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ABSTRACT O F DISSERTATION

HORIZONTAL VORTICITY  RED ISTRIBU TIO N  AND VORTEX ALIGNM ENT IN 

DEVELOPING AND M ATURE TR O PIC A L CYCLONES

The three-dim ensional redistribution of vorticity within a vortex is examined here 

in tlie context of tropical cyclone (TC ) structu re  and  intensity change. Aspects of the 

horizontal vorticity mixing dynamics are first presented in a  novel analysis of high tem poral 

resolution wind fields derived from airborne dual-D oppler observations of Hurricane Olivia 

(1994). Seven consecutive composites of Olivia's w ind field with 30-min tim e resolution 

depict a weakening storm  undergoing substan tial s tru c tu ra l changes.

The problem of vortex alignment (and the a tten d an t three-dimensional redistribu­

tion of vorticity) is then  re-examined in an effort to further understand the underlying 

dynam ics of TC-like vortices tilted by vertical shear. The study is motivated in p art 

by the analysis of Hurricane Olivia. Olivia's asym m etric evolution in the presence of 

increasing environm ental vertical shear is consistent w ith th a t predicted by existing "vor­

tex in shear" theories. These theories, however, are based on a nonlinear in terpretation 

of unforced vortex alignment originally developed to  explain the emergence of vertically- 

coherent vortex structu res in geostrophic turbulence. For small to m oderate vortex tilts, a 

simpler and  more insightful linear model for unforced vortex alignment is presented. This 

model provides the basis for a deeper understanding of the dynamics of rapidly-rotating, 

vertically-sheared vortices.

The linear model is formally valid as long as the  tilted vortex can be meaningfully 

represented through a wave, mean-flow decom position. This is typically tru e  if the vortex 

cores at upper and lower levels overlap. The validity of the linear model is tested for
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a range of vortex tilts using a quasi-geostrophic model in b o th  its complete and  linear, 

equivalent-barotropic forms.

The vertical alignment dynam ics in the aforem entioned sm all to m oderate tilt regime 

is accurately cap tured  by linear vortex Rossby wave processes. For internal Rossby defor­

mation radii larger than  the horizontal scale of the  tilted  vortex, an  azim uthal wavenumber 

one near-discrete vortex Rossby wave, or quasi-m ode, exists. T he quasi-m ode is charac­

terized by its steady cyclonic propagation, long lifetime, and  resistance to  differential 

rotation, behaving much like a discrete vortex Rossby wave. T he quasi-m ode traps dis­

turbance energy causing the vortex to precess and  thus prevents alignment. For internal 

deform ation radii smaller th an  the horizontal vortex  scale, the quasi-m ode d isappears into 

the continuous spectrum  of vortex Rossby waves which prom ote complete alignm ent by 

irreversibly (bu t linearly) redistributing potential vorticity (PV ).

T he linear alignm ent theory is extended to  stronger vortices in the A sym m etric Bal­

ance system  w ith results sim ilar to those for geostrophic vortices. In addition to  providing 

new insight into the asym ptotic dynam ics of vortex merger in three dim ensions, these 

results also are believed to have relevance to th e  problem of tropical cyclogenesis. Cy- 

clogenesis in itia ted  through the  merger of low-level convectively-generated positive PV' 

within a weak incipient vortex is captured by quasi-Iinear dynam ics. A potential dynam ­

ical barrier to T C  development in which the quasi-m ode frustrates vertical alignm ent can 

be identified using the linear alignm ent theory' in this case.

PAUL D. REASOR 
D epartm ent of Atmospheric Science 
Colorado S ta te  University 
Fort Collins, Colorado 80523 
Sum m er, 2000
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5.2 Evolution of vortex PV  (from left to  right) at t =  0 . 1.5re, 2.5re, and  4re for 
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s - 1  and  (b) the nonlinear EQB model with P V  isosurface 8.5 x 10- 5  s _ 1  are 
shown. T he different initial conditions are described in the tex t. C ontour
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C h a p te r  1

IN T R O D U C T IO N

Despite decades of research on the dynam ics and therm odynam ics of trop ical cy­

clones (TCs). prediction of intensity  rem ains an operational challenge (D eM aria and  K a­

plan 1997). A lthough previous studies have identified the primary' m echanism s for TC  

intensity change, including atm osphere-ocean interaction (Ooyam a 1969; R o tunno  and 

Em anuel 1987; Emanuel 1999), forcing by the large-scale atm ospheric flow (M olinari et 

al. 1995: M ontgomery and Farrell 1993), and the in ternal vortex dynam ics (M ontgom ery 

and  Kallenbach 1997; Montgomery' and Enagonio 1998: Schubert e t al. 1999; M oller and 

M ontgomery 1999. 2000). no one influence is generally regarded as the  determ ining  factor 

in most situations. A case in point is the rapid intensification of H urricane O pal (1995) 

as it approached the Florida panhandle on 4 O ctober 1995. D uring a 12-hr period  prior 

to the eye m aking landfall, O p a l’s m axim um  tangential winds increased by roughly- 20-25 

m s - 1  (NHC Best Track). T he dram atic strengthening of Opal has been a ttr ib u ted  to  both  

the presence of a warm-core oceanic eddy (Shay et al. 2000) and the favorable in teraction  

of the storm  w ith a nearby' upper-tropospheric trough (Bosart et al. 2000). Thus, in some 

situations intensity  change may' result from a com bination of mechanisms.

It is well known tha t the im port of la tent heat energy into the cy-clone core is necessary 

for sustaining convection and strengthening a T C  (Ooyama 1969). B ut can the fluctuations 

in intensity, which are som etim es dram atic , be explained simply th rough axisym m etric, 

therm odynam ic argum ents? Em anuel (1999) suggested that in tensity  change in  m ost 

cases (including Opal) is controlled to zeroth order by the response of the axisym m etric 

T C  to variations in the therm odynam ic structu re o f the ocean. In  many of th e  cases 

he presented where environm ental vertical shear was not a factor, the long-time trends
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in intensity were captured by his axisym m etric atm osphere-ocean model. T h e  results do 

not confirm, however, that axisym m etric therm odynam ics is solely responsible for the 

m ore rapid changes in intensity (i.e.. fluctuations >  2 0  m s - 1  p e r day) observed over open 

ocean, suggesting th a t environm ental and internal asym m etric mechanisms are also likely 

contributing.

The uncertain ty  in intensity  change prediction applies no t only to m a tu re  storm s, 

but also to incipient tropical d isturbances. The large-scale environm ent is an  im portan t 

factor in TC  genesis, as has been docum ented in climatological studies (e.g.. G ray  1968; 

Zehr 1998). B u t why do so few storm s form even under the best synoptic and  oceanic 

conditions? On average 100 tropical disturbances are observed in the A tlantic basin  during 

hurricane season, yet only ab o u t 10-15 develop into tropical sto rm s (Frank 1975).

Bister and Em anuel (1997) proposed an axisym m etric m odel for TC  genesis based on 

observations of T C  Guillermo (1991) and supporting axisym m etric numerical sim ulations. 

A re-analysis o f th e  Guillermo Doppler wind d a ta  by  Bracken (1999), however, suggests 

a more prom inent role played by asym m etries du ring  the in itia l stages of genesis. M ont­

gom ery and Enagonio (1998, hereafter ME98) dem onstrated  th a t  TC  genesis can occur 

asym m etrically through the m erger of convectively-generated low-level positive poten tial 

vorticity (PV) w ithin  an incipient vortex. Might the presence of convective blow-ups near 

the incipient vortex core be an  additional condition for genesis? Once again, the  role of 

in ternal (asym m etric) vortex dynam ics in intensity change m ust be evaluated.

In the absence of in-situ and  radar m easurem ents w ithin and  in the vicinity of a 

T C . ju s t quantifying intensity is a challenge. D eterm ining th e  relative im portance of 

various phenom ena in producing intensity change is therefore a  difficult task . Rem ote 

m easurem ents from  satellite are relied upon in such a  situation. Satellite rem ote sensing 

can provide som e inform ation on the sea-surface tem peratu res (SSTs) (which may not 

necessarily be representative o f the therm odynam ic makeup o f the ocean im m ediately 

below the surface) and the large-scale therm odynam ic s truc tu re  of the T C  (Velden and 

Brueske 1999). Additionally, it can provide valuable inform ation on the synoptic flow in 

which the TC  is em bedded.
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Presently, satellite rem ote sensing is incapable of providing detailed m appings of the 

three-dim ensional flow struc tu re  of a TC , which are needed to quantify  the dynam ical role 

of asym m etric external forcings and internal vortex dynamics. A irborne techniques for 

sam pling a T C  wind field have improved since the early days of aircraft m easurem ents 

along the flight track, where composites over many storm s had  to  be perform ed ju s t 

to resolve the  sym m etric s tructu re . Airborne Doppler radar was first used in the early 

19S0's (M arks and Houze 1984) and now perm its the three-dim ensional, low-azim uthal 

wavenumber T C  core s truc tu re  to  be resolved for a single storm  over an extended period 

of time. Despite the limited spatia l coverage of the aircraft data , the flight-level w inds still 

can be quite useful when used in conjunction w ith a sound dynam ical theory, as exemplified 

in a recent s tudy  of vorticity mixing in the hurricane core by K ossin and E astin  (2000). 

The aircraft d a ta  also provide an im portant means of validating the  D oppler-derived wind 

fields. But whereas the aircraft m easurements can only suggest vortex-scale phenom ena, 

the Doppler-derived wind fields can provide a com plete picture of the low-wavenumber 

vortex core evolution, allowing the sym m etric and (aliased) asym m etric s tru c tu re  to be 

clearly defined and distinguished (except in the hurricane eye). Consequently, asym m etric 

aspects of T C  dynam ics can now be studied observationally in conjunction w ith  theory, 

as was done for decades in the s tudy  of axisym m etric mechanisms, thus bringing a greater 

balance to the  s tudy  of intensity change.

In the work described below the role of internal asym m etric vortex dynam ics in in­

tensity change is exam ined from the perspective of newly-developed theoretical insights 

and a novel analysis of the evolving three-dim ensional wind field of an  observed T C . The 

role of horizontal vorticity redistribution in effecting structu re  and  intensity change in 

the TC core, as discussed in recent numerical and theoretical studies (e.g., M ontgomery 

and Kallenbach 1997. hereafter MK; ME98; Schubert et al. 1999. hereafter S99: Moller 

and M ontgomery 1999, 2000; Kossin et al. 2000), is first addressed utilizing dual-D oppler 

radar observations of H urricane Olivia (1994). T he vorticity red istribu tion  ideas are also 

applied to the problem  of vortex vertical alignm ent. A new linear conceptual model for 

quasi-geostrophic (QG) vortex alignment is developed for vortices exhibiting sm all initial
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tilts, w ith application to the problem  of TC genesis. T he QG results are then extended 

to higher Rossby number vortex flows as a first step  in understanding the basic dynam ics 

of arb itrarily  strong vortices em bedded in vertical shear. An observational s trategy  for 

exploring the dynamics of a TC in vertical shear is presented, again using wind d a ta  from 

Hurricane Olivia.

1.1 T C  V ortic ity  D yn am ics

A vorticity asym m etry placed on a  continuous vortex  monopole will tend to be sheared 

to finer radial scales by the differential rotation of th e  (azimuthal) m ean tangential flow. 

This process was illustrated by M elander et al. (1987) in a nonlinear 2D nondivergent 

model initialized with an elliptical patch  of vorticity. Filam ents of vorticity were throw n 

outwards as the core of the vortex becam e circular. T he reduction of the  aspect ratio  of 

the vortex patch in this way is referred to as 'axisym m etrization '. G uinn and Schubert 

(1993) related the formation of spiral bands in hurricanes to the filam entation of PV  

often observed in vortex axisym m etrization experim ents. The spiral bands were shown to 

project minimally onto the fast inertia-gravitv wave com ponent and  were argued to form 

as a result of PV wave breaking. Using a two-dimensional nondivergent model and shallow 

water Asymmetric Balance (AB) m odel (Shapiro and  Montgomery 1993). MK. building 

upon the spiral band %vork of Guinn and  Schubert, showed tha t when the aspect ratio of the 

vorticity ellipse is close to unity, the axisym m etrization of vorticity can be explained using 

linear dynam ics. MK further dem onstrated  that the outw ard moving filaments of vorticity 

are actually radially propagating vortex Rossby waves which owe the ir existence to the 

radial gradient of azim uthal-m ean vortex vorticity. A local vortex Rossby wave mechanics 

developed by MK provides standard  wave quantities like phase and group velocity as well 

as the stagnation radii for these radially and azim uthally propagating waves.

The fact that the vortex Rossby waves are confined to the vortex and therefore m ust 

interact w ith it as they are sheared to finer radial scales was utilized by MK in an appli­

cation to hurricanes. They proposed a mechanism by which vorticity pertu rbations (e.g., 

convectively or environmentally induced) to the sym m etric hurricane vortex disperse as
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vortex Rossby waves, propagate radially outw ard, and then  in teract with th e  m ean vor­

tex. The radially-inw ard m om entum  flux associated with th e  sheared vortex Rossby waves 

leads to an acceleration of the  m ean tangential flow inside the  stagnation rad iu s  and  a 

deceleration radially outside this radius. A vortex  can undergo substan tial s tru c tu re  and  

intensity changes through th is mechanism.

ME98 validated the predictions of MK for small, bu t finite-am plitude vortic ity  dis­

turbances in a  barotropic nondivergent model and  then applied the theory to th e  problem  

of tropical cyclogenesis a t order one wave am plitudes in a three-dim ensional Q G  model. 

They dem onstrated  how three-dim ensional axisym m etrization of convectively-generated 

PV anom alies near a weak mid-level parent vortex can lead to the spin-up o f a surface 

cyclonic circulation beneath  the pre-existing mid-level vortex. T he developm ent of a 

warm-core vortex was found to be a natural by-product of axisym m etrization.

A subsequent study by Moller and M ontgom ery (1999) extended M E98 to larger 

Rossby num bers through an  investigation of th e  axisym m etrization of small, bu t finite 

am plitude and  large am plitude disturbances in  the nonlinear AB shallow w ater model. 

T he spin-up of the  mean tangentia l winds agreed w ith the  quasi-linear predictions of MK 

as well as the predictions of a prim itive equation  model. M oller and M ontgom ery (2000) 

next exam ined vortex axisym m etrization in th e  context of a  three-dim ensional AB model. 

To avoid changes in the vortex center tha t resu lt from a "single-cluster" PV p e rtu rb a tio n  

(e.g.. from a single, mesoscale blow-up of convection) M oller and M ontgom ery (2000) 

focused prim arily  on double-cluster pertu rba tions to the m ean vortex. T hrough successive 

clouble-cluster pulses, a vortex of tropical s to rm  strength  was intensified to  hurricane 

strength . T his asym m etric m ode of intensification, which occurred largely th ro u g h  wave- 

mean interactions for the pertu rba tion  am plitudes considered, is an alternative to the 

conventional sym m etric m ode of intensification (Ooyama 1969).

As Fig. 1 . 1  shows for H urricane Olivia (1994), the sym m etric com ponent of wind 

m agnitude in the  inner-core region in the lower to  middle troposphere can be an  order of 

m agnitude g reater than  the higher wavenumber contributions (see also Fig. 1  o f Shapiro 

and  M ontgom ery 1993). Thus, in the absence o f strong flow instability, linear theo ry  and
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its wave-mean predictions should give useful qualitative insight into the  vorticity dynam ics 

of the near-core region and internally-generated intensity change.

The nonlinear vorticity dynam ics of th e  hurricane core region has also received a tten ­

tion in the work of S99. T hey  proposed th a t during periods in which convective forcing 

is weakened or suppressed altogether the breakdow n of the PV' ring encircling th e  hurri­

cane eye via barotropic instability  will prom ote vorticity mixing in the  eye region, thereby 

influencing the eye dynam ics and  therm odynam ics. As part of the breakdow n process, eye- 

wall mesovortices were observed to  form before the ultim ate reconsolidation into a  vortex 

monopole. In real hurricanes these secondary vortices may have local wind speeds which 

exceed tha t of the sym m etric circulation, increasing locally the destructive po ten tia l of 

the hurricane (Black and M arks 1991; Hasler et al. 1997).

1.2 A irb o rn e  D op p ler  R a d a r  O b serv a tio n  o f  T C s

While the vorticity dynam ics of the hurricane's near-core region has been th e  subject 

of recent num erical and theoretical studies, it has yet to be explored in great observational 

detail. The lack of observational focus on the vorticity dynam ics may be. in p a rt, a 

consequence of the com plications th a t convection provides to th e  idealized dynam ical 

theories described above, bu t is also likely a result of inadequate observations o f the 

hurricane near-core evolution. Aside from the  chance encounter of a  landfalling hurricane 

w ith a ground-based radar, the only way to  get a three-dim ensional look at the w ind field 

(bo th  vortex scale and mesoscale) of the hurricane core is to fly th rough  the sto rm  w ith  a 

radar-equipped plane.

The use of airborne D oppler radar to  s tudy  air motions in convective sto rm s was 

first proposed by Lherm itte (1971). In pushing for the im plem entation of airborne radar, 

Lherm itte em phasized the freedom th a t an  airborne platform  affords by allowing the 

scientist to go to  the phenom enon of interest. One of the first questions th a t had  to be 

addressed was w hat kind of rad a r to  use. Balancing concerns over attenuation , ra d a r  size, 

and beam w idth, the 3.2 cm wavelength X -band rad ar was chosen. Lherm itte envisioned 

the airborne rad a r pointing vertically up o r down in a non-scanning mode (i.e., vertical
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Figure 1.1: Olivia dual-D oppler derived wind m agnitude ( m s -1 ) a t 1.5 km height averaged 
over the observation period. Shown are the symmetric, w avenum ber one. wavenumber two. 
wavenumber three, and wavenumber four components. The "no-scatter" region of the eye 
(i.e.. w ithin approxim ately 8  km radius) is blocked out here and  in subsequent plots.
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incidence) as the  plane traversed the convective storm . Vertical cross-sections th rough  the 

sto rm  could then  be obtained over a timescale short enough to consider the m easurem ents 

stationary.

In 1976 the  N ational Oceanographic and A tm ospheric A dm inistration  (NOAA) 

equipped two W P-3D  aircraft w ith tail X -band radars. Doppler m easurem ents were made 

possible once the D oppler receivers were installed during the period 1980-1981. T he  radars 

not only could make vertical incidence m easurem ents, bu t could also scan in th e  vertical 

plane perpendicular to the flight track, thus providing the possibility of horizontal wind 

m easurem ents. The first successful test of the Doppler system  was m ade by Jorgensen et 

al. (1983) in a com parison of airborne and ground-based D oppler winds. T he accuracy 

of the airborne D oppler radial winds was found to be ~  1 m s_ l . confirming L herm itte 's  

(1971) predictions.

The first a irborne D oppler radar s tudy  of T C  wind s truc tu re  was reported by Marks 

and Houze (1984) for H urricane Debby (1982). A pseudo dual-D oppler approach was 

employed in which a single plane flies near-orthogonal legs th rough  the sto rm  and sta- 

tionarity  of the flow is assum ed. From the two rad ar views a horizontal wind vector can 

be constructed, m ost accurately in the horizontal plane of the radar. The w ind fields 

suggested the presence of small-scale eddies em bedded in the p rim ary  circulation, as well 

as an  apparen t mesocyclone and its a tten d an t low-level vorticity. T hey speculated  that 

advection of the  mesocyclone vorticity into the sto rm  core by th e  rad ia l inflow m ight in­

fluence storm  developm ent. M arks and Houze (1987) extended th is work to a m ore fully 

developed storm . H urricane Alicia (1983). T he first observational confirm ation of the ra­

dial outflow layer a t upper levels was made. Additionally, they included an analysis of the 

vertical winds along the flight track. This was the first study to  cap tu re  the inner-core 

secondary circulation in a single storm .

A more com plete three-dim ensional m apping of the hurricane w ind field, including the 

vertical wind, was perform ed by M arks et al. (1992, hereafter M HG) for H urricane Nor- 

bert (1984). O nly a single wind com posite spanning roughly 2 h was made, so inform ation 

on the  tim e evolution of the three-dim ensional wind field was unavailable. Nevertheless,
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w ith an  average tim e separation of abou t 7.5 min betw een m easurem ent of orthogonal 

com ponents of the  horizontal wind, details of the mesoscale structu re  o f the eyewall could 

be provided in each individual quadran t of the storm . A t 3 km height and above they 

observed a cyclonic and  anticyclonic vortex couplet in the flow field w ith  m axim um  am ­

plitude a t the rad ius of m axim um  tangential wind (R M W ). Individual changes in and  the 

in teraction  between the mean horizontal flow and th is vortex couplet were discussed as 

possible m echanism s for intensity change.

1.3 D e sc r ip tiv e  O u tlin e  o f  D isse r ta tio n

T h e  subject o f this dissertation is the asym m etric vorticity dynam ics of the tropical 

cyclone from genesis to lysis. We begin by addressing the problem  of horizontal vorticity 

red istribu tion  in th e  T C  core. According to the theoretical argum ents and num erical 

sim ulations discussed above, sym m etrizing bands of vorticity  and discrete vorticity features 

in the  eyewall should  be present as p a rt of this ongoing red istribu tion  of vorticity. We 

therefore ask:

•  C a n  a sy m m e tr ic  v o r tic ity  red istr ib u tio n  b e  d e m o n str a te d  o b se r v a tio n a lly  

u s in g  w in d  fie ld s  d er iv ed  from  a irb o rn e  d u a l-D o p p le r  radar m ea su rem en ts  

w ith in  th e  T C  core?

A review of radar meteorology in the  T C  setting is provided in C hap ter 2 for those unfa­

m iliar w ith  the basic ideas behind radar rem ote sensing. T h is  includes a  brief discussion of 

T C  microphysics an d  standard  airborne dual-D oppler techniques. Also discussed are the 

d a ta  used and the w ind analysis methodology. The evolution of sym m etric and  asym m etric 

com ponents of s to rm  vorticity are presented in C hap ter 3 in the context of the dynam ­

ical theories discussed in Section 1.1. This is the first s tu d y  to analyze Doppler-derived 

asym m etric  vorticity w ithin the hurricane core with these ideas in m ind. C om plim enting 

the observational analyses are barotropic numerical sim ulations which suggest th a t the 

observed vorticity evolution is intim ately related to the  barotropic stab ility  of the m ean 

vortex.
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W ith regards TC genesis, bo th  the horizontal redistribution of vorticity and  vertical 

alignm ent of vorticity are necessary for development. Previous work has viewed the vertical 

alignm ent o f a geostrophic vortex as a fundam entally nonlinear process. In light o f recent 

work on vortex merger sum m arized in Section 1 . 1  we hypothesize:

•  T h e  e v o lu tio n  o f  a v o r te x  ex h ib it in g  sm a ll in it ia l t i l t  can  b e  u n d e rsto o d  using  

linear v o r te x  R ossb y  w ave theory.

C hapter 4 presents the num erical models used to test this hypothesis. In C h ap te r 5 we 

dem onstrate th a t the co-rotation of upper- and  low'er-ievel PV anom alies associated with 

an initially-tilted vortex is explained by th e  presence of a near-discrete vortex Rossby 

wave, or more precisely a long-lived quasi-m ode of the geostrophic vortex. Com plete 

alignm ent occurs through the  irreversible red istribu tion  of PV by sheared linear vortex 

Rossby waves. In C hapter 6  we extend the QG results to include finite Rossby num ber 

effects and dem onstrate  how external shear can  be included in the linear problem to  more 

accurately represent tropical conditions. A n analysis of dual-D oppler observations of a 

hurricane in teracting  with increasing vertical shear shows consistency with recent dynam ­

ical argum ents regarding the transverse circulation of a vortex in shear. The asym m etric 

PV  generation excited by the coupling of th is  transverse circulation with the boundary 

layer may im pact the alignment dynamics. We propose that:

•  T h e  d u a l-D o p p le r  w in d  an a lysis p ro ced u re  o u tlin ed  h ere , in co n ju n ctio n  

w ith  th e  n ew  in sigh ts in to  v o r tex  a lig n m e n t, can  b e used  tow ards th e  g o a l o f  

u n d e rsta n d in g  an d  p red ic tin g  trop ica l cy c lo g en es is .

In C hapter 7 the m ajor conclusions of this d issertation  are sum m arized.
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C h a p te r  2

A IR B O R N E  R A D A R  O B S E R V A T IO N S : H U R R IC A N E  O L IV IA  (1 9 9 4 )

2 . 1  T C  R adar M eteo ro lo g y

2 .1 .1  R adar B asics

The basic idea behind rad a r rem ote sensing is as follows: A pulse of electrom agnetic 

(EM) energy is em itted  from the rad ar an tenna and propagates th rough  the atm osphere 

until a scattering object, or ta rge t, is encountered. P art of the in itia l pulse energy is 

backscattered in the direction of the radar receiver, which measures the power of the 

returned signal and notes the tim e it took for the pulse to reach the target and re tu rn . 

T he power scattered  by the target will depend on its shape, size, and intrinsic properties 

(e.g.. phase in the case of water targets) as well as the wavelength of the incident radiation. 

Since EM waves travel at the speed of light, c. the travel time is easily converted into a 

range, r. from the radar. Assuming isotropic scatterers. the power, P r . returned from  a 

single target is given by

Pr =  P f  ( 2 . 1 )4 ~ T ~

where P( is the power intercepted by the target and A e is the effective cross-sectional area 

of the radar. Since the EM energy is initially focused into a beam by a parabolic dish, the 

transm itted  power is given by the original value P ^ t  multiplied by the rad ar antenna gain. 

G. Meteorological targets do not in general radiate isotropically. A n effective target area 

can be defined, however, which backscatters energy as an isotropic source, but re tu rns the 

sam e backscattered power at the  rad ar as the actual target. This effective area is called
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the back-scattering cross-section. <xt . The power backscattered by th e  target is then  given 

by

Pt =  PoutG ■ (2 .2 )47rr~

The effective cross-sectional area of the antenna is (B attan  1973)

-4e =  (2.3)4tr

where A is the wavelength of th e  em itted  EM radiation. From a practical standpoin t th is is 

a very im portant relation. To minim ize attenuation , longer wavelength radars are desired. 

But the effective area of the an ten n a  goes like the square of the wavelength. Therefore, for 

airborne platform s, where bulk  m ust be minimized, only wavelengths around 3-5 cm  can

be used. The unfortunate  consequence is th a t in heavily precipitating regions the rad a r

range may only be 30-40 km. This tu rns out to be a real restriction in TC  flights where 

one would like to obtain the vortex  s truc tu re  over as large a  dom ain as possible.

Combining equations (2.1)-(2.3) and considering the power re tu rned  by a pulse vol­

um e (which will contain a num ber of targets).

/  r d \  2 ct
V  =  — I —  I — (for a circular beam). (2.4)

where 0 is the beam w idth and r  is the pulse duration (typically ~  1 /is), yields the so-called 

rad a r equation.

Pr = APoutG2X2e2r  ■ (2.5)r i

where .4 =  c /512~ 2 and t\ is th e  back-scattering cross-section per un it volume, com m only 

referred to as the radar reflectivity (cm 2 m -3 ). The returned power has been averaged over 

several samples of the pulse volume.

For Rayleigh scattering conditions (i.e.. when the radar wavelength is much greater 

th a n  the target diam eter) the backscattering cross-section is known. G iven a homogeneous 

distribution  of spherical ta rge ts, the radar reflectivity is expressed as

^ = ^ \ K \2 H Dl  (2 -6 )
vol
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w here j/v | is a dielectric factor and  £>, is the d iam eter of the zth target in the unit volume 

(denoted by uol). T h e  reflectivity factor. Z  (m m 6 m -3 ). is defined as

Z = Y , D f- (2-7)
vo l

Note th a t the reflectivity factor involves an inherent am biguity since it depends on b o th  

ta rge t size and the d istribu tion  of targets. Many small targets can give the  same reflectivity 

as a few big targets. This is especially im portant to keep in mind when trying to relate 

particle fall speed o r rain  rate to the  reflectivity factor.

For a  3-cm wavelength radar the  Rayleigh approxim ation is valid for particle d iam eters 

less th a n  approxim ately 2 mm. For larger drop sizes, scattering  from higher order electric 

and m agnetic dipoles m ust be included in the expression for the backscattering cross- 

section. A more general expression for the backscattering cross-section which includes 

these effects is given by Mie theory (see B attan  1973 for discussion). In tropical cyclones 

the partic le  concentration tends to  peak near 1 mm. so Eq. (2.6) is only marginally valid 

(although it will give qualitatively correct results). To account for the departures from 

Rayleigh scattering conditions. Z  is replaced by an effective reflectivity factor. Z e.

