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ABSTRACT

This thesis presents two independent studies in theoretical and experimental optical imaging. The
first part investigates the theoretical limits and simulation of Single-Pixel Localization Microscopy
(SPLM), a computational imaging technique that employs spatio-temporally modulated (STM)
illumination to enable sub-diffraction localization with a single-pixel detector. To quantitatively
assess the performance of SPLM, we analyze the localization precision limit using the Cramér-
Rao Lower Bound (CRLB) under shot-noise-limited conditions. To account for discrepancies
between the assumed and actual imaging models — such as those caused by optical aberrations
—— we further introduce the Misspecified Cramér-Rao Bound (MCRB), which quantifies changes
in estimation precision limit under model mismatch. These theoretical tools establish performance
limits and characterize the robustness of SPLM to experimental imperfections. Following these
analyses, we simulate photon detection from fluorescent emitters via Binomial point processes
and perform localization on a discrete grid using Fast Iterative Shrinkage-Thresholding Algorithm
(FISTA), with further refinement via a BFGS-based line search method, assuming an accurate
forward model.

The second part of the thesis reports the experimental development of Quantitative Scattering
Microscopy (QSCAT), a label-free phase imaging technique designed for in situ materials char-
acterization. The system employs a digital light processing (DLP) device and LED illumination
to project half pupil patterns onto the back aperture of an objective, enabling differential phase
contrast imaging. The recorded intensity measurements are inverted to recover the quantitative
phase of the sample, providing optical susceptibility information. We demonstrate the utility of
QSCAT by measuring the height of chromium features on a USAF resolution target. Additionally,
we incorporate a convolutional neural network (CNN) for phase retrieval, representing a novel

integration of learning-based reconstruction into scattering-based microscopy.
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Chapter 1

Intorduction

The rise of fluorescence microscopy has played a pivotal role in biological and biomedical imag-
ing due to its non-invasive and chemically specific contrast mechanisms. Conventional widefield
fluorescence microscopy, however, remains limited by diffraction, yielding a resolution of roughly
230 nm for green light under high numerical aperture (NA) objectives. To access sub-diffraction
structural information, a suite of super-resolution (SR) techniques has been developed, including
structured illumination microscopy (SIM) [3,4], single-molecule localization microscopy (SMLM)
[5-8], and single-pixel or point-scanning approaches like STED [9, 10].

These methods have proven indispensable for many imaging applications, yet they face several
practical challenges. Most widefield SR techniques suffer from limited depth of field (DOF),
poor performance under scattering conditions, and low temporal resolution due to scanning or
sequential acquisition. Moreover, the reliance on pixelated detectors such as CCDs or CMOS
arrays introduces constraints on dynamic range, photon throughput, and speed.

In this thesis, we introduce a novel localization microscopy method—Single-Pixel Localiza-
tion Microscopy (SPLM) that combines spatio-temporally modulated (STM) illumination, inspired
by CHIRPT microscopy [11, 12], with single-pixel detection. By modulating the illumination
across time and space, SPLM encodes spatial information of sparse emitters into a temporal signal
recorded by a fast photodetector. This imaging strategy eliminates the need for spatial scanning or
a camera, offering improved acquisition speed, DOF, and robustness to scattering [13, 14]. Criti-
cally, SPLM allows for the estimation of 2D or 3D fluorophore positions from compact temporal
data streams.

To rigorously evaluate SPLM’s performance, we derive the Fisher Information (FI) and the
corresponding Cramér—Rao Lower Bound (CRLB) under a Poisson noise model. These metrics
provide the theoretical precision limits of unbiased estimators and reveal how illumination design
affects localization performance. We compare SPLM’s CRLB to those of existing camera-based
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SMLM methods, such as multi-plane microscopy (MUM) and engineered PSF approaches. Our
analysis shows that SPLM can achieve competitive localization precision across a large imaging
volume, especially for sparse samples.

However, the standard CRLB assumes perfect knowledge of the measurement model, an ideal-
ization that is often violated in practice due to calibration errors, optical aberrations, or misalign-
ment. To address this issue, we extend our analysis to include the Misspecified Cramér—Rao Bound
(MCRB), which accounts for performance degradation under model mismatch. Originally devel-
oped under Gaussian noise assumptions [15-20], the MCRB characterizes the estimation error of

any estimator that is unbiased with respect to the "pseudo-true" parameters those to which

the estimator converges when operating on data generated by a misspecified model.

This thesis extends the MCRB framework to a Poisson noise model, which more accurately
captures photon-limited optical measurements. We apply the MCRB to both SPLM and SMLM
and analyze how localization precision degrades in the presence of mismatched aberration pow-
ers. These mismatches represent errors in the point spread function (PSF) for SMLM and in the
temporally modulated illumination for SPLM, specifically first- and second-order aberrations. For
tractability, we focus on the single-emitter case, since the effects of low-order aberration mismatch
are separable across emitters. We show that under realistic aberration magnitudes, the MCRB
predicts significant degradation in localization accuracy if such mismatches are ignored.

To quantify this effect, we compute both the MCRB and the mean squared error lower bound
(MSELB) for estimators under the mismatched model and compare them to the standard CRLB
computed under the true aberrated and the ideal aberration-free models. These comparisons allow
us to understand and quantify the precision loss resulting from model mismatch and to establish
performance expectations in practical, imperfect systems. The results demonstrate the necessity
of including aberration correction in both experimental design and computational modeling when
implementing SPLM or SMLM under realistic conditions.

It is important to note that while the notations used in the CRLB and MCRB analyses may

differ, these choices are made because each of contribution are mathematically involved and to



preserve internal consistency within each theoretical framework for clarify and convenience. The
distinctions reflect differences in statistical assumptions and parameter dependencies, and are in-
tended to clarify derivations and emphasize the underlying structure of each model.

To complement the theoretical analyses, we simulate signal generation in SPLM and imple-
ment computationally efficient localization pipeline that incorporates Fourier-domain analysis and
gradient-based optimization to extract emitter positions from noisy temporal data. The simulations
include cases with and without model mismatch to illustrate the empirical impact of aberrations on
localization precision. This approach enables us to assess localization performance under realistic
photon budgets. Additionally, we simulate cases with intentionally introduced model mismatches,
such as uncorrected optical aberrations, and evaluate their impact on localization accuracy. The re-
sults demonstrate the practicality of SPLM for transverse localization and highlight its robustness
and scalability, especially when aberration-aware modeling is incorporated.

While fluorescence-based imaging is widely used due to its molecular specificity, it does not
capture the full optical response of biological or material samples. Traditional brightfield mi-
croscopy, on the other hand, only measures light intensity, providing information primarily about
the absorptive characteristics of the specimen. However, many transparent or weakly absorbing
samples, such as unstained cells, thin films, or polymers, primarily alter the phase of transmitted
light rather than its amplitude. These phase shifts arise from variations in the refractive index or
physical thickness and are closely related to the sample’s morphology, density, or internal struc-
ture. As a result, quantitative phase imaging (QPI) techniques have emerged as powerful tools to
visualize scattering contrast and extract label-free structural or compositional information.

In the last part of the thesis, we describe the development and implementation of Quantitative
Scattering Contrast Microscopy (QSCAT), a compact and flexible differential phase contrast (DPC)
system built around a digital micromirror device (DLP). Unlike traditional DPC systems with
fixed-shaped masks, QSCAT uses the DLP to generate arbitrary half-pupil patterns, which are

relayed to the objective’s back focal plane via a 4f system. The DLP is treated as an array of



spatially incoherent sources, and calibration procedures are developed to ensure accurate mapping
of patterns to pupil coordinates.

We briefly describe the QSCAT imaging model and the associated phase retrieval algorithm,
which reconstructs quantitative optical path length differences from a small number of intensity
measurements. Preliminary experiments using a chrome-on-glass USAF resolution target confirm
the accuracy of phase measurements and validate the system’s optical calibration. By leveraging
programmable pupil-space illumination, QSCAT opens new opportunities for label-free imaging
of biological and material samples, particularly in applications where scattering-based contrast is
more informative than fluorescence intensity or absorption.

In summary, this thesis contributes two major innovations: (1) the theoretical analysis of SPLM
as a novel fluorescence-based localization microscopy method using STM illumination and single-
pixel detection; and (2) the implementation of QSCAT for high-precision, label-free phase imaging
using DLP-generated pupil masks. These systems provide new tools for both biological and mate-

rials imaging with improved speed, precision, and configurability.



Chapter 2

Fisher Information (FI) and Cramér-Rao Lower
Bound (CRLB) in Single Pixel Localization
Microscopy (SPLM) with Spatio-temporally
Modulated (STM) Illumination

2.1 Introduction

This chapter is based on work previously published in the Journal of the Optical Society of America
A (JOSA A): "Fisher information and the Cramér—Rao lower bound in single-pixel localization
microscopy with spatiotemporally modulated illumination" by Maxine Xiu et al.

Single-pixel imaging is a compelling computational imaging framework in which spatial in-
formation is indirectly captured using a single-element detector and structured illumination. This
approach offers practical advantages in cost, speed, and data volume, particularly when spatial res-
olution is encoded through carefully designed illumination patterns. While traditional implemen-
tations of single-pixel imaging are generally constrained by the diffraction limit, recent advances
have explored its potential for super-resolution, including the precise localization of point emitters.

In this chapter, we investigate the feasibility of a new imaging modality termed Single-Pixel
Localization Microscopy (SPLM), which leverages spatio-temporally modulated (STM) structured
illumination to enable sub-diffraction localization using a single-pixel detector. The core idea is
to exploit the spatial information implicitly encoded in temporally varying illumination patterns to
infer emitter locations with high precision. This approach is conceptually motivated by Coherent
Holographic Image Reconstruction by Phase Transfer (CHIRPT) microscopy, a single-pixel tech-
nique that uses STM patterns to assign distinct temporal signatures to spatial locations within an

illumination volume. Fluorescent emitters excited under such modulation schemes emit light that
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retains the temporal structure of the excitation, allowing localization through demodulation and
model-based inference.

To evaluate the theoretical limits of localization precision in SPLM, we adopt a statistical esti-
mation framework centered around the Fisher Information (FI) and the Cramér-Rao Lower Bound
(CRLB). These quantities provide rigorous, quantitative metrics for assessing how experimental
design choices — such as illumination pattern, emitter position, and emitter density — affect
the achievable localization precision. By analyzing the FI and CRLB under shot-noise-limited con-
ditions and various illumination configurations, we establish performance bounds that offer insight
into the fundamental capabilities and constraints of SPLM.

In particular, we show that the temporal encoding introduced by STM illumination results in
unique features compared to conventional camera-based single-molecule localization microscopy
(SMLM). Notably, SPLM achieves relatively uniform localization precision across a large axial
range, and in 3D imaging scenarios, the coupling between transverse and axial modulations leads
to enhanced information content and improved axial localization precision.

This chapter presents the mathematical formulation of the FI and CRLB for single-emitter lo-
calization using SPLM, followed by numerical evaluations of the bound under various experimen-
tal parameters. The results demonstrate that SPLM, while fundamentally different from camera-
based systems, offers complementary advantages and reveals new opportunities for high-precision,

low-data imaging in resource-constrained or volumetrically extended environments.

2.2 Background

This section provides the theoretical background and foundational concepts underlying SPLM
with STM illumination, inspired by CHIRPT microscopy. We begin by describing the prototypical
experimental setup, in which structured illumination patterns are introduced via a modulator and
image-relayed onto the object plane. Unlike methods that require tightly focused beams, the SPLM

configuration uses a broader illumination profile, resulting in a significantly extended depth of field



(DOF). This increased DOF is particularly advantageous for volumetric imaging and facilitates the
localization of emitters over a larger axial range.

Assuming a Gaussian illumination beam, we derive an analytical expression for the effective
DOF in SPLM with STM illumination. This theoretical result serves as a basis for numerical
simulations used to evaluate localization performance across the imaging volume.

We then present a detailed derivation of the FI and the corresponding CRLB with a general
probabilistic model and for estimating emitter positions in SPLM. One of the central questions
addressed in addition to the CRLB analysis is: under what experimental conditions do the location
parameters of a single emitter or multiple emitters remain weakly correlated? This condition al-
lows the bound on the error variance of each parameter to be well-approximated by the inverse of
the corresponding diagonal element of the Fisher Information Matrix (FIM). To answer this, we ex-
amine the Hadamard ratio of the FIM [21,22] and a geometric measure of information localization

derived from the curvature of the FI manifold [23].

2.2.1 Prototypical Experiment Setup

The STM illumination in CHIRPT microscopy is achieved via a rotating modulation disk that is
designed such that the local transverse spatial frequencies in the z- or y-dimensions are linearly
swept with time [11]. The single spatially modulated illumination beam incident to the disk is then
diffracted into multiple beams. The zeroth- and one of the first-order diffracted beams for each
modulation x- or y-direction are selected with a Fourier spatial filter in a high magnification 4-f
imaging illumination microscope. This illumination imaging system images the two filtered beams
into the object region containing fluorphores to be studied. As the beams propagate through the
object space, they interfere with each other to create the intensity pattern that excites the fluores-
cent emitters. The time-varying spatial frequencies diffracted by the modulation mask define the
angle between the beams in the focal region. As the modulation disk completes a full rotation, the
diffracted beam completes a full scan in the back aperture, and thus, sampling the full NA of the

illumination objective, while the undiffracted beam remains centered in the focal region. Conse-



quently, a temporally modulated illumination pattern is created, consisting of unique time-varying
projections of spatial frequencies at each location of the object region.

To utilize this STM illumination strategy for LM, we may generalize the generation of the
diffracted beams from any modulator, either a spinning modulation disk or an SLM. For two-
dimensional SPLM, modulation masks are designed so that the first-order diffracted beams scan
from one end of the illumination objective to the other. When using an SLM, a set of temporally
modulated binary gratings, as demonstrated in Fig.2.1, will be uploaded to the SLM. For three-
dimensional SPLLM, the same modulation masks can be used for the second transverse axis with
a 90° rotation and a faster temporal modulation rate. When using a SLM, two copies of the same
binary gratings that are orthogonal to each other will either be summed for the rotated method
or multiplied for the cascaded method. A prototypical experiment setup for SPLM with SLM
illumination is shown in Fig. 2.1.

Note that for simulation purposes, we assume that the time for the beam to focus on all the
phase masks, which is referred to as the scan time, is exactly the same as the time for the diffracted
beam to complete a full scan in the back aperture, which is referred to as the cutoff time, 2¢..
These times will also be referred to as the signal duration. Since the time for the diffracted beam
to complete a full scan depends on the objective lens NA, the temporal modulation rate of the
phase masks, the maximal spatial frequency on the mask, and the magnification of the optical
system while the temporal modulation rate of the phase masks determines the duration for all the
phase masks to be scanned through, the highest density of the printed pattern on the mask and the
magnification of the optical system must be designed to ensure that the full NA of the illumination
objective is spanned. For the purposes of localization, the key parameter scales as the product of

the photon emission rate of the fluorophore and the scan time.

2.2.2 Depth of Field (DOF) with Gaussian Beams

The DOF in SPLM with STM illumination is determined by the region where the illumination

modulation is non-zero. Due to the fact that the illumination beam is brought to a tight focus in the
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Figure 2.1: Prototypical experiment setup for SPLM with SLM illumination via a SLM. The laser beam is
expanded and not so tightly focused onto the SLM, to which a set of temporally modulated binary gratings
have been uploaded. The beam is then diffracted into zeroth- and first-order beams. A spatial filter or a
set of spatial filters are placed in the Fourier plane conjugated to the back aperture of the objective to filter
out one of the first-order diffracted beams. The two beams are then focused onto the sample with a set of
lens and an illumination objective with a high numerical aperture (NA). When the detection is set up in
the epi direction, the illumination objective will also be the collection objective and a dichroic is needed to
filtered out the incident beam so that the fluorescent signal at a different wavelength than the incident can
be detected by a single-pixel detector via a tube lens. When using a spinning disk, the beam will be tightly
focused onto the disk to generate the same STM illumination patterns in the object region.

Fourier plane and thus, illuminates only a small region of the illumination objective pupil plane
after diffraction, the DOF is large.

To see this, we assume that the illumination beam has a Gaussian profile in the transverse plane
and is collimated in the axial direction. The incident field with zero center spatial frequencies
propagating along the optical axis with Fresnel approximation, normalized by the field spatial
maximum, can be expressed as
Ey(p,2)  M*uj P’

~ exp(thz)exp [ — , 2.1
EO,max M2w8+l% p( ) p Mng_i_l% ( )

U()()_O), Z) =



where ,_0) = z in two-dimensional localization while Z = (x,y) in three-dimensional localization,
M is the magnification of the 4f-system from the modulator to the object region, wy is the width of
the Gaussian distribution, \. is the wavelength and £ = 2 7/ )\« is the angular wavenumber of the
space that the field propagates in. We can further define the propagating incident field with zero

center spatial frequencies in terms of its amplitude and phase as
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The incident field with shifted center radial spatial frequencies £ (t) = (£,(t),4,(t)) =

27 (fz(t), fy(t)), on the other hand, normalized in both time and space can also be written in
terms of its amplitude and phase as u1(p, z,t) = F1(p, 2, 1)/ B max ~ G(p, 2 t) et #1(P:21) with

its amplitude term expressed as
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where £,(t) = \/m denotes the radial spatial frequency along the direction of propa-
gation, which coincides with the first-order Taylor expansion term of the axial spatial frequency
in the angular spectral propagator when expanded around 2 1(t), and Bs = z( — E L(t)/R(t) +
K2R 1(t)/#3(t)) denotes the shift in propagated beam center that depends on the center transverse
spatial frequency.

The DOF is dictated by the overlapping region between the undiffracted and first-order diffracted

beams. Thus, solving for the full width at half max (FWHM) of the following envelopes gives the

DOF,
Az, 2,t)° = Go(, 2) Cra(, 2, 1), (2.5)
A(z7 2, t)+ - CO(B? Z) Cl,m(za Zs t) or (0(37 Z) Cl,y(z7 2 t) (26)
and
A(p, 2, ) = Cual(p, 2,t) Gy (p, 2, 1), 2.7)

where (; ,, denotes the amplitude of the first-order diffracted beam from p-dimension modulation,
p = x,y, with the center spatial frequency of the first-order beam evaluated at ? L () = (f(1),0)
for p =z or (0, f,(t)) forp = y.

Note that the amplitude envelope of the SPLM signal varies as a function of time due to the
angle of the first-order diffracted beam. Its limiting condition is set by NA when the shift of
the spatial frequency is at its maximum, f, m.x = NA/X in two-dimensional localization and
frmax = fymax = NA/X in three-dimensional localization. With an excitation wavelength of
500 nm , an illumination objective NA of 1.40 (RI of 1.518), Gaussian width of 56.84 ym in the
object region under a total magnification of 77, the FWHM at the limiting condition is calculated
to be approximately 536.6 um in two-dimensional localization and three-dimensional localization
using the rotated illumination method, and 379.4 y/m using the cascaded illumination method. Note
that this is the depth for the full spatial frequency support.

However, the SPLM signal still carries information about emitters outside of the region with
full spatial frequency support. The amount of information as compared to the in-focus emitter is

11



smaller and approximately scaled by the ratio between the illumination pattern intensity envelope

evaluated at the emitter position and the origin integrated over time,

J% A(p, 2, t)dt
A(p,2) = e . 2.8
p,2) =" A(0,0,t)dt (28)

—te

Though the center of the localization volume varies slightly with position in the object region, the
DOF is approximately the same and thus, can be numerically evaluated along the optical axis, i.e.
x = 0 in two-dimensional localization and x = y = 0 in three-dimensional localization. The DOF,
therefore, should be solved by calculating the FWHM of Eq. (2.8) at Z = 0. Under the same
experimental parameter values as above, the DOF is calculated to be approximately 33.96 mm
regardless of the illumination method in SPLM with SLM illumination.

The interference between two beams also contributes additional phase terms to the SPLM sig-
nal, adding some shear to the illumination pattern. These phase terms are time-varying, location-
dependent, and can be written with Fresnel approximating as gpl,p(ﬁ, 2,t) — ¢o(p, z) for mod-
ulation along p-dimension, p = z,y. with the center spatial frequency of the first-order beam

evaluated at ?L(t) = (f2(¢),0) forp = z or (0, f,(t)) forp = y.

2.2.3 General Signal Model

Under CW light excitation, the SPLM signal generated from each fluorescent molecule is treated
as a scaled nonlinear function of the excitation illumination. The modulation rate of the spatio-
temporal illumination is slow enough so that the excited state population, e(r,t), adiabatically

follows the steady-state population that is given by [24],

Tnax I(7,t sl (7t
O 1) B )

: 2.9
sat + ]max I(T7 t) 1 + Oésat](/r’ t) ( )

We define a peak saturation parameter i,y = Inax/Isae that is the ratio of the maximum illu-

mination intensity and the fluorophore saturation intensity, /g,,. When oy, is sufficiently small,
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the excited state population is approximately linearly proportional to the normalized illumination
intensity I(r,t) scaled by ag,;. When ag,y — 00, the excited state population approaches 1.

The SPLM signal intensity at time ¢ is determined by the instantaneous emitted photon flux
given by the product of the excited state population e(r, ¢) and the maximum fluorescence emission
rate ['y, which is the upper bound of the fluorescence emission rate when o« — oo.

Since LM is concerned with a sparse set of discrete fluorescent objects (e.g., molecules or
quantum dots) and we seek to estimate the locations of these individual emitters from the total
recorded signal, the expected rate of photons detected from SPLM can be expressed as a continuous

function of time,

Qat 1(75,1)
T § — T § 2.10
T]t 0 T‘j) n 0 1+asat ](r], ) ( )

where 1, = 14 7op 7 15 the total detection efficiency of the optical system. Each excited emitter
located at r; is assumed to emit photons at a rate of I'g e(r;,t) over the entire 47 solid angle.
We will refer to 2 (t) = Toe(r;,t) as the fluorescent photon emission rate for the j™ emitter
and ¢, (t) = n, ¢L,.(t) as the fluorescent photon detection rate for the ;™ emitter. The peak
fluorescence emission rate can then be defined as em peak = L'o sat/(1 + sar) While the peak
fluorescence detection rate iS @det peak = 7t Pem,peak- NOte that unlike in a conventional microscope
focus, the SPLM illumination peak intensity does not change with NA when the incident power is
held fixed. This is because the intensity is set by the relatively large beam size in the object region,
which is set by the size of the same beam in the spatial frequency plane (i.e., the pupil plane) of
the illumination objective. Thus, for a particular input power, the peak intensity is invariant with
respect to the NA of the objective. The caveat is that here we assume that the optical transmission
does not change if objectives are changed.

