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ABSTRACT
THE KARHUNEN-LOEVE DECOMPOSITION IN THE PRESENCE OF
SYMMETRY

The Karhunen-Loeéve decomposition is widely used with data which very often exhibits
some symmetry. afforded by a group action. For a finite group we derive an algorithm
using group representation theory to reduce the cost of determining the KL basis. We
demonstrate the technique on a Lorenz-type ODE system. For a compact group such
as tori or SO{3.R) the method also applies. and we extend the results to these cases.
We then investigate the group SO(3) in more detail and follow the algorithm with
a specific example of data lying in the space of vector fields that are tangent to the
sphere.

Brigitte Lahiune

Department of Mathematics

Colorado State University

Fort Collins. Colorado 80523
Summer 1999
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Chapter 1

Introduction

The Karhunen-Loeve (KL) Decomposition (or Principal Component Analysis) is a
powerful tool for linear data compression [AG]|. This technique for analyzing a finite
data set in a vector space V" finds the optimal basis for the ambient space in the sense
that the truncation errors are minimized for every desired compression dimension.

[t is quite typical in data obtained from phyvsical modeling that the underlying
set of patterns enjovs some symmetry. 1he partial differential equations which model
many physical processes exhibit inherent symmetry. which is generally well reflected
in both experimental data and simulation data. The concept of symmetry in data
sets is alwayvs related to the action of a group G on V. which carries the data set onto
itself.

Whenever a group acts linearly on a vector space. the space splits into irreducible
subspaces for the action: for each irreducible representation p of the group G there
are dim(p) corresponding projectors P! whose images are the “symmetry subspaces”
V. There are natural isomorphisms P!, between V¥ and V when i # j. Therefore
for data enjoying symmetry. we have two apparently competing decompositions of
the ambient vector space: one coming from the KL basis and one coming from the
group representations. In this thesis we analyze the relationship between these two

decompositions, and prove the following:
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Theorem 1.1 The KL busis for the full vector space V™ s obtained by projecting the
data set (via the orthogonal praojectors Pf|) into the first symmetry subspaces V for
each p. and computing a KL basis for the projected data set in V{’. These separate
bases are then transferred (via the isomorphisms P} ) to the other symmetry subspaces

V" and concatenated to form the full KL basis for V"

The KL basis for a data set in R" is obtained by forming the n-by-n covariance
matrix of the data and taking the eigenvectors. We show that the above process
of passing to the symmetry subspaces reduces the full KL problem to a series of
subproblems. each of smaller dimension. The total computational complexity is cor-
respondingly reduced.

This thesis is divided into two main parts. In Part I we cover the case of a finite
group G acting on a finite dimensional vector space 7. In Part II we extend the
results we found earlier to the case of compact Lie groups acting on manifolds of
data. The structure of both parts is similar. We first introduce basic facts about the
KL decomposition. then we present the relevant facts concerning group representa-
tion theorv which we require. Chapter 4 is the main part of the paper. There we
combine the KL decomposition with the group theory to divide the problem into the
sub-problems. An exact algorithm using group representation theory to reduce the
cost of determinng the KL basis is also given. We then present the analysis of the
computational efficiency of the method for a finite group, concluding with a simple
example illustrating the technique.

In Part II we first discuss briefly how to adjust the derived theory to the case of
compact Lie groups acting on manifolds of data. The changes arc fairly mild and
the results are practically the same. In this part we concentrate on investigating

the group of rotations in R®. the special orthogonal group SO{3). In Chapter 7 we
IS p P IS =) \ p
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present the decomposition of the vector space of scalar valued function on the sphere
under the action of SO(3). Finallv. in Chapter 8 we follow the algorithm for exploiting
symmetry in the KL basis computation step by step with a specific data set lying in
the manifold of vector fields that are tangent to the sphere.

The exploitation of symmetry in KL decomposition was first recognized by Sirovich
in [Si]: a recent article of Smaoui and Armbruster applies these methods to eigenfunc-

tion computations [SA].
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Part 1

Finite Groups
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Chapter 2

The Karhunen-Loeve
Decomposition

The Karhunen-Loeve Decomposition is a very effective tool in data compression.
[t mainly known under this name in the field of pattern analvsis. The fact that
it is known under a variety of different names in different fields shows how widely
used and important it is. In statistics it is known as Principal Coniponent Analysis.
in linear algebra as Singular Value Decomposition. and other well-known terms are
Proper Orthogonal Decomposition and Empirical Orthogonal Eigenfunctions: see for
example [Ka] [Lo]. [Fu]. and [AG]. It seems that the Karhunen-Loeve Decomposition
was first suggested by Pearson 1901 in [Pe] and then again by Hotelling in 1933 [Ho].
In 1965 \Vatanabe introduced the method into the field of pattern analysis [Wa].
The goal of the KL decomposition is the representation of a given set of patterns
or data in an optimal coordinate svstem. This system has to capture the main char-
acteristics of the data while avoiding unnecessarily high dimensionality. Of course.
this description simplifies the processes considerably. In this chapter we will intro-
duce the finite dimensional KL decomposition. We will begin by deriving the KL

decomposition mathematically and list the main properties of the KL basis.
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2.1 The optimal basis

Let V" be a complex vector space of dimension d containing a finite set U of .V pattern
vectors. say U7 = {u; };r,. We assume that V" is equipped with the standard Hermitian
inner product defined by (r.y) =T -y. The Karhunen-Loeve decomposition of this
set [ of patterns provides an orthonormal basis for V7 which is optimal for arbitrary
truncation errors. which we now explain.

Let B = {v..... vy} be an ordered orthonormal basis for ¥". Then for any vector

u, € U. we may write u; uniquely as u, = 3~ a,v;, without error. The D-truncation

. : . s D

of u; with respect to this basis B is the vector u!”’ = ZJ<D a,v;. and the error vector
R . . D D

of this truncation is e, b=y =Wt

Given the set of pattern vectors U. and the basis B, we define the mean square

error of the D-truncation to he

l 2
D § : (D)
65715):: = lLrI “ei H .
1

The KL basis for V7 is that orthonormal basis for which the mean square errors
e'D) are minimized for every D between | and d. If we would like to approximate
our pattern set in a D; dimensional vector space. we use the first D; vectors in the
KL basis. If, on the other hand, we prefer a D, > D, dimensional approximation.
we just include the next D, — D, basis vectors. In both cases. the mean square error
for the corresponding dimension is minimal. The KL decomposition is a method to
approximate a pattern set that lies in a relatively high dimensional vector space in a
lower dimensional subspace with the smallest possible error.

The construction of the KL basis for V' is well-known and can be derived in
different ways, see for example [Fu] or [Ki]. We would just like to sketch one derivation

which leads to the following theorem; recall that u* =a'.

10
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Theorem 2.1 The KL basis is given by the eigenvectors of the ensemble average
covariance matriz C' = (1/|U]) Y, u:u;.

[t is very common to subtract the average of the data set from every pattern.
Geometrically this means that we move the center of the data set to the origin of the
coordinate systenm. From now on we will assume that the data is concentrated at the

origin. Such a set of data is also called fluctuating vectors.
Derivation of the result

A similiar way of describing this problem can be found in [Ki]. [t is our goal to find

d

=1

which minimizes the error

1 <
(D) _ } : D)2
€mse — _\: H(‘z H

an orthonormal basis {o;}

=1
N
P L , ) (D)l 2
- VZnui-ui I
- =1
M d (D D .
Since u; = Zi=l ao; and u; ) — S ato; we have
N d
D)y _ _1__ . : 2
Grn.-:c - \r “ ([j(_)JH .
T ou=1 =D+l

where the norm is induced by the standard Hermitian product. Furthermore we can

replace aj- by (u;. @;) since we require the basis vectors to be orthonormal. This leads

to
1 N d (2
(D) '
(=L S o
T oi=1 ({j=D+1
1 N d d
= —\—_Z( Z (UZOJ)OJ Z (LLI.O;_-)(DL-)
Toa=l j=D+1 k=D-+1
1 N d
=<2 2 (o) (un )05 o)
T i=l jk=D+1
1 N d
L2
=y 2 (o)
T i=l1 j=D+1

11
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- ‘ ‘ v N - :
Notice that (u.0)? = (0. uu"0). and recall that C' = + 5., u;uf. to obtain:

1 RY d
D) __ § S
egnsc - V_ Z ((DJ uiu‘ioj)
© =1 y=D+1
d A%

1
= E 0;. —\75 u;u; | o

j=D=+1 =1

d
= Z (0,.Co,)

J=D=1
Now we will use the method of Lagrange multipliers with constraints (0;.0;) =1
to find the vectors o,. These constraints will guarantee a non-trivial solution for the
extreme values.

We define the function

d d
g0) = > (0,.Co;) = > No,0,)—1). o=(o).
J=D+1 J=D+1
with the Lagrange multipliers \; for j = D+ 1..... d. By a theorem of restraint opti-
mization there are \;. j = D+1..... d. such that for the optimal solution op-;..... Od
we have
gg_

S0, = (C =)o, =0.

or in another formulation we get

To reach a minimum. the basis vectors ¢, have to be eigenvectors of C' with eigenvalues
being the Lagrange multipliers A;
There is a natural ordering of the eigenvalues. namely \; > Ay > --- > A;. Recall

that since the matrix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is positive semi-definite Hermitian. it has only non-negative eigenvalues. C is called
the Ensemble Average Covariance Matrix. we will occasionally refer to it just as the
Covariance matrix. With this ordering of the basis vectors each pattern is approx-
imated optimally. This can be shown rather easily. As we already mentioned we

have

d

Emse = Z (0;.Coy).

J=D+1
Since o, is an eigenvector of C' with eigenvalue A;. it follows that

d

€mse = Z (O_]’\_]OJ)

J=D+1
d
- E ’\j‘

y=D~1
Thus the error is minimal as long as the eigenvalues are arranged in decreasing order.
A different proof that shows that we have found a basis that minimizes the error is
based on [Wa] and can be read in [Ki]. It is shown that for an arbitrary orthonormal
basis {v; ;’___1 for V' the corresponding mean square error is less than or equal to the

- . . T l
one given above: that is with p, = (. C'v;) and € = Z;:D«[ p,.we have €, <e.

2.2 Properties of the KL Decomposition

In this section we have collected a number of properties of the KL basis vectors and

their eigenvalues [Ki].

13
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1. In an ensemble of fluctuating vectors the coefficients are zero on average.

1 N . 1 AY
LD ST SO
=1

=1
N
1 .
= V E Uu;. Oj)
- =1
=(0.0))
=0
2. The coefficients of the KL expansion are uncorrelated on average.
N N
1 Z b L Z A
T (LJCLk = — (Ui.OJ)(U,L.(,’)k)
N =1 - =1
N
1 ( o)
= - Qj. WU, O
.\' l:l
N
(05w O wiion)
= Oj ~ UL, O
N —
= (0,.Cox)

= (('.’)j. /\kOk)

= Ak

3. As we mentioned before. the eigenvalues of C' are non-negative:

4. The sum of the eigenvalues is called the energy of the system:

d

E(U) =)\

Jj=1

14
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5. The statistical variance of the jth coordinate direction is proportional to the
jth eigenvalue. We will denote the statistical variance of the jth coordinate

direction by car(a}). where

s

1 N 1 AY 1 Y
car(@) = w5y (@ = = D) (F D 4 =0)
; i= k=1 T k=1
- d
- ! 132
707 v @)
=1
—_ _\," \
A N
~ A,

Writing the KL transformation in matrix notation and denoting the matrix

whose columns are the eigenvectors of C' bv @, we get

al = (aj.ah. .. .. ay) = u;P.

6. The KL basis diagonalizes the covariance matrix:

N v
1 L - .
TZ(Q‘)*(L‘ — %Z((I)*ui)(u:(l))

=1 =1

= o Cd

=\

where \; = \; and \;; = 0. when ¢ # J.

15
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Chapter 3

Basics from Group Representation
Theory

[n this section we collect the basic results of the representation theory of finite groups
which we require. All of the results are completely standard and may be found in

many texts. e.g. [FH]. [Se|. or [Vi].

