stra tum  range for the groups of presence 

and absence sites but are generally spread acorss the entire range from zero to one. 

This indicates heterogeneity w ithin s tra ta  and thus we chose RHC w ithin s tra ta  for 

further explorations of sam pling designs.

6.3 .4  A llocation of Sites to Strata

The sam ple size, which is generally lim ited by cost or other factors, is allocated 

am ong s tra ta  to  fulfill various, often conflicting, goals. The goals of the current 

project are to  m axim ize the num ber of detections, and to minimize th e  estim ation 

variance. A llocation techniques are either simple allocation techniques to achieve 

one goal or a com prom ise between two or three goals. We present allocation m ethods 

and  com pare th e ir perform ance.
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Figure 6.1: Estim ated Likelihood Versus True Presence/A bsence for Examples I, 2. 
3.
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6 .3 .4 .1  S im p le  A llo c a tio n

We present three sim ple allocation m ethods: proportional allocation. Neym an 

allocation, and  auxiliary variable allocation.

In proportional allocation, the to tal sam ple, n. is allocated to s tra ta  in propor­

tion to  the s tra ta  size. For s tra tu m  h,  the sam ple size is

ft/j — TX , .
.v

for h =  I  H.  This technique allows for approxim ately equal coverage of the

whole population.

N'evman allocation (C ochran. 1977) allocates the sam ple in order to m inim ize 

the  variance of an estim ato r for a given sam ple size n. To m inim ize the variance 

of the estim ato r of the  num ber of occupied sites, the Neyman allocation strategy  

results in s tra tu m  sam ple sizes

A uxiliary variable allocation (Yadava and Singh, 1984) utilizes a variable re-

ence of the species and  the  auxiliary variable is the estim ated  probability, p. This

E  \/V ar(.V „„t )
h= 1

for h =  I H.  where -Ynh,/i is some estim ato r of occupied sites for s tra tu m  h

based on a sam ple of size n^. For RHC w ithin s tra ta  this is.

n.h, = n ( 6 . 12 )

la ted  to the response of in terest to  partition  the  population into s tra ta  th a t are

homogeneous w ithin and  heterogeneous among. The response of in terest is pres-
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allocation results in s tra tu m  sam ple sizes of

Eh, 
nh = n i r k — •

£  £  Ph,i
/i=i i=i

for h = I  H.

6.3.4.2 Com prom ise Allocation

We introduce allocation m ethods which achieve a compromise between two or 

more conflicting goals. The three goals we consider are to minimize estim ation 

variance, m axim ize detection, and minim ize cost.

We make comparisons using RHC sam pling plan and estim ator and introduce 

the following notation used in form ulating allocations. The variance is denoted by.

V = Var(AT„rCn
h v   . .... ^

/,_! -’ft'-zi \,_t Ph,i

H

- E
h=i 
H

.Vfc- rih

IS

[fl
(X*
E ^  h.ti

n k Ph,i
H m

_
n h E

i=i

Vh
• V

(6.13)

Note th a t only the first te rm  of V depends on allocation n^ .h  =  I .........H.  We

assum e th a t the  variable cost due to sam pling can be approxim ated as

H
C  =  chn h,

h=l

w here c>, is the average cost per unit in s tra tu m  h. Expected num ber of sam ple 

detections is denoted by

E  =  E { D £ C)
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H iVh
— ^ ' x h,iPh,i

h=l i= 1
H

=  5 Z ri'*e '1’
i=i

where e/, =  5Z!^i x h,iPh.i < 1- Expected nondetections are denoted by

M  =  n - E
H

= ^ ( n h - n , 1e/l )
h=l

H

=  5 3 n f c ( l - e fc).
/i=i

T here are four com prom ise allocation setups we consider. We begin with allo­

cations which involve compromises between m inim um  variance and either m inimum 

cost or m axim um  detection. In the  second setup we m inim ize variance subject to 

fixed cost and detection, minimize cost subject to fixed variance and detection, and 

m axim ize detection subject to fixed variance and cost. The th ird  setup is to find a 

com prom ise between two goals subject to the th ird  being fixed. The final three goal 

com prom ise setup is to  a ttem p t to  optim ize all three, variance, cost and detection 

together.

The first allocation m ethod minimizes a  function of the goal quantities of inter­

est (Cochran, 1977). For illustration with 2 goals of optim izing one goal subject to 

constraint on another consider the estim ation variance. V. and the sampling cost. 

C. These two quantities are w ritten  as the product of two sum s of squared term s. 

T he Cauchy-Schwartz inequality is utilized to ob ta in  a bound on the product. This 

bound is then solved for the  allocation, n^,  which achieves the bound. E ither of the 

constrain ts is then fixed to obtain  the necessary to ta l sam ple size, n.
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We now consider in detail a  com prom ise between V and M in the two goal com­

promise allocation. T he allocation is obtained using the  C'auchy-Schwartz inequality 

on the product of V and M. and solving for e ither one fixed.

T he goal is to minim ize th e  variance and non-detection. T he product is

H
V x .V/ =  £

h = l Mh
-Vl ~

h
i
/i=i

X  Y ,  n h( \  -  e h ).

where v’h =  ^  and e/, =  rh.,Ph.,- The function to be minimized

involves only those term s w ith rc/,. So the function to be minimized is

( £ & ' )
./i=i n h \ h = \

Bv Cauchv-Schwartz. the two goal com prom ise rule is

rih =  n

V* I r ’h

To determ ine sam ple size for a  fixed goal, substitu te  rif, into formulas for V and 

\ [  set at constants IJ, and M 0.

•  For fixed variance. Vq,

h

n =

For fixed detections. M0,

H ,---------------
5Z y L,mh([ ~ e'*)

H 1

h= I

n  =

H  — e#k)
h=l
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T he corresponding approach and solution pertain  to  optim izing the product of V 

and  C, which is the  classic allocation problem  (Cochran. 1977). We do not include 

it here, since it m irrors the  above results.

T he second allocation m ethod is to optim ize one goal while the o ther two are 

held fixed. This involves forming a function using two Lagrange m ultipliers, taking 

derivatives, and solving. We do this for each of the three goals being optim ized, of 

which only optim izing for the estim ation  variance results in a direct solution. The 

o ther two might be solved numerically.

