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ABSTRACT OF DISSERTATION 

ESTIM ATION FO R SOME LINEAR AND NONLINEAR TIM E SERIES M ODELS

This dissertation concerns param eter estim ation for two different classes of models. 

One class is param eter-driven generalized linear models (GLMs) for tim e series, which is an 

im portant tool in modeling non-Gaussian tim e series. We first consider a negative binomial 

logit regression model for studying tim e series of count data. Serial dependence among 

observed d a ta  is introduced by incorporating a latent process in the  link function of the 

model. We apply a standard  GLM estim ation by ignoring the laten t process and maximizing 

the resulting pseudo-likelihood. We show the consistency and asym ptotic norm ality of the 

GLM estim ator under two cases: where the laten t process is a sta tionary  Gaussian process, 

and where it is a sta tionary  strongly mixing process. We also study  param eter-driven GLMs 

for general tim e series, where the observation variable, conditional on covariates and a latent 

process, is assumed to  have a d istribution from the one-param eter exponential family. We 

generalize the asym ptotic results of the GLM estim ator under suitable conditions, and thus 

unify in a common framework the results for Poisson log-linear regression models (Davis, 

Dunsmuir, and W ang, 2000), negative binomial logit regression models, and other models.

Another class of models th a t we study consists of noncausal an d /o r noninvertible 

autoregressive-moving average (ARMA) models. The ARMA models are a class of linear 

tim e series models, which provides a general framework for studying sta tionary  processes. 

In the classical Gaussian framework, causality and invertibility are assumed in order to  

eliminate the nonidentifiability of the param eterization. In a non-Gaussian setup, however, 

the assum ptions are artificial because causal and noncausal (or invertible and noninvertible) 

models are identifiable. In this dissertation, we remove the assum ption of causality and 

invertibility under non-Gaussian setups, and investigate exclusively least absolute deviation
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(LAD) estim ation, which is widely used in the non-Gaussian setting, especially when ob­

servations are heavy-tailed. We first consider M A (1) models. Consistency and asym ptotic 

norm ality are established for the local LAD estim ator, the global LAD estim ator, and the 

linearized LAD estim ator in both  the invertible and noninvertible cases. Then, we investi­

gate LAD estim ation for noncausal an d /o r noninvertible ARMA(p, q) models. We establish 

a functional lim it theorem  for random  processes, from which the asym ptotic results of the 

LAD estim ator follow.

Rongning Wu 
D epartm ent of S tatistics 

Colorado S tate  University 
Fort Collins, CO 80523 

Summer 2007
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1 INTRODUCTION

This dissertation concerns param eter estim ation for two different classes of models. 

T he first is a class of nonlinear tim e series models, which is an im portan t tool in modeling 

non-Gaussian tim e series. For example, if the tim e series consists of counts, especially when 

the counts may be small, then Gaussian models are inappropriate. Exam ples of modeling 

tim e series of counts can be found in many applications, including tim e series of m onthly 

polio counts in the USA (Zeger, 1988; Davis, Dunsm uir, and Wang, 2000), daily asthm a pre­

sentation a t a hospital in Sydney (Davis, Dunsmuir, and Wang, 2000), and traffic accidents 

in the county of V asterbotten , Sweden (B rannas and Johansson, 1994). In the dissertation 

we apply the  generalized linear model (GLM) estim ation for this class of models. The 

second class of models consists of noncausal an d /o r noninvertible autoregressive-moving 

average (ARMA) models, which arise frequently in tim e series modeling and real applica­

tions. For example, noncausal models have been used for deconvolution of seismic signals 

(Wiggins, 1978) and modeling the trading volume d a ta  of Microsoft stock (Breidt, Davis, 

and Trindade, 2001) (see Breidt, Davis, and Trindade (2001) for a list of applications for 

noncausal models); and noninvertible models have appeared in vocal trac t filters (Chien, 

Yang, and Chi, 1997), analysis of m onthly tim e series of unemployment in the USA (Huang 

and Paw itan, 2000), and seismogram deconvolution (Andrews, Davis, and Breidt, 2006). 

We study the least absolute deviation (LAD) estim ation for noncausal an d /o r noninvertible 

ARMA models.

1.1 A  C lass o f  N o n lin ea r  T im e  S eries  M o d e ls

In the first p a rt of this dissertation, we study  param eter-driven GLMs for tim e series. Our 

research is m otivated by Davis, Dunsm uir, and W ang (2000), who studied Poisson log-linear
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regression modeling for a tim e series of observed counts. In their model, the  mean function 

was specified by a  linear predictor modified by a latent process. The asym ptotic properties 

of the standard  GLM estim ator were derived and applied to  real-life d a ta  sets. The goal of 

our research is to  extend their asym ptotic results for Poisson log-linear regression model, 

first to  the negative binomial logit regression and then to  a general setup, assuming th a t 

the observation at a specific tim e, conditional on covariates and a laten t process, has a 

d istribution from a one-param eter exponential family.

We consider first GLMs for tim e series of count d a ta  and then  GLMs for general tim e 

series. The count d a ta  cannot be satisfactorily handled w ithin a classical Gaussian frame­

work because they are nonnegative and integer-valued. A common phenomenon in count 

d a ta  is overdispersion (the variance is larger than  the mean). A lthough the overdispersion 

has little effect on estim ates of the regression coefficients, standard  errors may be seriously 

in error w ithout an appropriate accom m odation of it (Xue and Deddens, 1992). M any au­

thors have considered overdispersed Poisson and overdispersed binomial regression models 

for studying the overdispersion in count data. In this dissertation we consider overdispersed 

negative binomial regression models. The negative binomial, as well as Poisson and bino­

mial, regression models can actually be trea ted  as special cases of a model class: generalized 

linear models. As an extension of classical linear models, GLMs are a widely used family 

of models for analyzing count d a ta  (see M cCullagh and Nelder, 1989).

On the other hand, a typical characteristic with tim e series d a ta  is serial dependence. 

Modeling tim e series of counts requires one to accom modate serial dependence among d a ta  

as well as discreteness of data. W hen incorporated in serial dependence, GLMs provide 

a class of models for studying tim e series of counts. In the literature, m any different 

approaches have been proposed to  add serial dependence to the standard  GLM setting. 

Cox (1981) classified the tim e series models for serially dependent d a ta  into two classes: 

observation-driven models and param eter-driven models. The observation-driven models 

insert the dependence into a model by m aking the current observation depend explicitly on 

past outcomes. In contrast, the param eter-driven models specify an underlying autocorre-

2
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lated laten t process to  introduce dependence into observations. Both model specifications 

are in fact able to  handle the overdispersion in count d a ta  as well. GLMs for tim e series 

th a t we study in this dissertation are a type of param eter-driven models. An unobserved 

autocorrelated process is incorporated into the link function of a GLM, which introduces 

serial dependence among observed data.

A param eter-driven GLM for tim e series consists of two components: random  compo­

nent and system atic component. The random  component states the  conditional d istribution 

p  (yj|xf, a t) of observation variable Yt given covariates x t and a laten t process a t . Obser­

vation variables are assumed to  be conditionally independent. On the  other hand, the 

system atic com ponent specifies a link function / ( • )  such th a t /  (ut) — x f/3  -f at,  where 

u t is the conditional mean of Yt . The unobserved latent process { a t } introduces serial 

dependence into the model; it is assumed to  evolve independently of the observed data.

Due to the existence of the latent process, the likelihood cannot be expressed in a 

closed form of observations and the limit theory for maximum likelihood estim ator (MLE) 

is difficult. One way to  get around the difficulty is to  ignore the laten t process in the model 

and consider the GLM estim ator obtained by maximizing the resulting pseudo-likelihood. 

The idea of GLM estim ation is well-illustrated by W ang (2002). Consider a classical linear 

model with tim e series noise, namely, Yt =  x^/? +  Z t , where { Z t } may be a stationary  

Gaussian process. To fit the model, we can first ignore serial dependence of {Zt}  and 

estim ate the param eter vector P  using ordinary least squares (OLS) m ethod by regressing 

the da ta  vector ( L j , . . . ,  Yn)T onto the regressor vector x t . A lthough the  resulting model is 

misspecified, the OLS estim ator of P  has the same asym ptotic efficiency as its MLE under 

a wide class of models for { Z t j  (Hannan, 1970). Once a consistent estim ator P of P  is 

obtained, the autocovariance function (ACVF) of {Z t j  can be consistently estim ated from 

the sample ACVF of residuals. Then, a model can be selected for {Zt} ,  and the  param eter 

vector P  and also param eters of the model for { Z t } can be re-estim ated using MLE.

3
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1.2  N o n c a u sa l a n d /o r  N o n in v er tib le  A R M A  M o d els

The second part of the dissertation considers inference for noncausal an d /o r noninvertible 

ARMA models. We investigate LAD estim ation for possibly noninvertible MA(1) m od­

els (moving average models of order 1) and noncausal an d /o r noninvertible ARM A (p, q) 

models, and explore the asym ptotic behavior of the LAD estim ator.

The following definitions and notation are based on Brockwell and Davis (1996). A 

tim e series {At } is called an ARMA process of order p  and q, denoted as ARM A(p, q), if it 

is stationary  and for every t satisfies the recursion,

X t  — 4>lXt-l — • • • — <f)pX t -p  — Zt +  9 \ Z t - \  +  • ' • +  9qZt—q, (1-1)

where { Z t } ~  W N (0, a 2) (white noise w ith mean zero and variance a 2), 4>\, . . . ,  4>p, 9\ , . . . ,  9q 

are constants, and the polynomials 4> {z) — 1 — 4>\z — ■ ■ - — (f)pzp and 9 (z) =  l + 9 \ z + • • H-9qz q 

have no common factors. A stationary  solution {A4} of the equation (1.1) exists (and is 

also unique) if and only if (f) (z) ^  0 for all \z\ — 1. If 9 (z) — 1, then  the equation (1.1) 

reduces to

X t — <fi\Xt-i -  • ■ ■ — 4>pX t- p =  Z t (1 .2 )

and {A(} is said to  be an autoregressive process of order p, or AR(p). Likewise, if <p (z) — 1, 

then  the equation (1 .1 ) reduces to

X t  =  Zt +  9 \Z t- \  +  • • • +  9qZt—q (1-3)

and {At} is said to  be an MA process of order q, or MA(g).

Causality means th a t A t can be expressed in term s of current and past Z f’s. T h a t is, 

there exist constants {ipj} such th a t X t — f°r all t, where l^jl <  00■ ®r

we can say th a t, the observation a t a given tim e is caused by current and past values of 

the noise. Causality is equivalent to  the condition th a t  all the roots of the  polynomial (j) (z) 

are outside the unit circle in the complex plane. Then ipj, j  =  0 , 1 , . . . ,  is the coefficient of

4
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zi  in the Taylor series expansion of 9 (z) /<j> (z), \z\ <  1. On the  o ther hand, if there exists 

any root inside the unit circle, then  the model (1.1) is said to  be noncausal. Furtherm ore, 

if 4> (z) has all its roots inside the unit circle, i.e., <j)(z) ^  0  for \z\ >  1 , then  the model (1 .1 ) 

is purely noncausal.

Likewise, an ARMA(p, q) process is said to  be invertible if there exist constants {ffj} 

such th a t Zt — Y <jLo'n' jX t - j  for all t, where I71’! I <  00• Invertibility means th a t  Zt

is expressible in term s of {Xs;s  <  f}, and is equivalent to the condition th a t all the roots 

of the polynomial 9 (z) are outside the unit circle. An ARMA(p, q) process is said to  be 

noninvertible if it is not invertible; moreover, it is purely noninvertible if Z t is expressible 

in term s of {Xs; s > t}.

The ARMA models are a class of linear tim e series models, which provides a general 

framework for studying stationary  processes (Brockwell and Davis, 1996). However, in the 

classical Gaussian framework, one usually assumes causality and invertibility of an ARMA 

model for identifiability reason. In our research, we remove the assum ption of causality and 

invertibility under the non-Gaussian setup; the m otivation of studying noncausal an d /o r 

noninvertible ARMA models relates to  different model representations of {Xt}. Suppose 

for a  causal-invertible ARMA(p, q) process, the AR polynomial <j) (z) and MA polynomial 

9 (z) have no roots on the unit circle, and all roots of (j> (z) and 9 (z) are real and distinct. 

By flipping roots of 4> (z) and 9 (z) from outside the unit circle to  inside the unit circle, one 

can obtain 2p+q model representations of { X }  th a t correspond to  the same autocorrelation 

function (ACF). For example, the following two MA(1) processes

(1.4)

have the same autocorrelation function

p ( h ) =  <

1 ) Z t ~  W N (0, a 2) ,

- 1 ) W t ~  W N (0, r 2) ,

1 , if h = 0 ,

2/5, if \h\ = 1 ,

o, if \h\ > 1 .
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Figure 1.1: Sample path of noninvertible MA(1) process X t = Z t + 2Zt- \ ,  Z t ~  IID N (0,1).

The first process in (1.4) is noninvertible, while the second process is invertible. Notice 

th a t the two coefficients are the reciprocal of one another.

If the underlying noise is Gaussian, then the probability struc tu re  of {Xt} is completely 

determ ined by its m ean and autocorrelation functions. It follows th a t the probability struc­

tu re  of {Xf} is the same for all 2p+q representations up to  a scale factor. This implies th a t 

causal and noncausal models are not identifiable; neither are invertible and noninvertible 

models. In other words, there is no point to  discrim inate between causal and noncausal 

models or to  discrim inate between invertible and noninvertible models in the classical Gaus­

sian setup. The causality and invertibility are assumed only to remove the nonidentifiability 

and configure the model uniquely. To see this, let us look a t an example. In Figure 1.1, five 

hundred observations were sim ulated from the noninvertible MA(1) process X t  = Z t+ 2 Z t - i ,  

where Z t ~  IID N (0 ,1) (IID stands for independent and identically d istributed). We fit 

noninvertible and invertible models to  the data. For each fitted model, we com pute the 

residuals and plot the ACF of residuals. From Figure 1.2 (a) and (b), we see th a t for each 

fitted model the residuals are white noise since the autocorrelations a t m ost of the tim e lags 

> 1 are w ithin the 95% confidence bands. We further check the independence of residuals 

for each fitted model by plotting the ACF of their absolute values (Figure 1.2 (c) and (d)). 

We see th a t residuals from both  fitted models also appear independent. This indicates th a t

6
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(a) Noninvertible m odel (b) Invertible m odel

Time Lag Time Lag

(c) Noninvertible m odel (d) Invertible m odel

i 1.........

Time Lag Time Lag

Figure 1.2: (a) ACF of residuals from noninvertible model, (b) ACF of residuals from invertible 
model, (c) ACF of absolute values of residuals from noninvertible model, (d) ACF of absolute 
values of residuals from invertible model.

both  fitted models perform  equally well.

On the other hand, if the underlying noise is non-Gaussian, then different configurations 

lead to different probability structures of {Xt}. T h a t is, causal and noncausal models are 

identifiable; so are invertible and noninvertible models. For illustration, we sim ulated 

another five hundred observations from the same model X t  — Zt + 2 Z t - i  bu t where {Z %} is 

IID having a S tuden t’s t d istribution with 3 degrees of freedom (see Figure 1.3). As before, 

we fit bo th  noninvertible and invertible models to  the data, com pute the residuals and 

plot ACFs of residuals and absolute residuals for each fitted model, which are displayed in 

Figure 1.4. From Figure 1.4 (a) and (b), we see th a t the residuals from bo th  fitted models 

are white noise, same as in the previous example. However, Figure 1.4 (d) suggests th a t 

the residuals from the  invertible fitting are not independent, since the absolute residuals 

have significant autocorrelations a t tim e lags 1 and 2. Therefore, the noninvertible fitting 

is more appropriate in this example.

Now it should be clear th a t, for non-Gaussian ARMA processes, distinguishing between

7
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Figure 1.3: Sample path of noninvertible MA(1) process X t =  Zt +  2Zt_i, Zt ~  IID t (3).

(a) Noninvertible m odel

T
10

T
20 30 40

Time Lag 

(c) Noninvertible model

Time Lag

(b) Invertible m odel

'VrI [‘-I'j l1I I
10 20 30

Time Lag 

(d) Invertible m odel

Time Lag

Figure 1.4: (a) ACF of residuals from noninvertible model, (b) ACF of residuals from invertible 
model, (c) ACF of absolute values of residuals from noninvertible model, (d) ACF of absolute 
values of residuals from invertible model.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



invertible and noninvertible models and distinguishing between causal and noncausal m od­

els are meaningful.

In a non-Gaussian setup, if the d istribution of underlying noise is known, then we can 

apply the likelihood approach to  param eter estim ation for a noncausal an d /o r noninvertible 

ARMA model. For example, Lii and Rosenblatt (1992) proposed a procedure to  estim ate 

the coefficients of a noninvertible MA process and showed the consistency and asym ptotic 

norm ality of the estim ator under some regularity conditions. Their m ethod is analogous 

to  th a t proposed by Breidt et al. (1991) for the noncausal AR process driven by IID non- 

Gaussian noise, who established the asym ptotic results for the MLE of model param eters.

But, in practice we usually do not know the actual d istribution of underlying noise. 

In this situation, several approaches have been suggested. For example, we may use a 

pseudo-likelihood m ethod, namely, we approxim ate the noise distribution w ith some known 

distribution and take the corresponding likelihood as an objective function. As an alter­

native, we may use the LAD m ethod, especially when observations display a heavy-tailed 

characteristic. Actually, an approxim ation to  the likelihood, assuming th a t the underlying 

noise is Laplacian, yields an absolute deviation criterion.

The LAD estim ation, which minimizes the absolute norm of residuals, is widely used 

in non-Gaussian settings. It is an analogue to  the least squares m ethod, which minimizes 

the Euclidean norm  of residuals. The least squares m ethod has been widely employed and 

performs well when the noise is Gaussian or near-Gaussian. However, in real life, tim e series 

driven by non-Gaussian noise exists abundantly; for example, it is common in econometrics 

to  observe heavy-tailed tim e series, such as stock price and returns on financial assets. In 

such cases the LAD estim ation is more appealing th an  the least squares m ethod; LAD 

estim ator is more robust since it is less sensitive to  outlying observations.

1.3  O u tlin e  o f  D is se r ta t io n

In C hapter 2, we study param eter-driven GLMs for tim e series. We give a brief overview 

of negative binomial distributions and GLMs. A literature  review on param eter estim ation

9
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for param eter-driven tim e series models is also given. We first consider regression analysis 

of tim e series of count d a ta  in a negative binomial logit setup, and show the consistency and 

asym ptotic norm ality of the GLM estim ator. The proof is given under two cases: where the 

latent process is assumed to  be a stationary  Gaussian process, and where it is assumed to  

be a sta tionary  strongly mixing process. Then, we extend the study  to  regression analysis 

of general tim e series, where the conditional d istribution of the  observation variable Yt, 

given covariates x t and a latent process at,  is assumed to  come from the one-param eter ex­

ponential family. The asym ptotic results of the GLM estim ator are proved in the appendix 

of the chapter. Also included in the appendix are technical details. A sim ulation study is 

undertaken, and an application to  real d a ta  is given.

In C hapter 3, we investigate LAD estim ation for MA(1) models in both  the invertible 

and noninvertible cases. The LAD criterion is derived based on Breidt, Davis, Hsu, and 

Rosenblatt (2006). We show the existence of a sequence of local LAD estim ators th a t is 

consistent and asym ptotic normal. Consistency and asym ptotic norm ality are established 

for the global LAD estim ator w ith additional assum ptions on the d istribution of underlying 

noise. We also propose a linearized LAD estim ator and derive its asym ptotic properties. 

A numerical study is conducted to  evaluate the asym ptotic theory about LAD estim ators. 

Technical details are given in the appendix of the  chapter.

In C hapter 4, LAD estim ation for noncausal an d /o r noninvertible ARMA(p, q) models 

are investigated. We deconstruct an ARMA(p, q) model into its causal, purely noncausal, 

invertible, and purely noninvertible components, and focus our study  on the deconstructed 

model. We derive the LAD criterion by a likelihood approxim ation assuming the Laplacian 

underlying noise. W ith  a local approxim ation technique, we establish a functional lim it 

theorem  for random  processes, from which the  consistency and asym ptotic norm ality of the 

LAD estim ator are established. A sim ulation study is conducted for A R M A (1,1) models, 

and applications to  real d a ta  are given.

In C hapter 5, we summ arize the m ethods and results in previous chapters, and discuss 

future work and open questions.

10
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2 GLM ESTIMATION FOR A CLASS OF NONLINEAR 

TIME SERIES MODELS

2.1  P re lim in a r ies

In this chapter we first study param eter-driven generalized linear models (GLMs) for tim e 

series of count d a ta  in a negative binomial logit setup. We begin by giving a brief overview 

of negative binomial distributions and GLMs. We also give a literature  review on param eter 

estim ation for param eter-driven models in this section.

2.1.1 N egative B inom ial D istributions

The negative binomial distribution, also known as the Pascal distribution or Polya distri­

bution, gives the probability of y  failures in the  first y + r  — 1 trials w ith a success on the 

(V +  r) th trial for some fixed num ber r  >  1. Its probability density function (pdf) is given 

by

fy(y) = ( ^ ^ r_ 1 1)pr (1 ~p)y» y = 0,1,2,..., (2.1)

where p  is the  probability of success in each trial; and its characteristic function is given by

^ ( s ) 3 E ( e‘* '') =  ( t - L ^ e “ )  \  (2 .2 )

We denote the negative binomial d istribution w ith density (2.1) by N egB in(r,p). Actually, 

the negative binomial d istribution can be derived from several models, e.g., as a general­

ization of the geometric distribution, or as a m ixture of Poisson distributions. Accordingly, 

there are a variety of definitions in the literature. The negative binomial distribution has 

been found to  provide useful representations in m any fields. For wide-ranging applications
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of the negative binomial distribution, see Johnson, Kemp, and Kotz (2005, pp 232-233).

W hen modeling random  counts, one usually considers using the Poisson distribution. 

However, m any processes are not adequately modeled by Poisson distribution, e.g., when 

counts tend to  occur in clusters. As a natu ral extension of the Poisson distribution, the 

negative binomial distribution is more flexible and allows for overdispersion. Negative 

binomial regression models are widely employed for analyzing count data . For example, 

Lawless (1987) studied negative binomial regression models and examined efficiency and 

robustness properties of inference procedures based on them; Xue and Deddens (1992) 

developed tests for ex tra  variation relative to  negative binomial regression models; Booth 

et al. (2003) extended the negative binomial log-linear model to  dependent counts, where 

dependence among the counts is handled by including linear combinations of random  effects 

in the linear predictor; Byers et al. (2003) presented a case study  using the negative 

binomial regression model for discrete outcome d a ta  arising from a  clinical trial. However, 

due to  the difficulty of using negative binomial d istributions to analyze tim e series of counts, 

there is little  in the literature  to  fully illustrate such applications. It is worth m entioning 

th a t Benjamin et al. (2003) used a negative binomial conditional distribution to  model the 

m onthly cases of poliomyelitis in the USA to  dem onstrate the application of their GARMA 

model, which is a type of observation-driven models.

2.1.2 G eneralized Linear M odels

An im portan t milestone in the development of regression models for count d a ta  was the 

emergence of GLMs. The GLMs were introduced by Nelder and W edderburn (1972), and 

a large literature on the subject has since developed.

In a classical Gaussian linear model, we assume th a t an n  x 1 response vector Y  has 

m ultivariate normal d istribution with m ean vector fx =  E (Y ) =  X/3 and covariance m atrix  

a 21, where X  =  ( x i , . . . ,  x„)r  is n  x I design m atrix  and /? =  ( P i , . . . ,  Pi)T is ^-dimensional 

vector of regression param eters. The linear predictor T} — (rj\,. . ., rjn )T , defined by rj — X/?, 

specifies the system atic com ponent of the model. So, rj = [x in the classical Gaussian

12
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framework.

There are two extensions in GLMs from classical Gaussian linear models. Firstly, the 

assum ption of a norm al d istribution for Y , which describes the random  com ponent of the 

model, is extended to  any distribution from the exponential family. This generalization 

allows errors to  come from Poisson, binomial, multinomial, negative binomial, gam m a 

and inverse gam m a distributions, among other possibilities. Secondly, a link function /(•)  

specifies the relation between linear predictor r) and mean /z, namely rj = f(fx).  The link 

function may be any monotonic differentiable function with inverse function h(-), so the 

mean fx can be w ritten  in the form /x — h(X/3).

A GLM is defined by the d istribution assumed for Y , the form of link function, and the 

term s in the linear predictor. W ithin this framework, a classical Gaussian linear model has 

normal observation variables and identity link; a log-linear model has Poisson observation 

variables and log link; a logistic regression model has binomial observation variables and 

logit link; and so on.

Suppose th a t the component Yt of Y  has a d istribution from the  one-param eter expo­

nential family, then  its density can be w ritten  as

f v t {yu&t) = exp { y t9t - b ( 0 t ) + c(y t )} , (2.3)

where b(-) and c(-) are given m easurable functions. It is well-known th a t

Ut =  E(Yt) =  b'(6t ) and Var (Yt) = b" (9t) , (2.4)

where &'(•) and b"{-) denote the first and second derivatives of function &(•), respectively. 

The link function /(■) is called a canonical link if rjt — f ( y t )  — &t- Suppose Yt in~ P 

N egB in(r,pt ), for t — 1 , . . . ,  n. T h a t is, the observation variables Y\, ■ ■ ■ ,Y n are indepen­

dent, each having a negative binomial distribution. If we express the density of Yt in form

13
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(2.3), then  we have

9t =  log (1 - p*),

b(6t ) = - r  logpt = - r  log ( l  -  e6t ĵ ,

c(yt) = l o g ^ ^

and
_  r  (1 — Pi) re e‘

^  Pt 1 -  e0 t '

The canonical link function for negative binomial d a ta  is given by

9t =  log f  ~T_ =  Vt-

Nelder and W edderburn (1972) gave a unified procedure for model fitting based on

likelihood. For GLMs with canonical link function, H aberm an (1977) provided conditions

under which the MLE is consistent and asym ptotically normal. For GLMs with a non- 

canonical link function, consistency and asym ptotic norm ality of the MLE were established 

by Fahrm eir and Kaufm ann (1985). W edderburn (1974) discussed estim ation for GLMs 

based on quasi-likelihood function. The asym ptotic results of the m axim um  quasi-likelihood 

estim ator of the regression coefficient vector were given by McCullagh (1983). For details 

of inference based on the likelihood function, see M cCullagh and Nelder (1989).

2.1.3 L iterature R eview

The analysis of tim e series of count d a ta  is one of the rapidly developing areas in tim e series 

modeling, and has been investigated by researchers in a great variety of contexts. In addi­

tion to applications m entioned in C hapter 1 , Cam pbell (1994) investigated the relationship 

between sudden infant death  syndrome and environm ental tem perature; Johansson (1996) 

used tim e series of counts to  assess the effect of lowered speed lim its on the num ber of road 

casualties; Jprgensen et al. (1996) studied the relationship between respiratory m orbidity

14
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and air pollution; Cam eron and Trivedi (1996) discussed count d a ta  models for financial 

data. Good reviews can be found in M acDonald and Zucchini (1997) and Cam eron and 

Trivedi (1998).

An overview of param eter driven models for tim e series of counts can be found in 

Zeger (1988), Davis, Dunsm uir, and W ang (1999), and Kelsall, Zeger, and Sam et (1999). 

Zeger (1988) studied Poisson log-linear regression models for regression analysis w ith a 

tim e series of counts, where serial dependence is introduced by adding a laten t process to 

the linear predictor. An estim ating equation approach was used for param eter estim ation, 

and asym ptotic results of quasi-likelihood estim ator were established. Blais et al. (2000) 

extended Zeger’s asym ptotic results for Poisson log-linear regression to  the GLM setup 

where each observation, conditional on a laten t process, is assumed to  have an exponential 

family d istribution, and the laten t process is assumed to  be stationary  and strongly mixing. 

Gourieroux, M onfort, and Trognon (1984) applied a pseudo maximum likelihood m ethod to  

Poisson log-linear regression models, where the latent process is IID, and showed the con­

sistency and asym ptotic norm ality of the pseudo MLE. Davis, Dunsm uir, and W ang (2000) 

developed a practical approach to  diagnosing the existence of laten t process in Poisson log- 

linear regression models, and derived the asym ptotic properties of GLM estim ator for the 

case where an autocorrelated laten t process is present. Harvey and Fernandes (1989) s tud ­

ied a s truc tu ra l model for tim e series of counts and qualitative d a ta  using natural-conjugate 

distributions. Jprgensen et al. (1999) proposed a nonstationary sta te  space model for mul­

tivariate longitudinal count d a ta  driven by a latent gam m a Markov process; and estim ation 

was based on the Kalm an smoother.

Since the likelihood of param eter-driven models for tim e series of counts is very com­

plex, Chan and Ledolter (1995) proposed a M onte Carlo EM (MCEM) algorithm  and 

showed th a t the resulting estim ator of an MCEM  algorithm  gets close to  MLE with a high 

probability. Kuk and Cheng (1997) proposed a M onte Carlo Newton-Raphson procedure as 

a viable alternative to  the MCEM  algorithm ; it is com putationally more efficient than  the 

MCEM algorithm . Durbin and Koopm an (1997) considered sta te  space models for observa-
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tions having a non-Gaussian distribution, and developed a likelihood estim ation procedure 

using im portance sampling. K uk (1999) showed th a t Durbin and K oopm an’s m ethod is 

closely related to  a m ethod proposed by Geyer (1994) for sim ulating the likelihood of a 

random-effect model and to  a m ethod proposed by Schall (1991) for approxim ating the 

maximum likelihood estim ate of a generalized linear mixed model. Kuk (1999) proposed a 

hybrid m ethod for approxim ating the likelihood function as opposed to  Durbin and Koop­

m an’s pointwise approxim ation. Durbin and Koopm an (2000) discussed the analysis of 

non-Gaussian tim e series using sta te  space models from both classical and Bayesian per­

spectives.

2.2  G L M  E stim a to r  for R eg ress io n  o f  T im e  S eries  o f  C o u n t D a ta

In this section we consider regression analysis of tim e series of count data , where the 

observed process of counts is modeled by a negative binomial d istribution based GLM 

and an unobservable latent process is incorporated in the mean function of the model to 

introduce serial dependence among observed data. Like Poisson regression, the negative 

binomial regression is one of the basic models for studying count data . Actually, Poisson (A) 

is a lim iting case of N egBin(r,p) as A =  r ( l  — p ) and r  —> oo.

