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ABSTRACT OF DISSERTATION
ESTIMATION FOR SOME LINEAR AND NONLINEAR TIME SERIES MODELS

This dissertation concerns parameter estimation for two different classes of models.
One class is parameter-driven generalized linear models (GLMs) for time series, which is an
important tool in modeling non-Gaussian time series. We first consider a negative binomial
logit regression model for studying time series of count data. Serial dependence among
observed data is introduced by incorporating a latent process in the link function of the
model. We apply a standard GL.M estimation by ignoring the latent process and maximizing
the resulting pseudo-likelihood. We show the consistency and asymptotic normality of the
GLM estimator under two cases: where the latent process is a stationary Gaussian process,
and where it is a stationary strongly mixing process. We also study parameter-driven GLMs
for general time series, where the observation variable, conditional on covariates and a latent
process, is assumed to have a distribution from the one-parameter exponential family. We
generalize the asymptotic results of the GLM estimator under suitable conditions, and thus
unify in a common framework the results for Poisson log-linear regression models (Davis,
Dunsmuir, and Wang, 2000), negative binomial logit regression models, and other models.

Another class of models that we study consists of noncausal and/or noninvertible
autoregressive-moving average (ARMA) models. The ARMA models are a class of linear
time series models, which provides a general framework for studying stationary processes.
In the classical Gaussian framework, causality and invertibility are assumed in order to
eliminate the nonidentifiability of the parameterization. In a non-Gaussian setup, however,
the assumptions are artificial because causal and noncausal (or invertible and noninvertible)
models are identifiable. In this dissertation, we remove the assumption of causality and

invertibility under non-Gaussian setups, and investigate exclusively least absolute deviation
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(LAD) estimation, which is widely used in the non-Gaussian setting, especially when ob-
servations are heavy-tailed. We first consider MA(1) models. Consistency and asymptotic
normality are established for the local LAD estimator, the global LAD estimator, and the
linearized LAD estimator in both the invertible and noninvertible cases. Then, we investi-
gate LAD estimation for noncausal and/or noninvertible ARMA (p, ¢) models. We establish
a functional limit theorem for random processes, from which the asymptotic results of the

LAD estimator follow.

Rongning Wu
Department of Statistics
Colorado State University
Fort Collins, CO 80523
Summer 2007
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1 INTRODUCTION

This dissertation concerns parameter estimation for two different classes of models.
The first is a class of nonlinear time series models, which is an important tool in modeling
non-Gaussian time series. For example, if the time series consists of counts, especially when
the counts may be small, then Gaussian models are inappropriate. Examples of modeling
time series of counts can be found in many applications, including time series of monthly
polio counts in the USA (Zeger, 1988; Davis, Dunsmuir, and Wang, 2000), daily asthma pre-
sentation at a hospital in Sydney (Davis, Dunsmuir, and Wang, 2000), and traffic accidents
in the county of Visterbotten, Sweden (Brannéds and Johansson, 1994). In the dissertation
we apply the generalized linear model (GLM) estimation for this class of models. The
second class of models consists of noncausal and/or noninvertible autoregressive-moving
average (ARMA) models, which arise frequently in time series modeling and real applica-
tions. For example, noncausal models have been used for deconvolution of seismic signals
(Wiggins, 1978) and modeling the trading volume data of Microsoft stock (Breidt, Davis,
and Trindade, 2001) (see Breidt, Davis, and Trindade (2001) for a list of applications for
noncausal models); and noninvertible models have appeared in vocal tract filters (Chien,
Yang, and Chi, 1997), analysis of monthly time series of unemployment in the USA (Huang
and Pawitan, 2000), and seismogram deconvolution (Andrews, Davis, and Breidt, 2006).
We study the least absolute deviation (LAD) estimation for noncausal and/or noninvertible

ARMA models.

1.1 A Class of Nonlinear Time Series Models

In the first part of this dissertation, we study parameter-driven GLMs for time series. Our

research is motivated by Davis, Dunsmuir, and Wang (2000), who studied Poisson log-linear
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regression modeling for a time series of observed counts. In their model, the mean function
was specified by a linear predictor modified by a latent process. The asymptotic properties
of the standard GLM estimator were derived and applied to real-life data sets. The goal of
our research is to extend their asymptotic results for Poisson log-linear regression model,
first to the negative binomial logit regression and then to a general setup, assuming that
the observation at a specific time, conditional on covariates and a latent process, has a
distribution from a one-parameter exponential family.

We consider first GLMs for time series of count data and then GLMs for general time
series. The count data cannot be satisfactorily handled within a classical Gaussian frame-
work because they are nonnegative and integer-valued. A common phenomenon in count
data is overdispersion (the variance is larger than the mean). Although the overdispersion
has little effect on estimates of the regression coefficients, standard errors may be seriously
in error without an appropriate accommodation of it (Xue and Deddens, 1992). Many au-
thors have considered overdispersed Poisson and overdispersed binomial regression models
for studying the overdispersion in count data. In this dissertation we consider overdispersed
negative binomial regression models. The negative binomial, as well as Poisson and bino-
mial, regression models can actually be treated as special cases of a model class: generalized
linear models. As an extension of classical linear models, GLMs are a widely used family
of models for analyzing count data (see McCullagh and Nelder, 1989).

On the other hand, a typical characteristic with time series data is serial dependence.
Modeling time series of counts requires one to accommodate serial dependence among data
as well as discreteness of data. When incorporated in serial dependence, GLMs provide
a class of models for studying time series of counts. In the literature, many different
approaches have been proposed to add serial dependence to the standard GLM setting.
Cox (1981) classified the time series models for serially dependent data into two classes:
observation-driven models and parameter-driven models. The observation-driven models
insert the dependence into a model by making the current observation depend explicitly on

past outcomes. In contrast, the parameter-driven models specify an underlying autocorre-
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lated latent process to introduce dependence into observations. Both model specifications
are in fact able to handle the overdispersion in count data as well. GLMs for time series
that we study in this dissertation are a type of parameter-driven models. An unobserved
autocorrelated process is incorporated into the link function of a GLM, which introduces
serial dependence among observed data.

A parameter-driven GLM for time series consists of two components: random compo-
nent and systematic component. The random component states the conditional distribution
p (Yi|x¢, o) of observation variable Y; given covariates x; and a latent process a;. Obser-
vation variables are assumed to be conditionally independent. On the other hand, the
systematic component specifies a link function f(-) such that f (u;) = x 8 + a;, where
uz is the conditional mean of Y;. The unobserved latent process {a;} introduces serial
dependence into the model; it is assumed to evolve independently of the observed data.

Due to the existence of the latent process, the likelihood cannot be expressed in a
closed form of observations and the limit theory for maximum likelihood estimator (MLE)
is difficult. One way to get around the difficulty is to ignore the latent process in the model
and consider the GLM estimator obtained by maximizing the resulting pseudo-likelihood.
The idea of GLM estimation is well-illustrated by Wang (2002). Consider a classical linear
model with time series noise, namely, ¥; = x!/8 + Z;, where {Z;} may be a stationary
Gaussian process. To fit the model, we can first ignore serial dependence of {Z;} and
estimate the parameter vector § using ordinary least squares (OLS) method by regressing
the data vector (Y7,... ,Yn)T onto the regressor vector x;. Although the resulting model is
misspecified, the OLS estimator of 8 has the same asymptotic efficiency as its MLE under
a wide class of models for {Z;} (Hannan, 1970). Once a consistent estimator B of B is
obtained, the autocovariance function (ACVF) of {Z;} can be consistently estimated from
the sample ACVF of residuals. Then, a model can be selected for {Z;}, and the parameter

vector # and also parameters of the model for {Z;} can be re-estimated using MLE.
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1.2 Noncausal and/or Noninvertible ARMA Models

The second part of the dissertation considers inference for noncausal and/or noninvertible
ARMA models. We investigate LAD estimation for possibly noninvertible MA(1) mod-
els (moving average models of order 1) and noncausal and/or noninvertible ARMA(p, q)
models, and explore the asymptotic behavior of the LAD estimator.

The following definitions and notation are based on Brockwell and Davis (1996). A
time series { X} is called an ARMA process of order p and ¢, denoted as ARMA(p, q), if it

is stationary and for every ¢ satisfies the recursion,

Xy -~ 91 X4 — 0 — GpXt p=Zt +01Zs 1+ + qut_q, (1.1)
where {Z;} ~ WN (0, 02) (white noise with mean zero and variance o2), ¢, . . . y$p, b1, .., 0
are constants, and the polynomials ¢ (z) = 1—¢12—---—¢,2P and 0 (2) = 14+0; 24 - -+ 0429

have no common factors. A stationary solution {X;} of the equation (1.1) exists (and is
also unique) if and only if ¢ (2) # 0 for all |z] = 1. If §(z) = 1, then the equation (1.1)
reduces to

Xt - ¢1Xt—l — ¢pXt—p = Zt (12)

and {X,;} is said to be an autoregressive process of order p, or AR(p). Likewise, if ¢ (z) =1,

then the equation (1.1) reduces to
Xe=Zy+0Zi 1+ -+ qut—q (13)

and {X,} is said to be an MA process of order ¢, or MA(g).

Causality means that X; can be expressed in terms of current and past Z,’s. That is,
there exist constants {1;} such that X; = >7224;Z;; for all t, where >3- || < co. Or
we can say that, the observation at a given time is caused by current and past values of
the noise. Causality is equivalent to the condition that all the roots of the polynomial ¢ (z)

are outside the unit circle in the complex plane. Then v;, j =0,1,..., is the coefficient of
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27 in the Taylor series expansion of 6 (z) /¢ (z), |z| < 1. On the other hand, if there exists
any root inside the unit circle, then the model (1.1) is said to be noncausal. Furthermore,
if ¢ (2) has all its roots inside the unit circle, i.e., ¢ (2) # 0 for |z| > 1, then the model (1.1)
is purely noncausal.

Likewise, an ARMA(p, q) process is said to be invertible if there exist constants {;}
such that Zy = 3772, m; X—; for all ¢, where ) 22 |m;| < oo. Invertibility means that Z;
is expressible in terms of {X; s < t}, and is equivalent to the condition that all the roots
of the polynomial 8 (z) are outside the unit circle. An ARMA(p, q) process is said to be
noninvertible if it is not invertible; moreover, it is purely noninvertible if Z; is expressible
in terms of {Xs;s > t}.

The ARMA models are a class of linear time series models, which provides a general
framework for studying stationary processes (Brockwell and Davis, 1996). However, in the
classical Gaussian framework, one usually assumes causality and invertibility of an ARMA
model for identifiability reason. In our research, we remove the assumption of causality and
invertibility under the non-Gaussian setup; the motivation of studying noncausal and/or
noninvertible ARMA models relates to different model representations of {X;}. Suppose
for a causal-invertible ARMA(p, ¢) process, the AR polynomial ¢ (z) and MA polynomial
6 (z) have no roots on the unit circle, and all roots of ¢ (z) and 6 (z) are real and distinct.
By flipping roots of ¢ (z) and € (2) from outside the unit circle to inside the unit circle, one
can obtain 2°*9 model representations of { X;} that correspond to the same autocorrelation
function (ACF). For example, the following two MA(1) processes

Xi=2;+ 2Zt—la Zy ~ WN (0,0’2) ) (1 4)

Y't = Wt + .5Wt_1, Wt ~ WN (0,7’2) s

have the same autocorrelation function

1, if h =0,
p(h) =< 2/5, if |B] =1,
0, if |hl > 1.
5
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Figure 1.1: Sample path of noninvertible MA(1) process X; = Z; + 22,1, Z; ~ IID N(0, 1).

The first process in (1.4) is noninvertible, while the second process is invertible. Notice
that the two coefficients are the reciprocal of one another.

If the underlying noise is Gaussian, then the probability structure of { X;} is completely
determined by its mean and autocorrelation functions. It follows that the probability struc-
ture of {X;} is the same for all 2P*7 representations up to a scale factor. This implies that
causal and noncausal models are not identifiable; neither are invertible and noninvertible
models. In other words, there is no point to discriminate between causal and noncausal
models or to discriminate between invertible and noninvertible models in the classical Gaus-
sian setup. The causality and invertibility are assumed only to remove the nonidentifiability
and configure the model uniquely. To see this, let us look at an example. In Figure 1.1, five
hundred observations were simulated from the noninvertible MA(1) process Xy = Z;+27Z;_,,
where Z; ~ IID N(0,1) (IID stands for independent and identically distributed). We fit
noninvertible and invertible models to the data. For each fitted model, we compute the
residuals and plot the ACF of residuals. From Figure 1.2 (a) and (b), we see that for each
fitted model the residuals are white noise since the autocorrelations at most of the time lags
> 1 are within the 95% confidence bands. We further check the independence of residuals
for each fitted model by plotting the ACF of their absolute values (Figure 1.2 (c) and (d)).

We see that residuals from both fitted models also appear independent. This indicates that
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(a) Noninvertible model (b} Invertible model
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Figure 1.2: (a) ACF of residuals from noninvertible model. (b) ACF of residuals from invertible
model. (c) ACF of absolute values of residuals from noninvertible model. (d) ACF of absolute
values of residuals from invertible model.

both fitted models perform equally well.

On the other hand, if the underlying noise is non-Gaussian, then different configurations
lead to different probability structures of {X;}. That is, causal and noncausal models are
identifiable; so are invertible and noninvertible models. For illustration, we simulated
another five hundred observations from the same model X; = Z; + 2Z;_; but where {Z,;} is
IID having a Student’s ¢ distribution with 3 degrees of freedom (see Figure 1.3). As before,
we fit both noninvertible and invertible models to the data, compute the residuals and
plot ACF's of residuals and absolute residuals for each fitted model, which are displayed in
Figure 1.4. From Figure 1.4 (a) and (b), we see that the residuals from both fitted models
are white noise, same as in the previous example. However, Figure 1.4 (d) suggests that
the residuals from the invertible fitting are not independent, since the absolute residuals
have significant autocorrelations at time lags 1 and 2. Therefore, the noninvertible fitting
is more appropriate in this example.

Now it should be clear that, for non-Gaussian ARMA processes, distinguishing between
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Figure 1.4: (a) ACF of residuals from noninvertible model. (b) ACF of residuals from invertible
model. (c) ACF of absolute values of residuals from noninvertible model. (d) ACF of absolute
values of residuals from invertible model.
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invertible and noninvertible models and distinguishing between causal and noncausal mod-
els are meaningful.

In a non-Gaussian setup, if the distribution of underlying noise is known, then we can
apply the likelihood approach to parameter estimation for a noncausal and/or noninvertible
ARMA model. For example, Lii and Rosenblatt (1992) proposed a procedure to estimate
the coeflicients of a noninvertible MA process and showed the consistency and asymptotic
normality of the estimator under some regularity conditions. Their method is analogous
to that proposed by Breidt et al. (1991) for the noncausal AR process driven by IID non-
Gaussian noise, who established the asymptotic results for the MLE of model parameters.

But, in practice we usually do not know the actual distribution of underlying noise.
In this situation, several approaches have been suggested. For example, we may use a
pseudo-likelihood method, namely, we approximate the noise distribution with some known
distribution and take the corresponding likelihood as an objective function. As an alter-
native, we may use the LAD method, especially when observations display a heavy-tailed
characteristic. Actually, an approximation to the likelihood, assuming that the underlying
noise is Laplacian, yields an absolute deviation criterion.

The LAD estimation, which minimizes the absolute norm of residuals, is widely used
in non-Gaussian settings. It is an analogue to the least squares method, which minimizes
the Euclidean norm of residuals. The least squares method has been widely employed and
performs well when the noise is Gaussian or near-Gaussian. However, in real life, time series
driven by non-Gaussian noise exists abundantly; for example, it is common in econometrics
to observe heavy-tailed time series, such as stock price and returns on financial assets. In
such cases the LAD estimation is more appealing than the least squares method; LAD

estimator is more robust since it is less sensitive to outlying observations.

1.3 Outline of Dissertation

In Chapter 2, we study parameter-driven GLMs for time series. We give a brief overview

of negative binomial distributions and GLMs. A literature review on parameter estimation
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for parameter-driven time series models is also given. We first consider regression analysis
of time series of count data in a negative binomial logit setup, and show the consistency and
asymptotic normality of the GLM estimator. The proof is given under two cases: where the
latent process is assumed to be a stationary Gaussian process, and where it is assumed to
be a stationary strongly mixing process. Then, we extend the study to regression analysis
of general time series, where the conditional distribution of the observation variable Y%,
given covariates x; and a latent process «, is assumed to come from the one-parameter ex-
ponential family. The asymptotic results of the GLM estimator are proved in the appendix
of the chapter. Also included in the appendix are technical details. A simulation study is
undertaken, and an application to real data is given.

In Chapter 3, we investigate LAD estimation for MA(1) models in both the invertible
and noninvertible cases. The LAD criterion is derived based on Breidt, Davis, Hsu, and
Rosenblatt (2006). We show the existence of a sequence of local LAD estimators that is
consistent and asymptotic normal. Consistency and asymptotic normality are established
for the global LAD estimator with additional assumptions on the distribution of underlying
noise. We also propose a linearized LAD estimator and derive its asymptotic properties.
A numerical study is conducted to evaluate the asymptotic theory about LAD estimators.
Technical details are given in the appendix of the chapter.

In Chapter 4, LAD estimation for noncausal and/or noninvertible ARMA (p, ¢) models
are investigated. We deconstruct an ARMA(p, ¢) model into its causal, purely noncausal,
invertible, and purely noninvertible components, and focus our study on the deconstructed
model. We derive the LAD criterion by a likelihood approximation assuming the Laplacian
underlying noise. With a local approximation technique, we establish a functional limit
theorem for random processes, from which the consistency and asymptotic normality of the
LAD estimator are established. A simulation study is conducted for ARMA(1, 1) models,
and applications to real data are given.

In Chapter 5, we summarize the methods and results in previous chapters, and discuss

future work and open questions.

10
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2 GLM ESTIMATION FOR A CLASS OF NONLINEAR
TIME SERIES MODELS

2.1 Preliminaries

In this chapter we first study parameter-driven generalized linear models (GLMs) for time
series of count data in a negative binomial logit setup. We begin by giving a brief overview
of negative binomial distributions and GLMs. We also give a literature review on parameter

estimation for parameter-driven models in this section.

2.1.1 Negative Binomial Distributions

The negative binomial distribution, also known as the Pascal distribution or Polya distri-
bution, gives the probability of y failures in the first y + r — 1 trials with a success on the
(y + r)th trial for some fixed number r > 1. Its probability density function (pdf) is given

by
y+r—1
r—1

fr(y) = ( )pr A-p¥, y=012..., (2.1)

where p is the probability of success in each trial; and its characteristic function is given by

oy (s) = E (eisy) = (% - %eis) —T. (2.2)

We denote the negative binomial distribution with density (2.1) by NegBin(r, p). Actually,
the negative binomial distribution can be derived from several models, e.g., as a general-
ization of the geometric distribution, or as a mixture of Poisson distributions. Accordingly,
there are a variety of definitions in the literature. The negative binomial distribution has

been found to provide useful representations in many fields. For wide-ranging applications
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of the negative binomial distribution, see Johnson, Kemp, and Kotz (2005, pp 232-233).
When modeling random counts, one usually considers using the Poisson distribution.
However, many processes are not adequately modeled by Poisson distribution, e.g., when
counts tend to occur in clusters. As a natural extension of the Poisson distribution, the
negative binomial distribution is more flexible and allows for overdispersion. Negative
binomial regression models are widely employed for analyzing count data. For example,
Lawless (1987) studied negative binomial regression models and examined efficiency and
robustness properties of inference procedures based on them; Xue and Deddens (1992)
developed tests for extra variation relative to negative binomial regression models; Booth
et al. (2003) extended the negative binomial log-linear model to dependent counts, where
dependence among the counts is handled by including linear combinations of random effects
in the linear predictor; Byers et al. (2003) presented a case study using the negative
binomial regression model for discrete outcome data arising from a clinical trial. However,
due to the difficulty of using negative binomial distributions to analyze time series of counts,
there is little in the literature to fully illustrate such applications. It is worth mentioning
that Benjamin et al. (2003) used a negative binomial conditional distribution to model the
monthly cases of poliomyelitis in the USA to demonstrate the application of their GARMA

model, which is a type of observation-driven models.

2.1.2 Generalized Linear Models

An important milestone in the development of regression models for count data was the
emergence of GLMs. The GLMs were introduced by Nelder and Wedderburn (1972), and
a large literature on the subject has since developed.

In a classical Gaussian linear model, we assume that an n x 1 response vector Y has
multivariate normal distribution with mean vector g = E(Y) = X8 and covariance matrix
0?1, where X = (x1, ... ,xn)T is n x [ design matrix and 8 = (4, ... ,ﬁz)T is {-dimensional
vector of regression parameters. The linear predictor n = (7, . .. ,nn)T, defined by n = X,

specifies the systematic component of the model. So, § = p in the classical Gaussian
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framework.

There are two extensions in GLMs from classical Gaussian linear models. Firstly, the
assumption of a normal distribution for Y, which describes the random component of the
model, is extended to any distribution from the exponential family. This generalization
allows errors to come from Poisson, binomial, multinomial, negative binomial, gamma
and inverse gamma distributions, among other possibilities. Secondly, a link function f(-)
specifies the relation between linear predictor 7 and mean g, namely 5 = f(p). The link
function may be any monotonic differentiable function with inverse function h(-), so the
mean g can be written in the form p = h(Xg).

A GLM is defined by the distribution assumed for Y, the form of link function, and the
terms in the linear predictor. Within this framework, a classical Gaussian linear model has
normal observation variables and identity link; a log-linear model has Poisson observation
variables and log link; a logistic regression model has binomial observation variables and
logit link; and so on.

Suppose that the component Y; of Y has a distribution from the one-parameter expo-

nential family, then its density can be written as

fy. (ye; 0¢) = exp {y: — b(0:) +c(we)}, (2.3)
where b(-) and ¢(-) are given measurable functions. It is well-known that
w=EY;) =b(0,) and Var(¥;)=0b"(6,), (2.4)

where '(-) and b”(-) denote the first and second derivatives of function b(-), respectively.
The link function f(-) is called a canonical link if 7, = f(u;) = 6;. Suppose Y; ndep
NegBin(r,p;), for t = 1,...,n. That is, the observation variables Yj, - - ,Y, are indepen-

dent, each having a negative binomial distribution. If we express the density of Y; in form
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(2.3), then we have

0 = log(l—p),

b(6;) = -—rlogp;=—rlog (1 - 69”) ,
+r—-1
c(y) = 1Og(ytr_1 ),
and
r(1—p) red
Nt‘—“ = o
Dt 1—e%

The canonical link function for negative binomial data is given by

Nelder and Wedderburn (1972) gave a unified procedure for model fitting based on
likelihood. For GLMs with canonical link function, Haberman (1977) provided conditions
under which the MLE is consistent and asymptotically normal. For GLMs with a non-
canonical link function, consistency and asymptotic normality of the MLE were established
by Fahrmeir and Kaufmann (1985). Wedderburn (1974) discussed estimation for GLMs
based on quasi-likelihood function. The asymptotic results of the maximum quasi-likelihood
estimator of the regression coefficient vector were given by McCullagh (1983). For details

of inference based on the likelihood function, see McCullagh and Nelder (1989).

2.1.3 Literature Review

The analysis of time series of count data is one of the rapidly developing areas in time series
modeling, and has been investigated by researchers in a great variety of contexts. In addi-
tion to applications mentioned in Chapter 1, Campbell (1994) investigated the relationship
between sudden infant death syndrome and environmental temperature; Johansson (1996)
used time series of counts to assess the effect of lowered speed limits on the number of road

casualties; Jorgensen et al. (1996) studied the relationship between respiratory morbidity
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and air pollution; Cameron and Trivedi (1996) discussed count data models for financial
data. Good reviews can be found in MacDonald and Zucchini (1997) and Cameron and
Trivedi (1998).

An overview of parameter driven models for time series of counts can be found in
Zeger (1988), Davis, Dunsmuir, and Wang (1999), and Kelsall, Zeger, and Samet (1999).
Zeger (1988) studied Poisson log-linear regression models for regression analysis with a
time series of counts, where serial dependence is introduced by adding a latent process to
the linear predictor. An estimating equation approach was used for parameter estimation,
and asymptotic results of quasi-likelihood estimator were established. Blais et al. (2000)
extended Zeger’'s asymptotic results for Poisson log-linear regression to the GLM setup
where each observation, conditional on a latent process, is assumed to have an exponential
family distribution, and the latent process is assumed to be stationary and strongly mixing.
Gourieroux, Monfort, and Trognon (1984) applied a pseudo maximum likelihood method to
Poisson log-linear regression models, where the latent process is IID, and showed the con-
sistency and asymptotic normality of the pseudo MLE. Davis, Dunsmuir, and Wang (2000)
developed a practical approach to diagnosing the existence of latent process in Poisson log-
linear regression models, and derived the asymptotic properties of GLM estimator for the
case where an autocorrelated latent process is present. Harvey and Fernandes (1989) stud-
ied a structural model for time series of counts and qualitative data using natural-conjugate
distributions. Jgrgensen et al. (1999) proposed a nonstationary state space model for mul-
tivariate longitudinal count data driven by a latent gamma Markov process; and estimation
was based on the Kalman smoother.

Since the likelihood of parameter-driven models for time series of counts is very com-
plex, Chan and Ledolter (1995) proposed a Monte Carlo EM (MCEM) algorithm and
showed that the resulting estimator of an MCEM algorithm gets close to MLE with a high
probability. Kuk and Cheng (1997) proposed a Monte Carlo Newton-Raphson procedure as
a viable alternative to the MCEM algorithm; it is computationally more efficient than the

MCEM algorithm. Durbin and Koopman (1997) considered state space models for observa-
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tions having a non-Gaussian distribution, and developed a likelihood estimation procedure
using importance sampling. Kuk (1999) showed that Durbin and Koopman’s method is
closely related to a method proposed by Geyer (1994) for simulating the likelihood of a
random-effect model and to a method proposed by Schall (1991) for approximating the
maximum likelihood estimate of a generalized linear mixed model. Kuk (1999) proposed a
hybrid method for approximating the likelihood function as opposed to Durbin and Koop-
man’s pointwise approximation. Durbin and Koopman (2000) discussed the analysis of
non-Gaussian time series using state space models from both classical and Bayesian per-

spectives.

2.2 GLM Estimator for Regression of Time Series of Count Data

In this section we consider regression analysis of time series of count data, where the
observed process of counts is modeled by a negative binomial distribution based GLM
and an unobservable latent process is incorporated in the mean function of the model to
introduce serial dependence among observed data. Like Poisson regression, the negative
binomial regression is one of the basic models for studying count data. Actually, Poisson()\)

is a limiting case of NegBin(r,p) as A = (1 — p) and r — 0.

2.2.1 Setup

Let {Y; : t =1,...,n} denote a time series of counts and suppose that for each ¢, x; is an [-
dimensional vector of observed regressors whose first component is 1. In some cases x; may
depend on the sample size n and form a triangular array x,;. We assume that, conditional
on the regressor {xn¢} and some latent process {a;}, the random variables Y3,...,Y, are
independent, where the conditional distribution of Y; depends only on «; and x,; and is
specified by a negative binomial distribution. To be specific, we consider the following
parameter-driven model:

inde

Yilag, Xp: "~ NegBin (r,p;), (2.5)
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where p; satisfies the logit model

Dt
1—p¢

log =x1B8 + . (2.6)

So, the conditional density function is given by

y+r—1

P (¥ = wlar ) = (17

)pz (1 —pe)*

fory; = 0,1,.... In (2.6), 8 = (B1,...,0,)" is the vector of regression coefficients of interest,
and we assume that x,; is fixed and that {a;} is a stationary Gaussian linear process. In-
stead of dealing with {o;} in the derivation, it is more convenient to use process {¢;}, where
et = e~ . Note that {¢;} is a strictly stationary nonnegative time series. Furthermore, we

center {oy} such that {e;} has mean 1 and autocovariance function (ACVF)
e (R) = Ef(er4n — 1) (& — 1)].