3.1 Definitions and Schur’s Lemma

Let G be a finite group with identity / and |G| elements. Let V7 be a finite dimensional

comiplex vector space.

Definition 3.1 4 representation of G on V' is a homomorphism p: G — GL(V') of

G to the group of linear automorphisms of V.

Whenever V' = C¢ or V" = RY we may think of p as a map sending each group
element to a d-by-d matrix where d is the dimension of V. Then we have the equivalent
concepts of a representation of G on V" and the action of the matrices corresponding to
the group elements on the vectors in V. Sometimes 1 is also called the representation
of G. We will often write g - v or guv for p(g)(v). The dimension of V" is sometimes

called the dimension. or degree. of p, and we will denote it by dim(p). For each V" and
16
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each G there usually exist many different representations p. and we can decompose
V7 into the direct sum of special subspaces. These subspaces play a special role, and
because they can’t be split up any further. they are called irreducible representations.

We have to define this term a little more precisely.

Definition 3.2 A subspace W of V7 is invariant under G iof guw € W for all g € G

and w e 1.

Definition 3.3 A representation V" is called irreducible if there is no proper nonzero

invariant subspace of V.

A finite group G admits only finitely many irreducible representations up to iso-
morphism: the number of irreducible representations of & is equal to the number ¢ of
conjugacy classes.

A vector space can be split up into a direct sum of subspaces in several different
ways. In the following section we will derive a special decomposition of the vector
space V" which will allow us later to reduce the cost of a KL decomposition of data in
V. To derive this decomposition we will need a few more definitions and interniediate

results. Very important is Schur’s lemma.
Theorem 3.4 Let V" and W~ be irreducible representations of G. and f : V- — W «
G-equivariant, linear transformation. Then:
(a) If f # 0, then f is an isomorphism.
(b) If V=W and f has an eigenvalue \. then it follows that f = \ - idy-.
Suppose that IV is a representation of G and L : W — Tl is a linear transformation
which is G-equivariant, that is L{gw) = gL(w) for every ¢ € G and w € W. If W is

an irreducible representation, Schur’s Lemma implies that every G-equivariant map

is a multiple of the identity.

17
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3.2 Projectors, and Transfer Operators

For each irreducible representation p we write A?(g) for the matrix p(g): its entries
are then Af(g). for 1 < i.j < dim(p). We have the following basic orthogonality
relations for the entries of these A matrices:

l ..
E Al (hg) Ar(g ) = ——— A5 (h)0 10, (3.3)
gec dim(p)

o

(For a proof. see [Se] or [CR].)

Definition 3.6 Define. for any representation V' of G. the operator

chm p)
P = < S Ay
geC
We define Vv = Image(P?) for 1 < i < dim(p) and V* = S0 vr,

=1

As we will see in the following definition. for a fixed p all svmmetry subspaces
have the same dimension. This dimension is also called the multiplicity of p in V7

dim(V¥?) =d

o
The next Proposition now follows completely formally from the orthogonality

relations:

Proposition 3.7 The mappings P” : V' — V have the following properties:
(a) For p and T irreducible representations of G. Pf; o Pjj = Pj0,:0 k.
(b) The operators { P2} are orthogonal projectors.
{c) The sum of these projectors is the identity on V': }_ de‘"’ Pt =1.

(d) The space V' splits as the direct sum V' =P, @d‘m(" VP

18
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(e) Fori# j the operator P, maps V[ isomorphically onto V", and is zero on Vy7
fT#pork#j.

(f) For each p the sum V? = Z?i:”f(”) V? is a direct sum. and is a G-invariant sub-

space of V. isomorphic to the irreducible representation p taken exactly dim(V7})

times.

We will say that a basis for V' is G-adapted if it is formed by taking. for each
p- a basis {vf,} for V. and applying the transfer operators P/, for cach j with
2 < j < dim(p) to obtain bases {¢f, = Pf(¢f,)} for V/. and then concatenating

these bases to obtain a basis {v} }, .« for V.

Definition 3.8 A basis is called G-adapted if it is constructed by the following pro-

CESS.

1. For each p find an arbitrary basis {v{ } for V.

L

2. Apply the transfer operators Pj’l for all j with 2 < j < dim(p) to euch basis

vector und thereby obtain bases {¢§, = P/ (e )} for VY.
3. Collect these bases in one set to obtain a basis for V: {4}, a-

We may take each irreducible representation to be unitary. so that p(g)*p(g) =1
for every g; we will assume this in what follows. If we choose. in each subspace V. the
basis {v{,} to be orthonormal, and the irreducible representations of G are all taken
to be unitary, then an easy computation shows that the entire basis for V" constructed
in this way is orthonormal, so that (v{,)"¢] 3 = 0,r0:0a3-

In this case we also have that (P}(v))" = v*Pf;, considering the operators as

madtrices.

19
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Chapter 4

KL Decomposition with Symmetry

4.1 KL Decomposition and Symmetry

Let V" be a complex vector space and G a finite group of order |G| acting on V.
Moreover let us assume that the action is unitary. so that g*g = [ for everv g € G.
(We will usually suppress the notation for the mapping of G into GL(1") and simply
consider each g € G as a unitary matrix operator on V'.)

Let V' be the ambient space for a set of patterns U: we think of U as the set of
all possible patterns coming from the data being collected. The set U is typically a
submanifold lying inside the vector space V.

Our svmmetry hypothesis is that U/ is invariant under the action of G on 1" for
every g € G and u € Y. the translate g - u is also in Y. Note that this symmetry
assumption is not that each pattern in U is G-invariant; only that a translate of a
pattern is again a possible pattern.

Suppose we have a finite set of .\ patterns U = {ul}l\;1 which lie in /. We want to
exploit the group action and the svmmetry assumption to extract information about
the KL basis for L. This basis is given by the eigenvectors of the ensemble average
covariance matrix C' = & SOV wul

Every pattern in U gives rise to |G| other patterns by translating by the elements

20
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of the group: all of these patterns also will lie in the pattern space U by our symmetry
assumption. We “symmetrize” the data by collecting these V|G| patterns in the set

U:
U={g-u|lgeGuel}.

A basis for the KL subspace based on this new set of patterns is given by the
eigenvectors of the ensemble average covariance matrix C' which is defined using the
enlarged set of patterns L

1
\/‘G|ZZ ufg-u)” = ZZ(JUUQ SR

geG uel JEC uel 9€CG

The matrix C' is a d x d matrix. and as such can be viewed as an operator on the

vector space V. We have the following results for C.
Lemma 4.1 The matriz C is G-equuwariant.
Proof: For a € . we simply unravel the composition aC"

aC = L ZagC |G| ZhC( “Lp)" (setting h = ag)

IGI gelC heC
1 C A o
= — E hCh(a™") =Ca (since a is unitary).
G|
thp

qed

Theorem 4.2

(a) The operator C' commutes with the projectors and transfer operators PS. and
therefore each subspace V¥ is C-invariant. Hence if we change to a G-adapted
basis for V. the matriz C will be in block form, with block B? for the subspace

V?. In particular, the eigenvectors of C can be taken to lie in the subspaces V.

21
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(bj The blocks BY are in fact independent of i: Bf = B for eachi. A vector v € V'f
is an eigenvector for C with eigenvalue \ if and only if the transferred vector

Pg (v) € V¥ is un eigenvector for C' with eigenvalue .

(¢) The eigenvelues of C on VP = Zdim(p) V¥ each occur with multiplicity equal to

=1 t

a multiple of dim(p).

Proof:

(a) The projectors and transfer operators P}, = dimip) > gec Aj’l('g”l)g are linear

<l &
combinations of the elements in G. By lemma 4.1. C' commutes with every
group element. and thus with a linear combination of group elements. Since
projectors and transfer operators are linear combinations of group elements. C'
commutes with them.
Since VP = P# (V') it follows: for each v € V)" we have v = P/ (v). This implies

the following chain of equalities:

Cu = CPy(e) = PCr = PL(Cr).

JJ>
Thus V;” is C-invariant.

(b) This claim can be proved by a simple computation. Let v € V" and C'v = Av.
i.e.. v is an eigenvector of C' with eigenvalue A\. Applying the transfer operator
Pf, to both sides of the equation and using the commutativity of P! with C.

1)

we have

P{C(v) = Pf(A\v) = AP[(v).

L)

0

v
2
I

To see that the blocks B? are independent of i, we notice that the a3-entry of

3]
o
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B? is equal to

1

(l"f)a )*C’Uﬁi = Plli (l‘fa ) ‘C'Pil;, ( Ufj)
= () PLC PR,

= (u5,) CPLPAY,

la

= (L1a) C Pl ety

— (1P NS
= (v],)"Cvl;.
But this is exactly the aJ-entry of BY.

(¢) The last claim follows directly from (b). If A is an eigenvalue of C' with eigen-
vectors in V¥ and multiplicity m. then \ appears in each V” as an eigenvalue

with multiplicity m. Altogether. A\ has multiplicity m - dim(p) in V7.
qed

We note the following relationship between the eigenvalues of the two relevant

natrices.

Lemma 4.3 The sum of eigenvalues of the ensemble uverage covariunce matriz C'
is the same as the sumn of eigenvalues of the enlarged ensemble averagye covartance
matriz C: v.e. Tr(C) = Tr(C).

. H SAPN 'y her et O LA
Proof: Since C' = ¥ dec; gC'g*. where we again view cach g € G as a unitary

matrix operator on V. we have ¢g* = ¢g~! and therefore gC'¢g" and (' are similar matrices

23
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for each g € G. Hence they have the same trace:

Tr(C) = Tr( é > 9Cq7)

ge€C

1 -
—@ZTr<gCy>

e

- I_Cli—l S THC)

g€CG

= Tr(C).

qed

4.2 The Block Matrices B”

Let us now return to the block matrices B” introduced in Theorem -.2. because it is
our goal to find the eigenvalues and eigenvectors of these blocks. To do this we want
to find the most simple way of writing the entries of these matrices.

We have seen that the a.3 entry of B? is

- 1 A
(B)as = (¢4 ey = 1o S () gw) () gu)”.
' g.u

The numbers (¢f,)*gu are exactly the coordinates, in the G-adapted orthonormal
basis. of the vectors gu. projected into V). Therefore. viewing Pf; as a map from V'

to V. we have that
1 _ |
B" = g 2 Philow) Plilgw) (44)
g.u

and so B” can be viewed as the covariance matrix of the projected symmetrized data.

The following Lemma will be useful.
Lemma 4.5 Let p be an irreducible unitary representation of G. with matrices A?;(g)
forgeG.

24
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(a) For v € V" and g € G we have Pf(gv) Z A%

b F‘” M L' ! / v FW ’ , — FW ﬁ
(b) Forv eV we have — Z Y (gv) Pl (gv)” dun ZP (¢) Pl

JC(-'

Proof: To prove (a). we see that

_jL' = lGl (« Yage = iG! Z -l be (setting b = ag)
asl
= Z D A (g) AL (b b
b(:C. k
= 2-451. el S S AL = 3 A9) Pale)
k e k
Now (b) follows since by (a) we have Pf(gv) =3, 4 P/, {¢) and so
G 1ZP11 go)Plilgr)” = |GIZZ’1LA g)PL(c) Pr(e)” ‘Vl)t 9)
qeCG g€l k€

1 -
=> G Z AL(9) AL (g7Y | Ph(e)Ph(e)
k.€

= ! PP "
- d.inl(/)) ;Plk(L)Plk(L) .

since in the second line the bracketed expression equals mou using (3.3). qged
Combining (4.4) with the previous Lemma implies that
dim(p)
B = > Ph(w)Ph(w)". 4.6
dml(/) dim(p)|U] o () Pe(w)” (+:6)

We note that this formula for B” is more efficient than the formula (4.4): the sum
is over the dimension of the representation p instead of over all the group elements.
In order to use this to compute the entries of the matrix for B?. we have the following

lemma.

