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A B ST R A C T  OF DISSERTATION

INFORMATION THEORETIC PROBLEMS IN NETW ORKS AND ACTIVE

SENSING

This dissertation covers three related topics. They are on network information 

theory, search, and tracking respectively.

In the first part of the first topic, wo propose a group theoretic model for in­

formation. Exploiting this formalization, we identify a comprehensive both  qual­

itative and quantitative parallelism between information lattices and subgroup 

lattices. As a consequence of this fundamental relation, we show th a t any contin­

uous law holds in general for the entropies of information elements if and only if 

the same law holds in general for the log-indices of subgroups. By constructing 

subgroup counterexamples we find surprisingly th a t common information obeys 

neither the subm odularity nor the superm odularity law. Our m athem aiic model 

for information is conceptually significant.

In the second part of the first topic, we show th a t none of the three extra con­

ditional m utual information terms in the Zhang-Yeung inequality can be dropped 

for the inequality to remain valid and tha t quasi-Hamilton groups satisfy the In- 

gleton inequality. This is the first time th a t certain classes of non-abolian groups 

arc found to satisfy the Inglcton inequality.

In the second topic, we study a class of search problems. Both bounded 

and unbounded search problems are considered. We show tha t the Bounded Dis­

crete Linear Search Problem is quadratic-tim e solvable but tha t the graph search 

problem is NT-complete, derive bounds for the erroneous BDLSP, and show tha t 

optimal policies for an Unbounded Discrete Linear Search Problem (UBDLSP) ex­

ist if and only if the double-sided mean of its underlying distribution is finite. We 

propose a provable effective procedure approxim ating optimal values and optim al

iii
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policies for UBDLSPs and show th a t the increments of the optimal policies for 

UBDLSPs with heavy-tailed distributions are necessarily unbounded.

In the third topic, we study the fundamental limits of trackability using infor­

mation theoretic approach. We show th a t for a target to be trackable the minimum 

query quota required is no less than  the  entropy rate  H  of the Markov chain of the 

target bu t no more than  \H  +  1 1. Subsequently, we propose an adaptive strategy 

to  learn the target motion law and track the target simultaneously. It is remark­

able th a t the extra burden of learning the motion law sacrifices 110 loss of t racking 

performance in the asymptotic region.

Hua Li

Electrical and Computer Engineering Department,

Colorado State University 

Fort Collins, CO 80523 

Fall 2007
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C H A P T E R  1 

In trod u ction

This dissertation covers three related topics. They are on network information 

theory, search, and tracking respectively.

1.1 A  G roup T h eoretic  M od el for Inform ation

Recently, we have uncovered an obscure paper written by Shannon [1], in 

which the notions of information elements and information lattices were proposed 

to build a. general theory for multi-term inal network communication. In Chap­

ter 2 , we formalize these two notions and establish isomorphisms between infor­

mation lattices and certain subgroup lattices. Exploiting this formalization, we 

identify a comprehensive parallelism between information lattices and subgroup 

lattices. Qualitatively, we dem onstrate isomorphisms between inform ation lattices 

and subgroup lattices. Quantitatively, we establish a decisive approxim ation re­

lation between the entropy structures of information lattices and the log-index 

structures of the corresponding subgroup lattices. This approxim ation extends the 

approxim ation for joint: information carried out previously by Chan and Yeung [2], 

As a consequence of our approxim ation result, we show th a t any continuous law 

holds in general for the entropies of inform ation elements if and only if the same law 

holds in general for the log-indiccs of subgroups. As an application, by constructing 

subgroup counterexamples we find surprisingly th a t common information, unlike 

joint information, obeys neither the submodularity nor the superm odularity law. 

We emphasize tha t the notion of information elements is conceptually significant— 

formalizing it helps to reveal the deep connection between inform ation theory and 

group theory. The parallelism established here adm its an appealing group-action 

explanation and provides useful insights into the intrinsic structure among infor-

1
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mation elements from a group-theoretic perspective. Part of the m aterial in this 

chapter has been published in [3] and subm itted in [4].

1.2 O n th e  E ntropy F unction  and th e  In g leton  In eq uality

In C hapter 3. we focus on characterizing the range of the entropy function, es­

sential to m ulti-terminal information theory. We disprove certain potentially valid 

non-Shannon-type inequalities w ith a computer-aided search for counterexamples 

and show th a t none of the three extra conditional m utual inform ation term s in 

the Zhang-Yeung inequality can be dropped for the inequality to remain valid. 

Appealing to the fundamental "bridge" we build between inform ation theory and 

group theory, a general condition, subsuming all the previously known conditions, 

is obtained for the Ingleton inequality we show tha t quasi-IIam ilton groups, in­

cluding Hamiltonian groups as a subclass, satisfy the Ingleton inequality. To our 

best knowledge, this is the first tim e th a t certain classes of non-abelian groups are 

found to satisfy the Ingleton inequality. Part of the m aterial in this chapter has 

been published in [5].

1.3 Search on  Lines and G raphs

In Chapter 4, we study a class of search problems. The general setup models 

the ubiquitous situation where a searcher aims to find an immobile target with min­

imum expected latency and the location of the target is a discrete random  variable 

distributed over a set of possible locations. Both bounded and unbounded search 

problems arc considered. Wo first consider the Bounded Discrete Linear Search 

Problem (BDLSP) the distribution of the target location has a finite support on 

the integer line and show tha t the BDLSP is quadratic-tim e solvable by formulat­

ing it as a Markov Decision Problem (MDP). However, the graph search problem 

(GSP) the target is located on the vertices of a graph- is shown to be NP-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3

complete. Then we consider the erroneous BDLSP (EBDLSP) the searcher may 

miss the target with a non-zero probability when the target location is visited 

and derive lower and upper bounds on the performance loss for the EBDLSP in 

terms of tha t of its error-free counterpart BDLSP. In the second part, we consider 

the Unbounded Discrete Linear Search Problem (UBDLSP) the distribution of 

the target location has an infinite support on the integer line. Theoretically, we 

show th a t an optimal search policy exists if and only if the double-sided mean of 

the distribution is finite. Then, we focus on symmetric UBDLSPs and establish 

the expanding property of optimal policies for symmetric UBDLSPs. Algorithmi­

cally, we propose a procedure effectively approximating the optimal value and the 

optimal policy given th a t the optimal policy is unique. To investigate the con­

vergence rate of the procedure, we st udy the growt h rate of the turning points of 

optimal policies for symmetric UBDLSP. We show th a t the increment sequences of 

the optimal policies for symmetric UBDLSPs with heavy-tailed distributions arc 

necessarily unbounded. P art of the material in this chapter has been subm itted 

in [6 ].

1.4 On th e  Fundam ental L im its o f  Target Trackability

In Chapter 5. we propose an information theoretic formulation for the problem 

of target tracking via sensor querying. Our goal is t o study the fundamental limits 

of trackability. The target motion is modeled by a finite st ate-space Markov chain. 

We show tha t for a target to be trackablc the minimum query quota required is 

no less than  the entropy rate H  of the Markov chain, but no more than \H  + T|. 

Subsequently, we consider the adaptive case where the target, motion law, namely 

the probability transition function of the Markov chain, is unknown to the tracker 

a priori. In this case, the tracker is expected to learn the target motion law and 

track the target simultaneously. It turns out that the extra burden of learning

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4

the motion law for the tracker sacrifices 110 loss of tracking performance in the 

asymptotic region we show th a t for a target to be universal-trackable no more 

than \II  +  1] number of queries at each time step is required. Part of the m aterial 

in this chapter has been published in [7] and subm itted in [8 ].

1.5 O ther W ork on  N etw orks

Mv other Ph.D. work 011 networks has been published in [9 12],
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C H A P T E R  2 

A  G roup T h eoretic  M od el for Inform ation

2.1 Sum m ary

In this work we formalize the notions of information elements and informa­

tion lattices, first proposed by Shannon. Exploiting this formalization, we iden­

tify a comprehensive parallelism between information lattices and subgroup la t­

tices. Qualitatively, we dem onstrate isomorphisms between information lattices 

and subgroup lattices. Quantitatively, we establish a decisive approxim ation re­

lation between the entropy structures of information lattices and the log-index 

structures of the corresponding subgroup lattices. This approximation extends the 

approxim ation for joint ent ropies carried out previously by Chan and Yeung. As a 

consequence of our approximation result, we show th a t any continuous law holds in 

general for the entropies of information elements if and only if the same law holds 

in general for the log-indices of subgroups. As an application, by constructing 

subgroup counterexamples we find surprisingly th a t common information, unlike 

joint information, obeys neither the subm odularity nor the superm odularily law. 

We emphasize th a t the notion of inform ation elements is conceptually significant— 

formalizing it helps to  reveal the deep connection between inform ation theory and 

group theory. The parallelism established in this work admits an appealing group- 

action explanation and provides useful insights into the intrinsic structure among 

information elements from a group-theoretic perspective.

2.2 In trod u ction

Inform ation theory was born with the celebrated entropy formula measur­

ing the amount of information for the purpose of communication. However, a 

suitable m athem atical model for inform ation itself remained elusive over the last

6
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sixty years. It is reasonable to assume tha t information theorists have had cer­

tain  intuitive conceptions of information, but in this work we seek a m athem atic 

model for such a conception. In particular, building on Shannon’s work [1], we 

formalize the notion of information elements to capture the syntactical essence of 

information, and identify information elements with n-algebras and sample-space- 

partitions. As we shall see in the following, by building such a m athem atical model 

for information and identifying the lattice structure among inform ation elements, 

the seemingly surprising connection between information theory and group theory, 

established by Chan and Yeung [2], is revealed via isomorphism relations between 

inform ation lattices and subgroup lattices. Consequently, a fully-fledged and deci­

sive approxim ation relation between the entropy structure of inform ation lattices 

and the subgroup-index structure of corresponding subgroup lattices is obtained.

We first motivate our formal definition for the notion of inform ation elements.

2.2.1 In form ationally  E quivalent R andom  V ariables

Recall the profound insight offered by Shannon [3] on the essence of communi­

cation: “the fundamental problem of communication is that of reproducing a t one 

point exactly or approximately a message selected at another point.” Consider the 

following motivating example. Suppose a message, in English, is delivered from 

person A to person B. Then, the message is translated and delivered in German 

by person B to person C (perhaps because person C does not know English). As­

suming the translation is faithful, person C should receive the message th a t person 

A intends to  convey. Reflecting upon this example, we see th a t the message (in­

formation) assumes two different “representations” over the process of the entire 

communication one in English and the other in German, bu t the message (infor­

mation) itself remains the same. Similarly, coders (decoders), essential components 

of communication systems, perform the similar function of “translating '’ one rcpre-
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sentation of the same information to another one. This suggests th a t "information" 

itself should be defined in a translation invariant way. This “translation-invariant” 

quality is precisely how we seek to characterize information.

To introduce our formal definition for information elements to capture the 

essence of information itself, we note tha t information theory is built within the 

probabilistic framework, in which one-time information sources are usually mod­

eled by random variables. Therefore, we s ta rt in the following with the concept 

of informational equivalence between random variables and develop the formal 

concept of information elements from first principles.

Recall that, given a probability space (lb T , P) and a measurable space (S, S ). 

a random variable is a measurable function from iX to S. The set S is usually called 

the state space of the random variable, and S  is a <r-algebra on S. The set $2 is 

usually called the sample space: T  is a <x-algebra on fb usually called the event, 

space; and P  denotes a probability measure on the measurable space (Q.1F).

To illustrate the idea of informational equivalence, consider a random variable 

A' : 17 —>• S and another random variable X '  =  /(A ) ,  where the function /  : S —*• S' 

is bijeclive. Certainly, the two random variables A and X '  are technically different 

for they have different codomains. However, it is intuitively clear that that they 

are “equivalent” in some sense. In particular, one can infer the exact state of X  

by observing th a t of A ', and vice versa. For this reason, we may say th a t the two 

random variables X  and X '  carry the same piece of information. Note tha t the 

cr-algebras induced by X  and X '  coincide with each other. In fact, two random 

variables such tha t the sta te  of one can be inferred from th a t of the other induce the 

same cx-algebra. This leads to  the following definition for inform ation equivalence.

D efin ition  2.2 .1 . We say that two random variables X  and X '  are informationally 

equivalent, denoted X  =  X ' , i f  the a-algebras induced by X  and X ' coincide.
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It is easy to verily tha t the “bcing-informational-equivalent" relation is an 

equivalence relation. The definition reflects our intuition, as dem onstrate in the 

previous motivating examples, th a t two random variables carry the same piece 

information if and only if they induce the same cr-algebra. This motivates the 

following definition for information elements to capture the syntactical essence of 

information itself.

D e fin itio n  2 .2 .2 . A n  information element is an equivalence class o f random vari­

ables with respect to the “being-informationally-equivalent" relation.

We call the random  variables in the equivalent class of an information element

rn representing random variables of m. Or, we say tha t a random variable X

represents rn.

We believe th a t our definition of information elements reflects Shannon’s orig­

inal intention [1 ]:

Thus we arc led to  define the actual information of a stochastic process 
as that, which is common to  all stochastic processes which may be 
obtained from the original by reversible encoding operations.

Intuitive (also informal) discussion on identifying “information" with o- 

algebras surfaces often in probability theory, m artingale theory, and m athem atical 

finance. In probability theory, see for example [4], the concept of conditional prob­

ability is usually introduced with discussion of treating the <r-algebras conditioned 

on as the “partial information" available to “observers.” In m artingale theory and 

m athem atical finance, see for example [5, 6 ], filtrations increasing sequences of 

(T-algebras are often interpreted as records of the information available over time.

A Few  O b se rv a tio n s

P ro p o s i t io n  2 .2 .3 . I f  X  ^  X ' , then H( X )  = I I {X r).
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(Throughout the chapter, we use / / ( X )  to denote the entropy of random 

variable X .)

The converse to  Proposition 2.2.3 fails two random variables with a same 

entropy do not necessarily carry the same information. For example, consider 

two binary random variables X . Y  : il  —> {0 .1}. where Q = {a. b, c, d}  and P  is 

uniform on il. Suppose X(u>) = 0 if a; =  a, b and 1 otherwise, and Y(u>) =  0 if 

w’ =  a, c and 1 otherwise. Clearly, we have I I ( X)  =  I I ( Y)  =  1 , but one can readily 

agree that A" and Y  do not carry the same information. Therefore, the notion of 

“inforinationally-equivalent” is stronger than th a t of “identically-distributed.'’

On the other hand, we see that the notion of “informationally-equivalent” is 

weaker than that of “being-equal.”

P rop osition  2 .2 .4 . I f  X  = X ' , then X  = X ' .

The converse to Proposition 2.2.4 fails as well, since two informationally equiv­

alent random variable A' and A'' may have totally different state spaces, so that it 

does not even make sense to say A" — X ' .

As shown in the following proposition, the notion of "informational equiva­

lence" characterizes a kind of sta te  space invariant “equalness.”

P rop osition  2 .2 .5 . Two random variables X  and Y  with state spaces X  and. y, 
respectively, are informationally equivalent i f  and only if there exists a one-to-one

correspondence f  : X  —>■ y  such that Y  =  f { X) .

Remark: Throughout the chapter, we fix a probability space unless otherwise 

stated. For ease o f  presentation, we confine ourselves in the fo llow ing  to finite 

discrete random variables. However, most of the definitions and results can be 

applied to more' general settings without significant difficulties.
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2.2.2 Id en tify in g  Inform ation  E lem en ts v ia  cr-algebras and Sainple- 
S pace- Par t it ions

Since the cr-algebras induced by informationally equivalent random  variables 

are the same, we can unambiguously identify information elements with cr-algebras. 

Moreover, because we deal with finite discrete random variables exclusively in this 

work, we can afford to discuss cr-algebras more explicitly as follows.

Recall th a t a partition  II of a set A is a collection {tt, : i € [A-]} of disjoint 

subsets of .4 such that Uj6 [*]7Tj =  .4. (Throughout the chapter, we use the bracket 

notation [A:] to denote the generic index set {1,2, - - - , A-}.) The elements of a 

partition II are usually called the parts of II. It is well known tha t there is a 

natural one-to-one correspondence between partitions of the sample space and the 

cr-algebras any given cr-algebra of a sample space can be generated uniquely, via 

union operation, from the atomic events of the cr-algebra, while the collection 

of the atomic events forms a partition of the sample space. For example, for a 

random variable X  : Q —> X ,  the atomic events of the cr-algebra induced by X  are 

X ({.r} ) , x  6  X.  For this reason, from now on, we shall identify an information 

element by either its cr-algebra or its corresponding sample space partition.

It is well known tha t the number of distinct partitions of a set of size « is 

the n th  Bell number and tha t the Stirling number of the second kind ,9(n,A;) 

counts the number of ways to partition a set of n elements into k nonempty parts. 

These two numbers, crucial to the remarkable results obtained by Orlitsky et al. 

in [7], suggest a possibly interesting connection between the notion of information 

elements discussed in this work and the "patterns” studied in [7].

2.2 .3  S h ann on ’s Legacy

As we mentioned before, the notion of information elements was originally 

proposed by Shannon in [1]. In the same paper, Shannon also proposed a partial
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order for information elements and a lattice structure for collections of information 

elements. We follow Shannon and call such lattices information lattices in the 

following.

A bstracting the notion of inform ation elements out of their representations 

random variables is a conceptual leap, analogous to  the leap from the concrete 

calculation with matrices to the study of abstract vector spaces. To this end, 

we formalize both  the ideas of information elements and inform ation lattices. By 

identifying information elements w ith sainple-space-partitions, we are equipped 

to  establish a comprehensive parallelism between information lattices and sub­

group lattices. Qualitatively, we dem onstrate isomorphisms between information 

lattices and certain subgroup lattices. W ith such isomorphisms established, quan­

titatively, we establish an approxim ation for the entropy structure of information 

lattices, consisting of joint, common, and many other information elements, using 

the log-index structures of their counterpart subgroup lattices. Our approxima­

tion subsumes the approximat ion carried out only for joint information elements by 

Chan and Yeung [2 ], Building on [2 ], the  parallelism identified in this work reveals 

an intim ate connection between inform ation theory and group theory and suggests 

tha t group theory may provide suitable m athem atical language to describe and 

study laws of information.

The full-fledged parallelism between information lattices and subgroup la t­

tices established in this work is one of our main contributions. W ith this intrinsic 

m athem atical structure among multiple information elements being uncovered, we 

anticipate more systematic attacks on certain network information problems, where 

a better understanding of intricate internal structures among m ultiple information 

elements is in urgent need. Indeed, the ideas of information elements and informa­

tion lattices were originally motivated by network communication problems in [1],
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Shannon wrote:

The present note outlines a new approach to information theory which 
is aimed specifically at the analysis of certain communication problems 
in which there exist a number of sources simultaneously in operation.

and

Another more general problem is tha t of a communication system con­
sisting of a large number of transm itting and receiving points with 
some type of interconnecting network between the various points. The 
problem here is to  formulate the best system design whereby, in some 
sense, the best overall use of the available facilities is made.

It is not hard to see tha t Shannon was at tempting to solve now-well-known 

network coding capacity problems.

Certainly, we do not claim that all the ideas in this work are our own. For 

example, as we pointed out previously, the notions of inform ation elements and 

information lattices were proposed in the 1950s by Shannon [1]. However, this 

work of Shannon’s is not widely known, perhaps owing to the abst ruseness of the 

ideas. Formalizing these ideas and connecting them  to current research is one of 

the prim ary goals of this work. For all other results and ideas tha t have been 

previously published, we separate t hem from those of our own by giving detailed 

references to their original sources. ,

2 .2 .4  O rganization

The chapter is organized as follows. In Section 2.3, we introduce a “being-

richcr-than” partial order between information elements and study the information 

lattices induced by this partial order. In Section 2.4, we formally establish isomor­

phisms between information lattices and subgroup lattices. Section 2.5 is devoted 

to the quantitative aspects of information lattices. We show th a t the entropy 

structure of information lattices can be approximated by the log-index structure
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of their corresponding subgroup lattices. As a consequence of this approximation 

result, in Section 2.6. we show tha t any continuous law holds for the entropies of 

common and joint inform ation if and only if the same law holds for the log-indices 

of subgroups. As an application of this result, we show a result, which is rather 

surprising, that, unlike joint information neither the submodularity nor the super- 

rnodularity law holds for common information in general. We conclude the chapter 

w ith a discussion in Section 2.7.

2.3 In fo rm a tio n  L a ttic e s
2.3.1 “B e in g -r ic h e r - th a n ” P a r t ia l  O rd e r

Recall th a t every information element can be identified with its corresponding

sample-space-partition. Consider two sample-space-partitions II and II'. We say

th a t II is finer than IT, or II' is coarser than II, if each part of IT is contained in

some part of II'.

D e fin itio n  2.3 .1 . For two information elements m \ a n d  rn2, we say that, m \ is 

richer than  m2, or rrw is poorer than m 2, i f  the sample-space-partition o f rrq is 

finer than that of m 2. In  this case, we write m ( > m2.

It is easy to verify tha t the above defined “being-richer-than" relation is a 

partial order.

We have the following immediate observations:

P ro p o s i t io n  2 .3 .2 . mi > m 2 i f  and only i f  II(rnfirni) = 0.

As a corollary to the above proposition, we have

P ro p o s i t io n  2 .3 .3 . I f  rni > rn2, then / /(m ,)  > H(rn2)-

The converse of Proposition 2.3.3 does not hold in general.

W ith respect to representative random variables of information elements, we

have
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P rop osition  2 .3 .4 . Suppose random variables X i and X 2 represent information 

elements m \ and m 2 respectively. Then, rrii > m> i f  and only i f  Xo = f { X  1) for  

some function f .

A similar result to Proposition 2.3.4 was previously observed by Renyi [8] as

well.

The “being-richer-than” relation is very im portant to information theory, be­

cause it characterizes a universal information-theoretic constraint put on all de­

terministic coders (decoders) the input information element of any coder is al­

ways richer than the output information element. For example, partially via this 

principle, Yan et al. recently characterized the capacity region of general acyclic 

multi-source, multi-sink networks [9]. Harvey et, al. [10] obt ained an improved com­

putable outer bound for general network coding capacity regions by applying this 

same principle under a different, name called information dominance ■ - the authors 

of the paper st ated: “...information dominance plays a key role in our investigation 

of network capacity.”

2.3.2 In form ation  L attices

Recall that a lattice is a set endowed with a partial order in which any two 

elements have a unique supremum and a unique infimuin with respect to the partial 

order. Conventionally, the supremum of two lattice elements x  and y  is also called 

the jo in  of x  and y\ the infimum is also called the meet. In our case, with respect to 

the “being-richer-than” partial order, the supremum of two information elements 

m 1 and rn2, denoted m  1 V m 2, is the poorest among all the information elements 

that are richer than both in 1 and m 2. Conversely, the infimum of iri\ and ni2, 

denoted mj A m o ,  is the richest among all the information elements tha t are poorer 

than both mi and m>. In the following, we also use m 12 to denote the join of m 1 

and m 2, and m 12 the meet.
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D e fin itio n  2 .3 .5 . A n  information lattice is a set o f information elements that is 

closed under the jo in  V and meet, A operations.

Recall the one-to-one correspondence between information elements and 

sample-space-partitions. Consequently, each information lattice corresponds to 

a partition lattice (with respect to the “being-finer-than" partial order on parti­

tions), and vice versa. This formally confirms the assertions made in [1]: “they 

(information lattices) are at least as general as the class of finite partition lattices."

Since the collection of information lattices could be as general as th a t of par­

tition lattices, we should not expect any special lattice properties to hold generally 

for all information lattices, because it is well-known that any finite lattice can be 

embedded in a finite partition lattice [11]. Therefore', it is not surprising to learn 

tha t information lattices are in general not distributive, not even modular.

2 .3 .3  J o in t  In fo rm a tio n  E lem en t

The jo in  of t wo information elements is straight forward. Consider two infor­

mation elements mi and m 2 represented respectively by two random variables X \  

and A’2 . It is easy to  check tha t the joint random variable (AV A 2 ) represents 

the join m 12. For this reason, we also call m 12 (or rn 1 V m 2 ) the jo in t inform ation  

element of rn\ and nio- It is worth pointing out th a t the joint random variable 

(A2, A i) represents m 12 equally well.

2.3 .4  C o m m o n  In fo rm a tio n  E le m e n t

In [1 ], the meet of two information elements is called common information. 

More than twenties years later, the same notion of common information was in­

dependently proposed and first studied in detail by Gacs and Korner [12]. For 

the first time, it was dem onstrated tha t common information could be far less 

than m utual information. ( “M utual inform ation” is rather a misnomer because it
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does not correspond naturally to any information element [12].) Unlike the case of 

joint information elements, characterizing common information element via their 

representing random variables is much more complicated. See [12, 13] for details.

In contrast to the all-familiar joint information, common information receives 

far less attention. Nonetheless, it has been shown to be im portant to cryptog­

raphy [14 17]. indispensable for characterizing of the capacity region of multi­

access channels with correlated sources [18], useful in studying information in­

equalities [19, 20], and relevant to network coding problems [21].

2.3.5 P rev io u sly  S tudied  L attices in  Inform ation  T heory

Historically, at least three other lattices [22 24] have been considered in a t­

tem pts to characterize certain ordering relations between information elements. 

Two of them, studied respectively in [22] and [24], are subsumed by the informa­

tion lattices considered in this work.

2.4 Isom orphism s b etw een  Inform ation  L attices and Subgroup L attices

In this section, we discuss the qualitative aspects of the parallelism between 

information lattices generated from sets of information elements and subgroup 

lattices generated from sets of subgroups. In particularly, we establish isomorphism 

relations between them.

2.4.1 In form ation  L attices G enerated  by Inform ation  E lem ent S ets

It is easy to verify that- both the binary operations “V” and “A" are associative 

and commutative. Thus, we can readily extend them  to  cases of more than  two 

information elements. Accordingly, for a given set {/r?, : i € [n]} of information 

elements, we denote the joint information element of the subset {m ; : i G a}, 

a  C [n], of information elements by rna and the common information element, by 

rna.
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D efin ition  2.4.1. Given a set M  =  {m, : i G [n]| of information elements, the 

information lattice generated by M , denoted Lm,- is the smallest information lattice 

that contains M . We call M  a generating set of the lattice Lm-

i t  is easy to see tha t each inform ation element in LM can be obtained from 

the information elements in the generating set M  via a sequence of join and meet 

operations. Note th a t the set {m a : a- C [n]} of information elements forms a meet 

semi-lattice and the set {m 13 : 3  C [■/■/,]} forms a join semi-lattice. However, the 

union {m a. nd3 : a . fi C [n]} of these two semi-lattices does not necessarily form 

a lattice. To see this, consider the following example constructed with partitions 

(since partitions are in one-to-one correspondence with information elements). Let, 

{?q : i =  [4]} be a collection of partitions on the set {1 ,2 ,3 ,4}  where =  

121314, 7t2 =  14|2|3, tt3 =  23|1|4, and tt4 =  34|1|2. See Figure 1 for the Hasse 

diagram of the lattice generated by the collection {tt, : t =  [4]}. It is easy to see 

(tt, V tt2) A(7T:3 V7T4) =  124|3 A234|1 =  24|1|3, but 24|1|3 {tt0 , tt^ : n .3  G [4]}.

Similarly, we have (ttj V n:i) A(tt2 V tt4) =  13|2|4 ^  {tt(v, tt11 : a ,  3 G [4]}.

m m

( 123J4 ) ( I24|3 ) C134[2 ) ( 234[1 1

Figure 1. Lattice generated bv {,t; : i — [4]}
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2.4 .2  S u b g ro u p  L a ttic e s

Consider the binary operations on subgroups intersection and union. We 

know th a t the intersection G] flGb of two subgroups is again a subgroup. However, 

the union Gj U 6 b does not necessarily form a subgroup. Therefore, we consider 

the subgroup generated from the union G'i U Gb, denoted G 12 (or Gj V 6 2 ). Sim­

ilar to the case of information elements, the intersection and “V” operations on 

subgroups are both associative and commutative. Therefore, we readily extend 

the two operations to the cases with more than two subgroups and. accordingly, 

denote the intersection n jg[(1,iG, of a set of subgroups (G,; : i €  [n]} by G[n] and the 

subgroup generated from the union by G inl  It is easy to verify th a t the subgroups 

G[n] and G 1"' are the infimum and the supremum of the set {G( : i € [n]} with 

respect to the “being-a-subgroup-of” partial order. For notation consistency, we 

also use “A” to denote the intersection operation.

Note that, to keep the notation simple, we "overload” the symbols "V” and 

“A” for both the join and the meet operations with information elements and the 

intersection and the "union-generating” operations with subgroups. Their actual 

meaning should be clear within context.

D e fin itio n  2.4 .2 . A subgroup lattice is a set o f subgroups that is closed under the 

A and V operations.

For example, the set of all the subgroups of a group forms a lattice.

Similar to the case of information lattices generated by sets of information 

elements, we consider in the following subgroup lattices generated by a set o f sub­

groups.

D e fin itio n  2.4 .3 . Gvi ■< n a set G  =  {Gj : i G [n]} of subgroups, the subgroup 

lattice generated by G , denoted LG, is the smallest lattices that contains G . We 

call G  a generating set of Lg-
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Note tha t the set {G n : a  C [n]} forms a scmilattice under the meet A 

operation and the set {G 3  : ,8  C [n]} forms a semilattice under the join V operation. 

However, as in the ease of information lattices, the union {G a , G 3  : a , 8  C [n]} of 

the two semilattices does not necessarily form a lattice.

In the remainder of this section, we relate information lattices generated by 

sets of information elements and subgroup lattices generated by collections of sub­

groups and dem onstrate isomorphism relations between them. For ease of presen­

tation. as a special case we first introduce an isomorphism between information 

lattices generated by sets of eoset-partition information elements and their corre­

sponding subgroup lattices.

2.4 .3  Special Isom orphism  T heorem

We endow the sample space with a group structure the sample space in ques­

tion is taken to be a group G. For any subgroup of G. by Lagarange’s theorem [25],

the collection of its cosets forms a partition of G. Certainly, the coset-parfition, 

as a sample-space-partition. uniquely defines an information element. A collec­

tion G  =  {G t : i 6  [n]} of subgroups of G. in the same spirit, identifies a set, 

M  =  {rn, : i 6  [n]} of information elements via this subgroup coset-partition 

correspondence.