2.2.1 Setup

Let {Yt : t  — 1 , . . . ,  n} denote a tim e series of counts and suppose th a t for each t, X* is an l- 

dimensional vector of observed regressors whose first component is 1. In some cases x t may 

depend on the sample size n  and form a triangular array x nt. We assume th a t, conditional 

on the regressor {xn(} and some laten t process {at} ,  the random  variables Y \ , . . .  ,Yn are 

independent, where the conditional d istribution of Yt depends only on at  and x.nt and is 

specified by a negative binomial distribution. To be specific, we consider the following 

param eter-driven model:

Yt \at ,x.nt m~ P NegBin (r,pt) , (2.5)

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where pt satisfies the logit model

log j ^ -  = x£ t0  + a t . (2 .6 )

So, the conditional density function is given by

P(Fi = y t \a t ,xLnt) = l ^ P rt i l  ~  Pt )Vi

for yt — 0 , 1 , . . . .  In (2.6), /? =  (/?i , . . . ,  (3{)T is the vector of regression coefficients of interest, 

and we assume th a t  x n( is fixed and th a t {at} is a stationary  G aussian linear process. In­

stead of dealing w ith {at} in the derivation, it is more convenient to  use process {et}, where 

et =  e~a t . Note th a t {e£} is a strictly  stationary  nonnegative tim e series. Furtherm ore, we 

center {at} such th a t {et} has m ean 1 and autocovariance function (ACVF)

7e (h) =  E [(et+h ~  1) (et -  1)].

The condition of E(et) =  1 is imposed for identification purposes; w ithout this assum ption, 

one cannot specify the mean of et (see Wang, 2002). The conditional mean of Yt given a t 

can be w ritten  in term s of ep

E( Yt | a t ) =  — — —  =  re x p  ( - x £ t/3 -  a t) =  re x p  ( -x ^ /3 )  et . (2.7)
Pt

Since { a t } is a stationary  Gaussian linear process, one can derive an explicit relationship 

between A C V F’s of {et} and {at}. To be specific, in order to  satisfy the identifiability 

condition of E (e- a t ) =  1, it is required th a t a t ~  N (cr^/2 ,<7^ ), where o \  (or (0)) is the 

variance of process {at}. The connection between two A CV F’s 7 e (h) and (h ) is given

by 7e (h) =  exP (7a (h)) — 1 for all h.

17
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2.2.2 A sym p totic  P roperties o f GLM  E stim ator

The GLM estim ator 0 n of /3 is obtained by ignoring {a*} in the model and maximizing 

log-likelihood function of the misspecified GLM. We investigate the large sample behavior 

o f )3n, and show th a t (3n is consistent and asym ptotically normal under suitable conditions.

Before deriving the asym ptotic properties of /3n, we evaluate the first and second mo­

ments of the observed process {Ft}. The mean, variance, and covariance are conditional 

upon the linear regressors x nj. By (2.7), we obtain the mean pt  of Yt as follows:

where the last equality follows from the assum ption of E(ef) =  1. From the logit model

(2 .6 ), we obtain

Ht = E ( r t ) =  E [E (Yt \at)} =  E [r exp ( -x £ t/?) et\ = re x"*^

*ntP+Ott 1 1
Pt I +  exZtP+at 1 +  e- x ^ - a t 1 +  e yintPet

e - x - n t P - a t e
1 4 . e - x £ t 0 - a ( 1 +  e

Then, the variance of Yt is

Var (Yt) =  E [V ar(y t |a t ) ]+ V a r [E (y ) |a t )]

=  E 2 Pt  ̂ + Var [rexp  ( - x £ t/?) et]
Pt J

— E re  x"t/3e< ^1 +  e +  r 2 exp (—2x^/3) Var (et)

=  r e _x"‘^ +  r e _2x"*^ (7e (0) +  1) +  r 2e_2x"t^7e (0)

and the ACVF of Yt is

Cov(yt+h,y t ) =  Cov [E (Yt+h\&t+h) , E (y i|a t)] +  0

18
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=  r 2e- (* £ t+h+*£)/J7e (/>) 

~  Ah+/iMt7e (h) )

for h ^  0 .

Let y i , . . . , F n be observations from model (2.5) and (2.6) w ith the true  param eter 

vector /3q . The GLM estim ator j3n is obtained by maximizing the following pseudo log- 

likelihood function:

u p ) = i o g { n ( yv+- T , ) p E ( i - j x ) >''}

=  r £  logpt +  Y ,  Yt log (1 -  p t) + log n  C ' r - i 1) (2-8)
t=l t=l t=l

=  - r  J2 log ( l  +  e~xn t ^  _  Yt log ( l  +  ex" ^ )  +  l0g .
t=l v '  t=i  v 7 t=i

Assumptions on the regressors x„t are needed in order to  establish the asym ptotic results

of /?„. We assume th a t  there exists a sequence of nonsingular m atrices M n such th a t the

regressors x ni satisfy the following conditions:

O l M ,  ( 2 .9 )

m ;  ( E x ”>x »ie:- 2x' ,'3',j  M » -  r ( ” 2f f i ) ! ) ■ , 2 i , j )

and

M n ( ^ * n t x i t +he - ( xL+< ^ 00^ M n -  ^ ^ 2  (2.11)

uniformly in h  as n  —> 0 0 . Further, for h < 0,

M l  ^  x nt x l t+he -W < +< t +^  M n -  0 (2.12)

with the left-hand side being uniformly bounded in h as n —> 0 0 , and for h > 0 ,

M « (  M n -  0 (2.13)
\ t = n —h J
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with the left-hand side again being uniformly bounded in h as n  —> oo. (See Davis, Dun- 

smuir, and W ang (2000) for a wide range of regressors th a t satisfy the conditions.)

We define

{Po) = Var
t= 1

M ^ x ntx ^ V a r ( r t )M „  +  M ^  x nsx^tCov(Fs , y t )M r
s,t=l,s^tt= 1 

n

t= 1

, 2 7e (0) +  1 , 2
Tt +   1" 7e (0) M r

+ M ^  2  *-ns*ntVsHt7e (S ~  t) M
s,t=l,S7tt

>7e (0) +  1

t= 1
Mt +  /V M n +  ^  Xnsx l tHsIJ,t7 e (s -  t)

s,t=l

Then the asym ptotic results of P n when the latent process {a t}  is a sta tionary  Gaussian 

linear process are summ arized in the following theorem.

T h e o re m  2 .1  Let P n be the GLM estimator of parameter vector (3 in model (2.5) and

(2.6). Assume that the regressors x„t satisfy (2.9)-(2.13), sup1<4<n |M ^ x nt| = 0 ( \ / y / n ) ,  

and £ ~ o  |7 f (h)\ <  0 0 . Then

{Po) —> Lli (fio) +  0,2 {Po) + ^ 3  {Po) i

where D3 (Po) — £ ^ L _ 0C Oh {Po) 7 e (h). Moreover, P n —> Po in probability and

M - 1 (pn -  Po) 4  N{0 , [fij (/?„)] 1 [n{ iPo) + o l  {Po) +  0\ 03o)] [fi! (Po)\ ')

as n  —> 0 0 , where

t=l 1 + e -  nt*'
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n t
X ntK tV tfij (Po) =  lim M.,

n—*00 • J (■> , —Xi .fin\

n* m

^  ( 1+e - * L 'o y

7 e ( 0 )  +  l  1 ! m  A / r T ^  X n t X ^ / i ?
lim M £ ] r

n—>00 '
( 1  +  e- x^ ° )

and

with

h=—oo

n*(/Jo)= Bm , s  Mn.
n ^ ° °  t = 1  ( l + e V o )  1 + e  n , t + h p o \

P ro o f . Maximizing I (@) in (2.8) is equivalent to  minimizing

n
-  [Z (/?) -  l (J3q)} =  [l°S ( l  +  e- x "(^  -  log ( l  +  e_x"t/3°^

t= 1 
n

+  Yt [log ^1 +  eXnf̂  — log ^1 +  eXn(̂ 0^
t=i 
n

=  r  ^  [log ^1 +  e_x"‘̂  — log ^1 +  e_x"t/3°^
t=i 

n
+ r  e_x"(̂ ° log ^1 +  ex™£̂  — log ^1 +  ex"£̂ 0^e "£f-

t = i  
n

+  ^  (Y t — re~ x^ °^ j  log ^1 +  ex"‘̂  — log ^1 +  ex"£ 
t = 1

( 2 . 1 4 )

Note that

log ^1 +  ex"‘^  =  log x"£̂  +  1  ̂ ex"‘^ =  log ^1 +  e x"£̂ j +  x^/8, 

and similarly log ^1 +  ex™£̂ 0  ̂ =  log ^1 +  e_x"£̂ 0  ̂ +  x^t/?o- We can rewrite equation (2.14)

as

71
[Z (/?) -  Z (/3o)] =  r ^ 2  [log ( l  +  e_x"£̂  -  log ( l  +  e~ x"t/3°)

t=i
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n

+ r
t=i 
n

e x"«^° j l̂og ^1 +  e +  x n«/  ̂— 1°S ( l  +  e x" '^0^
t=i 
n

+  ^  ^Yj — r e _x"‘^° j  |log ^1 +  ex"(̂  — log ^1 +  ex"f̂ °
t=i 
n

r J 2  e"x"‘A xI( (/? -  A))
t=l

n
+r  y ^  ^1 +  e_x"‘^°^ Jtog ^1 +  e_x"‘^  — log ^1 +  e—x^t>

t=i 
n

+ (^ t  — r e _x"(̂ 0^ [k>g ^1 +  ex"‘^  — log ^1 +  ex"‘^0^
t=i

We define vector u  by

u =  M “ J ( P  — P o )  ,

and function gn (u) by

gn (u) = - [ l t f ) - l  (/30)} = - I  (P0 +  M nu) +  I (Po) •

Then

gn (u) =  gn>i (u) -  gn,2 ( u ) ,

where

n
9n,l (u) ee r  e“ x" ^ °x ^ (M „ u

£= 1
n

+ r  £  ^1 +  e x"‘̂ °^ j l̂og ^1 +  e Xnt(^0+M"u)j — log ^1 +  e~xnt0
<=1

and

n
gHi2 (u) =  — £  ^Yf — re _x"‘^° j  j l̂og ^1 +  ex"(^ 0+MnU^  — log ^1 +  ex"‘^°^

t=i
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For any fixed u, we will show that

9n, 1 (u) (y90) u (2.16)

and

g n ,2 (u) 4  U T  • N(0, n{ ( P o )  +  ( P o )  +  ( p o ) ) . (2.17)

Consider (2.16) first. Let function (x) = lo g (l +  ex), then  its first three derivatives

are

■&' (x) =
1 +  ex '

i?" (x)
(1 +  e x ) 2  ’

and (x) =
e x  (1 -  e x ) 
(1 +  e x ) 3 '

Since sup1<t<n |M ^ x nt| —> 0, expanding log ^1 +  e xnt(^o+M„u)^ jn a  ^ j r d  degree Taylor 

series about —x„tPo yields

l o g f l  +  e x n t ( ^ o + M n u ) ' \  _  i0g A  _|_ e  x n t P o \    jr— x ^ M „ u
\ /  \  I \  -L e~XntP0

+  -
e ~ x n t P  0

2 ( l  +  e - xn t ^ y
(Xn tM nu) 2 -  C xnt (xJ(M nu )3 ,

where C \ t =  (—x.J(tPo + 6^t) /3! for some 5*t between 0 and —x^(M nu. It follows th a t

9n,l (u) =  r e x"‘̂ x J (M „ u
t=l

t=l 
n

e~xltPo
-xnfM nu +

~xnt0O

1 +  e~xntPo 2 ( l  +  e - xn t ^ y

- r Y , C lnt  ( l  +  e - x^ ° )  (x^M „u)
t=l

71 —x r  B nT V— e ntrO

t=i

where E* (u) =  —r J 2 t=l C \ t ^1 +  e x™«̂ 0^ (x^ M n u )3. We will see th a t (u) 

hence (2.16) follows.

0 , and
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Turning to  (2.17), we similarly expand log ^1 +  ex"‘^ 0+MnU^  in a second degree Taylor 

series about x^ t/?o and obtain

log ( l  +  e*nt(0 o+M„uA =  log / j  +  +  6 x^tM nu +  C l t (x^M ^u)2 ,
\  /  \  /  1 -f- £ x ntPO

where C„t = d" (n^tPo +  S^t) /2! and d^t lies between 0 and x ^ M nu. Then,

9n,2 (u) =  -  ( Yt
t= 1 
n

xnt/3 0e nt
1 +  e< tP o

, T

x n fM n U +  C* (x^tM „u)‘

E  (y , -  r e " ’* ’*) -  E  C l  (Y ,  -  r e - * > » )

ut u „ - e ; ( u ) .
t= 1

where

U n = V  (Vt -  re~ x"‘M
“  '  /  i  +  e-xltP 0

and ££  (u) =  £ " =1 C'nt (* t “  re x"(/?0)  (x ^ M n u )2. We will see th a t E \  (u) 

ability. So, in order to  show (2.17), it suffices to  show

(2.18) 

0  in prob-

u n - i  n (o , n{ (p0) + nl (Po) + nl (p0)).

Recall th a t Yt\at m~ P N egB in(r,pt), and then the characteristic function of Yt given at  is

<ht\at (s ) =  E ( e wjr‘ |a t)  =
1 1 ~ P t <

Pt Pt

We rewrite U„ as

U„ =
n M I x nte-*ntP0

- r Y '  — n nt •• • a • + y ^ ~h  l  + e ^ o
M ^X nt
+  e~xntPo

Yt .
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For every real vector s,

E ^e*sTu „ |a (  ̂ =  exp |  - r ^ i s r M ^ x nt-
V t= 1 1

e-*ltP  o 

4- e_xn<^°

e- xnt̂ O

n *
t=l

exp ^sr M ^ x nt
1 +  e-^ntPo

Yt \at

eX P( - r g isT M "X„ , 1 +  e - » ^ , J
x f [  ( l  +  exp f  ‘^ M n *

and

logE  (e i:
n

,is U„
= - r ^ i s r M ^ x nt

t=l  
n

e- xnt̂ O

1 +  e~*ntPo

—r lo§ 1 1
t=i

ete ' xnt̂ O exp
is r M ^ x „ t 
1 +  e~xnt0 o

-  1

Let Qn* =  e<e x"<^° exp ( is Mv y  ) -  1
' l + e “ x n(^o

. It is easy to  show th a t V e > 0

(P ( m ax \Qnt I >  e I —> 0 as n  —> oo.
\ i< t<n  1

Applying a Taylor expansion to  log (1 — Q nt )> we get

£  log (1  -  Qnt) 1
t=l < max |Qn t |< e  >

• E  font
t=l L

+ (Q n t )2

{ max |Q n t | < e l
!< £ < n  J

jm ax JQ nt|<£j

where lp j  is indicator function and =  E " = i (Qnt)3 / j -  For n  large enough, there­

fore,

l o g E ( > T u" |a t)  =  —r g  zsTM ^ x nt  ̂ ^ ^  +  r  g

t=i
exp

+  e ~ x n^  

jsr M l'xni

Qnt  T (QntY

-  1 -

2

is ^ M lx n t
1 +  e ~ K tPo J  1 +  e - K t P o  _

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(7t (0) + l ) r A  (sr M ^x„f)2 e - 2xntft

9  ( i  +  e- x ^ o ) 2

isr M lx . .

t=i

t= 1

+ { r ^ ( e t  —l ) e  x"^°

n

E

exp

+

1 +  e ~ x n t P o

(7e (0) +  1) r  ^  (sr M ^xnt)2 e- 2x«^o 

t=i ( l  +  e - x n t f t>y

+^E e, e
t=i

exp
zsTM r x nt
1 +  e- Xnt0 °

-  1 } + rE,

= Dn +  Fn + r E n .

T h at is,

E  ( > Tu" K )  =  exp (Dn + Fn + r E l )  

We will see th a t —> 0 in probability. As to  D n , we have

D n = j' g

t=l
exp

zsr M ^x „i
1

is r M ^ x nt
1 +  e - * n t P o  J  i  _|_ e - x A (t

2 _ 0 „ T ,
(7 e (0) +  l ) r  A  (sTM ^xnt) e 2 x ntflo 

2  t=i ( l  +  e_x«‘0 ° ) 2 

r (sr M ^xnt) 2 e~xntPo ^  (0) +  ^  r  " (sr M ^xnt) 2 e_2x"*̂ 0
9  2 - r  /  T „  \  2 +  9  2 ^  /  t  -  \  2 ’

t=l ( l  +  e - xn t ^ y t=i ^ l +  e - xnt^o^

where E ^ = r  X)”=i e x"‘^° X^ 3  7f ^ " ‘L  We will see th a t —> 0. So,
( l + e ~ x n t M

A , -  -^ S T [nf (/?0) +  V i  ( 0 0 ) S . (2.19)

Moving on to  Fn , we will show

Fn ^ V , ( 2 .20 )
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where V  is a Gaussian random  variable w ith m ean zero and variance sT^ l  (/3q) s , by showing

\Fn - i C n ( s ) \ ^ 0  (2.21)

and

Cn (s) A  1/, (2 .22 )

where Cn (s) is defined by

Cn (s) =  7 T n- ^ 0 O (£t "  ^1 +  e Xn*P°

sTM £ x nie xntPo

To be more specific on (2.21), we have

v—■> tsTM r x„>e xnt&o 
Fn — iCn (s) =  Fn - r J 2  " T a , f a - 1 )

t=i * xnt0O

=  r ^ 2 ( e t  — l ) e  x"‘^°
t=i

/  zst M ^ x ;

i=l

expu +e- ^
(sTM ^ x n4) 2 e~2x"‘̂ ° 

( l  +  e - xn‘^ ) 2

1 +  e~xnt@°

e, e
t=i

exp
t s ^ x nt

t=i

1 +  e~<tPo 

/  is^ M ^ x ,
exp ( ) -  1 -  isT M ^ " ‘

V l  +  e - x n t ^ o /  i  +  e - x ^ / 3 o

n  r „ T M T x  \ 2  - 2 x J t /3o

E [ 4 - u ( o )  + D](' M’^ )r, v i -
t= i  ( l  +  e ~ < t P  o j

t=i
exp

zsr M ^ x nt
1 +  e~xnt@o

-  1 +
(sr M ^ x n t) 2

( l  +  e - xnt0 o^ 2

So

|Fn - i C n (s)| <
^ ( s ^ x nt) V x^ ° ,  1N
2 _  — ;-----------T a X2 fa  -  !)
t= l  ( l + e  Xnt^oJ
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t = 1 ( l  +  e- x ^ o y

r 
+  2 t=i ^1 +  e_x«‘̂ °

sr M ^’x Tlt|3 e_ 2 x " ^ 0
+C onst

t=l ( l  +  e~xntPoy

2  l- î I “I- Const • T2 +  — IT3 1 +  Const • T4 , (2.23)

where the two C onst’s are not necessarily identical. We show th a t the term s 7), i =  1 , 2 ,3 ,4 , 

go to  zero in probability, respectively, and hence establish (2.21). The variance of T\ is

V ar(T i) =  Var
^  (sTM £ x nt) 2 e x^ °  ^
2^> /  t . \ 2  (et !)
t=l ( l  + e~xn t ^ y

= E E
j= i <=i

(sr M ^ x „ j ) 2 e (sr M ^ x nt) 2 e x^ °

^l+e_x"J^0  ̂ (l+ e -x^ o )

< I sup |sTM ^ x „ t
\1 <t<n 

-  0 ,

because sup1<(<Tl |s t M £  x nt| =  O ( 1 /v ^ )  and Y)t (h)\ <  0 0 . It follows th a t T\ converges 

to  its mean zero in probability. Likewise, the term  T3 also converges to  its m ean zero in 

probability because its variance goes to  zero. T ha t is,

Var (T3 ) =  Var <
^ w „ , ) V ^ W - (^ ( o ) + i ) ]

t=l (1 +  e - xntPoj

(sTM ^ x n j) 2 e 2x- A  (sr M ^ x nf) 2 e 2xn^o 
-  2 ^ 2 ^  7 _ . t  7 7 7 7  Cov (£j, et )

j = 1 i= 1 ^1+e xnj/5°^ l̂-t-e xn('3ô

(< I sup |s T M ^ X „4
\ l< t< n  

-> 0 .
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The nonnegative term  T2 converges to  zero in probability since its expectation converges 

to  zero:

E
^  |sTM £ x n t|3 e xn^°
2 ^ ----------!— —  kt - 1 |
t= 1

E
t= 1

| sr M ^ x „t |3 e 

( l  +  e - x ^ « ) 3

E |et -  11

because Eje* — 1| is bounded and sup1<t<n |sTM ^ x „ t | 3 =  O  Likewise, the term

T4 converges to  zero in probability. On the other hand, the convergence (2 .2 2 ) can be 

shown by adapting the technique for proving the central limit theorem  of linear processes 

(see Section 2.5 Appendix). The variance sr f i3 ( P o ) s  of random  variable V  is the lim it of 

V ar[(?„ (s)]:

Var [Cn (s)] =  E E S  IV 

1t= 1 1

s r M l’x nte x"<^°

+  e 0 (*  - 1 )

n  n  - X T  Bn T  - X T . B nX-nje nJ *-nte nt

3 = 1 t=1 (!+ e X"j^°) (!+e tf>°)

( P o ) s .

Moreover, following the same lines in deriving the convergence of the term  T \ , we can show 

th a t (u) —> 0  in probability; following the same lines in deriving the convergence of the

term  T2 , we can show th a t —> 0  in probability, E \  (u) —> 0 , and E * —> 0 .

P u tting  all the pieces together we obtain

D n + Fn + r E \  4  - i s 7 n\ (p0) + n| (Po) s +  iV,

and hence

E ( e isTu" )  -  E E ( e isTu" |a i)

E [exp (£>„ +  Fn +  r E l)]  

1
E < exp n\ ( P o )  +  ( p o ) s +  iV }}
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=  “ P i - 2 s

Hexp

exp<i - - s

n{(po) + nl(p0) 

(Po) + n\ (/30)

5} • E (eiV)

>j -exp (po)  s

n\ (po) + nl(po) + nl (p0)

T h at is, U n - i  N (0 , (Po) +  Qj; ( f i o)  +  ^ 3  ( P o ) ) -  Hence (2.17) follows. 

Since gn has convex sample paths,

9n (u) -» g  (u) =  2 uTq! m  u  -  u T • N(0, (/?0) +  ^ 2  (£ 0 ) +  ^ 3  0®o))

in d istribution on the space C  (R() (see Rockafellar (1970) and Pollard (1991)). It follows 

th a t, the estim ator u n =  M ” 1 (j3n — Po), which minimizes gn (u), converges in d istribution 

to  the minimizer u  of g (u). But

u  =
- 1n\ (Po) ■ n (o , n{ (po) +  (pQ) +  n\ (pQ)),

or equivalently

u  ~  n (o , [n\ 09o)] 1 [n\ (Po) + (p0) +  n\ (p0)} [n j (/?o)] x)

Therefore,

m ; 1 ( p n -  P o )  -  n (o , [nj ( P o ) ]  [fi! ( P o )  +  ( P o )  +  m ]  [«! (ft)]  )

in distribution. This completes the proof. ■

R e m a r k  2.1. For function d ( x )  =  lo g (l +  ex), we have P ( —x )  =  ( x )  — x .  Thus

(—i y  ( —x )  — ( x )  for j  >  2 , where ( x )  denotes the j th derivative of i?(x).

It follows th a t

d b) ( “ x n t f t )  ( - X ^ M „ u ) J -  (x-niPo) , for j  > 2.

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2 .2 .3  S tro n g ly  M ix in g  L a te n t  P ro c e s s  C ase

The theorem  also holds for the case where the latent process {et} is assumed to  be a 

stationary  strongly mixing (a-m ixing) process, provided th a t {et } satisfies the following 

two assumptions:

(A l) There exists a positive constant A such th a t E (et)\  A + 4 <  oo;

(A2) The process {et} is strongly mixing with mixing coefficient a  (m ) such th a t

E A~t~2
a  (m) >• < 0 0 .

m

We give the definition of strongly mixing process and sta te  a central lim it theorem  of 

Davidson (1992) for strongly mixing process.

D e f in itio n  2 . 2  A process { X t } is strongly mixing (a-mixing) i f  the mixing coefficient

a  (m)  =  sup \ P ( A B ) - P ( A ) P { B ) \ ^ 0  
A e ^ . B e r g

as m  —> 00, where and are a-fields generated by { X t , t  <  0} and { X t , t  > m } ,

respectively.

P r o p o s i t io n  2 .3  (Davidson, 1992) Let { X nt, t  = 1 , . . . ,  n, n  > 1} denote a triangular ar­

ray of random variables defined on the probability space ( f such that

1. E (X nt) =  0 and E{Y?t=l X ntf  =  1;

2. There exists a positive constant array {cnt} and a constant 7  >  2 such that

is uniformly bounded in t and n;

e ( z * Y
y  c n t  J

1

3. For each n, the sequence { X nt} is strongly mixing with mixing coefficient a [ m )  such 

that <  0 0 ; and

4. sup„ |n ( m a x i< t< „c„ t)2|  <  0 0 .

31

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then the cen tral lim it theorem  holds:

0 , 1) .

t= 1

The asym ptotic results of the GLM estim ator are sta ted  in the following theorem  for 

the case where the latent process is a sta tionary  strongly mixing process.

T h e o re m  2 .4  Suppose {et} is strongly mixing and satisfies assumptions ( A l )  and (A2). 

Also suppose that the conditions o f  Theorem 2.1 are satisfied. Then the same asymptotic 

results hold fo r  the GLM  estimator f3n .

P ro o f . It suffices to  show th a t the convergence (2.22) holds true  for {et}- Let

t*  (s) =  Var [Cn (s)]

=
Xnje X" ^ 0x{(e x"(/Jo 

( l + e ^ i 00 j  (l+ e -xnt^o)
Cov (ej,et)  M ns.

Then r* (s) sT0.\ (Pq) s . Define

_  r  sTM £ x „ te
Ant =  — 77T------1-- !-----------------------“  -U >

Tn (s) 1 +  e“ xn(0o

then we show XltLi Z nt —> N (0 , 1 ) by verifying th a t {Z nt} satisfies conditions in Proposition 

2.3. F irst, it is clear th a t

E (Znt) — 0 and E j }  ) Z nt J — E
u= i

Cn ( 8 )
Tn ( S)

=  1 .

Next, take Cnt =  then  supn | n  (m axi< t<n cnt)2|  =  1 <  oo. For A > 0 ,

r  sTM l’x „ te_x"t/3°
1

e ( ^ ) X+2'
\  Cnt J

A+2
A + 2 '

E
Tn ^  cn t ( l  + e x» ^ ° j

(et -  1 )

1
A +  2
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sTM ^ x „te  xnt^°

Tn ^  Cnt ( l  +  e ~ xntPo ĵ
E ( c t - 1 ) A + 2 A+2

which is bounded uniformly in t and n  by assum ption th a t sup1<t<n |M ^ x nt| =  O (1  / \ fn )  

and the assum ption (A l). The th ird  condition of Proposition 2.3 is assured by the assum p­

tion (A2). Applying Proposition 2.3 to  { Z ntj  yields Y l t ^ i ^ n t  N (0 ,1). Therefore the 

convergence (2 .2 2 ) follows, namely,

Cn (S) =  r  Y,  8 , (*> -  1) N (o,st I!> (A,)s )
1 +  e X n t P 0  \ /

This completes the proof. ■

2.3 Generalization: One-Parameter Exponential Family Setup

In this section, we study tim e series regression models in a more general setup, where the 

random  component of a GLM is specified by a one-param eter exponential family distribu­

tion. We generalize the asym ptotic results of GLM estim ator.

Let Y \ , . . . ,  Yn denote observed variables of a tim e series th a t are independent condi­

tional upon a laten t process { a t } and the regressor {x„+, where the conditional d istribution 

depends only on at  and x„t and is specified by

p (Yt \at , x nt) = exp [6tYt -  b (0t) +  c + +  (2.24)

where 6t — Q (x^t/? +  ctj) for a real function £?(•). T h a t is, the conditional d istribution

p  (Yt \at , x ni), t — 1 , . . . ,  n, belongs to  one-param eter exponential family. Let 771 =  x nt/2 +  a t 

represent the linear predictor x^ t/3 modified by the laten t process {0 +  The link function 

T ,  which is assumed to  be monotone and differentiable, is chosen such th a t

E (Yt \at ) = n (%) =  H  (x-ntP + at)  , (2.25)

where ?i  is the inverse function of T .  On the other hand, for the one-param eter exponential
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family (2.24), it is well known that

E (Yt \at ) =  b' (6t ) = {b' o g)  (x£t/J +  a t) .

So, (b fo g ) ( . )  = H (-).

Now suppose Yi , . . . ,  Yn are observations from the model with the true  param eter vector

00.  The GLM estim ator fin of 0  is defined as the maximizer of the pseudo log-likelihood 

function

n
HP) =  ^ [ 5 ( x ^ ) y ( - ( 6 o g ) ( x ^ ) + c ( L t )]

t= 1

=  -  E  ° &  (*ntP) + E  Ytg  ( x ^ )  +  E  c ( Y t ) , (2.26)
t=l t=i t=i

which ignores the latent process {a t}  in the model.

2.3.1 A ssum ptions

Assum ptions are needed on link function, regressors, etc. in order to  establish the asym p­

totic  properties of GLM estim ator in this general one-param eter exponential family setup. 

As one can see, these assum ptions reduce once a concrete form of the conditional distribu­

tion of Yt given a t and x nt and th a t of link function are given, e.g., in negative binomial 

logit or Poisson log-linear setup.

- Assum ptions on link function

We assume th a t  w ith the link function T  the log-likelihood function (2.26) is con­

cave and E[W (x-ntP +  Qt)] ~  ^  i^ntP)- Such a link function exists for Poisson, negative

binomial, Gaussian, among other cases. Under this assum ption, the m ean of Yt is

Ht =  E { Y t ) = n { ^ t0 o ) .

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Since Var(Yf|at) =  b" (9t ) =  (b" o Q) (x^/Jo +  0 :4)) we obtain  the variance of Yt by 

Var (Yt ) = E [(b" o Q) (x^/30 +  a t )] +  Var [ft (x£t/J0 +  «()] •

Moreover, the ACVF of Yt is given by

Cov(Y t+h,Y t ) =  Cov [ft (x^ m /?0 +  a t+h) , f t  (x£t/?0 +  at)]

for h^= 0.

