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PREFACE 

This is a set of notes employed in the teaching of 
a first year graduate course entitled "Experimental Methods 
in Fluid Mechanics" at" Colorado State University. The 
notes assume this is the students first introduction to 
a specific course in experimental methods; although he 
will be familiar with undergraduate courses and labora-
tories where basic phenomenon are demonstrated. The course 
is taught both as a series of lectures and a laboratory. 
The laboratory, which parallels the notes is desi!l"Jled to 
teach the experimental techniques. The student is allowed 
to discover the difficulties and pit falls that can be 
encountered in making experimental measurements in fluid 
mechanics. 

The notes have been taken from many sources, and as 
such should not be viewed as totally original. An attempt 
is made to treat the more basic instruments used in fluid 
mechanics in some detail. The notes are not intended as 
a catalogue of all the many different types of instruments 
that are employed in fluid mechanics. It is hoped that 
the notes will serve as a starting point for the graduate 
students venture into experimental research. The student 
should, however, be forewarned that the present notes are · 
only the first steps into the total field of measurements. 
Such areas of transient response and servo-mechanism are 
still in the future for those who would be instrumentation 
e.ngineers • 

I am indebted to Mrs. Arlene Ahlbrandt for the typing 
and many revisions that the notes have gone through over 
the last seven years. 

Virgil A. Sandborn 
Colorado State University 

February 1972 
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CHAPTER I 
THE THEORY OF MEASUREMENTS 

A. Basic Approach . - There is no concise theory 
of measurements, however, there are a few governing steps 
that form the start of a theory. Many areas require measure-
ments of one type or another. This means that no one approach 
will be adequate for all types of measurements. One might 
contrast the scientific measurement of the speed of light 
with an engineering test of the strength of a beam. The 
fundamental difference in the two measurements is the time 
involved in the measurement. The scientific measurement 
of the speed of light is one individual number, but it would 
well require 10 years or more of work to produce the number. 
On the other hand, the engineering test of the strength of a 
beam may require a day of work or less. This contrast is of 
course a simple matter of how accurate a measurement is 
required. There is a wide division in the approach to a test-
ing type measurement and to that of a scientific type experi-
mental measurement. 

The present course is aimed at the wide center ground 
between the routine test measurement and the elaborate 
scientific measurement. The routine test will employ about 
the same type or perhaps a less accurate instrument than 
those covered in the present approach. The scientific 
measurement on the other hand will spend a great deal more 
time in establishing the basic accuracy of each individual 
step. In each type of measurement it is important that the 
operator understand the basic function of each part. While 
it helps to be an electronic engineer, as well as have a Ph.D. in 
fluid mechanics, to make a measurement in fluid mechanics 
neither is absolutely necessary. 

The basic requirement to successfully carry out a 
measurement is a driving desire to obtain ar. understanding 
of the physical property being measured. It appears that 
all simple measurements have already been made, so that 
there is no such thing as a simple measurement. Any 
measurement that is made is always somewhat questionable. 
Thus, the experimenter that sets out to make a measurement 
must start as an optimist and upon obtaining some data he 
must become a pessimist. It is helpful if the experimenter 
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can start out as an absolute optimist and back off from tl1is 
view as the experiment is undertaken . The first view of 
the results of a new experiment should be absolutely pes-
simistic and again back off from this view as the results 
are placed in proper focus. 

The above discussion is meant to imply that in 
experimental research nothing is right the first time . The 
author after 15 years of setting up experimental programs 
has d eveloped the superstition that a data sheet is never 
taken to the site on the first try at making a measurement. 
There are very few times that a completely new instrument 
worked the first time that it was tried (the ion beam hot wire 
calorimeter) l ed to more confusion than if it had failed. The 
point is that it is a rare occurrence that an experiment works 
right the first time it is run. The frequency of working no 
doubt improves as the experience of the experimenter in-
creases, but each new study produces its share of new 
problems. 

The tneory of measurement might well be viewed 
as what to do when the results are not as expected. First, 
it can be assumed that the rest of the world is as likely to 
be right as you are. Thus, if your data disagrees with the 
rest of the world, do not get too excited about the results. 
Almost every measurement can at least be checked at some 
approximate end point, so there is always a rough idea as 
to what will be obtained from a measurement. After the 
first attempt and the results differ from that expected, the 
next step is clear. In many cases it becomes all too clear 
that it is not possible to obtain all the information considered 
in the original experiment. In a scientific measurement it 
is probable that the approach may be altered. For engineer-
ing measurements it may be too costly in time and money to 
make more than minor changes in the research program. 

The general approach to making a second step after 
the first has failed is to examine the results. A decision 
is made as to why the results differ from what was 
expected. The second cut at the measurements alters 
the original approach to correct for the assumed error 
in the first attempt. After many years of making 
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this second step, the author has come to feel that it 
is of only minor importance whether the assumed error 
was the correct one or not. The important step is to 
do somethinc, Usually, when one part of the measurement 
is altered, something new turns up and an insight to the 
actual problem becomes clear. This should not be taken 
to imply that everything is cleared up after the second 
try. Actually, it may require a dozen second steps to 
get to an acceptable result. With each second try the 
experimenter must readjust his thinking from the pessi-
mism of the last result to the optimism of the next try. 
A special attitude is apparently necessary to jwnp back 
and forth so quickly. Some very excellent people fail 
as experimental researchers because of the inability to 
shake the pessimism of the first failure, Too ·close a 
look at any engineering type meas11rement will turn up a 
large number of uncertainties, , The important thing is to 
get what ever can be obtained from the experiment and 
clear up the uncertainties as they arise. 

In planning a measurement it is not possible 
to account for all the problems that might arise. One 
should take an approach which might best be described 
as "quick and dirty, but not too dirty". In other words 
a quick experiment set up at a minimum of expense will 
show exactly where the major problems will occur. One 
can usually foresee most of the problems that might 
arise, but to know just which one will require special 
consideration is almost impossible. Thus, one can adopt 
an approach of' "leave it alone and it will go away by 
itself", and then handle only the problems that did not 
go away. It is always some simple little problem that 
was thought about, but considered not important, that 
comes up to give the most trouble, 

B. The Measurement.- F.ach measurement may be 
broken out into a series of individual. steps. Figure 1.1 
shows a block diagram of one possible division of the 
components. 
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Quantity 
to be 
measured 

Sensing 
c:::t:=e=l=e=m=e~n_t _________ ---lReadout 

Output transmission 
from the sensor to 
the readout 

Figure 1.1- Block Diagram of a ~asurement 

The sensing element may be a probe, as shown 
in figure 1.1 or it might be a beam of light. We shall 
term the sensing element as a transducer if it converts 
the quantity sensed into some other form of output. 
For example : A thermometer composed of a liquid in a 
glass tube converts temperature to a height. The main 
object of this course will be to study the possible 
transducers that can be used to sense the quantities 
encountered in fluid mechanics. The problems of evalu-
ating accurately each aspect of how the transducer 
responds to a given quantity; what other factors affect 
the transducer; how the transducer effects the quantity 
measured; and many related problems will be covered. 

In order to fully develop the measurement 
concepts it is necessary to first look at the overall 
block diagram. A sensing element is of value only if 
its output can be gotten out of the test facility, and 
then read on some device that ·can be calibrated. The 
linkage between sensor and readout can be very important 
to a measurement. The linkage will depend on the specific 
sensing element, so it will be considered with the 
discussion of specific transducers. 

The readout is the major factor in every 
measurement. Al though the sensing element will determine 
whether a quantity can be sensed, the readout must be 
able to detect the sensor output or no measurement can 
be made. For example if a pressure transducer puts out 
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25 millivolts at 0.01 psi, what is the lowest pressure 
that can be read? The answer is of course a matter of 
how low a voltage can be measured. Although, the 
present course is mainly concerned with fluid mechanics 
measurements, the first subject must be the readout 
system. 

C. Observation, Readout and Record.- In any 
scientific undertaking the first step is to observe. 
Before undertaking a measurement it is equally necessary 
to observe. In fluid mechanics visual observation is 
usually the first step. In both liquids and in gases it 
is a good idea to first try to visualize the flow patterns 
before making a measurement. Visualization can be made 
in many ways, such as the introduction of smoke or dye 
into a fluid. A recent technique for water is to use 
hydrogen bubbles as tracers. One of the simplest 
techniques is to employ tufts of flags of string to 
indicate the direction of flow. Equally important are 
the many possible techniques that have been developed 
to indicate flow effects along a surface. Lamp black is 
a common material employed to indicate regions of large 
and small shear. Surface wetting and evaporation indi-
cators are good methods of visually observing the mass 
transfer at a surface. Colora changes are employed for 
indicating diffusion over surfaces, such as that used 
in indicating acid and base solutions by a change of 
paper color from blue to pink. 

The present course is mainly concerned with the 
physical measurement, so that no detailed consideration 
of flow visualization as such will be made. Specific 
areas, such as Schleren optics, will deal somewhat with 
flow visualization. The present area must consider 
mainly the basic elements outlined in figure 1.1. 

For the Readout System, which it appears must 
be selected at the same time as the sensing element, we 
must consider all possible- types. The different types 
of readout systems will be covered in detail in the 
second chapter, even before the transducer concepts are 
considered. The readout may be considered a black box 
into which a signal proportional to the quantity to be 
measured is put. The output of the black box is in 
some form that can be read visually. In all common 
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readout systems the output is a physical movement which 
is calibrated to be sensed by the eye. Some special 
cases might be a change in color to measure temperature 
or the newer voltmeters which ac'tually print out numbers. 
However, the basic system that will be found in the 
laboratory is still a physical movement, such as a meter. 
All electrical meters depend on a mechanical linkage to 
give a reading on a physical scale, Only the cathode-ray 
tube obtains its deflection by pure electrical means. 
Even the digital voltmeters depend on some form of me-
chanical switch to produce the direct reading numbers. 
In general then, all readout systems are in the final 
step reduced to roughly three types of physical quantities. 

1. A Linear Displacement. 
2. An Angular Displacement 
3. A Numerical Count 

Philosophically, man has only one quantitative sense, 
that of sight, and this sense requires special training. 
Thus, the final readings are produced by some kind of 
mechanical link to render the result readable to the eye. 

A study of the design instruments, as such, 
must devote a good deal of time to the problems of 
mechanical readouts. The best systems are those with' 
no friction. Unfortunately, mechanical movement does 
not occur without friction, so the next best approach 
is an instrument with minimum friction. One means of 
minimizing friction is to restrict the movement of the 
meca.hnical readout. This minimum movement requirement 
leads directly to the concept of a null system. For 
example: the beam balance can be made very sensitive 
by employing knife edge bearings to minimize friction 
and also returning the final reading to its original 
null position. By employing a null 11YStems, such as 
the beam balance, large magnituq.e quantities can be 
measured by indicators that can only detect a small 
fraction of the actual magnitude. ( i.e. ~'he beam 
balance easily measure hundreds of grams, while 
scale deflections marked on its scale are in millio th 
of a gram.) · 
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Tbe Advantfl8e• or a Null System are: 

No non-linear effect are introduced due to a 
ch&IJ8e in the equilibrium p0sition of the 
indicator. 

Forces are in balW1ce the same as before the 
n.easur~ment began, so there is less llltely-
hood of disturbing the quantity beill8 measured. 

The final null :ktector can be made much more 
sen&itive than the 1!188Ditude of the quantity 
measured. 

The d1swivaot98es of null systems are: 
Requires a mechanical adjust, which 1e less 
convenient than 6 direct reading. 

Tbe cost of a null system will 1n general be 
greater than the simplier direct reading 
instrument. 

The most accurate measurements will alJDoet always be 
made with some form of a null system. 

Modern readout systems will alJDost all employ 
some form of Electronics. The basic requirement tor the 
research engineer employing electronics will not go be-
yond ohms law, &-IR, and scae or the simple_ resiator 
current-volt98e rules. The ad.vanta&ee or electrical and 
electronic techniques are impressive: 

l. Speed or Resp0nse 4. Sensitivity 
2. Versatility 5. Recording 
3. Economics 6. Transmitting 

Tbe main d~sadvantages have to do with the abilities ot 
the research personal to u.:xierstand and properly operate 
tne instrument. 

D. The Starting Point- Standards and Calibrat1on 1 -
Betore a measurement can be ma.de, some 98reede unit 
must be assigned to the 11uanti ty to be measured. In 
this day and age there is usually no question to the 
Wlits, other than an inmaterial selection ot whether 
metric or Inglish meas·iring uni ts are to be used. 'l'be 
next step is to setup the measuring system so that its 
output can be related to the required units. It tvo or 
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more readout instruments are required it is extremely 
important that they agree in the final result. For 
example; if two electrical readouts are used to evaluate 
voltage and current, they must be so related that ohms 
law ( where it applies) can be checked. Thus, the major 
step in setting up an experiment is to establish stand-
ards and aline the measuring system to meet the standards. 

The National Bureau of Standards has the task 
of maintaining standards for the United States. All 
standards are defined in terms of three basic standards; 
length (meter), time (second) and mass(kilogram). All 
other physical quantities, such as electrical values, 
can be derivad from these three standards. The time 
standard has been greatly increased in accuracy in 
recent years, inorder to meet the requirements of space 
exploration application~. Figure l.L shows, for example 
the improvements in the accuracy of the ~.S. frequency 
standard over the last forty years. 1 

Research Laboratories maintain a set of secondary 
standards, which are traceable to the Bureau of Standards. 
The degree of quality employed in the secondary standards 
will, of course, be determined by the accuracy of measure-
ments required. Once the readout instruments are 
calibrated with respect to a laboratory standard, the 
sensing element must be calibrated with respect to the 
quantity it measures. If the sensing element is to 
measure temperature, it must be placed in a know temperature 
and the readout recorded as a function of temperature. This 
requires that a standard for temperature be present in the 
laboratory. Likewise calibration standards must be 
established for each quantity. That is measured, such 
as pressure, velocity, length, -density, etc. Density, 
for example might be obtained indirectly from other 
standards. The establishment of a means of calibrating 
an, instrument for use in an Wlknown flow can, and usually 
does, require many more hours of effort than that required 
for the final measurement. 
1Powell, R.C.; Accuracy in electrical and radio measure-
ments and calibrations, D65. NBS tech. note No. 262-A, 1965 
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The performance of many sensing elements can 

be calculated from theoretical. considerations. Thus, 
it is possible to find cases where a minimum amount of 
calibration is required. A pitot-static pressure probe 
is com:nonly employed to measure air velocity without 
calibration. While such practice cannot be justified, 
experience has shown that the uncertanity in this instru-
ment are quite small. Thus, the degree of calibration 
becorres a matter of experience. However, in no case can 
the absence of calibration be justified. Certainly, if 
we wish to make a measurement accurate to 10'/,, then the 
degree of calibration can be lower than if the accuracy 
is 11,. In some areas of measurenents we are still trying 
to develop instruments that can be used to evaluate 
quantities within one oreder of magnitude. 

E. Sensibility and Accuracy.- The performance of 
a physical measurement by use of instruments and operation-
al steps must take into account the inaccuracies contributed 
by each step. When an electronic operation, such as 
squaring a signal, is performed it must be done at the 
expense of signal amplitude. Thus, an experirrental setup 
must take both sensibility and accuracy into account. 
In order to consider sensibility we first consider the 
concept or sensitivity. Iet Figure 1,3 represent the 
relation, between instrument input and output. 

Ill 
er 

,,,,,,,, ,.,,, 
,,,, ,,,, 

'\. / '\.oe~.,,, ,,,, .,,,,,, ,,,, 

,,,, 

Input, q 

,,,,.,,, ,,,, 
/ 

,,,,,/ ,,,,,, 

P'igure 1.3 Relation Between Input and Output of 
An Instrument. 



The overall sensitivity Sis defined as 
S;; dqs 

dq 
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(1.1) 

Thus, Sis the elope of the curve of figure 1.3, which 
may vary as the input, q, An ideal instrument is one 
for which a one to one relationship exists between q 
and q , that is S = 1. The sensitivity will depend 
upon !he sensing element, transmission and readout 
system. The sensitivity of the system will be the 
product of the sensitivity of the individual components. 

(1.2) 

The sensibility of a given system must consider first 
the magnitude of the input signal and then reduce it by 
the resulting value of S obtained from equation (1,2). 

If the sensibility is adequate so that a :reading 
is possible on the readout system, then we will next 
consider the errors. 

An ideal instrument reading may vary from the 
true input value due to errors. 

t,qs = qs - qt rue (1. 3t_. 
Instrument errors are divided into random and systematic errors. 

t,qs = t,qs s + t,qsr (1. 4) 
where ~ss represents the systematic error and c,qsr 
represents the random error. Random errors are by 
definition equal likely of being positive or negative. 
Thus, the average of a large number of measurements 
should reduce the random errors to zero. Random errorf 
are caused by: scale interpolation on the part of the 
observer for both calibration and measurements; single 
events which cause physical effects in the instruments 
( such as friction~ temperature fluctuations, voltage 
fluctuations, etc.). 

Systematic errors are defined as definite effects 
that are repeatable under a given set of conditions. 
Typical systematic errors arise from such things as: 
Scale errors which arise from calibration or shifts of 
scale due to damage or over extension of the readout 
mechanism; Environmental errors which arise from such 
varables as temperature ( could cause an expansion with-
in the instrument) or humidity; interaction of the 
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sensing element with the quantity being measured and 
response of the sensing element to quantities other 
than the one being measured: Dynamic errors which arise 
because the instrument cannot follow the speed of the 
change in the quantity being measured. In all cases i+. 
is possible to correct for systematic errors through 
calibration, control and adequate calculation of 
enviro11D1ental variables. Proper understanding of the 
dynamics response of the system can make it possible 
to either avoid measurement where the instrument does 
no respond of correct for the response, Interaction 
between the sensing element and the quantity being 
measured can be predicted and corrected,for if the 
physics of the sensing element is completely understood. 
The correction for systematic errors can be presented 
as a quantity k that is subtracted algebracally from 
rthe final readings, · qs 

X '" ·qs - k ( 1.5) 

The value of k will in general be a function of qs 
although for some systematic errors it may be a 
simple constant. 

The accuracy of a measurement may now be 
defined as I I llqss 

qs 
1 - (1.6) 

The absolute value of Llqss is used in order to 
keep the accuracy less than or equal to unity. Note 
that instrument errors may vary with gs' so that 
various conventions may be used to specify the accuracy 
of a given instrument. Two modern conventions are to 
state accuracy in terms of .the local reading, q . 
or _ in terms of the full scale value of q . Fo¥ the 
local reading case, shown in Figure 1,4 tfie accuracy 
remains the same at all values of qs. For the full 
scale case the accuracy decreases as q decreases. 
For most meters the b) case is found t8 be true, so 
that it is desirable to measure at the full scale 
value of the meter at all times. Note that the 
accuracy is dependent on the systematic errors only. 
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a) Local Reading 

q 
b) Full Scale 
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Accuracy 

Figure l. 4. - Accuracy of an Instrument. 

The random errors enter into the precision of a measure-
ment, but not into the accuracy of the instrument. The 
terms which are employed to discribe instrument performance 
are: 

Range: A statement of the maximum and minimun 
values of the scale indication, in units of the 
variable being measured. 
Span: The absolute value of the algebraic 
difference between the maximum and minimum 
values of the scale indication, in units of 
the variable being measured. 
Sensibility: The smallest change in the 
variable that can be detected reliably by 
the instrument. In mechanical readouts, 
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sensibility is most often dete:nnined by 
backlash a.nd friction. In an electronic 
instrument such as a cathode-ray oscillo-
scope, sensibility may be identical with 
reedabili ty. 

Reproducibility: At Bnl' point on the scale, 
a term representing the average deviation 
ot scale reading from the average value ot 
scale indication, upon repeated application 
ot the same value ot t:ie quantity being 
measured. The reproducibility is a statisti-
cal quantity, and its numerical value is 
often the same as the sensibility. 

Readability: The smallest change in scale 
indication that can be detected under normal 
colldiUons of use. The readabity ot an 
instrument is often Jllllde better than its 
reproducibility, in order to reduce personal 
errors in reading the scale. 

Tbe sensibility, reproducibility, and readability are 
not al~ mutual.l,y exclusive, nor are al.l the terms 
always applicable to an instrument. 

F. Statistics of Measurement a. - In every 
•asurement we must always seek to define tbe true 

ot a quantity. If' a set of n readings xi: 
X2, X3, ... Xi, are made, ( free ot systeJatic errors) 
then these readings must have a mean value which 
approachea the true value 

n x. 
lim E _i_ = q 
n+""i=l n 

(1.7) 

The nain problem w!.11 be to form an est1Date ot q from 
a l1.m1ted number or measurements. In practice it has 
been found that random eJTors vary around the true 
value by a curve defined by the Gaussian Distribution 
Function 

h2 2 
y(x) = ke- x (1.8) 
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where x is the error in a measurement X, y (x) 
is the probability density function, and his 
associated with the percioion of the measurement. 
Analysis of equation (1.8) will show that the most 
probable value that can be obtained from a finite 
set of measurements is the mean of the set. The 
Gaussian distribution can also be employed to arrive 
at an estimate of the standnrd deviation of the 
measurements. The standarp. deviation is defined as 
root-mean-square deviation of the average measurement 
from the mean value. The standard deviation is a 
useful measure of the precision index of a set of 
measurements. The following procedure can be applied 
to comI'.ute the standard deviation. Choose an estimated 
mean _! , which gives a set of estimated deviations 
(Xi - X) Since X is selected, the deviations· 
are tabulated and are smaller in magnitude than the 
original readings. The true mean is 

.£ex. - x) x =''1 ]. + x 
n (1.9) 

the standard deviation is given by 

Jex. - X) 2 

02 = 1,1 ]. - (X - X') 2 (1.10) 
n 

More detailed definitions of, such quantities, as 
the most probable value and its standard deviation, 
are to be found in the literature. 

Least Squares Curve Fitting.- In the previous 
discussion we were concerned with the best values for 
a single quantity. For lll!lJ1Y measurements, particularly 
in calibrations, two physical quantities x and y must 
be related. The present discussion is for the case 
wbel:e a linear relation y • ax + b, is known to exist 
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between the two quantities. By some means we must 
determine the best value of a and b for a given set 
of experimental values, x and y • To simplify the 
problem the assumption isimade that errors occur only 
in the measurement of y. · 

The error or y deviation for the point (xi yi) 
is 

(1.11) 

The best estimate of the true value is that value that 
minimizes the standard deviation. Thus, we seek the 
value of a and b that minimize the sum of the squares 
nf the y-deviation. 

n 
, E (y . - ax. - b) 2 = minimum 
l=l ]. ]. {1.12) 

£letting the partial derivatives of equation {1,12) wit!', 
respect to a and b equal to zero and solving for a and 
b will give the required minimum, With respect to a 

ll h 2 YI 
,l. XiYi· - a E x. - b E x . = O 
1,1 i•l l. .i ,l 1 {1.13) 

with respect to b 

" II .E y. - a E x. -nb 0 
1=1 l. i•l l. (1.14) 

Thus 

a = Exf 
{1.16) 

The standard deviation of they measuremant is 

E (y. -ax· -bt 
i-:l 1 l (l.17)_ 

)\ 
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The standard deviation of the parameter a is 

2n a:, (1.18) a- nCx 1 -Ex1I.:x1 

The stanc.la~d deviation of the parameter bis 

0: = / LXi 0-. 
b 'Vnr.xf-'£xjLXj y (l.l 9 ) 

and for b = 0 

<'fa.--=v~ c1.20) 
Specification of error's. - Many engineering 

measurements are of the single-sample type, where a 
distributimn of errors is not determined. Kline and 
McClintock 1 propose that uncertainty interval based 
on specific odds. 

m ± w (b to 1) 
where mis the ;reading (arithmetic mean of the 
observed reading), w is the uncertainty interval, 
and bis the odds. As an example 

pressure= 50.2 ± 0.5 psia(20 to 1) 
This states that the best value for the pressure 
is believed to be 50.2 psia and the odds are 20 to 1 
that the true value lies within ±0 .5 psia of this 
best estimate. This is a statement of the experi-
menters experience. 

The error in a given experiment may depend on 
several measurements. Kline and McClintock compute 
the most likely error in the resultant quantity, R, 
as a linear function of the p independent variables 
by the following relation 

_ fi(e! ).2. . ( aR )1. ( JR. )'] WR - U C,.V,w' + JV~~,. /- . ... ·3\//i,n (1. 21) 

Equation (1.21) is also of specific value in evalua-
tion of the accuracy required in each individual 
measurement, v , inorder to obtain a given overall 
accuracy for tRe value R. 
1 Kline, S.J., and McClintock, F.A.; Describing 
uncertainties in single-sample experiments. ASME 
Meah. Engr. p.3, 1953. 
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CHAPI'ER II 

RF.ADOUT CONCEPI'S 
The discussion of Chapter I pointed out that 

the final stage of readout of almost every instrwnent 
is a mechanical link, However, for the present chapter 
we will consider readout systems from a standpoint of 
what is being measured, This means that meters used in 
electrical measurements are considered as part of the 
section on electrical readouts. At the outset the con-
cepts of certain classes of measuring instruments and 
principles are considered, without specific reference to 
a particular make of instrument. There are of course 
many special readout instruments designed for a specific 
readout application. No attempt is made to survey the 
specific application, nor to proceed beyond the fundament-
al concepts. In modern fluid mechanics research a great 
number of electrical measuring instruments are employed. 
Mechanical and optical instruments also find many applica-
tions in fluid mechanics measurements. 

A. Electrical Readout.- The use of electrical 
readout systems in experimmtal measurements is increasing 
each year. Simple measurements of such quantities as 
pressure and temperature were exclusively mechanical 
readouts a few years ago. Now both pressure and temper-
ature, through transducers, are quite commonly measured 
vi th electrical readout equipment. Thus, electrical 
systems are a major part of fluid measurements. The 
section on electrical readout is divided into three parts; 
first the direct current quantities of voltage, current 
and resistance are covered; second the alternating quanti-
ties of voltage and current are covered; and last the 
concepts of automatic recording with electronic systems 
are reviewed. 

Direct Current Measurements. - There are six 
electrical quantities which enter into electrical measure-
ljlents. (1) charge or quantity of electricity; (2)current; 
\3) potential difference, or electromotive force; (4) 
resistance; (5) capacitance; and (6) induction. The 
first four quantities appear in direct current type 
measurements, Of the f'our, current, potential dif'ference 
and resistance are of major use in fluid mechanic measure-
ments. The basic instrument for measuring direct current 
is the galvanometer. The principle of operation of a 
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galvanometer requires the interaction of two magnetic 
fields, one of which corresponds to the current to be 
measured. The current produces a magnetic field which 
interacts with a fixed magnetic field to produce a dis-
placing torque. The displacing torque is usually restored 
by the action of an elastic mechanical linkage. The 
modern d-c galvanometer is usually of the d 'Arsonval type. 

The moving-coil d'Arsonval galvanometer employs 
a coil ( usually rectangular in shape) to carry the current. 
The coil, which my contain any number of turns is free to 
rotate about its vertical e.xie. 

Mirror 

~N ~ur-10 E~ 1-\:\gn~t 
Side view l_j :: 

Ton ,,t ew 
Figure 2. 1- A Moving -coil d 'Arsonval Galvanometer 

Figure 2.1 is a sketch of a typical galvanometer arraoge-
ment. The coil is allowed to move in a radial path 
within the horizontal magnetic field of a permanent 
magnet. Current through the coil causes the coil to rotate. 
The rotation is opposed by the elastic torque of the 
supporting suspension. For very sensitive galvanometers 
the restoring torque is usually supplied by torsion of a 
taunt wire used to support the coil. For commercial 
meters the torque is supplied by a hair spring. 
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The force acting on a vertical element (di) 

of wire carrying a current {i) in a uniform radial hor-
izontal field B is 

d7 = iBdl (2.1) 

For a length L of the vertical side of the coil and N 
turns of wire in the coil, the force acting on the coil 
side is 

F = BiLN (2.2) 

and for a coil of width b the total turning moment 
(to:,,que) is 

I= BNLbi (2.3) 

where now BNLb 
For a suspension with 
torque will produce a 
equilibrium position 

is a constant for the . galvanometer. 
an elastic constant the current 
rotation of the cQll to an 
e, such that 

£,e =Gi (2.4) 

where G = BNL b. E is a function of the modulus of 
elasticity of the suspension material. The ·current 
sensitivity of a galvanometer is S. = 9/i = G/€ • 

l. 

The detailed oquations that govern the motion of gal-
vanometers is given by Harrisl. It should be obvious 
that the coil can swing wildly if provisions for 
clamping are not included in the design. 

The read out of the moving coil may be a light 
beam reflected from a mirror mounted on the suspension, 

or in the case of a meter a pointer is mountPd on the 
coil.to indicate directly the rotation of the coil. 

1 Harri!i F. K.: Electrical Measurements. Wiley and Son, 
N. Y. {1~2) 



Figure 2.2 - A Moving Coil d'Arsonval type meter 

Figure 2.2 is a sketch·of a typical commercial d'Arson-
val galvanometer. Mechanical friction arises in meters 
as a result of the need to mount the moving cmil in 
bearings, The bearing systen is designed as near fric-
tionless as possible, so that it will not affect the 
action of torque or counter torque. The instrument 
spring must be designed so thtt no inelastic yield can 
occur. The spring must not be magnetic or cha:,ge with 
t emperature variations. In many meters the spring nay 
also serve as an electrical lead to the coil, so it nust -
be a good electrical conductor. 

In the absence of dnr.iping the swinging coil 
oscillates with a simple harr.ionic notion about the 
equilibrium position. Details on the dar.iping of galvano-
meters are given by Harrisl and can not be ~overed in 
t he present discussion. However, some comments on one 
forn of dissipative damping, that of solid friction, are 

1 Ibid 
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necessary. Solid friction is always unavoidably present 
in the instrwnents bearings, thus it must play at least 
a small part in bringing the system to rest. The in-
strwnent will have a torque force F due to the friction 
which·will limit the accuracy of the final reading, 

e J_ 
eo -i-;;-

Figure 2,3 - Effect of friction on the reading of a meter 

Consider the sketch in figure 2,3 where a galvamometcr 
is oscillating around the equilibriwn reading. We assume 
the oscillation is damped by external forces so that it 
approached its final reading 0

0 
However, once the 

momentum of the oscillation is smaller than the friction 
force the movement stops. The angle .f that co~responds 
to the friction "dead zone" will be :tf: tf . Thus, 
an individual reading of the meter can only be as good 
as the error due to the friction J' . The error due to 
friction can be either positive or negative, so it rep-
resents a random error. This frictional error can be 
overcome by taking many readings after the system is set 
into oscillation and allowed to return to equilibrium. 
It is not uncommon to see an experimenter tapping on a 
meter to insure that a proper statistical reading is 
obtained. 
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The galvanometer rcquircn a flow of current to 

produce a deflection. Thus, when a g1clvanometcr in em-
ployed in a circuit it has a direct effect on the circuit. 
In other words the volto,ec and current measured for a 
given circuit will be different when the galvanometer is 
removed, The ideal measuring device will have a minimum 
effect on the circuit, so that a device is required which 
does not draw curreni from the circuit, Such a device 
is the potentiometer • The potentiometer is a null 
measuring device, thus it draws only the very minimum or· 
current from the circuit to be measured. 

Unknm,m voltage--~ 

Accurately 
kno;m vol tc"l.ge 

Calibrated 
slide-wire 
resistor 

Figure 2.4 - Simple potentiometer 

Figure 2.4 shows the simple porentiometer circuit. In 
order to understand the circuit one need only know the 
principle of voltage division by a resistor. Consider 
the current flowing through a resistor, such as the slide · 
~ire resis_t,o:r__9f_Figure 2.4. ~e-~urrent is constant in 

The potentiometer principle was first described by 
Poggendoff, Am. Phys. u. Chemie, Vol. 54 (1841), and is 
refered to as Poggendoff's compensation method. 
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the resistor so that the voltage drop to any point in the 
resistor is a function of the resistance according to 
Ohm's law, E = IR. Thus, as the slide wire is moved 
along the resistor the voltage drop increases. A known 
voltage source and a balance galvanometer is placed in the 
sliaer arm circuit. When the unkno,m voltage drop across 
the resistor ~etches the voltage from the known voltage 
source the galvanometer is in balance. In this way no 
current flows from the measuring circuit to the galvano-
meter. A sensitivity galvanometer is employed to indi-
cate the balance or null point. From an accurate knowledge 
of the potentiometer components the unknown voltage can 
be determined. Very accur~te corronercial potentiometers 
are employed as secondary laboratory voltage standards. 
A special standard cell is employed as the known voltage 
source. For field measurP.ments in the laboratory, por-
table potentiometers are employed, and a standard voltage 
cell is used to set the known reference voltage of simple 
commercial dry cell batteries. The dry cell batteries 
are employed for the measurements, and they in turn are 
adjusted to the standard voltage cell voltage as required. 
The slide wire can be calibrated directly in volts, so 
that the instrument can be read directly, Automatic self-
balancing potentiometers are commercially available. 

The potentiometer measures voltage drop, thus 
to measure current a resistor is employed. By measuring 
the voltage drop across a known resistance the current 
can be calculated from Ohm's law I=~. Figure 2.5 shows 
a typical potentiometer circuit that might be employrd to 
mP.asure an unknown resistance. A standard type resistor 
ts employed with a potentiometer to measure the current 
flowing in the circuit. The voltage drop across the 
unknown resistor is measured with the potentiometer, and 
the resistance is computed from Ohm's law R = ~• 

I 
To correctly measure resistance it must be 

determined that the current in the circuit does not 
affect the resistance. In general, current flowing 
through a conductor will heat the conductor and produce 
a change in resistance. As a result it is desirable to 
measure the resistance with a minimum amount of current. 



Unknovm 
resistor 

Potentiometer 
to measure 
voltage 

known 
resistor 

Potentiometer 
to measure 
current 

FilJUI'e 2,5 - A potentiometer circuit for measuring 
current and resistance 

Air accurate measurement may require that a curve of 
resistance versus current be obtained so that the re-
sults can be extrapolated to a zero current. 

2.5 

A pro.ctico.l potentiometer circuit for use with 
severfil resistance varying transducers is shown in 
Figure 2.6. This circuit is employed for steady state 
neo.surement such as ion beam studies with the hot wire 
calorimeter, In genera], a potentiometer circuit would 
not be used in high frequency measJµ"ements. More will 
be said about high frequency effects in the section on 
alternating current measurements.'·:· 
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il~,-,--''VV.'Xf\J'V\,-..J\,rV\,M/\,---
Batteri Slilfttch 
ll•iatance- Temp. -

Element 

Vo1to1• 

Figure 2.6 - Practical Resistance Measuring Circuit. 

The Wheatstone bridge.- The basic circuit 
that is widely used for precision measurements of 
resistance is the Wheatstone bridge. The circuit 
diagram of a Wheatstone bridge is shown in figure 2.7. 
R1, R2 and R:, are known precision resistors, and Rx is 

E li'E ~_._.,Ii-=----------

Figure 2.7.- Schematic 
Wheatstone bridge circuit. 
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the element. !be galnncaeter 
o, with its resiatance R,., 11 inHrted acrosa tendnal.1 
b and d to indicate the l!ond.1t1on or balance. When the 
bridge 1• balanced there is no potenti&l aero•• tel'llli-
n&l.l bd, and the galvanometer detection 1• zero. '1h11 
mean• tb&t the voltage drop (E1J R,, between p 
point• a and b, 11 the •- u-uie wltagf drop (E,,) 

R,,, between points a and d. Lilte'ldae, E2 Ex 11Ult !Se equal. 

(2.5) 

or h'<a Oba'• lav 

(2.6) 

II • Y, 
X (2.8) 

Vbeu tlle bridge ii balanced. !be CUZ'T81t through Rx 11 

( L ) 
I • I --i 

2 t •.,.w;: (2.9) 

lquationa (2.8) and (2.9) are used exteu1ve~ 1n 
re111t&nce-temperature •'PP11cat1ona. 

For the -aurement ot an unknown reliatance, 
one ot the prec111on re111tor1, .. Y Jl.,, 11 exchanged 
¥1th other known re1i1tors until the !r14ce 11 
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balanced. Commercial Whe111·.ston~ nrid~e units a.re avai.t-
able to make the measurement of unkno,-m resistance quite 
eaGy. In heat transfer applications of the Wheatstone 
bridge the "cold" resistance of the element is usually 
determined by the potentiometer method, and then in-
serted into the bridge. The current :t:i;of the bridge is 
increased until Joulean h~ating increases the 
resistance (temperature) of the element sufficiently to 
balance the bridge. The resistors R1, R2,and R are 
able to pass a greater amount of current than trte 
S'·nsing element without becoming heated, so that only 
the resistance of the element changes with the current. 
By maintaining the bridge at balance the temperature of 
the element is kept at a constant elevated temperature. 
Pre-selection of the resistors R1, R2,and R~ determine 
exactly the temperature at which the elemen~ is 
operated. 

The current flowing through the balance 
detector galvanometer at time of )lTlbalance will be 

It (R2R3 - RlRx) 

RG(R1 + R2 + R3 +Rx)+ (R~ + Rx) (R1 + ~) 
(2.10) 

and the total current into the bridge is approximately 

the 

E. 
Ii' e T f R, t- R ~) ( R3 t li'x) 

ff,+ R,. .,. l?:1 + li'x.) 

(2.11) 

The bridge sensitivity expressed in terms of 
unbalance voltage per volt applied to the bridge is 

S - e -e - T - ( Y) A I? 

y ti ,. 
(2.12) 

and in terms of unbalance current per volt applied to 
the bridge 

A&. 
_h ___ _;.R=------

= E -~ +R,1--1(1,,'t'R-,t-N" 
(2.13) 



29 

For accurate measurements or &m&ll in 
r<:s l stance, which r.-.lght be encountered in resistance-
te,wperature ~alibratior~, the high r84olution Wheatstone 
br i di;e shown in figure 2.8 mRy be employed.l Each or 
the resistors except~ was made frCJ!I a parallel combina-
tion of several l •J; dep6sited carbon resistors. R' ii a 
0.1% linearity multi-tum variable resi1tor. The 
particular bridge reported on had resistor values that 
permitted spanning a 21, range around 129 ohlu with a 
resolution or 0.002~. The variation in balance condition 
vith ii 

X!!!l-,-..!l.!.. -,C) - [ ]~ 

)((o) - (,.,.J ~=1 (~Ra) (2. 14) 

If R., i1 sufficiently larger than R. this series can be 
' tera\'.nated after one or two terms, ind an approximately 
·.linear variation or balance vith 11 obtained. 

,1------
F1aure ?.8 - Schen:atic diagram of a high resolution 
Wheatstone bri age. 

The ~elvin bridge is a speci&lized version or the 
:-:beahtone bridge. It is so constructed to reduce the 
effeats of lead and contact resistance. This is done 
by effectivelj' pl.acing relatively high resistance ratio 

l 
McGraw-Hill Encyclopedia of Science and Technology, 
i'.cGrav-Hill Book Co. N. Y., ( 1960) 
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f?, 

E-=- II'~ ti'" 
R'~ 

Ry Ra.. 
R~: f?ytRq,t-Ro 

Rn fi'~ I? ' f?y Rb 
)I' -- fi'," + l;'q, t" i?b 

fr;rc 
I /ICI. r?i, 

3 - fry +- R"- t R ti 

Figure 2,9 - Schematic diagram Figure 2.10 - Equivalent 
of Kelvin double btidge. Wheatstone bridge circuit, 

arms in series with the potential leads and contacts of 
both the resistance standards and the element to be . 
measured. The circuit is shown in figure 2,9 ~~ere RA 
and~ are the main ratio resistors. R and¾ the 
auxiliary ratio resistors, R the elemeftt to be measured, 
R the standard resistor and"R a heavy copper yoke of 
lgw resistance connected betwein the unknown and standard 
resistor. The equivalent Wheatstone bridge circuit is 
shown in figure 2.10 (see reference 2), Using an 
analysis similar to that for the Wheatstone bridge, the 
relation for Rx at bridge balance is 

(2.15) 

Eklund, K: Rev. Sci, lnatr., Vol. ,1, (19 ) 
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If O -= !.:1Z. then the second term of equation (2.15) is 

''A 
zero, and 

R -:& R 
0 S ''a. 

(2.16) 

The Kelvin bridge requires larger total cur-
rents than the Wheatstone bridge during the measure-
ments. Care must be taken, however, to insure that the 
current through the element to be measured does not 
cause measurable Joulean heating. 

The Kelvin bridge sensitivity expressed, as also 
used for the Wheatstone bridge, in terms of the unbalance 
voltage per volt applied to the bridge is 

(2.17) 

and for detection current 

E( 4::) 
5r = r.,_ 

..c2.. + RA -t-Ra tRq_-t-Rb 
-(~~ 

(2.18) 

A typical Kelvin bridge circuit employed in hot 
wire heat loss measurements is described in reference 3. 
Improvements over both the Wheatstone and Kelvin bridge 
can be made by the addition of more resistors at the 
bridge "corners." These circuits become very complex 
and would only be employed where great precision is 
required. 4Bridges used at the Nationa~ Bureau of 
Standards for resistance thermometer measurements are 

3 

4 
Lowell, H.H.: NACA TN 2117, (1950) 

Muller, E, F, : Precision Resistance Thermometry. Temp; 
Its Meas. and control in Sci. and Ind., Reinholt, N)Y, 
(1955) 
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1.mproveaentl on the Xelv1n bridge. An exacting an&lyai1 
ot mu.tiple-bridge circuits tor me&luring ... u change• 
in re1istance is reported l~ reference 5, and should be 
coneulted it the Wheatstone and Xelvin bridges are not 
accurate enough for a particular application. 

5 
Warlhava)cy, I: NASA 'ffl 1031 and lev. Sc 1. In1tr. , 
Vol. 26, (1955) 
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J\ltcrnntint, Current McasurcmcnLs - Alternatine 

current measurements can be m~de in several possible 
ways. To define a ran,lom nlternating signal requires 
more than any sinele measurement. Thus, several dif-
ferent measuring instruments are often employed. If 
a sine wave type alternating signal is to be measured 
only two quantities, frequency and amplitude, are re-
quired to completely specify the signal. For the 
random signal a single frequency has no meaning. 

An alternating current may be defined as shown 
in figure 2.11. 

11,rEl'IN1tnl'f6 CM/le1t1r Fi.ucr111,r10111 
/flfOUl,I() TltE ~/11'1 DC \11¥.~ 

Dll(l!CT' CCIRICl!Nr (oMl"#NITlllr 
OF /JIE VoU11t;• 

Figure 2.11 - Definition of An Alternating Current 

The alternating current is the fluctuation around the 
direct current component. Thus, a signal may have both 
a mean and fluctuating part. The direct current 
measuring instruments are damped so that they can 
respond only to the de component, and not to the voltage 
fluctuations. The de component is defined by the ex-
pression. 

(2.18) 



31 
Thus, the mean of the ac component will correspond t o 
the mean de voltase. For convenience the ac and de 
components are treated separately, so that by defi nition 
we look at an ac component and refer to its mean value 
as zero. In other words we will consider an ac voltage 
as if it had no de component in the following discussion, 

There are several ways that an alternating cur-
rent signal may be measured. Typical readouts to be 
found in the laborato:iy include: 

1. Rectified Mean Value 
2. Peak Value 
3. Root-Mean-Square Value 

The first two readouts are of major interest in the 
measurements of periodic signals only, The root-mean-
square is the only one of int erest in evaluating random 
signals. The present approach of measuring in fluid 
mechanics requires that the magnitudes of a signal 
usually be expressed in terms of r.m.s. 

The commercial ac voltmeter usually found in the 
laboratory is for sine wave measurements only, althoug.'1 
it is calibrated in r.m.s. These conventional ac 
voltmeters use a circuit which amplifies the incoming 
signal and then rectifies it. The signal is then 
averaged by a circuit such as· qondenser-resistor in 
parallel, The schematic of this type of circuit is 
shown in figure 2.12, 

Input 
WvWv-~ Outpn t f me t er 

·----------------' 
Fir,ure ?. , 12- Co;-1ve-1ti onal AC vol t met"il r. 



For a sine wave it will be shown that the average is 
related directly to the r. m. s. by a constant. Thus 
the meter output of the circuit may be calibrated 
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either as an average or as the r. m. s. of a sine wave. 
This type of circuit is typical of a great number of 
commercial ac voltmeters. 

Rather than cover the details of the circuit 
design, the discussion is limited to the ability of the 
circuit to evaluate a random signal. Several 
researchers have reported using this type of voltmeter 
to evaluate turbulent signals. They have suggested 
that at most the error is only 1.11 which is the factor 
between the average and r. m. s, of a sine wave. Unfor-
tunately, the error proves to be a function of wave 
shape and can be many times greater than the factor 1.11. 

Consider a complex wave of the form; 

e = E1sin(wt + ¢1) + E2sin(2wt + ¢2) + .• Ensin(nwt + ¢n) 
(2.19) 

Where E is the amplitude of the components. The effec-
tive r. m. s, value of the wave is 

Thus for a pure sine wave 
RE ,Ye-= if2 = 0.707E 

(2}0) 

The ratio between the r. m. s. and the average is 
. 70 7/.636 = 1.11. Evaluation of EAV for other than 
a pure sine wave is necessary for the case of a random 
or turbulent signal. Figure 2. 13, shows the effect of 
considering the second and third harmonics on the rela-
tion between average and r. m. s. values. The second 
harmonic does not lead to large deviations. The 
harmonic which causes the greatest deviation is the 
third harmonic. The third harmonic causes a deviation 
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Figure 2.13 - Range of errors due to second 
and third harmonics in a signal. 

of about 33 1/3 per cent of its component per~entage. 
The fifth harmonic can cause a deviation of 20 per cent 
and the seventh 14.3 per cent of its component percent-
ages. 

The analysis demonstrates that the correlation 
between the average and the r.m.s. can be a strong 
function of wave shape. For unknown wave shapes a 
"rule-of-thumb" is that the reading in r.m.s. is no bet-
ter than one third the total harmonic percentage. Even 
a filter spectrum instrument which looks at a narrow 
band of frequencies cannot always be read on an average 
meter and related directly to the r.m.s. A fluctuation 
in the amplitude of the frequency out of the filter is 
equivalent to higher harmonics which can then produce 
large deviations between average and r.m.s. It was 
discovered that a particle turbulence signal was great-
est affected at the low frequencies and only to a much 
lesser degree at higher frequencies. However, this may 
not be generally true, since the "typical" turbulence 
signal is difficult to define. 

There are several possible ways in which a true 
r.m.s. voltage can be measured. The dynometer, 
electrostatic voltmeters, and iron vane instruments can 
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nll bP. made to respond to the r.m.s. value of the ..rave 
form. All of these instruments are severely lililited ·in 
one wcy or another so that they are of little value for 
Lhe rnca.surement of the r .m. s. of a turbulent signal. 
The instruments employed to evaluate r.m.s. of a 
turbulent signal fall in three classes. 

1. a) The electronic r.m.s. meter is based on a para-
bolic tube or transistor character~stic. This instru-
ment produces a voltage, e

0 
t = K~. The average output 

voltage can be read on a D.l!. metetl and it will bt:? 
proportional to the square of the r.m.s. value. The 
more refined instrumen t s obtained the parabolic transfer 
characteristic by an approximation wmth segments from 
many tubes or transistors. A l arge number of segments 
may be employed to keep the errors small. 

b) The thermocouple instrument is based on the con-
version of electrical energ,J into thermal energy. The 
thermal energy is measured through the use of a thermo-
couple. These instruments can be made to respond to 
wide ranges of frequency from DC to tens of megecycles. 
They are, however, susceptible to damage due to over-
loading, and secondly the low impedance is difflcult to 
match directly to mos t hot wire circuit s. 

c) RMS voltmeters are also constructed using various 
analog computer techniques for multiplying two variables. 
In this case e t = e1e2• The voltage to be measured is 
fed in as both0 \}ariabies and the average of the output 
is the square of the r.m.s. value. ·These multipliers 
Will be considered in the next part of this se;tion. 

The electronic r .m. s. meter usually consists of a 
circuit similar to the average meter circuit shown in 
figure 2.12 plus an additional rect~fier circuit to 
square the original rectified signal. 



Input 

Rectifier Squaring 
circuit 

Figure 2.14 - True r.m.s. voltmeter circuit. 

Figure 2.14 is a schematic diagram of one type of r.m.s. 
rectifier circuit. In this circuit the square-law curve 
is approximated by means of a number o straight line 
portions. The accuracy of this type of instrument will 
depend on how well the square curve is approximated. A 
second factor of importance in some turbulence measure-
ment is the peak or crest factor of the instrument. 

The peak factor of a signal is defined as the 
ratio of the peak value of the signal to its r.m.s. 
value. The peak factor of a meter is defined as the 
highest peak factor of signal that the meter can accept 
without overloading. Peak factors may range from 1 to 
10 for commercial r.m.s. meters. To demonstrate the 
effect of peak factor the idealized rectangular signal 
shown in figure 2.15 is usually employed, if A is the 
peak value of the signal, then the r.m.s. value is 

A(t/T) 112 . The peak factor is equal to (T/t) 112 . 
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Figure 2.16 - Kernel function for a thermocouple 
voltmeter. 

This means that the criterion as to how far the peaks 
can be separated and the meter read correctly at full 
scale depends on the square of the peak factor rather 
than the peak factor itself. Table 2.I is a compari-
son of meter readings for a one volt r.m.s. input of 
different values of 
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Table 2.I 
ReadiJl&a 1n Volta 

Meter Peak Tit• l 'it· 2 'it· 5 Tit• 10 't It" 25 Tit· 50 Tit" 100 
W.Cter 

1 1 .71 -~5 .}l .20 .14 .10 
2 1 l .90 .62 .li-0 .28 .20 

' l 1 l ·" .6o .42 .}O 
5 l l l • 1 .70 .50 ... 

10 1 1 l l 1 1 1 
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Figure 2.17 - Block diagram of a quarter-square 
multiplier. 

Peak factors from 5 to 10 are desired for turbulence 
measurements, although for many cases lower values would 
be acceptable. The electronic r.m.s. meters normally 
have peak factors of about 5, 

For peak factors greater than 5 a thermocouple instru-
ment is used. A typical themocouple r.m.s. voltmeter 
would employ an amplifier to increase the input signal. 
'l'he fluctuating voltage is applied to a highly stable 
resistance material. This refistor converts the voltage 
into thermal energy. A thermo~1le is then used to 
measure the thermal energy. The output of the thermopile 
can be read on a DC meter and the meter is calibrated 
directly in terms of r .m. s. 1-iodern thermocouple meters 
nay employ a selfbalanci:·r; feedback circuit in which the 
r.m.s. value (heating effect) of the input signal is 
nulled with the r .m. s. value of a de signal developed by 
a chopper amplifier. The chopper amplifier output 
voltage is proportional to the r .m. s. of the AC input 
signal. The feedback technique together with quick-
acting thermocouples results . in a rapidly responding 
meter and a linear voltage scale for r.m.s. rather than 
the square root scale variation. 

For turbulent measurements it may be desirable to have 
a long time averaging voltmeter. Thus, a quick acting 
thermocouple system may not be a desirable feature. The 
relation~hip between signal voltage e(t) and meter read~ 
ing m(t), which are expressed as functions of time is 

(2.21) 
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where tile "'Kcrnal functi on" K uf EtrGlU11cnt (t - T) 
represents the behavior of the instrument: This equaLion 
~tates that at any instant the meter reading is the 
result of its entire past history of input voltage. The 
effect of each individual past voltage is weighted by, the 
kernal function, which expresses the dependency of B.bw 
long ago the voltage occured. Figure 2.16 is a kernel 
function for a long time averaging meter. The time 
interval over which K is substantially different from zero 
is the averaging time of the instrument. The time con-
stant would be defined much as a hot wire time constant 
:was defined. The point where K has fallen to 37'1, (or 
dropped off 63%) of its maximum value corresponds to the 
instrument time constant. 

Equation (2.21) can be further investigated to 
detennine the accuracy of the r,m.s. meter. Let e be a 
pure sine wave 

e = Esinwt 

Then for a true r.m.s. meter 

which may be written as 
T" 

(2., ZZ.) 

,;r,:.f rt E"K(t-·d-fE 2 K(t-?')cos2w{l,h-_.., (2.23) 
'.rhe integral of the first tenn is proportional to the 
area under the K-curve. '{'he integral of the second term 
is an error term which vanishes if w is great enough so 
that a large number of cycles occur during the time in-
terval over which K is· substantially different from zero. 
For all frequencies satisfying this condition the meter 
will read correctly, since the area under the K-curve is 
a fixed quantity. Thus, for low frequency measurements 
it is important that the "ti.me constant" of the instru-
ment be long. If instead of the pure sine wave, two 
frequencies were present 



then it would be found that the error tennis 

[~(t-rt:) E1 E:t [cos~tAJ1 ~w")(t"- ,jj-co.s1tw1 +-w,;¥t'.-~ch-
_., (2.24) 

The resultant frequency (w,-W4 ) can place a much more 
restricted requirement on the meter than in the pure 
sine l>·ave analysis. In particular, for narrow band 
spectrum analysis where two frequencies are close 
together the averaging time must be as long as possible, 

Special Alternating Current Measurements -
Multipliers -

The electronic multiplier is a standard circuit 
required in analog computers. Slow-speed multipliers 
usually employ a servomotor-potentiometer technique. 
Such serve multipliers can be made highly accurate, but 
their response is limited to 1 or 2 cycles per second. 
High speed multipliers have been greatly perfected in 
the last few years, however, they still do not approacr. 
the accuracy of the serve system. Although several 
techniques have been employed in electronic multipliers, 
it appears that the quarter-square multiplier is the 
system that has been most fully developed. Figure 2,17 
is a block diagram of a typical quarter-square multiplier. 
Operational amplifiers are employed to obtain the in-
stantaneous values of the sum and the difference of the 
two signals to be multiplied. The signals are then squared 
by a circuit, such as shown in figure 2.14. The two 
~quared signals are then summed to give an output 

(e, +e,,t e,ea • .. 
{e, -e~)~ ., (2.25) 
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The term quarter square is derived from the form of 
equation (2.25). 

