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ABSTRACT

THE AUTOLOGISTIC MODEL WITH COVARIATES FOR SAMPLE DATA
AND ROBUST SAMPLING DESIGNS USING PREDICTED PROBABILITY

OF PRESENCE

We extend the autologistic model for spatially correlated binary response lattice data
by including covariates related to presence and using sample data from a subset of
sites instead of complete data. We assume the binary response is presence or absence
of a species. The model output is the predicted probability of presence for sites
over the lattice. We present a Bayesian framework and develop a (iibbs sampling
estimation procedure. We demonstrate using three examples that the autologistic
model with covariates for sample data reproduces the truth more accurately than
either the autologistic model. which uses only spatial relation information. or the
logistic regression model. which uses only covariate information.

We further extend our model to account for possibly imperfect detection in
the sample observations. We assume there are covariates which are related to de-
tectability of the species and modify the likelihood function to a logistic regression
form. We expand the Bayesian set-up and Gibbs sampling estimation procedure to
include the modified likelihood function. With two examples we demonstrate that
also using sighting-related covariates achieves good reproduction of the truth.

We investigate the use of the predicted probability in development of robust

sampling designs whose goal is maximization of detection. The model output can

i
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be used to determine inclusion probabilities for unequal probability samples. define
homogeneous partitions for stratified designs and be included in a ratio estimator of
number of occupied sites. We present and compare four unequal probability sam-
ple design estimators. two strata construction methods. two within strata sampling
methods. seven allocation strategies. and a fixed top stratum design. These com-
parisons are made with respect to the expected number of observed presence sites
and the variance of the estimator of occupied sites. The fixed top stratum design.
which samples all sites in the strata with the highest predicted probability. achieves
the greatest detection and also attains a small variance for the estimator. This work
serves to advance statistical methods used to map and detect rare species. These
methods are applicable as well to mapping. or image analysis. and sample designs
for lattice data.

Molly Leecaster

Department of Statistics

Colorado State University

Fort Collins. C'olorado 80523
Fall 1999
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Chapter 1
INTRODUCTION

The United States Forest Service (['SFS) manages public land that is both home
to many species of plants and animals and ripe for logging. Management decisions
regarding this land depend. in part. on the abundance of the native species of plants
and animals. For many species the abundance and range is not known. The first step
in management of public lands is to determine which species need special treatment.
and therefore their habitat special management.

The USFS has a goal to develop methodology which provides improved infor-
mation on species presence. We took on this goal as the project for our current work.
Obtaining improved information on species presence involves sampling. The spatial
nature of environmental data leads us to use a mapping tool to develop the best
sampling program. So our project became two-fold. First we develop methodology
which will utilize all of the available information about a species of interest in order
to produce a map of likelihood of presence of the species. Second. we investigate
sampliug designs which are based on these maps. with the goal of detection of the
species of interest.

Development of the autologistic model with covariates for sample data achieves
the first goal of development of a map. We extend the autologistic model. which
is a spatial model for binary data. to improve prediction. The autologistic model

with covariates for sample data utilizes observed data collected from a sample of
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N

sites over the area of interest. habitat information measured over the entire area of
interest. a measure of search intensity. and the assumption that the species form
clusters to provide predicted likelihoods of species presence.

The second goal. investigation of sampling designs to increase detection of the
species, 1s attained by rigorous investigation of designs which utilize the map of
predicted probability of presence produced through the first goal. The information
from the map can be used in at least three ways to improve detection of species.
The first approach we consider is to use these predicted probabilities of presence in
selecting sites to sample in an unequal probability sampling strategy. The second
way we use the map information is to stratify the population based on the predicted
probabilities. The population will be stratified into segments which are homoge-
neous with respect to predicted probabilities. A final use we make of the predicted
probabilities is through the ratio estimator of number of sites with species presence.
This estimator may be especially useful when using a sampling design which does
not incorporate these predicted probabilities in its design. such as simple random
sampling,.

The work we present has been motivated by the USFS project. but is applicable
to a variety of fields. The autologistic model with covariates for sample data which
we develop is applicable to the many other applications which this type of model has
been used such as agricultural research (Gumpertz et al.. 1997). forestry (Preisler.
1993). archaeology (Besag et al.. 1991). and biological range mapping (Heikkinen
and Hégmander. 1994: Hogmander and Meller, 1995; Augustin et al.. 1996).

In Chapter 2 we introduce the basic autologistic model and some extensions.

This model is the basis of our autologistic model with covariates for sample data.
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[n Chapter 3 we derive the extensions to the basic model. We introduce the infor-
mation we use in the extended model and provide a Bayesian framework. Within
this framework we propose methodology for parameter estimation. [n Chapter 4 we
demonstrate the utility of the extended model through three simulated examples.
The examples serve to compare utility of the model with respect to different envi-
ronmental factors as well as to compare our model to two existing. more limiting
models. logistic regression and the basic autologistic model. Our model initially
uses a simplistic function for species detection. We extend this in Chapter 3 where
we propose a more comprehensive approach to model search intensity over the area
of interest. Chapter 6 is devoted to the investigation of sampling designs and es-
timators of detection. We compare different ways to use the map information in
sampling designs by comparing estimates of detection of presence sites and variance
for various properties of the population in simulated setups and through the ex-
amples formulated in Chapter 1. We also compare the utility of the three models.
the autologistic model with covariates for sample data. logistic regression. and the
autologistic model with respect to sampling designs. In Chapter 7 we summarize

our conclusions and propose areas for future work.
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Chapter 2
AUTOLOGISTIC MODEL

The basic autologistic model is a spatial model for binary response. The model
has the same form as a logistic regression model. but the model covariate is a
function of the "neighboring’ responses. The spatial dependence is defined by a
locally dependent Markov random field. [n image analysis applications the binary
response for each pixel is black or white. In our application the response at each site
(or pixel) is presence or absence of the species of interest. The input to the basic
autologistic model is a response at every site which is observed with error. The
likelihood function of the data is the functional form of this observation mechanism.
The output of the basic autologistic model is the predicted probability of positive
response for each site. i.e. black. or presence. In this chapter we will introduce

notation. assumptions. the basic autologistic model and extensions.

2.1 Notation

The area of interest, for example an image or a particular forest. is divided into
.V sites on a lattice structure. We assume for our examples a square grid structure
of appropriate scale over the area of interest. Each of the .V sites on the lattice will
be the square area inside the gridlines and the sites will be contiguous.

For each site there is a true state of the binary response. We denote this

unknown truth for the ith site by r,,i = L....,N. Black, or presence. at site i is
p
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Figure 2.1: A Second Order Neighborhood.

indicated by r, = L. and white, or absence. at site ¢ is indicated by r, = 0. The
truth over the whole lattice is denoted by a vector . of length V.

There is also an observed response at each site which is denoted for site / by y,.
An observed value of y, = | indicates observed black at site ¢ or observed presence
of the species at site ;. Observed absence. or white. at site / is denoted by y, = 0.
The observed values for the whole lattice are denoted by a vector y of length V.

Spatial dependence hetween sites is assumed for a ‘neighborhood” of each site.
The neighborhood of site i. 4,. can be defined in a variety of ways. A first order
neighborhood of site ¢ includes the four sites north. south. east. and west of site
i. A second order neighborhood would include the first order neighbors plus the
four corner sites. as shown in Figure 2.1. Any defined neighborhood must meet
the neighborhood condition: if site ¢ is a neighbor of site j. then site j must be a

neighbor of site .

LEY, &> J€4J,.

The spatial correlation between sites is assumed to be limited to the defined
neighborhood. We summarize the information in the neighborhood of site i using a
spatial covariate. s,. This value can be defined in a variety of ways. For example
s, could be the number of neighbors with ‘black’. or ‘presence’. status. We will
introduce versions of the spatial covariate, s. as they appear in the basic model. an

extension. and in our autologistic model with covariates for sample data.
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[n summary. the notation for the autologistic model is defined:

N = number of sites on the lattice over the area of interest

{ 1 observed black. or species presence. at site i
yi =

0 observed white. or species absence. at site :

L true black. or species presence. at site i
0 true white. or species absence. at site i

I_; = true status for all sites except site i
9; = neighborhood of site ¢
L = true status for neighbors of site /

s, = spatial covariate for site : some function of r ;.

[n what follows probability density functions will be represented by p. proba-

bilities will be denoted by Pr. likelihood functions by f. and prior distributions by

2.2 Assumptions

Three assumptions underlie the autologistic model {Besag. 1972). (ressie
(1993) summarizes the assumptions and development for the autologistic as well
as other spatial auto-models such as the auto-Poisson.

The first assumption is that the likelihood function of the observations is con-

ditionally independent given the truth at each site.

A'S

flytz) =TIp(sl2).

The probability of observing a black or white pixel at pixel i depends only on
the true color at pixel I, not colors of the other pixels. In our application. the
probability that we observe a species at a site depends only on whether the species

is actually present at the site. independent of presence/absence in other sites. This

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-1

product form for the likelihood function allows for mathematical convenience. but
also provides a valid foundation for independence of site by site detectability in our
application. Using this form for the likelihood function we can specify detectability.
the probability of observing a species on a sampled site given that it truly exists
there (see Chapter 5).

The second assumption defines a locally dependent Markov random field. It is
assumed that the distribution of true black. or presence. r,. at each site given all

other sites. r_,. is the probability of r, given the truth at neighboring sites. .r ; .
Pr(r,|z_)=Pr (.L‘, |£".) .

This limits the spatial dependence to the neighborhood of the site. Sites outside of

the neighborhood of site i are assumed to be independent of r, given ;.

The final assumption is the positivity condition. If ¢ = {y: Pr (ll) > 0} and

¢, = {y. : Pr(y,) > 0} for: = L......V. then the positivity condition is satistied
if{=¢ o+ " (y. where ( = ¢, = --- = (y is the (artesian product of all sets
Creeeoe (v. The positivity condition requires that any configuration of presences and

absences over those sites is possible. There are no restrictions on possible images
as would be the case for contagious disease where a site with presence cannot occur

without presence in a neighboring site.

2.3 Basic Autologistic Model

The basic autologistic model was formulated by Besag (1972) for imnages which
were measured with error. We introduce the data. spatial dependence assumption

and characterization of this model.

The observations are recorded values of black or white at each site. The re-

liability of the observations is not known, except that there may be error. The
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autologistic model estimates the probability of presence for each pixel using the
presence/absence of the neighboring pixels. The basic autologistic model updates
the image to an image closer to the truth using observed values and the assumption
of neighborhood dependence. In other words. the model is used to *clean up’ images
that are “dirty’.

The spatial covariate. s;. establishes the extent of spatial dependence assumed
when applyving the autologistic model to images. The neighborhood must he spec-
ified in accordance with the neighborhood condition defined above. A first order
neighborhood is often a reasonable assumption. For image analysis. a common

spatial covariate is defined as the number of black pixels in the neighborhood.

.#,:Z.rj. (2.1)

horhoods.

Using this spatial covariate. the resulting autologistic model is formulated as.

j) _exp(s.3)

Pric.=lle, 4) =137
r (1‘ | £ L +exp(s,.3)

=

where .3, is the spatial coefficient. Both of these coefficients need to be specified or
estimated. The model has the form of a logistic regression model. but the covariate
is a function of neighboring values of the response. hence the name autologistic.

The joint distribution for £ over the whole lattice has the form
p(L]3) xexp(ds). (2.3)

where s is defined in Equation 2.1. There is a denominator which is the sum over

all possible combinations of black and white pixels and is the normalizing function
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for the probability. This sum generally has too many terms for computation to be
tractable. Since the joint distribution. p(z). is analytically intractable except for
very small lattices. maximum likelihood estimation for the autologistic model is not
feasible.

Many approaches to estimation for the autologistic model have been developed.
Besag (1986: 1974: 1989) develops estimation procedures hased on iterated condi-
tional modes. coding. and a Bayesian setup. respectively. [n all of these approaches.
the coefficient .3, is specified a priori. In the iterated conditional modes approach
(Besag. 1986) each site is updated based on information from the rest of the lattice.
along a raster scan using the conditional likelihood. A raster scan simply starts at
one corner. say the bottom left and visits sites sequentially left to right. up succes-
sive rows. The coding technique (Besag. 197) works with partial sets of data. For
instance, using a second order neighborhood. there would be eight neighbors for each
site and eight sets of partial data. The joint distribution of sites with the same rela-
tive neighborhood position (e.g.. the top right corner site of the neighborhood) given
the rest of the sites is used to obtain estimates. The relative position is shifted and
the next joint distribution is used. The resulting estimate is a combination of these
joint distributions. Besag (1989) adopts a Bayesian estimation approach for the
autologistic model applying a Gibbs sampler (Geman and Geman. 193-4). Possolo
(1986) suggests a logit approach to estimation as an alternative to pseudolikelihood

estimation. Gray et al. (1992) combine these approaches for estimation of noisy

binary images.
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2.4 Extensions to the Autologistic Model

Several authors have extended the autologistic model to accommodate vari-

ous applications. We'll briefly discuss these applications and then summarize the

extension which formed the basis of our work.
2.4.1 Applications of the Autologistic Model

Besag. York. and Mollie (1991) apply the autologistic model to both archeology
and epidemiology data. Theyv use the Gibbs sampler to obtain Bayves estimates of
the coefficients.

Gumpertz. Graham and Ristaino (1997) model spatial patterns of disease in
agricultural fields using the autologistic model. Thev add covariate terms in the
model. [n their model. they have complete data for the response and covariates
as opposed to a sample of observed responses. Thev estimate parameters using
maximum pseudolikelihood (Besag. 1974). The pseudolikelihood is the likelihood
which results by assuming conditional independence of the true presence/absence
at sites given the other sites.

Preisler (1993) modeled destruction due to bark beetles using an autologistic
model. He also emploved maximum pseudolikelihood estimation.

Huffer and Wu (1995) use an autologistic model with covariates to model the
distribution of several plant species in Florida using Markov chain Monte (‘arlo
(MCMC) maximum likelihood method of Geyver and Thompson (1992). They also
investigate the distributional properties of their MCMC estimates. These authors
(Wu and Huffer. 1997) compare three methods of estimation: coding. maximum

pseudolikelihood. and their MCMC method. Their MCMC method produces smaller
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standard errors and mean square error. but the bias in their estimates is consistently
larger than the bias for the other two methods.

Augustin. et al. (1998) develop an autologistic model to model the spatial
distribution of red deer in Scotland. They develop a Gibbs sampler to estimate
true presence/absence. but they do not put prior distributions on the parameters

in the autologistic model. [nstead they use the pseudolikelihood to estimate these

parameters.
2.4.2 Autologistic Model with Search Intensity

Heikkinen and Hogmander (199:4. HH hereafter) use the autologistic model for
biogeographic range estimates. HH extend the work of estimating biogeographic
distributions introduced by Hégmander and Moller (1993) who use the autologis-
tic model to estimate distribution maps of several bird species in central Finland.
Hogmander and Moller extended the autologistic model to account for heterogeneous
research activity. and they use maximum marginal posterior estimation and the it-
erated conditional modes algorithm for estimation. HH also use the level of search
emploved on each site to extend the autologistic model in predicting probability of
presence but use a Bayesian setup for estimation.

HH apply their methodology to model presence/absence of a species of toad.
The observations are made with error corresponding to the level of search employved.
If the site was intensely searched and no toads were found. then an observed absence
at that site is deemed more likely to be correct. [f the site was searched only slightly.
then an observed absence would not be so believable. This added information enters

the model through an altered form of the likelihood function. f(y | z).
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To introduce their extended model. further notation is necessary. HH define the

spatial covariate, s,. as the number of neighbors with presence minus the number of

neighbors with absence.
5= (ko= — liey=a)) -
JE'SI

This form of the spatial covariate has a range of integers from minus the num-
ber of neighbors to the number of neighbors. Negative values indicate a “whiter’
neighborhood. and positive values a "blacker’ neighborhood.

HH categorize search intensity into three levels corresponding to high. medium
and low search intensity. The levels are denoted by e = 0. 1. or 2 and g., is the search
intensity at the ith

site. The probability of observed absence given the species is

present. is given by.

l. if.L‘,‘ = (.
e, - 'lf.l',' = 1.

plyi =0 | r) = {

So the distribution of g. is the probability of “missing”™ the species at the specified
search level, e.

HH adopt a fully Bavesian approach for estimation. [ will present the likelihood

function. priors. and posterior as HH have formulated them. The likelihood function

for the lattice is. by assumption. the product of the likelihood function for each site.

N

flyleg) =TIr(s12.9.)-

i=1
The parameters in this likelihood function are the true presence/absence. r. and the
the detectability, g. . e; = 0.1.2.

From the locally dependent Markov random field assumption it follows that the

prior distribution on r is

m(z|3) xexp(sd). (2.4)
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Figure 2.2: Specification of Jy,x for Autologistic Model

X

-~

This likelihood function is intractable due to the normalizing constant which is the
sum of this exponential function over all possible configurations of species pres-
ence/absence. The prior distribution for the detectability parameters. g¢.. is detined
to provide the natural ordering, 0 < g, < ¢, < ¢, < L. The probability of missing
the species increases as search level decreases. The hyperprior for 3 is chosen as
uniform over the range 0 to Jy,x. The value for Jy .« is determined by putting a
minimum probability on finding a “corner’ of presence sites. If the true neighborhood
has a corner of species presence. shown as X's in Figure 2.2, then the probability
of predicted presence at the center site is set to be greater than or equal to some
specified value. For Figure 2.2, s, = 1 — 35 = —1. 50 .Jy.x can be solved for.

The full posterior distribution for the parameters of the autologistic model of
HH is
p(_.L_',J.‘(i| ‘l) x f (g | £-$l)7(£| .3)7.'(Q) T(3).
This posterior distribution is intractable due to the prior on .
In HH. estimation is accomplished via a "Gibbs-Hastings" sampler. For a Gibbs
sampler. all full conditional distributions are needed. For the autologistic model of
HH. the full conditional distribution for J is intractable. so a pseudolikelihood ap-

proximation and Metropolis-Hastings step is used. This approach will be described

for our extended model in 3.3.3.
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HH obtain results consistent with the sightings and search level. They present
posterior distributions with little variability for the estimated parameters. With
this work HH have opened the door for further extensions of the autologistic model.

The extensions of HH are not general enough to fill our needs. We need to

extend the detectability to involve sites that were not sampled. We also include

habitat covariates.
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Chapter 3

AUTOLOGISTIC MODEL WITH COVARIATES FOR SAMPLE

DATA

Our goal for the I'SFS project is to produce a map of predicted probability
of presence for each species over an area of interest. The available information we
have is sighting information at some sites. sampling status for all sites (each site
is sampled or not sampled). covariate information (which is assumed to be related
to species presence) at all sites. and the assumption that the species form clusters.
The extensions to the autologistic model presented in the preceeding chapter do not
fully meet our needs. Unsampled sites have no presence/absence information. This
is different from the models thus far presented since there was an assumption made
that observations are available. albiet with error. at every site on the grid.

We introduce the autologistic model with covariates for sample data which
incorporates sample observed presence/absence data. and covariates. and we use a
Bayesian setup for estimation. The chapter begins with an introduction of notation
to be used. The Bayesian framework is then presented by defining and deriving the
likelihood function. priors and posterior. We then detail the estimation procedure

which involves a Gibbs-Hastings sampling scheme.

3.1 Notation
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In this section. we introduce the notation for the autologistic model with co-
variates for sample data. Additional clarification is provided in subsequent sections
where needed. We defined notation for the basic autologistic model in Chapter 2.
We use similar notation here. but some of the notation takes on slightly different
meaning for the autologistic model with covariates for sample data. Here we present
only terms whose meaning has been altered or new notation. All notation is sum-
marized in Table 3.1. We will use the language of species presence/absence for the
binary response. although the autologistic model with covariates for sample data is
applicable to situations appropriate for the basic autologistic model such as image
analysis.

We assume the data have heen observed on a finite regular lattice. The sites
are defined as before as the area between gridlines. We denote the number of sites

in this lattice. .V. A setup for hexagons or other shapes is possible as well.

3.1.1 Observed Data

Observed presence or absence is available at only some sites since some of the
sites were not sampled. We define y; to be 1 if the species was observed at site
t, and redefine y, to be 0 if either the species was not observed at site / or site ¢
was not sampled. A value of y; = 0 at site : may represent observed absence or

lack of information. The observed values for the lattice are denoted by the vector

[n addition to the observed presence/absence values. y. we define a variable a
representing the sampling status for all sites. We define a; = 1 if site ; was sampled
and a; = 0 if site { was not sampled. If site : was not sampled. a; = 0, the species

cannot be observed and necessarily y; = 0. If the species was observed at site .
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yi = L, then the site must have been sampled, ¢; = |. The vector a = (a,
represents the sampling status for the lattice of interest.