25
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Lemma 4.7 Let {v5;} be a G-adapted basis for V* (so that {¢],} is an orthonormal
basis for V). Then the entries i, of B? in this basis are
dim(p)
bos = dun(p dim(p)[C'} Z Z ko) u"tL
Proof: Since {L";J} is an orthonormal basis for VY. the a-.7 entryv of B? is
dim(p)

oy = (1) BPui; = WZ Z ) Pllu) Ph(u) el (4.8)

using (4.6). For any ~. we have

(et) Phu(u) = SO ™ e (971 (e, ) g

Gl =
dim(p)
- Al(g)i(g™el ) u
€ J; g
i
_ dim(p) Zik(gU(g )
IGI geG
= '_dl‘rz(lp ; Af (@ Harf, sctting a = g°

= ZFP{[ (vf-)

= usep, since the basis is G-adapted
— (P =
- (ka/) u
. ‘ PP (0N — (1P Vo, L T o
so that (¢f,) Phi(u) = (vf,) u and P (u)"viy; = u'ri; Plugging these into the
equation (4.8) gives the result. qed
26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The previous Lemma motivates the following notation. For each pattern u. define
the column vector uf (whose dimension is equal to dim V7’) by setting the a coordinate

equal to

where {¢f,} is the given G-adapted basis for 1. Then Lemma 4.7 exactly says that

dimip)

1 .
B = ————— ub y(uh)”. (4.9)
dlIIl(p)I(/[ Xu: kz::l ( k)( I\.)
27
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4.3 Algorithm for Exploiting Symmetry in the KL
Basis Computation

With the formulation from the previous sections we can now give a precise algorithm

for exploiting the symmetry assumption in determining a KL basis for 1.

Algorithm for Exploiting Symmetry

in the KL basis computation:

Given: A complex vector space V" of dimension d. a set of patterns L” drawn from
a pattern subset . and a group G acting unitarily on V" satisfying g - u € U for all

geGanduel.

1. Determine the irreducible unitary representations p of G. and a G-adapted basis

{uf } for V. Let d, be the dimension of V7.

N

For each p. each A = 1.... .dim(p). and each pattern u € U. form the vector

uf of dimension d, by (u}). = (v, ) u.
. o R 7 . rrie P I . pe _ 1 dimip) , pyv/ pye
3. Foreach p. form the d, xd, matrix B? of C'|y» by B = g ST ST (ul) ().

4. For each p. find the d, eigenvalues \? and corresponding eigenvectors w? (for
P o [a o o a3

1 <o <d,) of the matrix B?. Write each eigenvector as wf = (why---wh, )

5. Define

P PP
~ka = E Wo3liy
3

for each p, each &k = 1.... .dim(p), and each o = 1.... .d,. The KL basis for

V' consists of these vectors zf_, each with eigenvalue A% (independent of £).

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We note that Step 1 is to be considered as the overhead of the method. which can
be done once. and subsequently applied to many different KL problems in the space
17, The power of the method is that it replaces the eigenvector coniputation for the
large d x d matrix C' with several eigenvector computations of the smaller matrices

Br.

4.4 The Computational Efficiency

[n order to calculate the efficiency of the proposed method. we assume that a general
method such as QR is used to compute the eigenvectors and eigenvalues of symmetric
(or Hermitian) matrices: for a A x A matrix. these methods are tvpically of order
k3. that is. the number of flops required to find the eigenvectors and eigenvalues
is approximately ak® for some constant a (see [Ci] for example). Therefore in our
original problem. the cost of directly computing the KL basis is ad®. since d is the
dimension of the ambient space V7.

The dimension of the symmetry subspaces V) for each irreducible representation
depends on the precise nature of the representation of the group G on the space V.
However it is quite typical that this representation is a direct sum of several copies of
the regular representation. or varies from this in a minor way often due to fixed points
in a permutation representation. For the regular representation. which is of dimension
|G|. the dimension of the first symmetry subspace V{ is dim(p). Therefore if V' is
approximately a direct sum of regular representations, then the dimension of V¥ will
be approximately d, = d - dim(p)/|G|. Hence the cost of finding the eigenvectors in
this symmetry subspace will be approximately ad®dim(p)®/|G]3.

Solving this sub-problem for each p and summing, we see that the approximate

ratio of the cost of solving the original problem to the cost of using the method
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outlined above is

ad® el

(G) = . - = .
(&) ad? Zpdim(p)J/lGlJ Zpdim(p)"

For a cvclic group C,, of order m. all irreducible representations p are one-
dimensional. and there are m of them. Hence o(C,,) = m?.

For a dihedral group D,,/» of order m (where m is even). all irreducible repre-
sentations are either one— or two-dimensional; there are at most 4 representations of
degree one and approximately m /4 representations of degree two. the precise numbers
depending on the value of m modulo 4. Therefore a(D,,,2) = m*/2. For the group
Dy of symmetries of the square, the precise factor is 128/3 ~ 2.

Finally we look at the group O of symmetries of the cube: it has order 48 and
there are 4 irreducible representations of degree one. 2 of degree 2. and 4 of degree 3.
Therefore

183

O =T g P

= 110592/128 = 3864.

The other extreme situation is when each d, = 1. In this case each submatrix
B? is simply a number, equal to the eigenvalue \{. and no eigenvector computations
are required: the eigenvectors are exactly vectors {vf,} of the G-adapted basis. This
very special situation actually occurs more often than one might expect, especially
for compact Lie groups.

Finally we remark that this method is useful when the number of patterns .V is

much larger than the dimension of the ambient space V.

30
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Chapter 5

Example

In this section we present an example using data generated by a 7-dimensional ODE
system which exhibits Sy symmetry. The ODE system we cousider has variables r,. y,

for 2z = 1.2.3 and p: the system is given by
L, = U(!fi - Iz)

Yi = 7L —Y; — pIi

3
) a
p=—bp+ 3 211_1/1.

i=1
This system was kindly suggested to us by Gerhard Dangelmayr. We use as pararne-
ters 0 = 10. 7 = 28. b = 3. and « = 1. which gives a symmetry-adapted Lorenz-type
system exhibiting a strange attractor with a chaotic trajectory. We hope that the
chaotic nature of the trajectory produces data which “fills up™ the attractor. allowing
us to use one trajectory to produce a good approximation to the attractor.

The group S3 acts simply by permuting the indices of the z;’s and y;’s: the variable
p is fixed. It is clear that the ODE is preserved by this action. and therefore solutions
to the ODE are carried into other solutions.

After choosing an initial condition randomly, a trajectory is generated for each

time step t: this gives a 7-dimensional vector z(t) for each time step. A fourth-

order Runge-Kutta scheme was used to generate 5000 time steps: the first 1000 were
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discarded. producing a data set U of 4000 vectors in the 7-dimensional space 1.

S3 has three irreducible representations: the one-dimensional trivial representa-
tion 11 the one-dimensional alternating representation I, and the two-dimensional
standard representation 11%5. The alternating representation does not occur in our 7-
dimensional representation V7: the trivial representation occurs 3 times. and the stan-
dard occurs twice. Hence there are three symmetry subspaces: Vi! is 3-dimensional.

V3 and V3} are two-dimensional. G-adapted bases for these subspaces are:

. 3 - 3 - -
Ve o= —\{—3—(1. 1.1.0.0.0.0) .¢fy = —:‘?(0.0.0.1.1. 1.0) .vfy =(0.0.0.0.0.0. 1)
. ; 0 - 4 -
Vo, = -()“C(-z.—1.—1.0.0.0.0)‘.u~l = \gg(o 0.0.2.—1.—1.0)

. . 2
ij’:u.flz\/T_(Ol—IOOOO) U3y = l/)——(00001—10)

We find the 3 x 3 matrix B'Y and the 2 x 2 matrix B® for the two symmetry

subspaces to be:

BWY =1 160.799 203.127 1.063 B®) =

160.596 160.799 2.393 (
2.393 1.063 62.939

The eigenvalues and eigenvectors of BY are:

344.08 : w! = (0.659.0.752.0.008) 7
62.97 : wl = (-0.0135.0.023. —1) "

19.63 : wl = (0.7519. —0.6589. —0.02537) "
The eigenvalues and eigenvectors of B®) are:

10.42 : w} = (0.6594,0.7518) "

0.59 : w3 = (0.7518, —0.6594) "
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We can now form the resulting set of eigenvectors of C' by using the eigenvectors

in the last step together with the G-adapted basis for V'. We list the eigenvalues with

their eigenvectors.

: SPR SRS SRS SRS SRS NP S
344.08 2z = wy ) + WUy + Winlyy

= (0.38.0.38.0.38. 0.-434. 0.434. 0.434.0.008)

B S Aol Ao
62.96 : 21y = wy Uy + Wty + Wty

= (—0.0078. —0.0078. —0.0078.0.013.0.013.0.013. - 1) "

S S T L1 -
19.63 1 213 = wy gy + Wity + Wity

= (0.434.0.434.0.434. —0.38. —0.38. —0.38. -0.025) °

10421 2}, = w} v}, + wiyed, = (0.538. —0.269. —0.269. 0.614. —0.307. —0.307.0) "

3=+ uwded, = (0.0.466. —0.466.0.0.532. —0.532.0)
0.59 : =3y = wl v, + wle?d, = (0.614. —0.307. —0.307. —0.538. 0.269.0.269.0) *
2, = wd 3, + wded, =(0.0.532. —0.532.0. —0.466.0.466.0) ©

Finding this set of vectors was our goal because they provide the full KL-basis
for the enlarged pattern set L (consisting of 24000 vectors) and the 7 x 7 enlarged
ensemble average covariance matrix C'. For completeness. this matrix is presented

below: all computations have been done with six digit precision. the results were then

rounded to three decimal places of accuracy.

56.778 51.909 51.909 56.849 51.975 51.975 1.382 \
51.909 56.778 51.909 51.975 56.8349 51.975 1.382
51.909 51.909 56.777 51975 51.975 56.849 1.382
C = 56.849 51.975 51.975 71.809 65.659 65.659 .614
51.975 56.849 51.975 65.659 71.809 65.659 .614
51.975 51.975 56.849 65.658 65.658 71.809 .614
1.382 1.382 1.382  .614 614 614  62.96

We note that 95% of the energy of the data is concentrated in the eigenspaces of

the three largest eigenvalues.
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Let us now compare the eigenvalues and eigenvectors of C' (which is the ensemble

averaged covariance matrix based on the small set of patterns 7). and C'. We have:

26.172 37.429 48.691 26.205 37476 43.752 .966
37.429 53.528 (69.633 37.476 53.595 69.721 1.382
48.691 69.633 90.584 48.752 69.721 90.699 1.797
C'=1] 26205 37476 48.752 33.103 47.341 61.385 429
37476 53.5395 69.721 47.341 67.703 83.074+ 614
48.752 69.721 90.699 61.585 88.07+ 114.573 .799

.966 1.382 1.797 429 614 799 62.96

The non zero eigenvalues and their eigenvectors of C' are:

T

364.836 : y; = (0.258.0.37.0.431.0.295. 0.422. 0.548. 0.008)
62.97 : y2 = (—0.006. —0.008. —0.011.0.009.0.013.0.017. 1) "

20.817 : yy = (0.295.0.422.0.548. —0.258. —0.369. —0.43. —=0.027) "

This information tells us that all the generated patterns lie in the three dimensional
subspace generated by the eigenvectors above. When we look at the enlarged pattern
set. we would expect that the same thing is true. and we have indeed seen that the
energy is concentrated in a 3-dimensional subspace. The final step is to compare
these two 3-dimensional subspaces.

A comparison of the eigenvectors of these two matrices show that theyv span es-
sentially the same three dimensional subspace of R". Taking the dot-product of the

eigenvectors makes this clear.

| 0.971 0.0001 0 —0.207 —0.119 0 0
(yi-s1) = [ —0.001 1 —0.001 —0.002 —0.001 0.006 0.003
0 0.002 0971 0 0 —0206 —0.119

In a perfect system. the above 7 x 3 matrix would have a 3 x 3 identity block at the
left, and zeroes elsewhere. That this is not the case may be due to several factors:
the particular trajectory used may not fill up the attractor as well as desired. and the
Runga-Kutta scheme used to compute the trajectory will introduce some errors also.