Rew riting the ra d a r  equation (2.5) in term s of the  effective reflectivity factor yields

P r  = A 'PoutG 202T - (2.8)
A~r~

where A'  is a constant proportional to .4 which also takes into account the fact th a t the  

power is not uniform across the beam  width. Given the power, range, rad ar param eters, 

and ta rge t properties, one can solve for Z e. Typically Z e is converted into dBZ.

d B Z  =  101og1 0 Ze. (2.9)

This quan tity  will henceforth be referred to as the reflectivity.

In the  above discussion we have alluded to certain  choices th a t m ust be made in

deciding which type of radar to use and how to use it. In designing a field experim ent 

several factors, in fact, m ust be weighed. We briefly discuss a few of the more im portan t 

ones in the  context o f TC s.
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Given radar size lim itations, the 3-cm X -Band radar is typically used on airborne 

platform s (e.g., NOAA YVP-3D tail radars. N’C A R  Electra ELDORA radar). The physical 

dim ensions of the radar antenna (i.e., dish diam eter, D) and the wavelength determ ine 

the  bearmvidth. For a circular paraboloidal an tenna, the beam width is given by (e.g.. see 

Fowles (1989) for a  discussion of the diffraction p a tte rn  of a circular aperture)

0  =  - ^ -  (2 -1 0 )

In the case of the W P-3D tail radars (which usually scan perpendicular to the flight 

track) the horizontal and vertical beamwidths are 1.35° and 1.9°. respectively. Because 

uncorrelated sam ples are desired a t each (radar) azim uthal viewing angle, the beam width 

sets a maximum azim uthal resolution. Large beam w idths can lead to insufficient filling 

of the pulse volume at large range. For example, a t 50 km range a vertical beam w idth 

of 2° results in a 1.5-2 km pulse volume depth, a  fraction of which m ay contain targets 

(especially near echo top).

T he need for good resolution along the flight track necessitates a rapid scan ra te  in 

th e  azim uth. But th is must be weighed against th e  need for many independent looks at 

th e  sam e pulse volume for the best sampling statistics. The resolution along the beam  

(i.e.. range gate spacing) is set by the pulse length and is typically about 150 m for a 1 fxs 

pulse.

T he pulse repetition  frequency (PR F) sets th e  m axim um  unam biguous range

r m a x  — 2  - P R F  (2-11)

which is how far a pulse can go out in range and  get back to the radar in time for the

next pulse to be sent out. More im portantly for T C  applications, the P R F  also sets the

m axim um  unam biguous velocity

A • P R F  ,
U m a x  =  -----£-----  (2.12)

which is the m axim um  velocity th a t can be sam pled along a radial w ithout aliasing. I t is 

based on the m axim um  frequency th a t the radar can detect, i.e., the Nyquist frequency

fmax = (2.13)
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Com bining (2.13) w ith the Doppler shift frequency, /  =  2u/A, yields (2.12). Velocities 

m easured beyond vmax are "folded’'. As an  example, th e  PR F  of the  W P-3D  tail rad ar is 

1600 Hz. resulting in cmaj: ~  13 m s '1. A m easured velocity of 20 m s - 1  will be recorded as 

- 6  m s-1 . Unfolding the velocity can be a tim e consum ing process, especially in cases where 

m ultiple folds occur and  in regions of strong  shear. T he unfolding process is facilitated in 

the case of airborne D oppler radar since in-situ aircraft m easurem ents a t the rad a r can 

be used as a first guess in the unfolding of the  data. A n autom ated  routine based on the 

m ethod of Bargen and Brown (1980) is generally able to  unfold much of the wind d a ta .

2 .1 .2  T C  M icrop h ysics

T he hurricane is com prised of a generally precipitation-free eye surrounded by a con­

vective eyewall. outside of which are found stratiform  rainbands (w ith em bedded convec­

tive cells) spiraling around the storm  (see Fig. 2.1). Using reflectivity d a ta  from the tail 

radar of the  NOAA W P-3D  aircraft when it was pointing vertically. Jorgensen (1984) 

docum ented the radius-height structu re of hurricane precipitation in each of these regions 

for m ultiple storm s. His results are sum m arized below.

W ith in  the eyewall of a m ature storm  reflectivity is typically greater than  40 dBZ 

with local m axim a of 50-55 dBZ. Because of sloping updrafts  in the eyewall (Shapiro and 

W illoughby 1982: Jorgensen 1984; Marks and Houze 1987) hydrom eteors fall ou t a t radii 

outside of the convective updraft a t low levels, leading to  a  m ism atch between the location 

of m axim um  low-level vertical velocity and reflectivity. Black et al. (2000) have recently 

docum ented the azim uthal structu re  and  evolution of convection in the eyewall. They 

observed convective cells initiated at low levels in the eyewall grow as they are advected 

by the tangential flow of the vortex. The reflectivity m axim a occur downwind of the region 

of cell in itia tion  as hydrom eteors fall out of the m ature convective cells. As the cells move 

above the  0°C isotherm, falling precipitation induces low-level dow ndrafts. Above 6  km 

height ice particles are swept around the storm  and radially outw ard in the upper-level 

outflow layer.

T he  rainbands are characterized by reflectivities of abou t 30-35 dBZ and isolated 

cells of 40 dBZ. They lie w ithin a larger region of s tratifo rm  precipitation w ith reflectivity
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less than  30 dBZ. The stratifo rm  regions show a  clear bright band  in reflectivity below the 

0 °C isotherm  (~  5 km height). T he bright band  results from  the coating of ice particles 

w ith w ater as they fall below the  melting level. The rad a r basically sees large liquid 

hydrom eteors. Since Z  oc D6. elevated reflectivity (the bright band) is observed. As the ice 

lattice collapses and  the drops become less concentrated in space, the reflectivity decreases 

below the bright band. A lthough the heaviest ra in  rates are in the convective eyewall. the 

stratiform  precipita tion region covers a much greater area. A ccording to M arks (1985). 50 

to 60 percent of inner-core rainfall can be accounted for by the  stra tifo rm  precipita tion.

For purpose of estim ating particle fall speeds (Vt ) and ra in  rates (R) using reflectivity 

data , it is im portan t to understand  how particle size and concentration  con tribu te  to Z  

in the TC setting. Equation (2.7) can be w ritten  in terms o f the particle concentration.

Z  =  £ > '( £ , ) £ > ? .  (2.14)
I

where .V has units of num ber o f particles per m 3. The rain ra te  (m m  h _ I ) is given by

R  =  |  E  -V(D i)D fVT (Di). (2.15)
i

Using a PM S O ptical Array Spectrom eter P robe m ounted on the YVP-3D aircraft. Jo r­

gensen and Willis (1982) obtained  particle size and d istribu tion  m easurem ents in a hurri­

cane. From these m easurem ents, and  estim ates of Vt , both  Z  and  R  were com puted  using 

Eqs. (2.14) and  (2.15). respectively.

Typical drop-size d istribu tions in a hurricane, which is com prised of bo th  convective 

and  stratiform  regions, com pare well with m easurem ents m ade in general tropical con­

vective system s. Drop-size d istributions in tropical cloud cores com piled by C unning and 

Sax (1977) during  the GATE experim ent show th a t the particle concentration peaks for 

Di <  1 mm. Drop sizes greater th a n  4 mm are rare except near cloud base in the  convec­

tive regions. The Z-R relationship derived by Jorgensen and  Willis (1982), applicable to 

bo th  the convective and stra tifo rm  regions of a  hurricane below the 0°C isotherm , is

Z =  300 fi135. (2.16)
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Figure 2.1: Composite of lower fuselage reflectivity from H urricane O livia a t 2028 UTC. 
25 Septem ber 1994. C ontour interval is 10 dBZ. ( 1 ) T he precipitation-free eye. (2) The 
convective eyewall. (3) T he stratiform  spiral rainband region.
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2 .1 .3  T C  D u a l-D o p p ler  M e th o d s

Velocity is m easured using Doppler radar by com puting the phase shift between the 

em itted and returned  EM pulses
4tt t

A «?)=— . (2.17)

The Doppler velocity is then obtained from the tim e rate of change of the phase, i.e..

- s i '  (2-18)
Since it is actually a pulse volume th a t is measured, a d istribution of velocities is re tu rned  

from which a mean radial velocity can be com puted. The d istribu tion  can actually  be 

quite broad in tu rbu len t situations or regions with large shear. Such regions are identified 

by large spectral w idth.

C onstructing a  three-dim ensional wind field from raw airborne Doppler d a ta  is in 

large part a scientific endeavor, bu t also adm ittedly  involves a  fair am ount of artistry . 

Unlike ground-based dual-Doppler observations, the geometry of the  airborne platform s 

is constantly changing. Aircraft translation, drift, pitch, and roll m ust all be taken  into 

account in converting from radar-relative to earth-relative winds (Lee et al. 1994). Nav­

igation errors resulting from uncertainties in the inertial navigation system  have, for the 

most part, been elim inated with the advent of G PS tracking.

For the purpose of this discussion, we will focus on dual-D oppler observing m ethods 

based on track-norm al scanning of the tail radar (i.e.. the tail rad a r scans in a  plane 

perpendicular to the aircraft flight track). The FAST scanning m ethod in which the 

tail radar alternately scans fore and aft of the norm al to the flight track is discussed 

by Gamache et al. (1995) in the hurricane context and will not be discussed here. In a 

single plane mission through a hurricane, pseudo dual-D oppler observations are obtained  

by flying consecutive near-orthogonal legs into and out of the sto rm  core. In this way two 

independent views of the horizontal winds are made in an individual quadrant. O f course, 

for azim uthal elevation angles of the  radar near zero this is an accurate  statem ent. W hen 

the beam  is pointing so as to project onto the vertical, the wind vector th a t one constructs 

no longer lies in the  horizontal plane, and in fact is no longer sim ply a  m easurem ent of
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air motion. T he hydrom eteor fall speeds m ust be removed. To remove the  fall speeds 

one needs to know how large the particles are. Reflectivity is a  strong m easure of particle 

size, but it also depends on concentration. Nevertheless, s tan d a rd  em pirically-based Z- V t  

relations are used above and  below the 0 °C isotherm  (M arks and  Houze 1987):

y  _  f 2.6Z 0 l0‘ . altitudes <  5.1 km
T 1 0.817Z0063. altitudes >  7.5 km.

The larger exponent for the fall velocity below 5 km reflects observations of rain  a t those 

levels. Above 5-6 km ice is commonly observed which has a much sm aller fall velocity, 

as reflected in the reduced exponent. Both of these relations, which are based on surface 

observations, are applied a t higher vertical levels by m ultiplying by a density  correction. 

[po/p(r)]0'‘l°. where po is the surface density.

T here are num erous ways of deriving a three-dim ensional wind field using iterative 

(M arks et al. 1992) or variational techniques (G am ache 1998) w ith  different vertical bound­

ary conditions. In the  iterative m ethod the two Doppler m easurem ents of velocity a t a 

point (i'r1' and  cl"^) are expressed in term s of the C artesian  velocity com ponents (Jor­

gensen et al. 1983).

t.(i) _  u s in /3 (l ) s i n # ^  4- vcos  s in 0 ^  4- (w  4- V ^ c o s # ^  (2.20)

=  usin/3*2) s i n # ^  4- vcos  s i n ^ 2* 4- (w  4- Vt ) cos

where 3 ^  are the an tenna pointing angles for each radar relative to north  and  6^  are the 

elevation angles from the vertical. In  order to solve this system  of equations, an initial 

guess for U ' =  w 4- V'r m ust be made. One typically uses VV =  0 as a first guess, bu t can 

use W  =  Vt  given by Eq. (2.19) as a more accurate estim ate. After solving for u and v. 

an estim ate of w  can be a ttem p ted  by vertically integrating th e  mass continuity  equation. 

The new estim ate of w is then  substitu ted  back into (2.20) and  new u and v a re  com puted. 

This procedure is repeated until some convergence criterion is met. If the  two Doppler 

velocity m easurem ents were made far apart in tim e such th a t horizontal derivatives of the 

com posited w ind field cannot be trusted , it makes little sense to try  and  converge on a 

solution. T he first guess for the horizontal w ind field is probably  the best one can hope

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



20

for. O nly if the  wind field is approxim ately sta tio n ary  during the  com positing period 

should  the iterative scheme be employed. Beams a t elevation angles greater than  4 5 ° (and 

therefore m inim al projection onto the horizontal w inds) should not be included in the 

analysis since they  tend to make the iterative scheme unstable.

O btaining w  is not a trivial m atter. Boundary' conditions on w  m ust be assum ed for 

each vertical colum n. Since airborne radar is generally unable to resolve the boundary  

layer when flying a t 3-4 km height due to sea c lu tte r, setting w equal to zero a t the 

lowest resolved level is bound to result in large errors in the upward integration, especially 

in a hurricane where boundary layer convergence is known to be large. Furtherm ore the 

density  weighting of the convergence will only accentuate low-level errors. Thus, downward 

in tegration of th e  continuity equation using w = 0  a t echo top is the preferred m ethod. 

E rrors will still arise even if the reflectivity top can be defined, since w does not necessarily 

have to be zero there.

The wind fields used in this s tudy  were created th rough  a refinement to  the above tech­

nique. A variational m ethod outlined by Gamache (1998). and in the  spirit of the  MUS­

CA T technique of Bousquet and Chong (1998), was employed in which the dual-D oppler 

equations and continuity  equation are solved simultaneously. According to G am ache 

(1998) this solution m ethod should be more stable th a n  the iterative m ethod for D oppler 

radials with high incidence angle (i.e.. large elevation angles from the horizontal). As 

opposed to the iterative m ethod which accum ulates errors in the downward in tegration of 

th e  continuity equation, the variational scheme a ttem p ts  to d istribute th e  errors in a more 

n a tu ra l way by effectively integrating the continuity equation along the pa th  perpendicular 

to the planes containing the two Doppler velocity vectors (i.e.. the characteristic).

Following G am ache (1998), the cost function is given by

/  =  +  J O j W ,  (2 .21)
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where

/ 3) =  £ [ V  ■ (pkV t]k)\2. (2.24)
ijk

and

/<> =  £ [ ( V 2 u t j f c ) 2  +  ( V 2vljkf  +  (W , ^ ) 2]. (2.25)

T he i. j .  and  k  indices denote x. y. and  z locations, respectively, and the I index accounts 

for multiple views from the same radar a t a given location. The p factors are the weights 

for each of th e  cost functionals. The first two functionals are the Doppler radar equations, 

the th ird  is the continuity equation, and the fourth is the Laplacian filtering. T he cost 

function is minimized w ith respect to u. v. and w , ultim ately yielding the three-dim ensional 

wind field.

2 .2  D a ta

2 .2 .1  H u rr ican e O liv ia  on  25 S e p tem b er  1994

Eastern Pacific storm  Olivia strengthened into a hurricane near 115°W and 15°N 

on 24 Septem ber 1994. According to Pasch and Mayfield (1996). Olivia continued to 

strengthen  on 24 Septem ber, reaching a m inim um  surface pressure of 949 mb by the  end 

of the day. SSTs were approxim ately 28°C (Gamache et al. 1997). Peak intensity was 

observed around  1200 UTC on 25 Septem ber w ith sustained tangential wind speeds of 

approxim ately 67 m s " 1. Following this tim e Olivia fell under the influence of a mid- to 

upper-tropospheric cyclone west of southern  California, resulting in a 4-5 m s~ l northw ard 

sto rm  motion. Late on 25 Septem ber two NOAA A ircraft O perations C enter (AOC) W P- 

3D research aircraft flew through H urricane Olivia. The eyewall reflectivity was found to 

be axisym m etric a t the beginning of the observation period, and to evolve into a highly 

asym m etric d istribu tion  over the following 4 h (Fig. 2.2). As Olivia continued to  move 

north -northeast under increasing southw esterly vertical shear and som ew hat cooler SSTs 

( ~  27°C). th e  winds gradually weakened to  tropical storm  strength  late on 26 Septem ber.
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Figure 2.2: Com posites of O livia’s inner-core reflectivity near 5 km height derived from 
the TA radars for each flight leg. See Table 2.1 for the com positing times associated w ith  
each leg. C ontour interval is 5 dBZ. In this and  all subsequent horizontal contour plots, 
geographical no rth  is located a t the  top of th e  plot. Note regions of a ttenuation  radially 
outside the reflectivity m axim um  in the n o rthern  quadrant of the  storm.
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C om posite N42RF (3 km) N43RF (4 km)
Leg tim e (U T C ) flight track flight track
1 2027-2039 N to S ENE to  W
2 2100-2113 SE to  NW SSW  to  NNE
3 2132-2143 VV to E N to  S
4 2204-2217 NE to  SW SSE to  NW
5 2244-2253 S to N W SW  to  ENE
6 2310-2330 NW  to SE NNE to SSW
7 2343-2355 E to W S to N

Table 2 .1 : D ual-D oppler com posite times for the seven flight legs th rough  H urricane Olivia 
on 25 Septem ber 1994. and th e  NO A A W P-3D aircraft (N42RF a t 3-km altitude. N43RF 
a t 4-km altitude) flight tracks th rough the inner core.

2 .2 .2  R ad ar O b servation  o f  H u rr ican e O liv ia

T he two W P -3D  aircraft equipped w ith Doppler radar flew sim ultaneous, near- 

orthogonal flight tracks th rough the inner core of H urricane Olivia on 25 Septem ber 1994. 

Seven consecutive flight legs th rough  the eye were made during th e  period 2027-2355 U TC 

(see Table 2.1 for details). D ual-D oppler coverage was available out to  a  radius of 60-70 

km from the s to rm  center.

H orizontal scans of radar reflectivity obtained from th e  lower fuselage (LF) C -band 

(5.5 cm wavelength) radar an ten n a  of the lower aircraft are used in C hap ter 3 to look at 

the  fine-timescale evolution of O livia 's inner core. T hroughout the  rest of this d issertation 

three-dim ensional composites o f reflectivity from the ta il (TA) X -band (3.2 cm wavelength) 

rad ar antenna, which scans perpendicular to the aircraft ground track, are used to show 

the  reflectivity evolution over th e  3.5 h observation period. F u rth er details of the TA 

and  LF radars are provided by Jorgensen (1984). T he m ethod of TA rad ar reflectivity 

com positing is discussed by M arks and Houze (1984).

The use of two TA radar p latform s allows for a true  dual-D oppler sam pling technique 

to  be employed. T he upper an d  lower aircraft fly orthogonal legs th rough the hurricane 

inner core, providing near-sim ultaneous m easurem ents of orthogonal com ponents of the 

horizontal w ind over a period o f 10-15 min. In the two quadran ts  of the sto rm  where 

th e  TA radar beam s intersect, the  average tim e separation between m easurem ent of the

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



24

horizontal wind com ponents is 2.7 min. In the o ther two quadran ts of the storm  an 

average tim e separation of 6  min exists. T he time between three-dim ensional samplings 

of the inner-core wind field is roughly 20 min. Seven consecutive wind composites were 

constructed for the 3.5 h observation period.

T he  dom ain of the TA wind and reflectivity com posites extends 30 km  from the storm  

center in the horizontal and  from 0.75 km to 6  km in the vertical. D ata  above 6  km height 

are available, but not used (except in the calculation of area-averaged horizontal wind 

discussed in C hapter 6 ). T he filtering of the  dual-D oppler d a ta  used in th is study is not 

uniform in space. This is in large part a consequence of the difference in tangential and 

radial velocity found in a hurricane. Between Doppler wind m easurem ents at a point in 

space, features in the wind field are advected much greater distances in the azim uth than  

in the radial. During the average time separation between m easurem ents in the eyewall 

(~  3 m in) parcels are advected 5-10 km in the azim uth (20-40° at 15 km radius) and 1-2 

km in radius. Thus, we will focus on wavenumbers 0. 1. and  2 in the azim uth and scales 

> 4 km in radius.

2.2 .3  D a ta  Q u a lity

T he winds derived from the  true dual-D oppler sam pling of Olivia are com pared to the 

in-situ aircraft wind m easurem ents made along the flight tracks a t 3 km height. Flight- 

level w ind m easurem ents were smoothed w ith  a 2-km B artle tt filter to m atch the Doppler 

analysis resolution (courtesy of M atthew Eastin , personal com m unication). Figure 2.3 

shows th e  flight-level estim ate of the wind a t a point along the  flight track versus the 

Doppler-derived estim ate nearest tha t point in space. All flight-level points within the 

dual-D oppler dom ain are considered, and all seven flight legs are utilized. G ood agreement 

exists for the horizontal com ponents of the wind (Figs. 2.3a and  2.3b). T he slopes of the 

linear best fits to the U and  V winds are 0.98 and 1.01, respectively. T he correlation 

coefficient for the U-fit is 0.98. while for the V-fit is 0.99. These findings are consistent 

with those found by MHG for pseudo dual-D oppler m easurem ents in H urricane Norbert 

(1984).
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The agreem ent between aircraft and D oppler-derived vertical velocities is no t expected  

to be as good as found for the horizontal winds. As noted by MHG, the inherent spatia l 

averaging involved in the com putation of D oppler-derived vertical velocity from horizontal 

wind divergence alters the m agnitude and location of the vertical velocity m axim a. MHG 

did find however th a t the distributions of vertical velocity for the  Doppler an d  in-situ  

observations in H urricane Nor'bert were quantitatively  similar.

2 .3  W in d  D e c o m p o s it io n

Based on the  results of Fig. 1 . 1  and  other observations of the hurricane near core (e.g.. 

MHG: Franklin et al. 1993) we m ay regard the hurricane inner-core horizontal w inds as 

a superposition of an axisym m etric tangential flow plus weaker azim uthal pe rtu rb a tio n s , 

w ith weak radial flow above the inflow layer and  below the upper-tropospheric  outflow- 

layer. In order to  focus on the sym m etric and  asym m etric com ponents of th e  vortex 

winds separately, and to obtain insight into the dynam ics governing the  evolution of these 

com ponents of th e  to ta l flow, an  azim uthal Fourier decom position of the w ind field is 

perform ed. T he storm -relative winds (V r ) are first obtained by sub tracting  th e  sto rm  

m otion from the to ta l (earth-relative) winds ( V t o t a l ) ' -

V r =  V total -  V „  (2.26)

where V s is the tim e-dependent, spatially-constant sto rm  m otion vector (see W illoughby 

and Chelmow 1982). The initial wdnd analysis a t each level is centered on the flight-level 

vortex center a t roughly 3 km height. Following M HG. we instead choose to cen ter the 

vortex at each height a t the origin of a  common cylindrical coordinate system, th u s  m in­

imizing the asym m etry  due to vortex center m islocation. In study ing  vortex alignm ent 

one would not necessarily want to  make this transform ation. A coordinate system  based 

on th e  vortex centroid  would be more useful. B ut because of the  general lack of sca tte r- 

ers w ithin the eye. the Doppler-derived wind field w ithin roughly 8  km from th e  sto rm  

center cannot be obtained. By centering the vortex  a t each level we reduce th e  chance 

of incorporating interpolated wind d a ta  within th e  eye into our Fourier decom position of
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th e  wind. A sim plex algorithm  is used to find the  center th a t maximizes the  sym m et­

ric com ponent of the  tangential winds within an annulus centered on the RM W  (Neldar 

and  Mead 1965). Using the newly defined center at each level. V r is decom posed into 

azim uthal mean and  pertu rba tion  wind com ponents. The pertu rba tion  wind field is then 

Fourier decomposed in azim uth in order to focus on the s tructu re  and  evolution of the 

low-wavenumber com ponents.

T he asym m etric com ponent of V r will contain, in addition to  internally-generated 

vortex asym m etries, the  environm ental flow and asymm etries resulting  from th e  interac­

tion of the hurricane w ith its environm ent (e.g., upper-level PV  anomalies, beta-gyres. 

etc.). Consequently, it is not a straightforw ard task to  simply separa te  V r into environ­

m ental and hurricane com ponents. Nevertheless, it proves useful and  convenient to  define 

an  estimate of the environm ental vertical shear:

<9Ve 1 f 2*  f r m a I  d W t o t a l  f  J x
—  (s) = — ---- /  /  — —— (r. A. z ) r d r d \ .
*■' ^ 0  J  0 Cj ~

(2.27)

w here rmax =  28 km. This quan tity  will henceforth be referred to as the local vertical 

shear. The wind vector V e is the  area-averaged to tal wind a t each level, which should 

contain  inform ation on the environm ental flow as discussed by MHG for Hurricane N orbert 

(1984).
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C h a p te r  3

O B S E R V A T IO N S  O F  V O R T IC IT Y  M IX IN G  IN  T H E  T C  C O R E  

3.1 S y m m etr ic  V o rtex  E vo lu tion

3 .1 .1  T an gen tia l W in d  B u d g et

Figure 3.1 shows the sym m etric structure of Hurricane Olivia's prim ary circulation 

at the beginning (Fig. 3.1a) and end (Fig. 3.1b) of the observation period. In the vicinity 

of the RM W  (~  12 to 16 km) the tangential winds decrease by 5-10 m s - 1  ju s t above 

the boundary layer and by a more substantial 10-20 m s - 1  around 6  km height. A near- 

linear decrease in tangential winds with time is observed near the RM W . The /-p lane  

contributions to the observed tendency in sym m etric tangential wind in the inner core are:

dv / —\ dv ( ------ dv'  \  —
g i  = - ( f  + c ) u - w — -  (u 'C ' +  w'— j  + F.  (3.1)

where u is the radial velocity, v the tangential velocity, w the vertical velocity. /  the Coriolis 

param eter, and C, the vertical vorticity. The bar denotes an azim uthal average and the 

prim e a departu re  therefrom . The first two term s are the radial flux of m ean vorticity 

by the mean radial wind and the vertical advection of mean tangential m om entum  by 

the mean vertical wind, respectively. The next two terms are the eddy counterparts of 

the first two term s, and the last term  represents frictional and  unresolved effects. The 

sym m etric transverse circulation involved in the first two term s is shown in Fig. 3.2. 

Over the observation period the symmetric transverse flow is highly variable. Although 

some of the structu re  may be accounted for by errors in the three-dim ensional variational 

scheme (recall the discussion in C hapter 2 regarding the difficulty in com puting vertical 

velocity), one cannot rule out the possibility th a t the features are physical. Mechanisms
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likely involved in the  evolution o f the secondary circulation include frictional and  diabatic 

forcing, precipitation loading, inertia-gravity wave propagation, an d  asym m etric vorticity 

dynam ics. It should be noted th a t the  period of pure inertial oscillations in the  inner core 

ranges from 10 to  40 minutes, which is less th an  or equal to th e  tim e resolution of the 

da ta . Thus, the presence of inertia-gravity  waves may preclude quan tita tive, and  perhaps 

qualitative, com parison between observed and budget tendencies from  one wind com posite 

to the next.

The role of vorticity asym m etry  in producing mean flow change is considered in 

Section 3.2. Here, we focus on purely  sym m etric phenom ena. A com parison of the  left- 

hand side of (3.1) and  the sum  of the first two term s on the righ t-hand side is shown in 

Fig. 3.3 for the flow evolution from leg 1 to 7. A lthough the observed tangen tia l wind 

tendency is an o rder of m agnitude less than  the budget tendency, qualitative agreement 

between the two is found. Both depict a negative tendency in the  vicinity of the  RMW 

and a positive tendency outside this radius.

Insight into the  observed weakening trend in the prim ary circulation may be obtained 

using axisvm m etric vortex spin-down ideas. For an  axisym m etric hurricane in approxim ate 

gradient and hydrostatic  balance the theoretical predictions of Eliassen and L ystad  (1977. 

hereafter EL) are appropriate. EL predicted the decrease in tangentia l winds w ith time 

for a  vortex w ith differential ro ta tion  under the influence of a quad ra tic  drag law for the 

surface stress in a  neutrally-stratified  atm osphere. Figure 1 . 1  show-s the wind asymm etry' 

to be an order of m agnitude sm aller than  the sym m etric wind in the  case of O livia, but 

m easurem ents of the  stratification are unavailable. N eutral buoyancy in the near core­

region (excluding the  eye) is supported  by Em anuel (1986). As long as these assum ptions 

hold approxim ately true, E L s  theory  appears to  be useful as a zeroth-order description 

of hurricane spin-dow n.

