
DISSERTATION 

SOLUTE TRANSPORT BY A VOLATILE SOLVENT 

Submitted by 

Glenn Owen Brown 

Civil Engineering Department 

In partial fulfillment of the requirements 

for the Degree of Doctor of Philosophy 

Colorado State University 

Fort Collins , Colorado 

Summer 1987 

,, 11='?~11 
() 



COLORADO STATE UNIVERSITY 

Summer 1987 

WE HEREBY RECOMMEND THAT THE THESIS PREPARED UNDER OUR SUPERVISION 

BY __________ G~l~e=n=n~Ow~e~n~B~r~o~wn~-------------

ENTITLED ---~S~O=LU~T=E~T=RAN=~S~PO~R=T~B~Y~A_V_O~LA=T~I=L=E~SO~L~V~E~N~T _______ _ 

BE ACCEPTED AS FULFILLING IN PART REQUIREMENTS FOR THE DEGREE OF 

Doctor of Philos ophy 

Committee on Graduate Work 

Adviser cl Zo~ 
D~ tment Head 

COLORADO STATE UNIVERSITY LIBRARIE·~ 

ii 



ABSTRACT OF DISSERTATION 

SOLUTE TRANSPORT BY A VOLATILE SOLVENT 

Reclamation and impact analysis of retorted oil shale piles will 

require prediction of water and solute transport rates over the entire 

solution content range, down to and including the relatively dry 

region. In such dry materials, vapor transport of water affects the 

transport of solutes. Experimental measurements of transport 

coefficients in relatively dry oil shale have brought forward long-

standing questions concerning the mechanics of combined liquid-vapor 

flow . Principal among these is the apparent inability of porous medi a 

to transport solutes at low solution contents. 

In an attempt to ensure proper interpretation of experimental 

data, a new theory of solute transport by combined liquid-vapor flow 

has been developed, and new analytical solutions for transient flow 

have been obtained . The solutions show that the relative magnitudes of 

the separate transport coefficients produce many of the flow features 

seen in experimental data, and significant liquid transport can occur 

in regions without apparent solute transport . This development is new 

and represents an addition to the understanding of solute transport . 

These methods and results can be applied to other problems in multiple 

phase transport, such as hazardous waste disposal, mine reclamation, 

and soil leaching. 
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MOTIVATION 

Chapter 1 

INTRODUCTION 

The rise in the environmental ethic in this country has brought 

with it the demand that natural physical processes , not only be 

understood in a general sense , but also be quantifiable and 

predictable . There is a concern among the public and technical 

corrununities tha t today's economic activities , such as mining, farming 

and waste disposal , may produce the ir most significant environmental 

impacts not today, but many years from now. This attitude is based on 

the assumption that while most impacts are rapid , obvious , and usually 

manageable, any slow process at work may not express itself until it is 

too late for prevention. The subject of this thesis, s o lute transport 

by volatile solvent, which occurs in relatively dry porous medi a, is 

one such process. It is a process that is generally slow , 

qualitatively understood, but lacking in quantifiable solutions for 

even simple flow conditions. 

Quest ions conce rning the di sposal of retorted oil shale prov ided 

the direct motivation for this research . A poss ib le source of future 

liquid fuels are the large deposits in the Western U.S. of "oil shale" , 

which is actually a marlstone containing kerogen, a high mol ecular 

weight hydrocarbon. Presently, the most popular means of removing the 

kerogen is to mine the oil shale , and heat it in s urface retorts. Upon 

heating in the retort vessel , much of the kerogen vaporizes , is 
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recovered, and condensed back to a liquid. The retorted oil shale is 

then removed from the retort . Depending on the specific process, the 

retorted shale can have large amounts of soluble salts , and lesser 

quantities of heavy metals and organics. Disposal of this material in 

a manner which protects the environment is of great concern , especially 

since a mature oil shale industry could produce 9 x 10 5 metric tons of 

s olid waste a day (Heistand, 1985). That rate translates into a cube , 

one kilometer to a side, in only three years . Piles may be about 100 

meters in heigh t and will cover several square kilometers . 

Accurate prediction of wa ter and salt movement through disposal 

piles will require measurements of both water and solute transport over 

the entire range of solution content , down to and including the 

relatively dry region . Dry region transport phenomenon is o f concern 

for two reasons. Firs t, retorting produces a solid that is bone dry 

(drier than standard oven drying). It is expected that only enough 

water to control dust will be added before placement, and much of that 

may rapidly be lost to evaporation. Thus a pile's initial condition , 

before infiltration of precipitation , will probably be relative ly dry. 

Leaching may be strongly influenced by transport processes near the 

initial condition. Second , an earlier study b y Golder Associates 

( 1983) has proposed that piles be designed to eliminate leachate b y 

evaporating all excess infiltration . Figure 1.1 presents a conceptual 

picture of the pile . Any leachate moving through the pile would be 

intercepted by a layer of cour se overburden. By natural or artificial 

means , dry air would be passed through the coarse layer. This air 

would evaporate the leachate and then exhaust from rock chimneys . Such 

evaporation would, of cours e , require the portion of the pile near the 

evaporation interface to remain quite dry . 
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It is known that in relatively dry media vapor transport of water 

plays an important role, but it has not been impossible to directly 

separate liquid and vapor water transport . In an attempt to do so, 

Grismer (1984 ) developed a dual source gamma ray attenuation system 

which can accurately measure both water and solute transpor t rates. It 

was hoped that analysis of the da ta would shed light on the two-phase 

transport of water . Grismer's meas uremen t s in soils and the writer's 

measurements in retorted oil shale produced rather unexpected result s. 

Principal among these is the apparent inability of p orous media to 

transport solutes at low solution contents . Specifically, during the 

transient sorp t ion of so lution into an initially dry column, a r egion 

of solute-free water ( a t low volumetric solution contents) was observed 

to develop at the front of the sorption profile. 

Th e regularity , and strength of the observed process convinced the 

writer that something of importance was occurring. At first it was 

thought that a "critical" water content, was b eing obs erved; a critical 

water content being a solution content below which solute is not 

transported. But the limitations of existing theory prevented the 

exact analysis of the experimental data . After many failed attempts t o 

analyze the experimental data it became obvious that existing theory 

and solutions were inadequate. Specifically, existing theories did not 

account for the effect of solvent vaporization on the distribution of 

nonvolatile solutes . Thus , it was decided that an expanded theory and 

new solutions of the governing equations were necessary if the 

experimental results wer e to be adequately explained . 
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OBJECTIVES 

Within the broad motivation of this research, this dissertation 

will pursue six somewhat narrow objectives. The objectives are : 

1 ) Review the present theory of combined liquid flow and solute 

transport under isothermal conditions . 

2) Expand the theory of combined liquid-vapor flow , such that 

phase transfer and the contributions of each phase to water 

transport is explicitly shown . 

3 ) Develop a theory for solute transport in a volatile so lvent. 

4 ) Develop analytical and numerical solutions of the solvent and 

solute transport in specific transient flow problems. 

5 ) Experimentally measure water and solute transport in a 

relatively dry retorted oil shale. 

6) Apply theoretical developments to interpret experimental data 

obtained from bo t h experiments and the literature. 

The disser tat ion is organized as follows: Chapter 2 presents a 

review and s ynthesis of the literature ; and Chapter 3 contains the 

development of a theory for liquid, vapor and solute transport. 

Several special solutions to the flow systems of interest are presented 

in Chapter 4 . In Chapter 5 experimental procedures and resul ts 

obtained for Lurgi retorted oil shale are presented, while Chapter 6 

contains an analysis of the data obtained and other data found in the 

literature. Finally, Chapter 7 swnrnarizes and rev iews the study 

conclusions. 



Chapter 2 

LITERATURE REVIEW 

This chapter will present current concepts and applications in 

solute transport by a volatile solute. To develop these concepts i t 

will b e necessary to look at a relatively broad range of literature . 

The material includes unsaturated flow theory , vapor flow , comb ined 

liquid-vapor flow, s o lute transport, ionic effects and trans ient flow 

solution methods. The chapter divide s the material into three main 

sec tions; liquid flow, combined liquid-vapor flow and solute transport. 

Each section will address theoretical , experimental and so lution 

methods that have been adv anced. 

In addition to r eviewing the previous work this chapter will 

attempt a synthesis, or more accurately a Hegelian dialectic, which 

will reconcile the apparently contradictory theses in the literature. 

This s ynthesis is necessary because, without it, the results and 

conclusions of thi s res earch could be unfairly criticized. 

LIQUID TRANSPORT 

In this section two points will b e addressed . The firs t 

subsection will examine the theory and anal y sis of transient, liquid 

flow in porous media . Governing equations and solution methods will b e 

presented . The second subsection will examine the range of liqu id 

content over which the theory should apply. Specifically, it will 
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address if it is reasonable to expect h y draulic flow of water in 

relatively dry porous me dia . 

Flow Theory and Analysis 

The first significant advancements relative to this study are the 

work of Childs and George (1950 ), and Klute (195 2) . They showed for 

unsaturated hor izontal flow, Darcy 's law could b e transformed to a 

diffusional form . This is accomplished by defining a liquid 

diffusivity, D1 , 

K dh/ d0 (2.1) 

where K is the hydraulic conductiv ity , (a function of 0 ), h is the 

pressure potential and 0 is the volumetric solution content. Darcy's 

l aw is then stated as 

-D1 30 / Bx (2.2) 

where is the liquid volume flux and x is t h e spatial coordinate . 

This diffusional form has two advantages. First , it is generally 

easier to measure solution contents than pressure head , and second , the 

linear diffusion equation has b een so lved for many special cases of 

interest . The pr incipal d i sadvantage to this form is that the water 

characteristic, h versus 0, must be single valu ed during the fl ow 

process . For most porous med i a , the water characteristic is hysteretic 

and will only be single valued for processes t hat are entirely wett i ng 

or entirely dry ing . 
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For transient flow problems, a control volume balance will yield 

a0 ;at 8/8x(D 1 80/Bx) (2.3 ) 

where Klute also determined values of D1 b y finite 

difference methods on horizontal column data, by solving Eq. (2.3) for 

t is time. 

Bruce and Klute ( 195 6) showed experimentally and theoretically 

that for the constant-solution-content boundary conditions, 

(0(x,0 ) =0(m,t )=0 0 ; 0(0,t)=0n)' Eq. (2. 3) could be "transformed" to an 

ordinary d ifferential equation b y the Bol tzman variable, A=x/t1/ 2 . 

This allowed for convenient measurements of D1 . 

McWhorter (1971) and Phillip (1973) showed that Eq. (2.3) could be 

solved by a method of fractional f low. The flux at any 

defined as a fraction, F (0, t), of the influx at x=O, or 

F(0 ,t) q (t) to 

B(x,t ) is 

(2. 4 ) 

where is the inlet volumetric flux. Phi l lip proved that for 

constant solution content boundary conditions , F(0 ) was not a function 

of time . Thus , an exac t solution for the flow with known D1 can be 

found using the Boltzman transform and a semi-analytical calculation of 

F ( 8 ), where 8 is equal to (0 -0 )/(0 -0 ). n o n 

White et al. (1979) and White ( 1979 ) showed that for a constant-

volume-flux boundary condition, the time dependence of measured F (8, t) 

was weak except for early times. They found the transforms X=q X to 

and T=q 2 t simplified treatment of the s yst em . The trans forms showed to 

that water content profiles, at any value of T are unique in terms of 
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X. This is regardless of the value of q to· While n o method was found 

t o compute F (8), experiments showed it to lie between F(8 ) computed 

fo r constant solution content boundaries , and the linear function , F=8. 

Boulier et al. ( 1984) have recently extended cons tant- flux 

fractional flow concepts to nonuniform initial solu tion contents. With 

these f rac tional flow metho d s it i s possible to analyze many one-

dimensional diffusional flow si tuation s in a semi-analytical manner. 

Liquid State at Low So luti on Contents 

Th e final p oint to address in this section is the range of 

solut i on content s where these principles apply. Several workers 

including Phill ip and DeVries ( 1957), Porter et al . ( 1960 ), Rose 

(1963), Krupp et al . (1972 ) and Grisme r et al . ( 1986b) have speculated 

on the e x istence of a critical solution content, below which the liquid 

phase is discontinuous or immobile. In those papers , the unproven 

concept of a n immobile liquid phase at the microscop ic sc a le was used 

t o explain macroscopic observations that indicated th e existence of a 

critical water content . The general justification for the theory is 

that at low humidities ( and there f ore low water contents ) most of the 

water is in thin fi J s that are only a few molecular layers thick. 

This wa te r is held to the solid sur face by large adsorptive forces. 

There are two points to examine: are thin films continuous , and is 

water close to the solid surface still a fluid , able to respond to 

h ydrauli c for ces? 

Classi c al vapor adsorption theory can address the f irst point. 

The B.E.T. equation ( Brunauer et al., 1938 ) describes the adsorp tion of 

vapors on solid ·•1rfaces and is widely used to mea sure the s pecific 

surface o f po rous media . Stated simply, the theory assumes: 
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1. There is a dynamic equilibrium between free vapor and 

adsorbed liquid . 

2. The vapor is adsorbed in uniform molecular-layers and is 

unlimited b y pore geometry. 

3. The energy of adsorption of the first molecula r layer is 

greater than the second. 

4 . Th e energy of adsorption of the second and subsequent 

molecular layers are equal and equivalent to the energy of 

condensation of the bulk liquid . 

The B.E.T. equation is limited to low vapor pressures due to capillary 

effects at higher vapor pressures which limit the number of uniform 

lay ers . 

Much work has been done on the experimental measurement of water 

vapor adsorption on soils (Emmett et al ., 1937; Mooney et al., 1952; 

Orchisten, 1953, 19 54, 1955 ; Quirk, 1955; Anderson and Low , 1958 ; and 

Karathanasis and Hajek, 1982). There is evidence that the first 

molecular layer is slightly less dens e than bulk water , and that at 

less than a monolayer, adsorption is localized at specific sites of 

hydrated cations. Nevertheless, there is general consensus tha t the 

B . E.T . assumptions are satisfied in soils-water s ystems. Mos t 

impor tant for this work is the proof of assumption 2 , that uniform 

adsorpt ion occurs at coverage above a monolayer. 

The mobility of wate r adjacent to solid surfaces has been 

address ed by Kemper et a l. ( 1964). Th ey measured self diffusion of 

water in saturated clay systems . The rmodynamic the ory was used to 

compute the viscosity at various coverages of water. They found there 

was an increase in viscosity as the solid surface was approached but 

outside of the first layer the viscosity did not exceed 2.5 times the 
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bulk water value. Stigter (1980) performed a more detailed theoretical 

analysis of diffusion near solid surfaces . He examined the wall effect 

on self-diffusion of water and concluded 

" ... the wall effects partially explain the reported decrease 
of the self - diffusion in thin interlamellar water layers. 
The residual decrease corresponds to the immobilization of a 
small amount of water, of the order of half a monolayer at 
the clay-water interface . This is about equal to the 
commonly assumed hydration of the exchangeabl e cations. The 
present interpretation of available data implies that there 
is no significant increase of the viscosity of the remaining 
interlamellar water and that there is no significant 
viscoelectric effect near charged clay surface s." 

From the preceeding discussion it is concluded that even in 

relatively dry soils, adsorbed water is uniformly distributed and has 

about the density and viscosity as the bulk fluid. It is reasonable to 

assume (though not adequately proven), that water will respond to 

hydraulic forces and obe y the equations of hydraulic flow presented in 

this section down to monolayer coverage . Thus, it appears that an 

apparent critical solution content cannot be explained on the basis of 

zero hydraulic flow at low solution contents. 

VAPOR AND LIQUID TRANSPORT 

As in the liquid transport section , this section will address two 

points. The first will be the existing theory and analysis of combined 

liquid and vapor fl ow. The second section will address theoretical 

concerns that have been raised abou t the existing theory. 

Flow Theory and Analysis 

The transpor t of water by combined liquid and vapor processes has 

received a small but continuous interest in the literature through the 

years. Unfortuna tely, the majority of the research has been aimed at 
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nonisothermal systems . Nonisothermal systems can operate under greatly 

different conditions. The range of vapor concentrations is much 

greater, and in some cases, liquid and vapor will flow i n opposi te 

directions. Therefore , much of the nonisothermal work is not directly 

applicable to this research . While some of the noniso thermal work is 

presented here, no attempt has been made to review all such materials. 

This chapter will concentrate on the few papers that address isothermal 

conditions. 

Rollins et al. (1954 ) reviewed the earlies t works in vapor 

transport. The early works , including Rol lins', are only qualitative 

in nature due to the limits of the existing theory. Starting with 

DeVr ies ( 1950a,b), Phillip (1955 ) , and Phillip and DeVries (1957) 

theoretical points wer e addressed. In their landmark work, Phillip and 

DeVries expressed the vapor flux as 

where F 
V 

F = -D va(¢ - 0)~C 
V m V 

is the vapor mass flux, D 
m 

(2 . 5) 

is the free sp ace molecular 

d iffusion coeffic ient , a is a tortousity factor, ¢ is the porosity , and 

C 
V 

is the vapor density. Th e variable v, is a mass flow factor 

introduced to account for the convection of vapor due to the counter 

diffus ion of air . Quoting Phillip and DeVries : 

" .. . for steady diffusion in a closed system between a 
evaporating source and a condensing sink 

V = P/(P-p )' (2.6 ) 

where p is the partial pressure of water vapor (and Pis 
the total pres sure). It is by no means obvious that v will 
assume this value under nonsta tionary ( transient ) conditions . 
However, the order of magnitude of the deviation of v fr om 
unity follows from (Eq. (2.6 )) ; v is clearly quite close to 
1 at normal soil temperatures." 
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In a similar fashion Phillip and DeVries also noted that Eq . (2 .5) 

was developed for nonadsorbing gases . 

"We therefore remark at this stage tha t the failure of this 
theory of moisture transfer should occasion no surprise . .. " 

In porous media , water vapor is adsorbable and few problems of 

interest are steady state. Thus , researchers were not developing an 

original theory of adsorbable vapor transport but were adapting a less 

than perfect analogy of inert gas diffusion. Likewise , assumptions 

were being made , but not e xplicitly stated . This is demonstrated by 

the fac t Eq. (2.5 ) can only be obtained from classical diffusion theory 

b y assuming constant gas phas e dens ity. But with variable water vapor 

concentration , the gas phase density will vary even in isobaric 

s y stems . 

Phillip and DeVries also showed for isothermal transport , that 

thermodynamic relations can b e used to transform the gradient of vapor 

concentration to a gradient of liquid solution content. Therefore , 

with the liquid flux transformed to the diffusional form, liquid and 

vapor diffusivities can be added to obtain a total diffusivity, or 

where 

D 
m 

dC 
~ V 

a (¢ - 0) d B 
p l 

is the liquid phase density. 

(2 . 7) 

The sum of the two functions 

woul d hav e a secondary max imum at low water contents. They recognized 

tha t , with a total diffus ivity, experimental and mathematical solutions 

developed for liquid flow could be applied to combined liquid-vapor 

processes . 

Phillip and DeVries a l so h ypothesized the existence of "liquid 

islands" in relatively dry porous media . Thes e islands of water were 
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assumed held in pendular rings around solid particle contact points. 

The islands would be connected by films of adsorbed liquid incapable of 

liquid flow . The solution content below which such conditions prevail 

was denoted as Bk. The y qualitatively argued that under such 

conditions that vapor transport coul d be enhanced by the condensation 

and evaporation through the liquid islands . They provided n o 

quantitat ive experimental or theoretical data to substantiate this 

theory. 

Phillip (1957) using a steady state isothermal model based on 

Eq. (2.5 ) describe d evaporation rates from soils. While he principally 

addr essed total evaporation to the atmosphere, he also showed relative 

rates of local evaporation as a function of water content . His 

analy sis showed that most evaporation occurred at intermediate 

volumetric water contents , between 0. 10 and 0.06 for light clay. 

Jackson (1964a,b,c ) and (1965 ) and Rose (1963a,b and 1968a , b ) 

performed landmark research in isothermal water and vapor transport . 

Jackson tested the isothermal transport theory of Phillip and DeVries . 

He placed uniformly packed columns, open at one end, in chambers held 

at a constant vapor density. The column geometry and boundary 

conditions complied with the transient testing requirements of Bruce 

and Klute (1956 ). He found that experimental 

Boltzman transform , and the total diffusivity for 

results obeyed the 

adsorption followed 

the trend predicted by Phillip and DeVries ( 1957). He also found the 

diffusivity differed for adsorption and desorption . He explained the 

difference on the basis of hysteresis of the sorption isothe rms . 

Jackson concluded that classical diffusion theory adequately described 

iso thermal sorption of water vapor . Thus , there is no n eed to 

introduce special effects , such as liquid islands. 
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Jackson (1964c) also performed steady state transport experiments . 

Columns , open at each end , were placed between two chambers, held at 

different vapor densities. Th e vapor densities were maintained b y 

saturated salt solutions. Equilibrium was determined when the rate of 

mass loss from one solution equaled the gain of the other. Jackson 

found the steady state experiments gave comparable, but less accurate 

results than the transient experiments. 

Attempting to separate liquid and vapor components , Jackson (1965) 

performed a series of transient isothermal experiments at vary ing 

temperatures and pressures . He used thermodynamic arguments to show 

the free space vapor d iffus ion coefficient was a function of pressure 

and temperature, while liquid diffusion was only a function of 

temperature . With his experimental results he was able to show the 

vapor diffu sion varied as expected . With the exact knowledge of the 

vapor diffusion he was able to calculate the liquid diffusion down to 

less than one monolayer of coverage . While vapor transport was the 

dominant process a t low cov erages , liquid transport was still the same 

order of magnitude . Figure 2.1 presents some of his results. 