The covariates. habitat variables in our application. are represented by the
N x (p+1) matrix Z. The number of covariates measured at each site is denoted by
p. The first column of Z is a column of ones which corresponds to an intercept term

in the autologistic model with covariates for sample data (Equation 3.2. described

below).
3.1.2 Neighborhood Characterization

We use a spatial covariate to characterize the presence or absence in the neigh-
borhood. We define the spatial covariate for site i as the sum of the predicted

probability of presence over sites in the neighborhood of site i. 4,.

s = Prir,=1). (3.1

JE‘SI
where Pr{r, = 1) is the predicted probability that the species is present in site
t. Apriori. P(r; = 1) is equal to either 0 or 1. [t is typical to adjust the spatial

covariate for edge effects. The sites on the edge of the lattice have fewer neighbors
than the interior sites and therefore have less information contained therein. When
we perform estimation. we use only interior sites. Thus these edge sites. which have
limited information. do not affect estimation. We discuss this estimation procedure
in detail in Section 3.3.3.2.

Additional parameters. § and 3. will be defined in Section 3.2.2 The other
notation remains as defined in Chapter 2. The notation for the autologistic model

with covariates for sample data is summarized in Table 3.1.
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Table 3.1: Notation for the Autologistic Model with Covariates for Sample Data

N number of sites in the area of interest

p || the number of covariates

4
I site: was sampled
a; | §
i 0 site : was not sampled
4
| observed species presence at site :
Yi
0 observed species absence at site i. or site : was not sampled
7
l true species presence at site :
I
{ 0 true species absence at site ¢

z_, || {r,:J # i} = true species presence/ absence for all sites except site

d; || neighborhood of site :

L |l {«,:J €8} = true presence/absence for neighbors of site :

z; L x (p+ 1) vector of covariates for site :

8 || 1 x(p+ 1) vector of covariate coefficients

s; || spatial covariate for site :

3 || spatial covariate coefficient

3.2 Bayesian Formulation

The autologistic model with covariates for sample data is defined

_exp{zfT + 3s(2)}
T L+ exp{z8T + 3s(z)}

Pr(r; =1]z_;.0

[R5

(3.2)

where z; is a vector of covariates for the ith site with the first element equal to 1. 8
is a vector of parameters for the covariates, and J is the parameter associated with
the spatial covariate, s(x;). The spatial covariate for site :. s(r;). is equal to the

total number of sites where the species was present in the neighborhood of site .
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Since s(r;) is the autocovariate. we have chosen to treat this term separately from
the other covariates for ease of understanding.

We consider a Bayesian setup for the autologistic model with covariates for
sample data for two reasons. First. the Bayesian setup allows the incorporation of
existing information through the prior distributions. The incorporation of informa-
tion is important for ongoing monitoring programs since new information is always
being gained. The USFS project involves development of sampling plans which are
to he the basis for monitoring programs. The USFS will monitor many of the rarely
seen species by sampling at regular time intervals. For a species heing monitored. a
sampling plan would be developed or modified for each time interval of monitoring.
[nformation obtained in one sample will be used in the model to predict probability
of presence. These predicted probabilities of presence will be used to increase the
efficiency of the sampling plan for the following sampling period. This monitoring
procedure lends itself to defining prior distributions based on iuformation from the
previous sample. [n this way. information gained from the current sampling can
readily be utilized for the next sampling plan inside a Bayesian framework. The
logistics for updating prior distributions would be addressed after the initial sample
data is collected. The posterior distributions from the first sample will be used
as the prior distributions for the map of predicted probabilities used to design the
second sample.

The second reason to consider a Bayesian framework is for ease in estimation of
parameters. The likelihood for the true scene. p(z). is intractable. as described be-
low. Straightforward maximum likelihood estimation cannot be implemented in this
case, so an alternative estimation procedure is necessary. Other options for estima-

tion, including maximum pseudolikelihood estimation, were discussed in Chapter 2.
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We introduce a Bayesian framework for estimation of parameters for the au-
tologistic model with covariates for sample data by first introducing the likelihood

function. prior distributions and the posterior distribution.

3.2.1 Likelihood Function

The likelihood function is the joint density of the data given the parameters.
For the autologistic model with covariates for sample data we detine the likelihood
function of the joint density of y. given the underlying true presence/absence ..
as f (g | g) . By assumption (Chapter 2). this joint density is the product of the

conditional densities at each site.

N
fyle) =T py | 2,
=1

since each site is conditionally independent. given the truth at that site. We use
sample observed presence/absence data instead of observations at every site. so the
likelihood function for the autologistic model with covariates for sample data will
be modified from the likelihood function in the basic autologistic model.

We consider the likelihood function to be a function of detectability. Probability
of detection is the likelihood function of observing the species given that the species
is present. As in Heikkinen and Hogmander (1994. HH hereafter). we formulate the
likelihood function in terms of nondetectability. Nondetectability is defined as the
likelihood of not observing the species given that the species is present. or restated.
the likelihood of ‘missing” the species in our search. For now we concentrate on
the sample data setup with two levels of search intensity: each site is sampled or
is not sampled. We assume that sampling is done with a high level of rigor so

that nondetection probability is zero for sampled sites and one for unsampled sites.
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Extensions to this likelihood function setup to account for imperfect detection are
described in Chapter 5.

Our likelihood function limits the possible true scenes to be consistent with the
observed sample. We define possible true scenes to be only those configurations of
presence/absence over the lattice for which the unsampled sites. ¢; = 0. can have
either r; = | or r; = 0. but sampled. a; = 1. sites are fixed at r; = y;. The modified
likelihood function allows updating for unsampled sites. but fixes presence/absence
for sampled sites. Thus we define the likelihood function for the autologistic model

with covariates for sample data as the product of p(y;.«, | r,) over all sites where

l. ifr;, =0
Pr(yi=0.a¢;| r) = (3..3)
| —a;. ifr, =1

So we necessarily observe y; = 0 if the species is truly absent or if we do not search

the site. Similarly.

0. ifr,=0
Priyi=l.a;| 1) = (3.4)
a;. if.l‘,‘ = 1.

The likelihood function defined in this way limits possible true scenes to those

consistent with the observed data.

3.2.2 Prior Distributions

[n a Bayesian setup. the parameters in the likelihood function. . in our case.
are considered to be random variables with distributions. The distributions for
these parameters are prior distributions. Prior distributions reflect beliefs about the
parameter values. prior to observing the data.

The covariates. Z. are related to the true presence/absence, r. We introduce

a prior distribution w(z), which is a function of the new covariates as well as the
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spatial covariate. By assumption, the true presence/absence on the lattice of interest

is represented by a locally dependent Markov random field (LDMRF. Chapter 2).

The prior distribution on £ is.
N
T(z| 3.8) x exp (Z _:_,»1") o7 + 3 ririlimy) p - (3.5)
i=1 1<y
where [;;.,; = | when site : and j are neighbors and 9 otherwise. Note that this
1s the a priori definition of s; (Eqn 3.1). As in the basic autologistic model. the
form of the prior distribution is of a logistic regression function where the spatial
covariate is a function of the neighborhood responses. The prior distribution on
£ is analytically intractable since the sum in the denominator is over all possible
configurations of presence/absence on the lattice.

[n a fully Bayesian hierarchical framework. the parameters of the prior distribu-
tion. in our case § and J. are in turn considered random variables with distributions
called hyperprior distributions. We next present the form of the hyperprior distri-
butions we use in the autologistic model with covariates for sample data.

The hyperprior distributions for 8. and J3 are specified as follows. We assume
0~ N(Q.Z).

a multivariate normal distribution with mean 0, and a diagonal covariance matrix.
T. with (T(,"Tf ..... T:) on the diagonal. Here (7¢.73..... 77) are hyperparameters
to be chosen. The covariate coefficients. §, are assumed to be independent a priori.
This assumption is not reasonable when columns of Z constitute a set of dummy
variables for a categorical variable. Raftery, Madigan, and Hoeting (1997) suggest

an appropriate hyperprior distribution for this situation in the context of linear

regression.
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The hyperprior distribution we assume for 3. the spatial parameter. is gamma.

['(v.a). where

7(3) =

o™ 3¢ texp(—3/a). (3.6)
[ (w)

and ¢' and a are hyperparameters to be chosen. This hyperprior distribution con-
strains the spatial parameter to be greater than 0. For populations that form clus-
ters. this is certainly a reasonable constraint. [f the population of interest is not

necessarily clustered. or is repulsive to nearby presence. then a different hyperprior

distribution would need to be specitied to allow negative values of the coefficient for

the spatial covariate .j.

3.2.3 Posterior Distribution

The posterior distribution is the conditional distribution of all of the parameters
given the data. By Bayves theorem. the posterior distribution is the normalized
likelihood function times the prior distribution(s). For the autologistic model with

covariates for sample data. the posterior distribution is

P(AJ-QI .g.g) x f (gglL) (] 3. a(I)m(l). (3.7)

This posterior distribution is analytically intractable due to the normalizing constant

in the prior distribution for r, 7 (z | 3.8).
3.3 Estimation

The parameters in the autologistic model with covariates for sample data to
be estimated are z, d. and 8. Since the posterior distribution is analytically in-

tractable. we cannot easily obtain maximum posterior estimates of these parame-

ters. We mention two techniques for performing this estimation. Exact Sampling
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(Propp and Wilson. 1996) is a Markov chain Monte Carlo technique which could be
used for estimation of the presence/absence parameters r. The methodology uses
the idea of coupling from the past. Heuristically. the image is started at the two ex-
tremes. all presence and all absence. which are updated in reverse until they couple.
or achieve the same image. At the point it can be assumed that the chain has con-
verged and all subsequent iterations are used in estimation. [n practice coupling is
difficult to achieve su we adupt an alternative estimation technique. Gibbs sampling
(Geman and Geman. 1938). The Gibbs sampling estimation procedure uses the full
conditional distributions in an iterative procedure to obtain estimates of the param-
eters from the intractable posterior distribution. We describe this Gibbs sampling
methodology. derive the full conditional distributions. describe a modification of the

Gibbs sampling for full conditional distributions which are intractable. and discuss
convergence criteria.

3.3.1 Gibbs Sampling

For the autologistic and related models. many authors have used a Bayesian
framework and MCMC methodologies for estimation (Besag et al.. 1991: Huffer and
Wu. 1995: Augustin et al.. 1998: Heikkinen and Hogmander. 1994). HH utilize a
fully Bayesian hierarchical framework and a Gibbs-Hastings sampling procedure for
parameter estimation. We extend this approach to obtain parameter estimates for
the autologistic model with covariates for sample data.

The algorithm proceeds by sampling iteratively from the full conditional dis-
tributions for the parameters. A full conditional distribution for a parameter is
the conditional distribution for that parameter given ail other parameters and the
data. One iteration of the Gibbs sampler involves sampling a value for each pa-

rameter from the corresponding full conditional distribution. The full conditional
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distributions are updated following the sampling for each parameter. thus utilizing
the updated information in a continuous cycle. This procedure is iterated until the
Gibbs sampler converges to the appropriate stationary distribution. The collection
of sampled values can be used to estimate the distribution of each parameter. The
means of these distributions are used as the parameter estimates.

There are .V — n + 2 + p parameters to be estimated in the autologistic model
with covariates for sample data: .V — n presence/absence parameters for unsampled
sites. r; p coefficients. ;... .. 6,. corresponding to the covariates. | intercept term.
fy: and | coefficient for the spatial covariate. 3. The Gibbs sampling estimation
procedure requires a full conditional distribution for each parameter.

We derive the full conditional distributions and describe the sampling procedure
for each parameter in the autologistic model with covariates for sample data. We

then summarize the whole procedure which involves specifving inputs, sampling

values. and monitoring convergence.
3.3.2 Full Conditional Distributions for True Presence/Absence

The full conditional distribution for £ is formulated using the posterior distri-

bution in Equation 3.7. and the assumed mutual independence of y. 3. and ¢.

9 j) _ P(!.,,J._B_|Q._(£)
T XTI
f(Jal-L') .E'Jg (J)TT(Q)

&

p(zl

-a,

1<

) (z]3.6)

p(yi,ai | L )) exp {(i;,—.v;) of + si,d} . (3.8)
=1

”n:-l< |c:
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where the likelihood function. p(y;.a; | r;). is given in Equations 3.3 and 3.4. This
distribution is intractable due to the sum in the denominator over all possible con-
figurations of presence/absence over the lattice.

The Gibbs sampling algorithm uses the full conditional distribution for each
parameter. so we are interested in the full conditional distribution for r,.: =

1.2...... V. which is formulated as

p(r,- | g.g.g__,.J.Q) x p(yi.ai | 1',-)7.’(1‘- | is..J.Q) .

the likelihood function for the observation at site ; given the truth at site ; multiplied
by the conditional prior distribution of the truth at site / given the truth at all other

sites and the model parameters. The conditional prior distribution for each r, given

Lo, 18

exp (xi (2,07 + 5:3))
1 + exp (;,Qr + s,‘f) ’

TF(.l'glil;'..j.Q) = (3.9)

the logistic function of the spatial covariate and habitat covariates which is obtained
from the prior distribution for r in Equation 3.5. Note that the full conditional
distribution for the truth at each site. r, is analytically tractable since the sum in
the denominator. over all possible ;. is the sum over r; =0 and r, = |.

We use the likelihood function in Equations 3.3 and 3.4 and the conditional

prior distribution for r; in Equation 3.9 to obtain the full conditional distribution

for r;:
p(ri=1lygaz_.3.8) = plyeai|lzi=1nr(z=1]z;.3.0)
exp(z;87 +5:3). ai=0 ora;=1l.y =

x (3.10)
0. a; = l,y; =0.

p(xi=0]y,az_..3.0) = p(ymar|zi=0)7(z;i=0]z,,3.0)
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1. (l,"—‘O. ora,-zl.y,-:O
0. aq; = Ly =L
(3.11)

(C'ombining these proportional distributions. we obtain the full conditional distribu-

tion for r; = L.

axp(g.é_r-%s,,i)

. “H, = ”
L+exp(z,0” +3,7) :
p (r.' =1 IQ-Qei_..-iQ) = w 0_~_"7_;t2‘;’2(1?2+:-;”j) =1 a=Lly =1 (312)
0 _ el =
m—o. i, = l..lj,—().

\

For our sample data setup. only sites that were not sampled. «; = 0. are updated.
The .V — n full conditional distributions for r; are fully specified by Equation 3.12

and can be readily sampled from in the Gibbs sampler.

Updating r in the Gibbs Sampler

We use the full conditional distribution for true presence at site : (3.12) to
update the predicted presence. z, in three steps. The first step is to calculate p. the
predicted probability of presence. for unsampled sites. ¢; = 0. The second step is
to calculate the spatial covariate. s. The third step is to update the prediction of
presence/absence. r. Below we describe this three step process for obtaining sample
values at iteration t. The initialization step. ¢t = 0. is described in Section 3.3.4.

For iteration ¢t. the first step for sites : such that a; = 0. p; = Pr(r, = 1) is

calculated as

At ¢
A= P =)
exp(i‘gT(l—l)+S£t-l)d“_l))
y Gy = 0.
= trewp(TgReN a0 (3.13)
yiQ ai = 1..
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Figure 3.1: Groups of Independent Sites
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where (=1, 3t=1_gt=Y) are parameters from iteration (¢t — 1).

The second step is to calculate the spatial covariate s. By definition. the
LDMRF utilizes the neighboring presence/absence information. r;,. not estimates
of the probability of presence. However the estimation algorithm does not converge
when the spatial covariate is a function of estimated presence/absence. so we use
the spatial covariate defined below to approximate a LDMRF. We use estimates of
the probability of presence from iteration ¢. g‘“’. from the first step. We calculate
the spatial covariate defined in Section 3.1 as,

o3
JE€S:

The parameters P_‘t) and s!) are not updated simultaneously for all sites. We
calculate f)(it) simultaneously within a group of independent sites and then calculate
s simultaneously within that same group of independent sites. This is done for

each group of independent sites in turn. We use four groups of independent sites.

consisting of groups of sites from every other row and every other column. This
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independent group structure is seen for the whole lattice in Figure 3.1. Group 1
starts with the bottom left corner and is represented by white sites. Group 2 contains
the next site to the right and all other light grey sites. The algorithm proceeds
analogously for groups 3 and 4. The importance of sampling simultaneously only
within independent groups will be discussed in Section 3.3.3.

The third step is to update the presence/absence parameters. r. To assign
updated presence/absence at site i. at iteration {, we sample from a Bernoulli dis-
tribution with probability ﬁf-” (Eqn 3.13). Thus. the probability that +'" equals 1

is Y.

3.3.3 Full Conditional Distributions for the Model Parameters

The full conditional distributions for 3 and ¢ are formulated using the full

conditional distribution of r and the assumption of e prior: mutual independence

of y. J. and § as.

p(.jl.,

=
=
(S
p—
R
=
—
&
=
“
S
N
~
—_
-
&
_J
-

= plzly.3.0)7(3). (3.1-4)

and

p(Oc)y.r.3.0) x pzly.3.0)p(0ly.3.0_)
= p(z]y.3.0)7(0). (3.15)
for K =0,....p. All of the full conditional distributions for the coefficient param-
eters are analytically intractable since they involve the intractable full conditional
distribution for £ and thus we cannot sample directly from the full conditional
distributions. To estimate the parameters we obtain sample values from these full

conditional distributions using a Hastings-Metropolis step within the Gibbs sampler

for each 3 and ;. k =0....,p.
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3.3.3.1 Hastings-Metropolis Steps

The Hastings-Metropolis algorithm (Hastings, 1970) is an MCMC sampling
method for distributions that are intractable or distributions from which it is difficult
to sample. The difficult distribution of interest is called the target distribution.
denoted by p(-). In general. although p is intractable. the ratio p(.r)/p(2’). for r #
o’ usually is not intractable. The method of Hastings-Metropolis utilizes a user-
specified. easy to sample from. proposal distribution. denoted by g(-). The domain
of the proposal distribution must include the domain of the target distribution.

The Hastings-Metropolis algorithm proceeds as follows. At iteration . a value
is sampled from the proposal distribution g(-). This value is either accepted as a
valid value from the target distribution or rejected. The probability that a value

is accepted is calculated as the ratio of target and proposal distributions at the

previous value and the new proposed value. In general the acceptance probability.

«. has the form.

_ p(new) g (previous)
" p(previous) g (new)’

(3.16)
[f the value is rejected. then the ‘updated’ value takes on the previously sampled
value from iteration (¢t — 1).

Usually the ratio of the target distributions. p(new)/p(previous). is not in-
tractable because the difficult normalizing constant in p usually cancels. The au-
tologistic model with covariates for sample data involves a sum which is a function
of the parameters of interest. The normalizing constants in p(previous) and p(new)
contain the previous value or the new value, respectively. so the normalizing con-
stants do not cancel. Thus, the ratio of the target distributions in « is intractable.

and a is not calculable. We use alternative target distributions instead of the full
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conditional distributions in order to calculate a. As in HH. we use the full condi-
tional pseudolikelihood distributions. Next we define the target distributions. which

are the full conditional pseudolikelihood distributions. and specify proposal distri-

butions.

3.3.3.2 Pseudolikelihood

We define the full conditional pseudolikelihood distributions for the parameters
of interest. 3 and 6. as the target distributions for the Hastings-Metropolis steps.
The full conditional distributions for J and @ are functions of the full conditional
distribution for r. Thus. the full conditional pseudolikelihood distributions for 3 and
f are functions of the full conditional pseudolikelihood for r.

The full conditional pseudolikelihood distribution for r is the distribution re-
sulting from the assumption that true presence at each site is conditionally inde-
pendent given the other site values. Since the border sites. those sites with fewer
than eight neighbors. are estimated from a reduced pool of information. we follow
the suggestion of HH and use only interior sites to estimate the model parameters.
For site i. we define b; = | if the site is on the interior of the area of interest and
define b, = 0 otherwise. The pseudolikelihood distribution for r is the product over
only sites for which b; = 1. The pseudolikelihood distribution will be represented by

pl(-). Assuming this conditional independence, the full conditional pseudolikelihood

distribution for r is

A

pl(zly.3.9) = TIp(zily.2_i.3.9)

=1
exp (2 (2.7 + 509))
Vigsh,=1 | +€xp (£ iQT + Si/3) '

(3.17)
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Thus the full conditional pseudolikelihood distribution for 3 is defined

Vid:b,=1

[l + exp (;,»QT + s‘gd)} a*[(v)

and the full conditional pseudolikelihood distribution for 8 is defined

nl (0(_. | g.._z;..f.Q_k) x pl (Ll p.d.ﬂ) 7 (0))

( 1 exp (z; (;,QT+.-,J)))

I +exp (;Qr + s,.i)
(27rrf)—l/2 exp (——f)—g) . (3.19)
Tk

for k =0.1.....p. These target distributions. the full conditional pseudolikelihood

distributions. are fully specified. so the acceptance probabilities. v in Equation 3.16.
can be calculated. We present the proposal distributions and acceptance probabili-

ties which complete the sampling steps for . and 6 at iteration ¢.