The frequency respo::sc of the quarter - square mul-
t ipliers have steadily been increased in u--.e past years . 
Lini ts cap.1ble of 4000 { 000 cycles :,er seconc:i are now 
comraercially avuilable. Most u·t.i t:; have t;ood. frequer.c~/ 
l'Gsponse as far as siGr.al u~plttuC.c is concerned. On tL~ 
other hand the phase shift of the ~uli..ipliers a.re r::ore 
c :::-i tical . Phase s:---,:.tt is usuaJ.ly troublesor.~1e a-c 
f reo_uencies a.bove 10,000 cycles. Em:ever , ::or most a:9-
:iJ.~.cations of the multjplic1· ir: turOulence research the 
~):-:ase shi!'t at. the hi~h frequencies is of ::iir..or ir..!)or-
t a!",ce . If tl:e n1ultiplier is used. in a spectru.71 type 
·:.1,alysis 'chen :9hase sni:"t is no'c of importance . 

A multipll.c; .. can De used to sqt;.ure an individual 
s ·: ;.:no.l simply by putt~.nG ~i1c sic;nal into bo~ch in!)uts . 
L:i !·~e,;•;ise hic;her 1r,or.1cr-1-'cs of a sic;r:.al may be obtained. by 
:;~in3 more rr;ultipliej_'S . O::c e a si£_;ral is square6. it has 
;.."' ,.:ell defined d.c. siGnal as , .. iell as an a . c. sic;nal. 
T,:us ,-:he:i. ;'1ie;ner r:1or,:e:i.ts u1·e obtained with multiplier 
t;ni ts ~i.:.he cl. c. l evel r:rv.st be j_ncludecl and multiplied iu 
t 1:c o:9eration. A typical exs.:-,~ple miGht be the evalua-
t :on of the fourth power of tl:e signal. Since ir.ost 
m:,ltipliers multi:9ly both the a.c . and d . c . components , 
t ::cn the first operation is t o block any d . c . si.r;nal 
fror:1 reaching the first r.iultiplie.· stage. Out of the 
_;-'j_ rst multiplier a d . c . and. a . c . signal is obta ined 
which is !)roportional -:o -::.:c ·1:-.star..ta."'1co1..1.c :;cr...:.al'C o: -the 
si,:;nal . This ·inctnt::..n.ncouG S\1l'.'":. ... ;c r;it3nal is ti1cn :i"'c,1 into 
t ::c two inputs of a second r.n.:.lL~plic r ,-1hich niult :i.plicr 
b oth the cl.c. and a . c . compor.c,·,ts to obtain a sic;na.l 
:nroportional to the instantaneous fourth power. Note 
.f.'or instance that the instantaneous square Gi'.3nal coulrl 
not be fed into a true r.m.s. (or mean square) meter Lo 
ob;Zain a mean fourth measure, since the true r.m.s. 
meter blocks the d . c. component anrJ. then would rec 1;J_:,,: 
en already positive a.c. signal . AlthouGh multipliers 
work wl.th a fixed gain (attentuation) beh1een input anr, 
output , it was found from experience that it is best to 
calibrate the complete banl, of r.mltipliers with a sine 
w;;ve during each se;; c,f ::aeasurements. The relation 
between the measureci r.m.s. of a si.ne wave and its mean 
:!\~u,·th r,ow•r is-.-
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then 

:J ~; 4· - 2 (-ve~ 

e-= £ cos u.)t 
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(2. 26) 

equation (2. 26) is 

The mean fourth power can be read from the 
multiplier by a common DC vacuum tube voltmeter. 
A typical calibration curve obtained by the author 
for a set of two Philbrick multipliers is shown in 

figure 2. :1ol8;.:..... "'T""---r--r--Y--r-"T"-,,;r,-, 
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Figure 2. 18 - Calibration of a Fourth Power 
Multiplier 

The third power of a signal would be obtained 
by multiplying the instantaneous mean square with 
the original. 



signal, For this operation the phase shift in the 
multiplier might be of impor·cance if it occurs a-.: too 
low a frequency. The calibration of the cube system, or 
for ·.:hat matter any odd momem,, cannot be done with a 
pure sine wave. The odd moments are zero for a great 
number of wave shapes such as sine, t riangular, and 
even a random noise signal. Thus the calibration is 
usually done wich a signal composed of a sine wave and 
its first harmonic. Firgure 2.19 is a typical circuit 
designed to calibrate the odd moment multiplier system. 

2000cps output • 

Figure 2.19 - Skewness Calibration Circuit. 

A "skewed" signal is required for the odd moments to be 
other than zero. Examples of skewed signals are shown 
in figure 2 .15. For chis types of signal ~he amplitude 
is unevenly dis , ributed about the mean value Physi-
cally such a signal indicates a preferred direction of 
fluctuation so it is of interest to evaluate the 
skewness of turbulent fluctuations. The calibration of 
the cube circuit is obtained by varing the r.m.s. of 
the sine wave and its first harmonic according to the 
relation* 

(2.27) 

The vol tages e1 and e2 are fed into one multiplier and 



"'17 
then !;he out.put e1 c2 l::; multlpllP.d by c i.thcr e1 or e2 
to Glve 

or 

-K· For convenience the co::;int:rathcr than the sine 
function is employed in the derivation 

Let 

Then r 
e"'e = -!:;:-)( t:'.°'r: dr 

• "- I ,> : ._ .., 

- - lJ) r-::.,-L_ £~ ... , . .I vA;J rE. cc::, ,(l..>ljC.:;: 
:::..;r..,o '""c-J L.. ..<. 

=' L!..J ;~':,:.. 1 'if c.;./W [ Cl' S ..!wt dt 
4 0 = /_;"«t.:, 

,.; 
O~:ler ty~es of 1::cz.su:~crr.ents - The r .:n. s . is rcpre-

sent['.tivc o.: ~Le r:e.~ni~udc of the randor.1 oJignal, !)l,;..t it 
tells nothing of che structure of the signal. Tnc 
r.1easurements of the higher monents give sone hint of tl·c 
structure of the fluctuations . T"ne overall s :;1·ucture of 
the signal requires a detailed stud~· of both the ar::pli-
-~ude and frequency dis crfoution. 'I'.·10 basic mcasuremen :;s 
are of ~ajor interest; that of the spectral distribution 
of the fluctuations and seconcl.ly that of tne prooabi.lity 
cl::.~tri.bution. The S!)ectral distribution is a deLaileci. 
look at the energy contained at eacn frequenc:; in tne 
:1uctuation . The spectrun appears to be one of the 
mc.jor focal points for much of ·che theoretical uor!;: on 
turbulence. T"nus, techniq~es for evaluating the spectra 
:-.ave been develo;?ed in gi·eat c.e.:::.1.1, The probability 
c..:.strfoution is a detailed. study of the arr:pli tucle of tl-.e 
ranc,on signal. From the probo.bilHy distribution i;he 
r.r.~ . s. and all higher moments of the signal can be 
co~::;mteC:.. T"ne probability di:::trioution s .~m-1s for example 
.::;uch p1~op<?rties as !'.ikf!wness o~ .. preferred direction of the 
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fluctuations. 

Spectrum Ana10,sis -

Tl'/0 methods of studyine; the frequency distribution 
of a random signal have oeen employed . The first 
ob-fioi;.s approach is to cons'.;ruct a set of filters ,·rhich 
pass only a narrm-r band of frequencies. Tnis narrow 
:)and of frequencies can then be examined either by 
·-:casu1·ine; its r.m.s. or any other desired operation. 
•~~•-pical audio frequcnc:·• s:9ectromcters cont ain a set of 
fi~:ed 1/3 octave fil 'ce-·s. This me,ms that the filters 
have r.,id-frequencies a ·;; 1/3 octave distance. In 
acoustical Hork there is a set of preferred filter set-
tings .,.,hi.ch have been standardized, although this is not 
r:ecessarily of interest i:1 fluid measurements . 
Electronic filters nrP. also ava •; lable which all01·1 a 
selection of any freque,1cy desired, 

T'ne second technique of :.~easuring spectra is an 
analog method . T'ne voltae;e to be measured modulates a 
local oscillator ouLput in a balanced rr.odulator circuit. 
The oscillator operates at a frequency much higher than 
the frequency to be neas=ed . The balanced r.,odulation 
causes the local oscillator frequency to be suppressed 
and. only s1..r.1 and difference frequencies are left in the 
;,1odulator out:;;mt circuit. The amplifiers which follow 
'~he modulator accept the lm-rer sideband frequency Hhich 
is in turn read out on a meter . ,The syste.-n is able to 
select a very narrou band of frequencies to examine. 
Secondly, a continuous spectra may be measured with no 
need to select specific frequencies. Both techniques 
of measuring frequencies have been made automati.c so 
that direct plots of local r.m.s. versus frequency can 
be obtained . 

The specific analysis of a spectrum from measure-
ments ,-1ith either filters or the analog technique is 
basically the sarne . Thus, the present discussion may 
apply to either type of spectrum analysis . The spectrur,1 
is normally defined in terms of the energy density 
rather than in terms of the r .m.s. This means that th <; 
i.:ean square of the velocity is employed. A spectra 
function is defined from the relation 
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e 2 :: [:./ Fr-1)dr 
• (2.28) 

'lbe spectrum energy density function F(f), or F(n) as 
is sometillles ~loyed, is just the requ.irement that the 
BUlll' of the j ndi vi dual frequencies add up to the total 
· ei . The term ell is the mean square of the 

voltage fluctuati ons fn the unit band width at frequency 
f Thus, eJ F(f) is the contribution from ~he · 

frequency band · F 'to -F-,Jf. The phys·ical evaluation of 
F(f) requires the measurement of and ei 
The measurement of e) requirto two bits of infor-
mation; one, the mean•·lfquare of the output of either a 
fi~ter or the analog spectrum analizer, and two, the 
effective band width of the filter or arializer. 'lbe 
effective band wi dth is necessary to ::educe the measure-
ment to a unit bend width. The definition of the effec-
tive band width is the width of a rectangle of tne same 
area as that of the actual filter. Figure 2.2e shows 
t;yp!cal filter ch~.racteristics for both a 1/3 oct~ve 
filt~r and an analog. equivalent filter. Since the mean 
sqUD:re or power spectrum is of importance, the filter · 
e~ar.aeteristics must be plotted as gain squared. The 
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F_igure 2. 20 - Filter characteristics of spectrum 
anali zers. 
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o.rea -containetl within the f i lter i::; c;ra:phicall:r in~c.;;;·:i,., .. · 
<.!ntl a rectanc;lc of the saine nrca a :1d a maxi.mum c;ain ro.:, · o 
of one is determined. The wirlth of the rectancle bccor.1c::; 
the effective band width of the filter. For the 1/3 
octave filters a different effective band width must be 
~etermined for each frequency. Once deter;;iined the ef:ec-
tive band iridth of the analog spectrum analizer will ·oe 
constant independent of frequency . For a f~lter of effec-
t ive band width, b and a measured output, ti1e spectru;n 
energy density function is 

F (f) 1 
bT tot 

(2 . 29) 

Several other definitions of effective band ,·1idth, sucn as 
3C:b reduction in gain, are to be found in the literatur e. 
Jcpending on the shape of ti1e filter, it is true that t,1e 
sru:ie effective band widti1 can be detennined from a simple 
ueasurement, hmrever , it must be kept in mind that there i s 
only one correct width for the definition given in equation 
(2.28). The oovious check of the spectr um measurements iG 

-to check the result 

df 1 (2.30) 

·.1nich follm·rs directly from equation ( 2 . 28) . Measuremen:;s 
.Ln both turoulent boundary layers and free turbulent shear 
~lows suggest that the r.,axirnum deviation in equation 
(2.30) should be l ess than 20\~. Greater deviations than 
20\; are usual ly an indication of questi onabl e values for 
i:J or o·~her major instrumentation problems . 

Probabi litt measurements. - The probability 
dens ity di stri ut1on of a fluctuating signal is 
employed to di scribe the amplitude distribution . 
The probabi l i t y density may also be viewed as a 
"wei ghti ng fun ction" to evaluate the fluctuating 
quanti ties~. e1, ~. etc. The probability may 
be de f ined by use of figure 2.21. The incremental 
time spent i n the interval du are summed . The total 
time spent in the interval is divided by the total 
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Figure 2.21 - Probability density function 
sample time to obtain the probability density P(u) at u1 . 
The value P(u) defines the probaaility of occurrence of a 
given signal magnitude through out the entire range of 
magnitudes 

The probability of a given value of u occurring within 
the limits of ± c:o at any time wi 11 be one. Thus, the area 
under the probability density curve is equal to one. 

/;(u)du = 1 
-.io 

Since P(u) is a ~ightil}ll function it also follows that 
un = J unP (u)du 

-OC> 
Properties that can be obtained from the probability 

density distributions are: 
1. Symmetry of the signal 
2. Agreement with random Gaussian signals 
3. Intermittency or clumping of the signal. 

The symmetry of the ~ignal can be seen from the symmetry of 
the probability distribution curve. A measure of the 
symmetry is the third moment of the signal, i?". The third 
moment is referred to as the skewness of the signal. A 
skewed probability distribution is shown on figure 2.21. 



52 ' The intermittency or clumping aspects of a fluctua-
tion can be implied from the fourth moment of the signal. 
This aspect is discussed in the next section. A inter-
mittent type signal is denoted by the curve of figure 2.21 
labled large flatness factor. 

The probability density distribution is measured by 
employing an electronic "window" to indicate the time the 
signal is at a particular level . A block diagram of a 
probability analyzer is shown in figure 2.22. 

Opens gate when signal 
is above lower window 
voltage only 

Input 
Signal 
conditioner 
nd window 

level contro 

Closes gate when 
signal is above upper 
window voltage 

Schmitt 
Trigger 

Schmitt 
Trigger 

Gate 

Gate 

Output 

Figure 2.22 - Probability analizer. 

Time Base 
Generator 

The circuit senses when the amplitude reaches the 
desired voltage level. When the signal enters the "window" 
the gate is opened and the counting pulse is emitted. The 
gate is closed when the signal amplitude falls outside the 
window limits. The frequency response of this type of 
circuit is determined by how quickly the gates can be 
opened by the first trigger, but since the second trigger 
is almost on top of the first, the gate fails to close. 
It is necessary to ·restrict the frequency content of the 
input signal well below the frequency at which the gate 
does not close. 



Intermi t.te:1c~1 ~-:ci:~ ::;i .. a"r.:-·c:~~-.s - A rr.eastl.!c~·.1c:1-'..: that 
iz r,ccoming of incrca.J.~.r:i:; i.:--:yortn.ncc i:1 turbulence 
studies is that of intermittency . Intermittency is 
in a way related to the probability distribution . 
The percent of time ~urbulcnt is equivalent to the 
probability that the s:;.c;,,al is other than zero, The 
circuit. is basically an electronic window just as in 
the probability analizer except the wi.ndmr sees all 
but the zero d.c . level part of the signal. A 
fluctuating a. c . sie;nal i.s rectified so that the com-
plete signal appears above a "zero level". A e;ate 
circuit is used to detect the presence of the signal. 
When the fluctuaU.ng signal exceeds tt.e zero level 
the gate c ircuit opens . This is graphically de1::on-
strated in figure C.23 ( t race of the gate opening 
and signal) . T'ne turbulent signal shm-m is the 
square of the signal rather than a rectified signal. 
For convenience a countine; technique i s e;,ployed to 
evaluate the inl;em.ittency . \'!hen the gate opens a 
series of pulses is fed out of the intermittence 
circuit·. Hhen the gate closes the p ulses cease. If 
a signal is present all the t.i.me then the pulses a re 
present all the time. An electronic counter is used 
to count the number of pulses over a given period of 
time . A period of tin:e may iJe chosen so tha t a 
multiple of 10 number of cotmts would occur in the 
time if the gate remains open the complete time. 
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GATE CLOSED 

GATE OPEN 

--TIME 

Figure 2.23 - _Comparison of percent time analizer 
output with the fluctuati_ng s_ignal. 



,r.r; 
The counter output for a 13ivcn tm·:mlcnt sic;nal can then 
be read di.rect],y us per cent of t.i.r,1e. turbulent. For 
example, the CSU "System" ho.s a puli.e rate· of 1e5 .. per 
second. T'ne pulses arc counted on a 5 or greater place 
counter. The five plo.ce counter i s s et to count for one 
second, thus for a continuousl;; open gu~e it count s 105 
counts. When the turbulent signal is fed into the 
interrr:ittent c ircuit the counter only counts , say 70,000 
cow1ts, Hhich corresponds directly t o 70;\ of the time 
turbulent. A s ix place counter increases the count time 
by a factor of 10. 

The intermittency circui-: c1eveloped at Colorado 
State University is shm-:n in fii::;ure 2 .24. 

This instrument is made so that the gnte "height" 
above zero volts ca.~ b e vnried . The circuit is also 
designed so that the i.nte1~nittency of either the 
negative or positi ve part of the a .c. signal can be 
measured . This is particularly of. value if the inter-
mittency of the squared signal is to be measured. 

Circuits ,such as shm-m in figure very 
accurately the interraittency of a given signal. Unfor-
tunatel y i t is necessary to determine what part of the 
signal is due to noise and ,-1hat part is due to the 
turbulence. The major problem is the evaluation of the 
interraittency in the presence of noise. Consider for 
example the traces sho,m in figure 2. 25. 
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Note that the g!i.te does not open UI!til the :i i gnal is well 
above the noise level. This means that the per cent of 
ttl!le turbulent indicated by the gate is less than the 
act ual time. For the example shown in figure 2.23 the 
gate per cent was 67.1'{o while a count of the signal 
directly from the trace indicates f!o.8'{o of the time 
turbulent. For signals where the signal to noise level 
is very great the probleJ:1 would not be as severe as that 
of figure 2.23. 

Gate trigger level, mv 
Figure 2.25 - Effect of electronic noise on the 

p~rcent time turbulent measurement. 
. Figure 2. 213 show:i several methods of determiniflS the 
intermittency of the signal. Several tricks may be -
'employed to obtain the optilllu:n signal. First if' tho time 
4nterva.l of counting is too short the signal may be tape 
recorded and ple.yed be.ck at a higher spee·d. Thus, the 
increase in. tape sp~d. increases the actual cotmt time of a 
given sample. To gain si6l'lal in the presence of noise, 
the sigru,J. may be £qua~ed. Squaring the signal increaoes 
the large amplitude fluctuation l!!Uch greater than the mziall 
amplitude fluctuations. The results of these tricks in 
evaluating the signal of figure 2.23 ~re demonstrated in 



sa 
figure 2. 2~. 
cases so that 
possible. 

The gate height ( vol~·.age) is varied in all 
an extrapolation to zero voltage level is 

A second indirect methoc1 is also employed to deter-
mine the de[_;ree of intermit.;enc:', Inste~d of coant i.rp-
;;ne fluctuations directly the flc,tnes:, fac.tor, e 4/(e2)2, 
of the signal is measured. Ph:-' sically e"; ~) 2 

represents a measure of the ext ent of the "skirts" of 'che 
111·oba1Jility densit:I curve, since the fourth pm·,er ucighs 
the large values of e heavily. A ourst or lar1,e ampli tu,lc -
~:rpe intermittent signal \Till affect the skirts of the 
probability curve greatly, ·chus a relation between flatness 
factor and intermittency is s~gested. The relation is 

(2.31) 

,,,~ere 7r is the intermittency (per cent t i me turbulent) . 
T'.:e flatness factor has been used to eX3?lore the inte1--::iit-
tency in boundary layers anc: is found to agree with direct 
r,:easurin1, techniques. Equation ( 2 .31) will be true for 
r.1ost tui-bulent signals, hm1ever, it is not necessarily a 
universal relation. For exar.iple, squarinc; a randor:1 signal 
[ ;'+/(;'1-) 2 -= 3' for a r,mclom signal] and 
r.,easuring the flatness facto:..· of this new signal has been 
reported to lead to flatness factors greater than 3. It 
is difficult to see that the square of a random sic;nal can 
be described as intermittent. 

Operational a:r.!)lifie:·s - Tee backbone of modern elec-
tronic analog compute:·s is the ope1·a i.ional amplifier. Tnis 
high gain d.c. feedback anplifier can be made to perform a 
great number of mathematical opera'~ions. Typical opera-
'cions which employ operational a;:,plifiers in hot wire aner.10-
metry are; Wide band d. c. ar.-:plifiers, sum and difference 
circuits, absolute value cj.rcuit, differentiating circuits, 
and inteGrating c \. rcuits. Operational ar.,plifiers have also 
been e.'llplo:yed as the d. c. feedback system for the "hot wire 
anenoneter". There are a 1,reat number of commercially 
available operational runplifiers which can be used uith hot 
wire signals. T11ere are, of co\.(rse, a great range of 
frequenc:t response systems, r;o care nus L be toJ::en to insure 
that the amplifier can resrior,u at the hig;,est frequency c;<"2c ct e 



r~:-:i,cctcd from the.: hot-•:t.Lrc rincr:-.or:iotcr ouG!)t~t . F i[~ure 
2.2,5 tlerr.on::;tratcs the hooL,:;i of opc1·a~io:--.c'1 a.-::plifiers 
for ::;ome of the applicat::.ons , 

The operational a.mi:>lifiers shm-m in figure 2 , 26 
have a hiGh input impednncc so that grid current is 

·c1~0 _ 
--4 de •t e,a-Rtctrt 
9 d) D; ff~ren- t 
• R;t~f 

e~i ~(RfCl +I)) .J ; 1 f 
e). Linear 

Differential 
Equation 
(first order) 

Figure 2.26 - Typical operational amplifier 
applications . 

negligible . The output voltae;e ( e ) is a cor.rplicatetl 
function of the gain of the an:plif~er, the input and 
feedback impedances and the input voltage. For the 
general case shm-m in figure 2 . 26 the ratio of outp ut 
to input voltage is 

e 0 · Z~[ l ] 
e-; = - z 1 l_T_f;_(_¥_i_+_l_~ ( 2 .32) 

For the case where the gain G of the ar.rplifier is very 
lare;e with r espect to unity, equation (2. 32) reduces to 

(2 ,33) 
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1-rhere the output voltac;e iG U!Jproximately proportior.ul 
to the input modified by the ratio of fcerlbac}; to input 
impedunce . 

Fic;i.;re 2. 2?' i s the comi,letc circui'c die.c;rar:i of a 
sum anci. dif:.:erence cil·cuit ·,·rhich erJPloys the operational 
a.r.iplifi.er sy::.ter.i. T'nis circuit uas clevelopc C::. nt C )S ;U, 
and is an all transistorized w1it. T'ne operutional am-
plifier circuits a1·c noted, und could be used in a ny of 
the applica~ions noteC:. p1·ev.i.ously on figure 2.26. 

Correla ~ton measi.;rer.:en::s - This section is divided 
into t:1:!."ce parts . One on space corrcla·tion, one on time 
correlations , und the last on spa.cc - tii:1e correlations. 
C2rrclat i ons are the n :~ucl~r of the rele-~ion of one 
fluc"wating s ic;::al to another . If two hot i-rires are 
placed L1 a flo1·r 1ri1ere tt:ey s ee the sa..~;e turbulent eddy, 
t:nen their ou;:put s 1-1ill be ::.inular and a high degree of 
correlation uoulci. be recorded. Tims, the correlation in 
space Hill give ar. indication of ti-: e turbulent edd~· size. 
If the one wire is placed dm-I:1strcar:i of the other then it 
is e;qiec ~ed t hat the t1·ro sic;r.als 1-ri. ll have to be adjusted 
i:~ tiJ; e for a hir;h c o1·relat ion . '.i'hus, space-time correl a -
t ions allow an edd"' to be followed in the do~m strerun 
direction. 

Space correlut5.on - Briefly, the mechanics of meas ur-
inc; · the space correlation is sinpl y ·to place t1-m wires i n 
the flm-1 at ti1e t1-m locations we.ere tc.e correlation is 
desired. The correlation between the two \·Tir es can be 
o:Jt a incd either by multiplying the outputs together or by 
using a sum and difference circuit. 

Th e measure of the lon3itudinal turbulent velocity 
component is the only one that can be correlated directl y . 
EYaluation of correlatio1:s for the two normal velocHy 
components, the cross velocity terr.is and temperature 
veloci-cy components becomes diff i cult. In principal at 
least enough different operations can be perfomed so that 
any of the correlations can be evaluated . Hm-rever, the 
accuracy of correlations can never be expected to equal 
that of the simple no1i-.~al wire operation . 

Ti.me correlation - Tir.1e correlat ions have be:cr. used 
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t OUT 

figure 2.27 Tr2nsistorize ri, operational aMplifier, 
sum and difference circuit. 

Figure 2.28 - Correlation function computer (from 
Princeton Applied Research Corp. Tech. Bulletin 149) 
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extensively in the evaluation of noise from. turbulent 
flows. Likewise the stucly of diffusion finds u:::e for 
t:in1e correlations. For the present discu:;sion time 
correlations are limit ed to t hose referred to as auto-
correlations . . In other words a turbulent sii:;nal is 
correlated with itself at different time intervals. 
Figure 2.2B is the typical block diagr8Jll of an autocor-
relation circuit. The signal at time t is multiplied 
times the signal at tine t--r. This type of measurement 
can give an insight into the size of an "eddy" conducted 
past the hot wire. The variable time delay unit is the 
new device in the circuit. Electronic delay lines are 
commercially available, ;-1hich allm1s very short delays 
in the signal. However, for turbulence studies delay 
times of the order of seconds are needed. To obtain 
these "long" delays, digital type computing is employed. 
Instruments, such as shown in figure 2.28, represent the 
modern trend in experimental data analysis. This is one 
unit of a small computer, which is a hybred between an 
analog and a digital system. The time correlation is 
composed of a number os memory banks, which compute a 
predetermined numbe:r: of correlations (of the order of 
100) for different time lags. The output can be plotted 
directly as correlation versis time lag. 

Space-time correlation - The obvious next step from 
space and autocorrelations is the space-time correlation. 
This is done by placing tuo wires at desired space loca-
tions. The correlation between the two wires is then 
:r.ieasured by delaying the signal from one i'lire with 
respect to the other. A typical application would be to 
place one wire in a fixed position upstream. The second 
wire is placed dmmstream and traversed along the flow. 
At each location dm-mstre8Jll from the second wirr:: a two c-
channel tape recording (one channel for each wire) is 
made . The tape is then played back through the autocor-
relator circuit and the dmmstream ,-,ire signal is dela~-ed 
w.i.th respect to the upstream ;-1ire. The results is a set 
of correlation curves which can be dra~m isometricall~', 
as sho1-m in figure 2.2&. The time delay to the point of 
maximum correlation is a measure of the convective velocity 
do~mstream of the turbulrnce. By transversing the second 
wire not only along the flow but also across the flow at 
each -station, the point of maximur.i space-time correlation 
could be determined. This measure would define the average 
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path of a turbulent eddy. This three dimensional study 
has not yet been undertaken, but it does appear of great 
value in studying the structure of turbulent boundary 
layer flows 

l..0 ,~ .. r 

Figure 2. 29 - Isometric sketch of example general 
eulerian correlation coefficient. 
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B · Recorder:; - /1.::,pli.c-:tio:-, of the ricflcct:ion !Jr i:-, -

c ·pal to rec.cl the flo1.; 0,1.. .. an eJ.cctrj_cal cu:. .. rcnt i:,. a 
circuit is tte :'w.1d.c.:::~rital rc,;(01~~ G:•:;tcn for a Gren~ 
r.u::1:1er of mco.surc:.1er,ts . ':'he ",:,c.s.Lc D.7Jproach is to "."D.r:' 
:::;01;:e po.rc.iilc·Gcr, Guc"ri a.::i J.:.::.;nc, d.istc:·1cc, te:.--1:9cra ti;_: .. c or 
other quo.ntj.t~-- an.:1.. fi.ncl t:le varia-:;ion of the !ji3:-.e:.l. ..:.. ... 
quic:~1~, Oeco~:cs convenient to cbtai.:, a record of t:~c 
vc.r j a :~ion of thr; elcctr~.cal .slc;::a:!.. ·.,}. th the para..ic-:c·L .. 
:)ei:ig vo.rictl . ~r.us, moc:er:1 rcc~o.: ... ch c:.:910~-·s a nu:.::)1:::· o: ... 

.. ccorc1_qrs to r.1£:..::c direct ere.!) :.c j_1rc:;enta~ion o~ a vc:..I·ia-
~ion o.: electrical :::;i~o.l •.;it!"~ a var.:.~G parai,ir:ter po::;s.i. -
:,1e . The r.1ost ,.,_;_C..cl)' cr.=-110:.reC. recorders have useC: "'.:i.-.~e 
e.s the vo.rin~ p;j,rar~c~er, a:1d ::-·"J :cccorders are now uell 
develo!)cd. a!'lcl in ·,!id.e t.:!'.ic . TI:.e ;~ost convenient dlvis io!'l 
o:i' recorclcrc ap:9cars to i:Jc ir. ti1e speccl that the:• co.:-. 
record, so tne :9l·c::;c:1t C:~scuss'..on is c.ivided into lo'.1 
and hiGh speed. recorders. 

Lo·.-i specf. reco::. .. cl~r: - T'::e r~cordi:--<~ of :;10·.:1~ . .- c!1a~~!3-
ir:i:; (<lcps) si:;.1a1.s i.:; ~cie ~Y 0:11~/ clic;h .. l~/ 
:·.~odif yinc; ·::.he cal ·.:a:a:lCC. :.c~!'" .:.: ·~c :.~o·.,et:cn ~. If :i. r.s : .. caci. of 
a poi:-/.:.er a ,.,...~--i.tir.3 ,en is r,luced in the r;1o~rir . .:; coil tl.·.en 
a trace .i.s pi.:·oC.uced'. a5 t=:e r·,o·~e:·.cr:~ of ..... he r.!e .ei- varies . 
In oI·der to evalua·~e the trace the !"'Cadout sco.le on the 
meter r.1u.st be 1uovcd a::; a flL!Ct_;_o:1 of ... ~i:-.e or otter Yara-
Jles that i"'..:. is desired to ploT.. -:.:1e clcc<:ricaJ_ sij1al 
against. Figure 2 . 3p s!"~oHs ... ..:.:·pi.cal n:~·'.::10Us t:1at are 
ern:plo:,.:ed -'.:,o :,•ove the 3co.le r.,as-~ 'i:lle ,.-n. .. · t.~ ·g l')en. 7r:e 
,-1r it ,r.g p en r.my be one o.i.' several :,os siole "et::od::; v.::;ed 
t o pi.."Oduce a P~rma-:1enr-. line on po.per. T~/!)ical ,.,~.~it · ric; 
systems incl1~de: CJ. r ec·~ 1-~-- i ti;:3 irJ-:; scra~ch on a Olac::en 
( la.rip Olac:-~? or wa;:z :paper, he.::"'i:. hu~cn or. wa::-::: !)a:_1cr, or 
light. ·oec.r.1 exposure of a ;_:>hotogra::,t:ic paper . llll o: the5e 
s~·ste.-ns are to be found in use in comr,:erc i o.l :910 ~ters. 
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Figure 2.3$ - Recor ding meter movements . 

Commercial time plotters are built with accurate 
servo- driven charts, so that they do not vary the chart 
speed with time . Tne r.iore eX:9en:;ive recorders also 
employ servo- amplifier systems to drive the recording 

. pen. Once a servo-amplifier is used it is con·tcnient 
to make the recorder into a self-balancing potentiometer 
circuit rather tha..'1 a simple meter movement . A servo-
motor is used to drive the recoj:dine; p r,n as well as the 
chart paper . Thus, the width of the volta1,e scale c= 
be exr:,anded out to 10 or more inches and also be main-
tained linear on the cha:ct . The self-balancing, record-
ing potentiometer is quite cor;ir';only employed in the 
research laboratory. 

T'ne most r ecent step in recorders is the x-:' 
recorder. For most of ene;ineering llork a Cartesian 
coordi.nate graph is the most often means employed to 
portray experimental data . J.!oderr. x-y recorders speed 
data interpretation by producing such graphs quickly. 
An x-y recorder automatical l y and conveniently plots the 



value of an independent variable versus a dependent 
variable, directly on conventional graph paper. The x-y 
recorder usas electrical servo-systems to produce a pair 
of crossed motions, moving a pen so as tow rite precise 
x-y plots. It consists of basic balancing circuits, plus 
auxiliary elements to make the instrul!lent versatile. A 
schematic diagram of the circuits in an x-~- plotter are 
ahmm in figure 2 .,a. 

Figure 2 -3l - Schema.tic diagra.,n of the circuits in 
an x-y .recorder (from Hewlet.t and Packard catalog :No. 
25) 

The self-bal.ancing potentiometer circuit (A) com-
pares an unkr.m-m external voltage 1-1i th a stable internal 
reference vcltage. The difference between these vol-:;ages 
is a-::plified and applied to a servo-motor to drive a 
potentioneter in a direction that will ntll any difference 
or error voltage. A st~ped a~tenuator or range selector 
(B) is inclc:ded for each a::is, so vol -:;ages as Li.gh as 500 
volts ~ay be plotted directly. Input resistance of 
plotters are of the order of 200,000 oh::",s. A chopper 
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( c) cor!vcr.:vs the de error::;sirsn~l i:lto a rcversiOle-::fr~ase 
altcrno.f;in;:, current, which is fed into '.;he servo a.r,3>li-
fier. The ar.iplifiAd signal is 'chen applied to the control 
phase of the servo. 

Servo darnping (D) is also applied in the x-y plotter 
to l)revent overshoot. Tne circuit (F) is a zeroir;.::; :9oten-
~vio;·.-:c .. ~e1 .. to o.110,;1 the opera~~or to sr:lcct the oritri.n of tt1e 
::;rap}1.. In mn::.y applications it in de.siraOle to off-set 
tl1e in:nrC sic;r.al, so that onl~r t!",e chance in de ,.ro1-~.a.3e, 
rather than the cor.1:9le'cc C.c level is plotted. Tne ci.rcui t 
(?) nlso provides for a continuous1~, adjusta:ole control on 
the outpU-:; voltage. The cfrcuit (G) is a sweep circuit 
1-1hich prov.'.de::: a tine base, thus maldng it possible to plot 
a signal vers"J.s tir:1e. 

Fe.st Recorders - ~-10 types of recorders a::·e consiclered 
in this group. T:1e high s:i;ieed ciirect ,-:ri.ting osci.llographs 
and the cathode-ray oscilloscope. 7.-ie direct u1·itir.g oscil-
2.01:;ral)hS are basically a fast resl)onse D 'Arsonval .~ovement. 
The oscillog1"a2_)h me..y hava either a direct uritinc, st:,lus 

or a light bea.'Y! movement. The direct ,·iri 'cing 
oscilloc;re.phs are usually lir.ii"ceci to 100 Cl)S or less, and 
-:.·.ay employ ci.ther ink, pressurc-i:-r.citing or heated. st:yli. 
The light bea11 system er.1ploys o. foci.:.secl light bear.1 ,.1riti:-g 
on a light-sensitive pal)er. The frequency response, of "'vi1e 
li3ht be?.Jil galvanometel'· ,-rill be a fm1ction of tfle r.ass 
r.1oment of inertia and dar:r?i:cg c,10.racteristics of tl:e coil 
and L1irror . Present develop1~1ent. has ]_)roduceC. light beam 
1:;o.lvanon,e:t;-ers the.t can follm-1 frequencies .::;reater tho.n 
5, !)00 cps. Commerc :.al recorde::--s can be obtained ,·:i th as 
nany as ten or twent~r galvanometer3 recordine at tC.e sa·•j:e 
time; so that a greo.t nur.iber of events crui be recorcied at 
the SD.T,1e time. Tne speed of the chart can be varied fror.1 
a matter of inches per hour to up•.mrds of 5 feet per second. 

Tne cathode-ray oscilloscope is an extrer,,ely :::'as',; x-:: 
plotter Hhich plots an input s~c;nal versuG ar,other s .:.g~al 
or versus tiri~e . T"ne "st:i/lus" is a luminous spot· whl.ch moves 
o·rer the display area in re:::por.se to the input voltage. In 
"~te usual scol)e a;;iplicatior., the x-axis input is an inter-
na.ll:· generated linear ra~:p vol'.,age. This ra0,1J) voltage moves 
the s9ot 1.L1iformly with .,vir.:c froia left to right across the 
U.i::.i:):\o.~ ... :-.;crcr~·.-.. The vol ta.r;e to :~e exw;1.incd is a!)plied to 
the :/-axis in:gut . 7/:ie s:pot is moved up or do,.-.::iin accordance 
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with its instantaneous value. The spot, thus, traces· a 
curve which sho11s how the input voltage varies a:; a 
function of ti:rae. 

The writinG speed of the cathode-ray oscilloscope 
is nearly unlimited. Tne electron can oe c'eflectei at 
speeds approaching the speed of liGht, tl':u:;, t:.e li:.,:.. tin3 
features are electronic circuits rather t::o.n '~:-:e ·• s'~~'lu::;" 
which is ~he major factor in the oscillo,:;ra:.,::s. ':",,c 
primary part of the oscilloscope is the cathod".!-ra:•-t·.:.be 
(CRT). Figure 2 .32 sho11s the basic oscilloscc::,'" c:..::-c,.:.:::;;. 
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intensity modulation 

F Lgure 2. 32 - Basic Oscilloscope Circu:::;:.;:. 

The CRT is composed of a thermionic cathoae 1-:hich pro-
duces electrons. The electron is proo.uced by i1e,:r~i:-:3 
the cathode until electrons are: .. cmit'.;cd. The electrons 
are electro-optically focused into a narro1-1 beam. T:1e 
beam of electrons are accele1·ated throuGh the optical 
system. On leaving the electron accclerb.tOrs, (which 
is commonly referred to as an electron Gun), the elec-
tron s'.;ream passes beti1een t,·ro pair of deflection 
electrodes. Volta3e applied to the deflection electrodes 
moves the beam up and down or from side to side. These 
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deflection :novements are independent of each other, so 
that the electron beam can be directed as desired. 

The electron beam strikes a phosphor coating at the 
end of the glass tube. The high energy electrons caUBe 
the phosphor to fluoresce. Any number of different 
chemical salts can be 1111ed for the phosphor coating. The 
selection of a coa-W.ng will determine cllor, brightness, 
deoay and need of response. Oscilloscopes are available 
with !L wide range of phosphor coatings. 

The frequency response of oscilloscopes are nearly 
ullmited. General purpose have ·frequency 
feaponae up to a.bout 500 kilocycles per second. Special 
oacil.l.oscopea can record signals well above 100 megacycles 
i,.r •~ond. 

R•cording of oscilloscope traees are made with 
"9qial oircilloscope cameT!l,s. Oscilloacopt! cameras are 
•Wlar to conventional cameras, but bave additional re-
tin•ents for facilitating scope photography. The camera 
ts Within a light-tight enclonae, which clamps or bolt• 
°''-i t'he face of the cathode-ra.y tube. The optical 
is hi line with the axis of the CRT, fi~ ·2.3J. 

camera 
back 

Fixed focus lens 
with light and 
focus control 

Q) 
p. 
0 
0 
Cl) 
0 .... .... .... 
0 
Cl) 
0 

Figure· 2 .3J - Schematic of an cuara.. 



?O . 
A vi.ewing port is provided to permit obse1·vation of the 
oscilloscope face. The camera lens is usually a fixed 
focus systei:t, wl th provisions for varable shutter speeds 
and light stops. 

To take a picture of o. single trace on an oscillo-
scope the oscilloscope is triggered to sueep once. In 
general, the usn of shui;tcr speeds on the ca."llera is of 
no value in photogruphin,3 a truce. The best proccd re 
is to simply open the ca··,era shutter to the black 
oscilloscope screen. The oscilloscope is triggered ex-
ternall~r, so that the s:;:ioG r,1ukes a single s,·reep across 
the screen. The graticule on ~he osdlloscope can then 
b0 illuminated and photographed at a proper shutter 
speed after the spot trace is recorded. 

It is also desirable to obtain long ti.me traces of 
the fluctuating voltage fron an oscilloscope. This long 
'~ime recording is clone ,·ri th tte special type camera shOi-m 
Ln figure 2.3!; .• This t~rpe a camera supplies the t:iJae= 

Takeup film 

Motor 
drive film 

light 

lens 
employed) 

Figure 2.34 - A time recording oscilloscope camera . 
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axis of the photograph by pullinc; the film past ~he 
vertically varing zpot. Tnls C!)..-:icra er,1>loy:; an oscillo-
scope for which the til:1e or hoi•izontal axis of th~ zcope 
is not operated. The spot is allow:d to move in the 
vertical direction only. Recording cameras can prcd.uce a 
strip of film traveling at speeds greater than 5 fe~t per 
second. The limiting speed of thi:; system is the writing 
:;peed, or exposure time of the photographic film. 

C, Mechanical Readout - Tne use of mechanical rea(.-
outs are, of course, a p:--rt of nearly every measuring 
instrument. The human can only sense movement in a 
quantitative way. All other human senses are of a quali-
tative nature. Mechanical reaccout:; are in general 
familiar to most everyone, so \-Te will not go into detail 
in their operations . The galvanometer demonstrated the most 
uiclcly used: raechanical device, namely the sprin1s. The 
elastic property of metals is employed in many ways to 
convert a physical force into a scale meazurement. The 
elastic property of springs, raetal membranes, Bourdon 
tubes, and many related shapes are employed to evaluate 
force and torque. 

Another class of instrume11ts that would, of course, 
oe included in the mechanical readouts 1-1ould be thos<:? that 
employ gravity to evaluate such properties as ~orce a.~d 
pressure. A typical readout in this class would be the 
manometer, 1'1hich reads pressure by the hei!];ht to which a 
column of 1-1ater or other liquid is held. Tnese instru-
ments are again quite common and will only be touched upon 
in detail if they enter into the measurement of a specific 
fluid mechanic property. 

D. Optical ReadouG - The use of optical readout 
equipment ii; of some1·1hat limited interest. Specifically, 
'.she photo1sra:!_)h is, of course, extensively employed as a 
readout device, hm1cver, this type of readout need no 
special discussion. Optical readouts that are eJll!)loyed 
other than photograpic include the interference and 
refracti.on of light. These specific areas of optical 
readouts are employed in density and temperature mea~ure-
ments and 1-1ill be covered in those areas wl~ere they ,irapply. 
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Chapter III - Tran~ducer Concepts 

In the first chapter a transducer 'was defined as a 
device that converts the quantity b~ing sensed into some 
other fonn of signal. This is a very general definition 
and also ver:· \f,3gue. Actually, in every measurerr.ent we 
are in a sense corr:paring the ph:,sical quantity to be 
measured against a known staniard. The transducer, thus, 
becomes the go-between from the standerd to the ph:;sical 
quantity. In ever.,r case that ~,e wjll be considering the 
physical quantity will act upon a sensir.g ele.-~ent in such 
a way that a ph,,sical de·;ice gives a scale deflection that 
can be read visiblj • Tr.e tre:.sducer may be either the 
sensing element, transrr.issio~s, or readout part of a 
measuring system. For exa-::ple, tte gala·,anometer could 
easily fall into the cefinitiofi of a transducer since it 
senses an electrical signal end converts it into e. 
mech_anical deflection. For '.:he present discussion the 
word transducer is Si..'!:pl~· an energy conve!"ter, and we will 
direct our attention to those converters that ere of value 
in measurements in fluid ~echanics . 

A. Electrical - In this section we will r eview briefly 
some of the basi:: p:1:·si::d e!':'ect'l tr.a':. take a fluid fl6w 
property and convert it to a.Tl electrical sigr!e.l. The fol-
lowing table is a li..~ited atte:::pt to point out sc~e of the 
physical changes-electrical cha,ge phenomenon that are em-
ployed as transducers. 



Phenomenon 

Resistance - Strain 

Resistance - Temperature 

Table Ill - J. 
Physical. Effect 

The electrical resistance 
or a mater\al cbanges,as 
it is strained 

Measure Strain 

The electrical resistance Measure; t"i:iiupera-t i.ire, 
of a material clu!ngea vith Heat Tra.'lsfer, Ki.netic 
temperature Energy, Radlc11~ Energy 

Pho~~-o-c-o-n""'d,_u_c..,.t"""i-v"""i..,.t_y _______ Th=--e-=-e-1=-e-c_t.,..r_i.,..· c-a-1,--r_e_s_i,..s""t,_an-ce J.lee.sm·e light fo t.ens i ty 

Thermoelectric 

Piezoelectric 

Pyroelectric 

Photoelectric 

Capacitance - Displacement 

of a material changes Yi.th 
light 
Dissimular metal junc'~ion 
produces an emf with a 
change in temperature 
Pressure difference produces 
an electrical charge 
Temperature difference pro-
duces an electric charge 
Light liberates electrons 
and produces a flow of 
current 

Measv.re; l:.el!lperature heat 
transfer, kinetic ener~, 
radie::!t•energy 
Measure pressure 

Measure tE!llperature 

MeasureTighc intensity 

Change in distance produces 
·• change in capacitance -------~----~-~-----------·· -----· -· . ·--



Table III-I Continued 

Capacitance - Pressure 

Inductance - Displacemer.t 

Electromagnetic Induction 

Change in pressure produces 
a change in capacitance 
Change in core displacement 
produces a potential 
Change in electrical don-
ductor produces a current 

Measure pressure 

Measure displacement 

Measure revolut ions, 
,electrical conducti-
vity 
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The effects listed in Table IIL-I are a few of the 

possible phenomenon that can be employed to sense 
physical quantities. In each case the physical quantity 
produces an effect which changes the electrical 
characteristic of the transducer. Thus, an electrical 
signal can be produced that is proportional to the 
physical quantity. Only those effects that are of basic 
importance in fluid measurements are included in the 
table. 

The classificati on of electrical phenomenon used 
in instrumentation is extremely poor. Unfortunately, 
the science of instrumentation is not an accepted study 
in itself. As a result, the name assigned to a class 
of instruments may be inadequate. For example there is 
a large group of transducers that employ the change in 
resistance with temperature as the electrical phenomenon . 
. This group of transducers might be classified as thermal 
resistors or contracted to thermistor transducers. Un-
fortunately, the thermistor is copyv,ritten to apply to 
oniy one extremely limited type of material. Thus, each 

1group of names listed in TabledI-I is by no means all in-
clusive as to an electrical phenomenon. 

There are several effects that are employed with the 
above transducers to increasd the_tr usefulness. For 
exemple, the electrogenerator effects of a coil in a 
magnetic field. The production of a force in the 
galvanometer by the interation of a current in a coil 
in a magnetic field is an important exemple of the 
reverse effect of the electrogenerator or electromagnetic 
induction. Another phenomenon of basic interest is Joulean 
heating. The now of an electrical current through a 
~aterial produces an increase in the temperature of the 
tnaterial. The heating is proportional to ·PR of a 
material. The cause of the heating may be. seen by consid-
~ring the resistance of a material. 

A third electronic phenomenon of basic importance 
.throughout the field of measurements is electron emission. 
It is this type of electron emission tbat makes possible 
the electron vacuum tube, cathode-ray-tube, and.many other 
appiications. Electron emission finds use as a transducer :i:n 
in photoelectric devices, however, it is a work horse in 
many circuits and readouts employed in measurements. There 
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are four types of electron e..--:iir..sion: 1. Tne=,oni.c, or 
primary, emission 2. Secondary emi::;sion 3. Pi:oto-
electric emission 4. Field enis~ion . Ti1crn.onic 
eminS.ion occurs uhcn a mo.t.erio.l is heated to inca:1d cti'.!r:.cc 
in a vacuu;n. Sccom1ary en:is::;ion occurs wnen a hi:;h velo-
city electron orion stri'.ces a material in a ·,act.ii:.: a:-.(l 
knocks out one or r.:ore electrons. Photoelect ric e:ci.:: ::;:.on 
occurs when energy in the form o7 light fall:; i.:;io:-. a 
surface. Field enission occu:cs at colcl s;,i:-face:; t:n'.f'?!" 
the influence of extrewely ztron~ fields. In eac:---. -:o.se 
the electrons in the r.iateri·al are given a:', incre-c.::;~ ::.n 
energ:r to the point l1hcre they can escc.:,e t},.e "::.01d·· 
that the material has on them. He •.-rill refer to 'ci",e hold 
that the material has on the electron as a.~ e~e~;;;:; ~arrier 
which "the electron r.iust overcor.:e before it leaves ti.1e 
ma'~·erial. 

RESISTAl~CE OF ;.:A'.:'EiCALS 

No doubt every one is f~~iliar s:•1:. th "(,:-.i: ::9he:1.ot.·.e:-.:;::. 
of the resistance of r.iate:~ials c:1ar.gi::~ a.s '.:.C:eir ':e:.::,(:!ra,-
ture chnnies. The theoretical e::pla:-.a.-~io:-. for t::-.e re;ji.::~-
ance change reqm=es little short o:' a c07:-:9le-:e co~..:.--;je .:..:-. 
solid-state ::Physics, and thus it is :iot atte..·:::t~1=d l:e! .. ei::. 
T'ne reader interested in the saoject is refer:-.:!i to .:?:, 

article by Bardeen and to the r.,any t e:ct. :ioo:,s o:: sol::.c.-
state ph~rsics. ?igure 3 .1 is a :pl01; of t:,e lo~, o:: 
electrical resistivity as it varies .-:ith te:;::;_:,e~·1:::g·lr~ ::o::-
three types of materials. Resistivity, c, , is a :;i:-.:·3::.-
cal quantity used to describe the resistance of a ~:<'. :e::-:.al 
e.nd at the same time make it i:-1dependcnt of th::? .::a.;er::.a::. 
geometry. 

cr RA 
(3 .1) 

1. 
Bardeen, J.: Jou:.·. Appl. Phys., vol. II, 19!:o, p. eB. 
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Figure 3. 1 - Variation of Electrical Resistivity, 
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Types of Conductors. 
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w:tere R is -t.:le :::-esis ·::.ance, A is the cross-:;ectio::al 
~rea, a.,d i5 t.1:e lc!'lc:Oi": of t::e r.,atcrial. T:".c u:;aal 
di::-~ensio:1.s for resis:Oivi ty are o:.--_~ t:.;:--.es le::.gtt . i:otc 
t1:at in Fi~J.Te 3.1 the log1 of resistivity is plotted. 
so tha~ eac!-: re~:.:·rr2e:1i;S a:1 01 ... .:le:;. ... o~ 1::2.311itud.e 
chaq;e i:1 resistivity. 7::e tc.ree carves snm-m are 
representative of t:'.!'e~ C.i~fere:i.t types of "electrical 
cor.cit:::~oi..·3, 11 t::e r.:et.allic co~.clucto1.·, t(.e sc..7J.-conG.t:.ctor 
11:-!.d ti:err.-.is.,.;or, a:1d .:.;~c i1::;:..t.lato~.... Althou5!l not 
;t~ictly accw·ate, t:le follo~·1l:1g v:.c"";•; n:ay be ta~-:e:1 of 
~he co~~tiction i~ t~e tGree r.ate~ials: 

(a) For t:ie :.:e'vallic coni.uc'.;or t~e flow o-J: electri-
cal cur~·ent is ~y e:!.ecti·c;-,s, a.--:ci. -;;~e r esistance is a 
r.ieasr:.re or."" how freel:,· :.c:e clectro:;.s flou th!'oagCl t:lc 
solid !::etal. Increv..si:-.g ·t.:~e "'~c:-.::;,erat.u.:. .. e increases tile 
cCances tnat t:"le clect~ons c.011:.ne wi~"l tl:e netal atoms; 
thus the reorc collisions, the hig::e::: the resis '.;a:1ce. 

(b) For se;:ii-com'.uc·~o1·s the syste.-n r..~y be ·,ieweci. 
e.s elect: .. on starved, w:.-~ere not enoug!1 electrons are 
availa'.:>le to co::C:.uct tne c·..:.r1·e •• t. As the ter.rperature is 
increased, .mo1·a electro::-! s a ·,·e :rree to conci.uct; thus the 
resistar .. ce drops ~-Tith increasing te:-:-~~erature. 

(c) L"lsulators si::::;>ly do not ha·rc electrons avail-
able for conc.uctior. . · Cor.c...:.ctio:1 in insulators is by 
ions, whic:'1 ·oeco::ie r.:ore r.o"'.Jile as the te::t:Perature in-
cr~ases; th:is the resistivity of the insulator drops 
with increasing te.~erature. 

Thez-e is no Sil=? ci.ivisio:i bet,1een the different 
tY!)es o~ co:iclt;.c~o~:·s. It is possible to fj_nd. materials 
tilat will have nearly a;:,.1y va:!.ue of resistivity, at a 
particular terr.pera'.;urc, in tr.e ra:1ge silo·.-1:1 in Fieure ~-1. 
In tile region of :::1etallic co;-.c.uctcrs alloys · are available 
vith great.er resistivity t:la.n plo.t.inu:.1 . 

. The resista:·.ce o:~ a :.1ctallic conductor is explained 
by viewi!'lg the r:.etal as if _were a gas. Free electrons 
are assi.:::ie.c! to exis'.; iP- c;_~ntity throu.:];hout this "gas". 
Thus, i:" a potential d..:..f:c!'."c.nce exists a.long the 
co:idu.ctor, elec-::--cr.s flo~-r rrc:.: :-i.~c;c:.tiirc to tte p.::>sltive 
points of tc.e po'~e,1tial o.iffc:,,c::;ce. Rc.::isti!.'1CC is si.--;:pl:, 
·Uie resista!·.ce -::-.~t "v~e :.lo:~calc.1~ la"-:.ticc o~ t:1c ::.e!;al 
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offers to the electron flow._ In a solid all ator,,s and 
molecules are e.ssur,1<od to be fixed. in the lattice. As 
the ter:iperature of the solid increases, the a.terns and 
molecules are assur.1ecl to vibrate r::01·e and more. The 
vibration of the molecules d.ecrcases the distance that 
an electron can trnvel before it has a collision ,-1ith 
a molecule in the lattice structui·e. Thus, the 
resistance of metalic conductors is found to increase 
with ter.iperature. 

Joulean heating of a material by passing a current 
thro~h it ca:1 be expla.ined. simply as the effect of 
the collision of electrons with the luttice. In other 
words, increasing the nwnber of electrons flo,-ring through 
a material will increase the number of electron-rnolecule 
collisions, thus, the eners:,r of the molecules (,•;hich 
define the temperature of the material) will increase. 