In an experimental data acquisition process, the SPLM signal is measured at a constant sample

rate, 1/At, to allow for integration, the duration of which is At. Thus, the expected rate of photons
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detected from SPLM signal at sample time t,, = m At becomes,

Qgat (7, T,
m]zntFOE e(r;,tm) —mFOE 1+o: tIZr )). 2.11)
j sa VR

Considering that the total emitted power from multiple fluorescent molecules is the incoherent
sum of the emitted power of each, the expected total number of photoelectrons detected at sample
time t,, in SPLM signal is N[m] = 0, To [/ 0/ 2 e(rj, 7)dr ~ 1, Do At Y e(r, ty,). Over a
signal duration of [—t,, t.], the fluorescence count detected from a single emitter is then bounded
from above by 1, 4y = n; (2t. 1) as At — 0. We will denote this upper bound by /,,.

The total detection efficiency, 7, is determined by experimental details since the the emitted
fluorescent light is collected through a series of optical devices with some objective lens and a
detector. We need to take into consideration not only the detection efficiency 7, determined by
the responsivity of the detector used but also the throughput efficiency 7, for all of the optical

elements, such as filters and lenses, to account the total power loss. In addition, we account for the

collection efficiency determined by the objective lens, 7. = €),/47, where
Q=27 (1 —\/1- (NA/RI)Q) (2.12)

denotes the collection solid angle because only a fraction of the total emitted power from the full
47 solid angle falls onto the detector surface. Here, RI is the refractive index for the medium in
which the objective lens is immersed.

For simulation purposes, the detection efficiency, 74, is set to 40 % that is typical for a PMT.
The loss coefficient for each optical element is 2 % and with five optical elements in a typical
CHIRPT setup, the throughput efficient, 7,,,, becomes (98%)°. We assume that the emitted photons
are detected at a peak wavelength of 500 nm from Atto 488 dye and its maximum fluorescence
emission rate, [y, is typically around 200 /us according to Table 2.1. For reference, Table 2.1 also
lists the maximum fluorescence emission rates, the peak excitation wavelength, and the saturation

intensity under peak excitation wavelength of some commonly used fluorophores. Lastly, the
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Atto 488 500 195.12 0.54 126.70 39.62
Atto 532 532 236.84 0.25 153.79 48.09
Atto Rho6G 957 219.51 0.23 142.54 44.57
Rhodamine B 546 184.52 2.35 119.82 37.47
Cys5 651 37.50 2.15 24.35 7.61

Table 2.1: Properties of Some Common Fluorescence Dyes in Water [1,2]. Aex denotes the peak excitation
wavelength. I'y denotes the maximum fluorescence emission rate. Iy, denotes the saturation intensity under
the corresponding peak fluorescence excitation wavelength. ¢em peak denotes the peak emission rate with
an average irrdiance of 1 MW/ cm? from the laser or o,y = 1.85. ®det,peak denotes the corresponding peak
fluorescence detection rate with an objective lens NA of 1.40.

collection efficiency, 7)., ranges from 6.70% to 34.39% with a dry objective lens of a NA from 0.50
to 0.95 and RI = 1.00, from 10.06% to 28.44% with a water immersion objective lens of a NA
from 0.80 to 1.20 and RI = 1.33, and from 13.17% to 30.67% with an oil immersion objective lens
of a NA from 1.00 to 1.40 and RI = 1.518.

Illumination Pattern for Two-dimensional Localization
Two-dimensional (x-z) localization in SPLM is achieved by focusing the illumination beam to a
line, which extends to a light sheet illumination exactly like CHIRPT microscopy [11-13,25-27],
on a modulation disk or a spatial light modulator (SLM). Since the modulated illumination does not
extend along the y-dimension, there is no localization out of the z— z plane. The sheet illumination,
on the other hand, lights up a large DOF due to the use of subaperture at the illumination objective
pupil plane.

Following the general SPLM signal model, the expected rate of photons detected from SPLM

signal at time ¢ is determined by the steady-state population, which is characterized mainly by

15



the illumination intensity dependent on the technique employed to modulate spatial frequencies.
When using a CHIRPT mask, the illumination pattern for the ;™ emitter at location 7; = (x;, 2;)
is mathematically formulated, assuming no aberrations, as

Lp(r;,t) = af Co(r;) + af p*(t) Cra(r;, t)
(2.13)

+2a0ay p(t) Go(7r;) CLa(r), ) cos (ADy (1, t) + pra(ry, t) — @o(r;))-
Note that ag and a; are normalized real coefficients so that the maximum intensity of the illumina-
tion pattern is 1 over time and space, p(t) < 1 is a real-valued function describing the apodization
of energy within a full sweep of the projected spatial frequencies due to the extended beam in
y-dimension, and v, denotes the modulation carrier frequency. For simplicity, we denote the phase
term inside the cosine function as A®,(r;,t) for the j™ emitter induced by the spatial frequency

modulation along p-dimension (e.g. p = x for two-dimensional SPLM). It can be written as

A(I)p(rjv t)=2m (VC,pt + fp(t) Dj + fz,p(t> zj) ) (2.14)

where f,(t) and f,,(t) are the time-varying spatial frequencies along the p- and z-axis. These
spatial frequencies are proportional to the illumination wavelength and the illumination objective
NA as f,(t) = (NAL) /(Dexte) and f..(t) = /(n/Aex)? — (f2(t))? — n/Aex [11], where ¢, de-

notes half of the SPLM signal duration. When specifying a Gaussian model for the excitation

beam profile, (y and ¢; , describe the spatial variations in amplitudes for the zeroth- and first-order
diffracted beams along the p-dimension, which are normalized so that |max ((p, (1,)| = 1 over
space and time. In two-dimensional CHIRPT illumination, the Gaussian distribution is assumed
to be one-dimensional along the x-axis. Following this assumption, the interference illumination
pattern results from Gaussian distributions that are centered about (0,0) and (f,(t),0) with their
amplitude functions, ¢y and (; ,, which consequently determine the DOF. In addition to the ampli-
tude functions, there is a location-dependent time-varying phase term, ¢ ,(7;,t) — ¢o(r;), under

the excitation of a Gaussian beam.
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INlumination Pattern for Three-dimensional Localization

Three-dimensional localization in SPLM can be achieved by modulating the excitation beam along
two orthogonal axes that are then combined incoherently or sequentially. These STM illumination
patterns are inspired by CHIRPT microscopy.

The first method uses the incoherent combination of the modulated waves. Hence, the illu-
mination pattern is an incoherent sum of two two-dimensional modulation patterns expanded to
three-dimension, rather than a light sheet focused to a line [28]. In order to distinguish between
the two axes, the system is designed to scan at distinct modulation rates along the orthogonal mod-
ulation axes. Thus, the aberration-free excitation illumination for the j** emitter when using a

CHIRPT mask via this rotated method can be expressed as a sum,

Lh(rjt) = 2a3 GG (ry) + ar® (GFa(ry ) + Gy (). t))
+2 ag aq C()(’T‘j) Cl,ac(lrj; t) COS (A(I);(Tj, t) -+ Q017x(7'j, t) — (,00(7"]')) (215)

+ 2 agp aq C(](’l"j) Cl,y(rja t) COS (A@;(rj, t) -+ QDLy(T'j, t) — <p0(rj)) .

We have arrived at this form by assuming that the coefficients a( and a, are identical for modulation
along x and y directions. Such approximation is based on the assumption that the interference
illumination results from small two-dimensional normal or Gaussian-like distributions centered
about (0,0) and (f,(t),0) from the spatial frequency modulation along z-dimension or (0, f,(¢))
from the spatial frequency modulation along y-dimension.

The phase terms AdF (r;, ) and A®(r;,t) take similar forms as Eq. (2.14), with an unique
temporal carrier frequency and a unique temporal spatial frequency modulation rate for each mod-
ulation direction via shifts in the focused beams away from the center of the modulator. In addition,
the modulation is designed such that one complete sweep of spatial frequencies along y-direction
is k times faster than that along x-direction, i.e. A¢; (ry,t) = 27 (vey t + fy (1) yj + foy(t) 2;) ®
I11(t/T,), where T, is 1/k-th of that along z-direction. An illustration of the three-dimensional

STM illumination in the object region using this method at different times is shown in Fig. 2.2.
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The second method uses the product of two modulations patterns along the x and y directions.
Instead of passing two separate beams through the same modulator as in the rotated incoherent
sum method described above, here the beam is first modulated along the x-direction, then along
the y direction, so that the modulation pattern is cascaded [29]. The SPLLM excitation illumination
can then be expressed as a product of the two two-dimensional modulation patterns. When using

CHIRPT masks, the aberration-free excitation illumination for the ;' emitter via this cascaded
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Figure 2.2: Illustrations of the 3D STM illumination in the object region using the rotated method at three
different times and the generation of SPLM signal at three different locations. As the diffracted beam scans
across the aperture, a STM illumination pattern is created such that the SPLM signal generated from such
illumination has a different temporal profile at different locations, which can be used for localization.
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method can be expressed as a product,

1 (1) = ( Cry) + @ Culry,)

+ 2ag ay Co(r;) Ciu(rs,t) cos (ARX (7)) + p1.(7rj, 1) — SOO(""j)))
(2.16)

X (ag ¢(ry) +aici, (r;.1)

+ 2 a9 a1 Co(7;) Ci1y(Tj, 1) cos (A@; (rj,t) + p1y(r;,t) — <p0(rj))>,

where A®(r;,t) is the same STM phase along z-axis as the two-dimensional case and A® (7, )
is the same STM phase along y-axis as the rotated method with a carrier frequency centered on the
modulator. As the illumination beam propagates through both modulators, the information about
the two transverse x — y axes is coupled.

It is important to point out that the cascaded method can be implemented with a single modu-
lator to avoid additional distortions in measured signal. A mask for each modulation axis will be
printed on or uploaded to a different region of the modulator for the illumination beam to focus
to. The mask for y-direction modulation will be repeated k times for a faster carrier frequency and
spatial frequency modulation rate.

Regardless of the illumination patterns, the DOF in three-dimensional SPLM with STM illu-
mination is dictated by the overlapping area between the two first-order diffracted beams instead
of the zeroth- and first-order beams as in the two-dimensional case. The spatial frequencies along
each transverse direction extends along the axial direction due to diffraction of the spatially co-
herent modulated beams. In comparison, camera-based SMLM in 3D requires a modified point
spread function (PSF) that breaks the axial symmetry [30], such as an astigmatic focus [31, 32],
simultaneous imaging of multiple planes [33, 34], or an engineered PSF that rotates with varia-
tion in emitter depth (helical, etc.) [35-38], for the widefield imaging system to increase the depth
discrimination. These methods are still limited in their imaging DOF because they use the full

transverse spatial frequency support of the imaging objective lens for each measurement.
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2.2.4 General Formulation of FI and CRLB

Consider that there are multiple parameters to be estimated, for example, the location coordinates
for multiple fluorescent molecules. The gradient of the log-likelihood function with respect to the
parameters to be estimated, which is also referred to as the Fisher Score, indicates the sensitivity
to infinitesimal changes to the parameter values. With any given distribution, P(-; @) with Y being

a random variable or Y being a random vector, its Fisher Score is defined as

0 0
G5, :0) G5 (Y:0)
v(-;0) = Vel(;0) = : or : : (2.17)
0 0
— Y- Ny
_89N€< ’ 0)_ _80N€< Y 0)_

where /(-; 8) denotes the log of P(-;0) and 6; denotes the i** parameter to be estimated.

Note that the expected value of Fisher Score is always zero when some regularity conditions
are met. These conditions may include the likelihood function being continuously differential if its
support over the measured data is infinite and the integral of the likelihood function with respect
to the measured data converges uniformly for all values of parameters to be estimated.

With zero expected value vector, the covariance of Fisher Score, which is also referred to as
the FL, is then J(-;6) = E [v(+;0) v”(+;0)], where the expectation is taken with respect to the
random variable Y or the random vector Y. With multiple parameters to be estimated, the Fl is a

matrix and thus, we can write the 75" element of the FIM as

[J(Y;0)],= Y PY =y6) az(y =4:0) iay =4:0), (2.18)

y=—00

or with a random vector,

M 00

d 9
[J(Y;0)],; = m;My Z@O P(Y,, = ypm: 0) 8—9/% = Ym: 0) a_e/(ym = ym:0)  (2.19)
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when the given distribution is discrete. When the given distribution is continuous, the summation
simply becomes an integration.

Let éz be an unbiased estimator of §;, the i'" parameter to be estimated. The CRLB states that
the error variance of él- from its true value §; is bounded by the i*" diagonal element in the inverse
of the FI as

var(0;) > [J1(Y;0)].. or [J71(Y;0)] (2.20)

Therefore, the lower bound on the error standard deviation (LBEStd) for an unbiased estimator é,
of the i*" parameter of interest is y/[J (Y 0)] . or /[J ' (Y;0)] .

2.2.5 Background-free Poisson Measurement Model

To quantify the capability of SPLM with STM illumination via CRLB, we first need to understand
the randomness in the data and how the values of the parameters to be estimated affect the distri-
bution of the measured data. We assume that the measurement of SPLM signal in photon counts is
shot-noise-limited as other noises produced by electronic devices in detection and digitization are
considered negligible.

The number of photons in the SPLM experiment can be considered as an observable random
variable, Y, which is Poisson distributed given when the photons are detected. The parameters of
interest here, denoted by 8, are the location coordinates of the tagged fluorescent molecules, which
are considered as point emitters, to be localized. The rate of the Poisson distribution equals to the
total photon count expected to be detected, i.e. Y | T ~ Poisson ( ff; Sg(t)dt), where T' denotes
the times when photons are detected and is assumed to be uniformly distributed over the range
characterized by the photon emission rate function, [Se(—t.), Sg(t.]. This is under the assumption
that no background noise is detected.

Consider that the actual number of photons detected by the single-pixel detector is y. Under
the assumption of a continuous measurement, it is almost surely that the arrival time of each pho-
ton is distinct from each other. Thus, following the Poisson process that describes the emission

of each photon, the joint probability of y photons detected at time {¢1,--- ,t,} is a product of
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individual Poisson distributions as P(Y =y, T = {t1,--- ,{,};0) = exp ( f Se(t) dt) Jy! x
L 4 Sg( ) dt, where [t t;] denotes the duration between when the last and current photon
are detected.
To determine the FI of an observable random variable, the natural logarithm of the likelihood
function, which is known as the log-likelihood function, is often used for the convenience of com-

putation [39]. The log-likelihood function of y photons detected is simply

te Y ti
WY =y, T={t, - ,t,};0) = / Se(t)dt —Iny! + ) "In (/ Se(t) dt). (2.21)
—tc k=1 tr—

In the discrete-time case, assume that there are 2 M samples taken over the SPLM signal du-
ration with uniform sampling such that At = ¢./M. The number of photons detected at each
measurement then becomes an element of the random vector, Y = [Y_,/,--- ,YM]T, that is in-
dependent and identically distributed. At any m-th sample, the random variable Y, is Poisson
distributed with a rate equals to the expected detected photon count within the integration interval,
i.e. Y,, ~Poisson(At Sg[m]). Similar to the continuous-time model, the probability when each
photon is detected also needs to be accounted for and it is indeed taken into consideration through
the i.i.d. Poisson distributions with different rates in the discrete-time model. Thus, the joint prob-
ability of a sequence of photon counts, {y_,s, - ,ya}, detected at their corresponding intervals
is POY = {y a1 0) = exp (= S0y At Solm]) Ty, (A Solm])™™ /.

The discrete-time likelihood converges to that of the continuous-time when At — 0 and

Sg[n|] — Se(t). The log-likelihood for the discrete-time model is then

M

Y ={y_pr. - ym}0) = > (=AtSp[m] = In (ym!) + ym In (AL Sp[m])) . (2.22)

m=—M

The probabilities above describe the relative likelihood of a particular set of values for the
location coordinates of the fluorescent emitters given that the random variable Y or random vector
Y is realized by the measurement y or {y_ys, - - - , yas ;. That is to say given a particular sequence

of photon counts detected, the probability varies with respect to the emitter locations, 6. Thus,
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the notation P(+; @) indicates that our interest is to measure the goodness of a fit for the detected
photon count to 8 and is oftentimes referred to as the likelihood function.

The likelihood functions establish mathematical descriptions from which the parameters of
interest can be estimated. The parameter set that yields the maximum likelihood given the data
collected is believed to be the best choice and such set is called the maximum likelihood estimate.
Other statistics derived from the log-likelihood functions are introduced in the next section to reveal

different information characterizing a given model.

2.2.6 Detailed FI Derivation

FI indicates how well a parameter can be estimated in terms of how distinguishable the FI value
is in relative to changes in the parameter. The greater the variation of FI with respect to a rela-
tively small amount of change in the parameter, the better the lower bound on error variance for
estimating such a parameter.

Mathematically, the FI is defined as the curvature of the log-likelihood function, or the covari-
ance of the Fisher score, which reveals the sensitivity in a given random process to the infinitesi-
mal changes of parameter values. Following the derivation of FI with its ij*® element expressed as
(2.18) or (2.19) with the expectation now taken with respect to two random variables, the number of
photons detected Y or Y as well as the times when photons are detected 7', and the log-likelihood

functions given by (2.21) or (2.22), the ij'" element of the FIM can then be written as

te 10 0
Y:0]].. = —————Sp(t)=—Sp(t)dt 2.2
and in the discrete-time case,
M
At 0 0
Y:0). = — — . 2.24
[J(Y;0)],; mz_:M AL aeuSe[m]aevSO[m} (2.24)

As At — 0, [J(Y;0)],; — [J[Y;0]];; (V) i, j. Note that the indexes i and j correspond to

the indexes n (I — 1) + u and n (s — 1) + v respectively for the location parameter along u'"
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direction for the / emitter and the location parameter along v'" direction for the s'" emitter in the
n-dimensional localization.

To see how the total number of photons detected from SPLM signal effects the localization
precision more clearly, we consider each FI element as a function of SPLM signal with its intensity
normalized to unity multiplied by the upper bound of the fluorescence count detected from a single

emitter over the measured SPLM signal duration,

N — /A S I, 0 —
Y:0) ="27,.,="2[] — — 2.2
[J( ,0)]13 5 S 5 /_1 500 8‘9iS9<T)aejSQ(T)dT, (2.25)

where A, = n, Ny = n (2t.T) denotes the upper bound of the fluorescence count detected
from a single emitter, 715 denotes the 7j-th element of the normalized FI by .#;,, with respect to
the normalized time variable 7 = ¢/, so that the FI elements remain proportional to the maximal
spatial frequency projected, and Sg¢ denotes the SPLM signal normalized by the product of the
total detection efficiency 7); and the maximum fluorescence emission rate I'y. In the discrete-time
model, the same normalization applies to the summation over 2 M samples and the normalized
time variable 7 becomes m A7 = m At/t, at m-th sample. Thus, the ij*® element of the FI in the

discrete-time model can be written as

i), =" S BT O ) O Syim)] 226

Note that the value of each FI element depends on the sensitivities of the measured data about
the corresponding parameters of interest, which is quantified by the partial derivative of the SPLM
signal with respect to the location parameters that is dependent on the technique employed to
[th

modulate spatial frequencies. Its generalized expression for any transverse coordinate of the

emitter is given by

0 — _47r ag ay (1) Co(ry) Cl,x(Th ) fq(T) Osat KqC(T)

dq o(7) (1 + gar I(r1,7))? (2.27)

X sin (AD,(ry, 7) + ¢1,4(r1, ) — wo(rT1)),
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where ¢° denotes the compliment transverse coordinate direction, i.e. if ¢ = z, then ¢° = y and vice
versa, and K. is the coefficient function describing this information coupling between the trans-
verse axes. With 2D and 3D rotated illumination methods, & ;2 = 1 as the transverse information is
uncoupled. With 3D cascaded illumination method, K¢ (7) = ad 4+ af+2ag ay cos [A®.(r;,7)].

For the axial coordinate of the /' emitter, the amount of information SPLM signal is propor-
tional to the partial derivation of the signal with respect to z; as

0 = 4w agay p(1) Go(r1) Csas

92" =TT aa 7))

X Z Crg(ri, T) fp,(T) Kpe (1) sin (AD, (1), ) + ©1,5(11, T) — wo(T1))-

p=z,y

(2.28)

In 2D, since there is no information about the y-dimension, ¢ = x, and thus, the information about
the emitter axial location is approximately half of that in the 3D case.