- Assumptions on regressors

We assume th a t there exists a sequence of nonsingular m atrices M„ such th a t  regressors 

satisfy the following conditions:

n
M l  Xnt’& E  i (b" 0 G) K A  +  at)] M n -> fix (/?„) (2.27)

t=i

and

n
M n X  x «Jx ntCov [H (*nj@0 +  Oij) , f t  (x£t/?0 +  a t ) ]  M „ -► ( P o )  (2.28)

f t= i

as n  —> oo. Also

n
X  x„tx^tE [(6" o Q) ( x l t P o  +  a t ) }  [O' (x^/Jo)]2 M n -> Sl\ ( P o ) , (2.29)
t=i

M ^ x ntx ^  (b" O G) ( x ^ o )  \G' (x.ltPo)]2 M n -> n \  (Po) , (2.30)
t=l

n
M l  X  x n jx n(C°V [ft ( x l j P o  +  O j )  , ft  (y^ ltP o  +  at)]

x 0 ' (xJ,/?o) a '  ( x £ /?„) M n -  n l  (Po) , (2.31)
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and

sup |M ^ x nt| =  O ( l /y /n )  . (2.32)
l<t<n

O ther assum ptions

We assume th a t each of Q' ( x l t0o), G" (x^t/?o), G ^  (* ltP o), and (bo Q ( x „ t0o)  is 

uniformly bounded in t. Actually, if G' (*-ltPo) is uniformly bounded in t, then (2.29) is 

implied by the convergence (2.27), and (2.31) is satisfied given the convergence (2.28). We 

also assume th a t

-  l C o v  i(b" ° ( * S A  +  atj) , (b" o Q) (x^ 0 +  a*)] | <  oo. (2.33)
71 j =i t=i

2.3.2 A sym p totic  P roperties o f GLM E stim ator

We define

(Po) = Cov M ^ x nt ( ¥ , - & )
t= 1

n
M l  ^ 2  x nfx£tVar (Yt) M n +  ^  x njx£tCov(V), y t )M n

t= i j , t=i , j^t
n

= Xntxlt  {E [(6" O G) (-x-ltPo +  «*)] +  Var [H (x£t/30 +  a t)] } M „
t= 1

n
+ M n 2  x„jX ^C ov [77 (x-ljPo +  ay) , 77 ( * l tPo +  a t)] M n 

= M l J 2  X n tx ltE [(6W o G) (x^A> +  a*)] M n
t- 1

n
+ M ^  ^  x njX^fCov [77 +  <*j) > W (x ^ /3 0 +  a t)] M „ .

f,t=i

The asym ptotic results of GLM estim ator are sta ted  in the following theorem.

T heorem  2.5 Let 0 n be the GLM estimator of 0  for  the parameter driven model (2.24)
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and (2.25), where all forementioned assumptions in Section 2.3.1 are satisfied. Then

( P o )  —> ( P o )  +  ^3 ( P o )

as n  —> oo. Moreover, if

Cn (s) =  ] T  sTM.J)-x.ntG' {xltPo) [n ( x ^ o  + a t) -n  ( x ^ o ) ]  ±  V
t=l

where V  ~  tv (o ,s r ft* (/3q) s^ , then /3„ —> /?o probability, and

m ; w o , n j  o?0)l 1 \n \  ( P o )  +  ( P o )  M  ( P o )
- i

P ro o f . See Section 2.5 Appendix. ■

2 .3 .3  E x a m p le s

1. Poisson case

Suppose the  random  variables Y \ , . . . , Y n , conditional on a sta tionary  laten t process 

{a t}  and the regressor {x„t}, are independent, where the conditional distribution depends 

only on at  and x n( and is specified by

Yt \at,xnt  in~ P P o  ( A t )

with logAt =  ~x-ntP d~ a t ■ Rewriting the conditional density function in the canonical form 

(2.24) of one-param eter exponential family, we obtain

p(Yt\att,x-nt) =  exp \Yt log A£ -  At -  log (y t !)].

T h a t is, 9t — logAt =  x-ntP +  a t and b(0t)  =  A t — e$t. It follows th a t b' (6t) =  b" (9t) =  e6t. 

In this setup we have a canonical link function, namely T  (z) — log (z), and inverse function 

of the link is H  (z) — exp (z). The function Q (z) — z.
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In the Poisson setup,

At =  E {Yt \at ) =  exp (x£t/3 +  a t) =  exp (x^/3) et , 

where et = exp (at). Since b" (9t ) =  e8t and Q (z ) =  z, we have

(b" o Q) (x£f/?o +  a t) =  exp (x£t/?0) et.

In addition, with the assum ption th a t  E(et) =  1, we have

E [(&" ° G) (*-ItP0 +  at ) ]  =  exp (x^/30) =  b" (g (x^/30)) .

T h a t is, flj (/?o) and fl] (flo) are identical. Furtherm ore, since Q' (•) =  1, then

fii (Po) =  (Po) =  (Po) and (0 O) =  (/?0) ■

Also, for any j  and t,

Cov [W (xJj/?o +  atj) ,H  (y^tPo +  <**)] = r 2e(x»>+x"*)A>7 e (j  -  t ) ,

and

Cov [(b" O g) (x ljPo  +  a j)  , (b" o (?) (x £ t/?0 +  « t)] =  r 2e(x"J+x"t)/J°7 £ (j  -  t ) .

P utting  all these together, we can see th a t Theorem  2.5 reduces to  Theorem  1 of Davis, 

Dunsm uir, and W ang (2000).

2. Negative binomial case

Suppose the random  variables Y \ , . . . ,  Yn , conditional on a sta tionary  latent process 

{a t}  and the regressor {xn t}, are independent, where the conditional d istribution depends
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only on at and xnt and is specified by

Yt \at , x nt m~ P NegBin (r ,p t ) ,

w ith a known positive integer r and lo g (p j/(l —p t)) =  x ^ tP + at- Rew riting the conditional 

density function in the form (2.24), we obtain

p ( Y t \at , x nt) =  exp Yt lo g (l -  p t ) -  { - r lo g p t )  + l o g
Yt + r -  1 

r  — 1

T hat is, Ot =  log (1 — pt) and b (Ot) =  — r  log pt — —r log ( l  — eSt). It follows th a t b' (Ot) =

and b" (Ot) — set uP we have a link function with inverse TL (z) —

r exp (—z). The function Q (z ) becomes — log (1 +  ez ), from which it follows th a t Q' (z) =

—, and Q" (z) — — e* 2. l+e 2  ̂ \ J (l+e2)

In the negative binomial case,

E  (Yt \at ) =  r exp { - x ^ tP -  a t) = r  exp ( - x £ tjS) eu 

where et =  exp (—a t). Further derivations show th a t

(ib" O g) (xntf3Q + a t) =  re x^ ° e t + re 2xntPoe^

which, combined with the assum ption E(et) =  1 , implies

E [(6” o g)  ( x J a  +  c ) ]  =  w  +

where p,t — So, fli ( P o )  in Theorem  2.5 is actually fli (Po) +  ^ 2  (Po) in Theorem

2.1 for the negative binomial setup. Likewise, since G'fentPo) — 1/(1 +  e~x"*^°), Qj (Po) in 

Theorem  2.5 is actually ( P q )  +  (Po) in Theorem  2 .1 .

It is easy to  verify th a t Theorem  2.5 reduces to  Theorem  2.1.

3. Gaussian case
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Suppose the random  variables Y i , . . . , Y n , conditional on a sta tionary  laten t process 

{«t} and the  regressor {x„(}, are independent, where the conditional distribution depends 

only on at  and x„t and is specified by

Yt \at ,-3Cnt m~ P N (I't.T2) ,

with a known constant r  and ut = x-ntP +  a t- Rew riting the conditional density function 

in the form (2.24), we obtain

p {Y t \a t , x nt) = ^2  +  1oS (2* r2)

T h at is, 0 t — J't/V2 and b(9t ) =  u2/  (2 r2) =  9 2 t 2 /2. I t follows th a t b' (9t) — r 29t and 

b" (9t ) =  r 2. In this setup we have a link function w ith inverse 7i (z) = z. The function 

Q (z) becomes z / r 2, from which it follows th a t Q' (z) =  1 / r 2 and Q" (z) — 0.

In the  Gaussian case,

E ( Y t \at ) = x £ t0  + a t ,

which yields an additive model, instead of a m ultiplicative model as in the Poisson or neg­

ative binomial setup. Since (b" o Q) (x^/?o +  at)  =  E [(f/' o Q) (x^t/3o +  a t )] =  r 2, fl] (/?o) 

and fij (/So) are identical; moreover, since Q' (•) =  1 / r 2,

n \  (P0) =  fij (0o) = fii (/?o) / r 4 and (j80) = (fio) / r 4.

Also, for any j  and t,

Cov [H. o +  a j ) , H  (*nt0o + « t)] =  7a ( j  ~  t ) ,

and

Cov [(b" O g)  (x^/So +  otj) , (b" O g) (xntfio +  a t) ]  =  0.
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The asym ptotic results of Pn in the Gaussian setup reduce to

M - 1 ( d n - 0 o )  ±  N (o,r4 [Dx (/Jo)]-1 [fix (/Jo) +  ^3 ( P o) }  [fil (/Jo)]'1)  ■

2 .4  N u m e r ica l S tu d y

2.4.1 S im ulation  Study

We undertake a sim ulation study to  evaluate the finite sample performance of GLM es­

tim ator. We consider three models; two of them  have a negative binomial setup and the 

other has a Bernoulli setup, which are specified as follows.

M odel 1. Yt \a t , x t 'n~ P NegBin (4,pt), where log =  xf/J + at,  the regressor X( =  1, 

and a t = <pat- \  +  Z t , Z t ~  HD N(0 , a 2).

M o d e l 2. Y t|a t,x t m~ P NegBin (4,pt), where log =  x f 0  +  at,  the regressor x t =  

(1, t /n ,  cos(27r£/6), sin(27rt/6))r , and at = 4>at~i + Z t , Z t ~  IID N(0, cr2).

M odel 3. yt|at,xt m~ P B ern(p t ), where — logpt =  x f P  + a t , the  regressor Xt =  1, and 

a t =  <j>at- 1 +  Z t , Z t ~  IID E xp(l).

For each model, we sim ulate 1000 replications under each of different sets of given param eter 

values. Then, we estim ate the param eters of interest for each case, report the empirical 

m ean and standard  deviation of estim ates, and give norm al probability plots and boxplots 

of estimates.

M odel 1

Model 1 has a constant regressor and an AR(1) laten t process. We consider sample 

sizes of 100 and 200. The value of the true param eter /Jo is taken to  be 0.7 and —0.7. The 

value of (j) in AR(1) laten t process is taken to  be 0.1, 0.5, and 0.9, and cr is chosen such 

th a t V ar(at) is one.

The m ethod of a com bination of golden section search and successive parabolic interpo­

lation is used to  search for the maximizer of log-likelihood function, which is implemented 

with the function “optim ize” in R  package.
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Table 2.1: 0 O = 0.7

<p 0 .1 0.5 0.9
n 1 0 0 2 0 0 10 0 2 0 0 1 0 0 2 0 0

P
SD

ASD

0.7196
0.1805
0.1770

0.7005
0.1253
0.1252

0.7399
0.2270
0.2300

0.7067
0.1618
0.1626

0.7720
0.4567
0.5114

0.7522
0.3276
0.3616

Table 2.2: 0Q =  -0 .7

<t> 0 .1 0.5 0.9
n 10 0 2 0 0 100 2 0 0 10 0 2 0 0

P
SD

ASD

-0.6938
0.1628
0.1660

-0.6899
0.1177
0.1174

-0.6718
0.2162
0.2216

-0.6859
0.1501
0.1567

-0.5879
0.4289
0.5077

-0.6484
0.3277
0.3590

Simulation results are reported in Table 2.1 for (3q = 0.7 and Table 2.2 for /?o =  

—0.7. In all cases, the empirical standard  deviation (SD) is p retty  close to  the asym ptotic 

standard  deviation (ASD). W hen (p — 0.1 and 0.5, the GLM estim ates are approxim ately 

unbiased. B ut there is some bias of the GLM estim ates when cp =  0.9. This is not surprising 

because when there is a strong autocorrelation among data , estim ation by ignoring the  serial 

dependence makes difference. In this case, we would expect a slow convergence to  the limit 

distribution. We also conduct sim ulation with sample sizes n  — 500 and 1000 for the case 

of (f> — 0.9 (the results are not shown here), showing th a t  the accuracy increases as sample 

size increases.

Figures 2.1 and 2.2 are the boxplots and normal probability plots of (3 estim ates for 

the case where 0o =  0.7, when sample size is 100 and 200.

M odel 2

Model 2 includes a standardized trend and two harmonic function components. The 

latent process is specified by an AR(1) as in Model 1. The value of the  true  param eter 

vector f a  is taken to  be (0.1, 0 .3 ,0 .5 ,0.7)T . The value of <p in AR(1) laten t process is taken 

to  be 0.5 and 0.8, and a  is chosen such th a t V ar(at) is one. Searching of the maximizer of
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Figure 2.1: Boxplots and Normal probability plots of /? estimates for Model 1 when 0q = 0.7 and 
n = 100. (a) <j) = 0.1. (b) <j> =  0.5. (c) 4> = 0.9.
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Figure 2.2: Boxplots and Normal probability plots of /3 estimates for Model 1 when Po = 0.7 and 
n = 200. (a) <j) = 0.1. (b) <p = 0.5. (c) p =  0.9.
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Table 2.3: /30 = (0.1,0.3,0.5,0.7)T, <fi = 0.5

n 500 1 0 0 0

(3
SD

ASD

0.1133
0.1973
0.2052

0.3055
0.3419
0.3578

0.4976
0.1067
0.1082

0.7013
0.1092
0.1083

0.1086
0.1447
0.1450

0.2948
0.2532
0.2529

0.4988
0.0736
0.0764

0.7013
0.0781
0.0766

Table 2.4: (30 = (0.1,0.3,0.5,0.7)t
00oII-e-

n 500 1 0 0 0

(3
SD

ASD

0.1466
0.3084
0.3207

0.2563
0.5419
0.5555

0.4931
0.0906
0.0918

0.6986
0.0866
0.0921

0.1090
0 .2 2 2 1

0.2274

0.2916
0.3808
0.3941

0.4989
0.0630
0.0649

0.6982
0.0637
0.0651

log-likelihood function is implem ented w ith the function “optim ” in R package; the m ethod 

used is ”BFG S” , which is a quasi-Newton m ethod and uses function values and gradients 

to  build up a picture of the surface to  be optimized (see R  Reference M anual).

It shows th a t, the convergence of estim ates of the intercept term  is slow for this model. 

So we only report the results for larger sample sizes of 500 and 1000, which are displayed in 

Table 2.3 and Table 2.4. In all cases, the empirical standard  deviation (SD) is close to  the 

asym ptotic standard  deviation (ASD). The GLM estim ates are approxim ately unbiased 

except for the case where (f> — 0.8 w ith the sample size n  =  500, which is due to  slow 

convergence to  the lim it d istribution when ignoring a more strongly autocorrelated latent 

process.

Figures 2.3 and 2.4 are the boxplots and normal probability plots of /3 estim ates for 

the case where /3q — (0 .1 ,0 .3 ,0 .5 ,0.7)T and (f> =  0.5, when sample size is 500 and 1000.

M odel 3

Model 3 has a constant regressor. However, due to  the model structure, it is not 

appropriate for its coefficient to  be negative. Hence we set the true  param eter /3q to  be 

0.7. Likewise, the AR(1) latent process is desired to  take nonnegative values, so we use a 

sequence of IID E x p (l) random  variables as the innovation process { Z t j ,  and restrict (f> to
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Table 2.5: 0 O = 0.7

<t> 0 .1 0.5
n 100 2 0 0 500 10 0 2 0 0 500

P
SD

ASD

0.7175
0.2045
0.1894

0.7092
0.1375
0.1339

0.7046
0.0819
0.0847

0.7436
0.3443
0.3156

0.7234
0.2341
0.2232

0.7080
0.1413
0.1412

be w ithin [0,1), which in the sim ulation is taken to  be 0.1 and 0.5. We consider sample 

sizes of 100, 200, and 500.

Actually, in this case, the condition of E(et) — 1 for Theorem  2.5 is not satisfied, where 

et =  e- a t . However, we still can show the asym ptotic norm ality of the  GLM estim ator with 

a constant bias. T h a t is,

-2
^  (Pn -  (A> - d j ) ±  n  ^ 0 , [n\ (p0) +  nl (A))] [n\ (p0)

where d — log (Eet) and

n \rn  = 1

1
-e1

1 ) ’
e- 2d

(e0O~d — l ) 2

e - 2d
(e/3o—d _ l ) 2

p—2d , v

—2d 00

nL&) = , '  .,2 E

Notice th a t, if E(ej) =  1, then  d — 0 and (3n is consistent.

Simulation results are reported in Table 2.5. In all cases, the  empirical standard  devi­

ation (SD) is p retty  close to  the asym ptotic standard  deviation (ASD). B ut there is some 

bias in the GLM estim ates when <fi — 0.5. The boxplots and norm al probability plots of 

estim ates are given in Figures 2.5 and 2.6. Further studies show th a t, the GLM estim ation 

does not perform  well when 4> >  0.6. This is because th a t the latent process { a t } becomes 

large and dom inates it follows th a t {pt — e_ ^ 0+at^} tend to  be very small and m ost of 

the sim ulated values of {Yt} are zeros, which makes the estim ation much more difficult.
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Figure 2.5: Boxplots and Normal probability plots of (3 estimates for Model 3 when (3q =  0.7 and 
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<j> =  0.5. (a) n  =  100. (b) n = 200. (c) n =  500.
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2.4.2 A pplication  to  Polio  D ata

We apply the results of Theorem  2.1 to  the polio d a ta  shown in Figure 2.7. The 168

year 1970 to 1983 as reported by the Centers for Disease Control. The d a ta  set was first

of estim ating equations for param eter estim ation. Davis, Dunsmuir, and W ang (2000) also 

studied the polio d a ta  in the context of classical GLM estim ation in a param eter-driven 

model. B oth Zeger (1988) and Davis, Dunsm uir, and W ang (2000) modeled the counts as 

Poisson distribu ted  given a latent process. Now we model the counts by a param eter-driven 

GLM w ith a negative binomial conditional d istribution as described in Section . T h a t is, 

the count variables Yt are modeled by

We use the  same regressors as in the analysis of Zeger (1988) and Davis, Dunsm uir, and 

W ang (2000), namely

Xt =  ( l, t'/lOOO, cos(27rf7l2), sin(27rt//12), cos(2irt ' /6),cos(2irt ' /6))T ,

our results to  those obtained by Davis, Dunsm uir, and W ang (2000), we use the link function

this specification is slightly different than  log =  x f /J  +  at  in Section 2.2. W ith  this 

specification,

counts in the d a ta  set are m onthly num bers of poliomyelitis cases in the U.S.A. from the

considered by Zeger (1988) who proposed a param eter-driven model and used the theory

Yt \at , X f  in~ p NegBin (r ,pt ) .

where t' = t — 73 is used to  locate the intercept term  a t January  1976. In order to  compare

where {a t } is assumed to be an AR(1) laten t process with Gaussian innovations. Note th a t

/it =  E ( y t) =  E [E (y t |a t) ] = E
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Figure 2.7: Monthly number of poliomyelitis cases in the U.S.A from 1970 to 1983

Table 2.6: Parameter estimates for polio data based on standard negative binomial and Poisson 
GLM fits

Poisson Negative binomial Simulations
Covariate P p 0 s.e. P n b s.e. Asy. s.e. mean std. dev.
Intercept 0.207 0.075 0.209 0.096 0.167 0.162 0.173

Trend -4.799 1.403 -4.332 1.847 3.311 -4.381 3.190
cos(27rt'/12) -0.149 0.097 -0.143 0.129 0.156 -0.153 0.158
sin(27rt//12) -0.532 0.109 -0.503 0.137 0.165 -0.512 0.163
cos(27rf'/6) 0.169 0.099 0.168 0.132 0.144 0.179 0.149
sin(27rt//6) -0.432 0 .1 0 1 -0.421 0.131 0.146 -0.424 0.145

under the assum ption of E(ea t) =  1. Hence the param eters in /3 have the same in terp reta­

tion as those in Davis, Dunsmuir, and W ang (2000).

The d a ta  are fitted  by a standard  negative binomial GLM using the function “glm .nb” 

in the R  statistical software package. The estim ate of r is f  =  1.763. The estim ate /3NB of 

/? and its standard  error are reported in Table 2.6, columns 4-5. The AIC for this model 

fit is 521.656. For comparison, the results from a standard  Poisson GLM fit of Davis, 

Dunsm uir, and W ang (2000) are also included in Table 2.6 (columns 2-3); the AIC value 

of the standard  Poisson GLM model fit is 557.898. Based on the  AIC values, the standard
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Figure 2.8: Pearson residuals from standard negative binomial and Poisson GLM fits

negative binomial GLM fit is be tter than  the standard  Poisson GLM fit.

The estim ates and standard  errors in the two cases are similar. These standard  error 

calculations ignore the possibility of the presence of a latent process. We examine the 

Pearson residuals to check for the existence of a laten t process and a suitable model if 

such a process exists. The Pearson residuals from bo th  model-fittings are p lotted in Figure 

2.8. Since the serial dependence among observations is ignored when fitting a standard  

GLM, we would expect th a t Pearson residuals from both model-fittings display the same 

autocorrelation structu re  as th a t of the observations. In both cases, the ACF and PACF 

plots of Pearson residuals (see Figure 2.9) support the assum ption of AR(1) laten t process.

The asym ptotic standard  errors in the sixth column of Table 2.6 are obtained based 

on Theorem  2.1 assuming an AR(1) laten t process at  — +  Z t , Zt IID N(0,ct2). We

use m ethod of m oments to  provide estim ates of 0  and cr2. Recall th a t,

2 cre + l  2 2 2 (r  +  l ) cre + lVar (Yt) — fj,t + fxt -  b cr£ — fit + p t -  ,

where et = ea t . So, the values of <7 2 =  0.3586 and pt (1) =  0.7719 can be obtained
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Figure 2.9: ACF and PACF plots of Pearson residuals from standard negative binomial and Poisson 
GLM fits

using ordinary least squares (OLS) type of estim ators suggested by B rannas and Johansson 

(1994):

- 2 =  i f  r  E"=i A? [ ( Y t -  f a ) 2 -  At] 
r +  l \  E?=i At

« /■i\ _  2 Et=2 AtAt—i(^ t— i — At—i )
PtK1) -  spn t 2t 2

Z u t =2 r t  m - \

Once these two estim ates are available, the values of a \  — 0.3065 and pa (1) =  0.7973 can be 

obtained using the relationship between A C V F’s of {e*} and { a t } ,  nam ely 7e (h) — e7“^  — 1 

for all h. T hen 4> — 0.7973 and <r2 =  0.1117 can be calculated; and 7 Q (h) and % (h) are 

readily to  be computed.

Now, with these estim ates, we can give approxim ations to  the asym ptotic standard  

errors oi $ NB using the formula

Var (j i f fs ')  =  (^ 1 ." )  (^Lrc ^ 2,n +  ^ 3,n) ( ^ b « )  ’
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where

Qt l,n

w ith fit =  ex?&NB.

W hile for the seasonal components (harmonics a t periods of 6  and 12 m onths) the

standard  errors are close to  the  asym ptotic standard  errors, the standard  errors for the 

intercept and linear trend  are much smaller than  their asym ptotic counterparts. One of 

the main objectives in modeling the polio d a ta  is to  investigate w hether the incidence 

of polio has been decreasing since 1970. The results show th a t, the negative trend  is not 

significant using the standard  error th a t includes a laten t process; a false significance would 

be obtained if using the standard  error of 1.847 produced by the standard  negative binomial 

GLM estim ation. This is in agreement w ith the conclusion of Davis, Dunsm uir, and W ang 

(2000) w ith standard  Poisson GLM estim ation.

To further check the param eter estim ates and asym ptotic standard  errors based on the 

negative binomial GLM fit, we sim ulate 1000 replications of a tim e series of length n  =  168 

using f  and as true  param eter values. The laten t process { a t } is assumed to  be a Gaus­

sian AR(1) w ith <p =  0.7973 and m arginal d istribution N (—<r^/2, cr^), where cr  ̂ =  0.3065. 

The empirical means and standard  deviations of param eter estim ates from sim ulations are 

reported in the last two columns of Table 2.6. The estim ates are approxim ately unbiased, 

except for the intercept term  where the empirical mean of 0.162 is significantly different 

from the true  value of 0.209 used for sim ulating data. The empirical standard  deviations 

agree with the asym ptotic standard  errors p retty  well.
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Table 2.7: Parameter estimates for polio data based on parameter-driven negative binomial and 
Poisson GLM fits

Poisson Negative binomial
Covariate 0 Po s.e. P n b s.e.
Intercept 0.090 0.141 0.106 0.177

Trend -3.600 2.751 -3.467 3.375
cos(27rt'/12) -0.098 0.143 -0.109 0.129
sin(27rf'/12) -0.478 0.154 -0.488 0.140
cos(27rf'/6) 0.190 0 .1 2 1 0.182 0 .1 2 2

sin(27rf//6 ) -0.355 0 .1 2 2 -0.365 0.123

NB GLM fit 
Po GLM fit

CO

o

1970 1972 1974 1976 1978 1980 1982 1984

year

Figure 2.10: Pearson residuals from parameter-driven negative binomial and Poisson GLM fits
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Figure 2.11: ACF and PACF plots of Pearson residuals from parameter-driven negative binomial 
and Poisson GLM fits

We also fit the polio d a ta  by param eter-driven negative binomial and Poisson GLMs 

using the procedure “glimmix” in the SAS sta tistical software package, assuming th a t 

the latent process follows a Gaussian AR(1) model in both  cases. The estim ates of the 

coefficients and their standard  errors are reported in Table 2.7; the estim ate of r in the 

param eter-driven negative binomial GLM is obtained to  be r =  4.146. Because AIC values 

generated by “glimmix” are based on pseudo-likelihood estim ation, they are not useful for 

comparing models. Hence, we perform  residual diagnostics of the  models by studying the 

Pearson residuals. The Pearson residuals from both  m odel-fittings are plotted  in Figure 

2.10; ACF and PACF plots of the Pearson residuals are given in Figure 2.11. Since the 

serial dependence among the observations has been taken into account in these two model- 

fittings, we should expect Pearson residuals to  be independent in bo th  cases. Figure 2.11 

(a) shows th a t the Pearson residuals from the param eter-driven negative binomial GLM fit 

appear independent because only the lag 2 autocorrelation is outside the 95% confidence
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bands among autocorrelations of tim e lags up to  40. A Ljung-Box test of random ness 

yields a  p-value of 0.14550, which implies th a t there is no evidence against independence. 

However, the Pearson residuals from the param eter-driven Poisson GLM fit are not likely 

to  be independent because the autocorrelations a t bo th  tim e lags 1 and 2  seem significant. 

T he p-value 0.00097 of the Ljung-Box test of random ness indicates strong evidence to reject 

independence. Therefore, the param eter-driven negative binomial GLM is more appropriate 

for fitting the polio data.

2.5 Appendix

2.5.1 P ro o f o f C onvergence (2.22)

We provide a proof of (2.22) in the one-dimensional case where regressors form a triangu­

lar array w ith x nt =  g ( t / n )  and g (■) is a continuous function; the general proof can be 

established similarly.

In this case, the normalizing m atrix  M n reduces to  1 / \Jn. So, it suffices to  study  the 

asym ptotic behavior of

Cn =  ^  2 " = i 9 ( t / n ) ( e t -  1), (2.34)

where e* — e~at . Recall th a t, the latent process {at}  is assumed to  be a sta tionary  Gaussian 

linear process, which can be expressed by

OO
a t =  M+  £  tpjZt- j ,  { Z t } ^ N ( 0 , a 2) .

j=~oO

Lem m a 2.6 Suppose that X n ~  iV(0, vn), where vn —> v and 0 <  v < oo. Then X n —* X  ~  

N{ 0,u).

Proof. See Brockwell and Davis (1991), page 216. ■

Lem m a 2.7 Let X n ,n  =  1, 2 , . . . ,  and Ynj , j  — 1 ,2 , . . . ;  n  — 1, 2 , . . . ,  be random k-vectors 

such that

(i) Ynj Yj as n  —> oo for  each j  = 1 , 2 , . . . ,
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(iii) limj_*oo l i m s u p ^ ^  P r ( \X n -  Yn j \ > e) =  0 for  every e >  0.

Then

X n —> Y  as n  —> oo.

P ro o f . See Brockwell and Davis (1991), Proposition 6.3.9. ■ 

T h e o re m  2 . 8  Cn £ ~  N(0, r ) ,  where r  =  g1 (x ) dx Y2h 7 c (M- 

P ro o f . The proof is broken into several steps. We define

=  exp

Then {et,m} is a strictly  stationary  m '-dependent sequence, where m '  =  2m  + 1, w ith mean

“ i > ( y E w < „ 4

and autocovariance -ye.m (h), which takes value zero when h > m '  and is evaluated as follows 

when 0  <  h < m':

7c.m {h) — E (eh,m£0,m) E (e/^m) E (eo,m)

=  E
< m ^ k Z  f Mm

=  e 2/1E { e x p [ - ( ^ _ t p- jZ j  +

'  h—m<j  <m

= e-2A.exp{^ [y  ^ - i  +  T
9  r- —̂  — m <  i<T h — m . 3  * J

(V’- j+ h  +  t/’- j )  Zj)]}  Mn

^ - i+ h

i^ - j+ h  +  i ’- j )2]} — Tv

The first step is to  show th a t, for any given m,

~  1 n ( t \
C n,m =  ~j= y  9 ( -  j (et,m ~  Mm) ^  £m ~  N (0, Tm) , (2.35)

V n f ^  \ n  J

56

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where rm =  g 2 (x ) d x  Y2h 7e-m (^)- F°r each k  > 2m', let

jk—m'
Xnj,m — y/n ^  ] 9 ( j (ei,m 9m)

for j  =  1 , . . . ,  r, and r  = [ f  ]. Then xm,m> Xn2,m, • • •, Xnr,m are independent with mean 

zero. Moreover, we define 5„fe,m =  X)j=i Xnj,m, of which the variance is

Var (Xnj.m)

jk—m'
— — Var

n  '
7=1

r jk-m'  jk-m'  /  • \  /= "E E E 5(̂ )s(̂ )Cov(eiim,€i/,m)
j= i  i=(j-i)fc+ii '=(j-i)fc+i v 7 v 

i=l i '= i x 7 x 7

1

n E E E + E E
7=1 \ | t'- , |<m '.= lfc-m '+ l |i— i'=jk—m' + l .

s i r W r K ,  ( i - 0

jk jk

+̂ E E En  \ n  J \ nj= l  i=zjk—m'+l i'=jk—m '+1

i=l i '=l 
r jk

;E E E + )  +  K~«-')
j= l  |+ —z|<m' i—jk—m' + l

r jk jk

_  _  _  s ( - U ( - ) 7 £. „ + - * ' )n * —' 14—' *— \ w/  \ n ,7=1 i=jk—m'+ 1 i’=jk—m'+l

r jk jk

4 e  e  e (2.36)

Since 5 (a:) is continuous, |g(x) |  is bounded on [0,1], i.e., |y(x) |  <  D  for some constant 

D.  Hence, the last two pieces in (2.36) converge to two finite term s, say 2R \ m and R 2 m ,
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respectively as n —>• oo. It follows that

2 2
^nk,m > ®fc,m [  g2 (®) dx  7 e.m (/») +  +  R \

Jo u
<  oo

as n  —> oo. It can further be shown th a t bo th  m and go to  zero as k 

check Lyapounov’s condition. Since

\Xnj,r,

<

1

n 3/ 2

L>3

n3/ 2

e : ! ; ^

E jk—m'

we obtain

s x i x ^ i 3)  < e ^ e i k :
j= i j= i

D 3
:E

Mi,m Mm I

n 3/ 2 

0 as n —> oo.

