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ABSTRACT 

MATHEMATICAL MODELING OF CIRCULATION 
IN OPEN CHANNELS 

An investigation of depth-averaged open channel flow is performed 

to determine the physical processes which contribute to the occurrence 

of circulating currents. To this end, a mathematical model capable of 

resolving secondary flow is derived by integrating the three-dimen-

sional turbulent flow equations over flow depth. An important 

feature of the model is the numerical representation of the closure 

term for the effective stresses. The finite difference solution pro-

cedure is multi-operational, i.e. , consisting of explicit computational 

schemes used in conjunction with the alternating-direction implicit 

(ADI) method. Two problem configurations are tested in this study: 

(1) a channel-pool system; and (2) a channel expansion. Results 

from the numerical experiments appear to be reasonable. In this 

study, the mechanisms of the effective stresses, convective inertia, 

and friction are found to be important factors in the circulation 

phenomenon. Additionally, the numerical specification of the modeled 

problem is shown to be a major consideration in the simulation of 

circulating flow. 
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PREFACE 

The clarification of the physical nature of circulation in a free 

surface flow context has eluded the engineering profession. Herein, 

a numerical model is used as the tool to investigate the interaction of 

the various contributing forces, i.e. , convective inertia, effective 

stresses, and bottom friction. The study seeks answers to fundamental 

questions, and therefore, is within the realm of basic research. Its 

findings will hopefully pave the way for a better understanding of 

circulating flow in particular, and of two-dimensional numerical models 

in general. 

This study was made possible by a grant from the National 

Science Foundation, grant No. CME-7805458. The support of this 

institution is gratefully acknowledged. 

V. M. Ponce 

S. B. Yabusaki 
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CHAPTER 1 

INTRODUCTION 

The study of depth-averaged open channel flow is essential for 

the solution of contemporary problems which face those who manage the 

utilization of waterways, harbors, and estuaries. Potential changes in 

boundary geometry or discharge will undoubtedly disturb the 

established pattern of currents relied upon for navigation. Localized 

effects of sediment deposition and degradation are of primary concern 

in the development of alluvial channels. The siting of cooling facilities 

will have a significant effect upon the biological community in the area. 

Dilution of industrial wastes depends on the dispersion provided by 

currents at the point of injection. All the above are problems which 

lend themselves to the application of two-dimensional mathematical 

modeling. 

Mathematical models have been developed in response to the 

absence of analytical solutions for the turbulent fluid flow equations. 

Previous to the development of efficient high-speed computer hard­

ware, physical models were used exclusively where complex flow 

phenomena was to be investigated. However, as advances were made 

in computer technology, economies in time and effort soon made 

computer modeling a viable alternative. Presently, mathematical models 

of various levels of sophistication are available. 

Two-dimensional plane flow models have existed since the mid 

1960's. These models offer a compromise between the simple one-dimen­

sional routing of water and the cumbersome and expensive three-dimen­

sional formulation. An important consideration in the selection of a 

two-dimensional model is the ability of the model to simulate secondary 
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flow, i.e. , circulation. Although such models do exist, a 

comprehensive analysis of the individual mechanisms which interact to 

produce circulation has not been attempted with a numerical model. 

The objectives of this study are twofold: ( 1) the clarification of 

the physical processes leading to the generation of circulation; and (2) 

the identification of important factors in the numerical specification of 

circulation problems. Of particular interest in the physical process 

investigation are the actions of the effective shear stresses, convective 

inertia, and bed resistance. Earlier studies have pointed out the 

probable links between these terms and the occurrence of secondary 

flow. In a discrete representation of a continuum problem, a variety 

of computational procedures and boundary conditions are available. 

This study seeks to identify the behavioral differences caused by a 

particular selection of discretization parameters and boundary condi­

tions. 

In accordance with the outlined objectives, a review of research 

efforts prior to this study is presented in Chapter 2. The governing 

equations of depth-averaged turbulent fluid flow are derived in Chapter 

3. By integrating the general three-dimensional Navier-Stokes equa­

tions over the flow depth, the resulting mathematical model consists of 

two momentum equations and one continuity equation. In Chapter 4, 

the three equations are expressed in a finite difference formulation 

amenable to numerical solution. A multi-operational procedure utilizing 

both implicit and explicit computational schemes is selected to solve for 

the dependent variables. Specific application of the numerical model to 

several geometric configurations and boundary conditions is described 

in Chapter 5. An extensive testing program designed to isolate 
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individual processes of the circulation phenomena is performed on two 

configurations: (1) a channel-pool system; and (2) a sudden channel 

expansion. Results of these experiments are analyzed and evaluated in 

Chapter 6. Chapter 7 summarizes the contributions of this study and 

recommends areas of future research. A listing of the FORTRAN 

computer code is given in Appendix IV. 



2.1 INTRODUCTION 

CHAPTER 2 

REVIEW OF LITERATURE 

The mathematical modeling of open channel flow is a relatively 

recent development in the field of hydraulic engineering. Before the 

computer became available, extensive use was made of physical models 

since analytical methods could only handle the highly simplified cases. 

These physical hydraulic models provided engineers with reasonably 

good answers to complex problems, but required large amounts of 

effort and time. In addition, the finished models were inflexible, and 

costly modifications were needed if different conditions were to be 

tested. As developments in the technology of high speed digital 

computers increased the computational efficiency and memory storage 

space, there was a parallel advance in mathematical models and a 

stronger research effort in the refinement of such models. Mathematical 

models require smaller development and operating costs while offering 

almost unlimited flexibility in the simulation of alternatives. Certain 

specialized problems still remain within the realm of physical modeling, 

but the use of mathematical models continues to grow. 

The mathematical description of open channel flow is best 

accomplished in a three-dimensional spatial framework. However, the 

complexity of a formulation in three dimensions and the associated 

effort in constructing and operating a numerical model may be tremen­

do us, and therefore, the cost prohibitive. Thus, simplifications in the 

model specification which are reasonably valid for the prototype situ a­

tion are continuously being sought. Often, a considerable reduction in 

complexity and cost can be achieved by removing a spatial dimension 
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from consideration. Fortunately, many instances exist in which less 

complex two- and one-dimensional models are sufficient to properly 

describe the problem under consideration. 

Early success in the mathematical modeling of open channel flows 

occurred in the one-dimensional flood routing in rivers. The objective 

of these models was the calculation of flood stages in stream channels. 

Initially, flood routing models were based on lumped parameters and 

simplified forms of the Saint Venant equations of unsteady open channel 

flow. Thus, these simulations were limited not only to the accuracy 

with which a one-dimensional formulation could describe a three-dimen­

sional phenomena, but also to the specific range of applicability dictated 

by the simplifying assumptions to the Saint Venant equations. 

Hydrologic (or storage) routing is a lumped parameter approach 

to the flood routing problem. In this method of routing, a simple 

algebraic relationship between flow and storage is used in lieu of the 

more complex governing partial differential equations. In the case of 

flood waves passing through reservoirs, the dominance of storage 

effects over the resistance and inertia forces allows the use of the 

water continuity equation alone. This is the basis of the level pool 

routing procedure. 

In the case of flood waves through stream channels, the reach 

storage is shown to depend not only on the outflow as in the reservoir 

case, but also on the inflow. Therefore, in stream channel routing, 

both the equations of water continuity and motion need to be included 

in the formulation of a one-dimensional unsteady flow model. In this 

case, it is often advantageous from the practical standpoint to omit 

terms of negligible magnitude in the equation of motion. This gives 
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rise to several approximate wave models, each possessing a range of 

applicability associated with the omitted terms. The kinematic wave 

model is the simplest of these approximate models, describing flood 

wave travel by a balance of friction and gravity forces, neglecting all 

other forces. 

Another approximate model widely used in practice is the diffusive 

wave model. By including the pressure force in addition to the friction 

and gravity forces, this model is capable of simulating both flood wave 

travel and attenuation. A general treatment of one-dimensional open 

channel flow· is given by the dynamic wave model in which all terms of 

the Saint Venant equation are included in the analysis. 

2.2 TWO-DIMENSIONAL MODELS 

Many open channel flow problems cannot be adequately described 

in one space dimension. Among these are flow in estuaries, lakes, and 

embayments. Two-dimensional modeling is, in many instances, appro­

priate to describe some of the important features of these flows. In 

general, a two- dimensional model can be either of the plan -view or 

vertical-view type. In a plan-view model, the flow properties are 

averaged in the vertical direction, while in a vertical-view model they 

are averaged in one of the horizon tal directions . In the con text of this 

work, a two-dimensional model will be understood to refer to a plan­

view model, unless specifically stated otherwise. Models of the plan­

view type are used in the cases where the channel width is several 

times the average flow depth, enabling the bottom roughness to effec­

tively generate a uniform velocity distribution in the vertical direction. 

Two-dimensional numerical models of open channel flow are 

relatively recent developments, and thus, most of the work in this field 
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dates back to the last two decades. In essence, two-dimensional models 

are formulated by integrating the three-dimensional equations of fluid 

dynamics over the flow depth. The two-dimensional depth-integrated 

system of equations is not without its pitfalls: there is a closure pro­

blem associated with the effective shear stresses which act tangentially 

on vertical sides of a fluid element. No rigorous relation between these 

stresses and the depth-averaged variables is currently available. In 

addition, some other terms of the depth-integrated equation set are 

often omitted for reasons of mathematical expediency. 

Two-dimensional modeling of flow in lakes is sometimes 

accomplished without some of the terms included in the depth-integrated 

equation set. By nature, lake circulation is driven primarily by the 

surface wind stresses and the geostrophic Coriolis acceleration. Thus, 

it is not uncommon for modelers to neglect the convective inertia, fric­

tion, or effective shear stresses, although the basis for these deletions 

is sometimes open to question. A further simplification which appears 

fully justified for lake circulation models is the assumption of a planar 

water surface, referred to in the literature as the "rigid lid" approxi­

mation. 

The early research on depth-averaged two-dimensional mathematical 

models was in connection with studies of the ocean environment. 

Hansen (9) is widely credited for being the first to outline the depth­

averaged two-dimensional formulation as it is known today. Later, 

several other researchers, most notably Leendertse (13, 14), followed 

Hansen in applying two-dimensional modeling concepts to the study 

of estuarine and coastal hydrodynamics. Using a depth-averaged 

two- dimensional model, Leendertse (13) satisfactorily calibrated a 
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simulation of currents and water depths in several estuaries. 

Particular emphasis was given in Leendertse's work to the numerical 

properties of the two-dimensional model, as evidenced by the linear 

analysis of stability and convergence following the von Neumann 

technique (17). 

In the last decade, an increased awareness of environmental 

aspects has led to the inclusion of pollutant, sediment and thermal 

transport in the numerical modeling of two- dimensional flows. An 

important feature of these models is the accurate description of 

secondary currents. It is often these currents that carry heat and 

pollutants away from coasts, and influence the natural morphologic 

processes of erosion and accretion. Accordingly, it is necessary that 

the physical processes governing these currents be correctly under­

stood and properly accounted for in the numerical model. 

Kuipers and Vreugdenhil (10) extended Leendertse's model to 

accomodate steady circulating flow by considering the physical mecha­

nism responsible for vorticity generation. A salient feature of the 

Kuipers and Vreugdenhil model is that the turbulent diffusion 

necessary to transfer energy from the main flow to the secondary flow 

is not explicitly included in the finite difference equations. Rather, it 

appears as a byproduct of the spatial smoothing which is necessary to 

control nonlinear instability. In a companion report, Flokstra (6) 

emphasized the need to explicitly account for the effective shear 

stresses in modeling circulating flow. The specification of a no-slip 

condition at closed boundaries was deemed necessary by Flokstra, 

reasoning that the wall shear was more important than bottom shear in 

generating and maintaining vorticity in the flow. Abbott and Rasmussen 
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(2) verified Kuipers and Vreugdenhil's finding that convective inertia 

is absolutely necessary for the generation of secondary flow, and 

acknowledged that "pseudo-circulation" in some models could be due to 

the effect of numerical diffusion inherent in first order finite difference 

approximations. 

More recently, attention has been focused on ways of improving 

the representation of the effective shear stresses in two-dimensional 

models. In the past, if these stresses were included at all, a constant 

turbulent diffusivity (23) was used as a way of closing the equation 

set. McGuirk and Rodi (16) have recently cast doubts on the validity 

of such an approximation for the case of jet flows in which the 

turbulent diffusion processes become very important. Following 

Launder and Spalding (11), they used a turbulence model in which the 

transport properties were expressed as a function of the mean flow 

variables. Lean and Weare (12) have identified two turbulent contribu­

tions to the dominant effective shear stress: ( 1) bed-generated 

turbulence, and (2) shear layer turbulence. Each of these contribu­

tions can be expressed in terms of an eddy viscosity dependent on 

flow conditions. Criteria was then established by which a simplified 

analysis, using just one type of eddy viscosity, could be applied. 

2.3 THREE-DIMENSIONAL MODELS 

For certain applications, a two-dimensional representation of open 

channel flow may not be adequate to describe the flow in question. 

This is the case, for instance, of stratified flows and flows with 

vertical secondary currents. In order to properly describe such 

three-dimensional features, it is necessary to resort to a three-dimen­

sional model. Several of these models have been developed over the 
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last few years, but the attendant complexity and low cost effectiveness 

has hindered their further use. 

Examples of three-dimensional models of free surface flows are 

those of Leendertse and Liu (15) and Rastogi and Rodi (22). 

Leendertse and Liu (15) extended the two-dimensional modeling concept 

to three-dimensions, by layering planes of two-dimensional models to 

provide a reasonable description of the variation of flow properties in 

the vertical direction. Their formulation was fully explicit, and there­

fore, limited in the grid size by the Courant criterion. 

Rastogi and Rodi (22) developed a model for three-dimensional free 

surface flow by expressing the Navier-Stokes equations for flows that 

are parabolic in the longitudinal direction. Therefore, in the Rastogi 

and Rodi model, downstream effects cannot influence the upstream flow. 

Such parabolic-type equations are amenable to the particularly economic 

solution method of marching forward integration developed by Patankar 

and Spalding (18). However, the solution can proceed in the down­

stream direction only when the longitudinal distribution of the flow 

depth is known a priori, since the latter is normally controlled by 

downstream events. A particular feature of the Rastogi and Rodi 

model is the use of a turbulence model originally due to Launder and 

Spalding (11). In this model, the local state of turbulence is charac­

terized by two-parameters: the kinetic energy k 1 of the turbulent 

motion, and its rate of dissipation t:1 . The parameter k 1 is a meas­

ure of the intensity of the turbulent fluctuations, while £ 1 is closely 

related to a length scale L characterizing the turbulent motion. The 

variation of k 1 and e1 over the flow field is determined by semi­

empirical transport models based on the Navier-Stokes equations. 
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2.4 DEPTH-AVERAGED TWO-DIMENSIONAL MODELS 

In a comprehensive analysis of free surface flow in two horizon tal 

directions, Leendertse (13) developed a computational model for long 

period wave propagation in well-mixed estuaries and coastal seas. With 

this application in mind, the effect of flow non uniformity was not 

significant, rendering the effective stresses negligible when compared 

with bottom friction. Therefore, a reasonably accurate representation 

was possible without including the effective stresses in the governing 

equations. The numerical properties of the computational model were 

determined through a linear analysis of the finite difference equations. 

The nonlinear resistance and convective terms were omitted and studied 

separately. The scheme was classified as second order accurate with 

good convergence characteristics. In an effort to find a stable and 

accurate difference scheme, the von Neumann linear stability criteria 

was applied to several discrete representations of the partial differen­

tial equations, resulting in the selection of a multi-operational solution 

scheme, with alternating-direction and mixed explicit-implicit formula­

tion. An amplitude and phase error analysis associated with the com­

plex propagation technique used to assess numerical stability, found 

that while large time increments were satisfactory with respect to 

stability, computed wave velocities under these conditions were smaller 

than physical wave velocities. A similar dispersive numerical effect 

occurred when too few discrete grid points were used to resolve the 

continuum problem. The forward difference implicit method was identi­

fied as strongly diffusive, damping out both physical and error waves 

in the computational process. The difficulty in analyzing the nonlinear 

terms, as mentioned above, led to a separate treatment. Energy 
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transfer from long waves to short waves is interrupted when the size 

of the physical wave is twice that of the spatial grid increment, i.e., 

at the minimum grid resolution. Nonlinear terms feed these accumulat­

ing short waves back into the system until the computation becomes 

unstable. Thus, some dissipation function, physical or otherwise, 

must be used in the calculation in order to arrest the explosive growth 

of energy. Instabilities also occurred when an off-centered finite 

difference representation of the convective terms was used at the 

closed boundaries of the model. For this reason, the convective 

inertia terms were eliminated from calculations adjacent to boundary 

points. The magnitude of these terms was considered to be small and 

therefore, their neglect justified for the sake of improved model 

stability. 

Kuipers and Vreugdenhil (10) extended Leendertse's 1967 model to 

the realm of secondary flows. By imposing a steady condition at the 

open boundaries, they were able to use the unsteady character of 

Leendertse's model as an iterative technique to approach steady circu­

lating flow in certain specified boundary configurations. A theoretical 

analysis of the vorticity-generating mechanisms was performed in order 

to throw additional light onto the causes of circulating flow in depth­

averaged two-dimensional models. Excluding wind stresses, vorticity 

can be created either by the convective term, interacting with converg­

ing or diverging flow; or through the effective shear stresses. The 

importance of these two mechanisms was found to be dependent on the 

distance over which changes in the velocity profile took place. If that 

distance is less than "a few hundred times the water depth," the effec­

tive stresses and convective inertia are significant. Three components 
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of effective shear stresses were identified: (1) viscous stresses; (2) 

turbulent stresses; and (3) large-scale momentum transfer due to the 

departure of the local velocity from the depth -averaged velocity. This 

last contribution is considered to be the most important, arising 

primarily as a byproduct of the depth-integration of the original three­

dimensional equations. Numerical experiments showed the necessity of 

including the convective inertia terms in order to model two-dimensional 

circulating flow. Oscillations of a numerical nature are attributed to 

nonlinear interaction, and are filtered out using artificial viscosity to 

dissipate the energy piled up at the sub grid scale. The observed 

circulation in the model is attributed to the combined effect of the 

convective inertia terms and the artificial viscosity, since no explicit 

account of the effective stresses was made. In fact, the artificial 

viscosity is used in lieu of the effective stresses, in an extension to 

two-dimensions of the well-known one-dimensional numerical diffusion 

effect ( 4). An analog of the eddy diffusivity associated with the 

effective stresses is identified, but apparently there is no physical 

basis with which to select its magnitude. 

In a companion report to Kuipers and Vreugdenhil (10), 

Flokstra (6) directed attention to the importance of correctly modeling 

the effective shear stresses. Without actually resolving the closure 

problem associated with the modeling of these stresses, Flokstra made a 

detailed study of the relevant physical mechanisms in generating circu­

lating flow. Building on the factors identified by Kuipers and 

Vreugdenhil as important to secondary flow, Flokstra made use of a 

vorticity balance to further investigate the combined effect of these 

factors. According to this analysis, it is theoretically impossible to 
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generate circulating flows without modeling the effective shear stresses. 

Additionally, the cross term was singled out as the most important of 

the three effective stresses, since the turbulent part of these terms 

can be shown to transfer energy into the eddies, while the convective 

part transfers energy out. Although both Leendertse and Kuipers and 

Vreugdenhil eliminate the effective shear stresses from the respective 

equation set, circulation occurs in the latter model as a direct conse­

quence of spatial smoothing. In free shear layers, the effective shear 

stresses dominate the vorticity-dissipating effects of bottom friction. 

In such cases where a single type of turbulence mechanism is preva­

lent, a simplified turbulence model of the effective shear stresses is 

recommended. In addition, Flokstra's analysis leads to the conclusion 

that a no-slip condition at the closed boundaries is essential to the 

generation of eddy circulating patterns. 

Abbott and Rasmussen (2) described circulation in rapidly 

expanding and contracting flow using a depth-averaged model where 

convected momenta and bottom friction were the primary considerations. 

They verified Kuipers and Vreugdenhil's conclusion that the convective 

inertia terms are necessary for the generation of circulation. However, 

in contradiction with the previous authors, Abbott and Rasmussen 

concluded that the resistance effects are important in the generation of 

circulation. Using physical reasoning, they attributed the circulatory 

patterns to a direct consequence of the resistance effects dominating 

the inertial effects. The use of two separate dispersion coefficients to 

handle momentum transfers that are resolvable with the grid and those 

that are not, is recommended. These coefficients are related to the 

amount of bottom friction. When the convective terms are modeled 
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accurately, strong dispersion smooths the effects of a rough grid while 

leaving the flow field virtually unaffected. Abbott and Rasmussen 

concluded that "pseudo-circulations," occurring strictly due to the 

truncation errors of the first order difference schemes were possible in 

depth-averaged two-dimensional models. 

Flokstra (7) studied the closure problem in depth-averaged 

two-dimensional flow, and concluded that the mechanism of energy 

transfer in two-dimensional models is significantly different from that 

found in the real three-dimensional world. According to Flokstra, the 

three-dimensional energy transfer is from larger scales to smaller 

scales, while the opposite is true for two-dimensional flow. Thus, the 

use of three-dimensional turbulence models to simulate the effective 

shear stresses in depth-averaged two-dimensional flow is not justified. 

The problem is complicated by the presence of three-dimensional compo­

nents in the depth-averaged effective shear stresses. More research 

remains to be carried out in order to clarify the importance of this 

problem. 

The occurrence of nonlinear instability in two-dimensional 

numerical models was also studied by Flokstra. Three approaches were 

cited to handle this problem: (1) a spatial smoothing process similar 

to that used by Kuipers and Vreugdenhil; (2) the explicit introduction 

of an eddy viscosity term in the equations of motion; and ( 3) the use 

of a difference scheme that generates numerical viscosity. Considerable 

care must be exercised in order to prevent the dissipative mechanisms 

from masking the accuracy of the overall computation. 

Rastogi and Rodi (22), emphasizing the importance of an accurate 

portrayal of turbulent flow in mathematical models, presented two- and 
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three-dimensional open channel flow models that contained turbulent 

transport parameters coupled with the main flow. In each case, a 

law-of-the-wall was used in conjunction with the two-parameter turbu­

lent transport model of Launder and Spalding (11). Empirical transport 

constants, not problem-specific, were used in order to evaluate the 

transport terms. Due to the strict two-dimensional representation 

used, circulation is not described by the Rastogi and Rodi model. 

McGuirk and Rodi (16), upon the same lines of Rastogi and Rodi 

(22), developed a depth-averaged velocity and contaminant distribution 

model of open channel flow. They considered the problem of a recircu­

lation region immediately downstream of a side discharge into a flowing 

river. The model idealized the free surface with the "rigid lid" 

approximation, neglecting the variation of flow depth. This assumption 

is valid provided water level variations are small compared with the 

flow depth, and is not justified for long stretches of gradually varied 

flow in which large variations in flow depth can occur in the streamwise 

direction. However, the effects of a lateral surface slope are accounted 

for by allowing the pressure to vary at the water surface. Considering 

the constant turbulent diffusion coefficient and nonexplicit representa­

tions of the turbulent structure too crude for the side jet phenomena, 

McGuirk and Rodi (16) utilized an extension of Launder and Spalding's 

(11) two-dimensional turbulence model. A closure analysis indicated 

that the amount of numerical diffusion introduced by an upwind differ­

encing scheme for the convective terms, was significantly smaller than 

the turbulent diffusion in regions in which diffusion was important. 

Lean and Weare (12) tested Flokstra's theoretically-based conclu­

sions using a depth-averaged circulation model of flows past a break­

water. The effective stresses are shown to have contributions from 
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shear layer turbulence and turbulence generated at the bed. Criteria 

is presented to delimit the conditions under which the shear layer 

turbulence will predominate. Since only bed-generated turbulence can 

be represented in terms of mean flow variables, a turbulence model is 

required to model the effective stresses. An observation of numerical 

circulation (8) similar to that experienced by Abbott and Rasmussen (2) 

hut caused by a coarse computational grid, is used to dispute 

Flokstra's argument that the effective stresses are necessary for circu­

lating flow to occur. Numerical experiments of secondary flow genera­

tion verified the importance of the convective inertia terms and the 

no-slip condition at closed boundaries. 

2.5 SUMMARY 

At present, many uncertain ties exist in the mathematical modeling 

of depth-averaged two-dimensional open channel flow. Clearly, the 

main obstacle to reliable modeling in two-dimensions is the accurate, 

physical description of the effective shear stresses. Although indis­

putably tied to the vorticity phenomena, these stresses have been 

represented by a wide variety of approaches, ranging from total 

neglect to sophisticated three-dimensional turbulence models. However 

successful each of these methods purports to be, until the physical 

nature of the effective stress terms is further clarified, the modeling 

will have to rely strongly on the calibration phase. 

Convective inertia is also important to the vorticity-generating 

mechanism. Apparently, these terms interact with the effective 

stresses to produce circulation in two-dimensional flow. While the 

structure of the convective inertia terms is readily identified in the 

governing equations, their nonlinearity complicates the formulation and 
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often leads to numerical stability problems. The control of nonlinear 

instability requires the use of some artifice to smooth out error 

growth. Unfortunately, the additional viscosity created by the smooth­

ing procedure can sometimes cause the numerical solution to deviate 

from the physical solution . 

There is an apparent confusion regarding the effect of bed 

resistance in two-dimensional circulation. The opposing views 

expressed in the literature may reflect the manner in which the effec­

tive stresses were defined in these models. Similarly, Flokstra's 

conclusion regarding the need for a no- slip condition at closed 

boundaries may be suspect in view of the circulation under a partial­

slip velocity profile observed in the Kuipers and Vreugdenhil model. 

The occurrence of numerical circulation ( 1, 8, 20) should temper 

hasty interpretations regarding the success of modeling circulating 

flow. Unless a complete closure analysis is performed, the effect of 

truncation error will tend to mask the physical problem. The problems 

associated with this aspect of two-dimensional modeling are indeed 

complex. The objective of current research in this area is to contri­

bute to the understanding of the model behavior and its relation to the 

physical problem, i.e. , the closure of two-dimensional numerical diffu­

sion in a manner similar to the closure of one-dimensional numerical 

diffusion ( 4) . 



3.1 INTRODUCTION 

CHAPTER 3 

GOVERNING EQUATIONS 

This chapter describes the derivation of equations applicable to 

the mathematical modeling of depth -averaged two- dimensional open 

channel flow. Essentially, the turbulent flow phenomena is described 

only in the horizontal plane, with all fluid and flow properties invariant 

along a vertical line. Beginning with a presentation of the general 

three-dimensional equations of turbulent flow in section 3. 2, the 

analysis proceeds in section 3. 3 to detail the integration process leading 

to the special case of depth-averaged two-dimensional flow (10, 21, 24). 