The condition of E(¢;) = 1 is imposed for identification purposes; without this assumption,
one cannot specify the mean of €¢; (see Wang, 2002). The conditional mean of Y; given oy

can be written in terms of ¢;:

7 (1 —p)

E(Yi|o) = P

=rexp (—x5,8 — ;) = rexp (—xL,B) €. (2.7)

Since {a;} is a stationary Gaussian linear process, one can derive an explicit relationship
between ACVF’s of {¢} and {a:}. To be specific, in order to satisfy the identifiability
condition of E(e™*t) = 1, it is required that oy ~ N(02/2,02), where 02 (or 74 (0)) is the

variance of process {a;}. The connection between two ACVF’s 7, (h) and 7, (h) is given

by ve (h) = exp (o (h)) — 1 for all h.
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2.2.2 Asymptotic Properties of GLM Estimator

The GLM estimator ,Bn of B is obtained by ignoring {a:} in the model and maximizing
log-likelihood function of the misspecified GLM. We investigate the large sample behavior
of ﬁn, and show that En is consistent and asymptotically normal under suitable conditions.

Before deriving the asymptotic properties of Bn, we evaluate the first and second mo-
ments of the observed process {Y;}. The mean, variance, and covariance are conditional

upon the linear regressors x,;. By (2.7), we obtain the mean u; of Y; as follows:
p=E(¥;) =E[E (Yila)] = B [rexp (-x1) er] = re ™,

where the last equality follows from the assumption of E(¢;) = 1. From the logit model

(2.6), we obtain

eXniBto 1 1
o= feXmBrar 14 e~XnB-ar ] 4 e Xnbe,’
1 1 e~ XnB—ar e‘xaﬂet
@ = — Pt =

1+ eXniPton T + e~ XneP—o 1 + e *nbe;

Then, the variance of Y; is

Var (Y;) = E[Var(Yi|a:)] + Var [E (Vi)
= E [T—(—l—p;—pt—)] + Var [r exp (—xgtﬂ) et]
¢
= E [re“"gtﬂet (1 + e‘xZﬁﬂet)] + 1% exp (—2x%,B8) Var (&)
= re P 4 e (4, (0) + 1) + rPenby, (0)

Y (0) +1
u?—e%ﬂt?% (0),

and the ACVF of 1} is

Cov(Yiyn, Y1) = Cov[E(Yirnlaiin),E(Yilag)] +0

—xT T
= Cov (re *nt+nBe, . re XniBe,
t+h
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= 2 (Rentx0)By ()

= Mt+htVe (h) )

for h # 0.
Let Yi,...,Y, be observations from model (2.5) and (2.6) with the true parameter
vector Bg. The GLM estimator ﬁn is obtained by maximizing the following pseudo log-

likelihood function:

1) =t { 1T (%7 - 90" )
=7 3 logp: + 3 Yilog (1~ py) +log [T (e (2.8)
t= t= =

t
n 7 "
=—r > log (1+e 8} = 3" Vilog (1+e*e8) +1og [T (77Y).
t=1 t=1 =1

Assumptions on the regressors x,,; are needed in order to establish the asymptotic results
of Bn We assume that there exists a sequence of nonsingular matrices M,, such that the

regressors X,; satisfy the following conditions:

n
Q
MZ; (Z xntxgte_thﬂ()) M, - milisd E‘ﬂO)» (2.9)
t=1
= - Q0 (Bo)
MT | S xpxTle2nbo | M, — —2 00 2.10
<; t t n r (’y€ (0) ¥ 1) ( )
and
n
Q
M7 <Z XntXL +he—("5t+xf,t+h)ﬂo> M, — hr(f‘)) (2.11)
t=1
uniformly in A as n — oco. Further, for & < 0,
1-h R
My (Z xme,Hhe‘("m*"wh)“"’) M, — 0 (2.12)
t=1

with the left-hand side being uniformly bounded in k as n — oo, and for h > 0,

n
MY < ) xntxZ,Hhe“<"5t+*5-t+h)"°> M, — 0 (2.13)
t=n—h
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with the left-hand side again being uniformly bounded in h as n — oo. (See Davis, Dun-

smuir, and Wang (2000) for a wide range of regressors that satisfy the conditions.)

We define

2, (Bo) Var

I

MY o (¥ —m>}

t=1

n n
= M; Z XntX; Var () My, + M, Z XnsX 1, Cov(Ys, Yi )M,
t=1 s,t=1,s#t

0)+1
= M, Z XntXnt [ut + ui % + e (0)] My,

+MZ Z xnsxgtﬂs#t% (s —t)M,

s,t=1,s7#t

0)+1 =
= M antxnt |:,Uft + M?L] M, + Myj; Z anXZthNt'Ye (s — t) M.

s,t=1

Then the asymptotic results of Bn when the latent process {4} is a stationary Gaussian

linear process are summarized in the following theorem.

Theorem 2.1 Let Bn be the GLM estimator of parameter vector B in model (2.5) and
(2.6). Assume that the regressors Xne satisfy (2.9)-(2.13), supi<icpn |[MExn:| = O (1/y/n),
and Y poo Ve (h)] < 0o. Then

En (Bo) = 1 (Bo) + 2 (Bo) + s (Bo)
where Q3 (Bo) = 15° _ Q% (Bo) Y (h). Moreover, B,, — By in probability and

-1 (B~ o) 4 M0, [9f (80)] [0 (Bo) + 9 (8 + 21 (8] [2] (80)] )
as n — oo, where

T
¥ _ T XntXnlt
Q] (Bo) = lim My Z————He_xntﬁoMn,
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s

n T
al = lim MT Y Tntfmbt
1(Bo) = lim My ; e’

Ye (0) + xntXZt.ut2

1 n
Qb (o) = LT jim MTS S Entetht g
r n— 00 ; (1 _{_e—thﬂO)

and

QL Bo) = > Qf(Bo)ve (h),

h=-—00

with
n T
Qi ,3 = 1 MT xntxn,t+hﬂtﬂt+h
1 (Bo) = lim M, E = -
n—o0 P (1+e'xntﬂ0>(l+e nt+h 0)

Proof. Maximizing ! (8) in (2.8) is equivalent to minimizing

HE 180 = 73 [iog (14 e¥H8) —1og (1-+¢¥E0)]
t=1

+ i Y; [log (1 + e"z*’s) — log (1 + ethﬁ")]

t=1

=7 i [log (1 + e"xfﬁﬂ) — log (1 + e"thﬁo)]

t=1

rS e xnbo [log (1 + ethﬁ) — log (1 + exﬂﬁo)]

t=
n

3

+

Note that
log (1 + exztﬁ) — log [(e_thﬂ + 1) ethﬂ] — log (1 + e_'thﬂ) + XZt,Ba

and similarly log (1 + exfzﬁ()) = log (1 + e_"Ztﬂo) +x7%.B80. We can rewrite equation (2.14)

as
—[B) -1B)] = r i [log (1 + e_"Ztﬂ) — log (1 + e—X,T,ﬂo)]

t=1
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n
+r Z e~ XntPo []og (1 + e—thﬁ) +x7,8 — log (1 + e_thﬂO) o xztﬁo}
t=1

n
+ Z (Yt - re_thﬂO) [log (1 + exztﬂ) - log (1 + ex:tﬂ")]
t=1

n
= Y e *nPoxT, (8- fo)
t=1

n
+r Z (1 + e_xztﬁ") [log (1 + e_x'Tnﬂ) — log (1 + e‘xZﬂﬁo)]

t=1
n

— peXniB By _ B
+tz:; (Yt re” *nt ") [log (1+ex ¢ ) log (1+ex ¢ 0)] (2.15)
We define vector u by
u=M;' (8 -5,

and function g, (u) by

gn (0) = —[1(B) — 1 (Bo)] = —1(Bo + Mnu) + 1 (Bo) .

Then
9n (u) = 9gn,1 (u) — gn2 (u) 3
where

T
gna(u) = ’I‘E e x"tﬁoxgtMnu
t=1

n
+7 Z (1 + e—xaﬂo) [log (1 + e—xzt(ﬂo+MnU)> —log (1 + e—xztﬂo)jl ’
t=1

and

n

=_ — re~XmB x5y (Bo+Mnu) ) _ xpBo )|
gn2 (u) = ;(Yt re” nt 0) [log (1+e o+ ) log (1+e t 0)]
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For any fixed u, we will show that
L 7ot
gn,1 (1) = su Ly (Bo) u (2.16)

and

gnz (0) S uT N(0, Q1 (8o) + QF (Bo) + 9 (Bo)). (2.17)

Consider (2.16) first. Let function ¥ (z) = log (1 + €%), then its first three derivatives

are
T T T _ T
© (@)= —5 and 9O (5= 1=€)

¥ (z) = , , i S
(@) 1+e® (1+e2)? (1+e2)’

Since sup;<;<, |[MZxn¢| — 0, expanding log (1 + e—XZt(ﬁoJrMn“)) in a third degree Taylor

series about —x21,3q yields

~xT,80
—xT,(Bo+Maw))  _ T, ﬁo) R
log (1+e ) = log(1+e% g M
T
e~ XniPo 2 3
+ 5 (thMnu) - C}, (xgtMnu) )

2 (1 + e—xftﬂo)

where C1, = 93 (—xI,B0 + 6%,) /3! for some 4}, between 0 and —xZ,M,u. It follows that

n
T
—X T
gna(u) = TE e "tﬂ"xntMnu
t=1

n —xyTnﬂo _"Zzﬂo
+7r Z 1+ ¢~ XneBo ——e—xT M,u+ ¢ (xT Mnu)2
1 —xT Bo nt T 2 nt
t=1 te T 2 (1 + e“xntﬂ°>
- T 3
- Z cl (1 + e—xntﬂ") (xZ,Mpu)
nt:BO 2
N _Z e nMou)” + By (),

where E! (u) = —rY 7 | CL, (1 + e‘xztﬁo) (xftMnu)S. We will see that E} (u) — 0, and
hence (2.16) follows.
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Turning to (2.17), we similarly expand log (1 + eXnt (ﬁ°+M““)) in a second degree Taylor

series about x2,8y and obtain

ethBO

log (1 + exnulBo M)} = Jog (14 e"ftﬁ‘)) + KT, Mpu + C2, (x%;Mnu)®,

1 + eXntBo
where C2, = 9 (xI,80 + 62,) /2! and 62, lies between 0 and x2,Mpu. Then,

e"gtﬂo

n
T 2
gna(u) = =) (Yt —re x"‘ﬂ") {mxﬂMnu +Chy (x5 Myu) }
t=1 "

- T8 thMnu = 9 T T 2
- 3 () S, (- )
t=1 " t=1

—uTU, - EX(u),

where

U, = Zn: (¥e = rexibo) _Maxn (2.18)
G t 1+ e~*nibo '

and E2 (u) =31, C% (Yt - Te—foﬂo) (thMnu)z. We will see that E2 (u) — 0 in prob-

ability. So, in order to show (2.17), it suffices to show

U, 3 N(0,0 (8o) + 94 (Bo) + 2 (Bo))-

ind . . .
Recall that Yi|oy T NegBin(r, p;), and then the characteristic function of Y; given oy is

; 1L 1-p i\
1) s) = E (e¥*"t|a;) = (-— - ——e’s) .
Ytlat( ) ( I ) Dt Dt

We rewrite U, as
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For every real vector s,

n —-xZ:Bo n sTMT
<TU., T aT e xnt is' M, x t
E (e’s [at> = exp (—T‘ZZS Mnxntm> X HE [exp (ﬁn> |0‘t]

t=1 € t=1
n Bo
i _ .T T nt
= exp < 'rt_zlzs M xntl e“xntﬂo)
n TMT -
X H [(1 + €€ Mﬂo) — ete"‘ZtﬂO exp ( s _xx:;t )} )
t=1 1+ e™Xne%0
and
. ntﬁo
logE (elSTU" at) = —r) is M x t———————
| ; "1+ e xnibo

isTMZ
e r et o () )
e nt

t=1

T AT
Let Qnt = ;e *ntBo [exp (—T—zs M”"Zé) - 1] . It is easy to show that Ve > 0
14e *nt

P(lrgax ]Qnt[>5) —0 asn— oo

Applying a Taylor expansion to log (1 — Qnt), we get

n

Z log (1 — Qne)1 {

1r<na<x [Qn:|<e}

= £ max <€
t=1 11'<na<x 'Qnt'< 1<t IQﬂt[

——i[QntJr(‘@it—)]l{ }—Ef;l{ }

where 1;, is indicator function and E3=%7", Z 3 (Qne)’ ' /§. For n large enough, there-

fore,

logE (eisTU"Ia ) = —rzn:isTMTx -————e_XZtﬁo + ri Qnt + —(Qnt)Q
g t pe nant 1 + e-thBO < nt 2

N <D sTMIxn \ . isTMIXn
{r) e exp | —7— 1- —F—
=1 1 + e *neBo 1 4 e~ *n:Po

+ TE?L
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7 & (STM;{xnt)2e‘2x£zﬂ0

2
t=1 (1 + e‘xztﬂ°>

—xT 18" M X
+{r) (e —1)e *mibo [exp (ﬁ) - 1]

t=1

2 _
(e (0) + 1) 7 = (sTMIxy,)” e~ 2xnibo

2
t=1 (1 + e‘xztﬁo)

n . TMT 2
+% t——ZletZe—?thﬁo |:eXp ( 18 n;(nt > . 1] } 4 ’I"Eg

1+ e~ *ntPo
= D,+ F, +rE3.

That is,
E (eiSTU"Iat> = exp (Dn + F, + rEg) .

We will see that E3 — 0 in probability. As to D, we have

isTMLx,, isTMTx,,
D. = x B0 n — 2 T nant
n T Z e {exp (1 n e—xmﬁ0> 1 T o—xT.Bo

() + 1) O (M) e 2

)
2 =1 (1 + e"%ﬁo)
T zn: (STMZXM)2 e~ *niBo e (7e (0 )r Tngnt)2 e—2x%Bo
- T 5 ) n ) )
2 t=1 (1 + e_XZtﬁ()) t=1 (1 + e—x,’{tﬂo)
T T
where B4 = 7 37 e *ncBo % (is™™ x"t) . We will see that EX — 0. So,

Dy =~ (9 (80) + 9 (80)] s (2.19)

Moving on to F;,, we will show

F, 5V, (2.20)
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where V is a Gaussian random variable with mean zero and variance STQ‘% (Bo) s, by showing

and

|F, —iCy (s)] 5 0 (2.21)
Cn(s) SV, (2.22)

where C,, (s) is defined by

To be more specific on (2.21), we have

F,—iC,(s) =

So

|Fo—iCa(s) < 5| nh

= —1).
Cr (S) r o 1+ e_x’rI:tﬂO €t )
FE,—r z": isT Mg xpyeXnef0 e — 1)
n
t=1 1 + e_xntﬂo
n
P S (e — 1) e~ |exp isTMT'x,, L isTMZIx,,
poe 1 + e~ *ntPo 1+ e=XntPo
n TaT 2 _—2xT,B8
T (s Mnxnt) e “Xntho
+5 > (1 (0) +1)

n . TanT 2
TN 2e-2<Ebo I8 My Xnt \ _
+2 Zete t [exp (1 ooxTBo 1

n . TMT
rS (e — 1) e ¥hiBo [exp (u) 9

iSTMZXnt
1+ e~ XniBo

1 + e~ *ntBo

n TaaT 2 —2xT B
r s' M, xp; )" e “Xnet0
5>l = (7 (0) +1)] (570, ) ;
(1 + e‘xztﬂo)

. 2
r i 2 _oxT Bo ZSTMZXnt 2 (STMZ;Xnt)
+_Z€t6 nt exp ——ﬁ -1 +——"—2'
1+ e*mfo (14 ko)
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3
t=1 (1 + e"‘ZtﬂO)

= g |T1| + Const - Ty + —;: |T3| + Const - T}, (2.23)

where the two Const’s are not necessarily identical. We show that the terms T}, = 1, 2, 3, 4,

go to zero in probability, respectively, and hence establish (2.21). The variance of T} is

Var(T3) = Var

" (sTMTx,,;) e 7XniP0 (sTMTx,,,)® e *hebo

Cov (Eja et)

2
=1 t=1 (1+e_xzjﬂ0> (1+e—x$t"°)2
4
< (sup ISTMan¢|) n Y e (R)
1<t<n
lhl<n
— 0

?

because sup;<;<p, |sTMant| = 0(1/y/n) and Y, |7e (h)| < oo. It follows that T} converges
to its mean zero in probability. Likewise, the term 73 also converges to its mean zero in

probability because its variance goes to zero. That is,

i (STMZXnt)Z e~ 2xniPo
3
t=1 (1 + e_"ztﬂt))

2 _oxT. 2 _oxT
T (sTMIxp;) e 2x;,;80 (s"™MZIxn) e 2x7:Bo

= 2.

Var (I3) = Var

e = (7 (0) +1)]

Cov (e?, e%)

2
j=1 t=1 (1+e"‘£]‘"°) (1+e"‘TTuﬂo)2
4
< (sup isTM?,fxm|) S b ()
1<t<n
lh|<n
— 0.
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The nonnegative term 75 converges to zero in probability since its expectation converges

to zero:

n |STMant|3e—xZ[tﬂo o - 1| z": |sTM£Xm|3 e~ *ntBo
t — =

E T 3 T 3
t=1 (1 + e—xntﬂ‘)) t=1 (1 + e—xntﬁo)

Ele -1 —0

because El|e; — 1| is bounded and sup; <<, fsTM?;me =0 (n‘%) Likewise, the term
T, converges to zero in probability. On the other hand, the convergence (2.22) can be
shown by adapting the technique for proving the central limit theorem of linear processes

(see Section 2.5 Appendix). The variance STQ:'E (Bo) s of random variable V is the limit of
Var[Cy, (s)]:

n

TMT ~xT,Bo 2
ry T (e —1)
t=1 1 + e—xntﬂo

Var[Cr(s)] = E

n n —xT.Bo T —xT Bo
Xp€ TMTUX € Tt
— T'2STMT nj nt

n —xT. T
j:l t=1 (1—}—8 xn]ﬁ()) (1+e—xntﬂ0)

— T} (Bo)s.

Cov (€5, €:) Mps

Moreover, following the same lines in deriving the convergence of the term 77, we can show
that E2 (u) — 0 in probability; following the same lines in deriving the convergence of the
term T3, we can show that E3 — 0 in probability, E! (u) — 0, and E2 — 0.

Putting all the pieces together we obtain
1 .
D, +F,+rE3 % —58 [Qi (Bo) + 2} (ﬁo)] s +iV,

and hence

E (eisTUn> - E [E (eisTUnlat)]
= E [exp (Dn + F, + rE,?;)]

— e {357 [0 90) + 05 (80)] s+ v }
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~ e {—3" [0 (60) + 2 (B0)] s} B ()
1

= exp {— 28T Qf (Bo) + Qé (ﬂo)} s} - exp {—%STﬁﬁ (Bo) s}

— exp {357 [0 (B0) + 2 (8u) + 2 (Bo)] s}

That is, U, % N(0, 2} (8o) + Q2 (Bo) + QL (Bo)). Hence (2.17) follows.

Since g, has convex sample paths,

u”Q} (Bo) u —uT - N(0,9 (8o) + Q4 (Bo) + Q% (Bo))

in distribution on the space C (R") (see Rockafellar (1970) and Pollard (1991)). It follows
that, the estimator 4, = M (Bn - ,Bo>, which minimizes g, (u), converges in distribution

to the minimizer U of g (u). But

6= [0 (80)] - N(0,0 (Bo) + 24 (Bo) + 2 (B0)),

or equivalently

-1

5~ N, [ (80)] [0 (Bo) + 2 (B0) + 95 (80)] [ (8)] ).
Therefore,
M;" (B, - Bo) — N(o, [ (80)] " [0 (8o) + 4 (Bo) + 2 (60)] [ (B0)] )

in distribution. This completes the proof. =

REMARK 2.1. For function d(z) = log(l + €*), we have J(—z) = 9 (z) — . Thus
(=1 99 (—z) = 99 (2) for j > 2, where 9\ (z) denotes the j** derivative of ¥ (z).
It follows that

99 (=xL,Bo) (—xL,Mgu)’ = 99 (xL,80) (x5 Myu)’,  for j > 2.

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.2.3 Strongly Mixing Latent Process Case

The theorem also holds for the case where the latent process {e;} is assumed to be a
stationary strongly mixing (o-mixing) process, provided that {e;} satisfies the following
two assumptions:

(A1) There exists a positive constant A such that E[(et))‘H} < 00;

(A2) The process {¢;} is strongly mixing with mixing coefficient o (m) such that

We give the definition of strongly mixing process and state a central limit theorem of

Davidson (1992) for strongly mixing process.

Definition 2.2 A process {X;} is strongly mizing (a-mizing) if the mizing coefficient

a(m)= sup |P(AB) — P(A)P(B)| — 0
AeFO  BeFge

as m — oo, where FO  and FP° are o-fields generated by {X:,t < 0} and {X;,t > m},

respectively.

Proposition 2.3 (Davidson, 1992) Let {Xn,t =1,...,n,n > 1} denote a triangular ar-

ray of random variables defined on the probability space (2, F,P) such that
1. E(Xp) =0 and B, Xor)? = 1;

y
2. There exists a positive constant array {cn:} and a constant vy > 2 such that [E (&*i) ]

Cnt

is uniformly bounded in t and n;

3. For each n, the sequence {Xpn:} is strongly mizing with mizing coefficient o (m) such
that >, «a (m)Tz—2 < 00; and

4. sup, {n (maxi<t<n cnt)z} < 00.
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Then the central limit theorem holds:

n
> X <4 N(0,1).

t=1

The asymptotic results of the GLM estimator are stated in the following theorem for

the case where the latent process is a stationary strongly mixing process.

Theorem 2.4 Suppose {€:} is strongly mizing and satisfies assumptions (A1) and (A2).
Also suppose that the conditions of Theorem 2.1 are satisfied. Then the same asymptotic

results hold for the GLM estimator Bn

Proof. It suffices to show that the convergence (2.22) holds true for {¢;}. Let

7a (8)

Ml

Var [C, ()]

LN Xpi€ Xnio x e x51B0
= "ML "f Cov (€5, €;) Mys.
j=1t=1 (He Mﬂo) (1+€—x"tﬁ0)

Then 72 (s) — STQ§ (Bo) s. Define

T sTngnte_thﬁo
ZntE . —Tﬂ (Gt—l),
Tn (8) 1 + e~ *niBo

then we show > 7' | Zn: LN N(0, 1) by verifying that {Z,;} satisfies conditions in Proposition

2.3. First, it is clear that
n 2 2
Chn (s)
E(Zy)=0 and E (;Zl Znt> E (Tn ) )

Next, take ¢y = \/—, then supn{ n(maxi<i<n cm)Z} =1<oo. For A>0,

1 A+21 22

Zos \ 2| P2 r sTMTxp e *ntho
o i - |E - (e~ 1)
cnt TTL (S) cnt (1 + e_xztﬁo)
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TMT —xT.B0o 1
T8 VinXnt€ 77 [E (et — 1)'\+2] =
Tn (S) Cnt (1 -+ e—%ﬁe)

which is bounded uniformly in ¢ and n by assumption that sup;<;<, |[MZxne| = O (1/y/n)
and the assumption (A1). The third condition of Proposition 2.3 is assured by the assump-
tion (A2). Applying Proposition 2.3 to {Z,;} yields Y7 ; Zn 4, N(0,1). Therefore the

convergence (2.22) follows, namely,

no TaaT —xT Bo
s* M. x, e *nt d
Cn(s) =73 T2 (= 1) 4 N (0,870 (Bo)s).
t=1 "

This completes the proof. m

2.3 Generalization: One-Parameter Exponential Family Setup

In this section, we study time series regression models in a more general setup, where the
random component of a GLM is specified by a one-parameter exponential family distribu-
tion. We generalize the asymptotic results of GLM estimator.

Let Y7,...,Y, denote observed variables of a time series that are independent condi-
tional upon a latent process {a;} and the regressor {x,;}, where the conditional distribution

depends only on a; and x,; and is specified by
p (Yilaw, Xni) = exp 0,Y; = b(6,) + ¢ (¥)) (2.24)

where 8, = G (xztﬁ + at) for a real function G (-). That is, the conditional distribution
p(Yi|ag, Xns), t = 1,...,n, belongs to one-parameter exponential family. Let 7; = x2,8+ oy
represent the linear predictor x2,8 modified by the latent process {a;}. The link function

F, which is assumed to be monotone and differentiable, is chosen such that
E(Yi|oy) = H(n) = H (xpB+ ) , (2.25)
where H is the inverse function of . On the other hand, for the one-parameter exponential
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family (2.24), it is well known that
E (Yilow) =b'(6:) = (b 0 G) (xL8 + aur) .

So, (' 0 G) () =H ().
Now suppose Y1,...,Y, are observations from the model with the true parameter vector
Bo. The GLM estimator ﬁn of B is defined as the maximizer of the pseudo log-likelihood

function

n

1(B) = Z [g (XZt.B) Y, —(bo§) (Xftﬁ) + C(Yt)]

t=1
= =D (b0 Q) (xLB) + > VG (xLB) + > c(Vy), (2.26)
t=1 t=1 t=1

which ignores the latent process {a;} in the model.

2.3.1 Assumptions

Assumptions are needed on link function, regressors, etc. in order to establish the asymp-
totic properties of GLM estimator in this general one-parameter exponential family setup.
As one can see, these assumptions reduce once a concrete form of the conditional distribu-
tion of Y; given a; and x,; and that of link function are given, e.g., in negative binomial

logit or Poisson log-linear setup.
- Assumptions on link function

We assume that with the link function F the log-likelihood function (2.26) is con-
cave and E[H (xI,8 + a;)] = H (xZ;8). Such a link function exists for Poisson, negative

binomial, Gaussian, among other cases. Under this assumption, the mean of Y} is

we =E(Y,) = H (x%,80) .
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Since Var(Y:|az) = b" (6;) = (b” 0 G) (xX,80 + o), we obtain the variance of ¥; by
Var (Y;) = E [(b" 0 G) (x5,B0 + au)] + Var [H (x%,80 + )] -
Moreover, the ACVF of Y; is given by
Cov(Yyyh, Yy) = Cov [H (xz;Hhﬂo +ourn) s H (X580 + o) ]

for h # 0.

