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Abstract

Continued Exploration of Nearly Continuous Kakutani Equivalence

Nearly continuous dynamical systems, a relatively new field of study, blends together

topological dynamics and measurable dynamics/ergodic theory by asking that properties

hold modulo sets both meager and of measure zero. In the measure theoretic category, two

dynamical systems (X,T ) and (Y, S) are called Kakutani equivalent if there exists measurable

subsets A ⊂ X and B ⊂ Y such that the induced transformations TA and SB are measurably

conjugate. We say that a set A ⊂ X is nearly clopen if it is clopen in the relative topology

of a dense Gδ subset of full measure. Nearly continuous Kakutani equivalence refines the

measure-theoretic notion by requiring the sets A and B to be nearly clopen and TA and

SB to be nearly continuously conjugate. If A and B have the same measure, then we say

that the systems are nearly continuously evenly Kakutani equivalent. All irrational rotations

of the circle and all odometers belong to the same equivalence class for nearly continuous

even Kakutani equivalence. For our first main result, we prove that if A and B are nearly

clopen subsets of the same measure of X and Y respectively, and if φ is a nearly continuous

conjugacy between TA and SB, then φ extends to a nearly continuous orbit equivalence

between T and S. We also prove that if A ⊂ X and B ⊂ Y are nearly clopen sets such

that the measure of A is larger than the measure of B, and if T is a nearly uniquely ergodic

transformation and TA is nearly continuously conjugate to SB, then there exists B′ ⊂ Y such

that X is nearly continuously conjugate to SB′ . We then introduce the natural topological

analog of rank one transformations, called strongly rank one transformations, and show that

all strongly rank one transformations are nearly continuously evenly Kakutani equivalent to

the class containing all adding machines. Our main result proves that all minimal isometries
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of compact metric spaces are nearly continuously evenly Kakutani equivalent to the binary

odometer.
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your unceasing willingness to read my work.

Also, great thanks to Colorado State University and notably Don Estep for helping Niketa

Salvi and I continue on our path and for securing the funding to make this possible. With

deep gratitude, I express my thanks to Patrick Shipman and grad student Francis Motta

for including me in research as well as supporting me in my remaining time at CSU. Also,

thanks to Patrick and Bryan Elder for dealing with the paperwork.

Thanks ever so much to my incredible fellow graduate students, housemates, friends and

boyfriend both in Fort Collins and in Toronto for being there to commiserate and to laugh.

iv



To those in Toronto, I am so grateful to you for welcoming me into your lives and providing

me with a new family. To Niketa, thank you for being my sister in this. I am so proud of you

and so grateful to have had someone who could understand my pain, frustration, despair,

and triumph.

I would like to thank Andrés del Junco for being willing to undergo the huge task of

taking on a grad student part way through their degree, and for being willing to slog through

understanding towers and templates with me.

And finally, to Dan Rudolph, thank you ever so much for being my advisor, mentor, and

friend, for bringing me into the world of ergodic theory, and for teaching me great lessons

about mathematics and life. Thank you for your enormous courage and ability to look

beyond your own immense suffering to continue helping others and pursuing mathematics.

This thesis is dedicated to you. I shall miss you always.

v



Table of Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

Chapter 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1. Nearly Continuous Dynamics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2. Nearly Continuous Kakutani Equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3. Organization of Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 2. Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1. Nearly Clopen Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2. Maps and Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3. Nearly Continuous Equivalences. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Chapter 3. Towers and Cutting and Stacking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.1. Towers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2. Cutting and Stacking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3. Nearly Continuous Speed-Ups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.4. Strongly Rank One . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.5. Classical Examples of Interval Rank One Transformations . . . . . . . . . . . . . . . . . . . . . 37

Chapter 4. Extending Nearly Continuous Conjugacies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1. Extending Nearly Continuous Even Kakutani Equivalence . . . . . . . . . . . . . . . . . . . . . 41

vi



4.2. Extensions of Non-Even Kakutani Equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.3. Application to Strongly Rank One Transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

Chapter 5. Minimal Isomorphisms of Compact Metric Spaces . . . . . . . . . . . . . . . . . . . . . . . . 67

5.1. Preliminaries. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2. Stages of the Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.3. The Base Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.4. The Inductive Steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.5. Good Sets and the Convergence of PIBs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.6. Properties of the Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.7. Orbit Equivalence and Conjugacy on Nearly Clopen Sets . . . . . . . . . . . . . . . . . . . . . . 108

5.8. The Final Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

Chapter 6. Conclusion and Open Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

vii



List of Figures

3.1 The skyscraper over the set A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.2 A tower of height n over A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.3 A column over set B of a skyscraper over set A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.4 A tower and the left-over interval at some stage of an interval rank one construction. 34

3.5 The tower and left-over interval after being cut. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.6 The arrows demonstrate how to stack the columns and spacers. . . . . . . . . . . . . . . . . . . . . 34

3.7 The transformation after stacking the columns and spacers with upward translation

defined.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.8 The first stage of cutting and stacking for the binary odometer. . . . . . . . . . . . . . . . . . . . . 37

3.9 The first stage of cutting and stacking for Chacon’s map. . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.10The second stage of cutting and stacking for Chacon’s map.. . . . . . . . . . . . . . . . . . . . . . . . 39

4.1 A segment of the full frame used for defining the extension of the conjugacy. . . . . . . . 44

4.2 The first stage of cutting and stacking for Chacon’s map. . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3 The first stage of cutting and stacking for the induced transformation, ignoring

spacers.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.4 The second stage of cutting and stacking for Chacon’s map.. . . . . . . . . . . . . . . . . . . . . . . . 65

4.5 The second stage of cutting and stacking for the induced transformation, ignoring

spacers.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5.1 The first stage using the tower and template machinery. . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

viii



5.2 Stage 2n of the tower and template machinery.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.3 Stage 2n+ 1 of the tower and template machinery. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.4 Stage 2n+ 2 of the tower and template machinery. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

ix



CHAPTER 1

Introduction

1.1. Nearly Continuous Dynamics

In the 1979 paper, Almost Topological Dynamical Systems, Manfred Denker and Michael

Keane [8] set out to systematically lay the framework to study the interplay between the

topological and metrical properties of dynamical systems, which was of recent interest in

ergodic theory. In ergodic theory, one only asks that properties hold on a set of full measure,

whereas, in topological dynamics, one requires properties to hold on the entire space. The

authors gave a definition of an almost topological dynamical system on a compact metric

space Ω with Borel probability measure m (with F as the completion of the Borel σ-field with

respect to m) in the following manner: An almost topological dynamical system (Ω,F ,m)

is given by a subset Ω1 and and a map T : Ω1 → Ω1 where Ω1 ∈ F is a residual subset of

full measure, and T is a homeomorphism in the induced topology of Ω1 which preserves the

probability measure m restricted to Ω1. In the authors’ definition of almost topological or

finitary conjugacy, between two almost topological dynamical systems T on (Ω,F ,m) and

T ′ on (Ω′,F ′,m′), with domains of definition Ω1 and Ω′1, they ask for Ω2 ⊆ Ω1, Ω′2 ⊆ Ω′1 such

that φ : Ω2 → Ω′2 where Ω2 ∈ F and Ω′2 ∈ F ′ are residual subsets of full measure in Ω and

Ω′, φ is continuous, surjective, and measure-preserving, and φT = T ′φ on Ω2. Denker and

Keane’s paper focuses on describing invariants of finitary isomorphism and demonstrates

that finitary isomorphism is indeed strictly stronger than metrical isomorphism.
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In the 2009 paper, Measured Topological Orbit and Kakutani Equivalence by A. del Junco,

D. Rudolph, and B. Weiss, [5] the authors recast and add to the theory set forth by Denker

and Keane [8]. The definition of a dynamical system shifts to requiring that X be a Polish

probability space, and T be an ergodic measure preserving homeomorphism on X. Polish

spaces provide the natural setting for this theory. If one starts with a compact metric space

and then removes a meager set of measure zero, one creates a Polish space. The authors

also change the terminology, replacing “almost topological” with “nearly continuous” to

avoid confusion with the description that a function is almost continuous. We add to the

basic results from [8] and [5]. Herein, we name the theory nearly continuous dynamics, and

require properties to hold on sets considered large both in measure-theoretic and topological

settings, i.e. on the complement of a meager set of measure zero.

1.2. Nearly Continuous Kakutani Equivalence

Kakutani equivalence between two ergodic dynamical systems T on X and S on Y ,

as introduced by S. Kakutani in the 1940s [14] asks for the existence of measurable sets

A ⊂ X and B ⊂ Y of positive measure such that TA and SB are measurably conjugate.

Dye [9] later defined orbit equivalence between two dynamical systems to be a measurable

map φ : X → Y which maps orbits in X to orbits in Y . Dye then proved that any two

ergodic measure preserving transformations are orbit equivalent. A. del Junco and A. Şahin

[6] generalized Dye’s Theorem to the nearly continuous category in the following way: Given

any two ergodic homeomorphisms T and S of Polish probability spaces X and Y , there exist

full mueasure subsets X0 ⊂ X and Y0 ⊂ Y together with an orbit equivalence φ : X0 → Y0

such that φ is a measure preserving homeomorphism from X0 to Y0. We say that a set A ⊂ X

is nearly clopen if it is clopen in the relative topology of a dense Gδ subset of full measure.
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For two ergodic homeomorphisms T and S of Polish probability spaces X and Y respectively,

the authors of [5] defined even Kakutani equivalence in the nearly continuous category to be

given by a nearly continuous orbit equivalence φ : X0 → Y0 where X0 and Y0 are Gδ subsets

of full measure in X and Y respectively, and a nearly clopen set A of positive measure

such that φ restricted to A is a conjugacy between TA and Sφ(A). In this thesis, we show

that if one starts with a nearly continuous conjugacy φ between induced transformations TA

and SB on nearly clopen subsets A ⊂ X and B ⊂ Y of the same measure, then φ extends

to a nearly continuous orbit equivalence between X and Y . This result demonstrates that

in [5], the requirement for an orbit equivalence between the systems is superfluous to the

definition of nearly continuous even Kakutani equivalence. An ergodic measure preserving

homeomorphism T on a Polish probability space X is said to be nearly uniquely ergodic if

the ergodic averages converge unformly to the integral on a Gδ subset of full measure for

any function bounded and continuous on a Gδ subset of full measure. We prove that if X

and Y are Polish probability spaces, if T is a nearly uniquely ergodic transformation of X

and S is an ergodic measure preserving homeomorphism of Y , and if A ⊂ X and B ⊂ Y are

nearly clopen subsets with µX(A) > µY (B), and TA is nearly continuously conjugate to SB,

then S induces T on a nearly clopen subset.

In [5], the authors construct an example which demonstrates that nearly continuous

Kakutani equivalence is strictly stronger than Kakutani equivalence. In the quest to under-

stand the nature of nearly continuous Kakutani equivalence, Roychowdhury and Rudolph

in [18] prove that all odometers are nearly continuously evenly Kakutani equivalent to the

binary odometer. Dykstra and Rudolph in [10] prove that all irrational rotations are nearly

continuously evenly Kakutani equivalent to the binary odometer. Our main result, that

3



all minimal isometries of compact metric spaces are nearly continuously evenly Kakutani

equivalent to the binary odometer, encompasses the results in [18] and [10] and answers the

question posed in [10] about this more general class of systems.

1.3. Organization of Thesis

We organize the thesis as follows: Chapter Two introduces nearly continuous dynamical

systems, nearly clopen sets, and various notions of near equivalence.

In Chapter Three we focus on the nearly continuous equivalents of skyscrapers, towers,

and cutting and stacking. Towers provide a powerful tool in ergodic theory, and deserve at-

tention in the nearly continuous category. We prove a nearly continuous version of Rokhlin’s

Tower lemma as well as nearly continuous version of the Alpern multi-tower lemma. Our

attention turns to cutting and stacking as we show that any nearly continuous dynamical

system is nearly continuously conjugate to a cutting and stacking of the unit interval. In

Chapter Three we define a class of transformations called strongly rank one, the natural

analog of rank one transformations from ergodic theory, and then show that any such trans-

formation is nearly continuously conjugate to a rank one cutting and stacking of the unit

interval.

In Chapter Four, we consider the problem of extending nearly continuous conjugacies

on induced transformations in relation to nearly continuous Kakutani equivalence. Let T

and S be ergodic measure-preserving homeomorphisms of Polish probability spaces X and

Y respectively. If A and B are nearly clopen subsets of X and Y respectively such that A

and B have the same positive measure, and if φ is a nearly continuous conjugacy between TA

and SB then φ extends to a nearly continuous orbit equivalence between X and Y . We then

explore the possibility of modifying and extending a nearly continuous conjugacy between

4



induced transformations on nearly clopen sets A ⊂ X and B ⊂ Y where the measure of

A is greater than that of B in order to find a nearly clopen subset B′ ⊂ Y such that T is

nearly continuously conjugate to SB′ . We will see that this is not possible in general unless

the appropriate system is nearly uniquely ergodic. We then apply this result to show that

all strongly rank one transformations are nearly continuously evenly Kakutani equivalent to

the binary odometer.

In Chapter Five, we introduce our version of the tower and template machinery in order

to prove the main result that minimal isometries of compact metric spaces are nearly con-

tinuously evenly Kakutani equivalent to the binary odometer and hence to all other minimal

isometries of compact metric spaces.
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CHAPTER 2

Background

We consider a Polish space X which is a dense subset of a compact metric space, endowed

with a non-atomic Borel probability measure µ of full support. Polish spaces are topological

spaces homeomorphic to complete separable metric spaces. The topology τ is the Polish

topology, and whenever we write (X, τ, µ) we mean precisely such a space, referred to as a

Polish probability space. The proof of the following theorem may be found in [12]

Theorem 2.0.1. Let X be a Polish space.

(1) (P. Alexandrov) A Gδ subset of X is also Polish.

(2) If a subspace of X is Polish, then it is Gδ.

By analogy with measurable dynamics and ergodic theory, we will neglect meager null

sets.

Definition 2.0.2. A Gδ subset of full measure X0 ⊆ X is called a nearly full subset.

Because the support of µ is X, any nearly full subset is dense in X.

2.1. Nearly Clopen Sets

Definition 2.1.1. A set C ⊆ X is said to be nearly clopen if there exists a nearly full

subset X0 ⊆ X such that C ∩X0 is clopen in the relative topology of X0.

Proposition 2.1.2. Let (X, τ, µ) be a Polish probability space. The following are equiv-

alent:

6



(1) a set C ⊆ X is nearly clopen;

(2) there exists an open set A ⊂ X and a closed set B ⊂ X such that µ(A∆C) = 0 and

µ(B∆C) = 0;

(3) there exists an open set A ⊂ X such that µ(A∆C) = 0 and µ(∂A) = 0.

Proof. First, we show that 1 and 2 are equivalent. Suppose that C ⊆ X is nearly

clopen. Then, there exists a nearly full set X0 ⊆ X such that C ∩ X0 is clopen in X0.

There exists an open set A such that C ∩ X0 = A ∩ X0. A4C ⊂ XC
0 which implies that

µ(A4C) = 0 and C is within measure zero of an open set. The argument that C is within

measure zero of a closed set B is essentially the same.

Next, suppose that C ⊆ X is within measure zero of open and within measure zero of

closed. Let A be an open set within measure zero of C and let B be a closed set within

measure zero of C. As X has full support, A ⊆ C ⊆ B and ∂C ⊂ (B ∩ Ac) has measure

zero. Let X0 = X − (B ∩ Ac). Then X0 is a nearly full set with A ∩ X0 = C ∩ X0 and

B ∩X0 = C ∩X0, and C is nearly clopen in X0.

The proof that 2 and 3 are equivalent is similar to the proof of Lemma 2.7 from [5].

First assume there exists an A ⊂ X and B ⊂ X open and closed, respectively, such that

µ(A∆C) = 0 and µ(B∆C) = 0. Then A∩Bc is open and µ(A∩Bc) = 0, which implies that

A ⊆ B and µ(∂A) = 0.

Next, suppose there exists an open set A ⊂ X such that µ(A∆C) = 0 and µ(∂A) = 0.

Then Ā is a closed set such that µ(Ā∆C) ≤ µ(A∆C) + µ(∂A) = 0.

�

Definition 2.1.3. Let (X, τ, µ) be a Polish probability space. Two sets A ⊆ X and B ⊆

X are said to be nearly equal if there exists a nearly full set X0 such that A∩X0 = B∩X0.

7



We remark that if A is a nearly clopen set and B is nearly equal to A, then B is a nearly

clopen subset with µ(A) = µ(B). Near equality of nearly clopen sets is an equivalence

relation.

Let A = A(X) denote the set of equivalence classes of nearly equal clopen sets of a Polish

probability space (X, τ u). It is straightforward to show that A is a Boolean algebra.

Lemma 2.1.4. ([6] Theorem 2) Suppose (X, τ, µ) is a Polish probability space. There

exists a nearly full subset X0 ⊂ X, such that the topology restricted to X0 has a countable

base consisting of clopen sets.

Proof. Let d be a complete metric on X, and let {xi} be a countable, dense subset of

X. Let S(xi, r) = {y : d(xi, y) = r} be the metric sphere of radius r centered at xi. As only

countably many of the spheres S(xi, r) may have positive measure, find a countable, dense

subset Rxi ⊂ R+ for each xi such that µ(S(xi, r)) = 0 for all r ⊂ Rxi . Let

X0 =

⋃
i

⋃
r∈Rxi

S(xi, r)

c

.

Then X0 is a Gδ of full measure whose topology is generated by the balls B(xi, r) = {y :

d(xi, y) < r} ∩X0 for r ∈ Rxi .

�

Lemma 2.1.5. ([5] Lemma 2.8) Suppose (X, τ, µ) is a nonatomic Polish probability space,

A is a measurable set, and ε > 0. Then, there is a nearly clopen set C such that µ(C∆A) < ε.

Proof. Select an open set U and a closed set E with E ⊂ A ⊂ U and µ(U)−µ(E) < ε.

As any Polish space may be metrized as a dense Gδ subset of a compact metric space, there

8



exists a continuous function f : X → [0, 1] which is 0 on E and 1 on X\U . There must exist

a value t ∈ (0, 1) so that µ({x|f(x) = t} = 0. The set C = {x|f(x) < t} is open and is

nearly equal to C = {x|f(x) ≤ t}, i.e. C is an open set with boundary measure zero.

�

Lemma 2.1.6. ([5] Lemma 2.9) Suppose (X, τ, µ) is a nonatomic Polish probability space.

For every α ∈ [0, 1] there exists a nearly clopen set C ⊆ X with µ(C) = α.

Proof. As the complement of any nearly clopen set is nearly clopen, we may assume

w.l.o.g that 0 < α ≤ 1/2. The balls Br(x) of radius r around x have measure µ(Br(x))

decreasing to zero and continuous at Lebesgue almost every r, so there are arbitrarily small

open and almost closed balls around each point. Select a point x0 ∈ X and a radius r0 > 0

with 0 < µ(Br0(x0)) < 1/2 so that Br0(x0) is nearly clopen (i.e. its boundary has measure

zero). Select a sequence of distinct points {xi} → x0, all in Br0(x0) and radii ri > 0 so

that the ri → 0, all the balls Bri(xi) are nearly clopen, are in Br0(x0) and are disjoint and

of positive measure. We construct our nearly clopen set of measure α as a union of nearly

clopen subsets C0 ⊂ Br0(x0)c and Ci ⊂ Bri(xi). These sets will be disjoint. As each Ci will

be nearly open, so is their union. As each is nearly closed, and the only nontrivial limit point

for their union is x0, the union is also nearly closed. To select the Ci, set αi = µ(Bri(xi)) > 0.

Use the previous lemma on Br0(x0)c, which is a Polish space, first choose a subset A0 with

α− 1
2
α1 < µ(A0) < α then use the lemma again to find a nearly clopen subset C0 ⊂ Br0(x0)c

by approximating A0 so well that we still have α− α1 < µ(C0) < α.

Suppose we have selected the subsets C0,C1,...,Cn so that α − αn+1 <
∑n

i=0 µ(Ci) < α.

Set βn+1 = α −
∑n

i=0 µ(Ci), the amount of measure still needed. As βn+1 < αn+1 we can

select a subset An+1 ⊂ Brn+1(xn+1) with measure βn+1−αn+2 < µ(An+1) < βn+1. Now inside
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the nearly clopen set Brn+1(xn+1) we can apply the above lemma and approximate An+1 by

a nearly clopen subset Cn+1 so that we still have

βn+1 − αn+2 = α−
n∑
i=0

µ(Ci)− αn+2 < µ(Cn+1) < α−
n∑
i=0

µ(Ci)

and hence α− αn+2 <
∑n+1

i=0 µ(Ci) < α, and the induction proceeds.

�

Lemma 2.1.7. ([5] Lemma 2.10) Suppose (X, τ, µ) is a nonatomic Polish probability

space, A ⊂ X is measurable, and ε > 0. There exists a nearly clopen set C such that

µ(C) = µ(A) and µ(C∆A) < ε.

This follows from Lemma 2.1.6

A nearly clopen partition P of a Polish probability space (X, τ, µ) is a set of pairwise

disjoint nearly clopen sets whose union
⋃
p∈P p = X up to an Fσ of measure zero. Given a

measurable set C ⊂ X, and metric d on X, the diameter of the set is given by

diam(C) = sup
x,y∈C

d(x, y).

Given a nearly clopen partition P of X,

diamP = sup
p∈P

diam(p).

Lemma 2.1.8. Every Polish probability space (X, τ, µ) has a refining sequence of nearly

clopen partitions, Pi, which form a base for the topology of a nearly full subset X0 ⊆ X.
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Proof. For the set Rxi defined as in Lemma 2.1.4, assign an ordering {r1 > r2 > r3 >

. . .}. Define Pi to be the partition which arises from the disjointification of the following

union of sets
i⋃

k=1

i⋃
j=1

B(xj, rk) ∪

(
i⋃

k=1

i⋃
j=1

B(xj, rk)

)c

.

