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ABSTRACT OF DISSERTATION

ALGEBRAIC CURVES OVER FIELDS OF PRIME CHARACTERISTIC

The theory of Algebraic curves was mostly developed in the 19-th century.
Chapter 2 determines the zeta function for a famous curve that was men-
tioned in the last entry of Gauss’s journal. We find that for p = 3 mod 4
the zeta function of the curve C : 22t + 32> + 2%y? — t* = 0 in P? defined

over F, is
0) = (1+pu®)(1 + u)?
Zelu) = i —u)

Algebraic curves are covers of the projective line. Every curve has a bira-
tional invariant associated to it known as the genus. Let X be a smooth
projective curve that is an A,-Galois covering of the projective line branched
only at infinity. Chapter 3 investigates what possibilities there are for the
genus of X. For example let d; = ged(p — 1, p+ 2). There exists a curve X
that is an A,1,-Galois cover of the projective line branched only at infinity

with the genus of X being

o el (p+2)
9=1+75 (1 -1 »p )

Jeremy Muskat

Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Summer 2007

il

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGEMENTS

I would like to express my gratitude to my advisor, Rachel Pries, for her
support, patience, and encouragement throughout my graduate studies.
Rachel’s guidance was invaluable. Her own work ethic and dedication to
mathematics has inspired me over the past four years. Her technical and

editorial advice was essential to the completion of this dissertation.

My thanks also go to the members of my committee, Jeff Achter, Holger
Kley, Chris Peterson, and Hari Iyer. Special thanks go to Jeff Achter for
reading previous drafts of this dissertation and providing many valuable

comments that improved the presentation and contents of this dissertation.

Last, but not least, I would like to thank my family Barry, Toby, Jamie, and
Josh for their continual support throughout my life. The encouragement of

my parents was in the end what made this dissertation possible.

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



TABLE OF CONTENTS

1 Introduction

2 Gauss’s Curve
2.1 Introduction . . . . . . .. ... ... ...
2.2 Near Bijections . . . . ... ... o000
2.3 Counting Points . . . . . ... ... ... L.
23.1 JacobiSums . . ... ... .. ... L.
232 Go:z24+wi—1 .. ... ...
2.3.3 Do . V2 - u4 -1 ..
234 Eo:y?—-x3+44x.. ... . ... .
2.4 The Zeta Functionfor C . . . . . .. ... ... ... ... .
2.5 Normalization of Singular Curves . . . . . .. ... ... ..

3 Alternating Group Covers with Wild Ramification
3.1 Extensions of Function Fields. . . . . ... ... ... ...,
3.1.1 Notation and Definitions . . . . .. ... ... .. ..
3.1.2 Example: yP —y=2%' . . ... ... ... ...
3.1.3 Higher Order Ramification Groups . . ... ... ..
314 Example: v* —y=f(z) ... ... .. .. ... ...
3.1.5 Properties of Ramification Groups . . . . . . ... ..
3.1.6 Newton Polygons . . . ... ... ...........
3.2 A, Galois covers of the projective line. . . . . . ... .. ..
3.2.1 Galois Covers Branched only at oco. . . . . . . .. ..
3.2.2 A, Galois covers of the projective line . . . . .. . ..
3.2.3 Comparison with Previous Results . . . . .. .. ..
3.2.4 Ap:s Galois covers of the projective line . . . .. ..
3.2.5 Support for the Inertia Conjecture . . ... ... ..

4 Conclusion

Bibliography

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF FIGURES

1.1 An elliptic curve viewed as a real curve and as a complex manifold 4
3.1 Ramification polygon A,.. . . . . . . ... L. 34
3.2 Corresponding extension of complete local rings. . . . . . . . .. 35
3.3 Ramification polygon A,. . . . . . ... ... 37
3.4 Corresponding extension of complete local rings. . . . . . . . .. 38
3.5 Refined Abhyankar’'s Lemma . . . . . . . .. ... ... ... .. 41
3.6 Extensions of k(z) correspond to coverings of P,. . . .. .. .. 42
3.7 Ramification above 0 of the extension in Lemma 3.2.5. . . . . . 44
38 Apsubcover.. . . .. ... 47
3.9 Ramificationoveroco [3]. . . . . . . ... oL 54
3.10 A sub and quotient extensions of F,/k(z). . .. ... ... ... 58

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



LIST OF TABLES

3.1 Values of ¢ obtained from Theorem 3.2.11 . . . . . . . ... ..

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1

INTRODUCTION

Let p always represent an odd prime. My research involves algebraic curves
viewed over fields of characteristic p. There are many questions that can be
asked about algebraic curves in this setting. The first part of my dissertation
deals with determining the zeta function of a specific algebraic curve. The
second part of my thesis gives the possible genera of curves that are wildly
ramified Galois covers of the projective line whose Galois group is a specific

alternating group.

For a field k, an algebraic curve over k is the set of values x,y € k that
satisfy the equation f(z,y) = 0. Here f(z,y) is a polynomial in z and y
with coefficients in k. When the field £ is finite it is possible to count the
number of points that lie on the curve. The number of points is related to

the zeta function of the curve.

Zeta functions are generating functions that capture information about
primes in rings or points on curves. The most famous zeta function is
the Riemann zeta function {(s) = > n~°. This is the subject of the un-
proven Riemann hypothesis which states that the only zeros of {(s) lying

in the strip 0 < Re(2) < 1 lie on the line Re(s) = 1/2.
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Algebraic curves over finite fields also have associated zeta functions. They
catalogue the number of rational points a curve contains over finite fields
of increasing prime power. The zeta function of the curve C is the series
Zo(u) = exp(ZNsu"/s), where N, is the number of points on C with

coordinates in the finite field [Fp..

This information has found applications in cryptography and coding theory.
For example, efficient error correcting codes have been linked to maximal
curves which are curves that have as many rational points as possible over
a finite field. Error correcting codes are used in satellite broadcasting, deep
space telecommunications, CD players, high speed modems, and cellular
phones. For this and many other reasons, determining zeta functions as-
sociated with curves over finite fields has been an important problem in

number theory.

Chapter 2 was inspired by Gauss’s final conjecture [9, Chapter 11]. The
subject of the conjecture was the projective curve C : 2224+ y*2+12y% -t =
0. Theorem 2.4.1 determines the zeta function of C' when p = 3 mod 4. My
result was stated in a paper by F. Castro and C. Moreno [5] without proof.

The proof was missing from their references as well.

The Weil conjectures, which became theorems by 1974, imply that the zeta
function of a smooth projective variety is a rational function, it satisfies a
functional equation, and that its zeroes are in restricted places [9, Chapter
11.4]. In fact Weil had proven these statements for curves in 1949. The
last statement is modeled after the Riemann hypothesis. Gauss’s curve C
contains two nodal singularities at the points at infinity, hence the Weil

conjectures do not directly apply. The method I use to determine the zeta
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function of Gauss’s curve is to compare it to its normalization, which is a

smooth curve with complex multiplication.

Algebraic curves are covers of the projective line. If the curve is irreducible
and has enough automorphisms, then the cover is Galois. Chapter 3 fo-
cuses on curves that are Galois covers of the projective line. In particular
in Chapter 3, the Galois group is the alternating group A, of even permu-
tations on n elements. The curves in Chapter 3 have function fields that
are the splitting field of a degree n equation. The Galois action on the
roots of the equation is difficult to understand in this context. The reason
is because it is impossible to solve for the roots of this equation by radicals.

This is because A, is a simple group when n > 5.

My interests are in Galois covers of the projective line over an algebraically

closed field k of characteristic p > 2 with Galois group A,,.

Question 1 Let X be a smooth projective curve and 7 : X — P} an
A,-Galois cover of the projective line. What are the possibilities for the

genus of X7

The geometric genus of a complex curve is a birational invariant defined
to be the dimension of the vector space of holomorphic 1-forms on X. In
other words,

g(X) = dim(H°(X, Q%)).

The topological genus of a Riemann surface is the number of holes or handles
on the surface. For smooth algebraic curves these definitions coincide when
the algebraic curve is viewed as a complex manifold. For example, an elliptic

curve is a curve of genus one. Figure 1.1 depicts how the genus of an elliptic
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curve can be seen by treating the elliptic curve as a complex manifold. The
definition of the geometric genus carries over to curves defined over any base

field, when ) is taken to be the sheaf of Kahler differentials [8, Chapter 8].

~
\/

Figure 1.1: An elliptic curve viewed as a real curve and as a complex
manifold

Hilbert’s Nullstellensatz implies that understanding the algebraic exten-
sions of function fields is equivalent to understanding the geometric cover of
curves. Let F represent the function field of the smooth curve X. The inclu-

sion map i : k(z) — F corresponds to a ramified covering map 7 : X — P}.

F X
A
k(z) P}

Throughout Chapter 3 we will move between the algebraic and geometric

interpretation depending on which fits the context.

Over the complex numbers, Riemann’s Existence Theorem {17, Chapter
2] says that for each n, the group A, occurs as the Galois group of an
extension of C(z). An extension of C(z) corresponds to a cover of P¢.
Riemann’s Existence Theorem also describes all the types of ramification

that can occur in the extension.

The Riemann-Hurwitz formula relates the genus of X to the genus of Pj.

The formula shows that the genus of X depends on the inertia groups of 7=
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at the ramified points of X. Working over C, the Riemann-Hurwitz formula

states:

29(X) — 2 =deg(r)(2:0—2) + > _(e(P) - 1).

PeX

In the formula, g(X) is the genus of X and e(P) is the ramification index of
the point P € X. Working over C, Riemann’s Existence Theorem combined
with the Riemann-Hurwitz formula gives a complete answer to Question 1
when £ = C. We do not yet have an analog for Riemann’s Existence

Theorem in positive characteristic.

For the case when the characteristic is positive the construction of a Galois
cover with Galois group A, is complicated. In fact, it is only known how to
create such covers for specific values of n. Abhyankar [2] provided equations

that produce Galois covers with Galois group A, for specific values of n.

Forn =por p+ 2 <n < p, Chapter 3 introduces equations corresponding
to A,-Galois covers 7 : X — P} branched only at co. For each n, the
ramification over oo is completely described and used to determine the
genus of X. For example, let 1 <t < (p—2) and d; = ged(p—1,¢(p—1t)). I
show there exists an A,-Galois cover 7 : X — P} branched only at co with
genus of X being

Al & tp-)
g=1+ 2<1 -1 )

Furthermore, let do = ged(p — 1,p+ 2). I show there exists an A,»-Galois

cover m : X — Pl branched only at co with the genus of X being

| Apal ( dy (p+ 2))
g=1+"22(_1- - .
2 p(p—1) p
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Also for 2 < I¢ < p with [ a prime such that [ { (p — 1). Let dy = ged(p —
1,p + 1). 1 show there exists an A,;-Galois cover 7 : X — P, branched

only at oo with the genus of X being

| Apyic| ( d4 P+lc>
=142y + :
g 2 plp—1lc p
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Chapter 2

GAUSS’S CURVE

For p = 3 mod 4, we give a proof that the zeta function of the curve

C: 2%? + y?t* + 2%y®> — t* = 0 in P? defined over F, is

(1+ pu?)(1 +u)?
(I-pu)(1 —u)

Zo(u) =
2.1 Introduction

The last entry in Gauss’s mathematical diary is the following conjecture.