The assumptions and limitations inherent in the derivation are clearly 

noted in order to ensure proper application of the model. Closure pro­

blems associated with the representation of the effective shear stresses 

and the bottom stresses are discussed in section 3. 4. Finally, various 

terms in the momentum equation are reviewed in section 3. 5, with the 

aim of clarifying their physical contribution to the circulation 

phenomenon. 

3.2 GENERAL EQUATIONS OF TURBULENT FLOW 

In describing general three-dimensional flow, basic principles of 

mass and momentum conservation are used to derive the governing 

equations that relate the flow variables. For the case of mass conser-

vation, the net mass flux through a control volume is balanced by a 

changing fluid density as illustrated by the following equation: 

~ + a(pu) + a(pv) + a(pw) = 0 at ax ay az 
(3.1) 

in which p = fluid density; u, v, w = velocity components; x, y, z = 
coordinate system; and t = time. This equation is valid provided there 
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is an absence of internal mass sources and the fluid is continuous in 

space. 

If instead of a mass flux balance, a momentum flux balance is 

performed on the control volume, the following equations can be deter-

mined: 

a(pu) + acpJ) + a(puv) + a(puw) f f 
at ax ay az + P w - P v 

= 
at at._ at 

~+~+~+~ 
ax ax ay az (3.2) 

a(pv) + a(puv) + a(pv 2) + a(pvw) 
at ax ay az + pfu - pfw 

= 
at a'ty~~ at 

~+~+_rr+~ 
ay ax ay az (3.3) 

a(pw) + a(puw) + a(pvw) + a(pw2) 
at ax ay az + pfv - pfu 

= 
at at at 

g+~+~+~ 
P ax ay az (3.4) 

in which f = Corio lis parameter, (f = 2 wsin<t>) ; w = angular velocity of 

the earth's rotation; <P = geographical latitude; p = average pressure; 

and g = gravitational acceleration. 

The surface stress txy is defined as: 

t = pvr?u + av) - pu'v' 
xy ~ 'ay ax (3.5) 

in which v = kinematic viscosity; and---u'V' = average correlation of 

turbulent velocity fluctuations. Other surface stresses are defined 

similarly. The components of the surface stress represent contributions 

from molecular viscosity and turbulent momentum transfer (Reynolds 
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stress), respectively. In addition to the foregoing assumptions, 

internal sources of momentum have been excluded from the equations. 

The presence of the gravitational body force in the z-component of the 

momentum equation implies the selection of the z-coordinate to be posi­

tive extending perpendicularly outward from the earth's surface. 

A basic assumption of the flow considered in this study is that 

vertical accelerations and velocities are negligible compared to that of 

gravity; therefore, the assumption of hydrostatic pressure distribution 

in the vertical is valid. As a result of this, Corio lis terms containing 

the vertical velocity become negligible compared to the remaining 

Coriolis terms. The magnitude of the gravitational body force in the 

z-component momentum equation is many times larger than the remaining 

terms except for the vertical pressure gradient. Therefore, this 

reduces the conservation of momentum in the z-direction to an expres-

sion of hydrostatic pressure distribution in the vertical. The resulting 

momentum equations are expressed as follows: 

a(pu) + a(pu
2

) + a(puv) + a(puw) - pfv 
at ax ay az 

(3.6) 

a(pv) + a(puv) + a(pv 2) + a(pvw) 
at ax ay az + pfu 

at a-c__ at 
=-~+~+~+~ 

ay ax ay az (3.7) 

~ =- pg az (3.8) 

The kinematic and dynamic boundary conditions are useful in the 

formulation of the depth-integrated form of the governing equations. 



22 

These two sets of conditions constitute a statement of mass and 

momentum principles applied to surface and bottom control volumes 

Figure 3.1 illustrates the equilibrium of mass fluxes at the water 

surface under the assumption of incompressible flow. Similarly, the 

bottom element is shown in Figure 3. 2. 

If small terms are neglected, the mass flux balance generates the 

kinematic boundary conditions: 

ul ~ + v ~- w + 9.!1 = 0 
flax flay fl at 

(3.9) 

u I azb + v az b - = o 
ax ay w 

zb zb zb 
(3.10) 

in which fl = water surface elevation, (fl = zb + h); zb = bottom 

elevation; and h = flow depth. Inherent in these two equations are 

the assumptions of negligible precipitation and evaporation at the water 

surface, while at the bottom, the bed is considered to be fixed and 

impermeable. 

Using a similar procedure that enabled the kinematic boundary 

conditions to be determined, a stress balance is performed on the 

surface and bottom control volumes as shown in Figures 3.3 and 3.4, 

yielding the dynamic boundary conditions: 

at the surface 

p ~ + 
sax t = PI ar'J -sx flax 

,~ txx fl ax- tyx ~+ tzx (3.11) 
fl ay fl 

p ~ + tsy = p 
ofl _ I ar'J I ~ + (3.12) say flay txy fl ax - tyy fl ay tzy 

fl 

- p + ~ + t ~ =- p - txz ~- tyz ~+ tzz (3.13) s tsx ax sy ay flax fl ay fl fl 

at the bottom 
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(3.15) 

- p + b 
azb a~ azb azb (3.16) -+ thy ay = -p -t -- tyz -+ tzz b X ax z xz z ax z ay 

b b b zb 

in which p 
s = pressure on water surface; pb = pressure from bed; 

tsx' tsy = surface shear stresses; and tbx' thy = bottom shear 

stresses. Equations 3.11 to 3.16 are based on the assumption that the 

direction of action of surface and bottom shear stresses deviates very 

little from the coordinate directions. 

3.3 VERTICAL INTEGRATION 

The assumptions made so far have not seriously impaired the 

general applicability of the two-dimensional formulation. Integrating 

the governing equations over the flow depth, however, places a severe 

limitation on the applicability of the model because in so doing, the 

information on the vertical distribution of velocities is partially lost. 

Fortunately, the shallow water levels found in most rivers and estuaries 

often do not require such detailed information for a satisfactory repre-

sentation. Several successful estuarine models reported in the litera-

ture operate under the constraint of a depth-integrated formulation. 

On the other hand, three dimensional phenomena such as stratified 

flows and buoyancy effects cannot be accurately described under these 

conditions. 

At this point, it may be instructive to clarify the difference 

between a two-dimensional idealization of flow and the depth-averaged 

formulation used in this study. A strictly two-dimensional flow ideal-

ization does not account for the variation of the horizontal velocities 

over the flow depth, thus relying solely on turbulence as the energy 
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transfer mechanism. Integrating the three-dimensional equations over 

the flow depth results in terms which do consider the nonuniform 

velocity distribution in the vertical. These three-dimensional 

characteristics are found in the effective shear stress terms which 

occur as a byproduct of the vertical integration of the convective 

inertia and surface stress terms in the momentum equations. Further 

details of the nature of these effective shear stresses are presented in 

the following section. 

The depth-averaging process begins with the integration of the 

mass conservation equation, leading to the following equation: 

/ Wf. dz + Jfl a(~~) dz + /a(~;) dz + / a(~;) dz = o 
zb zb zb zb 

(3.17) 

Using Liebnitz's rule, the order of integration and differentiation 

are reversed, yielding: 

a '1 ~ I azb a 'l art + az b 
at f p dz - p at + p . ar- + ax f pu dz - pu a pu z ax 

zb 'l zb zb 'l x b 

a 'l ~ I a~ + ay f pv dz - pv ay + pv a + pw 
zb 'l zb y '1 

(3.18) 

The kinematic boundary conditions, the assumption of incompress-

ibility and a fixed bed, allow Equation 3 .18 to be simplified to: 

~ + a(hu) + a(hv) = 0 
at ax ay (3.19) 

in which - 1 F = h f F dz; F = any property; and F = any average 

property. Physically speaking, this depth-averaged form of the mass 

conservation equation balances the net outflux of water from a control 

volume by a decrease in storage volume, i.e. , a falling water surface. 

Similarly, the equations of conservation of momentum in integrated 

form are given below: 
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a 11 ~ azb a 11 2 2 
at f pu dz - pu at + pu at + ax f pu dz - pu 

zb 11 zb zb 

a 11 a 
+ - f puv dz - puv ~ ay nay 

zb 'I 

+ puv 

a 11 al1 azb --f t dz+t --t -ay yx yx nay yx ay 
zb 'I zb 

11 
- pu w - f f pv dz 

11 zb zb 

- t
2
x + t = 0 (3.20) 

n ZX 
'I zb 

a 11 ~ a zb a 11 a a z b 
at fz pvdz - pv at + pv at+ ax f puvdz - puv ~ + puv ax 

b 11 zb zb 11 zb 

+ ~ / pv ~z - pv 2~ ;11 + pv 2 ~zb + pvw - pvw + f J
11 

pu dz 
Y Z Y z Y n Z 

b b ' 1 2 b b 

In addition to the kinematic boundary conditions and the 

assumptions used previously, the dynamic boundary conditions are also 

employed here, resulting in the following equations: 
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a - a ~ 2 a ~ - 1 a ~ 
at ( uh) + ax f u tlz + ay f uvdz - fvh + P ax f pdz 

zb zb zb 

1 azb 1 a 
+-P---P ~=0 

p b ax p s ax (3.22) 

a - a ~ a ~ 2 - 1 a ~ 
at (vh) + ax f uvdz + ay f v nz + fuh + Pay f p dz 

zb zb zb 

(3.23) 

Further simplification is possible as a consequence of earlier 

approximations. The air pressure at the water surface, P s, is zero 

since the water pressure is gage-referenced. The assumption of 

hydrostatic pressure distribution enables the following expressions: 

1 a ~ ah 
P ax f pdz = gh ax 

zb 

1 a ~ ah 
P ay f pdz = gh ay 

zb 

(3.24) 

(3.25) 

(3.26) 

If the convective inertia terms are manipulated using the algebraic 

relations: 
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u 2 = (u-u) 2 + 2uu - u 2 

uv = (u-ii)(v-v) + uv + iiv - iiv 

v 2 = (v-v) 2 + 2vv - v 2 

the momentum equations can be written as follows: 

a - a ~ - 2 a -2 a ~ - -
at (uh) + ax I (u-u) dz + ax (u h) + ay J (u-u)(v-v)dz 

zb zb 

a - a~ 1 a ~ + - (uvh) - fvh + gh - - - - J t dz ay ax p ax XX 
zb 

a - a ~ - - a -- a ~ - 2 
at (vh) + ax J (u-u)(v-v)dz + ax (uvh) + ay I (v-v) dz 

zb zb 

+ ~ cv2 h) + fuh + gh ~ - .! ~ I~ t dz ay ay p ax xy 
zb 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

The notation can be shortened by defining the effective stresses 

as follows: 

1 ~ - 2 
T xx = li I [ txx - p(u-u) ]dz (3.32) 

zb 

1 ~ - -
T = T = -h I [ t - p ( u-u) ( v-v)] dz xy yx yx 

zb 
(3.33) 

1 ~ - 2 
T = 1i f [ty - p(v-v) ]dz yy z y 

b 

(3.34) 
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Therefore, the resulting equations are: 

a - a -2 a -- - £!1 
at (uh) + ax (u n) + ay (uvh) - fvh + gh ax 

1 1 a 1 a - p (tsx-tbx) - pax (hTxx) - pay (hTxy) = 0 

a - a -- a -2 - ~ at (vh) + ax (uvh) + ay (v h) + fuh + gh ay 

1 1 a 1 a - P ( tsy-tby) - Pax (hT xy) - P ay (hT YY) = o 

(3.35) 

(3.36) 

If the derivatives of the first three terms in each equation are 

expanded, terms found in the equation of mass conservation appear, 

and can, therefore, be canceled. The final form of the momentum 

equations is determined by dividing through by the water depth, h, to 

give: 

1 a 1 a _ 
- ph ax (hTxx) - ph ay (hTxy) - O (3.37) 

(3.38) 

3.4 SIGNIFICANCE OF THE VARIOUS TERMS IN THE MOMENTUM 
EQUATIONS 

Certain features of the equations derived in section 3. 3 can be 

dispensed with in order to clarify the nature of the mechanisms being 

tested. For the purposes of this study, the wind stress and 

geostrophic effects will be removed from the analysis. Flokstra (6) has 

pointed out that these terms are, in part, responsible for the genera-

tion of vorticity in the flow. Thus, an explanation is necessary in 
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order to justify the formal neglect of these terms. For the type of 

flow under consideration, i.e. , open channel flow, the magnitude of 

wind and geostrophic effects is insignificant as compared to the driv­

ing forces found in the mean flow currents. These two terms can be 

easily incorporated into the model if desired, and their absence does 

not detract from the generality of the conclusions of this study. 

The present equation set, although containing many approximations 

and simplifications, is not closed. Historically, turbulent flow theory 

has suffered from an incomplete physical representation of the turbulent 

momentum transfer (Reynolds stresses), i.e. , those stresses due to 

the correlations of turbulent velocity fluctuations. Depth-averaging 

the formulation further complicates the problem by creating an 

additional stress due to the nonuniform velocity distribution in the 

vertical. These two stresses and the viscous shear stress combine 

into the term previously identified as the effective stress. The three 

components of the effective stress (viscous, turbulent, and velocity 

non uniformity) each apply a lateral tangential stress on fluid elements 

and are inherently tied to the three-dimensional character of the flow. 

The viscous shear stress is significant only near walls in the laminar 

sublayer and does not generally affect the large scale eddy flow. The 

Reynolds stress provides the momentum transfer necessary to drive the 

secondary flow, and, according to Flokstra, the non uniformity compo­

nent of the effective stress dissipates energy, removing momentum 

from secondary flow. Lean and Weare ( 12) include bed-generated 

turbulence as a contribution to the effective stress and determine the 

criteria under which bed-generated turbulence will dominate shear 

layer turbulence. 
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Representing the effective stresses in terms of the main flow 

variables is by far the largest impediment to the accurate modeling of 

circulating flow. Since this problem remains to be solved, the use of 

empirical parameters and calibration techniques is unavoidable. Methods 

currently used in the literature range from the assumption of a con-

stant turbulent diffusion coefficient, to "field models" which include an 

uncoupled turbulence model to calculate turbulent transport terms at 

each computational node (22). 

In this study, the procedure developed by Kuipers and 

Vreugdenhil (10) will be adopted. They used a numerical eddy diffu-

sivity, E, to account for the effective stresses in their model, such 

that: 

1 [~X (hTXX) +~ 
2- 2-

ph (hTxy)] = e( a u +a u ) 
ay ax2 ay2 (3.39) 

1 [a (h T ) + a (h T ) l 
2- 2-

ph = e( a v +a v) 
ax xy ay yy ax2 ay2 (3.40) 

in which E = a (flx)
2 

· 
2 flt ' a = weighting factor used in the spatial 

smoothing by velocity-averaging; 11x = spatial increment; and flt = 

temporal inc rem en t. 

The selection of the value of a is not physically-based, and the 

need for flow calibration is apparent. This particular technique does 

not explicitly contain the effective shear stresses in the equations 

used, but introduces them in a velocity-averaging routine which 

simulates the contribution of the effective stresses. In this routine, 

an averaging procedure occurs after each set of new dependent 

variables has been computed, as follows: 

(3.41) 
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(3.42) 

. h' h -* - -* m w 1c u].,k = new u. k; v. k = new v. k; and j,k = spatial indices. 
], ], ], 

When these substitutions are made in the governing equations, the 

extra diffusivity terms appear. 

The bottom shear stress, like the effective stress, has not been 

rigorously related to flow properties. However, years of experimenta­

tion has resulted in the availability of several satisfactory empirical 

resistance equations. Any of the applicable resistance equations can 

be used to relate the bottom shear stress to the flow velocity, assuming 

the validity of a steady uniform flow roughness. The Chezy expression 

is preferred for simplicity, due to the dimensionless friction factor, fr, 

associated with it, as follows: 

tbx = pfr u(u2+v2)~ 

tby = pfr VcU2+V2)~ 
in which f = g_, and C = Chezy coefficient. r 2' c 

3.5 FACTORS INFLUENCING CIRCULATING FLOW 

(3.43) 

(3.44) 

This section will discuss the significance of various terms in the 

momentum equation with respect to the generation and maintenance of 

circulating flow. Previous modeling attempts have sometimes resorted 

to the omission of the effective stress, convective inertia, or friction 

terms, due, in part, to the uncertainty or nonlinearity associated with 

these terms. The physical reasoning to justify these approximations 

was often not very clear. 

Flokstra (7), in an analytical evaluation of the vorticity 

phenomenon, concluded that the presence of the effective stresses in a 

two-dimensional model formulation was a necessary but not sufficient 
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condition for the occurrence of secondary flow. These stresses were 

considered to be the primary mechanism of mom en tum exchange between 

the shear flow and the circulating flow. Leendertse (13) neglected the 

effective stress tenn, reasoning that it was very small compared to the 

bottom stress effects associated with long-period wave behavior in 

estuaries. The absence of circulation in Leendertse's model tends to 

support, the findings of Flokstra. Kuipers and Vreugdenhil (10) were 

not conclusive with their experimental testing of the importance of 

effective stresses, but claimed that an order of magnitude argument 

shows these stresses to be relatively unimportant. 

The convective acceleration terms in the momentum equation are 

often omitted in numerical modeling because of the nonlinearity intro­

duced into the partial differential equation system. Leendertse 

included convective accelerations in his 1967 model but was forced to 

remove the nonlinear tenns to perform the von Neumann linear stability 

analysis. Kuipers and Vreugdenhil theoretically and empirically 

established the need to include the convective acceleration in the 

analysis of secondary flow. Essentially, the convective acceleration 

supplies the mechanism necessary to transport vorticity in the mean 

flow. Flokstra (6), with theoretical arguments, and Abbott and 

Rasmussen (2), in experiments, have concurred in these findings. 

The importance of bottom and closed boundary friction has not 

been clearly established in the literature. As noted earlier, Leendertse 

believed that the bottom stress effects dominated other stress contribu­

tions for long period waves. Abbott and Rasmussen (2) described the 

circulation phenomenon as a competition between inertial and resistance 

forces. Flokstra (6) found both the effective stresses and the wall 
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stresses to be of more significant influence on vorticity generation than 

the bottom shear stress. Thus, a no-slip condition at the wall was 

considered to be a necessary requirement for circulation to occur. 

Lean and Weare ( 12) discovered that each of the various shear stresses 

could be dominant under different flow conditions. The latter appears 

to be the most cogent analysis available when considering the relative 

importance of the various shear stresses in generating circulating flow 

in depth-averaged two-dimensional models. 



4 .1 INTRODUCTION 

CHAPTER 4 

NUMERICAL MODELING 

This chapter describes the development of a mathematical model of 

open channel flow based on the equation set derived in the previous 

chapter. An explanation of the difficulties found in the analytical 

treatment of the problem as well as the conversion to a numerical 

formulation is presented in section 4. 2. Basic concepts and definitions 

are introduced in section 4. 3 to help the reader become familiar with 

the notation of the finite difference method. Section 4.4 provides an 

overview of the operational procedure used in the model. In section 

4. 5, the equations derived in Chapter 3 are replaced with finite differ­

ence analogs, while section 4. 6 describes the algorithm used to solve 

the numerical representation. Boundary types and their treatment are 

discussed in section 4. 7. Section 4. 8 is devoted to a discussion of the 

numerical properties of the model. 

4.2 MATHEMATICAL MODELING 

Depending on the manner in which the effective stresses are 

expressed, the partial differential equations derived in Chapter 3 

comprise either a hyperbolic or parabolic set. In each case, initial and 

boundary conditions are required to fully specify the problem, assuming 

that the various empirical parameters have already been determined. 

As happens in every instance in which turbulent open channel flow is 

considered, no closed form solution exists. for the analytical equation 

set. This leads to a search for a numerical technique that can over­

come the intractable nature of the analytical problem posed. Among the 
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various mathematical approaches available, the finite difference and the 

finite element methods are the most widely used. This study utilizes 

the finite difference approximation to the partial differential equation 

set in the solution procedure. 

The conversion of an analytical statement to a numerical statement 

begins with the application of a difference scheme to the differential 

equations. Calculus operations then become algebraic relations of 

dependent variables defined at discretely spaced locations in the inde­

pendent variable domain. Although providing solutions to problems 

that could not be otherwise solved, mathematical models are hampered 

by certain limitations not encountered in calculus. The discrete nature 

of the variable domain acts in such a way as to control the stability 

and accuracy of the model. Often the discretized form of the differen­

tial equations does not represent the original problem due to the 

inadvertent creation of artificial terms. Conversely, increased accuracy 

in the specification of the finite difference scheme does not guarantee 

a stable solution. 

The difficulties associated with the finite difference method are not 

insurmountable, as shown by the large number of successful modeling 

efforts documented in the literature. Mathematical modeling is now 

firmly established as an indispensable tool, and the parallel advance­

ments in numerical analysis and computer technology can only increase 

the present range of application. 

4.3 FINITE DIFFERENCE PRELIMINARIES 

The basis of the finite difference method is the substitution of a 

computational grid for the continuous domain of the independent 

variables. Since the present problem has been specified in three 
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independent variables (x, y, and t), a three-dimensional solution 

network results, with dependent variables defined at the nodal points. 

In order to visualize the computational structure used in this model, 

the reader must imagine levels of horizontal x-y spatial grid domains 

layered in the vertical time dimension. Conceptually, the four 

variables, u, v, 11, and zb, should all be defined at every node loca­

tion. However, practical limitations in the computational procedure 

make it more convenient to define a separate grid system for each of 

these variables. These four grid systems are staggered in space 

in a form originally due to Platzman ( 19), as shown in Fig. 4 .1. 

By definition, the distance between adjacent nodes is controlled by 

the space and time increments ax, fly, and At. It is not necessary for 

ax to be equal to Ay. However, the representation of the effective 

stresses used in this model does depend on this assumption. Specify-

ing the location of a dependent variable is based on the following 

notation: F~ k; in which F = a dependent variable; j = x-coordinate, 
J' 

(jAx); k = y-coordinate, (lilly); and n = t-coordinate, (nAt). A typical 

time level n would then have the appearance shown in Fig. 4. 1. As 

can be seen from this figure, the interlocking nature of the grid 

system reduces the distance between adjacent nodes to one half the 

spatial increment, although identical variables remain one spatial 

increment apart. Since each dependent variable location is unique, it 

is not necessary to use half increments when subscripting, i.e. , the 

same subscripts imply different locations for different dependent 

variables. 

Among the several types of finite difference schemes available, the 

central difference approximations provide second order accuracy. For 
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this reason, central differences are used wherever possible in the 

computational representation of the derivatives. Examples of central 

difference schemes are: 

aF F. 1 k -F. 1 k = J+ ' J- ' 
ax 2l\x (4.1) 

F. k 
J ' 

aF F. k 1-F. k 1 = ], + ], -
ay 2l\y (4.2) 

F. k 
J' 

Fn+l _ n 
aF E k 

= j,k J, 
at n+k ilt 

F. k 
] ' 

(4.3) 

Generally speaking, spatial derivatives can always be expressed in 

terms of a central difference as shown above. However, temporal 

derivatives cannot be represented in this fashion unless iterations are 

performed, because both the n+\ and n+ 1 time levels are unknown. 

The additional computational effort required by an iterative formulation 

is usually not warranted. Consequently, a less accurate but more 

expedient backward difference scheme: 

aF 
at 

Fn+~ 
j,k 

n+~ n 
= Fj,k - lj ,k 

~t 

is used for all temporal derivatives. 

(4.4) 

Two types of solution schemes exist for problems expressed in 

terms of finite differences: (1) explicit; and (2) implicit. Explicit 

schemes propagate a direct solution for unknown dependent variables 

from one grid point to the next by calculating new values exclusively 

in terms of known neighboring values. The explicit scheme requires a 
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simple formulation but is generally subject to a strict numerical stability 

criterion, which effectively places an upper limit on the magnitude of 

the time step, Ll.t, that can be used in practice. 

An implicit scheme is characterized by the presence of more than 

one unknown variable in the difference equation, requiring the solution 

of a set of simultaneous equations in order to generate an array of new 

values. No stability conditions are usually imposed on the time step 

size in implicit solutions, and therefore, considerable economies in 

computer time are possible. However, implicit schemes are difficult to 

formulate and, in the case of nonlinear equations, suffer from problems 

of iterative convergence. 

4.4 OVERVIEW OF THE COMPUTATIONAL PROCEDURE 

The computational procedure used in this model is a multi-opera­

tional mode solution based on the division of each time step, Ll.t, into 

two stages of a half-time step each. Leendertse (13) modified the well­

known "alternating-direction implicit" or ADI method, by including two 

explicit schemes in such a way that each stage contained an implicit 

scheme followed by an explicit scheme. The advantage of the ADI 

method, in addition to those attributable to implicit schemes, lies in the 

solution procedure which solves the x-momentum equation separately 

from the y-momentum equation, permitting the two-dimensional problem 

to be solved as a sequence of two one-dimensional problems. After 

each implicit step, a single dependent variable remains unknown and 

can be efficiently solved for by an explicit method. Thus, the multi­

operational solution procedure enables an optimum exploitation of the 

best features of both implicit and explicit schemes. 
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The introduction of the effective stress terms is accomplished by 

the spatial smoothing performed at the conclusion of each stage. A 

summary of the general operations in sequential order follows. 

First Stage 

1. Implicit solution of and fln+~ using the continuity 

and x-momen tum equations. 

2 li · f n +~ · h · . Exp Cit solution o v usmg t e y-momentum equation. 

3. n+k n+k Spatial smoothing of u 2 and v 2 using a velocity-

averaging scheme. 

Second Stage 

1. 

2. 

3. 

Implicit solution of n+l v 

and y-momentum equations. 

Explicit solution of 

Spatial smoothing of 

averaging scheme. 

n+l u 

n+l u 

and n+l 
11 using the continuity 

using the x-momentum equation. 

and n+l v using a velocity-

4.5 FINITE DIFFERENCE EQUATIONS 

The numerical model is based on the set of governing equations 

derived in Chapter 3 (throughout this chapter, the overbars denoting 

depth-integrated variables have been omitted for simplicity): 

2 2 ~ 
au + u au + v au + g al1 + f u ( u +v ) = 0 
at ax ay ax r (11-zb) (4.5) 

1 
2 2 ~ 

av + u av + v av + g ~ + f v ( u +v ) = 0 
at ax ay ay r (11-zb) (4.6) 

(4.7) 

The first two equations express the conservation of momentum, while 

the third equation expresses the conservation of mass. 
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The finite difference method replaces the partial differential 

operators with algebraic operations defined at the nodal grid points. 