Remark: throughout the chapter, groups are taken to be multiplicative, and 

cosets are taken to be right cosets.

It is clear that, by our construction, the information elements in M  and the 

subgroups in G  are in one-to-one correspondence via the subgroup coset-partition 

relation. It turns out tha t the information elements on the entire information 

lattice Lm and the subgroups on the subgroup lattice Lg are in one-to-one corre­

spondence as well via the same subgroup coset-partition relation. In other words, 

both the join and meet operations on information lattices are faithfully “mirrored”
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by the join and meet operations on subgroup lattices.

T h e o re m  2.4 .4 . (Special Isomorphism Theorem) Given a set G =  {(7, : /' G [rt]} 

of subgroups, the subgroup lattice LG is isomorphic to the information lattice Lm

generated by the set M  =  {m, : i G [//]} of information elements, where' uq, i G [n], 

a/re accordingly identified via the cosct-purtitions o f the subgroups Gt , i G [«].

The theorem is shown by dem onstrating a mapping, from the subgroup lattice 

Lq to the information lattice LM, such tha t it is a lattice-morphism. i.e., it honors 

both join and meet operations, and is bijective as well. Naturally, the mapping 

d> : Lg —► Lm assigning to each subgroup G, G LG the information element 

identified by the coset-partition of the subgroup G, is such a morphism. Since this 

theorem and its general version, Theorem 2.4.7, are crucial to our later results— 

Theorems 2.5.4 and 2.6.17 -and certain aspects of the reasoning arc novel, we 

include a detailed proof for it in Appendix 2.8.1.

2.4 .4  G eneral Isom orphism  T heorem

The information lattices considered in Section 2.4.3 are rather limited -by 

Lagrange’s theorem, coset-partitions are all equal partitions. In this subsection, 

we consider arbitrary information lattices we do not. require the sample space to 

be a group. Instead, we trea t a general sample-space-partition as an orbit-partition 

resulting from some group-action on the sample space.

G roup-A ctions and P erm u ta tion  G roups

D efin ition  2 .4 .5 . Given a group G and a set, A. a group-action of G on A is a

function  (g ,a ) g{a), g G G, a G A. that satisfies the following two conditions:

• (Ui9 2 )(a) =  (y \(d ii1-1)) fo r  all g i,g -2 € G and a € .4;

•  e(a) = a fo r  all a G A, where e is the identity of G.
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Wo write (G, .4) to denote the group-action.

Now, we tu rn  to the notions of orbits and orbit-partitions. We shall see that 

every group-action (G, A) induces unambiguously an equivalence relation as fol­

lows. We say that eg and ,r2 are connected under a group-action (G, 4 )  if there 

exists a g €  G such that eg =  g( x i). We write eg ~  x2. It is easy to check that this 

“being-connected” relation ~  is an equivalence relation on A. By the fundamental 

theorem of equivalence relations, it defines a partition on A.

D efin itio n  2 .4 .6 . Gwen a group-action (G, .4), we call the equivalence classes 

with respect to the equivalence relation or the parts o f the induced partition of 

A. the orbits o f the group-action. Accordingly, we call the. induced partition the 

orbit-partition of (G, A) .

S am p le-S p ace-P artition  as O rb it-P artition

In fact., starting with a partition II of a set A, we can go in the other direction 

and unambiguously define a group action (G, A) such that the orbit-partition of 

(G. A) is exactly the given partition II. To see this, note the following salient 

feature of group-actions: For any given group-action (G. /I), associated with every 

element g in the group is a mapping from A to it self and any such mappings must 

bo bijcctive. This feature is the direct consequence of the group axioms. To see 

this, note tha t every group clement g  has a unique inverse g ~K  According to the 

first delining property of group-actions, we have (f/c/_ 1)(x) =  g (</_1(ar)) =  e(x) — x  

for all x  €  A.  This requires tha t the mappings associated with g  and g ~ l to be 

invertible. Clearly, the identity e of the group corresponds to the identity map 

from A  to A.

W ith the observation that under group-action (G, A) every group element 

corresponds to a perm utation of A, we can trea t every group as a collection of 

perm utations th a t is closed under perm utation composition. Specifically, for a
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given partition II of a set A, it is easy to check that all the perm utations of A  

tha t perm ute the elements of the parts of II only to the elements of the same 

parts form a group. These perm utations altogether form the so-called permutation  

representation of G (with respect to  A).  For this reason in the following, w ithout 

loss of generality, we trea t all groups as perm utation groups. We denote by Gn the 

perm utation group corresponding as above to a partition I I —Gn acts naturally on 

the set A by perm utation, and the orbit partition of (Gn, A)  is exactly II.

From group theory, we know that this orbit-partition permuta tiou-group- 

action relation is a one-to-one correspondence. Since every information element 

corresponds definitively to a sample-space-partition, we can ident ify every infor­

mation element, by a perm utation group. Given a set, M  =  {/?;, : i €  [n]} of 

information elements, denote the set of the corresponding perm utation groups by 

G =  {G; : i €  [n]}. Note that all the perm utations in the perm utation groups G,;, 

i G [/;], are perm utations of the same set, namely the sample space. Hence, all the 

perm utation groups Gj, i G [n], are subgroups of the symmetric group ,S'|S2|, which 

has order 2*U|. Therefore, it makes sense to take intersection and union of groups 

from the collection G.

From  C oset-P a rtitio n  to  O rb it-P artition — From  Equal P a rtitio n  to  G en­
eral P artition

In fact, the previously studied coset-partitions are a special kind of orbit- 

partitions. They are orbit-partitions of group-actions defined by the native group 

multiplication. Specifically, given a subgroup G\ of G, a group-action (G i, G) is 

defined such tha t (j\(a) = cp o a for all g\ G G\ and a G G, where “o" denotes the 

native binary operation of the group G. The orbit-partition of such a group-action 

is exactly the coset-partition of the subgroup G t . Therefore, by taking a different 

kind of group-action perm utation rather than group multiplication we are freed
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from the “cqual-partition” restriction so tha t we can correspond arbitrary  infor­

m ation elements identified with arb itrary  sample-space-partitions to  subgroups. It 

turns out information lattices generated by sets of information elements and sub­

group lattices generated by the corresponding sets of perm utation groups remain 

isomorphic to each other. Thus, the isomorphism relation between information 

lattices and subgroup lattices holds in full generality.

Isom orph ism  R ela tion  R em ains B etw een  Inform ation  L attices and Sub­
group L attices

Similar to Section 2.4.3, we consider a set M  =  {/«,, i G [r?]} of information 

element. Unlike in Section 2.4.3, the information elements n/h i  G [tt] considered 

here are arbitrary. As we discussed in the above, with each inform ation element, rn, 

we associate a perm utation group (7, according to the orbit-partition perm utatiou- 

group-action correspondence. Denote the set of corresponding perm utation groups 

by G  =  {<7, i G [n]}.

T h e o re m  2.4 .7 . (General Isomorphism Theorem) The inform ation lattice Lm is 

isomorphic to the subgroup lattice Lg ■

The arguments for Theorem 2.4.7 are similar to those for Theorem 2.4.4 we 

dem onstrate tha t the orbit-partition - perm utation-group-action correspondence is 

a lattice isomorphism between Lm arid Lg -

2.5 A n  A pproxim ation  T heorem

From this section on, we shift our focus to the quantitative aspects of the 

parallelism between information lattices and subgroup lattices. In the previous 

section, by generalizing from coset-partitions to orbit-partitions, we successfully 

established an isomorphism between general information lattices and subgroup 

lattices. In this section, we shall see th a t not only is the qualitative structure pre­
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served, but also the quantitative structure the entropy structure of information 

lattices is essentially captured by their isomorphic subgroup lattices.

2.5.1 E ntropies o f  C oset-p artition  Inform ation  E lem en ts

We start with a simple and straightforward observation for the entropies of 

coset-partition information elements on information lattices.

P rop osition  2.5 .1 . Let {G, : i G [n]} be a set o f subgroups o f group G and 

{rrii : i €  [n]} be the set o f corresponding coset-partition information elements. 

The entropies o f the jo in t and common information elements on the information 

lattice, generated from  {m (- : i G [n]}, can be calculated from  the subgroup-lattice. 

generated from {G l : i G [n]} . as follows

Proposition 2.5.1 follows easily from the isomorphism relation established by 

Theorem 2.4.7.

Note tha t the right hand sides of both Equation (1) and (2) are the logarithms 

of the indices of subgroups. In the following, we shall call them, in short, log-

indices.

Proposition 2.5.1 establishes a quantitative relation between the entropies of 

the information elements on coset-partition information lattices and the log-indices 

of the subgroups on the isomorphic' subgroup lattices. This quantitative relation is 

exact. However, the scope of Proposition 2.5.1 is rather restrictive it applies only 

to  certain special kind of “uniform” information elements, because, by Lagrange’s 

theorem, all coset-partitions are equal partitions.

( 1)

OXld

h(rii\ni) =  log
G

(2 )
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In Section 2.4, by generalizing from coset-partitions to orbit-partitions wc 

successfully removed the “uniformness” restriction imposed by the coset-partition 

structure. At the same time, we established a new isomorphism relation, 

namely orbit-partition perm utation-group-action correspondence, between infor­

mation lattices and subgroup lattices. It turns out th a t this generalization 

maintains an “rough” version of the quantitative relation established in Proposi­

tion 2.5.1 between the entropies of information lattices and the log-indices of their 

isomorphic permutation-subgroup lattices. As we shall see in the next section, 

the entropies of the information elements on information lattices can be approxi­

mated, up to arbitrary  precision, by the log-indices of the perm utation groups on 

their isomorphic subgroup lattices.

2 .5 .2  S u b g ro u p  A p p ro x im a tio n  T h e o re m

To discuss the approxim ation formally, we introduce two definitions as follows.

D efin itio n  2 .5 .2 . Given an infonnal.ion lattice Lm generated from  a set M  =  

{in,, i £  [n]} of information elements, we call the real vector

whose components are the entropies o f the information elements on the informa­

tion lattice Lm generated by M , listed according to a certain prescribed order, the 

entropy vector of Lm. denoted /i(Lm )-

The entropy vector / i ( L m )  captures the informational structure among the 

information elements of M .

D efin itio n  2 .5 .3 . Given a subgroup lattice Lg generated from- a set G  =  {O'*, i £ 

[r;]} of subgroups o f a group G. we cull the real vector

(H(rn) : rn £ LM),
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'whose components are the normalized log-indices of the subgroups on the subgroup 

lattice Lg generated by G , listed according to a certain prescribed order, the nor­

malized log-index vector of Lg. denoted l(Ig ) -

In the following, we assume tha t / ( L g )  and / ( ( L m )  are accordingly aligned.

T heorem  2.5 .4 . Lei M  =  {in,, i E [n]} be a set o f information elements. For any 

e > 0 there exists an N  > 0 and a set G A =  {G t : i  E [n]} of subgroups o f the 

symmetry group of order 2 A such that

||/i(Lm ) - / ( L g*)|| < c . (3)

where “||- ||” denotes the norm o f real vectors.

Theorem 2.5.4 subsumes the approximation carried out by Chan and Yeung 

in [2 ], which is limited to joint entropies. The approximation procedure we carried 

out to prove Theorem 2.5.4 is similar to tha t of Chan and Yeung [2] both use 

Stirling’s approxim ation formula for factorials. But. with the group-action relation 

between inform ation elements and perm utation groups being exposed, and the 

isomorphism between information lattices and subgroup lattices being revealed, 

the approxim ation procedure becomes transparent and the seemingly surprising 

connection between information theory and group theory becomes m athematically 

natural. For these reasons, we included a detailed proof in Appendix 2.8.2.

2.6 P arallelism  b etw een  C ontinuous Laws o f Inform ation  E lem ents and  
th o se  o f  Subgroups

As a consequence of Theorem 2.5.4, we shall sec in the following th a t if a 

continuous law holds in general for information elements, then the same law must 

hold for the log-indices of subgroups, and vice versa.

In the following, for reference and comparison purposes, we first review the 

known laws concerning the entropies of joint and common information elements.
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These laws, usually expressed in the form of information inequalities, are deemed 

to be fundamental to information theory [26].

2.6.1 Laws for Inform ation  E lem en ts  
N o n -N eg a tiv ity  o f  Entropy

P rop osition  2 .6 .1 . For any information element rn, we have H(m)  > 0.

Laws for Jo in t Inform ation

P ro p o s i t io n  2 .6 .2 . Given a set {m.i: i €  [n]} of information elements, i f  a  C ft, 

a ,  ft C [n], then I I (m a) <  I I (m M.

P rop osition  2 .6 .3 . For any two sets o f information elements {m, : i G a}  and 

{fflj : j  G ,$}. the following inequality holds:

I lin e ')  +  II {rn-3) > Uiyn" ;i +  II(m anp).

This proposition is mathematically equivalent to the following one.

P rop osition  2 .6 .4 . For• any three information elements n%\, m2, and rn3, the 

following inequality holds:

H ( m 12) +  H ( m JS) > H ( m l2A) +

Note tha t H(rrft) — H ftn ft.

Proposition 2.6.3 (or equivalently 2.6.4) is usually called the submodularity 

law for entropy function. Proposition 2.6.1, 2.6.2, and 2.6.3 are known, collectively, 

as the -polymatroidal axioms [27, 28]. Up until very recently, these are the only 

known laws for entropies of joint information elements.

In 1998, Zhang and Yeung discovered a new information inequality, involving 

four information elements [28].
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P rop osition  2 .6 .5 . (Zhang-Yeung Inequality) For any four information elements 

r n i  = 1 .2 .3 , and 4. the following inequality holds:

37 /(m 13) +  3 // (m 14) +  7 /(m 23) +  II  (m 21) +  3 //(m 34)

> / / (m 1) +  2 //(m 3) +  2/7 (m4) (4)

+  77(m12) +  III (///131} +  II(rn234).

This newly discovered inequality, classified as a non-Shannon type information  

inequality [26]. proved tha t our understanding on laws governing the quantitative 

relations between information elements is incomplete. Recently, six more new 

four-variable information inequalities were discovered by Dougherty et al. [29].

Information inequalities such as those presented above were called "laws of 

information” [26. 30]. Seeking new inform ation inequalities is currently an active 

research topic [19, 28, 31, 32]. In fact, they should be more accurately called “laws 

of joint inform ation” , since these inequalities involves only joint inform ation only. 

We shall see below laws involving common information.

C om m on Inform ation  v .s. M u tu a l Inform ation

In contrast to joint information, little research has been done to laws involv­

ing common information. So far, the  only known non-trivial law involving both 

joint information and common inform ation is stated  in the following proposition, 

discovered by Gacs and Korner [1 2 ],

P ro p o s i t io n  2 .6 .6 . For any two information element ni\ and rn2; the following

inequality holds:

II [ m  ) <  I f m y - . n w )  =  H { m l ) 4-  H  (rn2) —  H ( r n u ).

Note tha t m 1 =  up and m 2 = m,2 -
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Law s fo r C o m m o n  In fo rm a tio n

Dual to the non-decreasing property of joint information, it is immediately 

clear tha t entropies of common information are non-increasing.

P ro p o s i t io n  2 .6 .7 . Given a set {rn, . i  G [n]} of information elements, i f  a  C )3 

a, 8  C [n] , then If(rna) > Illjriy).

Comparing to the case of joint information, one may naturally  expect, as a 

dual counterpart of the submodularity law of joint information, a superm odular­

ity law to hold for common information. In other words, we have the following 

conjecture.

C o n je c tu re  2 .6 .8 . For any three information elements m i; m-2 , and, m :i, the 

following inequality holds:

JI{rnV2) +  I I ( m 2 3 ) <  II{m vl3 ) +  I I {m2). (5)

We see this conjecture as natu ra l because of the intrinsic duality between the 

join and meet operations of information lattices. Due to the combinatorial nature 

of common information [12], it is not obvious whether the conjecture holds. W ith 

the help of our approximation results established in Theorem 2.5.4 and 2.6.17. we 

find, surprisingly, tha t neither the conjecture nor its converse holds. In other words, 

common information observes neither the submodularity nor the superm odularitv 

law.

2 .6 . 2  C o n tin u o u s  Law s for J o in t  a n d  C o m m o n  In fo rm a tio n

As a consequence of Theorem 2.5.4, wc shall see in the following tha t if a 

continuous law holds for information elements, then the same law must hold for 

the log-indices of subgroups, and vice versa. To convey this idea, we first present 

the simpler case involving only joint and common information elements. To state 

our result formally, we first introduce two definitions.
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D efin itio n  2.6 .9 . Given a set M  =  {w,- : i G [r?]} of information elements, 

consider the collection M. =  : a . / i  C [n]} o f jo in  and meet information

elements generated from  M . We call the real vector

( l l i m  '). I f  (ms) '■ 0 , 6  C [n],o, 9  (l>j .

whose components are the entropies o f the inforrnation elements o f M .. the entropy 

vector of M ., denoted, by /(» .

D e fin itio n  2 .6 .10. Given a set G =  {Cf : i € [//]} of subgroups o f a group G, 

consider the set Q =  {G a , (713 : o. ji C [;/,]} o f the subgroups generated from  G . We 

call the real vector

i î (log |!>|'log m : 13 ̂ cl>) ’

whose components are the normalized log-indices o f the subgroups in  M ., the nor­

malized log-indcx vector of Q, denoted by lg.

In this context, we assume tha t the components of both  lg and /pvt are listed 

according to  a common fixed order. Moreover, we note th a t both  the vectors i 

and lg have dimension 2n+1 — n — 2 .

T heorem  2 .6 .11. Let f  : E 2" ’1- " -2 —> M be a continuous function. Then. 

/(h.vf) >  0 holds fo r  all sets M  of n information elements i f  and only i f  f ( lg)  > 0 

holds for all sets G  of n subgroups of any group.

Theorem 2.6.11 is a special case of Theorem 2.6.17.

Theorem 2.6.11 and its generalization Theorem 2.6.17 extend the result ob­

tained by Chan and Yeung in [2 ] in the following two ways. First. Theorem 2.6.11 

and 2.6.17 apply to  all continuous laws, while only linear laws were considered 

in [2], Even though so far we have not yet encountered any nonlinear law for
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entropies, it is highly plausible that nonlinear information laws may exist given 

the recent discovery th a t at least certain part of the boundary of the entropy 

cones involving a t least four information elements are curved [33]. Second, our 

theorems encompass both common information and joint information, while only 

joint entropies were considered in [2], For example, laws such as Propositions 2.6.6 

and 2.6.7 cannot even be expressed in the setting of [2]. In fact, as we shall see 

later in Section 2.6.4, the laws of common information depart from those of joint 

information very early unlike joint information, which obeys the subm odular­

ity law, common information adm its neither submodularity nor supermodularity. 

For these reasons, we believe th a t our extending the subgroup approximation to 

common information is of interest in its own right.

2 .6 .3  C o n tin u o u s  Law s fo r G e n e ra l L a ttic e  In fo rm a tio n  E lem en ts

In this section, we extend Theorem 2.6.11 to all the information elements 

in information lattices, not limited to the "pure” joint and common information 

elements. In the following, we introduce some necessary machinery to  formally 

present the result, in full generality.

Note tha t an element from the lattice generated from a set X  has its expression 

built from the generating elements of t he lattice in the similar way th a t terms are 

built from literals in m athem atical logic. In particular, we define lattice-terms as 

follows:

D efin itio n  2 .6 .12 . A n expression E  is called a lattice-term  formed from  a set X 

o f literals i f  either E  is a literal from  X or E  is formed from  two lattice-terms with 

either the join or the meet symbols: E  =  x  OP y, where x  and y are lattice-terms

and OP is either the jo in  symbol V or the meet symbol A.

D efin itio n  2 .6 .13 . Suppose that Et , % 6  [k], are lattice-terrns generated from  a
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literal set o f size n: X =  {xj, • • • ; x„}. We call an expression of the form

f[lh.E> ! . • •• .  I I Up )).

where f  represents a function from  R fc to R and I f  represents the entropy function, 

an n-variable generalized information expression.

We evaluate an n-variable generalized information expression

f ( H ( E i ) ,  ■ ■ ■ . H(Ekj )  against a set M = {rnt : i G [n]} of information ele­

ments by substituting x % w ith to* respectively, calculating the entropy of the 

information elements obtained by evaluating the lattice-term s E., according to 

t he semantics of the join and meet operations on information elements, and then 

obtaining the corresponding function value. We denote this value by

/ ( / / ( / •  , :. • • - . //,/•., ;) L,.

D efin ition  2 .6 .14 . I f  an n-variable generalized information expression

f { l I { E i) , --  - , I I (Ek))  is evaluated non-negatively fo r  any set o f n information

elements, i.e.,

/ ( / / ( £ ; , ) , • • •  , I I ( Eh))  |M > 0 ,  fo r  all M.

then we call

./■(//(/;■;),••• . / / i / u d )  > 0  

an n-variable information law.

Similar to  generalized information expressions, we define generalized log-mdex 

expression as follows.

D efin ition  2 .6 .15 . we call an expression o f the form

/ ( / . ( / p i .

where f  represents a function from  R* to R  and L represents the normalized log­

in dex function o f subgroups, an n-variable generalized log-index expression.
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We evaluate an n-variable generalized log-indcx expression 

f ( L ( E i ) ,  • • • . L{Ek)) against a set G  =  {G,  : i G [n]} of subgroups of a 

group G by substituting xy with G 1 respectively, calculating the log-index of 

the subgroups obtained by evaluating the lattice-term s E, according to  the 

semantics of the join and meet operations on subgroups, and then obtaining the 

corresponding function value. We denote this value by

/(/ , (£,),■■■ - L ( Ek))\c .

D e fin itio n  2 .6 .16 . I f  an n-variable generalized log-index expression 

/ ( / / ( E i ) ,  ■ • • , H(Ek) )  is evaluated non-negatively for any set of n subgroups 

of any group, i.e.,

/(/ , ; /•: ;}.••• . / a /■:,)) ;G > 0 . for all G ;

them we call

> 0

an ’n-variable subgroup log-index law.

W ith the above formalism and corresponding notations, we are ready to  sta te  

our equivalence result concerning the generalized information laws.

T heorem  2 .6 .17 . Suppose that f  is continuous. Then an n-variable information  

law

./'(//( E, ! . • • • .  / / iE, .)) >U 

holds i f  and only i f  the corresponding n-variable subgroup log-index law

/ ( / . ( / / , ) . • • • . / . ( / ’•,)) > 0

holds.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. To sec one direction, namely tha t f ( L ( E  1). • • • , L( Ekj )>  0 implies that 

/ ( / / ( E i ) ,  • • • , / / (Efc))> 0, assume th a t there exists a set M  of information ele­

ments such tha t / ( / / ( E i ) ,  ■ • • , //(E ^ )) | =  a for some a < 0. By the continuity

of the function /  and Theorem 2.5.4, we are guaranteed to be able to construct, 

from the information lattice generated from M , some subgroup lattice Lg such 

tha t the value of the function /  at the normalized log-indices of the correspond­

ingly constructed subgroups is arbitrarily  close to a < 0. This contradicts the 

assumption tha t f ( L ( E \ ) ,  ■ ■ ■ , L(E*)) |G > 0 holds for all sets G of n subgroups 

of any group.

On the other hand, for any normalized log-indices of the subgroups 

from subgroup lattices, it can be readily interpreted as the entropies of in­

formation elements by taking perm utation representation for the subgroups 

on the subgroup lattice and then producing an information lattice, accord­

ing to the orbit-partition-perm utation-group-action correspondence. There­

fore, that / ( / / ( E i ) ,  • • • , H ( E k)) \M >  0 holds for all sets M  implies tha t 

/(/.(/•.', ),•■■, / . ( / a! )  |G> 0 holds for all sets G. □

2.6 .4  C o m m o n  In fo rm a tio n  O b se rv es  N e ith e r  S u b m o d u la r ity  N o r S u­
p e rm o d u la r i ty  Law s

As discussed in the above, appealing to the duality between the join and 

the meet operations, one might conjecture, dual to the well-known submodularity 

of joint information, tha t common information would observe the superm odularity 

law. It turns out tha t common inform ation observes neither the submodularity (6 ) 

nor the superm odularity (7) law neither of the following two inequalities holds 

in general:
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/?(rri12) +  h,(rn2z) > hirn 123) +  h(m 2) (6 )

/t(m 12) +  h(rn2 3 ) < h (m V22) +  /?(m2). (7)

Because common information is combinatorial in flavor—it depends on the 

"zero pattern" of joint probability matrices [1 2 ] it is hard to  directly verify the 

validity of (6 ) and (7). However, thanks to Theorem 2.6.17, we are able to  construct 

subgroup counterexamples to invalidate (6 ) and (7) indirectly.

To show tha t (7) fails, it suffices to find three subgroups G i, G2, and G 3 such

tha t

\G\ V G2||G 2 V G3| < |G, V C -2 V G3||G 2|. (8)

Consider G  =  S$. the symmetry group of order 2°, and its subgroups G 1 =  

{(12345)), G '2 =  {(12)(45)}, and G3 =  {(12543)). The subgroup G\ is the perm uta­

tion group generated by perm utation (12345), G 2 by (12)(45), and G3 by (12543). 

(Here, we use the standard  cycle notation to represent perm utations.) Conse­

quently, we have G] V G-> = ((12345), (12)(45)), G-> V G3 =  ((12543), (12)(45)), and 

G \  V G -2 V G3 =  {(12345), (12)(45), (12543)). It is easy to see th a t both  G \  V G2 and 

G '2 V G3 are dihedral groups of order 10 and tha t G\ V G2 V G 3 is the alternative 

group As, hence of order 60. The order of G 2 is 2 . Therefore, we see tha t the 

subgroups Gi, G2, and G3 satisfy (8 ). By Theorem 2.6.17, the supermodularity 

law (7) does not hold in general for common information. (Thank to Professor 

Eric Moor house for contributing this counterexample.)

Similar to the case of supermodularity, the example w ith C 2 =  {e} and G\ = 

G3 =  G, |G| ^  1, invalidates the group version of (6 ). Therefore, according to 

Theorem 2.6.17, the submodularity law (6 ) does not hold in general for common 

information either.
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2.7 D iscu ssio n

This work builds on some of Shannon’s little-recognized legacy and adopts his 

interesting concepts of information elements and information lattices. We formalize 

all these concepts and clarify the relations between random variables and informa­

tion elements, information elements anti cr-algebras, and, especially, the one-to-one 

correspondence between information elements and sample-space-partitions. We 

emphasize th a t such formalization is conceptually significant. As dem onstrated 

in this work, beneficial to the formalization carried out, we are able to  establish 

a comprehensive parallelism between information lattices and subgroup lattices. 

This parallelism is mathem atically natural and adm its intuitive group-action ex­

planations. It; reveals an intimate connection, both  structural and quantitative, 

between information theory and group theory. This suggests tha t group theory 

might serve a promising role as a suitable m athem atical language in studying deep 

laws governing information.

Network information theory in general, and capacity problems for network 

coding specifically, depend crucially on our understanding of intricate structures 

among multiple information elements. By building a bridge from information the­

ory to group theory, we can now access the set of well-developed tools from group 

theory. These tools can be brought to bear on certain formidable problems in ar­

eas such as network information theory and network coding. Along these lines, by 

constructing subgroup counterexamples we show th a t neither the submodularity 

nor the superm odularity law holds for common information, neither of which is 

obvious from traditional information theoretic perspectives.
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2.8 A p p e n d ix
2.8.1 P ro o f  o f  T h e o re m  2.4.4

Proof. To show two lattices are isomorphic, we need to dem onstrate a mapping, 

from one lattice to the other, such tha t it is a latticc-morphism it honors both 

join and meet operations and bijeetive as well. Instead of proving th a t Lg is 

isomorphic to La directly, we show tha t the dual of Lg is isomorphic to Lm- 

Figuratively speaking, the dual of a lattice L is the lattice obtained by flipping L 

upside down. Formally, the dual lattice I f  of a lattice L is the lattice defined on 

the same set with the partial order reversed. Accordingly, the join operation of 

the prime lattice L corresponds to the meet operation for the dual lattice I f  arid 

the meet operation of L to the join operation for L'. In the other words, we show

that La  is isomorphic to  Lm by dem onstrating a. bijeetive mapping 6  : Lg —► L m

such that

4,(0 y C ' )  = 0 (C) A 6 (G'),  (9)

and

(piG A G ') = 0(G’)V 0(G "), (10)

hold for all C, G’ G Lq-

Note th a t each subgroups on the subgroup lattice Lg is obtained from the 

set G  =  {G t : i E [n]} via a sequence of join and meet operations and each 

information element on the information lattice Lm is obtained similarly from the

set M =  {rn, : i G [n]}. Therefore, to show th a t Lq is isomorphic to Lm, according

to the induction principle, it is enough to dem onstrate a bijeetive mapping & such 

that:

• (biGf) =  mi, for all G\ G G and m, G M;

•  For any G, G' G Lg, if <P{G) =  m and 4>(G') =  rn', then

(p{G V G') = rn A rri , a nd  (11)
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o((j  A G') =  m  V rn . (12)

Naturally, we take <p : Lg —*• LM to be the mapping tha t assigns to each 

subgroup G 6  LG the information element identified by the eoset-partition of 

the subgroup G. Thus, the initial step of the induction holds by assumption. 

On the other hand, it is easy to see tha t the mapping © so defined is bijeetive 

simply because different, subgroups always produce different coset-partitions and 

vice versa. Therefore, we are left to show tha t Equation (11) and (12) holds.

We first show th a t 0  satisfies Equation (11). In other words, we show tha t 

the coset-partition of the intersection subgroup G  fi G' is the coarsest among all 

the sample-space-partitions tha t are finer than  both  the coset-partitions of G  and 

O'. To see this, let II be a sample-space-partition that is finer than  both the 

coset-partitions of G  and G' and it be a part of H. Since II is finer than the coset- 

partitions of G,  7r must be contained in some coset C  of G. For the same reason, 7r 

must be contained in some coset C  of G' as well. Consequently, tt C C' fl C  hold. 

Realizing tha t C  fl C  is a coset of G  fl G ', we conclude tha t the coset-partition 

of G PI G' is coarser than II. Since II is chosen arbitrary, this proves tha t the 

coset-partition of the intersection subgroup G D G' is the coarsest among all the 

sample space partitions th a t are finer than both  the coset-partitions of G  and G '. 