However, the agreement between the two 3-spaces is convincingly close.
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Part 11

Compact Lie Groups
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[n the second part of this thesis we are going to investigate continuous data. such
as continuous functions which are defined on manifolds. This kind of data is verv
important in natural science. since most of the processes one encounters in nature.
or one wishes to model with differential equations. are continuous and not discrete.
Thus. data such as temperature. barometric pressure. physical fields. and solutions
to differential equations are continuous functions and not finite dimensional vectors.

Svimmetry groups which are of interest when working with such data are often
compact Lie groups. They differ from groups we have encountered in Part [ of this
paper because they not only possess a group structure but also a topological structure.

The theory we developed in Part [ can be extended to the case of compact Lie
groups with relatively little change. In Part II we will start with making the ap-
propriate changes in the theory and then continue to denionstrate the method using
examples of data on the sphere. The compact Lie group acting on the data is the

group of rigid rotations in R*, the special orthogonal group SO(3).
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Chapter 6

Theory

6.1 KL Decomposition

[n many cases we are interested in data that are not just vectors in finite dimensional
vector spaces but continuous functions. To investigate this kind of data with the KL
analvsis we can either discretize the data or use the continuous version of the KL
decomposition.

Our functions are typically defined on a compact manifold /. We will denote the
space of continuous C-valued functions by F*(M). The standard Hermitian inner

product in this space is defined as

1 t ‘
vol(M) /4, fir{m)” fa(m)dm.

(fi-fa) =

Let U € F*(Al) be a submanifold of data. Under the assumption that all symmne-

try subspaces of F*(M) are finite dimensional, we can apply the same theory as in

Part I to this situation to find the KL basis corresponding to the data submanifold L.

As we said, the data set is typically a submanifold of data. Thus we have to replace
averages over U with integrals where necessary.

The KL decomposition of the submanifold U will produce an orthonormal basis

for F*(M), which is optimal for arbitrary truncation dimensions. We have to go into
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some more detail to explain this idea of optimality.
Let B = {v|,v5....} be an ordered orthonormal basis for . Then we can write
each vector u € U uniquely and without error as a linear combination of the basis

vectors:

u = E (lJUJ'.
J

If we truncate the sum after D > 0 terms we get a D-term approximation of u:
UQZLL(D) = E (LJL'J.
J<D

with approximation error e(u)® = u — utP).
For the given data set U and the basis B we define the mean square error of the

D-dimensional truncation as

. 1 :
Dy _ '
€ nse \_OI(L,—) /L |

where the norm is induced by the standard Hermitian inner product. i.e. ||f[|* =
(f-f)

The KL basis is precisely the ordered orthonormal basis which minimizes the

Rl

e(u

(D . : . . :
Imean square error ems. for each truncation dimension D > 1. The KL basis can be
constructed analogously to the method we described in Part I and can be found in
[Fu], [AG], [Ki]. The main result is summarized in the following theorem which is

just a reformulation of the analogous theorem from Part L.

Theorem 6.1 The KL basis is given by the eigenvectors of the ensemble average
covartance matrx

2

1
= —— [ wudu
C ol /Uuu du
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6.2 Representation Theory

The representation theorv of compact Lie groups is very similar to the theory of finite
groups. and both are often discussed together in the literature of this field (sce for
example {He|).

Even though the theorv of finite and compact Lie groups is similar. it is not
identical and we will point out some of the differences in this section. While in the
case of finite groups we compute the average of a function f : G — C over a group G

by

we have to define the averaging process over a compact Lie group differently. and we
have to justify thart it exists in the first place.
Theorem 6.2 There exists a unique measure dg on G with

L. . f(g)dg = [ f(ggo)dyg for all functions f and g, € G.

2. Jodg=1

This measure is called "Haar Measure” or “Haar Integral” due to Alfred Haar
who published an existence theorem in 1933. For a proof refer to [FV].
Compact groups usually have infinitely many finite dimensional irreducible repre-

sentations. But Schur’s lemma still holds (up to isomorphism).

Theorem 6.3 Let p be a unitary representation of G in the Hilbert space H. Then p
is trreducible if and only if: T € L(H) with Tp(g) = p(g9)T implies that T = X - idy.

That is, each G equivariant map on an irreducible representation is a multiple of

the identity.
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For each finite dimensional continuous irreducible representation p we denote by
AP(g) the matrix p(g) with entries .45}(9). The basic orthogonality relations (3.5) still

hold in this context:

/G -{fj(hg)--lzg(g—[)dg = AL (h)0, 10, (6.4)

dim(p)

For each finite dimensional continuous representation V" of (¢ we define the operator

PS(L') = dim(ﬁp‘)/ A;’L(g“‘)y v dg
G

as before. We let V¥ = Image(P?) for 1 < i < dim(p) and 1# = S ¢

The analog of Proposition 3.7 holds unchanged in this situation. Even if & is not
finite dimensional. the operators Pfj’- are still defined and parts (a). (b) and (e) hold.
And we still have that (f) holds in the case that all symmetry subspaces of V¥ are

finite dimensional. We also keep the identical definition of a G-adapted basis for V’

as before.

6.3 KL Decomposition and Symmetry

A typical application of this theory comes up in the case when a compact Lie group
G acts on a compact manifold M and thus on the space of continuous C*-valued
functions F*(M). This action is defined by (g - f)(m) = f(g~'m). Recall that the

standard Hermitian metric on F*(A) is defined by

1 e
(f1- f2) = i3 /.y, fr(m)™ fa(m) dm.

Recall that ' € F* (M) is a submanifold of data. Under the assumption that the
symmetry subspaces of F*(A/) are all finite-dimensional, the identical theory applies
to compute the KL basis for F*(A) with respect to the data set U'. Since U may be
a submanifold of data. we have that sums over U are replaced by integrals: and with

these mild alterations the algorithm holds almost without change:

40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Algorithm for Exploiting Symmetry
in the KL Basis Computation

in the Compact Lie Group Case

Given: A manifold }/. a submanifold of patterns L drawn from the space of functious
F(A). and a compact Lie group G acting on M preserving the set L". \We assume

rhat each symmetry subspace is finite-dimensional.

1. Determine the irreducible unitary representations p of . and a G-adapted basis

{vi,} for F*(M). Let d, be the dimension of V7.

[A]

For each p and each A = 1.... .dim(p). consider the function ~;, : " — C

defined by

1
A0 () = (vf ,u) = ———— ve (m)*u(m) dm.
/La( ) ( ka? ) \’OI(;"/[) \f La( ) ( )
3. For each p, form the d, x d, matrix B? by
dim(p) .

. 1 L
By = A2 (w)~E (u) du.
( )J dhn(p) \'Of(U) gl g ALZ(U) ‘__J(u) du

4. For each p, find the d, eigenvalues \2 and corresponding eigenvectors w¥, (for

1 < o < d,) of the matrix B?. Write each eigenvector as wf = (wf; -~ wh, )" -

5. Define
P 2
~ka — E :I‘L'odl“kd
3

for each p, each £k = 1,... ,dim(p), and each o = 1.... .d,. The KL basis for
F™(M) consists of these vectors z§ , each with eigenvalue A2 (independent of

k).
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Note that since G has in general infinitely many irreducible representations. the
method actually is useful for finding that part of the KL basis which resides in any

particular symmetry subspace. i.e.. for fixed p.

6.4 Example: The circle group S'

Consider the compact Lie group G = S'. G acts on M = G by translation. and we
consider the space F of continuous functions on M. which of course corresponds to
continuous periodic functions on the line.

The irreducible representations of G are all one-dimensional. indexed by integers
n: p,(0) = exp(2winf). For each n. the svmmetry space is also one-dimensional.
and L';'f"(x) = exp(—2minr): d, = d,, = | for every n. Since all dimensions are one.
we will drop the subscripts: so the G-adapted basis is ¢{*'(x) = exp(—2minz). The
functionals ~(™ on F are

I

! /  exp(2min8)u(8) db.
0

27

AW () = (e"ou) =

For any pattern set L. the KL basis consists of these ¢®’s. and the onlyv unknowns
are the eigenvalues. Each matrix B = B™ is 1 x 1. with eutrv the cigenvalue \,: by

the above, it is

1 .
— A~ G~ (1) du.
An = wol(0) /U V' (w) (M (u) du

This theory then simply reproduces the Fourier Analysis for the set U': the KL basis
consists of exactly the Fourier modes ¢™(r) = exp(—2winr). with the eigenvalues

given above.
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Chapter 7

The orthogonal group SO(3)

In this chapter we will consider examples of data which are acted on by the special
orthogonal group SO(3). We will investigate the representation theory of SO(3) acting
on the space of scalar valued functions on the sphere and also acting on the space of
vector fields of polvnomials that are tangent to the sphere. We will start by presenting
the theory in both cases and finish by demonstrating the use of the algorithm on
numerical data gained from solving a vector valued partial differential equation on

the sphere.

7.1 SO(3)

We denote by SO(3) the group of 3 x 3 orthogonal matrices with real entries and
determinant one. Such a matrix uniquely represents a rotation in R® and can be
viewed as a composition of three consecutive rotations about different axes. We can
first rotate about the z-axis through angle ¢,, then rotate through angle § about
the z-axis, and finally rotate through angle o, about the z-axis. The angles o;. 4.

and o9, are the Euler angles as defined in [GMS]. The ranges for the angles are:
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The three rotations are given by the three 3 x 3 matrices:

coso; —sine; 0\ 1 0 0
Jo, = | sinoy coso; 0 }J.ge=1 0 cosf§ —sind
0 0 1 \ 0 sinf cosé
cos®y —sinos 0
Goa = sinos cosoa 0
0 0 1
The rotation glo;.0.01) = ¢o,989., is obtained by multiplying these matrices in
reverse order:
COS @ COS O3 — cosBsin o sin®y  — cos Oy sin oy — cosfsino; coso©r  sin oy siné
sin O] cos 0y + cosfsin 0y cos ©; — sin @y sin @y + cosf cos ) cos @y — cos O siné
sin o, sind cos @2 sinf cosf

Let g € SO(3) be given in terms of the three Euler angles ©,.6.0,. Now fix a such
that 2a = @y + 0. and let J = a — ¢, (so that 2.3 = 0, — ©»). Note that «a is not
unique but that there are two choices which differ by 7. Thus the choice of a changes
both « and 3 by a difference of =.

The invariant integral or Haar integral for SO(3) is defined the following way:

) 1 2 T 2
/f(g)(lg =33 / / / flo:.8.07)sinbdodbdo.
37 Jy 0o Jo

where ¢ is given in terms of the three Euler angles. Or in terms of a. 8 and .3 we

s 1 2z = kg
/f(g)dg= 4~"/ / / fla. 8, 3)sinfdadfd3.
“T Jo 0 -7

7.2 Representation of SO(3) - Scalar Functions on
the Sphere

have:

7.2.1 The Irreducible Representations

There are different ways to derive the irreducible representations of SO(3). We will

have a closer look at two particular ones.
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The Spherical Harmonics

The most common way to describe the irreducible representations of SO(3) is in terms
of spherical harmonics. These special functions come up as solutions of the Laplace

equation in R*:
Au=Upr +uyy +u.. =0, u=u(r.y z).

[t is a well known result that the irreducible representations of SO(3) in the space
of scalar valued functions is realized in the space of spherical harmonics with odd

dimension dim(Vy) = 2k + 1 (k € Np). where
k
L/;\' = { Z rk:rn}/km(e- O)l':rn < C~E.m = (_1)"1:771}-
m=—hk

Here we write 7 = (r.6.0) in spherical coordinates with Yi,..(6.0) = P*(cos(#))e™
the spherical harmonics and where PX are the corresponding Legendre polvnomials.
Since in each dimension 2k + 1 there are exactly 2k +1 linearly independelnt spherical

harmonics. they form a basis for the irreducible representation Vi (see [GSS]).

We can summarize these ideas as the following result:

Theorem 7.1 SO(3) has ezactly one irreducible representation (up to isomorphism)
in each odd dimension 2k + 1. The irreducible representations V. are realized in the

space of spherical harmonics.

