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ABSTRACT

A NOVEL APPROACH TO STATISTICAL PROBLEMS WITHOUT IDENTIFIABILITY

In this dissertation, we propose novel approaches to random coefficient regression (RCR) and

the recovery of mixing distributions under nonidentifiable scenarios.

The RCR model is an extension of the classical linear regression model that accounts for indi-

vidual variation by treating the regression coefficients as random variables. A major interest lies in

the estimation of the joint probability distribution of these random coefficients based on the observ-

able samples of the outcome variable evaluated for different values of the explanatory variables.

In Chapter 2, we consider fixed-design RCR models, under which the coefficient distribution is

not identifiable. To tackle the challenges of nonidentifiability, we consider an equivalence class,

in which each element is a plausible coefficient distribution that, for each value of the explanatory

variables, yields the same distribution for the outcome variable. In particular, we formulate the ap-

proximations of the coefficient distributions as a collection of stochastic inverse problems, allowing

for a more flexible nonparametric approach with minimal assumptions. An iterative approach is

proposed to approximate the elements by incorporating an initial guess of a solution called the

global ansatz. We further study its convergence and demonstrate its performance through simu-

lation studies. The proposed approach is applied to a real data set from an acupuncture clinical

trial.

In Chapter 3, we consider the problem of recovering a mixing distribution, given a compo-

nent distribution family and observations from a compound distribution. Most existing methods

are restricted in scope in that they are developed for certain component distribution families or

continuity structures of mixing distributions. We propose a new, flexible nonparametric approach

with minimal assumptions. Our proposed method iteratively steps closer to the desired mixing

distribution, starting from a user-specified distribution, and we further establish its convergence
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properties. Simulation studies are conducted to examine the performance of our proposed method.

In addition, we demonstrate the utility of our proposed method through its application to two sets

of real-world data, including prostate cancer data and Shakespeare’s canon word count.
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Chapter 1

Introduction

Identifiability and estimation are intrinsically linked, where identifiability is a crucial concept

to estimation theory. Without identifiability, inference may be problematic (Koopmans and Reier-

sol, 1950; Rothenberg, 1971). Koopmans and Reiersol (1950) emphasized that nonidentifiability

arises in a variety of disciplines. In this dissertation we present novel nonparametric approaches to

models that often suffer from nonidentifiability and propose a perspective to handle nonidentifia-

bility. In particular, we focus on random coefficient regression (RCR) and the mixing distribution

recovery problem. We begin by providing general background for estimation theory, identifiable

models, and nonparametric statistics, before introducing RCR models and the mixing distribution

recovery problem.

Estimation theory in statistics has been well-studied, where the goal is to approximate some

unknown quantity from a sample of data drawn from a population. In classical inference and

decision theory, it is assumed that the observed data come from a distribution which belongs to a

class of distributions, P = {P (·|θ) : θ ∈ T }, indexed by a parameter θ, and where estimation is

to determine a plausible value for θ from the data. This is known as point estimation (Lehmann

and Casella, 1998; Casella and Berger, 2002). More generally, one may specify a subset of T of

plausible values for θ, known as interval estimation. This would include the well-known confidence

intervals, used in frequentist settings, and credible intervals, used in Bayesian analysis.

The set of distributions P is known as a parametric family. However, often no parametric family

can be reasonably assumed. The term parameter may then take a more general meaning. That is,

the parameter is not only a value or vector that specifies a distribution in P , but a characteristic of

the population. Examples of parameters are quantiles, means, modes, or probability distributions.

Without assuming a family of distributions, this type of estimation, or inference more generally, is

known as nonparametric; see Sprent and Smeeton (2007) and Kendall et al. (1994) for discussions

on the classification of nonparametric.
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Commonly, the parameter of interest, is the probability distribution of the population itself,

such as in kernel density estimation (Rosenblatt, 1956; Parzen, 1962; Bowman, 1984; Silverman,

1986). In this work, we investigate the nonparametric approximation of probability distributions,

under two models that will be described presently. That is, our parameter of interest is a probability

distribution, particularly, a distribution of unobserved variables. Admittedly, the term nonparamet-

ric may have different meanings, so to be precise, we take nonparametric approximation of a

probability distribution to mean that there is no assumption that the unknown distribution belongs

to a parametric family.

A careful reader may notice that, in describing our focus, we omitted the terms "estimate"

and "estimation". This is because we feel the term estimation should be reserved for identifiable

models, and the models we consider in Chapters 2 and 3 suffer from nonidentifiability. In general,

if there is a one-to-one correspondence between the parameter of interest and the distribution of

the observable data then the parameter, or equivalently the distribution of the data, is said to be

identifiable (Koopmans and Reiersol, 1950; Rothenberg, 1971; Durlauf et al., 2020). Note, the

term identifiable is also applied to the model when the parameter is identifiable. This is because

the identifiability of a parameter is not a consequence of the form of an estimator, but rather of

the model and assumptions (Casella and Berger, 2002). For example, returning to the classical

case, if there is a one-to-one correspondence between θ and P (·|θ) ∈ P , then θ, or P , is said to be

identifiable.

Identifiability, or the lack thereof, has been dealt with in a few ways. Often, identifiability

can be ensured by reparameterization, e.g., using a cell-means model for ANOVA rather than the

overparameterized model (Casella and Berger, 2002). In nonparametric estimation, identifiability

is occasionally ensured by some independence assumption (Beran and Hall, 1992; Durlauf et al.,

2020). Generally speaking, assumptions, many of which are unverifiable, are imposed on a model

so that the parameter is identifiable; see Beran et al. (1996), Hoderlein et al. (2010), and Teicher

(1963) for a few examples. Although some assumptions are unverifiable, they may be justifiable,

e.g., scientific or domain knowledge may justify an assumption. However, if the only justifica-
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tion of an assumption is to ensure identifiability, the resulting inference or conclusion does not

inspire confidence. Neath and Samaniego (1997) discussed the advantages and disadvantages of

using Bayesian methods for nonidentifiable parameters. Wechsler et al. (2013) illustrates using a

Bayesian method in a simple nonidentifiable model. Similar to unverifiable assumptions, if there

is justification of a prior, which influences the resulting inference, then it may be advantageous to

use. If the prior is not justifiable, then the concluding inference may be met with high levels of

skepticism.

In both models investigated in this work, we deal with nonidentifiability by considering ap-

proximating distributions within an equivalence class. The equivalence classes are defined as the

sets of distributions of the unobserved variables that map to the same distribution, or set of distri-

butions, of the observed data. In both Chapters 2 and 3, we propose methods for approximating

elements within the equivalence class, each starting with a user-specified distribution.

Here, we describe the modeling scenarios within this dissertation. We begin with the RCR

models of Chapter 2. Consider the following RCR model

Yi = Ai +Bixi

for i = 1, 2, . . . , n. We consider Yi and xi to be the observed response variable of interest and

the observed design variable for subject i, respectively. The pairs (Ai, Bi) are unobserved random

coefficients drawn for an unknown joint coefficient distribution FA,B.

The RCR model is an extension of the linear regression model, but where (Ai, Bi) is considered

random, which accounts for the heterogeneity of subjects. For example, if Yi is the observed

response of subject i to treatment xi, Bi is the individual treatment effect for subject i.

The goal in the RCR model is to recover the coefficient distribution FA,B from the observed

data (Yi, xi) without assuming FA,B comes from a particular parametric family. In recovering the

coefficient distribution, many methods in the literature impose assumptions to ensure the identifi-

ability of FA,B. For example, Beran and Hall (1992) assumed Ai and Bi are mutually independent

for each i. Others assumed the design variable to be random with a distribution that has support

3



over the whole real line (Beran et al., 1996; Hoderlein et al., 2010). Of course, in many scenarios,

such as in randomized clinical trials, where xi = 1 for treatment and 0 for control, assuming the

distribution for xi has full support is unreasonable.

In contrast, we consider the design variables to come from a finite discrete lattice

X = {x∗
1, x

∗
2, . . . , x

∗
J} and consider each xi to be fixed. We prove that under such a case, the

coefficient distribution is nonidentifiable.

From a population perspective, that is assuming the distributions of Y for each x are known,

solving for a coefficient distribution FA,B can be framed as a collection of stochastic inverse prob-

lems (SIP; Breidt et al., 2011; Butler et al., 2012, 2014, 2018). In essence, the SIP is to find

a distribution whose push-forward measure for a given map is equal to a specified distribution.

Specifically, in the context of RCR, let FA,B be a measure on (R2,BR2) and Qx : R2 → R be a

measurable map defined as Qx(a, b) = a+bx. Then Qx induces a measure FYx
on (R,BR) through

FYx
(C) = FA,B({(a, b) ∈ R

2 : Qx(a, b) = a+ bx ∈ C})

for all C ∈ BR. Calculating the image measure of FA,B for map Qx, is a special case of a stochastic

forward problem (SFP). Then, given the image measure FYx
and map Qx, the SIP is to find a

distribution F̃A,B on (R2,BR2) such that

FYx
(C) = F̃A,B({(a, b) ∈ R

2 : Qx(a, b) = a+ bx ∈ C})

for all C ∈ BR.

Then, recovering coefficient distributions F̃A,B can be viewed as a collection of SIPs in the

following manner. Let

Ex = {F̃A,B on (R2,BR2) : QxF̃A,B = FYx
}

4



where QxF̃A,B denotes the image measure of F̃A,B for map Qx. We seek a distribution F̃A,B that

simultaneously belongs to each Ex, i.e., F̃A,B ∈ E =
⋂

x∈X Ex. The collection of SIPs is illustrated

in Figure 1.1.

Figure 1.1: An illustration of the collection of SIPs that characterizes the RCR model from a population

view.

In Chapter 2, an iterative method is proposed to approximate elements in E by sequentially

solving each SIP, indexed by x, by using the disintegration theorem (Chang and Pollard, 1997;

Yang, 2018). The set solutions to each SIP are averaged to step closer to E . This process is

initiated by a user-specified distribution on (R2,BR2), called a global ansatz. By changing the

global ansatz, different elements in E can be approximated.

In Chapter 3, we shift focus to the mixing distribution recovery problem. Similar to the RCR

models, the goal is to approximate distributions of unobserved variables. Suppose (Xi,Θi), i =

1, 2, . . . n, to be a random sample from a joint distribution FX,Θ on (X × T ,BX ⊗ BT ). The joint

distribution is partially known in the sense that we assume the family of conditional distributions

P = {P (·|θ) : θ ∈ T }, called the component distribution family, is known. For each i, Xi is

observed, but Θi is not. That is, we can consider Xi, for i = 1, 2, . . . , n, to be a random sample

5



from the compound distribution F . The compound distribution is defined as

F (A) =

∫

T

P (A|θ)dG(A)

for all A ∈ BX , and where G is the Θ-marginal of FX,Θ, known as the mixing distribution. It is

desired, from the sample {Xi}, to recover the unknown mixing distribution G.

Although the mixing distribution recovery problem has many applications, it is particularly

applicable to empirical Bayesian methods, where the observed data is used to estimate the prior

(Robbins, 1964; Efron, 2010, 2014, 2016; Zhai and Jiang, 2023). Under the empirical Bayesian

framework, the mixing distribution is the prior and the component distribution family is the likeli-

hood.

Teicher (1960, 1963); Tallis (1969); Yakowitz (1969); Atienza et al. (2006) studied the iden-

tifiability of the mixing distribution. In Section 3.2, the identifiability is summarized. Here, it is

sufficient for the reader to know that the mixing distribution G may or may not be identifiable,

depending on the component distribution family P .

From the population view, the recovery of the mixing distribution is to solve for G, given the

compound distribution F and component distribution P . We define the solution set to the problem

as

EF,P =

{
G̃ on (T ,BT ) : F (A) =

∫

T

P (A|θ)dG̃(θ) for all A ∈ BX

}
.

To find distributions in EF,P , we propose another iterative method, in which disintegration and

integration are used to step closer to distributions within the solution set. Again, the iterative

method is initiated by a distribution, which we call an ansatz, and the ansatz can be changed to

approximated different elements in EF,P when more than one element exists.

Although the mixing distribution may be identifiable for some component distribution fami-

lies P , the mixing distribution recovery problem may still suffer from instability. That is, small

differences in the compound distribution may lead to large differences in the resulting mixing dis-

tributions, making the recovery of the mixing distribution challenging. A careful choice of an
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ansatz may help to stabilize the recovery. Without knowing which ansatz to choose, however, a

practitioner may leverage the flexibility of the proposed method to stabilize the recovery in other

ways; see Section 3.4 for details.

For both methods in Chapters 2 and 3, the convergence properties of each iterative method are

studied. Empirical versions of the methods are suggested and validated through simulation studies

which are compared to existing methods. Specifically, for the RCR models, the image measures for

each map Qx are estimated from the data (Yi, xi), and the resulting set of estimated distributions

{F̂Yx
: x ∈ X} are used in place of {FYx

: x ∈ X}. Similarly, for the mixing distribution recovery,

the sample {Xi} is used to estimate the compound distribution. The estimate F̂ is used in place

of the unknown compound distribution F . Finally, for each modeling scenario, both methods are

demonstrated on real-life applications. In Chapter 4 we summarize the connection of both methods

and discuss future work for nonidentifiable methods.
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Chapter 2

A New Approach to Random Coefficient Regression

without Identifiability

2.1 Introduction

We consider a random coefficient regression (RCR) model of the form

Yi = Ai +Bixi. (2.1)

For subject i, xi and Yi represent the explanatory and outcome variables of interest, respectively.

Assume that xi is a design point from X = {x∗
j , j = 1, . . . , J}. The relationship between Yi and xi

is modeled through a linear relationship with unobserved random regression coefficients Ai and Bi.

We further assume that {(Ai, Bi) : i = 1, . . . , n} is independently drawn from a joint distribution

FA,B, which does not vary across xi. Let (xi, Yi) be an independent sample of observations. The

goal is to approximate a coefficient distribution from which, for each distinct design point x, the

induced distribution for Y , the output distribution and denoted by FYx
, can plausibly generate the

sample. In this chapter, Yi, xi, Ai, and Bi are scalars, and we will suppress the subscript i for ease

of discussion.

Applications of RCR models with such a setup are abundant in medical and econometric stud-

ies. For instance, the RCR model has been used to quantify treatment effects in randomized clinical

trials, characterize the dose-response relationships in dose-response studies, and study time trends

in pooled cross-section analyses. In those examples, the design variables are the treatment assign-

ment indicator, dose level, and time.

RCR models are also known as stochastic coefficient regression models (Johnson, 1977) or

regression models of the second kind (Fisk, 1967; Nelder, 1968). The use of random rather than

fixed coefficient regression models has been advocated by many authors. For example, Hildreth
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and Houck (1968) and Beran and Hall (1992) commented that RCR models account for unobserved

individual heterogeneity and incorporate heteroscedastic errors. Fixed coefficient regression mod-

els are a special case of RCR models where FA,B is taken to be degenerate.

In general, the coefficient distribution in RCR models is nonidentifiable. That is, there may

exist multiple coefficient distributions that will induce the same distributions for the output vari-

able for all available design points in X . However, certain characteristics are identifiable. For

instance, Hermann and Holzmann (2021) showed that the mixed moments of regression coeffi-

cients are identifiable when x takes on a sufficiently large number of design values. Early works

on RCR models (e.g., Hildreth and Houck, 1968; Froehlich, 1973) focus on the estimation of the

mean and covariance structure of (A,B). More recently, Dunker et al. (2019) and Hermann and

Holzmann (2021) studied the problem of testing specific characteristics of the joint distribution

and identifying higher-order mixed moments.

In many applications, however, it is of interest to study other characteristics of the coefficient

distribution that are not generally identifiable, e.g., quantiles, modes, and density support. Thus,

the estimation and inference of those quantities becomes problematic. A remedy to nonidentifia-

bility is to impose unverified assumptions under which the coefficient distribution can be uniquely

identified, and hence be estimated. Under such assumptions, existing works have been devoted to

the estimation of the unique coefficient distribution.

Nonparametric identifiability of FA,B have been investigated by Beran and Hall (1992), Hoder-

lein et al. (2010), Masten (2018), and Holzmann and Meister (2020), among others. For example,

Beran and Hall (1992) assumed that A and B are independent, and further showed that FA,B is

identifiable if the design point x follows a nondegenerate distribution, say FX , with at least one of

the points 0, +∞, or −∞ in the support, or if the distribution of B is uniquely determined by its

moments and the support of FX contains an open interval. Masten (2018) further discussed and

summarized the identifiability of the coefficient distribution without the independence assumption.

Specifically, FA,B is identifiable if either FX has full support or the support of FX contains an open

interval, and the joint distribution of (A,B) is uniquely determined by its moments.
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Under the desired identifiability, various methods have been proposed to estimate the unique

coefficient distribution, FA,B. Beran and Hall (1992) proposed a moment-matching method for

approximating FA,B, assuming A and B are independent. Beran and Millar (1994) proposed an

estimation approach that seeks to minimize the distance between the induced distribution and the

empirical distribution of (x, Y ) under the RCR models. Beran et al. (1996) and Hoderlein et al.

(2010) assumed full support of x and that its second moment is not finite (e.g., Cauchy), which

allowed the inversion of a Radon transform to estimate the distribution of (A,B). Holzmann and

Meister (2020) estimated FA,B when the design variables have a Lebesgue density with polynomial

tail behavior, by use of an empirical version of the conditional characteristic function, and provide

optimal pointwise convergence rates. Dunker et al. (2021) proposed a quasi-maximum likelihood

method while relaxing the assumption that the design variable density has heavy tails. Gaillac and

Gautier (2022) pointed out that the assumption that x has full support is rarely true in practice, and

proposed an adaptive estimation method for when the design variable has limited variation.

The traditional approaches in RCR modeling share two common features, a set of assumptions

on the coefficient distribution and the design to ensure identifiability and a procedure to estimate

the coefficient distribution. In particular, the design point x is required to take values over an open

interval, which is rather restrictive for practical purposes. As will be shown in Section 2.2.2 when

the cardinality of X is finite, the coefficient distribution lacks identifiability; in fact, there is a

collection of distributions, including FA,B itself, leading to the same output distributions FYx
for

all x ∈ X . From that perspective, they are all equivalent and form an equivalence class.

In contrast to existing works, we assume that the cardinality of X is finite and adopt a different

approach without enforcing identifiability. Instead of estimating an identifiable, hence unique,

coefficient distribution, which essentially is determined by the assumptions imposed, we develop

a procedure that yields multiple plausible coefficient distributions that are equivalent in terms of

inducing the same output distributions for each x ∈ X . Our proposed method starts with an

arbitrary initial guess for the distribution of (A,B), referred to as a global ansatz. The global

ansatz contains available prior information on the structure of a coefficient distribution that may
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not be learned from the output distributions, facilitating the identification of a specific member

within the equivalence class. The method proceeds by recursively updating the global ansatz. We

show that each update moves the global ansatz closer to the desired equivalence class in terms of

Kullback–Leibler (KL) divergence.