3.3.3.3 Maximum Pseudolikelihood Estimation

We specify the proposal distributions to be used in the Hastings-Metropolis
steps using the recommendation of HH. Under regularity conditions in Cox and
Hinkley (1974). the log of the full conditional pseudolikelihood distribution of .r is
asymptotically normal with mean and variance equal to the maximum likelihood
estimates from the pseudolikelihood. Since each pseudolikelihood distribution is a
nonlinear function. we use a quasi-Newton optimizer to find the maximum pseu-
dolikelihood estimate for the mean. The variance for each coefficient parameter is
obtained using the observed Fisher information from its pseudolikelihood distribu-

tion. The specification of the proposal distribution is done at every iteration.
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At iteration ¢t. for each coefficient parameter, 3 and @, we calculate the max-
imum pseudolikelihood estimate of the mean and the Fisher information from the
full conditional pseudolikelihood distribution. The mean and variance obtained for
each coefficient parameter define the parameters of the normal distribution used as
the proposal distribution for each coefficient parameter. We use a nonlinear mini-
mization procedure to obtain maximum pseudolikelihood estimates. We minimize
the negative of the log of the full conditional pseudolikelihood distribution. For .3.

the negative log full conditional pseudolikelihood distribution is

— log pl (3 | QQQ) = Z log(l + exp (;, QT+.\-i.i))
Vid:b,=1
_ ( S (207 4+ 59)
Vid:b,=1
3
—(v = 1)log(J) + — + vlog(a) + log [(w).
a
and for 6,.k =0..... p. the negative log full conditional pseudolikelihood distribu-
tion is
—logpl(()klg.g,lj.ﬂ_k) = Z log(l+e\p(;0 + s i
Yi3:b,=1

_(vg:ﬁ?_..i 207 + 5.9 )

We use the nlmin function in Splus to obtain the maximum pseudolikelihood esti-

mates, 3 ypre. and @, ;. These values are then used as the means in the proposal

distributions.

To obtain the variance for each proposal distribution we use the inverse of the

observed Fisher information from each full conditional pseudolikelihood distribution.
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The observed Fisher information is calculated as the negative of the second derivative
of the log of the full conditional pseudolikelihood distribution. evaluated at the
maximum pseudolikelihood estimate. The variance for the proposal distribution for

J 1s derived as follows.

2 _ T ()zlogpl 31
Timpre — L ()‘3_ .
MPL E
r
_ - s o
= ()32[ P llog(l+exp(;‘ﬂ +->..J))+v. - (207 +5.9)
LL = 13:b,=

3
-1
+(u'—l)log(,J)—%—wlog() logF(u)” }

. + IS, +— - —
A3 | ySh=i L +exp (.3_. " + -"iJ) Vidb=1 3 a

e - stexp (;, 97 + .s,-d) - l -t -
= Lv.‘;;b;[ (1 + exp (.:_.’ QT + a‘,'d))z 32 3.9

_ —_i [_ Z s exp (Ei 0" + -5.'.;3) =1 l ”

d=dvpLE

—

J=dMpLE

The hyperparameter v, is the specified scale from the hyperprior distribution on

3 given in Equation 3.6. The variance for the proposal distributions for 0. & =

0.....p. is derived as follows.
- ¢ du=dinrie
) H—ggz [_wa%:llog(“mp (507 +59)) +v.-.§=f* (20" + 5:9)

2 17-1
+ log (271’1',?) + )052” jl
2T

R swexp (5,07 + 59) A
- BFTR [— va:zb.=l 1 +exp (2. o + Siﬂ) F Via:zb?ﬂ fek T"ZH
[ & exp(z+s8) 1]

= 53— — 3.21
_ViaX:b;=l (l + exp (; 87 + s,—B))z U ( )

8k =0k MPLE

ﬁ
]

8 =6k MPLE

0k =0k MPLE
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The hyperparameter 7 is the specified variance from the normal hyperprior distri-
bution on 4.

To increase efficiency in the sampling algorithm we multiply the variances in
the proposal distributions by 2.38, as recommended by Gelman et al. (1995). Using
an inflated variance in the proposal distributions allows for larger ‘steps” in the
Gibbs sampler. A sampled value which is far from the previous value is considered
to be a large step. For the first iterations. these large steps allow for greater speed
in coverage over the range of values. For the later steps. the difference that the

increased variance makes is negligible.

The proposal distributions using the mean and variance from the full conditional

pseudolikelihood distributions are.

- -1
T
N siexp (8" + 5.3 e —1
g(3) = V| Iupee. ( - ) 7+ 32
\ Vid:b,=1 (l + exp (;‘ o7 + 3,3)) ‘ .
- . d=dupLe
_ -1
T
s siaexp (8" +s.9 2
g() = N |bcurre. ( o7 j) 7+ =3
vidb,=1 (| ) z; S Tk .
L7 ( +exp ( €+ )) =t mpLE
fork=0..... p. To obtain sample values for 3 and § at iteration ¢. we sample a value

for each coefficient parameter from these proposal distributions. The coetficients. .3
and §. are sampled in random order. This eliminates any order bias in sampling.
[f .3 is always sampled first. for example. this new value is used in the target and
proposal distributions for each @. This constant order may prevent full exploration
of the parameter space.

Each sampled value is then either accepted or rejected. The general acceptance

probability was given in Equation 3.16. For 3(*), this acceptance probability is.

£ (295 (5
p(BU-1) g (8M)

Qg =
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(Hi’\;l pl (If” |y, g(i);,,d“),g)) - (,g(t)) o (d“-”—a!m F_)

= UE’MPLE (3 .)2)
(Tt (217 g 457, 30-0.0) ) m (31610 o ( Lzdumse
- IMPLE
where o(-) is the density function for a standard normal random variable.
Similarly for 8. &£ =0..... p. the value 0(k” is either accepted or ()ff—” is used
again. For HL'). k=0..... p. the acceptance probabilities are
(t) (t=1)
. p (0" g (6% )
[;u\ = NPETEE T -
k p(07) g (04)
. '|t—ll _"A -
(MUt (2 2 et 7 (8 A )
_ - #kMPLE (_; .)‘;)
v (t=1) at-1) 8\ < apre | ”
coplleily.o_,.3.8_..0; T (0} o| A——=
( =1 P ( l_' ke Tk )) ( ¥ ) ( Tk MPLE )

In this way. sampled values at iteration ¢ are obtained.

3.3.4 Gibbs-Hastings Sampling

We have now described the Gibbs sampler and the Hastings-Metrolpolis steps
in detail which used together construct our Gibbs-Hastings sampler. The Gibbs-
Hastings sampler is used to obtain estimates for the .V — n + p + 2 parameters. .
3. and 8. We summarize the Gibbs-Hastings sampler steps below.

First the parameters s. J. and @ are initialized. There are two parts to the

initialization step. First. we calculate the initial values of the spatial covariate. s.
Recall that we defined
si= Yy Plr;=1). (3.24)

The data. y. consist of observed presence/absence for each site, not probability of
presence. so we don't have values for P(z; = 1) before the algorithm is initialized.
Thus for the initial estimate for the spatial covariate we use.

s§°’ = Z Yi. (3.258)
JES,
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This spatial covariate is similar to spatial covariates typically used in image analysis.

Second we initialize the coefficient parameters J and 8. We use logistic regres-
sion to estimate these parameters based on the initial spatial covariate. sY). the
observed presence/absence. y. and the covariates. Z. for sampled sites. The param-
eter estimates obtained from the logistic regression are used as the initial values.
39 and 8. This assumes that response. y. is independent between sites. and uses
only information from sampled sites. but starts the estimation routine closer to the

truth than arbitrary initial values would.

At iteration ¢. one cycle of the Gibbs sampler is described as follows:

l. Calculate the predicted probability of species presence é") given in Equa-

tion 3.13 and the spatial covariate s!*! given in Equation 3.24.
2. Sample £!*). the proposed estimate of the truth. from Bernoulli ([z“)).

3. Sample each ()(k”.for k=0..... p. and 3 using a Hastings-Metropolis step

as described in Section 3.3.3.1.

3.3.5 Convergence

Under only weak conditions. Geman and Geman (1984) show that the Gibbs
sampler for Bayesian image analysis using a LDMRF assumption converges to the
proper stationary distribution. The condition they specify is on the manner in which
site parameters are updated. No two sites which are neighbors should be updated
together. to ensure convergence of the Gibbs sampler.

The Gibbs sampling algorithm we suggest utilizes the full conditional distri-

butions to obtain estimates from the posterior distribution. The parameter values.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

9, 31 and 8, are sampled from their full conditional distributions and approx-
imations thereto. Since the update schedule we employ abides by the assumption
specified by Geman and Geman (see Section 3.3.1). these sampled values are con-
sidered to be values from the posterior distribution. This simply states that it is
reasonable to assume that the algorithm converges after some moderate number of
iterations. We use a variety of convergence diagnostics in our examples to ensure

that the sampler indeed converges and to monitor when the sampler converges.
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Chapter 4
EXAMPLES

The USFS project which motivated our work is still in progress. The data are
not available so we are unable to use that real data. We test the model on simulated
examples.

We use simulated data to evaluate the performance of our methodology. This
simulated data is treated as the truth which allows us to determine whether our
model produces accurate results. The model is evaluated on how well it reproduces
the truth using various sets of input data. The input data consist of observed pres-
ence/absence information at a sample of sites and covariate information at all sites
in the area of interest. The information contained in the observed presence/absence
is varied by using different sampling plans and sample sizes. The information con-
tained in the covariate is varied to determine how well the model discriminates
among sites with good habitat but no true presence. good habitat and true pres-
ence. poor habitat but species presence. and poor habitat with species absence.

We compare the predicted probability of presence results from the autologistic
model with covariates for sample data to results obtained from two simpler models.
The logistic regression model assumes independence of species presence/absence
among all sites. The basic autologistic model uses spatial correlation but does
not use covariates related to species presence. Thus we determine whether our

model improves upon existing models. We introduce the setup of the simulations,
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present the example results from the three models, discuss and present convergence

diagnostics. and finally present the results of a sensitivity analysis.

4.1 Simulation Setup

To setup the simulations we produce a true scene. determine covariate values
for the sites. and then specify a sample plan which is used to obtain the observed
data. We use a 40 < 10 lattice for a total of .V = 1600 sites in the area of interest for
the simulations. The true scene was generated by placing patches of presence over
our area of interest. We did this to attain a picture which had separated clusters
and clusters that seemed to be joined. and also covered the area of interest.

We limit our simulations setup to utilize one covariate which has high covariate
values corresponding to ‘good” habitat for the species. The covariate is subjectively
formulated in three information patterns: one which has good habitat only in areas of
species presence. and two confusing patterns which have either good habitat in areas
of species absence or poor habitat in areas of species presence. For each information
pattern the covariate is generated from two normal distributions each with mean 0.
The normal distribution which corresponds to good habitat sites has variance | and
the normal distribution corresponding to poor habitat sites has variance 5.

We use two sampling plans at two levels of coverage and each at two sampling
intensities to obtain a variety of observed presence/absence images. The sampling
plans we use are simple random sampling and systematic grid sampling of clusters.
The systematic grid sample of clusters starts with a one random start systematic
sample and at each selected site we also sample the neighborhood which is the
eight surrounding sites (“Observations = Y~ in Figure 4.1). The two levels of

sample coverage are either over the whole area of interest or over only a portion
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(“Observations = Y™ in Figures 4.1 and 4.4). We use two sample sizes corresponding
to either a large or small sample for each coverage and sample plan combination.
The sample size, which varies for the different sampling plans. will be presented for

each example.

4.2 Gibbs Sampler Set-up

The estimation procedure which was described in Chapter 3 requires hyper-
prior distribution specification. Hyvperparameters are chosen using pilot runs of the
Gibbs-Hastings sampler. For the spatial parameter. 3. we specify a broad gamma
hyperprior distribution. ['(v. «). with (v.a) = (2. 1.5). This distribution has most
of its mass between 0 and 3. For each covariate parameter. 8,. we specify a vague
normal hyperprior distribution. .V(0. 10%). These hvperprior distributions are shown
in the middle row of Figure -L.14. Sensitivity analyses are described in Section -1.6.

We assume a second order neighborhood (Figure 2.1) for the locally dependent
Markov random field (LDMRF) spatial structure. We also tried using a first order
neighborhood but found the results to be less consistent. especially for small sample
sizes.

For all simulations we run the Gibbs-Hastings sampler for 10.000 iterations.
discarding the first 2000 iterations as burn-in. To obtain an independent sample
for estimating parameters we use every other iteration value. These values are
set using recommendations from Gibbsit (Raftery and Lewis. 1992). a program

for identifying proper parameters for Gibbs sampling convergence. which will be

discussed in Section 4.3.
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4.3 Performance Evaluation

Three simulation examples follow. Nine scenes are given for each simulation:
the true scene. the observed scene. the covariate. the prediction scenes from the
logistic regression model. the autologistic model. and the autologistic model with
covariates for sample data. and difference scenes described below. In the true scene
black sites indicate presence. In the observed scenes unsampled sites are light grev.
sampled sites where species are not present are medium grey. and sampled sites
where species are present and hence observed are black. We assume perfect detection
in obtaining observed presence/absence data for these simulations. In the covariate
scenes higher covariate values are darker in color which corresponds to better habitat
for the species. For prediction scenes darker colors indicate that the probability or
posterior probability of presence is closer to one. or the species is more likely to be
present.

We use several methods to evaluate performance. The difference of scenes are
the predicted probabilities (p) minus the true presence/absence (.r) for each site.
These plots highlight where the models are having difficulty. Light colors indicate
underestimation of predicted probability of presence and dark colors indicate over-
estimation of predicted probability of presence. Shades corresponding to zero in the
legend indicate correct prediction.

The second measure of performance is sensitivity and specificity. Sensitivity is
the proportion of occupied sites that are predicted to contain the species. Specificity
is the proportion of unoccupied sites which are predicted to be absent of the species.

If both sensitivity and specificity equal 1. the model produces perfect predictions.

Mathematically, these are formulated as
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L, _
Sensitivity = z—v["il—
X L
-3 _
Specificity = 2 < Vi . (+4.1)
Z.:l(l - .I.',)
We predict presence. 1, = L. if p, > 0.5. This cutoff value of 0.5 is not arbitrary:

since we know the truth we investigate cutoff values which maximize the number of
correctly classified sites. For our examples. this maximum is obtained for a cutoff
in the range from 0.4 to 0.6. The sensitivity and specificity results are given in
Table L.1.

We also compare performance of the models by considering the predicted prob-
ability of presence for the two groups. the true presence sites and the true absence
sites. A histogram of predicted probability of presence for the absence sites should
be concentrated around zero with few high predicted probabilities of presence. A his-
togram of predicted probability of presence for presence sites should be concentrated
around one with few small predicted probabilities of presence. We present these two
histograms for each model for each example. Since there are many more absence
sites we use two different scales for the histograms of presence sites and absence sites.
The histograms are not directly comparable across the groups of presence/absence
sites. but are comparable across models within groups of presence/absence sites.

We present histograms and smoothed distributions of the posterior distributions
for the model coefficients in Figures 4.2, 4.5. and 4.8. We summarize estimated
values and give 95% confidence intervals for the logistic regression parameters. and
95% highest posterior density intervals for the autologistic model and autologistic

model with covariates for sample data in Tables 4.2, 4.3, and 4.4.
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Table 4.1: Sensitivity and Specificity of Models for All Examples

Example 1 Example 2 Example 3

Sens. | Spec. | Sens. | Spec. | Sens. | Spec.
Logistic Regression .76 .92 13 97 A1 .98
Autologistic A3 91 50 .78 .66 .98
Autologistic with Covariate || .99 .96 .79 97 .66 .98

Table 4.2: Coefficient Estimates and 95% Intervals for Example | from Logistic
Regression([LR). Basic Autologistic Model(AL). and Autologistic Model with Co-
variates for Sample Data(AMCS).

[ Model “ 3 l 95% Interval f 0o { 95% Interval l 0, [ 93%. Interval i

LR - - 11.20 [ (-13.50. -8.90) | 2.52 | (0.22. £.82)
AL 1.90 | (0.61. 3.20) - B - .
AMCS 1| 2.68 | (0.36.6.52) | -16.75 | (-40.89. -3.10) | 1.86 | (-0.10. 5.83)

4.4 Simulation Results

4.4.1 Example 1

The first example uses observations from a small systematic grid sample of
clusters over the top portion of the area of interest (Figure 1.1). The sample size
is 54, a 3.4% sample. with 12 observed presence sites. The covariate has reliable
information: good habitat occurs where the species is actually present.

The predictions from the three models are given in Figure 1.1. The logistic
regression model mirrors the covariate map as expected when only one explanatory
variable is included. The basic autologistic model has trouble with this small amount
of observed presence/absence information. The autologistic model with covariates
for sample data reproduces the true image well.

The bottom scenes, which are the differences between predicted probability (p)

and true presence/absence (z) show that the logistic regression has a tendency to
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underestimate presence and the autologistic model with covariates for sample data
has a tendency to overestimate presence around the perimeter of clusters.

The sensitivity and specificity (Table 4.1) for the autologistic model with co-
variates for sample data are 0.99 and 0.96. respectively indicating almost perfect
prediction. The logistic regression model also has high specificity. 0.92. but consid-
erably lower sensitivity. 0.76. due to the tendency to predict moderate probabilities
of presence. The autologistic model with covariates for sample data is more discrimi-
nating than the logistic regression since it forms groups of sites with high probability
of presence. The performance measures for the autologistic model (sensitivity = 0.-+3
and specificity = 0.91) reflect the poor prediction we see in Figure .1.

The coefficient estimates from all three models (Table -1.2) all have overlap-
ping confidence/probability intervals. where applicable. Thus. although the models
obtained from the methods do not have different coefficient estimates. the pres-
ence of all coefficients in the model certainly produces a better prediction of pres-
ence/absence over the area. as we discussed above. The posterior distributions of
the coefficient estimates are shown in Figure 41.2.

The histograms of predicted probability of presence for groups of absence and
presence sites are shown in Figure 4.3. The logistic regression model tends to predict
absent sites as having lower predicted probability of presence and present sites as
having higher predicted probability of presence, but there is no distinct break in p
between the present and absent sites. The histograms for the autologistic model with
covariates for sample data show two distinct groups based on predicted probability
of presence, where true presence sites all had p > 0.4 and over 95% of true absence

sites had p < 0.4.
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Table 4.3: Coefficient Estimates and 95% Intervals for Example 2 from Logistic

Regression(LR), Basic Autologistic Model(AL). and Autologistic Model with Co-
variates for Sample Data(AMCS).

Model | 3 [95% Interval B0 | 95% Interval | 6, | 95% Interval
LR - - -7.20 | (-10.30. -4.10) | 1.20 | (-1.90. 1.30)
AL 2.24 | (0.70. 3.70) - - - -

AMCS | 2.10 | (1.19.3.51) [-20.90 | (-30.80. -9.71) | 2.63 | (0.74. 1.28)

4.4.2 Example 2

[n the second example the systematic grid sample of clusters covers the entire
area of interest (Figure 1.4). The sample size is 81. a 5% sample. with observed
presence at 13 sites. The covariate gives confusing information as the range of good
habitat is larger than the actual range of the species.

The prediction scenes for Example 2 are given in Figure 1.1. The logistic
regression model mirrors the covariate. which in this case gives poor predictions in
areas of good habitat even with species absence. The autologistic model requires
more observed presence/absence data to produce reliable results. The predictions
from the autologistic model with covariates for sample data are similar to those
from the logistic regression except in the area of good habitat and species ahsence.
The autologistic model with covariates for sample data is more discriminating about
sites with good habitat: the model forms clusters within areas of good habitat.

The difference images show the tendency for the logistic regression model to
produce moderate values for predicted probability of presence and hence under-
estimates true presence. The autologistic model with covariates for sample data
overestimates presence on the perimeter of clusters of species presence and under-

estimates presence in the lower right cluster of species presence.
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Table 4.4: Coeflicient Estimates and 95% Intervals for Example 3 from Logistic
Regression(LR). Basic Autologistic Model(AL), and Autologistic Model with Co-
variates for Sample Data(AMCS).

| Model 3 | 95% Interval | 6y | 95% Interval | 6, | 95% Interval
LR - - -5.70 | (-7.40. -4.00) | 0.95 | (-0.75. 2.65)
AL 0.73 | (0.48.0.93) - - - -

AMCS || 1.60 | (0.82.2.60) |-5.20 | (-3.90. -1.70) | -0.20 | (-0.90. 0.50)

The autologistic model with covariates for sample data has sensitivity of 0.79.
and specificity of 0.97 which indicates good correspondence between predictions
and the truth (Table 4.1). For the logistic regression model sensitivity is 0.13 and
specificity is 0.97. High specificity for all models is expected due to the large number
of absence sites. The measures for the autologistic model (sensitivity = 0.5 and
specificity = 0.78) again correspond to the poor image reproduction.

