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ABSTRACT 

CELL EXCLUSION ALGORITHMS

This dissertation will address two problems which frequently arise in appli­

cations: finding the real zeros of a nonlinear system of equations and finding the 

minimum real value of a function of several variables. Just to name a few. the 

fields of chemistry, biology, physics, robotics, and economics involve zero-finding 

problems. Optimization problems are also extremely prevalent. One important 

optimization problem is tha t of minimizing cost.

Cell exclusion algorithms apply an exclusion condition to  some region, e.g.. a 

cell, in which we expect all zeros to be found or on which we wish to  determine 

the global minimum. Since an exclusion condition is a necessary but not sufficient 

condition for a cell to  contain a zero or a point a t which a function achieves its 

global minimum, a successful algorithm bounds the number of cells which remain 

at each iteration. Thus, we want to get as few false positive cells, i.e., cells which 

satisfy the condition but do not contain a zero or a point a t which a function 

achieves its global minimum, as possible. We develop localized conditions which 

are more stringent than  those which have been given in previous literature. More 

stringent exclusion conditions discard more cells and hence are more efficient.

In this dissertation we develop the theory behind zero-finding and optimiza­

tion cell exclusion algorithms. We present both types of algorithms. Several dif­

ferent root conditions are introduced and their effectiveness upon implementation 

is analyzed. Indeed, we give multiple numerical examples.

Melissa Erdmann 
Department of M athematics 
Colorado State University 
Fort Collins, Colorado 80523 
Summer 2001
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In tro d u c tio n

This dissertation will address two problems which frequently arise in appli­

cations: finding the real zeros of a nonlinear system of equations and finding the 

minimum real value of a function of several variables. In biology, for example, 

problems involving circulation within the heart and problems in neurophysiology 

may be translated into zero-finding problems. Chemistry equilibrium problems 

correspond to zero-finding problems. In addition, just to  name a  few, the fields 

of physics, robotics, and economics involve zero-finding problems. It is useful to 

be able to find all zeros of a system of equations and then choose the best one 

according to certain criteria. For example, in robotics a zero of a system may rep­

resent a position of a robot arm that must occur. One may then choose the zero 

th a t corresponds to the most mechanically efficient means of reaching this position. 

Optimization problems are also extremely prevalent. One im portant optimization 

problem is tha t of minimizing cost.

Very few algorithms effectively locate all of the real zeros of general functions 

beyond cell exclusion algorithms and the closely related interval methods. In the 

case of polynomial m aps there are effective homotopy methods which locate all of 

the complex solutions. The literature concerning this approach is by now extensive. 

Recent surveys for this approach are given for example in [1, 14]. The drawbacks of 

these methods are th a t polynomial maps are not general and the num ber of com­

plex solutions may be extremely large, whereas the number of real solutions may 

be very much smaller. An attem pt to find multiple solutions in conjunction with

1
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Newton’s method by means of repeated deflation is given in [5]. It was discovered 

that not all solutions can be found by this approach and successive deflations do 

not necessarily yield nearby roots. In [2] deflation is related to  homotopy methods.

Concerning methods for global optimization, a much richer literature exists. 

For example, see [8]. In fact, there is even a journal named for the topic. Since we 

have not yet implemented a cell exclusion algorithm for global optimization, we 

cannot discuss how cell exclusion algorithms compare with other methods.

Cell exclusion algorithms have been used for many years in the area of interval 

analysis, see e.g. [3, 10, 9, 12, 15]. One can easily describe the  basic structure of 

such an algorithm. We begin with some region, e.g., a cell, in which we expect 

all zeros to be found or on which we wish to determine the global minimum. The 

algorithm is based on a given root condition or optimization condition which can 

be applied to each cell. If a cell fails the condition, we know it will not contain 

a zero or a point a t which a function achieves its global minimum, and it can be 

discarded. If a cell satisfies the condition, the cell is subdivided and the condition 

is applied to the new, smaller cells. This leads to a recursive algorithm. The 

success and efficiency of these algorithms will strongly depend on the choice of the 

condition. Hence, the main purpose of this dissertation is to  develop and analyze 

various conditions with the aim of deriving exclusion criteria which are numerically 

more efficient.

When finding the real, isolated zeros of a system of equations, cell exclusion 

algorithms may be used in conjunction with Newton’s method. Given the same 

initial domain as a  cell exclusion algorithm, Newton’s m ethod may not converge 

to all solutions of a system of equations, especially if two zeros are close to each 

other or if a zero has a small basin of attraction. Cell exclusion algorithms may 

be used to determine components corresponding to each of the  isolated zeros. The

2
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midpoint of each component may then be used as a starting  point for Newton’s 

method in order to determine more accurate approximations of the zeros.

Since an exclusion condition is a necessary but not sufficient condition for a 

cell to contain a zero or a point at which a function achieves its global minimum, 

a  successful algorithm bounds the number of cells which rem ain a t each iteration. 

Thus, we want to get as few false positive cells, i.e., cells which satisfy the condi­

tion but do not contain a zero or a point at which a function achieves its global 

minimum, as possible. We develop localized conditions which are more stringent 

than  those which have been given in previous literature. More stringent exclusion 

conditions discard more cells and hence are more efficient.

In this dissertation we develop the theory behind zero-finding and optimiza­

tion cell exclusion algorithms. We present both types of algorithms. Several dif­

ferent root conditions are introduced and their effectiveness upon implementation 

analyzed. Indeed, we give multiple numerical examples.

3
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L ist o f Sym bols, A b b re v ia tio n s , a n d  T erm s

A set a  is a cell if it is an iV-dimensional region

The m id p o in t of a cell a

The m esh  v e c to r  of a cell a

The low erm ost c o rn e r  of a  cell a  

The u p p e rm o s t c o rn e r  of a cell a 

N orm :

M esh size of a cell a  with mesh vector da

Cell where we are searching for zeros or
points where a function a ttains its global minimum

The set of zeros in the cell A of a system of equations 
F(x) =  0, where F  : A C R N — R N

The set of points where a function /  : A C R ^  —► R 
attains its global minimum in the cell A

C ell E xclusion  A lg o rith m

A roo t c o n d itio n  is a computationally verifiable necessity test 
for the presence of a zero in a  cell.

A m in im iza tio n  c o n d itio n  is a computationally verifiable 
necessity test for the presence of a global minimum in a cell.

A cell, a C R jV, has undergone one level o f  p a r t i tio n in g  
when it has been subdivided along each of its N  dimensions.

<r =  rL = i[a i i ,a .2]
where aij €  R, an < al2

o(a ll +  a 12)

+  U,v2 )

<L =  (aii! a2i

(7 =  ( & 1 2 -  ^ 2 2 ?  * ■ - • f l j V i )

x  oc —  s u P l < t < . V  \ X

N f ( A) 

M f { A)

CEA

R.C.

M.C.

4
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r*

H  =

a i  =  n, q«! 
x °  =  n  x t'

M k

H f

5
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Set of cells which satisfy the root/minimization condition 
on the A;th level of partitioning

Set of cells which result when Qk- i  undergoes 
one level of partitioning

S e q u e n tia l b isec tion  is the partitioning which takes place 
when cells are bisected along one axis a t a  time.

S im u ltan eo u s b ise c tio n  is the partitioning which takes place 
when cells are bisected along all axes at the same time.

The le n g th  of a multi-index a  € Z"

The fa c to r ia l of a multi-index a

For a multi-index a  and x  €  KjV

The p a r t ia l  d e riv a tiv e  involving a multi-index a

The sequence of minimum values obtained from
the optimization algorithm on the fcth level of partitioning

The Hessian of a function /



C h a p te r  1

CELL EXCLUSION ALGORITHM S A N D  
ZERO FINDING

In this chapter we consider the problem of determining all real solutions of a 

nonlinear system of equations of the form:

F (x)  =  0

where F  : A C  R N —> R ;V is continuous and A is a compact region in R N.

1.1 In tro d u c to ry  D efin itions

The following are some background definitions:

D efin ition  1.1.1 (C e ll) . A set a  is said to be a cell i f  it is an N-dimensional 

region o f the form

<y =  . ai2]
j= i

where E R, an < ai2.

D efin ition  1.1.2 (F ace ). We define a face u  o f a cell a to be a subset w C <r 

such that
N

U =  0j2]
j=l

where an =  a,& for at least one i.

6
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D efin ition  1 .1 .3  (M id p o in t) . The midpoint o f a cell a is defined to be

f  | ( a ll +  a 12) 
m G =  I :

+  <^ 2 ),

Often we will simply use m  to denote the  midpoint.

D efin ition  1 .1 .4  (M esh V ec to r). The mesh vector of a cell a  is defined to be

(au

Gyvi,

Often we will use d to denote the mesh vector. The mesh vector represents 

the vector of distances from the midpoint of the cell to the faces of the cell.

D efin ition  1.1.5 (M esh  S ize). The mesh size o f a cell a with mesh vector da is 

defined to be ||dff[|.

Unless otherwise noted, the norm which we use is the infinity norm.

D efin ition  1 .1 .6  (C ellu lar P a r t i t io n ) .  Let T be a finite set o f cells and let A 

be a cell in E.N . We say that T is a cellular partition of A if

L  A =  U<rer °  ■

2. I f  <Ji, o2 6 r ,  then n  (t2 is a common face o f o\ and o2 or c?i Pi <t2 =  0.

3. The number of cells, cr 6  T such that a  H A ^  0 is finite.

D efin ition  1 .1 .7  (R efinem en t). Let Ti and T2 be any two cellular partitions o f  

A. r 2 is said to be a refinement o fT  1 i f

V _ 3 „  such that cr2 C <J\a2 e r 2 c r i e T i

with strict inclusion holding in at least one case. We also say T2 is finer than T 1 .

A cell exclusion algorithm looks for zeros in some initial cell A. As the algo­

rithm  executes, A is partitioned into successively refined partitions.
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1.2 A C ell E xclu sion  A lg o rith m

A cell exclusion algorithm (CEA) systematically discards cells as it progresses. 

In order to do this, the algorithm  makes use of some test which we will refer to as a 

root condition. A root condition is a necessary, but not sufficient, condition which 

must be satisfied if a  zero point is present in a cell. Thus, if a cell fails the root 

condition, we know it does not contain a  zero and may be discarded immediately. 

This is one of the desirable feature of CEAs. One does not want to spend a great 

deal of time searching for zeros in a region where none can be found. In this 

dissertation we will discuss the application of various root conditions. Now we 

formally define a root condition:

D efin ition  1.2.1 (R o o t C o n d itio n ) . A root condition is a computationally ver­

ifiable necessity test. R(cr), fo r  the presence o f a zero in a cell, a.

As a result,

3x e  o- F ^  =  0 = = >  =  y e s

R(a)  = no = >  $ F(x)  =  0.X€<7

D efin ition  1.2.2 (Np-(A)). We define Nf ' (A) to be the set of zeros in the cell A 

o f a system o f equations F(x)  =  0, where F  : A C  R ^ —► R^.

We will now give some introductory definitions and a more formal description 

of the cell exclusion algorithm which we sketched in the introduction. The algo­

rithm  is based on a given sequence of refining partitions r\. and uses at each stage 

a  given root condition to exclude all cells which cannot contain a root of F. The 

remaining cells are then stored in fl* .

D efin ition  1 .2 .3  (Level o f  P a r t i t io n in g ) . A cell, a  C  R^, has undergone one 

level of partitioning when it has been subdivided along each o f its N  dimensions.

8
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D efin ition  1.2.4 (Qk)- The set of cells which satisfy the root condition on the kth 

level of •partitioning is called Qk-

D efin ition  1.2.5 (P*). The set of cells which result when Qk- i  undergoes one 

level o f partitioning is called I\..

Figure 1.1 illustrates the number of cells in T* for various levels of partitioning.

#(Ffc) k
1 0
4 1
8 2
10 3
6 4

Figure 1.1: Illustration of Levels of Partitioning

A lg o rith m  1.2.1.

1. Let Tk be a sequence o f cellular partitions o f A with To =  {A} such that r*..+i 

is finer than , k  =  0, 1 , . . . ,  and such that the mesh sizes limfc_oo ||dfc|| =  0.

2. Let f  : A c  1R'V — R N.

3. We assume that a given root condition can be implemented fo r  each cell 

<J C  A, and we assume that A satisfies this root condition (otherwise there 

would be no zeros in A).

4■ Set Q0 <— {A} . (Initialization)

5. For k =  0,1, 2 , . . .

(a) Qk+i — 0 •

(b) For a €  Qk

9
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For r  such that ( r  6  rW i and r  C a)

I f  r  satisfies the root condition, 

then Jlfc+i <— Qk+ 1 U {r l •

1.3 O p tim a lity  o f  T risec tio n

As a CEA executes, it partitions cells which satisfy the root condition by 

dividing successively along each axis. In this section we investigate the optim al 

way for this subdivision to take place, i.e., into how many cells a cell which satisfies 

the root condition should be partitioned as the algorithm  progresses.

We will consider complexity to be measured by the number of times which we 

check the root condition.

D efin itio n  1.3.1 (A sy m p to tic a lly  O p tim a l) . A sequence of cellular refinements 

{r fc} of a cell A is said to be asymptotically optimal i f  there is a ko > 0 such that 

{T*;} minimizes the complexity of the cell exclusion algorithm when neglecting the 

first ko steps o f computation.

T h e o re m  1.3.1 (O p tim a lity  o f T risec tio n ). I f  {I\.} is a sequence o f cellular 

refinements that satisfy the condition:

# ( Q k) = C  C e N  k > k 0

then the sequence of refinements which minimizes the complexity o f the cell exclu­

sion algorithm is successively dividing in thirds along each axis.

Proof. 1. The ratio of the “volume” of the iV-cube which would be formed by 

the longest side of cells in the A>th partition, (2||cffc||)vv, of cells in the Ar-th 

partition to  the “volume” of cells in the A:-th partition, v(Tk), is bounded by 

some constant M.  In other words, we will not have cells which are arbitrarily 

long in one or more directions. This is a reasonable assumption. We do not

10

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .



want to  have long, skinny cells. Thus, we can relate the com putational com­

plexity in the change in volume of cells to  a change in the overall tolerance,

i.e. mesh size, of a partition.

( 2 i K i r
«(r*)

< M  M  € R

2. We will subdivide each cell satisfying the root condition into the same number 

of pieces, p, along any axis.

Now let us consider the computational complexity of subdividing. We begin 

with a cell a  in Qk with volume a. After subdividing some number of times we 

assume we will have a cell in f2/ with a smaller volume b. This change in volume 

is given by:
1 , . f/ p . ln(a/6)

Thus, we see the to ta l amount of computational effort involved in subdividing flk 

into Qi is proportional to:

0i - k ) Pc =  ln[*l ^ p c .
lnp

Since we fix our beginning and ending volumes, a and b, the only variable in this 

equation is p. Thus, our problem becomes one of minimizing f ( p )  =  for 

p €  N. This function achieves its minimum a t p =  e. Since p should, however, be 

an integer, the optim um  value is p = 3. We see /(3 )  =  2.7307,

/(2 )  =  /(4 ) =  2.8854. □

We did some numerical experiments using trisection. However, since the costs 

of bisection and trisection are very close, unless otherwise noted we bisect in the 

numerical algorithms for the sake of simplicity.

11
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1.4 C onsequences o f th e  C ell Exclusion A lg o r ith m

The following theorem summarizes straightforward consequences of the cell 

exclusion algorithm 1.2.1.

T h eo rem  1.4.1. Let N F( A) be the solution set o f the system F (x ) =  0 with x  €  A 

and {fit} be the cell sequence created by the cell exclusion algorithm 1.2.1, then 

the following hold:

1. We have monotonic enclosure of the solutions. That is, for all k if

x  € N p(A), then x  e  a  fo r  some a € fl*., and all cells which are elements o f 

flfc+i are elements o f partitions of cells in f2*.

2. We may determine zeros to within a given tolerance. I f  x  6 N F(A) and 

x  e  a, then | | m — x|| <  Wd̂ W.

3. For every zero there is a sequence of cells which converges to this zero. I f  

N F{h) ^  0, then for any x  € N F{A), there is a sequence of cells, G Q^. 

such that

\\mak -  x || —► 0 as l|d«rfc| | - » 0 .

4- I f  the algorithm terminates in a finite number o f steps, then no solution to 

the system exists.

12
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C h a p te r  2

A LIPSCHITZ RO O T CO NDITION

In this chapter we will examine the first root condition, the Lipschitz root 

condition which is introduced in [20]. We may use the fact that F  satisfies the 

Lipschitz condition to arrive at a root condition.