E j |ei,m — Mm I

It follows th a t

J i 5 3 o £ a3 E (lXnj,m|3)  - 0 .n—>oo ' s' uj —l nk,m

Applying the Lindeberg’s central lim it theorem  (Billingsley 1995, page 359), we 

th a t Snk:m / snk,m N (0 ,1), and hence

Snk,m Sk,m ~  N (0, Sfc,m) ,

as n  —> oo for each k =  1 , 2 , . . . .  On the other hand, since

5/c,m rm as k  —> oo,
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we obtain, by applying Lemma 2.6,

Sk,m —> ~  N  ( 0 , Tm) , (2.38)

as k  —> oo. Next, we show th a t, V e >  0,

lim l i ms upP  ( Cn<m -  5 nfc,m >  e)  =
k—>oo rt.—»no ' /

>  e I =  0. (2.39)

Note th a t

r —1 jk
Cn,m Snk,m —

j= l  i=jk—m'+l 

i=rk~~ m'+l

+  ̂  ^ ( “ )  (£bm -  Mm) ,

i=rfc+l

and

Var [ c n,m S nktm̂ j ^  ^  ^ ^ D R V

where i?m =  V a r ^ ™ ^  ei)m) , R h(n),m =  Var e*,m) and h (n) =  n  -  k  [£] +  m'.  Note

th a t, the term  f?m is independent of n, and the term  Rh(n),m is a function bounded in n  

since 0 <  h (n) < k + m! . Hence,

lim S U p  Var (Cn,m Rnk,m^ ^  ~j~Rmi
rt.—uYi  ̂ / A C

and it follows th a t

lim lim sup Var (C n,m ~  S nk,m ) =  0 .
k—>oo n—too \ /

(2.40)

Now (2.39) follows from (2.40) and the Chebychev’s inequality. Therefore, applying Lemma 

2.7 we obtain (2.35).
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In the second step we show

(2.41)

Note th a t, for given h,

lim 7e.m (h) =

It follows th a t

e exp |  y  [  _oq (V'-i+h +  V’- J ) 2 ] }  -  1 

=  e~2fJl exp ( a 2 ^ _ qo b ?)  exp ( a 2 b + ^ b )  “  1

=  exp (7 „ (h)) -  1 

=  7e(/i)-

r  as m  -> oo. Applying Lemma 2.6 we obtain  (2.41).

The final step is to  show th a t Condition (iii) of Lemma 2.7 is satisfied.

Var '̂ Cn Cn,rn^j

=  Var
1 / v — v n

f n H t=15 ( n ) b  !) 1 ^ = 1 5 ( n )  b ,m  

= “E {s*=l9 (b) Ke* ~ ~ (Ct-m - ̂  }

= ~ YTt=i ̂ l=i9 ( )̂9 ( 0 E {[(et (et>m ~ _ }
1 v;— / 1 \  / 1! \

— “  /  /  5 ”  5 ”  1n ^--^^=1 y n y  y n /
2

X b e  { t  ~  t ' )  -  [e-^ e x p ( y  b ?) exp(<r2 b ' - t + , b )  ~  Mm]
2

-  [e_/i e x p ( y  b 2) exP (CT2 E | j | < m b - t ' + j b )  -  Mm] +  7e,m (t -  t')}

-> [  g2 (x) dx ^ 2  7e (h)
■/o h

rl a 2

- 2  g 2 ( x ) d x ^ [ e _/1e x p ( y  ^  V»J)ex p(«r2 i p h + j ^ j )  -  Mm]
° h  |j|<m b'|<m

+ [  92 (x ) dx  7 e m (h) (as n  —> oo)
7o h

-> [  g 2 (x) dx V  7 e (h) -  2 [  g 2 (x) dx  V  7 e (h) + [  g 2 (x) dx  V ]  ye (M)
7o , 7o . Vo .
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which, in conjunction w ith the Chebychev’s inequality, implies th a t Condition (iii) of 

Lemma 2.7 is satisfied.

In view of the results in previous steps, we apply Lemma 2.7 and conclude th a t

C „ - i c ~ N ( 0 , r ) .

This completes the proof. ■

2.5.2 P ro o f o f  T heorem  2.5

The GLM estim ator (3n  of P  is obtained by minimizing

- [ l ( P ) - l ( P o ) \

=  i t ,  [(ft ° 0) -  { b o g )  (xl tP  o)] - ^ Y t [G ( x l t/3) -  Q (x ^ o ) ]
t= 1 t= 1

=  i t ,  { [(6 0 (x " ^ ) ~ ( b ° G )  (x nt/3o)] -  w  ( * l tp o) [G { x £ t 0 )  -  G  ( x £ t P o )]}
t=i

-  X I [V. -  H  (xJ,/3„)] [5 (*«/*) -  S (x^Jo)] • (2.42)
t = l

Defining the vector u by

u =  M ” 1 ( P  — P o ) ,

we can rewrite (2.42) by

9n (u) = - [ l ( P ) - l  ( p o ) }  =  ~  [I ( P o  +  M„u) -  I ( P o ) ]  =  g n>i  (u) -  c/„j2 ( u ) ,

where

n
9n,l (u)  =  [(6 o ^) ( x ^ o  +  x^M „u) -  (boG) (x^/3o)]

i= 1
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n

- J 2 n  K V o ) [ Q  { * l t P o +  x n fM nll) -  £  (x^/30)] , 
t=l

5 n ,2  (u) =  [>t -  w  ( X n t ^ o ) ]  [ 0  ( X ^ A  +  X ^ M nu) -  £  ( x ^ / ? o ) ]  ■
t= 1

For any fixed u , we show

Sn,i (u) -> ( P o )  u  (2-43)

and

gn,2 (u) 4  u r -N (o,  n \  (Po) +  Q* (Po)) . (2.44)

Since sup1<t<n |M ^ x „( | —> 0, we apply a th ird  degree Taylor expansion of b o Q (•)

about x-n tPo  when n  is large enough and obtain

(b o Q) (x„tPo +  x£tM „u )

=  (b ° £ ) (x nf£o) +  (b' o g ) ( x l tp 0) ■ g'(x£tPo)  • x ^ M „ u

+ \l(b' o Q ) ' ( y £ t P o )  • 9 ' ( y ^ t P o )  + (b>0 ^)(xIt/3o)̂ "(xnA)](x^M„u)2

= (b 0 Q)(*ntPo) + 'K(̂ ltPo)G>( l̂tPo) l̂tMnU
+ \ l n ' ( x n A )  £ ' ( x n A )  +  W ( x ^ o ) a W( x ^ o ) ] ( x ^ M „ u ) 2 

+  ^ ( x ^ M n U ) 3,

where C£t =  (b o Q ) ^  (x-ntPo +  /3! with 5^t lying between 0 and x^ tM nii. Likewise,

expanding Q (•) in a th ird  degree Taylor series about x ^ tPo yields

9  (x ltPo +  x£tM „u ) =  Q {x-ntPo) + 9 '  i^ntPo)  X^ M „ U

+  \ g " ( * Z t P o )  (x I (M „ u ) 2 +  C 2nt  (x^tM nu ) 3 ,

where C 2( =  (x-ZtPo +  bnt) /3! for some b\t lying between 0 and x [ ,M nu. It follows
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that

9n,i (u) =  \  W1 (x nt£o) G' (x ntM nu ) 2 +  ^  (C £ t -  C%t) (x£tM „ u ) 3 . (2 .45)
t= 1 t=l

The term  E \  (u) =  5Z"=i i ^n t  ~  Cnt) (x nt^ « u ) 3 converges to  zero because

n
|E \  (u)| < 5 3  |C lnt -  C 2nt | |x ^ M nu |3 -  0,

t= l

where |C** -  C*t | is bounded uniformly in t  and sup1<t<n |x ^ M nu |3 =  0 ( n  2 ). Therefore,

(2.43) follows im m ediately from (2.45).

To show (2.44), we first expand Q (•) in a second degree Taylor series about *ntP0 to 

obtain

G (x ^  (00 +  M nu)) =  G (x£ t00) +  G' (x-ntPo) xntMnu +  C*t (x^ M „u )2 , 

where C 3t — G" (x-ntPo +  ^nt) /2  for some 6„t lying between 0 and x ^ M nu. It follows th a t

9n,2 (u) = J 2 ( Yt ~ n  (x nt0o)) <?' (x nt0o) X ^ M „ U  +  C \ t ( x ^ M nu ) ‘ 
t= 1

=  UT U „  +  E2 (u ) , (2 .46)

where

U " =  E  f a  -  U  K A ) )  ^  (x^/Jo) M ^X n<)
t=l

and E 2n (u) =  YTt=i Cnt f a  “  W (x nt0o)) (x£tM nu ) 2. The variance of E \  (u) goes to  zero 

because

Var ( E l  (u )) =  Var J 2 C 3nt o ) ) ( x ^ tM „ u )
t=l

= E E (x ^ M nu ) 2 ( x ^ M nu ) 2 Cov (Y j ,Y t)
j =l t=i
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=  E  K t f  ( ^ M n u ) '  E [(6" o Q )  (x ^ s„  + a ,)]
t= 1

+  i t ,  Y 1  CnjCnt (x njM„U) 2 (x£tM n l l ) 2
j=l t= 1

X Cov [ H  ( - X n j P o  + a j )  (x n A  +  a t)]

<  Const • ( sup |x ^ M nu |)2
l<£<n

n
x {ut {m £  ] T  x ntx^tE[(6" O g )  ( x ^ t P o  +  a t)]M n}u

t= 1
n

+  ut {M ^ ^  xnj-x^tCov[?f(x - n j Po  + a j ) ^ i ^ n t P o  + a t)]M n}u}. 
j,t=l

It follows th a t, E 2 ( u ) converges to  its mean zero in probability. Then, in order to show

(2.44), it suffices to  show

(2.47)

The characteristic function of a one-param eter exponential family distribution is given by

4> (s) =  exp [b (8t + is) — b (0 t ) ] .

Recall th a t Ot — Q (x ntPo +  cb) ■ Then, for every real vector s,

E (e lsTu" |a t )

exp

t=l

exp

' ^ 2 i s TM l ^ ntH  (x^/30) Q’ (x£t/?0)
t=l

J J E  {exp [isT M ^ x ntG' (x ^ /? 0) Yt] |a t }

(x.lt0o) H  (x n A )
t=l

exP i  X I  [ (6 ° (x nt^o +  « t +  *sTM £ x „ t£ ' (x£t/?0)) -  ( b o g )  (x£t0o + at)}
. t=l
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W hen n  is large enough, by applying a Taylor expansion we get

(b o Q) (x £ t/?0 +  a t + isTM l x ntQ' (x£t/?0))

=  ( b ° G )  (x^/3o +  a t ) +  i s T M l x . n t g '  (x^/?0) H  (x£t/?0 +  ctt)

-  \  (sTM l x nt) 2 [g' o ) ]2 • (b" o Q) (x^jSo +  « t)
OO

+  f ;  (zsTM ^ x n4)j [S' ( x £ A ) ] J (&«> O £?) ( x ^ o  +  at)  / j \ .
3 = 3

Therefore,

E ( e lsTUn\at)
n

=  CXP[~ X  ZsTMnXn ^ /(Xn A ) ^ ( Xnt/3°)]
t=l

n
x exp E  isTM£xntS'(x£t/?oMx£t/?o + at)]

t=l

x exP [ - J  X  (sT]V[n x «t) 2 [£ '(x n A )]2 (6" o G) (x-ltPo +  «t)] X exp (££)
t= 1

n
=  exP { ^ isTMnx« ^ /(xnA)[W(x^/3o + at) -  W(x£t/?o)]}

t=l

X e x p { -^  ^ 2  (sT]VII x ni) 2 [ 5 '( x ^ o ) ] 2E[(1)" o  a )  (x^/?o +  at)]} 
t=i

X exP{“ ^  X  (sTlVIn Xnt) 2 [S'(x n A ) ] 2'
t=l

{(6" O g)  (x^/3o +  a t)  -  E[(&" O (?) (x^/?o +  a f)]}}

x exp {El )

=  exp (iCn (s) + D n + Fn + E l )  ,

where =  £ " =1 Y%L3 (tsTM ^ x nt)J [S' ( x £ A ) ] J (&(j) o a )  ( x £ A  +  a t ) j j \  . It is 

to  check th a t E l  —> 0 in probability. As for D n, we have

X  (sTM nXnt)2 [S' ( x l A ) ] 2 E [(6" o (?) ( x ^ o  +  « t)]
t=l
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( 0 o ) s . (2.48)

Moving on to  Fn , its m ean is zero and its variance goes to  zero:

Var (Fn) =  V a r{ -^  ^ ( s r M £ x „ t)2 [g '(x£t/30 ) ]2 • (b" o S )(x £ t/?0 +  «t)}
t=i

j=1 t= 1

x Cov[(6" o Q)(x^j/3o +  otj), (b" o S ) ( x ^ 9 0 +  at)]}

< Const ■ (sup!<t<n |sr M ^ x n t | ) 4

x S  £  |Cov[(&" ° +  a J')> (6" 0 G)(*lt0o  +  Qt)]|
3=1 t=l

0 ,

under the assum ptions th a t sup1<i<n |s r M ^ x n t| =  O (1/^/n)  and

7, J 2  lCov W  ° G) (x » / °  +  a i )  > ib" ° G) (*ntPo +  at ) ]  | <  oo.
j =l t=i

It follows th a t

Fn ^ Q . (2.49)

Moreover, if

then

Cn( s ) 4  V ~ N ( o , s r ft*(/?0)s)

iCn (s) + D n + Fn + E l ± i V -  (/?„) s,

and

E(^eisTu" )  =  E (E  (e tsTu" |a t) )

=  E [exp (iCn (s) +  D n +  Fn + E 2)]

n{ (po) + ni(0o)exp<; - - s
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which implies (2.47). The variance s7^ !  (Po) s of V  is actually the lim it of Var[Cn (s)], th a t

is,

Var [C„ (s)] =  V ar[]T  sTM ^ x nt£ ' (x%t/30) H  (x^/90 +  « t ) ] 2
t= 1

=  X n A G '  (*njPo) Q' (X ^ O )
j= l  t=l

x Cov [ft (x-ljPo + atj) , f t  (x£t/30 +  «t )]  M „s

-> s r f ] | (/?0) s.

Since gn has convex sample paths,

gn (u) -> g (u) =  (Pq) u -  uT • N (o , (Po) + (/?0))

in d istribution on the space C  (R*) (see Rockafellar (1970) and Pollard (1991)). Therefore, 

the estim ator un =  M ” 1 (j3n — Po which minimizes gn (u), converges in distribution to 

the minimizer u of g (u). But

nlOSo)] 1 • N ^0, flj (Po) + s t | (/30))  .

So

M ; 1 ( p n -  Poj  n  ( o ,  [n l  (/?„)] 1 [fil (A>) +  0?o)] [n\ (P0)
- i

This finishes the proof.
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3 LAD ESTIMATION FOR MA(1) MODELS

In th is chapter we study LAD param eter estim ation for MA(1) models X t  — Zt — 6 Z t - 1 , 

where |0| ^  1. The unit root case (|0| — 1), which is not the concern of this dissertation, 

was first studied by Kang (1975); and it has been investigated by m any researchers since 

then. See Davis and Dunsm uir (1996) for a review of the Gaussian likelihood estim ation for 

MA(1) processes w ith unit root. Recently, Breidt, Davis, Hsu, and Rosenblatt (2006) stud­

ied the pile-up phenomenon of MA(1) with unit root for the  Laplacian likelihood estim ator 

8, and developed the lim iting pile-up probabilities lim P(0  =  1). For general noninvertible 

MA(g) models, Lii and Rosenblatt (1992) studied noninvertible MA processes driven by 

IID non-Gaussian noise. They proposed an approxim ate m aximum  likelihood procedure 

for the param eter estim ation, and established the consistency and asym ptotic norm ality of 

the estim ator. Huang and Paw itan (2000) studied the pseudo-likelihood associated w ith 

the Laplacian model for MA(g) processes. Safi and Zeroual (2002) proposed a high-order 

(>  2) cum ulant-based procedure to  estim ate the param eters of a  noninvertible MA pro­

cess and performed comparison w ith existing m ethods regarding the algorithm  efficiency. 

B reidt and Hsu (2005) studied best mean square prediction for noninvertible MA processes 

and presented stable numerical recursions for com putation of residuals and evaluation of 

unnormalized conditional distributions.

We begin w ith the derivation of the LAD criterion. Then we show the existence of 

a sequence of local LAD estim ators th a t is consistent and asym ptotic normal. Next we 

study the global LAD estim ator; w ith additional assum ptions on the distribution of the 

underlying noise, the global LAD estim ator is strongly consistent and asym ptotically normal 

having the same asym ptotic normal law as for the local LAD estim ator. We also propose 

a linearized LAD estim ator, which is m otivated by the simplification of searching for a
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minimum. Simulation study is undertaken to  evaluate the asym ptotic theory about the 

LAD estim ators.

The following part is the development of the LAD criterion based on Breidt, Davis, 

Hsu, and Rosenblatt (2006). Let {Xt } be an MA(1) process satisfying

x t = z t - e z t- 1 , (3 .i)

where 9 6  R and { Z t j  is a sequence of IID random  variables w ith m ean zero. Given the 

observed d a ta  X n =  (Xi ,  X 2 , • • •, X n)T the LAD criterion is derived by likelihood approx­

im ation assuming th a t the underlying noise {Z t } is Laplacian (or, double exponential). In 

order to  derive the criterion, it is convenient to  have an initial variable from { Z t j; more­

over, this initial variable is augm ented to  account for both  invertible and noninvertible 

cases. The augm ented initial variable Z aug is defined by

_ J Z 0, if \9\ <  1 ,
" aug — \

Z n , otherwise.

Simple derivations yield the following likelihood of 8 given X „ =  x n and ^aug — Zaug'

L (0 |xn , Zaug) ~  f  {z0, z \ , ‘ ' ' > zn) [ -̂{|0|<1} T \9\ ^{|0|>1}]
n

=  I I  f z  [^{|0|<1> +  V r  1{|«|>1}] )
t= 0

where f z  (•) is the density of the underlying noise {Zt} ,  and the residual zt, t  = 0 , . . . ,  n, 

is a function of 8, X n =  x„, and Z aug — zaug, which will be denoted by zt {9) from 

now on, and can be solved forward by zt (8) =  X t  +  8zt~\  (8) for t — 1 , 2 , . . .  , n  with 

zo (9) — zaUg if \9\ <  L and backward by z t~ 1 (8) — (zt (8) -  X t) /9  for t =  n, n  — 1 , . . . ,  1 

w ith zn (8) =  zaug if |#| >  1. Suppose the density of underlying noise is Laplacian; th a t is, 

suppose f z  (z) = ^  exp ( — ̂  J. If we view zaug as a param eter, then  the  joint Laplacian
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log-likelihood is given by

1 "
-  (n +  1) log (2a) -  -  ^ 2  \z t (0)1 -  nlog |0 |  l{|e|>i}. (3.2)

a t=o

We first maximize (3.2) with respect to  cr, and obtain its estim ator a — Y^=o  'n+"i~~ Then, 

by plugging a  into (3.2) we get the concentrated Laplacian log-likelihood

- ( n  +  1) log2—(n +  1) l o g ^  \zt (0)| +  (n +  l ) l o g ( n  +  l ) - ( n  +  l ) - n l o g | 6>| 1{|<?|>i}- (3.3)
t—0

But, m aximizing (3.3) is equivalent to  minimizing the objective function

ElUkWI, if \ o \ < i ,
In (91 Zaug) — (3.4)

£ £ = 0  1* * 0 0 1 . otherwise.

Notice th a t, in the objective function (3 .4 ) ,  if |0| <  1, then we get a standard  L\  loss 

function; otherwise, if |0| >  1, we need to  modify the L\  loss function by 9. This is a 

key point; w ithout this modification, the standard  Li  loss function may not produce a 

consistent estim ator.

Now suppose the true model is

X t =  Z t - 9 0Z t_ 1, (3 .5)

where { Z t } is assumed to be IID with E (Z t) =  0, E[sgn(Z*)] =  0 (i.e., m edian of Z t is 

zero), E ( Z f )  < oo, and probability density function f z ( z )  = (§ ) ,  where a > 0  and

/  (•) is chosen such th a t z 2f ( z ) d z  — 1. Then, it is easy to  see th a t  V ar(Zt) =  a 2. We 

exclude the unit root case, which is a separate topic. T h a t is, we assume th a t |#o| 7̂  L Let 

X n =  ( X i , X 2, ■ • • , X n)T be observed d a ta  from the true model (3 .5 ) .  In this chapter we 

study the asym ptotic behavior of the LAD estim ator, which is defined as any minimizer of 

the objective function (3 .4) .
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3.1  L oca l L A D  E stim a to r

In this section we follow the idea of Davis and Dunsm uir (1997), and build the sample size 

into the param eterizations (3.6) of 0 and zaug (note th a t zaug is trea ted  as a param eter). 

We establish the consistency and asym ptotic norm ality of the local LAD estim ator, which 

are based on the following functional lim it result.

T h e o re m  3.1 Under the parameterizations

— do 4“ i— and Zauq — Zaug "b ,—, (3.6)

we have

Un ((3, a)  = i  [ln (9, zaug) -  In (9o, Z aUg)] -> U (P)

in distribution on C  (K2), where

U ( P ) = P N  + ? ^ - ,  N ~ n (  0, 1
1 - 0 2 ’ V ’ l - ^ o 2

i f  the true model is invertible, and

U(/3) = H N +  J V ~ A f ( o ,  1
N M - 1 ) ’ V ’ *o - 1

i f  the true model is noninvertible.

P ro o f . W hen the true  model is invertible, i.e., |f?o| <  L under the param eterizations (3.6), 

we can confine our study  to  the reduced param eter space 0 /  =  { 0 : | 0 | < l  — 5}, where d > 0 

is a small num ber such th a t |0q| < 1  — 5. Then, minimizing the objective function (3.4) is 

equivalent to  minimizing X )"=0  ] Zt (^)|> and the result is a special case of Proposition 1 of 

Davis and Dunsm uir (1997). Note th a t, the initial innovation zaUg in Davis and Dunsm uir 

(1997) is set to  zero. However, as we can see, zaug does not affect the asym ptotic results 

(see Rem ark 3.1). So the LAD objective function used in Davis and Dunsm uir (1997) is 

essentially the same as (3.4) for the \9\ < 1 case.
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W hen the true model is noninvertible, we can reverse tim e to  get an invertible MA(1) 

representation of the model and then  Proposition 1 of Davis and Dunsm uir (1997) applies. 

To be specific, we rewrite (3.1) as

X t = Z t - ± Z t + i ,  (3.7)

where Z t — —9Zt- \ .  Notice th a t, (3.7) is a reverse-time invertible M A (1 ) model w ith

param eters (9, a), where 9 = 1/9 and a — 9a, and the LAD objective function in Davis 

and Dunsm uir (1997) becomes X "= i ^t(0) (tha t is, $ Zt (®)D w'th  zn+\(9) — 0 (tha t

is, zn (9) = 0). So, the LAD objective function of Davis and Dunsm uir (1997) is the same 

as (3.4) for the \9\ >  1 case. ■

R e m a r k  3.1. The limit process U ((3) is independent of a , and hence independent of zaug. 

Actually zaug has no im pact on the above functional lim it result or the asym ptotic results of 

the LAD estim ator, because it only gives rise to  an absolutely sum m able term  in ln (9, zaug) 

th a t can be ignored when n  —> oo. So we can set its value depending upon circumstances; 

for example, we can set zaug to  zero to  simplify numerical calculations, then the LAD

objective function is identical to  th a t in Davis and Dunsm uir (1997) when the  true  model

is invertible.

R e m a r k  3.2. The limit process U (/?) is a quadratic function of j3 and therefore has a 

unique minimizer (3mm. It is easy to  verify th a t

v T H - v  
2/  (0)

if the true  model is invertible (|(?o| <  l) i  and

„ i M y / a S F R
P o m -  2/((J) « 1

if the true model is noninvertible (|0q| >  l)j where N \  ~  N( 0 , 1).
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The asym ptotic results of the local LAD estim ator follows im m ediately from Theorem

3.1 and Rem ark 1 of Davis, Knight, and Liu (1992).

T h e o re m  3.2  There exists a sequence of  local L A D  estimators Qlad  such that

V n  (OlAD -  0 0 )  —> Pmin-

Suppose we define LAD estim ator solely based on the observe d a ta  X „. To be specific, 

assuming Laplacian underlying noise, we derive the likelihood function £  (9 , o jx n) by inte­

grating out zaUg from the jo int density / ( x n ,zauff) of X n and Z aug. A nd we define LAD 

estim ator to  be any maximizer 6 of

/ OO

f  % aug) d z a u g i

-oo

and denote by a  the corresponding estim ator of a. Then, there exists a  sequence of local 

LAD estim ators 6 , and corresponding a  such th a t

V n ( d - 9 0^ -> /3min, 

y / n ( a -  ElZi l )  -> N (0 ,cr2) ,

in d istribution as n  —> oo.

We give a heuristic derivation for the case when |(?o| >  1. Under the param eteriza­

tion 9 = Oq +  P/y /n ,  we can confine our study to  the reduced param eter space ©tv/ =  

{9 : \9\ > 1 +  5}, where <5 > 0 is a small num ber such th a t |0o| >  1 +  5- Then the joint 

density of X „ and Z aug satisfies

n
f  (x „ ,  Z a u g ) =  19\~n P [  f z  ( z t  (9))

^ r : ^ ) ”+ - e x p ( . M )
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± r ‘
i« i

- « - ( i r - ( - i ^ a
(  Un ( P , 0 ) \  (  Un ( P , a ) - U n (P ,0)

x e x p  T-r  I exp\e\ \e\

where /? =  y f n  (9 — 9o) and a  =  y f n  (zaug — Z n ) / a .  Notice th a t dzaug = ( a  / y f n )  da.  By a 

change of variables in the integration, we have

^  i * i - U 1 V + ‘ f  H L i ' Wz (x„) =  ^ = i » r { ^ )

(  U „ W .  0 ) \  r  . (  U n ( P , a ) - l

X 6 X P l  l«l ) j ~  o o e X P V l»l

Then, the Laplacian log-likelihood of (9 , cr) given X „ =  x„ satisfies

H*n {9,a)  =  log ~y= n  log |$| {n T  1) log (2<t)
y f n  a  |0|

/ I exp(Jr exj - u ^ - a \ - u ^ ° y ] d a . (3 .8 )
\e\ ' b J-0c V \e\

Because

Un ( P , O ) ± U ( 0 )  and Un (p, a )  -  Un (P, 0 ) £  0 ,

the last two term s on the right-hand side of (3.8) do not depend on a  as n —> oo. By 

maximizing JC*(9,a) w ith respect to  a, we obtain a  «  J2t=o l^o^tl /  (n  I^D- Then the 

concentrated Laplacian log-likelihood is given by

L * ( 0 ,a )  «  -  (n +  l ) l o g 2 -  n l o g ^  |0oZt| +  -  0  logn  -  n

Un (P,0) (  Un ( P , a ) - U n (P, 0 ) \  J

~ ^ e r + l o g L exp {  w\ ) d a -

Under the param eterization 9 = 9q + P/y /n ,  maximizing £* (9, a) w ith respect to  9 to 

find 9 is equivalent to  maximizing £* (0q +  P/y /n ,  d) w ith respect to  P to  find P, the local
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maximizer of £* (Oq + (3/y/n, a). B ut

arg m ax £* (0O +  0 / y / n ,  a)

U n ( 0 ,  Q) 
\Oo+0/s/n\arg mm

P log J Z c  eXP
U n ( 0 , a ) - U n ( 0 , 0) \ J

|flo+V>/S|

Since the second term  on the right-hand side of (3.9) does not depend on (3 as n 

obtain

arg mm (f/ ( / ? ) / | 0o|) — /^min

(3.9)

oo, we

It follows th a t

Moreover,

\ / n ( 0 -  0O) (3mm-

t=0

Since

we obtain th a t

do and - i N ( 0 , < r 2) ,

y / n ( a - E \ Z i \ )  - ^ N ( 0 , < j 2) .

3 .2  G lo b a l L A D  E stim a to r

Having obtained the asym ptotic results of the local LAD estim ator, a na tu ra l question is: 

w hat about the global LAD estim ator, say 9n? The problem is th a t, 9n m ight not even be 

consistent in the possibly noninvertible MA(1) setup. Actually, by the ergodic theorem,

In (9 , zaug) / n ^ >  £ ( 9) =  E \z\ (0 )| ( |0 | l{|e|>x} +  l{|e|<i})

almost surely. If furtherm ore the convergence is uniform on com pact subsets of 0  =  

{0 G M : |0| ^  1}, then 9n , the global minimizer of ln (9 , z aUg) / n ,  is supposed to  converge 

to  a global minimizer of £(0) alm ost surely. However, the true param eter value 0q may not
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(a) N(0,1) noise (b) t(3) noise
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Figure 3.1: ln (9) / n  versus 9 for MA(1) process X t = Zt + 2Zt~\: (a) Zt ~  IID N (0,1) (b) Zt 
IID t (3)

be the unique global minimizer of 2,(9), and therefore 9n may not be consistent. To see 

this, let us look a t an example. Fifty thousand x t values were generated from the MA(1) 

model X t  = Zt + 2 Z t - i , Z t  ~  IID N (0,1). Note th a t, ln (9 ,zaUg) / n  approxim ates 2(9)  

when n  is large enough. So, instead of plotting 2(9)  versus 9, we plot ln (9, zaug) / n  versus 

9. Recall th a t we can set zaug to  zero to compute residuals zt (9) and evaluate ln (9, zaug). 

For simplicity we w rite ln (9, zaug) as ln (9), and call ln (9) /n  the average objective function. 