This gives a refining sequence of partitions which is a base for the topology of X0 as defined

the the proof of 2.1.4. Note that limi→∞ diam(Pi) = 0.

�

Lemma 2.1.9. If P is a countable nearly clopen partition of (X, τ, µ), and Q is a countable

collection of partition elements of P, then the union of all q ∈ Q is nearly clopen.

Proof. Let X0 be the nearly full subset for which P is a partition consisting of clopen

sets. Then
⋃
q∈Q q is open in X0. As

⋃
p∈P\Q p is open in X0, its complement

⋃
q∈Q q is closed

in X0 and hence nearly clopen.

�

Lemma 2.1.10. ([6] Lemma 2)

(a) If A ⊂ X is a nearly clopen set and ε > 0, then there exists a partition of A into nearly

clopen sets A1, A2, . . . , Ak such that µ(Ai) < ε for 1 ≤ i ≤ k. Thus, any nearly open set may

be written as a countable disjoint union of nearly clopen sets of measure less than ε.

(b) Let A ⊂ X be a nearly clopen set with µ(A) = a. Let {ai}i∈I for I ⊂ N be a list of real

numbers such that
∑

i∈I ai = a. There exists a nearly clopen partition of A into sets Ai for

i ∈ I such that µ(Ai) = ai.
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Proof. For (a), let A ⊂ X be nearly clopen. There exists a countable basis {Bi}i∈N of

nearly clopen balls with µ(Bi) < ε. Define A1 = A ∩B1, and inductively

An =

(
A\

(
n−1⋃
k=1

Ak

)
∩Bn

)
,

to give a partition of A with µ(An) ≤ Bn < ε. If only finitely many Ai are nonempty, we

are done. Otherwise, as
∑∞

i=1 µ(An) = µ(A), there exists an N ∈ N such that
∑N

i=1 µ(An) >

µ(A) − ε. We then replace An for n > N with
⋃
i>N Ai, which is nearly clopen by Lemma

2.1.9.

For (b), we construct a sequence of setsAn1 , A
n
2 , . . . of disjoint clopen sets such that for each

i, Ani increases to the set Ai. Suppose that for a given n, we have that ai− 1
n
≤ µ(Ani ) ≤ ai.

By (a) we may partition the open set C := A\
⋃
iA

n
i into nearly clopen subsets C1, C2, . . . of

measure less than ε. If ε is sufficiently small, then by taking finite unions of the sets Ci we

may find disjoint nearly clopen subsets B1, B2, . . . of C, all but finitely many empty, such

that if we set An+1
i = Ani

⋃
iBi then we have

ai −
1

n+ 1
< µ(An+1

i ) < ai.

�

2.2. Maps and Transformations

In topological dynamics, one asks for maps to be homeomorphisms on the entire space,

whilst in measurable dynamics, one only asks that a map be measurable on a set of measure

one. We blend the two notions by asking maps to be homeomorphisms on a nearly full set.
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Definition 2.2.1. Let φ : X → Y be a transformation of Polish probability spaces

(X, τ, µ) and (Y, τ, ν). If there exists nearly full subsets X0 ⊆ X and Y0 ⊆ Y such that

φ : X0 → Y0 is a homeomorphism, then φ is a near homeomorphism and the spaces are

called nearly homeomorphic.

Observe that any two Polish probability spaces are homeomorphic. We use the abbrevi-

ation n.c. for nearly continuous or nearly continuously.

Definition 2.2.2. Let (X, τ, µ) be a Polish probability space. We call (X, τ, µ, T ) such

that T is an ergodic, measure-preserving homeomorphism of X a nearly continuous dy-

namical system.

In metrical dynamics, if two functions agree on all but a null set, then we consider those

functions to be equivalent. Naturally then, in nearly continuous dynamics, two functions are

considered equivalent if they agree on all but a meager null set. Likewise, nearly clopen sets

are equivalent if they agree on all but a meager null set. A T -invariant nearly full subset

of X is called a carrier. The intersection of two carriers is a carrier. In proofs to follow in

later chapters, it is often necessary to restrict T to a carrier X0 ⊆ X. X0 is then again a

Polish space, T : X0 → X0 is a homeomorphism, and studying (X0, τ, µ, T ) is equivalent to

studying (X, τ, µ, T ).

Nearly clopen sets play an important role in the study of induced transformations. Let

(X, τ, µ, T ) be a nearly continuous dynamical system, and A ⊆ X be nearly clopen. There

exists a nearly full set X ′ ⊂ X such that A ∩X ′ is clopen in X ′. Let X1 =
⋂∞
i=−∞ T

−i(X ′),

giving a carrier of T such that A1 = A ∩X1 is clopen in X1. A1 is a nearly full subset of A.
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Then, define the return time function rA1 : A1 → N by

rA1(x) = inf{r > 0 : (T |X1)
r(x) ∈ A1}.

Lemma 2.2.3. Let (X, τ, µ, T ) be a n.c. dynamical system and let A ⊂ X be nearly clopen.

Then, the return time function to A is nearly continuous and TA is nearly a homeomorphism

on A.

Proof. Define X1 be a carrier of T such that A1 = A ∩X1 is clopen in X!. Define

Br = {x ∈ A1 : rA1(x) = r}.

Each Br is clopen in X1 and rA1(x) is constant on each Br and thus nearly continuous on

A1. For x ∈ Br, rA1(x) = r so that TA1 = T rA1 on Br. Thus, the induced map is a function

defined piecewise by homeomorphisms on each set in a clopen decomposition of X1.

�

Given a n.c. dynamical system (X, τ, µ, T ) and a finite nearly clopen partition P consist-

ing of n-elements, there is a natural map fP : X → {1, 2, . . . , n}Z given by (fPx)k = j if and

only if T k(x) is in the jth partition element of P . We call the sequence fPx the T,P-name,

or just the P-name of x. The initial block of length k,

(fPx)0, (fPx)1, . . . , (fPx)k−1,

is called the P-name of length k.

An important characterization of ergodic systems comes from Birkhoff’s point-wise er-

godic theorem:
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Proposition 2.2.4. If T is an ergodic, measure preserving transformation, then

lim
N→∞

N−1∑
n=0

f(T n(x)) =

∫
X

fdµ

for µ-a.e.x and any Lebesgue integrable function f .

Later, we shall introduce a stronger notion called nearly unique ergodicity. We now turn

our attention to the various notions of equivalence between two nearly continuous dynamical

systems.

2.3. Nearly Continuous Equivalences

Definition 2.3.1. Two systems (X, τ, µ, T ) and (Y, τ, ν, S) are said to be nearly con-

tinuously conjugate if there exists carriers X0 ⊂ X and Y0 ⊂ Y and a homeomorphism

φ : X0 → Y0 such that φ ◦ T |X0 = S|Y0 ◦ φ.

Theorem 2.3.2. ([8] Theorem 3) Any nearly continuous dynamical system (X, τ, µ, T )

is nearly continuously conjugate to a homeomorphism of a compact metric space.

Proof. Let X̃ be a compact metric space such that X is a dense Gδ subset of X̃. Let

d̃ denote the metric on X̃. We may assume it is bounded as, for any metric, there exists an

equivalent metric which is bounded. Define a new metric d on X by setting

d(x, y) =
∑
k∈Z

2−|k|d̃(T kx, T ky).

Note that d̃ ≤ d. As T is continuous on X, if xn, x ∈ X0 with limn→∞ d̃(xn, x) = 0,

then limn→∞ d̃(T kxn, T
kx) = 0, and limn→∞ d(xn, x) = 0. The two metrics define the same

15



topology. Also for x, y ∈ X,

1

2
d(x, y) ≤ d(Tx, Ty) ≤ 2d(x, y)

showing T and T−1 are uniformly continuous with respect to d. Let ε > 0. Select k0 so that

∑
|k|≥k0

2−|k|diamX < ε/2. (2.3.1)

As d̃ is a totally bounded metric, the metric
∑
|k|<k0 2−|k|d̃(T kx, T ky) trivially satisfies the

total boundedness condition as the finite sum of totally bounded metrics. So, there exists

x1, . . . , xn with xi ∈ X so that

X ⊂
n⋃
i=1

y :
∑
|k|<k0

2−|k|d̃(T kxi, T
ky) < ε/2

 . (2.3.2)

By 2.3.1 and 2.3.2,

X =
n⋃
i=1

{y : d(xi, y) < ε},

showing that d is a totally bounded metric. Let X ′ be the completion of X with respect

to d. X ′ is a compact metric space, and as T : X → X is uniformly continuous, it can be

extended to a homeomorphism T ′ : X ′ → X ′. Also, as d̃ ≤ d, there is a continuous map

φ : X ′ → X extending the identity map on X. φ−1(X) is a dense Gδ subset of X ′. To finish,

define µ′(A) = 0 for A ⊂ X ′\X and µ′(A) = µ(A) for A ⊂ X.

�

The following theorem due to Zhuravlev [20] plays a critical role in several results through-

out the paper, and we include the proof for completeness. Note that if we drop the restriction

that the map be defined on nearly full subsets, then this is a case of Von Neumann’s theorem
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that every homomorphism of measure algebras arises from a point homomorphism mod 0,

which may be found as Theorem 4.7 in [16] and Theorem 9.5.1 in [2].

Theorem 2.3.3. Let (X, τ, µ) and (Y, τ, ν) be two Polish probability spaces, and let A

and B denote Boolean algebras of equivalence classes of nearly clopen sets for X and Y ,

respectively. If Φ : A → B is a measure preserving isomorphism, then Φ is induced by a

nearly continuous point map, i.e. there exist nearly full subsets X0 ⊆ X and Y0 ⊆ Y and a

measure preserving map φ : X0 → Y0 and φ(A) = Φ(A) for each A ∈ A.

Proof. The forward direction is obvious. Let Φ be meet the hypothesis of the theorem.

Let εi = 2−i. First build refining sequences of partitions Pi and Qi of finitely many nearly

clopen sets in the following manner: Let P1 be a nearly clopen partition of X into finitely

many atoms of size less than ε1. Define Q1 = Φ(P1). Choose Q2 a (finite) refinement of

Q1 so that ν(q) < ε2 for q ∈ Q2. Define P2 = Φ−1(Q2). As Φ is measure preserving, P2

has elements of size less than ε2 and refines P1. Continue inductively. If Pi is a nearly

clopen partition of X of diameter less than εi, then Qi is a nearly clopen partition of Y with

diamQi < εi. Select a Qi+1 which is finite and refines Qi and has diameter less than εi+1.

Then, Pi+1 = Φ−1(Qi+1) refines Pi and diamPi+1 < εi+1.

Let X0 and Y0 be invariant dense Gδ subsets of full measure in X and Y such that Pi

is clopen in X0 for all i and Qi is clopen in Y0 for all i. As the diameters go to zero, the

sequences of partitions generate the restricted topologies.

Consider the intersection ∩i∈Npi of a nested sequence of atoms with pi ∈ Pi and pi+1 ⊂ pi.

As εi ↘ 0 each ∩i∈Npi is either empty, or, contains a single point.

Let

Z = {(p1, p2, . . .) : pi ∈ Pi and pi+1 ⊂ pi}
17



be the space of sequences of symbols for the partitions where each pi+1 is contained in pi.

Z is a subset of the full product space of symbols pi ∈ Pi. A cylinder set of length k

x1, x2, . . . , xk is the set of sequences {(p1, p2, p3, . . .) : xi = pi for i = 1, . . . , k}. Each cylinder

set p1p2 . . . pk of length k has measure µk(p1p2 . . . pk) = µ(pk) where pk denotes the partition

element of Pk. Let µ∗ be the measure induced by the µk on the cylinders, and let the topology

be generated by these cylinder sets, coinciding with the product space topology. Theorem

7.9 of Stromberg, 1994, Probability for Analysts [19] asserts that the product space of all

possible sequences {p1, p2, p3, . . .} is Polish as a countable product of Polish spaces. Z is a

closed subset of the full product space. Thus, Z is Polish.

Define

η : X0 → Z, by η(x) = (p1, p2, p3, . . .)

where pi is the atom of Pi containing x. Note that µ∗ = η∗µ = µ ◦ η−1. We now show

η : X0 → η(X0) is a homeomorphism onto its image. It is one-to-one as ∩i∈Npi is either

empty, or, contains a single point. The pull back of any cylinder, η−1(p1, p2, . . . , pk) = pk,

for some clopen pk ∈ Pk. (Any open set is the countable union of cylinder sets.) Hence

η is continuous. Likewise, the clopen sets of each Pi form a basis for the topology of X0,

and η(pk) = p1, p2, . . . , pk for each pk ∈ Pk, showing η−1 is continuous. Thus η(X0) is the

homeomorphic image of a Polish space and also Polish, meaning again Gδ.

η(X0) is dense in Z: Consider again the basis for the topology of Z consisting of the

cylinder sets and look at p1p2 . . . pk∩η(X0) for each cylinder set, and note that the intersection

is non-empty. Then η(X0) has full measure under µ∗ by property of µ∗ being generated by

the measures on the cylinder sets.
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By definition of the sequence of partitions Qi, and following the same argument as above,

we define

ζ : Y0 → Z by ζ(y) = (q1, q2, q3, . . .)

s.t. qi is the atom of Qi containing y. The measure ν∗ = ζ∗(ν) = µ∗. ζ(Y0) is a dense Gδ

subset of Z. Z is a complete metric space, hence Baire, thus Z∗ = η(X0) ∩ ζ(Y0) is dense in

Z and also Gδ with µ∗(Z∗) = 1. Define

ϕ = ζ−1 ◦ η : X∗ → Y ∗

with X∗ = η−1(Z∗) and Y ∗ = ζ−1(Z∗). ϕ is a measure preserving homeomorphism as the

composition of homeomorphism. The image ϕ(X∗) = ζ−1(Z∗) is dense Gδ.

�

Corollary 2.3.4. Two nearly continuous dynamical systems (X, τ, µ, T ) and (Y, τ, ν, S)

are nearly continuously conjugate iff there exists a measure preserving isomorphism Φ of

Boolean algebras of equivalence classes of nearly clopen sets A = A(X) and B = A(Y ) such

that Φ(T (A)) = S(Φ(A)) for all A ∈ A.

Proof. The forward direction is obvious. For the backwards direction, by Theorem

2.3.3, Φ is induced by a nearly continuous point map φ such that for any A ∈ A, φ(A) =

Φ(A). It only remains to show that φ(T (x)) = S(φ(x)) on a nearly full set. Let X0 be the

nearly full set on which φ is defined, and let x ∈ X0. Then, there exists a nested sequence of

nearly clopen sets A1 ⊃ A2 ⊃ A3 ⊃ · · · such that x ∈ Ai for all i ∈ N, implying T (x) ∈ T (Ai)
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for all i ∈ N. For each Ai, Φ(T (Ai)) = S(Φ(Ai))

⇒
⋂∞
i=1 Φ(T (Ai)) =

⋂∞
i=1 S(Φ(Ai))

⇒ Φ (T (
⋂∞
i=1Ai)) = S (Φ (

⋂∞
i=1Ai))

⇒ φ(T (x)) = S(φ(x)) for each x ∈ X0.

�

Definition 2.3.5. For a nearly continuous dynamical system T : X → X, the orbit of

a point x ∈ X is

OrbT (x) = {T i(x) : i ∈ Z}.

Definition 2.3.6. Two nearly continuous dynamical systems (X, τ, µ, T ) and (Y, τ, ν, S)

are nearly continuously orbit equivalent if there exists carriers X0 ⊆ X and Y0 ⊆ Y ,

a homeomorphism φ : X0 → Y0, and continuous maps p : X0 → Z and q : Y0 → Z such that

φ ◦ T p = Sq ◦ φ and φ(OrbT (x)) = OrbS(φ(x)) for x ∈ X0.

In the nearly continuous category, del Junco and Şahin [6] proved the following analogue

to Dye’s theorem:

Theorem 2.3.7. ([6]) Suppose (X, τ, µ, T ) (Y, τ, ν, S) are nearly continuous dynamical

systems. Then, the systems are nearly continuously orbit equivalent.

Prior to the introduction of orbit equivalence, S. Kakutani [14] called two dynamical

systems (X,µ, T ) and (Y, ν, S) Kakutani equivalent if there exist measurable subsets A and

B of X and Y respectively such that TA is measurably conjugate to SB. If µ(A) = ν(B),

the systems are said to be evenly Kakutani equivalent.
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Definition 2.3.8. Two nearly continuous dynamical systems (X, τ, µ, T ) and (Y, τ, ν, S)

are nearly continuously Kakutani equivalent if there exist nearly clopen sets A ⊆ X

and B ⊆ Y with µ(A) > 0 and ν(B) > 0 such that TA and SB are nearly continuously

conjugate.

If µ(A) = ν(B), then the systems are nearly continuously evenly Kakutani equiv-

alent .

In chapter 4, we are going to be extending n.c. even Kakutani equivalence to an orbit

equivalence.
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CHAPTER 3

Towers and Cutting and Stacking

We begin with defining the equivalent of skyscrapers and towers in the nearly continuous

category, developing versions of Rohklin towers and a multi-tower Alpern lemma. The

chapter describes a procedure for constructing nearly continuous dynamical systems first

through an abstract cutting and stacking using nearly clopen sets, and then shows that any

n.c. dynamical system is nearly continuously conjugate to a cutting and stacking of the unit

interval. We give a definition for the class of strongly rank one transformations and end by

showing that this class is equivalent to a cutting and stacking which consists of one tower at

each stage. The objects in this chapter play a lage role in the results of later chapters.

3.1. Towers

Definition 3.1.1. Given a n.c. dynamical system (X, τ, µ, T ) and a nearly clopen set

A ⊂ X, the skyscraper over A is the ordered list of sets

A, T (A)\A, T 2(A)\(A ∪ T (A)), . . . , T k(A)\
k−1⋃
i=0

T i(A), . . .

We refer to these sets as levels of the skyscraper, and A is called the base.

The levels are commonly visualized as intervals, with A on the bottom, T (A)\A above,

etc. The transformation T moves points in a level to the level above. If the image of a point

is not in the next level, then the image appears in the base. For an x ∈ A, T moves the

point x up the skyscraper to height rA(x), then to the point TA(x). See Figure 3.1
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A
T(A) \ A

x

T(x)

T (x)A

Figure 3.1. The skyscraper over the set A

Definition 3.1.2. Given a n.c dynamical system (X, τ, µ, T ) and a nearly clopen set A,

the ordered list of sets

A, T (A), T 2(A), . . . , T n−1(A)

such that the sets are pairwise disjoint is called the nearly clopen tower of height n over

A. The sets are called levels of the tower and A is called the base. See Figure 3.2.

A

T (A)

T  (A)
2

T    (A)
n-1

Figure 3.2. A tower of height n over A.

Note that the tower does not necessarily cover all of X.
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Definition 3.1.3. Given a skyscraper over a nearly clopen set A, and a nearly clopen

set B ⊂ A such that rA(x) = r for all x ∈ B, we call the ordered list of sets

B, T (B), . . . , T r−1(B)

a column of the skyscraper. B is called the base.

A column is a tower in itself. See Figure 3.3.

A
T(A) \ A

B

Column over B

Figure 3.3. A column over set B of a skyscraper over set A.

Lemma 3.1.4. Let (X, τ, µ, T ) be a nearly continuous dynamical system. Given a positive

integer N , there exists a nearly clopen set B ⊂ X such that the skyscraper over B has height

at least N .

Proof. Select a nearly clopen set A ⊂ X such that 0 < µ(A) < 1
N

. Decompose A into

nearly clopen sets Ai such that rA(x) = i for all x ∈ Ai. Note that the images of all Ai are

nearly clopen. The collection of sets {T j(Ai) : for i = 1, 2, . . . , and j = 0 . . . i − 1} gives a

nearly clopen partition of X. Let B =
⋃∞
i=N Ai. By Lemma 2.1.9, B is a nearly clopen set

such that the skyscraper over B has height at least N . �
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The next result is the equivalent of Rokhlin’s Tower lemma in the nearly continuous

category.

Proposition 3.1.5. Let (X, τ, µ, T ) be a n.c. dynamical system. For every ε > 0 and

N ∈ N, there exists a nearly clopen tower of height N which covers all but ε of X.

Proof. By Lemma 3.1.4, we may select a nearly clopen set A such that the skyscraper

over A has height at least N−1
ε

. Decompose A into nearly clopen sets Ai such that rA(x) = i

for each x ∈ Ai. Fix an i. Note that for an x ∈ R, bxc denotes the integer part of x. Define

q(i) =


b i
N
c if i

N
is not an integer, and

i
N
− 1 if i

N
is an integer.

Define B =
⋃∞
i=N

⋃q(i)
k=0 T

kN(Ai). Note that B is nearly clopen, and T j(B) 6= T l(B) for j 6= l

and 0 ≤ j, l ≤ N − 1 by construction. The only levels not included in the tower over B are

at most the top N − 1 levels in each column. Consider again the single column over the set

Ai. The topmost N − 1 levels occupy a fraction N−1
i

of the column, and A has height at

least N−1
ε

implying N−1
i
< ε so that µ(

⋃N−1
i=0 T iB) > 1− ε.

�

Definition 3.1.6. Given an interval

I = [m,M − 1]

of N, and a finite set of integers J ⊂ N, we say that the set of intervals of N whose lengths

come from J tile I if I may be written as a disjoint union of intervals whose lengths come
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from J . We call an ordered list of intervals [m,m+j1−1], [m+j1,m+j1+j2−1],...,[M−jk,M ]

with ji ∈ J a tiling of I. The sub-intervals of length ji are called tiles.

Our next result is equivalent of Alpern’s Multi-Tower lemma in the nearly continuous

category.

Lemma 3.1.7. Let (X, τ, µ, T ) be a nearly continuous dynamical system. For every list of

integers n1, . . . , nk with k ≥ 2 and gcd {ni} = 1, and a probability vector (p1, . . . , pk), there

exists a decomposition of X into k disjoint, nearly clopen towers such that the ith tower has

height ni and mass pi.