The basic dynam ics of vortex spin-down are relatively simple. The departu re  of the 

flow from exact cyclostrophic balance in the vortex boundary layer due to the  presence 

of frictional drag drives a radial inflow. This radial inflow tran sp o rts  angular m om entum  

into the inner core, com pensating for the frictional losses of angular m om entum  into
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Figure 3.1: Radius-height structu re  of th e  sym m etric tangen tia l winds du ring  (a) leg 1 
and (b) leg 7. Contour interval is 5 m s _ l .
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Figure 3.2: Radius-height s truc tu re  of the sym m etric transverse flow (u,w) for each flight 
leg. W ind vectors of the sam e length, pointing horizontally or vertically, represent the 
same speed. M aximum wind vector is 6  m s _1.
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Figure 3.3: A com parison between the observed and  budget tendencies of sym m etric 
tangential wind for the transition from leg 1 to 7. O nly the  sym m etric radial vorticity flux 
and vertical advection term s of Equation 3.1 are used in the budget tendency calculation. 
T he average of the leg 1 and leg 7 wind fields are used in the  budget calculation. Contour 
intervals for the observed and budget tendencies are 0 . 2  x 1 0 - 3  m s - 2  and  2  x  1 0 - 3  m s -2 , 
respectively. Negative values are depicted by the dashed curves.
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the ocean. In the absence of d iabatic forcing an d  the a tten d an t rad ial inflow above the 

boundary  layer, the free atm osphere radial flow will be outw ard a t all levels (W illoughby 

1979). By conservation of angular m om entum  th e  tangential w inds above the  boundary  

layer m ust decrease, and the vortex spins down.

T he tim e average of O livia's sym m etric transverse flow over the 3.5 h observation 

period is shown in Fig. 3.4. A lthough inflow is still observed up to  3.5 km height, the  flow 

above th is level is outw ard a t all radii. This prevalence of radial outflow was also observed 

by MHG for weakening H urricane N orbert.

T he ra te  a t which the spin-dow n occurs was determ ined heuristicallv  by EL for weak 

vortices (m axim um  tangential winds ~  10 m s - 1 ). They used a  first-order K theory  to 

param etrize the eddy stresses in the mixed layer and  a quadratic d rag  law for the  surface 

stress. A s ta te  of near-cvclostrophic balance was assum ed to exist th roughou t th e  fluid in 

an absolute coordinate system . The free-atm osphere tangential w ind. v ( r , t ) is given by

.1  = _L + £s^i (3 v
M  M  H - h ' y ’

where |t’o(OI is the initial tangential wind. C p  th e  assum ed constant d rag  coefficient, \  the 

ratio of th e  boundary  layer to free atm osphere tangentia l wind, i.e.. th e  reduction factor. H  

the to tal dep th  of the fluid, and  h the boundary layer depth. Snell and  M ontgom ery (1999) 

and M ontgom ery et al. (2000) investigated the  validity of (3.2) for hurricane-strength  

vortices (m axim um  tangential winds >  33 m s - 1 ) using an axisym m etric Navier-Stokes 

model which includes the non-cyclostrophic te rm s neglected by EL. T hey found th a t

the model-derived half-life tim es of the  stronger vortices showed good agreem ent with

the predictions of EL. We therefore use (3.2) to  predict the tim e-evolution of O liv ias  

tangential winds above the boundary  layer (~  3 km height) a t 12 km radius from  the 

vortex center and  com pare w ith  the observations. Using the d rag  coefficient of Deacon 

(Roll 1965) for 49 m s - 1  winds in the boundary layer (C p  ~  3 x 10- 3 ). H  =  15 km . h — 1 

km. \  =  0.8. and |uo| =  61 m s -1 , we estim ate a tangential w ind of 58 m s _I during  

leg 4 and 55 m s _l during leg 7. T he observed tangential winds du ring  legs 4 and  7 are 

approxim ately 54 m s _ 1  and  51 m s -1 , respectively. Thus, in sp ite  of the  simplifications
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Figure 3.4: As in Fig. 3.2, bu t averaged over the period 2027-2355 U T C . M aximum wind 
vector is 2.5 m s_ I . T he  solid line denotes the time-average location of the RMW  as a 
function of height.
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made in deriving (3.2) and  the greater complexity of O livia’s environm ent (e.g.. vertical 

shear), the  m agnitude of th e  observed spin-down of the tangential winds is consistent with 

the axisym m etric predictions of EL.

3 .1 .2  S y m m etr ic  V o r tic ity  E volu tion

T he evolution of O livia’s symmetric vorticity derived from the dual-Doppler winds 

at 3 km height is shown in Fig. 3.5a. Consistent with the vortex weakening discussed in 

the previous section is a decrease in the radial vorticity gradient near the RMW. most 

pronounced between legs 3 and 5. One explanation for th is gradient reduction is the sym­

metric divergence(convergence) of absolute vorticity inside(outside) ~  12 km radius. Such 

changes to the sym m etric vorticity profile can also occur through asym m etric mechanisms. 

The vortex spin-down ideas may only be a partial explanation for the observed symmetric 

evolution. For example, the  interaction of convectively-forced vortex Rossby waves with 

the mean flow will lead to changes in the mean vorticity profile (MK; ME98; Moller and 

M ontgomery 1999. 2000). Nonlinear mixing of vorticity through the barotropic instability 

mechanism discussed by S99 will also erode sharp radial gradients of sym m etric vorticity.

T he details of the in ternal asymmetric mechanisms are dependent upon the  symmet­

ric s truc tu re  of the vortex. Consider a vortex with m onotonically decreasing vorticity 

with radius. This flow satisfies Rayleigh's sufficient condition for exponential stability, 

prohibiting the mixing mechanism of S99. Vorticity redistribution through vortex Rossby 

waves can still occur. The Rossby wave phase and group velocities, and the location of 

wave-mean interaction for such a stable vortex will depend on both  the sym m etric shear 

and vorticity profiles. In the case where a reversal in the sign of the vorticity gradient is 

present and  exponential instability  is possible, the mean vorticity structu re  will determine 

which azim uthal wavenumbers are unstable and their grow th rates. Thus, in consider­

ing the asym m etric dynam ics of Olivia’s inner core, it proves useful to first examine the 

sym m etric vorticity structure .

T he lack of scatterers w ithin the eye prohibits us from obtaining the com plete sym­

metric vorticity profile in O livia’s inner core using dual-Doppler d a ta  alone. If the aircraft 

wind m easurem ents a t 3 km  height are averaged over a  sufficient number of flight legs
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Figure 3.5: Sym m etric vorticity (s- 1 ) profiles a t 3 km height (a) derived from the
dual-D oppler analysis (legs 1-7) and (b) com puted from aircraft wind m easurem ents av­
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leg 7 da ta  is used inside 6  km, resulting in a som ew hat noisier vorticity d istribution .
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through the sto rm , a  proxy for the azim uthal-m ean vorticity w ithin the eye can be com­

puted  (Fig. 3.5b). Averaging the six radials th rough  Olivia during legs 1 th rough 3. we 

find tha t the rad ia l profile of vorticity takes the  form of a ring, w ith m aximum values 

around 9.5 km  radius. A sim ilar analysis for legs 5 through 7 shows a weaker vorticity  

gradient near th e  RMVV as depicted  in Fig. 3.5a. Also observed is a  broader region of 

m axim um  vorticity  inside 10 km  w ith values reduced from earlier legs. The lack o f flight- 

level da ta  inside 6  km  radius during  legs 5 and 6  precludes an accurate extension of the 

"sym m etric" profile to the vortex center. The vorticity  profile derived solely from  leg 7 

d a ta  does show a sm all depression of the vorticity down to about 8  x 10- 3  s _ l . This 

evolution of the sym m etric vorticity resembles th a t presented in S99 for a hurricane-like 

vorticity ring p e rtu rb e d  by a broad-band vorticity asym m etry. T hey predicted th a t  some 

of the  high vorticity  of the ring is ultim ately mixed into the center of the hurricane vortex, 

forming a m onotonic sym m etric vorticity profile. High vorticity is also ejected outw ard , 

qualitatively in accordance w ith w hat is expected from simple vortex Rossby wave theory. 

We will revisit these observations and  ideas in Section 3.2 when considering the source of 

O livia's vorticity asym m etry.

Kossin and  E astin  (2000) have perform ed a m ore com prehensive s tudy  of the evolution 

of sym m etric vorticity  derived from flight-level d a ta  for a num ber of different storm s. 

T hey confirmed th a t during hurricane intensification the  vorticity profile tends to  be  ring­

like. For most cases when the sto rm  is steady or weakening the vorticity profile becom es 

more monotonic, consistent w ith  the barotropic instability  mechanism of S99 an d  the 

observations presented here.

3.2  A sy m m e tr ic  V o rtic ity  S tru ctu re  and E v o lu tio n

Figure 3.6 shows the azim uthal variance of vorticity  averaged over the 3.5 h observa­

tion period. Above 3 km height m ost of the variance is explained by wavenumber 1. We 

should note th a t the  m agnitude and. to some ex ten t, the structu re  of wavenumber 1  in 

vorticity is sensitive to the vortex center definition a t each level. W avenumber 2 , which 

accounts for m ost of the  variance below 3 km height, is fairly robust under changes to  the
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vortex center identification. Higher wavenumbers show a sm aller contribution to  the  total 

variance, but th is may be in part a consequence of the abasing th a t occurs du ring  the  sam­

pling of the inner core. Ideally, one would like actual snapshots of the wind field a t each 

level. The TA radar, however, scans perpendicular to the flight track, requiring planes to 

fly through the inner core in order to obtain a  horizontal wind composite. Parcels of air 

moving with the  tangential winds a t the RM W  will go through about 90 degrees during 

the tim e it takes to composite the  inner 15 km of the  storm. Therefore, some of the energy 

contained in the  higher wavenumbers will be projected onto lower wavenumbers. While 

wavenumbers 1  and  2  will be modified by aliasing, simple dynam ical ideas to be discussed 

below do support their observed dominance.

Exam ination of the pertu rba tion  vorticity. Q'. a t 3 km height in Fig. 3.7 shows spi­

ral bands of vorticity  with radial wavelengths on the order of 5-10 km located radially 

outside the regions of high vorticity associated w ith the above-mentioned w avenum ber 2  

asym m etry. T hey  are persistently located near 20 km radius during the first three legs 

and then slightly outside this radius during the final legs. T he maximum vorticity of 

the bands ranges from 0.5-1 x lO - 3  s -1 . The bands may be sym m etrizing vortex Rossby 

waves, predicted by MK to occur in the hurricane near-core region. If so, this is the first 

observational evidence of such features in th e  hurricane wind field. One source for the 

bands may be th e  svm m etrization of the large wavenumber 2  vorticity pertu rba tion  near 

1 2  km radius.

We also note the persistent bands of elevated reflectivity in the vicinity o f the vor­

ticity bands (see Fig. 2.2). Enhanced convection could be triggered by the asym m etric 

transverse circulation generated in response to  m om entum  flux convergences associated 

w ith the vorticity bands. Inner-core spiral bands of reflectivity over open ocean have also 

been observed by Gall et al. (1998) using ground-based radar. They speculated th a t the 

features were sim ilar to boundary  layer rolls (Fung 1978). b u t had insufficient d a ta  to 

make definitive statem ents abou t their origin. As discussed in C hap ter 1 , understanding 

the role of vortex Rossby waves in tropical cyclone structure and  intensity change is an 

im portan t m otivation for this work. The possibility th a t this d a ta  may lend itself to the 

resolution of fine-scale spiral vortex Rossby waves is encouraging.
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Figure 3.6: Radius-height structu re  of the azim uthal variance of vorticity averaged over 
the period 2027-2355 UTC. Also shown are individual wavenumber contribu tions to  the 
azim uthal variance (i.e., wavenumber com ponents of vorticity squared and  azim uthally 
averaged). Contour interval is 0.2 x 10- 6  s -2 .
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Figure 3.7: Perturbation  vorticity, a t 3 km height for each flight leg. C ontour interval 
is 0.4 x 1 0 - 3  s - 1 . Negative values are depicted by the dashed curves.
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The azim uthal s truc tu re  o f pertu rbation  vorticity a t 12 km radius is shown in Fig. 

3.S. M aximum values of positive vorticity are approxim ately 3 -4 x l0 - 3  s _ l . During legs 1 

and 2 . when the sym m etric vortex from low to mid levels is nearly barotropic. the vorticity 

asym m etry tilts little  in the azim uth  with height. A clear azim uthal wravenum ber 2 p a tte rn  

exists at all heights within the  dom ain during leg 1 and  only below 3 km during leg 2. 

As the vertical shear, vortex tilt, and baroclinicity of the sym m etric vortex increase, the 

azim uthal tilt becomes more pronounced. It is also observed following leg 2 th a t the 

vorticity in the northern  q uad ran t above 3 km height is persistently large and appears to 

join w ith an equally large p ertu rba tion  ju st above, and extending down into, the boundary 

layer of Olivia. D uring legs 4 through 7 a second positive vorticity asym m etry  is observed 

in the southern quadran t of the  storm , although it appears to extend up from low levels and 

does not reach much above 4 km  height. This accounts for the dom inance of wavenumber 

2 a t low levels and  the transition  to wavenumber 1 a t m iddle levels observed in Fig. 3.6.

The evolution of the w avenum ber 2 com ponent of vorticity a t low levels is shown in 

Fig. 3.9. Since th e  phase and rad ia l location of the wavenumber 2 asym m etry  are nearly 

constant with height below 3 km , we have vertically averaged the vorticity a t low levels to 

provide a bulk estim ate of the am plitude. A pproxim ately 20 min separates the end of one 

com posite and the  beginning o f the  next. A parcel of a ir being advected by the tangential 

winds a t the RM W  will make alm ost an entire orbit around the sto rm  during this tim e 

period. The wavenumber 2 vorticity asym m etry may not move w ith the  advective speed, 

m aking time continuity  difficult to  discern sim ply by looking a t consecutive composites.

Following Kuo et al. (1999) we use high tem poral resolution radar reflectivity compos­

ites to provide an  indication o f th e  "instantaneous" tangential speed of this wavenumber 

2 feature. In their study of Typhoon Herb (1996) using reflectivity from a W SR-8 8 D 

Doppler radar, K uo et al. found an approxim ately elliptical eye ro ta ting  cyclonically w ith 

a period of 144 min. They hypothesized tha t the eye ro tation  observed in the reflectiv­

ity might be the m anifestation o f a  propagating wavenumber 2 vortex-Rossby edge wave. 

According to the linear wave theory  of Kelvin (Lam b 1932), the azim uthal phase speed of 

a vortex-Rossby edge wave propagating on the vorticity discontinuity of a Rankine vortex
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is given by

Cp =  L'rnnx (1 )• (3.3)TL

w here vmax is the  m axim um  tangential wind speed and  n the azim uthal wavenumber. 

T hus, for wavenum ber 2 the  propagation speed is one half vmax- Relating the  observed 

elliptical eye ro ta tio n  period in the reflectivity field to the  propagation period for a  vortex 

Rossby edge wave. Kuo et al. found th a t (3.3) was approxim ately valid. It should also be 

noted tha t the nonlinear K irchhoff solution for elliptical eye ro ta tion  (Lamb, 1932) agrees 

well with the above linear solu tion  as long as the  ratio  of minor to  m ajor axis is close to 

unity. Figure 3.10 shows the L F  reflectivity evolution of H urricane Olivia's inner core a t 

3 km  height du ring  the period spanned by leg 5. As in the case of Typhoon H erb, the 

eye appears elliptical and ro ta tes  cyclonically in tim e. The ratio  of minor to m ajo r axis 

is approxim ately 0.7. Over the 7 m inute period the eye rotates th rough  about 50 degrees. 

T he eye rotation period is then  estim ated to be 50 m inutes. From th e  wind analysis during  

th is tim e the R M W  and m axim um  tangential wind speed a t 3 km height are 14 km and  57 

m s - 1 . respectively. The circulation period for a parcel being advected around the  vortex 

at the  RMW is then  25 m inutes, or one half the eye ro tation  period, as predicted by (3.3).

Supplem enting the reflectivity w ith the wind field d a ta  allows th is hypothesis Unking 

the  ro tation of the  reflectivity ellipse to the rotation of the associated vorticity asym m etry  

to be examined further. The orientation of the reflectivity ellipse observed in Fig. 3.10 is 

consistent with the phase of th e  wavenumber 2 com ponent of vorticity  shown in Fig. 3.9 

for leg 5. i.e.. the  positive vorticity  asym m etry lies along the m ajo r axis. An a tte m p t to 

ex tend  this in terpreta tion  to o the r times by com paring the observed phase evolution to 

th a t predicted by (3.3) was m et w ith limited success. Only betw een legs 5 and 6  d id  the 

phase of w avenum ber 2  evolve in a m anner consistent with a vortex-Rossby edge wave. 

In addition to aliasing issues, discrepancies between observations and the linear theory  

described by (3.3) m ay be a ttr ib u ted  to physical com plications heretofore neglected.

T he basic s ta te  vorticity shown in Fig. 3.5 is not Rankine. A lthough the radial g radi­

ent of mean vorticity outside the  RM W  is quite steep, discrepancies between K elvin’s edge 

wave solution and  the  wave solution on a continuous vorticity profile are expected. In  the
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Figure 3.10: Olivia inner-core LF reflectivity com posites a t 3 km height. Period spanned 
is 2244-2251 UTC a t 1  m in time intervals. C ontour interval is 10 dBZ.
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inviscid lim it the vorticity waves described by (3.3) propagate indefinitely around the vor­

tex as discrete norm al modes which never axisym metrize. W hen the gradient of vorticity is 

no longer confined to a single radius (but the profile rem ains monotonic), axisym m etriza- 

tion of the initial vorticity asym m etry is expected for all azim uthal wavenumbers in the 

linear problem (Sutyrin  1989: C arr and Williams 1989: Sm ith and M ontgom ery 1995: 

MK). The axisym m etrization mechanism also effects the phase propagation such th a t as 

the central radial wavenumber increases due to the shearing by the basic s ta te  flow, the 

azim uthal phase speed of the Rossby waves approaches the local tangential wind speed 

(M K).

T he influence of cumulus convection on the Rossby wave propagation m ust inevitably 

be considered. The extension of the two-dimensional barotropic local d ispersion relation 

for vortex Rossby waves derived by MK to a stably  stratified  barotropic circular vortex in 

gradient balance is given by (Moller and M ontgomery 2000)

  o  i IL §2.___________ ?o(r )___________-  -  n iJQ +  R  [Jfc2 +  n2/R2  +  (M -om 2 )/Ar2 ] ’ ^ -4 )

where n. fc. and m are the azim uthal, radial, and vertical wavenumbers, respectively, R  

the reference radius (see MK). q'Q the radial derivative of the barotropic basic s ta te  PV. 

Oo the  absolute vorticity. £o the inertia  param eter, and Qq the angular velocity. In regions 

of convection the sta tic  stability, and  thus Ar2. will be reduced from th a t in the non- 

convective regions, so the phase propagation of the waves will be modified. According 

to (3.4). the decrease in Rossby deform ation radius in the convective regions will reduce 

the retrograde propagation of vortex Rossby waves. T he precise dependence of vortex 

Rossby wave propagation on static  stability  could be explored with a high spatio-tem poral 

resolution data  set generated by a full-physics numerical model.

We conclude th a t over the tim e interval defined by leg 5 (and perhaps leg 6 ) the 

wavenumber 2  asym m etry in vorticity propagates in a m anner consistent w ith a vortex 

Rossby wave packet of near-discrete structure . A lthough sym m etrization and  convection 

will modify its propagation speed, the greatest obstacle to  extending th is in terpreta tion  

to o the r observation tim es is the 30-min tim e resolution of the dual-D oppler wind data .
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T he hypothesized propagation period o f the vorticity asym m etry  is approxim ately  50 min. 

Thus, to shed further light on the propagation  characteristics, snapshots of th e  w ind field 

would be required abo u t even ' 10 m in. Insight into the  source of the w avenum ber 2 

vorticity asym m etry m ay still be ob ta ined  by exam ining the observations in the context 

of recent numerical and  theoretical stud ies of vortex dynam ics.

3 .3  S o u rces  o f  V o r tic ity  A sy m m e tr y

3 .3 .1  C o n v ectiv e  a n d  E n v iro n m en ta l Sources

A sym m etric convection in the eyewall is expected to  produce asym m etries in PV. 

The gradient of the d iabatic  heating ra te  associated w ith  convection projected  onto the 

absolute vorticity vector tends to be positive a t low levels and  negative a t high levels. 

Thus, according to the PV' equation, a positive(negative) anom aly will tend  to be produced 

at Iow(high) levels (Haynes and M cIntyre 1987). Convection in the  eyewall will project 

onto a  num ber of azim uthal wavenumbers. bu t it is no t apparen t from observations of 

O livia's vertical velocity and  reflectivity structu res th a t wavenum ber 2 is being preferred. 

Nevertheless, convective asym m etries will play an im portan t role in the  in ternal vorticity 

dynam ics to be discussed below by providing broad-band vorticity pertu rba tions  to  the 

sym m etric vortex.

T he  interaction of H urricane Olivia w ith the large-scale deform ation field could have 

excited the near-core wavenumber 2 asym m etry  in vorticity (e.g.. G latz and S m ith  1996). 

A nother facet of the vortex-environm ent interaction is the  vertical shearing of the hurri­

cane. T he downward projection of the  upper-level PV of th e  tilted  vortex on th e  low-level 

vortex PV  results in vorticity asym m etry a t low levels. W avenum ber 1 will dom inate  the 

asym m etry  in the case of unidirectional shear. Higher w avenum bers may becom e increas­

ingly im portan t if the direction of vortex tilt varies w ith height. As will be discussed in 

C hap ter 6 . this vertical shear m echanism could be activated  following leg 3, when the 

local vertical shear increases, but seems an unlikely cand idate  for the p roduction  o f the 

wavenum ber 2 asym m etry observed du ring  leg 1. At th a t tim e the vortex shows little  tilt 

w ith height.
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T he enhanced convection on the east side o f Olivia argued in C h ap te r 6  to be triggered 

by increased vertical shear following leg 2  is generally flanked radially  inward by strong 

dow ndrafts. G am ache et al. (1997) suggested th a t perturbation  vorticity  may be produced 

in such regions via the  tilting of rad ia l vorticity filaments by the radially-sheared vertical 

w inds (e.g.. in the front right q u ad ran t of Fig. 3.7 during leg 5). T h e  positive vorticity  in 

the front quadrant of Olivia following leg 2  near 1 2  km radius could have resulted from 

such a mechanism, leading to the persistent wavenumber 1 in vorticity  above 3 km height. 

One could alternatively make the argum ent th a t pre-existing vertical vorticity associated 

w ith the vorticity asym m etry in the  southern  quadran t during leg 2  was vertically and 

azim uthally  advected. Stretching o f this vorticity in the region of s trong  updrafts in the 

eastern  quadrant could have then resulted in the  mid-level vorticity asym m etry observed 

during  leg 3. Both mechanisms, while plausible, m ainly shed light on the origin of the 

wavenumber 1 vorticity asym m etry observed above 3 km height.

3 .3 .2  In tern a l D yn am ics: A n  A n a lo g u e  M o d e l

We now consider the possibility th a t the production of the dom inan t wavenumber 2 

asym m etry  in vorticity a t low levels is directly tied to the inner-core sym m etric vortex 

profile of Olivia. To elucidate th e  dynam ical mechanisms we utilize the nondivergent 

baro tropic vorticity equation.

dC dC v dCi + “a? + ;aH- <3-5>
in a series of four numerical experim ents. A sem ispectral model was used to perform  

the sim ulations. A discussion of th e  pertinent model details is provided in C h ap ter 4 in 

the m ore general equivalent barotropic context. The nondivergent m odel is recovered by 

se tting  the baroclinic term s to zero. The radial grid spacing used here is 0.5 km and the 

num ber of radial points is 200. T he azim uthal truncation  is 16 m odes.

Figure 3.11 shows the initial vorticity profiles used in each of th e  four cases. T he 

profiles are based on Olivia’s observed sym m etric vorticity shown in Fig. 3.5 w ith  some 

modifications. A lthough the aircraft m easurem ents suggest a ring profile of vorticity, 

we first consider the  case where the  vorticity inside the eye is well-mixed as in a modified
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R ankine vortex (Cases A and B). We then examine the asymm etric dynam ics of an  elevated 

vorticity ring (Cases C and D) as discussed in S99. In  Cases A-C the  profile of dual-D oppler 

derived tangential wind outside 18 km radius was replaced by an r - 0  4 fit to the  flight- 

level observations. In Case D we consider the effect of the ”bump'" in sym m etric vorticity 

observed near 25 km radius during  legs 1 and 2 on the asymm etric evolution of th e  flow. 

All of the above vortices were p ertu rbed  with an initial pulse of cyclonic vorticity centered 

a t 1 2  km radius and  radially aligned:

C' =  Cmax e~{r'/rd)2- (3.6)

where =  O .lQj.uiv. rj = 5 km. and r ' is the radius from the asym m etry center.

Cases A and B dem onstrate the  dependence of the asymm etric vorticity evolution on 

the slope of the m ean vorticity gradient in the vicinity of the RM W . Solid-body ro tation  

is assum ed inside the  RMW in b o th  cases, but the larger radial vorticity gradient of Case 

A reflects the observations of leg 1 and the weaker gradient of Case B the observations of 

leg 4. In cases A and  B the vortex is exponentially stable for all azim uthal wavenumbers 

(G ent and McWilliams 1986). T he  linear dynamics is then governed exclusively by the 

continuous spectrum  of sheared vortex-Rossby wave disturbances (Sm ith  and M ontgomery 

1995: MK). The linear evolution of the vorticity perturbation (3.6) appears sim ilar in 

both  cases, taking the form of vortex-Rossby wave trailing spirals (not shown). T his is in 

contrast to the observations in Fig. 3.7 which, for many of the flight legs, show a more 

m odal (i.e.. non-changing) s tru c tu re  to the vorticity asymmetry. W hen the profiles for 

Cases A and B are instead pertu rbed  with a pure wavenumber 2 asymm etry, a noticeable 

distinction between the initial linear evolutions is evident. The steeper profile supports 

vortex Rossby waves which initially look modal in structure like the  waves predicted  by 

Kelvin’s solution (Figure 3.12a). T he estim ated propagation period for the wave (~  35 

min) is consistent w ith  (3.3). The profile w ith the radially broader transition region from 

high to  low vorticity supports m ore tightly wound vortex Rossby waves (Figure 3.12b). 

Although the anticyclonic horizontal shear is less in this case, the  Rossby elasticity  is 

also less. The net result is a greater tendency for sheared, trailing spiral disturbances. In
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Figure 3.11: In itial profiles of sym m etric vorticity ( s ' 1) used in th e  nondivergent.
barotropic num erical sim ulations. Shown are Case A (solid), Case B (short dash). Case C 
(long dash). Case D (dash do t), and Case D' (dash dot dot dot).
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both  cases the wavenum ber 2  vorticity asym m etry ultim ately decays as axisym m etrization 

proceeds. This d istinction in wave structu res for Cases A and B is not readily apparen t in 

the observations shown in Fig. 3.9. We also note th a t these profiles, while they m ay allow 

azim uthal propagation of wavenumber 2 . do not prefer the em ergence of wavenum ber 2  

over o ther wavenumbers.

The next two profiles (C and D) highlight the  potential im portance of barotropic 

instability  in the generation of asym m etric vorticity in the near-core region, and  more 

specifically a  mechanism preferring th e  emergence of wavenumber 2. (Algebraic instabili­

ties associated with wavenumber 1 m ay also be playing a  role in the asym m etric evolution 

of Olivia (Sm ith and R osenbluth 1990: Nolan and M ontgomery 2000)). Both profiles C and 

D satisfy Rayleigh's necessary condition for barotropic instability  (G ent and M cW illiams 

1986). To determ ine w hether the profiles indeed suppo rt linearly unstable modes, we per­

formed an inviscid, nondivergent eigenanalysis of the  continuous problem  (see A ppendix 

C). N onlinear sim ulations in which the  mean profiles were p e rtu rb ed  by (3.6) have been 

carried out and are sum m arized in o rder to convey the effects of nonlinearities on the 

asym m etric vorticity evolution.

The ring profile of Case C is exponentially unstab le for wavenumbers 2 th rough  4. 

with wavenumber 2 being the most unstable. All o ther wavenumbers are exponentially 

stable. The e-folding tim e for the unstab le wavenumber 2 eigenmode is 45 min. C hanges 

in the w idth of the vorticity  ring or th e  ratio of the m axim um  vorticity  to the vorticity  at 

the vortex center will a lte r the grow th rate (S99). Keeping in m ind th a t O livia's actual 

vorticity profile may d ep a rt from th e  observations shown in Fig. 3.5. this value o f the 

e-folding tim e is therefore considered a  reasonable estim ate of the  ac tual growth rate .

The nonlinear sim ulation in which the Case C profile is pertu rb ed  by (3.6) shows the 

emergence of the unstable wavenumber 2 modal s truc tu re  in the vicinity of the R M W  after 

a few e-folding times (F igure 3.12c). Elevated vorticity from the ring mixes into the vortex 

center after 4-5 hours, resulting in a  vortex profile w ith m axim um  sym m etric vorticity  a t 

the center. The change in mean tangential wind over the first 4 hours of the sim ulation 

is shown in Fig. 3.14. As predicted by S tokes theorem , the tran sp o rt of vorticity into

R e p ro d u c e d  with p e rm iss ion  of th e  copyrigh t ow ner.  F u r th e r  rep roduction  prohibited w ithout perm iss ion .