Conjecture 2.1.1. Suppose p =1 mod 4, and a = 1 mod (2 + 2i) is such
that p = a® + b2. Then the number of solutions to 2 + y* + z%y* = 1 over

Fpisp+1—2a.

Gauss’s conjecture accounts for four points at infinity. It is interesting to
note that Gauss is thinking of the curve projectively. Gauss counted the
points birationally. Counting the points geometrically yields two points at
infinity. Using Gauss’s insight, and counting points geometrically, led to

the following theorem.

Theorem 2.1.2. [9, Chapter 11.5] Consider the curve C : z*t? + y*t? +

z?y? — t* = 0 in P? defined over F, where p =1 mod 4. Write p = a® + b?
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with b even and with a = (—=1)? mod (2 + 2i). Then the number of points
in C(F,) is Ny = p — 1 — 2a. Furthermore

(1 - 2au + pu?)(1 — u)
1-pu '

Zc(u) =

The focus of Chapter 2 is an analogue for Theorem 2.1.2 for the case when
p = 3 mod 4. We give a proof that when p = 3 mod 4 the number of points

in C(Fps) is
3 if 21 s;
Ny(C) = { P —20p)° —1 if 2s.

This yields the zeta function

(14 pu?)(1 + u)?
(1-pu)(1—u)

Zc(u) =

Consider a smooth projective curve X. The Weil conjectures imply that the
complex absolute value of the roots of Zx(u) is \/p. Notice, for p = 3 mod
4 the zeta function of C has roots with complex absolute value 1. Therefore

Zc(u) does not satisfy the conclusion of the Weil conjectures.

This result appears in [5], but its proof does not appear in the given refer-
ence [9]. The method we use to determine the zeta function of C' is to find
a correspondence between the solutions of z%t? + y?t* + z%y? — t* and the
solutions of two other equations. The solutions to these other equations

can be counted using Jacobi sums and the Weil conjectures.
2.2 Near Bijections

Definition 2.2.1. Consider a projective plane curve X defined over IF,.

The zeta function of X is the series given by

Zx(u) = exp(z %) where Ng(X) denotes the size of X(Fps).

s=1
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Therefore the sequence Ny(X) determines the zeta function Zx(u). The

converse is often true; the following explains how to reverse the process.

Fact 2.2.2. [9, Chapter 11.1] If the zeta function of a projective plane
curve X is rational, meaning Zx(u) = I;(1 — a;u)IL;(1 — bju)~! for some

a;,b; € C, then Ny(X) = 32,05 — >, a;.

We will use the following notation throughout Chapter 2. Let X denote
the curve in P? given by the zero locus of a homogeneous polynomial F' €
Fplz,y,t]. Let X, represent the affine curve given by the zero locus of the
polynomial f(z,y) = F(z,y,1). Let N,(X,) denote the size of Xo(Fps).
Suppose that p is a prime and p = 3 mod 4. Let (g = V2/2 4+ 1/2i/2, then

(s € Fps if and only if s is even.

Proposition 2.2.3. Consider the curves Cp : 2% + y* + 22y — 1 = 0 and

Go:22+w*—1=0 overF,. Then

_ NS(GO) 7’f21(57
Ns(Co) = { NAGo)—2 if2s.

Proof. Consider the map

i Go(Fps) — Co(Fps) where (w,z)— (w, ﬁ)
The map p is defined for all (w,z) € Go(Fps) such that w? # —1 mod
p. Notice that if 22 + 32 + z%? — 1 = 0 then ((1 + z?)y)? = 1 — z*.
Define i : Co(Fps) — Go(Fpe) by iz, y) = (z,(1 + 2%)y). The maps u
and /i are inverses of each other. Therefore u is a bijection for s odd and
a bijection away from the points (0,4++v/—1) € Go(F,s) for s even. Hence
N,(Co) = N4(Gy) for s odd and N,(Co) = N,(Gop) — 2 for s even. O
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Proposition 2.2.4. Consider the curve Ey : y*> — z* + 4z = 0 over Fy,.
Then Ns(Co) = Ny(Eo) — 3 for s even.

Proof. Consider the following map defined over F,s for s even.

24 8z
o Eo(Fy) = GolFy)  where  (z,9) - (2, LER)

The map « is well defined away from (0,0) € Eo([F,s) since

((y? + 8z) /4z?)? — (Cay/22)* — 1 = 0.

Consider the following map defined over F,s for s even.

) 2 4w
& : Go(Fps) = Ep(Fps) where (w,z) (z T s +8iw2)'

The map & is well defined for all points of Go(FF,s) since there is no point

(w, 2) in Go(F,s) such that z + w? = 0. Also
(4Qw/(z + 1w?))? — (2/(z +iw?))® + 4(2/(z + 1w?)) = 0.

The maps o and & are inverses. Therefore a : Eo(Fps) — {(0,0)} — Go(Fps)
is a bijection and N,(Gy) = N4(Ey) — 1 for s even. Proposition 2.2.3 proves

the proposition. O

2.3 Counting Points

This section will focus on counting the number of points on some of the

curves found in Section 2.2.

10
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2.3.1 Jacobi Sums

The multiplicative characters of F}. form a cyclic group of order p* — 1. Let
Sm,s be the set of multiplicative characters of F;. of order m. Therefore,
for each m|(p® — 1) the size of S, s is ¢(m). Let xm s denote one of the
multiplicative characters of order m on Fy,. Extend X, s to Fys by defining
Xm.s(0) =0 for m # 1 and x, 5(0) = 1. For the remainder of Chapter 2 we

drop the word multiplicative and refer to x, s as a character of Fps.

Proposition 2.3.1. [9, Chapter 8.2] For a € Fp., let Ny(z"™ = a) denote

the number of solutions to the equation " = a over Fp.. Then

N ==Y 3 x@

m|n XESm,s

where the sum is over all characters of order m dividing n.

Definition 2.3.2. For any two characters xm,s and xns of Fps, set

'](Xm,SaXn,s) = Z Xm,s(a)Xn,s(b)'

u,bers

a+b=1

Then we call J(Xm.s, Xn,s) @ Jacobi sum.

Proposition 2.3.3. [9, Chapter 8.2] J(x1s,X15) = P°, and for m # 1,

J(Xm,s: X1,5) = 0. For p=3 mod 4, J(Xa,s,X2,6) = —(x2,6) = —(=1)*.
Notice that there is only one character of order 2.

232 Gg:zZ+wi-1

Lemma 2.3.4. Let Go be the affine curve with equation 22 + w* — 1 = 0.

Then No(Go) = p® + 1 when s is odd

11
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Proof. For odd values of s, p* = 3 mod 4. Hence the group of characters on
F,. does not contain a character of order 4. Proposition 2.3.1 implies that
N(z* = b) = N(z* = b). Therefore
Ni(Go)= > N(@*=a)N(z' =b)= Y N(z* = a)N(z® =b).
a,b€F s a,beF s
a+b=1 a+b=1
Using Proposition 2.3.1, 2.3.3, and Definition 2.3.2 we can simplify the
above sum as follows:

Ns(GO) = Z (1 + XQ'S(G))(]‘ + XQ.S(b)) = ’](Xl,s’ Xl,s) + J(X2,3,X2,s)'

a,beF,s
a+b=1

Thus N;(Go) =p° — (x2s) =p° + 1. O

2.33 Dy:vi—-ut-1

Lemma 2.3.5. Let Dy be the affine curve with equation v* —u* — 1 = 0.

Then N](Do) =p—- 1.

Proof. Recall that p = 3 mod 4, so the group of characters on F, does not
contain a character of order 4. Therefore
Nyi(Do) = ) N(a* = a)N(a* =b).
a,beFp

a—b=1

Consider the element ¥ = —b in F,. Then

M(Do) = > (1+x21(a))(1 + x21(~=b")) = p+ x21(—1)J (x2.1, X21)

a,b/ €Fp
atb'=1

=p—(—x21(-1))=p—1.

12
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234 Eg:y?—-x3+4x

Our goal for this section is to determine N (Ep). We will use the Weil
conjectures [9, Chapter 11.4] in combination with Jacobi sums to achieve

this.

Consider the elliptic curve E : y*t — 23 + 4zt?. The Weil conjectures imply
that

_ (1 = apu + pu?) B
Zg(u) = A== p0) where Ny(E)=p+1—a,

In order to completely determine Zg(u), we just need to determine N,;(E).
This is accomplished by demonstrating a near bijection between the points

of E and the points of Dy.

Lemma 2.3.6. Let Ey be the affine curve with the equation y?—xz3+4zx = 0.
Then N,(Eo) = p°* — 2(i\/p)° when s is even.

Proof. The elliptic curve E has only one point [0, 1, 0] at infinity. Therefore

Define
v : Do(Fp) — Eo(Fp) ¥ : Eo(Fp) — Do(Fp)
(w,0) = (27, 52 ) (z.) — (£ 4252)

For similar reasons as in Proposition 2.2.4, the map 7 and 4 are inverses
of each other away from the point (0,0) of Ey(F,). Therefore Ni(Ep) =
Ni(Dy) + 1.

By Lemma 2.3.5, N1(Dg) =p—1,s0 Ni(E) =p+1 and a, = 0. It follows
that

(1 + pu?) _ (1 +4y/pu)(1 — iy/pu)
(1 —u)(1 - pu) (1-u)(1-pu)

Zp(u) =

13
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Fact 2.2.2 implies

Ny(E) = (1° +p*) = ((y/P)* + (=iv/P)*):
Therefore when s is even, N,(E) = p° — 2(i\/p)* + 1 and N,(Ep) = p° —
2(i/P)*. O

2.4 The Zeta Function for C

In this section we find the zeta function of Gauss’s curve for the case when
p = 3 mod 4. Gauss’s curve C : z%t? + y*t? + 2%y? — t* = 0 contains
two ordinary double points at infinity. Therefore C does not satisfy the
hypothesis of the Weil Conjectures. The zeta function Z¢(u) has a different
form than the zeta function of a smooth projective plane curve of similar

degree.

Theorem 2.4.1. Consider the curve C : %2 + y?t? + z2y% — t* over F,
where p =3 mod 4. Then

p°+3 if 24s;

N.(C) = { p° —2(i/p)* — 1 if 2|s.

and

(1+u)?(1 + pu?)

T-w(—pa)

Proof. Recall from Lemma 2.3.4 that N,(Gy) = p*+ 1 for odd s, and from

Zc(u) =

Lemma 2.3.6 that N,(Ep) = p°® — 2(i\/p)® for even s. Putting this together
with Proposition 2.2.3 and 2.2.4 we have that

Ny(Co) = { p* —2(i\/P)* — 3 if 2|s.

The curve C : z2t? + z2y* + y? — t* has the two points P, = [1,0,0] and
P, =10,1,0] at infinity. Therefore

_Jp+3 if 21 s;
N(€) = { p°—2(iy/p)° — 1 if 2|s.

14
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In order to calculate the zeta function, notice that N, can be rewritten for

any value of s as

No(C) =p°+1—(ivp)’ — (—ivp)* — 2(-1)*.

