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ABSTRACT 

The problem of predicting salt-content of waters pumped by fully 

or partially penetrating wells in an aquifer, contaminated by salt-water 

intrusion on sea-coasts, indiscriminate pumping of deep saline aquifers 

or waste-water recharge over prolonged periods of time, has demanded 

the attention of hydraulic engineers and geohydrologists for the last 

two decades or so. This investigation is an attempt to develop a new 

approach for modeling such situations. 

A numerical simulator has been developed to represent the problem 

of salt-water movement induced by pumping from a saturated elastic 

aquifer. This simulator is based upon the Gal erkin-finite--element 

formulations of the flow and convective-dispersion equations in cylin-

drical polar coordinates. Appropriate flow and convective-dispersion 

equations have been derived from first principles in tensorial form, 

taking the tensorial nature of dispersion and molecular diffusion into 

account . Finite-element-formulations have been developed for both the 

equations following the Galerkin-weighted-residual process both for the 

space and time domains. The flow equation formulation results in a 

system of symmetric matrices and that for the convective-dispersion 

equation in a system of non-symmetric matrices. Both these systems have 

been solved by Gauss-elimination. The flow and convective-dispersion 

equations are solved in sequence following the leap-frog-technique. 

The numerical simulator consists of three computer programs; MESH, 

FLOW and DISPER. Program MESH is an automatic generation so.heme for a 

suitable mesh layout with triangular elements , given the geometry of the 

flow region. This program incorporates an optimization scheme for 
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band-width reduction. The other two programs, FLOW and DISPER, operate 

in tandem. Program FLOW solves the flow equation and computes new pres-

sures at the end of the time . interval. These pressures and velocities 

computed from them, are used as input for program DISPER, which solves 

the convective-dispersion equation and calculates new concentrations. 

For operational simplicity program FLOW and DISPER are combined into a 

single program FFLOW. 

The validity of the simulator has been tested with known exact and 

approximate analytical solutions for simplified cases. Program FLOW 

gives comparable results with the Theis equation and Program DISPER 

yields values reasonably matching the solutions for radial dispersion 

obtained by earlier investigators. Practical application of the simu-

lator is demonstrated by applying it to hypothetical field problems. 

The simulator could be used to analyze groundwater quality result-

ing from pumping or recharging of water from an aquifer having increased 

salt concentration with depth. 

Anand Prakash 
Civil Engineering Department 
Colorado State University 
Fort Collins, Colorado 80521 
April, 1974 
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Cl 1/\l'TEI~ I 

INTRODUCTION 

1.1 Description of the Problem 

The ever expanding population of the world has placed greater-than-

ever emphasis on the exploitation and utilization of ground water 

resources for the enhancement of agricultural production on one hand 

and for the extensive development of industrial and domestic water-

supply systems on the other. Directly related to the development of 

ground water resources, is the common geological occurrence of fresh 

water aquifers underlain by salt water zones of varying depths. Due to 

indiscriminate ground water development, mostly through partially 

penetrating wells in such aquifers, during the last fifty years or so, 

their capacities to yield fresh water have been greatly impaired. As 

most of the aquifers of this type underlie highly developed urban and 

agricultural regions, their waters are subject to quality deterioration 

induced by the infiltration of liquid industrial wastes, irrigation 

return flows and incompletely treated domestic waste water. 

Such situations are frequently encountered in aquifers extending 

along sea coasts of almost all the continents of the world, where salt 

water intrusion commences as a result of excessive pumping in the 1• 

adjoining connected aquifers, but, the same are, by no means, confined 

to coastal aquifers alone. One of the largest and perhaps the most 

important non-coastal aquifer in the world viz . the Indus Basin in 

Pakistan falls under this category. Detailed accounts of the existence, 

nature, shape, slope and depths of fresh water - saline water inter-

faces for various types of aquifers have been given by Todd (1959), 

Davis and DeWeist (1966), Walton (1970), Feth (1970) and others. 
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Such aquifers are characterized by a vast number of special problems 

concerning the hydraulic engineer; the most important being the predic-

tion of the rate of pumping at which a well of given penetration depth 

will discharge water having a salt concentration within the permissible 

limit for agricultural, industrial or domestic use. Intimately connect-

ed with the above is the assessment of the rate and extent of recoupment 

of fresh water or mixed quality of water when the pumping is stopped for 

a certain period and continued intermittently thereafter. 

A problem somewhat analogous to the above, involving an oil-

saturated region overlying a brine-saturated zone in a confined aquifer 

has been analyzed by Muskat (1949) who suggested a graphical procedure 

to solve the water coning problem beneath a partially penetrating oil 

well. This method has been adapted by Bennett et al. (1968) to study 

the upconing of saline water beneath a fresh water well. The problem of 

salt water - fresh water interface beneath a well has been studied by 

Wang (1965). This study purported to relate the discharge of a partial-

ly penetrating well to the well spacing, well penetration, well radius, 

aquifer thickness and fluid densities and to determine the optimum rate 

of fresh water production without entrainment of saline water, as a 

function of well geometry and aquifer characteristics. Experimental and 

numerical models for the movement of salt water cone in response to 

pumping by a partially penetrating well in a situation similar to the 

above have been constructed and studied by Sahni (1972) and Chandler 

(1973). 

All these investigations assume the existence and persistence of a 

sharp interface between the fresh and salt water zones, as if the two 

were immiscible. Besides, the problem is treated as a steady-state case 
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of threc-dimensiona l flow of incompressible fres h water over a static 

brine phase in radial coordinates, through non-deformable; isotropic 

and homogeneous porous media. 

1.2 Purposes and Objectives. 

In an actual field situation, the problem indicated in section 1.1 

involves analysis of the non-uniform, non-steady movement of two mis-

cible fluids of varying densities, viscosities and concentrations. The 

drawdown in the partially penetrating well causes radially symmetrical, 

three-dimensional, non-steady, non-uniform flow towards the well, which 

is governed by the mass-balance equation for water, hereafter called 

the 'flow equation' and the concentration gradient coupled with convec-

tion induces a transport of the solute towards the well governed by the 

convective-dispersion equation in radial coordinates. 

The broad objective of this investigation is to find a solution to 

the above situation which will involve: 

(i) Development of the appropriate flow equation for three-dimen-

sional, non-steady, non-uniform flow of a compressible non-homo-

geneous fluid through elastic formations in a general system of 

coordinates. 

(ii) Development of the appropriate convective-dispersion equation 

in tensorial form taking into account the tensorial nature of the 

dispersion coefficient. This will mean a combination of the mass-

balance equation for the solute, Fick's law and an equation of 

state connecting the mass-density of the fluid at any point with 

the pressure and concentration at that point. 

(iii)Development of a digital computer model simulator (taking 

advantage of radial symmetry to reduce the problem to a two 
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dimensional one) which seeks to solve the flow and convective-dis-

persion equations over the region of influence of the partially 

penetrating well. 

(iv) Testing the validity of the simulator by comparison with 

available analytical, experimental or approximate solutions of 

simple cases. 



2.1 Introduction. 

CHAPTER II 

REVIEW OF LITERATURE 

,., ~.~ .... -

As out lined in the previous chapter, this investigation involves 

the derivation and solution of the flow and convective-dispersion equa-

tions for a porous medium by the leap-frog technique. The flow equation, 

being an enunciation of the Eulerian mass-conser vation principle coupled 

with Darcy's law for the unsteady flow of a non- homogeneous , compressible 

fluid through a non-reactive, isotropic and elastic porous medium, is 

one of the most well discussed topics in the literature connected with 

ground water movement; Jacob (1950), Hantush (1964), Davis and DeWeist 

(1966), Kochina (1949), Walton (1970), Bear (1972), Todd (1959), Harr 

(1962), Muskat (1946). Different forms of the flow equation suitable 

for different conditions have been arrived at by different investigators. 

As this principle of continuity has been in use in varied forms in almost 

all branches of science from the very early stages of development it is 

difficult to assign the credit for its development to any one individual. 

The flow equation appropriate to this study has been derived from first 

principles in Appendix A. 

Unlike the flow equation, the convective-dispersion equation based 

on the concept of hydrodynamic dispersion through porous media is of a 

comparatively recent origin. Attempts made by investigators to explain 

the phenomenon of hydrodynamic dispersion have been multi-directional, 

varying from a purely theoretical analysis (mathematical or statistical) 

to experimental verifications and computer simulations. A chronological 

review of some of the important developments of this concept leading to 

the derivation and solutions of the convective-dispersion equation in 
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J i ffer ent forms i s presented in the fol lowing paragraphs. 

2.2 Conceptual and Analytical Developments. 

Accordi ng to Bear (1968), hydrodynamic dispersion is the macro-

scopic outcome of the actual movements of the i ndividual tracer particles 

through the pores and the various physical and chemical phenomena that 

take place within the pores. Normally, two basic transport phenomena 

are invo l ved in the process, a convective mass transport where the 

liquid moves along definite paths that may be averaged to yield stream-

lines and a process of molecular diffusion resulting from variations 

in tracer concentration within the liquid phase. Thus hydrodynamic 

dispersion is due to the combined action of both a purely mechanical 

phenomenon on a macroscopic scale (dispersion) and a physio-chemical 

phenomenon on a microscopic scale (molecular diffusion). The mathe-

matical model of the phenomenon of hydrodynamic dispersion is a partial 

differential equation which is an expression for the mass-conservation 

of a tracer. 

Fried and Combarnous (1971) define a tracer as a chemical compound 

dissolved in a fluid phase. The displacement of two miscible fluids may 

be considered as a tracer case when the fluids have the same densities 

and viscosities and there is no volume contract ion by mixing . The terms 

coefficient of hydrodynamic dispersion, coefficient of dispersion, and 

coefficient of diffusion which are often used as measures of hydrodynamic 

di spersion may be defined as follows: 

Let Ft. = Total mass flux of the tracer carried by the fluid in 
1 

F = Convective component of the mass flux of the tracer in c . 
1 
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J. = Diffusive component of the mass flux of the tracer in 
1 

Ft. = F 
1 Ci 

+ J. 
1 

(2.1) 

On a macroscopic scale, 

where, 

(2. 2) 

v. = Average seepage velocity in direction i [LT- 1 ]. 
1 

"oi = Fluctuations of the seepage velocity about the· average 
' in direction i [LT- 1 ]. 

c = Concentration of the tracer in the fluid [ML- 3 ]. 

cvi = Flux carried by the average fluid motion. 

cv0 i = Dispersive flux resulting from the velocity fluctuations 

about the mean. 

Also by Fick's law of diffusion, 

where; 

Therefore, 

(2. 3) 

Ve = Gradient of conce~tration. 

Dd = Coefficient of molecular diffusion. 

Tij = Correction factor applied to the coefficient of molecular 

diffusion due to the tortuosity of the medium. It is a 

second rank tensor and is reciprocal of the tortuosity 

tensor as usually defined. 

c~ - +CV. - Dd T·. Ve 1 01 lJ (2. 4) 

In analogy to Fick's law, it can be shown, Bear and Bachmat (1965, 1967), 
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where, 

Therefore, 

where, 

8 

(2. 5) 

D-. = Dispersion coefficient and is a second rank tensor. lJ 

Ft· = cvi (D· . + Dd T·.) "i/c 
1 lJ lJ 

* = cvi D-. "i/c lJ (2. 6) 

* D·. lJ = D·. lJ + Dd Tij (2.7) 

= Coefficient of hydrodynamic dispersion. 

One of the earliest observations of the phenomenon of hydrodynamic 

dispersion was made by Slichter (1905), who discovered that even in a 

uniform flow field the tracer advances in the direction of the flow in a 

pear-like shape that becomes longer and wider as it advances. He explained 

this by noting that the soil complex is composed of a large number of 

capillary tubes in each of which there is a velocity variation across the 

cross-section, which was responsible for the phenomenon he observed. 

Subsequently, around 1930, a zone of diffusion was observed at the salt 

water - fresh water interface in coastal aquifers which could not be 

explained by the prevalent immiscible fluid theory. This prompted the 

recognition of the dispersion process as a possible cause for the above 

phenomenon. This aspect was investigated both .experimentally and theore-

tically by Kitagawa (1934) and later by Wentworth (1948) who postulated 
' ' 

a 'rinsing theory' based on the hypothesis that the pores of the medium 

act as mixing cells filled alternately with salt and fresh water by the 

ocean waves. Dane! (1952) used the capillary tube model and concluded 
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that dispersion was due to and depended upon the parabolic velocity dis-

tribution inside the capillaries. Following a similar approach, Taylor 

(1953, 1954) also came to the same conclusion and observed that in a 

capillary tube model, fluid particles initially on a plane perpendicular 

to the tube's axis, lie on a paraboloidal surface at any subsequent time 

and that the coefficient of <lispers ion for one-dimensional flow was 

proportional to the square of the average velocity. 

With increasing research and interest in the phenomenon of disper-

sion, a notion developed among some investigators, that because of the 

discrepancy between the idealized medium of the mathematical models and 

the real medium, the mathematical models could not adequately describe 

the dispersion phenomenon. Accordingly, they focussed their attention 

towards the development of statistical models. Scheidegger (1954) employ-

ed the statistical theory of random walk in three dimensions and obtained 

a normal probability distribution for the displacement of a fluid par-

ticle in an isotropic porous mediwn. He neglected molecular diffusion 

and assumed an isotropic spread of the tracer with the result that his 
I 

coefficient of dispersion turned out to be scalar with no distinction 

between the longitudinal and transversal directions. Further work on 

the scalar form of the coefficient of dispersion was done by Van Deamter, 

Brader and Lauweir (1955) who obtained a generalized solution of the 

dispersion equation for the capillary tube model. 

For uni-directional flow and with a scalar coefficient of dispersion, 

Ebach and White (1958) presented an analytical solution to the simplified 

equation, 

ac -+ at 
ac a2c u-= D --
ax L ax2 

(2. 8) 
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where the input concentration is a periodic function of time, u is 

the component of seepage velocity in the x-direction and · DL is the 

coefficient of longitudinal dispersion . 

Scheidegger's finding of a scalar dispersion coefficient was, how-

ever, not supported by laboratory experiments which indicated a definite 

difference between the magnitudes of longitudinal and lateral dispersion. 

De Josselin de Jong (1958, 1958a) was perhaps the first to show by a 

statistical approach that the coefficient of the longittidinal dispersion 

DL is about 5 to 7 times greater than the coefficient of lateral 

dispersion DT and that both DL and DT are directly proportional to 

v . 

Rifai, Kaufman and Todd (1956) made a very comprehensive laboratory 

study to verify their theoretical work which was based on the capillary-

tube and the disordered medium models and concluded that the dispersion 

coefficient in the direction of flow was nearly proportional to the 

first power of the average velocity. They derived the following equa-

tion for a three-dimensional case, assuming dispersion to .be basically 

due to molecular diffusion and velocity convection, and neglecting the 

difference between the longitudinal and lateral dispersion coefficients: 

where, 

ac 
at = D 7c - div (vc) 

D = coefficient of dispersion, and 

v = component of seepage velocity. 

(2.9) 

Aris (1956) extended Taylor's analysis to straight tubes of any 

cross-section and showed that the effective coefficient of dispersion 
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could be obtained from the variance of the average concentration distri-

bution caused by the phenomenon of dispersion. This was experimentally 

verified by Blackwell (1957). Following Wentworth's approach, Aris and 

Amundson (1957) also analyzed dispersion as a process of mixing in cells. 

Based on further analysis of the dispersion coefficient, Scheidegger 

(1957, 1958) sugg~sted two possible relationships: 

(i) D 'v a'v2 (2 .10) 

where a' is the dynamic dispersivity of the porous medium which is 

derived by a dynamic procedure applicable when there is enough time in 

each flow channel for appreciable mixing to take place by molecular 

transverse diffus i on and -
V is the average seepage velocity . 

( i i) D 'v a"v (2 .11) 

where a" is the geometric dispersivity of the porous medium and is 

derived by a geometric procedure applicable where there is no appreci-

able molecular transverse diffusion from one stream line to another. 

Further work on the dependence of dispersion coefficients on the 

mean velocity of flow was done by Ebach and White (1958) who suggested 

the following expression for the longitudinal dispersion coefficient 

where, 

v = seepage velocity, 

d = particle size of the medium, 

v = kinematic viscosity, 

(2 .12) 

a= experimentally determined coefficient dependent on the 

properties of the porous medium 

S = experimentally determined coefficient dependent on the 

flow regime. 
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Following a statistical approach similar to De Josselin de Jong, 

Saffman (1959) obtained the following expressions for DL and DT 

including 

where, 

the effect of molecular 

DL = 1/2 vis2 

DT = 2/16 vi 

3 v T 1 s 2 Ln 0 = -rr £ 

'o = £2/2 Dd 

diffusion: 

(2.13) 

(2.14) 

£ = a characteristic length which is of the order of the 

grain size and depends on grain size distribution, 

Dd = coefficient of molecular diffusion, 

V = average Darcy velocity. 

Another attempt in the same direction was by Blackwell, Rayne and Terry 

(1959) who obtained the following relationship between DL and Dd; 

wher e, 

= B. B • pl.17 
e 

P = Peclet number= e 

valid when P > 0.5 e 
. , (2.15) 

In a b i d to obtain a more accurate inter-relation between the coefficient 

of molecular diffusion, and the longitudinal and lateral dispersion 

coefficients, Saffman (1960) extended his earlier work to cases where 

th e Peclet number was of order unity , i.e. where molecular diffusion and 

macroscopic mixing were of the same order of magnitude. 

Experimental and theoretical investigations on the dispersion 

phenomenon conducted prior to 1960 , confirmed that the mere existence 
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of the porous medium and flow gives rise to a multi-component dispersion 

phenomenon. This tensorial character of the dispersion coefficient was 

experimentally verified by Bear (1961a). By theoretical analysis, he 

(1961b) showed that the dispersivity of a porou·s medium is a fourth rank 

tensor, which, in three dimensions, has 81 components (16 in two 

dimensions), out of which only 21 components (8 in two dimensions) 

are non-zero if the medium is isotropic. For an i~otropic case, all 

these components depend on two essential constants which are the longi-

tudinal and lateral constants of dispersion and respectively. 

Thus he deduced the following form for the dispersivity tensor aijk£ 

for an isotropic porous medium: 

al all 0 0 

all al 0 0 

aijk£ = (2.16) 
0 0 (al-all)/2 (a1-all) /2 

0 0 (a1-all)/2 (a1-aII)/2 

Extending this analysis to uniform flow in an isotropic medium, De 

Josselin de Jong and Bossen (1961) obtained the following expression for 

the coefficient of dispersion, 

v.v . 
D = a k£ ijk£ v (2. 17) 

where, v. and v. are the components of the average velocity v in 
l. J 

the i and j directions respectively. 

Based on Bear's hypothesis that only that part of the velocity 

component was of significance, which was either parallel or normal to 

the mean flow direction, Scheidegger (1961) deduced a general form of 
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the dispersivity tensor in three <limens.ions having 36 independent non-

Zt:'ro components, which, for an isotropic case an<l f"or complete symmetry 

of the whole group of rotations, could be expresse<l by the following 

matrix: 

allll all22 all22 0 0 0 

all22 allll a1122 0 0 0 

al122 a1122 allll 0 0 0 

aaS = 
0 0 0 a1212 0 0 

. (2 .18) 

0 0 0 0 a1212 0 

0 0 0 0 0 a1212 

where, 

a1212 = ½ (allll - all22) (2.19) 

and 

a represents the indices ij and S represents ki . 

Thus he concluded that the dispersivity tensor given by Bear was a 

special case of this general dispersivity tensor. Writing in general 

form, Scheidegger's equation for geomet,ric dispersivity of an isotropic 

medium becomes, 

(2.20) 

where o stands for Kronecker delta. 

Thus, 

(2.21) 

Bachmat and Bear (1964) generalized these expressions for the curvi-

linear coordinate system as; 

(2.22) 

and, 
D. . = A g. . V + 2µ V. V. /v 

lJ lJ 1 J (2.23) 
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Also, they derived a general partial diffe~ential equation of hydro-

dynamic dispersion in a homogeneous, isotropic, porous medium in curvi-

linear coordinates as, 

ac 
at = 

1 
V V 
_k_~)] 

V a/' (2.24) 

which for an orthogonal system reduced to, 

ac -= at 

where, 

V. " 
) ] _ 1. uC 

h. 2 a/ 
1. (2.25) 

g .. = the fundamental tensor of the Reimanian space (a sym-
1. J 

metric tensor of second rank) and the subscripts denote 

covariant components, such that, 
"k gJ = conjugate or reciprocal of g . . 

1. J 

metric contra-variant tensor, 

a second rank sym-

h. = scale factors for the coordinate system, and, 
1 

:X. and µ are invariants. 

They derived general dispersion equations for plane two-dimensional flow 

in tenns of 4i_q, coordinates from which equations for different partic-

ular cases could be easily obtained. Poreh (1965) obtained a similar 

expression for isotropic media as: 

D. . = Al 6 . . + A? v . v . 
1.J l] - 1. J 

(2.26) 

where A1 and A2 are arbitrary functions of v2 and the properties 

of the medium, fluid and tracer. From physical considerations he obtain-

ed different equations in dimensionless forms for low and high Reynolds 

numbers. Later, List and Brooks (1967) conducted a series of lateral 
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dispersion experiments and showed that for a given medium, the dynamic 

Peclet number vd/DT is a function of any two of the following: 

(i) Molecular Peclet number vd/Dd, 

(ii) Schmidt number v/Dd , 

(iii)Reynold 's number vd/v 

They observed that for low Reynold's numbers, the lateral dispersion 

coefficient is independent of viscosity, i.e., 

Further analytical work on the tensorial concept of dispersion was 

done by Whitaker (1967) who volume averaged the fundamental transport 

equation and obtained the following form for the coefficient of hydro-

dynamic dispersion for anisotropic media, 

where, 

( 2. 2 8) 

Das= average molecular diffusivity, 

AI d All . 1 b . f . 1 an = symmetr1ca tensors earing some unct1ona 

relationship with the transport properties of the fluid, 

R = a coefficient, 
I Bjk = tortuosity tensor. 

For isotropic media, the third rank tensor term would be dropped 

and the expression becomes essentially the same as obtained by Bachmat 

and Bear. 

Recently, Hunt (1973) analyzed the dispersion problem in a different 

manner and obtained the srune expression for the coefficient of dispersion 
I 

as was obtained by Baclunat and Bear (1964). A novel feature of his 

development was that he made only one assumption that the principal 
I 
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directions of the dispersion tensor were respectively tangential and 

normal to the flow stream lines as against three assumptions used by 

Bachmat and Bear in their analysis (viz. Dkl = aijkl-vivj/v , aijkl = 

ajikl , and aijkl are invariant with respect to all coordinate rota-

tions and reflections). Even this assumption has been verified by 

experiments. 

With a view to analyze the effect of medium porosity on the longi-

tudinal dispersion coefficient, Dagan (1967) used a Fourier Transform 

and perturbation analysis to conclude that DL computed from the con-

centration profile decreased along a column of decreasing porosity in 

the direction of flow and vice-versa. Analytical solutions of some 

simplified idealized cases of the dispersion equation were developed by 

Ogata and Banks (1961), Ogata (1961), Harleman and Rumer (1962), Ogata 

(1964) and others. The same were later summarized and reviewed by 

Ogata (1970). But, since these cases have little, if any, practical 

importance, greater and greater attention has been given by investigators 

towards the development of numerical solutions of the generalized dis-

persion equation during the last few years. 

2.3 Development of Numerical Techniques. 

One of the first important works in this direction was by Douglas, 

Peaceman and Rachford (1959) who solved the problem of miscible dis-

placement in a two-dimensional flow field using an alternating-direction 

implicit scheme. Later, Peaceman and Rachford (1962) used a weighting 

scheme for the convective terms at adjacent grid points in a centered-

in-time finite difference analogue of the convectjve-dispersion equation 

and adopted the leap-frog technique of computing the pressure <listrihu-

tion at each time step from the flow equation, calculating the velocity 
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at each point from this pressure distribution and using these velocities 

to obtain the new concentration distribution at the next time step from 

the convective-dispersion equation. They demonstrated that the method 

worked well in one dimension. But, subsequent calculations with the 

method for two-dimensional miscible displacement with zero dispersivity 

produced the same results as were presented by them with non-zero dis-

persivities. This indicated that their method involved a numerical dis-

persion of the same order as the physical dispersion. 13 lair and Peace-

man (1963) extended the work to include the effects of aquifer 

compressibility, but one of two difficulties was usually encoun tered: 

either the solution developed severe oscillat i ons specially in the 

regions where the concentration changed rapidly or became smeared with 

numerical dispersion. 

In a bid to tide over this difficulty, Stone and Brian (1963) devel-

oped a more sophisticated method which consisted of writing a general 

finite-difference equation for the one-dimensional convective-dispersion 

equation, containing arbitrary weightings of all the possible approxim-

ations to ac/ax (space derivative of the concentration) and ac / at 

(time derivative of the concentration). This scheme involved six points 

for three adjacent space locations at two time levels and utilized the 

Crank-Nicolson (1947) approximation for the second space derivative 

a2 c/ax 2 . They also proposed an iterative scheme with three cycles per 

time step to improve the accuracy of the solution. With proper choice 

of weighting coefficients, this method did reduce oscillations and 

numerical dispersion but could not handle two- and three-dimensional 

problems and did not take the variations in density and viscosity into 

account. 
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With the primary object of reducing numerical dispersion, Garder, 

Peaceman and Pozzi (1964) successfully employed the method of character-

istics (particle-in-cell method) for the solution of the convective-

dispersion equation in two dimensions. The numerical procedure involved 

a stationary grid and a set of moving points to solve the characteristic 

equations of the convective-dispersion equation. Extensive testing in 

one dimension indicated that the method was accurate over a wide range 

of values of the dispersion coefficient, including zero and that increas-

ing the number of moving points beyond two per grid did not significantly 

improve the accuracy of the solution. For a two.-dimensional model, the 

method provided good agreement with observed values for low oil-solvent 

viscosity ratios, but failed to do so for high viscosity ratios. The 

method also did not take into account the tensorial nature of dispersion. 

According to Shamir and Harleman (1966) this method took much more 

computer time and storage than the Stone and Brian scheme for the same 

order of accuracy, except for the case where the coefficient of longi-

tudinal dispersion was zero. However, the method was general and could 

.be adapted to take the density and viscosity variations into account in 

a two-dimensional. case. 

Shamir and Harleman (1966) developed a very efficient method which 

took advantage of the Stone and Brian scheme by transforming the disper-

sion equation into 4>-'¥ (i.e., equipotential and stream lines) coord-

inates as, 

3c 2 3c - + q = at H 
2 a ac 2 a ac 

q 34> [ (alq + Dd) a$°] + q 3'11 [ (aIIq + Dd) aij,] 

(2.29) 
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q = seepage velocity along the stream line, 

a1 = longitudinal dispersivity, 

a11 = lateral dispersivity. 

As the velocity was tangential to the 1 = constant lines , there was 

only one convective term in this equation. This enabled the use of the 

Stone and Brian's weighting scheme for the convective and time terms 

without any modification. The dispersion at right angles to the direc-

tion of the velocity could be treated by the alternating-direction 

method. Once the convective term was treated correctly, superposition 

of the longitudinal and lateral dispersion on the convective solution 

yielded correct results. This method was found to be unconditionally 

stable and could be extended to three-dimensional problems without much 

difficulty. If the major axis of the dispersion tensor coincided with 

the velocity vector, the technique took into account the tensorial 

nature of the dispersion coefficient. For the case when the longitudinal 

dispersion was zero, the scheme displayed oscillations and it did not 

account for the variations in density and viscosity. For unsteady cases, 

its use was limited to only those situations where the stream lines 

and equipotentials Jid not shift position with time. 

Hoppes and Harleman (1967a) developed the mass conservation equa-

tion for the tracer in a two-dimensional case and obtained an approxi-

mate analytical solution for a homogeneous, confined, isotropic aquifer 

under steady-state flow from a recharge well. The solution was verified 

with a numerical one and tested with experimental data. In extension 

of the above, Hoopes and Harleman (1967b) dealt with the problem of 

predicting temporal and spatial distributions of a tracer injected into 
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the steady flow between recharging and discharging wells of equal 

strength in an infinite, horizontal, confined aquifer. Approximate 

analytical solutions were obtained for various cases of the two-dimen-

sional equation for mass conservation of the tracer in the <I>-~ coord-

inates and tested by comparisons with numerical solutions and experi-

mental values. 

Bruch and Street (1967) obtained a theoretical solution for two-

dimensional, unsteady dispersion of a miscible fluid in an idealized, 

steady, one-dimensional flow through an_ isotropic porous medium. The 

results have been presented in terms of complementary error functions. 

The lateral and longitudinal dispersion coefficients were determined 

from a pair of steady-state dispersion experiments applied to two 

simplified mathematical models. With these values of the dispersion 

coefficients, the equations derived for the unsteady-state case were 

experimentally verified. It has been suggested that by transformation 

of the equation to <I>-~ coordinates, their results could be used for 

two-dimensional practical problems even with slightly converging or 

diverging stream lines. 

Pinder and Cooper (1970) used the method of characteristics for 

the solution of the convective-dispersion equation and the iterative 

alternating-direction implicit scheme for the flow equation for numer-

ical solution of the two-dimensional problem of transient salt water 

front. However, they assumed that the porosity, viscosity and disper-

sion coefficient were constant in time and space and that the dispersion 

coefficient was a scalar. Almost simultaneously, but independently, 

Reddell and Sunada (1970) developed flow and convective-dispersion 

equations for three-dimensional, non-homogeneous, unsteady flow fields 
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with density and viscosity variations between the two fluids, considering 

the tensorial nature of the dispersion coefficient in the Cartesian 

coordinate system. An implicit numerical technique was used to solve 

the flow equation and the method of characteristics with a tensor trans-

formation was used to solve the convective-dispersion equation. The 

results from the flow equation were used in solving the dispersion equa-

tion and the results of the convective-dispersion equation were then 

used to solve the flow equation. This procedure was repeated over and 

over again following the so-called leap-frog technique. Because of the 

excessive storage required for information concerning each moving point, 

they used auxiliary storage in the form of a scra.tch tape . The results 

obtained displayed nQ over-shoot, under-shoot, or numerical dispersion. 

They, however, observed an erratic behaviour of the error when their 

model was tested for known solutions of one-dimensional cases, in as 

much as the error did not necessarily get smaller with smaller grid 

sizes. TI1ey proposed the trouble was due to the rough representation of 

straight boundary conditions by a series of rectangular or square grids. 

Another significant observation was a lag in the concentration profile 

resulting in a jerky frontal movement, when the same moving points 

remained inside a grid throughout a time step. This indicated that the 

method was sensitive to the number and relative position of the moving 

points in a particular grid at a given time level. These difficulties 

ca 11 for a better method for determining the average concentration in 

a grid. 

Kraeger (1972) applied the method of Reddell and Sunada to a field 

problem and observed an artificial dispersion inherent in the method of 

characteristics which did not show up in Reddell and Sunada's analysis 
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due to the very small size of grids used by them. In the latter case, 

the effects of artificial dispersion were partially absorbed by the 

physical dispersion. Another difficulty encountered by her was a trial 

and error process to arrive at a time increment which produced a concen-

tration distribution resembling the field situation. This rendered the 

method incapable of predicting reliable future concentration distribu-

tions. By hand calculations, she observed that use of distorted grids 

or different spacing of points in the x and y directions produced 

distorted concentration distributions, which further limited the use of 

the method for predictive purposes. 

Bredehoeft and Pinder (1973) applied the method of characteristics 

and the iterative alternating-direction implicit technique, neglecting 

molecular diffusion and changes in density and viscosity, to the problem 

of aquifer contamination at Brunswick, Georgia with moderate success. 

Konikov and Bredehoeft (1973) applied the same technique to predict 

changes in dissolved solids concentration in response to spatially and 

temporally varying stresses in the Arkansas River Valley of south-eastern 

Colorado. They observed that the calculated changes in the concentration 

of dissolved solids were consistently less than the observed changes but 

that the relative increases from month to month tended to agree. These 

differences were attributed to either inaccurate or inadequate represent-

ation of the field situation by the numerical model. The scope of all 

these investigations was limited to uniform rectilinear flow of homogene-

ous fluids in a region which had no sources or sinks within it. 

2. 4 Applications of the Finite-Element Technique. 

As seen from the preceding discussion of the various numerical 

methods , either the computer time or storage required for them becomes 
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prohibitive or else numerical or a rti. fici al <lispers ion tends to vi tiatc 

the results and at certain other times, the solution becomes severely 

oscillatory. These limitations, among others outlined above, focussed 

the attention of investigators towards the application of the finite 

element method to the solution of miscible displacement problems. The 

first attempt to apply this method to the solution of problems related 

to steady flow through anisotropic porous media was by Zienkiewicz, 

.Mayer and Cheung (1966) followed by Taylor and Brown (1967) who extended 

the method to the solution of problems involving free surface. Price, 

Cavendish and Varga (1968) used the Galerkin method for solution of the 

one-dimensional diffusion-convection equation and showed that this 

method produced results of higher order accuracy and required less 

computer time than the central difference or non-central difference 

approximations as also the method of c·haracteristics. They extended 

the finite-element method to the solution of two-<limensional problems. 