•  Minimize V' subject to M  = M0 and C  = Cu

The function to be optim ized is

H v . (  H \  / h \
F ( n t .n 2 n n )  = £  —  +  I 5Z chn h “ Co) +  A 2 ^ ( l  -  t h )nh -  \ l Q .

k=i nh \k=i 1 \h=\ /

We take the derivative w ith respect to ri/, to get

d F ( n l . n 2, . . . . n H) i'mk , , , v ,,
-----------7--------------  — ---- t  +  AjCft -f- A->( I — eh)-

d n h n h

We set this equal to  zero and solve for nh to get

n h =
Ai Ch +  A2( 1 — eh)

Since Ylh=.i n k — n - we the allocation rule to  be

I ^
V - \ t c h + . \ 2 ( l - e h )

n h = n H ^ ----------- ■ (6.14)

5 i V + A2( l -  eh)

This is difficult to  solve for Ai and A2 in general, so we solve for the  special 

case H  =  3. To solve for A! we first substitu te  nh into M q.
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Mo

(1 -  e t )ni +  (1 -  e2)n2 + (1 -  e3)n3

I ------------
( 1  — e i ) \ AiCi +  X 2 ( 1 — ei ) +  ( I- — e2)l A\c2 -|- A-j(1 — t 2)

+

I ^
y  Aic3 + A>( I — e3)

Now we substitu te  this into C 0.

At c3 +  A2( L — e3) 

Mo — ( I — e i } u_
el)

d - e 3)

(6.15)

Co — -f- c2n2 c3n3

=  f t
e

+  ciAiCi +  A2( I — e i ) V A j c2 +  A2( I — e>)
+  c3.

Aif3 -t- A2( I — e3)

=  CM
l

AiCi +  A2( 1 — e i ) 

^ Mo — ( I — e i )

+  C2i
t’.,

A ,c2 +  A2( I — e2)

+C3
( I -  e2) \

\tC2+ \2( 1 -f2 )

\

Cl -

( I  — e 3 ) 

(I -  e i)c3'
+

AiCi +  A2(I — ei) V, (1 — c3)

I V2 (  _  ( 1  -  e 2 ) c 3 \  C3

Aic2 +  A2( 1 — e2) y ( I — e3) /  ( I — e3)

(6.16)

Now substitu ting  ,V/0 (6.15) and rih (6.14) into n =  Y.h=i n h we get

n = Ul +
v2

+ C’3
AiCi +  A2( l  — ei) V Aic2 +  A2( l  — e2) V Aic3 +  A2( I — e3)

+
AiCi +  A2( l  — ei) V Aic2 +  A2( l  — e2)
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M0 (i u  e2y , , 2+, ; (l-

(1 ~  C3)
«2)

l̂cl + A2(l — el)
M 0

i - M . +(1 — e3W \\C-2 + \-i(l  — e2)
1 -

(1 - c 3)

d - g - 2 )  
d - e . 3)

(6.17

+

Now substitu ting  ( 6.17) above into the Co function above ( 6.16). we get

c  = i  L'[ ( -  {1 ~ ei)C3 \V ̂ lcl + -̂2(1 — el) V ( I — e3) /
/„ I "f (\ d—l )\ \fn \

( l - e 2)c;, \  ,
+

V
1 _  n ~ e?)

( 1 — l )

C) — C.3

+ -M I — Cl)
Cl -

( I  - C 3 )  J  ( I  - C . 3 )

u - e , ) c 3 ( i - H s i H o - i j e ^ )

A/o

/

( I - C 3) I -
(i—21 
(1—0

1 -
( 1 — 2 )

(1—.1) '

Rearranging to solve for Ai we get

(I -  e:}) /  (1 -  e3)
( 6 . 18)

A1C[ +  A2(I — t\
(i

/ ,  I 1 - - I  I \  !  . U —  2 ) M  \
—1 )C3 V il—3) J V2 U—1) )

C ‘ ( 1 —  3 ) I 11 —2 * 1 (1—1)

Co -
n - r F SI l—i )
1 — 11 —?)

1 1 — 3)

Ai —

(I — I )C1
( 1— 1 )

( 1-Uzni')V (i—i) A  (1—3) J
i _ ( l - 2 )

(l—3) cf -  A,(l  — e i )

Cl
R.Vi — A2( 1 — e t )

C l
(6.L9)

In order to  solve for A2 we first su b stitu te  Ai ( 6.19) into n ( 6.17).

V Aict +  A2( l  — ei) y AiC2 +  A2( l  — e2) y A1C3 +  A2( i  — 63)
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+\| ( M z M iz n l )  Cl +  A2(1 _  Cl) ( g vi -A .d -e ,)) C2 +  Aj(L _  fi2)

+ d3

+
Rv\  — A2( 1 — e t ) +  A2( 1 — e i ) ^

v->

+ A , ( I  - e ,i*i •  \  —

+

R ul* Z±V*l±-e') +  A , ( !  - e 3)

L

71+ \ ----- h
A,  ( ( l  _ f 3 ) -  Q z liiH i) +

Now substitu ting  this into C0 ( 6.18) and then using the fact th a t n =  n t +  

n -2 +  n3 in the next step.

C 0 — C\Tl \  +  C2 M2 +  C3 f l3

Cl
/— +  c> 

s /n  \
t’o

T 7 7  *F c .3

-^=  +  c , I n -  — 
y/R \ s /R  \ A2 ( ( l - e 3) - i ^ )  +  ^

+

c3
A2 ( ( 1 - 6 3 ) - ^ = ^ ) + ^  

Cl -  c2

V R
+  c2n +  (c3 — e2)

Aj (d -« » ) - lL a la )  + 53a'
( 6 .21 )

Now we can solve for A2

Co =
Cl -  c 2

S r
+  c2 n + (c3 -  c2)

A2

Co ~  £̂ #  ~  c*n
c3 -  c2 A2 ((1 -  e,) -  l i z a t o l )  +  R ’l £ 3

Cl
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^2 ( L _ e3) — £3iLz£il

Thus for a 3 s tra ta  setup we have the exact solution. T here does not seem to

be a general rule which we can apply for H  s tra ta .

We now set up the scenario for the o ther two com prom ise allocations and show

th a t the  solution may only be obtained numerically.

•  M axim ize .V/ subject to V =  Vy and C  =  Co

The function to be optim ized using Lagrange m ultipliers is

A lthough this seems a  more simple equation than  (6.14). the solution has 

no closed form even for the special case FI =  3. To illustrate , we begin the

Again, taking the derivative with respect to n^.

dF(n\ ,n - i
d n h

Setting  equal to zero and solving, as before, results in

( 6 . 22 )

su b stitu tio n  and  sim plification which should lead to  the  solution.

