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ABSTRACT OF DISSERTATION
STOCHASTIC CHARACTERIZATION OF DROUGHTS IN
STATIONARY AND PERIODIC SERIES

Stochastic modelling of droughts is a topic of great interest in water resources man-
agement. For instance, estimating drought probabilities and return periods helps in
implementing risk based management decisions of water supply systems and provide
useful information for drafting drought management plans. Due to the limited num-
ber of droughts that can be generally observed in historical series, the inferential
approach, e.g. fitting a probability distribution to drought characteristics from an
observed hydrological sample, leads to unreliable results. Furthermore, the multiyear
spanning of droughts, as well as their multivariate framework requires the develop-
ment of concepts and tools that differ significantly from those generally adopted to
analyze other hydrological extremes, such as floods.

The research described in this dissertation includes the stochastic modelling of
drought characteristics, in cases where the underlying series is either periodic or with
non-negligible autocorrelation. In addition, extension of the derived models to the
regional case has been explored. Moments of drought characteristics, probability dis-
tribution functions and return period have been developed in all cases, thus providing

tools to characterize droughts in a broad set of situations that may occur in practice.
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Drought length, accumulated deficit, and intensity in stationary dependent pro-
cesses are investigated by assuming an autoregressive model for the underlying hy-
drological series. A Discrete Autoregressive Moving Average (DARMA(1,1)) model is
adopted to model the sequence of dry-wet years that is obtained when a continuous
process is clipped by a constant demand level. Further, analysis of accumulated deficit
indicates that although the underlying process is stationary, the sequence of deficits
is not, a feature that apparently has been overlooked by previous studies. Thus, a
truncated multivariate distribution is proposed to model the deficits. Approximate
expressions of the bivariate distribution of accumulated deficit and length and drought
intensity and length are employed to estimate the return period of various types of
drought scenarios.

Drought length in periodic stochastic hydrological series is analyzed by assuming
that the dependence structure of the underlying hydrological series is a periodic lag 1
Markov chain. Moments and probability mass function of drought length are derived
as well as return period of droughts with length greater or equal to a fixed value.
In addition, the analysis includes the joint characterization of drought length and
accumulated deficit (or intensity) in periodic dependent series. Approximate expres-
sions for the moments and pdf’s of droughts and a new formulation that enables one
estimating return periods of droughts starting at a given season is presented.

Regional droughts have been analyzed in order to estimate the corresponding prob-
abilities of occurrence and return periods. Making use of copulas concepts, approxi-
mate analytical expressions are derived for the moments of areal coverage of deficit,
of areal deficit and of accumulated deficit that improves previous formulations. The
corresponding approximate pdf’s are also derived and employed to compute return

periods of regional droughts.
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The developed models have been validated by applying them to several hydrolog-
ical series, ranging from precipitation to streamflows and drought monitoring indices
such as Standardized Precipition Index and Palmer Drought Hydrological Index from
regions characterized by different climatological regimes.

The overall conclusion of the research is that exact and/or approximate analyt-
ical expressions of probability distributions of drought characteristics derived from
the statistics of the underlying hydrological series enables one a more reliable prob-
abilistic characterization than employing the inferential approach. In addition, such
analytical derivations may be useful for checking approximations or results obtained
for more complex cases. The examples using a variety of water supply series and cli-
matologic and hydrological drought indices illustrate and confirm the applicability of
the analytical derivations obtained for drought characteristics and associated return

periods.

Antonino Cancelliere

Department of Civil and Environmental Engineering
Colorado State University

Fort Collins, Colorado 80523

Spring 2008
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And then we will act as guardians for your crops and your
vines, so that neither drought afflict them, nor excessive
wet weather.

-Aristophanes, Clouds

Very great distress was caused this year by a drought.
Not only was there an absence of water from the heavens,
but the earth, through lack of its natural moisture, barely
sufficed to keep the rivers flowing. In some cases the want
of water made the cattle die of thirst.

-Livius, Titus : The History of Rome, Vol. 1

The year was marked by a drought and failure of the
crops. It is recorded that no rain fell for six months.
-Livius, Titus : The History of Rome, Vol. VI
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CHAPTER1

INTRODUCTION

1.1 Preface

Drought is a complex phenomenon that can be characterized by its initiation, du-
ration, amount of water deficit (accumulated deficit or average deficit or intensity),
termination, and spatial extent. These characteristics are usually determined by
comparing a water supply series versus a water demand series. Due to the stochastic
nature of water supply series such as precipitation or streamflows, the corresponding
drought characteristics are random and therefore a correct approach to their analysis
is by means of stochastic methodologies.

Drought identification and characterization represents an important step for cor-
rect water resource management. Probabilistic characterization of droughts is ex-
tremely important in those regions where an accurate water resources planning and
management requires a detailed knowledge of water shortage (Frick et al., 1990; Shiau
and Shen, 2001; Cancelliere and Rossi, 2003). According to the definition of drought
based on run theory, introduced by Yevjevich (1967), a drought event is defined as a
succession of consecutive intervals where the hydrological variable under investigation
remains below a threshold level. Once such a threshold z, is fixed, the main drought

characteristics or properties are identified as drought length L (length of negative



run or number of consecutive intervals for which x; < z,, followed and preceded by
at least one interval where z; > z,, as accumulated deficit D (sum of the deficits
S, = x, — x; over the drought duration L), and as average drought intensity, defined
as the ratio of severity to the drought length I = D/L. Such drought definition,
although simple, yet yields an objective identification and characterization once the
threshold level z, has been selected. It can also be extended to the regional case, by
introducing another threshold which represents the percentage of areas affected by
deficit within a region above which a drought can be considered affecting significantly
the whole region.

Despite the limitations, the main advantage of using run method to identify
droughts is its suitability for a theoretical probabilistic analysis of the drought char-
acteristics. Indeed, the relative simplicity of the drought definition allows for the
derivation of the probabilistic features of the characteristics assuming a given stochas-
tic structure for the underlying hydrological series. Such theoretical derivation is par-
ticularly important in light of the relatively short length of available observations of
the hydrological variable, which limits the applicability of an inferential approach to
find the probability distributions of drought characteristics. Further, knowledge of
the probabilistic structure of droughts allows to extrapolate, within reasonable limits,
information about return period of such events, beyond the length of the observed
series.

Probabilistic characterization and modeling of drought occurrences has been the
subjet of several works since the pioneering papers by Yevjevich and his co-authors
(Yevjevich, 1967; Downer et al., 1967, Saldarriaga and Yevjevich, 1970; Millan and
Yevjevich, 1971). Along the years such a topic has received much attention both from
a scientific as well as practical standpoint, due to its implications for water resources

management. Nonetheless, despite the efforts, derivation of probability distributions



of drought characteristics and of related return period from the stochastic structure of
the underlying hydrological variable is still an open problem except for a few, simple
cases.

This dissertation attempts to fill-in some of the missing gaps in drought modelling
and as a such, its main contribution to stochastic hydrology is the development of
new models or improvements of existing ones for the stochastic characterization of
droughts, both at site and in a region, with particular reference to stationary or

periodic hydrological series.

1.2 Objectives

The research aims at providing a framework for the modelling of drought occurrences
under the hypothesis of stationary or periodic hydrological series. In particular,
moments, probability and return period concepts are investigated to model drought
occurrences both at site and in a region and to provide tools potentially useful for
water resource managers. Emphasis is given to derive explicit expressions of moments,
probabilities and return period of droughts as a function of the stochastic structure

of the underlying series. Specific objectives are:

e To derive analytical expressions for the probability density functions of at site
drought characteristics length, accumulated deficit and intensity, both marginally
and jointly, in the cases of independent or dependent time series either station-
ary or periodic. Assuming a stochastic model for the underlying hydrological
series, exact and approximate pdf’s of drought characteristics are derived as a

function of the parameters of the underlying model and of the threshold level.

e To derive analytical expressions for the probability density functions of regional

drought characteristics both marginally and jointly, for spatially dependent time



series. Exact and approximate pdf’s of drought characteristics are derived as a
function of the cross variance-covariance of the underlying series, of the deficit

threshold level and of the areal threshold

e To develop procedures to estimate the return period of accumulated deficit,
intensity and drought length in stationary and periodic series. The approach
proposed by Shiau and Shen (2001) is extended in order to derive return period
of severity for stationary series on the basis of the marginal distributions of
severity. Extension to the bivariate periodic case, taking into account jointly
either accumulated deficit and length or intensity and length, is also pursued

by means of the joint bivariate distribution of the two drought characteristics.

e to extend the return period analysis to the case of regional droughts, thus

enabling to better characterize the occurrence of droughts over a region

1.3 Chapters outline

This dissertation is organized in four main chapters in the form of papers, and is
bookended at the start by this introductory chapter and by a general chapter on
drought identification and characterization and at the end by a summary and con-
clusions chapter. Given such structure, there may be some repetions of concepts,
especially with regard to common methodologies as they appear across the different
chapters. This has been kept to a minimum within the constraints that broadly each
chapter stands alone as a ready-to-submit or already published paper. However, the
numbering of equations, tables, figures, and sections follows a dissertation format and
the references for all chapters are listed at the end.

After a review of literature on drought identification and characterization, in

Chapter 3 droughts in stationary dependent processes are investigated. First, an



analysis of drought length is presented, which indicates that when the underlying
hydrological series possesses strong persistence a DARMA(1,1) model is adequate to
model the sequence of dry-wet years that is obtained when a continuous process is
clipped by a constant demand level. A comparison with the Markov model shows
that DARMA(1,1) models are better able to capture the persistence in the series and
that in particular, the resulting pmf of drought length fits well with the correspond-
ing sample pmf of droughts identified on long series generated by simulation of an
autoregressive process AR(1). Further, analysis of accumulated deficit indicates an
interesting feature that apparently has been overlooked in previous studies, namely
that although the underlying process is stationary, the sequence of deficits is not.
In order to overcome the difficulties related to modelling non i.i.d. variables, the
proposed approach is to model the deficits by means of a truncated multivariate dis-
tribution. This enables to compute the moments of accumulated deficit for droughts
of fixed lengths, which can be used to derive approximate expressions of the bivariate
distribution of accumulated deficit and length and drought intensity and length. The
derived pdf are then employed to estimate analytically the return period of various
types of critical droughts. Application to four annual streamflow series shows the
suitability of the derived methodology to model droughts and drought return peri-
ods in dependent hydrological series. The results illustrated in chapter 3 have been
partially published in Cancelliere et al. (2003); Salas et al. (2005).

Chapter 4 analyzes drought length in periodic stochastic hydrological series. Mo-
ments and probability mass function of drought length are derived analytically as
a function of the dependence structure of the underlying hydrological series. Then,
return period of droughts with length greater or equal to a fixed value is also derived

analytically. Finally the derived analytical expressions are applied to several series



including precipitation, streamflow and drought monitoring indices such as Standard-
ized Precipition Index and Palmer Drought Hydrological Index. The investigations
presented in Chapter 4 have been published in Cancelliere and Salas (2004).

In Chapter 5 the accumulated deficit in periodic series is investigated. In partic-
ular, the moments of accumulated deficit of droughts starting in a given season or in
any season are derived, and approximate expressions for the corresponding pdf are
also proposed. The return period formulation proposed by Shiau and Shen (2001) is
then extended to the case of droughts starting in any season, and a new formulation
that enables to estimate return periods of droughts starting at a given season is pre-
sented. The applicability of the methodology is then tested with reference to seasonal
precipitation series.

In Chapter 6 the methodology proposed by Santos (1983) to model regional
droughts is revised and extended in order to estimate return periods of drought.
In particular, new analytical expressions are derived for the moments of areal cov-
erage of deficit, of areal deficit and of accumulated deficit, based on more realistic
hypotheses about the distributions of the aforementioned characteristics. Also, 2nd
order moments that in some cases were not derived by Santos (1983) are derived
making use of copulas concepts. The derived moments, pdf and return period are ap-
plied for the characterization of regional droughts in two case studies, namely Sicily
island in Italy and the Front Range region in Colorado. The results of the application
indicates that the derived expressions are able to model fairly well the occurrences

and return period of droughts.



CHAPTER I1

DROUGHT IDENTIFICATION AND
CHARACTERIZATION

2.1 Drought definition

Defining droughts, as opposed to other extreme hydrological phenomena, is a diffi-
cult issue, due to the widely different and often conflicting concepts used in literature
related to the particular academic field of study (e.g., hydrology, meteorology, agri-
culture and economy). In addition, the definition of drought may sensibly change ac-
cording to the climate of the investigated region and the specific water use. Therefore,
a first important problem one has to face in the study of drought is the preliminary
identification of the component of the hydrological cycle of primary interest and of
the type of human activity affected by water deficit.

According to Dracup et al. (1980), an accurate selection of the drought identifi-

cation method requires to properly define:
1. the nature of the water deficit under study;

2. the aggregation time scale of the time series to be studied (month, season or

year);



3. the analytical criterion to distinguish drought events from other events in the

time series;

4. the regionalization method, in order to take into account the regional features

of the phenomenon.

Drought definition strongly depends on the nature of the water deficit to be stud-
ied. Water deficit may be related to precipitation, streamflow, soil moisture, or any
combination of these hydrometeorogical variable. Precipitation deficit from conven-
tionally normal conditions is usually considered of interest in determining the cause
of drought events and is generally defined as meteorological drought. On the other
hand, if one is interested in determining the effects and impacts of drought events,
attention should be focused on streamflow or groundwater flow and soil moisture
deficit, respectively defined as hydrologic and agricultural drought.

After selecting the nature of water deficit to be studied, the unit of time to be used
as the aggregation time scale or averaging period for the variable under consideration
has to be properly chosen. Obviously, the selection of the time scale depends on the
purpose for which the study is intended. The choice of such time scale affects two

main aspect of the analysis:
e the sample size of events to be studied;

e the presence of autocorrelation and in general of time dependence in the inves-

tigated series.

The sample size has to be large enough to guarantee the population moments are
well approximated by the sample statistics. Obviously, as the aggregation time scale
increases, the sample size gets smaller and so does generally the autocorrelation or

time dependence. Therefore, a short time scale results in a larger sample size and



larger dependence, while a long averaging period results in a smaller sample size and
smaller time dependence.

The third point, that is the criterion for drought identification in a time series,
will be discussed in detail in the next paragraph.

Drought is intrinsically a spatially distributed phenomenon, therefore a charac-
terization of its areal features represents an important step for the assessment of its
entity and effects (Rossi et al., 1992). Nevertheless, most of the methods, based on
an at-site approach, do not take explicitly into account the spatial characterization
of drought, which is usually carried out at a second stage by spatially interpolating
drought characteristics previously computed at a given number of sites. Such interpo-
lated values can then be represented graphically for example by isolines maps. A few
methods attempt to incorporate spatial information within drought characteristics
for example to derive the relationship between a fixed value of a drought index and a
percentage of the area of the region interested by the chosen value (Rossi, 2003), to
compute regional drought characteristics expressing areal coverage and areal weighted

deficit as in the extended run method (Yevjevich, 1967; Tase, 1976).

2.2 Identification and characterization of drought
events

Since the sixties, several methods have been proposed for drought identification
and characterization, generally based on a specific drought definition. For instance,
Foley (1957) and Herbst et al. (1966) used precipitation data to characterise me-
teorological drought, Palmer (1965) included also evapotraspiration, runoff and soil
moisture to define agricultural drought, while Russel et al. (1971) applied a balance
between available water resources and municipal demands to characterise urban wa-

ter supply shortage. More recently new indices have been proposed to investigate



drought at different time scales in order to provide adequate information to different
users (i.e., Standard Precipitation Index (McKee et al., 1993)).

Drought indices can be successfully applied for drought monitoring since they
provide either directly or indirectly information on current water resources conditions.
However, the developed indices generally fail to provide a complete and objective
description of drought events, and therefore they are not well suited when the purpose
is to identify and characterize historical droughts (Rossi and Cancelliere, 2003).

One of the first work concerned with the identification of droughts is due to
Yevjevich (1967), where the use of the run concept is proposed as a method to identify
and characterize in an objective way drought events and their statistical properties.
A run is generally defined as a sequence of observations of the same kind preceded
and succeeded by one or more observations of a different kind (Yevjevich, 1972). A
drought is then defined as a run of intervals where the hydrometeorological variable
under investigation remains below a chosen truncation level or threshold.

More specifically, given a discrete time series X;, ¢ = 1,2,...n and a truncation
level xy, it is possible to identify positive and negative deviations according to the sign
of the difference between the observed values of the variable and the fixed threshold.
Then, a drought is defined as a sequence of intervals (negative run) characterized by
negative deviations preceded and followed by at least one interval with deviation of
the opposite sign. Negative deviations are usually referred to as de ficit, whereas the
corresponding run is termed as drought. By analyzing a given drought or negative

run s, it is possible to identify the following characteristics:

e drought duration L(s), defined as the number of consecutive intervals where the

variable remains below the threshold;

e drought severity or cumulative deficit D.(s), defined as the sum of the negative
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deviations, extended to the whole drought duration;

e drought intensity or magnitude I(s), defined as the ratio between drought sever-

ity and duration.

Xt*

De (S)

- // ﬂ 1,
% Ut jﬁf B e

2

>t

Figure 2.1: Droughts identified on hydrological series and their characteristics

More precisely, by letting S; be the deficit in the interval t:
St = (330 - .’Et) . I[.’Et] (21)

where [I[z;] = 1 if z; < zy and 0 otherwhise.

The drought duration is given by:
L(S) = tf nat ti + 1 (22)

where t; and {; are such that S; > 0 for t; <t <ty and Dy, = 0, th+1 = 0.

The cumulated deficit or severity can be expressed by:

t:tf L(S)
Do(s)=>_ Si=) (zo—Xi) for X;>um (2.3)
t=t; t=1
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and finally the drought intensity is given by:

I(s) = (2.4)

Once the above characteristics have been computed for each drought, it is possible
to characterise the whole series by considering the average, the maximum or the
minimum of each characteristic and the total number of droughts.

The selection of the threshold is a function of the type of water deficit being
studied. It may be a constant in the case of a non periodic (e.g. annual) time series
or a seasonally varying truncation level in the case of a stationary periodic series.

In general, the threshold is chosen in order to be representative of the average
demand related to the considered water resources (Yevjevich et al., 1983; Rossi et al.,
1992). Usually, a measure of the central tendency of the hydrometeorological variable,
such as the long-period mean or (or the median), is adopted. Theoretically, the use of
the median as threshold level yields an identical number of drought and non-drought
periods, while the use of the mean yields to the same total deviation from the threshold
for droughts and non-droughts, which turns out in the same mean severities for both
the two events in the series.

Other possible choices for the threshold include a fraction of the mean (Clausen
and Pearson, 1995), a value corresponding to a given non-exceedence probability
(Zelenhasic and Salvai, 1987), or a level defined as a function of the mean and the
standard deviation (Ben-Zvi, 1987).

The method of run can be easily extended to regional drought analysis, by con-
sidering another truncation level A, representing a critical area, i.e. a value of the
area affected by deficit above which a regional drought occurs. In this case, the area

Ag4(t) describing the part of the region under study which, in a given time interval
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t, is affected by a drought has determined by adding the areas of influence of single
stations characterized by a deficit. If the sum of such areas is greater than the crit-
ical area, the drought properties are computing by considering only the successive
intervals where Ay4(t) > Ao.

The main advantages of defining drought in terms of run is the relative objectivity
of the identification and characterization process, once the threshold level is defined.
Thus the run method represents an ideal procedure for carrying out an analysis ori-
ented to define best drought mitigation alternatives. Another advantage consists in
the possibility of deriving the probabilistic features of drought characteristics analyt-
ically based on the stochastic properties of the underlying variable. This possibility
is not limited to simple cases where time dependence can be neglected but also when
a Markov chain structure is assumed for the variable of interest.

It may be worthwhile to note that other run definitions have been proposed in
literature, depending on the specific objective for which definition is adopted. For
instance, in defining a run of length r, Feller (1968) stated that "a sequence of n
observations has as many runs of length r as there are non overlapping uninterrupted
successions of exactly r events of the same kind". On the other hand, Schwager
(1983) used a definition where the successions of events of the same kind may overlap.
However he stated his analysis corresponds to that one carried out by Feller as the
discussion centers on the first occurrence of the success run.

Therefore, with reference to the sequence F'SSSSF, it contains:
e only one success run of length r» = 4 according to Yevjevich;

e one success run of length r» = 4 and r = 3 (ending at trial 5 and 4 respectively)

and two success runs of length r = 2 (ending at trails 3 and 5) according to

Feller;
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e one success run of length r = 4, two of length r = 3 (ending at trials 4 and 5)
and three success runs of length r» = 2 (ending at trials 3, 4 and 5) according to

Schwager.

2.3 Stochastic characterization of drought length

The properties of run-length and its application to drought have been widely
investigated in literature. Indeed, the origins of the theory of runs probably trace
back to the end of the eighteen century when there was a large interest in games of
chance de Moivre (1967).

The earlier hydrologic studies concerned with such a concept were carried out by
Downer et al. (1967), who studied the distribution and the statistical moments of pos-
itive and negative run-lengths for a sequence of independent identically distributed
random variables, Llamas and Siddiqui (1969) who also considered the case of a two-
state Markov process, and Saldarriaga and Yevjevich (1970) who derived analytical
expressions to determine the probabilities of sequences of wet and dry years of spec-
ified lengths either for an independent series or a dependent stationary series of a
variable which follows the first-order linear autoregressive model. In particular, for
the latter case they found numerical solutions by computer integration of expansion
equations defining such probabilities.

In order to derive the distribution of drought duration L, it is convenient to
introduce a two state model indicating, for instance, a deficit by 0 and a surplus by 1.
This approach enables to simplify the analytical formulation of the problem as well
as to adopt discrete valued stochastic models, such as Markov chains.

According to the markovian hypothesis, the probability of occurrence of a given

event at time ¢, depends on what happens in the previous ¢t — n time intervals. Such
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a dependence structure is suitable to various hydrological series with a certain ap-
proximation. In particular, if the outcome of the process at time ¢ can be defined by
using only the outcome at time ¢t — 1, the process is a first order Markov chain or a
simple Markov chain.

Let 1; a boolean stationary variable such that:
po = Ply; =0] = Plx; < xzo] p1 = Ply:=1] = Plz; > )
Further, let’s consider the transition probabilities:
p= (poo p‘“) t=1,.,w
Pio Pn
where p;; is given by:
pij = Plyy = glye1 =14 i=0,1; 7=0,1
The probability of a negative run starting at time ¢, of length L = is:
PIL=0=Ply1=1,3=0,.., 411 = 0,y = 1]

which, for a markovian process, can be written as:

-1 terms
[P — —
P [L = l] = P1P10 PooPoo - - - Poo Po1 = P1P1o (Poo)l 11001 (2-5)

In particular, the probability that, once a negative run has just started, its length
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is equal to [, is expressed by:

PIL =1]

Mo (o) ' por = (1 —por) T 1=1,2,... (2.6)
1910

fL(l) =

where pipjo is the occurrence probability of a negative run. If z; is an independent

time series, it follows that pgo = p10 = po and p11 = pm = p1, thus:

fil)=p =0 —-p)'py 1=1,2,... (2.7)

It is easy to show the above probability mass functions are geometric with parameters
respectively pp; and p;, which can be estimated by applying a frequency analysis on
Ys.

The equations related to the case of independent stationary series were first an-
alytically derived by Feller (1968) on the basis of the sequential property of runs.
Afterwards, Sen (1976), by using the same approach, derived explicit formulation for
the case of lag-one Markov process. Such results have been widely applied by other
authors in successive investigations showing that the suitability of the geometric dis-

tribution to model drought length.

2.4 Stochastic characterization of drought severity

Many studies have been carried out in order to analytically determine the prob-
abilistic behaviour of drought severity, assuming a given stochastic structure of the
underlying hydrological series. Although such an approach has found large applica-
tion in literature, exact analytical derivation of probability distribution of drought
severity and/or of the bivariate distribution of drought severity and drought duration,

remain unsolved problems because of the difficulty to obtain a solution in closed form
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even assuming a simple stochastic structure for the underlying variable.

The first objective study related to drought severity has been performed by Downer
et al. (1967), who derived analytical expressions for statistical moments of run-sum
by making use of the moment and cumulative generating functions on the basis of
normal independent processes.

Then, Sen (1977) has derived general expressions for the expected values and
the variance of run sum by using the concept of conditional probability. According
to the drought definition given by the run method, if z; is the value assumed at
time ¢ by the hydrological variable, the drought severity D, is the sum of the single
deficits S; = g — x; over the drought duration L. It follows that drought severity D,
is a random variable function of the underlying hydrological process X; and of the

threshold zy and it can be formally defined as:

L L
= Z Z Ty — Xt fOT' Xt S Zo (28)
t=1

t=1

where S; and L are both random variables.

Theoretically, the marginal pdf of D, can be determined as:

oo = foqr=r{de) - fu(k) (2.9)
s

where fp.|r—x(d.) is the pdf of drought severity conditioned by a fixed duration k£ and
f(k) is the pdf of drought duration L given by Equations (2.6) and (2.7) for two
state Markov processes and independent processes respectively.

Following Sen (1977), based on equation 2.9, one can write:

ig De|L = k] - fr(k) (2.10)
k=1
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Taking into account equation 2.8, the conditional expected value of D.|L = k can be

evaluated as:

L L=k
EDJL=K =& [ZSAsz} =£ [Zst} =k-£[S] (2.11)
=1 t=1
Substitution of equation 2.11 into equation 2.10 yields to:
E[DJ=E18]) kfu(k)=E[S]-E[L] (2.12)
k=1

It can be noticed that the same result obtained by Sen (1977) can be derived directly
by taking the expected value of D, = Zthl S; by means of the following property of

conditional expectation:
Eg(V)] =€ g(V)|X]]

Again by following the procedure adopted by Sen (1977), the variance of drought

severity can be derived as:

Var [D.] = € [D.2] — £ [D.J* (2.13)
where:
E[DS) =) E DL = k] - fu(k) (2.14)
k=1
Since:

EDIL=kl= Var[DJL=k+E&[D|L = K =

- Var[ f:l’“st] + E[DJL = k2 (2.15)
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reminding the property of the variance of the sum of random variables and by sub-

stituting equation 2.11, equation 2.15 can be rewritten as:

E [D2L = k] =kVar[S)] +2) ) " Cov[S;, ] + KE[S,] (2.16)
Thus:
£[DZ] = Var[S]E[L]+2> ) Cov[S;, 5] i fo(k) +
1<g k=1
+E[LA] €[S (2.17)

the substitution of which in equation 2.13 after some algebra yields:

Var [D,] = Var [S,] € [L] + 2 Z > Cov[S:, 8> fu(k)+

+Var [L] € [S,]? (2.18)

Once again the same result can be derived directly by taking the variance of D, =

Sor . S; by means of the following property:
Var[Y] = € [Var [Y|X]] + Var [€ [Y]X]]

It should be noted that for the case of independent drought events the covariance
terms are clearly null. The expected value and variance of S; can be computed once
that the cumulative distribution function of single deficit is known. It can be shown
that such a distribution is just the truncated distribution of the underlying random
variable X; with changed sign and shifted compared with the threshold level z;.

As equation 2.9 points out, the probability distribution of drought severity D, is a
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function of the distribution of D,|L. Indeed, since D.JL = S"F . S, it should be possi-
ble, at least from a theoretical standpoint, to derive the distribution of D.|L, provided
the distribution of single deficit S; is known. In practice, the above derivation can be
carried out in closed form only in very few cases, depending on the distribution of S,
which, as before mentioned, depends on the distribution of the underlying process X,
and on the threshold zy. Therefore a traditional approach widely used to overcome
this difficulty consists in assuming a parametric distribution for D, which can be
fitted to a series of observed drought severities. Sen (1980b) has stated that, since
the deficit sum D, (drought severity) corresponding to a drought of a given duration
L, is a summation of L random variables S;, by virtue of the central limit theorem
its distribution can be approximately given by a normal distribution. In particular,
he applied this result in order to derive an analytical formulation of the probabilistic
behaviour of maximum deficit sum for the case of stationary Markov processes on
the basis of the theory of extremes of random number introduced into hydrology by
Todorovich (1970). The same approach has been subsequently applied by Sharma
(1995) to predict the expected value of the maximum deficit sum corresponding to
a specific period T regarded equivalent to a return period, for different values of the
threshold. It should be pointed out however that the Normal assumption for the
severity is reasonable only for "large" L (again by virtue of the central limit theo-
rem), which therefore casts some doubts on the above results when dealing with the
relatively short length of droughts generally observed in hydrological series.

Making use of the theoretical results derived by Sen, Guven (1983) has derived
approximate expressions for the probabilities of extreme droughts by assuming the
distribution of drought severity approximately two parameter-gamma. Besides, he

evaluated the parameters of such a distribution in terms of the threshold level x and
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the first order autocorrelation coeflicient of the underlying variable considered nor-
mally distributed and generated by a lag-one Markov process. Zelenhasic and Salvai
(1987) and Mathier et al. (1992) have developed an approach to perform statistical
frequency analysis of drought severity using the exponential distribution. Recently
Shiau and Shen (2001) have applied the gamma distribution to model the conditional
distribution of D |L from generated data. More specifically, such distribution has
been fitted to different categories of drought events with specific duration, deter-
mined by applying the run analysis to the generated data, then the distribution of

drought severity is derived by equation 2.9.

2.5 Estimation of drought return period

A common approach used in hydrology and hydraulic engineering to define the risk
of failure of a particular system, such as a reservoir, consists in deriving the return
period of extreme hydrologic events.

The return period can be defined in different ways for different applications. Some
authors (e.g., Lloyd, 1970; Loaicigica and Marino, 1991; Shiau and Shen, 2001) have
assumed the return period as the average elapsed time between occurrences of critical
events (i.e., floods or drought events). This definition is useful when, provided that a
critical event has just occurred, the interest is in the arrival time of the next one. An
alternative definition of return period, widely used in flood analysis, is the average
number of trials required to the first occurrence of a critical event (e.g., Vogel, 1987;
Bras, 1990; Douglas et al., 2002). This other definition assumes that a finite time 7
has elapsed since a critical event has occurred and the interest is in the remaining
waiting time for the occurrence of the next critical event. These two definitions can
be considered equivalent when 7 = 0 and in practice, they lead to the same result in

simple cases, such as those related to independent events.
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Fernandez and Salas (1999) have considered both definitions above to determine
return period for different types of hydrological events. In particular, giving more
emphasis to the second approach, they have proposed to estimate the return period

of an event D > Dy as:
o0

T =E[N] =) nfap, (2.19)

n=0
where N is the number of trials (e.g. years) needed to the first occurrence of such
an event and f, p, is the probability that D > Dy occurs for the first time at the
nth trial. More specifically, for this purpose they have used a recursive algorithm

proposed by Schwager (1983), namely:

r—1
fn,'r = pr (1 - Sn—r,r - Z fn—i,rpi—r) n>r (220)
=1

where 7 is equal to the drought critical duration, p is the exceedance probability of
X compared to the threshold z¢ and S, is the probability that D > r has occurred
at or before trail n.

By solving equation 2.19 based on equation 2.20, they have also provided pro-
cedures for estimating return periods of (¢) events consisting of runs of independent
Bernoulli trials (i.e., meteorological droughts) and (i) events consisting of runs in
Markov dependent trials (i.e., hydrological droughts), with duration greater than or
equal to a certain value. In particular, for the case of independent drought events, the
authors have shown that the return period of a drought of length r can be evaluated
both by equation 2.19 with the Schwager’s solution and by the formula given by Feller
(1968):

(2.21)
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which has been originally proposed to determine the expected interarrival time for
independent Bernoul‘li events based on a slightly different definition of run compared
with the one used by Schwager (cfr. Par. 2.4). It is worth noting that for r = 1
equation 2.21 reduces to the well known formula T = 1/p, widely used in flood
analysis.

Chung and Salas (2000) estimated the return period of drought events with given
duration for dependent hydrological drought events by using DARMA models, which
are more adequate than Markovian models for modeling hydrological processes with
a more persistent time dependence. Results related to periodic PDARMA models are
presented in Chung (1999).

Shiau and Shen (2001) have derived the return period drought severity as the
expected value of the elapsed time between two successive droughts with severity

greater than or equal to a fixed value. Such an interarrival time can be formally

written as:
Ng,

Tp. = L (2.22)
i=1
where L; is the drought interarrival time between any two successive drought events
(i.e. L = L4, + Ly,,;) and N, is the number of drought events until the occurrence of
the next drought with severity greater than d. (refer to Fig. 2.2 for further details).
As above mentioned, the return period can be defined as the expected value of Tp,,
which through the previous equation can be expressed as:

Ng,

EMp)=€|> Li|, i=1,..,Ny (2.23)
=1

23



Xt A

Toa Toe

Lar Lm Ldar Lo Las L3 La4 Lud LdsLnslds Lns Lar
g § i i i

i I
¥ L 3 ) ¥ H N ¥ T

Figure 2.2: Interarrival time Tp, between droughts with severity > d. (represented
by hatched area)

Making use of a property of conditional expectation (Mood et al., 1974):

Ndc Ndc

END Li| =€ |& D LiNg, (2.24)
i=1 1=1

and reminding that for L; identically distributed,

Ng,
€13 LN | = Nt [L) (225)
=1
equation 2.23 becomes:
E[Tp.] = & [Na]E[L] (2.26)

Let Fp,(d.) be the cumulative distribution function (cdf) of drought severity.

Recalling the definition of Ny, it can be proven that it has a geometric distribution:

P(Ng, =n) = Fp,(d)""'[1 = Fp,(d)] (2.27)
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with expected value:

&[Na.] = ﬁ%‘(a—ﬁ (2.28)

Combining Equations (2.25) and (2.28), Shiau and Shen (2001) have found out
that the return period can be evaluated by the following equation:

£1L]

Ep,] = = Fo.(d)

(2.29)

Hence, the evaluation of the return period of a drought event with severity D,

requires the knowledge of the expected value of interarrival time L and the cdf of

drought severity D..
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CHAPTER III

JOINT ANALYSIS OF DROUGHT LENGTH AND
ACCUMULATED DEFICIT IN STATIONARY

SERIES

3.1 General

When analyzing drought characteristics, the traditional inferential approach, based on
fitting a probability distribution to drought characteristics identified on an observed
hydrological series, is not generally feasible due to the limited number of droughts
that can be identified even on relatively long observed series. This is particularly
true when a multivariate analysis, for instance of accumulated deficit and length, is
sought. In order to overcome such difficulty, some authors have attempted to de-
rive analytically exact or approximate expressions for the probability distribution of
drought characteristics, based on the stochastic properties of the underlying hydro-
logical series and on the threshold level (Llamas and Siddiqui, 1969; Sen, 1976, 1977;
Loaicigica and Leipnik, 1996; Bonaccorso et al., 2003; Salas et al., 2005). The above
approaches however have usually neglected the time persistence observed in hydro-
logical series, which generally has been modelled by means of a Markov chain model.

In this chapter a general framework to derive probability distributions and return
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period of droughts in the case of serially dependent time series is investigated. More
specifically, first the probability distribution of drought length arising from an au-
toregressive AR(1) model will be analyzed. It will be shown that when an AR(1)
process is clipped by a constant threshold level, the resulting binary process does not
follow a lag 1 Markov chain, and therefore the widely used geometric distribution to
model drought length can only be considered as an approximation. In agreement with
previous studies (Salas et al., 2001, 2005) results seem to indicate that a Discrete Au-
toregressive Moving Average DARMA(1,1) model represents a good approximation
to model the sequence of deficit and surpluses.

Then, the moments of accumulated deficit conditioned on a fixed length are ana-
lyzed for the case of serially time dependent series. In particular it will be shown that
due to the time dependence, the deficit series that is obtained by clipping a station-
ary series with a constant threshold is not identically and independently distributed
(i.i.d). Thus, a fully multivariate approach, based on a truncated multivariate nor-
mal distribution, will be adopted to compute the moments of accumulated deficit. In
order to overcome the numerical limitations due to the complexity of the approach,
empirical relationships linking the moments of accumulated deficit for a fixed drought
length to the lag-1 autocorrelation of the series and the threshold level will be devel-
oped. Such empirical relationships take into account different distributions for the
underlying series, other than the normal, and therefore they are applicable also to
skewed data.

Finally a formulation for the return period of droughts, taking into account jointly
the length and either accumulated deficit or intensity, will be derived, that assumes
accumulated deficit beta distributed. The applicability of the formulation has been
tested by simulation, and applied to four streamflow series, namely the annual flows

of the Poudre River at Mouth of the Canyon, of the Colorado River at Lee Ferry, of
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the Nile River at Aswan, and the St. Lawrence River at Cornwall. Results indicate
that the proposed approach can be efficiently applied for estimating the return period

of droughts in stochastic-dependent series, such as streamflows.

3.2  Pdf of Drought Length for Serially Dependent
Hydrological Variables

In this section, the pdf of drought length is discussed in the case of serially depen-
dent hydrological variables. In particular, is shown that the lag 1 Markov model,
traditionally adopted to model the sequence of deficits and surpluses, is not adequate
when the series presents significant serial dependence and therefore, following previ-
ous works (Chung and Salas, 2000), an approach based on Discrete Autoregressive
Moving Average model is adopted.

Let’s consider a stationary stochastic hydrologic variable denoted as X,;, t =
1,2, ..., where ¢ represents the year and a threshold water demand level denoted by
zp. Then, a drought event is defined as a succession (run) of consecutive intervals in
which the water supply remains below the threshold level xy. Following Yevjevich’s
drought definition (Yevjevich, 1967), the drought length L (length of negative run) is
the number of consecutive time intervals in which X; < zo preceded and followed by
(at least one interval where) X; > xy. These conditions can be also represented using
a Bernoulli variable Y; as:

)/t =0 if Xt < Xy (31)

Obviously there is a one to one correspondence between the sequence of deficits iden-
tified using X; and the sequence of zeroes in Y;. Thus for analyzing the drought

length properties we will restrict our attention to the latter process Y;.
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In general terms the stochastic properties of Y; will depend on the stochastic
structure of X;, as well as on the threshold level zy. Traditionally it has been assumed
that after truncating the X, series, the binary process Y; follows a lag-1 Markov
chain (Llamas and Siddiqui, 1969; Sen, 1976; Shiau and Shen, 2001). Although this
may not be a bad assumption if the X; exhibits a weak autocorrelation, however as
the autocorrelation of X; becomes larger, the corresponding time dependence of the
binary process Y; becomes increasingly not comparable with that of a lag-1 Markov
chain.