Javandel and Witherspoon (1969) extended the use of the finite 

element method to the treatment of the flow equation for multi-layered 

aquifers of finite radial extent being pumped at constant rate through 

completely penetrating wells, using an iterative procedure to satisfy 

the constant discharge condition at the well boundary. They applied the 

method to flow towards partially penetrating wells also in multi-layered 

systems. Volker (1969) applied the method to the solution of steady 

f ree surface seepage problems through earth dams. Neuman and Witherspoon 

(1970) extended the technique further and successfully applie<l it to the 

problems of axi-synunetric flow from a circular pon<l in i sotrop.i c, homo-

geneous porous medium, axi-symmetric flow to a well in an unconfined 

aquifer, plane flow through a homogeneous dam, plane flow through a 



25 

homogeneous <lam with a toe <lrai.n an<l the complex problem of a <lam with 

a sloping core ;rnd a hori zontal drain resting 011 a sl.ii:htly pcrmcahlc 

founJation whose bedding planes were i ncline<l to the hor i zonta I. They 

also devised a new iterative approach to obtain rapid convergence. Their 

method could handle cases where the free surface is discontinuous or 

where portions of the free surface are vertical or nearly Vertical. 

Guymon (1970a) applied the finite element method to the solution 

of the unsteady-state one-dimensional diffusion-convection equation and 

extended it (1970b) to the two-dimensional case taking both the longitud-

inal and lateral coefficients of dispersion into account but neglecting 

molecular diffusion. He indicated that the method could further be 

extended to the three-dimensional case as well. He, however, pointed 

out that the method is not, in general, applicable to problems defined 

by differential equations involving mixed partials and therefore neglected 

such terms in his solution. 

Nalluswami (1971) improved upon the method followed by Guymon and 

included the mixed partial terms and the molecular diffusion component 

in his analysis. Hurr (1971) developed a finite-element ground water 

model that could solve problems connected with confined and unconfined 

flows for transient as well as steady-state conditions. Guymon (1972) 

suggested an improvement over his previous solution of the convective-

dispersion equation, which displayed numerical dispersion and gave 

erratic results for small values of the dispersion parameters. This 

new approach did not make use of the exponential transformation developed 

in his earlier 1~ork. However, even this method di<l introduce slight 

errors for non-uniform flow cases and was not applicable to convection-

Llominated mass transport. 
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The scope of Guymon and Nalluswami's work was limited only to the 

solution of the two-dimensional simplified convective-dispersion equa-

tion in Cartesian coordinates. Simultaneous solution of the flow equa-

tion was not attempted by them. A serious limitation of the method was 

that it could not be applied to convection-dominant transports, which 

is the case for most field situations. The time-domain solution com-

prised of inherently explicit schemes and so exhibited convergence and 

stability problems. Although the need and criteria for an efficient 

element layout were indicated, yet they did not provide any scheme for 

automatic generation of such an element layout so as to give minimum 

band-width for the finite-element solution of the convective-dispersion 

equation. Such a scheme for efficient mesh gen er at ion, though qui tc 

important in the case of equal size clement layout like the one used by 

Nalluswami and Guymon, is stjll more important in cases where the number 

of cl ements to be used is large and where Jue to substantial differences 

in concentration and potential gradients in different parts of the flow-

domain, adoption of variable size elements becomes inevitable. 

Another notable advancement towards the application of finite 

element method to solve three-dimensional steady-state and transient 

seepage problems was made by France, Parekh, Peters, and Taylor (1971) 

who introduced the concept of isopararnetric clements to ensure higher 

oerders of accuracy in the solution. Later, Pinder and Frind (1972) 

applied the Galerkin method with curved isoparametric quadrilateral 

elements to the case of transient flow towards a well in an infinite 

aquifer and also to the case of flow towards a well in a leaky confined 

aquifer and compared the results so obtained with those available for 

the finite-difference method. Although, both the methods yielded results 
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of almost the same accuracy, the Galerkin procedure had more flexibility 

of application to a wide range of deterministic problems. Solution of 

the convective-dispersion equation was not attempted by these investi-

gators. 

Smith, Farraday and O'Connor (1973) compared the finite-element 

solutions of the two-dimensional diffusion-convection equation by the 

Rayleigh-Ritz and Galerk.in methods and showed that the latter js more 

versatile in handling different types of boundary conditions and in 

solving problems like salt intrusion in long estuaries where the magni-

tude of the exponent used for transformation of the partial differential 

equation to a self-adjoint form is of the order of a few hundreds or 

more. The analysis was, however, limited to uniform rectilinear flow 

of homogeneous fluids in a region which had no sources or sinks within 

it. 

Recently, Pinder (1973) used the Galerkin method, with curved iso-

parametric quadrilateral elements, to solve the two-dimensional ground-

water flow and dispersion equations in cartesian coordinates and applied 

this mathematical model to simulate the movement of a plume of contamin-

ated ground water on Long Island, New York. His results indicated that 

reasonably accurate simulation of the movement of contamination in the 

subsoil water can be obtained by the Galerkin-finite-element method. 

Solution in a radial flow field wJth well boundary was not attempted by 

him. 

Desai (1973) developed a simplified and approximate finite-element 

solution of a linearized equation governing one-dimensional transient 

fluid flow such as occurs in the case of flow in and out of earthen 

banks with vertical faces. But, this method was limited only to 

situations that could be approximated as one-dimensional flow problems. 
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Neuman (1973) applied the Galerkin-finite-element formulation to 

the solution of saturated and unsaturated seepage problems and demon-

strated that due to convenience in the treatment of prescribed flux 

boundary conditions in this method, handling of the seepage face is 

considerably simpler than the finite-difference techniques. This inves-

tigation did not cover miscible displacement problems. 

2.5 Summary. 

A review of the available literature on the subjects related to the 

present study indicates that finite difference and other numerical 

techniques developed by various investigators require prohibitive amounts 

of computer time and storage to solve the transient convective-dispersion 

equation with reasonable accuracy. Further, almost all the solutions 

exhibit numerical dispersion, artificial dispersion or severe oscil-

lations in the results, or else require a not too well defined process 

of trial and error to arrive at the appropriate time increment for the 

solution to be reasonably good. Applications of the finite-element 

method have mostly been directed to the solution of the steady or un-

steady flow equation with or without the free surface except the works 

of Guymon, Nalluswami, Smith et al., and Pinder. As stated before, the 

Rayleigh-Ritz approach of Guymon an<l Nalluswami is restrictive in prac-

tical applications. 

The Galerkin approach of Smith et al. and Pinder does not have any 

such limitations. The latter, however, yields non-symmetric matrices, 

thus requiring larger computer time and storage. Both the approaches 

have been found to be comparatively free of numerical dispersion and 

oscillations and do not involve any uncertain trial and error procedures. 
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Besides these, the finite-clement technique has the following additional 

advantages over other numerical methods: 

(i) It can handle any irregular boundary configuration which may 

be discretized to triangular, quadrilateral or other isoparametric 

elements of any shape and size. 

(ii) The method not only accommodates complex geometry and boundary 

conditions, but has also proved successful in representing various 

types of complicated material properties that are difficult to 

incorporate into other numerical methods. It is even possible to 

vary the properties within an element according to some preselected 

polynomial pattern. 

(iii)Specified gradient boundary conditions are introduced naturally 

and with a better accuracy than in standardized finite difference 

procedures. This reduces the number of boundary conditions to be 

subsequently introduced into the matrices before solving them. 

(iv) Higher order elements can also be conveniently used to improve 

accuracy without complicating the boundary conditions - a difficulty 

always arising with finite difference approximations of a higher 

order. 

(v) As the finite-element formulation quite often results in a 

system of symmetric banded matrices, there is great ease and time-

saving in solving them on a computer. 

(vi) It can be conveniently extended to problems in higher dimen-

sions. 

(vii)Situations where the principal axes of the transmissibility 

or dispersivity tensors change in orientation may be conveniently 

handled by simple coordinate transformations in the finite-element 



30 

technique (Smith, ct al. 1971). The same can not be easily modeled 

in a finite-difference approximation. 

For self-adjoint problems, both the Rayleigh-Ritz and Galerkin 

finite-element formulations lead to identical systems of symmetric 

matrices. For non-self-adjoint problems, the latter results in non-

symmetric matrices, whereas the former, almost always, yields symmetric 

matrices, provided the corresponding variational functional exists. In 

certain cases, like the one analyzed by Guymon and Nalluswami with the 

Rayleigh-Ritz formulation, the transformation variable required to 

transform the system to a slef-adjoint form may pose computational 

problems. For certain other situations, the presence of higher order 

derivatives in the weighted-residual of the Galerkin approach may create 

insurmountable difficulties with regard to higher order continuities. 

A judicious choice between the two approaches has, therefore, to be 

made depending upon the problem under investigation. 

2.6 Further Definition of Problem. 

With this background about the performance of the various solution 

techniques, it is proposed to use the finite-element method for the 

simultaneous solution of the flow and convective-dispersion equations 

applicable to the situation under study. This investigation would, 

thus, inc lude the following: 

1. Development of the general flow equation for an isothermal, 

three-dimensional flow field where the porous medium is deformable 

and isotropic and the fluid is compressible and non-homogeneous 

with regard to density and reduction of such a flow equation to 

the case of an axisymmetric flow towards a well. 
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2. Development of the general convective-dispersion equation for 

an isothermal three-dimensional case in an isotropic mdeium taking 

molecular diffusion and the tncsorial form of the dispersion coef-

ficient into account asstDning isotropic dispersivity and a non-

reactive tracer and reduction of such an equation to the case of 

an axisymmetric flow towards a well. 

3. Finite-element formulations for the transient flow and convec-

tive-dispersion equations. 

4. Development of an efficient scheme for automatic mesh gener-

ation for the simultaneous solution of the flow and convective-

dispersion equations by the finite-element method for the field 

situation of axisyrnrnetric flow towards a partially penetrating 

well. 

5. Development of a scheme for handling the different boundary 

conditions for the flow and convective dispersion equations for 

the case of confined, axisymmetric, unsteady flow towards a partial-

ly penetrating well. 

6. Development of a computer program for simultaneous solution 

of the flow and convective-dispersion equations by an implicit 

leap-frog technique, testing the program by comparison with other 

known solutions and finally applying the same towards the solution 

of field problems. 



CHAPTER III 

MATI-IEMATICAL MODEL AND NUMERICAL SIMULATOR 

3 .1 Development of the flow equation. 

As explained earlier, the flow equation is a combination of the 

principle of conservation of mass expressed from the Euleri.an viewpoint 

of fluid motion and the generalized form of Darcy's law for non-homogen-

eous fluid s . The principle of conservation of mass as explained in 

Appendix A is based on the following assumptions: 

(i) The size of the volume-element over which the mass-balance is 

considered does not vary with time. 

(ii) There are no chemical reactions going on in the system and there 

are no sources or sinks. 

(iii)There is only one non-reactive tracer present in the system. 

( i v) The relationship between the fluid-density, pressure and 

concentration can be expressed by a first order equation of state and 

the proportionality factors are independent of pressure and fluid-compos-

ition. 

(v) There is no change in volume upon mixing of fluids of different 

ionic concentrations. 

With these limitations, the mass-balance may be expressed in compact 

tensorial notation as follows: 

where, 

(cj>S) + .!_ ( 
t /g 

/ qi vg - ) . 
h~ 'i 

1 

cj> = Porosity of the porous medium. 

S = Saturation of the porous medium. 

( 3-1) 
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q . = Macroscopic flow velocity in i direction. 
1 

p = Mass density of the fluid. 

g - Absolute value of the determinant of the metric tensor. 
• 

h. = Scales of coordinate transformation. i=l,2,3 , 
1 

For the general case of an anisotropic, non-homogeneous porous 

medium and for a fluid, non-homogeneous with respect to density, Darcy's 

law may be stated as, Happen and Brenner (1965) ; Yih (1961): 

q. = V. cj>S = 
1 1 

where, t~e s~bscript x. 
1 

k.k 
1 r 
j.J 

( .!_ p + pg 
h. x. 

1 1 

z ) x. 
1 

denotes derivative wi th respect to 

v. = Seepage velocity component in i direction. 
1 

x. 
1 

(3-2) 

k. = Absolute permeability in i direction at complete satur-
1 

ation. 

k = Relative permeability at saturation S . r 

P = Fluid pressure. 

Assuming that, 

(i) Darcy's law holds for the flow situation under study, 

(ii) there is no contribution to flow due to thermo-dynamic and 

adsorptive force gradients or due to electric charges carried by wet 

soil particles, 

(iii)k . and k are independent of pressure, temperature and con-
1 r 

centration, 

(iv) a linear relationship exists between the porosity and pressure, 

(v) the medium is isotropic, 

and combining equations 3-l and 3-2 as elaborated in Appendix A, 
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/g 

r k.k 
[~{ 1r 

h~ µ 
1 

34 

( 1 p + pg z ) } ] . + _1_ p . h. X. h. X. , 1 h2 , 1 
1 1 1 1 P . 

1 

k.k l 
{ -2:..L ( - p + pg z ) } 

µ h. x. h. x. 
1 

= [ po4>0S (S+CF) pt+ a4>0SCt]'p 
1 1 1 1 

(3-3) 

For radial flow towards a partially penetrating well in a saturated medium, 

equation 3-3 reduces to the following approximate relationship, 

1 
r { prk ( p + pg z ) } + { prk ( p + pg ) }z ] = 

µ r r r µ z 

Po4>o (S+CF) pt+ a4>0 Ct (3-4) 

For the problem under investigation, the assumption of the validity 

of Darcy's law is as much justified as it is for any other problem in 

well-hydraulics. No doubt, there will often be a small zone of non-

linear flow in close proximity to the well where refinements to Darcy's 

law are warranted Ahmad (1967): Ahmad and Sunada (1969). However, such 

refinements are not considered necessary in the present investigation 

in view of the fact that minor approximations, thus introduced in a very 

small portion of the flow region, will not appreciably affect the total 

salt transport due to hydrodynamic dispersion and convection. The 

assumption that the contribution to flow due to thermodynamic gradient 

is small, is justified by the fact that temperature variations of the 

subsoil in any particular saturated region are generally small and past 

researchers have indicated that the quantum of thermal-gradient-actuated 

flow in a saturated soil is rather small as compared to that actuated 

by the mechanical gradient; Gurr, Marshall and Hutton ( 1952J; Hadley and 

Eisenstadt (1955); Habib and Soerio (1957); Kuzmak and Serada (1958); 
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Rollins, Spangler and Kirkham (19S'1). The effect of electrical charges 

carried by wet soil particles and adsorptive forl'c gradients is cvon 

less, Hillel (1971). 

The assumption regarding the invariance of absolute and relative 

permeabilities with changes in pressure and concentration is justified 

by the observation that in naturally occurring saturated aquifers under 

isothermal conditions, there is hardly any effect of pressure or concen-

tration on permeability so long as the fluid behaves as a continuum and 

the concentration remains small. The linear relationships between por-

osity and pressure and between the density, pressure and concentration 

used in the derivation of flow-equation in Appendix A, though not rigor-

ously true, have often been used with success by earlier investigators 

Reddell and Sunada (1970); Breittenbach (1968). Under isothermal condi-

tions, contribution to flow due to reactions between soil, water and 

ordinary salts is very small and so the reaction, production or consump-

tion terms in the flow-equation may be omitted without introducing 

appreciable errors. By observations in physical chemistry, it is also 

known that there is little change in the volume of a solution upon 

mixing of fluids of different ionic concentration, Bredehoeft and Pinder 

(1973). 

The only assumption made in Appendix A, that is questionable for 

a field situation, is that of the isotropy of the medium. This has been 

introduced in this study to avoid complex tensorial expressions for the 

coefficients of dispersion as explained in Chapter II. This analysis, 

based on the assumption of an isotropic medium, will, however, not apply 

to a flow region which is highly anisotropic. 
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3.2 Development of the Convectjvc Dispersion Equation. 

As discussed in Appendix B, the convective-dispersion equation is 
i 

a combination of the mass-balance equation for the tracer and Fick's law 

of diffusion. The resulting equation in tensorial form is reproduced 

below. 

where, 

1 p 
p-ac 

. --
~lg 

V. 
- _!_ C . 

I 2 , 1 
1. 

1 

[ lg~ { AV C . + 
h? , 1 

1 

,i = covariant derivative, 

C = concentration, 

2µv.v . 
1 J 

Vh? 
J 

C . + Dd T C . } ] . ,J ,1 ,1 

a = proportionality factor as defined in Appendix A, 

A = aII = lateral dispersivity of the medium, 

V = absolute velocity of the fluid, 

µ = (a1-aII)/2 

al = longitudinal <lispers ivi ty of the medium, 

Dd = coefficient of molecular diffusion, 

T = tortuosity. 

(3-5) 

For axi-symmetric flow towards a partially penetrating well, equa-

tion 3.5 reduces to, 

C = P 
t p-aC 

(3.6) 
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where , 

Dir AV 
u 2 

D T = + 2µ - + 
v2 d 

OT + (DL -OT) 
u2 

Dd T = -+ 
v2 

022 "AV+ 
v2 

Dd T = 2µ - + 
v2 

OT+ (DL-DT) 
v2 

Dd T = -+ 
v2 

0i2 021 
UV 

Dd T = = 2µ - + 
v2 

(OL-DT) 
UV = 
v2 

OT = a 11v = coefficient of lateral dispersion, 

DL = a1v = coefficient of longitudi nal dispersion, 

u and v are radial and vertical components of velocity. 

The various assumptions inherent in the development of the above 

equation are: 

(i) Fick's law is applicable. 

(ii) There is no production or consumption of the tracer due to 

chemical reactions. 

( i ii)The medium is isotropic so that dispersion coefficients OT 

and DL could be defined as above and the tortuosity tensor T 

is a scalar. 

All these assumptions are reasonable for a dilute solution of an 

inert tracer under isothermal state, Crank (1956), which is the case 

for the situation under study. Limitations of the assumption of iso-' 

tropy have already been indicated in the previous section. The main 

advantage of this assumption is that the dispersiv i ty tensor aijim, 

which is of rank four, reduces to only two terms, a 1 and 

( longitudinal and lateral dispersivities) for an isotropic porous medium. 
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3.3 The Finite-Element Method. 

As outlined in Chapter II, finite-element approximation for any 

tractable problem could be obtained either by an adaptation of the 

Rayleigh-Ritz technique of variational calculus, which requires a vari-

ational functional, physically representing the rate at which energy is 

being dissipated per unit volume or weight of the fluid, to be minimized 

over the entire flow domain; or by using weighted residual techniques 

like the Galerkin method, which preclude the necessity of developing a 

variational functional for the problem. The Rayleigh-Ritz method is 

the most widely accepted means of arriving at the finite element repre-

sentation of a problem. In addition to the numerous merits pointed out 

by Guymon (1970b), it admits less restrictive approximating functions 

and the conditions of convergence for this method have been well estab-

lished, Tottehnam and Brebbia (1970). 

The fact that a variational functional may not exist for a wide 

variety of problems or may be too complicated to handle by readily 

available numerical shcemes, does impose a limitation on its use. On 

the other hand, owing to the direct occurrence of the differential oper-

ators of the governing equation of the problem into the integrals 

involved in the Galerkin method, a higher order of continuity may have 

to be guaranteed by the shape function in order to avoid inter-element 

contributions. This restriction on the choice of shape functions may 

sometimes pose insurmountable difficulties, Zienkiewicz (1971). 

In the formulation presented in this chapter both the approaches 

have been discussed in relation to the problem under study. Both these 

formulations are based on the inherent assumption that within each 
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element, the variables H (defined in section 3.5) and C are uniquely 

represented by a polynomial, continuous at the element boundaries. This 

assumption is justified within the limits of accuracy of the Weierstrass 

approximation theorem, Courant and Hilbert (1963) which states that a 

function H(x1,x2,x3, ..... xn) or C(x1,x2 ,x3, . .... xn) , which, along 

with its derivatives up to the kth order, is continuous in the closed 

region a.<x. <b . , may be uniformly approximated by polynomials in this 
1- 1- 1 

interval in such a way that the derivatives of H or C up to the kth 

order are also approximated uniformly by the corresponding derivatives 

of the polynomials. 

Rigorous cirteria for selecting the order of the polynomial repre-

senting these variables H or C are completeness, compatibility and 

independence of the pattern from the orientation of the local coordinate 

system. The requirement of completeness implies that over the region 

of application of the polynomial, there should exist combinations of 

values of the generalized coordinates that cause all points on an element 

to experience the same pressure or concentration. A polynomial with a 

constant term in it might take care of this requirement. The compat-

, ibility requirement implies that there should be no discontinuities of 
I 

pressure or concentration within an element and between adjacent elements. 

Since polynomial models are inherently continuous, continuity within 

the element is ' ensured by the choice of any polynomial. 

The condition of interfacial compatibility is satisfied if; 

(i) the same polynomial model is used for all the elements, 

(ii) the pressure or concentration values along any interface 
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depend on the nodal-point values pertaining to that interface only, 

(iii)inter-element nodal compatibility is ensured. 

It may be shown, Desai and Abel (1972), that polynomial models do 

satisfy requirements (i) and (ii) and that requirement (iii) is implied 

in the usual assembly procedure of the finite-element method. 

As the differential operators in the governing equations 3.4 and 

3.6 happen to be of the second order, prima facie, it appears that 

second order continuity has to be guaranteed by the shape function for 

the Galerkin method, but as has been shown later, use of the divergence 

theorem reduces the order of these differentials to one and thus obviates 

the requirement of second order continuity. For both the approaches in 

this study, although higher order shape functions might add to accuracy, 

only linear polynomials have been considered, on the presumption that 

other approximations implicit in the analysis would far offset the im-

proved accuracy attained by adopting more complex polynomial represent-

ations of the functions H or C Following a similar reasoning, 

although, as indicated in Chapter II, isoparametric elements could be 

used, yet, in this investigation, where the scope is limited to simpler 

boundary configurations, triangular elements have been considered 

adequate. 

Since, as explained above, the pressure or concentra_tion varies 

linearly along any side of a triangular element, the same pressure or 

concentration is bound to exist all along an interface, if identical 

pressures or concentrations are imposed at the nodes. Thus the pressure 

or concentration distribution functions automatically guarantee contin-

uity of pressure or concentration with adjacent ,'elements. However, there 

may be discontinuities in the first derivative of the pressure or 
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concentration parameters between adjacent elements. To minimize the 

effects of such discontinuities, it is necessary to use smaller elements 

in areas of rapid changes in the first derivatives of pressure or concen-

tration, while larger elements may be adequate for comparatively insens-

itive regions. 

Once continuity between adjacent elements is ensured, the Galerkin 

method would consist of choosing a continuous weighting function which 

might be the shape function itself, and equating the element by element 

weighted residuals to zero. On the other hand, the Rayleigh-Ritz method 

would consist of minimization of the variational functional over the 

entire flow region. That this is a true minimizing or stationarity 

principle can be mathematically proved, Kantorovich and Krylov (1958) 

and that this minimization process implies solution of the flow or 

convective-dispersion equation can be shown by using the fundamental 

lemma of calculus of variations. 

The linear models discussed above, satisfy the last criterion of 

independence of the pattern from the orientation of the local coordinate 

system also. This aspect has been elaborated in detail by Desai and 

Abel (1972) and Dune (1948). This property of the model is known as 

geometric isotropy, spatial isotropy or geometric invarience. 

3. 4 Mesh Layout. 

Once the element shape and degree of polynomial approximating the 

function H or C has been finalized, the next step is to figure out 

an element layout covering the flow domain. Taking advantage of radial 

symmetry and assuming that the contribution ofi the nearly spherical and 
i 

non-radial flow towards the bottom of a partially penetrating well, 

Muskat (1946) is negligible, the three-dimensional flow problem may be 
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reduced to one that could be studied on a two-dimensional region in the 

r-z plane typified by a vertical cross-section of the aquifer passing 

through the axis of the well. Even on this cross-section, only one-half 

portion lying towards any one side of the well-axis would be adequately 

representative of the flow system as far as this investigation is con-

cerned. Therefore, it is this two-dimensional region, that has been 

sub-divided into a mesh of triangular finite elements, not necessarily 

congruent or symmetric. For a general case, the tirangular elements 

would comprise an assortment of acute angle, right angle and obtuse 

angle triangles with few, if any, of their sides parallel or perpendicu-

lar to the coordinate axes. For such cases, closed form expressions 

for higher moments over the elemental area, although possible to derive, 

would become rather complex and tedious. It is, therefore, desirable to 

use the Gauss-quadrature approximation as suggested by Zienkiewicz (1971). 

As explained in Section 3.3, the element layout is to be arranged 

in such a way that the regions of maximum pressure or concentration 

gradients are covered by smaller size elements. Thus, smaller elements 

have to be provided in the vicinity of the well, with the sizes gradually 

increasing with distances from the well both in r and z directions, 

so that abrupt changes in element sizes are avoided . Another important 

requisite for the mesh layout stems from the point of view of computa-

tional efficiency. It is well known that fin ite element formulation 

of the flow or dispersion equation would result in the formation of 

banded matrices, with the band-width given by the following rules: 

(i) For symmetric matrices, band-width; !BAND; Maximum of the 

differences in the numbers assigned to any two adjacent nodal 

points in the entire mesh layout plus one. 
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(ii) For unsymmetric matrices, band-width= twice the maximum of 

the differences in the humbers assigned to any two adjacent nodal 

points in the entire mesh layout plus one. 

Thus, there is a certain mesh layout with a certain numbering scheme for 

the nodal points and elements that will give the smallest possible band 

width. 

An indication of the boundary orientation for an efficient element 

layout for simple flow regions has been given by Guymon (1970b). However, 

he did not develop any mesh-generation shceme for a suitable element 

layout. In this investigation, a computer program has been developed1 

for automatic mesh-generation, based on the algorithm of Zienkiewicz 

and Phillips (1971). As discussed in Chapter IV, this program requires 

the flow region to be divided into one or more loops depending upon the 

variations in element sizes. Each loop is divided into a number of 

quadrilaterals and the shorter diagonal of each quadrilateral is joined 

to produ~e a triangular element layout. For multi-loop regions, this 

program incorporates an optimization scheme, Collins (1973), to renumber 

all the nodes in the mesh so as to yield a minimum band-width. Data 

requirement for this program consists of the coordinates of eight points 

delineating the boundary geometry of each loop t~ken in an anti-clockwise 

sense, the number of divisions into which each side is to be divided and 

the maximum and minimum values of the r and z cordinates for each 

loop. In addition, information regarding the common sides between any 

two loops has also to be provided as input in the form of an array as 

1With the cooperation of Dr. E. G. Thompson, Ci vil Engineering Dept., 

Colorado State University. 
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explained in Appendix G. The output comprises a film plot of the layout 

and a deck of punched cards giving the coordinates of all the nodes and 

assigned numbers of all the nodes and elements. 

3.5 Finite Element Formulation for the Flow Equation. 

With a view to transform equation 3.4 to a tractable form, it is 

expedient to introduce two terms of negligibly small magnitudes viz. 

gz pr and gz pz and modify it as follows: 

pk {P + pgz + gz p } 
µ r r r 

where the subscripts r, z and t denote derivatives with 
respect to them. Setting, 

equation 

Po~o (S+CF) = E 

a~ = F 
0 

p + pgz = H 

pk s -= µ 

EP + FC = y 

3.7 reduces to, 

yt 
1 S H ) = - (r r r r (SH) + z z 

(3.7) 

(3.8) 

The Galerkin Approach. Following the Galerkin technique as discussed 

in Appendix C with an arbitrary weighting function WP where p=i,j,k and applying 

divergence theorem to the weighted residual, with a view to reduce the 

order of differentials occurring in it, the following equation is obtain-

ed: 
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(3.9) 

Using the boundary conditions discussed in Section 3.7, the R.H.S. of 

equation 3.9 reduces to zero except for the well face and the constant 

head boundaries. For the well boundary, value of the expression on the 

R. H.S. is known in terms of the flow rate q and for the constant head 

boundaries, this expression may be set equal to some un~nown value [R] 

It is shown in Section 3.7 that, in view of the known values of H on 

the constant head boundaries, the value of [R] is not required to be 

computed for the solution of the resulting system of simultaneous equa-

tions. 

Substituting the above values on the R.H. S. of equation 3. 9 and 

transforming it to a local coon.Ji natc system referred to the centroid 

of the element as the origin, the fol lowing system of equations is 

obtained, 

f w~ pq r dn + [R) 
s~ P w 

(3.10) 

where, the subscripts E;. , n and t denote derivatives with respect 

to E;. , n and t, 

E;. = r -m r 

-m n = z - z 



rm and -m -m z are the global coordinates of the centroid and R 

and -m S2 respectively refer to the area and the portion of the well-
th face, if any, covered by the boundary of the m element. 

Defining a continuous shape function [A] as explained in Appendix 

C, such that, 

H = [A] {H}m 

where the matrix refers to nodal point values of H for the 

element and assuming that this shape function itself is the weighting 

function, equation 3.10 yields, 

th m 

(3.11) 

Evaluating the differentials and integrals and writii:tg the system 

in the symbolic form defined in Appendix C, equation 3.11 may be written 

as, 

(3.12) 

Following the general process of assembly applicable to finite 

element formulations for combining equations similar to 3.12 for all the 

elements in the layout, the following system of simultaneous equations is 

obtained, 

[SK] {H} + [PK] {Yt} = [QK] + (R] ( 3. 13) 

TI1e Rayleigh-Ritz Approach. Following the alternative Rayleigh-Ritz 

technique, the variational principle for equation 3.8 may be verified 

to be, Hildebrand (1965), 
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J = ff [ (H ) 2 + (H ) 2 + H Yt] r dr dz - f 
R 2 r 2 z Sz 

pq r H dz w 

(3.14) 

Equating the first variation of J to zero, it may be shown that 

the natural, geometric and well boundary conditions are included in this 

variational principle. Its transformed form written for the 

ment in terms of local coordinates is, 

th m ele-

~=-{in [ ½ { (Hs) 2 + (Hn) 2 } + H Yt] (rm+s) ds dn - pq rw H dn 

(3.15) 

The minimization process for this functional, J, consists of eval-

uating the contributions from all the nodes in the layout to the differ-

entials (p=i,j,k) for each element, summing the relevant contribu-
P 

tions for each node and equating the sum to zero for stationarity. This 

process for the th m element yields, 

- f (r pq H)H dn = 0 
Sm w p (3.16) 

where the subscript Hp denotes a derivative with respect to Hp . 
Equation 3.16 may be verified to be the same as equation 3.11 except for 

the unknown terms [R] which do not affect the solution at all. Thus, 

s o f ar as the flow equation 3.8 is concerned, which is already in the 

s elf- adjoint form, Hildebrand (1965), both the Galerkin and Rayleigh-

Rit z techniques lead exactly to the same system of simultaneous equations 

3. 13. 
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3.6 Time Domain Formulation of the Flow Equation. 

As discussed in Section 3.5, the finite element formulation of 

equation 3.8 yields, 

[PK] {Yt} = [QK] + [R] - [SK] {H} 

Time domain solution of this system may be obtained in several ways, viz. 

by the methods of undetermined parameters (collocation, subdomain, Galer-

kin or least squares) as outlined by Crandall (1956) or by combining the 

usual integration schemes Runge-Kutta and Adams-Moulton, etc., Nalluswami 

(1971), Guymon (1970b). The latter approach is time consuming, requires 

extra computer storage and has been found to cause stability and conver-

gence problems unless the time step chosen is very small. The shortcuts 

suggested, Robert G. Baca (1973) 1, to expedite convergence of the scheme 

are not applicable to a general system of equations. Unlike the case of 

a single first order equation, Gerald Curtis (1970), it is extremely 

difficult to develop criteria for the convergence of successive recorrec-

tions by the Adams-Bashford corrector for a system of equations. It is 

even more difficult, in any particular case, to know whether such criteria, 

if available, are actually satisfied or not. Therefore, most authors, 

Conte (1965), Peter Henrici (1965), caution against the use of the cor-

rector more than once and recommend to restart from the Runge-Kutta on-

wards at every change of the time-step, which is a time consuming process. 

In the present study both the undetermined parameters and Adams-Moulton 

methods were tried and finally, to retain simplicity without substantial 

loss of accuracy, the Galerkin method of weighted residuals has been 

adopted. For the Galerkin method developed in Appendix C, the equation 

residual for the time-domain soluti.on gives, 

1By personal communication with Robert G. Baca, 1973, Pac. NW Labs .. 
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flt 
f N1 [ [PK] {Yt} + [SK] {H} - [QK] - [RJ ] dt = 0 
0 

. ( 3 .17) 

In similarity to the finite-element discretization in space, assum-

ing a linear interpolation of H in the time-domain for a small time 

interval tit 

. { {H}} {H} - [NJ o 
{H}i 

(3.18) 

where, 

[NJ [ No Nl J [ 1 t t = = - tit tit 
{H} = nodal point 

0 
values of H at t=O 

{H}1 = nodal point values of H at t=tit 

As for the formulation in space, higher order polynomials with more 

elaborate elements may be tried for the time domain solution if the 

accuracy desired warrants, Zienkiewicz (1971). For the present study, 

results obtained by the linear relationship of equation 3.18 are consid-

ered adequate and therefore, the time-domain formulation is based on this 

linear relationship. 

Since, 

(3.19) 

it follows that within the approximation inherent in the leap-frog tech-

nique, 

(3.20) 

and, 

Y "' E • H t - t (3.21) 

where the subscripts o and 1 refer to the time levels t=O and 

t=tit respectively. 
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Substitution of equation 3,21 into 3.17 and integration of the 

latter yields, 

E 2 E 
[ [PK] fit + 3 [SK] ] {H} 1 = [QK] + [R] + [ [PK] 6t ! [SK] ] {H}

0 

(3.22) 

which is t he required recurrence relation for the time-domain solution. 