Based on th e  allocation rule,
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H H
n =  Y , n h =  £

ll- l k=l V ( *■ — eh) +  A2Cfc
H H

c  =  /  C h n h  =  > C j , , ,
*=i v ( j - e fa) + A , c ,

.V/ =  5Z ( I — e fc)« fc =  ^  , 1 ~
V (1 - e fc) +  A2c,

 ̂ =  Z  I k. =  Z  - e f c )  +  A2cfc)
*-=1 . / ------^ ------  h-i

y U_e>i)+''2<-'h

Let us again consider the sim pler case o f  H  =  3. We first use n above to solve  

for a  piece of th e  formula

n  — n  \ ■+• fi-y "1“ ft.i

( l  —  e | ) +  A 2 C [  y  ( I  —  e 2 ) - f i  A 2 c 2  y  ( I  —  e 3 ) +  A 2 c-

So that

V (1 — e3) +  A2c3 —

(l—«l )+̂ 2Ci \] (I — Pi) + \21'2

We can now su b st itu te  this into Vo

V'q — t'l ( ( I — e i)  +  A2Ci) +  t>2 ( ( I — e2) +  A2c2) +

y/°3

J 1 V ^ -eiJ+AaCl ytt-eaJ+^aej .

— \J v \  ( ( I — e i)  +  A2Ci) +  ^/u2 ((1 — e2) +  A2c2) +
n  ^ L _( l - e,) + .\2Cl

\ J (  1 — e 2 ) +  A2c 2
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We now use C0 to solve for another term  to  further simplify the formula.

Co = cirii +  c2n2 + c^n3

Cl
t’t

+  c2
i')

( I — € \) +  AoCt V (I — e>) +  A2c2

+ c3 n -
l'y

V 11 — f  \ )  4- A j r i  V ( I — *■' ’ I -F A ir- )

+

1 — e t ) +  A2C)

(I — t 2) +  A 2c2

(ci -  c3)

(c > — c3) c-)!)

C0 — c3n —
u i ( c t - c 3 )2 

\  ( I — ) +  A2Ci

\J ( I — e 2 ) +  A2c2 =

( I  — e 2 ) +  A2c 2

\ f t l ( c 2 -  ('•(

ci -  c3 ]

C o ~ c , n - J ~ _ ^ +Xy.i ( r l - c , )

Now we can substitu te  this back into I q.

V'q — \J v \  ( ( I — et )  +  A2ci )  H----------------
Co — c3n

___________ 3̂____________ ( ci ~  c3 _  A  +  n _  Cp -  c3n
n -  x / c ^ (  I -  e t ) +  A2 c i  \ c 2 — c3 /  c2 — c3

V l’> ( c 2 -  c3 )

(1 - pi (f't -  c3)

A lthough there is no algebraic solution, since only one Lagrange m ultiplier 

rem ains, it is possible to determ ine an appropria te  value for A2 with respect 

to th e  o ther param eters. Next we sketch the  o ther scenario.

•  M inimize C  subject to  M  = M q and V  =  Vo
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T he function to  be m inim ized is

H f  H v. \  /  h \
F { n x, n 2 n H) =  X ]  +  1̂ ( X !  ~  ~  ^  I +  A2 I 5 Z ( 1 ”  e *)n * ~  V/° •

/ i= l \h= l nk )  \h=l J

Taking th e  derivative with respect to  nh, we get

d F ( n i . n 2 n H ) x v'h w _
■; — c k — Aj — + Ao( L — t h) -
c)nh rrh

Setting equal to zero and solving results in the fallowing allocation rule.

<-*h + -'2( l-<h)
rih = n- H

] ^ i \ l  Ch +  \ - i ( [  — eh)

This looks extrem ely  sim ilar to the allocation rule for the previous scenario 

(Equation 6.22). Any a ttem p t to solve for X-2 would result in a sim ilar situation , 

with no closed form.

The th ird  m ethod of com prom ise allocation is a three goal com parison. We 

consider the  product of two factors and minimize subject to the third goal being 

fixed. We explore the only possible three goal compromise allocation. We accomplish 

the optim ization by using Lagrange m ultipliers, taking derivatives, setting  equal to 

0 and solving for the Lagrange weight A. The three goal com prom ise allocation rule 

might be obtained as follows.

•  M inimize V and M subject to C  =  C0 

T he function to  m inim ize is

F ( n i , n 2 , . . . n H ) =  ^Xj ^X! M 1 ~  +  A -  ^  ■

We take the derivative w ith respect to  nh,

a F ( n u nv . . . , n „ )  =  -v j,  _  \  +  +  ^
d n h nk J \ £ ? i n h /
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By setting  equal to zero, we a tte m p t to  solve for n^. T here is no direct solution for 

this problem .

The last approach to allocation with three conflicting goals is to optim ize the 

function which is the product of the three goals,

F ( n {. n 2 n H) =  V x M  x C  =  ( l •

Taking the derivative results in

d F { n x. n 2 n H )  ̂ \  f ^  \
----------z ---------  = -------T I 2-»(1 — e k ) n h  I 2_ C h n h

d n h \t?x  J \*=, /

Since the nh are all involved in sum s, there will be no direct solution here either. 

Again, a numerical solution may be possible for specific design criteria.

6.3.4.3 Comparisons Am ong A llocation M ethods

We use sim ulated populations to  com pare estim ation variance and expected 

detections for the  six allocation m ethods described above. The simple allocation 

m ethods are proportional. Neyman. and  auxiliary variable. The com prom ise alloca­

tions are comprom ises for variance and  detection, variance and cost, and m inim um  

variance subject to  constraints on detection and cost. T he s tra ta  are determ ined ac­

cording to a subjective rule which results in the  cutoffs in the predicted probability 

of presence of 0.1, and 0.65. We com pare the  sam ple size requirem ents and allo­

cations for various sam pling levels, determ ined by com prom ise allocation between 

variance and cost and variance and detection.

T here are three sim ulated populations. T he population consists of L600 sites. 

Each population has different estim ated  probabilities and presence patterns. T he
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actual values were generated according to  Table 6.6. The B eta distributions for 

setups 1 and  3 are quite peaked for the  top and lower s tra ta  and broad for the 

m iddle s tra ta . The B eta distributions for setup 2 are uniform  from 0 to I. The 

binom ial distributions provide for expected num ber present to  be 200 overall. There 

were 1000 sim ulations run to solve for allocation and sam ple size.

The first population has those characteristics tha t the autologistic model with 

covariates is designed to model. About 150 of the presence sites are in the top 

s tra tu m  of size 500. -15 in the m iddle s tra tu m  of size 700 and 5 in the lower s tra tum  

of size 400. The estim ated  probability of presence m atches well with the presence 

of species in the s tra ta , high values for the top stra tum , values of between 0.2 

and 0.7 for the m iddle s tra tum  and low values. The second population has the 

sam e presence setup, but the estim ated  probability is rather random  with respect 

to presence. The th ird  has evenly dispersed presence am ong the s tra ta  which have 

estim ated  probabilities as in setup one.