In order to illustrate the above point, we will assume that the X; process follows

the well known AR(1) model, which takes the form (e.g. Salas (1993)):
Xi=pu+¢(Xi1—p) + ¢ (3.3)

where p is the mean of the process, ¢ is equal to the lag-1 autocorrelation p; and ¢
is a white noise process with variance o2. Without loss of generality, we will assume
1 =0 and zo = p. After truncation, in order for the Y; process to be a lag-1 Markov

chain, the folllowing condition must hold (Taylor and Karlin, 1998):
P[Y;:l|Y:f-—1:]17th—-2:]27th—3:]37]ZP[nsl!n—l—;]l] vt (34)

where ¢, 1, Jo2, J3, - . . take the values 0 or 1. Under the lag-1 Markov assumption, the

process is completely specified by the transition probability matrix:

p= (poo Po1 ) (3.5)
P10 Pna

where :
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Making use of the conditional probability definition, the element p;; can also be

written as:

PlY,=j,Yi1 =]
PlVon=d

Pij = 1=0,1; 7=0,1 WVt (3.7)

On the other hand, with reference to two zero mean normal bivariate r.v.’s Z; and
Zo, Sheppard (1899) derived the following expression relating the joint probabilities
to the correlation coeflicient p between Z; and Zs:
1 1 .
P[ZlSO,ZQSO]:P[Zl>0,Z2>O]=Z+:{2—Sln p (38)
T

Thus, assuming 71 = X; and Z3 = X;_; in Eq.(3.8), and observing that P [Y;_; = 0] =
PlY;-1=1] =  and poo + por = pio + pu = 1, the transition probabilities of the

binary Y; process can then be computed from eq.(3.7) as:

I 1

Poo = p1n = 5+ —sin " (3.9)
1, _

Por = P10 = 5 = —sin ';m (3.10)

where p; is the lag-1 autocorrelation coefficient of the X; process.

To prove that Y; is not a Markov chain, we will compare the two-step transition
probability from zero to zero computed under the Markov chain assumption with the
one obtained by means of Sheppard (1899) relationship. Under the Markov assump-
tion, the two step transition probability matrix P, can be computed as P, = PP (e.g.

Taylor and Karlin (1998)). It follows:

1 1 . 1 1 . _
P[Y;:OI}Q_2=O]=p§0+pf0:(§+;sm lﬂ1)2+(§—7—r'81n "m)?  (3.11)
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1 |
PIYi=0]Yio=0]=; +2(_sin™ p1)’ (3.12)

Using Sheppard (1899) relationship, observing that the lag-2 autocorrelation for an

AR(1) process is p? , one gets:
L 1. 0
P[Y}=O|Y}_2=0]:§+—7;Sln pi (3.13)

Note how the two transition probabilities in egs.(3.12) and(3.13) differ. In figure 3.1
the comparison between the two transition probabilities given by egs. (12) and(3.13)
is shown, vs. the lag-1 autocorrelation coefficient p;. Note that for small p; the
difference between two-step transition probabilities is small. However, as p; increases,
the difference becomes rather significant for a wide range of p,values, while only for
values of p; very close to 1 (unrealistic from an hydrological point of view), the two
curves tend to merge. As a consequence, the Markov approximation does not appear
applicable, since it is not capable to capture the dependence in the truncated process,
for a large spectrum of p; values. The Figure confirms that, once the truncated
AR(1) process is in deficit condition, it will have a stronger tendency to remain in
deficit than the corresponding lag-1 Markov process and therefore a different method
should be adopted to model the clipped process Y;. Among the several models that
can be adopted to model binary series, the Discrete Autoregressive Moving Average
(DARMA) has received increased attention because of its capability of reproducing
a wide range of autocorrelation functions. Low order DARMA models, originally
introduced by Jacobs and Lewis (1977), have been applied to daily precipitation and
streamflows (Chang et al., 1984a,b; Cheebane et al., 1995).

Here the DARMA(1,1) will be adopted to model the clipped process Y;. Chung

and Salas (2000) used the same model to derive the return period and risk of droughts
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of a given length or greater. In particular, they showed that a DARMA(1,1) is able
to better model drought length probabilities of streamflows series exhibiting a strong
autocorrelation, such as Niger River with respect to a DAR(1) model, which is a lag
1 Markov chain.

The binary DARMA(1,1) model Y; takes only the values 0 and 1 and is defined
as (Jacobs and Lewis, 1977):

: Yty 3
Y, = Zy w?th probab? ?ty B3; (3.14)
U;_1 with probability (1 — 3);
and
U, = Ui w?th probab?l%ty A; (3.15)
Z;  with probability (1 — A);

where Z, is a sequence of independent Bernoulli variables that take the value 0 with
probability my and 1 with probability m; = 1 — mp and the variables are stationary
and have the same marginal probability distribution 79 and 7;. The autocorrelation
function of Y; is px(Y) = A1 k > 1, where ¢ = (1 — B)(A + 8 — 2A3).

Jacobs and Lewis (1978) showed that, even though the DARMA(1,1) process Y;
is not a Markov chain, the pair {Y;, U;} forms a bivariate first-order Markov chain
with transition probabilities Hy(u,v) = P(Yi41 = k), Uty1 = 0|V = m, Uy = u) =
P(Yi1 = k, U = v|U; = w), since (Yyy1, Upy1) is indipendent of Y; and w, v, k,m

are 0, 1 values. Then

[ - — - g — - 7r1T

iy — AA=B)+[1-A(1=0B)m (1-08)(1-2A) (3.16)
ﬁ(l—/\)ﬂ'o ﬁ/\ﬂ'o ]

i - By B (1—A)ym; (3.17)
=81 -N7m AA=B)+[1-A(1-p)m; |
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The DARMA(1,1) process only takes values from {0,1} so that both of its prob-
ability distribution 8y and 8, sum to one, that is, 8y + d; = 1. Estimates of &y and
3, may be obtained from the run length property. Let Tj be the mean run length
of state 0 and T, be the mean run length of state 1, which are estimated from the

sample 0-1 series. Then 8y and 8, are given by (Buishand, 1978):

w— ———— (318)

and

m = 1—mp (3.19)

respectively.

Chang et al. (1984a,b) noted that this estimator based on the occurrence prob-
abilities of runs is conceptually reasonable since that the 0 and 1 spells govern the
persistence characteristics of the series through the run lengths of 0 and 1.

Besides 7 (or 1), two more parameters A and (,, need to be estimated for fitting a
DARMA(1,1) model. For a DARMA(1,1) model, the method of moments may be used
to obtain the estimate A by matching the sample and model autocorrelation functions.
For the DARMA(1,1) model, based on the autocorrelation function pg(Y) = cA*~1,
k > 1, where ¢ = (1 — 8)(A + 8 — 2A0) is the lag-1 autocorrelation coefficient, an
estimator of A may be the ratio of the second to the first sample autocorrelations,
le.,

D) (3.20)

And, since the estimation of ¢ is the lag-1 autocorrelation coefficient, parameter &
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may be estimated as

(BA—1) ~ V(3 - 1)2 — 422 — 1)(A— &)
222 — 1)

4= (3.21)

The probability of the length L of a run of state i = 0 for a DARMA(1,1) is (Chang
et al., 1984b):

PIL = n] = [H,(0,0)m + H1(1,0)m][Hg(0) — HF(0)] +

+[H1(0, 1)mo + H1 (1, 1)mi][Hy (1) — HYP Y (1)]/PYo = 1,Y; =0 (3.22)

where Hy'(j) = Hg(j,0) + Hg(5,1) and j = 0,1, in which H}(j, k) are the elements

of the n-step transition matrix, and:

The expectation of L has also been derived by (Chang et al., 1984b) as:

E[L] . 71-0[1_5>\+5(1—)‘"ﬁ+2ﬁ/\){1_ﬂ-0}] (324)

{1 =}l = M1 = B){1 - Bro} — Bmefl — B(1 — M)}]

The applicability of the DARMA(1,1) to model drought length when the binary series
is the result of clipping a continuous AR(1) process X; has been tested here by com-
paring the drought length pdf obtained by simulating a long AR(1) process with the
one resulting from a DARMA(1,1) process and a lag-1 Markov chain. In the latter
case, the drought length probability is geometric with parameter p;o (Llamas and
Siddiqui, 1969). In Figure 3.2, the comparison between the three pdf’s is shown for

different values of the autocorrelation coefficient p, of the continuous AR(1) process
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X;. The DARMA(1,1) parameters have been derived as a function of the AR(1) auto-
correlation p, following Salas et al. (2001), while the parameter p;q of the drought pdf
in the Markov chain case has been expressed by means of Eq.(3.10). The trivial case
p1 = 0 has not been plotted, since in this case the clipped Y; process is just a sequence
of i.i.d. Bernoulli variables and therefore the three distributions must coincide. From
the figure it can be inferred an fairly good agreement between the drought length pdf
related to the DARMA(1,1) model and the one obtained by simulating and clipping
an AR(1) process. On the other hand, as larger values of p; are considered, the fit-
ting of the pdf derived under the assumption of Markov chain sequence is worse and
worse. This confirms that the DARMA(1,1) should be preferred to Markov chains
when modelling the drought length pdf of a binary process obtained by clipping a

continuous AR(1) process.

3.3 Moments of Deficits and Drought Amount

With reference to a stationary stochastic hydrological variable denoted as X;,{ =
1,2, ..., and to a threshold water demand level denoted by z,, the accumulated deficit
D is defined as the sum of single deficits S; = zo — X}, for 2, — X; > 0 extended to
the duration L while the intensity [ is defined as the ratio of accumulated deficit to
drought length. Thus, the accumulated deficit of a drought starting at time t=tq can

be expressed as:
to+L—1 to+L—1
D= Z Sy = Z (xo — X)) for X<z, (3.25)

t={y t=tp

where ¢y, and L are such that X;<zq for t = tg,...,t0 + L — 1 and X1 > zo and

Xig+L = Zo-
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to a DARMA(1,1) model and to a lag-1 Markov chain as a function of the lag-1
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The intensity I is defined as:
[ =

~| T

(3.26)

The expected value of accumulated deficit conditioned on the fixed drought length

L =1 can be derived by taking expectations on both sides of eq.(3.3):

E[D|L=I=E [ti S, | L= z} =t0+251E[St] (3.27)

Similarly the variance:

Var[D | L=1=Var| > S | L=1| =) Cov[Si1;,Sirs]  (3.28)

t=tq j=0 k=0

to+L—1 :l -1 I-1

Note that if the underlying series X,is identically distributed, eq. (16) simplifies as:
E[D | L=1=I1E[S) (3.29)

In addition, if the underlying series X3, is serially independent, then Cov [Siy44, Sto+k] =

0 for 7 # k, and the above expressions simplify as:
Var[D | L=1] = [Var[S] (3.30)

since in this case the single deficits S; will be i.i.d. and therefore they will have the
same moments, and all the cross-covariances will be zero.

The moments of drought intensity / for fixed drought length L = [ can be easily

computed as as a function of the corresponding moments of accumulated deficit as:

E[l|L=1[=E[D]/I (3.31)
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and

Var[l | L =] = Var D] /I? (3.32)

as follows directly by taking expectations on both sides of [ = D/ L.

The expected value and the variance of the deficits S; can be derived after trun-
cation of the distribution of the underlying variable X,. In particular, the 7** non-
central moment of S; can be expressed as a function of the pdf of X; , fx(z) and of

the threshold x, as:
5 (@0 — @) fx(z)dz

Bonaccorso et al. (2003) derived the expectation and the variance of the single deficits

E[Sf] = (3.33)

S; in the case of normal, log normal or gamma distributed X,.

When the underlying hydrological series is not serially independent, eq.(3.19) no
longer hold, since in this case the deficit S; will exhibit temporal dependence. Con-
sequently, Cov [Siyj, Stk) # 0

Furthermore, the sequence of deficits will not be identically distributed in spite
of the fact that the underlying process is stationary. Thus, the deficits are not in-
dependent and identically distributed (i.i.d.) and as stated above, eq.(3.30) will not
hold.

In order to better illustrate the last point let’s consider a drought event with

duration [ starting at time ¢5. By definition, such an event is represented as:
{Xto»—-l Z Zo, Xto < oy )Xto+k——l < Zoy.-- 7Xto+l—l < Lo, Xt0+l Z llo} (334)

The expected value of the k** deficit will be the expectation of Stotk—1 = To— Xtg+k—1
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conditioned on the above sequence, i.e.:

Elr, — Xigrno1 | Xig—1 = To, Xtg < oy - -5 Xegthe1 < Zoy- -, Xegpt 2 To)

(3.35)

To investigate numerically the behaviour of the above expectation, a 3,000,000 year
autocorrelated series was generated using an AR(1) model considering different lag
1 autocorrelation coefficients p;. The mean g, and the standard deviation o, were
arbitrarily set equal to 700 mm and 200 mm, respectively, and the threshold was set
equal to the mean, i.e. xg = p . After drought identification, the mean and standard
deviation of the first, second, etc. deficits were computed for each drought length [.

In figure 3.3 the expected values of successive individual deficits for a drought
of length 5 are plotted vs. the deficit position for different values of the lag 1 au-
tocorrelation coefficient p;. Some interesting considerations can be drawn from the
inspection of figure 3.3. First of all the expectation of the k-th deficit depends on
k < I. In other words, the expected value of a deficit depends on the position of the
deficit within the drought, as well as on the drought length . This confirms the non
i.i.d. nature of the deficits when the underlying process X; is serially dependent. In
addition, figure 3.3 also reveals that the expected value of the k™ deficit will tend to
increase as k increases. This is can be explained by observing that the surplus pre-
ceding the drought has an influence on the succeeding deficits, which will then tend
to vanish for deficits at more distant time steps. The same figure 3.3 confirms that,
because of symmetry, after the middle of the drought, the expectation will tend to

decrease. Also the last deficit before the drought ends will have the same expectation
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Figure 3.3: Expected value of deficits vs. the position within a drought of length 5
for different values of the lag 1 autocorrelation coefficient r1
as the first deficit, the second-last equal to the second, and so on. The practical sig-
nificance of the above analysis is that for hydrological variables serially dependent, it
is reasonable to expect that a multi-year drought will tend to get worse after the first
year and the greatest deficits are to be expected in the central part of the drought.
A similar pattern is observed when a drought of length 9 is considered (fig. 3.4),
also with respect to the standard deviation of the deficits (figs. 3.5 and 3.6). Because
the deficits are not i.i.d. when the underlying X series is serially dependent, analytical
or numerical derivation of the moments is more complex than in the independent
case, since a in principle a full multivariate approach is needed. In general terms, the
expected value of the k** deficit for a drought of length I given by eq.(3.35), can be

written as a function of the underlying multivariate pdf of X; as:

E[Syk-1] =

f:j ff;ffgo f:j(Zo“wto+k—1)f(zto—lymt0:~~~r’13t0+k-17~-7It0+171t0+l+1)dx (3 36)
iy .
Jan J2 o S22 To0 F(@eg—1,1gs e sag k15 esTtg 4 1Teg +241)dX
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Figure 3.4: Expected value of deficits vs. the position within a drought of length 9
for different values of the lag 1 autocorrelation coeflicient r1
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Figure 3.5: Standard deviation of deficits vs. the position within a drought of length
5 for different values of the lag 1 autocorrelation coefficient r1
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Figure 3.6: Standard deviation of deficits vs. the position within a drought of length
9 for different values of the lag 1 autocorrelation coefficient r1

where f(.) denotes the multivariate distribution of the X; process and dx =

dxs, 1dTsy ... dTigr g1 - - - AT, 11dTs, 1141 - Computations of the integrals in eq.(3.36)
require the knowledge of the multivariate distribution of the X, process, which is
rather difficult to define, except in a few cases. For example, if one assumes that X,
is multivariate normal, exact and numerical solution of the integrals are possible. The
moment generating function and the cumulants of the truncated multivariate normal
distribution have been investigated by Tallis (1961) and Finney (1962), respectively.
Also, the algorithm MVNTRC which computes numerically expectations and covari-
ances of truncated multivariate normals is available (Leppard and Tallis, 1989). Once
the expectation E [S;14_1] is determined, the expected value of accumulated deficit

follows directly from eq.(3.27) as:

ED|L=1]=E

!
Z St-f—}c—l] (3.37)

In order to compute the variance of D of eq.(3.28), the covariance C'ouv [Siyj, Spix] 18
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needed. It can be computed as:

Cov [Sitj, Serk] = B [St15Serk] — B [St] B [Sei] (3.38)

where the expectation E [S;;;S, k] can be computed by appropriate integration of

the multivariate distribution of X, as:

E [StrjSive] =

_ Joo S22, J22, ‘;{;(}:Q:EHZI)f(io;gﬂ—l)f(zt—l’mmﬂ*7“"sz_1"'.’$t+l’$t+l+l)dx (3.39)
T e e T f@e 1t k1 s B4 141)AX
Once again, if the X, are normal distributed, the above integration can be solved
numerically making use of the algorithm MVNTRC.
In order to show numerically the applicability of the above integrations, simula-
tions from the same normal AR (1) models adopted before have been carried out. The

multivariate distribution of the X, will be:
X1, Xoy oty X "MV N (11, %) (3.40)

where p is the vector of (stationary) means and, due to the AR(1) nature of the

process, the generic element of the variance covariance matrix ¥ is given by:
Zi,j = COV[)Q7 XJ] = 0'27"[1i_jl (341)
being o2 = var[X,].

In table 3.1 the expectations and standard deviations of accumulated deficit for

fixed drought durations computed by means of egs.(3.27) and(3.28) respectively are
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reported for different values of the lag-1 autocorrelation coefficient r;. The condi-
tional moments of single deficits have been computed by means of the aforemen-
tioned algorithm MVNTRC. In the same table, the corresponding values obtained
after simulating 3,000,000 years from an AR(1) process are shown in brackets. From
the table a very good agreement between moments computed by numerical integra-
tion and by simulation can be inferred. The table also indicates that, as expected,
both the mean and standard deviation of accumulated deficit increase with drought
duration. More specifically, the mean increases proportionally with L for uncorrelated
processes (r;=0), in agreement with eq.(3.29), while it exhibits a non linear increase
with L as the process becomes more and more serially dependent (r;>0). Also it may
be worthwhile to note how the mean of accumulated deficit decrease sensibly as the
dependence of the process increases, in agreement with Figure 3.3. This is particularly
significant for short durations since in this case, because of the high autocorrelation,
the deficits will be strongly affected by the nearby surpluses, and therefore they will

exhibit smaller values.

3.4 Empirical Approximations of the Moments of

Accumulated Deficit for Autocorrelated
and Skewed Data

The proposed procedure to compute the moments of drought characteristics, despite
being exact, at least in the normal domain, still has some limitations due to the
computational difficulties related to the numerical solutions of the expectations(3.36)
and(3.39). Indeed, in the present version, the algorithm MVNTRC can compute
expectations of up to 5 truncated multivariate variables. As a consequence, only
droughts with length up to 3 can be considered, since in computing the expectation

the surplus intervals preceeding and following the drought have to be taken into
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Table 3.I: Expected value and standard deviation (mm) of accumulated deficit for
fixed drought duration L, as a function of the lag-1 autocorrelation of the underlying
series computed by means of egs. (3.27) and (3.28), assuming a threshold zy = ;.
In brackets, the corresponding values obtained by simulating 3,000,000 years from an
AR(1) process are shown.

lag 1 autocorrelation L=1 L=2 L=3
mean std mean std mean std
ry = 0.0 159.6 120.6 319.2 170.5 478.7 208.8
(159.6) (120.6) | (319.0) (169.9) | (478.0) (209.6)
ry = 0.2 134.9 106.6 309.0 171.3 490.4 221.9
(134.9) (106.5) | (309.2) (171.5) | (490.8) (222.3)
ry =04 108.7 88.9 277.5 159.5 471.3 222.4
(108.4) (88.7) | (276.9) (159.3) | (472.8) (222.5)
1 = 0.6 81.8) 68.7 225.5 133.5 408.0 200.1
(81.5)  (68.5) | (225.1) (132.7) | (406.9) (198.5)
ry = 0.8 53.3 45.5 153.4 92.6 289.6 145.9
(563.0) (45.6) | (153.1) (91.9) | (290.1) (146.6)

account.

Furthermore, the numerical solution is limited to normally distributed hydrological
variables, and therefore it does not apply to skewed data. Although in principle one
might adopt a skewed multivariate distribution and proceed with the computation
of the truncated moments, in practice this can be quite cumbersome, due to limited
availability of skewed multivariate distributions simple enough to perform the complex
integrations necessary to compute the conditional moments numerically, let alone
analytically.

In order to overcome such limitations, an empirical approximation for computing
the moments of accumulated deficit is developed here, based on the assumption that
each moment can be approximately expressed as the product of two terms, the first
of which is a function of the marginal distribution of the data (normal, log-normal,
gamma, etc.) as well as of the threshold z, , while the second does not depend on

the type of distribution but only on the lag-1 autocorrelation p; of the series, on the
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threshold z, and on the drought length L. The first term should be able to capture
the effect of the skewness of the distribution on the moments of accumulated deficit.
A natural choice is to assume as the first terms the moments of accumulated deficit
of a drought of length 1 under the hypothesis of non-autocorrelated process ( p; = 0).
Note that such moments are equal to the moments of the single deficits 5; , for which
analytical expressions are available for several underlying distributions. Bonaccorso
et al. (2003), among others, derived such moments for X; normal, log-normal and
gamma.

Thus, the proposed approximate expressions for the mean and the variance of

accumulated deficit of fixed length [ are:

E [Dy(r)] = E [D1(0)] ¥(r1, zo, ) (3.42)

Var [D(r1)] = Var [D1(0)] T (r1, x,, 1) (3.43)

where E [D;(r1)] and Var [D(r1)] are the expected value and variance of accumu-
lated deficit of droughts of length [ of a series with lag 1 autocorrelation equal to ry.
Then,E [D;(0)] and Var [D;(0)] are function exclusively of the underlying marginal
distribution (either skewed or not) and of the threshold zo, whereas ¥(r, x,,!) and
Y(ry, z,,1) are the dimensionless moments function of the autocorrelation of the pro-
cess 71, of the threshold z, and of the fixed drought length [.

The advantage of the approximations given by egs.(3.42) and(3.43) is evident,
since the first terms can be virtually computed for any marginal distribution, as they
involve a simple integration, whereas the two functions ¥(r1, z,, ) and Y (ry, z,, 1) can
be derived from the corresponding moments of accumulated deficit computed assum-

ing a normal multivariate distribution for the data, as shown previously. However,
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since the numerical approach to compute the moments of accumulated deficit can
currently be employed only for droughts up to L = 3 , empirical approximations to
the functions W(ry,z,,!) and Y(ry,z,,!) are derived here by means of a simulation
approach.

More specifically, at first it has been assumed that the dependence of ¥(ry, z,, 1)
and Y(ry, z,,1) on drought length [ can be modeled by means of regression equations
of the type:

U(ry, 1) = aul™ (3.44)

Y(ry, 1) = a,l™ (3.45)

where the parameters a,, , b,, , a, and b, have an implicit relationship with p; and
z,. Note that for p; =0, @,y = by, = a, = b, = 1 as follows directly from eqs.(3.18)
and(3.19) since in this case E [D;(0)] = E[S;] and Var [D;(0)] = Var [S,].

In order to estimate the parameters of the regressions(3.44) and(3.45) by least
squares, series of 3,000,000 years have been generated by means of an AR(1) for fixed
lag-1 autocorrelations. After generation, droughts have been identified assuming a
threshold of the type z, = ux — ao,, assuming different a, (o = —.6,—.55,...,.6),
and the empirical values of U(ry, z,, 1) and Y (r1, x,, ) have been computed by dividing
the accumulated deficit of each identified drought by the mean and the variance of
accumulated deficit of length 1 when p; = 0. The parameters a,, , b,, , a, and b, have
then been estimated by least squares. The procedure has been repeated for several
p1 values ranging from 0 up to .9 in .05 steps.

At first, 2nd degree polynomials have been fitted to a,, , b, , @, and b, as a function
of r, for fixed «. Plots of the estimated parameters of such 2nd degree polynomials
vs. «a indicated a fairly linear relationship, and therefore, linear regressions have been

subsequentially applied to express each of the parameters of the fitted 2nd degree
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polynomial to a. This resulted in the following expressions for a,, , b,, , a, and b, as

a function of p; and a.

am = (—6.8341c — 3.7491) p? + (12.469 — 6.8581) py + 1.0
by = (0.18128c + 0.081687) p2 + (—0.17899 + 0.59243) p; + 1.0
ay, = (—64.512a — 3.7329) p2 + (114.29x — 84.279) py + 1.0

by, = (0.35109c + 0.55935) p? + (—0.37248cx + 1.0930) py + 1.0 (3.46)

The validity of the derived empirical approximations has been verified by com-
paring the moments of accumulated deficit computed by simulating 3,000,000 years
from an AR(1) process with those computed by egs. (3.42) and(3.43). In particular,
either normal or log-normal (with skewness v = .5,1 ) series have been generated as-
suming different lag 1 autocorrelation coefficients ( p; = 0,.4,.8 ). After generation,
droughts have been identified using different thresholds and the expected value and
variance of accumulated deficit have been computed for different drought durations
( L = 1,3,5,7 ) and for each combination of skewness 7 and lag 1 autocorrela-
tion r. Then the normalized differences between the moments of accumulated deficit
computed from generated samples and the ones computed by means of egs.(3.42)
and(3.43) have been computed.

The results of such comparison related to the expected value and variance of
accumulated deficit expressed in percentage is reported in Tables 3.II and 3.1II for
different combinations of drought length L, lag-1 autocorrelation r, truncation level
o and skewness of the underlying series.

From Table 3.1 it can be inferred how the errors related to the expected values of

accumulated deficit are relatively small for a wide range of L, r;, v, and « values, and
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in general below 5% for most cases. In particular, an apparent increase of the errors is
observed as increasing drought lengths L and lag-1 autocorrelations r, are considered.
On the other hand no significant, nor consistent differences can be inferred as different
threshold levels a and skewness coefficients vy are considered.

Similar considerations can be drawn from the inspection of Table 3.1II, where the
errors related to the variance of accumulated deficit are shown. The same pattern
of increasing errors as increasing drought lengths L and lag-1 autocorrelations r;
are considered can be observed, although in this case the errors tend to become
relatively large, occasionally above 30%. However it should be pointed that for a
range of autocorrelation usually observed in annual hydrological series (r; < .4) and
for the range of drought lengths of interest for practical purposes, the errors remain

acceptable and generally far below 10%.

3.5 Joint Probability Distribution of Drought Char-
acteristics

Since the three characteristics L, D and I are not mutually independent, one must
use a multivariate formulation to model their joint occurrence. From a theoretical
standpoint, the bivariate distribution of any two drought characteristic follows from
the multivariate distribution of the underlying series X;. However, its direct analytical
derivation is rather complex, if not impossible, except in a few simplified cases. Here
a different approach will be followed, that capitalizes on the particular link between
D and L , and I and L. Indeed the bivariate pdf of D and L can be written as
the product of the conditional distribution of the two variables as (e.g. Mood et al.
(1974)):

fp,c(d,1) = fpj=i(d) fL(]) (3.47)
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Table 3.1: Difference (%) between expected value of accumulated deficit of fixed
length L computed by the empirical approximations given by eq. (3.42) and the one
obtained by simulation. « is the threshold coefficient (zo = p, — aox), r1 is the
autocorrelation coefficient of the generated AR(1) process and 7 is the skewness.

a=.0 a=.2 a=.5
L vy=10 ¥y=.5 v=1.0 v=0 Y¥=.5 v=1.0 v=0 ¥y=.5 v=1.0
1 0.01 0.26 -0.04 0.15 -0.28 0.08 0.09 -0.04 -0.26
2 0.07 0.21 -0.03 -0.15 -0.24 0.21 0.48 -0.00 -0.09
3 -0.03 0.07 -0.26 0.01 0.04 -0.05 -0.18 0.11 0.24
4 -0.33 -0.22 0.10 -0.25 0.31 0.17 -0.48 0.29 0.06
r1 = .0 5 0.33 -0.38 -0.21 -0.67 0.14 0.01 -1.59 -0.51 0.22
6 0.18 -0.00 -0.47 -0.08 0.41 0.13 0.19 0.62 0.30
7 -0.19 -0.06 0.06 -0.09 1.11 0.09 -1.12 -0.82 -2.67
8 -0.56 -0.06 -0.19 -0.13 -0.52 0.23 -4.07 3.29 -0.16
9 0.48 -0.06 0.57 -0.16 1.84 0.71 - - 3.58
10 0.47 -0.14 0.26 -1.24 1.41 -0.19 - - -
1 -3.24 -3.13 -3.71 -3.59 -3.25 -3.64 -4.16 -3.83 -4.18
2 1.77 1.36 0.41 1.87 1.05 0.33 1.83 1.14 0.38
3 2.69 1.12 0.67 2.27 1.46 0.67 2.63 2.10 1.13
4 1.94 0.74 -0.05 2.18 0.85 0.21 2.32 1.50 0.41
r =.2 5 0.69 -0.68 -1.29 1.32 -0.22 -1.21 1.56 0.37 -0.30
(5} -0.29 -1.48 -2.62 -0.19 -1.16 -2.09 -0.28 0.36 -1.92
7 -0.92 -2.65 -3.81 -0.57 -2.06 -3.65 0.57 -0.79 -1.72
8 -2.29 -4.15 -4.99 -2.74 -3.68 -4.21 -2.83 -2.93 -3.24
9 -3.13 -2.86 -5.56 -2.74 -5.08 -5.64 -6.73 -2.96 -5.04
10 -5.19 -6.80 -6.62 -4.29 -3.61 -7.23 -4.36 -2.57 -8.33
1 -5.98 -5.75 -5.89 -6.19 -5.47 -5.65 -5.87 -5.86 -6.03
2 1.37 0.61 -0.30 1.58 0.73 -0.29 1.51 1.35 0.46
3 3.54 2.06 0.91 4.00 2.42 1.06 4.43 2.64 1.69
4 3.40 1.36 -0.25 3.58 1.37 0.71 4.31 217 1.14
ry =.4 5 1.67 -0.08 -2.04 2.75 0.24 -1.31 3.30 1.48 -0.13
6 0.71 -2.05 -3.31 0.38 -1.47 -3.44 1.28 -1.05 -2.12
7 -1.84 -3.51 -5.92 -1.27 -3.39 -5.86 -0.20 -3.20 -4.09
8 -3.60 -6.13 -7.51 -2.06 -5.87 -7.38 -1.79 -3.17 -6.63
9 -5.61 -8.35 -9.96 -5.60 -7.08 -9.38 -3.82 -6.88 -7.50
10 -8.10 -10.66 -11.91 -6.06 -8.64 -11.25 -5.33 -8.18 -10.19
1 -5.56 -4.12 ~3.72 -5.41 -4.84 -3.84 -6.01 -4.95 -4.06
2 -0.26 -0.34 -0.66 0.27 0.47 -0.96 0.49 0.99 0.32
3 2.55 2.18 0.38 3.56 2.52 0.38 4.52 3.42 1.83
4 3.98 2.26 0.39 4.96 2.39 0.78 5.41 3.53 1.60
r1 = .6 5 3.23 1.49 -0.63 3.96 1.85 -0.77 4.70 2.30 0.90
6 2.19 -0.57 -2.90 2.75 -0.44 -3.18 2.72 1.04 -0.53
7 0.31 -2.14 ~5.11 0.59 -2.31 -4.77 1.27 -0.80 -3.60
8 -1.58 -4.86 -7.64 -1.23 -4.96 -7.24 0.04 -3.35 -6.09
9 -3.14 -7.86 -10.04 -3.37 ~7.24 -9.92 -2.52 -5.32 -8.14
10 -5.72 -9.52 -11.82 -6.03 -9.67 -12.17 -4.08 -7.96 -9.94
1 0.61 2.58 4.14 -0.02 2.63 3.48 0.20 2.03 3.89
2 -0.00 1.48 1.71 0.25 1.48 1.77 1.36 2.67 2.72
3 1.32 2.26 1.36 2.49 2.57 2.46 3.16 3.39 3.55
4 2.70 2.30 1.73 3.03 2.82 1.37 3.90 3.89 3.10
ry =.8 5 3.30 1.53 1.22 3.35 2.89 0.31 5.43 3.95 1.56
(5} 3.62 1.72 -0.69 3.42 1.64 -0.63 5.06 3.34 1.87
7 1.83 0.30 -2.20 2.63 -0.25 -1.68 3.49 2.10 0.24
8 2.62 -0.48 -3.41 2.12 -0.94 -3.10 2.98 0.11 -1.95
9 0.57 -2.11 -4.89 1.12 -2.42 -5.58 1.79 -0.22 -3.62
10 -0.90 -4.19 ~7.55 -0.11 -4.67 -7.69 -0.88 -3.38 -5.03
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Table 3.HI: Difference (%) between variance of accumulated deficit of fixed length L
computed by the empirical approximations given by eq. (3.43) and the one obtained
by simulation. « is the threshold coefficient (¢ = p, —@ox), r1 is the autocorrelation
coefficient of the generated AR(1) process and « is the skewness.

a=.0 a=.2 a=.
L v=0 ¥=.5 v=1.0 v=0 ¥=.5 v=1.0 ¥=0 v=.5 v = 1.0
1 0.20 0.26 0.17 0.34 -0.04 0.01 0.22 -0.17 -0.04
2 0.12 -0.04 0.27 -0.47 -0.52 0.05 2.24 0.14 -0.09
3 -0.26 -0.27 0.02 -1.69 -0.26 -0.03 -1.23 0.37 0.51
4 -0.53 1.32 -0.28 0.76 0.98 0.23 -0.10 -1.07 -2.39
ry=.0 5 -1.08 -0.98 2.12 -2.84 -2.34 -2.67 -3.49 1.40 -1.77
6 -1.41 -0.72 0.10 -0.28 -0.61 -1.61 3.28 5.67 -8.33
7 0.25 2.10 -1.06 -4.00 1.44 3.64 -4.93 -26.07 -4.59
8 2.62 -2.09 -3.06 -0.40 2.23 -4.73 2.83 -4.06 9.29
9 2.18 3.67 1.14 -16.84 1.94 0.42 - - 13.74
10 -9.85 -3.51 -0.27 -5.25 7.98 14.66 - - -
1 -1.35 2.26 4.60 -0.53 1.56 3.00 -1.64 0.63 1.42
2 8.15 8.33 7.92 8.76 7.87 7.33 8.83 8.31 7.40
3 9.76 8.08 6.90 9.57 6.80 7.56 11.85 9.54 8.30
4 8.57 5.90 5.25 8.40 5.96 4.31 10.87 8.52 7.47
ry =.2 5 3.92 3.34 4.04 7.76 4.23 3.92 13.75 5.40 5.71
6 4.51 1.95 1.43 5.74 0.84 2.25 9.64 4.09 3.41
7 5.80 0.56 -1.97 4.45 -2.29 0.78 7.69 6.44 6.19
8 -1.71 -4.69 -2.85 0.56 -6.50 -7.67 4.05 2.79 0.24
9 -4.42 -0.58 -7.44 -10.02 -2.99 -0.45 -11.31 -4.20 -11.92
10 -11.43 -13.47 -3.51 -5.02 -0.71 -10.91 16.15 -3.72 -11.12
1 -4.67 1.01 5.48 -5.49 0.43 3.81 -4.26 -0.33 3.11
2 6.57 7.94 9.83 8.23 7.51 8.34 8.78 9.13 9.82
3 10.38 8.87 10.22 12.44 9.89 8.94 12.93 11.52 9.79
4 10.47 7.45 6.32 10.47 8.29 7.15 13.72 10.27 9.00
ry = .4 5 7.88 5.04 2.07 7.38 5.71 5.00 10.77 8.83 6.01
6 7.55 1.22 -0.20 5.46 4.66 -1.11 9.03 5.61 1.86
7 -0.27 -2.78 -7.61 1.73 -4.73 -8.00 2.77 0.34 -1.15
8 -2.76 -6.01 -9.30 0.01 -6.18 -8.45 0.31 3.91 -9.20
9 -5.64 -12.93 -15.97 -7.56 -9.36 -9.94 4.93 -11.89 -15.04
10 -10.16 -19.34 -19.78 -12.11 -8.96 -15.94 -4.98 -8.36 -25.24
1 -6.26 3.45 12.76 -6.79 1.57 9.59 -7.52 -0.13 6.64
2 -4.03 3.54 8.27 -0.48 3.29 5.49 0.08 4.44 6.48
3 1.79 5.13 7.09 4.49 5.89 5.07 7.50 6.36 4.98
4 5.61 5.86 6.54 8.20 4.45 3.82 9.92 7.28 4.39
r1=.6 5 6.21 3.82 1.36 7.24 4.96 0.57 11.54 7.02 2.96
6 5.10 1.13 -3.05 5.48 2.28 -5.20 5.26 5.62 -0.74
7 2.31 -1.44 -4.79 2.76 -3.12 -4.57 7.14 -2.08 -6.29
8 -0.64 -11.00 -11.83 -1.62 -8.25 -18.21 4.81 -1.90 -11.66
9 -7.43 -16.16 -14.98 -4.15 -9.36 -18.13 -1.45 -7.36 -19.16
10 -12.35 -17.67 -22.12 -11.21 -21.04 -22.86 -17.24 -19.19 -20.57
1 19.99 32.24 40.23 17.33 29.23 36.43 15.28 24.55 32.83
2 9.60 20.40 27.86 6.84 16.58 22.73 5.97 14.16 19.59
3 7.46 17.98 22.62 8.24 14.56 19.26 8.42 14.05 17.86
4 12.32 16.71 22.36 11.89 15.26 17.59 10.71 14.96 16.04
ry =.8 5 13.66 15.29 19.08 10.52 14.91 12.96 14.82 14.13 12.25
6 15.56 17.71 16.03 15.05 14.64 15.16 16.34 13.39 14.07
7 17.59 14.33 15.39 16.66 14.02 12.65 14.76 15.28 8.99
8 19.28 15.32 14.18 15.19 10.73 10.06 15.48 13.69 7.75
9 17.98 16.77 10.41 16.92 11.02 6.28 18.82 12.40 0.42
10 14.91 12.35 6.93 16.55 4.78 3.44 10.30 10.97 2.58
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where fp 1, is the bivariate pdf, fpj;—; is the distribution of D conditioned on a fixed
L, and fr(I) is the marginal pdf of L. A similar expression can be written for the

bivariate distribution of / and L as:

fro(i, 1) = fri=i(d) fr(l) (3.48)

Thus, the joint distributions fp r(d,!)and fr,(i,1) can be determined once the con-
ditional distributions fpr—i(d) and fr,—(d) and the distribution f7(!) are known.
Assuming that the underlying hydrological variable follows an AR(1) model, it has
already been shown that a DARMA(1,1) is able to reproduce well the pdf of drought
length fr(1).