An alternative viewpoint of our proposed method arises from its connection to the stochas-

tic inverse problem (SIP; Butler et al., 2014). Those authors studied the problem of finding a

probability measure on the input space for a given probability measure on the output space un-

der a measurable map. They further proposed an algorithm based on the disintegration theorem

(Chang and Pollard, 1997), which provides a framework to define conditional probability. In our

context, for a pre-specified design point x and the corresponding output distribution FYx
, find-

ing a coefficient distribution that induces FYx
through (2.1) is indeed a SIP. At each iteration, our

proposed approach solves a collection of SIPs. Of course, the output distributions FYx
are not

observed, rather, we can estimate each output distribution from the observed data. The SIP with

the estimated output distributions substituted for the output distributions can be considered as an

empirical SIP (Bingham et al., 2024).

The remainder of this chapter is organized as follows. In Section 2.2, we introduce the problem

setup and discuss the nonidentifiability of the coefficient distribution. In Section 2.3, we develop

an iterative method based on recursively updating a global ansatz. In Section 2.4, we validate our

proposed approach through simulation studies. In Section 2.5, the proposed method is applied to

a randomized-controlled clinical trial of acupuncture (Vickers et al., 2004). We conclude with a

discussion in Section 2.6.

2.2 Problem Formulation and Nonidentifiability

2.2.1 Random Coefficient Regression: an SIP Perspective

Consider linear maps from R
2 to R,

Qx(a, b) = a+ bx,
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which are indexed by x ∈ X . The RCR model in (2.1) can be written as Y = Qx(A,B).

Each map Qx gives rise to two types of problems, stochastic forward problem and stochastic

inverse problem. A stochastic forward problem intends to find the distribution FYx
of Y induced

by Qx for a given distribution FA,B. Here, FA,B is referred to as the generating distribution, and

FYx
is referred to as an output distribution (Butler et al., 2014; Chi, 2021; Bingham et al., 2024).

Conversely, for a stochastic inverse problem, the output distribution FYx
is known, and the goal

is to identify a distribution, whose output distribution is also FYx
. Each distribution is called a

solution to the SIP. Define the solution set Ex, for x ∈ X ,

Ex :=
{
F̃A,B : F̃A,B induces FYx

via Qx

}
.

Clearly, the generating distribution is an element in the solution set; however, for a given output

distribution FYx
, the solution set generally contains more than one element. For instance, given the

distribution of A+B, corresponding to x = 1, we can find many solutions through deconvolution.

The RCR model can be viewed as a collection of SIPs, indexed by x ∈ X . In particular, given a

set of output distributions FX = {FYx
: x ∈ X}, the aim of an RCR model is to obtain a coefficient

distribution that can act as the generating distribution for all FYx
. Alternatively, we are seeking a

coefficient distribution that lies in the intersection of all solution sets Ex for x ∈ X , denoted by E .

For a general discussion, see Chi (2021). The author commented that E is a convex set.

For each x ∈ X , Ex is determined by the corresponding output distribution FYx
. The solution

set E is characterized by the collection of output distributions. All elements in E are equivalent

as they induce the same collection of output distributions. Under such equivalence relation, the

solution set E is an equivalence class.

There are important considerations inherent with the use of RCR models. One of which, is

that the model, Y = Qx(A,B), is correctly specified. If so, E is non-empty as the generating

distribution FA,B ∈ E . Under model misspecification, however, there is no guarantee that there

exists a distribution F̃A,B that induces the same set of output distributions FX through (2.1), i.e., E

may be empty.
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Additionally, it is common to assume that the generating distribution has a Lebesgue density, as

it can be beneficial to work with the densities directly. Consequently, in this chapter, it is assumed

that the Lebesgue density of FA,B exists, denoted as fA,B, and is Riemann integrable. Under such

assumptions, the solution to the stochastic forward problem can be expressed, in terms of densities,

as the well-known Radon transform (Deans, 1983),

fYx
(y) =

∫

R

fA,B(y − bx, b) db, (2.2)

where fYx
is the density of the output distribution FYx

. Then, for design point x, any density f̃A,B

whose Radon transform is equal to fYx
, defines a distribution F̃A,B ∈ Ex, i.e., F̃A,B is a solution to

the SIP specified by Qx.

In practical applications of RCR models, the output distributions (i.e., the true distributions

of Y at the specified design points) are unknown. Instead, we are presented with observations of

Y from the output distribution FYx
for each x ∈ X . This leads to a collection of empirical SIPs

(Bingham et al., 2024), in which the output distributions are replaced by their empirical analogs.

Common choices are histograms and kernel density estimators.

2.2.2 Nonidentifiability and a Solution Set

In this section, we will show that, under some mild conditions, the solution set E contains

infinitely many elements. As a result, these elements, i.e., distributions, are indistinguishable in

terms of generating the same collection of output distributions.

To provide an illustration, we present an example that commonly arises in randomized clinical

trials. Let x be the indicator of an individual’s treatment assignment, with x = 0 for control and 1

for treatment; hence, X = {0, 1}. In this context, A represents the individual’s potential outcome

under control, and B represents the individual treatment effect (ITE), i.e., the contrast between the

individual’s potential outcomes under treatment and control. Most of the time, the primary interest

lies in the population average (or mean) treatment effect (PATE), E(B). Here, we consider more

generally the joint distribution of (A,B), which characterizes the distribution of the ITE in the
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population. Suppose the generating distribution FA,B is a standard bivariate normal distribution

with density

fA,B(a, b) =
1

2π
exp

{
−1

2
(a2 + b2)

}
,

which induces the output distribution, N(0, x2+1), for x ∈ X = {0, 1}. Note that, for any x ∈ X ,

the following two densities also give rise to the same output distributions

f 1
A,B(a, b) =

1√
7π

exp

{
−2

7
(2a2 + b2 + ab)

}
,

f 2
A,B(a, b) =

1

2π
exp

{
−1

2
(a2 + b2)

}(
1 + ab(a2 − b2) exp

{
−1

2
(a2 + b2)

})
.

The three densities fA,B, f 1
A,B, and f 2

A,B are depicted by heatmaps shown in Panels A, B, and C

of Figure 2.1, respectively. Here, f 1
A,B is a bivariate normal density with covariance −1/2 between

A and B, and the variance of A and B are 1 and 2, respectively. Additionally, f 2
A,B is a non-normal

density such that A and B are uncorrelated, and the densities of A, B, A + B, and A − B are all

normal (Hamedani and Tata, 1975). Interestingly, fA,B and f 2
A,B yield the same output distribution

for x = −1 ̸∈ X .

For this example, the solution set E contains, at least, all three distributions as well as their

convex combinations. Thus, it consists of infinitely many elements. This phenomenon is not

specific to the situation where the design variable is binary, or the output distributions are normal.

Rather, it is a general issue when the cardinality of X is finite. This result is formally presented in

Theorem 1.

Theorem 1. Let X be a finite collection of design points. Let FA,B be a generating distribution

of (A,B), whose Lebesgue density is Riemann integrable, and FX be the collection of output

distributions. The solution set E contains infinitely many elements that are absolutely continuous

with respect to the Lebesgue measure.
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Figure 2.1: Heatmaps of five different densities of (A,B) that induce the same N(0, x2 + 1) output dis-

tributions for Y at x ∈ X = {0, 1}. Panels A-E show f̃A,B , f1
A,B , f2

A,B , f3
A,B and f4

A,B , respectively. In

Panels D and E, the dark density band is beneath and above the horizontal line b = 0, respectively.

The proof of Theorem 1 is included in the Appendix A.0.1, which is based on a construction

method. The method creates a new density f̃A,B by perturbing the density function fA,B in such

a way to preserve the output densities for each x ∈ X . The construction method is also used in

Section 2.5 to generate more empirical coefficient distributions that are equivalent in terms of the

output distributions.

Although the generating distribution FA,B is nonidentifiable, some features of E may still be

identifiable. For example, when X contains at least two points, E(A) and E(B) are identifiable,

given that E(A) and E(B) exist. More generally, Hermann and Holzmann (2021) showed that if

the first k moments of A and B exist and x takes on k+1 different values, then all mixed moments

E[AiBj], i, j ≥ 0, i+ j ≤ k, are identifiable.

In general, certain important features of E remain nonidentifiable, such as the probability of

an event of (A,B). As an illustration, let us revisit the aforementioned randomized clinical trial

example. Recall that the true generating distribution of (A,B) is standard bivariate normal, which
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leads to a PATE of E(B) = 0. Now, suppose a positive value of B is indicative of a therapeutic

effect. Consider the problem of identifying the population proportion of patients who benefit more

from the treatment, i.e., FA,B(B > 0). The three distributions, FA,B, F 1
A,B, and F 2

A,B, assign the

same probability of 0.5 to {B > 0}. However, other distributions in E lead to different probabilities

for this event.

For example, Panels D and E of Figure 2.1 depict the densities f 3
A,B and f 4

A,B of two distribu-

tions F 3
A,B and F 4

A,B in E , obtained via the construction method described in the proof of Theorem

1. The functions f 3
A,B and f 4

A,B yield high density within a narrow band that runs horizontal near

the line b = 0. For f 3
A,B (f 4

A,B), the band lies under (above) the horizontal line, b = 0, as illustrated

in Figure 2.1. Consequently, we have F 3
A,B(B > 0) = 0.15 and F 4

A,B(B > 0) = 0.85, respectively.

The implication is that, while the PATE is zero, the probability that a randomly selected individ-

ual benefits more from the treatment than control has a considerably wide range. The analytic

expressions of f 3
A,B and f 4

A,B are given in the Appendix A.0.2.

It may be of interest to the reader to know that not all distributions in E , from this example,

have Lebesgue densities. An example of such a distribution is given in the Appendix A.0.2, and it

assigns a probability of 0.145 to event B > 0. This implies that, although the unknown generating

distribution F̃A,B is absolutely continuous with respect to the Lebesgue measure on R
2, its corre-

sponding solution set E may contain distributions that are not absolutely continuous with respect

to the Lebesgue measure on R
2. In this chapter, we focus our attention on the restriction of E to

those distributions with a Lebesgue density.

In Section 2.3, we develop an iterative method to approximate elements of E by incorporating

prior information through a global ansatz. This provides a starting point for making inferences

about nonidentifiable features of E that are of interest. For sensitivity analysis, it may be desirable

to evaluate how inference on events may vary across the solution set. Different elements of E

(or their approximants) can be obtained through (i) the construction method outlined in the proof

of Theorem 1, (ii) the iterative method with different global ansatzes, or (iii) a combination of

16



both (i) and (ii). An illustration of our proposed method and the sensitivity analysis scheme on an

acupuncture dataset is provided in Section 2.5.

2.3 Methodology

2.3.1 Finding a Local Solution in Ex
Let {fYx

: x ∈ X} be a set of output densities associated with FX . Recall that, as described

in Section 2.2.1, Ex is the solution set to the SIP determined by the map Qx and its corresponding

output distribution FYx
. Furthermore, E is the solution set formed as the intersection of Ex for all

x ∈ X .

To begin, we characterize the support of all elements E in the following lemma.

Lemma 1. Let F̃A,B ∈ E and f̃A,B be its density. Then

supp(f̃A,B) ⊆
⋂

x∈X

Q−1
x (supp(fYx

)) := Λ0.

Here, supp(f) denotes the support of a density function f , which is the smallest closed set Λ such

that
∫
Λ
f(a, b)d(a, b) = 1.

The proof of Lemma 1 is given in the Appendix A.0.3. Note that Λ0 is a superset of the supports

of all solutions in E . It can be readily obtained based on the supports of the output distributions.

Now, consider an arbitrary distribution of (A,B), denoted by F
(0)
A,B, which is not necessarily

an element of E . We refer to this initial guess as a global ansatz, the meaning of which will be

clear later. As a direct consequence of Lemma 1, we should start with a global ansatz such that

supp(f
(0)
A,B) ⊇ Λ0, where f

(0)
A,B denotes the density of F

(0)
A,B.

For any design point x ∈ X , f
(0)
A,B induces a density of Y under the linear map Qx,

f
(0)
Yx

(y) =

∫

R

f
(0)
A,B(y − bx, b) db.
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The induced density f
(0)
Yx

does not necessarily match the target output density fYx
for any x ∈ X .

However, for each x ∈ X , the following update of f
(0)
A,B,

f
(1)
A,B,x(a, b) = f

(0)
A,B(a, b)

fYx
(a+ bx)

f
(0)
Yx

(a+ bx)
, (2.3)

gives a valid density of (A,B) that yields the target output density fYx
under the linear map Qx.

Note that we define f
(1)
A,B,x(a, b) = 0 whenever f

(0)
Yx

(a, b) = 0. The proof and necessary derivation

are included in the Appendix A.0.4. A measure-theoretic justification of the update through the

disintegration theorem is deferred to Section 2.3.3.

The additional subscript x in f
(1)
A,B,x emphasizes the dependence of the update on x. In general,

f
(1)
A,B,x does not induce the target output density fYx′

under Qx′ for x′ ̸= x. Thus, its distribu-

tion F
(1)
A,B,x is an element in Ex and is referred to as a local solution at the specific design point

x. Additionally, it is shown in the Appendix A.0.5 that (2.3) follows the principle of minimum

discrimination information. That is,

F
(1)
A,B,x = argmin

F̃A,B∈Ex

DKL(F̃A,B||F (0)
A,B),

where DKL denotes the Kullback-Leibler (KL) divergence. Then F
(1)
A,B,x is the unique Bergman

projection, in terms of the KL-divergence, of F
(0)
A,B onto the solution set Ex. Note that the unique-

ness of the minimum is a direct consequence of the convexity of Ex.

The choice of F
(0)
A,B is arbitrary, with the only constraints being supp(f

(0)
A,B) ⊇ Λ0 to avoid

dividing any non-zero number by zero in (2.3) and it has a Lebesgue density. Finding a local

solution is analogous to reconstructing a joint density from a marginal, in which the solution is

not unique and requires an additional assumption on the conditional density. Specifically, the

component f
(0)
A,B(a, b)/f

(0)
Yx

(a+ bx) in (2.3) represents a prior assumption about the structure of the

local solution that cannot be learned from the target output density. Such an assumption is referred

to as an ansatz (Butler et al., 2014); see Section 2.3.3 for more details. We refer to F
(0)
A,B as a global

ansatz, as it induces the individual ansatzes at different design points.
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The role of an ansatz in the SIP with non-unique solutions is analogous to that of a prior in

Bayesian inference with nonidentifiable parameters (Neath and Samaniego, 1997; Wechsler et al.,

2013). If subject-matter knowledge is available, such information can be used to set up the global

ansatz. Otherwise, for standard noninformative choices, the global ansatz can be chosen to be a

diffuse bivariate normal distribution (when Λ0 is unbounded) or a uniform distribution (when Λ0

is bounded).

2.3.2 Approximating a Global Solution in E
A local solution yields the target output density for a specific x, but our goal is to identify (or

approximate) an element of E which induces the target output densities globally for all x ∈ X . To

be more precise in terminology, we occasionally refer to an element of E as a global solution. In

this section, we propose a new method to approximate a global solution based on local solutions.

As discussed in Section 2.3.1, for each x ∈ X , can find a local solution f
(1)
A,B,x. A natural first

step is to remove the effect of the design point x by averaging all local solutions over X ,

f
(1)
A,B(a, b) =

1

J

∑

x∈X

f
(1)
A,B,x(a, b), (2.4)

where J is the cardinality of X . The resulting density f
(1)
A,B may not be a global solution, and in

fact, it may not be a local solution in any Ex. However, as will be shown in Theorem 2, we have

DKL(F̃A,B||F (0)
A,B) ≥ DKL(F̃A,B||F (1)

A,B),

where F̃A,B is any global solution in E , and F
(0)
A,B and F

(1)
A,B are the distribution functions corre-

sponding to f
(0)
A,B and f

(1)
A,B, respectively. Therefore, the update from f

(0)
A,B to f

(1)
A,B can be seen as a

step closer to a global solution.
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Note that f
(1)
A,B is independent of the design point x and can be used as an updated global ansatz.

We can repeat the process above through the following recursive equation,

f
(ℓ+1)
A,B (a, b) =

1

J

∑

x∈X

f
(ℓ+1)
A,B,x(a, b) = f

(ℓ)
A,B(a, b)

1

J

∑

x∈X

fYx
(a+ bx)

f
(ℓ)
Yx
(a+ bx)

, for ℓ = 0, 1, . . ., (2.5)

where, for x ∈ X ,

f
(ℓ)
Yx
(y) =

∫

R

f
(ℓ)
A,B(y − bx, b) db

is the output distribution under the ℓth updated global ansatz.

The rationale behind the recursive update is as follows. At each iteration, the local solutions

are averaged, merging their distinct features. The average then serves as the prior to guide the next

iteration, resulting in a new set of local solutions. This iterative process promotes similarity among

the local solutions over iterations, driving them towards a global solution.

Next, Theorem 2 provides the convergence results in terms of the KL-divergence.

Theorem 2. Let F
(0)
A,B be a global ansatz with the density f

(0)
A,B satisfying supp(f

(0)
A,B) ⊇ Λ0. Further,

let {F (ℓ)
A,B : ℓ = 0, 1, . . .} be a sequence of distributions defined by the density functions in the

recursive equation (2.5). For any global solution F̃A,B ∈ E , if DKL(F̃A,B||F (0)
A,B) < ∞, then

(i) the sequence DKL(F̃A,B||F (ℓ)
A,B) is non-increasing and converges;

(ii) the sequence DKL(F
(ℓ+1)
A,B ||F (ℓ)

A,B) converges to zero; and

(iii) the sequence DKL(FYx
||F (ℓ)

Yx
) converges to zero for each FYx

∈ FX .

The proof of Theorem 2 is deferred to the Appendix A.0.6. Theorem 2 suggests that the re-

cursive update is a viable approach to moving closer to E from an arbitrary global ansatz, thereby

producing an improved approximation of a global SIP solution. Evaluating (2.5) over many it-

erations may not be analytically tractable. In practice, we consider a computational method that

numerically approximates (2.5) with discrete approximations and numeric integration. For ℓ ≥ 10,

f
(ℓ)
A,B typically yields f

(ℓ)
Yx

that closely resembles the target output density fYx
for all x ∈ X .
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As an example, Figure 2.2 illustrates the recursive update for the example in Section 2.2.2.

Recall that the output distributions are N(0, x2 + 1) for x ∈ X = {0, 1}. Let the global ansatz

be a bivariate normal distribution with mean (2, 1)⊤ and covariance matrix I2 (the 2 × 2 identity

matrix), shown in Panel A. Panels B and C visualize the local solutions at x = 0 and 1 after the

first update, respectively, and Panel D shows their average. Next, starting with the distribution in

Panel D, the process is repeated, producing the local solutions in Panels E and F and their average

in Panel G. Lastly, Panels H, I and J show the local solutions and their average after 15 updates,

which exhibit a noticeable similarity.