Therefore

o) (5 L B = iy 2y

s=1 s

Using the identity Y oo, w®s™' = —In(1 — w) we get the desired result

(1 +u)?(1 + pu?)
(1 —u)(1—pu)

Zc(u) =

2.5 Normalization of Singular Curves

Gauss’s curve C' is an example of a projective plane curve with singularities.
It has two ordinary double points at P, = [1,0,0] and P, = [0,1,0]. By
[7, Chapter 17|, there exists a nonsingular projective curve C along with a
normalization map v : C — C. For every nonsingular point P of C, the

preimage v~ !(P) consists of only one point.

Another approach to determining Zg(u) is to identify C and its zeta func-
tion Zs(u). Then Ny(C) can be calculated by comparing it to N,(C) while
considering the size and field of definition of v~!(P;) and v~}(P,). This is

essentially what we have done in Sections 2.2-2.4 with C=Fandv= Hoa.

Let Ciing represent the set of singular points of C. Let Q|P denote the set
of points ¢ € € such that ¥(Q) = P. Also let deg(P) =dim(Op/Op) where

Op is the integral closure of @p. The following proposition explains how

15
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the zeta function of a singular curve is related to the zeta function of its
normalization. It is a consequence of the Euler product representation of

the zeta function [10, Chapter 8.4].

Proposition 2.5.1. [5, Section 2] Let C be a complete irreducible algebraic

projective curve with normalization C. Then

Zc(u) ~Tp HQ|p(1 — udeg(Q))
Ze(u) €Csing ™1y dea(P)

When p = 3 mod 4, C has two degree one singular points P; = [1,0,0] and
P, =10,1,0]. For each of these, there is one point of degree 2 on E, hence
Zo(u)/Zg(u) = (1 +u)2

16
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Chapter 3

ALTERNATING GROUP COVERS WITH
WILD RAMIFICATION

Every composite number can be factored into a prime number decompo-
sition. There is a similar decomposition for curves having the same au-
tomorphism group. Curves with large genus that are Galois covers of the
projective line branched over many points can be constructed from curves
of smaller genus that are Galois covers of the projective line branched over
fewer points. This is accomplished with the theory of formal patching.
Therefore the goal in answering Question 1 is to find curves of small genus
that are coverings of the projective line branched at a minimal number of

points.

In order to answer Question 1 we must use a modified version of the
Riemann-Hurwitz formula. The situation is more complicated because the
extensions that are needed are wildly ramified. An extension is wildly
ramified when there exists a ramification point whose ramification index is
divisible by the characteristic of the base field. Section 3.1 introduces the
theory and definitions needed for a wildly ramified extension in terms of
function fields. In Section 3.2 we begin answering Question 1 in a more

geometric context.

17
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3.1 Extensions of Function Fields.

The genus of a function field F' is the genus of the unique smooth projective
curve X with function field F'. The goal of Section 3.1 is to determine the
genus of a function field defined by an Artin-Schreier extension. We will
calculate the genus of several types of function fields. The intent of these
examples is to familiarize ourselves with the terminology and techniques
needed to extend these results to Section 3.2 where we consider a more
general extension of function fields. We assume throughout Chapter 3 that

k is an algebraically closed field of characteristic p.
3.1.1 Notation and Definitions

The purpose of Section 3.1.1 is to introduce the notations that will be used
throughout Sections 3.1 and 3.2. We introduce Theorem 3.1.7, the Wild
Riemann-Hurwitz formula, without proof. This will be an important tool

throughout Chapter 3.

Definition 3.1.1. [16, Chapter 1] An algebraic function field F/k of one
variable over k is an extension field F' containing k such that F' is a finite
algebraic extension of k(x) for some element x € F which is transcendental

over k.

Definition 3.1.2. [16, Chapter 3] An algebraic function field F' [k is called

an algebraic extension of F/k if F' is an algebraic extension of F.

A place P of F/k is the maximal ideal of some valuation ring Op C F. Let
Pr denote the set of all such places. Let vp denote the discrete valuation
on the valuation ring Op. Then a local parameter at P, is any o € Op

such that vp(a) = 1. Given an algebraic extension F'/F, a place Q € Pp

18
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is said to lie over P € Pr if Op = Og N F and we will denote this by
Q|P. For any Q € F’ with Q|P, there is a unique integer e(Q|P) such
that vg(z) = e(Q|P)vp(x) for any x € F. Such an integer is called the
ramification index of Q|P in F'/F.

Definition 3.1.3. [16, Chapter 8] Let F'/F be a finite separable exten-
sion, and consider a basis {z1,...,z,} of F'/F. Then there is a uniquely

determined dual basis {z%,...,25} C F' such that

. L, ifi=y;
Treyr(zz;) = { 0, otherwise.

Definition 3.1.4. [16, Chapter 3] For P € Pr, let Op denote the integral

closure of Op in F'. Then the complementary module over Op is the set
Cp = {Z eF: TI‘F//F(Z . ép) C OP}

Proposition 3.1.5. [16, Chapter 3/ With the notation as in Definition
8.1.4, the following holds:

1. Cp is an Op-module, and Op C Cp.

2. If {z1,22,..., 2} s an integral basis of @p over Op, then
Cp=) Op-z,
i=1
where {z},25,...,2%} is the dual basis of {z1,22,...,2n}.

3. There is an element t € F' such that Cp = t-Op. Moreover vg(t) <0
for all Q|P.

Definition 3.1.6. [16, Chapter 3] With the notation as in Definition 3.1.4,
suppose Cp =t - Op. For Q|P, define the exponent of the different by

d(Q|P) = —vq(t).

19
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With the notation that has been introduced in Section 3.1.1, Theorem 3.1.7
can be stated. It is a generalization of the Riemann-Hurwitz formula stated
in Section 3.2. The generalized formula is valid for extensions that are wildly

ramified.

Theorem 3.1.7 (Riemann-Hurwitz Genus Formula). [16, Chapter 3] Let
F/k be an algebraic function field of genus g. Let F'/F be a finite separable
extension with g’ the genus of F'/k. Then we have

20 —2=[F :Fl(29-2)+ »_ > d(@QIP).

PePg Q|P
3.1.2 Example: 37 —y = z%!

Throughout Section 3.1.2, fix a to be a positive integer. Let F' be the
function field k(z)[y]/(y? — y — z°?7!). Let m : X — P} be the Z/(p)-

Galois map of smooth projective curves associated to the extension k(x) C

k(2)yl/(y? —y — z*71).

A consequence of the Riemann-Hurwitz formula from Theorem 3.1.7 is that
every nontrivial extension of P; must be ramified. The point « is a ram-
ification point if and only if « is in the zero locus of y? — y — %! and
O(y? —y — z%~1)/8y. Since k is a field of characteristic p, the partial
derivative is never zero, and the ramification occurs at a place Qo in F
above where z equals infinity. Furthermore the ramification index always
divides the degree of a Galois extension of function fields, hence it must
be p. Therefore @ is the unique place above oo and F/k(z) is totally
ramified over co. Our goal is to determine the genus of X. We start by

proving Lemmas 3.1.8, 3.1.9, and 3.1.10.

20
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Lemma 3.1.8. Consider the function field F defined by yP — y = z%~!,

Then
Treue) () = { 0  otherwise.

Proof. The set {1,y,y%, ...,y '} is a basis for F over k(z). Galois theory
gives us that F/k(z) is a cyclic Galois extension of degree p. The automor-

phisms of F/k(z) are given by o,(y) =y + v with y € F, C k.

p—1 p—1 b p—1 b
Treen (W) =D W+ =>_> ( ll) ) Vi =+ ) ( z ) Py
7=0 7=0 1=0 =1 =1
b b p—1
:Z < . >yb—1271.
=1 y=1
(3.1.1)

Modulo p we compute

i~

[ -1 ifl=p—1;
TZ10 otherwise.

=1

Evaluating Equation 3.1.1 for b # p — 1 results in Trp/k(z)(yb) = 0. The

only nontrivial calculation of Equation 3.1.1 occurs when b = p — 1. Notice

that each sum in Equation 3.1.1 equals 0 when [ # p — 1. Therefore

p—1

Tre/ka) (¥ ') = Zv”_l =-1
7=1

a

Lemma 3.1.9. Consider the function field F defined by yP —y = %~

Then a basis for Co over O is given by

{—y* 1, —gllep=0/plyp=2 _  [2ap-1)/plyp=3 _wf(p—l)(ap—l)/ﬂ}_
The notation [m] denotes the smallest integer which is at least m.
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Proof. Notice that O = NleoOg = Og,, since Qloo is totally ramified.
If z € F then z = Zf;(l) fs(z)y® for some f,(z) € k(z). In order to find a
basis for Oq,, over Oy, notice that z € Og_, if vg (2) > 0. We begin by

calculating vg (y):

—p(ap—1) = Vg (P 7") = vg, (1P —y) = min{vg, (17), Vg. (¥)} = Pvg. (¥)-

The last equality is because vg,_ (y?) # vg., (y). Therefore vg_(y) =1—ap

and
0 < 10w (2) = vau (Y fs(@)y") = min{vg, (fs()y")}oms

= min{p- veo(fs(2) — s(ap — 1)}15
Therefore z € Og,, if veo(fs(z)) > s(ap—1)/pfor 0 < s < p-1. A
valuation is always an integer, therefore we require vy (fs(z)) > [s(ap —
1)/p]. Otherwise stated, f,(z) € z71@P-D/PQO,. A basis for Og,, over O
is

{1,z M= 1)/Ply p=[2ap=1)/ply2  p=l[(p=1)(ap=1)/plyp—1Y

It follows from Lemma 3.1.8, Proposition 3.1.5 and Definition 3.1.3 that a

basis for C, over O is given by

{_yp-l’ _3,:f(ap—1)/iﬂyz>—27 _$[2(ap—1)/p1yp—3, o _x[(p—l)(ap—l)/rﬂ}_

Lemma 3.1.10. With the notation as in Proposition 3.1.5,

Coo = 277D . 0g_.
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Proof. Consider z € C; our goal is to show that z = 2?2’ with 2’ €

0g.,- Lemma 3.1.9 implies that there exists g;(z) € O such that

p—1 p—1
” = Z gs(xnh(ap—l)/zﬂ yP1me = zo(P=1) Zgs(m)x[s(“”_l)/p]—“(p_l)yp_l"s
=0 =0

= Py,

L) —a(p-1)

For each s =0,...,p—1, let h, = g,(x) y?~1~*. Then

vau () =20 =2 (| 22| — o - 1)) - (ap - (o= 1= )

>—aps+ap(p—1)—(ap—1)(p—1-5)
2p—1—s
>0.

Therefore 2’ € Og,, and z € 22"~V . Og_.
Conversely, assume that z € 29~V . Og_ . From Lemma 3.1.9

p—1 p—1
2= 220D 3" g (2)aTer-D/mlys = 37 g (g)g=Talap-1)/pl+alr-Dys,
s=0 s=0

Recall the basis for C, from Lemma 3.1.9. We will show z € C, by

demonstrating that

g Istap=1)/pl+alp-1) _ Ll(p—1-s)(ap—1)/p]

For s =p—1,

_[5(“%1_)} +a(p—1)=—‘Vap—a—l-i-%-l-&-a(p—l):o.

Clearly
[m—l—@wp—nwza
p
For the cases when s =0,...,p — 2;

—[w1+a(p—l):-{a3—ﬂ +alp—1)=alp—1-3s),
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and

{(p’l‘s)(ap_l)l = [ap—a—as—l—i-l-;s] =a(p—1-3).