In general, for fixed L=1, the accumulated deficit is the sum of single deficits,
extended to the drought length L=Il. Therefore in principle, its exact distribution
could be derived s a function of the multivariate distribution of the single deficits.
However, such analytical derivation can be quite difficult to express in closed form.
To overcome such difficulty, some authors have assumed a parametric distribution
for D | L, and have estimated the parameters from observed droughts (Guven, 1983;
Sharma, 1995; Shiau and Shen, 2001). In some cases, due to the limited number of
droughts that can be observed in the usually available records, synthetic generation
(Shiau and Shen, 2001) or long series reconstructed from tree rings records (Gonzalez
and Valdes, 2003) have been used.

Here a different approach for estimating the parameters of the distribution of D | L
will be employed, that capitalizes on the expressions of the moments of accumulated
deficits derived previously. More specifically, the approximate moments of accumu-
lated deficit computed on the basis of the distribution of the underlying process X;

and of the threshold are used to estimate the parameters by method of moments.
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This enables to fully exploit the available information from the whole observed series,
thus allowing for a reliable estimation of the distribution of drought characteristics
even on relatively short series.

Several authors have adopted a gamma distribution to fit observed accumulated
deficit (Guven, 1983; Shiau and Shen, 2001; Bonaccorso et al., 2003; Gonzalez and
Valdes, 2003; Salas et al., 2005). Here, in order to select an appropriate distribution
for accumulated deficit conditioned on a fixed drought length when the underlying
series is autocorrelated, three two parameters distributions (namely , log-normal,
gamma, and beta) have been compared by means of simulation, and their goodness
of fit has been evaluated by means of the Probability Plot Correlation Coeflicient
statistic (PPCC) proposed by Filliben (1975). The PPCC statistic is defined as the
correlation coeflicient between the observation sorted in ascending order and the quan-
tiles computed by means of the selected distribution corresponding to a nonexceeding
probability equal to the sample frequency of the observation. In particular, method
of moments has been applied to estimate the parameters of each distribution, making
use of the approximate moments derived in egs.(3.42) and(3.43), as a function of the
underlying variable X, , of the threshold parameter o and of the lag-1 autocorrelation
r1. Also, Weibull formula has been adopted to compute the sample frequency.

The PPCC statistic has been computed for each of the three parametric cdf, for
different values of L ,  and r; , assuming a normal or a log normal distribution with
skewness coefficient v = .5 and v = 1 for the underlying generated AR(1) process
respectively. Higher values of PPCC generally indicate a better fit. The computed
PPCC statistics are reported in Table 3.5, from which it can be inferred that the
beta distribution leads to values of PPCC generally higher that those corresponding
to the other two distributions, for all combinations of L , & and r;. This seems to

confirm that the beta seems is to be preferred to model accumulated deficit in serially
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Table 3.1V: Probability Plot Correlation Coefficient (PPCC) for Beta, Gamma e Log
Normal distribution fitted to accumulated deficit of fixed length L using the moments
computed by the empirical approximations given by eqs. (3.42) and (3.43). Threshold
To = lg. 1 18 the autocorrelation coefficient of the generated normal AR(1) process.

¥=0 ¥=0.5 =1
L Beta Gamma LogN Beta Gamma LogN Beta Gamma LogN
1 0.999 0.993 0.961 0.995 0.988 0.953 0.995 0.980 0.943
3 0.999 0.997 0.985 0.998 0.996 0.984 0.998 0.994 0.981
p= 5 1.000 0.999 0.992 0.998 0.997 0.289 0.999 0.996 0.989
7 0.999 0.998 0.993 0.998 0.997 0.991 1.000 0.999 0.994
9 0.996 0.995 0.989 0.998 0.998 0.995 0.999 0.997 0.992
1 0.999 0.996 0.967 0.997 0.994 0.963 0.998 0.991 0.960
3 1.000 0.999 0.990 0.999 0.998 0.987 0.999 0.996 0.984
p=4 5 1.000 1.000 0.994 1.000 0.999 0.993 1.000 0.998 0.991
7 1.000 1.000 0.996 1.000 0.999 0.995 1.000 0.998 0.993
9 1.000 0.999 0.994 0.999 0.999 0.995 1.000 0.998 0.994
1 0.999 0.998 0.975 0.998 0.997 0.977 0.998 0.997 0.979
3 1.000 0.999 0.990 1.000 0.999 0.989 1.000 0.998 0.989
p=8 5 1.000 1.000 0.994 1.000 0.999 0.994 1.000 0.999 0.992
7 1.000 1.000 0.996 1.000 0.999 0.994 1.000 0.999 0.994
9 0.998 0.999 0.999 0.999 1.000 0.998 1.000 0.999 0.996

dependent series. The beta pdf takes the form (Johnson et al., 1994):

Fot=id) = o ‘ 0 )j_a)(fi_il)q—l (a<d<b) (3.49)

where B(p, q) is the complete beta function [~ tP~(1 —¢)?~'dt , and a and b are the
lower and upper bound respectively. In our case, a = 0 and b = lz, , since a drought
of length [ cannot have accumulated deficit greater than [z, , and the parameters

p,q can be estimated as a function of the first two moments of accumulated deficit

pup = E[D] and ¢% = Var[D] as (Johnson et al., 1994):

r= () (- 12) () 12 (50

Up +— %2
P 7 e g :
q T D (3.51)
(le)z
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Then, the bivariate pdf of accumulated deficit and length takes the following form:

1 ()Yl — )7
Bp,q)  (lz,)pret

for(d,l) = fr(ly (0<d<liw,) (3.52)

where the parameters ¢ and p can be estimated by combining eqs.(3.42) and 3.43)
with(3.50) and(3.51) and f({) is the pdf of drought length assuming a DARMA(1,1)
process.

Furthermore, from the conditional distribution of accumulated deficit given drought
length (eq. 3.49), the conditional distribution of drought intensity I given length L
can be also derived. Indeed, since the drought intensity is the ratio of accumulated
deficit to drought length, i.e. I=D/l, the conditional pdf of intensity I given a fixed

length L=I can be derived from eq.(3.49)as

1 ()P, — )8

Jne(@) = B(pi, 4:) (zo)pita—t

(0<i <) (3.53)

where p; and ¢; can be computed again using eqs.(3.50) and(3.51), using the moments
given by egs.(3.38) and(3.39).
Thus, the bivariate pdf of intensity and length can be found in a similar fashion

as in(3.52) above. It follows:

1 ()P ( — )8

fI,L(iv l) = B(p1'7 Qi) (:EO)PrHZi—l

) (0<i <) (3.54)

By integrating appropriately the bivariate pdf’s, the occurrence probability of various
drought events can be found. In particular, with reference to different types of critical

drought events, the following expressions can be adopted:
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(1) for drought event E = {D>Dg and L= 14 (Ip =1,2,)}:

loXo

loTa Y
P[D > D, L =1, /fDL 2,lo)dz = / B(; ; () (l(x ";”Hq_f) fu(lo)dz

DO Do
(3.55)
(2) for drought event E = {D>Dg and L > 15 (Iy =1,2,)}:
lzo p 1 l )q 1
(lzo — 2
P{D > Dy, L > 1] Z/fDLzldz_Z/ Booa) T fu(l)dz
I=lo 1), ’
(3.56)

(3) for drought event E = {I>Igand L =1, (I =1,2,) }::

Lo To 1 (Z)Pr—l (330 _ Z)Qz‘—l
PI>I,L=1]= [ fii(zl)dz = — © o)z (3.57)
/ / B(pi, i) (zo)pite~!

Io

(4) for drought event E = {I> Iy and L > 15 (I =1,2,)}:

Y, — 2)% 1
P> 1, L>1, Z/m z,l)dz = Z/ 5o x()mqi_l) fr(l)dz

lloI

(3.58)
Furthermore, the marginal probability of droughts events E={D > D¢ } or E={1 > I,
} can be obtained from eqs.(43) or (45), respectively, by letting 1o =1. It should be
noted that despite the apparent complexity of the above expressions, the integrations
can be carried out efficiently making use of numerical tools for the beta pdf that are

available in most mathematical and statistical software.

3.6 Return Period of Critical Drought Events E

A common approach to investigate hydrological events with a certain magnitude

or greater is based on the concept of return period or recurrence interval. Such a
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concept has been widely used in engineering design of structures subject to extreme
hydrological events such as floods. Recently some authors (Fernandez and Salas,
1999; Shiau and Shen, 2001; Bonaccorso et al., 2003; Gonzalez and Valdes, 2003;
Salas et al., 2005) extended the concept in order to determine the return period
related to drought events and derived some analytical expressions for its estimation.
Gonzalez and Valdes (2006) derived a new Drought Frequency Index, (DFI) based on
the concept of mean frequency of recurrence of extreme persistent events.

Following a traditional definition, the return period of a generic event with a
certain magnitude of greater is defined as the average elapsed time, or mean inter-
arrival time, between two of such events (Lloyd, 1970; Loaicigica and Marifo, 1991,
Fernandez and Salas, 1999). When the event under analysis is extreme precipita-
tion or streamflow, the traditional approach consists in analyzing the series X; of
annual maxima of the hydrological variable and to assume time independence for
such observations. With reference to a certain magnitude z, , the sequence of events
{X: > z,},{X; < z,} can be seen as a sequence of i.i.d. Bernoulli r.v. (Bernoulli
trials), with probability of success P[X; > z,]. Tt follows that the interarrival times
between any two events {X, > z,} is distributed according to a geometric distribu-
tion (Mood et al., 1974), and therefore the expected value of such interarrival time

(return period) is given by the well known expression:

1
T = PR ST (3.59)

The above expression however cannot be applied to droughts, since they usually span
several years and therefore in general it is not possible to identify the time unit
necessary to model the sequence of events {X; > z,}, {X: < z,}. In other words,

since droughts have variable lengths, there is no "trial" that can be adopted as time



unit.

Shiau and Shen (2001) have developed a formulation for return period of droughts
with a fixed accumulated deficit or greater. Cancelliere and Salas (2004) extended
such a formulation to drought length in periodic series, while Cancelliere et al. (2003)
and Gonzalez and Valdes (2003) included other characteristics like drought length
and intensity, under the assumption of lag-1 Markov dependence. Here the latter
formulation will be extended also to the case of AR(1) dependence for the X; process,
making use of the approximation to the bivariate distributions of accumulated deficit
and length or intensity and length previously derived.

For analyzing the severity of droughts and the associated risks we need to specify
the drought event under consideration. Let us denote by { £} a critical drought event
like the ones previously defined and by {E} the corresponding non critical drought
events. For example, if {F'} = {D > Dy, L > Iy} , the corresponding non drought
events {E} will be {D < Do, L > lo} U{D > Do, L < g} U{D < Dy, L < Iy}.

With reference to Figure 3.7 , between any two critical droughts (filled circles),
there must be 1 critical drought, namely the first, and N; —1 non critical droughts. It
follows that the inter-arrival time between critical droughts T ; is the sum of the inter-
arrival times between /V; droughts of which 1 is critical (the first) and the remaining

N; are non critical i.e.

Ny
Ti=L|{E}+In+Y (L |{E}+ Lny) (3.60)
j=2
where L | {F} is the duration of a critical drought event {E} | Ln the duration of a
non-drought event and L | { F'} is the duration of non-critical drought events {E'}.
Note that all of the above quantities are random variables. By definition, the return

period T is the expected value of T ; |, which can be computed by taking expectation
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Figure 3.7: Definition of inter-arrival times of critical droughts E (e.g. { D > Dy
and L > 4 } ). The open circles denote the initiation of any droughts while the filled
circles denote the initiation of critical droughts E.

on both side of eq.(3.60) as:

E 1] =E[L|{F}|+E[Ln|+E l:i; (L; | {E} + Lny)

E[L] =E[L|{E}+E[ln]+E [i% | {E}

j:

Ny
j=2

Solving the expectations involving sums by means of conditional expectation concepts

one gets:
E (L] = E[L | {E}]+ E[Ln] + [E[N] - 1|E [L | {E}] + [E[N] - 1]E[Ln] (3.62)

Recalling the definition of IV, , for N; = n; droughts, there must be n; — 1 non critical

and only one critical drought E. Assuming independence between drought and/or
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non-drought events, the probability P[N;, = n;] can be determined as:
P[N, =n)] = (1 - P[E)* 'P[E] = (1 — P[E))" ' P[F] (3.63)

which suggests that IV; is geometrically distributed with parameter P{FE]. Then its

expected value is (Mood et al., 1973):
E[N] = - (3.64)

Therefore, from Eq.(3.64) we get

T— BT =E[L|{E)]+E[In] + {—P—EE—]~1}E[L[{E}]+ [Lq]E[Ln]

PlE]
(3.65)
Rearranging terms, observing that P[E]+ P[E] = 1 , and making use of the following
identity:
B[L|{E}] PIF)+ B[L | {F)] PIE) = B (L] (3.60)
eq.(3.65) simplifies as:

_E[l]+E[Ln]
T=—"Fm

(3.67)

Note that in deriving eq.(3.67) only the independence between drought events has
been assumed.

Equation(3.67) allows one to compute the return period of any critical drought
{E} once the probability P[F] is defined and the expected value of drought and non-
drought durations are known. The former probability can be computed by making
use of the joint pdf’s derived in the previous paragraph, while the expected value of

drought and non-drought can be computed assuming a DARMA(1,1) process as an
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approximation for the clipped series Y;.

3.7 Applications

The proposed methodology to compute probabilities and return periods of droughts
in stochastic series has been applied to four annual streamflow series, namely the
Poudre River at Mouth of the Canyon, the Colorado River at Lee Ferry, the Nile
River at Aswan, and the St. Lawrence River at Cornwall.

In figure 3.8 the time series of the investigated rivers are shown, along with the
respective long term means. In all cases, several severe droughts can be identified on
the series. For example, the series of Poudre flows indicates a wet period of about
40-45 years in the first part of the record and a drier period in the rest of the record;
this wet/dry flow pattern has been characteristic in the region. In addition, the time
series plot indicates the various drought episodes that have occurred in the Poudre
River throughout the historical record, such as those of the 1930’s and 1950’s, as well
as the recent three-year drought. Similarly, the other series indicate the presence of
serious droughts that occurred in the different periods. In particular, the very severe
drought that occurred in the 30’s is clearly indicated by the St. Lawrence river plot.

From the comparison of the plots, the different degree of persistence of the four
series can be inferred. For example the St. Lawrence river and the Nile river seem to
exhibit some long term cycles which is characteristic of highly autocorrelated processes
whereas this is less evident for the other two investigated series.

Table 3.V summarizes a number of basic flow statistics that were determined
from the four annual flow records, which allow to compare the different hydrological
regimes. From the table it can be inferred the different skewness of the investigated
series, which is significantly different than zero for the Poudre whereas it is very low

for the other three series. Also the table indicates the different lag 1 autocorrelation of
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Figure 3.8: Annual flow records of (a)the Poudre River (1888-2002), (b) Colorado
at Lees Ferry (1906-1995), (c) Nile at Aswan (1871-1989) and (d) St. Lawrence at
Cornwall (1900-1960). The figure shows some extreme drought episodes on all series
as well as the different degrees of serial time dependence in the four series
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Table 3.V: General description of the investigated streamflow series
Station and | Period of record | Mean Standard devia- | Skewness Lag-1 autocor-
units tion relation
Poudre River | 1888-2002 .299 A1 .99 153
at Mouth of
the Canyon
[act*10%]
Colorado River | 1906-1995 15.23 4.39 175 277
at Lees Ferry
[acf*108]
Nile River at | 1871-1989 88.28 14.60 .25 397
Aswan [m3%10%]
St. Lawrence | 1900-1960 209.09 18.10 -.27 712
River at Corn- ‘
wall [m3 x 10%]

the four series, ranging from an almost negligible value for the Poudre River (r;=.153),
to a relatively high value of r; = .712 for the St. Lawrence River.

In figure 3.9 the number of droughts of different lengths identified in the four
investigated series is plotted. In all cases a threshold xy equal to the long term mean
has been assumed. From the figure it can be inferred how the number of identified
droughts is relatively low, even when short lengths are considered, and in any case
certainly not enough for a reliable inference analysis about the probabilistic behaviour
of droughts. For instance, with reference to the Poudre river, despite the fact that a
fairly long record of observations is available (118 years), only 15 droughts of length
1, 5 of length 2 and 4 of length 3 are observed. Thus, any attempt to fit different pdf
to accumulated deficit for each fixed length would lead to unreliable estimates of the
parameters. This confirms the need of expressing the parameters of the distribution
of accumulated deficit for fixed drought length as a function of the statistics of the
underlying series, as proposed in the present chapter. Due to the limited number
of droughts that can be identified in the investigated flow records, in addition to
observed series, synthetically generated data has been used in order to verify the
proposed analytical expressions to compute return period of droughts, However it may

be worthwhile to mention that all the parameters of the analytical expressions have
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Figure 3.9: Number of droughts of different lengths identified in the four analyzed
streamflow series

been fitted.making use only of the observations. In particular, AR(1) models have
been fitted to the Poudre, Colorado and St. Lawrence series, while an ARMA(1,1)
has been adopted to model the Nile series. Because the Poudre annual flows are
significantly skewed, a log-normal AR(1) model has been adopted. Therefore, original

data have been first transformed using a logarithmic transformation:
Y = In Xt (368)

that gave an approximately normally distributed flow series. After geﬁeration, the
transformed series have been inverted into the original flow domain by using X; = e**.
Since the other three series do not exhibit significant skewness, no transformation
has been carried out.
In Figures 3.10, the autocorrelation function 7, of the sample series and of the

fitted models are shown for lags k 0-10 years.

The fitted models have been used for simulating 3,000,000-year samples from
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which the return period of different types of drought events have been determined.
The drought analysis has been performed by assuming a parameterization for the
deficit threshold D ( as a fraction of the threshold z,, by means of a deficit coefficient
0, 1.e.

Do = 6706 = 0.0,0.25, ..., 2.00 (3.69)

Likewise, the threshold drought intensity Iy is defined as a fraction of z, , i.e. Iy = (z,,
¢(=0.0, 0.10, ...,0.40 , and ( is called the drought intensity coeflicient. Then one can
determine the magnitude of various droughts by simply varying the coefficients 6 and
¢ as the case may be. The water demand threshold x; has been assumed in all cases
equal to the long term mean p,.

Then, DARMA(1,1) models have been fitted to the binary series obtained by clip-
ping the observations by the respective thresholds. In Figure 3.11, the drought length
pdf corresponding to each fitted DARMA(1,1) model are compared with the corre-
sponding drought length frequencies computed from the observations and from the
generated series. In the plot, approximate 90% confidence intervals for the drought
length frequencies from the observations are also shown. These confidence inter-
vals have been obtained by generating 1000 series of length equal to each observed
sample using the corresponding DARMA(1,1) model, and by computing the drought
length frequencies. Then, for each drought length, 5% and 95% percentiles have been
computed from the 1000 values obtained by generation. The relative width of the
confidence intervals is indicative of the sampling variability of the drought length
frequencies computed from the observed droughts in a sample. From the plot, a gen-
eral good agreement between the drought length pdf obtained from the DARMA(1,1)
model and the observed frequencies can be inferred, showing that a DARMA(1,1)

model is able to model drought length probabilities if the underlying series exhibit
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Figure 3.11: Drought length pdf obtained from the observed series, from fitted
DARMA(1,1) model and from clipped generated series for the four investigated rivers.

Threshold zy = p,. The approximate 90% confidence intervals for the sample pdf are
also shown.

auocorrelation, as is the case for AR(1) or ARMA(1,1) models. In order to model
accumulated deficit for fixed drought length, the parameters of the beta pdf have
been computed from the basic statistics of the analyzed series. In particular, first
the moments of accumulated deficits have been computed by means of the proposed
approximations given by egs.(3.42) and(3.43), as a function of the expected value
and variance of single deficits, of the skewness coefficient and of the lag-1 autocorre-
lation coefficient. For Colorado, Nile and St. Lawrence (normal case), the expected

value and variance of single deficits for the serially independent case E [D;(0)] and
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Var [D;(0)] have been computed as (Bonaccorso et al., 2003):

E [D;(0)] = zo — ptz + 5;—:¢> (‘”0 — “x> (3.70)

Oz

and

Var D0 = Zo (2242} [ =) - Zp (B 42 ()

Do (O

where py = ® (’”0—““—“”)

Oz

For the Poudre river, similar expressions have been adopted, valid for log-normal

series with parameters 4, and o, (Bonaccorso et al., 2003):

E[D,(0)] = o — “2 . A (3.72)
Po
and
u2ea§ H2
Var [D;(0)] = =2 - ¥ — =2 . A® (3.73)
Do Y&

where pu, = e“y+ 2 ,A=0 (mi’;—“—y ) and ¥ = @ (ng—“i 20y).

Then the parameters p and ¢ of the joint distribution of accumulated deficit and
length or intensity and length have been estimated by means of egs.(3.50) and(3.51).

Finally, return period has been computed by means of Eq.(3.67), where the proba-
bility P[FE] of a critical drought F has been computed using the Eqs.(3.55),(3.56),(3.57),
and(3.58), according to the different types of critical events considered. Figure 3.12
shows the return periods of droughts defined as in case(1) above, i.e. E = { D > Dy
and L = [y (lp = 1,2,... )}, which were obtained from the generated samples and from
Eq.(3.67) for various values of the deficit coefficient § and for a threshold z, = p, .

Several interesting features may be observed. First of all, for a given drought duration
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1 o, the return period T — oo as 6 — oo , which means that estimating the return
period T for large values of 4 may require a very long sample. On the other hand, Fig.
3.12 shows that using Eq.(3.67) one can always find the results for any é and any I .
Figure 3.12 also shows the close results that are obtained from the generated samples
and from Eq.(3.67). This is also true in the case of Poudre river, thus confirming the
validitiy of the procedure when skewed series are analyzed. However, one may note
that as 0 increases there are some differences between them, although such differ-
ences cannot be considered particularly significant, since they are generally related to
droughts with return period exceeding 1000 years, thus for a range of return period
of little interest from a practical standpoint. The figure also shows that for all values
of the deficit coefficient ¢ , as the drought duration [y increases, the return period T
converges to the return period curve for § = 0. The comparison between the results
obtained for the four rivers reveals also some features related to the presence of persis-
tence in the series. In particular, the curve related to 6 = 0 , which represents critical
droughts of fixed length, and of any accumulated deficit, is less steep in the case of
the Nile and St. Lawrence rivers than in the other cases. This is consistent with the
fact that such series, being more persistent, will tend to exhibit longer droughts than
the other, less persistant series, and therefore return period of longer droughts will
be higher, whereas short droughts will have higher return periods. Figure3.12 shows
also the return periods obtained from the historical streamflows for 4 =0 and for some
lp. In order to somewhat increase the reliability of the estimation, return period has
been computed by considering, besides interarrival times between critical droughts,
also the first arrival time (beginning from the first year of the series), as well as the
time from the last critical drought to the last year of the series. Nonetheless, not
many drought episodes can be observed from the historical records, and therefore

the return periods estimated from the samples have a high variability, and cannot be
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considered reliable for ¢ > 0.

Figure 3.13 shows the return periods of droughts defined as in case(2) above, i.e.

E={D>Dgand L > 1y (ly=1,2,...)}, which were obtained from the generated
samples and from Eq.(3.67) for various values of 4. The figure shows that as in
case(1) above, as | ¢ increases all return period curves converge to a single curve that
is independent of 4. As in the previous case, the plot confirms the close results that
are obtained from the generated samples and from Eq.(3.67).
Also, Fig. 3.13 indicates that return periods of critical droughts generally decrease
as the persistence of the series increases. This is particularly evident by comparing
the curves related to the Poudre river (Fig.3.13(a)) with the ones related to the St.
Lawrence river (Fig. 3.13(d)).

In addition, Fig. 3.13 shows the return periods based on the historical record for
some values of 1 o and §. Unlike the case(1) droughts where only a few estimates of
return periods can be made for very small values of 1 o and é (Fig. 3.12), for case(2)
droughts, estimates of return periods based on the historical records can be made for
several values of 1 3 and ¢ as shown in Fig. 3.13. This allows comparing the return
periods obtained from the generated sample (or from Eq.(3.67)) versus those obtained
from the historical records so that further evaluation of the simulation model and the
analytical formulation be made. However, also in this case the results obtained from
the historical sample must be used with caution because as 1 ¢ increases and as d
increases the return periods estimated from the historical sample becomes unreliable.
For instance, in Fig. 3.13 the results are not reliable for 1 g > 4 or § >1.

Figure 3.14 shows the return periods for droughts defined as in case(3) above, i.e.
E={I>Iand L=1,(1lp=1,2,..)}, which were obtained from the generated
sample and from Eq.(3.67) for various values of the drought intensity coefficient (.

The return period curves are increasing functions of both 1 3 and . The figure also
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Figure 3.12: Return period of drought events defined by { D > Dy and L = I,
lo =1,2,...} obtained from the generated synthetic annual flows of the investigated
rivers and from Eq.(3.67) for various values of the deficit coefficient § (Do = dz,).
Threshold z, = p,. The return period curves for §=0 obtained from the historical

samples are also shown
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shows results obtained from the historical sample for a few values of 1  and ¢ = 0.
Again in this case the results are not reliable for 1 ¢ > 2 for the same reasons already
discussed above. In addition, Fig. 3.14 shows that as the persistence of the series
increases, the steepness of the curves decreases, which is somewhat in agreement with
case(1) above. This is particularly evident for the St. Lawrence river (Fig. 3.14(d)),
for which the return periods corresponding to relatively high intensity coefficients (
¢ > .1) does not change significantly with drought length. Furthermore, the results
obtained from the generated samples and from Eq.(3.67) are quite comparable with
some exceptions, as is the case of the Poudre river (Fig. 3.14(a)) for ¢ = .40. As in
case(1) above, it should be noted however that the largest differences are observed
for very high return periods (>1000).

The return periods for drought events defined as in case(4) above, ie. E = {
I > Iy and L > Iy} are shown in Fig. 3.15 for various values of {y and {. The return
period curves are increasing functions of both 1 g and ¢. From Fig. 3.15 a similar
behaviour as in cases(1) and(3) above can be inferred, namely that as the persistence
of the series increases, the steepness of the curves decreases. The figure also shows
that return periods obtained from the generated samples and from Eq.(3.67) are quite
comparable for low values of { , while the differences generally increase with I, and
¢. Likewise, Fig. 3.15 shows that the return periods obtained from the historical
record for ¢ =0 and [y <5 correspond quite well with those obtained from the gen-
erated samples and from Eq.(3.67) although some underestimation can be observed,
especially when drought length increases. This is not surprising, since, the number
of observed droughts decreases with I , and therefore the historical return period

estimates become more and more unreliable.
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Figure 3.14: Return period of drought events defined by { I > I, and L = [,
lo = 1,2,...} obtained from the generated synthetic annual flows of the investigated
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Threshold z, = p,. The return period curves for (=0 obtained from the historical
samples are also shown
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3.8 Conclusions

An accurate planning and management of water resources systems must take into
account the occurrence of droughts. For example, the implementation of water use
restrictions in a given water district is very much related to the degree of severity
that an evolving drought reaches at a given point in time. While this question has
been typically answered using drought indices such as the Palmer Drought Severity.
Index (Palmer, 1965) or the Standardized Precipitation Index (McKee et al.; 1993),
unfortunately they do not provide any information on the frequency or recurrence
time of the drought.

In this chapter the concept of return period (mean interarrival time) has been
applied to characterize the severity of extreme droughts. In particular, a formula-
tion that enables the estimation of return period of critical droughts occurring on
stochastic time-dependent hydrological variables has been presented. The formula-
tion allows to specify drought events taking into account not only the duration of
the drought but drought deficit or drought intensity, etc. Although previous studies
exist where droughts are analyzed in a bivariate fashion, (e.g. citetGonzalez2003;
Cancelliere et al. (2003)), however they have usually neglected the time-dependence
in the hydrological series under investigation. Indeed, it has been shown that when
time dependence is considered, even computing the first two moments of drought
characteristics becomes difficult, since in this case the series of the deficits resulting
after the hydrological variable is truncated by means of a water demand threshold is
not stationary. Thus a fully multivariate approach is needed. Here a truncated mul-
tivariate normal has been proposed to model the deficits, that enables to compute by
numerical integration the first two moments of accumulated deficit or intensity, for

droughts of fixed length.
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Furthermore, when a time dependent process, such as an AR(1) is clipped by a
constant threshold level, the resulting binary process does not follow a lag 1 Markov
chain, and therefore the widely used geometric distribution to model drought length
may become not appropriate. Thus, drought length has been modeled asssuming as
an approximation that the clipped binary process follows a DARMA(1,1) model, for
which several theoretical and practical results are available (Jacobs and Lewis, 1977,
Chang et al., 1984a; Chung and Salas, 2000).

Also, empirical approximations of the moments of accumulated deficit, function of
the lag-1 autocorrelation of the underlying hydrological variables and of the threshold
level are proposed , that allow to derive the pdf of drought characteristics without
resorting to numerical algorithms to solve the multivariate integrals. The empirical
approximations are such that they can be applied also to skewed data.

Such moments have then been used to define the distribution of the accumulated
deficit, assumed beta. The result is a bivariate formulation for drought characteristics
length and accumulated deficit or intensity pdf, that allows to compute the probability
of occurrence of several types of critical droughts as a function of the basic statistics
(mean, standard deviation, lag-1 autocorrelation coefficient and skewness coefficient)
of the underlying hydrological variable, as well as of the threshold level. The derived
pdf have been applied to compute the return period of critical droughts, extending
the methodology proposed by Shiau and Shen (2001) in order to consider also drought
length.

The procedure has been applied to four streamflow annual series, namely the
annual flows of the Poudre River at Mouth of the Canyon, of the Colorado River at Lee
Ferry, of the Nile River at Aswan, and the St. Lawrence River at Cornwall. The four
series exhibit different level of persistence thus enabling to test the methodology when

different hydrological regimes are considered. After AR(1) and ARMA(1,1) models
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have been fitted to the series and synthetic series have been generated, the comparison
between return periods obtained by means of the analytical approximations and those
computed on the observed and generated samples has been carried out. The results
of such comparison confirm the applicability of the proposed methodology, since it is
able to capture reasonably well the stochastic variability of droughts in streamflow
series with different degrees of persistence.

The overall conclusion of the present chapter is that even when time dependence
in the underlying hydrological series is taken into account, drought occurrences and
return periods can still be modeled by means of an analytical approach, although
is some cases, empirical approximations are necessary to overcome the difficulties
related to solving complex integrals. Such an approach is particularly useful in light
of the generally limited sample length of observed hydrologic records, which hinders

the applicability of an inferential approach to model the occurrence of droughts.
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CHAPTER 1V

PROBABILISTIC MODELLING OF DROUGHT
LENGTH IN PERIODIC-STOCHASTIC SERIES

4.1 General

Drought length characteristics, such as the probability mass function and moments,
are derived herein assuming that the underlying water supply series after is clipped
by a periodic water demand threshold level results in a two-state periodic Markov
chain. For this purpose we use the drought definition as in Yevjevich (1967). Let
us consider a periodic stochastic water supply series denoted as X, ,, v = 1,2,...,
T =1, ...,w where v represents the year, 7 represents the season (e.g. a month), and
w is the number of seasons (e.g. w = 12 for monthly data). In addition, consider a
variable water demand series denoted by x,,. Then a drought event is defined as a
succession of consecutive periods (run) in which the water supply remains below the
threshold level z,,. Thus, the drought length L (length of negative run) is the number
of consecutive time intervals (seasons) in which X, ; < x,, preceded and followed by
(at least one season where) X, ; > z,,. This drought definition is schematically shown
in 4.1.

These conditions can be also represented using a Bernoulli variable Y, ; as
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Figure 4.1: Definition of drought episodes for a periodic-stochastic water supply
series X, - (thick line) and a periodic water demand zo, (line of segments). The
resulting discrete process Y, , is also shown.

Obviously there is a one to one correspondence between the sequence of deficits
identified using X, ; and the sequence of zeroes in Y, ;. Thus for analyzing the drought
length properties we will restrict our attention to the latter process Y, ..

The probability mass function (pmf) of drought length can be derived assuming

that the variable Y, . follows a two-state periodic Markov chain, i.e.:

P [YI/,T =Jr ! YV,T—I = Jr-1, YV,T—2 = Jr-2, YI/,T—3 = Jr—3, ] =

P [Yu,'r =Jr l YV,T—I = jT—l] (42)

Equation 4.2 states that the probability of a value of the Markov chain at a given
time interval v, 7 conditioned on past values depends only on the value of the chain at

time v, 7 — 1. The Markovian assumption for the discrete process Y, . may be useful

81



where the original process representing the water supply, X, , follows the well-known
periodic lag-1 autoregressive process (Salas, 1993). Two-state periodic Markov models
have been applied, among others, by Fernandez and Vergara (1998) to determine the
return period of droughts for monthly precipitation and streamflow series and by Katz
and Parlange (1995) to model hourly precipitation.

Because Y, , has a Markov chain structure, its multivariate distribution is deter-
mined uniquely once the periodic transition probability matrices are fixed. They are

given by

p, = [ Poor Porr Cor=1,...w (4.3)
Pior Piir
k

such that P, = Py , k= ...,—1,0,1,... and the elements p;;. are given by

Dijr = P(Yl/,’r - ] I Yu,T—l = Z) y 1= 0, ]., ] = O, 1 (44)

In addition,

pir =P(Y,,=1), i=0,1 (4.5)

denote the unconditional probabilities. Furthermore, the foregoing probabilities must
satisfy:

Pio, + P, =1, 1=0,1 (4.6)

and

pl-r = pl‘r—l (]‘ - plo-r) +p01‘r—-1 (]‘ —pl‘r—l) (47)

for 7 = 1,...,w. Equation 4.7 is a direct consequence of the theorem of total

probabilities.

82



4.2 Probability mass function of drought lengths

The conditional probability that a drought has length [ given that it starts at season

7 may be derived as

P[L = I Nndrought starts at time 7|
P(drought starts at time T)

Il

fr- (D) P[L = l|drought starts at time 7] =

P(drought starts at time ) )

where L, = [ denotes a drought of length [ that starts at season 7. The joint

probability in the numerator denoted as P[L, =[] is equal to

P [LT = l] =P [YU,T——I =1, YV,T =0,.., YU,T+l"1 =0, YV,T+l = 1] (49)

Because of the Markov chain structure of Y, ; 4.9 may be expressed as

-1 terms -1
P [LT = l] = DP1,—1D10- @ooT+1pooT+2 .. -POOT+l~fp01T+l = P1,-1P10, HPOOT-H' Po1r4
=1

(4.10)
Equation 4.10 represents the probability that a drought (run) lasts [ time inter-
vals when it begins at season 7. In addition, since P(drought starts at time 7) =

D1r—1P10r, then 4.8 simplifies to

P[LT - l] -1 -1
fr.(l) = m = Hpoo,ﬂ Dol = H (1 ~p01f+i) Doi,,, [=1,2,..

=1 =1
(4.11)

Equation 4.11 represents the pmf of drought length given that the drought begins
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at season 7.
Furthermore, the probability that a drought of length L starts at any season can

be derived as follows. Denote DS = drought starts at time 7 , then

P[L=1NnDS]
P(DS)

f() = P[L=1|DS] = (4.12)

The probability in the numerator can be determined using the theorem of total

probability as:

P[L=INnDS]=

= > P[L =1n DS|drought starts at time 7| P (drought starts at time T)

T=1

= >2_, ()P (drought starts at time T) (4.13)

Since P(drought starts at season T) = p1,-1p10, the foregoing expression can be

rewritten as:

PIL=1nDS] = > frr(Dpir-1p10r (4.14)
T7=1

In addition, the probability in the denominator of 4.12 can be determined as

w

P(DS) = Z P(DSNseason 1) = Z P (drought starts at time T) (4.15)
T=1 T=1

= ZPIT—IPIDT (4.16)
T=1

Substituting (4.14) and (4.16) into (4.12) gives
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i fLT(l)plT—IPIOT
ful) = P[L=1|DS] = = (4.17)
Z Pir—-1P10r

T=1

Therefore the probability that a drought lasts [ time periods given that it be-
gins at any season is a weighted average of the seasonal probabilities with weighting
coefficients py-_1p10-

The expression (4.17) represents the pmf of drought length when the underlying
(0,1) process is periodic first-order Markov. As a particular case, the pmf of drought

length for periodic independent processes can be obtained using

Po1. = P1,Poo, = P10, =Po, =1 —p1, 7=1,2,...,w (4.18)

Therefore, (4.17) reduces to

Z (Hﬁ;i (1 - p17+i)) *Pi..P1, 1 Po,
ful) == 5 (4.19)
Z P1.1Po,
T=1

Clearly for the stationary case and a constant threshold, (4.11), (4.17), and (4.19)

are applicable by making w = 1. This yields the following expressions

fr(l) = pho'por = (1 = por)''pn (4.20)

o) =p5 o =pi(1 —p1)' ! (4.21)

which are valid for the serially dependent and independent cases, respectively.
The expressions (4.20) and (4.21) were previously derived by Sen (1976) following a

different approach.
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4.3 Moments of drought lengths

It may be useful deriving the moments of drought lengths in closed form. The r-th
moment about the origin of drought length for periodic first-order Markov process is

given by:

-1
> (Hi:l (1 —Po1f+i) P01T+,P17_1P10f)

B[N =) "Urf@l)=>Y r= 5 (4.22)
l=1 I=1 > P1,_1D10,
T=1
which may be rearranged as
> {plplplof {Z I Hi;i (1 - po17+i) pOlfH} }
E[Llr) == =l (4.23)

W
Z P1,._,P10,.

T=1

The closed form expression can be obtained using the following proposition.