Two allocation m ethods depend on to tal sam pling cost and sam pling cost per 

s tra ta . We used two levels of costs for the sim ulated populations. The first level 

was equal sam pling cost in all s tra ta , the second level defined a cost of 10 for the 

top  s tra tu m . 5 for the m iddle s tra tu m , and 2 for the lower s tra tum .

T he resulting sam ple size requirem ents are in Table 6.7. There are a few gen­

eral findings from this sim ulation study. As the expected num ber of nondetections 

increases, so does sam ple size. A lthough this seems counter-intuitive, having a fixed 

num ber of nondetections requires the  design to, a t least on average, sam ple th a t 

num ber of absence sites. Notice th a t as the  num ber of nondetections and required 

sam ple size increase, so do the  num ber of detections. The expected detections is the 

required sam ple size minus th e  fixed nondetections.
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Table 6.6: Simulation Setup for Comparison of Allocation Methods

Setup N um ber S tra ta Presence Predicted Likelihood

I 1 Binomial (500. 0.3) B eta (4. 0.5)

2 Binom ial (700. 0.064) Beta (10.10)

3 Binomial (400. 0.0125) B eta (0.5. 4)

2 I Binom ial (500. 0.3) Beta ( L. 1)

2 Binom ial (700, 0.064) B eta (1.1)

3 Binom ial (400. 0.0125) Beta ( I. 1)

3 I Binom ial (500. 0.125) Beta (4. 0.5)

2 Binom ial (700. 0.125) Beta (10.10)

Binom ial (400. 0.125) Beta (0.5. 4)

Table 6.7: Sample Size Requirem ent for Comprom ise Between Variance and Detec- 
tion for Sim ulated Populations

Fixed

N ondetects

Setup 1 Setup2 Setup3 Fixed

Variance

Setup I Setup2 Setup3

50 60 63 58 200 704 896 635

150 176 189 172 400 503 738 589

250 296 314 286 600 398 632 554

350 415 440 400 800 333 554 525

450 533 565 515 1000 288 494 505

550 652 691 629 1200 255 447 480

650 770 816 742 1400 229 408 462

750 888 942 858 1600 209 376 446
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Table 6.8: Allocation for Simulated Populations, %  of Sample Per S trata

A llocation M ethod S etup1 Setup2 Setup3

Proportional

Neyman

Auxiliary

Variance - N ondetect 

Variance - Cost (equal costs) 

Variance - Cost (unequal costs)

31. 44, 25 

41. 30. 29 

53. 42. 5 

44. 29. 27 

41, 39. 29 

34. 30. 36

31. 44. 25 

56. 36. 8 

31. 44. 25 

60. 33. 7 

56. 36. 8 

52. 38. 10

31. 44. 25 

10. 14. 76 

53. 42. 5 

10. 14. 6 

10. L4. 76 

7. 13. 80

Table 6.9: A llocation to M inimize Variance Subject to Cost and Detection for Sim-

Fixed N ondetects Fixed Cost

Setup I

A llocation 

Setup 2

. . . .  

Setup 3

250 400 45. 20. 36 30. 23. 47 49. 6. 4

1500 72. 12. 16 40. 27. 33 54. 5. 41

3000 69. 13. 18 57. 26, 17 57. 5. 38

450 400 43. 20. 37 31. 23. 46 49. 6 45

1500 51. 19, 30 35. 25. 40 51. 5 44

3000 69. 13, 18 40. 27, 33 53, 5. 42

650 400 42, 20, 38 30. 23 47 49. 6. 45

1500 48, 19, 33 33, 25. 42 50. 5 45

3000 56, 18 26 37, 26, 37 52, 5, 43
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Table 6.10: Allocation to Minimize Variance Subject to Cost and Detection for

Fixed N ondetects Fixed Cost

Setup 1

Allocation 

Setup 2 Setup 3

250 400 30. 21. 49 21. 17. 62 36. 6. 58

1500 32. 22. 46 23. 19. 58 38. 5. 57

3000 36. 22. 42 24. 20. 56 40, 5. 55

450 400 30. 21. 49 21. 17. 62 36. 6. 58

1500 31. 21. 48 22. 18. 60 37. 5, 58

3000 33. 22. 45 22. 19. 59 38. 5. 57

650 400 30. 21. 49 21. 17. 62 36. 6. 58

1500 31. 21. 48 22. 18. 60 37. 5. 58

3000 32. 22. 46 22. 18. 60 38. 5. 57

T he resulting allocations are in Tables 6.8. 6.9, 6.10. For large fixed cost (essen­

tially no restric tion), lim iting the  num ber of nondetections results in an allocation 

th a t favors the first s tra ta  which is m ore likely to have presence (Table 6.9).

O ver all setups, the  unequal costs am ong s tra ta  case (Table 6.10) puts less effort 

in the first s tra ta  (high estim ated  probability) and the various allocation rules in 

this case show very little  variability. Hence the difference in cost seems to be the 

driving force in this case.

T he underlying tru e  population characteristics greatly  effect the  allocation rules 

and hence how any sam pling design will perform. We em phasize the  situation  where 

the predictions of likely presence are good and presence is rare and  com pare it to  only 

two o ther situations, b u t m any m ore possibilities will exist in environm ental data . 

In the  first setup , which corresponds to  a good fitting model, th e re  is consistently
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m ore effort allocated to  the  first s tra ta  (where there is more presence and higher 

predicted probabilities of presence). Also, for allocation m ethods which em phasize 

detection , the effort afforded this s tra ta  is the  largest. For the other two setups, 

bo th  representing a poor fitting model setup, there  are no definite patterns in the 

allocation rules. Setup 2 corresponds to having m ost of the  presence sites contained 

in the  first s tra tum , so m inim ization of variance implies taking many samples there. 

But since the predictions don’t m atch up with the presence sites, o ther allocation 

goals are difficult to m eet, as is the  case overall for setup 3.

6.3.5 Comparisons Am ong Strata C onstruction and Allocation M ethods

We now com pare stratification methods w ithin the comparison of allocation 

m ethods. We restrict the comparison to Exam ple 2 (Figure 4.4). using three s tra ta  

and a  fixed sam ple size of ISO. We com pare these m ethods based on the variance 

of the  es tim ato r and the expected detections. We use the RHC' estim ator and sam ­

pling w ithout replacem ent w ith probability proportional to estim ated probability of 

presence.