52

0  Min
30

20

6
►

20

30
30 •20 10 0 TO 20 30

X (k m )

1 0  Min
30

20

T
►

20

•30
30 TO 0■20 to 20 30

X (k m )

2 0  Min

20

|
►

•30
•30 020 10 20 30

X (k m )

3 0  Min
30

20

T

20

-30 0 20•20 10 to 3 0
X (k m )

0  Min

20

to

|
v

•30
30 20 to 0 to 20 30

X (k m )

1 0  Min
30

20

E

-20

30 20 to to 200 3C
X (k m )

2 0  Min

20

Tx
r

-20

*0 •20 1C c 20:0 30
X (k m )

3 0  Min

20

9-7

T
>-

-20 TO 200 10 30
X (k m )

Figure 3.12: Numerical sim ulation of the w avenum ber 2 com ponent of vorticity for (a) 
Case A and (b) Case B. C ontour interval is 0.4 x 10- 3  s -1 . Initial condition is followed by 
snapshots of the evolution every 10 min. Negative values are depicted by the dashed curves. 
Also shown are numerical sim ulations of th e  to ta l (mean plus perturbation) vorticity for 
(c) Case C and (d) Case D'. C ontour interval is 2  x 10- 3  s- 1 . T he initial condition derived 
from (3.6) is followed by snapshots of the evolution every 2 h, except for the last plot in 
the sequence which depicts the  well-mixed s ta te  a t 1 0  h.
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the vortex center results in an increase in the m ean tangential w ind inside the  RM W  of 

approxim ately 7 m s - 1  and a decrease a t the RM W  of roughly 3 m s-1 .

The transition  of Olivia's sym m etric vorticity from a well-defined ring to  a near- 

rnonotonic profile, or at least a broader ring, resembles this sim ulated evolution. Figure 

3.15 shows the change in mean tangential wind over the 3.5 hour observation period. 

Consistent w ith the Case C evolution, the mean tangential wind decreases in the vicinity 

of the RMW and increases inside the eye. It is plausible that the weakening of sym m etric 

eyewall convection in Olivia inferred from Fig. 2.2 reduced the sym m etric PV  generation 

in the eyewall. In  the absence of sufficient PV generation to m aintain the ring, barotropic 

instability  then  set in to stabilize the vortex profile. The wavenumber 2 asym m etry  at 

low levels of Olivia, according to Case C. could then be in terpreted  simply as a  by­

product of the vorticity mixing process. The m agnitude of the spin-down (~  10 m s- 1 ) 

and  the presence of an acceleration outside the RM W  are inconsistent w ith the barotropic 

instability  mixing mechanism and are most likely the  result of the axisym m etric spin-dow n 

mechanism discussed in Section 3.1.1.

The dual-D oppler observations in Fig. 3.5a indicate a possible secondary vorticity 

ring around 25 km radius during legs 1 and 2. This bum p is incorporated into th e  profile 

of Case D. Before exam ining its effect on the inner-core dynam ics, we consider first the 

question of why this bum p in vorticity might exist where it does in the first place. The 

prim ary  ring of vorticity is believed to form through frictional convergence and vortex-tube 

stretching in association w ith strong cumulus convection in the eyewall (e.g., M oller and 

Sm ith 1994). One explanation for the secondary bum p in vorticity is th a t vortex Rossby 

waves excited in the eyewall prior to leg 1 propagated radially outw ard, stagnating  outside 

the RMW . T he nondivergent, barotropic sim ulations of MK suggest th a t the subsequent 

wave-mean interaction produces a decrease in m ean relative vorticity in the vicinity of 

the stagnation radius and an increase in mean relative vorticity radially outw ard of the 

stagnation radius. The radial distance between the  center of the in itia l wave packet and 

the stagnation radius, derived from (3.4), is given by

c _  frxTo_______________________________i  __________________

r  q0RQ'0 [Jfcg +  n y m  +  (77o£om2 )/JV2 ] ’ K
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Figure 3.13: see Fig. 3.12
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Figure 3.14: Sym m etric tangential wind change (m s- 1 ) over the first four hours of the 
Case C simulation.
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Figure 3.15: Sym m etric tangential wind change (m s-1 ) over the 3.5 h observation period 
at 3 km height (a) derived from the  dual-Doppler analysis and (b) com puted from aircraft 
wind measurements.
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where ho is the initial radial wavenumber. Using O liv ia’s vortex profile a t R  =  12 km 

during leg 1. we estim ate £o ~  1 x 10- 2  s - 1 . 770 ss 7 x 10~ 3  s ~ l . q0 =  j\ r2ijo »= 7 x 10- 7  s - 3 . 

RQ 0  =  —3 x 10- 3  s - 1 , and  q'0 % —3 x 10~l° m _ ls~ 3. Assum ing an initial central radial 

wavenumber of 1/5 km - 1  (inverse horizontal eyewall scale), a vertical wavenumber of 1/5 

km - 1  (approxim ate inverse depth of the vorticity bands), and  N 2 ss 1 x 1 0 - 4  s - 2 . the  

stagnation  radius for wavenumber 1 is found to be approxim ately  20 km from the RM W . 

In the convective regions the static stab ility  X 2 will likely be less than  the  value used in 

the above calculation (Em anuel et al. 1987: M ontgomery and  Farrell 1992). Reduced sta tic  

stability  and the presence of symmetric radial inflow will reduce the value of Sr. Thus, 

the estim ated  stagnation radius is consistent with the  separation between eyewall and  

secondary bum p, providing possible evidence for a vortex-Rossby wave induced change in 

the sym m etric vortex.

T he im pact of the vorticity bump on the  asym m etric vorticity evolution may be im por­

tant. causing deviations from the evolution described for Case C. L aboratory experim ents 

involving two-dimensional perturbations to two-dim ensional vortices w ith m onotonically 

increasing vorticity from the RMW to the vortex center and a bum p in vorticity outside 

the RM W  (i.e.. an associated secondary tangential w ind m aximum ) have been found to 

produce tripo lar vortex structu res dom inated by w avenum ber 2 . w ith a central elliptical 

region of high vorticity and  satellite regions of anticyclonic vorticity along the minor axis 

of the ellipse (e.g.. Legras et al. 1988: Polvani and C arton  1990: Ivloosterziel and van H eijst 

1991). If the vorticity profile satisfies Rayleigh's necessary condition for barotropic in s ta ­

bility. one often finds th a t such stable tripo lar vortex s tru c tu res  emerge. M ontgomery and  

Enagonio (1998) were evidently the first to reveal a  tr ip o la r vortex in three-dim ensional 

vortex flow in the published literature. W hen a tw o-cluster convective anom aly was used 

to p e rtu rb  an initially barotropic vortex, a tripole-like s truc tu re  emerged a t the u pper 

levels of their QG model. In the context of 2D nondivergent dynam ics Kossin et al. (2000) 

dem onstrated th a t tripo lar vortices can also emerge from hurricane-like vortex profiles 

with a sym m etric secondary vorticity m axim um  radially  outside the m axim um  a t the 

vortex center.
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Experim ents using the modified Rankine profile of Case A w ith the secondary' bum p 

of vorticity of Case D did not produce a s tab le  tripolar vortex. A baro tropic stab ility  

analysis of a  piecewise-uniform approxim ation to this profile showed th a t w avenum ber 2  

is in fact m arginally stable (Jam es Kossin. personal com m unication). A s tab le  trip o la r 

vortex was observed to emerge, however, upon increasing th e  vorticity of the  b u m p  by 3 5  

percent. T he  question then arises of w hether a  stable trip o la r vortex can em erge when 

the vorticity is depressed in the  central region of the vortex, as might be expected  in the 

lower- to m id-tropospheric portion of a hurricane (see Fig. 3.5b).

The vorticity  profile for Case D' is sim ilar to tha t of case D. bu t w ith the secondary 

bum p in vorticity  elevated by 35 percent. A continuous nondivergent eigenanalysis of this 

profile found, in addition to the mode described in case C . a second unstable  m ode for 

w avenum ber 2. Upon exam ining the vorticity m ap plot o f this eigenm ode, th e  m ode is 

identified w ith  the phase-locking of vortex Rossby waves propagating  on the o u te r  edge 

of the prim ary  ring and the inner edge of the  ou te r bump (no t shown). Its  e-folding tim e 

is So min. or approxim ately twice tha t of the mode associated w ith the p rim ary  vorticity  

ring. According to linear dynam ics, then, th e  unstable m ode observed in Case C  should 

emerge first and  tend to dom inate the solution. W hether th is rem ains true once wave-wave 

interactions become significant has im portan t im plications for the excitation o f tripo lar 

vortex s tru c tu res  in the lower-tropospheric region of hurricanes th a t are weakly forced.

The nonlinear sim ulation in which the C ase D' profile is pertu rbed  by (3.6) shows 

essentially th e  sam e evolution of total vorticity as was observed in Case C (Fig. 3.12d). A 

tripo lar vortex s truc tu re  is not observed to em erge at long tim es. As long as th e  grow'th 

ra te  of the unstab le mode associated with th e  prim ary ring  is significantly la rger th an  

th a t of the bum p, we find th a t tripolar s tru c tu res  do not m aterialize. Thus, based on the 

sim ple nonlinear initial-value experiments presented here, th e  most plausible (baro trop ic) 

in ternal m echanism  for producing O liv ias wavenumber 2 asym m etry  in vorticity  a t low 

levels during the observation period is the barotropic instability  of the p rim ary  ring of 

vorticity.

The role of vorticity redistribution in T C  development is next considered in th e  three- 

dim ensional context. R edistribution of vorticity by vortex Rossby w'aves is found to  play
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a key role in the vertical alignment (or non-alignm ent) of vortices exhibiting small initial 

tilts and  in the m erger of convectively-generated PV  w ithin an incipient vortex. T he 

la tter is believed to be especially relevant to  the problem  of tropical cyclogenesis as first 

dem onstrated  by ME98. We further show th a t a dynam ical barrier to  T C  developm ent 

can be elucidated using linear vortex Rossby wave thinking.

R e p ro d u c e d  with pe rm iss ion  of th e  copyright ow ner .  F u r the r  reproduction  prohibited w ithout perm iss ion .



C h a p te r  4

N U M E R IC A L  M O D E L  D E S C R IP T IO N S

4.1  T h ree-D im en sio n a l Q G  M od el

Motivated by the geostrophic nature of large-scale flows in th e  m iddle-latitude atm o­

sphere and ocean, the QG system  has been used extensively in th e  s tudy  of vortex merger 

and alignm ent (McW illiams 1989: Polvani 1991: Viera 1995: D ritschel and Juarez  1996: 

Sutyrin  et al. 1998). Its utility as a  benchm ark model for testing basic dynam ical theories 

also has been exploited in recent studies of T C s (ME98: Sm ith  et al. 2000). The PV  

conservation equation, invertibilitv relation, and  therm odynam ic equation in Boussinesq 

form on an /-p lan e  are. respectively.

+  J ( i i \q )  = 0 , (4.1)

_  ,  , * _ 2 , , 1 d  ( Pofo& & \ , Aq = f 0 + V k v  -r ~ T z  )  • (4-2)

d dxp T (  d v \
9 ? a 7  +  -/ ( ‘ - a 7 ) + A ' ,1- =  0 ' (4'3)

where q is the PV. c  the flow stream function (which equals the geopotential, o. divided by 

/o ). po the density, /o  the constant Coriolis param eter, :V2 the constan t sta tic  stability, and 

iv the  vertical velocity. In C artesian coordinates the Jacobian, J ( v . q ) =  drb/dx d q /d y  — 

d \ - /d y  ■ dq /dx .  T he details of th e  three-dim ensional numerical model used to  solve Eqs. 

(4.1)—(4.3). henceforth referred to as QG3D. are described by ME98. One difference from 

ME98 is that in the non-dim ensional numerical sim ulation of (4.1)-(4.3) we will not require 

the horizontal scale, L , equal the Rossby deform ation radius, L r  =  N H / f ,  where H  is the 

model depth. T he therm al vorticity in the nondim ensional invertibility relation (ME98, 

Eq. 5) is then m ultiplied by the vortex Burger num ber. (L r / L )2. Unless otherw ise stated , 

no explicit diffusion is included in the model.

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



61

4 .2  E q u iva len t B a ro tro p ic  Q G  M od el

A tilted PV colum n vertically bound by rigid lids can be decom posed into a baro tropic 

m ode and internal baroclinic modes. In general the interior flow results from both in terior 

PV  and  potential tem peratu re  anom alies on the vertical boundaries (Hoskins et al. 1985). 

H urricane observations show th a t the potential tem peratu re  gradients on the boundaries 

are weak (e.g.. Hawkins and R ubsam  1968). Consistent w ith these observations and  recent 

num erical studies o f TC s (e.g.. Moller and M ontgomery 2000). we m ake the sim plifying 

assum ption of isotherm al vertical boundaries at r  =  0 and H. The stream function and  PV  

can then  be expressed as the  sum  of the vertical modes:

v ( r . X . z . t )  =  ^ 2  ii'rn(r. X. t )  cos (4.4)

X

q( r . X. z . t )  =  ^ 2  <7m(r. A. t) cos
m = 0

where m  is the vertical wavenumber. Substitu tion of (4.4) into Eqs. (4.1)-(4.3) yields 

an equivalent barotropic (EQB) system  of nonlinear equations for th e  real-valued, tim e- 

dependent am plitudes. ti>m and qm■ The nonlinear equations tru n ca ted  a t m =  1 are 

shown below. Because of the na tu ra l circular geom etry of the problem , the equations are 

evaluated in cylindrical coordinates. The sem i-spectral model described by ME98 (see also 

M ontgomery et al. 2000 for more detail), modified to allow finite L r , is used to perform  the  

num erical com putations (see below). A 2000 km radius dom ain w ith  rad ia l grid spacing 

A r =  5 km and 8  m ode azim uthal truncation  was used. All nonlinear sim ulations were 

run w ith  a diffusion coefficient v  varying from 1 0 0  to  2 0 0  m 2 s _ 1  to  keep the in tegration 

stable a t long times.

4 .2 .1  N o n lin ea r  In itia l-V a lu e  M o d e l

For the tilted vortex (Section 5.1) and m  =  1 isolated PV anom aly  (Section 5.2) 

experim ents, it is sufficient to sim ulate the vortex evolution using only the barotopic 

mode (m  =  0 ) and first internal baroclinic mode (m =  1). T runcating (4.4) at m =  1  and

(  rrnrz ^
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then  substitu ting  into the  PV equation (4.1) yields the following nonlinear PV tendency 

equations for m  =  0  and  1 . respectively.

d  1 d i l 'o  d  1 chpo d  \  . , , 1  f  I OjI'i d  1  chi'i d \  .
d t + r d r d X ~ r d X d r j q°^r' ' ( j ^ d X  ~  r ~ d X d ^ J  q i ^  ~  ' ( o)

and

d  , 1 dtl>a d  1 d i l 'o  d  \  ( l  d r p i  d  1 d w i  d  \  .
 ---------  — 1 ? i(r , A, f) + — — - j - r  ?o(r. A,<) =  °. (4.6)dt r dr d \  r dX dr J y r  dr  dX r dX dr  ̂

This system  of equations will tend to  underestim ate the  m agnitude of the  azim uthal mean 

flow change since the m  = 2  tendency associated with the self interaction of (m . n) =  ( 1 . n) 

is excluded.

In Section 5.1. where the wave-mean interaction is not critical to  understanding the 

vortex evolution, the  above truncated  system  is solved. The ( )m are  first expanded in a 

tru n ca ted  azim uthal Fourier series following A ppendix B of ME98:
jV

ii’m(r. A, t) =  ^ 2  ^m n {r .t )e tnX (4.7)
Tl= — ; Y

and
.v

4m(r, A. t) =  ^ 2  Qmn(r.t)e,nX. (4.8)

w here n is the azim uthal wavenumber. N  is the azim uthal mode truncation , and ( )mn 

are the complex Fourier coefficients. This sem i-spectral formulation is advantageous for 

sw irling flows where the  mean flow dom inates the asym m etric com ponent of the flow. Since 

the radial and azim uthal resolutions are independent, one can reduce the  number of degrees 

of freedom  by choosing a  minimum allowable azim uthal resolution. For simple experim ents 

involving axisym m etrization on stable vortex monopoles, one may only need to re ta in  a 

few azim uthal wavenumbers to accurately capture the flow evolution. This dim ensionality 

reduction will reduce com putational tim e (M ontgomery e t al.. 2 0 0 0 ). Substitu tion of (4.7) 

and (4.8) into the flux form of equations (4.5) and (4.6) yields, respectively.

^  =  Vo„2 Fo n ( r . t )  (4.9)

and

% ^ = V r n2 F i„ ( r , t ) .  (4.10)
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where

Fon(r.t) =  ~{ 5Z [i k ^-(^o.kQo.n-k) ~ inqo.n-kd%i° 'k +
r |fcfev d r  dr

\ n - k \< . \ r

l r i . d rJ. - \ - -  ^ u - u  ,Q^\*i ' l .kQl .n — k) ITlQl.n — k )j d"

.  -  . d.H' _ ,  .
m d r Wo'n ~ i n ~dFqo-n‘ +  u~Onqo'n' (4.11)

F l n ( r . t )  =  “ { £ 1  [i k j r ( V o . k q i , n - k )  -  +
r  i4 ^ v  dr  dr

\ n - k \ < i \

I t d  ( 7 - \ -  d F \ , k ^  ,.kqo.n-k) -  m qo,n-k d r  )] +

dQ - d tp
m rfr C'’1,n ~ m  d r +  ^ 5 n<7i.n. (4.12)

and V 7,m =  ( 1  / r ) d / d r  +  d2/ d r 2 — n2/ r 2 — 7 ^ .  where 7 m =  m - / L r  is the  inverse Rossbv 

deform ation radius for internal mode m. £ is the azim uthal-m ean geostrophic relative 

vorticity and c  is the azimuthal-mean stream function. T he last term  in both  equations is 

the explicit diffusion. Note tha t the linear term s involve only the barotropic com ponent 

of the azim uthal mean vortex, i.e.. Hi{r, t) =  tltoo(r.t) and q(r.t) = <7oo(r -^)- The tendency 

in the azim uthal mean quantities is transferred to the mean vortex afte r each tim e step , 

and then set to zero before the next tim e step. Consistent with the barotropic mean 

vortex constraint, we impose F 10 =  0. In other words, we neglect the small nonlinear 

interactions between the m  =  1 asymmetries and the m  =  0  asym m etries tha t p ro ject 

onto the azim uthal mean vortex.

In Section 5.2 where the mean flow change predicted by the QG3D and EQB models 

is com pared, we wish to include the full effect of the self-interaction of (m. n) =  ( l .n ) .  

i.e.. bo th  the (0.0) and (2,0) contributions. The wave-mean term s which contribute to 

the tendency in (0 . 0 ) are in fact the same term s tha t contribute to the tendency in ( 2 . 0 ). 

Thus, to account for the m  =  2 tendency we simply double the wave-mean term s in the 

(0 . 0 ) equation. This approxim ation is equivalent to assuming m =  0 in the inversion of 

potential vorticity for stream function, and will tend to overestimate the m agnitude o f the 

mean-flow change. T he inclusion of m  =  2 in this way is consistent w ith the quasi-Iinear 

approxim ation presented in Section 5.2.
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4 .2 .2  L inear In itia l-V a lu e  M o d el

An advantage of the above sem i-spectral form ulation is th a t it allows easy im plem en­

ta tion  of the linearized system  o f equations governing the  evolution of pertu rba tions to a 

circular vortex flow. Retaining only the linear term s in Eqs. (4.11) and (4.12) yields the 

following inviscid linear equations for the Fourier coefficients:

+  i n f l j  qmn(r.t) -  *) =  (4-13)

It  ( r ^ ) -  ( ; ?  + = *" ~ <414>

- r T r { r ^ ) = < -  <415)

T he vortex evolution sim ulated by the linear EQB model will be com pared to th a t sim u­

lated by the nonlinear models in C hapter 5 to gain insight into the  natu re  of the alignm ent

dynam ics.

For d isturbances that are sheared by the differential ro tation  of the basic s ta te  flow, 

finer and finer radial scales will be produced placing a lim it on how long the inviscid linear 

sim ulations can be integrated. This time lim it was shown by Sm ith and Montgomery'

(1995) to be

^  rnajr ^ (4.16)
n A rd f l /d r

where n is the azim uthal wavenumber. A r is the radial grid spacing, and Q is the 

azim uthal-m ean angular velocity. For n = 1 . A r  =  5 km. and the mean vortex to be 

described in Section 5.1, tmax 54 days. All inviscid integrations shown here are re­

s tric ted  to  time intervals less th a n  54 days.

Before the first timestep. the  QG3D model su b trac ts  the mass-weighted average of PV 

from the to ta l field to  ensure conservation of dom ain-in tegrated  PV. This small correction 

to the  to ta l PV  adds a constant anticyclonic ro ta tion  to  the domain. For com parison w ith 

the EQ B sim ulations the QG3D m ap plots are ro ta ted  cyclonically by the azim uthal angle 

consistent w ith this constant ro tation.
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4 .3  E q u iva len t B a ro tro p ic  A sy m m etr ic  B alan ce (A B )  M o d el

Finite Rossby num ber effects are not contained w ith in  the QG system . To con­

sider more rapidly ro ta ting  vortices we could use Eliassen’s (1951) balance form ulation

which views a vortex as proceeding from one (quasi) gradient balanced s ta te  to  the next. 

E liassen 's form ulation, however, is valid only for sym m etric vortices. A m ore generalized 

balance theory is required to cap ture  the non-axisym metric processes of vortex  merger and 

alignm ent. The A sym m etric Balance (AB) theory for rap id ly  ro tating  vortices (Shapiro 

and  M ontgomery 1993) has proven useful in the context of asym m etric T C  dynam ics (MK: 

M oller and Jones 1998: Moller and  M ontgomery 1999. 2000). AB theory  is accurate for 

o rd er unity Rossby num bers and order unity asymm etric divergence, rem ains qualitatively 

useful a t even higher Rossby num bers (Moller and M ontgomery 1999: M ontgom ery et al. 

1999). and has the  desirable property  of filtering gravity and  inertia  waves (as in the QG 

form ulation). As th e  Rossby num ber approaches zero, the AB system  reduces to  the QG 

system .

T he linear equivalent barotropic AB model is derived following the three-dim ensional 

derivation of Shapiro and M ontgom ery (1993). The radial and  tangen tia l m om entum , 

therm odynam ic, and  continuity equations in hydrostatic. Boussinesq form on an /-p lane , 

linearized about a barotropic mean vortex are. respectively.

is th e  m aterial derivative operato r following the mean tangen tia l wind, o'  is the  p ertu r­

b a tion  geopotential, £ — f  +  2v / r  is the modified Coriolis param eter, and  rj =  /  4~C is the

D vu' -  , do'  
- R T - Z V (4.17)

(4.18)

(4.19)

(4.20)

w here
d  v d 
d t ^ r d X (4.21)

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



66

D 2v' -  , 1 D v fd< p'\ _ d o '
 4 - ^ r  + r — ( — J = r / — . (4.24)

absolute vertical vorticity. The m ean tangential wind is assum ed in gradient balance with 

the mean geopotential field, i.e..
v2 d o

=  (4.22)

Differentiating (4.17) and (4.18) with respect to and then  cross-substitu ting  (4.17) 

and (4.18) into these expressions to eliminate the first derivatives of u' and  v'  yields

D 2u'  -  , D v ( d o ' \  £ d o '
Dt2 + / rfu + —  -  -~ -Q x  (4- 3)

' V
D t 2 ' ‘ r  D t  V d \  J ' dr

A naive scaling of the orbital "acceleration" D 2/ D t 2 yields (Shapiro and  M ontgomery

1993)

w - - n2% -  (4-25>

A local Rossby num ber squared defined as the  square of the ratio  of the o rb ita l acceleration 

to the inertial frequency is given by

O 0 / o
(4.26)

For local Rossby num ber squared much less th an  unity the first term  in Eqs. (4.23) and

(4.24) can be neglected com pared to  the second term . Shapiro and  M ontgom ery (1993) 

verified this approxim ation using observations from Hurricane Gloria (1985). They ob­

served R \  less th an  unity everywhere w ithin the  storm  except ju s t outside the RMW 

and within an isolated region a t three times the  RMW in the upper troposphere. Moller

and M ontgomery (1999) showed th a t the actual value of D 2u' / D t 2 can be much smaller

than  the naive estim ate n2(v2/ r 2)u'  for hurricane-like vortices. Therefore, th e  actual local 

Rossby numbers w ithin Gloria's core are likely much less than  unity. For the weak vortices 

considered in this dissertation, the AB predictions will be accurate.

Solving for u'. v’. and w1. and  then su bstitu ting  into the continuity equation  results 

in a predictive equation for the geopotential perturbation:

l d _  
r dr

' r D v (9<p'\ l d d ' l  1 d  1 D v f d d ' \  1 do'}  ( m ~ \ 2  D v4>'
T j £ D t \ d r )  lj d , \ \ + r d \ [  ri f t  D t \ d \  J + £ dr  \ + \ N H )  D t  ’

(4.27)
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where we have used the fact th a t d 2<t>'/d. 

system . Rearranging (4.27) yields

—  771"  7T- 2o ' / H 2 for the equivalent barotropic

(4.28)

where q =  X 2Tj and 7 ^,(r) =  ( m i / N H ) 2 ( t] £ ) .  Note th a t th is predictive equation is 

virtually identical to (4.13) for the  linear QG system , bu t w ith additional geom etric factors

in front of the rad ia l derivatives and non-constant 7 m. Thus, the  linear sem i-spectral 

model used to tim e-integrate th e  QG EQB system  is also used here with the appropriate 

modifications (i.e.. redefine q and  7 m. and add the geom etric factors).

The quantity  in brackets in Eq. (4.28) is not  the pertu rba tion  PV . The pertu rba tion  

pseudo-PV  is given by

The perturbation  pseudo-PV evolution equation can be obtained through a re-casting of

(4.2S) and is given by

This equivalent barotropic AB system  is used in C hapter 6  as a first s tep  in the 

generalization of the QG vortex alignm ent findings presented in C hap ter 5.

(4.29)

where u'c is the generalization of the geostrophic wind and  is w-ritten

(4.30)

(4.31)
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C h a p te r  5

Q G  V O R T E X  A L IG N M E N T

A vertically-tilted vortex in the atm osphere either resists ex ternal forcings to align or 

succum bs to such influences by irreversibly shearing ap a rt. The question of how and under 

w hat circum stances vertical alignm ent occurs has been addressed in previous studies w ith 

the large-scale atm ospheric and oceanic circulations in mind (M cW illiam s 1989: Polvani 

1991: V iera 1995: D ritschel and Juarez 1996: Sutyrin  et al. 1998). T he  conceptual p ic tu re  

put forth  for the evolution of an unforced tilted vortex is th a t P V  a t upper levels is 

advected by the vertically-penetrating flow associated w ith the PV  a t lower levels, and 

vice versa. Described in this wav. the  m utual advection is assum ed to  be a nonlinear 

process. Accordingly, the initial vertical tilt is a crucial param eter in determ ining the 

subsequent vortex evolution. Polvani (1991) showed th a t the evolution of a tilted vortex 

patch in a two-layer QG model can be predicted on the  basis of its nearness to a geom etric 

configuration known as a stable V -state in which th e  PV  rotates w ithou t deform ation of 

shape a t a constant ra te . A lignment tends to occur when the vortex is initially far from 

a V -state. The vortex in this case approaches a circular barotropic configuration th rough  

filam entation and axisym m etrization (e.g.. M elander et al. 1987).

Here a new and  com plim entary approach to understanding  th e  vertical alignm ent 

process for continuously-distributed vortices is developed utilizing th e  fact th a t for over­

lapping upper- and lower-level PV  centers, the vortex is meaningfully decom posed into 

an azim uthal mean and  departu re  therefrom  (i.e., a  wave, mean-flow partitioning). We 

explicitly sim ulate th e  linear interaction of pertu rba tion  and  mean flow as well as the  fully 

nonlinear vortex evolution to elucidate the alignm ent dynam ics. V ortex Rossby waves 

are shown to play a key role in the vertical alignm ent process, ju s t as they do in the
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two-dimensional and  quasi tw o-dim ensional vortex axisym m etrization process described 

by MK and la ter confirmed by ME98. Moller and M ontgomery (1999. 2000) and Enagonio 

and  Montgomery" (2000). A sim ple conceptual picture of vortex alignm ent emerges for 

sm all vertical tilts  based solely on linear dynam ics. Of course linear dynam ics can only 

be expected to cap tu re  alignm ent for a certain  range of vortex tilts, bu t it will be shown 

th a t this range can  be surprisingly large. A physical explanation is provided for why lin­

ear thinking can be applied to  vortices exhibiting large initial tilts in certa in  param eter 

regimes.