Therefore, Equation (1 1 ) holds for <f).

The proof for Equation (12) is more complicated. We use an idea called 

"transitive closure” . Similarly, we need to show tha t the coset-partition of the 

subgroup G V G' generated from the union of G and G' is the finest among all the 

sample-space-partitions th a t are coarser than  both the coset-partitions of G  and 

G '. Let II be a. sample-space-partition th a t is coarser than both the coset-partitions 

of G and G '. Denote the coset partition of the subgroup G V G' by Pi. Let w be 

a part of H. It suffices to show th a t ft is contained in some part, of II. Pick an
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element x  from it. This element x  must belong to some part tt of n . It remains to 

show if C t t . In other words, we need to show th a t y G w for any y ±  x .y  G ttij . 

Note th a t t t  is a part of the coset-partition of the subgroup Gi VG'j. In other 

words, t t  is a coset of G, V G j .  The following reasoning depends on the following 

fact from group theory [25],

P ro p o s i t io n  2 .8 .1 . Two elements cji and g2 belong to a same (right.) coset o f a 

subgroup i f  and only i f  g i g b e l o n g s  to the subgroup.

Since x  and y belong to a same coset n of the subgroup G  V G', we have 

■yx~l G G V G ' .  Note that, any element g from G V G' can be w ritten in the form 

of g =  • • ■ (Ji<bK where G G and bk G C  tor all k G [/\], Suppose

y:r~x =  g =  a i ^a i f o  • • • (Ik ^k - We have

y = ax 6i a2b2 ■ ■ ■ <iKbh .i.

In the following we shall show that y belongs to it by induction on the sequence 

(i\b\ ■ ■ ■ aKbh'.

First, we claim b^x  G f .  To sec this, note tha t x  G t t . Since ( bx x ) x ~ 1 =  bf< G 

G', by Proposition 2.8.1, we know tha t bj<x and x  belong to a same coset C k  of 

G '. By assumption, the partition II is coarser than the coset-partition of G '. the 

coset C K must be contained in it, since it already contains an element x  of Ck-

For the same reason, with G f  showed, we can see that o ^ k X  belongs to 

it as well, because (aKbKx)(bKx ) ~ 1 = c>k G G implies o-i^kX  and 6/<\t belong to a 

same coset of G.

Continuing the above argument inductively on the sequence dibi ■ • • a/cb*-. we 

can finally have cqbi • • • q k^k X €  #. Therefore, we have y  G it. This concludes the 

proof. □
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2.8.2 P ro o f  o f  T h e o re m  2 .5 .4

Proof. The approximation process is decomposed into three steps. The first step is 

to “dilate” the sample space such th a t we can turn  a non-uniform probability space 

into a uniform probability space. The sample space partitions of the information 

elements are accordingly “dilated" as well. After dilating the sample space, depend­

ing on the approximation error tolerance, i.e.. e, we may need to further “amplify 

the sample space. Then, we follow the same procedure as in Section 2.4.4 and 

construct a subgroup lattice using the orbit-partition perm utation-group-action 

correspondence.

We assume the probability measure P  on the sample space are rational. In 

other words, the probabilities of the elementary event p, =  Pr{u;,-}, G il are 

all rational numbers, namely p̂  =  for some /y.f/, G N. This assumption is 

reasonable, because any finite dimensional real vector can be approxim ated, up to 

an arbitrary  precision, by some rational vector.

Let M  be ihe least common multiple of the set {<?,} of denominators. We 

“split" each sample point in il into points. Note that. is integral. We need 

to  accordingly “dilate” the sample space partitions of the inform ation elements. 

Specifically, for each part t t  of the partition of every information element /n,, its 

“dilated” partition  t t '  , in the dilated sample space 0 , contains exactly all the sample 

points that are “split” from the sample points in t t .  The dilated sample space f l  

has size of To m aintain the probability structure, we assign to each

sample point in the dilated sample space Q probability -b . In other words, we 

equip the dilated sample space with a uniform probability measure. It is easy to 

check tha t the entire (quantitative) probability structure remains the same. Thus, 

we can consider all the information elements as if defined on the dilated probability 

space.
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If necessary, depending on the approximation error tolerance c, we may further 

“amplify” the dilated sample space il by K  times by “splitting” each of its sample 

points into to K  points. At the same time, we scale the probability of each sample

of notation, we still use 12 to denote the post-amplification sample space. Similar 

to  the “dilating” process, all the partitions are accordingly amplified.

Before we move to the third step, we compute entropies for information ele­

ments in terms of the cardinality of the parts of its dilated sample space partition. 

Consider an information element rn.t. Denote its pre-dilation sample space part i­

tion by II* =  {/g. j  E [,/]} and its post-amplification sample space partition by 

lb  =  { n \ , j  €  [,/]}. It is easy to see th a t the entropy H(rn.t) can be calculated as

All the entropies of the other information elements, including the joint and common 

information elements, on the entire information lattices can be computed in the 

exactly same way in terms of the cardinalities of the parts of their dilated sample 

space partitions.

In the third step, we follow the same procedure as in Section 2.4.4, and con­

struct, based on the orbit-partition-perm utation-group-action correspondence, a 

subgroup lattice that, isomorphic to the information lattice generated by the set 

of information elements {ng : i E [/;]}. More specifically, the subgroup lattice is 

constructed according to their “post-amplification” sample space partitions.

Suppose, on the constructed subgroup lattice, the perm utation groups Cr, cor­

point in the post-amplification sample space down by K  times to  By abusing

follows:

H h m )  = P r{irj} log P r{tt/}
] £  [ J ]

=  -  J ]  P r{ fr ; '} lo g P r{ ^ } (1.3)
je[J)
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responds to the information element, in,. As in the above, the “post-amplification" 

sample space partition of m, is II, =  {wj. j  E [J]}. Then, the cardinality of the 

perm utation group is simply

K o i = n ^ L
jeJ

According to the isomorphism relation established in Theorem 2.4.7, the above 

calculations remain valid for all the subgroups on the subgroup lattices.

Recall tha t all the groups on the subgroup lattice arc perm utation groups and 

are all subgroups of the symmetry group of order |fi|. So the log-index of G,, 

corresponding to m,;. is
inn k> 11

lo s I r 7  =  lo g f r — a e  (14)1°'! I I ,  A h 1
As we see from Equation (1) and (2) of Proposition 2.5.1, the entropies of 

the coset-partition information elements on information lattices equal exactly the 

log-indices of their subgroups on subgroup lattices. However, for the information 

lattice generated from general information elements, namely information elements 

with non-equal sample space partitions, as we see from Equation (13) and (14). 

the entropies of the information elements on the information lattice docs not equal 

the log-indices of their corresponding perm utation groups on the subgroup lattices 

exactly any more. But, as we can shall see, the entropies of the information ele­

ments are well approximated by the log-indices of their corresponding perm utation 

groups. Recall the following Stirling’s approximation formula for factorials:

log n\ =  n logn — n  +  o(n).  (15)

“Normalizing” the log-index in Equation (14) by a factor A- and then substituting
i I

the factorials with the above Stirling approximation formula, we get

 ̂ log 7“77"t =  —i -  f |0 | log [Q| -  |H| —
|o | Kb! |f t |V  1 1 11

( J ]  I K !  ^ g I K !  -  I K I )  + K K I ) ) .
.>£[■/]
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  locr
01 ° I Q I  | n

Note tha t in the above substitution process, we combined some finite o(|fi|) terms 

“into" one o(|Q |) term.

It is clear tha t Xqe[/i ItH =  |n |,  since {It] : j  E [J]} forms a partition of 0 . 

Therefore, we get

| n | j =  J -( |S 2 | lo g |n | -  £  iGl l o g i y  I 4- „(!!))
MJ]

, / X .= h[ur ■ -i------1— ■
|Q|

So, the difference between the entropy H(rnt) and the normalized log-index of its 

corresponding perm utation subgroup Gt diminishes for it large.

Since both  the entropy vector /im and the log-index vector I g n  are of finite 

dimension, it follows easily

M

with

n  =  mi Mr,

|n| )

ini
o,

q'
oo. by taking K  —> oo.

This concludes the proof. □
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C H A PT E R  3

On th e  E ntropy Function  and th e  In g leton  Inequality

3.1 Sum m ary

We investigate, in Section 3.3. a set of potentially valid 4-variable non- 

Shannon-type information inequalities constructed by adding a t most three condi­

tional mutual information term s to the Ingleton inequality. In particular, we a t­

tem pt to  disprove them by computer-aided searching for counterexamples among 

sets of joint distributions of 4 binary random variables. We find tha t all except 

three of them are invalidated. One direct consequence of this result is tha t none of 

the three extra conditional m utual information term s in the inequality discovered 

by Zhang and Yeung can be dropped for the inequality to remain valid.

Then, we show in Section 3.4 tha t random variables m apped under group 

homoinorphisms from a uniformly distributed background random variable sat isfy 

the Ingleton inequality. As corollaries, we recover two previous known results. 

The first is tha t the network throughput of linear network codes is, in general, 

constrained by the Ingleton Inequality. The second and related result is tha t the 

network throughput of abelian-group network codes -group network codes tha t 

arc restricted to abelian groups—is also constrained by the Ingleton inequality.

Further along the line of questing more general conditions for the Ingleton 

inequality, in Section -3.5 we identify a general group-theoretic condition for the 

Ingleton inequality, subsuming all previously known conditions, including those 

obtained in Sect ion 3.4. Specifically, we show tha t quasi-Hamiltonian groups satisfy 

the Ingleton inequality. Quasi-Hamiltonian groups include as a subclass the well- 

known Hamiltonian groups, which are non-abelian. To our best knowledge, this 

is the first time tha t the Ingleton inequality is found to hold for certain classes of 

non-abelian groups.

48
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3.2 In trodu ction

Ahlswede et al. [ 1 1 first dem onstrated tha t network coding is capable of achiev­

ing better information flow throughput for single-source multicast networks than 

the current practice of storing-and-forwarding. Research interest in network coding 

has flourished in both information theory and networking communities, especially 

after Li et al. [2] showed th a t network codes as simple as linear block codes can 

achieve the maximum multicast throughput promised for general network codes 

in [1 ],

However, the capacity problem for general multi-source, multi-sink networks 

proves to be difficult. So far, besides multicast networks, only the capacity region 

of the special single-source two-sink network has been successfully characterized 

similarly in term s of the maximum-flows (minimum-cuts) from the source to the 

two sinks [3 5]. Various computable or explicit; outer bounds were derived by 

Yeung [6 ], Kramer and Savari [7] and Harvey et al. [8 ]. Recently. Yan et, al. [9] 

obtained an exact but implicit characterization, in terms of the fundamental re­

gions of the entropy function, for the network capacity regions of general acyclic, 

multi-source, multi-sink networks. Notably, this is the first exact characteriza­

tion established for general network capacity regions. However, the fundamental 

regions themselves remain elusive.

Current research on the range of the entropy function focuses on the method of 

information inequalities, linear inequalities of joint entropies. Information inequal­

ities arc referred to  as “laws of information theory” [6 , 10]. For decades, the only 

known laws for the entropy function were the polymatroidal axioms. Information 

inequalities tha t can be written as linear combinations of the instances of the poly- 

m atriodal axioms are called basic or Shannon-type information inequalities these 

laws were essentially established by Shannon in his founding paper [11], It turns
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out tha t for the cases involving four or more variables there exist other laws tha t 

are not the consequence of the polyinatriodal axioms in 1998, Zhang and Yeung 

discovered the first non-Shannon type information inequality [12]. Recently six 

more were found by Dougherty et al. [13]. Various other results on non-Shannon- 

type information inequalities have been reported by Lnenicka [14], Makarychev et 

al. [15], Zhang and Yeung [16]. and Mat us [17].

It is well-known th a t the polym atroidal axioms fully characterize the rank 

function of matroids [18]. The rank function of vector matroids a special class of 

m atroids th a t can be represented with sets of vectors were found to be further 

constrained by the Ingleton inequality [19]. However, it was found th a t the en­

tropy function in general does not respect the Ingleton inequality [12, 20]. W ith 

similar reasoning in establishing the capacity region characterization for general 

multi-source, multi-sink networks [9]. we can argue th a t linear network codes may 

sacrifice certain throughput performance compared with general network codes: 

see the counterexamples constructed by Dougherty et al. [21] and the recent the­

oretical evidence provided by Chan and G rant [22].

3.2.1 T h e  E n tro p y  F u n c tio n

Throughout this chapter, we consider only discrete random  variables over 

finite sample spaces, and all the logarithms for entropies are taken to be base 2  

unless mentioned otherwise.

For a set of random  variables, for example {Yi, X-2 , ..., A'„}, we denote its joint 

entropy by H ( { X \  , X 2, .... V n}). For simplicity, we may write H ( X j, AC,..., A',„) 

instead when no confusion arises. We first introduce our definition for entropy 

functions.

D efin itio n  3 .2 .1 . Let n be a positive integer. The entropy function 7 in is a 

vector-valued function which maps every set il o fn  random variables to a (2 n — 1 )-
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dimensional real vector, denoted ( I I n(u.’\),  • • • . / /(a , ',) . • • • - I I ( u ^ - i ) ) ,  where ce4, i  =  

1 . 2 , • • • , 2 n —1 , are subsets o f it arid are 'indexed according to a certain pre-specified 

order.

We call such a (2" — l)-dimensional real vector an entropy vector. Note th a t our 

definition for entropy functions is slightly different, from what has been proposed 

in the past, such as in [16].

Entropy functions are of central im portance in information theory. It is of 

both theoretical and practical interest to characterize entropy functions, especially 

their ranges, because the boundaries of theirs ranges separate what is possible and 

what is impossible with respect to coding freedom, one of the essential kinds of 

design freedom granted in information theory. Denote the range of 7i n by H n. 

Note th a t H „ lies in R 2"-1 . We call H„ the n-variable entropy range, or simply 

entropy range. Because of the discreteness of the underlying random variables, we 

would expect th a t H „ has “irrational holes" in general. But it has been shown 

in [16] th a t those “irrational holes” arc asymptotically achievable by sequences of 

n-randorn variable sets. Therefore, it is justified, also for the sake of m athem atical 

convenience, to focus on its closure, denoted H „ . It turns out th a t H „ is a pointed 

convex cone, lying in the nonnegative orthant of R 2" - 1  [16]. For this reason, we 

call it the n-variable entropy cone, or simply entropy cone. Since this geometric 

view was first- taken by Zhang and Yeung in 123] and [24], some progress has been 

made towards characterizing H n.

3.2.2 Shannon C ones

Throughout the chapter, we refer to linear combinations of (joint) entropies, 

for example I I { X ) +  I I ( Y)  — I I (X,  V'), as information expressions and associated 

inequalities of the form I I (A”) +  I I ( Y)  — / / ( X.  Y)  > 0 as information inequalities. 

We say th a t an information inequality is valid if it holds for any joint distribution of
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the random variables involved. Because all other types of the Shannon information 

measures, namely mutual information, conditional entropy, and conditional mutual 

information, are all linear combinations of (joint) entropies, to shorten expressions, 

we may write some of the information inequalities encountered later in terms of 

"Shannon information measures.”

Note that a superficially new information inequality can be obtained by per­

muting the variables from an old inequality. For example, from I (A: D\C) >  0, 

we obtain a “new” inequality I ( C: B\ A)  > 0.(Throughout this chapter, we use 

I (A: B\C)  to denote the conditional m utual information between the random vari­

ables A and B  conditioning on C.)  To avoid such trivialities, throughout the 

chapter we refer to the class of all the essentially equivalent information inequali­

ties as one inequality.

In terms of information inequalities, the so-called polymatroidal axioms satis­

fied by entropy functions can be presented as follows:

A xiom  3 .2 .2 . (Polymatroidal Axioms [18])

1. (Non-negative) H( a)  > 0,

2. (Non-decreasing) II(j3) — 11(a) > 0  i f  a  C 0.

3. (Submodular) / / b n  +  11(0) — I I (a  U 0) — f l (n D 3) > 0, 

where a and 3 are sets o f random variables.

Information inequalities that can be expressed as non-negative linear combi­

nations of instances of the above three polymatroidal axioms were classified in the 

textbook [6] as basic or Sha.mion-t.ype information inequalities these laws were 

essentially established by Shannon in his founding paper [11], Altogether, the 

Shannon-type information inequalities involving at, most n  random variables de­
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fine a convex cone in K2" l . We call this cone the Shannon cone, denoted S„. 

Clearly, the Shannon cone S„ is an outer bound for the entropy cone H„.

3.2 .3  Im proving th e  O uter B ou n d  by F inding M ore n on -S lian n on-typ e  
Inform ation  Inequalities

Surprisingly, for decades the foregoing polymatroidal axioms remained as the

only known laws for entropy functions. It remained unknown whether S„ and H n

coincide until Zhang and Yeung discovered in 1998 [12] the first 4-random variable

non-Shannon-type information inequality, an inequality that cannot be expressed

as a non-negative linear combination of Shannon-type inequalities. Consequently,

it is now known that. Sn is strictly larger than H n for n > 4. In the same paper,

it was shown that Ho =  S 2 and H 3 =  S3 (H 3 yf S3 though because of “irrational

holes.")

In e q u a l ity  3 .2 .3 . (Zhang-Yeung Inequality [12]) For any four random variables 

A. B . C . and D. the following inequality holds:

I(C:  D\A)  +  l{Cr. D\ B)  + 1{A\ B) -  1{C: D)
( 16)

+  I  (A; D \C ) +  BA : C\D)  +  I(C: D\A)  > 0 .

Towards characterizing entropy cones H n for n > 4. the 4-variable Zhang- 

Yeung inequality was subsequently generalized to the cases involving arbitrary

n  > 4 random variables [15]. Recently six new non-Shannon-type information 

inequalities were discovered by Dougherty et al. [13] by generalizing Zhang and 

Yeung’s original proof technique' in a significant way. Some other results on non- 

Shannon-typc information inequalities have been reported by Lnenicka [14], Zhang 

and Yeung [16], and M aths [17],

Obviously, by finding more and more non-Sliannon-type inequalities we get 

closer and closer, from the outside, to the boundary of the entropy cone H n, n > 4. 

However, there is a subtle point tha t we should point out: It is not clear whether
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H„. n  > 4, is polyhedral at all, even though, as discussed previously, H 2 and H ;i 

happen to be so. Therefore, theoretically, there is a chance tha t the entropy cone 

Hn, v > 4, may not be fully characterized by a finite set of information inequalities, 

which are linear by definition. It turns out that this is indeed the case—Matus [25] 

recently showed th a t at least some part of the boundary of entropy cone H „, n > 4, 

is curved. Thus, we may eventually need to seek non-linear information inequalities 

to succinctly characterize such entropy cones (even though we have not encountered 

one yet).

3.2 .4  In g leton  C ones

In the quest for a full characterization of H „, the above approach of infor­

mation inequalities is the most popular one so far, and indeed it proved to be 

successful in the cases of n  =  2 and 3. Information inequalities in themselves are 

very im portant, for they ''essentially govern the impossibility in information the­

ory” [6 ]. However, it seems very difficult to find new information inequalities we 

lack systematic tools to find them. To tackle the problem, we may explore from 

the opposite direction, namely, from the "inside” of H„ . Ingleton cones, defined by 

the Ingleton inequality together with Shannon-type inequalities, seem to serve as 

a good starting point,. We denote the Ingleton cone involving n random variables 

bv I„ , n > 4.

Inequality  3.2 .4 . (Ingleton Inequality)

I(C: D\A)  +  J(<7; D\ B)  +  I  (A: B)  -  I(C: D)  > 0, 

where A , B . C, and D denote four random- variables.

The Ingleton inequality holds for rank functions of vector matroids [19], but 

not for entropy functions in general [12, 20, 26]. Conversely, it was shown in [20] 

tha t all the linear inequalities satisfied by entropy functions hold for rank functions
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of vector matroids. Therefore, the sets defined by the linear inequalities satisfied 

by vector rank functions are strictly smaller than  entropy cones, with Ingleton 

cones sandwiched in between. (To our best knowledge, we do not yet have a full 

characterization for rank functions of vector matroids either.)

Since the s ta rt of the quest towards characterizing H n. most work has focused 

on finding new information inequalities, for whenever a. new information inequality 

is established, a  better outer bound is obtained. However, little work has been done 

from the inside of H„. in  the next, section, we try  to approach the boundary of 

H„ from its interior. In particular, we concentrate our attention on the case of 

4 random variables this is the simplest unresolved case. We investigate a set of 

potentially valid non-Shannon-type information inequalities involving 4 random 

variables, and try  to disprove them by searching, with the aid of computers, for 

counterexamples. All the counterexamples discovered along the search serve as 

“landmarks" in our adventure towards the boundary of H„. Fig. 2 shows the 

relation among the Shannon cone, the entropy cone, and the Ingleton cone.

Figure 2. Shannon cone, entropy cone, and Ingleton cone
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3.3 E xploring  th e  Space b etw een  th e  In g leton  C one I4 and th e  Shannon  
C one S4

From now on, we restrict ourselves to  the case involving only 4 random vari­

ables. In this case, we explore the territory between S4 and I4, denoted S 4 \ I 4.

3.3.1 A dd ing  C onditional M u tu al In form ation  Term s to  th e  In g leton  
In eq uality

To explore S4 \ I 4, we need a certain sense of “direction" to  navigate. Observe 

tha t the Zhang-Yeung inequality (16) can be written as the linear combination 

of the Ingleton inequality and three extra conditional mutual inform ation terms, 

which are non-negative. We naturally wonder whether any of these three extra 

conditional m utual information terms can be dropped or replaced. More generally, 

we ask whether there are any valid non-Shannon information inequalities, other 

than the Zhang-Yemig inequality, tha t are linear combinations of the Ingleton in­

equality and one, two, or three conditional m utual information terms (multiplicity 

allowed). They take the following form

j/iC : D\A) + f(C: D\B)  + 1{ \: B)  -  T{C; D)}

+ tt i  I (Xf :  XJlAt)) +  M,/,.Vr: .Yj! V;; '  (17)

+ fr3r (X?; X$ |X*) > 0,

where A j, i . j  =  1 ,2 ,3 , are random variables taken from {A.  B, C,  I ) }  and a , =  

0 ,1 ,2  such th a t a,- < 3. Furthermore, for each i, X [ , X^, and A 3 are taken 

to be distinct. There are totally 122 such inequalities, excluding the Zhang-Yeung 

and the Ingleton ones.

Note th a t, according to [27], all those inequalities are balanced. In the same 

paper, it was shown th a t every (discrete) information inequality can be w ritten 

as the linear combination of its “balanced” counterpart and a set of “residual 

weights,” and th a t every (discrete) information inequality is valid if and only if
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its balanced counterpart is valid, in  this sense, these candidate inequalities are 

minimal, for they contain no “residual weights."

3.3.2 Id en tify in g  “P ass-th rou gh ” Inequalities

We are going to use these information inequalities to provide us some sense 

of “direction” when we explore the territory between I4 and S4. As a first step, 

we aim to identify, among the 122 candidates, those which “pass through" S4\ I 4, 

explained next.

For each information inequality, for example the Ingleton inequality 

7(6’; D |.4) +  I(C; D\D)  + 1 (A: B)  — I(C: D)  > 0 , associated with it is a hyperplane 

defined by the associated equation I(C;  D|.4) +  f (C: D\B)  + I ( A ; B)  — I{C\ D) =  0. 

We call an inequality a “pass-through "1 inequality if its associated hyperplane 

“passes through” S 4 \ I 4, i.e., in S 4 \ I 4 there is at least one point a t which the 

inequality holds and at least one point, at which t he inequality fails.

We know from geometry tha t a convex polyhedral cone can be represented 

in two different ways. It can be either represented as the intersection of a finite 

number of half-spaces via a set of linear inequalities or as a  non-negative linear 

combination of its extreme points, those lying on its extreme rays [28].

Relevant to our case here, I 4 can be represented by its 35 extreme points and 

S4 can be represented by the 35 extreme points of I4 and six extra extreme points. 

See [20] for a detailed account.

W ith the help of the six extra extreme points of S4, we can easily identify the 

“pass-through” inequalities, for the hyperplane of an inequality passes through 

S4\ I 4 if and only if the inequality fails at one or more of the six extra extreme 

points of S„.. (The inequality is guaranteed to hold by its construction at the 35 

extreme points of I n.) It is easy to see that a “pass-through” inequalities can­

not be w ritten as a non-negative linear combination of Shannon-type information
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inequalities. So. they are potentially valid non-Shannon-tvpe information inequali­

ties. For this reason, we can also use the software Information Theoretic Inequality 

Prover (ITIP) [29] to identity them. However, in this 4-variable case with S4 and I 4 

so explicitly represented, the above extreme point method seems more straightfor­

ward and intuitive. Using the extreme point procedure as described above, among 

the 122 candidate inequalities, we identify 50 such "pass-through" inequalities, or 

potentially valid non-Shannon-type inequalities. Owing to space limitations, we 

do not give a full account for them, but instead we give an example as follows:

I{C: D\A)  +  I(C; D\ B)  +  I (A: B)  -  I(C: D)
(18)

+  I {A: B\ D)  +  I{C: D\ B)  +  I ■( 1)\A) > 0.

3 .3 .3  S ea rch in g  F o r C o u n te re x a m p le s

Because very little about entropy functions is understood, when we face a set 

of potentially valid non-Shannon-type information inequalities, it is unclear which 

ones are actually valid and which ones are not: we do not have a systematic way 

to construct counterexamples to invalidate a potential inequality nor a rich set of 

tools to prove it either. For example, a highly non-1rivial counterexample, based 

on certain structures of projective planes, was constructed in [1 2 ] to  dem onstrate 

the invalidity of the Ingleton inequality. Currently all the published (uncondi­

tional) non-Shannon-type information inequalities (e.g. [15] and [13]) were proved 

essentially using the original method of Zhang and Yeung. We lack both  proof 

and disproof techniques for non-Shannon-type inequalities. Even worse, we do not 

have an efficient way to discover them. Our approach here is an improvisation at 

best.

Facing the difficulties coming from both sides, we start from w hat we believe 

a relatively easy side, namely attem pting to disprove a potentially non-Shannon- 

type information inequality by constructing counterexamples for it. Since we do
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not have much theoretical support for constructing counterexamples, we organize 

a computer-aided search for counterexamples for the 50 potentially valid non- 

Sliannon-type inequalities. But before launching the time-consuming search, we 

test these inequalities using the foregoing mentioned example constructed to dis­

prove the Ingleton inequality. It turns out tha t none of them can be invalidated 

by the example.

Clearly, the value of an inequality at a 4-random variable set depends on its 

entropy vector, which can be computed from its joint distribution. Consider a set 

of 4 binary random variables (.4, B,  C. D).  Its joint distribution is fully determined 

through a 16-dimensional probability vector of the form

(poooo, Poooi' '  • ■ , P u n  )- (19)

where pabcd =  Pr{/1 =  a, B  =  b,C  =  c , l )  =  d}, a. b. c . d  E {0,1}, and

S o  bed Vnbcd = 1 - Note th a t any non-negative 16-dimensional real vector can be 

turned into a probability vector by normalizing it. For example, the nonnega­

tive vector (0 , 2 , 0 , 0 , 0 , 0 , 0 . 0 , 1 , 2 , 0 , 0 , 0 , 0 . 0 , 1 ) can be turned into the probability 

vector (0.1 0. 0. 0 .0 .0 ,0  1 .1 ,0 ,0 . 0 .0 ,0 .1 ). So. for convenience, we mav refer to6 ..................... b ’ S ' - ' ‘ ■ b7

non-negative real vectors as probability vectors in the following when no confusion 

arises.

It is clear tha t when we confine ourselves to sets of 4 binary random variables, 

all the probability vectors form a simplex in M16. We aim to search a certain

number of points belonging to this simplex. In other words, we need to discretize

the simplex in some manner. However, we do not have an obvious way, say with 

respect to a particular inform ation inequality in question, to do this discretization 

so th a t we can quickly find a counterexample to invalidate the inequality, given 

tha t the inequality is indeed invalid. On the other hand, an inequality tha t is valid 

for all the binary distributions is not guaranteed to be valid in general, because it
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(30

is possible tha t it may fail at some other distributions with sample spaces other 

than {0 . 1 }4.

We confine our project to the case with binary random variables because of the 

excessive com putational burden incurred in higher dimensional cases. Consider the 

case of ternary random variables for example. In this case, the probability vector 

is of dimension 34 =  81. It is clear tha t any brute-force enumeration of the points 

induced by a meaningful discretizing of this 81-dimensional probability simplex is 

computationally prohibitive.

As a first, attem pt, we search for counterexamples among the probability vec­

tors from the following set

{(doooo-' • ' , P irn ) : Pain'd =  0, 1, 2, 3, for a, b, c: d G {0, 1}}

The size of this set is 41C. Note tha t each component of the probability vector 

from the above set takes 4 possible values, namely 0, 1, 2. and 3. We say tha t the 

components have “dynamic range” of 4. For each probability vector from the set. 

we compute its entropy vector and test the 50 candidate non-Shannon inequalities. 

The search is completed in a reasonable time, and 43 of them  were invalidated in 

the end.

Let us call a probability vector th a t invalidates a candidate non-Sliannon- 

type inequality a “witness” probability vector for the inequality and the en­

tropy vector computed from the probability vector a “witness” entropy vec­

tor. For example, inequality (18) fails a t the “witness” probability vector 

(0 . 0 , 0 , 1 , 0 . 0 . 0 , 1 . 0 , 0 , 0 , 2 , 2 . 1 . 2 . 0 ). Owing to space limitations, we do not list 

here all the witness probability vectors for the inequalities found to be invalid.

At this point, we are left with 7 unknown inequalities.

We observe tha t all the remaining 7 inequalities have three extra conditional 

m utual information terms. This is not surprising, because those inequalities with
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three extra conditional mutual information terms, which are always non-negative, 

are the hardest (among the 50 inequalities) to invalidate.

One consequence of the above observation is th a t we now know tha t none of 

the extra conditional mutual information terms o f the Zhang- Yeung inequality can 

be dropped fo r  it to remain valid.

By increasing the "dynamic range” of the components of probability vector 

from 4 to 5, we successfully invalidate 3 more from the remaining 7 inequalities. 

This search takes considerably longer than the previous one.

