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SUMMful.Y 

A method is i ndicated to sol.ye flo w probl ems i n a r ray~ of wells when 

the pattern i s doubly periodic . Wnat i s meant by doubly periodic pattern is 

illustrate d i n Figure l. 

· cell (ABCD) th~t is re_produced 
~ -

The whole flow f ield :i. s constituted of a basi c 

indefi nitely and p0.r:i.odically i n _t;.:o directions 
~ 

w:i.th period vectors (,_)1. and 02. 

The fluid being assumed i ncompress i ble , all flow characteri stics can 

be d{;rived 
1

f rom the knowledge of the complex potentia.i -- \,V(_j!-) == flx,y) + ~ f{x, Y) 
or of the. ~omplex velocity fl(~) == u.·-_ CV Because of the doubly periodic 

pattern of the wells , fl (?- ) is a doubly periodic funcV.o~ . Du~ to the exis

tence of sources and sinks in each lias i c cell, ..Q {;.0 possesses singularities 

. of the simple pole type. 

Thus fl (';3) is an analyt i c , doubly-periodic f unction with simple 

pole t ype singularities . It i s , therefore , an elliptic funct i on . 1 

Splutions for _Q(;:.) and W(__?-) ha ve been obtai.ned for several part:i.

cular pa..,teln ~. Thus equations of the. potential and streamlines , va l ues of 

breakthrougl' sweep efficiency and prcss1.tre di str i butions are gi ve:r-. for the 

norma.l ( squire ) repeated five-spot, the e;e~eral (:r·ectangula:r) r epea.ted 5- spot , 
\ 

the repeated 2-spot, 3- spot , 7- spot and 9 -· spot. Many other patterns could be 

solved i n the SB.me m'.3.nner . 

B CONSTF.UC'l'ION OF _(2_ C ~-) 
The co~lstruct ion of fl(?.-) is cons i dered , first , f or the case of a 

basi c cell that contains 1 sourcea:1d l sink ( cell ABC:D of J<'jgure 1 ). _Q( z2-) 

in this case , i s a!1 elliptic functi on of or J.E:r 2. 

lllllilllllf lllf lllf lllllll1'lallHIIII 
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· The complex potential has logarithmic singular ities at the sources 

and the sinks . If f (72) is an analytic fu_riction, V/ (,1 )p = 

a solution providea. -f (:2:) possesses bot~ poles and zeros . At the zeros of 

will show ·the logarithmic singularity of a source and at the poles -f(:.t:) , w(=z) 
of -f-(;) , \Y (z-) will show the logarithm.i.c singular it~ of a sink. Now, .fl (z) = 

cJ W = :£ (r) _ must be a doubly periodic function. If we choose as i(zj a doubly 

c[2.per1li!) function, so :i.s f 1(r) and conse quently fl{z-) . 'l'he per iods of 

will be those ~f {Cz) or a fraction of them . Thi.ts a basic cell for f Cr ) 
( asswning-f(:t) and .f2(~J have the same periods ) should i nclude a zero and a 

pole, where the bas:i.c well cell shows _a source and a sink. But there are no 

elliptic functions of order 1. This 

basic cell for f ( :2-) a cell that i s 

difficulty can be r e sol vcd by selecth :g as 

..!2(2-) 
. _.t. 

( say th~ periods of -f c-~ )· are _ 6J 1 

twice the size of the basic cell for 
~ 

and 2 l.J;? ) . . Sucl1 a cell (AEFB) is 

of -f (:2-) illustrated i.n Figure' 1. The location of the poles a nd zeros also 

are i ndicated in Figu~e 1. Then {(2) · :i.s often an elliptic function of order 

2 of basic cell AEFB and _Q(z:) i.s ( formally ) an elliptic functj_on of order 4 in 

that same cell. 

it uniquely to a 

wiiquely. It is 

Since the poles and the zeros of an elliptic fu.n ction determine 

r:ul_tipli.c.o:ti ve constant, _Q c-~) :;, ~-rtd b[ [±)] 7 is det ermined 
. ., d=t.-l J 
easy to verify that J2 L±) degenerates i nto e.n elliptic 

function of order 2 for each half-cell of AEFB, i . e . is an ellipti.c f unction 

of order 2 i . .n the basic cell ABCD. 

C ELEMENTARY ( T.-'\.BlTLATED ) JACOBIA..lll ElJ,IP·rIC FUNCTIONS 

~'he basic cells and. the l oca tions of pol es and z eros 

cn (!,k) 
fo r sn(2,R) 

are illustrated i n Figure 2. 
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D THE REPEATED FIVE-SPOT 

1 The Complex Potential_ 

A l ook at _Figure 3 makes it clear that the function fC:e) for this 

particular ' ca;~ i s en (}- + k; f<) 
The complex po_tential is then given by the relation 

I 

:27l . (1) 

I 
(the coefficient corresponds to a choice of a source strength of 1). 27T . 