The coetficient estimates display the same properties as in example 1. the 95%
intervals overlap (Table 4.3. and the distributions from the autologistic model with
covariates for sample data have reasonable spread (Figure 14.5).

The histograms of predicted probability of presence are displayed in Figure 1.6.
The logistic regression results are poor due to the moderate predicted probability of
presence. The autologistic model with covariates for sample data shows some overlap
between present and absent sites as compared to example 1. but the predictions

generally fall into two correctly classified groups.
4.4.3 Example 3

Our third example uses observations from a large simple random sample with
coverage over the top portion of the area of interest. The sample size is 180. an

11.25% sample, with 31 sites of observed presence. The covariate provides confusing

information; the range of good habitat is larger than the actual range of the species.
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The results from this example are in Figure 4.7. The logistic regression mirrors
the covariate values which do not match up with true presence. The autologistic
model performs well with this large quantity of information except in the area where
no sample data was obtained. The autologistic model with covariates for sample
data does a good job for the sampled area. similar to the autologistic model. but
shows a slight increase in probability of presence for the area of good habitat in the
non-sampled sites in the lower half. This is a clear example of the autologistic model
with covariates for sample data utilizing the best of both the autologistic model and
the logistic regression models.

The difference images again show the moderate predictions from the logistic
regression model. The difference images for the autologistic model and autologistic
model with covariates for sample data appear to be quite similar since the increase
in predicted probability of presence from the autologistic model with covariates for
sample data in the bottom half is very slight.

The sensitivity and specificity from the logistic regression model are similar to
the results from the previous example since the covariate is the same (Table -1.1).
The sensitivity and specificity performance of the autologistic and autologistic model
with covariates for sample data are identical. This equality. even in the face of a
hint of presence in the lower right corner. is due to the classification of predicted
presence using p, > .5. A more discriminating rule for predicted probability scenes
with this hint of presence might be used to include the lower right cluster in the
predicted presence classification.

The coefficient estimates again overlap, but show more dissimilarity than the
other examples (Table 4.4). The distributions of the estimates from the autologistic

model with covariates for sample data are fairly Gaussian with reasonable spread.
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The histograms of predicted probability of presence are displayed in Figure 4.9.
The logistic regression results are again fairly poor since they form no definite groups.
The autologistic model histograms display the ‘missed’ cluster as the low predicted
probability of presence for the true presence sites (r = 1). Otherwise the predictions
for the true presence sites are relatively uniform. The autologistic model with covari-
ates for sample data results show fewer present sites with low predicted probability

of presence than the autologistic model but still display the missed cluster.

4.5 Convergence

The Gibbs-Hastings sampler is an iterative estimation procedure. The results
converge to the appropriate estimates. Besides setting up the algorithm. we must
mounitor and judge convergence. There are three issues to the number of iterations
that are necessary for convergence. The first is how many iterations are necessary
until the procedure is sampling from the appropriate distributions. The second is to
determine if all samples are independent and if not. how many in-between samples
should be dropped to ensure independence of the remaining. The third number is

how many saved samples are necessary to produce valid estimates. We investigate

these in the following sections.

4.5.1 Burn-in and Number of Iterations

We use the program Gibbsit (Raftery and Lewis. 1992) to determine run lengths

for the Gibbs-Hastings sampler. We introduce the sampler parameters. describe the

Gibbsit program, and present the results.
The number of iterations used in the Gibbs-Hastings sampler is denoted by M.
The burn-in period is the number of initial iterations which are not used in esti-

mation. The Gibbs-Hastings sampler provides values from the proper distribution
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asymptotically so we disregard the first iterations until we can assume the Markov
chain has converged to the appropriate stationary distribution. We define A" to be
the step number: after burn-in we use only every Rt jteration value in order to
obtain an independent sample for estimating parameters.

The program Gibbsit uses output from an initial short run of a Gibbs sampler
to determine the necessary sampler parameters to achieve specified precision on the
estimated parameters. We specify the recommended precision hound of .01 on a
95% confidence interval for the parameters ., J. and 6.

The results we obtained from Gibbsit are as follows. For the simulation ex-

amples. slightly conservative values for the sampler parameters are V[ = 10.000.

burn-in= 2000. and A" = 2.
4.5.2 Convergence Diagnostics

The sampler parameters are not guaranteed to provide convergence so we also
use several convergence diagnostics to monitor convergence of the Gibbs-Hastings
sampler. One convergence diagnostic method is to monitor sample paths of the
parameter values. The sample values should settle into a random variation around
some central value. This procedure is straightforward for J. y. and ¢,. but is not
feasible for site values, either . or p. since there are 1600 values of each parameter
for every iteration.

Since monitoring each site is unrealistic we consider a function of the site values
which we call the C-index. The C-index measures the number of sites whose differ-
ence between predicted probability of presence at iteration ¢ and iteration (¢ — 1)
differs by more than 0.05. Thus the C-index measures the number of sites whose

predicted probability of presence is changing even moderately. The C-index at the
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tth iteration. C-index;. is defined

N
C-index; = Z [{| poect = P 1> 0.05].
=1

We diagnose convergence by monitoring the sample path of the C-index, as well as
3, 6. and 6,.

Figure 4.10. Figure 4.11. and Figure 4.12 show the sample path convergence
diagnostics for Examples | - 3. The top plots are sample paths for .3. #,. and 0,.
respectively. There are 1000 values shown because M=10.000. burn-in =2000. and
only every other value was retained for estimation purposes. The bottom plot is
the sample path for the index on p. C-index,. The C-index is shown for all 10.000
iterations. These plots show. as expected. that the parameters are correlated. There
1s some question as to whether the sample paths for the parameters have converged
and longer runs may be needed for improved parameter estimates. However. the
main interest is in the maps of mean predicted probability of presence.

To investigate convergence of the scene. we also monitor the mean predicted
probability of presence map for sequences of 400 iterations. We use this method
for all examples but display the resulting sample path of images for Example 2

in Figure 4.13. These plots indicate convergence of the predicted probability of

presence maps.

4.6 Sensitivity Analysis
The estimation procedure for the autologistic model with covariates for sample
data may be sensitive to hyperparameter values chosen for J. 6. and ¢,. The

hyperparameter values for 3 are the gamma distribution parameters shape = ¢ and

scale = a. The hyperparameter value for each 8y is 72 the variance for the normal
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distribution. We performed a sensitivity analysis to determine if the estimation
procedure is robust to these specifications using the setup of Example 2 in Figure 4.1.
The regular hyperprior distributions we used in the examples presented above and
also the hyperprior distributions we consider for the sensitivity analysis are shown

in Figure 4.14. The first row of densities represent narrow hyperprior distributions.

7(3) = Gamma(l,2).

T(0,) = N(0.3). (4.2)

for & = 0.1. The second row of densities are the hyperprior distributions used in

the examples.

7(J) = Gamma(2.1.3).

7(0) = N(0.10%). (-1.3)

for A = 0.1. The bottom row of the figure displays hyperprior distributions which

are more broad.

7(d) = Gamma(3.2).

7(8) = N(0.20%). (4.4)

for k =0.1.

We do not consider a hyperprior distribution for .3 which allows values less
than zero as clustering of species was an assumption of the analysis. We also do not
consider different location hyperparameters for the 8,'s since we have no reason to
choose a hyperprior distribution which is not vague in its location. We use the same
starting values that we use in the examples since the chain is robust to these inputs.

We run the sensitivity analyses using the same sampler parameters of burn-in =
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2000 and N = 10,000. We use every second sampled value (K=2) for estimation.
Based on monitoring of scenes of predicted probability of presence. we concluded
that these sensitivity analyses had converged.

The initial comparison for sensitivity to hyperparameter specification is on the
prediction scenes shown in Figure 4.15. The top image was produced using the
narrow hyperprior distributions in Equation 4.2, The narrow hyperprior distribu-
tions constrained the sample values too much to allow proper posterior coverage.
The posterior distributions are displayed in Figure 4.16. The posterior distributions
from the narrow hyperprior distributions are narrow themselves.

The regular and broad hyperprior distributions result in very similar images
and posterior distributions. This indicates that the procedure is robust to hvper-
parameter choice when the spread in the hyperprior distribution is broad. Thus
hyperparameters should be chosen conservatively.

We further investigate the effect of hyperparameter specification. by comparing
the estimates of the parameters and their posterior distributions. Table 1.5 displays
the estimates and standard deviations for the coefficient parameters from three
hyperparameter value specifications. Again. these results indicate that the narrow
hyperprior distributions can impact the results. However. note that inferences based
on all three set-ups will be similar. All methods show a positive spatial correlation
between sites and a negative intercept. All methods also indicate a positive rela-
tionship between the covariate and probability of presence. however the parameter
is not significantly different from zero for the narrow hyperprior distributions.

We include two measures used to compare the site parameters in the sensitivity
analysis (Table 4.3). We consider the number of misclassified sites which is the

sum of the absolute value of the difference between predicted presence/absence at
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a site and the truth. Presence is predicted for sites with p > 0.5. The number of
misclassified sites for the regular and broad hyperprior distributions are similar at
219 and 211. while the narrow hyperprior distributions result in more misclassified
sites. 336. Since comparison of all individual sites is not efficient we compare the
predicted probability of presence for only the three sites pictured in Figure 1.17.
Site # 1010 is a definite presence site. site #1298 is a site on the border of a
cluster. so estimation is more difficult. and site #2035 is a definite absence site.
Note the similarity between the regular and broad hyperprior distributions and the

comparatively poor predictions from the narrow hyperprior distribution.

4.7 Conclusions

The autologistic model with covariates for sample data provides improved pre-
diction over the logistic regression and the basic autologistic model. The examples
we present demonstrate the ability of the model to utilize both spatial information
and covariate information to form reliable predictions based on limited observed
presence/absence information. The estimation procedure we suggest provides rea-

sonable posterior estimates using broad hyperprior distributional information.
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Figure 4.1: Setup and Output Maps for Example |
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Figure 4.2: Posterior Distributions of Coefficients for Example | with Kernel Esti-
mates
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Figure 4.3: Histogram of Predicted Probability of Presence for Presence and Absence
Sites Separately for Example |
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Figure 4.4: Setup and Output Maps for Example 2

Truth=X Observations = Y
< 1 . g
] a ]
8 ‘ )
al = = =
| 1 ]
=] S A . . .
< v T I ° 14 — v —r
Q9 10 20 30 40 0 10 20 30 40
Prediction: Logistic Regression Prediction: Autologistic

40

Predicted Probability From LR - X

10

Covariate =2

10

Prediction: Autologistic with Covariate

< 1

L

Predicted Probability From AMCS - X

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

Figure 4.5: Posterior Distributions of Coefficients for Example 2 with Kernel Esti-
mate
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Figure 4.6: Histogram of Predicted Probability of Presence for Presence and Absence
Sites Separately for Example 2
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Figure 4.7: Setup and Output Maps for Example 3
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Figure 4.8: Posterior Distributions of Coefficients for Example 3 with Kernel Esti-
mate
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Figure 4.9: Histogram of Predicted Probability of Presence for Presence and Absence
Sites Separately for Example 3
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Figure 4.10: Convergence Diagnostics: Sample Paths for Example 1
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Figure 4.11: Convergence Diagnostics: Sample Paths for Example 2
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Figure 4.12: Convergence Diagnostics: Sample Paths for Example 3
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Figure 4.13: Convergence Diagnostics: Sequence of Images for Example 2
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Figure 4.14: Hyperprior Distributions for Sensitivity Analysis
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Figure 4.15: Output Maps from Sensitivity Analysis
P :m(B)=C(1,2) & m(B)=N(0,3?)
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Figure 4.16: Posterior Distributions of Coefficients from Sensitivity Analysis with
kernel estimate
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Figure 4.17: Comparison Sites for Sensitivity Analysis
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Chapter 5
ESTIMATION OF DETECTABILITY

We have assumed. thus far. that the observed presence/absence data are ob-
tained without error. However. for many species the probability of detection. given
presence. is less than one especially under various habitat. weather. and sampling
conditions. [n Chapter 3 we extended the autologistic model to account for sample
data and included covariates related to species presence. We make a further ex-
tension to the autologistic model to estimate detectability for a species at each site
in the area of interest. Each site has a possibly different probability of detection
which we assume can be estimated using covariates related to detection. Possible
covariates related to detection might be aspect. percent ground cover. weather con-
ditions. or the amount of time spent searching a given site. We use a function of
these covariates to estimate probability of detection for a species at each site via the
likelihood function of the data given the parameters.

We derive this extension to the autologistic model with covariates for sample
data for estimation of detectability. describe an estimation algorithm. and demon-

strate its utility through two examples.

5.1 Notation

We denote the q covariates that we suspect are related to detection by an

N x (q+ 1) matrix W. We include an intercept term in the detection function so
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that the first column of W is a column of ones. We introduce new parameters A =
(Aos-...Ay) which are the coefficients for the detection covariates in the likelihood

function. All other notation is the same as the notation summarized in Table 3.1.

5.2 Likelihood Function

We propose a likelihood function for the observed presence/absence given the
truth wherein the probability of nondetection using a logit function of the detection
covariates. The probability of nondetection is the probability that we observe ab-
sence at a sampled. presence site. The probability of nondetection is calculable for
sites which were searched. ¢; = 1. and absence was recorded. y; = 0. We assume
that species presence is observed without error so that if y, = | the probability of
nondetection is zero. For sites which were not searched. a, = 0. the probability of
nondetection is one since we cannot observe the species if we don’t sample. The

likelithood function for the data given the truth that distinguishes these scenarios is

as follows

N
f (2 I Q~_I_'A) = HP(‘/. ‘ (l,..L'..A).
=1

where
l — yi, a; =0. or &, = 0.
plulecad) =0 oy (5.1)
Trexp(m 3T) a; =1 and r; = L.
for : = 1......V and w; is the ith row of the detection covariates matrix. W". Thus

the likelihood function simply states that the probability of nondetection is a logit
function of the detection covariates, W'. and coefficients. A. for sites with possible
nondetection. To illustrate. consider Figure 5.1 which portrays a hypothetical re-

lationship between percent ground cover and probability of nondetection for sites
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with true species presence given by

1
Tl +exp(2 =2 *w;) (5.

Pr(y; =0 zi,a;. )

(4]
o
—

Probability of nondetection for individual sites will fall somewhere along the line
shown here.

This likelihood function extends the model of Heikkinen and Hogmander (1994,
HH hereafter) which involves only three levels of search intensity. HH use a cat-
egorical variable multiplier to include detectability which in their case represented
search intensity. One category corresponded to no search which was their approach

to utilizing sample data. Qur approach will be much more widely applicable.

5.3 Prior and Posterior Distributions

In a hierarchical Bayesian setup we define prior distributions. hyperprior distri-
butions. and the posterior distribution of the parameters given the data. Based on
the likelihood function in Equation 5.1 we define two prior distributions. () and
7(A). The prior distribution for r, by the locally dependent Markov random field
(LDMRF) assumption. is given in Equation 3.5 as

N
T(z]3.0) x exp{(za.p,) QT + JZ.L"'I_,'[[,'~J]} . (5.3)

=1 1<y

This is numerically intractable due to the sum in the denominator over all possible

configurations of presence/absence on the lattice.

We specify the prior distribution for the nondetection coefficients. A. to be a

vague multivariate normal distribution. A ~ N(0,X,). where ¥, is a diagonal co-

variance matrix with (1‘2 ToL LT ) on the diagonal. The values (T2 T2 1 )
Ao 1 q L Aq

are hyperparameters to be chosen. We assume a priori mutual independence of

os. o Age

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



76

We use the hyperprior distributions for 3 and 8 that we specified in Sec-
tion 3.2.2, so 3 ~ ['(¥.a) and § ~ N(0,X).

The posterior distribution of the parameters given the data is

5.4 Estimation

The posterior distribution is intractable due to the sum in the denominator so
we present an extended version of the Gibbs-Hastings sampling algorithm described
in Section 3.3 for estimation of the parameters £. A, .J. and 8. The Gibbs-Hastings
sampler utilizes the full conditional distributions for all parameters to obtain pos-
terior estimates. The distributions and quantities which are necessary for the esti-
mation procedure are the full conditional distributions. the pseudolikelihood distri-
butions for .3 and 8, the negative log distributions used to estimate means for the
proposal distributions in the Hastings-Metropolis steps. and the Fisher information
used to estimate variances for the proposal distributions for the Hastings-Metropolis
steps.

We derive these new distributions and quantities for sampling £ and ) values.
We merely present the updated distributions and quantities for J and 8 since they
are analogous to those derived in Section 3.3. We then review the steps of the

Gibbs-Hastings estimation procedure for this extension.
5.4.1 Full Conditional Distributions for Presence/Absence (X)

The full conditional distribution for r is derived using the posterior distribution

(Eqn 5.4). the prior distribution for z (Eqn 5.3), the likelihood function (Eqn 3.1).
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and the a priorimutual independence of y, 3. and 8. The full conditional distribution

for z is defined

_ P(ﬁ-AJQ !_-g)
) p(2-3.01y.a)
fyaled)m(A)m(z]
xX
T(A) 7(I)=(

x([’[,_lp(J, a, |z, /\)e(p{(z L Zid) yor +s3}

where s, is defined in Equation 3.24 and is a priori either 0 or 1. This distribution
is intractable due to the normalizing constant in the denominator.

The Gibbs sampling algorithm uses the full conditional distribution for each
parameter. so we are interested in the full conditional distribution for {.,}. The full
conditional distribution for each .r; is the likelihood function for the observations at

each site multiplied by the conditional prior distribution for the truth. so
p (ri | 3/;.{_5'.(1;.5\_,3.9_) x plyi | rica;i.A)w (.r,» |2, J.Q) . (5.6)

for i = 1.....N. The conditional prior distribution. m(r; | £;.J3.8). is given in
Equation 3.9. In particular there are three possible observed data combinations
corresponding to nonsampled sites. observation of presence for sampled sites. and
observation of absence for sampled sites. These are fully outlined in Equation 5.7
We first present the cases of presence and absence separately for clarity. The full
conditional distribution for the probability that a species is truly present given

observed presence/absence. true presence/absence in the neighborhood. and model
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parameters is defined

P (ri=1lynaizs A 3.0)

=plyi | zi=La ) m (2= 1] £5,.3.0)

exp (2,07 +5:3) . 0 = 0.
X 4 meﬂ) (ii QT + S,‘,‘J) . a;=1and y; =0.
exp(w, AT
\ l+exi(£‘ l? ) exp (;: QT + 5;,-'3) g, =1 and y, = 1.

So for a site which was not searched. the probability that the species is truly present
is a function of the habitat and spatial covariates and if the site was searched. the
probability that the species is truly present is also a function of the probability of
detection. depending in turn on observed presence/absence. The probability that

a species is truly absent given observed presence/absence. true presence/abhsence in

the neighborhood and model parameters is proportional to

p(I,=01!1i-ai-.I_5,-A,d.Q) = p(yi[1','=O.a,-.A)7r(r,v=(){g‘;...i.Q)
l. a,=00ra; =1 and y;, =0.
x
0.

a,=land y; = 1.

So for a site which was not searched. or absence was observed. the probability that
the species is truly absent is proportional to one and for a site which was searched
and presence observed. the probability that the species is truly absent is zero. We

combine the above proportional full conditional distributions to fully specify the full
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conditional distribution for species presence at site i

{

exp(z, 87 +3,3)

Ltexp(z, 87 +s.3)" a; = 0.
p(l‘i =1 |y,‘.a,.£5'.A,‘j,Q) = 9 mem(i'gr“”j) yi = 0.a =(5['T)

1 ~ T .
M iromie Ty Pl T

exp 2’.;.‘_\.[- 1
l+EI(p(|u ,\))ﬂxptsl Qr+3'J)
"p(zzr) =1 yi=1l.ua =1.

- g7 -
L 0+m’2‘—ir)-exp(;(t)_ +3,,j)

fori=1...... V. The full conditional distribution for true presence at site i. r; = 1.
is a function of covariates. For sites which were not searched the probability of non-
detection is one so only covariates related to species presence are used. For sites
that were searched and absence observed the probability of nondetection contributes
to the posterior probability of presence through covariates related to detectability.
[Large probability of nondetection at site ! increases the posterior probability of
presence at site i. Small probability of nondetection at site i/ decreases the poste-
rior probability of presence at site :. [f the species was observed at the site then
nondetection is zero and the predicted probability of presence is one.

Equation 5.7 fully specifies the full conditional distributions for {r;}. Sam-
pling from this distribution is straightforward. The routine described in Chapter 3.