- Assumptions on regressors

We assume that there exists a sequence of nonsingular matrices M,, such that regressors

satisfy the following conditions:

M7 Y xnxnE [(6 0 G) (xnifo + 04)] My — 1 (Bo)
t=1

and

MZ Z xnijtCOV ['H (ngﬂo + aj) H (thﬁo + at)] M, — Q3 (,30)
=1

as n — oco. Also

MZ > xuxLE [(6 0 G) (xTo + ae)] [G' (xEBo)]” M — €} (Bo)
t=1

M;{ antxgt (b" ° g) (XZ&BO) [gl ("Zt:BO)]2 M, — QI (Bo) »

t=1

M7z Z XnjX1,Cov [H (x,:’;jﬂo + ;) M (x5B0 + )]
jt=1

x G' (x%;B0) G' (x5,B0) My, — % (Bo) ,
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(2.28)

(2.29)

(2.30)

(2.31)



and

sup |ngnt| =0 (1/v/n). (2.32)

1<t<n
- Other assumptions
We assume that each of G’ (x%,80), G” (x%,80), Gg® (xI,B0), and (bo g)(3) (xZ,Bo) is
uniformly bounded in t. Actually, if G’ (xgtﬂo) is uniformly bounded in t, then (2.29) is

implied by the convergence (2.27), and (2.31) is satisfied given the convergence (2.28). We

also assume that

LSS Cov [(400) (0 + ) (¥ 00) (<o + )] <o (23
j=1 t=1

2.3.2 Asymptotic Properties of GLM Estimator

We define

En (ﬂO)

il

t=1

Cov {MZ Z Xnt (Y — #t)]

n n
= MDY xuxBLVar (V) M, + ML Y~ xp%x5,Cov(Y;, V) My,

t=1 Jt=1,5#t
n
= MZ Z Xt X5y {E [(" 0 G) (x%,B0 + )] + Var [H (xnB0 + a) ] } My
t=1

+M7 Z xnj%n,Cov [H (xI,80 + aj) , H (x5:80 + )] My
Jt=1,j#t

n
= MZ Z XX L, E [(b’/ o g) (xztﬂo + at)} M,
t=1

+M7 > xngxpCov [H (x50 + ;) , H (X780 + )] M.
At=1

The asymptotic results of GLM estimator are stated in the following theorem.

Theorem 2.5 Let Bn be the GLM estimator of B for the parameter driven model (2.24)
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and (2.25), where all forementioned assumptions in Section 2.3.1 are satisfied. Then

. (Bo) — Q1 (Bo) + Q3 (Bo)

as n — 00. Moreover, if

Cn(8) = 3 s"MTxuG’ (x5,B0) [H (xBo + o) — H (xfo)] 4 v

t=1

where V ~ N(O,sTﬂﬁ (Bo) s), then ﬁn — Bo in probability, and
-1(% d -1 -1
M (B - 60) v (0[] 80)] [ (80) +2 (00)] 2] 6] ).
Proof. See Section 2.5 Appendix. m

2.3.3 Examples
1. Poisson case

Suppose the random variables Yi,...,Y,, conditional on a stationary latent process
{at} and the regressor {xn:}, are independent, where the conditional distribution depends

only on oy and x,,; and is specified by

indep

Yilat, xne ~ Po(\),

with log A\; = x1,8 + a;. Rewriting the conditional density function in the canonical form

(2.24) of one-parameter exponential family, we obtain
p (Yelat, xp:) = exp [Yilog Ay — Ay — log (V3!)] .

That is, §; = log \; = x,8 + o and b(6;) = Ay = . It follows that b’ (8;) = b" (6;) = €.
In this setup we have a canonical link function, namely F (z) = log (2), and inverse function

of the link is H (2) = exp (z). The function G (2) = z.
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In the Poisson setup,
At = E (Yiou) = exp (x5,8 + a¢) = exp (x1,8) e,
where ¢; = exp (a;). Since b” (6;) = e and G (2) = z, we have
(b" 0 G) (x5:B0 + o) = exp (x%,B0) €.

In addition, with the assumption that E(e;) = 1, we have

B[(1"06) (<0 + )] = exp (x8) = b (6 (<EiBo).
That is, Q{ (Bo) and Q}\ (Bo) are identical. Furthermore, since G’ (-) = 1, then

0 (Bo) = 9 (Bo) = 0} (Bo)  and Q3 (Bo) = X (Bo).
Also, for any j and t,

Cov [H (x;‘fjﬂo + aj) ,H (Xz:tﬁo + at)] = ’fze(xzﬁx;{’)ﬂo% (G—1,
and
Cov [(¥ 0 G) (xLyBo + ) , (8" 0G) (<T4fo + )] = r2elehr o, (5 — ).

Putting all these together, we can see that Theorem 2.5 reduces to Theorem 1 of Davis,

Dunsmuir, and Wang (2000).
2. Negative binomial case

Suppose the random variables Yi,...,Y,, conditional on a stationary latent process

{o} and the regressor {xy:}, are independent, where the conditional distribution depends
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only on a4 and x,; and is specified by
indep .
Yilat, xne ~ NegBin(r,p;),

with a known positive integer r and log(p;/(1—~p;)) = x%,8+ ;. Rewriting the conditional

density function in the form (2.24), we obtain

Yi+r—1
p (Vilow, ) = exp Yelog 1 = ) = (~riogpo) +1og (77 1)),

That is, 6; = log (1 — p) and b(6;) = —rlogp; = —rlog (1 — €%). It follows that &' (6;) =

ITT,ezf; and V" (6;) = (11—‘;;‘!)7 In this setup we have a link function with inverse H (z) =

rexp (—z). The function G (z) becomes —log (1 + €*), from which it follows that G’ (z) =

z

1 _ [
T 1Fe—? and g” (Z) = —(—II;)_Z

In the negative binomial case,
E (Yi|a:) = rexp (—xftﬂ — o) =Texp (—xftﬂ) €,
where €; = exp (—ay). Further derivations show that
(b" 0 G) (xpiBo + ar) = re *boe, 4 pe~2Xniboc?,

which, combined with the assumption E(e;) = 1, implies

« (0 1
E [(b" o g) (xgtﬂo + Olt)] =t + N?l—(—’,)‘;,

where y; = re~Xntbo. So, 2 (Bo) in Theorem 2.5 is actually € (8o) + Q2 (Bo) in Theorem
2.1 for the negative binomial setup. Likewise, since G'(x%,80) = 1/(1 + e~ *mbo), Qi{ (Bo) in
Theorem 2.5 is actually Q}" (Bo) + Qg (Bo) in Theorem 2.1.

It is easy to verify that Theorem 2.5 reduces to Theorem 2.1.

3. Gaussian case
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Suppose the random variables Yi,...,Y,, conditional on a stationary latent process
{a;} and the regressor {x,;}, are independent, where the conditional distribution depends

only on a; and x,; and is specified by
indep 9
n'ataxnt ~ N(VtaT ),

with a known constant 7 and v; = x%,8 + a;. Rewriting the conditional density function

in the form (2.24), we obtain
v v2 1 [Y?
p (Yelag, xnt) = exp {Yt (T—;) -t = [T—g + log (2%72)] } :

That is, 6, = v/7% and b(8,) = v}/ (2r%) = 62r2/2. It follows that ¥’ (6;) = 726, and
b (6;) = 72. In this setup we have a link function with inverse H (z) = 2. The function
G (2) becomes z/72, from which it follows that G’ (z) = 1/7% and G” (z) = 0.

In the Gaussian case,

E (Yi|oy) = thﬂ + oy,

which yields an additive model, instead of a multiplicative model as in the Poisson or neg-
ative binomial setup. Since (b” 0 G) (xL,B0 + ) = E[(b" 0 G) (xL,B0 + )] = 72, Qj{ (Bo)

and QJ{ (Bo) are identical; moreover, since G’ (-) = 1/72,

Q (Bo) = O} (Bo) = U (Bo) /¢ and  Q (Bo) = Q3 (Bo) /7.

Also, for any j and t,
Cov [H (XZjﬂO + aj) vH (thﬂo + at)] =% (-1,

and

Cov [(b" 0 G) (x5;80 + ) , (" 0 G) (x[,B0 + )] = 0.
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The asymptotic results of Bn in the Gaussian setup reduce to
M (B, — Bo) N (0,74 21 (Bo)] ™ [ (Bo) + s (Bo)) [ (Bo)] ™) .

2.4 Numerical Study
2.4.1 Simulation Study

We undertake a simulation study to evaluate the finite sample performance of GLM es-
timator. We consider three models; two of them have a negative binomial setup and the

other has a Bernoulli setup, which are specified as follows.

Model 1. Yi|ay,x; ndsp NegBin (4, p;), where log I—f‘—m = x7 B + a4, the regressor x; = 1,
and oy = pay_1 + Zy, Zy ~ 1ID N(0,0’z).

inde;

Model 2. Yi|oy,x: ~" NegBin (4,p¢), where long—tE = x] B + o, the regressor x; =
(1,t/n, cos(2nt/6),sin(27t/6))T, and a; = pay—1 + Z;, Z; ~ IID N(0,02).
Model 3. Yi|a:, x; ndP Bern (pt), where —logp; = x B + a, the regressor x; = 1, and

Qp = ¢at_1 + Zt, Zt ~ 1ID Exp(l)

For each model, we simulate 1000 replications under each of different sets of given parameter
values. Then, we estimate the parameters of interest for each case, report the empirical
mean and standard deviation of estimates, and give normal probability plots and boxplots

of estimates.
Model 1

Model 1 has a constant regressor and an AR(1) latent process. We consider sample
sizes of 100 and 200. The value of the true parameter 3y is taken to be 0.7 and —0.7. The
value of ¢ in AR(1) latent process is taken to be 0.1, 0.5, and 0.9, and ¢ is chosen such
that Var(a;) is one.

The method of a combination of golden section search and successive parabolic interpo-
lation is used to search for the maximizer of log-likelihood function, which is implemented

with the function “optimize” in R package.
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Table 2.1: G, = 0.7

0.1 0.5 0.9
100 200 100 200 100 200
B | 0.7196 | 0.7005 | 0.7399 | 0.7067 | 0.7720 | 0.7522
SD | 0.1805 | 0.1253 | 0.2270 | 0.1618 | 0.4567 | 0.3276
ASD | 0.1770 | 0.1252 | 0.2300 | 0.1626 | 0.5114 | 0.3616

3|

Table 2.2: 8, = -0.7

0.1 0.5 0.9
100 200 100 200 100 200
B | -0.6938 | -0.6899 | -0.6718 | -0.6859 | -0.5879 | -0.6484
SD | 0.1628 | 0.1177 | 0.2162 | 0.1501 | 0.4289 | 0.3277
ASD | 0.1660 | 0.1174 | 0.2216 | 0.1567 | 0.5077 | 0.3590

3 |-

Simulation results are reported in Table 2.1 for Sy = 0.7 and Table 2.2 for Gy =
—0.7. In all cases, the empirical standard deviation (SD) is pretty close to the asymptotic
standard deviation (ASD). When ¢ = 0.1 and 0.5, the GLM estimates are approximately
unbiased. But there is some bias of the GLM estimates when ¢ = 0.9. This is not surprising
because when there is a strong autocorrelation among data, estimation by ignoring the serial
dependence makes difference. In this case, we would expect a slow convergence to the limit
distribution. We also conduct simulation with sample sizes n = 500 and 1000 for the case
of ¢ = 0.9 (the results are not shown here), showing that the accuracy increases as sample
size increases.

Figures 2.1 and 2.2 are the boxplots and normal probability plots of G estimates for

the case where [y = 0.7, when sample size is 100 and 200.
Model 2

Model 2 includes a standardized trend and two harmonic function components. The
latent process is specified by an AR(1) as in Model 1. The value of the true parameter
vector By is taken to be (0.1,0.3,0.5,0.7)7. The value of ¢ in AR(1) latent process is taken

to be 0.5 and 0.8, and o is chosen such that Var(a;) is one. Searching of the maximizer of
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Figure 2.1: Boxplots and Normal probability plots of 8 estimates for Model 1 when Sy = 0.7 and
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Table 2.3: By = (0.1,0.3,0.5,0.7)7,¢ = 0.5

n 500 1000

I} 0.1133 0.3055 0.4976 0.7013 { 0.1086 0.2948 (.4988 0.7013

SD |0.1973 0.3419 0.1067 0.1092 | 0.1447 0.2532 0.0736 0.0781
ASD | 0.2052 0.3578 0.1082 0.1083 | 0.1450 0.2529 0.0764 0.0766

Table 2.4: B = (0.1,0.3,0.5,0.7)T, ¢ = 0.8

n 500 1000

B |0.1466 0.2563 0.4931 0.6986 | 0.1090 0.2916 0.4989 0.6982
SD | 0.3084 0.5419 0.0906 0.0866 | 0.2221 0.3808 0.0630 0.0637
ASD | 0.3207 0.5555 0.0918 0.0921 | 0.2274 0.3941 0.0649 0.0651

log-likelihood function is implemented with the function “optim” in R package; the method
used is "BFGS”, which is a quasi-Newton method and uses function values and gradients
to build up a picture of the surface to be optimized (see R Reference Manual).

1t shows that, the convergence of estimates of the intercept term is slow for this model.
So we only report the results for larger sample sizes of 500 and 1000, which are displayed in
Table 2.3 and Table 2.4. In all cases, the empirical standard deviation (SD) is close to the
asymptotic standard deviation (ASD). The GLM estimates are approximately unbiased
except for the case where ¢ = 0.8 with the sample size n = 500, which is due to slow
convergence to the limit distribution when ignoring a more strongly autocorrelated latent
process.

Figures 2.3 and 2.4 are the boxplots and normal probability plots of 8 estimates for
the case where By = (0.1,0.3,0.5,0.7)7 and ¢ = 0.5, when sample size is 500 and 1000.

Model 3

Model 3 has a constant regressor. However, due to the model structure, it is not
appropriate for its coefficient to be negative. Hence we set the true parameter Gy to be
0.7. Likewise, the AR(1) latent process is desired to take nonnegative values, so we use a

sequence of IID Exp(1) random variables as the innovation process {Z;}, and restrict ¢ to
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Table 2.5: Gy = 0.7

0.1 0.5
100 200 500 100 200 500
B | 0.7175 | 0.7092 | 0.7046 | 0.7436 | 0.7234 | 0.7080
SD | 0.2045 | 0.1375 | 0.0819 | 0.3443 | 0.2341 | 0.1413
ASD | 0.1894 | 0.1339 | 0.0847 | 0.3156 | 0.2232 | 0.1412

3 [©-

be within [0, 1), which in the simulation is taken to be 0.1 and 0.5. We consider sample
sizes of 100, 200, and 500.

Actually, in this case, the condition of E(¢;) = 1 for Theorem 2.5 is not satisfied, where
€ = e~ . However, we still can show the asymptotic normality of the GLM estimator with

a constant bias. That is,

i) (st sin] ).

where d = log (E¢;) and

1
QJ{ (Bo) Ot
—2d
Qi (Bo) = —(eﬁoid 1) (eﬁ"Eet - Ee?) )
, o—2d o0
2 (6) = m Z Ye ().
h=—o0

Notice that, if E(e;) = 1, then d = 0 and Bn is consistent.

Simulation results are reported in Table 2.5. In all cases, the empirical standard devi-
ation (SD) is pretty close to the asymptotic standard deviation (ASD). But there is some
bias in the GLM estimates when ¢ = 0.5. The boxplots and normal probability plots of
estimates are given in Figures 2.5 and 2.6. Further studies show that, the GLM estimation
does not perform well when ¢ > 0.6. This is because that the latent process {a;} becomes
large and dominates fy; it follows that {pt = e_(ﬁ(”"“)} tend to be very small and most of

the simulated values of {Y;} are zeros, which makes the estimation much more difficult.
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2.4.2 Application to Polio Data

We apply the results of Theorem 2.1 to the polio data shown in Figure 2.7. The 168
counts in the data set are monthly numbers of poliomyelitis cases in the U.S.A. from the
year 1970 to 1983 as reported by the Centers for Disease Control. The data set was first
considered by Zeger (1988) who proposed a parameter-driven model and used the theory
of estimating equations for parameter estimation. Davis, Dunsmuir, and Wang (2000) also
studied the polio data in the context of classical GLM estimation in a parameter-driven
model. Both Zeger (1988) and Davis, Dunsmuir, and Wang (2000) modeled the counts as
Poisson distributed given a latent process. Now we model the counts by a parameter-driven
GLM with a negative binomial conditional distribution as described in Section . That is,

the count variables Y; are modeled by
Yo, x P NegBin (r,pt) -

We use the same regressors as in the analysis of Zeger (1988) and Davis, Dunsmuir, and

Wang (2000), namely
x¢ = (1,t'/1000, cos(27t'/12), sin(2nt' /12), cos(2nt’ /6), cos(27rt'/6))T ,

where t' =t — 73 is used to locate the intercept term at January 1976. In order to compare

our results to those obtained by Davis, Dunsmuir, and Wang (2000), we use the link function

r(1—pt)

= X?ﬂ + oy,
Dt

log

where {o;} is assumed to be an AR(1) latent process with Gaussian innovations. Note that
this specification is slightly different than log l_int = x{ B + oy in Section 2.2. With this

specification,

i =E(Y) = E[E (Yilog)] = [M] _p(oF8re) = o8
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Figure 2.7: Monthly number of poliomyelitis cases in the U.S.A from 1970 to 1983

Table 2.6: Parameter estimates for polio data based on standard negative binomial and Poisson

GLM fits
Poisson Negative binomial Simulations
Covariate | Bp, se. | Byg se  Asy se | mean std. dev.
Intercept 0.207 0.075 | 0.209 0.096  0.167 0.162 0.173
Trend -4.799 1.403 | -4.332 1.847 3.311 -4.381 3.190

cos(2mt’/12) | -0.149 0.097 | -0.143 0.129 0.156 | -0.153 0.158
sin(27t'/12) | -0.532 0.109 | -0.503 0.137  0.165 -0.512 0.163
cos(2nt’/6) | 0.169 0.099 | 0.168 0.132 0.144 0.179 0.149
sin(27t'/6) | -0.432 0.101 | -0.421 0.131 0.146 | -0.424 0.145

under the assumption of E(e®*) = 1. Hence the parameters in 8 have the same interpreta-
tion as those in Davis, Dunsmuir, and Wang (2000).

The data are fitted by a standard negative binomial GLM using the function “glm.nb”
in the R statistical software package. The estimate of r is # = 1.763. The estimate 3 ~B of
B and its standard error are reported in Table 2.6, columns 4-5. The AIC for this model
fit is 521.656. For comparison, the results from a standard Poisson GLM fit of Davis,
Dunsmuir, and Wang (2000) are also included in Table 2.6 (columns 2-3); the AIC value
of the standard Poisson GLM model fit is 557.898. Based on the AIC values, the standard
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Figure 2.8: Pearson residuals from standard negative binomial and Poisson GLM fits

negative binomial GLM fit is better than the standard Poisson GLM fit.

The estimates and standard errors in the two cases are similar. These standard error
calculations ignore the possibility of the presence of a latent process. We examine the
Pearson residuals to check for the existence of a latent process and a suitable model if
such a process exists. The Pearson residuals from both model-fittings are plotted in Figure
2.8. Since the serial dependence among observations is ignored when fitting a standard
GLM, we would expect that Pearson residuals from both model-fittings display the same
autocorrelation structure as that of the observations. In both cases, the ACF and PACF
plots of Pearson residuals (see Figure 2.9) support the assumption of AR(1) latent process.

The asymptotic standard errors in the sixth column of Table 2.6 are obtained based
on Theorem 2.1 assuming an AR(1) latent process a; = ¢oy_1 + Zt, Zy ~ IID N(0,02). We

use method of moments to provide estimates of ¢ and o2, Recall that,

2(7‘+1)0€2+1

2
cc+1
: +N?03=Nt+ﬂtf,

Var (Y;) = e + pf

where ¢, = €. So, the values of 2 = 0.3586 and jp. (1) = 0.7719 can be obtained
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Figure 2.9: ACF and PACF plots of Pearson residuals from standard negative binomial and Poisson
GLM fits

using ordinary least squares (OLS) type of estimators suggested by Brannés and Johansson

(1994):

~2 1 Ty e 7 [(Ye — fu)? — ) _q
‘ r+1 PO ﬂ? ,
6723 1o ufie—1(Yy — i) (Ye1 — fie—1)

Once these two estimates are available, the values of 62 = 0.3065 and p,, (1) = 0.7973 can be
obtained using the relationship between ACVF’s of {¢;} and {a:}, namely v, (h) = eva(h) 1
for all h. Then ¢ = 0.7973 and 62 = 0.1117 can be calculated; and 4 (h) and 4. (h) are
readily to be computed.

Now, with these estimates, we can give approximations to the asymptotic standard

errors of 3 ~ B using the formula

var (Bus) = (21,) " (06, +0h, +91,) (al.)
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where

n

T ~
ol = XeXy Ht
1n = ~ofa?
t=

71+ /7
o = —~  XeX] fit
1n = T~ 2
(1 + /)
52 T 72
At +1 XXi fi
Q2,n o % 7 Z

— 1+ ,ut/r)

- XeX2 fiefls )
3,n ;:: E : 1 + Nt/r 1 + ,U's/"') ( S) )

with iy = Xt B,

While for the seasonal components (harmonics at periods of 6 and 12 months) the
standard errors are close to the asymptotic standard errors, the standard errors for the
intercept and linear trend are much smaller than their asymptotic counterparts. One of
the main objectives in modeling the polio data is to investigate whether the incidence
of polio has been decreasing since 1970. The results show that, the negative trend is not
significant using the standard error that includes a latent process; a false significance would
be obtained if using the standard error of 1.847 produced by the standard negative binomial
GLM estimation. This is in agreement with the conclusion of Davis, Dunsmuir, and Wang
(2000) with standard Poisson GLM estimation.

To further check the parameter estimates and asymptotic standard errors based on the
negative binomial GLM fit, we simulate 1000 replications of a time series of length n = 168
using 7 and B ~ B as true parameter values. The latent process {o;} is assumed to be a Gaus-
sian AR(1) with ¢ = 0.7973 and marginal distribution N(—02/2,02), where o2 = 0.3065.
The empirical means and standard deviations of parameter estimates from simulations are
reported in the last two columns of Table 2.6. The estimates are approximately unbiased,
except for the intercept term where the empirical mean of 0.162 is significantly different
from the true value of 0.209 used for simulating data. The empirical standard deviations

agree with the asymptotic standard errors pretty well.
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Table 2.7: Parameter estimates for polio data based on parameter-driven negative binomial and
Poisson GLM fits

Poisson Negative binomial
Covariate Bpo se. | Bnp s.e.
Intercept 0.090 0.141 | 0.106 0.177
Trend -3.600 2.751 | -3.467 3.375

cos(2rt'/12) | -0.098 0.143 | -0.109  0.129
sin(2rt'/12) | -0.478 0.154 | -0.488  0.140
cos(2rt'/6) | 0.190 0.121 | 0.182  0.122
sin(2rt'/6) | -0.355 0.122 | -0.365  0.123

ﬁ - | “r AR J‘f | Mt"
gl

T | T T T T 1 T
1970 1972 1974 1976 1978 1980 1982 1984

year

Figure 2.10: Pearson residuals from parameter-driven negative binomial and Poisson GLM fits
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Figure 2.11: ACF and PACF plots of Pearson residuals from parameter-driven negative binomial
and Poisson GLM fits

We also fit the polio data by parameter-driven negative binomial and Poisson GLMs
using the procedure “glimmix” in the SAS statistical software package, assuming that
the latent process follows a Gaussian AR(1) model in both cases. The estimates of the
coeflicients and their standard errors are reported in Table 2.7; the estimate of r in the
parameter-driven negative binomial GLM is obtained to be 7 = 4.146. Because AIC values
generated by “glimmix” are based on pseudo-likelihood estimation, they are not useful for
comparing models. Hence, we perform residual diagnostics of the models by studying the
Pearson residuals. The Pearson residuals from both model-fittings are plotted in Figure
2.10; ACF and PACEF plots of the Pearson residuals are given in Figure 2.11. Since the
serial dependence among the observations has been taken into account in these two model-
fittings, we should expect Pearson residuals to be independent in both cases. Figure 2.11
(a) shows that the Pearson residuals from the parameter-driven negative binomial GLM fit

appear independent because only the lag 2 autocorrelation is outside the 95% confidence
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bands among autocorrelations of time lags up to 40. A Ljung-Box test of randomness
yields a p-value of 0.14550, which implies that there is no evidence against independence.
However, the Pearson residuals from the parameter-driven Poisson GLM fit are not likely
to be independent because the autocorrelations at both time lags 1 and 2 seem significant.
The p-value 0.00097 of the Ljung-Box test of randomness indicates strong evidence to reject
independence. Therefore, the parameter-driven negative binomial GLM is more appropriate

for fitting the polio data.

2.5 Appendix
2.5.1 Proof of Convergence (2.22)

We provide a proof of (2.22) in the one-dimensional case where regressors form a triangu-
lar array with x,; = ¢(¢/n) and g () is a continuous function; the general proof can be
established similarly.

In this case, the normalizing matrix M, reduces to 1/4/n. So, it suffices to study the

asymptotic behavior of

G = % S glt/n) (e - 1), (2.34)

where €, = e~ . Recall that, the latent process {a;} is assumed to be a stationary Gaussian

linear process, which can be expressed by

S .
ar = p+ Z Y2y, {Zt}““('iN(O,Gz)-

j==o0

Lemma 2.6 Suppose that X, ~ N(0,vy), where v, — v and 0 < v < 0o. Then X, 4 X~

N(O,v).
Proof. See Brockwell and Davis (1991), page 216. m

Lemma 2.7 Let X,,n=1,2,..., and Yy, = 1,2,...;n=1,2,..., be random k-vectors

such that
(i) Yn; —d+Y] asn — oo for each j =1,2,...,
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(ii) inY as j — 0o, and
(iii) limj_o limsup,_, o Pr(|Xn — Yy;| > €) = 0 for every ¢ > 0.

Then

Xn LA Y asn — oc.
Proof. See Brockwell and Davis (1991), Proposition 6.3.9. =
Theorem 2.8 C, % ¢ ~ N(0,7), where T = fol g% (2)dz 3, e (R).

Proof. The proof is broken into several steps. We define

€t.m = €Xp [— (u + stm ¢th_j)] .