The potential <p(x,y) = ~ {h1{;c-J] can be e~plicitly obtained f rom 

formula (1). Calculations are i ndicated. in Appendix 1 with the following result: 

(2) 

being the usual complementary moduli . This notation .. will be followed thr ough

out ~-his paper. 

~ (x, y) 

2 Break.throue,..;h Areal S"ee.-e-Efficienc:;y 

a) Square r epeated f ive-spot 

In this case ( see Fisure 3) 

( 3.) . •. 

I k. == I. 8540 7 The breakthr ough stre1;1l'!lline is the di.agoiial line 

r epeated five-·s1)ot ). The breakthrough t ime lb 
/ = X (for 

i s 

i . 
(j 

a 1/8 of the 

fk dx 
() li 
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where V b 

- h 

is X (or-)I ) component of t,h~ velocity along tbe breakthr ough 

s treantl.ine . Now 

Kn;owing that 

sny dny f 
1 ~ · a ( cn x J 

l"')-

7
T · _ /_cri 7<;L_;,_n r-d-n ~--c-nJ; · -1x ShX olh,x 

,t::. + -1----.L2--~- a 
S n x dnx cn y 

ch >< d hx 

s nx d nx 

I 

4Tr [.du~ 
J ! + u2 

0 

F'i nal l y 

The sweep efficiency ( since the 

2 /_ 
-S E , == 7T I ~,ea 

source strength or f low rate i s 1) i s 

-rrz -rr2 
=- 4KK 1 = 4 x(_!._8_S-4o7)Z 

The sweep efficiency for the square rereated five-spot is 

Ls _E_:_ cc 71_. _~_a_ l_o ____, 
b) Re tang1.tlar repeated five- spot ( staggered line drive ) 

.717c3 

(5) 

The strE:am f~'1ction p{x,y) is still given by equation (3) but the 

breakthrough strE:a:mline i s no lonc;er a straight linc . However f or symmetry 

r eason tht value of 0 a.long this s t.re~TJtline is ~ ~ j ,;/ K
I 
K} •- ..!.. 

6 l_2 2/ 8 
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Along the breakthrough streamline sn xd0_x __ _ .sny dny 
I ~ -

Let Sl?x dn,x 

Ch)< 

1(xj 

en x cny . 

7111,s p(!,;:)~ j71. lire/;,':! [ ~(y½rx)] 
Then t b 

. I . 

f
k 2. z 

::: 2 Tr /4{x) 1L . ;l.cy) olx 
. /4 {y) )(x) 

0 

The function A-Cy) being elliptic can b e expressed algeb::.~ai cally in terms of 
. . 

?-Cy) . Results of calculations (Appendix 1) show_that 

. . 1 

/ , ~ Z ·2. 1Z {, 2 ]~ '2 ('-;) = V k-(j+ ')_(y)) -1- k LI - A Cy) (6) 

Since along t he breakthrough strea:mline /4 ( X) :::: ?~ (7') 

tb =· 4 7T[:k?t+1fx;f + J/ 2 [ 1~-;iy;Jf'~\ 
A similar relation to (6) holds f or ?(x), so tha t l etting A. (x) ~ W 

. t/; = 2 7T f~;-:!:;;_--;;;(!-w)zj(1/(11L0/+!/-;;wl 7 

Thus tb . i s given b~ an elliptic :i_ntegral whi ch ca.11 be brought into standard_ 

form (Appendix 1) with the r esult t hat 
t1, = 21r k[{j/-k'2} 2

] 

and the s weep effi ciency is 

_!T k {(k2-k'J1 
2kK 1 

S.E. (7) 

A plot of sweep efficiency versus d _/ i s given :i.n Figur~ 9 . 
- · · le 

E ~~HE REPEA'l:ED TWO-SPOT 

1 The Complex Potential . 

From Figure 4 it i s cl ear that the functi.on f (?) is S/7 {;?, k) . 
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\V(?) - I 
2 -rr 

f rom which {Appendix 2) we derive 

_and 

I 

27T 
Arc tan (cnx dnx sn y c:;) 'J snx dny 

2 Breakthrougb Swe..92 Eff~ ~ienc~ 

· ~ e breakthrough time {Appendix 2) i s obtained easily 

and 

t b 

S.E. 

Id{__!/) 

A plot of sweep effic_ien.cy versus .J~ i s given i n Figure 10 . . 

F ~1HE REPEATED 3- SPOT ( FIGURE 5) 

1 The Compl _ex Potent ial 

The complex velocity _(2 (J.) in a ba sic cel l possess2 s a source of 

strength 2 and 2 siu};:s of strength 1 . The f unction -f ( Z) ·. mus t have a 

{8) 

{9) 

{10) 

(11) 

doubl e_ zero at A, a pole at P and a pol e at Q. In the cel l ABCD ( basic cell for 

S h;?- ) f (~) i s an ellipt ic fu-11.ction of order 4. 'I'he --simplest possible 

a l~ebraic relat ion b e twe_en -{(z--) and Sh :2 i s a ratio of q uadr atic expres s ions 

i n Sn 2-
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has a double pole at A ( :i.ts inverse has a 
I . 