Proof. Given a set of numbers n1, . . . , nk with k ≥ 2 such that gcd{ni} = 1, there exists

a positive integer N such that all m ≥ N may be written as a positive linear combination

of the ni. Let P = Πk
i=1ni.

Select a nearly clopen set A such that the skyscraper over A has height at least N+P
mini{pi} .

Let Aj = {x ∈ A : rA(x) = j}, giving a nearly clopen decomposition of the skyscraper into

columns over the sets Aj with distinct heights.

Write j = lP +m with N ≤ m < N + P . The integers in the interval [0, lP +m− 1] of

N index the levels of the column over Aj by height. Tile [0, lP − 1] using l tiles of length P .

Tile [lp, lp+m− 1] using tiles of length n1,...,nk. If a tile has length nr, then label the level

indexed by the integer at the beginning of the tile with ñr. It a tile has length P , then label

the level indexed by the integer at the beginning of the tile with P̃ . Repeat for each column.

For r = 1, . . . , k, and r = P , define B̃r to be the union of levels labeled by ñr. There are

now k + 1 nearly clopen sets B̃1,...,B̃k and B̃P which are bases of disjoint towers of heights
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n1, . . . , nk and P . As N ≤ m ≤ N + P ,

m

mini{pi}
<

N + P

mini{pi}
< j = Pl +m

so that m
Pl+m

< min{pi} and

µ(
nr−1⋃
i=0

T i(B̃r)) < pr for each r = 1, . . . , k.

Let qr = pr − µ(
⋃nr−1
i=0 T i(B̃r)) < pr for each r = 1, . . . , k. Decompose B̃P into nearly

clopen sets C1, . . . Ck such that µ(Cr) = qr
P

. For r = 1, . . . , k, define

Br = B̃r ∪

P
nr
−1⋃

i=0

T inrCr.

Then, the tower over Br has height nr and mass pr.

�

3.2. Cutting and Stacking

Cutting and Stacking provides a way for ergodic theorists to visualize transformations

and to create examples of transformations with specific properties. For instance, Chacon

[3] used cutting and stacking in constructing an example of a transformation which is weak

mixing but not mixing (though the category argument [13] predates Chacon’s example).

And, cutting and stacking helped Jack Feldman build an example of a transformation which

is not Loosely Bernoulli but has zero entropy. Cutting and stacking representations played a

large role in proving that all odometers are nceKe [18] and that all irrational rotations of the
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circle are nceKe [10]. In this section, we focus on a description of cutting and stacking, some

results related to cutting and stacking, and defining strongly rank one transformations.

By a cutting and stacking construction, we mean the following:

A stack S of height h and width w is a collection of h intervals of length w thought of

as being placed one above the other with a transformation implicitly defined on the union

of the first h− 1 levels by translating each level to the level above. Denote by |S| the union

of the levels of the stack S. To cut a stack S into b columns (which may also be viewed as

stacks) of smaller width wi with w = Σb
i=1wi is to divide each level of S into b intervals of

length w1, w2,...,wb (reading left to right) and form b separate columns. A spacer is an extra

interval of length wi.

A cutting and stacking construction starts with a finite collection of disjoint stacks,

cuts each into narrower columns, and forms new stacks of greater height by concatenating

columns of the same width, one on top of the other, perhaps inserting spacers on top of

columns before we concatenate. This is repeated infinitely often. At each stage, we extend

the transformation to levels no longer at the top of a stack. If the total lengths of intervals is

finite and the widths tend to zero, this defines an ergodic transformation of a finite interval

and preserves Lebesgue measure.

P. Arnoux, D. Ornstein, and B. Weiss prove in [1] that any aperiodic measure preserving

transformation may be realized by a cutting and stacking construction with spacers. We

improve their result by removing the need for spacers.

Theorem 3.2.1. Any nearly continuous dynamical system (X, τ, µ, T ) is nearly contin-

uously conjugate to a cutting and stacking of the unit interval, without spacers.
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Proof. Given εi > 0 with εi ↘ 0, let Pi ⊂ Pi+1 be a refining sequence of finite nearly

clopen partitions of X such that ∨∞i=1Pi provides a base for the topology of a nearly full set

X ′ ⊆ X, and for each partition, diam (Pi) = max{µ(pi) : pi ∈ Pi} < εi.

Let ni = 10i. Using Lemma 3.1.7, we select a nearly clopen set B such that the multitower

τ1 over B has heights n1 or n1 + 1. Place the P1 names on τ1, and purify into maximal P1-

pure columns: partition B into maximal sets B1, . . . , Bj so that the levels of the columns

above each Bi lie entirely inside a single parition element of P1. Let Q = {Bi} be the

corresponding partition of B. Define S1 to be the first finite set of stacks, the set of maximal

P1-pure columns.

Using Lemma 3.1.7 for the system (B, τ, µB, TB), select a nearly clopen set C ⊂ B such

that the multitower over C has height n2 or n2 + 1. Let τ ′2 be the multitower over C for the

system (B, τ, µB, TB), and let τ2 be the multitower over C for the system (X, τ, µ, T ). Purify

τ2 using T and P2 to form the second set of stacks S2, i.e. the set of P2-pure columns of τ2.

We now show how S2 arises from a cutting and stacking of S1.

Purify τ ′2 using TB into maximal Q-pure columns. The collection of all levels from the

Q-pure columns gives a refinement Q′ of Q. By creating a column over each q ∈ Q′, we cut

S1 into narrower columns. If for p and q in Q′, p = TB(q), stack the column of S1 over p

on top of the column of S1 over q. We may further cut the columns just created by cutting

P2-pure columns without changing the stacking. Thus, S2 comes from a cutting and stacking

of S1. Continue the process of cutting and stacking indefinitely, following the above steps to

select Si and show how it arises from a cutting and stacking of Si−1

On the unit interval, mimic the process of cutting and stacking in the natural way. For

each column of S1, select sub-intervals of [0, 1] whose lengths are the measures of the levels
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of the column, place the intervals accordingly, and define S1 to be upward translation on all

but the tops of the columns. To form the next stack for [0, 1], follow the prescribed cutting

and stacking of S1 to form S2, and define S2 to be upward translation on all but the tops

of the columns. Continue indefinitely, and define S to be the limit of the Si. As the heights

of the stacks go to infinity, and the widths of the stacks go to zero, S is defined on a nearly

full subset of the space.

The topology for the cutting and stacking of [0, 1] is generated by the levels of the

stacks. Let Φ be the identification of the levels from the cutting and stacking for T on X

and the intervals of the cutting and stacking of [0, 1]. Φ is an isomorphism between Boolean

algebras of nearly clopen sets. Thus, by Theorem 2.3.3, Φ comes from a near homeomorphism

ϕ : X → [0, 1]. From the construction, it is apparent that ϕ preserves orbits and their order,

ϕ is defined on a Gδ of full measure, ϕ preserves topologies, and is nearly continuous. Hence,

there exists ϕ : X → [0, 1] s.t. (X, τ, µ, T ) and ([0, 1], τ, ν, S) are n.c. conjugate where S is

a cutting and stacking of [0, 1].

�

3.3. Nearly Continuous Speed-Ups

Given a nearly continuous dynamical system (X, τ, µ, T ), we call S a nearly continuous

speed-up of T if there exists a nearly continuous map p : X → N such that S = T p.

Proposition 3.3.1. Let (X, τ, µ, T ) be a nearly continuous dynamical system. Given two

nearly clopen sets A and B in X such that µ(A) = µ(B), there exists a nearly continuous

speed-up S of T such that S(A) = B.
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Proof. Let A and B be nearly clopen subsets of X with µ(A) = µ(B). Let

k1 := min{k > 0 : µ(T k(A) ∩B) > 0}.

Let B1 := T k1(A) ∩B and A1 := T−k1(B1). Select each

ki+1 = min{k > ki : µ(T k(A \ ∪ij=1Aj) ∩ (B \ ∪ij=1Bj)) > 0.

Let

Bi+1 = T ki+1(A \ ∪ij=1Aj) ∩ (B \ ∪ij=1Bj) and

Ai+1 = T−ki+1(Bi+1).

By ergodicity, B =
⋃∞
i=1Bi. Define p : X → N by p(x) = ki for x ∈ Ai and p(x) = 0 for

x ∈ X\A. Note that all Ai and Bi are nearly clopen and that p is a piecewise function on

nearly clopen subsets of A where each piece of the function is composed of homeomorphisms

T k. Thus, p(x) is nearly continuous and S = T p is a nearly continuous speed-up of T such

that S(A) = B.

�

In the ergodic setting, Arnoux, Ornstein and Weis [1] proved that any aperiodic measure-

preserving transformation is a speed-up of any other aperiodic measure-preserving transfor-

mation. We prove a similar statement in the nearly continuous setting.

Theorem 3.3.2. Let (X, τ, µ, T ) and (Y, τ, ν, S) be two nearly continuous dynamical sys-

tems. There exists a nearly continuous speed-up S̄ of T such that S̄ : X → X is nearly a

homeomorphism and (X, τ, µ, S̄) is nearly continuously conjugate to (Y, τ, ν, S).
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Proof. Our proof of the theorem relies on Proposition 3.3.1 as well as a nearly contin-

uous cutting and stacking representation of (Y, τ, ν, S).

Let Si be a cutting and stacking representation of (Y, τ, ν, S) such that the heights of

the stacks go to infinity. Our goal is to mimic the cutting and stacking representation Si

inside the system (X, τ, µ, T ) in order to define a sequence Si of speed-ups of T on the

stacks which mimic S and whose limit S̄ is conjugate to S. Note that S1 is a collection

of columns, and let A denote the set consisting of the bases of the distinct columns in S1.

For each B ∈ A such that B is the base of a column of S1, let R(B) = rA(B) = min{r >

0 : T r(x) ∈ A for allx ∈ B}. For each B ∈ A, select R(B) pairwise-disjoint nearly clopen

subsets of X of size ν(B) (one set for each level in the column of S1 over B). Label the

sets B̃, S̃(B), S̃2(B),..., ˜SR−1(B). By Proposition 3.3.1, there exists a speed-up S1 of T so

that S1(B̃) = S̃(B), S1(S̃(B)) = S̃2(B),..., S1( ˜SR−2(B) = ˜SR−1(B) and S1 is the identity on

˜SR−1(B). After creating a column in X for each column in S1, S̃1 is the resulting first stack

in the sequence of stacks we are creating in X, and S1 translates all but the top-most levels

of S̃1 “upward”.

S2 is a cutting and stacking of S1. For each B ∈ A which is the base of a column of S1,

cutting S1 to form S2 cuts B into smaller sets. For each of these smaller sets b ⊂ B (and

for each B which is the base of a column of S1), select a nearly clopen set b̃ ⊂ B̃ of measure

ν(b). Using the b̃ and the images of b̃ under S1, cut S̃1 into narrower columns. If, in cutting

and stacking from S1 to S2, the column of S1 over the set c follows the column of S1 over

the set b, then stack the column of S̃1 over the set c̃ on top of the column of S̃1 over b̃. Using

Proposition 3.3.1, “extend” S1 in the following way to define S2, another nearly continuous

speed-up of T : For a level ã of a column of S2 which did not come from the top of a column
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of S1, define S2(ã) = S1(ã). For a level Sr−1
1 (b̃) which was at the top of the column of S2 of

height r over b̃ and such that the column of S̃1 over c̃ was stacked upon the column of S̃1

over b̃, define S2(Sr−1
1 (b̃)) = c̃. S̃2 is the resulting second stack in the construction, and S2

gives “upward” translation on all but the top-most levels. Continue to mimic the cutting

and stacking Si to form the sequence of stacks S̃i, defining the Si by extending the Si−1.

Define S̄ as the limit of the Si. S̄ is defined on a nearly full subset and is obviously a

nearly-continuous speed-up of T which is invertible. The levels of the stacks Si generate a

Boolean Algebra B = A(Y ) of equivalence classes of nearly clopen sets of (Y, τ, ν), and the

levels of the stacks S̃i generate a Boolean algebra A = A(X) of equivalence classes of nearly

clopen sets of (X, τ, µ). Let Φ(x) be the map between A and B which arises as a result of

the identification between the levels of Si and the levels of S̃i. As Φ is an isomorphism, by

Theorem 2.3.3, there exists a near homeomorphism φ such that S̄ is n.c. conjugate to S.

�

3.4. Strongly Rank One

We define a class of transformations which are the natural analogue of rank one transfor-

mations from ergodic theory. We call a cutting and stacking of the unit interval consisting of

only one stack at each stage (and a leftover spacer) interval rank one. To describe an interval

rank one transformation, one only needs to designate the number of columns into which one

must cut the stage i stack Si to form the stage i + 1 stack, and the number of spacers to

be placed above each column before stacking. We let c(i) denote the number of columns of

equal width into which to cut the stage i stack. We let s(i, j) denote the number of spacers

to place above column j, reading left to right, of the stage i stack. The new columns are

then stacked to produce the stage i+ 1 stack Si+1.
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The next series of figures shows the process of cutting and stacking for a generic strongly

rank one transformation.

Figure 3.4. A tower and the left-over interval at some stage of an interval
rank one construction.

I V VI VIII

II III IV VII

Figure 3.5. The tower and left-over interval after being cut.

I V VI VIII

II
III
IV

VII

Figure 3.6. The arrows demonstrate how to stack the columns and spacers.
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II
III
IV

VII

I

V

VI

VIII

Figure 3.7. The transformation after stacking the columns and spacers with
upward translation defined.

Recall that any tower with nearly clopen levels yields a natural partition of the space into

nearly clopen sets which are the levels of the tower. Given two towers T1 and T2, we say that

T2 refines T1 if the partition associated with T2 is a refinement of the partition associated

with T1, i.e. any level in T1 can be written as a union of levels of T2.

Definition 3.4.1. A system is strongly rank one if there exists a refining sequence of

nearly clopen Rohklin towers Ti whose levels provide a base for the topology of a nearly full

subset with the heights of the Ti increasing to infinity.

Proposition 3.4.2. A nearly continuous dynamical system (X, τ, µ, T ) is strongly rank

one if and only if it is nearly continuously conjugate to an interval rank one transformation.
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Proof. The backwards direction is obvious. For the forward direction, suppose (X, τ, µ, T )

is strongly rank one. Consider a refining sequence {Ti}∞i=1 of Rohklin towers. Let B be the

base of tower T1. Let ni be the height of Ti, and let Pji for 1 ≤ j ≤ ni be the levels of the tower

as well as the name of the partition element given by the level. At stage i, X =
⋃ni+1
j=1 P

j
i

where Pn1+1
i = X \

⋃ni
j=1P

j
i represents the set from which we cut spacers and final partition

element with measure µ(Pn1+1
i ) = εi. As we move from Ti to Ti+1, each Pji =

⋃
k∈Iji
Pki+1 for

some collection of indices Iji ⊂ N and 1 ≤ j ≤ ni.

To define a cutting and stacking of intervals producing a transformation which is n.c.

conjugate to (X, τ, µ, T ), observe the transition from tower Ti to Ti+1. Let c(i) = |I1
i | =

µ(P1
i )

µ(P1
i+1)

. Starting from the base of Ti+1, read off the names of levels according to the partition

Pi given by Ti. We see full columns from the tower Ti possibly with the name of the spacer

set, Pni+1
i , inserted between the columns. Let s(i, j) be the number of Pn1+1

i which occur

after the jth column of Ti reading up the tower Ti+1.

To mimic the cutting and stacking of the sequence Ti to build the cutting and stacking

construction with the unit interval, begin with n1 sub-intervals of width w1 = µ(B) of [0, 1]

to form S1. Given the stage i stack, cut it into c(i) columns of equal width, and place s(i, j)

spacers above column j of width wi = w1

Πik=1c(k)
. Then, stack the columns, right on top of

left, to form Si+1. Let S be the transformation which arises in the limit of the Si where

Si(Pji ) = Pj+1
i for 1 ≤ j < ni as i→∞.

Let Φ be the map which arises naturally in the identification of levels of the towers Ti with

the sub-intervals of [0, 1] which form the levels of the stacks Si. This is obviously a measure

preserving isomorphism between the Boolean algebra of nearly clopen sets generated by the

levels from the towers for (X,T ) and the Boolean algebra of intervals generated by the levels
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of the cutting and stacking for (Y, S). By Theorem 2.3.3 and Corollary 2.3.4, Φ is induced

by a nearly continuous point map φ and φ is a nearly continuous conjugacy between T and

S.

�

3.5. Classical Examples of Interval Rank One Transformations

We give two classical examples to illustrate the process of cutting and stacking the unit

interval. We start with a description of cutting and stacking for the binary odometer, which

is important to the proof in Chapter 5. Take the unit interval, [0, 1], and cut it in half,

forming the two intervals [0, 1/2] and [1/2, 1]. Now, stack the right half of the interval on

top of the left half, and define the map at this stage stage to be upward translation from

[0, 1/2] to [1/2, 1].

0 11/2

0 1/2

1/2 1

Figure 3.8. The first stage of cutting and stacking for the binary odometer.

To move from one stage to the next, cut the stack in half and stack the right side upon

the left. The levels of the stacks/towers generate the topology, and the final map is defined

as the limit of the upward translations at each stage. For a generic odometer or adding

machine, one only has one stack at each stage that is cut into narrower columns of equal
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width that are then stacked one-upon-the other from right to left. The same number of cuts

need not be used at each stage.

The canonical cutting and stacking description for Chacon’s map uses spacers. Start

with the unit interval, and divide the unit interval into two segments, [0, 2/3], the entirety of

which is included in the tower at each stage of construction, and the left-over interval [2/3, 1]

from which we cut spacers. First, cut [0, 2/3] into three subintervals of equal width, [0, 2/9],

[2/9, 4/9], and [4/9, 2/3]. Also, cut the first spacer [2/3, 8/9] from the left-over interval. Now,

place the spacer above the middle section, [2/9, 4/9], creating three narrower stacks/columns

of heights one, two, and one. Stack the middle column upon the left-most, and stack the

right-most upon the middle, forming an stack of four intervals, and define the map at this

first stage to be upward translation so that [0, 2/9]→ [2/9, 4/9]→ [2/3, 8/9]→ [4/9, 2/3].

I II IIIIV

I

II

III

IV

0 1

Figure 3.9. The first stage of cutting and stacking for Chacon’s map.

Again, this process continues indefinitely, cutting into thirds, adding a spacer of equal

width above the middle column, and stacking the middle column upon the left and the right

upon the middle. The transformation at stage i is simply upward translation on all but

the top level. Again, the levels of the stacks/towers generate the topology, and the final

transformation is defined as the limit the stage i transformation.
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I II

III

IV

I

II

IV

III

Figure 3.10. The second stage of cutting and stacking for Chacon’s map.
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CHAPTER 4

Extending Nearly Continuous Conjugacies

In the 1940s, S. Kakutani [14] introduced a new definition of equivalence between er-

godic measure preserving transformations of finite measure spaces relevant to studying the

relationships between measurable cross sections of measurable flows. Two ergodic measure

preserving transformations S and T were called Kakutani equivalent if they had isomorphic

induced maps, or equivalently, if S and T could be realized as induced transformations of a

third system.

In 1984, A. del Junco and D. Rudolph extended the definition of even Kakutani equiva-

lence to ergodic Zn actions in [7], first by taking Katok cross-sections of a flow, and second by

determining the existence of an orbit preserving injection with an extra asymptotic linearity

condition. In one dimension, this reduced to the classical theory of Kakutani equivalence

with an addition of an orbit equivalence between the two systems. When A. del Junco, D.

Rudolph, and B. Weiss explored Kakutani equivalence in the context of what they named

measured topological dynamical systems [5], this element of orbit equivalence persisted in

the definition. The authors defined even Kakutani equivalence to be an orbit equivalence

on sets of full measure which is a conjugacy when restricted to induced transformations of

nearly clopen subsets of the same measure. In Chapter Two, we gave a slightly different

definition for nearly continuous even Kakutani equivalence, asking only for the conjugacy

between induced transformations on nearly clopen subsets of the same measure. The first
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aim of this chapter is to demonstrate that our definition of nearly continuous even Kakutani

equivalence is equivalent to the definition given by del Junco, Rudolph and Weiss.

We will then turn our attention to nearly continuous dynamical systems which admit

a conjugacy between induced maps on nearly clopen sets of different measure. In order to

extend the conjugacy to its fullest extent, we require that the systems be nearly uniquely

ergodic, an invariant of nearly continuous conjugacy introduced in [8] and further discussed in

[5]. Rudolph and Roychowdhury [18] proved that all adding machines are nearly continuously

even Kakutani equivalent, and Rudolph and Dykstra [10] proved that all irrational rotations

of the circle belong to the class of adding machines. We apply these results to show that

the class of strongly rank one transformations belongs to the equivalence class of irrational

rotations.

4.1. Extending Nearly Continuous Even Kakutani Equivalence

Theorem 4.1.1. Let (X, τ, µ, T ) and (Y, τ, ν, S) be two nearly continuous dynamical sys-

tems. If A ⊂ X and B ⊂ Y are nearly clopen sets with µ(A) = ν(B) such that φ is a n.c.

conjugacy between TA and SB, then φ extends to a n.c. orbit equivalence between T and S.

As A ⊂ X and B ⊂ Y are nearly clopen sets, there exists carriers X0 ⊆ X and Y0 ⊆

Y of T and S respectively such that A0 = A ∩ X0 and B0 = B ∩ Y0 are clopen in X

and Y respectively, and φ : A0 → B0 is a homeomorphism and φ ◦ TA0 = SB0 ◦ φ. The

system (X, τ, µ, T ) is equivalent to (X0, τ, µ, T ), so to simplify notation, and without loss of

generality, we let X = X0, A = A0, Y = Y0, and B = B0. Our goal is to extend φ to a

carrier of T in such a way so as to establish an orbit equivalence, φ̂, while (nearly) preserving

the conjugacy between the induced maps. We do so by defining a point map constructed
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piecewise on a clopen decomposition of X (based on return times to A and B), where φ̂ is a

composition of the homeomorphisms T , TA, φ, and S on each subset of the decomposition.