T he stratification m ethods are the subjective stratification based on looking 

a t histogram s of estim ated  probabilities for presence and absence sites, and the 

cum ulant m ethod of Dalenius and Hodges (1959). We recall th a t the subjective 

stratifica tion  rule makes breaks a t 0.1 and 0.65. T he m ethod of Dalenius and Hodges 

results in breaks at 0.05 and 0.45.

We use six allocation rules, three simple rules and three com prom ise rules. 

T he sim ple m ethods are proportional allocation. N eym an allocation, and allocation 

based on an auxiliary variable, in our case th e  estim ated  probability of presence. 

T he two goal com prom ise m ethods are allocation for com prom ise between variance
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Table 6.11: Com parison of Variance and Detection for S tratification and Some Al- 
location M ethods for Exam ple 2____________________________________________

Allocation Subjective Stratification C um ulant Stratification

Variance Detects Variance D etects

Proportional 4612 18 6858 21

Neyman 2671 24 2412 25

Auxiliary 71978 74 54561 83

V-M 2737 30 2490 31

V-C Equal Costs 2671 24 2412 25

V-C Unequal Costs 3057 15 2774 16

and detections (V-M). and allocation for compromise between variance and cost 

(V-C). both for the equal and unequal costs among s tra ta  setups. The th ree  goal 

com prom ise allocation m ethod is to minimize variance subject to fixed cost and 

detections (V-C-M). again for both  equal and unequal costs among stra ta .

We find a few general com parisons hold overall based on our results (Tables 6.11. 

6.12. 6.13). It is no surprise th a t m ethod com binations which result in large variance 

also result in large expected detections. Also of no surprise is th a t the m ethod 

which results in the largest expected detections is the auxiliary variable m ethod, 

since estim ated  probability of presence is indeed closely related to actual presence. 

Also, th a t the Neyman allocation results in m inimum variance, which is its goal. 

The com prom ise allocations result in various levels of variance and detection . So 

overall, the N eym an and auxiliary m ethods address each goal separately and  the 

V-M and three goal com prom ises address both goals together.

Most allocation m ethods perform  bette r, in term s of variance and detections, 

using th e  cum ulant m ethod of Dalenius and Hodges for stratification. T here are 10
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Table 6.12: Com parison of Variance and Detection for S tratification and V-C-M 
Allocation M ethods for Equal Costs Among S tra ta  for Exam ple 2

Fixed Cost Fixed N ondetects Subjective Stratification C um ulant S tratification

Variance Detects Variance D etects

400 250 4653 56 2428 28

450 367S 47 3196 46

, 650 3540 46 4164 56

1500 250 2892 35 2441 29

450 7936 69 2591 35

650 11735 74 3332 48

3000 250 2768 19 2441 29

450 2968 37 2511 32

650 4215 52 2774 39
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Table 6.13: Com parison of Variance and Detection for S tratifica tion  and V-C-M 
A llocation M ethod for Unequal Costs Among S tra ta  for Exam ple 2

Fixed Cost Fixed N’ondetects Subjective S tratification C um ulant S tratification

Variance Detects Variance Detects

-too 250 4758 31 4164 56

450 2779 32 2774 39

650 2779 32 3703 12

1500 250 3349 43 4164 56

450 2929 36 8158 72

650 2907 34 2737 38

3000 250 25732 81 4164 56

450 3467 45 29952 85

650 3084 39 3945 54
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cases for various fixed values using the three com prom ise allocation of V-C-M. where 

the  subjective approach is b e tte r  for detections and 7 cases where it is be tte r for 

variance. One o ther exception is th a t variance for proportional allocation is larger 

for cum ulant stratifica tion  than  for subjective stratification.

The results for the  V-C-M com prom ise allocation need more in terpreta tion  for 

the  fixed values and w hat they represent (Table 6.12. 6.13). The values used for fixed 

cost accomplish th ree  goals. The lowest value of 400 is restrictive of sam ple size, 

especially for expensive s tra ta  in th e  unequal costs case. T he m iddle value of 1500 is 

som ewhat restric tive for the unequal case. T he large value of 3000 is not restrictive 

a t all. The nondetection level actually specifies detection. As discussed earlier, the 

larger the nondetection level, the larger also the detections. The nondetection level 

serves to increase the  proportion of the sam ple allocated to the  more likely stra tum .

The values of cost and detection have great effect on the th ree  goal compromise 

results. Many m iddle values of detection and variance can be obtained for both the 

equal and unequal costs setups. For exam ple, for equal costs, m edium  values for both 

variance and detection can be obtained for fixed cost of 100 and fixed nondetects 

of 250 with subjective stratification, or either stratification for fixed nondetects of 

450 or 650. These goals are difficult to specify w ithout constrain ts related to a real 

problem . We present the m ethod for comparison since in practice these param eters 

can be specified.

6.4 Fixed Top Stratum  Sampling

In the com parison of stratification and allocation m ethods, we find tha t the  top 

s tra tu m  contributes m ost to  large expected detection as well as contributing a  large 

p art to  the  variance of the  estim ator. We can accom plish the  goals of maximizing
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detection in this high probability  s tra tum  and elim inate its influence on variance at 

the  sam e tim e by specifying a  top s tra ta  and sam pling all of its m em bers. We call 

this design fixed top s tra tu m  sam pling (Fst).

The fixed top s tra tu m  sam pling plan is designed to  m axim ize detection by 

forming a ‘to p ’ s tra tu m  which contains sites w ith the highest estim ated  probability 

and performing a census there. We then sample the rest of th e  population with the 

rem aining sam ple resources.

We restrict out a tten tion  to  the case H=3 for simplicity. Application to more 

s tra ta  is straightforw ard. We use the R.HC estim ator and sam pling w ithout replace­

m ent in order to com pare with stratified designs from the previous section. We use 

stratified sam pling for the  rem ainder of the population based on Nevman allocation 

to minimize variance. We begin by deriving an estim ator for expected number of 

sam ple detections and the  variance of the estim ator of num ber of occupied sites. We 

then describe the  design of the sam ple plan by investigating the construction of the 

top stra tum . We finally com pare design alternatives using Exam ple 2 data .

6.4.1 Estim ation and Variance

Using the  result in Equation 6.4 the num ber of detections for the Fst design is

^RHC = + Y  Y  X ! *3.!Wr 3.3.i* (6.23)
3=1 7 =  1 3=1 3=1

where there are groups in s tra tu m  h, Xh.gj is presence or absence of site j  in 

group <//,, and th.g,j is th e  indicator of a site being included in the group (//,.