A similar recurrence relation may be obtained by following the subdomain 

method as explained i n Appendix C. 

3.7 Treatment of Boundary and Initial Conditions for the Flow Equation. 

To start with, values of <t>, p , C and H for each node are pre-

scribed as initial conditions, say, 

cp (r,z) , p (r, z) , C (r,z) , H (r,z) 
0 0 0 0 

at t=O 

Besides these initial conditions, there will, in general, be three types 

of boundary conditions: 

(i) Natural or reflective boundary conditions which specify that 

H = 0, on a portion of the exterior boundary, n being nonnal n 

to the boundary surface drawn in an outward sense. The subscript 

n denot es a derivative with respect to n . Such boundary condi-

tions apply to all impermeable or no-flow boundaries. As shown in 

Appendix C, the fini te element fonnulation, in itself, implies 

satisfaction of such boundary conditions. 

(ii) Geometric boundary conditions which specify the values of H 

on a portion of the boundary . At a section of the aquifer, beyond 

the radius of influence, r of the well, or at a large depth below 
0 

the bottom of the well, H will remain unchanged for all time 

periods and so, wi ll be represented by specified values such as, 

H1(r,z), H2(r,z) , ..... , Hn(r,z) V t>O 
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A convenient device that has been adopted in the computer program, 

to take such geometric boundary condit i ons into account is described 

below: 

Let H(j) be t he known value at node number j of the element 

layout . The coefficient associated with this value in the simplified 

matrix on the L.H.S. of equation 3.22 is, say, PK (j,j) and the cor-

r esponding element of the R .H .S. column matrix, obtained after simplify-

ing the R. H.S. of equation 3.22 is, say , F(j) , which includes the 

unknown element of (R] also. These values of PK (j,j) and F(j) 

are replaced by the following new values, 

PK (j,j)new = PK (j,j) old * 1050 

and, 

F c-·) - PK c· ") 1050 
J new - J,J old * * H (j) 

Solution of the system of equations 3.22, with the above replacements, 

would meet the requirements of the given boundary conditions. The 

multiplier 1050 is an arbitrari l y chosen large number used to force 

the given value of H (j) for t he nodal point in question to come out 

as the final solution for that node . It is seen here that the solution 

procedure does not require [R] to be known. 

(iii)A special boundary that has to be treated for the problem 

under study is the well face. At this boundary, a constant rate 

of pumping would imply that, 

H I = constant, for each length segment. r r=r w 
But, due to non-uniform distribution of discharge along the pene-

tration depth of the well, this constant may not have the same value 

for all the length segments between adjacent nodes along the well face, 

Muskat (1 946). Therefore, a prerequisite to properly account for the 
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well-boundary is to estimate the values of this constant applicable to 

the various nodal points on the well-face. Assuming that the flow at 

the well-face is purely radial and also assuming that the potential 

inside the well is the same at every point along the penetration depth, 

Hantush (1964), an iterative procedure suggested by Muskat (1932) was 

devised, but it proved to be very time consuming, Further, prior 

investigations, Hantush (1964) indicated that the gain in accuracy 

achieved by adopting such an elaborate procedure, is not worth the 

effort and that in most cases, it is reasonable to assume a uniform 

distribution of discharge over the penetration depth. Accordingly, for 

the present investigation, an average value of 

ing equation has been used, 

q . 
1 

given by the follow-

q. = 0 /2n r x PENETR 
1 'w W 

where, 

~=well discharge, 

PENETR = depth of well penetration, 

The subscript i denotes the i th node on the well face. 

As explained in Appendix C, the elements of matrix [QK] on the 

R.H.S. of equation 3.22 may be computed with this known value of q. 
1 

for the well-face. It is also known that the unknown [R] contributes 

nothing on the well-boundary. Thus the R.H.S. of equation 3.22 is 

completely known for al 1 the nodes along the well face. 

3 .8 Finite-Element Formulation for the Convective-Dispersion Equation. 

Assuming that the velocities u and v , the porosity , the 

fluid density p and the coefficients of dispersion D*11 , D22 and 

Di2 are invariants within an element for a particular time step, the 
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convective-dispersion equation 3.6 may be expressed in the following 

form, 

(3.23) 

where, 

D = 0i1 
p 

rr p-aC 
D = 0i2 

p 
rz p-aC 

D = D:22 p 
zz p-ac 

and DiJ , 0i2 and 022 are as defined in Section 3.2. 

The Galerkin Approach. Following the Galerkin approach as discussed in 

Appendix D, with an arbitrary weighting function WP and applying the 

divergence theorem to the weighted residual, as was done for the flow 

equation, the following equations arc obtained, 

+ vCz + Ct) ] r dr dz = J w!,. (D C + D C) n1 d8 
0 1' rr r rz z 
v 

+ f w!,. (D C + D C) n 3 dS S zz z rz r · Where p=i,j ,k . (3.24) 

Using the boundary conditions discussed in Section 3.9, the R.H.S. 

of equation 3.24 reduces to zero except for the well-face and the bound-

aries where concentration is invariant with time. For the well-boundary, 

value of the R.H.S. expression of equation 3.24 is known in terms of the 

flow rate q and for the boundary where concentration is invariant 

with t i me, the expression on the R.11.S. of equation 3.24 may be set 

equal to some unknown value [R] It is shown in Section 3.9 that, as 
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for the flow equation, the value of [R] is not required to be computed 

for the solution of the resulting system of equations. Substituting 

these values in equation 3.24 and transforming it to a local coordinate 

system, the following equations are obtained for the m th element of 

the layout, 

-m 
+ WP (uCS + vcn + ct) ] (r + s ) ds dn ::: 

1 - f wh qC (-;;:- - 1) r dn + [R] (3.25) 
s~ Y w 

Defining a continuous shape function [A) as explained in Appendix 

D, such that, 

C = [A] {C}m (3.26) 

and assuming that this shape functio11 itself is the weighting function, 

equation 3.25 transforms as follows: 

f{n { c CAP)s [Orr [A] s + D [A] J + (AP) n [Dzz [A] + D [A] s] 
R rz n n rz 

+ u [A]s AP+ V [A]n AP -m ) (r + s) ds dn } {C}m 

+ ff { AP [A] (rm+ s) ds dn } {Ct}m J AP [A] q 1 - - ( - -1) 
Rm s~ <I> 

r 

m {C} dn + [R] ( 3. 27) 

Evaluating the differentials anJ integrals and writing the resulting 

system of equations in the symbolic form defined in Appendix D, the 

w 
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following relationship is obtained for the th m element, 

(3.28) 

Following the usual assembly procedure for combining contributions of 

all the elements to the various nodes in the layout, the following system 

of simultaneous equations results, 

[SK] {C} + [PK] {Ct}= - [Q<] + [R] (3.29) 

An important point to be noted here is that the very fact that the 

convective-dispersion equation (3.23) is not in a self-adjoint form, 

causes the matrices [SL] and [PL] and, hence, the matrices [SK] 

and [PK] to be unsymmetric, which is a disadvantage for numerical 

solutions. 

The Rayleigh-Ritz Approach. Since equation 3.6, as such, is not in a 

self-adjoint form, a reducing factor has to be developed for it. 

Following Hildebrand (1965), it may be seen (Appendix E) that the required 

reducing factor is, 

r • exp(S) (3.30) 

where, 
V D - u D u D - v D 

s rz zz rz rr = . r + . z 
D D - 02 D D - oz zz rr rz zz rr rz 

P-etC ur + vz = - --p DL + Dd T 

Multiplying equation j.6 by this reducing factor and for convenience 

of numerical computation, transforming it in terms of a new variable 1jJ, 

such that, 

1jJ = C S/2 e 

the following equation is obtained, 

(3.31) 
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!_ (r D r rr 
,,, ) ( D ,,, ) !. (r D ·,1, ) · + !. (r . D ,,, ) = o/r r + zz o/z z + r rz o/z r r rz o/r z 

u ljit + (f (r;z) - 2r) 1jJ (3.32) 

where, 

f (r,z) = 
u2 D + v 2 D - 2D zz rr rz U V 

4 (D D - D2 ) rr zz rz 

The variational functional for this equation, Hildebrand (1965) 

reduced to the local coordinate system, with reference to the centroid 

of the th m element- as the origin, as shown in Appendix Eis: 

where 

with 

D D 
J ff [ rr (lji ) 2 + D ljit;, ljin + 

zz (lji ) 2 + ljJ ( u V ) = -2- -2- 2 tjJE;, + 2 tj)n Rm E;, rz n 

+ lji2 f 1 2 
(r, z) + tjJ • tjJ ] -m 

!m 1) L ds ( t;, + r ) dt;, dn + r q ( - -2 t 
S2 

w ct> 2 

(3.33) 

s~ refers to the portion of the well-boundary, if any, common 

the boundary of the th element. m 

The boundary conditions in terms of the new variable tjJ are, 

( i) 

(ii) 

(iii) 

tjJ + ui/1 = 0 0rr tj)r + 0rz z 2 } 
1/1 + v41_ = 0 

along nntural boundaries, 
D 41 + 0 rz r .zz z 2 

otjJ = o along geometric boundaries 

D vi + D ljiz + u2lji - q ( } - 1) 1jJ = 0 rr r rz o/ along the well 

face. 

It may be shown by equating the first variation of J to zero and 

by substituting the above boundary conditions in the resulting equation, 

that equation 3.6 in its transformed fonn as equation 3.32 is the 

Euler's equation for the above variational functional. Adopting the 
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same shape function for 1jJ, as was assumed for C in the Galerkin 

approach, so that, 

(3 . 34) 

and computing the contribution of the th m element to the differentials 

(p=i,j,k) , the following equations are obtained, 
p 

+ D zz 

U V p aC u2 + v 2 
+ (l/JJ ,,, { - ljJ + - ljJ } + ljJ _-_. ---~ . (ijJ) ~p 2 2 n p 4(DL+DdT) ~p 

-m 
+ wt cw)wP J c~ + r) 

where the subscript l/JP denotes a derivative with respect to 

This system, even if the transformation in terms of ljJ was not 

affected, would not be identical to that obtained by the Galerkin method 

in equation 3.27. Evaluating the differentials and integrals occurring 

in equation 3.35 will also result in a system of equations of the form, 

(3.36) 

The [SL] and [PL] matrices in this case, though more complicated 

than those obtained by the Galerkin method, happen to be symmetric 

(Appendix E). Following the usual assembly procedure, applicable to the 

finite- e lement formulation, the follwoing system of simultaneous equa-

t i ons i s obtained, 

[SK] {ljJ} + [PK] {l/Jt} + [QK] = 0 (3.37) 

This system is mathematically similar to that obtained in equation 

3 .29 except for the numerical values of the matrices [SK] and [PK] 
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and has the additional qualification that the matrices [SK] and . [PK] 

are symmetric. However, the appearance of the variable in place of 

C, makes it radically different as far as the difficulties in the num-

erical solution are concerned. The variable involves the exponen-

tial of e and thus can not be evaluated by a CDC 6400 computer if the 

values of e exceed 1483.34 . 

As discussed in Chapter IV, this limitation imposes a serious 

restriction on the practical application of the Rayleigh-Ritz formula-

tion for the solution of the convective-dispersion equation and nulli-

fies the computational advantage that it could have by way of generat-

ing symmetric matrices. Therefore, in this investigation the Galerkin 

method is used. 

3.9 Time Domain Formulation of the Convective-Dispersion Equation . 

As discussed in Secti~n 3.6, the Galerkin approach may be adopted 

for the time domain solution of equation 3.29 in preference to the 

Runge-Kutta and Adams-Moulton schemes. Thus, as before, the equation 

for the weighted residual becomes, 

where, 

and 

tit 6 N1 [ [P.K] {Ct} + [SK] {C} + [QK] - [R] ] dt = 0 

{C} = [N] 

[NJ = [ No 

{
{C}o } 

{C}i 

t 
N1 ] = [ 1 - tit 

t 
tit ] 

(3.38) 

Evaluating the integrals in 3.38 and collecting tenns in {C} 0 and 

{C} 1 separately, gives, 
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!t • [P.K] + ; [SK] ] {C}1 = - [QK] + [R] + [ ~t • [PK] 

1 - 3 • [SK] ] {C} 0 (3. 39) 

which is the required recurrence relation to get the values {C}1 at 

time step ~t from known values {C}o at time step O in the 

convective-dispersion equation. An alternative relation obtained by the 

subdomain method is given in Appendix D. 

3.10 Treatment of the Boundary and Initial Conditions for the Convective-

Dispersion Equation. 

Initial values of C for all the nodal points are specified as 

initial conditions, say C.(r,z) 
1 

etc., As explained in Appendix D, the 

boundary conditions on the well-.face are accounted for in the finite-

element formulation through the matrix [Ql] of equation 3,39. The 

unknown [R] contributes nothing for such boundaries and so the R.H.S. 

of equation 3.39 is fully known. Natural or reflective boundary condi-

tions, specifying C =O on impervious boundaries are included in the n 

formulation by setting the R.H.S. terms of equation 3.24 equal to zero. 

Obviously, both [QK] and [R] will contribute nothing to nodal points 

on such boundaries. This type of boundary condition. applies to the top 

impermeable layer· overlying the confined aquifer and to the vertical 

stream-line running from the center of the well-bottom down to the lower 

boundary of the aquifer, across which there is no flow . In this inves-

tigation where the well radius r is small compared to the element w 

sizes and where the bottom of t~e well is treated as impermeable, this 

boundary is approximated to coincide with the vertical running at distance 
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r from the well-center and extending from the well-bottom down to the w 

lower boundary of the aquifer. 

Along a section of the aquifer, beyond the radius of influence 

of the well and at a large depth below the bottom of the well, C 

r 
0 

remains invariant with time and so may be represented by specified values 

c1(r,z) , c2(r,z) , ... ., Cn(r,z) etc., As explained in section 3.7, 

such boundary conditions, referred to as geometric boundary conditions, 

may be accounted for by multiplying the coefficients, say, PK (j,j) of 

the known values C(j) for the j th node in equation 3,39, by an 

arbitrarily large number, say, 1 O 50 and replacing the original R.H. S. 

by the value C(j) * PK(j,j) * 10 50 • This device makes it unnecessary 

to compute the value of the R.H.S. expression of equation (3.39) which 

includes the undetermined term [R) for such boundary conditions and at 

the same time ensures that the value C(j) 

node through successive time steps. 

3.11 The Implicit Leap-Frog Technique. 

is maintained on the .th 
J 

As discussed in the previous sections, given appropriate boundary 

and initial conditions, the R.H.S. of equation 3.22 is known at time 

level t
0

, in terms of {H} 0 , {C} 0 , {~} 0 and {p} 0 , etc .. To start 

with {Ct} may either be specified or taken as zero. The corresponding 

values at time level t +~t , are then obtained by solving the system 
0 

of equations 3.22 by the Gauss-elimination shceme for banded symmetric 

matrices. This gives the values of {H} 1 for all the nodes at the next 

time-step. From these, values of the new pressures {P}i and hence of 

the new densities {p}i and aquifer porosity f~}i ' are computed for 

all the nodes. Values of elemental velocities u and v at the new 

time-step are then computed from these known nodal point values {H}1 , 
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by applying Darcy's law as follows, 
k 
µ • HI; u = 

k • H V = 
µ Tl 

where, 

H = [A) {Hh 

Therefore, 
k [ u = - -- a2i 2µAm 

and 
k [ V = - -- a3i 2µAm 

where the symbols Am, a2i and a3i , etc. are defined in Appendix C, 

u, v, k and µ refer to the elemental values and {H} 1 refer to 

the already computed nodal point values. 

With these values of {u}i , {v }i for all the elements and {p h 

and initially prescribed values of {C} 0 for all the nodes, the system 

of equation 3.39 is solved by Gauss-elimination for banded matrices to 

obtain the values {Ch at the next time-step. With these values of 

{C}1 , the density matrix {p} 1 is updated again and values of {pt} 

and {Ct} are computed. The values of {pt} and {Ct} are then used 

to form a new system of equations, 3.13, which may be solved as before 

and the above sequence repeated over and over again. 

For the purposes of this investigation, however, in order to save 

computer time without appreciable loss of accuracy, the values of {p} 

are updated only once after new values of {C} 1 are obtained from the 

solution of the system 3.39 and not twice as indicated above. Further, 

values of {Ct} and {pt} are not used to form new systems of equations 

3.13 again and again. The changes in {C} and {p} with time being 
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very small, these simplifications are not, expect.ed to introduce appreci-

able errors. This premise has been corroborated by the resluts discussed 

in Section 4.4. For cases where these changes are likely to materially 

affect the results, the above simplifications may be avoided. 



CHAPTER IV 

DISCUSSION AND APPLICATION OF THE NUMERICAL SIMULATOR 

4.1 Description. 

The numerical simulator developed in this study is comprised of three 

computer programs; MESH, FLOW and DISPER. Program MESH is a modified 
1 version of an existing one, Thompson (1972) and programs FLOW and DISPER 

have been written exclusively for this investigation. A description of 

each of these programs follows: 

(a) Program MESH - A listing of this program is given in Appendix 

H. It incorporates a scheme for generating a suitable element layout 

for the finite-element solution of any problem. For complex flow regions, 

the elements have to vary in size depending upon their distances from 

the well. For this purpose, the flow region i s divided into different 

loops depending upon the nature of the problem, as illustrated in Fig. 4.1 . 

With the input data explained in Appendix G, this program subdivides 

each loop into a number of quadrilaterals and joins the shorter diagonal 

of each, as illustrated by representative dashed lines in figure 4.1, 

to generate a triangular mesh, with specific numbers assigned to all the 

nodes and elements. 

For situations, like the one described in Section 4.3, an alternative 

element layout with diagonals of the quadrilaterals reversed is also 

required. To take care of such cases, program MESH has been equipped 

with an algorithm to produce both the element layouts. 

1With the cooperation of Dr. E. G. Thompson, Civil Engineering Department, 

Colorado State University, Fort Collins. 
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For flow regions with more than two loops, program MESH gives an 

element layout which has a very large band-width , In order to reduce 

the band-width, two subroutines, viz. subroutine SETUP and subroutine 

OPTNUM (Collins, 1973) have been introduced into this version of program 

MESH. Subroutine SETUP arranges the data generated by repetitive applic-

ation of the algorithm MESH in the following form: 

N 

Original Node 
Number 

JMEM(N) 

Total number of nodes in 
the layout to which the 
Nth node is connected. 

MEMJT(N) 

Assigned nwnbers of 
individual nodes to 
which the Nth node 
is connected. 

With this information as input, subroutine OPTNUM treats each node 

as the origin of the new nwnbering scheme, in turn, so that the number 

of different renumbering schemes attempted is equal to the total number 

of nodes in the layout. At each trial, it checks the band-width obtain-

ed and finally yields a new numbering scheme that gives the smallest 

band-width with the initial and modified node numbers identified as 

follows: 

N JNT(N) 

Old Node Number New Node Number 

This information along with the coordinates of each node and the 

new numbers assigned to the three nodes of each individual element is 

obtained as a deck of punched cards. This program turns out a microfilm 

plot of the element layout also. 
r For simpler flow regions, where the element sizes are not to be 

varied in both the r and z directions, a simpler version of this 

program is used, which treats the entire flow domain as one loop and 
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bypasses the optimization subroutines. Once the orientation of the 

boundaries is so arranged that node numbering starts in sequence along 

the side with smaller number of nodes or divisions, this version produces 

an element layout with a reasonably small band-width. 

Program MESH gives the output in x and y coordinates which are 

read as r and z in programs FLOW and DISPER. 

(b) PROGRAM FLOW - As explained in Chapter III, both the Rayleigh-

Ritz and Galerkin formulations yield identical matrices for the flow 

equation. Because these matrices are banded and symmetric, only the 

upper diagonal elements within the band-width have to be stored, thus 

reducing the computer storage considerably. Program FLOW solves the 

flow equation and consists of various subroutines to perform the oper-

ations developed in Appendix C. A flow chart describing the various 

steps involved in this program is given in Appendix F. The subroutines 

CENTOD, CLOCAL and AREA evaluate respectively the global coordinates of 

the centroid, local coordinates of the nodal points and the area of each 

triangular element. Subroutine TEGRAL computes the various volume 

integrals (reduced to surface integrals due to radial symmetry) involved 

in the finite- element formulation discussed in Chapter II I, using three 

integration points with Gauss-Radau coefficients for Gauss-quadrature. 

Subroutine RHOSEL evaluates the average values of the mass-density of the 

fluid and salt concentration applicable to an element, from given nodal 

point values. Subroutine FSLPL generates the elemental 3x3 symmetric 

matrices [FSL] and [FPLE] in terms of the contributions received by 

each nodal point from the minimization process of the variational func-

tional for the Rayleigh-Ritz formulation and from the weighted-residual 

process for the Galerkin formulation. 
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Subroutine FSLSK combines the 3x3 elemental matrices [FSL] and 

[FPLE] to form the large (NUMNP X !BAND) symmetric matrices [SK] 

and [PK] and the column vector [QK] representing the contribution of 

the well, in such a way that all the elemental contributions to any node 

common to two or more elements are added up and the diagonal elements 

(i,i) of the original (NUMNP X NUMNP) matrices are stored as the first 

elements (i,l) of each row in the rearranged (NUMNP X !BAND) matrices. 

The symbol NUMNP used herein signifies the total number of nodal points 

and !BAND stands for the band-width for symmetric matrices as defined 

in Chapter III. Subroutine FSKPSI multiplies the rearranged matrix 

SK(NUMNP, !BAND) with a column vector PSI(NUMNP) . Subroutine GAUSS 

solves the above system of NUMNP simultaneous equations by Gauss-elimin-

ation in such a way that only the upper diagonal elements are used in 

the process. This yields values of H for all the nodes at the new 

time level, from where nodal point pressures .are. readily obtained and 

elemental volocities u and v are computed by applying Darcy's law 

as explained in Chapter III. 

(c) PROGRAM DISPER - Unlike the flow equation, the convective-

dispersion equation, as such, is not in a self-adjoint form, mainly 

because of the presence of first derivative and mixed partial terms. 

Therefore, the Rayleigh-Ritz and Galerkin formulations do not yield 

identical system of matrices. Whereas the former yields symmetric 

matrices, the latter leads to a system of unsymmetric matrices. For 

reasons discussed later, the Galerkin formulat i on has been adopted for 

this study, although programs were written and run for both. The pro-

gram DISPER seeks to solve the convective-dispersion equation by the 

Galerkin-weighted-residual technique. A flow chart. for this program is 
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given in Appendix F. This prograirt consists of various subroutines accom- . 

pli'shing the operations described in Appendix D. Subroutines CENTOD, 

CLOCAL, AREA and TEGRAL are exactly the same as for FLOW . Subroutine 

ELVEL computes the average elemental velocities from known values of nodal 

point pressures. Subroutine SLPL generates the 3x3 nonsymmetric elem-

ental matrices [SL] and [PL] pertaining to each element. 

Subroutine SLSK combines the matrices [SL] and [PL] to form the 

large (NUMNP X !BAND) unsymmetric matrices [SK] and [PK] and the 

column vector [QK] having NUMNP elements to account for the contribu-

tion of the well. The symbol !BAND here refers to the band-width for 

unsymmetric matrices as defined in Chapter III. The elements of matrices 

[SK] and [PK] are so arranged that element (i,j) of the original 

(NUMNP X NUMNP) banded unsymmetric matrices becomes element [ i, 

(j-1 +(!BAND+ 1)/2) ] of the contracted (NUMNP X !BAND) matrices. 

Subroutine SKPSI is a modified version of its counterpart in program 

FLOW, and multiplies the (NUMNP X !BAND) matrix [SK] with a column 

vector PSI(NUMNP). Subroutine BSOLVE solves this system of NUMNP 

simultaneous equations by Gauss-elimination with row interchanges. This 

yields nodal point values for the concentration at the new time step. 

4.2 Leap-Frog Technique and Program FFLOW. 

As indicated in Chapter III, the two programs, FLOW and DISPER, work 

in tandem in the leap-frog technique and so have been merged together 

into a composite program, FFLOW. A flow chart for the leap-frog technique 

is given in Appendix F. With given initial values of p , and P for 

each nodal point, next time values of P are computed in program FLOW 

(incorporated within FFLOW). Knowing new time P values, the elemental 

velocities u and v are computed. With these values of u and v 



69 

and given initial values of nodal point concentrations, next time values 

of the latter are computed in program DISPER (incorporated within FFLOW). 

At this stage, with the current values of nodal point P and C, values 

of nodal point density and porosity are updated . With these new values 

of p , and P as input, program FLOW operates again to yield the 

next time values of P and thus the process of iteration is continued 

until the required time period is completed. A listing of the combined 

program FFLOW is attached in Appendix H. 

4.3 Tests for the Performance of the Numerical Simulator. 

In the absence of pertinent experimental or field data, the results 

of the combined program FFLOW can not be verified. However, programs 

FLOW and DISPER have been tested separately by comparison with known 

exact and approximate solutions for simplified radial flow cases. A 

description of these tests is given below. 

(a) Program FLOW - In order to test the validity and accuracy of 

the finite element formulation for the flow equation, the well known 

case of unsteady radial flow towards a well in a confined aquifer was 

run as a test with the following data: 

Radius of well - r = 0.5 ft. w 

Well discharge - Q = 1.0 ft 3/sec. 

Depth of well penetration= PENETR = 100 ft. 

Aquifer thickness= B = 100 ft. 

Assumed radius of influence= r = 950.5 ft .. e 

The very nature of the finite-element formulation, specially for 

cases where the aquifer depth is divided into very few divisions, tends 

to yield unequal values of H for various nodal points along the same 

vertical in the vicinity of the well, even for cases of pure radial 
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flow. This occurs because of different weightages assumed by different 

nodes in a triangular layout due to their geometric placement. To re-

solve this, the [SK] and [PK] matrices are formed twice for each 

iteration, once for the original element layout as given by the program 

MESH and next for the alternative layout with the diagonals of quadri-

laterals forming individual elements, reversed as shown in Figs. 4.2a 

and 4.2b. The averages of these two sets of [SK] and [PK] matrices 

are then taken as the final [SK] and [PK] matrices. This results in 

the allocation of equal weightage to all the nodal points on a vertical 

and thus yields equal values of H for such nodal points for purely 

radial flow. 

The element layout was obtained from program MESH with the following 

data: 

XMIN = 0.0 ft. (Minimum value of the x-coordinate). 

XMAX = 100 ft. (Maximum value of the x-coordinate). 

YMIN = 0.5 ft. (Minimum value of the y-coordinate). 

YMAX = 950.5 ft. (Maximum value of they-coordinate). 

NDIVX = 2 (Number of divisions along the x-axis). 

NDIVY = 95 (Number of divisions along the y-axis). 

The output of the MESH program gave, 

NUMNP = 288 (Number of nodal points ) . 

NUMEL = 380 (Number of elements). 

IBAND = 5 (Band-width for symmetric matrices). 

Analytical solution for this case is available as follows, 

(1970): 

s = .JL W(u) 4TTT 

Walton 

( 4 .1) 
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s = drawn down in feet at time t and distance r from well 

center. 

T =kB= Aquifer transmissibility in ft 2 /sec. 

k = Hydraulic conductivity in ft/sec. 
sr2 

u = 4Tt 

s = Storage coefficient of the aquifer = yB(<j>i3 + 

y = Unit weight of t~e fluid in lbs/ft 3 . 

B = Aquifer thickness in feet. 

t = Time at which drawdown s occurs at distance 

the well center. 
00 -u 

\\'ell function. W(u) e = J -du = u u 
taken as 0.5 for this test. 

13 = Fluid compressibility in sq. ft./lb. 

<I> = Porosity, 

CF= Aquifer compressibility in sq. ft./lb. 

CF). 

r from 

The results of the numerical and analytical solutions are shown 

in Fig. 4.3. It is seen that the results are in excellent agreement. 

The minor differences of about 4 to 1096 in the Jrawdown at the wcl 1 

face may be attributed to two factors, viz. larger size of elements and 

smaller radius of influence used. The analytical solution assumes an 

infinite radius of influence against 950.5 ft. used in the numerical 

solution. Also accuracy demands that smaller size elements should be 

used in the vicinity of the well, whereas equal size elements have been 

used in the mesh layout for the above numerical solution. With smaller 

size of elements provided near the well and with larger radius of influ-

ence, the solution will become more an<l more accurate even at the well 

face. 
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Since program DISPER constitutes different subroutines for matrix 

multiplication and Gauss-elimination, it was run on the same set of data 

as was used for program FLOW with a view to verify the validity of the 

formulation for unsymmetric matrices involved in program DISPER. The input 

data was modified so that the dispersion equation becomes identical to 

the flow equation, treating concen.tration C as synonimous with the 

variable H . The two runs of program FLOW and program DISPER on 

identical data yielded identical results up to 8 significant figures 

for all the 8 i tera t_i_ons fo:1'_ which comparison was made, thus 

establishing the equivalence, accuracy and correctness of the two programs. 

Representative values for the 7th iteration at time 2 . 5 seconds are 

reproduced in Table 4.1 for comparison. 

TABLE 4.1 
COMPARISON OF PROGRAM FLOW AND DISPER 

Radial Distance ft. Values of H (lbs/ft 2 ) 

r 

0.5 

50.5 

100. 5 

200 . 5 

300.5 

PROGRAM FLOW 

7935.96014469 

8075.27685378 

8113 .05940422 

8124.93396647 

8124.99956215 

PROGRAM .DISPER 

7935.960001 

8075.276814 

8113 .059394 

8124.933966 

8124.999562 

(b) PROGRAM DISPER - In order to test the accuracy of the program 

and formulation for the convective-dispersion equation, program DISPER 

was run for a dispersion-dominated transport until steady state. The 

numerical solution was assumed to have reached steady state when the 

change in concentration at any point between two time steps was less 

than 0.00001 . For such a case, steady state solution may be analytically 



75 

obtained. Setting, 

D = D = 0 rz zz and v=O 

the convective-dispersion equation, 3.6, reduces to, 

where, 

D 
Cr=_£ C A rr 

A = ___ __,,__ __ _ 
2'1T X PENETR X cj> 

D
0 

= a 1 • A 

( 4 ,2) 

and the subscript rr denotes second derivative with respect to r. 

For the boundary conditions, 

C = C
0 

C = 0 

at 

at 

r = r w 

equation 4.2 may be solved to yield, 

and, 

c A Ar Ar Ar 
[ exp ( 2 ) - exp ( ) ] / [ exp ( _.!. ) - exp ( ) ] 

Co= Do Do Do Do 
( 4. 3) 

Results of the analytical solution of equation 4.3 have been compar-

ed with the numerical solution run until steady state, in Fig. 4.4. For 

this case, steady state was reached after 830 seconds. The excellent 

agreement of the two solutions demonstrates the accuracy and convergence 

of the dispersion part of program DISPER. 

To test the validity of the formulation for the convective-disper-

sion equation for a situation where the contributions of both dispersion 

and convection are equally dominant, program DISPER was run for the case 

of purely radial flow in a confined isotropic aquifer, for which an 

approximate analytical solution is available, Hoopes and Harleman (1965); 

Shamir and Harleman (1966). For such a case, assuming that 
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v = O and p = constant, 

the convective dispersion equation (3.6) reduces to the following form, 
DL 

(DL Cr)r + ( r - u) Cr= Ct (4.4) 

Recognizing that, 

= a • Q I 2irxPENETRx,Pxr 
D 

0 A 

equation 4.4 may be written as, 

A C + - C t r r 

D 
= ~c 

r rr 

( 4. 5) 

(4 . 6) 

An approximate analytical solution to equation 4 , 6 has been given 

by Raimondi et al. (1959) for the case when a tracer is injected at 

r=O for a finite time period . . The same has been modified by Hoopes 

and Harleman (1965) for the case of continuous injection of a tracer of 

constant concentration, C
0 

at r=O . TI1eir solution is as follows: 

C 1 C = 2 erfc 
0 

[ r2 /2 - At ] 

/i a r3 
3 I 

( 4. 7) 

It may be seen that this solution satisfies the two boundary condi-

t i ons, 

C (r=O 

C ( r=oo 

t >O) = C 
0 

t.::_0) = 0 

and 

but does not sat i sfy the initial condition, 

C (r, t=O) = 0 



78 

In obtaining this solution, it has been assumed that, 

· C = 0 t at t = 0 

which is not true in the immediate vicinity of the source. Thus the 

approximate solution of equation 4.7 holds only for points away from the 

source. 

The element layout for this case was also obtained from program 

MESH, with the following input data: 

XMIN = 0. 0 ft. 

YMIN = 0.5 ft. 

NDIVX = 4 

XMAX = 1.0 ft. 

YMAX = 10.5 ft. 

NDIVY = 20 

The output of program MESH gave, 

NUMNP = 105 

Program DISPER was run with, 

a 1 = 1. 0 ft. 