Each of the three equations has a difference scheme centered about a 

unique location on the grid system. The x-momentum equation is 

referenced to the node occupied by u. k while the y-momentum equa­
l ' 

tion is centered about node location v. k; 
] ' 

f}. k is the reference loca­
] ' 

tion for the continuity equation. As mentioned in section 4.3, a 

second-order accurate representation of a differential equation is 

possible by the use of central differences. Applying this scheme to 

the x-momentum and continuity equations yields: 

X-Momentum Equation (Nonlinear Implicit) 

n+1 n 
a u. k -u. k 
__.!:!. = ], ], 
at n+~ ~t 

u. k 
] ' 

au u­ax 

(4.7) 

(4.8) 

n+~ n+~ 

- 1 ( v.n +k~ + vnl. '~~ 1 + v~ +~ :t v? +~ ) [ uj 'k+ 1 - u j, k -1] ( 4. 9) au v­ay n+~- 4 ], J+1,k J+1,k-1 Uy 
u. k 

] ' 

~ 
g ax 

= 
n+~ 

u. k 
] ' 

n+k n+~ n+~ 

~ 
1 2 v. k2 + v. k 1 + v. k+ 

1 ( u?+~) + ( J' l' - J+ 1' 
.!. ( f +f ) n +~ J , k 4 
2 u. k 1 k 1 1 

rl. ,k r].+1 k l' - (n~+ 2 + n~+~ ) 2- (zh + 
' 2 • I ] , k ' I]+ 1 , k 

J,k 

(4.10) 

z ) 
bj,k-1 

(4.11) 
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Continuity Equation (Nonlinear Implicit) 

~ 
at 

n+1 n 
11· k-11· k 

= J' l' 
n+~ 

11· k 
J' 

ilt 
(4.12) 

1 ( n+~ n+~) 1 ( ) 

a [~ 11j+1,k+ ~,k - ~ zb. k-~zb. k] n+~ 
ax [(f'}-zJu~ n+~ = b.x J, J, uj,k 

d~j,k 

1 ( n +\ n +~) k ( ) 

- [ 
~ 11j -1 , k + 11 j, k - 2 2 b + 2 b. ] n +~ 

j-1,k-1 J-1,k uj-1,k 
LlX 

(4.13) 

n+k k( n+~ 
2 11j,k+1 + 

n+\[ 
11 • ~) - ~(z + zb ) 1 

l 'k' b · k · -1 k J n +~ J, J ' v. k 
ily ], 

11· k 
J' 

1 ( n +~ n +~) k ( ) 

- [ ~ 11j,k-1 + 11 j,k - 2 2 b + 2 b. n+~ 

ily 
j,k-1 J-1,k-1 ] vj,k- 1 

(4.14) 

Each of the finite difference representations given by Eqs. 4. 7 to 

4.14 is a centered approximation. Apart from the stability problems 

usually associated with centered differences, the presence of nonlinear 

terms renders numerical solutions unmanageable. Nonlinear equations 

can only be solved by using iterative methods, which can often be 

plagued by convergence problems. On the other hand, linear equations 

enable a direct computation, and are, therefore, capable of economical 

solution schemes. By the judicious specification of known and unknown 

values in the finite difference equations, a representation that is linear 

in the unknowns is possible. The particular way in which the equa­

tions are linearized is not rigid, depending to some degree on the 

algorithm chosen to solve the equations. It should be noted that a 
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certain amount of error is introduced into the analysis by the 

linearization process, because the temporal derivatives are replaced by 

off-centered difference approximations. The difference equations used 

in the linearized model corresponding to the first stage-implicit com-

putation are the following: 

X-Momentum (Linear Implicit) 

au 
at 

n+\ n 
u. k -u. k = J' l' 
~t 

n+\ 
u. k 

] ' 

au u­ax 

au v­ay 

g all 
ax 

n+\ 
u. k 

l ' 

n n 
1 u -u. 

_ un+~ E ]+1 ,k J-1 ,k] 
- j,k Ux 

n n n n n n 
v · k 1 +v. 1 k 1+v · k +¥ 1 k u. k 1 -u · k 1 = [ 1 , - J+ , - 1 , J+ , l E 1 , + 1 , - l 

n+\ 4 2~y 
u. k 

l ' 

n+\ n+~ 
J1 . 1 k-11· k 

= g E J+ ' l' l 
n+\ ~ 

u. k 
] ' 

n+\ 
u. k 

] ' 

= 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

n n n n ~ 
f +f n+~[( n )

2 
+ ( vj,k-1 +"]+1,k-1 +vj,k +v j+1,k)2] ] 

r · k r · 1 k [u. k u · k 4 
[ ] ' ]+ ' ] _],._,,:....__ _ __,_] .._, --~---------------

2 n n zb + zb. 
E 11j+1,k + '1 j,k j,k J,k-1] 

2 2 

Continuity (Linear Implicit) 

£!1 at 

n+~ n 
11· k -11 . k 

= ] ' ] ' 
n+~ ~t 

Jl· k 
] ' 

(4.19) 

(4.20) 
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11~ +11~ zb. +zb 
r J+ 1 , k 1 , k _ 1 , k J , k -1] n +~ 

a [ 2 2 uj ,k 
- [ (11-z )u] = ------Ax--------.1---<----
ax b n+~ u 

11· k 
l' 

n n 
11· k +11 '-1 k 

E J , l ' 
2 

2 b +zb n+~ 
j-1,k ]-1,k-1] 

2 u. 1 k 
]- ' 

11~ +11~ 2 b. +zb n 
[ ] 'k+ 1 J 'k - J 'k J-1 'k] 

a - [(11-Z )v] ay b 
= _[ ______ 2 ______ ~ ___ 2 ________ v~j~,k_ 

/1y 
n+~ 

11· k 
l' 

n n 
11 . k +fl . k-1 

[ J' ] ' 
2 

2b +zb n 
j, k-1 ]-1 'k-1] 

2 v. k 1 
] ' -

/1y 

(4.21) 

(4.22) 

A simplified notation collecting known and unknown values will 

assist in the construction of the solution algorithm. Thus, the first­

stage implicit step equations become: 

X-Momentum (Implicit) 

n+~ u. k - (UC) = ], au 
at 

n+~ 
u.k 

] ' 

~t 

au u­ax 

au v­ay 

= u~+~ (DCT) 
n+~ J,k 

u. k 
l' 

= (VAV)(CCT) 
n+~ 

u. k 
l' 

n+~ n+~ 
, - 11 

g ~ = g [ j+ 1 'k j, k 1 
ax +k ~x n 2 

u. k 
l' 

n+~ = (FR) (FRT) u. k 
n+~ J' 

u. k 
l' 

(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 
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n uc = u. k 
] ' 

n n 
u. 1 k -u · 1 k 

DCT = J+ ' J- ' 
28x 
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1 n n n n 
VAV = 4 (vj,k-1 + vj+1,k-1 + vj,k + vj+1,k) 

n n 
u. k 1-u · k 1 

CCT = l' + l' -
2/:::,.y 

1 
FR = - (f +f ) 

2 r.k r.1k 
] ' ]+ ' 

FRT = __ [::.....;(:,_U_C.....;..)_2+_(;..._V_A_V.....;..)_2;:_] ~-­
zb. +zb 

],k ],k-1] 
2 

n n 
r'l· 1 k+r,. k 

[ ]+ ' ] ' 
2 

Continuity (Implicit) 

in which 

a _ DE n+~ DW n+~ 
~ [ ( r,- zb )u] - -;:- u . k - ~ u . -1 k 
u X +1 uX ] , uX ] , 

n ~ 
r'l· k 

) ' 

a - [(r,-z )v] 
ay b = DDV 

n+~ 
r'l· k 

] ' 

- n WL- r'l· k 
] ' 

DE = ~ ( r'l· 1 k + r'l· k - zb. k - zb ) ]+ ' ] ' ]. 'k-1 J' 

DW = ~ (r, ~ k + r'l· ~1 k - z - zb ) 
], J ' bj-1,k j-1,k-1 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

(4.34) 

(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 



45 

r,?- k 1 +r,~ k zb. +zb. 
r ], + ], J,k J-1,k] n 
[ 2 2 v. k 

DDV = --------------~----------~1~'­/j,y 

n n 
'1· k +fl. k-1 E J, J, 

2 (4.40) 

The presence of three unknown variables in the formulation of the 

x-momentum and continuity equations verifies the implicit nature of this 

representation. The linearization of the y-momentum equation is 

straightforward, since all the 
n+k 

u 2 and 
n+k 

11 2 values are known from 

the previous implicit half-stage. 

Y -Momentum (Explicit) 

n+~ n 
v.k-v.k - ]., ], 

L- ~t 
n+"2 

v. k 
l' 

u av 
ax 

av v­ay 

g ar, 
ay 

n+~ n+~ 
'1 . k 1-r,. k = g [ J, + J, ] 

n+~ !J.y 
v. k 
l' 

n+~ v. k 
] ' 

= 

2 un n n n 2 1 

(4.41) 

(4.43) 

(4.44) 

f n+~[( n ) j,k +~ k+1+uj-1 JtU j-1 k+1 ~ 
· k +f · k+ 1 [v. k v · k +( - ' ' ' ) ] } 

( ] ' ] ' ) J ' l ' 4 4 . 45) 
2 n+~ n+~ zb + zb. 

'1· k 1 + '1 . k . k 1 k ( ], + J, J, J- ' ) 
2 2 
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Known and unknown variables can be expressed in a simplified 

notation similar to that of the implicit step: 

Y -Momentum (Explicit) 

v~+k~-(VC) 
av = __,]<-.:..,.,..---- (4.46) 

in which 

at kAt 
n+~ ~ 

v. k 
] ' 

av u­ax 

av v­ay 

~ 
gay 

n+~ 
v. k 

] ' 

= CCT 

= v~+~ (DCT) 
n+~ l' 

v. k 
] ' 

= PRT 
n+~ 

v. k 
] ' 

n+k = v. k (FRT) 
n+~ ], 

v. k 
] ' 

(4.47) 

(4.48) 

(4.49) 

(4.50) 

n vc = v. k (4.51) 
] ' 

n+~ n+~ n+~ n+~ n n 

CCT 
= Euj,k+uj,k+1+uj-1,k+{uj-1,k) ,']+1,k-vj-1,k) 

4 \: 2~x (4.52) 

n n v. -\Z 
DCT- J,k+1 J,k-1 (4.53) 

- 2~y 

PRT (4.54) 

n n n n 2 1 

f +f 2 u · k+u k 1+u. 1 k +u · 1 k 1 ~ 

FRT 
[eve) E l' J' + J- ' J- ' + ) ] r. k r. k 1 + 4 = { ] ' ] ' + ) (4 55) 

\: 2 n+~ n+~ z + zh · 
( .,j,k+i ., j,k bj,k ]-1 ,k) 

2 2 
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Due to this selection of variables, the y-momentum equation is 

expressed in terms of a single unknown and can easily be solved by 

an explicit solution procedure. Applying the same techniques to the 

second-stage operations results in the following expressions: 

Y -Momentum (Implicit) 

in which 

v?-+1-(VC) 
= ],k av 

at n+1 
v. k 

J ' 

~t 

av u­ax 

av v­ay 

g~ 
ay 

n+1 
v. k 

J ' 

= (UAV)(CCT) 

n+1 = v. k (DCT) 
n+1 1' v. k 
J' 

n+1 n+1 
'1. k 1-'1· k = g [ ], + ], ] 

n+1 6.y 
v. k 

] ' 

= (FR) (FRT) v~+~ 
n+1 l' 

v. k 
J ' 

VC = v~+~ 
J ,k 

UAV = .!_ ( n+~ n+~ n+~ n+~ ) 
4 u j -1, k + uj, k + u j -1 , k+ 1 + uj, k+ 1 

n+k n+k v. 2 -v. 2 

CCT = J+1,k J-1,k 
Ux 

n+\ n+\ 
v. k+l -v · k-1 

DCT = J' l' 
26.y 

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

(4.62) 

(4.63) 

(4.64) 
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FR = ~ (f +f ) 
r. k r. k 1 J) J' + 

FRT = ---=[~( V,--C.=:.-) 2_+--'-( U"T""A_V__.:;._) 2--=-]-~ ----
fln+~ :+ fln+~ zb. + zb. 

I j, k+ I j, k - ] 'k ]-1 'k] 
2 2 

Continuity (Implicit) 

fl~+ 1-WL 
~ - ],k 

in which 

at 
0 

+ 
1
- ~~--:-:-t --

fl· k 
] ' 

a - [(11-z )u] ax b = DDU 
n+1 

11· k 
] ' 

DN n+1 DS n+1 =- v. -- v. 
n+ 1 ll.y 1, k ll.y 1, k-1 

11· k 
] ' 

n+k 
WL=11·k 

J ' 

1 1 
n+~ n+~ zb +zb. 

rflj+1,k +11 j,k _ j,k ],k-1] n+~ 
[ 2 2 ul. ,k 

DDU = -------=----------"-''-­
llx 

n+~ n+~ 
11· k + 11 ·-1 k I J' l ' 

2 

n+~ n+~ 
DN = I~' k+ 1 + 11 j, k 

2 

n+~ n+~ 
11 . k-1 + 11· k 

DS = [ l' l' -
2 

zb +zb. 
j -1 , k 1 -1 , k -1 ] n +~ 

2 uj-1,k 
llx 

(4.65) 

(4.66) 

(4.67) 

(4.68) 

(4.69) 

(4.70) 

(4.71) 

(4.72) 

(4.73) 
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X-Momentum (Explicit) 

u?+k1-(UC) 
au = ], 

in which 

at n+ 
1 

~-~-=-t--
u. k 

J' 

au n+1 
u ax = u. k (DCT) 

au v­ay 

g~ ax 

n+1 l' 
u. k 

] ' 

n+1 
u.k 

l' 

= CCT 

= PRT 
n+1 

u. k 
l' 

n+!.: uc = u. k 
l ' 

n+~ n+~ 
u. 1 k-u · 1 k 

DCT - J+ ' J- ' - 2Llx 

n+1 n+1 n+1 n+1 
v · k +v 1 k+v. 1 k 1+v · k 1 

CCT = ( l' J+ ' J+ ' - l' - ) 
4 

n+1 n+1 
11· 1 k-11 . k 

PRT = g [ J+ ' J' ] 
t:,.x 

n+~ n+~ 
u.k-1u'k1 ( ], + ], - ) 

2ily 

fr +f 2 n+~ n+~ n+~ n+~ 1 
· 1 k r · k v. k + v '+1 It v · 1 k-1 v. k-1 2 ~ 

(4.74) 

(4.75) 

(4.76) 

(4.77) 

(4.78) 

(4.79) 

(4.80) 

(4.81) 

(4.82) 

( J+ '2 J, ){(UC) +[ J, 1 4; J+ ' J, ] } 
FRT = ----------..,-----,.-----~------ ( 4. 83) n+1 n+1 z + z 

( r)j+ 1 ,It 11 j,k - bj,k ~ ,k-1) 
2 2 
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4.6 SOLUTION ALGORITHMS 

In the first-stage, the x-momentum and continuity equations as 

derived in section 4. 5 are the following: 

X-Momentum 

n+~ ( ) u. k- uc +1 
J n ~ ) '~t + u. k (DCT) + (VAV)(CCT 

J' 
(4.84) 

n+k n+k 11 2 -~ 2 

+ g E j+l ,k j ,k] + (FR) (FRT) ut?-+~ = 0 
~X ],k (4.85) 

Continuity 

(4.86) 

These equations can be rearranged and simplified to the following 

form: 

X-Momentum 

in which 

Continuity 

in which 

T = -~ 
Ux 

A. = 1 + ~t [(FR)(FRT)+(DCT)] 
J 

B. = UC - ~ ~t (VAV)(CCT) 
J 

n+~ n+k n+k 
C. u. 1 k + 11· k2 + D. u. k2 = E. 

] ]- ' ], ] ], ] 

~t C. = - - (DW) 
l 2~x 

~t 
Dj = 2~x (DE) 

E. = WL - ~ ~t (DDV) 
] 

(4.87) 

(4.88) 

(4.89) 

(4.90) 

(4.91) 

(4.92) 

(4.93) 

(4.94) 
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The subscript j on the coefficients A, B, C, D, and E, indicates 

that a single line solution procedure is to be used, i.e., unknowns will 

be solved along one x-grid line at a time. Additionally, all variables 

are specified at the (n+\)~t time level. Placing both equations into one 

matrix produces: 

r}l ul r}2 u2 r}N-1 UN-1 r}N UN 

T A1 T = B1 

c1 1 D1 = E1 

T A2 T = B2 

c2 1 D2 = E2 

T 

in which N is the number of grid points along the x-direction. 

Two characteristics of this matrix are essential to its successful 

inversion. The first is the availability of 2(N -1) equations to solve 

for 2N unknowns. Thus, in order to adequately specify the problem 

before inversion of the matrix, two boundary conditions must be 

provided, one at the beginning of the line of unknowns and another at 

the end. 

The second important characteristic of this matrix is the 

tridiagonal structure of its nonzero entries. This enables the use of 

the efficient tridiagonal algorithm to invert the matrix. Two manipula­

tive "sweeps" through the tridiagonal matrix are required to determine 
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the solution. After the specification of the "upstream" boundary 

condition, the first sweep generates four internal arrays as it moves 

through the matrix. The last sweep proceeds in the opposite direction 

using the arrays from the first sweep to calculate the unknown 

velocities and surface elevations. A detailed account of the tridiagonal 

algorithm is given below. 

The linear nature of Eqs. 4. 87 and 4. 91 permit the following 

assumptions to be made: 

'1· = p. u. + Q. 
] ] ] ] 

(4.95) 

u. = R. '1·+1 + S. 
] ] ] ] 

(4.96) 

in which P., Q., R. and S. are internal solution vectors. These 
] ] ] ] 

solution vectors are derived by substituting the above expressions into 

the indicial equations of continuity and momentum. If uj- 1 ,k in Eq. 

4. 91 is replaced with a representation of the type in Eq. 4. 96, the 

following equation results: 

C. (R. 1 11· + S. 
1

) + 11· + D. u. = E. ] ]- ] ]- ] ] ] J 
(4.97) 

rearranging, 

n. E.-cs. 1 ] J J-
11· = - C R 1 u. + C R 1 ] ' '1+ ] .. 1+ ] ]- ] ]-

(4.98) 

Comparing Eq. 4.98 with Eq. 4.95, P. and Q. are defined as follows: 
] ] 

P. = 
] 

D. 
] 

C.R. 1 + 1 
] ]-

E.- C. S. 
1 = ] l ]-

Qj C.R. 
1 

+ 1 
] ]-

(4.99) 

(4.100) 

Similarly, if 11· ] 
from Eq. 4.95 is substituted into Eq. 4.87, R. 

] 

and S. are defined: 
] 

T R. = =-=----.....,-] T P. + A. 
] ] 

(4.101) 
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= B j -T Qj 
Sj T P. + A. 

l l 
(4.102) 

The recursive formulas, Eqs. 4.99 to 4.102, interact in such a 

way that all the elements of each vector can be determined if a pair of 

values, either P. and Q. or R. and S., are known. Fortunately, 
l l J J 

one of these two pairs is always defined when the "upstream" boundary 

condition is specified. Once arrays P, Q, R, and S are computed, 

the "downstream" boundary condition is substituted into the appropriate 

equation, Eq. 4. 95 or 4. 96, depending on whether a velocity or surface 

elevation condition is being used as a "downstream" boundary specifica-

tion. Coordinating this pair of equations allows the remaining 

unknowns to be calculated. An example will serve to demonstrate the 

mechanics of the tridiagonal algorithm. 

Let u 1 be the initial boundary condition so that Eq. 4. 96 becomes 

(4.103) 

With 112 unknown, the only known possible combination of R1 and 

s1 is: R1 = 0 and s1 = u 1 . Therefore, P 2 can be determined from 

Eq. 4.99: 

while Q2 can be found by Eq. 4.100: 

E2- c2~ . 
Q2 = C R + 1 = E2 - C2 ( u1) 

2 1 

(4.104) 

(4.105) 

From R1 , s1 , P 
2

, and Q2, all other values can be found by 

repeated applications of the four recursive formulas. It should be 

noted that P 1 and Q1 are necessary only to calculate 111, a value 
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which lies outside the boundary configuration. Since 111 is not 

relevant to the tridiagonal algorithm, P 1 and Q1 are not computed. 

If the 11 downstream 11 boundary condition is 11N, Eqs. 4. 95 and 4. 96 

can be used recursively to calculate the remaining unknowns, as 

follows: 

uN.=RN.IlN·1+SN. -] -] -]+ -] 
(4.106) 

llN. =PN .uN .+QN. -] -] -] -J 
(4.107) 

in which j = 1, 2, ... , (N -1). 

Proceeding from row to row with the repeated use of the 

n+~ tridiagonal algorithm will identify all unknown velocities , u . k, and 
] ' 

. n+~ water surface elevations, 11· k, in the first half -time step. The solu-
] ' 

tion for each velocity, v~+k~' in the first-stage is by the direct applica­
l ' 

tion of the y-momentum equation derived in section 4. 5: 

n+~ v. k -(VC) +1 1 

J, ~t + (CCT) + vj,f (DCT) + (PRT) + vj~f (FRT) = 0 (4.108) 

Solving for the single unknown, n+~ v. k, the following expression is 
] ' 

obtained: 

n+~ _ VC- ~t [PRT+CCT] v. - __ .....;:::.._--=..__ ___ ...:,.. 

J,k 1 + ~t [DCT+FRT] 
(4.109) 

Eq. 4.109 enables the point-by-point explicit calculation of the values 

n+~ 
v. k' 

] ' 
The formulation for the second stage is derived in a manner 

similar to that of the first stage. Implicit calculations are based on the 

y-momentum and continuity equations in their simplified indicia! form at 

time level (n+1)~t. 
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Y-Momentum 

in which 

Continuity 

in which 

Ak = 1 + ~ L\t [(FR)(FRT) + DCT] 

Bk = VC - ~ L\t (UAV)(CCT) 

n+1 n+l n+1 
ck vl. ,k-1 + f1 · k + Dk v · k = Ek 

J' J ' 

C =- ~ (DS) k 2L\y 

D = L\t (DN) 
k 21\y 

Ek = WL - ~ L\t (DDU) 

(4.110) 

(4.111) 

(4.112) 

(4.113) 

(4.114) 

(4.115) 

(4.116) 

The subscript k implies that, unlike the first stage which 

computed values along a constant y-coordinate, the implicit solution of 

a variable string in the second stage is performed along a constant 

x-coordinate. 

Explicit determination of the velocity, u, is accomplished by the 

following equation: 

n+~ UC - ~L\t [PRT + CCT] u. = ---=-...;:::.._ ____ .....:;:._ 
J,k 1 + ~t [DCT + FRT] 

(4.117) 

which is a simplified form of the x-momentum equation as determined in 

section 4. 5 . 

The four operations described in this section constitute the basic 

procedural loop of the mathematical model. Ancillary routines are also 
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necessary in order to provide the information necessary for the 

execution of the multi-stage solution method. These routines include 

the spatial smoothing process, the boundary relocation, and the time 

relocation. The spatial smoothing has already been described in 

Chapter 3. Boundary relocations are covered in the following section 

of this chapter. 

4. 7 BOUNDARY SPECIFICATION AND RELOCATION 

Two boundary types can be specified in the model: closed and 

open boundaries. At closed boundaries, the most convenient specifica­

tion is the condition of zero mass flux (i.e. , zero velocity) in a direc­

tion perpendicular to the boundary. This makes it necessary for the 

model boundary to closely follow the x-y grid. At open boundaries, 

either mean velocity or water surface elevation may be specified, 

depending on which one better satisfies the modeling needs. 

Centered finite differences such as those used in this model 

require information which lies outside the boundaries of the computa­

tional model. When faced with this problem, Leendertse (13) chose to 

exclude from the computation the terms requiring information outside 

the boundaries, i.e. , the difference analogs of the convective inertia 

terms at points neighboring the closed boundaries. Although a zero 

velocity tangential to the wall is a realistic assumption (the no-slip 

velocity condition), a zero water level at the boundary can be grossly 

inaccurate and may lead to numerical stability problems. A satisfactory 

alternative is the relocation of interior values. A simple relocation 

technique was chosen in which exterior values were defined to be equal 

to those interior values adjacent to the boundaries. This is tantamount 

to a perfect slip condition, a reasonable assumption in turbulent flows 
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in which the viscous effects have little influence on the horizontal 

velocity distribution. Flokstra's theoretical argument (6) that the 

no-slip condition is a requisite for the generation of secondary currents 

is in disagreement with the boundary relocation method used in this 

model. 

4.8 NUMERICAL STABILITY 

A pervasive problem in two-dimensional mathematical modeling is 

the lack of adequate theoretical numerical stability criteria. Physically 

speaking, instability occurs when small discontinuities in velocity 

generate short waves. The explicit-mode pressure term then becomes 

very significant, increasing the velocity discontinuity. After a few 

time steps, both velocities and water surface elevations increase 

unbounded, spoiling the entire calculation. 

Linear stability theory classifies the multi-operational mode 

computation procedure as unconditionally stable. However, experience 

(25) has shown that it is only weakly stable. Two types of instability 

are associated with the procedure: nonlinear and Courant condition. 

Although this model is solved by a linearized scheme of finite differ­

ences, instabilities occur due to the nonlinear nature of the continuum 

system of equations. The nonlinear terms in the governing equations 

interact in such a manner as to transfer energy to progressively 

smaller scales. In the numerical model, characteristic lengths less than 

twice the spatial increment, Ux, cannot be resolved by the grid, thus 

interrupting the energy cascade. The accumulation of energy at the 

grid level is thought to cause the numerical instabilities that occur 

during simulations of long duration. This type of error growth can be 
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handled by the introduction of a sufficient amount of numerical 

diffusion in the formulation, in order to dissipate the energy piled up 

at the grid scale. Flokstra (7) has pointed out that three techniques 

are available to generate numerical diffusion. The first method 

implicitly creates diffusion by the selection of a difference scheme 

affected with numerical viscosity. A second method involves the 

explicit inclusion of an extra dissipation term in the difference 

equations. The technique used in this model introduces numerical 

diffusion by a velocity averaging routine which also happens to mimic 

the contribution of the effective stresses. Since this routine is not 

included in the equations defining the problem, the amount of numerical 

diffusion produced is dependent on the discretization parameters of the 

model, i.e. , on ll.x and ll.t. 

Courant stability criteria apparently does exist, although it is not 

clear how the physical and numerical variables interact to define the 

stability conditions. The variables that contribute to instability appear 

to be the mean velocity, flow depth, weighting factor for spatial 

smoothing, spatial increment, and time increment. A comprehensive 

theoretical stability criteria taking in to account these parameters has 

yet to be formulated. 



CHAPTER 5 

NUMERICAL EXPERIMENTATION 

5.1 INTRODUCTION 

This chapter is a presentation of test results from numerical 

experiments performed with the depth-averaged model described in 

Chapter 4. A detailed discussion of the entire testing program is 

given in Chapter 6. 