From Figure 3.1 (a) we see th a t, besides the true model param eter 2, its reciprocal 0.5 is 

also a global minimizer. In this situation, we have no idea where the global LAD estim ator 

goes; it m ight go to  2 or 0.5. T h a t is, the global LAD estim ator 9n m ay not be consistent.

However, if the underlying noise {Zt}  has heavier tails than  Gaussian, in the sense th a t

eIe : c-,Z,
] = —oo

> E\Z i \ (3.10)

holds for any sequence {cj} such th a t Y l f L - oo \cj\ < 00> cj = anc* ( CJ} 'ias least

two non-zero elements. T hen the global LAD estim ator 9n is consistent provided E |Z j | <  oo 

(Huang and Paw itan, 2000). Note th a t, if the  noise is Gaussian, then  the two sides in (3.10) 

are equal. Huang and Paw itan (2000) sta ted  th a t condition (3.10) is satisfied by many 

commonly used distributions, such as S tuden t’s t, Laplacian, contam inated Gaussian, and
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other s tandard  heavy-tailed distributions. In these cases, 0o is actually the unique global 

minimizer of £(0). For illustration, fifty thousand xt  values were generated from MA(1) 

model X t  = Zt + 2Zt- \ ,  where the underlying noise {Zt}  has S tuden t’s t d istribution 

w ith 3 degrees of freedom. We com pute zt (0) and then ln (9), and plot ln (9) / n  versus 9. 

From Figure 3.1 (b) we see th a t, the true param eter 2 is the unique global minimizer; and

its reciprocal 0.5 is only a local minimizer. In this case, the global LAD estim ator 9n is

consistent.

In th is section, we assume th a t { Z t j  has heavier tails th an  Gaussian. We also as­

sume th a t the density function f z { •) of {Zt}  and the absolute value of its derivative f'z {-) 

are upper-bounded. Then, we can show the strong consistency of 9n , and its asym ptotic 

norm ality as well, namely,

(en -  e0)  ±  (3 -n )

when | I <  1 > and

(9n -  9o) 4  (3.12)

when 10o | >  L  where N\  N (0 ,1).

3.2.1 Strong Consistency o f  9n

Notice th a t minimizing ln (0) j n  is equivalent to  minimizing

4  m  =

1
n zr=o \* m ,  if i*i < 1,

if i î > 1 ,
(3.13)

and lh (0) —> £(0) alm ost surely by the ergodic theorem. Moreover, it can be shown th a t 

the convergence is uniform on compact subsets o f©  =  {0 6  R  : |0| ^  1}. W ithout loss of 

generality, we consider the compact subset ©i =  {0 : 1 +  e <  |0| <  M }, where e >  0 is a 

fixed small num ber and M  > 0 is a fixed large number. We first show uniform alm ost sure 

equicontinuity of j  lh (0) j  on © i. For 0 i , 02  6  © 1 , by applying the identity
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\y\  -  \ A  =  ( y - z ) sgn (*) + 2v  (1{*<o<»} -  1 { y < o < z } )

for z ^  0, we obtain

£ ( 0 l ) - £ ( 02)
n —1 n — 1

l ' £ \ e 1zi (o1) \ - ± ' £ \ e 2zi (e2)\
n  r —t  n  “ f

1*11
n

I*! I
n

i=0 
71—1

7 = 0

71—1 1 n —1

£  (I* (*i)l -  I* (02)1) +  -  £  I* («a)l (l#il -  M )Z—7 n  Z__/
7 = 0

77—1

7 = 0

X ]  (*i (01) -  2 i (*2 )) sgn (Zj (02))
7 = 0

71—1
2 |0 j | .

+  — —  X ]  Z l ^  ( 1 { * * ( 0 a ) < 0 < * i ( f l i )}  -  1 { z i (0 i) < O < 2 i( (9 2 ) } )
7 = 0

n  7 = 0

=  A \  +  A 2 +  A^. (3.14)

Consider the term  A\  in (3.14) first. By the mean value theorem,

77 — 1 77—1

n
7 = 0

n
7 = 0

dzx (0*)
d9

for some 9* between 9\ and 62■ For any 9 £ 0 j ,

,+, and ^ = £ « r < ‘+ '>X
(  =  1 ( = 1

7 +  t -

Hence,

sup \zi (0)1 <  V ' ( H - e )  t \X l+t\ )
0€©i

sup
0€©i

dzi (9)
d9

t= 1
OO

<  ^ t ( l + e ) - {4+1)|Xl+t|.
t= 1

(3.15)

(3.16)

The coefficient sequences {(1 +  e) *} in (3.15) and {t(l  +  e) (t+1)} in (3.16) decay at a 

geometric rate , respectively, as t  —> 0 0 . So we obtain
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[A!  <
i=o t= 1

=  | 0 i - 0 2| O( l )  a.s. (3.17)

Moving on to  the term  A2 in (3.14). Given a fixed <5 >  0,

2 | |
1^21 =  Y 1  Zi ( 1{^(02)<O<2i(ei)} -  1{*i(«x)<0<*iC®a)})

i=0

5 3  (^l) (^{2i(^2)<0<2i(^l)<5} l{” 5<-2i(0l)<O<Zi(02)})
i=0

2 i^ i

n i=0

2 |6>! | 2  |0 i|

i=0 i=0
71/ 1

< 2 |0j| <5 + V  |* (<?0| |zi (0x) -  *  (02)| /<S
n

< aig.n + ^ - ^ ' N g
z=0

^ ( 1 + e )  t \ X i+t\ ^ 2 t (1 +  £) (*+1) l^i+ tl
,t= i t= i

2 |^ i| <5 +  |gl . ^ 0 ( 1 )  a.s. (3.18)

As to  the term  A3 in (3.14), we have

14,1 <  ! h ^ X > . ( s 2)l

i=0 t= 1
=  | 0 i - 0 2 | O ( l )  a.s. (3.19)

i=0
n—1 00

The 0 ( 1 )  term s in (3.17), (3.18), and (3.19) do not depend on Q\, 02, or S. Therefore, it 

follows th a t the sequence j ln  (0 ) j  is uniformly equicontinuous on 0 i alm ost surely.

In addition, it is easy to  show th a t j l„ (0) j  is uniformly alm ost surely bounded on ©1 . 

So, by applying the Arzela-Ascoli theorem , we conclude th a t the alm ost sure convergence
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of lh (9) to  £(9)  is uniform on 0 j.

On the o ther hand, Huang and Paw itan (2000) showed th a t the true  param eter value 

00 uniquely minimizes £ ( 9). This, together w ith the uniform alm ost sure convergence of 

lh (9) to  £{9)  on com pact subsets of 0 ,  establishes the strong consistency of 9n .

3 .2 .2  A s y m p to t ic  N o rm a l i ty  o f  9n

We derive (3.12) for the case when |0o| >  1; the derivation for the case when |0o| <  1 

is similar. Since 9n is strongly consistent, when n is large enough, 9n globally minimizes 

un (9) =  ^"-Tq1 \@zi(@)\ on the reduced param eter space &n i - Therefore, we can confine 

our study to  the objective function u n (9) on 0jv/-

To calculate the  objective function un (9), the  residuals zt(9), t  — 0,1, .  . . ,  n  are solved 

backward by zt- i ( 9 )  =  (zt (9) - X t) / 9  for t =  n , n  -  1 , . . . , 1  w ith zn {9) =  zaug. By 

iteration, we have

i
—9zn- \ - i  (9) =  Y  e ^ ^ X n - j  -  9~%zaug > i =  0 , 1 , . . . ,  n  -  1 .

3 = 0

Since X t — Z t — 9oZt~\,  we have for i — 0 , 1 , . . . ,  n  — 1,

i
- 0 Z n- X- x (9) = J 2  (Z n~3 ~  QoZn-j- l )  -  9~lZaug

3 = 0

i
= - 9 o Z n^ . x +  (1 -  9o/9) Y ,  9 - {l- j )Z n. j  + 9~l (Zn -  zaug) .

3 =  1

Moreover, by setting zaug to  be Z n , we obtain

n—l —i
9z% (0) = 90Zi - { 9 -  9o) Y  d~j z 3+i = rm (0) (3.20)

3 =  1

for i =  0 , . . . ,  n -  1, and un (9) = |rni (6»)|.

The derivation of (3.12) is broken into several steps. F irst of all, we approxim ate \t\ by 

a uniformly convergent sequence of twice differentiable functions hn (t ), which is specified
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by

(^) — <
1±^ L , if \t\ < n~r,

\t\ , if \t\ > n~p,
(3.21)

for some p  € (1 /2 ,1 ). This idea was also used by Bloomfield and Steiger (1983). We define

n —1

,Jn (0) =  Y  hn (Vni ’
i=0

and show th a t vn (8) — u n (8) converges to  zero in probability. Notice th a t

(3.22)

71 —  1

(8) -  un (8) =
i = 0 

71 —  1

= E
i=0 

>  0 .

1 +  (nprni (8))
2 np

(1 -  np \rni (6>)[)" 
2  np

~ Vm (0)1 { \ r n i ( d ) \ < n ~ P }

For any given 8 , the density of rni (8) is upper bounded uniformly in n  and i. To be specific, 

let yni (8) =  0~j z j+ i  for z = 0 , . . . , n  — 1, then rni (8) =  80Zi -  (8 -  80) y ni (&)■ But

yni (8) is independent of Zj. So, by the convolution formula, the density of rni (8) is given 

by

frni(0) (y) = J  ( y - x ) -  f[-(e-e0)yni{6)} (x) dx  <  m ax f e oZl ( z ) .

Hence,

71—1

E \vn (8) -  un (0 )| =
i=0
71—1

(1 — np \rnj (fl) | ) 2 

2 np { \ r n i ( 0 )  |< n  p }

i=0
n—1

i = 0

1 ^  f r „ m  (» ■ ')  -  a „ (« )  ( - » - ' )
71—1

= — y '
7 1 2 p  /  ^

i=0 2 n~P
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for p  >  1/2, where FTni^  (•) is the cdf of rni (9). It follows th a t  vn (6) — un (6) converges 

to  zero in probability.

Next, let 9n denote the global minimizer of vn (9). We show th a t 9n is strongly consis-

gence of vn (9) / n  to  £ ( 9) follows from th a t  of un (9) j n  to  £ (9). Additionally, the uniform 

equicontinuity and boundedness of vn (9) / n  on com pact subsets of 0 ^ /  follow from those 

of un (9) jn .  So, the alm ost sure convergence of vn (9) / n  to £(#) is actually uniform on 

compact subsets of ©jv/- Moreover, 9 q is the unique minimizer of £ ( 9 ) on © a t / .  Therefore, 

the strong consistency of 9n follows.

As to  showing y f n  ^9n — 9n ĵ —> 0 in probability, we begin w ith the second derivative 

of vn (9) a t 9q. The first two derivatives of hn (t ) are

ten t and hence 9n — 9n —> 0 alm ost surely. Moreover, we show th a t y f n  y9n — 9nJ —> 0 in 

probability.

Notice th a t \vn (9) — un ( 9 ) \ /n  —> 0 alm ost surely. Then, the alm ost sure conver-

h'n (t) = (npt ) l m <n- P} + s g n ( t ) l {|t|>n-p},

hn (t) =  n?>l{|t|<n-P}-

Taking the first derivative of vn (9) with respect to  9 yields

i=0
(3.23)

where

h'n (rni (9)) =  n prni (9) l{ |rni(e)|<n-i>} +  sSn (rm (&)) l{|rBiW|>n-p}, (3.24)

Taking the second derivative of vn (9) w ith respect to  9 yields
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T I —  1

d2vn (0 ) ^  I u" ( taw
— t f i -  = 2̂ \ hn (r™ m

i=0

d>Tjii (0 )
d6

2 . v' , ,aw ^ rni (<?)+ K  [Tni (9)) dQ2

where

hn (rm (0))

d2rni (9)

— np 1

d92

{|r„i(0)|<n p}>

2 £  j 9 ~ ^ Z j + i - ( 9 - 9 o )  £  j ( j  + ^ d ~ {j+2)ZJ+l.
j = i j =l

Plugging 0o into d- and m ultiplying it by 1 /n , we obtain

n
-i d2vn (0O) 

d92

71—1

X ! n P l{|0O ^|<n-p}
i=0 

n—1

7 —  0

i=0
=  T i + T 2 +  T3.

We show

n
- i d V ^ o )  P 2 / ( 0 )  (7

d02 |d0| (<?g -  1)
by dealing w ith the term s T\,  I 2 and T3 in (3.27), respectively. The term  T2 

probability since

n—1

E |T 2| <  ^ E E (np 100^1 W t|<n- P}) • E | E j r i1~‘ j 0o U+1)^ + i
i=0

71—1

=  ( ; £ E | £ / ,
l. i=0

<  Const • E (l{ |0oZl\<n-p}) 

-»  0 .

Jj+i

The term  X3 —> 0 in probability too. To see this, we consider
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(3.27)

(3.28) 

> 0  in
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n— 1

1 = 0

and it is easy to  show th a t T3 —» 0 in probability. On the other hand, the result th a t 

Tz — T3 —> 0 in probability is implied by

E
/ 2

t 3 - t 3 =  - E
n

n - i  j _
J 2 s^ ( 0 o Z i ) l {leoZl\<n-p} ( E L  1 i do U+1)zj+i)
i= 0 

n—1

£  ̂E E ■E |E"„T>»0+1>z.5—O' + l) ' j+t
i=0  

n—1
a—0"+l)

i= 0

< Const • E (l{ |0oZi|<n- p}) 

0 .

To deal with the term  T \ , we define

=  n P l { | 0oZ i |< n -p }

such th a t Ti =  \  X ^ q 1 Tm • Then,

Fe0z 1 (n p) -  FqoZi ( - n  p)
n ~ P

where !P+1 =  a  (Zt; t  > i +  1 ), and it can be shown th a t

^EE(r»ilJ<+1)

=  P 2 / ( 0 ) < 7  

On the other hand, it can be shown th a t

n ~ P m  (̂ o2 - 1 )
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To be specific,

E f T'  -  -  E  E (T~ iT * " i )  =  I E E  F»< -  E K . i y + l )) =  o. (3.30)
i=0 2 =  0

and

n —1

But

<

i ^ V a r ( T „ i - E ( T „ , | J ’+ ' ) )
2 = 0

k E  E {E [(t™ - E (T™iJi+1))21̂ +1]}
2 = 0

-  [e m ^ 1) ]2}
2 = 0

A E e Ie K . ! ^ 1)]-

n

n

i=o

E 8 [ E B m ]
2 = 0

n —1

- E E
i=0

-  E ^ ( E ] = i ~ ^ o j z J+i) 4] - E [n2n m Z l l <n- P}]
,i=0

n 2P1 <|floZil<n-p} ( Y . ’j - 1

=  w  { ”e  [ e  ( z n  e ; ; , 1-  « „ 42+ ( e ? ; , , _ ‘ « o 2 i) 2] }

F»pZl n-p)-FenZl(-n-P)

< Const ■ np+1 •

2 n ~ P

Feazi (n~p) - F90Zi(-"~p) 
2 n ~ P

It follows th a t

72—1
Var I Tj -  -  E (rni |T*+1) ) <  Const rv ,_i FooZi (n  p) ~  Fe0z ,  ( ~ n  p)

i=o 2 n~P
0 (3.31)

for p  <  1. Therefore, (3.29) follows from (3.30) and (3.31), and hence
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P 2 / ( 0 )  it

'  l«ol K  ~  1)

The convergence (3.28) follows by combining the results for T\,  T2, and T3 . Moreover, for 

any random  sequence {9n} such th a t 6n —> 9q,

n
_x d2vn (9n) p  2 /  (0) 1

and
^  dvn (9n) dun (9n/  ̂ ^  ^

(see Section 3.5 Appendix). It follows from (3.33) th a t

(3.32)

(3.33)

| dvn (dn)

V n  d9
0 . (3.34)

Expanding the first derivative of vn (9) w ith respect to  9 in a  first degree Taylor series about 

9n , we obtain

dvn (@nj dVn (9n) d?vn

d9 d9 

d2vn ( 9l
d92

(fin ~

d92
(fin -  Qn'j ,

where the random  variable 9n lies between 9n and 9n . Then

dvr (^n)

y/n d9

d2vn

d92
V n  (9n - (3.35)

Notice th a t 9n ^  9q. It follows from (3.35), (3.32), and (3.34) th a t

V n  (9n -  9n) 0 .

Finally, we show
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f a  ( a  ft \ d) ^ vV n { O n - e 0) - >  2 / ( 0 )  iVi (3.36)

and hence (3.12) follows. We expand the first derivative of vn (9) w ith respect to  9 in a 

first degree Taylor series about 9n :

dvn (9q) _  dvn (l9n) +  d2yn (#£)
d9 d9 d92

{9q -  9n) (3.37)

where 9n lies between 9q and 9n . The first term  on the right-hand side of (3.37) vanishes 

because 9n minimizes vn (9), and thus

\ f n  (00  -  On) =
1 dvn (9p) 

y/n d9

d2vn ( 9£ )

n d92

- l

However,

1 d2yn ( 0n) P 2 /  (0 ) a
n d92 N  {91 -  1 )

since 9n 9q. So, it suffices to  show

1 dvn (90) d 
yfn d9

From (3.23), (3.24), and (3.25), we have

N O ,
9 1 -  1

1 dvn (9p) 
yfn d9

1 n~^ 1 i
=  ~ f f a  2  n P  l { \ 0 o Z t \ < n - P }  ( 5 Z i= 1

1 1 n—l —i
— f a  Z ^ g n ^ )  l{\eoZi\>n-p} ( Z L  ’ V ^ - + < )

=  Si  +  S 2

(3.38)

(3.39)

(3.40)

Define

Vni =  — {9oZi) l{|e02 i|<n_P} f  l @0 ^ j + i ^  

such th a t S\  =  X ^ q 1 r)ni ■ Then
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E { v m \ T +1) =  —E [np (OqZ i ) l{|fl0Z1|<n-P}] • ( E L ^ V ^ )  .

and

j=52E(n„,\r+') =

v n  t = 0

n—1E [np (0qZ i ) l{ |0oZi|<n-P}] /y~vw -l-i g - j^ . \
J n  ^  \ ^ j =l 0 j+ V
v i = 0

E [np (0oZi) IdfloZji^n-p}] y ^ / y ^  -.-A 7
 - - - - - - - - - - - E  I E , , ,  "o  J z ,

j= l

E [np (0QZ 1) l{|e0z ii<n~p}] y~* 1 -  0pJ

v/™ j= i 0o - l

The sum m ation -4^ Xir=o1E (r?ni|3'l+1) goes to zero in probability because

E

Var

s/n 

1 = 0

L g E ( , n, | J ‘+1)
i=0

\ f n

1

y/™

0 ,

{E[nP (0o ^ ) l ■p>]}
2 71—  1

n  (00 -  1 ) j=1

< Const -  {E [ l {|eoZl |<n - P}] } 2

-► 0 .

On the other hand,

E i  E  B M J*1) = 4; E  E E W ^')] = 0.
i=0 J i=0

and

Var
n—1

4 E E ( ^ - i ' P +1)
v n  »=o

71—1

=  -  X  Var ~  E (V n i \ ^+1)]
U i=0

= ̂  E E {E [(0- - E M^+1))21̂+1]}
7 =  0

=  i E E { E K . i ;r+1) -  [E (i».ly + 1 )]2}
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i=0

But

E [ E K , | r + ‘)] =  E  n 2*(0„ZO 2 l ( |» „ z , |< „ - p ) ( E ”y V V . )

n—l —i

= E ^ E V ^ + < J  • E [ n 2P ( ^ i ) 2 l {|0oz 1|<n-p} 

<  Const • E [ l{|eo2l|< „-P}] •

Hence,

Var
T I —  1

1 % *
-  “ I ] C o n S t  E  ^ { lA o ^ l^ n -P } ]

z=0

=  Const ■ E [l{|e0Zi|<n-p}]

-> 0 .

It follows th a t

S ' - ^ E E w n - » .
i=0

and therefore Si —> 0. Moving on to  the term  S2• On one hand, it is easy to  show th a t 

S 2 - i  N^O, gTTl), where

•So =
1

n— 1
sgn (doZi)  ( -  J ^ n=i * 90 3 Z j+ l)  ;

i=o 3

on the other hand, following the same lines for the term  Si, it can be shown th a t

1
n—1

S 2 -  S 2 = —= ^ s g n ( 6 > 0Zj) l{|e0z l |<n-p} ( ~ Y 2 j = i eo 3 z i + i )  ^  °- 
v  i= 0

Therefore,

S2 4  N f 0, CT
*3 - 1
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The convergence (3.40) follows from the results for S i and

3.3 Linearized LAD Estimator

Note th a t, the objective function (3.4) is not convex in 9, which complicates the search for 

a minimizer in the sense of numerical com putations. To simplify com putations, we propose 

a local linearization procedure to  obtain a linearized objective function th a t is convex in 

9. Then, the linearized LAD estim ator 0l l a d > which is defined as the minimizer of the 

linearized objective function, has the same asym ptotic normal law as #l a d -

Suppose 9q is a set of estim ators of 9 such th a t 9$ — 9q + Op (n -1 / 2). We linearize the 

original objective function ln (9 , zaug) in the neighborhood of 9q using a Taylor expansion. 

We discuss cases when |f?o| <  1 and |f?o| >  1 respectively. Suppose the true model is 

invertible, then we confine our study to  the reduced param eter space 0 / .  In this case, we 

actually linearize z t (9) around 9o, which yields the objective function

n— 1
] T  | *  ( e 0)  -  Di  (flo) (o -  do) | , (3.41)
7= 0

where Di (9) — —d (Zi (9)) /d9  for i =  0 , . . . ,  n — 1. The asym ptotic norm ality of $l l a d  is 

then a special case of Proposition 2 of Davis and Dunsm uir (1997). T h a t is,

^ P lL A D - 0 0

in distribution, where $ll a d  is the minimizer of (3.41).

On the other hand, when the true model is noninvertible, we confine our study to  the 

reduced param eter space 0jv/- Then, we actually linearize 9zt (9) around 9o, which yields 

the objective function
71—  1

| ^ 7  (*o) -  D t (9o) (O -  9o) | , (3.42)
7=0

where Di (9) — —d (9zi (9)) /d9  for i — 0 , . . . ,  n  — 1. The asym ptotic norm ality of 0l l a d  

follows from Proposition 2 of Davis and Dunsm uir (1997) by reversing tim e to  obtain an
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invertible representation. Or one can show the result by dealing w ith the  objective function

(3.42) directly. So, when the true  model is noninvertible,

V S (»LLAD -  »o) -  

in distribution, where $ l l a d  i s  the minimizer of (3.42).

3 .4  S im u la t io n  S tu d y

In this section we undertake a sim ulation study  to  evaluate the asym ptotic theory. The d a ta  

{xj} are generated from noninvertible MA(1) model X t = Z t + QoZt~i ,  w ith the  value of Oq 

taken to  be ±1.1, ±1.5, and ±1.9, respectively. We use two different types of the underlying 

noise {Zt}  to  sim ulate data: the Laplacian distribution with the scale param eter a = 1.0 

and the S tuden t’s t  d istribution w ith 3 degrees of freedom. We consider two sample sizes 

of 500 and 5000.

For each case, we sim ulate 1000 replications, and report the empirical mean, standard  

deviation, and percent coverage of nominal 95% confidence intervals (CIs) as in the  sim­

ulation study  of Breidt, Davis, and Trindade (2001). To com pute the percent coverage of 

nominal 95% CIs, the empirical CIs are com puted from the asym ptotic theory for each of 

1000 replications. To be specific, once an estim ate 9n of 6 is obtained for each replication, 

we fit the model and calculate the residuals |^ (0 n) j . Then, V ar(Z j) is estim ated by the 

empirical variance of the residuals, and f z  (0 ) is estim ated by the norm al kernel density 

estim ation at zero with a default normal scale bandw idth selector. Hence the standard  

error of 8n can be estim ated and the 95% confidence interval constructed. We also report 

95% confidence intervals for the empirical mean, standard  deviation, and percent coverage. 

The asym ptotic mean and standard  deviation are based on (3.12).

The m ethod of a combination of golden section search and successive parabolic interpo­

lation is used to  search for the minimizer of LAD objective function, which is implem ented 

with the function “optim ize” in R  package.

The results for the S tuden t’s t underlying noise are reported in Tables 3.1 and 3.2, while
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Table 3.1: Estimates for MA(1) model X t =  Zt +  9oZt- \ ,  Z t ~  IID t (3).

Asym ptotic Empirical
n M ean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

500 00 =  1-1 0.0177 1.1067 0.0240 92.7
(1.1052, 1.1082) (0.0230, 0.0251) (91.1, 94.3)

5000 00 =  1.1 0.0056 1.1007 0.0060 94.0
(1.1003, 1.1011) (0.0058, 0.0063) (92.5, 95.5)

500 0O =  1.5 0.0589 1.5074 0.0635 95.6
(1.5035, 1.5114) (0.0608, 0.0664) (94.3, 96.9)

5000 0O =  1.5 0.0186 1.5003 0.0197 95.1
(1.4989, 1.5013) (0.0183, 0.0200) (93.8, 96.4)

500 0O =  1.9 0.1078 1.9128 0.1157 96.4
(1.9057, 1.9200) (0.1108, 0 .1 2 1 0 ) (95.2, 97.6)

5000 0O =  1.9 0.0341 1.9005 0.0361 94.6
(1.8982, 1.9027) (0.0346, 0.0378) (93.2, 96.0)

Table 3.2: Estimates for MA(1) model X t = Z t + 6oZt- i , Z t ~  IID t (3).

Asym ptotic Empirical
n Mean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

500 0o =  - 1.1 0.0177 -1.1069 0.0251 92.3
(-1.1085, -1.1054) (0.0240, 0.0263) (90.6, 93.9)

5000 0o =  - 1.1 0.0056 -1.1007 0.0059 95.4
(-1.1011, -1.1004) (0.0056, 0.0061) (94.1, 96.7)

500 0O =  -1.5 0.0589 -1.5037 0.0636 94.9
(-1.5077, -1.4997) (0.0609, 0.0666) (93.5, 96.2)

5000 0O =  -1.5 0.0186 -1.5003 0.0193 95.5
(-1.5015, -1.4991) (0.0184, 0.0201) (94.2, 96.8)

500 0O =  -1.9 0.1078 -1.9067 0.1171 95.3
(-1.9140, -1.8995) (0.1122, 0.1225) (94.0, 96.6)

5000 0O =  -1.9 0.0341 -1.9003 0.0357 94.8
(-1.9025, -1.8981) (0.0342, 0.0374) (93.4, 96.2)
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Table 3.3: Estimates for MA(1) model X t =  Z t + 6oZt- i ,  Z t ~  IID Laplacian.

Asym ptotic Empirical
n M ean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

500 00 =  1-1 0.0159 1.1045 0 . 0 2 1 2 93.3
(1.1032, 1.1058) (0.0203, 0.0222) (91.7, 94.8)

5000 00 =  1.1 0.0050 1.1004 0.0053 96.4
(1.1000, 1.1007) (0.0051, 0.0056) (95.2, 97.6)

500 0O =  1.5 0.0530 1.4999 0.0561 97.0
(1.4964, 1.5034) (0.0538, 0.0587) (95.9, 98.0)

5000 0O =  1.5 0.0168 1.4993 0.0164 97.2
(1.4983, 1.5003) (0.0157, 0.0171) (96.2, 98.2)

500 0O =  1.9 0.0971 1.8989 0.1027 96.4
(1.8926, 1.9053) (0.0984, 0.1074) (95.2, 97.6)

5000 0O =  1.9 0.0307 1.8985 0.0298 97.8
(1.8966, 1.9003) (0.0285, 0.0311) (96.9, 98.7)

Table 3.4: Estimates for MA(1) model X t = Z t + 6oZt- \ ,  Zt ~  IID Laplacian.

Asym ptotic Empirical
n M ean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

500 0o =  - 1.1 0.0159 -1.1058 0.0197 96.1
(-1.1070, -1.1046) (0.0188, 0.0206) (94.9, 97.3)

5000 0o =  - 1.1 0.0050 -1.1006 0.0052 97.8
(-1.1009, -1.1003) (0.0050, 0.0055) (96.9, 98.7)

500 0O =  -1.5 0.0530 -1.5040 0.0581 96.8
(-1.5076, -1.5004) (0.0557, 0.0608) (95.7, 97.9)

5000 0O =  -1.5 0.0168 -1.5008 0.0168 96.8
(-1.5018, -1.4998) (0.0161, 0.0176) (95.7, 97.9)

500 0O =  -1.9 0.0971 -1.9076 0.1076 96.6
(-1.9144, -1.9011) (0.1031, 0.1126) (95.5, 97.7)

5000 0O =  -1.9 0.0307 -1.9015 0.0304 97.3
(-1.9034, -1.8996) (0.0291, 0.0318) (96.3, 98.3)
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those for the Laplacian noise are reported in Tables 3.3 and 3.4. We can see th a t, the  LAD 

estim ates and empirical standard  deviations are com parable for the two types of underlying 

noise. But, while confidence interval coverages for the S tuden t’s t noise are close to  the 

nominal 95% level, those for the Laplacian noise tend  to  be a little  higher. In all cases w ith 

sample size 5000, the LAD estim ates are approxim ately unbiased and empirical standard  

deviations are in agreement with asym ptotic ones. The boxplots and norm al probability 

plots (Figures 3.3, 3.5, 3.7, and 3.9) look p retty  good. For each of the cases w ith sample 

size 500, especially for 9q — ±1.1, there are some bias and more variation as well in the 

LAD estim ates. The boxplots and norm al probability plots (Figures 3.2, 3.4, 3.6, and 3.8) 

indicate th a t  the bias and ex tra  variation are due to  a relatively small num ber of large (in 

m agnitude) outliers. Except these outlying values, most of the LAD estim ates follows the 

asym ptotic norm al law quite well. The empirical results for 9q =  —1.1, —1.5, and —1.9, 

and those for 9o — 1.1, 1.5, and 1.9, are roughly symmetric; this is expected because the 

asym ptotic theory is sym m etric around zero. The study shows th a t, when 9q gets close to 

the unit circle, the estim ation is more difficult and the convergence is slow.