Proposition 1 Let ay, b; be periodic sequences with period w and ¢; be a non-periodic

sequence. Then:

S
I

Zcib- i b, (ﬁ ak) Z <H ak) Ciwtt (4.24)

1=2 k=1 2 k=1 =0

Proof: Let us start by observing that the infinite summation over a non-periodic

sequence f; can be split in a double sum as follows:

Zf'i = Zz.fiw—f—*r = Zz.fiw—f—r
=1

1=0 7=1 7=1 =0

Then, the left hand side of (4.24) can be rewritten as:
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|

1 tw+Tr—1

00 0o w
E Cibi ap = E E Czw+'r o+ T H ag
=1

k=1 =0 =1 k=1

Since, ai and b, are periodic it follows b;,,, = b, and

tw+T—1 71 71 t
[T ox={ILe){1Los
k=1 k=1 k=1

which completes the proof.
By virtue of the foregoing proposition and letting ax = (1 — po1,4x)> br = Porr4

and ¢; = ", the term in square brackets in 4.23 can be rewritten as

[i M= ( pm,ﬂ.)pow] = (4.25)

> {pmm pow) Z [H‘;ﬁzl (1 - pow)i (iw + t)r} } (4.26)

t=1

/_\

In addition, the infinite summation in (4.26) can be determined using results from

the geometric series:

> N s a bg
(a+bi)g' = + (4.27)
; l-—q (1-9)

Then, the expected value of L follows from (4.23)-(4.27) by letting » = 1 which

gives

Z_: {Plf_lplof L"Z:l (p01,+t 2_:11 (1 — po1f+k) thA_(Z;(zU))} }
g [L] =1 m

(4.28)
Z P1._,P10,

=1
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where A = [[i_; (1 — P017+k)-
Equation (4.28) represents the expected value of drought length regardless of the

initial season for a first-order periodic Markov process. The expected value for the

stationary process results by letting w = 1 and (4.28) becomes

1

E[L] B 1= poo

(4.29)

and

_ 1
1 —po

L] (4.30)

for the dependent and independent cases, respectively. Obviously for these cases

the same results follow directly by determining the expectations from (17) and (18).

4.4 Return period of drought lengths

It is of interest here to derive analytical expressions to estimate the return period of
droughts with length L. equal to or greater than a fixed value for the case of periodic
series. Here, the return period of a drought of length L=I[ is defined as the mean
interarrival time between droughts with lengths that are equal or greater than [
Assuming that drought events are independent Shiau and Shen (2001) developed a
procedure to derive the return period related to a drought with accumulated deficit
greater or equal to a given value. Here such procedure will be extended for deriving
the return period of drought lengths for both stationary and periodic dependent
processes.

Referring to 4.2 the inter-arrival time 7T, is the sum of the inter-arrival times

between droughts of any length, i.e.
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Li; L Li;  jLidLis Lis

Figure 4.2: Definition of inter-arrival times of droughts with lengths L > 4. The
open circles denote the initiation of droughts of any length while the filled circles
denote the initiation of droughts of length equal or greater than 4.

N
T=)_ Li (4.31)
7j=1

where Li; is the inter-arrival time between any two successive drought events
(regardless of the length) and N, is the number of drought events until the occurrence
of the next drought event with length equal to or greater than /.

Note that both N; and Lz; are random variables. Thus the return period T is the

expected value of T';, which under the assumption that Li; is independent gives

T=E(T)=E (Z Lij) = E(N) E (Li;) (4.32)

Recalling the definition of N, for N; = n; droughts, there must be n; — 1 droughts
with length less than ! and only one drought with length equal or greater than /.

Then, the probability P(N; = n;) can be determined as:

P(N;=n))=[P(L< D" 'P(L>1)=[P(L <D™ 1 - P(L <) (4.33)
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where P(L < [) is the CDF of L given by (4.28). In addition, because L is a
discrete variable one can write P(L <) = Fr(l — 1), it follows
P(N; =mng) = [F (I - D)™ 1 = F(1— 1)) (4.34)

which suggests that N; is geometrically distributed with parameter Fp(l — 1).

Then its expected value is Mood et al. (1974)

1
= —— 4.
B(N) = 1= (4.35)
Therefore, from (4.32) and (4.35) we get
E(Lij)
T=ET)=-——2— 4.36

Note that in deriving (4.36) only the independence between the lengths of drought
events has been assumed. Such condition holds even if the underlying process is a
periodic Markov chain since by definition, a drought must be preceded and succeeded
by at least one surplus intervals and the lag-1 Markov model assumes independence
at lags greater than one. As a consequence, drought characteristics do not depend on
those of preceeding droughts.

Furthermore, to apply (4.36) we must obtain the expected value F(Li;). This
term can be determined by observing that the inter-arrival time Li;is the sum of the
drought length L and the surplus (non-drought) length S. Accordingly, one can write,
E(Lij) = E(L) + E(S). The first term E(L) is given by (4.28) and E(S) can be
obtained from the same equation by simply switching the deficit probabilities with

surplus probabilities, i.e.
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Z:l {pof_lpmf l:t; (1010#1 Hz;ll (1 - 1010,+k) Ez_ﬁ%"l)} }
E(S) == = (4.37)

w
p07,1p017
T=1

where A* = [To_, (1 = pio.,,)-

4.5 Drought length in periodic series

The procedures for estimating the pmf, low order moments, and return period of
drought length as outlined in the previous sections of this paper have been applied
to a variety of data sets, namely: (1) monthly precipitation for Caltanissetta, Italy
(source: Regional Hydrographic Service of Sicily, Italy), (2) weekly precipitation for
Fort Collins at Colorado State University (CSU) weather station (source: http:// cli-
mate.atmos.colostate.edu/ dataaccess.shtml), (3) monthly streamflows of the Niger
River at Koulikoro (source: The Global Runoff Data Centre, D-56068 Koblenz,
Germany), (4) the three-month Standardized Precipitation Index (SPI) based on
the monthly precipitation series for the Northeastern Climate Division of Colorado

(source: http://lwf.ncdc.noaa.gov/oa/climate/ onlineprod/drought /ftppage.html;

NCDC, NOAA), and (5) Palmer Hydrologic Drought Index (PHDI) for the North-

eastern Climate Division of Colorado (source: http://lwf.ncdc.noaa.gov/oa/climate/

onlineprod /drought /ftppage.html; NCDC, NOAA). Table 4.1 summarizes the main

characteristics of the referred data and Fig. 4.3 gives the time series plots of the basic

data utilized in the study.

The SPI (McKee et al., 1993) and PHDI (Palmer, 1965; Karl and Knight, 1985)

are widely used indices for monitoring drought severity in the United States and some
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Table 4.1: General description of the periodic-stochastic data utilized in characteriz-
ing droughts lengths

Station/region Type of Data Period of Mean Standard
Name record deviation
Caltanissetta, Monthly 1879-1996 47.1 48.35
Italy precipitation
(mm)
Fort Collins, Weekly 1901-1999 7.42 13.5
Colorado at precipitation
CSU Weather (mm)
Station
Niger River at Monthly 1907-1999 1,373 1,726
Koulikoro streamflows
(m?/s)
Northeastern Standard 1896-2000 -0.0047 1
Colorado Precipitation
Climate Index (SPI)
Division for k=3
Northeastern Palmer 1895-2001 1.485 3.227
Colorado Hydrologic
Climate Drought
Division Index (PHDI)

for 6-month
time interval
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Figure 4.3: Time series plots of the five data sets investigated: (a) monthly pre-
cipitation for Caltanissetta, (b) weekly precipitation for Fort Collins, (¢) monthly
streamflows for the Niger River, (d) 3-month SPI for Northeastern Colorado, and (e)
6-month average PHDI for Northeastern Colorado.
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other countries. Recently Heim [2002] reviewed the use of the SPI, PHDI, and some
other indices in the United States. The SPI is a meteorological index originally in-
troduced by McKee et al. (1993) that takes into account the different time scales at
which the drought phenomenon affects different water uses. In practice, computation
of the index involves fitting the gamma probability distribution to the cumulative pre-
cipitation series over a given number of months (e.g. three-months), computing the
corresponding non-exceedence probabilities, and relating them to the standardized
normal quantiles that are called the SPI. The PHDI is a slight modification of the
Palmer Drought Severity Index (PDSI), which was originally developed by Palmer
(1965). It takes into account precipitation, evapotranspiration, and soil water con-
tent in an area, and as such, is more oriented towards a meteorological/agricultural
drought characterization. The index is based on a simple water balance of the unsat-
urated soil and classifies droughts on the basis of the comparison of the precipitation
in a given month and that (referred to as climatically appropriate) needed to maintain
average soil water content. The index is standardized and can take positive values
(wet conditions) or negative values (drought conditions).
In our study we used weekly and monthly data for characterizing droughts at short
and medium time scales while the SPI and PHDI series were utilized for characterizing
droughts at longer (3-month and 6-month) time scales. The SPI series was derived
from the monthly precipitation series based on a 3-month time span. On the other
hand, the monthly PHDI time series were obtained from the web site as referred to
above from which the 6-month average (seasonal) time series was obtained.

The drought analysis based on the referred data was performed using both con-
stant and periodic water demands (thresholds) depending on the case. For the drought
analysis regarding monthly precipitation and monthly streamflows we used periodic

thresholds of the form zo, = fi;, — ad, (fi, and &, represent the monthly mean and

94



monthly standard deviation of the water supply series, respectively and o > 0 is
a coefficient) and constant thresholds, i.e. zo, = zo (where zo remains the same
across the year). On the other hand, for the weekly precipitation series we used
Tor = 2.54mm(0.1in) because our interest in this case was characterizing periods of
weeks with no significant precipitation. Likewise, for the applications regarding the
drought indices we used constant thresholds: -1 for the SPI and -2 for the PHDL

Firstly, the transition probabilities pgor, Poir, P1or, and pi1,, and the marginal
probabilities py, and pi, were estimated for 7 = 1,...,w ( w varied depending on
the case) using the procedure outlined in Appendix A, e.g. using (A.2) and (A.3)
for estimating poo, and pi1.. Figure 4 illustrates the probabilities poo,, P11+, and
po, that were obtained for the five data sets considered for demand thresholds given
by: g, = fi, for the data of Caltanissetta and the Niger River, xo, = 2.54mm; for
the weekly precipitation of Fort Collins, and zy, =-1, and -2 for the SPI and the
PHDI data, respectively. For Caltanissetta, a constant demand threshold equal to the
sample mean, i.e. o, =47.1 mm, was also analyzed to illustrate a case where there is
a major difference between the water supply and the demand across the year. Some
of the referred probabilities show a marked seasonality, e.g. pi1- in Figures 4.4(a)
and 4.4(b), while some others appear to be constant throughout the year, e.g. po, in
Figure 4.4(e). However, in all cases at least one of the referred probabilities appears
to be seasonal, which justifies using a periodic model and equations for drought
characterization that include periodic probabilities.

Clearly, the seasonality in the transition probabilities must arise from the season-
ality of the variance-covariance structure of the underlying series.
The empirical probability mass function (pmf) of drought length was obtained from
the historical sample data and from (4.17) using the estimated transition and marginal

probabilities as referred to above. The pmf’s illustrated in Fig. 4.5(a)-(f) correspond
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Figure 4.4: Month-to-month, week-to-week, or season-to-season probabilities

P11, Poor, and po, calculated for the five data sets and demand thresholds: (a)xzo, = fir
for monthly precipitation at Caltanissetta, (b) zo, = 47.1 mm for monthly precipi-
tation at Caltanissetta, (c) zo, = 2.54 for weekly precipitation at Fort Collins, (d)
Zor = [ir for monthly streamflows of the Niger River, (e) zo, = —1 for the 3-month
SPI for Northeastern Colorado, and (f) x5, = —2 for the 6-month average PHDI for

Northeastern Colorado.
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to the five data sets considered and the same demand thresholds used for estimating
the probabilities shown in Figure 4.4 (refer to the previous paragraph). Generally
the empirical and derived pmf’s show a pretty good agreement between them. The
agreement between the pmf’s appear to be closer and better for the monthly data
of Caltanissetta, the weekly data of Fort Collins, and the SPI data for which the
pmf’s show well defined exponential decay as the drought length increases (refer to
Figures 4.5(a), (¢), (e)). Also for Caltanissetta when a constant demand threshold is
adopted, Fig.4.5(b) shows that the pmf’s obtained from the sample and from (4.17)
are quite similar. In fact, because of a consecutive dry period generally occurring for
about 6 months every year the resulting sample pmf of drought length is bimodal
and such a feature is also reproduced by the pmf derived from (4.17). For the Niger
River flows and the PHDI data the sample pmf’s show a slow decay as the drought
length increases, which is an indication of the significant frequency of long drought
lengths. For these two cases the pmf’s derived from (4.17) reasonably follow the decay
pattern shown by the sample pmf’s but the overall agreement is not as clear as for
the other four cases. One may note that for these two cases the sample pmf’s appear
somewhat complex not only because of the long tails but also because of zero prob-
abilities for some drought lengths. However, these features should not be surprising
for significantly dependent processes.

In order to illustrate and examine the effect of dependence on the distribution of
drought length we also plotted on Fig. (4.5) the pmf’s obtained from (4.19), which
assumes independence. Clearly for the monthly and weekly precipitation where the
temporal dependence is small, there is little difference between the pmf’s obtained
assuming independence and dependence. On the other hand, for the other three cases
the differences (between the pmif’s) are remarkable.

The mean, standard deviation, and skewness coeflicient of drought lengths for the
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Figure 4.5: Probability mass function (pmf) of drought length estimated for the
five data sets assuming demand thresholds: (a) z¢, = /i, for monthly precipitation at
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2.54 for weekly precipitation at Fort Collins, (d) z¢; = /i, for monthly streamflows of
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(f) 2o, = —2 for the 6-month average PHDI for Northeastern Colorado.
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five data sets considered and the same demand thresholds as in the previous analysis
were estimated from the historical sample and from (4.23) and (4.28). The results
shown in Table 2 suggest that (4.23) and (4.28) provide quite good estimates of the
low order moments of drought length. Although some differences are noted regard-
ing the standard deviation and skewness for the Niger River and the PHDI series,
overall there is a fairly good correspondence between the analytical and historical
estimates. In addition, the expected drought lengths for the monthly precipitation at
Caltanissetta and the monthly flows of the Niger River were determined from (4.28)
using variable demand thresholds with « varying between —0.3 and +0.3. To see the
effect of the sample size on the estimated mean drought length the estimates were
based on the entire sample sizes (1,416 for Caltanissetta and 1,116 for Niger) and
based on non-overlapping subsamples of size 20-years (240 months). The results in
Figure 4.6 show that (as expected) because the thresholds decrease as « increases,
the mean drought length becomes smaller. Overall the estimated drought lengths fall
near those obtained from the entire sample size. However, some differences are ob-
served. For Caltanissetta the smaller subsamples appear to underestimate the mean
drought length. The underestimation could be of the order of 20 % based on the
subsamples analyzed. For the Niger the underestimation is somewhat less noticeable
(than for Caltanissetta) but the differences between the estimated drought lengths
based on the subsamples relative to the mean drought length based on the entire
record could be of the order of 30 %. It may be worthwhile to note that over the
range of values of o examined the sample variability of the mean drought length does
not vary significantly.

The return period of droughts lengths for the five data sets investigated were
estimated from (4.36) using the analytical expressions for the expected inter-arrival

times of drought events and the distribution of drought lengths assuming the periodic
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20-years long. The demand threshold levels have been defined by zy, = i — ad.
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Markov chain as described above. Likewise, the return period was estimated from
the historical sample as the average inter-arrival time between droughts with lengths
equal or greater than a given value. The estimates were made for the same demand
thresholds as indicated previously in relation to Figures 4.4 and 4.5. The results
are shown in Figure 4.7(a)-(f). In all cases the general pattern is similar, i.e. there
is an excellent agreement between the return periods T estimated from (4.36) and
those estimated from the historical sample. This is especially so for the first few
values of drought lengths, thereafter the sample estimates appear to drift below the
analytical estimates. For example, Figure 4.7(e) for the SPI data shows that after
the drought length of 5 months the sample estimates drift to smaller values than
those obtained from (4.36). This can be explained because as the drought length
increases there are smaller numbers of drought episodes that can be observed from
the historical sample and consequently the estimates of the mean inter-arrival time
become unreliable and underestimated. In fact, beyond a certain drought length no
droughts may be observable from the historical sample and no return period can be
determined.

Furthermore, the degree of persistence is certainly a factor in determining the return
period versus drought length function. Figure 4.7 also compares the return periods
obtained from (4.36) under the assumptions of independence and simple Markov
chain dependence. As expected, the differences can be notable as Fig. 4.7 (d)-(f)
show for the Niger, SPI, and PHDI series for which the temporal dependencies are
more significant than for the two cases of precipitation series. The general pattern is
that for a given drought length the return period T for an independent series is bigger
than that for a dependent series, conversely for the same return period the drought
length is larger for a dependent series than for an independent series. These results

may suggest that the reason why the sample estimates of T fall below those estimated
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from a model after a certain drought length is because the model may not have the
required persistence. While this is a plausible possibility, it must be weighted against
two other factors, namely, the sample variability of the estimates of T' from a short
sample and the fact that as the drought length increases the sample estimates of T’

either cannot be estimated or are underestimated as already discussed above.

4.6 Final remarks

An extreme drought is a complex phenomenon that evolves through time and space
in a random fashion. The reviewed literature revealed that the major emphasis in
analyzing drought properties using analytical methods has been for cases where the
underlying stochastic processes are stationary. Because annual hydrological processes,
such as annual streamflow, have been often assumed to be stationary, most analyti-
cal developments and applications on drought characteristics and drought frequency
have been centered about annual processes. Research on drought analysis where the

underlying water supply process is periodic-stochastic is lacking.

In this chapter, the probability mass function (pmf) of drought length, its associ-
ated low order moments, and the return period of drought events have been derived
assuming a periodic two-state simple Markov chain and the drought definition as in
Yevjevich (1967). The derived pmf’s allow estimating the occurrence probabilities
of droughts of a given length where either the drought begins in a given season or
regardless of the initial season. The applicability of the drought formulations has
been illustrated using a variety of water supply series (e.g. monthly and weekly pre-
cipitation for Caltanissetta and Fort Collins, respectively, monthly streamflow series
for the Niger River, and the 3-month SPI and the PHDI for the Northeastern Climate

Region of Colorado), and using both constant and periodic water demand thresholds
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depending on the case (e.g. xo, = [i;) for drought analysis regarding monthly pre-
cipitation and monthly streamflows and constant demand thresholds for the monthly
precipitation at Caltanissetta, the weekly precipitation series at Fort Collins, and the
SPI and PHDI drought indices).

The comparison of the empirical probability mass function (pmf) of drought length
obtained from the historical sample and from (4.17) generally showed a very good
agreement between them. The model pmf appears to represent quite well the em-
pirical pmf for the monthly and weekly precipitation data and for the SPI data.
Furthermore, when a constant threshold is adopted for the monthly precipitation
series, the resulting pmf of drought length appears bimodal and such a feature is
also reproduced by the pmf derived from (4.17). For the Niger River flows and the
PHDI data the pmf’s obtained from the historical sample are more complex with a
slow decay as the drought length increases and with a few zero frequencies for some
drought lengths. Nevertheless, the pmf’s obtained from (4.17) resemble closely such
long tail of the frequency distribution. For the data analyzed in this study it is not
clear whether a model with more persistence than the periodic Markov chain would
give better results. In addition, the mean, standard deviation, and skewness coef-
ficient of drought lengths for the five data sets and demand thresholds considered
were estimated from the historical sample and from (4.23) and (4.28). The results
suggest that (4.23) and (4.28) provide quite good estimates of the low order moments
of drought lengths. Furthermore, the return period of droughts lengths for the five
data sets investigated were estimated from (4.36) and from the historical sample. In
all cases the results showed an excellent agreement between the two estimates (an-
alytical and historical sample) for the first few values of drought lengths, thereafter
the sample estimates appear to drift below the analytical estimates. This can be ex-

plained because as the drought length increases there are smaller numbers of droughts
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that can be observed from the historical sample and consequently the estimates of
the mean inter-arrival time become unreliable and generally underestimated. The
comparison between the return periods obtained assuming independence and simple
Markov dependence illustrate clearly the effect of dependence in the behavior of the
return period versus drought length, i.e. for a given drought length the return period
is bigger for an independent process. This effect should not be confused with that
caused by the underestimation arising from estimates of the return period because of
a small sample as discussed above.

The overall conclusion of the present chapter is that simple concepts and defi-
nitions may enable one characterizing droughts using probability and stochastic ap-
proaches. In fact, in some cases, it may be possible to derive drought characteristics
analytically. Such analytical derivations are particularly useful in cases of short hy-
drologic records for which the applicability of an inferential approach to find the prob-
ability distributions of drought characteristics is either impractical or not feasible. In
addition, they may be useful for checking approximations or results obtained for more
complex cases. The examples using a variety of water supply series (e.g. monthly
and weekly precipitation and streamflows) and climatologic and hydrological drought
indices illustrate and confirm the applicability of the analytical derivations obtained

for drought lengths and associated return periods.
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CHAPTER V

JOINT ANALYSIS OF DROUGHT
CHARACTERISTICS IN PERIODIC SERIES

5.1 Drought characterization on periodic series

Probabilistic features of drought characteristics length, accumulated deficit and in-
tensity will be derived assuming periodicity for both the underlying water supply
series and the demand series.

Let us consider a periodic stochastic water supply series denoted as X, ,, v =
1,2,...,7=1,...,w where v represents the year, 7 represents the season (e.g. a month),
and w is the number of seasons (e.g. w = 12 for monthly data). In addition, consider
a variable water demand series denoted by xz,,. Following the drought definition
given by Yevjevich (1967), a drought event is defined as a succession of consecutive
periods (run) in which the water supply remains below the threshold level z,,. With
reference to a drought starting at season 7, we can define the drought length L,
(length of negative run), i.e. the number of consecutive time intervals (seasons) in
which X, . < z,., preceded and followed by (at least one season where) X, . > z,,,
the drought magnitude D, (often referred to as accumulated deficit), defined as the

sum of the deficits S, ; = z,» — X, ;, extended to the drought duration L, and the
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Figure 5.1: Definition of drought episodes for a periodic-stochastic water supply
series

intensity (or average deficit) I, defined as the ratio of accumulated deficit to drought
duration. This drought definition is schematically shown in Figure 5.1 where the
drought shaded areas indicate the period where the hydrological series is below the
periodic threshold.

The above defined characteristics are related to droughts starting at season 7.
It may also be of some interest to define the drought characteristics duration L,
accumulated deficit D and intensity I regardless of the initial season 7.

In general terms, drought characteristics are not mutually independent and there-
fore, in order to investigate their probabilistic behaviour, it is appropriate to follow a
bivariate approach, i.e. to consider jointly duration L and accumulated deficit D or
duration L and intensity I. Depending on the combination of drought characteristics
we can specify different critical drought events. For instance, one may consider only
the duration of a drought regardless of the deficit, or duration with a certain degree

of deficit, or duration and a given intensity, etc. Furthermore, we can also distinguish
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events on the basis of their beginning season.

The probabilistic characterization of drought events requires the definition of the
marginal and/or of the joint bivariate pdfs of drought characteristics. The moments
and distribution of drought length have already been derived in Chapter 4. In what
follows first the moments and the marginal distribution of accumulated deficit will
be derived for the periodic case. The periodic bivariate distributions of L, and D,
or L; and I, for a drought whose onset is in season 7 will be derived. Then the cor-
responding bivariate pdfs regardless of the initial season will be derived as a mixture
of such pdf’s. Finally, analytical expressions for the return period of the considered

events will be derived and some examples of applications are illustrated.

5.2 Probability distributions of drought characteris-
tics

5.2.1 Moments and probability distribution of accumulated deficit (D)

In order to determine an approximate expression for accumulated deficit for periodic

dependent series, the proposed approach is to assume drought accumulated deficit to

be gamma distributed with parameters (r, 3), i.e.:

() = Grre (~%)H (5.1)

where the parameters  and  will depend on the two first moments of D. The

R[N

latter moments can be expressed as a function of the moments of the deficits and of
drought length, thus allowing for a more reliable estimate since on historical records
the number of observed deficits is obviously consistently larger than the observed
droughts. Thus, the derived pdf for accumulated deficit will be exact from a sec-

ond order point of view, since the first two moments of accumulated deficit will be
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preserved.

More specifically, let £[D] and Var[D] be the expected value and the variance
of D respectively. If D is gamma distributed with parameters (r, 3) the following
relationships will hold (Mood et al., 1974):

ED] = rp (5.2)
Var[D] = rp (5.3)
which solved for (r, 3) yield:
€2 [D]
~ Var[D] (5.4)
_ Var[D]

The proposed approach is to determine & [D] and Var[D] as a function of the
stochastic structure of the underlying hydrological variable. More specifically, let’s
start by observing that the above moments are related to the conditional moments of
accumulated deficit of droughts starting in season 7 £ [D,] and Var [D,]. To derive
the expected value and variance of the accumulated deficit of droughts regardless
of the initial season, a procedure similar to that already described in Chapter 4
regarding drought length can be applied. Indeed, the expected value and variance of
accumulated deficit will be simply the weighted average of the expected value and

variance conditioned on the initial season, i.e.:

2(::1 & [DT] P1r-1P104

E[D] = =
[ ] ZT:1P17_1P107

Var [D] — ZT:I Y)ar [DT] Dir-1P10+ (57)

27:1 P1r-1P10~
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Assuming that a drought starts at season 7 and lasts L., the accumulated deficit
is by definition:
Ly—1
D, = Z Sy (5.8)
=0

where S, represents the deficit at interval 7 and L, is a random variable. The expected

value of D, will be:
Ly—1
ED)=¢& [Z STH} (5.9)
§=0

The above expectation can be worked out by means of conditional expectation con-
cepts as:

Ly—1 L,-1 Ly—1
£ {Z S,,ﬂ] =€ [5 [Z ST+j|LT” =£ [Z £ [STH]] (5.10)

=0 =0 =0

The expectation can be solved following the definition:
oo [-1

ED = ESra] 1. () (5.11)

=1 j=0

which, by substituting the expression for f;_(I) given by Eq. (4.17), becomes:

oo I-1 -1
gD, = Z Z & [Sr4] (H p007—+i) Porr4i (5.12)
I=1 j=0 i=1

In order to express 5.12 in closed form, the following proposition is useful:
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Proposition 2 Let a;, b; and ¢; be periodic sequences with periodicity w. Then:

SI(E) (i) - e

i S <sz—: a; + Z aj) (ﬁ bi) H bi Crothyl| = (5.14)

k=0 h=0 7=0 7=0 =1 =1 ]
w—1 h w—1 00 w k h 00 w k
i Zk(H@) ) s (H@) (5.15)
h=0 i=1 7=0 k=0 =1 7=0 k=0 =1

Again, making use of the result Y o (a + bi)¢' = ;& + ( b¢__ . the infinite sums can

q 1-q)2?

be solved, thus obtaining:
w—1 w=1 h
bi 2 j=0%
Z{Ch—}—l Hb [ = 1= 1 Zaj __JHS, Jb (5.16)
h=0

Applying the above proposition to Eq. (5.12) with the following positions:

aj = &[Sl (5.17)
bi = Poorii (5.18)
Ch = DPOlr4p (519)

the expectation & [D,] takes the following closed form:

w— h w w—1 h
i—1 P007+4 Z :05 [Sr+j]
ED] =) pois Poor4i 11; — ESril + =3
; e E o (1- Hi:l Poor1s)* ; ’ 1 - Hi:l Po0r+
(5.20)

Derivation of the variance of D, is more involving than finding its expectation.
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Making use of conditional expectation concepts, the variance can be written as:

L.—1
Var [D,] = Var‘:Z SM} (5.21)
7=0

L1 L1
= £ Z Sris| Lo || + Var [5 [Z ST+J-|LTH = (5.22)
_Lf—lL -1 ;
P 5 Z Z COV 741, 7—+] -+ Var Z 5 T"r‘_] } (523)
L t=0 j=0

The first term represent the expected value of the sum of all the elements of
the variance-covariance matrix of the vector {S;, S;41,...,Sr4r,-1}. Assuming the

process uncorrelated, it will reduce to:

[i i Cov [Sr44, T+J} =& [Z Var | T+Z} (5.24)

=0 j=0

Making use of Proposition 2, the above term can be expressed in closed form as:

€[Sk Var[S,41]] =
w—1 h I i ZJ Var[Sr 4 ;]
2 h=0 {p017—+h+1 [T Poor 4 [(‘fﬁg‘oijz‘ > 50 ) Var [Sr;] + Tﬁo’“l',;go‘f‘} }

(5.25)

The last term of Eq. (5.23) can be written as:

Iil & [ST+j]:| =& <Iil &g [ST+j]) - 52 [LTz_l & [ST—H']} (526)
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The first expectation can be computed numerically as:

Lo—1 2 o [1-1 2
2 (Z 5[5r+j]) = Z( 5[5r+j]) fr.(D) (5.27)
=0 =1 \j=0

where fr_([) is given by Eq. (4.11), while the last term is just the rhs of Eq. (5.20)
squared.

Finally, combining Equations (5.23), (5.25), (5.26), and (5.27), an expression for

the variance of accumulated deficit of droughts starting in season 7 can be derived.

5.2.2 Joint distribution of drought length (L) and accumulated deficit
(D) or intensity (I)

The derivation of the bivariate probability distribution function (pdf) of accumulated

deficit and length can be pursued by considering the distribution of accumulated

deficit conditioned on a fixed drought length L,=l. Then the bivariate pdf of accu-

mulated deficit D, and length L, can be found as:

fDT,LT(d7 l) = folLT(d)fLT(l) (5-28)

where fp iz, (d) is the conditional pdf of D, given L.=l and fr_(l)is the marginal
pdf of L, . Deriving the exact analytical expression of fp, |z, (d) considering all the
features of the underlying process is not an easy task. As an approximation, we will
assume accumulated deficit D, to be gamma distributed with parameters (7,,8;),

namely:

oot @) = 550 (ﬂi) exp (—ﬁi) (5.29)

As will be shown later, in the above conditional pdf the parameters have an
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implicit dependence on L,. In addition, if we assume that the sequence of surpluses
and deficits follows a periodic lag 1 Markov chain, the marginal pdf f;_(I) of drought

duration can be expressed as (Cancelliere and Salas, 2004) as:

-1
fr(l) = (H (1- p01f+i)> ol =1,2, ... (5.30)

i=1
where pg1, represents the transition probability of observing a surplus in season 7
given a deficit occurred in season 7T -1.
Combining these results, the bivariate pdf of accumulated deficit and duration,

for drought starting in season 7, becomes:

1 d\" WA=
fp,r.(d,1) = BT <_ﬁ:) exp <—B:) (H (1 ”P01,+,-)) poi.,, (=12, ..

i=1
(5.31)

Furthermore, from the conditional distribution of accumulated deficit given drought
duration given by Eq. (5.29), the conditional distribution of drought intensity I, given
duration L, can be also derived. Indeed, since the drought intensity is the ratio of
accumulated deficit to drought length, i.e. I.=D. /I, the conditional pdf of intensity

I given a fixed length L,=I can be derived from Eq. (5.29) as:

S, (1) = BT—I}(T-TS <—[%> o exp (*é-z;) (5.32)

which is also gamma distributed, i.e. G(l r;, 8;/1). Thus, the bivariate pdf of
intensity and length can be found in a similar fashion as in Eq. (5.30) above. It

follows:
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AN} 1d\ (54
f]T,LT(d7 l) = ﬂ—Tfl-(‘T—';—)‘ (E) exp <—‘E> <H (1 - p017+i)) p01,+, (533)

1=1

The periodic bivariate pdf’s of accumulated deficit and duration and of intensity
and duration given by egs. (5.31) and (5.33) respectively are related to droughts
starting at season 7. It may be of some interest to derive the bivariate pdf’s of
drought characteristics, regardless of the initial season which will find application to
compute return periods of droughts, as shown later. Such stationary pdf’s can be seen
as a mixture of the periodic pdf’s, with weights given by the ratio of the probability of
observing a drought starting in a given season to the probability of having a drought
at any seasons (Cancelliere and Salas, 2004). The probability of having a drought in

season 7 is given by (Cancelliere and Salas, 2004):

P(droughtstartsatseasont) = p1r—1p1or (5.34)

where py,is the probability of having a surplus in season 7 and p;o_ represents the
transition probability of observing a deficit in season 7 given a surplus occurred in
season 7 -1.

Then the bivariate pdf of accumulated deficit D and duration L, regardless of the

initial season will be:

Z fDT,LT(d7 l)pl'r—lplor
fo.(d,1) = = (5.35)
Z_:lph—lpwr

Similarly the bivariate pdf of intensity I and duration L, regardless of the initial

season will be:
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w
Z fI-,—,LT (7'7 l)p17—1p10'r
fro(i,l) = =—; (5.36)
Z Pir—1DP10r

T=1

By integrating appropriately the above bivariate pdf’s the occurrence probability
of droughts with different characteristics (i.e. combination of cumulative deficit and
duration or intensity and duration) can be computed. In particular, the following

droughts events are considered here:

e Drought events £ with duration L equal to a given number of months {, and
accumulated deficit D greater than a specified quantity Dy, i.e. E = {D>D,
and L= 1, (lp=1,2,...)}:

PID > Do, L = lg) = / (2 lo)dz (5.37)

Dy

e Drought events F with duration L equal or greater than a given number of
months /, and accumulated deficit D greater than a specified quantity D, i.e.

E = {D>D0 and LZ lg (10:1,2,. . )}

P[D>D0,LZZD]:

P[D > Do, L > lg] = / i fo.(z, 1)dz (5.38)

Do l=lg

e Drought events £ with duration L equal to a given number of months [, and
intensity I greater than a specified quantity Iy, 1.e. E = {I > Iy and L = [y
(10:1,2,. .. )}
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00
P[I > Io,L = lo] = /f],L(Z, lo)dZ (539)
Ig

e Drought events £ with duration L greater or equal to a given number of months
lp and intensity I greater than a specified quantity I,, i.e. E = {I > Iy and
LZ lo (10:1,2,. e )}

PlI>1Iy,L> 1= / > (i, Ddi (5.40)

1o l=tho

Droughts where D > Dy and L > 1 represent droughts regardless of the drought
duration; conversely droughts where D > 0 (i.e. Dy = 0), and L > [y represent
droughts regardless of the amount of deficit. Furthermore, the marginal probability
of droughts events D > Dy or I > I can be obtained from Eqgs.(5.38) or (5.40), re-
spectively, by letting [=1. All the above events can also be particularized for droughts
beginning at a given season 7 by replacing the bivariate pdf’s in Egs. (5.37), (5.38),
(5.39) and (5.40) by the corresponding pdf’s given by Egs. (5.31) and (5.33).

It should be noted that despite the apparent complexity of the above expressions,
the integrations can be carried out efficiently making use of numerical tools for the
gamma pdf that are available in most mathematical and statistical software.

Application of the derived pdf’s involves thé estimation of the parameters, namely
the parameters of the gamma distribution r,, 3, and the transition probabilities pg; ...
Estimation of the latter has been discussed in Chapter 4, thus we will concentrate
our attention to the estimation of the parameters of the gamma.

In principle, such parameters could be estimated from the observed droughts,
by means of traditional estimation techniques such as method of moment or maxi-

mum likelihood. However, given the relatively limited sample length of the available
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records, the number of observed droughts is seldom sufficient to yield reliable esti-
mates for these parameters. This is particularly true in light of the fact that r., (3,
have an implicit dependence on L, and therefore they must be estimated separately
for each drought duration and for each month 7. To illustrate the point, in Table 5.1
, the number of droughts identified on the Caltanissetta 3-months precipitation series
(1921-2000) assuming a constant threshold equal to the 3-months mean are reported
for various drought duration. It can be inferred that, despite the relatively length of
the available sample (80 years), the identified droughts are not enough to estimate
reliably the parameters, since, with few exceptions, they are generally considerably
less than 10, if not none.

A different approach will be employed here, namely to derive analytical expressions
for the parameters r, G, of the gamma distribution based on underlying distribution
of X, , and of the threshold level z,.. This will enable to fully exploit the available
information from the whole observed series, thus allowing for a reliable estimation of
the joint distribution of drought characteristics even on relatively short series. In the
following, first the moments of drought characteristics will be derived as a function of
the underlying distribution of X, ; and of the threshold level z,,. Then, the parame-
ters of the conditional distribution will be expressed as a function of such moments,
thus providing and approximate, yet reliable expression for the joint distribution of
drought characteristics.

Let E [D,] and var [D,z] be the expected value and the variance of D,y re-
spectively.

Assuming D, ; gamma distributed the following relationships will hold between

the moments and the parameters (r,,4,) (Mood et al., 1974):

E [D'rlLi| = r‘rﬂ‘r (541)
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var [DTM = rTﬁf (5.42)

which solved for (r,,0;) yields:

L 5.43
" Var [Do] 543)
(18)
_ var [DT|L] -
=% [Dy1] (544

The proposed approach is to determine F [D,1] and var [D,;] as a function of
the stochastic structure of the underlying hydrological variable. More specifically,
let’s start by observing that the above moments are related to the moments of the
single deficits which, in turn depend on the distribution of the underlying variable
and on the threshold level. The Dy is the sum of the deficits, extended to a fixed
duration L,

L.—1
DT[L = Z SV,T-H (545)
=0

Taking expectation of both sides of Eq. (5.45) and remembering that L, is to be

considered fixed:

L1 L1
E[D;)=E [Z S,,,TH] = ElSurs) (5.46)
=0 i=0

Similarly, taking variance of both sides of Eq. (5.45):
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Var HDTIL]] = Var

L;—-1 Ly~1L;—1
> SH = > Cov[[Suyrtis Surasl] (5.47)
1=0 j

1=0 jJ=
If we assume that the deficits are uncorrelated, eq. (5.47) simplifies as:

Lr—1
Var [[Dy]] = Z Var [[S, r+4]] (5.48)

=0
Egs. (5.46) and (5.47) allow to determine the moments of D, as a function of
the moments of the deficits S, , under the assumption of uncorrelated deficits. In

general terms, the pdf of deficits .S, ; is the pdf of X, ; truncated, i.e.:

1
fs,.(s) = . fx,,, (Xor —8) - 1(s)(0,x, ) (5.49)

where p is a rescaling term, necessary for fg, (s) to be a pdf. It can be computed

as:

ToT

p= / fx,.. (x) - dx (5.50)

0

Thus the k** moment of the deficits S,,r 1s given by:

[ee)

1
£[D;] = - / s - fx,., (Xor-s) - ds (5.51)
0

The moments of the deficits have been derived, among others, by Bonaccorso et al.
(2003), assuming the underlying variable normal, or log-normal or gamma distributed.
Then, the parameters of the distribution of cumulative deficit conditioned on a fixed

length and on an initial season can be computed by means of egs. (5.43) and (5.44).
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Figure 5.2: Definition of interarrival time T, (F;) of critical droughts starting at a
given season 7, with characteristics £, e.g. E, = {D,>Dyand L= I, (I,=1,2,...)}.
Critical events are depicted by solid thick lines, while non critical events (i.e. events
that either don’t start on season 7 or that do not have characteristics £ ) are depicted
by striped lines.