To cast light on how the extension is defined, we begin with a description of the machinery

used to create φ̂.

4.1.2. Describing Positive and Negative Fibers. We give a visualization or image

of the machinery which corresponds to the definition of the point map. Construct the nearly

clopen skyscraper of T over the set A. The height of the tower over a point x ∈ A is

rA(x) := min{n > 0 : T n(x) ∈ A}.

For any x ∈ X, define

h(x) = min{h ≥ 0 : T−h(x) ∈ A}.

Let x̃ = T−h(x)(x). The fiber of the tower containing the point x is the list of points



T rA(x̃)−1(x̃)

...

x

...

T (x̃)

x̃



.

We refer to fibers for points in X as positive fibers. To the right of the fiber containing x,

list the fiber above TA(x̃). Continue listing the positive fibers so that to the right of each

base point x̃ ∈ A, one sees the fiber above TA(x̃), and, to the left of x̃ ∈ A one sees the fiber
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above T−1
A (x̃). This ordered list of fibers gives what we call the positive frame for the point

x.

For each point x in A, consider φ(x) ∈ B. For each of these points, we extract a fiber of

the skyscraper built via S over the set B. Define for ỹ ∈ B,

rB(ỹ) := min{n > 0 : Sn(ỹ) ∈ B}.

Simply arrange the fibers from the skyscraper over B in the same manner as for the fibers

above points in A, with the fiber for SB(ỹ) listed immediately to the right of the fiber for

ỹ ∈ B, and the fiber for S−1
B (ỹ) listed immediately to the left of the fiber for ỹ ∈ B. Now,

“flip” the fibers over the points in B so the point at the top of each list is in B. We refer to

fibers for points in Y as negative fibers.

For the last step in this visualization, line up the base of the positive frame (points in A)

across from the base of the negative frame (points in B) via the conjugacy. One traverses the

diagram in the following manner: applying the induced map TA to the base of the positive

frame shifts the points to the right along the base, and applying the induced map SB to the

top of the lower frame shifts the points to the left across the negative frame. Apply T to

move away from the base in the positive fibers and apply S to move away from the base in

the negative fibers. Cross between the positive frame and the negative frame by applying φ

or φ−1. In Fig. 4.1, dots represent points in AC and BC .

We create an orbit equivalence by developing a method for pairing up points from the

positive fibers with points in the negative fibers. This method pairs up items in the positive

fibers with items in the negative fibers directly across until either the positive fiber is neutral

(to all points in the positive fiber, a map has been assigned) or the negative fiber is neutral
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Figure 4.1. A segment of the full frame used for defining the extension of the conjugacy.

(each point of the negative fiber is the image of a point in X). Then, it merely shifts the

upper frame one to the right and pairs up as much of the remainder of the positive fibers

with the remainder of the negative fibers, shifts again and pairs again, etc. Here, we merely

“shift” the positive frame across the negative frame by utilizing the induced map on the base

of the frames. We remark that this method is similar to the filling-scheme used by Chacon

and Ornstein in [4].

A point x ∈ AC maps to a point y ∈ BC if, after a shift, the fiber across from x still

has unused space to receive the point. A point in a positive fiber cannot be mapped to a

negative fiber if, after a shift, the fiber across from it is already neutral.

Define

θnk (x) =
n∑
i=k

rA0(T
i
A0
◦ T−h(x)(x))

the sum of the lengths of the kth fiber through the nth fiber to the right of the positive fiber

containing x, and
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ψnk (x) =
n∑
i=k

rB0(S
i
B0
◦ φ ◦ T−h(x)(x)),

the sum of the lengths of the kth fiber through the nth fiber to the right of the negative fiber

below the positive fiber containing x.

Let n(x) = 0 if h(x) ≤ rB0(φ ◦ T−h(x)(x)). Otherwise, let

n(x) = min{n > 0 : h(x) + θn1 (x) ≤ ψn0 (x)}.

In essence, this is the smallest number of shifts required for there to be a point available in

a negative fiber for the point x in a positive fiber. Let

d(x) := h(x) + θ
n(x)
1 (x)− ψn(x)−1

0 (x).

Define φ̂ as:

φ̂(x) =


φ(x) for x ∈ A

Sd(x) ◦ φ ◦ T n(x)
A ◦ T−h(x)(x) for x 6∈ A

In a similar manner, we define φ̂−1.

D(y) = min{D > 0 : S−D(y) ∈ B}

Let

γnk (y) =
n∑
i=k

rB(S−iB ◦ S
−D(y)(y)),
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the sum of the lengths of the kth through the nth fibers to the left of the negative fiber

holding y, and let

Ψn
k(y) =

n∑
i=k

rA(T−iA ◦ φ
−1 ◦ S−D(y)(y)),

the sum of the lengths of the kth through the nth positive fibers to the left of the positive

fiber across from the negative fiber containing y. The inverse map pairs a point in a negative

fiber with a point in a positive fiber by sliding the lower frame backwards along the upper

frame, in reverse fashion to what we described before. The transformation is defined at the

point y when, after a certain number of shifts, the positive fiber across from y has available

space. If D(y) ≤ rA(φ−1 ◦ S−D(y)(y)), then m(y) = 0. Otherwise,

m(y) = min{m > 0 : D(y) + γm1 (y) ≤ Ψm
0 (y).}

H(y) = D(y) + γm1 (y)−Ψm
0 (y).

φ̂−1(y) =


φ−1(y) for y ∈ B

TH(y) ◦ φ−1 ◦ S−m(y)
B ◦ S−D(y)(y) for y 6∈ B

Lemma 4.1.3. φ̂−1 is the inverse of φ̂.

The diagram of the φ̂−1 construction is just the diagram of the φ̂ construction rotated

180◦. We pair points starting at the base of the frames, and then work our way outward,

shifting when necessary. Naturally, D(φ̂(x)) = d(x), the same number of shifts are required.

Then, it is easily follows that H(φ̂(x)) = h(x).

φ̂ and φ̂−1 need to be well-defined on nearly full sets. In order for φ̂ to be well-defined at

a point, the values h(x), n(x), and d(x) must exist and be finite. We may assume that h(x)

(and D(y)) are finite. Otherwise, we remove the entire orbit of x from X (or y from Y ). To
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see that n(x) (and m(y)) are finite on a subset of full measure, we begin with the following

lemma:

Lemma 4.1.4. Suppose G is an ergodic measure-preserving transformation T : X → X,

and f is integrable such that
∫
f(x) = 0. Then, for almost every x ∈ X, there exists n > 0

such that f(x) + f(T (x)) + f(T 2(x)) + · · ·+ f(T n−1(x)) ≤ 0.

Proof. Suppose not, that there exists E ⊆ X with µ(E) > 0, such that for all x ∈ E

and all n > 0,
∑n−1

i=0 T
i(f(x)) > 0.

Let x ∈ E. For a fixed value, n, calculate how many times the orbit of x has returned to

E. Let m(n) =
∑n−1

i=0 χE(T i(x)).

Define the function fE(x) =
∑rE(x)−1

i=0 f(T i(x)). By assumption, fE is a positive function

over E and TE is ergodic ⇒

lim
m→∞

1

m

m−1∑
i=0

fE(T iE(x))→
∫
E

fEdµE > 0.

Also,
m(n)−1∑
i=0

fE(T iE(x)) =
n−1∑
i=0

f(T i(x))

whenever χE(T n(x)) = 1.

For a subsequence nk of n such that χE(T nk(x)) = 1,

lim
n→∞

1

nk

nk−1∑
i=0

f(T i(x)) =
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= limnk→∞
1
nk

∑m(nk)−1
i=0 fE(T iE(x))

= limnk→∞
1

m(nk)

∑nk−1
i=0 χE(T i(x)) · 1

nk

∑m(mk)−1
i=0 fE(T iE(x))

= limn→∞
1
nk

∑nk−1
i=0 χE(T i(x)) · limm→∞

1
m

∑m−1
i=0 fE(T iE(x))

= µ(E)
∫
E
fEdµE > 0

(4.1.1)

As 1
n

∑n−1
i=0 f(T i(x)) converges, any subsequence converges to the same value, implying

that
∫
f > 0, a contradiction. �

Lemma 4.1.5. The value n(x) is finite on a set of full measure.

Proof. Let X = A, identified with B, and T = TA ∼= SB. And let f(x) = rA(x) −

rB(φ(x)). As µ(A) = ν(B),
∫
f(x) = 0. Thus by Lemma 4.1.4, n(x) is finite on a set of full

measure. Fix n and let An be the set of points such that
∑n−1

i=0 f(T i(x)) ≤ 0 for the first

time. As f(x) takes only values in Z, the set of points so that
∑n−1

i=0 f(T i(x)) ≤ 0 is nearly

clopen. Unioning An over n gives a Gδ subset.

�

The proof that φ̂−1 is defined on a set of full measure is essentially identical. We now

define the sets Â and B̂ upon which φ̂ and φ̂−1 are well-defined. First, let An,h,d be the set of

points for which φ̂ = Sd◦φ◦T nA ◦T−h for fixed n, d, and h. An,h,d may tediously be written as

a finite union of finite intersections of images of A and B via the homeomorphisms S, φ, and

T . Thus An,h,d is clopen in X. Let Bm,D,H = {y ∈ Y : φ̂−1(y) = TH ◦ φ−1 ◦ S−mB ◦ S−D(y)}

so Bm,D,H = φ̂(Am,H,D). Define

Â =
∞⋃
n=0

∞⋃
h=0

∞⋃
d=0

An,h,d
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and

B̂ =
∞⋃
m=0

∞⋃
D=0

∞⋃
H=0

Bm,D,H .

Lemma 4.1.6. Â and B̂ are nearly full sets.

Proof. Â and B̂ are both open in X as they are the countable union of clopen sets in

X, and of full measure by the previous lemma. �

Lemma 4.1.7. φ̂ is continuous on Â and φ̂−1 is continuous on B̂.

Proof. Decompose Â into the countable union of clopen sets An,h,d. On each of these

clopen sets, φ̂ is the composition Sd ◦ φ ◦ T nA ◦ T−h of functions continuous in the relative

topology of X. Decomposing B̂ in a similar manner shows that φ̂−1 is also continuous in the

relative topology of B̂. �

Lemma 4.1.8. φ̂ is measure preserving on Â and φ̂−1 is measure preserving on B̂.

Proof. Identical to the proof of Lemma 4.1.7. �

We define the final carriers. Let

X∗ =
∞⋂

i=−∞

T−i(Â) ∩ φ̂−1

(
∞⋂

i=−∞

S−i(B̂)

)

and

Y ∗ = φ̂(X∗).

Lemma 4.1.9. The sets X∗ and Y ∗ on which φ̂ and φ̂−1 are defined are Gδ sets of full

measure.
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Proof. Note that Â and B̂ are both Gδ sets of measure 1 relative to X and Y .

�

In conclusion of the proof of Theorem 4.1.1, we have the existence of carriers X∗ ⊆ X,

Y ∗ ⊆ Y , and a nearly continuous orbit equivalence φ̂ : X∗ → Y ∗.

4.2. Extensions of Non-Even Kakutani Equivalence

So far, we only considered dynamical systems with an established n.c. conjugacy on

nearly clopen subsets of the same relative measure. We explore the possibility of extending

a conjugacy where µ(A) 6= ν(B) by examining the case, w.l.o.g., µ(A) > ν(B). To high-

light a difference between Kakutani equivalence in the measure-theoretic sense and nearly

continuous Kakutani equivalence, we give a theorem which holds in the measure-theoretic

category, but fails to hold in the nearly continuous category. We show first that if (X,µ, T )

and (Y, ν, S) are ergodic measure-preserving transformations on Polish probability spaces

with A ⊂ X and B ⊂ Y such that TA is measurably conjugate to SB, then, T is measurably

conjugate to SB′ for some B′ ⊂ Y . We then we introduce and discuss nearly unique ergod-

icity, an invariant of nearly continuous conjugacy, and construct an example of two nearly

continuous dynamical systems which are nearly continuously (non-even) Kakutani equiva-

lent, and for which one cannot find a set B′ such that T and SB′ are n.c. conjugate. After

the example, we show that with the added condition that the systems are nearly uniquely

ergodic, it is possible to obtain an analogous result in the nearly continuous category.

4.2.1. The Measure-Theoretic Category.
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Theorem 4.2.2. Let (X,µ, T ) and (Y, ν, S) be two metrical dynamical systems. If A ⊂ X

and B ⊂ Y are measurable sets such that TA is measurably conjugate to SB, and µ(A) >

ν(B), there exists B′ ⊂ Y such that T and SB′ are measurably conjugate.

Proof. For x ∈ A, let rA(x) := min {n > 0 : T n(x) ∈ A} denote the return time func-

tion. We build a tower X̂ over A using the return time as the height and define a map T̂ on

this tower:

X̂ = {(x, i) : 0 ≤ i < rA(x), x ∈ A}

T̂ (x, i) :=


(x, i+ 1) for 0 ≤ i < rA(x)

(TA(x), 0) for i = rA(x)

.

Note that T is isomorphic to T̂ . For y ∈ B, let rB(y) := min
{
h > 0 : Sh(y) ∈ B

}
be the

return time function to B. Build the following tower Ŷ over B and function Ŝ on the tower:

Ŷ := {(y, i) : 0 ≤ i < rB(y), y ∈ B}

Ŝ(y, i) :=


(y, i+ 1) for 0 ≤ i < rB(y)

(SB(y), 0) for i = rB(y)

.

As TA ∼= SB, T̂A ∼= ŜB. Suppose that φ gives this conjugacy. Identify x ∈ A with

φ(x) ∈ B and rename this set C. Define a new tower over the set C. Let rC(x) =

max {rA(x), rB(φ(x))} for x ∈ C. Let:

Ẑ = {(x, i) : 0 ≤ i < rC(x), x ∈ C} ,
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R̂(x, i) =


(x, i+ 1) for 0 ≤ i < rC(x)

(TA(x), 0) for i = rC(x)

.

Let µ̂ = µ×dn∫
rCdµ

so that µ̂(Ẑ) = 1. As µ(A) > ν(B) and µ(X) = ν(Y ) = 1,

µ̂(X̂) < µ̂(Ŷ )

in Ẑ.

Lemma 1.3 of [15] gives that if T is an ergodic, measure preserving transformation on

X and A and B are measurable subsets of X with µ(A) < µ(B), then TA is isomorphic to

an induced transformation of TB. We have that µ̂(X̂) < µ̂(Ŷ ), so R̂X̂ is isomorphic to an

induced transformation of R̂Ŷ . Note, R̂X̂
∼= T̂ and R̂Ŷ

∼= Ŝ. By this lemma, there exists a

set B′ ⊂ Ŷ so that T̂ is isomorphic to Ŝ induced on B′. As T ∼= T̂ and SB′ ∼= ŜB′ , we obtain

T ∼= SB′ .

�

4.2.3. Nearly Unique Ergodicity. Denker and Keane in [8] introduced strict ergod-

icity, as an invariant of nearly continuous conjugacy. Later, the authors of [5] gave a slightly

different, but completely equivalent, definition of strict ergodicity, which they rename nearly

unique ergodicity. See [5] and [8] for discussion beyond what we include here.

Definition 4.2.4. A sequence of functions {fn}n∈N on a Polish probability space (X, τ, µ)

is said to converge nearly uniformly if there exists a nearly full subset X0 ⊆ X on which

the functions converge uniformly.
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Definition 4.2.5. Suppose (X, τ, µ, T ) is a nearly continuous dynamical system. If the

ergodic averages of f

An(f) =
1

n

n−1∑
i=0

f(T i)

converge nearly uniformly to
∫
fdµ for all nearly bounded and nearly continuous functions

f ∈ L1(µ), we say T is nearly uniquely ergodic.

We point out that our definition differs slightly from that of [5] in that we only require

f to be nearly continuous and nearly bounded. Note that one could always restrict the

dynamics to a carrier X0 ⊆ X so that f is continuous and bounded in X0, and that studying

the dynamics of (X0, τ, µ, T ) is equivalent to studying (X, τ, µ, T ).

As 1B is a nearly continuous function for all nearly clopen sets B, nearly unique ergodicity

implies nearly uniform convergence of An(1B).

Lemma 4.2.6. ([5] Lemma 5.3) Suppose that (X, τ, µ, T ) is a nearly continuous dynamical

system and that for any nearly clopen set B, An(1B) converges nearly uniformly to µ(B).

Then, the system is nearly uniquely ergodic.

Proof. Note that the set of L1-functions for which An(f) converge nearly uniformly

is closed under finite linear combinations and uniform limits. For any nearly bounded and

nearly continuous function f and value a ∈ R, {x : f(x) > a} is nearly open and {x : f(x) ≥

a} is nearly closed. Further, for all but a countable collection of values a, {x : f(x) = a}

is a set of measure zero. Hence, for all but a countable collection of values a < b, {x : a ≤

f(x) < b} is nearly clopen. It follows easily that f can be approximated uniformly by finite

linear combinations of characteristic functions of nearly clopen sets. �
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Proposition 4.2.7. If (X, τ, µ, T ) and (Y, τ, ν, S) are two nearly continuous dynamical

systems such that (X, τ, µ, T ) is nearly uniquely ergodic and is nearly continuously conjugate

to (Y, τ, ν, S), then (Y, τ, ν, S) is nearly uniquely ergodic.

This follows from the definition.

Theorem 4.2.8. ([5] Theorem 5.2) Suppose that for (X, τ, µ, T ), the ergodic averages

for any bounded continuous function converge nearly uniformly. Suppose A ⊂ X is a nearly

clopen set, and f : X → R is a bounded continuous function. Then the ergodic averages for

f1A converge nearly uniformly to
∫
A
fdµ.

Proof. First notice that if the ergodic averages for g converge nearly unifromly and

g′ = g a.s., then the ergodic averages for g′ also converge nearly uniformly. As those functions

for which the ergodic averages converge nearly uniformly form a linear space and contain

the constants, it is enough to prove the result for f ≥ 0.

Suppose U is an open set. Then f1U is the increasing limit of nonnegative, bounded

continuous functions. As A is almost open, there exists X0, with µ(X0) = 1 and for every

ε > 0 there exists N so that for all x ∈ X0 and n > N ,

AN(f1A)(x) ≥
∫
A

fdµ− ε.

Assume 0 ≤ f ≤ B and apply the same reasoning to (B − f)1A and 1Ac , noting that Ac is

almost open, to conclude that off a further set of measure zero, once n is large enough,

An((B − f)1A)(x) ≥
∫
A

(B − f)dµ− ε
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and

An(B1Ac)(x) ≥ Bµ(Ac)− ε.

But then

An(B1A)(x)− An(f1a)(x) + An(B1cA)(x) = B − An(f1A)(x) ≥ B −
∫
A

fdµ− 2ε

which says that

An(f1A)(x) ≤
∫
A

fdµ+ 2ε

completing the proof. �

A homeomorphism T of a compact metric space is called uniquely ergodic if there exists

a unique T -invariant Borel probability measure. Equivalently, (Proposition 2.8 of Petersen

[16]) (X,µ, T ) is uniquely ergodic if the ergodic averages converge uniformly to a constant

on X for each continuous function, or, if for each continuous function f , some subsequence

of An(f) converges pointwise to a constant on X.

Theorem 4.2.9. If (X,µ, T ) is a uniquely ergodic transformation on a compact metric

space, then it is nearly uniquely ergodic.

Proof. If (X,µ, T ) is a uniquely ergodic transformation of a compact metric space, then

the ergodic averages of f converge uniformly for continuous functions f . Let f = 1 for all

x ∈ X. Then, by Theorem 4.2.8, the ergodic averages of 1A converge nearly uniformly to

µ(A). By Lemma 4.2.6, the system is nearly uniquely ergodic.

�
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If a system (X, τ, µ, T ) is nearly continuously conjugate to a uniquely ergodic system,

then it is nearly uniquely ergodic. The converse is true as well, and we arrive at the following:

Theorem 4.2.10. A nearly continuous dynamical system (X, τ, µ, T ) is nearly uniquely

ergodic if and only if it is nearly continuously conjugate to a uniquely ergodic homeomorphism

on a compact metric space.

The proof follows from Theorem 4.2.9 and from Theorem 2.3.2 which shows that any

nearly continuous dynamical system is nearly continuously conjugate to a homeomorphism

of a compact metric space.

Theorem 4.2.11. ([5], Theorem 5.4) Suppose (X, τ, µ, T ) is a nearly continuous dynam-

ical system which is nearly uniquely ergodic, and that A ⊂ X is nearly clopen with µ(A) > 0.

Then, TA is nearly uniquely ergodic.

Proof. First, note that we lose nothing by assuming that A is open and hence Polish.

Select a nearly clopen set B ⊂ A. Let A′n(1B) be the ergodic averages of 1B under the action

of TA. We need to show that A′n(1B) converge nearly uniformly on A. For each x ∈ A, let

rn(x) be the n-th return time of x to A under the action of T . Hence

A′n(1B) =
1

n

rn(x)−1∑
i=0

1B(T i(x)) =

(
rn(x)

n

)(
1

rn(x)

) rn(x)−1∑
i=0

1B(T i(x)).

Now

n

rn(x)
=

1

rn(x)

rn(x)−1∑
j=0

1A(T j(x)).

This converges nearly uniformly to µ(A) in rn(x). We need it to be uniformly in n. Nearly

unique erqodicity of T though now implies that off a set of measure zero, once n is large
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enough rn(x) > n
2µ(A)

and in particular the value rn(x) tends to infinity uniformly off this

set of measure zero. This then implies that n
rn(x)

converges nearly uniformly to µ(A). This

in turn implies that

1

rn(x)

rn(x)−1∑
i=0

1B(T i(x))→ µ(B)

nearly uniformly. Hence, A′n(1B) converges nearly uniformly to µ(B)
µ(A)

. �

4.2.12. Example. Suppose that (Z, τ, µ,R) is a nearly uniquely ergodic dynamical sys-

tem. Build two towers Ŝ for the transformation S and T̂ for the transformation T over Z

such that the return time function to R is unbounded for Ŝ and bounded for T̂ . Suppose

the Ŝ tower has less total mass than the T̂ tower. S and T are n.c. Kakutani equivalent as

SZ = TZ = R. Z has more mass in Ŝ than it does in T̂ . But, as the return times to Z for S

are unbounded, S is not nearly uniquely ergodic, and T cannot induce S.