Rose (1963a ) measured liquid and vapor water diffusion with a 

small steady state cell. The sample was separated by air gaps from two 

pads wetted with saturated salt solutions . Water was transported from 

one pad over an air gap, through the sample , over the next air gap , to 

the second pad . Mass transport was de termined by weight gain and loss 

in the pads . Diffusivities were calculated from a series flow 

analysis. 

sample . 

The analys is assumed an average solution content within the 

Calculated conductivities were quite reasonable. Total 

diffusiv ities were reasonable at low contents, but apparently 

questionable at higher contents . 
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Rose (1963b ) presented a very detailed theory of four stages and 

two substages of water movement. Figure 2.2 depicts his transport 

stages . His stages , which are an elaboration of Phillip and DeVries 

ideas , assume immobile adsorbed vapor films at low coverages, liquid 

enhanced vapor transport, a distinction between surface creep and 

hydraulic flow and the two phases usually acting in series . That is, 

water is transported b y only one phase at any position. He presented 

no evidence that these states exist , and was uncertain himself about 

the two substages. It is not clear why he considered liquid and vapor 

in series, and neglected parallel flow, as is assumed by combining both 

mechanisms into a total diffusivity ( Eq . (2.7)). 

Grismer ( 1984) and Grismer et al. ( 1986a ) developed a method to 

determine the total diffusivity and hydraulic conductivity in soils at 

low solution contents b y nondestructive transient flow observations. 

They used a small h orizontal column with a constan t mass influx 

boundary condition, and determined solution contents b y gamma ray 

attenuation. They started with Jackson's ( 1964a ) equation for the 

total flow of water 

Q§_ 
at L cot ae) ax ax 

Then solving for Dt they obtained 

where is the inlet flux and x' 

(2.8) 

(2 .9) 

is a particular value of X. 

Actual values of Dt were computed by using successively measured flow 
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profiles and a finite difference form of Eq. (2.9). The method was 

successful in measuring total diffusivity down to less than 0.01 

volumetric solution content. 

Theoretical Concerns 

To conclude this section, it is noted that several authors have 

expressed concerns over the classical theory of Phillip and DeVries, 

usually under nonisothermal conditions. Jury and Letey (1979 ) found 

the theory under predicts vapor transport , Cass et al. (1984 ) found it 

required an empirical calibration and Nakano and Miyazaki ( 197 9) 

concluded , b ased on a theoretical argument, it was only valid when the 

total water potential is larger than - 10 6 cm . Nakano and Miyazaki 

presented a more detailed theoretical development, but still made 

limiting assumptions in its development . In the defense of the Phillip 

and DeVries theory, Hadas ( 19 77 ) found that when applied consistently, 

with the assumptions it was based upon , its predictions are reasonable , 

and the discrepancies reported are due to difficulties in measuring 

accurately all the parameters involved . 

To some extent , most of the critic i sm of Phillip and DeVries are 

based on the implicit assumption that the effective vapor diffusion 

coefficient in the porou s media is predicted as in Eq . (2.2), b y the 

quantity D vcr(¢-0). There is no known conclusive proof that t h i s is 
m 

the case. Van Brakel and Heertjes ( 1974 ) who studied gas diffus ion in 

several soils , presented detailed data and proposed a different 

approximation. Their empirical approximation gives significantly 

different results a t intermediate solution contents. Because of this 

lack of concensus it is concluded that the vapor diffusion coefficient 

should be measured , not predicted . Once it is assumed that the vapor 
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diffusion coefficient cannot be predicted most of the criticism of 

Phillip and DeVries becomes moot. 

SOLUTE TRANSPORT 

While some qualitative and empirical work in solute transport with 

a volatile solvent has been performed , n o known quantitative or 

theoretical research has been published. It will thus be necessary to 

build the base of this section from works which have investigated 

solute transport in nonvolatil e systems. This limitation is no t as 

sever e as it may seem at first glance . A basic assumption of this 

thesis is that solute is transported only in the liquid phase . 

Th erefore , the work in nonvolatile systems is directly applicable to 

the liquid phase processes of interest here. This sec ti on will address 

two questions; what are the solute transport processes in unsaturated 

porous media, and are ion adsorption or exclusion processes significant 

to the systems of interest here? At the end of the section , the recent 

research in solute transport by a volatile solvent will be reviewed. 

Solute Transport Processes 

Solute transport in porous me dia at the macroscopic scale is 

assumed to be the result of two processes; dispersion and convection . 

Bear (197 2) presents a general equation for the solute transport . In 

one dimension it states 

ac 
aat ( BCs ) + g_(q C ) + g_( D _s) ax 1 s ax - sax R ( 2 . 10) 
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where C 
s 

is the solute concentration, D is the solute dispersion 
s 

coefficient and R is a source term . With the notation o f the 

liquid volume flux , (not the total water flux), this equation is valid 

for volatile solvent systems, (as will be shown in the next chapter ). 

Implicit in its development is the assumption that solute is uniforrnily 

distributed over all cross-sections as observed from the macroscopic 

point of view and that al l liquid is mobile and accessible by solute . 

Thes e assumptions general ly limit applicati on of Eq . (2.10) t o 

homogeneous porous media without dead end pores or dual porosity . The 

form of the dispersion flux assume s that a disper s ion coefficient can 

be defined as a function of the diffusion coefficient , solution content 

and convect ive velocity. 

Smiles et al. ( 197 8) provided the first significant experimental 

evidence that Eq . (2.10 ) describes the solute distribution for 

transient unsaturated solution sorption. They assumed that for the low 

Pecle t number flows found in typica l infiltration studies , D is 
s 

principally a function of B and not For horizontal flow subject 

to constant solut ion content (B(x , O) =B(oo,t ) =Bn' and B(O , t ) =B ), and 
0 

constant solute concentration boundary conditions (C (x O)=C (oo t ) =C s ' s ' sn' 

and C (0,t) =C ), they wer e able to obtain an analytical solution for s so 

the solute concentration distribution. Using the Boltzrnan transform , 

, = I 1/2 
,I\ X t I they showed C 

s 
to be only a function of B (or ). ) . 

Smiles et al . tested their theory b y displacing , in a horizontal 

column, a resident solution of KCl with distilled water. After a 

pe riod the columns were sec t ioned , and the solution content and so lute 

concentration determined as functions of)._ Figure 2.3 presents some 

of their results. The solute profile agreed well with the theory in 

most respects . First the so l ute was displaced piston-like in the sense 
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that all water wa s mobile . A small dispersive front was observed. 

Also, the pos ition of the front (C /C =0.5) s sn corresponded to the 

position, x*, wher e the volume of water in the column from the inlet to 

the front equals the total volume inflow (i.e. where the fol lowing 

equation is satisfied): 

Jt q dt 
to 

0 

x* I 8dx 
0 

(2.11) 

The approximate solution of Wilson and Gelhar (1974; 1981 ) 

predicts precisely this result. Smiles et al., also concluded that the 

assumption that D =D (8) was consistent with the data. The ir data s s 

indicated that the function D /8 had a minimum value at the front s 

about equal to the molecular diffusion . At solution contents less than 

or greater to the solution content, D /8 increased, but they questioned s 

the accuracy of the data . 

One exception to the apparent piston displacement occurred at the 

farthest reach of the wetting front. At about 1/2 A=l .6 m/s the solute 

concentration was observed to exceed the initial value. They examined 

the data and were convinced of its ac curacy, but could not explain it . 

Smiles and Phillip (1978) repeated the experiments of Smiles 

et al . 

that D s 

They also found piston displacement , Ds independent of q1 , and 

is roughly equal to the product of B and D . m They state 

that there was no basis to subdivide the water into 'mobile' and 

' immobile' fractions . Interestingly, the same anomal y of Smiles 

et al. (1978), is again apparent in the data of Smiles and Phillip 

( 19 78). 
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Elrick et al . (1979 ) and Watson and Jones (1982) examined the 

concentration of invading s olute under the constant concentration 

boundary conditions. They also fo und similitude in respect to A and 

piston displacement. Smiles et al. (1981) performed infiltration 

experiments with constant inlet flux boundary . Following White (1979), 

they normalized all data by T=q 2 t and to 

piston displacement and D 
s 

independent of 

X=q X. to 

Bond and Smile s (1983) developed a theory of 

They again found 

D s dependent on 

They showed that at early times the velocity dependence of D 
s is 

significant . 

experimentally . 

They were unable 

Non-Piston Displacement 

to demonstrate the dependence 

There seems to be good evidence of the adequacy of Eq. (2.10 ) to 

describe unsaturated solute transport, but there are excep tions. 

Several authors have written about the failure of piston displacement. 

Porter et al. (1960); Kemper ( 1961 ); and Van Schailk and Kemper (1966) 

have shown salt sieving and anion exclusion due to double layer 

effects. They speculated on the inability of thin films to transmit 

solute. Krupp et al. ( 1 972 ) ; Bond et al. (1982 ) ; Laryea et al. (1982 ) ; 

and Smiles and Gardiner ( 19 82) have r eported experimental results which 

they have explained as anion exclusion, or immobile solution . While 

the accuracy of the s e experiments is not challenged, the interpretation 

and significance of the results are questioned by the writer . 

The materials used to obtain these results are generally unusual, 

and conclusions may have overreached the results. Both Bond , and 

Smiles and Smiles and Gardiner used a soil, termed "sub-plastic" , which 

contained 60 percent of strongly aggregated clay. The aggregates 
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produce very significant dual porosity, and probably dead end pore 

space . Thus , the conclusions on anion exclusion are open to debate. 

Laryea et al . , used a soil which was 35 percent clay and had a specific 

surface area of 300 m2 / g. Again , the question arises as to the 

homogeneity of the soil or if equilibrium existed on a microscopic 

scale during their short one to six hour experiments . Examination of 

their data shows that anion exclusion diminishes with time. Porter 

and , Van Schailk and Kemper used pure bentonite to obtain their anion 

e xclusion salt sieving data . The use of a material with high surface 

charge density makes the transfer of their results to normal soils 

questionable . Krupp et al., used a soil with 41 percent clay packed to 

a dry bulk density of only 1 . 13 g/ cm 3 and a porosity of 0 . 58 . This may 

have created a dual porosity system which could explain some of their 

results without invoking iwJTiobile solution or double layer effects . 

Of greater interest is the work of Porter et al. (1960). They 

used soils with 26 to 53 percent clay to measure chloride diffusion in 

half cell experiments. They showed by extrapolation that chloride 

diffusion goes to zero at nonzero solution contents. They thus argued 

that nthe moisture phase becomes practically discontinuous '' at low 

moisture contents . However their data can be explained by another 

theory. As mentioned before , Stigter ( 1980 ) showed that wall effects 

significantly reduce the self diffusion coefficient of water near solid 

surfaces . This general anal y sis and conclusion is also applicable to 

any soluble molecule charged or uncharged. Therefore, the results of 

Porter et al., may only show that the diffusion coefficient , for 

whatever reason, is zero at low coverages . No conclusion should b e 

made about the ability of liquid films to convect solute . 
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Solute Transport by a Volatile Solvent 

Grismer (1984) and Grismer et al. (1986b) provide the most 

relevant work published conce rning solute transport with a volati le 

solvent. They measured the transient transport of water and solute s in 

r elat ively dry soils with a dual source gamma ray attenuation system. 

Solution was injected at a constant flux into horizontal columns . The 

tests used a loamy sand and a silt loam packed at moderate densities. 

Their materials are not open to the criticism made of the previous 

papers. Figures 2.4 and 2.5 present some of their results . Figure 2.4 

presents the results of injecting SrC1 2 solution into a dry soil . 

Solution p rofiles developed as could be expected when vapor play s a 

role. Solution content fell rapidly from the inlet to a relatively low 

value and then remained near a constant val ue in a "vapor nose" before 

going to zero . Solute behaved quite differently. From the injection 

value the solute concentration ros e to values 1.5 times the injection 

concentration. From the maximum , the solute concentration fell to zero 

at nonzero solution content. Figure 2.5 presents the results of 

injecting SrC1 2 into the same soil with a small initial water content 

(8 =0.035). In that experiment no solute peak was formed and the vapor n 

nose was less distinct. The reduction in the vapor nose was expected 

but no explanation was made for the reduction in the solute peak . As 

in the other case, the solute concentration fell to zero at nonzero 

solution contents . They concluded that salt was only transported at 

volumetric solution contents greater than 0.04 in their soil. While 

they used the data to calculate total water diffusivities, they did not 

attempt solution of the solute transport equation . Their conclusion 

concerning solute transport was empirical and based on the fact salt 

was not observed in the flow profile at solution contents less than 
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0.04 . They did not investigate if a solution of the solute transport 

equation would predict such behavior. 

SUMMARY 

The theory of unsaturated liquid diffusive flow is well developed 

and several special analytical solution methods exist. It is 

reasonable to expect ( though no t adequately proven ) that liquid 

convection occurs down to monolayer coverage . Combined liquid-vapor 

flow theory defines a total diffusivity which is the sum of the liquid 

and vapor diffusivities . Phase transfe r and gas convection are 

generally neglected. Vapor diffusion coefficients should be measure d, 

not predicted. While combined liquid-vapor flow has been studied for 

about 40 years no one has presented a thorough theoretical development 

for the isothermal s ystem. 

The theory of liquid solute transport is well-developed and 

several special analytical solutions exist for one-dimensional single-

phase, transient flow. While it is reasonable to expect liquid 

convection of solute to occur down to monolayer coverage, anion 

exclusion and wall effects may eliminate solute dispersion and 

diffusion 

predicts 

volatile . 

at nonzero 

the mechanics 

solution contents . No 

of solute transport 

theory exists which 

when the solvent is 

Development of such a theory and solution for special flow 

cases should answer some of the questions raised 

researchers. 

b y previous 



Chapter 3 

GOVERNING EQUATIONS 

Chapter 2 has shown that the governing processes of combined 

liquid-vapor flow are well established, bu t to some extent , poorly 

justified. Solute transport in such systems has only been approached 

i n a qualitative fashion. In this chapter the governing equations for 

solute transport by a volatile solvent are developed in a more complete 

manner than previously done . To obtain this level of completeness , it 

is necessary to start from the basic concepts of mass transport . 

This chapter will examine the transport of the solvent in the 

liquid , gas and combined fluid phase s . Then the transport of solute by 

a volatile solvent will be examined . While the water solvent system is 

of principal concern here , this development will be kept as genera l as 

possible . 

CONDITIONS OF INTEREST AND TERMINOLOGY 

Before the development of the governing equation , it will be 

beneficial to list the conditions of interes t and to present the 

to be used . There are complete terminology 

components and fluxes. A detaile d presentation 

minimize confusion later . 

a 

at 

number of phases , 

this time should 

Consider the macroscopic control volume of porous media shown in 

Figure 3.1. Th e volume can be divided into three phases: solid , 

liquid , and gas . Each phase is comprised of one or more c omponents. A 
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component, such as molecular water , may reside in one or more phases 

and be transported in a phase or transferred between phases . Here the 

word " transport" refers to mass movement in a single phase while 

"transfer " implies mass exchange between phases. A distinction mus t 

also be made between phase density and component concentrations. Phase 

densities are the total mass of the phase per unit phase volume , while 

concentrations are component mass per unit phase volume . 

densities are equal to the sum of component concentrations . 

Phase 

Phase 

volume contents are based on volume of phase per unit volume of porous 

med ia. 

The solid phase is assumed rigid , forming a homogeneous and 

isotropic pore space at a macros copic scale . The solid phas e is 

comprised of two components , th e solid mineral and adsorbed solute. 

The density of the solid phase is p (M/L3 ) whil e its volume content 
s 

is l-¢(L3 / L3 ) where ¢ is the total porosity (volume of voids per 

volume of porous media). The solid matrix concentration is 

the adsorbed solute concentration is C . r 

C 
m 

and 

The liquid phase is comprised of two components a solvent and a 

solute. The solvent has the concentration C (M/L 3 ), and the solute 
w 

concentration is Cs. The liquid phase dens ity, pl is equal to the 

sum of C and C 
w s The volumetric liquid phase content is 0 . 

The gas phase is comprised of two components; a vapor of the 

liquid phase solvent and a carrier gas . The vapor concentration is, C 
V 

and the carrier concentration is C . The gas phas e density a 

equal to the sum of C 
V 

and C . 
a 

is 

Phase bulk flow volume fluxes are defined as volume of phase per 

unit area of porous medium per unit time (L3 / L2 •T). The phase volume 

fluxes are for the liquid phase and qg the gas phase. 
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Phase component mass fluxes are measured as mass of component per 

unit area of porous media per unit time (M/L2 •T ) . Th e mass fluxes are ; 

F the flux of solvent in the liquid phas e, F the flux of solute in 
w s 

the liquid phase, F the f lux of the solvent v apor in the gas phase 
V 

and F the flux of carrier gas in the gas phase. a 

The only mass transfers allowed will be the solute transfer 

between liquid and sol id phases, R, and the solvent transfer between 

liquid and gas phases, E. Both are defined on the basis of mass 

transferred per unit volume of porous media per time (M/L 3 • T) . 

SOLVENT TRANSPORT 

This section will examine th e mass transport of solvent in liquid 

and gas phases and the mass transfe r of solvent between these phases . 

The first subsection will addres s the liquid phase , while the second 

subsection will addre ss the gas phas e . The third subsection will 

examine the influence of gas phase convection on mass transport of 

solvent. The fourth subsect ion will combine the results of the first 

three to provide a descr iption of total solvent transport. The final 

subsection will discuss the possibility of bulk flow induced s olvent 

vapor convection in the gas phase. 

Liquid Solvent 

Mass conservation of liquid solvent requires 

L(BC) + L F at w ax w -E (3.1) 
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The phase mass transfer, E is positive when solvent is lost to the 

gas phase. The mas s flux can be expressed as the sum of phas e 

convection and component dispersion or 

where 

F w (3.2) 

D is the liquid phase solvent dispersion coefficient (Bird et 
w 

al., 1960). With the phase density inside the gradient term of Eq. 

(3 . 2), allows for variabl e density solutions. The volume flux , of 

solution q1 can be obtained from Darcy's law which for horizontal, one-

d imens ional flow can be stated as 

where 

k BPl 
µ ax (3.3) 

k is the intrinsi c permeability, µ is the dynamic viscosity, 

and P1 is the liquid phase pressure. Equations (3.2) and (3.3) can 

be substituted into Eq . (3.1) to yield a general equation of motion for 

the liquid solvent 

-E (3.4) 

Equation (3 . 4) is limited to one-dimensional horizontal flow but is 

valid for variable solution content, phase density, and solvent 

concentrat ions . By assuming dilute , incompressible solutions , the 

derivatives of Cw and pl can be cancelled to leave 

~ 
C w 

(3.5) 
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Note that the dispersive flux has vanished, and the term remaining in 

the parentheses is simply q1 . With constant density the volume flux 

can b e transformed to the more traditional form by relating P1 to a 

capillary pressure , P , and k to the conduc t 1v i ty, K, 
C 

p - p 
g C 

(3.6) 

K (3.7) 

where p 
g is the gas phase pressure and g is the acceleration of 

gravity. With these relations Eq . (3.5) becomes 

2 
C w 

(3.8) 

With the introduc tion of the capillary pressure, the analy sis is 

limited to unsaturated s y stems. 

Equation (3 . 8 ) is sti ll no t at the desired form . In relativ ely 

dry porous media , gas permeabilities are much greater than liquid 

values (Corey, 19 77) . Thus , it is reasonable to expect , VP <<vP . g C 

With this assumption, Eq. (3 .8 ) becomes; 

The quantity is the 

2 
C w 

capi llary pressure 

(3.9) 

head , h . 
C 

Since 

capillary pressures or heads are difficult to measure , the "water 

charac terist ic" will be i nt roduced 
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dh _c g_.§_ 
d0 ax (3 .10 ) 

The use of the ordinary derivative for the water characteristi c 

implic itly assumes a unique equilibrium relation between capillary 

pressure and solution content . In porous media the relation is 

hysteretic, and a single- valued relation only occurs under pure wetting 

or drying. 

Fo llowing Childs and George ( 1950), and Klute ( 1952) a liquid 

diffusivity is defined as 

ah 
-K _.£ a0 ( 3.11) 

The diffusivity is , of course , a function of solution content . 

Substituting Eqs. (3. 10 ) and (3. 11 ) into Eq . (3.9 ) produces the desired 

result 

a0 
at 2 

C w 
( 3 . 1 2) 

A diffusional form for liquid transpor t has now been obtained. 

Jackson ( 1964 ) and Ros e ( 196 3) started their analy ses with this 

equation obtained from a less rigorous derivation. The assumptions 

made to obtain Eq . (3. 12 ) are: 

1. 1-D , h orizontal flow, 

2. unsatura ted condition s prevail, 

3. incompressible liquid phase, 

4. dilute solution , 

5. VP <<VP , and g C 
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6. the water characteristic is single valued. 

The fifth assumption should not be mistaken for the more restrictive 

assumption of constant gas pressure . In a relatively dry porous media 

the capillary pressure can easily range over a thousand atmospheres. 

Thus , gas phase pressure changes of several atmospheres could occur 

while still meeting the fifth assumption. 

With the flux identities Eq . (3.3) and (3 .11 ), Eq. ( 3.12) can be 

rewritten in terms of the solution volume flux 

g_g__ aql 
at+ ax .:.& 

C w 
(3.13 ) 

This relation will be us eful in later sect i ons . Now the solvent vapor 

will be examined. 