Thus we have found the KL basis for a data set of scalar-valued SO(3) symmetric
functions, namely the spherical harmonics. We still have to compute the correspond-
ing eigenvalues to complete the analysis. We see that the KL basis is independent of
the data set we are investigating but the eigenvalues are not.

Since each irreducible representation has multiplicity one, we know that each

symmetry subspace is one dimensional. Thus each of the block matrices B? in our
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algorithm is one-by-one, a number, which has to an eigenvalue of the covariance
madtrix.

To compute these numbers we need a matrix representation of SO(3). There are
many equivalent matrix representations: for each basis there is a corresponding matrix
representation. Theoretically we could use the spherical harmonics to compute the
matrices, but it becomes apparent quickly. that this approach is not very practical and
entails incredibly tedious computations. Some books actually give formulas for the
entries of these matrices. but again. thev are not very explicit and require considerable
effort to use. [GMIS].

Because it is so complicated to compute the matrix entries using the basis of
spherical harmonics. we will now describe an alternative method using the universal

covering space of SO(3), which is the special unitary group SU(2).
The Universal Covering Space SU(2)

The special unitary group SU(2) is the universal covering space of SO(3). i.e. SU(3)
is locally isomorphic to SO(3). [He]. An clement ¢ in SO(3) can be lifted to a corre-
sponding element ¢ in the covering space SU(2). Recall that SU(2) is the group of
2 x 2 special unitary matrices with complex entries. i.e.. the group of matrices of the
form (_ua :_;) with |u|? + |v]? = 1. Suppose that g is given in terms of the three
Euler angles 0,.6.0s. Fix a such that 2a = 0 + 03 and set .J = a — 02 (s0 that
23 = 01 — @2). Note that there are two such o’s, differing by 7. and that the alternate
choice changes both o and 3 by 7. Then the lifting of ¢ to an element in SU(2) is

given by:

cos(:a_,-) exp(ia) isin(%) exp(—t.7)

Sw]
fl

isin(g) exp(i0) cos(g-) exp(—ia)
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Note that the different choice of & changes the sign of this matrix. reflecting the fact
that SO(3) = SU(2)/(£I).

Let V,, be the space of homogeneous polyvnomials of degree n in X and ¥ with
coefficients in C. For each positive integer n. V, is an irreducible representation of
SU(2) of dimension n + 1 (see [BD]). For each even n. =/ acts trivially on V},. and
so V;, is also an irreducible representation of SO(3) of dimension n + 1.

The Hermitian form on V}, is induced by the standard Hermitian form on V7. V)

has the basis {X.Y'}. and the Hermitian form is defined by

(vi.uy) = (@1 X + @Y. 7 X + &Y) = a3 +azdh.

to

where (X. X) =(Y'Y) =1 and (X.Y) = (Y. X)) = 0. The induced Hermitian form
on V), is given by:

n
1
(Creg - - U wiwy - wy) = = E I l (U Wo(m))
: a

m=1

where v,,, and w,, arein Vi form=1..... n. and o runs through all permutations in

S,. An orthonormal basis for V,, is given by:

n “n—rmy -
B = < >.7\" Y. 0<m<n
m
u v : . ) .
Let g = ( L’[ = ) be an element in SU(2). Then the n'* irreducible represen-

tation. written in the orthonormal basis B. sends ¢ to a unitary. (n + 1) x (n + 1)

matrix M,. The (m + 1), (J + 1) entry of M/, is given by:

(M) (m+1).G+1) =

Z <n ;m) (r;z) (—7)tokur R ()

where 0 < m,j < n.
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Now let g be the lifting of an element in SO(3) as shown above. ie. u =
cos(%) exp(ia) and v = isin(%) exp(i3). The corresponding matrix \J, has its (m +
1).(j + 1) entry equal to

()

exp(—=i3(—m + j))exp(ia(n — m = j)Tim-11.,-1)(0)

(-'\[g)(m—;-l).(j-:-L) =

where
n—im m < s 6 m—Il+k -
Tineng-0(® = Y (7)) tasin gym=t+¥(cos
with0< m.j<n0<a<<2r.0<fd<7and <3< 7.

7.2.2 Symmetry Subspaces for SO(3)

We now want to find basis vectors for the first symmetry subspace for each irreducible
representation Voro of SO(3). where n = 2k. These will be one-dimensional spaces.

We require the following standard theorem from complex analysis (see [La]).

Theorem 7.2 Let Q(x.y) be a rutional function which is continuous when r* +y* =

L. Let f(z) = Q(3(z+1). (= — 1))/iz. Then
/27‘ Q(cos 8, sin )df = 271 Z (residues of f inside the unit circle).
0
This is used to prove the following.
Lemma 7.3 foﬁ7 exp(—kixr)sin"rcos™rdr =0 forn.m € Z with0 < n+m < k.

Proof: In our case Q(cosf.sinf) = (cosf — isinf)*sin® @cos™ @ is continuous

everywhere. Thus

, 1 1. 1, 1.1 (I DR S
f(z) =[§(~'+;)—§(2—~:)] [5(3—;)] [§(~+;)] -
1 1 ]'Ll n.lnw-m,v ]‘n.,.lm
=§(Z+Z—~+;) g(;) (5) (~—;) (z ;)
1 : 1 n l m 1 n+ ]‘ n+rm
= (=) z = )"z + =)™(=) I(3)
=z hed Z (2 Z
48
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The term ! can only show up in the expansion of f(z) if z* appears in the binomial
expansion of (z — £)*(z + é)"‘. but since n + m < k this cannot happen. Therefore
the residue of f inside the unit circle is zero. and thus the integral is zero by applying

Theorem 7.2. ed
q

With the help of this Lemma we have the following.

Proposition 7.4 The basis vector of the first symmetry subspace will be a polynomuial

inx and y only. for all irreducible representations V,

Proof: To see this we may project any polvnomial f(r.y.z) in r. y and = onto the
first symmetry subspace: it is convenient to choose r*. where & = n/2. Recall that

the projector has the following form:

Pe(z®) = 7AT1/ / / A(01.0.02)(g - £5)do,dfdo,

o O o .
where A(0,.6.0,) = cos™ 5 exp(—ih{o) + 02)sinb.

The order of integration does not matter: in fact we can write the triple integral
as a sum of products of three single integrals since in the expansion the variables
separate. Hence it suffices to show that the integral in o, vanishes.

Furthermore note that for an arbitrary group element g. as shown earlier. we have

g-z" = ([—sin @, cosFsin ¢s + cos @ cos 0|

+ [sin ©} cos 8 cos @y + sin &, cos o]y + sinFsin o) 2)*

Note that the coefficient of = does not involve sin ¢s or cos 0,: thus in the integrand
any term in = will have the form h(o. 8) exp(—iko,) sin! 05 cos? 02, where j +1 < n.

Thus by Lemma 7.3 this integral is zero. qged
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We can use a similar method to find the values of the triple integrals. The entire

integral can be split up as a sum of integrals of the form

2% T 2
/ / / CA(0y. 6. 01) cos’ 6 cos™ o, sin™ o, cos*! o, sin” 025"y do,dbdo,
0
27 . 9
= C’/ exp(—kioy) cos™ oy sin" 0 do, / cos* 5 cos’ 8 sin 6df (7.5)
0

JQ it

/ exp(—lcio'g)cos‘” o2 sin” oado,
0

The integrals in o; and 02 have the form of the integral in Theorem 7.2. Thus we
can use it to compute the residue at zero and thus the integrals. especially by observ-
ing that m+n =k and M + .V = k by looking at g-x". An easy computation shows
that the values of the two integrals is '27.’1'(—1')"*1(%)"(—1)" and 27i(—1) \‘l(%)"‘(—l)“.
respectively. where the dimension of the irreducible representation is 2k + 1. Also the
integral with respect to ¢ can be computed with elementary tools. namely trigono-
metric identities and substitution. The value is

ik
lk _l)l'r_]-r—l
> () T

=0

We note that j = n. and so the triple integral (7.5) has the value

k ])l-rn-l

(G (i) Z() zTn‘+1 : (7.6)

2 =

We can use this formula to find the basis vector of the first symmetry subspace

for each irreducible representation V), with dimension n + 1.

Theorem 7.7 The basis vector of the first symmetry subspace for Vs of dimension

2k + 1 1s —(%)k(l — 'L'y)"; i.e

2ke+1 (¥ [T l ) |

Pe(z") = _87%_/0 /0 /0 A(¢1=9~,<P~2)(9'Ik)d@lfwd@z
1., ok
= —(5)(z —w)".
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Proof: Considering Pi(z*). we notice that it is a homogeneous polynomial in
and y of degree k. To prove the claim we will compute the coefficients of r¥~'y for

0 <! < k explicitly. As we have seen

A . . 1
g- 2" = ([—sin o cosf sin oy + cos 0, cos O x

+ [sin 0] cos 6 cos 02 + sin @y cos 0]y + sin @ sin o, 2)".

We can disregard the terms involving : because of Proposition 7.4. Thus we just

have to consider

((— sin oy cos fsin 02 + c0s O3 cos 01 )T + (sin @, cos f + sin O, cos 0, cos 01)y)*
kg
= Z (Z) (— sin @} cos @ sin @3 + cos @3 COs O

=0

)k—ll:k—l

(sin @) cos f + sin @, cos Oy cos o-_»)[yl

Now denote the coefficient of r*~!y* in this expansion as (g - £¥);. so that

(g-x ( > Z Z (A - > ( >(_l)k—l_J(SinOl)k-j—p(sino.z)k‘l‘ﬁ-p

=0 p=0
- (cos 0)F7I7P(cos 01 ) TP (cos 0, TP,
To compute the coefficients of r*~y! for 0 < | < k we have to evaluate the

following integrals:

_A 1
coeff. ofr*~lyt = + / / / A(d1.0.09)(g - )ldoldﬁdo)

2k + 1 : yaeseno (k= 1) (1
-t () e (5)()

lt

j=0 p=0
k - ]__.( 1)"11%—_1 p—1 i
JZX >m+;b_1_pH by (7.6)
AN2k+1,1 o, . k-1l kE—1 k _l)rn_;-j_i_p_r[
=“<z) 2-<§)4A<—z)t;( J >,§:0( >X%< ) TP

where J=k—(—jand P=1l—-1p

ol
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Now we just have to use the binomial formula and its integral to compute

(RO
=~ J = P = \m m+J+P+1

k—1 ! ! k J+P n J+Py
= 7 P /(;((1-%—.1:) (1 —r)f(—r) ydr
J=0 P=O
k-t
/A L ! k-t J k—L
= ((l+.1) rl+ {1l =) 7 (=) )dr
\ J
J:
"
= ((1+L)“‘(1+.L) +(1— o)1 = 2)*Hde

+(1- .L‘)Qk)d;l‘

Il
k\\

N2k 41 1 |, 221 AV
—<z) 2 (5)“(_‘)12/»—-+—1=_(z>(“")[(§)k'

But that is exactly the coefficient of x*~'y! in the expansion of —(3)*(x — iy)*.
ged
Having found a basis vector for each first symmetry subspace we can use the
transfer operators to collect a G-adapted basis for our vector space.
Comparing the basis vectors with the spherical harmonic functions. we also see
that our basis vectors are exactly equal to the first spherical harmonic in each dimen-
sion.

With £ = cosfsino. y =sinfsino, z = coso. we have
(z — iy)* = sin® o exp(—ikf) = Yi _r(0. )

It is a reasonable conjecture that the basis of spherical harmonics is a G-adapted

basis. Unfortunately, so far we have not succeeded in proving this conjecture.
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We have found the KL basis for the space of scalar valued functions on the sphere.
without even looking at data set. The KL basis seems to be independent of the data
set but the eigenvalues are not. To complete the KL analysis of a particular data set in
this vector space we would have to follow the algorithm from step two on (step one was
completed in this section). A suitable data set. for example. would come from solving
the complex Ginzburg Landau equation on the sphere. This is a partial differential
equation which is equivariant under the action of SO(3). and thus a data set collected
from numerically solving the equation would satisfv our synunetry assumption that
every acted-on data vector is again a possible data vector. Sibylle Geiger describes
the normal KL decomposition on such a data set, and symmetrized data sets in her
Diplom thesis [Ge]. We will have a closer look at the Ginzburg Landau equation in
the next chapter. although we are using a vector-valued version to produce vector

fields that are tangent to the sphere.
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Chapter 8

Example: Polynomial Vector Fields

8.1 Theory

In this section we will investigate the theoretical aspects of the representations of
SO(3) on the vector space of polvnomial vector fields that are tangent to the sphere.
Vector fields are of interest whenever one studies flow problems such as fluid flow.
magnetic flow. and athmospheric How. Studyving tangent vector fields seems like a
good way to start looking at this problem.