Recent dynam ical studies o f TC s have emphasized how" such vortices resist the effects 

of vertical shear and  other ex ternal strains during all lifecycle stages (Jones 1995: Sm ith 

et al. 2000). Jones (1995) considered the evolution of a hurricane-like vortex em bedded 

in vertically-sheared flow. Her physical in terpreta tion  of the  evolution from aligned to 

tilted  vortex largely follows th a t of Polvani (1991) and o ther similar studies. Sm ith et al. 

(2 0 0 0 ) reduced the  TC  vortex alignm ent problem  in vertical shear to a two-layer nonlinear 

analogue model, solvable analytical!}". As an extension of Polvani (1991). they  presented 

a po rtra it of upper- and lower-level vortex trajectories as a  function of shear m agnitude, 

vortex strength, and  coupling between layers. The qualitative results of th e  model were 

verified using a two-layer QG model, bu t it should be noted tha t their analogue model 

becom es singular as the initial upper- and lower-level PV  separation goes to  zero. O ur 

work com plim ents these studies by taking a step back and exploring the unforced problem 

for small to m oderate initial tilts . According to our in terpreta tion  of the unforced vortex 

dynam ics, the addition of vertical shear simply makes the problem  a forced linear one as 

long as departures from vertical alignm ent are not too great. The extension of the present 

work to the forced problem is addressed in C hapter 6 .

An axisym m etric view of T C  genesis has been offered by Bister and Em anuel (1997) 

based on observations of TC  G uillerm o (1991) and supporting  axisym m etric numerical 

sim ulations. A re-analysis of the  Guillerm o Doppler wind d a ta  by Bracken (1999). however, 

suggests a more prom inent role played by asym m etries during the initial stages of genesis. 

ME98 presented an  asym m etric model for genesis in which a pre-existing vortex (e.g..
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a mid-level inesoscale convective vortex (MCV) or closed circulation associated w ith  an 

easterly wave) aligns w ith nearby convectively-generated positive PV  a t low levels.

An im m ediate application of the present work is towards further understand ing  the 

dynamics of the asym m etric T C  genesis mechanism of ME98. This chap ter is therefore 

organized as follows: T he evolution of an initially-tilted vortex is exam ined in Section 5.1. 

In Section 5.2 we apply the linear alignment ideas to the problem of three-dim ensional 

merger of an isolated anom aly with a pre-existing vortex. The sim ulations in the la tte r 

section are presented in the context of TC  dynamics. During the initial stages o f TC  

genesis convectively-generated positive PV  at low levels moves into th e  core region of 

the pre-existing vortex. If the convection is initially close to the vortex core (i.e.. w ithin 

the RM W ). the linear merger ideas will accurately describe this process. As the vortex 

becomes more vertically coherent, the tilted vortex ideas of Section 5.1 then become 

relevant.

5.1 V o r te x  a l ig n m e n t s ta r t in g  f ro m  a  t i l te d  v o r te x :  C a u se s  a n d  c o n d i t io n s

5.1.1 I n i t ia l  C o n d it io n s

In the experim ents presented here the azimuthal-m ean vortex will be assum ed 

barotropic. T he initial sym m etric PV takes the form

9(r) =  ?maxe~(<Tr)2. (5.1)

where qmax is the m aximum mean PV  and a  is the inverse decay length of the PV  profile. 

The mean vortex for qmax = 9.0 x 10- 5  s - 1  and a ~ l = 167 km. used by ME98. is depicted 

in Fig. 5.1. T he maximum wind speed is 5 m s ' 1 and the RM W  is 200 km. As dem onstrated  

in Section 5.1.4. the fundam ental findings of this work are independent of the precise form 

of the monotonic profile of PV. We will therefore present most of our findings w ith this 

basic sta te  vortex.

The initial PV asymmetry" has the vertical structure of the first in ternal baroclinic 

mode (m  =  1 ), unless otherwise stated , and is consistent w ith the assum ption of isotherm al
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A z i m u t h a l  M e a n  T a n g e n t i a l  Wind
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Figure 5.1: The azim uthal-m ean vortex  (solid) used in all sim ulations unless s ta ted  o ther­
wise in the text. T he vortices depicted by the dashed curves are described in Section 5.1.4. 
The (a) tangential wind is in units of m s - 1  and the (b) PV  is in units of 10~° s - 1 . The 
(c) Rossby num ber is defined as Q // ,  where Q is the azim uthal-m ean angular velocity.
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vertical boundary  conditions discussed in  C hap ter 4. For simplicity, the m ean vortex is 

pertu rbed  w ith a single azim uthal Fourier mode:

where Re  denotes the real p a rt of the bracketed quantity . In the  general case n  can be 

any azim uthal wavenumber. Isolated anom alies com posed of a superposition of azim uthal

of convectively-generated PV' within a pre-existing vortex. T he horizontal s tru c tu re  of the 

PV  p e rtu rb a tio n  is th a t of the azim uthal wavenum ber one pseudo-mode (Michalke and 

Tim m e 1967: Weber and Sm ith  1993: S m ith  and  M ontgom ery 1995: MK). T he pseudo­

mode in tw o-dim ensional flows represents a vortex displacem ent and has the  radial PV

structure:

where d is a constant conversion factor. We define d  =  m?max /(d q /d r)max, where 

(d q /d r)max is the m axim um  mean PV gradient and  q  is a  non-dim ensional am plitude 

factor.

For a given mean vortex with horizontal scale L  (roughly the RMW) and  vertical 

scale H  the  only two ad justab le  param eters are a  and  7 1 . For n =  1 . variation of a  

changes th e  angle of inclination of the PV  colum n from the  vertical. Equations (5.1)-(5.3) 

best represent a tilted vortex for values of a  much less th an  unity. As a  approaches unity, 

regions of negative PV arise and  this in itia l condition is no longer suitable for studying 

the evolution of a tilted  vortex. To b e tte r  sim ulate large tilt in the EQB m odel higher 

azim uthal harm onics are included in expression (5.2) and  a more accurate form for is 

used.

Before investigating the  full a  and 7 1  param eter space, we begin by defining a bench­

m ark case and  com paring the  vortex evolution sim ulated by the  QG3D and EQ B models. 

The benchm ark sim ulation using a  =  0.3 and  7 1  =  3.14 x 10- 6  m - 1  is shown in Fig.

5.2 in term s of PV . M id-latitude values o f /  =  10~ 4 s _1, H  =  10 km, and  N  =  10- 2  

s - 1  are used to define 7 1 . To verify th a t (5.1)-(5.3) is a  valid approxim ation to  a tilted

(5.2)

wavenumbers are considered in Section 5.2 in our investigation of the merger and  alignm ent

(5.3)
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vortex, the QG3D model is initialized with a  linearly-tilted PV  column having an angle 

of inclination from the vertical nearly identical to th a t of the EQB benchm ark vortex. 

The vortex evolution sim ulated with the QG3D model (Fig. 5.2a) is replicated well by the 

nonlinear, tru nca ted  EQB model (Fig. 5.2b). T he vortex wobbles about the sta tionary  

mid-level centroid with no obvious sign of alignm ent over the 4re period (where re denotes 

a circulation period, which is approxim ately 2.9 days for this vortex). As evident from 

com parison of the two sim ulations, the interaction between vertical modes is not crucial 

to understanding  the  vortex evolution for the sm all tilts considered here. Therefore in our 

exploration o f the alignment mechanism, the EQB model will be prim arily used. All of 

the principle results to be shown, however, are still verified with the QG3D model.

The dependence of the alignm ent process on a  is considered below. The initial hori­

zontal d istance between upper- and lower-level PV  centroids (d,) defined by

1/2

di  =  2 /„tx<7d.4~\" f  SA y<id A \ '
f A qdA j  \  f A qdA )

(5.4)

(where the integral over the dom ain area A can be evaluated a t either the upper or lower 

level due to the mirror sym m etry of the sim ulations about the middle level), and the  tilt 

angle (9) defined by

tan 9 = d i / H  (5.5)

are listed in Table 5.1 for each of the sim ulations. T he m id-latitude value of 7 1  =  3.14 x 

10-G m ~ ' is used in all sim ulations, except in Section 5.1.3 where the 7 -dependence of 

vortex alignm ent is explored.

5 .1 .2  L inear V o rtex -R o ssb y  W ave D y n a m ics

A useful diagnostic in the study of vortex merger and  vortex axisym m etrization on a 

vortex with monotonically-decreasing basic s ta te  vorticity is the vortex beta  Rossby num ­

ber. R .j (Moller and M ontgomery 2000: Enagonio and  M ontgomery 2000). M athem atically 

it is defined as the ratio of the nonlinear term s in the PV  equation to the effective “b e ta” 

term  involving the mean PV  gradient of the basic s ta te  vortex. W hereas the vortex itself 

is the pertu rba tion  in the problem  of vortex m otion on a /3-plane (McW illiams and Flierl
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Figure 5.2: Evolution of vortex PV (from left to right) a t t =  0, 1 .5re, 2.5r e . and 4r e for 
the benchm ark ru n  w ith  a  =  0.3 and 7 1  =  3.14 x 10- 6  m ~ l . O nly the  inner 300 km  x 
300 km is shown to  em phasize the vortex tilt. The vertical depth is 10 km. Results from 
(a) the QG3D m odel w ith PV  isosurface 8.0 x 10- 5  s - 1  and  (b) the nonlinear EQ B m odel 
w ith P V  isosurface 8.5 x 10- 5  s - 1  are shown. The different initial conditions are described 
in the text. C ontour interval is 2.0 x 10- 5  s - 1 .
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7 1
(xlO - 6  m -1 )

a 9
(degrees)

dt
(km )

3.14 0 . 1 78 41 0.08
3.14 0.3 8 6 1 1 0 0.25
3.14 0.5 8 8 2 0 0 0.50
2 0 . 0 0.3 8 6 1 1 0 0.08

Table 5.1: Param eters used in the control simulations. For the benchm ark basic s ta te  
vortex the two param eters which define each simulation are  the inverse internal Rossby 
deform ation radius (7 1 ) and tilt am plitude (a ). Useful param eters derived from these two 
are the in itia l vortex angle of inclination from the vertical (0).  upper- and lower-level PV  
intercentroid separation distance (d i ). and vortex beta Rossby num ber ( R g ) .  T he la tte r 
is defined in Section 5.1.2.

1979: M ontgom ery et al. 1999), here the perturbation  is the departu re  from vertical align­

ment. In studies of vortex m otion the beta Rossby num ber is large com pared to  unity. 

The tilted vortices considered here are characterized by b e ta  Rossby num bers less than  

unity. In th e  non-divergent lim it the vortex b e ta  Rossby num ber scales as

V '
R f3  (3 -6 )

L n f t

where V '  is the pertu rbation  velocity am plitude. L '  the pertu rb a tio n  horizontal scale, 

and dC'/dr the  radial vorticity gradient of the basic s ta te  vortex. I t provides a m easure 

of how im portan t nonlinear advection is com pared to the vortex Rossby wave restoring 

mechanism. For R g  much less than  unity perturbations on an  everywhere monotonic 

mean vortex are expected to disperse as vortex Rossby waves. T he wave-mean ideas of 

MK usefully and accurately characterize the dynam ics in th is param eter regime.

In previous work vortex alignm ent has been described in much the  sam e way as vortex 

merger in two dimensions: T he flow induced by the upper-level PV  anom aly advects the 

lower-level anom aly, and vice versa. Implied in th is conceptual p icture is th a t the dynam ics 

is fundam entally nonlinear, and  therefore strongly dependent upon the initial horizontal 

separation o f the PV  anomalies (i.e., m agnitude of the vertical tilt) . We agree th a t this 

view is the correct one for upper- and lower-level anomalies initially separated  by large 

distances, as one might observe in geostrophic turbulence sim ulations (M cW illiams 1989; 

McWilliams et al. 1999; Dritschel et al. 1999). But is it tru e  for upper and lower-level
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anomalies separated by small distances, as one might observe in the case of an  initially 

upright TC  tilted  by vertical shear? We propose th a t the asym ptotic dynam ics (i.e.. 

when the vortices are close enough together) of vortex merger and  alignm ent in three 

dimensions is more accurately viewed as linear. This is not to say th a t nonlinear advection 

is identically zero, but ra ther tha t its role in the evolution of vortices with sm all initial 

tilts is secondary to linear advection. The approach taken here is to  begin with an  aligned 

vortex and system atically increase the vertical tilt. W ith each progressive increase in the 

separation between upper- and lower-level anomalies we ask the question: To w hat extent 

is the subsequent vortex evolution described by linear dynamics?

A schematic illustration of w hat is meant by linear dynam ics is shown in Fig. 5.4. 

The tilted PV  column is decomposed into an azim uthal mean, q, which for sim plicity  is 

assumed barotropic, and a departure from th a t mean. q'. In the linear approxim ation, q 

at upper(lower) levels is radially advected by the  perturbation wind field associated with 

the upper(lower)-level PV anom aly and. depending upon the m agnitude of th e  vertical 

penetration dep th  of the vortex flow. f L / N .  the lower(upper)-level PV  anomaly. It is this 

radial advection in conjunction w ith the azim uthal advection of q' by the mean tangential 

wind. 77. tha t governs the evolution of the tilted  vortex in the linear approxim ation. Of 

course in the lim it of large vertical tilt (and presum ably large Rp). q' approaches the 

magnitude of q. and linear theory will no longer be valid. O ur in ten t is to provide physical 

insight into the vortex alignment process a t sm all vertical tilts and  to then illustrate  the 

range of applicability of the linear ideas.

For the benchm ark run with a  =  0.3. Rp.  com puted using the strict m athem atical 

definition s ta ted  above, is found to be approxim ately 0.25 in the  vicinity of th e  PV  per­

turbation m axim um . Figure 5.5 shows the to tal and wavenumber one PV at th e  surface 

(c =  0) from the linear and nonlinear EQB models. Although R p  is not infinitesimally 

small in this case, good agreement between the linear and nonlinear sim ulations is nev­

ertheless observed. Both vortex simulations show radially-propagating, sheared vortex 

Rossby waves superposed on a quasi-discrete PV  feature. The radial vortex Rossby wave 

propagation is illustrated in Fig. 5.6 for the linear simulation. Consistent w ith MK. the
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Figure 5.4: Schematic illustration of the Unear vortex alignment mechanism. A PV  column 
bound by rigid Uds at z  =  0 and H is tUted from west to east with height. For sm all tilts this 
configuration is decomposed into an azimuthal-mean barotropic vortex (w ith tangential 
wind and PV, v and q, respectively) and an azimuthal wavenumber one asymmetry with 
vertical structure of the first internal barocUnic mode. The tendency in perturbation PV  
at upper(lower) levels is attributed to azimuthal advection of the perturbation PV by v 
and radial advection of q by the perturbation wind associated with the upper(lower)-level 
P V  anomaly and, through vertical penetration (denoted by the coupUng coefficient k), the 
lower(upper)-level PV  anomaly.
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radial propagation speed of the wave packets decreases in tim e as the waves are sheared to 

finer and finer radial scales. T he  quasi-discrete wavenumber one PV  asym m etry  persists 

over the 5r e period w ith only a 10-20% decrease in am plitude. Consistent w ith  a  quasi­

discrete vortex Rossby wave it propagates cyclonically around the  vortex a t a  speed less 

than  the local mean tangential w ind. Figure 5.5 also shows the  PV  evolution for the  same 

initial vortex using the QG3D m odel. The azim uthal propagation and s tru c tu re  of the 

w avenum ber one PV  asym m etry are virtually identical in the two nonlinear sim ulations. 

Both nonlinear simulations also show less sheared vortex Rossby wave propagation than 

the linear sim ulation.

Figure 5.7 shows the dom ain-integrated p ertu rba tion  energy (kinetic and  available 

potential) contained in wavenumber one. The linear solution indicates only a 30% decrease 

in energy over the  5r e period. M ost of the initial asym m etry  energy is trapped  in th e  quasi­

discrete vortex Rossby wave which slowly loses its energy through the outw ard propagating 

sheared vortex Rossby waves. Due to  wave-wave interactions the nonlinear solu tion  shows 

a m ore m odest decrease in wavenumber one energy of 5-10%. T he  use of the pseudo-m ode 

to represent the initial horizontal structu re  of wavenumber one PV  is fortu itous since it 

pro jects strongly onto the quasi-discrete vortex Rossby wave. A general initial condition 

will tend  to project more onto th e  sheared vortex Rossby waves, obscuring the  quasi­

discrete s truc tu re  at early times. As dem onstrated  by Sm ith and  M ontgomery (1995. and 

references therein) and later extended by MK to  account for the Rossby wave effects, the 

energy contained in the sheared Rossby waves will ultim ately dim inish with tim e. Thus, 

the quasi-discrete wave structu re  will eventually emerge. It is interesting to  note tha t 

higher wavenumbers show a m arkedly different behavior th an  wavenumber one w ith the 

energy falling to near zero after only a l-2 re period. We conclude th a t wavenum ber one is 

unique w ithin the param eter regim e under consideration. T he co-rotation resu lting  from 

the long-lived propagation of the wavenumber one asym m etry  observed in the  nonlinear 

sim ulations is reproducible using linear dynam ics alone, validating the conceptual model 

illustrated  in Fig. 5.4.

To determ ine the range of a  for which linear vortex Rossby wave theory cap tu res the 

essence of the alignment process we com pare the intercentroid distance, dt , betw een upper-
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Figure 5.5: Evolution of to ta l vortex PV  (shaded) and wavenumber one com ponent of PV  
(contour interval 0.5 x 10~ 5  s - 1  w ith negative values dashed) at o =  0 over a  5re period for 
the benchm ark run  (see Fig. 5.2). From left to right are shown the results from the linear 
EQB. non-linear EQB, and  QG3D models, respectively. Aside from the PV  correction in 
the QG3D model, the initial conditions are identical.
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Figure 5.6: Radius-tim e plot of the wavenumber one PV  am plitude a t a =  0 over a  5r e 
period for the benchm ark run. The dashed lines denote the crest of the wave packets as 
they propagate radially outward in tim e. The quasi-discrete vortex Rossby wave persists 
near 130 km radius. Contour interval is 1.0 x 10- 6  s—l .

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



82

QG EqB N o r m a l i z e d  P e r t u r b a t i o n  E n e r g y

— w.gve 1

av e  10.8

0.6  -o
LU

^  0 . 4
(wave 2

0 .2

swa

0.0
0 5 10 15

t (days)

Figure 5.7: QG equivalent barotropic volum e-integrated energy contained in wavenumber 
one from the nonlinear (dashed) and  linear (solid) EQB benchm ark runs as a  function of 
tim e. Also shown is the linear energy evolution for initial conditions with the pseudo-m ode 
radial s truc tu re , bu t azim uthal s truc tu re  of wavenumbers two and three. T h e  energy is 
norm alized by its initial value in all cases.
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and lower-level PV  centroids predicted by the linear and  nonlinear EQ B models. Figure 

5.8a shows the  trajectories of the upper- and lower-level centroids for the benchm ark 

case. In b o th  simulations th e  centroid makes slightly more than  one orb it a t a radius 

of approxim ately 60 km during the 5r e period. The discrepancy betw een the  linear and  

nonlinear predictions of d, increases to about 5 km during  the period, as shown in Fig. 

5.8b. The nonlinear prediction shows a reduced rate o f alignm ent, a lthough we would 

argue tha t the  linear dynam ics is still capturing the essence of the co-rotation and slow 

alignm ent of upper- and lower-level PV anomalies.

For an even smaller tilt am plitude of a  =  0 .1 . little discrepancy between linear and  

nonlinear sim ulations is found. In this case Rg  s; 0.08 which confirms the  negligible role 

played by nonlinear advection. The quasi-discrete vortex Rossby wave has essentially the  

sam e s truc tu re  and propagation speed in both  sim ulations (see Fig. 5.9).

To sim ulate a vortex w ith more exaggerated tilt the EQB model is initialized w ith  

the mean vortex given by (5.1). bu t displaced 100 km to the east of the polar coordinate 

system  origin a t :  =  0, and tilted  linearly w ith height to  the west. An azim uthal and  

vertical wavenum ber decom position of this initial condition shows th a t only four modes 

need be included in the EQB initialization: (m . n ) =  (0 ,0 ). (1.1). (2 ,0 ), and (0.2). In 

keeping with th e  assum ption of a  barotropic mean vortex, the n =  0  com ponent of th e  

vortex at c =  0  is used at all levels. For simplicity, the t l  =  1 and t l  —  2 com ponents of 

the vortex a t c =  0 are used to construct (1.1) and (0.2). respectively. For initial upper- 

and lower-level PV centers separated  by 200 km. a  s; 0.5 and Rg  % 0.5.

Figure 5.10 shows the evolution of to tal and wavenumber one PV  from the linear and  

nonlinear EQB models. Also shown is the PV  at the lowest level o f the  QG3D m odel 

for a vortex tilted  linearly w ith height (w ithout the above approxim ations). The two 

nonlinear sim ulations basically agree, confirming the u tility  of the tru n ca ted  equivalent 

barotropic approach even for relatively large vortex tilts. Even more rem arkable is the 

sim ilarity between linear and nonlinear simulations. A lthough there is considerably more 

radial vortex Rossby wave dispersion in the linear sim ulation (see Fig. 5.11), the ro tation  

frequencies of th e  low-level vortex about the mid-level centroid are v irtually  the  same (see
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also Fig. 5.12). T he details o f the d, evolution over 5r e and departure from th a t shown in 

Figs. 5.8 and 5.9 can be a ttr ib u te d  to the greater projection of the initial P V  asym m etry 

onto sheared vortex Rossby waves. But overall the linear dynamics still captures the 

essence of the tilted  vortex evolution. Thus, while nonlinear effects increase in im portance 

with increasing Ftp and m odify the vortex s tru c tu re  (i.e.. counteract the sheared vortex 

Rossby wave dispersion), th e  underlying quasi-discrete vortex Rossby wave persists in 

dom inating the solution.

These results suggest a new interpretation for the co-rotation of vertically-separated, 

overlapping vortices for in ternal Rossby deform ation radii g reater than the horizontal scale 

of the  vortex. Polvani (1991) explained the presence of co-rotation geom etrically as a con­

sequence of the  initial vortex configuration being near a  geostrophic PV equilibrium  (i.e.. 

a stab le V -state). Here the  co-rotation of continuously-distributed vortices is a ttrib u ted  to 

the  cyclonic propagation of a  quasi-discrete wavenum ber one vortex Rossby wave. A nalyt­

ical solutions to  th e  linear Q G  equivalent barotropic problem  are currently unavailable for 

continuous PV  distributions, bu t may present themselves for carefully constructed  initial 

conditions. Such a solution would allow one. for exam ple, to predict the linear co-rotation 

frequency. For now we will continue to explore this linear in terpretation of the  alignment 

process, considering the effect of varying -q .

5 .1 .3  D e p e n d e n c e  on  In te rn a l D efo rm a tio n  R ad iu s

Varying ~i can be viewed in terms of changing the d ep th  of the vortex, the static  

stability, or the planetary vorticity. The dependence of vortex alignment on vortex depth  

has been explored in recent studies motivated by observations from QG turbulence sim­

ulations (M cW illiams 1989; V iera 1994: Dritschel and Juarez 1996). The tilted  vorticity 

configurations in these studies a tta in  equilibrium  a t certain  vertical scales. M oist convec­

tion will increase -q by reducing the static  stab ility  (Em anuel et al. 1987: M ontgomery 

and Farrell 1992). As fu rther discussed in Section 5.2, for more rapidly swirling flows, 

/  in the  expression for 7 1  is replaced by the  geom etrical m ean of the modified Coriolis 

param eter and absolute vorticity  associated w ith the basic s ta te  circular vortex  (Shapiro
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Figure 5.10: As in Fig. 5.5 but for a  sss 0.5. See text for details on the initial conditions.
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Figure 5.11: As in Fig. 5.6 b u t for a  ss 0.5. The radially propagating sheared  vortex 
Rossby waves mask the quasi-discrete wavenumber one s truc tu re  a t early tim es.
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and Montgomery 1993). We may anticipate the vortex evolution for more rapidly swirling 

flows by increasing /  in the QG formulation.

T he dependence of vertical alignm ent on internal deform ation radius and horizon­

tal vortex scale is known from Q G  contour dynam ics (CD) model simulations (Polvani 

1991: Dritschel and Juarez 1996). For horizontal vortex scales g reater than the internal 

deform ation radius the vertically-tilted vortex tends towards alignm ent, while for sm aller 

vortex scales alignm ent is inhibited and co-rotation is observed. T he linear in terpreta tion  

of the alignment mechanism can help explain why this is so.

In the benchm ark sim ulation (see Fig. 5.2) we found th a t alignm ent was inhibited and 

the vortex precessed about its mid-level centroid with a small increase in the discrepancy 

between linear and nonlinear sim ulations with tim e out to several r e. Figure 5.13 shows the 

evolution of the sam e initial vortex, but for larger 7 1  =  20.0 x 10~ 6  m _ I . The QG3D (not 

shown) and nonlinear EQB models show nearly identical results, so we will focus on the 

vortex evolutions sim ulated by the EQB linear and nonlinear models. In both sim ulations 

alignm ent of the initial vortex and a tten d an t filam entation of PV' are observed, as found in 

previous studies (Polvani 1991; V iera 1995; Dritschel and Juarez 1996). The linear results 

confirm th a t the filam entation observed in the nonlinear sim ulation near the core of the 

stable vortex monopole is prim arily a consequence of linear vortex Rossby wave dynam ics 

and not 'wave breaking'. In both  sim ulations the vortex undergoes a  complete alignm ent 

w ithin ore at virtually identical rates (see Fig. 5.15).

T he increased agreem ent between linear and nonlinear sim ulations for this larger value 

of ~i is understood by exam ining th e  7 -dependence of R g .  Figure 5.16 shows the  initial 

R g  in the vicinity of th e  maximum pertu rba tion  PV  for various q  as a function of 7 1 . In 

Section 5.1.2 it was shown that for a  given value of the internal deform ation radius. R g  

decreases with decreased pertu rba tion  am plitude (recall R g  ~  V )  leading to increased 

agreem ent between linear and nonlinear simulations. The naive scaling (5.6) would not 

predict a dependence on 7 1 , contrary' to Fig. 5.16 which clearly shows R g  decreasing 

with increasing values. Farge and Sadourny (1989) explained the dependence of th e ir QG 

shallow water turbulence sim ulations on deform ation radius from the  perspective of energy
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Figure 5.13: Evolution of vortex PV  (from left to right) a t t  =  0, 1.5re, 2.5re, and  4 re 
for a  =  0.3 and 7 1  =  20.0 x 10- 6  m _ l . Only the  inner 600 km  x 600 km is shown to 
emphasize the vortex tilt. Results from (a) the nonlinear EQB model w ith PV  isosurface 
5.0 x 10- ° s - 1  and (b) the linear EQB model w ith  PV  isosurface 5.0 x 10- 5  s - 1  are shown. 
The contours shown are (0 .1 ,1 ,3 , 5) x 10- 5  s - 1 .

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



92

( b )

Figure 5.14: see Fig. 5.13.
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Figure 5.15: As in Fig. 5.5 bu t for 7 1  =  20.0 x 10 6  m l .
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and enstrophy spectra. For large rotation rates (i.e.. large 7 ) they dem onstrated  th a t the 

cascade of potential enstrophy to sm aller scales is inhibited. This behavior can also be 

explained geometrically by examining the dependence of the QG (baroclinic) pertu rba tion  

PV  inversion on 7 1 . For small 7 1 , the G reen's function decays slowly w ith radius and PV' 

over a broad area is incorporated into the inversion for stream function a t a point. In this 

case the stream function field is unable to replicate strong curvature of the PV  field. For 

much larger 7 1 . the G reen’s function decays rapidly w ith radius and the stream function 

field is b e tte r able to reproduce the curvature of the PV  field over the entire domain, 

leading to near-parallel PV' and stream line contours (see Fig. 5.17), i.e..

J { v ' . q )  — 0  as 7 1  —» oc. (5.7)

Thus for 7 1  —* 0 0 . R g  tends to zero and the linear and nonlinear simulations converge. An 

additional consequence of this dependence of R g  on 7 1  is th a t linear vortex Rossby wave 

dynam ics will accurately capture the alignm ent process for a wider range of am plitudes 

the larger 7 1  is. A lthough our focus here is on small to  m oderate tilts from the vertical, 

even vortices for which d i / L  ~  2 (i.e.. the RM W 's of the  upper and lower vortices ju st 

overlap) the alignment process should still fall within the linear regime as long as 7 1  is 

large enough.