To write the Fisher information elements in a more concise expression, we denote the part of
the partial derivative that depends on the specific STM illumination pattern employed as (3, (r;, 7),

where u denotes the g-dimension of which the partial derivative is taken for the [*" emitter. That is

Crg(T, 7) fair) Koo (T) , q=,y
Bu(ry, 7) =47 agay o(r) X sin (ADy (11, 7) + P14(r1, 7) = Yo(7))
Z Cl,q(rla T) fp(T) Kpc <T> , 4=z
p=x,y
L x sin (A®, (7, 7) + 1 p(71, 7) — o(T))
(2.29)

2.2.7 Analysis of Parameter Correlations via the Hadamard Ratio of Fisher

Information Matrix (FIM)

The expressions of the FI elements associated with the emitter location parameters in SPLM with
CHIRPT illumination are rather complicated as shown above. In order to build meaningful physical
interpretations of the CRLB with respect to the experimental parameters, it is essential for the FIM

to be nearly diagonal so that the CRLB for unbiasedly estimating each location parameter can
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be approximated by the inverse of its corresponding diagonal element in the FIM, i.e. o2 >

N 7(71 (I-1)+u)(n (l71)+u)/2-
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Figure 2.3: Hadamard ratio of the FIM for a single emitter localization via SPLM (A\ex = 500nm, t. =
1ms). (a), (c), (g) With respect to the objective lens NA from 0.50 to 1.40 and the saturation level ag,t from
0.01 to 1.50 with a single emitter at the origin. (b), (d), (h) With respect to the emitter location in x — z plane
at an objective lens NA of 1.40 and a saturation level ag,¢ corresponding to an expected photon detection
count of 5000. (e), (i) With respect to the emitter location in x — y plane under same NA and saturation
levels. (f), (j) With respect to the emitter location in y — 2 plane under same NA and saturation levels.
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To determine if a FIM for emitter(s) localization via SPLM with STM illumination is nearly
diagonal, we rely on Hadamard ratio, which is closely related to Hadamard’s inequality [21].
Hadamard’s inequality states that the absolute value of the determinant of a real-valued matrix
A is bounded from above by the product of the Euclidean norms of the row or column vectors of
the matrix a;, i.e. |det (A)| < [], |la;||, and equality is achieved if and only if the vectors are
orthogonal [22]. In the case of FIM that is positive semi-definite, the right side of Hadamard’s
inequality can be simplified to the product of the diagonal elements, i.e. det (J) < [], Ji; [23].
Thus, the Hadamard’s ratio for the FIM can be defined as the ratio between its determinant and the

product of its diagonal elements [21],

det (J)

BJ) = Et g

(2.30)

The closer the Hadamard ratio of the FIM is to 1, the more diagonally dominant the matrix is.

First, we examine the diagonality of the FIM for the localization of a single emitter. The
Hadamard ratio of the FIM is plotted against the objective lens NA from 0.50 to 1.40 and the
saturation parameter oy, from 0.01 to 1.50 with the emitter assumed to be located at the origin
in Fig. 2.3. Also plotted are the Hadamard ratio against the emitter location along the coordinate
plane(s) within the STM illumination volume with full spatial frequency support at a large NA and
a relatively large o, level to reflect a realistic experimental setting. With any STM illumination
pattern used in and inspired by CHIRPT microscopy, the FIM for the localization of a single emitter
has a Hadamard ratio of nearly 1 and thus, is nearly diagonal, under all the assumed ranges of the
experimental parameters.

For the localization of multiple emitters, we study the dynamic of a pair of emitters as the
correlations among multiple emitters can be considered pairwise. The top two rows in Fig. 2.4
are the Hadamard ratio of FIM for two emitter localization with respect to the objective lens NA
and the saturation level ag,;. It is averaged over 100 random positions of the second emitter that

is 0.1 Aex Or A\ex away from the first emitter that is fixed at the origin. The smaller distance chosen
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Figure 2.4: Hadamard ratio of the FIM for two emitter localization via SPLM with respect to the objective
lens NA from 0.50 to 1.40 and the saturation level agy¢ from 0.01 to 1.50 with one emitter at the origin and
the other at (a), (d), (i) 0.1 Aex (b), (e), (j) Aex. With respect to the emitter location in (c), (f), (k) x — z plane
(g), () x — y plane (h), (m) y — z plane at an objective lens NA of 1.40 and a saturation level g,y yielding
an expected photon detection count of 5000.



represents a denser molar density. Under all NA and saturation values, the Hadamard ratio is nearly
0 regardless of the illumination pattern, indicating large correlations between location parameters,
giving rise to large off-diagonal elements in the FIM correspondingly. It is important to point out
that although the Hadamard ratio is close to 0, the LBEStd for estimating the emitter locations
unbiasedly are still in the sub-10 nm regime and therefore, when the Hamdamard ratio becomes
degenerate, its value does not necessarily indicate the absolute degradation in the CRLB.

On the other hand, the larger distance chosen is the minimum distance such that the correlation
between the two emitter locations should be negligible. This is to say that the corresponding FIM
is nearly diagonal and thus, the localization CRLB becomes invariant to the emitter locations,
which occurs when the distance between the two emitters is approximately greater than \... The
Hadmard ratio is significantly larger as compared to the 0.1 Ao« under all NAs and all saturation
levels, indicating that the FIM for the localization of two emitters is more diagonally dominated.
In general, the larger the ratio between the objective lens NA and the refractive index (RI) it is
immersed in, the more diagonally dominated the FIM becomes. This confirms the finding on a
larger effect of NA on the localization CRLB than the saturation parameter. When the emitters are
separated far enough from each other, the FIM is nearly diagonal if the ratio between numerical
aperture and the objective immersion refractive index is large enough (e.g. NA/RI 2 0.9).

Also plotted in Fig. 2.4 are the Hadamard ratio with respect to the second emitter’s location
in the coordinate plane(s) within the STM illumination volume with full spatial frequency sup-
port when the first emitter is fixed at the origin under a large NA and a relatively high saturation
level (total expected photon count = 5000 emitters). The plots suggest that the FI becomes less
diagonally dominated as the two emitters approach each other and there exists a strong correla-
tion between their locations along the modulation axes with three-dimensional STM illumination,

especially via the rotated method.

29



2.2.8 Geometric Interpretation of FIM

To further understand the correlation between any two location coordinates from two different
emitters, we introduce one of the geometrical properties in the FI. That is the angle between a given
sensitivity vector and the linear subspace spanned by the rest of the sensitivity vectors. When the
angle approaches 90°, the given sensitivity vector becomes orthogonal to the subspace, suggesting
that it is not collinear with any of the rest of the sensitivity vectors. Thus, when assessing its
associated CRLB, it is expected to be comparable to the CRLB when the corresponding parameter
of is the only parameter of interest since it should be more easily isolated for estimation. In the case
of two emitter localization, the associated CRLB value should be twice as that in the single emitter
localization case due to the increase in total shot noise. When the angles for all the sensitivity
vectors approach 90°, the FIM is then nearly orthogonal and the parameter associated with the
given sensitivity vector can be isolated for estimation with higher precision [40].

To calculate the angles, we view the FIM as a Gramian constructed from the sensitivity vectors,

JY:0) = G'G, (2.31)

where G = [g;,- - ,g ] consists of sensitivity vectors as its columns. In the SPLM case, the i‘!
sensitivity can be expressed as g, = 2 0+/Sg/00; and /Sy denotes the element-wise square root
of the mean photon count vector. To find the CRLB for the i*" parameter to be estimated, we can

pull out the *! sensitivity vector, g, and rewrite the FIM as

grg;, 9'G,
J(Y;0) = : (2.32)

Gz'Tg i GiT G;
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where G; = [ -+ ,02~/S9/00;_1,02/S¢/00; 11, - - ] isa2 M x (N —1) matrix with the column

vector g; removed. Then the inverse of the FI can be written as

1

T _ .
Iy = |9 (I — Pg,)g; , (2.33)
1

G/ (I - Py)G,;

*

where Pg, = G; (G?Gi) - GY is the projection matrix onto the (N — 1)-dimensional subspace
spanned by G;, denoted as (G;), and Py = g,(g7 g;) 'g; is the projection matrix onto the vector

g;. It is clear that the CRLB for an unbiased estimator for the ith parameter of interest, éz is

. 1
wr(0) = i paar 230
which is the inverse of the squared Euclidean norm of the i*" sensitivity vector g, projected onto
the orthogonal complement of (G), denoted as (G;)*. Therefore, the more orthogonal g; is to
(G;), the smaller the lower bound on error variance is in unbiasedly estimating #;, which indicates
that the parameter associated with the given sensitivity vector can be isolated for estimation with
high precision [40]. The angle between a sensitivity vector and the subspace spanned by the rest
of the sensitivity vectors, thus, qualitatively determines the value of the LBEStd, which can be

expressed as

9. (Pg.9;) )
W, = arccos (; (2.35)
. g:ll 1 Pc.gl

for each sensitivity vector g;.

The presence and values of off-diagonal elements in the FI play an important role in deter-
mining the expressions and values of the LBEStd for unbiased localization using SPLM with STM
Illumination as they indicate the level of correlation among parameters of interest. Their values can
be probed via one of the geometric properties of the FI, the angle between the partial derivative g,
and the subspace the rest of the partial derivatives span. As mentioned above, such angle indicates

the orthogonality of the FIM because g; G; — 0 as W, — 7/2 so that the off-diagonal elements
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can be considered as negligible and the FIM is nearly diagonal. Therefore, we plot the angles be-
tween the sensitivity vectors of two fluorescent molecules and their subspace under various system
parameter values.

For simplicity, one emitter is located at the origin while the other varies its location in one of
the three coordinate planes over the STM illumination volume with full spatial frequency support,
220 Aex X 220 Aex X 2000 Aex, assuming a Gaussian beam with width 57 ym with wavelength of

500 nm.

Two-dimensional Localization

Angles between partial derivatives with respect to the position-varying emitter and their corre-
sponding subspace are plotted in Fig. 2.5 with different sets of illumination objectives NA values
and saturation levels.

There exist crisscross structures in the  — 2z plane centered about the origin, similar to that
observed in the plot of the Hadmard ratio of the Fl in Fig. 2.4, where the sensitivity vectors become
more collinear to their corresponding subspace. Consequently, when the second emitter is at one
of these locations, even if the two emitters are far apart from one other, the lower bounds on error
variance for jointly estimating each location parameter of emitters worsen due to the degeneracy in
the FIM. The closer the angle is to 0, the higher the CRLB is evaluated from 2 times the CRLB in
the single emitter case and eventually approaches infinity. As an example, when the two emitters
are separated along the spatial frequency modulation x-axis within A\, of each other, ¥,, and W,
both exhibit a decrease followed by an increase before they start to approach 0. This behavior is
reversed when it comes to the LBEStd, which should initially increase and then decrease before it
approaches infinity.

Moreover, the collinearity structures change mainly with respect to the illumination objective
NA due to its larger impact on the illumination pattern that is mainly determined by the spatial
frequencies projected. Therefore, when two emitters are spaced on the order of A\, away from

each other with a sufficiently large ratio between the objective numerical aperture and the objec-
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Figure 2.5: Angle between the partial derivative with respect to x5 (left column) or 29 (right column) and
its corresponding subspace for 2D SPLM (A¢x = 500nm, ¢, = 1.0ms) with STM illumination used in
CHIRPT microscopy as a function of the second emitter location. The corresponding subspace is spanned
by the rest of the partial derivatives. Both emitters are assumed to be stationary during the signal acquisition
process, with one located at the origin and the other varying its location. The illumination objective NA is
fixed at 1.40 (RI of 1.518) with agay = 0.01 (top row) as well as agay = 0.35 (bottom row), and then at 0.50
(RI of 1.00) with g = 0.35 (middle row).
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tive immersion refractive index (e.g. NA/RI 2 0.90 ), the correlation between the two emitter

locations are low enough that the FIM is nearly diagonal.

Three-dimensional Localization

A subset of angles between partial derivative and their corresponding subspace is plotted for
localization of two emitters are plotted as a function of the second emitter position in Fig. 2.6 using
the rotated illumination method of three-dimensional SPLM with STM illumination and Fig. 2.7
using the cascaded illumination method. The subset of angles is chosen such that they demonstrate
their general trend and dependence on the experimental parameters.

Due to the information coupling between the transverse axes in SPLM via saturation or via a
specific illumination technique such as the cascaded method, the locations where the two emitter
positions become more correlated are not exactly the same as the 2D SPLM. Similar to 2D, how-
ever, both 3D STM illumination patterns depend mainly on the objective NA. Thus, the larger the
ratio between the objective NA and objective immersion RI, the less likely the second emitter is
strongly correlated with the first one in the FOV.

With the rotated illumination method, when the two emitters are located along either spatial
frequency modulation z- or y- axis, the emitter coordinate along that transverse axis becomes
strongly correlated, especially at a low objective NA, with the same coordinate shared with the
second emitter. Consequentially, the transverse LBEStd along that direction for both emitters
increases. The much higher LBEStd correspond to the angle W,, or ¥,, approaching 0 as shown
in Fig. 2.6. In addition, as the second emitter approaches the first emitter at the origin along either
transverse x- or y— axis, there is also a sinusoidal-like behavior in ¥,, or ¥,, and ¥, with an
overall envelope that is approximately negative exponential. This should result in oscillations with
an overall increase in the transverse and axial LBEStd. Finally, we note that similar to 2D SPLM, a
sufficiently large ratio between the objective NA and objective immersion RI (e.g., NA/RI=> 0.90)
and a sufficiently large separation distance (on the order of \..) is necessary for the FIM of two
emitter localization to be nearly diagonal. However, in practice, the minimum distance among

emitters may be much smaller, e.g., on the order of 0.1 A, for acceptable limits of precision.

34



(a) Wy, (b) (c)
X, /A
0
< 3
= < >
[]
..’: m T,
g 35 S =< 100 S E
=2 > x' =
"S5 5. - anfs O 2n/5
<eEs £ g 50 e
Z 0 x = 311-/10 = 311/10
2 £ 9 € o £
e uw w i
8 o s /5 5 /5
~ £ 50 c 50 c 50
8 ] o 8 I"/1o
& 100 0 & 100 0 @ 100 0
100 -50 0 50 100 -1000 -500 0 500 1000 -1000_-500 500 1000
Second Emitter x,/A Second Emitter z,/A Second Emltter z,/\
(d) q’Zz (e) (f) lpyz
X, /A z,/\
5 0 5 -10 0 10
-5 -
= ~ >
O >
o E o 5
- " "
o Fg <-100 12 <100 12 < 1100 2
ﬁ 05 :' 2mfg E 2m/g :' 2mfg
<52 § 0 g 0 g %
- = = ——
T2 E Mo g Mo E 310
8 w w / w m/
5 5
T 2 5 T e 50
o s 0 o
e /10 9 /10 g /10
» 100 0 o 100 0 o 100
-100 -50 100 -1000 -500 0 500 1000 -1000 -500 0 . 500 1000 0
Second Emltter X, /A Second Emitter z,/A Second Emitter z,/A
(@ (h) Yz, (i) Yy,
z,/A z,/A
0 10 s 0 10
< =<
— = 30
3 > x
£
- E T, T, T,
iy T § w100 I 2 S0 I f2
>
o 2m, 2m, 2m
; 9::6 ‘:0-3 50 /5 E 50 /5 E .50 /5
Z85 E 3myy = 3149 = 31/40
8 o ° S 0 LIEJ 0
3 2 50 s 2 s 2 50 i
=~ 50
§ /1o § I"l1o § I"l1o
»n 100 0 0 100 0 o 100 0
-100 -50 0 . 50 100 -1000 -500 0 500 1000 -1000 _ -500 0 500 1000
Second Emitter x,/A Second Emitter z,/A Second Emitter z,/A

Figure 2.6: Angle between the partial derivative with respect to x2 (a, f, h), y2 (b, d, i), or 22 (c, e,
g) and its corresponding subspace for 3D SPLM (Aex = 500nm, ¢, = 1.0ms) with STM illumination
inspired by CHIRPT microscopy using rotated (+) method as a function of the second emitter location. The
corresponding subspace is spanned by the rest of the partial derivatives. Both emitters are assumed to be
stationary, with one located at the origin and the other varying its location. The illumination objective NA
is first fixed at 1.40 (RI of 1.518) with aga = 0.01 (top row) as well as ag,y = 0.26 (bottom row) and then
at 0.50 (RI of 1.00) with aigay = 0.26 (middle row).
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With the cascaded illumination method, we find similarities in how the second emitter position
becomes more correlated with the first emitter at the origin as compared to the rotated method.
When the emitters are located along either spatial frequency modulation x- or y-axis, the trans-
verse lower bounds on error variance for unbiasedly estimating the emitter locations along that
direction is elevated regardless how far apart the emitters are from each other. The elevation in
the transverse lower bounds on error variance, however, is much less than that using the rotated
method as indicated by a larger ¥, or ¥,,. This is due to the coupling of information between the
transverse axes from the simultaneous modulation of both axes such that the information about the
emitters along one axis helps distinguish the locations of the emitters along the other transverse
axis. It indicates that the coupling not only increases the diagonal elements corresponding to the
transverse coordinates in the FIM but also keeps the off-diagonal elements low.

Figs.2.6 and 2.7 not only give insights to localization precision dynamic for two emitters but
also provide guidelines for localizing multiple emitters so that the associated FIM is diagonally
dominated. These conditions include that emitters shall be separated by a sufficiently large distance
(on the order of \.), which is not along or parallel to either spatial frequency modulation axis,
and a sufficiently large ratio between the objective lens NA and its immersion medium RI (e.g.,
NA/RI 2 0.90). However, these conditions do not necessarily guarantee the FIM to be nearly
diagonal, especially when the number of emitters is large as the correlations among all the emitters
are rather complicated. Under these conditions, however, the elevations in CRLB for estimating

multiple emitter locations unbiasedly caused by correlations are kept at a relatively low level.

2.3 FI and CRLB Approximation for Single Emitter

In the context of LM, a lower CRLB indicates that there may exist an unbiased location estimator
with a lower mean squared error, or in other words, a higher precision, from its true value. We
define the (n (I — 1) 4 u)™ parameter of interest as the location coordinate of the I** emitter along

the u'" dimension in n-dimensional SPLM, n = 2, 3. For two-dimensional localization, u© = 1, 2
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Figure 2.7: Angle between the partial derivative with respect to zs (a,f,h), y2 (b,d,i), or 22 (c.e,g) and its
corresponding subspace for 3D SPLM (Aex = 500nm, ¢, = 1.0ms) with STM illumination inspired by
CHIRPT microscopy using cascaded () illumination method as a function of the second emitter location.
The corresponding subspace is spanned by the rest of the partial derivatives. Both emitters are assumed to
be stationary with one located at the origin and the other varying its location. The illumination objective NA
is first fixed at 1.40 (RI = 1.518) with agq; = 0.019 (top row) as well as ag,y = 0.53 (bottom row), and
then at 0.50 (RI = 1.00) with agyy = 0.53 (middle row).
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correspond to the z- and z-dimension respectively. For three-dimensional localization, v = 1,2, 3
correspond to the -, y-, and z-dimension respectively.

The associated FI and CRLB are calculated from the likelihood function of the measured SPLM
signal, which follows a Poisson distribution. The rate of the Poisson distribution is the expected
number of photons measured within the integration time, i.e. SPLM signal duration 27, for the
continuous-time model or the sample time At in the discrete-time model. The discrete-time model
is assumed to be uniformly sampled such that 2 M = 2t./At samples would be acquired. Thus,

the FIM for NV emitters to be localized in n-dimensional SPLM, n = 2, 3, can be expressed as

N —
J(6) = N J (n(1=1) 1) (n(s—1)+v) ) (2.36)
nNxn N
where A, = n,(2t.T) is the upper bound of the fluorescence count detected from a single

emitter, .J denotes the FI normalized by the product of the total detection efficiency 7, and the
maximum fluorescence emission rate I'y, u, v index dimensions x, ¥, z, and [/, s index the emitters
to be localized.

To convert the FIM between the continuous-time and discrete-time models, the integral in
the continuous-time model is replaced by an summation with respect to the sample index, dr is
replaced by At assuming that S(¢,,) is approximately constant over the integration time At, and
the time variable ¢ is replaced by m At. Since the conversion is straight-forward, expressions of
the FIM elements as well as the CRLB are written in terms of the continuous-time model. This is
also to help us study the dependence of CRLB on experimental parameters as when the integrands
in the FIM are applied with appropriate approximations, their integrals can be evaluated to more
concise forms, making evaluation of experimental parameters simpler.

Note that the diagonal elements in the above FIM depend the integral of a product between
the sensitivities with respect to the same location coordinate while the off-diagonal elements de-
pend the integral of a product between the sensitivities with respect to different location coordi-

nates. Assuming that there is no background signal, their generalized expression, the (n (I — 1) +

38



u)(n (s — 1) 4 v)'™" element of the FI .J, can be written as

— ! 1 Bu(ry, 7) Bu(rs, 7)
Jn i Y . :aga / U ) v\ sy dT,
(n (i=1)+u)(n (j—1)+v) t o Z Olsat ](T’j,’r) (1 + et [(7’[77—))2 (1 + et [(TS,T>>2
- 1+ ogar L(7,7)
(2.37)
where 7 = t/t. denotes the normalized time variable and 3,(r;,7) = (V, (7, T))’T:m de-

notes the partial derivative specific to the illumination pattern used in SPLM with respect to the
(n(l—1)+ u)th parameter evaluated at the true position of the /" emitter. The integral in Eq.
(2.37) depends primarily on the overall product between the spatial frequency projected along the
u'™ dimension at [*" emitter location and the spatial frequency projected along the v*" dimension
at s'" emitter location.

In spite of the lack of concise closed-form expressions in terms of the experimental parameters
for the derived FI, the general expression of the lower bound on error standard deviation (LBEStd)

for estimating the u'® location coordinate of the [*"" emitter unbiasedly can be compactly written as

on > \/2 det (M(n};l%z)(n(l—l)+u)) _c,. (2.38)
where §; denotes any unbiased estimator for the [*" emitter location parameter along the u!" di-
mension, M(n (I—1)+4u)(n (I-1)+u) denotes the minor of the FIM associated with its (n (I — 1) + u)th
diagonal element, and Dy is the determinant of the FIM. Here, the LBEStd for the parameter q;
is defined as the square root of the (n (I — 1) + u)™ diagonal element of the CRLB for estimating
the location along u'" dimension for the ™ emitter. For simplicity, we adopt the notations C,, as
the LBEStd for the parameter ;.

When the FIM is nearly diagonal, the CRLB for unbiasedly estimating the location coordinate

of the [*" emitter along the '™ dimension can be well represented by the formula

Ny = -
06 2 (7 J (n(z—1>+u>(na—1>+u>) : (2.39)
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For the localization of a single stationary emitter, its location coordinates are almost surely un-
correlated from each other for the ranges of experimental parameter values that SPLM is assumed
to be operated under in our analyses, i.e. 0.50 < NA < 1.40 and 0.01 < g,y < 1.50. This implies
that the FIM is nearly diagonal, which is validated through the evaluation of the Hadamard ratio in
Fig. 2.3. Thus, we can first analytically study the dependence of the lower bound on error variance
for unbiasedly estimating single emitter location parameters on the experimental parameters via its

approximated form given by Eq. (2.39) in the continuous-time model.