Our example now follows easily. Let X be the unit interval with the endpoints identified,

and let T be irrational rotation of the interval representation of the unit circle so that

T (x) = x+ α(mod 1). Let Z be the sub-interval (0, 1
3
), and let R = TZ . T is isomorphic to

the tower for T over Z. We build another tower Ŝ over Z so that the return time function

to Z for this tower is given by

r(x) =
∞∑
n=1

nχ(3−(n+1),3−n](x).

Note that limx→0 r(x) =∞. Let

S(x, i) =


(x, i+ 1) for i < r(x)

(R(x), 0) for i = r(x)
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and Ŝ be the tower over Z for S. S is not nearly uniquely ergodic, and the tower for S over

Z only has mass 2
3
. Then µŜ(Z) > µX(Z), but T cannot induce S.

4.2.13. The Nearly Continuous Category. If we remove the obvious obstacle, as

highlighted by the above example, we are able to extend the n.c. conjugacy between TA and

SB.

Theorem 4.2.14. Let (X, τ, µ, T ) and (Y, τ, ν, S) be two nearly continuous dynamical

systems such that A ⊂ X and B ⊂ Y are nearly clopen with µ(A) > ν(B) and TA n.c

conjugate to SB. If (X, τ, µ, T ) is nearly uniquely ergodic, then there exists a nearly clopen

set B̄ ⊂ Y such that SB̄ is nearly continuously conjugate to T on X.

Proof. Let X0 and Y0 be carriers for T and S, respectively, such that A0 = A ∩ X0

and B0 = B ∩ Y0 are clopen in their relative topologies, and let φ : A0 → B0 be the

homeomorphism giving the conjugacy between TA0 and SB0 . As before, we may and do

assume w.l.o.g. that X0 = X, A0 = A, Y0 = Y , and B0 = B. The idea for the proof is to

select a subset A′ ⊆ A such that the return times for points in A′ are smaller than the return

times for points in φ(A′)

Let ε > 0 be given such that ε < 1
4
( 1
ν(B)
− 1

µ(A)
). By Theorem 4.2.11, as (X, τ, µ, T ) is

nearly uniquely ergodic and A is a nearly clopen set with of positive measure, TA is nearly

uniquely ergodic. We use the nearly unique ergodicity of TA to find a set with “nice” return

times. For x ∈ A, let

rA(x) = min {r > 0 : T r(x) ∈ A} .
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Note that rA(x) is bounded. There exists an N1 = N1(ε) such that

∣∣∣∣∣ 1n
n∑
i=1

rA
(
T iA
)

(x)−
∫
A

rAdµA

∣∣∣∣∣ < ε (4.2.1)

for all n > N1 and nearly all x.

As TA is n.c. conjugate to SB, by Proposition 4.2.7, SB is nearly uniquely ergodic on B.

For y ∈ B, let

rB(y) = min {r > 0 : Sr(y) ∈ B} .

Note that the ergodic averages for rB(y) converge to
∫
B
rB(y)dνB = 1

ν(B)
, but may not

converge nearly uniformly as rB(y) may not be bounded. For an M ∈ N, define f : B → N

by f = min{rB(y),M}. f is a bounded and nearly continuous function. Select M so that

∫
B

fdνB >
1

ν(B)
− ε

2
.

There exists N2(ε) s.t. ∣∣∣∣∣ 1n
n−1∑
k=0

f(SkB(y))−
∫
B

f(y)dνB

∣∣∣∣∣ < ε

2

for all n > N2 and nearly all y. Then

∫
B
f(y)dνB − ε

2
< 1

n

∑n−1
k=0 f(SkB(y))

⇒ 1
ν(B)
− ε

2
− ε

2
< 1

n

∑n−1
k=0 f(SkB(y))

⇒ 1
ν(B)
− ε < 1

n

∑n−1
k=0 f(SkB(y))

⇒ 1
ν(B)
− ε < 1

n

∑n−1
k=0 rB(SkB(y))

(4.2.2)
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Let N = max{N1, N2,
µ(A)

µ(A)−ν(B)
}. Use Theorem 3.1.7 to select a nearly clopen set A′ ⊂ A

such that the return time to A′ via TA is either 2N or 2N + 1. Then

2N−1∑
k=0

rA(T kA(x)) ≤ rA′(x) ≤
2N∑
k=0

rA(T kA(x)).

Let B′ = φ(A′). As TA and SB are conjugate, B′ also has 2N and 2N + 1 as the only return

times, and

2N−1∑
k=0

rB(SkB(y)) ≤ rB′(y) ≤
2N∑
k=0

rB(SkB(y)).

It only remains to check that the tower over B′ is taller than the tower over A′.

By 4.2.1,

1
2N+1

∑2N
i=0 rA(T iA(x)) < 1

µ(A)
+ ε

⇒ rA′ < (2N + 1)( 1
µ(A)

+ ε).

By 4.2.2,

1
2N

∑2N
i=0 rB(SiB(y)) ≥ 1

ν(B)
− ε

⇒ rB′ > 2N( 1
ν(B)
− ε).

We then need

(2N + 1)( 1
µ(B)

+ ε) < 2N( 1
ν(B)
− ε)

⇒ (2N + 1)
(

3
4

1
µ(A)

+ 1
4

1
ν(B)

)
< 2N

(
3
4

1
ν(B)

+ 1
4

1
µ(A)

)
⇒ 3

4
1

µ(A)
+ 1

4
1

ν(B)
< N

(
1

ν(B)
− 1

µ(A)

)
which holds as N > µ(A)

µ(A)−ν(B)
.

Let

h(x) = min{h ≥ 0 : T−h(x) ∈ A′}.
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Define

φ̂(x) := Sh(x) ◦ φ ◦ T−h(x)(x) for x ∈ X.

Let

B̄ = φ̂(X).

It is easy to see that B̄ is nearly clopen and that SB̄ is nearly continuously conjugate to

T . �

4.3. Application to Strongly Rank One Transformations

Proposition 4.3.1. Suppose that (Y, τ, µY , S) and (X, τ, µX , T ) are two n.c. dynamical

systems, and that T is nearly uniquely ergodic. Suppose there exists a nearly clopen set

B ⊂ Y with µY (B) > 0 such that SB and T are n.c. evenly Kakutani equivalent. Then there

exists a nearly clopen set D ⊂ Y such that SD is n.c. conjugate to T and µY (D) = µY (B).

Proof. As SB and T are n.c. evenly Kakutani equivalent, there exists F ⊂ B and

C ⊂ X such that φ is a n.c. conjugacy between (SB)F = SF and TC . Both TC and SF

are nearly uniquely ergodic and µX(C) = µB(F ). Let A ⊂ B be a nearly clopen set of

positive measure. There exists k such that µY (T kF ∩ A) 6= 0. Let A′ = T kF ∩ A and

C ′ = φ−1(F ∩T−kA). Now, µZ(C ′) < µA(A′) so there exists a nearly clopen set C̃ ⊂ X such

that TC̃ is n.c. conjugate to (SB)A. Note that

µZ(C̃) =
µZ(C ′)

µA(A′)
=
µZ(C ′)

µB(A′)
µB(A) = µB(A)

as SB and T are n.c. evenly Kakutani equivalent.
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As µX(C̃) = µB(A), µX(C̃) > µY (A), there exists a nearly clopen set D ⊂ Y such that

T is n.c. conjugate to SD. Then

µY (D) =
µY (A)

µX(C̃)
=
µY (A)

µB(A)
= µY (A)

µY (B)

µY (A)
= µY (B).

�

Recall from [18] and [10] that all odometers and all irrational rotations of the circle are

nearly continuously evenly Kakutani equivlanent to the binary odometer.

Lemma 4.3.2. Let (Y, τ, ν, S) be any irrational rotation of the unit circle or adding ma-

chine. Given any irrational value α, 0 < α < 1, there exists a nearly clopen set D ⊂ Y with

ν(D) = α such that SD is nearly continuously conjugate to an irrational rotation.

Proof. Let (X, τ, µ, T ) be the irrational rotation of the unit circle by α. Let A be the

interval [0, α], and induce on this set. One sees that this induced transformation may be

represented by the interval exchange where [0, 1−nα] maps to [(n+1)α−1, α] and [1−nα, α]

maps to [0, (n+ 1)α− 1] where n = b 1
α
c, the fractional part of 1

α
. Thus, TA is an irrational

rotation.

As S and T are n.c. evenly Kakutani equivalent, there exists nearly clopen subsets

B ⊂ X and C ⊂ Y such that TB and SC are n.c. conjugate via φ. There exists k such that

µ(T k(B)∩A) 6= 0. Let A′ = T k(B)∩A and C ′ = φ−1(B∩T−kA). TA′ is n.c. conjugate to SB′ .

As µA(A′) > ν(C), and TA is nearly uniquely ergodic, there exists D ⊂ Y , nearly clopen, such

that TA is nearly continuously conjugate to SD. Then ν(D) = ν(C′)
µA(A′)

= ν(C′)
µ(A′)

µ(A) = µ(A). �

Next, consider the case where α is rational.
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Lemma 4.3.3. Given an irrational rotation of the unit circle (or adding machine) (Y, τ, ν, S),

for any rational value α, 0 < α < 1, there exists a nearly clopen set D with ν(D) = α such

that SD is nearly continuously conjugate to an adding machine.

Proof. Write α as p
q

where p, q ∈ N. Let (X, τ, µ, T ) be the adding machine produced

by cutting the stage i stack/tower into q columns of equal width before stacking. Let the

set A be the first p levels of the first tower of height q. The induced map TA on A is n.c.

conjugate to the adding machine produced by cutting the unit interval into p sub-intervals

of equal width to create the first stack, then cutting the subsequent stacks into q columns of

equal width.

Following the lines of the proof for the case where α is irrational, we have the existence

of a nearly clopen subset D ⊂ Y such that SD and TA are n.c. conjugate and ν(D) = α.

�

In the measure-theoretic category, given a dynamical system (X,µ, T ), and any measur-

able subset A ⊂ X, TA is evenly Kakutani equivalent to T . For the n.c. even Kakutani

equivalence class of transformations containing irrational rotations of the unit circle, we

obtain a similar result.

Corollary 4.3.3.1. Let (X, τ, µ, T ) be any irrational rotation of the unit circle or adding

machine. If A ⊂ X is any nearly clopen set, then TA is n.c. evenly Kakutani equivalent to

T.

Proof. Let µ(A) = α. By Lemma 4.3.2 and Lemma 4.3.3, there exists a nearly clopen

set B ⊂ X with µ(B) = α such that TB is n.c. conjugate to an irrational rotation of the

circle or an adding machine. For some k ∈ Z, µ(T k(A) ∩ B) 6= 0. Let B′ = T k(A) ∩ B and
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A′ = A ∩ T−k(B). TB′ and TA′ are n.c. conjugate via T k, µA(A′) = µB(B′) so TB and TA

are n.c. evenly Kakutani equivalent. �

Naturally, we wish to discover other systems which belong to this equivalence class.

Corollary 4.3.3.2. All strongly rank one transformations belong to the nearly contin-

uous even Kakutani equivalence class of irrational rotations.

Proof. A cutting and stacking is defined by the number of columns of equal width into

which we cut a stack and the number of spacers placed above each column during each stage

of construction. At stage i, cut the stack into c(i) columns of equal width and place s(i, j)

spacers above column j for j = 1, . . . , c(i). Moving to stage i + 1, stack the new columns

which include the spacers by placing columns on top of the column directly to the left,

forming a single stack.

Let (X, τ, µ, T ) be a strongly rank one transformation. Let I be the very first interval

which we cut into c(1) segments. I is nearly clopen, and inducing TI on I ignores the addition

of all spacers. TI is thus n.c. conjugate to an adding machine.

Suppose µ(I) = α. Let (Y, τ, ν, S) be an adding machine. Whether α is irrational or

rational by Lemma 4.3.2 and Lemma 4.3.3, there exists a nearly clopen set J ⊂ Y with

ν(J) = α such that SJ is n.c. conjugate to an adding machine or an irrational rotation of

the circle. As TI is n.c. evenly Kakutani equivalent to SJ and ν(J) = µ(I), T is n.c. evenly

Kakutani equivalent to S.

�

The following figures provide an example of inducing on the very first interval, and not

the interval from which we cut the spacers, for Chacon’s map.
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I

II

III

IV

0 1

Figure 4.2. The first stage of cutting and stacking for Chacon’s map.

I II IV

I

II

IV

0

Figure 4.3. The first stage of cutting and stacking for the induced transfor-
mation, ignoring spacers.

I II

III

IV

I

II

IV

III

Figure 4.4. The second stage of cutting and stacking for Chacon’s map.
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I II IV

I

II

IV

Figure 4.5. The second stage of cutting and stacking for the induced trans-
formation, ignoring spacers.
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CHAPTER 5

Minimal Isomorphisms of Compact Metric Spaces

While examples exist showing that nearly continuous even Kakutani equivalence is strictly

stronger than even Kakutani equivalence, such examples, like the one given in Chapter 4,

tend to be contrived. As all zero-entropy loosely Bernoulli systems are Kakutani equivalent,

they provide an interesting test-bed for attempting to discover a more natural example. As

mentioned, Roychowdhury and Rudolph [18] proved that all adding machines are nearly con-

tinuously Kakutani equivalent. Dykstra and Rudolph [10] then added irrational rotations

of a circle to this class. The machinery employed in [18] and [10] relied heavily upon the

existence of a classical sequence of towers, essentially cutting and stacking constructions,

for both odometers and irrational rotations. Generic minimal isometries of compact metric

spaces lack a classical sequence of towers, and showing that all minimal isometries of compact

metric spaces are nceKe to the class containing irrational rotations of the circle provides a

natural, and interesting, next step within the theory of nearly continuous dynamics. Within

this chapter, we further modify the tower and template machinery in order to prove that

minimal isometries of compact metric spaces are all nceKe to the binary odometer.

5.1. Preliminaries

5.1.1. Minimal Isometries of Compact Metric Spaces. X is a compact metric

space with metric ρ inducing the topology τ . T represents a minimal isometry on X, meaning

that the orbit of every point is dense and ρ(x, y) = ρ(Tx, Ty). It is a well known fact that

minimal isometries of compact metric spaces have a unique, T-invariant measure. Let µ
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represent the T-invariant, uniquely ergodic measure. Simple examples of minimal isometries

of compact metric spaces would be irrational rotations of tori.

5.1.2. Binary Odometer. Recall the classical description of cutting and stacking the

unit interval to represent the binary odometer. Y is the unit interval. The first step of

construction for the binary odometer consists of cutting the interval in half and stacking

the right side on top of the left, and the stage 1 transformations translates the bottom level

straight upward to the top level. The full transformation is found as the limit of cutting the

stage i tower in half vertically, stacking the right side on top of the left, and then translating

all but the top level directly to the level above. We use the representation of the binary

odometer as a cutting and stacking in the machinery of our proof.

5.1.3. Partial Interval Maps. Given two intervals I, J ⊂ Z, of length n and m

respectively, and regarding intervals of the same length as equivalent, we write without loss

of generality I = [0, 1, . . . , n− 1], J = [0, 1, . . . ,m− 1]. Let f : I → J be a bijection between

two subsets of these intervals. We call the ordered triple f̂ := [I, J, f ] a partial interval

bijection, which we abbreviate with pib. Two partial interval bijections are equivalent if one

is a translate of the other.

Suppose f̂i = [Ii, Ji, fi] for i = 1, 2, and Ii and Ji start at 0. Let t = |I1| and s = |J1|.

We define the concatenation of the two partial interval bijections as

f̂1|f̂2 = [I1 ∪ (I2 + t), J1 ∪ (J2 + s), f ]

where

f(j) =


f1(j) for j ∈ I1

f2(j − t) + s for j ∈ I2 + t
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Note that the concatenation of two pibs is also a pib.

For f̂ = [I, J, f ], define

f̂−1 = [J, I, f−1].

If the domain of f does not equal I, then we may extend f̂ to a map ĝ = [I, J, g] where

g|domain(f) = f . We say ĝ extends f̂ .

5.2. Stages of the Construction

The construction proceeds by induction.

Requirement 5.2.1. Let ε̃n > 0 be such that
∑∞

i=1 ε̃n <
1
2
.

5.3. The Base Case

Select a tower Q0 of height h0 from the classical cutting and stacking construction for

the binary odometer such that h0 > 2.

Select a point in X and label this point 0.

Lemma 5.3.1. Given any value N > 0, there exists an η = η(N) > 0 such that the first

return time to Bη(0) = {x ∈ X : ρ(x, 0) < η} is at least N for all x ∈ Bη(0).

Proof. Suppose not. Then, there exists anN > 0 such that for every η > 0, TN(Bη(0))∩

Bη(0) 6= ∅. Letting η → 0 implies that TN(0) = 0, which contradicts that T is minimal. �

By Lemma 5.3.1, we may select η1 > 0 such that the skyscraper over Bη1(0) (whose

height is given by the first return time to Bη1(0)) has height at least 3h0

ε̃1
and such that

µ(∂Bη1(0)) = 0. Decompose Bη1(0) into the minimum number of nearly clopen sets such that

the first return time to Bη1(0) is constant on each set. As minimal isometries of compact
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metric spaces are uniquely ergodic, there are only finitely many first return times, and hence

finitely many sets in this decomposition. Using each set as the base of a column in the

skyscraper, decompose the skyscraper into nearly clopen columns of distinct heights. We

shall refer to these columns as towers. Label the towers in non-decreasing order of height as

P1
1 , . . . ,Pw1 . We shall refer to P1, the set of the stage 1 towers {P1

1 , . . . ,Pw1 }, as the stage 1

multi-tower.

A Q0 template, denoted ω1, is an initial segment of the orbit of 0 ∈ Y of length mh0 for

m ∈ N. For a tower P∗1 of height t∗1, define Ω̂∗1 as the set of five templates with the following

prescribed lengths:

|ω∗,11 | < |ω
∗,2
1 | < t∗1 ≤ |ω

∗,3
1 | < |ω

∗,4
1 | < |ω

∗,5
1 | and

|ω∗,k1 | = |ω
∗,k−1
1 |+ h0 for k = 2, 3, 4, 5.

Let

Ω∗1 =
5⋃

k=1

ω∗,k1

be the Q0-template set for P∗1 and

Ω1 =
w⋃
∗=1

Ω∗1

be the Q0-template set for P1.

Define the projection ξ : Ω1 → Q0 by ξ(Sk0) = Sk(base(Q0)) or ξ(y) = d0(y) where d0(y)

is the level of Q0 which contains y.

Define the first set of partial interval bijections φ∗,k1 for ∗ ∈ {1, . . . , w} and k ∈ {1, . . . , 5}

from the indices of the levels of P∗1 to the indices of points in ω∗,k1 by

φ∗,k1 =
[
[0, t∗1 − 1], [0, |ω∗,k1 |], f

]
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where f(i) = i for i = 0, . . . , b1
2
(t∗1 − 1)c and f(i) is not yet defined for i = b1

2
(t∗1 − 1)c +

1, . . . , t∗1 − 1. φ∗,k1 maps the indices of the levels of the bottom half of each tower to the

indices of the approximate bottom half of each pib.

1

j,k

P1 1

Q0

h0

1
1,2

Figure 5.1. The first stage using the tower and template machinery.

5.4. The Inductive Steps

Assume that the stage 2n−1 tower for the binary odometer was selected from the classical

sequence of cutting and stacking, and call it Q2n−1. The height of Q2n−1 is h2n−1. For the

point 0 ∈ X, let Bη2n(0) be the base of the multi-tower P2n. Assume that µ(∂Bη2n(0)) = 0.

The towers of P2n were listed in non-decreasing order of height. Let P∗2n be the ∗th tower of

the list, and let the height of tower P∗2n be t∗2n. Suppose there are w towers and let base(P∗2n)

denote the base of tower P∗2n.
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For tower P∗2n, assume we defined the template set, Ω̂∗2n, as the set of five templates whose

lengths satisfied:

|ω∗,1n | < |ω∗,2n | < t∗2n ≤ |ω∗,3n | < |ω∗,4n | < |ω∗,5n | and

|ω∗,k2n | = |ω
∗,k−1
2n |+ h2n−1 for k = 2, 3, 4, 5.

Note that

|ω∗,1n | < t∗2n − (h2n−1 + 1) (5.4.1)

|ω∗,52n | ≥ t∗2n + 2h2n−1 (5.4.2)

We defined

Ω∗2n =
5⋃

k=1

ω∗,k2n ,

the Q2n−1-template set for P∗2n and

Ω2n =
w⋃
∗=1

Ω∗2n

the Q2n−1 template set for P2n.

Assume that the set of partial interval bijections φ∗,k2n have been defined from at least a

fraction (1− ε̃2n) of the indices of the levels of the P∗2n to at least a fraction (1− ε̃2n) of the

indices of the points in the templates ω∗,k2n for ∗ = 1, . . . , w and k = 1, . . . , 5.

We defined ξ : Ω2n → Q2n−1 by ξ(Sk0) = Sk(base(Q2n−1)) or ξ(y) = d2n−1(y) where

d2n−1(y) is the level of Q2n−1 which contains y.
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2n

j,k

P2n 2n

Q2n-1

2n-1

2n
1,2

h

Figure 5.2. Stage 2n of the tower and template machinery.

5.4.1. Stage 2n+1. Define

S2n =
w⋃
∗=1

t∗2n−1⋃
i=0

T i(∂base(P∗2n)).

Select ε2n > 0 such that

µ({x : ρ(x, S2n) < ε2n}) <
1

2
ε̃2n

and define

Sε2n2n = {x : ρ(x, S2n) < ε2n}.