We also conduct a sim ulation study regarding the LLAD estim ator. The d a ta  {xt}  are 

generated from the M A (1 ) model X t =  Z t +  QoZt-i,  w ith the value of 9q taken to  be 1.1, 

1.5, and 1.9, respectively. We consider underlying noise following a  S tuden t’s t  d istribution 

with 3 degrees of freedom, and sample size n  — 5000. A m ethod of m om ents estim ation 

is used to  construct the initial estim ate 9o, and then  the linearized objective function is 

minimized yielding the estim ate 9\. This procedure is iterated  4 tim es, replacing 9q with 

the newly obtained estim ate a t each iteration. Results are reported in Table 3.5. The first 

column gives the asym ptotic mean (number a t the top) and standard  deviation (number 

in parentheses) based on the theory, and the second column gives the empirical m ean and 

standard  deviation of estim ates using the m ethod of moments. O ther columns sta te  the 

empirical mean and standard  deviation of the LLAD estim ates. The results for 9q of 1.5 and 

1.9 are com parable to  corresponding results for the LAD estim ates. B ut for the 9o =  1.1 

case, the empirical standard  deviation of LLAD estim ates is larger th an  the theoretical
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Figure 3.2: 
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Figure 3.3: 
t {3). (a) 0O

(a) True theta = 1.1 (b) True theta = 1.5 (c) True theta = 1.9
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(a) True theta = -1.1 (b) True theta = -1.5 (c) True theta = -1.9
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(a) True theta = 1.1 (b) True theta = 1.5 (c) True theta = 1.9
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Figure 3.8: 
Laplacian. (

Figure 3.9: 
Laplacian. (;

(a) True theta =-1.1 (b) True theta = -1 .5  (c) True theta = -1.9
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Table 3.5: Linearized LAD estimates for MA(1) model X t = Z t + 6oZt- i , Z t ~  IID t (3).

#0 #0 0i 02 03 04
1.1

(0.0056)
1.1974

(0.0908)
1.0695

(0.0289)
1.0857

(0.0273)
1.0930

(0.0267)
1.0952

(0.0282)
1.5

(0.0186)
1.5014

(0.0892)
1.4912

(0.0255)
1.4998

(0.0195)
1.5002

(0.0193)
1.5002

(0.0193)
1.9

(0.0341)
1.9039

(0.0898)
1.8959

(0.0362)
1.9005

(0.0353)
1.9005

(0.0353)
1.9005

(0.0353)

one, showing th a t there exist more uncertainty and variation when 0q gets close to  the unit 

circle. The boxplots and normal probability plots are displayed in Figure 3.10 for 9q =  1.5 

case.

3 .5  A p p e n d ix

3.5.1 Derivation o f  (3.32)

W hile we are unable to  give a complete proof of (3.32) a t the present tim e, we m ap out one 

potential argum ent. We show th a t the convergence (3.32) holds for the case where {9n } is 

a non-random  sequence such th a t 0n —> 9q, and conjecture th a t it also holds for a random  

sequence {6n } such th a t 6n 9q.

Plugging 9n into (3.26) yields

q d?Vn(fin) 
n dfP

=  n E  nPl{lr„i(0„)l<n-P} E j = l  Z j +i +  (8n — 9q) E j = l  j 9 n ^  ^Zj+i)
i=0  v '

n—l
+  n E  nP ( (&n)) l{\rnt(6n)\<n~P} 

i=0

X (2 ■- l j 0 n {3+l)Z j+i -  (9n -  90) E U ~ l J U +  1) 0n U+2)ZJ+l)
n—l

+  ^ E  sgn (rni (9n)) l{\rni(8n)\>u-P} 
i=0

X ( 2  £ " = l1-< j e n U+1)Z]+l -  (8n -  8o) E E E 1 3 (3 +  1) 0 n{j+2)Z j+ l)  

= T 1 (9n ) + T 2 (9n ) + T 3 (8n) .
(3.43)
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Figure 3.10: Boxplots and Normal probability plots of LLAD estimates when n = 5000 and {Zt j 
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Let (?(•) and g (•) denote the cdf and pdf of OqZi, respectively. F irstly  we consider the 

term  T2 (0n ), which can be w ritten as a sum of following two pieces.

n—l
T2 (9n) = - y V ( r m (0n) ) l  

n { \ r n i ( 6 n ) \ < n  P }

i=0
( E r r ^ 0+,)̂ )

(0n -  Oo)
n

i=0

=  T2I (On) — T22 (On) ■

n—l 1

y! np (r„i (0n)) l{|r„i(en)|<n-P} (5^ .=1 0 0  +

We show

F2 (0n) ^  0 (3.44)

by showing

T21 (0n) £  0 and T22 (0n) Z  0. (3.45)

For the term  7 2i (0„), we have
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n—l

i=0
n—l

E I r 21 (0n )| <  ^  E E K  I rm (dn)\ l {|rni(fln)| <n-t> } \ 'E "2 l~ t 30n {j+1)Zi+i\)

i= 0 
n—l

1 = 0
=  ; E E ( l E " r i1" ‘ « 0 + 1>̂ +<l 'E( i , i r „ , (» . ) i<„-p1 | J ,+1)}.

Since g (•) is bounded,

■^O{|rni(0n)|<n-P}|3"i+ )

~  E {^■{\6oZi-(dn-do)yni(8n)\<n~P} 1̂ "* )

=  G ((0n -  0O) yni (0n) + n ~ p) -  G ((0n -  00) yni (0n) ~  n~p)

=  2 n~pg ( & )

< Const • n~p,

where lies between (0n -  60) yni (0n) -  n~p and (0n -  00) yni (0n) +  n~p. Then,

(3.46)

2Const 1_ i l —i
B | T „  ( « „ ) !  <  ^ s = E e | E , E  A " ( , + , ) Z ^

2 = 0

<
Const

np
0, (3.47)

because E E "= l1_< j 0 n U + 1) Z j+t <  Const uniformly in i, which is easy to  show. It follows

from (3.47) th a t  T21 (0n) —> 0 in probability. Likewise, we can show th a t T22 (0,,) —> 0 in 

probability.

Next, we consider the term  T3 (0n).

n—l

T3 ( ^ )  =  ( T , ny l j 0n {j+1)Z^ )Tl \ 3 1 /
2 = 0

2 n_1 /  n - l - i
“  n E SS n ( r ™ ^  hlrm^lKn-v}  ( E "  ! * 3enU+1) Zj+i) 

2 = 0

-  8 «> ”f >  ( r „ ,  < * „ ) )  ( E j . T b ' 0  +  1 ) ^ U + 2 )Z J + . )  

E s g n  ( r m  (0n)) l { |r Bi(f l„ ) |< n -P }

n

(On -  0o)

1 = 0
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= r 31 (en) -  t 32 (en) -  t 33 (en) + r 34 (en) (3.48)

We show T3 (9n ) —> 0 in probability by showing T%k (9n) —» 0 in probability for k  =  1,2,3,4.

The derivations of results for T32 (#«) and T34 (9n) p retty  much follow the  same lines as those

for T21 (9n ) and T22 (9n). The result for T33 (0„) follows from th a t

E |T 33(0n)| <  £  E | E n_ T l 3 U + 1) r t j+2)Z]+i
n i= 0 1 2

/  n—l
< |®n -  0o| ( -  £  Const\ n  L—'\  i=0
=  Const ■ 10n — do |

-» 0.

Moving on to  the term  T33 (9n ). The expectation of (T3i (9n))2 can be expressed as 

E (T 31 (9n ))2

=  &  E  E  E[sgn (r„i (9n )) ( E ^ l  ~l j 9 ~ (j+1) Z j+t) ■ sgn (rnk (9n)) ( E ? = i~ k w j +1) Z l+k)]
i= 0 fc=0

=  ^ e ' e (e
1=0

+  £  E 1 E  E[sgn (rni (9n)) ( E ^  j&n[j+1)ZH l ) • sgn (rnk (9n)) ( £ ^ ~ k 19~{1+1) Z l+k)\
i= 1 fe=0

=  731 (0n) +  7* (9n )

It is easy to  show th a t the term  T31 (9n ) goes to  zero. The term  T31 (9n) also goes to  zero: 

for k < i,

E[sgn (rm (0n)) ( E ] ^  j 9 n {j+1) Z j+l) • sgn (rnk (9n )) ( E ? = i~ k l9ni W )  Z l+k)}

= E{E[sgn (rm (9n)) ( E U ~ % 3^ U+1) Z j+i) • sgn (rnk (9n)) ( E ? = i~ k W n{l+1) Z l+k) \ ^ } }

= E{sgn (rni (9n)) ( E  % l ~ l j&n[j+1)Zj+l) ( E ? = i ~ k l0n i W ) Z l+k) ■ E [sgn (rnk (0n)) \?k+1] }•

By Cauchy-Schwarz inequality we obtain
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E[sgn (r„, (»„)) ( E J : ^ ' j K U+,>Z j r , )  ■ sgn (r„* («„)) ( E E i ' - *

< {E [(E " ;,1_i ° +1)Z w .)2(E r ,_,1_‘ « t “+1)Zi+t)2]}1/2 • {E{E [sgn (r„* («„)) |3*+‘] >2} ' /2

< Const ■ {E{E [sgn (rnk (6n)) |T fc+1] }2) 1/ 2.

B ut

E sgn (■r n k ( 0 n ) ) \ ? k+1 = E [sgn (00Z k -  (0n -  0o) Vnk (0n )) \?M  

— [1 -  G  ((On -  Oq) Vnk (#n))] -  G  ( (0„  -  00) y nk (0n )) 

=  l - 2 G ( ( e n - 6 0) y n k (6n ) ) ,

and since ( 9 n  — Oq) y n k  (0n ) ~ > 0 alm ost surely, by applying a first degree Taylor series to 

G  ((0n -  Oo) y n k  (On))  about zero we get

G ( ( e n - e 0 ) y n k (On )) =  G ( O )  +  9 ( C k ) ( 0 n - 0 o ) y n k ( 0 n )

=  \ + 9  (C Ik) (On -  O q )  y nk ( 0 n )  .

where the random  variable ()2k lies between 0 and (0n — Oq) y nk (0n). So,

E sgn ( r nk  (0n ))  |T fc+1 =  - 2 g  (C2fc) (On ~  Oq) ynk (0n) ,

and then

|E[sgn (rm (0n)) ( Z ^ t ~ l jOnU+1)Z j+l) • sgn (rnk (0n)) ( Z ? = I ~ K l O n ^ ’Z l+k)}\

<  Const • { E { —2g (£2k) (On -  Oq) y nk ( 0 n ) } 2} 1/2

< Const • \0n -  0O| • [E(ynk (0n)) 2}1/2 

— Const • 10n — 0q |-

It follows th a t

n—l i—1
Const • 10n — 0OI <  Const ■ \0n — 0oi —* 0.

i= 1 fc=0
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The convergences of T31 (9n) and T31 (9n) to  zero yield th a t E(T3 i (9n ) ) 2 —> 0, which in tu rn  

implies th a t T31 (9n) —> 0 in probability.

Hence, in order to show (3.32), it suffices to  show

T  ( f t  \  P - 2 / ( ° ) CT (1

Tl (<W N ( « 5 - 1 ) '  (3'49)

Rewrite T \{9n) as

Tl {9n) = ( t x (9n) -  t { (0n))  + t { (en) , (3.50)

where r /  (9n ) = ± npl {lrn.(0n)j<n- P}( J 2 l = l ^  9 ^ , Z j+l)2. We derive (3.49) by showing

th a t

Ti (9n ) -  T \  (9n) Z  0, (3.51)

and

rp\ /'/a  ̂ P (^) ^  (9
T‘ (9’*) ~  S M '  (3-52)

To show (3.51), we further split the term  T\  (9n) — Xj (0n ) into three pieces:

Ti (9n ) -  t \  (9n )

= 1 E  »’’l{|r„,(»»)|<n-n I- E j ; .1-* 9 ^ + .  +  ( « » -  9b) E ?:,1-  (J+1)2 J+.P
i=0

I  E  nPl{|rni(0„)|<Ti-P}(Z]j=l 
1=0

=  r E 1 ^ l {|r„1(®n)|<n-P}[(Ei=l1' <fini ZJ-+i)* -  ( E ^ " 4 * o ^ - + i)2]
i=0

i=0
, (0n - 0o)2 + <7 12

“• n  E  7 1 1{|r„i(0„)l<"_pR E j := l  jOn 6j+i )
i=0

=  A i — A 2 +  A 3 .

We show th a t A j , j  =  1 ,2 ,3 , goes to  zero in probability, respectively, and then  the con­

vergence (3.51) follows. To be specific, firstly the expectation of |A i| is upper-bounded as 

follows.
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B ut

n—l
b i a , i <  i  £

i=0

< £ I ?  nPE { ] (E ”=i1_i On°Zj+l)> -  ( Y r ~ l - 1 Qoj Z j+%)2\ ■ (Const • n ~ P ) }
i=0

n—l
=  C o n s t. I  E  m Y T j Z l ~ l 8nj z j+i)2 -  ( E U ~ t0 oJz ^ n

i=0

E \2^j= 1 "n 6]+ i)  \2-jj=\  W0 ^j+^)

E E"=i~W -  Ooj)ZJ+i] [ L ^ l - W  + 0̂ j)Zj+l]
<  {E E " = l1-<(0nj -  V ) ^ ] 2 } 1/2 • {E[E"=l1_i( ^  +  0oj ) z j+t}2} 1/2

=  E " = i1_<(en J’ -  V ) 2ff2]1/2 • E p 1-W  +  p p 2]1/2

< Const • [ E p ' W  -  00-?) 2] 1/2

by applying Cauchy-Schwarz inequality. Recall th a t 9n —> 0o and |0o| >  C so there exists a 

small 6 >  0 such th a t 1 <  |#o| — S <  \9n \ when n  is large enough. Applying the inequality 

|a 1 — b l | <  |i| (a A b)l~* |a — 6| for a negative integer num ber I ,  we have

9~j -an u0 <  j  I On -  e0 \ {On A e0y {j+1)  =  j  \en -  eQ\ (|0O| -  s y {j+1)

Then,

E "= i1_W  -  V ) 2

< ( ^ - 0o)2 E " = i “ l j 2 ( ] ^ o | - ^ " 2O+1)

<  (6n -  Qo) • d[ 2d2( l —d,(n 1 *)) d—(n—i)d,(n *) — (n— 1—i)d(n+:1 *) (n—l —i)(n—i)d(n *b
(i- d y 1 -d

< ( « » - » o ) 2 l ^  + y r

=  Const • (0n -  0O) 2 ,

where d — (|0q| — S) 2 £ (0,1). Therefore,

i  n ~ l  11 x —\n—1—* ,
E | A i | <  Const •

**' r\ 31= 0
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1
<  Const ■ -  [Const • (9n -  flo) 2] 1^2 

n  z—'t=0

=  Const • 10 n  —  0 q \

- 0 ,

which implies th a t A i —> 0 in probability. Likewise, we can show A 2 —> 0 in probability by 

showing th a t the expectation of |A 21 goes to zero:

E |A 2|

i=0

< Const • \en -  e0| ■ i  E  E \ ( z U ~ ^ n Jz J+l) ( z U " j d- iH 1 ) z ^ \
i=0

< Const • 16n — Oq I 

-> 0

because 0 ^  Z j +i ) (Y^ j~ l~% j Q n ^ +l  ̂Zj+i)\ upper-bounded by a constant uni­

formly in i. As to  A 3 , following the same lines for A 2 we obtain

E |A 3| <  Const • {0n -  Oq) 2 -> 0,

from which the convergence of A 3 to  zero in probability follows.

In order to  show (3.52), we define

t tni  =  nPl{|rnl(0„)l<«_p}(5 Z j=1 ^0 ^Z j+l)2

such th a t T \  (0 n ) — ^  X X = o  W n i ' Then the conditional expectation

E {™ni\ T +1) = n ^ ^ O ^ Z j + t f E  ( l {|rm(en)|< „ -P}| ^ +1) .

But
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E  ( 1 { | r n i ( 0 n ) | < n - P } l :^ + 1 )

=  G ((0n -  0o) yni {9n) +  n~p) -  G ((On -  Oq) yni (9n) -  n~ p)

=  G  ((9n -  60) yni (On)) +  9 ((On ~  Oo) yni (On)) ■ n~P +  \ g '  (C^) • n ~ 2p

-  [G ((0n -  90) yni (On)) -  g ((0n -  90) ym (0n)) • n~P +  \g f  ( & )  ■ n ~ 2p}

=  2n~pg ((9n -  Oo) ym (On)) +  ^  [1?' ( & )  -  s ' (& ) ]

where the th ird  equality follows from second degree Taylor expansions about (0n — Oq) yni (0n), 

and random  variables ^  and are between (0n — Oq) y° (6n) + n~p and (0n — Oq) y° (0n), 

and (0n ~  Oo) y° (0n) -  n~p and (0n -  Oq) y \  (9n ), respectively. Then,

i  E  E ( w m l ^ 1) =  I  " e  (E j= i1_i Ooj Zj+l)2 • g ((On -  Oq) yni (0n ))
i=0 i=0

t i f e E E S 1" * . ’ 2 . * ) ’ ' l s '( & )  -  s '  « , ) ]i=0^  j_ 2g(0) ̂  , -v^n -l- i  Q - j  r y  \2
-  2̂  i E j = 1 yo z j+»i

i=0

+  I  ”E ( E  So'^J+.J2 ' [S ((»» -  »o) Vni («„)) -  9 (0)]
i=0

+  ”e  «<t ' z j + . ) 2 • [s' « 5 .)  -  s ' ( c a i
i=0

=  2y (0) Ai +  2 ^ 2  +  ^ 3 .
(3.53)

It is easy to  show

i=0 u

W ith a first degree Taylor expansion of g (■) about zero, we have

9 ((On -  Oq) yni (On)) -  9 (0 ) =  g' (CL) (0n -  Oq) ym (0n ) 

where is a random  variable lying between 0 and (0n — Oo) yni (0n)- I t follows th a t

E \ A 2\ < - J 2  E [ ( E " i r i e0 j Z j+i)2 • Iff' (C5m ) (On -  0q) Vnl (0n ) I] 
n  *=0 3
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1 n_1 -1 - i
<  Const • 19n — 0o| ■ — 0Oj Zj+i) \ym(dn)\]

T l . J  —  li=0

<  Const • 19n — 0o| • ~  E E < E " l ! ~ ‘ « o 5Z j + . ) 4 ] , / 2  • [ E ( t e  ( < W ) T /2Tl 3 1i=0
 ̂ * *

< Const • \0n — 0oI • — T  Const 
n  'z=0

=  Const • 16n — I 

- 0,

which implies

A 2 4  0. (3.55)

Moreover,

E i*i < %£ E  E<E”:r ' «ir'W s ^  -  0- (3.56)n i + p  ^  K̂ j = i u J 1 ' -  n P
i= 0

Notice th a t  g (0 ) =  /  (0) / {a  |0o|)- By putting  (3.53)-(3.56) together, we establish

r E E( - ^ ) ^ 4 f ^ .  (3.57)

Now consider the difference between (9n ) and ^ We have

 ̂ n—l n—l
E[T} (0„) -  -  ^  E {zam \ T +1)} = -  y  E [wni -  E {wni\ T +1)} = 0

n 1' ' ni=o *=0

and

n—l , n—l
V ar[rJ (0n) -  -  ^ E  { m n i \ r +l)\ =  4> “  E ( ^ m | ^ + 1 ) ] 2

T l T l
1=0 1=0

=  ^2  ^ E { E { [ ^ m - E ( ^ m |^ +1) ] 2 | ^ +1}}
i= 0

= i  EE<E(n’»ilJi+1) - [EKi|J’+1)]2)n i=0
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i=0

B ut

B ( 4 3 * * ' )  =  ’>2' ( E JI 1" V ^ +, )4 E [1(|rni(»,)l<»->')|:r+1]

<  Const • n p ■ (V ^ 6 ^ Z j + l ) 4 .£—!] = 1

Hence

n—l . n—l

V a r[r ;(0 n ) - - X ; E ( w n i |^ +1)] <  Const • - ± -  £  E ( ^ " J  V ^ + i ) 4
71 71 ^  J — 1i=0  ?=0

i<  Const
n 1-P 

0

for p  E (1 /2 ,1 ). It follows th a t

1 n—l
T l ^ n ) - - ^ ^ ^ ! ^ 1) ^ O .  (3.58)

i= 0

The convergence (3.52) follows from (3.58) and (3.57). 

This completes the derivation of (3.32). ■

3.5.2 D erivation  o f (3.33)

The first derivative of un (9) with respect to  8 is

n—ldun (9) ^
- M - = J ^ sgn  (rnj( 0 ) ) ^ - .  (3.59)

i = 0

Plugging 9n into (3.23) and (3.59) yields

^=^ = Xfn»(r„j (»„)) l{|rnl(ft,)|<„-.)(- E On’Z,^ + (*» -  «b) E j^u+1)Zi+i)
i=0 j= l  j= l
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n—l n—l —i n—1— i
+  ] [ ^ sgn (r m (0 n ))l{ |rrll(0„)|>n-P}(- 9n 3Zj+l + (9n -  90) j 9 n U + l) Z j+l) ,

i=0 J = 1 j= l

dun (9n) 
d0

n—l n—l —i n—l —i

=  J > g n  (rn i ( 0 n ) ) ( -  E  V ^ + i  +  (®n-«o) E  j OnU+1)Zi+i)-
i=0 J=1 J=1

Hence

1 /  dvn {fin) dun (fin)
y/n  \  d9 d9

1 n—l

=  — r Y l nV (Tni 1

+ (#n -  ^o)j= c -Y y  <r~ («) (E"~," i«» o+i)Zj«)
1 n _  ̂ n 1 i

+  77^ J ] s g n ( r ni (0n)) l{|rni(flB)|<„-P} ( S "=1 %0n 3Z3+i)
* i=0

(fin ~  do)
n—l

n X ) s g n ( r „ i ( 0n) ) l {|rni(On)|<n-p} ( X "̂=1 * i dn b+1)Z3+i)
1 = 0

=  5 i (9n ) +  S2 (9n) +  S3 (On) + S a (9n) .

We show (3.33) by showing Sk (9n) —> 0  in probability for k = 1 ,2 ,3,4.  Actually, it suffices 

to  show th a t the term  Si  (9n) goes to  zero in probability, and results for other term s can 

be shown by following the same lines. Similar to  establishing (3.47) for the term  T2i (9n) , 

we have
n—l

e |s . ( M < ^ E e | E
n—l —i

nP+1/2 ^  1̂ —'j= i i=0
W0 + 1)Z i* <  o (3.60)

because E 1-1 - i  n -f j  + l) 'E n—l —i n
j = 1 °n ^j+i

goes to  zero in probability.

np 1/2

<  Const uniformly in i, and p > 1/2. Therefore, 5 i (9n)
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4 LAD ESTIMATION FOR NONCAUSAL AND/O R  

NONINVERTIBLE ARMA(p,q) MODELS

In this chapter we study LAD estim ation for noncausal and /o r noninvertible ARM A(p, q) 

models. Let {A/} be an ARM A (p,q) process satisfying

A< =  +  • • • +  4>pXt-p + Zt + 9\Zt~\  +  • • • +  QqZt—q, (4.1)

where the underlying noise {Zt}  is IID, 0  (2 ) =  1 — X)j=i 0j ^  and 9 (z) — 1 + X)j=i 9jZ^

have no roots on the unit circle, and (j) (z) and 9 (z) have no common roots. Let A =  

( 0 i , . . . ,  <f>p, 9\ , . . . ,  9q)T £ W +q be the param eter vector of the model (4.1) with Ao =  

(0oi , . . . ,  0op, 9q\ , • • •, 9oq)T denoting the true  param eter vector. W ith  the  AR polynomial 

0  (•) and the MA polynomial 9 (•), the model (4.1) can be w ritten as

0 ( B )  X t — 9 ( B )  Z t , (4.2)

where B  is the backshift operator. Under the assum ption th a t the AR polynomial 0  (z)

has no roots on the unit circle, there exists a unique stationary  solution of the ARMA(p, q) 

model (4.2).

We begin with deconstruction of the model (4.2). We factor the AR polynomial 0(-) 

into its causal component 0 + (•) and purely noncausal component 0* (•). To be specific, 

suppose 0  (2 ) =  0 + (2 ) 0 * (2 ), where

0 + (2 ) =  1 -  4 > i Z  -  • ■ • -  0 /iz r ' 7̂  0  for \z\ < 1,

0 * (2 ) =  1 -  <j>\z---------- 0 *,2 S' /  0  for \z\ > 1 ,
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with r ' , s '  > 0  and r' +  s' =  p. Let Ci> • • • > Cr' be the r' roots of <f>+ (z) (the roots of <f) (z) 

outside the unit circle), and Ci> • • • >O  be the s' roots of (f>* (z) (the roots of </> (z) inside the 

unit circle). Then

r' s1

<t>+ (z ) = n ^ _ z / &  and ^ w = n ( i - * / c ; ) .
3 = 1  3  =  1

where |Cj| >  1, j  =  1, • ■ •, r', and |C*| <  1, j  = 1, • • •, s'. Note th a t ->+, =  f l j l i  ( -C j ) - 1  

and —(f)*, — U U ^ y 1' W ith  the factorization of (/>(•), the model (4.2) is equivalent to 

the model

<f>+ (B ) ( f )* (B )X t = e ( B ) Z t . (4.3)

Moreover, by defining

U f  = <t>+ (B)  X t and U*t = cj>* {B) X t ,

we obtain

<fi* (B)  C/f+ — 9 ( B )  Z t and <f>+ (B)  U*t = 9 (B)  Z t . (4.4)

Likewise, we factor the  MA polynomial 9 (■) into its invertible com ponent 9+ (■) and purely 

noninvertible component 9* (•). T ha t is, suppose 9 (z) =  9+ (z) 9* (z),  where

0+ (z ) = 1 +  9+z + ■ ■ • +  9+zr ^  0 for \z\ <  1,

9*(z)  = l  + 9\ z  + --- + 9*zs ±  0 for \z\ > 1,

w ith r , s  > 0 and r + s — q. Let , . . . ,  £r be the r roots of 6+ (z ) , and , . . . ,  £* be the s

roots of 9* (z). Then

r  s

e+ ( * ) = n  ^ _  and ( ^ ) = n  (x _  z /^*) ’
3  =  1 3  =  1

where |£j| >  1, j  = 1 , . . . ,  r, and |£*| <  1, j  =  1 , . . . ,  s. Note th a t 9+ =  IIy= i an<^

9* = n U t - W ' 1' ^ ow m ode  ̂ (^-3) *s further equivalent to  the model
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<t>+ (B)  <j>* ( B ) X t = e+ (B)e*  (B ) Z t . (4.5)

By defining

Vt+ = 9+ ( B ) Z t and Vt* = 6 * ( B ) Z t ,

we obtain

<t>+ (B)  Ut  = e+ ( b )  vt*, <t>* (B) ut+ = e+ (B) v;,
(4.6)

<j>+ (B)  u? = e* (B ) Vt+ , 0 * (B) Ut+ =  O' (B ) Vt+.

In the causal-invertible case, s ' =  s =  0, r' — p, and r  =  q. On the other hand, s' >  0 in 

the  noncausal case, and s >  0 in the noninvertible case. If the model (4.2) is noncausal, 

then  X t  can be expressed in term s of {Zt} ,  namely X t =  ’̂ j L - 00' ^ jZ t - j ,  where ipj is the 

coefficient of in the Laurent series expansion of 9 (z) /<j> (z), which exists in some annulus 

d < \z\ < d~1, d < 1. Similarly, if the model is noninvertible, then  we can write the noise 

Z t in term s of {At} by Zt = Yl ' jL-oo7rj X t - j > where 7Tj is the coefficient of zJ in the Laurent 

series expansion of <f>(z) /9  (z ).

For causal-invertible ARMA(p, q) models, Davis and Dunsm uir (1997) proved the asymp­

totic  norm ality of the LAD estim ator of param eter vector. Following the stra tegy  of Davis 

and Dunsm uir (1997), Pan, Wang, and Yao (2007) proposed a weighted LAD estim ation 

for the case where the  underlying noise has infinite variance, and showed th a t the proposed 

weighted LAD estim ator is asym ptotically norm al w ith the standard  root-n convergence 

rate. The idea of weighted LAD estim ation is to  give less weigh to  outlying observations, 

which has also been used for I VAR models by Ling (2005), and for ARCH models w ith 

heavy-tailed innovations by H orvath and Liese (2004). Breidt, Davis, and Trindade (2001) 

established the asym ptotic norm ality of LAD estim ator for all-pass models, which are a 

special class of noncausal an d /o r noninvertible ARMA models. In th is chapter, we estab­

lish the asym ptotic behavior of LAD estim ator for general ARMA(p, q) models, which can

be noncausal an d /o r noninvertible.

We will focus on the  deconstructed model (4.5) and study the LAD estim ator k of the 

model param eter vector n  defined as
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Let /c0 =  (0on  • • • > Ôr'< #ii> ■ • • > ^Os'^oi> ■ • • . ®oi> ■ • • > dOs)T denote the true parameter 

vector. We assume that s' and s are fixed; the asym ptotic results are also valid when the 

LAD objective function depends on s1 and s (see Remark 4.2).

4.1 LAD Criterion

The LAD criterion is derived by a likelihood approximation assuming that the underlying 

noise { Z t j  is Laplacian, like in the M A(1) setup of Chapter 3. The derivation is based on 

Lii and Rosenblatt (1996) and is similar to  that in Breidt, Davis, and Trindade (2001).

Let X \ , . . .  , X n be observed data from the model (4.5). We consider the augmented  

data vector

x = (v{_r,..., v0*,x^ p,..., x„+p, v ++p+1_„..., v++p)T

and the augmented noise vector

Z =  ^^1 —r'i • ■ ■ >Uq , Z\  _q, . . . , Z n+p, Un+p+i _ s, , . . . ,

Note that, {U^_r, , . . . ,  Uq)T is independent of {Z\ ,  Z 2, ■ ■.}. To see this, recall from (4.4)

that (f)+ (B ) U* — 9 (B ) Z%- Since (f)+ (z ) is the causal com ponent of <j> (z ), we can express 

its reciprocal as where \rj?\ <  00 . Then,

00 q

u t =  V? 5 ‘)(1 +  9i B j ) Zt- 
i=0 j = 1

Hence, £/t* G a ( Z t , Z t - 1, . . . ) ,  from which it follows that (Uf_ r, , . . . ,  Uq) T G ct(Zo, Z - 1, . . . ) .  