Figure 2.2: Illustration of the recursive update for approximating a global solution. The output distributions

are N(0, x2 + 1) for x ∈ X = {0, 1}. Panel A shows a bivariate normal (mean = (2, 1)⊤, covariance matrix

= I2) distribution as the global ansatz. The second row visualizes the first update, where Panels B, C and D

represent the local solutions at x = 0 and 1 as well as their average, respectively. Similarly, the third row

visualizes the second update, and the last row visualizes the 15th update. The scale of the densities ranges

from 0 to 0.16.
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To demonstrate that the distribution F
(15)
A,B in Panel J of Figure 2.2 yields output distributions

that closely resemble the target N(0, x2 + 1) for both x = 0 and 1, Figure 2.3 plots the induced

output distributions against FYx
for x = 0, 1. In Panel A, F

(ℓ)
Y0

(horizontal axis) is plotted against

FY0
(vertical axis) for ℓ = 0 (dashed curve), ℓ = 1 (dotted curve), ℓ = 2 (dash-dotted curve),

and ℓ = 15 (solid curve). Similarly, Panel B plots F
(ℓ)
Y1

(horizontal axis) against FY0
(vertical

axis) for ℓ = 0, 1, 2, and 15. As ℓ increases, the curves become closer to a straight 45 degree

line. In particular, the solid curves, as seen in both Panels A and B, suggest that F
(15)
Y0

and F
(15)
Y1

approximate the respective output distributions, FY0
and FY1

, reasonably well.

Figure 2.3: Induced output distributions of the iterative procedure by an off-centered normal distribution

against the output distributions of FX . Panel A plots F
(ℓ)
Y0

(horizontal axis) against FY0
(vertical axis) for

ℓ = 0, 1, 2, and 15. Similarly, Panel B plots F
(ℓ)
Y0

against FY0
. In both panels, the dashed lines correspond

with ℓ = 0, the dotted lines correspond with ℓ = 1, the dashed-dotted lines correspond with ℓ = 2, and the

solid lines correspond with ℓ = 15.

In the RCR model, we are often presented with observations of Y at different design points,

which can be used to generate a set of estimated output densities {f̂Yx
: x ∈ X} through his-
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tograms or kernel density estimators. The recursive update in (2.5) can be applied directly to the

estimated output densities to produce an approximation F̂A,B of the coefficient distribution. Ad-

ditional goodness-of-fit checks, such as QQ plots and Kolmogorov–Smirnov (KS) tests, can be

used to assess whether F̂A,B could have plausibly given rise to the observed data. Our approach is

supported by simulation studies, as shown later in Section 2.4.

2.3.3 A Measure-Theoretic Framework

In this section, we provide a measure-theoretic justification for our proposed method. Partic-

ularly, we will highlight that the essence of the local solution for a given x at each iteration is to

solve an SIP through a disintegration. Butler et al. (2014, 2012); Breidt et al. (2011) proposed a

theoretical framework for solving SIPs by means of disintegration. Chi (2021) expanded this work

by leveraging an experimental variable x.

The general setup is as follows. Let (Λ,BΛ,PΛ) denote a probability space, where Λ ⊆ R
k, BΛ

is the Borel σ-algebra on Λ, and PΛ is a probability measure on (Λ,BΛ). Furthermore, for each

x ∈ X , let Qx be a measurable map from (Λ,BΛ) to (Γx,BΓx
), where Γx ⊆ R

m, and BΓx
is the

Borel σ-algebra on Γx. It is assumed that Qx is surjective, continuously differentiable, and the

Jacobian of Qx has full rank. Note that a probability measure PΓx
on (Γx,BΓx

) is induced by PΛ

via

PΓx
(D) = PΛ(Q

−1
x (D)) for D ∈ BΓx

, (2.6)

which is referred to as the output probability measure. Here, Q−1
x is the inverse map, defined by

Q−1
x (D) = {λ ∈ Λ : Qx(λ) ∈ D}.

Finding PΓx
through (2.6) defines a stochastic forward problem. On the other hand, for each

x, given an output probability measures PΓx
on (Γx,BΓx

), finding a probability measure PΛ on

(Λ,BΛ) that induces PΓx
is called a SIP.
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Under the RCR model in (2.1), Λ is the domain of (A,B), Qx(λ) = a + bx is a linear map

for λ = (a, b) ∈ Λ, Γx is the domain of Y for any given x, and the probability measures PΛ and

PΓx
are respectively the distributions of FA,B and FYx

. In this chapter, we assume that Λ = R
2,

and hence Γx = R. Our goal is to find probability measures P̃Λ on (Γx,BΓx
) that induce the set of

output measures {PΓx
: x ∈ X} via the set of maps {Qx : x ∈ X}. That is, P̃Λ is a solution to

each SIP defined by the maps Qx, and hence, is a global solution as defined in Section 2.2.1.

The approach of Butler et al. (2014), Yang (2018), and Chi (2021) is based on the disintegration

theorem (Chang and Pollard, 1997). Consider a σ-finite measure ΨΛ on (Λ,BΛ). Let QxΨΛ denote

the image measure of ΨΛ under the map Qx, defined as QxΨΛ(D) = ΨΛ(Q
−1
x (D)) for D ∈ BΓx

.

The disintegration theorem states that, under mild conditions, ΨΛ can be disintegrated as

ΨΛ(C) =

∫

y∈Γx

∫

λ∈Q−1
x (y)∩C

dΨQ−1
x (y)(λ)dνΓx

(y), ∀C ∈ BΛ. (2.7)

See Yang (2018). Here, νΓx
is a σ-finite measure on (Γx,BΓx

) that dominates the image measure

QxΨΛ and is called the mixing measure. Furthermore, for each y, ΨQ−1
x (y) is a σ-finite measure

on (Λ,BΛ) concentrated on the set Q−1
x (y) = {λ ∈ Λ : Q(λ) = y}, often referred to as the

generalized contour (Butler et al., 2014). That is, ΨQ−1
x (y)

(
Λ \ Q−1

x (y)
)
= 0 for νΓx

-almost all y.

The measures {ΨQ−1
x (y) : y ∈ Γx} are called disintegrating measures or a (Qx, νΓx

)-disintegration

of ΨΛ. The disintegrating measures are uniquely determined up to an almost sure equivalence: if

{Ψ∗
Q−1

x (y)
} is another (Qx, νΓx

)-disintegration of ΨΛ, then νΓx

(
y ∈ Γx : ΨQ−1

x (y) ̸= Ψ∗
Q−1

x (y)

)
= 0.

The disintegration theorem can be viewed as representing ΨΛ as an iterated integral of a con-

ditional measure ΨQ−1
x (y) along each generalized contour and a marginal measure νΓx

over the set

of generalized contours. In the context of the RCR model, Figure 2.4 illustrates the disintegration

theorem for x = 1. Each generalized contour, Q−1
x (y) = {λ = (a, b) : b = −a + y}, is a straight

line with slope −1, and a disintegrating measure ΨQ−1
x (y) concentrates on such a line. The mixing

measure νΓx
defines a measure over these parallel lines.

Now, let us revisit our iterative approach for RCR models. We begin by selecting a priori a

global ansatz P
(0)
Λ , under mild constraints. The global ansatz is disintegrated with respect to the
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Figure 2.4: The disintegration of a measure ΨΛ for x = 1. The contours are lines with slopes −1, a few of

which are depicted as parallel dashed lines. The density of a disintegrating measure Ψ
Q−1

x (y), concentrated

on Q−1
x (y) for y ∈ Γx, is shown as a red solid line. The shaded region under the red curve, represents the

Ψ
Q−1

x (y) measure of set C. The density of the mixing measure νΓx over the contours is shown as a blue solid

line. The ΨΛ measure of set C, can then be viewed as the integral of the Ψ
Q−1

x (y) measures of set C with

respect to the mixing measure νΓx .

image measure P
(0)
Γx

= QxP
(0)
Λ as

P
(0)
Λ (C) =

∫

y∈Γx

∫

λ∈Q−1
x (y)∩C

dP
(0)

Q−1
x (y)

(λ)dP
(0)
Γx
(y), ∀C ∈ BΛ.

The resulting set of disintegration measures {P(0)

Q−1
x (y)

: y ∈ Γx} provides an initial guess of the

distributions along the collection of generalized contours.

Now, combing with the target output probability measure PΓx
, we obtain a probability measure

on Λ through an integration

P
(1)
Λ,x(C) =

∫

y∈Γx

∫

λ∈Q−1
x (y)∩C

dP
(0)

Q−1
x (y)

(λ)dPΓx
(y), ∀C ∈ BΛ. (2.8)

Note that the image measure of P
(1)
Λ,x is the desired output distribution PΓx

, and hence is a solution

to the SIP under Qx.
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Now, for the RCR models, we will show that f
(1)
A,B,x in (2.3) is the Lebesgue density of P

(1)
Λ,x in

(2.8). Let µ1 and µ2 denote the Lebesgue measures on (R,BR) and (R2,BR2), respectively.

First, the (Qx, µ1)-disintegration of µ2 yields the set of disintegrating measures, denoted as

{µQ−1
x (y) : y ∈ R}. For a given y ∈ R and a measurable function f : R2 → R, we show in the

Appendix A.0.7 that each disintegrating measure can be obtained through the Radon transform;

that is,

µQ−1
x (y)(f) :=

∫
fdµQ−1

x (y) =

∫
f(y − sx, s)dµ1(s). (2.9)

The notation ν(f) =
∫
fdν follows the convention in Chang and Pollard (1997).

Next, assume that the global ansatz P
(0)
Λ is absolutely continuous with respect to µ2 with Radon-

Nikodym (RN) derivative dP
(0)
Λ /dµ2 = f

(0)
A,B. According to Theorem 3 of Chang and Pollard

(1997), we can express the disintegrating measure of P
(0)
Λ for y ∈ Γx as

P
(0)

Q−1
x (y)

(C) =
µQ−1

x (y)

(
f
(0)
A,B · IC

)

µQ−1
x (y)(f

(0)
A,B)

, ∀C ∈ BR2 , (2.10)

where IC is the indicator function of set C. Combining (2.9) and (2.10), the RN derivative of

P
(0)

Q−1
x (y)

with respect to µQ−1
x (y) for a given y ∈ Γx can be written as

dP
(0)

Q−1
x (y)

dµQ−1
x (y)

(λ) =
f
(0)
A,B(λ) · IQ−1

x (y)(λ)

f
(0)
Yx

(Qx(λ))
, (2.11)

where f
(0)
Yx

(y) =
∫
f
(0)
A,B(y − sx, s)ds is the line integral of f

(0)
A,B over Q−1

x (y). The form of the

disintegrating density has an intuitive interpretation as the ratio of the joint density of (A,B) to the

output density, i.e., as a conditional density.

Lastly, assume that the output probability measure PΓx
is absolutely continuous with respect to

P
(0)
Γx

and hence to µ1 also, with RN derivative dPΓx
/dµ1 = fYx

. Plugging-in (2.11), (2.8) can be
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expressed as

P
(1)
Λ,x(C) =

∫

y∈Γx

(∫

λ∈Q−1
x (y)∩C

f
(0)
A,B(λ)

f
(0)
Yx

(y)
dµQ−1

x (y)(λ)

)
fYx

(y)dµ1(y)

=

∫∫

R2

f
(0)
A,B(y − sx, s)

f
(0)
Yx

(y)
· IC(y − sx, s) · fYx

(y) dsdy

=

∫∫

R2

f
(0)
A,B(a, b)

f
(0)
Yx

(a+ bx)
· fYx

(a+ bx) · IC(a, b) dadb,

for all C ∈ BR2 .

The probability measures P
(1)
Λ,x are averaged over X to obtain a probability measure P

(1)
Λ , which

does not depend on the design point x. The resulting measure P
(1)
Λ can then be used as an ansatz,

and the procedure repeats. The iterative procedure can be summarized by the following recursive

equation,

P
(ℓ+1)
Λ (C) =

1

J

∑

x∈X

∫

y∈Γx

∫

λ∈Q−1
x (y)∩C

dP
(ℓ)

Q−1
x (y)

(λ)dPΓx
(y), (2.12)

for ℓ = 0, 1, . . . and C ∈ BR2 , where {P(ℓ)

Q−1
x (y)

} is the (Qx,P
(ℓ)
Γx
)-disintegration of P

(ℓ)
Λ . The

probability measure P
(ℓ+1)
Λ has an RN derivative with respect to µ2 equal to f

(ℓ)
A,B in (2.5). Thus

(2.12) is the measure-theoretic form of (2.5), in terms of measures rather than density functions.

Moreover, (2.5) can be viewed as a special case of the iterative procedure proposed by Chi

(2021) for linear maps, in terms of density functions and under the RCR modeling framework,

but with a key difference. Chi (2021) implemented ansatzes on individual generalized contours

for each map Qx to initiate the procedure, whereas we adopt a global ansatz. The global ansatz

provides a tractable way for a practitioner to supply prior information. For RCR models, our ap-

proach with the global ansatz leads to the readily available iterative process, which attains desirable

convergence features, such as those described in Theorem 2.
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2.4 Simulation

We assess the proposed method through simulation studies. Assume a sample size of n = 450

and a balanced experimental design, with design points X = {−1, 0, 1}. That is, the number of

observations for each distinct design point is 150. The random regression coefficients (Ai, Bi) are

drawn independently from a generating distribution FA,B for i = 1, . . . , 450, and for each xi, Yi is

calculated as Yi = Qxi
(Ai, Bi).

We consider two simulation scenarios. For the first scenario, FA,B is the standard bivariate

normal distribution. For the other, FA,B is a bivariate uniform distribution on [−5, 5]2. To account

for sampling variability, 100 datasets are generated under each simulation scenario.

To estimate the output densities based on the simulated data, both histograms and kernel den-

sity estimation (KDE) techniques are used. For KDE, an Epanechnikov kernel is used. For both

simulation scenarios, two global ansatzes are employed: an off-centered normal distribution (mean

= (2, 1)⊤, covariance matrix = I2) and a bivariate distribution made up of two independent univari-

ate logistic distributions with location 0 and scale
√
3/π. With two types of density estimators

and two global ansatzes, four variations of the iterative method are run on each of the 100 sim-

ulated data sets. The iterative process as summarized by (2.5) is applied to the estimated output

densities for 10 iterations. The result is used as an approximation of the coefficient distribution,

F̂A,B = F
(10)
A,B .

For comparison, we implement the moment-matching estimator (MME) proposed by Beran

and Hall (1992) and the Radon transform estimator (RTE) proposed by Hoderlein et al. (2010).

Additionally, we consider a nonparametric Bayesian method by modeling the coefficient distribu-

tion as a Dirichlet process mixture (DPM) of bivariate normal distributions. The MME, RTE and

DPM methods are run on the same simulated datasets.

For each simulated dataset and each method, an approximation of a plausible coefficient dis-

tribution is obtained, denoted by F̂A,B. Due to nonidentifiability, we do not directly compare F̂A,B

with the generating distribution FA,B. Rather, the performance of each method is evaluated by

comparing the output distributions induced by F̂A,B with those induced by the generating distri-
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bution FA,B. Specifically, the Kolmogorov–Smirnov (KS) distance is calculated at each design

point.

Table 2.1 summarizes the simulation results. The values shown are averages (and standard

deviations) of the KS distances over the 100 simulated datasets. As benchmarks, the KS distances

between the true output distributions and those estimated by histogram and KDE techniques are

also included. The results produced by the four variations of our proposed method are similar,

demonstrating its robustness to the choice of the estimator for the output densities and the speci-

fication of the global ansatz. Notably, the proposed method yields KS distances comparable to or

shorter than the histogram and KDE benchmarks. Both the MME and RTE result in greater KS

distances than the proposed method. The DPM has a slight advantage over the proposed method

when the generating coefficient distribution is normal, likely because it matches the modeling as-

sumption of DPM. However, when the generating distribution is uniform, the proposed method

leads to shorter KS distances than the DPM.

In summary, the proposed method outperforms the alternatives in the sense that the approxi-

mated coefficient distributions provide better recovery of the true output distributions, as compared

to other methods. Since the proposed method is fully nonparametric, the parametric form of the

true generating distribution has little impact on its performance. Additionally, by varying the

global ansatz, the proposed method can produce different plausible approximations of the coeffi-

cient distribution, whereas the other three methods produce only one approximation for a provided

dataset. The simulation results indicate that the proposed method is preferable for approximating

coefficient distributions in a RCR model when x is considered fixed on a discrete lattice.

2.5 Real Data: Acupuncture Example

In this section, we apply our iterative method to a dataset from a randomized controlled clinical

trial investigating the use of acupuncture to mitigate headaches (Vickers et al., 2004). The patient-

level data from this trial were made available by Vickers (2006). The trial consists of 401 patients

with chronic headaches, who were assigned to one of two treatment groups based on randomized
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Table 2.1: KS distances between the output distributions induced by F̂A,B and FA,B . Each row corresponds

to a method and each column corresponds to a design point. Values shown are averages (and standard

deviations) of the KS distances over the 100 simulated datasets.

Method x = −1 x = 0 x = 1

Scenario 1: FA,B is standard bivariate normal

Histogram benchmark 0.0677 (0.0252) 0.0695 (0.0230) 0.0678 (0.0201)

KDE benchmark 0.0440 (0.0228) 0.0468 (0.0202) 0.0448 (0.0179)

Histogram, normal ansatz 0.0495 (0.0189) 0.0472 (0.0173) 0.0491 (0.0158)

Histogram, logistic ansatz 0.0485 (0.0189) 0.0474 (0.0174) 0.0486 (0.0163)

KDE, normal ansatz 0.0434 (0.0198) 0.0348 (0.0150) 0.0428 (0.0158)

KDE, logistic ansatz 0.0421 (0.0195) 0.0378 (0.0151) 0.0413 (0.0155)

MME 0.0999 (0.0110) 0.1599 (0.0329) 0.1707 (0.0095)

RTE 0.1207 (0.0096) 0.1470 (0.0083) 0.1210 (0.0097)

DPM 0.0338 (0.0187) 0.0322 (0.0151) 0.0332 (0.0155)

Scenario 2: FA,B is uniform on [−5, 5]2

Histogram benchmark 0.0682 (0.0206) 0.0678 (0.0203) 0.0685 (0.0213)

KDE benchmark 0.0462 (0.0191) 0.0498 (0.0154) 0.0456 (0.0208)

Histogram, normal ansatz 0.0519 (0.0169) 0.0492 (0.0151) 0.0511 (0.0171)

Histogram, logistic ansatz 0.0511 (0.0164) 0.0485 (0.0149) 0.0508 (0.0165)

KDE, normal ansatz 0.0445 (0.0173) 0.0481 (0.0123) 0.0434 (0.0171)

KDE, logistic ansatz 0.0439 (0.0170) 0.0467 (0.0123) 0.0431 (0.0170)

MME 0.3056 (0.0207) 0.3599 (0.0132) 0.3155 (0.0266)

RTE 0.0654 (0.0255) 0.0601 (0.0192) 0.0644 (0.0247)

DPM 0.0588 (0.0165) 0.0965 (0.0139) 0.0598 (0.0165)

minimization. One group received acupuncture treatments, and the other received a control inter-

vention. Several outcome measures, such as the headache score on a 0 to 100 scale, were assessed

at baseline as well as 3 and 12 months after treatment. For the purpose of illustration, we focus

on the decrease in headache score at 12 months compared to that at baseline, which is the trial’s

primary endpoint. A positive value of the outcome indicates an improvement. There were 301

patients who completed the study, including 161 in the acupuncture group and 140 in the control

group. For simplicity, we restrict the analysis to the complete cases.