2.3.1 Two-dimensional Localization

According to Eq. (2.39), the localization CRLB is approximately dependent on the maximal de-
tected photon and the corresponding diagonal element in the FIM. For a given fluorophore, we first
notice the maximal detected photon count .4, only depends on two of the experimental parame-
ters, NA and RI. The higher the ratio between NA and RI, which can never exceed 1, the greater
the maximum detected photon count for a given fluorescent label.

On the other hand, each diagonal element in the FIM, J uu, exhibits a dependence on NA,
RI, and saturation level in a more complicated way as shown in Eq. (2.37). To simplify the
discussion, we will set the fringe visibility in the two-dimensional STM illumination, specified by
Eq. (2.13), to unity, i.e. u(f) — 1, and the normalized amplitude functions for the zeroth- and
first-order diffracted beams to unity, i.e. {(o(7r1),(1(r1,t)} — 1. Since the diagonal elements
Juu's are scaled by the same denominator within their integrals for the same emitter, their values
are determined by the partial derivatives of the SPLM signal with respect to the parameters of
interest in the numerator. With STM illumination, each scaled partial derivative, 3, (r,,7) =
fo(T) sin (AD, (71, 7) + Y1 (71, 7) — ¢o(T1)), is approximately dominated by the wavelength-free
spatial frequency modulation functions, fz(7) = NA 7 for a transverse coordinate and f;(7) =

RI? — f2(7) —RI for an axial coordinate when using a CHIRPT mask. Here, & = x/\., and 7 =

2/ Aex denote coordinate variables normalized by the excitation wavelength while 7 = ¢/t denotes

the time variable normalized by half of the signal duration ¢., which result in fz(7) = Aex fo(t),
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fz = Aex [-(t). Therefore, the dependence of the diagonal elements in the FIM on the objective lens
NA, RI, and a,; can be approximated via wavelength-free FI elements, i.e. J, & f_ll ( fq~(7'))2 dr.
This leads to a closed-form expression for the approximated ratio between the axial and transverse
. . . . . o 1 2 1 2
LBEStd in two-dimensional SPLM with STM illumination as [ (fz(7))"d7/ [, (fz(7))" dr,

which can be expressed in terms of the experimental parameters, when using a CHIRPT mask, as

K

1

To2D =

a2

1

o 16 (YA T (NANT [ (NANT L NANTT L (NA
~ RI RI RI RI ORI

(2.40)

—-1/2

Using the first three terms in the Taylor series for the integrand of the wavelength-free spatial
frequency modulation function along the axial direction, the above ratio can be further simplified

as

3NA2  3NA*  5NAS \ 2
TooD A ( ) 2.41)

20 RIZ + 56 RI* + 192 RIS

Moreover, for a low enough saturation (ag, < 1.5) under CW illumination, the dependence
of the diagonal elements in the normalized FIM in two-dimensional SPLM with STM illumina-
tion via a CHIRPT mask can be approximated as J,,, & 3.31 (1 — e~ 17%a) [* (B, (7, T))2 dr.
Taking the dependence of .4, on NA and RI as well as collection efficiency of the objective into

consideration, the CRLB for single emitter localization can be more concisely approximated as

-1

NAN?\ 2 /NA\?
C2 op & | 1.65manop Tote (1 —e 70y [1—4 /1~ (5) 3 (A ) (2.42)
and
0,31,2D ~ T§,2D Cil,QD' (2.43)

41



Note that NA /A« is also the maximum transverse spatial frequency projected onto the object,
which suggests that the localization CRLB in two-dimensional SPLM with STM illumination de-
pends on the maximum spatial frequencies project, i.e. f; max and f. max, when using a CHIRPT
mask.

However, the approximated expressions in Egs. (2.42) and (2.43) do not take into account the
time-varying fringe visibility function 1(¢) resulted from a line focus in the two-dimensional STM
illumination. p(t) reduces the amount of information the observed data carry about the emitter
location, resulting in the LBEStd approximately twice the square root of that in Eq. (2.42) for the
x-coordinate and three times the square root of that in Eq. (2.43) for the z-coordinate. Thus, values
calculated from the approximations should only be used to study the dependence of CRLB on the

experimental parameters in SPLM when using the two-dimensional STM method.

2.3.2 Three-dimensional Localization

Following the same method of approximation, for a low enough saturation level (ag,; < 1.50),
the FIM remains approximately diagonal. However, the approximate dependence of each diagonal
element in the FIM, .J,,,,, on vy differs slightly due to differences in the STM illuminations. In the
rotated method, the diagonal element is given by J;}, ~ 5.87 (1 — e~ "08esat) [1 (B (7, 7'))2 dr
while in the cascaded method, J, &2 1.22 (1 — e~ 21as) [1 (B, (ry, T))2 dr.

Like in the two-dimensional case, /3,,(r;, 7) here can be approximated by the wavelength-free
spatial frequency modulation function, f; ;(7) = NA 7 for a transverse coordinate and f;(7) =
> ey ( RI* — f3(7) — RI> for an axial coordinate when using masks inspired by CHIRPT
microscopy. Thus, the transverse CRLB for the localization of a single stationary fluorescent
molecule in three-dimensional SPLM with STM illumination can be approximated by experimental

parameters as, for the rotated case (+),

2 _ 2
Caiap+ = Oy ap+
—1

NA?) 2 /NA\?
~ [ 29404 1m0, ot (1 — e 108asat) [ /1 — [ == =
g Tt (1 — ¢ 800) CIHGSAR

(2.44)
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and for the cascaded case (x),

2 _ 2
Oxl 3D, x T Cyl , 3D, %

-1

2.45)
NA\Z\ 2 /NA? (
~ [ 0.61ngne, Tote (1 — e 2Masar)y [ 11— [ == =
0.61mam0p Tote (1 = ¢ ) RL) | 3\
The axial LBEStd can be expressed as
031,3D,+/>< ~ 217 op C§1,3D,+/>< =272,p 0731,3D,+/><' (2.46)

2.4 Numerical Evaluations of CRLB

To more precisely conclude the characteristics of SPLM in terms of its localization precision limit,
we shift to a discrete-time model so that the CRLB can be computed numerically. Additional sce-
narios, such as background emitters and multiple emitters, are included for 3D due to its increased
capabilities for practical applications. Again, the STM illumination strategies analyzed here have

been used in and are inspired by CHIPRT imaging [11, 12].

2.4.1 Two-dimensional Localization: Single Emitter

We first plot the right-hand side of the inequalities in Eq. (2.38) with a single in-focus emitter at
r1 = (0,0) with respect to reasonable ranges of NA and «,, to discern the dependence of NA and
saturation level on the improvement in localization precision in Fig. 2.8. For plotting purposes, we
have chosen t. = 1 ms for a total of a 2 ms measured signal duration.

When plotted as a function of the illumination objective NA with a fixed saturation parame-
ter at three different values, the LBEStd in both transverse and axial directions decreases as NA
increases. This is because the sensitivity of the signal with respect to either location parameter
is approximately quadratically dependent on the NA and part of sensitivity improvement is con-
tributed by the improved ability of the objective to collect emitted photons at a higher NA. In other

words, the product between the maximum spatial frequency projected onto the emitter and the
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Figure 2.8: LBEStd and ratio between the transverse and axial LBEStd for unbiasedly estimating the loca-
tion parameters of a stationary in-focus single fluorescent emitter at (0, 0) in two-dimensional background-
free SPLM (Aox = 500nm, . = 1 ms) with STM illumination via a CHIRPT mask as a function of NA and
Qsat- (), (b) LBEStd with NA under various immersion mediums, dry (RI = 1.00), water (RI = 1.33), and
oil (RI = 1.518). Lines correspond to agyt of 0.01 (dotted), 0.50 (solid), 1.00 (dashed). (d), (e) LBEStd
curves correspond to NA of 0.50 (solid with o), 0.95 (solid with +), 0.85 (dashed with %), 1.20 (dashed with
-), 1.00 (dotted with x), and 1.40 (dotted with +). (c), () 75 2p.

square root of the collection efficiency, f; max \/7e Or [ max \/Me> both of which depend on NA, de-
termines the LBEStd when the saturation level is fixed. For example, at a fixed saturation level of
1.00, a water immersion lens of NA = 1.13 yields a similar transverse LBEStd at 3.05 nm as a dry
lens of NA = 0.95. A dry lens of NA = (.95 has a collection efficiency of 34.39% and collects a
maximum transverse spatial frequency of 1.90 /um while a water-immersion lens of NA = 1.13 has
a collection efficiency of 21.00% and collects a maximum transverse spatial frequency of 2.46 /um
with a CHIRPT mask, both of which produce a product f, yax\/7 around 1.12/pm.
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The LBEStd is also plotted as a function of the saturation parameter under fixed NA values.
Since the increase in ag,; leads to an increase in the excited state population, e, and thus, leads
to an increase in the emitted, and consequently detected photons, the transverse and axial LBEStd
decrease. At low values of ag,;, where increases in the excited state population respond linearly
to an increase in illumination intensity, the LBEStd scales approximately proportional to 1/, /.
Larger values of the saturation parameter, however, provides diminishing gains in the excited state
population, and thus, reduces the rate of decrease in the LBEStd until that the saturation is so
large that the SPLM signal becomes constant, which leads to decreasing partial derivatives of the
observed data with respect to the location parameters as a function of 1/ay,;. Consequentially, the
LBEStd increases at a rate of ay,. This does not occur until the saturation level is extremely high
(e.g. = 4.00 when using a CHIRPT mask).

Plotted last in Fig. 2.8 is the ratio between axial and transverse LBEStd. The dependencies
on NA and oy, follows those indicated by Eq. (2.40), where the LBEStd decreases as a function
of the ratio between NA and its corresponding RI but does not vary with respect to the saturation
parameter.

Aside from understanding the dependence of CRLB on the experimental parameters, one of the
most important experimental considerations for LM is to decide what precision may be achieved
for a given detected (and thus emitted) photon budget. These relationships are presented in Fig.
2.9. The dotted lines correspond to varying saturation parameter values under fixed NA values
while the solid lines correspond to varying NA values under fixed saturation parameter values.

At any fixed saturation level or any fixed illumination objective NA, both transverse and axial
LBEStd decrease as the detected photon count increases. This validates that a larger NA and/or
a higher saturation level (i.e. a higher illumination intensity) drive the variation of the SPLM
intensity to be steeper, or in other words, more sensitive, with respect to the emitter position. On
the other hand, as indicated by the approximate expression given in Egs. (2.42) and (2.43), the rate
of decrease in LBEStd is much greater with respect to NA than saturation. However, we note that a

higher saturation will allow a given number of photons to be detected in a shorter time period with
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Figure 2.9: LBEStd for unbiasedly estimating the location parameters of a stationary in-focus single fluo-
rescent emitter at (0, 0) in two-dimensional background-free SPLM (A¢x = 500 nm, ¢, = 1 ms) with STM
illumination via a CHIRPT mask as a function of the expected total number of photons. Dotted Lines cor-
respond to fixed NA values under various immersion mediums with a sweep of saturation parameter from
0.01 to 1.50. Solid lines correspond to fixed saturation parameter cg, values at 0.01, 0.13, and 1.50 with a
sweep of NA from 0.50 to 0.95 with a dry lens (RI = 1.00), from 0.80 to 1.20 with a water immersion lens
(RI = 1.33), and from 1.00 to 1.40 with an oil immersion lens (RI = 1.518).

the same NA and therefore, allows SPLM to achieve a similar localization precision with a lower
saturation parameter with a longer signal duration. This could further reduce the data acquisition

time.

2.4.2 Two-dimensional Localization: Two Emitters

The simplest case to quantify the joint localization capability of two-dimensional SPLM with STM
illumination concerns two fluorescent molecules, which are assumed to share the same photon
emission and detection rates, located in the object region at (—d/2,0) and (d/2,0) or (0,—d/2)
and (0, d/2) without any background emitter. Analyzing the LBEStd for unbiasedly estimating the
two emitter locations helps determine the limit in spacing between emitters such that they may still
be distinguished as two separate emitters.

Similar to the LBEStd for estimating a single emitter location, the LBEStd for estimating the
locations of two emitters can be improved with an increased maximum projected spatial frequency
and a greater saturation parameter. To isolate the effect of distance between two emitters, C,,, C.,,
C,,, and C,, are plotted with respect to d in Fig. 2.10 with fixed illumination objective NA of 1.40
and saturation parameter of 0.35 such that the corresponding expected photon detection count is

5000 from each fluorescent molecule.
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Figure 2.10: LBEStd for unbiasedly estimating the locations of two stationary fluorescent emitter and their
separation distance in two-dimensional background-free SPLM (Aex = 500nm, {. = 1ms) with STM
illumination via a CHIRPT mask (total expected photon detection count = 5000/emitter) as a function
of their separation distance. Cy,, and C,, , with emitters separated along z- (dotted) and z-dimension
(dashed). C; (solid) with emitters separated along z- and z=dimension respectively. Reference C;, and C,
(*) under the same experimental parameter values for the localization of a single in-focus stationary emitter.

When the two emitters are separated more than approximately )., from each other along ei-
ther direction, the transverse LBEStd converges to approximately 4.6 nm while the axial LBEStd
converges to approximately 15.6 nm. Each value that the LBEStd converges to is approximately
v/2 times than that in the single emitter case (3.06 nm for the x-coordinate and 10.53 nm for the
z-coordinate). Such elevation in the two emitter case is primarily due to an increase in shot noise,
which is now contributed by two emitters rather than one. In estimation theory, this phenomenon
is well explained via the presence of parameters not of immediate interest, which are referred to
as nuisance parameters [39]. Inferring the true values of the location parameters of interest, i.e.
location coordinates of one emitter, from the observed data becomes more difficult because the
presence of nuisance parameters, i.e. the location coordinates of the second emitter, may cause the
data to have similar values as those generated from a different set of values for the parameters of
interest.

Additional increase in the LBEStd results from the correlations between emitter locations.
From the FIM standpoint, correlations correspond to increased off-diagonal elements and when
the correlation is large, the off-diagonal elements become large so that the FIM is less diagonally
dominated and consequentially, the CRLB increases. When the distance between the two emitters

decreases below approximately 0.07 Ay, two emitter locations become significantly correlated so
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that their locations are no longer distinguishable, i.e. max {C’x 021,2} > d. Eventually, the

125
LBEStd diverges to infinity. This behavior is analogous to the Rayleigh criterion for resolution.

Evidentially, the increase in each LBEStd is not monotonic with respect to the separation dis-
tance between emitters. It peaks at locations where the corresponding partial derivative is more
collinear with the partial derivative(s) with respect to the location parameters of the other emit-
ter. When two of the emitter location parameters become perfectly correlated, the angle between
each of the corresponding partial derivatives, known as the sensitivity vectors or the elements in
the Fisher score, and their corresponding subspace spanned by the rest of the partial derivatives
approach 0. This leads to a loss of rank in the FIM and the CRLB diverging to infinity. Thus,
the angles between sensitivity vectors and their subspace can be used to infer the experimental
conditions where the corresponding FIM is nearly diagonal and thus, the LBEStd for unbiasedly
estimating two emitter locations are approximately scaled from those in the localization of a single
emitter by a factor of v/2. These experimental conditions are determined to be a sufficiently large
separation (d 2 \.x) and a sufficiently large ratio between the objective lens NA and its immersion
medium RI (NA/RI 2 0.90).

These conditions can be extended as a rule of thumb for the case of N emitter localization
where the LBEStd is approximated via scaling by v/N. Note that these conditions do not neces-
sarily guarantee the FIM to be nearly diagonal, especially when the number of emitters is large, as
the correlations among a large number of emitters are rather complicated. However, they provide
guidelines for potentially lower correlations among emitter locations and reasonable LBEStd.

Instead of estimating locations of both emitters, the distance between the two can be the pa-
rameter of interest when the absolute positions hold little value. Since the distance between two
emitters exhibits a linear mapping from the original parameters of interest, the LBEstd for the

scalar parameter d can also be computed via

J(d)=ATJ(0)A, (2.47)
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where A is the Jacobian vector with its i*" element being 96;/0d. Using J(0) evaluated at true
emitter locations along one of the axes, the LBEStd for an unbiased estimator for the separation
distance, Cy, is plotted as a function of separation distance in Fig. 2.10. Its behavior follows the
transverse and axial LBEStd where as the two emitters approach each other, its value diverges to
infinity. When the two emitters are far enough apart from each other, C,; approaches the LBEStd
for estimating a single emitter location in the corresponding dimension due to the lack of nuisance
parameters since the measurement model is characterized by a single parameter, the separation
distance d. There are no off-diagonal elements in the FI and thus, the amount of information
carried by the measurement about each axis directly contributes to the unbiased estimation of the

separation along that direction, just like the case of single emitter localization.

2.4.3 Three-dimensional Localization: Single Emitter

Three-dimensional SPLM with STM illumination requires introducing spatial frequency modu-
lation along the y-dimension with the same mask at a different carrier frequency or a different
modulation rate. It is expected to provide the same amount of information regardingthe emitter’s
y- and z-coordinate as the spatial frequency modulation along z-dimension regarding emitter’s x-
and z-coordinate respectively. Therefore, both transverse CRLB should be identical and compa-
rable in values to the two-dimensional case, provided that no coupling is introduced between the
modulation axes (e.g. with the rotated method under a sufficiently small saturation level). The
axial CRLB should improve approximately twice as much as the two-dimensional case due to dou-
ble the amount of information content contributed by the spatial frequency modulations along the
orthogonal transverse x — y axes.

The cascaded method, on the other hand, couples information about the transverse x- and y-
coordinates. Unlike the rotated method where the observed data can be approximately split into
two equal parts, one for x-dimension and the other for y-dimension, when the saturation level
is low enough, the observed data acquired using cascaded method contains information about

both transverse dimensions simultaneously. That is the diagonal elements J(3 (1—1)4u)(3 (1-1)+u) S
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increase in the FIM. In addition, since the information about one transverse axis can be used to
distinguish the location of emitters along the other axis and consequently, it lowers the correlation
between coordinates. Thus, the transverse and axial CRLB using cascaded method should be lower
than those using rotated method under the same experimental parameter values as well as those in
the two-dimensional case.

However, the coupling between the transverse x — y dimensions can also result from saturation
in the photophysics of fluorescence. As the saturation level increases, the information that the
observed three-dimensional SPLM data carry about the transverse dimensions starts to couple, i.e.
J(3(1=1)4u)(3 (1—1)+u) S increase. On the contrary, the transverse dimensions also become correlated,
where the off-diagonal elements for the same emitter J(3(;—1)u)(3(1—1)4v) s increase, u # v. For
a reasonable range of saturation level (as,; < 1.50), the increased off-diagonal elements are still
negligible as compared to the diagonal elements J(3 (1—1)+u)(3 (1—1)4u) S-

To illustrate the information coupling effect between transverse coordinates and understand the
dependence of CRLB on the experiment parameters, we plot the LBEStd for localizing a stationary
in-focus single emitter with no background signal as a function of the illumination objective NA
and the saturation level respectively in Fig. 2.11.

It shows that the general dependence of the transverse and axial LBEStd in three-dimensional
localization on the objective lens NA and the saturation parameter ay,; follows the two-dimensional
case. Compared to the two three-dimensional techniques, on the other hand, the cascaded method
improves the transverse and axial LBEStd due to the coupling of information the signal provides
between the transverse x — y directions as mentioned above.

Also plotted are the approximate expressions of the LBEStd. All approximate expressions
show good agreement with the actual values, suggesting that in the range of the saturation param-
eter values plotted, the coupling the correlation between the transverse = — y dimensions resulted
from saturation are not strong enough for the LBEStd to deviate much. Therefore, the FIM for

estimating the single emitter location in three-dimensional SPLM with STM illumination is nearly
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Figure 2.11: LBEStd for unbiasedly estimating the location of a single in-focus stationary fluorescent
emitter at 71 = (0,0, 0) in three-dimensional background-free SPLM (A¢x = 500 nm, ¢, = 1 ms) with STM
illumination using rotated method (dotted, dotted with +) and cascaded method (dashed, dashed with x)
as functions of NA (asat; = 0.50) and asar (NA = 1.40). (a), (b) C,,, C, and their approximates (black
solid for rotated method and red solid for cascaded method) as functions of NA under various immersion
mediums, dry (RI = 1.00), water (RI = 1.33), and oil (RI = 1.518), (d), (e) Cy,, C, and their approximates
as functions of agat. (¢), () 74,3p and their approximates as functions of NA and cgyt.

diagonal regardless of the illumination method under the ranges of experimental values used for
plotting purposes.

Since a major advantage of using STM illumination is that the DOF over which LM may be
expanded is significantly increased, we plot the LBEStd for unbiasedly estimating the location of
a single stationary emitter as functions of the emitter z-position in Fig. 2.12. We assume that the
excitation beam has a wavelength of 500 nm that is Gaussian distributed in space with a width of

57 pm and the total magnification of the imaging system is 77. Within the region of full spatial

frequency support, approximately 537 um full-width-at-half-maximum (FWHM) depth using the
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Figure 2.12: LBEStd for unbiasedly estimating the location of a single stationary emitter at 71 = (0,0, z) in
three-dimensional background-free SPLM (Aex = 500nm, t. = 1 ms, NA = 1.40, RI = 1.518) with STM
illumination (total expected photon detection count = 5000 /emitter) using rotated method (ag,y = 0.53,
solid) and the cascaded method (a,; = 0.26, dashed) as functions of emitter z-position. (a) C, and Cy,.
(b) C,.

rotated method and 380 pm FWHM depth using the cascaded method, the lower bounds on error
standard deviation remain relatively constant with respect to the emitter z-position. This is because
the information about the emitter location is purely proportional to the intensity profile of the
illumination pattern, which is relatively flat within the full spatial frequency support region. As the
emitter moves away from the said region, the LBEStd increases approximately linearly with respect
to the emitter z-position as the projected maximum spatial frequency decreases approximately as
a linear function of z. Due to such temporal dynamics in the spatial frequency projections, which

may equivalently be considered as a time-varying NA, the localization DOF of SPLM with STM

illumination is extended to 10’s mm.