5.3 Return period of droughts

The return period T of a drought events with characteristics E, e.g. F = {L = lpand
D > Dy}, will be derived for both droughts starting at a given season 7 and for
droughts starting at any season. For both cases return period is defined as the mean

interarrival time between droughts with characteristics F.
5.3.1 Droughts starting at a given season 7

To derive the return period of critical droughts starting at a given season 7, let’s
consider critical drought events with characteristics F, e.g. £, = {D,>Dy and L,=
lp (1p0=1,2,...)}. In Figure 3 such critical events are depicted by solid thick lines,
while non critical events (i.e. events that either don’t start on season 7 or that do
not have characteristics F,) are depicted by striped lines.

Since all critical events must start at season 7, the interarrival time T (E;) between

any two of such events must be a multiple of the number of seasons w, i.e.:

T (E,)=Kyw K;,=12, ... (5.52)

where K is a discrete random variable that can take only integer values. Thus
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K, represents the number of intervals in season 7 before a second critical drought
occurs.

Although in general terms K starts at 1, however its lower bound will depend
on the duration of the critical events we are considering. For example, with reference
to the droughts depicted in Figure 5.2, since the first critical drought has duration
greater than w but less than 2w K, must be greater than 1. This is just a consequence
of the fact that the interarrival time between critical drought must obviously exceed
the duration of such critical droughts. In a more formal way, if the duration is such
that jw < L, < (j+1w=-1,5=0,1,2,3,... then T (F;) > (7+1)w and consequently
K, > (j + 1). The above relationship holds for w > 1. For practical purposes, j can
be computed as the integer part of the ratio of L, to w.

Due to the one-to-one correspondence between T (E;) and K, , the pdf of T,.(E;)
can be pursued by deriving the pdf of K. To do this, we will concentrate our
attention to critical events with fixed duration , e.g. E, = {D, > Dy and L, =
lo,(lo=1,2,...)}or B, ={, > Ipand L, =y, (lg = 1,2,...)} .

Also, we define the integer j such that jw < Iy, (j + 1)w — 1. To derive the pdf
of K, a Bernoulli trial approach will be followed. Let’s denote by success an interval
in season 7 where a critical event E; starts (indicated by a solid circle in Figure 5.2,
and by failure an interval in season 7 where a critical event F. does not start. Then,
K represents the number of failures until the first success. The probability of a
success (critical drought at season 7}, here indicated as Ps,, will be the product of
the probability that a drought occurs starting at season 7 times the probability that

it has characteristics F;:

Ps; = P[ a drought occurs starting at season 7|- P [E;] = p1,_,p10, - P[F;] (5.53)
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where p;__, p1o, represents the probability that a drought occurs starting at season 7
(Cancelliere and Salas, 2004). Following the Bernoulli trial scheme for the sequence
of failures and success, we observe that if K=k there must be k-1 failures before 1
success. Thus the pdf of K, must be geometric with parameter Ps,. However, since
we have the condition K ,> (j+1), which essentially takes into account the fact that

the first drought must terminate before the next one starts, such pdf becomes:
PlK,=k|K,>j+1]=Ps;(1—-Ps)* 7" k=j+1,j+2,... (5.54)

In deriving Eq. (5.54) we capitalize on the lack of memory property of the geometric
distribution [Mood et al., 1974].
Finally, the probability

P[T:(E;) =1 (5.55)

can be computed by observing that:
P|T, (E;)=t]= P[K,w=t] = P[K, = t/w] (5.56)

where:

t=w(G+1),w(G+2),... (5.57)

Combining Eqs. (5.54) and (5.57), the following expression for the pdf of interar-

rival time is obtained:

P[T.(E,)=t]=Ps, (1= Ps)"* 7™ t=w(G+1),w(G+2),... (5.58)
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To compute the return period, first let’s compute the expected value of K:

E[K, )= Y kP[K.=k|K.>j+1]= Y kPs (1—Ps,)7" (559
k=j+1 k=j+1

The infinite sum can be solved by a change of variable i=k-7, thus:

o0

E[KT]:Z(i+j)P3T(1_PST)i_1:j+

i=1

5.60
Ps. (5.60)

as follows directly from a property of the geometric sum. Then, the return period

will be:

BIL(EN = Bl = (4 5 (5.61)

5.3.2 Return period of droughts beginning at any season

It is of interest to derive the return period T of droughts events beginning at any
season, identified on periodic series and defined (jointly) in terms of duration and
either accumulated deficit or intensity. However, since the derivation follows basically
the same approach already adopted to derive return period for stationary series (see
Par. 3.6), most of the details will be omitted in order to avoid repetitions.

In general terms the return period of drought event with characteristics F, is given

by eq. (3.67), here repeated for convenience:

E(L]+ & [Ln]

="

(5.62)

where £ [L] is the expected value of drought length, £ [Ln] is the expected value of
non drought periods length (surplus) and P[F] is the probability of a drought event

with characteristics F.
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Both expectations have been derived in closed form in Chapter 4 for the general

periodic Markov case as:

w w - —A*(t—w
St from [S5 (o T2 (1 - b ) 2557 |} (5.63)

E(Ln)= w
( ) ZT:I po‘r-—lpOl‘r

w w - —A(t—w
Z‘r:l {pl‘r—lplo-r I:Zt:l (pOLrH H);c:ll (1 - pOLr-Hc) E‘(_lj(tg_ﬁl>:|}
E(L) = - (5.64)
Y a1 P11 P10,

where A = [Ty_, (1 = po1.,,) and A* =T[;_, (1 = puo,,,)

Equation (5.62) can be easily particularized for the different drought events con-
sidered previously. For example, the return period of a drought with accumulated

deficit D greater than a specified quantity D, can be expressed as:

E(L) + E(Ln)

T —
P[D > Dy

(5.65)

where the probability P[ ]| can be computed using the Gamma distribution in Eq.
(5.28).

As another example, the return period of a drought with accumulated deficit D
greater than a specified quantity D, and duration L equal to a given number of years

lg,ie. E={D>Dy and L= 1, (Ip=1,2,...)} can be expressed as:

E(L) + E(Ln)

T —
P[D > Do, L =1,

(5.66)

where the probability P[ | can be computed from Eq. (5.37). Similar expressions

can be derived for the other considered cases.
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5.4 Applications

5.4.1 Marginal distribution and return period of accumulated deficit

The methodology to derive the pdf of accumulated deficit and to estimate return
period of droughts in periodic series has been tested with reference to 6 monthly
precipitation series in Italy, namely Agrigento, Termini Imerese, Caltanissetta, Lin-
guaglossa, Trapani and Milano Brera. The record lengths range from 104 years for
Linguaglossa station to 234 years for Milano Brera.

First, the analytical pdf of accumulated deficit has been computed for each series
as in Eq. (5.1) assuming as a threshold value zo, = pux, — aox,, where ux, and
ox, are the monthly mean and monthly standard deviation standard deviations of
each precipitation series respectively and « is a threshold coefficient. Two values of
« have been considered corresponding to two different demand levels, namely o = 0
and o = .2

In Figure 5.3-5.9 the qg-plots between the sample quantiles of accumulated deficit
from the samples and the corresponding theoretical quantiles computed by means of
Eq. (5.1) are shown for the two investigated threshold levels @ = 0.0 and o = 0.2. In
order to make the results comparable among the different series, accumulated deficit
has been divided by the corresponding mean annual precipitation. From the plots
a remarkable goodness of fit of the theoretical distribution to the sample one for all
investigated series and for the two thresholds can be inferred, as the points tends
to align around the 45 degree line. Deviations from such a line for large values of
accumulated deficit can be generally ascribed to sample variability of the estimated
quantiles from the observed samples. The plots confirm the validity of the derived
expression that seems suitable to estimate drought probabilities for a wide range of

accumulated deficits.
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The return period of accumulated deficit for the six precipitation series investi-
gated were estimated from Eq. (5.65) using the analytical expressions for the expected
inter-arrival times of drought events and the distribution of accumulated deficit as de-
scribed above. Likewise, the return period was estimated from the historical samples
as the average inter-arrival time between droughts with accumulated deficit greater
than a given value. The estimates were made for the same demand thresholds as
indicated previously in relation to Figures 5.3-5.9. The results are shown in Figures
5.10-5.16. Again, in order to make the results comparable among the different series,
accumulated deficit has been divided by the corresponding mean annual precipitation.

In all cases the general pattern is similar, i.e. there is an excellent agreement
between the return periods 7T estimated from Eq. (5.65) and those estimated from
the historical sample. This is especially so for smaller values of accumulated deficit,
thereafter the sample estimates generally appear to drift above or below the analytical
estimates. For example, Figure 5.5(b) for Caltanissetta precipitation data shows that
for dimensionless accumulated deficits greater than .15 the sample estimates drift to
smaller values than those obtained from Eq. (5.65). On the other hand Figure 5.9(b)
for milano Brera precipitation data shows that for dimensionless accumulated deficits
greater than .18 the sample estimates drift to larger values than those obtained from
Eq. (5.65) The fluctuations of the sample return period can be explained because
as larger values of accumulated deficit are considered, there are smaller numbers of
drought episodes that can be observed from the historical sample and consequently
the estimates of the mean inter-arrival time becomes unreliable. In fact, beyond a
certain accumulated deficit no droughts may be observable from the historical sample
and no return period can be determined.

The general agreement between analytical and observed return period confirms

the validity of the proposed methodology thus indicating its suitability to extrapolate
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Figure 5.3: Q-Q plot of drought accumulated deficit (divided the mean annual
precipitation) for Agrigento monthly precipitation series, for different values of «
(threshold level zo, = px, — aox,)

within reasonable limits information about return period of drought events, beyond

the length of the observed series.
5.4.2 Return period of droughts starting at a given season

The derived expressions to estimate probabilities and return period of drought events
starting at a given season as outlined in previous sections of this chapter have been
applied to the 3-months precipitation for Caltanissetta, Italy (source: Regional Hy-
drographic Service of Sicily) for which 119 years of observations are available. Val-
idation of the derived expressions has been carried out by comparing the values of
expected values of deficit return periods of droughts events of different severity with
the ones estimated on the series as the average of the interarrival times between any
two of such droughts observed. In order to overcome the difficulties related to the
limited number of observed droughts, that hinders the possibility of obtaining reliable

estimates of return periods the proposed expressions have also been validated with
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Figure 5.10: Observed (*) and theoretical (-) return periods of severity computed
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Figure 5.11: Observed (*) and theoretical (-) return periods of severity computed
by Eq. (5.65) for Termini Imerese monthly precipitation series, for different values of
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Figure 5.15: Observed (*) and theoretical (-) return periods of severity computed by
Eq. (5.65) for Trapani monthly precipitation series, for different values of « (threshold
level o, = pux, — aox,)

134



Milano brera monthly precipitation Milano brera monthly precipitation

407 140;
—_ —~120
[%2]
£ 30/ £
] 5 100¢
E £
g 20 -8 80
8 g 60
E [
3 4nl 5 40t
E 10 g

T 20!
L L N ) 0 , . ,
0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
Accumulated deficit / mean annual precipitation Accumulated deficit / mean annual precibitation
(a) a=0 (b) =02

Figure 5.16: Observed (*) and theoretical (-) return periods of severity computed
by Eq. (5.65) for Milano Brera monthly precipitation series, for different values of «
(threshold level zo, = px, — aox,)

reference to synthetically generated series, using lag 1 periodic autoregressive models
(Salas, 1993) estimated on the basis of the aforementioned data. In particular, loga-
rithmic transformations have been applied to all data prior to model estimation, in
order to take into account the presence of skewed data. In all cases, the fitted models
are able to reproduce well the main periodic statistics such as means, standard devi-

ations and lag 1 autocorrelation coefficient.

First the proposed expressions to compute return period of drought events be-
ginning at a given season 7 have been validated using Caltanissetta three-months
precipitation series. In particular, a constant threshold, equal to the average of the
four three-months means has been selected, thus leading to a significant periodicity
in the corresponding drought characteristics. In Figure 5.17 the expected value of
accumulated deficit, estimated by means of Eq. (5.46) and the corresponding mean

value estimated numerically from the generated precipitation series is shown as a
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function of drought length and initial season 7 = 1 and 7 = 3. In the same figure,
the corresponding mean value computed from the observed precipitation series is also
shown, only for the cases in which at least two droughts have been observed in the
record. From the figure it can be inferred a fairly good agreement between theoreti-
cal, observed and simulated results. Figure 5.18 shows the analogous results related
to the standard deviation of accumulated deficit. Again, a good agreement between
analytical (computed by means of Eq. (5.48)), observed and simulate standard devi-
ation can be inferred. It may be worthwhile to note that some of the discrepancies
between theoretical and observed values can be explained in terms of the very low
number of droughts identified on the observed record, as can be inferred from Table
5.1. This is for example the case of 7 = 1, L = 1, for which only two droughts have
been identified on the observed record.

Then, return period of droughts of different severities have been computed by
fixing different drought durations and accumulated deficit or drought intensity. For
easy of reference, we will introduce a deficit coefficient A, defined as the ratio of

accumulated deficit to the average demand threshold:

A= Do (5.67)

w
where Z, = > z,,/w. Likewise, we can also introduce a drought intensity coefficient

T=1
¥ as:

P = Lo (5.68)

By varying A or ¢ droughts of different severities can be defined. In particular, deficit
coefficients A=0,.25,.5,.75,1 and intensity coefficients 1=0,.25,.5,.75,1 have been se-

lected. Also different durations [, varying between 1 and 8 have been fixed.
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Figure 5.17: Expected value of accumulated deficit for Caltanissetta 3-months pre-
cipitation estimated on generated series and by means of Eq. (5.46) as a function
of drought duration for initial season 7=1 and 7=3. The corresponding mean value
computed on droughts identified on the observed precipitation series is also shown,
only for the cases in which at least two droughts have been observed in the record.

Table 5.1: Number of droughts of different duration L., starting at season 7 identified

on Caltanissetta 3-months precipitation record.
L=1 L=2 L=3 L=4
2 T

=9 L=6 L=7

L
7=1 1 20 0 0 2
T=2 § 29 8 0 0 2 2
T=3 9 0 0 0 0 0 0
T=4 2 0 0 0 0 0

In figure 5.19 the comparison of return periods of events F, = {D,> AZ,and
L.= 1y (1p=1,2,...)} computed by averaging the interarrival times of corresponding
droughts on the generated Caltanissetta 3-months precipitation series are compared
with the theoretical values computed by means of Eq. (32). Similarly, in figure 7 the
return periods of events £, = {I,> ¥Z, and L.= I, (Ip=1,2,...)} is reported. Several
interesting features can be observed. First of all, return periods, although generally
increasing with drought duration, seem to follow periodic patterns. Such periodicity
descends directly from the fact that the original periodic series has been clipped by
a constant threshold, thus leading to marked periodic features in the corresponding
droughts. Furthermore, as drought duration increases, return periods tend to depend
less and less on A. This indicates that as drought duration increases, the probability

of occurrence of a drought is mostly function of drought duration.
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Figure 5.18: Standard deviation of accumulated deficit for Caltanissetta 3-months
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cipitation and from Eq. (32) for various values of th deficit coefficient A and for fixed
beginning season 7.
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Figure 5.20: Return period of drought events defined by E, = {I,> ¥Z,and L,=
lo (lmatrito=1,2,...)} obtained from the generated synthetic 3-months Caltanissetta
precipitation and from Eq. (32) for various values of the intensity coefficient ¢ and
for fixed beginning season 7.
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5.5 Final remarks

Traditionally, major emphasis in analyzing drought properties using analytical meth-
ods has been for cases where the underlying stochastic processes are stationary and
therefore the annual time scale has been used. For drought management purposes
however, and especially for drought monitoring, the annual time scale may reveal to
be inadequate as it does not allow to capture in sufficient details the feature of an
ongoing droughts. Furthermore, planning and management of water supply systems
often requires time scales smaller than the year. Nonetheless, research on drought
analysis where the underlying water supply process is periodic-stochastic is lacking.

In this chapter, probability distributions of drought characteristics in periodic
series have been investigated both marginally and jointly. In particular, probability
density functions of drought characteristics, their associated low order moments, and
the return period of drought events have been derived based on the drought definition
as in Yevjevich (1967). The derived pdf’s allow estimating the occurrence probabilities
and return period of droughts where either the drought begins in a given season or
regardless of the initial season. The applicability of the drought formulations has been
illustrated using six precipitation series assumed as supply series, and using periodic
water demand thresholds. The comparison of the empirical probability mass function
(pdf) of accumulated deficit obtained from the historical sample and from Eq. (5.28)
generally showed a very good agreement between them. The model pdf appears
to represent quite well the empirical pdf for all series. Also the comparison between
accumulated deficit moments for droughts starting at a given season computed by the
model and estimated both on observed and generated sample indicates the general
adequacy of the developed expressions.

Furthermore, the return period of droughts with accumulated deficit D greater
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than a fixed value d for the six data sets investigated were estimated from Eq. (5.65)
and from the historical sample. In all cases the results showed an excellent agreement
between the two estimates (analytical and historical sample) for smaller values of
accumulated deficit, thereafter the sample estimates appear to drift above or below
the analytical estimates. This can be explained because as the drought accumulated
deficit increases there are smaller numbers of droughts that can be observed from
the historical sample and consequently the estimates of the mean inter-arrival time
become unreliable. Also the derived expressions for return period of droughts with
accumulated deficit or intensity greater than a given value and length equal to a given
duration have been applied to the 3-months precipitation series of Caltanissetta for
droughts starting at a given season. The results indicate the validity of the proposed
expressions, with a good agreement between return periods computed from analytical
expressions and those estimated from generated samples.

The overall conclusion of the present chapter is that analytical formulations can be
adopted to model drought characteristics in periodic series. Such analytical deriva-
tions are particularly useful in cases of short hydrologic records for which the ap-
plicability of an inferential approach to find the probability distributions of drought
characteristics is either impractical or not feasible. Furthermore, they can be used
to extrapolate within reasonable limits information about return period of drought
events, beyond the length of the observed series. The examples using six monthly pre-
cipitation series illustrate and confirm the applicability of the analytical derivations

obtained for accumulated deficit or intensity and associated return periods.
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CHAPTER VI

PROBABILISTIC MODELLING OF REGIONAL
DROUGHTS

6.1 General

Drought identification and characterization in a region is an important step in plan-
ning for drought mitigation and management. While at-site analysis can provide
useful information on drought occurrences in a limited area or in a river, regional
analysis enables to identify droughts that affect significantly a large region by consid-
ering, besides length and accumulated deficit, also the areal extension of the drought
(Tase, 1976; Rossi, 2003; Santos, 1983; Rossi and Cancelliere, 2003).

Regional drought analysis differs from the regional flood counterpart since the lat-
ter deals with improving the parameter’s estimates, while the former has the objective
to describe regional features peculiar to droughts such as areal coverage.

Tase (1976) investigated the relationship between area and deficit characteristic of
drought events by simulating precipitation in a grid assuming an decaying exponential
dependence function with distance. Probabilities of areal coverage of droughts were
further investigated analyzing the effects of the size and the shape of the area.

Rossi (1988) investigated regional drought characteristics in Sicily by means of
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run method and concluded that due to the contemporaneous occurrence of droughts
in different area of the island, interbasin water transfer cannot be adopted as a mit-
igation measure. Features of regional droughts in Colorado have been investigated
by Kingery (1992) making use of a Montecarlo simulation approach for generating
precipitation and to analyze the corresponding regional drought characteristics. Sen
(1980a) Derived the probability distributions of regional drought characteristics as-
suming independence in space for the precipitation field. Santos (1983) analyzed
the probabilistic features of regional drought characteristics, assuming precipitation
distributed according to a multivariate normal.

Bayazit and Onoz (2005) derived the pdf and return period of regional drought
length assuming a Markovian spatial dependence structure for streamflows in Turkey.

In the present chapter, an attempt to revise and improve Santos (1983) model is
proposed. More specifically, some of Santos assumptions are reviewed and alternatives
are proposed that lead to an improved formulation. In particular, Santos model relies
heavily on the multivariate normal. Although this is not a bad assumption in many
cases, however the result presented in this chapter show that the distribution of
some drought characteristics is too skewed to be assumed normal. Furthermore, in
some cases the drought characteristics are bounded (Tase, 1976). Thus, alternative
distributions are proposed in order to improve the results. Also, here return period of
alternative critical regional droughts will be derived, using the derived distributions
of drought characteristics as building blocks.

As in Santos (1983) throughout the development of the model we will try as close
as possible to derive the pdf of drought characteristics based on the statistics of the
underlying precipitation.

The chapter is organized as follows. First a review of regional drought character-

istics is presented. Then moments and pdf of regional deficit and regional droughts
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characteristics are derived and the return period formulation originally proposed by
Shiau and Shen (2001) is extended to the regional case. The methodology is then
applied to two case study, namely Sicily region in the Mediterranean Sea and Eastern

Colorado, and results obtained by the model are validated by simulation.

6.2 Regional drought characteristics

The method of run, originally devised for at-site drought identification (Yevjevich,
1967), has been extended by Tase (1976) to the case of regional droughts, by con-
sidering series of the variable of interest (typically precipitation) observed at several
stations and selecting, besides the truncation level at each site, an additional thresh-
old, which represents the value of the area affected by deficit above which a regional
drought is considered to occur. Thus, for a given interval ¢, two indices are computed,
representative of the areal extension and amount of the deficits over the investigated
region.

More specifically, let’s assume that in a given area of interest there are m precipi-
tation stations. Each station k can be characterized by the corresponding area of the
Thiessen’s polygon s, which can also be expressed as a fraction ay of the total area

as:
Sk

ZT:l Sj

In what follows, the following notation will be adopted: Xj, will indicate the

ag = (61)

precipitation at station k£ at time ¢, x,, will indicate the threshold level at station k.

Then the following indicator variable can be defined for station k:
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Ilc,t =0 Zf Xk,t < Tok

Iy =1 4if Xyt > zok (6.2)

Obviously I, is a Bernoulli r.v. with probability py = P[Xk; < z.x] of being 1.
Furthermore, I, = 1 indicates that a deficit occurs at time ¢ at site &, i.e. Xi; < zok.
The fraction of the area affected by deficit in a given interval ¢ will be termed here

as areal coverage of deficit Ad; and is defined as:

m

Ady = a;1;, (6.3)

J=1

The regional extension of the run method assumes that in interval ¢ a regional
deficit occurs if the areal coverage of deficit exceeds a fixed threshold a..; (Tase,

1976). Accordingly, the areal deficit D; can be computed as:

Z arli t(Tok — Xip) I Ady > aerat (6.4)

j=1

The Ad; index is a measure of the area affected by deficit, expressed as a fraction
of the total area and it ranges between 0 and 1. The D, index provides some insight
on the total amount of the deficit in the area being basically a sum of the deficits at
each sites, weighted by the corresponding influence areas, computed for example by
Thiessen polygons.

Then, regional drought is defined as an uninterrupted sequence of regional deficits

preceded and succeeded by surpluses. A regional drought can be characterized by its
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duration L:

thf-ti+1

where ¢; and t; are such that Dy > Ofort; <t <tyand Dy, =0, th+1

Regional accumulated deficit is computed as:

t
DC = Zf: Dt
t=t;

while the regional drought intensity is given by:

Finally the mean areal coverage of drought can be computed by:

ty
1
AD = - ; Ad,

(6.6)

(6.7)

(6.8)

It should be noted that extension of the definitions to other hydrological variables

besides precipitation such as streamflows is straightforward. For instance, one may

be interested in analyzing droughts occurring at several streamflow sites, whose water

supply a given water system. The only required modification to the methodology is in

the definition of the weights a. assigned to each series, since in this case they may for

example represent weighting factors assigned to each streamflow source, as a function

of the senior/junior water rights structure.
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6.3 Moments and pdf’s of regional drought charac-
teristics

It is of interest here to derive the moments and the pdf of the regional drought
characteristics based on the distribution of precipitation Xy ;. To better illustrate the
assumptions made during the derivation of such moments and pdf, we will occasionally
refer to results related to the case studies presented in details later in the chapter.
More specifically we will assume that at a given time interval ¢ the X, will
be jointly distributed according to a multivariate normal with vector mean £ and

variance-covariance matrix ¥ (Kotz et al., 2000):

2

oy M2 M3 - TNim
2
o - m
o | 2 2 723 72, (6.9)
’7m,1 f)/m,.? ’Ym,3 o 0'127;,

where 0} = Var [X,] and 7, = Cov [ X4, Xkl

For easy of notation we introduce the r.v. Yy, = ax(zor — Xi) which represents
the deviation of areal precipitation at station k£ and time ¢ from the threshold. Since
Xk ¢ is multivariate normal it it follows Yy ; ~ N(ak(xor — &), aioi). Further, we can

introduce the r.v.:
Zy = ZYk,t]/c,t = Z ok (Zox — Xit) it (6.10)
k=1 k=1

which represents the sum of precipitation deficits at time £, weighted by the influence

areas ay. The expected value of Z; has been derived by Santos (1983) as:

£1Z) = é [a:ok - {uk - %(b (-’i%‘—’f)” Pk (6.11)
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where in usual notation ¢() stands for the standard normal pdf. Also, given the
normality of X, the probability py can be computed as p, = ® (M)

Ok

The variance has also been derived by Santos (1983) as:

Var [Zt] = Z Z Cov [Yk,h }/},tlyk,t > O, Y_'j,t > 0] Pk j (612)
k=1 j=1

where py; = P[Ys: > 0,Y;; > 0].

The conditional covariance in Eq. (6.12) is the covariance of truncated bivariate
normal r.v.. The moment generating function and the cumulants of the truncated
multivariate normal distribution have been investigated by Tallis (1961) and Finney
(1962) respectively. Kotz et al. (2000) provide analytical expressions to compute the
first two moments of a truncated bivariate normal distribution. Further, the algo-
rithm MVNTRC (Leppard and Tallis, 1989) is available which computes numerically
expectations and covariances of truncated multivariate normals. On the other hand,
the joint bivariate probability in Eq. (6.12)can be computed numerically for example
by means of the algorithm MULNOR (Shervish, 1984).

Exact derivation of the cdf of Z; is not a simple task since Z; is the sum of
truncated normal variables. Bonaccorso et al. (2003), approximated the truncated
normal by means of a gamma distribution. Using the same approximation, Z; will be

the sum of gamma variables,and therefore gamma itself, with cdf:

f7.(2) = ﬂzrl(rz)e‘ﬁz? (—é)“"l (6.13)

where the parameters r,, 3, can be expressed in terms of the moments of Z; given in

Egs. (6.11) and (6.12) as:

(6.14)
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Var [Z,]
E17]

p. = (6.15)

The first two moments of areal coverage of deficits have alredy been derived by

Santos (1983) as:

E[Ad) =€ {zm: aklkvt} = zm: axP (6.16)

k=1 k=1
and:
Var [Ad,] = Z axpr(l — p) + 2 Z Z ara;(Prj — PkD5) (6.17)
j=1 k=1 j=k+1

Derivation of the exact distribution of the areal coverage of deficit is cumber-
some except for simple cases. For example, Santos (1983) assumed Ad; normally
distributed since it is the sum of r.v.’s therefore by virtue of the central limit theorem
its asymptotic distribution will be normal. Such normality assumption however is not
realistic, since the areal coverage of deficit Ad; is bounded between 0 and 1 (Tase,
1976). Following Tase (1976), here a beta distribution is adopted (Johnson et al.,

1994):

fag,(a) = 1 -a) (0<a<1) (6.18)

B(p,q)

where B(p,q)is the complete beta function [;°wP~!(1 — w)?*dw. In our case, the
parameters p, ¢ can be estimated as a function of the first two moments py = £ [Ad;]

and 0?4 = Var [Ad,] given by eqgs. 6.16 and 6.17 as (Johnson et al., 1994):

1—pu _

p=pd— s (6.19)
Oa
1 —pa

q=pa————1-p (6.20)
0a



Santos (1983) derived an expression for the expectation of the areal deficit D,
under the assumtpion that Z;, and Ad; are jointly normally distributed but she did not
derive an explicit expression for the variance. Nonetheless, the hypothesis of Z; and
Ad; distributed according to a bivariate normal is not realistic, due to the skewness
of Z, and to the fact that Ad; is bounded. Therefore, a different approach will be
followed here to derive the distribution of areal deficit [J; and its moments. More
specifically, we will start by observing that by definition the Cumulative Distribution

Function (cdf) of D; is given by the following conditional cdf:

Fp,(d) = Fz,jad,>a.(d) (6.21)

Derivation of the conditional cdf on the Lh.s. of eq. (6.21) requires the definition of
the bivariate cdf of Z; and Ad; and of the marginal of Ad; However, exact derivation
of such bivariate distribution is quite complicated therefore an approach based on
copulas will be followed here. Copulas are mathematical tools that enable to "build"
multivariate distributions starting from known marginals.

Several copulas have been proposed by different authors. Among the several
copulas proposed, Frank’s copula has been adopted here (Frank, 1979), after the Ali-
Mikhail-Haq copula did not give satisfactory results. With reference to two generic
r.v. U and V with marginal c¢df’s Fy(u) and Fy(v) respectively, Frank’s bivariate

copula assumes that a bivariate cdf can be built as:

Fyy(u,v) = o HUn[l 4+ (e — 1)(e2Fv® — 1)(e* — 1)7] (6.22)

where « is a parameter that models the dependence between U and V. In our case,

a bivariate cdf of Z; and Ad; can be written as:
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Fz,,a0,(2,0) = o Hn[L + (274 — 1) (e 44 — 1)(e* —1)7] (6.23)

Although in principle the dependence parameter a could be estimated from an
available sample of Z; and Ad;, it may be preferable to estimate it by method of
moments making use of the covariance between Z; and Ad; which in turn can be
derived as a function of the underlying precipitation statistics. More specifically, the

covariance between Z; and Ad; can be computed as:

Cov [Z;, Ady] = Cov

Z Yk,t]k,t; Z ajlj,t} = Z CL]'COV [Yk,tlk,t7 ]j,t] (624)
=1 7

k=1 j=1 1 j=1

The covariance in the r.h.s. can be rewritten as:

Cov [Yk,t]k,h ]j,t] = & [Y}c,tfk,tfj,t] -& [Yk)tlk,t] & [Ij,t]

= EWrtllke = 1,1y = U pry — € Yl Lo t=1) Pep;  (6.25)

where the conditional expectations can be computed as before.

Once the the bivariate cdf of Z; and Ad; is known, the cdf of D; follows as:

Fz,(d) — Fgz, a4,(d, ac)
1— FAdt (CLC)

Fp,(d) = Fz,ad,>0.(d) = (6.26)

where Flaq,() is the marginal cdf of Ad,
Then, the first two moments of areal deficit D; can be computed. Instead of taking
derivatives of Eq. (6.26) and carrying out the necessary integrations, we will make

use of an alternative definition of expected value and variance based only on the cdf

(Mood et al., 1974):
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£1Dy] = /0 "l = Fp,(2)]dz (6.27)

Var [Dy] = v/ooo 2z[1 — Fp,(2)]d= (6.28)

Although in principle eq. 6.26 completely defines the distribution of Dy, for what
follows it is convenient to approximate such distribution by a gamma distribution

with pdf:
1

fo.(d) = me" <——2—)H (6.29)

where the parameters 7, 3 can be expressed in terms of the moments of D; given in

Tl

Egs. (6.27) and (6.27) as:

_E[Dy?

Ul v D1 (6.30)
N Var [Dt]

8= (6.31)

Such gamma approximation will enable to derive in a straighforward fashion the
cdf of drought characteristics accumulated deficit and intensity.

The adequacy of the above approximations has been assessed by comparing the
copula approximated cdf given by Egs. (6.26), the gamma approximation given by
eq. (6.29) and the empirical cdf (estimated by means of Weibull Plotting Position
formula) of D; computed from generated data. The details of such generation will be
illustrated in the application paragraph.

In Figure 6.1, the results of such a comparison are shown. From the figure it
can be inferred that the copula approximation fits well the lower and upper part of

the empirical cdf, while in the central part, the differences are noticeable. Overall
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Figure 6.1: Comparison among cdf approximated by copula given by Eqgs. (6.26),
the gamma approximation given by eq. (6.29) and the empirical cdf (estimated by
means of Weibull Plotting Position formula) of D; computed from generated data.

however, the gamma approximation seems to better fit the empirical cdf, especially

for quantiles above 50%.

6.4 Moments and pdf of regional drought character-
istics

From a formal standpoint, a regional drought differs from an at-site drought only in

what concerns the definition of deficit. At-site deficit occurs whenever the variable

of interest is below the threshold (Yevjevich, 1967), whereas, in the regional case, a

regional deficit occurs whenever the areal coverage of deficit Ad; exceeds a critical

threshold a.,i: (Tase, 1976). Once a regional deficit occurs, the regional characteristics
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are computed in a very similar way as in the at site analysis. Therefore, probabilistic
formulation of regional drought characteristics can inherit most of the results of the
at-site case. By definition, a regional deficit occurs when the areal coverage of deficit
Ad; exceeds the areal threshold a.. Thus, the occurrence probability pd of a regional
deficit is given by:

pd = P[Ad; > Gerit) (6.32)

The above probability can be computed by integrating the beta pdf of Ad;, given
in equation 6.18.

As in the at site case, under the hypothesis of independence in time for X, the
regional drought duration will be distributed according to a geometric distribution

with parameter 1 — pd (Downer et al., 1967), i.e.:

fr)=P[L=1]=QQ-pd)pd™" 1=1,2,... (6.33)

since the occurrence of regional deficits is a sequence of Bernoulli trials.

The moments of L follow as:

£lL) =+ _1pd (6.34)
and
pd
Var [L] = a=pae (6.35)

The expected value of the regional accumulated deficit DC' can be derived from
eq. (6.6) as:
EDCl =& D] E L]

I

(6.36)
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while the variance takes the following form:

Var[D,] pd € [Dy)’
1—pd = (1—pd)?

Var [DC] = Var [D;) £ [L] + Var [L] € [D,)* = (6.37)

where the expected value and variance of D, have already been derived in Egs. (6.27)
and (6.28).

Before tackling the marginal distribution of DC', it may be of some interest to
derive an approximate expression for the joint pdf of regional drought length and
accumulated deficit.

The regional accumulated deficit DC' given by Eq. (6.6) is a sum of a random
number of random variables, i.e. DC' is the sum of L successive regional deficits Dy,
where the regional drought duration L is a random variable. To derive its distribution,
a scheme proposed by Salas et al. (2005) for the at site drought case will be extended
to the regional case. More specifically, first, the derivation of the bivariate probability
distribution function (pdf) of deficit and length can be pursued by considering the
distribution of accumulated deficit conditioned on a fixed drought length . = [. Then

the bivariate pdf of accumulated deficit D and length L can be expressed as:

foc,r(d,l) = fpci=i(d) fr(l) (6.38)

where fpc|r—; is the conditional pdf of DC given L = [ and is the marginal pdf of
L. The rv. DC|L =1 is the sum of exactly [ regional deficits D;, which have been
assumed i.i.d gamma distributed with parameters r, 3 given by eqgs. (6.30) and (6.31).

Since DC|L =1, is the sum of | gamma variates, it will also be gamma distributed,
with parameters (Ir,b)(Mood et al. (1974); Guven (1983); Shiau and Shen (2001)).

On the other hand, it has already been shown that the pmf of regional drought length
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is geometric (see Eq. (6.33)). Combining these results, the following expression for
the bivariate distribution of DC and L is obtained:
1

focr(d,l) = Bl T)ey

wla.

<_%)l = pypdt (6.39)

Furthermore, from the conditional distribution of regional accumulated deficit
given drought length (Eq. 6.39), the conditional distribution of regional drought
intensity I given length L can be also derived. Indeed, since the drought intensity is
the ratio of accumulated deficit to drought length, i.e. I=D/I, the conditional pdf of

intensity I given a fixed length L=L can be derived from Eq. 6.39 as

fne(i) = B—F% (%)H exp (-%) (6.40)

which is also gamma distributed, i.e. G(r,3). Thus, the bivariate pdf of intensity

and length can be found in a similar fashion as in (6.38) above. It follows:

Frainl) = B’fl(_ﬁ (%)H exp (-%) £u(0) (6.41)

Therefore by integrating appropriately the bivariate pdf’s, the occurrence proba-
bility of various drought events can be found. In particular, with reference to different
types of critical drought events, the following expressions can be found (Salas et al.,
2005):

(1) for drought event B = {DC>D, and L= I, (l,=1,2,...)}:

P[DC > D,, L =1,] = lo)dz = L (= o i f
= = B
[ > D,, ol [fDC,L(Z, 0)dz /ng(lor) (ﬂ) e 5f(l)dz (6.42)
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(2) for drought event E = {DC>Dy and L> [, ({,=1,2,...)}:

o0
o0

2 1 > Ir—1 .
PIDC>Do, L > Ig] = / S foen(z Dz = / > 55 <B) e 5 f(1)dz
Do =lo By 1=lo
(6.43)
(3) for drought event F = {I > Iy and L = I, (I,=1,2,...)}:
lor—1 s
P[BIy, L=1ly] = / fro(zlo)d ﬂr ( ) e F fr(Ddz  (6.44)

(4) for drought event E = {I > Iy and L> I, ({,=1,2,...)}:

Ir—1
P[B1y, L > Lo) = /Zf]}; z, 1) dz—/zﬂf ( ) €~L5£f1;(l)dz (6.45)

I=lg

Furthermore, the marginal probability of droughts events DC > Dy or I > I, can

be obtained from Eqs.(6.43) or (6.45), respectively, by letting [,=1, thus yielding:

P[D>Dy, L > 1) = 71;ilfDL(z,l)dz = 72 ﬁrtlr) (5)” 1e 5fL(l)dz (6.46)

| T TS 1 1\ L
P = E f— E —_— —_ B R
o 10/ =1 Fuadz Oz ! “— BI(Ir) ( g ) ¢ 7z (64D

Alternatively, one can assume regional accumulated deficit DC' to be marginally
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gamma distributed with parameters rp, 3p. Such parameters can be linked to the

moments of DC' as (Mood et al., 1974):

_ £[pC)?