We see tha t by increasing the “dynamic range" of the components of probabil­

ity vectors we get. finer constructions of entropy vectors so th a t more inequalities 

are invalidated. However, we quickly hit the “exponential wall” : a set with “dy­

namic range” of 5 is already as large as 5lb as 1.5 x 10". It becomes clear tha t 

searching larger probability vector spaces by uniformly increasing the “dynamic 

range” of their components does not seem to be a viable solution.

At the same time, we observe tha t all the “witness” probability vectors dis­

covered share a pattern: roughly half (7-8) of the components of each “witness” 

probability vector are zero. By keeping the zero components of a “witness” prob­

ability vector fixed, we can afford to increase the “dynamic range” of the non-zero 

components while its zero-pat tern is maintained. In particular, for a few selected 

“witness” probability vectors whose zero-patterns appear “typical,” we increase 

the “dynamic range,” from 5 to 10. of their non-zero components in the hope of 

finding "witness” probability vectors for the remaining 4 inequalities. Indeed, we 

find a number of “witness” probability vectors to invalidate one of the remaining 

4 inequalities.

Thus, we are left with 3 unresolved potentially valid non-Shannon-type in-
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equalities:

I [(': D\A)  + I  (C: D\ B)  + HA: B)  -  I(C: D)  

+ I {A: B\ D)  + I ( A ; C\D)  + I  ( A ; D\C) > 0,
(20)

/( ( ':  I),A) +  l i( I) B) + I (A: B)  -  I ( C ; D)

+ I { A ; B\ D)  + I (A: C\D)  +  f { B: C\ D)  > 0,
(2 1 )

BC:  D\A) + I (C: D\B)  +  I (A; B)  -  h.C: D)
(2 2 )

+  BA: C\D)  +  I (A: l ) C )  + BJS: C\D)  > 0.

Unfortunately, we are unable to prove any of them  either. Hence, they remain as 

plausible conjectures.

3.3 .4  E xpanding th e  Frontier U sin g  “W itn ess” E ntropy V ectors as 
Landm arks

In the above search, we get at least one “witness” entropy vector for each 

invalid inequality. The set of all “witness" entropy vectors together with the 35 

extreme points of I 4 define a convex cone in R 15. By the convexity of the entropy 

function [16], the convex cone is contained in H 4. On the other hand, it contains I 4 

strictly, because each “witness” entropy vector lies outside of I 4, for otherwise the 

inequalities it invalidates would hold at the “witness” entropy vector. Figuratively 

speaking, we have pushed back our “frontier,” from the known boundary of I 4, 

using the “witness” entropy vectors as landmarks, and got closer towards the 

unknown the boundary of H 4 from its interior. In other words, The convex cone 

constructed using these “w itness" entropy vectors provides a better inner bound 

for H 4. It can also be used to construct better inner bounds for entropy cones H „, 

n > 4, by representing it with a finite set of information inequalities. Since an 

improved inner bound for H u can. in principle, help to get better inner bounds for 

network coding capacities, the inner bound we have so obtained may find future
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applications in improving the inner bound for network coding capacities upon those 

usually obtained using the Ingleton inequality alone.

3 .3 .5  D iscu ssio n

Owing to a lack of understanding of entropy functions, it is usually very hard 

to prove non-Shannon-type information inequalities. In the first place, we are in 

urgent need of methods to discover new non-Shannon-type information inequalities.

Our approach of constructing candidate non-Shannon-type information in­

equalities in this section is heuristic rather than  systematic. The search we carry 

out is merely an experiment to familiarize us with the problem of characterizing 

the entropy cone H 4.

So far, among the 50 candidate non-Shannon inequalities we investigate, three 

remain unresolved. As a direct consequence, we now know th a t none of t he three 

extra conditional mutual information term s in the Zhang-Yeung inequality can be 

dropped for it to remain valid.

3.4 R a n d o m  V ariab les  S a tisfy in g  th e  In g le to n  In e q u a lity

In this section, we show th a t random variables mapped under group homo- 

inorphisms from a uniformly distributed background random variable satisfy the 

Ingleton inequality. As corollaries, we recover two previous known results. The 

first is th a t the network throughput of linear network codes is, in general, con­

strained by the Ingleton Inequality. The second and related result is tha t the 

network throughput of abelian-group network codes group network codes tha t 

are restricted to abelian groups— -is also constrained by the Ingleton inequality.

W ith the aim of characterizing entropy functions, partially driven by a desire 

for be tte r network codes and be tte r bounds for network coding capacity. Chan 

and Yeung [30] first: connected group theory to information inequalities. Remark-
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ably, they established a one-to-one correspondence between inform ation inequali­

ties and group inequalities. Based on this theoretical finding, it was dem onstrated 

th a t group network codes have the full potential to  achieve network coding capac­

ities [31]. In the same paper, it. was claimed th a t abelian-group network codes 

group network codes th a t are restricted to abelian groups are in general not 

powerful enough to  achieve network coding capacity based 011 the conclusion tha t 

the Ingleton inequality has to  be honored for abelian-group network codes.

In this section, we attem pt to  characterize the random variables tha t satisfy 

the Ingleton inequality, i.e., the inverse image of the Ingleton cone In). See 

Fig. 3 for an illustration of the entropy function H n mapping from the random 

variable space to the entropy space. We trea t random variables as results of some 

interm ediate transform ations from a “simple” background random  variable. In 

particular, we show tha t random variables mapped under group homomorphisms 

from a uniformly distributed background random variable satisfy the Ingleton in­

equality. As corollaries, we recover two previous known results. The first is tha t 

the network throughput of linear network codes is, in general, constrained by the 

Ingleton Inequality. The second and related result is that, the network through­

put of abelian-group network codes —group network codes th a t are restricted to 

abelian groups—is also constrained by the Ingleton inequality. O ur group-theoretic 

treatm ent of random variables satisfying the Ingleton inequality provides a more 

general and unifying view of those two results.

We further make the following remarks. We consider, throughout this section, 

only discrete random variables on finite sample spaces and all the logarithms for 

entropies are taken to be base 2 unless mentioned otherwise. Groups are assumed 

to bo multiplicative and 1 is taken to be the generic group unit.

The rest of the section is organized as follows: In Section 3.4.1, we state our
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Figure 3. Mapping from random variable space to entropy space

main result and give a self-contained proof for it. In Section 3.4.2, we recover 

two known results as corollaries of the main result. We conclude the section in 

Section 3.4.3 with a discussion.

3.4.1 G ro u p -h o m o m o rp h ism  R a n d o m  V ariab les  S a tis fy  th e  In g le to n  
In e q u a lity

T h e o re m  3.4 .1 . Let (7 be a finite  group and rj-'u • • • ■ */'4 group homomorphism# 

from G to groups G[, • ■ • . G'4, respectively. Let X  be a random variable uniformly 

distributed on G. Then, fo r  the random variables 'd>i(X). ■ • • ,rp4 [X) .  distributed

on G[. • ■ • , G'4 . respectively, the following inequality holds:

Inequality (23) is called the Ingleton inequality, first discovered for rank func­

tions of vector malroids [19].

Remark: In general, t/q, ■ • • . F 4 may not be surjective. Therefore, it is possible 

that for some 1 =  1. • • • ,4 and y G G' P r{G '(V ) =  y} = 0. In this case, we take 

the convention tha t OlogO =  0 .

(23)
/(u q (V ) ;F 4 (V )) -7 (G i(V ) ;  F2 (V )) > 0 .
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Before proving Theorem 3.4.1. we introduce the following simple lemma.

L em m a 3.4 .2 . Let if be a group homomorphism from  a finite group G to a group 

G' and X  a random variable uniformly distributed on G. Then, the random variable 

fi’( X)  is uniformly distributed on the range fi(G ) o f i f .

Note that Lemma 3.4.2 generalizes Lemma 5.8 in [32].

Proof. It is a direct consequence of the Lagrange theorem: the collection of the 

pre-images of a homomorphism !/’, namely {'fi~1(y) : y £ f i (G)},  forms an equal 

partition of G.  in  particular, the sizes of the pre-images are all equal to ker f'. 

Therefore.

W ith Lemma 3.4.2 established, we are now ready to prove Theorem 3.4.1.

Proof o f Theorem 3. f . l .  Denote the kernel of a group homomorphism i f  bv ker fa 

By the fundamental theorem on homomorphisms. we have

• ker G is a normal subgroup of G. and

•  yr(G) is isomorphic to the quotient group GY ker b.

Furthermore, |yl(G')| =  |G /kerig | =  holds. By Lemma 3.4.2, it is easy to  see

Next, we calculate the joint entropy JJ( f i i (X) ,  -</;2(A’)). We can trea t (>P\, iff) 

so formed as another group homomorphism from G to G\  x Gfi  where G\  and 

G’2 are co-domains of the homomorphisms T;i and 'i/;2 respectively. It is easy to 

see th a t ker(</q,vg2) =  ker if] f lk e r fo , for (</q {g): G>(g)) =  1 holds if and only if 

(f'i(g) =  1 and f nig)  =  1 hold, g £ G. Therefore, we have

for all y £ ty{G). □

tha t l l i v f iX) )  =  lo g p ^ -y .

G
ker f'l n  ker V;2
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By induction, we have

I <71
DJ'= 1  ker iv, 

Then, we calculate

I  ( M X ) :  M X ) )  =  log |ter
| ker ii’i flker 'tp'o |

and

r , , | ker d’i n  ker rt’2 H ker 11 ker Byl
I ( M X :W(A n { X  = l o g ^   r— -----

I ker y-’i fl ker 11 ker ip2 61 ker v)$ |

Thus, we can transform the Ingleton inequality (23) into an inequality on 

the cardinalities of the subgroups generated through intersection of the kernels 

ker (/,’i. • ■ • , ker yq.

Invoke the following inequality:

In e q u a lity  3 .4 .3 . [20]

277 ( 77|/1) + 2 77 ( 77|77) + 1(A: B  |fo) +  I (A: B \ l ) ) + I(C: D)  > 77(77) (24)

where ./I, B,  C,  D,  and 77 are five random variables. This inequality was 

proved in [20], We omit its proof here, for it is of Shannon-type and can be readily 

verified, manually or using the software Information Theoretic Inequality Prover 

(ITIP) [29],

Substitute A.  77, C,  and D in (24) with Bi ( X) .  V'2 (7 7 ), ij;3 (7 7 ), and ^ ( X ) ,  

respectively. We get

77 ( 77) < 2H{E\tp1(X))  +  211 ■ B c 2( X ))

+  I ( t h ( X ) :  M X ) \ M X ) )  +  7(W(A') :fo2( X ) | y 4(X))  (25)

+ I (lA.i(X ); yq^Y)).

Next, we construct random variable 77. Recall tha t there is a one-to-one 

correspondence between group homomorphisms and normal subgroups via the
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homomorphism-kerncl relation. In other words, a homomorphism from group G to 

G' can be defined through specifying a normal subgroup of G as its kernel. From 

group theory, we know th a t the direct product of two normal subgroups is again 

a normal subgroup. Hence, the direct product ker b p  ker bp  is a normal subgroup, 

because both  ker b p  and ker b 2 are normal subgroups. Take ker b  1 ker b p  as a kernel 

and let homomorphism b p p  be the homomorphism defined by ker b p  ker b p - Let E 

be

In the following, we consider random variable E, or equivalently bp;2 (A'), and 

derive a few properties of it. First,, we have

I I  (b ’1;2( A ')) =  log — p r .
I ker i.p ker b 2 1

We know from group theory tha t for any two subgroups K \ and K-2 , the following 

equality holds:

11 '  1 - 1 / \  1 / \  2

It follows tha t

Therefore, we have

ker b'i ker bp I

n K 21

| ker bP || ker b p | 

ker bp H ker bp i

//(b p ;2 (X )) = log 16
1 ker b 1 ker bp j

\G\
loĝ I key i/t|| ker <A>1 

ker i/’iHkcr V;2 i

=  /(bp (X );bp  (Xj ) .

Second, we show th a t random variable b'i:2 (A") functionally depends on the 

random variables bp(Al) and bp (A ). In particular, we show tha t yh -.2 functionally  

depends on bp (A') bv dem onstrating a homomorphism from %by(G) to t/'u2 (G).  

Then a similar result follows for bp (A"). Note tha t ker bp is a normal subgroup 

of G and a subgroup of ker bp v =  ker bp ker bp- By the fundamental theorem of
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homomorphisms, there exists a unique homomorphism <? : 0 i(G ) 0'\;>(G) such

th a t (ha = 0  ° Wi, where “o” denotes homomorphism composition. In other 

words, we have ipivig) =  4>(fihIf?)) for all g €  G. Ilence, random  variable i ha ( X) ,  

or E.  functionally depends on random variable 0 \ ( X )  through homomorphism 0. 

Consequently, we have I I  (E\ '01(X) )  =  0 and, similarly. I I ( E\ 0 2 (X) )  = 0. 

Substitute E  in (25) with xfi-^iX).  We get

I ( M X ) ; V 2 ( X ) m X ) )  4- f ( 0 i (X):  0 2 (X)\i l’4 (X) )

+  I ( M X ) ;  M X ) )  -  /(t 'i( .V ): d-,(X)) > 0 .

This concludes the proof. □

3.4 .2  T w o  C o ro lla rie s

In this section, we recover two previously known results as corollaries of The­

orem 3.4.1. The first one is on linear network codes.

By specializing Theorem 3.4.1 to  vector spaces, we recover the original In­

gleton inequality obtained for rank functions  of vector rnatroids. Its information 

theoretical counterpart can be stated  as follows.

C o ro lla ry  3 .4 .4 . Let F  be a finite  field and V a finite-dimensional vector space 

over F . Suppose Li, • • ■ , Li are four linear transformations from  V  to the vector 

spaces , Vf respectively. Let X  be a random variable uniformly distributed

on V . Then, fo r  random variables L f iX ) .  ■ ■ ■ , L 4 (X) .  distributed on V{, • • ■ , Vf

respectively, the following information inequality holds:

/(/ . i iA' i :  L 2 ( X ) \ L 3 (X) )  + I (L[ (X); L2 (X) \ IM(X))
(26)

+  I ( L 3 (X);  L4 (X) )  -  I (Li (X) ;  L , ( X) )  > 0.

The result stated in Corollary 3.4.4 was implied in [20] in the context of 

showing th a t every information inequality is satisfied by rank functions of vector
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matroids. In [33], Corollary 3.4.4 has been used to characterize the pre-images of 

Ingleton cones under entropy functions in a slightly different form.

Corollary 3.4.4 essentially shows th a t the network throughput of linear net­

work codes is constrained by the Ingleton inequality. Therefore, non-linear network 

codes are. in general, expected to be able to provide better throughput.

From Theorem 3.4.1, another result on group inequalities, first stated  in [31], 

can easily be recovered:

C o ro lla ry  3.4 .5 . [31] Suppose (1 is an abelian group and AT, - -  , are sub­

groups of G. For any non-empty subset a. o f {1 , 2 ,3 ,4} . let ga =  log |n .jg ^., • Then

1/1,2 +  1/1.3 +  1/1,4 +  1/2,3 +  1/2,4 — l/l “ 1/2 '  1/3,4 ~ 1/1.2,3 1/1.2,4 > 0. (27)

For abelian groups, all subgroups are normal. By the one-to-one cor­

respondence between normal subgroups and group homomorphisms, subgroup 

A'i, • • • , A' 4 define four group homomorphisms by taking K !; • • • , A' 4 as their ker­

nels respectively. Then inequality (27) follows easily.

The implication of Corollary 3.4.5 is tha t abelian-group network codes, group 

network codes tha t are restricted to abelian groups, in general are not powerful 

enough to achieve network coding capacity.

3 .4 .3  D iscu ssio n

It is a difficult task to fully characterize the entropy function. The approach 

of information inequalities has proven to  be successful in the cases involving 2  and 

3 random variables. However, the case with 4 random variables remains far from 

clear so far. Finding and proving new information inequalities are notoriously 

hard. Currently, only techniques to  construct and prove (unconditional) non- 

Shannon-type information inec|ualities are the original method [1 2 ] and its various 

generalizations. On the other hand, first studying entropy functions for some
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special classes of random variables may be a more fruitful approach in the hope 

th a t finding more “conditional" laws may enable us to  eventually discover global 

"unconditional" laws.

Thanks to [30], we now know th a t to study entropy functions, it is enough 

to confine ourselves to certain properties of subgroups. In fact, the subgroup 

characterization for entropy functions described therein is decisive. The group- 

theoretic conditions provided in this section are only sufficient conditions, and we 

do not have a full characterization for random variables satisfying the Ingleton 

inequality. This section shows tha t, to “leave” the relatively familiar region where 

the law of the Ingleton inequality applies, we need to turn  our attention to non- 

abelian groups and non-normal subgroups of general groups.

3.5 A  G e n e ra l G ro u p - th e o re t ic  C o n d itio n  fo r In g le to n  In e q u a lity

In this section, appealing to the fundamental relation we established previ­

ously in Chapter 2, we identify a general group-theoretic condition for the Ingle­

ton inequality, subsuming all previously known conditions. Specifically, we show 

tha t quasi-Hamiltonian groups satisfy the Ingleton inequality. Quasi-Hamiltonian 

groups include as a subclass the well-known Hamiltonian groups, which are non- 

abelian. To our best knowledge, this is the first time that the Ingleton inequality 

is found to hold for certain classes of non-abelian groups.

This section is organized as follows: In Section 3.5.1. based on the approxi­

mation relation established in [30, 34] between group inequalities and information 

inequalities, we show th a t quasi-Hamiltonian groups satisfy the Ingleton inequal­

ity via a hybrid approach using results from both  information theory and group 

theory. In Section 3.5.4, we briefly review certain features of quasi-IIamiltonian 

groups and outline a high-level characterization for them. The section is concluded 

by Section 3.5.5.
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Before we close this section, a few remarks on our convention are in order. 

Throughout the section, groups are taken to be multiplicative. We write, the 

multiplication of two elements .9 1 , 0 2  of a group G as c/x c/2 -

3.5.1 T h e  In g le to n  In e q u a lity  H o ld s  fo r Q u a s i-H a m ilto n ia n  G ro u p s

Thus far, partially driven by the desire for a better understanding of the lim ita­

tion of various classes of network coding and partially driven by the goal of charac­

terizing the range of the entropy function, various group-theoretic conditions have 

been obtained for the Ingleton inequality [6, 35, 36]. In particular, it was shown 

th a t abelian groups satisfy the Ingleton inequality. In this section, we advance in 

the same direction and identify a more general group-theoretic condition, subsum­

ing all those previously obtained, for the Ingleton inequality. Specifically, we show 

tha t the Ingleton inequality holds for a class of groups called quasi-Hmniltonian 

groups. I11 addition to  abelian groups, the class of quasi-Hamiltonian groups in­

cludes certain classes of non-abelian groups such as the well-known Hamiltonian 

groups. To our best knowledge, this is the first time that, the Ingleton inequality 

is shown to hold for certain non-abelian groups. More usefully, quasi-Hamiltonian 

groups can be readily identified through the characterizations for nilpotent groups 

and modular groups.

In g le to n  In e q u a lity

The Ingleton inequality was first discovered by Ingleton [19] during his quest 

for characterizing vector representable matroids.

P ro p o s i tio n  3 .5 .1  (Ingleton inequality for vector matroids [19]). Let V be a finite  

dimensional vector space and A, B . C, D  C V be four sets o f vectors from V . Then
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the following inequality holds:

dim(.4) +  dim (B) +  dim (/l U B  U C)

+  dim(A U D U D) +  dim(C’ U D )
(28)

< dim(A U B) + dim(.4 U C) + dim(.4 U D)

+  d i m ( 5  U C) +  dim(Z? U D). 

where d i m ( . 4 u i ^ U C )  denotes the dimension o f the subspace spanned, by the vectors 

in the union of A. B , and C.

The information theoretic version of the Ingleton inequality is usually written 

in the following form:

/ / ( .V, ) +  II  (X, )  +  U ( X m ) +  l l { X , 2i ) +  I I ( X , 4)
(29)

<  / / ( A-|2) +  IB  +  H ( X U) +  H { X 23) +  / / i . v 2 4 1.

where I I ( X ^ )  denotes the joint, entropy H{Xy,  X 2, A'3). The inequality can be 

written more concisely in terms of (conditional) mutual information:

l i X q  X 2\ XA + I {Xi ,  X 2\ XA) + I { X 3: A 4) -  I { Xu  X 2) > 0.

In [36], we established that the Ingleton inequality holds for group- 

homomorphism random variables, or equivalently for normal subgroups. As an 

immediate consequence, all abelian groups satisfy the Ingleton inequality. It is 

interesting to determine whether there are non-abelian groups satisfying the Ingle­

ton inequality. From group theory, we know tha t all the subgroups of the so-called 

Hamiltonian groups are normal. Consequently, Hamiltonian groups satisfy the 

Ingleton inequality. It turns out, as we shall see in the sequel, tha t the Ingleton 

inequality holds for a more general class of groups called quasi-IIamiltonian groups.

3.5 .2  Q uasi-H am ilton ian  G roups

Given two subgroups 11 and K  of a group G, we call the set {hk  : k € K , h G 

11} the product of 11 and K . denoted U K .  In general, I IK  =  K H  fails to hold.
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The following group-theoretic definitions are from [37].

D efin ition  3 .5 .2  (M utually permulable subgroups). We say that two subgroups 

H and K  o f a group G are mutually perm utable i f  H K  =  K H  holds.

D efin ition  3 .5 .3  (Quasinormal subgroups). A subgroup o f a group G is called 

quasinormal i f  it is mutually permulable 'with any other subgroup of G .

D efin ition  3 .5 .4  (Quasi-Hamiltonian groups). A group is called quasi- 

Hamiltonian i f  every o f its subgroups are quasinormal.

3.5 .3  T h e In g leton  Inequality  H olds for Q uasi-H am ilton ian  G roups

In the following, we provide a general condition in terms of perm utabilities of 

the subgroups for the Ingleton inequality to hold. Then, we obtain, as a corollary, 

the desired result tha t the Ingleton inequality holds for quasi-Hamiltonian groups.

We use the square bracket notation [n] to denote the generic index set 

{1, • • • , n}. Give a set {G\- : i G [n]} of subgroups of a group G  and a sub­

set a  C [n], we denote the intersection fl,-eQG, by Ga. Similarly, given a set 

{m, : i G [«]} of random variables and a subset a G [n], we denote by m a the joint 

random variable (a( : i G a).

T heorem  3 .5 .5 . Let G\ ,  C 2, G->>; and C 4 be four subgroups o f a group G. I f  G\ 

and G ‘2 are mutually permutable.. then the following inequality holds:

IGi11(7-211G]2 3 11<1712 4 [|G:u| >  IG12I|Gi:j|IG9 3 IIG'u]ICQrl- (30)

Inequality (30) is the group version of the ingleton inequality. It can be 

translated directly from the information theoretic; version (29) by replacing each 

joint entropy term  with the log-indcx of its corresponding intersection subgroups, 

according to the relation, shown in Proposition 3.5.8, between group inequalities 

and information inequalities
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The proof of the theorem uses two simple facts from group theory [38. 

Prop. 3.13. 3.14] and the previously mentioned connection established between 

information inequalities and log-index inequalities for subgroups [30] and [34, 

Thin. 4]. They are collected as follows.

P ro p o s i t io n  3 .5 .6 . For two subgroups H and K  of a group G, we have

P ro p o s i t io n  3 .5 .7 . The product H K  of two subgroups H and K  of a group G is a 

subgroup i f  and only i f  H K  =  K H  holds, i.e.. H and K are mutually permutable.

P ro p o s i t io n  3 .5 .8 . Let M  =  {/rq : i G [n]} be a set of n random variables and

be the entropy vector whose components are the jo in t entropies I I ( m a), a  C [n]. 

Let  G  =  {G, : i G \ri\} be a set o f n subgroups of a gro up G and

be the scaled log-index vector fo r  the subgroups generated from  the intersections 

of the subsets o f subgroups. Suppose the components o f the entropy vector hm

for all sets G  of n subgroups o f any group.

Note tha t Proposition 3.5.8 is an abridged version (only joint entropies in­

volved) of Theorem 4 of [34]. We state  such an abridged version because in the 

following proof we consider only joint entropies. Moreover, because information 

inequalities arc linear, only linear functions are considered.

M )

and those of the scaled log-index vector /G are arranged in a same order. Let 

f  : R be a continuous function. Then, the inequality /(//.m) > 0 holds

for all sets M  of n random variables if  and only if the inequality / ( / G) > 0 holds
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Proof, (of Theorem 3.5.5) We start with the following Shannon-type information 

inequality first proved in [20. Th. 8 ]:

2H(E\A)  +  2H(E\ B)  +  I (A: B\C)  +  I {A- B\D)  +  I(C: D) > H(E) .  (31)

For completeness, we include its proof here. To see tha t the inequality holds, note 

tha t the following equality holds:

11(E) =  I I (E\A)  +  II (E  /»■ +  I (A: B)  -  I h E  ,1. B)  -  I (A: B\E) .

Then, we have

H( E)  < H ( E\ A)  +  H ( E\ B)  + I (A: B),  (32)

because both H ( E \ A , B ) and 1(A; B \ E)  are non-negative. Taking “conditional” 

on the both sides of the above inequality, we get

I I (E\C)  <  II { If .  A .  C)  +  l l < E B. C)  +  I i.\: B \ C ),

and

H( E\ D)  < H( E\ A ,  D)  +  H( E\ B ,  D)  +  /( / l ;  B\D).

Combining the last two inequalities, we get

H(E\ C)  + H(E\ D)  < H ( E \ A , C)  +  H ( E \ B ,  C)  

+  I [A: B\C)  +  //(/•: .1. D)  +  II [E B. D)  +  HA: B\D).

Then, we ha.ve

H(E\C)  +  //(/-:,/>) +  l iC: D) <H(E\A. : C)  

+  //(/•: b . c) + 1(A: b \C )  +  //(/•:;.i. d )

+ //(/•; />'. D) + I [A: B\D)  + I (C; D).

By (32), we have

11(E) < I1(E\C) + H( E\ D)  +  / (C: D).
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Therefore, the following inequality holds:

11(E) < I I ( E \ A , C) + I I (E\D.  C)  +  I  (A; B\C)  

+ II  (E\A,  D)  +  I l iE. l i .  D)  +  I  (A; B\D)  +  I {(': D).

Because of

,C7) < H(E\A) ,

\ B . C )  < I I s /■’ IB.

HUE A. I)) < H(E\A) ,  and

//( /• ] / ; .  D) < H(E\B) .

the above inequality can be simplified to

Hi IE < I I I  !/•.]■ hi +  I I I  (/•.’'/>; +  I  (A: B\C)  +  I {A: B\D)  + I(C: D).

Thus. (31) holds.

Next, we write (31) in terms of joint entropies so tha t we can convert it to an 

inequality of log-indexes of subgroups:

H(A,  C)  +  I I (B.  C) -  IB A. H. C) -  I I [ O  

+  I I(A.  D ) +  l l {B.  D)  -  I I [ A. B.  D) -  11(D) + 11(C)

+ 11(D) -  / / ( ( '.  D)  (33)

> 11(E) -  I ( I1(E,  A) -  11(A)) 

- I  ( I I ( E . B ) - 1 1 ( B ) ) .

According to Proposition 3.5.8, we obtain the following group inequality holds for 

subgroups Ci, i = [5], of any group C  by replacing A with C x. H with C 2, C  w ith

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



78

G3. D  with 6 '4, and E  with 6 5 :

KJ1 . , G , |Gj
1 ° 8  ^  . 1 -I- log , ^  7 -  log|G\ n Gal ' |G2 n Gal |G, n G2 D Gal

, \G\ , |G| . G
“  lo§ T7T7 +  lo§ n 7 7 | +  loSI g 3 | | G1 n G41 | g 2 n G'41

l o a „^ j g i  , , - k)gm + 1o J G '
|Gi n G2 n G4| to|G4| ° |G 3|

, \g \ , |G|+  log — — -  log ■
KGj ■ |G 3 n  G4| 

> l o g M - 2 1 o g  - E l L - a i o g J 021
|Gr,| to|G, DG5| |G2n G 5|'

By assumption, G 4G 2 =  G 2 Gi  holds. Consequently, according to Proposition 3.5.7, 

G 4G 2 is a subgroup of G. Choose G 5 =  G 4G2. Then, we see C\  fl G5 =  Gi and 

Cl2 H G5 =  Go. By Proposition 3.5.6, we have

, \G\ , |G| , |Gj |G 4 C G2| , |G| , , |G| , IGI
k)g TTTT =  log | . , 7 TT =  lc)g U-, 11, ,  I ■■ =  log 7 7 7 7  -I- log 7777 -  log ^ 7|G5| & | G , G o | b |G ,||G 21 |G i| : |Go| ^ K C n G b l '

Simplifying inequality (34) accordingly, we get,

|G, | |g 2I!G, n ci-2 n g 3||G, n g 2 n g 4||G3 n g 4|

> |G , n Go11G4 n G3||G 2 n GallGj n G4||G 2 n G4|.

In short notation, it is written as

K?i S\G2\IG12311G 4*2411G341 > |G j211G1311G0311G1411Goj|

This concludes the proof. □

As a consequence of Theorem 3.5.5, the Ingleton inequality holds for any 

group whose subgroups are all quasinormal. Such groups arc simply the quasi- 

Hamiltonian groups.

C o ro lla ry  3 .5 .9 . IfCl\,  Go, G3, and G4 are. four subgroups of a quasi-Hamiltonian 

group G, then the following inequality holds:

I hi  1 j | Cl211G j 2 3 11G1 2 411G3 4 1 >  | G 1211G ] a | j G 2311G ] 411G241.
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3.5 .4  O n  Q u a s i-H a m ilto n ia n  g ro u p s

In this section, we provide a brief overview of quasi-Hamiltonian groups and an 

outline for identifying them via the well-established characterizations for nilpotent 

groups and modular groups.

Recall th a t all the subgroups of a group G forms a lattice. This lattice is 

usually called the subgroup lattice of G . Note tha t subgroup lattices thus defined 

are different from those defined in |34| th a t are generated from a set of subgroups 

of a group.

D e fin itio n  3 .5 .10 . A subgroup of G is called modular i f  it is modular on the sub­

group lattice o f G. Accordingly, a group G is called modular i f  all o f its subgroups 

are modular.

P ro p o s i t io n  3 .5 .11 . [37. Th. 5.1.1j  A subgroup is quasinormal i f  and only i f  U 

is modular and subnormal.