T he com plete picture of the dependence of vortex alignm ent on 7 1  for sm all initial tilts 

(a  =  0 . 1 ) is shown in Fig. 5.18. The intercentroid distance after 5re for b o th  linear and 

nonlinear sim ulations is plo tted  as a function of 7 1 . As expected, no discernible difference 

between the simulations is observed. A fter 10re the curve is essentially the sam e, except 

the transition  region between small and large 7 1  is steeper (not shown). Three regions are 

clearly identifiable in the 7 1  phase space.

For 7 i > 10.0 x 10~ 6 m - 1  complete vertical alignm ent takes place. T he corresponding 

threshold internal deform ation radius is 1 0 0  km which is smaller than the scale of the 

current vortex. The presence of vertical alignm ent a t sm all a  (or equivalently sm all initial 

d , )  should be contrasted with the two-layer CD results of Polvani (1991). There, co­

rotation  was observed for all 7 1  in this range. As discussed in A ppendix B, this is a
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consequence of using a single PV  interface in the CD model. Utilizing the fact th a t the 

dynamics is fundam entally linear in this regime we can dem onstrate  why continuously- 

d istributed vortex alignment must  occur for all sm all initial dt . The argum ent is essentially 

tha t when 7 1  is large, the effective "beta” te rm  in the linearized PV equation can be 

neglected. The perturbation  PV  is then m aterially conserved following the local mean 

tangential winds, leading to simple spirals around the vortex and algebraic decay of the 

perturbation  stream function in the limit of long times (see A ppendix B for details). It 

is the sheared vortex Rossby waves which provide the irreversible deform ation of the PV 

field needed for alignment.

The sm all-am plitude version of the benchm ark run ( 7 1  =  3.14 x 10- 6  m -1 ) falls within 

the transition zone in what we call the slowly aligning regime. The horizontal vortex  scale 

lies close to the m idpoint of this regime. I t should be noted th a t the vortex does not 

actually align here according to our definition which requires d; =  0. At longer tim es this 

transition region becomes narrower. Vortices a t the large 7 7  end of the transition  region 

enter into the alignm ent regime after a sufficiently long period of tim e, while little  change 

in the structu re  of the curve at sm all 7 7  is ever observed during  long-time integrations of 

the model.

The behavior of a tilted vortex for which 7 1  <  2.5 x 10- 6  m - 1  is unlike th a t found 

in the rest of the 7 1  phase space. Recall th a t the initial value of d, is approxim ately 41 

km. Thus, there is virtually no tendency for alignm ent (even after 10re) in th is regime. 

The vortex co-rotation is accounted for by the azim uthal propagation of the quasi-discrete 

vortex Rossby wave first noted in the benchm ark simulation. In the limit of vanishing ~/y 

the stationary pseudo-mode discussed by MK is recovered. As 7 1  is increased from the 

nondivergent lim it, the long-time radial s truc tu re  of azim uthal wavenumber one PV  still 

closely resembles the pseudo-mode, but ro tates a t a non-zero frequency. If 7 7  becomes 

too large, the quasi-discrete feature ceases to exist, as discussed above. The origin and 

complete characteristics of this quasi-discrete vortex Rossby wave are discussed below.

Figure 5.19 shows a plot of the  dependence of d, on 7 1  as in Fig. 14. but for a  =  0.3. 

There is a more noticeable discrepancy between linear and nonlinear simulations for this
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larger value of tilt, although the difference is sm all. The tilted vortex evolution is still 

cap tu red  by linear dynam ics for all values of 7 1 . W hile a  decrease in discrepancy with 

increasing 7 1  in the alignment regime is expected based on vanishing Rp.  the decrease 

in discrepancy w ith decreasing 7 1  in the strict non-alignm ent regim e was not entirely  

an ticipated . We believe tha t the continued good agreem ent between linear and nonlinear 

sim ulations in the la tte r regime is a  consequence o f the robustness of the quasi-discrete 

vortex Rossby wave.

5 .1 .4  Q u a s i-m o d e  in terp re ta tio n  o f  th ree -d im e n sio n a l v o r te x  c o -r o ta tio n

For an initially-tilted vortex satisfying Rp < 1 and sm all 7 1 . the long-time inviscid 

solution is an  azim uthal wavenumber one asym m etry w ith vertical s truc tu re  of th e  first 

in ternal baroclinic mode propagating on the mean vortex. A lthough the rotation ra te  of 

the asym m etry  is approxim ately constant (see Fig. 5.20) and the rad ia l s tructu re  appears 

largely unaffected by differential ro tation, the slow, alm ost im perceptible decay of the 

asym m etry  for 7 7  <  2.5 x 10- 6  m - 1  suggests th a t it is not a neu tra l mode. In  the 

nondivergent lim it ( 7  =  0 ) wavenumber one does in fact become a sm ooth sta tio n ary  

mode, bu t it loses this modal characteristic once the Rossby deform ation radius becomes 

finite. To understand  this behavior of wavenumber one. consider s tab le  solutions to  Eq. 

(4.13) of the form

Vmn(r, t) =  omn(r )e “ tu W . (5.8)

where ^jmn is a constan t rotation frequency. Substitu tion  into Eq. (4.13) yields

d~C>,Tin 1 d<pmn { 71 2 \  ~ ndQ/ dr  -
4" 77 I ■> 4“ 7m I d > m n  /  7 7  ' O r n n  — 0. (o.9); ■ )  1 j  1 o  1 / m l  ' • ' m n  / T V  ,dr- r dr \ r ~  J r (n f i  — u/mn)

This is an eigenvalue problem with eigenvectors, 4>mn- and corresponding eigenfrequencies, 

,̂’mn- In the nondivergent case an  exact solution to  (5.9) for n =  1 is o  =  cu w ith 

a,- =  0. w here c is a constant (Michalke and T im m e 1967). This is the  aforem entioned 

s ta tionary  pseudo-m ode solution. For higher azim uthal wavenumber pertu rba tions to  a 

two-dim ensional vortex with monotonically decreasing mean vorticity, there are no sm ooth  

m odal solutions. O nly singular continuous spectrum  solutions exist, which decay to  zero
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Figure 5.19: As in Fig. 5.18 bu t for a = 0.3.
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small values of 7 1 .
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algebraically in the limit of long tim es (Sutyrin 1989; C arr and  W illiams 1989; Sm ith and 

M ontgomery 1995: MK).

According to the QG num erical sim ulations at small 7 1 . the ro tation  frequency of 

wavenumber one is small, but non-zero. The Doppler-shifted frequency. Q — u>. will there­

fore pass through zero at some large, but finite value of r. Since the sim ulated wavenumber 

one stream function is not observed to pass through zero and  d.C,/dr is non-zero for all r 

away from the origin and r  =  oc, solutions m ust reside in the  continuous spectrum  of 

discrete singular modes. Why. then , do we observe a sm ooth , long-lasting wavenumber 

one asym m etry in the numerical sim ulations?

An answer is found through close exam ination of the (m .n )  =  (1.1) eigenmodes of 

(5.9) for the benchm ark mean vortex (5.1) and  7 1  =  1.25 x 10- 6  m _ I . T he  eigensolver 

following G ent and McWilliams (1986) and discussed in A ppendix  C is used, modified so 

as to perm it finite deformation radius. Figure 5.21 shows the P V  eigenvectors surrounding 

the eigenmode whose eigenfrequency is closest to the num erically-sim ulated wavenumber 

one ro tation  frequency. A grouping of eigenmodes with slightly  different eigenfrequencies 

is found centered on the numerically observed rotation frequency w ith b o th  a  sm ooth 

stru c tu re  and sm all-am plitude singular spike. T he sm ooth s tru c tu re  is identical to tha t 

found in the numerical sim ulation a t long tim es. The spikes occur a t the rad ii where the 

Doppler-shifted frequency associated w ith each eigenmode equals zero and (5.9) becomes 

singular. There is in fact a continuum  of these singular m odes for frequencies between 

Qrn.n and Qmax (Case 1960).

If d(,/dr  is zero outside some radius. ra, there  is a possibility of the vortex supporting 

a sm ooth, discrete mode since (5.9) is non-singular for r  >  ra. Schecter e t al. (1999) 

dem onstrated  this in the nondivergent context for two-dimensional vortex m onopoles and 

n =  2  by taking a profile with dQ/dr  everywhere nonzero an d  setting  th e  gradient to 

zero outside some radius. A discrete mode was found in th is  case. Upon replacing the 

zero vorticity gradient region w ith a profile having small, bu t nonzero gradien t, an  eigen- 

analysis showed eigenstructures sim ilar to the discrete mode for eigenfrequencies near the 

discrete mode value, but with sm all singular spikes, as in Fig. 5.21. The superposition
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of these weakly singular continuum  modes w ith nearly identical phase speeds is referred 

to  as a quasi-m ode because o f the tendency for the singular m odes to  interact (linearly) 

and  m aintain a  near-discrete s tructu re  in the presence of shear. Previous stud ies have 

investigated quasi-m odes in th e  upper-tropospheric flow (Rivest and  Farrell 1992) and  in 

two-dim ensional nondivergent vortex flows (Schecter et al. 1999). T he singular modes 

th a t com prise the quasi-m ode move with slightly different phase speeds, so th e  quasi­

mode will slowly decay in tim e. C o-rotation of a geostrophic vortex w ith small in itia l tilt 

is therefore m ore accurately explained as the  azim uthal propagation of a  three-dim ensional 

quasi-mode.

The longevity of the quasi-m ode can be assessed by considering its spectral d is trib u ­

tion. To illustrate  this, an  a rb itra ry  linear PV  perturbation  is expanded in a  weighted 

sum  of the P V  eigenmodes,

<7(r ? t) =  j ;  -4fce ‘̂ a - ( r ) .  (5-10)
k

where .4* is the  expansion coefficient for the A:th eigenmode. and  jjk is the corresponding 

eigenfrequency. T he right-hand side of Eq. (5.10) is the  discrete equivalent of a  Fourier 

transform  from the frequency dom ain to the  tim e domain. For the  P V  p ertu rba tion  given 

by Eq. (5.3). inversion of (5.10) a t t =  0 yields the .4*. The expansion coefficients are 

plotted  as a  function of eigenfrequency in Fig. 5.22 for various values of -q. A discrete 

mode would be represented here as a  (5-function in eigenfrequency space. The quasi-m ode 

is clearly identified a t small 7 1  as the narrow spike in the expansion coefficient spectrum . 

As -,1 increases, the quasi-m ode spectral peak broadens and takes on a more d ipolar 

structure . T he  broader the peak, and therefore the broader the  d istribution o f phase 

speeds of the  individual m odes th a t make up the quasi-mode, th e  faster a given initial 

wavenumber one asym m etry will find itself in the  continuous sp ec trum  of sheared vortex 

Rossby waves. In nondivergent analyses of two-dimensional vortex monopoles, Schecter 

et al. (1999) were able to re la te  the decay ra te  of the quasi-mode to  the half-w idth of the 

spectral peak in the special case where only a single narrow peak exists. Since the  quasi­

mode closely approxim ates a  discrete mode in this case, one can bring the eigenvector
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Figure 5.21: PV' eigenvector solutions to Eq. 5.9 for the benchm ark mean vortex and  
(m . n ) =  (1.1). Eigenfrequencies centered on the  numerically-sim ulated rotation frequency 
are shown as well as fl — ui for the  central frequency. The units of ui are 10~ 6  s - 1 .
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outside the sum m ation over frequency in Eq. (5.10). The tim e dependence of q(r . t )  is 

then obtained by com puting the Fourier transform  of -4(u/). This was done by Schecter et 

al. (1999) assuming a Lorentzian form for A(u>) in the vicinity of the spectral speak. T he 

presence of a dipole struc tu re  in the expansion coefficient spectrum  found here p rohib its 

an identification with a  single decay rate.

Changing the w idth of the horizontal PV profile does not a lte r the basic results 

presented here. Figure 5.23 shows the PV intercentroid separation distance afte r 5re as 

a function of ~n for mean vortices sm aller and larger than  th a t used in our benchm ark 

sim ulation (see Fig. 5.1). Recall th a t the vortex Burger number. ( L r / L ) 2, is the param eter 

which appears in nondimensionalized invertibility relation and determ ines the partition ing  

between absolute and therm al PV. We observed in Section 5.1.3 th a t as the Burger num ber 

decreases from the nondivergent lim it (i.e., 7 1  increases from zero) the  vortex moves from 

the quasi-mode to alignm ent regime. For a value of 7 1  within the transition  regim e an 

increase(decrease) in L  will decrease(increase) the vortex Burger num ber, bringing the 

vortex closer to(further from) the alignm ent regime. As Fig. 5.23 shows, the result is th a t 

the quasi-m ode regime contracts w ith increasing vortex scale.

According to the argum ents presented above, the existence and longevity of th e  quasi­

mode depends on there being a region of near-zero m ean vorticity gradient beyond some 

radius. As the scale of our G aussian monopole increases, the radial region o f small, 

but non-zero vorticity gradient decreases. Thus, there is a  smaller range of frequencies for 

which Eq. (5.9) will support the weak singularity associated with the quasi-m ode solutions. 

Precisely how this translates into the 7 -dependence shown in Fig. 5.23 will depend on how 

vortex structure and 7 1  determ ine the quasi-mode frequency. This, we currently  do not 

know, but hope to understand  through ongoing work.

For a tilted vortex monopole w ith nonzero mean vorticity gradient a t all radii (exclud­

ing the origin and r  =  0 0 ), alignm ent technically will always occur as t —* 0 0 , regardless 

of the nonzero value of 7 1 - But for application to the  atm osphere on physically-relevant 

timescales of a few r e, it is useful and  insightful to  make the distinction between the 

quasi-m ode and the rest of the singular mode continuum , and therefore co-rotation and 

alignment.
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Figure 5.22: Expansion coefficient as a function of eigenfrequency u>k for values of 7 1  

in the quasi-m ode and transition  regimes. T he wave one asym m etry' given by Eq. 5.3 and 
eigenvectors shown in Fig. 5.21 were used to  obtain Ak-
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Figure 5.23: As in Fig. 5.19 but for m ean vortices sm aller and larger than  the benchm ark 
vortex.
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5 .2  A p p lica tio n  to  T rop ical C yclo g en esis

5 .2 .1  T ilted  V o rtice s

A small fraction of all tropical disturbances develop into TCs. For example, on average 

100 tropical disturbances are observed in the Atlantic during hurricane season yet only 

about 10-15 achieve tropical storm  s ta tu s  (Frank 1975). In addition to the  existence of low- 

to mid-level cyclonic vorticity. environm ental factors like weak vertical shear and  warm 

sea-surface tem peratures are generally regarded as necessary conditions for development. 

The role of vertical shear in inhibiting TC  genesis and development has been explored 

both  in observational studies (G ray 1968; Zehr 1992) and in num erical and theoretical 

works (Jones 1995: DeM aria 1996: Bender 1997: Frank and Ritchie 1999). According to 

Zehr (1992) the 200-850 mb vertical shear threshold above which development is severely 

inhibited is 12.5-15 m s-1 .

Before considering the more com plicated problem of a weak vortex forced by vertical 

shear it is necessary to understand the unforced problem. One can in terpret the tilted 

vortex of Section 5.1 as having resulted from some external forcing like environm ental 

vertical shear or horizontal strain  associated with nearby vortices. Depending upon the 

horizontal scale of the vortex and 7 1 . the vortex will either return to  a  vertically-aligned 

s ta te  through the sheared vortex Rossby wave mechanism or precess about its mid-level 

centroid due to the  wavenumber one quasi-mode propagation. For tropical conditions 

/  =  5 x lO- 0  s~ l . H  — 15 km. and N  =  10- 2  s- 1 . resulting in 7 7  =  1.0 x 10- 6  m ~ l . 

For the mean vortex depicted in Fig. 5.1. 7 1  < L ~ l . well within the non-alignm ent regime 

shown in Figs. 5.18 and 5.19. In the non-aligned state  the vortex is especially vulnerable 

to further external forcing.

Recently Dritschel and Juarez (1996), using a multi-layer QG CD model, found th a t 

a vortex column subjected  to two-dimensional strain  will become unstable and reduce its 

vertical scale if the  ratio of vortex height to w idth is greater than  3f  / N .  or equivalently 

7 1  < rr /6 L. Thus, for our vortex with L =  200 km, if 7 7  <  2.5 x 10- 6  m -1 , vortex 

break down should occur. Recall th a t this range of 7 1  was identified using linear theory  in
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Section 5.1 as the non-alignm ent regime. Therefore, a hypothetical weak tropical vortex 

extending through th e  d ep th  of the troposphere and supporting  a quasi-m ode will tend  

to reduce its vertical scale in the presence of external shear until the alignm ent regime is 

reached. As noted by D ritschel and  Juarez (1996). the vortex height to  w id th  ratio of 3 / / . V 

is com m only observed for atm ospheric vortices, including TC s. (Note th a t  although T C s 

trcnerallv do not fall wdthin the QG regime, by generalizing /  to include vortex ro ta tion  

effects, as discussed in Section 5.1.3 and dem onstrated in C hapter 6 . it is possible to 

extend the present results to vortices in approxim ate gradient balance.)

In the case of T C s. the asym m etric transverse circulation required to  m aintain th e r­

mal wind balance in th e  sm all- 7 1  tilted  configuration m ay actually help development. If 

the persistent asym m etric low-level convergence and enhanced convection to the right of 

the tilt vector (Jones 1995: see also C hap ter 6 ) is larger th an  would be produced th rough 

sym m etric mechanisms alone, an enhanced strengthening of the  vortex circulation th rough  

svm m etrization of convectively-generated PV' will occur (MK; ME98: M oller and M ont­

gomery 1999. 2000). According to  the  QG vortex alignm ent mechanism, even though th e  

vortex has strengthened , it would still continue to wobble about its mid-level centroid 

since 7 1  has not changed. If one naively extends the findings of Section 5.1 to include 

finite Rossby num ber effects by replacing f 2 in the expression for w ith the p roduct 

of the modified Coriolis param eter and  absolute vorticity of the associated vortex flow, 

the increase in vortex s tren g th  will increase 7 1 . The vortex  could poten tially  leave the  

non-alignm ent regime and  re-align itself w ithout changing its vertical scale. In C hapter 6  

prelim inary experim ents using the AB model (Shapiro and  Montgomery' 1993) in which 

the s tan d ard  Rossby num ber approaches unity dem onstrate  th a t the qualitative findings 

of Section 5.1 still hold.

5 .2 .2  M erger o f  a  T rop ica l V o rtex  an d  C o n v e c tiv e ly -G e n e r a te d  P V

We now extend th e  tilted  vortex results of the previous section to  the  merger of a 

convectively-generated P V  anom aly w ithin an incipient vortex  (e.g., easterly  wave closed 

circulation, MCV, ITCZ-derived). T he  dynam ics of this problem  was explored by ME98 in 

the context of tropical cyclogenesis. T hey suggested the role of vortex Rossby waves in the
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m erger process by showing good agreement between nonlinear and quasi-linear predictions 

of m ean flow change for a barotropic wavenumber two asym m etry  on a barotropic m ean 

vortex. Q uasi-linear estim ates of the mean flow change for a  baroclinic two-cluster PV  

anom aly on a barotropic vortex also agreed w ith  nonlinear sim ulations. Here we explicitly 

com pare linear and nonlinear simulations of th e  merger o f a  single-cluster convectively- 

generated PV  anom aly with a weak vortex to assess the n a tu re  of the dynam ics.

T he sam e barotropic mean vortex as ME98 is used (see Fig. 5.1). T he single-cluster 

isolated anom aly w ith positive(negative) PV  a t lower(upper) levels is given by

<7sc(r. A, z) = K<j0 e -(d,5r)'c o s ( ^ - ) .  (5.11)
i l

where k  is an am plitude factor, 3  is the inverse decay leng th  of the asym m etry, and 

(fir)2 =  (x  — x c)2 + {y — yc)2- The param eters x c and yc denote the C artesian  location 

of the asym m etry  center. In the experim ent presented here k  =  0.5 and 3  =  1.0 x 10~ 5 

m -1 . In order to initialize the EQB model w ith  a baro trop ic  mean vortex, as in the 

previous section, the azim uthal wavenumber zero com ponent of the anom aly a t z =  0  is 

added to  th e  pre-existing mean vortex a t all heights. In  con trast to Section 5.1 we do 

allow the  generation of azim uthal-m ean vertical wavenumber two in the nonlinear EQB 

m odel th rough  the wave-mean interaction of (m .n ) =  ( 1 . 1 ). bu t it is incorporated into 

the  barotropic m ean vortex (see C hapter 4). No modifications to (5.11) were made in 

the QG3D model, so the mean vortex contains a  small baroclinic com ponent. The grid 

spacing for this QG3D model sim ulation is 7.5 km  and the  dom ain is now 1500 x 1500 km. 

H orizontal "del-squared" diffusion of PV has also been included with u =  100 m 2s -1 .

T he isolated anom aly is placed inside the RM W  of the pre-existing vortex a t x c =  125 

km and yc =  0  km to sim ulate an outbreak of convection near the vortex core. Figures 

5.24 and  5.26 show the PV  evolution over 2.5re sim ulated by the  EQB and QG3D models 

for ~,i =  3.14 x 10- 6  m -1 . A lthough we are now considering tropical conditions, a  value of 

/  =  1 . 0  x 1 0 - 4  s - 1  was used as a crude way of including th e  vorticity of the  vortex in the 

definition of 7 1  (see ME9S). T he linear and nonlinear sim ulations agree well, consistent 

w ith sm all Rg  (~  0 .2 ) and the presence of the  quasi-m ode also observed in the tilted
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vortex experim ents a t this value o f 7 1 . Because o f the greater departu re  of the horizontal 

stru c tu re  of the initial PV  asym m etry from the barotropic pseudo-mode, more sheared 

vortex Rossby wave dispersion is evident. At longer times the sheared waves sym m etrize, 

leaving ju s t the quasi-m ode. Discrepancies between the nonlinear sim ulations are likely 

accounted for by the different initial mean vortex structures used. T he phase difference 

in the azim uthal wavenumber one P V  fields after 2.5r e is. however, only 30-40 degrees.

Com plete merger of the low-level convectively-generated PV  w ith the  incipient vortex 

is not expected during the time period considered here due to the presence of the quasi­

mode. But forward Lagrangian trajectories from the linear sim ulation do show th a t PV  

from the low-level positive anomaly is transported  radially inward into the  vortex core (see 

Fig. 5.27). Of course to tal PV is not m aterially conserved as the parcel moves towards the 

vortex center in the linear approxim ation, as evidenced by the reduction in peak PV in Fig. 

5.2G. but the linear vortex Rossby waves do irreversibly transport PV  nonetheless. T he 

radially-inward tran sp o rt of cyclonic eddy vorticity and eddy PV implies a strengthening 

of the low-level m ean tangential w inds in the vortex core by Stokes' Theorem , and vice 

versa. This is illustrated  in Fig. 5.28 for the above experim ent. Over 2.5re the QG3D 

model shows an increase in low-level tangential winds of approxim ately 0 . 2 1  m s - 1  radially  

inside the location of the initial PV  asymmetry. T he nonlinear EQB sim ulation produces 

a sim ilar s truc tu re  for the tangential wind change. 6v. bu t with a m axim um  value of 0.18 

m s~ 1.

It is not surprising tha t the QG3D and nonlinear EQB models should agree as well as 

they do given th a t the low-level PV  evolution is largely captured by linear vortex Rossby 

wave dynam ics. Since wave-wave interactions are sm all (recall Rg  ~  0.2). the bulk of the 

mean flow change is effected by the self-interaction o f vertical wavenumber one (i.e.. wave- 

mean interaction) as shown in Fig. 5.28. MK predicted, and it was la ter confirmed in a 

nondivergent model for small but finite-am plitude disturbances (ME98) and  for near order 

one am plitude disturbances (Enagonio and M ontgomery 2000), th a t in such a s ituation  

one can use the linear solution to estim ate the m ean flow change th a t would occur in 

a model where the wave-mean interaction was com puted explicitly T he so-called quasi- 

linear approxim ation is an estim ate because the m ean flow is prohibited from changing

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited w ithout perm iss ion .



112

( a )

o
.-=>oX x _ _ _ -

-iOO "

Figure 5.24: Evolution of vortex PV  (from left to  right) at t =  0, 0.5r e, 1.5re , and  2.5re 
for the case of a barotropic mean vortex p ertu rbed  with an isolated baroclinic anomaly. 
Only the inner 600 km x 600 km is shown. T he vertical dep th  is 10 km. T h e  contour 
interval is 2.0 x 1 0 ~° s - 1 . (a) QG3D model (b) linear EQB model.
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( b )
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Figure 5.25: see Fig. 5.24.
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Figure 5.26: As in Fig. 5.5 b u t for the isolated anom aly experim ent. See text for details 
on the initial conditions. A sym m etry contour interval is 0.3 x 10_o s _ l .
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Figure 5.27: Forward Lagrangian trajectories of parcels originating w ithin the isolated 
anom aly a t :  =  0  com puted using w inds sim ulated by the linear EQ B model over 2.5re. 
Note th a t high PV is transported  in tow ards the vortex centroid.
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Figure 5.28: Change in azim uthal-m ean tangential velocity a t :  =  0 over 2.5re as a 
function of radius for the isolated anom aly experim ent. Shown are results from the QG3D 
and EQB models illustrating  the  quasi-linear nature of the low-level intensification of the  
mean flow by vortex Rossby waves.
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in the  linear model. T he feedback on the wave dynam ics is not cap tu red  as it is in the 

wave-mean model.

T h e  quasi-linear formulation in the QG context is obtained following Held and Phillips 

(1987) and  Holton (1992; Section 12.4). S tarting  w ith the  mean PV  equation.

and using the fact tha t

dq 1 d  — — .
— (r . z . t )  =  — — —  ( ru 'q ) ,  (5.12)

d A
ru'q '  =  (5.13)

where .4(r. t) =  rqn / {2dq / dr)  is the wave activity (or pseudo angular m om entum ), one 

obtains the  following equation for the change in mean PV:

^ = l §~r i6A)• (5'14)

where 8 denotes the difference between a mean quan tity  a t t —* oc and  t =  0 .

G iven the PV  pertu rbation ,

<?' =  4i(r.  A, t)cos i (5.15)

where q\ is real-valued, the wave activity can be w ritten  as

l + c o s ^ 1^ - ^  . (5.16)

where A  =  r q \ f { 2dq/dr) .  Therefore <5.4 has both a barotropic and vertical wavenumber 

two com ponent. The mean angular m om entum  change due to the barotropic com ponent 

is ob ta ined  directly

&(rvo) = ^ <5.4, (5.17)

while th e  wavenumber two component is obtained by first solving the invertibility relation.

1  d  (  d \  1 d  ( <5.4 \
r a ?  ( t ) • (5-18)

and th en  differentiating the incremental stream function

Q
8(rvo) = r — (6ip2). (5.19)
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T he to ta l mean angular m om entum  change is the sum  of these two contributions:

Since 7 •> is relatively small in our case, we may assume 6vo =  6vq to provide an  upper 

bound on 6v. T he quasi-linear result derived from the linear EQB simulation is shown in 

Fig. 5.28. It not only replicates the general radial structure of the nonlinear Sv predictions, 

bu t is also of the correct magnitude.

As a final note on the merger of an isolated anom aly with an  incipient vortex, we com­

ment on ME9S's experim ent involving the merger of an MCV-like vortex with convectively- 

generated PV. T he initial pre-existing vortex has a large baroclinic com ponent and  the 

anom aly is given by (5.11). The anom aly in their experiment is placed well outside the 

RM W  of the MCV vortex. For a  convective blow-up inside the RM W . like th a t considered 

above, we would expect to be able to capture the subsequent alignm ent process using our 

linear model (linearized about a  baroclinic mean vortex).

6 (rv)  =  S(rvg) + S(rvo) cos
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C h a p te r  6

V E R T IC A L  A L IG N M E N T  O F  S T R O N G E R , S H E A R E D  V O R T IC E S  

6 .1  T h e  E ffects  o f  F low  C u rvatu re

For the benchm ark mean vortex used in C h ap te r 5 with a 200-km RM W  an d  maxi­

m um  tangential wind of 5 m s-1 , the  Rossby num ber is approxim ately 0.3 a t th e  RMW. 