Solvent Vapor 

Continuity on the control volume of porous medium requires 

L. {(~-B)C ) + aa F at V X V 
E (3.14) 

Again t he mass flux of solvent is assumed to be the sum of convective 

and dispersive components 

where D 
V 

F 
V 

( 3.15) 

is the vapor diffusivity which is a function of the 

molecular diffusion , convective di spersion, pore geometry and s olution 

content . 
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Substituting Eq . (3.15 ) into Eq. ( 3 . 14 ) yields 

L ( </>-B)C 
at V 

+ Q_ [C q -p D Q_ (C I )] ax v ·g g Vax V pg 

Expanding the derivatives produces 

ac 
<<l>-B ) at 

V 
ac 

C g_! + L [c q - D ( _y 
V at ax V g V ax 

E ( 3.16 ) 

V _.:._g C ap J 
pg ax ) E . ( 3.1 7 ) 

Similar to the introduction of the water characteristic the vapor 

density can be related to the solution content 

ac __ v_ 
a< ) 

dC _y _g_j_ 
dB a ( ) ( 3.18 ) 

wher e dC /dB 
V 

is the slope of the vapor adsorption isotherm . Again , 

the ordinary derivative implies a single value function, while the 

actual relation is hyste r etic and is also a function of the solute 

content . Similar to the water characteristic, the process must be pure 

wetting or drying , and the solution must be dilute to minimize osmotic 

effec ts. With the isotherm Eq. (3 . 18 ), Eq . (3.17 ) is transformed to 

ac 
[c</> - B) a/ C 

V 
-2 _:__g ) = E C ap ] 
pg ax . ( 3 . 19 ) 

The appearance of the gas density require s additional informat i on or 

assumptions to be brought into th e analysis. With a two componen t gas 

s y stem , the gas density wi ll be a function of both the gas pressure and 

the vapor concentration. Even at constant pressure, changes in v apor 

c oncentration will change the phas e density . For any carrier gas-vapor 
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mixture, the ideal gas law and the law of partial pressures can be 

combined to show ( CRC, 1986 ) 

p - f3*p 
( g ) p 

s 

where is the density of pure carrier gas at T s and p , 
s 

( 3 . 20) 

T a is 

the ab s olute temperature, T is a standard temperature , P is the s s 

standard pressure , p i s the partial pressure o f vapor, and /3* i s the 

ratio o f the molecular weights of vapor and carrier gas . In Eq . (3 . 20) 

all three p ressures must be measured on an absolute scale. The vapor 

pressure c an be determined from the ideal gas law and C . 
V 

At a n 

isothermal temperature of 22 . 5°C and an air-water vapor gas phase 

Eq. ( 3.20 ) reduces to 

(3 . 21) 

wh ere 0.0012 g/ cm 3 

{3 ' 511 cm 3 /g, and 

Ps 1030 cm of H2o. 

With Eq. (3.21) two gas phase state assumptions can be evaluated. 

Firs t, the traditional (though implicit ) , constant gas density 

assumption will be e x amined. With thi s assumption 

p 
g p f3 'C + I S V pg p gs 

Differentiation of Eq. (3 . 22) wi th respect to C shows 
V 

( 3 .22) 
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V 

P ~ , = 5.26 X 10 5 
s 
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(3.23 ) 

-5 Water vapor at 22°C will have a ran ge in C of Oto 2 x 10 g/cm3 . 
V 

This will require gas pressures differences of 10.5 cm of water (or 

0.15 psi ) to maintain constant phase density. This is a subs tantial 

value since the vapor density can go fr om saturation to zero in a few 

centimeters. It could be concluded at this point that constant gas 

density is a poor assumption. 

Now examine a cons tant gas pressure assumption. Differentiation 

of Eq . (2. 21) with respect to C shows 
V 

dp __g 
dC 

V 

Thus, any grad ient of 

-0 . 613 (3 .24 ) 

C will produce an opposite gradient in the gas 
V 

phase density equal to 0.613 of its magnitude. This gas phase gradient 

has implications in the mass transport b y convect ion of the gas phase 

as will be shown later. Of cou rse , the true gas phas e state wil l b e 

nei ther constant densi ty or constant pressure . The actual state will 

be a function of both vapor concentration and resistance to gas phase 

bulk flow . Thus , to calculate the true gas state, Darcy 's law for the 

gas phase must be solved; but to do so would complicate an already 

complex analysis. Therefore , it will be assumed that resistance to gas 

flow is negligible . This implies gas phas e p ressure is constant. With 

this assumption, Eq. (3.24 ) can be substituted into Eq . (3.19) and the 

chain rule applied to yield 
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1 , v ae C ] 
( + pgs~ pg] ax E . ( 3.25 ) 

Now no te that for an air-wate r system at atmospheric pressure the order 

of magnitude of C ' V 
and p gs 

is 10- 5 
' 

-3 -3 10 and 10 in the cgs 

system . Thus the last term on the left can be neglected to produce , 

after dividing by C w 

[:v 
w 

D 
2 
C w 

dC 
V 

dB 
fl§_] 
ax L 

C w 
(3.26) 

Interestingly , this is the same result as would be obtained if constan t 

density had been assumed . 

Equation (3.36) is the desired form fo r the solvent vapor equation 

of motion . It is not the traditional form in that gas phase convection 

has not been ignored. To obtain Eq. (3 .26 ) it was necessary to assume; 

1 . 1-D horizontal unsaturated flow, 

2 . incompressibl e liquid phase, 

3 . dilute solution , 

4 . the vapor sorption isotherm is single valued , and 

5 . the gas phase pressure is constant. 

Now the analysis will turn to the gas phase proper , to quantify 

the affects of gas phase bulk flow. 

Gas Phase Bulk Flow 

Continuity on the control volume of porous media requires 

E (3.27) 
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Equation (3.27) applies to the gas phase, thus dispersion does not 

contribute to mass transport. Followi:1g the vapor analysis, 

assumptions 1, 2, 3, 4 and 5 from above will be made . Applying the 

chain rule to Eq. (3.27) and dividing by pg produces 

[ :_g£ dCv ] Q§_ aqg 
- (¢-8) + 1 + pg dB at at dB ax L. (3.28) 

pg 

It is possible to neglect three of the terms in Eq . (3.28). Note the 

first term on the left. In air- water-soil s y stems ac /B Bzl0 -4 g/cm 3 , 
V 

-3 
p z 10 g/ cm 3 , and (¢-8 ) z 0.5, therefore , the first term is abou t g 

0.03 which is much les s than 1 , and can be neglected . Now note the 

last term on the left. Throughout the liquid profile , in almost all 

cases most soils will have a definite liquid content slope , thus ae;ax 
< 0.5 -1 cm Therefore considering the variable magnitudes already 

mentioned , the last term on the left is less than 0 . 0 3 q . Consis tent g 

with the length of the typ ical liquid- v apor zone, it can be expected 

that changes in the gas bulk fl ow will be spread over several 

centimeters, or aq ;ax z g 0.1 -1 cm With thes e approx imations, 

comparing the two terms indicates the change in gas bulk flow (aq / ax) g 

is mo re important to phase mass transport than the change in vapor 

concentration (the las t term ). 

Eq . (3 .2 8) will reduce to 

-ae aq + __:g at ax 

With th e approximations above, 

(3 . 29) 

Interest ingly, this is the same equation obtaine d if cons t ant 

phase density had been assumed . Since the same r esult ( the constant 



43 

phase pressure assumption equivalent to the constant phase density 

assumption), was obtained with the vapor component , it is concluded 

that the assumptions are equivalent for soi ~ water systems near the 

condition tested, even if vapor concentration is variable . 

Adding the liquid solvent and gas phase equations of motion 

(Eqs . (3.13), and (3.29)) results in 

L ) 
C w 

Now note that 1/p >> 1/ C , therefore g w 

Integration of Eq. (3 .31 ) yields 

L J E dx + KI 
pg 

(3.30) 

( 3.31) 

(3.32) 

where KI is an integration constant which is evaluate d from boundary 

conditions. If qg(O,t ) = 0, KI= q1 (0,t ) o ~ q10 . After rearranging 

Eq . (3 .3 2) becomes 

dx + qlo - ql (3 . 33 ) 

The magnitude of gas bulk flow in the s y stem can be evaluated . 

Consider the characteristics of wetting a dry porous media a s shown in 

Figure 3.2. (P roof of the accuracy of the figure will await for 
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B 

E 

/Edx 

X 

X 

q /lo _ _..:; __ 
X 

Figure 3 . 2 . Phas e transfer and induced gas phase convection during 
sorption into a dry porous media . 
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Chapte r 6 . ) The solution content will be a maximum at the inlet and 

fall to zero at the wetting front. The phase transfer, E , ~ill be 

positive at the inlet then pass through zero, reach a negative minimum 

and finally return to zero . The integral of E will start at zero, 

reach a max imum at the first zero of E and then fall back to zero at 

the wetting front . With Eq. (3.33 ) it is simple to sketch qg for a no 

gas flux boundary condition . It wi ll start at zero , rise to a maximum 

at the maximum of the integral and fall, not to zero , but to a value 

equal to q 10 . The maximum value of can be estimated as a function 

of q 10 . For wetting conditions the total mass evaporation at a given 

instant CJEdx evaluated over the entire evaporating region ), will be 

greater t han zero but less than C q 1 . Assume that one-tenth of the 

inlet flux evaporates . 

can be s t ated 

q ~ 0.1 gmax 

W 0 

Then JEdx ~ 0 .1 C q1 , and from Eq . (3.33) 
W 0 

it 

With -3 
p z 10 g/cm 3 , and C z 1 g/cm3 the last two terms can be g w 

negle c ted. qgmaxz 

Th is relation shows approximately, that mass transfer from the 

Then a rather surprising result is obtained, 100 

liquid phase can induce a gas phas e volumetric flux , two orders of 

magnitude greater than the liquid volume flux value . 

Qualitati ely, the integral of phase transfer in Eq. (3.33) arises 

from two proces ses ; the generation of gas phas e as water evaporates at 

the front of the column, and the diffusion of air toward the inlet. 

Due to the low gas density, ev aporation will generate large v olumes. 

Of course the generated volume will be app roximately equaled by the 



46 

condensation and phase consumption at the dry end, but between source 

and sink a bulk flow cell will be induced. Likewise, as water vapor 

diffuses away from the inlet, ai r wil l diffus e i n the opposite 

direction. Since the air has n o sources or sinks, a forward gas phas e 

bulk flow is induced in the column , which wi ll balance the backward 

diffusion of air . These two processes are closely interrelated , and to 

some extent should not be considered s epa r ate. The phase transfer 

induced gas bulk flow exposed here is much greater th an the convection 

implicit in Phillip and DeVri es ( 195 7) analysis, which was discussed in 

Chapter 2. 

Again quali tatively, the te r m ( qlo - ql) in Eq . ( 3.3 3) aris es from 

the effect of the gas phase b e ing pushed forward as liquid is injected . 

This term i s original to this analysis . 

This section has demonstrated that when phas e transfer occurs , 

signif icant gas phase convection is induced. It d oes n ot necessar ily 

mean significant vap or transport occur s by c onvect ion . That point will 

be addressed in the next s ecti on . 

Total Solvent Flow 

Adding the equations of flow for the v apor and liquid solvent 

(Eqs. (3. 12 ) and ( 3.26) produces 

LJ acv 
c ae w 

Qi Q_ 
at+ ax [~: D ac 

2 ~ q - + Dl g c ae w 
Ml = o ax (3.34) 

Note the phase transfer term cance l s. Following Jackson (1964), n ote 

that C ::::: l g / cm 3 , w ( </>- B ):::::0 . 5, -4 ac /aB:::::10 g/crn 3 , 
V 

and - 5 C :::::10 g/crn 3 . 
V 
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Therefore , it can be stated that vapor s torage is trivial compared to 

the liquid water storage and Eq. (3.34) reduc es to 

[~: ac 
_::!.. fl.§_j ax = 0 (3 . 35) 

Following Phillip and DeVrie s (1957), a total diffusivity , Dt, is 

defined 

ac 
_::!.. 

Subst ituting Eq. (3.36) into Eq. (3 .35 ) yields 

0 

(3.36) 

(3.37) 

Equation ( 3.3 7) is an approximate relation for the total flow of wa ter. 

It is c on si stent with Jacks on ( 1964a) and Rose ( 1963a) except for the 

v apor convection term . 

The previous section has shown by qualitative analy sis that even 

with zero gas phase flux a t the boundar ies, gas bulk flow orders o f 

magnitude greater t han the liquid vo lume flux is induced b y the phase 

t rans fer. The gas bulk f low term des troy s the diffusion form of the 

equat i on , thus it would b e beneficial to remove it or combine it with 

the diffusional term. But simplifying Eq . (3.37) is no t easy . 

Replacing q g with its re lation ( Eq. (3 . 33)) and expanding terms does 

not aid in analysis. 
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The basic difficulty in simpli fying Eq. (3. 37) are the temporal 

de rivatives cac )/at) whi ch are introduced when replacing qg with Eq. 

(3 . 33 ). While the spatial terms cac ) /ax) can be shown to be 

negligible , the temporal terms can not be quantified by the writer. 

Nevertheless, because of the mathemat ical benefit of simplifying 

Eq. (3.37) a rather difficult justification for neglecting qg 

presented . 

First , a total diffusive volume fl ux is defined 

Substituting Eq. (3 . 38 ) into Eq. (3.37 ) yields 

[ Cv 
C w 

0 

will be 

(3 .38 ) 

(3.39 ) 

Steady state condi tions will b e considered where the total mass 

flux of water is constant with respect to x and the solution content 

at a position is constant with respect to time. In Eq . (3.39), ae;at 
is zero , whil e the terms within the parentheses are the total 

equ ivalent volume flux of water, a constant . 

produces , 

where Ft is the total mass flux of water. 

Multiplying by C w 

(3.40) 

Likewise , Eqs. (3.13) and (3 . 29) can be simplified for steady flow 

to yield 
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9- (ql) L and dx C ' (3.41 ) 
w 

9- (qg) L 
dx pg 

( 3 . 42) 

respectively. Combining Eq . ( 3. 41 ) and (3.42) to eliminate E , and 

i ntegrating produces 

where 

q (o , t) g 

KI 

(3. 43 ) 

is an integration constant . With the boundary condition 

C 
0, KI will equa l w 

+- q10· 
pg 

This provides an expression for 

(3. 44) 

Substituting this expression for qg back into Eq . (3 . 40 ) yields 

C C 
V W (3 .4 5 ) 

The magnitude of the vapor convection in comparison t o the 

diffusive flux can be determined . Note the order of magnitude of C w 

and - 3 
pg ' which are 10 ° and 10 , respectively in cgs units. Th e vapor 

concentration will vary from 10 - S at the inl et to 10- 6 in the vapor 

"nose" to zero at the dry end. Note als o the liquid flux, q1 , will 

vary from q10 to zero such tha t the te r m in parent hesis will vary from 
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0 to Thus, the first term on the right (which is due to gas 

convection) is zero at both ends a nd has a maximum in between. Since 

qlo:5 qto it can be sta ted tha t the maxi mum value of the term will be 

les s than l0- 2c wqto Th e diffusive flux term will, of course , vary 

from C wqto to 0. Thus , over th e majority of the column , the water 

mas s flux due to gas convect ion wi l l be two order of magnitude less 

than the diffusive water mass flux . I n the "vapor n o s e " the picture i s 

n ot s o clear. Both terms wi ll be dropping t o z ero. The convective 

term r edu ction is due to the drop 

reduction is due to the drop in 

in C , and the diffusive te r m 
V 

It i s possible that vapor 

c onvec tion may be significant at the very t ip of the "vapor nos e" . Th e 

si gnificance , if any, would b e dependent on boundary conditions and the 

slope of the v apor adsorption isotherm . If vapor convection is 

significant, i t would tend to e longate the "vapor nose ". 

This d iscus sion has shown t hat the g a s conv ection of wa t er vapor 

is p r obably insignificant. It is concluded that it is justifiable to 

drop the term if addit ion al prob lem specific testing crite ria can be 

developed. 

develop ed . 

The s p ecific criteria for such a test wil l now be 

The flux term inside Eq . ( 3.39) can be expressed as 

Apply ing th e chain rul e yi elds 

C 
V 

+ C 
w 

0 

aqt 
ax 0 

(3 . 46 ) 

(3.4 7 ) 
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Now the vapor convection can b e neglected if 

<< 1 ( 3 . 48) 

and , 

~x [ 

C "gl aqt 
qt -3. << or, C qt ax w 

(3.49a) 

~x [ 

C "s] a -3. << 1 qt C q I ax ( qt ) 
w t 

(3 .49b ) 

Thes e two tests assure that both the magnitude and rela tive change in 

the gas phas e vapor convection in sma l l. 

The re is no known apriori means to determine when these conditions 

are met f or transient conditions. Thus, any solution which neglects 

the gas phase bulk flow term must test Eqs. (3.48) and (3.49) . 

Neglecting the term transforms Eq. ( 3.37) to the traditional form 

0 (3.5 0) 

With Eq. (3. 50 ) the water flow for several boundary conditions can 

be s olved by the methods outlined in Chapte r 2. While this form for 

the total flow of water allows the use of several powerful solution 

methods , it can only be develope d by making several assumptions , some 

of which are not stated in the li terature. In review , for Eq. (3.50) 

to hold all the assumptions made in the separate liquid and vapor 

analyses must be met and additiona l l y ; 
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Eqs . (3.48) 

52 

- C /C << 1 , 
V W 

and (3. 49) mus t h old. 

Before examining solute transport, one last aspect of gas phase 

convection will be explored. While it is assumed that gas convection 

of v apor solvent is negligible, it will be necessary to consider gas 

phase dispersion. 

Gas Phase Dispersion 

Up to this point the vapor diffusivity has not been explicitly 

defined. As stated before , it assumed to be a function of the 

molecular d i ffusion, convective dispersion, pore geometry and solution 

content. Traditional analyse s that ignore t he induce d gas phas e bulk 

flow assume no dispersion is present. 

Even if the induced bulk flow is two or thre e orders of magnitude 

greater than the liquid volume flux, it will still be small in absolute 

terms. In sys tems such as of interest here, the liquid volumetric flux 

- 6 is usually around 10 cm/ s. Induc ed gas bulk flow could not exceed 

- 3 10 cm/s under such conditions. The Peclet number is used to classify 

dispersive flows . It is defined here as 

p 
e V d/D m 

wher e v is the in tersti tial velocity, and 

(3.51) 

d is a characteristic 

particle size . The Peclet number for t he induced convection should be 

-4 < 10 . Chemical Engineering li terature contains extensive work on gas 

dispersion in packed beds, but that literature usually is only 

interes ted in flows with P > 1 , and uniform particle size . At P > 1 e e 

it is assumed that lateral diffusion will have an adequate effect to 
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eliminate axial dispersion (Langer et al. , 1978; Ruthven, 1984). 

Therefore it would be reasonable to ignore convective dispersion . The 

work of Rolston et al. (1969) would seem t o challenge this assump tion. 

They measured gas dispersion of o2 , He, and air is soils at 

P <<l . They found that measured gas dispersion coefficients doubled e 
-3 - 3 b etween volume flow rates of 10 and SxlO cm/s . These flow rates are 

app r oa ch ing the range of interes t here . Unfortuna tely, no additional 

work can be found in this subject , and the dispe rsive effect cannot be 

quantified . I t will be necessary then, to ignore any dispersion that 

is induced b y th e induced gas convection. 

The analysis of the solvent mass transpor t is complete. The 

significant trans port terms for both phases have been defined . It is 

now possible to proceed to an analysis of the solute transport . 

SOLUTE TRANSPORT 

Continuity on t h e control volume requires 

a(0C) 
--=s-+LF ax s at 

R (3.52) 

where C is the s olute concentration in the liquid phase, F is the s s 

mass flux of solute and R is the source term for adsorption of solute 

on the s olid phase . The solute flux is assumed to be the sum of 

convective and dispersive fluxe s 

F s 

D a( Cs /p 1 ) 
C 2 q -

s 1 pl ax (3.53) 
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where D 
s 

is the dispersion coe ff i c ient for the s olute . As in the 

l iquid analysis, for dilute solut ions the liquid density is assumed 

constan t and cancel s from the last term. The n plac ing Eq. (3.53 ) into 

Eq. (3.52 ) yields 

a(Bc ) 
--~s_ + g__ 

ax at [ C q -s 1 R 

Applying t he chain r ule and r egrouping produces 

ac ac 
e--s+ __ s+g__ at ql ax ax 

(3.54 ) 

R ( 3.5 5 ) 

From t h e liquid water analysis it can be stated that the last term on 

the l eft is equal to - E/C ( Eq . ( 3. 13 )) . The source term can also b e w 

r e moved by assuming it is proportional to the rate of change in solute 

c onc entration 

R (3.56) 

where is a sour ce constant and C 
rn 

is the solid component 

c oncentrat ion . This relation assumes a linear equilibrium relation 

between liquid phase so lute and ads orbed solute. 

re l ations, Eq. ( 3 . 55 ) reduces to 

With thes e two 

0 (3.57) 
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For nonadsorbing solutes , kd 

fur ther 

0, and Eq . (3.57) can be simplified 

ac ac _ _ s _ _ s 
eat + q l ax 

ac 
[ D _sJ ax s ax 0 (3.58) 

Th i s i s the desired form of the equation of solute transport . The 

phase trans fer has i ntroduced a term that is in addition to the 

e quation s olved b y Wilson and Gelhar (1974; 1 981). Because the phase 

transfer has been introduced all previous as sumptions must hold . 

Additional assumptions are; 

1. fu lly mis c ibl e solute displacement occur s , a nd 

2 . solutes are nonadsorbing. 



Chapte r 4 

SOLUTIONS TO TRANS PORT EQUATIONS 

Two special mathematical solutions to th e bas i c governing 

equations developed in Chapter 3, will now b e obtained. The two 

solutions differ due to different inlet boundary cond itions. The 

boundary conditions to be examined , are the constant solution content, 

and the constant solution flux . These two conditions serve to bracket 

the range that can be expected in experimental columns and many field 

applications . 