The objective of these experiments is the clarification of the 

circulation mechanism found in free surface water flow. Organization 

of this chapter basically reflects the manner in which the actual test­

ing took place. Two hypothetical configurations are used and comprise 

the major headings (5.2 and 5.3) of this chapter. Subheadings are 

devoted to differences in handling the initial and boundary conditions, 

each subheading containing the results of a fairly standard battery of 

tests. These tests fall into three categories: ( 1) term, (2) parameter, 

and (3) combined. Term and parameter tests are sensitivity analyses 

of individual elements in the problem, terms being quantities found in 

the equation set, e.g. convective inertia; parameters being single 

variables, e.g. , depth. Combined tests are simply experiments in 

which more than one element has been varied from the baseline to 

determine the interaction between components of the problem. 

A computer plotting routine has been designed to facilitate 

visualization of all results from the testing program. The plots 

displayed are velocity vectors emanating from each grid point in the 

configuration. For the most part, plots are available at intervals of 50 

time steps. 
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The purpose of this study is a fundamental investigation of the 

circulating flow mechanism, not the depiction of circulation in the con­

text of a particular geometry. No attempt has been made to indepen­

dently verify the magnitudes of the flow velocities observed. Con­

firmation of modeled phenomena is especially a shortcoming attendant 

to studies where secondary flow is involved. Indeed, the paucity of 

available field data has required physical model studies to evaluate the 

acceptability of numerical simulations. 

Another limitation to the applicability of these test results is the 

steady nature of the problem considered. Although the unsteady 

capability of the mathematical model allows an arbitrary initial specifica­

tion to achieve steady state, no tests have been performed which 

retain time dependent boundary conditions. Intuitively, the general 

derivation of the mathematical model would lead to the conclusion that a 

full range of application is possible. However, without detailed testing 

of unsteady flow situations, no such statement can be made. 

5. 2 POOL MODEL 

The bulk of the testing program consists of experiments performed 

on the pool-channel system shown in Fig. 5 .1. Channel dimensions are 

4 meters in width by 30 meters in length while the pool is a 14 meter 

by 15 meter rectangle. Four series of tests are executed on this con­

figuration, differing only in the initial and boundary conditions 

specified. 

5. 2. 1 Channel Velocity Specified 

In this testing series, a 0. 5 meter per second velocity is 

specified in the channel as an initial condition and at the upstream end 

as a steady boundary condition. A water depth of 2. 5 meters serves 
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as both the initial condition and the steady downstream boundary 

condition. There is no velocity in the pool initially. Closed boundaries 

are represented by zero velocities perpendicular to walls. Without bed 

slope, the water in the configuration is driven solely by the upstream 

entrance velocity. Numerical parameters used in the baseline are 

weighting factor a = 0.1; spatial increment nx = ny = 1. 0 meter; and 

teJ)lporal increment at = 1 . 0 second. 

The use of a completely specified velocity distribution in the 

channel as an initial condition is in response to difficulties encountered 

in introducing an entrance velocity into a motionless system. Waves 

which eventually lead to instability, set up immediately when such a 

boundary condition is attempted. 

The development of circulation in the baseline case is seen in 

Figs. 5. 2 to 5. 6. Flow diverges from the mainstream as increasing 

velocities in the shear layer at the south end of the pool drive a weak 

circulation. Time step 80 reveals a well-developed circulation centered 

at coordinates ( 16.5, 9). From time step 80 to time step 200, the 

center of circulation drifts to (18, 10), a position two meters to the 

right of the pool centerline. A well developed circulation requires 

little or no divergence from the mainstream as the later plots illustrate. 

A detailed analysis of the velocities and surface elevations 

indicates that a steady state has yet to be attained at the 200th and 

final time step. Velocities in the exit channel farthest from the pool 

increase to 0. 58 meters per second while those nearest the pool 

decrease to 0. 43 meters per second. Water levels in the pool increase 

in a general fashion from 2. 50 to 2. 52 meters with the highest depths 

found at the north and east sides of the pool. Entrance levels, 

however, fall continuously from 2. 50 to 2.44 meters. 
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The first group of tests performed on the channel velocity-

specified pool model is with terms found in the hydrodynamic equations. 

More specifically, the effective stresses, convective inertia, and friction 

are tested in this section. 

Effective Stresses 

In this numerical model, the representation of the effective 

stresses is not explicit in the discretized equation set found in Chapter 

4. Rather, the action of the effective stresses is simulated by a 

velocity averaging technique which employs a weighting factor a to 

vary the magnitude of the effect. The necessity of modeling the 

effective stresses where physical circulation is present has been 

explained theoretically by Flokstra (6). 

This test is designed to completely remove the effective stresses 

from the model by setting the weighting factor a to zero. Figure 5. 7 

is a plot taken at 150 time steps (seconds). There is negligible 

transfer of momentum from the mainstream to the pool. With no flow 

divergence into the pool, the initial conditions are virtually preserved. 

Data from the 190th (final) time step exhibit a tendency toward 

instability manifested by discontinuities in velocity and depth. 

Convective Inertia 

au au av 
The convective inertia terms, u ax , v ay , u ax , 

av 
and v ay' are 

often neglected in numerical modeling because the nonlinearity in tro-

duced by these terms is difficult to handle. Various authors have 

commented on the necessary presence of the convective inertia terms in 

the equation set when secondary flow is to be resolved. 

To test this conclusion, all four convective inertia terms were set 

to zero. The plot at 100 time steps is presented in Fig. 5. 8. Diver-

gence of the flow from the channel into the pool is strong; however, 
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no circulation sets up. As water in the channel reaches the upstream 

end of the pool, flow immediately is directed into the pool along the 

boundaries, preventing circulation from occurring. During the 100 

second study period, velocities in the exit channel farthest from the 

pool have generally fluctuated between 0. 50 and 0. 52 meters per second 

while those velocities nearest the pool exited at 0. 47 to 0. 49 meters per 

second. Entrance water levels oscillated between 2. 50 and 2. 51 while 

the pool was steady at 2. 50 meters. 

In an attempt to further clarify the phenomenon of convective 

inertia, the effects of the cross-convective inertia terms, v :; and 

u ~~, were isolated from those of the direct-convective terms, v ~; and 

au u ax. This was accomplished by setting only the cross-convective 

terms to zero in one test, and only the direct-convective terms to zero 

in another test. Figures 5. 9 to 5.11 are plots at 50 time step intervals 

reflecting the omission of the cross-convective inertia terms. At 50 

time steps, no circulation is apparent although momentum transfer in 

the shear layer is being accompanied by divergence from the main flow. 

More curvature and a crude circulation are visible in the plot at 100 

time steps. A weak but well formed circulation has set up at ( 15, 10) 

in the last plot, with mainstream divergence decreasing. Exit velocities 

are stable with the channel velocity farthest from the pool equal to 0. 56 

meters per second and the velocity nearest the pool equal to 0.43 

meters per second. Over the duration of the study period, the 

entrance elevation drops slowly from 2.50 meters to 2.49 meters, while 

the pool elevation rises slowly from 2.50 to 2.51 meters. 

The results of the converse test, with the direct convective 

inertia removed, are illustrated in Figs. 5.12 to 5.14. At 50 time steps 
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a weak circulation is centered at coordinates (14, 9). Divergence from 

the main flow is strong and the velocities in the shear layer are 

comparatively higher than the previous test. Time steps 100 and 150 

display well fonned circulation not unlike the baseline, with mainstream 

divergence decreasing. 

Quantitative results show that exit velocities are fairly steady, 

0. 55 meters per second farthest from the pool and 0. 45 meters per 

second nearest to the pool. Like the baseline, the entrance water level 

dropped steadily from 2. 50 to 2. 44 meters, while the pool increased 

slowly from a water level of 2. 50 to 2. 52 meters with the highest levels 

found at the north and east sides of the pool. 

Friction 

In the literature, the role of friction in circulation is a 

controversial subject. Leendertse removed the modeling of effective 

stresses from his 1967 model by claiming that the magnitude of the 

friction terms far exceeded those of the effective stress terms. Abbott 

believes the occurrence of circulation to be the result of the resistance 

forces overcoming the dynamic forces. However, Flokstra considers the 

bottom resistance to be of secondary importance when compared with 

the no-slip condition at the wall. As mentioned earlier, the relocation 

routine for dependent variables at closed boundaries in this model is 

tantamount to a perfect slip velocity condition. 

J 2 2 
The f · t' t f u +v ric IOn erms, ru (f}-zb) and are eliminated 

from the computation by setting fr = 0. Figure 5.15 is the plot at 

100 time steps for this frictionless experiment. Both the plot and the 

detailed quantitative results are virtually indistinguishable from the 

baseline. 
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The next section is a collection of tests performed on the channel 

velocity-specified pool model by varying single parameters; essentially, 

a sensitivity analysis. Physical parameters, specifically velocity, 

depth, and friction factor, are tested first to identify and verify 

previously reported observations. Then, the numerical parameters, a, 

llx, and llt, are experimented with to reveal the effects of a discrete 

representation of reality. 

Channel Velocity 

This series of tests is designed to explore the effects of using a 

wide range of channel velocities in the model. Three velocities were 

tested: 1. 0, 0. 75, and 0. 25 meters per second. All three tests 

developed circulating patterns in the pool area, however, the 1. 0 

meter per second and 0. 75 meter per second velocities became unstable 

at 60 and 140 time steps, respectively. Plots of these runs before 

instability set in are shown in Figs. 5. 16 and 5 .17. These plots show 

that despite impending stability problems, strong and well developed 

circulations do occur. Characteristically, the instabilities found in the 

first two runs begin in the channel with discontinuities in water 

surface and velocity. The effect is pervasive as the entire computation 

is soon spoiled. Figures 5 .18 to 5. 20 are plots of circulation develop­

ing in the case of channel velocity equal to 0. 25 meters per second. 

Compared with the baseline in real time, the smaller velocity sets up 

as quickly, with a more round and symmetrical circulation. The 

channel exit velocities are very steady, 0. 28 meters per second farthest 

from the pool and 0. 21 meters per second nearest the pool. Entrance 

and pool water levels are also very stable at the originally specified 

2.50 meters. 



66 

Depth 

The effect of an increase in depth has been documented by 

Bengtsson (3) following experiments performed on a lake model. His 

conclusion was that the influence of the horizontal turbulence terms was 

reduced with increasing depth. Horizontal dispersion of momentum is 

simulated by the effective stress terms in this model, i.e. , the closure 

<f u a 2u cJ v ~ v terms e ( 2 + 2 ) and t; ( 2 + - 2). It is therefore not obvious 
ax ay ax ay 

how depth should affect these terms. 

Many tests were performed in this series due to the relative 

insensitivity of this parameter to stability criteria. Depths ranging 

from 0. 04 to 50 meters were used in this experiment with instability 

occurring only in the 0. 04 meter run. Single plots of salient results 

from the 0.16, 10. 0, and 30.0 meter depths are shown in Figs. 5. 21 to 

5. 23, while complete sets of plots for 0. 04, 0. 62, and 50.0 meter depths 

are shown in Figs. 5. 24 to 5. 31. Shallower depths have more diver-

gence from the channel, larger velocities in the shear layer, and faster 

set up of circulation. In the extreme, however, the shallow depth is 

also subject to instability. Larger depths have less energy transfer to 

the pool and consequently little or no circulation. Although increased 

depth has a stabilizing influence on the computations, both large and 

small depth tests exhibit minor oscillations which are nonconvergent. 

At the entrance to the channel, depths vary between 49.95 to 50.04 

meters and 0. 623 to 0. 644 meters in two extreme cases. Exit velocities 

for the 50 meter depth range from 0. 573 to 0. 580 meters per second at 

the south side of the channel to 0. 391 to 0. 398 meters per second at 

the north side, while the 0. 62 meter depth velocities were 0. 550 to 
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0. 569 meters per second and 0. 441 to 0. 450 meters per second at the 

same locations. In the pool area, the location of deeper water 

alternates from west and south to east and north with an absolute 

variation of about 0. 01 meters, irrespective of depth. 

Friction 

In earlier testing, the omission of friction was found to have a 

n~gligible effect as compared to the baseline data. This series of 

experiments is designed to determine what magnitude of friction factor, 

fr, would be necessary to alter the baseline flow pattern. To this 

end, the non dimensional friction factor, f r, is increased to roughly two 

and four times the baseline value, i.e. 0. 01 and 0. 02. The selection 

of 0. 02 as the upper limit for this test is based on practical constraints 

of possible channel roughness. Plots for these two runs at time step 

100 are shown in Figs. 5. 32 and 5. 33. A comparison of the baseline 

plot with these figures shows no detectable differences . Closer 

examination of the quantitative results show that higher friction 

increases water levels slightly and mildly damps velocity. 

Weighting Factor 

In this model, the velocity averaging routine serves a dual 

purpose: 1) a spatial smoothing device, and 2) a numerical analog of 

the mechanism for turbulent momentum transfer. The latter is usually 

attributed theoretically to the effective stresses and represents the 

closure assumption necessary in turbulence models. The parameter a, 

the weighting factor of the averaging routine, controls the intensity of 

the averaging effect. However, other than the theoretical limits of 

0. 0 and 1. 0, no physical basis is available to choose the value of a. 

The purpose of this test is to assess the manner in which the averag­

ing routine affects the computation. 
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Two sets of experiments are designed. The first set consists of 

six tests, each with a different a specified. The second set contains 

two tests in which a is changed during the simulation. 

In the first set of tests, a was varied from 0. 01 to 10.0. Both 

extremes became unstable, the 0.01 run at 170 time steps and the 10.0 

run almost immediately. Figures 5. 34 to 5.43 are plots at 50 and 100 

time steps for a = 0.01, 0.2, 0.4, 0.8, and 1.0. 

For a = 0. 01, a crude circulation sets up in the southeast corner 

of the pool and then disintegrates into a gradually developing instabil­

ity. Generally speaking, the other plots with a = 0. 2 to 1. 0 are not 

very different from each other. Strong, well fonned circulation is 

present in each case. As a is increased, divergence from the main­

flow increases, shear layer velocities increase, and circulating 

velocities increase. Characteristically, large a runs possess 

flattened, less circular flow patterns in the pool where the center of 

circulation is higher and more west of center than the smaller a 

runs. Examination of the quantitative results shows that higher a 

reduces the range of extreme velocities at the exit. The a = 1. 0 run 

is extremely steady in all aspects. Whereas the baseline (a = 0 .1) 

entrance elevation falls continuously, runs with a greater than 0. 1 

and less than 1. 0 have an oscillating entrance level with amplitude 

decreasing for increasing a. The maximum amplitude is 0. 03 meters 

for the a = 0. 2 case. Similarly, pool elevations increase in an oscillat­

ing manner for this range of a, with the highest and most convergent 

water levels associated with the largest a. 

Results from previous a testing led to questions concerning the 

nature of the circulation that formed in the pool. Once the circulation 
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sets up, is there a continuous dependence on the effective stresses to 

maintain that circulation? If so, could the intensity of the effective 

stresses be reduced upon the advent of circulation? The first question 

is answered by running baseline conditions for 100 time steps and then 

setting a to zero for the remaining time steps. Results of this test 

appear in Figs. 5.44 to 5.48. At time step 80, a well formed circula­

tion sets up as expected. After 20 time steps without the influence of 

the effective stresses, i.e. time step 120, the circulation has moved 

towards the east boundary and is still strong and well formed. How­

ever, at time step 160 the circulation has moved too near the wall and 

is rapidly losing the original flow structure. By time step 200, 

instability has set in and the computation is on the verge of being 

completely spoiled. 

The second question is tested by using a = 1. 0 for the first 100 

time steps and a = 0. 01 for the remainder of the study period. Plots 

of this experiment appear in Figs. 5. 49 to 5. 52. The circulation sets 

up before a is reduced. At time step 120, 20 time steps under the 

a = 0.01 weighting factor, the circulating velocities have increased, 

accompanied by a rounder flow pattern in the pool. As time step 160 

takes place, it is obvious that instability once again destroys the 

circulation and eventually the entire computation. 

Time Increment 

The time increment, .Llt, like the space increments, llx and /::,y, 

is fundamental to the understanding of the numerical properties of a 

discrete model. Although found only in the local acceleration term, 

the time increment has important ramifications upon model stability. 

Particularly in explicit schemes, strict stability criteria involving the 

discretization parameters often renders an experiment economically 
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infeasible. The fact that this numerical model does contain explicit 

computational schemes behooves an investigation into !1x, /:1y and /:1t. 

In this experiment, two values of /:1t are run, 0. 5 and 2. 0 

seconds. Figures 5. 53 and 50 54 are plots at 50 and 100 time steps 

with /:1t = 0. 5 seconds. Compared with the baseline, this run sets up 

a stronger, better formed circulation in less real time o Generalizing 

the detailed data from this test, runs with smaller time increments 

have less spatial velocity variation at the exit and are very steady 

with respect to velocity and water levels at all locations. 

Figure 5o 55 is the result at 50 time steps when /:1t is set to 2 o 0 

seconds. A well formed circulation, weaker than the real time baseline 

equivalent, sets up only to become completely unstable at the 100th 

time step. The shear layer for this large /:1t is quite weak and with­

out noticeable flow divergence from the channel. 

Space Increment 

Despite being a numerical parameter by nature, the space 

increment has a profound physical effect upon the spatial derivatives, 

inasmuch as the problem size has changed 0 To determine the magnitude 

of this effect, three tests varying the space increment from 0.1 to 

10.0 meters were performed. The 0.1 meter space increment became 

unstable at 15 time steps, before circulation could set up. Instability 

also plagued the run with /:1x = /:1y = 0 0 5 meters at 100 time steps 0 

However, as Fig. 5o 56 illustrates, a well formed circulation did occur 

prior to the onset of instability. The final test, setting l1x = /:1y = 10 

meters appears in Fig. 5. 57 0 The run was completely stable 

although only a weak, incoherent circulation occurred at 100 time 

steps. These results look very similar to the test in which the 
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convective inertia terms were omitted from the simulation. Increasing 

the size of the problem tends to damp velocity and gradually 

increase water level throughout the configuration. The resulting 

water slope at 100 time steps in the channel is 0. 00067. 

The following section contains the final tests performed on the 

channel velocity-specified pool model. After the behavior of the model 

was identified for individual terms and parameters in previous sections, 

numerous questions arose as to the nature of these results. The 

search for unifying theories was a foremost consideration in the 

development of this phase of the testing program. All tests have at 

least two elements which deviate from the baseline. 

Weighting Factor 

Results of the experiments on the weighting factor, a, indicate 

that a is important to the circulation phenomenon and has a stabiliz­

ing effect upon the computations. It is these attributes that have 

provoked this series of tests. 

Up until this point, circulation has not taken place where either 

the velocity averaging routine or the convective inertia has been 

absent. This test removes both elements simultaneously by setting a 

and the convective inertia terms to zero. The plot at time step 100 

appears in Fig. 5. 58. For all practical purposes there is no change 

from the initial conditions as momentum from the channel has not trans-

f erred to the pool. 

The next test involves the diffusivity e of the closure terms 

e(a
2
u + a

2
u) and e (a~2 + a

2
v). The constant e is defined to be 

2 2 2 ax ay 2 ax ay 

equal to a (.L\x) The objective of this experiment is to find common 
ilt 
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behavior when a and ax are varied in such a manner as to preserve 

the baseline value of diffusivity. To produce this effect, a is 

reduced to 0. 001 and ll.x is increased to 10 meters. Results of this 

test at 150 time steps are plotted in Fig. 5. 59. Only a negligible 

effect is visible in the pool as a slight divergence of flow from the 

channel and relatively small velocities in the shear layer are not 

sufficient to transfer momentum. The data indicate a very steady 

water level of 2.51 meters in the pool and at the channel entrance. 

Exit velocities show an increasing trend. 

Large a has been shown to increase energy transfer to the pool 

area in earlier tests. However, the ability of a to overcome the 

velocity and circulation damping effects of large depth is unknown. 

This experiment seeks to provide information to determine the potential 

of the weighting factor in the context of strong damping. 

Two sets of conditions are tested. The first test sets a to 1. 0 

while the depth is 50 meters. Figure 5. 60 is the plot at 50 time steps. 

A well formed circulation sets up rapidly with high velocities in the 

pool. The run is very steady; plots at 100 and 150 time steps are not 

included since they were identical to the one plot presented. Exit 

velocities are 0. 60 meters per second on the south side of the channel 

and 0. 37 meters per second on the north side. The entrance elevation 

is 50. 06 meters while the pool elevations range from 49. 96 meters on 

the west side to 50. 03 meters on the east side. 

The second test was designed to balance the instability of an 

extremely large weighting factor with the damping effects of large 

depth. For this test 50 meters was again used as the depth while an 

a of 10.0 was specified. A value of 10.0 is outside the theoretical 
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range of a, but it was desired to learn about such behavior. The 

simulation was highly unstable, lasting for less than 10 time steps. 

The final weighting factor experiment in this section concerns the 

spatial smoothing properties of the velocity averaging routine. 

Observations from the sensitivity analysis with a, indicate that higher 

a tends to improve convergence to a steady state. Could a previously 

unstable set of conditions become stable merely by increasing the 

weighting factor? To answer this question, the unstable channel 

velocity 1. 0 meters per second was treated with three weighting 

factors: 0.2, 0.4, and 1.0. In the original test with a 1.0 meter per 

second velocity, circulation set up before the computation became 

unstable at the 60th time step. The weighting factor used was the 

baseline value of 0. 1 . 

Figure 5. 61 is a plot at 50 time steps of the a = 0. 2 run. A 

strong well-formed circulation, which is strikingly similar to the base­

line plot at 100 time steps, sets up before instability spoils the result 

at 80 time steps. This is 20 time steps longer than the a = 0 .1 test 

performed earlier. 

The results for the a = 0. 4 test are in Figs. 5. 62 to 5. 64. At 

50 time steps, a strong, perfectly centered circulation has set up. 

The current structure is still intact at time step 100 but increasing 

divergence from the channel and very large velocities in the shear 

layer soon disrupt the symmetry of the circulation. Quantitative 

results indicate that the last time step (190 seconds) is tending toward 

instability, judging from the discontinuities in velocity and water 

surface that are present. 

A plot from the third test with Ci = 1. 0 appears in Fig. 5. 65. 

Although the result displayed is from the 50th time step, it is identical 
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to all subsequent plots. Circulation has set up strongly centered high 

in the pool at coordinates (15, 11). The flow structure is well formed 

and extremely steady despite the presence of small flow inconsistencies 

in the southeast corner of the pool. Water level at the channel 

entrance is gradually rising to 2. 57 meters while exit velocities are 

stable at 1.15 meters per second at the south wall and 0. 92 meters per 

second at the north wall. Pool elevations are very steady, 2. 55 meters 

at the west wall and 2.56 meters at the east wall. 

Stability Criteria 

Three parameters from the single parameter experiments , U, ~x, 

and ~t, displayed high sensitivity to instability. The fact that large 

stream velocities and time increments, as well as small space incre­

ments, caused stability problems, encouraged investigation into a 

Courant-type stability condition. According to this theory, if a given 

ratio of physical celerity to grid celerity results in a stable simulation, 

all other simulation with that particular ratio will also be stable. The 

converse argument with unstable simulations is also true. Normally, 

the physical celerity is taken to be the relative inertial wave celerity, 

.Jgd. However, previous testing indicates channel velocity, U, to be 

the celerity of interest. Grid celerity is always ~/ ~t. Thus, the 

Courant number for this model is U llt/~x, e.g., 0.5 for the baseline 

case. 

In an earlier test, a time increment of 2.0 seconds caused 

instability. If a Courant condition does exist, then any A.t could be 

used as long as ~x and/or U was changed so as to create a Courant 

number within known stable constraints. This idea was tested by 

increasing ~t to 10 seconds and increasing ~x to 10 meters, pre­

serving the stable baseline Courant number of 0. 5. Plots at 50 and 
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100 time steps are in Figs. 5. 66 and 5. 67. Circulation sets up much 

as the baseline at similar time steps. Flow divergence from the channel 

in to the pool is strong with high velocities in the shear layer. Detailed 

data show steady exit velocities of 0. 55 meters per second along the 

south wall and 0.44 meters per second along the north wall. Entrance 

water levels oscillate between 2. 50 and 2. 53 meters while pool levels 

have increased in an oscillating manner to 2. 52 meters. 

To fully test the numerical stability theory described in this 

section, two other tests are proposed, both utilizing a channel velocity 

of 1. 0 meter per second. This velocity in the context of the baseline 

conditions results in unstable representations. The first test reduces 

the baseline ~t to 0. 5 seconds to restore the Courant number back to 

the "stable" value, 0. 5. Results of this test appear in Figs. 5. 68 to 

5. 70. At time step 50, a well formed circulation accompanied by high 

velocity shear flow and divergence from the channel takes place. In 

the next plot, circulating velocities have increased as the vorticity 

center has moved towards the east wall of the pool. The final plot at 

150 time steps shows increased velocity in the north and east pool area 

with divergence from the channel increasing once more. Quantitative 

results reveal a diverging oscillation of exit velocities at the last time 

step: 1.07 to 1.16 meters per second along the south wall and 0.83 to 

0. 91 meters per second along the north wall. A similar phenomenon 

occurs at the entrance, where the final oscillation in water level is 

from 2. 34 to 2. 68 meters, and in the pool, where the range is 2. 47 to 

2. 56 meters. High points on the pool surface oscillate from southwest 

to northeast. 
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The final test of the stability criteria matches a spatial increment 

of 2. 0 meters with the previously used 1. 0 meter per second channel 

velocity. U ~~ is again equal to 0.5. Plots for this test are in Figs. 

5. 71 to 5. 73. Circulation at time step 50 is not strong but well formed 

at coordinates (15,9). As circulating velocities increase, the center 

moves to (18.5,9.5) at 100 time steps. The final plot displays increas-

ing velocities near the east wall of the pool as channel flow divergence 

is reasserted. Explicit results are very similar to those found in the 

previous test. Oscillation characterizes all dependent variables: 

velocities of 1. 07 to 1.16 meters per second and 0. 83 to 0. 92 meters 

per second at the extremes of the exit, 2. 33 to 2. 70 meter depths at 

the entrance, and water levels 2. 47 to 2. 57 meters in the pool. All 

values are taken from the last 20 time steps of the simulation. 

Large Scale Friction 

This is the final experiment performed on the channel velocity-

specified pool model. Previous experiments with friction appear to 

dismiss the importance attached to it by some authors. However, no 

friction--related tests have been attempted on problems where the 

spatial increment was larger than 1. 0 meter. To this end, three tests 

are run. 

The first test increases l:l.x = fly to 10.0 meters and the 

non dimensional friction factor f to 0. 04. Figures 5. 74 to 5. 76 are 
r 

plots at 50, 100, and 150 time steps. Apparently, this combination of 

friction and scale precludes the generation of circulation. Flow from 

the channel diverges immediately into the west side of the pool only to 

exit at the southeast corner. As the simulation continues, channel 

divergence sends currents deeper into the pool with increasing velocity 
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but still without circulation. Data from this run suggests that a 

steady state has not been achieved. Exit velocities are increasing 

continuously from 0. 34 meters per second at the 60th time step to 0. 52 

meters per second at the final time step (190). Water levels at the 

entrance increase steadily, though a convergence to 2. 60 meters is 

seen in the last 50 time steps. In the pool, water levels rise through-

out the simulation to 2. 57 meters, however, the location of the deeper 

water fluctuates from west to east. 