"D = Nar[DC] (6.48)
_ Var[DC]

fp = m (6.49)

where the moments £ [DC] and Var [DC] are given by Egs. (6.36) and (6.37)

respectively. The pdf of regional accumulated deficit is therefore:

fpcld) = X e”%<—i)m—l (6.50)

As already mentioned, the regional drought definition differs substantially from
the corresponding at-site one only in what regards the definition of the regional deficit.
It follows that, in order to derive an expression for the return period of critical regional
droughts, the scheme similar to the one developed for the at-site case can be applied
(Shiau and Shen, 2001; Bonaccorso et al., 2003; Gonzalez and Valdes, 2003; Salas
et al., 2005).

For analyzing the return period of droughts we need to specify the regional drought
event under consideration. In what follows we will refer to a generic regional critical
drought E, i.e. a drought that is critical with respect to one or more of its character-
istics. For example E might indicate a drought with regional accumulated deficit DC'
greater or equal to a fixed amount or a regional drought that exceed a given duration.
Likewise, a critical regional drought E might be a drought whose areal extent exceed
a fixed percentage of the whole region.

Then, adopting the same scheme of Salas et al. (2005), let us denote by {E£} a
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critical drought event and by { £’} the corresponding non critical drought events. For
example, if {EF} = {DC > DCy, L > ly}, the corresponding non drought events { £}
will be {DC < Dy, L > Iy}, {DC > Dy, L < Iy}, and {DC < Do, L < Iy}

Assuming independence between drought events, the following expression for re-

turn period of droughts with characteristics E can be derived (Salas et al., 2005):

_E[L]+E[In]

T(F) PIE]

(6.51)

where £ [L] is the average duration of a critical drought event {F'}, and &€ [Ln] is
the duration of a non-drought event.

Equation (6.51) allows one to compute the return period of any critical drought
{E} once the probability P(F) is defined and the expected value of drought and non-
drought durations are known. The former probability can be computed by making use
of the joint pdf’s of regional drought characteristics derived previously. The expected
value of regional drought length L is given by Eq. (6.34) whereas it is easy to see
that the non-drought length is distributed according to a geometric distribution with

Combining Eq. (6.51) with Egs. (6.34) and (6.52) the return period of regional

critical drought finally becomes:

1
T= d( = pad) PLE)

(6.53)
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6.5 Application of the regional model

Application of the regional model has been carried out with reference to two regions
with different areal extension and climatic characteristics, namely Sicily region, Italy
and Eastern Colorado, USA.

Sicily is one of the largest islands in the Mediterranean sea and with a surface of
approx. 25,000 km?. The climate is semiarid, with mean annual precipitation around
700 mm and an elevated intra-annual variability as well as from year to year. Drought
analysis in Sicily has been carried out with reference to 43 precipitation stations lo-
cated in the island. Available precipitation data include annual precipitation covering
the period 1921-2000 with occasional missing years that have been filled by means of
linear regression technique.

The investigated region in Colorado is the plain located East of the Front Range
and covers an area of 114,000 km?. The climate is semiarid with an mean annual
precipitation in the order ot 375 mm. Colorado precipitation data used in this study
is part of the National Weather Service cooperative network weather station database
(source http:// cdo.ncdc.noaa.gov/ CDO/ dataproduct). The original dataset for the
whole state included more than 500 stations covering the period 1885-2003, with very
few stations with available observations before 1931. Out of the original dataset, 72
stations have been selected with the criteria of being located east of the Front Range
in Colorado, and of having at least 30 years of observations after 1931. The resulting
dataset has been completed by filling occasionally missing yearly observations by
linear regression.

The location of the stations along with the related Thiessen’s polygons are shown
in Figure 6.2 and 6.3 for Sicily and Colorado respectively whereas the main statistical

characteristics of annual precipitation are reported in Tables 6.1 and 6.11.
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Table 6.I: Main statistical characteristics of investigated stations in Sicily

Station name Elevation(m) Mean(mm) Std(mm) Skewness
Tindari 280 693.4 135.0 0.63
San Fratello 690 928.6 185.4 0.56
Cefalu 30 684.1 156.8 0.75
Ciminna 525 635.2 157.1 0.51
Ficuzza 681 830.8 203.4 0.46
Partinico 189 690.4 162.5 0.14
Palermo Sez. Idr. 19 628.8 152.1 1.39
San Giuseppe Jato 450 777.6 174.1 0.26
Trapani 2 469.6 123.1 0.32
San Vito Lo Capo 6 491.0 122.8 0.43
Marsala 12 498.6 123.3 0.05
Magzara Del Vallo 8 518.2 152.1 0.98
Partanna 407 680.0 184.1 0.62
Corleone 588 731.7 173.6 0.30
Sciacca 56 555.8 148.1 0.90
Piano Del Leone 831 826.2 183.8 0.27
Bivona 521 815.6 200.5 1.25
Lercara Friddi 658 593.9 137.1 0.66
Racalmuto 450 675.7 164.1 0.08
Agrigento Isp. 175 498.0 141.3 0.61
Petralia Sottana 930 805.4 181.5 0.81
Enna 950 842.1 358.8 1.59
Caltanissetta 375 541.3 144.6 0.66
Licata 70 453.2 165.4 1.47
Gela 30 408.4 118.0 0.24
Piazza Armerina 721 684.8 183.1 0.15
Monterosso Almo 691 706.4 187.8 0.10
Vittoria 168 502.2 133.5 0.35
Ragusa 515 723.3 208.3 0.51
Cozzo Spadaro 50 410.3 165.0 0.85
Siracusa 23 557.0 194.0 0.35
Lentini Citta' 43 644.4 237.5 0.52
Cesaro’ 1100 755.3 156.5 0.06
Adrano 589 497.2 145.1 0.52
Caltagirone 513 542.0 152.4 0.47
Nicolosi 695 1121.9 464.4 1.55
Zafferana Etnea 590 1336.2 476.7 0.55
Linguaglossa 530 1119.5 371.6 0.87
Acireale 194 813.9 254.4 0.28
Catania Oss. 75 682.4 300.3 1.56
Floresta, 1270 1236.3 277.3 0.44
Taormina 248 759.6 216.5 0.56
Messina Ist. Geof. 54 764.2 147.6 0.40
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Table 6.11: Main statistical characteristics of investigated stations in Eastern Col-
orado

Station name Coop ID Elevation (m) Mean(in) Std(in) Skewness
AKRON 4 E 50109 1384 16.47 3.04 0.052
AKRON WAS 50114 1421 16.61 3.39 0.005
BONNY DAM 50834 1133 17.06 3.82 -0.209
BOULDER 50848 1672 18.90 4.55 0.449
BRANDON 50895 1196 13.57 3.38 0.221
BRIGGSDAL 50945 1473 13.06 3.26 0.480
BURLINGTON 51121 1291 16.12 4.42 0.323
BYERS 5 E 51179 1555 14.88 3.87 -0.005
CAMPO 7 S 51268 1255 16.55 3.75 0.244
CASTLE ROCK 51401 1936 17.13 3.35 0.879
CHERRY CREEK 51547 1721 17.15 4.51 0.246
CHEYENNE 51564 1295 15.39 4.11 0.347
COLORADO 51778 1884 16.18 4.17 0.409
DENVER ST 52220 1611 15.59 4.29 0.271
DOHERTY R 52312 1565 13.64 3.24 0.474
EADS 52446 1285 14.72 3.94 -0.097
EASTONVILLE 52494 2198 18.60 4.48 0.474
FLAGLER 1 52932 1500 15.69 3.54 0.116
FLEMING 52944 1292 17.76 3.53 -0.138
FORDER 8 52997 1458 11.66 3.20 0.484
FORT COLLINS 53005 1525 14.96 4.21 0.617
FORT LUPTON 53027 1531 12.39 3.14 0.191
FORT MORGAN 53038 1320 12.92 2.88 -0.166
FOUNTAIN 53063 1695 16.06 5.23 0.666
FOWLER 1 53079 1320 11.00 3.47 0.445
GENOA 53258 1709 15.70 3.67 0.306
GREELEY 53546 1418 11.68 2.66 0.408
GREELEY U 53553 1437 13.76 2.93 0.467
GROVER 10 53643 1549 13.80 3.47 0.367
HASWELL 53828 1379 13.29 3.84 0.154
HAWTHORNE 53850 1806 21.06 4.49 0.213
HOLLY 54076 1033 15.70 4.70 0.451
HOLYOKE 54082 1137 17.73 4.27 0.014
IDALIA 54242 1209 18.26 4.06 0.292
JOHN MART 54388 1163 12.29 3.35 0.507
JULESBURG 54413 1057 16.82 3.88 -0.017
KARVAL 54444 1547 13.67 4.02 0.581
KASSLER 54452 1703 17.63 4.10 0.427
KAUFFMAN 54460 1600 13.64 2.91 0.193
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Table 6.11: (cont.) Main statistical characteristics of investigated stations in Eastern

Colorado
Station name Coop ID  Elevation (m) Mean(in) Std(in) Skewness

KIT CARSON 54603 1317 14.50 4.19 0.543
LA JUNTA 04720 1278 11.47 3.23 0.181
LAKEWOOD 54762 1719 16.36 3.88 -0.040
LAMAR 54770 1106 14.85 3.90 0.315
LAS ANIMAS 54834 1186 12.47 3.47 0.511
LEROY 5 W 54945 1363 17.66 3.61 0.167
LIMON 10 95015 1696 14.76 3.69 0.610
LONGMONT 95116 1509 13.09 3.59 0.235
MONUMENT 55730 2239 18.89 3.59 0.515
NEW RAYME 55922 1458 15.18 4.45 0.538
ORDWAY 2 56131 1315 11.06 3.55 0.709
OTIS 11 N 56192 1274 14.91 3.62 0.026
PARKER 6 56326 1923 14.04 3.55 -0.103
PUEBLO ME 56740 1439 11.85 3.15 0.424
ROCKY FORT 57167 1271 11.79 3.57 0.804
RUSH1N 57287 1845 13.72 4.02 0.589
SEDALIA 4 57510 1821 17.18 4.86 0.293
SEDGWICK 97513 1092 16.82 3.45 0.102
SEDGWICK 57515 1216 17.66 3.16 -0.312
SPRINGFIELD 07862 1345 15.66 3.83 0.262
SPRINGFIELD 57866 1409 15.93 3.76 0.319
STERLING 57950 1200 14.97 3.46 -0.024
STONINGTON 57992 1159 16.65 4.24 0.478
STRATTON 58008 1342 17.45 4.73 0.594
TACONY 10 98157 1512 11.15 2.88 -0.101
TRINIDAD 58434 1750 13.07 3.22 0.513
TROY 1 SE 58468 1709 14.47 3.22 0.544
VONA 58722 1373 16.27 3.76 0.125
WALSH 1 W 58793 1213 17.93 4.06 0.550
WATERDALE 98839 1594 15.87 4.29 0.538
WINDSOR 09147 1457 12.44 2.82 0.363
WRAY 99243 1122 17.51 4.44 0.442
YUMA 59295 1262 16.98 3.98 0.093

As a first step, regional droughts that occurred in the two investigated regions have
been identified and characterized using the procedure outlined in previous paragraphs.
In particular, for each region, influence areas a;, at each station have been computed

by Eq. (6.1) where s is the area of the Thiessen’s polygon corresponding to station
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Figure 6.4: Areal coverage of deficit Ad;, regional deficits D; and identified regional
droughts in Sicily during the 1921-2000 period.

k. Also, for each station k£ a threshold corresponding to the observed sample mean
has been assumed, i.e. z, = X for k = 1,2, ..., and fixed critical area thresholds
a. = .5 and a, = .7. In Figure 6.4 the areal coverage of deficit Ad; and the regional
deficits D; observed in Sicily during the period 1921-2000 are shown for a, = .5. In
addition, the plot indicates the various regional drought episodes that have occurred
in Sicily throughout the historical record, corresponding to periods during which the
areal coverage of deficit is above the threshold. For instance, the severe drought that
occurred between the 1980’s and 1990’s is clearly shown. The figure confirms the
intensification of droughts in the latter half of the century, with a tendency to longer

and more severe droughts.
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Figure 6.5: Areal coverage of deficit, regional deficits and identified regional droughts
in Eastern colorado during the 1931-2003 period.
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Similarly in Figure 6.5 the areal coverage of deficit Ad; and the regional deficits [);
observed during the 1931-2003 period in Eastern Colorado are shown. The plot indi-
cates the various regional drought episodes that have occurred in the region through-
out the historical record, such as that in the 1930’s, 1950’s and 1970’s.

From Figures 6.4 and 6.5, it can be inferred that 19 and 18 regional droughts
can be identified from the available precipitation sampleé in Sicily and Colorado, re-
spectively. Such number of droughts is not adequate to perform statistical inference
on drought probabilities especially if a joint analysis of drought characteristics such
as accumulated deficit and length is sought. To better illustrate the point, if the
19 regional droughts identified in Sicily are disaggregated according to the drought
length, 10 droughts have length 1, 3 length 2, 5 length 3 and 1 length 9. This means
that it is not possible to obtain reliable estimates of the probability of droughts by
fitting a parametric distribution to the observed droughts of fixed length, let alone
estimates of return period. Thus, in order to verify the analytical model developed
previously, two records of 200000 years precipitation at the stations in Sicily and
Colorado have been generated assuming a normal distribution. Such normality as-
sumption has not been rejected by means of a skewness test in 22 out of 43 stations
in Sicily and in 64 out of 72 stations in Colorado with a significant level 5%. In
particular, generation of normal vector X, = {X1, Xa4,..., Xim}* with m = 43 for
Sicily and m = 72 for Eastern Colorado has been carried out by first estimating the
cross variance-covariance matrix of observed annual precipitation at the m stations
3. The generic element ; ; of 3 represents the covariance between contemporaneous

observations at station ¢z and 7 and has been computed as:

. Yoty (T = Ti) (w50 — Ty)

’Yi,j = m — m — 2
(S0 (2 — T)2 S0 (w0 — 7,)2)

(6.54)
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where T; is the sample mean of annual precipitation at station 2.

Then, a random vector X; has been generated as (Salas, 1993):
Xy = B§t + i (6.55)

where B is the Cholesky decomposition of 33 (i.e a the solution of the matrix
equation BB? = f]), g o= {Z1,T2,...,Tm} is the vector of the sample means of
annual precipitation and g, is a vector of i.i.d. standard normal random variables.

After generation, regional drought identification in each investigated region has
been carried out fixing for each station a threshold equal to the long term mean
and two areal thresholds, namely a.; = 0.5 and ag4s = 0.7. Then regional deficit
and drought characteristics Ad;, Dd;, L and DC' have been estimated on the gen-
erated samples. Corresponding moments have also been computed by means of the
aforementioned expressions.

As a first step, the comparison between computed, generated and observed mo-
ments (i.e. computed from the observed samples) of Ad;, Dd; has been carried out.
The results of such comparison are reported in Tables 6.III and 6.1V for Sicily and
Colorado respectively, for the two fixed areal threshold values a. = .5 and a. = .7.
It can be inferred from the tables a general good agreement between the derived
ﬁoments of deficit characteristics and corresponding moments computed on regional
deficits identified on generated series, especially with respect to expected values. Also
the moments computed from the observed sample generally match well the derived
and generated ones for both regions.

Tables 6.V and 6.VI shows similar results related to the moments of regional
drought duration L and accumulated deficit DC' for Sicily and Eastern Colorado

respectively. Again a good agreement between moments computed by the proposed
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Table 6.11: Comparison of expected values and standard deviations of areal coverage
of deficit Ad, and areal deficit D, (mm) in Sicily for various combination of threshold
values z,; and a..;. Moments of Ad; from models computed by eqs. 6.16 and 6.17, and
of D; computed by egs. 6.27 and 6.28. Moments from simulation have been estimated
on a 200000 years generated sample, observed moments have been computed on 80
years of observed precipitation

ElAd)]  \/Var|Ady] E[Dy \/Var Dy

From 0.500 0.290 120.11 71.55
model
Tok = Xk Gerit = -0 From 0.499 0.291 126.1 66.6
simulation
Observed 0.540 0.300 123.7 62.7
From 0.500 0.290 155.5 72.55
model
Tok = Xk Oerit = -1 From 0.499 0.291 160.2 63.8
simulation
Observed 0.540 0.300 145.9 56.3

approximations and from generated or sample series can be inferred.

Next, a comparison between the pdf’s of drought characteristics derived analyti-
cally and the corresponding sample pdf computed from the generated series has been
performed. In Figure 6.6 the comparison between the sample pmf of regional drought
length L in Sicily computed from the generated series and the corresponding analyt-
ical pmf given by Eq. (6.33) is shown. The plot indicates how the analytical pmf
follows closely the sample pmf computed from the generated series for both values of
the critical area a.. The plot also shows the sample pmf of regional drought length
computed form the sample series (80 years). It can be inferred how the latter pmf,
being computed from a limited number of droughts, exhibits some sample variabil-
ity. On the other hand, the pmf derived analytically shows a very good agreement
with the sample pmf computed from the generated sample. Similar arguments can be
made with reference to Figure 6.7, which shows the same comparison among drought

length pmf’s related to Eastern Colorado. It may be worthwhile to stress once again
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Table 6.1V: Comparison of expected values and standard deviations of areal coverage
of deficit Ad; and areal deficit D, (in) in Eastern Colorado for various combination of
threshold values z,; and a.;;. Moments of Ad; from model computed by eqs. 6.16 and
6.17, and moments of D; computed by eqs. 6.27 and 6.28. Moments from simulation
have been estimated on a 200000 years generated sample, observed moments have

been computed on 72 years of observed precipitation
& [Ady] V/Var[Ady] E[Ddy  +/Var[Dd,]

From 0.500 0.311 2.532 1.523
model
Tok = Xk Qerit = D From 0.500 0.310 2.520 1.403
simulation
Observed 0.520 0.319 2.543 1.336
From 0.500 0.311 3.101 0.963
model
Lok = X# Qerit = .7 From 0.500 0.310 3.191 1.341
simulation
Observed 0.520 0.319 3.280 1.166

Table 6.V: Comparison of expected values and standard deviations of regional
drought duration L and regional cumulated deficit DC' (mm) in Sicily for various
combination of threshold values x,; and a.;- Moments of L from model computed
by eqs. 6.34 and 6.35, and moments of DC' computed by eqs. 6.36 and 6.37. Gen-
erated moments have been estimated on a 200000 years generated sample, observed

moments computed on 80 years of observed precipitation
EL] \/Var [L] E[bC]  /Var[DC]

From 1.998 1.412 241.7 199.2
model
Tok = X g Qerit = D From 1.972 1.358 248.6 193.6
simulation
Observed 2.105 1.883 260.4 232.3
From 1.429 0.782 222.4 149.7
model
Tok = Xk Gerit = -7 From 1.411 0.765 226.1 145.3
simulation
Observed 1.667 0.907 243.2 136.5
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Table 6.VI: Comparison of expected values and standard deviations of regional
drought duration L and regional cumulated deficit DC (in) in Eastern Colorado
for various combination of threshold values z,; and a.;. Moments of L from model
computed by egs. 6.34 and 6.35, and moments of DC' computed by eqs. 6.36 and
6.37. Generated moments have been estimated on a 200000 years generated sample,
observed moments computed on 72 years of observed precipitation

&L \/Var L] E[DC)  +/Var[DC]
From 2.000 1.414 5.075 4.194
model
Lok = X Qerit = D From 2.018 1.469 5.085 4.181
simulation
Observed 2.056 1.349 5.227 4.688
From 1.429 0.782 4.686 3.246
model
Tok = Xk Qerit = 7 From 1.472 0.847 4.697 3.189
simulation
Observed 1.533 0.743 5.030 2.848

that the analytical distributions have not been fitted to drought lengths but have
been derived as a function of the statistics of the underlying precipitation and of the
thresholds z,; and a..

In Figure 6.8 and 6.9 the quantiles of regional accumulated deficit in Sicily and
Eastern Colorado respectively computed from the generated sample are plotted versus
the corresponding analytical counterpart computed by means of the pdf derived in
Eq. (6.50). For easy of reference, in the plots the dimensionless accumulated deficit
0 = DC/T is plotted, where 7i is the average of the means of annual precipitation at
the investigated stations in each region. In the same plot, the analogous comparison
with the dimensionless quantiles computed on the observed sample is also shown by
circle symbols. Figure 6.8(a) indicates that there is a fairly good agreement between
the pdf of regional accumulated deficit in Sicily derived analytically and the ones
computed from the generated or observed sample for a, = .5, since the points generally

tend to align along the 45 degrees line. Similar behaviour can be inferred for the
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Figure 6.6: Regional drought length pmf in Sicily estimated from generated sample
(200000 years) and from observed sample (80 years) and computed analytically by
eq. (6.33) for critical areal threshold a, = .5 and a, = .7.
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Figure 6.7: Regional drought length pmf in Eastern Colorado estimated from gen-
erated sample (200000 years) and from observed sample (72 years) and computed
analytically by eq. (6.33) for critical areal threshold a. = .5 and a, = .7.
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Colorado case from Figure 6.9(a). Both plots show also that the points deviate
somewhat from the line for high values of the accumulated deficit. Such deviation
is also observed as a larger value of critical area is considered, i.e. a. = .7 (Figs.
6.8(b) and 6.9(b)). Nonetheless, such deviations occurr only for very low or very high
quantiles and therefore for practical purposes they can be conseidered acceptable.
The causes of such discrepancies can be ascribed in part to the sample variability
of quantiles computed from generated sample, as well as to the small differences
between the moments of accumulated deficit derived analytically and computed from
the samples (see Tables 6.V, 6.VI). Also, the deviations may indicate that the gamma
distribution that has been assumed for accumulated deficit is probably not adequate
to model very extreme droughts. However, it should be pointed out that attempts to
use different distributions (log Normal, Weibull, Gumbel), here not shown, led to a
general poorer fit than the gamma case. Therefore, the latter distribution has been
preferred, since it seems to be reasonably adequate for an ample range of accumulated
deficit values.

In order to verify the applicability of the derived pdf to compute return period of
critical regional droughts, a comparison between return periods computed by means of
Eq. (6.53) and corresponding sample estimates computed as the average interarrival
time between drought events F identified on the generated and historical samples has
been carried out. First, return period of drought events £ with regional accumulated
deficit greater than Dy have been considered. In particular theoretical return period
of critical drought events £ = {D > Dy} has been computed by combining Egs.
(6.50)and (6.53) as:

T = ! (6.56)

) 0o 1 —ﬁi d rp—l
pd(1 —pd) fDo NS A (_E)
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In Figure 6.10 the comparison between return periods computed analytically and
from generated and historical sample is shown. In order to somewhat increase the
reliability of the estimation, return periods of critical droughts on generated and
historical samples have been computed by considering, besides interarrival times be-
tween critical droughts, also the first arrival time (beginning from the first year of
the series), as well as the time from the last critical drought to the last year of the
series. In all cases the general pattern is similar, i.e. there is an excellent agree-
ment between the return periods T estimated from (6.56) and those estimated from
the generated and historical samples. This is especially so for the first few values of
drought lengths, thereafter the generated sample estimates appear to drift below the
analytical estimates. Also, the agreement is generally better for critical area a, = .5
than for a, = .7. This is not surprising since, as as already shown in 6.8, the fit of
the analytical pdf of accumulated deficit (Eq. (6.50) to the corresponding sample pdf
computed from the generated series is better for a, = .5. Also Figure 6.10 indicates
that for a, = .7 return periods estimated from the historical sample are generally
lower than those computed analytically or from the generated sample. This can be
explained because as the accumulated deficit increases there are smaller numbers of
drought episodes that can be observed from the historical sample and consequently
the estimates of the mean inter-arrival time become unreliable and underestimated.
In fact, beyond a certain drought length no droughts may be observable from the
historical sample and no return period can be determined. Furthermore, the sample
mean interarrarival time will be obviously biased downward, since it has an upper
bound equal roughly to the length of the series. This issue will be addressed with
more details in what follows.

Figure 6.12 shows the return periods of droughts defined jointly in terms of accu-

mulated deficit and length as in case (1) above, i.e. £ = { DC > Dy and L = [y (
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Figure 6.10: Return period of regional drought events in Sicily defined by {DC >
Do} obtained from Eq.(6.56) and from the generated and historical sample for various

values of the critical area a.
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by {DC > Dg} obtained from Eq.(6.56) and from the generated and historical sample
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lo =1,2,...)}, which were obtained from the generated samples and from Eq.6.53 for
various values of the deficit coefficient §. From the figure it can be inferred that, for
a given drought duration [y, (the return period) increases rapidly with increasing 6,
which means that estimating the return period T for large values of § may require a
very long sample. On the other hand, Fig. 6.12 indicates that using Eq.(6.53) one
can always find the results for any 4 and any [,.

Figure 6.12 also shows that results obtained from the generated samples and from
Eq.(6.53) are generally close. Furthermore, for all values of the deficit coefficient ¢, as
the drought duration [y increases, the return period 7' converges to the return period
curve for 6 = 0. The comparison between the results obtained for the two critical
areas considered reveals also some features. In particular, the curve related to § = 0,
which represents critical droughts of fixed length, and of any accumulated deficit, is
less steep in the case of a, = .5 than in the other case. This is consistent with the
fact that as the critical area increases, the occurrence probability of longer droughts
will decrease (see Figure 6.6), and therefore longer return period of longer droughts
are expected.

Fig.6.12 shows also the return periods obtained from the historical sample for
=0 and for some ly. In most cases, the return periods computed from the observed
samples are lower than the generated or analytical counterpart. The can be explained
by the fact that not many drought episodes can be observed from the historical
records, and therefore the return periods estimated from the samples have a high
variability. Just as an example, the return period of droughts with lengths equal to
3 years in Sicily, assuming a, = .7 has been computed by averaging the interarrivals
times between only two droughts. Furthermore, the return periods computed from
the sample as average interarrival times has an obvious upper bound given roughly

by the length of the sample. Thus, estimates of return period from the sample must
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be considered affected by a significant sampling variability

To illustrate the above point, the sampling variability of return period estimated
as the mean interarrival time has been assessed from the generated sample. In par-
ticular, the 200000 years generated sample has been divided into 2500 80-years long
subsamples, namely the same length of the observed sample. Then assuming a. = .7,
4 = 0 and for each drought length Iy = 1,2,...8, the averaged interarrival time has
been estimated from each subsample. In figure 6.13 the 5% and 95% percentiles of
these averaged interarrival times are shown by dotted lines, along with the return pe-
riod estimated from the observed sample, from the generated sample (200000 years)
and from Eq.(6.53). The latter three curves obviously coincide with the corresponding
ones shown in 6.12c. Also note that the two percentiles curves represents approximate
90% confidence intervals for sample return period. From Figure 6.13 it can be inferred
that the return periods estimated from the observed sample are always within the
90% confidence bounds. Furthermore, the return periods estimated from the sample
roughly follows the patterns of the confidence limits, that tend to align horizontally
as the drought length increases. Similar results (here not shown) are obtained for
a. = .5 and for the Estern Colorado region. This confirms the unreliability of return
periods estimated as mean interarrival times from observed samples. On the contrary,
the derived analytical expressions allow to estimate return period for any [, and 4,
which confirms their validity.

The return periods of droughts defined as in case (2) above i.e. E = { DC > Dy
and L > Iy (lp = 1,2,...)}, which were obtained from the generated samples and from
Eq.(6.53) for various values of ¢ are shown in Figure 6.14. The figure shows that as
in case (1) above, as ly increases all return period curves converge to a single curve
that is independent of 4. Furthermore the same figure shows the close results that

are obtained from the generated samples and from Eq.(6.53).
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Figure 6.12: Return period of regional drought events in Sicily and Eastern Colorado
defined by { DC > Dy and L = ly, Iy = 1,2, ...} obtained from Eq.(6.53) and from
the generated sample for various values of the deficit coefficient § (Do = éi) and for

critical area a., = .5 and a, = .7. The return period curves for §=0 obtained from the

historical samples are also shown

182



1000

- ¥ - Historical

® 100 - R e R TR
@

o

>

A4

©

2

5 Symbol

o —%— Generated |
c

R

5

L

O

@

From model

------ 90% confidence
intervals

1 T T T T T T T
0 1 2 3 4 5 6 7 8
Drought length (years)

Figure 6.13: Return period of regional drought events in Sicily { DC > 0 and L = l,
lo =1,2,...} obtained from Eq.(6.53) and from the generated sample for critical area
a. = .7. The return period curves for =0 obtained from the historical samples are
also shown along with the corresponding 90% approximated confidence intervals

183



In addition, Fig. 6.14 also shows the return periods based on the historical record
for some values of [, and §. Unlike the case (1) droughts where only a few estimates
of return periods can be made for very small values of I, and ¢ (Fig. 6.12), for case
(2) droughts, estimates of return periods based on the historical records can be made
for several values of I, and é as shown in Fig. 6.14. This allows comparing the return
periods obtained from the generated sample (or from Eq.(6.53) versus those obtained
from the historical records so that further evaluation of the simulation model and the
analytical formulation be made. However, also in this case the same considerations al-
ready made for case (1) regarding the sampling variability of return period estimated
from the the observed sample can be made, and results similar to those shown in
Figure 6.13 can be found. Thus, the results obtained from the historical sample must
be used with caution because as [, increases and as ¢ increases the return periods
estimated from the historical sample becomes unreliable. For instance, in Fig. 6.14

the results are not reliable for I, > 4 or §>1.

Figure 6.15 shows the return periods for droughts defined as in case (3) above,
ie. E={1I>1Iyand L =1y(lo=1,2,...)}, which were obtained from the generated
sample and from Eq. (6.53) for various values of the drought intensity coefficient ¢.
In this case, the return period curves are increasing functions of both /, and ¢. The
figure also shows results obtained from the historical sample for a few values of [, and
1= 0. Again in this case the results are not reliable for [, > 2 for the same reasons
already discussed above.

In addition, Fig. 6.15 shows that, as expected, as the critical area a. increases, so
does the steepness of the curves, which is somewhat in agreemeﬁt with case (1) above.
Furthermore, the results obtained from the generated samples and from Eq.(6.53)

are quite comparable, with some exceptions, generally related to very high return
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Figure 6.14: Return period of regional drought events in Sicily and Eastern Colorado
defined by { DC > Dy and L > ly, Iy = 1,2, ...} obtained from Eq.(6.53) and from
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periods (>1000) and very severe droughts, and therefore they not be significant from
a practical standpoint.

Also the results obtained from the observed samples and from Eq.(6.53) are similar
for a, = .5, whereas they drift below the theoretical ones for a, = .7, in agreement
with case (1) above and with Figure 6.10 b).

The return periods for drought events defined as in case (4) above, i.e. E = {
I > Iy and L > Iy} are shown in Fig. 6.16 for various values of {, and ¢. The return
period curves are increasing functions of both [, and {. From Fig. 6.16 a similar
behaviour as in cases (1) and (3) above can be inferred, namely that as the critical
area a. increases, so does the steepness of the curves. The figure also shows that
return periods obtained from the generated samples and from Eq.(6.53) are quite
comparable for low values of {, while the differences generally increase with Ly and ¢.
Likewise, Fig. 6.16 shows that the return periods obtained from the historical record
for (=0 and a. = .5 correspond quite well with those obtained from the generated
samples and from Eq.(6.53) whereas a downward drift is observed for a, = .7, which

is compatible with the sampling variability highlighted before.

6.6 Final remarks

Probabilistic characterization of regional droughts is an important step toward a
rational water planning and management. The knowledge of the regional features
of drought over an area, such as its areal extension, duration and regional deficit or
intensity, can provide useful information in order to trigger appropriate mitigation
actions. This is particularly true when rainfed agriculture is predominant in the
area, and therefore precipitation becomes the primary source of water. Also drought
assessment on a regional scale can also be useful to evaluate the appropriateness of

interbasin water transfers as a drought mitigation measure.

186



100000 100000
10000 10000 + -
® [
g 1000 { - oo g; fo00
o b
2 k-]
& =
@ @
a &
'_5, 100 g 100 doom oo et Symbol  G=lof - -------
2 5 —=—ac0
= 4 ——0.10
----- #-0.20
10 10 dommme - e S X
o 040
—#—  From model weremrs From model
o W~ 0.00 (historicad) - =~ 0.00 {historteal)
i 1 o
o 1 2 3 4 5 8 7 8 ° 1 2 3 4 5 [ 7 8
Drought length (years) Drought length (years)
(a) Sicily a, = .5 (b) Colorado a. = .5
100000 - 100000
0000 - - = e 10000
v w
g ]
& 1000 > o0
a h-]
2 ]
= =
@ T
a o
g 100 Symbol  {=lof  --- oo g 100 - Symbol Lelop aee---o-
‘ﬂ-l‘ ——0.00 ‘6 —%—0.00
o ——0.10 0© ——0.10
——ge-020 |t e R B-0.20
10 —d03 solo .. et —a—0x%
..... S50 40 5o 0D
-—w—  From modet ~—2— From model
— % — 0.00 (histarical) — & — 0.00 {histaricat)
1 1
0 1 2 3 4 5 6 7 8 o 1 2 3 4 5 6 7 8
Drought length (years) Drought length (years)
(c) Sicily a. = .7 (d) Colorado a. = .7

Figure 6.15: Return period of regional drought events in Sicily and Eastern Colorado
defined by { I > Dy and L = Iy, lp = 1,2, ...} obtained from Eq.(6.53) and from the
generated sample for various values of the intensity coefficient ¢ (Dg = (fi) and for
critical area a., = .5 and a, = .7. The return period curves for (=0 obtained from the
historical samples are also shown
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Figure 6.16: Return period of regional drought events in Sicily and Eastern Colorado
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188

Return period (years)

Return period (years)

10000

1000

—s—  From madel
—~ | — 0.0 (historicaly
~ 4=~ 0.10 (histarical)

a3 4 8 5 7
Drought length (years)

(b) Colorado a. = .5

10000

1000

100

— @ = .10 (historical}

a 4 5 B 7
Drought length (years)

(d) Colorado a. = .7



One of the main advantages of run method to characterize droughts is the pos-
sibility to extend it in order to identify and characterize regional droughts . Here
run method has been adopted to derive analytically the distributional properties of
regional drought characteristics, on the basis of the stochastic structure of the under-
lying precipitation series. The derived distributions enble to estimate return period
of various types of critical droughts, also taking into account jointly different charac-
teristics. The approach allows to overcome the difficulties associated with estimating
probabilities and return periods of droughts identified on an historical sample, due
to the limited number of droughts that are generally observed. The analytical pdf’s
of drought characteristics are expressed as a function of the basic statistics of the
underlying series (mean, cross-covariance) as well as of the demand thresholds z,
and of the areal threshold a.. Since the basic statistics are computed from the whole
available sample, their estimation can be considered reliable even with relatively short
observation records.

Application of the developed methodology to two case studies has revealed that
it yields return period estimates that can generally be considered more reliable than
those obtained by averaging the interarrival times between observed droughts in an
historical sample. Also the comparison with results obtained from long sinthetically
generated samples indicates that the analytical expression yield very similar return
periods for a wide range of drought severities, which is indicative of the adequacy of
the proposed methodology.

Lastly, it should be noted that although here the methodology has been developed
with explicit reference to precipitation series, its extension to other hydrological vari-
ables such as streamflows is straightforward. For instance, one may be interested in
analyzing droughts occurring at several streamflow sites, whose water supply a given

water system. The only required modification to the methodology is in the definition
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of the weights a. assigned to each series, since in this case they may for example
represent weighting factors assigned to each streamflow source, as a function of the

senior/junior water rights structure.
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CHAPTER VII

CONCLUSIONS

Characterizing periods of deficit and drought has been an important aspect of plan-
ning and management of water resources systems for many decades. For example,
the design water supply capacity to satisfy the municipal consumption of a given city
may be based on meeting water demands during a critical drought that may occur
in a specified planning horizon. The implementation of water use restrictions in a
given water district as an evolving drought reaches a certain degree of severity is just
another example.

An extreme drought is a complex phenomenon that evolves through time and
space in a random fashion. It may be characterized by its initiation, duration, severity
(magnitude or intensity), termination, and spatial extent. These characteristics may
be determined objectively by comparing a water supply time series versus a water
demand series and defining droughts by applying concepts and theory of runs. Such
an objective and simple drought definition may enable one characterizing droughts
using probability and stochastic approaches. Another subject of much interest when
analyzing extreme drought events is the determination of the associated return period.
The return period can be defined in different ways for different applications such as,

the average elapsed time between the occurrences of specified drought event (i.e.,
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droughts exceeding a given critical drought) and the average time (e.g. years) to the
first occurrence of a specified event.

The analytical derivation of probability distribution of drought characteristics has
received much attention in several studies. Such analytical derivations are partic-
ularly useful in cases of short hydrologic records for which the applicability of an
inferential approach to find the probability distributions of drought characteristics
is either impractical or not feasible. In addition, they may be useful for checking
approximations or results obtained for more complex cases.

The review of literature reveals that the major emphasis in analyzing drought
properties using analytical methods has been for cases where the underlying pro-
cesses are stationary and/or with a mild time dependence structure. Because annual
hydrological processes, such as annual precipitation and annual streamflow, have been
often assumed to be stationary and with a weak dependence, most developments and
applications on drought characteristics using analytical methods have been centered
about annual processes. Also, the derivation of probabilities and return period of
regional features of droughts such as areal extension or areal deficit has not received
much attention in literature.

The research described in this dissertation has addressed the need for stochastic
modelling of drought characteristics, in cases when the underlying series is either pe-
riodic or with a non-negligible autocorrelation. In addition, extension of the derived
models to the regional case has also been explored. Moments of drought characteris-
tics, probability distribution functions and return period have been developed in all
cases, thus providing tools to characterize droughts in a broad sets of situations that
may occur in practice.