Background Light Detection

In a realistic experimental setup for SPLM with STM illumination, photons from molecules that
are not the targets, e.g., autofluorescence, often cannot be eliminated and therefore, need to be

accounted for in calculating the CRLB for localizing fluorescent molecules. Such background flu-
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orescent emission increases the overall shot noise in the measured SPLM signal and consequently,
increases the uncertainty of localization.

We assume the photons emitted from the background fluorescence to be distributed through
the illumination volume within the background medium. As a result, the background fluorescent
emission rate follows a Poisson process with a constant rate, B;, with respect to time. The Fisher

information for a given observation then becomes

M

./Vm nt F() AT a o )T a o
Oy S \26° ~g50[m], 2.48
B( ) 2 mz_:M n: Lo S@[m] + B, (80 o[m] 50 o[m] ( )

where S[m] denotes the SPLM signal normalized by the upper bound of the photon detection count
per emitter ./, and B, denotes the background fluorescent signal detection rate that is assumed
constant and much smaller as compared to the photon detection n; I'g per fluorescent emitter since
background emitters are not likely to emit photons at either excitation or detection wavelength.
Here we have adopted the discrete-time model as it reflects the actual data acquisition process and
there is no need to derive approximate expressions using the continuous-time model.

To illustrate how LBEStd in SPLM with STM illumination are affected by background noise,
they are plotted in Fig. 2.13 as functions of background fluorescent rate B; as well as signal-
to-background rate (SBR) with a stationary in-focus single emitter with a mean photon detection
count of 5000 under a fixed NA of 1.40. SBR is defined as the ratio between the expected number
of photons detected from the target fluorescent molecule and the expected number of photons de-
tected from the background. As with all other SMLM techniques, the transverse and axial LBEStd
using SPLM decreases and approaches the background-free CRLB as the SBR increases, or in
other words, the number of photons detected from background decreases. At a high background
fluorescent detection rate 250 photons/us, which yields a SBR of 0.01, the transverse LBEStd
i1s 47.93 nm (rotated) and 20.97 nm (cascaded) while the axial LBEStd is 75.60 nm (rotated) and

33.13 nm (cascaded).
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Figure 2.13: Comparing transverse and axial LBEStd for unbiasedly estimating the location of a single in-
focus stationary molecule at 7, = (0,0, 0) via three-dimensional SPLM (Aex = 500 nm. ¢, = 1 ms, NA =
1.40, RI = 1.518) with STM illumination (total expected photon detection count = 5000/emitter) with and
without background emitters. Curves are plotted as functions of the background fluorescent detection rate
as well as the signal-to-noise ratio (SBR) for the rotated method (agat = 0.26, dashed for with background
and * for without background) and for the cascaded method (asyy = 0.53, dotted for with background and
x for without background) (a) C, and Cy,. (b) C.,.

2.4.4 Three-dimensional Localization: Two Emitters

To determine the limit in spacing between emitters such that they may still be distinguished as two
with a relatively high precision, we first consider evaluating the CRLB for unbiasedly estimating
the locations of two emitters simultaneously without background. The two emitters are assumed to
share the same photon emission and detection rates and located in the object region at (—d /2,0, 0)
and (d/2,0,0) or (0,—d/2,0) and (0,d/2,0) or (0,0, —d/2) and (0,0,d/2).

The general dependence of the CRLB for unbiasedly estimating the separation distance be-
tween the two emitters on their distance exactly follows that in the two-dimensional case due to
the lack of nuisance parameters as shown in Fig. 2.14. The CRLB for unbiasedly estimating the
emitter locations, on the other hand, show similar yet different behaviors due to the coupling and
correlation between the transverse z — y axes.

When the two emitters are separated by a sufficiently large distance along either direction, i.e.
on the order of .., each LBEStd converges to some value higher than that in the single emitter
case. Most of these values are approximately v/2 times higher due to the increase in total shot
noise, resulting in an decrease in the corresponding diagonal elements in the FIM. However, when

the two emitters are located along either of the transverse x- or y-axis, the LBEStd for unbias-
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edly estimating their y- or x-coordinates further degrades due to an increase in the corresponding
off-diagonal elements in the FIM. The degradation of precision is worse when using the rotated
STM illumination method due to the almost identical spatial frequency modulation along one of
the transverse directions for both emitters, which increases the off-diagonal elements in the FIM,
Ju(3+u) and J(z1y)u, such that they become almost equivalent in values as the diagonal elements,
Juuw and J314)(344). This degeneracy can be mitigated by coupling the transverse x — y infor-
mation, for example, by increasing the saturation level so that the sensitivity of the observed data

about one of the transverse axes in which the emitter locations differ can provide differentiation for
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Figure 2.14: LBEStd for unbiasedly estimating the locations of two stationary fluorescent emitter and their
separation distance in three-dimensional background-free SPLM (Aox = 500nm, . = 1ms, NA = 1.40,
RI = 1.518) with STM illumination (total expected photon detection count = 5000 /emitter) as functions
of the separation distance d. (a), (b), (¢) Cy, ,., Cyl,z’ and C’ZL2 with emitters separated along x- (dotted), y-
(dash-dotted), and z-axis (dashed) using rotated method (agat = 0.26). Cy (solid) with emitters separated
along z-, y-, and z-dimension respectively. Reference LBEStd (x) under the same experimental parameter

values for the location of a single in-focus stationary emitter. (d), (e), (f) Same LBEStd using cascaded
method (agay = 0.53).
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the shared emitter coordinates. That is why such increases in the off-diagonal elements when the
two emitters are located along the z- or y-axis are much less with the cascaded STM illumination
method.

When the separation distance between two emitters is less than approximately 0.05 Ao, with
the rotated method or 0.04 A\ with the cascaded method, the pair of emitters can no longer be

differentiated as two individual emitters. Eventually, the LBEStd diverges to infinity.

2.4.5 Three-dimensional Localization: Multiple Emitters

The expanded localization volume SPLM with STM illumination may achieve presents a new
challenge from the increase in the number of fluorophores detected simultaneously. While the
expanded volume brings additional capabilities, the increased shot noise from more fluorophores
of interest will negatively impact the localization precision.

To evaluate LBEStd for many fluorescent emitters unbiasedly localized in a volume, we sim-
ulate the locations of a number of fluorescent molecules, N, which are randomly located in an
ellipsoid centered at the origin in the object region with a minimum distance of 0.1 \... The size
of the ellipsoid is determined by the excitation beam width and the DOF that STM illumination
may consequently achieve. Assuming a Gaussian profile of the illumination beam with width of
57 pm in the object region, the principal diameters of the ellipsoid along the transverse x — y axes
are equivalent to the Gaussian width while the principal diameter along the axial z-axis is chosen
to be 50 pm, which has full spatial frequency support, to simulate a dense labelling scenario, and
500 pm to simulate an increased labeling sparsity. Randomization in choosing emitter locations is
to ensure an extremely low possibility that any two emitters will share the same coordinate along
or parallel to the transverse x — y axes, which may lead to unwanted correlations among location
parameters. For each illumination method, we performed 1000 calculations of randomly selected
emitter positions to capture a possible range of precision limit that may occur as a result of emitter
proximity. The minimum distance ensures that the correlation among location coordinates is kept

at a suitable level.
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Figure 2.15: LBEStd for simultaneously estimating the locations of multiple emitters in three-dimensional
background-free SPLM (A\ex = 500nm, . = 1 ms, NA = 1.40, RI = 1.518) with STM illumination (total
expected photon detection count = 5000/emitter) using rotated method (dashed) and cascaded method
(dotted) as functions of the molar concentration as well as the number of emitters. (a), (b) Cy 4, and C,
in dense labeling scenario with reference LBEStd (black dashed for rotated and black dotted for cascaded).
(c), (d) Same LBEStd in sparse labeling scenario.

The LBEStd are plotted as functions of the the molar concentration and the number of fluo-
rescent molecules in Fig. 2.15 with a mean photon detection count of 5000 photons per emitter.
The cascaded method shows advantages over the rotated method in both sparse and dense labeling
scenarios as not only the LBEStd are much lower under the same number of emitters due to the
information coupling between the transverse = — y plane, but their ranges are much smaller due to
a much lower probability of two emitters being strongly correlated in a confined space.

Also plotted are reference curves for LBESTd to localize multiple fluorescent molecules as-
suming there is no correlation among all emitters, or equivalently, the Fisher information matrix
is nearly diagonal. We chose to denote the reference curves as /N Cy, 1., where N is the number

of fluorescent molecules of interest and C, . is the LBEStd for unbiasedly estimating the emitter
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location along g-dimension for the localization of a single emitter, which is further approximated
via Egs. (2.44), (2.45) ,and (2.46). Compared with the reference curves, the LBEStd mainly de-
pends on the number of fluorescent molecules to be simultaneously estimated. Especially with a
relatively low number of emitters, the average LBEStd’s between the sparse and dense labelling
scenarios are similar in values. As the number of fluorescent molecules increases, the probability
that the emitter locations are correlated also increases such that the LBEStd may be raised much
higher than the reference curves. This is the reason why the ranges of the LBEStd is greater and
the average LBEStd is higher in the dense labeling scenario and/or when using the rotated method.
Moreover, we may infer upper bounds of the molar density for which the FIM can be consid-
ered as nearly diagonal by considering that if the average LBEStd for unbiasedly localizing multi-
ple emitters simultaneously are within 15% increase from the reference LBEStd, then they can be
roughly approximated by the reference. Thus, when the molar density is less than 15 fmol/L using
the rotated method, the resulting increase in the average LBEStd is less than 4 nm from the refer-
ence along the transverse directions and 8 nm along the axial direction. When the molar density is
less than 30 fmol/L using the cascaded method, the resulting increase in the average LBEStd is less
than 3 nm from the reference along the transverse directions and 6 nm along the axial direction.
Regardless of how correlated the emitter locations are, SPLM with STM illumination offers the
potential to observe high-speed translational dynamics of the fluorescent probes over a large vol-
ume with a relatively high precision. To give a specific example, the average LBEStd for estimating
the location of 500 emitters jointly in both sparse and dense labeling scenarios is approximately
80 nm for the transverse coordinates and 140 nm for the axial coordinates when using the cascaded

method.

2.4.6 Comparison with Camera-based Methods

Most SMLM methods use camera-based detectors, in which case the localization precision is fun-
damentally limited by the number of photons detected from the fluorescent molecules of interest,

assuming that there is no overlap among their PSFs [41]. It is interesting to compare the CRLB
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for localizing a single fluorescent emitter using camera-based LM methods and three-dimensional
SPLM with STM illumination.

The camera-based method in comparison in Fig. 2.16 is 2-plane MUM with one focal plane
at O um and the other at 0.5 um, which may achieve a DOF of approximately 2.5 pm [42]. For
simulation purposes, we assume no background emitter, an emission wavelength of 520 nm, and
an effective pixel size of each detector of 100 nm. The PSF follows a Gaussian function with an
approximated standard deviation [43]. The photon detection rates are assumed equal between the
two detectors. The experimental parameters that are not specified have the same values as those in

SPLM with STM illumination. The FI using any camera-based method are given by [42,44,45],

K . T .
Z Z 1 a/iiug a:ué,k;
Jcam(e) - J k=1 ok + B . < 00 00 ’ (2.49)

where K is the total pixel count of the detector, Bj;, denotes the mean photon count detected from
the background emitters, and ué . denotes the Poisson rate parameter for which the number of
photons in the %-th pixel on the j-th detection plane or image is detected. ug . 1s PSF-dependent

and defined for the fluorescent molecule located at (x1, y1, 21) as

g /
Me,k M2

Gg fR2

'PSFZ{ (V(% — )+ (& - ygy)
PSF, (\/(ﬁ — ) (- y{y)

5 dx dy, (2.50)
dx dy

where M denotes the total magnification of the imaging system, G, denotes the area of the k-th
pixel, and the PSF varies with respect to the emitter axial position.

According to Fig. 2.16, three-dimensional SPLM with either STM illumination method carries
a greater amount of information about the emitter axial coordinate under the same photon bud-
get. When using the cascaded STM illumination method, SPLM demonstrates an advantage in
unbiasedly estimating the emitter transverse location as well, especially under a limited photon

budget.
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Figure 2.16: LBEStd for unbiasedly estimating the location of a single stationary in-focus fluorescent
molecule at 7; = (0,0,0) from three-dimensional SPLM (Aex = 500nm, ¢, = 1ms, NA = 1.40, RI =
1.518) with STM illumination using rotated method (dashed) and cascaded method (dotted) as compared
to 2-plane MUM (\e, = 520 nm, effective pixel size = 100 nm) (solid) as functions of the total expected
photon detection count. (a) C, and Cy,. (b) C,.

Moreover, the main advantage of STM illumination is its large DOF, which is 100’s pm with
full spatial frequency support as compared to < 10 um that is common in MUM. The imaging
depth using MUM is partially limited due to the fact that the DOF is gained via the addition
of focal planes and thus, the total amount of photons detected is split among multiple detectors.
Consequently, the information of emitter locations decreases as the emitter is positioned farther
away from the detectors. In comparison, DOF in 3D STM illumination is determined by the
overlapping region of the two first-order beams along the modulation axes, which varies with
respect to time as the first-order beams scan across the back aperture. This temporal dynamic
allows for fractions of the spatial frequency modulations to be projected onto an emitter that is
far away from the focal plane and therefore, a much larger DOF on the order of 10 mm can be
achieved with the lower bounds on error standard deviation for unbiasedly estimating the emitter
location scaled by its absolute axial position outside of the full spatial frequency support region.

The trade-off between the localization DOF and the lower bounds of precision exist in almost
all LM methods. Thus, to further compare the CRLB between SPLM and camera-based SMLM,
we plot the transverse and axial LBEStd as functions of a single emitter z-position in Fig. 2.17 with
background fluorescent emitters. The camera-based LM method in comparison is the Tetrapod
PSF, which is optimized for a DOF of 3 um and +10 ym, meaning that the CRLB diverges
rapidly outside of its design range [37,38]. For plotting purposes, we assume 5000 photons are
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Figure 2.17: Comparison of the LBEStd for unbiasedly estimating the location parameters of a single
stationary fluorescent molecule at ; = (0, 0, z) using three-dimensional SPLM (A¢x = 500 nm. ¢, = 1 ms,
NA = 1.40, RI = 1.518) with STM illumination (total expected photon detection count = 5000/emitter)
via the rotated method (dotted) and the cascaded method (dashed), and the Tetrapod PSF (Aeyy = 520 nm,
effective pixel size = 143 nm) with a background fluorescent rate of 20 photons/pixel. The localization
CRLB calculations using the Tetrapod PSF were provided by Boris Ferdman at Technion - Israel Intitue of
Technology, with masks optimized for a DOF of 43 pm (line with [J) and +10 pm (line with o). (a) Cy,
and Cy,. (b) C,.

expected to be detected from the fluorescent molecule. For Tetrapod PSF, the effective pixel size is
143 nm and the expected background signal per pixel 5, is 20 photons, which can be related to the
background fluorescent rate in SPLM as B; = N, N, B,/ At;, where NV, and N, as the numbers of
pixels per row and column of the FOV and At; as the camera integration time. To match SPLM,
the rest of the experiment parameters are set to be the same. These calculations were provided by
Boris Ferdman at Technion - Israel Institute of Technology.

LBEStd via Tetrapod PSF optimized for +3 pm is comparable to three-dimensional SPLM with
STM illumination using the cascaded method while Tetrapod PSF optimized for +10 ym carries a
similar amount of information content about the emitter location as compared to three-dimensional
SPLM with STM illumination using the rotated method. Certainly, SPLM with STIM illumination
has a much larger localization DOF.

Therefore, unlike camera-based LM techniques, such as MUM or engineered PSFs, which rely
on the addition of focal planes or distortions of the PSF to gain DOF and consequently, compensate
the localization CRLB, the DOF of SPLLM with STM illumination does not affect the localization

CRLB much within its full spatial frequency support, which extends to 100’s um and thus, is

relatively constant.
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2.5 Conclusion

By computing CRLB, we have quantified the effects of different experimental parameters, such as
the illumination objective lens NA, the fluorescence emission rate, the saturation parameter, the
background emitter level, and the number of emitters within the localization volume, on the lower
bound on error standard deviation (LBEStd) for the unbiased parameters of the emitter location(s).
These analyses reveal the following properties of SPLM. The larger the transverse spatial frequen-
cies in the illumination field, the lower the CRLB and thus, a higher localization precision may be
achieved. For a reasonable range of saturation levels (as,; < 1.50), an increase in the saturation
level corresponds to an increase in the information due to the increase in the excited state popula-
tion and consequently, detected photons within the given detection window. In three-dimensional
SPLM, an increase in saturation also couples the information between the transverse axe and thus,
improves the transverse CRLB. Such coupling in information can extend intrinsically from mod-
ulation design, like in the cascaded method where the modulations of spatial frequencies along
both transverse z- and y-axes are simultaneous and introduce a much greater information coupling
effect as compared to saturation. Not only does it increase the amount of information the signal
carries about each of the transverse axes, it also helps reduce the correlation between them.
Moreover, via FIM, we determined the conditions when it can be considered nearly diag-
onal so that the CRLB for unbiasedly estimating u'" location parameter of the [*" emitter can
be approximated by the inverse of the (n (I — 1) +u)™ diagonal element of the Fisher informa-
tion matrix. These conditions, when applying STM illumination patterns used in and inspired by
CHIRPT microscopy, include a minimum separation distance between emitters on the order of A,
NA/RI 2 0.9, as well as a maximum molar density, when it comes to three-dimensional SPLM,
of 15 fmol/L via the rotated method and 30 fmol/L via the cascaded method. We have reached
such conclusions under the assumption that the photon emission and detection rates among emit-
ters are the same. For the localization of a single emitter in three-dimensional SPLM with STM
illumination, the CRLB for unbiasedly estimating each location parameter within the full spatial

frequency support can be further approximated in terms of the experimental parameters using Eqs.
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(2.44), (2.45), and (2.46). These approximate expressions are validated through comparisons to
the exact analyses of the corresponding lower bounds on error standard deviation (LBEStd). In
two-dimensional SPLM with STM illumination, the dependence of the CRLB on the objective
lens NA and the saturation parameter o, still follows the approximate expressions as specified in
Eqgs. (2.42) and (2.43). However, these approximate expressions do not take into account of the
time-varying fringe visibility function x(¢) that arises from the energy apodization of the diffracted
beam when scanning across the back aperture and therefore, the actual CRLB values slightly de-
viate. For multiple emitters (/NV), the localization CRLB of each emitter within the full spatial
frequency support region of SPLM with STM illumination can be approximated by scaling the
CRLB for the localization of single emitter by N. We have also shown that even when correla-
tions among emitter location parameters exist, the LBEStd for unbiasedly localization hundreds of
emitters is expected to be in the 10’s and low 100’s nm.

Lastly, CRLB also helped us evaluate the information content that SPLM with STM illumi-
nation carries across its large DOF. In the region with full spatial frequency support that is 100’s
pm deep, the LBEStd are limited by the number of photons detected per emitter. Because of
the unique temporal dynamic of spatial frequency modulation projected onto the object region
when using STM illumination, localization of emitters can be extended beyond the region with
full spatial frequency support to 10’s mm and the LBEStd is scaled with the emitter’s z-position

approximately linearly.
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Chapter 3
Misspecified Cramér-Rao Bound (MCRB) with

Poisson Statistics and its Application in Localization

Microscopy (LM)

3.1 Introduction

This chapter is based on work that has been accepted for publication in Optics Letter: "Misspecified
Cramér—Rao Lower Bound with Poisson Statistics and its Application in Localization Microscopy"
by Maxine Varughese et al.

The CRLB establishes a fundamental limit on the precision of any unbiased estimation and is
widely applied in optical measurements, including localization microscopy (LM) [14,44,46-49],
diffuse optical tomography (DOT) [50,51], and interferometry such as optical coherence tomogra-
phy (OCT) [52] and ptychography [53]. It informs high-resolution imaging system design, optical
instrument calibration, and material characterization. However, the CRLB assumes perfect knowl-

edge of the data model

an idealization often violated in practice due to calibration errors, mis-
alignment, or optical aberrations. To account for mismatched models, the Misspecified Cramér-
Rao Bound (MCRB) was developed and primarily applied under a Gaussian model [15-20]. It

provides a lower bound on the error covariance of any estimator that is unbiased with respect to

the "pseudo-true" parameters those to which the estimator converges under the misspecified
model.

This chapter extends the MCRB formulation to a Poisson noise model, which more accurately
reflects the statistics of photon-limited optical measurements. We apply this framework to two LM
methods: Single-Pixel Localization Microscopy (SPLM) with Spatio-Temporally Modulated illu-
minations (STM) [14] and Single Molecule Localization Microscopy (SMLM) [5-8]. We analyze

precision changes under mismatched aberration powers — specifically, first- and second-order
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components — between the presumed and true models of single-emitter signals. These corre-
spond to a mismatch in the point spread function (PSF) for SMLM or in the location-specific
temporally modulated illumination patterns for SPLM. We focus on the single-emitter case as the
effect of mismatched aberration powers is independent across emitters. Higher-order aberration
mismatch is computationally more intensive due to the lack of a closed-form expression for the
pseudo-true emitter location.

To evaluate the impact of using an idealized (aberration-free) signal model in the presence of
aberrations, we compute the MCRB and the lower bound on the mean squared error (MSELB),
and compare them to the CRLB under the aberrated yet fully characterized model as well as the
aberration-free scenario. These comparisons quantify the resulting change in localization precision
due to model mismatch.

It is important to note that the mathematical notations adopted for the CRLB and MCRB anal-
yses may differ across sections. These differences are intentional and serve several purposes: they
preserve internal consistency within each framework that is mathematically involved and reflect
the distinct assumptions underlying well-specified versus misspecified models. Where applica-
ble, care is taken to define variables locally and maintain conceptual continuity between the two

analyses.