The next test consists of removing frictional effects in a large 

scale model. Experience from the stability analysis testing led to the 

use of a time increment of 100 seconds to accompany the scale increase 

to 100 meters per space interval. The friction factor was set to zero. 

Figures 5. 77 to 5. 79 are plots taken at 50, 100, and 150 time steps of 

this run. The development and structure of the circulation is for all 

practical purposes identical to the baseline, even in the detailed 

numerical results. 

The results of the previous test encouraged the final test of this 

series. Baseline friction, f = 0. 0045, is used with the same numerical r 

parameters as before, l::1x = /:J.y = 100 meters and ~t = 100 seconds. 

Results at the 50th time step are plotted in Fig. 5. 80. The steadiness 

of this run permitted the omission of plots at 100 and 150 time steps. 

Flow diverges immediately into the pool near the upstream wall, pene-

trating to the center, before leaving the pool along the downstream 

wall. The flow pattern is very similar to that seen in an earlier test 

in which convective inertia was removed. Exit velocities across the 

channel range from 0. 54 to 0. 49 meters per second. Stream elevations 

display a slope of 0. 00033 starting with 2. 60 meters upstream and 
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ending with 2. 50 meters downstream. The pool surface is perfectly 

horizontal at 2. 56 meters. 

5. 2. 2 Slope Specified 

In a mathematical model, the interaction of the initial and 

boundary conditions with the partial differential equation set is what 

determines the unique solution. Therefore, to be consistent with the 

fundamental objectives of this study, the numerical experiments per-

formed must include various combinations of initial and boundary 

conditions . 

Baseline 

A bed slope and new specifications for the channel are introduced 

in to the configuration used in section 5. 2 .1. The 0. 0005 bottom slope 

in this testing series applies to the entire channel-pool system. A 

water slope parallel to the bed at a depth of 2. 5 meters replaces the 

velocity specification previously used as the initial condition. Open 

boundary conditions at the channel end points are water levels which 

correspond to the initial slope condition. Closed boundaries remain to 

be defined by zero perpendicular velocities. All other parameters are 

the same as in the channel velocity-specified testing baseline, i.e. a = 

0. 1, t:lx = fly = 1 . 0 meter, Llt = 1. 0 second, and f = 0. 0045 . r 

Plots of the baseline at various stages of development are in Figs. 

5.81 to 5.83. In the first plot at 50 time steps, flow from the channel 

diverges strongly into the pool and exits without circulating. As 

velocities increase at time step 100, divergence of flow into the pool 

occurs only on the downstream half of the shear layer causing a crude 

circulation to set up in the southwest corner of the pool. In the final 

plot, a perfectly centered circulation develops at coordinates ( 16,9. 5). 
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The detailed output displays a very stable and continuous water 

surface despite continually increasing velocities. Although the initial 

water slope is preserved in the channel for the most part, higher 

slopes are noticed at the downstream junction of the pool and channel. 

The pool surface is horizontal with an average depth of 2. 50 meters. 

Channel velocities increase throughout the simulation without achieving 

a , steady state. There is an upstream effect on the distribution of 

velocity across the channel entrance. Higher velocity occurs along the 

north wall while the opposite behavior is found at the channel exit. It 

should be noted that the steady channel velocity associated with this 

configuration and friction factor is 1.1 meters per second. The final 

velocity observed during the 190 time steps simulation is 0. 70 meters 

per second, which implies that a steady state has not developed. 

However, the time required to obtain steady conditions is prohibitive 

from a computer resources viewpoint and thus, the decision was made 

to base the analysis on the formative stages of flow structure develop­

ment. 

The testing program designed for this section is essentially an 

abbreviated replication of the channel velocity-specified experiments. 

First, terms from the hydrodynamic equations will be tested for 

physical significance in the circulation phenomenon. Then, single 

parameters will be varied in a sensitivity analysis. Finally, combina­

tions of various factors will be tested. In section 5. 2.1, the conclu­

sions drawn were based on comparisons with the baseline. Although a 

baseline does exist for the slope-specified pool model, the primary 

objective of testing in this section is a verification of behavior 

observed in similar tests performed earlier. 
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Effective Stresses 

In the previous section, removal of the effective stress closure 

terms resulted in the loss of momentum transfer from the main stream 

flow to the pool area. Without this transfer, circulation did not occur. 

Figures 5. 84 to 5. 86 are plots of the same test with the slope-specified 

conditions. At 50 time steps, a strong divergence of flow into the 

pool occurs with velocities larger than those found in the baseline. 

Unlike earlier tests however, a strong spiraling circulation appears in 

the southwest corner of the pool after 100 time steps. Evidence of 

impending instability in the guise of velocity and water surface 

discontinuities is also present in the channel area. By the 150th 

time step, the circulation has completely dissolved into a collection of 

disarray. The instabilities present in the previous plot are aggravated 

by the increasing velocities. At time step 190, the channel velocities 

range from -0.4 to 2. 6 meters per second. 

Convective Inertia 

Earlier testing with the convective inertia revealed that its 

omission prevented the occurrence of vorticity. Flow would enter and 

exit the pool strongly without the development of a shear layer. The 

plot at 100 time steps for slope-specified conditions is presented in 

Fig. 5. 87. Other plots taken at different times in this experiment 

were similar in character, differing only in the velocity magnitudes 

displayed. Perfectly symmetrical flow structure takes place without 

circulation as water enters the pool along the west wall and leaves 

along the east wall. Quantitative results show very stable and contin­

uous water levels with the pool possessing a horizontal surface averag­

ing 2. 50 meters in depth. Velocities in the channel increase 
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throughout the study period with the highest velocities occurring along 

the south wall. At the 200th time step, the highest entrance velocity 

is 0. 81 meters per second. 

Friction 

Results of tests performed on the velocity-specified pool model 

suggest that frictional effects in small scale problems are negligible. 

Plots from the friction omission test under slope-specified conditions 

appear in Figs. 5. 88 to 5. 90. All three plots correspond almost 

perfectly to the baseline plots. The only difference between the base­

line and this run is found in the detailed output of velocities which 

show slightly higher velocities for the frictionless run. 

The next series of tests represent the sensitivity analyses of 

single parameters . 

Depth 

Previous experiments indicate that depth is linked directly to the 

transfer of momentum. Additionally, the damping effects of large 

depth were identified for their stabilizing influence on the computation. 

To verify these conclusions with the present model representation, the 

extreme case of a 50 meter depth was chosen. Figures 5. 91 to 5. 93 

are the plots for this test. The plot at 50 time steps reveals negligible 

current magnitudes in the pool while flow divergence from the channel 

is barely noticeable. At 100 time steps, a weak but noncirculating 

flow pattern develops in the pool. By time step 150, it is apparent 

that a circulation will eventually set up in the pool albeit a feeble 

circulation. The channel velocities are comparable to the baseline 

values; however, the velocities in the pool are substantially less than 

baseline values. Highest en trance velocities are not found along the 
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north channel wall but near midstream. The pool is horizontal with an 

average depth of 49.99 meters. 

Friction 

Increases in bed resistance at the baseline length scale have not 

demonstrated a visible influence on the velocity-specified testing of the 

pool model. This experiment seeks to determine whether the slope­

specified boundary conditions will alter this result. Figures 5 . 94 to 

5. 96 are plots from a test where the magnitude of the friction factor, 

fr, is increased by an order of magnitude to 0. 04. Flow patterns are 

quite similar to the baseline with a circulation appearing at 150 time 

steps, centered about coordinates (15,10). Velocities are significantly 

lower than those in the baseline. At the final time step (190), channel 

velocities are damped by about 30% while pool velocities experience 

even greater differences. There appears to be a time lag in the 

development of the flow structure although the water surface is steady 

and continuous matching the baseline throughout the simulation. 

Weighting Factor 

Earlier in this section, the absence of the effective stresses, as 

modeled by the velocity averaging routine, did not prevent the genera­

tion of secondary flow. At the time, this was a unique result. To 

develop a clearer understanding of the effects produced by the 

averaging routine, two more weighting factors are tested, 0.4 and 1.0. 

Results from the 0. 4 run are shown in Figs. 5. 97 to 5. 99. The nature 

of this sequence of plots appears to be very similar to the baseline; 

however, the development of current patterns is much slower. 

Velocities at all locations in the configuration are roughly 40% less than 

the baseline values of comparable time periods. The shear layer that 
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is setting up is wider than that of the baseline which suggests that 

once circulation does set up, it will occur deep in the pool. Although 

a strong circulation is not visible in the last plot, data from time step 

190 indicate a well formed pattern is eventually produced. Quantitative 

results show stable and continuous water surfaces and slowly increasing 

velocities. The horizontal pool is steady at 2. 50 meters depth while 

the largest velocity entering the channel is 0.43 meters per second. 

Plots from the a = 1. 0 test are given in Figs. 5 .100 to 5 .102. 

The increased weighting factor has damped velocities to about one-third 

of the baseline velocities. Consequently, no circulation is observed 

due to the time constraints of the experiment. Some flow is present 

in the pool adjacent to the channel, but for the most part, all velocities 

are directed from west to east. Detailed data show that the velocity in 

the channel increases at an almost imperceptible rate to 0. 21 meters 

per second in the final time step (190). The pool is level at an 

average depth of 2. 50 meters and the channel water slope and is fairly 

continuous except for a 0. 02 meter elevation increase at the upstream 

pool entrance. 

Time Increment 

Experiments on the velocity-specified pool model demonstrated the 

sensitivity of the At parameter to instability. The two time increment 

tests performed in that section were repeated on the slope-specified 

pool model. In the first run, At is equal to 0. 5 seconds, one-half the 

baseline value. Plots at 50, 100, and 150 time steps are reproduced in 

Figs. 5.103 to 5.105. The development of currents in the pool area 

closely follows the baseline sequence if compared in terms of real time. 

As flow diverges into the pool, high velocities occur in the southeast 
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corner without circulating. Although actual circulation is not observed 

in the plots, the shift of large velocities to the downstream end of the 

pool is the typical prelude to the generation of circulation. The 

simulation simply was not carried out long enough to permit the set up 

of circulation to be seen o Detailed results show that while channel 

velocities are slightly smaller than those in the baseline, pool velocities 

are larger. Water levels are identical for the two cases 0 

The second test in this series doubles the baseline At to 2 o 0 

seconds, a previously unstable result o Figures 5. 106 to 5 .107 are 

plots at 50 and 100 time steps o At 50 time steps a concentration of 

diverging flow from the channel is seen in the southeast corner of the 

pool. As velocities increase in the channel, a strong, well-formed 

circulation sets up about coordinates ( 17,9. 5) at time step 100 o Strong 

v-component contributions to the entrance velocities signal possible 

stability problems o The simulation remained stable for 20 more time 

steps. 

Space Increment 

Tests performed earlier indicate that the space increment 

influences both the physical and numerical behavior of the mathematical 

model. While smaller space increments were subject to stability pro­

blems, the larger values induced an effect similar to that observed on 

the removal of convective inertia. The first test in this series sets 

AX = Ay = 0. 5 meters; results appear in Figs. 5. 108 to 5. 110. A well­

formed circulation develops in the 150th time step in a manner similar 

to the baseline sequence. At comparable times however, the velocities 

found in the pool and shear layer are noticeably smaller o At time step 

150, relatively large v-component contributions to the entrance 
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velocities are present which normally precede the onset of instability. 

This test becomes unstable at the 180th time step. 

The last test of the space increment involves an increase from 1. 0 

to 10. 0 meters. Flow patterns for the various plots are all similar in 

character, varying only in velocity magnitude. For this reason, only 

the plot at 100 time steps is presented in Fig. 5 .111. Flow from the 

channel diverges immediately up the west wall of the pool and exits in 

much the same fashion without circulating. Channel velocities are 

obviously larger than those from the baseline at comparable times, the 

largest entrance velocity being 0. 91 meters per second. The water 

slope in the channel is well behaved while the pool displays fluctuations 

which reverse the high water levels from west to east. The magnitude 

of these fluctuations is about 0. 01 meter. 

Large Scale Friction 

An important result from the velocity-specified testing program 

was the effect of neglecting friction at large scales. Circulation in 

large scales occurred only when friction was not present in the equa­

tions. A confirmation of this observation was sought with the present 

testing series. Two tests were proposed. The first test set the space 

and time increments to 100 meters and 100 seconds, respectively. The 

second test used the same increments but omitted the friction term 

from the computation. Both tests were highly unstable with the fric­

tionless run lasting 10 time steps, 10 time steps less than the run 

including friction. 

5. 2. 3 No Slip Condition at the Wall 

In previous tests, a perfect slip velocity condition has been 

implemented at all closed boundaries with physically realistic results. 

This is in direct contradiction to Flokstra's theoretical determination 
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that the no-slip velocity condition is essential for the occurrence of 

circulating flow. Despite this discrepancy, there is instructive value 

in performing experiments under the influence of a no-slip boundary 

condition. 

The computational specification of this problem is exactly the same 

as the slope-specified pool model except for the velocity relocation 

scheme used at the walls of the configuration. Actually, a true no-slip 

condition cannot be specified because velocity tangential to the wall 

surface does not exist under the subgrid scheme used in this model. 

However, the condition can be approximated by setting all velocities 

located outside of the physical boundaries to zero . 

The results of this experiment appear in Figures 5.112 to 5.114. 

Compared with the baseline under slope-specified boundary conditions, 

the no-slip model experiences strong damping of velocity although the 

development of circulation is apparent. At the entrance, highest 

velocities occur along the north wall while at the exit, highest 

velocities are found in midstream. The detailed output indicates that 

circulation does set up by the 190th time step. A fairly steady 

velocity of 0. 28 meters per second occurs at the entrance which yields 

an effective friction factor 15 times larger than the specified 0. 0045. 

Water surfaces are steady and continuous. 

5.2.4 Cold Start 

The final testing on the channel-pool geometry is with initial 

and boundary conditions which offer the most realistic specification 

of the problem than previous attempts. The bottom slope of 0. 0005 

used in the previous section is retained; however, the initial condition 

is now a horizontal water surface with no velocity. Flow is driven by 

the gradual lowering of the downstream water level over 20 time steps, 
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after which the upstream and downstream depths are both specified to 

be 2. 5 meters. All other boundary conditions and parameters remain 

as before. 

Three tests are performed in this section to clarify the effect of 

the velocity averaging routine on the simulation results. The first 

test can be regarded as the baseline for this series, with the weighting 

fa,ctor, a, equal to 0 .1. Plots for this test appear in Figs. 5.115 to 

5.118. In the first plot at 50 time steps, flow from the channel enters 

the pool along the upstream half and exits through the downstream 

half; no circulation takes place. The next plot shows a concentration 

of flow entering and leaving the southeast corner of the pool. At 150 

time steps, a perfectly formed circulation sets up as flow divergence 

from the channel declines. Finally, at 200 time steps, the center of 

circulation has shifted slightly from (16,9.5) to (17 ,10) while all 

velocities have increased. Data from the detailed output reveals a well 

behaved and stable water surface in the channel. The pool elevations 

are horizontal with an average depth of 2. 50 meters. Largest channel 

velocities are found along the north wall at the en trance and the south 

wall at the exit. Velocities in the channel increase continuously 

throughout the simulation. In the last time step, 0. 72 meters per 

second is the largest velocity observed. 

The next test uses a weighting factor of zero, i.e. omitting the 

representation of the effective stresses. In the previous section, a 

spiraling circulation was generated but not maintained in a similar test. 

Results for the present testing series are in Figs. 5.119 to 5.122. 

The first plot at 50 time steps displays a strong current entering and 

leaving the pool much as the baseline did. After 100 time steps, a 
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crude circulation appears in the southwest corner accompanied by 

general disarray. The next two plots at 150 and 200 time steps 

illustrate a gradually developing instability which destroys any 

semblance of the circulation seen previously. 

The final test of the weighting factor is performed with a = 1. 0. 

An earlier experiment disclosed a strong velocity damping effect with 

such a high weighting factor. For the test in this series, only the 

plot at 200 time steps is presented in Fig. 5.123. All velocities are 

damped substantially to one third the baseline magnitudes. The shear 

layer, as defined by the horizontal velocities in the bottom of the pool 

area, is relatively wide. Other areas of the pool are virtually 

unaffected. Channel velocities are increasing at the rate of about 

0. 0001 meters per second at the 200th time step. The pool and channel 

water surfaces are stable and continuous at 2. 50 meters in depth 

except for an anomaly near the upstream entrance to the pool where an 

increase of 0. 02 meters in depth is found. 

5. 3 EXPANSION MODEL 

Testing of the pool model under the various sets of initial and 

boundary conditions provided the basis for many conclusions. How­

ever, the generality of these conclusions is quite suspect if they are 

gleaned from the testing of a single configuration. For this reason, a 

second configuration, an abrupt channel expansion which is known to 

generate secondary flow, is designed and tested. 

Secondary flow in sudden expansions is of a slightly different 

nature than the channel-pool system tested earlier. This is due in 

part to the bending of currents into the expansion and the increased 

exposure of the vorticity to mainstream effects. Abbott and 



89 

Rasmussen (2) developed an expansion model from which results and 

conclusions were presented. An attempt is made here to verify these 

conclusions using a similar geometry. 

Figure 5 .124 is a sketch of the channel expansion used in this 

testing section. The entrance channel is 9 meters wide and 7. 5 meters 

long while the expanded channel is 17 meters wide and 22. 5 meters 

long. A fixed bed slope of 0. 0005 is specified for the entire con-

figuration. 

5 . 3. 1 Slope Specified 

In this testing series, the initial condition is a water slope 

parallel to the bed at a depth of 2. 5 meters. All velocities are set to 

zero in the beginning of the simulation. Open boundary conditions at 

both upstream and downstream ends are water levels which match the 

initial conditions. Closed boundaries are zero velocities perpendicular 

to walls enclosing the expansion. Friction in this model is governed 

by a dimensionless friction factor, f , which is equal to 0. 0045. The 
r 

weighting factor is set to 0.1 while the space increment is 1. 0 meter 

and the time increment is 1. 0 second. 

Essentially, the testing of the slope-specified expansion model will 

consist of the same experiments performed on the slope-specified pool 

model. The baseline run for this series is represented by two plots in 

Figs. 5.125 and 5.126. At time step 50, flow from entrance channel 

veers into the expansion, without circulation, and becomes uniform 

upon reaching the channel exit. Entrance velocities vary from 0. 32 

meters per second at the bottom wall to 0. 33 meters per second at the 

top wall. At the exit, the distribution is 0.19 to 0.16 meters per 

second from bottom to top. The second plot features a well-formed 
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circulation in the corner of the expansion. Entrance velocities nolv 

range from 0. 72 meters per second at the bottom wall to 0. 77 meters 

per second at the top wall while exit velocities vary from 0. 44 to 0. 30 

meters per second, bottom to top. Water levels throughout the simula­

tion are continuous and stable. The largest water slope occurs at the 

junction of the expansion and entrance channel where the surface falls 

0. 01 meters over the space increment; however, this is a very isolated 

point. Slightly lower elevations are found within the circulation. 

Velocities increase steadily throughout the computation with an 

attendant increase in the downstream length of the circulation. 

Effective Stresses 

The effective stresses, as modeled by the velocity averaging 

routine, have yielded different results for different boundary condi­

tions. In the velocity-specified pool model, the absence of the effective 

stresses resulted in no circulation being produced. However, the same 

configuration with a bottom slope \Vas able to generate a spiraling 

secondary flow. Testing in this series proceeds exactly as previous 

tests by setting the weighting factor, a, to zero. 

Figures 5.127 and 5.128 are plots at 50 and 100 time steps. The 

first plot is the typical beginning flow pattern at low velocities, not 

very different from the baseline. In the second plot, a strong spiral­

ing secondary current, displaying velocities two and three times those 

found in the baseline, has developed. An instability develops in the 

next 30 time steps, spoiling the computation. Channel velocities were 

slightly higher than the baseline until the instability began to develop. 
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Convective Inertia 

Results from tests where convective inertia is removed have been 

very consistent. Flow tends to follow the geometry without shear 

layers developing; consequently, no circulation has been observed in 

conjunction with this particular test. 

All plots exhibit the same pattern of current, thus only the plot 

at 100 time steps is reproduced in Fig. 5.129. As the water moves 

into the expansion, flow nearest the top wall of the entrance channel 

immediately diverts along the expansion boundaries. No circulation 

ever sets up. Water levels are very consistent throughout the run 

with channel velocities damped by about 30% when compared with the 

baseline at comparable time steps. 

Friction 

Small scale testing of friction in this study has been 

very consistent up to this point. Deletion of friction has simply not 

affected baseline results where the space increment is of the order 1. 0 

meter. Results from this testing series are shown in Figs. 5. 130 and 

5. 131. The two plots are indistinguishable from the baseline plots at 

the same time steps. Detailed output reveals a slightly higher set of 

channel velocities as the only difference detectable between this run 

and the baseline. 

Depth 

In extreme cases, the depth parameter has been shown to cause 

significant changes in the model behavior. Large depths appear to 

damp the lateral transfer of turbulent momentum, slowing the develop­

ment of secondary flow. This experiment is designed to test the effect 

of large depth, 50 meters, specifically, on the expansion model. 
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Figures 5.132 and 5.133 are plotted results from time steps 50 and 100. 

The first plot reveals a marked difference between the flow structure 

in the expanded area along the north wall of the channel, and the 

current proceeding from the entrance channel along the south wall. 

Velocities in the expanded portion are just a fraction of those in the 

mainstream while flow divergence in this area is much larger than in 

the mainstream. At the exit, two separate uniform flows exist 

adjacently. The second plot is merely a reprise of the first plot with 

larger velocity magnitudes. No circulation is visible in either plot; 

however, quantitative results at time step 150 indicate that circulation 

does occur. Entrance velocities range from 0. 91 meters per second at 

the south wall to 1. 44 meters per second along the north wall, roughly 

0. 5 meters per second slower than the baseline. The water surface is 

reasonably steady and continuous except for high levels along coor-

dinate j = 8. 

Friction 

Based on the outcome of earlier testing, the omission of friction at 

the baseline scale apparently is not significant. However, the effects 

of very high friction have not been completely defined. In this test, 

the influence of friction is increased by setting the nondim.ensional 

friction factor, f , to 0. 04. Figures 5. 134 and 5.135 are the results of 
r 

this test. The plot at time step 50 is practically identical to the base-

line. A circulation does set up in the corner of the expansion at the 

100th time step; however, the circulating velocities are a fraction of 

the baseline values. Although channel velocities increase continually, 

the baseline velocities are considerably larger at every time step. The 

behavior of the water surface is very stable and consistent with that 

found in the baseline. 
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Weighting Factor 

Weighting factor tests performed on the pool model demonstrate 

that high a is responsible for at least two different effects upon the 

current structure. One is a capacity for energy transfer and the 

other is a damping of velocities. To test the expansion model for the 

presence of similar behavior, an experiment using a 1. 0 weighting 

factor is proposed. 

Plots of this test at 50 and 100 time steps appear in Figs. 5. 136 

and 5 .137. The first plot shows noticeably smaller velocities than the 

baseline and the presence of negative v-component contributions in the 

entrance channel. In the second plot, a very weak circulation is 

visible in the expansion corner. Water elevations in the circulation 

area are slightly higher than the baseline but the total surface is more 

continuous and stable. 

Time Increment 

A sensitivity to stability problems was identified for the time 

increment in tests done on the pool configuration. To confirm this 

behavior in the expansion model, the experiment will be performed with 

the same values of ~t used in earlier sections. 

The first test specifies ~t to be equal to 0. 5 seconds; a plot of 

the result at 100 time steps is in Fig. 5 .138. In real time, the flow 

pattern in virtually identical to the baseline. Quantitative results 

indicate that a circulation is beginning to develop at time step 150, the 

last time step in the simulation. Less variation in velocity is seen at 

the entrance than with the baseline. The water surface in this test is 

continuous at all points and very stable. 
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The second test of the time increment, ~t = 2. 0 seconds, has 

proved to be unstable in all previous attempts. Figure 5 .139 shows 

that at time step 50 a circulation which is rounder but weaker than the 

baseline circulation has set up. Entrance and exit velocities are also 

less uniform than the baseline counterparts. Eventually, the entire 

computation becomes unstable at the 70th time step. 

Space Inc rem en t 

The space increment, like the time increment, appears to be 

con trained by a stability condition which in this case, limits the mini­

mum interval between spatial nodes. Additionally, when large space 

increments increase the problem size, the physics of the problem also 

changes. 

The first test in this experiment is with a space increment of 0. 5 

meters. Plots at 50 and 100 time steps are presented in Figs. 5. 140 

and 5.141. 

The first plot is similar to the baseline; currents bend into the 

expansion without circulating and leave the configuration in an almost 

uniform flow. Closer examination reveals that the divergence of flow 

into the expansion is slightly more gradual than the baseline. At 100 

time steps, a large elongated circulation has set up at coordinates 

(17.5, 14.5). Velocities in the circulation are almost three times the 

magnitude of the baseline values. A very large velocity has developed 

along the north boundary of the entrance channel which is over 40% 

larger than the adjacent values. Both ends of the configuration display 

extreme ranges of velocity, 0. 828 to 1. 317 meters per second from 

south to north at the entrance and 0. 595 to 0.104 meters per second 

south to north at the exit. An instability at time step 120 has been 
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foreshadowed by the presence of significant y-direction component 

velocities at the entrance. 

A space increment of 10.0 meters is used in the second and last 

test of this series. Previous testing with large space increments 

resulted in flow patterns which resembled those found when the con­

vective inertia terms were omitted. Figures 5.142 and 5.143 are plots 

of the expansion test. At 50 time steps, the plot is similar to the 

baseline except that there is more velocity in the corner of the expan­

sion. The only difference in the next plot at 100 time steps is an 

increased velocity. However, all velocities are considerably less than 

corresponding baseline velocities especially as the simulation continues. 

Water levels are consistent and well behaved at all locations in the 

configuration . 

5. 3. 2 Cold Start with Increased Resolution 

The final experiment with the channel expansion is designed to 

determine whether the spiraling circulation, which occurred without the 

benefit of effective stress modeling, has a numerical or physical nature. 

Theoretically, numerical effects should be minimized as the discretiza­

tion of the problem domain is made exceedingly small. To this end, 

both space and time increments are reduced although the problem size 

remains constant. The values of these parameters for this test are 

!:J.x = !:J.y = 0. 5 meters and !:J.t = 0. 5 seconds. 

A horizontal water surface without velocity is specified as the 

initial condition. As the simulation begins, the downstream water level 

will be lowered in 40 time steps to a depth of 2. 5 meters, the same 

depth as the upstream boundary condition. Thus, a line drawn 

through the end point water levels will be parallel to the bed slope. 
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The weighting factor for this experiment is zero while the non­

dimensional friction factor is 0. 0045. Four plots are generated at 50 

time step intervals, and are shown in Figs. 5.144 to 5 .147. 