Lemma 5.4.2. There exists P such that for all p > P and µ-a.e.x ∈ X,

1

p

p−1∑
i=0

χSε2n2n
(T ix) < ε̃2n.
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Proof. By the unique ergodicity of minimal isometries of compact metric spaces, given

1
4
ε̃2n, there exists a value p > P such that

∣∣∣∣∣1p
p−1∑
i=0

χSε2n2n
(T ix)− µ(Sε2n2n )

∣∣∣∣∣ < 1

4
ε̃2n.

�

Define {AR(x)} to be the sequence of return times to Bε2n(0), so A1(x) = rBε2n (0)(x)

the first return time, A2(x) = rBε2n (0)(T
A1(x)(x)), the second return time, etc. Define κ =

max{k : A1(x) = k for x ∈ Bε2n(0)}. Let h2n be the height of the tallest tower of P2n.

Requirement 5.4.3. Select a tower Q2n+1 with height h2n+1 from the classical sequence

of cutting and stacking for the binary odometer such that h2n+1 satisfies:

(1) h2n+1 > P + 3κ where P is as in Lemma 5.4.2

(2) h2n+1 >
h2nκ

1−ε̃2n+1
,

(3) h2n+1 >
3κ

ε̃2n+1h2n−1

(
h2n + h2

2n−1

)
(4) h2n+1 >

2κh2n+h2n−1

ε̃2n+1
.

(5) h2n+1 >
1

ε̃2n+1h2n−1
(4κh2n + 4κh2n−1 + (h2n−1)2)

(6) h2n+1 >
1

ε̃2n+1h2n−1
((κ− 1)h2n + (h2n−1)2 − (κ− 1)h2n−1)

Let |Pk2n| be the union of the levels of tower Pk2n. Let α2n = {|P1
2n|, |P2

2n|, . . . , |Pw2n|}, a

finite partition of X. Recall the existence of a natural map from X to {1, 2, . . . , w}Z from

Section 2.2 giving rise to α2n-names of orbits of points in X. Let ℵ be the set of α2n-names of

length h2n+1 +2κ for forward orbits of points in Bε2n(0). For each distinct name β ∈ ℵ, select

a single point x ∈ Bε2n(0) whose α2n-name of length h2n+1 + 2κ is β. Select 0 to represent

the names in ℵ with the same α2n-name as the orbit of 0. We call these points representative
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points. Let R denote the set of representative points. For an x ∈ R, a T2n+1-template for

x, τx2n+1, is an initial segment of the orbit of x such that |τx2n+1| = AR(x) for some R. T x2n+1,

the set of Q2n+1-templates for x ∈ R is the set of T2n+1 templates such that the shortest

template τx,12n+1 satisfies

|τx,12n+1| = max{h : h2n+1 − h > κ and T h(x) ∈ Bε2n(0)},

the longest template τ
x,m(x)
2n+1 satisfies

|τx,m(x)
2n+1 | = min{h : h− h2n+1 > κ and T h(x) ∈ Bε2n(0)},

(where m(x) denotes the number of returns to Bε2n(0) for T i(x) from i = |τx,12n+1| to i =

min{h : h − h2n+1 > κ and T h(x) ∈ Bε2n(0)}), and the templates of intermediate length

τx,22n+1,...,τ
x,m(x)−1
2n+1 satisfy

|τx,l2n+1| = |τ
x,l−1
2n+1 |+A1(T |τ

x,l−1
2n+1 |(x)) for l = 2, . . . ,m(x)− 1.

Define

T x2n+1 =

m(x)⋃
l=1

τx,l2n+1,

the set of templates for a single point x ∈ R. We call the set of templates for 0 the master

templates. We call the sets of templates for x ∈ R, x 6= 0, the representative templates.

Define

T2n+1 =
⋃
x∈R

T x2n+1,
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the full set of templates for the 2n + 1 stage of construction. Define the projection ξ :

T2n+1 → P2n by ξ(x) = a2n(x) where a2n(x) is the level of P2n containing x.

2n

j,k

P2n

2n+1

x,l

2n

Q2n+1T2n+1

Q2n-1

2n

1,1 -1

2n+1
1,2

2n+1
0,1

Figure 5.3. Stage 2n+ 1 of the tower and template machinery.

We will now give an informal account of the stage 2n + 1 construction which allows

us to define the partial interval bijections from Q2n+1 to the the T2n+1 templates. Each

τx,l2n+1 ∈ T2n+1 for x ∈ R and l = 1, . . . ,m(x) has an α2n name, which canonically breaks

τx,l2n+1 into a certain sequence of blocks of length t∗2n, ∗ ∈ {1, . . . , w} and gives each block a

label from α2n.

Definition 5.4.4. A tiling of Q2n+1 by Ω2n is an ordered list of templates ω
j(i),k(i)
2n from

Ω2n such that h2n+1 =
∑r̃

i=1 |ω
j(i),k(i)
2n |. We also say that we tile Q2n+1 with Ω2n.
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Given a template τx,l2n+1 ∈ T2n+1, the tiling of Q2n+1 by Ω2n corresponding to τx,l2n+1 is

said to be good if based on the sequence of blocks in τx,l2n+1, we select a sequence ω
j(i),k(i)
2n of

templates from Ω2n with which to tile Q2n+1 such that if the rth block of τx,l is of length tJ2n

and α2n-name J , then the rth tile in the tiling of Q2n+1 is one of the variant ωJ,k2n templates,

and

h2n+1 =
R∑
i=1

|ωj(i),k(i)|

where R is the number of blocks in τx,l.

The partial interval bijection ψ̂x,l2n+1 shall be a concatenation of the inverses of the φ
j(i),k(i)
2n ,

where the ith piece of the concatenation is the inverse of φ
j(i),k(i)
2n if the ith tile of the tiling

for Q2n+1 is ω
j(i),k(i)
2n . We then extend up to all but a small fraction of the tower. We are

careful in this process to select a tiling for Q2n+1 for each of the τx,l2n+1 templates in such a

way that the resultant partial interval bijections ψx,k2n+1 agree for most of the levels in Q2n+1.

We accomplish this first by defining the pibs from Q2n+1 to the master templates, and then

modeling the pibs from Q2n+1 to the representative templates after the pibs for the master

templates.

So, the goal is to build ψx,l2n+1 using concatenations of inverses of the φj,k2n , and then

extensions, in such a way that the ψx,l2n+1 agree on at least a fraction 1 − ε̃2n+1 of the levels

of Q2n+1. We will do this in essentially two steps for each template, beginning with the

master templates for the orbit of zero. First, we will pick a height approximately 1− ε̃2n+1

up Q2n+1. Then, we will pick a height for the master templates which is the same or just

slightly taller. As this height is still shorter than the shortest master template, the orbits

of each master template are identical up to this height. We will create a tiling of Q2n+1

up to this height using templates from Ω2n. Then, for each of the master templates, τ 0,1
2n+1
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through τ
0,m(0)
2n+1 , we will create a distinct tiling of the remaining upper portion of Q2n+1

corresponding to the remaining upper portion of each template, and combine the tiling for

the bottom portion with the tiling of the top portion. These tilings lead to the choice of the

φ∗,k2n whose inverses are concatenated to define ψx,l2n+1, ensuring that the pibs from Q2n+1 to

the master templates agree for at least 1− ε̃2n+1 of the tower. After the process is completed

for the master templates, we then repeat the process for the representative templates with

a few small tweaks. Note that the representative templates are initial segments of orbits of

points within ε2n of 0. Whenever T h0 6∈ Sε2n2n and T h0 ∈ base(P2n), T h0 and T hx are in the

same base of a tower P∗2n for some ∗, and this occurs most of the time. It is this fact which

ensures that the tiling created for each of the representative templates matches for the most

part with the tiling created for the master templates, and hence the pibs ψf,l2n+1 agree on

most of Q2n+1. Let us now give a formal account of defining the pibs for stage 2n+ 1.

Let

q = min{mh2n−1 : mh2n−1 > (1− ε̃2n+1)h2n+1 and m ∈ N}.

Starting with the master templates τ 0,k
2n+1, select

H = min{h ≥ q : T h(0) ∈ Bε2n(0)}.

Let AR(x) denote the Rth return time to base(P2n) = Bη2n(0), and let Ĥ be such that

AĤ(0) = H. Note that AR(x) − AR−1(x) ∈ {t12n, . . . , tw2n}. Define BR(0) for R = 0, . . . , Ĥ

to be the closest integer multiple of h2n−1 to q
H
AR(0). If q

H
AR(0) is equidistant from two

multiples of h2n−1, choose the smaller multiple. So

∣∣∣ q
H
AR(0)−BR(0)

∣∣∣ ≤ 1

2
h2n−1 (5.4.3)
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for R = 0, . . . , Ĥ.

Lemma 5.4.5. For R ∈ {1, . . . , Ĥ} if AR(0) − AR−1(0) = tJ2n and TAR(0)0 ∈ base(PJ2n)

for some J ∈ {1, . . . , w}, then there exists an ωJ,k2n ∈ Ω2n for some k ∈ {1, . . . , 5} such that

|ωJ,k| = BR(0)−BR−1(0)

.

Proof. Suppose AR(0) − AR−1(0) = tJ2n and TAR(0)(0) ∈ base(PJ2n) for some J ∈

{1, . . . , w}. Then by 5.4.3

∣∣∣ q
H
tJ2n − (BR(0)−BR−1(0))

∣∣∣ ≤ h2n−1.

⇒ q

H
tJ2n − h2n−1 < BR(0)−BR−1(0) <

q

H
tJ2n + h2n−1. (5.4.4)

Basically, we need to know that one of our five ωJ,k2n templates corresponding to the tower of

height tJ2n has length BR(0)−BR−1(0), which occurs if

|ωJ,12n | ≤ BR(0)−BR−1(0) ≤ |ωJ,52n |.

Note that

|ωJ,12n | ≤ tJ2n − (h2n−1 + 1) and tJ2n + 2h2n−1 ≤ |ωJ,52n |. (5.4.5)

By 5.4.4 and 5.4.5, it suffices to show that

tJ2n − (h2n−1 + 1) ≤ q

H
tJ2n − h2n−1 and (5.4.6)

q

H
tJ2n + h2n−1 ≤ tJ2n + 2h2n−1. (5.4.7)
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For 5.4.7, as H > q, q
H
tJ2n < tJ2n, so there is a template which is long enough. For 5.4.6, we

need

tJ2n − 1 ≤ q

H
tJ2n

.

⇒ H − q
H

≤ 1

tJ2n

and using h2n ≥ tJ2n we then want

H − q
H

≤ 1

h2n

.

Recall that q ≤ H ≤ q + κ and q ≥ (1− ε̃2n+1)h2n+1 ⇒

κ

(1− ε̃2n+1)h2n+1

≤ 1

h2n

⇒ κh2n

1− ε̃2n+1

≤ h2n+1

which is met by Requirement 5.4.3(2). �

A quick and hopefully helpful aside: as one can see, if Q2n+1 is selected so that is “tall

enough”, an amount specified by Requirement 5.4.3, then q
H

is “close enough” to 1 so that

q
H

(AR(0)−AR−1(0)) is approximately equal to AR(0)−AR−1(0), which is the height of one of

the towers in P2n. Then, BR(0)−BR−1(0) is approximately equal to AR(0)−AR−1(0)±h2n.

Suppose the tower PJ2n is of height AR(0) − AR−1(0) and TAR−1(0)0 ∈ base(PJ2n). Notice

that the five templates ωJ,k2n for k = 1, . . . 5 from the template set ΩJ
2n cover at least the

range of heights from AR(0)−AR−1(0)− h2n− 1 to AR(0)−AR−1(0) + 2h2n, so one of those

templates will have length BR(0)−BR−1(0), and that template will be the R− 1 tile in the

tiling of Q2n+1 corresponding to the bottom portion of the master template. It is truly this
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argument that we are making repeatedly, in detail, and in slightly different guises in order

to create tilings for the towers in correspondence to the different templates which we shall

use to define the pibs.

For R = 1, . . . , Ĥ, we define j(R) and k(R), two functions such that

j(R) = J if TAR(0)(0) ∈ P J
2n

and

k(R) = K if TAR(0)(0) ∈ P J
2n and BR+1(0)−BR(0) = |ωJ,K2n |.

This defines a sequence of templates

ω
j(1),k(1)
2n , ω

j(2),k(2)
2n , . . . , ω

j(Ĥ),k(Ĥ)
2n

which is a good tiling of Q2n+1 corresponding to the master templates up to height q.

We now perform similar processes for tiling the top portion of the tower corresponding

to the top portions of each template. Let

Hl = |τ 0,l
2n+1| −H for l = 1, . . . ,m(0),

and let Ĥl be such that AĤl(0) = |τ 0,l
2n+1|. Let q̃ = h2n+1 − q. Define Bl

R(0) to be the closest

integer multiple of h2n−1 to q + q̃
Hl

(AR(0) −H) for R = Ĥ + 1, . . . , Ĥl and l = 1, . . . ,m(0).

So ∣∣∣∣ q̃Hl

AR(0)−Bl
R(0)

∣∣∣∣ < 1

2
h2n−1 (5.4.8)

for R = Ĥ + 1, . . . , Ĥl and l = 1, . . . ,m(0).
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Lemma 5.4.6. For R ∈ {Ĥ + 1, . . . , Ĥl} and l ∈ {1, . . . ,m(0)}, if AR(0)−AR−1(0) = tJ2n

and TAR(0)0 ∈ PJ2n, then there exists an ωJ,k2n ∈ Ω2n such that |ωJ,k| = BR(l0)−Bl
R−1(0).

Proof. We prove the lemma for the two extreme cases, the shortest template τ 0,1
2n+1 and

for the longest template τ
0,m(0)
2n+1 . Start with the shortest template.

Suppose AR(0)− AR−1(0) = tJ2n and TAR(0)(0) ∈ base(PJ2n) for some J ∈ {1, . . . , w}. By

5.4.8 ∣∣∣∣ q̃H1

tJ2n − (B1
R(0)−B1

R−1(0))

∣∣∣∣ ≤ h2n−1

⇒ q̃

H1

tJ2n − h2n−1 ≤ B1
R(0)−B1

R−1(0) ≤ q̃

H1

tJ2n + h2n−1. (5.4.9)

We need to know that one of our five ωJ,k2n templates corresponding to the tower P J
2n has

length B1
R(0)−B1

R−1(0), which occurs if

|ωJ,12n | ≤ B1
R(0)−B1

R−1(0) ≤ |ωJ,52n |.

Recall that

|ωJ,12n | ≤ tJ2n − (h2n−1 + 1) and tJ2n + 2h2n−1 ≤ |ωJ,52n |.

By 5.4.5 and 5.4.9 it suffices to show that

tJ2n − (h2n−1 + 1) ≤ q̃

H1

tJ2n − h2n−1 and (5.4.10)

q̃

H1

tJ2n + h2n−1 ≤ tJ2n + 2h2n−1. (5.4.11)

The first inequality comes easily as

q̃ > H1 ⇒ tJ2n <
q̃

H1

tJ2n.
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For 5.4.11, we need that (
q̃

H1

− 1

)
tJ2n ≤ h2n−1.

⇒ q̃ −H1

H1

≤ h2n−1

tJ2n
. (5.4.12)

Note that

κ+ 1 ≤ q̃ −H1 ≤ 3κ and (5.4.13)

ε̃2n+1h2n+1 − 3κ− h2n−1 ≤ H1 ≤ ε̃2n+1h2n+1 − κ− 1. (5.4.14)

Using 5.4.13 and 5.4.14 with 5.4.12, we then need

3κ

ε̃2n+1h2n+1 − 3κ− h2n−1

≤ h2n−1

tJ2n

⇒
(

3κtJ2n
h2n−1

+ 3κh2n−1

)
1

ε̃2n+1

≤ h2n+1

which is met by Requirement 5.4.3(3).

In the case of the longest master template τ
0,m(0)
2n+1 , let

Hm(0) = |τ 0,m(0)
2n+1 | −H.

If AR(0)−AR−1(0) = tJ2n for some J , we need that |ωJ,12n | ≤ B
m(0)
R (0)−Bm(0)

R−1 (0) ≤ |ωJ,52n |. We

know that

⇒ q̃

Hm(0)

tJ2n − h2n−1 ≤ B
m(0)
R (0)−Bm(0)

R−1 (0) ≤ q̃

Hm(0)

tJ2n + h2n−1 (5.4.15)
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By 5.4.1, 5.4.2, and 5.4.15, it suffices to show that

tJ2n − (h2n−1 + 1) ≤ q̃

Hm(0)

tJ2n − h2n−1 and (5.4.16)

q̃

Hm(0)

tJ2n + h2n−1 ≤ tJ2n + 2h2n−1. (5.4.17)

As q̃ < Hm(0), 5.4.17 is true. For 5.4.16,

tJ2n

(
1− q̃

Hm(0)

)
≤ 1

⇒
Hm(0) − q̃
Hm(0)

≤ 1

tJ2n
. (5.4.18)

Using that

Hm(0) − q̃ ≤ 2κ and (5.4.19)

2 + ε̃2n+1h2n+1 − h2n−1 ≤ Hm(0) (5.4.20)

we require

2κ

2 + ε̃2n+1h2n+1 − h2n−1

≤ 1

tJ2n

⇒ 2κtJ2n − 2 + h2n−1

ε̃2n+1

≤ h2n+1

which is met by Requirement 5.4.3(4). �

For l = 1, . . . ,m(0) and R = Ĥ + 1, . . . , Ĥl, we define two functions jl(R) and kl(R) such

that

jl(R) = J if TAR(0)(0) ∈ P J
2n and

kl(r) = K if TAR(0)(0) ∈ P J
2n and Bl

R+1(0)−Bl
R(0) = |ωJ,K2n |.
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The functions define a sequence of templates

ω
jl(Ĥ+1),kl(Ĥ+1)
2n , . . . , ω

jl(Ĝ),kl(Ĝ)
2n

which tile the top portion of the template τ 0,l
2n+1. Combining the tilings for the bottom and

top portions gives a good tiling of Q2n+1 corresponding to a master template. Let

∆(R) = j(R), k(R) for R = 1, . . . , Ĥ and

∆l(R) = jl(R), kl(R) for R = Ĥ + 1, . . . , Ĥl and l = 1, . . . ,m(0)

.

Define

ψ0,l
2n+1 = (φ

∆(1)
2n )−1| · · · |(φ∆(Ĥ)

2n )−1|(φ∆l(Ĥ+1)
2n )−1| · · · |(φ∆l(Ĥl)

2n )−1.

Next, we describe the process for defining pibs fromQ2n+1 to the representative templates.

Let x ∈ R be a representative point, x 6= 0. Let

q = min{mh2n−1 : mh2n−1 > (1− ε̃2n+1)h2n+1}

H = min{h ≥ q : T h0 ∈ Bε2n(0)}

F (x) = min{h ≥ H : T hx ∈ Bε2n(0)}

and let F̂ (x) be such that AF̂ (x) = F (x) where AR(x) is the sequence of return times of

x ∈ Bε2n(0) to the base of P2n. For R = 1, . . . , F̂ (x), define BR(x) to be the closest integer

multiple of h2n−1 to q
H
AR(x).

Lemma 5.4.7. For R{1, . . . , F̂ (x)}, if AR(x) − AR−1(x) = tJ2n for some J ∈ {1, . . . , w},

then there exists ωJ,k2n ∈ Ω2n such that |ωJ,k2n | = BR(x)−BR−1(x).
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Proof. The proof is identical to the proof for the lemma regarding the bottoms of the

master templates �

For R = 1, . . . , F̂ (x), we define jx(R) and kx(R), two functions such that

jx(R) = J if TAR(x)(x) ∈ P J
2n

and

kx(R) = K if TAR(x)(x) ∈ P J
2n and BR+1(x)−BR(x) = |ωJ,K2n |.

This defines a sequence of templates

ωjx(1),kx(1), ωjx(2),kx(2), . . . , ωjx(Ĥ),kx(Ĥ)

which is a good tiling of Q2n+1 corresponding to the representative templates up to height

q.

To create a tiling of the top portion of Q2n+1 corresponding to the top portions of the

representative templates, we only concern ourselves with showing that a good tiling exists

for the extreme cases, the top of the shortest representative templates τx,12n+1 and tallest

representative templates τ
x,m(x)
2n+1 . Let

q̃ = h2n+1 − q,

Cl = |τx,l2n+1| − F (x),

and let Ĉl be such that AĈl = |τx,l2n+1| where AR(x) is the sequence of return times of

x ∈ Bε2n(0) to the base of P2n and l = 1, . . . ,m(x). Then, for R = F̂ (x) + 1, . . . , Ĉ1 (where
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F̂ (x) is as described for the previous lemma), define BR(x) to be the closest integer multiple

of h2n−1 to F (x) + q̃
Cl

(AR(x)− F (x)).

Lemma 5.4.8. For R ∈ {Ĥ+1, . . . F̂ (x)} and l ∈ {1, . . . ,m(x)}, if AR(x)−AR−1(x) = tJ2n

for some J ∈ {1, . . . , w}, then there exists ωJ,k2n ∈ Ω2n such that |ωJ,k2n | = BR(x)−BR−1(x).

Proof. Considering first the top of the shortest representative template, τx,12n+1, for a

fixed representative point x ∈ R, let AR(x)− AR−1(x) = tJ2n for some J ∈ {1, . . . , w}. Note

that ∣∣∣∣ q̃C1

tJ2n − (BR(x)−BR−1(x))

∣∣∣∣ ≤ h2n−1

⇒ q̃

C1

tJ2n − h2n−1 ≤ BR(x)−BR−1(x) ≤ q̃

C1

tJ2n + h2n−1. (5.4.21)

We want

|ωJ,12n | ≤ BR(x)−BR−1(x) ≤ |ωJ,52n |.