D

It follows that z € Cy,. O
Proposition 3.1.11. Consider the function field F defined by y* — y =
%1, Then the genus g of F is given by

,_ = Dep-2)
2

Proof. The genus of P} is 0 and the only ramification occurs at the unique

extension )y, above co. Theorem 3.1.7 shows

g=1-p+1/2> d(Q|P).

QP
There is only the need to compute what occurs above co. Definition 3.1.6

and Lemma 3.1.10 imply that

d(Quo|00) = —vg,, (z*P~ 1) = ap(p — 1).

Applying Theorem 3.1.7 concludes the proof, because

g=1—p+1/2zd(Q|P)=1—p+ap(p2_1) = (p—l)(zap—2)‘
ar

3.1.3 Higher Order Ramification Groups

In the proof of Proposition 3.1.11, the most difficult step is in calculating
the different exponent d(Q.,]o0). Notice that the power of z in the equation
y? —y = z%~! is congruent to —1 modulo p. This fact allowed us to directly

compute a generator for Cy, as an Og_-module. It is not always simple to

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



calculate the different exponent directly from its definition. An alternate
approach to determining the different is provided in Theorem 3.1.14. We
introduce the idea of higher order ramification groups for the purpose of
Theorem 3.1.14. Our goal is to generalize the result from Proposition 3.1.11
to the curve y? — y = f(z) where f(z) € k[z] and deg(f(z)) = j # 0 mod

p.

Definition 3.1.12. [16, Chapter 8] Consider a Galois extension F'/F of
algebraic function fields with Galois group G, a place P € Pg and a place
Q € Pr lying over P. For any integer i > —1 the i-th ramification group
of Q|P is

Gi(Q|P)={oc € G:vg(o(z) —2) > i+ 1 for all z € Og}.

We will let G; denote G;(Q|P) when the places are clear from context.

Clearly each G; is a subgroup of G.

Proposition 3.1.13. [16, Chapter 3] With the notation above, we have:
1. Gy is the inertia group of Q| P, in particular the order of G is e(Q|P).
2. G.1 2 Gy D -+ and Gy, = {Id} for sufficiently large m.
3. Let w € Gy, © 2 0 and n a local parameter at (). Then

weG & wvolwlm—n>i+1.

4. The group G, s a p-group. Furthermore, the integers i > 1 such that

G; # G4y are all congruent to one another mod p.

The Galois extension F'/F is wildly ramified at Q|P if p divides the size of
Go(Q|P).
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Theorem 3.1.14 (Hilbert’s Different Formula). [16, Chapter 3/ Consider
a Galois extension F'/F of algebraic function fields, a place P € Pr and a

place Q € P lying over P. Then the different exponent s

oo

d(QIP) =) (IG:«(QIP)| - 1).

i=0
Using Theorem 3.1.14 we can rephrase Theorem 3.1.7 as

29 —2=[F : Fl(29-2)+ ) ZZ (IG:(QIP)| = 1).

PEPr QIP i=0
3.1.4 Example: y? —y = f(z)

Throughout Section 3.1.4, fix f(z) such that f(z) € k[z] with deg(f(z)) =
7 # 0 mod p. Let F be the function field k(z)[y]/(v? — y — f(z)) where

f(z) € k[z] with deg(f(z)) = j # 0 mod p.

Proposition 3.1.15. Consider the function field F defined above. Then

the genus g of F' is given by

(p—-1(H -1
——

g =
Proof. Following the proof of Lemma 3.1.8 and Proposition 3.1.11 we con-
clude that F//k(x) is a cyclic Galois extension of degree p with G = {o, :
o(y) = y+ v wherey = 0,1...,p — 1} as its Galois group. The only

ramification of F/k(z) occurs at Qw|00, and furthermore e(Qo|00) = p.

Notice that v (1/z) = 1. Therefore 1/x is a local parameter for O,. We
need to determine an element of F' that is a local parameter of Og_. We

have

—PJ = €(Poo|00) - Voo £(2)) = v@u (f(2)) = vau.(¥" — ),
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and
VQoo (47 — ¥) 2 min{p - v, (¥), V.. (¥))} = P VQ. (¥)-

It follows that v (y) = —j. Recall that j and p are relatively prime so
there exist integers a and b with ap — bj = 1. Therefore we conclude that

z%?® in F is a local parameter of Og_, since vg, (z%°) = 1.

Consider the generator oy € G. In order to determine which higher order

ramification groups o; belongs to, we calculate

Therefore

b
a a 3 b a — a —
vou (o) —2t) =minfug_ (7)o )} = vauxtyt

Therefore G; = G for 0 <7 < j, and {Id} = Gj11 = Gj42 = ---. It follows
that .
j
d(Qwol0) = D _(IGi(Quolo0)| = 1) = (j + 1)(p — 1).
i=0
Now to finish the calculation above using Theorem 3.1.7 we see that

| deg (Difi(F/b(@))) ) G+D-1 _(p=DG-1)

g=1-p 2 2 2

O

3.1.5 Properties of Ramification Groups

Let F/k(z) be a ramified Galois extension with Galois group G. Suppose

that the order of G is strictly divisible by p, that is p is the largest power
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of p dividing |G|. Let @ be a ramified place of F. Let Gy be the inertia
group at . Section 3.1.5 discusses the structures of the inertia group Gq
and higher order ramification groups from Definition 3.1.12. We’ve defined
a lower numbering filtration which behaves well with sub-extensions. We
use this to define a filtration with a different indexing system, whose virtue

is that it is well behaved with quotient extensions.

Lemma 3.1.16. [15, Chapter 4] Suppose F/k(z) is a Galois extension. If
F/k(z) is wildly ramified at Q € F with inertia group Gy such that p? 1 |G|,

then

1. Gy is a semidirect product of a subgroup whose order is p and a cyclic

group of order prime to p, i.e.

Go = Z/(p) x Z/(m) = (1) » (B).
Here T has order p and 8 has order m which is prime to p.

2. Recall from Proposition 3.1.13 the filtration of higher order ramifica-
tion groups Go D G1 D --- D Gy, 2 {1}. The lower jump h of F/k(z)
at Q is the largest positive integer such that G, # {1}.

3. If B€ Gy and 7 € Gy, fori > 1, then

pro~t = p'r.

4. Let (i) = |Go|™' 325, |G;|. Define G¥®) = G,. Then @(h) = h/m.
The rational number o = h/m s called the upper jump; it is the jump
in the filtration of the higher order ramification groups in the upper

numbering.
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5. The lower numbering is invariant under sub-extensions and the upper

numbering is invariant under quotient extensions.

Consider a Galois extension F/k(x) with Galois group G and a ramification
point () satisfying the conditions of Lemma 3.1.16. If G, is the inertia group
at @ such that p? t |Gy|, then Lemma 3.1.16(1) implies that G is a subgroup
of the normalizer of (7) in G. Without loss of generality assume that G is
contained in some permutation group. Also assume that @) is the ramified
place in F' with inertia group Go = (7) x (8) where 7 = (12...p). Since
Go C Ng({7)), the following two lemmas give an upper bound for the size
of the inertia group when G is an alternating group. Let Cg,((7)) represent

the centralizer of (7) in Gy.

Lemma 3.1.17. Let 7 = (12...p). Then N, ({7)) = (1) % (B) for some
B e A, with |8] = (p—1)/2.

Proof. First we calculate the size of the normalizer. Let n, be the number

of Sylow p-groups in A, then
np = A Nay (1) (3.1.2)

There are p!/p different p-cycles in A,, each generating a p-group with p—1
distinct elements. It follows that

_pp—1)---1

wp-n P

T

Therefore solving Equation 3.1.2 results in |N4,((7))| = p(p — 1)/2.

We have shown that the normalizer has the size claimed. It is still left to
show that it has the desired structure. Clearly (1) C N4, ({7)); we show

the existence of G.
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Let a € Fy, with [a| = (p — 1). There exists § € S, such that §76~! = 7.
The permutation 6 exists since all p-cycles in S, are in the same conjugacy
class. Let 3= 6% Then 8 € A,, B & (1), and B € Ny, ((7)). Furthermore,

for any r

2r

ﬂr,rﬁ——r — 02r7_6—2r — Ta )

Choosing r = (p—1)/2 shows that 3P~1/2 € Cy ((7)) = (1), and it follows
that BP~D/2=1. If 1 <r < (p—1)/2, then 8" & Ca,({7)) and thus 4" # 1.
Therefore r = (p—1)/2 is the minimal exponent such that " = 1. It follows
that 8 & (1), 8 normalizes () in A,, and 3 has order (p — 1)/2. O

Lemma 3.1.18. Let 2 < s < p and let 7 = (12---p). Let H, be the
subgroup of Ap4s that corresponds to the even permutations on the set
{p+1,p+2,...,p+s}. Then there exists 6; € A, such that |6,| =p—1,

and

Na,,((r)) = ({r) x Hs) % (61).

Proof. Let 8 be the same as in the proof of Lemma 3.1.17. The size of
Na,({7)) forces 6 to be an odd permutation. Let 6; = 6 - (p + 1,p + 2).
Then 6, € Ny4,,,({1)) = (7), and |6;] = p— 1. The subgroup H, centralizes

T since each element of H; is disjoint from 7. Hence

((7) x Hs) % (61) C Na,,,({1)).

Performing a similar count to the one in Lemma 3.1.17, we find that the

number of Sylow p-subgroups in A, is

(p+s)(p+s—1)...(s+1) (p+ s)!

n, = = :
’ plp—1) slp(p — 1)
Therefore |[N((7))| = p(p — 1)s!/2, and the structure follows. d
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Recall that for an inertia group Gy satisfying Lemma 3.1.16, there is a
unique lower jump. The lower jump A encodes information about the filtra-
tion of higher order ramification groups. The following two lemmas relate

h to the size of Cg,((7)). Recall that
Cs,({7)) = (1) x H where H = {w € S,, : w is disjoint from 7}.

Lemma 3.1.19. Let 7 : X — P} be an A,-Galois cover. Assume that 7 is
wildly ramified over a branch point b. Let Gy be the inertia group at some
point @ € X above b. Assume that |Go| = pm and 7 has lower jump h at
b. Then ged(h,m) = 1.

Proof. Let B € A, such that Go = (7) % (8). Notice that Cg,((T)) = (7)
since there are no elements of A, disjoint from 7. Then 8 ¢ Cg,((r)) for

all 1 < i < m. Therefore for 1 <7 < m,
r# frBT = gt

The last equality is a result of 7 € G}, and Lemma 3.1.16(3). Notice that
B # 1 which implies that m { ih for each 1 < i < m. Hence gcd(h,m) =

1. g

Lemma 3.1.20. Let 2 < s < p, and let 7 : X — P} be an A,4,-Galois
cover. Assume m is wildly ramified over a branch point b. Let Gy be the
inertia group at some point Q € X above b. Assume that |Go| = pm and =

has lower jump h atb. Let ged(h,m) =m’, then Ce,((T)) = Z/(p)XZ/(m').