The semi-conductor r..aterial lacks sufficient num,;er 
of electrons to conduct the current. Thus, the raajo1 .. 
effect of ci1ange of resistance of a scr,1i-co::ductor 
naterial has nothing to clo with elec'cron-molecule colli-
sions. The most important effect is that increasing the 
ter.1peratui·e of a seni-cond.uctm· r.1ate1·ial releases more 
electrons for conduction, so that resis '~ance of semi-
conductors decreases with t.er.lperature. 

For the semi-conductor materials a.'1ythir,g that will 
release electrons in the sy::.'cen will decrease the 
resistance of t!J.e material. A typical exrunple of this 
is the photoconductive effect, ,-mere li3ht strildna; the 
ma~erial causes a decrease in the resistance . The photo-

' Conci.uctive effect can be detected as a pure photon effect 
:and not related to a radic.tion hec.tin~ effett. RaC..iation 
ene1·gy will, of cou2·se, also produce a change in resistance 
if -it heats the r.1aterial. 

The strain of a conductor ,-rill iri effect cor,;press 
· the lattice of the r.~a.terial and, thus, increase the 
chance of a.:; elec'cron-:1olecule collision. Thus, the 

·c~anGe of resistance with strain canbbe related to yonr.8's 
~odulus a~d Poisson's ratio .for the conductor. The effect 
of· nigh pressure that cor.;presses t he cor.d.uctor can also b~ 
detected as a change in resi·stance. 
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For the r::o~ t pa.:-t t:le !"esis-:.iv.:.t:r of a ""J"Ze ::-.~ ·;a: 

conductor is a i1cll e;.:;,la i:icd phe-:10=-.:c:-.o:1. ?.o·.-:e .. .,c: .. , i:-, 
the re.r..o ... ..:.c !'"eal::. o: te::-.:pe!"atCl'"e a:;,proac~i~G a:osoj_·,;::~ 
zero a stran[;e pl:e::o:::e:1cn occ~·::;. In 1911 t:-.c J1;::.c:-. 
pilysicist P.e i.1:e j(=erli:-.g:1 0:-.nes ciiscove:::ed t::a-;; a-: 
4. 2°i< all !'esis'.;ar,ce to t:.e flow of' an elect1·ical c=-
rent throur;h ::1ercur~r disap~eared.. Onnes also :'o-....:.:1C. -~:-:I:! 
sa.-:ie phe:-.o:::enon o;:carred in seve1·al o'.;ner ,:ietals, st:.ch 
as tin, lead, tn.ntalu.il, a.";d nioO:..u."';l. Figure 3. 2 s:lo;:s 
tne drop in resis-:ance fo1· seve1·aJ. :r.etals near absolute 
zero. Tne transition te.;:-1!:)era"~ure for the supe:.-"ccnd.ucti:ip 
state varies with tile metal, as sho1m in figure 3.2. 
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Superconductivity does not occur in all metals. 

Metals which are comparatively poor conductors at normal 
temperature are most likely to become superconductors. 
~trangely, the best conductors at normal temperatures, 
copper and siliver, do not become superconducting. Ex-
planations of superconducting states are not yet entirely 
satisfactory. Current theories suggest the vibrating 
atoms may help to conduct the flow of electrons through 
the metal in the superconducting state. At low tempera-
tures the atoms in the lattices no longer obstruct the 
flow of electrons, but rather, they abruptly begin to 
conduct electrons along in a wavelike manner. 

Thermoelectric Effect- If two disimular materials 
are joined at two junctions, which are at different 
temperatures, and e.m.f. (called the Seeeeck e.m . f., or 
total e.m.f., or just thermoelectric e.m.f.) is found to 
flow in the circuit. This phenomenon was discovered by 
T. J. Seebeck in 1821. Depending on the temperature 
difference between the junctions the e.m.f. may vary from 
a few microvolts to the order of volts. Values of the 
e.m.f. for a given thermocouple pair of conductors are 
reproducible to· a high degree of percision. However, the 
relationship is empirical and can only be roughly pre-
dicted from theory. Atypical thermocouple arrangement 
is shown in figure 3. 3. · 

The theoretical explanation of the thermocouple 
effect was for many years a question. The problem was a 
failure in the ability to measure charge build up in a 
conductor which is in a thermal gradient. The 
electrothermal effect is produced simply because electrons 
from one end are "carried toward1the other end of a conductor 
by a difference in temperature." It is convenient to 
imagine that the more numerous high-energy electrons from 
the hotter end migrate to the colder end. The charge 
generated between the ends depends only on the two parti-
cular temperatures at the ends of the conductor. The 
use of two dissimular metals simply increases the 
electrothermal effect to a measurable amount. 

1 Beam, W. R.; Electronics of Solids, McGraw-Hill, N.Y. 
(1965) 



82 

A 

Figure 3,3 - Thermocouple Ci.rcuit. 

The thermocouple effect is termed the Seeoeck ef-
fect. There are two other effects identified with the 
overall thermoelectric phenomenon. The terrr, 
thermoelectric means the direct conversio:-i of heat into 
electrical energy (or the reverse). The Seebecl, effect 
is .the conversion of thermal energy into elec t ricity , 
while the Peltier effect is essentially the reverse of 
the Seebeck effect. For the Peltier effect •o. cooling 
or heati.ne of the junction of tlro diss.iJ~ilo.r metr.ls 
occurs whr: n an electrical current passes through them. 
The rate of heat output or intake is proport ional to the 
current. The Peltier effect is not in general use as an 
instrument transducer, ho..rever, it is current ly beinc; 
extensively studied in heat pump applications. 

The third thermoelectric effect is the Thomr.on ef-
fect. The Tnomson effect is a cm·, sequence of ,·mat i-;c.s 
expected from the Seebeck and Peltier effects. \·lhile 
the Peltier heating expla.ins the junction effect in the 
overall Seebec'.t effect, the Thomson heat i.n'.;, serves '~o 
account for tne renaininc di:rtriOutio;1 aln:·c Lhc con-
d.i.:.ctor. The '.i'"nom::;on effect aceoun'~s for :,;:c temperature 
gradient along the comlucto;•s. The Pel:, i er o.nd 'l'hom::;on 
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effects taken togeth-=r a1·e essent:i al to the proof:; relat-
in~ t;icr.,1oclcc~ricit~· to therntodynamic&. 

t·:.'1cn a current of density I flow::; in a homogeneous 
rr.atc1·ial in 'chc -presence of a temperu.ture gracHeat, the 
ro.te H wi1ich heat i::; dev&loped per =it vo,.Ull\e con-
tain::; a '.;-er., li:iear in I an,l the tei::3.>erature c;radient ~"½x 

(3 .2) 

·.-;J:erc 'C is co.llcd Che '.i'i.10:,1:;on coefficient (a functio:, 
of t:1c !)art ic-..:ia1 .. CO!~duct0r.) J.':·!c t:1ird thcrrnoelcctrlc 
effect 1-;as discovered o,-' \-lillia-:: Thom::on (Lord Kel,,in) 
in I854. 

? 5.ezoelec·~ric Ef:'cct - P i.ezoelectric is the co:1,er-
sio:1 of pressur•: ir.to an electrical o·:tput. The ter;;i 
piezoelectric has co;.1e to i1e a't)'?liecl to a special class 
of devices. Piezoelectric trar.sr,.ucP.rs are that speci:1:l 
group of crystals where a:i!)lectr j_cal polarization is 
produced by r::echanical s t rain. In general, it app:?ars 
that piczoactivit:• occurs in cr,,stals that do not nave 
a center of syrr:metr;;, in ti1e lattice structure. Thus, 
the cr~rst11l developespolarization due to shiftine of 
the ~• c~n"~e: of gravit:,~n of ix:isi t.i vc. and n:r.sati ve ii'~r~es 
under the influence o:.: elas'cic strain. F13m·e 3.l, is 
the a!)proximate structure of a quartz cr~'s'cal, 1·1hich is 
used in a great number of pi.ezoP.lcctric applications. 
O,Ua;:~z i:; corapo::;i:d of three silicon ato:ns and ::;ix 
oxy~en atruns. The silicor; atons have fou1· po:itivc 
chari:;e:; a."ld the oxygen a'co:n:; h::we hro negative charcc:i. 
T'ne cl:aracs in the unstraiacd ca:::e are all 'ualan ·:ed. 
A force auulied to the x-a:cis shifts the cells so that 
the cell b~cor.-.es pol.nrized. 

1 
},!eis:::ner, A.; lfoer piezoelcctrisc::e K-:-i.ntalle bei 

HochfreCJ_uer.y; Z. Tec:1. Phys. vol. C ( :;.927). · 
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M~ 
t Force 

a)Neutral b) x-axis load 

-+-
Force 

c ) y-axis load 

Figure ;5. 4 - Crystal structure of quartz. 

The shift wi thin the cr;; stal produce. the c::arge on 
the crystal surface. This shift produces elec:rical 
forces within the crystal which are not in equil::.bri;;r.i, 
Thus, the crystal will not remain in thi s ;meve::1 force 
condition. Actually, in order to proc.uce·e ::;,olari:a:io~ 
of the crystal the force must be applied. quick::.:,·. A 
steady state application of pressure will ~ot produce a 
polarization, so that the piezoelectric, pheno~enon i s 
of value only for transient pressure measurements. 
After a transient pressure is applied to the cryst al the 
charge built up by the polarization will leak off as 
nhown in figure ;5. 5. The charge leaks away with a t be 
constant RC, where R is the resistance across the gage 
(resistance of circuit used to readout the charge), and 
C is the capacitance across the crystal. The readout 
circuit is necessarily constructed so that the resistar.ce 
is :&8 great as possible, · 
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Figure 3.5 - Charge leakage in a Piezoelectric 
circuit. 
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Pyroelectric Effect - The pyroelectric effect is 
nearly identical to the piezoelectric effect, except 
that the crystal is strained by thermal stresses. In 
general, the pyroelectric effect is an error in the 
pressure measurements. The pyroelectric transducer is 
limited in application, since limited information of 
transient temperatures have been required. As. will be 
demonstrated in the application of temperature measuring 
instruments, the device measures heat transfer in the 
~rystal rather than temperature. 

Photoelectric Effect - The photoelectric transducers 
~mpldy the observed phenomenon that photons can give 
rise to electron emission. In operation a material, 
~uch as alloys of antimony and cesium, or silver and 
-:~slum; is set in an electrostatic field at conditions 
slightly below where electron field emission occurs. 
Thus, when a proton strikes the material electron 
~mission can occur. The yield per p:hoton is at most 0.15 
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electrons, but this is adequate to produce ·measurable 
currents. Special construction of photomultiplier tubes 
make it possible to measure accurately the current 
associated with a given light intensity. 

Capacitance Effects - The c·apaci tance between two 
conductors is proportional to; the effective or over-
lapping area of the conductors, the inverse of the dis-
tance between the conductors, and the dielectric constant 
of the material between the conductors. Figure 3.6 is~ 
schematic diagram of a capacitor. The capacitance can 
be expressed as 

C (3.3) 

where A is the overlapping area, dis the distance 
between plates, C is the dielectric constant and K is 
the constant of proportionality. The capacitance effect 
can be employed to sense area, distance or effects that 
vary the dielectric constant. The main application of 
the capacitance effect in measurements in connecti.on 
with distance or displacement measurements. 

Overlapping area, ·A 

Figure 3.6 - Diagram of a plate capacitor. 
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Inductance Effect - Inductance is the inherent 

property of an electric circuit that opposes any change 
of current in the circuit. It is also defined as the 
property of a circuit whereby energy may be stored in 
a magnetic field. Current in a conductor always pro-
duces a magnetic field surrounding, or linking with the 
conductor. When the current changes, the magnetic field 
changes, and an emf is induced back into the conductor ; 
This induced emf is alwe.ys in such a direction as to 
oppose the effect that produces it (Le~• s Law). When a 
coil is energized with direct current, opposition to flow 
occurs only when the circuit is energized or deenergized. 
For an alternating current the opposition will be a 
continuous alternating current. The inductance, L, for a 
unifonnly wound toroidal coil of n turns with a magr.etic 
core of length ;t, a relative permeability .u., and a core 
cross-section A, is 

(3.4) 

Lis measured in Hen•ries if A and J are expressed in 
cm. If the core of the coil is made vary by sliding a 
solid rod core in or out, the inductance will vary wj_th 
the core displacement. The inductance can also be varied 
by variation in the permeability of the core, so the 
inductance may be used to evaluate properties that affect 
permeability. 

B. Mechanical. - The mechanical phenomenon 
used 1n transducers are listed in Table III. 2 

These physical phenomenon are the basic 
part of many transducers. In most cases it is, 
of course, impossible to take advantage of the 
mechanical phenomenon without electrical systems 
being involved. Likewise, the electrical transducers 
are interrelated with the mechanical phenomenon •. 
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TABLE m. 2 

- 'Phvsical Effect Auulication 
All bodies at the surface Measure; Gravity of the earth are acceler-
ated toward the center at mass, force 
a constant rate. pressure 

A mass in motion tends to Measure : Seismic stay in motion. A mass at 
Mass rest tends to stay at rest acceleration 

A material may be .strained Measure: 
Elastic and its deflection is pro- force, 

Deflection portioned to the straining pressure 
force. When the force is weight, 
removed the material electrical 
returns to its unstrained current. 
condition. 

Expansion 
A material changes its Measure: dimensions with temper- temperature ature. 

Gravity.- The constant of the acceleration 
of gravity is employed as a means of measuring pressure 
and weight. The gravitational constant is, according 
to Newton, a factor only of the radius of the bodies 
involved. The radius of the earth is so great that we 
need not consider the shape or size of a body used in 
the transducer. Thus, the height of the column of 
water is an accurate measure of pressure with no correct-
ions being made for gravity. For very accurate 
measurements, such as those of a mercury barometer, the 
scale is adjus1;ed to match the gravity constant at 
the location of the measurement • 

. Seisnµ.c Mass.- The seismic mass employs ~e 
phenomenon of Newton's law of force 

F•ma (3.5) 
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to measure acceleration. In other words, a force Fis 
the r ~sult ,of acceleration, a, on a mass, a. The same 
relation in angular systems is 

lot • 1' ( 3.6 )) 

where I is the 11X>ment or inertia of the mass, DC. is the 
angular acceleration, and'!' is the torque. Thus, the 
seismic mass is used to convert an acceleration into 
a force. We can not record the output force unless we 
employ another mechanical phenomenon, thus the seismic 
mass is not a complete self-contained unit. 

Elastic Deflection.- l-bst materials are elastic 
in that they .can be strained to a given length without 
altering the properties of the material. When the strain 
is released the material returns to its original shape. 
This is Hooks law of elasticity. The properties of 
importance in materials are the moduli of elasticity, E, 
and rigidity, G. These properties remain reasonably 
constant over long periods of time, so that stable trans-
ducers can be built using the phenomenon. The resistance 
to strain is a force, so that force is a direct measure· 
from the deflection of the elastic member. The shapes · 
used in transducers vary over a wide range. The JDOst 
common elastic member is the spring, which may _be in a.ey 
_one of several shapes: Cantilever, Beam, Helical, ·Torsion 
Bar, or Spiral. Diaphragms are also used as elastic 
deflection members. The bellows and bourdon tubes are 
widely used as pressure sensing elastic· deflection 
transducers. 

Expansion.- The dimensions of a material, 
either gas, liquid, or solid is found to change with 
temperature. The phenomenon is associated directly 
witht the random motion of the molecules of the material. 
The random velocity· of the JDOlecule increases as the 
temperature increases, thus each molecule with in a 
lattice structure of a solid requires more space. The 
same effect is present to a greater extent in liquids and 
gases. 
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The exr...ansion of a !l'.aterial is found t o be 

uniform w.ith teL1peraturc , so chat it can be used to 
measure the tenperature of ,;he material. The liquid-
in-glass therruo1:1eter is solely depende:-it on the 
difference in expansion between a liquid and its glass 
container. Bi-r.etalie tner::iot:eters employ both the 
expansion of ~etals a.~a their elastic properties to 
indicate tem;erature. The gas taermoueter eraploys the 
equation of state,T= __E_, expressio?J. to measure low 

./ R 
temperat=es. The gas thermor.e ~er eX!)resses ter.,r,erature 
in terms of pressure, volUJ1e, and density, a~d is used 
as the standard for lou temperatures. 

C. Optical - The optical phe:~o:::cnon er.:r,loyed in 
physical measure:,1ents are lis ~ed in Table III.3 

Phenomenon 

Photochemical 

Interference 

Schlieren 

Absorption 

Scattering 

Radiation 

TABLE III.3 

Physical Effect 

Different wave lengths 
produce different degrees 
of chemical reaction 

W_aves of liBht out of 
phase interfere with one 
another 

Refractive indices of 
liBht varies through an 
inhomogeneity 

Fluid molecules may ab-
sorb radiation 

Fluid molecules may re-
flect light at riBht 
angle to beam 

High temperature fluids 
will emit liBht 

Application 

Photographs measure 
light intensity 

Measure distance 
and fluid density 
variatio!1 

Measure fluid den-
sity variation 

~lea sure density of 
specific species of 
r.iolecules 

Measure molecule den-
sity 
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Table III.3 mainly considers the phen011enon in the 

visible light range. In recent years major instrument 
development has taken place over the complete range of 
electromagnetic wave lengths. Thus, the phenomenon of 
interference, absorption, scattering and radiation 
should not be limited to the wave lengths of visable 
light. Microwave, X-ray, electron beam, acoustic, and 
infra-red frequencies are currently employed in fluid 
mechanics measurements. The developmant of the high 
intensity, high monochromatic, and coherent laser 
laser light source has made measurements in the visable 
range of frequencies more feasible. In the years after 
World War II, schlieren and interferometers were used 
mainly as means of making supersonic flows visible. 
Most attempts to evaluate quantatitive values of density 
from the systems were usually of limited value. The 
laser source coupled with the holograph techniques are 
now opening up a new area of gas density measurements. 

Many of the "electromagnetic wave" instruments make 
use of Doppler's principle, where the frequency emitted 
(by scattering) from a moving body will be shifted 
proportional to the velocity of the body. 

The optical transducers are somewhat limited, mainly 
because or the ph,ysical properties they measure. The dimension 
measuring interferometer finds use only for the very accurate 
measurements not normally employed in most research laboraoories. 
ibe density measuring interferometers and Schli~ren systems are 
limited .ma.inly .to compressible· flows, ~ich are encountered at 
speeds near the sonic velocity in gases and rarel.y ever found in 
liquids. The range of application is ·samewhat increased for 
thermal nows. 

Photochemical - The photograph is mainly err.ployed as a 
readout process, however, it may also be viewed as a transducer. 
The phenomenon is based on the fact that chemical chan13e may 
occur as a function of the light intensity. The effect is even 
more selective in that the chemical reaction may vary with the 
particular wave length of light •. Thus, ,re are able to ·sense only 
the infrared or ultra-violet wave lengths of light in a given 
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photochcmico.l cho.11e;e. The phenomenon is associated with 
the change 1n ener3Y of the molecules of a mo.tcrial due 
to the abnorption of encr3Y from the lie;ht. 

Interference - By considering light an composed, 
of waves it is possible to demonstrate that the waves 
may interfere with one o.nother. Consider the two sets 
or equal. wave length light beams shown in figure 3.7. 

In phase Out of phase 

Figure 3.7 The Interference Principle 

When the two beams are in phase, the lie;ht beams o.dd to 
produce a bright image. When the beams are out of phase by 
half a wavelength, the light cancelen. Thus, for out of 
phase light the waves are said to interfere with one another. 
In application the two light beams are produced b::,r a single 
monochromatic light source, so the ini~ial beams are of ex-
actly the same wave length. The light beam is "split" into 
two parts by a half silvered mirror - splitter plate. In-
terference may be caused by unequal distances of travel ot 
the two split beams, when they· are brou13ht back toe;ethcr. 
Since the optical path len{3th of light is the product of the 
refractive index, n, and the geometrical path le{3nth, 11 
then the interference phenomenon can be used to indicate 
changes in the refractive index. 



93 
Schlicren - The velocity of light in a substance is 

less than its velocity 'in free spaee. To ,:;eneral it is 
found' that the greater the -density or n substance the 
6rcater is the decrease .iri the velocicy of li.e;ht. Fi.e;ure 
3.8 .shows the variation of the speed of :Lie;ht in air, as a 
tunction of the density. 

V 
C 

l~r------,i---=----.-----.. 

.'/91-----+-----+---r--; 

~91.----J.<------t-------r , 
loglO(p/pntp) 

Figure 3.8 Speed of Light in Air. 

The Huygen's principle (which states that: every point of 
a wave front be considered as the source of sr.lall .,secondary" 
wavelets, l'lhich spread out in all directions from their centers 
With a velocity equal to the velocity of propagation of the wave) 
Will lead to' the result that a shift in the direction of a wave 
front occurs as the velocity of light changes. Thus, when 2. 
light beam encounters a change in density it will be bent away 
from its original direction. 

The velocity of light in a substance is usually expressed 
in terms of a ratio 

C n=-
V 

{3.·7) 

Where c is the velocity' of light in free space, vis the velocity 
Of light in the substance and n is called the index of refraction. 
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the in1ex of refraction ma.y vary with the density of the 
substance and also with the wave lene;th of lie;ht. The 
index of refraction of gases is very cloGc to one. For 
air n = 1.0002957 for violet lisht (wave length= 
·0.00004359 cm) and n = 1.0002914 for red light (wave 
length= 0.00006563). The index of refraction for air 
can be expressed in terms of the density (for sodium 
light) 

n = 1 + 0.000293 e.._ (3.8) 
Pntp 

where p t is the density at 1 atm and o0c. For water np 
the index of refraction is•, n = 1.333, so the refraction 
effects will be much greater. The angle of light deflec-
tion through a small-density gradient is given by 

=11: dl (3.9 ) 

.where, 1 is the length of the density gradient traversed 
by the light beam. Using equation (3.8) the angle may be 
expressed as 

(3.10 ) 

Thus, the deflection of light may be employed as a means 
of evaluating density or density gradients in a fluid flow. 

Absorption - If monochromatic radiation (light) 
passes through an absorption cell of length 1, then the in-
tensity of radiation emerging, after absorption in the 
molecules, is given by 

- ca. ) I= I
0 

e (3.11 

where I is the intensity measured with the cell evacuated, 
and oc ii the absroption coefficient in cm-1 at NTP. The 
absroption coefficient is a function of the ,-,avelenc;th of 
the incident light and depends on the nature of tl~e mole-
cules, their number concentration, their motion and their 
interaction either with one another or with foreiep1 r.1ole-
cules. · Figure 3 .9 shows the absor,ption coefficient for 
oxygen as a function of the wave length. Since, the 
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absorption varies from species to species it is possible 
to indicate the number density of select molecules. 'The 

5i.r'4---...---r---~----.-----, 

a 

,,, 
I , 

s-.s- t,o -4.r 7-tJ 7..:.- .o 
1/">.. (10~ ·cm-1 ) 

Figure 3.9 - .Absorption coefficient of oxygen as a 
function of wave length. 

area of most importance in absorption appears to be in the 
ultra-violet region. 

Scattering - A beam of light may be reflected as it 
strikes a molecule. The angle of reflection will be a 
function of the particular molecules. Thus, a measure of 
the intensity of light at right angles to the initial light 
beam will be a function of the molecule density. This 
technique requires large, dense molecules. 

Radiation - High temperature gases emit light. This 
is due to the extremely high vibrational en~re;y of the 
molecules. In metals the wave length and intensity of light 
emitted is related to the temperature. For gases the 
radiation is a complex function of temperature, density and 
molecular species. The light enitted can be analized 
spectroscoply to identify specific wave length. Related wave 
lengths and intensities can be employed to identify radiation 
from particular molecular species, however, it is extremely 
difficult to relate the results to temperature and density. 
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TRANSDUCERS EMPLOYED Ill FLUID MECHAIUCS 

The range of possible measuring conditions in fluid 
mechanics is extremely great. No one instrument is ade-
quate to cover the range of any one of the possible varia-
bles. One may divide fluid mechanics measurement into rough'.cy 
five groups. 

L Temperature 
2. Pressure 
3 . Density 
4. Velocity 
5. Fluid Properties 

This cert ainly cannot include every possible measurement , but 
it should cover most problems encountered in fluid mechanics. 
The present chapter is a very brief introduction to the 
transducers that will be employed. In the discussion the 
fifth group of Fluid Properties is not included, since this is 
a special area. The evaluation of a specific property may re-
quire the use of several types of transducers. 

A possible range of flow conditions that can be expected 
in fluid mechanics laboratories are listed in Table IV.l. 

Table IV.l 

Measurement Range 

Temperature 0°R to 20,000 - 30,000°R 

Pressure 0 to 10 000 si 

Densit 0 to ;, 

Velocit Oto 100 000 ft. sec. 

The range of conditions stated in Table rv.l arc by no 
means the maximums that have been obtained. These conditions 
are roughly ·the extremes that can be obtained in a fluid 
mechanics laboratory such as that at Colorado State UniversltY• 

Table rv.2 is a list of the possible transducers that 
are employed to make the required measur=ents. 



Table I:'/ .2 

Quantity Temperature Pressure Density Velocity 

Gas Thermometer Manoneter Pirani Gage Pi tot-Static 

Liquid-in-Glass McLeod Gage Thernocouple Gage Tracer 

Resistance - DiaphraBO Gages Ionization Gages Drag 
Thernometer Bourdon Tube Optical-Interfere- Hot Wire Anemometer 

neter 
Thermocouple Bello1-;s Gages Optical-Schlieren Themocouple-

Knudsen Gage Anemometer 

Bi-metalic - Resistance- s ·,e:c tro¥'.e ter Sonic Anemometer 
Thermometer Presaure 

Capacitance- Vortex Sheddill8 
Pressure 

Laser Anemometer 
Optical Pyrometer Piezoelectric 

Sonic-Themorneter 
Dead-Wei ght Testei 

Kinetic Energy 
Analizer 



98 
The transducers o.ncl scnsinG elements that e.re noted 

in Table IV. 2 will be · discussed in' detail in the follow inG 
Chapters. These systems represent electrical, mechanical 
and optical devices. 



Chapter V 

MEASUREMENT OF FLUID VELOCITY 
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The measurement of velocity is perhaps the most im-
portant measurement in a great deal of problems. The 
velocity can be measured in any of several ways. Perhaps 
the most used device is the pitot-static pressure probe, 
although drag type flow devices are also in wide use. The 
present discussion is concerned with the steady state and 
transient velocity measurements. Thus, the chapter in-
cludes detailed evaluation of the steady state pressure 
measurements and also the transient velocity measurement s 
with the hot wire anemometer. 

A. Total Pressure Measurement - The Pitot or impact 
tube is instrument employed to measure the total pressure 
of a moving fluid stream. The tube is simply an open-end 
circular or other shape tube facing directly into the fluid 
flow. The total pressure can be related directly to the 
total energy of the flowing fluid. 

The ideal total pressure Pi, TOT of a fl?w is related 

to the freestream static pressure, Ps by the freestream Mach 

number M 

where M 
00 

= !Land a 

(5.1) 

The velocity tJ is the free stream 

velocity and psis the freestream density. For very low 

freestream Mach number, equation (5.1) can be expanded in a 
series and only the linear term retained l (i.e. M 2 (1"-1)<1) 

00 2 

l 

P. TO i, T .. 

ps 

y 2 
l + -M 

2 00 

2 

[ l:.. 2-Y 4 ] l + 2 + 2 (24) Moo + • "• ••. 
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The total pressure, PTOT measured by the impact tube rr~y be 

written as 

PTOT __ 
1 + C (5.3) 

C is a numerical factor which is approximately unity for all 
but very low Reynolds number operation. 

For the flow of a gas at supersonic speeds a shock 
wave will form in front of the impact tube. After the shock 
the fluid is assumed to decelerate isentropically to the 
stagnation point of the probe. The total pressure is given 
by the Rayleigh equation 

y 2 '{ 
(!..:.!_ M ) Y-1 

2 00 o (5.4) 

where now is the ideal stagnation pressure after 

the normal shock wave. Figure 5.1 is a plot of equations 
(5.1) and (5.4). 
'-"r-::::----r----,----r---..-------. . s---..-----~------
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J.c:> J. 
The impact probe does not mensure velocity d.i. rcc Lly. 

We must, in all cases, know the speed sound at the rnensured 
point in order to evalu.nte the velocity from pressure mea-
surement. For low speeds this may require a measure of 
density. The measurement in each case can be shown to re-
quire an evaluation of total and static pressure, and 
temperature at the point in question. 

Figure 5.2 is a summary plot of experimental values 
of C obtained for impact tubes. In general the ratio of 
the impact pressure to the static pressure for the impact 
tube can be written as 

PTOT Pi,TO{ [ -- = F -R, M•, P P e s s 

/,oc,; 

l,OC 

,990 i '1 

Figure 5.2 
·Measurements. 

Rounded nose probe 

(5.5) 
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where r•1 is a function of the dimensionless quantitieG: 

a) Reynolds number based on probe radius, Re 
b) Local Mach number, M 
c) Prandtl number, Pr 
d) Specific Heat, 7r 

e) 

f) 
g) 

h) 
i) 

Turbulent intensity, 7 

Knudsen number, A/r 
v:! 

Ratio of relaxation tine of a gas to characteristic 
microscopic tines, t/(r/if ) 
Angle of attack, {) / 
Ratio of stagnation orifice to external tube, r, r. 

I t will be possible to find regions where the listed effects 
are quite small. In general the pitot-static tube used in 
moderate speed ( r;reater than 10 feet/sec.) flous at atmospheric 
conditions will have a value of F very nearly one. The more 
important effects listed above are considered in the follm-ling 
discussion. 

Ur Reynolds Number Effect - The Reynolds number, Re= :V 
is a ratio of the inertia to the viscous forces in t he flm-1. 
Thus, for large Reynolds numbers the viscous effect is not L~-
portant. The importance of Reynolds .number only occurs at the 
low velocities, where viscous effects are important. At the 
low Reynolds numbers the impact pressure increases over that of 
the ideal. Figure 5.3 shows the increased pressure observed 

l 
Chambre, P. L., and Schaaf, S.A.; The Tu.pact Tube. Physical 

Measurements in Gas Dynamics and Combustion. Vol. IX Princeton 
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Cylinder 
Sphere 

Figure 5.3 - Theoretical and Experimental Viscous 
Corrections For a Sphere and a Cylinder. 

for a sphere and a cylinder. 

1 An analysis of the boundary layer flow over an impact 
tube gives the stagnation pressure as 

( 5.6) 

where (p + 1
2 P V 2

) is the ideal total pressure, Pi s,g s s , TO 
at the edge of the boundary layer. The coordinate system 
corresponding to equation (5.6) is shown in figure 5.4. 

l 
Chambre, P, L,, and Schaaf, S.A.; ibid. 
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Internal pressure tube 

'Y 

)( 

F igure 5.4 - Coordinates for the Impact Tube Analysis 

The velocity derivative can be written as 

( 5. 7) 

which is a s taterr.ent of -:.he asst.:nption ti:mt the i.'T.-oac-t "Jrobe 
can be represented by a potential flow shape, such· as that of 
a source. The velocity potential for a source is 

,r 
(5.8) 

and ,,e becomes 

(5.9) 

where r is the radius of curvature of the edge of the 
bounaaz-? layer. 'i'he boundary layer displacement thicY.ness at 
the stagnation point is 

• S = 0.5576 ,,6' (5.10) 



·so that /.1 ca.n be evaluated as 
2 

_,,8 = 1 + 0.394 1J r 
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(5.11) 

or for a general shape of .probe rather than the source 

- ___l_ .,,6 - 1 + c2 (5.12) 

Thus, the correction 
2p..j3 can be related 

term for viscosity in equation (5.6), 
to the factor C of equation (5.3) as 

4cl 
C = 1 + ---=-- (5.13) 

For1subsonic compressible flow the correction /J is 
given as 

~OMPR. ':' _fi'INCOMPR. (l-C3M2) (5.14) 

The constant c3 for a spherical-shaped probe is 

For supersonic flow the analysis is not applicable and 
the only information is of an experimental nature. Figure 
5.5 shows viscous corrections evaluated in supersonic flows. 

1 
Chambre, P. L., and Schaaf, S.A.; ibid 
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Figure 5.5 - Viscous Corrections to Impact Pressure in 
Supersonic Flow. 

Orifice Diameter Effect - The above analysis does not 
consider the effect of the size of the orifice. This aspect 
of the problem is by no means well evaluated, however, it ap-
pears that the orifice size will in general lower the actual 
total pressure reading. Chambre and Schaaf give the following 
correction for orifice effect 

(5.15) 

where P'.roT,AVE is the average pressure r eading by the probe, 

and r, is the orifice radius. An Orifice small compare:d to 
probe frontal area is found desirable for supersonic measure-
ments. 

Angle of Attack - '.lhe above analysis assumed that the 
flow as directly into the impact tube. If the tube is 
misalined to the flow, we may expect that the measured total 
pressure will be too small. Figure 5.6 is a summary of the 1 
variation in pressure coefficient observed for impact probes 

1 
Krause, R.N., and Gettelman: Considerations Entering into the 

Selection of Probes for Pressure Measurements in Jet Engines, 
15A Proc., Vol, 7, p. 134, 1952, 
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Figure 5,6 - Error Due to Impact Probe Angle of Attack 

The effect of flow angle can be thought of as a simple 
matter of where the stagnation point is located. As long as 
the stagnation point is located within the orifice area the 
angle effect is small. This stagnation point effect is 
demonstrated by the "wide mouth" type tube showing the least 
effect to flow angle. The wide mouth probe limits sonewhat 
the point type measurement of the smaller tip geometry, but 
would be employed when large flow direction changes are ex-
pected. 

The angle sensitivity of a probe may be employed to de 
termine the flow direction. :;:n this case the probe would be 
operated at an angle where maximum change with angle occurs. 
Figure 5.7 shows the sensitivity of a particular probe over 
wide range of angles. A typical flow direction probe may 
employ two or more probes set at 45° to the expected flow 
direction, as shmm in the insert of figure 5. 7. The yaw pr 
is rotated so that a null reading is obtained between the tw 
tubes. The null location would represent the flow direction 
The difference in pressure between the two tubes can also be 
employed as an indication of flow direction, without the 
of yawing the tubes. A combination of four tubes rather 
two can be employed to find the flow direction in three-
dimensions. · 
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Angle of attack 
Figure 5.7 -. Angle Sensitivity of an Impact Tube 

'l'he sensitivity of impact tubes to angle of attack 
in supersonic flow is shown in figure 5.8. At supersonic 
speeds the blunter-nosed tubes appear le'ss sensitivity to 
angle than the slender probes. 

Angle of attack 
Figure 5.81- Error Due so Impact 1'Ube Angle of Attack in 

Supersonic Flow. 

1 
Wilson: J. Aero. Sci., Vol, 17 585-594 (1950) 
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Velocity Gradient Mca:;urcments - If the impact tube is 

employed in a velocity gradient, the geometric location of 
measurement is in question. It is not possible to relate the 
point of measurement directly to the geomet~ic center of the 
orifice. The effective center is displaced from the geometric 
axis of the orifice toward the higher velocity part of the 
gradient. 2 The correction suggested by Young and Maas is 

5 d T = 0.131 + 0.082 r (5.16) 

where S is the displacement, d 1 is the internal and d is 
the external diameter of the probe. 

In supersonic flows pronounced effects are often en-
countered in boundary layer type measurements. The effects 
of probe size in a supersonic flow can be quite large, as 
sho~m in figure 5.9. Near the outer edge of the boundary 
layer (velocity gradient) an overshoot in velocity is noted. 
This overshoot in velocity is apparently1to the probe affecting 
the upstream flow in the boundary layer. In supersonic 
boundary layer measurements the shock wave formed in front of 
the probe mizy cause a local separation of the boundary layer. 
The separation of the boundary layer feed information upstream 
through the subsonic portion of the layer, thus causing a dis-
tortion of the complete layer. 

2 
Young, A.D., and Maas, J.N. The Behavior of a Pitot Tube in a I 

Transverse Total-Pressure Gradient. Aeronaut Research Colllln, 1 Repts 
Memo. 1770, 1937 
1 
Morkovin, M,V., and Bradfield, W.S.; Probe Interference in Mea-

surements in Supersonic Laminar Boundary Layers, Jour. Aero. Sci., 
vol. 21, p. 785, 1954. 
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'.1'.urbul.cnt EffP.cts on Velocity Measurements - Goldi;'.;ein2 

bas suggested that the ir.q>act preesur.:! P TOT will be equal to 

l 2 l -;"2 
P'IOT,sps+2ptJ +2psq (5.17) 

"'72 ,i t2 where, G. '" 11 + v + ,.f iG th.;, i;u:n of the turbnJ.,1:::t v-::lo-
city co:upo:1ent;;; . Such a relation is fou."ld to work re:i..-,om:.b.l,:{ 
for bign tul·bulent flows. Figure 5.10 show:; an CXWiryl-:: of a 
pitot-11tatic probe velocity p1•oflle co.u:pc.red with a prof.;.l'? 
r,ieasured by a hot wire anl?Cl.orneter.3 'i'he pitot-sto.trc prof1. 1.~ 
corrected for turbulence effects is found to agree rco.soru,.c:.,.v 
well with the hot-wire profile. t'or ·the flO',·T or figure 5,J.O th.? 
turbulence level is extremely high cor.ipared to 1110st fluid flowa, 

Gold.stein, S.; A Note on the Measur€lile11t of Toto.l Head and 
Static Pressm.--e in a Turbulent, Stream. Proc. Roy. Soc. London 
Al55, P 570 {1936) 
} · hr Cho, J, L., and Sandborn, V,A.; -A Resista'rtce TheYmo..-,~ 

fo~• Tv-dn~ i e-,,t Te.,,.,,,oeY«ture /.1e<1.swttU•rtrntt. Fiv10/HEcN. 
PR,.E'lf M"- l . Cc,u, Sn-rd 1/11111 • ., 1'16~. 
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Figure 5.10 - Corrcc1ion of a pitot stntic l~obe Velocity 
ProfHc For Turbulence Effe~ta 

~f..tfi.[,ias Ef.f..£tll!. - !tarefied gv.s flews arc ,.'f'incd as 
those in which the dimcn:;ions cf the body in quer:tio, ere of 
the some order c..s the roolecui.1· mecn I'1·ee path. The Vf'.oci ty 
at the surface of n body i~ non zero in a. rnrefied sns ,lcnr. 
The gas "slipo" along the surface of o. bo,1,y. Reoulto ln ico.te 
tho.t the mean pressure1at the stagnation point will decr~se due 
to the effect of r{lip. The effect of slip is to increnu :he 
viscous correction to the impact pressure. Figure 5.11 sh~4S 
the effect of slip on the vlscov1 correction. 

0.3 

0.2. 
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Reynolds number 

Figure 5.11 - Effect of Slip :n the Viscous Correction to 
Impact Pressure 

l 
Chambre, P.L., e.nd Schaaf', S.A.; irid. 
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Dead-Weight Testers. - Theoretically it is 
possible to build a manometer to measure any pres-
sure. However, as the pressure increases the length 
of the manometer increases. Although, they are no 
longer in common use, it was possible at one time to 
find manometers several stories high. The mano-
meter has been replaced by the dead-weight tester for 
the measure of high pressures. In general, the dead-
weight tester is used to calibrate some form of mechan-
ical pressure transducer, rather than being used as a 
direct measure of pressure . Figure 7. 12 shows a 
typical tester setup. The fluid wittin the chamber 
(an oil) transmits the weights to the gauge and pro-
duces a pressure . As long as the friction between the 
cylinder and piston and flows of oil around the piston 
are negligible the pressure can be computed. The pres-
sure produced by the weights depends on the effective 
area of the piston, which depends in turn on the clear-
ance between the piston and the cy-linder. The plunger 
is employed to correct for compression of the oil. 

Figure 7. 12 Typical Dead-Weight Tester Setup. 
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:i.::~=c 5.12 - Dree, of Dl.ffer.-cnt Sho.pes 
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~'h~ Hnt.rui;cte:t" - Tl:le rot:-.n1c ·~cr relicz on toe dreg of i. 
body in P. rcsl.;rictc,, flow 1,ul:>e. A "floating bob" i:; 
ro.tscrl u_pw .-,rd i.n a. ta;i1:retl tube by the dri:.g 1c.nd buoyo.r.cy 
force of the f].owinr, ''luid, 'l'nc 11:,_?-..,o.rd force:; are b.:.11•.r.c ·.,d 
by the wei3ht of 1-hc bob. 111c ro·i;mneter ncnaures the 111 ·•sr. 
r&.te of flow t iu·oHgh th~ .,ube. '.J.iwoc devices arc sui t..:tl ·.,o 
the men:iurcmcn'.; of m-iRs fl.ow rates, o.s long ao the fJ.ui<l 
properties are well known. 

The Cu:p ;\ne,,:o.netcr - The rotating cup fID•m:oiactc-r.- .i.·. j.; 
exten!:iveui<~-in m\!tco'rolor,i.cal t;~nsUl~e111en.ts. ~.1his L,r:t.i:."' ·..Ut.1.:-nt, 
re:Ucc on the r:i:f'crancc in clr.:ic bct~iecn tho ini:idc n11t~ L• ~t-
::.icJe of n hcml--sphere . 1hc inside of the hemi-spi"terc e i ,-.,:; u 
c.roe of roup-)ll;r tl10.t of a flut surface per,:-cndiculor t.o -.. ,1~ 
flow. All m,:i;y be seen :l'rom figure 5.12 tbe drG.£s o:: the l'lnt 
ple1te iu r;rcn t~r tl: :!.."l Un t of n h..·n:i-6-phere. •r.aua, the 
rotnting cu:c, r-.n•;mollletcr will 1·otate in a wind. The lineal' 
cpced of the cup centera, o/, is related to the wil1d !l:t)c.:.•tl 
, V , by a series relation 

V = a+ b ?f+ c lf 2 + (5.:i.9) 

1n which n, b and c are constants. T"ne instruments f'r.rplc:•!'cU 
~1 metco:·ologi.cal usu..,JJ.y ceek to make c and high:?r cocflic1.c11t1 
zero or ver; s~all. 

1'1.'1:.rbine Flow Mctt:rs - The movement of a fluiJ. throush a 
S!::nll tw-b~n'! wheel. cnn bo u,;cd to measure the mass flow. '.I-he 
drag or the turbine blades produces a rotation as the fluid 
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flows through it. The revolutions of the turbine can be 
calibrated directly in terms of flow rate. A typical 
application might employ a magnetic pickup to indicate 
each time a blade passes, thus, several pulses per revol-
ution are produced. This pulse can then be related to 
flow rate by the relation 

Q f 
ic (5.20) 

where k is defined as the turbine flow coefficient, and 
is obtained from flow calibration 

C. Special Velocity Measuring Techniques - There are 
several possible means of indicating velocity besides those 
discussed above. The direct measurement of a tracer put in 
the fluid is perhaps the si.mplest technique. For flowi.ng 
liquids the use of a floating particle is a good indication 
of the velocity. The tracer must, of course, move along with 
the flow velocity in order to be of value. The tracer must 
be carried along by the shear force of the fluid, so that 
there is a question whether the tracer moves at the velocity 
of the liquid. Techniques that employ bubbles of the same 
weight as a flowing gas are also used to measure gas flow. 
Tracer techniques are at best, first estimates of flow velo-
city, and not likely to give accurate measurements. Ionized 
and radioactive tracers are also employed in special cases. 
These molecular sized particles are quite accurate since they 
are of the same dimensions as the fluid particles. 

Heat transfer techniques are employed to measure veloci-
ties in special cases. The heat transfer from a cylinder is 
found to be related to the mean velocity by the following 
relation 

(5.21) 

where n is of the order of 0.5. The heat transfer is related 
to the square root of velocity, so it is not as sensitive as 
the pitot-static relation. On the other hand, the heat transfer 
is measured in terms of electrical readouts, which can be 
measured to a much greater degree of accuracy than prcs5ure . 
As a result, a heat transfer anemometer can be used for ac-
curate measurement of velocities down to less than one foot per 
seccnd. The major application of the heat tran5fer anemometer 
is the Hot Wire Anemometer. The hot wire anemometer is dis-
cussed in detail in the section on transient measurements. 1'he 
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mean flow application of the heat transfer anemometer can 
be either with a resistance-temperature transducer or with 
a thermocouple-heat transfer transducer. Tne thermocouple-
heat transfer transducer is shown in figure 5.13. A 
cylinder is heated by a constant current. The temperature 

r 
---,,,.fl Cylinder .a. 1 

i 2R y------1-'.Jo.-'-----110 n 
Thermocouple 

Figure 5. 13 - Thermocouple-Heat Transfer Transducer. 

of the cylinder is measured by a thermocouple, the out put of 
the thermocouple is a direct measure of the cooling of t he 
cylinder by the air flow. The system is usually calibrated 
against a standard velocity. These instruments are found to 
be quite accurate in the measure of velocity. The detailed 
theory of the device is almost identical with the hot wire 
which is given in the following section. 

The velocity of a fast moving fluid may be measured by 
the proportion of a sound wave. A source of sound is produced 
at a point in a flow, figure 5.14. A sound pickup do~mstream 
measures the time between the pulse and the arrival of the 
wave. The velocity of propagation is 

V = a+ U = J (5.22) t 

Where V- is the measured propagation, which is given as J./t, 



116 
Sound 

Sound waves · 
Sound source 

Figure 5.14 - Measurement of Velocity With a Sound Wave, 

a is the speed of sound which is a function of the absolute 
temperature, and U is the velocity of the fluid. For reason-
able measurements U must be of the order of a, which is 
around 1100 ft./sec. Thus, the sonic anemometer is not con-
sidered for extreme low velocity measurements. By using two 
equally spaced sound pickups, one at right angles to t he flow, 
then we can measure directly the speed of sound; and the dif-
ference in time between the two pickup readings is equal to the 
flow velocity. Sonic anemometers are used in meteorolical 
measurements, because of their ability to indicate transient 
fluctuations. The measurements are sensitive to changes in 
temperature and humidity, which limits somewhat the accuracy 
of calculations. The source of sound may be an expanding cry-
stal or a spark gap. If a spark gap is employed the velocity 
may also be checked by measuring the propagation of the temper-
ature pulse. · 

Another system of measuring velocity is the vor t ex 
shedding cylinder. This device might best be classed under the 
heading of a drag instrument. At moderate and low velocities 
it is found that flow separating from a cylinder produces a 
regular vortex pattern do1-mstream of the cylinder. The vortex 
shedding frequency is a direct function of the flow velocity, 
thus a measure of the frequency will be a measure of the flow 
velocity. Figure 5,15 is a plot of the Strauhal number, S 

fd S = U (5.23) 
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( 11hcrc f is the sheddins frequency, d is the c;.ylinder 
diame ter and U is t he free stream velocity) as a function 
of Reynolds number. 

;::!r' t.~ 

V) 

I-< ., 0./8 .D e ::, 
i:: 
.... 
"' .c ::, 0,/6 0 
I-< ... 

V) 

Reynolds number 

Figure 5.15 - Strouhal Number as a Function of Reynolds 
Number. 



118 u. Tran::icnt Velocit y Mca::urcmcnts - The mcasw·c-
mcnt of transient vclocitie:: is almost exclusively done 
by the hot wire anemometer. Th e prcviou:: discussed velo-
city measuring devices C.M follow very slow (1 cycle per 
second or less) fluctuations, which is t oo slow Lo be of 
much value in turbulence studies. In Lhe atmosphere the 
cup anemometer is sometimes employed to indicate Lhe 
turbulent fluctuations, but it is doubtful that adequate 
response is ever possible with this larBe instrument. It 
is desirable to chose a measuring device which has little 
or no bulk to change as the velocity changes. Thus, the 
hot wire, which is extremely small, of the order of 
10-4 inches in diameter is the best device for indicating 
turbulent fluctuations. 

The Hot Wire Anemometer - The hot wire anemometer is 
a ResistMce-Tcmperaturc transducer. For the anemometer 
application the wire is hcatecl electrically by Joulcan 
heating. The flow of fluid over the heated wire cools 
the clement, so that the temperature of the heated wire 
will vary with the fluid flm·1. A measure of the heat 
transfer from the wire to the flow cM be related directly 
to the fluid properties of temperature, velocity, density, 
etc. The understanding of heat transfer from a hot wire 
must first of all consider the temperature distribution 
within and along the wire. The temperature distributions 
can be predicted from energy balances. 

Resistance-Temperature Relation - The resistance of 
a metalic conductor, such as platinum sho1m in figure 3 .1, 
can be represented by a relation of the form 

R =. R
0 

(1 +o<(T-T
0

) +.,.6'(T-T
0

) 2 + ••••• ] (5.2l1) 

In specific cases the temperature ranE;e of the conductor 
can be re§tricted to limits where the higher order temp-
erature dependence can be neglected. Thus, for the 
p:,;esent discussion we will assume that equation (5.24) is 

( 5.25) 

This relation is adequate for metals such as platinum, 
tungsten, copper, etc., however it is not valid for 
materials such as nickel or iron. 
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The Jouleo.n heating per unit length of a hot wire can 
be written as 

I 2 R 4I2 
(J [ ] q. =-a-= .:::.:.....!Ll2 1 + (T -T ) 

J A 1t' D2 w o (5,26) 

where the relation for resistivity (equation 3,1) is also 
employed. 

Enercy Balance - The simplest case will be that of an 
infinitely long wire heated by Joulean heating. Tile wire 
loses heat to the surroundings by conduction and radiation. 

qj = qc + 4r 
The Joulean heating is eiven by equation (5.26). 

The heat loss to the surroundi_ng fluid is normally_ given 
by tl~e re lat ion 

qc = h1rD (Tw - T) (5. 28) 

This equation is usually viewed as a definition for the heat 
transfer coefficient, h. The actual nature of the heat transfer 
coeffi cient will depend on the specific application of the 
anemometer . For normal continuu,,1 f101~ h, v lcl ries as the velocity 
of the fluid flow. The heat transfer coefficient varies 
from fluid to fluid, and also it varies if the fluid properties 
change due to temperature or pressure. !'or the present analysis 
it is assumed that his independent of temperature. 

1:'he radiation term 
can be linearized by defining a "heat transfer coefficient of 
radiation." Consideration of higher order approximations for 
the wire ter.iperature di,tdbution 
can include a temperature dependence for the heat transfer 
coefficient of the form 

h = h0 + h ~T + h ~T 2+ •.•• 
1 2 

(5. 29) 

a relation of this type can be employed to account for the 
temper., ture effect on fluid properties. For most heat transfer 
applications it is desirable to employ soir,e form of a film 
temper;, ture to produce average fluid properties. However, 
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the temperature distribution along the wire v:i 11 val)' · by 
several hundred tlcgrccs, so th:!t it would he diffjcnii to 
define a simple film tl>mperature. 

The second lypc of heat loss listed 'i :1 Equ:::. ti c-n (5. 27) 
is radiation. For the infinite length hot wire opci:-ati,1g ir, a 
vacuum r:i.diation may be 1 he only beat loss. For the radio.ti 
case the heat loss will depend on the difference of the fourth 
,iower of the tempcraturc:s. The radiation he:i.t loss is de• 
fined in terms of a surface emissivity, E , by tl,e:: relation 

(5. 30) 

where crsb is the Stefan-Boltzmann radiation constant. 
The value of c depends on the surface properties of. the 
hot wire. 

Eq11ati(Jn (S. 27) becomes 

11 D 7 

4 4 
c crsb rr D (T w - T ) 

= lrnD (Tw - T) + 

(5.31) 

For a given wire, current input, heal transfer coefficient 
emissivity, and fluid tempcratui·e the infi11itc long wire 
temperature can be calculated from Equation (5.31). 

For most molar conduclit,n applic-r,tions the r,diation 
heat transfer can be neglected particularly if the wire' tc>m-
perature is not too great. Neglecting r, dlalion the infinite 
long wire temperalnre is 

41 2 cro 
-- (aT - 1) - hrrDT rrD,. o 

(5. 32) 
41 2 cr ·c( 
___ o_ - h rr D 

rr Da 
man The case of ~n infi?ite length wire is of limited use since 

{ of the resistance temperature transducer applications will 
emp oy short length wires. TI1us, the general energy balance mus 
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lnr.J.ude a term for the conduction to thew.ire :;upporL:;. 
Fic;ure 5.16i:; a dlac;ram of a typical hot wire geomc Lry. The 
heat input is :;till Joulr.an heating. The heat lo:;:; is by; 
a) conduction to the fluid, b) radiation to the fluid, and 
c) conduction to the wire support:;. For the analysis it is 
assumed that the wire support temperature is kno,m. Since 
the :;upports are usually very large colll>ared to the hot 
wire, it is found that Jouleon heating of the supports can 
be neglected. Equation 5.27 for the wire of figure 5.16 
becomer 

(.5 .33) 

r 
qr 

i; 0 r -JC 

<ik qk 
.I 

,; 

Figure 5.16 - Heat Balance of a Hot Wire Sensing Element. 

where qk is the heat loss by conduction to the wire supports. 
Thermal conduction within a metal is expressed in terms of the 
thermal conductivity of tne material, k by the relation 

( 5.34) 

Equation (5.33) becomes 



= hTD (T -T ) +ECT'SB?fD (T 4-T 4 ) _ w a w a 

( 5-35) 

A general solution of equation (5,35) is not available. Some 
computer evaluations for special cases have been worked out. 

The case where radiation can be neglected is of specific 
importance in the anemometer application and for part of the 
hot wire anemometer range of application. Neglecting radiati 
equation (5.35) can be written as 

[ 
h D1r-~1 - [h D7'l'a ----"--- T ,. -

kn2 w 
4 

or 

( 5.36) 

The boundary conditions for equation (5.36) are 

at x = ± J /2 , Tw = Ts 

From the requirements of symmetry imposed by the boundary con-
ditions it is evident that the wire temperature will be a 
maximum at x=O. 'lhus, the boundary conditions can also be ex-
pressed as 

dT at X = 0 1 =-= = 0 
dx 

Equation (5.36) is quite common in heat transfer analysis and 
is solved by change of ,ariable, (;- 2) this gives 

8-=-- + Tw, 
1 

the following homogeneous differential equation 

(5.37) 
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with the boundary conditions 

dTx I = dewl =O 
dx x=O dx x=O 

0 s 

where 

T -
s 

T .) w, CX) 
at X = !: 

T is the infinite long wire temperature. w,oo The 

solution for equation ( 5 ,37) is outlined by Wylie1, with 
the :,:-esults in terms of e given as 

0 

In terms of 

Tw = 

l 

cosh (31
2 x 

Os----,-
cosh (312,9_ 

-2--

the wire temperature the solution 

(3 2 -{~~ cos}~ >: 

ift - T } 
(31 s 

cosli'V/3-; i 
-2--

(5.38) 

is 

(5,39) 

For the case of the infinite lencth \lire the wire tempera-
t ure Tw is independent of wire length. The finite 

length wire temperature varies wi th wire lenct h, ihu::; i t 
appear::; necesGary to define an averacc tcr.:pcraturc for the 
hot wire. The ccneral operation of the hot llirc will be 
based on the measured "average" resistance of the :;cnsing 
clement, so that the average temperature is of s~cci fic 
importance. The average temperature is obtained by 
integrating equation (5.39) over the hot wire lcnr,th. 