A lthough this value is less than  unity, it is not en tirely  negligible either. To m ore accu­

rately  describe this vortex, we wish to  utilize a  balance theory appropriate for swirling 

flows. T he AB model described in C hap ter 4. based on a local Rossby num ber expansion, 

is used to validate the results of C h ap ter 5. Recall th a t the linear equivalent barotropic 

AB system  looks very similar to the QG counterpart, except th a t the internal Rossby 

deform ation radius is now a function of the mean vortex swirl and  there are additional 

geom etric factors. Therefore, to the ex ten t tha t the  local Rossby num ber is much less than  

unity and  the AB form ulation is formally valid, we expect at least qualitative agreem ent 

w ith the  QG results, i.e.. co-rotation a t small values o f 7 1  and alignm ent at large values of 

7  i . Because of the dependence of 7 1  on radius we choose to characterize the sim ulations 

by the value a t the RMW .

In the first experim ent the benchm ark vortex of C hapter 5 is used. The local Rossby 

num ber squared, s tandard  Rossby num ber squared, and  "q are show n in Fig. 6.1. Because 

R \  <§C 1. we expect the linear AB theory  to be highly accurate for tilted vortices with 

Ro close to. but less than , unity. A t large radius rj —► /  and  £ —<> / . s o  the value of 

" 1  =  3.14 x 1 0 - 6  m _I used in the QG sim ulation is recovered. Figure 6.2 shows the 

evolution of pseudo-PV  a t .* =  0 over a 5re period, yj =  4.3 x 10- 6  m _I in th is  case. 

T he evolution of pseudo-PV  is nearly identical to th a t  shown in Fig. 5.5 sim ulated by the 

linear QG model. T he radial vortex Rossby wave propagation is slightly  more pronounced
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in th e  AB simulation. We conclude th a t the inclusion of curvature effects in th e  case of a 

weak vortex does not substantially  a lter the quasi-m ode found in the QG system .

Keeping the sam e tangential wind profile, bu t altering /  and  N  should produce the 

sam e variability in vortex evolution presented in C hap ter 5. obtained there by varying just 

- i . Figures 6.3 and 6.4 show the evolution of psuedo-PV upon increasing /  and decreasing 

.V by a factor of four, respectively. In the former case R \  is decreased and  ~n — 13.7 x 10- 6  

m - 1 . and in the la tte r case R \  rem ains the same as in 6 . 1  and  ~n =  17.2 x 10- 6  m ~ l . Both 

sim ulations show axisym m etrization of pertu rba tion  pseudo-PV, i.e.. vortex alignment, 

consistent with the QG evolution a t 7 1  =  20.0 x 10- 6  m - 1  shown in Fig. 5.13. The 

com plete picture of vortex  alignm ent is therefore captured  by QG theory  for weak vortices.

T he question rem ains as to w hether the QG form ulation still cap tures the  essence of 

the alignm ent mechanism for rapidly ro tating vortices. Figure 6.5 shows R \.  Ro2. and 

*,i for the benchm ark vortex (and benchm ark environm ental conditions), bu t w ith  the 

m axim um  mean tangential wind increased to 10 m s '1. T he local Rossby num ber squared 

is still much less than  unity  in this case and therefore we still expect the AB theory to 

be accurate . Figure 6 . 6  shows the evolution of the stronger benchm ark vortex. In this 

case we estim ate 7 t =  5.4 x 10~ 6  m -1 . The wavenumber one PV  asym m etry  ro ta tes  at a 

faster ra te  than  in the  benchm ark case (~  twice as fast), bu t retains an  underlying quasi­

m ode structu re . The sheared vortex Rossby waves are much more prom inent. Recall the 

discussion in C hapter 5 where it was noted th a t a general initial condition will tend to 

p ro ject more onto the sheared vortex Rossby waves a t early tim es th a n  when th e  vortex 

is p e rtu rb ed  with an asym m etry  having the quasi-m ode struc tu re . A lthough th e  vortex in 

this sim ulation has been pertu rbed  w ith an azim uthal wavenumber one asym m etry  having 

radial PV  structure of the  pseudo-mode (which was identical to the quasi-m ode structu re 

in th e  QG sim ulations), the  quasi-m ode in the AB system  at higher swirls may not take 

on th is  form. Therefore, sheared wave dispersion occurs as the  vortex asym ptotes to the 

quasi-m ode solution. T his hypothesis will be tested in fu ture work by perform ing an AB 

eigenanalysis similar to  th a t done for the QG system.

T h e  above results are im portan t in two regards. F irst, they  suggest th a t the  QG 

vortex  alignm ent findings may be directly applied to the tropical cyclogenesis problem
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Figure 6 .1 : Benchmark vortex (a) Local Rossby num ber squared for azim uthal wavenum­
ber one (dashed) and s tandard  Rossby number squared (solid), and  (b) inverse internal 
Rossby deformation radius for vertical wavenumber one (units 10- 6  m _1).
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Figure 6 .2 : Linear equivalent barotropic AB sim ulation of the wavenumber one com ponent 
of pseudo-PV (contour interval 1 x 10- 9  s - 3  w ith negative values dashed) a t  c =  0 over a 
5re period for the benchm ark run (com pare w ith Fig. 5.5).
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Figure 6.3: As in Fig. 6.2. bu t for a  larger value of /  =  4.0 x 10“ 4  s _1. C ontour interval
2 x  1 0 "9 s- 3 .
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Figure 6.5: As in Fig. 6.1, bu t for a stronger vortex with m axim um  tangential wind of 10
m s” 1.
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Figure 6 .6 : As in Fig. 6.2, but for a  vortex  with m axim um  mean tangential wind of 10 
m s- 1. N ote th a t the tim e period considered has been reduced due to the shorter circulation 
period. Contour interval 1 x 10~ 9  s - 3 .
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for weak incipient vortices. T he addition of finite Rossby num ber effects modifies the 

radial s tru c tu re  of the quasi-m ode and governing dynam ical equations som ew hat, but the 

transition  from alignment to  non-alignm ent regimes deduced from the QG sim ulations 

rem ains approxim ately true. Second, it is likely th a t a quasi-m ode in near-gradient bal­

ance exists a t higher swirls. T he precise radial s tru c tu re  of th is quasi-m ode is currently 

unknown. The quasi-mode m ay be relevant to hurricane-strength  vortices, although the 

com bination of higher swirl speeds and reduced sta tic  stability  would put the vortex well 

into the alignm ent regime according to  th e  QG picture. It rem ains to  be dem onstrated  

a t w hat horizontal scale and internal deform ation radius the transition  from alignm ent to 

non-alignm ent actually occurs in the higher swirling case.

6 .2  T h e  E ffects  o f  V ertica l Shear

6 .2 .1  F orced  V ortex  A lig n m en t

Vertical shear can be included in th e  linear model as follows. For sim plicity we 

consider the QG problem. F irst, let

ponents. respectively, and ( )s are the environm ental shear com ponents of the to ta l wind 

and PV  fields. Linearizing the  QG PV  equation  (4.1) by first neglecting the product of 

vortex pertu rba tion  quantities yields

v(r. A. t) =  v(r. z) +  v'(r,  A. r . t) + cs(r. A, c) (6 .1 )

u(r,  A. c. f ) =  u'(r.  A, z, t) 4- us (r. A, z)

q ( r . \ , z . t )  = q(r.z)  +  q’( r , \ , z , t )  I- qs(r. A. z)

where ( ) and ( )' are here defined as the vortex azim uthal mean and pertu rba tion  com-

(6 .2 )

where
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Let the environm ental flow be purely zonal and  vary w ith height so as to preserve the 

isotherm al vertical boundary conditions, i.e..

(  tw k z  \  1 chi’*
ILS =  V  cosAcos =  - - -Q X  (6 -4)

rr • X ( m ~ z \  d l p s vs =  -U  sin A cos ^ J =

where U is the m axim um  zonal wind. The environm ental stream function and PV  are then

given by
, ( r m r z \

il's =  —c 'rs in A co s  I -- I (6 .0 )

1 3 /  d v s \  1 d 2f s f 2 d 2 il's > T.  . . f  m ~ z \
"■=  r a ?  V H T )  +  ^  + = ''™ C rsm A co s  { — )  ■

Note th a t the last two term s of Eq. (6.3) cancel since

i's dr/s d q s f —U sin A 9 . \  / m ~ z \
— —  +  us —  =  ^ -----  7 ^C /rcos A +  6  cos A • s inA j cos I —— J =  0. (6 .6 )

i.e.. the zonal m ean flow is itself an exact solution to the linearized PV  equation (6.2). 

Therefore. F, can  be w ritten

F, = - V  { (•>’ » +  £  +  - , i v '  +  | t )  cos A +  ( - £ „ '  -  i  § | - )  sin a }  cos ( ^ )  . (6 .

The only deform ation radius in the QG system  is L r  =  N H / f ,  so there is no way 

to independently change the deform ation radius of the vortex and environm ent. Since 

the PV  associated with the environm ental flow consists entirely of therm al vorticity and 

is proportional to  y \  times the stream function. the PV  and its meridional gradient will 

increase with decreased deform ation radius (assum ing the mean zonal wind remains fixed). 

Therefore, for very large 7 1  the solution to the forced linear problem  will be dom inated by 

Rossby waves propagating on the environm ental PV' gradient excited by the vortex. The 

degree to which the  initial vortex disperses as Rossby waves is characterized by the  beta  

Rossby number. The beta Rossby num ber differs from the vortex  beta Rossby num ber 

(5.6) in th a t the  vortex is now regarded as the pertu rba tion  and  the  mean PV gradient is 

associated with the  environm ent. The ratio of th e  vortex interaction term s in the linear PV
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equation  (6.2) to the "effective 3'' term  in (6.7). which is proportional to 3ef / v  = ~j\U v, 

scales as

w here r rnax is the m axim um  tangential wind of the  vortex and L is the horizontal vortex 

scale. For vmax =  5 m s-1 . L =  200 km. U -= 0.5 m s-1 , and 7 7  =  20.0 x 10~ 6  m _ l . the b e ta  

Rossby num ber is approxim ately 0.6. The vortex will therefore tend  to disperse in this 

lim it. The dispersion of the vortex can be prevented by incorporating sloping boundaries

m ental flow. Expressing cos A as (e‘x +  e ,x)/2.  the  PV  equation for (m . n ) =  ( 1 , 1 ) is

T h e  <7 i._ i PV pertu rba tion  is given by the com plex conjugate of <7 1 .1 . The RHS forcing 

is easily incorporated into the linear EQB sem i-spectral model (6.10). Using this linear 

m odel, we expect to  be able to approxim ately reproduce the boundary  between co-rotation 

(or alignm ent) and  the irreversible shearing apart of the  vortex determ ined by Sm ith  et al. 

(2000). who used a two-layer nonlinear QG model. Q ualitatively we know th a t the  vortex 

will tend to shear apart when it is initially in the  co-rotation regime, and  will resist the 

effects of shear in the  vortex alignm ent regime. T he linear model can be used to  quantify  

th e  value of 7 1  a t which alignment takes place as a  function of the  shear m agnitude, ~U/ H,  

or. equivalently, determ ine the shear threshold above which the  vortex is unable to hold 

together.

(6 .8 )

to  offset the effective be ta  of the environm ental flow (Smith e t al. 2 0 0 0 ). or it can be 

controlled by using a balanced system  which allows one to change the  deform ation radius 

o f the vortex w ithout changing the environm ental PV  gradient (which we w ant to  rem ain 

sm all for a wide range of 7 1 ). The inclusion of vertical shear in the linear AB system  is 

brieflv discussed below.

In the limit of small 7 1  and weak vertical shear. Fs can be fu rther simplified:

(6.9)

T h is  forcing represents the radial advection of azim uthal mean vorticity by the  environ-

(6 . 1 0 )
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Extension to the  linear equivalent barotropic AB system  yields a  model for rapidly 

ro ta tin g  vortices. T he two-layer nonlinear analogue m odel of S m ith  et al. (2000) for 

rap id ly  ro tating, d is tribu ted  vortices involved an ad-hoc coupling param eter. T he “cou­

pling param eter" in our case is known, and  is simply 7 f (r)  =  (~ / N H ) 2 (rj£). Consequently, 

our m odel can be applied in a more straightforw ard m anner to a physical scenario like 

the alignm ent of a T C . It remains to  be seen how well th e  linear AB model reproduces 

the boundary  between co-rotation (or alignm ent) and irreversible separation  o f upper and 

lower vortex centers for the  stronger vortices (Ro ~  5-10) described by Sm ith  e t al. (2000).

In C hapter 5 we alluded to  the possibility th a t a  tilted  vortex could realign itself 

th rough  the secondary circulation required to m aintain therm al wind balance. T he sec­

ondary  circulation itself is not responsible for the alignm ent, for it is m erely the  response 

of th e  balanced vortex to changes in th e  geostrophic (QG system ) or gradient (AB system ) 

winds. T hrough enhanced low-level convergence and. as a consequence of coupling with 

the boundary  layer, enhanced convection, the secondary circulation can  excite asym m et­

ric low-level PV  generation. If the m agnitude of the low-level asym m etric convergence is 

much larger than  the low-level axisym m etric convergence, the  axisym m etrization of this 

P Y  will strengthen th e  m ean vortex. T he dynamics o f vortex interaction w ith vertical 

shear and  supporting  observations from Hurricane Olivia (1994) are presented below.

6 .2 .2  T C  S eco n d a ry  C ircu la tio n  R esp o n se  to  V er tic a l Shear

Raym ond and Jiang  (1990) proposed a mechanism by which the P V  anom aly associ­

ated  w ith  a m idlatitude mesoscale convective system in teracts with environm ental vertical 

shear to produce enhanced low-level lifting and cum ulus convection, thus prolonging the 

life o f the mesoscale convective system . In their conceptual model they assum ed th a t the 

d isto rtion  of the PV  anom aly by the vertical shear was negligible. Upward m otion then 

arose dow nshear as th e  am bient flow followed the d isto rted  isentropes o f the P V  anomaly, 

and the  vortex flow followed the tilted  am bient isentropes. They estim ated  th a t vertical 

displacem ents in excess of 500 m could occur over a 24 h period, large enough to release 

conditional instability. In a  subsequent s tudy  Raymond (1992) considered the additional
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effect of d isto rting  the vortex isentropes through tilting by am bient shear. In his sim ­

ulations he found th a t the vortex flow on the  distorted isentropes of the  tilted  vortex 

produced an im portan t contribution to the vertical motion, w ith  m axim um  values in the 

downshear-right quadrant.

The relation between vertical shear and convective asym m etry  in hurricanes has been 

noted observationally (W illoughby et al. 1984: MHG; Franklin et al. 1993: Reasor et al. 

2 0 0 0 : Black et al. 2000) and explored recently using idealized and operational hurricane 

numerical models (Jones 1995: DeMaria 1996: Bender 1997: Frank and Ritchie 1999). 

Jones (1995) sim ulated  the evolution of an initially barotropic hurricane-strength vortex 

in unidirectional vertical shear. The early stages of the sim ulation produced upward 

m otion dow nshear via the vortex  flow on am bient isentropes and  the upw ard m otion of 

isentropic surfaces as the tilting  vortex tried to  m aintain therm al wind balance. The 

coupling of upper- and lower-level PV  anomalies lead to changes in the direction of vortex 

tilt w ith respect to  the  am bient vertical shear vector. As the tilt became m ore substantial, 

the pattern  of vertical motion was governed increasingly by th e  vortex flow on d istorted  

isentropes. T he maximum upw ard motion then  occurred to  the right of the local tilt 

vector.

Insight into the relative contributions of vertical shear and  vortex tilt to  the vertical 

m otion pattern  m ay be obtained by first considering the dynam ics in a QG framework. 

We begin by defining an initially circular barotropic vortex in pseudo-height coordinates 

tilted  linearly w ith height in the  zonal direction. In Cartesian coordinates the  tilted  vortex 

is described as follows:
t ~ — 2 /?umax U  /c- i t \
v  = TP> 7------------------ o • (6 -1 1 )R~ + (x — a r ) 2 +  y-
y-   2Rvmax(x  Ctc)

”  R 2 + (x — a z )2 + y2 '

where U and V  are the zonal and  meridional com ponents of the  wind, respectively. R  the 

RM W . vmax the  m axim um  tangential wind, and  <* the constant change in vortex center

displacem ent w ith  height. A vertically-sheared zonal environm ental wind, Ue, is then

added to this vortex  wind field, and the to tal w ind field is transform ed into a  cylindrical 

coordinate system  (r. A, c) whose origin is the vortex center on th e  lowest surface, c =  0.

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



132

The vertical velocity field required to m aintain therm al wind balance is obtained 

by solving the well-known Q-vector form of the omega equation  w ritten in cylindrical 

coordinates (Hoskins et al. 1978):

,V2V 2 n; +  / 2! ^  =  2V Q, (6.12)

where .V is the B runt Vaisalla frequency. V the horizontal gradient operator, and Q  is 

the horizontal Q vector

_ / , [  d u d v  d u d v  f  \ du  f  dv \  d v  ( du  \ j \
® ~  V  f c l f r  ~ I f r l h .  ' r  d7  \ d X +U)  ~  \ d X ~ V) . )  )

where u and v are the geostrophic radial and tangential w inds, respectively. We first 

substitu te  the expression for the winds into (6.13) and then com pute the horizontal diver­

gence. A new coordinate system (r ' . X ' . z ) is defined with the  origin at the center of the 

displaced vortex a t each height (see Appendix A for details). Defining a nondim ensional 

radius b' =  r ' / R .  the expression for the Q-vector divergence becomes simply

^  l 6b ' f 3Ro  
V Q  =  J

/ (3 1
r t ( l  +  6 ^ [ <Qfi° ) ( 2 ~ ‘* ) siDA' “ 7 ( i r )  ( l + ^ c o s A ' j  (6.14)

where Ro  =  vmai / f  R  is the Rossby number. The first te rm  on the right-hand side 

represents the forcing due to vortex flow on distorted isentropes. while the second term  

represents the effects of vortex flow on ambient isentropes. N ote tha t in the  transform ed 

coordinate system  the Q-vector divergence projects only onto wavenumber 1 . Since w is 

proportional to —V • Q, it follows th a t the maximum upward m otion due to  vortex flow 

on distorted isentropes occurs to the right of the tilt vector, whereas the upw ard motion 

along am bient isentropes occurs downshear. as expected. The rad ius of m axim um  Q-vector 

divergence and. hence, vertical motion tends to occur around 0.5R for th is particular 

vortex profile. If solid-body rotation is used instead inside the  RMW. the  maximum 

upward motion moves closer to the RMW'.

Although (6.14) is strictly  valid for Ro 1 , it can be used to  describe th e  qualitative 

features of the vertical motion field at near unity Rossby num ber. As an  example of 

its applicability, we consider the vortex discussed by Trier e t al. (1998) in their non- 

hvdrostatic prim itive equation (PE) simulation of the interaction of a mesoscale vortex
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w ith environm ental vertical shear. Since they  initialized the ir model with a baroclinic 

vortex different from the barotropic vortex described by (6 . 1 1 ). we focus prim arily  on 

qualitative agreem ent. At 2.1 km height. R  — 30 km and R o  ~  1.5. T he low-level 

westerly environm ental shear is approxim ately 2 x 10- 3  s _ l . If the PV  anom aly a t each 

height is sim ply advected by the mean flow, th en  a  ~  3 after 0.5 h and a  ~  40 afte r 6  h. 

We find tha t a t 0.5 h the vertical m otion dowmshear near b' =  0.5 is approxim ately three 

tim es larger th an  th a t to the right of the tilt vector. This is consistent w ith the sim ulation 

of Trier et al. which produced upw ard motion prim arily dow nshear a t this tim e (see Fig. 

6.7a). At 6  h. w-hen the vortex tilt is more substan tia l, we estim ate th a t the upw ard motion 

to  the right of th e  tilt vector is about four tim es greater than  the downshear com ponent. 

T his is again consistent with the ir sim ulated vertical motion (see Fig. 6.7b).

Using the ac tu a l initial vortex and  environm ental flow param eters of Trier e t al. in a 

s tan d ard  QG om ega-equation solver produces a  vertical velocity p a tte rn  in good agreem ent 

w ith their sim ulated  results a t 0.5 and  6  h (see Fig. 6 .8 ). The m agnitude of the Q G  vertical 

velocity. however, is a  factor of 2-3 less than  th e  PE  values. Em ploying a balance theory 

more appropriate for rapidly ro ta ting  vortices would reduce th is discrepancy. An equation 

sim ilar to (6.12) was derived by Shapiro and  M ontgomery (1993) for the asym m etric 

balance (AB) system  valid for hurricane-strength  swirling flows. The AB omega equation, 

assum ing a baro trop ic  mean vortex, is given by

N 2 d <9u/l _-dV  jV2 d 2w' _  ,
+  n^~giZr +  =  3D • A-. (6 .1 o)r  dr d r

where

( t x )  -  § i  ( i )  • i t )  <«“ •>
is the three-dim ensional generalization of the horizontal Q-vector from QG theory. This 

AB generalization of the QG omega equation m ay allow one to ob ta in  an expression similar 

to (6.14). A m ore quantitative com parison w ith  P E  sim ulations and actual observations 

will be investigated in future work.
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Figure 6.7: Vertical velocity a t 2 km height resulting from the in teraction of th e  vortex 
and vertical shear described by Trier et al. (1998). T he results a t (a) 0.5 h r and  (b) 6  hr 
are shown. D ark shading denotes values from - 1  to -3 cm s - 1  and light shad ing  values 
from 1 to 3 cm s -1 . From Trier et al. (1998). used w ith  permission.
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Figure 6 .8 : Vertical velocity derived from the om ega-equation a t 2 km height resulting 
from the  interaction of the vortex and vertical shear described by Trier e t al. (1998). The 
results a t (a) 0.5 hr and (b) 6  hr agree w ith the PE  sim ulations of Trier e t al. The grid 
is shifted to the east to account for the eastw ard translation and  increased vertical tilt of 
the vortex w ith time. Contour interval is 0.2 cm  s - 1  w ith dashed contours representing 
downward motion.
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6 .3  O b serv a tio n s o f  T C  V ortex  A lig n m en t

The observations of H urricane Olivia on 25 Septem ber 1994 provide a unique look 

a t the role of vertical shear in producing s tru c tu ra l changes to the inner-core wind field. 

T he seven consecutive wind composites cap tu re  for the first tim e the asym m etric response 

of a hurricane to dram atic changes in vertical shear over a relatively short tim e period. 

Figure 6.9 shows hodographs of area-averaged storm -relative wind (V e — V s ) during  the  

observation period. Figure 6.10 shows the  best estim ate of inner-core vortex tilt derived 

from the sim plex algorithm . Initially the maximum local vertical shear is weak west- 

northwesterly. w ith values on the order of 3-5 m s - 1  over the  0.75 km to 10.5 km d ep th . 

Consistent w ith  the weak shear, the vortex is nearly vertically aligned. Over th e  next 

2.5 h the m axim um  shear increases to 15 m s_l over th e  0.75 km to 10.5 km d ep th  

and is westerly. A west to east tilt of the  vortex with height evolves, w ith a  m axim um  

displacem ent from low to m iddle levels of abou t 3 km. Inspection of the  flow- field from  

6  km to 10.5 km  height, w-here the simplex algorithm  for finding the vortex center is less 

reliable, indicates tha t the inner-core does not tilt more th an  5 km (not shown).

According to the adiabatic mechanism for vertical velocity production, the p referred  

location for enhanced convection due to vertical shear effects should be dow nshear-right in 

the east to southeast quadrant of the storm . Olivia w-as moving to the no rth -northeast a t 

abou t 5 m s - 1  during this tim e, so enhanced asym m etric boundary layer convergence and . 

hence, convection might also be expected in the north-northeast quadrant (Shapiro 1983). 

Figure 6 . 1 1  shows an azim uth-height cross-section of vertical velocity in O livia's inner 

core at 14 km radius. The upw ard velocity is generally m axim um  downshear during  legs 1 

and  2 . and consistent with the weak vertical shear during th is time the values are sm aller 

than  observed during la tter legs. The front to back convective asym m etry discussed by 

Shapiro (1983) is not apparent during the  small sh ea r/tilt period. It may exist a t  low 

levels unresolved in the present analysis.

As the vertical shear and  vortex tilt increase, the m axim um  upward velocity increases 

from 1 - 2  m s - 1  to 6 - 1 0  m s - 1  and the p a tte rn  of convection becomes more com plicated. 

A "double m axim um ” in upw ard motion develops on the dowmshear side of the  vortex
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Figure 6.9: Hodographs of th e  area-averaged storm -relative wind (V e — V s) from 0.75 km 
to 10.5 km height for each flight leg. T h e  vertical distance between points is 0.75 km.
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Figure 6.10: D epartures of the sim plex-algorithm  center (•) from the flight-level center 
( +  ) a s a  function of height from 0.75 km to 6  km for each flight leg.
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w ith one m axim um  downshear-left and th e  other dow nshear-right. The downshear-left 

m axim um  tends to be the stronger of the two. The s to rm  m otion during th e  period from  

leg 1 to leg 7 is relatively s teady  and the direction of m otion  changes gradually by only 10 

degrees, so it is unlikely th a t the  dram atic changes in vertical m otion could be a ttr ib u ted  

to the asym m etric boundary layer convergence described by Shapiro (1983).

T he observed trend of increased upw ard motion dow nshear and downshear-right w ith  

increased vertical shear and  vortex tilt is consistent w ith  the adiabatic mechanisms dis­

cussed in Section 6.2. Frank and  Ritchie (1999) found, however, tha t in the ir num erical 

sim ulations of hurricanes in unidirectional vertical shear the downshear cold potential 

tem pera tu re  anom aly produced via ad iabatic  mechanisms was eradicated in regions where 

layers were lifted to satu ration . The contribu tion  to upw ard vertical m otion from vortex 

flow on the  d istorted  isentropes of the tilted  vortex was then  elim inated. T he emergence 

of a dow nshear-left convective asym m etry was hypothesized to result from low-level con­

vergence th rough the downward projection o f the downshear-displaced upper-level vortex 

PY  a t the surface. Olivia's tilt w ith height, while generally from west to east, show’s an 

anticyclonic curvature consistent w’ith  the anticyclonic ro ta tion  of the shear vector w ith 

height. T he surface projection of Olivia's tilted  PV a t different upper levels could force 

more broadly d istribu ted  mesoscale convection on the dow nshear side of the  vortex, as 

observed. A lthough the relative roles of th e  mechanisms described above are unclear in 

this case, the involvement of vertical shear in producing th e  convective asym m etry  is very 

likely.

If a tilted  vortex supports a long-lasting quasi-m ode, a  persistent region of asym m etric 

convection and low’-level positive PV generation is expected. In the initial stages of tropical 

cyclogenesis this may be especially im portan t as it provides a means of producing pulses 

of PY  near the vortex core over an extended period of tim e. T he pulsing of PV  followed 

by its axisym m etrization are an  integral p a rt of the T C  genesis m echanism  of ME98. 

T h a t the asym m etric convection is tied to  the vortex core results in a more efficient 

ax isym m etrization and mean flow intensification m echanism  (ME98).

U nderstanding  the influence of vortex-scale dynam ics on the  d istribution  of convection 

in the hurricane inner core should also aid  in the pred iction  of the gross precipitation
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stru c tu re  of a hurricane as it en ters or is em bedded in different environm ental flows. A clear 

relationship exists between th e  mesoscale asym m etry  in convection believed to  be forced 

by the vertical shear of the environm ental winds (Fig. 6.11) and  the asym m etric p a tte rn  

of reflectivity (Fig. 2.2). T he largest values of reflectivity occur im m ediately downwind of 

the  regions of enhanced convection, consistent w ith hydrom eteors being carried up by the 

updrafts  of the convective cells and sim ultaneously swept downwind by the m uch stronger 

p rim ary  tangential circulation.
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C h a p te r  7

CONCLUSIONS

T he axisym metric conceptual model of the T C  life-cycle (e.g.. Ooyama 1969) has 

added trem endously to our basic understanding of T C  intensity change. The axisym ­

m etric view continues to provide new insight into T C  evolution (e.g.. M ontgomery et al. 