By 5.4.1, 5.4.2, and 5.4.21, it suffices to show that

tJ2n − (h2n−1 + 1) ≤ q̃

C1

tJ2n − h2n−1 and (5.4.22)

q̃

C1

tJ2n + h2n−1 ≤ tJ2n + 2h2n−1. (5.4.23)

5.4.22 holds as q̃ > C1. For 5.4.23,

tJ2n

(
q̃

C1

− 1

)
≤ h2n−1 ⇒

q̃ − C1

C1

≤ h2n−1

tJ2n
. (5.4.24)

Using that

ε̃2n+1h2n+1 − 4κ− h2n−1 ≤ C1 ≤ h2n+1ε̃2n+1 − κ− 1 (5.4.25)
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and

κ+ 1 ≤ q̃ − C1 ≤ 4κ, (5.4.26)

we need

4κ

ε̃2n+1h2n+1 − 4κ− h2n−1

≤ h2n−1

h2n

⇒ 1

ε̃2n+1

(
4κh2n

h2n−1

+ 4κ+ h2n−1

)
≤ h2n+1

which is met by Requirement 5.4.3(5).

For the longest template, τ
x,m(x)
2n+1 , similar to 5.4.22 and 5.4.23 it suffices to show that,

tJ2n − (h2n−1 + 1) ≤ q̃

Cm(x)

tJ2n − h2n−1 and (5.4.27)

q̃

Cm(x)

tJ2n + h2n−1 ≤ tJ2n + 2h2n−1. (5.4.28)

We consider three cases:

Case I: q̃ = Cm(x)

Case II: Cm(x) > q̃, wherein we must show that tJ2n − 1 ≤ q̃
Cm(x)

tJ2n

Case III: q̃ > Cm(x),wherein we must show that q̃
Cm(x)

tJ2n ≤ tJ2n + h2n−1.

For Case I, 5.4.27 and 5.4.28 are obviously true. For Case II, we need

Cm(x) − q̃
Cm(x)

≤ 1

tJ2n
. (5.4.29)

Now,

Cm(x) − q̃ ≤ 2κ (5.4.30)
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and

Cm(x) > q̃ = h2n+1 − q ≥ h2n+1 − ((1− ε̃2n+1)h2n+1 + h2n−1) = ε̃2n+1h2n+1 − h2n−1. (5.4.31)

Using 5.4.30 and 5.4.31 in conjunction with 5.4.29, we require

2κ

ε̃2n+1h2n+1 − h2n−1

≤ 1

tJ2n

⇒ 2κtJ2n + h2n−1

ε̃2n+1

≤ h2n+1,

which is met by Requirement 5.4.3(4).

For Case III, we need

q̃ − Cm(x)

Cm(x)

≤ hn−1

tJ2n
. (5.4.32)

Now,

q̃ − Cm(x) ≤ κ− 1 and (5.4.33)

Cm(x) ≥ q̃ − κ+ 1 = h2n+1 − q + κ+ 1 ≥ ε̃2n+1h2n+1 − h2n−1 − κ+ 1. (5.4.34)

By 5.4.33 and 5.4.34 in conjunction with 5.4.32 we require

κ− 1

ε̃2n+1h2n+1 − h2n−1 − κ+ 1
≤ h2n−1

tJ2n

⇒ 1

ε̃2n+1

(
(κ− 1)tJ2n
h2n−1

+ h2n−1 − κ− 1

)
≤ h2n+1

which is met by Requirement 5.4.3(6).

�
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We then define the functions jlx(R) and klx(R) for R = F̂ (x) + 1 . . . , Ĥl such that

jlx(R) = J if TAR(x)(x) ∈ baseP J
2n and

klx(R) = K if TAR(x)(x) ∈ P J
2n and BR+1(x)−BR(x) = |ωJ,K |.

This gives a sequence of tiles

ωj
l
x(R),klx(R) for R = F̂ (x) + 1, . . . , Ĥl which is a good tiling of the top portion of Q2n+1

corresponding to the tops of the representative templates. Let

∆x(R) = jx(R), kx(R) for R = 1, . . . , F̂ (x) and

∆l
x(R) = jlx(R), klx(R) for R = F̂ (x) + 1, . . . , Ĥl and l = 1, . . . ,m(x)

.

Define the partial interval bijection

ψ̂x,l2n+1 = (φ
∆x(1)
2n )−1|(φ∆x(2)

2n )−1| · · · |(φ∆x(F̂ (x))
2n )−1|(φ∆l

x(F̂ (x)+1)
2n )−1| · · · |(φ∆l

x(Ĥl)
2n )−1.

A bad block of points in τx,l2n+1 for x ∈ R is a list of points TAR(0)x, . . . , TAR+1(0)−1x such

that TAR(0)0 ∈ Sε2n2n for some R ∈ 1, . . . Ĥl. Define BAD(τx,l2n+1) to be the collection of bad

blocks of points in the template τx,l2n+1. Define BAD(Q2n+1) to be the collection of levels in

Q2n+1 which are indexed by BR(0), BR(0) + 1, . . . , BR+1(0) − 1 for which TAR(0)(0) ∈ Sε2n2n

for some R.

Lemma 5.4.9. If BADQ2n+1 is as described above, then

µ(BAD(Q2n+1)) < ε̃.
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Proof. Note that whenever TAR(0)(0) 6∈ Sε2n2n , the points TAR(0)(0) and TAR(0)(x) for

x ∈ Bε2n(0) lie in the base of the same tower of P2n and that TAR+1(0)(0) and TAR+1(0)(x)

are both in the base of P2n. This implies AR+1(0) − AR(0) = AR̃(x) − AR̃(x) where R̃ is

such that AR(0) = AR̃(x). Because we scaled AR+1(0) − AR(0) and AR̃(x) − AR̃(x) by the

same amount ( q
H

), BR+1(0) − BR(0) = BR̃+1(x) − BR̃(x). Thus, we assigned the same ωj,k2n

template to tile this portion of Q2n+1 for the master templates and for all representative

templates. This in turn means that ψ̂x,l2n+1 agree for all x ∈ R and l = 1, . . . ,m(x). The only

time that tilings of Q2n+1 may not agree for different templates occurs when TAR(0) ∈ Sε2n2n .

But, by requirement 6.1.1 and Lemma 5.4.2,

1

|τx,12n+1|

|τx,12n+1|−1∑
i=0

χSε2n2n
(T ix) < ε̃2n

for all x ∈ R. �

We now extend the pibs: starting at the base of Q2n+1, list the levels up to height

h2n+1(1− ε̃2n+1) of Q2n+1 which are not in BAD(Q2n+1) and for which ψ̂0,1
2n+1 has not been

defined on the indices. Then, starting at the bottom of τ 0,1
2n+1, list the indices of points of

the template τ 0,1
2n+1 up to height H which are not in BAD(τ 0,1

2n+1), and to which ψ̂0,1
2n+1 has

not been defined. Note that there are at least as many indices from points in τ 0,1
2n+1 as there

are indices of levels in Q2n+1 by construction. Map as many of these indices of levels to as

many these indices of points as possible. Order is not important, but it is important that

we extend in the same way for the rest of the τx,l2n+1, x ∈ R. This defines ψx,l2n+1. On what we

call the good set of Q2n+1, where all of the ψx,l2n+1 agree, define

ψ2n+1 = ξ ◦ ψ0,1
2n+1
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where ξ projects the point indexed by ψ0,1
2n+1 to a level of P2n. So, for a good level of Q2n+1,

the map ψ2n+1 = ξ ◦ ψ0,1
2n+1 associates a level in P2n.

5.4.10. Stage 2n+2. The primary differences between stage 2n + 2 and stage 2n + 1

come from the fact that the multi-tower P2n+2 consists of multiple towers, and to each tower,

there are only 5 associated templates. As before, all of the templates are initial segments of

the orbit of zero.

Requirement 5.4.11. Select η2n+2 such that 0 < η2n+2 < min{ε2n, ε̃2n+2, η2n} and

µ(∂Bη2n+2(0)) = 0 and also such that the skyscraper over Bη2n+2(0) has minimum height

t12n+2 satisfying:

(1) t12n+2 ≥ 3h2n+1

(2) t12n+2 ≥
(h2n+1)2

1−ε̃2n+1

(3) t12n+2 ≥
3h2

2n+1+h2n+1+κ

ε̃2n+2

(4) t12n+2 ≥
2h2

2n+1+κ

ε̃2n+2
.

where κ is still the largest first return time to Bε2n(0) for any point in Bε2n(0), and h2n+1

is the height of tower Q2n+1.

Purify the skyscraper over Bη2n+2(0) into maximal α2n-pure towers, yielding the multi-

towerP2n+2 = {P∗2n+2} where the towers are indexed in non-decreasing order of height. Let

? be the list of indices and | ? | be the number of towers. Define the template set Ω2n+2 in

the same manner as we defined the Ω2n-template set. For tower P∗2n+2, define the template

set, Ω̂∗2n+2, as the set of five templates whose lengths satisfy:

|ω∗,12n+2| < |ω
∗,2
2n+2| < t∗2n+2 ≤ |ω

∗,3
2n+2| < |ω

∗,4
2n+2| < |ω

∗,5
2n+2| and

|ω∗,k2n+2| = |ω
∗,k−1
2n+2 |+ h2n+1 for k = 2, 3, 4, 5.
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Note that

|ω∗,12n+2| < t∗2n+2 − (h2n+1 + 1) (5.4.35)

|ω∗,52n+2| ≥ t∗2n+2 + 2(h2n+1) (5.4.36)

Define

Ω∗2n+2 =
5⋃

k=1

ω∗,k2n+2

the Q2n+1-template set for P∗2n+2 and

Ω2n+2 =
⋃
∗∈?

Ω∗2n+2

the Q2n+1 template set for P2n+2. Define ξ : Ω2n+2 → Q2n+1 by ξ(Sk0) = Sk(base(Q2n+1))

or ξ(y) = d2n+1(y) where d2n+1(y) is the level of Q2n+1 which contains y.

Before we formally describe how to create the stage 2n + 2 pibs, we give an informal

description. This is similar to the stage 2n + 1 construction with the roles of Q2n+1 and

P2n+2 swapped. The multi-tower P2n+2 comes from a cutting and stacking of the multi-

tower P2n. So, each tower P∗2n+2 is naturally tiled by the towers of P2n, and each tower

P∗2n+2 has an α2n-name in the sense that the initial segments of forward orbits of all points

which start in the base of P∗2n+2 and end in the top level of P∗2n+2 have the exact same

α2n-name.

Definition 5.4.12. A tiling of P∗2n+2 by T2n+1 is an ordered list of templates τ
x(R),k(R)
2n+1

such that t∗2n+2 =
∑Ĝ

R=1 |τx(R),k(R)|. We say that we tile P∗2n+2 with T2n+1.
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A tiling of P∗2n+2 by T2n+1 corresponding to ω∗,l2n+2 is said to be good if for some number

M of the templates in T2n+1, t∗2n+2 =
∑M

R=1 |τ
x(R),l(R)
2n+1 | and the α2n-name given by the tiling

matches the α2n-name of P∗2n+2. If τ
x(R),l(R)
2n+1 with R = 1, . . . ,M is the sequence of T2n+1-

templates for the tiling, then φ̂∗,l2n+2 is the concatenation of inverses of ψ
x(R),l(R)
2n+1 for R =

1, . . . ,M , which we then extend to all but a small fraction of the tower. At this stage, we

are also careful to select a tiling of each tower P∗2n+2 for each of the ω∗,k2n+2 templates, ∗ ∈ ?,

k ∈ {1, . . . , 5}, in such a way that the resultant partial interval bijections for differing k

agree for a fraction (1 − ε̃2n+2) of the levels in P∗2n+2. We do so by first creating a tiling

which is identical for the bottom portion of the tower corresponding to each of the templates,

and then creating separate tilings which correspond to the top of each template. We then

concatenate the bottom tiling with each of the top portions, separately, to define the pibs.

We now begin the formal process for defining the stage 2n + 2 pibs. Fix a tower P∗2n+2.

Note that base(P2n+2) contains a representative point x̃ ∈ R. Let

p = min{h ≥ (1− ε̃2n+2)t∗2n+2 : T h(x̃) ∈ Bε2n(0)} and let (5.4.37)

G = min{h ≥ p : h = mh2n+1} = R̂h2n+1 (5.4.38)

for some positive integer R̂.

Define BR(x̃) to be the closest integer to p
G
Rh2n+1 such that TBR(x̃)(x̃) ∈ Bε2n(0) for

R = 0, 1, . . . , R̂. Then ∣∣∣ p
G
Rh2n+1 −BR(x̃)

∣∣∣ ≤ 1

2
κ. (5.4.39)
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Figure 5.4. Stage 2n+ 2 of the tower and template machinery.

Lemma 5.4.13. For each R ∈ {1, . . . , R̂}, there exists a template τx,k2n+1 such that |τx,k2n+1| =

BR(x̃) − BR−1(x̃) and the α2n-name of TBR−1(x̃)x̃, . . . , TBR(x̃)−1x̃ equals the αn-name of

τx,k2n+1.

Proof. First of all, by 5.4.39

∣∣∣ p
G

(Rh2n+1 − (R− 1)h2n+1)− (BR(x̃)−BR−1(x̃))
∣∣∣ ≤ κ
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⇒
∣∣∣ p
G
h2n+1 − (BR(x̃)−BR−1(x̃))| ≤ κ

∣∣∣ . (5.4.40)

⇒ p

G
h2n+1 − κ ≤ BR(x̃)−BR−1(x̃) ≤ p

G
h2n+1 + κ (5.4.41)

Note that

κ < h2n+1 − |τx,12n+1| and κ < |τx,m(x)
2n+1 | − h2n+1 (5.4.42)

for all x ∈ R

⇒ |τx,12n+1| < h2n+1 − κ and h2n+1 + κ < |τx,m(x)
2n+1 |. (5.4.43)

In order to show that

|τx,12n+1| ≤ BR(x̃)−BR−1(x̃) ≤ |τx,m(x)
2n+1 | (5.4.44)

for all x ∈ R, it suffices by 5.4.41 and 5.4.43 to show that

h2n+1 − (κ+ 1) ≤ p

G
h2n+1 − κ and (5.4.45)

p

G
h2n+1 + κ ≤ h2n+1 + (κ+ 1). (5.4.46)

Note that 5.4.46 comes freely as p
G
< 1. For the first inequality, we need

(
1− p

G

)
h2n+1 ≤ 1

⇒ G− p
G

≤ 1

h2n+1

. (5.4.47)

We have that

0 ≤ G− p < h2n+1 (5.4.48)

and

(1− ε̃2n+2)t∗2n+2 ≤ p ≤ G < p+ h2n+1 ≤ (1− ε̃2n+2)t∗2n+2 + h2n+1. (5.4.49)
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Using 5.4.48 and 5.4.49 with 5.4.47, we need

h2n+1

(t− ε̃2n+2)t∗2n+2

≤ 1

h2n+1

⇒ (h2n+1)2

1− ε̃2n+2

≤ t∗2n+2,

which is met by Requirement 5.4.11(2). Recall that for each α2n-name of length h2n+1 + 2κ

for points in Bε2n(0), we chose a representative point and a set of templates for that point

whose lengths range from at least κ + 1 shorter to κ + 1 longer than h2n+1. Thus, the

template set T2n+1 consists of templates whose α2n-names contain the names of all orbits of

length κ+ 1 shorter to κ+ 1 longer than h2n+1 which start and end in Bε2n(0), and there will

be a template in the set whose αn-name matches that of TBR−1(x̃)x̃, . . . , TBR(x̃)−1x̃ for each

R = 1, . . . , R̂. �

Again, let us give a brief aside to help shed light on the above argument and the arguments

which follow. If P2n+2 is selected so that all of the towers P∗2n+2 for ∗ ∈ ? are “tall enough”,

an amount specified by Requirement 5.4.11, then p
G

is “close enough” to 1 so that p
G

(Rh2n+1−

(R− 1)h2n+1) is approximately h2n+1, the height of the tower Q2n+1. Let ∗ be fixed. Then,

BR(x̃) − BR−1(x̃) is approximately equal to h2n+1 ± κ. Notice that the templates in T2n+1

cover at least a range of heights from h2n+1 − κ− 1 to h2n+1 + 2κ, so one of these templates

will have the correct length as well as the correct α2n name, and that template will be the

R− 1 tile in the tiling of P∗2n+2 corresponding to the bottom portion of the ω∗,k2n+2 templates.

It is roughly this argument that we shall make again for creating tilings of the top portions

of the towers P∗2n+2 corresponding to the top portions of the templates ω∗,k2n+2, and we then

use the tilings to guide the definition of the pibs.
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For R = 1, . . . , R̂, we define two functions x(R) ∈ R and k(R) ∈ {1, . . . ,m(x(R))} such

that

|τx(R),k(R)
2n+1 | = BR(x̃)−BR−1(x̃)

and the α2n-name of the point x(R) of length |τx(R),k(R)
2n+1 | matches the α2n-name of

TBR−1(x̃)x̃, . . . , TBR(x̃)−1x̃.

The sequence of templates, τ
x(1),k(1)
2n+1 , τ

x(2),k(2)
2n+1 ,...,τ

x(R̂),k(R̂)
2n+1 distinguishes the sequence of

pibs whose inverses are concatenated to create the bottom portion of the stage n + 2 pib.

For the indices of levels 1, . . . , p of P∗2n+2, define

pφ̂∗2n+2 = (ψ
x(1),k(1)
2n+1 )−1| · · · |(ψx(R̂),k(R̂)

2n+1 )−1.

We now extend pφ̂∗2n+2 by listing any indices of P∗2n+2 up to level p not in the domain of

pφ̂∗2n+2. Then, list indices of points in τ ∗,12n+2 up to height G not in the range of pφ̂∗2n+2, and

extend the map to as many of the indices of levels to the indices of points as possible. Order

does not matter. This defines pφ∗2n+2.

As we continue to define the pibs from indices of the tower P∗2n+2 to indices of the five

templates ω∗,k2n+2, we perform a similar procedure for the top portions of P∗2n+2, creating a

tiling for the top of P∗2n+2 in conjunction with the top portion of each of the ω∗,k2n+2 templates.

We only worry about showing the existence of a tiling which we use to define the pibs for
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the shortest and longest templates ω∗,12n+2 and ω∗,52n+2. For the shortest template, first, let

p̃ = t∗2n+2 − p, (5.4.50)

G1 = |ω∗,12n+2| −G, and (5.4.51)

Ĝ1 =
|ω∗,12n+2|
h2n+1

. (5.4.52)

For R = R̂+ 1, . . . , Ĝ1, where R̂ is as in the previous lemma, let B1
R(x̃) be the closest integer

to p̃
G1
Rh2n+1 such that TB

1
R(x̃)x̃ ∈ Bε2n(0), where x̃ is also as in the previous lemma.

Lemma 5.4.14. For each R ∈ {R̂ + 1, . . . , Ĝ1}, there exists a template τx,l2n+1 such that

|τx,l2n+1| = B1
R(x̃)−B1

R−1(x̃) and the α2n-name of TB
1
R−1(x̃)x̃, . . . , TB

1
R(x̃)−1x̃ equals the αn-name

of τx,l2n+1.

Proof. First, note that ∣∣B1
R(x̃)−B1

R−1(x̃)
∣∣ ≤ 1

2
κ

⇒
∣∣∣∣(B1

R(x̃)−B1
R−1(x̃))− p̃

G1

h2n+1

∣∣∣∣ ≤ κ

⇒ p̃

G1

h2n+1 − κ ≤ B1
R(x̃)−B1

R−1(x̃) ≤ p̃

G1

h2n+1 + κ. (5.4.53)

For the lemma, it suffices to show that

|τx,12n+1| ≤ B1
R(x̃)−B1

R−1(x̃) ≤ |τx,m(x)
2n+1 |

for all x ∈ R. Recall that

|τx,12n+1| < h2n+1 − κ and h2n+1 + κ+ 1 ≤ |τx,m(x)
2n+1 |. (5.4.54)
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One may then show

h2n+1 − (κ+ 1) ≤ p̃

G1

h2n+1 − κ and (5.4.55)

p̃

G1

h2n+1 + κ ≤ h2n+1 + κ+ 1. (5.4.56)

Here, p̃ ≥ G1 and we automatically have 5.4.55. For 5.4.56, one may show

h2n+1

(
p̃

G1

− 1

)
≤ 1

⇒ p̃−G1

G1

≤ 1

h2n+1

. (5.4.57)

Using

h2n+1 + 1 ≤ p̃−G1 ≤ 3h2n+1 − 1 and (5.4.58)

ε̃2n+2t
∗
2n+2 − κ ≤ p̃ ≤ ε̃2n+2t

∗
2n+2 (5.4.59)

in conjunction with 5.4.57, we see that we need

3h2n+1 − 1

ε̃2n+2t∗2n+2 − (κ+ 3h2n+1 − 1)
≤ 1

h2n+1

.

Finally, we require

(3h2n+1 − 1)h2n+1 + κ+ 3h2n+1 − 1

ε̃2n+2

< t∗2n+2,

which is given by Requirement 5.4.11(3). A template of the appropriate length does exist,

and, as we have included templates for all α2n-names within a range of lengths κ+ 1 shorter

than Q2n+1 and κ+ 1 longer than Q2n+1 for orbits of points starting and ending in Bε2n(0),
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there exists a template τx,k2n+1 such that |τx,k2n+1| = B1
R(x̃)− B1

R−1(x̃) whose αn-name matches

that of TB
1
R−1(x̃)x̃, . . . , TB

1
R(x̃)−1x̃. �

And now, for the tallest template, again let p be as in 5.4.37, let p̃ be as in 5.4.50, and

let G be as in 5.4.38. Define

G5 = |ω∗,52n+2| −G

Ĝ5 =
|ωJ,52n+2|
h2n+1

.

For R = R̂, . . . , Ĝ5, let B5
R(x̃) be the closest integer to p̃

G5
Rh2n+1 such that TB

5
R(x̃) ∈ Bε2n(0).

Lemma 5.4.15. For each R ∈ {R̂ + 1, . . . , Ĝ5}, there exists a template τx,k2n+1 such that

|τx,k2n+1| = B5
R(x̃)−B5

R−1(x̃) and the α2n-name of TB
5
R−1(x̃)x̃, . . . , TB

5
R(x̃)−1x̃ equals the αn-name

of τx,k2n+1.