/,
+4- ffij 

- 1 . ..,t12 ..42 mm --y-
Tw = T - j Twdx = ..,,91 - ( ~l - Ts) Di J 

T 2 

( 5.40) 

Ficurc (5.17) is a plot of equation (5.39) for a typical 
set of hot wire anemometer conditions. Values of the 

¾ylie
1 

c. R~; 1/dv~YJced En9inee-riY19 MatheMcxt1cs . M£ G«-ci'W-
H,Jl BooKCo. 1 /95/ . 



infinite length, and :fintte :i ength a,,e:rr. r;e i,J.r':! t e:r,I'~~·<:.-
tu:res 1.1.re also noter\ on t he f:igure. 

~'.hi? nbov<:? r. w.:tyr.:is P-.1,plie:: for the co:;c ~-ti:v::rc heat 
is tronr:f'en·ed f rom the wi.re to the fluid stream. 

3/S.i-le-r-r-r-T'""'"T-r-T"T'.,....,,-..,-,--,.,-11i-r-,-.,.....,i-T-,-~lr-T'"'I 

X 

Fieurti 5.17 • Ternp11ratt1.re diatribution along a 
convect:ton controlcd hot wire. 

Leri h A,renv.-e '.J.'enr::,e,~a.tm.·~ J.eJ n-Leci to UP.:'l i st.,:u1c ,, 
'.i'he rt'lsio ance of' a. hot wirr.: mea:;u;:cd by on :l.nstn;l'ent 
w j.J.l co1·rer:pond t,o the lr.ngt li 11.ve:·age tcmpernt.urc. J.'iie 
length ava:·i!ze tel!lperatu1·e we.a co:;1_:iutccl in l;he preceedhlf?i 
Section f'or end, of' the thro?e case~ cons.iclercd.. For the 
convect:l.on cont rol~ci. co:;c cqua:i:ion ( 5 .40) :I:, i·h,;: ).cmgth 
a.vcrage te1rq:,l:!ra.tuJ:e. Thus, the resistan,;,~ c,r Lhe c:111v,1c-
tion controled hot wire j o ob'i.ai.ned oy t)c;in '.\ eqm.tlc,n 
(5.!1-0) -:or T in cqu;1tion (5.25) or 1,erh-1.:,?r: eq_t''ltion 
(5.24) :tf u. More ex.i.ct rcla.tio11 is require()... 1-'or cc-1uo.-
tion (5.25} 
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Thu::;, the mco.::iure rcsi::; to.nee of a hot wir·e can be re-
lated directly to the phy::iical properties o.nd the wire 
support temperature. In application the intcrcs t will 
always be to dctennine Lhe lcncth avcrace temperature 
from a measure of the wire resistance. 

Circumferential and Radial Temperature Gradients 
In the previous ::icction the radial and circum-

ferential temperature cradicnts that micht exi::it in the 
wire were neglected. The heat transfer "Lho.t Hill be 
considered in the next section, will be foW1cl to vary 
aroW1d the circw:ifcl'ence of the hot ,-,ire. Such an =-
even heat tran::ifer may Hell require the ter.iperature·to 
vary around the circumference of the wire. The::ie ef-
fects will be more important the larcer the diameter of 
the wire. It is usuo.llv assumed that the verJ sr.1all 
anemometer wires { in diameter), no axial 
gradient can be supported. 

Heat Conduction From the Wire to its Support::; -
The main use of the resi::itancc-Lempcrature wi.re will 
be to measure heat transfer. Accurate measure of the 
heat transfer must take into account the hco.t lost to 
the supports. Thu::i, if a wire is placed in a flowing 
medium, it will lose heat to the fluid and to its 
supports. The enerror balance on the entire wire may 
be obtained by considering 5.18. 

(5.42) 

which ma;y be written as 

( 5.43) 
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--- _J~ ---, ... 
-- --- ---- --

Figure 5.18 - Convection Controlled Energy 
Balance on a Hot Wire. 

The conduction to the supports can be found by ap-
plying the Fourier-Biot conduction equation at the 
point of attachment • 

.,,-D2 dTw l L o_ = - K --,,--· - ' "k W 4 dx X =t 2 

The gradient is 
( 5.39) 

obtained by differentiating 
1 

dTw 7<ii = -(J12_T) 
./11 s 

SINH..4;2 x _,4 ½ 
1 1 

cosJU1i2 ,/, 
2 

or 

(5.44) 

equation 

(5.45) 



1 

{ ) 
.,812 J ~i _2_= /h_T ..a½ TANH 

dx X - z .Bl S l --2-

equation (5.43) may now be written as 

[1 +o<(T - T )J 
W 0 

1 
1J'1)2 2 

&izl~l 
+ 2 ,( 

_l27 

( 5.46) 

Thus, the ratio of the heat loss by conduction to the wire 
supports to that lost directly to the air stream by con-

vection is L,,tJ 2 - T \ /-8111) TANH.J'l ½J 
K 1r'D2C....6' l sj \" 2 2 ~=~---------

Kr Nuf (Tw-Te) (5.48) 

hD where Nuf = -k. The energy balance, equation (5.47) 
becomes f 

I 2 ro [ l + Cl( (Tw - T
0

)] = ?rK~uf (T.,,.-T
11

) (1 +f) 
· (5.49) 

The subscript f denotes conditions evaluated at the 
average ter.1perature between the fluid and tne wire. The 
major difficulty in evaluating the heat loss due to con-
vection is determining the value of the wire support 
temperature. The solution of equations (5.48) and (5,l19) 
is difficult, 1 but it can be solved in an adequate form. 
A simpler technique was developed by Kovasgnay2 by 
assuming the wire support temperature is ;that of the free 
stream. The ratio of the actual heat transfer Nusselt 
number, . Nu' ;to the measured Nusselt number, Nu" can be 

written as 
lBaldwm L,\I.: Slip Flow Hec2t T--,,aYJ&{ey F--,,o"' CyliYJdeYS in 

~CJ~S~ni::_3_i!:._StYe~rns. /V/ICl'I TN 1i69, 19.58. 
a.k'ovasz Ylll:f: '-· S. G. :. - TiJ vbvl.e-nt-iteas11Ye·mlfin-t$, 1-'l. [J. 

P>w.s,cal MeiJ.:;-c,,.yements in ~iZ& 0¥r,amics and Co,..,buslio11, 
1')'1°1-,ce ton tin iv. Pres~ l9S"I. 
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where 

a + ii 
a* 

1 + a 

ii = I\, - Re 
Re 

ii 1 - S (t) a*= 
1 

TANH S 

( 5. 50) 

The reference temperature of the wirc,(temperature-resistance 
calibration).,is taken at Te rather than 32°F to simplify 

1I 
the calculations. The solution of a* as a function of S 
is shown in figure (5,19), Use of figure (5,19) together 
with equation (5.50) is a quick means o"f correcting for the 
heat loss to the supports. 
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HO Transient Operation - The major application of 
the hot wire anemometer is in the measurement of transient 
velocities rather than mean velocities. Thus, we need 
consider the response of the hot wire to a transient, whlch 
causes a change in the wire temperature. The energy 
equation for transient operation may be written as 

(ENERGY STORAGE BY WIRE) = (rnPUT ENERGY) - (CONVECTION 
ENERGY OUT) - (CONDUCTION ENERGY OUT) 

The relation is written as 

(5.51) 

The storage of energy per unit time in an elemental volume 
of wire is 

(5.52) 

where p is the de~sity of the wire material and c is 
the specific heat of the wire material. The product pc 
is the wire heat capacity. We art! a:rnuming that the 
temperature is uniform within the wire material. The ef-
fect of radial temperature gradients in the wire is treated 
in detail by Benson and Brundrett. 1 Using equation (5.52) 
together with equations (5.26), (5.28) and (5.34) in equa-
tion (5.51) gives 

1 
Benson, R.S., and Brundrett, G.W.; Development of a Resist-

ance Wire Thermometer for Measuring Transient Temperature in 
Exhaust Systems of Internal Combustion Engines. Temperature, 
its Measurement and Control in Science and Industry. Vol. 3 
(Reinhold Pub. Corp. New York( (196) 
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Equation (5,53) mey be written as 

pc = ;/'Tw - A T + g ( 5. 54) 
k !J t fJ x2 , W _,.,2 

where..61 and..6'2 are .defined as in equation .(5.36). The 

.boundary conditions for the case of a cold wire heated 
suddenly up to a hot operating temperature is 

· T = T x = t-1 at all times t w s' -2 

Initial condition 

Tw = Ts, t = 0 for all x 

Details of the solution of equation (5.54) is given by 
Baldwin and Sandborn,l 

Briefly, we know the"steady state solution for the finite 
wire, equation (5.39). So we can assur.ie a solution of 
the form: 

\, (lr ,ti:-) ·= U (x) + 'V'(x, t) 

where U (x) is equation (5.39) and U (x,t) must be computed 

(1) t = 8 + T and (2) ,v(x,t) ,. w (x,t) e - t/~, 
W 00 

This leads to 

Assume a product solution (e.g. ref., Wylie, C.R. 
Advanced Engineering Mathematics, McGraw-Hill Book Co. 
New York, (1951) 

1 
Baldwin, L. V., and Sandborn, V .A.; Hot-Wire Calorilne-

ter: Theory and Application to Ion Rocket Research 
NASA TR R-98, (1961). 
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w (x,t) = T (t) X (x) 

the equation becomes 

or 

(-Q3) ;n = 
T ~\: 

-("2kt) 
w (x, t) = C e pc cos ;>..x 

Onzy wey to fit the boundary conditions is to require: 

cos 4 = 0 

So 

A"= i (n 'It'+ .,. ) clsenvalues, n = O, 1, 2, 3, etc, 

The solution con be written as 

t ,,,82 ( ~2) cosH/J; x 

cosH}i.R 

fr (" 2k + ½_)~ 
·+ L en e- pc pc cos~1l w -;;§1 = Ts -;J'T 

r,20 

(5.55) 

Where the constants C are the Fourier coefficients in the 
half-range cosine expaHsion (e.g. Wyli~J 

The length average solution is 

J;fi,L (~ 2k 
(
/12 ) TANH 2 I~" -pc+ 

½_)t 
pc 

- - T -----·+ C 8 -..41 s j,,81 ,,I n 
2 

11•0 

STEADY STATE SOLUrION TRANSIENT SOLUTION 

(5.56) 
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The u:;unl technique er.iployctl in tran:;icnt rc:;pon:;c 

analysi:; leads to solutions of the form - t/t:' for n ce 
fir:;t order :;ystcm, where i:; terned I.he time con:; tant 
of the :;y:;tcm. For cxrunple, if n simple system, such a:; a 
hot wire, were subjected to a chanec in temperature from 
T

0 
to T1, we might require that the t~c rate of change 

be proportional to the temperature difference. This 

would be expressed as 

(5.57) 

\/here the tine constant 't' is just the constant of 
proportionality for the relation. Equation (5.57) i:; a 
first order system with a solution of the form ~-t/,.). 
Figure (5.20) shows the solution of equation (5.57) plotted 
as a function of T for a ratio t:,.T1 /t:,.T

0 
so the - solution is 

1 - C - t ·-~. As may be seen i-occurs at .63 of the final · 
ratio of LO. 

Examination of equation (5.56) :;hows that the 
transient solution is Of the form of 

00 

I (5.58) 

where 

(5. 59) 

For this equation the solution is a series of first order • 
solutions , so it is evident that the finite hot 1·1ire docs not 
respond exactly as a first order system. However, for general 
applications it is found that the "higher order" (n = 1, 2, 3 
•····•·) terms in the transient solution can be neglected com-
pared with then= 0 terms. Thus, the transient solution is 
approximately 

(5.6o) 
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Figure 5.20 - Tr!l.llsien-t Response of a Ffrct Order 
System to a Step Function. 
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The relation for the zero order time constant becomes 

1 - = t; [j\: pc + k.,6'1] 
k . pc + b.Q .:i. 

.,,oc 01 

(5.61) 
It can be shm-m that the exact first order time 

constant for nn infinitely long wire is 

(5.62) 

Likewise, the results of Baldwin and Sandborn1 for a con-
duction controled wire leads to the result (for roughly 
the same approximation as nnde in equation (5.60) ) 

I 
-Z-c (for 0) ( 5 .63) 

Thus, as might be expected equation (5.61) is a linear 
combination of the two cases of convection controled and 
conduction controled heat loss. 

A detailed evaluation of the tir1e con:itant for a 
resistance thermometer is given in Chapter VI. The actual 
application of equation (5,61) may be lL~ited, since the 
conduction term is very small in room air conditions. The 
conduction term is important only for vacuum conditions 
where h is very small. For operation of hot wires in the 
slip region we might expect to find an area where all terms 
in equation (5.61) are important. The solution, equation 
( 5. 55) was obtained by Baldwin in 1961 and we have not had 
time to check more that the end points of pure conduction and 
pure convection. Some rough chccks2 were attempted and the 
trend for the time constant in the slip flow region appeared 
reasonable, however, the accuracy of the results were ex-
tremely limited. 

1 
Baldwin, L, V., and Sandborn, V. A.; ibid. 

2 
Sandborn, v. A,; A Hot-Wire Vacuum Gauge for Transient 

Measurements. Avco Corp. Wilmington, Mass. RAD-'.lM-63-41, 
(1963). 



136 Convective Heat Tran::::fer - The convective hea :, 
transfer from hot wires ha::: rcce i vecl much exper i.J.1cn Lal 
attention. Baldwin, Sandborn, and LawrcncelGive an 
extensive review of reported heat transfer mea:;urcmcnts 
from cylinders made up until 1960. The correlations 
are the bo.sic resultG upon uhich the many different ap-
plications of the resis t ance temperature transducers can 
be related. The general approach in the consideration 
of convective heat transfer will be mainly to employ 
experimental data rather than theoretical predictions. 
The flow around a circular cylinder is complex and as a 
result theoretical evaluation of the flow is difficult. 
For potential flow around a cylinder the problen can be 
handled theoret ically, h01·1ever, for the actual case of a 
viscous flow the analysis becomes very complex. 
Numerical solutions have, of course, been obtained over 
wide ran13es of flow conditions, but general relations 
are not available. For free nolecule flow general solu-
tions can, of course, be obtained. 

One important fact must be kept in mind in con-
sidering the convect ive heat t ransfer from cylinders as 
applied to the applications of the resistance-temperature 
transducer. This is that it may not be adequate for a 
particular application to have only an engineering type 
representation of the heat loss from the wire. · If 
transient applications are considered, the heat loss must 
be accurately known so that t he first derivative of Lhe 
curve can be obtained. Thus, in the following discussion 
the very general overall type correlations are not 
attempted, as they may be very misleading in the transient 
measurements with the transducer. 

In the following sections the convective heat 
transfer has been considered in several different flo•,1 
regions. The present division is made basically as to how 
the density effects the heat transfer. The parameters 
that determine the heat transfer characteristics are: 

1 
Baldwin, 1.v., Sandborn, v.A., and Lawrence, J.C.; Heat 

Transfer from Transverse and Yawed Cylinders in Continuum, 
Slip and Free-Molecule Flow. 



(1) hD Nussclt number= k = Nu, (2) Reynolds number 
137 

R, (3) Mach number=!!= M and a (I~) Knudsen number 

?,, = K where 
D u 

h - heat transfer coefficient 
D - cylinder diameter 
k - thermal conductivity 
U - flow velocity 

- coefficient of viscosity 
a - speed of sound 
?'- - molecular near free path 
p - fluid density 

The convective heat-loss rate, equation (5.28) or 
(5.29), may be taken as a definition of the heat transfer 
coefficient h. The Nusselt number is a dimensionless mat 
tran::;fer parameter, which is the ratio of conduction to con-
vection. The Reynolds number is a dimensionless flow 
parameter, which is the ratio of inertia to viscous forces . 
The Mach number is a dimensionless compressibility parameter, 
which is the ratio of flow velocity to the local speed of 
sound. The Knudsen number is a dimensionless flow regime 
parameter, which is the ratio of molecular mean free path 
to wire diameter. The three fluid parameters, Reynolds, 
Mach and Knudsen number, arc interrelated, and any one can 
be expressed in terms of the other two. 

From free molecule flow the mean free path between 
molecules can be related directly to the density of the gas, 

r '\ 7.746 X 10-9 
:)._1.e .. 1• 

p (F!JO./crrt3) 
(5.64) 

This result is obtained by assuming the gas is composed of 
hard elastic spheres. This assumption is valid for gases 
as long as large molecular temperatures are not considered. 
Using equation (5.64), it is apparent that the Knudsen number 
represents the effect of density in the problem. Likewise, 
Mach number represents the effect of velocity in the problem. 
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Reynolds nwnber cont ains information auout both cle: i ::;i ty nnd 
velocity. Ago.in from free molecular f low t heory, the 
viscosity of a ro.reficd gas composed of hard elastic spheres 
having a Maxwellio.n velocity distribution is 

u = o.499 vp 71 ('.i,65) 

where the mean molecular speed can be related to the 
acoustic speed by 

( 5 .66) 

where 'f is the is entropic exponent. Using these molecular 
flow relations the rclo.t ion between Reynolds, Mach and 
Knudsen nwnber becomes 

r.;-- M Ku= 1.26 ,(1 -
Re (5.67) 

Equation (5.67) indicates that only two of the 
parameters are necesso.ry to express the flou conditions, The 
most revealing correlation has proven to be a plot of Nusselt 
nwnber versus Reynolds number, with lines of constant Mach 
and Knudsen nwnber denoted on the figure. In this type of 
plot the effect of velocity and density on heat transfer a.re 
easily sepo.rat"ed, In the sections which follow the discus-
sion is divided into continuum, slip and free molecule 
flow regimes. These divisions are basically defined in tenns 
of mean free path, and as such can be divided according to 
Knudsen nwnber. 

The subsonic convection of heat from small cylinders 
in continuum flow has come under theoretical study for many 
years. The work of Boussineq1 , in 1905 apPcars to be the 
first formal attack on the problem, King2, in 191lf extended 
the work o:f' Boussineq to the first theoretical application 
of the hot wire anemometer. The results of King's solution 
is still taken as the starting point for many modern thesis 
on hot wire anemometry. As applied to the mean heat loss 
fran hot wires in a subsonic continuwn flow the engineering 

1 
Boussineq, 'Comptes Rendus,' vol, 133, p. 257, 1905 

2 
King, L, V., On the Convection of Heat from Small Cylinders 

in a Stream of Fluid: Determination of the Convection Con-
stants of Small Platinuwn Wires with Application to Hot-Wire 
Anemometry. Phil, Trans. Roy, Soc. London A 214, 373-432 
(1914). 
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predictions of KinG arc surprisinely GOOd, Unfortunately, 
the most used applications of the hot wire o.ncr.iomctcr is 
for transient mcasurcr.icnt, where the equation for the heat 
loss must be accurate to the first derivative. Kina's 
"potential flow" relation for heat loss may be expressed as 

i2 R . -'u (R-R) = A + B -v 
a 

(5.68) 

This relation is still cr.,ploycd extensively in many hot 
wire anemometer studies. Unfortunately, the results of 
Kine arc limited to at best continuum, nigh Reynolds number 
flows. At the limits the power of U can vary from near 
zero to one. For continuum flow at low Reynolds numbers the 
sensitiyity to velocity becomes 

Heat loss ct.T (5.69) 
LOG (d/U) 

which is the zero end of the scale. For free molecule flow 
the heat loss varies as the first power of the velocity. 
Thus, no one heat loss curve can represent all of the pos-
sible relations for heat transfer that can be encountered 
for the hot wire. 

Fiaure (5,21~ shows the possible vari ation i n heat 
loss, as a function of Mach, Knudsen and Reynolds number 
for a cylinder in air. 1 The lines of constant f.!ach nur.ibcr 
correspond roughly to lines of constant velocity , uhile 
constant Knudsen nur.iber corresponds to cons t ant density. 
This curve shows, as miaht be expected, that the hot wire 
is sensitive to both velocity and density as ,,ell as 
te1?Iperature. The curves of fieure (5.21) are an eneincerina 
correlation of a great quantity of experimental measurements. 
Thus, each curve is roughly accurate to + 15%, and could never· b, 
used as the exact calculation curve for hot wire measurements. 
Each use of a let wire will require an individual calibration 
curve of mean velocity versus heat loss. 

1 
Baldwin, 1.v., Sandborn, v. A, and Lawrence, J.C., Jour. of 

Heat Transfer, ASME ~rans., Ser. C,, _VQ_l~ 82. No. 2, 1960. 



14o 

10 •·,---.----.-----,.-------,----,----,----,--~ 

l'o ·1----1--+--+---+--+-=<::....i----+--+-------l 

L 
i 
i 101----l----:1'9;".fP-=t----4--+---l-------l---+----l 

10 
............ .!!!I..~ ... ,,., 

,..,,L-L~!,....--,:1,---_Jl,.-_ _J,o',,.--_JI071 __ .l,o~-_j10~-_j,o1~-_J,.1 
ltf.'t'NOf.OS NUM9UI, "•• 

Fignre 5. 11 - Correlat'ion of convective 1:ea t 
transter from transve rse cylinders. 

024 

o 004ao • o 00168 u0·u 
(ICING 'S FORM FIT,,!} 

OOOS68 +0.00114 uOS 
(IC ING'S LAW BEST f'IT , 

020 0 .00865 + 0000883 uO!o 
!KING'S LAW BEST FIT , 

120 · 2~FT/SEC~--

.O16 /f61' /4; 
l_!! 012 R·Ro 

004 

•~0.005719 uO Zl39 
(10 TO 30 FT/SEC) 

0 40 80 120 160 200 240 280 
VELOCITY. FT/SEC 

Figure 5.22 Experiment al meai,mre111ent of tho 
heat transfer from a hot wire . 
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Figure 5.22 is n ~lot of measured heat loss frcm n 

o.0002-inch diameter tungsten wire operatjn~ near room 
air flow. Herc the dimensional term, (i2R)/(R _ R )' for 

a 
heat loss is plotted against measured velocity. The varia-
tion of the density was at most 4 percent, and hcn ,;e for 
simplicity the data are treated as incompressible (NM = oO. 
The hot-wire-anemometer output can be annlyzed by relating 
the root-mean-square voltage fluctuation to the correspond-
ing velocity fluctuation graphically by using the best 
faired curve throUf,h the data of Fig. 5.22. 

For the evaluation of turbulent fluctuation from 
anemometer measurements it is preferred to use an empirical 
equation between heat loss and velocity. The slope of the 
empirical equation at the measuring velocity will be used 
to relate the heat loss and the turbulence. Thus, the 
equation not only must represent the data, but also must 
give a good first derivative. Several empirical equations 
are fitted to the data of Fig. 5.22. It wns found that, to 
obtain one equation to fit all the data, the powcr ·of the 
velocity must be less than one-half. An equation of King's 
form, but with a power of o.43 gives a good representation 
over the range of velocities covered. (Note that, for 
U - 2110 ft/sec, NRe of the wire is 22.) The data could 
be approximated by King's law if two different slopes and 
intercepts were used. Likewise, simple pm:er laws without 
an intercept represent the data well over limited regions. 
The data of Fig. 5.22 were all taken with a constant-
temperature hot-wire anemometer at the center of a 4-inch-
diameter fully developed turbulent pipe flow. 

The relation between the mean heat loss and the mean 
velocity appears to be best fit by the relation 

A+ BU" 

The value of n is near 0.5, but not exactly 0.5. 
consider the sensitivity of heat loss to velocity 

(5.70) 

One may 

d(I 2R)' a:u--
and see that it may make a great deal of difference in the 
results even far. small changes in n.. 
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Figure 5. 2} - H-,e.t. '.l.'ransfer frr:,;n a Cy}.incler as n 
Function of the Angle Bet~.'cr;n t.he Cylinder ,,.nd Flow. 

the case whe:te onJ.y t he nonnul. velocity co::n:,orient i s 
rE:sponziblc for the heat transfc; . l.'11ilc the;·::: i:c; rour~h 
e.gr.e€.Jllcnt b l?tvie:.:.!n the cosine curve e.nci th•.:- mc:.101 .. rrc.r.1.cnt it 
can be seen t;h(l.t n n11irkerl <lev:.1-'tion ·would be found if ·(;h,~ 
f :i.r<Jt derivative~ of the co~ine encl irea::m·ccl curves wcr:~ 
compared. A ge,1ern.l cali.brntion of a ho·~ ,:ire thnt is ·to be 
ueed at a ,,glea to +,r..e flow rcqui,'<?,, a threc-di;nenr,ionnl 
curve such a:i that shown in fi@.u:e 5.24. Heriz the varia-
tion to mca.n velocity au a functJ.on of angle is pl-)',;:;:?n.. 
Actuo.l use of the ho~ -wire req_uircs a :;eries of· two dim-::,1-
siono.l calibrat:i.on curves :it ftxcd on~les and fixed 
velocities, as sho~m in ficure 5.25, to obtain the velocity 
and angle sensitivities. 

The effect of slip and free molecule flow on the 
yawed hot1wirc has been considered by Baldwin, Sandborn and 
Lawrence. For engineering correlations i t is necessary to 
consider both the Reynolds of t.he flow normal to the cylinder 
and the Mach number normal to the cylinde~. 

1Baldwin, L. V., Sandborn, V. A., and Lawrence, J.C.: 
Ibid. 



Ficure 5.24 - Three-diriensional calibration of a 
hot wire as a function of flow angle and velocity. 
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Figure 5.25 - Two-dimensional paramGtric curves of 
the co.libration of a hot wire to flow angle and 
velocity. 
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Evaluation of Turbulence with the Hot Wi re Anemometer -

If a hot wire is placed in a turbulent ai r flo\/ the heat loss 
will fluctuate with turbulence. As discussed ab9,1e the hot 
wire can follow a transient change roughly as a first order 
system. A typical hot wire will respond roughly as shown in 
figure 5.26. 

Figure 5.26 - Typical Frequency ReaponGe Curve for a 
0.0002-inch Dil.>meter Tungot.en Hot Wire. 

The f'.rcqucncy re:iponse may be computed d i.rectly frnm tr''! 
step responve curve, fi.gure 5.20, by req_u.i.ring f = 2?rt' The 
hot wire of figure 5.26 can reGpond to approx.unateJ.y '70 
cycles per second wHhout; a loss in ~o.ln. Above '(O cycl•,!l per 
oecond the rer,ponse fnJJ.a off afl a flr~:-.-. order syste:n. if 
electronic !llllplifier is built t.b::.t can increase r,ain as a 
first order system, then it is po::sible to electronic..11.ly 
"compensate" • for the loss in gain of the hot wtre. Ti.1erc are 
at least three basic electronic networks that will behave as 
a first order system. 

a) The resistance-cnpacitance network 
b) The resistancc-inductnnce network 
c) The transfor1r.er circuit 

These systems may be waployed to compenstatc the loco in goin 
of the hot wire, and thu.o, increase ito frc~uency response by 
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t•m or three d•:cae..ei;. '.l:'heoe sycteir.s al'e terme<i conr.to.rit 
, tl.I'rent not wL·c nnc.1r.omctcr6., since the current thro'..!gh 
1.1,c hot •.,ire i:; hP.ld constnnt. 

A aecon,::I elect1·onic system l'lln.1' be t!ITlployed, which 
lio.J.o nces autom;lt;icclly the wheatstone bridge in which a 
Lot. w:~re is opP.rnting. In other words the electronic 
:-y:;tc.:1 S'2enses o.ny unonlancc in the b:-idge due to the 
i'lw::tuat 'i.on in the hot "lre heat loos o.ne. feeds current 
1·0 th•i t:r-icle;e Lo rehe.·Lance it,. The electronic systm~ can 
fol:r.ow nnd bnl!mcc the bridge for frec;_uencies up to 
~O ,000 c:.,cles r,r gt>cater. Thus, the resistance ( tempera-
t11re ( of the hnt wi:re is held constant with respect to 
U.me, and the ·t;hermal stornge ten:i, Eq. ( 5. 52), i zero. 
'I'he f:!-equ'!ncy ~·espo_ns•! of this system, which is co.lled 
the constant temperature hot-wire anemometer, is strlckly 
r, function of -the frequency limits of the electronic 
E<ystem. Figur,1 5.27 shows the basic block dingraJn for the 
two types of ru1emon!etcrs. The detailed electronic circuits 
are not included in the present discussion. 

Figure 5.27 - Hot-Wire Anemometer Circuits. 
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anemometer is based on the fact that t he output can fol-
low the instantaneous changes in the fluctuations. The 
ability to follow the inst antaneous variations is 
accomplished electronically. The present discussion will 
assume that the anemometer output is followinu; the instan-
taneous fluctuations. The second assumption required in 
the measurement of turbulent with the hot wire onemomcter 
is that a mean calibration between the wire heat loss ar.d 
the quantity to be measured can be used to evaluate the 
fluctuations. In all cases to be covered it sh.ould be kept 
in mind that the main object is to evaluate the fluctuating 
quantity once the mean calibration is known. 

The first part of the discussion is concerned with the 
actual relation between the fluctuating voltage and fluc-
tuating velocities. As such, it is intended as a guide to 
the approximations involved in the evaluation of hot wire 
anemometer signals. Unfortunately, only a token amount of 
experimental investigation of the errors involved in hot 
wire anemometry have been made. Once the approximations 
are o-..:tlined then example sensitivity relations between 
fluctuating voltages and turbulent quantities can be derived. 
It was chosen to present the u;eneral sensitivity relation 
for the hot wire in the last part, since specific examples 
will better serve to demonstrate the techniques involved. 

Velocity Sensitivity of a Hot Wire - In this section 
two possible types of hot wire operations are considered . 
First the case of a wire normal to the mean flow, and second 
the case where the wire is yawed to the mean flow. Figure 
5. 24 is an example of the relation between the wire voltage 
required to maintain a constant wire resistance and mean 0 
velocity as a function of yaw angle. An angle of yaw of 90 
is when the wire is normal to the flow, and an anu;le of zero 
is for the wire parallel to the flow. For convenience of 
discussion it is assumed that all flow properties except 
velocity are constont. Likewise the wire is maintained at a 

. constant resistance, so that there is no need to express the 
heat loss in terms of Lill. Thus, fiu;ure 5.24 is a complete 
calibration for a hot wire under these conditions. A 
fluctuating voltage, e , about sorae ..-alue , E , can be · 
related directly to a fluctuating velocity by amgraphic solU• 
tion, as demonstrated in figure 5.28. Note that in all the 
analysis to follow, the object is' always to do exactly that 
demonstrated in figure 5.28. The problem is made complex on 
because there is more than one turbulent quantity being se 
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Fi gure 5.28 - Graphic Solution of Turbulent Fluctua-

by the hot wire anemometer. 

The specific question t hat must be answered firs t 
i s what velocity is sensed by the hot wire in a three-
dimensional turbulent flow? The problem of a wire normal to 
the mean flow is shown in figure 5.29. The total velocity 
is the vectoral sum of the mean and fluctuating velocit i es. 

(U + )2 +v2 +w2 mu (5.71) 

If the heat loss from the hot wire is a direct function of 
the total velocity then the output of the hot wire is relnted 
t o t he mean and fluctuat ing velocities as given by equation 
(5.71). For the present discussion there is no need to 
assume that the heat transfer is due only to the normal com-
ponent of the total velocity.* Thus, equation (5,71) is more 

* Note that if oniy the normal component were assumed, then 
v2 would not be included in equation (5,71). 
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Figure 5.29 - Hot Wire Normal to the Mean Flow. 

eeneral than is normally assumed. The fact that in 
figure 5.24 there is still a veloc i ty sensitivity for a 
wire parallel to the flow (zero degrees), suggests that ' 
sane sensitivity to v may be present. The value of 
v2 , no doubt, should be weighted by a factor soncwhere 
between O and 1, therefore equation (5.71) over esti-
mates the wire sensitivity. 

Equation ( 5. 71) may be rewritten as 

In order to simplify equation (5.72) it is as~umed that 
l.ul-lvl'Ylwl and lu k<u , thuo m 
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( 5. 73) 

and 

(5,74) 

Fer many t urbulent flows the fluctuntlons are only o.bout 
on~ tenth of the iooe.n velocity, so th;;.t order of mo.1;r1i-
ti;.dc ar;sumptions mad.e ln equation3 (5.73) are valid . 
Hc-wever, f or such flows as a boundary lnyer (near the 
well) values of u as srcat as o.4 nre obtained. · Un-u: ' 
fortunntely, no information has evcr been published to 
dc.monst.rate just. when eqt:ation (5. 7h} is no longer valid. 
Tbis validity must be determi.ned for each turbulent flow. 
Throughout the following discussion on the evaluation of 
hc,t 1,i:·~ u.i.gnalt; it v.ill be as,mme:i that the velocity 
Cf.n b:, ~,x_;;,resseo. as a niell.n quant.it.:y plus a turbulent 
cc~onent.. (Um + u' ) • 'lhe turbulent component u • will . 
be a function of a u, v and w, :iuch as zivcn by equa-
tion (S. 71), however, f.or 1110s t flt,ws it may be possible 
to uPc the reh'tion gi'fen by equation (5. 71~) (i.e. U'-u). 
NQte 'that in nenrly eve>.71 discu.saion of hot wire nn=-
ln!::try to be fow1rl in thn lHerature_, it is am:umed thr..t 
u• " u witJrnut a tholltlht, b'cing given to secondary effects. 

'l'he second 1>rohJ.em to b<? ro1~wered is what ,·elocity 
is sensed b:1 a t-rlrc y!otwed to the mean flow. For this flow · 
it. lo n0.cessary to assl.lllie some further relation bet•.1een 
velocity and heat transfer. For the nonnol wire it W!.18 
not neeesaary to auG\lllle a sp,:ic:ifi.c reJ.ation between t.he 
tcta.l velocity r,:1d the wi!'e heat. tranufer. For the yawed 
·-,ire ,:;asc the u.-:uaJ. assumr,tion is that only ·the component 
of totr.il velocity norm,'11 to the wire contributes to the 
heat transfer. If the heat tr:;;.nafer is due only to the 
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Gtagnation line along the leading edce of the hot wire, 
then the normal component of the velocity is theoretic-
ally correct. Unfortunately, for the heat transfer from 
a hot wire more than the stacnation re13ion must be 
considered._ Thus, the normal component of velocity 
represents at best a first approximation to the heat 
loss. For the present discussion it will be assumed 
that the normal componen~ of velocity is the most im-
portant, however, in the final analysis of the hot wire 
signal the graphic calibration curve is suegestcd as the 
only accurate method of evaluatinc yawed wire data. 

Figure 5.30 shows the coordinate system for the 
yawed wire. The component of total velocity normal to 
the wire in th~ x-y plane in 

U =-l(u,.,tu) .. +v• [sin(<p+51J))] (5.75) 
nToT{;t.·,Y) V 1 

where now &f can be either positive or negative depending 

I 

Hor W,l'IE I 
Figure 5.30 - Hot Wire Yawed to the Mean Flow 
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on the sign of v. The component of total velocity normal to 
the wire in the xz plane is 

UN =w (5.76) 
xz 

Thus, the total normal component is 

UN =../{(Um+ u) 2 + v 2}{sin2 (1j) + olj))} + w2 (5.77) 
tot 

This relation can be expanded by using the relations 
sin(i/) + oi/)) sini/)cosoi/) + cos~sinoi/) (5.78) 

where 
sinoi/) = V 

· + u)2 + v2 m (5. 79) 

cosoi/) = u + u m 
+ u)2 + v2 

m 

Equation (5.77) may be rewritten as 

UN =-,/CU + u) 2sin2i/) + 2CU + u)vsim/)cosi/) + v 2cos 21j) + w2 

tot m m CS. 80) 

or 

UN 
tot 3u u 2 2v 2uv ,B -u-- = simp{l + u + Cu) + if'oti/) + w-cot'l' 
m m m m m 

for moderate angles of i/) it is reasonable to assume that 
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li.nenr approxill'.ations ccn bo nade 

however, for lllllall nnglC's of ff) the second order teI'DS 
c::umot be neglected,, Again, just 1.f.1ere the s econd 
order tcnns start to becoma i.:mp',rtant i-:i not kn01m. 
Most cxperi.mcnters limit their Jleo.31.rcr..cnts to !Ul{T,lcs 
grentcr than ;;oo, h01•1Cver, it is tempting to operate 
the wire ot vecy small angles in order to obtain 
greater sensitivity to the v component. 

T9 first order it is assU1ned that the yaw wire 
1s sensitive to u and v only 

tT.,-n,r --v;., ( 5.81) 

Lince.rizcd Evollllltion of Snall /lrn>litutlc Fluctur'ltions -
Cc)nst::-.nt Cu..··rent Hot Wire Ancr.ioiii,,"t,;r - The practical 
evlllootion of the hot wire anemometer output requires a 
minimum of two electrical measurement~: 'l'he mean, d,c. 
voltage c.nd the r.m.s. of the a.c. volte.ac. For a 
single wire normal to the ncan flow these trro r.ieosurc-
l!'.cnts ::.re sufficient to compute the lonzitudino.l t=tu- · 
lent velocity. Onca the mean o.Iltl fluctuating voltoecs 
o.re measured, lt is evidcmt from the d i scw;cj on in the 
previous section, that thr.se two measurements con be 
used ·with the voltage- velocity csJ.ibrat!.on curve to 
compute the turbul4!nt velocity flucf;u.ation. 'Ihesc two 
measurements arc not sufflclcnt to determine much er thP. 
detail of the fluctuation, such ns E}T.Dnctcy or flou 
reversal, Thus, the o.nnlysis of the present section 
must assume !'ram the start that the fluctuations ara 
symnetrical about Em, and no flow reversal occurs. The 
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general approach to evaluating the anemometer output is 
to consider the flow composed of a mean velocity, Um , 
and a fluctuating component, u . Likewise, the voltage 
is divided into a mean and a fluctuating component 

~II,. 1,-,,, + 1<.. ;· 

t:,.=£,., t- e 
(5. 82) 

the fluctuating component has both positive and negative 
values. For the present constant current case it is 
necessary to specify that the fluctuations in wire re-
sistance are small compared to the total circuit resis-
tance, so that no fluctuations in wire heating current 
occurs. 

To demonstrate the procedure in evaluating the 
anemometer signal, it will be assumed that the voltage-
velocity calibration curve can be represented by an 
empirical relation of the form given in equation (5. 70). 

,iE 
__ L.c.-_ .= /t + J3 i·- )J 

E-i Ra.. 
(5. 70a) 

where E is substituted for iR • This procedure requires 
that the mean and instantaneous relations between voltage 
and velocity are the same. This requirement is present 
in all the transient evaluations of the resistance-
temperature transducers. The error due to the use of the 
mean calibration curve would enter through the effect of 
turbulence on the wire heat transfer. This effect is 
unimportant for most hot-wire anemometer measurements. 

Using the definitions, Eq. (5. 82), for E and U 
equation (5. 70a) can be written as 
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;a(E,,. +e) 
--~--:-".::- :: II+ 8 (V,.,,+t.c.) r, 
(Em +e)- i Rd 

(5.83) 

Equation (5.83) is the e;cneral type of relation, bchreen 
the velocity fluctuation, u, and the voltae;c fluctua-
tion, e, obtained for the hot uirc anemometer. The 
exact form of equation (5.83) will, of conrse, depend on 
the empirical relation used to represent the ·roltae;c-
vcloci ty calibration curve. The assumptions nrc ccsso.ry 
to obtain equation (5.83) are: 1) no fluctuation in 
the cm·rcnt i, 2) the mean voll;age, Em, corre:;ponds 
to the mean velocity, U , and 3) the mean and in:.tan-
tancous relation bcb:cennvoltagc and velocity arc the 
same. /\ctur,.lly the second aml thj_rd assumpLons arc not 
independent. To employ equa~ion (5.83) it m~t be-'~ 
written in t ern:; of the measured quantity, e or "f c . 
This requires that equation (5.83) be squared and mean 
values taken. 

The mean squaTe expression is 

where the bar denotes the mean value of thc ·fluctuatine; 
quantities. Equation (5.84) is complex and does no t 
yield a unique relation between the measured voltaec 

and the fluctuating velocity u2 • In fact, equation 
(5.81) shous that no one to one correspondence between 
? and u2 exists . 

Equati.on (;.84) is of mathcmati.cal interest , 
since it represents the concise rclati.on between the 
statistical voltaee fluctuation and the velocity fluc-
tuations. However, for practical evaluation of the hot 
wire anemometer output, such a relation as equation 
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(5.81) has never been employed.~1e prn'f8cal approach 
is to find a relation bet~en ,y7i and_.J;_i by 
reatricting the analysis to small t'luct1111tions. S~t~-
ina with equation (5.Bo), the velocity term, (U+u} 
is expanded in an infinite series 

{II •u)" • U n + nU {n•l)u,n{n-1) U (n-2) '2 
• • • . 2! • u 

(5.8~ 
,n(n-1} (n-2) u {n-3)u3 + ••• n(n-1) ••••• (n-N•l) U (?1•!,') I~ 

ll N! • u 

The power series places the restriction fuJ<um on 
eq1111tion (5.85). The mean -voltage-"\'elocity relation 
may be taken out of equation (5.85) to give 

3

::: ) (E +c-iR ) r-¾ = 
. m a m a lBnUm (5.00) 

(~m:)• (~;,l) WJ (n-11fn·2) ,~m) 3+ ••• 

coupled with the restriction ;ul<U is the fact that 
' JR 

(u/Um) > (u/Um) 2 >(u/Um)s •... T~us, to f~rst order it 
is required that Um»u, so that higher powers of (u/Um) 
can be neglected. Coupled with this first order restric-
tion is the fact that Em >>e, so that equation (S.86 ) 
to first order becomes 

' i 3R e r 1 a ' 1 u 
-·-.{=Em---i~R-a~)-2 lBnUmn]= Um (5. 87) 

The negative sign in equation (S.87) denotes that 
an increase in u cools the wire so that e decreases. 

The relation between r.m.s. voltage and velocity becomes 
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i1R.i ,{ffe _ {fii 
-(c.,.,-i~)"BnV,,,,n - 11.., (5,88) 

Equation (5,88) is the linearized relation between the 
hot wire anemometer measured r.m.s. signal and the 
velocity r,m.s. An insight into the linearization can 
be obtained by considering the differential of equation 
(5.70), 

(5.89) 

where E replaces iR. If now idR = de is replaced 
by ff, dV is replaced by C, and E and U are re-
placed by the mean values, then equations (5.88) and 
(5.89) are identical, This demonstrates that the 
linearization process is equivalent to replacing the 
calibration curve by its tangent at the point Em, and 
requiring that e and u can be neglected compared \o 
E and U • m m 

The practical evaluation of the constant current 
hot wire anemometer output usually employs a form quite 
simu.lar .to equation (5.88). The special case, where 
ri:-1/2, is of course the classic example 

(where· now 
B and. U 

m 
tion. The 

(5.90) 

E • iR has also been used,) The value of 
m . 

are obtained f'"rom the me~_caj..ibration equa-
accuracy ot the linearized evaluation will . 
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vi n cl.epend first en how well the empirical relation 
(5.10) fits the meen cnlibrntion dai.a. Af. coilld be 
demonstrated by equation (5.89), the empirical fit of 
t;he mean data must bt> nccurc.l~ to the first deri.va1;lve. 
Trio re~uir.es that a goco deal of care in fitting the 
empirical reJ.atj_on to the calitratlcn curve. This curve 
rltl.inc r:.?quirer,ient is equall., true for either ·constant 
,-::vrrent or constant teirpt' :caturc operation of the hot 
-..,j re. 

b) Constant T~~r.ature Hut Wi.re Anemometer -
f ::, r r,onst:.nt t,€1,rperature hot 1o1ire anemometer operation 
·the wire 1·esiatancc is he.ld -::onst1:mt e.nd only the cur-
rtnt oi: voltage varies. Equation (5.10) is assU111ed tor 
the st1J.rting empirical nJ.:::ition for the calibration 
cl'rve. The equ:!·e,ion is modified by employing the 
voltage instead of the curre~t 

(5.70b) 

The perturbation relation equive.lent to equation (5.85) 
beccme::: 

( 5.91) 

•-ir,d the relat.ion hetwe~~•.1 the m-~1m sGUc\:re of the voltage 
fluc(,U."l.ti1Jn and the velocity fluc-~uat .i. cn j s 

(5.92) 

&quatS.on (5.92) 1.s perhaps s'i:mplei- ·~nnr: the constant cu.i:--
rE?nt relation, Eq. i 5.87~ lmt i t alilo .L,dicat..es that a 
unique :rclat.lor. betveen e &.'l(! -;;_a onJy o.oea not exis·t. 
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To obtain a useal>le relation the infinite series expo.n-. 
sion of the term (U +u)n, which requires lu I <U , is m m 
made. 

2£,.,e + ea_J_ =/.ll) + f!2.:dl(.M.. f' 
R(R-l'l,1) B.,,U,.." \U., :i.t er,., 

·I (11-1)(n-2) ~)3+ 
1., . fv.,, 

( 5.93) 

To first order, the higher powers of~~J and ~~)are 
neglected, so that the relation between the r.m.s. 
voltage and the r.m.s. velocity for the constant temper-
ature hot wire anemometer becO!Jles 

(5.94) 

A simple substitution will show that equation (5.94) is 
equivalent to the derivative of equation (5.70) if 
Rdi = W and iN = n. The special case, n=l/2, 
gives the following relation 

4 E.,..,, -ve'i _ ,{Cf! 
R(R.-R;i)B~- Urn 

'(5.95) 

The accuracy of the turbulent velocity evaluation 
will depend on the accuracy with which the empirical 
relation, Eq. (5.70), fits the calibration data. In 
figure 5.22 a calibration curve for a 0,0002 inch diameter 
tungsten hot wire was shown. This data was taken with a 
constant temperature hot wire anemometer. The root-mean-
square voltage fluctuation was also recorded for each 
measured point. The hot wire was operating ·at the center 
of a 4-inch-diemeter fully developed turbulent.pipe flow, 

l Sandborn, V .A.: Experimental Evaluation of Momentum 
Terms in Turbulent Pipe· Flow, NACA TN 3266, 1955• 
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A direct co·~imria•,n between the turbulent fluctuations, 
evaluated by each of the cuggeated e.mpir.ical.ly fitt(d 
curves cho,:n on figure 5.22, i::; shown on figure 5.:,J .• 
As a stanu.erd for compari~ the different equations, 

_the crosshatched curve representsf.~ues obtained graphi-
calcy 1'rom the me.isu.rcd E

10 
and ,-c and the ca.l.il,ra-

ti on curve. The sprend in the graphic evaluated. eata 
is ln part d1:.e to the cun·•! re:lding. The accuracy of 
the cq•lll.tions 11.1 best at the high Reynolds m..ur.be1"$. 
None of the relations arP,. adequate at the lo1f Reynolds 
n:u.1hcra. Figure 5.31 der..onstrates the King's la~• 'lli th 
n;.112 is no better than the other empirical relntion.s. 
This also points up the tact that measurements o:' the 
turbulent fluctuations with the so called "linearized" 
aneixuneters are not neces~ a great improvement. 
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Figure 5.}l • Comparison of turbuf.,t l~tenaity ~.aiuatecl fto11t 
••v•rol empirical equations for the heat lo•• 

M<)st of the early measurements with the .hot wire 
e.neinometcr ilave uacd the square root i·elation of King. 
In r..er.y instances it was realized the relation of King 
did not correlate the calibration data. Much of the 
ir.isfit ws blamed on dirt or other external effects. The 
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author, 2 encountered the cleviations from King's law in 
boundary layer measurements before it was realizecl that 
such effects existed. Under the assumption that dirt 
was affecting tne i,rire calibration, a new King's law 
curve was fitted to approximately every four or five 
points measured in the region near the wall. This 
technique can be employed to improve the accuracy of 
the evaluation shown in fie;urc 5.31, however, it soon 
becomes just as easy to e;raphically evaluate the fluc-
tuations. Considering the reGults shm,m in figure 
5.31, it would appear that no one empirical relation ot 
those considered will be adequate over the complete 
Reynolds number rane;e. Abov0 and below a pipe Reynold& 
number (based on pipe radius} of between 6 and 8 x lo4 
(hot wire Reynolds number of 6 to 8) the turbulent 
intensity changes mor~ marked--than the empirical rela-
tions can indicate. The accuracy with which a set of 
turbulence measurements are evaluated will, of course, 
depend on the specific research proe;ram. In the past 
the interest was mainly in trends of the turbulent 
intensity rather than absolute value, so that only 
approximate values were necessary. 

The turbulence data shO\m in figure 5.31 is typi-
cal of measurements that would be made with a hot wire 
anemometer. This data represents the effect of Reynold& 
number on a statistically steady isotropic turbulent 
intensity. Of the many possible turbulent flows the 
fully developed turbulent pipe flow should be the most 
repeatable and well defined. This flow was US<id by the 
authorl, to compare the measurements of the turbulent 
intensity with a constant c~ent and a constant tempera-
ture anemometer. The results of this comparison is 
demonstrated in figure 5.32. This data was evaluated 
using Kine;'s law, simular to the relation shown on figu,re 
6'.~ for ·u from O·to 120 feet per second (see also . 
figure 5,2f.1) Measurements reported by other experimenter• 

l . 
Sandborn, V .A,': Experimental Evaluation of Momentum 

Terms in Turbulent Pipe Flow·, NACA TN 3266, 1955, 
2 . . .. .... 
Sandborn, V,A,, and Slogan, R,J,: NACA TN. 3265, 1955, 
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a.re o.lso included on figure !f.S:Z.,. From an accuro.cy 
standpoint there is li ttlc to cho:;c between the two 
methods of meo.surinc; the turbulent intensity. 

. The fully developed turbulent pipe flow is the 
ideal facility to check out a net hot wire anemometer 
system. It is recommended that researchers just start-
ing to develop techniques for measuring turbulence with 
the hot wire consider first attempting to make measure-
ments at the center of the pipe. A check of the tur-
bulent intensity and the trend with Reynolds number will 
insure that the anemometer is functioning properly. 

Several alternate methods of evaluating the hot 
wire anemometer signal can be found in the literature. 
Of interest to the engineer needing a quick answer 
without an elaborate calibration curve is the method ,-1hich 
uses the intercept rather than the slope of the calibra-
tion curve. A derivation of the intercept method of 
evaluating constant temperature hot wire anemometer data 
is c;ivcn by Lawrence and Landcs.l The one new assumption 
of this technique is that a measure of E for no flo'.r 
is sufficient to define the calibration ctlrve intcrcep t. 
Such an assumption cannot be justified either theoretic-
ally or experimentally, but for moderate or hie;h veloci-
ties the calibration curve has only a minor dependence on 
a small error in the intercept value. The resulting re-
lation, subject to the same linearized assumptions as 
equation (5.95) is 

4E -{~ 
m (5.96) 

For the 0.0002 inch diameter tungsten wire sensing ele-
ment, ·equa.tion (5.96) was found to give turbulent 
intensity values within from 20 to 30 of the values 
sho~m in figure 5.32. 

1 
~ence, J.C., and Landes, L.G.; NACA 2843, 1952. 
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Figure 5.32 Comparison of measured turbulence intensity 
at the center of pipes from hot wires 
operated by constant current and constant 
temperature anemometers, 

Measurement of the normal turbulent velocity comp-
nent - To demonstrate the evaluation of the turbulent 
fluctuations from the yawed wires,employing an empirical 
relation,the normal componen t of the velocity may be 
assumed to represent the heat loss. The heat loss from 
the yawed wire, as a fu:1ct ion of velocity and angle; 
is written similar to equation(5.70) as 

( 5.91) 

'!he relation for UN, given by Eq. (5,81) is exponded 
simular to the method employed tor Eq. (5.85). The 
e,cpansion retaining only the t1rat order terms, gives 
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Thus, the output voltage from the hot wire may be 
related to the velocity fluctuations by 

(constant current) 
i 3eR a l 

- (Em-iRa)Z B
1
nu~sin (n-l) 41 = Uu sinf + J cost (5.99) 

m l)l 

(constant temperature) 
2E e+e 2 

@ 

R(R-R) a 

U • ,~ V .., U sin"' + U cos., 
m m 

(5.100) 

where B is the slope of the calibration curve of 
l."2 R • .n n 
{R-Ra) 

versus umsin 1' • 

An alternate example would be the assumption that 
the heat loss varies as ( sin pJm, where m is the power 
determined from the angle calibration data. The 
anemometer relations become 

(cor.~tant current) 
i 3e R a l 

- TE::-in )2,, Un. (m-1),. = 
m a 0 111 ins1n .,, 

(constant temperature) 
· 2E e+e2 

m 
R(R-R ) a 

l 
,, Un . (m-1)'1 ,>n sin m 

u . +(~) V U srnt n U cosl1'(5.101) 
m m 

u . +(~) cos,p (5.102) U srni, n m m 

The effect of the angle relation shows up directly as a 
change in the wire sensitivity to the v component 
only. Thus, equations (5.101) and (-5.102) point out the 
importance of having the correct angle variati_on. 

