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Abstract 

A new quasi-isopycnal ocean model is presented. The model has full 
prognostic equations for momentum, temperature, salinity and tracers. 
Bottom topography can be included or the model can be used in a re-
duced gravity upper ocean mode. As an option, the model can be run 
without prognostic thermodynamics. An arbitrary Lagrangian-Eulerian 
(ALE) coordinate is used in the vertical, making the model a hybrid be-
tween a traditional z-coordinate model and an isopycnal model. In the 
horizontal, spherica ccordinates or rectangular coordinates may be used. 
The mixed layer formulation is of Kraus-Turner type with added entrain-
ment due to shear. Vert ical diffusion of momentum, heat , salt and other 
tracers is incorporated using a Richardson number dependent formulation. 
Horizontal diffusion can be any combination of harmonic and biharmonic 
friction. The coastlines can be irregular and have open boundaries. Many 
open boundary conditions are available. Test results for oceanic upwelling . . regimes are given. 



Chapter 1 

Introduction 

Ocean modelling has received more attention in recent years, but is still 
lacking the level of sophistication found in atmospheric models. Consid-
ering the dominant role the ocean plays in controlling our climate, an 
increased effort is needed to bring our ocean modelling capability up to 
date and improve the realism of coupled ocean-atmosphere models. 

A major obstracle for realisticly modelling the ocean to date has been 
lack of computer resources . The internal radius of deformation, which de-
termines the horizontal resolution needed for modelling instabilities, eddies 
and fronts in geophysical flows , is typically 10-50 km for the ocean com-
pared to 1000 km for the atmosphere. Global or basin scale ocean models 
that adequately resolve this small scale have not been run yet. With mas-
sively parallel computers, however, such eddy-resolving oceanic general 
circulation models will be possible in the near future. The CHAMMP re-
search initiative has given ocean modellers an opportunity to prepare for 
the hardware and availability of high resolution models. 

The advantages of using potential density as a vertical coordinate are 
well documented (e.g. Bleck and Boudra, 1986, Hsu and Arakawa, 1990) , 
while the disadvantage has been associated vanishing layers. Arakawa and 
Hsu, (1990) have recently devised new numerical schemes which partly 
eliminate this problem. The model developed here is based on the phi-
losophy that isopycnal models have the desired feature, that motion takes 
place along isopycnal surfaces. However, the constraints imposed on the 
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exchange of fluid between isopycnal layers lead to new technical difficul-
ties. Although practical methods exist to deal with these, e.g. Bleck et 
al., (1989) , Oberhuber, (1993), the approach here has been to relax the 
requirements of isopycnal coordinates. However, in most cases, the den-
sity variation in a layer is small compared to the variation between layers 
at a given geographical location, so the model locally will behave more 
like an isopycnal model than a z-coordinate model. Transfer of fluid be-
tween layers can be controlled and no numerical vertical diffusion exists in 
the model. This numerical strategy of changing from a Lagrangian to an 
Eulerian approach was developed at Los Alamos (Hirt et al., 1974) and is 
referred to as the Arbitrary Lagrangian-Eulerian (ALE) method. A review 
of these methods can be found in Benson (1992). 

In this report a new Thermodynamic Ocean Modelling System (TOMS) 
is described in detail. TOMS is based on the ALE vertical coordinate 
and is as a result a hybrid between isopycnal and z-coordinate models. 
The modelling system is designed for oceanic and coastal flows where the 
aspect ratio is small. It is based on the hydrodynamic multi-layer reduced 
gravity model by Jensen (1991, 1993), but now also includes prognostic 
temperature, salinity and tracers as well as mixed layer physics. In addition 
to being an upper ocean model, it can be configured with finite depth, 
including bottom topography in the lowest layer. In addition, a simple 
data assimilation scheme, and a number of new open boundary conditions, 
which increase the range of possible applications of TOMS, have been 
included. 

Mixed layer physics has been fully incorporated in the model as pro-
posed. The two uppermost layers have implemented Kraus-Turner mixed 
layer physics, extended to include exponential damping of TKE: and con-
vective overturning. Inclusion of shear induced mixing at the base of all 
dynamic layers is represented by a Richardson number dependent mixing. 
An entrainment and de rainment formulation is used in conjunction with a 
diffusion coefficient formulation. This mixed layer scheme is different than 
those used in isopycnal models. 

2 



Chapter 2 

Ocean Model 

The ocean model is based on the hydrodynamical multi-layer model by 
Jensen (1991; 1993), modified to include bottom topography (Jensen, 1996) 
and prognostic scalar variables such as temperature and salinity. Layer 
depths may also vary in time and space. For many transient phenomena, 
such as a internal wave, the layers remain material layers. However, in 
situations where upwelling or downwelling takes place over a long period, 
exchange of fluids takes place between the layers. For this reason, the up-
permost layers are allowed to have variable densities. This in particular 
allows a realistic ocean mixed layer. Figure 2.1 shows the model struc-
ture in the vertical: At the upper ocean are a number of variable density 
layers to simulate air-sea interactions. Below, a number of intermediate 
depth layers may be kept isopycnal above an abyss of finite or infinite 
depth. When the latter approximation is made, the fast barotropic mode 
is removed. 

The model equations are given in spherical coordinates , so they also ap-
ply for length scales larger than the oceanic barotropic deformation radius. 
Consider an ocean consisting of N layers of uniform density as shown in 
Fig. 2.1. The layers are labelled with increasing numbers downward. Let 
us assume that all layers have a positive thickness everywhere. This im-
plies that layers are not allowed to surface or merge, and that the bottom 
topography is always in the lowest layer. 
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Figure 2.1: Vertical model structure with bottom topography confined to 
the deepest layer. 
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2.1 Momentum Equations in Transport Form 
Let the velocity components toward the east and north be u and v, re-
spectively. We choose z = 0 to be the surface of the ocean at rest. Define 
vertically integrated volume transport components Ui and ½ by 

(1) 

between two isopycnal surfaces zi(x, y , t ) and Zi+i(x, y, t), with an equiva-
lent expression for ½. The thickness of layer j defined by this integration, 
is Hi = (zi+l - zi) and the vertically averaged density is Pi· The transport 
equation for Ui becomes 