Suppose F  satisfies a Lipschitz condition:

ll^Car) -  <  ATIIar -  y ||

where AT is a Lipschitz constant.

Assume x  €  a and F(x)  =  0. If there exists a solution x  € a, then

||F (m .) -  F (*)|| =  HFfmJH <  K \\m a -  £|| < K\\da\\ .

This implies that

||F(m a)|| <  A:||d.|| (2.1)

is a  root condition. T hat is, if ||F (m .) || >  AT||d.||, then a  contains no roots and 

may be excluded.

We note that K  could be global or could depend on the cell a. Also, K  is 

oftentimes a  vector or a m atrix of Lipschitz constants.

Given a  function, f ( x ) ,  in one variable, the maximum value of |/ '(x ) | can be 

used as a Lipschitz constant. Let us examine a  polynomial in one variable, p{x).

13
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All such polynomials axe Lipschitz on closed intervals. We note we can determine 

a  better Lipschitz constant for a specific cell a  by doing a  Taylor expansion about 

the midpoint of a cell.

Let us consider the  behavior of p(x) on a  = [e, /] , and let us assume without 

loss of generality th a t | / |  > |e|. If we calculate K  from the given polynomial, we 

get

p(x) = Z^LodiX1

p'{x) =  E ^ Z  *  CLiXl ~ l

\p ' (x) \<Z»=li * \ a l( f y - l \ = K .

On the other hand we may expand p(x) about the midpoint of cr, ma. to obtain 

K,

P(x ) = bi(x -  m^Y

p’(x)  =  Z?=li * bi(x — m ay ~ l

\ p ' ( x ) \ < Z ^ li * \b i * ( f - e ) / 2 \ i~1 = K .

We notice that if e  and /  are close together, as they will be as we do successive 

refinements, the second estim ate for K  is much better.

T h e o re m  2.0.2 (C o n v e rg e n ce  of C ells to  R o o ts ) . Let Qn be the sets o f cells 

generated by the CEA 1.2.1 using the Lipschitz root condition (2.1), and let N F(A) 

be the set of solutions to the system. Then N p(A) ^  0 i f  and only i f  the CEA 

does not terminate in a finite number of steps. In this case, Np{A) =  fi where 

f2 limn—.oc fin-

Proof. It suffices to show that whenever the algorithm does not terminate in a 

finite number of steps, then N p(A) ^  0 and N F(A) =  Cl.

Because we have a  valid root condition, N F(A) C  Cl for any n > 0.
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Now we must show th a t every element of Q is also a zero, i.e., Q C  Np{A). 

Since the algorithm does not terminate in a  finite number of steps, there are cells 

in Qn for each n. Thus, Cl ^  0.

For any fixed x G Cl, by Theorem 1.4.1, there is a sequence of cells {crn }, 

arn G fin, such tha t x  G crn for any n > 0. Since each cell crn must satisfy the 

Lipschitz root condition (2.1), we have <  F ||d n||.

This yields the following result:

||F (i)|| < l|F(m„,)|| +  ||F (i)  -  F(m„„)|| <  K\\dn\\ +  Ff||d„|| -  0

as n —* oc .

Thus, x 6  f i  = = >  x  G Np-(A), so Q C  Nf (A) .  Therefore, Cl =  Arf(A ). which 

proves the claim. □

C o ro lla ry  2.0.1. Let Qn be the sets of cells generated by the CEA 1.2.1 using the 

Lipschitz root condition (2.1), and let N f ( A )  be the set of solutions to the system. 

I f  F  is continuous on A, F  is Cl on a neighborhood o f Np(A). and Nf?(A) consists 

o f a finite number o f regular solutions o f the system (namely. F'(x)  is invertible 

for any x G N p(A)), then there is a constant No such that #(f2n) <  N 0 for any 

n > 0.

Proof. First, for any x  G Np{A), we may expand F  in a first order Taylor expansion 

about x,

F(x) = F'(x)(x  — x) +  o(||x — x ||) .

Taking norms of both sides and using the fact that

||F '(x )(x  -  x)|| > H F ^x)-1!!-1 !^  -  i | | ,

we obtain that

I I ^ I I ^ I I F ' ^ ^ l l ^ l l x - x l l + o d l x - x l l ) .
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Due to the regularity a t x there exists a K  >  0 such th a t | |F '( i )  11| 1 =  K  and 

hence

||F (x )|| >  K\\x -  x|| +  o(\\x -  x | | ) .

We may absorb the asymptotic term into a constant. Hence, for 0 < C < ||F '(x)||, 

there is an 77 > 0  such that

||F (x )|| >  C\\x -  x|| for ||x — x | | < 7 7 .

Thus, if we look at x =  m a for some a 6  fl„, we have

\ \F(m0) \ \ > C \ \ m 0 - x \ \  for \\ma -  x|| <  t) . (2 .2 )

Similarly, for each x e  A), we may find such a C  and 7 7 . Since Np(A)  contains 

a  finite number of zeros, we may simply choose the minimum of such // and C  so 

tha t the above inequality holds for all cells a  such th a t \\ma — x|| <  77 for some 

x € N f{A).

Also, by the Lipschitz root condition for cr E Qn, there holds

HFCrrOH <  K\\dLn \\ . (2.3)

Combining the two inequalities (2.2) and (2.3), we get

\\ma- -  x|| <  K\\dn\\/C  for ||m ff — x|| <  7 7 .

Now we will consider the case where \\m<j — x|| > 7 7  for all x 6 N F(A) and 

prove that such a cell will eventually fail the root condition and be discarded.

Let

5  =  A \  UB(Np(A),  7 7) .

Since F  is continuous on the compact set S,  ||F (x )|| a ttains a minimum, k > 0, 

on S.

Thus, ||F (x )|| >  k for all x G S.

16
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Now consider m„ € S.  In order to  satisfy the root condition (2.1), we must

have

||F (m *)|| <  K\\dn\\

for all subdivisions (fln) with mesh size ||dn ||. If we take ||dn |i sufficiently small, 

we will have A'||dn|| < k < Thus, for sufficiently large n. any cell with

midpoint in S  will be discarded.

Hence, for sufficiently large n. the volume of a ball around a root x  which may 

contain a cell in which satisfies the  root condition is a t most 

((K a/C  + l)2 ||dn||)jV. The volume of a given cell within this ball is approximately 

(2||dn||)jV. Thus, the total possible cells which could fit inside this ball is approxi­

mately

( ( K , / C  +  l)2 ||d„||) 'v *  (2||d„||)'v = ( K J C  + 1 )"  .

The largest possible number of cells which could fit inside the 77-ball around a root 

would be {{Ka/ C +\)2\\dn\\)N -i-v{Tn) , where u ( r n) is the ^-dim ensional "volume’7 

of cells in Tn. In applications, we will be able to relate v ( r n) and (2||dn[|)jV by 

some constant p. As was mentioned in Theorem 1.3.1, this will be possible since 

we will not be dealing with long, skinny cells.

Let
.  — .. ( Z l l d J ) "p = m a x   .

n v ( r n)
Since we are dealing with a finite number of roots J. the to tal number of cells will 

be bounded by p * {Ka/ C  -f 1)^ * J  = N0. □

2.1 N u m e ric a l R esu lts

In this section examples are presented for which the Lipschitz root condition 

(2.1) was used.

Here are two definitions which are needed for examining the  numerical results 

in this dissertation:

17
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D efin ition  2.1.1 (S e q u en tia l B ise c tio n ). Sequential bisection is the partition­

ing which takes place when cells are bisected along one axis at a time.

D efin ition  2.1.2 (S im u ltan eo u s B isection ). Simultaneous bisection is the par­

titioning which takes place when cells are bisected along all axes at the same time.

For all of the root conditions we consider, it generally occurs that cell ex­

clusion algorithms yield significantly more cells than there are roots. This is not 

surprising, since in general, a cell exclusion algorithm will not only produce the cell 

containing a root, but neighboring cells as well. The number of neighboring cells 

increases exponentially with the dimension of the problem. However, we found 

linking cells which are close together into connected components to  be an effective 

means of isolating zeros. (See the Java code in the appendix.) After sufficient 

partitioning, each component corresponds to an isolated zero. Then if the mesh 

size of a component is small enough, we may stop. Otherwise, we can use the 

midpoint of the component as a starting point for Newton’s method.

18
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1. This problem comes from the 1996 paper by Xu [20]. We used the Lipschitz 

root condition for this problem with a vector of Lipschitz constants.

The domain of this problem is taken as A =  [—1,2] x [—20, 5], where F ( x ) is 

defined by the following:

/ i (xi ,  x2) =  1/2 sin(xix2) — x 2 /4 7 T  — Xi/2 

/ 2(xi, x2) =  (1 -  l/47r)(e2a:i — e) + ex2/7r -  2exi

We used the same Lipschitz constants, (11.6,13), for this problem which are 

used in [20]. This problem was numerically solved using a Matlab implemen­

tation. The measure of tolerance is given by the cell size. Consider a  cell a  

with mesh vector d. If a  satisfies the root condition and 2||d|| < tolerance, 

then a is in Q.

We see that for both types of bisection the number of cells in Q is bounded 

by Nq «  900.

T olerance Cells in  fi: 
S eq u en tia l 
B isec tio n

Cells in  Q: 
S im ultaneous 

B isection

R .C . C hecks: 
S equen tia l 
B isec tion

R .C . C hecks: 
S im u lta n eo u s  

B ise c tio n
.1 742 779 6,653 6,136
.01 843 898 20,975 20,668
.001 847 896 31,239 31.404
.0001 839 897 41,517 42,200
.00001 844 898 55,243 56,584
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S o lu tio n s
(-0.26059929, 0.6225309)
( 0.29944869, 2.8369278)

________( 0-5, 7r)________
(1.66342198, -16.2827906) 
(1.65458272, -15.8191882) 
(1.60457055, -13.3629017) 
(1.57822540, -12.1766898) 
(1.53050532, -10.2022479) 
(1.48131957, -8.3836127) 
(1.43394933, -6.8207653) 
(1.33742561, -4.1404386) 
(1.29436046, -3.1372198)

Note th a t the number of cells for simultaneous and sequential bisection are 

different. This is due to the fact that this problem does not have a "square" 

domain.

It is also interesting to observe that the number of root condition checks for 

sequential bisection and simultaneous bisection are nearly identical for this 

problem. This can be explained by the fact th a t as the algorithm progresses 

more than half of the  cells will be discarded.

Let us consider one cell of which a t least half will be discarded. When 

using simultaneous bisection, this cell will be partitioned immediately into 

four cells and four root condition checks will be performed. When using 

sequential bisection, this cell will be bisected along the first axis into two 

cells, two root condition checks will be performed, and typically one cell will 

be discarded. The remaining cell will be bisected along the second axis and 

two more root condition checks will be performed. This makes a to tal of four 

root condition checks, which is the same number th a t takes place when using 

simultaneous bisection.
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2. This problem comes from Xu’s 1997 paper [19]. The domain of this problem 

is taken as A =  [—4. 4] x [—4,4], where F (x)  is defined by the following:

f i ( x i , x 2) = x i — 4x1 

f 2( x i ,x 2) = cos(xi)  -  x 2

For this problem we used a matrix of Lipschitz constants instead of a vector 

of Lipschitz constants. We observe that this leads to a tighter root condition, 

so we obtain fewer cells than  Xu using a  global root condition. We used the 

Lipschitz matrix:

'1  3 2 '
1  1

This problem was numerically solved using a  C ++ implementation. We see 

that the number of cells in Q. is bounded by N0 ~  60.

Levels C ells in f2 
G lobal

X u  1997 
G lo b a l

X u  1997 
Local

5 47 ~  135 ~  15
1 0 55 ~  1 1 0 ~  15
15 56 ~  1 1 0 ~  15
2 0 55 ~  1 1 0 ~  15
25 55 ~  1 1 0 ~  15
30 56 ~  1 1 0 ~  15

S o lu tio n s
(2.476468, -.786840) 
( 3.502147, -.935701) 
(1.036674, .509086 )
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C h a p t e r  3

A  M O NO TO NICITY ROOT C O N D ITIO N

In this chapter we present the monotonicity root condition which is introduced 

in [20]. First, we must define what it means for a mapping F  to be monotonically 

decomposable. Assume tha t we have two vectors

x  = (x i ,x 2, x 3,  x n) and y =  (yi, y2, y3, • • •, yn) in RiV .

We define x < y iff Xj <  y* for all i G { 1 , 2 , . . . ,  N}.

D efin itio n  3.0.3 (Iso to n e ). A mapping G : R;V —► R ^ is said to be isotone if  

G(x) < G(y) whenever x  < y.

D efin ition  3.0.4 (M ono ton ica lly  D ecom posab le). The map F  is said to be 

monotonically decomposable i f  there are two isotone mappings G and H  such that 

F = G — H.

Given a cell
N

a =
t=i

where € R, alt <  ai2, we may define the “lowermost” and “uppermost” corners,

g_ and a  respectively, of the cell as follows:

“lowermost corner” =  q_ =  (an , a 2 1 , - . . ,  a ^ i)

“uppermost corner” =  a  =  (aj2, a 2 2 , • • •, a ^ 2) •
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If F  is a monotonically decomposable mapping, and er contains a solution, say x, 

to  the system F ( x ) =  0, then we can arrive at a  root condition as follows:

We know G(x) — H(x)  =  F(x)  =  0. By the isotone property of G and H .

G(a) -  H (a)  < 0 = F(x) < G(a) -  H{a) .

From these equations, we obtain the root condition:

G(a) < H(a) and H (a) < G { a ) . (3.1)

Notice that all polynomial systems are monotonically decomposable. If one is con­

sidering a positive domain A. we may decompose the polynomials according to 

terms having positive and negative coefficients (see Example 3.0.1). If one is con­

sidering a negative domain, one can expand the polynomials about the lowermost 

corner of the cell under consideration. Then one can decompose the polynomials 

according to the positive and negative coefficients of this expansion (see Example 

3.0.2).

E x a m p l e  3 .0 .1 .  Consider the following polynomial with A =  [0, 3]:

f ( x )  = (x — l)(x  — 2)(x — 3) =  x 3 — 6x2 + l l x  — 6

We may take g(x) = x 3 +  l l x  and h(x) =  6x2 +  6 . Indeed, f ( x )  is monotonically 

decomposable on A with f{ x )  = g(x) — h{x).

E x a m p l e  3 .0 .2 .  Consider the following system o f polynomials, F(x), with A =  

[-3 ,3 ] x [-3 ,3 ]:

/ i ( x i ,x 2) =  (xi +  l )x 2  

f 2( x i , x 2) =  x \  -  1
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Expanding F (x )  about (-3,-3),

f i ( x i , x 2) =  (x i  4- 3)(x 2  4- 3) — 3(xi 4- 3) — 2(x 2  4- 3) 4- 6

x 2 ) = ( x 2  ■+■ 3 ) 2  — 6 (x2  4 - 3) 4- 8

Thus, we may take G(x) to be g i (x i ,x 2) =  (xi 4- 3)(x 2  4- 3) 4- 6 .. g2 ( x i ,x 2) =  

(x 2 4-3)2 4-8 and H(x) to be h i ( x i, x2) =  3(xi 4-3)4-2(x2 4-3), h2(x i, x2) =  6(x2 4-3). 

We see F (x)  is monotonically decomposable on A with F (x)  =  G{x) — H (x).

T h eo re m  3 .0 .1  (C o n v erg en ce  o f C ells to  R o o ts). Let fin be the sets o f cells 

generated by the CEA 1.2.1 using the monotonicity root condition (3.1), and let 

Np{A) be the set of solutions to the system. I f  F  = G — H  is monotonically 

decomposable with G and H  continuous, then Np(A) ^  0 i f  and only i f  the CEA 

does not terminate in a finite number of steps. In the latter case, Np-(A) = Q 

where Cl =  lim ^oo  Q n .

Proof. It suffices to show th a t whenever the  algorithm does not terminate in a 

finite number of steps, then A/>(A) ^  0 and N p(A) =  Cl.

Because we have a valid root condition, N f(A )  C  Cl for any n > 0.

Now we must show tha t every element of Cl is also a zero, i.e., Cl C N f(A ) .  

Since the algorithm does not terminate in a finite number of steps, there are cells 

in fin for each n. Thus, Cl ^  0 .

For any fixed x 6  Cl. by Theorem 1.4.1, there is a sequence of cells {ern}.

crn G fln, such tha t x £ crn for any n > 0 .