Using further the expectation  from Equation 6.5, the expected num ber of sam ­

ple detections is

.v2 ,v3
E( 0RHC ) =  -Yl +  2  XUP2,t +  ” 3 Y  X3.iP3,,. (6.24)

i=l i=l

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



140

where n 2 and n3 are determ ined from Neym an allocation with sam ple size n — .Vt . 

from Equation 6.12

/V ^ V h  * h , t  y '2  
' 2 - t = l  ph , ~  A h

=  (n -  W ) - — 7" (6.25)
E3 r h.‘ V'2

f c = 2  \ l  2 ^ i= l  au . -P h . i

for h =  2 .4 .

T he estim ator for num ber of occupied sites is

with variance.

V (.V ™ ) =  £ ( i - Y - r r ) 7  E r - - v ‘ ) '
h ~ 2  '  • ’ /> *■' y,-= i )

Note th a t the expected num ber of detections includes all sites with presence 

from the  top s tra tum , the sam ple allocation for the lower s tra ta  result from the 

’leftover' sam ple size n — and the estim ation variance from the  top stra tu m  is 

zero.

6.4.2 Design Construction

C onstruction of the top s tra tu m  determ ines the  overall u tility  of the sample 

design since im proper definition of a top s tra tu m  may enable presence sites to be 

missed by sam pling too few w ith large estim ated  probabilities, or result in under­

sam pling of the rest of the population by choosing a  top s tra tu m  th a t is too large.

We investigate two m ethods for defining the top stra tu m . T he first is to specify 

a percent of the sam ple to devote to  those sites which have the highest estim ated 

probability  of presence. We consider using either 50% of the  sam ple or 80% of the 

sam ple. T he second m ethod for constructing the top s tra tu m  is to  define a cutoff
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such th a t all sites w ith estim ated  probability greater than  the cutoff are sam pled 

with probability  one. We consider using the top stra tu m  defined by Dalenius and 

Hodges' cum ulant rule and an arb itrary  value of, say. 0.99.

We com pare results of these m ethods based on the d a ta  in Exam ple 2 from 

C hapter 4 where the  estim ated  probability is closely related to species presence 

(Table 6.14). We find th a t using the stratification cutoffs from a stratified sam ple 

results in large variance, and cannot always be carried out due to the size of the top 

stra tu m  and sam ple size. We also notice tha t the m ethod of determ ining the top 

s tra ta  is v irtually  un im portan t for larger sample sizes. So the  m ethod only m atters 

for sm aller sam ple sizes and for this exam ple. 60% of the sam ple is the best way to 

allocate resources to  the  sites w ith highest estim ated probability.

6.5 Comparison o f Design Performance with Three M odeling M ethods

In this section we use the designs which have shown themselves to perform 

well and com pare them  w ith respect to the three estim ation approaches from three 

models to predict probability  of presence. We make these com parisons for the three 

exam ples from C hap ter 4.

Using the  predictions from the exam ples in C hapter 4. we calculated the vari­

ance and expected detections for the various designs and estim ators (Table 6.15). 

Note th a t for each exam ple, the  optim al design param eters were chosen based on 

the specific design. For instance, the  cum ulant stratification rule of Dalenius and 

Hodges was calculated  for each model for each exam ple.

In general, the predictions from the  autologistic model w ith covariates for sam ­

ple d a ta  formed a  b e tte r  basis for sampling than  did the logistic regression or the 

autologistic model. T he  variance of the estim ator was sm aller and the  expected
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Table 6.14: Comparison of Variance and Detection for Three Top S tratum  Designs

Design n n i n2 n3 Variance Detects

Top 50% 180 90 52 38 555 92

Top 80% 128 28 24 862 102

p > 0.45 371

p > 0.99 117 38 25 735 98

Top 50% 400 90 179 131 100 181

Top 80% 128 146 126 102 185

p > 0.45 371 S 21 665 200

p > 0.99 117 169 114 95 182

Top 50% 500 90 236 174 55 221

Top 80% 128 199 173 54 223

p > 0.45 371 34 95 119 213

p > 0.99 117 229 154 47 220
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detections were larger. This does not hold for the SPL design. Since the  predictions 

from the logistic regression are spread more evenly over the  range from zero to one. 

the variance will be less than  when the  predictions are either very high or very low 

as in the autologistic model w ith covariates for sample d a ta . Also for exam ple 2. 

the  variance for SRS and S trat-N eym an are very close.

The best design overall is the  fixed top s tra tu m  sam pling design. This design 

had the highest detections for all exam ples and models, and the sm allest variance 

for four of the seven exam ples and models. The designs which had lower variance 

were the stratified design using Neym an allocation for exam ple I predictions from 

the autologistic model w ith covariates for sample data  and sim ple random  sam pling 

for exam ples 2 and 3 predictions from the  logistic regression model.

6.6 Conclusions

After m aking m any interim  com parisons, we find th a t a  new design achieves 

both of the goals in surveying for rare species, fixed top s tra tu m  sam pling. This 

design which forms a census of sites with the highest estim ated  probability  of pres­

ence. achieves both  th e  m ost detections and also generally achieves th e  sm allest or 

a t least a small variance of the estim ator.
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Table 6.15: Com parison of Sam pling Designs Based on Predictions From the Three Models in C hapter 4

Design E stim ator Model Exam ple 1 Exam ple Exam ple 3

Variance Detects Variance Detects Variance D etects

SRS Ratio Log. Regr. 197 27 1230 1230 27

Autolog. 1715 2100 27 588

Autolog. Cov. 707 1 197 588 27

St rat. Neym an RHC Log. Regr. 2038 28 2528 2528 27

Autolog. 12932 10900 3355 20

Autolog. Cov, -18 126 2412 25 3355 20

S tra t. Auxiliary RHC Log. Regr 4321 56 4131 32 4131 32

Autolog. 83946 34 74927 30 8512 76

Autolog. Cov. 82 101 93679 84 8512 76

Top S tra tum RHC Log. Regr. 713 104 1466 62 1466 62

Autolog. 4219 60 307- 59 955 109

Autolog. Cov 81 49 521 95 955 109

SPL RHC Log. Regr. 143519 19 16093 16093

Autolog. 10 28000000 12 31000000 16

Autolog. Cov. roooooo 24 2
X

21 16

3559

^1199



C h a p ter  7

CONCLUSIONS

This work has achieved two goals; developm ent and initial verification of a 

new spatial model for binary d a ta  and investigation of sam pling designs based on 

th e  ou tpu t from our im proved model. We derived the  model within a Bayesian 

framework, and developed an estim ation procedure. We have shown tha t the model 

improves upon both the non-spatial logistic regression model and the spatial rion- 

covariate autologistic model. We also extended the model to account for a general 

issue of detectability . Through exam ples we have shown some improvements with 

this extension. Through investigations of sam pling designs, we discover tha t infor­

m ation from a good fitting model can be used to im prove detection and to decrease 

variance. We also discover which designs perform b e tte r, w ith respect to various 

criteria , under differing circum stances. We conclude th is work with a sum m ary of 

these three m ain topics and our ideas for future work based on the current progress.