8Ui + 1 ~(UJ) + ~~(UiVJ) _ 2UiVJ tan0 _ fVi 
8t a cos 0 8</) Hi a 80 Hi aHi 3 

-Hi 8Pj WejUi+i/ Hi+l - We(j-l)Ui/ Hi ,rt/> + ---------"----'----'- + I " 
Pia cos() 8</) Hi 3 (2) 

Similarly for ½, we have 

8V:· 1 8 (U·V:·) 1 8 (V.2
) (U~ - V.2 ) tan0 

_1 + -- __J___2 + -- _1_ + J J + JU· 
8t a cos () 8</> Hi a 80 Hi aHi 3 

_ -Hj 8Pj Wei VJ+i/ Hi+l - We(j-1) VJ/ Hi ,r(J - - - + ----------''-------'-- + I " 
P·a H · 3 

J J 
(3) 

Here g is the acceleration of gravity, f = 20sin( 0) is the Coriolis parameter 
where n is the rate of rotation of the Earth, and lj represents turbulent 
stresses in each layer, where the superscripts denote the <P or() component. 

In (2) and (3) the vertically integrated pressure gradient is given by 

H · i -1 
"vPi = g(,Pi"vr, + -f"vPi - 2)(Pi -pi)"vHi - Hi"vPi]) (4) 

i=l 

where the second term ensures that the current in the layer is depth in-
dependent (McCreary and Kundu, 1988). The factor I can be chosen to 
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be less than 1 in order to slow down the phase speed for the barotropic 
gravity waves with little influence on the baroclinic modes (Jensen, 1996). 
With N layers the surface displacement T/ is given by 

N 

TJ = 2JHi - Hoi), (5) 
i=l 

and Hoj is the thickness of layer j at rest. 
The model allow several choices of parameterizations of turbulent mo-

mentum fluxes. In order to include classical representations for horizontal 
and vertical directions, we write for the zonal direction 

(6) 

with a similar expression for the meridional direction. In (6), F represents 
the eddy stresses due to unresolved horizontal scales of mot ion, and r is 
the tangential stress due to vertical friction and the superscripts denote 
the </> or 0 component and top or bottom of the layer, while 'Df is due 
to internal stresses within each layer. The exact form of these stresses 
depends on the parameterization, but most often a form in analogy to 
anisotropic molecular viscosity is assumed. For nondivergent horizontal 
velocities the following form is used: 

and 
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Here Aj is an eddy viscosity, which is allowed to vary in space. The form 
of the differential harmonic operator on the velocity is that given by Semt-
ner (1986). The biharmonic friction coefficient A4,j is constant for each 
layer, and the non-linear, velocity dependent eddy viscosity with a non-
dimensional amplitude An, is given by Abbott et al. , 1981. These terms 
are part of the third order correction terms to the central, second order 
finite difference approximation of the non-linear terms in the momentum 
equation. However, since the net effect is to selectively diffuse high veloc-
ity shear, we find it appropiate to include them explicitly as an additional 
eddy viscosity. In order for the terms to have the same magnitude as in 
the Taylor expansion for the non-linear terms, An = l should be selected. 
Along coastal boundaries the vorticity transfer is controlled using a free 
slip, partial slip, no slip or hyper frictional boundary condition ( Jensen, 
1994) . The vertical stress for the x-direction at the top of each layer is 

(9) 

and at the bottom 

with equivalent expressions for the meridional direction. In these expres-
sions, Tw denotes a wind stress, 8ij is the Kronecker delta1 Az is the vertical 
diffusivity, and R is a bottom friction coefficient. 

The term 'Dj represents other, small scale turbulent stress parameter-
izations. We have included the following terms, only shown for the zonal 
direction: 

1)~ = -Rf!U- - ~( Ui )3 
3 3 3 H · H · J J 

(11) 

where the Newtonian coefficient Rj can be different for the U and V com-
ponent and vary in space. This is practical for parameterization of small 
scale topography as discussed later. The second term in (11) dissipates 
strong flow in thin layers , which is a simple parameterization for transition 
to turbulence within a layer. 
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Finally, the wind stress components are computed from 

and 

where Pa is the densi y of air, Ua and ¼ is the zonal and meridional wind 
velocity component, and cd is a constant drag coefficient. Note that the 
stress is based on the differential velocity between the ocean and the wind 
rather than the wind velocity alone. 

2.2 Continuity Equation 
The continuity equation becomes 

8Hi 1 [8Ui 8 ( )] 2 ( ) r 8t + a cos() 8¢ + 80 Vjcos0 = Wej - We(j-1) + AH\7 Hj + p - E Ojl 

(14) 
where AH is an eddy diffusion coefficient and (P - E) is a source/sink 
due to net precipitation/ evaporation. The We vertical velocity terms are 
due to entrainment by shear instability and entrainment/detrainment by 
buoyancy forcing and wind forcing, e.g. 

(15) 

where the first term is only active for the top layer. A term due to interfa-
cial stress, Wsj is positive for a layer in case its thickness becomes less that 
a minimum depth Hmin,j, either a preset value or determined by a bulk 
Richardson number, (McCreary and Kundu, 1988, 1989). This entrain-
ment due to shear helps prevent the interface between the first two layers 
from surfacing; it is usually zero for deeper layers. The shear entrainment 
velocity is calculated as 

(16) 
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where 0 is the unit step function , which has the value 1 for positive argu-
ments and zero otherwise. The depth, Hmin,i, where entrainment becomes 
active can be selected as a constant depth or given by 

(17) 

The Richardson number, Ri , is calculated using finite differences in the 
vertical. In that case, eq. (16) is equivalent to 

H (Ric - Ri)
2 

e(R' R') 
W 8 j = j R' R' " le - 1 , 

Te le 1 
(18) 

where Ric is a preset critical Richardson number. 
Where constant convergence occurs, the layer thickness may become 

rather large after a while. In the real ocean, sinking water is subducted 
when the heat flux into the ocean is positive. In order to limit the layer 
thickness, a detrainment velocity is defined as 

w . = - 0(B) (H; - Hmax,;)
2 

0(H· - H ·) 
dj H J max,3 , 

'rd max,j 
(19) 

where rd is a time scale over which the detrainment takes place and B the 
buoyancy flux defined below. 

The terms discussed sofar are based on mixed layer physics and are 
their sum denoted Wpj. In addition, a numerical vertical velocity Wnj due 
to coordinate motion may be present as discussed later. 