Then {€;} is a strictly stationary m’-dependent sequence, where m’ = 2m + 1, with mean

2
_ o g Z 2
o = B (etm) = 7 - exp <7 lil<m 1/)1') :

and autocovariance 7, (h), which takes value zero when h > m’ and is evaluated as follows

when 0 < h < m':

Ye.m (h) = E (fh,mfo,m) -E (fh,m) E (EO,m)

_ -2 ‘ . _ N
= E [e H . exp (— lelgn ¢]Zh_]> exp < Zlklsm zjsz_k)} o
_ -2 L7 , ,
= e “E{exp[—(z_msj<h_m V_;iZ; + quSHm Y_jrnZ;

T e (Vmih T V=) Z)]} —

2
— 2 g 2 ’ 2 § 2
€ eXp{ 2 [ -m<j<h-m w_J + m<j<h+m d)—]—’—h

T ciom Wi +V)’T} = i

The first step is to show that, for any given m,

Com=—=39 (%) (étm = fim) % &m ~ N (0, 7m) (2:35)
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where 7, = fol g% (2) dz ¥}, Ve (R). For each k > 2m/, let

Xn]m—\/l— ]kf g(%)(fzm fim)

i=(j—1)k+1

forj=1,...,r,and r = [%] Then Xn1,m,Xn2,m»- -+ Xnrm are independent with mean

zero. Moreover, we define Spi m = Z;Zl Xnj,m, of which the variance is
T
2 — §
Snkm = Var (an,m)

1< g i
= - ZVar Z g (ﬁ) (€i,m — tm)
j=1

i=(—1)k+1

r jk—m/ jk—m’ i i
= = Z Z Z g (E) g (ﬁ) Cov (€,m €i',m)

] 1i=(G-1k+1¢=(—-1)k+1

S0

i=114'=1

=251 U >IN SRS DS ol P C PY CY PTG

J=1 \[¢#—i|<m! i=jk—m/+1  |i—i'|<m’ i'=jk—m/+1
1 r ik jk ; y
+;1—Z Z ' Z 9 (E)g(—ﬁ> Yern (1= 1)
J=li=jk—m/+1i'=jk—m'+1
= ;L-Z lg ~19%5 Yen (1 —7')
2 i jk Z i/
_EZ Z Z [ (;)9 (E) Yerm (i—i/)
=1 |/ —i|< ’

+% i i i g (%) g (%) Yem (i — 7). (2.36)

j=1i=jk—m/+14¢'=jk—m/41

Since g (x) is continuous, |g(z)| is bounded on [0,1], i.e., |g(z)| < D for some constant

D. Hence, the last two pieces in (2.36) converge to two finite terms, say 2R,C m and R%’m,
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respectively as n — oo. It follows that
1
Bim = ok = [ @) Y20 (1) + 2R + B < o0
h

as n — oo. It can further be shown that both R,lcm and Rzm go to zero as k — oo. Now

check Lyapounov’s condition. Since

1 3

3
anj,m| = m

Jjk—m' ) ‘ )
2oyt 9 (7 ) (66 = bim

D? jk—m' 3

we obtain

r r D3 ke 3
ZE (anj,m|3) < WE [Zgi(j—l)lwl [fi,m - P«m|]

3 ! 3
= [%] %E [Zlem Iei,m—uml]
0

It follows that

.5 p ) -0
7

i—1 “nkm
Applying the Lindeberg’s central limit theorem (Billingsley 1995, page 359), we establish

that Spkm/Snkm L N(0,1), and hence
Snk,m "i Slc,m ~N (0) si,m) ) (237)

as n — oo for each £k = 1,2,.... On the other hand, since

s%,m —Tm as k — oo,
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we obtain, by applying Lemma 2.6,

Skm 5 Em ~ N(0,7m) (2.38)

'

as k — oo0. Next, we show that, V e > 0,

lim limsup P ( Crum — Snk,m‘ > 5) —0. (2.39)

k—o0 n—o0

Note that

. 1 r—1 jk i
Cn,m — Onkm = = Z Z g (") (fi,m - /Jm)
vn imlizjkemi+1 N
Tk

+% > g(%) (€i,m — Hm)
1

i=rk—m'+1

t= i g (%) (€im — pm),

and

n

o (G o) < (2] 1) D]+ e

where R, = Var(Z?il ei,m), Ri(n),m = Var (Zfﬁ;) ei,m) and h(n) = n—k [}] +m/. Note
that, the term Ry, is independent of n, and the term Ry, is a function bounded in n

since 0 < h(n) < k+ m’. Hence,

lim sup Var (Cn,m — S'nk,m) < QRm,

n—oo - k

and it follows that
lim lim sup Var (én,m - Snk,m) =0. (2.40)

k—o0 n—oo
Now (2.39) follows from (2.40) and the Chebychev’s inequality. Therefore, applying Lemma

2.7 we obtain (2.35).
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In the second step we show

€m — £~ N(0,7) (2.41)

Note that, for given h,

Jim e () = e e { G [T st voy)] | -
2 :‘;_Oo 1/)]2) exp (0'2 Z:’;_w ’l/)j+h"/7j) -1

It follows that 7, —» 7 as m — oo. Applying Lemma 2.6 we obtain (2.41).

The final step is to show that Condition (iii) of Lemma 2.7 is satisfied.

:Qz

Var ( 5’n,m)
e (0 (3= ()
1 {Z; p (%) (e = 1) = (etym — um)]}2

== thl Z:l g (%) g (t—l) E{[(e: — 1) — (etm — pm)] [(e0r — 1) = (€tr,m — pim) ] }

n

1 n t ¢
“n Zt:l w=19 (ﬁ) g <E)
2
x{ye(t—t) —[e* exp(% ngm ilexp(a?) - Yu-rajy) = pim]
2
—le exp(% ZIJISm ¢2 o Z| j|<m Yr-v+5%;) = ] + Ve (t t )}

1
ﬁ/fmmz%m
0 3

1
- 2‘/0 92 (z) dmZ[e “eXp Z 1/)2 ) exp(o Z Yhi¥5) — Hm]
h

|J|<m il <m

<

i
Sli—= 3
3 3

3

1
+Ag%mm§hmvw (as n — co)

12 12 12
eAguWQthgAgmm;%m+ﬁgmw;%m
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=0 (asm — o0),

which, in conjunction with the Chebychev’s inequality, implies that Condition (iii) of
Lemma 2.7 is satisfied.

In view of the results in previous steps, we apply Lemma 2.7 and conclude that

Crn 5 e~N(O,7).

This completes the proof. =

2.5.2 Proof of Theorem 2.5

The GLM estimator Bn of B is obtained by minimizing

= [1(8) — 1 (Bo)]
—Z [(boG) (xL8) — (b0 G) (xT,B80)] ZYt (xmtB) — G (xnePo)]

= Z {[(boG) (xmB) = (b0 ) (xzB0)] — M (x7iBo) [ (x7B) — G (x7uBo)] }

= [V — H (x5:Bo)] [G (xhB) — G (xmiBo)] - (2.42)
t=1
Defining the vector u by
= MT_11 (ﬁ - ﬁO) )

we can rewrite (2.42) by

n (1) = = [1(B8) — 1(Bo)] = — [l (Bo + Mpu) — L(Bo)] = gn1 (u) — gn2 (u),

where

n

gn,1 (u) = Z [(bo )( ntﬂ0+xntM u) ( )( ntﬂO)]

t=1

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 2 M (x5:80) [G (x%Bo + xpMyu) — G (x7,80)]

t=1

and
n

gn2 (W) =Y [Vi = H (x580)] [ (580 + x5 Mpu) — G (x580)]

t=1
For any fixed u, we show

gn1 (u) — %uTQ{ (Bo) u (2.43)

and

na (w) * TN (0,01 (B0) + 24 (80)). (2.49)

Since supj<i<p |Mme’ — 0, we apply a third degree Taylor expansion of bo G (:)

about x2,8¢ when n is large enough and obtain

(b0G) (T8 + XM, )
= (60O xEB0) + (¥ 0 O)ocEiBo) - G'(xEB0) - XM
+ 510 0 GY (i) - G/ (<Eo) + (1 0 O)xEB0)G" (T B0)] (< M)
+ Ch, (x5 Mpu)®
= (60 ) (xEB0) + H(xTB0)G'(xTyBo)x Mo
+ 51 (<E0) G'(xT4B0) + H(xEB0)G" (o)) (xE Mn)?

+ Crlzt(xgtMnu)g),

where C1, = (b0 §)® (xT,80 + 61,) /3! with 6L, lying between 0 and xZ,M,u. Likewise,

expanding G (-) in a third degree Taylor series about x2,8 yields

g (xgtﬁO + thMnu) = g (thﬂo) + ¢ (xgtﬂO) thMnu

+%Q” (xgtﬂo) (xgtMnu)2 +C2, (xftMnu)3 )

where C2, = GO (xL,Bo + 62,) /3! for some 62, lying between 0 and x2,Mpu. It follows
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that

n

gnr ( ZH’ x5B0) G (xT,B0) (xL,Mau)” + 37 (Ch, - CZ) (x5 Muu)® . (2.45)

t=1

The term E} (u) = Y1, (C — CZ) (xgtMnu)3 converges to zero because
n

'Erlz (u)' < Z ‘Cflzt - Cr2zt| }erthnu|3 — 0,
t=1

where |C}, — C2,| is bounded uniformly in t and sup;<;<, |x,Tn5Mnu|3 = O(n‘%). Therefore,
(2.43) follows immediately from (2.45).
To show (2.44), we first expand G (-) in a second degree Taylor series about x+,8q to

obtain
g (xgt (Bo + Mnu)) =g (xgtﬂo) +g (xftﬁo) thMnu + Cgt (xz,:Mnu)2 ,

where C3, = " (x%,80 + 63,) /2 for some 43, lying between 0 and x4, Mpu. It follows that

WE

gna (W) = Y (¥ = (x5B0)) [0 (xEBo) X Mau + CE, (x5, M) |

t

=u’U, + E% (u), (2.46)

1

where
n

U= 3 (¥~ H (580)) &' (xT,80) M,

t=1

and EZ (u) = Y"1, C3, (Y, — H (x%,80)) (thMnu)z. The variance of E2 (u) goes to zero

because
Var (E2 (u)) = Var ; C3, (xI.Bo)) (xI, )
t=1
= izn:cgJCEit nt) (XEtMn“)chV(Yj»Yt)
j=1 t=1
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3
3

+ ngcf;t (ijMnu)2 (thMnu)2

x Cov ['H (xzjﬂo + aj) vH (thﬂO + at)]

IA

Const - ( sup |thMnu|)2
1<t<n

x{uT{ML > " xnxSE[(H" 0 G) (x%,80 + a)|Mp}u
t=1

+ uT{M?[ Z xnjx£tCOV[H(ijﬂ0 + o), H(XZtﬂO + at)]Mp tu}.
git=1

It follows that, E2 (u) converges to its mean zero in probability. Then, in order to show

(2.44), it suffices to show
U, 4 N (0,0} (80) + 94 (o). (2.47)
The characteristic function of a one-parameter exponential family distribution is given by
¢ (s) = exp [b(B; +is) — b(6:)].
Recall that 6, = G (xztﬂo + at). Then, for every real vector s,

E (e‘iSTUn ‘at)
= exp {— > "ML xnH (xny80) G (xftﬁO)]
t=1

X E {exp [isTMz:xntQ’ (xgtﬁo) Yt] |at}

—=

t

= exp [— Z iSTMantg, (thﬂo) H (xgtﬁo)]

t=1

1l
-

X exp {Z [(boG) (xEiBo + ar +isT ML %G (x5,B0)) — (b0 G) (xp:B0 + o)) } )

t=1
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When n is large enough, by applying a Taylor expansion we get

(bo G) (xLBo + o + is" ML xnG' (x5,80))
= (bo @) (thﬂo + at) + isTMantg' (xztﬁO) H (thﬂo + at)

(s"Mxu)” [0 (x7Bo)]” - (6" 0 G) (xEuBo + )

N b=

+

e

Il
w

(iSTMZXnt)j 4 (xgtﬁo)]j (b(j) © g) (xneBo + az) /5!

J

Therefore,

T
E(ezs Unlat)
n

= exp[— Z isTM,TLXntQI(thﬂO)H(xz;t.BO)]

t=1

x exp)_ is" My xmG' (xpB0)H (hBo + aut)]
t=1

X exp[—% Z (STszm) [G'(xX.80)]? (b0 @) (xE,B0 + a1)] x exp (Eg)

t=1

= exp{)_ is" My xnG' (x7,80) [H (xpBo + ) — H(x1yB0)]}
t=1

x exp{—5 D (TMTxn) [0/ BOEI(H 0 G) (xEuBo + )]}
t=1

X exp{—% Z (STMZXnt) G (x7.80))%

t=1
{(t" o G) (xF,B0 + ) — E[(b" 0 G) (xT,B0 + )]} }
X exp (Eg)

= exp (iCp (s) + Dy + Fr + Ef:) )

where E3 = Y0 | (stMTxnt)] g’ (xgtﬁo)]j (69 0 G) (xL,Bo + o) /5! . It is easy
to check that E3 — 0 in probability. As for D, we have

[\')Ib—-l

52 (M) [ (<EB0)) B (0 9) (<o + o)
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. —%sTszi{ (Bo)s. (2.48)

Moving on to Fj, its mean is zero and its variance goes to zero:

n

Var(Fn) = Var{—3 3 (s"MExa!l6/ R0 - (0" 0 G) (Lo + )
t=1
= _ZZ{ (8T M x05) (8" M xnt) (G (x5,:80)12 G (3B0))
ji=1t=1

x Cov[(b" 0 G)(xz;80 + @), (b © G) (x7,80 + )]}

< Const - (sup;<i<p |sTM£xm|)4
n n
x ) |Cov[(B" 0 G)(xEBo + ay), (B © G) (x5, Bo + o))
j=1t=1
— 0,

under the assumptions that sup;<;<,, [T MZxn| = O (1/4/n) and

LS 3 [Cov [(556) (<L +as) (40 6) (xfo + )] < o

j=1t=1

It follows that

F, 5o (2.49)

Moreover, if

Cu(s) 5V ~N (0,570 (Bo)s) ,

then

iCn (S) + Dy + F + E3 &4V - -sTQ*(ﬂO)
and

B(e) = B(B( 00 e))

= E[exp (iCy (s) + Dn + F, + E3)]

— exp {37 [0 60) +2 (80)] s}
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which implies (2.47). The variance STQ§ (Bo) s of V is actually the limit of Var[C,, (s)], that
is,
n
Var[C, (s)] = Var[z sTMZ %G (xZ,B0) H (x1,B0 + )]

t=1

= s'MZI Z Z Xn;X5,G' (ijﬂo) G' (xn:Bo)

=1 t=1
x Cov [H (Xz:jﬂo + ), H (%580 + )] Mps

— T} (Bo)s.
Since g, has convex sample paths,
1
gn () = g (W) = uT0f (Bo) u - u N (0,9] (Bo) + 2} (B0))

in distribution on the space C (R') (see Rockafellar (1970) and Pollard (1991)). Therefore,
the estimator u, = M} (Bn - ,30), which minimizes g, (u), converges in distribution to

the minimizer U of g (u). But

a= (9] 80)] N (0,95 (80) + 9% (60)).

So
M (B - o) 4 (0. [l 60)] [0} 00+ 80)] [ 80)] ).

This finishes the proof. m
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3 LAD ESTIMATION FOR MA(1) MODELS

In this chapter we study LAD parameter estimation for MA(1) models X; = Z;—0Z;_;,
where || # 1. The unit root case (|#] = 1), which is not the concern of this dissertation,
was first studied by Kang (1975); and it has been investigated by many researchers since
then. See Davis and Dunsmuir (1996) for a review of the Gaussian likelihood estimation for
MA(1) processes with unit root. Recently, Breidt, Davis, Hsu, and Rosenblatt (2006) stud-
ied the pile-up phenomenon of MA(1) with unit root for the Laplacian likelihood estimator
5, and developed the limiting pile-up probabilities lim P(§ = 1). For general noninvertible
MA(g) models, Lii and Rosenblatt (1992) studied noninvertible MA processes driven by
IID non-Gaussian noise. They proposed an approximate maximum likelthood procedure
for the parameter estimation, and established the consistency and asymptotic normality of
the estimator. Huang and Pawitan (2000) studied the pseudo-likelihood associated with
the Laplacian model for MA(q) processes. Safi and Zeroual (2002) proposed a high-order
(> 2) cumulant-based procedure to estimate the parameters of a noninvertible MA pro-
cess and performed comparison with existing methods regarding the algorithm efficiency.
Breidt and Hsu (2005) studied best mean square prediction for noninvertible MA processes
and presented stable numerical recursions for computation of residuals and evaluation of
unnormalized conditional distributions.

We begin with the derivation of the LAD criterion. Then we show the existence of
a sequence of local LAD estimators that is consistent and asymptotic normal. Next we
study the global LAD estimator; with additional assumptions on the distribution of the
underlying noise, the global LAD estimator is strongly consistent and asymptotically normal
having the same asymptotic normal law as for the local LAD estimator. We also propose

a linearized LAD estimator, which is motivated by the simplification of searching for a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



minimum. Simulation study is undertaken to evaluate the asymptotic theory about the
LAD estimators.

The following part is the development of the LAD criterion based on Breidt, Davis,
Hsu, and Rosenblatt (2006). Let {X:} be an MA(1) process satisfying

X =2y — 0Zs_1, (3.1)

where 6 € R and {Z;} is a sequence of IID random variables with mean zero. Given the
observed data X, = (X1, X, ... ,Xn)T, the LAD criterion is derived by likelihood approx-
imation assuming that the underlying noise {Z;} is Laplacian (or, double exponential). In
order to derive the criterion, it is convenient to have an initial variable from {Z;}; more-
over, this initial variable is augmented to account for both invertible and noninvertible
cases. The augmented initial variable Z4,4 is defined by

Zo, if 6] <1,
Zaug =

Zy,, otherwise.

Simple derivations yield the following likelihood of 8 given X,, = x,, and Zgug = 2gug:

L (9|Xn7zaug) = f(20,21, ", 2n) [1{]0|§1} + la|—n 1{|l9|>1}]
n
= [] £z () [1ga<y + 10" 1gesy] »
t=0

where fz (-) is the density of the underlying noise {Z;}, and the residual z;, t = 0,...,n,
is a function of 6, X, = X, and Zgug = Zgug, which will be denoted by z () from
now on, and can be solved forward by 2z, (6) = Xy + 621(0) for t = 1,2,...,n with
20 (0) = zqug if |6} < 1, and backward by z;—1 (0) = (2:(0) - X¢) /@ for t =n,n—1,...,1
with 2z, (6) = zqug if |f] > 1. Suppose the density of underlying noise is Laplacian; that is,

suppose fz (z) = % exp (—]Ui') If we view zg,4 8s a parameter, then the joint Laplacian
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log-likelihood is given by

1 n
= (n+1)log(20) — ~ > 12 (8)] — nlog|6] 1651} (3:2)
1=0

We first maximize (3.2) with respect to o, and obtain its estimator d = 3 ;. Izntfl) | Then,

by plugging & into (3.2) we get the concentrated Laplacian log-likelihood

~(n+1)log2—(n+1)log > |z (6)|+(n+ 1)log (n + 1)—(n + 1)—nlog 0] Lg)>1}- (3.3)
t=0

But, maximizing (3.3) is equivalent to minimizing the objective function

Dtmo 12 (O)], if 16] <1,
I (8, Zaug) = ! (3.4)

Yoo 102 (6)], otherwise.
Notice that, in the objective function (3.4), if |#] < 1, then we get a standard L; loss
function; otherwise, if |#] > 1, we need to modify the L; loss function by 8. This is a
key point; without this modification, the standard L; loss function may not produce a

consistent estimator.

Now suppose the true model is
X, = Z; — 60Zs-1, (3.5)

where {Z;} is assumed to be IID with E(Z;) = 0, E[sgn(Z;)] = 0 (i.e., median of Z; is
Z€ero), E(Zt‘l) < 00, and probability density function fz (2) = % f (f), where ¢ > 0 and
f () is chosen such that [* z%f(z)dz = 1. Then, it is easy to see that Var(Z;) = o2. We
exclude the unit root case, which is a separate topic. That is, we assume that |0y} # 1. Let
X, = (X1, X, ... ,Xn)T be observed data from the true model (3.5). In this chapter we
study the asymptotic behavior of the LAD estimator, which is defined as any minimizer of

the objective function (3.4).
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3.1 Local LAD Estimator

In this section we follow the idea of Davis and Dunsmuir (1997), and build the sample size
into the parameterizations (3.6) of 6 and 2,44 (note that 2z,,4 is treated as a parameter).
We establish the consistency and asymptotic normality of the local LAD estimator, which

are based on the following functional limit result.
Theorem 3.1 Under the parameterizations

and  zaug = Zaug + —— (3.6)

\/ﬁ’

6 =6y +

S=

we have

Un (8,2) = = ltn (0, Zaug) — I (00, Zaug)} = U (5)

in distribution on C (RQ), where

_ A1 (0) 1
U(8) = BN + g NNN(O,I—jgg>

if the true model is invertible, and

B2 (0)

1
VB =BN+ G @ -1y NNN@W&&)

if the true model is noninvertible.

Proof. When the true model is invertible, i.e., |§p] < 1, under the parameterizations (3.6),
we can confine our study to the reduced parameter space ©;y = {6 : |6| < 1 — §}, where § > 0
is a small number such that |fy| < 1 — §. Then, minimizing the objective function (3.4) is
equivalent to minimizing ) ;' 4|2 (0)], and the result is a special case of Proposition 1 of
Davis and Dunsmuir (1997). Note that, the initial innovation zgyg in Davis and Dunsmuir
(1997) is set to zero. However, as we can see, zqyy does not affect the asymptotic results
(see Remark 3.1). So the LAD objective function used in Davis and Dunsmuir (1997) is

essentially the same as (3.4) for the |6] < 1 case.
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When the true model is noninvertible, we can reverse time to get an invertible MA(1)
representation of the model and then Proposition 1 of Davis and Dunsmuir (1997) applies.

To be specific, we rewrite (3.1) as

1=
Xe =2 — 52w, (3.7)
where Z, = —0Z,_;. Notice that, (3.7) is a reverse-time invertible MA(1) model with
parameters (6,5), where § = 1 /8 and ¢ = Oo, and the LAD objective function in Davis
and Dunsmuir (1997) becomes ;' , ‘Zt(é)‘ (that is, Z?:_ol 02 (8)|) with Z,41(8) = 0 (that
is, 2z, (6) = 0). So, the LAD objective function of Davis and Dunsmuir (1997) is the same

as (3.4) for the |6] > 1 case. =

REMARK 3.1. The limit process U () is independent of «, and hence independent of z4yg4.
Actually 2444 has no impact on the above functional limit result or the asymptotic results of
the LAD estimator, because it only gives rise to an absolutely summable term in I, (8, zqug)
that can be ignored when n — oo0. So we can set its value depending upon circumstances;
for example, we can set zg,4 to zero to simplify numerical calculations, then the LAD
objective function is identical to that in Davis and Dunsmuir (1997) when the true model

is invertible.

REMARK 3.2. The limit process U () is a quadratic function of # and therefore has a

unique minimizer fBni,. It is easy to verify that
ﬂmin = TN

if the true model is invertible (]6y] < 1), and

R ANCEE
ﬂmm - T(OO)NI

if the true model is noninvertible (|6g| > 1), where N7 ~ N(0,1).
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The asymptotic results of the local LAD estimator follows immediately from Theorem

3.1 and Remark 1 of Davis, Knight, and Liu (1992).

Theorem 3.2 There exists a sequence of local LAD estimators aLAD such that
~ d
vn (GLAD — 90) — Bmin-

Suppose we define LAD estimator solely based on the observe data X,,. To be specific,
assuming Laplacian underlying noise, we derive the likelihood function £ (6, o|x,) by inte-
grating out z.ug from the joint density f(Xp,z2qug) of X, and Zgyug. And we define LAD

estimator to be any maximizer 6 of

oo
L (0’ len) = / f (xm zaug) dzaug,
)

and denote by o the corresponding estimator of o. Then, there exists a sequence of local

LAD estimators 5, and corresponding & such that

ﬂ(g_HO) —  Pmin,
Vn(@—-E|Z]) — N(0,0%),

in distribution as n — oo.

We give a heuristic derivation for the case when |6y| > 1. Under the parameteriza-
tion § = 6y + B/+/n, we can confine our study to the reduced parameter space On; =
{6 :10| > 1+ 6}, where § > 0 is a small number such that |§y| > 1+ 4. Then the joint

density of X,, and Z,,, satisfies

f (xn, zaug) = |9|—n HfZ (zt (0))
t=0

e ( ;g)"“exp (_ S L2 (9)|>
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n+1 n
Z =0 |0()Zt| Un (ﬂ) a)
oxp (-2t o (2213

)
— o (%)* oxp (- Zal®oZ])

o]

< exp (_%) exp (_Un G o>> |

where 3 = /n (6 — 6p) and o = \/n(2qug — Zn) /o. Notice that dzguy = (0/v/n)da. By a

change of variables in the integration, we have

I U (%)nﬂeXp (______ZL;&MA)

Then, the Laplacian log-likelihood of (6, o) given X,, = x,, satisfies

Ln(0,0) = log%—nloglﬁl—(nﬂ)log(za)_W
_Ua(6,0) ® o (_Un(B0) ~Ua(50))
6] Hog/_we P( 7 )d . (38)

Because

Un(8,0) SU(B) and U, (B8,0)—Un(8,0) 50,

the last two terms on the right-hand side of (3.8) do not depend on ¢ as n — oo. By
maximizing L (6,0) with respect to o, we obtain & ~ > i ;|60Z:|/(n|6]). Then the

concentrated Laplacian log-likelihood is given by

n
1
Ly (0,0) =~ —(n+1)log2—nlog2]002t|+(n—§ logn —n

00 " : @ACEELACL)

do.
16| —o0 9]

Under the parameterization 8 = 6y + 3/+y/n, maximizing L (#,7) with respect to 4 to

find @ is equivalent to maximizing L (6p + 8/+/n,d) with respect to 3 to find 8, the local
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maximizer of L} (6p + 8/+/n, 7). But

argmax L5, (60 + B//7, )

~ ‘ Un(B.0) _ o0 _Un(B,00-Un(B,0)
~ arg mﬁm |90+5/\/ﬁ| log f__oo €xXp ( —Wl——> da] .

(3.9)

Since the second term on the right-hand side of (3.9) does not depend on 3 as n — oo, we

obtain

3% arg min (U (8) / 16ol) = B

It follows that

Vi (8- 60) 2 Brin.

Moreover,
-~ 1 & ~
G=5(0) =~ _160Zil /1]
t=0
Since
n
6§56, and n <l > 1z - E|le) 4 N(0,0%),
n t=0

we obtain that

Vi (@ - E|Z1]) S N(0,0?).

3.2 Global LAD Estimator

Having obtained the asymptotic results of the local LAD estimator, a natural question is:
what about the global LAD estimator, say @\n? The problem is that, §n might not even be

consistent in the possibly noninvertible MA(1) setup. Actually, by the ergodic theorem,

In (0, zaug) /1 — £(8) = E|z1 ()] (10] 10113 + Lyjo1<1})

almost surely. If furthermore the convergence is uniform on compact subsets of © =
{6 €R: (0] # 1}, then 8., the global minimizer of I, (6, Zaug) /M, is supposed to converge

to a global minimizer of £(f) almost surely. However, the true parameter value fp may not
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(a) N(0,1) noise (b) t(3) noise
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Figure 3.1: 1, (6) /n versus 6 for MA(1) process X; = Z; + 2Z;1: (a) Z; ~ 1ID N(0,1) (b) Z; ~
1ID ¢ (3)

be the unique global minimizer of £(#), and therefore 0, may not be consistent. To see
this, let us look at an example. Fifty thousand x; values were generated from the MA(1)
model X; = Z; +2Z;_1,Z; ~ IID N(0,1). Note that, I, (0, zaug) /n approximates £(6)
when n is large enough. So, instead of plotting £(6) versus 8, we plot I, (6, z5ug) /1 versus
6. Recall that we can set zg,q to zero to compute residuals z; (6) and evaluate I, (6, Zaug)-
For simplicity we write I, (6, zqug) as I (), and call [,(6)/n the average objective function.
From Figure 3.1 (a) we see that, besides the true model parameter 2, its reciprocal 0.5 is
also a global minimizer. In this situation, we have no idea where the global LAD estimator
goes; it might go to 2 or 0.5. That is, the global LAD estimator é} may not be consistent.

However, if the underlying noise {Z;} has heavier tails than Gaussian, in the sense that
o0
E \ij_w cjzt_j’ > E|Z] (3.10)

holds for any sequence {c;} such that 322 |cj| <00, 322 ¢z =1, and {c;} has at least
two non-zero elements. Then the global LAD estimator §n is consistent provided E|Z;| < oo
(Huang and Pawitan, 2000). Note that, if the noise is Gaussian, then the two sides in (3.10)
are equal. Huang and Pawitan (2000) stated that condition (3.10) is satisfied by many

commonly used distributions, such as Student’s t, Laplacian, contaminated Gaussian, and
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other standard heavy-tailed distributions. In these cases, 6y is actually the unique global
minimizer of £(#). For illustration, fifty thousand z; values were generated from MA(1)
model X; = Z; + 2Z;_1, where the underlying noise {Z;} has Student’s ¢ distribution
with 3 degrees of freedom. We compute z; (6) and then [,(8), and plot I, (§) /n versus 6.
From Figure 3.1 (b) we see that, the true parameter 2 is the unique global minimizer; and
its reciprocal 0.5 is only a local minimizer. In this case, the global LAD estimator én is
consistent.