Proof. Following similar steps as in proof of Lemma 5.4.14, we need to know that

h2n+1 − (κ+ 1) ≤ p̃

G5h2n+1 − κ
and (5.4.60)

p̃

G5

h2n+1 + κ ≤ h2n+1 + (κ+ 1). (5.4.61)

As G5 ≥ p̃, 5.4.61 holds automatically. For 5.4.60, we need

G5 − p̃
G5

≤ 1

h2n+1

. (5.4.62)

Using

2 ≤ G5 − p̃ ≤ 2h2n+1 and (5.4.63)

2 + ε̃2n+1t
∗
2n+2 − κ ≤ G5 ≤ ε̃2n+2t

∗
2n+2 + 2h2n+1, (5.4.64)
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in conjunction with 5.4.62, we require

2h2n+1

2 + ε̃2n+2t∗2n+2 − κ
≤ 1

h2n+1

⇒ (2h2n+1)2 + κ− 2

ε̃2n+2

≤ t∗2n+2,

which is given by Requirement 5.4.11(4) A template of the appropriate length does exist.

And, as we have included templates for all words within a range of lengths κ + 1 shorter

than Q2n+1 and κ+ 1 longer than Q2n+1 for orbits of points starting and ending in Bε2n(0),

there exists a template τx,k2n+1 such that |τx,k2n+1| = B5
R(x̃)− B5

R−1(x̃) whose αn-name matches

that of TB
5
R−1(x̃)x̃, . . . , TB

5
R(x̃)−1x̃. �

We now describe how to build the pib from the indices of the top portion of P∗2n+2

(above height p) to the indices of the top portions of each of the five Ω2n+2 templates for

l = 1, . . . , 5. For R = R̂ + 1, . . . , Ĝl, define two functions xl : [R̂ + 1, . . . , Ĝl] → R and

kl : [R̂ + 1, . . . , Ĝl] → [1, . . . , 5] such that Bl
R(x̃) − Bl

R−1(x̃) = |τxl(R),kl(R)
2n+1 |, and the α2n-

name of xl(R), . . . , T |τ
xl(R),kl(R)|−1xl(R) matches the α2n-name of TB

l
R−1(x̃)x̃, . . . , TB

l
R(x̃)−1x̃.

This gives the sequence of T2n+1 template-tiles for the upper portion of P∗2n+2, and hence

mandates the sequence of stage 2n+ 1 pibs whose inverses are concatenated to build the pib

on the upper portion of the P∗2n+2. Define

φ∗,l2n+2 = pφ∗2n+2|(ψ
xl(R̂+1),kl(R̂+1)
2n+1 )−1| · · · |(ψxl(Ĝ1),kl(Ĝl)

2n+1 )−1.
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On the lower portion of the tower, up to height p, where defined, the templates agree.

For stage 2n+ 2, we shall call all levels up to height p good. On this good set of levels, let

ϕ∗2n+2 = ξ ◦ φ∗,12n+2,

and let

ϕ2n+2 =
⋃
∗∈?

ϕ∗2n+2.

Note that ϕ2n+2 associates levels of Q2n+1 with levels of P2n+2 in the following manner: φ∗,12n+2

maps indices of levels in P2n+2 to indices of points in ω∗,12n+2. ξ then projects the point in

ω∗,12n+2 given by the index φ∗,12n+2 to the level of Q2n+1 containing this point.

5.5. Good Sets and the Convergence of PIBs

For n ≥ 0, let

G∗2n+1 = { points in levels up to height (1− ε̃2n+1)t∗2n+1 of tower P∗2n+1} \ S2n+1.

Let

G2n+1 =
⋃
∗∈?

G∗2n+1.

For n ≥ 0, let

H2n = { points in levels up to height (1− ε̃2n)h2n of the tower Q2n}\

{{0, S0, . . . , Sh2n−10} ∪BADQ2n}.

For n ≥ 0 and a point x ∈ X, let a2n+1(x) denote the level of P2n+1 which contains x

as well as the index (by height) of the level containing x. For n ≥ 0 and a point y ∈ Y , let
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d2n(y) denote the level of Q2n which contains y as well as the index (by height) of the level

containing y.

Lemma 5.5.1. If for n-odd, x ∈ Gn and for m > 0, x ∈ Gn+2m, then

ϕn+2m(an+2m(x)) ⊂ ϕn(an(x)).

Proof. As x ∈ Gn, the φ∗,kn map the an(x) to the same point from Qn−1 in each of the

ω∗,kn , and so φn(an(x)) is a single level of Qn−1. Note that we create a tiling for the Pn+2

towers using the Tn+1-templates, and the Tn+1-templates are segments of forward orbits of

points from the base of Pn. We may think of the Pn+2 towers as being “tiled” by the Pn-

columns, and we see that the φ∗,kn+2 are concatenations of the φ∗,kn . So, by construction, the

φ∗,kn+2m are concatenations of extensions of the φ∗,kn . We took care to create tilings of Pn+2 so

that the pibs defined on Pn+2 respect and preserve the pibs defined in Pn. As x ∈ Gn+2m,

the φ∗,kn+2m all map the an+2m(x) to the same point from Qn+2m−1 in each of the ω∗,kn+2m.

So, φn+2m(an+2m(x)) is a single level of Qn+2m−1, which also projects to the level of Q2n−1

containing the projection of the image of an(x) via φ∗,kn .

�

Lemma 5.5.2. If, for n-even, y ∈ Hn and for m > 0 y ∈ Hn+2m, then

ψn+2m(dn+2m(y)) ⊂ ψn(dn(y)).

Proof. The argument is identical to the above argument for the odd steps. �

Suppose x ∈ X is in level an(x) of the tower P∗n. φ∗,kn (an(x)) maps the index (by height)

of an(x) to the index of a point in the Ωn-templates ω∗,kn . As ϕn is only defined where all of
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the pibs φ∗,kn (an(x)) agree, i.e. on the good part of Pn, φ∗,kn (an(x)) indicates the same point

in the forward orbit of 0 ∈ Y for each of the five templates. ξ projects the point in the

Ωn-template indicated by the index φ∗,kn (an(x)) to a level in the Q2n−1 tower. So, ϕn(an(x))

gives a level of Q2n−1. Note that for points of X which lie in the good sets infinitely often,

the sets ϕn(an(x)) for x ∈ Gn form a nested sequence of clopen intervals by 5.5.1 which

intersect to a single point as the heights of all of the towers go to infinity.

Let nm(x) be the odd subsequence such that x ∈ Gnm(x) for all nm(x). Then, define

ϕ(x) =
∞⋂
m=1

ϕnm(x)(anm(x)(x)).

Suppose y ∈ Y is in level dn(y) of Qn. ψx,ln (dn(y)) maps the index (by height) of dn(y)

to the index (by height) of a point in the Tn-tempaltes, τx,ln , for each representative point

x ∈ R and l = 1, . . . ,m(x). As ψn is only defined where all of the pibs τx,ln agree, i.e. on

the good part of Qn, the τx,ln (dn(y)) give the indices of points which project via ξ to a single

level of the P2n−1 tower. So, ψn(dn(y)) gives a level of P2n−1. Then, for points of Y which

lie in the good set infinitely often, the sets ψn(dn(y)) for y ∈ Hn form a nested sequence of

clopen intervals by 5.5.2 which intersect to a single point as the height of Qn, hn →∞.

Let np(y) be the even subsequence such that y ∈ Hnp(y). Define

ψ(y) =
∞⋂
p=1

ψnp(y)(dnp(y)(y)).

Lemma 5.5.3. ϕ and ψ are defined on Gδ sets of full measure.
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Proof. First, note that for n-odd, Gn is an open set. Next, let

G =
∞⋂
N=0

∞⋃
n=N

G2n+1.

G is a Gδ set. Points in G appear infinitely often in the good parts of the Pn towers. So,

for x ∈ G, we are able to find an infinite subsequence nm(x) such that x ∈ Gnm(x) for all m,

meaning that ϕ is defined on all of G. Note that µ(Gn) > 1− ε̃n ⇒ µ(G) = 1.

Next, note that for n-even, Hn is open. Let

H =
∞⋂
N=1

∞⋃
n=N

H2n.

H is a Gδ set. Points in H appear infinitely often in the good parts of the Qn towers. So,

for y ∈ H, we are able to find an infinite subsequence np(y) such that y ∈ Hnp(y), meaning

that ψ is defined on all of H. As ν(Hn) > 1− 2ε̃n, ν(H) = 1. �

5.6. Properties of the Maps

Lemma 5.6.1. ϕ and ψ are nearly continuous.

Proof. Let x ∈ G, and let ε > 0 be given. Select a tower Q2n+1 such that h2n+1 >
1
ε
.

Then, ν(base(Q2n+1)) < ε. Let 2m > 2n + 1 be such that x ∈ G2m. Then, x is in a level of

P∗2m for some ∗. Let δ = 1
2
ρ(x, d2m(x)C). Every x′ such that ρ(x, x′) < δ is also in G2m and

ϕ2m(d2m(x)) = ϕ2m(d2m(x′))⇒ ρ(ϕ(x), ϕ(x′)) < ε.

Let y ∈ H, and let ε > 0 be given. Select a tower P2n such that

min
∗∈?
{diam(base(P∗2n))} < ε.
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Let 2m+1 > 2n be such that y ∈ H2m+1. Let δ = 1
h2m+1

. Then, every y′ such that ρ(y, y′) < δ

is also in H2m+1 and ψ2m+1(d2m+1(y)) = ψ2m+1(d2m+1(y′))⇒ ρ(ψ(y), ψ(y′)) < ε. �

Lemma 5.6.2. ϕ and ψ are measure preserving.

Proof. For ϕ, let d be a level in Qn. ν(d) = 1
hn

. Let m > n. Ωm contains 1
hn

points in

level d. So, there are at most 1
hn

levels in Pm whose indices map to one of these points, and,

for each ∗, there are at least (1− ε̃n) t
∗
m

hn
levels in each tower P∗m whose indices map to one of

the points in level d via φ∗,lm . Summing up over the towers,

∑
∗∈?

1− ε̃m
hn

t∗mµ(base(P∗m)) =
1− ε̃m
hn

∑
∗∈?

t∗mµ(base(P∗m)) (5.6.1)

=
1− ε̃m
hn

(5.6.2)

≤ µ({ levels of Pm which map into d.}) (5.6.3)

Now, as m→∞,

1

hn
≤ µ(ϕ−1(d)) ≤ 1

hn
.

For ψ, let a be a level in Pn. If a is in P∗n, then µ(a) = µ(base(P∗n)). Select m > n large

enough so that, by nearly unique ergodicity of T , the points in the templates Tm lie in level

a the fraction µ(a)± δm of the time and limm→∞ δm = 0. Then, there are at most µ(a) + δm

levels in Qm whose indices map to points in level a, and at least (1− ε̃m)(µ(a) + δm). Then

(1− ε̃m)(µ(a) + δm) ≤ ν({ levels of Qm mapping into a }) ≤ µ(a) + δm.

As m→∞, µ(a) ≤ ν(ψ−1(a)) ≤ µ(a). �

Lemma 5.6.3. ϕ and ψ are inverses.
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Proof. Let x ∈ G and let ϕ(x) ∈ H. Now, let n be such that ϕ(x) ∈ Hn, and let m > n

be such that x ∈ Gm. Then ϕm(x) ⊂ an(ϕ(x)). By construction, φ∗,lm is a concatenation of

the (ψx,ln )−1 so that ψn(an(ϕm(x))) = d2n−1(x).

ψn(an(ϕ(x))) = ψn(an(ϕm(x))) = d2n−1(x)

and as n→∞, ψn(an(ϕ(x)))→ ψ ◦ ϕ(x) and d2n−1(x)→ x meaning ψ ◦ ϕ(x) = x.

The argument is identical for the opposite direction. �

5.7. Orbit Equivalence and Conjugacy on Nearly Clopen Sets

Lemma 5.7.1. φ is an orbit equivalence.

Proof. Suppose that x1 and x2 ∈ G and x2 = T rx1, r > 0. After some point in

the construction, because the heights of towers go to infinity, x2 is in a level in a tower

of a tower for T , directly above x1. Let N be the first time that aN(x2) = T r(aN(x1)),

which occurs from this time onward. Suppose that x2 ∈ GN , meaning x1 ∈ GN . Then,

φ∗,kN (aN(x2)) = Stφ∗,kN (aN(x1)) for some t ∈ Z. Note that φ∗,kN (aN(x2)) and φ∗,kN (aN(x1))

could, at this stage, project via ξ to levels of QN−1 which are not, as of yet, t apart. We

thus look forward in the construction to a stage N + 2p for p > 0 with x2 ∈ GN+2p and with

hN+2p−1 > t where hN+2p−1 is the height of QN+2p−1. P∗N+2p is naturally tiled by the P∗N , and

x1 and x2 are located within a single P∗N -tile. This single P∗N -tile is located within a single

TN+2p−1-tile of P∗N+2p and thus maps to a segment of ω∗,1N+2p between heights jhN+2p−1 and

(j+m)hN+2p−1 for some j and m. Since h2N+p−1 > t, φ∗,kN+2paN+2p(x2) and φ∗,kN+2p(aN+2p(x1)),

will project to levels in QN+2p−1 which are t apart so that ϕN+2p(x2) = StϕN+2p(x1). This

occurs infinitely often. �
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Lemma 5.7.2. φ is a conjugacy when restricted to G1.

Proof. Suppose that x1, x2 ∈ G and x2 = T rx1, r > 0. After some point in the

construction, as the heights of towers go to infinity, x2 is in a level in a tower of a tower for

T directly above x1. Let N be the first time that a(x2) = T r(a(x1)). Suppose that x2 ∈ GN .

Now, as x1, x2 ∈ G1, pibs are defined on the levels containing these points in the very first

stage. At stage N , the pibs φ∗,kN are concatenations of the φ∗,k1 , and the φ∗,k1 pib acting on

the TN−1-tile containing x1 comes before the φ∗̂,k̂1 pib acting on the TN−1-tile containing x2.

Hence, φ∗,kN (aN(x2)) = Stφ∗,kN (aN(x1)) for some t > 0. During all future odd stages, φ∗,kN+2p

is a concatenation of the φ∗,kN , and thus acts on the segment containing x1 and x2 as ONE

φ∗,kN so that ϕN+2p(x2) = StϕN+2p(x1), and order is preserved on the orbits of points from

G1. �

5.8. The Final Sets

Let

X1 =
∞⋂

i=−∞

T−iG

and

Y1 =
∞⋂

i=−∞

S−iH.

Let

X∗ = X1

⋂
ϕ−1(Y1) and Y ∗ = ϕ(X∗).

Let

A = G1

⋂
X∗ and B = ϕ(A).
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Theorem 5.8.1. All minimal isometries of compact metric spaces are nearly continuously

evenly Kakutani equivalent to the binary odometer

Proof. X∗ and Y ∗ are nearly full, invariant subsets of X and Y on which ϕ is an orbit

equivalence, and A and B are nearly clopen sets of positive, equal measure for which ϕ is a

conjugacy between TA and SB. �
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CHAPTER 6

Conclusion and Open Problems

This concludes our exploration of nearly continuous dynamical systems and nearly con-

tinuous Kakutani equivalence. We end with a discussion of intriguing encounters along the

way, differences between our use and previous uses of towers and templates, and possible

avenues for continued exploration.

One item of interest in this dissertation relates to the differences between the definition

for nearly continuous Kakutani equivalence given by [5] and the definition given within this

thesis. Note that an orbit equivalence is not necessary in the definition, as shown in Theorem

4.1.1 of Chapter Four, and as experienced in our proof of Theorem 4.3.3.2. However, in

Chapter Five, with the tower and template machinery, we found that establishing an orbit

equivalence between nearly full subsets was essential to our ability to create a nearly clopen

set B ⊂ Y of the same measure as A such that TA was nearly continuously conjugate to SB.

In the measure-theoretic category, if A is a measurable subset of X, then TA on A and T on

X are evenly Kakutani equivalent. We discovered that, in the nearly continuous category,

this holds for the n.c. even Kakutani equivalence class containing irrational rotations of the

circle. Does this hold in general?

The tower and template machinery provides a clever way of overcoming one of the prin-

ciple problems within the theory of nearly continuous dynamics; that one can modify a

nearly clopen set only finitely many times in order to ensure that it remains nearly clopen.

Thus, our method for proving Alpern’s lemma in Chapter Three differs significantly from
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the original. Consider for a moment rank one transformations–transformations with a re-

fining sequence of towers whose levels generate the topology. Within the measure-theoretic

definition of rank one, levels are only required to be measurable. For an irrational rotation

of the circle, by taking a sequence of towers, and using the bounded return times to any

measurable subset, one can modify the towers countably many times in order to produce a

refining sequence of towers whose levels generate the topology, i.e., one may build a cutting

and stacking consisting of towers whose levels are measurable, and such that there is only

one stack at each stage. This proof that irrational rotations are measure-theoretic rank one

does not extend into the nearly continuous category as one cannot refine a nearly clopen

tower countably many times and be assured that the tower remains nearly clopen. This

leads to an interesting question about the nature of irrational rotations of the unit circle:

are irrational rotations strongly rank one? The answer is yes in the measure-theoretic sense,

and no if one requires the levels to be intervals, but can one create a sequence of refining

towers using nearly clopen sets?

In the measure-theoretic category, if A is a measurable subset, then TA is evenly Kakutani

equivalent to T . In the nearly continuous category, for the n.c. even Kakutani equivalence

class of transformations containing irrational rotations, we showed that if A is a nearly

clopen set of positive measure, then TA is n.c evenly Kakutani equivalent to T . The proof

relied upon the nearly unique ergodicity of irrational rotations of the unit circle and adding

machines. For any n.c. dynamical system, (X, τ, µ, T ), and nearly clopen subset A ⊂ X, is

it possible that TA is n.c. evenly Kakutani equivalent to T?

Returning to our discussion of towers and templates, one wonders whether it is possible

to implement them in a simpler fashion. One might wish to eliminate the templates in the
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process and only create maps from levels of towers for one system to levels of towers of the

other systems. One quickly encounters a problem in that one produces a non-invertible map.

Consider first mapping from levels of towers of the first system to levels of towers of the second

system. To build an inverse-map, one might then cut and stack each system to produce much

taller towers and attempt to map in the backwards-direction, by necessity keeping the same

assignments of levels to levels. However, one finds that the cutting-and-stacking produced

different numbers of copies of the previous towers, and a measure-preserving map cannot

be produced. This, then, leads to the introduction of templates. Now, templates may be

thought of in several ways–they are a bit like very tall towers through which we project to

shorter towers. They are also representatives for all of the partition names of a certain length

which appear in a tower. By using templates of a variety of heights, we are able to define

maps in such a way as to keep the number of copies of towers the same, hence producing

a measure-preserving map in the end. Recall the discussion from above on the inability to

refine a nearly clopen set a countable number of times. After introducing the templates,

in order to ensure that the maps produced by composing a template with a projection is

well-defined, we may only refine a decision to map a certain level of one tower to a certain

level of another tower at specific stages, stages where all of the partial interval bijections

agree for that level. Once it is decided that level a of a tower for one system maps to level

b of a tower for another system, subsets of a must map to subsets of b, which may not be

possible at every stage of construction. Templates provide a book-keeping device, tracking

the destination of levels so that, whenever a refinement is possible, we did not forget to-where

a level was previously assigned, keeping the new map consistent with those from previous

stages. The templates also produce a way to ensure that the domains of the maps produced
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are nearly full sets since the domains consist of points which lie in the good sets infinitely

often.

Our use of towers and templates differs from the templates used in [18] and [10] in a

few key ways. First of all, in [18] and [10], only three templates and three partial interval

bijections are used at each stage in the construction. For [18], this comes from the fact that

for odometers, the orbits of all points starting in the bottom level share the same name. In

[10], while they only use three templates and three pibs at each stage, they must modify the

partial interval bijections at each stage by conjugating with functions which correct the errors

produced by the fact that the forward orbits of points starting in the base of the same tower

could have different names. Due to less predictable return times, we needed to allow for the

use of more templates to cover a range of heights. Also, in order to account for differences

in names of orbits, we elected to use more templates, the representative templates, instead

of attempting to modify partial interval bijections for a set of templates which start from a

single point, i.e. the master templates. Our technique for tiling the towers using previous-

stage templates also differed. The previous papers use arguments from number theory to

first select the appropriate number of templates with certain heights, and then modify the

templates. Instead, we make sure to choose towers so tall for each stage that the difference

in heights between towers and templates is minuscule by comparison, and then we rescale a

template and choose a tiling based on comparing the tower to the rescaled template. In the

end, our proof relies heavily on the fact that minimal isometries of compact metric spaces

are uniquely ergodic and that they are isometries.

From here, one wishes to continue the quest to understand nearly continuous even Kaku-

tani equivalence and the different classes of transformations. While a classical cutting and
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stacking does not exist for generic minimal isometries of compact metric spaces, we still

relied upon the ability to build a sequence of refining towers/skyscrapers. Perhaps the next

task lies in considering systems without an easy tower/skyscraper construction, or which fail

to be an isometry. Dykstra and Şahin [11] show that the morse minimal system, which is

not an isometry, in nearly continuously Kakutani equivalent to the binary odometer. The

class of zero entropy loosely Bernoulli transformations, which are known to be Kakutani

equivalent in the measure-theoretic category, provide a nice test-bed in the hunt for a more

natural dynamical system which fails to be n.c. evenly Kakutani equivalent. Marina Ratner

[17] proved that horocycle flows are loosely Bernoulli. Thus, horocycle flows provide another

example of a system which is not an isometry and which lack an easy tower construction

and provide a logical next step to test the adaptability of the tower and template machinery.

It is also our hope to continue to develop the theory of nearly continuous dynamics and to

further understand the interplay between ergodic theory and topological dynamics.
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