Th e following sections are long and de tailed . To k eep each 

s ection in prope r perspectiv e , the gene ral outline must be remembered. 

For each of two boundary condit ions , a series of three steps is 

required . The steps are : 

1. Solution of total solvent transport, 

2 . Solution of liquid s olvent transport, and 

3. Solut ion of solute transport. 

Each step mus t be completed before the next is started. 

CONSTANT SOLUTIO CONTENT BOUNDARIES 

Total Solvent Transport 

The first problem to b e addressed i s the one-dimensional sorption 

of solution with constant so lution content boundaries. 

and boundary conditions a re exp ressed mathematical l y as 

Thes e ini tial 



0(x ,O) 

0( 0,t) 

0 (00,t) 

e n 

e 
0 

e n 
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and (4 .1 ) 

Constant solution c onten boundaries are obtained , by exposing one 

end of a long column , wi h an ini tially uniform solution content, to an 

unl imited supply o f solution at a constant po tential . At the wetting 

end the porous medi a wil l quickly reach a constan solution content , 

which is in equilib rium with the supply potential. The solut ion is 

imbibed into the column , producing a nonuniform solution profile . The 

column is effect ive ly semi-infinite until the profile reaches the 

column e nd . Figur e 4.1 shows typical adsorption p rof iles . 

The to t al volume flux of water including b oth vapor and liquid was 

defined in th e last chapte r a s 

-D ae ;ax 
t (4 .2) 

Foll owing McWhorter ( 1971 ), the fractional flow , F , is now defined as 

F ( 4 . 3) 

wher e F is a function of 0 and time, and q to is the total flux a t 

x=O. Examina t i on of Eq. (4.3 ) shows F will have a value between 1 a t 

0=0
0 

and zero at 0= 0n. Combining Eq . (4.2) and (4.3) produces 

-D ae/ax t 
(4.4) 
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B 

X 

B 

Figure 4.1. Constant solut ion content boundary sorption profiles . Top 
6 vs. x, bottom 6 vs. A. 
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Following Phillip (1974 ) it is possible to separate variables and 

integrate from x=O to X 

X = L J: Dt 
d0 (4.5) 

qto F 
0 

Eq . (4.5 ) is the desired f orm for the fractional flow analysis . 

Once F (0) and are known, the position of any s olution content 

can be calculated simply . The ta sk that remains is the determination 

of F and Th e solution technique for F consists of using an 

itera tive method , a ssuming a function F (0 ) and then using integral 

forms of the flux equation to estimate a new F(B ). Phillip and Kni ght 

( 19 74 ) have shown t his method to converge to an exac t solution of the 

flow for several situations. 

The app roximat e equation of flow for the s ys tem obtained in 

Chap t er 3 is 

fil_ 
at g_ (D t fil_ ) ax ax (4 . 6) 

Following Bruce and Klute (1956) , the substitution of the Boltzman 

var iable, A=xt-l / 2 , transforms Eq. (4 . 6 ) to 

(4 . 7) 

Likewise, th e initial and boundary conditions , Eq . (4.1) , are 

transformed to 
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B(O ) B , and 
0 

(4.8 ) 

B (co) B n 

Integration of Eq . (4.7) with r e spect to >.. over t he interval >..=co to>.. 

( B t o B), yields n 

B 
- ½ L >..d B (4.9) 

n 

The transform of the flux relat ion , Eq. (4.2 ) also y ields 

(4 . 10 ) 

Substitut ing Eq . (4.9 ) i n t o (4 . 10) p r ovides an integral equation for 

the volume flux at any pos i tion 

l t - 1/2 
2 

B I >..d B 
B n 

This flux term can be substi tuted for both 

definition of F , Eq . (4 . 3) to y ield 

F 
B 

>..dB/ LO >..d B 

n n 

(4. 11 ) 

and in the 

(4 . 12 ) 

From Bruce and Klute (1956) i t i s known that all solution profiles 

are normalized by the Bol tzrnan variab l e as shown in Figure 4. 1 . Thus 
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for these boundary conditions , F=F(B) and is i ndependent of time. 

Equation (4.12) is unsuitable for the evaluation of F , since it 

requires knowledge of the flow profile Relations for A must be 

deve loped. The denominator of Eq . (4 .12) is the sorptivity, s 

( Phi l lip, 19 73), 

s (4 .13 ) 

The sorptivity of a soil, is a constant for the given boundary 

conditions. Mass continuity shows that qto is related to S by 

l -1/2 
2 St . (4 . 14 ) 

Likewise, the flux a t any posi t ion can b e related to S by Eq. (4.14) 

and the definition of F , Eq . (4 .3 ), 

l FSt-1/2 
2 (4.15) 

The expression fo r can be equated to that given previously in 

Eq . (4. 10 ), and the result integrated to give 

(4.16) 

Equation (4.16 ) establishes the re la tionship between A and 0 and is 

used in Eq . (4.12) to expres s F as a function of 0 . Making this 

subs titution and integrating the denominato r by parts yields 



F 

I660 ( 6-6 ) 
0 n 

Q dB 
F 
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Now t h e iterative nature of the me thod can be seen . 

(4 . 17) 

With the trial 

e s timate of F , a new value of F can be calculated . Equation (4 .17 ) 

is n ot yet suitable though for computat i on . Swi t ching t he limits of 

int egration of the numera to r and i n tegration b y p ar t s produc es 

F. = 1 -1.+l (4.18) 

where f3 is a n integration v ar i ab l e, and i indicates the iteration 

of F . Phillip and Knight (1974) sh owed th i s metho d converges rapidly 

and unc onditionally for Dt increasing , or cons a nt with B. 

The solution of the total water transport equation is comp l ete . 

With a known total diffusivity, the F(B ) function can be calculated 

from Eq. (4.18 ) . The calculation is iterative and requires an initial 

estimate of F( B) . Following Phillip and Knight (1973 ) , F(B ) =8= 

( B-B )/(B - B ) is an adequate first guess. Once F ( B) is calcula ted n o n 

to an adequate precision , the liquid content profile can be calculated 

easily b y Eq. (4.16) . Wi t h the known liquid conten t profile the 

so r ptiv ity can be c alcu l ated b y Eq . (4.13 ). Finally, with the known 

sorptivity the inlet flux and the f l ux at any position and time can be 

calculated by Eqs. (4.14 ) a nd (4 .15). 

Equation (4.18 ) is so lve d nume rically b y a central, finite 

difference a lgorithm programe d i n Lotus 1-2-3 , Verson 2. 00 , which runs 
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on an IBM PC/XT . The algorithm use s 50 steps in B. The solution is 

manually iterated until Fis within 0 .001 at all positions . With the 

final estimate of F, all other variable s are calculated directly b y 

c entral finite difference forms of their definition equations . 

fi gure 4 . 2 presents thre e F v e rsus 8 functions . On the graph 

are shown three relations . The "linear" soil is Phillip's (1973) 

solu t i on f or porous media with a constant diffu s ivity tha t is not a 

func t ion of B. Th e F=8 relationship woul d b e ob Lained for a ma terial 

with a diffusi v ity at B=B o ' but with z e r o diffusivity for B<B . 
0 

Phillip (1973 ) defines this case as a "delta function" soil, tha t 

corresponds to the so-called Green -Ampt wetting front. Also shown is 

the F (8 ) for a t yp i c al soil . All constant liquid content boundary F ( 8 ) 

wil l l ie above the line F=8 . F functions will exceed tha t for the 

l inear soil only i f diffusiv ity increases with decreasing liqui d 

content . Such a situation occurs with v apor flow . The analy sis wil l 

now t u rn toward an examina t ion of th e liquid phase . 

Liquid Phase Solvent Transport 

The equation of flow of the liquid phase was shown in Chapter 3 to 

b e 

ll aq1 
at+ ax ~ 

C w 
(4 . 19 ) 

This equation of flow is also subjec t to the initial and boundary 

conditions of Eq. (4. 1 ) . The liqui d flux can be related to the total 

flux by the ratio of thei r respective diffusivit ies 
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F 

e 

Figure 4.2 . F ( 8 ) re l a tionship s . 
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(4.20) 

Substitution of Eq . (4.15 ) into Eq. (4 . 20) expresses the liquid flux as 

a function of F and S 

(4.21) 

Now substitution of Eq . (4.2 1 ) back into Eq . ( 4 . 19 ) and applying the 

Boltzman transform y ields 

~ dB + ~ Q_ [ DDlt F J 2 d). 2 d). 
t E 
C w 

(4 . 22) 

With known values of Dt , D1 and F the s ource term is the only 

unknown in Eq. (4.22 ). Thus, the phase transfer can be shown t o be a 

function of the flow profile . Note the left-hand side of Eq. (4.21 ) is 

only a function of 0 . This would indicate 

L. till 
C t (4.23) 

w 

where e is the normalized phase tran sfer . Just as 0 versus). is a 

single -valued function, e versus ). will be single-valued. While 

Eq. (4 .22) is a simpl e relation, a further reduction in terms is 

possib l e . Differentiation of Eq. (4 .1 2) with respect to 0 shows 

>. S dF/ d B (4 . 24) 
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Substituting Eqs. (4.23) a nd (4.24) into Eq . (4.22) yields 

Lg__ 
e = 2 d>. [ Dl ) J F(l -

Dt 
(4 . 25 ) 

With a known flow profile and diffusivities , Eq . (4.25) can be 

us ed to calculate the phase transfer at any point in the profile. All 

the characteristics of the liquid phase transport are now available to 

the ana l ysis of the solute transport. 

Solute Trans port 

The equation of solute transport developed in Chapter 3 is 

ac ac 
8 

__ s __ s + g_ 
at + ql ax ax ( - ac 

D _ _ s J - Cs sax 
&..._ 
C w 

The initial and boundary conditions that apply are 

C (x,0) C s n 

C (O,t) 
s 

C so 

C (a:,,t) C s sn 

and 

0 (4.26 ) 

(4.27) 

With the proceeding analys is it is a simple matter to transform 

this equation to a similar form . Substituting Eq. (4.21) for 

Eq . ( 4 . 2 3 ) for E/C , 
w 

applying the Boltzman transform and regrouping 

produces 

~ J dCS 
2 d). C e s 

(4.28) 
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Applying the Boltzman transform to the initial and boundary conditions 

indicates 

C (0) 
s C so 

C (oo) C s sn 

and 

Care must be taken in defining the exac t value of C (0,t ). 
s 

( 4.29) 

Remember 

that the boundary condition requires a constant solution con tent, which 

produces a tota l water flux into the column . This implies that water 

will enter the column in both liquid and vapor phases. Th e fraction of 

water that enters as liquid is given b y Eq . (4. 20 ). In most cases the 

inlet content will be high enough that D :::eD 1 t and the boundary 

concentration , C (0, t) will 
s be equal to the concentration of the 

supply . However i f the inle t conten t is low , D1<D t and some water 

will evaporate at th e inle t and ent er the column as vap or, leaving the 

remaining liquid at a higher concentration, proportional to Dt/D1 . 

Equation (4.28) is the basic equation of solute transport for the 

boundary conditions of Eq. (4.29). From inspection of Eq. (4 .2 8 ) it 

can be stated that if the solute dispersion coefficient is only a 

function of the liquid content (D =D (B)) , then the solute s s 

concentration , likewise will be a function of liquid content only, 

( C =C ( B)) . s s This is due to the ability of the Boltzman variable to 

"transform" the governing equation to an ordinary differen tial 

e qua tion , reduce the boundary c onditions to two , and that all other 

coeff icients are only function s of liquid content . 

evidence presented in Chapter 2 , it will b e assumed 

D s 
BD m 

Drawing on the 

(4 .30) 
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where D m is the free space molecular diffusion coefficient. Since 

Eq . (4.30) is only an approximate relation , the tortuosity is not 

included, but it could b e inser ted if desired. Substituting this 

relation into Eq. ( 4.29 ), applying the chain rule and regrouping gives 

.iJ. 
2 D m 

dB 
d>.. 

dC _ _ s 
eC s B D m 

From the total flow analysis it is possible to eliminate 

( 4.31 ) 

dB / d >.. and 

>.. . Setting the two expressions for qt' Eqs. ( 4.10) and (4. 14 ) equal 

and so lving for dB/d>.. indicates 

dB /d>.. - FS /2Dt ( 4.32) 

Subst i tutin g this r elation and Eq . ( 4 . 24) fo r >.. ' reduces Eq . (4.31 ) to 

~ [ D1F D BdF l dC d 2C 
+ -1!1 __ s 

eC B D 
__ s 

(4.33) 2 Dt D dB d>.. s m d>..2 
t 

Equation (4.33) brings the comple te s olute transport equation to 

i ts simplest form . Examination shows the equation to be second order, 

linear , ordinary differential equation with var iable coefficients. No 

general solut ion is known for this form. Attempts at special solutions 

using moving fronts and separation of variables have been fruitless . 

Likewise a ttempts at n umerical solutions of Eq . ( 4.33 ) have 

fa iled. The highly variable coefficients (D1 , Dt ' B, F , and e) defeat 

simple iterative solutions whil e the boundary condition at the inlet 

( dC / d >.. not specified), precludes use of step methods . 
s 

Nevertheless , 

it will be beneficial to examine even a simplified solution to 
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Eq. (4.33 ) , such that the effect of th e phase transfer can be examine d. 

Since the diffusion coefficient i s quite small and as discussed in 

Chapter 2 , may be zero at very low so lut ion contents, D will be se t to m 

zero. With this assumption Eq . (4.3 3) re duces to 

0dF 
d0 l dCs 

d>. e C s 0 (4.34) 

Equation (4.34 ) represents the effect s of he convective t ranspor t of 

the s olute and the phase transfer of the solvent on the solute 

concentration. It applies to b o th invading solutes and any solutes 

present initially ( resident ) in the porous media . It can readily be 

s olved for the cons tant concentration boundary conditions. Separa t ion 

of variables and integration produce s 

ln C s 

0dF l 
d0 

(4. 35 ) 

where either >- 1 or >. 2 is a position of known concentration . Again, 

Eq . ( 4 . 35 ) applies for both invading and resident solute , bu t the 

limits of integrat ion are as yet unspecifi ed. Note only one boundary 

condition can be used in Eq. (4.35 ), but Eq. (4.29) specifies both 

C (0 ) s and 

conditions . 

Cs(oo ) , thus each solute will use only one of the 

From inspection it can be concluded the invading solute 

c a lculation will us e C (0) while the resident solute will use C ( 00 ). s s 

Note , because dispersion has b een neglected , resident and invading 

solute will not mix . That is , they are always segregated from one 
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another . It, therefore, does not matter if the resident and invading 

solutes are the same or different specie s. The resident solution is 

evaluated from the position 

solution is evaluated from >.. =0 1 

to 

to 

oo while the invading >..2 

Applyin g thes e limits of 

integration a nd taking the exponential gives the final results. For 

the resident solution 

C _s_ 
C sn 

exp 

for the invading solution 

C _ s_ 
C so 

exp 

, and (4 .36 ) ':: l 

(4.37 ) 

0dF l 
d 0 

Note that Eqs . (4.36) and (4.37) only yield relative so lute 

concentrations diffe ren t from unity if er O somewhere in the profile. 

That i s, the solvent must undergo phas e transfer to produce nonuniform 

solute concentration . But likewise, solute concentration is also a 

function of F and the rati o D1/ Dt. Thus , the actual value of C s 

at a position is a function of Dt' D1 , F and 0 throughout the profile . 

As noted before , the invading and resident solutes will not mix 

due to the assumption that dispersion i s zero. Thus the last remaining 

point is the evaluation of the p os ition or front, >..s' that separates 

the resident and invading so l ute. The integrals of Eqs . (4.36) and 
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(4.37) can both be evaluated from .>.=0 to co without a direct 

indication of where the invading solute ends and the resident begins . 

One way of determining the front posi tion would be to apply Eqs. (4. 36) 

and (4. 37) through the entire domain, and then use mass balance 

calculat ions to determine ). . 
s 

Thos e calculations show that mass 

balance i s achieved a t the posit ion where 
D1F 

Dt 
BdF 
dB Inspection of 

Eq s . ( 4 . 36) and (4.37) show that posi t i on is the locat ion of a singular 

point of the integrand. At that point the integrand is inf inite. 

'While the preceeding is a direct method , the numerics o f evaluat ing 

thes e i ntegrals do not provide great accuracy, or insight . Instead , 

the following ana lysis examines more quantifiable processes . 

At t=O, just af te r the start of adsorption , all the water contents 

between B and B a re present at x=O. o n Likewise, solute will be 

present i n al l solution contents . As time increas es, each solution 

content, B, wi ll travel at a unique velocity, v 8 (B,t ). Als o, the 

solute a t each so lution c ontent will have a unique velocity, v (B,t ). s 

The s o lute fron t, ).s' will be at the pos ition where these two 

v elocities are equal , or 

B 
V ( B,t ) 

s 1 (4. 38 ) 

The variable B , will be equal to 1 at only one position in a 

combined liquid-vapor flow . Th e velocity of a miscible solute is given 

by a seepage velocity, q1/B. Using Eq . (4 .21 ) for q1 shows 

V 
s 

(4 .39 ) 
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The ) value of a given s olution content is given b y Eq. (4.24), which 

after repla cing the Boltzrnan variab le , and d i fferentiating produces 

( 4.40) 

Dividing Eq . (4. 39 ) b y (4 . 40) prov ides the desired result 

B(8) 
Dl F 
Dt 8 dF/ d 8 

(4. 41) 

Notice B is only a function of 8 and thus A. With a computed 

flow profile , B can be determined exac tly and easily. The solute 

f r ont will be a t the position wher e B(8 )=1. This resul t checks with 

the l ocation of the singular point n oted b efore. 

The ana lysis of the constant solution content boundary is 

complete . The constant flux boundary conditions will now be examined. 

CONSTANT INLET SOLUTION FLUX 

Tota l Solv ent Transport 

The second special cas e to be examined is sorption with a constant 

flux boundary at x=O. The mathematical exp re ssion of these conditions 

are : 

8 (x, 0) 

ec~ . t ) 
8 n 

8 n and (4. 42 ) 
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In constant solution flux sorpti on , solution is injected a t a 

constant r a te into an effectively semi- infinite porous media with a 

uniform initial solution conten t . The solution content at the 

inject ion point will gradually in r ease with time. Within t he porous 

medi a the solution profil e will develop and advance. 

cons tant f lux adso r ption are shown in Figure 4.3. 

Profi les of 

Thi s cas e has the advant age of a known infl ux , but the 

disadvantage that the Boltzman transform cann ot reduce the boundary 

conditions to two . Thi s has prevented exact analytical solution of the 

flow profile, and implies tha t F=F (B, t)(White et al ., 1979). 

Experimental measurements b y White ( 19 79 ) indicate that if B is 

normalized by the transform 

8 (4 . 43 ) 

that F(8,t) is only a weak function of time . The time dependence is 

greatest at early times . As an approximation it is as s umed 

White et al. showed that the transforms 

F=F (8 ). 

X 

T 

xqto 

tq2 
to 

and (4.44 ) 

(4.45) 

reduce all constant flux data into a set of normalized flow p rofiles. 

Tha t is , data for different influx rates, but the same B will have 
0 

the same profil e in X a s shown in Figure 4.3. With the first 

t r ansformation (Eq. (4. 44 ) ) the e quat ion of total water flux becomes a 

def inition of the fraction f low 
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8 qto f i xed 

X 

B qto variable 

X 

Figure 4 . 3 . Constant flux b ounda r y sorption profiles . 
bo ttom 6 vs . X . 

Top 6 vs . x , 
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This equation can be solved for X t o yie l d 

X( 8) -I'. 
0 

Dt(B ) 
F (8) dB 

(4. 4 6) 

(4.47) 

This result cou l d also b e obtained from transforming Eq. (4.4). 

The time dependence of 8 
0 

and therefore 8, can b e determined f r om a 

mass balance . Continuity from t=O t o t produces 

8 Lo X d 8 

n 

Mul tiplying both sides by qto y ields 

T ( 8 ) 
0 

8 Lo X d 8 

n 

Thus with Eqs . (4 . 47 ) and (4 . 48 ) and known values of Dt and 

(4.47) 

(4.48) 

F (S ) , 

the profile for any 8 , and the T of that profile can be calcula ted. 
0 

The last task is the determination of F(8). 

No s olution is known to calculate F (S ) for thes e boundary 

conditions, as was done for the constant content boundaries . White 

( 19 79 ) measured F(8 ) f or a fine sand. He found t hat the measur ed F 

lay between F obtained f or c onstant content boundaries , and F=S . He 

also showed that flow profiles c alculated with F(S ) measured from 

constan t flux experiments, or th e F (8 ) calculate d for constant solution 
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content at e , gave equally go od approximations to measured flow 
0 

profiles . He concluded that 

b oundaries over the range 

fo r the constant flux flow. 

F 

e t o n 

calculated with c onstant content 

e was an adequate approximation 
0 

With a known F , t he t o tal wate r t ranspor t, Eq. (4.6 ), can be 

transformed by dividing b y q~
0 

and noting the definition of F , given by 

Eq . (4. 46) to yield 

£1 aT 
.Q_ 
ax 

aF 
ax (4 . 49 ) 

The liquid phase v o lume flux as a funct i on of F and X can be 

obta ine d by comb i ning Eqs . ( 4 .2 0 ) and (4.46) to obtain 

(4 . 50) 

This comp letes the f low analysis for the constant flux boundaries . 

In summary , with a n assumed or measured value of F ( S ), the liquid 

c ontent profile from a given e 
0 

can be calculated b y Eq . (4.47). The 

time at which a given e 
0 

occurs then can be calculated by Eq. (4.48). 