In this section, we assume that {Z;} has heavier tails than Gaussian. We also as-
sume that the density function fz(-) of {Z;} and the absolute value of its derivative f7(-)
are upper-bounded. Then, we can show the strong consistency of én, and its asymptotic

normality as well, namely,

N (§n - 90) <, ——VZ}(_O‘;)‘%M (3.11)

when |6p] < 1, and

N (en 00) 4 2Vf N (3.12)
when |6p] > 1, where N7 ~ N(0,1).
3.2.1 Strong Consistency of 01
Notice that minimizing [, (6) /n is equivalent to minimizing
P @), o<1,
INOE 1 (3.13)
n iso 102 (8)], if 6] > 1,

and I, () — £(0) almost surely by the ergodic theorem. Moreover, it can be shown that
the convergence is uniform on compact subsets of © = {6 € R : |0| # 1}. Without loss of
generality, we consider the compact subset ©; = {§:1+¢<1|0] < M}, wheree > 0is a
fixed small number and M > 0 is a fixed large number. We first show uniform almost sure

equicontinuity of {l}; (9)} on ©;. For 01,05 € ©1, by applying the identity
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ly| — |z| = (y — 2) sgn (2) + 2y (1{z<0<y} — l{y<o<z})

for z # 0, we obtain

n—1 n—1
1 1
L6 -1 (6:) = - > 1612 (61)] — - > 10224 (62)]
1=0 1=0
|01| n—1 1 n—1
= =2 (a6 = |z (62)]) + ~ > 1z (62)1 (161} - 1621)
1=0 =0
B |61| n—1
= - (2 (01) — 2 (62)) sgn (z; (62))
1=0
20013~ 61) (1 1
+— Zzz( 1) (142:(02)<0<2:(61)} — 1z:(602)<0<:(62)})
i=0

1 n—1
+ Z |2 (62)] (161] — 162[)

=0
A1+ Ay + As. (3.14)

Consider the term A; in (3.14) first. By the mean value theorem,

dz; (6")
df ’

9 n-1 0, — 0,116 n-1
4] < ]71—1|Z|z¢(91)—zi(92)|= o n2H IIZO

1=0

for some #* between 6, and 6. For any 6 € O,

> dz (0) &
z(0)=-> 07Xy, and ; = >ttt
t=1 t=1

Hence,

sup |z ()] < D (1+&) " | Xindl, (3.15)
0€e;

dzi (9)
do

o
[
i

t(14e) D X0 (3.16)

M8

6€0,

o
Il

1

The coefficient sequences {(1 + )™t} in (3.15) and {t(1 + &)~ D} in (3.16) decay at a

geometric rate, respectively, as t — 00. So we obtain
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n—1 oo

61 — 02]16 _
|A;] < wzzt(lﬂf) (t+1)|Xz‘+t|

1=0 t=1
= 66 —6:/0(1) as. (3.17)

Moving on to the term Ag in (3.14). Given a fixed § > 0,
2161] S
Ao = == 2 (01) (Lnonr<o<ae) — Hailor)<o<zi(o))
i=0

9 91' n—1
= “_ln D2 (01) (Lau(o)<0<a(01)26) ~ Y=85a(61)<0<a:(62)))
=0

+T Z zi (61) (1{zi(02)<0,zi(91)>5} - 1{zi(91)<—5,0<zi(02)})

i=0
2|91| n—1 2 91 n—1
< o Z |2; (61)] 1{|z1(91)155} + % Z |2; (61)] 1{I21(91)|>5}1{lzz‘(91)—21‘(02)|>5}
1=0 1=0
9 |0 | n—1
< 20010+ ZER D [z (61)] 1z (61) — 2 (82)] /6
[
2161 — 6] 161] 3= [& S (t+1)
— —t —(t+1
< 2|91|5+—‘—“(5n—§ ;(1+5) |Xi+t|;t(1+5) | Xl
6, -6
= 2|ol|5+' 15 2’0(1) a.s. (3.18)

As to the term A3 in (3.14), we have

61 — 6 =
43| < [‘*l*ﬁ—2|§|zi (62)]
n—1 oo
< MZZ(1+E)—t|Xi+t|
[
= |6h —62/O(1) as. (3.19)

The O (1) terms in (3.17), (3.18), and (3.19) do not depend on 6;, 02, or §. Therefore, it
follows that the sequence {l}; (9)} is uniformly equicontinuous on ©; almost surely.
In addition, it is easy to show that {l}\l (0)} is uniformly almost surely bounded on ©;.

So, by applying the Arzela-Ascoli theorem, we conclude that the almost sure convergence
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of It (8) to £(8) is uniform on B;.
On the other hand, Huang and Pawitan (2000) showed that the true parameter value
6o uniquely minimizes £(8). This, together with the uniform almost sure convergence of

S (6) to £(6) on compact subsets of ©, establishes the strong consistency of 8.

3.2.2 Asymptotic Normality of §n

We derive (3.12) for the case when |6p] > 1; the derivation for the case when |6y < 1
is similar. Since §n is strongly consistent, when n is large enough, §n globally minimizes
u, (6) = ;‘:_01 |0z; (6)] on the reduced parameter space © ;. Therefore, we can confine
our study to the objective function u, (6) on Ony.

To calculate the objective function uy, (#), the residuals z;(8),t = 0,1,...,n are solved
backward by z,_1(0) = (2 (0) — X:) /0 for t = n,n —1,...,1 with 2, (8) = 2449 By
iteration, we have

;

—Ozn_1-i(0) =D 07O DX, ;— 020y, i=0,1,...,n—1.
§=0

Since Xy = Z; — 09Z;—1, we have for i =0,1,...,n — 1,
—0zn_1-:(0) = Z g~ (=) (Zn_j — GOZn_j_l) — 9_22’@”9

j=0

%
= —00Zn_i1+(1—60/0)> 07N Z i+ 67 (Zn — zang).-
j=1

Moreover, by setting 24,4 to be Z,, we obtain

n—1-—1i

02 (0) = 00Zi — (0 —00) Y 077 Z; i =rni (6) (3.20)
Jj=1
fori=0,...,n—1, and u, (8) = ;‘;01 CIIR

The derivation of (3.12) is broken into several steps. First of all, we approximate |¢| by

a uniformly convergent sequence of twice differentiable functions h, (t), which is specified
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by

14(nPt)? : < p—P
hy (t) = b it < n, (3.21)
¢, if |t| >n7P,

for some p € (1/2,1). This idea was also used by Bloomfield and Steiger (1983). We define

vy (0) = Z hn (i () , (3.22)

and show that v, (6) — u, (6) converges to zero in probability. Notice that

n—1

1+ (nPry; (8))?
0 (6) — u (6) = 0 Oy 0| Vrminenny
0

3 e

— (L=l (O
= . o {Irmi(6)|<n =P}

Y
I
o

For any given 6, the density of r,; (0) is upper bounded uniformly in n and i. To be specific,
let yni (0) = 3021 " 077 Z; i for i = 0,...,n— 1, then rn; (8) = 60Z; — (6 — 60) yni (6). But
Yni (0) is independent of Z;. So, by the convolution formula, the density of r,; (6) is given

by

Jrai0) (W) = /foozi (Y — @) - fi—(6-00)yni(9)) (¥) dz < max fooz, (2) .

Hence,

= — N Tns 2
E|vn (0) — un (0)] = ZE { 1= i (O)]) 1{|rm~(a)|5n—p}}

=0 2nP
n—1 1
< ZO B {ggglum(ensw}}

1 n—1 ~ ~
=552 AFr® (77) — Fro (-n77)}
=0

_ 1 "i F .0 (n7P)— F, (g (—n7P)

n2p 4 2n—P
1=0

— 0
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for p > 1/2, where F, () () is the cdf of ry; (). It follows that vy (8) — un (8) converges
to zero in probability.

Next, let 8, denote the global minimizer of v, (§). We show that 8, is strongly consis-
tent and hence 8,, — én — 0 almost surely. Moreover, we show that /n (?n - §n) — 0 in
probability.

Notice that |v, () — un ()] /n — O almost surely. Then, the almost sure conver-
gence of vy, () /n to £(6) follows from that of u, (6) /n to £(0). Additionally, the uniform
equicontinuity and boundedness of v, () /n on compact subsets of O follow from those
of uy (6) /n. So, the almost sure convergence of vy, (6) /n to £(6) is actually uniform on
compact subsets of @ ;. Moreover, 6 is the unique minimizer of £(6) on © ;. Therefore,
the strong consistency of 8,, follows.

As to showing /n (én — §n) — 0 in probability, we begin with the second derivative

of v, (8) at 8y. The first two derivatives of h, (t) are

ho(t) = (nPt) 1{jy<n—r} + 580 (1) Ljtj>n-r)s

hn(t) = np1{|t|5n—p}~

Taking the first derivative of v, (§) with respect to € yields

dv, () = dro; (6
29( ) _ D hn (i (6)) ’;9( ) (3.23)
=0
where
P (7 (6)) = 17 (6) L (@)1 <=r) + 580 (i (0)) Liru(0)1 =21 (3:24)
dryi (0) " g " -G
o Y 0772+ (0—60) Y 9 Zjyi. (3.25)

Taking the second derivative of v, (f) with respect to 8 yields
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2 = " Tni ? ! 27‘7”
Lont9) "(9)=Z{hn(rm-(e)> ) +hn(7”m‘(9))w}’ (3.26)
0

where

by (i (8)) = L @)<n-r)

2 ) n—1—z . n—1—1 -

dral®) _ > oItz —(0-60) Y G+ 10Dz,
j=1

2
do s

Plugging 6y into ijz%‘é—) and multiplying it by 1/n, we obtain

- dz’U (90) n-l n—l—i . 9
n 1——;82 = ——anl{]ooz|<n -r} (Zj:1 90]Zj+z‘>
=0
= n—1-—1 ( l)
+— an 00Z)1{]ooz|<n P} (Z i 9 J+ ZJH)
=0
2 n—1—1 i+1
We show
2
e (3.28)

d6? 160l (63 — 1)
by dealing with the terms 77, To and T3 in (3.27), respectively. The term 7> — 0 in

probability since

E'T2| Z np|902|1{|902|<n p} 1271 - 0 (5+1 )Z]+‘

I/\

n—1 -
:{ IZ" i85z, ( E (n” 80 Z1] Ljo21|<n-7})

< Const - E (1{|oozll§n—"})

— 0.

The term 75 — 0 in probability too. To see this, we consider
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n—1
Ty== ngn (602;) (Z::: 1]'90_(]+1)Zj+i) ,

and it is easy to show that T:; — 0 in probability. On the other hand, the result that

T3 — Té — ( in probability is implied by

n—1
' 2 1=
E th - Tsl = EE Z n (60Z:) 1416, 2:|<n-r} (Zn_l 76, (]+1)Zj+i>
i=0
2 - n—1—1 ' ]+1
< ; E( {|80Z;|<n— p} E‘Z Zj+i
2 n-1- z ”
- {n ZO E ‘Z ]+1 Zj+i } E (1{|9021|Sn"’})
< Const-E (1{|9021|Sn"’})
— 0.

To deal with the term T}, we define

n—1-i _ . 2
Tni = np1{|90Zi|S"~p} (Zj=1 HOJZ]'—H')

such that T} = 1 i 01 Tni. Then,

. n—1-—1 2
E(rmld™) = (377 67Zw) E(Lypzii<nn)

7=1
_ (Zn—l 19 ) Foyz, (n7P) — Fgyz, (—n"P)
=1 0 ]-H n—p ’

where 3! = ¢ (Z;;t > i + 1), and it can be shown that
1 n—1

E Z E (Tm‘lg’H_l)

1=0
n—1
_ l n—l-i _; o 2 F00Z1 (n"p) - F0021 (-n_”) f) 2f (0) o
B {n ; (Z]’:l % ZH’) } n-pP 6o] (62 — 1)

On the other hand, it can be shown that
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Ty — = ZE (rmi|FHY) 5 (3.29)
1—0
To be specific,
1 = +1 1 = +1
E(Ti ~ =) E(m7") > B (tni — E (1s]F*71)) =0, (3.30)
i=0 i=0

and
vir (1 e i) = 25 ver B )
- 53 B{E [l Euir )]}
_ izgo (B (215°1) — [B (rul5)]?)
o

LS BB ).

1=0

IA

But

T BB (I
= B ey (SI0 050 21)|
[E B (S5 007 25m:) } B [0*1a,2:1<n-7)]
o {S Bz im0 v oot (23 0) ]}

1=0
Ebozl(" p)_fbozl(_" p)
x 2n-pP
Fooz, ("_p)'F"oZl ("”—p)

P+l
< Const - n =P

It follows that

n-1 -y _ P
Var (Tl——ZE T | F 1 ))sconst-nP-I-F""Zl (07) = Fooz (=n77) (3.31)

2n—P
i=0

for p < 1. Therefore, (3.29) follows from (3.30) and (3.31), and hence
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P 2f(0)o
. 160 (02— 1)

The convergence (3.28) follows by combining the results for T3, T3, and T3. Moreover, for

any random sequence {6} such that 6, 25 6y,

4%, (6,) P 2f(0)o

) 3.32
ao* " ool (65— 1) .
and
1 [dvu,(6n) du,(6n)\ P

— — 3

N ( df @ )" (3:33)
(see Section 3.5 Appendix). It follows from (3.33) that

dvy, (6,
L—"—(—"l Eo. (3.34)

Jn_ do

Expanding the first derivative of v, (8) with respect to 6 in a first degree Taylor series about

0,,, we obtain

dvy, é\n n (0 d2vn 931 ~  _
dg ) = dvdg s d9(2 ><9”_9”>
d?v,, (911)

- m),

where the random variable 0;& lies between §n and 6,,. Then

dvy, (00 d2v,, (6} -
% v d<9 ) _ [%”‘de(?—)} [\/ﬁ (gn_en)], (3.35)

Notice that 6} 25 6;. It follows from (3.35), (3.32), and (3.34) that

Finally, we show
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VA (B - 0) 4 LV fg)‘ v, (3.36)

and hence (3.12) follows. We expand the first derivative of v, () with respect to 4 in a

first degree Taylor series about 6,,:

— 2 i
dv, (6p)  dvn (On) d®vn (Qn) _
0 - o + 20 (00 - 9,,) , (3.37)

where 9}1 lies between 6y and 8,. The first term on the right-hand side of (3.37) vanishes

because 6, minimizes v, (#), and thus

—1
2 01
_ 1 dv, (60)] |19 Un( n)
— = | — - . .38
Vi (60— B.) [ﬁ - H” i (3.38)
However,
i
since 93, 23 8. So, it suffices to show
1 dv, (60) 4 o?
— —— }. 4
Jn_ db _’N(O’eg—1 (3.40)
From (3.23), (3.24), and (3.25), we have
1 dvy, (60) 1 = » ity
% a0 = T : n? (00Z;) Lii60zij<n—7} (ijl 0 j+i)
1=0
! n_lsgn (60Zi)1 (Zn—l_i 6572 )
T 04:7) 1{|60Z;|>n—P} _ 0 “j+i
v =0 7=
Define
n—1-i _ .
Mni = —nP (QOZL') 1{l90Z1|Sn_p} <Z]’=1 GOJZ]'—H')

such that S; = % ZZ:OI Tni- Then
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; n—1-1 _ .
E (70 F**1) = —E [P (0021) L{j9o21|<n}) - (ijl 0o Zj+i) ,
and
n—1 n—1
1 il _ E[n” (00Z1)1{|0021|Sn—p}] n—1—1 —_—
ﬁ s E (nmlgﬂ ) = - Jn ; (ijl %o Z]+1)
E [n? (60Z1) Lijgoz:1<nm)] = (i s
- vn - Z (Zizl B )Zj

=1

__E[n?(0021) 1192 <7} 'il 1-67 ,

— 7 sl

The summation ﬁ z?:_olE(nmlﬁ'”l) goes to zero in probability because

n—1

1 .
E|—=) E (57" = 0,
{\/ﬁ 3 (M )]
n—1 2n-l
1 . {E [n? (6021) 116021 |<n-7}] }
V v E ni g:'H-l = > 1 1=
o Vn & (i )} n (60~ 1)° ( )

< Const - {E [1{100Z1|Sn—p}] }2

— 0.

On the other hand,

n—1

E l:sl - %ZE %le+1 jl - T; Mni — 77m|3‘1+1)] =0,

and

1 . 1
51 5 330 = 15 v~ o)

1=0

Var

1

-1 ZE {E (s — B (i3 1))* 5°41]}
= %ZE{ m|gﬂ+1 [ (77""|31‘+1)]2}
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3
|
—

1 ,
< Y BEERT).
1=0
But
9 1 % 9 n—1—1 —j 2
E[E(n%5*)] = E [" (602:)" 1j90z:1 <=7} (ijl % ZJ‘“’) }
) 2
n—1-—1 i
= E| ) 67Zu -E[n2p(9ozl)2 1{|0021|5n—"}]
=1
< Const - E [Ljgyz,|<n-r)] -
Hence,
1 n—1 ‘ 1n—1
Var |51 — —n E (nm|3ﬂ+1)] < -T—L Z Const - E [1{|0021|Sn—p}]
i=0 1=0
= Const-E [1{|0021|Sn"”}]
— 0.
It follows that
n—1
e Gqitly P
S1 \/ﬁ ; E (nmlT ) - 0,

and therefore S, £o. Moving on to the term S;. On one hand, it is easy to show that

Sé A N(O, oﬁo"i—l), where

/ 1 nd n—1-i _ .
Sy = % Z:205gn (60Z;) (— ijll OOJZ]'_H) ;

on the other hand, following the same lines for the term S, it can be shown that

, 1 n-l-i _. P
Sz — S2 = % ngn (9021) 1{loozi|5n—p} (" Zj=1 6032j+i) — 0.
1=0

Therefore,
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The convergence (3.40) follows from the results for S; and Ss.

3.3 Linearized LAD Estimator

Note that, the objective function (3.4) is not convex in 4, which complicates the search for
a minimizer in the sense of numerical computations. To simplify computations, we propose
a local linearization procedure to obtain a linearized objective function that is convex in
0. Then, the linearized LAD estimator §LLAD, which is defined as the minimizer of the
linearized objective function, has the same asymptotic normal law as §LAD.

Suppose 8 is a set of estimators of 8 such that 8 = 8 + O, (n™1/2). We linearize the
original objective function I, (8, Zayg) in the neighborhood of 50 using a Taylor expansion.
We discuss cases when |fp| < 1 and |fy| > 1 respectively. Suppose the true model is
invertible, then we confine our study to the reduced parameter space ©;. In this case, we

actually linearize z; (6) around ’6\0, which yields the objective function

z (50) _ D (50) (9 - 50)’ , (3.41)

where D; (6) = —d(z;(0)) /df for ¢ = 0,...,n — 1. The asymptotic normality of §LLAD is

n—1

>

then a special case of Proposition 2 of Davis and Dunsmuir (1997). That is,

Vvn (§LLAD - 90) — 2;—(_0)00]\/1

in distribution, where §LLAD is the minimizer of (3.41).
On the other hand, when the true model is noninvertible, we confine our study to the
reduced parameter space ©yr. Then, we actually linearize 9z; () around 50, which yields

the objective function

ni ‘5021' (3) - D (8) (¢ - 670). : (3.42)

i=0
where D; () = —d (0% (0)) /df for i = 0,...,n — 1. The asymptotic normality of LLAD

follows from Proposition 2 of Davis and Dunsmuir (1997) by reversing time to obtain an
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invertible representation. Or one can show the result by dealing with the objective function

(3.42) directly. So, when the true model is noninvertible,

Vvn (§LLAD - 90) — |9—0|2?%)—_—1N1

in distribution, where §LLAD is the minimizer of (3.42).

3.4 Simulation Study

In this section we undertake a simulation study to evaluate the asymptotic theory. The data
{z:} are generated from noninvertible MA(1) model X; = Z; + 64Z;_,, with the value of 6,
taken to be 1.1, +1.5, and +1.9, respectively. We use two different types of the underlying
noise {Z;} to simulate data: the Laplacian distribution with the scale parameter ¢ = 1.0
and the Student’s t distribution with 3 degrees of freedom. We consider two sample sizes
of 500 and 5000.

For each case, we simulate 1000 replications, and report the empirical mean, standard
deviation, and percent coverage of nominal 95% confidence intervals (ClIs) as in the sim-
ulation study of Breidt, Davis, and Trindade (2001). To compute the percent coverage of
nominal 95% ClIs, the empirical Cls are computed from the asymptotic theory for each of
1000 replications. To be specific, once an estimate ’9\,1 of 8 is obtained for each replication,
we fit the model and calculate the residuals { zt(an)} Then, Var(Z,) is estimated by the
empirical variance of the residuals, and fz (0) is estimated by the normal kernel density
estimation at zero with a default normal scale bandwidth selector. Hence the standard
error of @\n can be estimated and the 95% confidence interval constructed. We also report
95% confidence intervals for the empirical mean, standard deviation, and percent coverage.
The asymptotic mean and standard deviation are based on (3.12).

The method of a combination of golden section search and successive parabolic interpo-
lation is used to search for the minimizer of LAD objective function, which is implemented
with the function “optimize” in R package.

The results for the Student’s ¢ underlying noise are reported in Tables 3.1 and 3.2, while

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 3.1: Estimates for MA(1) model X; = Z; + 60Z;—1, Z; ~ IID t (3).

Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
500 | 6 =1.1| 0.0177 1.1067 0.0240 92.7
(1.1052, 1.1082) | (0.0230, 0.0251) |  (91.1, 94.3)
5000 | g = 1.1 | 0.0056 1.1007 0.0060 94.0
(1.1003, 1.1011) | (0.0058, 0.0063) (92.5, 95.5)
500 | 8p = 1.5 0.0589 1.5074 0.0635 95.6
(1.5035, 1.5114) | (0.0608, 0.0664) (94.3, 96.9)
5000 | 6 = 1.5 0.0186 1.5003 0.0197 95.1
(1.4989, 1.5013) | (0.0183, 0.0200) (93.8, 96.4)
500 [ 6 =19 0.1078 1.9128 0.1157 96.4
(1.9057, 1.9200) | (0.1108, 0.1210) (95.2, 97.6)
5000 | 6 = 1.9 0.0341 1.9005 0.0361 94.6
(1.8982, 1.9027) | (0.0346, 0.0378) |  (93.2, 96.0)
Table 3.2: Estimates for MA(1) model X; = Z; + 69Z,_1, Z; ~ 11D ¢ (3).
Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
500 | 6p =-1.1| 0.0177 -1.1069 0.0251 92.3
(-1.1085, -1.1054) | (0.0240, 0.0263) (90.6, 93.9)
5000 [ 6p = -1.1 0.0056 -1.1007 0.0059 95.4
(-1.1011, -1.1004) | (0.0056, 0.0061) |  (94.1, 96.7)
500 | 6p =-1.5| 0.0589 -1.5037 0.0636 94.9
(-1.5077, -1.4997) | (0.0609, 0.0666) |  (93.5, 96.2)
5000 | 6p = -1.5| 0.0186 -1.5003 0.0193 95.5
(-1.5015, -1.4991) | (0.0184, 0.0201) (94.2, 96.8)
500 | 6 =-1.9 0.1078 -1.9067 0.1171 95.3
(-1.9140, -1.8995) | (0.1122, 0.1225) |  (94.0, 96.6)
5000 | 6y = -1.9 0.0341 -1.9003 0.0357 94.8
(-1.9025, -1.8981) | (0.0342, 0.0374) (93.4, 96.2)
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Table 3.3: Estimates for MA(1) model X; = Z; + 69Z;—1, Z: ~ IID Laplacian.

Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
500 |6 =1.1 0.0159 1.1045 0.0212 93.3
(1.1032, 1.1058) | (0.0203, 0.0222) |  (91.7, 94.8)
5000 | g = 1.1 0.0050 1.1004 0.0053 96.4
(1.1000, 1.1007) | (0.0051, 0.0056) |  (95.2, 97.6)
500 | 6o =15 0.0530 1.4999 0.0561 97.0
(1.4964, 1.5034) | (0.0538, 0.0587) (95.9, 98.0)
5000 | 6 = 1.5 0.0168 1.4993 0.0164 97.2
(1.4983, 1.5003) | (0.0157, 0.0171) |  (96.2, 98.2)
500 | 6 = 1.9 0.0971 1.8989 0.1027 96.4
. (1.8926, 1.9053) | (0.0984, 0.1074) |  (95.2, 97.6)
5000 | 8p = 1.9 0.0307 1.8985 0.0298 97.8
(1.8966, 1.9003) | (0.0285, 0.0311) |  (96.9, 98.7)
Table 3.4: Estimates for MA(1) model X; = Z; + 0yZ;-1, Z; ~ 1ID Laplacian.
Asymptotic Empirical
n Mean Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
500 | 6 =-1.1 0.0159 -1.1058 0.0197 96.1
(-1.1070, -1.1046) | (0.0188, 0.0206) (94.9, 97.3)
5000 | 6y = -1.1 0.0050 -1.1006 0.0052 97.8
(-1.1009, -1.1003) | (0.0050, 0.0055) |  (96.9, 98.7)
500 | 6 =-1.5 0.0530 -1.5040 0.0581 96.8
(-1.5076, -1.5004) | (0.0557, 0.0608) |  (95.7, 97.9)
5000 | 6 = -1.5 0.0168 -1.5008 0.0168 96.8
(-1.5018, -1.4998) | (0.0161, 0.0176) |  (95.7, 97.9)
500 | 6 =-1.9 0.0971 -1.9076 0.1076 96.6
(-1.9144, -1.9011) | (0.1031, 0.1126) |  (95.5, 97.7)
5000 | 6 =-1.9 0.0307 -1.9015 0.0304 97.3
(-1.9034, -1.8996) | (0.0291, 0.0318) |  (96.3, 98.3)
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those for the Laplacian noise are reported in Tables 3.3 and 3.4. We can see that, the LAD
estimates and empirical standard deviations are comparable for the two types of underlying
noise. But, while confidence interval coverages for the Student’s ¢t noise are close to the
nominal 95% level, those for the Laplacian noise tend to be a little higher. In all cases with
sample size 5000, the LAD estimates are approximately unbiased and empirical standard
deviations are in agreement with asymptotic ones. The boxplots and normal probability
plots (Figures 3.3, 3.5, 3.7, and 3.9) look pretty good. For each of the cases with sample
size 500, especially for 8y = =£1.1, there are some bias and more variation as well in the
LAD estimates. The boxplots and normal probability plots (Figures 3.2, 3.4, 3.6, and 3.8)
indicate that the bias and extra variation are due to a relatively small number of large (in
magnitude) outliers. Except these outlying values, most of the LAD estimates follows the
asymptotic normal law quite well. The empirical results for § = —1.1, —1.5, and —1.9,
and those for 6y = 1.1, 1.5, and 1.9, are roughly symmetric; this is expected because the
asymptotic theory is symmetric around zero. The study shows that, when 8y gets close to
the unit circle, the estimation is more difficult and the convergence is slow.