3.2 Background

This section provides the detailed mathematical derivations for the misspecified Cramér-Rao Lower
Bound (MCRB) under mismatched Poisson point processes and its application in two types of
localization microscope (LM) methods —- Single Pixel Localization Microscope (SPLM) with
Spatio-Temporally Modulated illuminations (STM) and Single Molecule Localization Microscopy

(SMLM) with mismatched aberration powers in tilt and defocus aberrations.
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3.2.1 General MCRB Derivation with Mismatched Poisson Processes

Let N € R* be a random vector, each of its element is independent and identically distributed
(1.1.d.) as an observation recorded in the experiment, e.g. photon count detected in one time interval
of a single-pixel camera or on one pixel of an array camera. With the shot-noise-limit assumption,

the true probability density function (PDF) of the joint process is given by

vk (600, co)™

e o), (3.1)
N

F(N:00) =[]

k

where the Poisson rates are functions of the parameters of interest 8 and the uncertainty parameters

c at their true values 6, and ¢, respectively. The uncertainty parameters capture any incomplete

knowledge about the experiment, e.g. aberration powers, besides the parameters of interest.
When the uncertainty parameter values deviate from the true ones in reconstruction or estima-

tion, the data are presumed fitted to a mismatched statistical model, i.e.

D(N-0) — 1;[ Vk(iak!é)n’“ ¢ (0.2), (3.2)
where ¢, holds different values than ¢y. Under the assumption that an interior point 90 exists in the
parameter space such that it gives a unique maximum for E,[In f(IV; )], it is shown that 6, also
minimizes the Kullback-Leibler (KL) divergence between the true and presumed PDFs [18,54,55].
Therefore, as a measure to quantify the performance of the maximum likelihood (ML) estimator,
the MCRB is defined with respect to misspecified (MS)-unbiased estimators é and the pseudo-true

parameter values éo that they converge to [15, 16, 18],

cov (5, éo) > A, B, A;' = MCRB(6y), (3.3)
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where Ay and B, are two generalizations of the Fisher information matrices under misspecified

models. Each of their entries is given by

vk(6o, ¢ 02 B
[AéOLj - {Ep [Vevglnf(N,H ”9 00 ij ( ik ; C0 B ) aeiaejyk<076) =0
Vi, (6, ¢ 0 3
zk:(k 0 0280 vp(0, ¢ )8—0yk(0 c) K
6=0,
(3.4)
and
Bl = (5 Fu s 0T s Y20,
_ Z vk(60, co) + (v£(09, co) — yk(ejé)f P "o C)iy 0.5 (3.5)
B (1:(0,¢))° 96, 09, )
6=0,

Moreover, the pseudo-true parameter, the minimizer of the KL divergence between the true and

presumed statistical models, is given by

p(IN;6p) 0,c
Dxu(pllf) = Ep [l ; } ka 0y, ¢co) 1 % — v(0o, co) + vi(0,€).  (3.6)

When the presumed statistical model p(IV'; @) matches the true PDF, i.e. v;,(0y, ¢o) = vy (g, &) for
all measurements, Aéo and B 8o become the Fisher information matrices in the standard definition.

Consequently, the MCRB becomes the conventional CRLB.

3.2.2 Probabilistic Models in SPLLM and SMLM Measurements

In SPLM, the expected number of photons detected at time ¢, which is the rate of the k" Poisson
point process, 14 (0, ¢), can be expressed by /4, I4(t;, c), where ¥, denotes the maximal mean

photon detection rate for the entire signal and I(-) is the illumination intensity normalized to unity
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in space an time. The true joint probability of photon detection is then

— n
(t/Vm Ieo(tk,co)) e,/;/mfeo(

JspLm(IN; 0g) = H troco) (3.7

k

Under the mismatched condition assuming that there are no aberrations, the presumed joint prob-

ability of photon detection becomes

(M To(t,0))™

pspem(IN;0) = H e~ m To(tk,0) (3.8)

k

The challenge with the MCRB analyses for any camera-based LM method is that a closed-form
expression for the point spread function (PSF) does not always exist, especially with higher-order
aberrations. Under the Gaussian beam and Fresnel approximation, the 3D PSF, normalized to unit

integral over the transverse image plane, is given by, up to second-order aberrations,

1
1 2 1 2
@ﬁﬁ+ﬁ<?‘%@><%ﬂﬁ+ﬁ<?‘%@>
(z — 0 —cf)? (y —yo — c})?

- 1 20 1 20 2
- 2 __21‘ - 2 __2y
. 4ﬂﬁ+ﬂ(f CQ 4ﬂﬁ+ﬂ(f CQ

Consequently, the true and presumed joint PDFs of detecting a number of photons across all pixels

PSFg(p,c) =

(3.9)

on a camera take similar forms as Eqgs. 3.7 and 3.8,

P Nk
(./Vﬂgam S, PSF (i, ] + d. o) d2d>

o= [, P ([wn ) +d,c)d*d

fSMLM(N; 9) = H

k

?

(3.10)
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and

—_ Nk
(Ao [, PSF (2,14 + . 0) p)

psun(IN:0) = [ | A [, PSE (2 1) 4p.0)p

k

(3.11)
where //,¢*™ denotes the maximal mean photon count detected across all pixels, [z, Y] is the

starting position of the k-th pixel and Ap is the pixel size.

3.2.3 Detailed MCRB Derivation

Following the general derivation and the statistical models, the general MCRB for each transverse
emitter location in SPLM is approximately given by, assuming that there is little to zero correlation

among emitter coordinates,
Io,(t
Zf M — 1 cos (ACI){) (tk’()))
I, (tr,0) 8o

— -1
Lo, (tr,co) . »
-
) Teo(tkHCO) +'/Vm (Teo(tk‘ac()) —Téo(tk;,O))Z
" zk: o Tg, (14, 0)

2 Tgo(tkaco) D
X {Z fy (k) [(m - 1> cos (Aq)éo(tk,o))

_ 1

Ig (1

—l——_HQO( k2 C0) sin® <A(I>g (tx, 0)) ;
]éo (tk, 0) 0

MCRB (5o)

sin? <A<I>go (tr, 0)>

(3.12)

where A@go denotes the overall modulation phase for each transverse p-axis. The general MCRB

for the axial emitter location in SPLM takes a similar form but has information contributed through
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both transverse modulations. Its expression is approximately given by

I O(tk,CO) p
MCRB(%) =7 2./V {ZZfzp [(m_l) cos (A(Péo(tk,o))
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+ —Tzo(tk,O) <A<I> (tx, ))]}

- 2
It, 4 Moy (To (e, o) — To (0,0
X ZZf2 tr) o0 (8 o) ( o0t o) o, Uk )) sin® (A@g (tk,o))
]éo(tk,O) 0

{ZZfzp [(% — 1) cos (A@go(tk,O))

_ 1
Ig. (T

+—_020( k2 C0) sin? <A®§ (M,O))] }
[é() (tkH O) ’

(3.13)

Further simplification and implications of the MCRB needs to be assessed with specific aberration
power mismatches.
Due to the lack of general closed-form expression for the PSF with all orders of aberrations,

the general expression of the MCRB in SMLM does not exist.

Tilt and Defocus in SPLM

When tilt and defocus aberrations are present in optical measurements, the true signal model in
. 1

SPLM has an aberration phase as @1, ,(¢o,t) = et 2m(eo” o0+ 15®) for each transverse p-axis.

Therefore, the overall modulation phase for each transverse p-aixs without considering the Gaus-

sian beam profile becomes

AD,(0,1) + panple,t) =27 (Mt + 1) (0 + ) — o) (ZTO — c§>) . (3.14)

Assuming that there is no aberration in the data collected, ¢,1,,(0,¢) = 0, the KL divergence be-
tween the true and presumed PDFs, following Eq. 3.6, is minimized when vy (6, ¢y) = I/k(éo7 0)

for all k, or equivalently, A®,(0,t) + @app(co,t) = Ad,(0y,t) overlooking the effect of the
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illumination Gaussian beam profiles for simplicity. The pseudo-true parameter values 6y can be
found at [z + ¢, y* + ¢;”, 20 — 2 f c2]. Since the tilt and defocus aberrations induce relative
shifts in the illumination pattern relative to the detector, the phases and amplitudes resulted from
the propagation of the Gaussian beams become matched in the true and presumed signal models
with the same amount of shift in the pseudo-true parameter values as well. Therefore, the MCRB

can be simplified as

. 1 f3(tr) 2NA?¢
MCRB D) = =r in? (A® (,0)) ~ ——° 3.15
sprM (Do) ire 0 g fgo(tk,()) Sin ( 90( ks )) 32, N ( )
and
. 1 £2,(t) ANA*t
MCRB 20) = 2P sin® (AP (4,0)) ~ —5—— 3.16
CRBsprm(20) P /szk:zp:]é (0.0) sin < 90( ks )) SRIZAZ A, (3.16)

They are the same as the conventional CRLB without any model mismatch, which are given by

1 fa(tw)
CRLBsprym(po) = =L sin? (A®} (ty, co)), (3.17)
0 471'2 /Vm & [go(tk,CO) ( %o 0 )
and
. 1 o)
CRLBgpra(%0) = T ZZ msuﬂ (ADY (ty, o)), (3.18)
m k p o 9

as Ig,(t, co) = 790 (t,0) for all .

However, the lower bound for the mean square error takes into the consideration of the bias as
X e o 2
MSEsprm(Po, p5) = CRLBspLm(po) + (C(ljp) ; (3.19)

MSEsprai(Z0, %°) > CRLBspru(%0) + 4 f2 (2)*. (3.20)

Thus, the degradation in the lower bound for MSE results from the estimation bias introduced from

the mismatched statistical models.
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Tilt and Defocus in SMLM

Similarly, the PSF in SMLLM when tilt and defocus aberrations are present is given by

((L’ o er _ C(l)x)2 + (y . yel) . 059)2
a 1 ) ZeO ) 2
_ 1 ()
PSFg(p, Co) = 2 e 472 fc2 f
1 ) zeO )
T 4W2f§+fc 7—200
(3.21)

When assuming there is no aberration, the KL divergence between the true and presumed statistical
models is minimized when 1™ (8, ¢o) = v (8, 0) for all k, or equivalently, PSFg, (p, co) =
PSF,, (p, 0). The pseudo-true parameter values 6 are found at [z<0 + 3%, y© + ¢, 2° — 2 f 2]

as well. Therefore, the transverse MCRB becomes

= 1 2(pr, — P’ + d
MCRBgsmim(p) = N /A 1pk fo 26%) 3
m k p 2 (2
4ﬂﬁ+ﬂ(f)

(zp — 2 + d)* + (yr. — §° + d,)?

1 260
=t ()

-1

X exp — d*d

9

(3.22)

while the axial MCRB also has a similar closed-form expression but is more complex. Since

both expressions do not carry significant insights to the dependency of MCRB on experimental

parameters, only the transverse MCRB formula is provided.
Like the MCRB in SPLM, since the true and presumed PSFs coincide, the MCRB is the same

as the CRLB. However, the lower bound for the mean squared error accounts for the bias and thus,

MSEsnia (Po, ) > CRLBswirw (Bo) + (C(l)p)27 (3.23)
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MSEgu (20, 28°) > CRLBgua(20) + 4 f2 (). (3.24)

The degradation in the lower bound for MSE is also characterized by the bias alone.

3.3 Illustration of MCRB via Defocus in SMILLM

To further elucidate the MCRB, we begin with the CRLB, which provides an MSELB between any
unbiased estimator 6 of the true parameters 6, [56]. The CRLB is asymptotically attained by the
maximum likelihood (ML) estimator as sample size increases.

Unlike the CRLB that assumes the statistical model matching the experiment perfectly, the
MCRB accounts for mismatch between the presumed and true statistical models — common
in practice due to misalignment, aberrations, or calibration errors. Fig. 3.1 summarizes three
estimation scenarios: fully characterized (data and true model matched with aberrations), realistic
(data with aberrations but ideal model without aberrations), and ideal (data and model matched
without aberrations).

In the ideal and fully characterized cases, data and model match —- unbiased estimators such
as ML converge to the true parameter value, and the CRLB defines the MSE limit. However, a full
characterization is rarely feasible in practice.

In the mismatchedcase, data are acquired from the actual system (filled circle), but estimation is
performed using the presumed model (unfilled square). Here, an unbiased estimator is one whose
expected mean equals to the pseudo-true parameter 6, which minimizes the Kullback-Leibler
(KL) divergence between the true and presumed models. The bias b = éo — 6, quantifies the
deviation from the true value and contributes to the increase in MSELB.

Despite the model mismatch, the notion of unbiasedness relative to éo allows for the derivation
of a CRLB-like lower bound on the error covariance for any misspecified-unbiased (MS-unbiased)

estimator @ [15, 1820, 54, 55].
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Figure 3.1: Illustration of a mismatch in defocus aberration power between the data collected and the
presumed statistical model in SMLM (a) and its effect on the PSF, localization estimates, and the MSELB
(b).

When éo = 0, the estimator is consistent and the MSELB under misspecification reduces to

the MCRB [18]. Generally, both variance and bias contribute to the MSELB,

MSE(8, 8y) > MCRB(8,) + b"b, (3.25)
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which provides a direct comparison to the CRLB as the difference between the pseudo-true and

true parameters is bridged.

3.4 Numerical Evaluations of MCRB

To further investigate the implications of statistical model mismatch in practical imaging sce-
narios, we extend the analysis beyond the illustrative case of defocus in SMLM to systematic
numerical evaluations of the MCRB in both SPLM and SMLM under a range of representative
aberration conditions. Specifically, we examine how mismatches in optical models due to unmod-
eled tilt, defocus, and astigmatism affect the achievable localization precision. These aberrations,
commonly encountered in experimental systems, introduce distortions in the illumination or detec-
tion model that deviate from the assumptions used during estimation. By quantifying the resulting
degradation in precision via the MCRB, we aim to understand the relative sensitivity of SPLM and
SMLM to such model inaccuracies and provide guidance on the robustness of each method in the
presence of imperfect system knowledge.

While high NA objectives (> 1.2) are standard in super-resolution localization microscopy due
to their superior photon collection and resolution capabilities, there are instances where lower NA
objectives have been employed for cost-effective platforms [57] or deep tissue imaging [58]. In our
study, we employ an objective of NA = (.60 in the MCRB and CRLB calculations primarily to il-
lustrate how the lower bound of the error covariance changes under different aberration conditions.
The excitation intensity is chosen so that the total expected photon detected is around 270. The
broader PSF associated with a lower NA enhances the observable impact of statistical mismatches,
making it well-suited for demonstrating differences between ideal and misspecified models in both

transverse and axial dimensions.

3.4.1 Tilt and Defocus

Aberrations such as tilt and defocus can induce a relative shift in the modulation pattern or

PSF with respect to the detector, resulting in biased emitter localization. However, under proper
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definitions of unbiasedness in the context of model misspecification, the lower bound of the error
variance should remain unchanged. This is because the signal models become matched — only
the emitter position at which the KLL divergence between the true and presumed models is mini-
mized shifts. This intuition is confirmed through MCRB calculations for model mismatch in first-
and second-order pupil phase terms of the form, eizn[ersfateryytea (F+17)]

In SPLM, the pseudo-true parameter vector is shifted relative to the ground truth as 0, =

0, + o —2fey | yielding identical Poisson rates in the true and presumed models under

Ciy
the Fresnel approximation. This shift, while introducing bias, does not violate the model-based
unbiasedness definition. Consequently, the generalized FIMs reduces to the classical FIM, making

the MCRB coincide with the CRLB,

-1

- N, _ _
MCRB(6,) = =" Volg(ty,0)Ve Io(t,0)
L ]g(tk, 0) O:éo
. (3.26)
N - =
= _—ngg(tm, CO)VG Ig(tk, Co) = CRLB(O())
— 1Lo(tr, co) 0=6,

The equivalence in (3.26) stems from the unchanged signal models, Iq(ty., ¢o)|o=a, = To(tx, 0)|g_g,
for all k. Thus, the Fisher score is preserved and the error covariance lower bound remains un-
affected under model-based unbiasedness. However, the MSELB increases due to the induced

estimation bias,

T
MSELB = CRLB(60) + |¢, ¢, _Qf@] [Clx ey _2f62]7 (3.27)

as demonstrated in Fig. 3.2 (panel a) via the root mean square error lower bounds (RMSELB) with
defocus aberration power mismatch.

Relative to the ideal CRLB, degradation in localization precision depends not only on the
method’s sensitivity to the emitter position, e.g., how defocus broadens the effective PSF and

reduces spatial sensitivity, but also on the estimation bias. In SPLM, which maintains a nearly
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Figure 3.2: Systematic localization bias and RMSELB degradation in SPLM (a) and SMLM (b) with model
mismatch in defocus aberration power. Lower bound for localization RMSE or precision in the ideal scenario
is also plotted to highlight the expected performance change in localization.

uniform localization precision across a large FOV [14], the degradation is primarily driven by the
introduced bias alone.

A parallel analysis applies to SMLM. Under identical experimental conditions, the KL diver-
gence is minimized at the same biased parameter 0, yielding MCRB equal to CRLB under the
fully characterized model. Their expressions mirror (3.26), with the normalized PSF replacing the
illumination pattern and summation over the detector pixels instead of the time intervals. Since
PSFo(pr, €o)lo—a, = PSFa(px, 0)|g_g, for all pixels, the (misspecified) FIM remains unchanged
when evaluated at the (pseudo-)true parameters. Nonetheless, the MSELB increases, analogously
to (3.27), due to bias. Compared to the baseline, defocus broadens the transverse PSF width and
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enhances axial sensitivity, resulting in reduced transverse precision but improved axial precision
when the model captures the defocus correctly. This leads to a non-monotonic MCRB trend: the
expected precision improves at first when bias is negligible, but degrades once the bias dominates.

In both SPLM and SMLM, tilt/defocus mismatch primarily introduces estimation bias, increas-
ing the MSELB. There is no change between the MCRB and the CRLB in the fully characterized
case because the difference between the true and presumed probability distributions vanishes with

an appropriate shift in the emitter location.

3.4.2 Astigmatism

Astigmatism typically arises from asymmetries in the shape or curvature of the optical compo-
nents, such as lenses or mirrors, leading to different focal planes and resulting in image blur and
distortion. It can be modeled as either oblique astigmatism, ei%céw’“"‘y, or vertical astigmatism,
e2m(e3ritemy) where ¢ # Y.

Oblique astigmatism contributes no aberration phase to SPLM when assuming that diffracted
planewaves forming the structured illumination remain on-axis. As a result, no localization bias or
change in precision is introduced. In contrast, SMLM lacks a closed-form expression for the KL
divergence minimizer under oblique astigatism, necessitating numerical evaluation of the MCRB.
This increases computational burden and, more importantly, implies that if the statistical gap be-
tween the true and presumed models cannot be closed by introducing a bias, the lower bound of
error covariance inevitably deteriorates.

The same numerical approach is required for vertical astigmatism in both SPLM and SMLM,
as no analytic expression exists for the pseudo-true parameter. For demonstration purpose, Fig.
3.3 shows the MCRB under mismatch along x-axis, i.e. cgy =0.

For both methods, estimation bias induced by vertical astigmatism manifests primarily in the
axial position, driving the observed RMSELB change along that axis. While no bias is introduced
for the estimation of emitter’s transverse coordinates, the MCRB increases in SPLM due to the

residual model mismatch at the pseudo-true location. In contrast, SMLM achieves a closer statisti-
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cal match at the pseudo-true location, limiting MCRB degradation or even yielding improved axial
precision under moderate mismatch. This effect is especially pronounced when the pseudo-true
emitter position Z; shifts significantly from the ground truth under large aberration power, due to
the classical trade-off: moderate astigmatism initially improves axial localization precision by in-
creasing sensitivity to depth-dependent PSF shape changes, reaching a minimum CRLB. Beyond
a critical astigmatism power, however, further elongation of the PSF reduces its sharpness, leading
to degraded axial precision.

Importantly, defocus-dependent ellipticity is used to infer emitter depth, forming the basis
of astigmatism-based z-localization microscopy [31]. However, in the presence of misspecified
astigmatism, the increased axial sensitivity also amplifies bias and increases MSELB in the axial
direction.

In summary, aberrations influence localization performance through two distinct mechanisms.
First, PSF broadening reduces the Fisher information along the affected axis, increasing the CRLB
and degrading precision. Second, when the presumed model fails to capture aberrations present
in the data, model mismatch introduces a statistical divergence between the true and presumed

distributions. This can lead to systematic bias in localization and, in some cases, increased error

variance. Together, these effects raise the overall MSELB relative to the ideal scenario even

if the MCRB itself remains unchanged.

3.5 Conclusion

The MCRB provides a principled framework for analyzing localization precision under realistic
experimental conditions, where model mismatch is inevitable. This work derives the MCRB for
Poisson processes and demonstrates its use in SPLM and SMLM under mismatched aberration
powers. We show that tilt and defocus introduce localization bias without degrading the lower
bound on the error covariance, provided the signal models remain equivalent under a shift in the

emitter position estimation. In contrast, mismatches in astigmatism and higher-order aberrations
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may lead to both bias and increased error variance due to non-negligible statistical divergence
between the presumed and true models.

By quantifying performance degradation from both bias and increased error covariance, the
MCRB complements the classical CRLB and enables more robust precision analysis. This dual-
framework approach offers practical guidance for optimizing PSFs and illumination strategies in
advanced microscopy platforms, ultimately supporting the development of more accurate and re-

silient localization methods.
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Chapter 4
SPLLM Simulation and Location Estimation in

Transverse Plane

4.1 Introduction

To identify an optimal localization strategy for SPLM with STM illumination, we conduct numer-
ical simulations that mimic the system’s data acquisition process. The simulated data applied with
practical estimation algorithms may confirm the achievability of the CRLB under ideal conditions
and assess the effect of experimental imperfections on localization precision.

In our simulation, we model an SPLM system in which an SLM projects a sequence of STM
illumination patterns across the sample plane, synchronized with a pulsed laser source. Upon
excitation at each pulse, each emitter may emit a photon with probability proportional to the il-
lumination intensity and the fluorescent quantum yield. The emitted photons are collected in the
pupil plane by a Single-Photon Avalanche Diode (SPAD) array, with detection efficiency governed
by the condenser lens NA and the quantum efficiency of the detector. The strategy to detect in
the pupil plane is to disassociate the emitted photon locations at where they are detected from the
emitter locations so that each SPAD pixel has an equal probability to detect each emitted photon.