The total flow or liquid fl ow at any value of e can b e calculated 

with the use of Eq. (4. 50 ). With this approximate total flow solution, 

the liquid phase transport can be examined. As for the other boundary 

cond i tion , all calculations a re performed in Lotus 1- 2- 3 , Version 2.00 

on an IBM PC/XT , with a central finite difference algori thm. 
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Liquid Phase Solvent Transport 

The liquid phase transport , Eq . (4.19) can be transformed to a 

constan t flux basis b y substitutin g Eq . (4.20 ) for the liquid flux, 

dividing by q 2 , and noting the de nominato r of F , Eq . (4.46 ), to to 

produce 

( Dl ~ 
C q 2 

w t o 

Now a tran sformed phase transfer , e' , can be defined 

e' E/qt2 C 0 W 

(4.51 ) 

(4.52) 

Substi t ut ing Eqs. (4. 49) and (4.52 ) into Eq. (4.51) an d regrouping 

produces a simple relation for phas e t ransfer 

e' (4. 53) 

No te that e' is a function of both X and T . It , like the 

solution profiles will have a series of profiles that are constant for 

given e 
0 

Th e t ranspor t of solvent is now fully descr ibed. The 

analysis will turn t o the so lute transport. 

Solute Transpor t 

Applying the transforms, Eqs. (4.44) and (4 .45 ) to the solu te 

transport, Eq. (4. 26), and noting the definition of 

will yield 

e' , Eq. ( 4 . 5 3 ) 



ac D1 acs 
0 __ s + F + e'C 

BT Dt ax s 

The boundary conditions will be 

Cs(X ,O) C sn 

C (oo,T ) 
s 

F (0,T) s 

C sn and 
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Q_ 
ax 

where F is the solute mass influx. so 

acs l ax (4.54) 

(4. 55 ) 

Equation (4.54) can be simplif ied f urther by app lying the chain 

rule with respec t to 0 or 8 and making substitutions obtained from 

the total flow analysis. Thos e procedures produce second order partial 

diffe rential equations t hat contain functions of 0 and 8 . Thes e 

equations will yield to approximations . Another procedur e available is 

to s eparate variables by assuming F=g ( B)/h (t), such a s F=8= ( 0-0 )/(0 -n o 

Bn )) . While separation is possible , the separation constants cannot be 

evaluated eas ily . 

The problem with these methods i s the inlet bounda r y condition. 

Remember for the constant content boundary , care has to be taken in 

defining the inlet concentration . Even though a liquid source can have 

a c onstant concentration as the liquid enters the medium , the flow will 

dictate that a port ion of the inflow will evaporate and actually enter 

the porous media as vapor leaving the liquid phase a t a higher solute 

concentration. With the constant f lux boundary the inlet boundary 

content and the liquid flux changes with time. 

Neglecting solute dispersion at x=O, the mass flux of solute is 

equal to the convect ive transport 

F so ql C (0,T ) 
0 S 

(4. 56 ) 
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where C is the source solute concentration . Applying Eq . (4.50 ) and ss 

solving for C s shows, 

C (0,T) s C ss (4. 57) 

is a function o f 0 . It has 
0 

a minimum at the 

liquid c ontent of the vapor diffusiv i ty maximum , and approachs unity at 

saturation . Likewise , 0 is a complex function increasing with 
0 

T, 

from O to saturation. Therefore , C ( 0,T) will increase from T=O, to s 

a maximum at T>O , and will then fall to 1 at large T. 

Considering the complexity of the inlet concentration it is 

doubtful that an analyt ical solution of any sort can be ob tained . As 

in the previous cas e it wil l still be beneficial to examine even a 

simpl i fied s olution of Eq. ( 4 . 54 ). To do so, it wil l be necessary 

evaluate the solu t e concentration b y numerical methods. 

Numerical Particle Tracking 

A unique particle tracking method will be used to calculate the 

solute transport . The method makes the maximum use of the approximate 

analyt ic solution to the liquid-vapor flow. The method will track a 

set of particles and calcul ate solute concentration based on their 

positions at given times . As with the constant solution content 

analysis, this metho d only consider s the convec tive transpor t of 

solute. Dispe r sion i s neglected . 

Consider a s olu te particle in the l iquid phase. Th e particle does 

not have mass . The v elocity of the particle will equal the seepage 

velocity, q1/0. Using Eq . (4. 50 ) for q1 and dividing by 0 yields 
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where v is the seepage velocity . Dur ing a given time increment , 6t, s 

the particle will move the distanc e ~x . or 

~x 

Multiply ing b y 

M . . 
J ]._ 

V ~t 
s 

qto 

Dl E 
Dt 8 

and applying the definitions 

6T. 
]._ 

(4. 59 ) 

o f X and T yields 

(4.60 ) 

where M .. J ]._ is a transformed incremen tal s tep of particle j during 

the tran sformed time step 6 T . . 
]._ 

Th e position of a particle 

i+l , then will be given b y the f o rward finite difference, 

X . . 1 J , 1-+ X . . + M . . 
J ']._ J ' ]._ 

at time 

(4. 61 ) 

Given Eq . (4. 61 ) and the known liquid content pro file the positi on of 

any solute particle at any time can be calculated if its ini t ial 

position is known. 

When a s et of p articles are tracked, the concentration profil e can 

be c alculated. Wh ile part i c l e s are considered massless, the solution 

between par ticles will have a spec ified mas s of solute base d on the 

initial and boundary conditions. For an inv ading solute severa l 

particles which enter the porous media at varying time s are tracked . 

The mass of s o lute between particles wil l b e equal to the produc t of 
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so lute mass flux ( Eq. (4.56 )) and the differential time . I n terms of 

transformed time the solute mass is 

whe r e M 

T a re 
0. 

J 

M s . 
J 

s. 
J 

the 

is the 

release 

T 
oj+l 

mass 

times 

between particles 

of the partic les . 

(4. 62) 

j and j+l and T and 
oj +l 

The average concentration 

between part icles is calculated by div iding b y the vol ume of s olution 

between the particles. The s o lut ion vo lume can be cal culated using the 

trapazoidal rule between the particles. 

l ength t h e volume will be 

In 

V . . 
J ' l 

_ 1_ 
2 ( B . . + B . l . ) (X . . - X . l . ) qto J , 1 J + , 1 J , 1 J + , 1 

terms of transformed 

(4. 63 ) 

where V .. is the t ota l volume of so l ute between the particle s and 
J, l 

B. . J , l 
and B. 1 . J+ 'l 

are the liquid content a t the respective particle 

position . Dividing Eq. (4 . 62 ) by both Eq . (4.63) and C ss p rovides 

the average re lative s olute concentration be tween inv ading solute 

particles 

C s . . 
_J_....1_ 

C ss 

2(T -T 
o.+ l o . 

( B . . + B . l . ) (X. . - X . l . ) J,l J+ ,1 J,l J+ ,l 
(4.64 ) 

For resident so lute s the mass of so lute between particles is ca lculated 

from the initial conditi ons 
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M s . . 
J '1. 

C B (X. - X. l ) / q sn n J , o J + , o to (4.65) 

where X. and X. 1 J,O J+ ,O 
are the initial position of the particles . 

Div iding Eq. (4 . 65) b y Eq. (4.63) and C n 

re l ative solute particles 

C s . . 
---Li 

C s n (B. . + 8 . +l . ) (X. . - X. l . ) J,1. J , 1. J,1. J+ ,1. 

provides the average 

(4.66) 

The strength of this numerical method can now be seen . Whil e the 

method is roughly analogous to other particle tracking methods , (such 

as Reddell and Sunada , 1970), this method takes maximum advantage of 

the approx imate analytica l solution of the combined liquid-vapor flow . 

Equations (4.64 ) and (4.66) show that the solute concentration 

profi les, like the liquid content profiles , can be no rmalized by the 

transforme d variables T and X. Likewise, this method allows the 

calculation of solute concentrations directly from the approximate 

analytical solution of solvent transport. 



Chap ter 5 

EXPERIMENTAL PROC EDURES AND RESULTS 

This chapter presents the experimental procedures and results 

obta i ned during the course of the 

determined the phy sical properties , 

research. The tests performed 

water characteristic, total 

di ffusivity , hydraulic conductivity, and transient solute transport. 

Each test a n d its resul ts are presented in the following sections. 

MATERIAL AND PREPARATION 

Al l exp eriments were performed on Lurgi retorted oil shale. The 

material was produced by a pilo t Lurgi plant operated by Gulf Research 

and Development Co., Gulf Corporation , a t Harmarville , Pennsylvania. 

The material designation was 10/ 31/83 -21 00 -Run 108.C. In the Lurgi 

pilot plant the raw shale was crushed to about mi nus 3 nun and retorted 

to extrac t the k erogen. I t is then combusted or decarbonized to remove 

r esidual carbon compounds . The process produces a fin e textured , gray 

solid re sidue . Rio Blanco ( 19 76, 19 77 and 1981) present deta ils of the 

Lurgi proces s and p roposed operation . 

Lurgi retor ted shale is a chemically active material due to the 

high p r oce ss temperatures to which it is expo sed . Upon the addition of 

wa ter, the mate rial hydra tes, similar to a cemen t . McWhorter and Brown 

( 1985 ) carried out e xperiments which inve s tigate d the h y drat ing 

properties. Th ey concluded the c ementing was basically a surf ace 

reaction and tha t only a small portion of the material rea cted . This 
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property has been reported by others (P ilz , 1982; Marcus, Sangrey and 

Miller , 1984). 

When the material is wet to about 50 percent water content b y 

weigh t, a pas te is formed. If the paste is allowed to cure, it forms a 

rock-like mass with some strength . This property caused conside rable 

conce rn for the manner in which the material is prepared for hydraulic 

testing . There are no known similar cases in the li terature. 

Therefore, the sample preparation method was des i gned t o replicate , to 

the extent possible, the field conditions . 

Since the principal area of concern was the long-term properties 

of the material, it was decided t o test only hydrated samples . The 

disposal pile will probably have 10 to 20 percent water by weight added 

at placement and it is be l ieved, based on the results o f the wetting 

tests reported b y McWhorter and Brown , t h a t h y dration should be 

essen tially complete within a month . 

Packing columns with wet mate rial and allowing it to hydrate in 

place was considered as a means of creating a column of h y drated 

material. Thi s was rejected due to the difficulty of completely drying 

the column and keeping cracks 

considered impractical to drill a 

from 

core 

forming . 

of the 

Likewise, it 

material since 

was 

its 

strength is relativ ely low . Therefore, it was decided to grind the 

hydrated material to a particle size distribution which replicated the 

initial. It is bel i eved that this procedure results in packed c o lumns 

with a pore structure reas onab ly s imilar to that expected in the field. 

Th e following is a description o f the sample preparation. 

A sample of Lurgi retor ted shale was wet with distilled water to 

30 percent by weight. The s ample was allowed to hydrate in a closed 

container at 100 percent relative humidity and approximately 22°C . 
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After 28 days , the sample was removed and oven dried at 105 °C. The 

entire samp le was then ground by hand with an iron mortar and pestle. 

A portion of the sample was placed in a disk mill and ground to obtain 

a size distribution which replicated the initial size distribution. 

Finally, the sample was redried at 105°C to remove any moisture it may 

have ga ined in processing . Samples processed in this manner wer e used 

in all subse quent hydraulic tests. 

PARTICLE SIZE AND DENS ITY 

A particle size analysis of the fresh material was performed b y 

dry sieving . Dry sieving was performed because it was considered 

inappropriate to us e we t sieving and hydrometer analysis as called for 

by ASTM-D422 on a reactive material such as the Lurgi retorted shale. 

The result of the sieve analysis is presented in Figure 5 . 1. Thirty-

mm. A five percent of the material by weight was smaller 

large portion, 31 percent , was between 1 and 

particles were 5 mm. 

than 

2 mm. 

0.045 

The largest 

The apparent specific gravity, or particle density of the material 

was determined b y ASTM-D854. A total of four tests were performed on 

unsorted and sieved samples . The average density obtained was 2.74 . 

The difference between fine and course samples were insignificant . 

WATER CHARACTERI STI C 

Proce dures 

The water characteristic was developed using two methods. The 

methods used were vapor sorption , and pressure cells. Each of these 

methods has its own range of capillary potentials and the combination 
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Figure 5 .1 . Grain s ize distribution of Lurgi r etor t ed oi l shale . 
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of the data from both provides a water characteristic over the range 

from Oto less than -10 6 cm. of water. 

Pressure Cells. The wetting and dr ainage characteristics over the 

range of O to -15,000 cm of water were determined by pressure cell 

apparatus. The procedures were consistent with ASTM-D2325, except a 

modi fi cation was made to the pressure plates to allow for measurement 

of the wetting characteristic. Following Klute (1986 ) a second tap was 

placed in each pressure plate as shown in Figure 5.2 . This second tap 

allowed the circulation of 0.01 N Caso4 solution behind the sample 

which provided a source of water for sample wetting . The reservoir 

height is adjusted to maintain a slow drip at the drain. 

In operation, samples were dry packed to a constant bulk density 

of 1 . 4 g/cm 3 in aluminum rings 4 . 9 cm I.D. by 2.54 cm high. Half of 

the samples were then saturated by standing overnight in wetting 

soluti on and the remaining half kept dry. Triplicate , dry and wet 

samples were placed in the cells on top of the plates and 500 g lead 

weights placed on top of each sample to provide a small normal load. 

The cells were closed and pressurized . After three (for low pressures) 

to seven days (for high pressures), the cells were opened and the 

samples removed . Water contents were determined gravimetrically . 

Samples were used for only a single measurement. Finally, the data was 

critically 

accuracy . 

reviewed and several measurements repeated to insure 

Vapor Sorption . Vapor adsorption and desorption were used to 

determine the water characteristi c in the range -10 4 to -3 x 10 6 cm . 

Vapor soprtion samples are placed in chambers in which the humidity and 

temperature are maintained at constant values . Samples will adsorb or 

desorb water from the liquid phas e until the thermodynamic potential of 
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the s oil solution is at equilibrium with t h e potential of the vapor . 

At equilibrium the thermodynamic potential is given b y 

R'T' 
M g w 

wh i l e R' is the ideal gas cons t an t, T' 

M is t h e gr a m molar weight o f wa t er , g w 

gr avity, C 
V 

is the vapor densi t y , and 

(5 . 1 ) 

is the abs o lute tempera t ure , 

is the a cceleration of 

C 
VS 

i s the saturated vapor 

density . Unde r isothermal conditions the thermodynamic potential can 

be r e l ate d to the pressure head b y 

( 5. 2 ) 

where h is t he osmot i c p otent ial which arises f rom salts in the soi l 
0 

water so l ution . The osmot ic potential i s always pos it i ve . 

de cre ases the magnitude o f t he pressu r e potential . 

Thus it 

If a sample of the equilibrium s o il water can be obtained , the 

osmotic potential can b e measured b y the freezing point depression or 

e stima ted from the e lectrical conduc t i v ity (Richards , 1954 ) . Obta i ning 

a rep r es entative sampl e of undistur bed solution at low solution 

contents is difficul t . Th e E . S . M. column leach test developed by 

Nazareth ( 1984 ) can ob t a in a solut ion samp le from soils at mode rate 

water con tents . But , at t h e ve r y low wa te r contents obtain e d in vapor 

sorption experiment s , t ypi c a l l y around 0. 05 b y weight , ev e n the E . S . M. 

test f a ils. 

Th e osmotic potential can be e s t imated b y curve matching the vapor 

sorption d a ta to the pressure ce l l data if t he water contents ove rlap 
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as is normal. In tha t cas e , at a constant solution content, 0, the 

osmotic po tential i s estimated by 

h 
0 

( 5.3) 

where h is obtaine d fr om the pressure plate data at 0, and ht is 

obtained from the vapor sorption data a t 0 . From a single curve 

match , the remaining vapo r sorption data c an be corrected by Eq . (5.2) . 

The measurements where made wi th 5 g samples contained in aluminum 

cans. Duplica te samples were placed in a 

d ifferent saturated sal t solution was 

multiple chamber cell. A 

placed in the bottom of each 

chamber . Th e cell was plac ed in a constant temperature bath se t at 

22.5°C ± 0.1. Measurements where made b y opening the cell, qui ckly 

cover ing the cans wi th lids, and weigh ing the sample s t o ±0.0001 g. 

The samples were then quickly uncove r ed, and replaced in the cell . 

Equilibrium took considerable time to obtain . Equilibrium was assumed 

to b e achieved if two measur ements at least one day apart were within 

±0 . 001 g . Equilibrium took roughly two weeks to a chieve , but small 

changes could be measured for over two months. The solutions used in 

the measurements are listed in Table 5 . 1. 

Results 

The result s of the wa ter characteristic measurement s are shown in 

Figure 5.3. The Lurgi retorted shal e packed a t a dry bulk density of 

1.4 g/ cm 3 had a displacement p res sure of approximately 300 cm . The 

pressure plate data prov ides the bulk of the solution content change , 

whil e the vapor sorption data provides the majority of the range in h . 
C 
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o vapor adsorption (adjusted) 
• vapor desorption (adjusted) 
D pressure cell wetting 
• pressure eel/ drainage 

• 
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B 

Figure 5 . 3. Water characteristi c for Lur gi retorted oil shale . 
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Table 5.1 . Saturated salt solut ions used in vapo r sorp tion . 1 

Sal t 

a22 .5°c 

NaOH 0 . 061 -3.89 X 10 6 

ZnC1 2 0.100 -3 . 20 X 10 6 

MgC1 2 0.328 - 1. 55 X 1Q6 

K2c o 3 0 . 436 - 1. 15 X 10 6 

Mg (N0 3 ) 2 0 . 542 -8.51 X 10 5 

NaN0 2 0.649 -6 . 00 X 10 5 

NaCl 0.75 8 -3 . 8 5 X 10 5 

KCl 0.85 0 -2.2 6 X 10 5 

K.No 3 0.931 - 9.93 X 10 4 

Ca (H 2P04 ) 2 0.94 8 -7.42 X 10 4 

K(H 2Po4 ) 2 0. 963 -5.24 X 1 0 4 

K2cr 2o 7 0.9 80 -2.82 X 1 0 4 

1 From : Ecology 41:233 (1960) Saturated soluti ons 
fo r the control of humidi t i n biological 
res earch . 

The values of h (negat ive h), for th e vapor sorption samples have 
C 

been adjusted by 2 . 5 x 10 4 cm to account for the osmotic potential. 

This value was arrived at by matching the 98 percent relative humidity 

solution content to the pressure plate data . In any event, the curves 

shown is Figure 5.3 are insensitive to the estimated osmoti c potential. 

Figure 5.4 pres ents the vapor sorption isotherms obtained from the 

e xperiments. It has a classical B.E.T. Type III shape. The shape 

indicates tha t the fir st mono lay er is strongly adso rbed , additional 

coverage forms uniform l ayers , and that capillary effects occur at 

h igher humidities . The da ta is also listed in the appendix. 
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Figure 5 . 4 . Water vapor sorp t ion isotherms for Lurgi retorted oil 
shale . 
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SPECIFIC SURFACE 

The B . E.T . equation (Brunauer, et al ., 1938) can b e used with the 

water vapor adsorption da ta to relate the volume of adsorbed vapor to 

the vapor density and the specifi c surface of the porous media . The 

B .E . T . equation was developed wi th the assumpt i on that at a given v apor 

dens i ty there wil l be a uniform , constant dep th of adsorbed vapor on 

all surfaces . This assumption limits the range of application of the 

equation t o humiditi es , generally less than 50 percent, wh e r e 

capillarity is no t signi fic ant . Th e B.E. T . equation states 

CIC v' VS 
B(l- C /C ) 

V V S 

(c - l )C /C _ 1_ + V VS 
B C B C 

(5. 4) 
m rn 

whe r e B is the volume of adsorbed gas for one monolayer , and c is m 

an adsorption constant. The rnono layer volume and c are determined by 

plotting the left-hand side of Eq . (5.4) versus C /C V VS 
an d drawing a 

straight line through the data as s hown in Figure 5.5 . With the slope , 

sand vertical axis intercep t , i , B and c can b e calculated from m 

B m 

C 

1/(s+i ) 

s / i+l 

(5. 5 ) 

(5. 6 ) 

A least squares regre s sion using the lowest four data points 

yields the i and s values shown and a regression coefficien t of 

1.0000. Th e calculated monolayer volume is 0.0175 cm3 /cm 3 a t a dry 

bulk density o f 1 . 4 g/cm 3 . wi th th e rnonolayer volume the spec ific 

sur face can be cal culated b y 



95 

,00 

0 

80 

0 

Cv I Cvs 
60 

8 ( I- Cv / Cvs ) 

40 

LJ--- s = 55.8 

20 

i = 1.40 - '---..L.-.-....l_,_-L,_--1,. ___ 1..,__,.L___...!,_ _ __L__......L _ _J 

0 0.2 0 .4 0.6 0.8 1.0 
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ss B /pbh m m (5.7) 

where ss is the specific sur face, and h m is the monolayer height 

-8 t hat is assumed to be 3.1 x 10 cm. Equat ion (5.7) yields a specific 

surface for the Lurgi of 40 m2 /g. This is a relativel y large value for 

a nonclay material. The plot als o shows that at around 50 percent 

relative humid ity the adsorp tion deviates fr om the straight l ine . This 

would indicate tha start of capillary effects. 