We also conduct a simulation study regarding the LLAD estimator. The data {z;} are
generated from the MA(1) model X; = Z; + 6yZ;—1, with the value of 6y taken to be 1.1,
1.5, and 1.9, respectively. We consider underlying noise following a Student’s ¢ distribution
with 3 degrees of freedom, and sample size n = 5000. A method of moments estimation
is used to construct the initial estimate 50, and then the linearized objective function is
minimized yielding the estimate 51. This procedure is iterated 4 times, replacing 50 with
the newly obtained estimate at each iteration. Results are reported in Table 3.5. The first
column gives the asymptotic mean (number at the top) and standard deviation (number
in parentheses) based on the theory, and the second column gives the empirical mean and
standard deviation of estimates using the method of moments. Other columns state the
empirical mean and standard deviation of the LLAD estimates. The results for 8y of 1.5 and
1.9 are comparable to corresponding results for the LAD estimates. But for the §; = 1.1

case, the empirical standard deviation of LLAD estimates is larger than the theoretical
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Figure 3.2: Boxplots and Normal probability plots of estimates when n = 500 and {Z;} ~ IID
t(3) (a) 90 =1.1. (b) 90 = 1.5. (C) 00 =1.0.

(a) True theta=1.1

Theoretical Quantiles

(a) True theta=1.1

Theoretical Quantiles

(b) True theta=1.5

Theoretical Quantiles

{b) True theta=1.5

Theoretical Quantiles

(c) True theta= 1.9

L] (] °
-1 o
0 ~ 8 :j"
N A - .
g - . 1 + i
£ | . £ ! £ o
3 5 24 ! 5 N :
§ o ;8 . 5 o N
= i B 1 =
= - =
g 4 = F: ; & = |
1 < 1 - 1
n . -
< —+- - ' '
- ° — @ | ——
Normal Q-Q Piot Normal Q-Q Piot Normal Q-Q Plot
o O o
-1 o
-
w '“._‘ N—
N - ®
3 - o 3 2
: A o £ o E N
3 a - 3
g - 3 2 8-
- o
£ g 24 £
o T 3
] 1 ] @ o« |
0 < -
8 4 =
- o @ J
LR L L T T 1T T T 17T - LB
-3 -1 123 -3 -1 123 -3 -1 123

Theoretical Quantiles

(c) True theta = 1.9

© - o °
s . 3 g4 4
= i - 4 o
s - 3 s s !
3 o - 1 I 0 1
s = [ £ ' £ =2 '
5 < ] ' ‘s g_ [ ‘s
5 i 3 8-‘ E
T 2 | ® _ T -~
P is Pal
4g ' w29 . wo %A '
e+ i 1
- E | 2
¥ 3 — -] 3
Normal Q-Q Plot Normal Q-Q Plot Normal Q-Q Plot
[e | - s |
~ ° 8
8 = 3 g -
s _ S 5 8 4
[ c ] H
s = ] s -
s - 8 s g
2 o ° s 29
E -] £ g -
3 A s 84
= -
==
- =1
L=
T 1T 17 1T
-3 -1 123 -3 -1 123 -3 -1 123

Theoretical Quantiles

Figure 3.3: Boxplots and Normal probability plots of estimates when n = 5000 and {Z;} ~ IID
t(3). (a) 6o = 1.1. (b) 6o = 1.5. (c) 6p = 1.9.
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Figure 3.4: Boxplots and Normal probability plots of estimates when n = 500 and {Z;} ~ IID
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Figure 3.5: Boxplots and Normal probability plots of estimates when n = 5000 and {Z;} ~ IID
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Figure 3.6: Boxplots and Normal probability plots of estimates when n = 500 and {Z;} ~ IID
Laplacian. (a) 6p = 1.1. (b) 6y = 1.5. (c) 6o = 1.9.
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Figure 3.7: Boxplots and Normal probability plots of estimates when n = 5000 and {Z;} ~ IID
Laplacian. (a) 6p = 1.1. (b) 6y = 1.5. (c) 6p = 1.9.
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Figure 3.8: Boxplots and Normal probability plots of estimates when n = 500 and {Z;} ~ IID
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Table 3.5: Linearized LAD estimates for MA(1) model X; = Z; + 60Z;_1, Z; ~ 1ID ¢ (3).

00 90 91 Gs 03 04
1.1 1.1974 | 1.0695 | 1.0857 | 1.0930 | 1.0952
(0.0056) | (0.0908) | (0.0289) | (0.0273) | (0.0267) | (0.0282)
15 15014 | 1.4912 | 1.4998 | 1.5002 | 1.5002
(0.0186) | (0.0892) | (0.0255) | (0.0195) | (0.0193) | (0.0193)
1.9 1.9039 | 1.8959 | 1.9005 | 1.9005 | 1.9005
(0.0341) | (0.0898) | (0.0362) | (0.0353) | (0.0353) | (0.0353)

one, showing that there exist more uncertainty and variation when 6y gets close to the unit
circle. The boxplots and normal probability plots are displayed in Figure 3.10 for 8y = 1.5

case.

3.5 Appendix

3.5.1 Derivation of (3.32)

While we are unable to give a complete proof of (3.32) at the present time, we map out one
potential argument. We show that the convergence (3.32) holds for the case where {6,} is
a non-random sequence such that 6, — 6y, and conjecture that it also holds for a random
sequence {6,} such that 8, =5 6.

Plugging 6, into (3.26) yields

L 2
Z TP (0n) | < r}( ST 077 Zj4i + (6n — 60) Z?;f_’ﬁnml)zm)

ta Z:0 1P (i (0n)) Ljros(6n) <n-r)

(2217. 1—3 36n (]+1)Z]+1 (0 _90) }:n 1—1 ]+1) 0;(j+2)Zj+i)

n—1
+1 EO SEN (Tni (0n)) 1{jr(0,)1>n-7)
( Zn 1—i 76m (J+1)Z

=T} (6n) + Tb (6,) + T3 (6) .

~ (00 = 00) 3211 (G + 1) 0910 25,

(3.43)
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Figure 3.10: Boxplots and Normal probability plots of LLAD estimates when n = 5000 and {Z;} ~
IID ¢ (3). (a) 6. (b) 61. (c) 62. (d) bs. (&) 84.

Let G(-) and g (-) denote the cdf and pdf of 6pZ;, respectively. Firstly we consider the

term T3 (6,), which can be written as a sum of following two pieces.

n—1
2 n—1-% .
To(0a) = =D 1" (i (8n)) Lrustonrisn ) (Z ]gnmnzjﬂ.)
=0

7j=1
O — 60) <= no1-i . iy
_(__n_o) S 1P (i (0)) Ly <) (ijl 56 +1)6;0492,.,)
1=0
= T (6n) — T2 (0n).
We show
Ty (6,) 20 (3.44)

by showing

T (6,) 20 and  Th(8,) 5 o0. (3.45)
For the term T%; (6,), we have
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n—1- 1.
BT (6:)] < ‘ZE (" Iri On)] Lirnstomizn-n)| Do, 3029V Z14])

n—1

n—1-—1i
—ZE{E L{jrni(6n))<n- P}IZ 3079 Z, |5}

| /\

n—1—i . .
= ZE{' >0 IRV Zil B, eaignny 1T}

Since g (-) is bounded,

E(1{jrns(0m)1zn-r}|F)
= E (1{1602:~ (0n—t0)yms (0} <7} | T1")
=G ((6n = 00) Yni (6n) + n7P) — G ((6n — 60) Yni (6n) — n7P) (3.46)
=2n""g (Cui)

< Const - n7?,

where ¢}, lies between (65, — 6p) Yn; (0n) — n™P and (8n, — 60) Yni (6n) + n~P. Then,

— 0, (3.47)

2Const n—1—i iU+ Const
B|To (6| < }Z Tz < =2

because E|> 77 1 9—(] i )Zj+i < Const uniformly in ¢, which is easy to show. It follows

from (3.47) that T3, (0,) — 0 in probability. Likewise, we can show that T3 (6,) — 0 in
probability.

Next, we consider the term T3 (6,,).

97l n—1—i .
-2 . 0—(G+1) 7

n ; sgn (rni (6r)) (ijl 36 Z]—H)

25~ P =G
T Z sgn (Tn; (6n)) 1{|Tni(0n)|5n—7’} (Zj=l NS Zj+i)

i=0

0, — 0p) 2 n—l-i (4
TS s s 0) (564106757 2,)

(6n = 60) nol-i ~(G+2) 7.
+ L ngn Tni (On)) L{jrpi(60)1<n-) Z-:l JG+10)0,97Y 24,

n
1=0
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= T31 (0n) — T32 (0n) — T33 (0n) + T34 (0n) . (3.48)

We show T3 (6,) — 0 in probability by showing T3 (65,) — 0 in probability for £ = 1,2, 3,4.
The derivations of results for T39 (6,,) and T34 (6,) pretty much follow the same lines as those

for T5; (6,) and T2 (6,). The result for T35 (6,) follows from that
16, — 6o <= n—1-i .
BT (0] < S2Y BY TG+ D692,
=0

1 n—1
< _ bl
< |0n — Gl <n ; Const)
= Const - |6, — 6|

— 0.

Moving on to the term T3; (6,). The expectation of (731 (6,))? can be expressed as

E (Ts1 (6n))°
25’: ::;E[Sgnm (6n)) (271 73629V Z144) - s (i (60)) (275 162 Z0)]
- 547 n:; E(Z?:—Il—zﬁ;(ﬁl)zﬁiy
+%§;§)E[Sgn (i (82)) (X021 36297V Z114) - sgm (r (6n)) (S0 162 ) 214 0)
= T3y (6n) + T3 (0n)

It is easy to show that the term T4 (6,) goes to zero. The term T (6,) also goes to zero:

for k < 1,

Elsgn (rni (0)) (7217 56591V Z504) - sgn (ruk (6 ))(z" - “'ze“““mn

= E{E[sgn (rai (6n)) (2001 562970 Z140) - sgn (rk (80)) (272 % 102 70 Z0r) |71}

= E{sgn (7n:i (fn)) (Z?:—ll_ijHE(jH)ZjH)(Z?:—ll“k 19;(l+1)zl+k) 'E [sgn (rnk (62)) [F511] ).

By Cauchy-Schwarz inequality we obtain
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Efsgn (rai (6)) (52156271 Zy0) - s (ra (60) (05116270 21
< Bl 307 9V Zi0) (T F 10D 21 1)2 112 - {B{E [sgn (ra (60)) |95+ 121172
< Const - {E{E [sgn (Tok (0n)) |f¥k+1] }2}1/2.

But

E [sgn (rok (6n) 175" = E [sgn (902k — (6 — 0) yme () 17°7]
= [1 =G ((6n = 60) Ynk (0n))] — G ((0n — 00) Ynk (6r))

= 1-2G ((9n - 90) Ynk (en)) )

and since (6, — 0p) ynk (0n) — 0 almost surely, by applying a first degree Taylor series to
G ((0r, — 00) ynk (05)) about zero we get

G ((n — 00) ynk (6n)) = G (0) + g (Cax) (n = 80) Yk (6n)

- % +g (Crsz) (0n - 60) Ynk (an) .

where the random variable Cflk lies between 0 and (6, — o) Ynk (6r). So,

B [sen (ruk (62)) 155+ ] = ~29 (¢24) (6 — 00) o (60)
and then

[Efsen (ras (62)) (S023 ™ 30270 Z42) - sen (rk (60)) (S0~ 1620 20
< Const - {E{—2g (¢Z) (On — 60) Ynk (6r)}? }1/2
< Const - |6, — 6o - [E(ynk (62)) ]1/2
= Const - |6, — 6].

It follows that

—1i—

n—1

8
T3 0n)] < 75 D
=1

1
Const - |8, — 6g| < Const - |6, — 6| — 0.
=1 k=0
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The convergences of Ty, (6,) and T2 (8,,) to zero yield that E(T3; (6,))? — 0, which in turn
implies that T3; (6,) — 0 in probability.

Hence, in order to show (3.32), it suffices to show

P 2f(0)o
Ty (6,) ool (@2~ 1) (3.49)
Rewrite Ty (6,) as
Ty (6n) = (T3 (60a) = T} (60)) + T (60), (3.50)

where Tlf (6n) = 2375 n P i (0n)|<n=r} (2 nolT z90]Z]+1) . We derive (3.49) by showing

n

that
Ti (6) = T} (62) 5 0, (3.51)

and
i) 5 _2f 0o 3.52
1( ) |90!(9(2)_1) ( )

To show (3.51), we further split the term T3 (6,) — T;r (6,) into three pieces:

11 (6 )—Tt( 0n)
Z WL (1r(l<n—r = Xgmt " 007 Zi i+ (On — 00) Y01 30207V 2,0
—%:f;npl{lrn,<en>|<n 2

= %Z:;”pl{lrm(on)l@ (02 7 007 Zj40)? — (021 7057 25447

2(0" 2(0n—6o) Z np1{|,nm(9 Y<n— p}(Z" - 19 ]Z )(Z]n';ll—ijerj(jﬂ)zjﬂ)
+ (Gn—oo Z np1{|7'n1(‘9n)|<n p}(z:?;ll_ljeg(]+l)zj+l)2

=A; — Aqy + As.

We show that Aj,j = 1,2,3, goes to zero in probability, respectively, and then the con-
vergence (3.51) follows. To be specific, firstly the expectation of |A;]| is upper-bounded as

follows.

104

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—

Bldal <4'S wB((SS ™ 07 250" ~ (T)2 7 057 2l B [ oienn)|741])

.
—

<7 X B TH0n7 Z514)% — ( ;:%"'%jzjm-(Const~n—p>}

3

A
|

Z (02 007 Z544) — (021 0 057 Z4a) .

But

B |(Spd ™ 07 200 — (S35 195"2]-“)2]
= B|[S5 767 6 >Zj+i][ 0T 4 057)Z54]

< {E| "“(9] VY. (B[S0 (607 + 057) ZiP 12
= [Spi e - 65 )202]1/2-[ 1O + 657)%0%)

< Const - [277, 7" (6a7 - 657)71"/?

by applying Cauchy-Schwarz inequality. Recall that 6, — 6y and |6y > 1, so there exists a
small § > 0 such that 1 < |6y| — § < |6,| when n is large enough. Applying the inequality

lat — b < |I| (a A b)" ! |a — b] for a negative integer number I, we have

027 = 05| < 3 16n = B0l (6 1 60) ™0 = 5160 — 6] (60] - 6) U1

Then,

5607 = 657)

S(9n~90) Zn 1—1 2 |01 ) 2(7+1)

1-d(n—1-19) (n=)d(" 1) _(n—1—i)d(n+t1-9) 1M n—i)dn—1)
S (en_‘GO) ' [ ((1 d)3 )+ d—(n=)d (1_(;)21 i - (ot 1)1(71dl)d ]

d2
< (6 — 60)? [277)5 + gy

= Const - (6, — 6p)?,

where d = (J6y] — 6)7% € (0,1). Therefore,

n—1

1 n-1-i . .
E|A,| < Const - ~ Z[ijl (07 — 957)2)\/?

=0
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n—1
< Const - —Z[Const (6n — 60)%)"/*

=0

= Const - |0, — o]

— 0,

which implies that A; — 0 in probability. Likewise, we can show As — 0 in probability by

showing that the expectation of |Aj3| goes to zero:

E|A,|
< Hfn—to| Z nP - E{|(X72) 607 Zi4) (21 b G+ Zi1)|E [Ljrnson)i<n-r3 | F 1 }
< Const - |6, — o] - Z Bl(0) ™ 027 Z510) ()2 36290 Z,40)
< Const - |6, — 6|

— 0

because E|(3_72, 107 Z500) OBy 1= g, U+ )Zj+i)! is upper-bounded by a constant uni-

formly in 7. As to Ag, following the same lines for A, we obtain
E|A3| < Const - (8, — 69)? — 0,

from which the convergence of Ag to zero in probability follows.

In order to show (3.52), we define
n—1-¢ _ .
Fni =W L onien )y O,y 00725’

such that TlJr (6n) = % ?:_01 wni. Then the conditional expectation

n—1—1

B (mml3) = Qo 007250 "E (Lgrnomiznny 1 F1)

But
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E (1{jrnu(0n)<n-7}|F*7)
= E (1{1602:~ (0 —B0)yns (6:) 1 <n-} 1 F*H)
=G ((8n — 60) Yni (0n) +n7P) = G (6 — o) Yni (6n) — n7P)
= G ((6n — 00) Yni (6n)) + g (0 — 60) Yni (6r)) - n P + 39’ (¢3,) -n™2P
— (G ((Bn — 00) yni (6)) — g ((Bn — 80) yni (6r)) - 7P + 34" (¢h) - n™ %)
= 2n7Pg (6 — 60) s (6)) + 25~ [ (¢3.) — o' (G2)]

where the third equality follows from second degree Taylor expansions about (6,, — 6g) yn; (6r),

and random variables (3, and (3 are between (0, — 8o) 3 (6») + nP and (6, — 6o) ¥° (6r),

and (0, — 60) v? (6n) — n~P and (6, — o) v (6,), respectively. Then,

%EE(%W“) =%"§ (23507 067 345 9 (6 — 60) yni (60))
+ gmtvs Z (027057 254402 - [9(CR) — 9 (Ch)]

___2g(0 Z(anzg Z )

n—l

z: (02170057 Zj4i)? - 9 ((Bn — 00) ymi (B)) — g (0)]
2,,1+,,z(2" 067 Zii) - [0 (65 — 9 (Gha)]

= g( )A1+2A2+A3.

(3.53)
It is easy to show
B 1 n—1 n—1—i 9_]_ 2 P 0.2 4
A= ZO (ijl 7 Z4i) D 7T (3.54)
1=

With a first degree Taylor expansion of g () about zero, we have

9 ((6n — 60) yni (62)) — g (0) = g’ (%) (Bn — 60) Y (6r)

where (3, is a random variable lying between 0 and (6, — 6o) yns (6r). It follows that

n—1 .
Blds < = SR 072007 Ig' (65) (6 — 60) i (60) |
1=0
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n lz
< Const - |0, — o] - = ZE Z]_l 0 J-H) |Yni (6n)]]
n—1-1 ;
< Const - |6, — 6ol - ~ Z[E Doy 00721 By (60))°]
< Const - |6, — o] - l Z Const
=0
= Const - |6, — 6|
— 0,
which implies
A Do
Moreover,
Const < n—l-i _ Const
E|43| € —— nltp ZE(Z]':1 90]Zj+i)2 < — 0.

Notice that g (0) = f(0)

=0

/(o |60]). By putting (3.53)-(3.56) together, we establish

15 (o (gieny 2, _2f Q)0
n;E(wmwﬂ ) ™ (0(2)_1).

Now consider the difference between T/ (,) and LS E(wn|F ). We have

n—1 n—1
BIT! (6) — = 3B (wlF)] = 2 3 E [, — B (wwil3)] = 0
=0 i=0
and
n-1 -
Var[TlT (6r) Z E (leT+l)] —15 Z Wni — wnilg’ﬁl)]z

Reproduced with permission of the copyright owner.

13 ZE{E{ ni — B (el )25}
=0

n—1
1 .

1=0

[ (wnl 5]

108

Further reproduction prohibited without permission.

(3.55)

(3.56)

(3.57)



1 .
< — ) _E[E(wnl7)].
i=0
But
, n—1—i _. ,
E (wnlg"1) = n2p(2j=1 00 Zj+i) E [1{jr,s0.)1<n-7)1 ]
—1—4 .
< Const-nP - (Z:Zl 057 Z;1i)*.
Hence
t 1%~ +1 1+ nel=t 4
Var(T{ (6,) — ~ > E(wnlF!)] < Const- = ZE(Z]_:1 057 Zj 1)
1=0 =0
1
< Const - T
ni—p
— 0
for p € (1/2,1). It follows that
1 n—1 ' P
7! (6,) - - > E (wni|FH) S 0. (3.58)
i=0

The convergence (3.52) follows from (3.58) and (3.57).

This completes the derivation of (3.32). m

3.5.2 Derivation of (3.33)

The first derivative of u, (#) with respect to 0 is

dun () = dry; ()
= gsgn (rni (0)) —35—=- (3.59)
Plugging 6, into (3.23) and (3.59) yields
dv (0 ) n—1 n—1—1< . n—1-—1 .
= 2 (i (0n) Lprolen (= D OrZjsi+ (0n—00) D 3050V Z50)
i=0 j=1 Jj=1
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n—1—1 n-1—1
+ngn (i ( 1{|rm On)|>n— P} Z 0, ZJ-H 0r — 6o) Z jg;(J+l)ZJ+i)’
j=1
du 0 ) n—1-—1 n—1-—1
n ngn i (6n)) (= Z 0n? Zji+ (00— 00) D 76,94 Z;.0).
7j=1

Hence

(dvn (0n)  dug (9n))

1
N de

Zn Tni (0n)) 1{jrni(0n)1<n-7} (Zn__l_z B;ijﬂ-)

7=1

(6 — 60) n-l-i ..
+ \’n n 0 Z n? ('rni (Qn)) l{lrni(Gn)ISn"’} (Z . 99n (]+1)Zj+i)

7=1
n—1-7
ngn Tni ( 1{]rm(0n)|<n 7} (Zj=1 GnJZj+i)
o _9 n—1-i /.
- .(__1\/5—0 Z sgn (’/'.m' (gn)) 1{l7‘ni(9n)lfn_p} (ijl jen (]+l)Zj+i>
=0

=5 (Gn) + 5 (Qn) + S5 (Hn) + 8, (0n) .

We show (3.33) by showing Sk (6,) — 0 in probability for k = 1,2,3,4. Actually, it suffices
to show that the term S; (6,) goes to zero in probability, and results for other terms can
be shown by following the same lines. Similar to establishing (3.47) for the term T (6,),

we have

Const < n—1- z (j+1 Const
IS (0:)| < 557 12 R0 2 < 2 -0 (3.60)

because E Z" 1=t g~ (J+1)Zj+i

< Const uniformly in i, and p > 1/2. Therefore, S; (6r)

goes to zero in probability. m
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4 LAD ESTIMATION FOR NONCAUSAL AND/OR
NONINVERTIBLE ARMA (p,q) MODELS

In this chapter we study LAD estimation for noncausal and/or noninvertible ARMA (p, q)
models. Let {X;} be an ARMA(p, q) process satisfying

Xt = ¢1Xt_1 +--+ ¢pXt_p + Zt + 91Zt._1 + -+ qut——qa (41)

where the underlying noise {Z;} is IID, ¢ (2) = 1 — 37_, ¢;27 and 0(2) = 1+ 3°7_, 0,27
have no roots on the unit circle, and ¢ (2) and 8 (z) have no common roots. Let A =
(¢1,...,¢p,91,...,9q)T € RPtY be the parameter vector of the model (4.1) with Ay =
(P01, .-, dop,bo1,- .. ,90q)T denoting the true parameter vector. With the AR polynomial

¢ (+) and the MA polynomial 6 (-), the model (4.1) can be written as
¢ (B) Xy = 0(B) Z, (4.2)

where B is the backshift operator. Under the assumption that the AR polynomial ¢ (z)
has no roots on the unit circle, there exists a unique stationary solution of the ARMA(p, q)
model (4.2).

We begin with deconstruction of the model (4.2). We factor the AR polynomial ¢ (-)

into its causal component ¢ (-) and purely noncausal component ¢* (-). To be specific,

suppose ¢ (2) = ¢ (z) ¢* (2), where

¢+(z)=1—¢fz—---—¢:r,z’/7é0 for |2| <1,
¢ (2)=1—jz— —¢hz® £0 for |z| > 1,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with 7,8’ > 0 and v’ + s’ = p. Let (3,...,({~ be the 7’ roots of ¢* (2) (the roots of ¢ (2)
outside the unit circle), and ¢, ..., (% be the s’ roots of ¢* (z) (the roots of ¢ (2) inside the

unit circle). Then

T/ sl

H 1-z/¢5) and ¢* (z):H(l—Z/Cf)
=1 5=1

where (] > 1,5 =1,...,7, and |(f| < 1,j = 1,...,s". Note that — f = H;lzl (=¢)7!
and —¢} = H]I (= Cj)"l. With the factorization of ¢ (-), the model (4.2) is equivalent to
the model

¢*(B)¢" (B) Xy = 0(B) Zt. (4.3)

Moreover, by defining
Ut =¢t(B)X, and U = ¢* (B) Xi,

we obtain

¢*(B)UFY =60(B)Z, and  ¢T(B)U; =0(B) Z. (4.4)

Likewise, we factor the MA polynomial 6 (-) into its invertible component 67 (-) and purely

noninvertible component 6* (). That is, suppose 8 (z) = 67 (z) 8* (), where

07 (2) =14+0fz+---+0F2" #0 for |z| <1,
0*(z) =1+60z2+ - +032°#0 for |z| > 1,

with 7,8 > 0 and 7 + s = ¢. Let &1,...,& be the r roots of 6% (2), and &3,...,&" be the s

roots of 6* (z). Then

s

= H (1-2z/&) and 0" (z) = H (1- z/€),
j=1 7j=1
where £} > 1, j =1,...,r, and |.£J’f[<1,j=1, ,s. Note that 9+~H 1 (= fj)

0 = ]—[;:1(—5;)“1. Now the model (4.3) is further equivalent to the model

8§
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¢t (B) ¢* (B) X, = 601 (B) 6" (B) Z,. (4.5)

By defining
‘/t+ = 9+ (B) Zt and Vt* =6 (B) Zt,
we obtain
¢* (B)Uy =07 (B) V', ¢* (B)U;™ = 6% (B) Vi, (46)
¢t (B)Uf = 6" (B)V,, ¢* (B)U;" =0* (B)V;".

In the causal-invertible case, s = s = 0, r’ = p, and r = ¢q. On the other hand, s’ > 0 in
the noncausal case, and s > 0 in the noninvertible case. If the model (4.2) is noncausal,
then X; can be expressed in terms of {Z;}, namely X; = Z;’;_w Y;Zy_j, where 1; is the
coefficient of 27 in the Laurent series expansion of 8 (z) /¢ (z), which exists in some annulus
d < |z| < d™!, d < 1. Similarly, if the model is noninvertible, then we can write the noise
Z in terms of { X} by Z; = Z?‘;_w m;X¢—;, where 7; is the coefficient of 27 in the Laurent
series expansion of ¢ (z) /0 (z).

For causal-invertible ARMA(p, q) models, Davis and Dunsmuir (1997) proved the asymp-
totic normality of the LAD estimator of parameter vector. Following the strategy of Davis
and Dunsmuir (1997), Pan, Wang, and Yao (2007) proposed a weighted LAD estimation
for the case where the underlying noise has infinite variance, and showed that the proposed
weighted LAD estimator is asymptotically normal with the standard root-n convergence
rate. The idea of weighted LAD estimation is to give less weigh to outlying observations,
which has also been used for IVAR models by Ling (2005), and for ARCH models with
heavy-tailed innovations by Horvath and Liese (2004). Breidt, Davis, and Trindade (2001)
established the asymptotic normality of LAD estimator for all-pass models, which are a
special class of noncausal and/or noninvertible ARMA models. In this chapter, we estab-
lish the asymptotic behavior of LAD estimator for general ARMA(p, ¢) models, which can
be noncausal and/or noninvertible.

We will focus on the deconstructed model (4.5) and study the LAD estimator & of the

model parameter vector K defined as
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T
k= (¢F,...., 0%, 0%, 05,07,...,0},67,...,605) .