Since finite groups whose subgroups are all subnormal are exactly nilpotent 

groups, we have the following characterization for quasi-Hamiltonian groups.

P ro p o s i t io n  3 .5 .12 . .4 group is quasi-Hamiltonian i f  and only i f  it is nilpotent 

and modular.

The class of quasi-Hamiltonian includes Hamiltonian groups as a subclass. 

Furthermore, it was shown th a t there exist non-Hamiltonian quasi-IIam iltonian 

groups [37]. Group theorists have fully characterized both nilpotent groups and 

modular groups. Specifically, a group is nilpotent if and only if it is tire direct 

product o f its Sylow subgroups [38]. M odular groups have been fully characterized 

as well, but the characterization is more complicated than tha t of nilpotent groups. 

See [37, Ch. 2] for a detailed account.
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3.5.5 D iscu ssio n

In this section, we generalize the previously known conditions for the Ingleton 

inequality. Specifically, we show th a t the Ingleton inequality holds for a class 

of groups called quasi-Hamiltonian groups. This condition subsumes all those 

previously known for the Ingleton inequality. Besides abelian groups, the class of 

quasi-Hamiltonian groups includes as a subclass Hamiltonian groups, which are 

well known to be non-abelian. To our best knowledge, this is the first tim e th a t 

certain classes of non-abelian groups are found to  satisfy the Ingleton inequality. 

More usefully, we point out th a t quasi-IIam iltonian groups can be identified via 

the well-established characterizations for nilpotent groups and m odular groups.

By identifying more general conditions for the Ingleton inequality, we provide 

better guidelines for designing net work codes tha t aim to achieve better through­

put, since in general the performance of the network codes subject to certain con­

straints may potentially fail to achieve the maximum throughput (network coding 

capacity) th a t can be achieved by general unconstrained codes. According to  the 

conditions obtained in this section for the Ingleton inequality, similar to linear 

codes and abelian group codes, group network codes limited to quasi-Hamiltonian 

groups are bounded to be constrained by the Ingleton inequality, and hence they 

are expected to  potentially suffer, on general multi-source, multi-sink networks, 

the same throughput inefficiency as linear codes and abelian group codes.
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C H A P T E R  4 

Search on Lines and G raphs

4.1 Sum m ary

In this work we investigate discrete linear search and graph search prob­

lems. We first formulate the Bounded Discrete Linear Search Problem (BDLSP) 

as a Markov Decision Problem (MDP) and show tha t BDLSPs adm it strongly 

polynomial-time solutions. In contrast; we show tha t the Graph Search Prob­

lem (GSP) is NP-complete by revealing the equivalence between GSP and the 

Weighted Minimum Latency Problem (W MLP). We then consider the Erroneous 

BDLSP (EBDLSP) and obtain lower and upper bounds on the optimal cost in 

terms of that of it error-free counterpart. BDLSP. In the second part, of the work, 

we investigate the Unbounded Discrete Linear Search Problem (UBDLSP). We 

first establish th a t for an optimal policy to exist for a general UBDLSP it is both 

necessary and sufficient for its double-sided mean of the underlying distribution to 

be finite. Then, we consider a special class of IJBDLSPs—symmetric UBDLSPs 

and prove the expanding property of optim al policies for symmetric UBDLSPs. 

Based on the expanding property, we devise a procedure to approximate, by solv­

ing a sequence of finite-truncated BDLSPs, the optimal costs and the optimal 

policies for symmetric UBDLSPs. We prove th a t the sequence of approxim ated 

optimal costs converges to the true optimal cost and tha t if the optimal policy is 

unique, then the sequence of partial policies converges to the true optimal policy. 

Furthermore, we investigate the increments of the turning-point sequence of the 

optimal policy for symmetric UBDLSPs with heavy-tailed distributions. It turns 

out tha t, in contrast to the bounciness result obtained earlier for the typical thin­

tailed distribution (Gaussian distribution), the increment sequence for heavy-tailed 

distributions is necessarily unbounded.

84
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4.2 In trodu ction

Using minimum effort to locate an item on a line or over an area is a ubiquitous 

problem. For example, in the linear case, an item is assumed to be located on a 

number of possible positions with certain probabilities and a searcher aims to find 

the item with the minimum expected traveling distance. It turns out th a t such 

seemingly simple problems are generally hard. To provide some background to our 

work on these problems, we review in the following a history of the search problem.

4.2.1 W ar-tim e Efforts

During the Second World War, the operations research pioneer Ivoopman and 

his collaborators [1] first started  a systematic and extensive investigation on the 

search problem. The angle they took then was to devise algorithms maximizing 

the success probability subject to a constraint on the search effort. Results ob­

tained [l] were kept confidential until the mid fifties and published in a series of 

three papers [2 4]. This line of research was collected into a book by Stone [5]. a 

Lanchester prize winner. See [6] for a summary of recent developments taking this 

approach.

4.2 .2  T h e C ontinuous Linear Search P rob lem

In 1963, another operations research pioneer Bellman [7] posed the following 

carefully formulated search problem in SI AM Review.

Suppose th a t we know t hat a particle is located in t he interval (or, x+ dx)  
somewhere along the real line — oc < x  < oo with a probability density 
function g(x).  We start at some initial point ;ru and can move in either 
direction. W hat policy minimizes the expected time required to  find 
the particle, assuming a uniform velocity and

(a) assuming that, the particle will be recognized when we pass x , or

(b) assuming that there is a probability p > 0 of missing the particle 
as we go past it?

Also, what would be the optimum s ta rt point x0?
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The same problem was independently formulated by Beck [8] around the same 
time:

The senior author (Beck) introduced the problem in 1963 by private 
communication at the same time it was independently proposed by 
Richard Bellman in the SIA M  Review.

After Bellman’s formulation, Franck started  working on this problem, partly 

as the topic of his doctoral dissertation, and two years later published the first: 

paper [9] on this problem. On the other hand, Beck and his collaborators started 

a four-decade quest towards understanding the problem [8, 10 16], In [10], Beck 

coined the name for the problem linear search problem (LSP). The journey proved 

to be rough even characterizing the condition for an optimal policy to exist re­

sulted in two slightly different outcomes [9. 10], The condition offered by Franck 

was followed by an immediate correction [17] and one counterexample twenty years 

later [18], This seemingly simple problem turned out to be surprisingly difficult— 

both analytically and numerically.

A colorful version of the LSP, under the name of the '‘Gaussian cookie prob­

lem,’' surfaced in the discussion of the sci.math newsgroup around the late eighties, 

even after Rousseeww [19] attem pted to numerically approximate the solutions to 

the LSPs with various well-known distributions such as normal, student, logistic, 

and Laplace distributions. As it was shown in [9], if distribution functions are 

"nice,” the turning-points of optimal policies admit an iterative relation in the 

form of Equation (35). In particular, suppose we write the turning-point sequence 

of an optimal policy as:

(• ■ ■ , a-2i, a,2i - 2 ; • ■ • , c,2 , 0, ai - a$, • ■ ■ , a2i-i ,  1*21+1 , • • • )•

If the cumulative distribution function F  is absolutely continuous in some neigh­

borhood of turning-point at and if the density function /  is continuous a t a,, then
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the following iterative relation holds:

| , , , P r i-V i  [«/.I' «i]} / o r ̂
la«+iI — IU'iI d J[a) '

However, the crux is the first turning-point, a\. In [19], Rousseouw’s efforts wore 

mainly devoted to approximating this first turning-point. For normal distributions, 

the first turning-point is approximated around 1A 4084, resembling none of the well- 

known constants such as e, 7r, and \/2. Three years later, Beck and Beck [8] tried 

numerical approaches to the problem as well and noticed th a t their approximation 

algorithm was numerically unstable. But, in a following paper [14], they managed 

to prove the convergence of their algorithm.

In 1974. Fristedt and Heath considered the problem with various generalized 

cost functions [20]. In 1987, Balkhi [21] considered the problem of choosing optimal 

starting points for LSPs, the final question in Bellman's problem statem ent. Brass 

and Robertson, in 1988, published a comprehensive survey on the problem [22]. 

In [22], the dynamic-programming approach was first proposed. After the sur­

vey, Beck and his collaborators published two more papers [15, 16] addressing the 

LSP w ith generalized cost functions. In the middle of the nineties, W ashburn [23] 

started  to consider a variant, of the LSP called the backpacker’s linear search prob­

lem and proposed a dynamic-programming approach to the discrete version of the 

problem.

It is worth pointing out th a t Roussccuw lias created an entry dedicated to the 

linear search problem in the Online Encyclopedia of M athematics from. Springer- 

Link  [24].

In this work, we focus on the discrete version of the LSP. In Section 4.2.2, we 

review the history of its continuous counterpart partly  to provide a background to 

the linear search problem in general and partly to introduce certain sources from 

which we shall use results in the sequel.
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In the rest of this introductory section, we introduce, respectively, the bounded 

discrete linear search problem  (BDLSP), the unbounded discrete linear search prob­

lem  (UBDLSP), and the graph search problem (GSP). For the purpose of bridging 

the relevant research of the two relatively segregated communities the operations 

research community and the computer science community we give a comprehen­

sive review of the related work from both communities.

4 .2 .3  T he D iscrete  L inear Search P rob lem  
B D L SP

Suppose that a target is known to a searcher to be located at one of 2n +  1 

possible locations on

[—n, n] =  {—n, —n  +  1. • • • , 1 ,0 ,1 . - -  .n  — 1 ,n}.

and tha t with probability p t the target is at location i, i =  [- // . //,]. (In the 

following, we use “location” and “position” interchangeably.) The searcher starts

with some initial location and travels on the line segment [ n, n] to  find the target

(with no jumps allowed). The presence of the target can be detected only when 

the searcher visits the location of the target. Our goal is to devise an optimal 

search policy for the searcher to find the target, with minimum traveled distance. 

Specifically, for a given policy t t , if we denote the traveled distance under t t  to first 

visit a location i by ln(i), then the expected distance traveled cn of the policy n 

(to find the target) can be computed as:

<?■■= E  ' ' ( * w
i t [  — r c , n ]

A  p o lic y  t t*  is  c a l le d  o p t i m a l  i f  c"" < c T' fo r  a l l  t t .  W o c a ll  c ” t h e  v a l u e  o f  t t  a n d  

the minimum value

r  : • c*'

the optimal value.
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U B D L S P

In the above BDLSP. the search domain is bounded. Assuming, instead, 

a probability distribution with unbounded support, for example {p,. i  € Z}, we 

convert the BDLSP to an unbounded discrete linear search problem (UBDLSP). 

The value of a policy t t  is now calculated as an infinite sum:

ic:Z

Similarly, a policy t t *  is called optimal if <? < cn for all t t ,  and the minimum value

c“ :=  c"

the optimal value.

U B D L S P  w ith  W orst-case C ost C riteria

Kao and L ittm an [25] first considered the BDLSP, under the name of ‘in ­

formed cow-path problem.'- On the other hand, computer scientists started  to 

consider unbounded search problems [26] in the seventies. The unbounded linear 

search problem was first considered by Bacza-Yates et al. and Kao et al. [27, 28]. 

However, they formulated the problem w ithout assuming a probability distribu­

tion on the target locations but sought policies with best worst-case competitive 

ratio. In other words, the performance of a policy t t  is measured by its worst-cast, 

competitive ratio, defined as

* r  r  = h m s u p ———,
" M

This min-max or game theoretic formulation is typical in the com puter sci­

ence community. In fact, the continuous linear search problem thus formulated was 

studied as early as in the seventies by Gal [29], as the topic of his doctoral disserta­

tion, and by Beck and Newman in [12]. A number of results were obtained [30 32] 

and accumulated into a book [33]. In particular, the so-called doubling policy was
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discovered to be optimal with the best competitive ratio 9. Historically, this result 

was first discovered by Beck and Newman in [12] and by Gal [31], and rediscovered 

later by Baeza-Yates [27] and Kao et al. [28].

In fact, in [25] under the name of “informed cow-path problem.” Kao and 

Littm an were mainly concerned with the bounded discrete linear search problem 

with the target location distribution p known to  belong to  a set P = {pl : i € [A']} 

(throughout the chapter, we use the bracket notation [k ] to  denote the generic 

index set {1,2, - •• . k }) of possible distributions, and they aimed there to  find 

optimal policies t t *  with the minimum worst-cast cost, namely,

tr¥ =  argmin max ^ ( p ) .
tt pep

where o7r(p) is the cost of policy ir when the target location distribution is taken 

to be p. The bounded discrete linear search problem with a fixed probability 

distribution, i.e., the BDLSP as formulated in Section 4.2.3, was investigated ( here 

as a stepping-stone.

4.2 .4  Search on a P lane
The unbounded linear search problem was subsequently generalized to  the 

cases w ith multiple rays [28, 34, 35] and to various two-dimensional scenarios [27. 
36, 37]. In fact, a version of the two-dimensional search problem was proposed as 
an editorial note to  the original Bellman linear search problem as follows [7]:

A related class of two dimension search problem are the following 
“swimming in a fog” problems. A person has been shipwrecked in a fog 
and wishes to determine the optimal path  of swimming to get to shore 
(in the least, expected time—assuming a uniform rate  of swimming).
The boundary conditions can be any of the following:

1. The ocean is a half-plane,

2. Condition (1) plus the knowledge th a t the initial distance to shore 
is < I) (with a uniform distribution),

3. The ocean boundary is a given curve, i.e., a circle, rectangle, or
possibly not closed (a parabola),

4. Condition (2) and (3), etc.
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Two years later, Bellman himself proposed the following two-dimensional 
search problem in the Bulletin o f the American Mathematical Society [38]:

We are given a region R  and a random  point P  within the region.
Determine the paths which

(a) Minimize the expected time to reach the boundary, or

(b) Minimize the maximum time required to reach the boundary.

Consider, in particular, the cases

(a) R  is the region between two parallel lines at a known distance d 
apart.

(b) R  is the semi-infinite plane and we are given the distance d from 
the point. P  to the bounding line.

The two dimensional search problem is usually rephrased more vividly as the 

"lost in a forest" or “lost at sea” problem. Most researchers considered the problem 

with respect to the min-rnax criterion and sought for the best worst-case "escape 

policy.” The problem in its full generality is deemed to be still open [39] and was 

included by Williams in his recent list, of “Million Buck Problems” [40], Nonet,lie- 

less, several special cases have been solved along the way. The case w ith “an 

infinite-long straight strip with known width," the first case proposed in Bellman's 

formulation above, was solved by Zalgaller [41] in 1961. In 1957 Isbell [42] solved 

the second “half-plane with known distance” case.

It was recently realized tha t the two dimensional search problem is closely 

related to  Moser’s well-known “worm problem” [43, 44]. Using a result from the 

research on the “worm problem,” Finch and Wetzel showed that, if regions are 

of “flat” shapes, then best escape policies are line segments [39]. “F la t” regions 

include rectangles, regular rj-gons (n > 3), and circular sectors w ith angle 0 > 

Surprisingly, the seemingly humble triangle case remains open. See [39] for a recent 

survey.
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Little is known for the general unbounded and uninformed cases such as search 

for a. line on a plane with unknown distance and slope. Baeza-Yates et al. conjec­

tured th a t a logarithmic spiral is optimal to find a. line on a plane a t an unknown 

distance away and with unknown slope [27]. See [45] for a discussion on the con­

jecture.

Little work has been done on the two-dimensional search problem with respect 

to  the expected escape distance criterion. Even less is known on the cases with 

missing probabilities.

4.2 .5  O rganization  and C ontr ib u tion s o f  th e  C hapter

Section 4.3 is dedicated to  two bounded discrete search problems: the BDLSP 

and the GSP. We formulate the BDLSP as a Markov Decision Problem (M DP) and 

show th a t it adm its a strongly polynomial-lime solution even when the searcher 

is required to optimize the starling location. Then, we generalize the BDLSP to 

the Graph Search Problem (GSP). It turns out the GSP is much harder than  the 

BDLSP it is NP-cornplele.

In Section 4.4, we consider the erroneous BDLSP (EBDLSP) where the target 

is missed with a certain probability whenever it is visited. We bound the optimal 

value of the EBDLSP in terms of tha t of its error-free counterpart BDLSP and show7 

tha t if the missing probabilities arc' very small, or search is much less expensive 

than traveling, then the policy optimal for the corresponding BDLSP is almost 

optimal for the EBDLSP.

Section 4.5 is dedicated to the UBDLSP. We first provide a necessary and 

sufficient condition for an optimal policy to exist and show- an expanding property 

of optimal policies for symmetric UBDLSPs. Then, using the principle of optimal­

ity, we show7 tha t the optimal values of symmetric UBDLSPs can be successively 

approxim ated by solving sequences of BDLSPs and tha t the optim al policy can be
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similarly approximated as long as the optimal policy is unique (up to symmetric). 

At the end of the section, we study the growth rate of the turning-points of op­

timal policies for symmetric UBDLSPs. The growth rate  is a factor im portant to 

the efficiency of our approximation method. It turns out th a t the growth rate of 

the optimal policy for heavy-tailed UBDLSPs are at least superlinear. This result 

suggests th a t the optimal values of heavy-tailed UBDLSPs are in general hard to 

approximate efficiently.

In Section 4.6, we discuss future directions on search problems and conclude 

the chapter.

4.3  Search on B ounded  L ines and G raphs

In this section, we study two bounded discrete linear search problems the 

BDLSP and the GSP. We first formulate the BDLSP as an MDP and show that 

optimal policies for BDLSPs can be found in strongly polynomial-time. Next, 

we generalize the problem and consider the GSP. This multi-dimensional search 

problem can be formulated as an MDP as well, but with an exponentially larger 

sta te  space. It turns out tha t the exponentially larger sta te  space of the MDP 

formulation is most likely impossible to simplify we show th a t the GSP is NP- 

complete.

4.3 .1  B D L S P

We can see through the following two examples, as shown in Fig. 4 and 5, 

th a t optim al policies for BDLSPs are numerically "'sensitive” to the underline 

distribution.

In Fig. 4, the underlying distribution p - 2 ,p- i ,Po^pi ,P2 : Pi) —

(0.1,0.25.0.05.0.4,0.05,0.10,0.05) and the optimal policy is to s ta rt from loca­

tion 0, walk left up to the left end, and then turn  around to search the other
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Figure 4. BDLSP example 1 
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Figure 5. BDLSP example 2

side. W ith the distribution slightly changed to  (p_3. p-->- p -hpo ,p i ,  P2 ->P$) =  

(0.1,0.25.0.05,0.3,0.15,0.10,0.05) as shown in Fig. 5, the searcher should s ta rt 

from the left-end and walk straight towards the right-end to be optimal.

M D P  B asics

An MDP is typically specified by four ingredients— a sta te  space S .  an action 

space A , a state-transition probability law , Sk,f>k+i £  S  and a  € A,  and

a (one-step) cost function g(sk,a) .  At a typical stage k, the system is a t sta te  

-S/t, an action a  is taken, and a cost of g(sk, a)  is incurred. Subsequently, the 

system transits to a next sta te  s fc+] with probability p" ] according to  the

statc-transition law.
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A policy 7r is usually defined to be a sequence {uk} of state to action mappings 

Uk : S  —> A.  W hen a policy is given, the system evolves as a Markov chain with 

actions taken, stage by stage, according to the policy. Suppose the MDP is of finite 

horizon [1, K], For a fixed policy t t .  the cost-to-go at a generic stage k is given by

i<

E
i=k

g{si, u(si)) Sk

and is a function of the current sta te  sk. The cost-to-go function satisfies the

following recursive formula:

Jk f a )  = g f a .  «(#*)) + (36)
Sh+1

The total cost incurred for a given policy t t  depends on the initial state and is hence 

denoted by ,/q (,s0) . A policy t t*  is called o p t i m a l  for .s0 if J q '  f a )  =  inf* s 0).

The recursive formula (36) for cost-to-go functions suggests the following re­

cursive formulas characterizing the optimal policies:

J f f a : nnn g(sk, u kf a ) )  +  ^ P ^ ^ J f + i f a + i )  ■ for all k and sk , (37)

and

u*k(.sfc) =  argmin g(sk,a)  + V  ,, -Jfa (sk+i) 
a  eA 1

, for all k and sk. (38)
sk+1

where the sequence { u l } £ = 0  constitutes the optimal policy t t*  .

The recursive formulas (37) and (38). usually called Bellman equations, are 

the cornerst ones of MDP theory.

The consequence of Bellman equations is the following dynamic-programming 

algorithm. Suppose the sta te  space, the action space, and the horizon of the MDP 

in question are all finite. Then Equations (37) and (38) imply the following se­

quences of “rules" to choose optimal actions, running backwards from the term inal

stage K  to the initial stage 0.
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• Stage K  — 1: choose an action u k - i { s K~i) for each possible penultim ate 

state  .s/c—i t°  minimize g{sK-u  «')• The optimal cost-to-go at stage K  — 1 

for each possible state sK- i  is given by </£*_,($ k -i)  =  0(s/c_i, «}<•_,(«*• i)).

•  Stage K  — 2: choose an action v*k _2 ( * k - 2 ) for each possible sta te  ,sK_2 to 

minimize

Note tha t the optimal eosts-to-go for stage K  — 1, JJ<_ j (s/c-i). is known from 

the previous step.

• Stage k: choose action for each possible state sk to minimize

Again, the optimal costs-to-go for stage k + 1, J^+](sk+i). is known from the

previous step.

•SA' 1

In other words, we choose the action

u * (* k-2 ) = argmin </(.sA-_2, a )  +  V  jf:K 2tiK_i J l  j(.sK- \ )  ■ 
aezl L J

and the optimal cost-to-go is given by

J k _ 2{sK- 2 ) = min g ( s K- 2 , a )  +  ^  P%

In other words, we choose the action

■u*{sk) = argmin g(sk , a)  +  ^ 2 Pak,8k+1 JK - i ( sk+i) ,
a£A L

and the optimal cost-to-go is given by

J f ( » k )  =  min g( sk , a)  +  j k - 1 ( ^ + 1 )
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The above backward inductive derivation can be carried out accordingly up to the 

initial sta te  s0. During this backward induction, we obtained an optimal policy, 

namely the sequence of state-to-action mapping { i4 (s*)}fc=o> and finally the cost 

of the optimal policy J (f  (.so). Therefore, we have solved the problem.

The number of numerical operations carried out during this backward deriva­

tion is 0 ( | A'||,S'|2|.4j). because a t each stage k  for each state s* and each action 

the algorithm takes up to [ S  | multiplications and J S  \ — 1 additions. Further­

more, the algorithm needs to take up to | A  j — 1 comparisons to choose the op­

timal action for each state. Therefore, the to tal number of operations required 

a t each stage is upper bounded by | <S | (| , 4 1(2| S  | -  1) +  |M | — l) .  Hence, 

the to tal number of operations for the entire algorithm is upper bounded by 

|/\ | [| S  | (| A  |(21 S  | — 1) +  | A  | — 1)], which is 0 ( |A '|| S  |2| A  |). Furtherm ore, it 

is clear th a t the total number of numerical operations involved is independent of 

the size of the numerical values of the param eters of the problem - the bit-lcngth 

of the transition probabilities pT . Thus, we say the dynamical-programming algo­

rithm  is a strongly polynomial algorithm for finite state-space, finite action-space 

MDPs of finite horizon.

F orm ulate th e  B D L S P  as an M D P

As we mentioned in Section 4.2.3, the same problem was considered by Kao 

and L ittm an [25] under the name of "informed cow-path problem.” There, they 

essentially took the MDP approach as well. For the purpose of completeness and 

comparison with the following graph search case, we include the M DP formulation 

and its complexity analysis here.

As pointed out by Kao and Littm an [25], this problem could be formulated 

naturally into a finite-indcfinitc-horizon POM DP by taking the set of all the pos­

sible locations of the target as the sta te  space and the search results at each time
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as observations. By formulating the problem in such a general form, we risk falling 

"naturally” into the trap  of believing tha t the problem is intrinsically hard, since 

it was well-known th a t general POM DPs are PSPACE-hard [46] and even unde- 

cidable in the cases of infinite and indefinite horizon [47]. However, the BDLSP 

turns out to  be special It has distinct structures to exploit. In particular, the 

problem can be formulated as an M DP by taking the searched regions, which are 

intervals, as the states.

In the following, we formulate the BDLSP as an MDP. We follow the nota­

tion and assumptions established in Section 4.2.3. However, instead of fixing the 

searcher’s starting  position to location 0, we include the starting  position as part 

of the policy design.

Suppose th a t a searcher chooses a starting position, say k, and tha t it then 

moves either to the left (k — 1) or the right position (k + 1). After this movement, 

the situation is characterized by two integers n,> and nr , — n < m  < n r <  «, and 

an indicator p G {l, r}  which takes the value of /(eft) if the searcher is at position 

n-i and r(ight) if at n r . This characterization, namely, the triple (rp. n r , p), suffices 

to describe various situations th a t can occur during the search process. Therefore, 

the set { (n /,n r ,p ) : — n < rii < nr < n, p € {/, r}}  of triples together with two 

special (virtual) states, namely the initial state i and the term inal sta te  t, forms 

the sta te  space S  — {i, t}  U {(rp, nr, p) : —n < «/ < nr < n. p € {I. ?’}}.

At the stage 0 when the system is in the (virtual) initial sta te  i, the searcher 

chooses a starting position k  (action) and then enters the first stage state  (k, k, p), 

k  6 [—/?., n] and p im material here. We denote these choices by the integers from 

the set [—n, n]. At the stage 1, the searcher has two choices either go left or right. 

We denote these two possible actions for the first stage by If and rt respectively. 

In the middle of the search process, at a typical state (n /,« r ,p ), the searcher has
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two choices as well it can either continue in the previous direction and move a. 

step further or tu rn  around, pass the other end of the searched region, and explore 

one step further. We call these two actions "continuing” and “turning around,” 

denoted c and r  respectively. Therefore, the set [—n,n] of feasible actions a t stage

0 and th a t at stage 1, together with tha t of typical middle states, form the action 

space A  =  { — n, • ■ • . n, If, rt c, r}.

Next, we describe the state-transition law pfj, i , j  £ S  and a  £ A.  We first 

describe the transition law for the stages 0 and 1. The system transits from the 

initial sta te  i, under an action k. with probability pk to  the term inal sta te  t  

meaning the target is found at, position k and with probability 1 — pk to  the 

state ( k , k , r )  the target is not found at position k. (Note tha t for states of the 

form (k,k,  p) the position indicator p is degenerate.) Then, a t stage 1, the system 

transits from a state (k , k, r), k  £ (—n, n), under the action of r t ,  w ith probability 

Pk+1 /(1  — pk) to the terminal state  t the target is found a t position k +  1 -and 

with probability 1 — pr+1/(1  ~Pk)  to the state  (k, k +  1. r) - the target is not found 

a t position k + 1. Similar for the case with the If action, the system transits from a 

state  (k . k. •/-), k  £ ( — n, n).  under the action of If, with probability pk_x/ { \  —pk) to 

the term inal state t -  the target is found at position k — 1—and with probability

1 — p k - 1/(1 — Pk) to the state  (A: — l , k , l )  the target is not found at position 

k — 1. Finally, for the state  (—n. — n, r ) / (n,  n, r), the only feasible action is rt /  If. 

The system transits from (—n, — n, r) to t  with probability p_n+1/ ( l  — p_n) and to 

(—n, —n  +  l , r )  with probability p_„+]/ ( l  — p_rt), and similarly from (n. n, r ) to t  

with probability p „ _ ,/( l  — pn) and to (rt — 1, n. I) with probability pn_ i / ( l  — pn).

For the system evolution past stage 1. the law is given by the following tran-
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sition probability table:

n1 VI
(n /.n r , r), c 

(ni ,nr, l ) , c  

(nh r). r

+  1, r) (ni -  1, n r. I)
P » r  +  1

P rij  1 ^  P 71!

^ i G \r ii , n r  j P ' ^

 ̂ —

 ̂ .Tiy.] Pt P'-
 Pn r + 1___  1    Pnr-H___
1 E i e l n i - n , . ] ^ ’' 1 E . , e [ r , P i

We assume — n < m  < n r < n  in the table. It reads from the column index to the 

row index as “the system transits from the state, say (r;(, nr , r),  under the action 

c, to the next sta te  t  with probability p„r+1/ ( l  — Yl,^\n, n,.] P») and to  next state 

{nh nr +  1 ..r) w ith probability 1 -  pn,.+i / ( l  -  £ i6lw|.„r]Pi).w

It remains to  describe the cost function </(■/!, a ), i G S  and a  G A . Similar to the 

state-transition law. we consider three cases. First, we assume the searcher, a t the 

initial stage, is allowed to “jum p” into any position with zero cost, i.e., cy(i, a) =  0, 

for all a  G [ -» .  n]. For states of the form (k , k ,  r ), we have y ((/;:, A;, r), a ) =  1, 

for all k G [—n, n\ and a  G {If, r t} . For all the typical middle states of the form 

(a/, n.r, p), ni < nr, we have y({ni,  nr , p), c) =  1 and <y((n.;. ry , p). r) — |r/r — n/| +  l.

The BDLSP is thus formulated as an MDP. Automatically, it adm its the 

solution of the dynamic-programming algorithm we discuss in Section 4.3.1 and is 

solved by working backwards from the terminal sta te  t  to the initial sta te  s0.

It is easy to see tha t the number of states of the resulting MDP is () (n2), the 

action space is 0{2n) ,  and the horizon is O(n).  Hence, according to the complexity 

discussion following the dynamic-program algorithm in 4.3.1, we know- tha t the 

lime-complexity of the dynamic-programming algorithm for the BDLSP is 0 ( n 4), 

independent of the sizes of the probability entries Therefore, we conclude that 

the bounded linear search problem is strongly polynomial.

However, taking a closer look at the transition diagram, we can easily see th a t 

the above estimation for the time complexity is too conservative it overestimates 

the timc-complcxity. To see this, first note th a t in our case at each state  there arc
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only two next states for each action. Therefore, for each state  and each action, 

the involved numerical operations are 2 multiplications and 1 addition. To choose 

an optimal action, a t the initial state, the algorithms takes 2n  comparisons, and 

for all other states, a t most 1 comparison is required since there are a t most two 

choices at a time. Finally, note th a t every state  was visited by the algorithm at 

most once. Therefore, the totally number of numerical operations is of the order of 

the system state  space, i.e., 0 ( r r ) ,  rather than 0 ( n 4). It is interesting to note th a t 

the additional burden of choosing an optimal starting point dose not increase the 

complexity in the asym ptotic region, since, as pointed out by Kao and Littm an [25] 

as well, the time-coinplexity of the linear search problem with fixed starting points 

is also quadratic in n.