Since each cell an must satisfy the monotonicity root condition (3.1), we have

\\(G + H)(*;) -  (G + HXarJW

=  || G f a )  -  ff(£a) || +  || H(*n) -  G(0n) || - 
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The mapping G + H  is uniformly continuous on an. This implies that

||(G +  -  (G + f / ) K ) | |  -> 0  as K | |  - > 0 .

Thus, from the above equation it follows that

||G(ovT) -  H(an)\\ -» 0 and \\H(dn) -  GfavJH -* 0 as n -» oc . (3.2)

Now we can show x € Np{A).

If F{x) = G(x) -  H(x) > 0. then

0 < G{x) -  H{x) < G f a )  -  H {q n ) .

Thus, in this case it follows from (3.2) that,

0  < ||G(x) — i / ( i ) | |  <  ||G(o^) — H (o~ra)II —*■ 0  as n  —► oo .

If F(x)  =  G(x) — H(x) < 0, then

0 <  H (x)  -  G{x) < H f a )  -  G (a n ) .

Thus, in this case it follows from (3.2) that,

0  < ||G(x) — H {x )|| <  ||H{dn) -  G(on)\\ —*■ 0  as n —> oc .

Thus, x e  Cl = >  x € N[?(A), so Q C Np(A). Therefore, Q =  iVf(A), which 

proves the claim. □

C o ro lla ry  3.0.1. Let Qn be the sets of cells generated by the CEA 1.2.1 using 

the monotonicity root condition (3.1), and let N f (A) be the set of solutions to the 

system. I f  G and H  are C2 on A and Np-( A) consists o f  a finite number of regular 

solutions of the system (namely, IjF^x)!! is invertible fo r  any x  £ Np{Q.)), then 

there is a constant Nq such that # (Q n) < No for any n  >  0.
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Proof. Since G , H  are C 2, G + H  is also Lipschitz. That is, there is a constant K  

such that

||(G +  H)(x)  -  (G + H ) (y )|| <  K\\x -  y\\ V x .y  € A .

Now consider any cell cr € Qn with g_ < m a <  a. Two cases are possible: 

either F{Tna) =  G(m a) — H (jna) > 0 or F (m (T) =  G (m CT) — Him,,) < 0.

In the first case by monotonicity, 0 <  G(ma) — //(m.y) <  G(a) — H(a).

Since by the monotonicity root condition (3.1), H(cf) — G(a) > 0, we have

0 <  \F(m a)\ = |G(mff) -  H {m a)\ < |G(a) -  H(a)  +  H(a) -  G(a)\
(3.3)

= l(G + H)(W) -  (G + .

In the second case F (m <7) = G{ma) — H^m#) < 0 which implies by mono­

tonicity, 0 <  H {m a) — G (m a) < H(a) — G(a).

Since by the monotonicity root condition (3.1), G(a) — H(g_) > 0, we have

0 <  \F (m a)\ =  \H (m cr) -  G[ma)\ < \H(a) -  G(a) +  G(W) -  H{a)\
(3.4)

= \{G + H){o) -  {G + H ){* ) \ .

Thus, in both cases (3.3) and (3.4) we conclude

l|F(rrO|| <  ||(G +  / / ) ( a ) - ( G  +  // )(a) | |

< K \ \ a - q \ \  <  2K\\dn\\.

This proof may now be finished in the same manner as that of Corollary 

2.0 .1. □
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3.1 Num erical R esu lts

In this section examples are presented for which the  monotonicity root condi­

tion (3.1) was used.

1. This is an equation in one variable. The domain of this problem is taken as 

A =  [0,5]:

f ( x )  = ( x -  2)(x -  1 )

In one dimension the  sequential bisection and simultaneous bisection algo­

rithms should perform identically. We notice th a t there is one more root 

condition check for the sequential bisection than  the simultaneous bisection. 

The reason for this is th a t the sequential bisection algorithm checks the initial 

cell and the simultaneous bisection algorithm does not.

This problem was numerically solved using a M atlab implementation. The 

measure of tolerance is given by the cell size. Consider a cell a with mesh 

vector d. If a satisfies the root condition and 2||d|| <  tolerance, then a  is in

n.

We see that the number of cells in Q is bounded by N 0 ~  15.

T o le ran ce C ells 
in  Q

R .C . C hecks: 
S equen tia l 
B isection

R .C .C h eck s : 
S im u ltan eo u s  

B isec tio n
. 1 15 57 56
. 0 1 1 2 137 136
. 0 0 1 1 2 233 232
. 0 0 0 1 1 2 305 304
. 0 0 0 0 1 1 2 377 376
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2. This problem comes from the 1996 paper by Xu [20].

The domain of this problem is taken as

4
a = n i o ,  io]

t=i

where F(x) is defined by the following:

f\{x )  =  x f  -t- x \  — X3 — x \  -F X 1 X 2  —  6  

f 2{x) =  x ix2( l  +  x i  +  x 2) — X 3 X 4  —  6 

/ 3 ( x )  = — X 3  — x \  +  X 3 X 4  +  X \  -f- x 2 +  4  

/i(x )  =  x f  + x% + x 3x 4 — x3 +  x 4 — 8

This problem was numerically solved using a Matlab implementation. The 

measure of tolerance is given by the cell size. Consider a cell a  with mesh 

vector d. If a  satisfies the root condition and 2||d|| <  tolerance, then a  is in 

Q.

We see that for bisection the number of cells in Q is bounded by N0 ~  62 

and for trisection the number of cells in Q is bounded by N0 ~  56.

T o lerance C ells in  fi: 
B isec tion

C ells  in  Q: 
T rise c tio n

R .C . C hecks: 
S eq u en tia l 
B isection

R .C . C hecks: 
S im u ltaneous 

B isection
. 1 56 52 1,863 3,456
. 0 1 58 54 3,023 6,208
. 0 0 1 62 54 4,901 10,272
. 0 0 0 1 62 56 6,153 13,088
. 0 0 0 0 1 50 48 7,287 15,680
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Midpoints of selected cells were taken as the starting points for Newton’s

method.

S o lu tio n s  O b ta in ed  A f te r  
A p p lic a tio n  o f N ew to n ’s M e th o d

(.921697994035985. 1.96746594981475, 1.98252447605658, .530962690049853) 
(1.96746594981475. .921697994035985, 1.98252447605658, .530962690049853)
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3. The following problem is taken from the 1996 paper by Xu [20]. The domain

of this problem is taken as
4

a = n i o ,  mi
i=i

where F (x ) is defined by the following:

f i ( x )  = x\ + x \  -  x \  -  x \  +  5

f 2 { x )  =  X y X 2  ~  X 3 X 4  +  1

/ 3 M  =  — x l  — x \  -+- Xi +  x 2 +  25 

f 4(x) = Xi +  x \  — x 3 -  i 4  -  5

This problem wras numerically solved using a M atlab implementation. The 

measure of tolerance is given by the cell size. Consider a cell a  with mesh 

vector d. If a  satisfies the root condition and 2 ||d|| <  tolerance, then a  is in 

Q.

We see tha t for bisection the number of cells in Q is bounded by iVo ~  1, 712

and for trisection the number of cells in f2 is bounded by No «  1, 500.

T o lerance C ells  in  fi: 
B isec tio n

C ells in  Q: 
T risec tio n

R .C . C hecks: 
S eq u e n tia l 
B isec tio n

R .C . Checks: 
S im u ltaneous 

B isection
. 1 348 702 4,275 5,552
. 0 1 1,712 1,170 31,945 44,880
. 0 0 1 1,328 1,368 88,329 139,024
. 0 0 0 1 1,384 1,484 127,773 204,560
. 0 0 0 0 1 1,460 1,433 169,417 272,912
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Midpoints of selected cells were taken as the starting points for Newton’s

method.

Solu tions O b ta in e d  A f te r  
A p p lica tio n  o f  N e w to n ’s M e th o d

(.00315181855733726, 2.02755457627325, .335492718717397, 2.99973867685411) 
(2.02755457627325, .00315181855733726, .335492718717397, 2.99973867685411) 
(.00315181855733726, 2.02755457627325, 2.99973867685411, .335492718717397) 
(2.02755457627325, .00315181855733726, 2.99973867685411, .335492718717397)
________________________________ (1,2,1,3)_________________________________
________________________________ (2,1,1,3)_________________________________
________________________________ ( 1 ,2 ,3,1)_________________________________
________________________________ (2.1,3,1)_______
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4. The domain of the following problem is taken as

a = n i °  ‘i
1 = 1

where F (x ) is defined by the following:

f i  (x ) =  x \  +  x \  +  x l  + x \  ■+- x% — 1  

f 2(x) = —xi + x \  +  x\ + x \ + x l  

f 3(x) =  Xi -  x 2 +  x l  + x j  +  x l  

f 4{x) = x \  -  x \  

h { x )  = x 2A- x \

This problem was numerically solved using a M atlab implementation. The 

measure of tolerance is given by the cell size. Consider a  cell a with mesh 

vector d. If a  satisfies the root condition and 2||d|| <  tolerance, then a is in

n.

We see that the number of cells in fi is bounded by N 0 a; 48.

T olerance C ells 
in  f i

R .C . C hecks: 
S eq u e n tia l 
B isec tio n

R .C . C hecks: 
S im u ltaneous 

B isection
. 1 45 1,495 3,584
. 0 1 48 3,153 8,128
. 0 0 1 48 4,883 12,672
. 0 0 0 1 48 7,161 18,944
. 0 0 0 0 1 45 8,869 23,648

32

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .



The following table lists the  8  solutions to this system. The first one lies in 

the initial domain A and the others may be found by symmetry.

S o lu tio n s
(.618034, .618034, .418202, .174893, .174893) 
(.618034. .618034, -.418202, .174893, .174893) 
(.618034, .618034, .418202, -.174893, .174893) 
(.618034, .618034, .418202, .174893, -.174893) 
(.618034. .618034, -.418202, -.174893, .174893) 
(.618034, .618034, -.418202, .174893, -.174893) 
(.618034, .618034, .418202, -.174893, -.174893) 
(.618034, .618034, -.418202, -.174893, -.174893)
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5. Consider the equation in one variable:

f ( x )  = (x — 3)(x — 2)(x — l)x

We use 6  as a Lipschitz constant for A =  [0, 3] and 50 as a Lipschitz constant 

for A =  [0, 4]. The numbers of cells satisfying the root conditions are given. 

In particular, we note th a t the zero lying on the boundary of A is found. We 

see the number of cells stabilizes for both  root conditions and both domains.

This problem was numerically solved using a C ++ implementation.

Levels L ipsch itz
A =  [0 , 3]

L ipschitz
A =  [0,4]

M o n o to n ic ity
A =  [0,3]

M o n o to n ic ity
A =  [0 ,4]

5 8 26 28 30
1 0 8 62 137 164
15 8 62 137 160
2 0 8 62 132 160
25 8 62 132 160
30 8 62 132 160
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6 . Consider the equation in one variable with a root of multiplicity 2 :

f ( x )  = (x — 3)(x — 2)(x — l)x 2

We use 18 as a Lipschitz constant for A =  [0,3] and 224 as a Lipschitz 

constant for A =  [0,4]. The numbers of cells satisfying the root conditions 

are given.

This problem was numerically solved using a C Jr+ implementation.

Levels L ip sch itz
A =  [0 , 3]

L ipschitz
A =  [0,4]

M o n o to n ic ity
A =  [0,3]

M o n o to n ic ity
A =  [0 , 4]

5 23 27 32 32
1 0 39 315 195 236
15 144 590 184 2 2 2

2 0 740 2,409 184 2 2 2

25 4,112 12.711 184 2 2 2

30 23,187 70,984 184 2 2 2

We notice that when using the Lipschitz root condition (2.1) for this equa­

tion with a multiple root, the number of cells explodes. Hence, we see the 

importance of regularity in controlling the number of cells.
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C h a p te r  4

TAYLOR SERIES ROOT CO NDITIO NS

In this chapter we investigate root conditions which make use of Taylor series. 

One advantage of these root conditions is that they are localized. Unlike the 

Lipschitz root condition (2.1) which involves the same dom inating value, A'||dTl||, 

for all cells in fin. these root conditions involve dominating functions which depend 

upon the cell. a. which is under consideration.

When working with Taylor series in multi-dimensions, we will be using multi­

indices. We introduce some standard notation for dealing with multi-indices. Let 

a  E Z" be a multi-index:

1. The length of a  is defined by |a | := a*

2. The factorial of a  is defined by a

3. If x  E R;V, then we define x a :=  xf*

4. We define the partial derivatives d° := (a ! ) - 1  f i t

4.1  A  Taylor S e ries  R oo t C o n d itio n

In this section we present a Taylor Series root condition which was developed 

in [19]. Let /  : —* R be a function which can be expressed as a formal series
OC

f ( x )  = cQx a where ca E R
|a |= 0
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D efin itio n  4 .1 .1  (A b so lu te  V alue). We define the absolute value of f  as:

OO

A( f ) (x)  = 5 3  \co\x °-
| q | = 0

D efin itio n  4 .1 .2  (^-<). We say that f  -<-< g i f  and only i f

OC OC

f (x ) =  5 3  CaX° 9 ^  =  1 3  baX°
| a | = 0  |q | = 0

and ba > |cQ| for all a .

The following theorem is proved in [19]. A much simpler proof than that in 

[19] will be given in Theorem 4.2.1 .

T h e o re m  4.1 .1 . Let a  be a cell with midpoint m  and mesh vector d. I f  F  =  

( /ii  / 2 > • • •, /w) : —1k and G = (gi, g2, ■ ■ ■, <7 jv) : —* are such that

gi X>- /j /o r  i =  1 . 2 , . . . .  A. £/ien

l / i H |  <  -F d) -  &(|m |) (4.1)

for i = 1, 2 . . . . .  N  is a root condition fo r  a.

Let us note that the exclusion test may be stopped as soon as the root condi­

tion (4.1) fails to hold for any i.

The following propositions will be used help construct the system G of the 

previous theorem. They are both found in [19]. The main tool used in proving the 

first proposition is the triangle inequality.

P ro p o s itio n  4 .1 .1 . I f  f j  is a formal series fo r  j  =  1 , 2 F  =  ( / i ,  f 2, . . . ,  /*).- 

and A(F)  = ( A ( f i), A ( f 2) , . . . ,  A ( f k)), then

i- E ? = i l c j W j )  >->- .

2. ( A ( F ) r  »  A(F°), where F °  = . . .  (A)** .
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Here are two examples that illustrate this proposition:

E x am p le  4.1.1. Let / i  =  x 2  — x — 3, / 2  =  x2  — 4x — 5, cx = —1 , and  c2  =  2.

y ;  |c j|A (/j) =  3x2  4 - 9x 4- 13
J = 1

2

■ 4 (y  Cj/j) =  x 2  4- 7x 4- 7
j' = i

We see
2 2

j = i i = i

E x am p le  4.1.2. Lei / i  =  x — 1, / 2  =  x 4 - 2. and a  =  2 4 - 1 .

( /t(F ))“ =  ( i + l ) 2 ( i + 2 )

=  x 3  4- 4x2  4 - 5x 4 - 2 

4 (F Q) =  , 4 ( ( x - l ) 2(x +  2)) 

=  x 3  4- 3x 4- 2

Here we see

(.A(F) )a A (F Q).

P r o p o s i t i o n  4.1.2 ( C o m p o s i t i o n  R u le ) . Let f  =  h(Q) where h : R A/ —» R and

Q  =  (qi, . . . ,  9 m) : R ^ —» Rm with each qi being a series. I f  there exists a series 

j  : R A/ —> R  and W  =  ( w \ , . . . ,  % )  : R ^  —► R A/ with each wt being a series such 

that

j  >~>- A(h) and Wi >~>~ A fa )

for i = 1 ,2 , . . .  M . then

9 =  j ( W )  »  A( f ) .
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This idea of building functions which dominate other functions in the -<-< 

sense to arrive at a root condition is very useful. In the next section this idea will 

be further refined.

4 .2  A n  I m p r o v e d  T a y l o r  S e r i e s  R o o t  C o n d i t i o n

The method proposed by Xu in [19] is often far less than optimal. In this sec­

tion we develop an improved Taylor series root condition which generally discards 

more cells.

We begin with some introductory definitions:

D e f i n i t i o n  4 .2 .1  (Ak). We define A k to be the space of continuous functions 

f  : R^ —> R such that dA f  is absolutely continuous for  |a | <  k.