T
Let K0 = (@g1, .- Ggurs O415- -+ > Bysrs Oty - - -+ 0 015 - - -, 08s)” denote the true parameter
vector. We assume that s’ and s are fixed; the asymptotic results are also valid when the

LAD objective function depends on s’ and s (see Remark 4.2).

4.1 LAD Criterion

The LAD criterion is derived by a likelihood approximation assuming that the underlying

noise {Z;} is Laplacian, like in the MA(1) setup of Chapter 3. The derivation is based on

Lii and Rosenblatt (1996) and is similar to that in Breidt, Davis, and Trindade (2001).
Let Xi,...,X, be observed data from the model (4.5). We consider the augmented

data vector

T
={V* v ‘/+ ‘/+
X_( DRI O,Xl—p,--an-{-p, ntptl—sr o n+p)

and the augmented noise vector

T
— * * “+ +
z=(Ul—-r’v--'7U03Zl—q7---,ZTL+p7U s”""Un+P) .

n+p+1-—

Note that, (Ul* ..,Ug)T is independent of {Z1,Z2,...}. To see this, recall from (4.4)

—plye

that ¢t (B) Uy = 6 (B) Z;. Since ¢ (z) is the causal component of ¢ (z), we can express

its reciprocal as 5:;_—1(7) =Y 2on; ', where 32 |n| < co. Then,

o0 q
Uy = _nBY1+_6,B)zZ.
i=0 Jj=1

Hence, Uy € 0(Z;, Z;—1, . ..), from which it follows that (Ul*_r,, .. ,Ug)T €o(Zy,Z-1,...).

Likewise, (U}

ptlos ,U;LP)T is independent of {Z,p_q, Znyp—q—1,---}. To be specific,

since ¢* (z) is the purely noncausal component of ¢ (z), we can express its reciprocal as

¢*l(z) =27y 277, where Y 52s Imj| < co. Then, ¢* (B) Ut = 6(B) Z; implies
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> q
Ut =(>_mB)(1+)_6;B")Z.
j=s' j=1

So, Ut € 0(Zs4s'—qs Zt+s'—g+1, - - -), from which it follows that (U:+p+1_s,, ce

UT—l’_+p)T €
0(Zntp-q+1s Zntp—qi2,---)-

The joint probability density of z can be written as

n+p—q

h(z) = h (u{_r,, . ,ua,zl_q,...,zo) H fz (z)
t=1

+ +
X ha (Zn+p—q+1a e Zadpy Up g gt aun+p) )

where f7 (-) is the density of the underlying noise {Z;}. Then, the joint probability density

of x is given by
n+p—q

h (X) = h1 H fZ (zt)
t=1

n+p—q

% (k) e,

0

where c (k) is a function of & (see Lii and Rosenblatt, 1996). Because hi, hg, and c(k) do
not depend on n, we can ignore these terms when n is large enough, and approximate the
log-likelihood function of k by

n+p—q

L(k)= ) logfz(z)+(n+p—q)logle; /6],
=1

where the residual sequence {z;} is a function of & and initial values of a set of random
variables. Given these initial values, {2;} can be calculated from a sequence of transfor-
mations in Lii and Rosenblatt (1996). In practice, we can simply set these involved initial
values to zero for computing {z:}. To be specific, let {X; : ¢ =1,2,...,n} be observed data
from the true model with the parameter vector Ko. We write {z;} as {z:(k)} to indicate

that z; is a function of k. By defining U, (k) = ¢ (B) X}, we obtain
U (k) = 0" (B) V" (k) and V.t (k) =07 (B) 2z (k). (4.7)
Setting
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Xi_p=--=Xo=0 and  Xpj1=: = Xnsp=0,

we can calculate U, (k) for t = 1,...,n+p. Then, we compute z; (k) fort =1,...,n+p—gq

via the following two steps. Firstly, it follows from the first equation in (4.7) that
Ui (k) = V7 (8) + O1V;E (8) + -+ + 0,1 VT 4y () + VT (w),

or

Vit () = gz [Ues () = Vil () — 65V, () - — 0,V ()] . (48)

So, we compute V;* (k) for t = —s+1,...,n + p — s backwards by setting V;* (k) = 0 for
t >n+p—s+1 and using the formula (4.8) fort =n+p—s,...,—s+ 1. Secondly, it

follows from the second equation in (4.7) that
2 (K) = V* (%) = 6} 211 (]) = - — 67 200 (K) (4.9)

So, we compute z; (k) for t = 1,...,n + p — q forwards by setting z; (k) = 0 for t < 0 and
using the formula (4.9).
Now, if we assume that the distribution of { Z;} is Laplacian, i.e., fz () = 5= exp (—Iai'),

then the Laplacian log-likelihood function is approximated by

n+p—q
—(n+p-q)loga—— 3 |z (k)| + (n+p— q)log|¢7/63]. (4.10)
t=1
By maximizing (4.10) with respect to o, we obtain & = n+;}_q S P94, (k)| Then,

substituting & for ¢ in (4.10) we obtain the concentrated Laplacian log-likelihood function
n+p—q
Constant — (n + p — ¢) log ( Z |2 (n)l) +(n+p—q)log|os/6:]. (4.11)

t=1

Note that, maximizing (4.11) is equivalent to minimizing the objective function
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n+p-q

ln (k) = Z

t=1

*

_fzt (k)
s/

) (4.12)

and the LAD estimator Kpap of & is defined as any minimizer of (4.12).

4.2 Local Approximation

The objective function (4.12) is not convex in &, which complicates the study of the asymp-
totic behavior of K ap. This is also the case in Davis and Dunsmuir (1997) for causal-
invertible ARMA processes; a local linearization technique was used there to circumvent
the difficulty. For noncausal and/or noninvertible ARMA processes, however, in order to
establish the asymptotic results of K, Ap, an extra quadratic term is needed for local approx-
imation using the Taylor expansion. To be specific, for t = 1,...,n+p— ¢, we approximate
%zt () by

*

252 2. (ko) — D (ko) (s — o) — 3 (& — 50)" H () (s o),

¢3s’
where
a(zf’%zt(n)) T
D; (N) = _43_,2_ = (Dt,l (K’) PR aDt,p+q (K')) )
62<§.’-zt(n) P+
H (k) = ——guger—" = [Heum (8)] 1, -
a(;?'ézt(n))
We evaluate Dy (k) = ——S{;E—- for each | = 1,...,p + ¢ as follows. Firstly, for
l=1,...,7", we consider the first equation in (4.6), from which we have
(1-¢tB = = 6LB" ) Uy (8") = (L+ 6B+ + 07 B') V;* (w),
and
Vi (k) = U (¢%) — o7 Uiy (9%) — - = UL (@) — 0T VEy (k) — - = 07V, (K),

where ¢* = (qb;‘, . ,d);‘,)T. Then
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vy (k)
6&1

. . vy | (k)
— Uz @) - o =L ey

AV, (k)
8;@ '

That is, for [ =1,...,7/,
vy (k)

6t (B) B

— Uz, (#). (4.13)

On the other hand, it follows from V}* (k) = 6* (B) 2; (k) that

0 L o L[ (& (8
2o 6) = Vi (9 | (S () 407 (St 0)) oo 051 (G2 )]

¢:l s/ 3’ S/
So,
63
o(F=®) 1 ov,m
8”[ B ;/ anl
119 <%§7zt+s (K)) 9*6 (%2t+s—1 (ﬂ)) 5" 0 (¢£, Zt+1 ("))
——gg 3/’»‘1 + ! 8/‘61 Tt 51 3!11
That is,
o (5) (F2r:®) 07 0%, (0
Ory S gL Ok
or equivalently
9*
] C ) BT w1
3/‘01 N (Z):/ (9/431 ' .
This together with (4.13) yields
* 9* * *
6% (B)6* (B) Dy, (k) = E%Ut" (@"). (4.15)
Secondly, for [ = 7' +1,...,p, we consider the equation

¢* (B)U, (%) =07 (B) V[ (x)

in (4.6), where ¢ = (QS;”, e ,¢;)T. By rearranging the terms, we obtain
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SR = e [UF (8) 6T (61) = = U 61)] - U7 (87)

—9r(¢*vt L) = (¢,,vt ).

Then, for {=7r"+1,...,p— 1, we have

1 * * 1 y/x*
9 (EV‘ (K)) — ———U+ (67) - 9+a (‘V Vit (e )) o 0+8 (“’Z/Vt" (K'))
0Ky g, 1 0Ky T Ok ’
ie.,
oV (k)
$ 't
g+ (B)—(ST)— =5 U;;,,, (07). (4.16)

It follows from (4.14) and (4.16) that

gg 2 (n)) (B) s} (ﬁVt* (n)) o

0% (B) 6" (B) a(

sl _ kot s _Ys 1+ +
Ok, =050 0Ky 9 g, U1 (97);
that is,
0*
0" (B)6* (B) Dy (k) = ¢f U:w . (¢+) . (4.17)
For | = p, we have
0V (k)
D% ¢ 1 * *
_(—_SOT) = - (¢;I)2 [Ut+ (¢+) - ¢1Utt1 (¢+) - ¢s’——1Utts’+1 (¢+)]
IO 0+a(¢. Vi, (x))
e 6/411 o alﬂtl ’
or
o 2V (k)
0% (B) (¢" : ) = 2¢ (B) U (67) - . Ul (87). (4.18)

0Ky (¢* ) &y
It follows from (4.14) and (4.18) that

) (g—zt (n))
8/11

5 (3 00)

0+ (B)0" (B) o

= 020+ (B)
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0% 0*
=——5¢"(B)U; (¢7) - UL, (8);
(¢3)° t ¢y
that is,
* 0; * 0;
6 (B) 6" (B) D1, (k) = W¢ BYU (¢7) + -FUS, (67). (4.19)
Next, for l = p+1,...,p+r, by considering the equation ¢ (B) X; = 6+ (B) V;* (k) in (4.6)
we have
Ve (k) _ s + OV (8) + OV, (K)
o Viip—1 (K) — 01 o T o7 o
le.,
vy (k) )
ot B) 2 v (o), (4.20)

It follows from (4.14) and (4.20) that

8 @z (IC) * * *
o+<B)e*(B)—(—"%)~ sor e ),
That is,
+(B)6" (B) Duy () = 25 55 Vit (8). (4.21)

Finally, for {=p+7r+1,...,p+ g, it follows the equation ¢ (B) X; = 6* (B) V,* (k) that

9;Vt+ (k) = o(B)Xeys— Vtis (k) — 91Vtis L (&) — o = 9:—1Vtil (k)

= ¢(B) Xts — 91* [(0;Vid, (8) + 61 (B5ViE 1 (R) + -+ 65_1 (:ViE, (8))] -

Forl=p+r+1,...,p+q—1, we have

06V (k) _

Blil Vtip-kq l ( )
1|9(63Vi, (8) | . 0(65ViL, s (K)) . 965V (v))
6 0Ky o Oky AR Ok ’
and
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0 (0:Viis (K)) _

0" (B) =5, —0sViiprg (8).
So,
v O (03 (K) .
0 (B)(T;ll —O5 Vi (R). (4.22)

On the other hand, it follows from V,* (k) = 6 (B) 2 (k) that

= ot (G 48 ().

and hence

05 0 .
o(Fxm) 1o@viwy [ 2Fm®) o 0(FEaw)
0Ky o 0Ky 1 Ok T Ok '
That is,
o
o+ B) 0 (4)* 2t (Ka)> _ _1—. g (9;‘/;4— (K)) (4 23)
Ok * Ok ' )

s/

It follows from (4.22) and (4.23) that

0%z (k) a(e*V+ x
9+(B)9*(B)(—¢Sé’;l____)_ 5 9*(B)—(—0j(})/;l—(n)): z* b pr— l(K')
or
*(B)8 (B) Dut (6) = G2 Vi (8) (424)

For | = p + q, we have

8 (6;V,F () 1 .
L) e () 4 01V () o4 021V ()]
1 |0(6;Vid(w) | 005V, 1 (k) . 06V (W)
o 0Ky 68 Ok RS Ok ’
ie.,
8 (6;V, ()

6 (B) = 0" (B) Vi3, (k) — 01V, (s).

Ok
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So,
8 (6;V," (v))

0* (B) ==5——2 = 0" (B) ;" (W) — 3Vi%, (). (4.25)
4
It follows from (4.25) and (4.23) that
8 (2 (k) a(0*V+ x
o* (B)6" (B) o(F=) 1, () 2B ) _ L gy - Ly ),
8"51 :/ a"El :r :/
or
1 o
6+ (B) 6" (B) Dy (k) = ———0" (B) V,* (W) + --V,7, (K). (4.26)

In summary, for t =1,...,n+p—gq, and [ = 1,...,p + ¢, Dy, (k) satisfies the following

difference equations

6+ (B) 6* (B) Dy, (k) = j— r 8, forl=1,...,1,

6+ (B)6" (B) Dy (k) = U, (87), for l=7'+1,...,p—1,

0% (B) 6" (B) Dy (k) = ﬁqs (BYU (¢7) + g ULy (¢7), for l=p,

6+ (B) 6* (B) Dy (k) = g— ot (K), forl=p+1,...,p+r,

0+ (B) 6* (B) Dy, (k) = (%th;w_, (k), forl=p+r+1,...,p+q—1,
0+ (B)0* (B) Dyt () = —36° (B)V; () + 2 Vih (), forl=ptg.

In particular, Dy (ko) is well approximated by

—QLIW“ I forli=1,...,7,
8

=Wo 41, forl=7r"+1,...,p—1,
o

S (Woumi+ 5=24), forl=p,

—Q’?W(;,t_l, fori=p+1,...,p+m,

—ﬂi’W“_l, forl=p+r+1,...,p+q-1,

3

o (WM_; — g Zt) . forl=p+aq,
0s’ Os

\

where Wj,, j = 1,2,3,4, are AR processes defined as follows.
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¢g (BYWr: = Z,

¢5 (B) Wy = Zyyyr,
0 (BYWsy = Ziyp,
05 (BYWst = Zitpirs

(4.27)

where ¢f (2) and ¢} (z) are the causal and purely noncausal components of ¢y (z), and
63 (2) and 6 (z) are the invertible and purely noninvertible components of 6 (z). We can

express the reciprocals of these polynomials by

1 oo + 1 1 o0 * =3
¢0:F(z) - Zi:O ﬁi 27 ¢6(Z) - Ej=sl ﬂjz ’ (428)
1 + i 1 *—j
@ =o', HOR 20527,
where ﬂg = a(‘; =1, 85 = —1/¢}4, and of = 1/6;,, which are easy to check; for example,

By = —1/¢}, is obtained from

1 * * _s = *_—7
Wz(l—qﬁmz—---—%s/z )Zﬂjz 7.

j=¢'

1= 63(2)

Now we define Qt = (WT,WT, Wg, WZ)T, where

Wl - (Wl,t—la ceey Wl,t—’r’)T )

* T
W2 = (W2,t—’r’—1a R W2,t—p+la (Wz,t—p + Zt/¢03’)) )
W3 = (W3,t—p—l, e ,W3,t—p—-r)T )

Wi = Watmporty- s Watep—gits Watp—q — Z¢/03))T -

Further, let Q; = %Qt. Then D; (ko) is well approximated by Q;. It is easy to see from
(4.27) and (4.28) that W1, W3 € 0 (Zi—1,Zt—2,...) and Wo, Wy € 0 (Z141, Zt42,...). It
follows that Q; (or Qt) is independent of Z;, and moreover W; and W3 are independent
of W5 and Wy4.
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Let I‘Q = Cov(@t> = [Gl,m]”q Var(Zy), then &y, is given by

I,m=1

S50 B3 B iflm=1,... .1
Z;’o:()ﬁ;-aj—f-p—u—nd’ ifl=1,...., 7"\ m=p+1,...,p+r,
orl=p+1,...,p+rm=1,...,7,
Zws/ﬂ*ﬂ;w m|, ifl,m=r"+1,...,p, but ({,m) # (p,p),
= (8)) if (1,m) = (p,),

Zj:s'ﬁ;a;—s’—r—t—“—m]’ ifl= T/'i‘l»---,P;m =ptr+ 17"-ap+Qa
but (I,m) # (p,p+49),

Olm = 9 orl=p+r+1,...,p+qgm=r"+1,...,p,

but (I,m) # (p+¢,p),

Y1 B s if (I,m)=(p,p+4q) or (p+4q,p),

Z?‘;Oaja;:”_m], iflm=p+1,...,p+r,

25 QGOT L s ifl,m=p+r+1,...,p+gq,

but (I,m) # (p+¢p+q),

2 et (a}‘)z» if (I,m)=(p+4q,p+q),

0, otherwise,

wherea [3+—0forj<0a~0forj<s,andﬁ;:0forj<s’.

In addition, further derivations show that, H; (ko) is well approximated by

ptgq
o0
R, = Z hjimZt—; :
j=-—o0 l,m=1
where {h;;n} is a sequence of constants such that Zr_oo |Pjim| < oo for each (j, m) pair.

Notice that, each element of matrix R; is a linear combination of all Z;’s. But, as we will

see in the next section, among these constants h; i, we only need to deal with the ones

~ ptq *
associated with Z;. Matrices ¥ = [ho, lm]l el and U = [wl’m]l L= —%0(,;5—"1' are defined
m= s

for this purpose. That is, instead of evaluating R; explicitly, we only need ¥ (or \fl) to
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establish asymptotic results of the LAD estimator. The element Jl,m is given by

,

> 0 Bi B 0 iftl=1,...,7"sm=r"+1,...,p,
orl=r"+1,...,ppm=1,...,7,

;’ioﬂfa{_'_m_p_rﬂ, ifl=1,....r"m=p+r+1,...,p+q,
orl=p+r+1,...,p+qgm=1,...,7,

Ylm = < 0 Bymppyir =T+ 1, pm=p+1,...,p+T,
orl=p+1,...,p+r;m=r"+1,...,p,

0 Oy gy Hl=p+ 1L ptrm=p+r+1,...,p+g,
orl=p+r+1,...,p+qgm=p+1,...,p+r,

0, otherwise.

4.3 Asymptotic Properties of LAD Estimator

Now we assume that the underlying noise { Z; } is from a scale family with probability density
function f (2) = 1 (£), where o > 0 and f (-) is chosen such that [*7_2°f(2)dz = 1 and
hence Var(Z;) = o%. We assume that E(Z;) = 0, E[sgn (Z;)] = 0, and E(Z?) < oc.

In order to establish asymptotic results of the LAD estimator K, op, we build sample size

into a new parameterization, namely & = kg + v/y/n. Then, under this parameterization,

minimizing (4.12) with respect to & is equivalent to minimizing

*

zf z (ko +v/v/n)

*

905

¢as’

S (v) = "fq <

t=1

)

with respect to v. We first prove a functional limit result for S, (v), which states the

2t (Ko)

convergence of S, (¥) in distribution on C (RP*9) to a limit process S (v) that is a quadratic
function in v. Let ¥pap denote any minimizer of S, (¢). Then, it follows from Remark
1 of Davis, Knight, and Liu (1992) that there exists a sequence of minimizers ¥pap that
converges in distribution to the unique minimizer of S (v). But, the weak convergence of

VLaAD is equivalent to that of \/n (KLap — ko). So, asymptotic results of kjaop are readily
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obtained.

We first state a result to be used in the derivation, which is a modified Lemma 1 of

Breidt, Davis, and Trindade (2001).

Proposition 4.1 (Andrews, 2003) Suppose {Y:} and {V;} are linear processes given by

0 0
Y:g: Z Cth_]' and Vt——- Z det—-ja

j=-—00 j=—00

where cg = 0, 372 lej| < 00, 3252 1dj| < o, and {Z;} ~ IID(0,7%) with median zero
and common distribution function Fz that is continuously differentiable in a neighborhood
of zero. Then

n

Sn= 3" (|2~ Yo/~ Vi/n| = |1Z]) % Var(V3) £2 (0) ~ doE| Zi| + N,
t=1

where Var(Y;) = ‘;‘;_oo C?Tz, fz is the density function corresponding to Fz, and N is a

random variable such that

N ~ N<0,7*(0)+2i7*(h)>,
h=1

v (h) = E[Yisgn(Z:)Yeynsgn(Zssn)].-
The functional limit result for S, (v) is proved via several steps.
Lemma 4.2 For v € RPTY, define

055 Qv vIRw

%
57,
ot b yn 2 !

¢Ss’

si= % ( -

t=1

)

Then Si (v) 45 (v) on C (RP*Y) where

*

s

S) = pr
0s’

[uT (I‘sz (0) + -;—@EIle) v+ uTN] ,
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o0

with N ~ N(O,I‘Q +23 % (h)) and X (h) = E[Eztétﬂhsgn(zt) sgn(Zt+h)].

- iza).

h=1

Proof. Note that

05
Shw) = |22
0s’

Q?U 1 T ¢Bs’
2t vn 2nu 65 R, Jv

t=1

With Y¥; = QtTV and V; = %VT (f&iRt) v, we have

%65
Var (Y;) = Var (Q{V) =vTCov (Qt> v= VTFQV,
dy = 1uT (@\P) V= ~%VT{IV’V,

2 035

and
v* (k) = E[Yisgn (Z;) Yirnsgn (Zesn)] = v'E [Qtéz;.hsgn (Z:) sgn (Zt+h)} v=vTZ (h)v,

for h = 0,+£1,.... Now applying Proposition 4.1 to

nt+p—q AT *
) < 7, -y _ L <¢°S'Rt) v

s Tm 2 \ e,

- IZtl>,

we obtain

B (- S - o ()| 1)

~ - (4.29)
4T (Féfz (0) + 1WE |le) v +vTN (0,2 0 +23 % (h)) :

Note that 3 (0) = T'g. Then it follows from (4.29) that, for any given v,
St (v) <
Av) = SW).

Since S} has convex sample paths, the weak convergence is in fact on C (RP*9) (Davis,

Knight, and Liu, 1992). =
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REMARK 4.1. Let Z (h) = [o1m (R)]PF2, E?|Z4], then, for h > 0,

I,m=1

ﬂ,’;_rurlﬂf{_m, ifl=r+1,...,p;m=1,...,7,
/6;—1"+[af_7’.—+p—m7 ifl:7‘/—{—1,,,_,p;m=p—}—1,...,p+'l",
o1m (h) = az_p_rﬂﬁ,f_m, ifl=p+r+1,...,p+gm=1,...,7,

a;‘l_p_r+la;+p_m, ifl=p+r+1,...,p+gm=p+1,...,p+r,

0, otherwise.

Lemma 4.3 For v € RP™9, define

n+p—q T T
055 D; (ko)v v'H;(k 055
SIL (l/) — Z ( ) t ( 0) _ ;( 0) 0 (K‘O) ) )
t=1 ¢Os \/ﬁ n ¢Os’
Then,
1. S} (v) - Sk ) LooncC (RPT9), and
2. St w) % S ) on C(RPH).
Proof. 1. Note that, when n is large enough,
Z af Vi, and z (ko) = Z of VT ( (4.30)
fort=1,...,n+p—gq, and
o0 n+p—s—t
=" al i Unsts and Vit (ko) = D iUty (4.31)
§=0 §=0

fort = n+p—gq,...,max(p—s,0) + 1, where Uy = ¢o(B)X;. Therefore, for t =
max(p—s,0)+1,...,n+p—gq,
t—1

|2 — 2t (ko) = Z of (VL = V5 (ko) +Za+V+
i=0

128

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



t—1
< of (VI = Vil (ko)) iV
i=0
t—1 o0
= of Z gy jUtmivstj| + Za+‘/t+, ,
1=0 j=n+p—s—(t—i)+1
and hence
n+p—q
limsup E Z — z¢ (ko)| < Const a+ — 0, as M — oo.
nawr 3| > Y lal]

t=M i=t

One can see that similar results hold for E<limsupn_»oo Z:’:]C,_q |Qt1 — Dyy (K,O)l) and
E(hmsupn_%oo S P Ryt — Him (n0)|) for ,m = 1,...,p + q, where Q;, is the [*"
component of Q;, and Ry, is the (I,m) element of R,. It follows from the triangle in-
equality as well as these results that S}, (v) — S} (1) — 0 in probability on C (RP*9).

2. The result follows from Part 1 together with Lemma 4.2. =
Theorem 4.4 S, (v) > S (v) on C (RPH9).

Proof. We have

nP=q /| o
Sn@) = 3 ([ o+ v/vm)| —[ga (ro))

= s

n+p_q * * T
= X < gf/—Zt (Ko +u/\/ﬁ)‘ - ggjzt (ko) — D‘\(/'%O)" - "THQ,SNO)" ) + St ().
It follows that
n+p—q
1
ot 1 T _ 1
Sp (V) — S} (u)i < o lu [Ht (ko) — H (nt)] ui,

where RI is between kg and K¢ + v//n. Since K.I — Kg, the term on the right-hand side

converges to zero in probability on C (RP*9). Therefore, S, (v) have the same limit as
S} (). That is, S, () 45 (v) on C (RPT9). m
Note that, the limit process S (v) is a quadratic function in  and hence has a unique

~ -1
minimizer — (2F6fz (0) + YE |Z; l) N, which is a normal random vector. Then, asymp-
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totic results of KL ap immediately follow from Remark 1 of Davis, Knight, and Liu (1992).

Theorem 4.5 There exists a sequence of local LAD estimators K ap such that
~ -1
Vi (Rrap — ko) & — (g 2 (0) + ¥E|Z1]) N, (4.32)

o0
where N ~ N(O, g+ 2};} X (h))

REMARK 4.2. The asymptotic results are also valid when the LAD objective function
depends on s’ and s. This is because that, under the parameterization k = kg + v/\/n, &

converges to K9 and hence s’ and s converge to their corresponding true value.

The asymptotic normality of the LAD estimator XLAD of the original parameter vector

A=(¢1,...,0p,61,... ,Oq)T can be obtained from that of K op by standard techniques.

There exists a sequence of local LAD estimators XLAD such that
~ d ~ -1
\/ﬁ (ALAD — /\0) — —R (2FQfZ (0) + VE |le) N,

o ax; \Pte .
where N ~ N{ 0,T'g +2 > 3(h)) and R= (5;1) . lk=xo 18 computed from the trans-
h=1 t =

g5

formation between k& and X. To be specific, since ¢ (2) = ¢ (z) ¢* (2), or
1— rz— o — GpaP = (1_¢;rz_..._¢:zr’> (1_¢;z_..._¢:,23’)’
we obtain

* j—1 * .
¢;_ + ¢J - Z?c:l ¢;_—k¢k? J= 1) e 77‘17

4.
* j—l -+ * Y ( 33)
¢j - Zkzj—r’ ¢j_k¢ka J=r+1,...,p,

¢j =

where ¢ = ¢ = 1, ¢j+ =0 for 7 > 7', and ¢; =0 for j > s'. Likewise, since 0 (z) =

0% (z) 0* (2), or

1+61z+ - +0g27=(1+60fz+- +672") 1+ 0z + - +06;2°),
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we obtain

0++ 0r, j=1,.
0; = Thet 05400 7 (4.34)

+ i
1 —i—r 0k j=r+1,...,q,

where 0f = 6} = 1, H;.L =0 for j > r, and §; = 0 for j > s. It follows from (4.33) and

(4.34) that the transformation between x and A is given by

i1 ] ,
( Kj + KIT’-{'—jl{sz’} - Zi:l K’j—k"{"r’-l—k]-{kgs’}a J= ]-a ST A

. _
K L{j<s’y = Dokmjor Kok k1 {k<s)s j=r"4+1,...,p (4.35)
s _1 . '
K+ Brrjliics) + 2k Ki—kKpirtklig<sy J=P+1,...,p+T,

L ";'r‘+]1{j<s} + Z]—] -p—r Hj—kK’IH-T-i—k‘l{k:Ss}’ J=p+r+1,...,pt+gq

REMARK 4.3. We conjecture that, if the global LAD estimator &k, (or Xn) is consistent,
then it has the same asymptotic normal law as Kpap (or XLAD). The following simulation

study supports our conjecture.