2.3 Mixed Layer Model 
The uppermost layer is subject to Kraus-Turner mixing. The net produc-
tion of turbulent kinetic energy (TKE), q, is given by 

(20) 

where the friction velocity, u., is 

(21) 
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the buoyancy flux is B , the rate of dissipation of TKE is £, and Pa is the 
density of air. Each term is multiplied by a factor 91 ,92 or 93 , respectively, 
as discussed below. The bouyancy flux, B , is calculated as 

B = !L(o:Q/cw + 9/3(E - P)S) 
Pl 

(22) 

where a= p- 1(8p/8T) is the thermal expansion coefficient for sea water, 
Q the upward heat flux , Cw the specific heat of sea water, /3 the haline 
expansion coefficient , defined in the same way as /3, E and P are the 
evaporation and precipitation respectively, and Sis the salinity in pract ical 
salinity units (psu). 

Different bulk formulation can be chosen by specifying the 9i factors 
in (20) . The formulation in TOMS follow that of Oberhuber (1993). Here 
the efficiency factor for wind generated turbulence is 

(23) 

with m0 = 1.2, K = 0.4 and f is the Coriolis parameter. For buoyancy 
driven t urbulence 

where 

Hd 
92 = exp(--). 

µu. 

µ = 2.00(B) + K(l - 0(B) ) 

(24) 

(25) 
where 0 is the Heaviside step function defined previously. Since dissipation 
is already taken into account in (23) and (24), the term in (20) is set to 
zero, 1.e. 

93 = 0. (26) 
For negative production of TKE (q < 0) , e.g. the mixed layer is warm-

ing up or become less salty due to net precipitation, we have detrainment 
towards a new equilibrium depth, hm: 

which in this case is the Monin-Obukov depth. In order to keep a finite 
upper layer depth, a minimum depth, hmin , can be specified. Note that 
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the minimum funct ion ensures that negative production of TKE cannot 
deepen the mixed layer. The factor eMo, in the range O - 1 is introduced 
to approach hm over a finite t ime rather than instantaneously. A value of 
~MO =0.1 is used. 

When we have a positive production of TKE ,(q 2: 0), either due to 
cooling, evaporation or wind stirring, the mixed layer entrains towards: 

where Hturbl is a penetration depth scale for the surface generated TKE. 
The resulting detrainment/entrainment velocity (buoyancy and wind) 

(25) 

2.4 Arbitrary Langrangian Eulerian coordi-
nate control 

Very thin layers or even negative layer thickness presents a numerical prob-
lem. The ALE method consists of two main steps: A Lagrangian timestep 
that moves the interface without any mass crossing it , followed by a remap 
step that repositions the interface and computes the associated mass flux 
across it. In TOMS it has been implemented as described below. 

The term Wnj in (15) becomes non-zero if a layer thickness is outside 
numerical preset limits. In that case, excess divergence or convergence 
is computed as a entrainment or detrainment rate across the base of the 
layer and the interface is positioned at the the level determined by this 
numerical limitation. As long as the divergence violates the preset criteria, 
the layer thickness is held fixed. However, the layer is usually not be fixed 
in the vertical, since other layers most likely will change their thickness. 
The formulation for the movement of coordinates is as follows: First step 
increase the entrainment of a thin layer to be as strong as the layer above, 
I. e. 
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Next step limits the detrainment to half the layer thickness or the entrain-
ment to half the layer thickness below, i. e. 

Wn2j = (1-0(wn1j) max(wn1j, -Hi/(2dt)) + 0(wnlj min(wn1j, Hi+i/(2dt)) 
(25) 

Finally, a the divergence and convergence is limited as follows in the con-
tinuity equation. 

2.5 Vertical Diffusion 
Vertical mixing is added to the model in addition to the mixing described 
above. The vertical flux of a quantity \JI is given by 

Fw = (Aw aw )t,b oz (26) 

and evaluated at the top, (t), or bottom, (b), of each layer. The exchange 
coefficients, Aw can be constants or evaluated after the formulation by 
Pacanowski and Philander (1981). In that case the coefficients depend on 
the Richardson number, Ri: 

(27) 

where Awb is a constant background diffusivity. For momentum, Pacanowski 
and Philander (1981) also used a constant value for Aw0 = Av0 and n = 2, 
while temperature and salinity used Aw 0 = Av, e.g. the turbulent diffusion 
of momentum and n = 1. They used a = 5. 

2.6 Tracers 
For tracers , for instance potential temperature T and salinity S , the con-
servation equation is of form 

D\lli 2 Qw ) -- = K ,T,V W· + -61 · -w ·(\JI · - W·+1 /H · + Q ,y, · Dt "' J H · J eJ J J J c"' J 
J 

(28) 
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where '11 is any tracer. The term Q'ifl is the net surface tracer flux , Q c is 
exchange due to convection, and dis the Kronecker delta. In addition to 
temperature and salinity, the model allows for any number of additional 
tracers. In particular, passive tracers can be used to follow water masses 
or, if source and sink terms are provided, to model chemical tracers such 
as oxygen, nitrate and phosphate. 

2. 7 Equation of State 
Density is computed from potential temperature and salinity. However, 
since TOMS primarily is an upper ocean model, the currently used equa-
tion of state does not destinction between in situ temperature and poten-
tial temperature. Two equations of state as use. The simplest is linear 
in temperature and salinity. A more accurate version is a second order 
polynomial version given by Mamyev (1975) . 

2.8 Reduced Gravity Formulation 
The barotropic pressure gradient is contained in the term where the surface 
deviat ion TJ appears. Because of the large phase speeds of barotropic grav-
ity waves most numerical models have a special treatment of this mode. 
For instance, many authors filter out these waves by applying the rigid lid 
approximation, for example as in Bryan's (1969) world ocean model, or use 
a semi-implicit numerical scheme (O'Brien and Hurlburt, 1972, Hurlburt , 
1974, Hurlburt and Thompson, 1976). 