Q = .25 ft~/sec. 

cp = 0.5 

NUMEL = 160 and IBAND = 7 

Results of the numerical and approximate analytical solutions are 

presented in Fig. 4.5 for two representative time periods. The agreement 

between the two solutions is reasonable for points away from the source 

for which the approximate analytical solution is applicable. Because of 

the assumption made to arrive at equation 4.7, the solution does not hold 

for steady state cases also. However, for a steady state case, equation 

4.6 reduces to equation 4.2 and so the solution given by equation 4.3 

holds. Comparison of this exact solution for steady state with the num-

erical solution has also been shown in Fig. 4.5. The steady state was 

reached after 2330 seconds. The two solutions are in excellent agreement. 
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Program DISPER was run for a convection dominant transport also, 

using the same data as was used for the previous two runs except for 

the value of which was taken as 0.1 ft. for this case. Results 

of the numerical and analytical solutions are depicted in Fig. 4.6 both 

for the transient and steady-state cases. The agreement between the two 

solutions is reasonable. 

It is noted that the agreement improves as the distance from the source 

increases. This is due to the fact that the approximate solution holds 

only for points away from the source. In this case, steady-state reached 

after 730 seconds, whereafter no marked change was observed in the con-

centeration distribution. As for the provious case, the numerical solution 

for steady-state has been compared with the exact solution and not with 

the approximate solution, which holds only in the transient state. 

A comparative picture of the three types of transports with differ-

ent geometric dispersivities, discussed above, has been presented in 

Fig. 4.7, where the propagation of concentration with time has been 

plotted for all the three cases for one and the same point in the flow-

domain . Both the numerical and approximate analytical values have been 

indicated on the three plots. 

For all the three cases, the nurnerical solution is in reasonable 

agreement with the approximate solution in the transient zone and with 

the exact solution after steady-state is reached. These plots corroborate 

the well known effect of dispersion to flatten out the break-through curve. 

The effect gets more and more pronounced with increasing values of the 

geometric dispersivity of the soil. 

The various tests discussed in this section prove the validity and 

accuracy of the numerical finite-element models developed in this study. 
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4.4 ~pplication of the Simulator to Field Problems. 

In order to demonstrate the capability of the simulator to solve 

field problems, two hypothetical cases were run, one for a confined 

aquifer having a salt-water reservoir as its outer boundary and being 

pumped by a fully penetrating well, and the other for a very deep aqui-

fer containing fresh water underlain by very deep belts of salt-water 

and being pumped by a partially penetrating well. Element layouts for 

both these cases were generated by using program MESH, The data used 

for these cases are tabulated on the following page. 

The values 780.5 and 510.5 feet used for the radius of influence 

of the well in these cases are smaller than those expected for a field 

situation. This was done to save computer time and storage. Taking 

advantage of the dynamics of the problem, the convective-dispersion 

equation was solved only once with time step ~t for every ten solutions 

of the flow equation with time step ~t/10. Even with these expedients, 

the concentration propagated only 160 feet over a period of 2.29x10 8 

seconds (7.26 years) for the fully penetrating well case. This took 

300 iterations and 2000 seconds of C., P; time on the CSU CDC 6400 

computer . The compilation time was only 14.685 seconds. For these 

iterations, the time step was successively increased from 0.1 second 

at the first iteration to 1,000,000 seconds at the 80th iteration, 

whereafter, it was maintained at this value through the 30oth iteration. 

For the partially penetrating well case, it took 2.2xl0 7 seconds 

(255 days) for the concentration to propagate 90 feet involving 320 

iterations and 3600 seconds of C. P. time. The compilation time was 

only 14.714 seconds. As in the previous case, the time step was suc-

cessively increased from 0.1 second at the first iteration to 100,000 
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TABLE 4.2. DATA FOR HYPOTHETICAL PROBLEMS 
Fully penetrating well with 
a salt W3ter reservoir as the 
outer boundary. 

Partially penetrating well with 
a salt water reservoir as the 
lower boundary. 

(a) FOR PROGRAM MESH: 
XMIN 
XMAX 
YMIN 
YMAX 

(b) FOR 
NUMNP 
NUMEL 

Q 

r w 
PENETR 

q, 0 

a 

o.s ft. 
780.5 ft. 

o.o ft. 
100.0 ft. 

PROGRAM FFLOW: 
200 
312 

2.0 fd/sec. 
0.5 ft. 

100.0 ft. 
0.5 
0.74 
2. 3xl0- 8 ft?/lb. 
0.6xl0- 8 ft?/lb. 
2 .4x10- 5 lb.sec./ft? 
2.0 slugs/fd 
0.1 ft. 
o.o ft. 
o.o ft? /sec. 

8125.0 ft. lbs.; r~780. 5, t~O 54,000.0 
8125.0 ft.lbs.; r<780.5,t=O 54,000.0 

54,000.0 
1.0 r~780.5,t~O 1.0 
0.0 r<780.5,t=O o.o 

0.5 ft. 
510.5 ft. 

0.0 ft. 
300.0 ft. 

198 
340 

4.0 fd/sec. 
0.5 ft. 

120.0 ft. 
0.5 
0.74 
2.3xl0- 8ft?/lb. 
0.6xl0- 8ft?/lb. 
2.4xlo- 5lb.sec./ft? 
2.0 slugs/ft~ 
1.0 ft. 
0.1 ft. 
0.0001 ft?/sec. 

ft. lbs.; r~510. 5, t~O 
ft. lbs.; z_::_O,t~O 
ft.lbs.; r<510.5,z>O,t=O 

z_::_O,t~O 
z>O,t=O 
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seconds at the 110th iteration, whcrcafter, i t was maintained at that 

value through the 320th iteration. 

The propagation of concentration with time at two representative 

locations in the flow field for both these cases, has been shown in 

Figs. 4.8 and 4.9. Although these plots lack verification with exper-

imental models or with actual field data, they do demonstrate the cap-

ability of the simulator to handle such field problems. The qualitative 

trends depicted by these runs indicate that for a normal size well, the 

computer time required for the concentration to appear in the well dis-

charge might be of the order of 10,000 seconds or so and the actual 

time of travel might be in the range of a few years depending upon the 

aquifer properties. 

In both these cases, the values of H tend to become almost steady 

after a certain time level as may be seen from the values tabulated below: 

TABLE 4.3. H-VALUES AT THE WELL FACE AFTER PROLONGED PUMPING 
Time Full Penetration Case Time Partial Penetration Case (seconds) (seconds) 

l.2xl0 8 7168.4994 7.2x106 53973.1828 

1.3x108 7168.5129 8.2x106 53973,1830 

1.4xlo8 7168.5276 9.2x10 6 53973.1833 

1.5xlo8 7168.5436 10.2x106 53973.1837 

After prolonged pwnping beyond the transient state, the only variables 

that change and affect the values of H are the fluid density and aquifer 

elasticity. Stationarity of the H values in the above table indicates 

that the effects of variable fluid density and aquifer elasticity on the 

transport process are very small. 
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4.S Galerkin and Rayleigh-Ritz Simulators. 

As already stated the Rayleigh-Ritz formulation has a significant 

advantage over the Galerkin in so far as it, almost always, yields sym-

metric matrices. The Galerkin formulation, on the other hand, leads to 

unsymmetric matrices except for self-adjoint systems. Therefore, this 

study was initially started with the Rayleigh-Ritz formulation in view, 

but the exponential transformation function 8, so essential for the 

Rayleigh-Ritz formulation of the convective-dispersion equation, 3.16, 

which is not in a self-adjoint form (Appendix E), makes it almost impos-

sible to follow the method on a computer, The 8 transform function and 

the transformed variable $ are defined as (Appendix E), 

8 ur + vz p-aC = - DdT + DL p 
and 

$ C 8/2 = . e 

For large radii of influence or for deev aquifers, the values of 8 

for the exterior nodes or elements may easily exceed the limit of 1483.34 

for a CDC 6400 computer and so it may not be possible to evaluate 8 at 

nodes or elements far m·:ay from the origin, for normal values of the 

coefficient of hydrodynamic dispersion. For transports that are highly 

convection dominant,such a difficulty arises even for nodes or elements 

moderately away from the origin. Since, in most cases of salt~water 

dispersion and diffusion in saturated soils, the contribution of hydro-

dynamic dispersion is small and the transport is convection-dominant, the 

method, though mathematically elegant, has a serious limitation for 

practical problems in geohydrology. 
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In pursuance of this method for the solution of cases pertinent to 

this investigation, an attempt was made to extend the limits up to which 

this formulation could be handled by the CDC 6400 machine, by dividing 

the previous time values of at all the nodes by a constant sufficient-

ly large in value to bring the largest value within the computer 

range without letting the smallest value go below the lowest limit 

of the computer, viz. e- 741 • 67 • Obviously, even this device could 

work only within twice the range of the original limits and therefore, 

the method still remained far from general. Besides, the vary nature of 

the S transform function, yields very widely different values for 

nodes near and far from the origin, even though the corresponding concen-

tration values may be more or less equal. Thus, the same order of trunca-

tion error in the Gauss-elimination at such nodes, manifests itself into 

largely vitiated results. These difficulties with the Rayleigh-Ritz 

formulation appear to be insurmountable at this stage. Therefore, this 

method was abandoned in favour of the Galerkin. 

For practical well-flow problems, the regions to be simulated are 

of the order of 1000 feet or so in radial length and aquifer depths 

vary from 200 feet to 1000 feet. Following the mesh pattern discussed 

in section 4.l(a), with reasonable element sizes, the band-width for 

symmetric matrices for such regions might easily be as high as 16 even 

after band-width reduction; which for unsymmetric matrices obtained in 

the Galerkin formulation rises to 33 With such a large band-width, a 

moderate element layout even with 150 nodes, would yield [SK] and 

[PK] matrices of size (150x33) For larger number of nodes, the 

band-width will further rise and consequently, the storage requirement 

for the [SK] , [PK] and their auxiliary matrices becomes prohibitive. 

/ 
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Besides, the diagonal inversion technique for developing an alternative 

element layout indicated in Section 4.3(a), if adopted, would produce 

such a large band-width that the storage requirement will become pro-

hibitive. However, this plausibly insurmountable impediment of the 

Galerkin process may be overcome by a judicious use of auxiliary tape 

storage. This, in no way, is too great a disadvantage, in view of the 

versatility of the formulation for handling cases of any order of con-

vection or dispersion dominated transports. 
·-- --- ---4.6 Stability and Convergence. 

By definition unstable methods are those in which growth of indiv-

idual round off errors, inherent in the inexact arithmetical operations 

performed by the computer, causes a significant and unwarranted error 

in the computed solution. In such schemes, a decrease in step size may 

reduce the inherent error of the method but may increase round off errors 

by a much greater amount, A particular solution is said to be stable if 

the propagated errors are bounded. On the other hand, convergence is the 

property of a numerical solution to tend to the exact solution with finer 

and finer discretising functions. For the numerical simulator developed 

in this investigation, stab~lity and convergence have to be studied from 

the following view-points: 

(i) Solution in the space domain. 

(ii) Solution in the time domain. 

(iii)Integration scheme. 

(iv) Data input. 

The finite-element solution of the problem in the space-domain re-

sults in an implicit scheme, yielding a set of simultaneous equations to 

be solved by Gauss-elimination and so is inherently stable. However, 
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sometimes difficulties might arise with non-homogeneous problems, described 

by matrices which are not diagonally dominant for some particular element 

layout. For such cases the problem can be alleviated by changing the node 

numbering pattern by trial and error until non-singular diagonally dom-

inant matrices with positive diagonal entries are obtained. As the prop-

erties of the [SK] and [PK] matrices generated for the space-domain 

solution are dependent upon the geometry and size of individual elements, 

it is important to be judicious in choosing a suitable mesh with almost 

equilateral triangles. With regard to the convergence, it has been 

observed that the finer the mesh the more accurate is the solution. 

TABLE 4.4. H-VALUES AFTER 55.5 SECONDS OF PUMPING 

r Analytical Solution Numerical Solution 
380 Element Mesh 240 Element Mesh 

. 5 7558.60 7641.49 7795. 97 

50.5 7951. 43 7945 .48 7946.93 

100.5 8012.18 8004.06 8004.24 

200.5 8070.60 8059.60 8059.99 

300.5 8082.46 8087.86 8088.12 

400.5 8108.07 8104.11 8104.29 

500.5 8124.88 8113.61 8113. 76 

950.5 8125.00 8125.00 8124.59 

The above vaiues demonstrate the convergence of the numerical solution 

to the analytical solution at the well face, as the mesh is made finer. 

Values at points away from the well are not appreciably affected. 

For the time domain solution, the Galerkin or the Sub-domain method, 

which ever is employed, results in an implicit formulation and so is 

potentially stable. Yet, if the choice of time increment is large, the 
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accumulation of round off errors may render the solution unacceptably 

inaccurate. This type of divergence from the true solution is sometimes 

termed as induced instability. However, if higher order interpolation 

functions are used for the time dependence, greater stability of solution 

is obtained and larger time increments may be used. For the problem at 

hand, since both the flow and convective-dispersion equations are solved 

in sequence and since the former is a faster process than the latter, 

the flow equation is solved for a much smaller time interval than the 

convective-dispersion equation. For large initial time intervals, the 

flow equation tends to exhibit oscillations, which may be avoided by 

gradually increasing the time step as shown in the following table. 

TABLE 4.5. H-VALUES AT WELL FACE WITH DIFFERENT VALUES OF OT. 

DT(sec) TIME(sec) H DT(sec) TIME(sec) H 

5.0 5.0 7505.77 0.1 1.0 7639.59* 

10.0 7948.51 1.0 10.1 7434.39* 

15.0 7507.50 10.0 110.1 7227.94* 

20.0 7889.13 100.0 1110.1 7168.44* 

25.0 7508.71 

* These values are the same as were used in Fig. 4.3. 

Time intervals ranging from 0.1 to 100,000 seconds in successive 

iterations have been found sufficiently accurate and stable. The sol-

ution tends to converge to exact values with smaller and smaller time 

intervals. 

Coming to the integration scheme, convergence of the finite-element 

process occurs if the integrals evaluated in subroutine TEGRAL are suf-

ficiently accurate. Whereas, it is not possible to quantify the term 

'sufficiently accurate', it may be stated qualitatively that if fewer 
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elements are used to represent the flow region, then larger number of 

integrating points are desirable in the Gauss-quadrature scheme, to en-

sure reasonably fast convergence. For the cases analyzed in this inves-

tigation, results obtained with three integrati ng points per triangle 

matched with those obtained with exact integrations up to eight decimal 

places. Representative values are tabulated below. 

TABLE 4.6. CONCENTRATION DISTRIBUTION AFTER 146.0 SECONDS 
r 

ft. 

0.5 

1.5 

2.5 

3.5 

Gauss Quadrature Exact Integration 

.99191130 .99191130 

.99418559 .99418559 

.98790338, .98790338 

1.00063250 1.00063250 

Trial runs with different data input displayed no convergence or 

stability porblems. Unlike the method of Guymon and Nalluswami, the 

method has worked well with values of the geometric dispersivity of the 

aquifer ranging from 0.1 to 10.0 and can admit even smaller or higher 

values without blowing up and so there appears to be no need to define a 

convergence parameter like the one specified by Guymon (1970b) for the 

Rayleigh-Ritz formulation in cartesian coordinat es for a uniform flow 

system. 



5. 1 Summary. 

CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

The complex problem of salt-water movement induced by pumping from 

an aquifer is not amenable to exact mathematical analysis. Numerical 

techniques developed by past investigators to analyze miscible displace-

ment problems in general, have been limited to uniform rectilinear flow 

of homogeneous fluids. In this investigation, the flow equation govern-

ing the movement of a non-homogeneous, compress i ble fluid in an isotropic, 

elastic saturated aquifer, in response to well pumping has been develop-

ed in a general system of coordinates. The convective-dispersion equa-

tion describing the movement of an inert tracer in the above non-uniform 

flow field, under isothermal conditions, has also been derived. In this 

derivation, tensorial nature of dispersion and contribution of molecular 

diffusion have been taken into account, which were not included in 

earlier investigations. 

A new version of the Galerkin-finite~element approach has been 

developed for both the space and time domain solutions of the flow 

equation in cylindrical coordinates. Using the flow parameters so 

obtained , velocity distribution in the non-uniform flow field is computed. 

This velocity distribution is used to develop the space and time domain 

Galerkin formulation for the convective-dispersion equation. To account 

for fluid non-homogeneity and aquifer compressibility, the variables 

fluid-density and aquifer porosity are updated at each time-step before 

passing on to the next iteration. These aspects were not considered 

in previous investigations. 
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Boundary conditions, which are of common occurrence in field pro-

blems, have been incorporated in the formulation. Natural or reflec-

tive boundary conditions are not required to be explicitly entered into 

the program. Geometric boundary conditions may be introduced as data 

and taken care of by simple devices provided in the program. Contri-

bution of the well as a sink is evaluated separately and is distributed 

over all the points lying along the well face. Treatment of the well 

face boundary conditions has not been attempted by previous investiga-

tors. 

An efficient scheme has been developed for generating a mesh layout 

which could represent the complex flow pattern around partially pene-

trating wells. This scheme incorporates an algori t)rm to minimize the 

band-width of the matrices obtained in the finite-element formulation. 

Finally, a numerical simulator has been developed incorporating the 

scheme for automatic mesh generation and the Galerkin-finite-element 

formulations for the flow and convective-dispersion equations. The 

validity of this simulator has been tested for the flow and convective-

dispersion parts separately. Results of the flow equation match the 

solution of Theis equation for confined flow cases and those of the 

convective-dispersion equation compare well with the approximate sol-

ution given by Shamir and Harleman. Applicability of the simulator to 

practical problems has been demonstrated by analyzing two hypothetical 

field situations. The results of the hypothetical problems could not 

be, verified in the absence of field or experimental data. 

5.2 Evaluation and Practical Applications of the Simulator. 

The simulator could be used for steady, unsteady, uniform or non-

uniform flow and miscible displacement problems, with constant or 



96 

variable fluid density and with constant or variable aquifer porosity. 

Even variable viscosity may be taken care of with minor modifications. 

A wide range of values for the coefficients of dispersion, from zero to 

several hundreds or more, may be used without encountering computational 

problems such as those experienced by Guymon and Nalluswami. 

The schemes used for the space and time domain solutions are implicit 

and inherently stable. For large initial time steps, the flow equation 

solution scheme tends to exhibit oscillations. This may be overcome by 

selecting a small initial time step followed by gradually increasing 

step size at successive iterations without experiencing instability or 

oscillations. A remarkable advantage of the simulator over the finite-

difference model is that no approximation is involved in obtaining 

pressure and concentration values on the well-face. 

The simulator is very versatile and can be applied to the following 

field situations with or without modifications: 

(i) Movement of salt-water from a low lying bed of saline water 

towards a partially penetrating well. This type of situation exists 

in the Indus Basin, Pakistan. 

(ii) Salt-water intrusion into a coastal aquifer due to pumping by 

a fully or partially penetrating well. The zigzag pattern of the con-

stant head and constant concentration ocean boundary may easily be 

represented by triangular elements laid in a zigzag fashion. 

(iii)Dispersion of liquid industrial or domestic wastes through 

recharge pits in an aquifer, induced by natural gradients or by dis-

charging wells near by. 

(iv) Movement of contaminants in an open channel and back flow of 

salt-water in an estuary due to tidal waves in an ocean. This type of 
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problems do not require the formulation in cylindrical polar coordinates 

and the well-face boundary conditions. 

(v) Cooling of large cylindrical containers by cooler fluid injec-

tion through centrally located cylindrical sources. This problem is 

similar to the recharging well cases discussed in Chapter IV, except 

that the concentration is replaced by temperature. 

5.3 Limitations and Suggestions for Future Work. 

Although the simulator developed in this study is quite versatile, 

yet the various assumptions made at different stages, do warrant further 

research and study to evaluate the effect and validity of such simpli-

fications. Some of the aspects not covered in this investigation, which 

require attention of future investigators are: 

(i) The interpolation functions used for polynomial representation 

of the variables C and H, both in the space and time d~mains are 

linear. For more accuracy and stability even with coarser element lay-

out and larger time-step size, it would be worthwhile to investigate 

how the results are affected, if parabolic or higher order interpolation 

functions with isoparametric elements are used. This investigation is 

especially important in view of the fact that for actual field aquifers, 

the number of elements required for reasonably accurate results with 

linear interpolation functions, has to be very large, requiring huge 

(sometimes prohibitive) amounts of computer storage. Also, the time 

required for the concentration to advance from the farthest or deepest 

point in the aquifer to the well, is so large, that with smaller time 

increments, inevitable for the linear interpolation function, the number 

of iterations to be performed becomes extremely large. 
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(ii) Although the mesh pattern generated can be optimized to yield 

a minimum band-width, if either the shorter or the larger of the two 

diagonals of every quadrilateral is joined to form triangular elements, 

nevertheless , sometimes, for finer meshes, even this minimized band-width 

turns out to be too large for unsymmetric matrices, causing formidable 

storage problems. To cope with such situations, the Gauss-elimination 

scheme needs to be reorganized in such a way that the moment the elements 

of [SK] and [PK] matrices corresponding to a particular node are 

generated, their elimination process is completed simultaneously and the 

result is stored on a tape. In this way, it may be possible to save a 

considerable amount of storage. 

(iii)A thorough investigation needs to be carried out to develop 

criteria for arriving at an optimum time increment for a non-oscillatory 

behavior of program FLOW without unduly increasing the number of time 

steps required to reach a certain time level. 

(vi) The simulator developed applies rigorously to a confined aquifer 

case. Possible extension and modification of the technique for solving 

unconfined flow problems needs to be investigated. 

(v) In the development of flow and convective-dispersion equations 

in this study, the aquifer has been assumed to be fully saturated and 

the flow-field has been treated to1 be under isothermal State. It appears 

interesting to extend the work for unsaturated soils where thermal-

gradient-actuated-flow is significant and needs to be taken into 

account. 

(vi) A more complicated, though desirable, extension of the work is 

to study the effect of anisotropy and non-homogeneity of the aquifer on 

the movement of a tracer, induced by well-pumping . This will involve 
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consideration of the coefficient of dispersion as a fourth rank tensor 

with all the 36 components and the tortuosity and permeability to be 

treated as tensors and not scalars as assumed in the present investiga-

tion. 

(vii)In this investigation, presence of only an inert tracer has 

been considered. The study needs to be extended to chemically active 

and radio-active tracers. This will require retention and quantifica-

tion of the terms for chemical or radio-active reactions in the 

flow and convective-dispersion equations, which have been tacitly 

omitted in Appendices A and B. 

(viii)In this investigation, it has been assumed that the discharge 

is uniformly distributed over the penetration depth. It is desirable 

to examine the difference in the results if the same potential is assumed 

to exist at every point inside the well, with non-uniform discharge dis-

tribution. 

(ix) The simulator needs to be applied to and tested on an actual 

field situation for which observed concentration values at different 

spacings from the well for different periods of time and at different 

rates of pumping are available. Aquifer properties like permeability, 

porosity, tortuosity, geometric dispersivities and formation compress-

ibility along with the coefficient of molecular diffusion, fluid com-

pressibility, viscosity and density must be known with reasonable 

a~curacy from reliable· experimentation, 
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LIST OF SYMBOLS 

Some of the symbols have multiple definitions. Relevant definitions are 

gi ven wher ever such symbols are used in the text. 
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A. , A. , A. 
l J -K 
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A .. k 1) 
II 

AjHk 
Arn A , 

I 
Bjk 

C or c 

Dd 

D •. 
1) 

D~ . 
1) 

DL 

Reducing factor, shape function 

Functions of v2 and the properties of the 

fluid, rnedilUll and tracer 

Components of the vector [A] 

A third rank tensor 

A fourth rank tensor 

Area of the rn th triangular element 

Geometric. cHspersivi ty of the porous medium, 

a fourth rank tensor 

Longitudinal constant of dispersion or 

l,ongitudinal dispersivity of the medium 

Lateral constant of dispersion or 

lateral dispersivity of the rnedilUll 

Tortuosity tensor 

Tracer concentration 

Formation compressibility 

Reference value of concentration 

Tracer concentration in the production or 

conslUllption fluid 

Coefficient of molecular diffusion 

Dispersion coefficient (A second rank tensor) 

Coefficient of hydrodynamic dispersion 

Longitudinal dispersion coefficient 

ML- 3 _ 



D rz 

DT 

D zz 

Dii 
Diz 
D21 
D22 
Dcx8 

d 

E 

F 

F . 
Cl. 

g 

g .. 
l.J 

h . 
l. 

H 

p/ (p-cxc) 

p/(p-cxc) 
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Lateral dispersion coefficient 

p/ (P-ClC) 

V V /v2 
r z 

Diz 
DdT +OT+ (DL - DT) v:/v 2 

Average molecular diffusivity 

Particle size of the medium 

Variable representing the product P
0

~
0

(8 + CF) 

Variable representing the product Cl~ 
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Convective component of the mass flux in i 

direction 

Diffusive component of the mass flux 

Total mass flux of the tracer in i direction 

Accelaration due to gravity or 

absolute value of the determinant of gij 

Diagonal matrix of the squares of scale factors 

for coordinate transformation or fundamental 

tensor of the Reimanian space (covariant com-

ponents) 

A second rank symmetric contravariant tensor, 

conjugate or reciprocal of g . . 
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Scale factors for coordinate transformation 
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Macroscopic tracer mass flux in i direction 

Variational functional 

Permeability 

Relative permeability to fluid 

Absolute permeability in i direction 

Linear boundary over which line integral is taken 

Characteristic length 

Mass of species i in the reference volume 
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Pressure 

Reference pressure 

Peclet Number 
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Well discharge 

Seepage velocity along the stream line or 

Darcy velocity or flow velocity 

Volume flux through the face perpendicular to i 
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Rate of production or consumption of constituent 
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expression 
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pk variable representing the expression µ 
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Tortuosity tensor 
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Kronecker delta 

Ordinate in the transformed (local) coordinate 

system 

Arbitrary constant used for tensor transformation 

Dynamic viscosity or 

arbitrary constant used for tensor transformation 
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Mass density of the fluid in the source or sink 
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APPENDIX A 

DERIVATION OF TI-IE FLOW EQUATION 

The flow equation is obtained by combining the pertinent equation 

of motion with the continuity equation. 

CCNTINUITY EQUATICN: 

Considering mass-balance for a mixture of fluids of several chem-

ical constituents over a control volume D, with as the unit out-

ward normal to the boundary aD of D, 

f 
aD 

where, 

pkcf>S v. n.do 
1 1 

k s k k 
= - [ f p cf> s dv ] t + E f R dv - f w tS dv 

D m=l D m D 
(A-1) 

k p = Mass of constituent k per unit volume of the 

mixture - (ML- 3) 

cf> = Porosity of the medium 

s = Saturation of the medium 

v. = Seepage velocity component in i direction - (Lr-1) 
1 

do = An element of the boundary of D ( L2) 

dv = An element of the volume of D (L3) 

Rk = Rate of production or consumption of the constituent m 
k in the mth reaction - (ML- 3T- 1) 

s = Total number of reactions taking place 

wko = Cumulative equivalent of all the sources or sinks present 

in the control volume . 
r k k 

= ~=i Q (xij' x2 j, x3 j) pp tS (x 1 - x 1 j) o (x 2 - x2 j) o (x 3 - x3j) 

- (ML- 3T-l) 
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Qk = Source or sink effect pertaining to constituent k -

o = Dirac delta function 

r = Number of sources or sinks of constituent k 

x 1 ,x 2 ,x 3 = General space coordinates 

x 1 .,x2 .,x 3 . = Space coordinates of the location of the 
J J J 

source or sink. 

.th 
J 

= Mass concentration of constituent k in the source or 

and the subscript t denotes derivative with respect to time. Using 

divergence theorem, equation A-1 yields, 

f { (Pk<l>S v.) . + (pk<j>S)t 
D 1 ,1 

s k k k · 
I: + Q pp di. } dv = 0 
m=l l' 

(A-2) 

where the comma denotes covariant derivative. dp is a variable contin·-

uous on o ., so that dp + o as p + ~. 

Since the integrand of A-2 is continuous and the region D · is 

arbitrary, 

k k s 
Rk k k (p <j>S V. ) . + (p <l>S )t I: + Q Pp dp = 0 ¥ p 

1 , 1 m=l m (A-3) 

Therefore, as p + , 

k k s 
Rk + Qkpko (P v.) . + (P <l>S )t I: = 0 

1 , 1 m=l m p (A-4) 

Assuming that, 

(i) There are no reactions going on in the system, 
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(ii) There is only one constituent in the mixture so that the sup-

erscript k may be dropped, 

(iii)There are no sources or sinks in the system, 

equation A-4 reduces to, 

where, 

div(pq) = - (p~S)t 

q = Macroscopic flux vector with component 

tion 

q. = v. ~s 
1 1 

But in tensor notation, 

div (pq) i = V. (pq) 
1 

i i . = pV.q + q V.P 
1 1 

= .e._ ( lg • q. gij) 
lg 1 ,j 

.e._ q. q . 
= ( lg ..2:. ) +2 

lg h? ,i h? 
1 1 

+ gijq . 
J 

p 
,i 

p ,i 

q. in i 
1 

(A-5) 

direc-

(A-6) 

where, g is the absolute value of the determinant of the metric tensor 

g .. and h. (i=l,2,3) are the scale factors of coordinate transorma-
1J 1 

tion. 

Substituting equation A-6 into A-5, collceting derivatives of p 

on one side, transferring terms and dividing out by p , 

1 q. 
( S) t + - ( lg 2. ) . 

lg h? , 1 
1 

q. 
1 

h? 
1 

which is the required continuity equation. 

p . 
,1 

(A-7) 



122 

EQUATION OF MOTION: 

Assllllling that, 

(i) Darcy's law holds for the flow situation under consideration, 

(ii) Axes of the coordinate system coincide with the axes of the 

permeability tensor, 

(iii)The system is under isothermal state, 

(iv) There is no contribution to flow due to thermodynamic gradients, 

due to any electrical charge carried by wet soil particles or 

due to adsorptive force gradients, 

the appropriate equation of motion (Darcy's law) may be written as 

follows: 

where, 

q. = V-IPS = -1 1 

k.k 
1 r 
µ 

(.!_P +~z ) 
h. x. h. x. 

1 1 1 1 

hi= Scale factor of coordinate transformation 

k. = Absolute 
1 

permeability in i direction at . S:=l 

k = Relative permeability at saturation S - (L2) r 
µ = Dynamic viscosity of the fluid - (ML- 1r 1) 

p = Fluid pressure - (ML- lT- 2) 

g = Gravitational acceleration - (Lr-2) 

(A-8) 

- (L2) 

z = Elevation of the ¥Olllllle element above an . arbitrary datum, 

which is normal to the direction of gravity - (L) 

It may further be assllllled that the fluid density p , pressure P and 

concentration C are inter-related by a first order equation of state, 

n 
p = p + p 8 (P -P ) + E (m. - m ) 

0 0 0 . V i=l 1 0 
(A-9) 

0 



where, 
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n = Number of constituents in the mixture 

B = Compressibility of the fluid - (M-lLr-2) 

p 
0 

= Reference pressure - (ML- 1T- 2 ) 
n 

p 0 = E Pio 
i=l 

"io = Mass of constituent i per unit volume of solution 

the reference pressure - (ML- 3 ) 

m. 
1 

= Mass of constituent i in the reference volume 

at the prevailing pressure - (M) 

m. = Mass of constituent 
10 

i in the reference volume 

at the reference pressure - (M) 

v = Reference volume of the fluid mixture (L3) 
0 

a = Proportionality factor 

V 
0 

V 
0 

at 

p = Mass density of the mixture at pressure P and solute 

concentration mi/v
0 

- (ML- 3) 

For solutes having only one constituent, equation A-9 reduces to, 

(A-10) 

where, C and C
0 

are the concentrations (mass of solute per unit 

volume of solution) at the prevailing state and at the reference state 

respectively. 

Assuming that there is no change in volume upon mixing of fluids 

of different ionic concentrations and that the factors a and B are 

independent of pressure and fluid composition, 

p 
x. 

1 
+ a C x. 

1 
P + a C 

t t 
] (A-11) 



where the subscripts 

them. 

FLCl'l EQUATICN: 

x. 
l. 

and 
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t denote derivatives with respect to 

The flow equation may now be obtained by assuming that k. 
l. 

and k r 
are independent of pressure, temperature and concentration and substi-

tuting the equation of motion (A-8) into the continuity equation (A-7), 

p 
(p<j>S) t = 

lg 

k.k 
[~{ ir 

h? µ 
l. 

1 -p. { 
h? , l. 

k.k 
l. r 
µ 

l. 

(.!_P +.e..&.z )}] . + h. x. h. x . ,1. 
l. l. l. l. 

(.!_P +.e..&.z)} 
h. x. h. X. 

(A-12) 
l. l. l. l. 

For an elastic aquifer, the aquifer compressibility is given by 

the relation, 

which may be integrated to yield, 

(A-13) 

where, 

<1>
0 

= Reference porosity 

P
0 

= Reference pressure corresponding to the porosity <1>
0 

Therefore, 

(A-14) 

Combining equations A-10, A-11 and A-14 and treating S as invar-

iant with time, 
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c-c 
0 

CF and 8 being of the same order of magnitude, the product, 

CFS (P - p ) 
0 

<< 8 for small pressure changes, 
C - C 

CFa 
.. 0 

CF for small changes in concentration << 
Po 

CF (P - p )« 
0 

1 for small pressure changes. 

and 

Therefore, for small pressure and concentration changes, equation A-12 

may be written as, 

1 + -p. { 
h • i p i 

k.k 
l. r 
µ 

c k.k 
[.!'.£{ ir 

h? µ 
l. 