Proof. Let B € Apissuch that Go = (1) x(83). Assume that ged(h,m) = m/.
Then Lemma 3.1.16(3) implies

ﬁm/m’,r/@—m/m’ — I@m-h/m’,r =T
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The last equality is because the order of 8 is m and h/m’ is a positive
integer. It follows that ™™ € Cg,((1)), that is (1) x (3™™) C Cg,((1)).
Suppose that a € (8) N Cg,((7)). Lemma 3.1.16(3) implies

T =ara”! = a1

It follows that || divides h and m, so |o| must divide their greatest common
divisor m/. Since Z/(m) is cyclic, it must be the case that a € (6™/™).

Hence Cg, (1)) = (1) x (B™/™). O
3.1.6 Newton Polygons

Every polynomial has a Newton polygon associated to each valuation of
the field of coeflicients. Section 3.1.6 gives a brief survey of the theory of

Newton Polygons. Let v be a valuation of the field k(x). Let
f(y) = any" + an1y" ' + - a1y + ao € klz][y] where a, - ag # 0.

Let F be the splitting field of f over k(z). Let vg be a valuation of F
lying above the valuation v on k(z). Let v(0) = oco. The Newton polygon
of f relates the valuation vg on the roots of f to the valuation v on the
coeflicients of f. The Newton polygon A of f is the lower convex hull in

the plane of the set of points

{(07 U(ao)), (1’ U(al))a R (n7 v(an))}

The polygon is a sequence of line segments with increasing slopes of negative

values.

Proposition 3.1.21. [11, Chapter 2] Let F be the splitting field of f over

k(z). Let ug be a valuation on F lying above the valuation v on k(z).
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If (3,v(a;)) < (J,v(a;)) is a line segment of slope —m occurring in the
Newton polygon of f, then f(x) has ezactly j — i roots with each root r

having valuation vg(r) = m.

Suppose f defines a degree n Galois extension of k() that is ramified above
0. Note that it does not matter where the ramification occurs. The reason
for choosing the ramification to occur over 0 is to simplify the notation.
Let @ be a ramified place in the splitting field of f above 0. Let n be a
local parameter of the valuation ring Og. The following manipulation of
f results in a polynomial N(z) whose roots determine the structure of the
higher order ramification groups at @) from Proposition 3.1.13.

ORCESI S P (%)—_n) |

Y]

(3.1.3)

" n" overy
The polynomial n7"N(z) & k[z](z], therefore Proposition 3.1.21 does not
directly apply. We introduce the following proposition to overcome the lim-
itation of Proposition 3.1.21. The Galois extension F'/k(z) yields a ramified
Galois extension of local rings k[[n]]/k[[z]]. The local extension may or may
not be defined by the polynomial f above. Let f, € k[[z]][y] be the defining
polynomial of the extension of local rings. Notice that 7 is a root of f;. Let

ny be the degree of fp, then ny = e(Q|0). Define coefficients b; € Og so
that

TN = 0 (4 1) =0 Y b € Opli) (3.14)

The Newton polygon A of k[[n]]/k[[x]] is obtained by taking the lower con-
vex hull of the set of points {(7,vg(b;))}¢,,. There is a difference between

Equations 3.1.3 and 3.1.4. Equation 3.1.3 is written as a product over all
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automorphisms in the Galois group G. Equation 3.1.4 has a similar rep-
resentation as a product over all automorphisms in the inertia group at
Q. Proposition 3.1.22 relates higher order ramification groups to the line

segments of A.

Proposition 3.1.22. [1/] Let {Vi,Va, ..., V; } be the vertices of A and —m;
the slope of the edge joining V;_y and V;. The slopes are integral and the
Jumps in the sequence Gy D Gg D --- of higher order ramification groups

are My < Myp_1 < -+,

Lemma 3.1.23. For 1 <t <p—2 let fi;(y) = v — zy?P~ + = € k(z)[y].
Let F,/k(x) be the corresponding extension of function fields and F,/k(z) its
Galois closure. Let Q be a place in F, lying over 0 and Gy the corresponding
inertia group. Then the order of Go is pm for some integer m where p 4 m.
Let A, be the ramification polygon of F/k(x). Then A, is the polygon
consisting of two line segments, one having integral slope —m(p—1t)/(p—1)

and the other having slope 0.

mip-t) QO ®

I p-1 mp-1
Figure 3.1: Ramification polygon A,.

Proof. Let G be the Galois group of the extension F,/k(z). Notice that G
is contained in S,, therefore the size of G is strictly divisible by p. The
extension is branched over 0. Let P and @ be places lying above 0 in F;

and F, respectively. The equation f;, implies that e(P|0) = p; let m be
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the integer such that e(Q|0) = pm. Notice that p{ m since p? t Gy. Let Gy
be the inertia group at Q. Let z,7n, and € be local parameters of O, Op,
and Oq respectively, as in Figure 3.2. The extension of complete local rings

Op/k[[z]] is totally ramified with Galois group Gy of order pm.

Field Complete Local Ring Local Parameter
F, O €
| | |
F Op n
| ol |
k(=) kll]] z

Figure 3.2: Corresponding extension of complete local rings.

We can assume that 7 is a root of f;;. Notice that any root of f;; would
correspond to a local parameter of F; since

np

m) = pup(n).

p=vp(z) = vp<

Now consider 7 as an element in Og. Then 7 can be expressed as a power

series in the local parameter ¢ with coefficients in k, that is

m+l+._

N = Cm€" + Cny1€ - =u-€" where u is a unit of Og.

Also u is an m-th power in the complete local ring @Q so by changing the
local parameter ¢ we can suppose 7 = €™. It follows that e satisfies the
equation

farle) = ™ — g™t 4 g = Q. (3.1.5)

The polynomial fy;(€) is Eisenstein at the prime (z). Now we consider

N(2) = forle(z + 1)) = ™(z + 1)P™ — ze™P D (z + 1)™PD 4 2. (3.1.6)
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Divide both sides of Equation 3.1.6 by €’™. The effect to the Newton
polygon A; is a vertical shift by —pm. The effect of vertical and hor-
izontal shifts do not affect the slopes of the line segments of A;. Let

d = 1/(u"te™P=) 4 47P), then

N(z)

epm

= (24 1)P™ — de™P=8 (5 + 1)1 4 g,

Notice that G(0) = 0 so the constant term must be 0, therefore we can factor
out a power of z. The effect on A; is a shift in the horizontal direction by
—1. Eliminating the irrelevant power of z results in

_ m(p—t)

N(z) = m p(m—i)—1 m(p—t) m(p —t) m(p—t)—i

porl Z% R + —de Z ; z .
1=

i=1

Let 27 'e™P"N(z) = 3171 'b,27. The valuation of each b; is greater than
or equal to zero. The ramification polygon A; is determined by calculating

the valuations of the specific coefficients that determine the lower convex

hull of A,.
1. vg(by) = vg(—de™P=) = m(p — t).

2. Forl<j<p-landl<i<m(p—t)—(p-1),

va(b;) = vg (—dfm(”_” ( mip = 1) >) > m(p —t).

1

5. valty) = va (m ot (L TET0 ) )) =0

4, ’UQ(bpm_l) = UQ(l) = 0.

Therefore the vertices of A; are (0, m(p—t)), (p—1,0), and (pm—1,0). O
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Lemma 3.1.24. For 2 < s < p let fy(y) = y*** —zy* + 1 € k(z)[y]. Let
F,/k(z) be the corresponding extension of function fields and F,/k(z) its
Galois closure. Let Q be a place in Fy lying over oo and Gq the corre-
sponding inertia group. Then the order of Gy is pm for some integer m
where p 1 m. Let A, be the ramification polygon of F,/k(z). Then A,
is the polygon consisting of two line segments, one having integral slope

—m(p+ 8)/(p— 1) and the other with slope 0.

m(p-s) 0 ¢ @ [ ]

l p-1  m(p+s)-1

Figure 3.3: Ramification polygon A,.

Proof. Let G be the Galois group of the extension F,/k(z). Notice that G
is contained in Sy, therefore the size of G is strictly divisible by p. The
extension is branched over co. Let Py and P o) be the two places of
F, lying above co. Then the equation f, implies that Plso,0) and P 00)
have ramification index p and s respectively. Let Q be a place of F lying
above Po0). Let m be the integer such that e(Q|0) = pm. Let Gy be the
inertia group at . Let z7!,n, and € be local parameters of Oz-1, 0P o)

and Qg respectively, as in Figure 3.4.
The extension F,/k(x) is not totally ramified over co. However Og/k[[z™!]]

is a totally ramified Galois extension with Galois group Gy of order pm. By
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Field Complete Local Ring Local Parameter

F, Q Oq €
| ml mI |
Fs P(OO,O) P(oo,oo) Op(oo 0) n
| p\ /s sl |
k(z) 00 k[z~']] z”!

Figure 3.4: Corresponding extension of complete local rings.

the same reasoning as for Lemma 3.1.23, there exists a local parameter € of

Oy that satisfies €™ = 1. Therefore ¢ satisfies the irreducible equation
Tau(e) = €™+ _gems 4 1=, (3.1.7)
We calculate the ramification polygon A, by considering
N(z) = fy(e(z+ 1)) = P+ (2 + 1)mPFe) — g™ (z +1)™ + 1. (3.1.8)

It follows that

N(Z) :(Z + 1)ms = m zp(m—i) _ E—m(p-s) m§8_1 ms st—l—i
zem(p+3) i — i '
1=

1=0

Let z7le™P+IN(z) = E;-n:(fﬂ)—l b;z?. The valuation vg lies over oo so it

is the negative of the valuation in Lemma 3.1.23. The valuation of each b;
is greater than or equal to zero. The ramification polygon A, follows when
we calculate the valuations of the specific coefficients that determine the

lower convex hull of A;.
L. vg(by) = m(p — s).
2. vg(bj) >m(p—s)for1 <j<p-—1.
3. vg(bp—1) =0.

4. vQ(bm(p+s)-1) = 0.

The vertices of A, are (0,m(p — s)), (p — 1,0), and (m(p+s) —1,0). O
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3.2 A, Galois covers of the projective line

In 1957 Abhyankar conjectured that a finite group G occurs as the Galois
group of a cover m : X — P} branched only at oo if and only if G is a
quasi- p group [1]. One says that G is a quasi-p group if it is generated
by its Sylow p-subgroups. For n > p > 5, A, is an example of a quasi-
p group. Abhyankar’s conjecture was proven by 1994 by work of Raynaud
[13] and Harbater [6]. Abhyankar also stated the currently unproven Inertia

Conjecture.

Conjecture 3.2.1 (Inertia Conjecture). [1/ Let G be a finite quasi-p group.
Let Gy be a subgroup of G which is an extension of a cyclic group of order
prime to p by a p-group Gp. Suppose that the conjugates of Gp generate G.
Then there exists a G-Galois cover m : X — P} branched only at oo with

inertia group Go at some point of m~1(00).

There is not much evidence to support the Inertia Conjecture in the liter-
ature. Bouw and Pries were able to show that the conjecture was true for

A, and PSLy(F,) [4]. Section 3.2.5 shows the Inertia Conjecture is true for

Ao
3.2.1 Galois Covers Branched only at oc.

Let m : X — P, be a Galois covering branched only at co. The extension
is wildly ramified at any point @ € X lying over co. The complexity of the
wild ramification is directly related to the power of p that divides the rami-
fication index e(Q). The ramification index is the size of the corresponding
inertia group Gy, and the size of an inertia group divides the size of the

Galois group. For this reason we concentrate on Galois groups A, such
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that the size of A, is strictly divisible by p. It is known how to construct

A,-Galois covers when n=porp+1<n < 2p.