Likewise, (U ++p+l_ a, , . . . ,  D++p)T is independent of {Z n+P_ g, Z n+p- q- 1, . . . } .  To be specific, 

since 4>* (z)  is the purely noncausal com ponent of 4>(z), we can express its reciprocal as

0% ) =  s' VjZ~3, where Yl'jLs' \r)j \ <  00. Then, (j)* (B)  U f  =  9 (B ) Z t implies
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U ^ { Y j r ] - B ^ ) { l  + Y . 9 j B ^ ) Z t .
j=s' j = 1

So, t/t+ G a ( Z t+s' - q, Z t+S,_q+1 , . . . ) ,  from which it follows th a t (U++p+1_ s, , U + +p)T G

^{^n+p—q+ li -^n+p—g+2 ) • • •)■

The jo int probability density of z can be w ritten  as

n + p —q

h ( z )  =  h i ( u l _ r, , . . . , U o , z i - q, . . . : z Q) f z ( z t )
t= 1

n+p I >

where / z  (•) is the density of the underlying noise { Z t }. Then, the  jo in t probability density 

of x  is given by
n + p —q

h  (x) =  hi  U  f z  ( z t )
0 *

n + p - q

c (k ) / i 2 ,

t=1

where c(/c) is a function of k (see Lii and Rosenblatt, 1996). Because hi ,  /i2 > and c (« ) do 

not depend on n, we can ignore these term s when n  is large enough, and approxim ate the 

log-likelihood function of k  by

n + p - q

£ ( * 0 =  X ]  lo g /z (zt) +  (n +  p - 7 ) l og | 0 *,/0 ; | ,
t=i

where the residual sequence {zt} is a  function of k  and initial values of a set of random  

variables. Given these initial values, {zt} can be calculated from a  sequence of transfor­

m ations in Lii and Rosenblatt (1996). In practice, we can simply set these involved initial 

values to  zero for com puting {zt}.  To be specific, let { X t : t  = 1, 2 , . . . ,  n} be observed d a ta  

from the  true model w ith the param eter vector /Co- We write {zt}  as {^(/c)} to  indicate 

th a t Zt is a function of k . By defining Ut (k ) = (f> (B ) Xt ,  we obtain

Ut («) =  0* (B)  Vt+ ( k )  and V+ (k) =  0+ (B)  z t ( k )  . (4.7)

Setting
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JCj—p — • * * — .Xo — 0  and • — Xfj-j-p — 0 ,

we can calculate Ut (re) for t =  1 , . . .  , n + p .  Then, we compute zt (re) for t — 1 , . . . , n  +  p — q 

via the following two steps. Firstly, it follows from the first equation in (4.7) th a t

u t («) =  v t+ (k ) + e \ v tU  («) +  ••• +  C i ^ s+i («) +  e *sv t - s (* ).

or

v,+ W  =  4  [C/<« («) *  v + ,  (*) -  # r v + ._ ,  ( k ) --------- V + , (* )] . (4.8)

So, we com pute Ft+ (/c) for t — — s + 1 , . . . ,  n  +  p — s backwards by setting  Vt+ (re) =  0 for 

t > n  + p — s +  1 and using the formula (4.8) for t =  n  +  p  — s , . . . ,  — s + 1. Secondly, it 

follows from the second equation in (4.7) th a t

z t (re) =  Vt+ (re) - d f z t- i ( K )  0+z4_r (re). (4.9)

So, we com pute zt (re) for t  =  1 , . . . ,  n  +  p — q forwards by setting z( (re) =  0 for t < 0 and 

using the formula (4.9).

Now, if we assume th a t the d istribution of {Zt}  is Laplacian, i.e., f z  {z) =  ^  exp ,

then  the Laplacian log-likelihood function is approxim ated by

n+p-q
-  (n + p -  q) log a  -  -  V  \zt (re)| +  (n +  p -  q) log |<^,/0S* |. (4.10)

a t=l

By maximizing (4.10) with respect to  a, we obtain a = n+p_q Y l t= i ~ Q 1 zt (K)l- Then, 

substitu ting a  for a  in (4.10) we obtain the concentrated Laplacian log-likelihood function

(
n+p-q \

m k ) i j  +  (n + p - 9 ) iog i ^ ' / ^ i -  (4-n )

Note th a t, maximizing (4.11) is equivalent to  minimizing the objective function
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n+p-q
In iK) —

t= l
« 2 , W

(4.12)

and the LAD estim ator « l a d  of /c is defined as any minimizer of (4.12).

4 .2  L oca l A p p ro x im a tio n

The objective function (4.12) is not convex in /c, which complicates the study of the asym p­

totic  behavior of /c l a d - This is also the case in Davis and Dunsm uir (1997) for causal- 

invertible ARMA processes; a local linearization technique was used there to  circumvent 

the difficulty. For noncausal an d /o r noninvertible ARMA processes, however, in order to  

establish the asym ptotic results of /c l a D i an ex tra  quadratic term  is needed for local approx­

im ation using the Taylor expansion. To be specific, for t — 1 , . . . ,  n + p  — q, we approxim ate 

(«) by
T s'

0* 1
-7r ~ z t  ( k 0 ) -  D f  (/Co) ( k  -  K o ) -  X ( k  -  « o ) r  H f  (/Co) (/C -  /Co) ,

where

D * ( « )  =  -  v  =  ( A , i  ( « ) , . . ■ ,  A lP+ ,  ( « ) ) T ,

( k )  —  d n d K 1’ =  [A ,*m  (K)]f,m9= l  •

d \ p - Z t ( K )

We evaluate D tj  (/e) = --------------- ~ f°r each I = 1 , . . .  ,p + q as follows. Firstly, for

I = 1 , . . . ,  r \  we consider the first equation in (4.6), from which we have

(i _ ------ 4,+Br') u; (P) = (1 + efB + "- + etBr) vt* («),

and

vt* (k) = u; (p) -  t f u u  (P)  pr,ui_r, (P) -  o+vtu  (k)  e+vt% («),

where P  =  ( 0 j , . . . ,  Psi)T ■ Then
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^ a v .’- r  t o
r a« , '

That is, for I =  1, . . . ,  r',

On the o ther hand, it follows from V* (k) =  0* (B ) z t (k) th a t

(4.13)

<n
f t

z t («) =  p T Vt+s ( « ) - ~^rz t+s (K) ĵ +  ( ^ r ^ t+ s - i  (« )^  H--------1- 0«_i ^ ^ r ^ t + i  (/c)

So,

Ok ,
i  a y t; »

f t  Oki

a ( i . «  w ) + <*))
<9k; a/t;

T h a t is,
d

or equivalently

r  (b )

e * (b )

( ^ z t+s(K)) g. a v ; ; s (K)

a«/ (/>*, a«j

a  ( | ^  (« ) )  3V;* (K)
Oki <t>*s/ aK;

This together w ith (4.13) yields

(4.14)

e+ (B)0* ( b )  D t i ( K )  = ^ ru;_l ( P )
f t

(4.15)

Secondly, for I = r1 +  1 , . . .  ,p, we consider the equation

( B ) U + { f t ) = e + (£ )V t*(«)

in (4.6), where <j>+ — ( f t ,  • • ■ , f t ) T - By rearranging the term s, we obtain
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- » i  ( U u  w ) - - *  ( > , • _ < » > ) .

Then, for I — r' + 1 , . . .  ,p  — 1, we have

0
- r V ^ r ' - ,  ( r )  -  O t ^ T T - ,  ' -  V -dm <j>*, t+r 8 ki r 8 ki

i.e.,

*+ (B ) % k, < « 6>

It follows from (4.14) and (4.16) th a t

( ^ 2‘ w )  9
«+ { B ) r  (B) a«, =  <B > " a . ,  -  =  (4,+)'

th a t is,

e+ (B)  e* (B ) D ul (k) = ^ c / + r ,_, (<£+) • (4.17)

For I = p, we have

9 ( * V , -  (« ))

( * )
i - j  [t/+  (* + ) -  « t / + . (* + ) ----------------------------- ( ^ +)]

or
3 f 4 - V rt*(/6)') n 1

9+ <B > 1 "8K, -  <*> B‘+ ^  -  l k U‘-  { r )  ■ <4I8)

It follows from (4.14) and (4.18) th a t

8
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( r , r  ' r  '  « • '

that is,

0+ (B)  e* (B ) A ,i («) =  7 ^ 2  ^  ( ^ )  ^  (^ + ) +  (<t>+ ) ■ (4-19)
( 0 S, )  <PS>

Next, for / =  p  +  1 , . . . ,  p 4- r, by considering the equation 0  (B ) X t — 9+ (B ) Vt* (k ) in (4.6) 

we have

= -v* e+dvt-^ K) n+dVt%{K)
U + p - l  I K ) “ \  a  “ r  o  . !

dVt* (*) _ __________ _____________________  ______
dm ' t + p - i w  " l g Kl qKi

i.e.,
d v i i K )

dni
= (4.20)

It follows from (4.14) and (4.20) th a t

P + r m r , m s ( f ! ‘ w )  * . V , m W M )  «* . .

e (B ) " (B) — <B)  — ^ T -  “  v,+> - ' (,t)

T h a t is,

f)+  ( m f ) *  ( R )  D . , ('/c'l =
<t>*

0+ (2?) 0* (5 )  A ,i  («) =  VJ*+p_, (k ) . (4.21)

Finally, for I =  p +  r  +  1 , . . .  , p +  q, it follows the equation 0 (B ) X t  — 9* (B ) Vt+ (k ) th a t

e ; v t+ (K) =  t W X t + ' - v + ' W - e i v + ^ i K ) - - - - - - -

=  0 ( b ) x t+s - 1  [{e'av + a ( « ) )  +  e\  {e*av tX a_ x ( « ) )  +  • • • +  e u  ( « ) ) ]

For I — p + r  + l , . . . , p  + q — 1, we have

0 ( W W ) „  I/+
9 k , t-hp+q-lr , W

» K C w ) , , . » ( « ; p i - , w )  . „  s ( v , : , w )
+  1 9 k , + " -  +  « . - i  9 ^

and

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



9* (B )
9  ( o ; v + ,  ( « ) )

Bki

So,

. . r m 0 ( W + (*))
( ' — <9^ — - ^ % + r - i W '

(4.22)

On the o ther hand, it follows from Vt+ (K) =  0+ (B ) zt (K) th a t

and hence

a ( f j f t W )  i  d ( e ; v + M )
dK[ Bki

, w )  +  +  c : d  ( % « - ' ( *
Ok , Oki

T hat is,

e+ (b )
a  ( !* -* ,(« )) i  a (0 ;v t+ (/O)

9 k;
(4.23)

It follows from (4.22) and (4.23) th a t

1 0 ' . v + (..)
9 (B)9 (B)  fei - f t 9 (B )--------------   - f t W - *  W  '

or

e+ (B) *• (B) a , i  W  =  J - v *  (*). (4.24)

For I — p  +  g, we have

S ( » , * r + , ( « ) )  +  c , d ( p . v tl _ i W )  + . . .  +  I ® ( f ; v t+1 ( * ) ) '
Oki Oki Oki

i.e.,

r  (B) =  r  (B)  v t%a (k ) -  e ; v +  («)
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So,

e* (B) 9 ^ (/c)) = 0* (B) vt+ ( k )  -  e;vt±s («) (4.25)

It follows from (4.25) and (4.23) th a t

e+ (B)  e* (B ) 9  ^  (k)^ =  e* ( b )  9  ^ sV£ (/c) -̂ =  ±-e* ( b )  vt+ («) -  ^ v t±a («),
dni f t Oki f t f t

or

0+ (B ) 0* (B ) A ,/  («) =  ~ e *  (B)  Vt+ («) +  § r V t± s («).
YV YV

(4.26)

In summary, for t — 1 , . . . ,  n  +  p — q, and I =  1 , . . .  ,p + q, D tj  (k ) satisfies the following 

difference equations

0+ (B ) e* (B)  D u  («) =  JS-A-Z ( f t )  > for Z =  1 , . . . ,  r ',
s '

0+ (B ) 0 * (5 )  a , ;  («) =  (^ + ) - for 1 = r ' +  1- ■ ■ ■ *P -  1’
^  s'

A  (B) 0* (B)  A ,i («) =  7 ^ *  (5 )  £/+ (<£+) +  £ t / + ,, (<£+ ) , for i =  p,
K ')

0+ (JB) r  (jB) A ,i («) =  ^ V t X p - l  («)> for Z =  p +  1 , . . .  ,p +  r,

0 + (5 )  0 * (£ )  A ,( («) =  f  V +p+r_ ; («) ,  for / =  p +  r  +  1 , . . .  ,p +  9

0+ (5 )  0* (B)  A ,; («) =  - ^ 0 *  (5 )  V)+ («) +  ^ 7 + ,  («) ,  for i =  p +  9 .
s '

In particular, A ,i  (kq) is well approxim ated by

- W i j - i ,  for I =  1 , . . .  , r ' ,

t-i, for I =  r ’ +  1 , . . .  , p  — 1 ,

^  +  t*- Zt)  > for I — Pi
O s ' \  v 0 s '  /

j k w a, , - l}

O s'

io*.

'W

for I = p +  1 , . . .  , p  +  r,

for I = p + r +  1 , . . .  , p  +  q -  1 ,

. ( w » - ‘ ~ <kZ t )  • f o r ' = p +«•

where W})t, j  =  1,2,3,4,  are AR processes defined as follows.
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d > t (B )W 1,t = Z U 

r0(B)w2,t =zt+r,, 
e+{B)wu =zt+p,
0q (B ) W4>t =  Zi+p+r,

where </)q ( z ) and 4>q { z ) are the causal and purely noncausal components of <fro(z) , and 
6 q (z ) and (2) are the invertible and purely noninvertible components of Qo ( z ) .  We can 
express the reciprocals of these polynomials by

=  £ ~ o / ? M  s h  = T , 7 = s ' P p - j >0j(*) ’ *S(*) ^ 4 2 8 ^

1 _  V 00 n +zi 1 _
0q ( z )  *  ’ ^ ( 2 )  ^ , j = s a j z  >

where =  1 , /?*, =  — l/</>gs,, and a* =  l/# o s, which are easy to  check; for example,

(3*, = — 1 / 05s' obtained from

-  00 

1 = 0 5  (2) • =  0  ~  * 2 —

Now we define Q t =  ( W f ,  W j ,  W j ,  W j ) T, where

W x =  (Wu _ 1 , . . . , W u _r, )T ,

w 2 = (W2ii_w-i,...,W2,t_p+1,(W2,t_p + Zt/ ^ ) ) r ,

w 3 =  (W3,t_p- i , . . . , W 3,t- p- r )T ,

W 4 =  (W4 ,t- p- r- i , . . . , W 4 ,t_p- 9+i ) (W4 ,t- p_ 9 - Z t/ ^ ) ) :r.

0* ~
Further, let Q t =  > Q t -  Then D t (/Co) is well approxim ated by Qt. It is easy to  see from

^ 0  s ’

(4.27) and (4.28) th a t W i , W 3 €  a (Z t- i ,  Z t- 2, ■ ■ ■) and W 2 , W 4 G a (Z t+i, Z t+2, . . .). It

follows th a t Qt (or Q t) is independent of Z t , and moreover W i and W 3 are independent

of W 2 and W 4.
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Let Tq =  Cov^Qt) =  [(7;im]f>+9=1Var(Z1), then a;,m is given by

&l}m — *

E ^ X + k- H '
Y"°° ft+a +l—dj=0 Pj m| !

Y^Jts'  Pj0j+\l-m\’

E “ ,.+1 { p j f ,

E j= s ' a j-s '-r+ |(-m |>

E , w + i  / ^ ‘w

e s

E r= » +. ( « ; ) 2 '

0 ,

if l , m  =  1 , . . . ,  r',

if Z =  1 , . . .  , r ' ; m  — p + 1 , . . .  ,p  + r, 

or I =  p  +  1, . . .  ,p  +  r; m  =  1, . . .  , r', 

if l , m  =  r'  +  1 , . . .  ,p, but  ( l ,m )  ±  (p,p ) , 

if ( l ,m)  = (p,p) ,

if I = r1 + 1 , . . .  ,p-,m = p + r  + 1 , . . .  ,p  + q, 

but  (I, m)  £̂ ( p , p  + q),  

or I = p  +  r +  1 , . . .  ,p  +  q-m  =  r'  +  1 , . . .  ,p, 

but  (Z,m) + (p + q ,p ) , 

if (Z,m) =  (p ,p  +  g) or (p + q,p) ,  

if I, m  — p + 1 , . . .  ,p +  r, 

if l , m  = p + r +  1 , . . .  ,p  +  q, 

bu t ( l ,m)  /  (p +  q,p + q) , 

if (l , m ) =  (p  + q,p + q) ,  

otherwise,

where a t  =  /? t =  0 for j  <  0, a* =  0 for j  < s, and (3* — 0 for j  < s’.

In addition, further derivations show th a t, H t (kq) is well approxim ated by

R ■t ~ t - j
3=~ 00

P + 9

l,m=l

where is a sequence of constants such th a t Y2p=-oo \hj,lm\ <  00  f°r each ( j ,m )  pair.

Notice th a t, each element of m atrix  R ( is a linear combination of all Z t 's. But, as we will 

see in the next section, among these constants h j tim we only need to  deal w ith the ones 

associated w ith Z t . M atrices 'S' =  and = ibim — — are defined
’ ’ i l , m = 1 u0s

for this purpose. T h a t is, instead of evaluating R j explicitly, we only need (or * )  to
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establish asymptotic results of the LAD estimator. The element ipitm is given by

if I =  1 , . . . ,  r ' \ m  = r' +  1 , . . . ,  p,

or I = r' + 1 , . . .  , p ; m  =  1 , . . .  , r' ,  

if I — 1 , . . .  = p + r  + 1 , . . .  , p  + q,

or I — p  +  r + 1 , . . .  ,p  +  q; m  =  1 , . . .  , r ' ,  

if I =  r' +  1 , . . .  ,p- m  — p  +  1 , . . .  , p  +  r,

or I — p + 1 , . . .  ,p  + r ' ,m — r' + 1 , . . .  ,p, 

if I = p + 1 , . . .  , p  + r ; m  = p + r + 1 , . . .  , p  + q,

0

or I = p + r + 1 , . . .  ,p  + q-,m = p + 1 , . . .  ,p + r, 

otherwise.

4 .3  A sy m p to t ic  P r o p e r tie s  o f  L A D  E stim a to r

Now we assume th a t the underlying noise { Z t j  is from a scale family w ith probability density

hence Var(Zt) =  a 2. We assume th a t E (Zt)  =  0, E [sgn(Z t)] =  0, and E ( Z 2) < oo.

In order to  establish asym ptotic results of the LAD estim ator « l a d > we build sample size 

into a new param eterization, namely k  — Kg + v /y /n .  Then, under this param eterization, 

minimizing (4.12) with respect to  k  is equivalent to  minimizing

with respect to  u. We first prove a functional lim it result for Sn (u), which states the 

convergence of S n (u) in d istribution on C (Rp+q) to  a lim it process S  (v) th a t is a quadratic 

function in v.  Let ? la d  denote any minimizer of Sn (v). Then, it follows from Rem ark 

1 of Davis, Knight, and Liu (1992) th a t there exists a sequence of minimizers P la d  th a t 

converges in d istribution to  the unique minimizer of 5  (v). B ut, the weak convergence of 

P l a d  is equivalent to  th a t of y/n  (/c l a d  — Ko)- So, asym ptotic results of /Cl a d  are readily

function f z  (2 ) =  (y) ,  where a > 0  and /  (•) is chosen such th a t  J^  z 2f ( z ) d z  =  1 and
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obtained.

We first sta te  a result to  be used in the derivation, which is a modified Lem ma 1 of 

Breidt, Davis, and Trindade (2001).

P r o p o s i t io n  4 .1  (Andrews, 2003) Suppose {Y^} and {Vt} are linear processes given by

O O  O O

Yt = CjZt-j  and Vt =  ^  d j z t - j ,
j=—oo j=—oc

where cq — 0, Yl'jL-oo \cj\ < °°> Yl fL-oo \dj\ <  °°> and {Zt}  ~  IID(Q,t 2) with median zero 

and common distribution funct ion Fz  that is continuously differentiable in a neighborhood 

of zero. Then

n

Sn = J 2  (IZt -  Y t /y /n  -  Vt/n\  -  \Zt \) 4  Var(Yt) f z  (0) -  d0E \ Z t \ +  N,
t = l

where Var{Yt) — YlpL-oc cj r2 > f z  the density funct ion corresponding to Fz , and N  is a 

random variable such that

O O  \

0 , 7 * (0 ) +  2 ^ 7 * (h) ,
h= 1 /

7 * (h) = E[Yt s g n (Z t ) Y t+hsgn(Zt+h)].

The functional lim it result for S n {v) is proved via several steps.

L e m m a  4 .2  For u 6 R p+g, define

n + p - q

Stn (v ) =
t= 1

0 s  7  

^ 0s'
Q Tv
\ / f i 2 n

A*
“os

O s'

Then  S* (i/) S  {v) on C  ( W +g) where

S  (v) =
^ 0s'

v 1 ( (0) +  -%lE\Z\ \ \ v  + v N
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h=l
with N  ~  N[  0 ,T q  +  2 ^2 s  ( h ) ) and E  (/i) =  £  Q tQ J+hsgn(Z t) sgn (Z t+h)

P ro o f . Note th a t

70s

^ 0  s '

n + p - q

E
i= 1

Q J v  1 T M
— — V

y/n  2 n
w
?o,

W ith Yf =  Q j v  and Vt =  \ v T u, we have

Var (Yt) = Var ( Q j v ' j  = v T C o \  ^Q t j  v  = v t T ^ u ,

1T / y

and

7 * (/i) =  E  [Yjsgn (Z<) Y ^ s g n  (Zt+h)] =  i/t E Q t Qf+/lsgn (Z*) sgn (Zt+h) i/ =  i/r E  (/i) i/,

for h — 0, ± 1 , . . . .  Now applying Proposition 4.1 to

n + p —q

E
t=i

7  _  Q* ^ __ 1 r
* v^n 2n

Os'

98.
R t U

we obtain

n + p - g

S  ( l Z i ( %f Rt ) ‘' I - |Zt| )

^  ( F q / z  (0 ) +  i * E  |Z i |)  1/ +  v TN ( o ,  £  (0 ) +  2  §  £  (fc)

Note th a t £  (0) =  T q . Then it follows from (4.29) th a t, for any given i/,

S l ( u ) ± S ( v ) .

(4.29)

Since S^, has convex sample paths, the weak convergence is in fact on C  

Knight, and Liu, 1992). ■

(Davis,
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R e m a r k  4.1. Let S  (h) =  [cr/ m ( h ) } ^ =1 E2 |Zi|, then, for h >  0

oi,m {h) = <

0H--r'+lPh—m ’ if I =  r1 +  1 , . . . p ; m — 1 , . . . r ’

P l a +-r'+l h+p—m1 i f / =  r '  +  l , . . . p ; m = p +  1 . . . , p  + r,

a h- Q+
-p—r+l^h—m 1 if I = p + r  + 1 , . . . , p + q-,m --— 1 r*— x, . . . , / ,

a *h- a +-p—r+l h+p—m if I = p + r + 1 , . . . , p + q \m = p +  1 , . . .  ,p +  r

o, otherwise.

L e m m a  4 .3  For v  G Mp+9, define

n+p-q

S > M =  E
t=l

e0s .  ̂ («o)*' l/TH t (Ko) ^
(Ko)

^Os' n 2 n
y0s

<A
(«o)

Os'

Then,

1. S i  (i/) -  S |  (*/) ^ O o n C  (Rp+9), and

2 .  5 i ( i / )  5 ( 1 / )  o n C ( R p + 9 ) .

P ro o f . 1. Note th a t, when n  is large enough,

OO

Z t =  Y l  a t  V t+- i  and Zt ('s°) =  2  a t  V t - i  (Ko)
i=o

for t =  1 , . . . ,  n  +  p — q, and

«-i

t = 0

^«+ =  E ^ + j ^ + '+ j
i=o

n+p—s—t
and R + ( k0) =  ^

i=o

(4.30)

(4.31)

for t = n + p — q , . . .  , m ax(p  — s,0 ) +  1, where C/t =  <j)o (B )  X t . Therefore, for t 

m ax (p — s, 0 ) +  1 , . . . ,  n  +  p  — q,

\Zt -  z t (/c0)| =
t— 1 oo

E “ * ( + •  -  v’i- i(« o ))  +  E “ T . t .
j= 0 i=t
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<
t - 1

i = 0

t - 1

+ E N C ,
i = t

X ^ a i" X I  a s+ j^ t-i+ s+ j
»=0 j = n + p — s —(t—i ) + l

+ +
t —i

i = t

and hence

n + p - q

lim su p E  | Zt — zt («o)| <  Const EE |a^"| —> 0, as M  —> oo.
t = M t = M  i = t

One can see th a t similar results hold for E  ̂ lim s u p ^ ^  X)”=M ? 1^*4 — (Ko)|) and

E^limsupyj^oo J2t=M~q \R t,im -  H t M  (k0) |)  for I, m  =  1 , . . .  ,p  +  q, where Qu  is the Ith 

component of Q t , and Rtjm  is the (l , m ) element of Rf. It follows from the  triangle in­

equality as well as these results th a t S„ (v) — Sn (v) —> 0  in probability on C  I

2. The result follows from P a rt 1 together with Lemma 4.2. ■

T h e o re m  4 .4  Sn (v) S  (v) on C  (Mp+<?).

P ro o f . We have

S n M  =
n + p —qrp-q /

E ( rfztiKo + v/Vn)
t = l  v s 

n + p - q  ,

E (^7^(/c o + v/y/n)
t= l  x s

(Ko)
v O s ' )

Os
) Zt («o) -  ^  -

D f (/cp)t/ UTHt(Ko)u 
2n ) + s ;  (u)

It follows th a t

n + p - q

S n { v ) - S \ { v ) \ < -  £
t = l

where k \ is between «o and +  v j ^ /n .  Since k \ —> Kq, the term  on the  right-hand side 

converges to  zero in probability on C '(E P+9). Therefore, S n (u) have the same limit as

Sn {v). T h a t is, S n (v) S  (v) on C

Note th a t, the  lim it process S  (v) is a quadratic function in v  and hence has a unique 

minimizer — (^2T^ fz  (0) +  ’i 'E  \Z\\^ N , which is a normal random  vector. Then, asymp-

129

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



totic results of « la d  im m ediately follow from Rem ark 1 of Davis, Knight, and Liu (1992). 

T h e o re m  4 .5  There exists a sequence of local L A D  estimators k l a d  such that

Vn ( k la d  -  «o) ^  -  (21\ f z  (0) +  * E \ Z ^ )  N , (4.32)

where N  ~  n ( o ,  Tq +  2 §  £ (h)J .

R e m a rk  4.2. The asym ptotic results are also valid when the LAD objective function 

depends on s' and s. This is because th a t, under the param eterization k = kq + v/>Jn , k 

converges to  Kq and hence s1 and s converge to  their corresponding true  value.

The asym ptotic norm ality of the LAD estim ator A lad  of the original param eter vector 

A =  (<f>i, . . . ,  <f)p, 0 i , . . . ,  0q)T can be obtained from th a t of « la d  by standard  techniques.

There exists a sequence of local LAD estim ators Alad such th a t

V n  (Alad -  A0)  -  - R  ( 21^  (0) +  * E  | Z i | ) _1 N ,

(  OO \  /  f)\ \
0, T q  +  2 £  (h) ) and R  =  ( -g-A ) U=Ko is com puted from the trans-

h=l J 1 ' jA—1
form ation between « and A. To be specific, since (z ) =  (f>+ (z) 4>* (z), or

1 -  4 > x z-------<t>p z p = (l -  4 r [ z    (f “ § \ z ------- $ *s,zS) >

we obtain

<f>j =  <
•3 1 A +  A *  A — 1  ̂ r >

* 1  + *3 -  S . ,  * =  1- ■ ■ (4.33)

W -  S=5-r' t j -M' j = r‘ + 1

where <f>Q — — 1, (f)  ̂ =  0 for j  >  r ’, and (j)j =  0 for j  >  s'. Likewise, since 0 (z) —

6+ (z ) 0* (z), or

1 +  9lZ +  • • • +  9qz q = ( i  + 0+z + . . .  + e+zr) (1 +  Q\z +  ■ ■ • +  9*zs) ,
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we obtain
/

k=j—r j —k k ’

(4.34)

where 9q — 9q =  1, 0 t  =  0 for j  >  r , and 9* — 0 for j  > s .  It follows from (4.33) and 

(4.34) th a t the transform ation between k  and A is given by

R e m a r k  4.3. We conjecture th a t, if the global LAD estim ator Kn (or A„) is consistent, 

then it has the same asym ptotic normal law as k l a d  (or A l a d ) '  The following sim ulation 

study supports our conjecture.

4 .4  N u m e r i c a l  S t u d y

4 .4 .1  S im u la tio n  S tu d y

In this subsection we conduct a sim ulation study to  evaluate the asym ptotic theory. The 

da ta  { x t } are generated from the ARMA(1,1) model X t  — 4>oXt- \  = Z t + 9oZt- \ .  The 

value of true  param eter vector (</>o, &o) is taken to  be (0.9,1.1), (0.5,1.5), and (0.1,1.9), and 

we use two different types of the underlying noise {Z t j  to  sim ulate data: the Laplacian 

distribution w ith the scale param eter a  =  1.0 and the S tuden t’s t  distribution w ith 3 

degrees of freedom. We consider two sample sizes of 500 and 5000.

For each case, we sim ulate 1000 replications, and report the empirical mean, standard  

deviation, and percent coverage of nominal 95% confidence intervals (CIs) as in the sim­

ulation study  of Breidt, Davis, and Trindade (2001). To com pute the percent coverage of 

nominal 95% CIs, the empirical CIs are com puted from the asym ptotic theory for each of 

1000 replications. To be specific, once the estim ates <f>n of <fi and 9n of 9 are obtained for

Kj +  K-r'jf-j l{j<s'} — X^fc=l +k^-{k<s'}

Kr '_|_jl{j<s/j = j —r’ Kj — kKr,+k^-{k<sl}t

/‘*V +.jT {j<s} +  Y l k = J j - p - r  K' j —k Kp + r + k ^ - { k < s } j

Kj—fc^p+r+fcl{fc<s}i j  — P  T  1,  • ■ ■ , p  +  r,

'ij-fcKp+r+fcl{fc<s}, j  = p  +  r + l , . . . , p  +  q.

1 1 1 !
1 Kj-kKr'-\-k^{k<s'} i 3 — t ,  . . . , T ,

'-j — fc^r'+fcl{fc<s'}> j  — r  T  1 , .  ■. , P-
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each replication, we fit the model and calculate the residuals | zt((f>n , 9n ) j ■ Then, V ar(Z i) 

is estim ated by the empirical variance of the residuals, E |Z i| is estim ated by the empirical 

mean of the absolute values of residuals, and f z  (0) is estim ated by the norm al kernel den­

sity estim ation a t zero w ith a default norm al scale bandw idth selector. Hence the standard  

errors of 4>n and 6n can be estim ated and the 95% confidence intervals constructed. We also 

report 95% confidence intervals for the empirical mean, standard  deviation, and percent 

coverage. The asym ptotic mean and standard  deviation are based on (4.32).