In this model an option to use the method of reduced gravity has been 
included., It is often applied in geophysical fluid dynamics, to remove the 
barot ropic modes, including the planetary waves. By assuming that the 
pressure gradient vanishes in the lowest layer, the velocity becomes zero 
in the deep ocean. For consistency, it must also be assumed that the 
horizontal density gradients vanish in that layer. By taking the limit HN -+ 
oo, the velocity in the bottom layer VN -+ 0, and from (2) t o (3) we find 
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Figure 2.2: Vertical model structure for a multi-layer reduced gravity 
model. 
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that the gradient of the surface elevation is given by 

(29) 

Since we assumed a constant PN = PNo, 

(30) 

Figure 2.2 shows the vertical structure of a reduced gravity model. Where 
inclusion of bottom topography is needed, all modes must be calculated 
explicitly, for instance with retardation of the barotropic mode as discussed 
earlier (, < < 1 in eqn. 4). 
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Chapter 3 

Open Boundary Conditions 

In most applications of numerical ocean models , artificial boundaries are 
introduced to limit the domain. Along such a boundary we need to ap-
ply what is often referred to as an Open Boundary Condition (OBC). A 
number of local methods used in ocean models are implemented. They 
are the simple condit ions: clamped, prescribed, zero gradient; radiation 
conditions: Camerlengo-O 'Brien, Orlanski; a sponge type condition: Flow 
Relaxation Scheme and a method based on characteristics of the linear 
equations. These OBC and examples of their use in a number of idealized 
test cases can be found in Jensen (1998b ). 

3.1 Simple conditions 
The simplest conditions prescribe a value of a variable or the gradient of 
a variable on the boundary. If one can prescribe the exact condition on 
the boundary consistent with the interior numerical solution, there is not 
an open boundary problem to be solved. In most cases only part of the 
solution is known, and a condition for the unknown part of the solution 
must be given. One possible condition is that the solution does not change 
in time 

oil> = o at · 
which is the commonly used clamped condition. 
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early as simple is the zero gradient condition, 

a~= 0. an (32) 

where the derivative is take formal to the open boundary. For incident 
waves both these conditions are reflective. If for instance equals the 
pressure or related variable such as a surface elevation or interface dis-
placement, the latter condition give the same reflection as a wall condition, 
e.g. u = 0, where u is the velocity component normal to the boundary. 
The reflected wave using the clamped condition has opposite phase of the 
wave reflected from a wall. This leads to an improved condition 

a~ a~ - 0 at + an - . 

3.2 Radiation conditions 

(33) 

This class of conditions assume a free wave propagating at normal incidence 
on the boundary and is based on the 1-D wave equation, 

(34) 

where is a field variable for which an obc is imposed. Orlanski (1976) 
proposed to calculate the phase speed using finite differences. If the open 
boundary is to the east , and the boundary at B, a non-dimensional phase 
speed is computed as 

m n m n-1 

{ 
• { ',!'B-1 - ',!'B-1 } } = max - mm ~ n -1 ~n-1 ' 1 ' 0 . 

B-1 - B-2 
(35) 

which can be put dimensional form by multiplying by ~x / ~t. ote that 
negative values ( e.g. propagation away from the boundary) of c~ are trun-
cated. The boundary value using the Orlanski condition is calculated as 

(36) 
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Camerlengo and O'Brien [1980], simplified this condition by using c~ = 1 
if c~ 0, e.g. only the sign of c~ is used. This condition deliberately 
overestimates the outward propagation speed. An even simpler approach 
is to choose extrapolation in all cases, e.g. c~ = 1. 

The evaluation of c~ is simple for flows without stratification. For a 
layered model, a computation layer by layer is a straight forward extention 
of the 2-D case. This strategy will work if a single vertical mode dominates 
the flow. If two or more vertical modes contribute significantly to the 
flow simultaneously, a decomposition onto linear vertical modes are, at 
least in principle, a better method. For this reason, we have applied the 
01 and CO conditions to the amplitudes of the each vertical mode, and 
after computation of the boundary amplitudes, transformed back to layer 
formulation. This method is described in Jensen, (1993). 

3.3 Characteristic conditions 
By considering the system of equations as hyperbolic, the method of char-
acteristics may be applied. If we project the equations onto linear vertical 
modes , we simply get a shallow water equation for each vertical mode ( e.g. 
Gill, 1982, p. 167-175). Using the Hedstrom (1979) condition as tested by 
R121ed and Cooper, 1987, we have 

(37) 

where - indicates a projection on linear vertical modes, c(k) is the phase 
speed of mode k , and Up is the sum of the Coriolis term and the frictional 
terms. 

3.4 Flow Relaxation Scheme 
The strategy is to use the FRS as a frame work in which any open boundary 
condition may be added. Since the FRS was developed to impose boundary 
conditions from a large scale atmospheric model to a fine grid limited area 
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atmospheric model, it is practical to implement a simple data assimilation 
scheme (nudging) for the entire model domain. In that respect, prescribing 
an obc can be considered a special case of a data assimilation process. The 
FRS allows specification of the boundary solution for any variable as a sum 
of an external value and a value calculatied from the interior, i. e. an obc. 
The scheme is applied as follows: For any variable the interior solution (J 
is calculated. An obc solution UL is calculated on the open boundary from 
interior values. The externally imposed solution on the boundary is Uobs, 

where the subscript implies that this value often have been obtained from 
observations. The boundary solution is then given by 

(38) 

The FRS technique is now applied as nudging in the vicinity of the open 
boundary: 

= a(x, y, z)<I> + (1 - a(x, y, z))~, (39) 
where is the updated solution, which has been relaxed towards the 
boundary value <I>. The relaxation function a is usually chosen to be 1 
on the boundary and decreases to zero in the interior of the domain. 

The optimal width of the relaxation zone and the functional variation 
within it , depends on the problem. Assume that the relaxation zone ex-
tends from x = 0 to x = 1, with the boundary at x = 1. Martinsen and 
Engedahl, (1987) used widths of 3-10 grid points and used the following 
functions: 

( 40) 

and 
a(x) = x2, (41) 

where n is the number of grid points in the relaxation zone. In a general 
purpose code, a more convenient form is 

( 42) 

The tanh formulation provides a steeper filter function than a second order 
polynomial. A similar variation can be obtained using p = 6 and q = 0 in 
the polynomial form ( 42). 
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In the Danish Hydraulic Institute Boussinesq wave model (MIKE21BW) 
the expression used for sponge layers is 

( ) (1 b(l-.:r)n) ax= -a c (43) 

with c = 1. This form does not equal one for x = 1. A polynomial with 
p = 8 and q = 0.4 has similar variation in the interval [0.-0.8) but goes 
to one for x = 1. Another possibility is to choose c = a/(a - 1) in (43). 
Figure 2 shows the variation over the relaxation zone for a few choices of 
a. 