(.!_P +£.g_z)} 
h. x. h. X. 

l. l. l. l. 
(A-15) 

For axisymmetric flow towards a well (neglecting the effect of 

partial penetration) in a completely saturated isotropic aquifer, equa-

tion A-15 reduces to, 

.!_ { prk (P + pg z ) } + { prk (P + pg) } r µ r r r µ z z = 

(A-16) 

which is the required flow equation. 

Choosing L p k µ P and t
0 

as the sc. ali.ng factors o' o' o' o' o 
for l ength, density, permeability, dynamic viscosity, pressure or com-

pressibility and time respectively, such that, 
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and 

equation A-16 reduces to the following dimensionless form, 

[pk 
µ 

P- + p z~ r r P- + P z 

where the bar denotes a dimensionless variable. 

]-z (A-17) 



APPENDIX B 

DERIVATICN OF THE CCNVECTIVE DISPERSICN EQUATION 

In a manner similar to the one adopted for the derivation of the 

flow equation, the convective-dispersion equation can be obtained by 

combini ng the mass-balance equation for the tracer with an equation that 

gives the mass flux of the tracer on a macroscopic scale. 

EQUATICN FOR MASS BAIANCE: 

Considering mass-balance for the kth constituent of the tracer 
-+ over a control volume D, with n as the unit outward normal to the 

boundary ao of D, 

f J~ ct> S n. do ao i i 

s k 
= - [ f ck ct> s dv ] t + L £R~ dv 

·.k 
f W' o dv 
D 

(B-1) 

where, 

D m=l 

J~ = Component of the macroscopic mass-flux of tracer con-
1 

stituent k in i direction - (ML- 2r -: l) 

Ck = Mass concentration of the tracer constituent k -(ML- 3) 
k 

R' = Rate of production or consumption of the tracer constit-m 

k 
W' o = Cumulative equivalent of all the sources or sinks within 

r 
= E 

j=l 

the control volume 

k 
Q' (xlj' x2j, x 3j) c: o (x 1 - x1 j) • 

Ck = Mass concentration of tracer constituent k in the p 
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source or sink - (ML-3) 
and other symbols are as defined in Appendix A, 

Using the divergence theorem, 

s 
f { (J~~S) . + (Ck~S) - r R' 
0 1 ,1 t m=l m 

k k 
+ Q' c~ dp} dv = o V p (B-2) 

where, 

dp • o as p • 00 

Noting that the integrand of B-2 is continuous and the region D 

is arbitrary and also letting p • oo, 

(J~~S) . + (Ck~S)t 
1 , 1 

Assuming that, 

s 
r R' 
m=l m 

k k 
+ Q' Ck o = 0 p 

(i) There are no reactions going on in the system, 

(B-3) 

(ii) There is only one tracer constituent so that the superscript 

k may be dropped and, 

(iii)There are no sources or sinks in the system, 

equation B-3 reduces to, 

div(J~S) = - (C~S)t 

EQUATIGI FOR THE MACRaiCOPIC TRACER MASS FWX: 

(B-4) 

Assuming that Fick's law holds, it can be shown, Reddell and Sunada 

(1970) that on a macroscopic scale for an isotropic medium, in an orth-

ogonal system of coordinates: 

J. = Cv. 
1 1 

D .. (grad C)j - DdT (grad C)j 
1J 

(B-5) 
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Cv . = Convective component of the tracer mass flux. 
1 

D . . = Dispersion coefficient which is a second rank covariant lJ 
symmetric tensor. 

Dd = Coefficient of molecular diffusion . 

T = Reciprocal of the tortuosity tensor which is scalar for 

an isotropic medium. 

By the rules for inner (scalar) product of a covariant and a contra-

varient tensor, 

D . . (grad C)j lJ 

It has been shown (Bachmat and Bear, 1964) that, 

where, 

D . . lJ 

(B-6) 

(B-7) 

aijR-m = Geometric dispersivity of the porous medium. For an 

isotropic medium, it is a fourth rank isotropic tensor. 

vR,,vm = Velocity components, 

V = Absolute velocity . 

Being an isotropic tensor of fourth rank a may, in an orth-ij R,m 

ogonal system of coordinates be expanded as follows: 

(B-8) 
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where, 

g1.J· ' &nm' g1•n ' gJ.m' g1·m and gJ.n f h N N N are components o t e 

metric covariant tensor. 

Therefore, using the symmetry property, so that B1= B2= µ, 

V.V. 
D. . = .:\ g . . V + 2µ ..2:...J_V1 

1J 1J (B-9) 

Substituting B-9 and B-6 into B-5, 

J . = C v. 
1 1 

(Al 
v.v. 1 (grad C)j = C v. V C k + 2 _.!J. C ) - Dd T 1 1 , µ V 

(h. )2 ,j 
J 

k v.v 
C)j CV. (.:\ V C . + 2µ 1 ) Dd T (grad (B-10) = - -V- c,k -1 ,1 

Therefore, 

div (J4>S) 'iJ. (Ji4>S) { C 'iJ. Viq>S i } -= = + v q>S iJ. C 1 1 1 

k 
1 s ij 

v.v 
[ lg q> { .:\ V C . + 2µ J } ] - -V- c,k , i lg , J 

- div { Dd T (grad C)j } 

But, 

= !__ { lg lj Dd T C . } . lg ,J ,1 
(Moller, 1972). 
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Therefore, 

div (J<j>S) C ij ij =-( g v.<j>S g ) ,i + g v.<j>S C . 
lg J J , 1 

2µ k 
.!_ [ ij v.v 

{g <P s { A V C + J c,k + 
lg 

g ,j V 

Dd TC . ] . • J • 1 

C lg<j>Sv. v.<j>S 
1 ) 1 = -. ( ,i + --c. 

lg h? h? ,1 
1 1 

.!_ [ lg <j>S { 
2µ v.v. 

A V C + l. J C + Dd TC. } ] 
lg h? ,i V h? ,j ,1 ,i 

1 J 

Setting q. = v . <j>S, l. . l. 

C . lg q. q. 
div (J<Ps) l. ) 1 =-( ,i + -c. 

lg h? h? ,1 
l. l. 

.!_ [ l'] <j>S v.v. 
{ A V C . + 2µ 2:J.c + 

lg h? ,1 V h? ,j 
l. J 

DdTC. }] . 
,l. ,1 

(B-11) 

CONVECTIVE-DISPERSION EQUATION: 

Substituting equation B-11 into B-4, separating derivatives of C 

and transferring terms, 

1 lg q. 
<PS C 

q. 1 (<PS)t ( __ l.) 1 + - ,i - - - --c. + - • 
Ii h? C t Ch? ,l. clg 

l. l. 

lg <PS { 
2µ v.v . 

[ A V C . + l. J C . + Dd TC. } ] (B-12) 
h? ,l. V h? ,J ,l. ,i 

l. J 
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where the summation is performed both on i and j , except in h? and 
1 

It is to be noted here that the L.H.S. of equations A-7 and B-12 

are the same. Therefore, equating the R.H.S. of both and collecting 

like terms, 

(cj>SC _cj>SP 
C t p t ) 

1 1 = - q1. ( -- C . - -- P . ) + 
C h? ' 1 

P h? ' 1 

1 1 

1 lg cj6 2µ v.v. 
[ { A V C . + 1 1 C . + Dd TC. } ] -- ,i c/g h? ,1 V h? ,J ,1 

1 J 

or C 1 [ lg cps { 2µ v.v. 
cf> s r ct - p pt ] = - /\ V C . + 1 J C . + 

Ii h? ,1 V h? • J 
1 J 
q. 

DdTC. }].- 1 [C.+_g_ p.] 
,1 ,1 h? ,1 p ,1 

(B-13) 
1 

Substituting values of pt and 

terms, 

p . 
,1 

from equation A-11 and transferring 

cf>S C ct -

where, 

DD . = 
1 

1 
lg 

_g_ 8 .C. a 
q. 

p p - Ct) DD. 1 [ C . -= - -p 0 t p 1 h? ,1 
1 

.C.a Po p 
,i - .C. a C ,i ] 

p p 

;; S 2µ v .v. 
[ g cf> {AV C. + --1-J C. + Dd TC. } ] · 

h? . , 1 V h? 'J :, 1 • 1 
1 J 
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Therefore, 

DD. v. 
C P 1 ...2:.. C . 

t = P-"'C ~S - 1 .... "' . h? ' 

P CS V. 
+ _o_ (Pt + ....!. p . ) 

p-ac h? ,1 
(B-14) 

1 1 

Assuming that, 

(i) Medium is completely saturated so that S=l, 

(ii) Terms containing fluid compressibility and the derivatives of 

pressure are small as compared to the other terms and so may 

be neglected, 

equation 8-14 reduces to, 

1 r- .+. 2µ V. V. 
= p [ ~ . { ___ l __ J C . + Ct --C - /\ V C . + 

p-a cpvg h? . ' 1 Vh~ ,J 
1 J 

V. 
DdTC. }] . -...2:..c. 

, 1 , 1 h? , 1 
(B-15) 

1 

This is the general convective-dispersion equation for an isotropic, 

saturated porous medium. 

For axisynunetric flow towards a well, equation B-15 transforms as 

follows: 

P 1 u 2 2µ UV ct = [ - { cpr (AV + 2µ -v ) C + -- C + Dd T C } + p-aC cpr r V z r r 

uC - vC r z (B-16) 
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where u and v are the velocity components in r and z directions 

respectively. 

Also for an isotropic medium, 

where, 

A= a11 = lateral dispersivity of the medium and, 

a 1 = Longitudinal dispersivity of t he medium, 

OT =AV= a 11v = Coefficient of lateral dispersion, 

2µV = (a1-aII) V = DL-DT 

DL = a 1V = Coefficient of longitudi nal dispersion. 

Therefore, the expressions for the coefficients of hydrodynamic disper-

sion may be .written as follows: 

Dii AV+ 2µ u2 
Dd T = -+ 

y2 

OT+ (DL-DT) 
u2 

Dd T = -+ 
y2 

022 AV+ 2µ 
v2 

Dd T (B-17) = -+ 
y2 

OT+ (DL-DT) 
v2 

Dd T = -+ 
y2 

Diz 021 
2µ UV 

(DL-DT) 
UV = = = V y2 

Using the above definitions, equation B-16 may be written as, 

C = P [ l { ,i. (D* C D* C ) } + .!_ { ,i. (D* C + t p-a C q,r "'r 11 r + 12 z · r 4> "' 22 z 

(B-18) 
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Choosing p
0

, V
0 

and D
0 

as the scaling factors for concentra-

tion, velocity and the coefficients of hydrodynamic dispersion or dif-

fusion, in addition to those adopted for non-dimensionalizing the flow 

equation, such that, 

L gpoko 
Vo 

0 = -= 
To µo 

and 
L2 

Do 
0 = T 
0 

equation B-18 reduces to the following dimensionless form, 

c- = 
p 1 

(Dll C- + 012 ~) }- + [ - { 4>r t 4> (p-aC) r r r 

C022 4> c- + o 4> C-)- 1 z 12 r z - u c- -r vc-z (B-19) 

where the bar denotes dimensionless variables. 



APPENDIX C 

FINITE ELEMENT FORMULATICN FCR THE FI.DW EQUATION: 

As shown in section 3.5, the flow equation reduces to the following 

form, 

(C-1) 

where the subscript , denotes derivative with respect to that variable. 

Following the Galerkin approach with arbitrary weighting functions WP, 
(p = i,j,k) and equating the integrated values of the weighted resid-

uals to . zero, the following equations are obtained, 

!ff WP [ ¼ (rSHr)r + (SHz)z - yt ] r dr de dz= O 
V 

(C-2) 

Using divergence theorem to reduce the order of differentials and 

collecting the resulting volume and surface integrals separately, equa-

tion C-2 transforms as follows: 

!ff 
V 

(C-3) 

where n1 and n3 are the unit outward normals to the surface dS . 

Referring to Fig. C-1 where the flow region has been shown with all 

i ts bounding surfaces and assuming that the boundaries c4 and cs 

lie on the same vertical surface, the following boundary conditions will 
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r= ro 
z=zo 

C4 
n•=-1 
n8 = o 

r= '• C2 
I z: z, ,.1: I I n8 =o Cs: n1=-I 
; n1 =o 
I 

r= 0 c, z=O z=O r=rw 

Fig. C.1 Schematic of Flow Boundaries 
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apply to the problem under investigation: 

(i) c1 and c2 are geometric boundaries where the values of H 

are specified as, 

H = H. (r,z) 
1 

V t > 0 

As will be seen in subsequent discussion, prior knowledge of the R.H.S. 

of equation C-3 is not necessary for such boundaries. 

It, 

on 

(ii) c3 and cs are natural boundaries, the former being the 

upper confining layer of the flow region and the latter being 

a vertical stream line due to radial symmetry. Thus, 

therefore, 

both these 

(iii) C4 

and 

SH r = 0 

SH = 0 z 
follows that 

boundaries. 

is the well 

SH = 0 z 

SH = - pq r 

V t > 0 

V t > 0 

the R.H.S. of 

face so that, 

V t > 0 

V t > 0 

along cs 

along C3 

equation C-3 reduces to zero 

In order to apply equation C-3 to all the elements in the flow 

region, it is better for convenience of numerical computation, to work 

in terms of local coordinates referred to the centroid of each element 

as the origin. Thus introducing the above boundary conditions for any 

triangular element m, whose centroid is represented by the global 

-m -m f coordinates r and z , equation C-3 transforms as ollows: 

(C-4) 
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where, 

[R] refers to the unknown value of the R.H.S. of equation 

C-3 for the geometric boundaries and is zero everywhere 

except on the surfaces c1 and Cz , 
Rm refers to the area of the th element, m 

refers to the boundary of the mth element 

along the well face and the integral along 

everywhere except the well boundary c4 , 
I; = r -m r 

-m n =z-z 

that lies 

Sm 
2 is zero 

and, taking advantage of radial symmetry, the integral with respect to 

e has been omitted from both the sides. 

Assuming now, that over any triangular element with local coord-

inates of vertices as (!;., n-) , (I;., n -) and (l;k' nk) , the flow 
l l J J 

parameter H may be represented by a first order polynomial, 

(C-5) 

where 01 , oz and 03 are unknown coefficients, sometimes referred 

to as generalized coordinates. Using Cramer's rule to compute the values 

of these coefficients in tenns of the nodal point values H. , H. and 
l J 

Hk , equation C-5 yields, 

H = [A] {H}m (C-6) 



where, 

[A] = shape 

= [ A. 
. l. 

AP = (aip 

ali = ~jnk 

a · . = n. -2 l. J 

and values of 

sequence. 

1 

2Am = 1 

1 
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function 

A. Ak J 
m 

+ a2p~ + a
3
pn)/2A 

nk 

~-J 

~-l. 
~-J 

~k 

nj~k 

n. 
l. 

n. 
J 

nk 

p=i,j,k 
(C-7) 

and follow in cyclic 

(C-8) 

Similarly, assuming that y also varies linearly over the area of 

an element, it can be shown that, 

y = [A] {y }m 

and 

(C-9) 

(C-10) 

In view of the continuity property of the shape function [A] , it 

is expedient to specify that, 

p=i,j,k 

Substituting the values of H, AP and yt from equations C-6, 

C-7 and C-10, equation C-4 yields, 



(rm+ s) ds dn = 

Recognizing that, 

[A] 
n 

1 = - I a 3 . a 3 . 
2Am 1 J 

a'll.. 
{Ai.] = _:".J;'._ 

l-' n 2Am 
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f AL.. pq rw dn + [R] 
s~ 1-' 

(C-11) 

(C-12) 

evaluating the integrals and writing down three separate equations with 

the three weighting functions A. , · A. 
1 J 

and Ak in matrix form, the 

following system of equations is obtained, 

I {SA] + {SC] ] {H}m + I {SM] + {SALPHA] + [SBETA] + {SGAMAJ 

(C-13) 
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[SA] 
-m 

= s r A • [A ] 
4 Am Am mn 

A = Area of the element 

[SC) = 
-m s r A 
m m [Cmn1 

4 A A 

Cmn = a3m a3n 

[SAA] = 

n=i,j,k m=i,j,k 

[$mn] = alm a2n A+ a2m aln XISQ + (a3m a2n + a2m a 3n) XITA 

+ a 3m a 3n TASQ 

XISQ = ffu 1;2 d!; dn 
R 

XITA = ffu !; n d!; dn 
R 

TASQ = ffu n2 d!; dn 
R 

[SALPHA] 

a mn 

[SBETA] = EXXET 
m m [Smn] 

4 A A 

13mn = a2m a3n + a3m a2n 

EXXET = fl 1; 2 n d!; dn 
Rm 
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[SGAMA] EXXX 
[yrnn1 = 

4 Arn !fl 

Yrnn = a2rn a2n 

EXXX = t,;3 dt,; dn 
R 

[STHETA] EXETT [0 ] = 
4 Arn Am mn 

0 = a a mn 3m 3n 
EXETT = E,; n2 dt,; dn 

R 

IQJ - r qi ] -l qr 

i and j refer respectively to the lower and upper nodes of ele-

ment m lying along the well face and, 

r w pq 
q'!' = (n. - n.) 

1 2 J 1 

r w pq 
q~ = (n. - n. ) 

J 2 J 1 

In a more compact symbolic form equation 'C-13 may be expressed as, 

[FSL] {H}m + [FPLE] {y t }m = [Q]m + [R]m (C-14) 

where, 

{FSL] = [SA] + [SC] and 

[FPLE] = [SAA] + [SALPHA] + [SBETA] + [SGAMA] + [STHETA] 

In order to get the contributions pertaining to all the nodes in 

the system, matrix equations similar to C-14 have to be combined for all 
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the elements in the layout following the general assembly process of the 

finite element formulation. Any node common to two or more elements 

will have non-zero contributions from all such elements and no contribu-

tion from the remaining elements . This results in the following system 

of equations, 

{SK] {H} + {PK] {y t} - IQK] = IR] (C-15) 

Considering the solution in the time domain, it follows from the 

discussion in section 3.6 that equation C-15 may be written as, 

{SK] {H} + E • {PK] {Ht} - IQK] = IR] (C-16) 

Assuming a linear variation of · H over a small increment of time 

t.t, the shape function [N] for the time domain formulation is given 

by, 

{NJ = [ ·No ·N1 ] 

t t 
= [ (l - tit) tit] 

where the subscripts 0 and 1 refer to the time levels 0 and tit 

respectively. Using the Galerkin approach with N1 as the weighting 

function, the following set of equations is obtained, 

tit 
f N1 ( [SK] {H} + E • [PK] {Ht} - [QK] - [R] ) dt = 0 
0 . 

Recognizing that, 

{Ht} 1 [ 1 -1 ] {{H}o} and = tit {Hh 

{H} 1 [ (tit - t) t ] { {H}o} = tit {H}i 
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the above integration yields, 

i [SK] + ~t [PK] ] {H}i = [R] + [QK] + [ ~t [PK]- ; (SK] ] {H}o 

(C-17) 

As an alternative to Galerkin, sub-domain method, Crandall (1956) 

may be used for the time-domain solution for computational simplicity. 

Thus, 

tit 
f ( [SK] {H} + E • [PK] {Ht} - [QK] - [R] ) dt = 0 (C-18) 
0 

Evaluating the integral using the same interpolation function for 

H, results in the following: 

[ ½ [SK] + ~t • [PK] ] {H} 1 = [R] + [QK] + [ ~t • [PK]- ½ [SK] ] {H}o 

(C-19) 



APPENDIX D 

FINITE EIEMENT FORMULATICN FCR THE CCNVECTIVE-DISPERSICN EQUATICN: 

As shown in section 3.8, the convective-dispersion equation reduces 

to the following form: 

(D-1) 

where D D and D are the three coefficients of hydrodynrunic rr' rz zz 
dispersion and everywhere else the subscript denotes derivative with 

respect to that variable. Following the Galerkin approach with arbitrary 

weighting functions WP, (p=i,j,k) and equating the integrated values 

of the weighted residuals to zero, the following equations are obtained, 

ff.V'f WJ. [ . _rl ( r Orr Cr + r D C ) + (D C + D C ) - uC y · rz z r zz z rz r z r 

vcz - Ct] r dr de dz= o (D-2) 

Using divergence theorem to reduce the order of differentials and 

collecting the resulting volume and surface integrals separately, equa-

tion D-2 transforms as follows: 

+ WP (uCr + vCz + Ct) ] r dr de dz= 

:wp (Drr Cr + Drz Cz) n1d S + JWP (Dzz Cz + Drz Cr) n3dS.' 

) (D-3) 
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where n1 and n3 are the unit outward normals to the surface dS 

Referring to Fig. C-1 and assuming that the boundaries c4 and c 5 

lie on the same vertical surface, the following boundary conditions will 

apply to the problem under investigation: 

(i) c1 and c2 are geometric boundaries where the values of C 

are specified as, 

C = c. (r,z) 
1 

V t > 0 

As will be seen in subsequent discussion, prior knowledge of the R.H.S. 

of equation D-3 is not necessary for such boundaries. 

(ii) c3 and c5 are natural boundaries, the former being the 

upper confining layer of the flow region and the latter a vertical stream 

line due to radial symmetry. Thus, 

0rr C + D C = 0 V t > 0 along C5 r rz z 
D C + D C = 0 V t > 0 along C3 rz r zz z 

It, therefore, follows that the R H.S. of equation I>-3 reduces to 

zero on both these boundaries. 

(iii)c4 is the well face so that, 

D C + D C = 0 V t > 0 rz r zz z 
and D C C 1 1) > 0 + D = qC( - - V t rr r rz z <P 

For element to element application of equation D-3, it is more con-

venient to work in terms of local coordinates referred to the centroid 

of each element as the origin. Thus introducing the above boundary 

conditions for any triangular element m, whose centroid is represented 

by the global coordinates 

follows: 

-m r and -m z , equation D-3 transforms as 



where , 
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= -J w~ q c ( .!. - 1) rw dn + [R] 
s~ l' <I> 

(D-4) 

Rm refers to the area of the mth element, 

s~ refers to the boundary of the t h element that lies m 

along ~he well face and the integral along s~ is non-zero 

only along the well boundary C4 , 

[R] refers to the unknown values of the R.H.S. of equation 

D-3 for the geometric boundaries. Chviously [R] is a 

null matrix everywhere except along the surfaces c 1 

and 

E;. = r -m r 

-m n = z - z 

and, t aking advantage of radial symmetry, the integral with respect to 

e has been omitted from both the s i des. 

Assuming now, that over any triangular element with local coordin-

ates of vertices as (E;.., n.) , (E;.., n.) and (E;.k, nk) , the concentration 
1 1 J J 

C may be represented by a first order polynomial, 

(D-5) 

where, 

a 1 , a 2 and a 3 are unknown coefficients, sometimes referred 

t o as gener alized coordinates . Using Cramer's rule to compute the values 

of these coefficients in terms of the nodal point values C. , C. 
1 J 

and 



Ck, equation D-5 yields, 

C = [A] {C}m 

where, 

[A] = shape function. 
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(D-6) 

This shape function is exactly the same as was obtained for the flow 

equation in Appendix C. Using this shape function as the weighting func-

tion also and substituting values of C, Ct and the derivatives of 

[A) in equation D-4, the following set is obtained, 

-m · m + u [A]s AP+ v [A]n AP) Cr + s) ds dn } {C} 

-m m + ~fn { AP [AJ Cr + s) ds dn } {ct} 

m {C} dn + [R] (D-7) 

Evaulating integrals and writing down three separate equations with 

the three weighting functions A. , A. 
1 J and in matrix form, the 

following system of equations is obtained, 

[SA] + [SB] + [SC] + [SF] + [SG] + [SH] + [SI] ] {C}m 

+ [ [SM] + [SALPHA] + [SBETA] + [SGAMA] + [STHETA] ] {Ct}m 

- - [Q] + [R] (D-8) 

where, 
D -m r A 

[SA] rr 
[Arnn] = 

4 Am Am 

A , Am and \in have the same values as defined in 



I SB] 

B rnn 

[SC] 

[SF] 

F rnn 

[SG] 

G rnn 

[SH] 

H rnn 

[SI] 

I rnn 

= 

= 

= 

= 

[SAA] 
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Appendix C. 

D -rn A r rz 
I Brnn] = 

4 Arn Arn 

a 3'rn a 2n + a 2m a n=i,j,k , . rn= i, j , k 3n 

D -rn r A zz 
[Crnn] = 

4 Arn Arn 

C has the same values as defined in Appendix C. rnn 

V 
[Grnn] = 

4 Arn Am 

a a XISQ + 2m 3n a 3rn a 3 n XITA 

-rn A u r 
[Hmn1 = 

4 Am Am 

a a lrn 2n 

-m A V r 
[Imn1 = 

4 Arn Am 

a a 1m 3n 

, [SALPHA] , [SBETA] , [SGAMA] and [STHETA] have the 
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same values as <lefined in Appendix C. 

In a more compact symbolic representation, equation D-8 may be 

expressed as, 

[SL] {C}m + [PL] {Ct}m = _ [Q)m + [R]m (D-9) 

where, 

[SL] = [SA] + {SB] + [SC] + [SF] + [SG] + [SH] + [SI] 

[PL] = [SM] + [SALPHA] + [SBETA] + [SGAMA] + [STHETA] 

i and j refer respectively to the lower and upper nodes of ele-

ment m lying along the well face. Evaluating the integral on the 

R.H.S. of equation D-7 along the well boundary,yields, 

1 c. c. 
q~ 1) ( 1 _J_) (n. n. ) = r q ( - - -+ -1 w </> 3 6 J 1 

1 c. c. 
1) ( 1 _l_ ) (n. n . ) qt = r q ( - - -+ -

J w </> 6 3 J 1 

In order to get the contributions pertaining to all the nodes in 

the system, matrix equations similar to D-9 have to be combined for all 

the elements in the layout following the general assembly process of the 

finite element formulation. Any node common to two or more elements 

will have non-zero contributions from all such elements and no contri-

bution from the remaining elements. This results in the following 

system of equations, 

[SK] {C} + [PK] {Ct}+ {QK] = [R] (D-10) 
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For the time domain solution, following exactly the same approach 

as was done for the flow equation, the following expression for the 

weighted residual is obtained, 

lit 

6 N1 ( [SK] {C} + [PK] {Ct} + [QK] - [R] ) dt = 0 . (D-11) 

Substituting value of the weighting function N1 from Appendix C, equa-

tion D-11 yields, 

[ [SK] + !t [PK] ] {C}i 1 1 = [R] - [Q~] + [ 6t [PK] - 3 [SK] ] {C}o 

(D-12) 

Alternatively, the sub-domain method gives, 

½ [SK] + !t [PK] ] {C} 1 = [R] - [QK] + [ !t [PK] - ½ [SK] ] {C}o 

(D-13) 



APPENDIX E 

Rayleigh-Ritz Formulation for the Convective-Dispersion Equation: 

* * * Assuming that , u, v, D11 , D12 and D22 are invariant over 

an element and that Ct is invariant over a single time-step, the 

convective-dispersion equation B-18 may be derived from a variational 

principle, provided there exists a reducing factor A(r,z) which satis-

fies the following system of simultaneous first-order partial differen-

tial equations (Hildebrand, 1965), 

D 
Drr A + D A ( rr u )A = 

} r rz z r 
(E-1) 

D 
D A + D A ( rz 

V )A = rz r zz z r 

It can be seen that the common solution of these equations is, 

where, 

A(r, z) .= r exp (S) 

v D - u D S = __ r_z ____ z_z r + 

D D - D2 
zz rr rz 

u D rz - V D rr 
D D - D2 

zz rr rz 

__ ur + vz • p - aC 
DL + Dd T p 

The corresponding J-functional is, 

1 s c2 
+ rw q ( - 1 ) e 2 dS 

z 

(E-2) 

(E-3) 
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where the subscripts denote derivatives with respect to those variables, 

Rm represents the area of the mth element, S~ is the well boundary, 

if any, included in the boundary of the mth element, 

r adius and, 

r is the well w 

q = ---------21T r PENETR w 

being the well discharge. 

To reduce the expression E-3 into a conveniently tractable minimiz-

ing problem, it is expedient to introduce a new concentration parameter 

ij,, such that, 

tjJ = C e8/2 (E-4) 

In terms of this parameter, tjJ, equation E-3 transforms to, 

D D 
J = ff [ rr (''' ) 2 + D (''' ,,, ) + _E (''' ) 2 + ij, ( ,,, + ,,, ) Rm T o/r rz o/r • o/z 2 o/z 2 o/r 2 o/z 

+ ij, 2 f(r,z) + ij, ij,t] r dr dz+ f r q ( .!. - 1) !l!.:.. dB 
8m w 2 

(E-5) 

and the convective-dispersion equation B-18 transforms to, 

D D 
+ rr ij, + tjJ (E-6) r r r z 

where, 

f(r,z) = 
D u2 + v 2 D - 2 u VD zz rr rz 

- o2 ) rz 
(E-7) 
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That equation E-6 is the Euler equation for the variational func-

tional E-5 may be verified by equating the first variation of J to 

zero. Thus, 

+~tow] r dr dz+~~ rw q ( ¼ - 1) w o~ dz= O . (E-8) 

Using the divergence theorem equation E-8 yields (Ref. Fig. t-1), 

oJ [ 1 D ~r)r -
1 0rzwr)z -

1 
(r 0rz wz) r = J{i - (r - (r 

R r rr r r 

1 u V 1 u 1 V - - (r D W ) + - w + - - - (r w - ) - - (r w 2) z r zz z z 2 r 2 z r 2 r r 

r 
+ 2w f(r,z) J ow r dr dz+ Jo V + ~t - (Drzwr + 0 zzwz + W 2) 

r w 
r 

r dr ow + Jo + D V r dr ow (Drzwr zzwz + w - ) 2 z=o r z=z w 0 

z z1 
+ Jo u I (Drrwr + 0rzwz + w - ) r dz ow + J - (Drrwr 2 

0 r=r 0 
0 

z 
+ D w + w ~2 ) r dz ow rz z 

+ Jo - (D ,,, + D W + w ~2) rr"'r rz z 

r dz ow 
r=r w 

r=r w 

z 
+ J

0 
rw q ( ¼ - 1) w dz ow r=r 

z1 w 

The boundary conditions, in terms of the variable ware, 

(E-9) 
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(i) 1/J D 1/J + D 1/J + u -2 = 0 rr r rz z along the natural boundary c 5 , 

(ii) D 1j, + D 1/J + v .!I!_= 0 rz r zz z 2 along the natural boundary c 3 , 

ulj, 1 (iii)D 1j, + D 1j, + -2 - q ( - 1 ) 1j, = 0 rr r rz z 'f' 
along the natural 

boundary c4, 

(iv) oiµ is zero along the geometric boundaries c 1 and c2 . 

Substituting these boundary conditions in E-9, it is seen that all 

the line integrals vanish. Therefore, 

U V + (r 1j, 2 )r + (r 1j, 2 )z - 21/J r f(r,z) - r iµt = O (E-10) 

which may be verified to be the same as the convective-dispersion equation 

E-6. Transforming to the local coordinate system equation E-5 becomes, 

D D 
rr (''' )2 0 1j, 1/J _g lj,2 1j, ( u 1j, + 1j, ) 2 'f'~ + rz n + 2 n + 2 2 n 

+ iJJ 2 f(r,z) + iµ iµt] (~+rm) d~ dn + J r q ( .!. - 1) iµ
2 

dn s~ w <t> 2 
(E-11) 



157 

Considering the minimization process, 

+ D zz 

Introducing a shape function such that, 

1/1 = [A] {ijl} 

(E-12) 

(E-13) 

where [A] is as defined earlier and evaluating the surface and line 

integrals in equation E-12 separately, the following two systems of 

matrices are obtained: 

(i) For the surface integral, 

-m r D rr 
4 Am Am 

+ 

+ 

+ 

A -m r D A 
[ a2·m a2 n] 

rz 
[a3m a3n] + a + a 

4 Am Am 2n 2m 

-m D A r zz 
[a3m a3n] 

u 
{ a2m [a2n XISQ + a3n XITA] + 

4 Am Am 8 Am Am 

u 
m m [a2m a2n XISQ + a3m a2n XITA] 

8 A A 

} 
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u rm A I ] V rm A [ a . ] + alm a + a a + a a + a 
8 Am Am 2n 2m ln 8 Am lf1 1m 3n 3ffi 1n 

p ac u2 + v2 
+ --- • ---- { [SAA]+ [SALPHA] + [SBETA] + [SGAMA] p 4(DdT+DL) 

+ [STHETA] } {~}m + { [SAA]+ [SALPHA] + [SBETA] + [SGAMA] 

+ [STHETA] } {~ }m 
t (E-14) 

where, n=i,j,k ; m=i,j,k and the symbols are as defined in Appendix 

C. 

The expression E-14 may be represented in the following condensed 

symbolic form, 

{ [SA] + [SB] + [SC] + [SD] + [SE] + [SF] + [SG] + [SH] + [SI] 

+ p-ac u2 + v2 [PL] }, {~}m + [PL] {~t}m 
p 4(DdT+DL) 

or (E-15) 

where the matrices [SL] and [PL] are symmetric and refer to the mth 

element. 