Recalling the multi-index definition of the partial derivative, we note that for 

/  £ Ak the following Taylor formula with integral remainder holds:

f ( m  +  h) = f ( m)  + E dAf(m )ha + f  ^  dPf ( m  +  th)wk{dt)h&
0 < | q |<A: |0|=ife

where wk(dt) = k( 1  — t )k~l(dt) is a probability measure on the interval [0 , 1 ].

D e f i n i t i o n  4 .2 .2  ( C o n e ) .  In Ak we introduce the cone K k o f functions such that 

g £ Kk if  and only if dAg{x) < d^giy) for 0 <  x  < y and |a | <  k.

Notice th a t any polynomial with positive coefficients will lie in such a cone. 

The following definition will be useful in the development of the root condition.

D e f i n i t i o n  4 .2 .3  ( O r d e r  o f  D o m i n a t i o n ) .  We write f  -<* g and say that g 

dominates f  with order k i f  and only if f  £ A k, g €  K k, and

\d°f(x)\  < (d ^X Ix l) 

for all x  £  R n  and |a | <  k. I f  f  -<k g for all k > 0 ,  we write f  -<oo g.
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Note that by definition. /  -<k g =>• f  ~<i g for all 0 <  I < k.

T h e o re m  4.2.1. Given two power series f  (x) =  ]>Zh=o caxa and g(x)  =  y ^ _ n dn 

then

f  ^oo 9 <=> /  -<-< 9-

Proof. If /  g, then  |cQ| =  ^ / ( O ) !  <  &*g(0) =  da for all a. Hence, /  -<-< g.

On the other hand, assume /  -<~< g. For technical reasons we introduce the 

monomial £Q : x  —*• x a. Then for any fixed (3, we estim ate termwise
OC OC

i a ° / ( i ) l  <  Y  <  Y  =  8*9(1*!)-
|q| = 0  |t» | = 0

Thus, /  ^  g.

□

The following examples illustrate the difference between various orders of dom­

ination:

1 . sinx  -<-< sinhx, but sinx - < 3  x 4 - l / 6 x 3

2 . cosx -<-< coshx, but cosx -<i 1  +  x. cosx - < 2  1  +  1 / 2 x2,

cosx -<4 1+- l /2 x 2  +  l/24x4

3. log(l -(- x) -<-< — log(l — x) for |x| <  1, but

log(l + x )  -;3 x +  x 2 / 2  +  x 3 / 3  for |x| < 1

4. ex - < 0 0  ex

Notice that we cannot bound ex using any order less than infinity.

Several useful theorems follow which enable us to find a function g which 

suitably dominates another function / .

T h e o re m  4.2.2. I f  f  ~<k 9, then A/  <k |A|^.
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T h eo re m  4 .2 .3 . I f  fi  -<k gi; then Y i i f i  -<k ^2i9i- 

T h eo re m  4 .2 .4 . I f  ft  <k g{, then r i i  /t <k F L ^ -

The preceding theorem may be proved using the product rule which leads to 

termwise domination.

T h eo re m  4 .2 .5 . Let f  -<k g and f i  ~<k gi. Now i f  we define the function compo­

sitions F  =  / ( / i , . . . .  /„) and G  =  g(gi , . . . ,  gn), then F  -<k G.

The preceding theorem may be proved using the chain rule to  obtain termwise 

domination.

The following examples illustrate how the preceding theorems may be applied. 

E x am p le  4 .2 .1 .

t 2 — 3 - < 3  +  3

and
.Q . . 912 2713

cos(3i) - * < 3 1 +  - r -  H —
2. b

implies
Q /2  0 7 * 3

t2 -  3 +  cos(3£) - < 3  * 2  +  3 +  1 +  —  +  ——
2  6

E x am p le  4 .2 .2 .
y 2

cos y 1  +  —

and

y -  7T -<2 V +  7T

implies

(■y -  tr) cos y x 2  ^ 1 +  y  ̂  (y +  7r)
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Exam ple 4 .2 .3 .
i i

for  |i| < 1
1  + t 1  - t

and
1

implies

sin x  - < 3  x  +  - x 3 
6

1  1  r , 1  a. «
- < 3   T—p   T- for \x +  - I  I < 2

, , 1  • , 1 f  1  , \  61 4- — sin x  l

E x a m p l e  4 .2 .4 .

and

sm s -<3 s +  —s'
6

1  2  1  3cost - < 3  1 4 - —t 4- —t
2 D

and

1  — xy  -< -< 14- xy

implies

sin(cos(l— xy))  - < 3  ^l4-^(l4-a:?/) 2 4-^(l4-a:y)3̂  4-g ^ l4 -^ (l4 -x y ) 2 4-^(l4-x?/)3^

E x a m p l e  4 .2 .5 .

x 2 x 3log(l 4- x) - < 3  x + —  — for \x\ < 1

and
( 21)3

sin(2l) - ^ 3  21 4- —~—
6

and
y 3  y 2 y3 y 2
6 ~ 2 + !’ - 1 ^ T + 2 + y + 1

implies

log(l 4- sin(2 (2 / 3 / 6  -  y2/2  4- y -  1))) 2(y3/6  4- y 2/ 2 4- y 4-1) 4- ^ (y 3 / 6  4- y 2/ 2 4- y 4- l ) 3

4- ^ ( 2 (1 / 7 6  4- y 2/2  + y 4-1)4- | ( t / 3 / 6  4- y2/2  + y 4 -1)3) 

+  ^(2(2/76 + 1 /7 2  +  y +  1) +  | ( y » / 6  4- ya/2  +  y 4- l ) 3)
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E xam ple 4.2.6.

x 3  +  x 2 — Ax — 2 - < 4  x 3 4- x 2 +  4x +  2

and
y 3  y4siny y -h — +  ~

implies

(sin?/)3 + (siny) 2 —4(siny ) — 2  + ( y + 6’+ 2 4 )  + 4 ( y"1" 6_ + 2 4 ) +2

Now we introduce the improved Taylor series root condition which uses the 

idea of orders of domination.

T h e o re m  4.2.6. Let a  be a cell with midpoint m  and mesh vector d. Let 

f ( x ) -<k g(x) for x  e  cr. and let q < k. We then obtain the root condition:

\f(™)\ < 9( \ m\ +d)  -  g(\m\) -  ^  (d° 0 ( M )  -  \&*f(™)\)da. (4.2)
0 < | a |< 7

We notice that the quantity following the summation is nonnegative since 

g dominates /  with order k. Thus, whenever this quantity is positive we are 

subtracting off a positive number and obtain a tighter root condition.

Proof. Let us assume we have a cell a =  [m +  d, m  — d] with a zero at m - f / i  where 

|h| <  d and /  -*<*. g.

Now we may use Taylor's formula to obtain

f ( m  + h) — f ( m)  = —f ( m )  =  ^  c P f(m )h a + f  d ^ f ( m  +  th)wk{dt)h0
0< |a |< fc  \ 0 \ =k

which implies

| / ( m ) |<  £  |a“/(m)||fc“| +  f £  a«9( M  +  |tA|)«,t(<ft)|A.‘, |
0 < |a |< fc  J °  \ 0\ =k
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E -t- I d^gdml +  td)wk(dt)d0

= ^ 2  \d° f{m )\dQ + g ( \ m \ + d )  -  g(\m\) -  ^  &*g(\m\)da
0 < |Q|<fc 0<|a |< fc

0<|a|<fc

□

C o ro lla ry  4 .2 .1 . Let a be a cell with midpoint m  and mesh vector d. Let 

f ( x ) -<! g(x) f o r x  €  cr. We then obtain the root condition:

This result follows immediately from the preceding theorem.

T h eo re m  4.2 .7  (C o n v erg en ce  o f  C e lls  to  R o o ts) . Let Qn be the sets of cells 

generated by the CEA 1.2.1 using the improved Taylor series root condition (4.2), 

and let Np(A) be the set of solutions to the system. Then N p (A) ^  0 i f  and only 

i f  the CEA does not terminate in a finite number of steps. In the latter case. 

Np(A)  = Q. where Q =  lim n _ o 0  f2„.

Proof. It suffices to show that whenever the algorithm does not term inate in a 

finite number of steps, then Np(A) ^  0 and Np{A)  =  f2.

Because we have a valid root condition, Np(A)  C f2 for any n  > 0.

Thus, we must show that every element of Cl is also a zero, i.e., Cl C Np(A).  

Since the algorithm does not term inate in a finite number of steps, there are cells 

in f2  for each n. Thus, Cl ^  0 .

For any fixed x  6  Cl, by Theorem 1.4.1, there is a  sequence of cells {crn}, 

crn €  n n, such that x  E crn for any n > 0 . Since each cell on must satisfy the 

improved Taylor series root condition (4.2) and g and /  are continuous,

\ f (x)\  < \ f (x)  -  f { m n) | +  |/ (m n)|
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< \ f { i ) ~  f{rnn)\+ g{\m n\ + dn) -  g{\mn\) -  ^  ( ^ ( l m n|) -  |^“/(m „ ) |)d “ 0

0 < |a |< ik

as n —> oo.

Thus, x  6  Cl = >  x  €  N f {A), s o f lC  Np(A).  Therefore, =  Np(A),  which 

proves the claim. □

The following definition will be used to show that the number of cells in Cln 

obtained from the CEA 1.2.1 using this improved root condition is bounded.

D efin ition  4 .2 .4  (O rd e r  o f  a  Z ero). We say that a zero o f  f  is o f order p i f

1. d ° /(x ) =  0  for  |q | <  p .

2. There exists an e > 0 such that e||m — x||p <  /(m ) fo r  ||m  — x|| <  e.

Notice th a t if f ( x )  =  0 and f ' ( x)  0, then x  is a zero of order 1 .

C o ro lla ry  4 .2.2. Let Qn be the sets of cells generated by the CEA 1.2.1 using the 

improved Taylor series root condition (4.2), and let iVp(A) be the set of solutions 

to the system. I f  F  is continuous on A and Np{A) consists o f  a finite number of 

solutions, where each zero has at most order k, then there is a constant Nq such 

that # (Q n) <  N0 for any n > 0 .

Proof. First, we establish the following assertion:

There exist constants C .S > 0 such that if a  € S2n, with midpoint m and 

mesh vector d such that ||d|| < 8, then there exists a zero x  of F  such that 

I|to —x|| < C ||d|j. In other words, all cells which satisfy the improved Taylor series 

root condition (4.2) must lie within some neighborhood of a zero.

Then we will use the fact that F  has a finite number of solutions to finish the 

proof.
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Assume the assertion is false. Then there exists a sequence {<xn}, cr, C with 

midpoints ra* and mesh vectors d* such that ||d,|| <  1/i  and ||m t — x|| >  i||dj|| for 

all zeros x  G N p (A).

Since A is compact, the  are bounded, and we can find a convergent subse­

quence of the mi, such that

lim m l = x.j —oo 3

By Theorem 4.2.7, it follows that x  is a zero. Hence, x  has some order p < k. 

Thus, by definition, there exists an e > 0 such th a t

e llm i> — ^ l | P — \ f {m ij)\  ( 4 - 3 )

for IIm l} -  i | |  < e.

The improved Taylor series root condition (4.2) gives

\ f {mXj)\ < g ( \m i3\ + di}) -  g(\mi3\) -  ^  ( ^ ( K J )  -  l ^ / ( ^ ) l ) ^ “
0<|a|<fc

< + d ,J  -  9(\mi,\) -  J 2  ( ^ ( K D - i a / K ) ! ) ^
0 < | a | < p

=  \ d f ( m ij)\dfj + f  ^ r f g(\mi j \+ td i i )wk(dt)d?.. (4.4)
0 < | q | < p  J o  |/J |=p

Expanding ) about x and using the fact th a t all derivatives of order

lower than p vanish we obtain

= f  dydaf {x  +  t{mh -  i))w p_|a |(d«)("liJ ~  i ) p_|Q| •
7 :|7l +  | a | = p

Hence,

Since m —» x, as j  —> oc, \\mij — i | | p_|Q| will be largest for |o;| =  1 . Also, since

ll<M < 1/ij, df  <  ||dtj || for |q | > 0. Using these facts and the fact that g is

bounded on a, it follows from (4.4) that

1 / ^ ) 1  ^ C I I ^ I I I K - i i r 1. (4.5)
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Using (4.3) and (4.5) yields

e||mI; -  x|| <  C\\dh || ==> Hm  ̂ -  x|| <  C\\di} || .

Now letting j  —* oo, this contradicts \\mii — x|| >^11^11 for all ij. Thus, we have 

estabhshed the assertion.

As a result, the ,/V-dimensional “volume” of a region about a zero which can 

contain cells which satisfy the root condition is

(2C||d|| +  2 ||d ||)"  =  ( 2 M )" (C  +  1 ) "  .

The largest possible number of cells which could fit inside th is region around a 

root would be (2||d ||)7V( C + l ) jV̂ -u (rn), where v ( r n) is the N-dimensional “volume” 

of cells in Tn. In applications we will be able to relate v ( r n) and (2||dTi||) ;v by some 

constant p. As was mentioned in Theorem 1.3.1, this will be possible since we will 

not be dealing with long, skinny cells.

Let
(2 ||d„||)jVP = m ax  — .

^ ( r  „)
Since we are dealing with a  finite number of roots J , the to ta l number of cells 

will be bounded by p*  (C + 1)N * J  = N0.

□

T h e o re m  4.2.8. Let a be a cell with center m and mesh vector d. Let 

f ( m  +  x ) -<k g(x) for x  € cr. and let q < k. We then obtain the root condition:

\ f ( m ) \ < g ( d ) - g ( 0 ) -  ^  (&*g{0) -  \&*f{m)\)da. (4.6)
0 <|a|<</

The proof of this theorem is analogous to the proof of Theorem 4.2.6.

C o ro lla ry  4.2.3. Let a  be a cell with midpoint m  and mesh vector d. Let 

f ( m  + x) -<i g(x) for x  6  cr. We then obtain the root condition:

|/ (m ) | <  g ( d ) - g ( 0 )
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This result follows immediately from the preceding theorem.

Oftentimes it is advantageous to have this “shifted” domination of the form 

f ( m  +  x ) -<k g{x). For example, consider the functions f { x )  = ex and g(x) = ex. 

Notice f { x )  - < 0 0  g{x), which implies f (x)  -<i g(x).  Using the improved Taylor 

series root condition (4.2), we arrive at the inequality

\em\ <  e |m |+ d  -  e|m| =  e|m|(ed -  1 ) .

Let em+x = emex = g(x),  so f ( m  +  x) -q g(x).  Now using the shifted improved 

Taylor series root condition (4.6). we arrive at the inequality

| e m | <  emed — em = em(ed — 1 ).

If the components of m  are negative, the root condition (4.6) provides a signifi­

cantly tighter test than tha t of the root condition (4.2).
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4.3 N um erical R esu lts

In this section examples are presented for which the improved Taylor series 

root condition (4.2) was used.

1. This is an equation in one variable. The dom inating function which is used 

is the corresponding polynomial with positive coefficients. We list the num­

ber of cells which satisfy the improved Taylor series root condition (4.2) for 

varying orders of domination q. We see the number of cells satisfying the 

root condition decreases dramatically as q increases.

The domain of this problem is taken as A =  [—10,10]:

f ( x )  = {x -  3)4( r  -I- 2)

This problem was numerically solved using a M atlab implementation.

Level q = 1 9 =  2 q =  3 9 =  4
1 2 2 2 2

2 4 4 4 4
3 8 7 7 7
4 1 2 1 0 8 7
5 2 1 1 0 7 7
6 32 14 8 6

7 48 18 9 6

8 76 25 1 0 6

9 1 2 2 34 1 2 6

1 0 199 47 13 6
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2. This four-dimensional fixed point problem x =  G(x)  is taken from [21]. We 

recast this fixed point problem as the zero point problem G(x)  — x  =  0.

The domain of this problem is taken as

A =  [—7T, 7r] 2  x [—1.5 ,1.5] 2

where F(x)  = G(x) — x  is given by

/i(x )  = x\  +  C i(x 3  -  a s in (x i) cos(x2)) -  x t 

f 2 (x) = x 2 + C2 (x4 -  ocos(xj) sin(x2)) -  x 2 

f 3 (x) =  D x(x3  -  Q;sin(x1) cos(x2)) — x 3  

f 4 (x) = D 2 ( x 4 — ocos(xi) sin(x2)) — x 4

where hi = . l 7r,/y.2  =  .2 tt,C i =  ( l - e x p ( - 2 ^ i ) ) / ( 2 ^ i) , C2 = ( l - e x p ( - 2 //2 ) ) / ( 2 /i2), 

D\ =  exp(—2^!), D2 =  exp(—2//2), a  =  5.