Suppose that the treatment effect of acupuncture is of interest. A standard analysis involves

calculating the sample means of the headache score reductions in the control and acupuncture

groups, which are given by 4.367 and 8.329, respectively. The PATE of acupuncture as compared
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to control is estimated to be 3.962. No obvious violation of the normality assumption is seen.

Therefore, a 95% Welch’s confidence interval is calculated for the PATE, which is (1.339, 6.585).

A one-sided test against the null hypothesis that the PATE is less than or equal to 0 results in a

p-value of 0.002. A limitation of such an analysis, however, is that it does not provide information

about how the effect of acupuncture differs among individuals.

The RCR model, as in (2.1), allows inference about the ITE of acupuncture. Let x be the treat-

ment assignment indicator (1 for acupuncture and 0 for control). Accordingly, A is the potential

outcome under control, and B is the ITE of acupuncture as compared to control. By approximat-

ing the joint distribution of (A,B), a plausible probability of a positive ITE, FA,B(B > 0), can be

obtained.

We fit the RCR model to the data and obtain an approximation of a coefficient distribution using

our proposed method. A bivariate normal distribution with mean 0 and covariance matrix 252 · I2
is used as the global ansatz. Next, we use histograms of the actual data to estimate the output

densities of Y at x = 0 and 1 and implement the update in (2.5). The result after 10 iterations is

shown in Panel A of Figure 2.5 and is used as an approximation of a joint distribution of (A,B),

F̂A,B = F
(10)
A,B . Based on this approximation, the probability of a positive ITE under F̂A,B is 0.600.

To assess the goodness of fit of the RCR model and the approximated coefficient distribution

produced by the iterative method, we carry out two one-sample KS tests. Each KS test compares

the empirical distribution of Y with the output distribution induced by F̂A,B at each design point.

For x = 0 and 1, the KS statistics are 0.051 and 0.050, respectively, with corresponding p-values

of 0.856 and 0.808. These results suggest that the observed outcome measures in both treatment

groups can reasonably be produced by F̂A,B.

As discussed in Section 2.2.2, there exists an infinite set of distributions that yield identical

output distributions as F̂A,B on X = {0, 1}. For this reason, the probability assigned to the event

{B > 0} is not uniquely identified. For sensitivity analysis, we employ the construction method

used in the proof of Theorem 1 to obtain different coefficient distributions that are equivalent to

F̂A,B in terms of output distributions for x = 0, 1. Specifically, Panels B and C of Figure 2.5

31



Figure 2.5: Application of the iterative method to the acupuncture trial data. Panel A shows the density

heatmap of the approximated coefficient distribution F̂A,B using a N(0, 252 ·I2) global ansatz. Panels B and

C show two constructed distributions which yield identical output distributions as F̂A,B on X = {0, 1}. In

Panels B and C, the dark density band is beneath and above the horizontal line b = 0, respectively.

visualize the densities of two such distributions with the corresponding probabilities assigned to

{B > 0} as 0.223 and 0.987, respectively.

In summary, although the PATE of acupuncture as compared to control is estimated to be pos-

itive, the chance that a randomly selected individual benefits more from acupuncture than control

may be as low as 22.3%. Incorporating random coefficients allows for inference beyond population

means.

2.6 Discussion

RCR models have been widely used in a range of applications which allow for heterogeneity of

individuals. When the design variable is fixed on a discrete lattice, we have shown in Theorem 1

that the joint distribution of the regression coefficients is nonidentifiable. Viewing the approxi-

mation of coefficient distributions as solving a collection of SIPs, we have developed an iterative
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method that leverages prior assumptions on the structure of the coefficient distribution through a

global ansatz. We have shown in Theorem 2 that each recursive update moves the global ansatz

closer to an element in the solution set E in terms of KL-divergence, and that the output distribu-

tions converge in total variation to FX . Through simulation studies, we have demonstrated that the

proposed method outperforms existing RCR estimation methods. Another advantage of the pro-

posed method is that the use of different global ansatzes and the construction method of Theorem

1 allows for exploration of the solution class, which can serve as a sensitivity analysis.

In this work, our focus is on simple RCR models with a single, fixed explanatory variable. From

this setup, many natural extensions of the proposed method can be pursued. One such extension

involves multiple RCR models incorporating several explanatory variables, where both x and B in

model 2.1 become vectors. While the overall theoretical framework remains largely unchanged,

implementing this extension requires a tailored computational method for efficient numerical ap-

proximation of the recursive update in (2.5) over many iterations. Another extension pertains to a

random explanatory variable. In this case, a possible modification of (2.5) is

f
(ℓ+1)
A,B (a, b) = f

(ℓ)
A,B(a, b)

∫

X

fY |X(a+ bx | x)
f
(ℓ)
Y |X(a+ bx | x)

fX(x) dx, for ℓ = 0, 1, . . ..

Presented with observations of (Y,X), one can estimate fY |X and fX and apply the modified

recursive update to f̂Y |X and f̂X . This modified approach is left as a future direction.

In many applications, the probability of an event E of the random coefficients is of interest,

which in general cannot be uniquely identified. Here, we advocate considering all elements in the

solution set E rather than focusing on a solution based on a set of unverified assumptions.

Following similar notion as Dempster (1967) and Chi (2021), one may define lower and upper

probabilities of E as

F∗(E) = inf
FA,B∈E

FA,B(E) and F ∗(E) = sup
FA,B∈E

FA,B(E).
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Given the convexity of E , the interval (F∗(E), F ∗(E)) delineates the plausible range of probabili-

ties for event E. While the proposed method, coupled with the construction method outlined in the

proof of Theorem 1, can be used to explore the elements of this probability interval, principled ap-

proaches for computing the infimum and supremum of the interval are worth further investigation.

The theoretical properties of the recursive update in (2.5) can be explored in more detail. The-

orem 2 establishes the convergence of the sequence of KL-divergences of an arbitrary element of E

from f
(ℓ)
A,B. It is of interest to determine, possibly under additional regulatory conditions, the con-

vergence of the sequence f
(ℓ)
A,B itself. It is also of interest to theoretically study the finite-sample

and asymptotic behaviors of the recursive update when the true output densities {fYx
: x ∈ X} are

replaced by the estimated output densities {f̂Yx
: x ∈ X}. Lastly, bootstrap methods (Efron and

Tibshirani, 1994) may be used to characterize the sampling variability of the proposed estimator

of the coefficient distribution.
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Chapter 3

Nonparametric Recovery of Mixing Distributions

3.1 Introduction

Let (Xi,Θi), i = 1, 2, . . . , n, be a random sample from an unknown joint distribution. For each

i, Xi is observed, and Θi is unobserved. The latent variables Θi can be viewed as iid realizations

from an unknown marginal distribution G, known as a mixing distribution. We further assume that,

conditioned on Θi, Xi has a probability distribution P (·|Θi). The set of conditional distributions

or the parametric family, P (·|θ), indexed by θ, is known as the component distribution family. The

compound distribution F can be expressed as

F (A) =

∫
P (A|θ)dG(θ), (3.1)

for each measurable set A. Here, F is a probability measure, and F ((−∞, x]) will yield the

standard distribution function of Xi. Our goal is to estimate the mixing distribution G based on a

sample of observations, X1, . . . , Xn.

The recovery of the mixing distribution has been widely used in many applications, such as in-

formation theory (Patrick and Hancock, 1966), actuarial applications (Karlis and Xekalaki, 2005),

biomedical studies (Zhai and Jiang, 2023), and empirical Bayesian estimation (Yakowitz, 1969;

Robbins, 1964). Feller (1943) discussed many applications for compound Poisson distributions,

including entomology, bacteriology, and telephone traffic.

Many existing approaches assumed a parametric family for the mixing distributions, hence fo-

cused on parameter estimation. For instance, the well-known beta-binomial distribution has been

used for modeling count data, which can be viewed as a compound distribution. Researchers pro-

posed the maximum likelihood approach to estimate parameters in the beta distribution (Skellam,

1948; Barnard, 1954; Crowder, 1978). Similarly, a Lomax distribution can be viewed as a com-

pound distribution, with an exponential component family mixed over the rate parameter according
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to a gamma mixing distribution. Then modeling data with a Lomax distribution and estimating its

shape and scale parameters, as done by Lomax (1954) for business failure data, can be viewed as

estimating a parametric gamma mixing distribution.

Nonparametric approaches are common in the literature, however, in general the proposed

approaches are designed for specific data scenarios. Laird (1978) proposed a nonparametric maxi-

mum likelihood estimation procedure, where G is a discrete distribution. Zhang (1990) developed

a kernel estimation approach using Fourier methods. Other relevant nonparametric works include,

Carroll and Hall (1988), Liu and Taylor (1989), Stefanski and Carroll (1990), Fan (1991), Hall

and Meister (2007) and Butucea and Comte (2009). Those methods used a deconvolution of the

kernel density estimator. Goutis (1997) pointed out that the deconvolution methods are essentially

only applicable in the errors-in-variables model, where the differences Θi − Xi are independent.

Consequently, it is often assumed that Xi = Θi + ϵi, where the ϵi’s form a random sample from a

location family, e.g., normal, and ϵi is independent of Θi for each i. The term deconvolution arises

naturally since (3.1) can be written, when the component distribution family is a location family,

in terms of densities with respect to appropriate dominating measures as

f(x) =

∫
p(x− θ)dG(θ),

where p(x − θ) is the density of the a component distribution P (·|θ). In particular, when the

component distribution family is normal, the inference of unknown distribution G of the means is

referred to as the Normal Means problem. For a review of recent developments under this specific

scenario, see Jiang and Zhang (2009), Sun (2020), and Liu (2023).

Unlike the deconvolution methods and those proposed in the Normal Means problem, Goutis

(1997) took a different approach where the mixing distribution is assumed to have a Lebesgue

density. In particular, the author integrated a kernel density estimator for the unknown mixing

distribution with an expectation over the posterior distribution. Because the latent variables Θi’s

are unobserved, an iterative EM-type algorithm is proposed. Their method is computationally

intensive since surrogate values for the Θis are sampled at each iteration.
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Efron (2014, 2016) proposed a new approach to approximate the mixing distribution, given a

known component distribution family, by modeling the mixing distribution with an exponential

family. Efron’s approach has been used in a variety of analyses, including two-sample tests in

medical studies (Zhai and Jiang, 2023). Efron (2014) categorized most approaches for the recov-

ery of a mixing distribution into two types: g-modeling and f -modeling. In particular, g-modeling

approaches focus on the mixing distribution in (3.1) directly, while, f -modeling approaches model

it indirectly through the compound distribution. The author proposed two f -modeling approaches,

one parametric and one nonparametric, and the g-modeling approach mentioned before. Later,

Efron (2016) compared the g-modeling approach with a nonparametric f -modeling approach by

Stefanski and Carroll (1990), which demonstrated the advantage of modeling the mixing distribu-

tion with an exponential family.

Recently, Cui and Hannig (2022) proposed a fiducial alternative to Efron’s g-modeling ap-

proach for discrete component distributions, e.g., a family of Poisson distributions indexed by a

mixing random variable. Through simulations, it was demonstrated that the fiducial approach is

a good alternative to g-modeling. However, the fiducial approach is not applicable to continu-

ous component distributions, such as the normal family commonly assumed in the deconvolution

methods.

In general, the problem of recovering the mixing distribution may be ill-posed or not well-

posed. Mathematically speaking, a well-posed problem implies that the solution exists, is unique,

and is stable; see Hadamard (1902), Tikhonov et al. (1995), and Strauss (2008) for more detailed

discussions. If the solution is unique, the mixing distribution is said to be identifiable. The iden-

tifiability of the mixing distribution has been widely studied (Teicher, 1960, 1963; Tallis, 1969;

Yakowitz, 1969; Atienza et al., 2006). Generally, the mixing distribution is nonidentifiable, but

under certain scenarios, it is identifiable. In addition, the recovery problem may not be stable. To

our knowledge, little attention has been given to the stability, or lack thereof, of the mixing distri-

bution recovery problem. In Section 3.2.3, we demonstrate the instability of the recovery problem

for a scenario where the solution exists and is unique.
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In this paper, we present a novel framework to handle the ill-posedness of the mixing distribu-

tion recovery problem. In particular, we propose a nonparametric method to approximate elements

within a set of mixing distributions, that induce the same compound distribution, according to (3.1),

for a given set of component distributions. Our proposed approach, initiated by a user-specified

distribution, namely, an ansatz, iteratively updates a distribution through integration and disinte-

gration, in such a way that at each iteration, the distribution steps closer to the set of distributions

of the aforementioned set.

Under scenarios where the recovery of the mixing distribution is well-posed, the selection of an

ansatz matters little. For cases where the solution is unique, but the problem suffers from instability,

a judicious selection of an ansatz acts to stabilize the problem. Finally, when the solution is not

unique, different choices of ansatzes may be used to approximate different elements within the

equivalence class with certain features, e.g., continuous or discrete distributions.

The paper is organized as follows. In Section 3.2, the background of the mixing distribution

recovery problem and its ill-posed nature are discussed. In Section 3.3, we offer a new perspec-

tive to the ill-posed nature of the problem. Furthermore, we propose an iterative method and

study its convergence properties. In Section 3.4, our proposed method is compared with Efron’s

g-modeling approach, when the mixing distribution is identifiable. In addition, we demonstrate

the performance of our approach under a scenario in which the mixing distribution is noniden-

tifiable. Finally, our method is applied to two real applications in Section 3.5: a prostate cancer

dataset (Singh et al., 2002; Efron, 2016) and the Shakespeare’s word count dataset (Spevack, 1968;

Narasimhan and Efron, 2020).

3.2 Mixing Distribution Recovery

3.2.1 Background

We will begin with a review of the measure-theoretic treatment of the mixing distributions.

Consider the probability distribution FX,Θ on the product space (X ×T ,BX ⊗BT ), where X ⊂ R,
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T ⊂ R
k, for some integer k ≥ 1, and where BX and BT are the Borel σ-algebras on X and T ,

respectively.

Let G be the marginal distribution of Θ. Faden (1985) characterized the relationship between

the measure FX,Θ and the marginal distribution G through a kernel, the existence of which is

guaranteed by the product regular conditional probability property of the product space (X ×

T ,BX ⊗ BT ). In particular, there exists a probability kernel ν : T × BX → [0, 1] such

FX,Θ (A,B) =

∫

B

ν(θ, A)dG(θ) (3.2)

for A ∈ BX and B ∈ BT . Taking B = T , (3.1) is a special case of (3.2), in which F (A) =

FX,Θ (A, T ). In addition, the component distributions P (·|θ) can be defined by the probability

kernel ν as P (A|θ) = ν(θ, A) for all A ∈ BX . We denote the set of component distributions

P = {P (·|θ) : θ ∈ T }.

We further note that, in (3.2), for a given measure FX,Θ on the product space and a probability

kernel ν, the marginal distribution G can be uniquely identified. In contrast, our mixing distribution

recovery problem is to find G for a given marginal distribution F , instead of FX,Θ, and a known

probability kernel. Notably, a solution to our recovery problem may not exist. In this paper, we

assume that there exists a joint distribution FX,Θ, and hence, the marginal distribution of Θ is a

solution to our recovery problem.

In Sections 3.2.2 and 3.2.3 we will discuss the uniqueness and the stability of the mixing

distribution recovery problem.

3.2.2 Nonidentifiability

The mixing distribution recovery problem may be ill-posed since that the solution may not

be unique. In the context of our recovery problem, uniqueness of a solution is referred to as

identifiability. In the literature, it is well known that the mixing distribution faces challenges of

identifiability (Teicher, 1960, 1963; Tallis, 1969; Yakowitz, 1969; Atienza et al., 2006). We will

begin our discussion with the following examples.
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Example 3.2.1. One-parameter case. Let the component distribution family be the set of Bernoulli

distributions with the success probability θ, θ ∈ [0, 1]. A continuous mixing distribution G1, a uni-

form distribution on [0, 1], and a discrete mixing distribution G2, with G2({0.25}) = G2({0.75}) =

0.25 and G2({0.5}) = 0.5, lead to the same compound distribution.

Example 3.2.2. Two-parameter case. Let the component distribution family be the set of normal

distributions indexed by θ = (µ, σ2), where µ ∈ R is the mean and σ2 > 0 is the variance. The

mixing distribution functions G3, a discrete distribution that assigns a probability mass of 0.25 to

each of the four tuples in {−1, 1} × {1, 4}, and G4, defined by

G4

(
(−∞, µ], (−∞, σ2]

)
=





0 σ2 < 0.5

0.25 (Φ(2µ− 2) + Φ(2µ+ 2)) 0.5 ≤ σ2 < 3.5

0.5 (Φ(2µ− 2) + Φ(2µ+ 2)) σ2 ≥ 3.5

,

induce the same compound distribution. Here, Φ is the distribution function of the standard nor-

mal distribution. Straightforward calculation yields that the compound distribution has a density

function defined by

F ((−∞, x]) =
1

4

[
Φ(x− 1) + Φ(x+ 1) + Φ

(
x− 1

2

)
+ Φ

(
x+ 1

2

)]
.

Examples 1 and 2 demonstrate that the mixing distribution G cannot always be uniquely iden-

tified. Such a problem is often referred to as nonidentifiability. Here, we adopt the definition of

identifiability of the mixing distribution as provided in the literature (Teicher, 1960, 1961, 1963;

Tallis, 1969; Karlis and Xekalaki, 2005). Generally, the mixing distribution is identifiable, with

respect to the component distribution family, if

∫
P (A|θ)dG(θ) =

∫
P (A|θ)dG̃(θ) for all A ∈ BX
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implies that G(B) = G̃(B) for all B ∈ BT . That is, for the component distribution family,

there is a one-to-one correspondence between the mixing distribution G and its induced compound

distribution F .