A first-order signal associated with a particular illumination pattern is computed by aggregating
the photon counts across the SPAD array and averaging over multiple pulses. This process yields a
compact temporal signal that encodes spatial information through the structured illumination and
the spatially varying emitter distribution.

To infer emitter positions from the simulated measured signal, we formulate an inverse prob-
lem based on a statistical forward model of the imaging process. Estimation is performed using
optimization frameworks that include a ¢;-norm penalty to induce sparsity in the estimated solu-

tion, reflecting the assumption that only a small number of emitters are present in the field of view
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(FOV). In particular, we explore solvers based on proximal gradient methods, such as the Fast
Iterative Shrinkage-Thresholding Algorithm (FISTA) followed with a line search method, more
specifically, BFGS-based, to improve the precision of estimates. No additional prior information
about emitter locations or brightnesses is assumed.

This chapter provides an overview of the simulation and estimation framework. We begin by
describing the statistical model governing the data acquisition process. We then present the inverse
problem formulation and discuss the numerical optimization method used to solve it. Finally, we
evaluate the empirical localization performance of the estimation algorithm and compare it with
theoretical bounds such as the CRLB, highlighting the effectiveness of the estimation algorithm

and the effects of model mismatch on estimator precision.

4.2 Background

In this section, we formulate the forward model that governs the photon detection process under
structured excitation. This model describes how illumination patterns, fluorophore distributions,
and system optics collectively determine the detected photon counts at a single-pixel or pupil-plane
detector.

Following the forward model, we formalize the inverse problem of estimating the spatial dis-
tribution of fluorescent emitters from the recorded signals along with their brightness. This recon-
struction task is posed as an optimization problem over a high-dimensional parameter space, where
sparsity is a key structural property of the solution. The estimation challenge is compounded by
measurement noise, discretization errors, and potential mismatch between the physical system and
the assumed model.

To solve the inverse problem efficiently, we empoly optimization techniques for solving ¢;-
regularized inverse problems to promote solution sparsity. A widely used approach is FISTA due
to its computational efficiency, simplicity of implementation, and ability to handle large-scale prob-
lems [59,60]. We reivew the FISTA algorithm in the context of localization, with emphasis on its

convergence behavior, sparsity-promoting properties, and adpatiation to Poisson noise model.
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4.2.1 Measurement Model

We model the formation of the measured SPLM signal as a stochastic process slightly different
than that described in CRLB chapter in preparation for calculation of higher-order signals. At
each illumination pulse, each emitter behaves as a probabilistic source of a single photon, and the
detection of emitted photons is governed by a uniform Poisson-binomial point process. That is, at
each SPAD pixel, the number of detected photons is a PoissonObinomial random vector.

For simplicity, let there be J fluorescent emitters in the transverse plane, sparsely located at
{(z;, yj)}}]:l. To account for the orientation-dependent excitation and emission efficiencies of the
emitters, we introduce a scaling parameter c;, for emitter brightness and assume it range from
0 to 1. At each pulse indexed by ¢, the emitters are excited by the illumination pattern at time
t, = q/vr, wWhere v, is the pulse train repetition rate. The duration of the pulse is assumed to
be sufficiently short as compared to the emitter excited state lifetime, i.e., 7, < 7.. The rate of
stimulated absorption, which is the probability per unit time that an atom or molecule in a lower
energy state will absorb a photon and transition to a higher energy state, for each emitter is given
by
¢; I (75, t4) 7 Tou(t)

= Qat Cj ]ill (’I"j, tq)

k(j’Q) _
st - ]
Te Lsat Te

4.1)

Here I, is the saturation intensity, ciay = Iimax/ Lsas 18 the saturation parameter defined as the ratio
between the maximum illumination intensity and the saturation intensity, / denotes the illumina-
tion intensity normalized throughout space and time so that its peak is unity, and [}, (¢) is the pulse
temporal envelope normalized to peak value of unity.

Under the assumption of weak excitation, the probability of the peak excited state population

for each emitter j at pulse ¢ is given by

. T -
e ~ /kst(TpQ) dt = st CjTLIill (75,tg) = You ¢ Lm(7T5, 1), (4.2)

e

where T, = [ I,u(t) dt is the pulse duration. Following excitation, the probability of the emission

rate follows k, exp (—t/7.), where the exponential function accounts for the decay of the excited
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state population. Since the excitation and emission are considered independent and therefore, the

probability of photon emission from the j*" emitter under the excitation of ¢*" pulse is given by
pg’q) = / k, eﬁ,];‘” exp (—t/7.) dt =~ k. 7. e%’q) = e%’q) = ®youc; Lin(rj,ty), 4.3)
0

where k, denotes emitter radiative emission rate and ® = k,. 7, is the fluorescent quantum yield.
Each emitted photon has a finite probability of being detected, determined by the optical col-
lection geometry and the SPAD detector efficiency. Let each SPAD pixel subtend a solid angle
QY defined as a fraction of the collection cone imposed by the system’s numerical aperture,
ol = 2x (1 — cos[arcsin(NA /n)]) /D, where D is the total number of detectors. The detec-

tion probability given that an electron is excited and a photon is emitted shall be 7751)

1
)

14, Where
= /47 is the collection efficiency and 7, is the detector quantum efficiency. The proba-
bility that a photon is detected by a SPAD given emission from emitter j and excited by pulse ¢ is
then

(4,9) (1)

Py = G)

nap9?Y = W ¢; Ty (rj, t,), (4.4)

where we define a global scaling constant y(!) = ngl) Na P Vpu and across all pixels, v = D A,

This framework naturally leads to a binomial point process interpretation: over a single pulse,
each of the emitted photons from emitter ;7 falling on a SPAD pixel represents a Bernoulli trial, with

the detection event being a success with probability pfij )

. With @) pulses, there are n Bernoulli
trials with the same success probability, which bring us to the binomial distribution. Furthermore,
with J emitters, there are J binomial trials with different success probabilities. Thus, for each
pulse g, the total SPLM signal as the sum of all detected photons from all emitters, assuming no

_ J
background, is given by y, ~ Poisson — Binomial ({7 Z}]=1 ¢; (v, tq)} ) .
j=1

The simulated measured SPLM signal is then computed at each pulse ¢ via the following steps:

— Calculate the success probability of detecting a photon from each emitter across all SPAD

' - J
pixels, {7 cj Lu(ry, tq)}jzl-
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— Run a Bernoulli trial using each success probability, yielding y, successful trials for y, pho-

tons detected
— Uniformly distribution each of the y, photons across D SPAD pixels

For now, we assume the SPAD array behaves more like a photomultiplier tutbe (PMT), meaning
that the number of photons falling on each pixel is precisely captured rather than capping at one
photon per detection period. For each illumination pattern m, we assume () pulse excitation cycles
and a first-order signal, proportional to the sum of the illumination pattern at emitter locations, can

be calculated by taking the sample mean of () realizations,

1 &
Q =0

Due to the different success probabilities, 1, does not follow any distribution with a closed-
_ J

form expression. Instead, we know its mean as 723.]:1 ¢j Lin(r;,t,) and variance as Z1<1 —
j=

v Im(rj, ty))ycj Lm(rj, ty). Since the success probability of each photon detected is small,

v¢j La(r;, t,) < 1, the distribution of the sample mean can be further approximated by a Poisson

distribution via Le Cam’s theorem [61,62], i.e. ¥,, ~ Poisson (7 Z}]:1 cj Ti(r i tq)>.

4.2.2 Formulation of Inverse Problem

When discretizing the image domain into /V candidate grid points for matrix operation, we assign
the scaled STM illumination pattern with a matrix A € RM*¥ where M is the number of illumi-
nation samples. Each row A,, € RY contains the scaled illumination pattern for the m'® sample

mean. Specifically, the matrix entry for the j'" grid point under the m'" illumination is given by
A =7 ¢i Tau(T;, tmg)-
Letx € Rf represent the unknown brightness vector, where x; is nonzero only at or near true

emitter locations. The first-order photon counts y € N™ are modeled as

y ~ Poisson (A x) (4.6)
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via distribution approximation.

The first objective is to recover a sparse estimate & of the emitter brightness vector over the grid.
Due to the inherent sparsity of active emitters in the sample, regularized optimization technique,
such as /;-penalized reconstruction, is employed to promote sparse solutions. The mathematical

formulation of the inverse problem is, thus, given by
. 1 5
:v:argm1n§||A:13—y||2+50||m||1. 4.7)
x

Since the derivative of the ¢;-norm vanishes at 0, standard gradient-based methods are not directly
applicable. Instead, proximal gradient methods are typically used to solve this class of composite
optimization problems [59]. One such efficient method is FISTA, where the estimate is updated as

follows,

1. Initialize (¥ = 2z(® =random matrix and set ¢t = 1,

2. For each iteration k£ = 1,2,--- when extended with additional regularization such as non-

negativity constraints,

z®) = prox®, (257 -V f(z*D)),

€on

N 1+ /1 +4(tk-D)2
2 )

t= 1
20— g® | ( i ) (2 — gD

where 7 is the step size, and plroxj0 77() denotes the proximal operator for the ¢;-norm, de-

fined elementwise as soft-thresholding, prox7 , (z;) = max (|z;| — €97, 0).

In this context, FISTA is capable of recovering sparse emitter locations with high fidelity under
experimentally realistic signal-to-noise ratios (SNR). Its accerlated convergence rate of 0(1/k?),
where £k is the iteration index, ensures computational efficiency.

The second objective is to refine the estimates obtained from the initial sparse reconstruction.

While the FISTA-based solution provides a coarse, grid-based approximation of emitter locations,
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it is fundamentally limited by the discretization of the image domain. To overcome this limi-
tation and achieve sub-pixel localization precision, a grid-free continuous-domain refinement is
performed.

Specifically, the non-zero components in the FISTA estimate & are treated as initial seeds for
the emitter locations and brightness. These candidate positions and brightness are then refined
by solving a continuous optimization problem using a line-search-based method, considering that
the loss function in the local neighborhoods of the inital estimates becomes relatively convex. We

adopt the BFGS method to optimize the ¢5-norm associated with the forward model,

{ij'r]}g 1 —argm1n—||z<]vcj Ta(7j, tmg) — Ymll3, (4.8)

given that the error in the spatial frequencies projected between the model and data is relatively
small or negligible. The BFGS method balances curvature information and efficient step directions,

offering superlinear convergence in practice, as follows:

1. Set initial estimates of emitter locations and brightness from the FISTA result, 8¥ =

{z § ),yj(o), cj ] ;- Initialize the inverse Hessian approximation H®O a5 identity,

2. Compute the gradient of the loss function £ with closed-form expressions, V.l

3. Use the inverse Hessian approximation to compute the descent direction given by p*) =
~H® v (O(k)), and perform a line search to find a step size o*) satisfying Wolfe condi-

tions,

4. Update parameters, O+ = gk) 4 (F) pk)

(k) 4y(0)T k g(k)(T)
5. Update the inverse Hessian, H®YD — [ 1 - # H® |1 - %
y(’f) s(k) y(k) g(k)

s(k) s(k)T

+ T , where s(*) =
yk)

= 0"t — @ and y® = vL(OF ) —vL(OW).

The optimization proceeds until convergence criteria are met, such as the norm of the gradient

falling below a small threshold or relative change in objective being sufficiently small.
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This two-stage approach — first using FISTA for robust, sparse grid-based localization, fol-
lowed by BFGS-based gradient descent for precise, grid-free refinement — enables emitter re-

covery with better precision.

4.2.3 Aberration Correction
We assume the aberrations can be captured via a nonlinear frequency sweep. For each of the
transverse axis, the total phase with the correction polynoimal is given by, when using CHIRPT-

inspired masks,

NA NA ; t
Ad,(t) =2 1 II | —~ 4.
p(t) =27 (vc,pt+ Pt Aextcgﬁlt) ® (Tp) , (4.9)

where {3;}; is a small set of coefficients. To generate realistic aberrations in simulation, we use
a small number of Zernike polynomial terms to represent common optical aberrations such as
defocus, astigmatism, and coma. Random coefficients with small magnitudes are assigned to each
Zernike mode to ensure the aberrations remain within the weak regime, where the reconstructed
image under ideal (aberration-free) conditions still closely resembles the ground truth object. The
resulting aberrated pupil phase is shown in Fig. 4.1(a). Since the CHIRPT-like illumination scheme
involves scanning a first-order diffracted beam across the pupil plane for each transverse axis, the
additional phase introduced to the signal is not the entire 2D aberrated pupil, but rather a 1D trace
across it over time. Specifically, the beam samples a path through the pupil that evolves along
the scanning axis (e.g., the x-axis), effectively modulating the illumination with a time-dependent
phase distortion. This temporal phase sweep — overlaid with the designed frequency chirp and
carrier frequency — defines the total phase term in Eq. 4.9. The corresponding aberrated phase
trajectory sampled during the scan is illustrated in Fig. 4.1(b).

To evaluate the performance of the aberration correction algorithm, we first simulate a 1D cali-
bration experiment using a known bright test object so that the SNR is relatively high. Specifically,
we assume perfect knowledge of the object, a Ronchi-ruling-like object with ideal binary contrast,

known spatial frequency, and controlled duty cycle. This serves as a controlled baseline scenario,
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Figure 4.1: Simulation of optical aberrations in structured illumination. (a) 2D aberrated pupil phase map
generated using 20 orders of Zernike polynomials. (b) Corresponding 1D slice of the pupil phase along
the x-axis, representing the effective additional phase modulation in the time trace during the CHIRPT-like
scan.

where the only source of measurement discrepancy arises from the distortion in the projected struc-
tured illumination. The choice of a Ronchi ruling is intentional: such an object acts as a diagnostic
tool to directly sample the temporal frequency modulation at resonance spatial frequencies pro-
jected. Any curvature or deviation in the modulation, induced by aberrations, leads to predictable
distortions in the measured image. By analyzing how the known

The ideal Ronchi pattern for this purpose contains moderate spatial frequency content (e.g.,
100-200 line pairs per millimeter in the object region) and a very low duty cycle (1-10%). Sparse,
narrow bars in such a pattern enhance the decomposition of the object into a broad spectrum of
spatial frequencies, including higher-frequency components that are more sensitive to subtle phase
distortions. This makes the Ronchi ruling especially well suited for probing the fidelity of spatial
frequency modulation and mapping the effective curvature that must be compensated to restore
accurate illumination modulation.

Moreover, slightly restricting the analysis to a reduced FOV significantly improves the conver-
gence behavior of the aberration coefficient estimation. A smaller FOV reduces spatial averaging

over aberrated regions, allowing optimization to more tightly fit the local distortion. This improves
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(a) Noisy Distorted SPLM Signal w/ SNR = 5.53 (b) Reconstruction
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Figure 4.2: (a) First-order aberrated SPLM signal with SNR ~ 5. (b) Comparison among the correlated
image from signal model with true aberration phase (blue), the ground truth Ronchi ruling (orange), and the
correlated image from aberration-free signal model (green).

both the stability and accuracy of the estimated correction terms and enables reliable compensation
of aberrations using a compact polynomial basis.

In the forward model, we generate a first-order signal resulting from the modulation of the
Ronchi ruling by aberrated spatio-temporal illumination patterns. A fluctuating signal is calculated

by subtracting the empirical mean so that an image may be reconstructed via correlation,

T

o AB) -]yl wi0)

max (A(B)' (y ~lyl))

A comparison among the ground truth and the correlated images using true and uncorrected signal
models is plotted in Fig. 4.2, along with an example of the distorted SPLM signal. Deviations in
peak locations and widths illustrate the effect of aberrations on reconstruction fidelity and motivate
the need for calibration.

We define a loss function based on the discrepancy between the reconstructed image and a
ground-truth reference. The reference is generated by convolving the known Ronchi ruling with

the system’s effective PSF, .. = H @, where H is a Toeplitz matrix where each row contains

sin (27 NA (x — x;)/A)
TNA (z — ;) /A

function is defined as the />-norm of the difference between the reconstructed image and this ideal

a shifted version of the PSF kernel, h; = PSF(z — ;) = . The loss
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Figure 4.3: (a) Decrease of the loss function with respect to iterations during the optimization. (b) Re-
constructed image from correlation using estimated distortion parameters (orange dotted) overlaid with that
using true distortion (blue solid). (c¢) Comparison of initial distortion (blue) and residual distortion after
correction (orange).

reference,

1

L(B) = 5| ®eorr — et |3 + l| B3 (4.11)

While any displacement or frequency mismatch in the Ronchi ruling degrades the accuracy of
distortion recovery, this idealized simulation provides a clean testbed to effectiveness of the cal-
ibration algorithm. We solve this nonlinear optimization using the L-BFGS-B algorithm with
approximated inverse Hessian. This approach enables rapid convergence and the computational
speed can be improved by providing an analytical form of the gradient of the loss function with
respect to the illumination distortion parameters.

As shown in Fig. 4.3, the loss function decreases with iterations, confirming the effective
convergence. The comparison between the reconstructed image using the estimated aberration
coefficients and that using the ground-truth shows close agreement. Finally, the residual distortion

after correction demonstrates that most of the aberrations has been mitigated.

4.3 Simulation and Discussions

To evaluate the practical impact of spatial frequency distortion on emitter localization, we per-
form a set of simulations under controlled conditions. In our setup, we assume the distortion is

introduced along a single spatial axis "seen" by the diagonally scanning beam in the pupil plane,
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consistent with the unidirectional frequency shift addressed in the calibration procedure described
earlier. This distortion is representative of optical aberrations or misalignment errors that perturb
the effective spatial frequency content of the modulated illumination patterns. Such deviations
can significantly impair the estimation precision, leading to localization artifacts such as miss-
ing emitters, spatial bias, or underestimated brightness. Our goal is to assess the degradation in
performance due to uncorrected distortion and the degree of improvement achieved through cali-
bration. By comparing the results across different conditions, including uncorrected and corrected
distortion, as well as ideal (undistorted) scenarios. We demonstrate how spatial frequency fidelity
directly influences localization precision. We further benchmark these results against the CRLB to
understand how close practical estimation approaches the theoretical limit under each condition.
We begin by establishing a baseline for localization performance under ideal conditions —
- specifically, in the absence of any aberrations. In this configuration, 20 fluorescent emitters

are simulated with a mean photon count of approximately 5000 photons per emitter. The initial
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Figure 4.4: Localization results under distortion-free conditions. (a) Estimated emitter brightness and po-
sitions from FISTA, showing accurate recovery of all 20 emitters. (b) Convergence of the FISTA algorithm,
demonstrating rapid decrease in objective function value. (c) Refined emitter estimates from subsequent
grid-free BFGS-based line search, further reducing localization error. (d) Convergence curve of the line
search method, showing fast convergence after FISTA initialization.
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reconstruction using FISTA successfully identifies all 20 emitters with high fidelity, providing
accurate seeds for subsequent grid-free refinement via line search, as shown in Fig. 4.4. The
final estimates achieve a root mean squared error (RMSE) of 22.11 nm in position and 0.04 in
brightness. The total processing time is 3.56 s, which is ideal for real-time imaging processes.

To highlight the impact of spatial frequency distortion, we then apply an uncorrected distortion
along one spatial axis. In this case, FISTA is able to resolve 18 of the 20 emitters with 3 false
detections, reflecting both degraded contrast and reduced spatial resolution. The subsequent line
search refinement is hindered by the poor initialization, resulting in significantly worse perfor-
mance: 206.40 nm RMSE in position and 0.14 in brightness for the matched emitters. However,

when distortion is corrected, the quality of the initial estimate improves - FISTA recovers

20 emitters with 1 false detection, and the final localization precision is enhanced. The corrected
results yield 44.11 nm RMSE in position and 0.06 in brightness for the matched emitters, which
approaches the ideal performance and validates the efficacy of the calibration strategy. Fig. 4.5
illustrates this improvement through side-by-side comparison of the localization results under each
scenario.

To further assess the estimation performance under various conditions, we benchmark the

achieved localization precision against the CRLB, which sets a theoretical limit on the minimum
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Figure 4.5: Impact of spatial frequency distortion and correction on emitter localization. (a) Localization
results under distortion without correction. Only 15 emitters are localized. (b) Localization results under
distortion with calibration correction applied. 17 emitters are localized.
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(a) RMSE in Transverse Location Comparisons (b) RMSE in Brightness Comparisons
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Figure 4.6: Comparisons of (a) RMSE in emitter transverse locations and (b) RMSE in emitter brightness
plotted as functions of mean photon count detected under the scenarios with no aberration (orange), unac-
counted aberrations (green), and corrected aberrations (red) to the squared root of the CRLB (blue). Also
plotted are the (c) Number of missed detections, and (d) Number of false alarm.

achievable variance for unbiased estimators. Specifically, we evaluate the empirical RMSE in posi-
tion and brightness from 100 trails of 20 emitters as a function of the total photon count per emitter.
These results are compared to the square root of the approximated CRLB curve, the single emitter
CRLB scaled by N, derived under the same imaging model assumptions.

As shown in Fig. 4.6, under ideal, aberration-free conditions, the RMSE approaches v CRLB
as the expected photon count per emitter increases, demonstrating improved estimator efficiency.
However, a noticeable gap remains, likely due to practical limitations such as seeding accuracy and
non-convex optimization effects. In the presence of uncorrected aberrations, the RMSE increases

substantially, confirming the degraded sensitivity of localization precision to model mismatch.
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Importantly, applying our aberration correction algorithm significantly mitigates this degradation,
with RMSE values much closer to the ideal case. In addition to precision metrics, we assessed
detection performance by measuring the number of missed detections and false alarms. The re-
sults indicate that when FISTA provides accurate initial seeds, both error types are minimized.
This highlights the need to adapt peak detection thresholds based on signal-to-noise ratio (SNR).
Nevertheless, at moderately high photon counts, the current approach consistently yields near-zero

missed detections and false positives, confirming the robustness of the full estimation pipeline.

4.4 Future Research

Building on the proposed simulation and estimation framework, a natural next step is to evaluate
the performance and limitations of the aberration correction algorithm under real experimental
conditions. While the current study uses an arbitrary 1D Ronchi-ruling-like object to simulate
calibration and correction performance, experimental validation is required to assess the robustness
of the approach to real-world noise, fabrication imperfections, and system drift.