This example promises to be more interesting than using data of scalar valued
functions. since the structure of the decomposition into the direct sum of irreducible
representations is more complicated. As we showed in the previous chapter the de-
composition of the vector space of scalar valued functions cousists of one copy of each
irreducible representation. Thus all the symmetry subspaces were one dimensional
and the KL basis was the same as the G-adapted basis. Considering tangent vec-
tor flelds on the sphere we would expect this to change, since the data now lies in
tangent planes. It seems plausible to expect a decomposition where each irreducible
representation appears with multiplicity two.

We will first discuss the decomposition of the space into the direct sum of irre-

ducible representations and find the symmetry subspaces of this representation. Later

o4
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we will also make connections between tangent and divergence free vector fields.

8.1.1 Irreducible Representations

We want to investigate the vector space of polvnomial vector fields that are tangent
to the sphere. First we will compute the dimension of this vector space and then we
will find its decomposition into irreducible representations. The main tool we will use
to attain those goals is to look at exact sequences of related vector spaces.

Consider the following diagram with the indicated maps and spaces as given below.

0 — Ay — Vi, — Vyoq — Cyoy = R — 0
| B ~
! l° e =
0 — Ay — VI — V4 — Cpy =R — 0
0 — [\’d I j - Sd~'-1 i C'([._L = 0
| | |
0 0 0

The Spaces:

V4 = polynomials in z.y. z of degree lzss than or equal to d.

Sq4 = polynomials of degree less than or equal to d on the sphere of radius one.
'3 = polynomial vector fields of degree less than or equal to d.
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53 = polynomial vector fields of degree less than or equal to d on the sphere.

R4 = tangent vector fields of polvnomials of degree less than or equal to d on the

sphere.

The maps:

T v} . — Vit
(fog.-h)' — xf+yg+:h

p: Vi — Vi

plr.y.z) — plry.z)-(22+y2+:2-1)
m Vi — 53

plr.y.z) — plr.y. 2)/(L2+y*+:2-1)

If we know the dimensions of some of these vector spaces we can use the exactness
of the sequences in the diagram to compute the dimensions of the other spaces.

Recall that a sequence

. = C

is called exact if ker v = im 0. A sequence

0 —A4 2 B 2. ¢ — 0

is called short exact. In this case o is injective and w is surjective.

Looking back at the diagram we see that the short exactness of the second and
third columns allows us to compute the dimensions of all the spaces in those columns.
For example, the dimension of V., = rank# + nullity 7. Since 7 is onto. rankw =
dim S4. ;. and since ker # = im p we have that nullity # = dim V;_;. Thus dim V.| =
dim S;_; + dim V,_;. We can make a similar argument to find the dimension of all

spaces in the second column. Because the two mentioned sequences are exact and the
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squares in the diagram commute. by the snake lemma there is a long exact sequence
from the kernels of 7 to the cokernels of 7 (see [AM]). The two cokernels Cy_, and
Cy.1 are isomorphic: therefore. Cy.; = 0 and thus the second to last row in the

diagram is also short exact. We now want to list the dimensions of all the spaces.

Dimensions of the relevant spaces:

dim V} = (d +3)(d +2)(d + 1)/2

dim V} ., = (d + 1)d(d — 1)/2

dim S3 =dim V! —dim V!, = 3(d + 1)?
dimVy_ =d(d+2)(d+1)/6

dim Vy, = (d+4)(d + 3)(d+2)/6

dim Syr1 = (d +2)°

dim /; = dim Sj —dim Sy, =2d*>+2d — 1

Writing down the dimensions of the spaces of tangent vector fields on the sphere

for low degrees we find the following equations:

d dim

1 3 = 3

2 11 =3 + 3 + 5

3 23 =3 + 3 + 5 +5 + T

4 39 =3 + 3 4+ 5 +5 + 7 + 7T + 9

Recall that we are interested in the decompositon of A’y into the direct sum of
irreducible representations. Judging from the dimension of these spaces. there is a
definite pattern in the way the dimensions increase from degree to degree. It seems

that when we increase the degree by one we get two more irreducible representations.
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the one with highest degree that we had before and the one with the next higher
degree.

To find out if this conjecture is correct we have to compute the decomposition of
all the relevant spaces into the direct sum of irreducible representations. Fortunately
we already know the decomposition of the polynomial functions of degree d on the

sphere Sy from the previous sections:

d d

v - re(d.l)

Su=EP Wur =P Wi
=0 (=0

where

o L ifo<i<d
di“z{o.ﬁl>d+l

and Wy is the irreducible representation of dimension 2{+ 1 (it contains the homo-
geneous polynomials of degree /).

We also know that for constant and linear polynomials it doesn’t matter if the
domain is the sphere or all of R®. since the spaces only differ ouce we allow quadratics

or higher. Thus we know that
Vo=U11=3S5,., Vi=W+ 5.

We now have enough information to compute the decomposition into irreducibles

of all the spaces in the diagram.
Since Vo) = Vy_; + Sy.1 we can compute Vy inductively. and we get the following

relationship:

Vy = Waaey 4+ Waaoy + WS, + WE2, + - + W,
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e - . 2 . . - . - - .
where & = 4L if d is odd and & = 452 if d is even. We can also write 1}; the following

way:
d
. -b(d.D)
Va= GB WZHL
=0
d
S (d=1)/21 1
p—— L
- P
=0
where

(d-0/2]+1. ifo<I<d
b((l.[):{ l—-( )O/J ! if7>([(

Knowing the spaces 1. next we can find 17} using the following equation:

VIi=T11y oV

We can show that these spaces are isomorphic as representations by showing two

things:

1. They are isomorphic as vector spaces.

N

The action of SO(3) is the same on both spaces.

To 1.: Comparing bases for the involved spaces we see:

basis for Vy @ f.. polynomials in . y. = of degree at most d

basis for Wy : e;. es, ey, the unit vectors in three dimensional space

basis for W5 @ V; : e; @ f;. put f; into ith spot

typical element of W3 @ Ve, @ f+ea@g+es@h = (f.g.h)

59

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Thus the spaces are isomorphic as vector spaces.

To 2.: Let o € SO(3). Then on V} the action is

f(T) fle™1T)
o) g(T) = g(c~'T)
h(T) h(c~'T)
On W5 = by the action is the following:
o a
o 3| = f(T) = o 3| = fle™!T)

So we see that the action on the two spaces are equivalent. and therefore the

two spaces are isomorphic as representations.

To find the decomposition of V} note that V5 = W32 W7 = Wi and 1320y =
Woen + Wy + Wy, for 1 < ([FH]).
Let

. - ~a(d.2 ca(d.d~1 ~a(d.d) ral(d,d+1)
| St | et R SR | Sy Sy

d+1

_ ra(dl)
- @ i 2+1 -
=0

. . T . . . L . ol Gt 3
We can list the multiplicities of the irreducible representations in the sums of ¥

d 1 3 5 7 9 11 13 15

o 0 1

1 1 2 1

2 1 4 21

3 2 5 4 21

1+ 2 7 5 4 2 1

5 3 8 7 5 4 2 1

6 3 10 8 75 4 2 1
60
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[n general we have the following relationship between the multiplicities of the

irreducible representations in the sums of ¥ and V}:

a(d.[) = b(d. 2), ifl=1
O b(dol—= 1) +b(d. D) +b(d.L+1). ifl<!
Thus
(d+1)/2]. =0
Hd=1+3)2l + ((d=1+2)2][(d -1+ 1)/2]. f1<I<d-1
a(d.l) =< 2. ifl=d
1. fl=d+1
0. fl>d+2

Now we can decompose the space of polynomial vector fields on the sphere and
find:
3 etdd)
Sy = @ Wl
(=0

where ¢(d.l) = a(d.l) — a(d — 2.1). Thus

I. ifl=0

3. if1<i<d—1
a(d ly=< 2. ifl=d

1. ifl=d+1

0. ifl>d+2

This result is not surprising. One might have guessed thart the space of polynomial
vector fields on the sphere splits up as the sum of three ccpies of the irreducible
representations in each dimension. After all, the space of polynomials is the direct
sum of exactly one copy in each dimension. and polynomial vector fields can be viewed
as triples of polynomials. However, the situation is not quite so simple. Indeed. most
of the irreducible representations in the decomposition show up with multiplicity

three. except for the first and the last two dimensions.
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Finally we have reached our original goal of finding the decomposition of the

tangent vector fields of degree less or equal to ¢ on the sphere Ay. Let

+— Sk(dD)
Ke= EB Wal'
=0

Then
0. ifl=0
2. f1<I<d—-1
Md =97 /24
0. ifl>d+1

8.1.2 Examples

Now we will have a closer look at a low dimensional example of the introduced results
to help us visualize the situation. We want to take a closer look at linear and polvno-
mial vector fields that are tangent to the sphere. The only constant vector field that

is tangent to the sphere is the trivial one.
Three dimensional irreducible representation, linear vector fields

A few simple computations or some thought vields the result that the linear tangent
vector fields are of the form

i.
g | =9

= &

&y

where S is a three-by-three skew-symmetric matrix. Since there are exactly three free
choices for entries in S. the space of linear tangent polynomial vector fields on the
sphere is three dimensional. exactly one copy of Wj, as it should be. according to the
theory.

The quadratic tangent polynomial vector fields are a little more interesting. Ve

know that the space splits up into two three-dimensional, irreducible representations
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and one 3-dimensional. irreducible representation. The bases for the irreducible rep-
resentations given below were found by projecting arbitrary vector fields onto the irre-
ducible representation spaces. We keep one of the two three dimensional. irreducible
representations from the linear vector fields. Bases of the second three-dimensional
and of the 3-dimensional. irreducible representation are given below. Some selected
vector fields are shown in figures 8.1-8.3. We show one vector field from each irre-

ducible representation discussed in this section.

Three dimensional irreducible representation, quadratic vector fields

I y*+ 22 I -1y
- . 2] )
Y = —ry . y = =+ z°
ot —rz z —yz
I —rx
y = —yz
R 9, 9
z I+ y-

Five dimensional irreducible representation

z 2yz z —y=

Y = Iz y = 2r:z

~ —Iy z —ry
z Iz I —y* + 2
y | = —yz y| = Ly
z -2+ y2 z —Iz

z Iy

. 5 N
Uy = - + =z~
z -y
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Figure 8.3: I =2yz. y = —r2. 2= —1y

8.2 Divergence-Free Vector Fields

Divergence-free vector fields play an important role in physics. because magnetic field
lines as well as streamlines of incompressible fluids are trajectories of such vector
fields. Being volume preserving. they can be considered as three-dimensional versions
of Hamiltonian systems.

The structure of three-dimensional chaotic volume preserving flows is. however.
much less understood than for Hamiltonian systems. Some progress has been made
by using the fact that they can locally be transformed to two-dimensional non-
autonomous Hamiltonian vector fields. Analytical approaches to understand chaotic
dynamics for such systems are based on Melnikov theory in which an autonomous.
two-dimensional Hamiltonian system is perturbed near a homoclinic or heteroclinic

orbit. Although this approach sheds some light into chaotic volume preserving flows,

65

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



it certainly does not capture all possible phenoniena, in particular the effects of fixed
points of the vector field are not accessible.

Divergence-free vector fields in R*® which possess a conserved quantity are a gener-
alization of autonomous Hamiltonian vector fields in the plane. Such vector fields can
have fixed points and typically the phase space is foliated by families of invariant tori
or cvlinders. Perturbing such vector fields by an appropriate extension ot )lelnikov
theory should give much insight in the possible types of chaotic volume preserving
flows. First attempts in this direction have been made by Mezi¢ and Wiggins in
[MW]. It is. therefore. of interest to characterize divergence-free vector fields with
conserved quantities.