Section 3.3.2, can be used to carry out the sampling.
5.4.2 Full Conditional Distribution for Nondetection Coefficients

To obtain estimates for ), the nondetection coefficients. we sample from the

full conditional distribution for each A;, 7 =0,...,q. We use the likelihood function
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(Eqn 5.1), the normal prior distribution for A, and the a priori mutual independence

of y, 3. and § to obtain the full conditional distributions

p(Mlyasd 3.6 x

&=

{
=2
- =k
=
2
&
\’,
H
>
w

. R A _
(2rre )" 2exp (— L ) (5.8)
AYS .)T_
for yj=0..... q. The product in this full conditional distribution is over sites which

were searched and presence observed. [f the species is not present at site i there is
no possibility of nondetection and hence no contribution to the likelihood function.
Sites which are not searched have probability of nondetection equal to one.

This full conditional distribution for A,.; = 0..... q is fully specified but is
difficult to sample from due to the normalizing constant so we use a Hastings-
Metropolis step to obtain sample values. The Hastings-Metropolis step requires
the target distribution which is the full conditional distribution and a proposal
distribution. We use a normal proposal distribution where the parameters are equal
to the maximum likelihood estimates from the target distribution.

The full conditional distribution for A is a nonlinear function so we utilize a
quasi-Newton minimization algorithm to obtain the MLE’s for use in the proposal
distribution. We minimize the negative of the log of the full conditional distribution

to obtain the MLE for A, A,,.. The negative of the log of the full conditional

distribution is

~logp (N |y a2, 2 _;,3.8) = ~log[ily,alz,A)m())]
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exp(yiw; AT)) 1 ]
= —log|] < | =21
1 . BY]

=1

a,=1

=1

L . A2
+3 log(277y ) + 21-]'\2
]

for yj=0..... q.

The variance for the normal proposal distribution is obtained as a function of

the Fisher information. We derive this variance as follows.

o [[2tesp(n, 1]
Numee -L ()/\j .\,=:\,,\(LE
.)2
) H_@(_/\:’- Z (i AT — log(1 + exp(u, A7)
n=1

l , a2t
_glog('lfr'r,(J)—r{H ]

-\;=-.\],MLE
-~ -1
7 X . 7/ T rd
= —.i Z (!/.'wji - wﬂe'\p(i‘lr)) - \f
()’\J a, =1t L + eXp(ggi A ) T.{,
v =1 A=4 MeE
- -1
) whexp(w AT) 1 -
= Z ot (5.9)
s (L+exp(w;A7))?2 7
L_y.:l *\]=-.\},MLE

At iteration ¢ the Hastings-Metropolis step for obtaining sample values for
Aj.g=0..... q is as follows. We obtain maximum likelihood estimates ;\J’MLE and
e We then sample a value from the proposal distribution with these parame-

ters. This sampled value is accepted with probability

p(%") g ()

p(N7) s (A7)

N\
J

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



82

H:\;l p (!/i | I,—.A(')) T (,\S”) o (_\‘(,:M)

=
A).MLE

(5.10)

-
AL MLE

(0 _3
M (150 200) 7 (47) o (20
If /\y) is not accepted. the previous value. /\gz-l) is used.
5.4.3 Full Conditional Distribution for Model Parameters

Next we present the Hastings-Metropolis steps used to obtain sample values
for model parameters J and @ at iteration ¢. This step is similar to the Metropolis-
Hastings step described in Section 3.3.3. The full conditional distributions for 4 and

8 are given by

P(Jm._t-ﬁ,i,ﬂ) x p(ﬁlg-g,A,J-Q)p(Jig-Q.A.Q)

= plziy.ed3.0)7(3). (5.11)
and
P(ﬂklg-g,ﬁ,i\.,ﬁ_k) X p(.l:l.l_-t_-A,J.Q-)p(()kl.g.g-A.Q-k)
= plelyad d.0.) 0 (5.12)
for £ = 0..... p. These distributions are intractable due to the intractable full

conditional distribution for ..

Since the information from border sites is limited. we restrict the pseudolikeli-
hood to include only interior sites (as in Section 3.3.3.2). We define b; for site i that
is 1 if site i is interior and was sampled and 0 if site ¢ is a border site or was not
sampled. We present the full conditional pseudolikelihood distributions for 3 and 8

which we use as the target distributions in the Hastings-Metropolis steps. We then
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present the proposal distributions which are normal with means equal to the maxi-
mum pseudolikelihood estimates and variances derived from the Fisher information
of the pseudolikelihood distributions.

We use the full conditional distribution for r; given in Equation 5.7 to obtain

the full conditional pseudolikelihood distribution for r

N
pl (2] y.5.2, 3.6) HP(Ii | ivbiozs,. A 3.0)
=1

b, Ieaqll=y,)
1 ci ~ T .
v [(TT;\T)) explzd +~~v“]

(5.13)

h
= T
L (H—th) exp(z, 0 + s.)

This full conditional pseudolikelihood distribution is used in the full conditional

pseudolikelihood distribution for .3

pl (.i | y.b,

1o
&
1>~
(=)
~——
il
=B
N
&
=t
1>
.
=
SN
=
[

Ly

b,
- 0T Lo
1 [(l+exp(lyi. AT )) exp(z,8" + b“ﬂ} F¥"lexp (—3/a)

1 B avC(w
B (ﬁmﬁ) exp(z 0" + 5:9) )

Similarly. the full conditional pseudolikelihood for 8 is

pl(6k | y.b.r A 3.0 k) = pl(z]y.bA, 3.8) ()

by
[<l+exp(lyi. y )) exp(i« QT + S,’;J)}

Iy

b, .
w=0] 4 (m) exp(z; _0_1' + $::9)
=0Tk XP 21 )

for k=0,1,....p.
Next we obtain the MLE’s which we use as the parameters in the proposal

distributions. The pseudolikelihood distributions are nonlinear functions so we use
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a quasi-Newton minimization algorithm on the negative of the log of the full condi-
tional pseudolikelihoods to obtain the maximum pseudolikelihood estimates Jypre

and § p .. The negative log full conditional pseudolikelihood distribution for 3 is

~logpl (3] y.b.2.1.9)

= - Z [I,’ {b, log [l + exp(w; AT)] +z QT + “'zj}

y, =0
—log [1 + {1/ {1 +explu Ar)]}h‘ exp(z 07 + s,-.f)]]

3
—(w—Dlogd+ =+ vloga +log '(w).
3
The negative log full conditional pseudolikelihood distribution for 8 is

—-log pl (OL- |g-be£-.A~,3-Q-k)

== X [esfbrtog (1 +exota”) + 2,07 + 5.7

=0

- log (l + [l/ (l + exp(w; AT))]’)' exp(z 0" + .»-,J))]

11 9 2 + of‘
+§ og(2m7;) '_)—T?

for k=0..... p.

The Fisher information is used to obtain maximum likelihood estimators for

the variances in the proposal distributions. We present the derived variances below.

2 [ Plogpl (3)]7
ajMPu—: = L— 032 .
B=0mpPLE

—

b,
.sf (——l—r—) exp(z; QT + si3)

I+exp(w, A") v | -
y,=0 1 . ) T B
(1 + (et ) explzd” + a,g)) |
R Jd=0yreLE
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2 _ -__82 log pl (8,) -t
Ok MPLE i 803 -
- k=% MPLE
- . ) .
~2 1 . .
- |z = (‘*"‘P‘M’ >) plad +3d) (5.15)
!ll=0 ]_ 1 bn } 0'[' . j 2 Tk_) 3
+ H—exp(y,_;l’) exp(zg g + s ) s
o k =0k MPLE
for k=0..... p

The Hastings-Metropolis steps at iteration ¢ for obtaining sample values for J
and @ are as follows. We obtain maximum likelihood estimates and then sample

values from the normal proposal distributions

N (Juree- 0, ) - (5.16)

and
N (0. wore-03, ) - (5.17)
for k=0..... p. The values are accepted with probabilities analogous to Equations

3.22 and 3.23. If a new value is rejected the previously sampled value is used.

5.4.4 Gibbs-Hastings Sampler

We review the steps in the Gibbs-Hastings estimation algorithm for the autolo-
gistic model with covariates and detection parameter for sample data. We initialize
the values of s(®, 3 and ') as described in Chapter 3. The detection coefficients.
A9 are initialized in the same manner. using estimates from a logistic regression

on the sample data. At iteration ¢ one cycle of the Gibbs sampler is described as

follows:
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1. Calculate the predicted probability of species presence. ;_3(”. given in Equa-
tion 5.7 and the spatial covariate. s!). given in Equation 3.24 for groups of

independent sites as described in Section 3.3.2
2. Sample £'*), the proposed estimate of the truth. from Bernoulli (;_3(')) (Eqn 3.7)

3. Sample each ,\ﬁt) forj=0..... g using the Hastings-Metropolis step described

i Section ).4.2

4. Sample each H(L.')for k=0..... p and 3" using a Hastings-Metropolis step as

described in Section 5.4.3

These steps are iterated until convergence as described in Section 3.3.5.

5.5 Examples

We present two examples to demonstrate the improvement in prediction over
the autologistic model with covariates for sample data made by using the modified
likelihood function to estimate detectability. The simulation setup is the same as
Chapter 4.

For the first example we use one covariate. =. which is pictured in the top left
of Figure 5.2. This covariate is confusing since it displays good habitat in some
areas of species absence. We specify a covariate related to detection. w. which is the
top right scene in Figure 5.2. In our simulations. high values of w (darker pixels)
correspond to lower detection of the species. The observed presence/absence data is
obtained as follows. We generate site numbers from a simple random sample of size
160. If the species is present at a sample site we observe presence with probability

%2(—;%—3—). otherwise we observe absence. This probability is the defined functional
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form of the likelihood function with intercept 2 and slope -3. Using this detection
function. we observed absence at 14 sites which actually contained the species. The
bottom left scene of Figure 5.2 shows the truth. the sample sites. and the observed
presence sites. The sites with observed presence are black. the sites with observed
absence are medium grey. sites with true presence are light grey. and sites with true
species ahsence are very light grev. Hence medium grey sites which are within the
light grev areas are sampled sites at which the species was "missed’. The prevalence
of nondetection is greater toward the top where the detectability covariate is large:
for example corresponding to high percent ground cover.

The resulting predicted probability of presence from the autologistic model with
covariates and estimated detection for sample data is shown in the bottom right.
These results are very similar to Example 2 in Chapter 1 where there are no obser-
vations in the top portion although there is a swath of good habitat. Although no
presence was observed in the top right corner. the predicted probability of presence
there is high. This area of high predicted probability corresponds to good habi-
tat. The sensitivity and specificity (Eqn 4.2) are 0.96 and 0.83 respectively. These
measures indicate that the model is predicting correctly most of the time but is
less accurate at predicting true absence. The results from the model without de-
tectability are 0.79 and 0.97 for sensitivity and specificity. Thus it seems there is a
tradeoff of sensitivity and specificity in prediction by using detection information in
this case. Histograms of the predicted probability of presence for groups of absence
and presence sites is given in Figure 5.3. There are a few absence sites with high
predicted probability of presence but overall the predictions show two groups of high

and low predicted probabilities which match true presence and absence.
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In Example 2 we use the same covariate related to species presence. z. The
detectability covariate, w, now corresponds to better detection toward the top of
the lattice. The observations were formulated as in Example 1 using probability of

exp(—2—0.5w,;)

observing presence Trexpl 2-05w;- We used a different detection parameter here to

accommodate the altered detection covariate values. Here. we mistakenly observed
absence at 9 sites. The observed scene is set up as in Example 1. Note that there
are no observations of presence in the bottom half of the lattice. This is similar to
the observed presence/absence data in Example 3 from Chapter 4. The sample sizes
are similar. 180 for Example 3 from Chapter 4 and 160 for these examples. The
predicted probability of presence is shown in the bottom right of Figure 5.4. The
predicted probability of presence for the area of ‘missed’ species at the bottom of
the area of interest is higher than from the predicted probability of presence from
the model without detection. The top portion indicates a loss in specificity when
using detection. The sensitivity and specificity for Example 2 are 0.7 and 0.84.
respectively. The sensitivity and specificity for the model without detection was
0.66 and 0.93. Thus showing the same tradeoff we observed in Example 1. The
histograms of predicted probability of presence (Figure 5.5) show that there are two
groups of predicted probabilities. and that there is some error in their matching

with true presence and absence due to the lack of observed presence information in

the bottom half.

5.5.1 Conclusions

The addition of a detectability covariate has made a further improvement in
sensitivity of prediction for situations with poor or misleading information. There is

a slight reduction in specificity by using the detectability covariate. The importance
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of the tradeoff will vary from application to application. The amount of observed
presence/absence information we used in the estimation of the detection parameters
for these examples is small. More covariate information from observations with

species presence would be necessary for precise estimates of ).
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Figure 5.1: Example of Nondetection Function

\
1+exp(2-2=Ground Cover)

@ _|
o
© _|
(]

c

S

o

2

[

°

c

[}

Z <

o ©O©

>

h—4

3

«

Fe]

o

|-

o
N
[«
o |
(=]

Ground Cover

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



91

Figure 5.2: Example 1: Demonstration of Detectability Estimation
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Figure 5.3: Example |: Histograms of Predicted Probability of Presence for Absence
and Presence Sites.
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Figure 5.4: Example 2: Demonstration of Detectability Estimation

Presence Related Covariate Detection Related Covariate

20 30 40

10

Truth, Sample, Observed Predicted Probability

20 30 40

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



94

Figure 5.5: Example 2: Histogram of Predicted Probability of Presence for Absence
and Presence Sites

True Absence Sites: X =0

o
Q -
[+o]
5 (=]
c
g 3 7
3
E 8 -
<
o
o -
N
° . RS v AN ... ——..
0.0 0.2 0.4 0.6 0.8 1.0
Predicted Probability of Presence
True Presence Sites: X =1
§ -
[=]
g =]
c
]
3
o
o
[ o
wn
o - JESESE — [ — e NI —— --
0.0 0.2 0.4 0.6 0.8 1.0

Predicted Probability of Presence

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 6
DEVELOPMENT OF SAMPLING DESIGNS

The second goal of the United States Forest Service (USFS) project is to design
sampling plans to improve detection of rarely observed species. The sampling plan
needs to satisfy certain cost or sample size constraints and maximize the expected
number of sample sites which are occupied by the species of interest. At the same
time the sampling plan should provide a design unbiased and efficient estimator
of the total number of occupied sites. We investigate sampling plans with these
goals in mind. The sampling plans we consider use the predicted probability of
presence from the autologistic model with covariates for sample data. We introduce
sampling plans which incorporate predicted probability of presence in the sample
selection scheme or estimation procedure.

There are two main considerations for sampling plan development in the USFS
project. The first goal is to maximize detection of the species of interest. We
will utilize the predicted probability of presence from the autologistic model with
covariates for sample data to increase the probability of sampling occupied sites. A
good fitting model will serve to maximize detections, but the predictions are not
without error. The sampling plan must be robust to possible errors in prediction.

The other goal in sample design for the USFS project is to provide an estimator
of the total number of occupied sites which has an acceptable mean squared error.

We consider unbiased estimators since for this single objective a ‘best’ estimator
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would attain minimum variance. Different sample plans are required to achieve
these two goals. We investigate several sampling plans which provide a reasonable
compromise between the two goals.

A naive sampling plan would cover the area of interest evenly. Ignoring available
information. such as the predicted probability of presence. sites would be equally
likely to contain the species a priori. We have developed the autologistic model with
covariates for sample data to obtain predicted probability of presence for the species
of interest for each site. We investigate three sampling plans which use predicted
probability of presence to select sample sites: sampling with inclusion probabilities
proportional to the predicted probability of presence. stratified sampling. and fixed
top stratum sampling (see Section 6.4 for definition). We also consider simple ran-
dom sampling using the estimated probability in estimation via the ratio estimator.

The chapter begins by reviewing and introducing notation. There are three
classes of sampling design which are introduced. sampling with probability propor-
tional to estimated probability. stratified sampling. and fixed top stratum sampling.
We introduce each along with their respective design parameter alternatives. and
make comparisons along the way. Finally we demonstrate the level of utility for
each of the three models. the logistic regression model. autologistic model. and the
autologistic model with covariates for sample data. in designing sample plans with

respect to expected number of sample detections and estimation variance for chosen

designs and estimators.

6.1 Notation

We review notation for the discussion of sampling plans which is consistent with

the previous chapters and introduce further necessary notation.
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The presence or absence of a species at site i is denoted by r;. The number
of sites on the lattice, which is the population size, is V. The predicted posterior
probability of presence for site i is denoted by p; = P(r; =1 | y.a).

The single draw sample inclusion probability is denoted by p;. The definition
of this will change depending on the specified design.

In the sampling plans described below. the sample size is denoted by n. For a
stratified population. we use h as a stratum index to identify the different strata.
and H as the total number of strata. The number of units in stratum A. is denoted
by .V,. The sample size for stratum h is ny.

The total number of occupied sites in the population is denoted by X = Z;\;l £y
The total number present in each stratum is denoted by X, = Z;\;"l Ih,. the sum of

indicators for sites i in stratum h. Note that S°F_, v, = X.

6.2 Sampling with Probability Proportional to Estimated Likelihood

We assume the predicted probability of presence for each site from a good fitting
model is closely related to presence of the species. We propose assigning sample
inclusion probabilities to sites based on the predictions from the autologistic model
with covariates for sample data. We refer to the predicted probability of presence as
the estimated probability and the sampling plans based on the estimated probability
as sampling with probability proportional to estimated probability (SPL).

In SPL plans, sites are selected using one of three general approaches. The pro-
cedures for choosing sample points differ depending on whether the sites are “draw”
sequentially selected from the population of sites, or “list™ sequentially selected

where each site in turn is selected with a given inclusion probability (Sarndal et al.,
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1991). We introduce three sample selection approaches and compare their estima-

tors.

6.2.1 Sampling With Replacement

To sample with replacement each site is first assigned a single draw probability

of inclusion which is proportional to the estimated probability. p,..... pn. where
P :
pi= =2 (6.1)
Z)\{=| P;

Next the single draw inclusion probabilities. p;. and the cumulative single draw
inclusion probabilities. 3",_, px. are calculated for all sites. A uniform random
variable between 0 and 1. u. is chosen and site i. ¢ > 1. is chosen to be in the sample
if 42h pe € u < Thoy pr. Site L is chosen if u < p;. The selection of n independent
uniform variate values {0. 1) then identifies the n site labels composing the sample.

The expected number of detections for SPL with replacement is easily deter-
mined. Let ¢{; be a random variable which counts the number of times the jth
site is included in the sample. The expected value of ¢; is E(¢;) = np;. Then the
sample number of observed occupied sites is D}, = Z“;l r;t; where r, is the true

presence/absence at site ;. Hence the expected number of detections for SPL with

replacement is

M=
=
o
=

E(Dn

Il
™M=
&
3
=

y—

Sampling with replacement may result in observing and counting an occupied
site more than once. What is of interest, however, is maximizing the number of

unique occupied sites., D. The expected number of unique detections is obtained
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using an indicator, Ij;,>1}, which equals one when site i is included in the sample at

least once. The expected number of unique sample detections is then

N

E(Dwr) = Z-l'iE([[t.zl])
=1
N

= Y riP(t; > 1)

=1

N
= > =l . =0))
=1

N
= Yzl =(1-p)")

=1

o S
=1

The expected number of unique detections is always less than or equal to the number
of expected detections when sampling is done with replacement.

The Hansen-Hurwitz (1943) estimator of the number of occupied sites is

n

. I,
'\HH = —‘
i=1 WP
A%
i=1 np

Yoy
- ;I‘Et

which is obviously an unbiased estimator of X. The variance of this estimator is

I & i A%
VI(Xun) = ;Zpi (i - -\) . (6.2)

This variance simplifies to

N
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We use this form of the variance for comparisons with other SPL methods.

6.2.2 Sampling Without Replacement

[n sampling without replacement. the inclusion probabilities for unselected sites
change after each draw. The calculation of all inclusion probabilities for sampling
without replacement is generally computationally prohibitive. For a summary of
many nnequal probability methods see Brewer and Hanif (1983) and C'ochran (1977)
We consider only one technique. the Rao. Hartley. Cochran method (Rao ¢t al..
1962) which has some desirable properties. The Rao. Hartley. Cochran (RH(')
method randomly divides the population into n groups. indexed by g. where group ¢
isofsize V,ug=1..... nand 30, .V, = V. [t is recommended that V,.g = L..... n
be made as close to equal as possible. One unit is selected from each group with
single draw inclusion probability which is proportional to the estimated probability,
normed within the group. The single draw inclusion probability for site { within
group ¢ is

pi

p.’]-i = N ~ N
=t P ty.,

where t,, is the indicator for inclusion of site j in group g. The number of observed
occupied sites for RHC is equal to
A
DRHC = Z Ztgd.l.‘g'_,. (6.4)
g=1j=1
where r, ; denotes presence or absence of site j in group g. The expected number of
sample detections for RHC can then be determined using conditional expectation.

n Ng
E(Dgrc) = E {E (Zztw’-”yd I-’v'g.z)}

=1 j=1

n AVg
= E {ng.jpg,j}
=1

1 =1
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AVg -~

_] 1 Pg.j

nZI,P. (6.3)

uM: uM

&

where R, is a ratio estimator in a SRS without replacement of size .V, from .V.