If equation (5.99) and (5.100)' are written in 
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tenns of the mean square voltage and velocity fluctua-
tions, a new velocity tenn '1W appears. For the case 
corresponding to equation (5.97) the relation becomes 

where 
i6R 2 k2 " ___ a __ 

(E -iR ) 4 
m a 

4E2 
k2 " ___ m __ 

v2 
2 sinf cosf + - cos 2 ,P ( 5 .103) u2 u2 

m m 

(constant current) 

(constant tempera-
ture) 

The tenn · if!' can be detennined with the wire 
nonnal to the flow, however, the -.;;z and if components 
are not evaluated from a wire· parallel to the mean flow. 
As will be seen, the variation c:;,f heat loss for the small 
yaw angles does not follow a simple angle dependency. A 
_systematic set of measurements should be undertaken to 
decide on the useable range of angles that might be used 
in the valuation of turbulent velociti es. To evaluate 
"7 and uv it is neces.sary to operate the wire at two 
different angles of yaw. In this way two equations with 
-.;;z and uv as unknmms can be solved simultaneously. 
For maximum accuracy two different angles which are 
equally sensitive to uv and 7 would be chosen. 
Typical angles employed are 45° and 135°. In figure 
5,30 it was assumed that a positive value of v was fn 
an upward direction. Consider now the case of a wire 
yawed at _ an angle- rp to the mean flow. For an angle-~ 
the normal canponent of the total velQ~ity ma::, be writ-
ten to first order as 



l{, :(u,.,, + u) sin(/)- vcos (()) 
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(5.104) 

Thus, for a wire ya.wed at an angle - ,P (which would 
correspond to 135°, since the yaw angle is measured 
clockwise from the mean velocity direction), the mean 
square voltage - velocity relation becomes 

As an example, equat ion (5.103) and (5.105) can be 
solved for the case 'I' = 45° and _, = 135° to obtain a 
unique value for uv/Um2 

i1V --U.-l-
I'll 

{ K 2 iF)4s•-( k %el ),5s• 
4 

The relation for .v2/u 2 is m 

( ...... ""'!) +f,,.2e5) - ;z _if: .. 
n e '9S'' l" ,~o v,;, 

( 5.106) 

( 5.107) 

An assumption inherent in evaluating uv and? is 
that the .m.re at ench angle of yaw sees the same value 
of 7, · v2 and uv. If the wire were a point neasuring 
device then the asaumption would be exact, however, the 
wire will have a finite length which sweeps out a finite 
area as it is yawed. Thus, a question wi_ll arise if the 
turbulent field over the length of the wire is not uni-
form. · A discussion of the effect of nonuniformity of 
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the turbulence in the evaluat i on of yawccl wl r e:; wl ll be 
covered in more detail in part {c) of this section. 

Sinc,le Wire Mea:;urcmcnt:; of the Three Turbulent 
Velocity Componc: nt.s - Tuo techniques have been u:;ccl lo 
evaluate the transver:;e turbulent component:; from ynwcd 
wires. The first is to rotate a :;incle wire to severnl 
an1;le:; and the second is to employ two hot wire:; at 
fixed anclc:;. The two fixed \-l ire:; wi ll be referred to 
as ab X-w±rc and wi.11 be discu:;scd in the next section. 
The sincle rota ting hot wi re probe appear:; t o be the 
best means of measuring the tran:;verse ancl correlation 
components. However, there arc many Lime:; when it is 
inconvenient to rotate a hot wire probe. 

Fieurc 5.24 is a typical calibration map obtained for a 
rotating hot wire. The three variable:;, wire voltage, 
mean vcloci ty and yaw ancle arc plot tcd on the three 
axis. A two-dimensional calibrat i on plot with yaw angle 
as a parameter is sho.m in fic;ure 5. 25b. Note that for 
a wire parallel to the mean flow there is still o. 
dependency of heat loss on the mean velocity. Thu:;, it 
is evident that an analysis based on the normal velocity 
component only is at best only approximate. The most 
accurate evaluation of the ya'1ed hot wire appears to be 
a semi-craphic approach, where no specific curve fitting 
is attCT.Jpted. 

Considering the calibration curves of figure 5.25, 
it is possible to state that the fluctuating voltace 
output of a ·hot wire is a function of the fluctuation in 
mean flow and flow angle. This may be written as 

(5.108) 

The differentials arc replaced by pertibations, e, u 
and '"· The angle ,,, can by referring to figure 5,30 be 
expressed as 
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(5.109) 

where u and u2 cnn be neglected comparied to um. 
These nssurnptions are equivalent 
made in connection with equation 
(5.108) may be written as 

to the linerizztion 
(5.87). Equntion 

~E aE. ..Y.. 
e= ovu+~v,,, (5.110) 

It could have been shown that equation (5.110) is 
equivalent to equation (5.99) or (5,100). Equation 
(5.110) can be evaluated directly from the experimental 
calibration curves by mensuring the differentials. 
Fi Gure 5 .33 shows the values of 1> E/ 1> U ancl <JE/ 2' 'I' 
evaluated from the calibration curves of fiGure 5.35, 
A comparison of the tenns shows that 1> E/?> '/I increases 
much faster than -o Ejr, U decreases. /\s a result, it 
would be expected that the hot wire output voltage 
(root mean square) will increase aa the wire approaches 
t he parallel condition. Fi gure 5.34 shows the actual 
measured output of a hot wire as it is yawed to the flow. 
The rna.ximurn output occurs at an angle of appro;:imatcly 
10 degrees beb·reen the hot wlre and the mean flow. 
Evaluation of the hot ,-,ire output at these small anGles 
may be of value, since the signal level is much improved. 
However, it i s necessary to reconsider the linearization 
of the equations. A question is always posed that the 
hot wire supports may i nterfere with the flow at the 
small angles. If interference were of great importance 
it would be expected that the zero angle output would be 
much greater than that recorded in figure 5.34. It 
appears worthwhile to further explore the possibilities 
of operating the hot wire at angles nearly parallel to 
the mean flow.· 
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A check of the y;i.wed wire analysis ha.s he.en 

znade by CCIIIJIUting the v2 co;rr,oncnt a.s a 1"1.u-,ction o,f 
nnglt! for t,hc d1xto. shC11·m in fls•ir~ 5.}5. This datn 
wns t::i'kcn at th& c:enter of. o. ft1lly clevelope~ipe flow, 
thu:1 \iv' is equal to zero, The fnr.t th~t 0 is not, 
independent of !JJlgle i::i difficult to LU1derst.J.11ri. A 
great. n1J::iber of ir.eatmreracnt.:, hnve all indicated that 
r.i\n.i.r.allD ·1alue of 7- is alw~yi; fo11nd o:round nn a.-ielc 
of 40 degreea. '.[he voriation of must lie ncccptcd 
nt thP. pr\!scnt 'dmc as the accuracy of the: measuring 
tcch.niquJ?. Again further work is indicated to bettt?r 
understand the yawed wiro .100asuring t"Jchniq1.ies • 

. 5 -------,-----,-----~,-----~ 

0 ' ' I 

20 30 40 50 
ANGLE OF YAW l#f, DEGREES 

Figure 5.35 - Values of ? as a funct,ion or 
wire yaw angle. 

c) X-wire ~ration - The X-\1ir~ 'prober: er.,pl<Jy 
hot wireo :fa'W'ccl at angles \1 &nd - 'f with respect to 

60 

thE": iieon flow. Thc:ie wires operate identic Ill to the 
single ;yawed wire, so that equaUons (5.99) and (5.100) 
can be applied directly. The X-wire probes are used to 
1:v&.1'.1ate both the v ru,d w velo~ity conrpon~nts, ns 
uell as the correlations between the velocity cor.iponent3. 
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The present discussion treats only the measurement of 
the v component, but it should be obvious that 
placing the . same probe with its -wires yawed in the 
xz-plane the w component will be measured. 

The output voltage from the two wires may be 
written, following equations (5.99) and (5.100), (the 
same could also be done for equations (5.101J and 
(5.102) as 

(k e) -= U.u si.,, <P + l co:s 1/J +<P m 

{Ke)_'I' .., if..,, sin f,8 - co~ <I' (5.111) 

From an electronic standpoint it appears a simple 
matter to match K + f' and K-'f' and then subtract 
k ~- ~~'I) to obtain a unique relation for 
P/u. Such a technique was developed by Schubauer 
· and ielebanoff1, in their early work on the applica·-
tion of the anemometer to turbulent boundary layer re-
search. 

The mean square of the instantaneous differenc~ 
between the two X-wire volt!lGe outputs can be 
determined from equation (5.111) as 
(e · -e t• u',. sin~~[-!.; - -L -t -¼]t~,i11f/Jcos'f[f.,_--:L;, 1 

•'I -. U"' K+rp k+r, I(<, K-v, U,,, ,_,, 

- . I 2 .l.] +- cos2 (l)[J< :z. +-K. I( -+- JC . Y,! +i, .._. fl -tp 

From equation (5.112) it is evident that if 
K+_f = K- f a K t~en 

{5.J,J.2) 

Equation {5.113) demonstrates the practical 

1schubauer, G.B., and Klebanoff, P.S., 
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prob l em is one of l!llltching the two uires of the 
X-wire probe. Schubauer and Klebanoff :;olvr.d thin 
problem by rotating the X-wiren about their axis 
unt il t he menn voitage from the two wires are equal, . 
Figure 5,36 is n plot, obtained by Schubo.ucr and. 
Klebanoff, of the lllCnn volto.ge from the two wires of 
o.n X-probe, as a function of angle. 'I'ne difference 
voltage between the two wireo is aloo plotted on 
figure 5.36, It may be seen that the curves for the 
individual wires are far from· linear in the region 
0 ~-· - •·u • 

.:z. . 

V --
\ / i\ .. 

,I 

,,. 
I \~ I t' \ 
I \ -~ - <Jf.' ~-1 \ J. 

) \ I,.... I/ 
:e 

,,, 
,. I" / 

•ts 

, . 
/ ' ..._ - - -- - . 

'-0 0 20 iO 
,4"'61.£ \/'1IUmON1 OE(i/lU:£S 

Figure 5.36 - Matching of the X-probe Wires to 
Measure the v and w Turbulent Velocity Components, 

However, the difference voltage is nearly linear over 
an angle range of 30°. 'I'ne slope of this voltage 

· different curve iii the reciprocal of the sensitivity 
· of the X-wires to. v or w. Expressing the slope in 
volts per radian,· there exists the relation 



172 

(5-114) 

Where ISE/6. If is the slope, and is the 
r.m.s. of the instantaneous differenr.e between the 
two wires. In operation ·the value ISE/6. cp can be 
determined for each specific measurement so that 
knowledGe of the mean wire calibration is not required. 

A possible error appears in that it is impossi-
ble to place the two wires in the same plane. Thus, 
the two wires do not see exactly the same turbulence. 
This requires that some information be known about the 
"correlation" between the turbulent velocities over 
the small separation distance between the two wires. 
The correlation coefficients Ru' Rv and Ruv may be 

defined as~ v
1
v

2 
= _ ,-=-_ r==;: , RV = r= r:·- ·· 

V u2 V u2 V v2 V v2 
1 2 1 2 

UV , RUY=-----
~•ty'I 

The values of and correspond to the 
turbulen~ velow.i-.es seen by the two X-wires. Even 
though ./uf = there is no wtzy of knowing what 
value ~ 2 will be, other than that it will be +ess 
than ,fu!f._ Rewriting equation (5.111~ for the 
case K+'f = K _ 'I' = K, but denoting by subscript 1 
or 2 the turbulent velocity corresponding to the 
+ 'I or - ,P wire, Gives 

note that the correlation coefficient call' be defined, 
·as 



or 

1: u 
ulu2 (ul+u2)2 - (ul-u2)2 

'/~2·J;;f 4,ru; Qu 
1 2___ l 2 

(-u-
1
--u-

2
-) 7'? (u +t1. ) : R 4 'U ~ -

. l 2 u l 2 

(-:-v ,:; 'v •·V ) 2 + R 4 ,r;,-v l 21 - ' l 2 v l 2 
'.2 2 -For the assW:1ption l1J: = u2 and v1 v~ 

(u1-u2) L = 2 u~(l-Ru) 

(~i = 2 ;."(l•R ) l 2 v· 
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T"nus the er:·or in the u and v tem.s gees directly 
a::; the correlation coefficient. The cro ss correlation 
terM contains the four quantities Vi• u2v2 and 
u2v1 . In line with the assumption uf = it 

appears reasonable to assume ?i = u2v2, however, 
the other two teIT.Js remain unknm-m, 

The variation of the correlation coefficient i s 
rare~ kno1-m in a mcasw-enent, so it is difficult to 
estimate the errors incurred. Several researchers hc.·,e 
reported they were unable to ootain reasonable neasurc-
rnents wi t h X-wire prooes. No doubt it is po::;si":lle '.hat 
in some cases the correlation between the two X-11ire::; 
was causing too great an r. rror. A good deal more i:-.for-
mation on systcmatic investigation of X-wire probe mea-
surement s would be of great value. 

In boundary layer measurcrnen ts, it, is not always 
possible to rotate and match the t110 wire::; of an X-
probe. Thus, a more complex method of evaluating thr. 
probe outputs must be er.iployed. Basically, equa~ion 
(5,106) cc.n be used to evalua t e uv and equation 
(5,107} can be employed to evaluate 7 (where 7 is 
obtained from an independent neasurc with a ::;ingle wire 
normal to the flo~ Equ~Lion (5.106) and (5.107) re-
quire on~ that = , = v;:, with no uncer-
tainty entering due to the correlation coeff.:.cicnt. 
Note that in most cases it is quite reasonable to 
equate the statistical average velocities, even though 
the correlation might differ from one. To make X-wire 
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neasurcmcnts independent of the normal wire mcasureQCn 
the electronic bum and difference circuit is employed. 
In this way n third statistical avcra,:;e equation, such 
as equation~-.!Jp) is_,£.btaincd. Since there arc three: 
unknowns, u, v~ and uv, three relations are needed. 
was found co,nvenicnt to construct the third equation 
a Deasurc of both the sum and difference of the X-wire 
signals. The menn square instantaneous sum, corre 
to the difference equation (5.ll5) is 
,. ):z ua . :z [..L + A- ..L. 1 le~,, ,.e_-'P -c u,:s,111 ,r~ ",.-"-.,.,. k-.,J 

( 5-ll6) 
+ ~~:ii-,,',()u,3'1){~ -tl} + ~" cc,~"11{-f;. ~L .-..,,, ... ., ,,, ., ~Ky 

Note that substracting equation (5.ll2) from equation 
(5.116) gives 

(5.117) 

where -

Solvi!J&. equations (5.103), (5.105) and (5.ll7) for 
. and v"' gives 

and 
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The sum and differencq relation, cquo.t1on (5.117), can 
be shotm to be in error directly as the correlation 
coeffici.ents, much the snr.ie as equation ,5.113). How-
ever, 1;he uncex;J.i.i.nty co.n be de te:.mined by co,.rpar i nr; the 
evaluation of 'i u" / U from t'hc X-wlre meas:u·er.1cnl.::; with 
measurements mo.de witll a s.i.nc;le wire nomal to the flow. 
Figure 5.3.7 shows ::;ueh a cor.iparl::;on reported by Sandoorn 
and Slogar.l The:ie measurcr~<?nt:; \1cre made in a turbulent 
boundary layer. A comparison, such as ::;ho,:n in f lr~ure 
(5.37), r;ive::; a r;ood consistcnry c~:, the reliability 
of the other x~,-rlre measurements -v~, ,.,- o.nd uv. For 
the partlculnr boundary layer flow studieci in c e,nnectlon 
with t'i1,ure (5.37), .it wa::; fouml th:1t the X-wi.rc meas~ 
ments checked the !lingle wir~ data within -:!: 201.. 
Obviously, the X-wire data \·till lie subject to a err.at 
deal l)lOre r!).ndom err9r than the sinr;le wire clacn. Thi$ 
mean& that i:rrc;,rs ~f -t 201. mieh t be eJ:pectecl evl:!n in 
the absence of the 5qrrelation error. However, if the 
ei.-ror exceed.s t 20 •t. the dat~ of fir;ure 5.37 would sue~ 
gest that other than random error is peine encountered, 

Several techniques for evalu8iing X-wj.re datll ha,V'~ 
been discussed by other researchers, Thc:::e method::; are 
simular to those outlined above. flow Corporation,4 
finds it convenient to work with the inst,mtaneous valu.e:; 1 
such ac (K+'f e+f+ ~~., e_.J where the wire sensitivit;i, 
constant K is handled throueh the electronic circuit$, 
For a given application this approach can save on com-
puting time. In each nnd every application it appears 
necessary to reach an independent conclusion on ,~1ether 
equation (5.99) and (~.100),. or the more complex relationa 
(5,100) and (5,102) must be ·used. As in the wire nonna;J.. 
to the flot·r cnse, one can not rely on previous reporte~ 
hot wire evaluation. Only in recent years has lt become 
obvious that the King' Ii Law approach ts toe restricted. 
Like the normal wire case, figure 5.22 the mean heat loi;a 
relationo must be valid to the first ~erivative j._n 9rder 
to accurately evaluate the turbulence. 

Correlation Measurements - The importance of eor~ 
relation terms in turbulence theory make necessary~ erPat 
number of correlation measurements. The previous discus-
sion on X-wire covered briefly sorae of the methodli of 
1 
.. Sandborn, v .A., and Sloi;ar, R • .r. ,· NACA TN 326,, 1955. 1 . 

See for example: 8u.lleti-,, /llo. f>B, ~/e.,,. C-.., ~S SMt'416-t 
C•-.lllrid3e /ffa611'> 196:I.. 
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cvaluatina correlations. The cros:; corrclat.lon r.ica:;urc-
mcnts of m; and uv arc obtained directly fror.i the 
X-wire data , equation (5.106). For turbulent shear 
flm-rs the uv term corresponds to the turbulent shear 
and it is important in the equation of r.iotion. 
(Dependina on the particular flow coordinates uv or 
uw may be the shear tenn.) For rno:;t turbulent floH 
fields, symmetry conditions will require that one of 
the cross correlations terms, usually mi, be very near 
zero, Likewise, the term vw should be approximately 
zero in most turbulent flows, so no technique has been 
developed to measure it. 

Tenns such as u2 v become important in the 
turbulent energy rclations1 . The triple correlations 
can be obtained from the X-wire probes by cmployinB an 
electronic multiplier. Starting with equations (5.111) 
and obtaining the mean quantities indicated, the fol-
lowing X-wire relations for the triple velocity correla-
tions are obtained. 
ul I< 3 e" + J< 3 e" - --v.3 • +-p ,.IR ""111 -,p_~(cot~fP){k"e..,-t-i<je' 

"' ~ _si1-1:J~ 7J .. ,. --~ ·"' l" 
-~ ;( ~l (5.120) -K,.,, K..~ ~!" e.,,, - ,t_,,..r.;- ~9' -~ 

Towns~nd; A,A,: The Structure of the Turbulent Boundary 
Layer, Proc. Cambridge Phil, Soc., Vol. 47, pt, 2, 1951. 
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Modern multipliers now exceed any requirements made cf 
them in analyzing hot wire data, so that the four oper-
ations required can be done with about the same degree 
of accuracy as the evaluation of mean 8quare terms from 
X-wire data. 

The usual measured correlation is for two points, 
however, it can be of any number of points and of any 
higher moment of the velocity. For the pre8ent dis-
cussion only two point correlations are considered. IL 
may be kept in mind that the addition of more hot wires 
-and the use of multipliers can produce any degree of 
correlation required. For the two point correlation 
either a multiplier or sum and difference circuit may 
be -employed. As introduced previously, the correlation 
coefficient can be written as 

(5.124) 

It has only been in the past few years that instantaneous 
multipliers circuits have become available. Although 
multiplier circui t s were reported in the literature for 
a good number of years, the operation was marginal. The 
convnercial uni L8 presently available give very reliable 
results. The sum and difference technique was used in 
the place of multipliers. A simple sum and difference 
circuit, such as shmm in figure j.2Cf is quite easy to 
build and operate. 

The correlation coefficients Rv, Rw and Ruv can 
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be determined from two X-,·1i.rc probe:;. Thc:;e 

·correlations measurements are a ma,jor undertaki'1G, and 
as such have not been reported. A:; an alternate 
approach, the autocorrelation technique, has been 
employed; The autocorrelation measures the correlation 
of the signal from a single wire at two instances in 
time, 

Separation of Velocity, Temperature and Density 
Fluctuations - The general application of the anemometer 
to measurements of velocity, temperature and density is 
by far more complex than the cases treated so far. The 
approach in the present section will be to introduce the 
all inclusive hot wire sensitivity relations. Note that 
the overall sensitivity relations could have been 
developed at the outset, and all results in· the preceding 
sections derived directly from the eeneral relation. 
However, it appeared that the concepts of transient 
anemometry could better be grasped by discussing directly 
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the simple cases, without bringing in the complexity of 
the general relations. The general sensitivity equa-
tions do in no way eliminate the necessity of individual 
wire calibration, but rather, they serve as guides to 
performing the calibrations. The non-dimensional heat-
transfer correlation for hot wire can be written as: 

(5.125) 

The choice of (M,Kn) rather than (M,Re) or {Re,Kn) 
leads to simpler sensitivity expressions. The use of 
Reynolds munber introduces additional terms in the 
velocity sensitivity. The "temperature loading" 
parameter, 'r (=Tw-Te/Tt = 6T/Tt) is employed to ac-
count for the second-order, nonlinear dependence of the 
Nusselt number on air and wire temperature. The effect 
of 'l:' on Nu in slip flow causes up to 20 percent 
deviations from the general correlation. The recover~ 
temperature, Te, may be expressed in terms of the 
recovery temperature ratio, q, and total temperature, 
Te-~Tt. The heat loss from a wire may be written as 

(5.126) 

Equation (5,126) assumes that Nut is corrected for 
finite wire length, so that I 2 is the square of the 
measured wire current times the end-loss correction 
factor J: I 2

• Naturally, if a calibration curve for a 
Ill 

tarticular wire is being used, it is possible to set 
9'= 1 and correlate data as Null". 

It will be assumed that the hot-wire resistance 
(or temperature) is maintained constant by a fluctuating 
feedback current: 



l '' l 

2IRdI::: fu.{;, Pk(rw->?~] M.dif-t-$;, [1rlktr..,-)?f)N.Jj,., 

.2. _ .1 ..!l. ( 5.127) 
+ -atp[n-lk(T;,-17i)N~d IP +- a--r; [,rJJJ<(r.;-fr,)M.] dT 

If the fluctuatin6 current dI is set equal to l and 
small finite flow fluctuations arc approxlmalcd by $ 
to replace the derivatives, equation (5.127) can be 
written as 

i= [fz{ k 1-k 1t (-;;) + k 11~ pf~+ :r{ kfrw-rr,) ~w 
+[~ k(~->;Ti) + J/4 k N.i°1l (-5;)] 6_p 

(5.128) 
·L-7.R ( ) at. p R + Tw-~7; Nv.. ar - .L kN"f+!I.! l<(r:-iJrJ~JCT 0 " 't: -i.IR ir~ " r t a7t- u 't 

The following dimensionless groups are introduced to 
generalize equation ( 5 .128) • · 

-a aK,, .L __ !fuL 
a.,,o = a,,o cK,,, - .,,o ax,,, 

j 
Using the above relation in equation (5.128), along with 
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U I ,r!I. ( the relations M = 0.i ancl 2Nu = 2IR k Tw=~Tt v, 
results in the followinc; f rom for the sens itivi ty rela-
tion · rl- "' !ll v~>t ~-, ~) ,., oN .. J 6lf l=-:f -(It- i, M~f'" gM - C,, 1/t I- (I I- ·yM Nii (/" 

+l.[.!S!l~ !f!1.. oN.._ J !e 
2 r c,1<,, - M,1. aK" ,.,o 

(5,130) 

Equation (5.130) is the c;cneral constant temperature 
hot wire nnemoraeter sensitivity. I t is a linearizecl 
relation in that dI was replaced by i ancl the 
other derivatives are represented by Ii. The relation 
i s also restricted to fluids in which the relations 

= 1 + 1'-1 M2 
dU 2 

and - _u_ apply ( for example oU - Cp 
the rela tions arc not valid f or flows . of air. i n which 
the temperature excees 2000°K). 

Equat ion ( 5.130) is valid for olmost every type 
of ocrodynnmic flow obtainable in test facilities . The 
except.ions arc the very hic;h Lemperaturc shock tubes 
and some are heated facilities. The special applica-
tions of the transient anemometer to date are for the 
most part limited to values of Kn<0.10, Restrictions 
of Lhc hot wire to flows in ,-,hich Kn < 0. 10 allows the 
recovery temperature dependency on Kn and (/) to be 
nec;lccted . Also from fic;ure 5.30 the three dimensional 
anc;le 6 ({J is approximately equal to (i. e . tan 6 ,P :t 

S1= ~). This assumption is equivalent to assuming that 
u 

the w vcl ociLy fluctuations do not affect the heat 
Lrn nsfcr from Lhc wir.c. I nr.pcc tion of equation ( 5 .130) 
r.uc;r,csts tha t simpl:Lflcntions arc possjbJ.e by cmnloying 
J.01;:irlLhmi r. deriva l'. iolls (i. e . !!l.e!!.._ _ 0Lt•4Nu. 

N-. 'o 1111 - ~t.oq M ' 

<l!! _,. oLo<,k and -1....-~ _ ~LoGNg) 
k o"t awc,Tr' N .... olP - acp 
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The constant temperature hot wi re anemomeLer sensitivity 
for continuum and moder ate ,;lip f l ow the sens itivity 
r elation may be written a s 

( 5.131) 

The derivatior. of the general sens itivity equation 
for the cor.:itant current hot wire ar.emo::ieter star ts also 
from equation ( 5 . 126) . A:i additional derivative enter:; 
such sensitivity term, sir.cc the wire ter.ipera t ur e is no 
longer constant. The constant current hot wir e anemometer 
rela t ion , equivale::t t o equation ( 5,130) , i s given below, 
where IdR =c 

e~IR[(11-';1 M~ft -(,;- ¥M~f"~ -~¥-.t{,r~~j~ ~ff 
+IR[·-f; ~r.., + . .&~ - .& cJM,. J.5.e 

't- uKn t' Jkn N.._ Jkt1 ,P 

+ I H [ F ·t- Tc - !L _ t:' ;-'l JN"' lo r 
c k dfi "l" Ni.. az-J Tc-

( 5.132) 

+- JR [ /r. a& - <P I!.!Z. + .!£.. a#£(] §.!R 
t Qf/) -r-- -a({) /{1.4. av 
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Morkovin, 1 has defined a djffercnt form of 

equation (5.132), uhcre he consiclcrs Nu= f (14,Re,e). 
The quantity e ='l1Jfi3 simular to the temperature loacl-
inc; term. He obtai~lS a more c;enera.l form i.n that 
the wire tempernturc is treated as an independent 
variable. The derivation docs not include the effect 
of yawecl wires. Morkovin's sensitivity relntion in the 
present notation is 1siven below. 

Morkovin covers in detail the application of this rela-
tion to measurements in super3onic flow. 

J.leasur~ments of Velocity and Tenpcraturc Fluc-
tunLions - The c;cneral sensltivity relaLion indicates 
the hot wire responds to fluctuations in total 
te1.1peraLure, as well as to velocity and density. In 
oLhcr Horcls the hot wire behaves as an anemometer, . 
resistance thermometer and a manometer all at the srune 
ti1 c. The pre.::ient cliscu.::ision assUJ11es that it is 
possible to obtain a turbulent flow in which only 
velocity and tcnperaturc fluctuate. If temperature 
fluctuntion3 arc l:ept snall ( of the order of 5° F or 
1,~ s 3) ancl velocity is also low, then a turbulent flow 
f ielcl mic;ht cxis t in which fluctuations in cle11s i ty can 
he neclecLed. Whether such a case actually exists has 

\1orko,rin, M,V.: Flu~tuaLions a.ncl Hot ·,:ire Anemometry in 
Compressible Flows AGARDograph 24, 1956. 
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not been completely established, hm-re·rcr, mc'.'.l:-;ure~1ents 
have been reported based on the asm . .lI:'lption tho.t deni;ity 
fluctuation can be ncslected in special flo,;s. 

Althouch there are several papers in the litera-
ture which report velocity and temperature fluctuation 
measurements, there is little infornation on the general 
application of the anemometer in this type of flo•,,. 
Assuming cp/p=O, the general equation (5.1.30) expresses 
the linearized sensitivity cf the constant temperature 
hot-wire anemomet;er in an incompressible flow is, 

Since the flow is limited to the incompressible case the 
recovery teraperature term '1 is equal to 1, and the Mach 
number is considered as zero. It is further assumed that 
the variation of thermal conductivity with temperature 
may be neglected. Thus equation (5.1.34) can be r.educed to 
the form 

where ,t is the hot wire length, I is the current 
passing through the hot wire, and t is the fluctuationi:,, 
From the definition of l(usselt number re~peYatvre, 

hD I,.R 
Nu = T = k_,r._,,R_(_Tw---~-) 

the relation, Eq. 5.1.35, may be expressed in terms of the 
directly measured quantities. 

( 5.1.36) 
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Equation (5.136) mn.y be employed to e·raluate the 

r.r.1.s. velocity and temperature fluctuation and. the 
vclocity-tcr.1pcrnturc correlation. A typical cxru:iple of 
the application of the cqunU.on in encountered. in the ' 
study of thermal boundary lo.ye rs. It is desired to 
determine the us:unl fluctuations o.ncl al:-;o the correla-
tion of velocity and temperature on a delay basis (auto-
correlation). Fo·r this application it \TOuld be convenient 
to obtain a hot wire output proportional to only the in-
stantaneous velocity. The instantaneous temperattu·c 
fluctuation can be obtained by opera.ting. the hot wire ns 
a resistance thermometer. 
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Tlw -:: ; cquatl (..)n (5,J/,6) indicates thct f01· a hot H i.1·1; 
held at conr. -~C1(1t tomp~:..·.-:..ture- {clecGronicoll:r), it :l.s 
ner.~,':i~iy to ls.nu,,• Lhe Yo:r·.La.tlon j n ri.rc volt.~'-G<! with 
-:flov temperaLure O!ld ·.rolccit:t• Fo".L tl•e co.:;c of the 
re.;i 'i ~ance 1.:herr.,~">m~tcr it i:; nossibJ.c to O,)cro.~~".? tJ1c 
"b,)t w.frc" nt 3\1.ch a low valu~ of ct·.r-rcnt ·(low tempera-
ture) ·tho-t; ,9E/av :.: O a.n,:l equ11tlon ( 5-136) become~ 

(R€9IS'l'ANCIJ TllE!U-iOME:'.l'ER) (5.:1,3·j') 

whe~ (I :.o) 

Th~ possibility wa.s advnnced that a Z/0T docs not vary 
wit~1 :increase_ in wire tC'..tn_p<:!raturc wl':~reo.s Q~ increase· 

fl ii . 
rnpid.ly lti th wi:.:e tem:perRture. Thus, by opcratini:s the 
h0t ,,rl1.·e at high te:,np1~rntures it migh-t be possible to 
reach a condition viqe:c-e aE'I.., ~F;. 

"'i· !0.15 o'->.,; 

z:. 

1ii"' tr 

I AT~ 704°F 
: 0.05,1---~~---=::::::t,---=:;;;;;:::_:::.,it_-:-:-:_:_~=:_t:::::~=jt. T = 523°F 

t.T = 389°F 

AT" 203°F 
O 30 40 50 

gean velocit~~ ft.Isac 
20

a) velocity sensitivity term 

1~1:::::~f4FTT = r 
~•1Ql~.00JL~-------__ _i._ ___ L_ __ --1 ___ __._ ___ _. 

0 10 20 30 40 50 
Mean velocity, ft./sec b) temperature sensitivity term 

F:lgure 5-39 - Evaluation of the Vel()ci ty and 
T~lllpP.ratw:o_ Sensitivity. 
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F .l r;ure 5. 39 is a plot of th c ve loc ily nncl temp-

erat.. ure sensitivity term:. obtained for n 0.0002 ineh 
rl.i.nmeter 90 percent; platinur., 10 pPfcent rhocl.i.um hot 
wi.rc. The termn o.rc plotted nn and JE2 as n 

"V '()T 
mnttcr of convenience on,ly. For the temn plottco in 
figure 5.39 cq11ntion (5,136) would be written as 

( 5-136a) 

These data were obtained by plac i ng t he wi.re normnl l.o 
the flow in n constant temperature r-;trerun. Thr. tempern-
t;ure of the wire, rather than the n.ir tenperature w1r. 
varied. It in knOiml that the heat loss is a funcUon 
of (Tw -T) rnther than the absolute tcnl})erntm·e lev"l, 

so n change in wire temperature is equi vale:1t to a chnn~e 
i n fluid temperat ure ( the sic;n of U1e nens i.t iv i ty ls 
re,:erscd). F i ~Ul·e 5.39 shm;s the velocity .se11siUvi1:y 
term, which .is n function of both 6T aml flo.,, vel0cit,J, 
The velocity se1rni tivi ty in r,rentest at lmrer ·,elod t;.es 
ond highest 6T, The temperature sensitivity is not n 
measurable function of 6T, hmrever, there is 11 variation 
with velocity. The varia Li.on of the temperature sensiti-
vity wil:.h velocity i.s due mainly to hr.at conduction to 
the supports. J\n infinitely lonr, wire would show a 
lesser variation with velocity 

Flgure·5.ho comparen the temperature 
to the velocity sensitivity o.s a function of 6T and 
velocity. In order to neGlect the Lenrpe1·aturc sensitivity 
it would be desired that an error of less than 5 pc6cent 
were made. Only the 10 feet/sec case at 6T = 1000 F 
would this 5 percent figure be reached. (The curves arc 
nearly constant values above 6T + 1200°F,) No means of 
improving the results of figure 5.l~o have been found, 

The differentials de, dV and dT are replaced 

1 
Baldwin, L,V,: Slip flow heat transfer from cylinders in 

subsonic airstreams. NACA TN 4369. 
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by patt:rbaticn q:J.::.nti.ti ,=s 7 o..1cl t;2 , 7i1ic i.r, 

06 

~041__.J....__i_...JL_ __ __j,; __ ~_....,__ _ _.__------,~---1---------l 

iii 
; 0 .31---..j.__-A,__:ll.4-~--+--___::!!ii------+-----<~--'-----+----+-~ 
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Fii;uro 5 .4o - Ccm:;,a1·ir.on of the T~crature e.nd 
Vclocit:· Sensitivity. 

~(~ul Vf.l~nt to liucari.:inq; the hot wir~ response equa-
t :-0:1. Equatic.1 (5.136) in terms of the squared qunnti-
ties is 

(5.138) 

'l ,i:; is 1,;h~ uctunl e,iLla tic-n ;,hich ·1::iuld oe obtai:1ed 
f .co::i a hot •wire Lte .. rnure::,s!nt. For ec;_u1.tion (5.Jj8) it 
~s ;1, •tccl that tt1c conpilr is(m bct'.-tccn the velocity and 
1:,r:;-:iprrn', urc scnsitivJ.ty terms r;oes ,~s th,? square. 'Ihus, ~:J:. th~ mean equation it ls evident tbnt the tcr,1j_1cra-

l. e term can be neglect~d compared to the velocity 
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terms for ~T greater than al:>out 8oo°F. Thus, for 
flows in which ut = O it is possible to- measure the 
r.m.s. longitudinal turbulent velocity in the presence 
of temperature fluctuations. ThiS is true for the mean 
quantity only and not applicable for measure of the 
instantaneous velocity. 

For the thermal boundary layer it is by no means 
evident that ut = o. ·Evidence suggests ut is of the 
order of u2 x t 2 • Thus, equation (5.138) can at 

best b·e written as 

(5.138a 

for the thermal layer. The measurement of u2 and ut 
is made by operating the hot wire at two values of 6t 
and solving two simult aneous equations. 

Note that the calibration curve of a hot wire 
for evaluation of both temperature nnd velocity fluc-
tuations is a· three-dimensional curve. Figure 5.41 
is a typical calibration curve dra,-m up a three-
dimensional plot. The vertical axis is wire voltage, 
while the other two axis are flow velocity and tempera-
ture difference. 

Measurements of Velocity, Temperature and Densi~ 
Fluctuations - The extension of the hot wire anemometer 
technique to compressible flow has been underway for 
about 10 years. The major effort has been in connection 
with the study of supersonic flows. Historically, 
Kovasznay1 introduced the original concepts of turbulence 
in supersonic flow and applied extended King's law . 2 
relations to supersonic hot wire measurements. MorkoviD, 
working with Kovasznay has formalized the approach in 
terms of the general sensitivity equation (5,132) or 
(5,133), The present discussion follows the general -ide&I 

1i<ovasznay, L.S.G.: The-Hot Wire Anemometer in SupersoQiC 
Flow. Jour. Aero. Sci., Vol. 17, No. 9, 1950. 
2 Morkovin, M.V.; ibid. 
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0 

Figure 5,41-.Summary of a hot wire velocity-temperature calibration 
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of Kova5znay and Morkovin, but it will be kept i u mind 
that King's law does not necessarily apply to t he mean 
heat loss data. 

The voltage output from a hot wire normal to the 
mean flow c~ be expressed as 

(5.13·() 

From the hot wire sensitivity relations the value of 
.6.ep, 6.eu and 6.ef, are detennined as given in table V.I. 

TABLE V,I. 

=£~[-:: +.!:.,.t-t g.!1.. - ~cW"] (eom,t. current) rr i:/n." -~ 3K~ Ni.( JJ(n 
:: IR[ - !l.. & ] . 

Iv~ aN€1t 'L . . f c- iJNeC' ( McYKovn,) 

IR[ 1 'l;:L ;t) M. u:t. - ~-I 'r/M.t. 
Ae"l _: T -,1+ 2. M 1:' i;M - ¢;ft:+(/-I· ~,+J /Nu. 'dM 

{ Ct>IIS1': "ii!mpeYa. t&A«e) 
M· ~r.,, ltl;J V/' · T--1 :.z.).41~] ::. In{t1r1(/1t1l'J~ aZ -(1+ 7; M1r;J,-ef;#c t{l1- -j>1 Ill_ :,M 

· · (c.o.,,, 5,. cvrre11t) 
-=-IR[~~ , r.:.1 :,\M~ .~f;. r-1~.2i~~+f!!sa.!l. 2.] N~ at1e/''l-:1. M7.,y~ aM-:El'''"~rl/f ?J/fl f 0}ei 

{ /tfOYkov,·,.) 
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The mean square outpuL of Lhe hoL wj_re (cqun-

tlon 5.137 :.quo.reel) contains 6 fluct.uation term:,: 

w, 5_p2 , 5'1'2, ouS°p, bu&"T, and~T. This requires that 
G indcpenclent equations must be obtained in orcler to 
evaluate the turbulent terms. Applications. of the hot 
wire nnemometer to compressible flow have not faced up 
to the general relations. The practical evaluation of 
information from hot wi re measurcmen ts, where more thnn 
three unknmms were considered, is not knmm to the 
authors. Instead, the hot wire is generally opern.Led in 
such a '1D.Y that the number of un1'.nmms is held to three 
or less. Such a case may be found in the use of a hot 
wire at supersonic sreeds. As was dcmonsuratcd in 
Figure 5, the s nsitivity of the heat loss is approxi-
mately equal to either density or velocity. Thus, for 
supersonic flow it is convenient to express the output 
in terms of a mass flow fluctuation sensitivity, 6em' 

{ 5.138) 

The mean square of equation (5,138) is 

Equation (5,139) is the relation used in evaluating the· 
super sonic hot wire anemometer output. The numoer of 
unknovm fluctuation terms is only three, as in all 
previous cases considered in detail. To improve the accur-
acy of mea:mring the terr.1s the hot wire nay be operated at 
many different temperatures and a statis~ical approach to 
the evaluation can be made. Kovasznay, 1 has introduced a 

l 
Kovasznay, L.S.G.: ibid, o.nd Turbulence in Supersonic Flou. 

Jour. Aero. ~ci., vol. 20, no. 10, 1953. 
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"fluctuation cliQ.Grrun" graphic technique· to improve the 
evaluation of equnt:i.on (5.139). Although Kovasznay's 
technique hns been employed mainly for the evaluation of 
supersonic data, it is npparent that it can be used for 
any case where three unknmms arc present. 

Resolution Limits of . the Hot Hire Anemomete r _ 
The above discussion of the transient hot wire aner.iometcr 
has attempted to cover the important ~onsidcrations 
necessary to make accurate measurements. For the specific 
areas of application considred the present anemometer 
systems arc adequate. Hm·revcr, as the need for more re-
fined measurements arise and also applications outside the 
present area of use are made, then it is necessary to con-
sider errors that arc normally of s-:?cond order. The 
present discussion is concerned with both these second 
order effects in transient hot wire anemometcry measure-
ments, and also the limits attainable with the instrument. 
The present approach will be to note possible effects and 
reference literature where more detail is available, It 
is impossible to ascess the importance of the effects con-
sidered. 

The ultimate limits of the anemometer will be 
determined by the electronic and aerodynamic limits on 
frequency response. The space resolution possible with 
t he hot wire will depend on how small a length can be 
used. These considerations together with the poise level 
of the electronic circuits will determine the ultimate 
measuring abi.li ty of the hot wire anemometer. 

Problems A:::;sociated With Transient Hot Wire 
Anemomctery - Unfortunately, what is a second order 
problem in one measurement may be a major problem in 
another application. In the present section two probleJ"IS 
of major concern to most researchers are singled out for_ 
specific consideration. First the wire breakage problem 
is discussed. At the start of a program in which hot 
wires are used for the first time, breakage will cause 8 

great deal of concern. Secondly, the frequency response 
problem is discussed. This frequency problem can escape 
the inexperienced researcher and lead to incorrect mea-
surements, which might not be realized. 



195 
Wire BreGkar;e - The ultimate objective of the 

present chapter mlc;ht i.>e to enable the re:.earcher to 
obtain a correct turbulence mea:.urer:cn LG on hi. c first 
try. Unfortunately, experience inclicaLen that the 
rcscnrchcr will be lucky if the fir:.t wire la::;t::; until 
it is mounted in the flow. Unlike other types of 
neasuremcntn, the problem of the hot wire is to geL it 
in the flmr intact, rather than just the problen of 
analyzinc; the output. To go one step further, once the 
,,ire is in the flow the chances are eoocl that it will 
break or be burnt out upon heating. The only encour-
aecment is that it can be done with out brealrnge, and 
once perfected w~re breakaGe is a rare occurence. It 
is doubtful that adequate informati n can be given to 
prevent some flusteration with the initial attempts at 
opera.ting the hot; wire. 

The first o.ttempts at the handling and operat-
ing the hot wire in a flow might better be dor,e ui thouL 
the ultimate in perfection. If a 0,0002 inch diameter 
wire is to be used it is probably best to start with the 
correct diameter wire. The handling ability between a 
0.0005 and a 0.0002 inch diameter wire js ci.uHe di:ferent . 
Hith only a ninor ru:10unt of caution, the O .0005 inch dia-
nctcr wire can be handled and operated by inexperienced 
people. The 0.0002 inch diameter wire is at least an 
order of nae;nitude nore difficult to handle. To bee;i:~ 
with, a probe w::.th strong ,,ire supports wit.h a mini..tmm 
o.::iount, of "Sprinct is recommended. The inertia of the 
\:ire alone is not great enough to break the \:ire even un-
der 50g acceleration loads, but a small novcnent of the 
support can stress und break the \·tire. The jeweler's 
broaches used in the ·:cry fine, minimun disturbence, 
probes arc not recomr.1ended for the inexperienced. Instead, 
a probe with wire supports made fror.1 tapered steel 
''paper clips" arc foiind to ,mrk much better if breakaGe 
is a problen. Secondly, while it is nice to have a tight 
strung wire, slack wires last lon1ser. A slight runount of 
slacl, in the wire does not greatly affect the output of 
the wire and at the same ti.me cuts shock breakaec to a 
Kovasznay and Morkovin even go one step further and put a 
drop of rubber cement at the junction of the support and 
the Y"wre. This "shock mounting" technique is found quite 
useful in obtaining a fairly tight wire, but with slack 
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available at the encls to prevent wire breakae;c. 
Obviously, the shorter the wire supports the less move-
ment occurs. 

Once mounted in a flow the wir~ will not fail due 
to aerodynamic loads, but rather due to external effects. 
If a constant current anemometer is being used, the most 
likely wire· failure will be wire burnout. A standard 
procedure employed by the authors for both constant cur-
rent and constant temperatuxe anemometers is to employ a 
probe with a light bulb in place of the hot wire. A 
standard •.•• lamp has a tungsten wire filament simular in 
characteristics to the hot wire. This light bulb probe 
can be heated up just as a hot wire is heated, and the 
operation of the circuit checked without fear of burnout. 
Any sudden surge of current can readily be observed by 
the light emitted from the bulb. A smooth working current 
control system is essential to prevent wire burnout. If 
a wire appears erratic in resistance on heat up, the 
trouble is most often traced to a poor solder joint 
between the wire and the support. 

The air stream in which the hot wire is operated 
must be reasonable clean and free of dirt particles• 
Note that the hot wire has a very small frontal area, so 
that chance collision of "dirt" particles is great only 
if there is a large number present. In the large labora-
tory (NA.CA-Lewis) air supply it was found that sufficient 
particles were present to cause trouble. After mahy at-
tempts at filtering the air, it was ·found that paper 
filters are by far the best. Such materials as felt were 
found to increase the "dirt" problem. If at all possible 
a dry paper air filter should be installed in the upstreaa 
air supply before a program with hot wires is undertaken, 
Paper air filter systems are available for extremely high 
r.iass flow rates, so they should not be ruled out in high 
velocity facilities. For very accurate work with the hot 
wire anemometer, particles too small to break the wire 
should also be eliminated from the flow. These particles 
of "dirt" can possibly change the calibration of the. wire• 
To obtain the very high degree of filtering, paper filterl 
with high electrostatic charges are used to attract and 
trap tne particles. 
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Frequency Res:9onse - Once the wi1·-:. :JrcnlmGC 

problc;.: is under co:1trol the task of int~rrirctine the 
data beeins. The most common sm.:rce of error j n early 
ancmor.ieter measurements was related to frequency 
rccponsc. Such problens as wire compensation and 
accurate reproduction of turbulent fluctuations arc in-
cluded in the general problem of frequency response. 
To proper·ly account for all aspects of the frequency 
problem the researcher must becone familiar with the 
complex electronics. There is no short cut; sone 
knowledge of the frequency response is necessary. Per-
haps the loeical approach for the researcher jn fluid 
ncchanics is to make measurcm~nts of turbulent fluctua-
tions and compare them with known values. Specifically, 
the tw·bulcnce level at the center of fully cl~veloped 
tu,rbulent pipe flow could be used as the knmm source 
of turbulence. The measurements of figure 5 .16 show 
the ·:ariation of turbulent intensity with Reynolds number. 
Attenpts to measure the turbulent intensity in the center 
of a fully developed turbulent pipe flow will show if 
trouble exists. In the development of the constant cur-
rent anemometer used in the measurements the original 
bridge design contained wire wound variable resistors. 
As a result, the bridge had a resonant frequency at 
about 1000 cycles per second. At low Reynolds numbers 
the · ind_ica.ted turbulence level was high, but not exces-
sive. However, -at· hieher Reynolds numbers, where the 
higher frequencies were more important, the turbulent 
intensity increase with Reynolds number instead of the 
expected decrease. This result led to a more thoroueh 
check of the ir.strument, including measuring the frequency 
response, which sho·.1ed the bridge circuit was not useable. 

Instrument Resolution - The resolution of the hot 
Wire ancnometer is limited to both space and time. The 
upper frequency response limit will be the determining 
factor in the instrUr.1cnt time resolutions while the wire 
:e~eth and size will detennine i t .s space resolution. The 
~h1i-rd factor in resolution is the "noi~ level" of the com-
p ete system, which will dete_rmine the minimum signal 
level that can be measured. 
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Time Rcriolution - The time resolution of the hot 

wire nncmor.icter co.n be expressed, following Kovasznayl 
in terms of a resolution length in the flow direction. 
A lcneth lA=" U/2f is defined in terms of the mean 
velocity U and the upper frequency of the anemometer, 
f. Figure 5.42 shows this resolution length as a function 
of U nnd f. The present upper limit for the electronic 
compensation is bet,,een 300,000 cycle·s per second and 
500,000 cycles per second. The limits are imposed by the 
maximum Gain available from the electronic alnplifiers now 
used in anemometers. There is no indication that the 
·1ctual limit of amplifier design has been reached, so' 
that higher frequencies may be obtainable in the future. 

The ultimate limit of time resolution must be 
determined by the transfer of information from the flow 
across the viscous layer around the hot wire. In other 

· words the ,,ire boundary layer will determine the upper 
frequency response of the anemometer. An exact theoreti-
cal analysis is not available for the magnitude of this 
upper limit. An analysis made by Mr. c. E. Shepard of the 
NACA Lewis Laboratory for the idealized cas.e of a cylin-
derical boundary layer about the wire. This analysis sug-
gested the ratio of the wire time constant to wire boun'dary 
layer time constant is approximately 

This relation suggests the upper limit of frequency will 
be of the order of 2 megacycles. The analysis assumed 
the "capacitance" and "resistance" of the boundnry layer 
could be lumped together, when in reality they arc, 
distributed. However, the simpler relation was employed 
to obtain an estimate of the ultimate time resolution o~ 
the hot wire anemometer. Certainly, the operation in slip 
and free moleculer flow will not be restricted by this· 
limit. 

1 
Kovasznay, L.S.G.: Physical Measurements in Gas 

Dynamics and Combustion. Vol. IX (High Speed Aerodynamic 
and Jet Propulsion) Princeton University Press, 1954. 
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Space Resolution - The lencth and diruneter of the 

wire determine the space resolution of the anemometer. 
The diameter of the wire is neglicible compared to the 
uire length and need not be considered. If the wire 
length is comparable >1ith the characteristic leneth in 
the turbulence, then the space resolution will introduce 
an error in the measurcnents. For maximum signal output 
the hot wire must be quite long, however, the space resol-
ution requires a point source hot wire. Thus, these two 
requirements are in direct conflict. The space resolution 
of the hot wire anemometer has received considerable 
attention. These analyses have been reviewed by Frenkiel, 1 
and Corr sin. 2 Corrsin also has exrunined the problem when 
conduction along the wire is important. The present dis-
cussion follows the development presented by Frenkiel. 

The variation of the fluctuating velocity, u, 
along a wire cannot be neglected. In other words the 
scale of the turbulence must be larger than the wire length 
for a true value of u to be measured. To examine the 
effect of non-negligible the voltage-velocity relation !'or 
the hot wire, equations are expressed in the form 

K= R(R-R.i)Bnv;-1 
I :lE..,,. . 

(5.141) · 
(Constant Current) 

(Constant Temperature). 

If the turbulent velocity, u, varies along the wire 
length, then the voltage e(t)'may be defined by the in-
tegral 

. :I 
e(t) :s 1.<:,[ u (; t) els 

~renkiel, F.N.: Aero. Quart. Vol. 5, 1954 
P Chyor:sin, S.: Turbulence: Expez:imental t,4ethods, Handbuch des 

sik, vol. 8, 1962. 
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where s is the coordinate along the length of the wire. 
The mean square voltage for the . case where the length 
can be neglected is 

(5.14J) 

and for a wire of non-negligible length 

e~-==- K,. [L1u.(; t)ds l2 
:t ' 0 

( 5 .144) 

The integral is transformed into a double integral with 
the condition that the average of the integral is also 
equal to the integral of the average employed. 

(5.145) 

The term in the integrai can be expressed in terms of a 
correlation coefficient (where y is in the direction of 

s) 

( 5.146) 

Also for homogeneous turbulence over the lenGth of the 
wire it is required that U:X=[u(~~-;r.~tl}'-=[(.((~y,~tJ.t 

Thus, equation (5.145) can be written as 
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(5.147) 

The relation can be reduced to a simpler form by setting, 
6~ 2s}, and requir~ng Ru to be an even function, ref. 

(5.148) 

Equation (5.148) gives the value of mea~rcd with a 
wire of non-negligible length. The values u and Ru _ 
are the true values of the turbulent terms. Comparing 
equation (~148) to equation (5.143), which is the true 
value of e when wire length is negligible, gives the 
following ratio 

(5.i49) 

Since R ,l, the turbulent voltage measured with a.hot 
wire of Mon-negligible length is smaller than the true 
vnlue of voltage. 

Signal Resolution - The last major resolution factor 
for the hot wire anemometer is the minimum turbulence level 
that can be measured. The nois~ level of the system will 
in all cases determine the lower limit of measurement. For 
measurements of the overall turbulent intensity a ratio of 
signal to noise of 3 is considered sufficient to obtain 
reliable data. However, if the spectral distribution of 
the turbulence is to be measured, then a much greater. signal 
to noise level will be required, _ The noise spectrum is 
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Generally of constant omplitude which extencls over the 
useable frequencies of the amplifier. On the other 
hand, the turbulent spectrum decreases rapidly with 
·increasing frequency, so that the two sie;nals may be 
of equal amplitude at the_high frequencies. 

Techniques arc available in communication work 
wherein sie;nals can be extracted from noise. Howe·,er' 
in the case cf turbulence the signal docs not differ' 

·greatly in wave form (at a given frequency) from the 
noise wave form. The practical method of lowering the 
signal to noise ratio of the hot wire ancmor.1etcr is to 
increase the output of the transducer, and at the same 
tir.1e lower the noise level of the amplifier. In the 
past the constant temperature hot ·wire anemometer has 
been viewed. w \. Lh disfavor, since its noise level was 
somewhat high. The constant cti.rrcnt anemometer, being a 
simpler a.c. amplifier, can be made with lower noise 
levels. The improvement of the transducer output siennl 
ls also a possible line of attack. If, for ins to.nee, 
the semi-conductor elements can be employed as hot wires 
the output signal can be increased by an order of :magni-
tude. Another approach is to employ a very thin film 
coated on an insulated cylinder, so that a very high 
re~istance metallic eler,;cnt is formed. Here again, the 
resolution of the anemometer is more than adequate for 
_most applications, and it has by no means reached the 

The Laser Anemometer. - The most recent advances in transient velocity 
measurements has been 1n the area of light: scattering opti.cal techniq_ues. 
These advances were made practical by the development of the "!:_ight 
Amplification by Stimulated Emission of Radiation (LASER)" light so11:ce. 
The laser is in principle equivalent to the electronic sine wave osci~lator 
that employs a~lifiers and feedback, except that the laser operates 1n 
the range of 10 to 1015 hertz. I The basic properties of the laser are 
high intensity, high monochromaticity and d_irectivity of its output be311 • 
Electronagnetic radiation is emitted from a material when atoms of the 
material drop from one energy level to a lower energy level. '!'he laser ial 
action is that of "pumping" or exciting a collection of atoms in the lllllter 
such that a selected transition will have more atoms in its uppe:r energy 
level than in its lower energy level. When the excited atoms emi tt,. they in 
are forced to contribute to the electromagnetic wave that already exiSt S 
the neighborhood. Thus, all atoms emitt in phase with the existing wave, er 
and a high degree of time coherence is achieved. The structure of the las 
is that of a resonator, so that the frequencies generated are confined to 
specific modes of the resonator. This confining results in a high degree 
of space coherence. The wave length of radiation is determined by the tal• 
energy levels of the active material, which may be either a gas or a_ crYS 
A broad range of frequencies can be obtained by considering all possible 
materials. 