The Riemann-Hurwitz formula from Theorem 3.1.7 relates the genus of X
to the upper jump o. Small values of ¢ correspond to a small genus. We

restate Question 1 in terms of the upper jump.

Question 2 Letn=porp+1<n<2p. Let7: X — P, be an A,-Gaois
cover of the projective line branched only at co. Let P € X with inertia

group Gy and upper jump o. What small values of o can be realized?

In order to answer Question 2 we state some technical lemmas that will be
needed. The following is a version of Abhyankar’s Lemma. This version
gives a technique to construct a G-Galois cover of P} branched only at co

from a G-Galois cover of P} branched at 0 and oo.

Lemma 3.2.2 (Refined Abhyankar’'s Lemma). [4] Suppose there ezists a
G-Galois cover m : X — P} with branch locus contained in {0,00}. Suppose
that 7 has inertia group Z/(t) above 0 and inertia group Go = Z/(p)XZ/(m)
above oo with lower jump h where m,t are prime to p. Let m* = ged(m, t).
Let ¢ : P, — P, be a t-cyclic cover branched at 0 and co. Assume that T
and v are linearly disjoint. Then there exists a G-Galois cover 7' : X — P}
branched at ezactly one point with inertia group Gy C Go of order pm/m*

and with lower jump ht/m*.

The variables z and 2 in Figure 3.5 represent two different parameters on
P}. Let o and ¢’ be the upper jumps of 7 and 7’ respectively. Lemma 3.2.2

implies that ¢’ = to.
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X « X

T ] o
]P’; — IP’;
P

Figure 3.5: Refined Abhyankar’s Lemma

Lemma 3.2.3. [// Suppose there exists a G-Galois cover of P} branched
only over co. Assume that Gy = Z/(p) x Z/(m) is the inertia group with
lower jump h. For each d € N such that 1 < d < m, let mq = m/ged(m, d)
and hy = dh/ged(m, d). Let G¢ be the subgroup of Go of order pmy. Then
for each d there exists a G-Galois cover of P} branched only over co with

inertia group G and lower jump hy.
3.2.2 A, Galois covers of the projective line

Let p > 5. In Section 3.2.2 we focus attention on the situation when
the Galois group is the alternating group A, of even permutations on p
elements. Recall that our goal in answering Question 2 is to determine

A,-Galois covers 7 : X — P}, branched only at co with a small upper jump.

Abhyankar provided the equation of a curve whose Galois closure is an
A, or S, Galois cover of the projective line. For p > 2, he considered
the affine curve given by the zero locus of f, = y? — y* + = where ¢ is an
integer with 1 < ¢t < p — 2. The curve Z(f;) corresponds to the function
field F; = k(z)[y]/(f). The extension F;/k(z) is not Galois since there
are not enough automorphisms of F; that fix k(z). The Galois closure F;
of F, has Galois group A, for t odd and S, for t even [2]. Abhyankar
proved this by showing the Galois group is doubly transitive on the set
{1,2,...,p} and contained a certain cycle type. Abhyankar used the twisted

derivative to eliminate roots of f; and understand the extension'’s first two
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stages [3]. Unfortunately the twisted derivative becomes computationally
intensive after one twist. We defer the definition of the twisted derivative

until Definition 3.2.1.

Let X; be the smooth projective curve corresponding to the function field

F,. There is a covering map 7 : X; — P} as in Figure 3.6.

F; X
Sp \ \
or F — m Z(f)
ap | Sdeg .
k(zx) P}

Figure 3.6: Extensions of k() correspond to coverings of P;.

For the remainder of Section 3.2.2 we will assume that 7 : X, — P is this
Galois cover with Galois group A, or S,. Lemma 3.1.16(1) implies that the
inertia group Gy at a point of X; over co is always of the form Z/(p) X Z/(m)
where p 1+ m. Let h be the lower jump so that Gy is the last non-trivial

ramification group in the lower numbering.

In order to determine the upper jump o corresponding to the higher or-
der ramification groups of m over oo, we concentrate on determining the
ramification that occurs. Some difficulties are that a defining equation for
X is not known, and for p > 5 the Galois group A, is simple. Therefore
it is impossible to find a primitive element for F, by radicals. Without
this knowledge it is hard to understand the Galois action on X;. We can
however use equation f; to understand the ramification that occurs in the

quotient map p: Z(f;) — P;.
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Lemma 3.2.4. Let 1 <t < p—2, and let X; and Z(f;) be defined as in
Figure 8.6. Let m : X; — P} and p : Z(f,) — PL be the S, or Ap-Galois
cover and the degree p quotient cover respectively. Then the branch locus of

p is the same as the branch locus of 7.

Proof. Assume that the Galois group is S,. The branch locus of p is con-
tained in the branch locus of 7 since ramification indices are multiplicative.
Let b be in the branch locus of 7 but not in the branch locus of p. We will
show that this is impossible. The Galois subcover y : X; — Z(f;) has a
Galois group that is a subgroup of S, of order (p— 1)!. There are p possible

choices for this subgroup. Without loss of generality assume
Gal(p) = Sp = Stabg, (1).

Let Q) € X; be a ramification point lying above b with inertia group Gp.
Conjugating G, by elements in S, results in an inertia group at some point

lying above b. Since b is not a branch point of p, we have that
wGo(Qb)w™" C S, for all w € 5.

This is impossible since S, is transitive on the set {1,2,...,p}. Therefore
the branch loci must be the same. The same explanation works for A, since

A, is transitive on {1,2,...,p} as well. O

Figure 3.2.2 depicts the ramification over the place 0 in k(z) of the exten-
sion. The are multiple points above each place P € F in Figure 3.2.2.
The number of points is irrelevant to our calculations. Let Qo) and
Q0¢p—0)> - - - »Qo,1) In Figure 3.2.2 represent the set of places in F, above

the places Py and Py, ), ., Po,1) of F; respectively.
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F Po,0) Pog1) Po,1)
| AN 1 1/
k(z) 0

Figure 3.7: Ramification above 0 of the extension in Lemma 3.2.5.

Lemma 3.2.5. The extension Fy/k(z) is ramified with inertia group of

order t above O and at no other finite points.

Proof. The point (0, 0) of Z( f;) corresponds to the only solution to 8f/dy =
0. Therefore Py is the only ramified place in F; occurring over a finite
place in k(z). The places of F; above 0 are P ), Po,,_.),-- - Fo,1)- Ramifi-
cation only occurs at Fo,) 0 €(Poi ) | 0) = 1 which forces e(Fo,) | 0) =1
because of the identity
p=[F:k(z)]= Z e(P | 0).
Plo

Lemma 3.2.4 implies that the ramified places in F, occurring over a finite
place in k(z) must occur over 0. Let Q € F, be any place lying above P(q ).
We are just left with showing that e(Q|Po0)) = 1. Recall that F,/k(z) is
Galois with Galois group A, or S,. Assume that the Galois group is S, and
the Galois group of F}/F; is S;. Then

1G(QIO)| = |G(Po,0)0)] - IG(Q|Pog)l = ¢t - |G(Q|Pog)l

Notice that G(Q|Po,0)) C S;,50p1|G(Q|Fo0)|. Therefore Lemma 3.1.16(1)
implies that Go(Q | 0) is a cyclic group of order ¢- ¢ for some integer ¢ prime

to p. Our goal is to show that ¢ = 1.

Suppose ¢ # 1, and let Go(Q | 0) = (¢). Notice ¢ ¢ S}; if it were then all

ramification would occur in the extension ) | Po). Consider the t-th power
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of ¢ which generates Go(Q | P(o,)), that is Go(Q | Pog)) = (¢*) C S;. Recall
that S, is transitive on {1,2,...,p}. Hence, there exists a v € S, such that
y¢!y~! & S). Notice that v ¢ S;. Therefore there exist a point Q in F,
not above Pgg), but lying over 0 with Go(Q10) = (y'¢7). Furthermore
(voy 1)t = voiy~! € Go(Q|0). Hence Go(Q|0) ¢ S,. Therefore for some
7 # 0, the extension P ;|0 is ramified. This contradicts the work we have

previously done. Therefore the assumption that ¢ # 1 is false.

A similar proof works when the Galois group is A,. O

Lemma 3.2.6. The extension F,/k(z) is ramified with inertia group of

order p(p—1)/ged(p—1,p—t) above oo with upper jump o = (p—t)/(p—1).

Proof. Let P, be any place of F} that lies above co. Then

—e(Pu|00) = p,,(z) = v, (¥ — ¥') = pvp, (v).

Therefore ple( Py |00) and e( Py |0o) < p so we must have equality. It follows
that p is totally ramified at P,. Our goal is to determine the ramification

of m over co.

Consider the maps z +— 1/z and y — 1/y. Understanding ramification
over oo is equivalent to understanding the ramification over 0 of the map
corresponding to the curve fi; : y? — zy?~* + z obtained after applying the

above maps to f.

The polynomial f;, is the same polynomial that was considered in Lemma
3.1.23. Therefore the ramification polygon A, of £, /k(x) consists of one line
segment with integral slope —m(p — t)/(p — 1). This represents the jump

in the filtration of higher order ramification groups in the lower numbering
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i.e., the lower jump. Recall from Lemma 3.1.16(4) that we can use this to

calculate the upper jump o. We conclude that o = (p — t)/(p — 1).

Lemma 3.1.19 implied that A and m are co-prime, therefore we conclude

that

_ p—t o p—1 and |Go| = p(p—1)
ged(p—1,p—t)’ ged(p—1,p—1t)’ ged(p—1,p—1t)

O

Theorem 3.2.7. For 1 <t < (p — 2), there ezists an A,-Galois cover of

P} branched only at oo with ramification group having order
p(p —1)/ged(p — 1, t(p — t)) and upper jump t(p —t)/(p — 1).

Proof. Let dy = ged(p— 1,p—t) and m = (p— 1)/d,. Let X be the Galois
closure of the curve corresponding to f;. Then there exist a Galois cover
7 : X; — P} branched at 0 and at co. The Galois group is either A, or S,
depending on whether ¢ is even or odd respectively. Lemma 3.2.5 implies
that the map = is ramified of order ¢ above 0. Lemma 3.2.6 implies that the

inertia group Gg above oo has order pm and upper jump o = (p—t)/(p—1).

Consider the case when t is odd. The Galois group of the covering 7 : X; —
P} is A,. Let m* = ged(m,t). Since A, is simple, the cover 7 is linearly
disjoint from the t-cyclic cover ¢ : Pi — P} with equation 2! = z. Applying
Lemma 3.5 yields a Galois covering 7’ : X{ — P, with Galois group A,. The
map 7' is branched only at co with inertia group Gy of order pm/m* and
upper jump o’ = t(p —t)/(p — 1). Notice that dym* = ged(p — 1,t(p — t)),
so the inertia group has size pm/m* = p(p — 1)/ged(p — 1, t(p — t)).

Assume t even. The Galois group of the covering = : X, — P} is S,.

Consider the Galois subcover corresponding to the subgroup A,. If F,is
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the function field of X}, let Y be the smooth projective curve corresponding

to the fixed field ﬁ’tA”. Let o : X; — Y be the corresponding covering map.