Hence this is a first order approximation of the expectation. The RIIC unbiased

estimator of the number of occupied sites is

fme =Y Z i1y

g=l=1 pJ‘

The variance of this estimator. for the case .V, = V/n.g = 1..... n.is

s n—1\1[X&r? .2
‘(-XR}‘C)—(l—,V'—l>;(lZ=:l-p_‘-—.\ ).

Thus. sampling can be performed without replacement and estimation of variance

can be calculated easily using only the first order single draw inclusion probabilities
(Sirndal et al.. 1991). Note that since (n—1) < (.V = 1). ¥V(Nane) < V'(Nux). Thus
SPL without replacement. using the Rao. Hartley. C'ochran method. always attains
smaller estimation variance than SPL with replacement. Note also that sampling

without replacement achieves greater expected unique detections.

6.2.3 Poisson Sampling
Poisson sampling (Sarndal et al.. 1991. Chapter 3.5) selects sites by sampling
list sequentially. Site ¢ is selected with inclusion probability np; where it is assumed

that np; < 1, or p; < 1/n for all sites. Since each site is independently selected or

not selected with probability np;, the number of sites selected is a random number.
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The expected sample size is n. This is easily shown since the expected number

sampled is the sum of all np;,

N

N oA
anz Zn - =nzjvlp]=

=1 J lpA ]—lpJ

The expected number of sample detections is the sum of the inclusion proba-
bilities over sites with presence.
N
E(D.,) = Zx,npi.
=1
and hence is approximately equal to that for SPL without replacement using RHC'.

An unbiased estimator of the number of occupied sites is

n
o L
-\pQ = ——

=1 npi

The variance of the estimator of number of occupied sites using Poisson sampling
for binary data is

N

V(X’Po) = Zrzpi(l—rlpi)

=1 (flp,‘)z

o
]

(6.6)

Sarndal et. al. (1991) present an alternative to this estimator used with Poisson

sampling, a ratio estimator of the number of occupied sites.

N 4r

v l=l np -
-YALT = lvN—_tl_'_' (6.()
l:l np;

They obtain an approximation for the variance of this ratio estimator from a general

regression estimator framework as

N ¢ N r2

~ z; 2X ¢ Ti X?
V(X ) — - — ——-X+

(Xaur) —inpi N Znp; N"’ Z: np; N
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The variances of these two Poisson sampling estimators compare as follows.

N_ Iy
Zx—\l/np. < {.2 '—\1’ nps _ l} . (68)

This is true for instance if all sites with presence have the same inclusion probability.

V(Xawr) < V(XKoo ) if

p1. and all sites with absence have the same inclusion probability. pg. with p; > pq.
and .\" < N/2. Thus the predicted probability of presence is greater for all presence
sites and no more than half the sites are occupied. We could expect this situation.

at least approximately. from the output from the autologistic model with covariates

for sample data.
6.2.4 Comparison of SPL Methods

Next we compare the four SPL methods. Since the expected number of de-
tections are approximately equal for RHC. PO and ALT. but is less for sampling
with replacement. and all estimators are unbiased. we compare only the estimation
variance obtained from each method. We note that Viue < Vi always. We compare

the SPL methods to simple random sampling (SRS) with a ratio estimator as well.

This estimator has the following form

v n
~ . D= L
Xsrs-Rawo = ZP;’+- (6.9)

The variance of the ratio estimator for SRS (Cochran. 1977) is approximated by

e N—-n N L. . N 'y 2
V{( Xsrs-rato) = n Y“)-TTZ iPi+< . ) ZP:

i=1 Pi =y x—\
We make some general comparisons among variances and then make comparisons

based on simulated populations.
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If X < n.then V(X)) < V(Xug). If instead. X > n. then V(Xuu) < V(Npu). For
rare populations. we might expect X < n and would prefer PO over HH.

We also compare the PO variance to the RHC variance. Since for X' > n.
we already know that V( Vauc) < V(X'm,) < V(Xp.). we concentrate on the case
X < n. Again we consider the difference in their variances.

V(Xpo) = V(Xanc) = %z::l f}- N - (1 - %}l—l) ,L, (2:;— - .\"3> .

Assuming §=% = &. we find

-~

Vi(Xeo) = Vi(Xaue) <

|-
i M=
Tk

[

<

|
VS

|
e
S’
. \|'_
AU
n <
3|5

f

-

~~
N

i
=] -
M-
|5

|

-

|
VN

—

: |
<| =
N
- —
1} <
= |5
|
o
SN

i
| =
K

| &

|

|

Il—"'

4
| =

e
+

| =
N
=l =
=
]

o

SNa——

il
p
-
ii
>
-

I
<|=
TN
|-
1M
o
|
=
SN———

If pi = . for all i such that x; = L. then LY, £ = X% and V(Npo) = V(Nnue).
But, if p; > % for ¢ such that z; = 1. and strictly greater for some :. then in fact

i\f__l -EJ‘- < X2 and V(Xpo) < V(.‘;'m,c). Thus, if the model predicts presence with
fairly high probability for actual presence sites, the SPL Poisson sampling method
may have smaller variance than RHC. Note that as X increases, the p; generally

decrease, and vice versa, so that in general V(."(po) < V(.‘A(RHC).
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We make no other general comparisons for the SPL methods. but use numerical
studies to compare their efficiency. In this simulation study we compare the vari-
ance of the estimators by varying three characteristics of the population. We use
only tkree values for estimated probability of presence for simplicity: the values are
0.8. 0.5 and 0.1. The first population characteristic we consider is the relationship
between species presence/absence. .\'. and the estimated probability. p. We consider
three scenarios of this relationship The first possibility is that species presence corre-
sponds to large values of p, "good” prediction. The second possibility is that species
presence corresponds to small values of p. "poor’ prediction. The third possibility is
that species presence is not related to p. We discuss the simulation of the data for
these three setups below.

The second characteristic we investigate is the distribution of the value of p.
We consider a lattice with 1600 sites. The first situation. denoted P1. we consider
is equal number of sites with p = .8. p = .5. and p = .1. The second situation. P2,
assigns moderate estimated probabilities to 1200 sites. high estimated probabilities
to 100 sites and low estimated probabilities to 300 sites. The third situation. P3.
has low estimated probabilities at 1200 sites. moderate estimated probabilities at
300 sites and high estimated probabilities at 100 sites. These are summarized in
Table 6.1.

The third population characteristic we consider is abundance of the species. We
use three values for number of occupied sites. X = 500.200.and 50. We consider
performance at three sample sizes n= 50. 250, and 400.

The data are generated as follows. The sites are assigned estimated probabilities
according to one of the setups described above. For the good prediction scenario.

presence is attached to sites sequentially from highest estimated probability to lower
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estimated probability up to the abundance numberspecified. For the poor prediction
scenario, presence is assigned sequentially to sites with lowest estimated probability
to higher estimated probability up to the abundance number specified. Note that
the order within estimated probability "classes’ is inconsequential since the values
are equal. The third scenario has independence between estimated probability and
presence. so that presence is attached to sites through random number generation.
['he reported variance is the mean of 100 runs of the random number generation.
The results are given in Tables 6.2, 6.3. and 6.4. for the three presence/estimated
probability relationship scenarios. Bold values indicate the design and estimator
with the smallest computed variance within a comparison group. Generally RH(C
is best. but for rare (X = 50) presence situations., RHC. PO. and ALT are very
similar with PO better in half of the six cases of Table 6.2. If presence is related
to small estimated probability (Table 6.3) or when presence is not at all related
to estimated probability (Table 6.4) then SRS with the ratio estimator is best.
For presence independent of estimated probability., with larger samples and rare
presence. the other estimators approach the variance of SRS. Since we expect the
model to perform well. so that presence is related to large values of p. we recommend
the RHC estimator. [n cases where PO is better. the difference is minimal. We use

the RHC method for the SPL sampling results in the rest of our investigations.

6.3 Stratified Sampling

Our population, or area of interest is believed to be heterogeneous with respect
to presence of any particular species. The goals of this sampling design are to max-

imize detection of the species and provide an estimator of total number of occupied
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Table 6.1: Definition of P1. P2. and P3 for SPL Comparisons. Number of Sites with
Specified p

Distribution of Estimated Likelihood

P1 P2 P3
533: p=0.8| 100: p=0.8 | 100: p=0.8

Ut
P d
b

RoRS
I
o
It

1200: 5= 0.5 | 300: p=0.3

|3 p= 0.0 300: 5= 0.0 | 1200: p=0.0 |

sites with minimum mean squared error. We use the estimated probability as auxil-
iary information in an attempt to define strata which are homogeneous with respect
to the estimated probability. Stratification addresses both of our goals. Detection
of species is maximized when the estimated probabilities correspond to presence of
the species. The estimated probabilities have error which may result in decreased
detection. Using a portion of the sampling effort in low estimated probability sites
builds robustness into the sampling design. Definition of homogeneous strata also
increases the efficiency of the estimator.

[n this section we explore the elements of stratified sampling (Str). We first
consider two methods for defining strata. a computational approach and a subjective
one. We explore two sampling selection plans within strata. the SRS and RHC to
see which makes more sense in our setup. We then consider various allocation of
sample size methods. some involving only one goal. and many which counsider a
compromise of cost. detection. and efficiency goals. We make some comparisons of
strata definition. sampling design. and allocation in the sections they are introduced

and make overall comparisons at the end. The comparisons we make are with respect
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to the expected number of sample detections and the variance of the estimator of

the number of occupied sites.

6.3.1 Notation

We review the estimators and notation here to provide reference for the upcom-
ing derivations and comparisons. We use h to denote the stratum. where H is the

number of strata. For simple random sampling (SRS) within strata. we utilize the

ratio estimator

H
Qm_z Z Cimt Lha
-‘sps = PhiSmy = —
h=1 |i=1 Zt 1 Ph.i

whose variance is
H v N;, N 2 N,
. Crst NYh =g | &g [-l'h; Z—l Lh o)
V(Xis) = Z '\;rlts.h 1\,,‘ N z ThaPhi + o th.;
h=1 Nh Zk—-lphl =1 ZI—lph‘ =1
The other sampling plan used is the Rao. Hartley. Cochran method for sampling

without replacement within strata which utilizes its corresponding estimatar.

and variance

e np—1Y\ 1 |, Y )
Vi =X (-5 =) = (B2 - (Z h)
h= iYp — " . "

6.3.2 Construction of Strata

We present two strategies for constructing strata and compare them using the

expected number of sample detections and the estimation variance.
One strategy for constructing strata from Dalenius and Hodges (1959) was

developed to obtain optimal estimation of a population total. which is in our case
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the number of occupied sites, from SRS without replacement within strata. The
estimator of number of occupied sites in this case is given by

H N

D =322 thithy. (6.10)

h=1 j=1
The method forms strata that are equally spaced on the scale of the cumulant square
root of the density of an auxiliary variable. We use the estimated probability from
the autologistic model with covariates for sample data as the auxiliary variable. The
method is as follows. A frequency (F) and relative frequency (R.F.) distribution of
the estimated probability are constructed. Next. the square root of the relative
frequency is cumulatively summed (CumvR.F). The strata are formed so that
the cumulant square root densities have approximately the same range within each
stratum.

We demonstrate this method using Example 2 from Section 1.1.2. We dis-
play the relative frequency distribution. and formation of strata in Table 6.5. The
columns for 3 Strata and 6 Strata display the partitioning into strata.

Another approach is to subjectively form strata which are homogeneous relative
to estimated probability. We demonstrate using estimated probabilities for Example

2 to form strata. The histogram of estimated probabilities in Figure 1.6 seems to be

either large (greater than 0.65) or small (smaller than 0.1). We therefore consider

strata formed by,

Stratum 1: 0 <p< 0.1
Stratum 2: 0.1 <p< 0.65
Stratum 3: 0.65 <p< 1
We discuss sampling among strata, allocation of the sample within strata and

then compare these two methods of stratification.
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Table 6.5: Formation of Strata Using Cumv/ R.F..

F R.F. | VR.F. l Cumv/R.F. | 3 Strata | 6 Strata
0 0.03 | 489 | 0.306 | 0.553 0.353 1 t
0.03 0.05} 615 | 0.384 | 0.620 L.173 1 2
0.05 0.10 | 151 | 0.094 | 0.307 1.480 2 3
0.10 0.15| 4510.028 | 0.168 1.643 2 3
0.15 0.20 | 2410.015 |0.122 1.770 2 4
0.20 0.25| 20,0.013 }{0.112 1.882 2 4
0.25 030} 151(0.009 |0.097 1.979 2 4
0.30 0.35] 13 ]0.008 |0.090 2.069 2 4
0.35 040 | 200.013 |0.112 2.181 2 t
0.40 0.45) 160.010 |0.100 2.281 2 3
0.45 0.50 | 14 | 0.009 | 0.094 2.374 3 5
0.50 0.35 810.005 |0.071 2.445 3 35
0.55 0.60 | L1 ]0.007 |0.083 2.528 3 5
0.60 0.65| I1|0.007 |0.083 2.611 3 3
0.65 0.0 | 16{0.010 | 0.100 2.711 3 3
0.70 0.75{ 2110.013 |0.115 2.826 3 6
0.75 0.80| 30|0.019 |0.137 2.963 3 6
0.30 0.85] 22)0.014 |0.117 3.080 3 6
0.85 090} 1910.012 |0.109 3.189 3 6
0.90 0.95 00 0 3.139 3 6
0.95 1.00 | 40 0.025 |0.158 3.347 3 6
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6.3.3 Sampling Within Strata

We consider two methods for sampling within strata;: RHC and SRS. SRS in-
volves simple sample selection criteria and estimation formulas and is appropriate
for homogeneous populations. We explore the possibility of using SRS within strata
and the ratio estimator instead of RHC since we construct strata which form ho-
mogeneous groups of sites relative to the estimated probability. We first compare
expected number of sample detections and estimation variance for SRS and RHC

and then consider whether the assumption of homogeneity within strata is appro-

priate based on the examples in Chapter 4.

The expected number of sample detections using SRS is

H Yh
E( D:;‘:) = nh-\T.
h=1 “Vh
since the inclusion probability is n,/V, for all sites is stratum h. The estimator for

occupied sites using RHC within strata is

nn Yhg

H
D=3 3% thy,thg,- (6.11)

h=1 gh=1 ;=1

where there are g, groups in stratum h. s, is presence or absence of site j in group
gn. and ty 4, is the indicator of a site being included in the group gn. The expected

number of sample detections using RHC' following the argument of Equation 6.5 is

H '\Vh
E(Diie) = D na Y ThiPhi-

h=t =1

where py; = —-—5}%— is the single draw inclusion probability for site : within stratum
Pha

=1

h. The difference in the expected number of sample detections for the two sampling

methods is

X
nhm = Nh Z Ph.;l

Lh, =1

M=

E(D5) — E(Drge) =

F
Il
-

H Np 1
= hz::l nh;-’-’h.i (m _Ph.i)] .
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If pri; = pn = L/N, for all h then the expected detections for SRS and RHC are
equal. Consider the case where all sites with species presence have p,; > 1/N,.
with strict inequality for at least one site. This requires that all sites with species
absence have p,; < 1/N,. In this case the expected number of sample detections
within stratum h are greater for RHC than for SRS. We expect p,; to be large for
presence sites for a good fitting model in the whole population but this relationship
may not necessarily hold within each stratum.

Based on the simulations in Tables 6.2, 6.3. and 6.4, SRS is better for the sce-
nario of independence between presence and estimated probability but the difference
is not great for rare species if sample size is large.

Now we investigate the validity of the assumption of homogeneity of the es-
timated probability within strata. We plot the estimated probabilities versus the
true presence/absence for 3 strata in Examples 1. 2. and 3 (Figure 6.1). The strata
were formed using the subjective cutoffs of 0.1. and 0.65. The estimated probabili-
ties appear to be fairly random across the stratum range for the groups of presence
and absence sites but are generally spread acorss the entire range from zero to one.
This indicates heterogeneity within strata and thus we chose RHC' within strata for

further explorations of sampling designs.

6.3.4 Allocation of Sites to Strata

The sample size. which is generally limited by cost or other factors. is allocated
among strata to fulfill various, often conflicting, goals. The goals of the current
project are to maximize the number of detections, and to minimize the estimation
variance. Allocation techniques are either simple allocation techniques to achieve

one goal or a compromise between two or three goals. We present allocation methods

and compare their performance.
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Figure 6.1: Estimated Likelihood Versus True Presence/Absence for Examples 1. 2.
3.
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6.3.4.1 Simple Allocation

We present three simple allocation methods; proportional allocation. Neyman
allocation. and auxiliary variable allocation.
In proportional allocation, the total sample. n. is allocated to strata in propor-

tion to the strata size. For stratum h. the sample size is

N,
ng = I’IT
for h = L..... H. This technique allows for approximately equal coverage of the

whole population.

Nevman allocation (Cochran. 1977) allocates the sample in order to minimize
the variance of an estimator for a given sample size n. To minimize the variance
of the estimator of the number of occupied sites. the Neyman allocation strategy

results in stratum sample sizes

=

Var( X, »)

np=n H _ .
> VVar(Xa, )
h=1
for h = L..... H. where X,, » is some estimator of occupied sites for stratum h

based on a sample of size n,. For RHC within strata this is.

(6.12)

Aucxiliary variable allocation (Yadava and Singh, 1984) utilizes a variable re-
lated to the response of interest to partition the population into strata that are
homogeneous within and heterogeneous among. The response of interest is pres-

ence of the species and the auxiliary variable is the estimated probability, p. This
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allocation results in stratum sample sizes of

th;
H Vh :

DD bh

h=1i=1

nhp=n

6.3.4.2 Compromise Allocation

We introduce allocation methods which achieve a compromise between two or
more conflicting goals. The three goals we consider are to minimize estimation
variance. maximize detection. and minimize cost.

We make comparisons using RHC sampling plan and estimator and introduce

the following notation used in formulating allocations. The variance is denoted by.

Vo= \/'ar(.’i’s" )

RHCn

NV — ny Ih,
= Thi _
Z thh (Z )

=1 Ph.i

R )

Note that only the first term of V depends on allocation ny.h = 1..... H. We

assume that the variable cost due to sampling can be approximated as

H
C = Z Chlh,
h=1

where c;, is the average cost per unit in stratum h. Expected number of sample

detections is denoted by

E

Dbuc)
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H Np
= Z: np Z LhiPh,i
h=1 =1

H
= ) nuen,
=1
where €, = ZQ\Q‘[ Lhiphi < 1. Expected nondetections are denoted by

M

n—-FE
H

= Y (nh = nnen)

h=1

H
= Znh(l—eh).
h=1

There are four compromise allocation setups we consider. We begin with allo-
cations which involve compromises between minimum variance and either minimum
cost or maximum detection. In the second setup we minimize variance subject to
fixed cost and detection. minimize cost subject to fixed variance and detection. and
maximize detection subject to fixed variance and cost. The third setup is to find a
compromise between two goals subject to the third being fixed. The final three goal
compromise setup is to attempt to optimize all three, variance. cost and detection
together.

The first allocation method minimizes a function of the goal quantities of inter-
est (Cochran, 1977). For illustration with 2 goals of optimizing one goal subject to
constraint on another consider the estimation variance. V. and the sampling cost.
C. These two quantities are written as the product of two sums of squared terms.
The Cauchy-Schwartz inequality is utilized to obtain a bound on the product. This
bound is then solved for the allocation, n, which achieves the bound. Either of the

constraints is then fixed to obtain the necessary total sample size, n.
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We now consider in detail a compromise between V and M in the two goal com-
promise allocation. The allocation is obtained using the Cauchy-Schwartz inequality

on the product of V and M. and solving for either one fixed.

The goal is to minimize the variance and non-detection. The product is

H 1 h
"‘X.\[:Z[—v——v] Z (1 —en).

h=1 Lk h=

= AV I . ey V - . . .
where v; = 3.8 p—h'l—' — X} and e, = ;2 rhipn,. The function to be minimized

involves only those terms with n,. So the function to he minimized is
)
>3 ) (5 v —a).
he=1 nh
By ("auchy-Schwartz. the two goal compromise rule is
U.

—h
(1-epn)

1-— eh
To determine sample size for a fixed goal. substitute n, into formulas for V" and

M set at constants Vo and M.