Although previous studies exist where droughts are analyzed in a bivariate fashion,

however they have usually neglected the time-dependence in the hydrological series
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under investigation. Indeed, when time dependence is considered, even computing
the first two moments of drought characteristics becomes difficult, since in this case
the series of the deficits resulting after the hydrological variable is truncated by means
of a water demand threshold is not stationary. Furthermore, when a time dependent
process, such as an AR(1) is clipped by a constant threshold level, the resulting binary
process follows only approximately a lag 1 Markov chain, and therefore the widely
used geometric distribution to model drought length may become not appropriate.
Here a truncated multivariate normal has been applied to model the deficits,
that enables to compute the first two moments of accumulated deficit or intensity, for
droughts of fixed length. Such moments have then been used to define the distribution
of the above characteristics, assumed beta. Also in order to model drought length, it
has been assumed that the clipped binary process follows a DARMA(1,1) model, for
which several theoretical and practical results are available. The result is a bivariate
formulation for drought characteristics length and accumulated deficit or intensity
pdf, that allows to compute the probability of occurrence of several types of critical
droughts. The derived pdf has been applied to compute the return period of critical
droughts. Also, empirical approximations of the moments of accumulated deficit,
function of the lag-1 autocorrelation of the underlying hydrological variables and of
the threshold level are proposed , that allow to derive the pdf of drought characteristics
without resorting to numerical algorithms to solve the multivariate integrals. The
empirical approximations are such that they can be applied also to skewed data.
Validation of the proposed methodology has been carried out by comparing the
return periods of various critical drought obtained by means of the proposed em-
pirical approximations with those computed from generated samples from an AR(1)

model. The results indicate that the procedure can be considered sufficiently reliable
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to estimate return period of critical droughts, especially when the severity of the ana-
lyzed droughts remains within the range of those generally considered in engineering
applications. The procedure has also been applied to four streamflow annual series,
namely the annual flows of the Poudre River at Mouth of the Canyon, of the Col-
orado River at Lee Ferry, of the Nile River at Aswan, and the St. Lawrence River
at Cornwall. The four series exhibit different level of persistence thus enabling to
test the methodology when different hydrological regimes are considered. After an
AR(1) model has been fitted to each series and synthetic series have been generated,
the comparison between return periods obtained by means of the derived analytical
expressions and those computed on the observed and generated samples has been
carried out. The results of such comparison confirm the applicability of the proposed
methodology, since it is able to capture reasonably well the stochastic variability of
droughts in streamflow series with different degrees of persistence.

In order to model drought occurrences in periodic stochastic series, the probability
mass function (pmf) of drought length, its associated low order moments, and the
return period of drought events have been derived assuming a periodic two-state
simple Markov. The derived pmf’s allow estimating the occurrence probabilities of
droughts of a given length where either the drought begins in a given season or
regardless of the initial season. The applicability of the drought formulations has
been illustrated using a variety of water supply series, and using both constant and
periodic water demand thresholds.

The comparison of the empirical probability mass function (pmf) of drought length
obtained from the historical sample and from the derived analytical expression gen-
erally showed a very good agreement between them.

Furthermore, the return period of droughts lengths for the data sets investigated

were estimated from the derived analytical expressions and from the historical sample.
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In all cases the results showed an excellent agreement between the two estimates for
the first few values of drought lengths, thereafter the sample estimates appear to
drift below the analytical estimates. This can be explained because as the drought
length increases there are smaller numbers of droughts that can be observed from
the historical sample and consequently the estimates of the mean inter-arrival time
become unreliable and generally underestimated.

The comparison between the return periods obtained assuming independence and
simple Markov dependence illustrate clearly the effect of dependence in the behavior
of the return period versus drought length, i.e. for a given drought length the return
period is bigger for an independent process.

Probability distributions of drought characteristics in periodic series have been
investigated both marginally and jointly. In particular, explicit expressions of proba-
bility density functions of drought characteristics, their associated low order moments,
and the return period of drought events have been derived. The derived pdf’s allow
to estimate the occurrence probabilities and return period of droughts where either
the drought begins in a given season or regardless of the initial season. The applica-
bility of the drought formulations has been illustrated using six precipitation series
assumed as supply series, and using periodic water demand thresholds. The compar-
ison of the empirical probability mass function (pdf) of accumulated deficit obtained
from the historical sample and from the derived expressions generally showed a very
good agreement between them. The model pdf appears to represent quite well the em-
pirical pdf for all series. Also the comparison between accumulated deficit moments
for droughts starting at a given season computed by the model and estimated both
on observed and generated sample indicates the general adequacy of the developed
expressions.

Furthermore, the return period of droughts with accumulated deficit greater than
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a fixed value d for the six data sets investigated were estimated from the derived ex-
pressions and from the historical sample. In all cases the results showed an excellent
agreement between the two estimates (analytical and historical sample) for smaller
values of accumulated deficit, thereafter the sample estimates appear to drift above or
below the analytical estimates. This can be explained because as the drought accu-
mulated deficit increases there are smaller numbers of droughts that can be observed
from the historical sample and consequently the estimates of the mean inter-arrival
time become unreliable. Also the derived expressions for return period of droughts
with accumulated deficit or intensity greater than a given value and length equal to
a given duration have been applied to the 3-months precipitation series of Caltanis-
setta for droughts starting at a given season. The results indicate the validity of the
proposed expressions, with a good agreement between return periods computed from
analytical expressions and those estimated from generated samples.

Run method has been adopted to derive analytically the distributional properties
of regional drought characteristics, on the basis of the stochastic structure of the
underlying precipitation series. The derived distributions allow to estimate return
period of various types of critical droughts, also taking into account jointly different
characteristics. The approach allows to overcome the difficulties associated with esti-
mating probabilities and return periods of droughts identified on an historical sample,
due to the limited number of droughts that are generally observed. The analytical
pdf’s of drought characteristics are expressed as a function of the basic statistics of
the underlying series (mean, cross-covariance) as well as of the demand thresholds z,
and of the areal threshold a.. Since the basic statistics are computed from the whole
available sample, their estimation can be considered reliable even with relatively short
observation records.

Application of the developed methodology to two case studies has revealed that
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it yields return period estimates that can generally be considered more reliable than
those obtained by averaging the interarrival times between observed droughts in an
historical sample.

The overall conclusion of the research is that exact and/or approximate analyt-
ical expressions of probability distributions of drought characteristics derived from
the statistics of the underlying hydrological series enables one a more reliable prob-
abilistic characterization than employing the inferential approach. In addition, such
analytical derivations may be useful for checking approximations or results obtained
for more complex cases. The examples using a variety of water supply series and cli-
matologic and hydrological drought indices illustrate and confirm the applicability of
the analytical derivations obtained for drought characteristics and associated return
periods.

Also the comparison with results obtained from long sinthetically generated sam-
ples indicates that the analytical expression yield very similar return periods for a
wide range of drought severities, although the results somehow differ when droughts
characterized by a very high intensity (short and with elevated accumulated deficit)

are considered.
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APPENDIX A

ESTIMATION OF TRANSITION PROBABILITY

MATRICES

A.1 Non parametric approach

Application of the previous results to observed hydrological series requires the esti-
mation of the transition probabilities p;; ¢ = 0,1; 7 = 0,1 and of the marginal
probabilities p;, ¢ = 0,1 for each season 7 = 1,...,w. Estimation of transition prob-
abilities for the stationary case has been discussed by Fernandez and Salas (1999).
Extension to the periodic case can be carried out following a non-parametric approach
based on maximum likelihood. More specifically, with reference to an observed peri-
odic series {x, -, v =1,2,..., nT =1,2,...,w}, let’s assume that periodic thresholds
have been fixed {zo,,7 = 1,2,...,w}. As already mentioned, we can associate to
each observation z, . the Bernoulli variable y, , which takes value 1 if z, , > xo, and
0if z,, < xg,. If the y, . follows a periodic lag 1 Markov chain, its likelihood (i.e.

the joint probability of observing a given sequence of y, ) can be written as:

w
__ | | , 1-y11 n n 710 nii
L = qu—yl 1p17 Y1 Poor oo-rme OlTploq- 1 Tpllq— 117 (Al)

=1
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where n;;_, ¢ = 0,1; j = 0,1 is the number of observations y,, = j for which
Yvr-1 = i
By letting po1, = 1 — poos, Pror = 1 — P11, substituting in Eq. (A.1), setting

derivatives with respect to pgo, and p;;, equal to zero one gets:

. noo+
Door = B S (A.2)
oo + Nolr

Similarly, the maximum likelihood estimators for the other transition probabilities

can be derived. In particular:

~ s
= S A3
P n11, + Nior (A-3)

The remaining transition probabilities pg;, and pjg, can be easily derived through
po1, = 1—poo,, P10, = L —p11,- Finally, in order to estimate the marginal probabilities

p1, the recursions (4.7) can be applied and py. can be estimated as po, = 1 — pi.

A.2 Parametric approach

Transition probability matrices can also be estimated through a parametric approach,
following the definition given in Eq. (4.4) (Fernandez and Salas, 1999; Salas et al.,
2001). For example the conditional probability pgo, can be expressed in terms of joint

and marginal probabilities as:

P [XV,T S ‘TOT)XV,T—l S xOT—l]
P[Xy -1 < zor_1]

DPoor = P [XV,T < xOTtXV,T—l < xOT—l] = (A4)

Now, assume the bivariate probability density function of { X, ;, X\ -1}, fx,.., X1 (Z,¥)

is known. Then joint and marginal probabilities can be estimated by integration. In
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particular, the joint probability can be computed as:

Zor TOT—-1
P [XV,T < xO‘r:XV,T—l < xOT—l] = / / fXV,‘r,XV,‘r—l (.’L’,y)dl‘dy (A5)

In what follows, the bivariate normal and lognormal case for {X, ,, X, -1} will be
developed.
Normal case In this case, the bivariate density takes the well known form:

1 1 @=pp)? | W—pr-1)? —2p (@=—pr)(y—pr--1)

- (1—pr2 or? gr— 2 T s
27T(1_p72)1/26 W=pr D) ) 1 } (A.6)

.fXVJrX@T—l(x7y)::

where u, and o, are the mean and standard deviation of X, . respectively and p; is

the correlation coefficient between X, and X, ,_;. Now let:

(A7)

1 22 4+ y% — 2p, 2y
¢(z,y;p0) =

on(l — p )2 P {“ 21— p?)
the bivariate normal pdf of zero mean, unit variance random variables with correlation

coefficient p,. The integral A.5 can be written as:

a b
P {XII,T S xOT’XV,T—l _<. xO’T—l] = / / ¢(xayap7')dxdy (AS)

Tor_1—Mr—1
Or—1

where a = ﬂ%—:ﬁl, b=
It can be shown that the double integration reduces to (Cramer and Leadbetter,

1967):
Pr
P [XIJ,T < xOT7XIJ,T—1 < xOT-—l] = (I)(a)(b(b) + (]5(&7 b; z)dz (Ag)
0

200



Assume now that the periodic threshold takes the following general form:
Tor = Ux, — @0x, = px.(1 — aCv;) (A.10)
where C'v, is the coefficient of variation of X, .. Then, a and & become:
a=b= -« (A.11)
and therefore, Eq. (A.9) reduces to:

Pr
P[X,, <oy, Xur1 < Zorq] = <I>(——a)2 + o(—a, —a; 2)dz (A.12)
0

which, substituting the expression of ¢() becomes:

pr 1 —a?
PlX,r < zor, Xpr1 < = ®(—a)? b () ,
[(Xor < zor, Xuro1 < Toroi) (—a) +/O om(1 = 22)1/28 dz (A.13)

The marginal probability P[X, 1 < zo,_,] in Eq. (A.4) can be easily computed
as:

P[Xu,r——l S xOT—l] = (I)(b) (A14)

where ®(.) is the standard normal (zero mean and unit standard deviation) cdf.
Again, assuming a periodic threshold as in Eq. (A.10), such marginal probability
becomes simply ®(—a).

Combining Equations (A.4), (A.12) and (A.14), the transition probability pgy, can

thus be estimated as a function of « as:

-

poor = P(—a) + @(ia) /OPT a1 j 22)1/243('1—*72)@ (A.15)
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—— =3

Figure A.1: Transition probabilities poo, (a) and pio, (b) vs. p, for different « levels

The other transition probabilities can also be estimated in a similar fashion, rear-
ranging appropriately the integration bounds of (A.4) and (A.9). For example, pjo,

can be estimated as:

1 pr 1 (-_az)
pe=y @ R 1+z A
Pior (—a)+ 1—®(—a) /0 2m(1 — 22)1/26 4z (A.16)

Once pgo. and py;, have been estimated, the remaining transition probabilities po; .-
and pjo, can be found by means of pg;, = 1 — peo,, P10, = 1 — P11,
Figure A.1 depicts pgo, and pio, as a function of p, for values of « = —.3,0, .3,

computed by numerical integration of Equations (A.15) and (A.16).

Lognormal case If {X,,, X,, 1} follow a bivariate lognormal distribution, the

bivariate density takes the form:

2 ' ’
1 (nz—p')?  (ny—pl_) (nz—p)ny—p! _,)
1 “2(1__ I2) o ;T + o 2 _2’){" ol ol :
Far e s (@8) = e 2oL o
v, T Ay, 1 ? 27_‘_(1 . p;2)1/2

(A.17)
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where 1/ and o7 are the mean and standard deviation of In(X, ;) respectively and o/,
is the correlation coefficient between In(X,, ;) and In(X,, ).

The integral A.5 can be written in terms of the bivariate standard normal ¢ (Eq.

A7) as:
a' b
PXor < Tor, Xyr1 < 20ra) = / / ¢z, y, o} )dzdy (A.18)
where o/ = BEor=pr lnxor_lru;_l.

Again, the double integration reduces to:
P
P [XV,T g $077XV,T—1 S ‘/‘UOT*I] = q)(a,)q)(b,) + / ¢(a,7 b,; Z)dz (Alg)
0

Recalling that for the log-normal distribution, the following relationships hold (Mata-

las, 1967):
MXT p— 6%0%72*—#&7 (A_20)
Ox, = px, ek — 1 (A.21)
o’ = In(Cu, +1) (A.22)
In(1 + py4/ (€% — 1)(e” %1 — 1)
pfr = \/ / / (A23)
Oxr0xr-1

@’ and ¥ become:

o _ 3@+ 1) +In(1-aCu) (A:24)
In(Cv2 + 1)
y _ BBVt 1) (- aCy, ) (A.25)
In(CvZ_, +1)

Combining Equations (A.22), (A.23), (A.24) and (A.25) and substituting into Eq.

(A.19), the joint probability can be estimated in terms of Cv,, Cv,_y, p, and «.
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Similarly, the marginal probability P [X, ,—; < zo,_;] in Eq. (A.4) can be com-
puted as a function of the above parameters as ®(b'). Then, the transition probability
Poo, becomes:

1 pr
= ®(aq e A '
oo, = 2(e) + s | 0la,02)d (A.26)

As in the normal case, the other transition probabilities can also be estimated in a

similar fashion, rearranging appropriately the integration bounds of (A.4) and (A.19).

For example, p1o, can be estimated as:
pro, = &(a’) + ———————1 /p/T o(a',b'; 2)d (A.27)
= P{a a,b;z)dz .
107 1—-®() Jo T

Figure A.2 depicts po, and pyo, as a function of p, for values of @ = —.3,0, .3,
and for different Cwv,, C'v,_; combinations, computed by numerical integration of

Equations (A.15) and (A.16).
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(a) Cv; = .3, Cv,1 = .2

0.2t
0 i ) L I n 0 L L i L )
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
o] 0
(¢} Cv; =1, Cvyeq = .8 (d) Cvr =1,Cv;_1 = .8

©o=-3
08" humasand (X,=0
--- 0=3

0.2}
0 : : : ' - 0 ' : : ' -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
D o]
(e) Cvy = 1.5, Cv,_y = 1.2 () Cvy = 1.5, Cv,_y =12

Figure A.2: Transition probabilities po, and pio, vs. p, for different o and Cwv,’s
combinations
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APPENDIX B

DARMA(1,1) MODEL

B.1 General properties

The binary DARMA(1,1) model Y; takes only the values 0 and 1 and is defined as
(Jacobs and Lewis, 1977):

Y, = Zy w?th probab?]?ty 3; (B.1)
U;_1 with probability (1 — 8);
and
U, = Uia W%th probab%l%ty A; (B.2)
Z;  with probability (1 — X);

where Z; is a sequence of independent Bernoulli variables that take the value 0
with probability my and 1 with probability m; = 1 —mg and the variables are stationary
and have the same marginal probability distribution 7y and 7. The autocorrelation
function of Y; is pp(Y) = cA*1 k > 1, where ¢ = (1 — B)(A + B — 2)8). The
DARMA(1,1) process has a slower decaying correlogram (longer memory) than the
DAR(1) process (as is the case for continuous valued processes).

Jacobs and Lewis (1978) showed that, even though the DARMA(1,1) process Y;

is not a Markov chain, the pair {Y;, U;} forms a bivariate first-order Markov chain
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with transition probabilities Hy(u,v) = P(Yiy1 = k), U1 = v|Yy = m, Uy = u) =
P(Yis1 = k,Upy1 = v|U; = u), since (Yit1,Uis1) is indipendent of Y; and u, v, k, m

are 0,1 values. Then

o — A=) +1-A1=-B)]m 1-8)01-Nm (B3)
i ﬁ(l*}\)ﬂ'@ /B}\’/TU ]

H - BATy B (1 =X n, B4
] 1-31Q=-Nm AXA=8)+[1=X(1-=p)]n |

The two-state bivariate Markov chain {Y;, U;} is converted into a four -state simple
Markov chain W, by defining a "label variable" W, = 2Y;+U, as in (Lloyd and Saleem,
1979) such that

Variable Values
Y: 0j0f1]1
U 0|1{01
W, 01123

Hence, the four-state Markov chain, W, takes on values {0, 1,2, 3} with transition

probabilities such as

Pw (0,2) = P (Wi = 2|W; =0)
= P[K—{—l = 1, Ut+1 = OlY; - 0, Ut = 0] - H1 (0,0)
Pw (170) =P (Wt+1 = O|Wt = 1)

= P[Yy1 = 0,Ups1 = OY; = 0,U, = 1] = Hy (1,0)

Thus the transition probability matrix @ of the univariate Markov chain, {W,},
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becomes

Hy(0,0) Hy(0,1) Hy(0,0) Hy(0,1)
Ho(1,0) Ho(1,1) Hi(1,0) Hy(1,1)
©= Ho (0,0) Ho(0,1) H;i(0,0) H,(0,1)
Ho(1,0) Ho(1,1) Hi(1,0) H,(1,1)

and its marginal distribution is

P[Wt = O] = Ho(0,0)T('O + Ho(l,())ﬂ'l;
P[I/Vt = 2] = Hl(0,0)TFO + Hl(l,O)ﬂ'l
P[Wt - 1] = [‘[()(07 1)7'['0 —+ H()(l, 1)7'['1;

_P[I/{/t = 3] = H1(07 1)7'['0 + Hl(l, 1)7'['1

B.2 Estimation of DARMA(1,1) models

(B.5)

The DARMA(1,1) process only takes values from {0, 1} so that both of its probability

distribution my and 7; sum to one, that is, my + m; = 1. Estimates of my and n; may

be obtained from the run length property. Let Ty be the mean run length of state 0

and T be the mean run length of state 1, which are estimated from the sample 0-1

series. Then my and 7 are given by (Buishand, 1978)

and

71'1:1—71'0
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respectively. Chang et al. (1984a,b) noted that this estimator based on the occurrence
probabilities of runs is conceptually reasonable since that the 0 and 1 spells govern
the persistence characteristics of the series through the run lengths of 0 and 1.

Three parameters, 7o (orm; ), A and 3, need to be estimated for fitting a DARMA(1,1)
model. For a DARMA(1,1) model, the method of moments may be used to obtain
the estimate A by matching the sample and model autocorrelation functions. For the
DARMA(1,1) model, based on the autocorrelation function pg(Y) = cA*71) k > 1,
where ¢ = (1 — B)(A+ 8 — 2)\3) is the lag-1 autocorrelation coefficient, an estimator

of A may be the ratio of the second to the first sample autocorrelations, i.e.,

io @ (B.6)

And, since the estimation of ¢ is the lag-1 autocorrelation coefficient, parameter

@ may be estimated as

(3A—1) — \/(3i —1)2 402X - 1)(A—¢&)

b= 2022 — 1) (B7)

B.3 Run length properties of DARMA (1,1) models

Here their findings are summarized. The probability distributions of run lengths of

states ¢ = 0, 1 denoted by T; can be derived from the conditional probability

P[ﬂr—’n]:P[Yozl'—Z,}q:Z,,YnZZ,Yn+1:1“-Z|Y0=1—2,}/12217

n=12

y Ly we

for DARMAC(1,1) process, the probability distributions are (Chang et al., 1984b)
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P[T; = n] = P[Wo = 2(1 — )][H7'(0) — H**(0)]

+P[Wy = 2(1 — i) + 1][H(1) — HM'(D)]/P[Yo=1—14,Y1 =14],i=0,1

where HP(j) = H'(5,0) + H(j,1),4= 0,1, and 7 = 0,1, in which H(j,k) = j, k

element of the n-step transition probability matrix, and

k=0 =0

1 1 1
P(Yo=1-i,Y1=1) =Y > Hjk) [w] ZHzl]Wl]Q
=0

1=0,1

The expected values of the length of a run of 0 or 1 are given respectively by:

m(0)[1 = BA+ B(1 = A = B4+ 26M){1 —7(0)}]
{1 =m(0)}1 = M1 = B){1 - Bx(0)} — Br(0){1 ~ B(1 — M)}]

B[T) =

T(D[L = BA+ B - A= B+ 260){1 —7(1)}]

E[N] = -7} =20 = B){1 - pr(1)} — Br(V){1 - 51— M)}
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APPENDIX C

VALIDATION OF THE PROPOSED PROCEDURE
TO ESTIMATE RETURN PERIOD IN

STATIONARY SERIES

Validation of the proposed expressions to estimate return period in stationary serially
dependent series illustrated in Chapter 3 has been carried out by simulating several
AR(1) processes of length 3,000,000 years with mean ux = 700, standard deviations
ox = 200 and lag-1 autocorrelation coefficients r; = 0,.1,.2, .4, .6,.8. Furthermore,
in order to verify the procedure for skewed data, log normal transformation has also
been applied, yielding X, series with skewness v = .5. The threshold has been
parameterized as xo = pt, — ao,, with a = 0,.2,.5. For easy of reference the drought
analysis has been performed by using the following notation. The deficit threshold

Dy is defined as a fraction ¢ of the threshold, i.e.

DO = 5150

where § > 0 is called the deficit coefficient.

Return period of different critical droughts has been computed by means of eq.(3.67)
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where P[F] has been computed by means of the joint cdf (3.52), estimating the param-
eters through the empirical relationships previously found. Also, the expected value
of drought and non-drought length has been computed assuming a DARMA(1,1)
model for the the clipped AR(1) process, using the expressions given in Appendix B.
This allows one to quickly compute return period T corresponding to critical accu-
mulated deficit D, and length [, only on the basis of the variance and autocorrelation
coefficient of the series and of the threshold level zg.

In Tables C.I-C.VI, the normalized difference between the return period computed
by means of the empirical approximations (eq. 3.67) and the one obtained by simu-
lation is reported for drought events defined by { D > Dy and L > ly, Iy = 1,2,...}
and for different values of the lag-1 autocorrelation coefficient r;, of the threshold
coefficient a = .0,.2,.5 and of the skewness v = 0,.5,1. In order to limit sampling
errors when computing return period from the generated sample, the latter has been
computed only when at least 50 interarrival times between critical droughts where
available. When this is not the case, a "-" has been inserted in the tables. Also,
the symbol oo is related to drought events for which the probability P[F] was equal
to 0, using double precision, and consequently the return period could not be com-
puted from eq. (3.67). Finally the errors in the tables are shown in different fonts,
according to the underlying value of the return period computed from the generated
sample. More specifically, bold font indicates return periods less than 200 years, a
roman font indicates return periods between 200 and 1000 years, and an italic font
indicates return periods greater than 1000.

From Tables C.I-C.VI it can be inferred that the differences between theoretical
and simulated return periods are generally lower than 10% for a for a wide range of
drought lengths, deficit coefficient é and autocorrelation coefficient r;. In particular

the errors are generally very low for return periods below 200 years, as indicated by
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bold font. Occasional very high values of the errors are noted, but for return periods
presumably much greater than 1000 years. This probably is due to the combination
of two factors namely the errors in the empirical expressions yielding the moments,
especially for long droughts, and some inadequacy of the beta distribution to model
appropriately the tail of the distribution of accumulated deficit. The Tables C.I-C.VI
shows also that errors tend to increase with increasing 7, values, although only for
71 = .8 the errors become mostly above 10%.

In Tables C.VII-C.XII the results related to the case of drought events defined
by { D > Dg and L > Iy, lp = 1,2,...} are shown. Again it can be inferred that
for return periods less than 200 years the errors are generally lower than 10%.1t may
also be worthwhile to note how the errors do not change with L for high values of
the & coefficient. This is consistent with the fact that for high é values, i.e. drought
with very high accumulated deficit, the return period does not depend on the drought
length. Similar results are obtained when critical drought events defined by { I > I,
and L =y, lo = 1,2,..} or { I > Iy and L > Iy, lp = 1,2,...} are considered (see

Tables C.XIII-C.XVIII and C.XIX-C.XXIV respectively).
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.}. L is the drought length, § is the deficit coefficient (Dy = dzo) and

ry is the lag-1 autocorrelation coefficient of the underlying process. Threshold z¢ =

itz — 0.00x. Normal model. Bold values Tr < 200,

italic values Tr > 1000.

Difference (%) between return period computed analytically by means of

eq. (3.67) and by simulation for drought events defined by { D > Dy and L
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7

2.00

dxzo) and

r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold z, =

roman values 200 < Tr < 1000
0.50 0.75 1.00 1.25

0.25

0.00

Normal model. Bold values T'r < 200,

.}. L is the drought length, § is the deficit coefficient (Dy
italic values T'r > 1000.

Table C.I: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { D > Dy and L = [,
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Table C.IH: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { D > Dg and L = I,
lo = 1,2,..}. L is the drought length, ¢ is the deficit coefficient (Dy = dzo) and
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
pz — 0.50x. Normal model. Bold values Tr < 200, roman values 200 < T'r < 1000,
italic values Tr > 1000.

)
L 0.00 0.25 0.50 0.75 1.00 1.25 2.00
1 0.0 0.5 -22.0 - o) o0 o0
2 0.0 2.2 -5.2 -18.0 - - o)
3 -1.0 -0.5 1.9 -14.7 - - -
4 0.7 0.3 5.0 -1.3 -30.5 - -
r1 =0.0 5 -0.8 -1.9 -1.1 -5.8 10.9 - -
6 9.2 8.9 11.4 16.2 11.4 - -
7 3.6 3.8 3.2 8.3 13.6 - -
8 11.9 11.9 12.0 16.6 - - -
9 . - - - - - _
10 - - - - - - -
1 0.8 -4.3 -34.9 - 00 [ 00
2 -2.6 1.7 11.2 31.1 - - fe's)
3 -0.1 0.9 13.9 35.5 60.8 - -
4 1.1 0.3 6.8 19.2 39.9 - -
r1 =02 5 2.2 1.9 3.2 10.2 17.2 32.8 -
6 7.1 6.7 5.7 6.0 12.2 27.8 -
7 6.0 5.9 6.2 6.2 8.3 22.9 -
8 6.8 6.8 5.8 4.0 5.3 11.8 -
9 8.1 8.1 7.6 2.4 4.9 3.6 -
10 25.1 25.1 25.1 21.2 24.9 - -
1 1.6 -12.4 - - &S] o0 o
2 -3.1 2.2 17.3 44.9 - - [oe}
3 -2.5 0.2 16.2 43.0 88.1 - -
4 -0.4 -0.2 7.1 20.2 38.1 92.3 -
71 = 0.4 5 1.4 1.1 3.5 11.5 22.7 41.6 -
6 5.0 4.9 4.8 6.4 10.7 24.9 -
7 8.0 7.9 7.5 6.4 4.7 14.5 -
8 7.7 7.7 7.5 5.3 2.2 0.5 -
9 16.0 16.0 16.0 14.5 1.7 7.2 -
10 7.3 7.3 7.3 5.8 5.0 4.7 -
1 0.7 -28.2 - - o0 00 )
2 1.6 5.0 -1.3 - - - 00
3 -2.8 1.6 10.9 29.9 - - -
4 -3.7 -1.4 6.2 21.7 40.4 89.8 -
r1 =0.6 5 -3.5 -2.9 2.8 11.3 24.9 52.2 -
6 -1.8 -1.7 -0.2 3.6 10.3 20.5 -
7 0.8 0.7 1.7 2.8 4.6 11.8 38.5
8 -2.0 -2.0 -2.1 -3.0 -3.4 -2.5 1.3
9 8.2 8.2 8.2 7.7 5.8 3.4 2.5
10 13.7 13.7 13.8 14.1 11.8 7.0 -20.1
1 -0.3 - - oo [ee) &) &)
2 17.3 31.0 - - - B 00
3 -0.7 5.0 17.83 - - - -
4 -9.3 -6.3 5.6 31.9 55.2 - -
r1 =0.8 5 -13.7 -12.9 -7.9 5.1 36.4 70.6 -
6 -13.4 -13.1 -10.2 -4.3 15.4 48.4 -
7 -12.0 -11.9 -11.3 -9.6 -0.2 21.4 -
8 -9.2 -9.3 -9.3 -8.4 -5.3 4.0 88.6
9 -6.8 -6.7 -6.8 -6.8 -7.0 -4.5 21.4
10 -3.2 -3.2 -3.2 -3.7 -5.1 -6.8 18.2
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dzo) and

Table C.IV: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { D > Dy and L = I,
..}. L is the drought length, § is the deficit coefficient (D =
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
py — 0.00x. Log normal model, skewness=.5. Bold values Tr < 200, roman values

lo = 1,2,.

, italic values T'r > 1000.
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Table C.V: Difference (%) between return period computed analytically by means

of eq. (3.67) and by simulation for drought events defined by { D > Dy and L = I,

dxg) and

.}.. L is the drought length, § is the deficit coefficient (Dy
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =

iz — 0.20x. Log normal model, skewness=.5. Bold values Tr < 200, roman values

l() - 1,2,..

, italic values T'r > 1000.
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Table C.VI: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { D > Dy and L = Iy,
lo = 1,2,..}. L is the drought length, ¢ is the deficit coefficient (Dy = dzo) and
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
iy — 0.50x. Log normal model, skewness=.5. Bold values Tr < 200, roman values
200 < T'r < 1000, italic values T'r > 1000.

[3
L 0.00 0.25 0.50 0.75 1.00 1.25 2.00
1 -0.1 -7.3 - - 00 %) 00
2 0.5 7.4 -37.7 - - - 0
3 -0.0 1.0 -5.2 - - - -
4 -0.5 -0.9 2.0 -20.1 - - -
r; = 0.0 5 -1.2 -2.8 -0.5 -10.8 - - -
6 -1.3 -1.9 -8.5 -6.8 - - -
7 -2.3 -2.9 -3.3 4.3 - - -
8 -10.1 -10.1 -14.0 -17.4 - - -
9 - - - - - - -
10 - - - - - - -
1 0.7 -15.8 - - 00 00 00
2 -2.1 7.3 -8.7 - - - [e's)
3 0.2 2.8 16.5 -9.1 - - -
4 0.8 -0.4 9.5 7.1 - - -
ry =0.2 5 1.4 0.7 4.8 12.0 16.1 - -
6 4.0 34 3.0 11.7 9.5 - -
7 1.9 1.7 0.8 -8.3 -7.2 - -
8 5.6 5.4 2.2 -2.4 -3.4 - -
9 10.5 10.5 10.6 5.9 -1.0 - -
10 -2.3 -2.8 -2.2 -8.8 - - -
1 1.4 -30.7 - - 00 =3 00
2 -2.3 7.0 -11.3 - - - o0
3 -2.5 0.6 19.6 21.1 - - -
4 -2.2 -2.6 9.4 20.2 26.5 - -
rp =04 5 2.9 1.9 4.4 13.5 28.3 - -
6 3.1 2.6 -0.4 0.6 3.8 0.3 -
7 3.8 3.7 1.7 -0.1 -0.2 -1.3 -
8 10.2 10.2 9.3 3.8 -4.8 -14.2 -
9 11.3 11.3 11.3 5.2 -6.0 -15.1 -
10 7.4 7.4 7.5 5.1 -1.1 -14.6 -
1 0.9 -55.6 - - =) =) [«
2 1.6 9.8 -43.6 - - - 0o
3 -2.9 2.8 12.9 -12.6 - - -
4 -4.4 -3.0 6.3 16.7 8.6 - -
r1 =06 5 -4.3 -4.4 0.9 9.1 14.5 17.3 -
6 -2.1 -2.2 -2.0 1.5 6.0 7.9 -
7 -0.7 -0.7 -1.3 -3.4 -3.6 -4.4 -
8 2.5 2.5 2.1 -0.6 -4.8 -6.4 -
9 11.0 11.0 10.7 8.5 -0.1 -6.8 -
10 6.1 6.1 5.7 4.5 -0.2 -9.0 -
1 0.0 - - 0o =) oo oo
2 18.1 55.6 - - - [ere] [ere]
3 -0.7 10.4 36.0 - - - [e's)
4 -9.2 -6.3 19.5 56.4 - - -
r; = 0.8 5 -13.0 -12.7 -2.8 25.1 57.1 - -
6 -15.0 -15.4 -12.7 0.9 29.5 70.2 -
7 -13.9 -14.0 -14.2 -12.2 0.4 19.6 -
8 -12.9 -12.9 -13.8 -14.4 -11.8 -1.8 -
9 -5.7 -5.7 -6.3 -7.6 -10.0 -7.0 -
10 -6.0 -6.0 -6.0 -8.9 -13.2 -15.9 -13.6
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dzo) and
2.00

71 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zo =

roman values 200 < Tr < 1000
0.50 0.75 1.00 1.25

0.25

0.00

Normal model. Bold values Tr < 200,

.}. L is the drought length, ¢ is the deficit coefficient (D,
italic values T'r > 1000.

Table C.VII: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { D > Dy and L > Iy,
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2.00

dxo) and

r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =

roman values 200 < T'r < 1000
0.50 0.75 1.00 1.25

0.25

Difference (%) between return period computed analytically by means
0.00

of eq. (3.67) and by simulation for drought events defined by { D > Dy and L > Iy,

..}. L is the drought length, § is the deficit coefficient (Dg

iy — 0.20x. Normal model. Bold values Tr < 200,

italic values T'r > 1000.
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Table C.IX: Difference (%) between return period computed analytically by means

of eq. (3.67) and by simulation for drought events defined by { D > Dy and L > I,

dxzy) and

.}. L is the drought length, § is the deficit coefficient (Dy =
ry is the lag-1 autocorrelation coefficient of the underlying process. Threshold z¢

tte — 0.50x. Normal model. Bold values T'r < 200,

italic values T'r > 1000.
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2.00

1.25

1.00

0.75

0.50

0.25

0.00

t 1 ] 1 ] t 1 1 1 4
Lo WD D S
N NG
PR
AN N > N gy 2wy
TN NN~
DR T S e
o NS N ™

3 3_ 1l
DRSS RSR

RO RS
010~01759

o T rHaogamno

SO A AnG S

—~ N o0

ry = 00

0 00 0 M D ¢ D
o) 0% 07 A D O B ek N
N NN NN ™~~~ ®
DONT DN MW
T T T Y ey T T T 0D
COON a0 ~IY
L\ N >
leH766712

~N® O~ S

ry = 0.2

Ty Ty Ty e O D0 N
N D 0
YN OO0y ¢~
HeRTnlbisl — S

oW I ~m— DN

Sowow~o 2T

N AN

IR
0112479111

SRR Y E N

o D S
0101479111

—~ N oo n S

r1 =04

-2.8
-2.8
-2.8
-2.8
-2.8
-2.8
-3.5
-4.5
-4.9
-6.0

)
7692

SO BL NS S TS

oo wo

R SRR A

VIOV O~O -2

W s e DS

neataNe R
O - O QS TR

0605116199
00210247

—~NmFn o~ S

ry = 0.6

06 o0 a0 90 0 0 I~ O 1= T

NANAA= OIS

BB BT OFO S

nnnsAJxasw

0057641260

—~ N W o~ S

r1 = 0.8

222



Table C.X: Difference (%) between return period computed analytically by means

of eq. (3.67) and by simulation for drought events defined by { D > Dy and L > Iy,

dzg) and

r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =

iy — 0.00x. Log normal model, skewness=.5. Bold values Tr < 200, roman values

.}. L is the drought length, § is the deficit coefficient (Dy

lo = 1,2,..

, italic values T'r > 1000.
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Table C.XI: Difference (%) between return period computed analytically by means

of eq. (3.67) and by simulation for drought events defined by { D > Dy and L > Iy,

dzo) and

r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =

tz — 0.20x. Log normal model, skewness=.5. Bold values T'r < 200, roman values

.}. L is the drought length, ¢ is the deficit coeflicient (D

lo = 1,2,..

, italic values T'r > 1000.
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Difference (%) between return period computed analytically by means

of eq. (3.67) and by simulation for drought events defined by { D > Dp and L > Iy,

Table C.XII

dxy) and

r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zg =

.}. L is the drought length, ¢ is the deficit coefficient (D

lo = 1,2,..

ty — 0.50x. Log normal model, skewness=.5. Bold values Tr < 200, roman values

, italic values T'r > 1000.

200 < Tr < 1000
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Table C.XIII: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > I and L = Iy,
lo =1,2,..}. L is the drought length, ¢ is the intensity coefficient (Ip = (zy) and
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
tz — 0.00x. Normal model. Bold values Tr < 200, roman values 200 < T'r < 1000,
italic values Tr > 1000.