The identifiability of G depends on the component distribution family. Teicher (1961) showed

that if the set of component distributions form a single-parameter, additively closed class, then

the mixing distribution is identifiable. Examples include a family of normal distributions varying

over the mean parameter and with fixed variance, a Poisson family varying over the mean, and a

Binomial family varying of the number trials, but where the probability parameter is fixed. Evident

from Example 3.2.1, if the Binomial family varies over the probability parameter with a fixed num-

ber of trials, the mixing distribution may not be identifiable. Teicher (1961) also gave a sufficient

condition for identifiability when the component distributions form a scale family related to the

Fourier transform of the generating distribution of the scale family.

Teicher (1963), Yakowitz (1969), and Atienza et al. (2006) showed sufficient conditions for

identifiability of the compound distributions under finite mixtures. For a finite mixture, the mixing

distribution has a cumulative distribution function (cdf) with finitely many jump discontinuities.

In particular, Teicher (1963) showed that, for a normal component distribution family, the finite

discrete mixing distribution is identifiable when mixing over both mean and variance parameters.

As a direct consequence, in Example 3.2.2, G3 is the only finite discrete mixing distribution that

induces the compound distribution F . However, there exist other distributions, which are not finite

discrete, that induce the same compound distribution, such as G4.

Tallis (1969) gave necessary and sufficient conditions for countably infinite mixtures through

characteristics of infinite systems of equations defined by the component distributions. Further-

more, the same author characterized identifiability for mixtures, under mild conditions of the com-

ponent distributions, through infinite sums of the eigen values derived from a symmetric kernel

defined by the component distributions, and completeness of the set of associated eigen vectors.
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3.2.3 Instability

The mixing distribution recovery may also face the challenge of instability. That is, small

perturbations in the compound distribution may lead to drastically different mixing distributions.

We will elaborate on this challenge through a real-world application.

Singh et al. (2002) conducted a microarray expression analysis to identify genes that may

be associated with prostate cancer. The dataset consists of 6033 t-statistics, {T1, T2, . . . , T6033},

where Ti is calculated for gene i between the groups of 52 men with cancer and 50 men without

cancer. Efron (2010, 2016) transformed Ti as Xi = Φ−1 (F100(Ti)), where F100 is the cdf of

the t distribution with 100 degrees of freedom. Therefore, each Xi is approximately normally

distributed with mean Θi and variance 1. The unobserved value Θi quantifies the difference in

expressions of gene i between those two groups; in particular, Θi = 0 indicates that there is no

expression difference for gene i (a null-gene) between the two groups of men.

Following Efron (2010, 2016), it is assumed each Θi follows the same unknown distribution

G. To capture the proportion of null-genes, it is assumed that the cdf of G is continuous except

potentially at 0 where a jump discontinuity would imply a positive probability assigned to the event

{Θi = 0}.

The unknown distribution G is the mixing distribution of interest, the component distributions

form a normal family with parameter θ and a fixed variance equal to 1, and F is the compound

distribution, according to which each Xi is distributed. Note that the component distribution family

meets identifiability criteria, i.e, G is identifiable. We will return to this example in Section 3.5,

but for now we demonstrate that estimating G, given its cdf has a jump discontinuity at θ = 0, is

unstable.

Consider a set of distributions {Gπ} for π ∈ {0.80, 0.82, . . . , 0.90}, where

Gπ ((−∞, θ]) = πI(θ ≥ 0) + (1− π)Φ(θ).
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Note that π represents the probability assigned to {Θ = 0}. Panel A of Figure 3.1 visualizes the

cdfs of the distributions Gπ. Clearly, the cdfs differ, in particular, around the jump discontinuity.

For the same normal component distributions as in the prostate cancer example, for each π, the

compound distribution Fπ induced by Gπ is

Fπ ((−∞, x]) = πΦ(x) + (1− π)Φ

(
x√
2

)
.

The cdfs of the compound distributions are shown in Panel B of Figure 3.1. In contrast to the

mixing distributions, the cdfs of the compound distributions are visually indistinguishable.

Figure 3.1: Panel A: Distribution functions for Gπ, where π = Gπ({0}) ranges from 0.80 to 0.90.

Panel B: The distribution functions for the induced distributions Fπ. Note that they are overlapped.

In particular, we quantify the instability in this example by calculating the scaled L2 diameters

of {Gπ} and {Fπ} respectively, which are the maximum L2 distances (scaled by 10000) between

two distributions in a set. The scaled diameters are 32.1 and 0.5 for the mixing distribution and
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compound distribution sets, which highlights the instability of the solutions to the mixing distribu-

tion recovery problem.

3.3 Methodology

3.3.1 Equivalence Classes: a New Perspective

As discussed in Section 3.2, the solutions to the mixing distribution recovery problem in (3.1)

may not be unique. Here, we define EF,P as the set of solutions for a given compound distribution

F and a component distribution family P; that is,

EF,P =

{
G : F (A) =

∫
P (A|θ)dG(θ) for all A ∈ BX

}
.

Note that EF,P can be viewed as an equivalence class with respect to the following equivalence

relation. Distributions G and G̃ are considered equivalent if they induce the same compound

distribution for a given component distribution family.

If EF,P is a singleton set, then the mixing distribution G is identifiable. However, in the non-

identifiable case, EF,P has more than one element. In fact, it is easy to verify that EF,P is closed

under convex combinations. That is, if G, G̃ ∈ EF,P , αG + (1 − α)G̃ ∈ EF,P for all α ∈ [0, 1].

Therefore, the cardinality of EF,P can be zero, one, or uncountably infinite. In this paper, it is

assumed that EF,P is non-empty.

When the solution to the mixing distribution recovery problem is not unique, and without

scientific or domain justification, there is no reason to favor one solution in EF,P over another. This

can be problematic for inference on events in the space (T ,BT ). To elaborate this point, let us

revisit Example 3.2.1 from Section 3.2. Recall that for the Bernoulli component distribution family,

the compound distribution F , induced by G1 and G2, is a Bernoulli distribution with success

probability 0.5. In fact, if T = [0, 1], then EF,P consists of all distributions with mean 0.5. Then,

clearly knowledge of P and F gives no information about the probability of the event {Θ = 0.5},

ranging from 0 to 1. If we restrict our attention on distributions supported on {0.25, 0.5, 0.75} ⊂ T ,
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the restriction of EF,P can be further characterized as distributions G̃, satisfying G̃({0.25}) =

G̃({0.75}) ∈ [0, 0.5] and G̃({0.5}) = 1− 2G̃({0.25}).

In general, when we restrict our attention on mixing distributions supported over a finite set, a

subset of EF,P , it is straightforward to characterize the distributions in the subset. This may be of

interest to the reader, as there are precedent studies on finite mixtures (Teicher, 1963; Yakowitz,

1969; Heinrich and Kahn, 2018).

Suppose X = {x1, . . . , xL} and T = {θ1, . . . , θM}. Our goal is to identify the mixing distri-

butions with support T satisfying (3.1). Let f , g, and p(·|θ) be the probability mass functions for

F , G, and P (·|θ), respectively. Then (3.1) can be expressed as

f = Pg, (3.3)

where P is an L ×M matrix with elements plm = p(xl|θm), g is an M -dimensional vector with

elements gm = g(θm), and f is an L-dimensional vector with elements fl = f(xl). In addition,

we have
∑

m gm =
∑

l fl = 1.

Assume that g0 is a solution of (3.3), and is element-wise strictly greater than 0. If P has rank

M , g0 is the unique solution to (3.3). However, if P has rank less than M then (3.3) has more than

one solution. That is, EF,P has infinitely many elements, and we have

EF,P =
{
g ≥ 0 : f = Pg,1⊤g = 1

}
.

The elements in EF,P can be expressed as g = g0 + αg̃, where g̃ is in the null space of P , and α

is a constant to ensure the nonnegativity of g entrywise.

Efron (2014, 2016) and Narasimhan and Efron (2020) considered a similar case as L ≥ M , and

further assumed that g can be approximated by a q-parameter exponential family. Those authors

further proposed to maximize the regularized likelihood for parameter estimation.

However, the characterization of EF,P in terms of the null-space of P requires discrete com-

ponent distributions, T to be a discrete lattice, and the knowledge of at least one distribution in
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EF,P . To better facilitate exploration of the solution set more generally, in Section 3.3.2 we present

a method to recover different mixing distributions in EF,P , according to a user-specified ansatz. In

particular, one can change the user input to obtain different elements in EF,P . In addition, if there is

scientific or domain knowledge about the mixing distribution, it can be incorporated into the ansatz

to help pick out a specific solution in EF,P . In such a scenario, the ansatz can be used similar to a

prior in Bayesian inference with nonidentifiable parameters; see Neath and Samaniego (1997) and

Wechsler et al. (2013).

3.3.2 Integration-Disintegration Method

Here we present a nonparametric approach to recover a mixing distribution G in EF,P . In devel-

oping the method, we first consider both the component distribution family P and the compound

distribution F to be known. In practice, we only have a random sample of data from the compound

distribution F . Consequently, we will later drop the assumption that F is known, and only consider

P to be known. An estimate of F from the observed sample {Xi} can be used instead.

Let us start with an initiating probability distribution G0, which dominates some probability

measure in EF,P . We call the distribution G0 an ansatz. Breidt et al. (2011), Butler et al. (2012,

2014, 2018), and Chi (2021) used the term ansatz to refer to a priori knowledge which helps

facilitate solving stochastic inverse problems. We use the term ansatz similarly, as it helps facilitate

solving the mixing distribution recovery problem.

Recall that ν is the probability kernel that defines P . Then, for any distribution G0 on (T ,BT ),

we can construct a distribution F 0
X,Θ on (X × T ,BX ⊗ BT ) with ν and G0 through the following

integration step

F 0
X,Θ (A,B) =

∫

B

ν(θ, A)dG0(θ).

Note that the X-marginal distribution of F 0
X,Θ, denoted by F 0, is not necessarily equal to the

compound distribution F . There exists a probability kernel ξ0 : X×BT → [0, 1] for the constructed

joint distribution F 0
X,Θ. Its existence is a direct consequence of the fact that BT is countably

generated and T is a subset of Euclidean space (Faden, 1985). Furthermore, the kernel can be
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obtained through a disintegration step

F 0
X,Θ (A,B) =

∫

A

ξ0(x,B)dF 0(x). (3.4)

The disintegration theorem has been widely used in measure theory to restrict a measure to a

given set of measure zero. Chang and Pollard (1997) drew the connection between conditional

probability and disintegration.

As such, in (3.4) the probability kernel ξ0 can be viewed as a (F 0, Q)-disintegration of F 0
X,Θ,

where the map Q : X × T → X is the coordinate projection Q(x, θ) = x. As the disintegrating

map Q will always be the coordinate projection in this paper, we will omit Q and simply refer to

ξ0 as the F 0-disintegration of F 0
X,Θ.

From ξ0 and F , we can obtain a new distribution G1 on (T ,BT ) as

G1(B) =

∫

X

ξ0(x,B)dF (x).

It is important to note that G1 is not necessarily a solution because
∫
P (A|θ)dG1(θ), in general, is

not equal to F (A). However, G1 is an update of G0 in the sense that, as will be shown later, the

induced compound distribution from G1 is closer to F (A) than the induced compound distribution

from G0. With G1 as our newly updated ansatz, we can repeat the three-step procedure, including

integration, disintegration, and update, to approximate an element in EF,P .

Our proposed iterative procedure can be summarized as follows. For each iteration j =

0, 1, . . ., the iterative procedure can be categorized into the following three steps.

1. (Integration) Construct F j
X,Θ from ν and Gj as

F j
X,Θ (A,B) =

∫

B

ν(θ, A)dGj(θ).
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2. (Disintegration) Disintegrate F j
X,Θ with respect to F j , the X-marginal of F j

X,Θ, to obtain ξj ,

such that

F j
X,Θ (A,B) =

∫

A

ξj(x,B)dF j(x).

3. (Ansatz update) Compute the updated ansatz from ξj and F as,

Gj+1(B) =

∫

X

ξj(x,B)dF (x).

We name the iterative procedure, the integration-disintegration (ID) method, as we consecu-

tively integrate and disintegrate measures to step closer to a mixing distribution in EF,P . We note

that, when both P and F are known, the ID method is similar to that proposed by Kullback (1968),

but instead of matching only marginals, we aim to match a marginal and a probability kernel.

Additionally, we do not restrict ourselves to Lebesgue densities.

The ID method can be written conveniently and concisely in terms of density functions. Let

µ and γ be σ-finite measures on (X ,BX ) and (T ,BT ), respectively, where µ dominates F 0 and γ

dominates G0. Define a product measure on (X × T ,BX ⊗ BT ) as λ = µ × γ, which dominates

F 0
X,Θ. Then, the Radon-Nikodym derivative of F 0

X,Θ with respect to λ, i.e., the λ-density (or simply

density) of F 0
X,Θ is

f 0(x, θ) = p(x|θ)g0(θ),

where p(·|θ) and g0 are the µ- and γ-densities of P (·|θ) and G0, respectively. Consequently, we

can write the ID method in terms of density functions as, for j = 0, 1, . . .

gj+1(θ) = gj(θ)

∫
f(x)

f j(x)
P (dx|θ) = gj(θ)EP (·|θ)

[
f

f j

]
. (3.5)

That is, evaluated at θ, the new ansatz density is the product of the previous ansatz density and a

multiplicative factor, which is the expectation of a ratio between compound densities. Straightfor-

ward calculation shows that gj(θ) ≥ 0 and that
∫
gj(θ)dµ(θ) = 1, for all j.
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Next, we will demonstrate that Gj+1 from (3.5) is as close as, or closer than, Gj to an element of

EF,P . To quantify the closeness of Gj to G, we use the Kullback-Leibler (KL) divergence, denoted

as DKL(G||Gj). The following theorem describes the convergence of our procedure under mild

conditions, the proof of which is included in the Appendix B.0.1.

Theorem 3. Let G be an element of the solution set EF,P determined by F and P , and let G0 be

an ansatz and assume that

DKL(G||G0) < ∞.

Further, let {Gj} be the sequence of distributions defined by (3.5) and initiated by G0, and let {F j}

be the sequence of distributions induced by {Gj} and P through (3.1). Then

(i) DKL(G||Gj) forms a monotonically non-increasing sequence, hence has a limit;

(ii) DKL(F ||F j) → 0 as j → ∞.

Note that Theorem 3 establishes that the KL-divergence of F from F j converges to zero,

and thus, by Pinkser’s inequality F j converges to F in total variation. Suppose that if the KL-

divergences of F j from F also converge to zero, then, as established in the following theorem, the

sequence of KL-divergences of Gj from Gj+1 converges to zero.

Theorem 4. Under the assumptions of Theorem 3, if DKL(F
j||F ) → 0 as j → ∞, then DKL(G

j||Gj+1) →

0 as j → ∞.

The proof of Theorem 4 is in Appendix B.0.2. A necessary condition for DKL(F
j||F ) → 0,

is that for some J and all j > J , F also dominates F j . Note that the convergence of the KL

divergences of Gj from Gj+1 to zero does not guarantee that the sequence {Gj} has a limit. With

additional assumptions, we establish the convergence of {Gj} in the following theorem.

Theorem 5. Under the assumptions of Theorem 3 and 4, we define Sj , for j = 0, 1, . . ., as

Sj = lim
k→∞

k∑

ℓ=1

∣∣DKL(F
j||F )−DKL(F

j||F j+ℓ)
∣∣ .
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If {Sj} forms a monotonically decreasing sequence whose limit is zero, then Gj converges to

a probability distribution G∞ in total variation. Furthermore, if for any A ∈ BX , P (A|θ) is a

continuous function on (T ,BT ), in terms of θ, then G∞ belongs to EF,P .

The proof is included in Appendix B.0.3. Note that, if EF,P is a singleton with element G, under

the assumptions of Theorem 5, Gj converges in total variation to G, the unique mixing distribution

that induces F through P .

Figure 3.2: Panel A: The distribution functions for Gj , j = 0, 1, 10, 100, 1000 against the distribution

function G. The solid line depicts G1000, the dashed line is the ansatz, and the dotted lines are the remaining

Gj . Panel B: The induced distributions functions of the induced F j measures against the distribution

function of F . Panel C: The log L2 distances between G and Gj (solid line) and between F and F j

(dashed line) against the log(j + 1).

We demonstrate the ID method in Figure 3.2. Here, the mixing distribution G is a gamma

distribution with shape 4 and rate 4, and the component distribution family consists of Poisson

distributions with mean θ > 0. The resulting compound distribution is a negative binomial with

shape 4 and rate 0.8. We take the ansatz to be a folded normal with location 2 and scale 1. In

Panel A, the cumulative distribution functions of Gj , defined by the ID method, are plotted against

the distribution function of G. The closer the curves are to a straight line with slope one, the
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closer the distribution functions match. The ansatz, depicted by the dashed curve, can be seen to

be fairly different from G. The dotted curves, representing G1, G10, and G100, indicate that Gj is

approaching G. The solid curve for G1000 is nearly a straight line with slope 1, indicating that G1000

is a close approximation of G. Similarly, Panel B plots the cumulative distribution functions of F j ,

induced by Gj , against the distribution function of the compound distribution F . Again, the ansatz

G0 does not induce a compound distribution F 0 that approximates F well. However, it can be

seen that the induced compound distributions {F j} approach F , as depicted by the dotted curves

approaching the solid curve, and the solid curve is nearly a straight line with slope 1. Panel C plots

the log L2 distance between G and Gj (solid curve) and between F and F j (dashed curve) against

log(j + 1). Both curves are nearly straight lines with negative slopes, indicating the L2 distances

approach zero.

The recursive formula in (3.5) requires knowledge of F , the compound distribution. In practice,

however, we observe a random sample, X1, X2, . . . , Xn, from F . Standard estimation techniques

lead to an estimate of F , denoted as F̂n. The empirical form of (3.5) is

ĝj+1
n (θ) = ĝjn(θ)

∫
f̂n(x)

f̂ j
n(x)

P (dx|θ) (3.6)

where ĝ0n = g0, f̂n is µ-density of F̂n, and f̂ j
n(x) =

∫
p(x|θ)ĝjn(θ)dθ. The multiplicative factor

is calculated through numerical integration since the component distributions are known. An al-

ternative is to use sampling techniques, such as importance sampling (Hammersley and Morton,

1954; Tokdar and Kass, 2010). Additionally, for computational purposes, T can be approximated

by a dense set of discrete points {θ1, . . . , θM}; see Efron (2016) and Narasimhan and Efron (2020).

In the next section, computer simulations show that the ID method compares favorably to Efron’s

g-modeling.
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3.4 Simulation

We assess the proposed ID method through simulation studies under four different scenarios.

In the first three scenarios, we consider component distribution families that are single-parameter

and additively closed. In such cases, the mixing distribution is identifiable from the compound

distribution (Teicher, 1961). In the fourth scenario, we consider a nonidentifiable case with a

bivariate mixing distribution. The details of the simulation scenarios and the specifics of the ID

method are provided in subsequent subsections. To account for sampling variability, 100 datasets

are generated under each simulation scenario.