Initial efforts will involve applying the calibration and correction pipeline to imaging data ac-
quired from a fabricated Ronchi-ruling-like object with well-defined spatial frequency and duty
cycle. However, such test objects cannot be assumed to be perfectly known in practice. To ad-
dress this limitation and to create a more flexible and biologically relevant calibration strategy, we
propose transitioning to randomly spaced quantum dots as the calibration object. These emitters
naturally encode a rich set of spatial frequency content due to their stochastic pairwise spacing.
When structured illumination sweeps through known spatial frequencies, the resulting modulated
signals can be used to infer local phase errors, effectively mapping out the aberration-induced
distortions across frequency space.

As an initial step, we will assume known quantum dot locations and assess the ability of the
correction algorithm to recover aberration coefficients from their modulated signals. This enables
testing under more realistic spatial variability while maintaining control over ground truth. The

longer-term objective is to develop a joint estimation algorithm that simultaneously solves for
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the aberration parameters and the emitter positions. This requires extending the inverse problem
formulation to jointly model spatial sparsity and temporal-frequency-domain phase errors, and
implementing an alternating or gradient-based solver capable of converging.

A complementary direction is to optimize the design of STM illumination patterns based on
object priors and information-theoretic metrics. Specifically, the FIM can be expressed in closed-

form matrix operations under the shot-noise-limited detection model,

Z ﬂ AT A (4.12)

While its inverse, the CRLB, does not have a closed-form expression, if we define D = diag(Ax),
then the FIM can be written as Ja(x) = A"’ D 'A and the CRLB becomes CRLB,4(x) =
(ATD’lA)_l, where the trace defines the lower bound of error covariance for each parameter

in x.
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Chapter 5

Quantitative Scattering Microscopy (QSCAT)

5.1 Introduction

Differential Phase Contrast (DPC) microscopy is an optical imaging technique that enables the
quantitative reconstruction of phase information from transparent or weakly absorbing specimens.
In electrochemical systems, this phase shift is directly related to the spatial distribution of optical
susceptibility, which encodes key information about material composition, refractive index vari-
ations, and local concentration changes. For example, quantitative phase measurements can be
used to identify different chemical species and even estimate the number of ions inserted into host
materials during intercalation reactions, offering non-invasive insights into ion transport, electro-
chemical activity, and material response.

Traditional widefield microscopy, however, is inherently insensitive to phase because the phase
fluctuations of the optical field occur on timescales much faster than the camera’s exposure time.
As aresult, only intensity — the squared magnitude of the optical field — is recorded, discarding
crucial information about the object’s spatial phase profile.

To recover phase information, DPC introduces asymmetry in the illumination of the micro-
scope’s pupil. By selectively shifting the angular distribution of illumination light, phase gradients
in the object plane are translated into measurable intensity differences in the image plane. This
directional sensitivity to phase gradients forms the basis of DPC contrast.

In this chapter, we present QSCAT, a system that implements DPC microscopy using a digital
light processing (DLP) projector to dynamically modulate the illumination at the pupil plane. This
structured pupil illumination allows for programmable, high-speed switching between asymmet-
ric patterns, enabling flexible and precise probing of spatial phase variations in electrochemical

samples.
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We describe the alignment and calibration procedure necessary to project pupil patterns more
accurately onto the back focal plane of the objective lens. Preliminary results from a USAF res-
olution target demonstrate the system’s capability to retrieve quantitative phase maps, which are
validated by converting the measured phase gradients into absolute height profiles of chromium
structures to be compared with the nominal height provided by the manufacturer.

The chapter begins by introducing the forward imaging model for DPC with structured pupil
illumination and the algorithmic framework used to reconstruct phase. The results demonstrate QS-
CAT’s potential for label-free, quantitative imaging of electrochemical systems at sub-wavelength

sensitivity.

5.2 Background

To enable DPC, a clear understanding of both the optical configuration and the underlying image
formation model is essential. This section provides the necessary experimental and theoretical
background to support the implementation and analysis of the QSCAT system. We begin by de-
tailing the optical setup, including the alignment and calibration of the DLP at the conjugate pupil
plane, which is critical for an accurate mapping between the projected patterns and their intended
pupil positions. The section then introduces the DPC imaging model, which relates the measured
intensity images to phase gradients in the sample, and reviews the algorithmic steps required to
reconstruct quantitative phase maps from multiple asymmetric illuminations. Together, these com-

ponents form the foundation for robust phase retrieval in electrochemical imaging applications.

5.2.1 Experiment Alignment and Calibration

The experimental setup for QSCAT is designed to enable structured pupil illumination using a
DLP. The illumination is provided by a green LED centered at 505 nm, which is relayed through
two sequential 4f systems onto the object region. The DLP is placed one focal length away from
the first lens, positioning it at a plane conjugate to the back pupil of the objective. The focal length

of this lens is chosen so that the spatial coherence area at the DLP is smaller than the DLP pixel
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size, minimizing the possibility of speckle noise due to interference. The coherence area A, is
estimated from the van Cittert—Zernike theorem as,

(ALY
Ac (7) , (5.1)

where f; is the focal length and D is the diameter of LED source. With 1mm LED source size,
the focal length must not exceed 25.8 mm. Due to the physical constraints in the system, however,
the shortest focal length can be implemented is 30 mm. Ideally, the coherence area can be further
modified by a magnifying 4f system. Since the illumination from the first lens is already colli-
mated to the size of the 1-in optics, to reduce the spatial coherence, 2-in optics would be required.
However, since the spatial coherence is already approximately the size of individual pixels on the
the DLP, we inserted a glass diffuser a small distance away from the LED to help reduce the spatial
coherence.

Zeiss 40x 0.65 NA A-plan objective is used for imaging. The tube lens (100 mm) on the
illumination side is a bit smaller than the nominal Zeiss tube lens to maintain optical compatibility
and proper magnification as well as to reduce the energy apodization through propagation. The
remaining relay optic (75 mm) is chosen so that the DLP, when fully turned on, projects an image
that fills the back focal plane of the objective, allowing the maximal amount of light to enter the
objective. A bandpass filter centered around 515 nm is placed in front of the DLP to minimize the
angular dispersion of colors introduced by diffraction. The collection path is arranged in an epi-
direction configuration, using a tube lens (150 mm) for image relay onto a Thorlabs” TSI CMOS
camera. A schematic diagram and two implementations of the system layout are provided in Fig.
5.1

To align the optical system, a diode laser centered at 520 nm is mounted atop the objective and
routed backward through the optical path. All components except for the first lens are mounted
on Thorlabs’ 30 mm capge system to ensure the optical axis is properly centered relative to all

components. All lenses preceding the DLP are arranged in 4f relay pairs. Proper 4f spacing is
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Figure 5.1: (a) Schematic diagram of the optical system used for quantitative phase microscopy, highlight-
ing key components including LED source, relay lenses, DLP, objective, tube lens, and camera. (b) and (c)
Two practical implementations of the system with component shorthand notations, demonstrating alterna-
tive layouts used during the alignment and data acquisition phases.

verified using a Thorlabs shearing interferometer to confirm beam collimation between conjugate
planes.

A critical component requiring careful alignment is the DLP. Since no optics or mechanical
holders can obstruct the micro-mirror area, it is mounted via a 60 mm cage system. A 30mm-to-
60mm cage adapter plate is employed to align the DLP center with the central beam path. The
device must be mounted at a 45 deg angle as each micro-mirror on the DLP tilts along a diagonal
axis. This simplifies alignment and ensures efficient coupling into downstream optical elements
since both the incoming beam and the brightest diffracted beam remain parallel to the optical table.
The DLP is then positioned perpendicular to the incoming laser beam and we scan the incident

101



angle to minimize the power on diffracted beams [63]. To verify the perpendicularity, we examed
the reflection of the alignment beam when the DLP is inactive (mirrors not tilted) and ensured it
goes through the center of the cage system. Once verified, the DLP is activated to show a uniform
pattern, and once the incident angle is set to where the main diffracted beam is maximized. We
then set the first lens of the 4f system that relays the partially incoherent pupil illumination by
ensuring the beam passes through the front center of the lens and the center of the cage system on
which the lens is mounted. The rest of the lenses to follow are all set in 4f configuration along the
cage system. And the LED is placed in front of the last lens with a glass diffuser.

To ensure a more accurate pupil plane modulation, we calibrate the DLP so that the projected
half-pupil masks are correctly imaged onto the back focal plane of the objective lens. This step is
critical to achieve reliable phase-gradient contrast. The calibration begins by placing a mirror in
the object region and translating the sample stage axially to bring the illumination beam into focus
onto the camera. For each principal axis of the DLP, row and column, we sweep the dividing line
of a binary mask across from one edge to the other. At each dividing line position, we capture
two images: one using the positive version of the mask and the other using its inverse (i.e., flipped
bright and dark regions). The sum of intensities, normalized by the sum of intensity with the full
pupil, is computed for each pair of images and plotted as functions of the dividing line position as
shown in Fig. 5.2. The DLP is properly aligned when the intensities of the positive and negative

images are relatively equal.

5.2.2 Imaging Model and Phase Reconstruction

The full model of the field arriving on the detector should consist of the reflected illumination, the
forward-scattering field via the reflection illumination, and the back-scattered field via the illumina-
tion. However, because of the inherent nonlinearity of the rapidly oscillating back-scattering field
even under the first Born approximation, the full model makes the phase recovery difficult [63].
To simplify the physical model, we consider only the forward-scattering field and with the as-

sumption that the phase accumulated through the object is slow and can be linearized. There-
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Figure 5.2: DLP calibration curves. For each axis, the dividing line of the half-pupil mask is swept across
the DLP, and at each position, two complementary patterns are displayed. The normalized sum of the
resulting image intensities produces a pair of sigmoidal-like curves that intersect near the true pupil center.
The crossing point identifies the symmetric alignment of the mask relative to the objective pupil, enabling
accurate spatial phase modulation.

fore, we model the absorption and scattering of an object as a complex transmission function,
o(r) = exp (—u(r) + i ¢(r)). The intensity at the camera can be approximated by an incoherent

sum [24,64],
I(r) = / / S()o(r)  hir, u) Pl (5.2)

where S(u') is the intensity profile of the incident light in the source plane, and A(-) is the ampli-
tude spread function. The reflected illumination is ignored as in DPC, the object transmission is
recovered through the differences between a image pair of opposing half pupils.

To further simplify the model, we assume that the object is weak and thus, the complex
transmission function can be further approximated by the first-order Taylor expansion, o(r) =
1 — p(r) + i¢(r). The forward model then simplifies to the real and imaginary parts indepen-
dently [65, 66],

I(u) = H(u)p(w) + i Hi(u)p(u), (5.3)
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Figure 5.3: Real and imagrinary parts of the CSF that are termed the amplitude spread function and the
phase spread function with their corresponding half pupil illuminations.

with

H, = // P(’u,—i-'u/)P('u,’)/\/)\—Z _ |u —|—’U/|2) +P(—’U/+u/>P(’u/)/\/)\—2 — |—’u,—|—u’|2)d2u’7
(5.4)

and

H; = // Plu+u)P(u')//A\2 = ju+u/|?) — P(—u+u)P(u)/\ /A2 — |—u+uw|?)d*u.

(5.5)
Their inverse Fourier transform, which is the coherent spread function (CSF), is plotted in Fig.
5.3 to demonstrate how the phase information of the object is encoded into the intensity of the

scattered field.
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To retrieve the complex transmission of the object, the inverse problem is posed as
4

{i(r). 6(r)} = argming gy sy S (w) = Hop(wa() +i Hy (w56

n=1

where fn() is subtracted and normalized by its mean. There exists a closed-form solution under

Tikhonov regularization, ||u||3 and ||¢||3, which is given by the inverse Fourier transform of their

spatial frequency representations [63,66]

n=1 n=1 n=1 n=1 (57)
and
(z () HL(n)) S W) — (32 afw) H:;(r)) S, (w) - H:(u)
¢(u) _ ’n,:14 - n=1 - n=1 - n=1
5 [ (w) - Sl ~ (X Hiw) - Hiw) ) (X Ho(w) - 7w

(5.8)

5.3 Preliminary Results and Discussions

To validate the accuracy of phase measurements in QSCAT, especially considering that the mod-
eling is incomplete, we imaged a test object with a known optical path length difference (AOPL)
: a USAF resolution target with chromium deposited on a glass substrate. Specifically, we acquire
four intensity images of the Group 7 elements under illumination using half-pupil masks, as illus-
trated in Fig. 5.4. The half-pupil images in the case of chromium features should be comparable
in intensity.

The reconstructed phase, obtained using the closed-form expressions in Egs. 5.7 and 5.8, is
also shown in in Fig. 5.4. As expected from DPC microscopy under limited photon budget, the
recovered phase exhibits notable background noise, a characteristic commonly observed in low-

SNR regimes [67]. This noise primarily arises from the amplification of small intensity differences
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during gradient computation, as well as imperfections in background normalization. Despite the
presence of background fluctuations, the main features of the object are clearly resolved, indicating
that the system is capable of capturing phase gradients with sufficient fidelity. Further denoising
or regularized phase integration methods may be explored in future work to enhance phase quality
without compromising resolution.

The main interest here is to recover the phase so that the OPL differerncec can be converted to

the height of the chromium. The retrieved phase map is related to the OPL difference as

A
AOPL = —o((r), (5.9)
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Figure 5.4: (a) Half pupil images of elements in Group 7 in a USAF resolution target. (b) Recovered raw
phase unwrapped and then applied with denoising algorithm.

0

106



which, for a binary amplitude-phase object like the chromium pattern, corresponds to the physical

height difference Ah between the glass substrate and the opaque chromium features through

AOPL
Ap = 2OPL (5.10)

ze

where n¢, denotes the refractive indices of chromium. Fig.5.5 displays the extracted height profile
of the chromium features recovered from the reconstructed phase map. From this data, we compute
the mean and standard deviation of the measured bar heights in both orientations. The horizontal
bars exhibit a mean height of 167.47nm with a standard deviation of 3.52nm, while the vertical
bars show a mean height of 166.82nm with a standard deviation of 4.60nm. Both measurements
are consistent with the nominal fabricated height of 160nm provided by the manufacturer, and the
low standard deviations indicate good measurement stability. Notably, the horizontal bars are more
fully resolved compared to the vertical ones, suggesting improved optical alignment or calibration

along the horizontal axis.
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Figure 5.5: Height profiles of chromium features recovered from the reconstructed phase map. Extracted
height measurements are shown for elements in Group 7 on a USAF resolution target.
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However, in order to estimate the optical susceptibility of the object for future applications, we
need to account for both the spatially varying incident field intensity and any residual background
phase. Therefore, it is necessary to perform a reference measurement on an empty region of the
sample. This reference is then processed using the same phase reconstruction algorithm. The
reconstructed complex transmission function of the object is then normalized by the reference,
effectively correcting for illumination inhomogeneity and subtracting the background phase offset.

The retrieved complex transmission can be used to calculate the estimated optical susceptibility as

)\On//\/ | sin (ko ZLo(r d (5.11)

_ dom / / VJo(r)] cos (ko Zo(r))dr. (5.12)

5.3.1 Neural-Network-based Phase Reconstruction

We implemented a convolutional neural network (CNN) that directly maps raw QSCAT measure-
ments to the object’s complex transmission function utilizing the simplified linear scattering model.
The network was designed to approximate the inverse scattering operator associated with the QS-
CAT forward model and was trained to reconstruct both amplitude and phase from the set of four
intensity images acquired under half pupil illuminations.

The architecture of the proposed CNN is based on a fully convolutional encoder-decoder struc-
ture tailored for DPC data. The network takes as input a four-channel image formed by stacking the
difference between and the sum of each pair of QSCAT measurements corresponding to opposite
pupil half-illumination patterns. The encoder begins with a 3 X 3 convolutional layer that expands
the input to 32 feature channels, followed by four additional convolutional layers that progressively
extract higher-level features. All convolutions use replicate padding to mitigate edge artifacts and
are followed by LeakyReL U activations to allow for nonlinear mapping. The decoder consists of a
mirrored sequence of convolutional layers that refine and reconstruct the feature maps, culminating
in a final convolutional layer that outputs two channels —- corresponding to the real and imaginary

parts of the object’s complex transmission function. These channels are combined into complex
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values to produce the final estimate. To promote stable and effective training, the network weights
are initialized using a custom scheme: each convolutional layer is initialized with Xavier normal
initialization with gain calculated for linear activations, and biases are set to zero. This design
allows the network to approximate the inverse scattering operator efficiently and robustly, enabling
direct recovery of both amplitude and phase from QSCAT measurements without requiring explicit
inversion of the forward model.

While the network effectively recovers the amplitude of the object’s transmission function,
reconstructing the phase proves to be significantly more challenging. Amplitude recovery benefits
from the direct relationship between the measured intensity patterns and the object’s attenuation
characteristics, making it relatively robust and stable during training. In contrast, phase recovery
is far more sensitive to the choice of learning rate and other optimization hyperparameters, as the
phase information is encoded in subtle interference effects that are more difficult for the network
to resolve. Despite various training attempts, the network has not consistently converged to the
correct phase, suggesting that further architectural refinement, tailored loss functions, or learning
rate scheduling strategies may be required. These observations highlight the inherent asymmetry
in learning amplitude versus phase in inverse scattering problems, especially under photon-limited

and noise-prone measurement conditions like those encountered in QSCAT.

5.4 Future Research

Future work will focus on improving phase accuracy through phase-sensitive loss functions, learn-
ing rate scheduling, and optimized network architectures. Incorporating regularization strategies,
such as total variation loss or phase continuity priors, and exploring physics-informed or unrolled
network designs may also enhance robustness. Additionally, incorporating aberration correction
directly into the model architecture and training pipeline could enable the network to compensate
for optical distortions. This would improve generalizability and accuracy, particularly in practical

settings where experimental imperfections are present.
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Chapter 6

Conclusions

This thesis presents a comprehensive study of SPLM with STM illumination, evaluating its the-
oretical limits, robustness to model mismatch, and practical feasibility through simulation. The
work is grounded in the statistical framework of the CRLB, which quantifies the best achievable
precision of unbiased estimators under ideal signal models. We derived the CRLB for SPLM
with STM illumination with a single emitter, two emitters, and multiple emitters. The analyses
demonstrated that, under practical constraints such as photon budget and spatial resolution, SPLM
can achieve localization precision on par with conventional camera-based LM techniques, while
offering benefits in DOF due to its single-pixel architecture.

To address practical challenges where model mismatch inevitably occurs, such as system mis-
alignment or unmodeled aberrations, we extended the CRLB framework by incorporating the
MCRB. The MCRB puts a lower bound on the estimation performance when the assumed model
deviates from the true data-generating process, particularly relevant in optics where distortions are
often nontrivial. We formulated the MCRB under Poisson statistics and demonstrated its applica-
tion to both SPLM and SMLM under first- and second-order aberrations. The results show that
while CRLB remains optimistic under mismatch, the MCRB provides a more realistic bound on
estimator performance and reveals how bias, not just the statistical distance between the assumed
and true measurement models, contributes to degradation in precision.

Building on this theoretical foundation, we implemented a complete simulation and inverse
problem framework to validate the SPLM system and estimation strategy. Our FISTA-based sparse
recovery algorithm, followed by a BFGS refinement step, demonstrates reliable localization of
multiple emitters in the presence of aberrations. We showed that uncorrected aberrations signifi-
cantly degrade estimation accuracy, whereas our aberration correction pipeline effectively restores
performance, reducing RMSE and false detection rates. Furthermore, we benchmarked the sim-
ulation results against the CRLB to confirm that the proposed algorithm approaches theoretical

110



precision limits under favorable SNR conditions. These simulations not only validate the feasibil-
ity of SPLM but also provide a quantitative basis for system design and calibration strategies.

The second part of this thesis introduces QSCAT, a quantitative phase imaging system im-
plemented via DPC microscopy using a DLP. By relaying arbitrary pupil-plane masks onto the
back focal plane of the objective, QSCAT allows flexible control of the illumination, enabling
spatial phase gradient measurements. We detailed the experimental setup, calibration procedures,
and alignment strategies required to ensure accurate half-pupil projection. Preliminary results on
known test targets, such as a chrome Air Force target, demonstrate QSCAT’s ability to retrieve
phase gradients and reconstruct optical path length differences with micron-scale height sensitiv-
ity.

Together, the contributions of this thesis advance both theoretical and practical aspects of op-
tical imaging. The CRLB and MCRB analyses offer rigorous insight into estimation limits under
both ideal and mismatched conditions, while the simulation and QSCAT implementations illus-
trate the translation of these principles into real-world measurement systems. This work lays the
foundation for future developments in calibration-aware super-resolution imaging and adaptive

structured illumination design.
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Appendix A

License

Colorado State University LaTeX Thesis Template
by Elliott Forney — 2017
This is free and unencumbered software released into the public domain.

Anyone is free to copy, modify, publish, use, compile, sell, or distribute this software, either in
source code form or as a compiled binary, for any purpose, commercial or non-commercial, and

by any means.

In jurisdictions that recognize copyright laws, the author or authors of this software dedicate any
and all copyright interest in the software to the public domain. We make this dedication for the
benefit of the public at large and to the detriment of our heirs and successors. We intend this
dedication to be an overt act of relinquishment in perpetuity of all present and future rights to this

software under copyright law.

THE SOFTWARE IS PROVIDED "AS IS", WITHOUT WARRANTY OF ANY KIND, EX-
PRESS OR IMPLIED, INCLUDING BUT NOT LIMITED TO THE WARRANTIES OF MER-
CHANTABILITY, FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT.
IN NO EVENT SHALL THE AUTHORS BE LIABLE FOR ANY CLAIM, DAMAGES OR
OTHER LIABILITY, WHETHER IN AN ACTION OF CONTRACT, TORT OR OTHERWISE,
ARISING FROM, OUT OF OR IN CONNECTION WITH THE SOFTWARE OR THE USE OR
OTHER DEALINGS IN THE SOFTWARE.
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