X

N\
T Y

/ deg 2
Pl

Figure 3.8: A, subcover.

Consider the degree 2 extension Y/P;. The branch locus of the extension
must be contained in the branch locus of 7 since ramification indices are
multiplicative. The Riemann-Hurwitz formula implies that there are unique
ramified points F, and P, of Y lying over 0 and oo respectively. The
ramification indices e(F|0) and e(P.|oo) must be 2. Ramification indexes
are multiplicative so the map p is ramified of order ¢/2 over 0 and order
|Go|/2 over oo. It can be seen that |Gg|/2 = pm/2 is an integer from Lemma

3.2.7 since t is even.
Applying the Riemann-Hurwitz formula to the extension Y/P} results in:
29(Y) —2=2(29(P) —2) +(2—- 1) + (2 1).

This forces g(Y) = 0, thus Y = P}. Therefore we have that u : X; — P} is
Galois with Galois group A,. The lower jump of 4 is the same as the lower
jump of 7 since it is invariant under sub-extensions. Therefore the upper
jump of p is 20. The cover p is linearly disjoint from the ¢/2-cyclic cover
¥ : P} — P! with equation 2¥/? = z. Let m = ged(m/2,t/2). Applying
Lemma 3.5 yields a Galois covering 7 : X; — P}, with Galois group A,. The

map 7T is branched only at co with inertia group Gy of order pm/(2m) and
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upper jump 7 = t(p — t)/(p — 1). Notice that pm/2(T) = pm/m*, so the

inertia group has size p(p — 1)/ged(p — 1,t(p — t)). d

Corollary 3.2.8. Let 1 <t < (p—2) and dy = ged(p — 1,t(p — t)). There
exists an A,-Galois cover m: X — P}, branched only at oo with genus of X

being

_ |Apl (. da tp—1t)
9=+ <1 pp—1) p )

Proof. With the hypotheses as above, the Riemann-Hurwitz formula sim-

plifies to

| Ap|
2g(X) — 2= —2|A,| + mOGO' — 1+ (p— 1)mo).

Corollary 3.2.8 is immediate from Proposition 3.1.13 and the definition of

o in Theorem 3.2.7. |

The smallest value of o that can be achieved using the method of Theorem
32.7is2(p—2)/(p—1) when t = 2 and ¢t = p — 2. This can be seen by

treating o as a function of ¢ and considering the derivative.

do  p-—2t

dt  p—1°
Notice that do/dt > 0 for 2 <t < (p—1)/2, and do/dt <0 for (p—1)/2 <
t<p-2

It follows that the smallest genus obtained using the method of Theorem
3.2.7 is

|p| 2
14 2 spi).
g 2p(p—1)(p p+2)

Let 7 : X — P}, be an A,-Galois cover branched only at oo. Suppose o

is the upper jump of n. The following theorem states when it is possible

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to produce a different A,-Galois covering of P, branched only at co with a

larger upper jump.

Theorem 3.2.9. [12, Special case of Theorem 2.3.1] Let w : X — P}, be an
A,-Galois cover branched only at infinity with inertia group Z/(p) X Z/(m)
and upper jump o = h/m. Then for i € N with gcd(h + im,p) = 1, there
exists an A,-Galois cover branched only at infinity with the same inertia

group and upper jump o' = (h/m) + 1.

Corollary 3.2.10. For p = 1 mod 4, there exists an A,-Galois cover with
inertia group Z/(p) and lower jump hy for every hy > (p + 1)/2 relatively
prime to p. For p = 3 mod 4, there exists an Ap-Galots cover with inertia
group Z/(p) and lower jump hj for every hy > (p+ 1)/4 relatively prime to
.

Proof. For 1 < t < p—2, let dy = ged(p — 1,¢(p — t)). Theorem 3.2.7
implies that there exists an A,-Galois cover branched only at oo with inertia
group having order p(p — 1)/d2 and upper jump t(p — t)/(p — 1). Taking
d = (p—1)/d; in Lemma 3.2.3 yields an A,-Galois cover branched only at
oo with inertia group Z/(p) and upper jump ¢(p — t)/dz. Lemma 3.1.16(4)
implies that that the upper jump is the same as the lower jump since the
inertia group is Z/(p). Therefore t(p — t)/dy is an integer. The smallest
integer t(p — t)/d, correspond to the largest possible value for d,. The

largest value of d, is obtained when ¢ = (p — 1)/2, it is

(p—D(p+1)
)

-1
{;DT’ for p=1mod 4 ;

d2=gcd(p—1,
p—1, forp=3mod4.

It follows that for t = (p—1)/2, one can realize the lower jump hy = (p+1)/2
(respectively hs = (p + 1)/4) when p = 1 mod 4 (respectively p = 1 mod
4). The rest of the values of h; and hj follow from Theorem 3.2.9. O
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3.2.3 Comparison with Previous Results

There are answers to Question 2 for the case when n = p. We state them

as the following theorem.

Theorem 3.2.11. [4]/ Let G = A,. Letc = (p—1)/2 and m|c. Let a be such
that 0 < a < m and ged(a,m) = 1. Let h € N be such that ged(h,p) = 1
and h = —a mod m. Assume that h > a(p — 2). Then there ezists a
G-Galois cover of curves m : X — PL branched at ezactly one point with

Go =Z/(p) X Z/(m) and lower jump h.

Theorem 3.2.11 can be difficult to decode. Table 3.1 is intended to clarify
the situation. Column 2 of Table 3.1 shows the values of o that are achieved
from Theorem 3.2.11 for the first few primes. Column 3 depicts possible
upper jumps not realized by Theorem 3.2.11. The possible upper jumps
are acquired from the congruence conditions that ¢ = h/m > 1, pt h, and
m|(p — 1)/2. These conditions follow from the Riemann-Hurwitz formula

and Lemma 3.1.17. Column 4 shows the new upper jumps obtained from

Theorem 3.2.7.

o missed in Theorem 3.2.11

Theorem 3.2.7

p | o obtained from Theorem 3.2.11
5

11/6, 17/6, 23/6,. ..

7/6

3,4,6, ... 2 None
3/2,7/2,9/2,... None
7 5,6,8,... 2,3,4 2,3,4
5/3, 8/3, 10/3,. .. 4/3
11 9, 10, 12,. .. 2,3,4,5,6,7,8 3,4,5,6,7, 8
9/5, 14/5, 19/5,. .. 6/5,7/5, 8/5, 12/5 12/5
13 11, 12, 14, 15,... 2,3,...,10 3,4,5,6,7,8,9,10
11/2,15/2,17/2. .. 3/2,5/2,7/2,9/2 5/2,7/2,9/2
11/3, 14/3, 17/3,. .. 4/3,5/3,7/3, 8/3, 10/3 10/3

Table 3.1: Values of ¢ obtained from Theorem 3.2.11
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For example, Table 3.1 displays that Theorem 3.2.11 misses the values o =
2,3,4 for p = 7. We can recover the value ¢ = 2 by considering ¢ = 3 in

Theorem 3.2.7. The values ¢ = 3 and 4 occur by Corollary 3.2.10.

Column 1 shows that p — 2 is the smallest integral value obtained from
Theorem 3.2.11. Corollary 3.2.10 provides smaller integral values of ¢ for

all p > 5.
3.2.4 A,;; Galois covers of the projective line

Let p > 5. Assume that 2 < s < p and A, is the group of even permuta-
tions on p + s elements. Let H, be the group of even permutations on the
set {p+1,p+2,...,p+ s}. The goal of Section 3.2.4 is to obtain similar
results to Section 3.2.2 when 7 : X — P} is a Galois cover branched only
at oo with Galois group Ap,,.

Abhyankar provided an equation as a starting point [2]. Let f, = y?** —
zy® + 1 where 2 < s < p. He proved that the Galois closure F; of F, =
k(z)[y]/(fs) over k(z) has Galois group A,,, using the technique of the
twisted derivative. There is a special case when s = 2, the Galois group
is Apys when p # 7. Let X, be the smooth curve corresponding to the
function field F,. Then there is an Ap4s-Galois covering 7 : X; — P}. The
inertia group Gy at a point of X, lying over oo is of the form Z/(p) X Z/(m)
where p{ m. Let h be the lower jump, so that G, = G, = --- = G X Z/(p)
and {1} = Gpp1 = Grya = ---.

Lemma 3.2.12. The extension F,/k(z) is branched only at oo. The exten-
sion contains two places Pl 0y and Pl o0) above oo with ramification index

p and s respectively.

o1
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Proof. There are no simultaneous solutions to the equations fs = 0 and
aﬁ/ Oy = 0. Therefore the extension is not branched over any finite points.
The Riemann-Hurwitz formula implies that all nontrivial extensions of P}
are ramified. Therefore the ramification of 7 must occur over co. There
are two points (oo, 0) and (00, 00) of Z(f,) lying over co. The first point is
obtained by applying the map = +— 1/z to fs. This produces the equation
zyP*t® — y° + z. Taking the partial derivative with respect to y yields the
point (00, 0). The second point is realized by applying the map y — 1/y
to zyP** — y® + x resulting in x — yP + zyP*°. Taking the partial derivative
with respect to y yields the point (00,00). Let Py and P o) be the
corresponding places of Fy. The ramification indices can be calculated in

terms of the valuations at the places P00y and Pog00). For P = P ) OT

P(oo,oo)7
—e(PJoo) = vp(z) = v(y? + y~°) = min{pup(y), —svp(y)}.

It follows that the ramification index is p when P is P, ) and the ramifi-

cation index is s when P is P o0)- O

Lemma 3.2.12 describes the ramification of the quotient extension. There

is more that can be said about the extension using the twisted derivative.

Definition 3.2.13. Let f be a nonconstant monic irreducible polynomial
in k(z)[y]. Let a be a root of f in some extension of k(x). Then the twisted

derivative of f at « is defined to be

Dof(y) = fly + a§~ fle)
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The twisted derivative is k(z)-linear, and it satisfies a twisted power and

twisted product rule.

The twisted derivative can be used to eliminate the roots of a polynomial
f. Let F be the splitting field of f so that F/k(:z:) is Galois with Galois
group G. Let a be a root of f in some extension of k(z). Let D,f be
the twisted derivative of f at a. Then F is the splitting field of Dof over
k(z,a). Consider G as a subgroup of some permutation group. Then the

Galois group of F'/k(z,a) is a one-point stabilizer of G.