The m ethod of Nelder and M ead (1965) is used to  search for the minimizer of the LAD 

objective function, which uses only function values and is robust b u t relatively slow. It 

works reasonably well for non-differentiable functions. In order to reduce the chance of 

being trapped  in a local minimum, we use 10 s tarting  values for each replication and find 

the optim ized value with each of them . Then, among the 10 values, we choose the one th a t 

gives the smallest evaluation of the LAD objective function as the estim ate.

The results when the underlying noise follows a S tuden t’s t  d istribution are reported in 

Table 4.1, while those when the noise follows a Laplacian distribution are reported in Table 

4.2. We can see th a t, the two sets of results are com parable regarding the LAD estim ates 

and empirical standard  deviations. The confidence interval coverages with the Laplacian 

noise tend  to  be a little higher than  those with the S tudent’s t  noise. B ut, except for the 

LAD estim ates of 6 when {4>o,9q) =  (0.9,1.1), confidence interval coverages are close to  the 

nominal 95% level.

Empirical standard  deviations are in agreement w ith asym ptotic ones when sample 

size is 5000, bu t a b it larger than  asym ptotic ones when sample size is 500. The LAD 

estim ates of are approxim ately unbiased except a few cases: {4>o, $o) =  (0.5,1.5) w ith the 

Laplacian noise and (<f>o,9o) =  (0.9,1.1) with both  types of noise, when sample size is 500. 

In these cases, there is some negative bias in the LAD estimates. The boxplots and normal 

probability plots indicate th a t the bias is due to  a relatively small num ber of small outliers; 

except the outlying values, most of the LAD estim ates follows the asym ptotic normal law 

quite well.
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Table 4.1: Estimates for ARMA(1,1) model X t — f o X t - i  = Z t + 6oZt- \ , Z t ~  IID t (3).

n
Asym ptotic Empirical

Mean Std. dev. Mean (Cl) Std. dev. (Cl) % Coverage (Cl)

500
4> o =  0.9 

0o = 1.1

0.0153

0.0177

0.8970 
(0.8960, 0.8980) 

1.1644 
(1.1604, 1.1685)

0.0166 
(0.0159, 0.0174) 

0.0655 
(0.0627, 0.0685)

95.8 
(94.6, 97.0)

47.9 
(44.8, 51.0)

5000
4>o — 0.9 

0o = 1.1

0.0048

0.0056

0.8995 
(0.8992, 0.8998) 

1.1070 
(1.1064, 1.1076)

0.0048 
(0.0046, 0.0050) 

0.0093 
(0.0089, 0.0098)

95.9 
(94.7, 97.1) 

74.6 
(71.9, 77.3)

500
<t> o = 0.5 

0o =  1.5

0.0317

0.0614

0.4981 
(0.4960, 0.5001) 

1.5113 
(1.5070, 1.5156)

0.0333 
(0.0319, 0.0349) 

0.0689 
(0.0660, 0.0720)

96.0 
(94.8, 97.2) 

95.2 
(93.9, 96.5)

5000
0  o =  0.5 

0o =  1.5

0.0100

0.0194

0.4992 
(0.4986, 0.4998) 

1.5005 
(1.4992, 1.5018)

0.0099 
(0.0095, 0.0104) 

0.0206 
(0.0197, 0.0216)

95.4 
(94.1, 96.7) 

94.9 
(93.5, 96.3)

500
0o =  0.1 

0o =  1.9

0.0395

0.1219

0.0999 
(0.0973, 0.1026) 

1.9185 
(1.9097, 1.9274)

0.0425 
(0.0408, 0.0445) 

0.1434 
(0.1374, 0.1500)

96.0 
(94.8, 97.2)

96.1 
(94.9, 97.5)

5000
0o =  0.1 

0O =  1.9

0.0125

0.0386

0.0993 
(0.0985, 0.1001) 

1.8997 
(1.8972, 1.9023)

0.0124 
(0.0119, 0.0130) 

0.0410 
(0.0393, 0.0429)

95.4 
(94.1, 96.7)

95.4 
(94.1, 96.7)
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Table 4.2: Estimates for ARMA(1,1) model X t — 4>oXt~i =  Zt + 6oZt- i ,  Z t ~  IID Laplacian.

n
Asym ptotic Empirical

M ean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

500
0o =  0.9 

00 =  1.1

0.0138

0.0160

0.8972 
(0.8962, 0.8981) 

1.1610 
(1.1574, 1.1647)

0.0154 
(0.0148, 0.0161) 

0.0589 
(0.0564, 0.0616)

96.8 
(95.7, 97.9) 

49.6 
(46.5, 52.7)

5000
0o =  0.9 

0o -  1.1

0.0044

0.0050

0.8997 
(0.8994, 0.9000) 

1.1065 
(1.1060, 1.1070)

0.0045 
(0.0043, 0.0047) 

0.0087 
(0.0083, 0.0091)

97.6 
(96.7, 98.5) 

75.8 
(73.1, 78.5)

500
0o =  0.5 

0O =  1.5

0.0282

0.0547

0.4965 
(0.4946, 0.4985) 

1.5024 
(1.4986, 1.5062)

0.0314 
(0.0301, 0.0328) 

0.0607 
(0.0581, 0.0635)

97.1 
(96.1, 98.1) 

97.0 
(95.9, 98.1)

5000
0o =  0.5 

0O =  1.5

0.0089

0.0173

0.5000 
(0.4994, 0.5005) 

1.4997 
(1.4986, 1.5007)

0.0091 
(0.0087, 0.0095) 

0.0171 
(0.0164, 0.0179)

97.1 
(96.1, 98.1) 

98.0 
(97.1, 98.9)

500
0o =  0.1 

0O =  1.9

0.0344

0.1060

0.0976 
(0.0951, 0.1000) 

1.8985 
(1.8909, 1.9060)

0.0396 
(0.0379, 0.0414) 

0.1219 
(0.1168, 0.1275)

98.3 
(97.5, 99.1) 

97.0 
(95.9, 98.1)

5000

i-H 
CD 
r-4

II 
II

0.0109

0.0335

0.1000 
(0.0993, 0.1007) 

1.8987 
(1.8966, 1.9007)

0.0112 
(0.0107, 0.0117) 

0.0329 
(0.0315, 0.0344)

97.8 
(96.9, 98.7) 

98.2 
(97.4, 99.0)
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Table 4.3: Estimates for ARMA(1,1) model X t  — (poXt~\ — Zt + O^Zt-i,  Zt ~  HD t (3).

Asym ptotic Empirical
n Mean Std. dev. M ean (Cl) Std. dev. (Cl) % Coverage (Cl)

(po -  0.9 0.0153 0.8970 0.0166 95.8
500 (0.8960, 0.8980) (0.0159, 0.0174) (94.6, 97.0)

0o -  IT 0.0177 1.1644 0.0655 47.9
(1.1604, 1.1685) (0.0627, 0.0685) (44.8, 51.0)

(po — 0.9 0.0048 0.8995 0.0048 95.9
5000 (0.8992, 0.8998) (0.0046, 0.0050) (94.7, 97.1)

0o =  1.1 0.0056 1.1070 0.0093 74.6
(1.1064, 1.1076) (0.0089, 0.0098) (71.9, 77.3)

<Po — -0.9 0.0153 -0.8963 0.0173 94.9
500 (-0.8973, -0.8952) (0.0166, 0.0181) (93.5, 96.3)

0o =  -1-1 0.0177 -1.1611 0.0691 52.3
(-1.1654, -1.1568) (0.0662, 0.0723) (49.2, 55.4)

(po — -0.9 0.0048 -0.8996 0.0048 96.0
5000 (-0.8999, -0.8993) (0.0046, 0.0051) (94.8, 97.2)

0o =  -1.1 0.0056 -1.1072 0.0097 75.9
(-1.1078, -1.1066) (0.0093, 0.0101) (73.2, 78.6)

(po = -0.9 0.0188 -0.8935 0.0164 97.2
500 (-0.8953, -0.8917) (0.0153, 0.0178) (95.3, 99.0)

0o =  1-1 0.0217 1.1058 0.0208 96.5
(1.1036, 1.1081) (0.0193, 0.0226) (94.5, 98.5)

<po =  -0.9 0.0059 -0.8996 0.0059 97.0
5000 (-0.8999, -0.8992) (0.0057, 0.0062) (95.9, 98.1)

0o =  1-1 0.0069 1.1001 0.0074 95.1
(1.0997, 1.1006) (0.0070, 0.0077) (93.8, 96.4)

cpo =  0.9 0.0188 0.8946 0.0176 96.3
500 (0.8926, 0.8966) (0.0163, 0.0192) (94.1, 98.4)

0o =  -1.1 0.0217 -1.1051 0.0212 97.0
(-1.1075, -1.1027) (0.0196, 0.0231) (95.0, 98.9)

(po =  0.9 0.0059 0.8994 0.0063 95.2
5000 (0.8990, 0.8998) (0.0060, 0.0065) (93.9, 96.5)

0o =  -1.1 0.0069 -1.1003 0.0075 95.8
(-1.1007, -1.0998) (0.0072, 0.0078) (94.6, 97.0)
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Overall, the LAD estim ates of 9 exhibit a similar pa tte rn  to  those of 4>. However, the 

estim ation of 9 seems a little harder th an  th a t  of <j>, especially when 9q is close to  the unit 

circle. In the cases where bias exists in the estim ates of 9, it is a  positive ra ther th an  negative 

bias, which is due to  a relatively small num ber of large outliers. O ther com binations of 

(</>o,0o) value are also considered, showing th a t the estim ation becomes more difficult and 

the convergence becomes slower when 9o or 4>q gets close to  the unit circle. Moreover, given 

a Qq value, a change of (f>o value does not affect sim ulation results much; in contrast, for 

a given 4>o value, a change of 9q value affects sim ulation results to  some extent. Further 

investigations are needed to  explore more on this.

We also investigate the sym m etry of the LAD estim ates for the case when (</>o,0o) =  

(±0.9, ±1.1) and the underlying noise follows a S tuden t’s t d istribution. The results are 

reported in Table 4.3. It shows th a t, the empirical results are sym m etric about the origin, 

which is in agreement w ith asym ptotic theory. Note th a t, w ith true  value of (—0.9,1.1) 

or (0 .9 ,—1.1), the performance of 9 estim ates improves a lot com pared w ith th a t with 

true  value of (0.9,1.1) or (—0 .9 ,—1.1). Actually in former cases, the ARM A(1,1) model 

is approxim ately an all-pass model with 4>q =  —0.9 or 0.9, and the  sim ulation results are 

com parable to  those in Breidt, Davis, and Trindade (2001).

Figure 4.13 is the contour plot of ln (<f), 9) j n  when (<f>o, 9o) — (0.5,1.5) and the  underly­

ing noise follows a S tuden t’s t  distribution. From the figure we can see th a t the true  value 

of (0.5,1.5) is the unique global minimizer of ln (<f>, 9) jn .

4.4.2 A pplications

1. Microsoft stock trad ing  volumes

Figure 4.14 shows the natu ral logarithm s of the volumes of Microsoft stock traded  over 

755 transaction days from 06/03/96  to  05/27/99. The sample autocorrelation function 

(ACF) and partial autocorrelation function (PACF) of the log-volume series are displayed 

in Figure 4.15, indicating th a t an AR model of order 3 or 1 might be appropriate. The 

d a ta  were also studied by Breidt, Davis, and Trindade (2001); they fitted  an AR(1) model
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(a) True value ~ (0.9,1.1) (b) True value ■ (0.5,1.5) (c) True value = (0.1,1.9)
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Figure 4.1: Boxplots and Normal probability plots of 0 estimates when n =  500 and {Z t j ~  HD 
t ( 3). (a) (0o, 0o) =  (0.9,1.1). (b) (0o, 0o) =  (0.5,1.5). (c) (<f>0, 60) =  (0.1,1.9).

(a) T ru e  v a lu e  *  (0 .9 ,1 .1 )  (b) T rue  v a lu e  -  (0 .5 ,1 .5 )  (c) T rue  v a lu e  = (0 .1 ,1 .9 )

Norm al Q -Q  P lo t N orm al Q -Q  P lo t N orm al Q -Q  P lo t
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Figure 4.2: Boxplots and Normal probability plots of 6 estimates when n =  500 and {Zt} 
t (3). (a) (0o, 9q) = (0.9,1.1). (b) (0o, 60) = (0.5,1.5). (c) (00,0O) = (0.1,1.9).
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(a) True value = (0.9,1.1) (b) True value ■ (0.5,1.5) (c) True value = (0.1,1.9)
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Figure 4.3: Boxplots and Normal probability plots of <f> estimates when n — 5000 and {Z t j  ~  IID 
t ( 3). (a) (0o,0o) =  (0.9,1.1). (b) (0o, 0o) =  (0.5,1.5). (c) (0O,0O) = (0.1,1.9).

(a) T rue  v a lu e  ~  (0 .9 ,1 .1 )  (b) T ru e  v a lu e  s  (0 .5 ,1 .5 )  (c) T rue  v a lu e  s  (0 .1 ,1 .9 )
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Figure 4.4: Boxplots and Normal probability plots of 9 estimates when n =  5000 and {Zt} ~  IID 
t (3). (a) (0o, 90) = (0.9,1.1). (b) (00,00) =  (0.5,1.5). (c) (00,0O) = (0.1,1.9).
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(a) True value = (0.9,1.1) (b) True value = (0.5,1.5) (c) True value = (0.1,1.9)
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Figure 4.5: Boxplots and Normal probability plots of 4> estimates when n = 500 and {Z t j  ~  IID 
Laplacian. (a) (4>0,6o) = (0.9,1.1). (b) (4>0,90) =  (0.5,1.5). (c) (4>o,90) = (0.1,1.9).

(a) T rue  v a lu e  s  (0 .9 ,1 .1 )  (b) T ru e  v a lu e  = (0 .5 ,1 .5 )  (c )T ru e  v a lu e  ~  (0 .1 ,1 .9 )
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Figure 4.6: Boxplots and Normal probability plots of 6 estimates when n =  500 and {Zt j  ~  IID 
Laplacian. (a) {<po,0o) =  (0.9,1.1). (b) (^o,0o) =  (0.5,1.5). (c) (0o,^o) =  (0.1,1.9).
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(a) True value = (0.9,1.1) (b)True value =(0.5,1.5) (c) True value ■(0.1,1.9)
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Figure 4.7: Boxplots and Normal probability plots of 4> estimates when n — 5000 and {Z t j  ~  IID 
Laplacian. (a) o) =  (0.9,1.1). (b) (<̂ 0,0o) = (0.5,1.5). (c) (4>o,00) = (0.1,1.9).

(a) T ru e  v a lu e  s  (0 .9 ,1 .1 )  (b )T ru e  v a lu e  = (0 .5 ,1 .5 )  (c) T rue  v a lu e  -  (0 .1 ,1 .9 )
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Figure 4.8: Boxplots and Normal probability plots of 6 estimates when n =  5000 and {Z tj  ~  IID 
Laplacian. (a) (<f>O,0O) = (0.9,1.1). (b) {<j>o,0o) =  (0.5,1.5). (c) {(f>o,60) = (0.1,1.9).
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(d) True v a l u e * (0.9, -1 .1 )

Theoretical Quantiles

Figure 4.9: Boxplots and Normal probability plots of 0 estimates when n = 500 and {Z t} ~  
IID t (3). (a) (<h,0Q) =  (0.9,1.1). (b) (0O,0O) = (-0 .9 ,-1 .1 ). (c) (0O,0O) =  (-0.9,1.1). (d) 
(0 o A ) =  (O .9 ,-l.l).

(a) True value * (0 .0 ,1 .1 ) (b) True value * (-0.9, -1.1] (c) True value * (-0 .9 ,1 .1) (d) True value = (0.9, -1.1)
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Figure 4.10: Boxplots and Normal probability plots of 9 estimates when n = 500 and {Z t j
IID t (3). (a) (0o, 0o) =  (0.9,1.1). 
(0o, 0O) =  (0.9,-1.1).

(b) (0o, 0O) =  (-0 .9 ,-1 .1 ). (c) (0o, 0O) = (-0 .9 ,1 .!). (d)

141

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(a) T rue v a lu e  *  (0 .9 ,1 .1 )  (b) True va lu e  -  (-0 .9 , -1 .1 )  (c) True va lu e  -  ( -0 .9 ,1 .1 )  (d) True va lu e  ■ (0.9, -1 .1 )

1 .
? 4 -

S
?  “ 1 o 4 -

8 - 
I  °t
t
i  ? 'UJ °

$

Es
tim

at
e#

 
of 

ph
i

90
5 

-0
.8

95
 

I 
i 

i

B Es
tim

at
es

 
of 

ph
i

-0
.9

0 
-0

.8
9 

I 
i

a Es
tim

at
es

 
of 

ph
i 

0.8
9 

0.9
0 

C

B

i  * - j -

?

•
?  ' i 8  - ■ t

?

Normal Q-Q Plot

Figure 4.11: Boxplots and Normal probability plots of <j> estimates when n = 5000 and {Z t j ~  
IID t(3). (a) (4>o,90 ) = (0.9,1.1). (b) (00,ff0) = (-0 .9 ,-1 .1 ). (c) (J>0 , d 0 ) = (-0.9,1.1). (d) 
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Figure 4.12: Boxplots and Normal probability plots of 6 estimates when n =  5000 and {Z t } ~  
IID t (3). (a) (0o, 60) =  (0.9,1.1). (b) (0 O,0 O) =  (-0 .9 ,-1 .1 ). (c) (0O,0o) =  (-0.9,1.1). (d) 
(0 o ,0 o) = (0.9,-1.1).
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Figure 4.13: Contour Plot of ln (<fr, 6) fn  when {<j>Q, 0O) =  (0.5,1.5), and noise {Zt j  ~  IID t (3).

to  the log-volume series for the illustration of noncausal AR model fitting using all-pass 

models.

We firstly use the function “ar” in R  package to  autom atically select order and fit an 

AR model to  the log-volume series, which results in the following causal AR(3) model:

X t = 0.5139Xt_i +  0.0237Xt_2 +  0.1378At_3 +  W t . (4.36)

The ACF of resulting residuals {W t}  (Figure 4.16 (a)) indicates th a t  {W t}  are white noise. 

However, the ACFs of {W f}  and {|Wt|} (Figure 4.16 (b) and (c)) suggest th a t {W t}  are not 

likely to  be independent, as both  {VFt2} and {|W t|} have significant lag 1 autocorrelation. 

Now, a direct AR(3) fit using LAD estim ation yields a purely noncausal AR(3) model

X t = —0 .0 6 4 4 A j _ !  -  3 .3 9 5 9 X t_2 +  6 .4 1 6 5 A t_ 3 +  Z u (4 .37 )

with all roots 0.7910 and —0.1309±0.4241i inside the unit circle. The residuals {Z t } appear
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Figure 4.14: Log-volumes of Microsoft stock.

independent based on the ACF plots in Figure 4.17. Therefore, the model (4.37) seems 

more appropriate for this log-volume series.

One also could check all possible AR(3) model fits by flipping the roots of AR poly­

nomial of the model (4.36). The purely noncausal representation of the process {A/} in 

(4.36) is

X t = -0.172.X t_i -  3.7292Xt_2 +  7.2564Xt_ 3 +  Ut .

The ACF plots of the  residuals {Ut} in Figure 4.18 are almost identical to  their counterparts 

in Figure 4.17.

2. W al-M art stock trad ing  volumes

In th is example we study the volumes of W al-M art stock traded  daily on the New York 

Stock Exchange from 1 /1 /03  to  12/31/04, which are shown in Figure 4.19. The sample 

ACF and PACF plots of the volume series are given in Figure 4.20. The d a ta  appear heavy­

tailed instead of Gaussian. Moreover, the first half { W}/!® and the second half { X t } ^ 2i9 

of the series display different m ean structures. One could model the two halves separately. 

Nevertheless, we consider the whole series here, and use ITSM  package (Brockwell and
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Figure 4.15: (a) ACF of log-volumes. (b) PACF of log-volumes.

(a) (b) (c)

o

o

b

CsJ

ob

0 20 4010 30

o

b

b

b

b

o
o

0 10 20 30 40

p

b

b

o

b

ob

0 10 20 30 40

Figure 4.16: (a) ACF of {Wt}. (b) ACF of {W ?}. (c) ACF of {|Wi|}.

145

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(a) (b) (c)

AC
F 

of 
S

qu
ar

es
 

D 
02

 
0.4

 
0.6

 
0.8

 
1.

0
I 

l 
i 

i 
I

.......... 1.1........... 1 . . . I . . i l l ........... 1
'1 ‘I  1 ° 4 -''i rv it

“i--------1--------1--------r
10 20 30 40

time lag

t 1--------1--------r
10 20 30 40

time lag

i l . l l l i .  Ii l l . l . .  i. I l l  llI’JI |..... 11 I }
T----- 1-----1----- 1---
0 10 20 30 40

time lag

Figure 4.17: (a) ACF of {Zt}. (b) ACF of { Z 2}. (c) ACF of {\Zt \}.

(a) (b) (e )

■ H . I...I.

T-----1-----1----- 1---
0 10 20 30 40

Lit____ i l l  lli I

time lag time lag

Figure 4.18: (a) ACF of {Ut}. (b) ACF of {U2}. (c) ACF of {|C/t |}.
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Davis, 1996) to autom atically select orders and fit an ARMA model to  the data , which 

yields the following causal-invertible ARMA(3,1) model:

X t =  1.357X 4-1 -  0 .2 8 4 2 X (- 2  -  0 .0 8 3 1 6 X t_ 3 +  W t -  0 .9 5 1 2 W t_ i .  (4 .3 8 )

The ACF of resulting residuals {W t}  (Figure 4.21 (a)) indicates th a t  {W t}  are white noise. 

However, they are not likely to  be independent because both  {W .f} and {|W j|} have signif­

icant lag 1 autocorrelation (Figure 4.21 (b) and (c)).

Now we fit an ARMA(3,1) model using LAD estim ation, yielding

X t = 0 .8 4 9 6 X t_ i  -  0 .0 4 9 1 X 4 -2  -  0 .0 1 1 4 X 4 -3  + Z t -  2 .2 8 0 0 ^ 4 -1 . (4 .3 9 )

This is a causal-noninvertible ARMA(3,1) model with roots —11.4453, 5.8495,1.3054 of the 

AR polynomial <fi (z ) outside the unit circle, and root 0.4386 of the MA polynomial 9 (z ) 

inside the unit circle. The residuals {Z t } appear independent based on the ACF plots in 

Figure 4.22. Therefore, the model (4.37) is more appropriate for this series of the W al-M art 

stock trad ing  volumes.
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Figure 4.20: (a) ACF of Wal-Mart stock volumes, (b) PACF of Wal-Mart stock volumes.
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5 SUMMARY AND FUTURE WORK

In th is dissertation, we studied param eter estim ation for two different classes of models: 

param eter-driven GLMs for tim e series, and noncausal and /o r noninvertible ARM A models. 

We studied GLM estim ation for the former class of models, and LAD estim ation for the 

latter. C hapter 1 gave the m otivation of our research as well as an introduction to  the two 

classes of models.

In C hapter 2, we first considered regression analysis of tim e series of count data. The 

tim e series of counts {Yt : t — 1 , . . .  ,n} , conditional on regressors x* and a laten t process 

{a t} , was assumed to  be independent, and the conditional d istribution was specified by a 

negative binomial distribution. On the other hand, the logit function log =  x [  f3 +  

a t incorporated the autocorrelated latent process {a t } into the model, introducing serial 

dependence among the observed d a ta  {Yt }. In this dissertation, the laten t process {a t}  

was assumed to  evolve independently of the observed data, whence the model was a type 

of param eter-driven models. The GLM estim ator /3n of /3 was obtained by ignoring the 

latent process and maximizing the resulting pseudo-likelihood function. We showed the 

consistency and asym ptotic norm ality of f3n under two cases: where the  latent process was 

assumed to  be a sta tionary  Gaussian process, and where it was assumed to  be a stationary  

strongly mixing process.

We also studied param eter-driven GLMs for general tim e series, where the  random  

component of a GLM was specified by a distribution from the one-param eter exponential 

family, and link function was chosen such th a t the log-likelihood function was concave and 

E[TC ( x j j3 +  at)} = IK (xj7?), where “K  (•) was the inverse of link function. We general­

ized the asym ptotic results about the GLM estim ator under suitable conditions, and thus 

unified in a common framework the results for Poisson log-linear regression models (Davis,
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Dunsmuir, and Wang, 2000) and negative binomial logit regression models. In addition, 

asym ptotic results for a Gaussian setup were given as an example.

The sim ulation study for evaluating the asym ptotic theory included a model w ith 

Bernoulli setting  as well as two models w ith negative binomial setting. In all cases, empirical 

GLM estim ates were in agreement with corresponding asym ptotic theory. We also applied 

the  theory and m ethods to  the m onthly num bers of poliomyelitis cases in the U.S.A. from 

the  year 1970 to  1983 as reported by the Centers for Disease Control.

As to  future work, we are interested in statistical inference of param eter-driven GLMs 

for tim e series based on the exact likelihood. Although the  likelihood cannot be calculated 

explicitly, asym ptotic properties of the MLE can be investigated via the framework of gen­

eralized state-space models (see Brockwell and Davis (1996) for background on generalized 

state-space models).

Inference for generalized state-space models traces back to  Baum  and Petrie (1966), 

who studied inference for hidden Markov models (HMMs), which are a  special class of 

generalized state-space models. In HMMs, the observed variables {Yfc} are conditionally 

independent given a  sequence of unobservable sta te  variables {Sk}, and the distribution of 

Yt a t tim e t  depends on {5*,} only through the sta te  St- On the other hand, the evolution of 

{Sk}  is specified by a discrete-tim e finite-state homogeneous Markov chain. T ha t is, sta te  

variables { S k }  take values in a finite set. In generalized state-space models, however, the 

sta te  process {Sk}  is not necessarily to  be M arkovian and may follow both  continuous and 

discrete distributions.

Baum  and Petrie (1966) considered the case where bo th  {Yjt} and {5^} take values in a 

finite set, and established consistency and asym ptotic norm ality of the MLE under certain 

conditions. Leroux (1992) proved the strong consistency of the MLE for a general stationary  

ergodic HMM, where {!&} may take infinitely-many values. Consistency of the MLE was 

also proved for several extensions of standard  HMMs using a corresponding ergodic theorem. 

The asym ptotic norm ality for general HMMs was proved by Bickel, Ritov and Ryden (1998) 

after being an open problem  for more th an  th irty  years (Ephraim  and M erhav, 2002).
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The proof relied on a  central lim it theorem  for the score function DeHn (0), where L n (6) 

denoted the log-likelihood function based on Y \ , . . . ,  Yn , and a law of large num bers for 

the observed inform ation —Dg&n (9). The idea was applied by Jensen and Petersen (1999) 

to  state-space models with a separable com pact sta te  space th a t is not necessarily finite. 

Le Gland and Mevel (2000) developed a different approach for proving the consistency 

and asym ptotic norm ality of the MLE for HMMs with finite sta te  space. The idea is to  

express log-likelihood function as an additive function of an extended Markov chain and 

use the geometric ergodicity of the extended chain. Douc and M atias (2001), following the 

approach of Le Gland and Mevel (2000), proved the consistency and asym ptotic norm ality 

of the MLE for general HMMs, where the latent Markov process took values in a topological 

space. Douc, Moulines and Ryden (2004) proved the asym ptotic norm ality of conditional 

MLE for an AR process w ith Markov regime having a separable com pact sta te  space th a t 

is not necessarily finite.

Two key assum ptions in Jensen and Petersen (1999) and Douc and M atias (2001) do 

not hold in our setup, th a t sta te  space is separable compact and transition  density of states 

is uniformly bounded below by a small positive number. However, the aforementioned 

papers pave a way for studying asym ptotic properties of the MLE for param eter-driven 

GLMs for tim e series.

In C hapters 3 and 4, we first investigated LAD estim ation for the MA(1) model X t = 

Z t~ 9 Z t- \ ,  where |0| /  1. The derivation of LAD criterion was based on Breidt, Davis, Hsu, 

and Rosenblatt (2006). By building sample size into new param eterizations, we showed the 

existence of a sequence of local LAD estim ators 0 l a d  th a t is consistent and asym ptotic 

normal, which followed from a functional lim it theorem  for random  processes. Moreover, 

strong consistency and asym ptotic norm ality were established for the  global LAD estim ator 

9n , with the additional assum ptions th a t the underlying noise {Z t j  has upper-bounded 

density and absolute value of the first derivative of density, and th a t it has heavier tails

than  Gaussian, in the sense th a t E Y lj= -o c cjZ t - j  > E |Z i | holds for any sequence {cj}

such th a t Y l'jL -oo \cj \  <  0 0 » c<j  =  an<  ̂ { cj }  îas least  two non-zero elements.
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To simplify numerical com putations in searching for a minimizer of the objective func­

tion th a t is not convex in 9, we proposed a  local linearization procedure, approxim ating the 

objective function in a neighborhood of do using a Taylor expansion, where 60 is a set of 

initial estim ators of 6 such th a t 9q = 9q + Op (n -1 / 2). Then, the linearized LAD estim ator 

$ l l a d > which was defined as minimizer of the linearized objective function, followed the 

same asym ptotic norm al law as # l a d -

Then, LAD estim ation for noncausal an d /o r noninvertible ARMA(p, q) models was in­

vestigated. To facilitate the  analysis, we deconstructed an ARMA(p, q) model by factoring 

its AR part into causal and purely noncausal components, and its MA p art into invertible 

and purely noninvertible components. The study was focused on the deconstructed model. 

The LAD criterion was derived by a likelihood approxim ation assuming a Laplacian under­

lying noise. To get around the difficulty caused by the non-convexity of objective function in 

param eter vector «, we applied a local approxim ation technique. We built sample size into 

a new param eterization, and established a functional lim it theorem  for a random  process, 

from which the consistency and asym ptotic norm ality of the  LAD estim ator were identified.

Simulation study  was conducted for MA(1) models to  evaluate the asym ptotic theory 

about the  LAD and linearized LAD estim ators, and for ARM A(1,1) models as well. We 

also applied the theory and m ethods to  two real-life d a ta  sets: the  volumes of Microsoft 

stock traded  over 755 transaction days from 06/03/96  to  05/27/99, and the volumes of 

W al-M art stock traded  daily on the New York Stock Exchange from 1 /1 /03  to  12/31/04.

As to  future work, we will complete the proof of (3.32) for a  random  sequence {$„} such 

th a t 9n ^  9o; one possible approach is to  partition  the interval specified by |-| <  n~ p into 

subintervals, and bound relevant random  term s in each subinterval such th a t the m ethods 

used for non-random  sequence {9n} may apply. On the other hand, we are interested in 

studying other commonly used estim ation m ethods, such as M -estim ation or R-estim ation, 

for noncausal an d /o r noninvertible ARM A models.
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