We obtain a dom inating function of order 3 by replacing all minus signs in 

F  with plus signs, sin(xi) with x* +  x f / 6 , and cos(xj) with 1 -I- x f / 2  +  x f / 6 .

Before trying order 3 domination, we experimented with order 1  domination 

and were unsuccessful. Using order 3 domination, all 13 solutions are isolated.

This isolation occurs a t level 7.

This problem was numerically solved using a M atlab implementation. We 

see that the number of cells in Q is bounded by N 0  2 , 6 8 8 .

L e v e l C e l l s  i n  f t L e v e l C e l l s  i n  f t
1 16 6 160
2 256 7 96
3 2 ,688 8 192
4 1,180 9 220
5 328 10 228
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S o l u t i o n s
(-7T, -7r, 0. 0)
(-7T, 0 , 0 , 0 ) ~
(0, -7T, 0, 0) 

(-7T/2, - t t / 2 , 0 , 0 ) 
(0 ,0 ,0 ,0 )

(-7r ,  7T, 0 ,  0 )

(-71-/2, 7t/2 , 0, 0) 
(0, 7T, 0, 0) 

(t t / 2, - t t / 2 , 0 , 0) 
(7T, -7T, 0, 0)
(7T, 0 , 0 , 0 ) ~

(t t / 2, t t / 2 , 0 , 0 ) 
( 7r .  7T, 0, 0)
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3. The following example is used in [20, 21, 22].

The domain of this problem is taken as

A =  [-1 ,2 ] x [-20,5]

where F(x)  is given by

/ i(x i ,  x2) = ^ sin(x!X2) -  ^  -  y

f 2( x i, x2) = ^1 -  (e2xi -  e) + ^  -  2 exi

We experiment with 2 dominating functions. T he first function. G(x). dom­

inates F(x) with order 1. The second function, H(x) ,  dominates F (x) with 

order 5. We replace sin(xix2) with the necessary terms of the Taylor series

where minus signs are changed to plus signs. For fifth order domination, we

replace e2 1 1  with terms of the Taylor series expanded about 0 given by

a2"  -  1  + 2 l ,  +  ^  ^  ^-  +  +r, +  2  +  g +  ^  1 2 0  e

where f  lies in the cell a with midpoint m  and mesh vector d under consider-
(2 x i ) 5

ation. We take the maximum value of this remainder term on a.  em+d.
120

to get the dominating function H(x) .  We use fewer terms in the Taylor series 

expansion to calculate G(x) in the same manner. We list the number of cells 

which satisfy the improved Taylor series root condition (4.2) for orders of 

domination q = 1  and q = 5. As in the first example of this section, we see 

the number of cells in decreases significantly as q increases. This problem 

was also solved using the Lipschitz root condition (2.1) in Chapter 2. Notice 

th a t the number of cells satisfying the improved Taylor series root condition

(4.2) is much smaller.
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G(x ) is given by

g i ( x i ,  x 2 )  =  ^ ( x i x 2) +  7ĵ  +  y

g2 ( x i , x 2) = ^ 1  -  ( ( 1  +  e2 (m+d)(2 xi)) +  e) +  ^  +  2 exi

H(x)  is given by

fci(*i,*s) =  5  ( ( * i* 2) +  +  £  +  Y

ft2 (x „ x 2) =  ( l  -  ( ( l  +  (2 i . )  +  ^  +

7T

This problem was numerically solved using a M atlab implementation.

L e v e l 9 = 1 9 =  5 L e v e l 9 =  1 9  =  5
1 4 3 6 78 30
2 11 9 7 76 26
3 28 20 8 84 26
4 38 26 9 78 25
5 62 34 10 80 23

S o l u t i o n s
(-0 .2 6 0 5 9 9 2 9 , 0 .6 2 2 5 3 0 9 )
( 0 .2 9 9 4 4 8 6 9 , 2 .8369278 )

 ( 0-5, 7T)_____________

(1 .6 6 3 4 2 1 9 8 , -16 .2 8 2 7 9 0 6 ) 
(1 .6 5 4 5 8 2 7 2 , -1 5 .8191882 ) 
(1 .6 0 4 5 7 0 5 5 , -1 3 .3629017 ) 
(1 .5 7 8 2 2 5 4 0 , -12 .1 7 6 6 8 9 8 ) 
(1 .5 3 0 5 0 5 3 2 , -1 0 .2022479 ) 
(1 .4 8 1 3 1 9 5 7 , -8 .3 8 3 6 1 2 7 ) 
(1 .4 3 3 9 4 9 3 3 , -6 .8 2 0 7 6 5 3 ) 
(1 .3 3 7 4 2 5 6 1 , -4 .1 4 0 4 3 8 6 ) 
(1 .2 9 4 3 6 0 4 6 , -3 .1 3 7 2 1 9 8 )
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4. This four-bar engineering problem, see [13], is taken from Verschelde's web 

page [18]. It is a very long and involved polynomial system, so we will not 

list it here. As dominating functions, we take the  corresponding polynomial 

system with positive coefficients. We assume the highest order of domination. 

In other words, we calculate the derivatives in the  Taylor series root condition

(4.2) until they vanish. Of this problem’s 36 complex solutions, 3 are real. 

One is (0 , 0 , 0 ,0) and the other two lie close together. These zeros are isolated 

by the algorithm.

The dom ain of this problem is taken as

A - r i i M
i=i

This problem was numerically solved using a M at lab implementation. We 

see th a t the number of cells in fl is bounded by No «  2, 348.

L e v e l C e l l s  i n  Q, L e v e l C e l l s  i n
1 16 6 1,423
2 235 7 546
3 994 8 390
4 2,091 9 343
5 2,348 1 0 308

S o l u t i o n s
(0 ,0 ,0 ,0)

(0.4959655. 0.1585929, 1.3982598, 0.3518096) 
(0.5067453, 0.1625774, 1.4519916, 0.3683850)
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5. The following system is a general economic equilibrium model which appears 

in [16]. The functions are taken from Verschelde’s web page [18].

The domain of this problem is taken as

A = ni-2.21
1 = 1

where F(x) is defined by

f i ( x ) = x \  -  2Q/7x\ 

f 2 (x) =  x \x \  +  1/lO x^xl +  7 /48xg -  50/27x? -  35/27X! -  49/216

h{x )  = 3 / 5 xjX2 X3  -F x\x% -+- 'i / lx \x \x z  +  7/5 x \x \  — 7J2 Qx\x2 x \

-  3 / 2 OX1 X3  +  609 /IOOOX1 X2  +  6 3 / 2 0 0 x 1 X3 X3  — 77/125xiX2x |

-  2 1 /5 0 x iX3 +  4 9 /1 2 5 0 x iX2 +  147/2000x i X2X3

-  23863/60000x 1 X3 X3  -  91/400x?x^ -  27391/SOOOOOx^

+  4137/800000x1x^x3 -  1078/9375x!x2x | -  5887/200000xix^

-  1029/160000x2 -  24353/1920000x2x^ -  343/128000x^

As dominating functions, we take the corresponding polynomial system with 

positive coefficients. We assume the highest order of domination. In other 

words, we calculate the derivatives in the Taylor series root condition (4.2) 

until they vanish. Of this problem’s 136 complex solutions, 14 are real. It 

should be noted that 3 of these real solutions are singular, so other root 

conditions will not work on this problem.

This problem was numerically solved using a M atlab implementation. We 

see that the number of cells in fi is bounded by Nq ~  490.
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L evel C ells in  Cl Level C ells in  Cl
1 8 6 126
2 48 7 94
3 240 8 76
4 490 9 72
5 238 1 0 60

Solu tions
(-0.35000000, -0.76916057, 0) 

(-0.89225985, -1.22808567, 1.14448660) 
(-0.11864417, -0.4478228, 1.06565913) 

(-0.03009699, -0.22555087, 1.10815809) 
(-0.03009699, 0.22555087, -1.10815809) 
(-0.11864417, 0.4478228. -1.06565913)

( -0.35000000, 0.76916057, 0)
( -0.89225985, 1.22808567, -1.14448660) 
( 0.70934009, -1.09499022, -1.16055893) 
( 0.61616821, -1.02054611, 1.15936721) 
( 0.03966868, -0.25894459, 1.12559270) 
( 0.03966868, 0.25894459, -1.12559270) 
( 0.61616821, 1.02054611, -1.15936721) 
( 0.70934009, 1.09499022, 1.16055893)
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6 . Here we have the Wright problem taken from Verschelde’s web page [18]. 

The domain of this problem is taken as
5

a = I I K 6I
i= 1

where F(x)  is defined by

f i  (x ) =  x\  — x x +  x 2  +  x 3  +  x 4  +  x 5 — 1 0

/ 2 (x )  = x \  -  x 2 4- X i  +  x 3  4- x 4  +  x 5  — 10 

/ 3 (x )  =  x \  -  x 3  +  x 2  +  Xi +  x 4  ■+■ x 5  — 1 0  

/ 4 (x )  =  x \  — x 4  +  x 2  +  x 3  +  Xi +  x 5  — 1 0  

/ 5 (x )  =  x \  -  x 5  +  x 2  +  x 3  +  x 4  +  Xi -  10

As dominating functions, we take the corresponding polynomial system with 

positive coefficients. We assume the highest order of domination. In other 

words, we calculate the derivatives in the Taylor series root condition (4.2) 

until they vanish. This problem has 32 solutions, all of which are real, and 

are isolated by the algorithm after 7 levels.

This problem was numerically solved using a Java implementation. We see 

that the number of cells in Q is bounded by iV0  «  1, 298.

L evel C ells in  fl L evel C ells in  Q
1 32 1 1 1,048
2 443 1 2 1,298
3 863 13 1,148
4 1,013 14 1,033
5 1,258 15 1,088
6 1,128 16 1,068
7 1,148 17 1,248
8 1,128 18 1,103
9 1,068 19 1,143

1 0 1,143 2 0 1,068
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S o l u t i o n s
(- 5. - 5. - 5, - 5, - 5)

(- 3.3723, - 3.3723, - 3.3723, - 3.3723, 5.3723) 
(- 3.3723, - 3.3723, - 3.3723, 5.3723, - 3.3723)
____________ ( - 2, - 2, - 2, 4, 4)____________
(- 3.3723, - 3.3723, 5.3723, - 3.3723, - 3.3723) 

( - 2, - 2, 4, - 2, 4)
____________ (- 2, - 2, 4, 4, - 2)____________
_____________ (- 1, - 1, 3, 3, 3)_____________
(- 3.3723. 5.3723, - 3.3723, - 3.3723, - 3.3723)
____________ (- 2, 4, - 2, - 2, 4)____________

(- 2, 4, - 2, 4, - 2)
(- 1, 3, - 1, 3, 3)

(- 2, 4, 4, - 2, - 2)
(- 1, 3, 3, - 1, 3)
(- 1, 3, 3, 3. - 1)

( - .3723. 2.3723, 2.3723, 2.3723, 2.3723) 
(5.3723. - 3.3723, - 3.3723, - 3.3723, - 3.3723)
____________ (4, - 2, - 2, - 2, 4)____________
 (4, - 2 , - 2 ,  4, -2)_____________

(3, - 1, - 1, 3, 3 )
____________ (4, - 2. 4, - 2, - 2)____________
_____________ (3. - 1, 3. - 1, 3)_____________
_____________ (3, - 1, 3, 3, - 1)_____________

(2.3723, - .3723, 2.3723, 2.3723, 2.3723)
____________ (4, 4, - 2, - 2, - 2)____________

(3, 3. - 1, - 1, 3)
_____________(3. 3, - 1, 3, - 1)_____________

(2.3723. 2.3723, - .3723, 2.3723, 2.3723)
_____________(3, 3, 3, - 1, - 1)_____________

(2.3723, 2.3723, 2.3723, - .3723, 2.3723) 
(2.3723. 2.3723, 2.3723, 2.3723, - .3723) 

 (2 , 2 , 2 , 2 , 2 )_______________

58

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



7. This is the Boon problem taken from Verschelde’s web page [18]. This prob­

lem comes from the field of neurophysiology.

The domain of this problem is taken as

A =  n i - 2 , 2]
t = l

where F(x)  is defined by

M x )  = x\  + x l  -  1  

f 2 (x) = x\  +  x\  -  1  

f 3 (x) =  x ix \  +  x 2 x \  -  1.2 

f 4 {x) = Xixl  -I- X2 x% -  1.2 

f 5 (x) = x  1 X3 X5  +  x 2x 4x 6 -  .7 

M x )  = 1 1 X3 X5 +  x 2 x Ax\ -  .7

As dominating functions, we take the corresponding polynomial system with 

positive coefficients. We assume the highest order of domination. In other 

words, we calculate the derivatives in the Taylor series root condition (4.2) 

until they vanish. This problem has 8  solutions, all of which are real, and 

are isolated by the algorithm.

This problem was numerically solved using a Java implementation. We see 

that the number of cells in Q is bounded by No m 17,568.

Level Cells in  Q Level Cells in  Cl
1 64 6 13,416
2 4,096 7 15,672
3 10,564 8 14,064
4 6,132 9 13,808
5 17,568 1 0 13,896
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S o l u t i o n s
(- .9154, - .4025. - .4025, - .9154, - 1.4417, - 1.4417) 
(- .4025, - .9154, - .9154, - .4025, - 1.4417, - 1.4417) 

(- .9154, .4025, - .4025, .9154, - 1.4417, 1.4417)
( - .4025, .9154. - .9154. .4025, - 1.4417, 1.4417)
( .4025. - .9154. .9154, - .4025, 1.4417, - 1.4417)
( .9154, - .4025, .4025, - .9154, 1.4417, - 1.4417) 

(.4025, .9154, .9154, .4025, 1.4417, 1.4417) 
(.9154, .4025, .4025, .9154, 1.4417, 1.4417)
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8 . T h e  h e a r t-d ip o le  p ro b le m , ta k e n  f ro m  V ersch e ld e 's  w e b  p a g e  [18], is th e  h ig h ­

e s t  d im e n s io n a l p ro b le m  w h ic h  w e so lved . T h is  p ro b le m  c o m e s  f ro m  th e  field 

o f  m ed ic in e .

T h e  d o m a in  o f  th is  p ro b le m  is ta k e n  as

a = n i - 2’2!
i= i

w h e re  F ( x )  is d e fin e d  by

/ i ( x )  =  x i  x 2 — .63254

/ 2 (x ) =  x 3  +  x 4  +  1 .34534

/ 3 (x ) =  x 5x i  +  x 6 x 2  — x 7 x A — x 8 x 4  +  .8365348

/ j(x )  =  x 7x i  +  x g x 2 -+- x 5 x 3  -I- x 6 x 4  — 1 .7345334

/ s ( x )  =  x x x \  — x \ x 7 — 2 x 3 x 5 x 7  -(- x 2x \  — x 2x \  — 2 x 4 x 6 x 8  — 1.352352

h ( x )  =  £ 3 X5  — x g X j  +  2 X 1 X5 X7  +  x 4Xg — x 4 x \  +  2 x 2x % x 8 -I- .843453

f 7 ( x )  —  X 1 X5  — 3 x iX 5 x |  +  X3 X7  — 3 x 3 x 7 x |  -I- x 2 Xg  — 3 x 2 x 6 x |

-I- x 4Xg — 3 x 4 x 8Xg -I- .9563453 

/s(x ) =  X3 X5  — 3 X3 X5 X7  — X ix| -I- 3x 1 x7Xg +  x4Xg — 3x4xeXg 

— x 2Xg -I- 3 x 2 x 8Xg — 1.2342523

A s d o m in a tin g  fu n c tio n s , w e ta k e  th e  c o rre s p o n d in g  p o ly n o m ia l  s y s te m  w ith  

p o s itiv e  coeffic ien ts . W e a s s u m e  th e  h ig h es t o rd e r  o f  d o m in a t io n . In  o th e r  

w o rd s , we c a lc u la te  th e  d e r iv a tiv e s  in  th e  T a y lo r  s e r ie s  r o o t  c o n d it io n  (4.2) 

u n t i l  th e y  v a n ish . T h is  p ro b le m  h a s  2 rea l so lu tio n s . A f te r  7 levels o f  p a r t i ­

t io n in g  th e  2  s o lu tio n s  a r e  iso la te d , b u t  th e re  a r e  a ls o  2  fa lse  p o s itiv e  com ­

p o n e n ts . A f te r  8  levels o f  p a r t i t io n in g  th e  2  fa lse  p o s i t iv e  c o m p o n e n ts  have
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been excluded, and we are left with the 2  components corresponding to the 

2  solutions.