Lemma 3.2.14. [3] Let f, = y*** —zy*+ 1. Let ds = gcd(p—1,p+s) and
o a root of f, in some extension of k(z). Let D,f, be the twisted derivative
of fs at & and n a root of Dofs in some extension of k(zx,a). Then D,f,
yields the equation

s gp—1 : o
aPte = e where g(n) = Z ( ) =il (3.2.1)

(n+ s)Pg(n) —

Proof. Let hy, = y?**f,(1/y). The polynomial h, , is the polynomial ob-
tained by reciprocating the roots of f,. Let hy, be the twisted deriva-
tive of hy s at 1/a. Note that hyy is a polynomial in k(z,a)y]. Let
hss, = y?P**'hy4(1/y). The polynomial hs is the polynomial obtained
by reciprocating the roots of hy,. Let hy, = (sa)P**1hs,(y/(sa)). The
polynomial h4 ;s is the polynomial obtained by multiplying the roots of hs3
by sa. Equation 3.2.1 is obtained by evaluating h4 s at . The basic trans-
formations of reciprocating the roots and multiplying the roots by ta do
not change the Galois group. The effect of these transformations is purely

cosmetic in order to obtain an explicit equation for « in terms 7. O
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Equation 3.2.1 explains the second level of ramification in Figure 3.9. Let
Wix0,0) be a place in the degree p + s — 1 extension of k(z,c). Assume
Wiso0,0) lies over Py with ramification index s. Let W0, be a set
of places in the degree p + s — 1 extension of k(z,«). Assume the set of
places Wi 0) lies over Py with each place having ramification index
(p — 1)/ds. Define Wi,00,j) and Wi 01y similarly. The denominator in
Equation 3.2.1 explains the ramification that occurs over P o) in Figure
3.9. The factor (y + s)? corresponds to the ramified place Wi 00,1), With
ramification index p. The factor g(n) corresponds to the set of unramified
places W 00,5). The numerator in Equation 3.2.1 explains the ramification
that occurs over P 0y in Figure 3.9. The factor n° corresponds to the ram-
ified place W 0,0y, with ramification index s. The factor tP~! corresponds

to the set of ramified places W 0,4), with ramification index (p — 1)/ds.

Fy
: W(c0,0,0) Wic,04) Wioo,00,5) Wico,00,1)
p+s—1| S\ (p—l)/d3/ 1\ p/
k(z,a) Pio) Poo,00)
p+ s‘ D\ S/
k(z) 00

Figure 3.9: Ramification over oo [3].
Theorem 3.2.15. Let 2 < s < pandds = ged(p— 1,p+5s). Ifs =2
assume that p # 7. There exists an A,y ,-Galois cover m : X — P} branched

only at co. The inertia group has size pm for some m with p{ m, and the

upper jump is o = (p+s)/(p—1).
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Proof. Consider 7 : X, — P, defined above. Abhyankar’s work implies
that 7 is an A,;s-Galois cover. A proof similar to the proof of Lemma 3.2.4

shows that oo is the only branch point of 7.

Let Q be any place in F, lying above co. The extension F,/k(z) is wildly
ramified at Q with p? { e(Q|oo). Let Gy be the inertia group at @, then

|Go| = pm for some integer m where p{m.

The Newton polygon of 7 is the same as the Newton polygon A, calculated
in Lemma 3.1.24. Therefore the lower jump h of 7 is the negative of the
slope of the decreasing line segment of A,. It follows that h = m(p +

s)/(p—1) is an integer. Lemma 3.1.16(4) implies that the upper jump o is

(p+s)/(p—1). O

Let 7 : X; — P} be the cover from Theorem 3.2.15. Let Gg be the inertia
group at some point Q of F, over oo. Since p? t |Go| we may assume that
Go = (1) x (B) where 7 = (12---p) and 8 € A,,s with |G| = m. Let o be
the upper jump of 7 at ¢). There are some necessary conditions that ¢ must
satisfy. The upper jump ¢ = h/m > 1, p{ h, and m|(p — 1)s!/2. These
conditions follow from the Riemann-Hurwitz formula and Lemma 3.1.18.
Furthermore, let gcd(h,m) = m’ and m; = m/m’. Then Lemma 3.1.20
implies 8™ ¢ Ca,,.((7)). Therefore m;, the order of ™, must divide

p— L

Corollary 3.2.16. Let ged(p — 1,p+4). Then all but finitely many upper
Jumps o occur for an Api4-Galois cover of the projective line branched only

at oo.
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Proof. Theorem 3.2.15 implies that an A,,4-Galois cover of P; branched
only at oo exists. Furthermore o = (p + 4)/(p — 1). The corollary follows
from Lemma 3.2.3 and Theorem 3.2.9. d

Let G be a quasi-p group with order strictly divisible by p. Let P be a
Sylow-p subgroup. Suppose the prime to p part of the center of Ng(P) is
trivial. Then the inertia conjecture for GG is equivalent to the statement that
all but finitely many o occur for G. Unfortunately when G = A, 4 this is
not the situation since p < |Cy,,,((7))|. However it gives some motivation
to consider Cy,,,((7)) in general. The size of Gy is restricted by the size of

Ca,.s({T)). The goal of the next two lemmas is to place restrictions on m.

Lemma 3.2.17. Let d3, s, m, and 7 be defined as in Theorem 3.2.15. Let
h be the lower jump of Gy and m' = ged(h,m). Then m = (p — 1)m//d3

and m' = sr/ged(s,p — 1) for some positive integer r.

Proof. The ramification indices that occur in Figure 3.9 force the order of
Gy to be divisible by p(p — 1)s/(ds - ged(s,p — 1)). So, for some positive

integer r,

_ plp—=1)sr
Gl = ds - ged(s,p— 1)

Theorem 3.2.15 implies that the upper jump is ¢ = (p+s)/(p—1). Therefore
we can solve for

! o
pomets) oo me-1)

d3 d3

The size of the inertia group is pm. Considering m and |Gp| above results

in m' = sr/ged(s,p - 1). O
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Corollary 3.2.18. Let 2 < [° < p where | is a prime such that 1 { (p — 1)
and c is a positive integer. Let dy = ged(p— 1,p+1¢). Then there exists an
Apiic Galois cover of P} branched only at oo with ramification group having

order p(p — 1)I¢/d4 and upper jump o' = (p+1¢)/(p - 1).

Proof. Theorem 3.2.15 implies that there exists such a cover with an inertia
group Gy = (1) x () where |3| = m. Let h be the lower jump, and m’ =
ged(h,m). Let 8, = B™™" then Lemma 3.1.20 implies that Ce,((1)) =
(1) x {(B1). Notice that 3, is disjoint from 7 since ; commutes with 7.
Therefore 8; € H,. Now, s divides the order of #;. When s = [° there is
only one possibility for §; € H,, namely 5; = (p+ 1,p+2,...,p+s). The
results follow since ged({¢,p— 1) = 1. a

Corollary 3.2.19. Let ¢ and d4 be defined as in Corollary 3.2.18. Then
there ezists an A,y ic-Galois cover m: X — P, branched only at oo with the

genus of X being

|Ap+l° ( dy p+ lc)
g=1+"L"—{-1- + .
2 p(p — 1)I° P

Proof. The proof is immediate from the Riemann-Hurwitz formula and

Corollary 3.2.19. ]

The significance of Corollary 3.2.18 is that it eliminates any ambiguity in the
order of the inertia group Gy from Theorem 3.2.17. For example if s = 3
and p > 3, Corollary 3.2.18 implies that |Gg| = 3p(p — 1)/ged(p — 1,4).
When s is not a power of a prime there is still more that can be said about
the size of Go. In Corollary 3.2.18 we use the size of Cg,({(7)) to restrict
the size of Gy. In the following lemma we use the ramification that occurs

in the quotient extension in Figure 3.10 to restrict the size of Gy.

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



F,

NAbes Fy P Floo,00)
Ap-}-s FS | P\ /s
/deg pt+s k(x) o0
k(zx)

Figure 3.10: A sub and quotient extensions of F,/k(z).

Corollary 3.2.20. Let ged(s,p — 1) = 1. Let d3, s, m, and 7 be defined
as in Theorem 3.2.15. Let h be the lower jump of Gy and m' = ged(h, m).

Then m = (p — 1)m'/ds, and for any prime llm’ implies the=at l|s.
Proof. Let Go = (1) x (8) where || = m. Assume m' = ' ---[% and let
b=

Then G; is a l;-cycle in Go. Since Ay, is transitive on the set {1,2,...,p},
there exists a ¥ € Ap4, such that y8;y™! € Al, .. Therefore y8y~' is a
l;i-cycle in the inertia group yGoy~! at some place Q € F,. Notice that
(vBiy~') is a l-cycle for every 1 < j < I;. The fact that v8y™! ¢ A},
implies that some non trivial power of it must occur as ramification in the
quotient extension in Figure 3.10. Therefore l;|p or /;|s. Since the size of

Aps is strictly divisible by p, I; must divide s. O

When ged(s,p — 1) = 1, Corollary 3.2.20 implies that for many values of
s, the value m’ is forced to be s. Therefore the size of the inertia group is
determined. In fact m’ = s forall s = I - - - [ such that I+ > s—3 7 | 177
for each 1 < i < w. The first value of s such that m’ might not equal s is

s = 21. This is because it is possible for Ay to contain an element of order

3. 21 corresponding to a 9, 7-cycle.
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A similar statement to that of Corollary 3.2.19 can be stated for each s

such that m' is forced to be s.

3.2.5 Support for the Inertia Conjecture

Corollary 3.2.21. [/ The Inertia Conjecture is true for G = A,. Every
subgroup Go = Z/(p) X Z/(m) of A, can be realized as the inertia group of

an A,-Galois cover of Pi branched only at co.

Proof. Let 7 : X — P} be a wildly ramified A,-Galois cover branched only
at co. Let G be the inertia group at some point € X. Lemmas 3.1.16(1)
and 3.1.17 imply that Go = Z/(p) x Z/(m) and G, C (1) x (8) for some
B € A, with |B] = (p — 1)/2. For the value t = 2, Theorem 3.2.7 shows
the existence of the inertia group Gy having size p(p—1)/2. Corollary 3.2.3

implies that the Inertia Conjecture for G = A,. O

Corollary 3.2.22. Let p = 2 mod 3. The Inertia Conjecture is true for
G = Apy2. Every subgroup Go = Z/(p) x Z/(m) of Apy2 can be realized as

the inertia group of an Apyqo-Galois cover of P} branched only at oo.

Proof. Let m : X — P} be a wildly ramified A,,,-Galois cover branched
only at co. Let Gy be the inertia group at some point @ € X. Lemmas
3.1.16(1) and 3.1.18 imply that Gy = Z/(p) % Z/(m) and Gy C (1) % 6;)
for some 6; € A,y2 with |61] = p — 1. For the value s = 2, and m’ and
ds defined as in Lemma 3.2.17, Lemma 3.2.17 produces an inertia group
of order pm/(p — 1)/ds. Notice that m’ = 1 since the prime to p part
of Ca,,,({7)) is trivial. Furthermore d3 = 1 when p = 2 mod 3. Hence
|Go| = p(p — 1). The inertia conjecture follows for the Galois group A,»

from Corollary 3.2.3. a

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

CONCLUSION

The result of Chapter 2 determined the zeta function of a curve with two
ordinary singular points at infinity. Proposition 2.5.1 verifies that there is
a relationship between the zeta function of a curve and the zeta function
of the normalization of that curve. Future work will determine the zeta

functions of singular curves besides for the one considered in Chapter 2.

The results of Chapter 3 found evidence to support Abhyankar’s Inertia
Conjecture. For a Galois cover 7 : X — P}, Chapter 3 developed a method
for determining the size of an inertia group at oo of a Galois extension if
we were provided an equation for any non-Galois quotient extension. We
obtained results supporting the conjecture for certain alternating groups. In
the future I would like to find supporting evidence for the Inertia conjecture
for all the groups that were considered in Question 2. Abhyankar also
has provided equations corresponding to Galois covers with Galois groups
besides for the alternating groups considered. In the future I will apply the
technique of Chapter 3 to these covers with a goal of finding more evidence

to support the Inertia conjecture.
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