Applying the FRS technique is equivalent to changing the equations in 
the FRS zone. For a variable ~ , we can be write 

a~ a -
-a=!(~) - ( ) (~ - ~) t t 1- a 

( 44) 

where the second term on the RHS is due to the FRS scheme. Note that 
this corresponds to adding a linear source/or sink term. However, the 
relaxation coefficient goes to infinity in the edge of the domain, where the 
calculated solution is replaced by the boundary solution. A finite relaxation 
factor is obtained using a < 1, which corresponds to a larger time constant 
in the adjustment. One advantage of the form ( 44) is that it can be used 
directly in an implicit scheme. 
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Chapter 4 

Numerical Scheme 

Most terms in the model are computed using explicit schemes. This en-
sures very easy implementation on parallel machines. For the momentum 
equations, the time integration scheme is leap-frog. 

A forward in time scheme is used for lateral and vertical diffusion and 
eddy viscosity. For Rayleigh friction terms, an implicit backward scheme 
can be used instead of the forward scheme for stability. 

For the continuity equation and the tracer equations the model has the 
option of several schemes. One is the same as for the momentum equa-
tions. However, the dispersion errors , in particular in the vicinity of fronts, 
can be severe and negative values may occur. For this reason the positive 
definite scheme of Hsu and Arakawa, (1990) was also implemented. How-
ever, the computational costs are much higher than using leap-frog com-
bined with the ALE technique. Being components or special cases of the 
Hsu-Arakawa scheme, the first-order upstream difference (or donor cell) , 
the Lax-Wendroff scheme, Fromm's scheme and the Takacs scheme is also 
available. Finally, a third order upstream differencing scheme (Leonard, 
197 ) has been implemented for tracer advection. 

For discretization in space the C-grid is used (Arakawa and Lamb, 
1977) . This implies second order accuracy except for the lateral eddy 
diffusivity terms which are only first order. The grid spacing is assumed 
constant, but may be different for zonal and meridional directions. The 
coordinate system is spherical or rectangular. In the latter case the model 

21 



has the option of a ,B-plane, f-plane approximation or no rotation. These 
features make it more convenient to compare the numerical model results 
against analytical solutions. 

In order to filter out time computational mode associated with the leap-
frog scheme a forward scheme can be applied after a number of leap-frog 
steps (Lilly, 1965). Typically every 99 steps are forward steps. Alterna-
tively, a time filter (Asselin, 1972) may be applied. Let x be any of the 
variables, U, V and H. Then 

( 45) 

where v , the filter factor is suggested to be in the range 0.1 - 0.8 according 
to James, (1987). Finally, a time avering between two time steps is also 
implemented as a filter. 
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Chapter 5 

Applications 

A particular difficult problem for layered isopycnal models is to model 
a steady state upwelling or downwelling regime. The layer may tend to 
vanish or become unrealisticly deep. The entrainment and detrainment 
parameterization adopted above may be used to prevent this. As examples 
the zonal and meridional overturning in the equatorial current system and 
coastal upwelling regimes in the tropics are used to test the model. The 
main reasons for choosing this system is the fast equatorial response so 
that the model can be spun up from rest , and that the large radius of 
deformation allow us to use coarser resolution. Also a small equatorial 
ocean is used: 20°wide and spans from 10°S to 10° . Only two layers are 
active over an infinitely deep third layer, i.e. a 2.5 layer model is used. The 
thickness of the upper layer (layer 1) is initially 75 m and the intermediate 
layer (layer 2) is initially 325 m thick. The temperatures for the three 
layers are 20°C, 5°C, and 0°C, while the salinities are 32 psu, 34 psu and 
35 psu respectively. 

The table below gives the parameters used in the box models in this 
section. 

Table 1. Parameters used in Box model runs. 
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Parameter: Value: Unit Case 

time step 1800 sec 1-6 
~x, ~y 1/2° 1-6 
H1,o, H2,o 75, 325 m 1-6 
T1, T2 , T3 20., 5., 0. oc 3-6 
S1 , S2 , S3 32. , 34., 35. oc 4-6 
harmonic viscosity, diffusivity 1000., 600. m2/s 1-6 
bi-harmonic viscosity 1010 m4 /s 1-6 

The runs discussed below are forced by a spatial uniform w.ind stress 
which is applied to an ocean initially at rest. A linear increase from no 
wind to a steady wind forcing is done over 10 days to limit the genera-
tion of high-frequency internal waves. The models were integrated for 30 
days. Since the domain is closed, coastal Kelvin waves propagate along 
the boundaries and will influence the solution along the western boundary 
for longer integrat ions. 

5.1 Westward Equatorial Jet 
On the equator, strong easterly winds will create an intense westward 
oceanic jet, while the response off the equator will produce a poleward sur-
face flow and consequently equatorial upwelling. This is is the traditional 
equatorial upwelling regime as observed in the Pacific Ocean. Upwelling, 
and consequently the mixed layer physics, is clearly an important factor 
in maintaining the relatively low SST in the area. However, current are 
also strong, so non-linear effects may also be of importance. The following 
cases demonstrates that this is in fact the case for TOMS. 

Six different runs were made: a linear case where the wind stress was 
limited to half the magnitude used in subsequent runs ( case 1 ), a linear 
case with active fluid exchange between layers ( case 2), a non-linear case, 
i.e. adding momentum advection ( case 3) , a non-linear run with prognostic 
temperature (case 4) , a non-linear run with fully prognostic temperature 
and salinity ( case 5), and finally a case with prognostic temperature and 
salinity, but without advection of momentum ( case 6) . 
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In cases (1-4) the salinity is kept constant. For case 1-3 the temperature 
is also kept constant. Cases 2 and 3 were made to assess the importance 
of entrainment and momentum advection, respectively. When the wind 
forcing is weak, entrainment or detrainment does not take place and non-
linear advection is not important. In the runs ( cases 1 and 2) presented 
here, momentum advection is actually turned off, to be sure that the results 
are truly linear. The linear test runs are made to compare the model to 
analytical calculations, i. e. Yoshida (1959). 