This problem was numerically solved using a Java implementation. When 

solving higher dimensional problems, we observe th a t the bound on the num­

ber of cells can be quite large. In this case, we see iV0  «  1,178,268.

It is interesting to note th a t the Bezout number for this system is 576. This 

means that for general coefficients such a system could have 576 complex 

solutions with accounting for multiple solutions.

Level C ells in  f t Level C ells in  f t
1 144 5 1,178,268
2 7,942 6 672,596
3 134,222 7 36,042
4 534,655 8 31,536

S o l u t i o n s
(- .0105, .6431, .2675. -1.6128, 1.1652, -.9551, -.3529, -.1888) 
(.6431, -.0105, -1.6128, .2675, -.9551, 1.1652, -.1888, -.3529 )
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9. The following example comes from the field of physics [17]. It is a fixed point 

problem K  =  H( K ) .  We recast this fixed point problem as the zero point 

problem H ( K )  -  K  =  0.

The domain of this problem is taken as

3

A i =  n i -  * • 1 !]
:=i

where G ( K ) = H ( K )  — K  is given by

( K \  -  A cosh (2K l ) \  _
’ 2  \B co sh ( 2 /C2) cosh(2 A'3 ) /  1

„  r m  -  I  wY 4 co sh (2 /r2) \  _

92( } 2  \B co sh ( 2 A'1) cosh(2 /i'3 ) /  2

1 (  A cosh(2 /tr3) \
93  ̂ } 2  n V5cosh(2/C 1 )cosh(2/C2) J  3

with

A = exp(Ki  -+- K 2 +  A 3 ) cosh(2(A'i -+- K 2 ~F A 3 ))

+  exp(ATi — K 2 — K 3) cosh(2(A'i — K 2 -  K 3))

4- exp( — K.\ — K 2 -F K 3) cosh(2( A j +  K 2 — K 3))

+  exp( — Ki  4- K 2 — K 3) cosh(2(A'i — I< 2 4- K 3))

B  = exp(Ai 4- K 2 4- A 3 ) 4- exp(A'i — K 2 — A 3 )

4-exp( —K\  — K 2 4- K 3) 4- exp(—A i 4- A 2  — K 3)

We use the substitu tion x t = exp~K' to  transform  the system of equations 

into a polynomial system where the Java software (see appendix) can be

readily implemented. As dominating functions, we take the corresponding
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polynomial system with positive coefficients. We assume the highest order of 

domination. In other words, we calculate the derivatives in the Taylor series 

root condition (4.2) until they vanish.

This problem was numerically solved using a Java implementation.

Levels C ells 
in  Q

Levels C e lls  
in  fi

1 8 6 2,053
2 64 7 3,916
3 262 8 7,690
4 586 9 15,091
5 1,048 1 0 28,747

Here we use the same system of equations, but the dom ain is taken as
3

a2 = n t 25 L25i
i = l

We use the substitution x* =  exp_Ki.

This problem was numerically solved using a Java implementation.

Levels C ells 
in  f 2

Levels C ells 
in  f l

1 8 1 1 885
2 64 1 2 882
3 315 13 879
4 233 14 861
5 136 15 855
6 249 16 846
7 444 17 879
8 741 18 885
9 1,164 19 912

1 0 921 2 0 876

We notice that the number of cells satisfying the Taylor series root condition 

stabilizes for the second domain, A2, but explodes using the first domain, Ai.
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This is due to the fact that xi =  0, x 2 =  0, and x 3 =  0 are values which are 

included in Ai- We see in Figure 4.1 that lines of solutions where two of x\, x 2, 

and X3  are zero are included in Ai. The number of cells along these lines 

explodes. These lines clearly do not represent isolated solutions, and they 

also do not represent physically realistic solutions. When we exclude zero in 

A2 , the number of cells stabilizes. In this case we obtain 8  components which 

correspond to 8  isolated solutions. See Figure 4.2. We notice the propeller­

like region in Figure 4.1 corresponds to 4 isolated solutions in Figure 4.2.

After 20 levels of partitioning the 876 cells in f2 are linked into 8  components 

corresponding to the 8  isolated zeros. The midpoints and  mesh vectors of 

these components, which are produced by the algorithm, are given.

M i d p o i n t M e s h  V e c t o r
1 (.74611807, .74611807, .74611807) (.0 0 0 0 1 0 0 1 , .0 0 0 0 1 0 0 1 , .0 0 0 0 1 0 0 1 )
2 (.71841860, .71841860, .80202198) (.00000620, .00000620, .00000954)
3 (.71841860, .80202198, .71841860) (.00000620, .00000954, .00000620)
4 (.54368925, 1.00000000, 1.00000000) (.00000048, .00000095, .00000095)
5 (.80202198, .71841860, .71841860) (.00000954, .00000620, .00000620)
6 (1.00000000, .54368925, 1.00000000) (.00000095, .00000048, .00000095)
7 (1.00000000. 1.00000000. .54368925) (.00000095, .00000095, .00000048)
8 ( 1 .0 0 0 0 0 0 0 0 , 1 .0 0 0 0 0 0 0 0 , 1 .0 0 0 0 0 0 0 0 ) (.00000095, .00000095, .00000095)

S o l u t i o n s
(.7461. .7461, .7461) 

(.71842. .71842. .80202) 
(.71842, .80202. .71842) 

(.543689, 1, 1) 
(.80202, .71842, .71842) 

(1, .543689, 1) 
(1 .1 , .543689) 

( 1 , 1,1)
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C h a p t e r  5

CELL EXCLUSION ALGORITHM S A N D  
OPTIM IZATION

In this chapter we will investigate how cell exclusion algorithms may be used 

to find the global minimum of a continuous function from to R of relatively 

small dimension iV on a domain A.

We begin with some introductory definitions:

D e f i n i t i o n  5 .0 .1  ( M i n i m i z a t i o n  C o n d i t i o n ) .  A minimization condition is a 

computationally verifiable necessity test fo r  the presence of a global m inim um  in a 

cell.

D e f i n i t i o n  5 .0 .2  ( A 1 /(A ) ) .  We define AA/ (A)  to be the set o f points where a 

function f  : A c  M'V —> R attains its global m inim um  in the cell A .

D e f i n i t i o n  5 .0 .3  (fl* .). The set of cells which satisfy the minimization condition 

on the kth level o f partitioning is called Qk-

D e f i n i t i o n  5 .0 .4  (r*..). The set of cells which result when undergoes one

level of partitioning is called I\-.

5 .1  A  G e n e r a l  O p t i m i z a t i o n  A l g o r i t h m

Here is the general minimization algorithm  which we will use to obtain the 

global minimum:
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A lg o rith m  5.1.1. 1 . Let I\. be the sequence of cellular partitions of A defined

above with To =  {A} such that r\-+i is finer than Tit, k = 0 , 1 , . . .  and the 

mesh sizes lim ^oc IMfcll =  0. Let M k be the current approximate minimum  

value generated by the algorithm at level k.

2. Let f  : A C

3. We assume that a given minimization condition can be implemented for each 

cell cr with midpoint vna and cr C. A.

4■ Set Q0  <— {A}, M q <— / ( m A). (Initialization)

5. For k  =  0, 1, 2 . . . .

I f \ \dk\\ < tol. 

then print M k.

Else

i. Qk+l *— 0 .

ii. M k+i <— M k.

in. For cr G I\.+ i such that o  C  r  for some r  G Qk 

I f  a  satisfies the minimization condition, 

then f2f c + 1  <— Qk+i U {a},  

iv. For cr E Qk+l

U / ( m « r )  <  A / fc+1,

then M k+i «— f { m a).

N o te  t h a t  A 4  <  m in ^ n , .  f ( m a) a n d  { M k} is a  d e c re a s in g  sequence .
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5 .2  C o n s e q u e n c e s  o f  t h e  O p t i m i z a t i o n  A l g o r i t h m

The sequence we obtain using the minimization algorithm 5.1.1 does indeed 

converge to the global minimum.

T h e o r e m  5 .2 .1 .  (Obtaining the Global Minimum) Let f  : A C  M.N —> R  be a 

continuous function on some cell A, and let x  G Ai / ( A) .  The decreasing sequence 

o f values {M n} generated by the minimization algorithm 5.1.1 converges to the 

global minimum f ( x )  .

Proof. Since /  is uniformly continuous on A, for every e > 0  we can find a S > 0 

such that

||x — y|| <  <5 =► \ f (x)  -  f{y)\ < e Vx ,yG A.

Now fo r x  G A 4 /(A), i t  fo llow s t h a t  x  G an C  A fo r a  se q u en c e  o f  ce lls  { e rn jw i

w ith  m esh  v e c to rs  dn a n d  m id p o in ts  mn such  t h a t  ||dn || —» 0  a s  n —> o c .

For sufficiently large n,

||mn — i | |  < <̂ and hence f ( m n) — f ( x )  < e

and as a result f ( x )  < Mn < f ( m n) <  f ( x )  +  e 

Thus, since e is arbitrary, M n must approach f ( x )  as n —» oo. □

L e m m a  5 .2 .1 .  Let f  be C2 on A and let f  : A C  —» R attain its global

minimum at a regular zero point, x. of the gradient on the interior o f the cell A, 

then

Mn < f ( x ) + C \ \ d „ f

where Mn is the sequence defined in the minimization algorithm 5.1.1, dn is the 

sequence of mesh vectors in Q.n, and C is some positive constant independent of n.
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Proof. The subdivision process ensures tha t ||d„|| —» 0 and

M n < min f { m a)

We know x €  cr for a a G Qn with midpoint m a.

Now, expanding /  about x we have

/ K )  -  /(x )  =  ^ (m <T -  x)THf {x ) {ma -  x) +  Odlmo- -  x ||3)

since the gradient of /  vanishes at x. We denote the Hessian of /  by Hf .

Now since x is a regular point of the gradient, there exists a constant A* such

that

0 < A -  =  | |f f , ( i ) | |2 .

Thus, for sufficiently large n  we may take C  larger than A* and absorb the 

0 (||m n — x ||3) term  to get

f ( rna) -  f ( £)  < C1177V -  x | | 2  = >  M n < f (m„)  <  f ( x )  +  C ||d n | | 2  .

We may increase C  to make the inequality hold for all preceding levels and all 

global minimum points.

□

5.3 A M o n o to n ic ity  M in im iza tio n  C o n d itio n

T h eo re m  5 .3 .1 . Let cr be a cell, let f  be a monotonically decomposable function  

with f  = g — h, and let M  6  R. I f  f  satisfies the following condition:

g(a) -  h(a) > M  (5.1)

then /  does not attain a value smaller than  or equal to  M  in a.

Proof. By monotonicity, g(a)  — h(a) < g(x)  — h(x) = f ( x )  Vx 6  cr.

Thus, M  < g(a) -  h{a) ==> M  < f ( x )  Vx G a.

□
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5 .4  A  T ay lo r S e rie s  M in im iza tio n  C o n d itio n

T h e o re m  5.4.1. Let a  be a cell with midpoint m  and mesh vector d and let 

M  e  R. I f  f  -<k g and f  satisfies the following condition:

f ( ™ ) - g ( \ m \  + d)+g( \ m\ )  + ^  (&*g(\m\) -  \&*f(m)\)d? > M  (5.2)
0 < | a | < f c

then f  does not attain a value smaller than or equal to M  in a.

Proof. L e t m  4- h 6  cr w ith  |/i| < d.

Now we may use Taylor's formula to obtain

f ( m  +  h) = f ( m )  -f daf ( m ) h a + L T .  d0  f ( m  +  th)wk(dt)h0

0 < | a |< f c  \0 \=k

which implies

f ( m  + h) > J im )  — Y i  f '  Y & s Q M  + i t h n w ^ d t ) ^
O c|q |< A :  \0 \=k

> f ( m )  — ^ 2  IdQ/(m )|d Q — f  d0  g{\m\ +  td)wk{dt)d0

0 < | a | < f c  J °  \0\=k

= f ( m ) ~  ^ 2  \&*f(m )\da ~  (9 (\rn\+d) -  g(\m\) -  ^  &*g{\m\)da)
0 < | a | < f c  0 < | a | < f c

= f ( m)  -  g(\m \ + d) +g( \m\ )  + ^  {d^g^ml )  -  \&*f{m)\)da .
0 < |a j < f c

In conclusion,

f ( m  + h ) >  f ( m )  -  g(\m\ + d ) + g ( \ m \ ) +  ^  (&*g{\m\) -  \&*f(m)\)da .
0 < \a \< k

Thus,

f ( ™- ) - g ( \ m \ + d ) + g ( \ m \ )  + ( ^ ( M )  ~  |d“ /(™)IM“ > M
0 < | a | < f c

is sufficient for showing tha t /  does not attain  a  value smaller than or equal to M  

on a.

□
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C o ro lla ry  5 .4 .1 . Let {A/n} be the decreasing sequence of values generated by the 

minimization algorithm 5.1.1 using the Taylor series minimization condition (5.2). 

I f f  is C2 on A. f  -<k g with k > 2. /  attains its global minimum on the interior 

o f a cell A, and A d /(A) consists o f a finite subset o f the regular zero points of the 

gradient, then there is a constant N 0  such that # ( f i n) <  Aq fo r any n  > 0.

Proof. First, we establish the following assertion:

There exist constants C ,S > 0 such th a t if a  € f2„ with midpoint m  and 

mesh vector d such that ||d|| <  5. then there exists a point x  €  Ai / (A)  such 

tha t ||m — x|| <  C ||d||. In other words, all cells which satisfy the minimization 

condition must lie within some small neighborhood of a point where /  attains its 

global minimum.

Then we will use the fact tha t F  attains its global minimum a t a finite number 

of points to complete the proof.

Assume the assertion is false. Then there exists a sequence {cr,}, a, C fi,. 

with mesh vectors di such that

||di|| < 1 /i and Dm, — x|| >  i||rf,|| (5.3)

for all points x  €  AAj (A).

Since A is compact, the mi  are bounded, and we can find a convergent subse­

quence such that

lim mi =  x  .
j —  oc 3

By Theorem 5.2.1, it follows th a t x £ Ad /(A ). We may expand /  in a Taylor 

series about x

f (x)  = f ( x )  +  V /(x )(x  - x )  + i ( x  -  x ) TH f (x)(x  -  x) +  0 ( | |x  -  x ||3) 

where Hj(x)  is the Hessian of / .
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Now since x is a regular point of the gradient, V /(x ) =  0 and H f ( x ) is positive 

definite. Thus, there exists a A, >  0 such th a t

f ( x )  > / ( x )  +  ^A.||x -  x | | 2  + 0 ( \ \ x  -  x ||3) .

For small enough ||x — x|| we have

f ( x ) - f { x ) > K l \ \ x - x \ \ 2 (5.4)

for some constant K]_ such th a t ^A, > K\  > 0 .

Now we will use the minimization condition (5.2) to arrive at a contradiction.

First, we know th a t at a  regular critical point of the gradient, x , there exist

constants 7 1 . 7 2  > 0  such th a t for ||x -  i | |  small enough,

7 i IIV/(x)| |  < | | x - x | |  < 7 2 ||V /(x ) ||.  (5.5)

The minimization condition is

f ( m n) -  M n < g{\mn \ + dn) -  g(\mn\) -  (&*g(\mn\) -  \&*f(Tnn)\)d°
0 < \a \< k

where Mn is the current minimum value of /  on A determined by the algorithm. 

Now’,

g { \ m n\ +  d n ) =  <?(|mn|) +  ^ 2  +  0 ( | |d „ | | fc) .
0< |a |< fc

Using this fact, k > 2, and  Lemma 5.2.1 the minimization condition becomes 

f { m n ) - f { x ) <  ^  ^ / ( ^ J K  +  O d K I I 2) .
0 < | q | <2

Hence, we have

f ( m „ ) - f ( x )  <  Ar2||V(/(m „))||||<i„|| +  0 ( ||d „ ||J) 

for some K 2 > 0 .
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Now by (5.5) for sufficiently large n.

f ( ™ n) -  f{x) < 7 ||m n -  x ||||dn || +  0 (||dn ||2)

for some 7  > 0 .

We conclude from (5.4) that for sufficiently large n.

K i\\m n -  x | | 2  <  f { mn) -  f { x )  < 7IIm n -  x ||||dn || + 0 (||dnj|2) .

This implies that for sufficiently large n.