We use the mean integrated squared error (MISE; Fryer, 1976) as a metric to evaluate the

performance of the ID method. The MISE in recovering the mixing distribution is referred to

as the mixing MISE (mMISE), while the MISE in recovering the induced compound distribution

is referred to as the compound MISE (cMISE). On each simulated dataset, an estimate ĝℓn of the

mixing density is obtained by iteratively updating the ansatz via (3.6). For scenarios 1 and 2, we set

ℓ = 100 iterations. For scenarios 3 and 4, and for computational purposes, we lower the number of

iterations to ℓ = 25 and ℓ = 15, respectively. The estimated mixing density induces an estimated

compound density through f̂ ℓ
n(x) =

∫
p(x | θ)ĝℓn(θ)dθ. The following integrated squared errors

are calculated,

E

∫ (
g(θ)− ĝℓn(θ)

)2
dγ(θ), and E

∫ (
f(x)− f̂ ℓ

n(x)
)2

dµ(x). (3.7)

The mMISE and cMISE are estimated by averaging the above quantities over the 100 simulated

datasets. In situations where the mixing distribution lacks identifiability, the mMISE is not a

meaningful performance metric, and only the cMISE is considered.

For comparison, we also implement the g-modeling approach in Efron (2016) using the R

package deconvolveR (Narasimhan and Efron, 2020). For numerical implementation of the

ID and g-modeling approaches, following the strategy in Efron (2016) and Narasimhan and Efron

(2020), the support of Θi is approximated by a discrete set.
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3.4.1 Scenario 1

In the first scenario, we consider a gamma mixing distribution with shape parameter 4 and rate

parameter 4, which belongs to the exponential family. The data generating process is

Θi
iid∼ Gamma(4, 4), Xi | Θi

ind.∼ Poisson(Θi).

The component distribution family is the set of Poisson distributions indexed by the mean param-

eter. Hence, the mixing distribution is identifiable. The sample size of each simulated dataset is

n = 1000.

The compound distribution is estimated by the empirical distribution, F̂n({x}) = #{Xi =

x}/n. The discretized support of Θi is taken to be T̂ = (0.1, 0.2, . . . , 5.0) in the numerical cal-

culations. In this scenario, we find that the choice of the ansatz matters little. Therefore, we only

present the results with the ansatz being a discrete uniform distribution over T̂ .

Table 3.1 shows the estimated mMISE and cMISE for the ID and g-modeling approaches. The

estimated cMISE for the empirical distribution as an estimator of the compound distribution is

included as a benchmark. Despite that the true mixing distribution meets the exponential family

assumption in the g-modeling approach, the estimated mMISE and cMISE are smaller for the

ID approach than for the g-modeling approach, suggesting that the ID approach provides better

recovery of the mixing and induced compound distributions.

3.4.2 Scenario 2

In the second scenario, we consider the mixing distribution to be a mixture of two normal

distributions. The data generating process is

Θi
iid∼ 0.4 · N(−1, 0.52) + 0.6 · N(1, 0.52), Xi | Θi

ind.∼ N(Θi, 1),

for i = 1, . . . , 1000. The component distribution family is the set of normal distributions indexed

by the mean parameter with a known variance of 1. The mixing distribution is identifiable.
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Table 3.1: Estimated MISE in recovering the mixing distribution (mMISE) and the induced compound

distribution (cMISE), calculated by averaging the quantities in (3.7) over 100 simulated datasets. Values

have been multiplied by 10,000.

Method mMISE cMISE

Scenario 1: G : Gamma(4, 4), P (· | θ) : Poisson(θ)

Empirical benchmark – 7.8

ID (uniform ansatz) 3.2 4.7

g-modeling 6.2 5.6

Scenario 2: G : 0.6 · N(−1, 0.52) + 0.4 · N(1, 0.52), P (· | θ) : N(θ, 1)

KDE benchmark – 7.3

ID (uniform ansatz) 2.8 4.3

g-modeling 6.4 8.7

Scenario 3: G : 0.85 · δ0 + 0.15 · N(0, 1), P (· | θ) : N(θ, 1)

KDE benchmark – 2.5

ID (0.5 · δ0 + 0.5 · Logistic ansatz) 316.6 1.7

ID (0.7 · δ0 + 0.3 · Logistic ansatz) 38.3 0.7

ID (0.9 · δ0 + 0.1 · Logistic ansatz) 20.8 0.2

ID (0.85 · δ0 + 0.15 · N(0, 1) ansatz) 4.0 0.4

ID-EM (0.5 · δ0 + 0.5 · Logistic ansatz) 9.4 0.3

ID-EM (0.7 · δ0 + 0.3 · Logistic ansatz) 7.7 0.3

ID-EM (0.85 · δ0 + 0.15 · N(0, 1) ansatz) 5.5 0.2

g-modeling 62.1 0.5

Scenario 4: G : N(0, 1)× Inv-Gamma(6, 6), P (· | µ, σ2) : N(µ, σ2)

KDE benchmark – 7.5

ID (bivariate uniform ansatz) – 4.7

ID (scaled shifted beta × uniform ansatz) – 6.3

The compound density is estimated using kernel density estimation (KDE) with a normal ker-

nel. The choice of the kernel is found to have minimal impact. The discretized support of Θi is

taken to be T̂ = {−3.0,−2.9, . . . , 3.0}. Again, the choice of the ansatz has little effect on the

results, and we present the results based on a discrete uniform ansatz over T̂ .

The simulation results are summarized in Table 3.1. Again, the ID approach results in smaller

mMISE and cMISE estimates than the g-modeling approach. Notably, the ID approach better cap-

tures the bimodality of the mixing distribution. As an illustration, Figure 3.3 depicts the estimated

54



mixing densities on one of the 100 simulated datasets. This pattern is consistent across all 100

datasets.

Figure 3.3: Simulation Scenario 2. The solid curve is the true mixing density. The dotted and dashed curves

represent the estimated mixing densities using the ID and g-modeling approaches, respectively, on one of

the 100 simulated datasets. The pattern is consistent across all 100 datasets.

3.4.3 Scenario 3 and the ID-EM Method

In the third scenario, we consider the mixing distribution to be a mixture of a Dirac measure at

0 and a normal distribution. The data generating process is

Θi
iid∼ 0.85 · δ0 + 0.15 · N(0, 1), Xi | Θi

ind.∼ N(Θi, 1),

where δ0 is the Dirac measure at 0. Such a mixing distribution is motivated by the real application

in Section 3.5.1 in which Θi characterizes the difference in expressions of gene i between the

cancer and non-cancer groups. Similar to the real data, the sample size is taken to be n = 6000.
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The component distribution family comprises normal distributions indexed by the mean parameter,

with a known variance of 1, rendering the mixing distribution identifiable. However, as discussed

in Section 3.2.3, the recovery of the mixing distribution often encounters instability in this scenario.

The standard ID approach. The compound density is estimated using KDE with a normal

kernel. Under the modeling assumption, suppose that the form of the mixing distribution is known

to be G = p0δ0 + (1 − p0)G∗, where δ0 is the Dirac measure at 0, p0 ∈ (0, 1) is the point mass at

0, and G∗ is dominated by the Lebesgue measure. We consider three ansatzes of the form G0 =

p00δ0 + (1− p00)G
0
∗. For the first two ansatzes, G0

∗ is a logistic distribution with mean 0 and scale 1.

The first and second ansatzes have point masses of p00 = 0.5 and 0.7 at 0, respectively. For the third

ansatz, we set G0 = G, the true mixing distribution. For computational purposes, we consider a

discrete approximation of the mixing distribution on the grid T̂ = {−3.6,−3.4, . . . , 3.6}.

The simulation results are summarized in Table 3.1. The estimated cMISE for the kernel den-

sity estimator of the compound distribution is included as a benchmark. With any of the three

ansatzes, the cMISE estimate for the ID approach is lower than the KDE benchmark. This suggests

that the ID approach provides reasonable estimates of the mixing distribution, as demonstrated by

the close proximity of their induced compound distributions to the true compound distribution.

However, the mMISE estimates tend to be larger, indicating greater deviations of the estimated

mixing distributions from the true mixing distribution. In addition, the mMISE values vary widely

across different ansatz choices. These phenomena are due to the instability issue as discussed in

Section 3.2.3.

As expected, the closer the initial ansatz to the true mixing distribution, the better the recovery

of the mixing distribution. In the extreme case where the ansatz is the true mixing distribution

itself (the third ansatz), the mMISE value is small. This suggests that the instability issue may be

mitigated by employing a judiciously chosen ansatz that closely resembles the true mixing distri-

bution. When there is little knowledge about the true mixing distribution, however, we propose the

following modification of the ID method, namely the ID-EM method, to reduce its mMISE when

the mixing distribution is a mixture of a Dirac measure and a continuous distribution.
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The ID-EM approach. The ID-EM method leverages the form of the mixing distribution and

proceeds by separately updating the continuous component and point mass of the ansatz at each

iteration. With a normal component distribution family, the compound density can be expressed as

f(x) = p0ϕ(x)+ (1−p0)f∗(x). Here, f∗(x) =
∫
ϕ(x− θ)g∗(θ)dθ, where g∗ denotes the Lebesgue

density of G∗.

Let G0 denote the initial ansatz and Gj = pj0δ0 + (1− pj0)G
j
∗ the updated ansatz at the start of

iteration j = 1, 2, . . .. Each iteration of the ID-EM method consists of two steps. In the first step,

Gj is used to estimate f∗ based on weighted KDE (Silverman, 1986). The weight of observation i

is proportional to Gj({θ ̸= 0} | Xi), where

Gj({θ ̸= 0} | x) = (1− pj0)f
j
∗ (x)

pj0ϕ(x) + (1− pj0)f
j
∗ (x)

,

and f j
∗ (x) =

∫
ϕ(x− θ)gj∗(θ)dγ(θ). In essence, Gj({θ ̸= 0} | Xi) is the posterior probability that

Θi arises from the continuous component of Gj , where Gj acts as the prior distribution. An update

of gj∗, denoted as gj+1
∗ , is produced by plugging in the estimate of f∗ into (3.6) and iterating 25

times.

In the second step, pj0 is updated by

pj+1
0 = argmax

p∈(0,1)

n∏

i

{
pϕ(Xi) + (1− p)f j+1

∗ (Xi)
}
,

where f j+1
∗ (x) =

∫
ϕ(x− θ)gj+1

∗ (θ)dθ. Combining both steps, Gj is updated to Gj+1 = pj+1
0 δ0 +

(1 − pj+1
0 )Gj+1

∗ . While the first step is not formally an expectation, the two-step procedure is

analogous to that in an expectation-maximization (EM) algorithm. Therefore, we refer to this

iterative method as ID-EM. We iterate 25 times over both steps.

Table 3.1 presents the results of the ID-EM approach using the same three ansatzes as before.

The cMISE estimates remain low. The mMISE estimates and their sensitivity to the choice of the

ansatz are substantially reduced as compared to the standard ID approach. Notably, the results for

the ID-EM approach compare favorably with those for the g-modeling approach.
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The estimation of the point mass p0 = G({0}) may be of particular interest. For example,

in the prostate cancer application (Section 3.5.1), p0 characterizes the proportion of genes whose

expressions show no difference between the cancer and non-cancer groups. Table 3.2 reports the

estimated mean squared error (MSE) for the estimator of p0 given by the ID-EM and g-modeling

approaches.

Following Efron (2014) and Narasimhan and Efron (2020), we employ a parametric bootstrap

to create a confidence interval (CI) for p0. Based on a sample {Xi : i = 1, . . . , n}, an estimate Ĝ

of G is obtained. A bootstrap replication of the sample is obtained by first drawing Θ
(b)
i ∼ Ĝ and

then drawing X
(b)
i | Θ(b)

i ∼ N(Θ
(b)
i , 1) for i = 1, . . . , n. Finally, Ĝ(b) is derived from the bootstrap

replication {X(b)
i : i = 1, . . . , n}. Repeating this process for b = 1, . . . , B, a 95% bootstrap CI of

p0 is constructed by taking the 0.025 and 0.975 sample quantiles of {Ĝ(b)({0}) : b = 1, . . . , B}.

We use B = 100 bootstrap replications.

Table 3.2 summarizes the proportion of CIs covering the true value of 0.85 and the average CI

length across the 100 simulated datasets. The coverage rate for the ID-EM approach is similar to

that for the g-modeling approach and does not give rise to concerns. The ID-EM approach results

in a shorter average CI length than the g-modeling approach. A nonparametric bootstrap procedure

produced similar results (not shown).

Table 3.2: Simulation Scenario 3. Estimated MSE (multiplied by 10,000) for point estimator of p0. Cover-

age rate and average length for bootstrap confidence interval of p0.

Method MSE CI coverage CI length

ID-EM (0.5 · δ0 + 0.5 · Logistic ansatz) 8.6 96% 0.211

ID-EM (0.7 · δ0 + 0.3 · Logistic ansatz) 6.9 89% 0.195

ID-EM (0.85 · δ0 + 0.15 · N(0, 1) ansatz) 5.0 98% 0.273

g-modeling 53.8 90% 0.264
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3.4.4 Scenario 4

In the fourth scenario, we consider a bivariate mixing distribution with the latent variable Θi =

(µi, σ
2
i ). The data generating process is

µi
iid∼ N(0, 1), σ2

i

iid∼ Inv-Gamma(6, 6), and Xi | µi, σ
2
i

ind.∼ N(µi, σ
2
i ),

for i = 1, . . . , 1000, where σ2
i is independent of µi. The component distribution family is the set

of normal distributions indexed by both the mean and variance parameters. In this scenario, the

mixing distribution lacks identifiability; see Section 3.2.2 and Teicher (1961).

The compound density is estimated using KDE with a normal kernel. The ID method is imple-

mented with two ansatzes. The first ansatz is a discrete uniform distribution over a two-dimensional

grid, T̂ = {−4.0,−3.6, . . . , 4.0} × {0.5, 1.0, . . . , 12.0}, consisting of 504 tuples. The second

ansatz consists of a discrete approximation to a scaled and shifted Beta(3, 3) distribution over a

grid of 126 equally spaced values ranging from −4 to 4 for the mean parameter, and an indepen-

dent discrete uniform distribution over {1, 2, 3, 4} for the variance parameter. Note that the second

ansatz is supported on a very coarse grid of σ2. Since the deconvolveR package does not sup-

port a normal component distribution family indexed by both the mean and variance parameters, a

comparison with the g-modeling approach is not implemented in this scenario.

Due to nonidentifiability, the estimated mixing distribution produced by the ID method depends

on the choice of the ansatz and may not approximate the mixing distribution used in the data gener-

ating process. As a result, the mMISE is not used as a performance metric in this scenario. Instead,

we compare the induced estimated compound distribution with the truth through the cMISE. Table

3.1 summarizes the cMISE estimates based on the two ansatzes, which are both lower than the

KDE benchmark, suggesting that the ID method produces reasonable estimates of the mixing dis-

tribution as their induced compound distributions closely resemble the true compound distribution.

Summary. As summarized in Table 3.1, the ID method yields reasonable estimates of the mixing

distribution in all four scenarios, as evidenced by its lower cMISE values compared to the empirical
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and KDE benchmarks. It often outperforms the g-modeling approach, again as indicated by its

lower mMISE and cMISE values. Being fully nonparametric, the ID method is widely applicable,

irrespective of the parametric form of the true mixing distribution. Its flexibility allows for tailored

approaches to tackle unstable scenarios by leveraging the specific form of the mixing distribution.

Finally, in nonidentifiable scenarios, the ID method can produce different plausible estimates of

the mixing distribution by using different ansatzes.

3.5 Applications

3.5.1 Prostate Cancer

We apply the ID method to data from a prostate cancer study. Singh et al. (2002) con-

ducted a microarray expression analysis to identify genes potentially associated with prostate can-

cer. The data were summarized by Efron and are available at https://efron.ckirby.su.

domains/LSI/datasets-and-programs/. The dataset consists of gene expression lev-

els from 102 men, 52 with cancer and 50 without cancer, across n = 6033 genes. For each

gene i, Efron (2010, 2016) calculated the two-sample t-test statistic Ti, comparing the average

gene expression between the cancer and cancer-free groups. A transformation of Ti to Xi =

Φ−1 (F100(Ti)) was applied, where F100 is the cdf of the t distribution with 100 degrees of free-

dom. The following model was justified by Efron (2010),

Xi | Θi
ind∼ N(Θi, 1), Θi

iid∼ G,

where Θi represents the effect size for gene i, with Θi = 0 for null genes. The unknown mixing

distribution G is of interest. Efron (2016) used the g-modeling approach to analyze the data under

this model, assuming that G is a mixture of a Dirac measure at 0 and a continuous distribution G∗.

We reanalyze the data using the ID method.

The compound density is estimated using KDE with a normal kernel. We take the ansatz to be

G0 = 0.85 · δ0+0.15 ·N(0, 1). Here, the choice of the point mass of 0.85 in the ansatz corresponds

60



to its estimate provided by the g-modeling approach. The discretized support of G is taken to be

T̂ = {−3.6,−3.4, . . . , 3.6}. We implement the ID-EM approach described in Section 3.4.3 with

25 iterations over the two steps. The estimated mixing distribution Ĝ puts probability 0.848 on

{Θ = 0}, indicating that 84.8% of the genes are estimated to have no association with prostate

cancer. The estimated Lebesgue density of G∗, denoted by ĝ∗(θ), is shown as the solid curve in

Figure 3.4 (Panel B). As a goodness-of-fit check, we perform a Kolmogorov–Smirnov (KS) test

to determine if the sample X1, . . . , Xn can plausibly be generated from the compound distribution

induced by Ĝ. The KS statistic is D = 0.009 with a p-value of 0.671, indicating no evidence of

lack of fit.

To quantify uncertainty, we perform a parametric bootstrap with 100 bootstrap replications.

See Section 3.4.3 for more details about the implementation of the parametric bootstrap. Panel A

of Figure 3.4 shows a boxplot of Ĝ({0}) from the bootstrap replications, with a 95% bootstrap

CI of (0.793, 0.929) based on the 0.025 and 0.975 quantiles. In Panel B of Figure 3.4, the dashed

vertical lines represent the bootstrap standard errors of ĝ∗(θ), extending from plus to minus one

standard error.

From an empirical Bayes perspective (Efron, 2010), the estimate Ĝ can be used as a prior to

then obtain a posterior distribution Ĝ(· | Xi) for the effect size of each gene. We find 16 genes

that have a posterior probability of having a null effect, Ĝ({Θi = 0} | Xi), less than 0.05. The

numbers of genes with this posterior probability less than 0.2 and 0.5 are 60 and 168, respectively.