4.4 Numerical Study
4.4.1 Simulation Study

In this subsection we conduct a simulation study to evaluate the asymptotic theory. The
data {z;} are generated from the ARMA(1,1) model X; — ¢9X;—1 = Z; + 6pZ;—1. The
value of true parameter vector (¢g, o) is taken to be (0.9,1.1), (0.5,1.5), and (0.1, 1.9), and
we use two different types of the underlying noise {Z;} to simulate data: the Laplacian
distribution with the scale parameter ¢ = 1.0 and the Student’s t distribution with 3
degrees of freedom. We consider two sample sizes of 500 and 5000.

For each case, we simulate 1000 replications, and report the empirical mean, standard
deviation, and percent coverage of nominal 95% confidence intervals (Cls) as in the sim-
ulation study of Breidt, Davis, and Trindade (2001). To compute the percent coverage of
nominal 95% ClIs, the empirical Cls are computed from the asymptotic theory for each of

1000 replications. To be specific, once the estimates $n of ¢ and §n of ¢ are obtained for
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each replication, we fit the model and calculate the residuals {zt(cgn, §n)} Then, Var(Z;)
is estimated by the empirical variance of the residuals, E|Z;] is estimated by the empirical
mean of the absolute values of residuals, and fz (0) is estimated by the normal kernel den-
sity estimation at zero with a default normal scale bandwidth selector. Hence the standard
errors of :z;n and §n can be estimated and the 95% confidence intervals constructed. We also
report 95% confidence intervals for the empirical mean, standard deviation, and percent
coverage. The asymptotic mean and standard deviation are based on (4.32).

The method of Nelder and Mead (1965) is used to search for the minimizer of the LAD
objective function, which uses only function values and is robust but relatively slow. It
works reasonably well for non-differentiable functions. In order to reduce the chance of
being trapped in a local minimum, we use 10 starting values for each replication and find
the optimized value with each of them. Then, among the 10 values, we choose the one that
gives the smallest evaluation of the LAD objective function as the estimate.

The results when the underlying noise follows a Student’s ¢ distribution are reported in
Table 4.1, while those when the noise follows a Laplacian distribution are reported in Table
4.2. We can see that, the two sets of results are comparable regarding the LAD estimates
and empirical standard deviations. The confidence interval coverages with the Laplacian
noise tend to be a little higher than those with the Student’s ¢ noise. But, except for the
LAD estimates of § when (¢g,0y) = (0.9, 1.1), confidence interval coverages are close to the
nominal 95% level.

Empirical standard deviations are in agreement with asymptotic ones when sample
size is 5000, but a bit larger than asymptotic ones when sample size is 500. The LAD
estimates of ¢ are approximately unbiased except a few cases: (¢, 8¢) = (0.5,1.5) with the
Laplacian noise and (¢g,8p) = (0.9,1.1) with both types of noise, when sample size is 500.
In these cases, there is some negative bias in the LAD estimates. The boxplots and normal
probability plots indicate that the bias is due to a relatively small number of small outliers;
except the outlying values, most of the LAD estimates follows the asymptotic normal law

quite well.
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Table 4.1: Estimates for ARMA(1,1) model X; — ¢pgXi—1 = Z¢ + 6pZ1—1, Z¢ ~ 1ID £ (3).

Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
¢ = 0.9 0.0153 0.8970 0.0166 95.8
500 (0.8960, 0.8980) | (0.0159, 0.0174) |  (94.6, 97.0)
0y =11 0.0177 1.1644 0.0655 47.9
(1.1604, 1.1685) | (0.0627, 0.0685) |  (44.8, 51.0)
¢o = 0.9 0.0048 0.8995 0.0048 95.9
5000 (0.8992, 0.8998) | (0.0046, 0.0050) |  (94.7, 97.1)
=11 0.0056 1.1070 0.0093 74.6
(1.1064, 1.1076) | (0.0089, 0.0098) |  (71.9, 77.3)
¢o = 0.5 0.0317 0.4981 0.0333 96.0
500 (0.4960, 0.5001) | (0.0319, 0.0349) |  (94.8, 97.2)
0y =15 0.0614 1.5113 0.0689 95.2
(1.5070, 1.5156) | (0.0660, 0.0720) |  (93.9, 96.5)
¢ = 0.5 0.0100 0.4992 0.0099 95.4
5000 (0.4986, 0.4998) | (0.0095, 0.0104) |  (94.1, 96.7)
B = 1.5 0.0194 1.5005 0.0206 94.9
(1.4992, 1.5018) | (0.0197, 0.0216) |  (93.5, 96.3)
¢ = 0.1 0.0395 0.0999 0.0425 96.0
500 (0.0973, 0.1026) | (0.0408, 0.0445) |  (94.8, 97.2)
6o = 1.9 0.1219 1.9185 0.1434 96.1
(1.9097, 1.9274) | (0.1374, 0.1500) |  (94.9, 97.5)
¢o = 0.1 0.0125 0.0993 0.0124 95.4
5000 (0.0985, 0.1001) | (0.0119, 0.0130) (94.1, 96.7)
0o =19 0.0386 1.8997 0.0410 95.4
(1.8972, 1.9023) | (0.0393, 0.0429) |  (94.1, 96.7)
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Table 4.2: Estimates for ARMA(1,1) model X; — ¢ Xi—1 = Z; + 05 Z;—1, Zy ~ 1ID Laplacian.

Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
oo = 0.9 0.0138 0.8972 0.0154 96.8
500 (0.8962, 0.8981) | (0.0148, 0.0161) |  (95.7, 97.9)
=11 0.0160 1.1610 0.0589 49.6
(1.1574, 1.1647) | (0.0564, 0.0616) |  (46.5, 52.7)
¢o = 0.9 0.0044 0.8997 0.0045 97.6
5000 (0.8994, 0.9000) | (0.0043, 0.0047) |  (96.7, 98.5)
0y = 1.1 0.0050 1.1065 0.0087 75.8
(1.1060, 1.1070) | (0.0083, 0.0091) |  (73.1, 78.5)
¢o = 0.5 0.0282 0.4965 0.0314 97.1
500 (0.4946, 0.4985) | (0.0301, 0.0328) (96.1, 98.1)
0 =15 0.0547 1.5024 0.0607 97.0
(1.4986, 1.5062) | (0.0581, 0.0635) |  (95.9, 98.1)
oo = 0.5 0.0089 0.5000 0.0091 97.1
5000 (0.4994, 0.5005) | (0.0087, 0.0095) (96.1, 98.1)
0y =15 0.0173 1.4997 0.0171 98.0
(1.4986, 1.5007) | (0.0164, 0.0179) |  (97.1, 98.9)
¢ = 0.1 0.0344 0.0976 0.0396 98.3
500 (0.0951, 0.1000) | (0.0379, 0.0414) |  (97.5, 99.1)
=19 0.1060 1.8985 0.1219 97.0
(1.8909, 1.9060) | (0.1168, 0.1275) |  (95.9, 98.1)
¢o = 0.1 0.0109 0.1000 0.0112 97.8
5000 (0.0993, 0.1007) | (0.0107, 0.0117) |  (96.9, 98.7)
fp=1.9 0.0335 1.8987 0.0329 98.2
(1.8966, 1.9007) | (0.0315, 0.0344) |  (97.4, 99.0)
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Table 4.3: Estimates for ARMA(1,1) model X; — ¢o X1 = Z; + 0071, Z: ~ 1ID £ (3).

Asymptotic Empirical
n Mean | Std. dev. Mean (CI) Std. dev. (CI) | % Coverage (CI)
¢g = 0.9 0.0153 0.8970 0.0166 95.8
500 (0.8960, 0.8980) | (0.0159, 0.0174) |  (94.6, 97.0)
=11 0.0177 1.1644 0.0655 47.9
(1.1604, 1.1685) | (0.0627, 0.0685) |  (44.8, 51.0)
¢o = 0.9 0.0048 0.8995 0.0048 95.9
5000 (0.8992, 0.8998) | (0.0046, 0.0050) |  (94.7, 97.1)
=11 0.0056 1.1070 0.0093 74.6
(1.1064, 1.1076) | (0.0089, 0.0098) (71.9, 77.3)
¢o = -0.9 0.0153 -0.8963 0.0173 94.9
500 (-0.8973, -0.8952) | (0.0166, 0.0181) |  (93.5, 96.3)
Oy =-1.1 0.0177 -1.1611 0.0691 52.3
(-1.1654, -1.1568) | (0.0662, 0.0723) |  (49.2, 55.4)
¢o = -0.9 0.0048 -0.8996 0.0048 96.0
5000 (-0.8999, -0.8993) | (0.0046, 0.0051) |  (94.8, 97.2)
0 =-1.1 0.0056 -1.1072 0.0097 75.9
(-1.1078, -1.1066) | (0.0093, 0.0101) |  (73.2, 78.6)
¢ = -0.9 0.0188 -0.8935 0.0164 97.2
500 (-0.8953, -0.8917) | (0.0153, 0.0178) |  (95.3, 99.0)
G = 1.1 0.0217 1.1058 0.0208 96.5
(1.1036, 1.1081) | (0.0193, 0.0226) |  (94.5, 98.5)
¢o = -0.9 0.0059 -0.8996 0.0059 97.0
5000 (-0.8999, -0.8992) | (0.0057, 0.0062) (95.9, 98.1)
0 =1.1 0.0069 1.1001 0.0074 95.1
(1.0997, 1.1006) | (0.0070, 0.0077) |  (93.8, 96.4)
¢o = 0.9 0.0188 0.8946 0.0176 96.3
500 (0.8926, 0.8966) | (0.0163, 0.0192) |  (94.1, 98.4)
0 =-1.1 0.0217 -1.1051 0.0212 97.0
(-1.1075, -1.1027) | (0.0196, 0.0231) (95.0, 98.9)
¢ = 0.9 0.0059 0.8994 0.0063 95.2
5000 (0.8990, 0.8998) | (0.0060, 0.0065) |  (93.9, 96.5)
6 =-1.1 0.0069 -1.1003 0.0075 95.8
(-1.1007, -1.0998) | (0.0072, 0.0078) |  (94.6, 97.0)
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Overall, the LAD estimates of # exhibit a similar pattern to those of ¢. However, the
estimation of @ seems a little harder than that of ¢, especially when 6y is close to the unit
circle. In the cases where bias exists in the estimates of 8, it is a positive rather than negative
bias, which is due to a relatively small number of large outliers. Other combinations of
(0, 0p) value are also considered, showing that the estimation becomes more difficult and
the convergence becomes slower when 6y or ¢¢ gets close to the unit circle. Moreover, given
a 6y value, a change of ¢ value does not affect simulation results much; in contrast, for
a given ¢g value, a change of fy value affects simulation results to some extent. Further
investigations are needed to explore more on this.

We also investigate the symmetry of the LAD estimates for the case when (¢g, 60) =
(£0.9,+1.1) and the underlying noise follows a Student’s t distribution. The results are
reported in Table 4.3. It shows that, the empirical results are symmetric about the origin,
which is in agreement with asymptotic theory. Note that, with true value of (—0.9,1.1)
or (0.9,—1.1), the performance of 8 estimates improves a lot compared with that with
true value of (0.9,1.1) or (—0.9,—1.1). Actually in former cases, the ARMA(1, 1) model
is approximately an all-pass model with ¢g = —0.9 or 0.9, and the simulation results are
comparable to those in Breidt, Davis, and Trindade (2001).

Figure 4.13 is the contour plot of {,, (¢, §) /n when (¢o, ) = (0.5,1.5) and the underly-
ing noise follows a Student’s ¢ distribution. From the figure we can see that the true value

of (0.5,1.5) is the unique global minimizer of {,, (¢, 8) /n.

4.4.2 Applications

1. Microsoft stock trading volumes

Figure 4.14 shows the natural logarithms of the volumes of Microsoft stock traded over
755 transaction days from 06/03/96 to 05/27/99. The sample autocorrelation function
(ACF) and partial autocorrelation function (PACF) of the log-volume series are displayed

in Figure 4.15, indicating that an AR model of order 3 or 1 might be appropriate. The
data were also studied by Breidt, Davis, and Trindade (2001); they fitted an AR(1) model
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Figure 4.1: Boxplots and Normal probability plots of ¢ estimates when n = 500 and {Z;} ~ IID
£(3). (a) (60,06) = (09,1.1). (b) (do,00) = (0.5,15). (c) (60,60) = (0.1,1.9).
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(a) True value = (0.9, 1.1) {b) True value = (0.5, 1.5) (c) True value = (0.1, 1.9)
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Figure 4.3: Boxplots and Normal probability plots of ¢ estimates when n = 5000 and {Z;} ~ IID
t(3). (a) (#0,00) = (0.9,1.1). (b) (¢0,860) = (0.5,1.5). (c) (¢o,00) = (0.1,1.9).
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Figure 4.4: Boxplots and Normal probability plots of § estimates when n = 5000 and {Z,} ~ IID
t(3). (a) (4o0,00) = (0.9,1.1). (b) (¢0,60) = (0.5,1.5). (c) (¢o,60) = (0.1,1.9).
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(a) True value = (0.9, 1.1) (b) True value = (0.5, 1.5) {c) True value = (0.1, 1.9)
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Figure 4.5: Boxplots and Normal probability plots of ¢ estimates when n = 500 and {Z;} ~ IID
Laplacian. (a) (¢g,80) = (0.9,1.1). (b) (¢o,60) = (0.5,1.5). (c) {¢o, ) = (0.1,1.9).

(a) True value = (0.9, 1.1) (b) True value = (0.5, 1.5) {c) True value = (0.1, 1.9)
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Figure 4.6: Boxplots and Normal probability plots of 6 estimates when n = 500 and {Z;} ~ IID
Laplacian. (a) (¢o,80) = (0.9,1.1). (b) (¢0,8) = (0.5,1.5). (c) (¢0,0) = (0.1,1.9).
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{(a) True value = (0.9, 1.1) (b) True value = (0.5, 1.5) (c) True value = (0.1, 1.9)
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Figure 4.7: Boxplots and Normal probability plots of ¢ estimates when n = 5000 and {Z;} ~ IID
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(a) True value = (0.9, 1.1) (b) True value = (0.5, 1.5) (c) True value = (0.1, 1.9)
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Figure 4.8: Boxplots and Normal probability plots of 6 estimates when n = 5000 and {Z;} ~ IID
Laplacian. (a) (6o, 0) = (0.9, 1.1). (b) (o, 80) = (0.5,1.5). (c) (0, 60) = (0.1, 1.9).
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(a) True value = (0.9, 1.1) {b) True value = (-0.9, -1.1) {b) True value = {(~0.9, 1.1) {d) True value = (0.9, -1.1)
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Figure 4.9: Boxplots and Normal probability plots of ¢ estimates when n = 500 and {Z;} ~
IID £(3). (a) (do,00) = (0.9,1.1). (b) (¢o,00) = (-0.9,-1.1). (c) (¢o,60) = (-0.9,1.1). (d)
(¢0,60) = (0.9, —-1.1).

(a) True value = (0.9, 1.1) (b) True value = (-0.9, -1.1) (c) True value = (-0.9, 1.1) {d) True value = (0.9, -1.1)
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Figure 4.10: Boxplots and Normal probability plots of 6 estimates when n = 500 and {Z;} ~
ID ¢(3). (a) (0,00) = (0.9,1.1). (b) (bo,60) = (~0.9,~L.1). (c) (¢0,00) = (~0.9,1.1). (d)
(¢0,00) = (0.9, —1.1).
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{a) True value = (0.9, 1.1) (b) True value = (—0.9, 1.1} (c) True value = (-0.9, 1.1) {d) True value = (0.9, -1.1)
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Figure 4.11: Boxplots and Normal probability plots of ¢ estimates when n = 5000 and {Z;} ~
1D ¢(3). (a) (¢0,60) = (0.9,1.1). (b) (#0,00) = (-0.9,—1.1). (c) (¢o,60) = (—0.9,1.1). (d)
(¢0,00) = (0.9, -1.1).

(8) True value = (0.9, 1.1) (b} True value = (0.9, -1.1]  (c) True value = (0.9, 1.1)  (d} True value = (0.9, -1.1)
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Figure 4.12: Boxplots and Normal probability plots of § estimates when n = 5000 and {Z;} ~
IID ¢ (3). (a) (¢0,8) = (0.9,1.1). (b) (do0,00) = (=0.9,-1.1). (c) (do,6) = (—0.9,1.1). (d)
(¢0,80) = (0.9, —1.1).
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Contour plot of average objective function

Theta

Phi

Figure 4.13: Contour Plot of I, (¢,0) /n when (¢q,6) = (0.5,1.5), and noise {Z;} ~ IID ¢ (3).

to the log-volume series for the illustration of noncausal AR model fitting using all-pass
models.
We firstly use the function “ar” in R package to automatically select order and fit an

AR model to the log-volume series, which results in the following causal AR(3) model:
Xi =0.5139X;_1 +0.0237X;_o + 0.1378X;_3 + W;. (4.36)

The ACF of resulting residuals {W;} (Figure 4.16 (a)) indicates that {W;} are white noise.
However, the ACFs of {W2} and {|W;|} (Figure 4.16 (b) and (c)) suggest that {W;} are not
likely to be independent, as both {W?} and {|W;|} have significant lag 1 autocorrelation.

Now, a direct AR(3) fit using LAD estimation yields a purely noncausal AR(3) model
Xy = —0.0644X;_1 — 3.3959X_2 + 6.4165 X3 + Z, (4.37)
with all roots 0.7910 and —0.13090.42414 inside the unit circle. The residuals {Z;} appear
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Figure 4.14: Log-volumes of Microsoft stock.

independent based on the ACF plots in Figure 4.17. Therefore, the model (4.37) seems
more appropriate for this log-volume series.

One also could check all possible AR(3) model fits by flipping the roots of AR poly-
nomial of the model (4.36). The purely noncausal representation of the process {X;} in
(4.36) is

Xy =—0.172X,7 — 3.7292X; 9 + 7.2564X;_3 + U,.

The ACF plots of the residuals {U;} in Figure 4.18 are almost identical to their counterparts

in Figure 4.17.
2. Wal-Mart stock trading volumes

In this example we study the volumes of Wal-Mart stock traded daily on the New York
Stock Exchange from 1/1/03 to 12/31/04, which are shown in Figure 4.19. The sample
ACF and PACF plots of the volume series are given in Figure 4.20. The data appear heavy-
tailed instead of Gaussian. Moreover, the first half {X;}#8 and the second half {X,;}3%,,
of the series display different mean structures. One could model the two halves separately.

Nevertheless, we consider the whole series here, and use ITSM package (Brockwell and
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Figure 4.16: (a) ACF of {W,}. (b) ACF of {W2}. (c) ACF of {|W,|}.
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Figure 4.19: The volumes of Wal-Mart stock.

Davis, 1996) to automatically select orders and fit an ARMA model to the data, which

yields the following causal-invertible ARMA(3,1) model:
X: =1.357X;-1 — 0.2842X;_5 — 0.08316 X;_3 + W; — 0.9512W;_,. (4.38)

The ACF of resulting residuals {W;} (Figure 4.21 (a)) indicates that {W;} are white noise.
However, they are not likely to be independent because both {W2} and {|W;|} have signif-
icant lag 1 autocorrelation (Figure 4.21 (b) and (c)).

Now we fit an ARMA(3,1) model using LAD estimation, yielding

Xt =0.8496X;_1 — 0.0491X; o — 0.0114X;_3 + Z; — 2.2800Z;_;. (4.39)

This is a causal-noninvertible ARMA(3,1) model with roots —11.4453, 5.8495, 1.3054 of the
AR polynomial ¢ (z) outside the unit circle, and root 0.4386 of the MA polynomial 4 (z)
inside the unit circle. The residuals {Zt} appear independent based on the ACF plots in
Figure 4.22. Therefore, the model (4.37) is more appropriate for this series of the Wal-Mart

stock trading volumes.
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5 SUMMARY AND FUTURE WORK

In this dissertation, we studied parameter estimation for two different classes of models:
parameter-driven GLMs for time series, and noncausal and/or noninvertible ARMA models.
We studied GLM estimation for the former class of models, and LAD estimation for the
latter. Chapter 1 gave the motivation of our research as well as an introduction to the two
classes of models.

In Chapter 2, we first considered regression analysis of time series of count data. The
time series of counts {Y; : ¢t =1,...,n}, conditional on regressors x; and a latent process
{at}, was assumed to be independent, and the conditional distribution was specified by a
negative binomial distribution. On the other hand, the logit function logl—% =xIB+
oy incorporated the autocorrelated latent process {a:} into the model, introducing serial
dependence among the observed data {Y:;}. In this dissertation, the latent process {a;}
was assumed to evolve independently of the observed data, whence the model was a type
of parameter-driven models. The GLM estimator ﬁn of B was obtained by ignoring the
latent process and maximizing the resulting pseudo-likelihood function. We showed the
consistency and asymptotic normality of Bn under two cases: where the latent process was
assumed to be a stationary Gaussian process, and where it was assumed to be a stationary
strongly mixing process.

We also studied parameter-driven GLMs for general time series, where the random
component of a GLM was specified by a distribution from the one-parameter exponential
family, and link function was chosen such that the log-likelihood function was concave and
E[H (x]B + a:)] = H (x]{B), where H (-) was the inverse of link function. We general-
ized the asymptotic results about the GLM estimator under suitable conditions, and thus

unified in a common framework the results for Poisson log-linear regression models (Davis,
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Dunsmuir, and Wang, 2000) and negative binomial logit regression models. In addition,
asymptotic results for a Gaussian setup were given as an example.

The simulation study for evaluating the asymptotic theory included a model with
Bernoulli setting as well as two models with negative binomial setting. In all cases, empirical
GLM estimates were in agreement with corresponding asymptotic theory. We also applied
the theory and methods to the monthly numbers of poliomyelitis cases in the U.S.A. from
the year 1970 to 1983 as reported by the Centers for Disease Control.

As to future work, we are interested in statistical inference of parameter-driven GLMs
for time series based on the exact likelihood. Although the likelihood cannot be calculated
explicitly, asymptotic properties of the MLE can be investigated via the framework of gen-
eralized state-space models (see Brockwell and Davis (1996) for background on generalized
state-space models).

Inference for generalized state-space models traces back to Baum and Petrie (1966),
who studied inference for hidden Markov models (HMMs), which are a special class of
generalized state-space models. In HMMs, the observed variables {Y;} are conditionally
independent given a sequence of unobservable state variables {Sk}, and the distribution of
Y; at time ¢ depends on { Sk} only through the state S;. On the other hand, the evolution of
{Sk} is specified by a discrete-time finite-state homogeneous Markov chain. That is, state
variables {Sx} take values in a finite set. In generalized state-space models, however, the
state process {Sk} is not necessarily to be Markovian and may follow both continuous and
discrete distributions.

Baum and Petrie (1966) considered the case where both {Y)} and {S;} take valuesin a
finite set, and established consistency and asymptotic normality of the MLE under certain
conditions. Leroux (1992) proved the strong consistency of the MLE for a general stationary
ergodic HMM, where {Y;} may take infinitely-many values. Consistency of the MLE was
also proved for several extensions of standard HMMs using a corresponding ergodic theorem.
The asymptotic normality for general HMMs was proved by Bickel, Ritov and Rydén (1998)

after being an open problem for more than thirty years (Ephraim and Merhav, 2002).

151

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The proof relied on a central limit theorem for the score function DgL, (8), where Ly, (6)
denoted the log-likelihood function based on Yi,...,Y,, and a law of large numbers for
the observed information —D2%L,, (6). The idea was applied by Jensen and Petersen (1999)
to state-space models with a separable compact state space that is not necessarily finite.
Le Gland and Mevel (2000) developed a different approach for proving the consistency
and asymptotic normality of the MLE for HMMs with finite state space. The idea is to
express log-likelihood function as an additive function of an extended Markov chain and
use the geometric ergodicity of the extended chain. Douc and Matias (2001), following the
approach of Le Gland and Mevel (2000), proved the consistency and asymptotic normality
of the MLE for general HMMSs, where the latent Markov process took values in a topological
space. Douc, Moulines and Rydén (2004) proved the asymptotic normality of conditional
MLE for an AR process with Markov regime having a separable compact state space that
is not necessarily finite.

Two key assumptions in Jensen and Petersen (1999) and Douc and Matias (2001) do
not hold in our setup, that state space is separable compact and transition density of states
is uniformly bounded below by a small positive number. However, the aforementioned
papers pave a way for studying asymptotic properties of the MLE for parameter-driven
GLMs for time series.

In Chapters 3 and 4, we first investigated LAD estimation for the MA(1) model X; =
Zy—82Z;_q, where |0| # 1. The derivation of LAD criterion was based on Breidt, Davis, Hsu,
and Rosenblatt (2006). By building sample size into new parameterizations, we showed the
existence of a sequence of local LAD estimators §LAD that is consistent and asymptotic
normal, which followed from a functional limit theorem for random processes. Moreover,
strong consistency and asymptotic normality were established for the global LAD estimator
é\n, with the additional assumptions that the underlying noise {Z:} has upper-bounded
density and absolute value of the first derivative of density, and that it has heavier tails
than Gaussian, in the sense that E 'Z“’ Cth-j‘ > E|Z;| holds for any sequence {c;}

j=—o0

such that 3522 el < o0, 3552 c¢? =1, and {¢;} has at least two non-zero elements.
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To simplify numerical computations in searching for a minimizer of the objective func-
tion that is not convex in 8, we proposed a local linearization procedure, approximating the
objective function in a neighborhood of 50 using a Taylor expansion, where 50 is a set of
initial estimators of 8 such that 50 =00+ Op (n_l/ 2). Then, the linearized LAD estimator
5LLAD, which was defined as minimizer of the linearized objective function, followed the
same asymptotic normal law as §LAD-

Then, LAD estimation for noncausal and/or noninvertible ARMA(p, g) models was in-
vestigated. To facilitate the analysis, we deconstructed an ARMA(p, ¢) model by factoring
its AR part into causal and purely noncausal components, and its MA part into invertible
and purely noninvertible components. The study was focused on the deconstructed model.
The LAD criterion was derived by a likelihood approximation assuming a Laplacian under-
lying noise. To get around the difficulty caused by the non-convexity of objective function in
parameter vector k, we applied a local approximation technique. We built sample size into
a new parameterization, and established a functional limit theorem for a random process,
from which the consistency and asymptotic normality of the LAD estimator were identified.

Simulation study was conducted for MA(1) models to evaluate the asymptotic theory
about the LAD and linearized LAD estimators, and for ARMA(1,1) models as well. We
also applied the theory and methods to two real-life data sets: the volumes of Microsoft
stock traded over 755 transaction days from 06/03/96 to 05/27/99, and the volumes of
Wal-Mart stock traded daily on the New York Stock Exchange from 1/1/03 to 12/31/04.

As to future work, we will complete the proof of (3.32) for a random sequence {6, } such
that 8, 25 6g; one possible approach is to partition the interval specified by |-| < n~? into
subintervals, and bound relevant random terms in each subinterval such that the methods
used for non-random sequence {6,} may apply. On the other hand, we are interested in
studying other commonly used estimation methods, such as M-estimation or R-estimation,

for noncausal and/or noninvertible ARMA models.
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