SATURATED CONDUCTIVITY 

The saturated hydrauli c conductivity of the processed Lurgi 

retorted oil shale wa s determined b y a falling head permeameter . A 

single column, 6 . 95 cm in diameter and with a test sec t ion 33 cm long 

was packed to a dry bulk density of 1.37 g/cm 3 . The c olumn was allowed 

to saturate overnight b y filling with a so lution from the bottom . Th e 

same Caso4 solution u sed in the water characteri s ti c tests was used for 

b oth saturation and testing here. After s aturation , the permeameter 

was connected to a glass, (2.2 cm I.D. ), tubing reservoir . The 

r eservoir level was then read periodically for 3 days. The hydraulic 

gradient ranged from 6.6 to 3 . 5 . The conductivity o f the sample can be 

calculated by (MclJho rter and Sunada , 1977) 

where K s 

reservoir, 

t is the 

reservo ir 

K s 

is 

A 

time 

aL/ At 

the 

the 

from 

h eight 

ln (H / H) 
0 t 

s aturated 

are a of the 

the start of 

above the 

(5.8) 

conductivity, a the area of the 

permeameter , L is the sample length , 

flow , and H and Ht are the 
0 

outlet at times zero and t. The 
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conductivity can be calculated between any two data points , which will 

give a series of estimates. A better analysis is provided by plotting 

ln(H /H ) versus At / aL. The plot should be a straight line with a 
0 t 

slope of 1/K . s 

Figure 5 .6 presents a plot of the falling he ad data. The plot is 

linear as requi red , and indicates a saturated conductivity of 9.1 x 

-6 10 cm/s. 

SOLUTE TRANSPORT BY LIQUID-VAPOR FLOW 

Theory 

The dual source ganuna ray attenuation method of monitoring water 

and salt movemen t developed by Grismer (1984) was used. The method 

simultaneously measures vo l umetric so lution conten t and salt 

concentration, b y the attenuation of ganuna rays of t wo different 

energies. If the sample is a mixture of materials its mass adsorption 

coefficient, µ , can be approximated (Grismer et al., 1986a) by the 

weighted average 

µ "i:. . w.µ . 
1. 1. 1. 

(5.9) 

where w. is the mass fraction of component i that has an absorption 
1. 

coefficient µ .. The attenuation coefficient ~, is the product of µ 
1. 

and solution density , p 1 . Mul tiplying Eq . (5. 9) by pl yields 

L,. w. p. 
1. 1. 1 

"i:.. µ. C. 
1. 1. 1. 

(5.1 0) 
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where C. 
)_ 

is the concentration of c omponent i . For a single salt 

solut i on the summation of Eq. (5.10 ) c ontains only two terms , one for 

the salt, the other for the water 

/3 µ C + µ C w w s s (5.11 ) 

I t i s impractical to measur e t h e mass absorption c oefficient of a 

pure salt, but it i s easy to measure the attenuat ion of vary ing 

solution concentra t ions . 

Eq . ( 5 . 11 ) to 

/3 f3 + b m w 

Thi s suggests the transformation of 

(5.12 ) 

whe re /3w is the attenuat ion coeffic i ent for pure water, m is t he 

molal ity base d concentrati on unit e qua l to C /C , s w and b is an 

attenuation coefficient measured us ing a series o f solutions. The 

molality base is used sinc e it is easy to accurately mix solutions b y 

mass . 

If a column of rigid porous media and solution is placed between a 

gamma source and a detector , the count rate, I , is given by 

I -f30L I e 
0 

(5 . 13) 

where I is the count r a te ob t ained with only the container and oven 
0 

dried porou s media, and L is the radiation path leng th through the 

sample . Two different sou r ces , americ ium and cesium , would have 

separate count rates, Ia' Ioa' I and I , and attenuation coefficients 
C OC 
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~ , ~ , b and b . Simultaneous counts at a single position provide a c a c 

two equations and two unknowns 

I a 

I 
C 

Solving for 

e 

m = 

e 

I exp [ -(fi +b m)BLl oa a a · 

and m yields 

[ b I I .s. ln ~ ln .s. 
b I I a oa oc 

b 
L( fi - .s. 

fi a J C b a 

[ tc ln ~c fia ln 
oa 

and 

l , and 

I l .s. 
I oc 

I I [ b ln .s. b ln 1:c J a I C oc 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

If Eq . (5 .16) indicates no salt is present the solution content 

can be determined more accurately with the single americium count . 

Solution of Eq . (5 .12) for single energy counts shows 

e - 1- ln(I /1 ) fi L a oa a 
(5.18) 

The accuracy of gamm a ray attenuation is limited by 

characteristics of the equipmen t and the random nature of emiss ions 

from the sources . A large amount of the equipment error is caused by 

electronic drift . That is, the equipment counting characteristics 

change between the time of the dry count, I , and the wet counts , I. 
0 
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This error is minimized b y counting at a standard absorber, I , 
s 

before 

and after each measurement . The actua l count I' is then adjusted by 

the ratio of standard counts 

I I I I / I so s (5.19) 

where I is the standard count wh e n the dry measurement is made . so 

The random nature of emissions , attenuation, and detection produce 

count rates tha t have a binomial distribution. Th e distribution i s 

approximated b y a normal distribution with a standard deviation equal 

to the square root of the mean. Grismer (1984 ) presents a detaile d 

error analysis based on this as s umption. He shows that errors in 

solution content and solute concentration are a complex function of the 

magni tude of B, m, the count magni t ude , and the salt used . While his 

conclusions are somewhat s y stem dependent, they can be summarized as 

follows: 

1. Total count number should exceed 600,000 . For 3 -4 cm I.D. 

columns, this requires coun t times of 3 minutes for americium 

and one minute for cesium. 

2. The relative probable error in salt concentration increases 

with decreasing solution content. The probable error 

generally exceeds the actual value for volumetric s olut ion 

contents less than 0.03. 

3. Salts with the leas t relative error are Nal, SrC1 2 , and 

Pb(N03) 2 . In all of these salts the heavy element provides 

the majority of the attenuation effect. The most 

conservative of the sal ts is Nal. 



102 

Additional errors are produc ed by coincident beam interference if 

both beams are exposed at once. When counts are simultaneously taken , 

interference from the high e nergy source is produced in the lowe r 

energy count . While this interfe rence can be corrected, the correction 

may e qual one-half of the actual coun t . Correction of such magnitude 

resul t in rela tively meaningless da ta . The need for correction is 

eliminated when only one source is exposed at a time and the counts are 

performed sequentially . For the slow flow process examined here , there 

is no significant change in 6 or m dur ing the brief time interval 

required to sca n the column with each source expose d . 

Apparatus 

The apparatus used is the same used by Gri smer (1984), and Grismer 

et al . ( 1986a and b ). A schemat ic of the system is shown in 

Figure 5.7. Th e sources used were 200 mCi of 241 Arn with a 0.476 cm 

active diameter , and 33 mCi of 137 Cs wi th a 0.35 cm active diameter . 

The sources were held in a container which allowed each source to b e 

quickly aligned with th e collimator hole . The collima t or hole was 

0.476 cm in diameter and provided 1.7 cm of lead for the Arn and 7.1 cm 

of lead for the Cs . When exposing the Arn source alone, there was 

enough shielding of the Cs source to render its contribution to the 

total count ins ignificant . 

In operat ion, a singl e gamma source is passed through the sample 

at a know lo c ation. Th e gamma rad i ation is de tected by a NaI( Ti) 

crystal and generates a signal from the photomultiplier tube. The 

signal is p assed through t he ORTEC system elements and counted for a 

specific time period . The count i nformation is then passed t o a HP -

9825 compute r for computation o f 6 and m. 
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Procedures 

A 0 . 10 molar, NaI solution was injected at one end of a column by 

a Sage 355 syringe pump. The column was lucite with a 3 . 5 cm I.D . and 

15 cm long. The column was s ealed except f or a needle septum at the 

inl et and a small vent at the fa r end. The injection mass was 

dete rmined b y periodically removing the entire column and weighing i t. 

The weighing required stopp ing injection for l ess than five minutes . 

The column wa s scanned periodically by the dual sour ce s y stem at 

positions 0.5 cm on center . Between scans the injection rate was held 

constant , but was adjusted a t the e nd of scans if n ecessary to produce 

adequate profiles. 

Two separate tests were performed . In each test the column was 

p acked with the Lurgi r etorted shal e . Care was taken during packing to 

i nsure th e ma te rial did not separate b y s izes or into laye rs . The 

comp a cted bulk densi ty obtained in the c olumns was 1 . 4 g / c rn 3 . The 

t otal column porosity was 0.49 . 

Run 1 . In the firs t t e st a total of 6.05 g o f solution was 

injected over a seven-day period . Due to an equipment operation error 

no solution was injected during a period from hours 48 to 96 . This 

failure did no t affect res ul ts fr om the latter part of the test . The 

injection rate was held con stant at about 1 .5 x -5 10 g/ s. The inlet 

mas s -6 solution was 1.3 x 10 g/ cm 2 s . flux of After the injection was 

termi ated the s olution r e distribution was measured . The 

redistribution was monitored for a t o tal of 97 days. 

Run 2. In the second run the column was injected with 34.75 g of 

solution at varying ra t es -5 -4 o f 2 . 9 x 10 t o 3.7 x 10 g/s. Th e mass 

flux of NaI was 2.6 x 10- 6 to 3.4 X 
- 5 10 g / cm 2 s. Thi s range of 

injection rates was used to induce solution content profiles adequate 
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for estimation of the total diffusivity over the entire saturation 

range . Injection was stopped a fter 8 days . No redistribution was 

measured since the final water contents were well above the range of 

interest. 

Inte r pretation and Result s 

I nterpretation . Be f ore the test data are detailed it wil l be 

ins tructive to desc rib e in general te rms the expec ted results . 

Figure 5.8 presents an idealized depiction of a soil's properties and a 

single scan on an initially dry column . Figure 5.8a shows a typical 

vapor ads orption isotherm similar to Figure 5. 4. Notice that the 

s lope , dC /dB , i s large at small solution contents and decreases to 
V 

ze ro well befo re saturation. Figure 5.8b shows a typical graph of 

combined liquid-vapor diffusivi ty for a fine-grained material, simi l ar 

to Figu re 2.1. Notice the local max imum that occurs at low solution 

contents . In Figure 5.8c the horizontal axis is the column posi tion 

from the inlet . The vertical axis is both the volume tri c solution 

content , and the solution salt concentration. The profiles shown would 

b e typical of conditions after injecting solution for a day or more . 

When examining the solution content profile it is necessary to remember 

that the flow is unste ady and the profile is only valid for an instant 

in time . At a later moment the profi l e would lie above the one shown. 

Th e solution content profile shows that at the injection end , the 

solution c onten t has been r ai s ed t o a relatively large but less than 

saturated value. Since the material's diffusivity increases with 

increasing solution conten t , the gradient, dC / dB , is practically zero 
V 

and therefore vapor transport i s prac tically zero. All flow is b y 

liquid convection. 
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Further into the column the solution content decreases rapidly. 

In this region , the diffusivity becomes small , and the gradient, ae;ax, 
increases in order to maintain th e flow . At these intermediate 

solution contents, vapor transport becomes significant relative to 

liquid convection. 

Still further into the column , the solution contents reach very 

smal l v alues . At these value s o f solution content the slope of the 

vapor adso r ption isotherm , ( dC /dB) , is qui t e large. 
V 

Thus , vapor 

transport is respons ibl e for the increased Dt . Notice in Figure 5 . 8c 

tha t due to the larger value of D t ' the water content gradient , 

cae;ax), can be reduced to almo s t zero and is still adequate to drive 

the small mass flux that occurs. 

The sal t concentration in Figure 5.8c is equal to the injection 

concen t ration at x=O. Further into the column , the sal t concentration 

increas e s significantly. The increase is due to the initiat ion of 

v apor transport. As water evaporates from the solution phas e t h e 

remaining solution must contain the same mass of salt in less solution 

volume . As the salt concentra tion increases , back diffusion toward the 

inlet of the column occurs. At some poin t in the column t he 

concentration decreas es to zero in a sharp front . 

In most instances , the limited spatial resolution of the 

experimental da ta, coupled with the steep gradients of salt 

c oncentration and so lut ion content , make it impossibl e to identify the 

solution content at the salt f ront f rom a singl e measurement of the 

profiles. In stead , a s eries of measurements provi de a range of 

solution content s wi thin which t h e salt front lies . Th e range is 

progressively narrowed by measuring several salt an d solution content 

profiles . 
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Profiles . In Run 1 , a total of seven scans were performed during 

injection and an additional 14 during redistribution . Figure 5.9 shows 

three of the solution content and Na I concentration profiles obtained 

during injection. The profiles are quite sim"lar to the ideal p rofiles 

in Figure 5 .8c. Notice that a significant zone of salt free water 

developed ahead of the sal t front. Figure 5.10 shows typica l liquid 

and solute profiles for the red istribution . The graphs show that while 

the wate r content profile adjus ted towar d a more uniform distribution, 

the salt concentration profile continued to exhibit a sharp front and 

the concentration behind the front continued to increase as water moved 

forward in the column. 

In Run 2, a total of 17 scans were pe rformed. Figure 5.11 shows 

typical solution and salt profiles for the run. The early profile s a t 

120 . 5 hrs., which corresponds to the lower injection rates, is similar 

to Run 1. The profiles resulting from high injection rates show a much 

steeper solution content front. This is to be expected , since the 

diffusivity increas es greatly with solution content, and the wetter 

conte nts will sweep over the early profiles . The sharpness of the salt 

front is reduced due to increasing injection rate. 

Solution Content at Salt Front. Figur e 5.12 presents the range of 

solution contents at the front in Run 1 for each scan . Scans 1 3 to 21 

are unsuitable for analysis due to the redistribution to solution 

contents below previous values . The top of each bar represents the 

lowe st s olut ion content at which salt was observed while the bottom of 

the bars represents the highest water content with pure water . The 

shaded water content range, 0.063 to 0 .083, is common to al l bu t one 

observation . 
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Figure 5.13 shows the range of so lutions contents at the salt 

front in Run 2 . Scans 15, 16, and 17 are unsuitable due to the 

increasing injection rate . Due to the steep so lution content profiles 

caused by the high injection rates , the ranges tend to be much larger 

than in Run 1. Two scans , 1 and 13 , show dashed regions . In these 

scans the position of the salt front was uncertain . The shaded common 

area from 0 . 053 to 0.066 s olutio content is common to 12 of the 

14 scans . Comparison of Figures 5.16 and 5.17 indicates a common 

overlap of solution contents between 0.063 and 0.066 b y volume. 

Hvdraulic Properties . Using Eq. (2.9) the diffusivity for each 

pos ition and between each scan was calculated using the HP-9 825 

computer . Figure 5.14 presents a graph of Dt versus B for the 

result s of both runs. As can be seen the function exhibits the 

expected local maximum in the range where vapor transpor t dominates. 

The resul ts of the two runs are quite comparable. Using Eq. 3.11 and 

da ta from t h e water characteristic curve, Figure 5.3, the hydraulic 

c onductivity as a function of water conten t can be calculated. 

Figure 5.15 presents the relationship. As the figure shows , the 

conductivity varies over eight orders of magnitude from -5 10 cm/ s a t 

saturation, to -13 10 cm/s at 0.06 solution content. Insofar as the 

majority of transport below this solution content is b y vapor flow , the 

hydraulic conductivity curve is ended there . This does not imply 

liquid conduction does not occur, it only reflects that the uselessness 

of defining hydraulic conductivity at such low contents . The detailed 

test r esults are presented in the appendix . 
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At this 

Chapter 6 

ANALYSIS 

point it is possible to c ompare the theory and 

mathematical solutions obtained in Chapters 3 and 4 with 

theory 

of the 

the 

and 

flow 

experimental results obtained in Chapter 5 . If the 

mathematical solutions are adequate in their descr iption 

processes , they should be able to replicate the experimental data. 

Conversely , if the developed theory can produce flow features seen in 

t h e experimental data, there would be no justification to explain the 

experimental data with any physical process not includ e d in the 

t h eoretical devel opment . Thus , we should be able to proper 1y interpret 

and strongly defend the exper imental results , and confidently apply the 

measured transport coefficients and the developed theory to design 

p roblems. 

There are two ways this chapter could be presented. The first 

would just apply the equations for the experimental conditions and 

present what they yield. Such a presentation would have the 

significant benefit of being concise, but would leave interpretation to 

the reader. Instead ili e chapter will attempt to provide an 

understanding of the analysi s an d results, such that the processes will 

become intuitive. This can only be accomplished at the l oss of 

conciseness. It wil l be necessary to examine small details , so that 

each feature's relation to the o thers ' are understood. 
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In the following sections , several special cases using the 

properties of Lurgi retorted oil shale will be examined . The cases 

will differ by boundary and initial conditions , and material 

properties. As in previous chap ers , both the constant content 

b oundary and the constant flux boundary will be examined . 

DIFFUSIVITIES 

In the previous chapter the total liquid- vapor diffusivity for the 

Lurg i retorted shal e was measured . Before the analysis can proceed it 

will be necessary to make an assumption on how the total diffusivity is 

divided between liquid and vapor components . As outl ined in Chapter 2 , 

there is no di rect method available to measure the liquid and vapor 

transport coefficients separately. Jackson (1965) using an indirect 

method was ab le to estimate the liquid diffusivity down to l ess than a 

monolayer as shown in Figure 2 .1 . His measurements showed the liquid 

diffusivity to cont inue a general decreasing trend beneath the vapor 

maximum. 

In the spirit of Jackson's results, the Lurgi diffusivities will 

be fitted and divided b y a set of exponential functions . The functions 

are ; 

(212x0) e , 

l. 7xl0 -4 e( -85 . 6x0 ) ' 

3 _7 X 10 - 7 (19.7x0) ' 

D 
V 

0, 

o <es 0 . 025; (6.la) 

e > 0.025; (6.lb ) 

0 > O; and (6 . lc ) 

e 0. (6.ld ) 
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Figure 6 . 1 presents a graph of t hese relations and their fit to 

the experimental data. Each assumed diffusivity has a nonzero value 

though the entire range of non-zero l iquid contents . Diffusivities are 

set to zero at zero solution content to b e theoretically correct . The 

r e l a tionship for the liquid diffusivity (Eq 6.lc) was obtained b y leas t 

square s regression on the measured t otal diffusivity for solution 

contents above 0 . 08 . The regression coefficien t obtained wa s 0.95. 

The data for low liquid contents are too noisy for r e gression fitting . 

Therefore , the vapor r e lationsh i ps were determined by fitting 

exponential functions through the point B 0 . 025 , D dC /dB= 2 x 10 - 5 
V V 

2 cm /s . The solution content was chosen since i t corresponds to the 

steepes t part of the v apor adsorpt i on isotherm , while the diffusiv ity 

value correspon ds to about t h e maximum observed Dt in the vapor region . 

As t he graph shows , the liquid diff usivity dominates at solution 

content s greater than 0. 08 , v apo r diffusiv i t y dominates between 0 . 01 

and 0 . 05 , and the two are the same orde r of magnitude b e tween 0.04 to 

0 . 08 and Oto 0.01. 

The relationships at very low liquid contents are not accidental. 

Because of i ts S shaped c urve , the s lope of the vapor adsorption 

isotherm is zero at B=O, and increases very slowly until e~0 . 01. It is 

reas onable to expect the vapor d iffusivity to be quite s mall at very 

low liquid contents. Even with the l i quid diffusivity decreasing 

e xponentially with B, if l i quid diffusivity exists, it could exceed the 

vapor diffusivi y at ver low liquid contents. 

While it is fe lt tha t thes e approximations a re the be s t 

i nterpretation o f the e x pe rimenta l data , the significant conclusions of 

the research are unaffected by the exact values o f the assumed 
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diffusivities . Any assumed set of functions with separate liquid and 

vapor maximums will provide s imilar resul ts. 

CONSTANT SOLUTION CONTENT BOUNDARY 

Sorption into a Dry Column 

The special case of sorption into a completely dry column will be 

examined in detail. While looking at a single solution would be 

beneficial , the effects of vapor transport can b e shown more clearly by 

considering three spec ial cases . The cases are ; 

1 . Liquid diffusivity set at its estimated value (Eq. (6 . lc)), 

but n o vapor transpor t, 

2. Liquid diffusivity set a t its estimated value (Eq . ( 6. le) ), 

with vapor diffusivity se t at only one-tenth its estimated 

value ( one-tenth Eqs. (6. la ,b)), and 

3 . Both liquid and vapor diffusivities set a their estimated 

values (Eqs . (6 .la ,b,c )) . 

These three cases will allow the affects of the vapor flow to be 

examined and to some extent separated from the liquid flow. Figure 6.2 

shows an arithmetic plot of the total d iffusivity for each case . 

The boundary conditions to be examined for all three cases will be 

8 0, and n 

e 0.20. 
0 

E...C..§l. With these boundary conditions F (8) can be calculated by 

Eq. (4.18). Figure 6.3 presents F(B ) for each case. The relation F 

8 is also shown for reference . The F (S) for case 1 has a shape typical 

for monotomically decreasing Dt As vapor diffusivity increases, in 
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cases 2 and 3, the secondary maximum in Dt tends to increase F(8) at 

the lower solution contents . This implies greater relative transport 

at the lower solution contents. 

Liquid Content Profile. The effec ts of vapor transpor t on the 

solution profile can be seen in Figure 6.4. As shown in Chapter 4 the 

Boltzman variabl e (A= x/t112 ) , will normalize profiles for various 

time s . As vapor transport inc rease s the solution profi le is affected 

in two ways. A nose of l ow solution contents develops, and the profile 

at high solution contents becomes steeper. Both the nos e and the steep 

profile are produced by the high total diffusivity at the lower 

contents . It is interesting to note that while the profile has 

elonga t ed , total inflow a s measured b y the sorptivity S, increased from 

case. 1 only 1.9 and 1 2.4%, for cases 2 and 3 respectively. The vapor 

transport elongated the profile, bu t since it has almost no effect on 

the total diffusivity at the inlet, the inflow is only moderately 

increased. 

Seepage Velocity . Figure 6.5 presents the n ormalized seepage 

velocity versus A relations for each case . 

velocity, v' is de fine d as v' s s V s 
1/2 t . 