. t the Laser, 
Present discussion taken from; T. H. Gee, An Introduction ° nolod 
von Kannan Institute for Fluid Dyn:i.mics Lectu_re Series 39: Laser Tech 
in Aerodynamic Measurements. 1971. 
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The laser anemometer measures the velocities of microscopic particles 

suspended in a gas or liquid flow. The principle of the laser anemometer 
depends on a Doppler shift of the frequency of light scattered from the 
aoving particles. It would be desirable to employ the molecules of the fluid 
as the light scatters, however, the light intensity required is generally 
not available in continuous form~ Secondly, the magnitude of the light 
intensity required to measure scattering from molecules would also cause 
aeasurable changes in the molecular structure of the fluid. The present 
laser measurements employ particles which are large ~ompared to the molecules. 
Major problems of size and dispersion of particles have been encountered. 
The particles must be able to follow the fluid velocity accurately. One 
aay question whether any particle which is large compared to the molecules 
can follow accurately the turbulent motion. 

Consider mon~hromatic radiation of wavelength Ai and speed c, emanating 
from a non moving source2 • Figure 5 .42 shows the radiation passing in the 
direction defined by the unit vector ki and illuminates a particle havi!}g a 
velocity v (where Iv I «c ) . 

Figure 5.42 Frequency shift for iight scattered from a moving particle . 

. !f the particle were motionless, the nUD1ber of wave fronts passing (or 
stribng) its per unit time would be c/A. (or- V·). From a nonrelativistic 
~iewpoint, the difference between the ·velocity ~f the particle and the 
illumination is 

C - V•k. 
i 

The nlllllbEir of wave· fronts incident upon the particle per unit time (or the 
apparent frequency of the particle) is 

(S.150) 

This is also the number of wave fronts scattered per unit time by the moving 
patticles. 
( Consid~r now a fixed observer toward which a moving particle is emitting 
,.;:r scattering) radiation in the direction defined by the unit vector ksc. 
l e app~rent frequency to the moving particle is vp, and the apparent wave-
ength is 

\" cf-vp = t c/(c-v•ki) J Ai (S.151) 

After the . front . scattering of one wave front, the particle moves toward that wave 
afte Wl.t~ th~ speed v.ks . Thus, when the next wave front is s~attered 

r a time interval giv~n by 1/vp , the first wave front is a distance of 

(c-v•ksc)/vp 

z-:e derivation is taken from; Golstein, R. J. and Kreid, D. K., Measure-
Fl~~ of Laminar Flow Development in a Square Duct Using a Laser Doppler 

eter. ASME Trans. Ser. E. Jour. Applied Mech.Vol.34, p.813, 1962. 
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away from the particle. Thus, to a fixed '00'5~ .. -'l!be apparent wave-
length of the scattered radiation is 

c-v•k (c-v•k ) >. = ___ s_c = J. . ___ s_c 
SC V ]. c-v k. p . ]. (S.152) 

and the frequency of the scattered radiation is 

(
c-v•k. ) r1 C 1 C 

"sc = c-v•k = l 
l. SC l. l 

v•k. 
__ J. l 

C I 
v•ksc j 

--c-
(S.153) 

The total Doppler shift v0 is determined from 

{S.1S4) 

For !vi « c 

(S. ISS) 

where ).0 is the vacuum wavelength of the incident radiation, and n is 
the index of refraction in the medium surrollllding the particle. If the 
directions of the inco11U11ing and scattered light beams are fixed, the 
frequency .;hift gives the component of velocity in a given direction 
(ksc - ki). 

The Doppler shift for a laser of wave-length 6328 (He-Ne) is 
shown as a function of scattering angle and various angles of incidence 
is shown in figure 5.43. 

Cl ;: o :~::: ... <•tH< l'O~N OI 

TICTN -----------+---1-----+----1 . 
i ... 

i .. ~ - --+-

Figure S. 43 
ac•"u .. , ... .._. I 

Doppler shift versus scat.tering angle for various 
angles of incidence. From Rolfe, E.,. Silk, J. K., ler 
Booth, S., Meister, K. and Young, R. M., Laser Dopp 
Velocity Instrument. NASA CR-1199, 1968. 
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The frequency shift is determined by optical heterodyning of the scattered 
laser radiation with an unscattered portion of the beam from the same laser. 
This is done by combining the two beams on the photocathode of a photo-
aul tiplfer. The resulting beat signal is analized to determine the frequency 
difference (Doppler shift) of the two beams. From this value and the geometry 
of the beams, one can determine the component of the velocity in the 
direction (Iese - ki) • 

The optical system employed by Goldstein and Kreid is shown in figure 
S.44. The laser light is incident upon the splitter plate, where there is 
a division of amplitude of the beam due to partial reflection into a main 
beam and a reference beam. The main beam is focused by a lens into the 
flowing fluid. Some of the incident illumination is scattered in the di-
rection of the photomultiplier with a Doppler shift as determined by 
equation (S . 155) 

The reference beam is reflected by a mirror and is focused by another 
lens onto the same region of the fluid as the main lens. The reference 
beam 'is directed toward the photomultiplier and the two apertures, which 
aid in limiting the volume element (and angular direction) that the photo-
multiplier sees. The two beams (scattered and reference) in.cident upon 

the photocathode produce a heat signal with the frequency of the Doppler 
shift. For convenience, the incident beam and the reference beam 11ake 

Figure 5.44 Typical Laser Doppler A.nemometer. 
~qual angles with the plane normal to the tube axis. The Doppler shift 
1s therefore proportional to the velocity component parallel to the axis. 
Fro equation (5.155) and figure 5.44 

v •~(sin 8 ) 
D Ao a 

(5.156) 

The photomultiplier output is scanned with a spectrum analizer. The 
Doppler shift corresponding to the mean velocity is usually related to 
the peak output frequency. 
,,- Measurements of all three, turbulent, _velocity components can be made 
1th the....!_aser anemometer. Recently, the evaluation of the turbulent shear 

stress, uv, has also been done with a laser system. Figure 5. 45 shows the 
~loyed by Bourke, et. al.l to measure the Reynolds stress. The 

l 
P.J., Brown, C.G., and Drain, L.E., Measurement of Reynolds 

hear Stress in Water by Laser Anemometry.DISA Info. No. 12, Nov.1971. 
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Figure 5 .45 Laser Anemometer for measuring the Reynolds Stress. 

apparatus measured the velocity components X1 and X2 at 8/2 on each side 
of the axial direction in the tube. 

A. 
X = 2n si~ (8/2) "D 

(5.157) 

The mean velocity was determined from 

um = x / cos (8/2) (5 .158) 

where Xis the mean value of X. 

The axial u, and radial v turbulent velocity components are obtained, 
similar to hot wire anemometry, by 

x1 • u COS (8/2) + v sin (8/2) 
(5 .159) 

x2 = u COS (8/2) - v sin (8/2) 

where x is the turbulent component of X. The Reynolds stress can be 
calculated from the relation 

(5 .160) 

The Doppler technique can be applied to any scattered electromagnetic 
wave, and is not limited to just the laser light source. Microwave Doppler 
~ stems are employed as velocity measuring instruments in the atmosphere. 

e acoustic Doppler anemometer appears to be of major interest in the 
measurement of blood flow. 



Chapter VI 

MEASUREMENT OF TEMPERATURE 

Temperature is defined in terms of the average kinctk 
enerG'J of the molecules of a material. For the temperatures 
in which we live this definition is quite adequate, however, 
if the ordered motions of the molecules approach the random 
motion of the molecules then we will find that difficulties 
arise in how to; first measure temperature accurately, and 
second for extreme velocities how to define temperature. 
Because the motion of molecules are random, temperature has 
no directional property in the kinetic theory of heat approach, 
However, if we impart very large uniform motions to the mole-
cules, it is possible . to arrive at a condition where, (by 
defintion). the molecule may have temperatures in the hundreds 
of thousands of .degree in the-uniform direction motion and 
near absolute zero in the direction normal to the unifom mo-
tion. Thus, while for most fluid mechanic measurements 
temperature is well defined, there exists a remote region of 
free-molecule high energy particle flows where problems in 
definition can arise. 

Through the present discussion we will be mainly interested 
in the measurement of temperature according to the well defined 
kinetic energy concept. The measurement of fluid temperatures 
appears to be well in hand, from temperatures approaching absO• 
lute zero to roughly 3,000 or 4,ooooF. The upper limit is, of 
course, vauge because of the calibration ability. No doubt, th8 
"InLernational Temperature Scale" can be defined up to the 
melting point of materials such as tungsten, but major probleml 
nre encountered in the measurement of temperature at these ex~ 
treme conditions. There is a major interest and effort unde 
to measure temperatures well above 4 ,oooop in fluid mechanics 
and the related special area of plasma physics. Thus, there 11 
still a major area of research type work available in the area 
of temperature measurements. 

A. Mechanical Temperature Measurements - The most calllll0:t,t. 
ncans of measurinr, temperature is the liquid in glass therJllOT'l 
This instrllJllent makes use of the phenomenon that different cX• 
materials expand at different rates upon bein6 heated. '!he 
pancion of glass is extremely small with temperature, while 
liquids have large variations in expansion with temperature, 
Liquid in glass thennometers are available with ranges froJII 
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-190°c to upwards of +500oC. The upper li:r!H bd.n;; :;ct r)~' 
the r.iechanic.'.l.l properties of c;lass at the hiGh tcir.per.'.l.tm·es. 
The liquid in glass thernorneter is calibrated by eztablished 
temperatures, such as the ice point, melting point, boiling 
point and related standard temperatures. The liquid-in-c;l.'.l.ss 
thermometer is no longer employed to measure the hiGhcst pre-
cision of standards, however, they are useful, and in fact 
indispensable, laboratory and plant tools for makinc; a great 
variety of temperature measurements. 

There are several problems associated with liquid-in-
gln.ss thermometers. Thermometer bulbs, whether used or not, 
are subject to progressive changes in volume. Such changes 
will not exceed 0.1°c for good grade thermometic glasses, 
provided the thermometer has not been heated above 150°c. It 
is for this reason that the National Bureau of Standards will 
iszuc certificates showing corrections only to the nearest 
0.1°c or 0.2°F for thermometers not graduated above 150°c or 
300°F. In additioni to the permanent· changes in bulb volume, 
there are temporary changes resultinc; from heating, which may 
require consideration in thermometers graduated in 0.1 or 0.2 
degree intervals. 

Some liquid-in-glass thermometers are pointed and graduated 
by the maker to read correct or nearly correct temperatures when 
the bulb and entire liquid index in the stem are eA'J)OSed to the 
temperature to be measured. Other thermometers are so pointed 
and graduated that they will read correct or nearly correct 
temperatures when the bulb and a short length of the stem only 
are in the bath. Thermometers of the former class are known 
as "total immersion" and those of the latter class are knm·m as 
"partial immersion·• thermometers. Use of these thermometers at 
other than the calibrated condition requires a correction for 
stem conduction effects and also for vapor pressure effects 
Within the thermometer. 

Tollerances and corrections for liquid-in-glass thermometers 
are tabulated by Busse. 

Metalic expansion thermometers find wide use in direct 
reading type instruments. These devices are simply not accurate 

1 
Busse, J.; Liquid-in-Glass Thermometers. Temperature Its Mea-

&lrcment and Control in Science and Industry. Am. Inst. Physics. (1941) 
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enouGh for research use, and are of interest only for their 
quick readinG· 

B. RcG iGtance Thermometer - The possibility of employ-
ing the temperature dependency of resistance in metals as a 
means of measuring temperature is credited to Sir William 
Siemens (England( in 1871. The idea did not meet with popular 
approval, and was challenGed by a commission of eminent EnGlish 
scientists. Improvement in purety control of metals and in 
construction techniques has, of course, made resistance thermo-
meters practical. H. L. Callendar was perhaps the best known 
of the early experiments who developed and demonstrated the 
essential elements of a resistance thermometer. 

The information available on resistonce thennorneters as 
steady state temperature measuring instruments is quite exten-
sive. Indeed it would not be difficult to write a complete 
book on the resistance thermometer alone. The present section 
is only a brief review of the state of the art as they relate 
to the resistance- temperature transducer family. The main 
interest will be the application of the resistance thermometer 
to transient and fluctuating temperature measurements . The use 
of the thermometer for transient measurements has received ver, 
little attention as compared to steady state applications. 

The general concept of resistance temperature transducers 
was to divide them into three groups: Metalic conductors, Semi• 
Conductors, and Insulators. The division is maintained for the 
resistance thermometer. The metalic conductors are of great 
value in the measurement of temperatures from roughly - 190°C to 
1,000°c. The semi-conductors are of specific interes t at the 
very low temperatures, although their large variations in re-
sistance make them desirable at ambient temperatures also. In-
sulabors are considered for very high temperature measurements. 

Netalic Conductors: - Of the mnny possible conductors, 
platinum is perhaps the best known and most important as a resiS• 
ta.nee thermometer. Other metals used for resistance the rmometerl 
include copper, nickel, tunGstcn, silver, iron, tantalum, 
molybdenwn, Iridium, rhodium and their alloys . 

n) Platinum - Because of its many desirable characteri5ticS 
such as hieh melting point, chemical stability, resistance to 
oxidation, and availability in a pure form, platinum has been t 
chosen as the international standard of temperature r.1easurCJT17~t 
from the lini:id oxygen point ( -182 .97°c ) to the animollY poi 
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{ 6,:i0. 5°c ) • For this 1,u1·p0Ge pln:~_i..r:ur:i i::; cJro.· .. n .Lr. :,o ·.1i..re 
\Thh utr:1ost care to r.1ainta.i.n hiGh purity, anci. the wi.re is 
formed into a coil which i::; carefully suppor'cecl so that .i.t 
\<Till not be subject to r.1echanical strain caused by differ-
ential thermal expansion. 

The resistance-temperature relationship for platin~~ 
i~ ~iven by the Callendar-Van Dusen equation.l 

Rt/R0 = 1 + a [ T - S~~oo - ~o~) .fi ~~oo - 1) (i~oo) 3

] 

(6.1) 

where Rt is the element resistance at T°C, R
0 

is the 

clement resistance at o° C, and cA , b , and .-4 are 
constrants for each individual platinum element. is 
zero above o0 c, that is, the _.,,,,a' term is omitted. Inspec-
tion of Equation (5.1) shows that measurement of Rt at 

any four values for T will penni t the constrants R
0

, 

d. , G , and , to be computed, This is the princi-
ple upon which "calibration" of a pure, annealed strain-free 
platinum sensor is based. R

0 
is normally measured directly 

by observation of Rt at o0c •. Knowing R
0

, can be most 

easily determined by measuring R1__ at 100°c. At 100°0 

Equation (5,1) reduces to: 

(6.2) 

Where is the element resistance at 100°C. is 

determined from a third measurement at the boilinc; point of 
:Ulphur (444.6°c). fi ~s determined from a measurement of 
~he element's resistance at a temperature below o0c. Usually 
at the boiling point of oxygen ( -182.97°c ). Typical values 
a.;,e o< = 0,00392, 6 = 1.49, _,4 = 0.1 for negative T, and 

= zero for positive T. 

l 
Van Dusen, M.S.: Platinum Resistance Thermometry at Low 

TCJnpcratures. J. Am. Chem. Soc. Vol. in, p. 326 (1925). 
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FiGure 6.1 shmrn the re:::;istance temperature rela-

tionship and its rate of chanGe (first derivative, dF../ 
dT) for the pure platinum resistance thermometer. 

A good indication of the impurity and built in 
strain of a platinun elenent is the value of c:J... (Equa-
tion _ 5 .1). For unstrained, annealed, pure platinum wire, 

a equals 0.003927. NBS certifies platinum temperature 
sensors with an cJ.. of 0.003920 or greater. Typical values 
of d. might lie between 0.00391 and 0.003925. 

For most applications the platinum sensing element 
is protected by some type of housing. An open-wire ele-
ment; would be best for fast response and conduction er-
rors, but it is most subject to strain and dirt. For 
operation in fluids such as water the element may be 
ceramic coated to both insulate and protect it. 

b) Other Metals - Materials used as resi.stance ther-
mometers are selected on the basis of their: 1. Tempera-
ture coefficient of resistance, 2. Resistivity, 3. Tensile 
stre"!,th and ductibility, 4. Stability, and 5. Linearity. 

For a resistance temperature element to be used over 
lone; periods of time it must be stable under a wide variety 
of environmental conditions. The sensing clement must be 
annealed to obtain a stable resistance. In addition rcsis-
to.nce thermometry requires the element to be chemically and 
metallurc;ically stable over long time periods. Most metollic 
conductors are quite stable, however, stability is the major 
objection to semi-conductors. · 
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Figure 6.1 - Resistance vs temperature 
characteristics of a platinum resistance 
temperature sensor. (Resistance at 32°F 
is 1.00 ohm.) 
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Fic;urc 6.2 shown the nonlinearity as a function of 

ter:iperature for typical resistance thermometer materials . 
The curves were computed by calculating the deviation of 
the true curve from a straight line hp.ving intercepts at 
32 and 932°F. The dcviat_ion f'rom the straight line was 
then plotted as a function of temperature ·with the 
ordinate normalized for a 900°F temperature span. 
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Figure 6.2 - Nonlinear Effect in the Resistance-
T~11J?erature Curves of Metals. 

Table VIJsuriunarzies the properties of various conduc-
tors which are used as resistance thermometer elements. 

Table VI.1- Resistance Thermometer Materials 

Material 

Platinum 
Tune;sten 
Nickel 
Copper 
Rhodium 
l-1olybdemun 
Iridium 
Silver 
Iron 
Tantalum 
Pla t..:..rrd.!5f,) 

Res. 32 F 
ohm emf 

9.1 
30.3 
36 
9.3 

24.8 
31.1 
29.5 
8.8 

53.1 
57.3 
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Hickel is perhaps the most ,-,idely used r.iatcri::tls for 

resistance thermometers. It together ,-ri th copper arc 
comr.ion in applicaticns where temperature conLrol ls nain-
to.ined with the thermometer. Neither nickel or copper n.re 
used for ereat accuracy measurements. The alloy of 70 "[ 
Ni - 30 Z Fe ( Balco ) is employed for its hrGe rc::;istance(llo) 
in ohms/emf. It has a relatively larGC temxierature 
coefficient of resistance. (2.s-x,0-.1 AR/ll./°F) 

Tu.nGsten 1s, of course, very attractive because of its 
great strength. Also tunGsten has a fairly linear resis-
tance-temperature curve. Although tungsten melts at 
6098°F - it is not necessarily a good hiGh temperature 
rr.aterial. Tungsten oxidizes at temperatures in excess of 
700°F. Of the materials listed, tungsten is least affected 
by nuclear radiation, and, therefore, can be employed in 
nuclear reactors. 

In general the metalic resistance thermometer is em-
ployed for the middle range of temperatures. Mctalic 
clements can be operated at cryoe;enic temperatures, however, 
their very low resistance makes accurate measurements 
difficult. A~ the very hich temperatures nost of the ele-
1:1cnts Guffer f1•om oxidation or arc so ,-:eak that strain 
problcns appear. In c;eneral resistance thermometers a.re 
available with ranges· up to roughly 1Coo°F, however, most 
applications are limited to values below l,OOO°F. 

Operating Techniques for Resistant Thermometers - Sev-
eral methods can be used to measure the resistance of a 
r?sistance thermometer. These may include; potentiometer 
~lrcuits, as shm-m in fic;ure 2.6; wheatstone briclecs, figure 
t:7,_or Kelvin l>rldc;e, fic;ure 2.10. For moderate accuracy 
nc 1lheatstone bridge is enployed. For standards type 

:~~~acy_ the Kelvin bridges, such as the special Mueller or 
· hh bndee, ,-,ould be used. The Kelvin type bridges are 

capable of eliminating lead resistance and are available 
:

0r.uncrcially. There are many circuits available commercially 
~o Derate resistance thermometers, including servo-balanced · 
systems.-

i 1 The problems encountered in using resistance thermometers 
_nc Ude; Joule heating effects, calibration uncertainty, 
.i.nstab ·1· s i ity of the sensing element, conduction of heat to the 
Al.U!)por~s, lead resistance, stray thermal emf and time lag. 
nu:i~, . if the thennometer is in a flowing stream the Mach 

er effect 9n rec~very temperature must be considered. 



The Joule hen.ting will limit the amount of current 
that can be put throuc;h the element before it is heated 
internally. Any amount of cuTrent will produce a hcat-
inG of the wire. Thus, the problem is strictly one of 
deciding how accurate the "cold" resistance of the 
element is to be measured. In other words what is the 
minimum temperature ri::;e that can be detected by the 
resistance men.surinc; equipment. The heating of the 
element can be determined from an experimental measure 
of the temperature versus current as shmm in figure 6.3. 
The heating will be a function of the physical properties 
of the sensing element and also of the heat conduction 
abilities of the surrounding fluid. 
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Fic;ure 6.3 - Temperature Increase 
for a 90 "4 platinum - 10 ,Z rhodium wire 
ditions. 
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Fi13U1·e 6.4 shown a typical temperature rise versus r/t 
for an element of 19,000 ohms resistance and the srunc ele-
ment material with 100 ohms resistance. The difference 
in internal heating with the element in air and in water 
is also demonstrated in figure 5.4. 
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Fit:;ure 6.h - Sc-lf-Heating of Typical Commercial 
Resistance Thermometers. 

The calibration of the resistance thernometcr in 
usually done against a knm-m temperature standard. In 
typical calibration laboratorien the standard is a 
platinum resistance thermo:neter. The exact calibration 
technique depends on the knm-m boiling or r:ielting temp-
eratures of certain eler:ients. Once calibrated the ac-
curacy of the resistance thermometer is dependent on 
the stability of the sensing element. 

If the body of the resistance thermometer is not 
at the same temperature as the sensing

0

element, there 
Hill be o. loss of heat to the probe body. The present 
analysis of sten conduction is from the work of Werner, 
Royle and Anderson.l 

Ficure 6.5 is a generalized sketch of the steady 
stute heat conduction situation for an immersion temp-
erature sensor, illustrating how heat is conducted 
through the boundary layer of fluid to (or from) the 
el~~ent, and thence along the stem to the head of the 
~cnsor ( and to the llall or external environment) • There 
1.s a resistance to heat flow (R. ) which cannot always int 
be ignored, and this is also illustrated schematically--
an example of R . .,_ would be a sensing element mounte9-1.n.., 
~ns~de a thcrmowell with appreciabJ:e air gap bet,-rccn the 
inside of the ,-,ell and the external surface of the 
sensing element. \faen the sten is exposed to the flow 

1 
EWe:ner, F .D., Royle, R.D., and Anderson, L.E.: Rosemount 
ngineering Co. Bulletin 9622. 
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as sho• ill M~re 6. tht=: i·e io ruidi tio$l hent tra."lct'dl" 
c.ircc tl,.v to th(;;• stem and thence to ;the head, aa illusu 
by the J.ight. s.."f'ro·.i's" A more accurate pietm-t:: ot' the st 
st.ate heilt tr&1ster !:li't,u.atio11 will usuaD.y shcr...r additi 
hen.t conduct~.on deta.il, but th,? moo'dl shown ill Figure 6. 
will be suf'11ciently r..ccu:re.te for most purposes of eat· 
ing and 'Will illustrate the principles involved. 

I{ 
.!. ' 

H u11 r,,:1r 

l a ;\ i...: r , 1\ i 
I ' ~,.-,J 

~foe otu.dy sta.te c:onductlon of be~t co.."'l be visuaJ.i.zecl 
JLDre caai.J.y u.:, conaid~ing ::i.ts el-::¼ctrical. a.n.alog.. '.Ln tbil 
Cail~, .i t\!l.-r.:.~re.tu.re d.rop con"Csp<.mda t,, a. voJ.ta,e,::, dTop an4 
tha ftUJ.m-tit--.1 of he::i..t flowing per unit 1;ime correcp.:ma,.; 1:0 
t.he la)J .~ctrice.l currento Thus:; one reccgniz~s t.ha.t the 
e~u.iva1€nt rasl:Jtence io in the fc:t'ln. of degrees per w.i;t, 
which is the reciprocal of: th-a usual 'I.mi ta vf he4t co.odUC-
tanc~; wtt::; per d~gree (or l3'.fi1' t:: per degree per aecond 
or other units of heat now rate). 



2.11 
AccordinclY ncclect · :iG h r. ~,'; rcr/ t:.ctcrl t o the :::tc r.1 

Fi"'Ul·c 6.G is the en.,uivalcr t clcc trico.l circuiL ::;i :o·.:-
in~ the resistance to heat flow in the bounclary layer, 
the internal resistance, and the resistance due to the 
stem of the sensor. 

ff1;11D i>P 

T,, 

< }iEAT h.ow 

Fieure 6.6 - Electrical Equivalent of Simplest 
Stem Conduction Problcn. 

From the circuit one can sho;-i that the error of 
temperature measurement is: 

The symbols and suggested units are as follows: 

6 Tse error due to stem conduction, 0c. 

Tf fluid temperature, 0c 
Te sensing clement temperature, 0 c 
Th he~d ( or wall) ter:1pera.ture, 0 c 
Ta =· o.mbicnt (external) temperature, 0c 

6Tl = Ta - Tf 



r w 

r e 

1 e 

k s 

thermal resistance of the boundary layer, 
~C/lm.tt 

thermal resistance between the element and 
the inner surface of the boundary layer, 
0 c/watt 

thermal resistance of the stem, 0c/watt 

natural logarithm 

inside radius of a well, cm 

radius of outside of sensing element, cm 

length of sensing element, cm. 

length of stem, cm 

cross sectional area of stem, cm2 

thermal consuctivity of stem, watt/cm 0c 

thermal consuctivi ty of gap between sensing 
element and well, watt/cm0 c 

¾i' the thermal resistance in the boundary layer, 

is calculated from boundary layer theory, and the methods 
have been described in detail in various text books. The 
heat transfer to the sensing clement through the boundary 
layer should be specific ar.iong the specifications for an 
i:r.rr:iersion temperature sensor, under definitely stated flow 
conditions. For other fluids or other flow conditions, 
the heat transfer theory .-rill allow one to make reasonable 
estirnn. tes, based on this specified condition. It is s.ub-
stantially the srunc as the "self-heating" effect and will 
usually be specified under this heading. As cuh, it is 
usually given in watts per 0 c (a conductance), and the 
reciprocal _of this number is l\i in °c/watt. 

Rint' the internal thermal resistance, may be calculated 

roUGhly if the detai ls of construction arc knmm, or rnaY ~: 1 
calculated relatively well if t his thermnl re::;istance :·e5 7d! 
nainly in t he air gap around a sensinc element fitted in51 

a thcrr.iowell, a common industrial practice. In this case, 



it is c;i vcn iJy 
2l') 

R = 1n (r /r ) /2 1r 1 k . int U C C g 

For no.ny kinds of hiGh pcrforr..nnce i.J:1.'T\cr::::ion scn::::or:::: 
such as often u::::ed in missile nnd rocket tcstinG, the 
internal resistance may be i~ored, that is Rin'.; i::; 

assumed to be zero. 

When the stem is of uniform cross sectional o.rco., 
R is easily shOim to be the followine: 

stem 

(6.;) 

Wi:len there is r.ioclerate vo.rio.tion in the cross ::::ectiono.l 
r.reo., fo:;.· exo.r..ple a snall taper, the sir:iplifyinc; a::::SlL'-:I;::>-
tion of usint:; the cross sectional urea. ct th~ mid point 
or sone other rco.sono.ole approximo.tion to the mean value 
ma.y often be justified. An exact calculation for non-
uniforn cross scctiono.l area. is relatively complex and 
is rarely justifiecl oecause of the approximo.te nature of 
the calculations. 

I•iethoG.s of ::-.inir,1izi.J1c; ste;:1 conduction error for in-
s tc.llation:::: i .. --.,t.f;Jin.c; o.re sho.m in FiG. 6.6. 

Do~ted lines shmm insulo.tion ·.1hicll is aluays 
cle::::.;.:•~iJlc ,.:hen n.cccpLa.ole. In l.:u·ce pi:pc~s or tanks, a 
lone "te::: on the sensor ui th deep :i.r.J:1ersion ,-,ill 
ordinarily serve the purpose, and total immersion should 
be considered where feo.sible. 

In the design of a sensor, stem materials havinc; poor 
therr,ial conduc Livi ty, such as stainless steel arc recon-
~cndcd, and the cross sectiono.l area should be a::: ::::mo.11 as 
practical, consistent with structural requirenents. Heat 
concluction alone the connectinc wires inside the stem is 
usur.lly ncGlected. For minimum stem conduction errors, 
attention ::::hould be civcn to providinc rcasono.bly Goocl 
theii-;10.l con to.ct between the lead wire::: and the :::: tcm. A 
hollov i.;tcm with numerous holes as larGC n.s feo.::;iblc is 
h~Ghly recomr.icnded as a ncans for ·supprer;i.;inG stem conduc-
tion. Fins can be helpful, althoueh the:.' usually increase 
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Figure 6.6 - Minimizing Stem Conduction Error. 

the diameter of the stem inconveniently. 

In the .case of nonconducting fluids .at moderate 
or low velocity, perhaps no technique is so effective 
as the use of a truly "open-wire" element type. By 
this, reference is made to the resistance sensing ele-
ment ty:pes ·in which the resistance wire is supported 
on a caee or on posts so that the fluid can circulate 
all around the resistance wires. In this case, it is 
seen that the conduction of heat from the stem must 
be via the wires of the supporting cage, and thence to 
the fine wires of the resistance element itself. This 
gives ample opportunity for exchange of heat with the 
fluicl whose temperature is to be measured, so that stem 
conduction errors can ordinarily be expected to be quite 
negligible. Should error estimates be necessary in this 
cae;e, the cross sectional areas of the supporting wires 
of the . cae;e., the lengths . of these wires and their ther-
mal conductivities are necessary, so that they can be 
treated as if· they were the stem of the sensor. 

The problem of lead resistance· can be overcome by 
employine the Kelvin type bridges • . For less accurate 
measurements the lead resistance is simply measured once 
o.nd there after accounted for in each reading. The 
thermal e.m.f. voltage is eliminated by maintaining all 
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junctions bet.ween lead wire and the resistance thermo-
meter a.t constant teq,erature. Second, junctions between 
dissimilar metaJ.s are avoided to eliminate the thermo-
couple effect. 

Semi....Ccnductors - The negative slope ot reaiotance 
vs. temperature el.emants such as thermistors, carbon 
resistors, and technical. semi-conductors are conaidered 
under the broad he84ing of semi-conductors. As discussed 
in Chapter I not all these elements are strictly speaking 
semiconductors, however, the resistance-temperature 
characteristics behave in a s1m:l.lar manner. 

a) .Ambient Temperatures - P'ignre 3.l shows a typical 

canparison of a metallic conductor, semi-conductor 
(thenniator) ond an insu.le.tor, temperature-resistance 
variation. J.n the range of ambient temperatures it is 
se~n that the thermistor has a much wider variation 1n 
resistance than the metallic conductor. F~e 6. 7 ia a 
linear comparison of ,a typical thermistor and camnon 
metallic conductors. i1:le sensitivity ot thermistors to 
temperature changes around o0 J118JJY tiJ:ies greater than the 
metalllc conductors. i'he resistivity of the thermistor 
11 JDallY times that ot the metallic conductor, ao the output 
voltage ot the tbem~tor will be much greater even at 
temperature up to 200 C or more. 
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Figure 6.7 - Sem.t-conductor Resistance-temperature 

Calibration Compared to a metallc conductor. 



The thermistor as a temperature measuring instrument 
can only recently been developed. Although the semi-
conductor resistance-temperature characteristics have been 
knm,m for 150 yeor s, their potential as a measurine in-
strument is only now being developed. The problem of 
producing thermistors with reproducible and stable temp-
erature-resistance characteristics was difficult to over 
come. Since most of the materials used as thermistors are 
cerrunic in nature, they absorb moisture. Present construc-
tion incll1des a coating of glass or other non-porous 
m1a t erial about the therr:iistor to protect it from absorbing 
moisture. The repeatability of modern thermistors is ex-
tremely good. Thermistor units are presently available 
commercially in almost any shape or size desired. 

b) Cyrogenic temperatures - At temperatures below 
about 10° K metallic resistance thermometers become rela-
tively useless as a temperature sensor. At the very low 
temperatures the germanium semi-~onductor has been developed 
as a temperature sensor. 
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Fieure 6.8 - Low Temperature Calibration of Semiaa 
Conductors and Meta.lie Conductors. 
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FiGlll·e 6 .8 shows n. set of curves of t,ypicnl seni-

concli;.ctor type sensors co:-.1pared ,-,i th metallic concluc-
tors. Above 15°K the percentage change in resistar.ce 
for platinum, is actually greater than that for 
Gernaiurn., houever, the resistance of platinum is very 
snall as compared to Germaium. The carbon resistor is 
DJ.so e::iployed n.s a resistance thermometer at the low 
temperatures. The development of the semi-concluctor 
as a cyrogenic then:1ometcr is very recent ancl no doubt 
will be of great value ar: this field of research in-
creases. 

Insulators - It is importru1t to note that the in-
sulat or is nm-1 be i ng considered as resistance thermo-
r.icters .1 As temperatures in excess of the meJ.,tinr; 
point of metals are reached and studied, the ceramic 
insulator is almost the only material that appears 
possible t o withstand the temperature. 

Resis t ance Therr.10:;;ieter Sensitivity - The sensiti-
vity of a given resistance thermometer can be conmutecl 
directly from the resistance-temperature curve. Figure 
6.9 is a typical resistance-temperature curve for a 
90 platinum-10° Rhodium wire. This particular wire has 
been fully evaluated for use as a transient raeasurinG 
resistance thermo.:neter. 2 Over the .range of temperatures 
sh01-m in figure 6.9 it was assumed that the resistance 
is a linear function of temperature. Thus, the relation 
between temperature and resistance is written as 

R = R 
0 [ 1 + o< ( T - T

0 
)] (6.6) 

or in terms of the ambient temperature and resistance 

I ( Rw - Ra ) t::.E (6.7) 
( T - T ) w a 6 T 

1Anderson, A.R. ·and StickneyiT.l:.; Temp. its 1:easur. 
Control i n Sci. and Ind. vo. 3, pt. 2, 1962. 

2 

Chao, J.L., and Sandborn, V .A.: A Resistance Thermometer 
for Transient Temperature Measurements. Fluid Mech. Paper 
No. l, Colo. State Univ. 
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Figure 6.9 - Resistance-Temperature Relation for a 
901, Platinum - 1o(o Rhodium Wire. 

where I is the current through the wire. Figure 6.10 
is a plot of sensitivity. &../~T computed from equation 
(6.7) for different length of the wire shown in figure 
6.9. The longer the wire the greater the value of R, 
thus the greater the sensitivity. Note that a steady 
state resistance thermometer would employ several feet 
of wire to greatly increase the sensitivity. Equation 
(6.7) is equally true for either steady state or 
transient operation. The amount of current through the 
wire is limited by the self heating problem • 

• l ,0/4 
Wl~E C.o(~~NT; /ll.rt.L!A-41'S 1. 

Figure 6.10 - Sensitivi ty of a 90fo Platinum - 10 • 
Rhodium Wire To Temperature Changes. 
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For this particular wire a current of just under 100 
r.iicroo.rnps causes a rnea::;urable heating of the wire. 
Figure 6.3 demonstrates the actual temperature rise 
of the wire as a function of current. It is quite 
possible that the wire will still be a good resistance 
thermometer eventhough it is heated internally by the 
detection current. In other words, the actual cross-
over temperature at which the anemometer effect of 
convective heat transfer becomes inportant determines 
the limit of use of the heated resistance thermometer. 
Unfortunately, this limit does not appear to be 
established. Again the problem is one of how accurately 
resistance is detected with the electrical readout in-
struments. 

C,Thermoelectric Thernometry1- Stuuy in the field of· 
thermoelectricity began in 1821 with the discovery of 
Seebeck2 that an electric current flows continuously in 
a closed circuit of t,-m dissimilar metals when the 
junctions of the metals are maintained at different 
temperatures. In the early investigations of thermo-
electric effects the results were expressed more 
qualitatively (in terms of the direction of the current 
flowing in a closed circuit) than quantitatively, because 
the relations between the measurable quantities in an 
electric circuit were not well known at the time. 3 

A pair of electrical conductors so joined as to pro-
duce a thermal emf when the junctions are at different 
temperatures is knmm as a thermocouple. The resultant 
emf developed by the thermocouples generally used for 
measuring temperatures ranges from 1 to 7 millivol~s when 
the temperature difference between the junctions is 
100°c. 

If a simple thermoelectric circuit (Fig. 6.11) the 
current flows from metal A to metal B at the colder 
junction. A is generally referred to as thermoelectri-
cally positive to B. In determining or expressing the 
emf of a thermocouple as a function of the temperature, 

1 

T~esent discussion taken from an article by Roeser, W.F.: 
. ermoelectric Thermometry. Temperature Its Measurement 
~n Science and Industry, Am. Inst. Physics, (1941). 

3 Seebeck, T. J. Gilb, Ann, vol. 73 ( 1823) 
_The relation between the current and potential difference 

electric circuit was first clearly stated b? G. S. 
in 1826. Schweigger's Journal, li-6, 137 (1826). 
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C, and that of one composed of C and B, both with their 
junctions at T1 and T2 . 

From this statement of the law it is seen that if 
the thermal emf of each of the metals A, B, c, D, etc. 
against some reference metal is knrn-m, then the emf of 
any combination of these metals can be obtained by tak-
ing the algebraic differences of the emfs of each of the 
metals against the refe~ence metal. InvestiGators 
tabulating thennoelectric data have er:iployed variou3 
reference metals, such as mercury, lead, copper, and 
platinum. At present it is customary to use platinum 
because of its high melting point, stability, reproduci-
bility, and freedom from transformation points. 

Law of Successive or Intermediate Temperatures -
The thermal emf' developed by any thennocouple of homo-
geneous metals with its junctions at any two temperatures 
T1 and T3 is the algebraic sum of the emf of the thermo-

couple with one junction at T1 and the other at any 

other temperature T2 and the emf of the same thermo-

couple with its junctions at T2 and T3. Considering the 

thermocouple as a reversible heat engine and applying 
the laws of thermodynD.r.lics, to the circuit, 

dT (6.8) 

tree which 

dT (6.9) 

This law is frequently invoked in the calibration of 
thernocouples and in the use of therinor:ouples for mcasur-
inc temperatures. 
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Law of Intermediate Metals - The algebraic sum of 
the thermoelectromotive forces in a circuit composed of 
any number of dissimilar metals is zero, if n.11 of the 
circuit is at a uniform temperature. This law follows as 
a direct consequence of the second law of thennodynrunics, 
because if the sum of the thermoelectromotive forces in 
such a circuit were not zero, a current would flow in the 
circuit. If a current should flow in the circuit, some 
parts of it would be heated and other parts cooled, which 
would mean that heat was being transferred fr(?m a lower 
to a higher temperature without the application of external 
work. Such a process is a contradiction of the second law 
of therr.i.odynamics, and therefore we conclude that the 
algebraic sum of the thermoelectromotive forces is zero in 
such a circuit. 

Combining this law with that for a homogeneous circuit, 
it is seen that in any circuit, if the individual metals 
between junctions are homogeneous, the sum of the thermal 
electromotive forces will be zero provided only that the 
junctions of the metals are all at the same temperature. 

Another way of stating the law of intermediate metals is: 
If in any circuit of solid conductors the temperature is uni-
form from any point P through all the conducting matter to 
a point Q., the alccbraic sum of the thermoelectromotive forces 
in t~e entire circuit is totally independent of this interme-
diate matter, and is the same as if P and Q. were put in 
contact. Thus it is seen that a device for measuring the 
the:rmoelectromotive force may be introduced into a circuit at 
any point without altering the resultant emf, provided that 
the junctions which are added to the circuit by introducing 
the device are all at the same temperature. It is also 
obvious that the emf in a thermoelectric circuit is indepen-
dent of the method eraployed in forming the junction as long as 
au of the junction is a uniform temperature, and the two wires 
make good electrical contact at the junction, such as is ob-
tained by welding or soldering. 

A third way of stating the Jaw of intermediate metals is: 
~e thermal emf generated by any thennocouple AB with its 
Junctions at any two temperatures, T1 and T2, is the algebraic 
sum of the emf of a thermocouple composed of A and any metal 
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one junction is maintained at some constant reference 
temperatµ.re, such as o0c, and the other is at the 
temperature corresponding to the emf. In Fig. 6.ll, 
T1 is the reference temperature and the current flows 

in the direction indicated, the emf of thermocouple 
AB will be positive, and the emf' of thermocouple BA 
will be negative. 

Figure 6.11 - Simple thermoelectric circuit. 

The law of the Homogeneous Circuit - An electric 
current cannot be sustained in a circuit of a single 
homoGcneous metal, however varying in section, by the 
n;onlication of heat alone. As far as we know this 
p;inciple has not been derived theoretically. It has 
been claimed from certain types of experiments that a 
non-symmetrical temperature gradient in a homogeneous 
wire eives rise to a galvanometrically measurable 
thermoelectric emf. 

In the present paper, we accept as an experimental 
fact the general statement that the algebraic sum of 
the electromotive forces in a circuit of a single homo-
geneous metal, however varying in section and tempera.-
tu~c, is ~ero. As a consequence of this fact, if one 
ju."1ction of two dicsimilar homogeneous metals is main-
tained at a ternperaturc T1 and the other junction at a 
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The above are all the funclumental laws required 

in the measurement of temperatures with thermocouples. 
They mn.y be, and frequently arc, combined and stated 
as follows: The algebraic ::mm of the themoelectro:no-
tive forces 8cnerated in any given circuit containing c:my 
number of dissimilar homogeneous metals is a function only 
of the temperatures of the junctions. It is seen then 
that if all but one of the junctions of such n given 
circuit are maintained at some constant reference tempera-
ture, .the emf developed in the circuit is a function of 
the temperature of that junction only. Therefore, by the 
proper calibration of such a device, it may be used to 
measure temperatures. 

It should be pointed out here that none of the 
fundamental laws of thermoelectric circuits; which make 
it possible to utilize thermocouples in the measurement 
of temperatures, depends upon any assumption whatever 
regarding the mechanism of interconversion of heat and 
electrical energy, the location of the emfs in the cir-
cuit, or the manner in which the emf varies with temper-
ature. 
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In a silr,ple thermoelectric circuit of two metals, 

A and B (Fie. 6.12) there exists four separate and 
distinct electromotive forces: Lhe Peltier emfs at 
the two junctions and the Thomson emfs alon1:; that part 
of each wire which lies in the temperature gradient. 
The only emf that can be measured as such in this cir-
cuit is the resultant emf. The identity of the indivi-
dual emfs can only be established by observations of the 
reversible heat effects. The Thomson emf will be 
considered positive if heat is generated when the cur-
rent flows from the hotter to the colder parts of the 
conductor, and negative if the reverse occurs. 

Tnomson took into consideration the reversible 
heat effects in the temperature gradient of the conduc-
tors (Thomson effects) as well as those at the junctions 
(Peltier effects L and applied the laws of thennodynamics 
to the thermoelectric circuit. A complete discussion of 
this application, together with the hypoth1sis involved, 
is given in the original paper by Thomson. 

Consider a s :ir.rple thermoelectric circuit of t .. ro 
metals, A and B (Fig. 6.12) and let P and P + & be 
the Peltier emfs of the junctions ·at temperature T and 
T + 6T in degress Kelvin, respectively, and let A and 

B be the Thomson emfs per degree along conductors A 
and B respectively. Let the metals· and temperatures be 
such that the emfs are in the directions indicated by the 
arrows. The resultant emf, 6.E, in the .circuit is given 
by 

6.E = P + & - P +aA 6T _.,.5 M 

or in the limit 

1 

dE = dP_ + (rrA - r ~) 
·dT dT 

(6.10) 

(6.11) 

(6.12) 

Thomson, W.; Trans. Roy.· Soc. Edinburgh, Vol. 21, P• 123 
(1851)/ 
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Fig. 6. 12. Location of the electromotive forces 
in a thermoleciyjc circuit 

By the second law of thermodynamics · :::. DJ 

for a reversible process. If then we regard the t.hcrmc,-
couple as a reversible heat engine and pass a unit c.:h;;irge 
of electricity, q, arou.nd the circuit, we obtain by con ·-
sidering only the reversible effects. 

Which may be written 

A (.1!..) + ( Oil-60 > 6T -
T .. £:.T -0 

Tr ·"3: 
( 6. 14) 

or in the limit 

(6.15) 
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or 

Eliminating (o-A - o-B} between (6. 12) and (6. 16} 
dE we have P = T dT 

Substituting (6. 17} in ( 6. 15} we have 

From (6.17} it is seen that 

E =ft;dT=l <? dT 
t t 

which is the expression referred to earlier. 

( 6. 16) 

(6. 17) 

(6. 18) 

( 6. 19) 

The Peltier emf at the junction of any two dis• 
similar metals at any temperature can be calculated 
from Eq. (6. 17) and measurements of the variation of 
the thermal ·emf with temperature. The magnitude of 
the emf existing at the junction of two eissimilar metals 
ranges from O to about O. 1 volt for the metals generally 
used in temperature measurements. 

Although the thermoelectric theory as developed 
above does not enable us to determine directly the mag· 
nitude of the Thomson coefficient in any individual 
metal, the difference between the Thomson coefficients 
in two metals can be calculated from Eq. (6. 18) and 
measurements of the variation in thermal emf with 
temperature. Various types of experiments indicate 
that the Thomson effect in lead is extremely small, if 
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,.0 t 2 ero, at ordinary atmospheric tempera.ture!l . Con-
sequently some informRtion reg,wding the magnitude of 
the Thomson coefficient& in other metals at these tem-
per-s.tures can be determined if it is a.naumed thkt this 
c:oeffic:ient w zero for lP.>ad. On this basis. it is found 
that, the Thomson coeffir.ient at ov C In microvolts per 
°C is -9 for platinum. ~s for iron, +Z for coppex-# •23 
for constantan, -8 for alumel, -2 folf 90 platinum -10 
rhodium. and +9 for chromel P. 

IWt!ntL A 
MEASl,/lfJN~Ot:::, - - - - - - - .,,/4&1"Eltl!IIC£ 
thllllcn.,., , / .JIIIICrJO/tl 

', 
', '911"nf 4.. • 

'( )l 
\ I 

<Z>--~E~T 
Fig. 6. 13. Simple ~ermolectric thermometer 

The simplest form of a thermocouple of two dis-
similar metals which develop an emf when the junctions a 
a.re at cliff erent temperaturea. and an instrument for 
measuring the emf developed by the thermocouple is 
shown in Fig. 6. 13. 

As long as the instrument io at essentially a uni-
:0nn temperature. all tbe junctions in the instr.ument, 
nc:luding the terminals. will be at the same temperature 

and the J-esultant thel"md ernf developed in the circuit is 
~ot modified by includin~ the instrument, If the reference 
Junction is maintained at soma reier.·eu.cc temperatm-e, 
such as occ. the emf developed by the ~hermocoup1e can 
be determined as a function of the temperatul'·e of the 
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h1easuring junction~ The device can then be used for 
measuring temperatures. It is not necessary to main-
tain the reference junction at the same temperature 
during use as during calibration. However, the temper-
ature of the reference junction in each case must be 
known. For example, let the curve in Fig. 6. 14 be tht 
relation between the emf, E , and temperature, t, for 
a particular thermocouple with the refer.ence junction 
at o0c. Suppose the device is used to measure some 
temperature, and an emf • E , is observed when the 
reference junction is at 30°C.x We may add the observed 
emf, E , to E 30 (the emf given by the thermocouple 
when on~ junction i~ at O and the other at 30°C) and 
obtain from the curve the true temperature tA , of the 
measuring junction. Certain types of instruments which 
are used with thermocouples in the manner shown in 
Fig. 6~ 13 are such that they can be adjusted manually 
for changes in the reference junction temperature, and 
the emf, EA , can be read directly on the instrument. 

J 

E T---- ----~-------- ! 
I 
I 
I 
I 
I .., _____ _____ .,.,i 

~---'----------------'-T JO" 1A 
Fig. 6. 14. tllustrating how corrections may 

be applied for .variations in the 
fol1 temperature of the reference junc 1 



Inasmuch as the curves giving the relation 
between emf and temperature are not, in general, 
straight lines, equal increments of temperature do not 
correspond to equal increments of emf. 

In many cases the thermocouple is connected to 
the instrument by means of copper leads as shown in 
Fig. 6, 15. 

Fig. 6. 15. Diagram for thermoelectric thermo-
meter with copper leads for connect-
ing thermocouple to instrument 

If the junctions C and C' are maintained at 
the same temperature, which is usually the case, the 
circuit shown in ·Fig. 6. 15 is equivalent to that shown 
in Fig. 6.13. Ifthejunctions C and C' are not main-
tained at the same temperature, the resultant thermal 
emf in the circuit will depend not .only upon the thermo-
couple materials and the temperature of the measuring 
junction but also upon the temperatures of these junctions 
and the thermoelectric properties of copper against each 
~f the individual wires, Such a condition should be, and 
usually is, avoided. 



Circuits such as those shown in Figs. 6. 13 and 6. 15 
are used extensively in laboratory work where it is usually 
convenient to maintain the reference junctions. either at 
o0c by placing them in a Thermos bottle filled with cracked 
or shaved ice and distilled water, or at some other con-
veniently controlled temperature. 

In most commercial installations where it is not 
convenient to maintain the reference junctions at some 
constant temperature, each thermocouple wire is con-
nected to the instrument with a lead of essentially the 
same chemical composition and thermoelectric character-
istics as the thermocouple wire, in the manner shown in 
Fig. 6. 16. 

. RG:FE/llEIIICE 
Jfl111crloNS 

INS1'1lUIM~E'4~ 

M•Tllll.A . ' 

< ·- -- _/_ - ,.£ ~-- _ _J_ : 
1 "'--..:. ____ - --~.!r.€..:~~~1 

Me"~Sv~,#~ .• -\.._ Mr.n:tlJ / . 
. .Jl>NO-,ON 

Fig. 6. 16. Thermoelectric thermometer with 
extension leads. 

Thi~ is equivalent to using a thermocouple with the reference 
junctions at the instrument terminals. Leads which have 1 the same thermoelectric characteristics as the thermocouP e 
wires are called extension leads. In most installations 
of this nature the instrument is equipped with an auto-
matic reference junction compensator which automatic~lly 
changes the indication of the instrument to compensate 
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ior changes in the temperature of the reference ju,,ctions, 
thus eliminating the necessity of measuring or controlling 
the reference junction temperature. Such automatic 
devices are usually part of the instrument, and in such 
cases the reference junctions should be located in or at 
the instrument or at some point which is at the same 
temperature as the instrument. 

In some cases where expensive thermocouple 
wires are ·use~ extension lead wires of less expensive 
materials are available wyich give practically the same 
temperature emf relation as the thermocouple over a 
limited temperature range, usually O to 100 °c. Although 
the combined leads give practically the same temperature 
emf relation as the thermocouple wires, the individual 
lead wires are not identical thermoelectrically with the 
thermocouple wires to which they are attached, and 
therefore, the two junctions where the leads are attached 
to the thermocouples {C and C' in Fig. 6. 16) should be 
kept at the same temperature. This is not necessary 
in the case of thermocouples where each lead and thermo-
couple wire to which it is attached are of the same material. 

Although a thermal emf is developed when the 
junctions of any two dissimilar metals are maintained at 
different temperatures, only certain combinations of 
metals have been found suitable for use as thermocouples 
in the measurement of temperatures. Obviously these 
thermocouples must be such that: 

( 1) The thermal emf increases continuously with · 
increasing temperature over the temperature range in · 
which the thermocouple is to be used. 

(2) The thermal emf is great enough to be measured 
With reasonable accuracy. 

( 3) Their thermoelectric characteristics are not 
~PPreciably altered during calibration and use either by 
internal changes, such as recrystallization, or by con-
tamination from action of surrounding materials. 
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( 4) They arc resistant to any action such as 

oxidation, corrosion, etc. which destroys .lhe wire. 
(5) The melting points of the metals used must 

be above any temperature at which the termocouple is 
to be used, 

( 6) The metals are reproducible and readily 
obtainable in uniform quality. 

The combinations of metals and alloys extensively 
used as thermocouples for the measurement of tempera-
tures in this country are listed in Table VI. 2, together 
with the temperature ranges in which they are generally 
used and the maximum temperature at which they can be 
used for short periods, The period of usefulness of a 
thermocouple depends upon such factors as the tempera-
ture, diameter of wires, accuracy required, conditions 
under which it is used, etc. 

TABLE VI. 2. Types of Thermocouples and Temperature 
Ranges in Which They Are Used. 

Type of Thermocouple Usual 
Temperature Range 

Maximum 
Temperature 

( oc) (°F} (OC) (OF) 

Platinum to Platinum-
Rhodium O to 1450 

Chromel P to Alumel -200 to 1200 
Iron to Constantan ·-200 to 750 
Copper to Constantan -200 to 350 

o to 2650 1700 
-30 O to 2200 .1350 
-300 to 1400 1000 
-300 to 650 600 

3100 
Z450 
1800 
1100 

There are two ty'pes of platinum to platinum-
rhodium thermocouples used in this country, the platinum 
to 90 platinum-10 rhodium and the platinum to 87 platinum· 
13 rhodium. These thermocouples develop, at high temp· 
eratures, 10 to 14 microvolts per 0c as compared to 40 
to 55 for the other thermocouples listed in Table VI. 2. The 
platinum to platinum-rhodium thermocouples at tempera-
tures from about 400 to 1600 °c, being more stable than any 
other combination of metals, are used ( 1) for defining the 
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freezing point of gold, 1063 °c, (only the platinum to 90 
platinum-1 O rhodium thermocouple is used for his purpose); 
(2) for very accurate temperature measurements from 
400 to 1500°C; and {3) for temperature measurements where 
the lower melting point materials cannot be used. They are 
not suitable for temperature measurements below O 0c be-
cause the _thermoelectric power (dE) is only about 5 micro-

dT 
volts per _0c at O 0c and decreases to zero at about -138 °c. 