(ii)Considering the contribution of the iine integral between the two 

nodes i and j of the th m element, which lie along the well face, 

the linear interpolation of yields, 

1 
~=[1 n][ 

-1/R-
(E-16) 
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where, 11 is the distance of the point to which the value ljJ pertains, 

from the nodal point i, referred to as origin, and £ = Tlj - Tli , ni 

being treated as zero. Thus, the line integral components are, 

t 1 
[~i]l = J r q ( - - 1 ) ljJ ljJljJ. dn w 4> 0 1 

1 1/J. ljJ. 
1 ) ( 1 J £ = r q ( - - -+-) w <P 3 6 

= q'!' 
1 

and, similarly, 
1 ljJ. ljJ. 

[ ..m ·] r q ( - - 1 ) ( + _J ) £ Jljii 
2 

= w <P 6 3 

= q~ 
J 

This could be represented by a column matrix as follows: 

(E-17) 

Combining the expressions for the surf ace and 1 ine integrals, the follow-

ing equation in terms of elemental matrices is obtained, 

[SL] {lji}m + [PL] {ljJ }m + [Q]m = O t (E-18) 

which may be assembled for all the elements in the layout to yield, 

[SK] {lji} + [PK] {ljit} + [QK] = 0 (E-19) 

where the assembled matrices [SK] and [PK] are banded and symmetric. 



APPENDIX F 

FLOW CHARTS 

FLOW CHART FOR LEAP-FROG TECHNIQUE 

START 

Generate Element Layout 
by Program MESH 

Solve the Flow Equation with known Nodal Point 
Values of Fluid Density, Porosity and Concentration 

Compute Nodal Point Pressures 
and Elemental Velocities 

Solve the Convective-Dispersion Equation for 
Nodal Point Values of Concentration 

Modify Nodal Point Values of Fluid Density and 
Porosity with Computed Pressure and Concentration 

No 

Yes 

Stop 
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FLOW CHART FOR PROGRAM FLOW 
The symbols used 
herein are as defined 
in Appendix C. Start 

Read and Write Geometric Data 

Use Program MESH to Generate Suitable Element Layout 

Read and Initialize Input Parameters 

Read Nodal Point Coordinates and Element-wise Distribution of Nodes 

Read and Write Grometric and Well-Face Boundary Conditions 

Initialize Time and Number of Iterations 

Initialize Large [SK], [PK] and [QK] Matrices 

Evaluate Integrals Involved in the Finite-Element Formulation 

Com ute Average Elemental Values of Fluid Densities 

Generate the Elemental Matrices [FSL] and [FPLE] 

Form Symmetric Banded Matrices [SK] and [PK] 

Combine [SK] and [PK] to obtain [SSK] and [PPK] as 
Coefficients of Old and New Time Values of H 

Restore [SSK] and [PPK] as [SK] and [PK] 
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Multiply Known Values [H] at Ol<l Time Step with [SK] to obtain [FF] 

Add [QK] and [FF] to get the Right Hand Side 

Account for Geometric Boundar Conditions 

Solve the System by Gauss-Elimination for 
Banded Symmetric Matrices for New [II] 

Compute Current Time Level 

Compute New Values of Pressure and Reinitialise 
Previous Time Densities and Concentrations 

Compute Elemental Velocities for New Time Step 

Read Values of Nodal Point Concentration at New Time Level 

Compute New Values of Fluid Density and Porosity 

Compute New Values of Coefficient [E] and 
Reinitialize Previous Time Pressures 

No 

Yes 

Stop 



Symbols used herein 
are as defined in 
Appendix D. 
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FLOW CHART FOR PROGRAM DISPER 

Start 

Read Data Generated in Program MESH and 
Velocities Computed in Program FLOW 

Read and Initialize Input Parameters 

Read Geometric and Well-Face Boundary Conditions 

Initialize Time and Number of Iterations 

Evaluate Integrals Involved in the Finite Element Formulation 

Compute Average Elemental Velocities, Densities and Concentrati~ns 

Generate Unsymmetric Elemental Matrices [SL] and [PL] 

Form Unsymmetric Banded Matrices [SK] and [PK] 

Combine [SK] and [PK] to obtain [SSK] and [PPK] as 
Coefficients of Old and New Time Values of [C] 

Restore [SSK] and [PPK] as [SK] and [PK] 

Multiply Known Values [C] at Old Time-Step with [SK] to get [FF] 
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Account for Geometric Boundary Conditions 

Solve the System by Gauss-Elimination for Banded 
Unsymmetric Matrices for New [C] 

Stop 



APPENDIX G 

Program MESH 

The data requirements of the program are: 

( i) NDIVX = N = X 
Number of divisions of the sides along the x-axis. 

(ii) NDIVY = N = y Number of divisions of the sides along the y-axis. 

(iii)XMIN = Xl = Minimum value of X in the layout. 

(iv) YMIN = yl = Minimum value of y in the layout. 

(v) XMAX = x3 = Maximum value of X in the layout. 

(vi) YMAX = Y3 = Maximum value of y in the layout. 

(vii)Coordinates of eight points a, b, c , d, e, f, g and h 

on the boundary (Fig. G-1) arranged in a counter-clockwise sense. Say, 

[ ( X 1 , y 1 ) , ( X 2 , y 2 ) , • • • • • • • • •• ' ( X 7 ' y 7) and ( X 8 , y 8) ] • 

With the above data, the program divides the area into Nx x Ny 

quadrilaterals and joins the shorter diagonal of each to produce a tri-

angular mesh. 

For a simple rectangular region, if the boundaries are oriented in 

such a way that the side with smaller number of divisions is treated as 

the side along the x-axis, the program generates a mesh with reasonably 

small band-width. Depending upon the relative positions of the eight 

boundary points, the sizes of the elements vary in an arithmetic progres-

sion as explained below. 

Referring to Fig. G-1, if ab< be, the x-dimension of the elements 

progressively increases from a to c Similarly_, if ah < gh , the 

y-dimension increases from a to g . If Ax and Ay are the shortest 

x and y dimensions of any element and dx and dy are the conunon 

differences for the two dimensions, then, 
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y 

27 28 29 

<D 
II 

>-> 21 22 23 0 z 

6 7 8 9 10 
2 3 4 5 X 

a b C 

NDIVX = 4 

Fig. G.1 Boundary Subdivisions for Program MESH 
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N -1 
A N + _x __ N dx = 

X X · 2 X 

N N N 
A 2 + { ( x 1)/2} 2 . dx = x2 2- 2 

and, 

N N N 
A 1+ { ( ..L - 1)/2 } dy _L = y y 2 2 . 2 3 

Therefore, 

dx = 4 (X3 - 2X2 + X1)/N~ 

dy = 4 (2Y2 - Y3 Y1)/N~ 

- y 1 

(G-1) 

(G-2) 

(G-3) 

(G-4) 

(G-5) 

(G-6) 

Knowing dx and dy, Ax and A may be calculated, the X y and y 

dimensions of the elements proceeding from a to c and from a to g 

respectively will be, 

Ay, Ay+dy, Ay+2dy, .... . , Ay+(Ny-1) dy 

Theoretically, any sizes of Ax and Ay (as small as required) 

can be accomodated provided that there is no limitation to the nwnbers 

N 
X 

for a given size of the region. 

For complex regions, the area is divided into two or more loops for 

providing different .sizes of elements in different portions as shown in 

Fig. 4.1. The above algorithm is then applied to each loop in succession. 

Additional data required for this case are: 

(i) NUMLPS = Nwnber of loops, and 

(ii) JOIN(I,J,K) array, which for the loops shown in Fig. 4.1 is 

defined in the following table. 



Loop (I) k=l k=2 

168 

TABLE G-1 

JOIN(I,J,K) ARRAY 

k=1 k=2 k=1 k=2 k=l k=2 

+ Loop No. Side No. Loop No. Side No. Loop No. Side No. Loop No. Side No. 

1 0 0 0 0 0 0 0 0 

2 1 3 0 0 0 0 0 0 

3 1 2 0 0 0 0 2 2 

Side (J) 1 2 3 4 
..... .._ ___ "'" ____ ,;-....___ _____ ,........... ___ J_ ..... _____ .....,...----~-----v---------_J 

The above table is read as follows: 

Side (J) of loop (I) is common with the side given under column k=2 of 

the loop number given under column k=l This interconnection is referred 

only backwards with respect to the loop numbers. Thus sides of loop 1 

are entered in the above table as not common (denoted by O) with those 

of loops 2 and 3, and sides of loop 2 are entered as common with the 

sides of loop 1 but not common with those of loop 3. 

For multi-loop region's, the above procedure results in a very large 

band-width. Therefore, two subroutines have been introduced in this 

program for band-width reduction. The first of these subroutines arranges 

the data in a form suitable for the application of the second subroutine. 

The latter subroutine renumbers all the nodes in the system so as to 

yield a minimum band-width. A listing of this program is given in 

Appendix H. 



APPENDIX H 

PROGRAM LISTINGS 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

PROGRAM FFLOW 
PA06RAM FFLOlll ( tNPUTc] 01fhPUNt':H•OUTPUT-=202P • T4PFC,=I,_.PUT • T&PJ"#,s01 JTo A. JO 

?O 
30 
•o 
~o 
60 
70 
~o 
QO 

lUT,TAPf.R:PUNCHI I 
~ON'tl)N /RLK3/ SKf30n,?OI I 
tONMON /RLK4/ P~f300,201 A 
CONNON /RLK~/ Q~f3001 A 
CONNON /RLKb/ NP14~0,31,Pf3001,Zl3001 I 
CONNON /RLK7/ PHI0f3001 A 
CONNON /RLK~/ YRf4501,YZl4501,FKf4501,QHnl]On1,r.11001 I 
DJMENStON RL0Cf31, 7L0Cf31, FPLEfl,31 , FSLfl,31, Hf3001, ~PPCt1 001 I 

l• H~C(300), PP(3001• AP(JOO), AC(JOO), f<lOO), RHOO(300J, PPK(JOO, A 
225), S~K(]00,25), FF(Jno,. KP(450,l), LP( • 50,3), PL(J,3), ~l(3,~,. A 

100 
110 
120 
1]0 
140 
l~O 
IM 
170 
lbO 
190 
200 
l!O 
220 
?.30 
2•0 
2-;o 
no 
?10 
.?PO 
2QO 
JOO 
310 
320 
330 

3 C8Cf300I A 
DATA NUMMP,NlJMFL,lAlNO,NlJMRC,ALPHA,ABET•,CF,DT,AflilU,tTT,PF.NF.'TR',l')JV, A 

1FQ,NACVL,P~,1l,All,OO,T,~~,PJ/200,ll2,7,5,,74,~,3£-~,,6f-~,.J,2,4f A 
2-5,~oo,1no,,4,,1.,~ •• 5,.t,o.,o.,.5,12.?,J.1•1sq7~1 • 

Tl<IS PROGRAM SOLYF.S Fl.OW AND 
RADtAL COOROTNITE~. 
NUMNP•NO, OF NODAL POINTS 
NUMFL•NO, OF ELEMENTS 

CONYECTIYE-OISPEH5ION CQUAT!ONS IN 

~P(J,Jl•ARRAV GIVIH~ ,sstr.NEO NO. TO JTH NO OF nF EL~M~NT NO, 
VRfil•VFLOCITY COMPONENT OF ELEMENT Nn, I IN M-Ol~ECTTON 
VZfil•VFLOCITY COMPONENT OF ELEMENT NO, I IN Z-OIRECT!ON 
NPBCfHl•O SIGNIFifS T~AT NO 9,C. IS SPF.CIFIEn AT NO~F. NO, N 
NPBCfNl•J SIGNIFIFS THAT ~.c. IS GIYfN IT NOnE MO, N 
HPBCfNI•? SIGNIFIES wfLL BOUNDARY 
NUllijC• NUM~FR OF HOOE~ AT WHICH R,C, IS GIVEN 
NRCWL•NUMBfP OF NODAL POINTS ON THE •ELL F&Cf 
RW•RADIUS OF WELL 
Pl<IO•INITIAL POROSITY 
A~U•DYHAMIC VI~COSITY 
Al•LONGITUDtNAL DISPEQSIVITY 
All•TRANSVERSE OISPF.RSIYITY 
DO•CnEFF", OF MOLECUL.IP DIFFUSION 
hTORTUOSITY 
DIY•NO, OF OTVl~IO'!S OF PE,.ETQATION OF.PTH 
PENETR•DfPTH OF WELL PF.NETPATION 
OT•TINE INCRfMfNT, 
CF•AQUJFER COMP<IF.SSt~ILITY 
A~ETA•FLUID COMPRfS~IRILITY 
ALPl<A•FACTOR PFLATINr. PHO ~!THC 
FG•WELL DISCHAPGE 
f"K•INTPINSir. PEPIIEAijILITY 
Rl<OO•INITIIL FLUIO O[NS!TY 
AP•VALUF OF PAT PPFV!OUS TIME 
P•CURRfNT VALUE OF PRF~SURf 
ITT•NO, OF TIME PERIOl)S nYEP WHICH SOl.UTtnN 15 <IF.flll!l>H> 

RFan AND lNTTJII . TSF DAU 
R[AO cc;.J44) (FIC(lJ•l=l,MJ ... fl) 
RFIO c•;.)441 (PHO(TJ ,T=l•Nlflr4NP) 
REIO (Ii• 144) (PHJO( I), J=l ,NUMNP) 
AfAO (s;,}44) (M(IJ ,tzl,,.,l1'4~P) 
Pflf.'I (';,}44) (C(t),t:::J,~ll14NPJ 
Pf AO (a:;,J47J Ohl(N) ,Q(N) ,Nfrrf:cl,NUMNP) 
REIO (li,1461 C~•~P(k,}J,kP(~,2),KP(k,3),~K=l,~U~FLI 
RF.An cs;, 146) flt LP (L, l l ,LP CL,2) ,LP (L,3) •LL= l •"-'U ... FL l 

01:PFIIF. TP /0 I Y 
OFO•-(FQ•qZJ/(4,0*Pt•Pf~ETPJ 

A 
A 
A 
A 
A 
A 
A 
A • 
A 
A 

A 

• • • I 340 
A 350 
I l60 
I 370 
A JijO 
A 390 

400 
•JO 
4?0 

A 430 
A 440 

~50 
4..0 
470 
4RO 
4<>0 
500 

a ~JO ,. ~,o 
A 530 
A 540 
• .;c.o 

5h0 
,;:10 
",AO 
",QO 

"n6 
& h) O 

N•Il'IAND 
KBAND•t2•NJ-I 
00 101 J•l•~UMNP 

Hl>CfIJaO,O 
NPRC f 11•0 
RHOO II I •RHO f I l 
Cl>CIJJaO,O 

101 CONTINUE 
C 
C READ AND W<ITTE qOUNOAPY CONDITIONS 
C 

C 

C 
C 

RF.AO (5•143> (N•NPRC<N>•~Rt(N),C8C(N)•NN•l•~U~ACJ 
REIil f5,l<;OI f.,,NPqCl"I ,MN=l,NRCWL I 

no 102 , .. !,NIJ .. NP 
IF l"P8CIIl,FQ,1J Hfll=HRCIII 
FIIl•RHOOIIl*PHIOfll*IARETA•CFI 
APIIl•HfII-IRHC,OfIJ•r.G•ZtIII 

IP;? CONTINUE' 
TJN£•0.0 
KT•O 
INT•IO 
INTR•IO 

U3 KT•~T+l 
JK•l 

104 CONTINUF. 
JL•n 

105 CONTINUF 
JL•Jl•l 
If fJL-1> IO<>,lnl,ol0'-

10~ CONTINUE 
no 108 N=l,NUMFL 

00 107 J=l,3 
NP (N•J) aK P (N • . J) 

107 CONTINUE 
108 COIITINUF 

GO TO II? 
lOQ CONTINUF 

no 111 N=l ,NllNfL 
no 110 J•l,3 

NPfN•J>•LPl~• J> 
110 CONTINUE 
11 I CONTINUF 
112 CONT!NUF 

00 114 !=l,NIJ .. HP 
IF INPRCfil,FQ,I> Cl!l=CRCfJ> 
IF f"PRCfTl,F.ll,11 HflJ=t<l>C f ll 
QK(t):O.n 
no 113 J=l•l~INO 

SffU•J>zn.o 
PK<t,J)=O.O 

113 CONTINUE 
114 CONTINUF 

00 \lb J:s::l•Nllt4fl 
CALL CENTOO fl•PAAQ,ZAAPJ 
CALL CLnCAL (J,PAa~.z~•~•QLOC•ZlOCJ 
CALL AREA (PLOC•7LOC•·• .. > 
CALL Tf~~AL (QLOC•7LOC,A~•FXX€T,FXXl,fA~TT,~ISQ,Tl~O,,tT•> 
CALL PHOc;FL ((.PH(}[t ,FI ... OOFL,Rtfflf'.P~O) 
IF fJK,NF,11 r,o TO II~ 
S•RMnFL•Fk'Cl)/.tMll 
CALL FSLPL (QlOC•ZLOC,R~AQ,tM.FJ•fT,fX[TT,FJXX,XISQ,XITA,TA~O.F 
~L,FPLf,c;) 
CALL FSLSK (~SL.FPLF•l•OFO,~PAC,RhOJ 
r.o Tn 11• 

11 '5 CONT INIJE 

A "20 
A f,JO 
• e.•o 
A 650 
A 660 
A f,70 
A '>AO 
A 690 
A 700 
A 710 
A 720 
A 730 
A 740 
A 750 
A 760 
a 770 
A .780 
A 790 
A 800 
A 1110 
A 820 
A 830 
A 840 
A 850 
A 860 
A 870 
A 880 
A 890 
A 900 
A 910 
• •no 
A 930 
A '140 
A 950 
A 960 
A 970 
A 980 
A 990 
A 1000 
A 1010 
A 10-20 
A 1030 
A 1040 
a 10,;o 
A 1060 
A 1070 
A IOtcO 
I IOQQ 
A. l 100 
A 1110 
A 1120 
I 1130 
A 1140 
A 1150 
a llf>O 
A 1170 
A IIRO 
I l lQO 
A 1200 
a 1210 
• 1220 
A 1230 
a 1240 
A 12",0 
A 1260 
A 1270 
a ll80 
A l~<>O 

.... 
-..J 
0 



CALL FLVFL fl,RLnC,7 LOC,H,&•U••~ > • 1300 <:AL1 SKP~! (C':,NHM~P• fct .U,!'l,Ff) A ·l980 CALL ~LPL (PLOC,7LnC,PAIR,AMtPL•~L,ALPHl,Al,no,T,All,F-XXFT,FJXX A 1310 DO 135 l=l,NlJMNP A 1990 ,fXFTT,RMOEL,XtSo,T•~o.,tTa,J) A 1320 FF!!l•-O•!ll•FFl~l A 2000 CALL SLS~ (Sl,PL,O~Q,T,NP~r,c,J~a~o, A 1330 C -' 2010 116 CONTI NtJ~ A 1340 C ICCnUNT F'OP ROIIMOAQV r:n,.,,O.ITJON'; A 2020 C • 1.150 C A 2030 IF (JL,r,T,l) ttn TO llQ A 1360 IF l"'1PqC f T )-1 J 13~,134,135 A 2040 C A 13TO 134 PK(J,~)sPK(J,MJ•J,OF+~O A 2050 DO 118 l • !,NUHNP A IJAO FF(J)•C8CIIl•P~(J,Jiit) A. 2060 no 111 J • l,IRANn • 1j90 135 CONTINUF A 2070 PPKCJ,J)aPKfl,J) • 1• 00 CALL B~OLV£ (~ltJiit~P, J8tNO,FF) A 2080 ~SK(l,Jl•SKll,Jl A 1• 10 00 ]36 Jsl,tJIJ.,NP A 2090 117 CONTINUE A 14?0 . C ! l l •FF 111 A 2100 118 CONTINUF A 1430 116 CONTI HUF • . 2110 GO TO In~ A 1440 137 CONTINUF A 2120 119 CONTIHUF A 1450 00 )38 Jsl,NUMNP A 2130 DO 121 l•l ,NIJMNP A 1• 60 RHO(!l•RHOO(ll•IARETA•RHOO(ll•(PP(l)-AP(lll)+(ALP~••1c111-AC (I) A 2140 ' 00 12Q J • l,IRAND A 1470 I II A 2150 S~<I•J>•<SSKCT,JJ•~~<I,JIJ/2, A ! • AO PHJO(IJ•PHJO(J>•(l,+CF•(PP(l)-AP(IJI) /4 2160 ; PfC' ( l•Jl•(PPK (l , . J) •PK( J •J> J I?. A l • CIO 138 CONTI NUF A 2170 , · 120 t:ONTINUE A 1500 DO 13CI 1•1,NUMNP • . 21110 I 121 CONTIOIUF A 1510 F(l)•PHOO(IJ•P~In<t>•(ARET4•CFJ A 2190 ' IF IJK.Nf.ll GO TO 12• A 1520 AP!ll•PP(ll A 2200 ·! 00 123 l•l,NUMNP A 1530 l:lCI CONTTNUF· /4 2210 ' no 1?2 J•l,IRAND A 1540 TIIIF•TI"f •DT A 2220 PPK<l •J)s(SK(T• .JJ/?.O) • ([(IJ*PKfl•J)/OTJ A 1550 IF (KT ,NE• !"Tl ,;o T() 141 A 2230 SSK(l•JJ=f(F(T)*PK(l•J>IOT)-(S~<f•J)l?.O)) A 1560 INT•INT+INT~ A 2240 122 CONTINUE 4 lCi7U IRAND•M A ?250 123 CONTINUF A l'iijO NRITF f"•l4SJ KT•Tl~f.~T A 2260 GO TO 127 A 1590 •RITE (6,l4R) A Z270 174 CONTI,.Uf A 1~00 •RITF '"•14?) (M( I)• l•l •N U1ti1"40) A 2280 00 ll6 l•l ... IIIMNP A 1610 •PITF (f..149) A 2290 no 12~ J•l•JR&NO A 11\20 •RITF ( f. .142) (Cf I> •f=l •'"iUMNPJ A 2300 . .... 
PP~fl•JJ•(SKCT•JJ/2.0J•(PK(l• JJ/OTI A 1 .. 30 C • 2310 I --.J S~kCl•J>•CP~Cl•J>IOT)-(SKCl•J>l2.0) A 1640 C•~L srcoND I B) A 2320 .... 

175 CONTINUE • 11\'iO hSFCOND('ll A 2330 126 CONTI NUF A lhl\O IF 1•.u.r,00.1 GO Tn l•l A ?340 127 CONT!NUi A 1670 WRITF t~,144) (M(J>•l=l•HU'4NPJ A 2350 00 12~ J•l•NU--.MP A 11>1<0 WRITf (A,1441 C~ (I)• l=i:} •Nll14NPJ A 2360 on 12R J•J,IRANn A lhCIO 141 CONTINUF • 2370 OK(l•J):PO~(J.Jl A 1700 IF !KT.L T,10) GO TO !OJ A 23R0 ~~(J,JJ•~~K(f•J> • 1710 DT•I. A 2390 128 CONTTNUE A 11211 I• (KT.LT.?n) r,n T~ 103 A 2400 l 2CI CONTINUF A 1730 ois10.o A 2410 IF (JK.r-.tF.l) GO TO 13.i A 1740 IF IKT.LT,301 r.n TO 103 A 2420 CALL F~KPS! fH•NU~NP•lAA~n,FFJ A 17<0 nr • uo.o A 2430 DO Ill J•l•"UMNP A 171\0 IF (KT,LT.40) r.n Tn 101 A 2440 FFIJl•QKIJ)+FFl!l A 1770 OT • ! 000. A ·24'50 C 4 17,..0 IF ,~T.LT.sn, r,o TO 103 A 24M C ACCOUNT FOP ROUNOAPY CONntTIONS A I 7~0 DT • IOOOO, A 2• 70 C a 111110 IF (KT.tT.~n, r,n Tn 103 A 24AO IF (~PRC!Tl-ll 131,130,l H a 1~10 nT• IOOO~O. A 2490 130 OKCJ•l)zO~(l•l>•l.O~•~O • 1• 70 I~ !KT,LT.70) r,n TO !OJ • 2500 FF(l)•HRr.(tJ•P~(J•l> A HJO OT•IOOOOOO. A 2,;10 131 CONTINUF A }1140 IF !Kf.LT,!TT) r,o T~ 103 A 2"o?O CALL fiAllS5 INUMNP,IHA~O,FFI . • l ~50 STOP • 2530 OC\ 132 J•l•NIIJ,1WP • 1 ~,-o C A 2!>40 H!l I c~F I Tl • 1,no 142 FOIINAT (',FIA.~) A 2550 PP(J>•H(J)-(Q~O(JJ•~G•7fl)J • l~JU) 14] FQR#AT 121lfl,2Fl~.AI • ?'iltt) QHOO (I) zQMO ( T) • 1~90 144 -=-nP.-aT 1<;F11,,ijl • 70,10 AC! I )zC IT I A IQOO 14', FORNAT I/J20,2F2fl.J/l A ?!>110 13? CONTINUF a 1'110 146 FORNAT 14IIO> A 7'i90 C • 1-no 1•7 FOR#AT !IIO,?Flfl,21 , ;,,;oo IF (KT.NF.INTI fiO To 1,1 A l~:10 l4R FOR#AT ,,. ~7 ... VllUES OF._. A ?~10 JtcaJtr•l • l '-'40 1 .,, 
• 2620 lPANO•KRUrfO A 1 <,',U }4q F(1QMAT I/• c;"'"' VALUFC. OF cn,1CFNTIJ& A 2nJO Gn TO to• • }"i),.,0 

133 Cr.NTINUF A } '17R 



nro ... 11 
l~O FORMAT 1?.(IOJ 

C 
ENO 

.SUB~Q_UTINE CENTOO 
SURPOUTJNE CFNTOII '"•QRAP,ZRIP) 

C 
C THIS SUl'POUT!Nf C0"PUTf5 COOPO(NATf5 OF THf. CE>HPOI I) OF T><F TPI•'"' 
C ULAP ELfNENT NO. M 
C 

C 

COMMON /ALk~/ NP(4Sn,l),P(300l,Zll00) 
l•NPCM•J> 
J•NPOh?J 
tc•HP(M•3J 
R8JR• (Q(J) • U(JJ+Q(KJJIJ. 
ZRAP•IZlll•ZIJl+Zlkll/3. 
RETURN 

ENO 

SUBROUTINE CLOCAL 
SU8QOUTfNf CLOC&l (W,QRAF,7.BA~,RLOC,7.LOCI 

C 
C THIS SURPOUTJNF CO,.PUTfS LOCAL COOPOl~lTfS OF Tt<f NOOE~ OF Tt<~ T~f 
C At.6U1.AP fLEMl'NT NO• " 
C 

C 

COMMON /RLk6/ NPf450,Jl,P(300l,ZIJOO) 
OJMfNSION PLOC13l, 7LOr.CJl 
00 101 L•l•J 

t•NPc.-,LJ 
A'LOC (l) s:P f T) -i:>Jlao 

l~l ZLOC!Llc7Cll-ZRlR 
Rl'TUPN 

ENO 

SUBROUTINE AREA 

A 2h40 
A 2650 
A 2M,O 
I 2670 

I' I 0 
R ?0 
A H 
R •O 
'! 50 
H 60 
A 70 
P 110 
R 9'J 
q 100 
A I JO 
'! 120 
R llO 
R 140 

C In 
C 70 
C JO 
C 40 
C 5~ 
C M 
C 70 
C Pn 

C "" C 10 0 
C ·1111 
C 120 
C } 3 h 
C 14 !1 

SUBROUTINE 6Pfl CIILOC•ZLOC,AM) 0 10 
C 
C 
C: 

C: 

('I ?O 
T .. [5 SUfUH)UTt~F. CAl r•JLATFc; 4REA OF rt-tF TPIOlf,ULAP fL~ .. ~PotT NI). M n 3 11 

n • O 
Df .. FlrlSJt'\N PlOCl1). 7t.OC('1) (' c; o 
.... (PlOC' (?)•1LOC(3) -Qt nc I 3) •7LOC (?)-PLOr ( l J •7LOC (3) +PLOC ( 3) .,._or f 1 O jl,, n 

ll•PLOCll)•Z1.ncc?1-PLnC:c?)•7LOC(l))I?. O 1'o 
RfTUA'N l"I "" 'l 

I" 4 f, 
ENO n 10 0 

C 

C 
C 
C 

.SU.BRQUTI NE TE~RAL 
SUBQOUTT~E TFGAIL (PlQC,7LOC,A~,£XXF'T,FXXX,€XFTT,XJ~O,TASQ,rJTA) 
Cl)MYON /~Lk6/ NP(450,31,PC3001,ZCJOOl 
DIMENSION RLOCC31, ZLOr(JJ, AJ(3l• ~13l, A!f3l, ASC31 
AIM•&BSCAMl 
&J(ll•.1127016654 
AJ(l.'l•.5 
AJ(3l•.1'97Zq8J346 
H!ll•.?77777777q 
H(l.')•.4444444444 
H(3J•H(J l 
AJCll•.OA858795qs 
AJ(Zl•.40946~9644 
IJ(3l•.79765q46l8 
&S<ll•.Zl.'04622112 
A5(2l•.3~81934688 
AS(ll•.3288443200 
XITA•O• 
XJSQ•O• 
TASO•O• 
EUET•O. 
EXXX-0. 
EXETT•O. 
00 102 !•1•3 

<!Ll•AJ CJ l 
'lO IOI Jzl,3 

PL2•AJ(J)•<J.-AL11 
PL3~1 .-ALI-PL? 
WrAS ( t> •M(J) • < 1.-QI_ l) •? .•AAW 
•:RLl•PLOC(l>•~L?.•PLOC<?J•RLJ•RLOl(3) 
Y•RLl•ZLOCCll•RL2•ZLOC<2l•RL3•ZLOCC3J 
XJTArXJT••X•Y•W 
XJSQ•)l'JSO•X•x•w 
T•SO•T4Sfl • Y•Y•W 
EXXET•FXXFT•X•X•Y•• 
EXXX•FXXX•X•X•X•w 
fXFTT•EXFTT•X•Y•Y•~ 

101 CONTINUE 
102 CONTTNUF 

RfTUP" 

E~D 

SUBROUTINE FSLPL 

E 10 
E 20 
E 30 
E 40 
E 50 
E 60 
I' 70 
E 90 
E 90 
E · Ion 
E 110 
E IZO 
E 130 
E 140 
F 150 
f 160 
I' 170 
F 180 
E IQO 
E 200 
E 210 
E 220 
E 230 
E 240 
E ?.SO 
E 260 
E 270 
F 7.9q 
E ?QO 
E 300 
E 310 
E 320 
E 330 
E 340 
E 350 
I! 3M 
f 370 
E 380 
,; 3qo 
F 400 
F. 410 

SURROUTJ...,E F~LPL (PLOC•ZLOC•~AaR.aM-FJJFT,£XETT.FJXX,XJ5Q,XlT6,T&~ F 10 
10,FSL•FPLF,~) F ?.O 

F 30 
ht Jc; SURPOUTJt,,jf COWPUTFS TM£ FSL,FPI_F ,FRHO, u,1n FPLF' .. &TPICF'~ F 40 

F ~O 
OJM~NSION RLOC(3), 7LnC(~l. ~AA(J,~1. ~•LP~A{\,~J. ~RF'Ta(1,,,. ~r., F ~u 

1Ml(1,Jl, c;THF'Ti(],31, c;a(3,3Jt <;C(3,3Jt FPLF(_j.1), C'SLf3,3) F 1n 
XIJ•PLOC<ll F AO 
XIJ•QLnf{1} F' qu 
X!K•<!LnrtJl F 100 
UJz7Lnrcll F 110 
UJ•ZLOCCi'l F l?O 
TAkt1LOC C 3l 130 
All•XIJ•T-K-T-J•XJK F l•O 

,_. 
-.....J 
N 



C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

11."l•TAJ-UK 
AlldlK-XlJ 
AIJ•lllK•TAI-TA~•Xll 
A2J•TAK-UI 
A3J•l1IJ-lll~ 
AIK•Xll•TAJ-TAl•XIJ 
A2K·•TAI-UJ 
A3K•UJ-llll 
AAM• ABSIA•O 

COMPUTE ELEIIENTS OF S& MATRIX 

COl'SA•llltlAR•S•A•Nl/14.0•&M•AMI 
SAll,ll•COl'SA••2I•A?I 
SAll,21•COf'S&•A2t•A?J 
SA(l,31•COFS•••2I•A?K 
SAl2,ll•CnFSa••2J•A71 
SAl2,21•COFSA••2J•A?J 
SA(2,31-COFSA•A~J•A2K 
5AC3,ll•COFSa••2~••7J 
SA13•21•COFSA•A2K••2J 
5Al3,31•COFSA•A2K•A2K 

COMPUTE ELEMENTS OF SC N•TAJX 

COFSC•COFSA 
SC<l•ll•COl'SC••lI••JJ 
SCll,21•COl'SC••JJ•A3J 
SCll•31•COFSC•A3I••JK 
SCl2,ll•COFSC•AJJ•AJI 
SC12•21•COFSC•&3J•A3J 
SCl?,31•COF~C•A3J•&,K 
SCC3oll•COFSC•&lK•A3I 
SC13o21•COFSC•&3~••JJ 
SC(3,31•COFSC••JK• .. 