7.1 A utologistic M odel with Covariates for Sam ple D ata

T he autologistic model w ith covariates for sam ple d a ta  uses three types of infor­

m ation to predict presence or absence over a  la ttice . T he th ree  types of inform ation 

are the  observed presence or absence a t sam pled sites, the  covariate inform ation 

which is available for all la ttice  grid areas, and  sam ple inclusion inform ation for all 

la ttice  grid areas. We m ake some assum ptions which prim arily  define the spatial
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relationship am ong la ttice  grid areas, namely the Markov random  field assum ption. 

T his assum ption defines th a t the spatial relationship is lim ited to  a neighborhood 

of a site. This is reasonable since we a priori assume th a t the  species of interest 

were found in clusters.

These sources of inform ation are utilized in a Bayesian framework to produce 

estim ates of predicted probability  of presence over the la ttice. The setup of the 

Bayesian model follows the framework of Heikkinen and H ogm ander (1994. HH 

hereafter). O ur model is an extension of this which accounts for covariates related 

to  species presence and also accounts for the observation d a ta  which are from a 

sam ple rather than  a census of the area of interest. The extension using sam ple da ta  

required a m odification of the likelihood function and the extension for covariates 

required a more com plex set of prior distributions.

This complex model requires alternative means of estim ation . We develop a 

hybrid Gibbs sam pling algorithm  to sam ple from all full conditional likelihood func­

tions to obtain these estim ates. The algorithm  is extended from HH to account 

for more com plicated sam pling of the estim ated likelihood functions. Sam pling for 

£ , and p. the predicted presence/absence status and the predicted probability re­

spectively. involve a  m ore complex function as well as an im proved neighborhood 

characterization, s.

We use sim ulated setups in lieu of any real d a ta  exam ples, since the TSFS 

d a ta  was not available. T he three setups we presented represent com m on data  

issues th a t would com e up in real data; lim ited sam ple da ta , and covariate data  

which although correlated w ith species presence, may not be consistently  related 

over the area of in terest. In the  overall study, we used two sam pling plans, simple 

random  and a  system atic grid sam ple of clusters, two coverages, partia l and whole.
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and large and small sam ple sizes. A lthough cluster sam pling provides im proved 

neighborhood inform ation over sim ple random  sam pling, sim ple random  sam pling 

provides for more areal coverage. This increased coverage of the area of interest 

leads to an im provem ent in discrim inating presence and absence, since true  absence 

is known more evenly over the area of in terest. We presented three exam ples which 

represent differing types of d a ta  and are representative of all exam ples. Based on 

these sim ulations, we find tha t our autologistic model with covariates for sam ple d a ta  

improves on both the logistic model and the  autologistic model w ithout covariates. 

Both sensitivity and specificity are im proved using our model as well as separation 

of predicted probability for presence and absence sites as displayed in histogram s. 

We assured convergence of the  estim ation procedure through various indicators.

7.2 D etectability

The autologistic model w ith covariates for sam ple d a ta  uses two levels of de­

tec tab ility  for the sam ple data . If the site was sam pled, then probability of detection 

was one and if the site  was not sam pled, the probability of detection was zero. In 

many applications this is not general enough. D ata sets often contain inform ation 

related to detectability  of the  species of in terest. This inform ation may be in the 

form of hab itat values such as percent ground cover or experience of the site ob­

server. The inclusion of this inform ation is a further im provem ent of our model. 

This added inform ation can be used to predict if an unseen species m ight actually  

be there but was missed due to thick vegetation or inexperience of an observer.

The addition of the  detectab ility  term  adds much to  our ability  to  predict pres­

ence and absence w ithout unduly com plicating the m odel. T he detectability , in 

the  functional form of a logit function o f covariates. en ters th e  likelihood function.
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T he likelihood function is now of the  d a ta  given the tru th  and these detection  vari­

ables. A lthough this com plicates th e  likelihood function, th e  estim ation  procedure 

is not unduly com plicated by its inclusion. For each iteration  of the  G ibbs-H astings 

sam pler, the  step  to  estim ate presence/absence and es tim ated  likelihood of pres­

ence is changed and there are additional steps required to estim ate  the param eters 

associated w ith the detection variables.

We dem onstra te  w ith two sim ulated exam ples the u tility  of the  extension. The 

exam ples are set up to  be sim ilar to two from the autologistic model w ith covari­

ates for sam ple d a ta . The sensitivity of the extended model is g reater when using 

detectab ility , bu t the specificity drops slightly. This may be a product of the  ex­

am ples used which have only a small am ount of sam ple d a ta  in which to es tim ate  

param eters associated with detection.

7.3 Sam pling Designs

T he production of maps with predicted probability  of presence is interesting, 

but is also a very useful tool for developing sam pling plans and m onitoring program s. 

T he predicted probabilities can be used tow ard this end in m any ways. We explore 

th ree  ways to  use the  inform ation in developing sam pling plans. T he first possible 

use of the inform ation is to select sites to  sam ple based on th e  predicted probabilities 

in an unequal probability  sampling design. A nother possibility is to  use th e  predicted 

probabilities to  s tra tify  the population into m ore homogeneous sections. T he final 

use we explore is to  use the inform ation only in th e  estim ation  of occupied sites and 

use a  sim ple random  sam ple to select sites. We’ll sum m arize the  two sam ple design 

uses and  the ir various elements and  then  sum m arize the  com parisons we’ve m ade 

on the ir perform ance.
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Sam pling w ith probability proportional to predicted probability  (SPL) can be 

accom plished in a t least th ree different ways. Selection of sam ples can be achieved 

w ith replacem ent, w ithout replacem ent, and using Poisson sam pling w ith unspec­

ified sam ple size. We considered a t least one estim ator for each of the  three se­

lection strategies and com pared their performance. The design and  estim ato r tha t 

perform ed a t least as well as all o thers under the good fitting model setup was sam ­

pling w ithout replacem ent following the Rao. Hartley. Cochran (Rao et al.. 1962) 

selection procedure with the accom panying estim ator (RHC).

S tratified sam pling involves specifying three elem ents: how the s tra ta  are 

form ed, how to sam ple w ithin s tra ta , and how to allocate the sam ple am ong s tra ta . 

We suspect th a t using a  stratified  sam ple will achieve three goals. The first, is to 

m axim ize detection by forming subpopulations according to predicted probability. 