¢
L .00 0.10 0.20 0.30 0.40
i 20.1 1.5 5.1 2.5 -19.0
2 0.1 1.2 2.4 -13.2 -43.1
3 -0.3 0.3 0.8 -22.8 .
4 -0.2 0.3 1.7 -26.8 -
r1=0.0 5 1.1 1.4 2.9 - -
6 1.7 2.3 2.4 - -
7 14 ;11 0.2 - -
8 0.1 -2.1 -18.4 - -
9 9.1 7.4 - - -
10 0.5 -0.4 - - -
I 0.1 -1.8 | 121 267
2 -0.1 2.6 10.9 12.1 5.4
3 0.1 2.4 15.4 19.8 -
4 -0.4 0.1 12.0 22.4 -
r = 0.2 5 -0.2 -0.6 9.7 16.7 -
6 0.1 -1.3 0.1 - -
7 1.0 1.1 1.1 - -
8 -0.6 2.5 -6.9 - -
9 0.4 3.2 -21.9 - -
10 2.2 -0.1 -40.2 - -
1 0.0 4 3) 36.7 730
2 0.9 3.3 9.7 11.2 18.3
3 -0.7 3.3 18.8 49.0 -
4 -0.9 1.8 18.4 50.2 -
Ty =04 5 -0.7 0.5 8.5 34.7 -
6 -1.3 -1.9 6.6 24.1 -
7 1.3 -0.6 2.5 - .
8 1.8 0.8 -15.0 - -
9 0.4 2.2 -19.1 - -
10 1.6 -1.9 -33.0 - -
1 0.1 4 177 516 -
2 5.7 7.2 1.4 -22.7 -
3 -1.0 5.2 16.3 24.5 -
4 -5.3 -0.2 14.9 38.5 -
1 =06 5 -5.0 -1.0 17.0 51.6 -
6 -3.8 -2.4 7.4 60.6 -
7 -3.1 -3.3 41 6.2 -
8 .25 -3.4 -9.5 2.6 -
9 -0.4 -1.3 -15.8 - -
10 0.9 -0.5 -21.3 - -
i 0.1 354 382 - -
2 25.8 35.9 37.2 - -
3 5.8 12.6 45.9 - -
4 -6.8 -0.2 44.0 - -
T =0.8 5 -12.8 -9.9 30.2 - .
6 -15.9 -14.2 46.7 - -
7 -14.9 -15.8 28.4 - -
8 -15.7 -17.2 17.1 - -
9 -13.0 -16.3 6.3 - -
10 -12.6 -16.5 2.1 - -
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Table C.XIV: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L = I,
lo = 1,2,...}. L is the drought length, ¢ is the intensity coefficient (I = (xo) and
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
itz — 0.20x. Normal model. Bold values T'r < 200, roman values 200 < T'r < 1000,
italic values T'r > 1000.

¢

L 0.00 0.10 0.20 0.30 0.40

I 0.1 1.5 i3 27 81

2 0.3 1.5 1.5 -10.9 -28.1

3 -0.7 0.3 2.7 -27.0 -

4 -0.1 0.6 3.5 - -
r =00 5 .22 2.2 -2.9 - -

6 0.9 0.5 -9.7 - -

7 0.2 2.6 - - -

8 -1.8 2.7 - - -

9 -8.1 -9.9 - - -

10 .9.2 -13.4 - - -

I 0.4 1.5 76.0 389 212

2 -0.9 1.6 10.9 14.1 13.5

3 -0.2 2.3 15.9 23.4

4 -0.2 1.3 16.5 36.3 -
r =02 5 -0.7 11 7.6 - -

6 0.3 -0.9 6.6 - -

7 6.0 3.0 -6.9 - -

8 2.8 -0.1 6.6 - -

9 3.1 1.7 -16.9 - -

10 6.4 0.1 - - -

1 0.7 -39 8.4 247 757

2 -0.1 2.3 10.7 22.4 40.5

3 -2.1 2.3 18.4 51.0 -

4 -1.5 2.1 18.7 63.7 -
71 =04 5 0.3 1.2 15.7 98.9 -

6 0.4 0.4 10.1 - -

7 1.3 0.3 0.4 - -

8 1.2 0.1 -19.9 - -

9 3.0 1.1 -20.8 - -

10 2.0 -0.3 -33.5 - -

1 04 44 158 EN -

2 3.9 6.3 0.2 -12.8 -

3 -1.7 4.1 13.7 46.0 -

4 -5.2 0.4 11.3 32.7 -
r =06 5 -3.9 0.0 18.7 89.8 -

6 -3.6 0.9 10.0 60.9 -

7 1.0 0.2 6.6 48.7 .

8 1.2 2.1 -10.4 - -

9 0.4 1.8 -16.4 - -

10 1.3 -0.9 -26.6 - -

1 0.3 24.0 72.7 . n

2 21.6 31.6 37. - -

3 2.7 12.3 40.4 - -

4 -8.6 0.4 95.8 - -
r =038 5 -13.5 8.4 96.8 - -

6 -13.0 9.7 32.3 - -

7 -15.1 -13.4 19.5 - -

8 125 -13.0 13.0 - -

9 -11.8 -14.4 6.1 - -

10 7.2 -11.5 8.7 - -
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Table C.XV: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L = Iy,
lo =1,2,..}. L is the drought length, ¢ is the intensity coefficient (/; = (zo) and
71 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy, =
iz — 0.50x. Normal model. Bold values Tr < 200, roman values 200 < Tr < 1000,
italic values T'r > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
1 0.0 1.5 2.8 -3.6 -15.4
2 0.0 1.2 0.1 -14.2 -32.8
3 -1.0 0.0 -0.7 -27.3 -
4 0.7 2.8 -6.4 - -
r1 =0.0 5 -0.8 -1.1 10.9 - -
6 9.2 13.8 - - -
7 3.6 7.3 - - -
8 11.9 6.3 - - -
9 . . R .
10 - - - - -
1 0.8 -2.1 -2.2 -9.4 -21.5
2 -2.6 -0.4 9.2 15.1 39.7
3 -0.1 2.7 22.1 48.9 -
4 1.1 3.1 23.8 - -
r1 = 0.2 5 2.2 3.2 17.2 - -
6 7.1 5.4 25.1 - -
7 6.0 5.0 35.7 - -
8 6.8 3.1 - - -
9 8.1 3.0 - - -
10 25.1 24.9 - - -
1 1.6 -4.0 -8.5 -19.7 -33.5
2 -3.1 -0.4 9.5 26.1 50.1
3 -2.5 2.2 25.8 64.2 -
4 -0.4 3.8 25.9 72.7 -
r1 =04 5 1.4 3.5 22.7 123.6 -
6 5.0 5.4 20.1 - -
7 8.0 6.9 14.6 - -
8 7.7 5.5 -10.8 - -
9 16.0 10.4 5.8 - -
10 7.3 5.0 - - -
1 0.7 -4.4 -15.5 -44.6 -
2 1.6 4.8 1.0 -4.2 -
3 -2.8 3.2 16.8 31.8 -
4 -3.7 3.2 24.3 76.5 -
r1 =06 5 -3.5 2.8 24.9 83.3 -
6 -1.8 0.7 20.1 57.6 -
7 0.8 2.3 18.9 - -
8 -2.0 -2.9 -0.8 - -
9 8.2 6.7 -5.5 - -
10 18.7 11.8 -20.1 - -
1 -0.3 19.5 17.5 - -
2 7.3 26.5 20.0 - -
3 -0.7 7.1 32.6 - -
4 -9.3 0.7 38.1 - -
1 = 0.8 5 -13.7 -7.9 36.4 - -
6 -13.4 -8.6 46.7 - -
7 -12.0 -10.3 43.2 - -
8 -9.2 -8.4 28.1 - -
9 -6.8 -7.0 10.2 - -
10 -3.2 -5.1 18.2 - -
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Table C.XVI: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L = I,
lo = 1,2,..}. L is the drought length, ¢ is the intensity coefficient (Iy = (o)
and 7, is the lag-1 autocorrelation coefficient of the underlying process. Threshold
xg = pgy — 0.00x. Log normal model, skewness=.5. Bold values Tr < 200, roman
values 200 < Tr < 1000, italic values T'r > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
1 0.1 29 10.5 174 0.2
2 0.3 2.9 2.0 -43.7 -
3 -0.1 1.5 5.6 N -
4 -0.5 -0.0 -10.8 - .
r1 = 0.0 5 -0.2 0.1 -14.0 - .
6 0.4 1.8 -18.8 - -
7 1.9 .13 -34.6 - -
8 1.1 2.7 - - -
9 -8.1 3.0 - - -
10 -3.9 2.2 - . -
1 0.3 15 3.5 258 796
2 0.5 3.2 11.4 -25.9 -
3 0.1 2.3 16.4 -23.1 .
4 -0.1 0.0 8.4 - -
71 =0.2 5 1.0 -0.2 1.6 - -
6 -0.9 -3.5 -12.4 - -
7 0.4 4.3 -22.8 . -
8 1.1 -3.4 -87.3 - -
9 -1.6 6.2 -83.5 - -
10 7.1 -10.6 - - .
i 0.4 716 55 50 -
2 2.0 4.9 13.9 -14.8 -
3 -1.3 1.9 16.7 4.7 -
4 -0.7 0.6 14.6 - .
= 0.4 5 -1.6 -2.2 6.8 - .
6 0.0 -2.9 -9.2 . -
7 0.8 3.7 -21.9 - .
8 0.8 4.4 .36.6 - -
9 0.7 4.0 476 - -
10 -1.6 6.7 -53.8 - -
1 0.2 3.6 141 - -
2 6.5 10.8 0.5 . -
3 -0.7 3.8 10.5 - -
4 -4.3 -1.4 8.5 - -
71 =06 5 -6.3 -5.3 6.7 - -
6 -4.6 -5.6 -8.5 - .
7 -3.5 6.1 -14.7 . -
8 1.0 4.6 -19.6 - -
9 1.2 5.4 -87.6 - -
10 0.6 -3.8 -48.4 - -
1 0.3 68.1 . . -
2 27.9 63.8 - . -
3 6.7 26.6 109.6 y -
4 -4.7 5.3 62.3 - -
=08 5 -12.3 17 62.6 - -
6 -18.0 159 44.2 . .
7 -17.4 20.5 26.2 - -
8 -16.6 -21.8 -2.4 - -
9 -14.5 -20.1 7.2 - .
10 -14.4 21.1 -13.3 - -
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Table C.XVH: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L = [y,
lo = 1,2,..}. L is the drought length, ¢ is the intensity coefficient (ly = (xo)
and 7y is the lag-1 autocorrelation coefficient of the underlying process. Threshold
o = Wy — 0.20x. Log normal model, skewness=.5. Bold values T'r < 200, roman
values 200 < T'r < 1000, italic values T'r > 1000.

<
L 0.00 0.10 0.20 0.30 0.40
1 0.1 43 9.4 523 W)
2 0.1 3.5 4.7 -54.8 -
3 -0.9 1.7 -12.3 - -
4 0.6 2.2 -14.0 - -
1 =0.0 5 -1.6 0.5 -18.9 - -
6 2.7 3.3 - - .
7 2.2 -0.9 - - -
8 0.2 -1.1 - - -
9 1.1 2.2 - - -
10 2.9 -1.2 - - -
1 0.3 04 2.4 312 765
2 -0.5 3.1 10.1 -29.6 -
3 -0.3 3.1 13.0 - -
4 0.2 1.6 8.7 . -
r1=0.2 5 -0.7 0.3 2.2 - -
6 2.8 -0.8 -18.3 - -
7 2.1 -5.0 -28.6 - -
8 1.1 8.5 - - -
9 -0.0 5.2 - - -
10 10.2 5.8 - - -
I 0.7 2.1 30 509 -
2 -0.0 4.2 8.9 -85.7 -
3 -1.6 2.7 19.5 - .
4 -1.7 0.7 16.2 - -
T =04 5 -0.7 -1.7 10.2 - -
6 0.3 2.2 -6.6 - -
7 1.2 2.6 -22.3 - -
8 4.0 2.6 -25.8 - -
9 3.2 -3.4 -45.4 - -
10 -0.0 -5.9 -55.0 - -
T 0.0 2.1 186 B -
2 4.6 9.5 2.8 - -
3 1.7 4.1 6.8 - -
4 -4.3 0.6 13.6 - -
r =06 5 -3.0 -2.0 8.7 - -
6 -4.6 -4.9 -5.0 - -
7 -4.0 7.0 -16.0 - -
8 0.3 4.7 -24.6 - -
9 2.3 2.6 -39.7 - -
10 1.9 4.0 -45.0 - -
i 0.3 57.3 . : -
2 25.2 53.9 - - -
3 2.2 16.2 . - -
4 -8.4 1.6 26.4 - -
r1=0.8 5 -11.8 -3.4 42.2 - -
6 -14.9 -13.0 92.9 - -
7 -15.6 -16.2 22.4 - -
8 -13.3 -16.8 23.9 - -
9 -13.2 -18.1 4.7 . -
10 117 -18.1 -20.8 - -
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Table C.XVIII: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L = Iy,
lo = 1,2,..}. L is the drought length, ¢ is the intensity coefficient (lp = (o)
and ry is the lag-1 autocorrelation coefficient of the underlying process. Threshold
zg = gz — 0.50x. Log normal model, skewness=.5. Bold values T'r < 200, roman
values 200 < Tr < 1000, italic values Tr > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
1 -0.1 5.3 6.6 -31.5 -79.0
2 0.5 5.3 -10.3 -64.8 -
3 -0.0 2.7 -17.5 - -
4 -0.5 2.3 -28.9 - -
r1 =0.0 5 -1.2 -0.5 - - -
6 -1.3 2.4 - - -
7 -2.3 -1.1 - - -
8 -10.1 - - - -
9 - - - - R
10 - - - - 00
1 0.7 0.5 -0.8 -38.5 -78.4
2 -2.1 2.9 6.4 -27.9 -
3 0.2 5.6 12.4 - -
4 0.8 4.6 9.5 - -
r1 = 0.2 5 1.4 4.8 16.1 - -
6 4.0 3.5 - - -
7 1.9 -7.3 - - -
8 5.6 -5.6 - - -
9 10.5 6.6 - - -
10 -2.3 - - - -
1 1.4 -0.3 -10.1 -57.5 -
2 -2.3 3.1 9.3 -39.5 -
3 -2.5 3.9 28.7 - -
4 -2.2 2.7 22.5 - -
ry =04 5 2.9 4.4 28.3 - -
6 3.1 -0.5 3.0 - -
7 3.8 -0.4 -2.3 - -
8 10.2 2.8 - - -
9 11.3 -2.3 - - -
10 7.4 -1.1 - - -
1 0.9 1.9 -21.3 - -
2 1.6 7.9 -0.5 - -
3 -2.9 6.3 11.8 - -
4 -4.4 2.6 19.0 - -
r1 = 0.6 5 -4.3 0.9 14.5 - -
6 -2.1 -1.1 2.8 - -
7 -0.7 -3.1 0.2 - -
8 2.5 -2.3 -6.7 - -
9 11.0 3.8 -23.9 - -
10 6.1 -0.2 - - -
1 0.0 48.1 70.0 - -
2 18.1 42.9 - - -
3 -0.7 17.2 - - -
4 -9.2 5.5 65.5 - -
r1 =0.8 5 -13.0 -2.8 57.1 - -
6 -15.0 -8.3 65.4 - -
7 -13.9 -12.3 22.0 - -
8 -12.9 -13.9 21.4 - -
9 -5.7 -9.4 12.1 - -
10 -6.0 ~13.2 -13.6 - -
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Table C.XIX: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L > Iy,
lo = 1,2,...}. L is the drought length, ¢ is the intensity coefficient (/o = (zo) and
r1 is the lag-1 autocorrelation coefficient of the underlying process. Threshold zy =
ttz — 0.00x. Normal model. Bold values T'r < 200, roman values 200 < T'r < 1000,
italic values T'r > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
i 0.0 12 36 -i6 -20.2
2 0.1 0.9 1.0 15.1 -42.5
3 0.1 0.5 -1.2 -23.9 -
4 0.5 0.7 -1.8 -28.3 .
71 =00 5 1.1 1.2 1.9 - -
6 1.1 1.0 0.2 - -
7 0.5 -0.3 -3.7 - -
8 2.3 0.6 -8.7 - -
9 4.6 3.2 8.0 . )
10 0.2 -0.9 - - -
i 0.0 0.2 a7 BT 270
2 -0.1 1.3 10.4 14.0 6.8
3 -0.0 0.5 10.0 18.5 -
4 -0.1 -0.7 5.4 16.2 -
r =02 5 0.1 -1.2 0.0 5.4 -
6 0.3 -1.6 7.7 - -
7 0.5 -1.9 -13.7 - .
8 0.1 25 -23.4 - -
9 0.7 2.4 -35.8 - -
10 1.0 1.8 -{5.9 - -
T 0.0 0.0 1.3 30 730.9
2 0.0 1.6 6.3 23.3 {5.8
3 -0.5 1.0 4.8 95.3 -
4 -0.3 0.0 -0.6 24.7 -
=04 5 -0.0 -0.8 -8.1 7.2 -
6 0.3 -1.4 -14.6 -9.5 -
7 1.2 -1.2 -23.0 -28.2 -
8 1.2 -1.5 -31.1 - -
9 0.8 -1.8 -37.7 - -
10 1.1 -1.6 -45.3 - -
T 0.0 0.6 85 25.] -
2 -0.1 1.6 -6.8 -14.1 -
3 -2.3 0.5 -7.9 -12.3 -
4 -2.7 -0.7 -11.4 -18.1 -
71 =06 5 -1.8 -0.8 -15.5 -26.3 -
6 -0.6 -0.7 -21.0 -37.2 -
7 0.6 -0.2 -26.3 -51.0 -
8 2.0 0.8 -30.7 -59.1 -
9 3.6 2.3 -35.1 -67.9 -
10 5.1 3.5 -39.5 -74.6 -
T 0.0 2.1 7.3 62.1 .
2 0.0 -3.8 -17.8 -62.0 -
3 -5.8 -6.1 -18.2 -62.0 -
4 -8.2 7.5 -18.9 -62.0 -
r1=0.8 5 -8.5 -8.3 -19.9 -62.1 -
6 7.7 -8.1 -21.1 -63.0 -
7 -5.9 7.2 -23.2 -64.4 -
8 -4.0 -5.8 -25.3 -66.4 -
9 -1.6 -3.9 -27.4 -68.2 -
10 0.8 -1.6 -29.4 -70.6 -
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Table C.XX: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L > I,
lo =1,2,...}. L is the drought length, ¢ is the intensity coefficient (/o = (o) and
r1 is the lag-1 autocorrelation coeflicient of the underlying process. Threshold z¢ =
pz — 0.20x. Normal model. Bold values Tr < 200, roman values 200 < T'r < 1000,
italic values T'r > 1000.

<

L 0.00 0.10 0.20 0.30 0.40

1 0.0 i2 3.1 4.0 185

2 -0.1 0.8 0.6 -13.1 -28.4

3 -0.7 0.0 1.5 -26.7 -

4 -0.8 -0.4 1.0 - -
ry = 0.0 5 -1.9 -1.6 4.8 - -

6 1.5 0.8 -6.8 . -

7 2.2 -1.1 0.8 - -

8 4.8 6.0 - - .

9 8.7 -10.0 - - -

10 -9.1 9.6 - . -

i 0.0 0.2 a5 3.9 189

2 -0.5 1.4 11.9 16.4 15.2

3 0.0 1.2 13.2 2.1 -

4 0.3 0.3 10.1 27.0 -
r1 =0.2 5 0.7 -0.5 2.8 - .

6 2.2 -0.1 2.4 - -

7 4.1 0.7 -12.2 - -

8 2.2 1.3 174 - -

9 1.6 2.5 -28.0 . -

10 0.2 -6.4 - - -

1 0.0 0.0 2.9 69 336

2 -0.6 1.9 11.0 31.8 58.5

3 -0.9 1.6 11.2 44.9 -

4 -0.0 1.2 7.2 38.5 -
ri =04 5 1.0 0.8 0.7 14.2 -

6 1.6 0.5 76 -6.9 .

7 2.4 0.6 -17.5 - .

8 3.1 0.8 -27.4 - -

9 16 1.5 -31.5 - .

10 5.7 3.3 874 - -

1 0.0 0.9 44 154 -

2 -0.2 2.4 -1.2 7.7 -

3 -2.2 1.4 1.4 14.6 -

4 -2.4 0.5 -4.6 6.5 -
ry = 0.6 5 -1.1 0.6 8.1 0 -

6 0.2 0.8 14.4 -19.7 -

7 1.9 1.5 -20.6 -87.5 -

8 3.3 2.0 27.8 -56.3 -

9 5.3 3.7 -32.6 -65.4 -

10 8.0 6.1 374 ; .

1 0.0 0.9 B9 56 -

2 0.2 -1.1 9.8 -84.4 -

3 -5.6 -3.6 -10.5 344 .

4 -7.8 -5.2 -11.5 -84.2 -
ry =0.8 5 -7.5 -5.9 -12.9 -35.0 .

6 -6.0 -5.5 148 -36.6 -

7 -4.2 -4.7 171 -38.9 -

8 -1.5 -3.0 -19.3 -41.5 -

9 1.4 -0.9 21.7 -45.4 -

10 4.7 2.2 -24.1 -50. -
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Table C.XXI: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L > I,
lo = 1,2,...}. L is the drought length, { is the intensity coefficient (/o = (x,) and
ry is the lag-1 autocorrelation coeflicient of the underlying process. Threshold zy =
tz — 0.50x. Normal model. Bold values T'r < 200, roman values 200 < T'r < 1000,
italic values Tr > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
T 0.0 14 2.2 46 159
2 -0.1 1.1 -0.2 -15.5 -82.2
3 -0.4 0.9 -1.3 -27.8 -
4 1.1 2.8 -3.3 - -
71 = 0.0 5 1.9 2.7 8.8 - -
6 7.9 10.9 - - -
7 5.8 5.2 - - -
8 9.9 2.0 - - -
9 - - - - -
10 - - - - -
I 0.0 0.6 2.7 5.2 185
2 -1.2 1.1 13.4 20.4 48.1
3 0.8 3.1 22.0 48.5 -
4 2.3 3.5 22.0 49.4 -
7= 0.2 5 4.1 4.2 18.9 - -
6 7.3 5.7 22.4 - -
7 7.5 6.1 18.9 - -
8 10.2 7.9 - - -
9 16.0 15.6 - - -
10 29.7 35.9 - - -
i 0.0 0.7 3.2 53 752
2 -1.8 1.7 16.4 40.1 64.8
3 -0.4 3.4 23.2 70.7 -
4 1.9 4.4 20.8 83.4 -
7 =0.4 5 4.2 5.0 16.2 102.7 -
6 7.2 6.3 10.5 - -
7 9.5 7.2 2.1 - -
8 11.2 7.6 -8.8 - -
9 15.0 9.7 -6.2 - -
10 14.2 9.3 -15.7 - -
1 0.0 1.3 2.2 7.0 -
2 -0.6 3.6 10.6 23.3 -
3 -2.0 3.1 13.9 40.5 -
4 -1.5 3.1 12.9 15.3 -
71 = 0.6 5 -0.1 3.1 8.7 32.0 -
6 2.1 3.2 2.7 11.4 -
7 4.6 4.7 4.2 -6.0 -
8 7.1 6.1 -13.6 - -
9 12.9 11.4 -18.9 - -
10 15.9 14.2 247 - -
i 0.0 35 10.8 1279 -
2 0.2 1.5 10.5 15.6 -
3 -5.7 -1.4 10.2 16.0 -
4 -7.3 -2.6 9.3 15.5 -
71 = 0.8 5 -6.7 -3.2 7.6 14.7 -
6 -4.3 -2.2 5.6 12.0 -
7 -1.3 -0.7 2.0 7.3 -
8 2.2 1.9 2.2 -8.3 -
9 6.0 4.8 5.8 -6.4 -
10 10.3 8.3 -8.0 141 -

234



Table C.XXII: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L > I,
lo = 1,2,..}. L is the drought length, ¢ is the intensity coefficient (Ip = (o)
and r is the lag-1 autocorrelation coeflicient of the underlying process. Threshold
xg = pz — 0.00x. Log normal model, skewness=.5. Bold values Tr < 200, roman
values 200 < T'r < 1000, italic values T'r > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
T 0.0 2.3 6.2 -20.9 70,7
2 -0.0 1.6 -1.7 474 -
3 -0.3 0.6 8.5 - -
4 -0.5 -0.1 -13.5 - -
ry = 0.0 5 -0.5 -0.1 -18.2 . -
6 -0.9 -0.2 -25.0 - -
7 -2.0 -1.9 -34.9 - -
8 2.0 2.4 ¥ - "
9 2.8 2.2 - - -
10 2.4 1.4 . - -
I 0.0 0.1 5.0 593 803
2 0.2 0.9 8.6 -26.2 -
3 0.0 -0.3 5.9 -28.8 -
4 -0.1 -1.7 -3.4 - -
ry o= 0.2 5 -0.0 -2.8 -13.1 - -
6 -0.7 -4.3 -24.8 - -
7 -0.6 -4.8 -84.4 - -
8 -0.7 -5.0 -42. - -
9 -1.9 -6.1 -46.8 - -
10 2.1 5.9 -55.8 - -
1 0.0 0.1 3.1 ] .
2 0.2 0.4 -1.9 -17.8 -
3 -0.7 -1.1 -7.9 -21.2 -
4 -0.4 -2.1 -16.6 -36.8 -
7 =04 5 -0.2 -3.2 272 - -
6 0.5 -3.7 -38.6 - -
7 0.7 -4.0 -48.4 - -
8 0.7 -4.2 -57.3 - "
9 0.7 -4.1 -64.3 - -
10 0.7 4.1 -70.0 - -
1 0.0 0.3 26.5 73,0 -
2 0.1 -0.2 -28.3 -69.6 -
3 -2.1 -2.1 -31.0 -73.0 -
4 -2.6 -3.3 -35.1 - -
r = 0.6 5 -2.1 -3.8 -39.8 - -
6 -0.6 -3.4 -45.4 - -
7 0.7 -2.8 -50.8 - -
8 2.1 -1.8 -56.0 - -
9 3.1 -0.9 -61.6 - -
10 4.6 0.5 -65.6 - -
1 0.0 2.4 475 - :
2 -0.1 -5.2 -47.9 - -
3 -5.9 -7.8 -48.1 - -
4 -8.4 -9.7 -48.7 - -
ry =08 5 -9.1 -10.9 -49.3 - -
6 -8.5 -11.2 -50.3 - §
7 -6.7 -10.6 -51.6 - -
8 -4.6 -9.3 -53.0 - -
9 -2.3 7.4 -54.3 - -
10 0.1 -5.4 -56.3 - -
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Table C.XXIIl: Difference (%) between return period computed analytically by means
of eq. (3.67) and by simulation for drought events defined by { I > Iy and L > I,
lo = 1,2,..}. L is the drought length, ¢ is the intensity coefficient (Iy = (zo)
and 7, is the lag-1 autocorrelation coefficient of the underlying process. Threshold
g = pp — 0.20x. Log normal model, skewness=.5. Bold values Tr < 200, roman
values 200 < T'r < 1000, italic values Tr > 1000.
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Table C.XXIV: Difference (%) between return period computed analytically by
means of eq. (3.67) and by simulation for drought events defined by { I > I; and
L >y, lp =1,2,...}. Lis the drought length, ¢ is the intensity coefficient (1o = (zo)
and 7, is the lag-1 autocorrelation coefficient of the underlying process. Threshold
x9 = Wz — 0.50x. Log normal model, skewness=.5. Bold values Tr < 200, roman
values 200 < Tr < 1000, italic values T'r > 1000.

¢
L 0.00 0.10 0.20 0.30 0.40
1 0.0 4.9 3.8 -32.8 -79.2
2 0.2 4.2 -11.9 -66.5 -
3 -0.3 2.1 -20.2 - -
4 -0.9 1.1 -33.1 - -
ry = 0.0 5 -1.7 -1.3 - - -
6 -2.5 -2.8 - - -
7 -4.9 -8.3 - - -
8 -9.8 -6.6 - - -
9 -7.5 - - - -
10 - - - - 00
1 0.0 2.0 1.3 -37.8 -78.7
2 -0.9 3.8 7.9 -28.4 -
3 0.7 4.8 11.7 - -
4 1.5 3.7 10.4 - -
ry = 0.2 5 2.5 2.6 13.0 - -
6 4.0 -0.3 - - -
7 4.0 -5.2 - - -
8 7.3 -2.2 - - -
9 9.9 2.9 - - -
10 9.7 -1.0 - - -
1 0.0 1.7 -0.1 -53.9 -
2 -1.5 3.0 15.2 -30.2 -
3 -0.7 3.0 22.0 - -
4 1.0 2.3 15.2 - -
ry =04 5 4.1 1.9 8.2 - -
6 5.4 -0.1 -10.2 - -
7 7.6 0.3 -21.4 - -
8 11.3 0.9 -87.0 - -
9 12.4 -0.7 - - -
10 13.6 0.8 - - -
1 0.0 3.2 -8.8 - -
2 -0.7 3.7 -2.0 - -
3 -2.1 2.3 -2.5 - -
4 -1.7 0.9 -6.8 - -
ry = 0.6 5 -0.1 0.2 147 - -
6 2.3 -0.2 -23.8 - -
7 4.9 0.3 -32.1 - -
8 8.3 2.0 -42.7 - -
9 11.7 4.3 -54.8 - -
10 12.1 4.6 -65.4 - -
1 0.0 5.0 -24.4 - -
2 -0.0 1.5 -26.2 - -
3 -5.9 -1.5 -27.0 - -
4 -7.5 -3.4 -27.6 - -
r1 = 0.8 5 -7.0 -4.6 -29.7 - -
6 -5.1 -4.9 -82.4 - -
7 -2.0 -4.2 -86.3 - -
8 1.7 -2.4 -39.1 - -
9 6.2 0.3 -42.8 - -
10 9.9 2.7 -46.8 - -
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APPENDIX D

RELATIONSHIP BETWEEN T-YEAR EVENTS
AND EVENTS WITH T-YEARS RETURN

PERIOD

The rarity of an event is univocally determined once the probability distribution of
the underlying process is defined. However in engineering practice such probability
is seldom applied "as is", but instead, it is expressed in terms of abstract concepts
such as return period T or T-year event. Assuming the event in question can be
measured in terms of a random variable Y, the return period of an event Y, is defined
as the mean inter-arrival time between two events Y > Y,, whereas the risk in T
years is defined as the probability of observing at least one event Y > Y, iﬁ T years.
Alternatively, the so called T-year event is often used, whereas Y, is defined as the
expected value of the maximum Y that can occur in T-years.

Note that in general the event Y, with return period 7" will not coincide with
the T-year event. Put in another way, the return period of a T-year event is not T
In order to show the above point, we will assumne first that the event Y in question
occurs once every year. Furthermore, for the purpose of illustration and in order to

obtain an analytically tractable solution, we will assume Y distributed according to
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a standard exponential with cdf:

Fy(y)=1—¢" (D.1)

The event Y, with return period 7" can be derived from the well known equation

linking the return period to the cdf:

1
T=——"—— D.2
1— FY(YO) ( )
Solving Eq. (D.2) for Y, one gets:
Y, (T) =T (D.3)

By definition, the T-year event Y*(T') is the expected value of the largest among T
events Y | i.e. the expected value of the largest order statistic, which for a standard

exponential is given by (Johnson et al., 1994):

V) =3 (D.4)

Note how the two critical events differ. Also it may be shown that for 7" > 1,
YAT) > Y,(T).
Combining Egs. (D.2) with (D.4), the return period T of a T*-year event can be

computed as:

1
T= - D.5
exp(— Y0, 1) (3

It may be of some use to derive an asymptotic expression for the ratio between

the return period of the T*-year event and 7™, i.e. k = limp«_, ,% To this extent,
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we will make use of the following identity for the harmonic sum in D.4 (Abramowitz

and Stegun, 1965):

T*

Z% =7+ 9(T"+1) (D.6)

j=1
where v = 0.577215665. .. is the Euler’s constant and (7 + 1) is the digamma

function. Thus:
eV HY(T+1)

= T!'iinoo T+ (B-)

In order to solve the above limit, we will make use of the following series expansion

for the digamma function (Abramowitz and Stegun, 1965):

1 1 1

—lnz— — — — L
V) =lnz— o = o5+ oo

(D.8)

Neglecting all the terms after the first, since they will vanish quickly as 2 — oo,
substituting into Eq. (D.7) one get:
efy—Hn(T*—f—l) (T* + )

k= lim ———— = lim ¢”
T* 500 T* T* 500 T*

=¢" =1.781... (D.9)
Thus, for large T*, T ~ 1.7817*, which confirms that the return period of the
T*-year event is greater than 7.
The above analysis refers to a simple case, i.e. when the hydrological variable is
distributed according to a standard exponential. Nonetheless, it should be expected

that similar results should hold for a broad spectrum of distributions. For instance,

if Y has a standard logistic distribution (Arnold et al., 1992):

Fy(y) = (D.10)
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it can be shown that also in this case xk = ¢”. Indeed Y*(T*) = ¢(T*) + v (Arnold
et al., 1992), and therefore the relationship between the return period 7' and T'x
becomes:

T = v (D.11)

1~ oty
Dividing by T*, making use again of the approximation ¢(z) =~ In z and taking the
limit T — o0, the result x = €7 is obtained.
On the other hand, for other heavy tail distributions, the above result may not
hold, not even as an approximation. As an example, we will repeat the above analysis

assuming that the Y is distributed according to a heavy tailed Pareto with cdf:

-1 (5) (0.12)

Y

where a > 0 and k£ > 0 are parameters and y > k. The expected value of the largest

T* order statistic (T*-year event) is given by (Johnson et al., 1994):

D(T* + )r—a!),

YXT*) = A
o (T7) T +1-a1) (D-13)
From equation D.12, the return period T of the T*-year event is:
1 YX(T)1* [T+ 1) —aHl®
T = = |2 = .14
o R I e (D14

Once again we are interested to the limit kp = limz«_ -TT;, where the subscript in

x stands for Pareto. After letting o =1—a7!

, making use of the identity I'(z + 1) =
zI'(z) one gets:

r_1 [T*F_____.(T*)F(O‘)r (D.15)

T T+ | I(T*+a)
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For 1 < a < 0 the following result holds:

lim —}———————F@ +a)

e T (D.16)

Thus, combining the above result, with Eq. (D.15), one finally gets:

kp=T"(1-a™") (D.17)

In Figure D.1 the plot of kp vs. a is shown, together with the value x = €”
previously derived for the exponential. It can be inferred how kp > &, as expected
due to the heavy tail of the Pareto. Also kp — 0o as a — 1, which means that 7" can
be much larger than 7. Interestingly enough, as a — oo, kp approaches x, which
seems to indicate that for large values of the parameter a, the Pareto behaves like an
exponential.

In order to verify the above analysis, a simulation experiment has been set up
using six different distributions, namely normal, log-normal, exponential, standard
logistic, gamma, and Pareto. The parameters of the normal, log-normal, exponential,
and Gamma have been fitted by method of moments assuming a mean equal to 700
mm and a standard deviation equal to 200 mm, which are typical values for annual
precipitation in Mediterranean climates. For the Pareto, kK = 1 and several values
of a = 1.5, 2, 5,10 have been considered. Then, for fixed T™, the T™-event has been
estimated by averaging the maximum values extracted from 1000 non-overlapping
T* years generated series, and the return period 7' of such a value has then been
computed making use of the known cdf.

In Figure D.2, return period T' of T™-year events computed by simulation using

the aforementioned distributions is plotted vs. T™. In the same figure, the asymptotic
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Figure D.1: Asymptotic ratio kp = 7% for a Pareto distribution as a function of the
parameter a. Note the vertical asymptote as ¢ — 1, and how xp — kK as a — o0
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Figure D.2: Return period T of T*-year events for different distributions, computed
by simulation. The asymptotic linear relationships are also plotted

linear relationship 7" = xkT™ and T = kpT™, derived for the exponential or logistic and
for the Pareto respectively are also plotted. It can be inferred that the curves, apart
from the sampling variability, tend to align around the corrisponding asymptotic
linear relationships. In particular the log-normal and gamma distributions, tend to
align around the line T' = kT, which seems to indicate that the asymptotic ratio kK
may be valid for other distributions besides the exponential and logistics. The normal
distribution on the other hand, appears to yield values of the ratio TT; slightly lower
than r, although the latter can still be assumed as a very good approximation.
When complex events are considered, i.e. events with duration that spans several
years such as droughts, similar conclusions can be reached using similar arguments.
More specifically, with reference to an hydrological series X; and to a demand thresh-
old level z,, let F1,(1) and Fp(d) be the cdf’s of drought length and accumulated deficit
respectively. For the sake of illustration, we will assume that D can be modelled by

a standard exponential distribution.
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When multi year events are considered, computation of the T*-year critical drought
is somewhat more involving then in the single year events case, since the number of
droughts N(T™*) in a 7™ years is a random variable. More specifically, let’s start by
observing that, for a fixed number of droughts n the cdf of the maximum of D is
given by:

Fyin(y) = Fp(y) = ™" (D.18)

where fy(r)(n) is the pdf of the number of drought in T-years N(T'). Such pdf
has been derived by Shiau and Shen (2001) for the case when the sequence of deficits

and surplus can be modeled by a Markov chain:

i—2n+1 . . .
n+j3—2 i—n—) C ion—i
n = n ] 1~2n—j7+1 __
frery(n) Z Po1™” "P1o Z ( ] )(i—2n~j+1>p00 Pu

1=2n—1 3=0

i~2n—1 n+ ] -1 - ] ~1
- Z por"p1o" Z < >< )poojpllz‘%_rl
n

i=2n+1
(D.19)

where poo = 1 — po; and py; = 1 — pyo.
In order to avoid the analytical complications involved in using Eq. (D.19), fol-
lowing Sen (1977), we will assume that the number n of droughts in a T* year

period can be approximately modelled by a Poisson distribution, with parameter

— T'puipio __ 73 3, .

A= pof?l—lpl? =T 67 lLe.: T*'B(T ﬁ)
e * 2\n

fran(n) = ——5—— (D.20)

Substituting Eq. (D.20) into (D.28), assuming T™* — oo one gets:

245



YT = ) ﬂ%@:@ﬁ(v +Inn) (D.21)
=0 :

3

e——T*ﬁ (T* ﬁ)n

|
2

._+_
NE

Inn (D.22)
n!
n=0
0 e—T*B(T*ﬁ)n
= ’7+Z———n!~——lnn (D23)

3
I
o

As shown previously, assuming that the sequence of surplus and deficits follows a

lag-1 Markov chain, the return period of a drought 1D > D), can be expressed as:

T — Po1 + P1o
porpio (1 — Fp(Do))

(D.24)

where po; = P[X: < 2| X1 > z,] and pip = P[X; > 2,/ X1 < z,). From the above

equation, solving for D, one gets:

Do(T) = F*= [1 — 710_1312}2} (D.25)
porpiol
Assumind D distributed according to a standard exponential, the above equation
simplifies as:

Po1 + P1o
D,(T)=In|l—-——=— D.26
) { P01P1OT} ( )

If we fix the number of droughts N(T') = n, Y*(T)|n(1)=n is given, similarly as

before, by:

n

. 1
YHT") neTey=n = Z; ~v+Ilnn (D.27)

J=0

where the approximation is valid for large n. The asymptotic unconditional value can
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be computed by:
(Tr"-1)/2

YT ~ Z vy (n)(y +1nn) (D.28)
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