The normalized seepage 

With no vapor transport the 

seepage velocity increases slowly from the inlet to a maximum at the 

wetting front . With vapor transport the seepage velocity again 

increases from the inlet , but drops dr amatically in the region of the 

nos e . The drop in seepage velocity is due to the reduced solution 

conten t gradients in he nose. It is not due to a decrease in liquid 

conduct ivity. At the fr ont of the nose the seepage ve locity increases, 

due to the decrease in the vapor diffusivity and the increase in the 

solution content slope. In as much as the diffusivities at very low 
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solution contents are speculative , the values of seepage velocity at 

the tip of the nose is conjecture. 

Phas e Transfer. Figure 6.6 presents the normalized phase 

transfer. In case 1 the phase transfer is of course zero throughout 

the flow profile . With vapor transport, evaporati on (posit ive e), 

occurs in a narrow range of liquid contents and condensation (negative 

e), occurs at the tip of the nos e. Notice that decreasing the vapor 

diffusivi t y by an order of magnitude ( cas e 2 versus case 3), has only 

decreased the maximum evaporation rate b y about one-half , and actually 

inc reases the maximum condensation . Plotting the phase transfer versus 

liquid content in Figure 6 .7 brings out an important point . Decreasing 

the magnitude of vapor diffusivity decreases the solution content of 

the evaporation maximum , increases the solution content of the 

condensation maximum , and increases the so lution content of the 

evaporation zero . Thus , reducing the vapor diffusion only reduces the 

region of water contents of significant phase transfer, it does not 

significantly reduce the maximum values of phase transfer . The vapor 

diffusivity maximum occurs at a solution content of 0.025 . Tha t is 

also the liquid content that roughly separate t he evaporation and 

condensation regions . 

Solute Transpor t. Figure 6 . 8 pres ents the solute concentration 

profiles for the three cases. These profiles are for convection only 

as detailed i n Chapter 4. Without vapor transport the relative 

concentration , C /C remains equal to unity throughout the profile . s so ' 

This is consistent wi th piston displacement of the invading solution . 

As vapor transport increases , the solute profile develops a sharp front 

of increased s olute concentration. Comparing Figures 6 . 4 and 6.8 shows 

that for the two cases with vapor transport , the solute front moves 
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farther back into the liquid profile. This leaves a large region of 

solute free liquid. While it is di ff icult to observe in the graph , as 

the vapor transport increases , the s o l ute concentration near the front 

increase s dramatically . 

The solute front at inte rmediate liquid contents, is exactly what 

was observed in the experiments presented here and b y Grismer ( 198 5) . 

The s olute front occurs even though there is a f i ni te seepage veloc ity 

throughout the prof i l e . Th e front occurs at these intermediate liquid 

contents due to the t ransie n t flow processes . Not only are the water 

a n d s a lt transport e d, but the flow profile itself moves forward in 

space . Recalling Eq. (4.41 ), the r atio of the seepage velocity to the 

ve loc i t y of a liquid conten t can be computed. This ra t i o , B , indicates 

i f a so lut e is moving faster (B > 1 ) , slower (B < 1), or a t the same 

s p e e d ( B=l ) , a s the l iqu id c ontent that it is currently a t . Figure 6.9 

pre s e n t s a plot of B v er s u s 0 for each case . Fo r c as e 1 with no vapor 

flow, B > 1 throughout the flow profile , and equals unity at the 

wetting f ront, (0-0 -0) . n With vapor transport , B increases slightly 

for the high liquid contents and decreases greatly for the lower 

v a lue s . There is a nonzero liquid content at which B=l , which is the 

position o f the solute front . If a solute particle entered the flow 

fi e ld a t x=O at t =O, the far t hest it could be t r ansported b y conve c tion 

i s t h e position whe re B( 0 ) =1 . Th e position or liquid content of the 

solute f ront, is n ot a unique value. The two vapor cases have sli ghtly 

differen t value s. Likewise ch ang ing boundary c ond i tions would change 

the s o lution conte n t of B(0)=1 . 

At the risk of belabor ing the p o int, two addit ional graphs wi l l be 

examined . 

convection. 

These graphs show h ow vapor transport reduces liquid 

In Figures 6 . 10 a nd 6 . 1 1 the relative liquid volume flux 
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for each case is plotted versus~ and B respectively. The relative 

liquid flux, Q1 is defined as the rat io of the liquid water flux at a 

position to the total water flux at x=O, and is given by 

( 6.2) 

Figure 6. 10 shows that, with no vapor transport , the liquid volwne flux 

drop s un iformly from the inle t to the we t ting front. As v apor 

transport increases, Q1 decreases rapidly at the lower liquid contents . 

This re l ation is shown clearly b y Figure 6 . 11. Through the range 

O<B<0. 05 , Q1 with normal vapor transport is an order of magnitude less 

than the case with no vapor transport. Thus even though both cases 

have the same value for liquid diffusivity , the ability to transport 

vapor at t he lower liquid contents r e duces the ability of the media to 

t r ansport liquid . 

Before leav ing thes e t h ree cas e s and proceeding t o other ques t ions 

i t is worthwhile to empha size one additional point. Examination of 

Figures 6.3 to 6 . 11 shows that the vapor effects in each are almost as 

strong for case 2 as for case 3. This occurs even though vapor 

diffusiv ity in case 2 is only one-tenth the value of case 3. This 

rela t ion implies that the effects shown h e r e are not significant l y 

dependent on t h e actual value of vapor diffusion . Any case where vapor 

diffusion is n onzero wi l l dis p lay the features seen here . 

Gas Convection Effects 

In Chap t er 3 i t was s hown that vapor diffusion, phase transfer and 

gradients o f l iqu i d flow produce vapo r phase convection . At that time , 

with only ge n e ral knowl edge o f the f l ow system , it was impossible to 
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evaluate the magnitude of convective wa ter vapor transport. Now that a 

specific flow condition has been define d , the gas convection can be 

quantifie d . 

Solving Eq. (3.3 3) for the case with 8 =0 n , 8 =0.20 
0 

and normal 

vapor diffusivities will provide the gas phase convection. As before 

for t h is boundary, a normalized gas bulk flow , q' is defined a s, q' 
g g 

/ 1/ 2 q t . g Figure 6.12 presents the normalized bulk flow . The bulk flow 

i s negligib le near the inlet of the colurnn , increases with the start of 

evaporation and gradually decreases to a small value at the front. The 

max imum value is about 500 times the inlet liquid volumetric flux. 

This is consis tent with the approximation made in Chapter 3. 

While gas convection is large , it doesn't mean water vapor 

convection is significant. In Chapter 3 it was shown two conditions 

must be meet for convective effe c ts to be neglected. These conditions 

are 

le q /C q1 1 << 1 , and 
V g W 

Q_ 
ax 

(3.48) 

(3.49) 

These two ratios are plotted in Figures 6.13 and 6.14 , respectively. 

The maximum of the first ratio is only 0.012 while the second has a 

maximum magnitude of about 0.06. It is concluded that both conditions 

are met . Figure 6.13 s hows that the convection ratio is always 

positive which indicates an inc rease in the water transport, most ly in 

the nose . Figure 6.14 shows that the convection derivative is negative 

in the region of the solute front and positive in the nose, indicating 
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both an initial decrea s e and then a n increase in water transport over 

the calculated rates . 

Sorption with a Resident Solution 

This s ection will examine the special case of constan t liquid 

c on t ent sorption into a porous media with a small initial water content 

and a re sident solute. This is t he same problem examined by Smiles and 

Phillip ( 19 79 ) and Smiles et a l. ( 1978 ) . Two spec i al cases will be 

compared . The cases are; 

4. No vapor transpor t with no rmal l i quid diffusivity 

(Eq . (6.lc )) , and 

5. Normal vapor and liquid diffusivi t ies ( Eqs. (6.la,b,c)). 

The boundary and initial conditions used in both cases are 8 =0 . 04 , and n 
8 =0.20. Th e same diffusivity functions as cases 1 and 3 will be used . 

0 

Figure 6.2 shows tha t the initial liquid content occurs a t a higher 

liqui d content than the vapor diffusivity maximun . 

.Eifil . As before the fractiona l flow function, F (8) can be 

c omputed and is presented in Figure 6.15 . As in the previous cases, 

the F fun ct ion with vapor transport l ies above the liquid only case, 

but here the differenc e is smaller. The difference is small enough 

that it would be difficult to detect i n experimental data . 

Liquid Content Profiles . Figure 6.16 shows the computed liquid 

profiles. Whi le the vapor case has a relatively long no s e, the 

p rofiles above about 0.0 6 are a l most identical . Indeed the sorptiv ity 

of the vapor case is only 2 . 1% greater . In a practical experimental 

since , it would be hard to tell the two curve apart unless the initial 

solut i on content was known exac tly. 
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Phase Transfer. Figure 6.17 presents the phase transfer versus A, 

and Figure 6 . 18 the phase transfer versus 0. Comparison of case 5 with 

case 3 in Figures 6.7 and 6.8 shows that the phase transfer has been 

reduced by an order of magnitude due to the small initial liquid 

c ontent. 

Fluxes and B( 0). 

in Figure 6.19 and 

The relative liquid flux , Q1 = q 1/ qto is plotted 

the relative s eepage velocity , v' = v t 112 , is s s 

plo tted in Figure 6 .20. Again i n both of the graphs it is hard to 

distinguish the two curves, e x cept for the long , thin nose . The 

velocity ratio B(0) i s plotted in Figure 6.21 . With initial solution 

present, B falls below 1 . 0 for both cases. For the no vapor case 4, 

t he position of B=l corresponds to the well known Smiles and Phillip 

( 1979 ) piston displacement fron t . With n o dispersion all fluid ahead 

o f the front will b e the initial resident fluid , while the invading 

solution will be behind the front . With vapor transport , the position 

where B=l separates the invading and resident solute , but no t the 

water . Vapor transport will mix the invading and resident solvent . As 

Figure 6 . 21 shows , Bis quite similar for both cases. 

Solute Transport . For these conditions the solute concentration 

p rofi les of both the resident and invading solu te can be computed . 

Figure 6.22 presents the invading solute concentrations. The profiles 

for each cas e are almost identical. While a peak is present for the 

vapor case, it has a trivia l height of about 1.09. Generally, the 

phase transfer is ahead of the B=l position , so there is little effect 

on the invading solut e . Such is not the cas e for the resident solute. 

Figure 6 . 23 shows the concentration profiles of the resident 

solute . As expected the no vapor case 4 shows a piston displacement 

with no change in the initial concentrati on . With vapor transport a 
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rather strange phenomenon occurs. Out in the nose the resident solute 

is diluted below the initial value , whil e near the B=l position the 

concentration increases to about 1 . 3 times the initial value and 

produces a plateau of elevated c oncentrations. The concentration 

profile is a function of both the phase transfer and the convection. 

The dominant process at the tip of the nose is condensation , thus the 

initial solute is diluted . Back closer to the solute front, water is 

evaporating and the resident solute is being concentrated . While phase 

transfer accounts for much of the concentration , the vari ation in 

convection is also playing a part . Comparing the evaporation in 

Figures 6.19 and 6 . 23 show that there is not a one to one 

correspondence between the phase transfer and the concentration . In 

some evaporating re gions the concentration is reduced , and it others 

c oncentrat ion is increased. Also notice that with the small initial 

solut i on , the vapor transpor t actual ly advances the solute front 

farther into the column . This effect is due to the slight increase in 

seepage velocity (as shown in Figure 6.20), behind the front. 

The elevated concentration of a resident solute is exactly what 

was reported b y Smiles et al (1979). As detailed in Chapter 2 and 

presented in Figure 2 . 2, during their experiments , a resident solution 

was displaced with 

concentrations of 

displacement front , 

c ould not explain 

a constant content boundary. They found elevated 

resident solute ahead of the supposed piston 

( around A=l . 6 m/s 112 ). Examination of their data 

t h e results. This analysis explains their 

difficulty . With the low initial liquid content , the vapor transport 

of water has only minor effect on the liquid content profile. They 

could have easily over looked the vapor nose. Their effect "related to 

the movement of water" mus t certainly have been the result of vapor 
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transport. They did not report the dilution predicted here for the tip 

of the vapor nose . It is probable that becaus e of its distance from 

the piston displacement front that they didn't take the data , or that 

thei r columns where not long enough . 

CONSTANT INLET FLUX SORPTION 

The constant flux boundary condit i on (Eq . 4.42) , will be examined 

for t wo cases . The cases are; 

6 . Constant flux sorption into a dry material, and 

7 . Constant flux sorption into a material with a low initial 

liquid content. 

Assumed F(8) 

As expl aine d in Chapter 4 , the c onstant f l ux s olu t i on ob t a ined 

here is only an app roxima tion for t h e t ransient flo w. A F (8) wil l be 

assumed. This assumption is not strictly correct . Examination of the 

basic equations show that f=F (8,t ) , but no method is known t o calculate 

Fas in the constant liquid content boundary condition. It then 

becomes questionable why a fractiona l flow formulation should be used. 

The justification comes i n two parts . First , the only alternative is a 

full numerical simulation of the flow equation , which will have its own 

assumptions and limitations . Boulier et al. (1984 ) have shown that the 

fractional flow solution even though it is approximate, is as good as 

numerical solu t ions in pre dicting ·ransient , one dimensional flow . It 

is unjustifiable to us e a much more complex numerical model . Second , 

the fractional flow solution allows an semi-analytical calculation of 

the phase transfer and seepage v e locity , as opposed to finite 

difference calculations based on the c omputed liquid profile . These 
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two points provide ample justification for using a fractional flow 

solution. 

The question of what F (8) to assume can be answered quite readily. 

Following White ( 1979), a time averaged F(S) can be calculated from the 

experimental data using 

J: X d 0 

F = n (6.3) 

J:o X d0 
n 

Equation 6.3 follow s from integrating the equation of motion Eq. 

(4.6 ) ,with respect to 0 , applying Leibnitz's rule, and integrating with 

respec t to time . The measured F functions from the two Lurgi runs are 

presented i n Figure 6.24. Also plotted on the graph is the calculated 

F(0) for case 3 and the r e lation F=8 . As White found , the measured F 

for the constant flux boundary is c l osely approximated by the constant 

content boundary F function. It is concluded that a F relation 

computed constant for the content boundary will be an accurate 

approximation for the cons tant flux boundary.conditi on 

Sorption into a Dry Material 

Case 6 will examine the constant flux sorption of solution into an 

i nitially dry column . The normal diffusivity functions (Eq . (6 . 1)), 

for Lurgi retorted oil shale will be used. This is the same condition 

examined experimentally i n Chapter 5. 

Liquid Content Profiles. Using Eq . (4.47) the liquid content 

profiles for inle t liquid conten t s varying from O to 0 .3 were 

calculated and plotted Figure 6 . 25. The profiles have the expected 
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shape. Also plotted in Figure 6.25 are measured liquid content 

profiles for the corresponding times. There is a general agreement 

be t ween measured and calculated prof i les . The match between measured 

and computed profile improves with time. 

In Figure 6.26 the calculated time to a given inlet liquid content 

is plot ted along with the measured data. Again there is a general 

agreement . The differences between the calculated and measured data 

can attributed to the noisy nature of the data . Remember these are 

relatively low solution contents and small measurement errors produce 

large differences . 

Seepage Velocity . The seepage velocity corresponding to the 

profiles in Figure 6.25 ar e plotted in Figure 6.27 . In this case the 

seepage velocity reduces with time and also experiences a steep 

decrease in the nose . 

Ph ase Transfer . The transformed phas e transfer e ', is plotted in 

Figure 6 . 28. The phas e transfer at early times is all condensation, 

which indicates a significant fraction of the water mass inflow is 

vapor . At latter times, the phase transfer takes on the characteristic 

shape seen in case 3. Like the seepage velocity, the magnitude of the 

phase transfer reduces with time. 

Solute Transport. The solute transport was calculated as 

de s cribed in Chapter 4, using 30 particles and 30 time periods . The 

solute concentration profile is plotted in Figure 6 . 29. As expected, 

the solute is retarded with respect to the water, and develops a sharp 

maximum at an intermediate liquid content . The liquid content of the 

solute flux is not a constant , but increases with time. Figure 6.30 

shows this relation. The solute front liquid content increases rapidly 

at early times , and then stabilizes between 0.0 7 and 0.08. This value 
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is consistent with the experimental obs ervat ions a s show in Figures 

5.12 and 5.13. 

Sorption with a Re sident Solution 

The last case will examine constant flux sorption into a media 

with a low initial liquid content. The no rmal diffusivity functions 

(Eq. (6 . 1)) , for Lurgi retorted oil shale will be used . The fraction 

fl ow function calculated for case 5 will be used here . 

Liquid content Profile . The liquid content profiles are presented 

in Figure 6 . 31. The vapor nose is present, but greatly reduced from 

case 6. The profiles have a shape similar to the profiles reported b y 

r isme r , as s h own in Figure 2.5. The calcula ted time to varying inlet 

contents is plotted in Figure 6 . 32 . This graph is similar , but plots 

slightly above case 6 . 

Seepage Veloci ty. The seepage veloci t y for case 7 is s hown in 

Figure 6.33. Due to the initial liqu id conten t , the seepage velocity 

tends to drop rapidly in in the nos e. 

Phase Transfer. Figure 6.34 presents the phase transfer for case 

7 . Comparing this graph to Figure 6 .28 shows that the initial solution 

tends to redu ce the maximums of evaporation and condensation and 

lengthens the region where condensation occurs . This is similar to the 

difference between cases 3 and 5 . 

Solute Transport . 

concentra tion for case 7. 

content profiles (Figure 

Figure 6.35 plots the invading s olute 

Comparing this figure with the li quid 

6.31 ) shows that the invading solute is 

retarded in the profile, but not concentrated. This is exactly what 

was observed b y Grismer, and shown in Figure 2 . 5 . The slight amount of 

initial liquid prevents the concent ration of the inva ding solute . 
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Figure 6.36 presents the resident solute concentration. The 

solute is first concentrated and then diluted . This profile differs 

from case 5 in that no plateau of elevated concentration i s formed . 
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Chapter 7 

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

SUMMARY 

In r elatively dry porous media , water is transported by both 

liquid bulk flow and vapo r diffusion . The two phase transport of the 

volatile solvent a ffects the convective transport of nonvolatile 

solute s . The primary focus of this dissertation is the effect of 

so lvent vaporizati on on the transport of a nonvolatile solute. To the 

author's knowledge, this is the first investigation to b e undertaken on 

t his sub j ect . 

The theory of c ombined li quid-v apor transport has been critically 

examined and expanded. The existing theory was found to be adequate 

for description of total isothermal solvent transport . However , new 

r elations were developed which allow for the explicit calculation of 

t he separate phase transport, and phas e transfer in transient flow 

s ystems. Phas e transfer ( evaporation and condensa tion ) was found to 

induce large gas-phas e bulk flow . While the induced gas volumetric 

flows were large, the convection of solvent vapor was small relative to 

vapor diffusion in the water - air system examined . Specific criteria 

were developed to test for the significance of convection b y induced 

gas flow in other systems . 

A new theory of transient so lute transport by a volatile solv ent 

was developed . The theory all ows f or solute convection in the liquid 

phase , dispersion , and phase transfer of solvent . An explicit 
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assumption of the theory is that solute convection occurs at all water 

contents above that associa ted with a monolayer liquid solvent coverage 

of the porous media. The solute dispersion is assumed to be a function 

of liquid content and may be zero at non-zero liquid contents. 

Analytica l and numerical so lutions for transient , horizontal 

transport of solute by a volatile s o lvent, in a homogeneous, isothermal 

porous med ia were obtained . For constant liquid-content boundary 

conditions , a complete and exac t , semi-analytical solution to the 

governing equation of solvent transport was obtained. The method uses 

fractional flow concepts developed by Phillip (1973). An analytical 

so lution for solute transport in a volatile solvent subject to the 

constant solute concentration boundary condition , wa s obtained for the 

simplified cond ition of no solute dispersion. 

For constan t liquid flux boundary conditions , an approximate 

analy tical solution to the equations governing solvent flow was 

obtained . The method uses measured or assumed values of the fractional 

flow function , and transformed spa t ial and temporal coordinates 

developed by While et al. (19 79) . A numerical solution method was 

developed to calculate the solute flux in this flow . The technique 

takes max imum advantage for the analytical solution of the solvent 

flow. 

Water and solute transport were measured in relatively dry Lurgi 

retorted oil shale. The experiments used the dual source gamma ray 

attenuation s ystem developed by Grismer (1984 ) . Constant flux sorption 

o f solution into dry material was used throughout . The results 

obtained were similar to results obtained by Grismer in so ils. A 

region of solute free water a t low l i quid contents was observed to 

develop ahead of a region of so l ution during the experiments . 
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Hydraulic diffusivity was obtained for the entire liquid content range. 

Using an independently measured water characteristic, the unsaturated 

hydrauli c conductivity was also calculat ed . 

The analytical and numerical solutions developed were applied to 

replicate the experimental condi tions and data taken from the 

literature . The solutions show that the relative magnitudes of the 

separate t r ansport coefficients produce many of the flow features 

observed in experimental data. Significant liquid transport can occur 

in regions without apparent solute transport. The regions of pure 

wat er are only an artifact of the transient experiments. That is , the 

pure water region would not be seen under steady state conditions . The 

new theory was also able to explain the increased resident s o lute 

concentrations observed by Smiles et al. (1978 ) , and the increased 

concent ration of inv ading solute obs erved by Grismer ( 19 84 ) . 

These developments represent an addition to the unde rstanding of 

solute transport in unsaturated s ystems. The methods and results can 

be applied to other problems i n multiple phase transport such as 

hazardous waste disposal, mine reclamation and soil leaching . 