4.3.2 Search on  G raphs— th e  G SP

The search domain we consider in Section 4.3.1 is the simplest, kind of graph 

a linear network. It. is natural to consider the case of search on more general graphs. 

It, turns out tha t the complexity increases dram atically we shall show tha t the 

GSP is NP-complete.

Consider an undirected graph G  =  (V, E).  Denote the probability that, the 

target locates a t a vertex v E V  of the graph by pv. Wit hout, loss of generality, we 

assume tha t associated with each edge e is a cost I,, bearing the meaning of physical 

distance for the searcher to travel over the edge. The goal for the searcher is to  find 

the target on the graph with minimum t,ravel distance. Clearly, this problem is a 

natural extension of the forgoing linear search problem. In fact. GSP is equivalent 

to the so-called the weighted m inim um  latency problem, (WiVlLP) [48, 49]. The 

■minimum latency problem (MLP) is usually sta ted  as follows: Suppose we are 

given a graph (V. E ) such th a t associated w ith each edge is a non-negative cost. 

The goal is to construct a tour tha t minimizes the to tal latency £  cV l{v), where
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l(v) is the latency to visit vertex v. In the case of WMLP, associated with each 

node is a non-negative weight wv and the goal is to construct, a tour tha t minimizes 

the to tal weighted latency ]T) 6V- w j ( v ) .  By taking the distance traveled before 

first visiting v as latency and the target location probability as weight, it is clear 

tha t GSP is equivalent to WMLP. In the com puter science literature, the MLP 

is also termed the delivery man problem, traveling repairman problem [48, 50, 51] 

(in contrast to  the well-known traveling salesman problem (TSP)), and school-lms 

driver problem, [52].

In fact, the BBLSP we discuss in Section 4.3.1 was studied as a special case 

of MLP as well, and the fact th a t it adm its polynomial time-complexity solutions 

using dynamic-programming was discovered as early as 1986 [50]. Recently, Garcia 

et al. [49] even discovered a linear time-complexity algorithm by identifying a 

Monge m atrix structure of the problem.

T h e o re m  4 .3 .1 . The GSP is NP-complete.

Proof. F irst, note th a t by taking probability pv =  y  w" v, , we convert the W M LP 

to the GSP. In particular, the optimal search policy for the corresponding GSP 

gives the optimal weight minimum latency tour for W MLP and vice versa. Next, 

each MLP is a special case of W M LP with equal weights. Therefore, any de­

term inistic polynomial-time algorithm to the GSP would give a deterministic 

polynomial-time algorithm to W M LP and in tu rn  to  MLP. Because MLP is NP- 

complete [48, 53], the GSP is NP-complete. □

It is worth pointing out th a t the above proof also establishes the fact tha t GSP 

cannot even be f-approxim ated in polynomial-time unless P  =  NP because it was 

shown in [53] and [48] th a t the MLP camiot be e-approxim ated in polynomial-time 

unless P =  NP.
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4.4  E rroneous B ounded  Linear Search P rob lem  (E B D L S P )

In this section, we investigate a variation of the finite linear search problem 

the erroneous bounded discrete linear search problem- (EBDLSP). W hen the 

searcher visits a location k a t which the target indeed is. it may miss the ta r­

get, with a probability e*. > 0. Our goal is still to devise an optim al policy that 

minimizes its expected travel distance to find the target. In the following, we as­

sume tha-t the searcher always starts with position 0. Search problems with errors 

or misdetection are notoriously hard to solve. See [54] for a recent survey on the 

twenty-question-with-a-liar problem. To our best knowledge, this work is the first 

to address the linear search problem with errors.

As before, we assume the target is located on the integer line segment [—n, rij 

and a t a particular position i G [—n.n] w ith probability pt. (Since the searcher 

always starts  with position 0, we assume p0 =  0.) Given th a t the target is at 

location i. for each inspection of i, t he searcher may miss the target w ith probability 

0 < c; < 1, independent of both the target location distribution and the search 

history.

4.4 .1  C osts for b o th  Searching and Traveling

It is clear tha t if the searcher is not charged for each inspection of a location, 

the searcher can keep searching a location many times so tha t the missing prob­

ability a t each location can be made arbitrary  small and then continue to visit a 

next location. In this way, the to tal search cost can be made arbitrarily close to 

tha t of the case without errors. To avoid such trivialities, we could either impose 

a restriction tha t the searcher must leave the location once a location is visited, 

or (more naturally) we can charge the searcher a cost q, for each inspection at 

location i while the searcher is allowed to stay at a location and keep searching it 

as many times as such a decision is desirable. In the latter case, we assume the cost
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of traveling is commensurable with tha t of inspection this is reasonable for many 

practical situations. For example, we may take q, to be the tim e spent on each 

inspection of position i and the traveling cost dt to be the time needed to travel 

between the two consecutive locations i  to i +  1. For the sake of model richness, 

in the following we take the la tter approach the searcher is allowed to inspect 

location i many times without leaving but for a cost of qt for each inspection.

In the following, we investigate the performance penalty caused by errors and 

bound the optimal value of EBDLSP in terms of that of its error-free counterpart 

BDLSP.

4.4 .2  B ound  on P erform ance Loss for M isd etection

For mathematical convenience, we consider the search problem with homoge­

neous error probabilities, i.e., y =  c for all i e  [—n, n). For an EBDLSP, denoted 

V (, we denote its error-free counterpart by V. W ith a slight modification of the 

cost structure of the BDLSP discussed previously in Section 4.3.1, the error-free 

problem V  can be solved equally efficiently using dynamic-programming.

To sta te  our main result, we denote by c*(V,) and c*(V) the optimal costs of 

V ( and V  respectively, and by C  the “total one-pass cost” the total cost incurred 

for the searcher to travel from one end to the other end of t he line segment [— n. n] 

and inspect each location once. Furthermore, we denote by I the cost for the 

optimal policy of V  to traverse the entire segment, i.e.,

I — max ln (?),
i£\ n,n]

where t t *  is the optimal policy for the BDLSP V  and /"*(/) is the cumulative cost 

incurred under the policy t t *  up to the time when the location i  is first visited and 

inspected.
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T h e o re m  4 .4 .1 . The optimal cost, of an EBD LSP V t is bounded as follows: 

c { V )  < Di p , )  < C*{V){\ - e )  + I -  ' +
1 - c  (1 -  cj-

This theorem suggests and justifies using the error-free optimal policy in the 

case where the detection is highly reliable, i.e.. the error probability t is small,

because it. is easy to see that:

D(P)(  1 - (. )+ 1 - ^ -  + -  DI P)  as e —> 0.
1 - e

In fact, it also partially confirms our intuition th a t in the cases where search 

costs are relatively lower than  traveling costs, repeating several searches at each 

location, whenever visited, could most: likely be efficient since by doing so the 

missing probability a t each visited location is geometrically reduced with only a 

linear increase of the small search costs.

The lower-bound part- is obvious the optimal cost c*(Ve) of an EBDLSP 

cannot be lower than th a t of its error-free counterpart.

To see the upper bound, consider the following multi-stage search policy, de­

noted 7rm : at the first, stage, the searcher starts  from the location 0, the searcher tra ­

verses the line segment according to  the optimal policy it of the error-free BDLSP 

V  bu t searches the locations only when they are first visited. The searcher neces­

sarily ends a t one end of the line segment, say location n. At the next stage, the 

searcher travels straight from one end to the other end (from location n to —n) and 

inspects each visited location once. Then, the searcher travels back from — n to 

n and inspects each of visited location once again. The searcher travels back and 

forth in this fashion along the line segment, until the target is located. It can be 

show th a t the expected cost of this multi-stage search policy itm is upper bounded 

as follows:
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L em m a 4 .4 .2 . For an EBD LSP V, with error probability c. the cost c*'" {Vf ) of 

the multi-stage search policy is upper bounded as follows:

The proof of Lemma 4.4.2 is relegated to Appendix 4.7.1.

4.5 S ea rch  o n  U n b o u n d e d  L ines

In this section, we investigate the problem of search on an unbounded line. 

Here, instead of considering com putational complexities, we shift our focus to 

characterizing optimal policies, since the size of the problem and the description 

of optimal policies are typically unbounded. On the other hand, instead of seeking 

exact solutions, we consider approximation methods to these problems.

4.5.1 In tro d u c t io n

Recall th a t an instance of the unbounded discrete liner search problem (UB­

DLSP) is characterized by the underlying target location probability mass function 

with an unbounded support, P =  {p, : i 6 Z}. The goal is to minimize the ex­

pected distance traveled to  find the target. In this section, we assume th a t the 

searcher always starts  from position 0. Furtherm ore, we assume tha t the proba­

bility mass function lias unbounded support on both  sides. This assumption can 

be more explicitly represented in terms of the following convenient notation F(i), 

i € Z, i ^  0, for “tail” probabilities:

We use F (0+) and F (0_) to  denote Y i - ^ o P i  and Y i < - » P i  respectively. Clearly, the 

double-sided unbounded support assumption is equivalent to

F(i) > 0, for all t £ Z.

This assumption is used in the proof for Theorem 4.5.2.

c ^ ( V c) <  c * { V ) (  1 -  t )  +  1 - ^ —  +  P ' j t ——
l — t (i — t

(.39)
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— a-ik  — ( l2 k -2  — 0,2 o d \  Gg/t-l <l2k+l

Figure 6. Zig-zag policy for UBDLSPs

Clearly, for a UBDLSP with double-sided unbounded support, any policy- 

being able to locate the target with probability 1 can be described by a double- 

sided infinite sequence of integers, representing the turning-points, in either of 

following two forms depending on the first-step direction:

{ ' ' ■ 1 a 2 k i  a 2k - 2 ) ' • ■ • a 2 ', 0 . «1- ■ ■ • , 0 '2k - l ; a 2 k + i -  ' ' ' } (40)

and

• (hk+li a 2k-\', ' ■ ' • a i , 0, U'2, • • • , 02fc, 0,2k+2-. ' ' ' }• ( 41)

where |a„J < |a„.+2 | for all n  G N. W ith policies of the first form as shown in Fig. 6, 

the searcher starts  to search the right-hand side first, turns around at location cp 

towards the left-hand side, searches the locations from —1 up to e2, turns around 

again towards to the right-hand side, and so on. For policies of the second form, 

the searcher starts  its search on the left-hand side first and then follows the similar 

zig-zag procedure. We call the turning-point sequences (40) and (41) the turning- 

point representation of policies.

It is not hard  to  see th a t any good search policy must satisfy the following 

two conditions:

(1) K  +2\ > |a.n 1 for all n G N, and

(2) pan > 0 for all n, G N.
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We call policies satisfying these conditions r e a s o n a b l e  p o l i c i e s ,  and correspond­

ingly refer to the two conditions as reasonability conditions. Denote the set of all 

reasonable policies by II.

For a given policy w  =  {«; : i  G Z}, we denote its expected cost by c n .

D efin itio n  4 .5 .1 . A p o l i c y  n* i s  called a n  optim al policy i f  c * *  =  c* =  inf7rGnc7r.

Denote by /7r(/) the traveled distance for the searcher, under the policy n ,  to

first visit location i, i  G Z. The cost of w can be calculated:

cw =  ^ r ( o Pi.
/1 dj

In term s of the turning-point representation (40) or (41). we can write lK(i) out:

n.
/ir(/‘) =  2 \ak\ +  |/'|, for i > 0 and i G (ak i.a/t+i] or i < 0 and i G [oy+i, cifc-i)-

k=]

It is not hard to see that the cost c" can be alternatively w ritten in terms of the 

tail probability notation F(i,):

c =  2 ^  |aA:|[F (a ,_ i)  +  F(ak)] + ^  |/|p i;

where we take the convent ion a$ =  0+ if a j < 0 and o0 — 0_ if « i > 0. Sec

Equation (52) in Appendix 4.7.3 and the detailed calculation therein.

Note that the second term  is the double-sided mean of the underlying distri­

bution. which is policy-invariant. Denoting this mean by M , we can simplify the 

expression for c'T:

A 2 ^ > J a , . f / - ' i m  : ) • F( <n . \ \  • M .

ieN
In the following, we characterize optim al policies. But, before doing so, we 

first address a subtle issue— the existence of optimal policies.
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4 .5 .2  T h e  E x is te n c e  o f O p tim a l P o lic ies

We first clarify the meaning of “existence" for optimal policies. Recall tha t a 

policy t t *  is called optimal if c* =  c* — in f^ n c * . Note tha t the set {c7r : t t  E 11} 

may not have a finite lower bound. In such cases, it makes little sense to take the 

infimum of the set. Second, note th a t the set II of reasonable policies contains 

infinitely many, in fact uncountable many, elements. Hence, even if the set {e77 :

t t  E 11} is lower bounded, the infimum may not be achieved -the set may be open

a t the bottom . For these considerations, we say th a t an optim al policy exists to 

mean th a t the infimum is finite and achievable.

It turns out tha t the existence issue is technically non-trivial in general. A 

necessary and sufficient condition for continuous cases was established by Beck [10] 

and another slightly different one by Franck |9]. A great deal of effort was spent 

there on tackling the subtlety of possible “infinitely small starting  movement" 

for policies to strive to be “optim al” for certain distributions. Nonetheless, this 

subtlety does not arise in the discrete cases we address here. For this reason, the 

existence condition can be cleanly stated  as follows.

T h e o re m  4 .5 .2 . Optimal policies fo r  UBDLSP exist i f  and only i f  the double-sided

mean of the underlying distribution is finite.

We point out tha t the main idea of the following proof for Theorem 4.5.2 is 

similar to tha t of [9] and [10]. But, thanks to the discrete setting, their convolved 

arguments can be significantly simplified. For the sake of this simplification and 

to  set the stage for the later discussion as well, we include in the following a 

self-contained proof.

Proof. F irst we claim:

C la im  4 .5 .3 . The infimum c* is finite i f  and only i f  the double-sided mean M  is 

finite. Specifically, we have M  < c* < 9M .
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To sec the claim, we start with a straightforward observation.

O bservation  4.5 .4 .

<f > M,  for  all t t .

The observation holds because the travel distance /*(?) to visit a position i 

cannot be less than \i\ under any policy w. Therefore, we have

<? = Y > Y  Mp* = M-
z ;ez

Therefore, if M  is infinite, then c* must be infinite as well. (It is easy to check 

tha t the distribution {p0 =  0. p,- =  p_, =  ^  : i G N} is such an example th a t has 

an infinite double-sided mean.)

Next, we prove the following converse to Observation 4.5.4:

O bservation  4.5.5.

c* <  9 M .

This inequality can be easily shown by considering the performance of the 

best worst-cast policy we mentioned before, the so-called “doubling policy '':

ird =  {■ ■ ■ , 2 2k+1, • • •  . - 8 , - 2 , 0 , 1. 4, • • • . —2 2k, • • • } .

It is easy to see tha t the travel distance l"d(i) to first visit any location i, is upper 

bounded by 9|i|. Thus, the result follows.

W ith Claim 4.5.3 established, we are left to show that if M  is finite, then an 

optim al policy exists. We s ta rt with a sequence {7r„ : n e  N} of policies such tha t

<  -  c*.

Given a small positive number S, there exists an N  G N such th a t cKn < c* +  5 for 

all n > N . Instead of working with the original policy sequence, we focus on the 

following subsequence of policies starting  from ttv+p

{ty+h. : n G N}.
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For notation simplicity, we re-indcx this tail sequence (with little danger of con­

fusion) directly as {7tri : n G N}. Next, we “extract” an optim al policy from the 

policy sequence using the “subsequence” argument.

Recall th a t a policy wn is specified via the sequence of its turning-points {a \f : 

k  G N}. First, we show th a t there exists a sequence {bk : k  G Z} such tha t for 

each k the inequality |a£| <  bk holds for all n. We prove this by induction (on k). 

Recall the cost calculation formula:

c* = 2 ] T  \»k\[F(ak^ )  + F(ak)] + M. (42)

Clearly, depending on whether «" is positive or negative, we have either 

2 |aT1!|F (0_) < c*" or 2ja']l |F (0 +) < c*n. Since cKn < c* +  8  holds for all n. we 

see tha t

I a VI < F  =  -------- —— ~t——— r- for all n.
1 11 “  2 m in(F(0+). F(0_))

By our double-sided unboundness assumption, the denom inator is non-zero. There­

fore, we see tha t the iirst turning-point sequence' {c/" : n €  N} is bounded bv bj. 

Next, we assume th a t

\ak\ -  F- for all n.

We are left to show

K +i| < bk + 1 for all n, 

for some finite bk+\. Note tha t

F « )  > m in (F (h ,) ,F ( -  bk)).

Furthennore, by our double-sided unboundedness assumption again, we have 

F(bk), F ( —bk) > 0. Similar to  the case of k =  0. by resorting to the cost cal­

culation formula (42), we have |o(LilF(a)l) < 2cKn < c* +  6 . for all n. Therefore,

we get

. I <  foi.4.1 =  ------------7—-T------;----- —. for all n.
2m in (F(bk). F ( - b k) ) '

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



112

Thus, wc proved there exists a real sequence {bk '■ k  G Z} such th a t for each k  the 

inequality |a | |  < bk holds for all n.

Now, we are ready to apply the "subsequence” procedure to  extract an optimal 

policy from the policy sequence { n n  : n  G N}. Starting with the sequence of the 

first turning-points {o” : n  G N} of the policy sequence, we know th a t there
711exists a convergent subsequence {a,' : i G N} since the sequence is bounded by

ri1bi. Denote its limit by a*. Next, consider the subsequence {a2‘ : i G N} of the 

second turning-points. For the same reason, there exists a convergent subsequence
n 2{a2 : i G N}. Similarly, we denote its limit by a2. In the same spirit, we can 

carry this “subsequence extracting” procedure inductively for all k  and obtain a

sequence:

of limit turning-points. We denote by n* the policy corresponding to this limit 

t, urning-point sequence.

It is left to show tha t the policy tt* specified by the above sequence of “lim it­

ing” t urning-points is an optimal policy. In other words, wc need to show

Recall tha t the convergent subsequence extracted from the ktb. turning-point so- 

qucnce is indexed as {akl : i G N}. It is easy to see that, for any k, there exists an 

Ay > 0 such tha t

i, i •"'hi 1
IK-1 -  \(1J ll < 2

holds for all i > Ay and all j  = 1, • • • ,k .  Since all the turning-points are integers, 

the limiting points must be integers as well. Consequently, we have

K  : U N )

cn — 2 \a*k\[t ( a ^ j )  +  k'{a*k)\ +  M  -  c

(43)
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for all i > N k- j  =  1, ■ • • ,k .  On the other hand, for each k > 0, there exists an 

Ay > 0 such tha t

holds for all n > N'k. We can find an N (k )  > 0 such that nkN^  > xnax{r?^> N'k} 

holds. Then, we have tha t (43) and (44) hold simultaneously for all i > N (k)  .

Note th a t as k  goes to infinity, the term  |c~* — S f  | vanishes. On the other hand,

ity. Therefore, by taking k  and i large, we can make |cK' — c*| arbitrarily small. 

Therefore, we conclude tha t \c" — c*\ =  0 and th a t the policy n* is optimal. □

4.5 .3  U niqueness o f  O ptim al P olic ies

It is natural to be curious about the uniqueness of an optimal policy. Clearly, 

uniqueness is not the case in general. For example, when the underlying distri­

bution is symmetric, any optimal policy starting  from one side has a “mirroring" 

counterpart tha t starts  from the other side. However, it is unclear so far, up to 

such a symmetric multiplicity, whether optimal policies are generally unique. To 

our best knowledge, the uniqueness (up to symmetric multiplicity) of the optimal 

policy was investigated and proved by Beck and Beck [14] only for the continuous 

case with the underlying distribution being normal. Their proof exploits certain

Denote bv S% the partial sum 2J2 \  k'fc|[^(fle -i)  +  ^ (w )] +  M  of the infinite 

sum calculating the cost of policy n. From (43) we have

SA/ V - S f  | = 0 ,  for all % > N(k). (45)

Combining (44) and (45), we get

— c — c

< |fo* - S f \  +  |„ V r -  c n*\ + p  for all i > N (k) .
n '

we have th a t the diagonalized term  \S£ k — ( f  fc| vanishes as well as k goes infin-
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special property of the normal distribution. We show later tha t the uniqueness is 

crucial to  establishing the convergence of our approximation procedure proposed 

in Section 4.5.6.

4.5 .4  T he E xpanding P rop erty  o f  O ptim al P olicies for Sym m etric  U B - 
D L SP s

From this section on, we focus on UBDLSPs with symmetric distributions. 

First, we establish the following property of optimal policies for symmetric UB­

DLSPs.

T h e o re m  4 .5 .6 . I f  the underlying distribution of a UBDLSP is symmetric and 

has a finite double-sided mean, then its optimal policies must be expanding:

\ak+i\ > |«fc|, k G N.

Note th a t the reasonability condition (1) says th a t any “reasonable” pol­

icy, certainly including optimal policies, must be “one-sided” expanding. The­

orem 4.5.6 says th a t the optim al policies for symmetric distributions must be 

"double-sided" expanding as well.

We first observed this phenomena during computer experiments and later 

found th a t it can be rigorously established. At th a t time, we were unaware of the 

whole body of work by Beck and Franck, including the fact th a t the same expand­

ing property was early observed for continuous symmetric distributions by Beck 

and Beck [8] during their investigation. In fact, the first proof for the progres­

sively expanding property for UBDLSP with continuous distributions given in [8] 

turned out faulty and later corrected by themselves in [14]. We find the main 

idea of our proof similar to theirs. However, because of the discreteness of our 

settings, the details are significantly different. We include a self-contained proof 

in Appendix 4.7.2.
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P

P - n P n

-  • * * 1 1 1 1 ’ • •
—n 0 n

F . t < - n  Pi Pi

yD‘= 0  | | 1 1
—n  0 n

Figure 7. n- truncated BDLSP for UBDLSP

4.5 .5  A pp roxim atin g  O ptim al V alues for Sym m etric  U B D L S P

In this section and the next, we approxim ate the optimal value and the optimal 

policy for symmetric UBDLSP by solving a sequence of finitely-truncated BDLSPs 

obtained from the original UBDLSP. Given a symmetric distribution P  =  {/y : i £ 

N} in which p, =  p_; for all i. consider the n-tnm cated BDLSP as shown in Fig. 7 

with its underlying distribution

(F(n)  +  pn,pn- 1 , • ■ ■ • pi • pit- P\ • ■ ■ ■ •/'„ I-/',, +  F (n )) ,

where F(n)  is the tail probability $A> pf of the original unbounded distribution. 

Since the original unbounded distribution is symmetric, the left tail probability 

F ( —i) equals the right tail probability F(i)  for all i. We denote the n-truncated 

distribution by P„ and with a little abuse of notation we call the corresponding 

n-truncated UBDLSP P„ as well.

As we show in Section 1.3.1, the optimal cost and the optim al policy of the 

n-truncated BDLSP can bo com puted efficiently''. Denote by c* the optim al value 

of the n-truncated BDLSP P n. We have the following result.
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T h e o re m  4.5 .7 . Suppose that the optimal policy for  a symmetric UBDLSP ex­

ists. The sequence {c*}„en of the optimal values for  the finitely-truncated BDLSPs  

converges to the optimal value c* of the UBDLSP.

The theorem is not surprising and confirms our intuition. However, the result 

is not immediately obvious either, considering th a t we have few tools accessible 

and useful in such a primitive analysis setting and hence can hardly say anything 

definite about the optimal policy. Our proof exploits the principle of optimal­

ity [55] and takes advantage of the expanding property for symmetric UBDLSPs 

established in Theorem 4.5.6.

Proof. The proof is carried out in two steps. First, we show th a t the sequence {c*} 

converges. Then, we show the sequence converges to c* by dem onstrating tha t one 

of its subsequences converges to  c*.

We show the convergence of {c*} by proving tha t it is monotone increasing and 

bounded from above. We first show tha t it is monotone increasing by contraction. 

Suppose th a t c*+1 < c* holds for some n. and c* + 1 is achieved by optimal policy 

7T*+1. W ithout loss of generality, suppose tha t the policy tt* _U1 has the following 

one-sided turning-point representation:

where at > 0 for all i e  [k] and a, > (ij for k > i > y =  1. To avoid cluttering 

the main text, we relegate the detailed calculation for the costs of policies in both 

finite truncated and unbounded cases to Appendix 4.7.3. The cost of 7r*+1 is given 

by:

From optimal policy tt*+1 for the (u +  l)-truncated  distribution P n+), wc construct

(oi, • ■ ■ , o,/.. n +  1, n 4- 1),

a  policy n'n for the n-truncated problem P„ and show th a t < c* to  get the
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contradiction. Specifically. 7f't is constructed as follows: 

n'n =  (a.i, o2. • • • , a.k~i , n, n), if ak =  n. or n'n =  (« i, r/o, • • • . a*,-, »•. ft), if a* < n.

In the first case, the cost of n'n can be computed:

k  n

C<  a, i) +  F{a,)} + ^  \i\ji,
/ — .l v ~ - n

=  rW r1 — 2 [(« +  l)F(cifc) +  (ft +  1 )F(n, +  1) +  (n +  l)p,-(+i]

< c < +. =  < +1 < c-;.

In the second case, the cost can be computed:

k  n

C*'n -  ^  a,i[F(ai_i) + F (a,)] +  ^  \i\pt +  2nF (ak) + 2nF(n)
1 =  1 i ——ri

= iW* h -  2 [(n. +  l )p n+i +  (n +  l)F (n  +  1) +  (n +  l)F(nq.) -  nF (n)  -  n,F(nk)] 

=  ( f - e  -  2 [F(flfc) +  F (n  +  1) +  p„+i]

< c < +* =  < +1 < <*.

Therefore, in both cases, we have cn* < c*. contradicting to the minimality of c*. 

Ilcnce, we conclude th a t the sequence {c*} is non-decreasing.

Next, we show th a t the sequence is bounded. By the same argument as that, 

for Observation 4.5.5, it is easy to  see that the cost of the following doubling policy 

for the n-truncated BDLSP P„ ,

tt^ =  ( - n ,  • • • , _ 2 2/c+1. • ■ ■ , —2 ,0 ,1 .4 , 22k, ■ ■ ■ , n),

is bounded by 9 M n , where M n is the double-sided mean for the n-truncated dis­

tribution I’,.. Note tha t
n n  oc cc

M n =  2 ^  \i\pi +  2n F ( f t )  =  2 ^  \i\pj +  2 ^  n p , <  2 ^  \i\p, =  M .
/— 1 ■)—] | —H+ j t= l

Therefore, the sequence {e*}n€N is bounded above by 947. We conclude that the 

sequence {c*} converges.
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It remains to show tha t the sequence converges to the optimal value c* of the 

original UBDLSP. Suppose tha t an optima] policy t t  has one-sided turning-point 

representation:

n = {a i ,a 2, ■ ■ ■ , ak, •••}.

W ithout loss of generality, we assume the policy starts from the right side the 

searcher turns a t locations oq, —a2, a-s, —0 -4 , and so on. According to the expanding 

property, we have ak+l > a*, for all k  £ N. We claim tha t the subsequence {c* }a:€n 

of the sequence {c*}„en converges to the optim al cost c*. To see this, consider the 

a*-truncated BDLSP P ajt. We claim tha t the following partial policy obtained by 

“truncating” the optimal policy n,

TT0k = (q], q2 1 • • • ■ ak,a k).

is optimal for P ai.. In other words, we have

cKu>.- = c* .

To see this, note th a t the cost of the optimal policy t t *  is

k  cc 00

r** - l y ^ n - F x a ,  ,) + F{at)} +  2 ^  a,[F(o, ,) +  F(a,)} +  2
i =  l i=fc+1 i= l

Since ak is fixed, the first term

k

2 a,i[F(a.l^ i )  + F («;)]
i= i

depends only on the partial policy sequence (iq, • ■ • while the second term

is independent of this partial sequence and the last term  is constant. By the 

principle of optimality, the partial sequence (cq, • • • .u k) must minimize the first: 

term for the overall policy to be optimal, for otherwise the partial policy sequence 

(«!,••• , a*,-]) could be replaced with a better alternative to obtain a lower overall 

cost and a better overall policy, contradicting to the optimality of 7r*.
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Note tha t the cost of policy nnk for the afc-truneatcd BDLSP is

k ak

=  2 t [F (« ,_ i)  +  F(a,)] +  2 Y  nh.
(=i t=i

By the optim ality of the sequence (eg. ■ • • . i) for the term 2 a,-[F(ai_i) +

F(o,.)], we see th a t cTU1̂ must be minimized by the sequence (tp . • • • . tp—i) as well, 

because the second term  is fixed. Therefore, we have c* =  for all k =  1 ,2, - - - .  

Furthermore, we have

k  cij,. oc oo

cnai.- =  2  Y  i ) • l-'ia. Y r 2  Y  '/'• c* =  2  Y  a i i i ) : I F i i :) • 2  ^  " />,.
t= 1 i=l i= 1 (=1

as k  goes to  infinity. Hence c* converges to  c*. Therefore, we conclude th a t the

sequence {<•;* : n G N} converges to c*. The proof is completed. □

4 .5 .6  A p p ro x im a tin g  O p tim a l P o lic ies  fo r S y m m e tric  U B D L S P s

Wc know from the previous section th a t the optimal value sequence {e*} of 

the sequence {PK} of n-truncated BDLSPs converges to the optimal value c* of 

the original symmetric UBDLSP. It is natural to ask whether the sequence t t , ,  of 

the optimal policies obtained for the n-truncated BDLSPs P„ converges to the 

optimal policy of the original UBDLSP. In the proof of Theorem 4.5.7, we showed 

tha t the optimal policy for the (^--truncated BDLSPs. where a*, is a turning-point 

of an optimal policy for the symmetric UBDLSP, coincides with an optim al policy 

for the UBDLSP for the first k  turning-points. In particular, suppose th a t the 

following policy

n * = in i . </•_>. ■ ■ ■ ,a k, • • •)

is optimal for a given symmetric UBDLSP. Then, for each k  € N, the following

policy obtained from t t *  by truncating-then-padding,

=  («i, a-2 , ■ ■ • ,a k, ak),
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is optimal for the a^-truncated BDLSP. Suppose the optimal policy for the n- 

truncated BDLSP is vrn =  (a", «£,••• . ajj!,n,n). In the following, we investigate 

whether the fcth turning-point sequence {ar(  : n G N} converges to the fcth turning- 

points of the optimal policy for all k.