¢ For fixed variance. Vg,

h=1 =1

!
[Lb +‘:E: T—-U

n =

e For fixed detections. M,
Mo i _ Y
_ h=1 (1 - eh)
n=—; .
Y VUl —en)
h=1
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The corresponding approach and solution pertain to optimizing the product of V
and C. which is the classic allocation problem (Cochran. 1977). We do not include
it here. since it mirrors the above results.

The second allocation method is to optimize one goal while the other two are
held fixed. This involves forming a function using two Lagrange multipliers. taking
derivatives, and solving. We do this for each of the three goals being optimized. of
which only optimizing for the estimation variance results in a direct solution. The

other two might be solved numerically.

e Minimize V' subject to M = Mg and C' = C,

The function to be optimized is

H H
L‘
F(ni.ny..... nn):Znh-f-/\l (Zchnh— )+/\g (Z l —en)n, — Wo).
h=1"th h=1 h=1
We take the derivative with respect to n, to get
dF(n,.na..... n Th
(1. ) =——'§+/\1Ch+/\-z(1—€h)-
dny n;

We set this equal to zero and solve for n, to get

ng = i
" AMch + A2l —en)’

Since Zh‘qﬂ ny, = n. we find the allocation rule to be

v®

S , EE—
Aea+A2(l=ep)

nh = n— - . (6.14)
O
h=1 ’\lch + /\2(1 - eh)

This is difficult to solve for A and A, in general. so we solve for the special

case H = 3. To solve for \; we first substitute n, into Mg.
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Mo = (L—e)ni+ (1 —ex)ng + (1l —e3)ns

Uy

M = 1 — [—e U;
i ( el)\/’\‘cl‘*"\?(l_el) * 62)\/z\1€2+z\2(1—62)+

U3
| — 3
( e3)\//\16:;-+-)\2(l - e3)

/ U3 _ Mo — (1 =€) N+ (l-e) (1 =€) -\|L'.>+::’:.:(l—*‘z)
VAes + Ml — e3) (1 —e)

(6.13)

Now we substitute this into (.

Co = cn +cangy +cang

- \/ vy \/ [ ‘e \/ [
/\1c1+/\(l—el) Aty + Al —ey) Ares + AL — ey)

_ J i 3

B /\161-{-/\2(1—61) \/ \ica + Al —€a)

Mo ~ (1- 61 \/ \|u1+\2(1-'l) (1 =€) \u2+\2(l-—fz)
+c3

(I —e3)

_ i _Uzeda
- \/;‘161-*'/\2(1—61) (Cl (1 —e3) >+

( vy (c Y ez)ca) P
Mez+h(l—e) \° (L—e3) ) (L—e3)

(6.16)

Now substituting My (6.15) and n, (6.14) into n = Z/’.’:n n, we get

U U2 U3
n = + +
\Kcl-i-)\z(l—fx) \/:162'*'/\2(1—62) \/I\IC3+/\2(I- — €3)
Uy + \/7 vy
Arer + Al —€y) Arez + A(1 —€3)
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] U.] U;
+£‘/[0 - (1 - el) V ,\xcl+.\2([—6[) - (1 - e2)v Acp+ N\ (1 —e2)

(1 —e3)
_ vy _(I—e) v3 (L —ey)
= \/A1c1+A2<1—el> (1 (1—63)) +\/1\162+)\2(1-52) (1 (1—63)) *
l\/[() 6.17
TESE (6.17)

Now substituting ( 6.17) above into the 'y function above ( 6.16). we get

o - \/ vy 'C _ (L—ei)es
-0 /\1C1+/\2(1—€|) ! (1_63)

—./ v _U=e)) Mg
n Mer+A(l=ey) (1 (1—61)) (1=e3) (1 - €1)cy 3
+ 7

Cy — ‘r[
l-G= (1 —e3) [ =)0
: 0=\ (. {i=r2)en
B \/ . - U=eer (1 ("”f’)) ((’) (l-:x) )
Arer + M1 —€y) (1 — €3) l_:::::
n — My _
(T=e3) (1 —ey)es C3
o |G T M. 6.13
e (o ) e s

Rearranging to solve for A; we get

- 2
= N U=ea)en
c (1—ei)cs (l ==y J\27 1=
1= — - (1 =25}
Aer + A(l—e) (1=e3) - =
= - M
vy o n- oy (C' _ (l-eﬂm) —_a
-V e TR
oy
- po =) r_’,—(l"-ll“x) 2
L _l=ejjey (1~=1) 2 (T=)
STy T (1=<2)
- 1—<3) o A 1
¥, rr = Al —€)
n— -0
(l=en) {(l=eq)cq %
Co_(l_ll—e i)(c"‘- T=e3) )_(1-‘-1\;“!0
(l—-::;;
/\l = =
c

_ RU: - /\2(1 - C[) (6 19)

(4]

In order to solve for A, we first substitute A\; ( 6.19) into n ( 6.17).

o \/ vl +\/ v; +\/ v3
- A[C[ +/\2(1 - 81) /\162 +/\2(1 —62) /\1C3 + /\2(1 —63)
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i 2
= ~_ e + vy —\a(l—e X
J (Rz,l .\:l(l 1)) ar + Al —ey) \j (R_.LM) ¢+ Al —ey)

ct

1

U3
+ - —
\j (‘—L—RL fal ‘)) c3+ Al — e3)

UT vy
= + | = : +
\/RU;_’\2(1—81)+)\2(1-81) \RMQ.{.,\!“_CZ)

€1

Uy

R—l————u-cs_'\zf“-e‘) + Ay(l — eq)

\

_ l + Uy + '3
VR )\2((1"'62) L‘;ﬂ;z).}.gm ,\2(([_63) (_E_-_'lﬂ‘_x).\\.ﬁht_*

(6.20)
Now substituting this into C'y ( 6.18) and then using the fact that n = n, +
n, + n3 in the next step.
Co = cny +cyng + c3ng
cy + U3 + (A
= 75 €2 —ey)e Ruv? e €3 -1 )en Ruvfes
R\ da (1= e) — Ul 4 R A (1= ey) = Uzala) 4 B
R S (n L v
-~ b 2 T n —ey)c Ru?e:
R\ VE \h((l-e)—tmia) g o
C3 Us
—e Ruvlc
Az ((1 = e5) = Uzt 4 Reio
c — U:;
= + can + (c3 — ) ~
\/ﬁ 2 3 2 \l ,\2 ((l _ 63) (l-::m) + Rcllm
(6.21)

Now we can solve for A,

. U
Co = + can + (3 —62)\J 2

/\2 ((1 - 33) —_ (l-fl)cs) + Ru}cs
[Co v } g

[} <1
€3 — C2
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vy _ va c3
Co——u —< —can : €1
R
€3 —c2

(l — 63) _ 033![‘—21!

<1

Thus for a 3 strata setup we have the exact solution. There does not seem to

be a general rule which we can apply for H strata.
We now set up the scenario for the other two compromise allocations and show
that the solution may only be obtained numerically.

e Maximize M subject to V' = Vyand (" =y

The function to be optimized using Lagrange multipliers is

H H - H
v . }
F(ny.ng..... ny) = E (L —en)np + M (E ;”-‘: - Vo> + A\ (E Chly —('0> .
h=1

h=1 h=1

Again. taking the derivative with respect to nj.

. =(1"6h)“/\l'l“{':'+f\2ch-
dny n;

Setting equal to zero and solving, as before. results in

v®

—_—h
(l—en)+\20)

np =

n

h=1 (1 —eh) +A2Ch
Although this seems a more simple equation than (6.14), the solution has
no closed form even for the special case H = 3. To illustrate. we begin the

substitution and simplification which should lead to the solution.

Based on the allocation rule,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



H H
n = np =
E =t (1 —ep) + /\ach
H H
c = Chllp = Ch
; :L:‘l (1 —en) + Axch

g

H H v
M= Y(l-e)m = (l—w( 2

h=1 - 1 — eh) -+ /\\-_)’(_',:

o]

[ ]

x|
-

. . |
s gi T & \/"E((l—eh)+,\2ch)

- V {l—en)+Nach -

Let us again consider the simpler case of H = 3. We first use n above to solve

for a piece of the formula

n = np+n;+n3

iy v [
= + +\/
\/(l—6|)+/\201 \/(1—62)+A2€2 (I —e3) + Ay

o a

So that

\/(l —e3)+ Ay = -

f vt v
n— - 2
\/(‘—61)-5--\261 {1=e2)+ N0,

We can now substitute this into Vg

Voo = Vei((L—e) + daer) + /03 (L — e2) + Do) +

- V3

Uq

n—f—u %
(1=e)+Nacy (l-e2)+M\2
: » v3
= o (L =) + dact) + /o3 (1= e2) + haca) + _
v
n-— (1—e1 )+

\/(1 —e3) + A2y
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We now use (7 to solve for another term to further simplify the formula.

Co = ciny +cang + cang

vy Uy
B CI\/(l —e1) + Aacy +Cz\/(l — e} + My
tey (n—/ [y _/ v )
\ (1 —ep)+ Aoy \ (1 —ea) + Aoe
vy
- \/(1 —€1) + Ay ler=cs)
)
+\/(l — 62)'+ e, (¢y — e3) + ean

—c — = Cy — C:
o (I —er) + Ay (1 =€)+ oy~

\/(1—52)+A2(.‘2 = \/F;(C-_)—('fg)

.

- - (p —
Co—can \/(l-"x)+-\'zfl (1 = ea)

[ BV

[ BV ]

Now we can substitute this back into Vg.

\/rU—S(C-z — ¢3)

Vo = eil(l=e) +her) +

v

Co—an =\ goe (6 — ¢3)

3 (cl —-c3 ) Cy —can

+ 1) +n—- 21—
n—ui(l —e)+ Acr \cz —c3 €y — €y

Although there is no algebraic solution. since only one Lagrange multiplier
remains, it is possible to determine an appropriate value for A, with respect

to the other parameters. Next we sketch the other scenario.

e Minimize C subject to M = My and V' = 1}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The function to be minimized is

H
F(nl,nz,.... Zchnh + /\1 (Z '-—h - ‘/0) +/\2 (Z(l —eh)nh - .“[Q) .

h=1 h=1

Taking the derivative with respect to n,, we get

i)F(nl.ng.....nH)

vy
< =ch— A= + Ml —ep).
dny, nji

Setting equal to zero and solving results in the following allocation rule.

vy

—_h
chtN2(l=ep)
np=n

H

>

This looks extremely similar to the allocation rule for the previous scenario

ch+/\ l—eh)

(Equation 6.22). Any attempt to solve for A\, would result in a similar situation.
with no closed form.

The third method of compromise allocation is a three goal comparison. We
consider the product of two factors and minimize subject to the third goal being
fixed. We explore the only possible three goal compromise allocation. We accomplish
the optimization by using Lagrange multipliers. taking derivatives. setting equal to
0 and solving for the Lagrange weight A\. The three goal compromise allocation rule
might be obtained as follows.

e Minimize V and M subject to ' = C

The function to minimize is

H v* H H
F(ny.ny,...nyg) = (Z ~—") (Z np(l — eh)) + A (Z Chlly — C’o) .
h=1 h/ \n=i h=1

We take the derivative with respect to nj,

; , o [ H H o
aF(”"’;Z’""“") " (Z ‘nh(l—eh)) + (Z "_'*) (1 —en) + Ach.
Mh

Nk h=1 h=1 Nh
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By setting equal to zero. we attempt to solve for n;. There is no direct solution for

this problem.

The last approach to allocation with three conflicting goals is to optimize the

function which is the product of the three goals,

H T H H
F(nl.ng ..... nH) =VxVUx(C= (Z n—:) ( (l - eh)nh) (Z chnh) .
h=1 h=1

h=1

Taking the derivative results in

i)F(nl.ng ..... nhv) _ L’,: H H
dany, - —”i (Z(l ~ €)nn ;;Chnh

h=1

H oy (& H o H
+(1 —e€p) (Z H) ( Chnh> + cp (Z #) (Z(l - Eh)‘nh) .
h=1 4

h=1 h=1 h=1

Since the n, are all involved in sums. there will be no direct solution here either.

Again. a numerical solution may be possible for specific design criteria.

6.3.4.3 Comparisons Among Allocation Methods

We use simulated populations to compare estimation variance and expected
detections for the six allocation methods described above. The simple allocation
methods are proportional. Neyman. and auxiliary variable. The compromise alloca-
tions are compromises for variance and detection. variance and cost. and minimum
variance subject to constraints on detection and cost. The strata are determined ac-
cording to a subjective rule which results in the cutoffs in the predicted probability
of presence of 0.1, and 0.65. We compare the sample size requirements and allo-
cations for various sampling levels, determined by compromise allocation between
variance and cost and variance and detection.

There are three simulated populations. The population consists of 1600 sites.

Each population has different estimated probabilities and presence patterns. The
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actual values were generated according to Table 6.6. The Beta distributions for
setups | and 3 are quite peaked for the top and lower strata and broad for the
middle strata. The Beta distributions for setup 2 are uniform from 0 to . The
binomial distributions provide for expected number present to be 200 overall. There
were 1000 simulations run to solve for allocation and sample size.

The first population has those characteristics that the autologistic model with
covariates is designed to model. About 1350 of the presence sites are in the top
stratum of size 500, 43 in the middle stratum of size 700 and 3 in the lower stratum
of size 400. The estimated probability of presence matches well with the presence
of species in the strata. high values for the top stratum. values of hetween 0.2
and 0.7 for the middle stratum and low values. The second population has the
same presence setup. but the estimated probability is rather random with respect
to presence. The third has evenly dispersed presence among the strata which have
estimated probabilities as in setup one.

Two allocation methods depend on total sampling cost and sampling cost per
strata. We used two levels of costs for the simulated populations. The first level
was equal sampling cost in all strata, the second level defined a cost of 10 for the
top stratum. 5 for the middle stratum. and 2 for the lower stratum.

The resulting sample size requirements are in Table 6.7. There are a few gen-
eral findings from this simulation study. As the expected number of nondetections
increases, so does sample size. Although this seems counter-intuitive. having a fixed
number of nondetections requires the design to, at least on average. sample that
number of absence sites. Notice that as the number of nondetections and required
sample size increase, so do the number of detections. The expected detections is the

required sample size minus the fixed nondetections.
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Table 6.6: Simulation Setup for Comparison of Allocation Methods

Setup Number | Strata Presence Predicted Likelihood
1 1 Binomial (500. 0.3) Beta (4. 0.3)
2 Binomial (700. 0.064) Beta (10.10)
3 Binomial (400. 0.0125) Beta (0.5. 1)
2 L Binomial (500. 0.3) Beta (1. 1)
2 Binomial (700, 0.064) Beta (1.1)
3 Binomial (400, 0.0125) Beta (1. 1)
3 L Binomial (500. 0.1253) Beta (. 0.5)
2 Binomial (700. 0.125) Beta (10.10)
3 Binomial (400. 0.125) Beta (0.5. )

Table 6.7: Sample Size Requirement for Compromise Between Variance and Detec-
tion for Simulated Populations

Fixed Setupl | Setup2 | Setup3 | Fixed | Setupl | Setup2 | Setup3
Nondetects Variance

30 60 63 38 200 104 396 635
150 176 139 172 400 503 38 539
250 296 314 286 600 398 632 554
350 415 440 400 300 333 554 525
450 533 565 515 1000 288 494 505
550 652 691 629 1200 255 447 430
650 70 816 742 1400 229 408 462
750 888 942 858 1600 209 376 446
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Table 6.8: Allocation for Simulated Populations. % of Sample Per Strata

Allocation Method Setupl Setup2 Setup3

Proportional 31. 44, 25 | 31. 44, 25 | 31, 44, 25
Nevman 41.30.29 | 56.36.8 | 10. 14. 76
Auxiliary 53. 42,5 | 31 44,25 | 53, 42,5
Variance - Nondetect 44,29, 27 1 60.33.7 | 0. L4 6
Variance - Cost (equal costs) 41.39.29 | 56.36.38 | 10. 1. 76

Variance - C'ost (unequal costs) | 34. 30. 36 | 52.38. 10 | 7. 13. 80

Table 6.9: Allocation to Minimize Variance Subject to C'ost and Detection for Sim-
ulated Populations for Equal Costs Among Strata

Fixed Nondetects | Fixed Cost Allocation

Setup | Setup 2 | Setup 3

250 400 45, 20. 36 | 30. 23. 47 | 49.6. ¢
1500 212,16 | 40, 27033 | 54. 5. 41
3000 69. 13, I8 | 57. 26. 17 | 57. 5. 38
450 400 43.20.37 | 31.23. 46 | 49.6 45
1500 51. 19,30 | 35.25.40 | 51.5 44
3000 69. 13, 18 | 40. 27, 33 | 53. 5. 42
650 400 42,20, 38 | 30. 23 47 | 49. 6. 45
1500 48, 19, 33 | 33. 25, 42 | 50. 5 45

3000 56, 18 26 | 37, 26, 37 | 52, 5. 43
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Table 6.10: Allocation to Minimize Variance Subject to Cost and Detection for
Simulated Populations for Unequal Costs Among Strata

Fixed Nondetects | Fixed Cost Allocation

Setup 1 Setup 2 | Setup 3

250 400 30, 21. 49 | 21. 17. 62 | 36. 6. 58
1500 32.22.46 | 23. 19. 58 | 38. 5. 57
3000 36,220 42 ] 24, 20, 56 | 40, 5. 55 |

450 100 30. 21,49 | 21. 17. 62 | 36. 6. 58
1500 31021, 48 | 220 18, 60 | 37. 5. 38

3000 33.22045 | 22, 19,539 | 38, 5.57
650 400 30. 21,49 | 21, 17. 62 | 36. 6. 58
1500 31,21, 48 | 22,

[
—
o
’
-~
<
o

375,58

3000 32,22, 46

I~
!\J
—
o
(o2}
o

38.5.57

The resulting allocations are in Tables 6.8. 6.9, 6.10. For large fixed cost (essen-
tially no restriction). limiting the number of nondetections results in an allocation
that favors the first strata which is more likely to have presence (Table 6.9).

Over all setups. the unequal costs among strata case ( Table 6.10) puts less etfort
in the first strata (high estimated probability) and the various allocation rules in
this case show very little variability. Hence the difference in cost seems to be the
driving force in this case.

The underlying true population characteristics greatly effect the allocation rules
and hence how any sampling design will perform. We emphasize the situation where
the predictions of likely presence are good and presence is rare and compare it to only
two other situations, but many more possibilities will exist in environmental data.

In the first setup. which corresponds to a good fitting model, there is consistently
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more effort allocated to the first strata (where there is more presence and higher
predicted probabilities of presence). Also. for allocation methods which emphasize
detection. the effort afforded this strata is the largest. For the other two setups.
both representing a poor fitting model setup. there are no definite patterns in the
allocation rules. Setup 2 corresponds to having most of the presence sites contained
in the first stratum. so minimization of variance implies taking many samples there.
But since the predictions don’t match up with the presence sites. other allocation

goals are difficult to meet. as is the case overall for setup 3.
6.3.5 Comparisons Among Strata Construction and Allocation Methods

We now compare stratification methods within the comparison of allocation
methods. We restrict the comparison to Example 2 (Figure 4.14). using three strata
and a fixed sample size of 180. We compare these methods based on the variance
of the estimator and the expected detections. We use the RH(' estimator and sam-
pling without replacement with probability proportional to estimated probability of
presence.

The stratification methods are the subjective stratification based on looking
at histograms of estimated probabilities for presence and absence sites. and the
cumulant method of Dalenius and Hodges (1959). We recall that the subjective
stratification rule makes breaks at 0.1 and 0.65. The method of Dalenius and Hodges
results in breaks at 0.05 and 0.45.

We use six allocation rules. three simple rules and three compromise rules.
The simple methods are proportional allocation, Neyman allocation. and allocation
based on an auxiliary variable. in our case the estimated probability of presence.

The two goal compromise methods are allocation for compromise between variance
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Table 6.11: Comparison of Variance and Detection for Stratification and Some Al-
location Methods for Example 2

Allocation Subjective Stratification | Cumulant Stratification
Variance Detects Variance Detects
Proportional 4612 18 6358 2]
Neyman 2671 24 2412 25
Auxiliary 71978 (k! 34561 83
V-M 2TIT 30 2490 31
V-C Equal Costs 2671 24 2412 25
V-C Unequal Costs 3057 ) 2774 16

and detections (V-M). and allocation for compromise between variance and cost
(V-C). both for the equal and unequal costs among strata setups. The three goal
compromise allocation method is to minimize variance subject to fixed cost and
detections (V-C-M). again for both equal and unequal costs among strata.