ATi||m„ -  x | | 2  <  K 3\\mn -  x ||||d„ ||

fo r  so m e  7  >  K 3 >  0 .

Thus, dividing by \\mn — x||, which is positive by assumption (5.3). we get

K\\\mn -  x\\ < K 3\\dn\\ .

Using the assumption (5.3) again, this implies,

_  K x ^  lldnll ,  l l ^ l l  1 _______
0  C  —  <  tj = 7 7  <  I, , 11 =  ► O a s n —f o oK 3 \\m,n -  x[| n\\dn \\ n

As a result, =  0. This contradicts the fact th a t K \  > 0. Thus, we have 

established the assertion.

This proof may now be completed in the same m anner as that of Corollary 

4.2.2.

□
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C onclusion

In this dissertation we present the basic theory of zero-finding and optimiza­

tion cell exclusion algorithms. We discuss the Lipschitz, monotonicity, and Taylor 

series root conditions. The improved Taylor series root condition is a localized root 

condition which is very effective, especially when working with systems possessing 

singular solutions. For optimization problems we develop monotonicity and Tay­

lor series minimization conditions which promise to be effective when finding the 

global minimum of functions of relatively few variables with possibly many local 

minima.
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A p p e n d i x  A

CO M PUTER CODE

In this appendix we present computer code which we use to  investigate various 

numerical examples. First, we present Matlab code which I wrote. Dr. Kurt 

Georg wrote some Matlab software which implements the improved Taylor series 

root condition. In an effort to write faster algorithms, I wrote some programs in 

C ++ which implement the basic Lipschitz and monotonicity root conditions and 

find components. A component corresponds to the many cells which cluster about 

a zero. These cells may be linked into one component, and the midpoint of this 

component is the only necessary output.  We include neither Dr. Georg’s Matlab 

software nor my C ++ programs in this appendix.

W ith the prospect of implementing the improved Taylor series root condition 

and the linking of components in C ++ seeming quite daunting, we decided to 

use Java for this task. Java is faster than Matlab, and Java does not involve 

pointers. Dr. Georg wrote some Java software that implements the improved 

Taylor series root condition for polynomial systems and links cells into components. 

This software is easy to use and very effective. We present this code next.

In this dissertation we do not implement the minimization algorithm. The 

implementation of the minimization algorithm 5.1.1 differs from tha t of the zero- 

finding algorithm 1 .2 . 1  in one crucial way. The zero-finding algorithm  is recursive. 

Starting with a large cell, it will subdivide again and again until a  cell either
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fails the root condition or becomes small enough. After either of these two things 

occur, the algorithm then jumps back to a point in the recursion where it begins 

to subdivide a larger cell. This is what is called a depth first search algorithm [11].

On the other hand, the minimization algorithm is not purely recursive. At 

every level of partitioning k, we must use the minimization condition to test all cells 

of this level’s size. Then we arrive at a current minimum value of the algorithm. 

A/*.-, on the A:th level of partitioning. Thus, on each level all cells of the same 

size must be stored in a queue. Then the minimization condition is applied to 

each of these cells in turn. Those tha t satisfy the minimization condition are then 

subdivided and stored in a new queue for the next level. This is what is referred 

to as a breadth first search algorithm [1 1 ].
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A . l  M a t l a b  C o d e

First, we present the Matlab code used for sequential and simultaneous bi­
section with the Lipschitz root condition. Then we present the Matlab code used 
for sequential bisection, sequential trisection, and simultaneous bisection with the 
monotonicity root condition.
Lipschitz Root Condition: Sequential Bisection
function seq_lipschitz(F, al, a2, c, mu, k)
V, Finds all solutions of F(x) = 0
V, in the N-box [al, a2] where F, x, c, al, and a2 are N-dim.
V, c is the vector of Lipschitz constants.
*U Uses recursive bisection and the Lipschitz root condition:
*/, F(al+a2/2) <= lipschitz. const * norm(al-a2, inf)/2
*/, k = axis along which we will be dividing. ** Call seq.lipschitz with k=l.

global ROOTCHECKS 
global CELLS
N=length(al); */. N = dimension of the space in which we are. 
m = (al+a2) ./ 2;'/. Define the midpoint of the cell.
ROOTCHECKS = ROOTCHECKS + 1;

if (min (abs(feval(F, m)’) <= absCc . * (m-al)))* == 1) 
if norm(a2-al, inf) < mu 

CELLS = CELLS + 1;
[al; a2]; 
return;

end
'/. al = al 
b2 = a2;
a2(k) = (al(k)+a2(k))/2; 
bl = al; 
bl(k) = a2(k); 
if (k < N)

k=k+l;
else

k=l;
end
seq_lipschitz(F,al,a2,c,mu,k) 
seq_lipschitz(F,bl,b2,c,mu,k)

end

80

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



L i p s c h i t z  R o o t  C o n d i t i o n :  S i m u l t a n e o u s  B i s e c t i o n

function simult_lipschitz(F, al, a2, c, mu)
*/. Finds all solutions of F(x) = 0
V, in the N-box [al, a2] where F, x, c, al, and a2 are N-dim.
V, c is the vector of Lipschitz constants.
'/. Uses recursive bisection and the Lipschitz root condition:
'/. F(al+a2/2) < - lipschitz. const * norm(al-a2, inf)/2 
•/' ************ Bisects along all axes simultaneously!
V, place = variable that marks the current position in a row of A 
*/. trigger = 0 then fill kth position with al(k)
*/. 1 then fill kth position with al(k) + (a2(k)-al(k) )/2
*/, times = keeps track of the # of times one has progressed through the
% i-loop. Used for updating place.

global CELLS 
global ROOTCHECKS

N = length (al); V, N = dimension of the space in which we are.
A = zeros(N, 2~(N+1));

for k=l:N
place=0; 
times=0; 
trigger=0; 

while (place < (2“(N+1))) 
for i=l:2:(2“(N-k+1)-1)

if (trigger == 0)
A(k, (i+place)) = al(k);

end
if (trigger ==1)

A(k, (i+place)) = al(k)+(a2(k)-al(k))/2;
end

end
trigger = mod(trigger+l, 2);
times = times + 1;
place = times*(2~(N-k+1));

end
end

for i=2:2:2“(N+l)
A(:,i) = A(:,(i-1)) + (a2-al)’/2;

end
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for i=l:2:(2“(N+1)-1) */. Steps of 2 to hit all new cells which were formed, 
m = (A(:,i)+A(:,i+1)) ./2;
ROOTCHECKS = ROOTCHECKS + 1;
if (min (abs(feval(F, m)’) <= abs(c .* (m-A(:,i))’)) == 1) 

if norm(A(:,i+1) - A(:,i), inf) < mu 
[A ( : , i ) * ; A(:,i+1)’];
CELLS = CELLS + 1;

else
simult_lipschitz(F, A(:,i)’, A(:,i+1)’, c, mu);

end
end

end
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M o n o t o n i c i t y  R o o t  C o n d i t i o n :  S e q u e n t i a l  B i s e c t i o n

function seq_mon(G, H, al, a2, mu, k)
7, Finds all solutions of F(x) = G(x) - H(x) = 0
'/, in the N-box [al, a2] where F, G, H, x, al, and a2 are N-dim.
7* vectors and all components of G and H are increasing inside 
7,  [al, a2] . G and H axe vector fields.
7* Uses recursive bisection and the monotonicity root condition:
*/. G(al) <= H(a2) and H(al) <= G(a2).
7% k = axis along which we will be dividing. ** Call seq_mon with k

global CELLS 
global ROOTCHECKS

N=length(al) ; '/, N = dimension of the space in which we are. 
ROOTCHECKS = ROOTCHECKS + 1;

if ((min(feval(G,al)<= feval(H,a2)) == 1) &
(min(feval(H,al) <= feval(G,a2))

if norm(a2-al, inf) < mu 
[al; a2]
CELLS = CELLS + 1; 
return;

end
*/. al = al 
b2 = a2;
a2(k) = (al(k)+a2(k))/2; 
bl = al; 
blCk) = a2(k); 
if (k < N)

k=k+l;
else

k=l;
end
seq.mon (G, H, al, a2, mu, k) 
seq_mon(G,H,bl,b2,mu,k)

end
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M o n o t o n i c i t y  R o o t  C o n d i t i o n :  S e q u e n t i a l  T r i s e c t i o n

function seq_trisect_mon(G, H, al, a2, mu, k)
7* Finds all solutions of F(x) = G(x) - H(x) = 0
7, in the N-box [al, a2] where F, G, H, x, al, and a2 are N-dim.
% vectors and all components of G and H are increasing inside
7, [al, a2] . G and H are vector fields.
7* Uses recursive trisection and the monotonicity root condition:
*/. G(al) <= H(a2) and H(al) <= G(a2) .
*/. k = axis along which we will be dividing. ** Call seq_trisect_mon with k=l.

N=length(al); 7% N = dimension of the space in which we are.

if ((min(feval(G,al)<= feval(H,a2)) == 1) &
(min(feval(H,al) <= feval(G,a2)) == 1))

if norm(a2-al, inf) < mu 
[al; a2] 
return;

end
'/. al = al 
c2 = a2; 
b2 = a2;
b2(k) = al(k)/3 + 2*a2(k)/3; 
bl = al;
bl(k) = 2*al(k)/3 + a2(k)/3; 
cl = al;
cl(k)= al(k)/3 + 2*a2(k)/3; 
a2(k) = 2*al(k)/3 + a2(k)/3; 
if (k < N)

k=k+l;
else

k=l;
end
seq_trisect_mon(G,H,al,a2,mu,k) 
seq_trisect_mon(G,H,bl,b2,mu,k) 
seq_trisect_mon(G,H,cl,c2,mu,k)

end
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M o n o t o n i c i t y  R o o t  C o n d i t i o n :  S i m u l t a n e o u s  B i s e c t i o n

function simult_mon(G, H, al, a2, mu)
*/. Finds all solutions of F(x) = G(x) - H(x) = 0
V, in the N-box [al, a2] where F, G, H, x, al, and a2 are N-dim.
*U vectors and all components of G and H are increasing inside
V, [al, a2] . G and H are vector fields.
V, Uses recursive bisection and the monotonicity root condition:
*/. G(al) <= H(a2) and H(al) <= G(a2) .
yt ************ Bisects along all axes simultaneously!
*/. place = variable that marks the current position in a row of A
'/. trigger = 0 then fill kth position with al(k)
*U 1 then fill kth position with al(k) + (a2(k)-al(k))/2
*U times = keeps track of the # of times one has progressed through the
'/. i-loop. Used for updating place.

N = length(al) ; */. N = dimension of the space in which we are. 
global CELLS 
global ROOTCHECKS

A = zeros(N, 2“(N+1));

for k=l:N
place=0; 
times=0; 
trigger=0; 

while (place < (2“(N+1))) 
for i=l:2:(2~(N-k+1)-1)

if (trigger == 0)
A(k, (i+place)) = al(k);

end
if (trigger ==1)

A(k, (i+place)) = al(k)+(a2(k)-al(k))/2;
end

end
trigger 
times = 
place =

= mod(trigger+l, 2); 
times + 1; 
times*(2"(N-k+1));

end
end

for i=2:2:2“(N+l)
A(:,i) = A(:,(i-1)) + (a2-al)’/2;

end

85

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



for i=l:2:(2“(N+1)-1) '/. Steps of 2 to hit all new cells which were formed. 
ROOTCHECKS = ROOTCHECKS + 1;
if (CminCfevalCG, A(:,i))<= fevalCH, A(:, i+1))) == 1) k

(minCfeval(H, A(:,i)) <=feval(G,A(:,i+l)))==l)) 
if norm((A(:,i)-A(:,i+l)), inf) < mu 

[AC:,i)J; ACr.i+l)’];
CELLS = CELLS +1;

else
simult_mon(G, H, A O . D ’.AC:, i+1)’,mu)

end
end

end
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A . 2  J a v a  C o d e

Here we present Java code written by Dr. Kurt Georg. This is a black box 

algorithm which implements the improved Taylor series root condition for poly­

nomial systems. The only input required is a system of polynomials entered in a 

standard way (see the following example) and an initial cell, A. W here appropriate, 

special features of this code are explained.

E x a m p l e :  B o o n  P r o b l e m

Here is the Boon problem from the field of neurophysiology which we consider 

in Section 4.3.

The domain of this problem is taken as

5

A = Y [[-2 ,2 )
i=i

where F (x ) is defined by

f l ( x ) =  x 25 +  x j - I

M x ) =  x l  +  x \  -  1

f s ( x ) =  x xx l  -+- x 2 x 4 -  1 . 2

M x ) =  X i x l  +  x 2 x l -  1 . 2

h ( x ) =  x xx j x 5 +  x 2 x 4 x & —

f e ( x ) =  x i x 3x j  +  x 2 x 4 x% —

The following is the file "boon.poly" which represents this system  in the standard 

way. Each line represents a monomial. The first column is the coefficient and the 

following columns are the powers of the variables which appear in the monomial. 

An equation is formed by summing the monomials which appear between the blank 

lines.
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boon.poly 
1 2 0 0 0 0 0
1 0 0 2 0 0 0
- 1 0  0 0 0 0 0

1 0 2 0 0 0 0
1 0 0 0 2 0 0
- 1 0  0 0 0 0 0

1 0 0 3 0 1 0
1 0 0 0 3 0 1
- 1 . 2  0  0  0 0 0  0

1 3 0 0 0 1 0
1 0 3 0 0 0 1
- 1 . 2  0 0  0 0 0  0

1 1 0 2 0 1 0
1 0 1 0 2 0 1
- . 7 0 0 0 0 0 0

1 2  0 10 10 
1 0 2 0 1 0 1 
- . 7 0 0 0 0 0 0
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Driver
The following class is the main algorithm. It is the driver for the cell exclusion 

algorithm, i.e.. this is the class which is compiled. In this class one enters the file 
containing the system of polynomials. Here this file is “boon.poly”. See the pre­
ceding pages for this example file and an explanation. One also enters the midpoint 
and mesh vector for the initial cell. A. Currently, the midpoint is (0,0,0,0,0,0) and 
the mesh vector is (2,2,2.2,2.2).

import java.lang.*; 
import j ava.text.*; 
import j ava.io.*; 
import java.util.*; 
public class ggg {

public static void main(String[] args)
throws IOException, java.io.FileNotFoundException { 

PolyCEAtest ex = new PolyCEAtest("boon.poly");
CellExcl alg =

new CellExcl(ex,
new cell(new doublet] {0,0,0,0,0,0}, new 
doublet] {2,2,2,2,2,2}), 10);

alg.go() ;
int cntG = alg.getCellCntO ; 
int len = cnt.length; 
for(int k=0;k<len;k++){

System.out.println(cnttk] );
}
Vector sol = alg.getSolO ;
System, out .print In ("Number of Components : " + sol.sizeO);
int tc = alg.getTotalTestCnt() ;
System.out .println("Total number of tests : " + tc);
for(int k = 0; (k < sol.sizeO) && !sol.isEmptyO; k++){ 

System.out.print((k+1) + ") ");
System.out.println(((cell) (sol.elementAt(k))) .toStringO); 

// ex.printValue(((cell)(sol.get(k))) .getCenterO) ;
}

}
>
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P o l y n o m i a l  M e t h o d s

The following class contains methods which operate on polynomial systems. 

It reads a system of polynomials from a file, generates the derivatives needed for 

the improved Taylor series root condition (4.2). and performs the root condition.

We now give some background and explain how derivatives of polynomial 

systems are generated for the improved Taylor series root condition (4.2).

Given a polynomial of degree k. p(x) =  X)|Q|<fc cQa:“ , the natural dom inating 

function to choose is p(x) = 5Z|Q|<jt \ca\xa- We note p - < 0 0  p. The improved Taylor 

series root condition now reads

|p(m)| <  p(|m | +  d) -  p([m\) -  ^  (d“p (M ) “  I&*p{m)\)da (A .l)
0 < | q |« 7

for any q > 0 .

The terms in the above sum are nonnegative, and often they are zero. Natu­

rally, we do not wish to compute terms which are zero. This is the motivation for 

the following definition:

D e f i n i t i o n  A . 2 .1  ( M o n o t o n e ) .  A polynomial p is monotone i f  and only i f  all 

non-zero coefficients o f p have the same sign.

The following lemmas are straightforward consequences of this definition:

L em m a A . 2 . 1 . A polynomial p is monotone if  and only i f  p(m)  =  |p(m )| for  all 

positive m.

L em m a A .2.2. I f  p is monotone, then d0p is monotone for  all (3.