2000). In spite of the contributions of sym m etric models to fundam ental understanding, 

they have not dem onstrated th e  capacity to accurately predict TC  intensity change in 

all cases. The effects of asym m etric environm ental influences like synoptic-scale troughs 

and vertical shear are generally not param etrized in these models and can have significant 

im pacts on TC  evolution. In cases where environm ental asym m etries are not observed to  

play a large role in the evolution of the TC . sym m etric ocean-atm osphere models have 

shown m odest success in predicting gradual changes in TC  intensity over open ocean. A 

notable exam ple is the axisym m etric model of Em anuel (1995). Emanuel (1999) predicted 

the tem poral evolution of m axim um  tangential wind for several observed hurricanes w ith  

this model using as input the initial observed m axim um  tangential wind, the ocean struc­

tu re  along the observed track, and the degree of sa tu ra tion  required to obtain the initial 

observed intensification rate. Asym metric redistribution of vorticity. which is central to 

this dissertation, was simply param etrized as an enhanced radial m om entum  diffusion 

(Em anuel 1989). Emanuel (1989) states th a t some radial m om entum  diffusion is neces­

sary to m aintain a  realistic eye and to obtain realistic vortex amplification rates a t early 

times, bu t the actual m agnitude of the diffusion is not crucial. Based on the  examples 

shown, taken a t face value, th e  model dem onstrates skill in predicting the basic trends in 

intensity. The ocean is. after all, the prim ary energy source for the hurricane, so the ocean 

make-up should be reflected in the intensity evolution of the vortex. Therefore, for the
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purpose of intensity prediction, do we really need to resolve asym m etric dynam ical pro­

cesses. or is it sufficient to sim ply param eterize their effect through enhanced m om entum  

diffusion?

A closer look a t the exam ples chosen by Em anuel (1999), which are likely th e  best pos­

sible cases (although a couple failures a ttrib u ted  to vertical shear and nuances o f the ocean 

s tru c tu re  were presented), shows th a t the more rapid fluctuations in in tensity  (aside from 

the initial intensification over open ocean and  spin-down over land) are generally not cap­

tured  by his model. The model sometimes produces fluctuations in m axim um  tangential 

wind qualitatively consistent w ith the observations, but in o ther instances the  fluctuations 

are tem porally  offset from the observed fluctuations by a day or two. creating  th e  illusion 

th a t the  changes in intensity are related. Given tha t the  sim ulated vortex  evolution is. 

according to Em anuel (1999). "quite sensitive to the initial sta te ."  the resu lts m ust be ap­

proached with caution. The axisym m etric simulations do not provide convincing evidence 

th a t one need only represent the sym m etric ocean-atm osphere interaction to  cap tu re  all 

(non-environm ental related) intensity fluctuations. Internal asym m etric dynam ical mech­

anism s may be responsible for some of the observed fluctuations. Furtherm ore, to  obta in  

the correct am plitude of the fluctuations, the asym m etric mechanisms will likely need to 

be represented explicitly.

From  an operational standpoin t, why should we care abou t accurately resolving these 

fluctuations if the basic trends are captured? The answer is quite simple: These fluc­

tua tions in tangential wind can, in some cases, mean the difference betw een a  45 m s '1 

and 60 m s-1 hurricane at landfall, which in practical term s translates into the  difference 

between minor s tru c tu ra l dam age and potentially extensive damage. A dditionally, the 

m axim um  tangential wind can appear as a  localized anom aly generated internally, as in 

the case of eyewall mesovortices produced through the barotropic instability  of the  vor­

tex flow (S99). T he peak tangential wind associated w ith the anom aly superposed  on 

the background m ean flow may be substantially  larger th an  th a t produced th rough an 

axisym m etric sim ulation using the same vortex profile.

T he above discussion pertains to the intensity change of already well-developed 

storm s. Can the genesis of a TC  be captured  using an axisym m etric model? R otunno  and
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Em anuel (1987). using an  axisym m etric model, dem onstrated  th a t finite-am plitude incipi­

ent vortices whose s tren g th  lies above a  threshold can develop into m ature cyclones. Bister 

and Em anuel (1997) th rough  a com bined observational and  axisym m etric model study of 

the genesis of H urricane Guillermo (1991) proposed th a t  following the form ation of a mid­

level MCV. lower-tropospheric evaporation of rain m oistens the  low levels and  generates 

a dow ndraft. This dow ndraft advects the mid-level vorticity downward. Enhancem ent 

of surfaces fluxes due to  the  increased low-level winds leads to enhanced convection and. 

therefore, low-level vorticity. T hrough therm al w ind balance, the strengthening  of the 

winds then leads to a  warm-core vortex. Agreement between observations and the ax­

isym m etric sim ulation were dem onstrated . Bracken (1999) perform ed a  re-analysis of the 

Guillerm o observations using the en tire  d a ta  set and  found a t low (1-3 km) and middle 

(5-7 km) levels a more asym m etric evolution of the vort icity associated w ith pre-Guillermo 

than  described by B ister and Em anuel, w ith the vortex centers a t low' and middle lev­

els often offset horizontally. Obviously one could no t sim ulate the asym m etric vortex 

interaction suggested by these observations with an axisy'm m etric model.

T he focus of this dissertation was on the role o f asym m etric dynam ical processes 

internal to the TC vortex in prom oting structu re  and in tensity  change, specifically mecha­

nisms th a t cause red istribution  of vorticity. Changes in the PV  field, through invertibility. 

yield changes in the w ind structu re of the  vortex. T h e  in ternal dynam ics was considered 

in two stages: We first explored the horizontal red istribu tion  of vorticity using wind fields 

derived from dual-D oppler m easurem ents within H urricane Olivia (1994). Some of the 

two-dim ensional ideas presented were then  applied to  the problem  of three-dim ensional 

vorticity redistribution in the context of vortex vertical alignm ent and vortex merger 

w ithin incipient tropical vortices.

7.1 H or izon ta l v o r t ic ity  r ed istr ib u tio n

For completeness, we first considered the sym m etric weakening of H urricane Olivia. 

We did not speculate as to  the prim ary  cause of th e  weakening, bu t it likely involved 

both  increases in the environm ental vertical shear an d  reductions in the  SSTs as Olivia
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mov ed northw ard. T h e  m agnitude of the observed near-linear decrease in tangential w inds 

w ith tim e in the vicinity of the  RMW  agreed with the axisym m etric vortex spin-down 

predictions of Eliassen and Lystad (1977) despite the observation of inflow up to 3.5 km 

height and the presence of environm ental vertical shear. Com parison of the observed 

m ean tangential w ind tendency and estim ated tendency based on the  sym m etric radial 

and  vertical advection of tangential m om entum  showed qualitative agreem ent over the  3.5 

hr observation period, with a negative tendency in the vicinity of the  RM W  and positive 

tendency radially outside the RM W . It was not readily apparent th a t the observed spin- 

up of tangential w inds inside the eye could be accounted for by purely axisym m etric 

phenom ena. We therefore hypothesized th a t asym m etric mechanisms might be playing an 

im portan t role in O livia's sym m etric evolution.

T he vorticity asym m etry in Olivia's inner core was dom inated by an azim uthal 

wavenumber 2 feature below 3 km  height and a wavenumber 1 feature above 3 km. bo th  

maxim um  near the  RM W . D uring leg 1 the wavenumber 2 asym m etry extended from 

low to middle levels of the storm  and appeared to decay through leg 2. An increase in 

the wavenumber 1 asym m etry a t middle levels around leg 3 coincided with the increase 

in vertical shear. T ilting  of horizontal vorticity by enhanced convection on the east side 

of O livia, as suggested by G am ache et al. (1997), is a possible mechanism for the pro­

duction of the wavenum ber 1 asym m etry, bu t a consistent vorticity budget could not be 

perform ed with th is d a ta  and. thus, no definitive conclusions could be draw n. Following 

leg 3 a low-level wavenumber 2 asym m etry re-emerged and persisted through the end of 

the observation period.

Lower fuselage reflectivity com posites a t low levels during leg 5 depicted an ellip­

tical eye rotation. T he rotation period was consistent w ith Kelvin's predictions for a 

wavenumber 2 vorticity  asym m etry propagating on the discontinuity of a Rankine vortex 

(O livia's mean vorticity  gradient outside 10 km radius was indeed sharp). The m ajor axis 

of the reflectivity ellipse was found to be aligned w ith the axis of positive vorticity of the 

wavenumber 2 vorticity asym m etry observed during leg 5. Since this asym m etry likely had 

its struc tu re  and azim uthal phase speed modified by convection and axisym m etrization.
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we did not observe general agreement between the phase evolution from  leg to  leg and 

Kelvin's simple dispersion relation, except between legs 5 and 6.

The possibility that the low-level wavenumber 2 asym m etry formed as a resu lt of 

internal dynam ical mechanisms was considered in light of recent theoretical and num erical 

work by S99 exploring the two-dimensional barotropic instability of hurricane-like vorticity  

profiles. Olivia's inner-core vorticity profile during leg 1 was found to take the form of a 

vorticity ring and was most unstable to wavenumber 2 perturbations. T he profile during  

later legs took on a more monotonic s tru c tu re  with increased values a t the vortex center 

and reduced values in the vicinity of th e  ring peak. This evolution o f the sym m etric 

vorticity is consistent with the numerically-simulated breakdown of a vorticity ring th rough  

barotropic instability described by S99 and our own sim ulations using Olivia-like profiles. 

The wavenumber 2 vorticity asym m etry found in O livia's eyewall region is an expected 

by-product of the vorticity ring breakdown.

P art of the vorticity mixing hypothesized to occur in the hurricane near-core region is 

the expulsion of high vorticity from the eyewall in the form of linear and  nonlinear vortex 

Rossby waves (MK; S99). The pertu rba tion  vorticity a t 3 km height showed trailing  

spiral bands of vorticity w ith radial wavelengths of 5-10 km  outside of th e  regions of high 

vorticity associated with the wavenumber 2 vorticity asymmetry. These features m ay be 

sym m etrizing vortex Rossby waves. A secondary bum p in sym m etric vorticity outside 

the RM W  was hypothesized to result from the interaction of outw ard-propagating vortex 

Rossby waves w ith the mean vortex flow'. The estim ated stagnation radius for vortex 

Rossby waves excited in the eyewall was consistent w ith the location of the vorticity  

bum p. Spiral bands of enhanced reflectivity were observed in the vicinity of the vorticity 

bands, suggesting a coupling of the vorticity bands to the boundary layer through a forced 

asym m etric transverse circulation. The possible connection between these vorticity and 

reflectivity features is of great interest and  is a topic of current s tu d y  using full-physics 

numerical model output.
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7.2 T h ree-d im e n sio n a l v o r t ic ity  r ed istr ib u tio n

T he conditions under which a vertically-tilted vortex aligns have been docum ented in 

previous studies (e.g.. Polvani 1991). The cause for alignm ent (or non-alignm ent) offered 

in these studies is based on a nonlinear view of th e  dynamics: Given the basic geom etry of 

the in itia l vortex (e.g., a two-layer vortex consisting of circular patches of P V  horizontally 

offset from one another) and the  Rossby deform ation radius, a  vortex configuration can be 

derived which is a stationary solution of the nonlinear equations of motion form ulated in a 

ro ta ting  coordinate system. T he  nearness of th e  initial vortex to  one of these co-rotating 

vortex s ta tes  (i.e.. V-states) determ ines w hether or not alignm ent will occur. A vortex 

in a p aram eter regime (defined by the tilt and  deform ation radius) far removed from a 

Y -state is said to align through nonlinear filam entation and wave breaking. In  the  context 

of the labora to ry  and numerical sim ulations th a t have m otivated this in te rp re ta tion  where 

a random  distribu tion  of vorticity evolves into horizontally-coherent vortices, which then 

align from great horizontal distances to form vertically-coherent vortices, th is is a natural 

and useful approach to the problem . The question we have addressed here is w hether 

the geom etric interpretation of three-dim ensional vortex alignm ent is the m ost insightful 

one once the  vortex cores at upper and lower levels begin to  overlap. We dem onstrated  

th a t in th is limit a new. physically-based understanding o f vortex alignm ent supplants 

the geom etric interpretation. T he dynam ics is accurately characterized as linear, thus 

reducing the param eter space th a t one must consider in o rder to predict the  subsequent 

vortex evolution.

T he evolution of an initially-tilted PV colum n for which the  nonlinear advective PV 

tendency is small compared to the linear radial advective tendency (i.e., Rp < <  1) is cap­

tured  by linear vortex Rossby wave processes. In this situation  the vortex is meaningfully 

decom posed into azim uthal-m ean and  pertu rba tion  com ponents. The conceptual picture 

of vortex alignm ent is then as follows: The pertu rba tion  P V  tendency a t upper(Iower) 

levels is ascribed to  the azim uthal advection of pertu rba tion  P V  by the upper(lower)-level 

mean flow' and  the radial advection of mean PV  by the p ertu rba tion  wind. T he  p ertu rb a­

tion w ind a t upper(lower) levels is the  sum of th e  flow associated w ith the upper(lower)- 

Ievel PV  anom aly and, according to the vertical penetration  dep th , the lower(upper)-level
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PV anom aly. For continuously-d istributed  PV  this problem  has not yet allowed ana ly t­

ical solution despite its linear nature . Num erical vortex sim ulations based on the linear 

equivalent-barotropic Q G  system , and  validated w ith a nonlinear three-dim ensional QG 

model, show a dependence on the in ternal Rossby deform ation radius consistent with p re­

vious studies. The physical explanation for the tilted  vortex evolution, however, departs  

from these studies.

In the  non-divergent limit (i.e.. infinite internal deform ation radius) the sta tionary  

pseudo-m ode is recovered. For large bu t finite internal deform ation radii the upper and  

lower P V  anomalies slowly co-rotate. As the deform ation radius is decreased, the co­

ro tation  frequency increases. An azim uthally-propagating quasi-m ode w ith the vertical 

s tru c tu re  of the first in ternal baroclinic m ode and wavenum ber one azim uthal s tru c tu re  

is found to  be responsible for the co-ro ta tion  and inhibits vortex alignm ent. The quasi­

mode. defined as a superposition  of singular neutral m odes sharply peaked in the phase 

speed spectrum , decays slowly in the presence of differential rotation. A transition  region 

centered on the horizontal vortex scale separates this regime from th e  alignm ent regime 

at sm aller internal deform ation radii. T he transition is accounted for by the spectra l 

broadening of the quasi-m ode. In the alignm ent regime the decay ra te  o f the  quasi-m ode 

is so large th a t the in itial p e rtu rba tion  is essentially projected  onto the (non-quasi-m odal) 

continuous spectrum  of vortex Rossby waves whose in tegrated  p ertu rba tion  energy decays 

algebraically to zero in the  limit of long times. Alignment is defined here as when the 

intercentroid separation distance between upper- and lower-level PV  anom alies is zero. 

We believe this to be a  m ore accurate definition than used by Polvani (1991) who defined 

alignm ent as a net decrease in the in tercentroid  separation distance over one circulation 

period. In the single-interface CD m odel, Rossby edge waves persist where alignm ent 

is observed for continuously-distributed vortices. Sheared linear vortex Rossby waves 

prom ote the irreversible red istribution  of PV  necessary for complete alignm ent.

We argued th a t linear theory cap tu res the essence of co-rotation even as Rg ap ­

proaches unity due to  th e  robustness o f the quasi-m ode. In  this regime nonlinear advec­

tion sim ply tries to coun teract the sheared vortex Rossby wave dispersion. As the in ternal
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deform ation radius is decreased w ithin the alignm ent regime (vortex Burger num ber order 

unity or less), R$  for the baroclinic portion of the  asym m etry decreases rapidly. Thus, 

linear theory will cap ture the vortex alignment process for a  w ider range of initial tilts 

the sm aller the in ternal deform ation radius. The largest tilt considered here was when the 

RM W  of the upper-level vortex overlapped the vortex center a t lower levels. Rg was less 

than  0.2 for this tilted  configuration for an internal deformation radius near 50 km. Thus, 

it is possible tha t alignm ent can still be approxim ately described w ith linear dynamics 

even for vortices w ith barely overlapping upper- and lower-level PV  centers. The determ i­

nation of the precise boundary in param eter space which delineates complete breakdown 

of the linear approxim ation rem ains for future work.

These ideas are believed to have practical application to the problem  of tropical cy- 

clogenesis. One of the basic questions in TC research is how a weak vortex with nearby 

convection resists the effects of ex ternal shear and strengthens. T he dynam ics of the asym­

m etric TC genesis mechanism of ME98 was further clarified by explicitly dem onstrating 

th a t th e  merger and alignment of convectively-generated low-level positive PV  within the 

RM W  of a pre-existing vortex can be captured by linear vortex Rossby wave processes. 

T he a ttendan t strengthening of the  low-level mean vortex was also cap tured  by wave-mean 

dynam ics.

In typical tropical conditions th is process is frustrated  by vertical shear. Sm ith et al. 

(2000) found that a tilted  vortex will either break ap art under the influence of vertical shear 

or co-rotate. Co-rotation did not occur in their two-layer model w ith  distributed vortices 

when twice the product of coupling constant (ranging between 0 and  1) and maximum 

mean tangential wind was less th an  the difference between upper and  lower level ‘'envi­

ronm ental" zonal flow. D epending upon the value of the internal deform ation radius, the 

linear alignment mechanism discussed here suggests th a t the tilting  of a vertically-aligned 

vortex by shear will either project perturbation  energy onto the wavenumber one quasi­

mode or entirely onto sheared vortex Rossby waves. In the la tte r case axisym m etrization 

of the pertu rbation  P V  through the interaction o f vortex Rossby waves with the mean 

flow will resist the tilting  by shear. In  this regard, vertical shear acts as a sheared vortex
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Rossby wave generator. T his in terpreta tion  of the in teraction of a vortex w ith vertical 

shear is ano ther way of viewing the vortex tilt evolution described by Jones (1995) for 

R j  < 1. Jones correctly noted th a t the asym m etric transverse circulation associated w ith 

a tilted vortex is not fundam entally responsible for countering the effects of vertical shear, 

as suggested by Wang et al. (1993). The transverse circulation is simply a  requirem ent 

of a balanced vortex whose flow is evolving in time. Jones' conclusion th a t "the ro tary  

behaviour of the vortex provides a mechanism which opposes the  destructive action of 

the vertical shear" is consistent w ith the in terpretation provided here, but does not fully 

elucidate the underlying dynam ics. The vortex tilt evolutions shown by Jones may very 

well be cap tu red  by linear vortex Rossby wave theory a t early  tim es. As the  upper- and  

lower- level PV  centers become substantially  removed from each o ther in th e  horizontal, 

the linear theory  will break down.

The asym m etric transverse circulation of a tilted vortex can effect vortex tilt in ­

directly by forcing asym m etric convection and  low-level asym m etric PV  generation. T he 

basic dynam ics of this convective enhancem ent mechanism was illustrated  using d a ta  from 

Hurricane Olivia. The increase in westerly local vertical shear of O livia's environm ent from 

3-5 in s -1 to 15 m s -1 over the  lowest 10 km dep th  during th e  3.5 h observation period was 

accompanied by an increase in the west to east tilt of the s to rm  center w ith height and 

a dram atic increase in convection on the east side of the vortex. A double m axim um  in 

the convection was found w ith largest upward motion dow nshear-left (~  8-12 m s _ I ) and  

weaker upw ard motion dow nshear-right (~  4-6 m s _ l ). T hese observations are consistent 

with recent num erical sim ulations of hurricane-like vortices in  vertical shear (Jones 1995: 

DeMaria 1996: Bender 1997: Frank and Ritchie 1999).

For barotropic vortices tilted  by vertical shear with sm all Rossby num bers we derived 

an expression for the Q -vector convergence, illustrating the relative contributions to verti­

cal motion from vortex m otion on am bient isentropes and vortex  m otion on th e  isentropes 

of the tilted vortex. This form ula was verified to produce qualita tively  correct results for 

Rossby num bers near unity  through a  com parison with PE  sim ulations perform ed by Trier 

et al. (1998). Future work will extend these results to mesoscale convective vortices and 

hurricane-strength vortices by utilizing the AB generalization of the QG omega equation.
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In addition  to adding vertical shear to th e  linear problem , th e  next step is to  extend 

the  QG results to more rapidly rotating  flows. T h e  vertical p en e tra tio n  depth  will not only 

becom e a function of radius, but will also increase over the Q G  value. This was clearly 

d em onstra ted  by Shapiro and M ontgomery (1993) in the con tex t of the AB form ulation 

for hurricane-like flows, where the local penetra tion  depth is proportional to th e  square 

root of the product of the modified Coriolis param eter and abso lu te  vorticity of the  asso­

ciated vortex flow. Prelim inary sim ulations in which the linearized equivalent barotropic 

AB model is initialized w ith our tilted  benchm ark  vortex agree  with the corresponding 

QG sim ulations. Further work is required, however, to  u n d ers tan d  the effect of variable 

penetra tion  dep th  on the evolution of the tilted  vortex. It is possible that an altogether 

new quasi-m ode in quasi-gradient balance exists a t higher swirl speeds. Its characteristics 

and  relevance to hurricane-like flows (e.g.. track  wobbles) would be  of great in terest. This 

will be the subject of future investigation.

As an im m ediate application of the present study, work is under way to use ou tpu t 

from cloud-resolving numerical model sim ulations (e.g.. MM5 o r RAMS) of T C  genesis 

to  exam ine the  asym m etric distribution of vorticity  and its evolution in tim e. T he  ideas 

presented here regarding linear vortex alignm ent will be te s te d  in a situation where a 

blow-up of convection is observed inside the R M W  of a  pre-existing vortex. Is there 

positive vorticity generation a t low levels and  does it move closer to the vortex core in 

tim e? Is R 3 less than  unity? Based on the relative m agnitudes o f the internal deform ation 

radius and  horizontal vortex scale, is alignm ent o r co-rotation favored? It is im portan t 

to  determ ine if the dry. idealized model predictions (and p e rh ap s  ultim ately closed-form 

solutions) have relevance even in convective situa tions where large vertical m om entum  

tran sp o rts  are allowed to occur and the dynam ics is not so tig h tly  constrained to the  slow' 

m anifold.

P lans are to extend this work ultim ately to  the  analysis o f observational T C  genesis 

d a ta  sets, like Guillermo (1991). Very few of these  type of d a ta  se ts  exist, and none have 

been analyzed with the asym m etric m echanism s presented here and  in other theoretical 

studies (e.g., ME98) in mind. So from an observational s tan d p o in t, how a T C  initially
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forms is still an  open question. Asymmetric theories for T C  genesis do provide a  viable 

alternative to  sym m etric finite am plitude instability  theories (Em anuel 1989), and  we hope 

to  dem onstrate  the  usefulness of these ideas in the near future.
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A p p e n d ix  A

Q -V E C T O R  D IA G N O S T IC

In cylindrical coordinates (r .X .z ) the geostrophic radial and tangential winds are

—2RvTnaxa z  sin A , , , ,
U =  -=x----;-------- :--------- ^----- -----:— —-z +  Ue { z )  COS A. (A .l)R 2 +  (rcos A — a : ) 2 -F (rs ra  A)2 '

________ 2Rumaxjr -  a :  cos A) .
R 2 +  ( r  cos A — a : ) 2 -+- (r  sin A)2 e - sin

Substitu ting  (u.v) into Eq. (6.13). we ob ta in  the radial and azim uthal com ponents of the

Q-vector. Taking the horizontal divergence of Q  in cylindrical coordinates and defining

nondimensional param eters, b = r /R  and  a = a z /R .  yields

V Q =  -571---------16f! R °  ,------ r r r  [(Q/?o) (26 -  63 +f?( 1 -f- 62 +  a 2 — 2ab cos A)4
1 n r  *

2a62 cos A — a2b) sin A — — (—-^)((1 4- 62)6cos A —
/  dz

a ( l  -f- 62 +  262 cos2 A) +  3a26cos A — a 3)]. (A .2)

This expression for V • Q  is defined in a  cylindrical coordinate system whose origin is the  

vortex center on the lowest surface, c =  0. Thus, as the tilt (i.e.. a c )  becomes large, 

harmonics other than wavenumber one will a tta in  significance in the expression for V  • Q  

in this coordinate system. If we instead transform  to a coordinate system  ( r '.A '.r )  in 

which the origin at each level is the vortex center at tha t level, i.e., let

r 's in  A; =  r  sin A (A .3)

—r' cos X' =  a z  — r cos A,

then the sim pler and more concise expression for V ■ Q  given in Eq. (6.14) is obtained 

which projects only onto wavenumber one.
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A p p e n d ix  B

SIMULATING VORTEX ALIGNMENT: PV PATCHES VERSUS 

CONTINUOUS PROFILES

C'losed-form EQB solutions to the  linear tilted vortex problem  can be ob ta ined  for 

mean vortices whose rad ia l structu re is th a t of a vortex patch, i.e..

C(r ) =  (  l ma*' 0/ < < “ (B .l)1 0 .  a < r < oc

Solutions to Eqs. (4.13)-(4.15) are sought of the form:

t) =  Tl'cs(r. t) 4- i '€W{r. t). (B.2)

q,nn{r. t) =  qcs(r. t) + qew(r. t ).

where -cs' denotes the continuous spectrum  and ‘ew ' the edge wave com ponent. T he  solu­

tion m ethod follows S m ith  and M ontgom ery (1995) and  its generalization to the shallow 

w ater system  (courtesy Prof. M. M ontgomery, personal com m unication).

The continuous spectrum  solution is given by

h s { r . t ) =  r  G (r.p)qQ(p )e - tnm pdp. (B.3)
Jo

where

M l ’
{ In (  7,

G (r,p ) = - {  ‘rn 5 P ^ r
7m r)/vn(7mp ) : p < r

is the G reen's function and  qo is the in itia l PV pertu rba tion . /„  and  K n are the m odified 

Bessel functions.

The edge wave solution is found by solving the modified Bessel equation on b o th  sides 

of the basic s ta te  discontinuity. In b o th  regions the m ean vorticity gradient is identically 

zero. It follows th a t

^ew (r .t)  =  Cn(t)4>ew(r), (B.5)
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where
^ n ( 7 m ^ ) ^ n ( 7 m ^ ) !  T ^  d
Ai(*7m^) A n (7‘m 7" )* r ^  <Z

(B .6 )

T he dynam ic condition requires pressure continuity a t r = a. From  this condition 

C n{t) can be determ ined, com pleting the solution:

is the  edge wave ro tation  frequency.

This solution is intended to mimic the single-interface CD solution in the limit of in-

F irst. note th a t a n is nonzero for all n > 0 and 7 1  >  0. Therefore, as t —- oc. oscil­

la tory  edge wave solutions exist for all wavenumbers. For continuous vortex monopoles, 

w avenuinbers greater than  one sym m etrize within a couple r e (see Fig. 5.7). Second, note 

th a t as ~:\a — oc. (Abram owitz and Stegun 1972)

so <7 i approaches Cmax/ 2  and wavenumber one propagates around the vortex indefinitely. 

This is consistent w ith the CD simulations of Polvani (1991) where co-rotation was found 

in this param eter regime. Continuous vortex monopoles, however, do not exhibit this 

behavior.

As 7 i increases, the G reen s  function involved in th e  inversion of pertu rba tion  PV  for 

stream function  decays rapidly away from its source point. T he convolution of perturbation  

PV  and  G reen s  function, w'hich defines the stream function, will yield sm aller values the

dppG(a. p)qo(p)

dppG{a, p)qo(p)
(B .8 )

(B.7)

where Co is a constan t of integration and

m a x \ \ / “  f n ( 7 m (t ) / V n ( 7 m (1)] (B.9)

finitesim al vertical tilt. There are two points worth m aking regarding th e  linear solution.

(B.10)

and

(B .l l)
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larger ~n  is (see Fig. 5.17). The radial advection of mean vorticity by the pertu rba tion  

rad ia l wind can then  be neglected compared to the  azim uthal advection of pertu rba tion

PY  by the mean tangential wind (which does not depend on 7 1 ) in the limit 7 1  —* oc.

T he resulting linear PV tendency equation is

( ^  + i n i l j q mn(rJt) = 0. (B.12)

T hus, the pertu rba tion  PV  is m aterially conserved following the mean tangential winds 

and  will take on a spiral pattern  around the vortex in tim e since

q m n ( r . t )  = q m n ( r . 0 ) e - , nf i t . (B.13)

T he stream function is given by &cs above, and decays algebraically in the limit of long 

tim es (C arr and W illiams 1989: Sm ith and M ontgomery 1995). Therefore, continuous 

vortices always align in the small tilt, large 7 1  lim it.
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A p p e n d ix  C

N O N D IV E R G E N T  B A R O T R O P IC  E IG E N S O L V E R

We begin w ith the linearized vertical vorticity equation for tw o-dim ensional barotropic 

nondivergent flow

Kdt dX
1 dxp' dC
7 H x T r = ° -  <C 1 »r  dr dr  r 2 d \ 2

where c-' is the pertu rbation  stream function. Given the azim uthal-m ean tangen tia l wind 

and vorticity profiles, solutions to (C .l) of the form

</(r. A. t) = u;(r)e‘{nX+ut) (C.2)

are sought, where n is the azim uthal wavenumber. ip the eigen-stream function, and  v  the 

eigen-frequencv. We require ip(r) vanish as r  —* 0 and r  —* oc. A s tan d a rd  eigenvalue 

solver is used to perform  the numerical calculations following G ent and M cW illiam s (1986). 

Independence of the solutions under changes to  domain size and  radial grid-spacing have 

been verified.
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