[t turns out that there is an intimate connection between certain classes of diver-
gence free polynomial vector fields in R® and on the sphere. We have investigated

this connection to some extend and will present the results in this section.

f
Definition 8.1 A vector field | g | is called divergence free if
h
f
div | g = fr+g,+h: = 0
h

The question we want to answer in this section is which tangent vector fields on the
sphere can be lifted to divergence free vector fields. It is easy to find examples to see

that not every tangent vector field is divergence free. For example.

z y-+ =z
gyl = —zy
z —rz
is tangent but its divergence is —x — r = —2z. On the other hand. if we add a term

to the vector field which is zero on the sphere, we don’t change the vector field on
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the sphere but we succeed in making it divergence free:

i P+ (Pt +22 1)
y = -y
ot -z

The divergence of this vector field is 20 —r — r = 0.

Can this be done in general? Can each tangent vector field on the sphere be
“lifted” to a divergence free vector field bv adding terms that are zero on the sphere?
To answer this question we want to consider the following diagram of exact sequences.
Note that the spaces and maps are denoted as before and F; is the space of divergence
free polynomial vector fields of degree less or equal to three.

0

0 — F}, = Kq+p(V}) — Vioy — 0

I,

b
A

¢

We are interested in the following map: F3_, = Ay + p(VE,) 2% K.

We would like to know what is in the image or this map, or rather, what is not in
the image of this map, because the tangent vector fields on the sphere that are not
in the image of this map are the ones that cannot be lifted to divergence frec vector
fields. Thus we want to know what is in the cokernel of this map.

To answer this question we investigate the equivalent question: what is in the
cokernel of the map that first multiplies a vector field by p and then takes the diver-

gence.
‘/,3 P K, + Vg div v
dey — Ko+ p(Vi_y) — Vo
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The fact that these two questions are equivalent follows from a combination of

the first and third isomorphism theorems. Consider the following diagram.

Since the vertical as well as the horizontal sequences are short exact it follows that
D = ker. p 4 = ker g and both p and ¢ are onto. Thus p(A) = p(A+D) =(4+D)/D
by the third isomorphism theorem. Similarly. we have ¢(D) = ¢(D+4) = (D+4)/4.

We want to compare the cokernels of the following two maps:

Q:D—B-LC.
and
P:4—B -2 F.

The cokernels of P and @ are

B/D

coker(P) = E/p(4) =

coker(Q) = C/q¢(D) = Z—D—C;%/_—I = B/(D + A).

The last equality in both equations follows from the third isomorphism theorem.

Thus, we see that the cokernels are the same.
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Now we will investigate the image and the cokernel of the map

Vi, < Ra+p(VE) 2 v

[t is easy to see that constant polvnomials are not in the image. It is not possible
to multiply each entry in a vector field by o2 +y?+:? — 1 and then take the divergence
of this to obtain a constant. In fact it is true that the cokernel is one dimensional.
We can show that up to a constant term. everyv polynomial of degree less or equal to
d — 1 is in the image. To prove this we consider a basis of monomials.

We want to show by induction that every monomial plus some constant is in the
image. It is easy to show that this is true for non-mixed monomials r*. and also for

-

the base cases zFy'2" where 0 < k.l.n < 2.

Lemma 8.2 r*y'z"+ lower order terms is in the image.

4

IA
~
<
N

X
A
1

. SN T .. . .
Proof: We assume that r* y* 2" + constant is in the image for &’ < k. {
where at least one of the < is strictly less.

The candidate in 13}, that will map to r*y'z"+constant is

where

44+L+n 11—k

Tk +l+n+3) Ak +l+n+3)

To prove the claim we just have to multiply the candidate vector field by p and
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then take the divergence. The resulting polyvnomial is:

(a(k +1) +b(l + 1) + c(n + 1))zFy'zm

+ (alk = 1) +b6(1 +3) +c(n + 1))z 2y 22
+(a(k = 1) + bl + 1) + ¢(n + 3))z*2 + y'z'72 + lower order terms

With the choices of «. b. and ¢ as given above this polynomial is exactly r¥y'z"+

lower order terms.

qed

8.2.1 Curl and Divergence

Recall that the curl of a vector field (P.Q. R) is defined as cuwrl(P. Q. R) = (R, —
Q:.P. - R,.Q, — P,). It is easy to see that (divocurl)(P.Q.R) =0. Thus. the curl
of a vector field is divergence free.

[t is also true that every divergence free vector field is the curl of sonie other vector

field.
Lemma 8.3 Every divergence free vector field is the curl of some vector field.

Proof: Let (F.G. H) be some divergence free vector field. thatis: £, +G,+ H. = 0.

We want to show that there exists some vector field (P.Q. R) such that (F.G. H) =

(Ry_Q:-P:—'Rr~QI_Py)'

The candidate whose curl will produce (F. G, H) is
R:al/ de+a0/ Gdr

Q=bl/Fdz+bO/Hdz
chl/Gdz-i-co/de,
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where (ag. bg. cg. ay. by.c;) = (k. —k. —k. k. —1.1) for some arbitrary constant A.

With our choices of (P. Q. R) we get
R, —Q:=(a — bl)F+00/Gy(l:1’ — b.)/ H.dr
P. - R, =(c, —ay)G +co/H:(ly — al/dey

Q: - Py = (b() — C())P[“.“b[/FI(Z: — Cy /G,J(l;'.

Let ap = —=by. g = —ay. by = —¢; and recall that £, + G, + H. = 0. Then

R,— Q.= (a1 —b)F + bo/FId‘I =(a, —b +)F =F
P. — R, =(c; —ap)G + a, /G’,de =(ci —ay+a,)G =G
Q: — P, =(bg —co)H + ¢, /.H:(:’ =(bg —co+c1)H =H.
Note that all operations we made were legal because our vector fields are polyno-

mial functions. qed

8.3 Example: Ginzburg Laundau Equation

In this section we are going to illustrate the KL algorithm with an example of data
obtained from solving a vector partial differential equation on the sphere. First we
are going to introduce the differential equation. describe how it is solved and what
the data will look like. Then we are going to discuss the steps of the algorithm for
exploiting symmetry in the KL computation. Finally. we will take a closer look at

the results.

8.3.1 The Ginzburg Landau Equation

The Ginzburg Landau equation has been found to govern the appearance of chemical

turbulences in reaction diffusion systems [KY], [Ku], [KK] as well as to describe fluid

71

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



systems such as plane Poiseuille flow [SS]. Raleigh-Bénard convecion [NW]. Tayvlor-
Couette flow between rotating cylinders [KD]. and wind-induced water waves [Bl]
([Kel).

The Ginzburg Landau equation has been investigated extensively with circular
geometry in [Ke]. [SR]. [MHR]. and Sibylle Geiger used their results to extend the
problem to the geometry of the sphere [Ge]. Geiger showed which parameter values
in the equation vield chaotic solutions. We will use her results for scalar functions on
the sphere to come up with a vector-valued version of the Ginzburg Landau equation
to produce a data set of vector fields that are tangent to the sphere.

Since we are not primarily interested in the behavior and characteristics of the
Ginzburg Landau equation we will not go into any detail on the topic. but we refer to
some papers that derive and investigate the equation thoroughly [MHR]. [Ke]. [SR].
[Nej, [Ge].

We are mainly interested in using a data set of tangent vector fields on the sphere
to demonstrate our algorithin. Numerically solving our version of the Ginzburg Lan-
dau equations provides a suitable data set.

The complex scalar valued Ginzburg Landau equation on the sphere with constant
radius ro = 1 is given by:

a.‘l 3, . . D]
FTie (i +co)AA +pA + (i —p)|A7 A
A is a function from the sphere into R>,

A:5?={(r0.0.0):10=1.0<0<70< 0 <2x} — R>.

q.p. and co are parameters and A is the Laplace operator. Geiger showed that for
certain parameter values, such as ¢ = 0.63,p = 0.25, and ¢¢ = 0.25. the equation has

chaotic solutions.

~I
o
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In spherical coordinates the Laplace operator is

4 204 1 P4 104 cotodd
or: ' ror r2sinfo 920 r? 9o? T2 do’

Ad =

where A = A(r.0.6). Since we work with a constant radius ry = 1. this simplifies to

1 94 9°4 a4
+ cot @ —.

Ad = —-= , :
sin- o 920 + do? Jdo

We are going to consider a vector valued Ginzburg Landau equation with an
additional coupling term:

04 5 1 9?4 94 a4 _ 2
— =q~(i + cp) (singo BET] + EED + cot O_'c)—5> +pAd+ (U —p)A"d+ad x

where A = (4! 4% 4%). and A x r is the cross product of A with the normal vector
r=(r.y z)in R

The solutions of this equations are not necessarily tangent vector fields. however.
we can produce tangent vector fields with a projection onto the tangent planes. This

process can be described by

o4 ”, . 1 9?4 9%4 04 : )
5 = Pr {q‘(z + ¢n) (Sinz o %0 + 552 + cot O()—c‘)_) +pA+ (i —p)id[d+adx L}

9 '2. >‘."_ ()."1 . P)
=P’I{q'(i+60)< L o498 {+coto%>}+p.—l+(z~p)].—l|'.—&+a-{X£.

sin® 0 9°6 M Jdo?
Here Pr denotes the projection onto the tangent plane.
If we add a condition on the vector field and require it to be divergence-free. we
can guarantee that A4 = (AAY AA2 A4?) is tangent. In the following Lemma we

will view A as a function in ¢t.z.y, and =.

Lemma 8.4 [f the vector field A = (A', A%, A°) is divergence-free, i.e. AL+AZ+AL =

0, then AA is tangent.
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Proof: Let A = d%} + %’5 + 0%.»: and A = (A'. A% A3) be tangent. i.e. rA' +
yAT + 243 = 0. Then AzA + yA%2 + 243 = 0. But NuoAl + yAs + -43%) =
2(AL + A2+ A3 + 2AA + yAA? + :AA? = 0. Because of the divergence-free

condition the first term in this expression is zero. Therefore we can conclude that

rAAY + yAA% + zA A3 = 0. and thus A4 is tangent. qed

8.3.2 The Data Set

Figure 8.4: Grid on the sphere. simplified

We are going to use the same parameter values as given above. and a = 0.5 in the
PDE described in the previous section. To compute the solutions of the PDE. we use
a second order Runge-Kutta method for the time derivative with stepsize At = 0.001.
and centered differences for the spatial derivatives. For the discretization of space,
as mentioned before, we change to spherical coordinates and put a 514 node grid on
the sphere. The grid consists of 32 longitude lines and 16 latitude lines. This gives

32 x 16 = 512 grid points, and in addition we have one grid point at the north pole
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and one at the south pole. A simplified grid can be seen in figure S.4.

We are computing the solutions of the PDE for 500000 timesteps and write every
100th iteration to a file. producing a data set of 5000 vectors. Each vector in the
data set has 3 x 514 entries and represents a vector field that is tangent to the sphere.
Some of the data can be seen in figures 8.6-3.8. To guarantee that the data vectors
are indeed tangent. we project the updated vector onto the tangent planes at each

time step. since the equations do not automatically produce tangent trajectories.

(u,v)

(X,y,2)

X

Figure 8.5: Change of coordinates at the poles

Unfortunately. changing the differential equation to spherical coordinates intro-
duces singularities at the two poles, i.e.. for © = 0 and © = 7. To handle this problem.
we project the nodes on the first and last latitude lines onto a circle in the tangent
planes of the poles (see figure 8.5). This corresponds to a change of coordinates that

eliminates the sigularities. The new coordinates are given by:

N R
|

2 2 2 2
=4yt 4+ 27 =1

~!
wt
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rv 1

ru
= ———.U .2 — .
1+ u? 402 V9+u?+ 2 V1914 u? + 02

Then the Laplace operator becomes A4 = A,, + ... and the singularities intro-

duced by the spherical coordinates disappear.
In figures 8.6-8.8 we show some time series of the data. Each picture represents
the real part of the first coordinate of the tangent vector fields at one grid point.

which were chosen more or less at random.