Figure 5.1 shows the result of a linear run, where only hydrodynamic 
effects are active. The wind stress were limited to 0.03 N/m2 in order to 
prevent surfacing of the isopycnals and entrainment of fluid from layer 2 
into layer 1. The upper layer becomes initially shallow along the equa-
tor until advection build up a thick upper layer along the eastern wall. 
Since no mass exchange takes place between layer 1 and layer 2, each layer 
have two closed gyres, one in each hemisphere, which are established after 
about 1 month of spin up. The most dominant feature is the equatorial 
undercurrent driven by the east-west pressure gradient along the equator. 
Maximum current in the upper layer is 0.87 m/s and 0.087 m/s in layer 2. 

What happens if we add more physics? Figure 5.2 shows the result 
from a run with active entrainment added ( case 2). The intensity of the 
upwelling increases with the wind stress and in order to enhance the differ-
ences from the purely linear run, the wind stress was increased by a factor 
of 2, to 0.06 N/m2 • We note several differences: The equatorial jet has 
become divergent at the surface and the undercurrent is convergent. These 
effects are entirely d e to entrainment of water from layer 2 into layer 1. 
Note that adding mixed layer physics and consequently entrainment re-
duces the negative thickness anomaly on the equator compared to case 1. 
A passive tracer was used to compute how much of the upper layer fluid 
was replaced by fluid from the lower layer. In this case, all fluid in layer 
1 in the central part of the equatorial region was advected poleward and 
replaced by upwelling layer 2 fluid. The maximum velocities are larger. In 
layer 2, the velocities are about twice as large as in case 1, with a maximum 
of 0.15 m/s. In layer 1, entrainment of layer 2 fluid prevents a doubling of 
the velocities everywhere in spite a doubling of the forcing. However, the 
maximum is 1.29 m/s, a out twice the maximum found in case 1. 
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Figure 5.1: Case 1: Linear model without entrainment and detrainment. 
Layer thickness anomalies (m) and velocities after 30 days. The Yoshida 
jet is seen in the in upper layer (top) , and an equatorial undercurrent have 
been established in layer 2 (bottom) . 
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Figure 5.2: Case 2! Linear model with entrainment. Layer thickness 
anomalies (m) and velocities after 30 days. Equatorial upwelling in up-
per layer (top). An equatorial undercurrent has been established in layer 
2 ( bottom). 

27 



Advection of momentum, which is added in case 3, reduces upper layer 
divergence and thus the entrainment rate. The result is an intensified 
undercurrent. The maximum current in layer 2 is 0.20 m/s. As seen in 
Fig. 5.3, the strongest undercurrent is shifted westward of the position 
it had in the linear case. Apparently, the solution is rather sensitive to 
the mixing parameterization. However, it should be recalled, that each 
layer in these three cases represents different depth averaged velocities due 
to the Lagrangian nature of the layers. Due to the reduced entrainment 
compared to the previous case, only about 65% of the upper layer water 
is replaced by fluid from the second layer along the equator. Momentum 
advection acts in this case to reduce the shear in the poleward 'direction. 
Consequently, the core of the equatorial jet is wider, and the maximum 
velocity is somewhat lower, 1.13 m/s. 

Active temperature, reduces the vertical stability of the water column 
in the upwelling region. Case 4 will therefore have a thicker upper layer 
than case 2 and case 3 (Fig. 5.4). As a result, the maximum velocity 
in layer 1 is further reduced from the previous cases, to 1.08 m/s. The 
solution in layer 2 is essentially the same as in case 3. The entrainment 
of layer 2 fluid is similar to case 3, with about 60% of the fluid displaced 
along the equator. The reduced stability makes entrainment easier, but 
the reduced vertical shear compensates for this effect. Otherwise the effect 
of an active temperature is limited. 

Finally, prognostic salinity will further destabilize the water column. In 
fact layer 1 show now a positive thichness anomaly rather than a negative 
anomaly due to entrainment of layer 2 fluid. Figure 5.5 shows the result 
from a run with active entrainment , momentum advection and prognostic 
temperature and salinity ( case 5). 

The passive tracer solutions for cases 2-5 are shown in Fig. 5.6. These 
show the cumulative effects of entrainment during the integration and the 
amount of upper layer fluid left after 30 days of integration. Only the linear 
case show coastal upwelling off the equator. The main difference is the for 
the nonlinear flow, there is divergence near the coast on the equator, while 
the linear flow is convergent here. 

We saw in comparing cases 2 and 3, that momentum advection had 
a strong impact on the solution. Will this still be the case for the case 
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Figure 5.3: Case 3: 'Nonlinear model with entrainment. Layer thickness 
anomalies (m) and velocities after 30 days. Upper layer solution (top) and 
layer 2 solution ( bottom). 
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Figure 5.4: Case 4:1 Nonlinear model with entrainment and prognostic 
temperature. Layer thickness anomalies (m) and velocities after 30 days. 
Upper layer solution (top) and layer 2 solution ( bottom). 
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Figure 5.5: Case 5: Layer thickness anomalies (m) and velocities after 30 
days. Fully non-linear, thermally active model of equatorial upwelling in 
upper layer (top). An equatorial undercurrent has been established in layer 
2 (bottom). 
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Figure 5.6: Tracer concentrations in layer 1 after 30 days for case 2 (left, 
top) , case 3 ( right, top), case 4 ( left, bottom) and case 5 ( right, bottom). 
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with prognostic temperature and salinity. Case 5 was repeated, but with 
the non-linear terms in the momentum equation turned off ( case 6). The 
result is shown in Figure 5.7. The solution is similar to that in case 2, but 
decreased vertical stability results in enhanced equatorial upwelling. 

The series of model runs provides the following conclusions: Inertial 
effects due to momentum advection decreases the equatorial divergence 
and reduces upwellingsignificantly . They also cause a wider equatorial 
westward upper layer jet , resulting in stronger eastward fl.ow at poleward 
latitudes, and before reaching the eastern wall, where there is a stagna-
tion point at the equator, the westward jet splits up in a northward and 
southward branch. The effects of active temperature on the flow are small. 
One effect is a steepening of the layer thickness gradient just poleward 
of the equator, which balance the additional contribution to the pressure 
gradient by the north-south density gradient . 