To be precise about convergence of policies, we state the following definition:

D efin itio n  4 .5 .8 . We say that a sequence of (infinite) policies 

converges to the policy

_ *  /  *  *  *  \
7r =  (a1? a2. • • • , a fc. • • ■ j,

denoted t t , ,  t t *  , if

a(! —► al, as n  —> oo. for  all k  G N.

To align with the above definition, we "pad" the optimal policy (which is 

finite)

( a P u T . . .  . u p

for the n-truncated BDLSP P n and form the corresponding “infinite” policy

<  =  ,a£, 0 , 0 . - - - )

with a)1 =  0 for all j  > k.

It turns out tha t if the optim al policy t t *  of the original UBDLSP is unique, 

then the sequence of the padded optimal policy obtained by solving the n- 

truneated BDLSPs converges to the optim al policy tt* for the original UBDLSP.

T h e o re m  4 .5 .9 . Suppose that a symmetric UBDLSP has a unique optimal policy 

tt (up to symmetry duplication). Then, the sequence of padded optimal policies 

{ < }  of the n-truncated BDLSP sequence converges to t t .
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It is possible tha t generally the turning-point sequence, for example {a£}„gri of 

the k th  turning-points, obtained during our approximation process may not settle 

down but oscillates among several numbers infinitely. Theorem 4.5.9 ensures tha t 

as long as the optimal policy for the original UBDLSP is u n iq u e  the turning-points 

o b ta in e d  d u r in g  o u r  a p p r o x im a t io n  p r o c e s s  e v e n tu a l ly  s e t t l e  d o w n  t o  a  f ix e d  v a lu e  

a n d  h e n c e  p ro v e s  t h e  effectiveness of our approximation procedure in computing 

the optimal policy t t * .

Before w e p ro v e  T h e o r e m  4.5.9, w e p r o v id e  a “w e a k e r” result as fo llo w s:

T h e o re m  4 .5 .10 . Given a symmetric UBDLSP, let {7r^}n€ig be the sequence of 

the padded optimal policies for  the n-truncated BDLSPs. Consider one of its sub­

sequences { < .} ieN- I f

-► TT, i > OC

then n is optimal for the original UBDLSP.

This is a corollary o f  T h e o r e m  4.5.7 because {c* }, as a subsequence of {e*}. 

converges to c*. This theorem implies th a t if the “p a r t i a l ” optim al policy sequence 

oscillates “consistently” among several candidates, t h e n  these candidates arc all 

in fact optimal. Clearly, such a situation can happen only when the UBDLSP has 

multiple optimal policies.

Proof of Theorem 4-5.9. Denote by IIfe the set of policies for the UBDLSP whose 

first k  turning-points coincide with those of the optimal policy tt* . In other words, 

we have

t t  =  («i ,a 2 ,  ■ • • , «*, • • • ) € Ilfc 4=> Ui =  a ” for all /' =  1, • • • , k.

Clearly, we have c* = inf{c" : tt E 11£}. Now, since the optim al policy is unique, 

for fixed k  we have

4  : =  ini { r  : tt £  II;,} >  C .
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Let Sk :=  c'k — c* > 0 .

N e x t ,  w e  sh o w  t h a t  th e r e  e x i s ts  a n  N ( k )  >  0  s u c h  t h a t  fo r  a n y  p a r t i a l  p o lic y  

t t 11, n  >  N ( k ) ,  i f  i t s  p a d d e d  p o l ic y  7r', d o e s  n o t  b e lo n g  to  L L , t h e n  i t  c a n n o t  b e  o p ­

t im a l  fo r  t h e  n - t r u n c a t e d  B D L S P . S u p p o s e  tt"  =  ( a i ,  a 2. ■ • • , a * , (ik+1 , • • • , a.j, n ,  n )  

is  a  s e a r c h  p o l ic y  fo r  t h e  BDLSP P n a n d  n;n € Ilfc. T h e  c o s t  o f  t h e  p o l ic y  tt„ is

n j - 1

CK" =  2 'y * ip7 +  2n[F(a,j) +  F(n)] +  2 y   ̂a ([F(o,--1 ) +  F(a*)].
i=i i=i

Consider the following search policy f n for the original UBDLSP constructed from 

tt„ by “patching” it w ith doubling search policy in the tail region:

#„ =  (a i , a 2 - ■ ■ • , ah. • • • .a,, n, n, 2 n. in ,  ■ ■ ■ , 21 n, ■ ■ ■).

It is easy to see tha t the cost for tt,, is

n j  — 1

c-n =  2 ^  rn  +  2n[F(a,-) +  F(n)] + 2 ^ a (- [F (o2_ ,) +  F(a,:)] +  ^  I (i)Pi
* =  ] 1 =  1 i^ [-n ,n ]

=  ^ '  +  ^  l(i)ph

The last term  n] ^('0p* 13 the extra expected cost incurred for t t , , ,  where l(i)

is the extra travel distance to first visit location i € (—oo, —n) U (n. oc) after the 

searcher finishes searching the region [—n. n]. The doubling policy employed for 

the tail region ensures th a t l(i) < 9|/| +  n < 10|*| for all i 6  (—oc, —n) U (n, oo). 

Therefore, we get

C O  OC

c * „  _  c * „  =  <  2 [  ^  1 1 0 /  ) / t  i =  2 0  iP<-

i ( £ [ - n . n ]  i = r t + l  i = n + l
Because the underlying distribution has finite double-sided mean, the term 

5 Z i ^ n + i  'iVi vanishes a s  n  goes to infinity. Therefore, there exists an N (k)  such 

that 20 *P» < f°r all n > Ar (A-) - Then, we have

c -  > c*» -  |  > 4  -  |  =  F  +  4  -  |  > c*, n > N(k).
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Therefore, for any n > iV(/c), if %'v £ I lfc, then n n cannot be optimal for the n- 

truncated BDLSP P„ since from the previous theorem we know tha t the optimal 

cost satisfies c* <  c* for all n. Hence, we conclude th a t the first k  turning- 

points of the optim al policies r*n for the BDLSPs P n must eventually settle to 

(a*. a*2 , • • • , a*k), the first k  turning-points of the optimal policy n* for the original 

UBDLSP. This completes the proof. □

4 .5 .7  T h e Increm ent Sequence o f O ptim al P olic ies for Sym m etric  U B -  
D L SP s w ith  H eavy-ta iled  D istr ib u tion s

In the previous section, we established the effectiveness of our approximation 

approach. It is natural to  further investigate its efficiency the convergence rate  

of the approximation procedure. It is clear tha t the convergence rate  depends 

on the tail behavior of the underlying distribution. Specifically, the tail property 

affects the approximation in two different bu t related ways. One is tha t the heavier 

the tail, the less accurate our approximation with the BDLSP obtained at a fixed 

n. The other is, as we observed in our computer experiments, tha t for heavy- 

tailed distributions, the "'strides" of optimal policies the increment between the 

consecutive turning-points of the optimal policy tend to diverge quickly. Both 

effects suggest th a t we need to solve an n-truncated BDLSP with some large n  

to estim ate accurately the optimal cost of heavy-tailed distributions. Nonetheless, 

we have no good estim ation so far for the combination of these two effects. As a 

step towards understanding the convergence rate of our approximation approach, 

in the following, we formally establish some boundedness results for the strides of 

optimal policies for UBDLSPs with heavy-tailed distributions.

We quickly review here the related work by Beck and Beck [8] on the normal 

distribution. It was shown tha t the increments between consecutive turning-points 

of the optimal policy for the exceptionally thin-tailed normal distributions is upper
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bounded:

Wk+i \ — khj < 2.5, for all k  € N.

In fact, the increment sequence tends to vanish as we can see from a more powerful 

result obtained in the same paper for the asymptotic behavior of the optimal policy 

for the normal distribution:

lim  =  1.
oc yj2n In ii

We say that, a positive function f ( x )  : R+ —*■ R+ is asymptotically x a , denoted 

/(.;;) ~  x a . if there exist constants a.b € E  and an x 0 such that

h r" > f ( x )  > a r" for all x  >  ./:0.

D efin ition  4 .5 .11 . A distribution is called fat-tailed i f  both o f its right tail 

F+(x) — P r{X  > x} and. left tail F_(x) =  Pr{JV < — ,r} are asymptotically x~°  

for some a  > 0. I f  the exponent parameter a  < 2, then the fat-tailed distribution 

is called heavy-tailed.

T heorem  4 .5 .12 . Suppose that the underlying distribution of a symmetric UB­

DLSP is heavy-tailed and that an optimal policy exists. Then, for  any optimal 

policy

Ti* =  ('  ■ • i a-2k,  « 2fc_2 ; • • • , 0 2 , 0,  0 -1 , • • • . Cl‘2 k - \ ■ a 2 k + l ,  ' ' ' ),  

the increment sequence

{ K + i |  — : k G N}

is unbounded.

The unboundness of the increment, sequence suggests tha t the optim al poli­

cies aggressively explore the uncharted region when the underlying distribution is 

heavy-tailed. Theorem 4.5.12 and the boundness result for normal distribution, 

which is a typical thin-tailed distribution, form a clear dichotomy.
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Proof. By the heavy-tail assumption, there exist N  > 0, c > 0, and a  €  (1,2) such 

tha t F(n) = F ( —n) > cn~a for all n  >  N.  The reason th a t a  m ust be greater 

than 1 is for the distribution to have a, finite double-sided mean.

We prove the theorem by contradiction. Suppose tha t the increment sequence 

of an optimal policy is bounded, i.e.. there exist a d > 0 such tha t

| a f c+ i  | —  | a A-—i | <  d

holds for all k. (Note that by the reasonability condition (2), it holds tha t |«r+i| — 

|nfc_i| > 0 for all k.)

W ithout loss of generality, we focus on the right side of the turning-points, 

namely the subsequence

{ O '  n l ■ ‘ ‘ > a 2 k -  l-. 0 -2 fe+ l!  ' ‘

Fix a large m  > 0. Consider the set of turning-points {a2k+i '■ «2k+i £ (N, N  +  

m], i e N } .  Clearly, the set must contain a t least turning-points. Rewrite the 

set as

{flno+i : ?■ =  0. • • • . j  — 1},

where j  > [^1 and «n0 > N  is the first turning-point of the set. Recall the cost 

calculation formula

OO

W =  2 Y , a k \F iok ; ! +  F(ak)\ +  M.
A;=1

By the heavy-tail assumption, we have

CO- j — 1 j -  i
cT' > 2 Y 2 a k F ( a k)  >  2^ > 2c ̂  a N>+ l ( a N>+ , ) ~ a .

A = 1  i = 0  ( = 0

Moreover, noting tha t the function a  > 1, is monotone decreasing, we can

bound the cost

> 2c • -(a-l)
J aw +j-\ > 2 j ( N  +  >  2 ^ ( N  +  ~

a
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Since a  < 2, by taking m  to infinity, we can make the lower bound on cf  arbitrarily 

large. This contradicts the finiteness of the optimal cost. Therefore, we conclude 

tha t the increment sequence must be unbounded. □

4.6  D iscu ssio n

In this work we focus on discrete linear search and graph search problems. 

We take the MDP approach to the BDLSP and see tha t the BDLSP is easy to 

solve— efficient algorithms exist for BDLSP. But the generalization from simple 

linear graph to general graph makes the problem much harder GSP turns out to 

be NP-complete. In fact, it is M AX-SNP-hard as we show th a t it is equivalent to 

the WMLP, which is known to be MAX-SNP-hard [48, 53]. Similar to taking the 

MDP approach to the BDLSP, it would be interesting to  approach the erroneous 

BDLSP using a Partially Observable MDP formulation.

We show in the above the unboundness of the increment sequence of opti­

mal policies for symmetric UBDLSPs with heavy-tailed distributions. We offer 

in the following a boundness conjecture for symmetric UBDLSPs with light-tailed 

distributions:

C o n je c tu re  4 .6 .1 . I f  the underlying distribution of a symmetric UBDLSP is light- 

tailed (i.e., the tail probability F (n ) =  F ( —n ) ~  a n, 0 < a  < 1), then the incre­

ment sequence of the turning-points of the optimal policy is bounded.

This conjecture has been validated in the continuous case with Gaussian distri­

butions by Beck and Beck [8]. Nonetheless, it appears to be difficult, to established 

this result in general.

As we discussed in Section 4.2, although several special cases have been solved, 

the general two-dimensional search problem is considerably harder than  the one­

dimensional case and is still widely open. The most interesting topic there is the 

logarithmic spiral conjecture for the planar search problem where a line lies at an
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unknown distance away and with unknown slope. It is also of practical interest 

to investigate the erroneous two-dimensional search problem this is a completely 

uncharted research topic.

4 .7  A pp en d ix
4.7 .1  P ro o f o f Lem m a 4 .4 .2

We analyze the proposed multi-stage search policy n m stage by stage as fol­

lows. Denote by lk(i), k  > 1, the cumulative cost for the searcher to first arrive and 

inspect location t at the Alii stage. Note th a t I =  max;6[_n.n] /1(0- According to 

our multi-stage policy, we see th a t the cumulative cost satisfies lk(i) < I +  (A: — 1)6'

Denote by pf the probability tha t the target is found a t location i when 

the searcher first visits and inspects it during the A;th stage. Clearly, we have 

Pi <  Pi(l — e). Denote by pk the probability tha t the target is found during the 

A;th stage. It is easy to see tha t the following inequality holds:

Because a t each stage each location is inspected a t least once, the conditional 

probability tha t the t arget is not found at the Atth stage given the target, is not 

found at the (A: — l ) th  stage is less than c. Therefore, the probability that the 

target is not found a t any of the first k  stages is less than  t fc. Since the target is 

found at the A th  stage' only when the search at the first k — 1 stages fails, we have

Now we can bound the expected cost of the multi-stage search policy 7rm as 

follows:

for k > 2.
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o-'(n) = E E l k ® P i

k —1 x£j — n.n\

= E '■('>.'+E E
ifci— n,n] k > 2  i£.[ — n.n]

< x  /(i)Pi(i-o + E E P +
tG| — r/,n] k ">2 ?’£[—j7,,rtj

= x  ■ E^';'{k- 1)(" E
iGl  —n , n ]  k > 2  ? £ [ — n , n

< £  /(Op,(!-') + E [' + (fc-i)<V">
' G | - n , n ]  f c > 2

=  c ' m i - < ) + i T ^ - + c Y , k ( k
k >  1

=  e Y P n l  ,« ■ l ' —  ■ ( '  '
1 - c : ! i 0 -

Tliis concludes the proof.

4.7 .2  P ro o f o f T heorem  4 .5 .6

The condition for finite double-sided means is solely for the purpose of the 

existence of optimal policies so tha t it makes sense for us to discuss the properties 

of them. In fact, this condition will not be used explicitly in the following.

Because of the symmetry of the underlying distribution, any optimal policy 

starting from right side has a symmetric counterpart tha t starts from the left 

side and equally achieves optimality, and vice versa. For this reason, we shall 

consider only the policies th a t start from the right side. To facilitate discussion, 

instead of using double-sided infinite sequence representations, we specify policies 

by sequences of positive integers {a i , a2,- - • , a*, • • • }, meaning th a t the searcher 

travels to  location first, then turns around and travels to location —«2, then 

turns around again and travels to  location a3, and so on.

In this symmetry situation, the tail probability function F(i)  is symmetric as 

well, namely, F (k)  =  F ( —k), k  6  N. Correspondingly, the cost calculation formula
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is simplified to (see Appendix 4.o3,  Equation (52)):
OO

c n  =  2 ^  a k [ F ( a k ^ )  +  F ( a k ) }  +  M .

k =1

We prove the desired result by contradiction. Suppose t t * = { a k  : A: G N} is 

optimal and the policy tt* fails to  satisfy the expanding property. Specifically, we 

assume it first fails a t (k +  2)th turning-point, namely, ak+\ > ak + 2 and a, < a,-+i 

for all i  <  k  +  1. We show in the following th a t the policy t t *  can be improved by a 

new policy, denoted t t '  . th a t is obtained by switching a k + i  and a k + 2  and adjusting 

other turning-points accordingly as follows:

t t '  =  { a x, • • • , a k . a k + 2 , Qfc+i • Ofr+j-i, a k + j , a k + j + 2 , ' ' '  }>

where j  =  min{2n : n*.+2n >  n € N}. Note tha t j  is even and must be greater 

than 2. because a *,+2 < o.k + 1 by our assumpt ion, in  other words, j  must, be greater 

than or equal to 4.

Next, we show th a t c f  < c f . To see this, wc write the cost of t t '  out:
k

<:" = M  +  a , [ F ( « , _ ] ) +  b  (u ,)  j

4-  « k + 2  [ F ( n fc)  +  F ( n k + 2 ) } +  Ufc+1 [ F ( n k + 2 ) +  F ( a k + \ ) }

OC
+  o - k + j - i  ) +  F ( a k + j _ r)] +  2 2  a i  [F i a t - i )  +  F ( a ‘ ) ]  ■

i = k + j

Compare the above with d "  similarly written out:

k

( d  +  2 2  a, [ F ( a ,_ i )  +  F(cq)]
i— 1

+  afc+i [F(afc) +  F [)] +  c i k + 2  [F(afc+ i ) +  F ( m , +2)]

+  a k + ; i  [F(ofc+2) +  F(afc+3)] +  • • • +  a k + j - 2 [A* (afc+j-s) +  ^ (a*.+j _ 2)] (46)

+  " a , , i [F(afc+J-_2) +  F ( « fe+j_i ) ]
OC'

+  a i [ F ( a (_i )  +  F { a , ) ]

i —k + (/
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As we just discussed in the above, the number j  must be greater than or equal 

to 4. It turns out tha t the proofs for ease of j  =  4 and th a t of j  > 4 are slightly 

different.

We consider the case of j  = 4 first. Note tha t in this case the th ird  line of 

Equation (46) vanishes. Hence, the difference is

— Gfc+i [F(ak) +  ^ ( afc+i)] +  ak+2 [F(a.k+\) +  ^ ( 0 ^+2)] +  ak+:i[F(ak+2) 4~ F (ak+^

Simplifying, we get

F  — ( f

= ak+l[F(ak) -  F (ak+2)} -  ak+2 [F{ak) -  F (ak+,)] +  ak+:i[F(ak+2 ) ~  F{ak+1)}

= (cife+i -  ak+2)[F (ak) -  F (nk+2)] +  (ak+:i -  ak+2 )[F(ak+2) ~  F(a.k+,)].

By the reasonability condition (1), we have ak+3 > ak+i and ak + 2 > ak. Therefore, 

ak + 3 >  ak + 2  holds by our assumption a.k+\ >  ak+2. Together with the reasonability 

condition (2), we have [F (ak) -  F(cik+2)} > pflk+, > 0, and i/•'!>/.,2i -  F (ak+l)} > 

Pak+l >  0- Therefore, it holds that: cf ' > c" , contradicting the optim ality of t t * .

— c

(a k + 2 [F(ak) +  F(ak+2)] +  ak+i [F(flfc+2) +  F(ak+])]

(47)
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For the case j  > 4, the difference is more complicated:

cn' - c y  =  +  ak + l [F(ak) +  F ( a k+l )} +  ak+2 [F( ak+l ) +  F ( a k+2)\

+  [ F ( a k+2) +  ^ ( a A;+;-i)] +  • • • +  a.k+j- 2  \ F  {a-k+;j-x) +  F ( a k + j - 2 )]

+  a>k.+j 1 [ F { a k+; j  2 ) +  I' ("I,  . , l ) ]

-  ^ak+2[ F( ak) +  F ( a k+2)]

+  a k + 1 [ ^ ( ^ + 2 ) +  ^ ( a A-+l)] +  a k + j - l  +  F { n k + j - 1)] ^

=  ( o a . + i  -  ak+2) [ F( ak) -  F ( a k+2)}

+  dk+j  i  [F{ ak+:j- 2 ) — ^ ( a f c + i ) ]

+  « A ; + 3 [F(ok+2) +  F ( a . f c + 3 ) ]  +  • • ■ +  ak+J 2 [F(cik+J 3 )  +  F ( a k+r  2 ) ]  

—  Ok+2 [F(ok+2) —  F ( a k+i)] 

=  ( O'a-4-1 —  ak+2)[F (ak) — F ( a k+2)}

+  O - k 1 [F{ak+J 2) ~  ^(°'A:)]

+  a k+:iF(ai,:+‘,i) +  • • • +  a k + : j 2 [ F( a k+J 3)  +  F ( a k+J 2) ]  

a k+3F ( a k+2) -  a k+2[F(ak+2) -  F{ a k+i)]

(48)

Notice the last line of Equation (48) is strictly positive, because ak+:i > a k+1 >  a k+2 

and F (ak+2) > F ( a k+2) — F ( a k+1) by the second reasonability condition. The term 

a k+1 | [F(ak+j 2 ) — F(ak+i)] is strictly positive as well because ak+j 2 < ak+i 

according to the definition of j .  For the same reason as in the case of j  =  4, 

the t erm (ak+i — ak+2 )[F(ak) — F ( a k+2 )] is strictly positive. Furtherm ore, the term 

ak+:2F ( a k+2) + - ■ - + ak+j 2 [F( a k+j 2) + F ( a k+i 2)] is obviously positive. Therefore, 

we see tha t cn > cy , contradicting the optim ality of 7r*.

Hence, we conclude an optim al policy for a  UBDLSP with symmetric distri­

bution, if it exists, must satisfy the expanding property ak + 1 >  ak for all k  €  N.
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4 .7 .3  C alcu lating  th e  C osts o f  P o licies

We start with the general n-truncated distribution:

P =  ( F ( —m) +  p _ m ,p _ ( m_ 1)5 • • •  . P - l ; P 0 ; P l -  ■■■ , Pn —1: Pn +  k ' ( n )  ) • 

W ithout loss of generality, consider a policy tt for the distribution P:

7T =  { — ( l 2 k + 2 -  — U>2 k-, — C t 2 k - 2 ,  ' ' ' • ~ a 2-  0 ,  ( ! [ ,  O3, • • • . 02A.-1; ° 2  k + 1 -  C t o k + 3 } ,

where a2ic+-2 and a2k+ 3  equal n. The cost of policy tt can be calculated:

«2C +  3

C* =  5 ]  i*(i)Pi,
l=~a2h + 2

where lK(i) is the traveled distance for the searcher, under the policy t t ,  to  first 

visit location i .  It is easy to  see tha t

=  2 5 - 2  j  +  | * | , lor i £ (a-2j - i ,  a-2j + i ] - j  =  1 .2 ,  • • • , k - r  1 .

r ( i )  =  2 S o j - i  +  |*|; for i  £  [—a 2j ,  — <*2.7- 2 ); j  =  1 , 2, • • • , k  -+- 1 ,

where

Si =  M -  * =  1,2, - • • ,2fc +  1.
j = i
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Now. the cost is calculated as:

71

C 'y  ̂ Ini'tyPi
i— -)i

=  (2/S'ofc.fl +  0 . 2 k + 2  )(Pa2kl2 +  F {  —  a 2 k  +  2 ) )  

+  (‘2 Sok+l +  M)Pi
»6(-02fc+2.-O2»-)

+  ^  (2 S 2A._, +  \i\)pi
! t [  a 2 fc, - a - 2*- 2 )

+  y ' (2.S2A- - 3 +  |V,|) p i

i e [ - a - 2 * —2 - - 02 )1- 4 )

?'G[--a2-0)

+  y>2 (2 So  +  \i\)pi
i£(0,a i ]

+ ] T  W 2 + \A)Pi
-.6 (0 .03 ]

+  ^ 2  (25'2fc-2 +  Nl)p/
j e (a 2 1 fc -3 .“ 2 f c - l ]

+  (25'ofc +
i S ( d2k  1 4-1]

+  y 2  (2 ^ 2A-+'2 -i- \i\)pi
* 6 ( o 2 t  +  l Ol2fc+:i)

+  (2S2A-+2 +  « 2 fc+3 ) (P a 2A. ,.3 +  ^ { ( > 2 k + - i ) ) -
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Expanding the terms out. we get:

c " —  2 [p-«2fc42 +  F ( a 2 k + 2 ) \  +  a <2 k +2 P- a2k t- 2 +  a 2 fc+2 ^ ( - « 2 fc+ 2

f'2 k + l

+dE
\  i = i  

/■2k-1

E
^ 1 =  1

' 2 f c - 3

*(E

Cli

7-1

I] Pi
i € ( - a  2k+2-~a2k.)

Y Pi
“ 2* - 2 )

E n
i£[-02fr-2.-«2k-4 j

E »
*€( —a2i- + 2--«2fe)

E /P i
*'€[—0 2 » , - « 2 * - 2

+  2 i S “ ’)

+ E i*i*
E *

i€[—a2,0)
+ X] I7'I Pi

iG [-02,0)

i£(0.ai)

+ 2  ( Y a '
, i = \

Y &
i£(a i .0 3 ])

+  l*|Pi
iG(ai.03]

f 2 k —2

+ H S

^ ( e -
. 1 = 1

/ 2 f c + 2  '

2 f e  * ,

E *
* € ( 0 2 f c _ 3 ,a 2 J t _ i ]

E r.
i € ( « 2 f c - l , 0 2 k - n )

X] Pi
i e ( a 2A-+l ■a '2 k + [ i )

+ Y  1*1̂
i € ( a2k - 3 -a 2k - l ]

+ Y  i*ipi
'G(o2fc_i ,«2fe+l)

+ Y  1*1̂
iG(02fc+i,02fc+a)

' 2 k + 2

+  2 |  £  <-lt I [Pa2fc+3 +  F ( a 2 k+: i ) ]  +  a 2fc+3P o 2 fc+3 +  « 2fc+3-^’( “ 2A-+3) -

l — l
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Organizing the term s with respect to  a,,, i =  1, • • ■ /2 k  +  3, we obtain:

0-2k + 3

E
l=-<>2k I 2

+  ":>k • ,'J' ( "?k ■ :•/ +  " •>. " j , v .  : 1 )

+  2 a 2fc+i

+  2«2A;-1

+  - " 2 k

E Pi +  "-•*•0
»€[-02A- |2 . - “2fc)

E  Pi + F (-0 ,2fc+2)
ie [ - a 2A -t-2- — a2A- 2)

X  f*» “1“ F { a 2 k+-3 ) 

!6(o.2A4 1.Q2M 3]

+ E l  Pi  +  P ( " 2 k + 3)
i£(“2A lia2A|3]

X3 Pi F  ( a 2k+' i )

»6(«2A- :3,02A'Ks]

+  2ai

+  2 (3 ,9

E  Pi +  F {  — "2
' € [ - a 2 A- i 2 , 0 )

XT Pi ^(«2A: + 3)
iS(ni ,o2fc ) 3]

+

E  »
i6[ai ,a2fc 12)

E  P* +  F (-«2A:+2)
i€[ —a2fe 1 -2--n2)

+  2 (12k 2 ( E  +  F ( a 2jfc+3) + E  * +  F (  — 0 2A;+2)

V j6(a2fc 3-«2A- ( 3] 4€[-<X2A.-| 2, —a2fe- 2) .

+  2 a 2fc [ E  F  +  F ( a 2/,+ 3 ) + X ^  Pi +  F (  —U2fc + 2)

V i£(«2A--l ,“2A: 1 3] *€!-«2fc+2!-«2fc)

+  2 a 2fc+2 F ( a 2fc+1).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



136

(49)

Simplifying and substituting a-2k+- i  and a 2 k + x  with n, we get

a'2 k 13

=  Z Z  ^ pt
? = ■■“ a2k: f 2

+  2nF(a2k+i) +  n F ( —n) + nF(n)
k

+  2 Z Z  u‘±:i [F(a2j - \ )  +  F ( —o2./)] 
j ' = i

k
' 2 ^  . i [F (—a 2j)  +  F (a 2j+ i) ] .

3 =  0

For r?-truncated symmetric distributions, the cost formula (49) turns into

n  2 t+ l

=  2 Z Z  I?‘I f  +  2n [F (fl2t+i) +  F(n)] +  2 Oj [F(nJ_1) +  F{aj)} . (50)
i - 1 j  =  l

From the formula (49) for bounded distributions, we can easily obtain the fol­

lowing formula for unbounded distributions by taking both the left and the right 

boundaries to infinity:

OC

C  =  £  lAl>,
I —  OC

OC

+  2 (i2k [F(a2k~i) +  F ( —a2̂ )] (51)
/c=l
oc

+  2 ] [ > fc+! [F (—a 2fc) +  F(a-2fc+i)] •
f c = 0

In the case of signed turning-point representation for the policy:

(• ' • , «2/c, 0, 2k - 2 -  ■■■ , 0 2 , 0 ,  a i , 0 3 , • • • . a 2 k - 1 ■ 0 2fe+l, ‘ ' ),  

where a, <  0  for i odd a* > 0  for ? even, the cost formula can be simplified to:

OC  OC

c* = Z Z  + 2  ia* itF (afc-i) +  F (a ><)}• (52)
r=i
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C H A P T E R  5 

On th e  Fundam ental L im its o f T arget Trackability

5.1 Sum m ary

We consider the problem of tracking a target tha t moves according to a Markov 

chain. A tracker queries a set of sensors to obtain tracking information. We are 

interested in finding the minimum number of queries per tim e step such tha t a. 

target is trackable. We consider both  the cases where the motion law, i.e., the 

transition probability function of the Markov chain, is known or unknown to the 

tracker a  priori. In each case, three scenarios are analyzed. F irst we investigate 

the case where the tracker is required to  know the exact location of the  target at 

each time step. We then relax this requirement and explore the case where the 

tracker may lose track of the target a t some time step, but it is able to "catch­

up,'” regaining up-to-date information about the target’s track at. some later time 

step. Finally, we consider the case where tracking information is only known after 

a delay of d time steps. We provide necessary and sufficient conditions on the 

number of queries per t ime step needed to track in these three scenarios for each 

case (known or unknown motion law). These conditions are stated  in term s of the 

entropy rate  of the t arget’s Markov chain. The work presented in this chapter is a 

joint effort with Patricia Barbosa.