Velocities in the first plot are very uniform as flow gradually 

enters the expansion along the boundaries. The second plot displays 

the inception of secondary flow at the corner where the entrance 

channel joins the expansion. At time step 150 a strong "circulation" 

has set up. The character of this "circulation" is somewhat similar to 

those seen in previous slope-specified experiments, where no actual 

separation from the main flow occurs. Velocities in the vorticity seem 

to be spiraling, not circulating, about a central point. In the last 

plot, increased channel velocities have shifted the vorticity downstream. 

Deviations in the v-component of entrance channel velocities are 

precursors of instability. Water surface data indicate that depths are 

shallower within the circulation by 0. 02 meters, while depths are 

consistent and continuous elsewhere. 



CHAPTER 6 

ANALYSIS AND EVALUATION 

6.1 INTRODUCTION 

This chapter contains an analysis and interpretation of the 

experimental results reported in Chapter 5. The large numbers of 

tests performed on the numerical model, varying both boundary condi­

tions and configuration, have created a large bank of information from 

which to draw general conclusions. Such an extensive testing program 

was justified in order to assess the behavior of the model under a wide 

range of conditions. Consistent with the objectives of this study, 

conclusions delineating the secondary flow phenomena comprise the 

major portion of this chapter. Additionally, a discussion of the 

numerical properties attributable to the mathematical model formulation 

is also included. 

A detailed evaluation of all terms found in the partial differential 

equation set has been performed, and the results are tabulated in 

Table 6 .1. Magnitudes of each term are determined at different loca­

tions and times in selected tests. These results have proven to be an 

invaluable tool in the understanding of the individual mechanisms which 

interact to produce the flow phenomena. 

The analysis begins in section 6. 2 where the effect of boundary 

conditions and channel configuration are considered. Section 6. 3 is an 

interpretation of the physical processes involving quantities found in 

the governing equations. In section 6. 4, model stability is separated 

into the contributing elements and then recombined into a coherent 

theory of general applicability. 
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6.2 CONFIGURATION AND BOUNDARY CONDITIONS 

Unique solutions for the mathematical model used in this study 

can be obtained only after the boundary conditions for a given config­

uration are fully specified. The degree to which the model behavior is 

altered by changes in the boundary treatment then becomes a topic of 

the highest importance. To this end, the testing program was designed 

to reveal the effects of an assortment of boundary conditions on the 

two selected configurations. 

For the most part, the response of the channel expansion was not 

different from that of the channel-pool system. Of the discrepancies 

that did exist, at least one was anticipated: the presence of higher 

velocity in the expansion model. This was a result of the wider 

channel used, effectively reducing the resistance effects encountered 

in the pool model. Unexpected behavior did occur, however, in 

response to the removal of convective inertia. Although the primary 

phenomenon of noncirculating flow was found in both configurations, 

damped velocities occurred in the channel expansion while accelerated 

velocities were found in the channel-pool system. This probably is the 

result of the sudden bending of flow into the expansion, requiring 

more energy than the baseline flow which enters a gradual expansion 

around a separation zone. When convective inertia is not present, 

congestion occurs at the point of expansion with a backwater effect, 

evidenced by higher water levels in the entrance channel. This 

reduces the velocity of water entering the configuration. Of course, 

similar behavior will occur in the channel-pool system, but in this case 

the baseline experiences an even larger backwater effect due to the 

diversion of energy to the circulation in the pool area. 



99 

Boundary conditions and the computational treatment of boundaries 

in this model are responsible for modifications in behavior occurring 

under similar testing procedures. The use of specified water levels at 

the open boundaries proved to be a better boundary condition than the 

velocity specified in the first testing series. When a difference in 

water levels is the driving force for flow through the configuration, 

both velocity and water surface are steady and continuous, with few, 

if any, anomalies. This is in contrast to the channel velocity-specified 

model which requires a special initial condition before simulation can 

begin. In addition, oscillating water levels and velocities plague many 

of the velocity-specified simulations. 

Specific differences in model behavior due to a change in boundary 

conditions are found only in the testing of a, the weighting factor 

used in the velocity-averaging routine. In the velocity-specified model, 

circulation did not occur without the presence of the closure terms, 

£(a
2
u + a

2
u) and £(0~ + a

2
"'Z_), in the computations. However, a 

ax2 ay2 ax2 ayz 
spiraling secondary flow did appear in all water slope models when 

tested without the effective stresses represented. This does not 

invalidate Flokstra's theory that circulation cannot occur without the 

modeling of the effective stresses because his analysis was based on 

the existence of a closed streamline separating the circulation from the 

main flow. This is not the case with the spiraling flow structure found 

in these tests. In each instance, the phenomenon could not be 

sustained. 

The "no-slip" velocity condition at physical boundaries has been 

professed by Flokstra to be a requisite for the modeling of circulating 

flow. While acknowledging the "no-slip" condition in nature, testing of 



100 

this model has been performed primarily with a "perfect slip" boundary 

specification for computational reasons. The discrete scheme describing 

the physics of this problem is incapable of resolving tangential 

velocities at the location of closed boundaries. For this reason, 

numerical derivatives at nodes adjacent to these boundaries require the 

value of dependent variables located outside the physical problem 

domain to enable the spatially-centered derivative scheme to be used. 

Generation of these "outside" values has been achieved by a boundary 

relocation routine. This routine assigns the value of dependent 

variables situated adjacent to walls, to a fictitious location directly 

across the wall, outside the configuration. Velocities and water levels 

on either side of physical boundaries are thus identical; a perfect slip 

condition. 

In the experiment involving the specification of zero velocities 

outside the boundary geometry, strong resistance effects resulted. 

Obviously, any consideration of a no-slip boundary condition must be 

coordinated with an accompanying reduction in the bed resistance 

effects. This amounts to a calibration problem since the effect of the 

boundaries is dependent upon the distance between boundaries. 

6.3 PHYSICAL PROCESSES 

Mathematical models intended for wide application are normally 

designed with meticulous attention directed at the important physical 

processes of the modeled phenomena. It is not sufficient to merely 

calibrate a result which matches the natural behavior; the generation 

of the result must proceed with a modeling of the physical interactions 

which are responsible for the phenomenon. 

In the depth-averaged mathematical model used in this study, a 

strong emphasis was placed on the accurate fundamental derivation of 
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the equations governing open channel flow in two dimensions. The 

rigorous theoretical basis inherent to this model permits an analysis of 

the individual mechanisms contributing to the displayed flow structure. 

Of particular interest is the examination of the role played by the 

effective stresses, convective inertia, and bed resistance. The com-

bined action of these processes is largely responsible for the presence 

or absence of secondary flow in nature. With the aid of Table 6. 1, 

this section presents an interpretation of the manner in which each of 

the aforementioned processes influences secondary flow behavior. 

6. 3.1 Effective Stresses 

The effective stress terms 
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are actually the agglomeration of three rather distinct processes: 1) 

viscous shear stress; 2) turbulent momentum transfer; and 3) the 

effect of vertical non uniformity. Ideally, a separate closure assumption 

relating flow parameters to each process involved should be established. 

However, the importance of the three mechanisms is not the same. 

Viscous shear forces become significant only at locations close to the 

laminar sublayer adjacent to boundaries. At best, only a minor 

influence on the large scale flow considered in this study, the viscous 

effects have traditionally been dispensed with. Probably the most 

important process found in the effective stresses is the exchange of 
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turbulent momentum, i.e. the Reynolds stress. This is because the 

existence of secondary flow is largely dependent on the energy transfer 

mechanism provided by turbulence. Finding a closure assumption for 

the effects of velocity nonuniformity in the vertical is a problem unique 

to two-dimensional modeling. Flokstra (6) has theoretically determined 

that the nonuniformity effects are responsible for the dissipation of 

vortex energy. Information as to the importance of this process is 

virtually nonexistent, although the type of problems considered by this 

study does not include those with strongly nonuniform distributions of 

velocity in the vertical. Such problems are best coped with in a three-

dimensional formulation. The theoretical expressions of the effective 

stresses in Eqs. 6.1 to 6. 3 contain an averaging process which includes 

a division by the depth of flow. This would seem to confirm 

Bengtsson's (3) observation that the effective stresses are inversely 

dependent on the fluid depth. 

For a closure assumption representing the effective stresses to be 

deemed acceptable, the important processes must be reproduced in a 

reasonable fashion. A velocity averaging technique has been selected 

to fill this assignment. The closure terms which result from this method 
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of the effective stresses satisfactorily exhibited the 

traits judged essential in earlier discussion. 

Results from the testing program are reasonable and encouraging, 

despite the presence of two flaws traceable to the representation of the 

effective stresses. First, there is yet to be found a physical basis to 

choose the appropriate weighting factor, ex, in the velocity averaging 

routine. There are instances in the literature where physical processes 
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have been replaced successfully by numerical techniques in a general 

manner. Although the selection of the weighting factor is presently a 

manageable calibration task, a physical link to the turbulence process 

remains to be identified. 

The second drawback in the effective stress representation is 

somewhat more serious than the first. Much of the success in fulfilling 

the required profile of traits by the closure terms is due to the effect 

of numerical viscosity. As the weighting factor is increased, the model 

reacts as if the fluid is becoming more viscous, thus increasing the 

exchange of lateral mom en tum and increasing viscous damping. 

Essentially, viscosity is used to model a turbulence effect. Therefore, 

care must be exercised when using the velocity averaging routine; a 

balance must be struck between the simulation of the effective stresses 

and the associated change in fluid properties. Not surprisingly, 

different fluids in identical circumstances display dissimilar flow 

patterns. 

This study has experimentally verified Flokstra's conclusion that 

true circulation, i.e. a flow pattern possessing a separation zone with 

circular streamlines, requires the modeling of effective stresses. Table 

6. 1 shows that in all instances where circulation occurs, the magnitude 

of the effective stresses is significant and greater than the bed 

resistance term. As mentioned earlier, a spiraling secondary current 

did appear when the closure terms were absent, but this is judged to 

be a temporary phenomenon confined to the early stages of developing 

flow in sloping models . 

Table 6. 1 also illustrates that the effective stress behavior 

changes with location in the configuration. In the channel, the 
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effective stress magnitudes are increasing negative as circulation 

develops, while the shear layer exhibits decreasing positive values. 

The latter result is a manifestation of the secondary flow development. 

Prior to the set up of steady circulation, the divergence of the velocity 

vectors into the pool or expansion is very large. As the flow pattern 

stabilizes, divergence is reduced almost completely. Within the 

vorticity, the effective stresses are significant though considerably 

smaller than the values found in the shear layer and channel. 

Circulation requires a continuous exchange of turbulent energy 

across the shear layer to be maintained. Withdrawal of the effective 

stresses after a steady flow pattern has set up dissolves the circulation 

and ultimately leads to instability. 

The physical response of an increase in the action of the effective 

stresses is a higher rate of lateral momentum transfer and the damping 

of velocity throughout the configuration. Accompanying the increase 

in momentum transfer is a widening of the shear layer which moves the 

circulation deeper into the pool or expansion. Damping effects of 

depth and scale can, in many cases, be overcome by comparable 

increases in the effective stress magnitude. 

6. 3. 2 Convective Inertia 

Convective inertia in this model study is described by the 

au au av av 
following four terms: u ox' v. ay, u ax, and v ay· A consensus exists 

in the literature to the effect that the convective inertia terms are 

absolutely necessary if circulating flow is to be resolved. This conclu-

sion has also been verified by this study. 

The nonlinear nature of the convective inertia terms makes it 

difficult to use in conjunction with efficient linear numerical solution 

schemes. For this reason, these terms are often neglected. Although 
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there are circumstances where convective inertia is not significant and 

can be omitted, this would not normally be known unless a full equa­

tion set was modeled. 

Table 6.1 reveals that convective inertia is significant in the 

channel and shear layer for all instances where circulation occurs. 

Conversely, no circulation occurs in the absence of convective inertia. 

In this case, flow closely follows the contour of the boundary geometry, 

even where sudden changes exist. The presence of inertia allows flow 

to retain uniform structure for a distance beyond the location of a 

configuration change, enabling the development of a separation zone 

adjacent to the free extension of the uniform flow. Ultimately, this 

separation of flow develops into a circulating flow pattern. 

Merely including the convective inertia in a mathematical model 

will not ensure the generation of secondary flow. Even with the 

additional stipulation that the effective stresses and all other quantities 

be precisely described, circulation may yet be inhibited by frictional 

effects. Table 6.1 effectively demonstrates the capacity of bed 

resistance to overwhelm convective inertia. In every case where 

secondary currents do not occur, the resistance term is significant and 

larger than the convective inertia terms. 

The fact that the convective inertia terms contain spatial gradients 

of velocity makes them particularly sensitive to scale effects. In small 

scale problems, lateral differences in velocity occur over relatively 

small distances, creating large velocity gradients. The large magni­

tudes of the convective inertia terms render the bed resistance effects 

negligible. Conversely, large scale problems reduce the magnitude of 

both the convective inertia and the effective stresses to such a degree 
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that the friction terms becomes significant. The result is a flow 

pattern similar to that displayed in the absence of convective inertia, 

i. e . no circulation . 

A finer distinction of the convective inertia terms can be made by 

· · th t av d au d t th d' t exammmg e cross erms, u ax an v ay , as oppose o e 1rec 

terms, u :: and v ~;. Controlling influence of the convective inertia is 

found to lie in the cross terms, as very little change can be detected 

when the direct terms are left out of the simulation. Since part of the 

effective stress cross term is derived from the cross convective inertia 

term in three dimensions , a plausible extension would confer similar 

significance to the effective stress cross term, T xy. This is in agree­

ment with Flokstra's analysis regarding the relative magnitude of the 

effective stresses. 

Data from Table 6. 1 allow a detailed interpretation of the 

convective inertia mechanism. In channels, the direct terms are always 

significant and increase negatively as circulation develops. However, 

it is the cross terms which are consistently among the dominant 

quantities in the shear layer. The cross terms are also negative, but 

the tendency here is for a decrease in magnitude over the duration of 

the study period. Unexpectedly, convective inertia is not significant 

within the vortex flow structure. 

6.3.3 Bed Resistance 

Turbulence effects due to bottom roughness are modeled with 

the Chezy resistance equation. This is actually a closure assumption, 

although the validity of this empirical expression has been thoroughly 

verified in practice. The Chezy equation was designed for steady 

uniform flow, but it is used in this model in the absence of a formula-

tion to account for unsteady flow resistance effects. 
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Resistance effects are quite controversial in mathematical modeling 

of circulation. Leendertse cited the relatively large magnitude of fric­

tion, which allowed him to omit the effective stresses from his estuary 

model. Abbott described the onset of circulation as the resistance 

forces overcoming the dynamic forces. Flokstra believes that in com­

parison to the no slip velocity specification at vertical boundaries, bed 

resistance is unimportant. 

This study has found that bottom friction is the largest deterrent 

to the existence of circulating flow. A competition seems to exist 

between the convective inertia and the bed resistance forces. Table 

6 .1 illustrates this principle concisely; no circulation is found where 

the magnitude of the resistance term exceeds both types of convective 

inertia. In small scale problems, i.e. where changes in velocity or 

water level take place over small distances, resistance is entirely 

superfluous to the appearance of circulation. No reasonable friction 

factor can affect this mechanism. Large scale problems display con­

trasting behavior; convective inertia is effectively reduced to the point 

where the resistance effects totally inhibit the generation of secondary 

flow. The requirements for plane flow circulation in large scale con­

figurations are quite severe, and a question may be posed as to the 

actual existence of very large scale circulation. 

The presence of the flow depth variable in the denominator of the 

resistance terms leads to an expectation that the friction effects should 

become negligible where large flow depths occur, thus permitting the 

occurrence of circulating flow in large scale problems. Magnitudes of 

the convective inertia and resistance terms reflect this effect. How­

ever, increases in flow depth result in much lower turbulent momentum 

exchange rates which preclude secondary flow development. 
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6.4 CONSIDERATIONS OF NUMERICAL STABILITY 

The problems of numerical stability derive from the representation 

of a continuous phenomena in a discrete grid domain. Due to an 

unfortunate combination of model parameters, the numerical model is 

incapable of resolving the physics of the problem. 

In practice, numerical instability is a term encompassing various 

types of numerical effects which lead to a complete disruption of the 

computational process. This model displays at least two different 

instability mechanisms: nonlinear and Courant. Techniques to correct 

stability problems are tailored to the specific type of instability. Non­

linear instability is treated with smoothing techniques while Courant 

instability is alleviated by a judicious selection of numerical parameters. 

6.4.1 Nonlinear Instability 

Nonlinear instability is theoretically described as the inability to 

resolve energy at scales smaller than twice the spatial grid increment. 

Physically, energy is "cascaded" to smaller and smaller scales by the 

action of the nonlinear terms in the governing equations. At the very 

smallest scales, energy is dissipated by viscous effects. The discrete 

formulation of the numerical model interrupts the energy cascade at the 

resolution of the grid. Thus, energy accumulates at this scale and 

eventually spoils the computations. 

Nonlinear instability is characterized by gradually developing 

water surface discontinuities accompanied by a similar behavior in the 

calculated velocities. The process is usually slow, and can take as 

many as 100 time steps to develop. 

Smoothing techniques can be used to improve all types of 

instability, although these techniques are especially well suited to treat 

nonlinear instability. Bed resistance provides a smoothing effect on 
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the computation; however, this is not a practical technique due to the 

physical limitations of a friction factor selection. The smoothing pro­

cedure used in this model is the velocity-averaging routine used here 

primarily as an analog of the effective stress terms. 

Velocity averaging after each computational half-time step has the 

effect of smoothing extreme values which could otherwise create discon-

tinuities eventually leading to instability. Physically speaking, the use 

of the velocity averaging routine introduces a stronger viscous dissipa­

tion mechanism into the fluid. Energy no longer must be transferred 

to scales smaller than the grid resolution for viscous effects to act. 

In this numerical model, nonlinear instability requires the velocity 

averaging technique to be present in all simulations although the 

weighting factor need not be very large. Most runs were stable with 

Ci = 0 .1. This is rather fortunate because the use of larger weighting 

factors significantly alters the behavior of the fluid. As it might be 

expected, the large weighting factors provide the most stable results. 

If a small weighting factor proves to be insufficient in alleviating non-

linear instability, this cannot be changed by allowing a stable flow 

pattern to set up under a higher weighting factor and then introducing 

the small a. 

6 .4. 2 Courant Instability 

Courant instability occurs when the ratio of physical celerity to 

numerical celerity defined as the Courant number, exceeds a character-

is tic value. The physical celerity for this model is the maximum channel 

velocity, U max, while the numerical celerity is always defined f~ = ¥t. 
Thus, the criteria involved is of the form U ft < ~' where ~ is the max uX-

characteristic limit. 
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Courant instability is normally associated with explicit 

computational schemes which tend to have a somewhat restrictive 

stability criteria. The two explicit operations contained in the calcula­

tion procedure are presumably the origin of the Courant stability 

condition found in this model. 

Courant instability is characteristically a very rapid process. 

The simulation proceeds without noticeable difficulty until a sudden 

discontinuity appears in one of the dependent variables. Within a few 

time steps the entire computation is spoiled. These problems arise in 

response to large velocity, large time increment, and small space 

increment, as can be seen from the structure of the Courant criterion. 

The limiting value of the Courant number is dependent on the 

weighting factor used in the velocity-averaging routine. This is to be 

expected since large weighting factors can smooth instabilities that 

would otherwise occur if smaller weighting factors were used. For 

a = 0.1 the Courant number in this model must be less than or equal to 

0.5. 



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

A mathematical model for the depth-averaged two-dimensional flow 

considered here is derived from basic principles under the assumption 

of negligible vertical velocity and acceleration. In essence, the mathe­

matical model is based on the integration over the flow depth of the 

three-dimensional equations of turbulent flow, to yield the continuity 

and momentum equations in a two-dimensional spatial framework. Of 

particular interest in the description of circulation is the appearance of 

the effective stresses in the momentum equations. These stresses 

consist of three contributions: (1) viscous stresses; (2) turbulent 

stresses; and (3) stresses arising from the vertical integration of the 

corrective inertia terms. No rigorous physically-based relation exists 

to model the effective stresses; therefore, a closure assumption must 

be made. In this study, an eddy viscosity term is used to close the 

equation set. 

The computational procedure is based on the method of finite 

differences . A discrete grid replaces the continuous independent 

variable domain, and the function and partial derivatives are defined 

on this grid. The numerical solution of the discretized equation set 

consists of a multi-operational method, utilizing both implicit and 

explicit components. The alternating-direction implicit (ADI) method is 

used to enable the separation of the two-dimensional problem into a 

sequence of two one-dimensional problems. In addition, an explicit 

mode is used after each implicit computation. 

Two problem configurations were tested in this study: (1) a 

channel-pool system; and (2) a channel expansion. For each set of 
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boundary conditions applied to a particular geometry, a standard 

series of experiments were performed. These tests were designed to 

identify the flow behavior resulting from the parameters and terms 

found in the equation set. Additionally, the interaction of two or more 

problem elements were also studied to a limited extent. 

7.1 CONCLUSIONS 

Major conclusions from this study are as follows: 

1. In the mathematical modeling of depth -averaged flow, a 

simplified representation of the effective stresses produces 

results which appear to be reasonable. Modeling of the 

energy transfer properties attributable to the effective 

stresses is a requirement for the resolution of steady, 

closed-streamline circulation. Secondary flow phenomena, 

without separation streamlines, are possible when effective 

stresses are not modeled; however, the structure of these 

secondary currents cannot be maintained. Although the 

behavior produced by the velocity averaging routine is 

consistent with theoretical characteristics of the effective 

stresses, it is possible that these effects are the result of a 

numerically increased fluid viscosity. 

2. The inertia provided by the convective acceleration terms in 

the momentum equation permits secondary currents to develop 

in the area near sudden changes in boundary configuration. 

In the absence of inertia, flow will simply follow along the 

perimeter of the enclosure without circulating. The spatial 

gradient found in each convective inertia term results in a 

strong sensitivity to the scale of the problem being 
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considered. Large scale problems simply do not possess the 

large velocity variations necessary for the convective inertia 

to make a significant contribution; thus, the occurrence of 

cirulation is precluded in these instances. When secondary 

flow does occur, it is the action of the cross term which 

dominates the physical process of convective inertia. 

3. A competition exists between convective inertia and the 

resistance effects at the bed. Circulating flow is possible 

only where bed resistance is absent or of minor influence, 

e.g. , at small length scales. Conversely, at large length 

scales, circulation is inhibited by the overwhelming action of 

the bed resistance. At the walls of the configuration, a no 

slip velocity condition is a physical reality though not a 

modeling necessity as circulation can be resolved with or 

without such a boundary specification. If the no slip condi­

tion at the wall is specified, the increased resistance effects 

must be corrected by reducing the friction factor used in the 

modeling of bed resistance. 

4. The choice of boundary condition specification for a given 

problem can have a significant effect on the resulting flow 

patterns. In this study, the most consistent and physically 

reasonable results were obtained in tests in which the driving 

force for the flow was due to a difference between upstream 

and downstream water elevations. 

5. Stability problems in this model fall basically in to two 

categories: (1) nonlinear; and (2) Courant. Nonlinear 

instability is characterized by gradually diverging velocities 
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and water levels which result from the inability of the 

discrete model to dissipate energy at the subgrid scale. 

These effects can be eliminated by spatial smoothing techni­

ques which introduce numerical viscosity into the calculation. 

The Courant instability found in this study is thought to 

originate in the explicit computational modes used in the 

solution procedure . Unlike nonlinear instability, Courant 

instability is very sudden and results from the inability of a 

discretized representation to resolve characteristic celerities 

occurring in the model. 

7. 2 RECOMMENDATIONS 

The following recommendations are offered for future research: 

1. Within the realm of depth-averaged flow, the derivation of 

the mathematical model considered here is intended to be of 

general applicability. The greatest source of uncertainty is 

the modeling of the effective stresses. Although simplified 

methods of representing the effective stresses have yielded 

reasonable results, it is sunnised that a higher level of 

sophistication will be needed in order to handle complex flow 

phenomena. In such cases, it may prove of necessity to 

separately account for the three components of the effective 

stresses. At present, individual closure assumptions are not 

available. 

2. Additional studies are needed in order to identify the 

numerical effects of various discretization schemes and 

techniques used to represent the physical boundaries. 
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3. Although not directly benefiting the formulation of 

mathematical models, the compilation of physical data on 

various circulating flows would certainly be instrumental in 

the development of management models capable of high 

accuracy simulation. 

4. Most importantly, the ultimate aim of the modeling effort is 

the simulation of pollutant dispersion, sediment transport and 

heat dissipation in rivers and estuaries. Once a reasonably 

accurate solution of the water phase is obtained, including 

secondary flow phenomena such as circulation, the solution 

of these pressing problems can be attempted with a increased 

level of confidence . 
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TABLES 



APPENDIX II. - TABLES 

Table 6. 1 Significance of terms found in the momentum equation t 

Fig. B.C. Time Loc Circ ACCEL DCT CCT PRESS 
Step 

5.83 s 150 c + 25000';\- -38400 1 -2000 0 
5.79 v 150 c + -10 -154';\- -5 981 1 

5.6 v 10 c + -15001.- -4980* 70 0 
5.6 v 20 c + -3000';\- -7460';\- -200 0 
5.6 v 150 c + -1000 -17800';\- -680 98100 1 

5.31 v 150 c + 500 -322001.- -4300 98100 1 

5.80 v 150 c 0 -290* -14 -980';'\' 
5.128 s 150 c 0 975001.- -62800';.( 7100 196200 1 

5.83 s 150 s + 10000-;', 8400';\- -386001 0 
5.79 v 150 s + -5 135* -99* 981 1 

5.6 v 10 s + 780001' -2400 -9200-1.- 0 
5.6 v 20 s + 29000-1• -3100 -20400';\- 0 
5.6 v 150 s + -1000 14600-1• -11000-1• 98100 1 

5.31 v 150 s + 500 -1320 -40000';\- 0 
5.80 v 150 s -5 -88 -234* -981 1 

5.128 s 150 s 0 76000 198700* -780200 1 392400* 
5.83 s 150 v + -3000* -370';\-
5.79 v 150 v + 0 7 . 8-1• 
5.6 v 10 v + -2500 1 -45 
5.6 v 150 v + -S00-1• 570';\-
5.31 v 150 v + -500';\- -60 
5.80 v 150 v 0 22. 5·1.-
5.128 s 150 v 0 -1315001\' -51800-1• 

B . C . (Boundary Conditions) 
1. S = Slope-specified 
2. V = Velocity-specified 

Loc (Location in Configuration) 
1. C = Channel 
2. S = Shear layer 
3. V = Vorticity 

Circ (Circulation) 
1. + = Closed streamline circulation 
2. 0 = Open streamline circulation 
3. - = No circulation 

ACCEL (Local Acceleration Term) 
DCT (Direct Convective Term) 
CCT (Cross Convective Term) 
PRESS (Pressure Term) 
FRI C (Friction Term) 
EFF (Effective Stress Term) 
1largest magnitude 

*significant magnitude 

-130 
14.0'1\' 
20 
1300-1' 
-370 
-19"'' 
1500 

t magnitudes are based on an arbitrary scale 

0 
0 
0 
0 
0 
0 

294300 1 

FRIC 

5400';\-
0 

44601.-
-44401.-
4700 
260 
13701 

8000 
1000 
0 

250 
400 
4700 

2 
699* 
5500 
-20 

0 
0 

-30 
0 

46 1 

-400 

EFF 

-125001.-
-150';\-
-8500 1 

-14000 1 

-14500';'-' 
-21000* 

15 
0 

350001• 
365';'\' 
78500 1 

45000 1 

36500"' 
131000 1 

135-;\~ 

0 
3500 1 

40 1 

-1000';\-
3000 1 

2000 1 

0 
0 
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Figure 3 .1. Surface volume element. 
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Figure 5.125. Slope-specified baseline: time step 50. 
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Figure 5.126. Slope-specified baseline: time step 100. 
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Figure 5.127. Omission of effective stresses: time step 50. 
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Figure 5.128. Omission of effective stresses: time step 100. 
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Figure 5.129. Omission of convective inertia: time step 100. 
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Figure 5 .131. Omission of bed resistance: time step 100. 
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Figure 5 . 133 . Depth, d = 50.0 meters: time step 100. 
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Figure 5.134. Friction factor, fr = 0. 04: 
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Figure 5.135. Friction factor, fr = 0.04: time step 100. 
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Figure 5.136. Weighting factor, a= 1.0: time step 50. 
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Figure 5.137. Weighting factor, a = 1. 0: time step 100. 
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Figure 5.138. Time increment, t.t = 0. 5 seconds: time step 100. 
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Figure 5. 139. Time increment, .Llt = 2. 0 seconds: time step 50. 
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Figure 5.143. Space increment, Ax = lly = 10.0 meters: time step 100. 
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Figure 5.145. Cold start with increased resolution: time step 100. 
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Figure 5.146. Cold start with increased resolution: time step 150. 