5.2 Eastward Equatorial Jet 
Reversing the wind stress forcing obviously only reverse the linear solu-
tion, e.g. depth anomalies ang currents change signs. Along the equator, 
where the wind is strongest , there is now downwelling, which reduces the 
influence of non-linear terms. When allowed, detrainment occurs in the 
east and upwelling occurs in the west along the equator. The effects of 
the additional physics are small compared to the previous case. Figure 5. 7 
shows the result of a full physics run at day 35. Note that it is essentially 
the same solution as one would expect from a linear solution without ther-
modynamics. The tracer concentrations show the upwelling which takes 
place in the shear zones just off the equator and along the western wall. 
Cooling in layer 1 due to entrainment of deep water appears where the 
concentration is low, while heating occurs in layer 2 in the eastern part 
of the basin where detrainment is active (not shown). The strenght of a 
westward undercurrent is sensitive to the parameterization of detrainment. 
Additional runs , where deepening of the upper layer was much more con-
strained, results in mass and momentum transfer from layer 1 to layer 2, 
which will decrease the magnitude or even reverse the undercurrent. How-
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Figure 5. 7: Case 6: A linear model with prognostic temperature and salin-
ity with intense equatorial divergence in the upper layer (top). Layer 2 
has correspondingly intense convergence to supply fluid for entrainment 
( bottom). Layer thickness anomalies (m) and velocities after 30 days. 
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ever, one should recall that since the average layer thicknesses in a weakly 
contrained run and strongly constrained will differ considerably, the layers 
represents different water masses and cannot be directly compared. 

5.3 Uniform Steady Wind from the South 
This wind field tests coastal upwelling. In the southern hemisphere, up-
welling occurs along the eastern edge of the basin, which is the tradi tionally 
encoutered coastal upwelling found in such regions as off Peru, California, 
Oregon, and Wes Africa. The upwelling in the northern hemisphere is 
alop.g the western edge of the basin and is similar to the seasonal upwelling 
found during the Summer Monsoon off Somalia. 

The linear case is shown in Figure 5.9. The short term response up 
to day 30 is dominated by Ekman transport in the interior ocean, that is 
westward transport in the southern hemisphere and eastward transport in 
the northern hemisphere. Coastal upwelling is evident along the southeast-
ern boundary and northwestern boundary. Cross equatorial currents exist 
along the western boundary. The layer thickness anomaly, anti-symmetric 
around the equator, is that associated with long planetary waves. The 
propagation of these waves is westward. Upon reflection, the wave length 
becomes shorter and planetary waves with eastward energy propagation 
appears. In the real ocean, both short Rossby waves , which have wave 
lengths less that 2,r times the deformation radius , as well as Yanai waves , 
which may be longer, can carry energy eastward. In the case of anti-
symmetric waves which support cross equatorial fl.ow, the longer Yanai 
waves are most important. The development of the Yanai wave field is 
seen after day 30. A westward propagating front leaves behind an ocean 
at rest, but with a parabolic change in layer thickness for both layers. Fig-
ure 5.9 show the solution at day 30 and day 180. At day 30 two extrema in 
the pressure field are found. As time since the onset of the wind pass, an 
increasing number of extrema occurs. After 60 days there are three major 
wave crests , after 120 days there are four crests and five at day 180. These 
extrema are associated with the reflection of westward propagating long 
Rossby waves into waves with eastward energy propagation, e.g. Yanai 
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Figure 5.8: Model ~ith prognostic temperature and salinity with intense 
equatorial convergence in the upper layer (top) . Layer 2 has a westward jet, 
driven by high pressure in along the eastern wall ( bottom). Layer thickness 
anomalies (m) and velocities after 30 days. 
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hydrodynamic model. 
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waves and short Rossby waves. 
For stronger winds a requirement of finite layer thickness may result 

of material transport between the two active layers. Figure 5.10 shows 
the currents and thickness from the solution with full physics anomalies 
and can be compared to the linear case in Fig. 5.9. At day 30, the general 
circulation pattern is similar to the linear case. However, entrainment of 
water from layer 2 strongly affects the solution in the southeastern and 
northwestern parts of the basin. It is also responsible for the asymmetry 
of the solution along the equator. In the western boundary current north of 
the equator, strong non-linear eddies form (Fig. 5.10). These are similar to 
those found in the Indian Ocean in response to the southwest monsoon. At 
day 30, a strong anti-cyclonic eddy is centered near 5°N, a response similar 
to the Great Whirl in the Indian Ocean (e.g. Jensen, 1991). Velocities in 
the strong coastal current are up to 1.5 m/s. After 180 days, short Rossby 
are radiated away from the northwestern coast. 

In the southern hemisphere, a basinwide westward fl.ow maintains a 
coastal upwelling and results in temperatures as cold as 6°-8°C in the upper 
layer after 30 days. The eddy generation is less vigorous than in the north 
western region. Figure 5.11 shows the development of the temperature 
field in layer 1. The coastal upwelling areas are clearly seen early in the 
simulation. Cold water is transported offshore in the northwestern part of 
the basin. This is primarily due to the intense non-linear eddies, which 
also provides vigorous lateral mixing, limiting the sea surface temperature 
anomaly. Note that the SST minimum appears offshore. 
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Figure 5.10: Currents and layer thickness anomaly in layer 1 ( top) and 
layer 2 (bottom) after 30 days ( left) and after 180 days ( right) m a non-
linear model with active temperature and salinity. 
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Figure 5.11: Temperature in layer 1 after 30 days (top) and after 180 days 
( bottom) in a model with full physics. 
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Appendix A 

Vertical Normal Modes 

In order to apply radiation conditions for each mode separately, we project 
the solution on vertical normal modes. For simplicity we assume 8 / 8y = 0 
in the derivation that follows. We simplify the model equations (2-10) to 
the linear shallow water equations. In absence of friction, these can be 
written 

(Al) 

(A2) 

N 

~ i =, "I'JHi - Hai) 
i=l 

-I: (p; - Pi) (Hi - Hai) 
i=l Pi 

(A3) 

8H; BU; 
8t ax (A4) 

where the notation is the same as in Section 2. 
We follow the derivation by Lighthill (1969). Partial differentiation of 

(Al) with respect to time t and using (A2) gives 

a2u; 12 a2 ~; 
8t2 + U; = -gHoj 8x8t · (A5) 

46 



Eliminating Hi using (A3) yields: 

( a
2 

2) a2 ui 
8t2 + f Ui = g A 8x2 ' 

where the N x N matrix A has the elements given by 

.. - ( - Pj - Pmin(j,i))H . aJ, - , oJ• 
pj 

(A6) 

(A7) 

Plane wave solutions of the form Ui = Ui exp(-i(Kx - wt)) must satisfy 
the relation 

(A8) 
where w is the angular frequency, K is the wavenumber, and Uj 1s an 
amplitude. 