CONCLUSIONS 

The following spe cific conclusions have been made for the 

conditions examined here. For any constant liquid content boundary 

c ondition case: 

1. All solvent transport parameters maintain similitude with 

res pect 

transfe r. 

to the Boltzman variable , including the phase 
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2 . If the coefficient of solute dispersion is only a function of 

liquid content, the solute concentration will also maintain 

simi l itude with respect to the Bo l tzman variable . 

3 . The ratio of the seepage v elocity at a liquid content , to the 

velocity of the particular liquid content B(0 ), is constant 

for given boundary condi tions and predic ts the location of 

the solute front. 

For the c a se o f c onstant conten t sorpti on into initially dry 

co lumns : 

4. The fracti ona l flow func tion F(S ) is increased by vapor 

diffusion . 

5. Vapor diffusion reduces the li quid convect i on and seepage 

velocities b y reducing the gradient of solution content. 

6. The phas e transfer tends to be limited t o narrow regions of 

evaporation and condensation . 

7. The effects of water v apor transport on solute transport are 

insensitive to the actual values of vapor diffus ion . 

8 . The invading solute will be concentrated behind the solution 

content where B(0 ) is equal to unity . 

9. Induced gas convection can be shown to be negligible fo r the 

cases ex amined . 

For the cas e of constant content sorption into a column with low 

ini tia l liquid content with a resident so l ute: 

10 . The fractional flow function F (S ) is only slightly increased 

by the vapor di ffusivity. 

11 . Vap or transpor t effe cts are reduced significantly. 

12 . Whil e the evapo r a tion is limited to a narrow position , the 

condensation is sprea d out over a broad area . 
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13. The invading solute will be restricted behind the region of 

B(0)=1, but the increase in solu te concentration above 

injection levels will be trivial . 

14. The resident solute will b e restricted to the r egion where 

B( 0 )~1. It will be concentrated above initial values near 

the position of B( 0 ) =1, and diluted somewhere beyond that 

poin t . 

15 . The results of Smiles et a l . (1978), can be explained b y the 

theory developed here. 

For the constant f lux sorption of solution : 

16 . The measured F (8 ) function is closely approximated by the 

F (8 ) f unction calculated for constant liqui d cont ent 

boundarie s . 

17. Calculated l iquid contents , fluxs and phase transfe r, are 

very simi l ar to the cond itions calculatated for constant 

liquid content boundary conditions with the same inlet liquid 

content. 

For the constant flux sorption of solution into an initially dry 

mater i al : 

18. Measured profiles , and time to inlet liquid content are 

close l y approximated by the calculated profiles. 

19. The invading solute wil l be concentrated b y the flow 

processes to solution contents above a r elative constant 

value . 

20 . The t he ory deve loped here predicts within measurement error, 

the liquid con t ent o f the solute front . 

For constant flux sorption into a sample with a low initial 

solution content: 



175 

21. The invading solute is not concentrated above the inlet 

concentration. 

22. The resident solute is both concentrated above and 

dilutebelow the initial value . 

23. The results of Grismer (1984) can be explained by the theory 

developed here. 

RECOMMENDATIONS 

Three recommendations for further work follow from this res earch. 

Each of these recommendations could develop into a major study in its 

own right and provide additional insight into the processes of solute 

transport by a volatile solvent . The recommendations are: 

1. Fur ther explore the influence of induced gas bulk flow on 

vapor transport. The possibility of convective dispersion of 

wate r vapor at low Peclet numbers should be examined. In 

particular the conditions where convective transport of vapor 

becomes significant should be determined. It is possible 

that under nonisothermal conditions, the gas bulk flow will 

be much larger, and may b e one of the causes of the enhanced 

vapor transport reported in the literature. 

2. Develop analytical or numerical solutions for the comple te 

solute transport equations (Eqs . 4.33 and 4 . 54), including 

the dispersion term. This should strengthen many of the 

conclusions made here. 

3 . Perform laboratory experiments to completely verify the 

predictions made here. In particular the pred ictions 

concerning th e constant liquid conten t boundary displacement 

of a resident solute need additional verification. Likewise, 
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the theory developed here can b e applied t o desorpt ion 

processes . Properly conduc ted des orption e x p e rimen ts may 

bring forth additional knowledge . 
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APPENDIX 

EXPERIMENTAL DATA 

Table A. l Par t icle size distribution of Lur gi 
retorted shale ( Figure 5.1). 

Size 
mm 

5.00 
2.00 
0.991 
0 . 841 
0.701 
0.58 9 
0.49 5 
0.246 
0.147 
0.074 
0 . 061 
0.045 

% Finer 

0 
8 . 37 

37.15 
41. 78 
44.8 7 
47.21 
49 .06 
57.10 
60 . 30 
65. 52 
68.9 5 
71. 35 
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Table A. 2. Water characteristic for Lurgi retorted oil 
shale (Figure 5. 3) . 

0 
h 

C Wetting Drainage cm 

Pressur e 9 . 00xl0 1 0.480 
Cell 3 . llxl0 2 0 . 449 0.483 

6.85xl0 2 0 .2 56 0 . 47 0 
2 . 07xl0 3 0.205 0 .421 
4.04xl0 3 0 . 100 0.34 9 
9.00x l0 3 0.117 0.30 9 
l.47xl0 4 0.383 

Vapor 3.00xl0 3 0 . 175 
Sorption* 2.74xl0 4 0 . 973 

4.92xl0 4 0.090 
7. 40xl0 4 0.082 0 .118 
2 .00xl0 5 0 . 063 0 . 08 7 
3.50x l0 5 0 .046 0 . 075 
5.75xl 05 0.042 0.06 6 
8. 66xl0 5 0.059 
1. 13xl0 6 0.030 0 . 05 8 
3 . 18xl0 6 0 .016 0.03 2 
3 . 86xl0 6 0.014 

*Vapor soprtion h are adjusted by 2500 cm to account for the osonic 
head . C 
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Table A. 3. Water vapor sorpt ion isotherms for Lurgi 
retorted shale (Figure 5 . 4 ). 

Solution Relative 
Humidity 

NaOH 
ZnC1 2 
K2co3 
Mg (N03) 2 
NaN0 2 
NaCl 
KC l 
KN0 3 
Ca(H2P04 ) 2 
KH2Po4 
K2cr2o7 

0.061 
0. 100 
0.436 
0 . 542 
0 . 649 
0.758 
0.850 
0.931 
0 . 948 
0.963 
0.980 

Adsorption 

g/ g 

0.0103 
0 . 0113 
0.0215 

0. 0296 
0.0373 
0 . 0448 
0.0591 
0.0646 
0 . 06 95 
0.125 

Desorption 

g/g 

0.022 7 
0. 0413 
0.04 24 
0 . 0473 
0.0535 
0 . 0621 
0 .08 30 
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Table A.4. Liquid content and solute concentration for Run 1. 

Scan 
Time (hrs) 
Influx (gm) 

Length 
( cm ) 

0.5 
1. 0 
1. 5 
2.0 
2.5 
3.0 
3.5 
4.0 
4 .5 
5.0 
5.5 

Scan 

8 

0.157 
0.100 
0.022 
0.011 
0 .006 
0 
0 
0 
0 
0 
0 

Time (hrs ) 
Influx (grn) 

Length 
( c m) 

0.5 
1. 0 
1. 5 
2.0 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
6.0 
6 . 5 

8 

0. 218 
0.193 
0. 124 
0.041 
0.028 
0.021 
0 . 019 
0.016 
0.014 
0.008 
0.012 
0.001 
0 

1 
35 
2.21 

C s 

0.148 
0 . 141 
0 
0 
0 
0 
0 
0 
0 
0 
0 

5 
147 
0.97 

C s 

0.158 
0 . 16 2 
0 . 116 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

8 

0.184 
0 .138 
0.038 
0.020 
0.021 
0 .006 
0 
0 
0 
0 
0 

8 

0.227 
0.200 
0 . 143 
0.049 
0.031 
0.023 
0.02 2 
0 . 018 
0.014 
0.007 
0 .010 
0 
0 

2 
47 
0.70 

C s 

0.146 
0 .141 
0 
0 
0 
0 
0 
0 
0 
0 
0 

6 
15 5 
0 . 44 

C 
s 

0.155 
0 .164 
0.134 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

8 

0.147 
0.127 
0.093 
0.040 
0.026 
0.010 
0 . 019 
0.018 
0.007 
0.009 
0 

8 

0.241 
0.218 
0.163 
0.058 
0.036 
0 . 022 
0.020 
0 . 016 
0.015 
0.009 
0.008 
0.002 
0 

3 
119 
0.64 

C s 

0.175 
0.193 
0.075 
0 
0 
0 
0 
0 
0 
0 
0 

7 
167 
0.55 

C s 

0.149 
0.155 
0.141 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

8 

0.195 
0.146 
0.083 
0.035 
0.023 
0.017 
0 . 020 
0.012 
0 . 011 
0.005 
0.003 

8 

0.208 
0.190 
0.159 
0.088 
0.038 
0.034 
0 . 028 
0.019 
0.021 
0.014 
0.017 
0. 009 
0.010 

4 
130 
0.54 

C s 

0.163 
0.199 
0.077 
0 
0 
0 
0 
0 
0 
0 
0 

8 
191 
0 

C 
s 

0.162 
0 .172 
0 . 145 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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Table A. 4 . (continued). 

Scan 9 10 11 12 
Time (hrs) 216 244 28 7 33 7 
Influx (gm) 0 0 0 0 

Length B C B C B C B C 
( cm ) s s s s 

0.5 0.195 0.169 0.194 0. 166 0.166 0.195 0.159 0.200 
1. 0 0.179 0.182 0.172 0 .18 7 0 . 153 0.221 0.154 0.206 
1. 5 0.168 0 .135 0.148 0.159 0 . 13 7 0.171 0 .132 0.179 
2.0 0.087 0.016 0 .081 0.034 0.079 0.050 0 .079 0.061 
2.5 0.041 0 0 .046 0 0.055 0 0.06 3 0 
3 .0 0.034 0 0 .041 0 0 . 042 0 0.043 0 
3.5 0 . 02 7 0 0 . 032 0 0.032 0 0.029 0 
4 . 0 0 . 024 0 0.022 0 0.028 0 0 . 03 0 0 
4 . 5 0.02 5 0 0.025 0 0.030 0 0 . 031 0 
5 . 0 0.015 0 0.022 0 0.021 0 0.025 0 
5.5 0.017 0 0.021 0 0 .025 0 0 . 040 0 
6 .0 0.010 0 0.014 0 0.019 0 0 .018 0 
6.5 0 . 00 9 0 0.011 0 0 .015 0 0.021 0 
7.0 0 0 0.010 0 0 .015 0 0 . 018 0 
7 . 5 0 0 0 0 0 0 0 .015 0 

Scan 13 14 15 16 
Time (hrs) 384 503 624 720 
Influx ( gm ) 0 0 0 0 

Length B C B C B C B C 
( cm ) s s s s 

0.5 0.1 56 0.204 0 .135 0.233 0 . 117 0.268 0.105 0.301 
1. 0 0 .149 0.213 0 . 125 0.255 0.114 0.276 0.101 0.314 
1. 5 0 . 135 0.169 0.121 0.183 0.108 0.204 0.102 0.205 
2.0 0.082 0.055 0 .071 0 .085 0.072 0.081 0 . 068 0.088 
2.5 0.060 0 0.049 0 0.057 0 0 . 050 0 
3.0 0.046 0 0.037 0 0 . 052 0 0.042 0 
3.5 0.034 0 0 . 033 0 0.037 0 0.031 0 
4.0 0 . 030 0 0 . 032 0 0 . 032 0 0.032 0 
4.5 0. 033 0 0 . 031 0 0.030 0 0.035 0 
5 .0 0 . 031 0 0.0 26 0 0.02 8 0 0.029 0 
5.5 0.027 0 0.028 0 0 . 029 0 0 . 031 0 
6.0 0 . 023 0 0.02 2 0 0.026 0 0.027 0 
6.5 0.0 22 0 0.024 0 0.023 0 0.026 0 
7.0 0.0 27 0 0.02 2 0 0.02 9 0 0.026 0 
7.5 0.017 0 0 .023 0 0 . 018 0 0.018 0 
8 . 0 0 . 010 0 0.009 0 0. 013 0 0.017 0 
9 . 0 0 .011 0 0.017 0 0 .018 0 0.024 0 

10.0 0.003 0 0.002 0 0.007 0 0 . 009 0 
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Table A.4 . (continued) 

Scan 17 18 19 20 
Time (hrs) 864 1008 1331 1880 
Influx (gm) 0 0 0 0 

Length 0 C 0 C C C 
( cm) s s s s 

0.5 0.091 0.350 0.082 0.391 0.085 0 .373 0.070 0 .455 
1. 0 0.090 0.353 0 .089 0.35 3 0.081 0.386 0.085 0.363 
1. 5 0.091 0.238 0.08 7 0 .242 0.080 0.252 0.083 0 .239 
2.0 0.068 0.082 0.060 0 . 112 0.061 0.093 0.067 0 . 081 
2 .5 0 .053 0 0.050 0 0.050 0 0.049 0 
3.0 0.047 0 0.045 0 0 . 047 0 0.046 0 
3.5 0.032 0 0.029 0 0.023 0 0.024 0 
4.0 0.032 0 0.031 0 0.025 0 0.025 0 
4.5 0.030 0 0.034 0 0.029 0 0.026 0 
5.0 0 . 023 0 0.029 0 0 . 023 0 0.026 0 
5 . 5 0.038 0 0 . 034 0 0 . 034 0 0.033 0 
6.0 0.029 0 0 . 030 0 0 .026 0 0.029 0 
6 .5 0.026 0 0.0 27 0 0 .027 0 0.031 0 
7 .0 0.027 0 0 .025 0 0.025 0 0.025 0 
7.5 0 . 01 9 0 0 .024 0 0.020 0 0 .018 0 
8 .0 0 . 01 7 0 0 .020 0 0.016 0 0.019 0 
9. 0 0.028 0 0 .027 0 0 . 025 0 0.029 0 

10.0 0.014 0 0.016 0 0.014 0 0.011 0 

Scan 21 
Time (hrs) 2500 
Influx (gm) 0 

Length 0 C 
( crn ) s 

0.5 0.073 0.43 3 
1. 0 0 . 077 0 .401 
1. 5 0.082 0 .255 
2.0 0.052 0.12 5 
2.5 0.037 0 
3 . 0 0 . 026 0 
3.5 0. 02 0 0 
4 . 0 0 . 021 0 
4 . 5 0.026 0 
5.0 0.018 0 
5 . 5 0.026 0 
6.0 0.017 0 
6.5 0 . 023 0 
7.0 0 . 024 0 
7 . 5 0.017 0 
8 .0 0 .006 0 
9 . 0 0.022 0 

10 .0 0 . 016 0 



189 

Table A. 5. Liquid content and solute concentration for Run 2. 

Scan 
Time (hrs ) 
I nflux ( gm ) 

Length 
(cm ) 

0.5 
1. 0 
1. 5 
2 . 0 
2.5 
3 . 0 
3.5 
4 . 0 
4 .5 

Scan 

B 

0.134 
0 .047 
0 .009 
0 
0 
0 
0 
0 
0 

Time (hrs ) 
Influx (gm) 

Length B 
(cm) 

0.5 0.262 
1.0 0.23 2 
1.5 0 . 158 
2.0 0 . 053 
2.5 0.027 
3.0 0.015 
3.5 0.012 
4 . 0 0.011 
4.5 0.017 
5 . 0 0 
5.5 0 
6 .0 0 

1 
12 
1. 26 

C s 

0 .115 
0.098 
0 
0 
0 
0 
0 
0 
0 

5 
59 
0 . 93 

C 
s 

0.124 
0 .122 
0.124 
0 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0 .181 
0 . 095 
0 .010 
0 .006 
0 .007 
0. 
0 
0 
0 

8 

0. 272 
0.249 
0.21 0 
0 .080 
0 .033 
0. 02 1 
0.014 
0.010 
0.008 
0.002 
0 
0 

2 
24 
1. 04 

C s 

0 .119 
0.150 
0.046 
0 
0 
0 
0 
0 
0 

6 
73 
1.14 

C s 

0.1 26 
0.1 25 
0 .11 9 
0 .059 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0 . 176 
0.137 
0.066 
0.019 
0 .014 
0 . 005 
0.005 
0 
0 

B 

0.268 
0.256 
0.239 
0. 16 2 
0.041 
0.021 
0.022 
0 .017 
0.021 
0.006 
0.002 
0.001 

3 
36 
1.15 

C s 

0.156 
0 .142 
0.024 
0 
0 
0 
0 
0 
0 

7 
84 
0.96 

C s 

0.134 
0 . 129 
0 . 121 
0.082 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0 . 245 
0.193 
0 .114 
0.027 
0.016 
0.012 
0.003 
0.000 
0 . 009 

B 

0.273 
0 . 264 
0.247 
0.221 
0.066 
0.031 
0.025 
0. 012 
0 . 019 
0 . 001 
0.000 
0 . 005 

4 
48 
1. 39 

C s 

0.125 
0 .132 
0 .117 
0 
0 
0 
0 
0 
0 

8 
96 
1.18 

C 
s 

0 .13 5 
0 . 132 
0.12 9 
0.102 
0.02 7 
0 
0 
0 
0 
0 
0 
0 



Table A.5. (continued). 

Scan 
Time (hrs) 
Influx (gm) 

Length 
( cm ) 

0.5 
1. 0 
1. 5 
2 . 0 
2.5 
3 .0 
3.5 
4.0 
4 . 5 
5 . 0 
5 . 5 
6 .0 
6 .5 
7.0 
7 . 5 
8.0 

Scan 

B 

0.287 
0 . 270 
0.262 
0.248 
0.206 
0.040 
0.021 
0.019 
0.011 
0 . 007 
0.004 
0.009 
0 
0.003 
0. 00 2 
0 

Time (hrs ) 
Influx ( gm ) 

Length B 
( cm ) 

0.5 0 . 31 7 
1.0 0 .311 
1.5 0.311 
2.0 0.307 
2.5 0.293 
3 . 0 0.284 
3.5 0.266 
4.0 0.262 
4.5 0. 064 
5.0 0.025 
5.5 0.022 
6.0 0.020 
6 .5 0.010 
7 . 0 0.017 
7.5 0.015 
8.0 0.004 
9.0 0.002 

9 
108 
1. 29 

C s 

0 .132 
0 . 134 
0.131 
0.111 
0 . 054 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

13 
15 7 
2.00 

C s 

0 . 138 
0 .136 
0 . 134 
0 . 125 
0.123 
0.108 
0.080 
0 . 025 
0.009 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0.307 
0.310 
0.304 
0.287 
0 .265 
0 .182 
0.045 
0.023 
0.010 
0.005 
0 
0.001 
0 
0.002 
0 
0 

B 

0.347 
0 . 334 
0 .339 
0 . 338 
0.321 
0.312 
0 . 301 
0 . 301 
0.273 
0.050 
0 . 025 
0.023 
0 . 019 
0.020 
0.012 
0 . 003 
0 

190 

10 
121 
1. 94 

C s 

0 .132 
0 .123 
0.120 
0.110 
0 . 093 
0 . 018 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

14 
169 
2.23 

C s 

0 . 12 7 
0.128 
0.1 25 
0.118 
0 .117 
0.107 
0.091 
0.06 2 
0.013 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0.309 
0.292 
0.292 
0.284 
0.288 
0.258 
0_095 
0.036 
0 .032 
0.014 
0 .013 
0.014 
0.009 
0.010 
0.002 
0 

B 

0.386 
0.369 
0. 377 
0 . 371 
0.355 
0.344 
0.324 
0.33 1 
0 .315 
0 .317 
0.048 
0.027 
0.020 
0 . 019 
0.006 
0.007 
0 

11 
131 
1. 40 

C s 

0 .132 
0.135 
0 . 130 
0 . 119 
0.101 
0.057 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

15 
180 
2 . 75 

C s 

0 . 117 
0 .119 
0 . 116 
0 .113 
0 . 113 
0 . 105 
0 . 100 
0 . 083 
0.043 
0 
0 
0 
0 
0 
0 
0 
0 

B 

0.335 
0.312 
0.314 
0.310 
0.302 
0 .276 
0.257 
0.096 
0.03 3 
0.019 
0.017 
0.018 
0 .011 
0 .007 
0.00 7 
0.005 

B 

0.368 
0.359 
0.378 
0.394 
0.366 
0.365 
0.353 
0.34 9 
0.341 
0 . 345 
0 . 331 
0.33 0 
0.0 72 
0.020 
0.018 
0.005 
0 

12 
145 
2.24 

C s 

0.127 
0.131 
0.12 7 
0 .116 
0.10 9 
0 . 092 
0.038 
0 
0 
0 
0 
0 
0 
0 
0 
0 

16 
193 
5.90 

C s 

0 .133 
0 .131 
0 .126 
0.116 
0.120 
0 .112 
0 .111 
0.105 
0 . 089 
0.061 
0.02 7 
0 
0 
0 
0 
0 
0 
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Table A. 5. (continued). 

Scan 17 
Time (hrs) 198 
Influx (gm) 5.95 

Length 0 C 
(cm ) s 

0 .5 0.477 0.096 
1. 0 0.455 0.108 
1. 5 0.45 9 0.109 
2.0 0.469 0.105 
2.5 0.437 0.106 
3.0 0.438 0 . 102 
3.5 0.433 0 . 099 
4.0 0.416 0 .098 
4 . 5 0 .39 4 0 .093 
5.0 0.392 0.083 
5 . 5 0.380 0.066 
6 . 0 0.390 0.038 
6 . 5 0.360 0.010 
7.0 0 . 324 0 
7.5 0 . 028 0 
8.0 0. 021 0 
9 .0 0.003 0 

10 . 0 0 0 
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