~ 
-l 
~ 



36. ;···:·· .. ··;· : . . ; ., .. : .. , ···:· : ···:"· : ., .. 

~ .... : ... TWCJ· DIME:NSlCJNAL·''""':j ... ..:. I I I 1.1 I I I I I I I ...,._, .................... - I I I I I I 'I I' I I I I I I I I I I I I 
35. ' . . . • 

3ij,. CIRCULATION··· MODEL ... 
33\ ........ ., . : . : . : ; ........ . 

32 ·.··;· ...... :·iSfAJ.Es .. X·:·: .. :·: · .. 
31 • ' ' ' ' ; . . . ' • ' ' ' 

30 
! ....... f ..... :DX=DI =O,SO····MET EHS .. · 
, .... ; ... ; .. DT=0.50 SECONDS'·····•·· ., .. 

29' : ' ' . . . : ' ' 

26
: ·-r··•· ENTRANCE:· VEL OC IT 'I' : .... , • 
: :0-~ 0: METERS ·PER ···,SEC ONDT' . 

::: ....... ; .. :DEPT H=2•·50 ··METERS·:···i-·· 
: .... : ..... L .... : ... T 1 ME:. ST E Pi=2DO·· 

25 
' . :ALpHA= 0 ,; 0 0 0 : ...... , ..... , ....... , ........ 

24: 
23 

·····}·· 
22 

21' .. ; 

lS 
; 

Ill: 

l2 

ll· 

10 

9 

7 

i 

... i ..... ·~···· 

- -- ·~~~-_.~ ---~~-·- ·f ... 

3 .... ' ...... .' ............... ,; ..... .t... ' ··- '. ·. ..... ..• .... -.. ......... . ... .. 2 ....... ! ....................... .. .. .... : ....... ; ...... _.;, ······ 

l 2 3 4 S 6 7 6 9 10 11 12 13 14 l'j IG 17 16 19 20 21 22 23 24 ~5 26 27 26 29 30 31 32 33 34 35 36 37 36 3'3 40 41 42 43 'l4 45 46 ~7 'l8 49 SO 51 52 53 54 55 56 57 58 59 60 61 S2 

Figure 5.147. Cold start with increased resolution: time step 200. 
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P~OGRAM TWOD TwO) 
c~~*·~··~••••••••••••••••••••••~••••••••••••••~•••••••••••••••••••••••••TwO) 
C* TwJJ 
C* TwO) 
C* TWOD TwO) 
C* TwO) 
C* TwO) 
C***********************************************************************TwOO 
c• TwO) 
C*****OEVELOPEO V. M. PONCE AND S• B. Y4BUSAKit COLORADO ST4TE TwOJ 
C* UNIVERSlTYtFORT C0LLINS,COLOR400 80523 TwO) 
c• TwO) 
C*****OESCRlPTIO~ TwOO IS A TWO•OIMENSIONAL OPEN CHANNEL F~Jw TwO) 
C* MODEL CAPABLE OF SIMULATING FLOW CIRCULArto~. TwOO 
c• TwO) 
C***********************************************************************TwOO 

l<lNPUTtOUTPUTtTAPES=lNPUTtTAPE6=0UTPUTtTAPE7tNPARAM) TwO) 
COMMON/A/ U(3ltl9t2)tVt3ltl9t2)tW(3ltl9t2)tl(3ltl9) TWO) 
COM~ON/B/ A(J0)tBC30)tC(30)t0CJ0)tE(30) TwO) 
COMMON/C/ PC3l)tQ(Jl)tRC3l)tS<Jl) TwO) 
COMMON/0/ lW(l9)tlEC19>tlJLCl9)tlJR(l9) TWO) 
COM~ON/E/ IS(3l)tlN(3l)tlKL(3l)t!KR(31) TwO) 
COMMON/PI GRtNPRtNPL TwO) 
COM~ON/Q/ JStKStJT,KTtNT TwO) 
COMMON/R/ DXtOYtOT,TtOT2 TwO) 
COMMON/51 18Wtl8Eti8Stl8NtJLtJRtJM,JQ,KLtKRtKMtKO TwO) 
COMMON/T/ ALPHAtuAVE(30tl8)tVAVEC30tl8) TWO) 
COMMON/U/ URtVRtWR,SLtfRtUE TWO) 
COMMON/X/ Xl(30tl7)tY1(30tl7>tX2(30tl7)tV2(30tl7)tOEGREESC30tl7> TwO) 
CALL INOA TWO) 
CALL IBOU TwO) 
CALL INCO TwOJ 
00 50 N=ltNT TwOO 
00 10 K=2t~S TwO) 
CALL lNBX(K,N) TwOO 
CALL INOX(K) TwOQ 
CALL COEX(KtN) TwO) 

10 CALL DSPX(KtN) TWO) 
CALL BSRX TwO) 
CALL EXPX TwO) 
CALL SREX TwO) 
CALL AVELCTV<N) TwO) 
CALL RLOX TWO) 
00 20 J=2tJS TwOQ 
CALL INBVCJtN) TwO) 
CALL INOY(J) TwO) 
CALL COEY(JtN) TwO) 

20 CALL DSPV(J,N) TwO) 
CALL BSRY TwO) 
CALL EXPV TwO) 
CALL BREV TWOO 
CALL AVELCTV(N) TwOO 
IFCMOO(NtNPR).EQ.O)CALL PRINCN) TwOQ 
CALL RLOX TWOO 
lf(MOD(NtNPL).NE.O)GO TO 50 TWOJ 
CALL PLTDATA TWOO 
CALL PLOTTER(N) TwOO 

50 CONTINUE TwOO 
SfOP TWOO 
END TwOO 

10 
20 
30 
40 
50 
60 
70 
80 
90 

100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
3oO 
370 
380 
390 
400 
410 
420 
it30 
440 
450 
4oO 
470 
480 
490 
500 
510 
520 
530 
540 
550 
5o0 
570 
580 
590 
600 
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c 
C*****INPUT OF PROGRAM PA~AMETERS 
c 

c 

SUBROliTINE INOA 
COMMON/PI GRtNPRtNPL 
COM~ON/Q/ JStKStJT,KTtNT 
COM~ON/R/ OXtOYtOT,TtOT2 
COM~ON/T/ ALPHAtUAVEC30tl8JtVAVEC30tl6) 
COMMON/lJ/ URtVRtWR,SLtfRtUE 
WiHTEC6tl00) 
RfA0(7t200) DXtDYtOT 
wRITEC6t300)UXt0YtOT 
REA0(7t400) JS,KStNT 
WKITEC6t500)JStKStNT 
REA0(7t200) URtVRtWRtSLtFRtUE 
WRITEC6t300)URtVRtWRtSLtFRtliE 
GK= 9.81 
ALPHA=O.l 
NI-"R=lO 
NI-"L=SO 
JT= JS+l 
KT= r<S+l 
T= •O.S*OT*GR/OX 
OT2= o.soor 

100 fORMAT(//* TW0013t A TWO"DIMENSIONAL IMPLICIT RIVER MOOEL*//) 
200 FORMATCBflO.O) 
300 FVRMAf(8ElS.6) 
400 FORMAT(8ll0) 
500 F0RMATC8ll5) 

RETURN 
END 

C*****INPUT OF BOUNDARIES AND BOUNDARY TYPES 
c 

SUBROUTINE lt30U 
COMMON/0/ lWC19JtlEC19)tlJLCl9)tlJRCl9) 
COMMON/E/ lSC31JtlNC3lltlKLC3l)tlKRC31) 
COMMON/Q/ JStKStJT,KTtNT 
00 10 K=ltKT 
REAOC7tl00) !WCKltlE(K)tiJL(KJ,IJR(K) 
WRITE<6t200)1WCK)tiECr<)tiJL(KJ,IJR(K) 

10 CONTINUE 
DO 20 J=lt31 
REAOC7tlOOJ ISCJJtiNCJJtiKL(J),IKR(J) 
WRITEC6t200)lSCJJtlN(J)tlKL(J),IKR(J) 

20 CONTINUE 
100 F0RMATC4l2) 
200 FORMATC1Xt413J 

RETURN 
END 

TWO) 610 
TWOJ &20 
TWO() 630 
TWO) 640 
TWOJ &50 
TWOJ 660 
TwOJ 670 
TWO() 680 
rwoo 690 
TWOJ 700 
TWOJ 710 
TWOJ 720 
TWOJ 730 
TWOJ 740 
TWOJ 750 
TWO) 760 
TWOJ 770 
TwO) 780 
TwO) 790 
TWO) 800 
TwO) 810 
TWO) 820 
TwO) 830 
TWO) 840 
hiO) 850 
TwO) BbO 
TWO) 870 
TWO) 880 
TWO) 890 
TwOO 900 
TWO;) 910 
TWOO 920 
TWOO 930 
TWOO 940 
TWO:) 950 
TWO:> 960 
TWOJ 970 
TWOO 980 
TWO) 990 
TWO;)lOOO 
TWO:>lOlO 
TWOiH 020 
TWO;)l030 
TWOOl040 
TWOJlOSO 
TWOJ1060 
TWOi>l070 
TWOOlOE:sO 
TW001090 
TWOOllOO 
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c 
C*****INPUT Of INITIAL CONDITIONS 
c 

c 

SuBROUTINE INCO 
C~MMON/A/ uC3ltl9t2ltV(3ltl9t2)tW(3ltl9t2)tZ(3ltl9) 
COMMON/Q/ JStKStJT,KTtNT 
COMMON/R/ OXtOYtOTtTtOT2 
COM~ON/U/ uRtV~t-KtSLtfRtUE 

00 5 J=lt3l 
DO 5 K=ltl9 
lJ(JtKt2>=9999. 
\f(Jt~t2)=9999. 
!'I(Jt~t2)=9999. 

5 CONTINUE 
U~ 10 K=lt~T 
()0 10 .J=lt31 
UCJt~tU= uR 
1/(Jt~tU= vR 
',o/CJt~tU= wR 
Z<Jt~>=lO.O•(J•l)*OX*SL 

lU CONTINUE 
RETURN 
END 

C*****PRINTING OF VELOCITIES AND ELEVATIONS 
c 

c 

SUBROuTINE PRIN(N) 
COMMON/A/ U(3ltl9t2)tV(3ltl9t2)tW(3ltl9t2)tZ(3ltl9) 
COMMON/Q/ JStKStJT,~TtNT 
WKITEC6t200) N 
oo 10 J=lt31 

10 WtHTEC6tl00) (U(JtKt2) tK=ltKT> 
WRITE<6t300) N 
oo 20 J=lt3l 

20 WIH TE (bt 100) (V (J,K,2) tK=ltKT> 
wRITE<6t400) N 
00 30 J=lt31 

30 ~RITE<6tl00) (W(Jt~t2>tK=ltKT) 
100 F0RMAT(1Xtl9r7.3) 
200 FORMAT(5Xt* VELOCITY Ut TIME STEP=*l4) 
300 FORMATCSXt* VELOCITY Vt TIME STEP=•I4J 
400 FORMAT<SXt* WATER SU~fACE Wt TIME STEP=*l4) 

RETU~N 
END 

C*****BOU~OARY CONOITIONS FOR THE X-DIRECTION 
c 

SUB~OuTINE INBXCKtN) 
COMMON/A/ U<Jltl9t2)tVC3ltl9t2)tW(3ltl9t21tZ(3ltl9) 
COMMON/PI GRtNPRtNPL 
COMMON/Q/ JStKStJT,KTtNT 
COM~ON/R/ OXtOYtOT,TtOT2 
COM~ON/U/ URtVRtwR,SLtf~tUE 
lf(~.GT.S)GO TO 5 
W C ltKt2) =WR 
WCJTtKt2):WR•JS*OX•SL*N/20. 
IFCN.GT.20)W(JTtKt2)=wR•JS*OX*SL 
RETURN 

5 U(8tKt2)=0• 
UC23tKt2)=0• 
RETURN 
END 

TWOOlllO 
TwODll20 
TW001130 
TWO)ll40 
TwO.>ll50 
TWOJllbO 
rwaOll70 
TwOOllBO 
TW00ll90 
TWOJl200 
TwOD1210 
TwOD1220 
rwo:>l230 
TWOJ1240 
TW001250 
rwoOl2bO 
TWOJ1270 
TWOi>l280 
TW001290 
rwo:nJoo 
TW001310 
TWO.H320 
TWOJ1330 
TW00l340 
TW0)1350 
TWOJl360 
T\110)1370 
TWOJ1380 
TWO)l390 
TWOJl400 
TW001410 
TW001420 
TW001430 
TW00l440 
TWO)l450 
TW00l460 
TW001470 
TWOJ1480 
TW0Jl490 
TW001500 
TW001510 
TW001520 
TWOD1530 
TWO)l540 
TW001550 
TW001560 
TW001570 
TwO)l580 
Tlli001590 
TWOJl600 
TwOOl6lO 
TWO)l620 
TWOJ1630 
TW001640 
TWO!>l650 
TwOOl660 
TW001670 
TW00l680 
TwOOl690 
Twootroo 
TW001710 
TW001720 
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c 
C*****SET BOUNDARIES FOR X-DIRECTION COMPUTATIONS 
c 

c 

SUBROUTINE INOX(K) 
COMMON/0/ Jw(l9)tlEtl9)tlJL(l9)tiJR(l9) 
COMMON/51 lBWtlBEtlBStiBN,JLtJRtJM,JQ,KLtKR,KMtKQ 
IdW=IW(K) 
18E=IECK) 
JL= IJLCK) 
J~= IJRCK) 
JM= JL+l 
JQ= JR-1 
~ETURN 
END 

C*****SET BOUNDARIES FOR Y-OIRECTION COMPUTATIONS 
c 

c 

S~BROUTINE lHOY(J) 
COM~ON/E/ ISC3l)tlN(3l)tiKL(3l)tlKR(31) 
COM~ON/S/ lBWtiBEti8Sti8NtJL,JRtJM,JQ,KLtKRtKM,~Q 
ItsS=ISCJ) 
ldN=IN(J) 
KL.= I~L(J) 
K;(: II(R(J) 
1(11: 1(1..+1 
KQ= ~R-1 
~ETIJ~N 
END 

C*****BOUNOARY CO~uiTIONS FOR THE Y-OIRECTION 
c 

S~BRO~TINE INBY(J,N) 
COM~ON/A/ U(3ltl9t2)tV(3ltl9t2)tW<3ltl9t2)tZC3ltl9) 
COM~ON/U/ URtVRtWR,SLtFRtUE 
V(Jtlt2)= Oe 
v<J•lBt2J=o. 
If<IABSC16•J),Lfe8)RETURN 
v<J•S•2>= o. 
RETU~N 
END 

TWOJ1730 
TW0017it0 
TWOJ1750 
Tw001760 
TwOJl770 
TWOJ1780 
TWO)l790 
TWODlBOO 
TwOJlSlO 
TW0\>1820 
TwOJlB30 
TWOOlB,.O 
TwOJ1650 
TwOJlB60 
TWODlB70 
TWOJlBBO 
TWOJ1890 
TWO)l900 
TwOJl910 
TWO)l920 
TWO)l930 
TWO)l940 
hl0)1950 
TWOJ1960 
TWO)l970 
TW0)1980 
TwOJ19~0 
TWOJ2000 
TW0020l0 
TW002020 
TWOJ2030 
TW0020ft0 
TW002050 
TW0)2060 
TW002070 
TW002080 
TWOJ2090 
TW002100 
TWOJ2110 
TW002120 
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c 
C*****GENERATE COEFFICIENTS FOR X•OIRECTION MATRIX !~VERSION 
c 

SUBROUTINE COEX(KtN) 
COM~ON/A/ uC3ltl9t2)tVC3ltl9t2)tWC3ltl9t2)tZC3ltl9) 
COM~ON/8/ A(30)tBC30)tCt30)t0C30>tEC30) 
COM~ON/Q/ JStKStJT,KTtNT 
COMMON/R/ OXt0YtOT,TtOT2 
COMMON/51 IB~ti8Eti85tlBNtJLtJRtJM 9 JQ,KLtKRtKMtKQ 
COMMON/U/ URtVRtwR,SLtfRtUE 
00 10 J=JMtJQ 
UC= u (J,Kt 1) 
OCT= (U(J+ltKtl)•U(J•ltKtl))/(2•*0X) 

C OCT=o.o 
VAV= 0.25*(V(JtKtl)+V(J+ltKtl)+V(J+ltK-ltl)+V(JtK•ltl)) 
CCT= (UCJtK+ltl>-UCJtK•ltl))/(2•*0Y) 

C CCT=O.O 
TEMl= SQRTCUC**2 + VAV**2> 
TEM2= O.S*(W(J+ltK,l)+W(JtKtl>·Z(J,K>•Z(JtK•l)) 
FtH= TEMl/TEr-12 
wL: fi(J+ltKtl) 
OE: Ot~*(W(J+2tKtl)+w(J+ltKtl)-Z(J+ltK)-Z(J+lt~-l)) 
ow: o.S*(W(J+ltKtl)+W(JtKtl)•Z(J,K)-Z(JtK"l)) 
ON= OeS*(W(J+ltK+ltl)+w(J+ltKtl)•Z(J+ltK>-ZtJt~)) 
OS: 0.5*(W(J+ltKtl)+W(J+ltK•ltl)-Z(J+ltK•l)•ZCJtK•l)) 
OOV= (ON*V(J+ltKtl)•OS*VCJ+ltK•ltl))/OY 
A(J): 1. + OT2*(0CT+FR*FRT) 
ti(J): UC • DT2*(VAV*CCT) 
C(J): •OT2*0~/0X 
O(J): DT2*DE/DX 
E(J): WL • OT2*DOV 

10 CONTINUE 
wL: w(JMtKtl) 
OE: O.S*(W(JM+ltKtl)+W(JMtKtl)•Z(J~tK)-Z(JMtK•l)) 
ow: o.S*(W(JMtKtl)+WtJLtKtl)•Z(JLtK)•Z(JLtK•l)) 
ON: O.S*(W(JMtK+ltl)+wCJMtKtl>•ZCJMtK••Z(JLtK)) 
OS: O.S*{W(JMtKtl) + W(JMtK•ltll-Z(JMtK•l)-Z(JLtK•lJ) 
OOV= (ON*V(JMtKtl)•DS*V{JMtK•ltl))/OY 
C<JLl= •OT2*0W/OX 
O<JL)= OT2*0E/DX 
E<JL>= WL • OT2*DDV 
Iftl8W,NE,l)G0 TO 50 
OCT=<UCJMtKtl)•U(JLtKtl))/(2.*0X) 

C OCT=o.o 
~AV=0.25*(V(JLtKtl)+VCJMtKtll+V(JM,K•ltl)+V(JLtK•1tl)) 
CCT=<u(JLtK+ltl)•UCJLtK-ltl))/(2.*0Y) 

C CCT=o.o 
TEMl=SQRT(U(JLtKtl)**2+VAV**2) 
TEM2=0.5*(w(JMtKtl)+w(JLtKtl)•Z(JLtK)•Z(JLtK•l)) 
fo"HT=TEMl/TEM2 
A(JL):},+OT2*COCT+FR*fRT) 
B<JL)=U<JLtKtl)•OT2*(VAV*CCT) 

50 CONTINUE 
Rt::TU~N 
END 

TwOD2130 
TW002140 
TW002150 
rwoD2160 
Tl'l002170 
TW0~2180 
Tw0)2190 
Tlo/002200 
T\'10)2210 
rwo~2220 
Tfl002230 
Tw002240 
TW0)22SO 
Tw0022oO 
TwOJ2270 
Tw0)22BO 
TW0)2290 
TwOL>2300 
TW0)2310 
rwo02320 
TW0)2330 
Tw0)2340 
TwOi>2350 
Two023oO 
TW0)2370 
Tw0)2360 
T\'1002390 
TWOL>2400 
TWOD2410 
TW0)2ft20 
TWOi:>2430 
TWOD2ft40 
TW002450 
TW0024o0 
TW002470 
TW002480 
TW002490 
rwoozsoo 
Tw002510 
Tw002520 
TW002530 
TW002540 
TW002550 
TW002560 
TW0)2570 
Two:.>2580 
Tw002590 
TW002b00 
TW002610 
TW0)2620 
TW0)2630 
TW002640 
TW002650 
Tw0)2o60 
TW002670 
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c 
C*****GENERATE COEFFICIENTS FOR Y•OIRECTION MATRIX l~VERSIO~ 
c 

SUB~OUTINE COEYCJtN) 
COM~ON/A/ U(3ltl9t2)tVC3ltl9t2)tW(3ltl9t2)tZC3ltl9) 
COM~ON/B/ Af30)t8(30)tC(30)t0(30)tEC30) 
COM~ON/Q/ JStKStJT,KTtNT 
COMMON/R/ 0XtOYtOT,TtOT2 
COMMON/51 IBWtlBEtiBStiBNtJLtJRtJMtJQ,KLtKRtKMtKQ 
COMMON/U/ URtVRtwR,SLtFRtUE 
00 10 K=KMtK\Jl 
VC= V (JtKt 1) 
OCT= (V(JtK+ltl)•V(JtK•ltl))/(2•*0Y) 

C DCT=o.o 
UAV= 0.2S*(U(JtKtl)+UCJtK+ltl)+U(J•ltK+ltl)+U(J•ltKtl)) 
CCT= (V(J+ltKtl)•V(J•ltKtl))/(2•*DX) 

C CCT=O.O 
TEHl= SQRTCVC**2 + UAV**2) 
TEH2= o.S•<wCJtK+ltl)+W(JtKtl)·ZCJ,K)•ZCJ•ltKJ) 
FRT= TEM1/TEM2 
WI.= IIICJtK+ltl) 
OE= O.S*(W(J+ltK+ltl)+W(JtK+ltl)•Z(JtK+l)•ZCJt~)) 
OW= OtS*(W(JtK+ltl)+llf(J•ltK+ltl)•Z(J•ltK+l)•Z(J•ltK)) 
ON= 0•5*(W(JtK+2tl)+WCJtK+!tl)•l(J,K+l)•ZCJ•ltK+l)) 
OS= OeS*(W(JtK+ltl)+W(JtKJ•Z(J,K)•Z(J-ltK)) 
ODU= <DE*U(JtK+ltl)-Ow*U<J•ltK+ltl))/OX 
A(K): 1. + OT2*(0CT+FR*FRT) 
8(K)= VC - Df2*CUAV*CCT) 
C<K>= -DT2*US/OY 
O(K): OT2*0N/OY 
E<K>= WL- OT2*0DU 

10 CONTINUE 
IIIL: w<JtKMtU 
Of= O,S*(W(J+ltKMtl)+~CJtKMtl)-Z(J,KM)•ZCJtKLJ) 
OW: O.S*(W(JtKMtl)+W(J•ltKMtl>•Z(J-ltKM)-Z(J-ltKL)) 
ON= Ot5*CWCJtKM+ltl)+w(J,KMtl)•Z(J,KM)-ZtJ•ltK~)) 
OS: O.S*(W(JtKMtl)+W(JtKLtl>-Z(JtKL)-Z(J-ltKL)) 
OOU= <DE*U(JtKMtl)•Ow*U(J•ltKMtl))/OX 
C<K~>= "OT2*US/OY 
O(K~)= OT2*0N/OY 
ECKL>= WL • OT2*00U 
RETURN 
END 

Ti¥0)2680 
TwoJ2690 
TW002700 
Tw0027l o 
TwOJ2720 
TwOJ2730 
Tw002740 
TW002750 
rwoo2760 
TW002770 
Two027BO 
TwOD2790 
TwOD2800 
Twoozsto 
Tw002820 
TWOD2830 
TW002840 
Twoozsso 
TwOJ2860 
Tw002870 
TwOJ28BO 
Tw002890 
Tw002900 
TWOJ2910 
TwOD2920 
rwoD2930 
TWOD2940 
Two02950 
TWOJl960 
Tw002970 
TW0)2980 
TWOJ2990 
TwOJ3000 
TIII003010 
TW0)3020 
TWOD3030 
TwoOJ040 
TWOJ3050 
TwOOJOoO 
TwOOJ070 
TWOOJOBO 
TW003090 
TW003100 
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c 
C*****X-Ol~ECTION DOUBLE SWEEP MATRIX INVERSION 
c 

SUB~OUTINE OSPX(KtNl 
COM~ON/A/ UC3ltl9t2)tV(3ltl9t2)tW(3ltl9t2>•Z<3ltl9) 
COM~ON/8/ A<30)t8(30)tC(30)t0C30)tEC30) 
COM~ON/C/ P<3l),Q(3lltR(3l)tSC31) 
COM~ON/Q/ JStKStJT,KTtNT 
COMMON/R/ OXtOYtOT,TtOT2 
COMMON/51 lBWtlBEtiBStiBNtJLtJRtJM,JQ,KLtKR,KMtKQ 
PCJL>= O. 
If<I8w.EQ.l)G0 TO 20 
Q(JL>= Oe 
R(JL)= O. 
SCJL>= U(JLtKt2) 
GO TO 30 