Notice if p is monotone, then the root condition simplifies to

|p(m)| < p(|m | -f d) -  p(|m |).
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Notice that Lemma A.2.1 is only relevant when dealing with positive cells. 

The case when all values in A are nonnegative is im portant. Often in systems with 

physical significance, variables only take on nonnegative values. For example, if 

the variables represent molarities in a chemistry equilibrium problem, they must 

be nonnegative.

The following recursion generates the multi-indices needed for the improved 

Taylor series root condition when we are considering an initial cell A with only 

nonnegative values.

Notation: a k =  fcth component of a. pk = fcth component of (3

The recursion is started  with a  =  ( 0 .0 , . . . .  0).

function GenerateM ultiIndices(a) 
set n = |or | 
if d°(p) is monotone 

return
print (a) 
set 0  = a  
set Pi =  Pi + 1  

Generate M ult ilndices ( p ) 
for k  =  1  : (n — 1 ) 

if Qfc ^  0  

return 
set P  =  a
set pk+i = p k+i +  1  

GenerateMultiIndices(/3)
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Now we consider the following example:

p = xy 2 + x  — y 3 + 2 xy  +  3

The recursion will generate the following tree of derivatives which are necessary 

for the improved Taylor series root condition (4.2):

Derivative Tree

.(o,o;

( 1,0 ) (0,1

( 1 , 1 ) . (0 ,

(1,2) (0,3)
We also notice that for a polynomial p of degree k,

p(\m\ +  d) = p{\m\) + dPp(\m\)da .
0<Q <fc

Thus, for polynomial systems the root condition (A .l) simplifies to

\p{™)| < ^  \dap(m)\da.
0<\a\<k

This root condition is valid for all m, not just m  > 0 . All relevant multi-indices 

can be obtained in a recursion similar to that above. The line ilif d°(p) is mono­

tone” only needs to be replaced by "if 8 ° (p) = 0” . This la tter recursion and root 

condition are used in the Java code.

import java.lang.*; 
import java.text.*; 
import java.io.*; 
import java.util.*; 
public class polynomial{

private static final DecimalFormat fmtl = new DecimalFormat("0")
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private static final double RelaxFac = 1. + l.E-12; // to avoid numerical
//instabilities in testO

private monomial [] terms; 
private int[] derivPattern; 
private int numberOfTerms; 
private int numberOfVar; 
private polynomial[] next;
private int fac; // = factorial in Taylor Polynomial 
private static double r_rl, r_r2; // for exclusion test 
private static doublet] m, d; // of a current cell 
public polynomial(Vector Poly){ 

if (Poly.isEmpty()){ 
return;

>
numberOfTerms = Poly.sizeO; 
terms = new monomial [numberOfTerms] ; 
for(int k=0; k<numberOfTerms; k++){

terms[k] = (monomial)(Poly.get(k)); 
if(number0fVar==0){

numberOfVar = terms [k] .getNumOfVarO ;
>
else-C

if (numberOfVar! =terms [k] . getNumOfVarO) -C
throw new Error ("monomials have varying number of variables")

>
>

>
derivPattern = new int [numberOfVar] ; 
fac = 1; 
generateTreeO ;

>
public polynomial (Vector Poly, int[] patH 

if (Poly.isEmpty()){ 
return;

>
numberOfTerms = Poly.sizeO; 
terms = new monomial [numberOfTerms] ; 
for(int k=0; k<numberOfTerms; k++){

terms[k] = (monomial)(Poly.get(k)); 
if(numberOfVar==0){

numberOfVar = terms[k] .getNumOfVarO ;
>
else{

if (numberOfVar! =t erms [k] . get NumOf Var ( ) ) {
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throw new Error ("monomials have varying number of variables")
>

>
>
if (pat.length!=numberOfVar){

throw new Error ("derivative pattern does not fit number of variables"
>
derivPattern = pat; 
fac = 1;
for(int k=0; k<numberOfVar; k++){ 

for (int j=2; j<=pat[k]; j++H 
fac *=j ;

>
>

>
public polynomial getDeriv(int i){

Vector derPoly = new VectorO; 
monomial p;
for(int k=0; k<numberOfTerms; k++M 

p = terms [k] ; 
if(p.isNotConst(i)){

derPoly. add (p. generateDeriv( i ) ) ;
>

>
if(derPoly.isEmpty()){ 

return null;
>
int[] newDerivPattern = general.arrayCopy(derivPattern); 
newDerivPattern[i]++;
return new polynomial (derPoly, newDerivPattern) ;

>
public String toString(){

StringBuffer str = new StringBuffer () ;
str.append("Polynomial has derivative pattern ");
for(int k=0; k<numberOfVar; k++){

str.append(general.padStr(fmt1.format(derivPattern[k]),2));
>
str.append(" and Taylor factor "); 
str.append(fac);
for (int k=0; k<numberOf Terms; k++H 

str.append("\n");
str. append (terms [k] . toStringO) ;

>
return str .toStringO ;
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public double eval(double[] x){ 
if (x. length! =numberOfVar) {

throw new Error("vector length different from number of variables")
>
double sm = 0. ;
for(int k=0; k< numberOfTerms; k++){ 

sm += terms[k].eval(x);
>
return sm / fac;

>
public void generateTree(){

Vector derPol = new Vector() ; 
polynomial pp; 
int len = 0;
for (int k=0; k<numberOfVar; k++){

if(k>0 && derivPattern[k-1]!=0){ 
break;

>
pp = getDeriv(k); 
if(pp!=null){

derPol.add(pp);
>

>
if(!derPol.isEmpty()){ 

len = derPol.size(); 
next = new polynomial [len] ; 
for(int k=0; k<len; k++){

next[k] = (polynomial)(derPol.get(k) ) ;
// System, out .print In (next [k] .toStringO);

>
}
for(int k=0; k<len; k++){

(next [k]) .generateTreeO ;
>

>
public boolean test (cell sigH 

m = sig.getCenterO ;

d = sig.getMeshvO ;
r_rl = Math.abs(eval(m)); 
r_r2 = 0.; 
accumulate(next); 
if(r_rl <= r_r2*RelaxFac){
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return true;
>
else-C

return false;
>

>
private void accumulate (polynomial [] pols){ 

if(pols==nullM 
return;

>
int len = pols.length; 
for (int k=0; k<len; k++M

r_r2 += Math.abs(pols[k].eval(m)) * pols[k].dEval(d); 
accumulate(pols[k].next);

>
>
private double dEval(double[] dd){ 

if (dd. length! =numberOfVar) {
throw new Error("mesh vector length different from

number of variables");
>
double pr = 1.;
for(int k=0; k<numberOfVar; k++){

for(int j=0; j<derivPattern[k] ; j++M 
pr *= dd[k] ;

>
>
return pr;

>
public static Vector readPolySys(String fname)

throws java.io.FileNotFoundException, java. io.IOException{ 
BufferedReader in

= new BufferedReader(new FileReader(fname));
Vector polySys = new VectorO ;
Vector eqn = new VectorO ;
StringTokenizer t;
String line;
boolean eqnEnded = true; 
double coeff; 
monomial mon;
int [] powers = new int [30] ; 
int [] index; 
int k;
while ((line = in.readLineO) != null){
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t = new StringTokenizer(line); 
if(t.hasMoreTokens()){ 

if(eqnEnded){
eqn = new VectorO ; 
eqnEnded = false;

>
coeff = (new DoubleCt.nextTokenO)) .doubleValueO 
k = 0;
while(t.hasMoreTokens ( ) ) {

powers [k] = Integer. parselnt (t. next Token () ) ; 
k++;

>
index = general.arrayCopy(powers, k); 
mon = new monomial(coeff, index); 
eqn.add(mon);

>
else{

if(!eqnEnded){
polySys.add(eqn);

>
eqnEnded = true;

>
>
if(!eqnEnded){

polySys.add(eqn) ;
>
in. closeO ; 
return polySys;

>
>
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M o n o m i a l  M e t h o d s

The following class contains methods which operate on monomials. The 

method “generateDeriv” returns the derivative of a monomial. The method “eval” 

returns the value of the monomial evaluated a t the ^-dimensional point x.

import j ava.lang.*; 
import j ava.text.*; 
import j ava.io.*; 
import java.util.*; 
public class monomial-C 

private double coeff; 
private int[] index; 
private int len;
private static final DecimalFormat fmtl = new DecimalFormat("0");

// private static final String fmt2str = " .OOOOOOOEO"; 
private static final String fmt2str = "#####.########";
private static final DecimalFormat fmt2 = new DecimalFormat(fmt2str);
private static final int fmt2pad = fmt2str.length() + 3;
public monomial(double c, int[] ind){ 

index = ind; 
coeff = c; 
len = ind.length;

>
public int getNumOfVarO { 

return len;
>
public boolean isNotConst(int i){ // Is derivative with respect to i != 0? 

if(index[i]>0){ 
return true;

>
else-(

return false;
>

}
public monomial generateDeriv(int i){ 

int[] newlndex = new int[len] ; 
for(int k=0; k<len; k++){ 

newlndex[k] = index [k] ;
>
newlndex[i]— ;
return(new monomial (coeff *index[i] , newlndex));

>
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public String toStringO {
StringBuffer str = new StringBufferO ; 
str.appendC"coeff : ");
str. append (general .padStr(fmt 2. format (coeff) ,fmt2pad)) ; 
str.append(" exponents: ");
for(int k=0; k<len; k++){

str. append (general. padStrCfmtl .format (index [k] ),2));
>
return str .toStringO ;

>
public double eval(double[] x){ 

if(x.length!=len){
throw new Error ("vector length does not agree with number of variables") 
>
double pr = coeff;
for(int k=0; k<len; k++){

for(int j=0; j<index[k] ; j++){ 
pr *=x [k] ;

>
>
return pr;

>
>

M onitoring of C ells in Qk  and R oot C ondition Checks

The following class contains methods which call root conditions. It monitors 

the number of cells which satisfy the root condition on each level and the number 

of root condition checks which have been performed.

import java.lang.*; 
import java.text.*; 
import j ava.io.*; 
import java.util.*; 
public class CellExcl-C 

private Vector sol; 
private int[] cell_cnt; 
private int total_cnt; 
private CeaTest t; 
private cell initCell; 
private int mxLev;
// Constructor:
public CellExcl(CeaTest test, cell sigma, int maximal_lev){
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sol = new VectorO ;
cell_cnt = new int[maximal_lev+l] ;
t = test;
initCell = sigma;
mxLev = maximal.lev;

>
public Vector getSol(){ 

return sol;
>
public int[] getCellCntO-C 

return cell_cnt;
>
public int getTotalTestCntO{ 

return total_cnt;
>
// Main Procedure: 
public void go(){

go(initCell, 0, 0);
>
// Recursive CEA:
private void go (cell sig, int lev, int axisM 

// Discard? 
total_cnt++; 
if(!t.test(sig)){ 

return;
>
// Count this cell for given level? 
if (axis==0M

cell_cnt[lev] ++;
>
// Collect Good Cell: 
if(lev == mxLev){

int In = sig.getLengthO ; 
doublet] C = sig.getCenterO ; 
for(int k=0; k<ln; k++)

System.out.print(C[k] + " "); 
System.out.printIn(); 
sig.putlnto(sol); 
return;

>
// Recursive Bisection: 
int In = sig.getLengthO; 
cell[] newSig = sig.bisect(axis); 
if(axis==ln-l){
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axis = 0; 
lev++;

>
else{

axis++;
>
go(newSig[0], lev, axis); 
go(newSig[l], lev, axis); 
return;

>
>
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R o o t  C o n d i t i o n  I m p l e m e n t a t i o n

The following class implements the improved Taylor series root condition (4.2) 

for polynomial systems.

import java.lang.*; 
import j ava.text.*; 
import j ava. io.*; 
import java.util.*;
public class PolyCEAtest implements CeaTest{ 

private polynomial[] polyArray; 
int len;
public PolyCEAtest(String fname) throws IOException,

java.io.FileNotFoundException-C 
Vector polyS = polynomial.readPolySys(fname); 
len = polyS.sizeO ; 
polyArray = new polynomial[len] ; 
for(int k=0; k<len; k++){

polyArray[k] = new polynomial((Vector)(polyS.get(k)));
>

>
public boolean test(cell sig){ 

for (int k=0; k<len; k++H
if(!polyArray[k ].test(sig)) { 

return false;
>

>
return true;

>
public void printValue(double[] x){ 

for(int k=0; k<len; k++){
System.out.println(polyArray[k] .eval(x)) ;

>

>
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P artition ing Cells and Linking C om ponents

The following class contains methods which partition cells and link groups of 
cells into components.

A  typical feature of a cell exclusion algorithm is that several cells which satisfy 
the root condition correspond to one zero. We wish to link all of the cells which 
represent a single zero into one component. This is possible since we consider 
problems with a finite number of isolated solutions. Two cells are considered to 
be close if their midpoints mi and m 2 satisfy |mi — ra2| < C 2 ~ kd on the fcth level 
of bisection. Ideally C  = 2. but practically we must choose C  somewhat greater 
than 2 to link components properly. A larger C helps to account for the effects of 
round-off error. In the following code FAC =  C  =  7.99.

import j ava.lang.*; 
import j ava.text.*; 
import j ava.io.*; 
import java.util.*; 
public class cell{

private static final double FAC = 7.99; // factor for measuring closeness
private static String formatStr = " ##.00000000";
private static final DecimalFormat FMT = new DecimalFormat(formatStr);
private static final int FMTL = formatStr.lengthO+l; // for padding

// the above format
private double[] center;
private doublet] meshv;
private int len;
public cell (double [] c, doublet] d){ 

center = c; 
meshv = d; 
len = c.length;

>
public doublet] getCenter(M 

return center;
>

public double □ getMeshv(){ 
return meshv;
>

public int getLength(){
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return len;
>

public boolean isClose(cell a){ 
doublet] ac = a.getCenterO; 
doublet] ad = a.getMeshvO; 
for(int k=0;k<len;k++){

if( Math.abs(centertk] - actk])
> FAC * (meshv tk] + adtk])H 

return false;
>

>
return true;

>
public cellt] bisect (int axis){ 

cellt] out = new cell t2] ; 
double t] cO = new double (len] ; 
double(] dO = new double (len]; 
doublet] cl = new double (len]; 
for(int k = 0;k<len;k++){ 

cO(k] = center (k] ; 
cl(k] = center[k]; 
dO[k] = meshv tk] ;

>
dO[axis] = 0.5*d0[axis] ; 
cOtaxis] = center[axis]-dO[axis] ; 
cl [axis] = center [axis] +d0 [axis] ; 
out[0] = new cell(cO.dO); 
out[l] = new cell(cl,dO); 
return out;

>
public String toStringO{

StringBuffer str = new StringBuffer(); 
str.append("center=") ;

for(int k=0;k<len;k++){
str. append (general. padStr(FMT. format (center [k] ) ,FMTL));

>
str.append("\n meshv=");

for(int k=0;k<len;k++){
str. append (general. padStr(FMT. format (meshv [k] ) ,FMTL));

>
return str .toStringO ;

>
public void put Into (Vector solH 

if(sol.isEmpty()){
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sol.addElement(this); 
return;

>
for(int k = 0;k < sol.size();k++){

if(this.isClose((cell)(sol.elementAt(k)))){
((cell)(sol.elementAt(k))).gulp(this); 
for(int l=k+l; l<sol.sizeO ; ){

if(this.isClose((cell)(sol.elementAt(l)))){
((cell) (sol. element At (k))) .gulp((cell) (sol.elementAt(l))) 
sol.removeElementAt(1);

>
else{

1++;
>

>
return;

>
>
sol.addElement(this); 
return;

>
public void gulp(cell tau){

doublet] tau.center = tau.getCenterO ; 
doublet] tau_meshv = tau.getMeshvO; 
double a, b; 
for(int k=0;k<len;k++){

a = Math.min(center tk]-meshv tk],tau.center tk]-tau_meshv tk] ); 
b = Math. max (center tk] +meshv tk] , tau_center tk] +tau_meshv tk] ); 
centertk] = 0.5*(a+b); 
meshvtk] = 0.5*(b-a);

>
>

>
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Interfaces
Here are the interfaces required for linking all of the classes within this cell 

exclusion algorithm.

public interface CeaTest{
public boolean test(cell sig);

>

public interface SimpleFunction-C 
public double f(double v ) ;

>

public interface VectorFieldf
public doublet] vf (doublet] v); 
public int getDimensionlnO ; 
public int getDimensionOut();

>
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