We find a few general comparisons hold overall based on our results ( Tables 6.11.
6.12. 6.13). It is no surprise that method combinations which result in large variance
also result in large expected detections. Also of no surprise is that the method
which results in the largest expected detections is the auxiliary variable method.
since estimated probability of presence is indeed closely related to actual presence.
Also. that the Neyman allocation results in minimum variance, which is its goal.
The compromise allocations result in various levels of variance and detection. So
overall, the Neyman and auxiliary methods address each goal separately and the
V-M and three goal compromises address both goals together.

Most allocation methods perform better, in terms of variance and detections,

using the cumulant method of Dalenius and Hodges for stratification. There are 10
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Table 6.12: Comparison of Variance and Detection for Stratification and V-C-M
Allocation Methods for Equal Costs Among Strata for Example 2

Fixed Cost

Fixed Nondetects

Subjective Stratification

Cumulant Stratification

Variance Detects Variance Detects
400 250 4653 56 2428 28
450 3678 47 3196 16
650 3540 16 116+ 56
1500 250 2392 35 2441 29
150 1936 69 2591 35
650 L1735 T4 3332 48
3000 250 2768 19 2441 29
450 2963 37 2511 32
650 1215 52 2774 39
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Table 6.13: Comparison of Variance and Detection for Stratification and V-('-M
Allocation Method for U'nequal Costs Among Strata for Example 2

Fixed Cost

Fixed Nondetects

Subjective Stratification

Cumulant Stratification

Variance Detects Variance Detects
400 250 4758 31 4164 36
430 2779 32 2774 39
650 2779 32 3703 12
1500 250 3349 13 1164 56
450 2929 36 3158 T2
650 2907 34 2737 338
3000 250 25732 81 116 56
450 3467 15 29952 85
650 3084 39 3945 54
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cases for various fixed values using the three compromise allocation of V-C-M. where
the subjective approach is better for detections and 7 cases where it is better for
variance. One other exception is that variance for proportional allocation is larger
for cumulant stratification than for subjective stratification.

The results for the V-C-M compromise allocation need more interpretation for
the fixed values and what they represent (Table 6.12. 6.13). The values used for fixed
cost accomplish three goals. The lowest value of 100 is restrictive of sample size.
especially for expensive strata in the unequal costs case. The middle value of 1500 is
somewhat restrictive for the unequal case. The large value of 3000 is not restrictive
at all. The nondetection level actually specifies detection. As discussed earlier. the
larger the nondetection level. the larger also the detections. The nondetection level
serves to increase the proportion of the sample allocated to the more likely stratum.

The values of cost and detection have great effect on the three goal compromise
results. Many middle values of detection and variance can be obtained for hoth the
equal and unequal costs setups. For example. for equal costs. medium values for both
variance and detection can be obtained for fixed cost of 400 and fixed nondetects
of 250 with subjective stratification. or either stratification for fixed nondetects of
450 or 650. These goals are difficult to specify without constraints related to a real

problem. We present the method for comparison since in practice these parameters

can be specified.

6.4 Fixed Top Stratum Sampling

[n the comparison of stratification and allocation methods. we find that the top
stratum contributes most to large expected detection as well as contributing a large

part to the variance of the estimator. We can accomplish the goals of maximizing
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detection in this high probability stratum and eliminate its influence on variance at
the same time by specifying a top strata and sampling all of its members. We call
this design fixed top stratum sampling (Fst).

The fixed top stratum sampling plan is designed to maximize detection by
forming a “top’ stratum which contains sites with the highest estimated probability
and performing a census there. We then sample the rest of the population with the
remaining sample resources.

We restrict out attention to the case H=3 for simplicity. Application to more
strata is straightforward. We use the RHC estimator and sampling without replace-
ment in order to compare with stratified designs from the previous section. We use
stratified sampling for the remainder of the population based on Neyman allocation
to minimize variance. We begin by deriving an estitnator for expected number of
sample detections and the variance of the estimator of number of occupied sites. We
then describe the design of the sample plan by investigating the construction of the

top stratum. We finallv compare design alternatives using Example 2 data.

6.4.1 Estimation and Variance

Using the result in Equation 6.4 the number of detections for the Fst design is

n» JV’Z.g n3 .Vg‘y
F Id (S 1)
Dejic = X1+ Z Z trg 224, + Z Z t3.g.0L3.9.0 (6.23)
g=1 j=1 g=1 j=1

where there are g, groups in stratum h. r,, is presence or absence of site j in
group g, and ¢4 ; is the indicator of a site being included in the group gs.

Using further the expectation from Equation 6.5, the expected number of sam-
ple detections is
Ns

.‘V2
E(Dgac) = X1+ na Z Z2,iP2,i + N3 Z T3iP3,i- (6.24)

i=1 =1
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where n; and nj are determined from Neyman allocation with sample size n — V,.

from Equation 6.12

\/Z‘Vhl Ths __
=1 ph,
np ={(n— Ny ~ .
Tha =
e \/z e - X

=1 gy,

for h =2.3.

The estimator for number of occupied sites is

RS 2.4 L3g.a
Npe = X1 + Z —= Z L,
g=1 D2.g. =l P33y

with variance.

V(Xie) =i (1 - v,, - 1) ni (Zﬂl—‘ Y )

h=2 =1 Phu

Note that the expected number of detections includes all sites with presence
from the top stratum. the sample allocation for the lower strata result from the

‘leftover” sample size n — .Vy. and the estimation variance from the top stratum is

zero.

6.4.2 Design Construction

Construction of the top stratum determines the overall utility of the sample
design since improper definition of a top stratum may enable presence sites to be
missed by sampling too few with large estimated probabilities. or result in under-
sampling of the rest of the population by choosing a top stratum that is too large.

We investigate two methods for defining the top stratum. The first is to specify
a percent of the sample to devote to those sites which have the highest estimated
probability of presence. We consider using either 50% of the sample or 80% of the

sample. The second method for constructing the top stratum is to define a cutoff
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such that all sites with estimated probability greater than the cutoff are sampled
with probability one. We consider using the top stratum defined by Dalenius and
Hodges™ cumulant rule and an arbitrary value of, say. 0.99.

We compare results of these methods based on the data in Example 2 from
Chapter 4 where the estimated probability is closely related to species presence
(Table 6.14). We find that using the stratification cutoffs from a stratified sample
results in large variance. and cannot always be carried out due to the size of the top
stratum and sample size. We also notice that the method of determining the top
strata is virtually unimportant for larger sample sizes. So the method only matters
for smaller sample sizes and for this example. 50% of the sample is the best way to

allocate resources to the sites with highest estimated probability.

6.5 Comparison of Design Performance with Three Modeling Methods

[n this section we use the designs which have shown themselves to perform
well and compare them with respect to the three estimation approaches from three
models to predict probability of presence. We make these comparisons for the three
examples from Chapter 4.

Using the predictions from the examples in Chapter 4. we calculated the vari-
ance and expected detections for the various designs and estimators (Table 6.153).
Note that for each example. the optimal design parameters were chosen based on
the specific design. For instance, the cumulant stratification rule of Dalenius and
Hodges was calculated for each model for each example.

[n general, the predictions from the autologistic model with covariates for sam-
ple data formed a better basis for sampling than did the logistic regression or the

autologistic model. The variance of the estimator was smaller and the expected
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Table 6.14: Comparison of Variance and Detection for Three Top Stratum Designs

Design n | ni | n2 | n3 | Variance | Detects
Top 50% | 180 | 90 | 32 | 38 355 92
Top 30% 128 | 28 | 24 362 102
p>0.45 371
p>0.99 117 ] 38 | 25 35 93
Top 50% | 400 | 90 | 179 | 131 100 L81
Top 30% 128 | 146 | 126 102 185
p > 0.45 371 8 21 665 200
p>0.99 117 | 169 | 114 95 182
Top 50% | 500 | 90 | 236 | 174 35 221
Top 80% 128 | 199 | 173 54 223
p>0.45 371 34 1 95 119 213
p > 0.99 117 | 229 | 154 47 220
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detections were larger. This does not hold for the SPL design. Since the predictions
from the logistic regression are spread more evenly over the range from zero to one.
the variance will be less than when the predictions are either very high or very low
as in the autologistic model with covariates for sample data. Also for example 2.
the variance for SRS and Strat-Neyman are very close.

The best design overall is the fixed top stratum sampling design. This design
had the highest detections for all examples and models. and the smallest variance
for four of the seven examples and models. The designs which had lower variance
were the stratified design using Neyman allocation for example | predictions from
the autologistic model with covariates for sample data and simple random sampling

for examples 2 and 3 predictions from the logistic regression model.

6.6 Conclusions

After making many interim comparisons. we find that a new design achieves
both of the goals in surveving for rare species. fixed top stratum sampling. This
design which forms a census of sites with the highest estimated probability of pres-
ence. achieves both the most detections and also generally achieves the smallest or

at least a small variance of the estimator.
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Table 6.15: Comparison of Sampling Designs Based on Predictions From the Three Models in Chapter 4

"uolssiwiad noyym payqiyosd uononpoidas Jayung “saumo JybuAdoo ayj Jo uolssiwtad yum paonpoidey

Design Estimator | Model Example 1 Example 2 Example 3
Variance | Detects | Variance | Detects | Variance | Detects
SRS Ratio Log. Regr. 1197 27 1230 27 1230 27
Autolog. 1715 27 2100 27 588 27
Autolog. Clov. 707 27 1497 27 588 27
Strat. Neyman | RHC Log. Regr. 2038 23 2528 27 2528 27
Autolog. 12932 7 10900 8 3355 20
Autolog. Cov. 18 126 2412 25 3355 20
Strat. Auxiliary | RHC Log. Regr 4321 56 4131 32 4131 32
Autolog. 83946 34 74927 30 8512 76
Autolog. Cov. 82 101 93679 84 8512 76
Top Stratum RHC Log. Regr. 713 104 1466 62 1466 62
Autolog. 4219 60 3074 09 955 109
Autolog. C'ov 81 119 527 Ub 955 109
SPL RHC( Log. Regr. 143519 19 16093 8 16093 8
Autolog. 3000000 10 ] 28000000 12| 31000000 16
Autolog. C'ov, | 7000000 241 23000000 21 { 31000000 16

¥l



Chapter 7

CONCLUSIONS

This work has achieved two goals: development and initial verification of a
new spatial model for binary data and investigation of sampling designs based on
the output from our improved model. We derived the model within a Bavesian
framework. and developed an estimation procedure. We have shown that the model
improves upon both the non-spatial logistic regression model and the spatial non-
covariate autologistic model. We also extended the model to account for a general
issue of detectability. Through examples we have shown some improvements with
this extension. Through investigations of sampling designs. we discover that infor-
mation from a good fitting model can be used to improve detection and to decrease
variance. We also discover which designs perform better. with respect to various
criteria. under differing circumstances. We conclude this work with a summary of

these three main topics and our ideas for future work based on the current progress.

7.1 Autologistic Model with Covariates for Sample Data

The autologistic model with covariates for sample data uses three types of infor-
mation to predict presence or absence over a lattice. The three types of information
are the observed presence or absence at sampled sites, the covariate information
which is available for all lattice grid areas, and sample inclusion information for all

lattice grid areas. We make some assumptions which primarily define the spatial
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relationship among lattice grid areas, namely the Markov random field assumption.
This assumption defines that the spatial relationship is limited to a neighborhood
of a site. This is reasonable since we a priori assume that the species of interest
were found in clusters.

These sources of information are utilized in a Bayesian framework to produce
estimates of predicted probability of presence over the lattice. The setup of the
Bayesian model follows the framework of Heikkinen and Hogmander (1994. HH
hereafter). Our model is an extension of this which accounts for covariates related
to species presence and also accounts for the observation data which are from a
sample rather than a census of the area of interest. The extension using sample data
required a modification of the likelihood function and the extension for covariates
required a more complex set of prior distributions.

This complex model requires alternative means of estimation. We develop a
hybrid Gibbs sampling algorithm to sample from all full conditional likelihood func-
tions to obtain these estimates. The algorithm is extended from HH to account
for more complicated sampling of the estimated likelihood functions. Sampling for
L, and p. the predicted presence/absence status and the predicted probability re-
spectively. involve a more complex function as well as an improved neighborhood
characterization. s.

We use simulated setups in lieu of any real data examples. since the USFS
data was not available. The three setups we presented represent common data
issues that would come up in real data; limited sample data. and covariate data
which although correlated with species presence. may not be consistently related
over the area of interest. In the overall study, we used two sampling plans, simple

random and a systematic grid sample of clusters, two coverages. partial and whole.
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and large and small sample sizes. Although cluster sampling provides improved
neighborhood information over simple random sampling, simple random sampling
provides for more areal coverage. This increased coverage of the area of interest
leads to an improvement in discriminating presence and absence. since true absence
is known more evenly over the area of interest. We presented three examples which
represent differing tvpes of data and are representative of all examples. Based on
these simulations. we find that our autologistic model with covariates for sample data
improves on both the logistic model and the autologistic model without covariates.
Both sensitivity and specificity are improved using our model as well as separation
of predicted probability for presence and absence sites as displaved in histograms.

We assured convergence of the estimation procedure through various indicators.

7.2 Detectability

The autologistic model with covariates for sample data uses two levels of de-
tectability for the sample data. If the site was sampled. then probability of detection
was one and if the site was not sampled. the probability of detection was zero. In
many applications this is not general enough. Data sets often contain information
related to detectability of the species of interest. This information may be in the
form of habitat values such as percent ground cover or experience of the site ob-
server. The inclusion of this information is a further improvement of our model.
This added information can be used to predict if an unseen species might actually
be there but was missed due to thick vegetation or inexperience of an observer.

The addition of the detectability term adds much to our ability to predict pres-
ence and absence without unduly complicating the model. The detectability, in

the functional form of a logit function of covariates. enters the likelihood function.
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The likelihood function is now of the data given the truth and these detection vari-
ables. Although this complicates the likelihood function. the estimation procedure
is not unduly complicated by its inclusion. For each iteration of the Gibbs-Hastings
sampler, the step to estimate presence/absence and estimated likelihood of pres-
ence is changed and there are additional steps required to estimate the parameters
assoclated with the detection variables.

We demonstrate with two simulated examples the utility of the extension. The
examples are set up to be similar to two from the autologistic model with covari-
ates for sample data. The sensitivity of the extended model is greater when using
detectability. but the specificity drops slightly. This may be a product of the ex-
amples used which have only a small amount of sample data in which to estimate

parameters associated with detection.

7.3 Sampling Designs

The production of maps with predicted probability of presence is interesting,.
but is also a very useful tool for developing sampling plans and monitoring programs.
The predicted probabilities can be used toward this end in many ways. We explore
three ways to use the information in developing sampling plans. The first possible
use of the information is to select sites to sample based on the predicted probabilities
in an unequal probability sampling design. Another possibility is to use the predicted
probabilities to stratify the population into more homogeneous sections. The final
use we explore is to use the information only in the estimation of occupied sites and
use a simple random sample to select sites. We'll summarize the two sample design

uses and their various elements and then summarize the comparisons we've made

on their performance.
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Sampling with probability proportional to predicted probability (SPL) can be
accomplished in at least three different ways. Selection of samples can be achieved
with replacement. without replacement. and using Poisson sampling with unspec-
ified sample size. We considered at least one estimator for each of the three se-
lection strategies and compared their performance. The design and estimator that
performed at least as well as all others under the good fitting inodel setup was sam-
pling without replacement following the Rao. Hartley. Cochran (Rao et al.. 1962)
selection procedure with the accompanying estimator (RHC).

Stratified sampling involves specifying three elements: how the strata are
formed. how to sample within strata. and how to allocate the sample among strata.
We suspect that using a stratified sample will achieve three goals. The first is to
maximize detection by forming subpopulations according to predicted probability.
The stratum with the highest predicted probability should contain the most species
presence. so that sampling there intensely will maximize species detection. The
second goal is to minimize variance. Variance estimates from stratified sampling.
being the sum of variance estimates of more homogeneous regions. should be less
than SPL variance estimates. The third goal is to verify the model which produces
the estimated likelihoods. In sampling some from sites which have medium and low
predicted probabilities. we ensure that a poor fitting model does not lead us totally
astray and we also have information to verify the utility of the model.

We compare two methods of stratification. The method of Dalenius and Hodges
(Dalenius and Hodges, 1959) specifies strata that have equal ranges on the cummu-
lant square root of the relative frequency of an auxiliary variable. Another technique
we tried was to subjectively determine the strata for a simulated example based on

histograms of predicted probabilities for presence and absence sites. The method of
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Dalenius and Hodges performed better overall than the subjective approach. This
is somewhat unexpected since we used the true data to determine the strata for the
subjective approach. This result is favorable though. since the subjective approach
it is not easily applied in practice when the truth is unknown.

We considered two sample selection methods for within strata. simple random
sampling with the ratio estimator and RHC sampling and estimation. We suspect
that even stratification will not produce homogeneous subpopulations in variable
environmental examples. Thus a simple random sample. even using the ratio esti-
mator. may not perform as well as selecting sample sites according to the predicted
probability. We used the RHC approach and estimator for our other comparisons.

There are numerous allocation strategies to consider and we make no recom-
mendations on one best rule. Allocation rules we consider give differing weight to
three goals. The three goals are maximization of detection. minimization of vari-
ance. and minimization of cost. There are allocation rules which optimize one of
the goals. two goals. and three goals. The compromises between two of the goals
may also involve optimization subject to constraints on the uninvolved goal. Al-
locations which minimize variance tend to also minimize detection. and. inversely.
allocations which maximize detections tend to result in large variance. There are
some allocation rules which result in average values for both detection and variance.
These parameters need to be specified on a case by case basis. We demonstrate that
certain complicated allocation rules can be worked out, at least in the three strata
case. and that others cannot be determined in general at all.

We also considered a modified stratified sampling design we term fixed top
stratum sampling. This design takes a census of a stratum defined to have the

highest predicted probabilities and samples the rest of the population. The three
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goals here are the same as in a stratified sample. The goals are to maximize de-
tection, minimize variance and develop a sampling design that will be both robust
to a faulty model and useful for model verification. In taking a census of the top
strata. we maximize detection. as long as we have a good fitting model and reduce
variance, since there is no sampling variance associated with a census. By sampling
the rest of the population we have a design that can be used for model verification
and is also robust. Using an example from Chapter 4. we compare one element of
this design. specification of the top stratum. a stratum of the sites with the largest
predicted probability of presence. The rest of the population we sample using two
strata formed by the method of Dalenius and Hodges. allocation based on Nevman
allocation, and RHC selection and estimation within strata.

The specification of the top strata really determines the utility of the design.
We compare two top stratum determination rules at two levels each. One rule is to
specify that all sites with predicted probability greater than some cutoff be assigned
to the top stratum. The other rule specifies a percent of the total available sample
to be assigned to the top stratum. Our comparisons show that using 50% of the

sample in the top stratum is most efficient for detection and precision.

7.4 Model Results and Sampling Design Comparison

Finally we compare the utility of the three models. logistic regression. autolo-
gistic model, and autologistic model with covariates for sample data. for their use in
sampling designs. The results from the examples in Chapter 4 are used for each of
the three models. The sampling designs we consider are first. sampling proportional

to predicted probability using the RHC approach and estimator, second, stratified
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sampling using stratification rule of Danlenius and Hodges. RHC sampling and es-
timation within strata. and both Neyman and auxiliary variable allocation. third
fixed top stratum sampling using 50% of the sample in top stratum. and fourth
simple random sampling with the ratio estimator. We find that the autologistic
model with covariates for sample data produces better results as far as detection
and precision than either the logistic regression or autologistic model over all sam-
pling designs. We also find that the fixed top stratum sampling design generally

improves detection and precision over other designs.

7.5 Future Work

[n our progression through this work. we have come up with many leads into
further research. The autologistic model with covariates for sample data is a basic
model which is open for extensions. The first extension we would consider is to
multiple species. As much as species presence is related to habitat covariates and
has spatial dependence. species depend on each other. The presence of certain other
species may promote or inhibit the presence of a species of interest. It may be
useful to model two species together if both are of equal interest. Species may have
similar habitat requirements or very different. they may live well together or not.
These relationships will certainly improve prediction of presence for both species
upon predicted presence for the species individually.

The second extension to the model is to incorporate a temporal element. The
model was developed to be part of a monitoring program, which will be carried out
over years. The answer to “How the species is doing?” involves both its range and

the trend in abundance and range over time.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



153

In that same vein, the utility of a Bayesian framework is to continually incor-
porate newfound information. We would like to explore the improvements that take
place in prediction when better prior information is available.

One extension to sampling designs that we haven’t explored vet is adaptive
sampling (Thompson and Seber. 1996) In adaptive sampling. when a site is found
to have a species present. neighboring sites are also sampled. Thus if a species
is found. the whole cluster of it will be found and counted. This should improve
estimation of abundance as well as spatial extent. Also the information pertaining

to the edges of species presence will be very valuable in future models.
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