3.5.2 Word Count

Our second application concerns the analysis of word counts from Shakespeare’s canon of

works, which has a total word count of C = 884,647. The data were derived from a concor-

dance (Spevack, 1968) of Shakespeare’s work and are available in the R package deconvolveR

(Narasimhan and Efron, 2020). The dataset consists of counts nx, representing the number of

words in the canon that appear x times for x = 1, . . . , 100. In total, there are n =
∑100

x=1 nx =
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Figure 3.4: Panel A is a box plot of Ĝ({0}) from 100 parametric bootstrap replications. In Panel B, the solid

curve shows ĝ∗(θ), the estimated Lebesgue density of the continuous component of the mixing distribution;

the dashed vertical lines are plus and minus one standard error, estimated by bootstrap.

30,688 different words in the dataset. Words appearing more than 100 times, such as “and” and

“the”, are deemed less interesting and are not included in the dataset. Note that
∑∞

x=101 nx = 846.

Efron and Thisted (1976) posed the question: how many words did Shakespeare know? Alter-

natively, one might ask: if we hypothetically discovered another canon of works by Shakespeare,

how many new words could we expect to find? This question is analogous to estimating the number

of unseen species, a common goal in ecological studies.

To answer this question, we follow the model used by Narasimhan and Efron (2020). For the

ith distinct word appearing 1–100 times in Shakespeare’s canon, let Xi denote the number of times

it appears. The count Xi is modeled by a Poisson distribution with rate Θi, truncated to the set

{1, . . . , 100}, where Θi is assumed to come from a mixing distribution G. In summary,

Xi | Θi
ind.∼ Trunc-Poisson{1,...,100}(Θi), Θi

iid∼ G.
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As a word of caution, with a truncated Poisson component distribution family, G is not identifiable;

recall Section 3.3.1. Therefore, inference on G should ideally involve discussion of the class of

equivalent mixing distributions.

The compound distribution is estimated by the empirical distribution. The discretized support

of G is taken to be T̂ = exp{L}, where L is a set of 100 evenly spaced points ranging from −4

to 4.5. We use a discrete uniform ansatz over T̂ . Let ĝj denote the approximation for a probability

mass function g(θj), θj ∈ T̂ , obtained according to (3.6). Then, approximately, the expected

number of distinct new words, divided by the length of the actual canon C, in a newly discovered

canon of word length Ct can be represented by R(t) defined as

R(t) =
100∑

j=1

ĝjrj(t), where

rj =
exp{−θj}

1− exp{−θj}
(1− exp{−θjt}) ;

see Narasimhan and Efron (2020) for details and derivation.

Figure 3.5: The solid black line is R(t) resulting from the ID approach. The red vertical lines are plus and

minus one standard deviation, derived from a parametric bootstrap. The green dashed line is R(t) resulting

from the g-modeling approach.
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Figure 3.5 plots R(t) over t resulting from the ID-method with a uniform ansatz on T̂ , depicted

by the solid black line. For example, because R(3.39) ≈ 1, for a newly discovered canon of about

3.39 times larger than the known canon, we would expect to double the number of observed words

in Shakespeare’s vocabulary. The red vertical lines are plus and minus one standard deviation from

a parametric bootstrap. The green dashed line is R(t) produced by the g-modeling approximation

on T̂ . As a sensitivity analysis, we run the ID method with different ansatzes. The estimated mix-

ing distributions map to nearly identical estimates of the number of distinct new words discovered

in the new corpus, corroborating our conclusion in the nonidentifiable case.

3.6 Discussion

We propose a new flexible, nonparametric method for recovering a mixing distribution given a

known component distribution family and a sample from a compound distribution. Our method is

applicable to a wide range of previously studied scenarios of the mixing distribution problem in-

cluding deconvolution models and the Normal Means problem. The proposed method is relatively

intuitive, easily implementable, and compares well with the commonly used g-modeling approach

under a number of scenarios. In scenarios where the mixing distribution is nonidentifiable, our

method can approximate many mixing distributions which, in junction with the component distri-

bution family, could have plausibly generated the observed data.

There are extensions to be explored with the proposed method. For example, in this work,

the observed Xi values are generated by the same family of component distributions. In con-

trast, in some scenarios the component distribution family may differ for each data point. That

is, Xi|Θi ∼ Pi(·|Θi). An example of such a scenario is Xi|Θi ∼ Bin(mi,Θi) where Θi is the

observed probability of the binomial distribution and mi is the observed number of trials. The

parameters mi may be designated by an experimenter for each draw of Xi. An extension of the

proposed method to such a scenario is left as future work.

Although we teased nonidentifiable scenarios in this chapter, more research should be done

into the equivalent classes of mixing distributions which induce the same compound distribution.
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For example, in a nonidentifiable scenario, one may be interested in the probabilities assigned to

an event E by all (or perhaps a subset of, such as all continuous) mixing distributions G ∈ EF,P .

Following similar notion as Dempster (1967), one may define lower and upper probabilities of E

as

G∗(E) = inf
G∈EF,P

G(E) and G∗(E) = sup
G∈EF,P

G(E).

Given the convexity of EF,P , the interval (G∗(E), G∗(E)) delineates the plausible range of proba-

bilities for event E. Of course, this range may be trivial, e.g., [0, 1] as in the first example in Section

3.2.2. However, it could be of interest for which classes EF,P and which events E, the resulting

interval is not trivial.
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Chapter 4

Summary and Future Work

In this dissertation we proposed novel approaches to approximating distributions in equivalence

classes with and without identifiability. In Chapter 2, we showed that the coefficient distribution

is not identifiable when the design variable takes values on a discrete lattice. Finding coefficient

distributions in the RCR model was framed as a collection of SIPs. We proposed a novel itera-

tive method that at each iteration finds a solution to each SIP by disintegration and averages the

local solutions to update the current global ansatz. The initial global ansatz can be changed so that

the iterative method approximates different distributions within the desired equivalence class. We

studied the convergence properties of the method and proposed an analogous empirical version.

The iterative method compared well against the moment-matching estimator proposed by Beran

and Hall (1992) and the Radon transform estimator proposed by Hoderlein et al. (2010) in sim-

ulation studies. In the same simulation studies, we also compared our method with a Bayesian

nonparametric approach, a Dirichlet process mixture model. The DPM performed well under

one simulation scenario, but not the other. In contrast, our proposed method appeared robust to

the different data-generating processes. Finally, we demonstrated our proposed method on an

acupuncture clinical trial, where we showed that despite a statistically significant treatment effect,

the plausible percentage of patients who benefit from acupuncture could range from about 22.3%

to 98.7%, according to our analysis.

In Chapter 3, we summarized the identifiability of mixing distributions and emphasized the

possibility of unstable recovery scenarios. With the equivalence class perspective to nonidentifia-

bility in mind, we proposed a similar iterative method as that in Chapter 2, but for the recovery of

mixing distributions. The method can be used in identifiable and nonidentifiable scenarios. The

user-specified ansatz can be changed to guide the iterative method to approximate different mixing

distributions under nonidentifiability. Again, we studied the convergence properties of the method,

and proposed an analogous empirical version. We compared our method with the well-known
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G-modeling approach proposed by Efron (2014, 2016) through simulation studies, and found our

method to perform well. In recovery scenarios that suffer from instability, we demonstrated that

the flexible approach can be adapted to stabilize the recovery problem, by incorporating it within

an EM-like approach. The method of Chapter 3 was demonstrated on two datasets: a prostate

cancer dataset (Singh et al., 2002; Efron, 2016) and the Shakespeare’s word count dataset (Spe-

vack, 1968; Narasimhan and Efron, 2020). In the analysis of the prostate cancer dataset, under

an empirical Bayesian framework, we estimated the mixing distribution, taken to be a prior, and

consequently derived a posterior distribution to help identify which genes may be associated with

prostate cancer in men. The Shakespeare’s word count dataset was analyzed to answer the hypo-

thetical question of how many new unique words we would expect to find in a newly discovered

canon by Shakespeare.

It is of interest that similar iterative methods, with a similar equivalence class perspective, can

be used in seemingly unrelated modeling scenarios. In particular, both methods made use of dis-

integration and integration of measures to step closer to the target solution set. In addition, both

methods used an initiating user-specified distribution, called a global ansatz in Chapter 2 and sim-

ply an ansatz in Chapter 3. The convergence properties were similar between the two. In the RCR

model’s approach, each output distribution induced by the sequence of global ansatzes converges to

the corresponding unknown output distribution with respect to the KL-divergence. The analogous

result was shown in Chapter 3, where the sequence of induced compound distributions converges

to the unknown target compound distribution with respect to the KL-divergence. In practice, both

methods make use of the data to estimate distributions, output distributions and the compound

distribution, respectively.

Although the methods in each chapter are similar, the modeling scenarios presented in each

chapter differ in a few aspects. In Chapter 2, we only considered coefficient distributions with

Lebesgue densities. Whereas in Chapter 3, we took a more general approach, where we discussed

densities of the mixing distribution and compound distribution with respect to general dominating

measures. In future work, it may be of interest to relax the Lebesgue restriction of the solution class
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of Chapter 2. As discussed in Section 2.2.2, and shown in Appendix A.0.2, not all distributions

that induce the target set of output distributions have Lebesgue densities in R
2, despite each output

distribution being absolutely continuous with respect to the Lebesgue measure in R.

Moreover, in Chapter 3, the equivalence class is characterized by a probability kernel and a

single distribution. Whereas the equivalence class of Chapter 2 is characterized by a finite set of

maps and their associated image probability measures. Finally, for the RCR models in this disser-

tation, the coefficient distributions are always nonidentifiable. Whereas in the mixing distribution

recovery problem we consider both identifiable and nonidentifiable scenarios.

As the approaches to both problems share similarities, it may be of interest for future work to

generalize the approaches and adapt them to different modeling scenarios and problems that also

suffer from nonidentifiability. Additionally, to facilitate inference, plausible probability intervals

on events of interest can be investigated, as described in the conclusion section of each chapter.

A related problem, finding which sets in the σ-algebras corresponding to the solution set have

nontrivial probability ranges, can further be researched.

The finite-sample and asymptotic behaviors of the empirical versions of each method can be

explored in more detail. Such an example of a finite-sample behavior that may be investigated

further is a similar pattern which emerged in both methods in the simulation studies. In Chapter 2,

the original nonparametric estimates of each output distribution had greater KS-distances from

the corresponding true output distribution on average than did each induced output distribution

from the resulting estimate of the coefficient distribution. Analogously, in Chapter 3, the original

nonparametric estimate of the compound distribution had a higher mean integrated square error

from the true compound distribution than did the compound distribution induced by the estimate

of the mixing distribution. We leave it as future work to investigate why this pattern emerges in

both modeling scenarios.

For the methods in both Chapters 2 and 3, extensions of each can be investigated. For the

iterative method of the RCR models, the model can be extended from the simple RCR model

to include vectors for Bi and xi. Additionally, the current iterative method can be investigated
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when the design variable is no longer conditioned upon, and instead is considered random. For

the iterative method to recover mixing distributions, a possible extension is to substitute the single

compound distribution for a set of compound distributions Fi(·) = F (·|ηi), where ηi is an observed

quantity. That is,

F (A|ηi) =
∫

T

P (A|θ, ηi)dG(θ),

for each A ∈ BX and each i. The recovery problem becomes finding the mixing distribution G

from a given set of compound distributions F (·|ηi) and a set of component distributions P (·|θ, ηi).

An example of such a case is the family of component distributions is a family of Binomial dis-

tributions where the number of trials ηi, is observed and is mixed over the success probability

parameter θ.
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Appendix A

Random Coefficient Regression Appendix

A.0.1 Proof of Theorem 1

Define Br(a, b) as an open ball centered at (a, b) with radius r. Let ϕr(a, b) be a continuous

nonnegative function, indexed by r, satisfying 0 < ϕr(a, b) ≤ 1 if (a, b) ∈ Br(0, 0) and ϕr(a, b) =

0 otherwise.

Chi (2021) showed that E is convex; hence, it is sufficient to find one distribution, different from

FA,B on a set with a positive Lebesgue measure, that induces the same set of output distributions

as FA,B on a finite set X , i.e., FX .

First, we construct a function h1(a, b) ̸= 0 such that g1(a, b) = f̃A,B(a, b) + h1(a, b) satisfies

the following properties:

(i) g1 is a valid density;

(ii) fA,B(a, b) and g1 have the same Radon transform for x1; that is,

∫
f̃A,B(y − bx1, b)db =

∫
g1(y − bx1, b)db, for all y.

Note that (i) ensures that g1 and f̃A,B induce the same output distribution at a single design

point x1, i.e., FYx1
. Furthermore, the Radon transform of h1 is constant 0. Construction of h1

proceeds as follows.

Let Br(a0, b0) be a ball centered at (a0, b0) with radius r such that

ess inf(a,b)∈Br(a0,b0) f̃A,B(a, b) > 0. (A.1)

Its existence is due to the fact that f̃A,B is continuous almost everywhere with respect to the

Lebesgue measure. Because f̃A,B was assumed to be Riemann integrable, the density f̃A,B is
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continuous almost everywhere by Lebesgue-Vitali’s theorem. Let δ be any positive number less

than the essential infimum.

Next, consider the open balls Bs(a1,1, b1,1) with 0 < s < r2−J−1, a1,1 = a0, and b1,1 = b0.

Denote κ1,1(a, b) = ϕs(a − a1,1, b − b1,1), and κ1,2(a, b) = ϕs(a − a1,2, b − b1,2), where a1,2 =

a1,1 + τ1 sin arctan(−x1), b1,2 = b1,1 + τ1 cos arctan(−x1), and τ1 = 2s. Note that κ1,1 and

κ1,2 are supported over Bs(a1,1, b1,1) and Bs(a1,2, b1,2), respectively. In addition, Bs(a1,2, b1,2) can

be obtained by translating Bs(a1,1, b1,1) by 2s. In fact, since the distance between the centers is

τ1 = 2s, both Bs(a1,1, b1,1) and Bs(a1,2, b1,2) are contained within Br(a0, b0) and Bs(a1,1, b1,1) ∩

Bs(a1,2, b1,2) = ∅.

The function h1 is defined as

h1(a, b) = δκ1,1(a, b)− δκ1,2(a, b).

Note that

∫
h1(y − bx1, b)db = δ

∫
ϕs(y − bx1 − a1,1, b− b1,1)db− δ

∫
ϕs(y − bx1 − a1,2, b− b1,2)db.

Letting b′ = b− b1,2 + b1,1, the second integral on the right hand side can be expressed as

δ

∫
ϕs(y − bx1 − a1,2, b− b1,2)db = δ

∫
ϕs(y − b′x1 − (b1,2 − b1,1)x1 − a1,2, b

′ − b1,1)db
′

= δ

∫
ϕs(y − b′x1 − a1,1, b

′ − b1,1)db
′,

where the last equality holds because x1 cos arctan(−x1) + sin arctan(−x1) = 0. That is, the

Radon transform of h1 is 0 for x = x1. It is easy to see that for g1, (i) and (ii) are satisfied.

In Panel A of Figure A.1, the construction of h1 is depicted for x1 = 0. The open ball Br(a0, b0)

is depicted by the large dotted circle, a region over which fA,B is strictly positive. The supports of

κ1,1 and κ1,2, i.e., Bs(a1,1, b1,1) and Bs(a1,2, b1,2), are shown as the dashed circle and solid circle,
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respectively. Since Bs(a1,2, b1,2) is a translation of Bs(a1,1, b1,1) along the direction, shown as a

dash-dotted line, integrating h1(a, b) along the lines, parallel to the dash-dotted line, is zero.

Figure A.1: A representation of the supports of h1 and h2 for x1 = 0 (A) and x2 = 1 (B). Here, the

large dotted circle indicates Br(a0, b0), over which the density is strictly positive. A: The supports of κ1,1
and κ1,2, Bs(a1,1, b1,1) and Bs(a1,2, b1,2), are shown as the dashed and solid circles, respectively. Note

that Bs(a1,2, b1,2) is a translation of Bs(a1,1, b1,1) along the dashed vertical line. The function h1 is con-

structed by adding δκ1,1 and subtracting δκ1,2, and it is zero outside of Bs(a1,1, b1,1) and Bs(a1,2, b1,2).
B: Bs(a2,k, b2,k) for k = 1, 2, 3, 4 are depicted with solid circles for even k and dashed circles for odd

circles, and are the support sets for the associated κ2,k functions. Bs(a2,1, b2,1) = Bs(a1,1, b1,1) and

Bs(a2,2, b2,2) = Bs(a1,2, b1,2). Bs(a2,3, b2,3) is a translation of Bs(a2,2, b2,2) and Bs(a2,4, b2,4) a translation

of Bs(a2,1, b2,1) along lines with slope −1, such that all four circles are non-overlapping. h2 is characterized

by adding or subtracting δκ2,k according to the parity of k, and is equal to zero everywhere else. Integrating

h2 along a line with slope −1 results in zero, while maintaining the property that integrating over a vertical

line also results in zero.

Next, for j = 2, . . . , J , we define a function hj(a, b) such that gj(a, b) = f̃A,B(a, b) + hj(a, b)

satisfies similar properties as (i) and (ii), namely:

(iii) gj is a valid density;

(iv) f̃A,B(a, b) and gj have the same Radon transforms for j design points x1, . . . , xj .
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For each j = 2, . . . , J , we recursively define a sequence of tuples (aj,k, bj,k) as

aj,k =





aj−1,k 1 ≤ k ≤ 2j−1

aj−1,2j−k+1 + τj sin arctan(−xj) 2j−1 < k ≤ 2j

and

bj,k =





bj−1,k 1 ≤ k ≤ 2j−1

bj−1,2j−k+1 + τj cos arctan(−xj) 2j−1 < k ≤ 2j
,

where τj is the minimum distance such that

2j−1⋃

k=1

Bs(aj,k, bj,k)
⋂ 2j⋃

k=2j−1+1

Bs(aj,k, bj,k) = ∅.

Note that τj < s2j+1, thus the union of the 2j balls is always contained within Br(a0, b0).

Similar to the construction of h1, for j = 2, . . . , J and k ≤ 2j , let κj,k(a, b) = ϕs(a− aj,k, b−

bj,k). We now define the functions hj as

hj(a, b) = δ

2j−1∑

k=1

(κj,2k−1(a, b)− κj,2k(a, b)) . (A.2)

Note that all functions, κj,k, k = 1, 2, . . . , 2j have non-overlapping supports, i.e., Bs(aj,k, bj,k).

For example, in Panel B of Figure A.1, Bs(a2,1, b2,1) and Bs(a2,2, b2,2) are identical to Bs(a1,1, b1,1)

and Bs(a1,2, b1,2) from Panel A, respectively. In addition, Bs(a2,3, b2,3) and Bs(a2,4, b2,4) are the re-

sulting open balls from translating Bs(a2,2, b2,2) and Bs(a2,1, b2,1), respectively, along the direction

of lines with slope −1/x2, by τ2. Outside the union of Bs(a2,i, b2,i) for i = 1, 2, 3, 4, h2 is zero.