The nominal composition of the chromel P alloy is 
90% nickel and 10% chromium. Alum el contains approximately 
95% nickel, with aluminum, silicon, and manganese making 
up the other 5%. Chromel P-alumel thermocouples, being 
more resistant to oxidation than the other base metal thermo-
couples listed in Table VI. 2, are generally more satisfactory 
than the other base-metal thermocouples for temperature m 
measurements from about 650 to 1200 °c ( 1200 to 2200 °F). 
The life of a No. 8 gage (0. -128") chromel P-alumel thermo-
couple is about 1000 hours in air at about 1150 °c (2100 °F). 

Constantan was originally the name applied to copper-
nickle alloys with a very small temperature coefficient of 
resistance, but it now has become a general name which covers 
a group of alloys containing 60 to 45% of copper and 40 to 55% 
of nickel (with or witho·ut small percentages of manganese, 
iron, and carbon) because all the alloys in this range of compo-
sition have a more or less negligible temperature coefficient of 
resistance. Constantan thus includes the alloys made in this 
country under such trade names as Advance (Ideal), Copel, 

·Copnic, Cu.pron, etc., most of which contain approximately 
55% of copper and 45% of nickel. 

Iron-constantan thermocouples give a slightly higher 
ernf than the other base metal thermocouples in Table VI. 2. 
They are extensively used at temperatures below about 760 °c 
(1400 °F). The life of a No. 8 gage iron-constantan thermo-
couple is about 1000 hours in air at about 760 °c (1400 °F). • 
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Copper-constantan thermocouples are generally 

used for accurate temperature measurements below about 
350 °c ( 660 °F). They are not suitable for much higher 
temperatures in air because of the oxidation of the c opper. 

Combinations of metals other than those listed in 
Table VI. 2 are sometimes used for special purposes . As 
examples, at temperatures above -200 °c (-300 °F) chromel 
P-constantan gives a thermal emf per degree somewhat 
greater than that of any of the thermocouples listed in 
Table VI. 2 and is sometimes used when the greater emf is 
required. Graphite to silicon carbide has been re commende 
for temperatures up to 1800 °c (3300°F) and for cer tain appli 
in steel plants. 

Reproducibility of Thermocouples - One of the first 
requirements of thermoelectric pyrometers for general 
industrial use is that the scales of the instruments shall be 
graduated to read temperature directly. Although the indi· 
cations of the measuring instruments used with ther m o-
couples depend upon the resultant emf developed in the cir• 
cuit, the scale of the instrument can be graduated in degrees 
of temperature by incorporating a definite temperature-emf 
relation into the graduation of the scale. The temperature 
can then be read directly if the temperature-emf relat ion of 
the thermocouple is identical with that incorporate d in the 
scale of the instru_ment. 

All the thermocouples which have the same nominal 
composition do not give identical relations between emf and 
temperature. As a matter of fact, in most cases, tw o 
samples of metal which are identical as far as can be deter· 
mined by chemical methods, are not identical thermoelec· 
trically. This is due in part ot the fact that the thermoelectric 
properti'es of a metal depend to some extent upon the physical 
condition of the metal. 

It is not practicable to calibrate the scale of an 
instrument in accordance with the temperature-emf r elation 
of a particular thermocouple and to change the scale each tiine 
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the thermocouple is replaced. Consequently the scales 
of such ins truments are calibrated in accordance with a 
particular temperature-emf relation which is considered 
representative of the type of thermocouple, and new ther-
mocouples are purchased or selected to approximate the 
particular temperature-emf relation. 

If the temperature-emf relations of various ther-
mocouples of the same type are not very nearly the same, 
corrections must be applied to the readings of the indi-
cator, and the corrections will be different for each ther-
mocouple. When several thermocouples are operated with 
one indicator, and when thermocouples are frequently re-
newed, the application of these corrections becomes very 
troublesome. For extreme accuracy it is always necessary 
to apply such corrections, but for most industrial processes, 
thermocouples can be manufactured or selec.ted with tempera-
ture-emf relations which are so nearly the same that the 
corrections become negligible. 

The accuracy with which the various types of ther-
mocouple materials can be selected and matched to give 
a particular temperature-emf relation depends upon the 
materials and the degree to which the temperature-emf 
relation is characteristic of the materials available. The 
differences in the temperature-emf relations of the new 
platinum to platinum-rhodium thermocouples available in 
this country rarely exceed 4 to 5 ° C at temperatures up 
to 1200 °c. Consequently, there is no difficulty in select-
ing a relation between emf and temperature which is 
adequately characteristic of these thermocouples. The 
temperature-emf relations used in this country for platinum 
to platinum-rhodium thermocouples are such that new 
thermocouples which yield these relations within 2 or 3 °c 
up to 1200 °c are readily available. 

The differences in the temperature-emf relations 
of base-metal thermocouples of any one type are so large 
that the selection of a temperature-emf relation which 
might be considered characteristic of the type of thermocouple 
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1s difficult and more or less arbitrary. The relations 
generally used for some of these thermocouples by 
some manufacturers have been changed from time to 
time because of differ enc es introduced in the thez,mo-
electric properties of the materials by variations in raw 
materials and methods of manufacture. · However, the 
relations in use at the present time are such that mater-
ials can generally be selected and matched to yield the 
adopted relations with an accuracy of about + 3 °c up to 
400 o C and to + 3 / 4 per cent at higher temperatures. 
In special cas;s, materials may be selected to yield the 
adopted relations within 2 or 3 ° C for limited tempera• 
ture i-an,ea. 

· _ Te~-E- R5AttJt>2! - The temperature-
emf relati~ orF e ·common thermocouple metals 
have been· mea~ured· in great detail 1 • Figure 6. 17 is a 
plot of the relation for several of the common materials. 
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t Temperatve lta .. uurements and Control in Science 
and. Industry. Am: ··Inst.· of Physics, ( 1941) and ( 19 



Semi-Conductor Thermocouples · - The semi-
241? 

conductor has a high output emf as a thermocouple. As 
such, the semi-conductor is used -mainly for the Peltier 
cooling effect. The stability problem with semi-
conductors has limited its use as a thermocouple. 

Comparison of the ttesistance i!-nd Thermoelectric 
Thermometers - The thermocouple covers the 

same range of temperatures as the resistance thermo-
meter. Likewise mechanical thermometers can be used 
for many applications. The present discussion is limited 
to only the electrical transducers, although it should be 
evident that the platinum resistance thermometer has 
been chosen over all other temperature sensing devices 
to use as a standard calibration instrument. 

Thermocouples have some advantages over the 
resistance thermometer. The temperature-sensing zone 
of a thermocouple can be extremely small as compared 
to steady state resistance thermometer. The thermo-
couple is better suited for the extreme high temperatures. 
The tungsten-Rhenium type thermocouples can measure 
temperatures up to 3000 ° F . The thermocouple is self 
contained in that an external source of voltage is not 
required. Neglecting read out equipment, the cost of 
a thermocouple is a great deal lower than a resistance 
thermometer. 

The advantages of steady state resistance sensors 
over thermocouples include the following: 

1) A much higher output voltage can be obtained. 

2) Related recording, controlling, or signal 
conditioning equipment can be simpler, more 
accurate, and much less expensive because 
of the higher possible bridge output signal. 

3) The output voltage per degree for resistance 
sensors can be chosen to be exactly as desired 



over wide limits by adjusting the excitation 
current and/ or the bridge design. 

4) A reference junction temperature or a com-
p eris a ting device is unnecessary. 

5) The shape of the curve of output vs. tempera 
ture can be contr.olled, within limits, for 
certain resistance sensor bridge designs. 

6) Because of the higher output voltage, more 
electrical noise can be tolerated w°uhin 
resistance sensors; therefore, longer lead 
wires can be used. 

7) Sensitivity to small temperature changes can 
be much greater. 

8) In moderate temperature ranges, absolute 
accuracy of calibration and stability of cali-
bration for resistance elements can br 
better by a factor of 10 to 100. 

D .. Measurement of Temperature in a· Flowin Fluid· 
An unheated cylinder placed in a flowir1g fluid will reach 
a steady temperature, which depends on the flow condi-
tions. This is true, whether the cylinder is a resistance 
thermometer, thermocouple, or a liquid-in-glass thermo-
meter. In a low speed incompressible flow, the cylinder 
simply measures the static temperature of the fluid. As 
the velocity increases the cylinder experiences frictional 
heating. A further increase in velocity produces com· 
pression of the fluid in front of the pros~ with a resulting 
increase in the temperature. of the cylinder. Thus, it is 
necessary to know the relation between the flow conditioal 
and the temperature Qf the cylinder. 

For gases, /both effects may be described by an 
equation, one convenient form of which is: 

T IT = 1 + 0. 5 r (y - 1) M 2 
• r a 
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where T is the temperature of the surface (or "recovery 
temperat~re"), T is the temperature of the undisturbed 
gas (or "static tenfperature"), r is the recovery factor, 
y is the ratio of specific heats c / c , and M is the 
Mach number. In this case, whefe r is 1. 00, equation 
6. 20 describes the full temperature rise due to compres-
sion heating alone, for the case where the gas is deceler-
ated to zero without addition or loss of heat. In this case 
T becomes the total temperature, usually designed as 
Tr . When there is frictional heating alone, for example 
wRen there is a thin °flat plate inserted into the flow with 
flow parallel to the plate, a typical value for r f.or most 
gases is 0. 85 when the boundary layer is laminar and o. 88 
when turbulent. Therefore, it happens in gases that the 
two sources of temperature rise are of roughly equal 
magnitude. The fact that the two sources of heating are 
of comparable magnitude is directly the result of the fact 
that the Prandtl Number is near to 1. 00 ( actually it is 
between 0. 7 and 1. 00 for gases). The Prandtl Number for 
liquids is in the vicinity of 0. 01 for the liquid metals and 
above 1. 0 for all other liquids, being as high as 10, 000 for 
some liquids. The Prandtly N~mber Pr is given by: 

Pr = c µ/k, p (6.21) 

where c is the specific heat at constant pressure, µ 
is the viJlcosity, and k is the thermal conductivity. High 
Prandtl Number is largely the result of high viscosity in 
the case of oil, and in the case of liquid metals, lower 
viscosity and high thermal conductivity cause very low 
Prandtl Number. · 

For liquids, the theory has been worked out in 
detail only for a few special cases. For the case of flow 
Parallel to a flat plate at sufficiently low Reynolds Number 
to give laminar flow, results of established boundary 
layer theory show a temperature rise as follows: 

(6. 22) 
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where T f is the temperature of the plate re~ultin g 
from frictional heating, T is the temperature of the 
fluid at a distance from theaplate where its temperature 
is undisturbed by the frictional effect, Pr is the Prandtl 
Number, V is the velocity in fps, g is the accelerat'on 
due to gravity, 32. 2 fps, J is the Mechanical equivalent 
of heat, 778. 2 ft lb/Btu, and c is heat capacity of the 
liquid in Btu/lb° F. This equatign can be rewritten for 
CGS units 

Tf/T = 1+(Pr
0

• 5v2
) /(2 x 10 7 c T) a p a (6. 23} 

While these equations apply for laminar flow for 
a flat plate, and therefore do not apply for reasonably 
accurate prediction in the case where flow is turbulent or 
particularly, where the geometry of the part inserted in 
the flow is not a flat plate, nevertheless calculations of 
the temperature rise by equation 3 or 4will give a rough 
idea of the temperature rise to be expected on a typical 
temperature sensor. A typical temperature sensor is 
usually in the form of a cylinder with flow normal to the 
cylinder, and it is most commonly, though not always, at 
Reynolds Number sufficiently high to assure turbulent 
flow. It may or may not have a perforated cylindrical 
guard outside the temperature sensor. There is reason 
to expect that for an arbitrary shape, the equation defin-
ing the temperature rise may be of the form: 

n 2 
Tf/T = i+(f Pr V) /(2gJc T) a p a 

( 6. 24) 

where f is arbirarily defined as the "frictional heating 
factor" and the expor.ent n may be different from 0. 5. 
By comparison with frictional heating of gases, one may 
expect that n is determined by whether the flow is lam· 
inar or turbulent, and that f is dependent upon the con· 
figuration, e.g. a cylinder or other shape. These 
hypotheses remain to be established. 
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Table VI. 3 shows calculations for selected 

liquids according to equations (6. 23)or (6. 24). It may 
be noted that the liquids with high Prandtl Number show 
the effect most prominently. It is evident that tempera-
ture measurement of high speed liquids can involve sig-
nificant errors because of frictional heating. 



TABLE VI.3 

Friction Heating for Laminar Flow Along a Flat Plate 
for Various Liquids 

The effect is proportional tothe square of the 
velocity. This table will give a rough idea of the error 
in an ordinary temperature sensor. 

Liquid Prandtl C ,Btu/lb°F Temperature 
Number p OR <lp 

Liquid Hydrogen 2.5 2.5 36.65 -42.3 
Liquid Oxygen 2. 1 0.394 162.5 -297 
Water 7.5 1. 00 528 +68 
Engine Oil 1 o. 000 0.44 528 +68 
Mercury 0.024 0.033 528 +68 
NitrogenTetroxide 4. 8 0.36 522 +62 
JP-4 13.6 0.47 510 +50 
MIL-0-5606 392 0.475 510 +50 

ERROR 

~-#* V = fes-. V = 10 fes V = 100 fes 

Percent OF .Percent OF Percent OF 

. 000034 .. 000012 ,., 0034 . 0012 o. 34 o. 12 

. 000045 . 000073 . 0045 . 0073 0.45 o. 73 

.0000105 . 000053 .00105 . 0053 o. 105 0.53 

. 00085 . 0045 .085 • 45 8.5 45 

.0000175 . 000093 .00175 . 0093 o. 175 o. 93 

. 0000234 . 000122 . 00234 . 0122 0.234 1. 22 
,0000161 . 000161 .00316 . 0161 0.316 1. 61 
.000104 . 000838 • 0104 . 0838 1.641 8.38 
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Figure 6. 18 is a summary set of figures slowing 

the measured recovery temper-atures over several 
different shaped bodies. 

_2 

8 ,~s- 1-
f?EYNtJJ..DS /'IVM8E1iS. 

Fig. 6. 18. Recovery 'temperature for rlifferent 
shaped bodies. 
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As may be seen from Fig. 6. 18, the recovery 

temperature approaches the total temperature of the 
flowing gas. In other words the body acts as a trans-
ducer to convert the thermal and velocity energy back 
to thermal energy. The compression process is only 
partly efficient for most shapes of probes. However, 
if is possible to design specific probes, which recover 
almost the complete total energy of the flow. 

ecove Tern erature in a arefied Flow - A 
striking j,esult from· ree · mo ecule fl theory is ob-
tailed for the recovery temperature. If a cylinder is 
considered in free molecule flow, it fs found both theo-
retically and experimentally that the recovery tempera-
ture of the cylinder may be greater than the total 
temperature of the gas stream. This result is in direct 
contrast to the continuum result discussed above. 
Fig. 6. 19 shows the theoretical and experimental recovery 
temperature for cylinders. 
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Both Continuum and free molecule results are shown on 
Fig. 6. 19. The parameter that determines if a flow is 
a continuum or free-molecule is the Knudsen Number, 
Kn 

X 
Kn= d (6.25) 

where X is the mean-free-path between molecules and 
d is the diameter of the cylinder. 

The recovery anomaly can be explained by consi-
dering the magnitude of the incident and re-emitted mo-
ecular energy .1 The incident molecular energy is 

computed using the total velocity resulting from the com-
bination of the stream mass velocity and the random 
thermal velocities. When the total velocity term is 
squared, there results a cross-product term, 2Uv. This 
cross-product term effectively increases the apparent 
internal energy of the gas from the contimmm value of 
(3 /2) k T per molecule to a value of 2 k T ·or (5/2) k T. 
The actual value depends directly on the speed and orienta"'." 
tion of the body. The apparent energy is (5/2) k T for the 
high speeds and for angles of attack greater than zero. 
The (5/2) k T is equal to the internal plus potential energy 
per molecule of a cube of continuum gas. 

For air the recovery temperature ratio approaches 
1. 16 8 at high Mach number. A monatomic gas gives a 
higher recovery temperature than a diatomic gas. The 
diatomic gas can remove more energy by virtue of the 
internal energy component due to molecular rotation. 

The effect of angle between the cylinder axis and 
the flow direction effects the recovery temperature. 
Figure 6. 20 shows the recovery temperature as a func-
tion of M sin q, , where cp is the angle between the 
flow and the cylinder axis, for _both free-molecule and 

1 
Stalder, J. R., Goodwin, G., and Creager, M. 0., A 

comparison of theory and experiment for high speed free 
molecule flow, NACA TN2244, 1950. 
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M m 
0 0.51 3.8 
0 .80 2.9 

Free-Molecule-Flow 
G 1.1 normal 
k theory for ::s ... 
... f- cylinder ' ......... t ~-1.0 0 0 0 0 
G D 
... c:: 
' .. .9 kO 
G..-t > ... o as u k 
G .80 a: .2 .4. .6 .8 1.0 . M sin4> 

Figure 6.20 - Recovery temperature as a 
function of flO\,.- angle. 
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continuum flow. It has been assumed that the character-
istic length of the wire would change with angle of attack. 
However, the results of Fig. 6. 20 suggest that d is the 
only length of importance even when the wire is parallel 
to the flow. More work is needed to fully evaluate the 
recovery effects of yawed cylinders in supersonic flows. 

E, Temperature Evaluatfoa by Sonic Methods In a 
still gas the velocity of sound in a gas of molecule weight m 
m is given· by the approximate relation 

y:T (6. 26) 

Thus, the absolute temperature · of a gas may be expressed 
as 

ma2 

T= --'YR 
{ 6. 27) 

The measure of the sonic velocity will in turn be a mea-
sure of the temperature for the still gas, since m , -y 
and R are constant. The measurement of sound velo-
city is quite simple in a non-flowing fluid, however, it 
requires the measure of mean velocity in a flowing fluid. 
Consider Fig. 5. 14, which shows a source of sound and 
a Pickup down stream. The source might be pulsed and 
the transient time to the pickup measured. The velocity 
of propagation will be V = a+ U = l , where t is the 

1, 
time between pulse and arrival. The velocity of sound 
can be calculated from an independent measure ·of the 
flow velocity. A second approach might be to place a 
second pickup at a position ...Q. , a,Nay from the source, 
but not along the direction of flow. The time measured 
by the two pickups could then be used to solve for both 
U and a . This procedure requires that we know the 
mean flow direction. If the mean flow direction is un-
known, then a third pickup would be employed to give 
three equations in terms of t for the unknowns · a-, U , 
and flow angle , a. • 



1.51 The sound source may be a small speaker, a 
spark gap, or a piezoelectric crystal operated in reverse 
(a voltage suddenly applied to a crystal will produce a 
change in shape). The sonic pickup is usually a micro-
phone or piezoelectric transducer. These devices have 
been used in some applications, but they have not found 
general use. At extreme high temperatues this sonic 
measurement is not oi direct value, since in equation 
(6. 27) neither '{ .or m will be constant with temperature, 
This method of measuring temperature is not greatly 
affected by recovery temperature, if the distance 
is large compared to the size of the source and the 
pickup. 

F Special Temperan:re .:\Ieas-__;r:ng Tech::iques -
The measurement oi temperatures by means of therm .. 
or infrared radiation is w.i.de:y used, This method is oi 
mc:..jor importance in the study of solid materiais rather 
than fluids. The use of radiation t0 measure fluid tem-
peratures is possible, but not as yet well developed, 
The problem is simply one of how to relate a measured 
radiation energy from the 11uid, such as air to its 
temperature. 

Certain materiais, such as 11superiinear phosphors " 
are found to change their luminescence with temperature, 
This phenomenon is associated with the exciting oi the 
molecular structure of the material. Here also, this 
technique is of interest in measuring surface temperature, 
but not a direct indication of the fluid temperature. 

The schlieren and interferemometer are techniques 
which measure density. Thus, these instruments coupled 
with the measure of pressure can be used to measure 
temperature. For flow speed flows, where density and 
temperature vary directly without appreciable effect on 
the pressure, these optical techniques are used as a 
direct measure of temperature gradients in fluids, 
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A possible measure of temperature at the extreme 

high temperature, low pressure, gas flows is presently 
being explored at CSU. The concept is to measure directly 
the kinetic energy of the gas ions in the flow. If the 
temperature is sufficiently higher than ions of the gas 
will exist ·in the flow, and there kinetic energy may be 
measured. The measurement principal i3 to employ a 
"langmuir probe" techniq1.1e. The Langmuir probe is 
basic:illy an aerial set in the flow, as shown in F.ig. 
(6. 22). The aerial or ion collector is operated at nega-
tive voltages, so the ions are attracted to the probe. The 
number of ions attracted will depend on the voltage of 
the probe, the number density of ions present in the 
fluid, and the kinetic energy of the ions. 

v,av- ...-z-.- C.oLLlilc.ro~ 
w,"~ 

s,oEt 
jN~~Lll-TION 

Fig. 6. 22. Ion knetic energy measurement 

If a ion has a trajectory near the collector, then it can 
be collected if the attraction of the probe is ·sufficient 
to alter its path. A curve of the eollected current versus 
t~e collector porential will be an indication of the velocity 
distribution of the ions. If we assume that the ions (and 
~so the molecules) have a M~wellian velocity. distribu-
tion, then the relation between the kinetic energy and the 
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temperature is known. While the collector te~hnique is 
a possibility theoretically, it still requires a great deal 
of experimental development. 

The resonate frequency of specific crystals is 
found to vary with the temperature of the crystal. For 
a quartz crystal plate of generalized orientation 

f ( T) = f ( 0) ( 1 + a. T + /3 T 2 + y T3) (6. 28) 

It is possible to determine a crystal orientation for 1 which the second and third order terms vanish (/3 = y = 0) , 
Thus, a "Linear Coefficient" of frequency with tempera-
ture quartz· thermometer is commercially available, 
(--Hewlett-Packard Linear Quartz Thermometer). This 
system can measure the temperature over a range from 
-40 °c to+ 230 ° C with a resolution of o. 0001 ° C. The 
accuracy of this system is by for greater than that ob-
tained by most temperature measuring instruments. 

4. Transient Temperature Measurements - The 
meas·urement of transient temperatures can. be done mainly 
with the resistance thermometer. The thermocouple 
and sonic thermometer can be employed for moderate 
transient response, but they are not likely to approach 
the development of the resistance-temperature element. 
Thus, the present discussion is limited mainly to the 
resistance-temperature element. Actually, the response 
of the thermocouple2 follows the same laws as the resis-
tance thermometer, with the major limitation being the 
size to which a wire thermocouple can be made. The 
response of a thin film type;'! thermocouple can equal 
that of a thin film resistance-terpperature element. 

1Hammond, D. L., Adams, C. A., and Schmit, P., 
A Linear Quartz Crystal Temperature Sensing Element. 
ISA preprint No. 11, 2,-3-64, 1964. 

2 See for e xample Shepard, C. E., and Warshawsky, 
NACA TN 2703, 1952. 
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In Chapter V the general time constant of a wire 

was given as 

Thus, the evaluation of the time constant requires a 
knowledge of the physical properties in Eq. ( 5.1,,J). For 
pure materials the physic.al properties such as; thermal 
conductivity k, density p • specific heat c , and resis-
tivity <r. can be obtained from handbooks. For alloys 
these properties are not always available. Thus, to fully 
evaluat,e. a transient resistance thermometer, · it is nec-
essary to evaluate the wire physical properties. 

Physical Properties - Sufficient information was 
given in Chapter Y to obtain .the wire physic.·al properties 
from steady state measurements (with exception of 
specific ·heat). Specific heat is so to speak the heat 
storage capacity ·of the wire and thus, it must be deter-
mined from a transient type measurement. Fortunately, 
the specific heat is not greatly affected by alloying, so 
it can usually be estimated from tabulated properties of 
the major element of the alloy. Table VI. 4 lists the 
Physical quantities and the steady state measurements 
required to evaluate them for a given wire material. 



Parameter 

Wire length 
2 

Wire J)iameter 
D 

Resistivity 
IT 

TABL~ VI. 4 

Physical Properties Evaluation of a Transief t 
Resistance Thermometer Sensing Element 

Equation for 
Evaluating Parameter 

Type.of 
Measurement' 

Dimension 

Dimension 

Resistance ·and 
known dimensions 

Remarks 

Optical type measure-
ing instrumcnt 
Optical or Electron 
Microscope instrument 

If IT is known for large 
wire sample, can use ,r 
to determine wire ~iameter 

Thermal Condud.ivity 6R j,_ Uncertainty due to D2 

k k = -o 1 . (Eq. :z) . Wire resistance which can not be mP.asured 

Heat Transfe~ 
Coefficient x wire 
diameter 

hD 
Density 

p 

Specific Heat 
C c= 

hDz . . A~ Y.f,~s~lc~hr~ current with great accuracy 
. AI 

k ,,.1 
PT 

Wire resistance ver-
sus wire cu1·r.ent 
in Air 

Volume-weight 
measurement 

'T'i me constant of 
wire to a sttep change 
in cur rent in a 

hD •is a fu~ction of flow 
Velocity density 

Need rletermine bE:fore 
drawn into very sn,all wire 

Limiting case for I--, 0 
change in current 

1
Chao, . J. L., and Sandborn, V. A., A resistance the rmometer for transient temperature 

incnsurcmenta, l•'luid Moch, Paper No. t, Colorado Stiit1i Unlveralty, 1984, 
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The wire dimensions would be determined from 

direct measurements if possible. It is sometimes dif-
ficult to measure wire diameter. As a result, the resis-
tivity of the alloy might be determined from a large sample, 
and it in turn used to estimate wire diameter. 

The thermal conductivity of the wire material is 
determined by making resistance-current measurements 
in a regime where conduction is the major heat transfer 
mechanism. This regime of conduction controlled heat 
transfer is the case of a wire in a vacuum. Figure 6. 23 
shows the measurements made for the platinum-rhodium 
wire in a vacuum. The value of k calculated from the 
slope of the curve is noted on the figure .. The measure-
ments in a vacuum are affected by radiation heat loss 
from the wire. The insert on Fig. 6. 23 indicatss the 
estimate of radiation heat loss for the wire. 

The heat trans£ er coefficient is obtained from 
resistance vs. current measurements in a regime where 
convection is the major heat transfer mechanism. This 
regime of convection controlled heat transfer is . the case 
of a wire operating in air. The value of hD is a func-
tion of flow velocity, density and temperature, so it must 
be specified for each particular flow in which the wire 
is to be used. 

Figure 6. 24 shows the measurements made for 
the Platinum-Rhodium wire in still ambient air. An 
estimate of the correction for conduction loss by the wire 
is shown as an insert on Fig. 6. 24. 

For the platinum-Rhodium wire evaluated it was 
assumed that handbook values of p and c could be 
used. A value of p for the 90-10 alloy was available in 
the literature. For c a value was found for a 87-13 alloy, 
Which was only about 10 per cent greater than that of pure 
Platinum. The 87-13 alloy value for c was employed 
as a first approximation in the evaluation of the wire time 
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constant. Obviously, a measure of the wire time constant 
for a very small current step in a vacuum was employed 
as a check of c • 

Figure 6. 25 is a plot of the oonvection, conduction 
(a constant), and wire temperature terms appearing in 
the time constant equation. These values are for a 
O. 0000278 inch diameter, 90 per cent Platinum-10 per 
cent Rhodium wire. 
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Fig. 6. 25. Variation of the thermal time constant 
terms 



Figure 6. 26 compares the computed time constant 
for the wire with actual measurements made both in a 
vacuum and in still air. The time constant in a vacuum 
is apparently controlled by radiation heat transfer for 
wire currents greater than about O. 05 millamps. 

t .JO 
!:i 

..-o rotol Compal# l 
j 2s 

i 

0 A ~T•• Con.,.,,, -

00 -
iO 0 

..: 
l! 

a 
I:: 

0 
20 

(l 

tll 

O 0 0 
10 

0 
$ 

0 

0 U O U U 
WI/IC CURlfENT, MA WIRE Ctllllt£NT, MA 

., Vtlt:UUlff II) RIHIIII Air { IIO flaw J 
Fig. 6. 26. Comparison of P~E:~cted and measured 

time constants. 

The estimate for radiation given in Fig. 6. 23 had 
suggested that values of current up to O. 10 millamps 
would be useable. The fact that the vacuum measure-
ments seen to extrapolate to the I~ 0 case of the theory 
Would seem to justify the values of the wire physical 
constants used. The measurement of time constants was 
somewhat crude, as can be seen by the data of Fig. 6:'.Z6. 
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The computed time constant curve is certainly reasonable, 
compared to the data, and again justifies the physical 
constants evaluated. 

An idea of the variation of wire time constant with 
flow conditions is demonstrated in Fig. 6. 27. 

)..." 5000 t-----+---~-t---<'l---+-------t 

f 40001----#-----+-----+-----+----1 

Fig. 6. 27. Comparison of predicted and measured 
time constants in moving air 

Using the curves of Fig. 5,Z.l it is possible to 
estimate the variation of hD with velocity and/ or density. 
Figure 6. 27 shows the value of corner frequency predicted 
for the platinum-rhodium wire as a function of flow velocity. 
A set of three measurements taken at a velocity of 45 feet 
per second is shown for comparison in Fig. 6. 27. 
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Measurements of temperature fluctuations - The 

platinum-rhodium resistance thermometer is employed 
in the authors laboratory to measure temperature fluctl~a-
tions in the boun.-:lary layers of a heated flat plate. The 
frequency response of the bare wire is adequate to 
measure the fluctuations without need of further electronic 
compensation. A simple Wheatstone bridge circuit, shown 
in Fig. 6. 28 is employed to operate the wire at a constant 
current of O. 1 millamp. The output of the bridge was 
amplified and read-with a true r. m. s. voltmeter. The 
resulting evaluation of both the mean and fluctuating 
temperatures is shown in Fig. 6. 29. The frequency 
distribution obtained from a spectral analysis of the 
resistance thermometer output is shown in Fig. 6. 30. 

The evaluation of the temperature fluctuauon 
from the r. m. s. output of the wire is done very similar 
to the evaluation of anemometer signals. Tne resistance 
temperature curve can be represented by equation (6. 6) 
so that the fluctuation equation may be written as 

~=IaRV:: 
0 

a more complex equation would be required if the 
resistance temperature curve is not linear. 

{ 6. 29) 
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Figure 6.28 - Bridge circuit to operate 
the resistance thermometer. 
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Chapter VII 
MEASUREMENT OF PRESSURE 

Pressure is perhaps the most often measured 
quantity in fluid mechanics. The measurement of velocity 
usually is resolved to a pressure and temperature evalu-:-
ation. Likewise the measurement of density is resolved to 
a pressure and temperature evaluation. In Chapter V the 
details of total pressure measurements were discussed, 
without reference to the actual pressure measuring trans-
ducers. In the present chapter we will discuss the 
measurement of static pressure and the transducers which 
are employed. An attempt is made to consider only those 
transducers which actually measure pressure. Thus, the 
large class of vacuum "pressure" measuring transducers 
is not considered until Chapter VIII, where these instru -
ments, which are turly density measuring tr.ansducers, 
are treated. 

Pressure is characterized by a compressive stress 
exerted uniformly in all directions. It is a potential force, 
since in theory,its compressive work can be completely 
recovered, The basic principles which govern the measur·e-
ment of static pressure is that a force is produced by the 
pressure at a surface. Pressure is proportional to the 
kinetic energy of the random motion per unit volume. 
Pressure is defined as the force per unit area which a 
liquid or gas exerts on a restraining surface. The measure-
ment transducer for pressure will be some form of force 
measuring transducer. 

When no flow exists it may be assumed that the 
pressure of most fluids is equal at all points in the fluid. 
This is true in general except in vacuum facilities, where 
transfer of information is slow. In a vacuum facility a 
pressure gradient may exist for long periods of time, 
how(•vcr, theoretically the pressure should equal out to 
one common valve in time. A similar effect exists for 
temperature and density properties in a vacuum. 
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A. Static Pressure Measurement. - In a moving 

fluid there is a force due to the static pressure and also 
a force due to the uniform motion of the fluid. In order 
to measure the static pressure the force due to the uni-
form motion must be eliminated from the measurement. 
In general, this suggests that we will measure the static 
pressure-force in a direction at right angles to the mean 
motion. If a probe is employed, it must be so construct-
ed that it does not disturb the flow in a manner that will 
cause a change in static pressure. It is not possible to 
design a probe which does not disturb the flow to some 
extent. However, it is possible to design a probe which 
measures very closely the static pressure at some point 
behind the noise where initial disturbances have subsided. 

The nose of the probe will cause the flow stream-
lines to curve, thus causing a variation in local static 
pressure. If the probe is a cylinder with its axis paralled 
to the flow, the streamlines will tend to return to their 
original direction after a given length. For a round nose 
probe with a circular cylinder body the flow field has 
been calculated. Xs/o 

~1-----..--....::;..1-...-,!'-~/'-r---'T~a.......-'1----;--,-~o 

+ 2. 

IZ. I 

Xh/D 
Figure 7. 1 - Static Pressure Variation Along the 

Surface of a Cylinder. 
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Figure 7. 1 shows the variation of local static pressure 
along such a probe 1 . Also shown on Figure 7. 1 is the 
effect produced by a stem. The general approach to design 
of a static pressure probe is to optimize the opposing 
effects of head and stem, so that the two effects tend to 
cancel each other. Typical static pressure probes are 
shown in figure 7. 2. Holes are equally spaced around the 
cylinder, so that any non-symmetrical flow effects are 
reduced. 

PRANOTL 

---- 160 --~~ &o ---,4 .L ___ ___,. _ __,;f-

NPL Tul3E 

Figure 7. 2- Typical Static Pressure Probe Designs. 
The geometry of the hole through which the 

pressure is transmitted may also have an effect on the 
measured pressure 2 . Any hole in a wall will produce 
some curvature of streamlines. The smaller the hole 
the smaller the effect. The effect is always to raise the 
local pressure above the actual static pressure. 
1 Ower, E. and Johanson, F. C.; The Design of Pitot-

Static Tubes. ARC Rand M 981, Aeronautical 
Research Council, 1925. 

2 Rayle, R. E.; An Investigation of the Influence of Orifice 
Geometry on Static Pressure Measurements. M4,f Thesis, Mech. Engr. Mass. Inst. of Tech., 19 · 
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Figure 7. 3- Error Due to Static Pressure Hole 
Diameter. 
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If actual flow separation occurs the pressure will be 
below stream static pressure. Figure 7. 3 shows the 
errors associate? with different size static holes. The 
results of Rayle suggest that a hole 0. 020 to 0, 040 
inches in diameter, counter sunk a half diameter to 
eliminate burrs, will give a near error free static 
pressure reading. 

Mach Number Effects. - For subsonic Mach 
numbers the effect of compressibility on static pressure 
measurements is extremely limited. At Mach numbers 
of the order of 0. 7 or greater local shock waves can be 
formed on the probe. The acceleration of the flow around 
the nose of the probe is sufficient to produce local regions 
of supersonic flow. Thus, local shocks are formed which 
will cause an increase in the local static pressure 
measured. Above Mach number of 1. 0 the shock wave 
is either a detached bow wave ahead of the probe, or 
attached directly to the nos-e of the probe. If the shock 
is a detached bow wave, it may be considered as a 
normal shock wave. The ratio of static pressure ahead 
of a normal shock wave, P CD , to that behind a nO~mal 
shock wave P~ , is given by the relation . 

PO:,= _6.l!,.f'lt,;._I=J_ 
Poo ~+ I )'+/ 

( 7. l ) 

Equation 7. l is plotted in figure 7. 4. For a Mach 
number of 3 the pressure behind the shock wave is ten 
times that ahead of the wave. 

For very small probes it is possible to treat 
the bow shock as a local disturbance. Thus, if the static 
tap is located well behind the nose it is possible for the 
static pressure to return to the free stream value. 

Rayle, R. E.; ibid. 
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Figure 7. 4- Change in Static Pressure Across a 
Normal Shock Wave. 
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Also from slender-body theory it is possible to design 
a probe chich measures static pressure independent of 
Mach number at supersonic speeds 1• For the probe 
shown in figure 7. 5, slender-body theory gives the 
following pressure coefficient variation with x . 

Cp(X) a [ p{x)-p00]/f-t0ll.t __ 
= ;I:- { S"(x)x=o In ,c .._ S'~x) In 

where 
+ f1..,, (x-t) d S"(t)J-[,~'<x>f 

0 

( 7. 2) 

P 00 = static pressure in the undisturbed stream 
R(x) = body radius at a distance x from the nose 
S(x) = 1r[R(x)J2. the body cross-sectional area 
S 11 = second derivative of S with respect to x. 

x,---J, .J..,a.I.D 13,.os '"'---I 7• ,. 

~-=----s~~}-~~-
lllRI:£ E~vl9LI..Y SPIICEO 0,/'2(>IN- O.D. 

0.02/ IN. 0114, /IOLE 

Figurl' 7. 5- A Static: Pressure Probe that is Independent 
of Mach Number. 

1 Mollo-Christensen, Landahl, and Martuscelli; A Short 
Static -Pressure Probe Independent of Mach 
Number. Jour. Aero. Sci., 1957, p. 625. 
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The pressure coefficient Cp (x) becomes independent 
of M if the orifices are placeat at point x, where 
s"{x,) = O. The experimental evaluation of the probe 
in figure 7. 5 is shown in figure 7. 6. A 5- degree 
conically tipped probe pressure coefficie~t is also 
shown on figure 7. 6. 

,IOr------,r-----r-------,,----
,0, 
Al 

,Ol 
.o, 

0 
'1,0D 

Q 

l.lS l.54 l..75 ~-00 
MACH f,/()NfSE~ 

Figure 7. 6- Effect of Mach Number on Static Pressure 
Measurements. 

Angle of Yaw Effects. - In order to minimize 
angularity effects the static pressure probe has several 
taps around its circumference. For small angular 
deviations the static probe is usually insensitivity be-
cause of the holes. However, at large angles of yaw 
the flow may actually separate on one side of the probe. 
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Figure 7. 7 demonstrates the effect of flow direction 
on a typical static pressure probe. In general the probe 
in insensitivity to small changes in flow direction, but 
has a marked effect at larger angles. One may employ 
a static type pressure probe to determine the actual 
flow direction. 

-~----------------0 1 8 12. 16 20 

Figure 7. 7- Effect of Flow Angle on Static Pressure 
Measurements. 

Effect of Turbulence. - The pressure indicated 
by a pressure tap is the stagnation pressure of the gas 
in the hole. For the ideal flow of a gas directly past the 
hole the pressure should be equal to the stream static 
pressure. If turbulence exists in the stream it will alter 
the streamlines of the fluid such that we may find a 
velocity component directed into the static hole. For 
this case the pressure measured by the probe will be 

t..L vT •c:t:1; = Poo + 2 p V 
( 7. 3) 
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An error of 1 % in static pressure measurements would 
be obtained for a 10% turbulence level. 

For a static pressure probe the holes are 
located symmetrically around the probe, so that the 
effect of turbulent fluctuations is not as well predicted. 
If the fluctuations are symmetrical then it appears that 
no measureable pressure effect could be predicted. 
Secondly, one may show that if the static pressure 
probe is insensitivity to yaw angles of the order of 
'!" 1 O degrees, then the effect of turbulence in changing 
the direction of the total velocity can have no effect on 
the measurement. 

Effect of Velocity Gradients. - For flows in 
which the stagnation pressure varies can cause three 
dimentional flow patterns along a circular cylinder. 
The fluid that is stagnated at the nose of the probe is 
subject to a pressure gradient in the direction of the 
regions of higher velocity. The pressure gradient gives 
rise to a flow that results in a slight downwash of the 
stream in the vicinity of the probe. 1 The viscous 
forces also are such as to contribute to the downwash. 
The downwash is equivalent to a slight change in yaw 
of the probe. The effects of the velocity gradient in a 
boundary layer are made more complex by the presence 
of the wall. In general the static pressure probe is not 
recommended for boundary layer measurements, how-
ever, there is a need to evaluate static pressure across 
the boundary layer. The equation of motion in the vertical 
direction in a turbulent boundary layer appears to be 2 

-:,. 
p V = P - PW ( 7. 4 ) 

1 
Volluz, R. J.: Wind Tunnel Instrumentation and Operation, 

Handbook of Supersonic Aerodynamics, NAVORD 

2 Report 1488 ( Vol. 6). 
Sandborn, V. A. and Slogar, R. J.: Study of the Momentum 

Distribution of Turbulent Boundary Layers in Adverse 
pressure Gradients. NACA TN 3264, 1955. 



Thus, it is possible to evaluate the static pressurJ77 

from a measure of the vertical turbulent velocity 
component. Unfortunately equation ( 7. 4) has not been 
checked experimentally with sufficient accuracy to 
completely justify its use. 

B. PRESSURE TRANSDUCERS. - There are 
many possible forms of transducers that are employed 
to measure pressure. We have discussed pressure 
measurements which are employed to evaluate velocity 
as well as the more direct static pressure measurement. 
Obviously, the same transducer can be used to measure 
either static or total pressure, however, it may be 
necessary to use different transducers for different 
magnitudes of pressure. As noted in Table IV. 1 it is 
possible to require pressure measurements from Oto 
10, 000 psi in even limited areas of fluid mechanic 
research. 

The major instrument employed to measure 
pressure is the manometer. This instrument uses the 
force of gravity to counter balance the force produced 
by pressure. The manometer is closely related to the 
dead weight testor, which employs a solid mass rather 
than a liquid column to indicate force. There are many 
electro-mechanical devices that have been developed 
and used as pressure transducers. Figure 7. 8 is a 
schematic diagram of typical systems employed both 
to change pressure into a measurea~le movement, and 
also the electrical read out system. The different types 
of transducers are covered in detail in the following 
discussion. 

Lion, K. S.: Pressure Transducers Survey, ASME 
Symposium on Measurements in Unsteady Flow. 
Worchester, Mass. , 1962. 
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Figure 7. 9 - Range of Pressure Transducers 
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Figure 7. 9 is a summary of the range of the 
different types of pressure transducers. There is of 
course many ways in which the range of a given type of 
transducer m.1y be extended, so the end points of each 
instrument is somewhat uncertain. In the vacuum range 
of pressures ( below l(J3 mm ~g) the transducers do not 
measure pressure, but rather the number density of the 
molecules are measured. 
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Manometers. - The most widely used pressure 

transducer is the liquid manometer. The manometer 
may serve as a laboratory standard for pressure. The 
manometer takes advantage of the gravitational force on 
a column of liquid. Figure 7. 10 shows the types of ma-
nometer employed in pressure measurements. The 
simple CT-tube manometer is the most common employed 
manometer. The pressure can be computed from the 
height h of the column of fluid. For a manometer fluid 
of density pm and a fluid of density pf in which the 
pressure is measured, the unknown pressure is 

( 7. 5) 

If the fluid in which the pressure is measured is air and 
the manometer fluid is water for example, then it is 

evident thaut/~l PfJand sop~ can be ;eg~lec. te~;,"" 

T f h P 
h li 1 i· .:l Pc.. 

V-TUBE A8§ot..ur£ 
BA~oMErER. 

ANE CALI 
0.00I" 

INCL/NEO ,MAN()/V1ETE~ 

MI CllO /11 ANO #I er1: R 
Figure 7. 10- Liquid Manometers 
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The height h is in all cases the vertical height of the 
column, so that the gravitational mass of the fluid is 
properly accounted for. The slant tube manometer is 
designed to produce a large movement of the fluid 
column for only a small vertical rise in h. The slant 
tube is a means of expanding the variation in pressure 
over a greater scale. 

The density of manometer fluids are a function 
of their temperature. Thus, accurate evaluation of the 
pressure requires that the effect of temperature on 
manometer fluid be accounted for. Figure 7. 11 is a 
typical plot of the density variation with temperature 
for various manometer fluids. 

The well type manometer is a common type 
of pressure measuring manometer. This type manome-
ter usually employs a scale along the smaller diameter 
tube which reads directly the height. The scale is 
calibrated to account for the slight drop in the well 
level. The actual height h' from the zero leve 1 to 
which the column rises is given by the relation 

A 
p = g h' ( T + 1 ) ( p - pf) + P , m a ( 7. 6) 

For a well with a very large area A1 compared to A,_ 
the factor .& is small. In some applications it is 

A, 
possible to neglect the slight change in well height. 

For the measure of very small pressure 
differences the movable well type micromanometer is 
employed. It is possible to indicate variations as small 
as 0.0001 inches in the column with a micromanometer. 
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Figure 7. 11- Specific gravity characteristics 
of Merriam Unity Oil. 
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For pure free molecule flow the molcculnr mean free 
path is large compared to the body dimensions. For free 
molecule flow the following relation is obtained.l 

(5.18} 

Pressure measurements in freemolecule flow is complex in 
that pressure may not be equal at all places along a tube. 
Detailed experimental studies of the impact tube in free mol-
ecule flow are still lacking. 

B. Drag Measurements - There are several transducers 
that employ fluid drag as a means of measuring flow velocity 
or mass flow. Typical i_ns truments are the rotameter, tur-
bine flow meters, cup-an~mometers and related instruments. 
Each of these instruments makes use of the fact that drag is 
a function of the Reynolds number. Figure 5.12 is a summary 
of the measured drag for different shapes of bodies. The 
drag is a function of the shape, and the Reynolds number of 
the flow. The curve of figure 5,12 is for continuum flow 
only. For slip and free molecule flow the drag becomes a 
function of Knudsen number (density), as well as Reynolds 
numbers. 

1 
Chambre, P. L., and Schaaf, S. A.; ibid. 
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McLeod Gauge. - A special type of manometer 

employed ij the measure of low pressure was described 
by McLead. Figure 7. 13 shows a typical Mc Leed Gauge. 
The chamber, A, is first exposed to the pressure, p, to 
be measured as shown in figure 7. 1 3. . The mercury 
is then raised into the chamber traping the original gas 
at pressure p in the chamber. As the mercury is 
raised past the point "s" the gas in chamber A is 
compressed. The final reading 
has compressed the original volume of gas in chamber A, 
denoted by VA , to the small volume contained in the 
capillary, denoted by V c . The pressure of the gas in 
the capillary is given by 

VA 
p - p (7. 7) 

c - Ve 
This relation assumes that temperature of the gas be-
fore and after the compression are still identical. Thus, 
the McLead gauge makes use of the ideal gas equation of 

O~IGJlt//fL 
VOLUME 

L 

\IA}WM 

Figure 7. 1 3 The Mc Lead Gauge 

1 McLeod, H.: Phil. Mag. Vol. 48, p. 110, 1874 
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state. The actual pressure Pc in the capillary is given 
by the manometer relation (neglecting pf , and setting 
Pa = P) as 

pc = g hpHg + p (7. 8) 

The volume of the capillary may be expressed as a con-
stant, v, times the length h, (Ve= vh). Thus, the 
initial pressure, p may be expressed as 

vg h2 PH 
p= g (7.9) 

VA - V h 

Note that VA is much larger than V c = v h , so that 

the pressure is given approximately as 
h2 

V g p Hg 
p- (7. 10) 

Thus, since VA , v , g and pHg are all very nearly 

constant the pressure will be a function of h 2 directly. 
Equation ( 7. 7) is not dependent on the specific gas, so 
it can be used with any gas. The only important prob-
lem encountered in using a McLeed gauge is to make 
sure that the gas remains a gas at the pressure Pc . 

For example, if water vapor is present in the initial gas 
sample, then it might condense at the pressure Pc . 

The condensing of a gas would act in such a manner to 
make equation ( 7. 7) unusable. In practic~ filters and 
cold traps are employed to avoid the introduction of 
condensible vapors into the sample gas. 
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Elastic Deformation Pressure Transducers. -

Nearly all modern pressure transducers are based upon 
the elastic deformation and the resulting mechanical 
displacement of a member under the influence of pressure 
Lion 1 lists the following types of elastic deformation 
elements 

1. Membranes 
2. Bourdon tubes or spiral 
3. Bellows 
4. Tubes ( which expand under pressure) 
5. Pistons ( rarely used) 

These elements are shown schematically in figure 7. 8. 
The output of the elastic elements is a displacement, 
which may be either measured directly or converted 
into an electrical signal. The electrical readout of the 
displacement is discussed in the following section. 

The membrane types of elastic deformation 
elements may be divided into: thin diaphragms, thin 
plates, and corrugated diaphragms. The thin diaphragm 
is usually a metalic sheet under radial tension. The 
thin diaphragm has no stiffness to bending, thus, if a 
pressure force is applied to one side of the diaphragm 
the membrane deflates outward in the shape of a sphere. 
For a flat, circular, thin diaphragm the displacement 
d ( shown in figure 7. 14) is equal to 

d = az. p 
4 S ( 7. 11) 

where a is the radius of the diaphragm, p is the pressure 
and S is the tension in the diaphragm. As long as d does 

} tp .j, "'" -} t ~-J--:ir 
Figure 7 .14 - Displacement of a Thin Diaphragm 

Lion, K. s., I biJ 
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not exceed approximately O. 005 a the deflection is linear 
with pressure. The thin diaphragm is used in a wide 
number of pressure transducers. The major application 
is for very small pressure variations as commonly en-
countered in air and gas flows. The diaphragm type 
microphone is employed to measure fluctuating pressures. 

The thin plate membrane shown in figure 7. 15 
is simular to the thin diaphragm except it has stiffness 
to bending. 

a 
,~----~a-------"'J 

Figure 7. 15 - Displacement of a Thin Plate. 

The equation for the displacement d, is 

d = 
3 ( 1 - V 2 ) a4 p 

16 E t 3 ( 7. 12 ) 

where v is Poisson's ratio, Eis Young's modules and 
t is the thickness of the plate. The deflection is linear 
with pressure so long as d does not exceed O. 5 t. The 
thin plate as a pressure transducer is of value for 
moder ate and high pressure variations. 

A survey of the application of flat diaphragms 
and circular plates to instruments is given by Wahl 1. 

In order to increase the physical deflection of 
diaphragms they are sometimes formed with corrugations 
or catenary shapes, rather than flat. The deflection will 
in general increase with the number of corrugations and 
decrease with corrugation depth. The design of corrugated 

1 W..1hl, A. M.; H.vccnt H.esearch on Flat Diaphragms and 
( · i n·ular Plates with Particular Reference to Instrument 
·\ppli< ·ation~. Trans. Amer, Soc. Mech. Engrs. vol. 79 

p. 8.3-B7, 1957. 
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diaphragms is covered by Haringx 1 an~ by Wildhack, 

Dres.sler and Lloyd 2 . The corrugated diaphragms J'ind 
use in pressure gauges which range from vacuum 
pressures to roughly 350 psi. 

The Bourbon type tubes are employed because 
of their large deflections. These elements are partic-
ularly useful when a direct mechanical readout of the 
deflection is des ired. The angular deflection for the 
simple, elliptical crossectional, C - tube Bourdon 
gage is given by 

J_ = 
c/>o 

2 1. 16 pr 
t Eb 

( 7. 13) 

where cf> in degrees is the angle of rotation of the tip of 
the tube, cf> is the sector angle of the original tube, 
p is the prJ>ssure, r is the radius of the tube, t is the 
wall thickness, E is Young's modulus for the tube 
material, and b is the minor axis of the elliptical-
shaped tube (from middle of the walls{ The design of 
Bourdon tubes is covered by Goitein. The Bourdon 
tube is used extensively in industrial instruments for 
pressure up to at least 15, 000 psi. 

The metallic bellows are capable of giving 
large deflections for a given pressure. The bellows 
are less stable structurally than the other types of 

1 
Haringx, J. A. ; Design of Corrugated Diaphragms. 

Trans. Amer. Soc. Mech. Engrs. vol. 79, p. 55-64, 
1957. 

2 Wildhack, W. A. , Dressler, R. F., and Lloyd, E. C. 
Investigation of the Properties of Corrugated Diaphragms. 
Trans. Amer. Soc. Mech. Engr., vol 79, p. 65-82, 
1957. 

3 Goitein, K. ; A Dimensional Analysis Approach to 
Bourdon Tube Design. Instrum. Practice, vol 6, p. 748, 
1952. 
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elastic gauges, thus it is somewhat limited in appli-
cation. Bellows gauges are employed as absolute 
pressure gauges, in that a known pressure can be 
sealed within the gauge. A typical application is the 
recording barometer. 

It should be evident that either the displace-
ment or physical strain of the elastic deformation 
material can be employed as a measure of pressure. 
The expanding tube shown in figure 7. 8 is an example 
where it might be more desirable to measure strain. 
The expanding tube is the limiting case of a bellows 
and would be of most value for moderate and high 
pressures. The expanding tube proves of value in 
measuring pulsating pressures. 

The piston type transducer is not generally 
employed as a measurement transducer, but rather it 
finds extensive use as a check valve on excess pres~ 
sure. 

Electrical Readout of Pressure Transducers. -
The elastic deformation type pressure transducers 
all require a displacement, 1• to be sensed. Figure 
7. 16 is a schematic diagram of the electrical pheno-
menon which are used to sense a displacement. The 
electrical readout systems can be explained in the 
following manor. 

1. Slide Wire - The displacement, d, causes 
a change in resistance of the potentionmeter voltage 
divider. For a constant battery voltage, the output 
voltage E is directly proportional to the change in 
1·esistanc~ as d varies. 

f ,ion, K. S. ; Ibid. 



Figure 7. 16 - Electrical Sensing of Displacement. 

2. Strain Gauge. -A resistance wire strain 
gauge (unbonded or bonded) or a foil gauge is attached 
to the elastic member so it is strained when the mem-
ber is displaced. The change in resistance of the 
strain gauge is proportional to the displacement. d, 
of the elastic member. 