COMPUTE £LE•£NT~ OF S•• M .. TRJX 

CSAl•A.fillll 
COl'SAA•A9&R/C4.0••N• .. •I 
SA& ( l • l) • (CS•••• I J•A 11 +A2t•A2t•X JSO• I A2t•A3 I •A3J•A2 J) •·x I Ta+A3l •A3l 

l•TASQl•COFSU 
5AAll•21•CCS .... •&IJ• .. lt• .. 2J•&2J•XISO•l .. 2J• .. 3I•A3,J• .. ?.tl•XtT&••3J•&31 

l•TASQl"COFSU 
S••·l•l>•(CSaa•atw•alt•A2K•A?t•XISO+(A2K••JJ+,lJl(•A7l)•XITA•131l"•t.3J 

I •TASOI •COFSU 
SAA (2• 1) a: (CCi.AA*A l J*A 1J+A?l*A2J*X ISO+ ( A2J •A3J•A3 (•12.J) •)f JTA+&J 1*&3,1 

I •TASQI •cnFSU 
SAA(2+2)•CCSAl*llJ*llJ•A1J*A2J*Af~O•(l2J•A3J+A3J*A?J}*JfTA+A1J•l3 ,I 

l•TASQJ•COFS .. , . 
Saa (2+3) • (CSa••• lK•A lJ•A2tc•A2J•X ISO• C •2t<•A3J•A ]i<••?.J) •• TTA+AJfl'•i' 3 ,J 

1•uso1•rnFsu 
5AA(3+l)•(C~AA*AlT•AlK+4?l*A2K•Xt~0•(111•13~•All•&2K)*)lTl+llt••i~ 

l•T .. 50l•COFSU 
SAA (3 • 2) = (Cc;aa•• t J•• l K••2 ,,•,?K•llJ«;Q+ < •2J•A3K •• J .J•A?•O ., tT••· 3J•A311C 

t •TA'iQI •CnF'SU 
5AA(3•3)•(CS•A•AJK•AJk•12K••?K•Xl~Q • (l2K•&3K•&1~••2~)•lJT&+l~~•41~ 

1 •uso1 •cnFsu 

C(IOIPUTF £LfMF~T'i OF 'i&LP~• M•TAI• 

S•LP~A(l•l):(A2J•llT•ll1•&2l)•lllSQ•CA3J•All•&lt•A3t>•K(TI 
5ALPHA(l•?.)•(A2T*AlJ•All•&?J)•J(SQ+(l]t••lJ••lT••3,J>••tT& 
~ILPMA(l•l)•(A?J•Alk+llf•l2K)*XISO•(A3t•&l~•AlJ•AlK)*lTT& 
SaLPHAt2•l>•f&2J•All•AlJ*A2l)*Jl~Q•(A3J••lt•AlJ•A3t>•KJTa 
S&LPHl(2•2)•(A2J•aJJ•AJJ••?.J)•tJSO•(AlJ*AlJ•llJ•l3J)••tTA 
SALPt4Af2+l>•fA?J•llK•AlJ•l2~)•1J5Q+fl3J•AlK•llJ•J3KJ•JtTI 
SALPMl(3•l>=tA2~•All•Al~•A?.l)*llSO•fl1K•All•ll~•1ltJ•ltTI 

F 1.:.0 
F lhO 
F 170 
F l~O 
F 190 
F 2no 
F ?.10 
F 7?0 
F lJO 
F 240 
F ?.C,0 
F 260 
F no 
F ?.80 
F .!-.O 
F .100 
F 310 
F 320 
F nn 
F 140 
F J!,O 
F if.O 
F 170 
F 380 
F 3'10 
F 400 
F 410 
F 4l0 
F 430 
F 440 
F 450 
F 460 
F 470 
F 4fl0 
F 4QO 
F 500 
F 'HO 
F 520 
F 530 
F 540 
F 550 
F Sf.O 
F 570 
F 'illO 
F 590 
F 600 
F ~10 
F 620 
F "lU 
F 6•o 
F '>50 
F bt.0 
F t,70 
F l',AO 
F 690 
F 700 
F 710 
c- 720 
F 730 

740 
F 7'i0 
F 760 
F 170 
F 7fl~ 
F 7'1~ 
F AOC, 
F" • lll 
F • ?0 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 

IOI 
102 

l 
103 
104 

SILPHACl•2>•fA2k•AlJ•AlK•A2J)•JtSO•(A]K•AlJ•Al~••lJ)••rTa 
5ALPtlA13o31•1A2K•&JK • llK•A2Kl•XJSO•IA3K• .. IK•AlK• .. 3KJ•XIT& 
00 112 1•1,3 

00 lnl J•l •l 
"ilLPH• ( I • -U •SAL PM- f I• J) / (4. O•AM•IIO 

COIITTNUf 
CONTINU£ 

CONPUTF. FLEMENT'i OF SAfTa MATRIX 

COfRTA•EXXET/14••••• .. •J 
S8ET•ll,ll•COFBT&•l .. 21•&3J• .. 3I•A2II 
SRET&llo21•COfRTA•l .. 2t••JJ+A3I• .. 2JI 
SIIETAlloll•COFRTA•l&2I•A3K•A3I••2•1 
SRETAl2oll•Cllf'RTA•l•2J•&31•&3J• .. 2II 
SBET .. 12,21•COfRTA•l .. ~J• .. 3J• .. 3J• .. 2Jl 
SBETA 12•31 •CnfBTA• I •?.1•&3~• .. 3J•A2K I 
SRET .. ll•ll•COfBTA•l•2K••Jt•AJK• .. 211 
Sf!£TAl3o2J•COfRTA•IA2K•A3J•&3K• .. 2Jl 
SRET&lloll•Cllf'AT .. •1 .. 2K••3K•&3K•&2Kl 

CONPUTF £LFN£NT~ OF SG&M .. M•TRIX 

COFRMA•EXXX/(4•••N•A") 
58AMAll•ll•COF8•A•&?.I••zt 
S6AMAll•2l•l'OF8tl .. •A?I••2J 
58A~A(lo3J•COF6M••a?J•&2K 
S6&M•l2oll•COFOMA••2J••2J 
56-MAC2•?)•CnFA~A•A2J*A2J 
56AM .. 12,31•rOFIIM&••7J•&?~ 
54AMA(3.J)•COF6MA*A2W•&2l 
S6AMl(1•2>•COFGMA•&?k•A?.J 
S8 .. M•l3•31•COFOM .. • .. 2K•&2k 

COMPUTE ELE•ENT5 OF STMET .. MATRIX 

COFTTA•FXETT/(4.• .. •••MI 
STHET .. CJ,11•COFTTA•&3J•&3I 
STHETAl1•21•COl'TT•• .. 3!•AJJ 
STHET .. !l,Jl•CnfTT .. ••3t• .. 3K 
STMF.T .. 12•ll•COFTT••A3J•&3I 
STHETAl2,21•COFTT .. •&3J•AJJ 
STHETA(2,3l•C!IFTT .. • .. 3J••3K 
STMETAIJ,JJ•COFTT&••3~••3I 
STHETA I 3•21 •COFTT .. ••3K•&3,I 
STHET•(3,31•COFTT&••3K•&JK 
00 104 J:1,3 

0(1 103 Jzl .3 

COMPIITF: fLEMfNTS OF FSL MATRIX 

F~L<l•J>•~A(l•Jl•Sr<J•J) 

CONPUTf fLEMF:MTS OF FPLE &NO FPLF "•TQICfS 

FPLE f T·•J> :4,11 ( I •J> •SAL"l-41 (l •J> •$JIFT& ( I •Jl +c;.Ga .. a ( t •J) +c:;T..W.TA t 
l•JI 

r.nNTJNUE 
CONTINllF 
RETURN 

E"D 

F 830 
F 1140 
F 650 
F 8t.O · 
f 1'70 
F 1180 
F 1190 
F 900 
F 910 
F 9?.0 
F '130 
F 940 
F . ~0 
F 960 
F Q70 
F 1180 
F 990 
F 1000 
F 1010 
F 1020 
F 1030 
F· 1040 
F 1050 
F 1060 
F 1070 
F 1080 
F 1090 
F 1100 
F 1110 
F 1120 
F 1130 
F 1140 
F 1150 
F 1160 
F 1170 
F 1180 
F 1190 

· F 1200 
F 121-0 
F 1220 
F 1230 
F 1240 
F 1;;!50· 
F 1260 
F 1270 
F 1280 
F 1290 
F .1300 
F 1310 
F 1120 
F 1330 
F 1340 
F l3'i0 
F 13f.0 
F lHO 
F 13~0 
F 1390 
F 1400 
F 1410 
F 1420 
F 1430 
F" 1440 

.... 
---I 



C 
C 
C 
C 

,: 

,:-
c 
C 
C 

101 

102 

lt3 

i;lJBROUTINE RHOSEL 
SURROUTJNE PHOCF'L f~•RHOFL•RHOOEL•PHOO•~~O> 

THIS SUflROUTINF CONPUTF~ THE AYERAGf RHO YllUE~ APPL(t:AHLE TO T~F 
ELEl!ENT I' 

COMMON /PLK6/ NP(4~n,ll,P(300l,Z(l00J 
DIMF.NSION RH0013001, RH0(300) 
l•NP(Mtll 
J•NPll!tl'l 
K•NP04 • 3) 
AHOF.L•IRHOIJl•RHOIJ)•RHO(Kll/3. 
RHOOEL•IRHOO!fl•RHOO(Jl•PHOOIK)l/3. 
RE:TURN 

ENO 

qROUTINE FSLSK 
SUqROUTJ~E F~LS~ (F~L.FPIF'•Y•OFO•NP~C•QHOl 

G 10 
\S 20 
6 30 
6 40 
R 50 
R f-0 
R 70 
R P.O 
h 90 
G 100 
G 110 
G 120 
6 130 
t; l•O 
G l~O 

H 
H 

THIS SUPROUT!NF PLACE~ T~E SL•Pl ANO O l'AT~!CES FOP O!FFFRE~T fl F·• H 
ENT~ ,~ro T~f ~K.PkA~O Q• MATQJCES WHICN AWE RA~OEO -~o SYYW.FTPfr H 

10 
20 
30 
40 

COMMON /RL~~/ SK(300,?0J 
COMMON /PL~4/ P•1300,?.0l 
COMMON /PL~~/ 0•1300) 
COMMON /PL~~/ NP(4~n,31,R(300l,Z1300J 
OJMF.NSTON FSLCleJ)• f"PL[f3•3Je Q(J>• ..iPl,:fC:(300>• KP('lf)f)), Rttf'lfl'flt\) 
ll•NP(N,11 
LL•NP(M•2J 
NH•NP(N,3) 
-KP I 111 •0 
KP !LU -0 
KP( .... h0 
IF tt,1PRCIJJJ 0 Nf.2.0R.NPPCILLl.NE.2l GO TO IOI 
KP!lll•I 
KPILLhl 
IF IZIJll.GT.ZILLll OFQ•-OfQ 
IF (NPRCllll.NF..2.0P ... PRCINNJ.NEo?l GO TO 102 
KP(Jll•I 
KPINNl•I 
lF IZI Ir) .GT .z (NNII ·orD=-!lfQ 
IF (NPRC(LL).NF.2.ou.NPR,(NNJ.Nf.21 ~I) TO 101 
KP ILU •I 
KP(NN)•l 
IF IZILLI.GT.l(NNll o•~=-OFQ 
CONTINUE 
DO 10'5 ,l•l, 3 

Q(Jl•O.O 
JJ•,_,P flf•~J> 
TF (KPIJJ).FO.ll QI.JJ:OFO•RHIJIJJJ 
00 tn4 K•l•J 

KltaNP(M•II') 
JF' (Ktt.LT.J'Jt Gil TO 104 
KK•Kk- ,JJ• l 
SK(JJ+KK):St<CJJ•KK)+FSlfJ•K> 
Pk(JJ•KKl•PK(JJ•KJ)•FPL~fJ•Kl 

" ~o 
H bO 
H 70 
.. •o 
H. 'iO 
H 100 
" 110 
H 120 
H 130 
H 140 
H ISO 
H 160 
H 17<1 
H IRO 
H IQO 
lo4 201) 
" 21n 
H 220 
H ·no 
H 240 
.... 2'=-0 
H 2~0 
H l70 
"" 2f'l0 
lo4 lQfJ 
H Jon 
... 31 ~, 
H 320 
H BO 
.-. 140 
H l"-0 
M 3'-0 
H l7't 
e-t 1,.0 
H \'"'U 

C 

C 
C 
C 
C 

C 

C 
C 
C 

C 

104 CONTINUF. 
IO~ Qk(JJl•QK(JJl+OIJI 

RF.TURN 

ENO 

.SUSROUTI~ FSKPSI 
SURROUTJNE FSKP~J (PSl,NR,IIC,FI 

THJS SUPROUTlNf NUL T(PL!fS TMF llAIIOEO ~YMMF..Tl>IC "ATRTX ~K IITTH 
MATRIX PSI ANO ~TORES THE RESULT AS MlTRl• F 

COMMON /RLK3/ 5~1300,201 
DIMENSION P~JllflOI, F(JOOI 
on 102 J•l,NR 

FIIl•PSJIJl•SK(J,11 
oo 102 .-.2,,.c 

L•I-K•l 
JF ll,LT.11 60 TO 101 
F(Il•F(ll•PSJ(Ll•SKIL,Kl 

Ul N•I•~-1 
IF (N.GT.NQI 60 TO 10? 
Flll•Flll•PSl(Nl•SKll,KI 

102 CONTINUE 
RETURN 

ENO 

SUBROUTINE GAUSS 
SUBRnUTJN~ i,AUSS (NQ•~C.F) 

THIS SUPl>OUTJNF SOI.YES A RANDED SYMMETl>IC Ml.TAU RY r.,uss EUMJNA. 

COM,.ON /PLK4/ P.-(300,201 
DJM£NSJON F!3001, AF(lOOI 
NPMl•Nfl-1 
DO 103 l•l,NPMl 

O• l. /Pl( ( T • l ) 
JENOcNR• J.+ l 
IF (JElltO.GT .MCJ ._ff:NOst-,C 
00 U2 J=2,JFNO 

NPN•l•J-1 
Flt"'•PK fl •Jl •O 
Nan 
no 1n1 KKJ+JFt.io 

M• .. •l 
PK(NP~••l=PK{NP~,M)-PK(t.~,-~ar 

IOI CONTTNUf 
F(NP~>•F(~PN)-f(Tl•~AC 
Df( (J. ,l)s.FAC 

Ml CONTJNUF 
F fl) •F ( T) •n 

U3 CONTlNUF 
FtNAJ•F(NR)/Dl((~R•l> 

H -.on 
M •10 
H •20 
" 43n 
H 440 

l · 10 
r 20 
I 30 
J 40 
I 50 
I t-0 
I 70 
I 80 
I 90 
I 100 
J 110 
I 120 
J 130 
J 140 
I 150 
J 160 
I 170 
I lBo 
I 190 
I 200 

J 10 
J 20 
J 30 
J 40 
J 50 
.J f,O 
J · 70 
J AO 
J QO 
J 100 
J 110 
J l?O 
J 130 
J 140 
J 150 
J 160 
J 170 
J IAO 
J IQO 
J 200 
J 21n 
J 220 
J 230 
J ?40 
J ?SU 
., 2~0 

.... 
-...i 



C BACt< SUfl!iTITUTJ,,.. 
C 

C 

C 

Af' (NIii •f"INIII 
DO 105 T•I ,NP•<! 

NftH•hR-1 
J£NO•Nll•NPN•l 
If' (Jf'ND,RT ,NCI J END•••C 
IIHSaf'INPNl 
00 104 J•?•Jf'Nll 

'4•NPN•J-1 
AHS•IIH~-P~IHPN,Jl•AFIMl 

194 CONTTNUf 
lt!I AFINPNl•AHS 

·oo 106 I•l,NII 
106 f'!Il•AFCIJ 

RETUIIN 

E"D 

SUSftOUTINE ELVEL - ---- --
SUBROUTJN~ FLVfL (~oALOC,ZLOC,H,AMU,AM> 
CONNON /RLt<b/ NP(4~0,3),P(~OO>,ZIJOO) 
COM~ON /RLIC~/ VP(4SO>,VZ(450),FK(450),ll~n,100,,c,Joo, 
DJM£NSION ALOC(ll, ZLOCl3l, Hl3001 
t•NP (Me 1 J 
J•NP0h2J 
K•NPOh3) 
XII•RLOCll > 
XIJ•RLOCl2> 
XJll•"LOC(]I 
TAJ•ZLOC(ll 
TAJ•ZLOCl2> 
TAll•ZLOC13l 
AIJ•XJJ•TAK•TAJ•XIK 
Al!J•TAJ•TAK 
UJ•XIK•XIJ 
AIJ•XJK•TAJ-TAK•xrr 
AZJ•TAK•TAI 
AJJ-XJJ•XJK 
AlK•XJI•TAJ•TAl*XIJ 
AZK•TAI•TAJ 
A3K•Xl J•X II 
YR(MJ•-(,k(M)/AMUJ•t(AZl•H(IJl•CA2J•HCJl)•(A2K•H(K)))/(2.•• u 1 
Yl(MJ•-CFK(M)/INUJ•((lll•HtJ))+(l1J•H(J))+(A3K•~tKl)l/(2.•aw) 
IIFTU"N . 

END 

SUBROUTINE SLPL 

SURQOUTJNE SLPL (PLOCeZLOC,R8AReAMePL,5l•AlP~&.at,~n.T,All•FJ1FT.~ 
1XXX,£XFTT,AHO£L,XISQ,TASO,JIT&,~> 

c~-MOH /ALKA/ VQ(4~ft),VZf4SOJ,FK(450J•QHO(lOOJ•ff)On) 
C 
C Tt<!S Sllf<AOUT!N£ COMPUTfS Tt<E ~L &t,0 PL MAT>>lC.f~ 
C 

J i>7 fJ 
J 2P.O 
J 290 
J JOO 
J 31n 
.J lZO 
J 330 
.J 140 
.J )~ O 
.J 3-.0 
J 370 
J lPO 
J 390 

----:y-ioO 
J 410 

· J 4?0 
J 430 
J 446 

K 10 
K ZO 
K 30 
IC 4U 
K 50 
K 6fJ 
K 70 
K 80 
K 90 
K 100 
K ll0 
K 120 
II 130 
IC 140 
K 150 
IC 160 
K 170 
K IRO 
K l<>O 
K 200 
K 210 
t< ~?O 
" no 
I( ?40 
" ;,c;o 
K ?.M 
I< 270 

L 10 
L 20 
L 30 
L 40 
L <;O 
L M 

C 
C 
e 

C 
C 
C 

C 
C 
C 

C 
C 
C 

DIMENSJ0N PLOC(l>• 7L OC(3 J• PL<J•3>• Slfl,l>• ~•<l•JJ, ~~fl•l>• SC 
1(3,31, ~F(3•31, SG(3,l1, SM( l •l>• ~l<l•JJ, ~AA(J,J), ~ALP"A(J.3>• 
?SR£T&13,3), ~G&MA(J,ll, STHETA(3,31 

XTl•PLllC(ll 
XJJ•IILOCC?.> 
XIK•PLOC:C31 
TAI•7LOC I l> 
TAJ•ZLOC I 2 > 
TAK•ZLOC(3l 
All•XIJ•TAK•TAJ•XI• 
A?I•TAJ-TAK 
A3I-XIK-XIJ 
AIJ•XIK•TAI-TAK•JII 
A?J•TAK•TU 
AlJ.XII•XIK 
AlK•XJI•TAJ•TAJ•JIJ 
Al!K•TAI-TAJ 
Altl•XIJ-XU 
UNaA8~UMl 
VV•SQRT(YR(Ml•VAIM)+V7(N)•VZ(M)I 
DARaAl•VV 
OIIZ•O.O 
otz• o.o 
CDNPUTF ELEMENT~ OF S& N&TIIIX 

COF~A•(QRAP•aa~•OAP)/(4.0•a~•AMJ 
SACl•l>•COF~A•A2t•J?.I 
SAft,2>•COF~a•J2t•AlJ 
SA(l,l>•COFSa•a2t•A?K 
SA(2,l)•COF~A•A2J••?.J 
5Al2,2l•COF<;A•A2J•A?J 
SAC2,3JzCOFSA•A?J•A?~ 
SA(],l)cCOF~A•A2K•A?.J 
5AC3,2l•COFSA•A2~•A?J 
5A(3,3l•COFSA•A?K•A~K 

COMPUTF ELEMENT~ OF S~ H&TPIX 

COFSA•(~BA~•AAW•OAZ1/(4.0•AN•AM) 
S~(ltll•COF~R•l(A3l•A~ll•(A2l•A3111 
58(1,2l•COf'SR•((A3I•A2J>•(A2J•A3Jl l 
Sf' (1 ,3J •COF~R• ( CAJJ•A:Jt(J • ( &2t•AJK J J 
S812,ll•COFSR•((&3J•&2ll•Cl2J•A3ll l 
SA( 2 ,2J:CnF~R•(CA3J• A2 J J+ ( A? J•A3JIJ 
sqt~•ll•COF~~•(CA3J•A?K)+(A2J•A3KJ) 
Sq(],l)zCOF~R•((AJK•A?ll+(A2K•AJl11 
S~CJ,2)rCQF~~•((A3K•A?Jl+(A2K•AJJJ) 
S~(J,3):CQF~~•((AJK•&?K)+(A2K••JKJ ) 

CONPUTF F.LEM£NTS OF SC MAIPIX 

COF~C•(QRAP•AAN•OZZ)/1•.o•a~••"> 
SC(l,l>•COFSC•a•r•AJI 
5Cll,2>•COF<;C•A3I•AJJ 
scct,3J=COF5C•All•A~K 
scc?..l)•COFSC•A3J•AJT 
SCIZ,2>•COFSC•a3J•A•J 
SCl?,3l•COFSC•A3J•A3K 
SC(loll•COFSC•A3K•A31 
SC(3,?JcCQFSC•A3~•A3J 
SC(J,3)•COF~C•A1~••~~ 

COMPUTE FLENE~T<; OF SF NjJPlJ 

COF~FcVR(M)/f•.n•&M•AW) 
SF(l,l>=COF~F•(l2J•&2t•XTSQ•A?.t•A3t•JJTA1 
SF(l,2laCOFSF•t•2~•&2t•Xt~O•A2J••Jt•1JT6J 

L 70 
L AO 
L 90 
L 100 
L llO 
L 120 . 
L 130 
L 140 
L ISO 
L 160 
L 170 
L 180 
L l<>O 

Tzoo -
L 210 
L . 220 
L 230 
I. i?40 
L 250 
L 260 
L l!TO 
L 280 
L 290 
L 300 
L 310 
L 320 
L 330 
L 340 
L 350 
L 360 
L 370 
L 380 
L 390 
L 400 
L 410 
L 420 
L 430 
L 440 
L 450 
L 460 
L 470 
L 4~0 
L 490 
L 500 
L 510 
L 520 
L <;JO 
L 540 
L <;50 
L 560 
L 5 70 
L 5110 
L <;90 
L 1!>00 
L f>lO 
L r,20 
L 630 
L ~40 
L 6<;0 
L M,O 
L 670 
L "MO 
L ~90 
L 700 
L 710 
L 770 
L 7JO 
L 740 

...... 
-...J 
V, 



SF(J•l>•COFSF•(AlK•A?I•XJS0•A?k•A3l•XIT&l L 7'iO JT&~1>1•cnr:s11 L 1420 
5Ff2•l>•COFSF•(A2J•A2J •XJ~Q•A?J•A3J•XJTA) L 760 C L 1430 
SF(2•2>•COF~F•(A2J•A?.J•XtSO•A2J•A3J•JITAI I. 770 C cn .. PUTF. ELENFNTS OF <;6[.P'!A NATl>{I L 1440 
SF12,3l:COFSF•IA2K•A?.J•lJSQ•A?K•A3J•l!TA) L 7t-10 C L 14<;0 
SF(J.l) •COF~F•<A2t•A2~•XtSQ•A2t•AJK•XJTAJ L 790 SALP~Afl•J):(A2t•All•AlJ•AZI>•XJSQ•fAlJ•All•AJJ•AJIJ•VTTA L 1460 
SFC1•2t•COF~F•(A2J•A?K•XlSQ•A2J•AJK•XJTaJ L ~00 SALPHA(l•l):(A2l•AlJ•All•A2J)•XtSU•(AlJ•AlJ+Alt•A3J>•XJTA L 1470 
SF(3•l>•COF~F•fAZK•A2K•XTSO•A2K•A3K•X[TA) L ~10 5ALPHA<l•l>•(A2J•Al~•All*A2K)•XtSQ+(A31•AlK••lt•A3KJ•XtTA L 14M 

C L >I?~ SILPHA(2•l>=(A2J•Alt+AlJ•A?l>•XISQ+(AlJ•All•AlJ•A3J>•XtTA L 14'10 
C COMPUTF EL£•ENTS OF Sr, NATQ{l L AJO 5ALP~A<2•2>•CA2J•AlJ•AlJ•A2J)*XISQ+tA3J•AlJ•AlJ•A3Jl•XJTA L 1500 
C L A40 SALPHA(l•l>•(A2J*AlK•AlJ•A2K)*XISQ+(A3J•&lK+AlJ•A3KJ•XJTA L 1510 

COFSGsVZ(M)/(4.0•AM•AM) L 8<;0 SALPMAl3,ll=IA2K•Alt•AIK•A2Il•XtSQ+IA3K•Alt•AIK•A3Il•lITA L 1520 
SGll,ll=COFSG•IA3t••2r•rrso,,3r••11•r1TA) L R~O SALPHA13,2l•IA2K•AIJ•AlK•A~Jl•X!SQ•IA3K*AIJ•AlK•A3Jl•llTA L 1530 
$~11,2l•COFSG•IA3J•A2t•XtSO•A3J•A3t•rrr,, L ~70 SALPHA<3•J>•(A2K•AlK•Al~•A2K>•~JSQ+(A1K•AlK•Al~•Al~l•XtTA L 1540 
SG 11,3) •COFSG• IA3K*A7.t•rrso·••3K•A3t•r th l L "80 00 102 T=l,3 L l?..50 
S81?,ll=COFSG•IA3t•A?J*XISO•A3t•A3J•XtTAI L 4'10 nn·· 101 Jsl ,3 L 1560 
SGl2,2l•COF~G•IA3J•&2J•XtSO•A3J•A3J•XtTAl L '100 ~ALPHA CI • , I) :SALPHA (I• J) / ( 4 • O*AM*AM) L. 1570 
S612,3)sCOFSG•IA3K•A7.J•ltSO•A3K•A3J•XtTAl L 'II 0 IOI CONTINUE L 15AO 
SGl3,ll•COFSG•IA3t•A7.K•ltSO•A3t•A3K•XtTAI L ~?O 102 CONTINUE L 1·5'10 
5GCJ•2lsCOFSG•(A3J•A?.~•XtSO+A3J•AJK•XITA) L Q]O C L 1,;no 
5613,3l=COFSG•IA3K•12K•l!S0•A3K•A3K•ltT•l L '140 C COMPUTE fLf~FNTS OF SRETA MATQfl L 1610 

C L qo;o C L 16?0 
C CONPUTF. ELEMENTS OF SH NATl>Il L COFATA•EXXET/14,•AN•ANI L 1630 
C L 970 SRETAll,ll•CnFRTA*(A2T•A3l•A3t•A21l L 1640 

COFSH•(VR(Ml•RBAR•AAM)/(4.0•A"•AM) L 'IAO 511EU I 1,2) •COFRU• I A2r•A3J•A3t•A2Jl L 1i.c;o 
5Hll,ll•Alt•A2I•COFSH L qqo SgETAll,3l•COFATA•IA2t•A3K•A3I•&2Kl L 1660 
5Hll,2l•AII•A2J*COFSH L l 000 S8ETA17.,ll•COF~TA•IA2J•A3I•A3J•A?.Il L 1670 
SHl!,3l•Alt•A2K•COFSH L 1010 ·SRF.TAl2,?.l•CnFATA•IA2J•A3J•A3J•A2Jl L 1660 
SH12,ll•AIJ•A2t•COF<;H L I 02u SqfTA(?•3>•COF~TA~(A?.J•A3K+AJJ•A2K) L H,<>O 
SH12,2l•AlJ•A2J•COFSH L 1030 SR£TAl3,ll•r.OFP.TA•IA2K•A3l•A3K•A2Il L 1700 
SH12,3l•AlJ•A2K•COFSH L IO•O SBETAl3,Pl•COFRTA•CA2~•A3J•A3K•A2Jl L 1710 
SHl3,ll•AlK•A2I•COF5H L 1050 SR[TA(3,3)•COF~TA•(A2K*A3K+A3K•A2K) L 1720 
SH(3,2l•AIK*A2J*COF~H L 1%0 C L 1730 
SHf3•3>~•tK•A~K•CnF~M L I n10 C COMPUTF. fLF"ENTS OF Sr.•"• ~ATl>IX L 11•0 

C L 1 o•o C L 17!'0 
,_. 