Here, Bs(a2,1, b2,1) and Bs(a2,3, b2,3) are depicted as dashed circles to indicate that the associated

functions κ2,1 and κ2,3 are added, as shown in (A.2). Similarly, Bs(a2,2, b2,2) and Bs(a2,4, b2,4)

are depicted with solid circles, and the associated functions κ2,2 and κ2,4 are subtracted. As will
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be shown below, integrating h2 over lines parallel to either dash-dotted lines in the right Panel of

Figure A.1 is zero, i.e. the Radon transforms for both x1 and x2 are constant zero.

Now, we will show that gj satisfies (iii) for each j = 2, . . . , J . By (A.2) and by the definition of

τj , the support of hj is the union of the non-overlapping open balls Bs(aj,k, bj,k) for k = 1, . . . , 2j .

Thus the minimum of hj is −δ. Note that because the diameter of ∪kBs(aj,k, bj,k) is less than r, it

must be that ∪kBs(aj,k, bj,k) ⊂ Br(a0, b0). Then, because fA,B ≥ δ on Br(a0, b0), it follows that

gj(a, b) ≥ fA,B(a, b)− δ ≥ 0. Next notice that by (A.2), the integral of hj can be evaluated as

∫∫
hj(a, b)dadb = 2j−1δ

∫

Bs(0,0)

ϕs(a, b)dadb− 2j−1δ

∫

Bs(0,0)

ϕs(a, b)dadb = 0,

hence gj integrates to one.

To show (iv), we can rearrange the κj,k functions in (A.2) so that hj can be equivalently defined

as

hj(a, b) = hj−1(a, b)− hj−1(a− τj sin arctan(−xj), b− τj cos arctan(−xj)). (A.3)

Due to the recursive nature of (A.3), hj can be expressed in terms of the hk functions for any

k ∈ 1, . . . , j − 1. Hence to show (iv), it is sufficient to demonstrate that hj has a Radon transform

that is constant zero for xj . The Radon transform of hj for xj is

∫
hj(y − bxj, b)db =

∫
hj−1(y − bxj, b)db

−
∫

hj−1(y − bxj − τj sin arctan(−xj), b− τj cos arctan(−xj))db.

By a change of variables of b′ = b− τj cos arctan(−xj),

∫
hj−1(y − bxj − τj sin arctan(−xj), b− τj cos arctan(−xj))db =

∫
hj−1(y − b′xj, b

′)db′.

Therefore, hj has a Radon transform that is constant zero for xj .
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Thus, we have constructed a probability density function gJ(a, b), different from f̃A,B on a set

with positive Lebesgue measure, where the Radon transforms of gJ and f̃A,B are equal for each

x ∈ X .

A.0.2 Analytic Forms of f 3
A,B and f 4

A,B

The following are the analytic forms of f 3
A,B and f 4

A,B

f 3
A,B(a, b; d) =





f̃A,B(a, b)−min
(
f̃A,B(a, b), f̃A,B(a+ dm3(b), b− 2dm3(b))

)
b /∈ (−d, 0]

f̃A,B(a, b) +
∞∑

k=1

min
(
f̃A,B(a, b+ kd), f̃A,B(a+ kd, b− kd)

)

+
∞∑

k=1

min
(
f̃A,B(a− kd, b+ kd), f̃A,B(a, b− kd)

) b ∈ (−d, 0]

f 4
A,B(a, b; d) =





f̃A,B(a, b)−min
(
f̃A,B(a, b), f̃A,B(a+ dm4(b), b− 2dm4(b))

)
b /∈ [0, d)

f̃A,B(a, b) +
∞∑

k=1

min
(
f̃A,B(a, b+ kd), f̃A,B(a+ kd, b− kd)

)

+
∞∑

k=1

min
(
f̃A,B(a− kd, b+ kd), f̃A,B(a, b− kd)

) b ∈ [0, d)

where d is a positive constant. The functions mi : R → Z, for i = 3, 4, map b ∈ R to an integer

such that b − dm3(b) ∈ (−d, 0] and b − dm4(b) ∈ [0, d). In Panels D and E of Figure 2.1, both

functions with d = 2/33 are shown.

As an example of a distribution that is in E but is not absolutely continuous with respect to the

Lebesgue measure on R
2, consider the following:

F 5
A,B ((−∞, a], (−∞, b]) = Φ2 ((a, b);M1)− pΦ2 ((a, b);M2) + pΦ1 (a; 1) I{b ≥ 0},
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where Φ2(·,Σ) is a bivariate normal distribution function centered at (0, 0) with covariance matrix

Σ, and Φ1(·, σ2) is a normal distribution with mean 0 and variance σ2. It can be verified that for

M1 =




1 −1

−1 3


 ,

M2 =




1 −1

−1 2


 ,

and for 0 < p < 0.7071, F 5
A,B is a valid distribution in E .

A.0.3 Proof of Lemma 1

Suppose (a0, b0) ∈ supp
(
f̃A,B

)
. To show (a0, b0) ∈

⋂
x∈X Q−1

x (supp(fYx
)) it is sufficient to

show y0,x = a0 + b0x ∈ supp (fYx
) for each x ∈ X .

For x ∈ X and ϵ > 0, we have

P (Yx ∈ (y0,x − ϵ, y0,x + ϵ)) =

∫ y0,x+ϵ

y0,x−ϵ

∫

R

f̃A,B (y0,x − bx, b) dbdy

=

∫

R

∫ −bx+y0,x+ϵ

−bx+y0,x−ϵ

f̃A,B(a, b)dadb

≥
∫∫

Bϵ(a0,b0)

f̃A,B(a, b)dadb > 0.

Here, the open ball, Bϵ(a0, b0), in R
2 centered at (a0, b0) with radius ϵ is a subset of the region

Q−1
x (y0,x − ϵ, y0,x + ϵ). Thus, P (Yx ∈ (y0,x − ϵ, y0,x + ϵ)) > 0, which implies that (a0, b0) ∈

Q−1
x (supp (fYx

)) for all x ∈ X .

A.0.4 Local Solutions are Valid Densities

Let f
(0)
A,B be an arbitrary density whose support contains Λ0, and let f

(1)
A,B,x be the update ac-

cording to (2.3) for x ∈ X . In addition, let µ2 be the Lebesgue measure on R
2. We will show
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that f
(1)
A,B,x is a valid density function with support supp

(
f
(0)
A,B

)⋂
Q−1

x (supp(fYx
)), and the Radon

transform of f
(1)
A,B,x is fYx

.

To show that f
(1)
A,B,x > 0 µ2-almost everywhere on supp

(
f
(0)
A,B

)⋂
Q−1

x (supp(fYx
)) and is zero

µ2-almost everywhere else, it is enough to show that supp
(
f
(0)
Yx

)
contains supp (fYx

). Let y0 ∈

supp (fYx
). Then for ϵ > 0,

0 <

∫ y0+ϵ

y0−ϵ

fYx
(t)dt =

∫ y0+ϵ

y0−ϵ

∫

R

fA,B(y0 − bx, b)db.

Because supp (fA,B) ⊆ supp
(
f
(0)
A,B

)
,

0 <

∫ y0+ϵ

y0−ϵ

∫

R

f
(0)
A,B(y0 − bx, b)db =

∫ y0+ϵ

y0−ϵ

f
(0)
Yx

(t)dt.

Therefore, y0 ∈ supp
(
f
(0)
Yx

)
.

We finish by simultaneously showing that f
(1)
A,B,x integrates to 1 and its Radon transform for x

is fYx
. By (2.3) and by a change of variables,

∫∫
f
(1)
A,B,x(a, b)dadb =

∫ (∫
f
(0)
A,B(y − sx, s)

fYx
(y)

f
(0)
Yx

(y)
ds

)
dy.

We recognize the inside integral on the right hand side as the Radon transform of f
(1)
A,B,x for x,

which is equal to

∫
f
(0)
A,B(y − sx, s)ds

fYx
(y)

f
(0)
Yx

(y)
= f

(0)
Yx

(y)
fYx

(y)

f
(0)
Yx

(y)
= fYx

(y).

Then ∫∫
f
(1)
A,B,x(a, b)dadb =

∫
fYx

(y)dy = 1.
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A.0.5 Bregman Projection onto Ex
It is desired to show that

F
(1)
A,B,x = argmin

F̃A,B∈Ex

DKL(F̃A,B||F (0)
A,B).

By the principle of minimum discrimination information, F
(1)
A,B,x achieves the minimum if

DKL(F
(1)
A,B,x||F

(0)
A,B) = DKL(FYx

||F (0)
Yx

). Consider the following

DKL(F
(1)
A,B,x||F

(0)
A,B) =

∫∫
f
(1)
A,B,x(a, b) log

f
(1)
A,B,x(a, b)

f
(0)
A,B(a, b)

dadb

=

∫∫
f
(0)
A,B(a, b)

fYx
(a+ bx)

f
(0)
Yx

(a+ bx)
log

fYx
(a+ bx)

f
(0)
Yx

(a+ bx)
dadb.

By a change of variables, y = a + bx and s = b, the last iterative integral above can be expressed

as ∫∫
f
(0)
A,B(y − sx, s)

fYx
(y)

f
(0)
Yx

(y)
log

fYx
(y)

f
(0)
Yx

(y)
dsdy =

∫
fYx

(y) log
fYx

(y)

f
(0)
Yx

(y)
dy.

A.0.6 Proof of Theorem 2

For ease of notation, where convenient we write f in place of f̃A,B, f (ℓ) in place of f
(ℓ)
A,B, and

denote the ratio of the output density functions as ξ
(ℓ)
x , i.e., for ℓ = 0, 1, . . .

ξ(ℓ)x (a, b) =
fYx

(a+ bx)

f
(ℓ)
Yx

(a+ bx)
.

Then, (2.5) can be written as

f (ℓ+1)(a, b) = f (ℓ)(a, b)
1

J

∑

x∈X

ξ(ℓ)x (a, b), for ℓ = 0, 1, . . . . (A.4)
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We begin by showing (i). The KL-divergence of f with respect to f (ℓ+1) is

Ef log
f

f (ℓ+1)
= Ef log

f

f (ℓ)
− Ef log

(
∑

X

ξ(ℓ)x

1

J

)
.

Rearranging the terms above, we obtain the following expression

Ef log
f

f (ℓ)
− Ef log

f

f (ℓ+1)
= Ef log

{
∑

X

ξ(ℓ)x

1

J

}

≥
∑

X

1

J
Ef log ξ

(ℓ)
x ,

(A.5)

where the inequality is a direct consequence of Jensen’s inequality.

Next, we will show that Ef log ξ
(ℓ)
x ≥ 0 for ℓ = 0, 1, . . . and x ∈ X . Straightforward calculation

yields

−Ef log ξ
(ℓ)
x =

∫∫
log

f
(ℓ)
Yx

(a+ bx)

fYx
(a+ bx)

f(a, b)dadb.

Recall that log(x) ≤ x− 1 for all x > 0. Thus, we have

∫∫
log

f
(ℓ)
Yx

(a+ bx)

fYx
(a+ bx)

f(a, b)dadb ≤
∫∫

f(a, b)

fYx
(a+ bx)

f
(ℓ)
Yx

(a+ bx) dadb − 1

=

∫ (∫
f(y − sx, s)

fYx
(y)

ds

)
f
(ℓ)
Yx
(y)dy − 1

=

∫
f
(ℓ)
Yx
(y)dy − 1 = 0.

Hence,

Ef log ξ
(ℓ)
x ≥ 0.

Thus, by recalling (A.5), we conclude that

Ef log
f

f (ℓ)
− Ef

f

f (ℓ+1)
≥ 0,
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for any ℓ. Therefore, the KL-divergences of f with respect to f (ℓ) is a non-increasing sequence

with a lower bound of zero and by the monotone convergence theorem has a convergence.

Next, we show (iii). From (i) and (A.5), we have 1/J
∑

X Ef log ξ
(ℓ)
x → 0 as ℓ → ∞. There-

fore, Ef log ξ
(ℓ)
x → 0 as ℓ → ∞, for each x ∈ X . By a straightforward change of variables,

it can be seen that Ef log ξ
(ℓ)
x equals the KL-divergence of fYx

from f
(ℓ)
Yx

; hence, Ef log ξ
(ℓ)
x ≥ 0.

Therefore, Ef log ξ
(ℓ)
x → 0, for each x ∈ X .

Finally, we show (ii). By the convexity property of the KL-divergence,

DKL(f
(ℓ+1)||f (ℓ)) = DKL

(
1

J

∑

x

f
(ℓ+1)
A,B,x||

1

J

∑

x

f
(ℓ)
A,B

)

≤ 1

J

∑

x

DKL(f
(ℓ+1)
A,B,x||f

(ℓ)
A,B).

Within the proof in A.0.5, it was shown that DKL(f
(ℓ+1)
A,B,x||f

(ℓ)
A,B) = DKL(fYx

||f (ℓ)
Yx
). Hence,

DKL(f
(ℓ+1)||f (ℓ)) ≤ 1/J

∑
xDKL(fYx

||f (ℓ)
Yx
), which goes to zero by (iii).

A.0.7 (Qx, µ1)-disintegration of µ2

We show that the (Qx, µ1)-disintegration of µ2, denoted by {µQ−1
x (y)} is the set of disintegrating

measures defined by,

µQ−1
x (y)(f) =

∫
f(y − sx, s)dµ1(s),

where f is a measurable function. For {µQ−1
x (y) : y ∈ R} to be a (Qx, µ1)-disintegration of µ2, it

must satisfy the following three conditions given in Chang and Pollard (1997):

(i) µQ−1
x (y) is a σ-finite measure on BΛ concentrated on the set {Y = y};

and, for each nonnegative measurable function g on R
2:

(ii) y → µQ−1
x (y)(g) is BR measurable;

(iii) µ2(g) = µ1

(
µQ−1

x (y)(g)
)

.
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For (i), let fy(a, b) = I{(a, b) ∈ Λ : Qx(a, b) ̸= y}. Then

µQ−1
x (y)(fy) =

∫
I{(y − sx, s) ∈ Λ : y ̸= y}dµ1(s) = 0.

Additionally, define disjoint sets {Ci} such that for each i ∈ Z, Ci = I {(a, b) ∈ Λ : i ≤ b < i+ 1}.

The countable union
⋃

i∈Z Ci = Λ. It can be seen that µQ−1
x (y)(Ci) =

√
1 + x2 < ∞ for each i.

Condition (ii) holds since µQ−1
x (y)(f) is a composition of measurable operations on g.

For (iii), let g be a nonnegative measurable function on Λ. Then

µ2(g) =

∫
g(a, b)I {(a, b) ∈ Λ} dµ2(a, b).

By a change of variables, µ2(g) can be expressed as

µ2(g) =

∫
g(y − sx, x)I {(y − sx, s) ∈ Λ} dµ2(s, y) =

∫ (∫
gdµQ−1

x (y)

)
dµ1

which is equal to µ1

(
µQ−1

x (y)(g)
)

as desired.
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Appendix B

Mixing Distribution Recovery Appendix

B.0.1 Proof of Theorem 3

Note that, since DKL(G||G0) < ∞, G0 dominates G (Kullback, 1959, 1968). Consider

DKL(G||Gj)−DKL(G||Gj+1), which is

DKL(G||Gj)−DKL(G||Gj+1) = EG log
g

gj
− EG log

g

gj+1

= EG logEP (·|θ)
f

f j

≥ EF log
f

f j
= DKL(F ||F j) ≥ 0,

where the first inequality is a consequence of Jensen’s inequality and the law of total expecta-

tion. Since DKL(G||G0) < ∞, it follows from the inequality above that, for each j = 0, 1, . . .,

DKL(G||Gj) < ∞ and hence, Gj dominates G. In addition, the above inequality shows that for

each j

DKL(G||Gj) ≥ DKL(G||Gj+1).

Therefore, by the monotone convergence theorem, the sequence of KL-divergences {DKL(G||Gj)}

has a convergence. Then, DKL(G||Gj)−DKL(G||Gj+1) → 0, and hence, DKL(F ||F j) → 0.

B.0.2 Proof of Theorem 4

Consider DKL(G
j||Gj+1), which is

DKL(G
j||Gj+1) = −EGj logEP (·|θ)

f

f j
≤ DKL(F

j||F )
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where the last inequality holds by Jensen’s inequality, the law of total expectation, and basic log-

arithm properties. By assumption DKL(F
j||F ) → 0 as j → 0, thus, DKL(G

j||Gj+1) → 0 as

j → 0.

B.0.3 Proof of Theorem 5

By Pinsker’s inequality, and the relation between total variation and the L1 metric, it follows

that
∫
|gj(θ) − gj+k(θ)|dγ(θ) ≤

√
2DKL(Gj||Gj+k). Thus, consider the KL-divergence of Gj

from Gj+k,

DKL(G
j||Gj+k) = −

k−1∑

ℓ=0

EGj logEP (·|θ)
f

f j+ℓ

≤
k−1∑

ℓ=0

EF j log
f j+ℓ

f

= DKL(F
j||F ) +

k−1∑

ℓ=1

(
DKL(F

j||F )−DKL(F
j||F j+ℓ)

)
,

where the inequality is a consequence of Jensen’s inequality and the law of total expectation.

Recalling the definition of Sj ,

DKL(F
j||F ) +

k−1∑

ℓ=1

(
DKL(F

j||F )−DKL(F
j||F j+ℓ)

)
≤ DKL(F

j||F ) + Sj,

for any k. By assumption, DKL(F
j||F ) and Sj converge to zero as j increases to infinity. Then

for any ϵ > 0, we can find a J such that for all j > J , DKL(F
j||F ) + Sj < ϵ. Therefore,

for any ϵ > 0 we can find a J such that for j > J and any k,
∫
|gj(θ) − gj+k(θ)|dγ(θ) ≤

√
2DKL(Gj|Gj+k) < ϵ. Then, the sequence of L1 distances between Gj and Gm is a Cauchy

sequence in the L1 metric space, which is complete, and hence has a convergence G∞. Then

because L1(G
j, G∞) is proportional to the total variation between Gj and G∞, the convergence of

Gj → G∞ in the L1 metric implies convergence in total variation.
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Recall DKL(F ||F j) → 0 as j → ∞, so by Pinsker’s inequality,

sup
A∈BX

|F j(A)− F (A)| → 0

as j → ∞. Hence, for any A ∈ BX ,

F (A) = lim
j→∞

F j(A) = lim
j→∞

∫
P (A|θ)gj(θ)dγ(θ). (B.1)

For any A ∈ BX , P (A|θ) is bounded, and P (A|θ) is continuous, by the Helly-Bray theorem, the

limit in (B.1) can be passed under the integral to obtain

F (A) = lim
j→∞

F j(A) = lim
j→∞

∫
P (A|θ)gj(θ)dγ(θ) =

∫
P (A|θ)g∞(θ)dγ(θ) = F∞(A).
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