T he s tra tu m  with the highest predicted probability should contain the m ost species 

presence, so th a t sam pling there intensely will m axim ize species detection. The 

second goal is to m inim ize variance. Variance estim ates from stratified  sam pling, 

being the sum  of variance estim ates of more homogeneous regions, should be less 

th an  SPL variance estim ates. T he th ird  goal is to verify the  model which produces 

the estim ated  likelihoods. In sam pling some from sites which have m edium  and low 

predicted  probabilities, we ensure th a t a  poor fitting model does not lead us to tally  

astray  and we also have inform ation to verify the u tility  of the  model.

We com pare two m ethods of stratification. The m ethod of Dalenius and Hodges 

(D alenius and Hodges, 1959) specifies s tra ta  tha t have equal ranges on the cum m u- 

lant square root of the relative frequency of an auxiliary variable. A nother technique 

we tried  was to subjectively determ ine the  s tra ta  for a sim ulated  exam ple based on 

histogram s of predicted probabilities for presence and  absence sites. T he m ethod of
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Dalenius and Hodges perform ed b e tte r overall than  the subjective approach. This 

is som ew hat unexpected since we used the true  d a ta  to determ ine the s tra ta  for the 

subjective approach. This result is favorable though, since the  subjective approach 

it is not easily applied in practice when the  tru th  is unknown.

We considered two sam ple selection m ethods for w ithin s tra ta , simple random  

sam pling with the ratio  estim ator and RHC sam pling and estim ation. We suspect 

th a t even stratification will not produce homogeneous subpopulations in variable 

environm ental exam ples. Thus a simple random  sample, even using the ratio esti­

m ator. may not perform  as well as selecting sam ple sites according to the predicted 

probability. We used the  RHC approach and estim ator for our other comparisons.

There are num erous allocation strategies to consider and we make no recom­

m endations on one best rule. A llocation rules we consider give differing weight to 

three goals. The three goals are m axim ization of detection, m inimization of vari­

ance. and m inim ization of cost. T here are allocation rules which optim ize one of 

the goals, two goals, and  three goals. The compromises between two of the goals 

may also involve optim ization subject to  constraints on the uninvolved goal. Al­

locations which minim ize variance tend to also minimize detection, and. inversely, 

allocations which m axim ize detections tend  to result in large variance. T here are 

some allocation rules which result in average values for both  detection and variance. 

These param eters need to  be specified on a case by case basis. We dem onstrate tha t 

certain  com plicated allocation rules can be worked out, a t least in the three s tra ta  

case, and  th a t others cannot be determ ined in general a t all.

We also considered a  modified stratified  sam pling design we term  fixed top 

s tra tu m  sampling. T his design takes a  census of a  s tra tu m  defined to have the 

highest predicted probabilities and  samples the  rest of th e  population. T he three
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goals here are the sam e as in a stratified  sample. The goals are to  m axim ize de­

tection, minimize variance and develop a sam pling design th a t will be both  robust 

to a faulty model and useful for model verification. In tak ing  a census of the  top 

s tra ta , we m axim ize detection , as long as we have a good fitting model and reduce 

variance, since there is no sam pling variance associated w ith a census. By sampling 

the  rest of the population we have a design th a t can be used for model verification 

and is also robust. Using an exam ple from C hapter 4. we com pare one elem ent of 

this design, specification of the  top stra tu m , a s tra tu m  of the sites w ith the largest 

predicted probability of presence. The rest of the population we sam ple using two 

s tra ta  formed by the m ethod of Dalenius and Hodges, allocation based on Nevman 

allocation, and RHC selection and estim ation within s tra ta .

The specification of the  top s tra ta  really determ ines th e  utility  of the design. 

We com pare two top s tra tu m  determ ination  rules at two levels each. One rule is to 

specify th a t all sites w ith predicted probability greater than  some cutoff be assigned 

to the top stra tu m . The o ther rule specifies a percent of the  to tal available sample 

to be assigned to  the top s tra tu m . Our comparisons show th a t using 50% of the 

sam ple in the  top s tra tu m  is most efficient for detection and precision.

7.4 M odel R esults and Sam pling Design Comparison

Finally we com pare the  u tility  of the three models, logistic regression, autolo­

gistic model, and autologistic model w ith covariates for sam ple da ta , for the ir use in 

sam pling designs. T he  results from the exam ples in C hap ter 4 are used for each of 

the  three models. T he  sam pling designs we consider are first, sam pling proportional 

to predicted probability  using the  RHC approach and estim ato r, second, stratified
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sam pling using stratification rule of Danlenius and Hodges, RHC sam pling and  es­

tim ation  w ithin stra ta , and both  N eym an and auxiliary variable allocation, th ird  

fixed top s tra tu m  sam pling using 50% of the sam ple in top s tra tu m , and fourth 

sim ple random  sampling w ith the ratio  estim ator. We find th a t the autologistic 

model w ith covariates for sam ple d a ta  produces better results as far as detection  

and precision than  either the logistic regression or autologistic model over all sam ­

pling designs. We also find th a t th e  fixed top stra tu m  sam pling design generally 

im proves detection and precision over o ther designs.

7.5 Future Work

In our progression through this work, we have come up with many leads into 

further research. The autologistic model w ith covariates for sam ple d a ta  is a basic 

m odel which is open for extensions. T he first extension we would consider is to 

m ultip le species. As much as species presence is related to hab itat covariates and 

has spatial dependence, species depend on each other. The presence of certain  o ther 

species m ay prom ote or inhibit the  presence of a species of interest. It m ay be 

useful to model two species together if both are of equal interest. Species m ay have 

sim ilar h ab ita t requirem ents or very different, they may live well together or not. 

These relationships will certainly im prove prediction of presence for both species 

upon predicted  presence for the  species individually.

T he second extension to the m odel is to incorporate a tem poral elem ent. The 

m odel was developed to  be part of a  m onitoring program , which will be carried  out 

over years. T he answer to  '‘How th e  species is doing?” involves both its range and 

th e  trend  in abundance and range over tim e.
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In th a t sam e vein, the  u tility  of a Bayesian framework is to  continually incor­

porate  newfound inform ation. We would like to explore th e  im provem ents th a t take 

place in prediction when be tte r prior inform ation is available.

One extension to sam pling designs th a t we haven 't explored yet is adaptive 

sam pling (Thom pson and Seber. 1996) In adaptive sam pling, when a site is found 

to have a species present, neighboring sites are also sam pled. Thus if a species 

is found, the whole cluster of it will be found and counted. This should improve 

estim ation  of abundance as well as spatial ex tent. Also th e  inform ation pertaining 

to  the edges of species presence will be very valuable in fu tu re models.
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