5.2 In trod u ction

The problem of searching by asking questions has been the subject of extensive 

research for many years as we discussed in Chapter 4. Its origins can be traced 

back to Ulam [1] and Renyi [2], who introduced variations of the famous “twenty 

questions problem.” Since t hen, several other formulations of this two-person game 

have been considered in the literature [3 6 ]. In this work, our goal is to study
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the fundamental limits of target trackabilitv and derive theoretical bounds 011 the 

number of queries per time step a tracker is required to  ask a  set of sensors to 

track a target.

The problem of target tracking through limited querying is of particular in­

terest in the sensor network setting. Sensor networks have emerged as one of the 

most promising technologies in recent years. While much of the research done 

in this area explores networking issues like tim e synchronization [7, 8 ], sensor lo­

calization [9, 10], and routing [11, 12]. additional communications problems such 

as d a ta  compression and message complexity have become increasingly im portant 

as the number of networked sensing devices continues to grow. For the majority 

of existing sensor networks, these small and inexpensive devices impose serious 

energy constraints affecting the network lifetime by having to transm it sensing 

information (over possibly long communication channels) to a remote monitoring 

station (estimator) [13]. Moreover, the reliability and the capacity of the channel 

available for communication with the estim ator lead to restrictions on the volume 

of d a ta  sent over such networks. As a consequence, the estim ator needs to make 

judicious decisions when selecting sensors to send data, so tha t communication 

with the sensor network is kept to a minimum.

It is within this setting th a t we propose a sensor model in which sensors arc 

capable of sending only one-bit messages to  an estim ator. These messages are 

used to  gather tracking information about a moving target. In the literature, 

one-bit-message sensor networks arc called binary sensor networks and have been 

previously considered for target tracking [14 16]. In [17], Evans et al. analyzed the 

problem of optimal sensor selection; however their approach is to formulate the 

problem as a partially observed stochastic control problem, where sensors arc not 

constrained to  one-bit messages, and the estim ator also controls the channel data
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rate so th a t mean squared errors are bounded.

The remainder of this chapter is organized as follows. Section 5.3 formalizes 

the tracking problem under three different definitions. In Section 5.4, we study the 

case where the motion law is known to the tracker and present the necessary and 

sufficient conditions for followability, trackabilitv. and d-trackability. In Section 5.5, 

we study the adaptive case where the motion law is unknown to the tracker a 

priori and present the necessary and sufficient conditions respectively for universal- 

followability, universal-trackabilitv. and universal-d-traekability. The results are 

later proved in Section 5.6. Finally, Section 5.7 concludes this chapter.

5.3 P rob lem  Form ulation

Consider a target moving around an area. Suppose th a t the area is partitioned 

into a  number of non-overlapping regions, referred to as locations. At each location, 

a sensor is deployed to monitor the motion of the target. We model the motion of 

the target by a discrete time finite state-space Markov drain

{ X t : I G N}

and take the set A  of the indices of the locations as the state  space of the Markov 

chain. We assume th a t the Markov chain is ergodic and time-homogeneous and 

denote the one-step transition probabilities by

Px.y =  P r{M  =  y |M-i =  ;t}, z , y  G X .

We denote the history of the target motion up to time t by

A" W5. .V, . - -  - . M i .

and call it the target track (up to time t).

Fig. 8  illustrates such a tracking sensor network, where the target track 

r> =  (4, 5 ,1 ,6 , 2). Noting th a t the locations and the sensors are in one-to-one
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Figure 8 . A tracking sensor network

correspondence, we index both of them by the same index set X  and use the terms 

target location and sensor as synonymous in the following.

By querying the sensors, a tracker aims to track the target. At each time 

step, the tracker is allowed to query the sensors a number of times. We denote the 

?th query of time step t by q1%. Furthermore, each query, sent by the tracker to 

the sensors, consists of a number of questions, each of which addresses a particular 

sensor with a specific tim e stam p. Formally, we write

qt.i =  { « < , Ty,) : J € Ji.i, rl, < t, s[j  e  X }

where the pair ( s j t , t \  () denotes the question “has the sensor s3ti detected the target 

at time r ^ T . In response to the query qt i , the tracker receives a binary response

rt,i G {0,1}.

We assume that, the target detection of the sensors are flawless and non­

overlapping, and the communication between the tracker and the sensors is error- 

free. Under these assumptions., the response rLl to the query qu  amounts to a
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binary random variable as follows:

{ 1, if X j  =  s ! for som e j G Jt t ;
Tt,i.

0 , otherwise.

Denote the query-response history, up to  the fth query-response round of time step 

by

Q u  =  n .i) , ■ • • , ( g i j j ,r 1M): (53)

f e u .G G u ) ; '  ■ • , { q 2 , h , r 2 .k-2 ) :  (54)

‘ •' > (55)

(ft.i., n ,i)- • ■ • , ('//.••• r .'.'i) • (56)

where Ay. denotes the to tal number of queries issued at time step t. Note tha t (53) 

collects the Ay queries of time step 1. (54) the Ay queries of time step 2. (55) the 

A*t_i queries of time step t — 1 . and (56) the first i queries of time step t.

D efin itio n  5 .3 .1 . A policy II is a sequence of mappings from query and response 

history to next queries and updated track estim.at.es:

To,; : Qtti (<jy,-+i,X -) for  i < kt and nLkt : QLh e-> (ql+u , ^ ) ,

where X- denotes the ith estimate o f the target track X 1.

Because track estimates depend on policies, we denote the ith  estim ate of 

target track X 1 under a specific policy II by Xj(II). To make the word ''tracking” 

precise, we consider the following three distinct degrees of “tracking.” which we 

call following, tracking, and d-tracking.

D e fin itio n  5 .3 .2 . A policy II is called a following policy i f  X[  (II) =  X 1 holds for  

all I G N almost surely.
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D e fin itio n  5.3 .3 . A policy II is called a tracking policy if X lkt(U) = X 1 holds for  

infinitely many t G N almost surely.

D efin itio n  5 .3 .4 . A policy II is called a d-tracking policy i f  X lk . (II) =  X 1 holds 

for infinitely many t € N almost surely, where Xfc (II) denotes the "partial track 

estimates'’ whose components are the first I components of the ft, +  d)-long vector 

of the track estimate A ^ .^(II).

We consider in this work the situation where the tracker is allowed to  query at 

most C  times a t each time step. We call the number C  the query quota. Note tha t 

C  is an integer. Corresponding to  the above three distinct degrees of “tracking,” 

we have the following three distinct degrees of “trackability.”

D e fin itio n  5.3 .5 . We say that a target is followable i f  there exist a following 

policy II such that the number of queries used by II at time, step t, denoted A;*(II), 

is no more than C for all i 6  N.

D e fin itio n  5.3 .6 . We say that, a target- is trackable i f  there exists a tracking policy 

such that. A:£ (II) < C for  all I. G N.

D efin itio n  5.3.7. We say that a target is d-trackable i f  there exists a d-tracking 

policy II such that Ay (II) < C for  all i G N.

5.4 T rac k in g  w ith  K n o w n  M o tio n  Law

In this section, we consider the case where the motion law the transition 

probabilities of the Markov Chain are known to the tracker. In this case, the 

mappings nf l, t G N, i G [Ay], of policies are allowed to  be dependent on the 

transition probabilities p.r.!r, x , y  G X .  Denote the entropy rate  of the Markov 

chain by If,  which is calculated as [18]:

(or;
xGX !JCX‘
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We have the following results on the “traekability.” Their proofs arc relegated to 

Section 5.6 after we sta te  their counterparts in the case of unknown motion law.

T heorem  5.4.1 (Followability). A target is followable i f  and only if  C  > 

maxj;€,y log | A j  | , where N x denotes the set {y  G X  : px,y > 0} of the possible, 

next states of x  G X .

T heorem  5.4 .2  (Trackability).

a) I f  C > H + 1. then the target is trackable.

b) I f  the target is trackable. then (.' > / / .

T heorem  5.4 .3  (d-lrackability).

a) I f  C  > II + 2 - then the target is d-trackable.

b) I f  the target is d-trackable for  some d > 0, them C > I I .

5.5 Tracking w ith  U nknow n M otion  Laws

In this section, we consider the case where the motion law of the target the 

transition probabilities of the Markov chain is unknown to the tracker a priori. 

In this case, the mappings tt, I G N, i G [kt], of policies are prohibited from 

depending on the transition probabilities px_y, x. y  G X .  We call such policies uni­

versal policies, following the terminology of information theory for universal cod­

ing [18(. Correspondingly, we have the following definitions for universal-following, 

universal-tracking, and universal-d-tracking.

D efin ition  5.5.1. A universal policy II is called a universal-following policy if  

A '^ I I )  =  X 1 holds for all I G N almost surely.

D efin ition  5.5.2. A universal policy II is called a universal-tracking policy i f

(II) =  X 1 holds for infinitely many I G N almost surely.
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D e fin itio n  5.5.3. A universal policy IT is called a universal-d-traeking policy if  

Xl+^iU)  =  X 1 holds for  infinitely many t E N almost surely.

D e fin itio n  5 .5 .4 . W e say that a target ts universally followable i f  there exists a 

universal-following policy II such that Ay(II) < C for  all t E N.

D e fin itio n  5.5 .5 . We say that a target is universally trackable if  there exists a 

universal-tracking policy such that Ay (II) < C for all t E N.

D efin itio n  5.5 .6 . We say that a target is universally d-trackable i f  there exists a 

universal-d-tracking policy II such that Ay(II) < C for  all I E N.

As we shall see in the following, it is remarkable t hat the universality required 

for universal-tracking and universal-d-tracking strategies does NOT incur extra 

queries comparing with the case where motion law is known a priori. This resembles 

the well known result tha t there exist universal source encoders to code informat ion 

source optimally even without knowing the statistics of the sources. The proofs 

for these results are relegated to Section 5.6 after their counterparts in the case of 

known motion law.

T h e o re m  5 .5 .7  (Universal-followability). A target is universal-followable i f  and 

only i f  C  > log |T’|.

T h e o re m  5 .5 .8  (Universal-traekability).

a) I f  C > II  +  1, then the target is universal-trackable.

b) I f  the target is universal-trackable, then C > I I .

T h e o re m  5 .5 .9  (Universal-d-traekability).

a) I f  C  > H + I ,  then the target is universal-d-trackable.

b) I f  the target is unive.rsa.l-d'-trackable. for  some d > 0, then C > 11.
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The part (a) of Theorem 5.5.9 can be proved based on Theorem 5.5.8 using 

the block-coding idea as presented in the proof of Theorem 5.4.3. The converse, 

i.e., the part (b), follows trivially from the part (b) of Theorem 5.5.8. Therefore, 

we omit its detailed proof in Section 5.6.

5.6 P roofs
5.6.1 P ro o f o f  T h eorem  5.4.1

We first prove the necessity, by contradiction. Let X \  =  ay G X .  Assuming 

C  < inaXj.eA'log |N x \, there exists a state  x* G X  such th a t C  < log \NX»\. Since 

the Markov chain { X t : t G N} is ergodic, thus irreducible, there exists a time step 

t* G N such th a t the P -step  transition probability from state ay to sta te  x* is 

strictly positive, i.e., pxJx* > 0 (where p ^ x* =  pXl.x»). Prom the definition of 

query quota, we know th a t a t most C  bits per tim e step can be transm itted to 

the tracker. Therefore, the number of choices for estim ating X t+i is at most 2C at 

time step t + 1. But it is clear tha t no policy is able to identify all possible choices 

for X t+i G Ay,- with at most C  queries with 2C < |Aq..|. Therefore, we have

P { W ,  *  =  v }  > miy ;>«•.„> o.

Hence, for any policy n  with k t < C  for all t G N, we have

P |  there exists a t. A'( ( n )  ^  A'4|  >  rninp , , . . > 0.

a contradiction.

To prove the sufficiency, we show by induction tha t the simple and well- 

known binary search [19] yields a policy II using which we can follow a target, 

when C  > maxxe<*'log |A7X|. Since the initial location of the target is known a 

priori, P | a ' ^  =  X \  j- =  1 trivially. For a fixed t > 0, assume P j Xj.t =  =  1.

It suffices to show tha t P j A ^ 1. 

binary search procedure, the tracker can pinpoint the target location x l+l w ith at

=  A' 4+1 f =  I- I t is easy to see tha t, using the
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most [log \NXt\] number of queries the sol of sensors to be queried is repeatedly 

reduced by about half until the target location art+i is estimated with certainty. 

Noting C  is an integer, we have

C > max log |N x \ > lop; | Ay,-, | > [log|iVx,|].
x6 A

Hence, we are able to estim ate the value of A'(+i with certainty among all possible 

|Nyt | choices, th a t is, P  = At+1j =  1. Thus, it suffices to have C  >

maxje ,Y log |N x \ to follow a target. □

5.6.2 P r o o f o f  T heorem  5.4.2

We first prove part (b)—we show th a t if there exists a tracking policy then 

C > H.  It is to be proved by contraposit ion. The proof uses the idea of strong 

typicality and a result from large deviation t lieory.

First, we extend the concept of strong typicality [20, Ch.5] to  ergodic finite- 

state Markov chains. Consider a ergodic time-homogeneous Markov chain {X , : I E 

N} with a finite sta te  space X  and one-step transition probabilities x . y  E X .  

Denote its stationary  distribution by tt,.. x e  X .  Fixed a  t E N, we define a 

counting function N j:4/ : X ' —+ [<] for each transition (:r. y) as follows:

N ^ f . r 4) =  ^  M-cy) l y(xk+1),
k= 1

where 1  ,r (ay) is the indicator function taking the value of 1 if x t =  x  and 0  otherwise. 

Given a <5 > 0 , the set defined as follows is called a (t, S)-strongly-typical-set:

s  =  | . C  E  X 1 : —--1— - — Vr/q.y <  5 ,  V(.x,y) E  X 2 1 .

The sequences x l in this set are called the strongly-typical-sequenccs. Strongly- 

typical-sets and strongly-typical-sequences have the following useful properties.
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L e m m a  5 .6 .1 . a) The probability o f  every strong typical sequence x* €  A f.A-

where II  is the entropy rate o f the Markov chain and the constant C\ > 0 a 

constant.

b) The probability of the complement of strong typicality sets eventually de­

creases exponentially fast there exist a T  jE N and constants c2 >  0 and 

c3 > 0  such that

The part (a) of the lemma is established bv modifying the proof of the similar 

results for i.i.d. sequences as in [20. Ch.5], The part ( b )  is proved by using a result 

from large deviation theory for finite Markov chains, 'lb  avoid interrupting the 

main idea, we delay the proof of Lemma 5.6.1 to Appendix 5.8.1.

We assume C < H  to prove the part (b) of Theorem 5.4.2 by contraposition. 

Using Lemma 5.6.1. we bound the probability of the “catching-up” event { X ^  — 

X 1} as follows:

satisfies

(58)

59)

(60)

(61)

< =  x l j.2 - ' (y/- ci,s> +  r 2 2  r :/ (62)
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Because there are at most 2 IC choices for X lk , we have

The inequality (62) turns into

Hence, we have

V P r < oc,
te n

by choosing some S > 0  such th a t I I  — C — c \ 8  > 0 holds. By the first Borcl-Cantelli 

lemma [2 1 ], we have

which contradicts our assumption th a t the tracking policy S  "catches up” infinitely 

often with probability 1 .

The part (a) of the theorem if C > H + 1  then there exists a tracking policy 

is to  be proved by construction. We construct a tracking policy S  with the a t most 

C  number of queries at, each time step. The policy to be constructed is based on 

the idea of Huffman codes. For this reason, we call it the Huffman policy. Under 

the Huffman policy, the tracker proceeds to  query by "traversing” on a growing 

decision tree built from the Huffman-code trees of individual “transitional” random 

variables, as we shall elaborate in the following.

Recall tha t, for a finite state-space random variable X , we can construct the 

Huffman code for A" such tha t the expected code word length I = l(x)p(x)  is 

minimized [18, Thm. 5.8.1]. During the construction of the Huffman codes for A', 

a code tree, which we call the Huffman-codc-tree is constructed as byproduct. This 

Huffman-code-tree in fact provides an optimal query policy to "guess” the outcome 

of the random variable X  [18, Sec. 5.7]. Relevant to our case, the expected number
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of queries, equal to the expected length of the code words, used to pinpoint the 

outcome of X  is bounded as follows:

H ( X )  < I < H ( X )  +  1 . (63)

where H ( X )  is the ent ropy of the random variable X .

Based on Huffman-code-trees, a querying policy is constructed as follows:

• At time step 1 . since the initial location aq of the target is known to the 

tracker, the tracker needs to do nothing.

•  At tim e step 2 . the tracker constructs the Huffman-code-tree To for the ran­

dom variable Y2 w ith probability distribution

P r { > 2  =  y} = PxU,i, y e  Nr i .

The tracker proceeds to query the sensors by traversing 1\ w ith at most C  

steps. The tracker

-  either reaches a leaf, a t which point the target location x2 is identified. 

Denote the number of queries taken by /(x 2 |x'i). The tracker construct 

a new Huffman-code-tree T2, to be used in the following time step, for 

the new' random variable Y:i w ith distribution

Pr{P 3 =  y}  =  Px2 .y< V € X X2.

-  or is still in the middle of the tree T2.

•  At time step 3.

-  if in the previous time step, the target location x 2 has already been 

identified, then the tracker starts to traverse and query the sensors 

accordingly, similar to the time step 2 .
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-  otherwise, the tracker continues 011 Tj with at most C  steps. If the 

tracker reaches a leaf of T), then it constructs T3 and continues 011 To 

until C  queries are used up. In the end of time step 2 . the tracker

* either reaches a leaf of T3 , at which point the target location £ 3  is

identified, which takes l(xsl-cg) queries,

* or is still in the middle of the tree Ta.

• Continuing this process,

•  At time step /,,

-  If the tracker has identified x t- i  in the previous time step, then it s tart 

to traverse Tt and query accordingly about x t

-  Otherwise, the tracker must be in the middle of some previous HufTrnan- 

code-tree Tr . t  < t — 1. In this case, the tracker continues traverses

k = t , r  +  1 . • ■ • . / , sequentially until it either uses up the C  queries or 

reaches a leaf of 7).

Fig. 9 illustrates the construction of Huffman policy by concatenating 

Huffman-codo-trees 7). t  =  2,3, • • •, along the time. As we see from the above 

construction, the tracker may lag behind the current target track temporarily. 

But, as we show in the following, the tracker can always “catch up” the above 

policy is a tracking policy. To see this, consider the following sequence of random 

variables:

where /(Afc+i|Afc) denotes the number of queries used, under the above Huffman 

policy, to pinpoint the target location A'*.+] given the target is a t location AT- at 

time step k. We claim th a t the sequence converges almost surely and its limit / is 

bounded from above by / /  +  1. where H  is given by (57).
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Figure 9. Concatenating Huffman-eode-trees to form Huffman policy
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Assuming the claim is true, then we have

Pr{ there exists i G N such tha t lt < C}  =  1

This can be shown by the following argument based 011 contradiction. Suppose 

otherwise, i.e.,

Note tha t when It < C  first happens the tracker catches up the current track. 

Hence, by induction and (64), the tracker cat dies up the current track infinitely 

often with probability 1. Therefore, the Huffman policy is a tracking policy.

It remains to show the claim that the sequence lt

converges almost surely and its limit I is bounded H  +  1. Consider the following 

discrete-time random process

where l ( y |x), x , y  €  X  is a time-homogeneous function with l(y\x)  =  Z(A*.+ 1  =  

y\Xk  =  .r), denoting the number of queries used by the Huffman policy to  identify 

the target location y if the target moves from a previous location x. Clearly the 

function l(y\x) is bounded. By the generalized convergence theorem for bounded 

functions of discrete-time finite ergodic Markov chains [22], we have

Pr{/,. > r .  VZ > 0} =  p > 0 .

Then, since C > H  +  1 > /,

P r{It > i y t  > 0 } > P r{/t >  C, V/ > 0 } =  p > 0

This contradicts to our claim:

= 1 K^k+11 ATfc)
i = n-rPxJ(y\x ) ’
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where 7rz is the stationary probability of sta te  x  G X .  By the property of Huffman 

code [18, Thru. 5.4.1], the expected code length Vx.yl{y\x) for any given x  E X  

satisfies:

*  Y L  Vx-'J l0§hh.y <  Y 2  P * J ( y \ T) ' Y 1  Px-y +  1.
V  V  V

Therefore, we have

' y   ̂ /ix[— y  > I d . y  log Px,y\ ~ T G y   ̂ 'Cc[""" /*  ̂Px,y log/h.y +  !]• 
i y x y

In other words, the following inequality holds:

II <1 < II + 1,

where II  = — Y^x y T'xPx.y log px,y is the entropy rate  of the Markov chain measured 

in bits per time step. Thus, the claim is established. This concludes the proof of

both the part (a) of and, hence, the entire theorem. □

5.6 .3  P r o o f  o f  T heorem  5 .4 .3

P art (b) is proven once again using contradiction and strong typicality. Simi­

larly to  the tracking case, we assume th a t C  < II. Then, the track estim ate 

has a t most 2 ('t+dIc choices. Consequently, the probability of the event. |Xfet+rf=x<} 

is bounded by

tj. ^  2 " l't+d>l(H~~c') ci4 f 2 9-c3(i+e0

Therefore, we have

=  * '} < < * •
(SN

Again, by the first Borel-Cantelli lemma, we have

P ( X i  =  X* i.o .l =  0.I ^ t \ d  J

a contradiction. Thus, C > II.

Pr x i X
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We show part (a) using a block version of the catch-up policy described in the 

proof of Theorem 5.4.2. Consider the sequence of random variables {1V„ : n G N}, 

where W„ =  (X ei(n-i)+ i, ■ ■ ■,Xdn)r cl > 0, th a t is. each random variable W n is a 

segment of length cl of the sequence { X t : t €  N}. We call the sequence {W n : n  € 

N} a block Markov chain taking values in the state space X d. Assuming C > H + j ,  

and given the initial target location xq, we skip querying during the first cl time 

steps. For each time step t. from t = d + 1 to  t = 2d, we apply the catch-up 

policy to get X d. This is done using the transition probabilities of the Markov 

chain {H'„ : n G N} to  generate Huffman codewords. Thus, at I =  2d, we have the 

estim ate Hq =  X o , , X j j . This procedure is repeated for every “block” of 

d time steps, hence with a t most: C\y = dC  number of queries for each “block” of 

d time steps. Moreover, the entropy rate  H\y of the Markov chain {\Vn : n > 0} 

can be calculated in terms of the entropy rate H  of the original Markov chain as

H w =
-  logP r { X nd =  x nd}

=  lirri ------- :----------------------------
7l.—>OC J),

f - l o g P r { A 'nrf =  r " rf 
=  lim d { --------   i —---- ----

n-> oo  1 f id

=  - C l  ^  v  l o g M r . v
rc .y e .V

tha t is. H\y — d H .

By Theorem 5.4.2, if C\v > IIw  + 1 , tha t is, if C > II  +  ^ and d > 0, a target 

is d-trackable. □

5.6 .4  P ro o f o f T h eorem  5 .5 .7

The sufficiency part is obvious—with [log |f t |]  number of queries, the tracker 

can pinpoint the location of the target at any time step.

We prove the converse if a target is universally followable, then C  > 

log \X\ by contradiction. Suppose there exists a universal-following policy 11 tha t
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can follow the target with C  <  log \X\. Since the policy II is required to be inde­

pendent of the transition function px>y, x, y G X ,  the policy II should be invariant 

with respect to the numerical values of px.y, x , y  G X .  Consider tha t the target 

moves according to a new transition function with p'x y > 0 for all x . y  G X .  It is 

clear tha t no policy can follow such a target with C  < [~log|X|~|, contradicting to 

the assumption th a t the universal policy II follows the target. This concludes the 

proof. □

5.6.5 P ro o f o f  T h eorem  5 .5 .8

The part (b) is obvious logically since C  >  I I  is necessary for policies tha t 

are not required to  be universal to  track the target. In the following, we use p to  

denote the transition probability function (matrix) of the Markov chain:

where pXt!l = Pr{A',. =  y |A'f_i =  z}.

We prove part (a) by adding a "learning” components to the Huffman policy, 

constructed to prove part (a) of Theorem 5.4.2. We call the policy to be constructed 

the learning Huffman policy.

To learn the target motion law, the tracker keeps updating its estim ate p t, 

t =  1 , 2 , • • ■. of the transition probability function p  during the tracking process, as 

follows. To help the estim ation of the transition probability function, the tracker 

keeps a table, which we call transition-counting-table, to record the number of 

individual transitions m x y, x , y  G X .  Denote the transition-counting-table by m. 

The transition table m  is initialized with m :r>y =  1 for all x , y  G X .  The estimate 

p 1 of the probability function is initialized by normalizing m  as follows:
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Note tha t we refer to a particular entry of the transition probability m atrix estim ate 

pf by -plx and similarly a particular entry of m  by m x.r

The tracker uses p1 to construct the Huffman-code-tree T2 according to  the 

probability distribution

{PH:*i,y) : y G X ) ,

and then queries according to T2. The target location x 2 is identified after lf,i (x21 .r 1) 

number of queries. The tracker increases the entry m J l i I 2  of m  by 1 and keep the 

other entries unchanged, and then updates p2 by normalizing m:

p2 , =  “ — — ---- . for all x, y € X
' "  l ^ y C X  m *,V

Then, the tracker constructs the Huffman-codc-trec T3 using the probability dis­

tribution

: '■! r  •V ) -

and queries according to T:i.

At a typical time step L, after the target location x T, r  < /, is pinpointed, 

the tracker first updates the transition-counting-table m by increasing the entry 

m lT_,.Xr by 1 and then updates its estim ate pr of the transition probability function 

by normalizing m:

PI =  = — —---- . for all x . y  G X

Then, the tracker constructs the Huffman-code-tree T t according to the probability 

distribution

{PTxr,y : 'I ( ;V)- 

and proceeds to query according to Tr .

It is clear th a t the learning Huffman policy constructed in the above is a 

universal policy. We are left to show it is a tracking policy. To see this, note

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



161

because every entry pLr , x , y  6  X ,  converges almost surely to px>y by the gener­

alized convergence theorem for Markov chain [22] and the transition probability 

m atrix has only finitely rrianv (\X\)  entries.

Consider the sequence of the number of queries used by the policy we con­

structed above:

Applying again the generalized convergence theorem for bounded functions of an 

ergodic Markov chain, we have

lowing the same argument in the proof for the part (a) of Theorem 5.4.2, we can 

see tha t the learning policy tracks the target if C > H  +  1. This concludes the

5.7 D iscu ssion

In this chapter, we have studied the number of queries required to follow, 

track, and d-track a target that moves according to a Markov chain for both  the 

cases with the motion law known and unknown a priori to the tracker. Necessary 

and sufficient conditions have been presented for all cases, as well as corresponding 

following, tracking, and d-tracking policies. Our results can be applied to the multi­

target scenario by considering a larger sta te  space Markov chain by taking as states 

the vectors of the locations of m ultiple targets. It is of interest to consider the case 

where sensors are faulty (i.e.. their query responses may be wrong), and where noise 

is present in the communication between sensors and estimator. In this direction, 

it would be natu ra l to introduce the notion of distance between sensors (states)

where H k : x  ► ^2 eX ~$ x y Px r  x  e  is the empirical transition entropy

(function) with respect to the estimated transition probability function p f. Fol-

proof of the theorem. □
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and analyze tracking performance under criteria such as the mean squared error. 

We conjecture th a t results related to  rat-e-distortion theory are possible. Another 

interesting variation is to take sensor responses to be the number of sensors th a t 

reply “yes" to  a query. Future work also includes investigating the mean number

the target track can be estimated, i.e., the mean lag time. Although the simplicity 

of the (learning) Huffman policy is particularly attractive, it is of interest to  find 

the policy th a t incurs the minimum lag time.

5.8 A p p en d ix
5.8.1 P ro o f o f L em m a 5.6.1

To show part (a), we investigate — log p(x‘). It can be bounded from the above

as follows:

of time steps (in term s of number of queries) involved in the catch-up policy before

(65)

<

f loSP.r,?y) +  X  lu!’ A •',) (68)

(69)

where cq =  J2x,y ~ loS Px.y

Similarly, we can bound it from the below:

l (H  -  c p > )  <  • l o g / . . ( , / ' i .

Therefore, we have

which concludes our proof for part (a).
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To prove part (b). we use a result from large deviation theory as stated in the 

following Lemma 5.8.1 [23].

L e m m a  5.8 .1 . Suppose that {A*} is an ergodic finite state chain with state space 

X  and let bL denote its L 1 convergence parameter:

bt =  sup sup \p \x ,  y) -  TTy | .
x y

Then the series b — Y lo o  h  converges and for  any bounded function F  : X  R

and any 6  > 0  we have,

as long as t > 1 +  3bF/d,  where F — max* |.F(x)| and n(F)  is the mean of the 

function F  with respect to the stationary distribution t t  of the Markov chain, that 

is. - ( H  =  ] r reA. F(x)ttx .

To apply Lemma 5.8.1 and prove part (b), we first construct an ergodic: finite- 

state  Markov chain {Tt} from the original Markov chain {A't} by taking Yt = 

(A'{_i, X t). It is well known th a t {Yj} is again an ergodic finite s ta te  Markov chain 

with sta te  space y  =  X 2. It is easy to verify tha t the stationary  distribution Xxy 

of {Yt} equals to r xpx y , (x ,y) € X 2. Let bt be the L l convergence param eter 

sequence of {>)} and b =  Ylt^o bt- Let function F( Yt) be an indication function 

1 .c.y(Yt), Note tha t F  is bounded and F  = supy |F(</)| < 1. Applying Lemma 5.8.1 

to function F , we have.

logPr { i T d d h i  _ ^  > , }  < -  r l T) 2 < -  3)1

for all (x . y ) £ X 2 for I large (>  1 +  36/d'). Writing the above inequality in terms 

of the counting function jVr.J,(A <) and substituting Xx_y by ttxpx,y, we get.

l o g P r { A j ^ At)  -  ttxPxyi> d ]  < ) 2, (70)
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for t large.

Similarly, applying Lemma 5.8.1 to the function F'  =  1 — F,  we get.

for t large. W ith the above inequality (72), we can now bound the probability of 

the complement of the strong typical set A Ls as follows:

our proof for the part (b) of Lemma 5.6.1 and for the proof of the part (b). □
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