We can expand on vertical normal modes by writing 
N 

Uj = I: O'.jk(h (A9) 
k=l 

where O'.jk is component j of eigenvector k of the matrix A. The normal 
mode amplitudes are computed from 

- 1 Uk= (aik)- Ui, (AlO) 
where (ajk)-1 denotes the inverse of matrix O'.jk• For free waves, the dis-
persion relation is from (A8) and (AlO) 

w 2 - f 2 - gh(n)k2 = 0 (All) 

where h(n) is the equivalent depth, i.e. an eigenvalue to A. 
Along an open boundary, we compute the amplitude of the normal 

modes from the transport in each layer using (AlO) and apply the OBC 
to each mode. The amplitudes for each mode on the boundary are then 
transformed back using (A9). This calculation involves two matrix mul-
tiplications and is fairly fast. However, note that the calculation of these 
matrices requires finding eigenvalues and eigenvectors as well as inverting 
an N x N matrix. For this reason we use a time and space independent 
reference state, so it is only done once. In cases where the stratification 
changes with space and time, the normal mode matrices should in principle 
be recalculated during the integration. 
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Appendix B 

Derivation of Characteristic 
Open Boundary Conditions 

Below we will illustrate how the method of characteristics ( e.g. Thompson, 
1990) can be applied to an open boundary condition. We will use the linear 
shallow water equations on an J-plane: 

au aTJ at-JV= -gHoax 

av aTJ 
at + JU = -gH0 ay 

aTJ au av ----at ax ay 

(Bl) 

(B2) 

(B3) 

where the notation is given in section 2. We _can write equations (Bl )-(B3) 
in matrix form: 

(~),+A(~). +B(~), +C=O (B4) 

where the subscript denotes differentiation and the coefficient matrices A, 
B and C are given by 
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[~ 
0 fl A= 0 
0 

(B5) 

B = [~ 
0 ~] 0 
1 

(B6) 

CJV-F) C = JU-G 
0 

(B7) 

Each direction will be considered separately. For the x-direction, we 
have: 

(B8) 

where 
A'= [o c

2
] - 1 0 (B9) 

and 
, = (-JV -F) 

C 8V/8y (BlO) 

The eigenvalues for A' are ±c. We will select a pair of eigenvectors 

and (Ell) 

and define a matrix S which consists of these eigenvectors and its inverse: 

S= [c -CJ - 1 1 and 

It is easily seen that we can diagonalize A using these matrices: 

s-1 AS= [c - -- 0 
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0 l = A -c 

(B12) 

(B13) 



If we apply s-1 to Eqn. (B8) we get 

(B14) 

where the characteristic vector,£, is defined as in Thompson (1990), i.e. 

£ = (£1) = [! ~c] (U) = (!(U +cTJ)x) (B15) 
£2 - -- TJ -(U-cTJ) 2 2 X 2 X 

After finding the characteristic (B15), we now transform (A14) back by 
applying S. We can write 

Ut + c(£1 - £2) - JV - F = 0 

T/t + (£1 + £2) + Vy = 0 

(B16) 

(B17) 

At a right boundary, an outgoing wave propagates with the velocity +c 
and an incoming (i. e. reflected) wave propagates with the velocity -c. 
We do not want a reflected wave, so we set 

on boundary. Using this in (B16) and (Bl 7), we have on the right bound-
ary: 

au 1 (k) a - (k) - -8t = - 2c ox (U + c ij) +JV+ F 

oii 1 a - (k) _ av at= -2fJx(U + c TJ)- oy 

(B19) 

(B20) 

where indicates that the amplitude of the vertical mode k of a variable 
<l> rather than the amplitude for each layer should be used in the stratified 
case. For a left boundary we get equations similar to (B19) and (B20). 

50 


	FACF_0670_Bluebook_0001
	FACF_0670_Bluebook_0002
	FACF_0670_Bluebook_0003
	FACF_0670_Bluebook_0004
	FACF_0670_Bluebook_0005
	FACF_0670_Bluebook_0006
	FACF_0670_Bluebook_0007
	FACF_0670_Bluebook_0008
	FACF_0670_Bluebook_0009
	FACF_0670_Bluebook_0010
	FACF_0670_Bluebook_0011
	FACF_0670_Bluebook_0012
	FACF_0670_Bluebook_0013
	FACF_0670_Bluebook_0014
	FACF_0670_Bluebook_0015
	FACF_0670_Bluebook_0016
	FACF_0670_Bluebook_0017
	FACF_0670_Bluebook_0018
	FACF_0670_Bluebook_0019
	FACF_0670_Bluebook_0020
	FACF_0670_Bluebook_0021
	FACF_0670_Bluebook_0022
	FACF_0670_Bluebook_0023
	FACF_0670_Bluebook_0024
	FACF_0670_Bluebook_0025
	FACF_0670_Bluebook_0026
	FACF_0670_Bluebook_0027
	FACF_0670_Bluebook_0028
	FACF_0670_Bluebook_0029
	FACF_0670_Bluebook_0030
	FACF_0670_Bluebook_0031
	FACF_0670_Bluebook_0032
	FACF_0670_Bluebook_0033
	FACF_0670_Bluebook_0034
	FACF_0670_Bluebook_0035
	FACF_0670_Bluebook_0036
	FACF_0670_Bluebook_0037
	FACF_0670_Bluebook_0038
	FACF_0670_Bluebook_0039
	FACF_0670_Bluebook_0040
	FACF_0670_Bluebook_0041
	FACF_0670_Bluebook_0042
	FACF_0670_Bluebook_0043
	FACF_0670_Bluebook_0044
	FACF_0670_Bluebook_0045
	FACF_0670_Bluebook_0046
	FACF_0670_Bluebook_0047
	FACF_0670_Bluebook_0048
	FACF_0670_Bluebook_0049
	FACF_0670_Bluebook_0050
	FACF_0670_Bluebook_0051
	FACF_0670_Bluebook_0052
	FACF_0670_Bluebook_0053