20 QCJL)=WCJLtKt2) 
RCJLl=T/CT~P(JL)+ACJL)) 
S(JL>=CB(JL>-T*QCJL)l/CT*PCJL)+ACJL)) 

30 CONTINUE 
00 40 J= JM,JQ 
JX: J•l 
PQ: le/(C(JX)*R<JX) + 1.> 
PCJ)= -PQ*OCJX) 
Q(J)= PQ*(ECJX)• CCJX)*SCJX)) 
RS= le/(T*P(J) + A(J)) 
RCJ): RS*T 
S(J): RS*CB(J)- T*Q(J)) 

40 CONTINUE 
If<IBE.EQ.l)GO TO 50 
PU=le/CC(JQ)*R(JQ) + le) 

P(JR>=-PQ*O(JQ) 
Q(JR>= PQ*CE(JQ)-C(JQ)~SCJQ)) 
wtJRtKt2l=P(JR)*UCJRtKt2)+Q(JR) 

50 CONTINUE 
DO 50 J=JLtJQ 
L= JL.+JQ-J 
UCLtK•2>= RCL)*W(L+ltKt2) + S<L> 
W(LtKt2)= P(L)~U(LtKt2) + Q(L) 

60 CONTINUE 
RETURN 
END 

TWOD3110 
TW003120 
TWOL>3130 
TW003140 
TWOD3150 
TW003160 
TWOD3170 
TWOD3180 
TWOJ3190 
TWOJ3200 
TWOD3210 
TWOD3220 
TWOJ3230 
T\11003240 
TWOD3250 
TWOD3250 
rwo03270 
TW0032BO 
TWOJ3290 
TW0)3300 
TWi)J3310 
TW003320 
TW0)3330 
TwOJ3340 
TwOD3350 
TW003360 
TW003370 
TW0033BO 
Tw0.)3390 
TW0)3lt00 
TW0)3410 
Tw003420 
TW003430 
TWOD3440 
TWOJ3450 
TWOJ3450 
T~003470 
TWOi>34BO 
TWOJ3490 
T\11003500 
TWOD3510 
TW003520 
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c 
C*****Y•Ol~ECTION DOUBLE SwEEP MATRIX INVERSION 
c 

c 

SUBROuTINE OSPY(JtN) 
COMMON/A/ UC3ltl9t2ltV(31tl9t2)tW(3ltl9t2)tZC3ltl9) 
COMMON/~/ A(30)t8(30)tCC30)t0(J0)tE(30) 
COM~ON/C/ P<3l)tGC3l>tR(3l)t5(Jl) 
COM~ON/Q/ JStKStJT,~TtNT 
COMMON/R/ OXtDYtOT 9 TtOT2 
COMMON/51 IB•tiBEtiBStlBNtJLtJRtJM,JGtKLt~Rt~M,~Q 
P(KL>= Oe 
QtKL)= o. 
R(KL)= Oe 
SCKL)= VCJtKL.t2) 
00 40 K=KM,r<Q 
tO'= ~-1 
P~= le/(CCKY)*R(r<Y) •1•) 
PCKJ= ... pQ*OCKY> 
QtK): PQ*(ECKY)• C(~Y)*S(KY)J 
RS= 1./(T*P(K)+A(r<)) 
R(K)= RS*T 
S(t<): RS*(8(K) • T•Q(I()) 

~0 CONTINUE 
IFCI6N.EQ.1)u0 TO 5 
P~=l.I(C(KQ)*Rtr<Q) + l•) 
P (KtO =•PQ*O (KQ) 
QlKRl= PQ*(EtKQ)•C(~Q)*S(r<Q)) 
w(Jt~Rt2):P(KRl*V(Jtr<Rt2)+Q(KR) 

5 CONTINUE 
00 60 t<=~LtKQ 
L.= ~l.+KQ•K 
VCJtLt2)= RtL.)*w(J,L+lt2) + S(L) 
WC~tl.t2)= Ptl.)*VCJtLt2l + Q(L) 

60 CONTINUE 
RETURN 
END 

C*****BOUNOARY RELOCATION NECESSARY FOR X•DIRECTION EXPLICIT 
c 

SUBROUTINE BSRX 
COMMON/A/ UC3ltl9t2)tV(31tl9t2)tW(3ltl9t2)tZC31tl9) 
COMMON/PI GRtNPRtNPL 
00 10 K=2t18 
IFCK.GT.S)GO TO S 
U(30tr<t2l=UC29tKt2) 
GO TO 10 

5 W(8tKt2)=WC9tKt2) 
w<2~,r<,z>=wC23•~•2l 

10 CONTINUE 
oo 20 J=lt30 
UCJtlt2)=U(Jt2t2) 
WCJtlt2)=WCJt2t2) 
If(I48S(l6•J).LT.8)GO TO 15 
wtJt6t2l=WtJt5t2) 
U(Jt6t2>=U(Jt5t2) 

15 CONTINUE 
IftJ.LEe7.0R.~.GE.24)G0 TO 20 
UCJtl9t2)=UCJtl8t2) 
wCJt19t2>=wC~tl8t2) 

20 CONTINUE 
UC8t6t2)QU(9t6t2) 
Ut23t6t2)=U<22t6t2) 
~ETIJRN 
END 

TwOJ3530 
Two03540 
TwOJ3550 
TW0)3560 
Tw003570 
TW003580 
TW003590 
TW003600 
rwoOJ!>lO 
Tw003620 
TwoOJ!>JO 
TwOl36~0 
TW0)3650 
TwOOJ&60 
TWOJ3670 
TWOJJ660 
TW0)3690 
TWOJ3700 
TWOJJ11 0 
Tw003720 
TwOJ3730 
TwOJ3740 
TW0)3750 
TWOJJ760 
TW0)3770 
TWOOJ760 
TWOJJ790 
TwOJJSOO 
TW0)3810 
TWOJ3820 
TW0)3830 
TwOJ3840 
TwOJ3850 
Tw003860 
TW003870 
TW003860 
T\11003890 

CO~PUTATIO~TW003900 
TWOJ39l0 
Tw003920 
Tw003930 
Tw0039~o 
TwOOJ950 
Tw003960 
TW003970 
TwOOJ980 
TW0)3990 
TWOO~OOO 
TWOO~OlO 
TW004020 
TWOJ4030 
TWOJ~040 
TW00~050 
h10J~060 

TWOJ4070 
TwOO~OuO 
TW0)4090 
TwOJ~lOO 
TWOO~llO 
T\1100~120 

Two:>~I3o 
TwOO'+l'+O 
TwoO~l50 
TwOO'+l&o 
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c 
C*****BOU~DARY RELOCATION NECESSARY FOR y•OIRECTION EXPLICIT 
c 

c 

SUBROUTINE BSRY 
COMMON/A/ UC3ltl9t2)tVC3ltl9t2)tWC3ltl9t2)tZC31 9 19) 
00 10 K=ltlB 
lf(K.GT.S)GO TO 5 
VClt~t2)=VC2tKt2> 
VC3lt~t2)=V<30t~t2)=VC29tKt2) 
GO TO 10 

5 w(8t~t2)=W(9tKt2) 
V(8t~t2)=V(9tKt2) 
v(24t~t2)=V(23tKt2) 
~(24tKt2):W(23tKt2) 

10 CONTINUE 
oo 20 J=lt30 
IF<IA85(16•J)eLT.B>GO TO 15 
w<J•6•2>=W<J•5•2> 

15 W(Jtlt2)::W(Jt2t2) 
IFCJ.GE.B,ANO,JeLE,24)W(Jtl9t2)=WCJtl8t2) 

20 CONTINUE 
Rt::TU'<N 
END 

C*****X•OIRECTION EXPLICIT COMPUTATIONS 
c 

c 

c 

SUBROUTINE EXPX 
COMMON/A/ UC3ltl9•2)tV{3ltl9t2)tW(3ltl9t2)tlC3ltl9) 
COMMON/0/ lW(l9)tlE(l9)tiJL(l9)tlJR(l9) 
COMMON/PI GRtNPRtNPL 
COMMON/Q/ JStKStJT,KTtNT 
COMMON/R/ 0Xt0YtDT,TtOT2 
COMMON/U/ URtVRtWR,SLtFRtUE 
OU 50 K= 2tl7 
tO'::K 
IfCK,EQ.S)KY=K+l 
JM::lJL CKY) +1 
JR:: I JR C KY) 
DO 50 J= JMtJR 
CCT= (U(JtKt2)+U(J,K+lt2)+UCJ•ltK+lt2)+U(J~ltKt2))* 

$ CV(J+ltKtl)•V(J~ltKtl)}/(8,•0X) 

CCT=O.O 
OCT= CVCJtK+ltl)•V(JtK•ltl))/(2e*DY) 

OCT=o.o 
PRT= GR*(W(JtK+ltl)•W(JtKtl))/QY 
TEMPI= fR 

TW004170 
CO~PIJTATIO~TW0)4l80 

TwOu4190 
rwou4200 
TW0)4210 
TWOD4220 
TWOJ4230 
TW004240 
TW004250 
Tw0042oO 
TW004270 
TwOD42BO 
TwOu4290 
h10J4300 
TwOJ4310 
Tll/0)4320 
TwOD4330 
TWOD4340 
Tw00435o 
TW004360 
Tw004370 
TWOJ4380 
TW004390 
TW004400 
TWOJ44l0 
TW0)4420 
TwOJ4430 
TW0)4440 
TwOJ4450 
TW0)4460 
TwOJ4470 
TW0)4480 
Tw004490 
TW0)4500 
TW0)4510 
Tw00452o 
TW004530 
TW0)4540 
h/0)4550 
Tw0045oo 
TW004570 
TW004560 
TwOJ459o 
TW004600 
rwoo4&to 

T£MP2= 0,25*(UCJtKtl)+UCJtK+ltl)+U(J•ltK+ltl)+J(J•ltKtl)) 
TEMPJ:: O,S*(W(JtK+lt2l+W(JtKt2)"Z(JtK)•Z(J•ltK)) 

TwOJ4&20 
TwOJ4&30 
TWOJ4640 

TEMP4= SQRf(V(JtKtl>**2 + TEMP2**2) TW004650 
FRT= TEMPl*TEMP4/TEMPJ 
V(JtKt2)= CVCJtKtl) - OT2*CCCT+PRTJ)/(le+ OT2*COCT+fRT)) 

50 CONTINUE 

TW004660 
TW004670 
TW004&60 

RETURN 
END 

c 
C*****BOUNDARY RELOC4TION NECESSARY FOR y•DIRECTION IMPLICIT 
c 

SUBROUTINE BHEX 
COMMON/A/ uC3ltl9t2)tV(3ltl9t2)tWC3ltl9t2)tl(3ltl9) 
00 10 J=lt30 
IfCIABS<l6•J>.GE.B)VCJt5t2)=0• 
vcJ,18,2)=o.o 

10 V(Jtlt2)=0. 
l)O 20 K=ltl8 
IF(K,GT.S)GO TO 5 
V<ltKt2)=VC2tKt2) 
GO TO 20 

5 VC8tKt2)::V(9tKt2l 
VC24tKt2):V(23tKt2) 

20 CONTINUE 
RETURN 
END 

TW004690 
TWOD4700 
TwOJ47lO 

CO~PUTATIO~TW0)4720 
Tw00473o 
TW0)4740 
TW004750 
TW0)4760 
TwOJ4770 
TWOJ4780 
TW004790 
TwOO'+BOO 
TW0)4810 
TWOJ4620 
TW0)4830 
TW004840 
TW0)4850 
TW004B60 
TW004870 
TWOi.l4880 
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c 
C*****V•OI~ECTION EXPLICIT COMPUTATIONS 
c 

SUBROUTINE EXPV 
COMMON/A/ UC3ltl9t2)tV(3ltl9t2)tWC3ltl9t2)tZ(3ltl9) 
COMMON/E/ ISC3l)tlN(3l)tlKL(3l)tiKR(31) 
COMMON/PI G~tNPRtNPL 
COMMON/Q/ JStKStJT,KTtNT 
COMMONIR/ OXtOVtOT,TtOT2 
COMMON/LJ/ URtVRtWR,SltFRtUE 
00 50 J= 2tJS 
JX=J 
IF(J,EQ,23)JX=J+l 
KM=It<l(JX)+l 
Kw=IKR(JX) 
00 50 K= KMtKR 

h10J4890 
Tw0)4900 
Tw0049lO 
TwOJ4920 
Tw0:>4930 
TW0)4940 
TW0)4950 
TwOJ49&0 
TW0)4970 
TW0)4980 
TwOJ4990 
rwo:>5ooo 
TWOJSOlO 
TW0)5020 
TW005030 

CCT= (V(JtKt2)+VCJ+ltKt2l+V(J+ltK•lt2)+V(J,K•lt2))*(U(JtK+l•l•• 
TW0)5040 
T\¥0)5050 
TWOOSO&O 

c 
c 

S UCJtK•ltl))/(8, 0 0V) 
CCT=O.O 

OCT= (U(J+lt~tl)•U(J•ltKtl))/(2•*DX) 
OCT=o.o 

PRT= GR*(W(J+ltKtl)•W(JtKtl))/OX 
TEMPI= FR 

Twor:>soro 
Twoosoao 
TWOJS090 
TW0)5100 

TEMP2= 0.25*CVCJtK,l)+V(J+ltKtl)+V(J+ltK•ltl)+V(JtK~ltl)) 
TEMP3= 0•5*{W(J+ltKt2)+W(JtKt2)•Z(JtK)-Z(JtK-l)) 

TWO)Sll 0 
TWOJ5120 
TWOJ5130 

c 

TEMP4-= SQRT(U(JtKtl)**2 + TEMP2**2) 
FRT= TEMPl*TEMP4/TE~P3 
U(Jt~t2): CUCJtKtl)• OT2*CCCT+PRT))/(l,+ OT2*COCT+FRT)) 

50 CONTINUE 
RETURN 
END 

C***~*BOUNOARV RELOCATION NECESSARY FOR X•OIRECTION IMPLICIT 
c 

c 

SUBROUTINE BREV 
COMMON/A/ U(31tl9t2)tVC3ltl9t2)tWC3ltl9t2)tZC3ltl9) 
COMMON/PI GRtNPRtNPl 
00 10 K=2tl6 
IFCKeGT.S)GO TO 5 
U<30tKt2)•UC29tKt2t 
W(3ltKt2):W(30tKt2) 
GO TO 10 

5 UC8tKt2l=OeO 
u<23tK•2>=o.o 

10 CONTII~UE 
oo 20 J=lt30 
IFCJeGE.S.ANOeJeLE.23)UCJtl9t2J=UCJtl8t2) 
IF(J.t..E.S,OR.~.GE.23JuCJt6t2)=U<JtSt2) 
UCJtlt2)=UCJt2t2) 

20 CONTINUE 
RETURN 
END 

C*****RELOCATION OF COMPUTED VALUES TO LOWEST TIME lEVEL 
c 

SUBROUTINE RLOX 
COM~ON/A/ U(3ltl9t2)tVC3ltl9t2)tW(3ltl9t2)tZC3ltl9) 
COMMON/0/ lW(l9)tlECl9JtiJL(l9)tlJR(19) 
COMMON/Q/ JStKStJT,KTtNT 
00 10 K= ltKT 
Jl=IJL.CK) 
JK=IJR(Kl+l 
lF(KeNE.6)GO TO 5 
Jl=IJl (K•U 
Ji<:IJR (K .. l) +l 

5 CONTINUE 
00 10 J= JltJR 
UCJtKtl)= UCJtKt2) 
VCJtKtl)= V<JtKt2) 
W(JtKtl): W(JtKt2) 

10 CONTINUE 
RETURN 
END 

TWOJS140 
TwOJ5150 
TWOJ5160 
Tw0)Sl70 
TWOJ5180 
TW0)5190 
TWOJ5200 

CO~PuTATIO~TWOJ5210 
TW0)5220 
TWOJ5230 
TWOJ5240 
TWOJ5250 
TwOJ52&0 
TWOJ5270 
TWOJ5280 
TW005290 
TW0)5300 
TWOJ5310 
TWOJ5320 
TwoJ5330 
TWOJ5340 
TWOJ5350 
TW0)5360 
TWOJ5370 
TWO:J5380 
TWOJ5390 
TWOJ5400 
TWOJ5410 
TWOi>5420 
TW005430 
TWOJ5440 
TW0)5450 
TWOJ54-60 
TWOJ5470 
TWOJ5480 
TWOJ54.90 
rwoossoo 
TWOJ5510 
TWOJ5520 
TW0:>5530 
HIOJ554-0 
TWOJSSSO 
TWOJSSbO 
TW005570 
rwoossao 
TWOJSS90 
TW005600 
TWOJ5610 
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c 
C*****GENERATION OF PLOT DATA 
c 

suBROUTINE PLTOATA 
COMMON/A/ U(3lt19t2)tV(3ltl9t2)tW(31tl9t2>tZC3ltl9) 
COM~ON/U/ URtVRtWR,SLtFRtUE 
COMMON/X/ Xll30tl7)tYl(30tl7)tX2(30tl7ltY2(30tl7)t0EGREES<30t17> 
UEX=UE 
IF<UE.EQ.O.>UEX=O•S 
u<23,6,2>=o.o 
DO 10 J=lt30 
r<M:4 
IF(J.GT.8.ANO.J.LT.24JKM=l7 
00 10 K=ltKM 
Xi(J,r<):(J•l)*O.S 
Yl(J,K)=0.25+{K•l)oO.S 
X2(J,r<):2.0/UEX*U(Jtr<+lt2)+Xl(JtK) 
Y2(JtK)=2.0/UEX 0 VCJtK+lt2)+Yl(JtK) 
IF<JCJtK+lt2).NE.O.O.OR.VCJtK+lt2).NE.O.)GO TO 5 
OEGREES<Jtr<>=O.O 
GO TO 15 

5 CONTINUE 
OEG~EESCJtr<>=270.+ATAN2(V(JtK+1t2),U(JtK+lt2))*180.13.1~159265359 
lfCDEGREES(JtK>.GT.360.)0EGREES<JtK>=OEGREES(Jtr<>-360, 

15 CONTINUE 
100 FORMAT<SF20.6) 

10 CONTINUE 
RETURN 
END 

rwoJ5620 
TwOD5630 
TwOD5640 
TwOD5650 
Tw0)5660 
Tw0)5670 
TwO)SoBO 
TwOJ5o90 
TW005700 
TwOJ57lO 
TwOD5720 
rwo.:>5730 
TW0)5740 
rwo::>5750 
T\110)5760 
TW0)5770 
TwOi>57BO 
TW0)5790 
Tiol0)5800 
Tw0)5Bl0 
TwOJS920 
TW0)5830 
TwOJ5840 
rwoossso 
TW0)58b0 
TWOJ5870 
TW0)5880 
TW0)5890 
TWOD5900 
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c 
C*****PlOTTING Of VELOCITY VECTORS 
c 

SUBROUTINE PLOTTER(N) 
COM~ON/A/ UC3ltl9t2)tVC3ltl9t2)tWC3ltl9t2)tZ<3ltl9) 
DIMENSION XXC7)tYY(7) 
COM~ON/Q/ JStKStJT,~TtNT 
COMMON/R/ OXtOYtOT,TtOT2 
COMMON/T/ ALPHAtUAVE(30tl8)tVAVf(30tl8) 
COMMON/U/ URtVRtWR,SLtfRtUE 
COMMON/X/ XlC30tl7)tYlC30tl7)tX2(30tl7)tY2(30t17ltDEGRE~5(30t17J 
CALL PLOTSCOtOtO) 
CALL SETMSGCO) 
CALL NEWPENCS) 
CALL PLOT(l.Otle0t•3) 
CALL PLOT(Oe0t0e0t3) 
CALL PLOT<1S.Ot0.0,2) 
CALL PLOTCOeOt2eOt3) 
CALL PLOTC3.75t2.0,2) 
CALL PLOTC3.7St8e5t2) 
CALL PLOTClle25t8eSt2) 
CALL PLOTC11.25t2eOt2) 
CALL PLOTCl5eOt2eOt2l 
CALL NEWPEN(l) 
CALL GR10CO.Ot•0.25t30t0eStl8t0•5t 

1 042104210421042104218) 
oo 20 J=l,31 
XJ=J 
i<=<J·U •o.s 
If<J.GT.9lx=x-o.oa 
CALL NUMBERCXt•0.45tOe08tXJt0eOt•l) 

20 CONTINUE 
00 30 K=lt19 
YK=K 
Y=CK•l)*Oe5•0.29 
CALL NUMBER(•Oe2tYt0e08tYKtOeOt•l) 

30 CONTINUE 
CALL NEWPENC2) 
oo 10 J=lt30 
KM=4 
If<J.GT.8.ANO.J.LT.24)KM=l7 
00 10 K=ltKM 
CALL PLOTCXlCJtK)tYl(JtK),3) 
CALL SYMBOL<X2CJtK)tY2CJtK)tO.oS,2,0EGREESCJtK)t•2) 

10 CONTINUE 
XN:N 
OEPTtot=wR•ZCltl> 
CALl NEWPEN(4) 
CALl SYMB0l(0.445t8e26t0e2tl5HTWO OlMENSIONALtOeOtlS) 
CALL SYM80L(0.22St7•95t0e2tl7HCIRCULATION MOOELtO.Otl7t 
CALL NEWPEN(2) 
CALL SYMBOLCl.075t7•4tOe2t8HSERIES LtOeOt8) 
CALL SYMBOL<0.6t6e76t0el5tl7HOX=OY= METERStO.Ot17) 
CALL SYMBOLC0.75t6.535t0el5tl5HOT= SECONDStO.OtlS) 
CALL SYM60LC0.6t5.76t0el5tl7HENTRANCE VELOCITYtOeOtl7) 
CALL SYMBOLC0.3t5e535t0el5t21H METERS PER SECONOtO.Ot21) 
CALL SYM80L(0.6t4.76t0el5tl7HOEPTH= METERS,O.Otl7) 
CALL SYM80L(Oe9t4e535tO.l5tlOHTIME STEP=tOeOtlO) 
CALL SYM80L(le05t3e76t0el5t11HALPHA= tOeOtll) 
CALL NUMBfR(l.St6e76t0el5tOXtO.Ot2) 
CALL NUMBERCl.2t6e53StOelS•OTtOe0t2) 
CALL NUMBE~t0.3t5eS35tOel5tUftO•Otl) 
CALL NUMRER(leSOt4e76t0•15tOEPTH,O.Ot2) 
CALL NUM8ERC2.4t4e535tOel5tXNtO•Ot•l) 
CALL NUMBERCl.95t3.76t0el5tALPHAtOe0t3) 
XX(l)=XX(2):XX(7)=1•875 
XXC3)=XX(4)=2e375 
XX(5)=XX(6)=le375 
YYCl>=YY(5}=YY(4)=3.125 
YY(2)=YY(6):YY(3)~VYt7)#3.00 

TW0)5910 
Tw0)5920 
Tw0)5930 
TwOJ59'+0 
h/0)5950 
Tw0)5960 
TW0)5970 
TwOJ5980 
TW0)5990 
TW0)6000 
TW0)6010 
TW0)6020 
TW006030 
TWOJ6040 
TW0)6050 
TW0)6060 
Tw0)6070 
TiiiiOJ6080 
Tvol0)6090 
TW0)6l00 
TW0)6ll0 
TW0)6120 
TwJ)6130 
TW0)6140 
TW0)61:,o 
Tw0)6160 
TW0)6170 
TW0)6180 
Tw006l90 
TW006200 
Tw0)62lO 
TwOJ6220 
TW0)6230 
TW006240 
TW0)6250 
TWOJ6260 
Tw006270 
TW00o280 
rwo06290 
TW006300 
TW006310 
TW006320 
TW0)6330 
TW006340 
TW006350 
TW006360 
rw006370 
TW006380 
hi006390 
TW0)6400 
TW006410 
Tw006'+20 
Tw006430 
TW0)6440 
Tw0)6450 
TW0)64o0 
TW0)6470 
TW0)6480 
TW0)6490 
Two06500 
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TW006560 
TW006570 
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c 

CALL PLOT<XX(lltYY(l)t3) 
uo 40 J=2t7 
CALL PLOTCAX(J)tYY(J),2) 

40 CONTINUE 
oo 50 J=lt3 
XJ=CJ•l}*OX 
JJ=J 
IF<J.EQ.l)JJ=6 
XX(JJ)=XX(JJ)•0,08 
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CALL NUM8ERCXX(JJ),2,90t0.08tXJtO.Otl) 
50 CONTINUE 

CALL SYMBOLC1.275t3•15t0.08tl5HSCALE IN METERStO.OtlS) 
CALL PLOTC0.~75t2e5t3) 
CALL SYM80L(2,875t2•5t0e05t2t270,t•2) 
CALL SYM80L(l,435t2e555t0•08tllHARROW SCALEtOeOtll) 
CALL SYMBOL<0.995t2e365t0.08t22H METERS PER SECONOtO,Ot22} 
Ut:X=UE 
IFCUE.EQ.O,)UEX=O.S 
CALL NUMBER(0,99St2e365t0,08tUEXt0•0'2) 
CALL PLOT(O.t0•t•999) 
IF<N.EQ,NT>C~LL PLOT<O.t0et999) 
RETURN 
END 

C*****VELOCITY AVERAGING 
c 

SUBROUTINE AVELCTY(N) 
COMMON/A/ Ut3ltl9t2)tV(3ltl9t2)tWC3ltl9t2)tZ(3ltl9) 
COMMON/E/ ISC3l)tlN(3l)tlKL(3l)tlKq(3l) 
COMMON/Q/ JStKStJT,KftNT 
COMMON/T/ ALPHAtUAVE(30t18JtVAVE(30tl8) 
00 10 J=2,JS 
KR=IKR(J) 
00 10 K=2tKR 
IF(J,EQ.23)G0 TO 5 
UAVECJtK):(l.-ALPHA)*U(JtKt2>+ALPHA*0,25*(U(J•ltKt2)+U(J+ltKt2) 

1 +UlJtK+lt2)+U(JtK•lt2)) 
5 CONTINUE 

IF{K,EQ.KR)GO TO 10 
VAVE(JtK}:(l,•ALPHA)*VCJtKt2)+ALPHA*0,25*(V(J-ltKt2)+V(J+ltKt2) 

1 +V(JtK+l,2)+V(JtK•lt2)) 
10 CONTINUE 

00 20 J=2tJS 
KR=IKRCJ) 
00 20 K=2tKR 
IF<J,EQ.23)G0 TO 15 
UCJtKt2l=UAVf(JtK) 

15 CONTINUE 
lFCK.EQ.KR>GO TO 20 
V(JtKt2)=VAV£(JtK) 

20 CONTINUE 
~ETURN 
END 
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