C COMPUTE £LEMENT5 OF SI N&T~IX L 10'>0 COF6MA•FXXX/(4.*AM*AM) L 1760 '-l 
C L 1100 SGANA(l,ll•COFr.••••2r••2r L 1770 . °' 

COFSl•lVZ(MJ•RAAR•,t,AM)/f4.0•A~*AM) L 1110 ~6AM,t,(l•2l•COFGMA•A2l*A2J L 1780 
SJll,ll•Al!•Alt•CnF<;I L 1120 S6AMAfl•3l•COF6M&*A2l*A2k L 17'10 
sr11,2l•AlI*A3J•COFc;1 L 1130 SGAMA(2,ll•COF6MA•A?J•&2t L lAOO 
SJl1,3l•All*A3K•COFSI L 1140 56AMA(2,2l•r.OFGMA*A?J•A2J L 11110 
SJ(2,ll•A1J*A3t•COFSI L 1159 SGA•Al2,3l•r.OFGMA*A2J•A2~ L 11120 
SI12,2l•AlJ*A3J*COF5I L llbO SGA•ACJ.t)sCOF6MA•A?~•A2t L ·1830 
Sl12,3l•AIJ•A3K•COFSI L I 170 SGAM,t,(3.2)sCOFGWA•A2K*l2J L 11140 
SJl3,ll:&IK•A3t•COFSI L llHO S6AM&(3.3)sCOF~»A•,t,2K*A2K L lfl5n 
Stll,2l•AlK•A3J•COFSI L 1190 C L IAf>O 
StCJ•J>sAlK•AJ~•cnr:cy L 1200 C COMPlJTf EL£Ml'NT<; OF ST"ET A "ATR IX L 1870 

r. L 1210 C L l8HO 
C CO .. PUT£ ELEMENTS OF SAA ~ATk{l L 1220 COFTTA=f•ETT/14,*A"*A~l L 1A911 
C L 1230 STHfTA<l,l>•r.OFTTA•aJt•A31 L 1'100 

COFSAA•PqAR/(4.n•aw•a~, L 1240 STHETAll,2l=C:OFTTA••3t•A3J L. l<>l 0 
S~ACl•ll•(AAM*All•Atl+A2t•A2I*JISQ•fA21•A31•A31•A2T)•XITA•Alt•&JJ• L l2'iO STH~TAll,3l=CnFTTA•&3t••3~ L IQ20 

lTAS<ll*CnFSU L 12..0 STH~Tl(2•1J2r.OFTTA*A3J*A3I L 1930 
S&AC1•2>s(AAW*AlJ*All•A2J*A2J•XlSO•fA2J•&3l•A3J•A2TJ•XIT&+A3J*A3l• L 1270 STHfT&(?,2):COFTTl*A3J*A3J I. IQ40 

1 TASOl •COFSU L 12kG STH~TAl?,)l=COFTTA•A3J•A3K L l'>~O 
SAA(l•1ls(AAM•AlK•AJI•A2k•A21*XISQ+fA2k*All•&3K•A2T)•XJTl•A~w•aiJ• L l?QO STHF"TA(3•l)=COFTTA*A3K•A3J L l<i~O 

I TASQl •COFSAA L 1 <no STHfTAl3•2>=rOFTTA•AJK•&J.J L 1'170 
SAA l2• 1) a ( AAM*A l J•A 1 J•A2 J •A2J•X I SO• f A2t •Al. I+ ,a 3 I •A 2.J) • x I TA•AJ J •A '.lJ• L 1 Hn ST~~TA(3,J)•CO~TTA*A3k*A3K L l~>O 

ITAS<ll*COFSO L t:,;tr, C L l<><>O 
SAA(2•2)•(AlM•A1J•AlJ•A2J*,12J*XT5~•(A2J•A3J•A3J•A2JJ•XTTA+A]J•A1,I* L l "\)'1 r. COM~!Nf THE~F MHl>IrES TO r.n SL ANO Pt. M&TR!CF~ L ?000 

lTASQ)•cnFSU l 1140 C L ?010 
S&A(2•3)s(AAM•AlK•AJJ••2~•A2J*XISD•(&?K•A3, l•tl~•A2J)*X[TA+A]K•&J ~J• L 11':'ln 

I TASQ) •cnFSU L l lr,11 
SAA(3•J)z(AAM*Alt•AlK+&2J*A2K*XJ~~•(A?t•&JK•&JJ•A?~IOXfTA+AJl•~ 3~• l 1 no 

ITASQ)•COFSU L I i°'O 
SAA(J•2):(AAM•,t,1J*AlK•A2~1•A2K•X{SQ•fA?J•AJ~••3 .l•A2K)OKJTA+llJ•61~• L l \Ci r, 

1 TA Sill *Cl'FSU l l • Oil 
SAA ( 1• '.U = { A,1"'4•A lK•,t, l K •,l?.11; •A2K •X [5fl• ( A?c•AJK •Ii .\1(•62te) ctX TT A• 6 lk •A 1k o L 114-l n 



C 

C 
C 
C 
C 

I 
103 
104 

Of' lft4 J:sl ,'l 
on tnJ J=I ,3 

Pl ( I •JJ s::S&A CI ,JJ •SJLPHA fJ,JI +SRE·TA C l•JJ +c;GAMI r I •J> •~THFTJ ( t • 
J) 
~lfltJ)s::SACl,J)+c;~cl,JJ+SCCJ,J)+~FCl•JJ•SGCl•JJ•SHCl•JJ•~tct 
•JI 

CONTINUE 
CONTINUE 
Rf TURN 

ENO 

.uROUTINE SLSK 
SU9~0UTJNE SLSK (SL,PL,DFQ,M,NPBC,PSl,!RANDI 

TM!5 SURROUT!NF PLACES THE SL,PL AND Q MATP!CE'i FOR DIFFERENT ELF • 
ENTS INTO THE SK,PKAND Q• MATRICES WHICH ARE BANDED ANO SYM• ETRTC 

L ?112 0 
L 2030 
L 2040 
L ?050 
L 2060 
L 2070 
L 20110 
L 20t;O 
L 2100 
L 2110 
I . ~l 7'1) 

" .. 
M 

10 
20 
30 

M 40 
M 50 

COM•ON /RLK3/ SKll00,?.01 M 60 
COMMON /RLK4/ PK(300,201 M 70 
COMMON /PLKS/ 0~(3001 M RO 
COMIION /RLK6/ NP(450, .ll,P(300>,Z(3001 11 90 
COMMON /RLK7/ PMI013001 M IOO 
DIMENSION SLC3,31, PL(3,31, Q(31, NPRCl3001, KP(300J, PC.!MllOOI, 0 M 110 

151()00) M 120 

10.l 

102 

103 

ll•NPC~,JJ M 130 
LL•NPIM,21 M 140 
NH•NP C•h:3) " 150 
KPl!ll•O " 160 
KPILLl•O " 170 
KP(NNrao M 1110 
1, (NPRC(It>.~F.2.ou,NPA((LL),NE.2) GO TO 101 w }~q 
KP(tll•I M 200 
KP(LLl•l M 210 
IF !Zllll,GT,ZILLII OFQ=-DFQ " 270 
PSJIHlll•IPSillll/3,0l•IPSIILLl/6,01 M 230 
PSIIHLLl•!PS!llll/6,0l•IPSICLU/3,01 M 240 
IF (NPPC(lll,NF,2,0P,NPBCINNl,NE,21 GO TO 1112 M ?!SO 
KPllll•L • 260 
KP (NNI =I • ?.70 
IF (l(!ll,GT,Z(~NII OFO=-DFQ M ?.AO 
PS!Rllll•IP'i!llll/3,0l•<PSIINNl/f.,Ol " 2QO 
PS!R(NNl•IPS!llll/6,0l•(PSI(NNl/3,01 10 0 
IF (NPRC (LLI ,NF ,2,0P,NPRC (NNI ,NE.21 GO TO 10 1 • JI IJ 
KP!LLl=I .. n o 
KP(NN):) M 330 
IF (Z(LLl,GT,71NN)I o •a=-OFQ " HO 
PS!RILLl•(PSl(LL)/3,0l•IPST("Nl/b,01 M l~O 
PS!RINNl•(PC.IILLJ/f,,Ol•IPSl(N"l/3,01 M l~O 
CONTINllF M HO 
DO 105 J•l,3 • JA O 

Q{J)z:0,0 w ]QI) 
JJ•NPOhJ) 
t~ fKP(JJ>.EQ.l) DCJ):OFO•PSJRCJ,J)*t<l./PHIO(JJJ)-1.>•2. 
no 10• tecl •3 

tCfC•NP(Mel(J 
KK•KK-JJ+CCJRA~O•l)/2) 
SK (JJ•Kt() •SIC C .. IJeKK) +c:;L (JeK) 
Pk(JJ•KKJzPK(JJeWK)+Pl( ,J•K) 

.. •OO .. •10 .. •20 .. •3 0 .. 440 .. •~O .. 4'- 0 

I 
I 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

104 CONTINUF. 
105 QK(JJl•OK(JJl•OIJI 

RF.TURN 

END 

SUBROUTINE BSOLVE 

SUBROUTINE RSOLVE (,.,.,,Vl 
COMMON /RLK4/ PK(300,201 
DIMENSION Vl3001 

BSOLVE WORK<; FOR FOR UNSYMMETRIC RANDED MATRICES. 
BSOLVE TS EFFECTIVF IN 'inLVING THE MATRIX EOUAT!ON AX= R WMEN TME 
MATRIX A IS LARGE AND SPARSE SUCH THAT A NARROWUNSYMMETRIC qaNn 
CENTEREn ON THE MAIN DI•GONAL INCLUDES ALL THE NON-Z~RO ELEMENT<;. 
ARGUMENT N IS THE ORnEP OF A, ANn MIS THE WIDTH OF THE BaNn, 
NECESSARILY AN ODD NUMBER OF ELEMENTS, hSOLVE IS VF.RY EFFICIENT 
l!f'CAUSF IT OPEPATES ONLY ON THE BaNO PORTION OF MATRIX A, GTVE., 
IN THEN BY M ARRAY PK, THE BAND ELEMENTS OF A G!Vf.N ROW OF A 
APPEAR IN THE SAME ROw OF PK RUT SHIFTED SUCH THAT ELEMFNT AII,Jl 
BECOMES PK(l,J•l•<M•ll/21, ALL RAND fLEMENTS WHETHER ZERO OP NON-
ZERn MIJST ijf GIVEN.THE VALUES OF UNOfFINED ELEMFNTS OF PK,SUCH 
AS PK!l,11 AND PK(N,~l ETC, APE IRRLEVANT, THf. APRAY V INITIALLY 
CONTaIN• THE VF.CTOR R, AFTER SOLUTION, THE ARRAY V CONTAINS THE 
ANSWER VF.CTOP X,TMF. CONTfNTS OF PK ARE DF.ST~OYED DUPINC, SOLUTION 
WHICH IS OONF. RY GAUSS ELIMINATION WITH POW !NTF.PCHA .. r.FS, FOLLOW~O 
BY RACK SURSTITUT!ON, 

THE ROW O!Mf.NSION OF PK AS ~ELL A~ TMF n!MfNS!ON OF V "UST Rf NO 
LESS THA.N N. THE COLUMN DIME~SION OF P~ MUST 0F ND LFC.S THA~ M, 
SHIFT TOP !M•ll/2 POWS AND PLACE Nf.EDED ZEROfS 

LR• (M-11/2 
DO 102 L•l,LR 

JM•LQ-L+l 
DO 102 l=l,IM 

00 IOI J=?.•• 
IOI PKIL,J-ll=PKIL•Jl 

KN•N-L 
KM•M-f 
PK(LeM)=O.O 

102 PK(KN•l•K~•l>=O.O 

103 
ln4 

105 

10~ 

GAUSS~ IMIN6TION WITM RO~ INTFRCHA~GES 

LR•LQ+l 
IM•N-1 
DO 112 1=1 ,IM 

NPIV=I 
LS•l•J 
00 104 L=LS•l~ 

IF IA8S(PKIL,lll-AR5(PK(NP!V,llll 104,104,101 
NPT\l•L 

CONTINUE 
JF' f~PIV-}) 107el07.el0C. 
1)0 lOfi J=l•'-' 

T'F"J.IP:Pft'. f ! •Jl 
PM(J,JJ•PK(NPTY• .Jl 

PIC(-.,PlV,J)2TC:MP 
TEMP•V(l) 
V(IJrVfNPTV) 

M 470 
M 480 
M 490 
" 500 
M 510 

N 10 
N 20 
N 30 
N 40 
N 50 
N 60 
N 10 
N 80 
N 90 
N 100 
N 110 
N 120 
N 130 
N 140 
N ISO 
N 160 
N 170 
N lAO 
N l90 

" 200 
N 210 
N 220 
N 230 
N 240 
N 250 
N 260 

" 270 
N 280 
N 2,;o 
N 300 
N 310 
N 320 
N 330 
N 340 

" 350 

" 360 

" 370 .. . 380 
N 390 
N 400 
N 410 

" 420 
N . 430 
N 440 

" 450 
.., ' 41',0 
N 470 

" •lio ., 490 
N 500 
N ,;10 

" 520 ., <;]O 
540 

..... 
-...J 
-...J 



VINPJVl•TfMP ., 550 
10'1 Vlll•YIIIIP•fl • II N 51,0 

OD !Oil J•2,,. N 570 
1011 PK(J•J>•PK(leJ)/PK(l•l> N 511~ 

r,n 11n L=LS,L" ., <;QO 
TfMP•P•!t,11 .. ono 
Y!Ll•VILl-TfMP•VIII .. 1,)0 
110 IOQ J•2,M .. 1,20 

109 P•IL•J-ll•PKCL,JI-TE,.P•PKll,Jl N (,JO 
110 . PIC'(L•M)•0.0 " 640 

TF (l_P-N) 111,112,112 .. 1,50 
111 tP•U:t+l .. bf,O 
112 CONTINUF .. t,70 

YINl•YIN)/PK(N,11 .. 1,~0 
C " fiQO 
C BACK SUBSTITUTION .. 700 
C ., 710 

J ... ,., N 7?0 
DO 115 I•lofM N 730 

L•Ol-1 ., 740 
00 113 Jz2,JII N 750 

KM•L•J ., 7f.O 
113 Y!Ll•YIL)-PK(LtJl•VIKM-ll ., 17~ 

IF' IJM-M) I 14,115,115 ., 7_80 
114 JM•J .. +l N 7qo 
115 CONTIOIUF' .. 1100 

RETUPOI .. i:C l 0 
C ~20 

END N ~30 

I .... 
-..J 

Sl.SROUTINE SKPSI 
00 

SURl>OUTINE SKPSJ (P~I ,-.R,,.C,F) 0 10 
C ('I 20 
C THIS SURROIJTJNE MULTIPLIES T~E 8ANOEO SYMMETRIC MATPJK S• WTT~ 0 Jn 
C MATRIX PSI AOIO STORES THF RESULT AS MAJRIK F 0 40 
C ,, 50 

COMMON /RLK3/ SK(300.20l ,, 1,0 
DIOIF'NSln,< -..,SJIJ00·1, F!300J n 70 
'l•fOIC•ll/2 0 kn 
DD 102 1•1,NI> 0 90 

F(l)•PSJfJJ•SK(f,M) n 100 
C n 110 

on 102 K•2•M 0 lcO 
L•l-tc•l 0 130 
IF !L,LT,11 GO TD IOI n 140 
LL•W-K+l n ISO 
FIIl•F(ll•PSIILl•S•!l,LLI 0 IM 

101 N•J+K-1 n 170 
IFIN,6T.NPI BO TO 102 0 lAtl 
NN•K•M-1 0 , .. o 
Flll•Flll•PSIIOll•S•!l,NNl n 700 

102 CONTINUF n 210 
RETUQN n ??f• 

C ('I >JO 
E'10 n ~40 



flO 105 J•J.4 ,. 61 0 
If IJO(NCl•J•ll.F0.01 GO TO 104 " ~zo 

PROGRAM MESH I NIJt'llll'-P-IOf!l(WCJ,Jl•ll • 630 
I f' ( JOINfl•Jt.11.w.o , WNNP=Nl..tMtfP•l " 640 - - 104 cn.,TJMI£ • 6'10 
Jl•J " 660 

C " 670 
105 CONTINUE • 6IIO P-AN NESMT CIIIPUT,OUTPUT•P\JNCff•FtL--•T•P£5•1MPtlT•TAP£6•0UTPUT• • 10 to6 co"TtNUF • <.90 l UP£~•0£--0UTPUTI • 20 C • 100 C • 30 kT•t • 110 C DF- • 411 107 CON1'fHUF • no C s AIIRAYS • 5-() C • '30 C • f,O INP•0 • 740 C- ,PLKI, JNENClOOl•"'=•JTl20Hl•JICTC3001 • TO C • 750 OfMl'NS(ON JTCZfOOI • ~o 1£Lail • 160 C • oo C a ·110 C REAO &NII INJTl•LIUTION OF DATA • 100 00 IZ5 J•t..,UNI. PS • 180 C • 110 C • 1<>0 READ 1~•1391 NCON • l?O tl•Nl>JVCl•II • 400 IIRUE If.• 1611 • 130 Jl•Jl • I • i,10 IHIITE <6•1391 "ICON • 140 C • 1110 MAD l'I• 1391 NlfMl_P<; • l',O 14•NOIV(t.21 • 1130 WIIITE 16•1&01 • lt>O T'5•14•1 • 1140 WIIIT£ <6• 1391 NIIMlf'~ • 170 C ,. 450 C • IAO (1•!?•15 • 460 IIAIT£ C6• 1421 • 190 111•11•14 A 870 11£AO CS.1411 XNTN.XMAX,YNIN•YNAX • 200 C • 880 WRIT£ 16•14l1 XMIN•XMAX,YMIN,YNIX • 210 C CALCULATE SIOE IRIIIYS • 490 C • lZO C • 900 WRITE 16•15M • ?30 Jfl6"t•l • 910 REAO (5,1571 !PUNCH • ~40 J£NO•I?. • 920 WRITE 16• 1571 (PUNCH • ?'iO C • QJO I-' C • ~C'\U J?•IT-1? • Q40 -...J DO 101 l•l•-LDS • ?10 J4•12•1 • 950 1.0 lflllTF 16• 1431 I • ?AO r. • 9<,0 WIIITE 16• 1451 • 2QO 

r,() IO~ J•JH~N•JE~O • 970 READ CS•l441 NOIVll,ll • NOIVll • ZI • /lo J4•J4-l • .. IIO IIAITf 16,1441 N01vc1,11, .. 01v,1.21 • 0 LNP (I• l •J> •J • 990 C • 320 LNP(l•l•J•>•J?+J & 1000 lfRITF' 16, 1461 • 330 108 COIHINU£ ·• 1010 o,£All 15•1471 ((J0l~(l•J•~»•K•l•2)•J=l••• • 340 C a lOlO ,,..(TE 16•1471 ((JOl~(t,J•••,K•l•2)•J=l••J • 150 C a 1030 C • 1M JAGN•I & 1040 Wl>ITF 16• I 4~ I - • 170 JfNll•J'5 a 1050 READ CS• 14 .. I <•CnQff•J)•YCOP<l•J>•Jzl•HJ • 3AO C & 1060 Wl>ITf <tft•l4QI (Xf":OQ ( f •J) .vcnf.l (, • . ., •J=l .A) • 39n J4•1§•1 a 1070 C • 40 0 C I 1080 lftl CONTJNtlf • 410 110 100 J•JAGN,JENO a " IOQO C • •20 J4•J4-1 A llOO Ul CONTJNUF. • lt .lO LNRfl•i»•J)z:J•J2 a lllO C • •40 LNR(J.4,J4Js(J-lt•T2•1 l lllO C • 4C".ifJ 109 CONTINUE a 1130 DO 103 l•l•NIJ• llPS • •~o C • 1140 NOIYII.ll•Nl'TYII •II • •70 C • ll50 omrv Cl •41 •NC\IY 11 .21 • •~o C CILCULITF NPN aQRAY a llf> O 103 CONTINtlf • 4<10 C A IITO DUM-CHl'I< 14 I • <;no JAGN• I l 11~0 C • 510 J£NO•t7 A 1100 C CALCUl.aTF NUWQfQ OF Nonie POI'ITS • <;?O C I 1200 C • 'i-3 0 00 110 Jz:JP~N,Jf MO & 1210 _,_,,..n • '>•O NPN(J)z:0 4 1220 C • ,;,;n 110 CllNTJNUf • 1230 DO .. 6 l•hN'INLDS • a.;"o C I 12•0 trfUMtrtP•NUINP+(NOJV(l•ll•ll•(NQJVCl•2)+1) • ..;70 1'n 11? J•l•4 & 1 .... 0 C • 'i•O J~ CJOINll•J•ll,£Q.OI GO TO 112 & IZ,. O Jl•4 • ,;Q {J 
C & I 2TO C • nil O 



,Jl•JO I N(l • J•l l A 12"0 C • 1950 J2sJOJNll•J• 2J A 1290 JR6N=l A I 9'>0 t: • 1 1Q O JfNOz l5 • 1•no KA~N• J a l l M C a l<,AO KfNO• NOIV <l•J l• l A 13?.0 '<~GNa) & l ~ O K2•1<£trri0 +1 a IJ30 KfNOz f?. A ? 900 C A 1140 C & 2010 DO Ill KzKijGN. KF.ND & 1350 Ki=O & 20·20 l<l•LNP(l•J••<> .• 13~0 C A 2030 K2• K2•1 & 1370 nn Jt8 J:JPfi~•JENO & 2040 NPM(Kll•LNP(Jl•J?.1< 2 1 I l lMO P•J-1 A 2050 Ill CONTiliUF I 1]40 QY•R•OY A 2116 1 C A l o\00 C & 2070 C a 1410 on 117 K• KqGN.KF.NO • ·2090 I i? CONTINUE: & 142 0 R•K-1 A 2090 C A 1430 RX•Q•OX A 2100 JRGN=l a 144 0 RN())a+l.O•tl.O-RX)•(l.O-AY)•( l .0-2.0•RX-7.0•RY) A 2110 JEND•I7 A i4'j0 RN(?)•+4.0•(PX l •(l . O-PX) • <l.O-~YI A 2120 DO 113 J:JRGN•JFMD & 14'>0 RN(3)•-l.O•(PX>•<l.O-RY)•(t.O-?.O•RX•2.0•PYJ A 2130 IF INPNI J I.Nf.OI GO TO 113 & 1470 AN(4)••4.0•(QXJ•(PY)*(l.O-RYJ A 214 0 INP•INP•l I )o\'1U Rff("5)•-1.0•(AXJ•(AYJ•c3.o-2.o•Rx-2.o•RY) a 2150 NPNIJl•TNP I }490 qN(~J••4.0•(PXJ•(l.O-RX)•(PYI • 21 <, 0 113 CONTPIUE & 1500 RN(T)•-1.0•<l.O-RXJ•(RYl•(l.0•2.0•Rx-2.o•PY) A 2170 C A j'j)O ~N(8)•••-o•ct.o-P•>•CPY)•(l.O-PY) • ll1'9 C & 1,;20 Kl•Kl+l A 2190 WRITF 16, 1591 A !<;JO Kl'•NPNIKII A n oo wRITF (6, )<;81 (NP~ f. l) •J=l• 17) A 154 0 XOPOIK21 • 0.0 A l~l? C • 1,<;o YOPn IK?I =O. 0 • ;,zzo C I 1 ~ ,. 0 DO II" L•l ,~ • ?Z39 C FORW LNP ARPAY a 1'"' 1 r, ~ORO(K?):XQQn(~?)•Q~(LJ•xr.0~1t•L) .l i>24 0 
C A l'; N:} YOPF'J{K2)=YOWF'J(K2)+Q~(L)•Yr.OP(l•LJ A ?250 J"610•l e. 1-;q,, I I~ CONTl'IUE: a 2260 JE:ND•l2 a 1 1, 0Q C & l2H .... 
C a I .. I 0 117 CONTINUE: • ?281 00 on 114 J•J~~~,JfMO A 1 .. 20 IIA CONTINUE 0 22'90 0 Jl•LNQ(J•l•JJ • l,,H C A 2311 J3•LNP<t.3,JJ I 1"94 0 C CALCULATION OF NP I PP &Y A 2lU C • l'>.'\O C A 2320 LMP ( l • l •J > sNPN f .Jl I I 16..0 JRGN•l & 23]0 LNP (I• 'h J ) sNDN LJ3 J a 1'>70 JFND•T4 A 2340 C a l',AO ICR&Nsl A 23<;1 114 cnNTTNUF a 1110 0 KENO• ll A ll60 C A 1700 r: • ?]7C, ,JAGN•l - a 1710 00 1?4 J•J8~N•JENO A l390 JFND•l5 a 17?0 DO 123 K•kRG~•KfNO ·a ?1.QO 
C A !DO C a ?.• f)O r,n 115 JzJqGN. Jf'•IO a l 74 1) IE:L•TfL•? a ?•l t'J J?•L~P(J,;)• J J a 17c; I') Nl•TE:L·l A .24?0 J••LNPfJ•••J> a J 7#.11 N2•l£L I :>430 
C • 1770 C A ?440 LNP(l•?•Jl•HPN(J2) a 17"'6 Kl•(J-l)•J? • (K-1)+1 a 2450 LNP<l•4•JJ•NP~IJ41 I 17<rn K2•Kl•l & 246 0 

11!' CONTINUE: 4 ) "401) K3•Kl•t~ a 247 0 
WAITF 16,15QJ A ) j,c l K4•tiC3+\ a ?4110 
"AITF (f. . _}c;A) (lMPfI•l• J >•J=l•l2J 1 .. 1n C .l 2'•90 
"RITF (6,15~ 1 fLMPft•?•Jl•J=l,lSI A 1,,q ,1 Kl•NPN(Kll • ?5~ ~ 
WRITF <6•15Rl flNP <t•3•J>,J=l•J2> A 1~4 •J K2•NPO,IK21 • 2'5 1!'1 
WRITF 16,1,111 (LNP f l•4•J>•J=l,]5J a 1.,c.o 1(3•frrfPM(K3J l 7S..20 
"AITF 16, )<;OJ 6 ) l-1~ 0 K4sWP~(K4) I i'S 3 0 

C A 1 '17 !) C a ?540 
C 6 l ~j,c f) O]:(XOQ0(~4)-XOP0(K\1)**2•(Yn~rlK4)-YnPn(~ l ))••2 A 2:;c.a 
C C•LCULAT[ NOOAL POINT conROINATES .l l "'Q n nJsOJ • ll.oonool A ~ C.f, O 
C A J -, 011 F'J2:(XOQn(~~)- 10PF'J(K2 )}••? • (YOQO(Kl)-Yn~n,K 2)> ••2 I ? .r;,,71! 

0:11:Jl e J .41 (, C .a 2 ~~0 
l)Xs).n/A A 1 -ll '? If IKT•]I 11~.11-.,1.10 6 ;>~Q C!' 
OaJ4 t l ~l O llQ CONTJNtJF' • ? ~(M nY•l.n/P I, 1 ... 4 11 JF u,?.LT . r,1) t;n T'l 1?2 a ? H G 



GO TO 121 I ? t, ,!O 00 132 Jzl•fllllMMP I 12<>0 120 CONTf .. UF. • n10 •IIITF (8.}51 l J "T ( ! l ,XOIIO( ll ,YOl>n(J l I 3300 
IF 102,GE,~ll r.o TO 122 I 211 • 0 IJ2 CO .. TTNUF. • 3310 121 CONTJNUf A ?.b~O 133 CONTINUf • ll?O C I 2 hh0 00 134 (zl oNIJ"fl. I 3 130 
NP(Nle) Js KJ a ~ f:\7 cl •IIITf p1.1-;~ , T • tJ,_.T ( t.·1.q I •J> J • J= l •"H I 3340 
NP ttr.11 •?J •t< 4- A ?6MO 114 CONTJNUf I ll50 NP(Nl,ll•KJ I ?6QO I 3'5 CONTJNUf I 3360 C • noo CALL SF.T co.0.1.0.0.0.1. 0 .xMtN•XM,x.v~,N . Y~, ~. 1 , I 3370 
NP(N2,ll•l<l l 2710 t: I 3390 
"P(N?,l'l s l<Z • ~720 DO 136 T=l,NU~EL I 3390 
NP(N2el) • K4 a n10 tl•NPtt•lJ I 3400 

C • u .. o I2•NPIY,?l I 3410 
r,o TO 123 • 21'\0 J3•NP(I,31 A 34i.'O 

Ill CONTINUE • ?1b0 C I 3430 
C l ?770 CILL POJMT (XOIID(Ill,YOPD(l111 A 3•• 0 

NP<Nl•lJ:sW'J I 271'0 CILL VECTOII (X0111l(T~l,YORD(l2ll I 3450 
NP(Nl,2)::it?. I ?HO CILL VECTOR IXOll~(T3l,YOll0(!3ll I 3460 
NP(Nl,l)•IC3 I 2ijOO CALL V~CTOII (XOIID(Jll,YOIID(llll I 3 • 70 

C 1. 1 .. 111 136 CONTINUF I 34AO 
NP(N2,ll•K? I 2Ai.'O C I 3490 
NP(N2',2J•K4 I 2ij30 CALI. fllll•E l 3500 
NP("'f2,1)•KJ I 2M40 C I 3,;10 

C I 28'\0 KT•t<T•l l 3520 
123 CONTI NOE • ?ii~t) IF (l<T,Lf,21 GO TO 107 I 3530 
ll'4 CONTTNUf I ~A70 C I ~S•O 

C A ?M~O REIil 15,1601 Jf>;D A 3550 
C I ?~90 If IIENO,EQ,01 r.o Tn 138 a 3-;,.o 

12'5 CONTINUf A ?QOO C I 1570 
NUMEL•IfL I 2910 WRITE (f,,1451 a JSAO 

C I 2~20 on 137 l•l•NUMLPC'i I J'\90 
C OUTPUT Of nna • ?.Q30 PEAD 15,1441 NDIV(!,11,MOJV(l,21 A 'lf\ftO 
C l ?<>40 lfll!Tf (fu 144) Nntv,1,1,.~01~,1.21 • ]~Jry 
C A ?.<>'\O 137 CONTINUf l 3620 .... 

If l~T.GT,11 GO TO 130 • ?"60 t: I 3630 00 
DO 116 l•l ,NUMEl I ?.970 GO TO lfl2 I 3640 .... 

.. P(J,4)a0 A ?~HO C I 3650 
126 CONTINUF. • ?foo C I 36110 

K•O l J 00 1:lll CONTINIJf I 3670 
DO 1211 J•J,4 I 3010 C I 3680 

no 1?1 I•l,NU"[L I 30?0 STOP I 3690 
K•K•l I 3030 r • noo JTll<l• .. PIT,JI I 3040 C FOPMIT ~TITF,.ENT~ l 3710 

121 CONTINUE I JO'\O C I 3720 
1211 CONTINUF 4 10" 0 r A 3730 

CALI. SF.TUP (NUMNP,NllMEL,NCON,JT,IDlffl l 1070 l'.\9 FOQ,.tT ( JIOI I 3740 
CALL OPTNll" (NU"NP,NU~FL,l'iCONo IOIFfl A 30R1) 140 FORMAT llOHI >;U"LPSl • 31,;n WIIITF (6, 1541 A 10'-' 0 141 fOll,.AT (4FI O, JI • . 3760 
WRITF 16,JS<;) NlJMNP,NUMn A .11 n ,1 142 fOR"IT 1401'0 x.-, ... x ... , .. Y,.IN YMIX) I 1710 
lllRITE 11,, 1631 a ll I 0 143 FOA .. IT 1//•li' ... l.OOP NllMHFQ•l5) I JTHO 
lfRITf (6,1621 (J,JNT(Jl•J•l,NU .. ,.PJ I 31l0 144 FOll"IT (21101 l JTQO 
lfRITF (8,16?1 CJ,J~T(J>•J•l,NUMNPJ I 3130 J4<; FOR,.lT 120MONOJV(loll 1;01,-11,211 A 31100 
WRITF (6,1501 " JJ o1'0 146 l'Oll~AT 1200,0 JOIN ( T • .hK I &IIRAYI a 3810 
DO 129 T~l,NIJMNP I .1150 141 fOll"IT (4 (I 7 • I) 11 l 311?.0 

•RITf (601511 JNT(Jl,~ORDlll,YOPO(II A 1}1-0 l4R FORMAT (?OMO X("nR YCOR) I 31130 
129 CONTINUF • JI 70 14'1 fOll"IT (?fl0,3) I 3840 

C a 11110 l'\O fOR,.IT (301'0 'IP ~OQO YOl<OI I 11150 
130 COl'iTINUF a 3JQO 1,;J FORMIT 1110.2r:10.3) A JHM 

lfRITF. (6, 1521 A ]200 l'\2 FOR"IT 140Hn F.LE~ f\10 ) A 3870 
DO 131 J=l ,NOMFI A J?IO J,;3 l'OR,.IT 1•J9) l JSHO 

•PITF (6o)'\31 I, IJNT OuP( I ,J)) ,J::) • 3 ) • Jn o 1,;4 FOll~IT (20Ml NlJMNP kUMf.:L) I ~--qo 
131 CONTINUI' a 3?.3 0 Jo;,; FOR,.H 17.110) I 3 .. 00 r I 3?40 Jo;f, FORMIT (10Hfl JDUNCH1 I JQlO 

C • 12C"il) l'\T FOIIMAT (!JOI I 3~?0 
If (1Pll~C':H.Nf.t4) (;0 TO 135 & ~ ~h O 1,;11 fOll,.aT (?OJ'\) A 3QJO 
IF (KT.t;T.l) r,o TO 133 A 3?7<t J,;9 fOR"IT ( IHOI I )Q40 
•lllTF (fl•lc;~J HlJMNP.Nll.,.El 6 ) ?'~ ' I 160 fOPMIT (TlOl A 1-.J~n 



l~l FOPMAT !lOMl NCtlNI A J '-lfi O 
1~2 FORMAT (2Tl01 A :\~70 
163 FORMAT (/, 72H tlLO MUMAEP NEW NUMAFP,/1 A J'>RO 

I 
SUBROUTINE OPTNUM C & J9QO 

END A 4000 --- - --- --- --

SUBPOUTTNE OPTNUM (NUMNP,NUMEL,NCON,TnfFFl C 10 
COMMON /~LKl/ JMEM(3QOl,MEMJT(20001,JNT!300l C 20 
OJMF.NSJON JOT'IT!300I, NE~JT(300l C 30 

C C 40 

S_US_ff()UTINE_ SETUe_ I C C o;o 
MlNMAX•IDIFF C f>O 
00 107 lK•l,NUMNP C 70 

00 IOI J•l,NUMNP C ~o 
SUllllOUTTNE ~ETUP (NIIMNP,NUMEl ,NCnN, .JT,iOJFF> R IO JOT'IT(J)•O r. <>O 
COMMON /RLKl/ JMEM(l00l,Mf:MJTl2000l,JNT(3001 A ?O 101 NF.WJT(J)•O r 10 0 
DI11£'15.TnN JT(20QO) R Jn MAX • O C 110 

C p 40 I•l C 120 
C R <;O 'lf:WJT(l)•JK C 130 

IDIFP'•NUMNP A M JOlNT!IK>•I 140 
C R 70 .... C 150 

00 101 J•l,NUM'IP A HO 102 K4•JMF.M(N£WJT(I)) C 160 
101 JM[M(Jl•O R "0 IF (K4,£Q,OI GO TO 104 C 170 

DO 1D6 J•l ,NIIMFL A 100 JSUB•(NfWJT(ll•l>•Nr.O~ C 1110 
nn tn~ t•l•• A 110 C C l'>O 

JkTl•JT flillJMfl • ( t-1, +J) A 120 no 103 JJ•l,K4 C 2~0 
lF (JNTt.F.Q.n) GO TO 10~ R 130 KS•M£MJT(JSUR+JJ) C 210 
J~UR~(JNTJ-l)•NCnN " 140 IF ~OINTIKSl,GT,O) GO TO 103 C 220 

C A l<;O l( • K • . C 230 
nn 104 Jt•l•• .. l<,O NF.WJ (Kl•<5 C 240 

IF !1!,F.0,11 GO Tn 104 Q 170 JOINT(IC5l•IC C Z50 
JJT•JT!NllMFL•!lI•ll•J> R IMO NDIFF•UPSIT·•> C ZM 
IF (JJT,EO,O> G~ TO ID~ R 1 o;o IF (NOIFF,GE,M!MMA)) GO TO 107 C 270 00 
114flllll•JJIIF.'MCJNTI) " 700 JF (NOJFF.GT.~A¥l ~A1•NOJFF C 2110 N 
IF (M£Ml,£D,Ol ~OTO 103 A 210 103 CONTINUE C ?<>O 

C R 220 C C 300 
0'1 10? IIl•l,MEMI " 730 JF (K.£0.NU~NP) r,o TO 105 C 310 

IF IM£M,IT(J~Ul!•IIT> ,£Q,JJTI GO TO 104 A Z40 104 t•l•l r. 320 
102 CONTINUE p 250 ~0 Ttl 10? C 330 
103 JMfM(..,..TJl•JNFN(JNTJ)+l R 2~0 105 MJNM&X•MAX C 340 

M[MJT(JSU8+JMFN(JNTil>•JJT I! no no lft6 J•l,NUMNP C 350 
IF (l&ASIJ~Tl•JJTl,GT,IOIFFI JOIFF•IlAS(JNTJ•JJT> I! 2AO 106 JNT(J)•JOJNT(J) C 1'!>0 

104 COMTJNU£ R Z<>O 107 CONTTNUE C HO 
105 CONTINUE " 300 C C' 380 
106 CQ'IT!Nllf " ]10 WRIT£ (~,10~1 MTNNA• C 3'>0 

RETUA" R 120 C C 400 
C R 131J r. C 410 

£ND R 340 R£TUIIN C P O 
C r. ~J r 

lft8 FORMAT (//}OX.2ffH~EOllt:Fn kA~D-\lflOT._. z•J4//·) r. .... .c 
r. C • Sil 

ENO r. • ;..o 
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