J . Inductive. -The change in the core element 
extension into the coil produces a reluctance variation 
in an inductive circuit. This change is usually sensed 
by the eddy currents caused by the inductance of a 
radio-frequency driven coil. 

4. Capacitive. -The displacement, d, between 
the two plates, produces a change in capacitance, C. 
The change in capacitance is usually sensed by a 
radio-frequency circuit. 
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5. Piezoelectric. - The displacement, d, 
compresses the piezoelectric crystal, thus producing 
a charge between two sides of the crystal. 

The selection of any particular type of electri-
cal readout will be determined by the application. For 
large variations in pressure, which in turn causes 
large variations in displacement, d, the slide wire or 
inductive type readout might be preferred. For small 
variations in pressure, the strain gauge or capacitive 
type readout is usually employed. The piezoelectric 
readout is mainly for use in transient-type pressure 
measurements. 

Electro-Mechanical Pressure Transducers. -
In figure 7. 16, we have noted that several electrical 
phenomena may be employed to sense the displacement 
of a mechanical pressure transducer. The direct 
conversion of pressure (or force) into an electrical 
signal is also possible . If a material is placed in 
high pressure, it is possible that it can be compressed 
to a point where its resistance will change. Likewise, 
the dielectric constant of a material and the perme-
ability of a material may change with pressure. 
Figure 7 . 17 is a schematic diagram of possible electro-
mechanical pressure transducers. 1 

The resistance of materials as a function of 
pressure has been reviewed in detail by Bridgman. 2 
The resistance of several metals are shown in figure 
7. 18. The variation of resistance with pressure is 

l Lion, K. S. ; _!bid . 

2 Bridgmen, P. W. ; The Physics of High Pressure. 
G. Bell and Sons, Ltd. , London, 1949. 
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given approximately by the relation 

( 7. 14) 

where R is the resistance at reference pressure 
(such as0 1 atmosphere), b is the pressure coefficient 
of resistance. The value of b for a typical wire 
material, Manganin (84% Cu, 12% Mn, 4% Ni), is 
1. 7 x 10-7 / psi. The wire material is operated as one 
arm of wheatstone bridge. The wire is subject to 
ageing in high pressures, so there is a continual shift 
in the calibration curve. 1 he "Bridgman" pressure 
transducer is mainly employed for the extremely high 
pressure measurements (up to 100, 000 psi). The 
sensitivity at low pressures is extremely small. 

A special case of the resistance-pressure trans-
ducer is the carbon microphone. The carbon micro-
phone takes advantage of the variation rn resistance 
through carbon granules. The phenomenon is basically 
that the contact surface area between granules increase 
as the pressure increases. For useable pressure 
transducers, the granules are replaced by thin disks 
of carbon material. The resistance of a stack of disks 
varys approximately as 

R = R + 
0 

C 

p ( 7. 15) 

The stability of carbon material is not as good as 
metals. The absorption of gases and humidity cause a 
continual shift in th"' resistance of such materials. 

The dielectric "constant" of a material, such 
as Hochelle salt (Na KC 4 H

4
o6 4H

2
0), barium titanate, 

MgO, KCl, and KBr, will cliange with pressure. 
Neubert 1 has computed the relations for a general 

1 Nl'wb(.'rt . H . K P. ; fnstrument Transducers, 
Oxford llnivers1ty Pr·c s s , 1963. 
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dielectric variation capacitor. The capacitance for 
two plates separated by a dielectric, E, of thickness 
d and area of plate A is 

C AE 
3. 6 1rd 

( 7. 16) 

Thus, a change in dielectric, 6€, produces a change 
in capacitance, 6e, 

or 

6C = 

sc 
7: 

6E 
T 

A (E + c5e) 
3. 6 "TT' d 

(7.17) 

( 7. 18) 

Figure 7. 19 shows a plot of the variation of E with 
pressure for several typical materials. The variable 

NoCIO 
7.HI, 

... 
.___....._....___. _ _.__.._____,___....__ 9.321, 

Figure 7. 19 - Variation of the Dielectric Constant with 
Pressure. 
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dielectric pressure transducer is limited to moderate 
and high pressures because of the elastic properties 
of the material. 

It has also been suggested that an elastic 
material be employed as the dielectric. 1 In this case, 
the dielectric is simply thinned out by the pressure, 
and the capacitance physically reduced. This type of 
transducer has not been developed in detail, but it 
might be of extreme value for low pressures. 

In figure 7. 16 the piezoelectric phenomenon 
was suggested as a means of sensing deflection of a 
mechanic diaphram type transducer. The piezoelectric 
transducer may, of course, be employed directly to 
indicate pressure. The piezoelectric crystal actually 
requires an almost negligible deformation to produce 
a measurable charge build-up. The major difficulty 
has been the requirement of more complex electrical 
circuits, in order to operate the high impedance crys-
tals. 

The charge produced by the piezoelectric 
crystal is at the surface only, so the output is inde-
pendent of the crystal thickness. The crystal is in 
effect measuring only the total force applied to the 
crystal independent of crystal area. The actual output 
of a crystal will depend, as demonstrated in figure 3. 4, 
on the direction in which the force is applied. Thus, 
an expression of the crystal sensitivity will be in terms 
of at least three coefficients. 2 

2 

Lion, K. S. ; Ibid. 

Neubert, H. K. P. ; Ibid. 
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Figure 7. 20 demonstrates ,.;1•v('l'al poss1bk 

shapes of piezoelectric crystals cmploy<'d in pl'L'ssurc 
measurements, together with typical califrations. 
In some cases, it is possib tc· to plau} t lw c rys1 al in 
a shear or bending moment and greatly incrco.sL· the 
force applied to the crystal. 
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Figure 7. 20 - Piezoelectric Pressure Transducers. 

C. Transient Pressure Measurements. -
There are many applications-which require the mea-
surement of fluctuating or transient pressures. The 
major application is of course the sound-measuring 
microphone. In fluid mechanics, we will be interested 
in both pressures related to sound, and also in the 
pressure variations that produce forces on structures. 
Two specific problems are encountered in the evalu-
ation of a trancient pressure. First, the response of 
the pressure-transmitting system, which is composed 
of a fluid in a passage which may be elastic. Second, 
the response of the transducer-sensing element must be 
considered. 
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Transmitting System Response - When the 
pressure changes, there must be some motion of the 
transmitting fluid, since t~e connecting passage and 
the transducer itself is elastic. Consider the pressure-
transmitting system shown in figure 7. 21. If the flow 
in the connecting tube is laminar, and the fluid and 
pressure transducer respond elastically, the governing 
equation is 1 

d t 

The constant C 1 is the damping coefficient and c
2 determines the natural frequency. The damping 1s a 

function of the viscosity of the transmitting fluid. 
Equation ( 7. 19) is a second order equation, thus we 
may expect a resonance in the tube if the damping is 
not great. Figure 7. 22 shows a typical response curve 
for a system such as shown in figure 7. 21. This system 
shows a resonance at 40 cycles per second. The re-
sonance frequency of the system is given by the relation 

d 

Figure 7. 21 - Model for the Transient Response of a 
Pressure Transducer System. 

1 Hubbard, P . G. ; Interpretation of Data and Response 
of Probes in Unsteady Flow. ASME Symposium on 
Measurements in Unsteady Flow, 1962. 
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( 7. 20) 

where A is the effective area of the sensing element, 
t::,.p/.t:i.v is the ratio of pressure change to volume change 
for the transducer and tubing, M is the mass of the 
transducer diaphragm, p is the specific mass of the 
fluid, L is the length of the tubing, and a is the cross-
sectional area of the tube. 

For rigid capillary tubes, an expression between 
the rate of flow, the change in volume, and the change 
in pressure is obtained 

RT -~ dv dt =-pen- - V 
dp 
d t ( 7. 21) 

s-------...---------,--------, 

P, 3 
t p 

2. 

0------------------~-------~ '2 10 /00 
CPS 

Figure 7. 22 - Response of a Transducer System to 
Sinusoidal Pressure Fluctuations. 
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~tails of this relation and its solution are given by 
Sinclair and Robins. 1 The solution for the response 
time is 

t = I 2. 8 µ f e [ J n ( Po - f, ) ( P+ P, ) + 3' Vs1 /.,,, Pg +- P, 
1rd4 P, (P- P,)(F; +P,) Po-fi Pt-P, 

I 

+ Y!L /Y) Po-P, J 
Po-f; P- f', 

( 7.22) 

where 
v 1 = entire air volume of system from orifice 

to and including the manometer or transducer, Ft. 3 

v d == volume displaced by motion of manometer 
fluid or oy deflection of transducer, Ft. 8 

d = diameter of the capillaries, Ft. ,,. 

1 = length of capillary of diameter d 
(equivalebt length which may take into account the 
variation in capillary diameter d), Ft.* 

u = coefficient of viscosity of transmitting 
fluid, lb.-· sec_/Ft. 2 

( ·,- for a system of varying diameters, the value of d 
may be selected as an arbitrary diameter, d 1, and the 
equivalent length written as 

1 Sinclair, A. H., and Robins, A. w.; A Method for the 
Determination of the Time Lag in Pressure Measuring 
SystPms Incorporation Capillaries. NACA TN 2793, 1952. 



Figure 7. 23 shows a comparison of the computed and 
measured response time for a typical capillary system 
reported by Sinclair and Robins. 1 The capillary size 
will limit the response time. Equation ( 7. 22) suggests 
the time response can be reduced by making the capill-
aries as large as possible. Expressing the equivalent 
length J as e 

I di i e = J e + fx d; ( 7. 23) 

the expression for the optimum diameter d is 
approximately x 

( 7. 24) 

which results m the optimum diameter being inde-
pendent of its length. Details of the application of 
equation ( 7. 24) are given by Sinclair and Robins. 1 

Wor kiP-g charts are available to speed the 
calculations of the ~f> sponse time of pressure time of 
pressure-measuring systems. These charts may be 
found rn the foJlowrng reports; 

Aldrich, J. F. L., and Tripoli, S.: Error in 
Non- Equilibrium Pressure Measurements Following 
Step and Ramp Pressure Changes. SAE Engineering 
Paper 587, Douglas Aircraft Company, March 1958. 

Bauer, R. C. : A Method of Calculating the-
Response Time of Pressure Measuring Systems. 
AEDC TR 56-7 (ASTIA No. AD-98978) Nov. 1956. 

Volluz, R. J. : Wind Tunnel Instrumentation 
and Operation, Handbook of Supersonic Aerodynamics, 
Sec. 20, NAVORD Report 1488, vol. 6, 1961. 
1 

Sinclair and Robins, 
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Transducer Response~ - In general, the pressure 
transducer will be a system which has more than one 
mode of response oscillation. The system will have 
spring constants and damping factors associated with the 
modes of oscillation. A mechanical model of the trans-
ducer will be an idealized vibrating system. The model 
must consist of at least one inertial mass, a spring, a 
viscous resistance, and an external driving or exciting 
force. For the ideal transducer, the spring force and 
the viscous resistance are linear. The idealized mech-
anical models are shown in figure 7. 24. Both a single-
degree -of-freedom, and a two-degree-of-freedom model 
are shown. The movable-plate condenser-capacitive 
transducer (microphone) and the piezoelectric transducer 
are examples of an approximate one-degree-of-freedom 
transducer. The strain gauge transducer is a fair app-
roximation of a two-degrees-of-freedom model. 

"l-1 

Figure 7. 24 - Mechanical Models of a Vibrating Pressure 
Transducer. 

1 
See, for example; Methods for the Dynamic Calibration 

of Pressure Transducers. By Schweppe, J. L. , Eich-
berger, L. C. , Muster, D. F., MLchaels, E. L., and 
Paskusy, G. F , Nat. Bur. St. Monog. 67, 1963. 
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The characteristic differential equations which describe 
the motion of the systems shown in figure 7. 24 are 

[one-degree-of-freedom J m~ + ex + kx = f (t) 
( 7. 25) 

[two-degree-of-freedom J 

-[ml;;l + clxl +ki1 :- c2 (f2-~1) - k2 (x2-xl)= O 

m 2.x:2 + c 2 (x2-x1 ) + k 2 (x2-x1 ) = f (t) 

-> ( 7. 26) 

where c is the damping constant, k is the spring 
constant, and f (t) is the external driving force which 
is a function of time. 

Equation ( 7. 25) and ( 7. 26) are second-order 
response systems. Second-order systems fall into 
three major classes, which are determined by the value 
of the damping constant, c. 

1) 0 _:: c < 1; the system is capable of oscillation 
and is termed 11 underdamped. " 

2) c > 1; the system can not oscillate and is 
termed 11overdamped. 11 

3) c = 1; the system is in the transition region 
between under- and overdamped, and is 
termed "critically damped. 11 

If c = o, a disturbance to the system will cause an 
oscillation which never dies out. A system with c = o 
is not physically possible, since it would violate the 
second law of thermodynamics. However, conditions 
are sometimes encountered where the simplifying 
assumpition c;;: o is useful. 



Figure 7. 25 shows typical solutions of the 
second-order equation (7. 25) for different values of 
damping constant. For a step change in pressure, 
the output response of an underd, :amped system will 
start with a zero slope, pass through a point of inflec-
tion, approach the final pressure, overshoot the final 
pressure, and oscillate about the final pressure with 
continually decreasing amplitude. The amplitude of 
the oscillations will be greatest for small values of 
c and less for large values of c. The frequency or 
period of the oscillations is usually expressed in terms 
of the natural frequency of the sensing element. The 
natural frequency for typical diaphragms are listed 
on the following page. 1 

!i 
1 
3 

lb~-===z==::::~.-==:;;;;:::::__~ 
A1r1Pt..1T1IOE 
f<Ai!O 

~1._ ____ ...._....._...__. .......... .1..£-<..._ ___ .....__._ ................. ..__....__ 

• OJ 0,1 ~/7z, 1.o 

Figure 7. 25 - Responses of Second-Order Pressure 
Transducers. 

1 
Neubert, H. K. P. ; Ibid. 
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where: 

Membrane 

Thin Plate r - _ /--re-
To - Jr ci 2 "y"3µ(1-J>2) 

t = plate thickness (in. ) 

2a = diaphragm diameter (in. ) 

( 7. 27) 

g = gravitational constant (386 in. / sec2 ) 

s = membrane tension (lb. / in. ) 

E = Young's modulus (lb. / sq. in. ) 

v = Poisson's ratio (0. 30 for steel) 

µ = specific weight (lb. / cu. in. ) 

The relations of equation ( 7. 27) are for opera-
tion in a gas. For operation in liquids the relation 
must be altered by an amount depending on the specific 
weight µ L of the medium 

where 

f 
0 

"I (1 +{3) 

{3 = o. 66 

( 7. 28) 

( 7. 29) 

The useable response of a pressure measuring system 
can never be as much as the natural frequency. If the 
system is underdamped, then care must be taken not 
to exceed frequencies of more than approximately 1/2 f

0
• 
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If frequencies as great as the natural frequency are 
present, then the output of the transducer may be far 
too great for the actual pressure present. For mem-
brane pressure transducers, it is possible to obtain 
usable frequency response of 1000 cycles or more. 
Since the natural frequency depends on the inverse of 
the membrane diameter, while the pressure sensitivity 
goes directly as the diameter, it is found that low 
pressure transducers have less response than high 
pressure transducers. 

If the output of a pressure transducer is 
known as a function of frequency, the output can be, 
in principle, electronically compensated to give a flat 
frequency response. The compensation technique may 
be employed with almost every possible type of trans-
ducer to improve the frequency response. Techniques 
for improving the frequency response of the pressure 
transducer are discussed by Michaels and Paskusz. 1 

Transient Calibration of Pressure Transducers.-
The transient calibration of a pressure transducer may 
be obtained for either a periodic or nonperiodic input 
pressure. The output of the transducer can be express-
ed, as either a frequency response curve for the 
transducer, or a direct evaluation of the constants of 
equation ( 7. 25) or ( 7. 26 ). Two types of input pressures 
are commonly employed: a step function, or an approx-
imate sinusoidial oscillator. 

Step-function generators include quick-opening 
devices, explosive devices, and shock tubes. The 
quick-opening device and the shock tube are similar. 

l 
Schweppe, J. L., Eichberger, L. C., Muster, D. F., 

Michaels, E. R , and Paskusz, G. F. : Ibid. , Nat. Bur. 
St. Monog. 67, 1963. 
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In each case a pressure pulse in the form of a step 
function is produced. The shock tube is simply a tube 
with a high and a low pressure section separated by a 
diaphragm. The diaphragm is ruptured between the 
section and a "shock wave" travels down the low 
pressure section. Figure 7. 26 shows a typical output 
trace from a pressure transducer in a shock tube. 1 

1 The frequency of oscillation of the trace demonstrates 
thE! natural frequency of the transducer. The actual 
constants are given by the relation 

Oscillation period T 

where T is the period of the natural oscillation. The 
envelope of the peak of the oscillations is a pair of 
exponential curves having apparent time constants of 
approximately 

T 
2 7T C 

Thus, from the measured period and the oscillation 
amplitude damping the natural frequency and damping 
constant can be determined. 
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Sinusoidal pressure fluctuations in a gas arc 

limited to small amplitudes, since large amplitudes 
develop into shock fronts. Only sound wave type 
pressure amplitudes are possible in gases. Micro-
phones are calibrated using diaphragm type speaker 
pressure generators. Periodic-function generators, 
such as rotating valves, sirens, piston-in-cylinder 
devices, and mechanical oscillators are employed. 
These devices produce periodic pressure waves, how-
ever, the mathematical discription of the wave may be 
complex. In incompressible liquids, it is possible to 
produce fairly good sinusoidal pressure waves. 1 

Turbulent Pressure Measurements. - The 
evaluation of fluctuating pressures in a turbulent 
pipe flow have been reported by Coreas. 2 The problems 
are very similar to those encountered in the use of hot 
wires to measure turbulent velocities. The static 
pressure probe is built with a piezo-electric element 
replacing the static holes, such as shown in figure 7. 26. 
As shown in figure 7. 26, the probe experiences a cross-
flow which results in additional pressure fields. The 
relative order of magnitude of this effect depends on the 
probe geometry and on the Reynolds number of the cross-
flow. If the sensing element is far downstream of the 
nose, the resultant presure field is nearly a function only 
of the instantaneous cross-flow. The side-force exerted 
on the probe is approximately 

(High Reynolds number) J?Y- p ( 7 + ""'";'2"):J d ( 7 : 30) 

(Low Reynolds number) 4ff-µ (-;r + 7/~ J 
1 

Melville, A. W. ; Hydraulic Oscillator for the Dynamic 
Calibration of Pressure Recording Systems. J. Sci. Inst. 
vol. 36, p. 422, 1959. 
2 

Coreas, G. M.; Pressure Measurements in Unsteady 
Flows. ASME, Symposium on Measurements in Unsteady 
Flow, Worcester, Mass., 1962. 
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where v and w are the lateral components of velocity, 
d is the probe diameter, and )is the probe length. The 
pressure due to the weighted average of the cross-flow 
is not necessarily proportional to the cross-flow drag. 
Minimizing the effect of cross-flow on the probe is an 
empirical design problem. This is done by testing the 
probe in turbulent flows where pressure fluctuations 
are very small. By yawing the probe to the flow, the 
sensitivity to cross-flow fluctuations is evaluated. The 
fluctuations due to the lateral turbulent velocity com-
ponents tends to be of the same order as those of the 
static pressure fluctuations. 

C-..... ___ ......J11.~7Zll1ZZiZ~21it'Il1~1L11 ___ _.t,} I 

Figure 7. 26 - Piezo--Electric Static Pressure Probe. 



The measurements oi turbulent w,dl pr c·ssurc 
fluctuations have been reported in great detail. Both 
microphones and piezo-electric pressure transducers 
are employed. Corcos1 has employed lead zirconatc 
crystals to measure the fluctuations at the wall of a 
pipe. These crystals range in diameter from 0. 03 to 
0. 10 unches. Their frequency range is from 35 cps to 
100, 000 cps. Figure 7. 27 shows the measured ratio 
of root-mean-square pressure to shear at the wall as a 
function of Reynolds number for a pipe. Note that the 
results of figure 7. 27 are very similar to the turbulent 
velocity variation shown previously in figure 5. 32. The 
spectra of the pressure is shown in figure 7. 28. 

5.d 
t:. PU W-4 (35£1 ~RATE R lJNS) 

PV 11q (2 SE DARATE f UNS) -~ 
A 

~{r!J;..~ f ti::. •t_ tt ·m ~n. ll!l -~ 

l.o 

'-I 6 ..Qj. 'l /0 
Re. =-v-

Figure 7. 27 - Pressure Fluctuation at the Wall as a 

0 

Function of Pipe Reynolds Number. 

1 
Corcos, G. M. , Ibid. 
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The measurement of fluid density depends very 
much on the fluid. For liquids, the measure of density 
is simply a measure of volume and weight. For gases, 
the measure of density is done by measuring pressure 
and temperature. At low pressures it is easier to 
measure density of a gas rather than pressure . As a 
result, most vacuum pressure gages are actually density 
measuring transducers. The heat transfer, ionization 
and mass spectrometer instruments all represent an 
actual measure of the number density of molecules. 
Details of the number density measuring techniques are 
considered first. 

In fluid flows with density gradients (compressible 
flow) optical techniques are employed to measure density. 
Both optical interference and schlieren techniques are 
employed. Optical techniques depend on the refractive 
index of the fluid, so they may be employed over a wide 
range of flow conditions. 

Several special techniques are also available to 
evaluate density. These include afterglow, electrical 
discharge, spectral absorption, and X-ray measure-
ments. In many cases it is possible to measure the 
density of a given species of molecules in a flow of 
several different species. Transient density measure-
ments are also possible with almost all of the sensing 
techniques. 

A. Number Density Measurements - For normal 
atmospheric conditions density is usually measured 
indirectly in terms of pressure and temperature. The 
equation of state 

P = ,PRT (8. 1) 

relates pressure, P , density, f), and temperatures, 
T , in terms of a constant of proportionality; the gas 
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constant, R . Equation (8. 1) is for an ideal gas, how-
ever, most gases follow the relation. The gas constant, 
R , is the same for all gases, and has a value 

R = 8. 314 x 10 7 ERGS/DEG. = 1. 9865 CAL/DEG. 

At extreme conditions of pressure or temperature, 
where the approximations of an ideal gas are no longer 
valid equation (8. 1) must be modified. At these extreme 
conditions the equation of state is modified to the form 

P = Z ,.ORT (8. 2) 

where Z is the departure from perfect gas behavior. 
The value Z is commonly termed the compressibility 
factor. This compressibility factor is not to be confused 
with the use of compressibility to describe a fluid flow. 
The deviations from ideal gas behavior were first investi-
gated for gases under high pressure, thus, the origin of 
compressibility factor was related to the high pressure. 
In recent research the compressibility factor has become 
increasingly important in the study of high temperature. 
gases, such as encountered in re-entry aerodynamics 
and plasma physics. Gases which require the use of 
equation (8. 2) have been termed real gases. The com-
pressibility factor, Z , may be viewed as the ratio of 
the molecular weight of air under normal conditions to 
the mean molecular weight of the equilibrium gas. 
Figure 8. 1 shows the variation in Z as a function of 
temperature and pressure for air. The variation of Z 
depends on the chemical changes in the gas. As noted on 
Figure 8. 1, the dissociation of oxygen and nitrogen con-
tribute greatly to the variation of Z . 

The value of Z can be calculated from equilibrium 
chemistry, so it is well known for gases where it is 
important. For non-equilibrium changes it would be 
extremely difficult to predict the variation of Z • We 
will consider in a later section the problem of evaluating 
of density in a shock tube where the non-equilibrium 
processes are not well' defined. 



Temperature, °K 

Figure 8. 1 - Compressibility Factor for Air in 
Equilibrium (Hansen and Heims, 
NACA TN 4359, 1958) 
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At extreme pressures liquids will also show a 
compressibility effect, which must be accounted for 
in evaluation of their density~ For normal pressures 
most liquids are not compressible, so the measure-
ment of density is a matter of measuring a known 
volume and weight. The density of a liquid will be 
expected to va,ry with temperature only, such as 
demonstrated for the manometer fluid in Figure 7 -11. 

There are several means of indicating 1iirectly the 
number density of molecules in a fl.ow. Most of these 
devices are limited to the regions of extreme low den-
sities.. The density o.f molecules may be measured 
by !i.ndire,ct <effects, such. as imparting a definite mo-
mentum to ,each molecule and then measuring the 
resultant force. A .second method measures the heat 
transfer from a heated element, which is a direct 
function of the gas density. Direct means of 
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measuring number density employ a method of "tagging" 
the molecules and then collecting and counting them. The 
tagging is generally done by ionization of the molecules 
and the counting is done by a measure of the current 
produced by the collected ions. Mass spectrometers 
can be employed over an unlimited range of pressures 
and temperatures, if properly designed. Ionization 
gages are employed for the measure of vacuum pres-
sures from roughly 1 o- 3 mm Hg down. 

Momentum Measurement - The Knudsen gage is 
employed as a means of measuring density from a force 
measurement. As is true of all density sensors to be 
considered in this section, the application is usually a 
means of evaluating low pressures. Figure 8. 2 is a 
schematic diagram of a typical Knudsen gage. 

----FIXED 
HEATED PLATE 

VANE 

Figure 8. 2 - Schematic Diagram of a Knudsen 
Vacuum Gage. 

The gage consists of two vanes on the end of a rod, 
which is suspended by a filament which resists rotation• 
Any rotation of the rod is indicated by the light beam-
mirror system. Two heated plates at a distance less 
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than the mean free path between molecules are mounted 
opposite the vanes. The heated plates increase the 
energy of molecules which strike them. The hot mole-
cules will then fall on the vanes, with a result that a net 
force is produced to cause the system to rotate. The net 
momentum produced by the hot molecules produces an 
angular displacement, which is indicated by the mirror. 
The angular displacement is a function of the number of 
molecules that exists in the gas. Thus, the displacement 
is a measure of the number density of molecules. For 
small differences in the temperature of the heated plates, 
Tp , and the gas temperature, T , the density is given 
as 

p ( 8. 3) 

where F is in dryness and the temperature is °K . If 
the gage is used to measure pressure the pressure is 
given by 

p T 
4F T - T 

p 
(8.4) 

The Knudsen f age is used over a pressure range 
from 10- 8 to 10- mm Hg. The sensitivity of the Knudsen 
gage should be independent of the gas composition. The 
Knudsen gage is sometimes employed as a pressure 
standard at the low pressures. There is of course many 
possible uncertainties in the measure of small forces, so 
the gage is not a National Bureau of Standards accepted 
measure of pressure. 

Thermal Conductivity Gauges - These transducers 
sense the rate at which heat is lost from a solid surface 
to a surrounding gas. The rate of loss depends on the 
number of molecules available to transport the heat. 
Secondary effects of the interaction of molecules and 
the exchange of energy at the surface makes the heat 
transfer depend on the actual gas used. The range of 
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application of the thermal conductivity gauges will be 
determined at the upper end by free convection heat 
transfer over-powering the molecular conduction. The 
lower end of the usable range will be when heat transfer 
by thermal radiation is greater than molecular conduc-
tion. As in velocity measurements, the thermocouple 
and the resistance-temperature transducers are employed 
as vacuum gauges. 

Hot Wire Manometer - The hot wire manometer is 
commonly termed a Pirani gauge. The hot wire may be 
viewed as the same as described for velocity measure-
ments. The practical Pirani gauge may of course be 
made of a much longer wire than that used for the ane-
mometer. In general the calculation of the wire tempera-
ture will be that given by equation (5. 38), where the 
molecular conduction term given by equation (5. 29) is 
employed. If a sufficient number of molecules exists 
around a hot wire, then the transfer of heat will set up 
a free convection type flow. The conduction of heat due 
to the free convection will be much greater than the mo-
lecular conduction, so that the heat conduction is a func-
tion of the flow and not of the molecular density. When 
free convection occurs the Pirani gauge is insensitive to 
the gas density. Figure 8. 3 shows the heat loss expect-
ed at different pressures 

. _ _!f\olcU" <;&~di_ v i.:ty _ _ ----/// 

/0 :lo 

Figure 8. 3 - Heat Loss from a Hot Wire as a Function 
of Pressure. 
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The Pirani gauge can be used over the range shown 

in figure 8. 3, as long as the sensi ti vi ty of the solid curve 
does not become too small. The determination of the 
molar conduction limit will depend on the size of the hot-
wire compared to the mean-free-path between the mole-
cules. 

The wires most often used for the sensing elements 
of Pirani gauge are platinum, tungsten and nickel. The 
availability of small diameter wires is the main deter-
mining factor in the selection of material. The require-
ment of each of the heat transfer applications of the 
resistance-temperature transducers is much the same. 
A high resistivity and a high value of the thermal coeffi-
cient of resistance are desired. Conduction to the hot-
wire supports is improved if the wire material has a 
poor thermal conductivity. For small wire lengths the 
conduction to the wire support may be a large effect. 
The ratio of total heat loss by molecular conduction to 
the total heat loss by conduction can be obtained from 
equation (5. 39) as 

I hD) (1.. )2 
(T w - Ts ) ( 1 .\ \1< D Tw,oo -Ts nf TANH n::} (8.5) 

Figure 8.4 is a plot of equation (8. 5) for a platinum-
iridium wire (0. 00025 inch diameter). The actual wire 
lengths shown in figure 8. 5 are smaller than would nor-
mally be employed in commercial Pirani gauges. The 
wires of figure 8. 5 were of particular interest in the 
measure of transient pressure, or density. 1 

The diameter of the hot wire will determine the 
range of pressures for which it may be used. Theoreti-
cally, the classical work of Knudsen shows that the heat 
transfer from a body to a rarefied gas is a fundamental 
function of the mean free path between the molecules, 

Sandborn, V. A.: A Hot-Wire Vacuum Gauge for 
Transient Measurements. AVCO Corp. RAD-TM-63-41, 
1963. 
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Figure 8. 5 - Ratio of Molecular to Support Heat Loss 
for a Platinum - 20% Iridium Wire. 

and of the accommodation coefficient. The accommoda-
tion coefficient, a , (where a < 1) is necessary to 
express the imperfect exchange of energy between the 
wire surface and the molecules. The accommodation 
coefficient is roughly a constant for a given element 
surface and gas, so it represents a constant of propor-
tionality in the heat transfer relation. The non-
dimensional parameter of importance in expressing the 
heat transfer is the Knudsen number. 

From kinetic theory the mean free path between 
molecules is inversely proportional to the gas density · 

7,746 X 10_g 
;\ = 

p (gm/cm 3) 

1,502 X 10- 8 

p (slugs/ft. 3) 

( 8 . 6) 



2 
(.) -

319 

Equation ( 8. 6) is for air. The predictions of A are 
~lotted in figure 8. 6 . 

GAS 
TEMPERATURE OK 
2000 
1000 
800 
600 

297 

f 103 

l&J (I) 
l&J 0 a: 2 I&. .... 

C z 
~104 
2 

I 
I 
I 
I ,os_......_ _____ i.....,i _____ _.._.__._ _ _._...1.,..._.,__,,,ll,__,_._..&..,1_;,1__.,_.L...~ 

103 102 ,o-1 10° 10 1 
ABSOLUTE PRESSURE (PSI) 

Figure 8. 6 - Mean Free Path Between Molecules in 
Air (Ideal Gas, Z = 1). 
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Heat transfer measurements suggest that the wire 

must be at least one fifth of the mean free path in order 
that free molecular results apply. For example, a 
O. 01 mm wire the molecular conduction would be dominate 
out to approximately 1 o-2 psi. Thus, we see that the 
smaller the wire the greater the pressure to which it is 
sensitive. For a linear range of pressure up to an atmos-
phere a wire 10- 6 mm in diameter is required. 

Operation of Pirani gauges will in each case require 
a calibration, since the range of application will be over 
more than the linear molecular conduction region. Fig-
ure 8. 7 shows typical calibration curves for a wire in 
different gases . 
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Figure 8. 7 - Calibration of a Tungsten Wire 
in Different Gases. 

The measurements shown in figure 8. 7 were reported 
by Von Ubisch 1 . Von Ubisch gives a detailed review of the 
hot-wire manometer. 

Von Ubisch, H. : On the Conduction of Heat in Rarefied 
Gases and Its Manometer Application. Jour. Appl. Sci. 
Res., Vol. A2, 1951. 
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Modern development in Pirani gauges appear to be 

centered on the use of semi-conductor elements. The 
large negative thermal coefficient of resistance and the 
large resistivity make the semi-conductor a desirable 
sensing element. The large resistivity makes it possible 
to use a large diameter cylinder, which can result in an 
increase ,in the low pressure range of the manometer. 

Thermocouple Manometer - The thermocouple mano-
meter is identical in principal to the thermocouple anemo-
meter. A wire is heated by a constant current, and the 
temperature of the wire is measured with a thermocouple. 
The heat transfer from the wire can be calibrated just as 
for the hot-wire manometer. All details of th_e heat trans-
fer are nearly identical for the hot-wire and thermo-
couple manometers. The gauges may consist of either 
wires or ribbons. A typical commercial gauge employs 
a platinum ribbon 0.0234 by 0.0078 cm in cross section 
and 3. 66 cm in length with a Nichrome-Advance thermo-
couple welded to its midpoint. The ribbon is heated by 
a 30 to 50 m. amp. constant current. The range of appli-
cation of the thermocouple gauge is the same as for the 
Pirani gauge. 

Ionization Gauges - The ionization type gauge counts 
the number of molecules present in a vacuum system by 
ionizating the molecules and electrostatically collecting 
them. Figure 8. 8 shows a schematic diagram of a typi-
cal ionization gauge. Electrons are emitted at the emitter 

l - I COLLECTOR 
GRID __c:------

ELECTRON 
EMITTER 

Figure 8. 8 - Schematic Diagram 
of Ionization Gauges. 

and accelerated 
toward the grid. 
The accelerated 
electrons col-
lide with gas 
molecules with 
sufficient energy 
to ionize the 
molecules. For 
fine wire grids 
the electrons do 
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not strike the grid, but oscillate back and forth through 
the space between the emitter and collector. As the 
energy of the electron decreases, it is finally collected 
by the grid. The ionized molecules are collected by the 
collector. Design of gauges are such that most of the gas 
molecules are ionized in a given region. There is of 
course a calibration problem in that the ionization pro-
cess may not be 100% efficient. The efficiency of a 
gauge will depend on the number and collision probability 
of the electrons. Also, the energy of the electrons must 
be sufficient to produce ions when a collision occurs. 
Grid voltages normally run from +120 volts to +200 volts. 
The plate voltages varyfrom-6 volts to -100 volts 1 . 

For an electron to ionize a molecule upon collision 
the electron kinetic energy must equal or be greater than 
the ionization potential of the molecule. The ionization 
potential of molecules varies from 3. 89 e V for cesium 
to 24.6 e V for helium. All gases will fall within the 
above range of ionization potentials. Thus, the energy 
of electrons in an ionization gauge needs to be greater than 
the 24. 6 electron volts. 

The probability of ionization will depend on the cross 
section for an ionization collision by the electrons, and the 
number of molecules present 

( 8. 7) 

where Pi is the probability of ionization, n 1 , is the 
number of molecules at 1 torr and o° C, and er is the 
collision cross section. The number of ions produced 
by an electron per centimeter of path length is 

n+ 2 7 3 p 2 7 3 ( 8 8) T ntcr = T pip · 

Leck, J. H.: Pressure Measurements in Vacuum 
Systems, Inst. Phys. , Phys. Soc. , Chapman and 
Hall, Ltd. Lond., 1964. 
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1 torr and o° C to the total number at pressure P an 
temperature T . The probability of an ionization for 
some common gases is shown in figure 8. 9 1 . 

0 200 400 600 
E.LECTR0N ENERGY cev) 

Figure 8. 9 - Probability of Ionization of 
Common Gases1. 

As shown by figure 8. 9 the maximum in Pi occurs in 
the range of voltage between 60 and 200 volts. This 
maximum indicates the reason for selecting the grid 
voltage. If all the ions are collected then 

= 273 p p 
T i i e 

Equation (8. 9) is written in terms of pressure as 
1 i+ 

p = s i 
e 

(8. 9) 

(8.10) 

Tate, J. T. anc;l P. T. Smith: Phys. Rev. Vol. 39, 
p. 270, 1932. 
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or density as 

p ( 8. 11 ) 

where S or s1 is the sensitivity of the ionization gauge. 
In practice S 1s determined from a calibration against 
some other measurement, such as a McHead gaufe. The 
gauge sensitivity varies somewhat with pressure , how-
ever, it is not necessarily a systematic variation with 
pressure. 

There are many additions and variations on the basic 
ionization gauge to be found in the liturature 2 . The mag -
netron ~auge has a linear calibration to pressures as low 
as 1 o- f torr. The output of the ionization gauges is 
usually in the micro-amp. range. 

The Alphatron gauge employs alpha particles to ion -
ize the gas molecules rather than electrons. 

Mass Spectrometers - All of the "vacuum II gauges 
discussed above measure the total number density of 
molecules present. Detailed study of a gas requires not 
only the total number density but also, the number densi t)' 
of each species of molecules present in the gas. The 
mass spectrometer separates the species according to 
their molecular weight. Figure 8. 10 is a schematic 
diagram of a simple mass spectrometer. The gas to be 
analized enters at the left. The gas is ionized just as in 
a normal ionization gauge. The ionized gas is then accel-
erated to a known velocity with an electrostatic accelera-
tor. The accelerated ion beam is then subjected to a 
magnetic field which deflects the ions. The amount of 
deflection will be a function of the kinetic energy of t he 
ions. If all the ions are travelling at the same veloci ty , 

1 
Nottingham, W. B., and F. L. Torney: 1960 Vacuum 

2 Symposium Transactions, Pergamon Press, Lond . 1961. 
Sec for example: Van Atta, C. M.: Vacuum Science 
and Engineering, McGraw-Hill, 1965. 



325 

IONIZER MAGNETIC FIELD 
r--1-f 7 7 ( PERPENDICULAR 
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ACCELERATOR , \ \ IONS 

I I 

co~~ClOR< i:> 
Figure 8.10 - Schematic Diagram of a Mass 

Spectrometer. 

then the light ions will be deflected more than the heavy 
ions. Thus, we may place a collector at several loca-
tions in the deflected beam and measure the number of 
each ion of a given mass. 

B. Electromagnetic Waves- Refraction of light- As 
shown in figure 3.8 of Chapter III, the refraction index 
of light is a function of the air density. Optical schlieren 
techniques, which make use of the change in refractive index, 
are employed to observe fluid density and density gradients. 
The word schliere from German could be defined as the locus 
of inhomogeneities which deflected the light passing through 
it into a direction other than the original direction. The 
early development of the schlieren techniques is credited 
to Toepler in 1866. The interferometer technique was de-
veloped by Mach in 1889. Three specific techniques are 
now generally noted in the literature; the direct-shadow 
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method, the schlieren and the interferometer. 1 The three 
methods produce different derivatives of the density, so 
they may be used to compliment each other. Figure 8.11 

/ 

t• ) lntcrfcromdff photoa,aph of tht flow J)al,I a two-dimensional acrof'oil 

I ;.. __ 
(cJ Direct-lhadow photoaraph of lhc ftow pllll • ............ 

PLAn I 

·b) Tocplff IChltttf:n photoaraph of the ftlow put a tw>dirn:mional acroCoil 

Figure 8.11-. Comparison of an interferometer, schlieren and 
direct shadow photograph. 

taken from the paper of Holder and North shows photographs 
of the flow past a two-dimensional airfoil taken by the 
three techniques. 

The radius of curvature of a light ray in a non-
uniform density field is 

1 For a general review of the techniques see: Holder, D.W., 
and North, R. J.; Schlieren Methods. Notes on Applied Science 
No. 31, National Physics Laboratory, England, 1963. 
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sin 1/1 (8.11) 

where n is the index of refraction and 1/1 is the angle be-
tween the vector (grad n) and the direction of the light 
ray as shown in figure 8.12. As noted in Chapter III, 

n constant 

Light ray 

Figure 8.12 - Deflection of a light ray 
the index of refraction depends directly on the density 

n = 1 + kp (8.12) 

The total angular deflection of a ray as it passes through 
a density gradient is 

e: = f (1/R)ds (8.13) 

wheres is the distance along the path of the ray. The 
deflection of the ray is caused by the projection of grad n 
upon the plane normal to the light path (grad n sin 1/1), 
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The term grad n sin~. will have components an/ox and 
on/oy in the x-and y-direction. Thus, the angular de-
flections in the. x- and y--direction are 

and e: =/kelp dz y ay (8.14) 

The deflection is always toward the r_egion of h_ighest 
density. 

The simplest technique to optically view the density 
variation in a fluid is the direct-shadow method. Figure 
8.13 shows the typical shadowgraph system. The sketch 

l_, 
DIRECTION OF 
INCIDENT LIGHT 

DISTURBANCE 

~· 

SCREEN 

Figure 8.13- Typical shadowgraph system. 

SCRF.tN 

taken from Holder and North illustrates the change of 
illumination seen on the screen. The light that origi-
nally illuminated an area on the screen dxdy is deflected 
to illuminate an area increased by an amount given 
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approximately by 

I dx. dy(c&, +~). 
ox i)y 

so that the change of illumination on the screen in terms of the initial illumina-
tion is 

M = -l(oc~+~~). I ox oy (8. 15) 

use of equation (8.14) to evaluate ae:~/clx and ae:y/aY 
lead to the result that the change in illumination is 
proportional to the second derivative of the d_ensi ty 

(8.16) 

The Toepler schlieren method introduces a second 
lens and a knife edge into the system as shown in figure 
8.14. 

knife 
edge 

!JNDISTURBF.D DISTURBED .ADDITIONAL 
IMAGE OF SOUP.CE /IMAGE OF SOURCE LIGHT SHOW 

\ / /_ :_v _sH_A-DIN.G 
,, <r--Lr\ ____ ,, /r,,,- -

i LIGHT 

VIEW FROM DIRECTION OF 
M2 

___..-4'.i /__ ____ _ :OM 

Kl~IFE ----- J ----
2 

EDGE 

I 
k 

Figure 8.14 - Toepler schlieren system 
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The second lens produces an, ima_ge of th.e source at the 
lens focal point.. Th.e kni£e.'e_dge acts as an optical 
filter to block out the unwanted l~ght at the focal point. 
As noted on the sketch of figure 8.14 (from Holder and 
North) the image is displaced by an amount fE in the x 
and y directions due to density gradients. The constant-, 
f,is related to the focal length of the second lens. The 
illumination of the image can be increased or decreased 
according to whether the deflection is toward or away 
from the knife edge. The knife must be set perpendicular 
to the direction in which the density is to be observed. 
The lens knife edge acts as an intergrater of the shadow 
picture, so that the intensity is proportional to the 
first derivative of the density. 

The early attempts to evaluate density from schlieren 
systems was not too successful. A major problem was that 
the light rays could not be isolated to a specific location 
with in the test section. For an ideal case of .-two-
dimensional or rotationally symmetric density gradients a 
system such as shown in figure 8.15 may be used to measure 

LASH sur SWMLCW..'tl[I 

-- t •«•r------

D(fUUIOLl(,Mfll'Al1 
--~ UNDfhH.T£0 llf".Hf l(A/1 (hO flOWJ 

•· · SA.NIil( 1£Af1 

Figure 8.15- Schematic drawing of a quantative schlieren 
density measuring device. 
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the deflection of a beam of light. 1 For the rotationally 
symmetric case of figure 8.15 the deflection can be written 
in the form of an integral equation of Abel's type, which 
is solved numerically for the density_~rofile. 

The most recent development of holography will remove 
the problem of two-dimensional assumptions from schlieren 
techniques and allow three-dimensional density flow fields 
to be evaluated. The holography techniques is a means of 
storing the light wave information and regeneratinr it to 
construct the complete three-dimensional flow field. 
Recent work at the Naval Post Graduate School 2 has produced 
detailed supersonic flow field calculations. 

The interferometer technique is able to measure direct-
ly the change in refractive index. The basic Mach-Zehnder 

Test 

1 

2 

Section 

Source 

•ote: Plow in teat aection is perpendicular to tbe page. 

Figure 8.16 - Schematic diagram of a Mach-Zehnder 
interferometer. 

p 

Gyarmatly, G., Optical Measurements of Mass Density 
in a High-Speed, Confined, Gaseous Vortex. AIAA 
Jour. Vol_. 7, p. 1838, 1969. 

Collins, D. J. (Talk given at ''Workshoo on Flow Visual-
ization and Flow Measurement Techniques", Oct. 1971 
NOL, Silver Springs, Maryland. 
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. f" 1 interferometer is shown in igure 8.16 L_ight from a 
monochromatic, coeherent l_igh.t source passes thro_ugh a 
collimating lens, L1 . The collimated light beam is 
divided by the splitter plate, s1• Part of the beam is 
reflected to the mirror, M2, where it is reflected thro_ugh 
the test section to the splitter plate s2. The beam pass-
es through s2 to the lens, L2, which forms an image on 
the photographic plate, P. The second part of the 
original beam is transmitted from s1 through the compensa-
ting cell to the mirror M1 . The beam is then reflected 
from M1 and s2 through L2 to the photographic plate. If 
s1 ,s2, M1 and M2 are all parallel and the lengths of the 
two light paths are identical, the illumination on the 
screen is uniform. A slight rotation of one· of the elements, 
say s2 , will produce two wave fronts at the plane p, which 
are inclined at an angle to one another. This phase shift 
will appear as a uniform fringe pattern on the plate. The 
fringes are caused by the alternate reinforcement of the 
light when the wave peaks of the two light beains coincide, 
and the cancelation where the peak of one beam coincides 
with the trough or the other. When a density change occurs 
in the test section, the speed of light alters the beam 
such that the fringes will move either up or down. A 
comparison of the distorted with the undistorted position 
of the fringes will allow the evaluation of the charge in 
refractive index, and hence of the density. 

1 The discription is taken from: Handbook of Supersonic 
AerodYUamicsA sect~ 20 Wind TUl)nel In~trumentation and Upera~ion, N VORD Keport 1488 tVol. 6J. 
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Figure 8.17 is a plot of the light intensity for a 

typical case of ttno flow" and "flow". The light intensity 
j.-b-...j 

1 
1 2 3 4 5 

!lo fl_.,, 

1--11---1 Light 
Intensity 1 2 3 4 5 8 ., 8 

I 
Figure 8.17 - Shift in fringes in a typical flow case. 

is measured along a line perpendicular to the _fringes. The 
distance from one bright (or dark) band to another in 
the no flow case is noted as the fringe width, b. For a 
point, P, on the flow case the displacement,o of the fringe 
from its no-flow position may be measured. The density 
change,~p, from the no flow condition at the point, P, is 
given by 

~p = ~. 2o... 
b kL (8. 17) 

where Ao is the wave length of the light in vacuum, k is the 
Gladstone-Dale constant defined as (n-1)/p,n is the index of 
refraction and Lis the length traversed in the flow field. 
The quantity A0 /kL can be found by measuring the fringe 
shifts across known density changes. Accurate evaluation 
of the density from the interferometer requires a great 
deal of effort. Detailed studies of the evaluation are re-
ported by Howes and Buche le. 1 The application of laser l_ight 
sources and holograph techniques have greatly improved the 
value of the interferometer. 

l Howeegs 1w. L . . and iuchelet DJ Rtu A theorv ant method6for a Y.+ng inter eromet y o ue measu~emen ot.J:er a~n t -aimensiona gaseou!; ensity :fields. N CA TN "L 93, 
1952. (See also NACA TN 3440 and TN3507). 
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Scatte~ing_ The scattering of electro~agnetic ~ves 

from the molecules of gases can he employed to make point 
measurements of density. Figure 8.18 shows a schematic 
diagram of such a Rayleigh scatter density_measuring 
system. 1 A high.-power ruby laser is the light source, 

TUT S(CTION .. 

--LASUtllAM 

a 

Figure 8 .18- Rayle_igh scattering density measurements. 
which is focused at the point to be measured. The light 
scattered by the gas at the focal point is measured by the 
test section photomultiplier. The scattered light is 
perpendicular to the light beam. The volume of gas sampled 
is controlled by the size of the laser beam and the aperature 
size. A second photomultiplier was employed to indicate 
both the wave form and power of the laser light source . 
The laser beam, after passing through the test section, is 
absorbed by a beam "dump". The dump is a blackened cylinder 
containing a slender circular cone pointed toward the laser. 
1 Locke, E., Point Measurements of the Time Averaged 

Turbulent Wake Density by Rayleigh Scattering. AIAA 
Jour. Vol. 5, p. 1888, 1967. 
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The beam makes many reflections before it leaves the dump, 
such that the amount of re-emitted Hght is negligible. 
The light curtain noted on figure 8.17 was employed to 
measure the projectile velocity. 

The ruby laser used as a light source for the scatter-
ing measurements was able to deliver a 600 microsecond 
pulse of 100 -Kw light power. The focal point size was 
about 1 mm diameter. The use of Rayleigh scattering is 
basically a technique of counting molecules. The difficulty 
with this technique is of course the very large power re-
quired for the light pulse. This amount of power can alter 
the molecular structure of the flow. The gas must also be 
free of dust particles, as their scattering power will be 
many times greater than the molecules. It is possible that 
the technique can be employed to measure the density of 
the dust particles, or even specific molecules of different 
Rayleigh scattering cross section. Scattering techniques 
are not limited to light waves, but also may employ electron 
beams, x-rays, etc. 

Radiation.- Several methods have been suggested to 
evaluate the density of gases from radiation properties. 
The technique most often employed in recent years appears 
to be the electron beam- fluoresence phenomenon. A high 
ene_rgy electron beam is directed across a low density gas 
flow. The electrons impart energy to the gas moledules 
causing them to emit visible light. The output is pro·-
portional to the density of the gas. The emission at each 
point along the beam can be used to map the local density 
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distribution. Figure _S.19 is a schematic diagram of an 

electronic beam system . 1 

BEAM GENERATOR (IHOCII ISOUT~D fROIII TUNNEL) 

VARIABLE DIAPHRAGM TO LET 
ANY DESIRED LENGTH Of 
BEAM IMAGE ONTO THE 
PHOTOCATHOOE Of" THE 
MUUIPLIER TUBE. 

PttOTOMUL TIPLIER 
TUBE 

Figure S .19 - Electronic beam excitation s~·stem. 

The er.iissicn cbserYed due to electron beam excitation 

in nitrogen, for ex;,.mple, is the prominent emission 
01'sen·ed in the auroral spectrum. This process inYolves 

direct excitati0n to an excited state of the ion :-i;, folloli• 
e.J b~- a spontaneous emission to the gr ound state of the ion. 

~lunt:, E. r., Harris, C. J. and Kaegi, E. ~I., Techniques 
for the ex,.,erir..ent al inYest igation of the properties 
0f electrically conducting hypersonic flow fields. 
Sec.:md \at. Symp. on Hy·perveloci t~· Techniques, Denver 
Res. Inst. Dem·er, Colo. (See also ~!untz, E. P. and 
'!arsden, D .J.; Electron excitation applied to the 
experinental ln\'estigation of rarefied gas flows.Third 
Int. Rarefied Gas D~71ai:iics Symp. ed. by J. A. Laurmann, 
\'.:il. II. Academic Press, ~- Y. 1963. 
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At gas densities which are low enough to preclude non-
radiative de-excitation processes, the fluorescence 
intensi~y is a linear function of gas density and electron 
beam current. The technique is limited mainly to low 
pressure (below 1 mm Hg.), since i t is difficult to main-
tain a narrow, well-defined beam over large distances at 
h_igher pressures. For absolute number density measurements 
it is important that the beam being observed maintain a 
constant current density. The measurements are also 
limited to flows where no significant background or natural 
radiation exists. 

Electron beam of the order of 100-Kv and current of 
1 Ma are employed for the measurements. The system can be 
calibrated under static conditions. Tardil and Dionne1 

suggest the output of the potodetector, S, can be related 
to the local density by the following relation 

S = k [ap/(a+p)] (8 .18) 

where k is a normalizing factor and a is a parameter to fit 
the curve shape. The parameter a is determined from the 
static calibration data. The normalizing factor is equiva-
lent ior knoi,•:i conditions a the time of the test (i.e. free-
stream conditions). The calibration will depend on the 
molecular composition of the gas. 

1 
Tardil, L. and Dionne, J. G. G., Density distribution in 

turbulent and laminar wakes. AIAA Jour., Vol. 6, p.2027 
1968. 
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Spectral Absorption.- E~uation (3.11) notes that the 
intensity of electromagnetic radiation passing through a 
gas depends exponentially on the absorption coefficient of 
the particular_ gas. The abs11rption coefficient is a function 
of the molecules of the gas, the incident electromagnetic 
wave length, the number concentration of the molecules, and 
to a lesser extent it depends on the molecular motion and 
interaction among molecules. Figure 8.20 taken from the 

100,------r--r----::;,r--=--:;:;--.-, 

i u 
i~l-----1---,f--+---H'-+----t--1 

!~ 
e- ,ol----1,f--fr--r-t--t-----t----1 
fA 

10--' 10-1 

F_igure 8. 20 Absorption as a function of air density 
of several wave lengths of light. 

paper of Winkler1 shows the variation of the absorption of 
several wave lengths of light as a function of density. In 
air the absorption is actually measuring the number concen-
tration of the oxygen molecules only. With the current 
ability to control very accurately the wave length of the 

1winkler, E. M., Spectral absorption method. Physical 
measurements in gas dynamics and combustion. Vol. IX 
High Speed Aerodynamics and Jet Propulsion, Princeton 
University Press. 1954. 
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radiation it is possible to evaluate the number density 
of select molecules in a gas mixture. This new ability 
is of great value in the chemical analysis area. Of 
specific interest in fluid mechanics is the change in 
absorption of ultraviolet radiation between atomic, mole-
cular and the ozone states of oxygen . 

The absorption of soft x rays has been of value in the 
measurement of density near solid surfaces. The x ray is 
not affected by refraction or defraction phenomena which 
are a problem near surfaces and in steep density gradients . 
The x ray absorption method can be used over a wide range 
of density by a suitable selection of the wave length. 
Figure 8.21 shows the absorption of x rays in air as a 

.. 
C 
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F_igure 8 . 21- Absorption of x rays in air 

function of the density for various wave lengths (from 
Winkler). Electron beams are also employed for measurements 
of density. 
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