07 T T T T T T T : -

0.6

0.5+

cak

0sk l'\

i ’\*i.'i* \“’

500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Figure 8.6: Absolute value of the first coordinate at a grid point on the 3rd
latitude line
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8.3.3 Following the Algorithm

Having collected a suitable data set, we can now proceed to follow the algorithm to
find the KL eigenvectors and eigenvalues.

First we will summarize the elements involved. We are going to find a basis of
eigenvectors of the ensemble average covariance matrix which optimally approximates
the data set for each truncation dimension. The data set U is collected by discretizing
elements of the manifold of tangent vector fields on the sphere. denoted by A. The
group G acting on this manifold is the special orthogonal group SO(3).

The G-invariant inner product on this manifold is defined by

(. v) = /G / (g ul)) (5 o)) ddy.

Fortunately this integral simplifies to

(u.v) = / u(z) e (@) d.

0.033
0.03
I 0025
0.02

10015

1 1.01

Figure 8.9: Weights for the discretization of the integral. The darker the
color, the bigger the value.
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Figure 8.10: Graphical interpretation of the weights

Since we are not working with the actual functions. but with a discretization. we
also have to discretize the integrals over the sphere. The discretization of the sphere
is very regular with respect to the spherical coordinates. However. different points
on the sphere are different distances apart, depending on where theyv are positioned.
They are closer together near the poles than they are near the equator. Therefore it
makes sense to weigh function values near the equator more heavily than those near
the poles. Mathematically this weighting of gridpoints and their values happens when
we discretize the integral. The integral | 52 f(m)dm becomes >, f(im;)dm,. where the
terms dmn; are exactly the mentioned weights. Graphically. the weights are the area
of little patches with one of the grid points as center. as shown in figure 8.10. Since
we are integrating over the surface of the sphere it makes sense that the sum of all
the weights is equal to the surface area of the sphere of radius one. Note that the
weights are the same for all grid points on the same latitude line. A graphical view

of the weight sizes can be seen in figure 8.9.
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Now we can follow the Algorithm for Exploiting Symmetry in the KL
basis computation step by step. Since our group SO(3) has infinitely many finite
dimensional irreducible representations. we will use the algorithm to find the vectors
of the KL basis that span the first 23 dimensional subspace. which form a basis for

gl £ 2

the linear. quadratic. and cubic tangent vector fields: 117 = 117 2 15

(i)
~l A

I. In step one of the algorithm we find the G-adapted basis for the 23 dimen-
sional space ¥~ by first finding an orthonormal basis for the first svmmetry
subspace in each irreducible representation and then transferring them into
the remaining symmetry subspaces. Note that the first synunetry subspace
in the 3 and 5 dimensional irreducible representation is two dimensional, and
there are 3 and 5 symmetry subspaces. respectively. Since we are only inter-
ested in one copy of the 7 dimensional irreducible representation. each syvinme-
try subspace is one dimensional. and there are 7. Thus the basis is given by
{e3 vl el vz }. The basis vectors are complex-valued.
tangent vector fields where each component is a homogeneous polynomial of
degree one, two. or three. The real and complex parts of selected basis vectors

are shown in figures (3.12-8.21).

o

In step two we compute the functionals v . for & = 1.2.3. and « = 1.2: ~} ..
k=1....5anda=1,2:~ _.k=1..... 7. and a = 1. These functionals are
defined by ~f, : U — C, ¢, = (vf 4, u), where (-.-) is the G-invariant inner

product.

3. For each of the three irreducible representations we find the block matrices B*:

dim(p

P 1 ' r ~P ~P .
(B = Fatorvl®) A
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Note that B and B> are 2-by-2 and B is 1-by-1. The matrices are:

B — 0.01634 —0.00002086 — 0.00129:

| 0.00002086 + 0.00129; 0.01628 ;
B =102 0.22387 —0.02451 + 0.01095:

o —0.02451 — 0.01095¢ 0.22637 '

B =10"1-0.34041.

4. Having computed the matrices we can now compute the eigenvalues and eigen-

VeCtors:

A} =0.017598, A3 =0.015017

. [ 0.7T1474 ] 5 _ —0.69939
17001131 - 0.6993i | "2 T | —0.00559 — 0.71464i |-
A =1077.0.25199. A} = 1077-0.19825

5 0.69047 | 5 _ 0.72336
“UT 1 _0.66045 + 0.295061i |2~ | 0.63041 — 281647 |

AT =10"2-0.34041. w* = 1.

5. Finally we can use the eigenvectors from the previous step to put together the

KL basis vectors:

2, = Z wh sk
3
Thus the eigenvectors are linear combination of the basis vectors of the symi-
metry subspaces. There are two eigenvectors for each symmetry subspace of
the three and five dimensional irreducible representations. The eigenvectors in
the seven dimensional irreducible representation are exactly the corresponding

vectors of the G-adapted basis.
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8.3.4 Discussion of Results

Given below also are the computational results we received by applyving the algorithm
on a data set of 2500 vectors we obtained by only considering the second half of the
previous data set. Note that the eigenvalues are very close to the ones in the previous

case.

g — | 00163 0.0012; |
~ | —0.0012i 0.0163 J

L 0.70711 |~ _ —0.70711]
‘0T —0.7071L | 2T | —0.7071L |

0.2239 —0.0245 +0.0114 ]

5 _ 1n-3.
B =10 {—0.0245—0.0111' 0.226+4

A =107%.0.252. \y =107°-0.1982

o —0.6904T] = 0.72336
P71 06599 +0.29628i | T ® T | 0.6299 + 0.28281i |

[

B" = \=10""-0.34041

In both examples we can see that the eigenvalues decrease in size rapidly from
one irreducible representation to the next. That indicates that most of the energy of
the data lies in the first 6 dimensional subspace, spanned by three linear and three
quadratic tangent vector fields. We gain some more accuracy by adding the next 10
basis vectors in the system and the following 7 from the 7 dimensional irreducible
representation. This result is supported by computing the normalized mean square

error of the data.
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Error of the approximation

Given below are the mean square errors of the approximated data in several subspaces

for two different data sets. The spaces we are approximating in are:

e The space of all linear vector fields, which is exactlyv one copy of the three-

dimensional irreducible representation 7.

. . - . . . -
e The two copies of the three-dimensional irreducible representation W7 In
addition to the linear vector fields it also contains certain quadratic vector

fields.

e The space of all linear and quadratic vector fields. which is the direct sum of
the two three dimensional irreducible representations plus one 5-dimensional

representation.

e The space which is the direct sum of the two three-dimensional and the two
5-dimensional irreducible representations. [t consists of all linear and quadratic

vector fields. as well as some of the cubic vector fields: 11572 + 11572,
e The space of all linear. quadratic. and cubic vector fields W% + 1152 + 1175,
Mean Square Error for a data set of 5000 vectors:

the 3-dimensional subspace of linear vector fields: 52.32%,

the 6-dimensional subspace of W3* = 5.74%.

the 11-dimensional subspace of linear and quadratic vector fields: 4.3%,

s

the 16-dimensional subspace of W% + IWZ? = 2.83%.

D

the 23-dimensional subspace of W2 + W2 + W, = 2.63%.
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Mean Square Error for a data set of 2500 vectors:
e the 6-dimensional subspace of WF? = 6.43%.
e the 16-dimensional subspace of 17577 + 1177% = 4.21%.

[Saity ]
T )

o the 23-dimensional subspace of linear. quadratic. and cubic vector fields: 57"+

pres

G-

e

S
1
S,

1o

Figure 8.11: Mean square error of the 5000 element data set in the different
subspaces.

[t appears that most of the characteristics of the data are captured in the first ir-
reducible representation. There is an even split in how much is captured by the linear
vector fields and by the quadratic vector fields in this representation. The accu-
racy increases notably by adding the next 10 KL basis vectors to the approximating
subspace. The 7-dimensional irreducible representation. however. only captures a
fraction of the data. The accuracy is only increased by a fraction of a percent when
we add those 7 KL basis vectors.

It would be interesting to repeat this experiment with a bigger data set of several

tens of thousands of vectors.
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Figure 8.12: Linear basis vector. 3-dimensional irreducible representation.
real part

Figure 8.13: Linear basis vector, 3-dimensional irreducible representation.
imaginary part
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Figure 8.14: Quadratic basis vector. 3-dimensional irreducible representation.
real part
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Figure 8.15: Quadratic basis vector, 3-dimensional irreducible representation.
imaginary part
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Figure 8.17: Quadratic basis vector. 5-dimensional irreducible representation.
lmaginary part

Figure 8.18: Cubic basis vector, 5-dimensional irreducible representation,
real part
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Figure 8.19: Cubic basis vector. 5-dimensional irreducible representation.
imaginary part

Figure 8.20: Cubic basis vector,

7-dimensional irreducible representation.
real part
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Chapter 9

Conclusion

[t was the goal of this thesis to link two apparently competing decompositions of
a vector space to reduce the cost of approximating a symmetric data set in a low
dimensional subspace. We also wanted to gain some insight into the structure of the
data.

The two decompositions were the Karlhunen-Loeve decomposition and the de-
composition of the vector space into svinmetry subspaces with the hLelp of group
representation theorv. The second decomposition was suggested by the symmetry of
the data.

We began with the goal of finding a way to reduce the cost of the KL decomposition
with group theoretical considerations. First we restricted our research to finite groups
acting on finite dimensional vector spaces. We then succeeded in proving that we could
find a basis for the vector space using group representation theory. which brought the
ensemble average covariance matrix for the symmetrized data set into block form.
We also found a very efficient way of computing the entries of each block. and thus
managed to reduce the cost of computing the eigenvalues and eigenvectors of the
covariance matrix considerably. Each block corresponded to one symmetry subspace.
We succeeded in moving the eigenvalue and eigenvector computations from the high

dimensional vector space into much lower dimensional subspaces.
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Using these results we formulated an exact algorithm for exploiting symmetry in
the KL basis computation.

We then demonstrated how much the computational cost was reduced by our
algorithm compared to traditional methods. In general the ratio of a traditional
method to our algorithm is

_ ad® B G
ad®3_, dim(p)*/|G|* B >, dim(p)*’

a(G)

where G is the symmetry group of the data and p denote the irreducible representa-
tions of G.

We then proceeded to illustrate the algorithm using a data set obtained by nu-
merically solving a Lorenz tyvpe svstem of ordinary differential equations. This data
set enjoyed S3 symmetry. [t was shown that 95% of the energy of the 7 dimensional
svstem was concentrated in a 3 dimensional subspace. The efficiency factor in this
particular example was 9.8. This example concluded the investigation of finite groups.

We then continued by extending our results to the case of compact Lie groups
acting on a manifold M and thus on the space of continuous C"-valued functions
F(M). We had to adjust our tool and theory to this situation. which mainly con-
sisted of replacing sums in averaging processes and inner products with integrals and
Haar integrals if necessary.

For this new application of the algorithm we presented several examples illustrat-
ing the procedures. The most serious and detailed example consisted of data in the
manifold of vector fields tangent to the sphere which were acted upon by the spe-
cial orthogonal group SO(3). We generated a 5000 element data set by numerically
solving a vector valued version of the complex Ginzburg Landau equation. Using our
algorithm to find the KL basis vectors we succeeded in approximating the data set

with an error of 2.63% in a 23 dimensional subspace of the original vector space of
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tangent vector fields.

Applications for the method we described in this dissertation arise naturally in
the fields of pattern analysis and image/signal processing. \Whenever it is necessary
to work with images it is of interest to represent them in an optimal manner with the
least computational cost. The KL decomposition provides the optimal representation
of a set of images. and the described algorithm reduces the computational cost of the
method whenever the images exhibit symmetry. Thus our method can be applied to
any kind of data enjoying symmetry. i.e. atmospheric data. readings from the earth
core, solar data. images of faces. snow flakes. houses. and plants. Our method could

also be used to detect symmtery in a data set. or the degree of symmetry present.
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