. The fµnction 

double zero at A). The zeros of Shy-;;_;- are double zeros where Sn l- has J?Ol,es . 

However , the zeros of -.S~ '1 :f + ;l 2· are simple zeros (Appendix 3) and the f unc-

. I 2 f 
tion · SI') ;}- +- /4 s till has ,a double pole at A. Thus the f unct ion - ( ?--) -

2 - , 
_S!1 ?- has double zeros at A arid A', simpl e poles at P, P', Q and Q'. To 
I+ ) .. .2· sn2

~ 
fit the pa.rticuJ.ar repeated 3-spot of Figure 5 it rmffices :10w to give 7 
the value 2 k; 3 

Sr/G_J/ J) ~· ;+;~ Then 
2 _ 2 ) .kl) ·,? = ·-cs C_Q§, 

I 

The complex potential is: . 

C j w(l· == _I lo '. (; SI) 
2 

=,,. 2 -lea _I_ lo9(Sn 0 - _I_ lo'! {1 )in V 12 

· · · 21r d I+ ~
2sn ~J 7T c.J 27f CJ ( ) 

Consequently (Appendi x 3) 

;:. C\a{x:y)= _I kx;.{!_~: cnf. cnf) __ j_ ~tf"}+k~nts1}:2)fMn}. cn{Jnisnj,cnJ) (l3) 

j ,2TT cl ·. 1/-. 4rr _ ri4 f i 2)2 J 
. - _ .- . ~ -- /l ~-CtJ~ CI)/. 

'· 

. - In ·the case ~ = 0 this formula r educes to (9). 
! . ·: . . 

. . 
' . The stream function is ob tained as -. u sua l 

2 Breakthrough Sweep Efficienc_l_for_a Repeated 3- S:e_ot 

CalculaU.ons (Ap1>endix 3) yield the f ollowing: 

. I I c/ In the case_~ ? :-;;. k A::: 0 and f ormula (15) reduces t o f ormula (11 ). 

(15) 
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I z. 2 k I 
Ji'or the case corresponding to Figure 5, 7 =-:?. f }._ :::. CS ( 2; j 

Formula (15 ) b ecoine s 

SE - -Trr-~12~!::) /oqldrJ
2~f)1 

- cs~J_l/oq Ch2tt!;)d . -- -- kz LIZ . · V ';__ "-' L ~ (j ~ 0 . 4KK 1 f< . .. k 
. . I/) d . 

A p'iot of sweep -eff'._ici e~lCY versus ~ ~·:: __ is given in Figtri'e 11. 

:3J( Cl . 
G THE SQUARE REPEATED 9-SPOT (FIGURE 6) 

The f.unction ,f ( ;2-) is obtained ~asi {y_ ·by mere iri_sp.E:c:'.ior~. Assuming 

strengths o'! sources to_ b e 3 for the centra l .inje·ct·or A: P_ ,for B then at C it ii:; 

er :-: 3 - 2f and _ 

. . p . . q . .3 

{(:,-) = &n ~~ / Jfch(?_,~i<)] ~ ---- Sn~ . 

! - - idn(:zl-fik) 0n;iJ1r!n±) 3
·

2
fa 

(16) 

Therefrom 

(17) 

• and (App e dix 4) 

<p[!, y )- 2. /4,q (!- en~ cnB _ ~'3 - 2/,) /0 q,( cn)-1- cnk) 
471 0 11, 0 
- }:_ [/d {!en !,u sn} sn 2y) -1- loq {!_cl) j f snJ shf) Z 

41T [ .< . Ct J 
(18) 

Evaluation of ~weep efficiency (Appendix 4) a.lone; the x-a.xis yields 

(19) 
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. 
along the _ diagonal l:i.ne AC 

2 

S. F. = _!!._ 
. 4KK1 

- 9 -

Tne 2 sweep efficiencies are the: same when 

.7T ~ · J?ld( lf-·1~-:?/?) + ld(2/°) 
-fl/fa { 3} f- 3(~-2/2)} _ 

·loq V--= 7r ~ ~J-11_6_ - /,3l14 
010 .f.1 2, 3026 

Thus: 3-f + 0f ¥ '= 2314/o 

u 

for which the sci],ution is fa =. b X 2(3, /4 __ -- . ;? 3 8 
. - _· (!>4, 14) 2 

For this value of p the &weep efficiency for a r epeated 9-spot i.s 

. 7/J;S . 
( I - f? ~ .:.!!_~f' 

·_ 3 ., 

· 71 ?c:3 

r cf4/3 
- . 7626 

The optimum e;weep-efficiency for a r epeated_. 9-spot is 

S.E. - 7(5.26 % 
which i.s att?-ined for a ratio of sink Is strer,_gth 9_ - -
Sweep efficiency versus pis given in F'igure 12. 

? 

H TBE · REPEATfD 7-SF0T ( FIGURE 7 ) 

P.§21 -
·233 

(20) . 

-{{*) 
The function ---f {?) can be obtained as a combinati?n of the function 

for the particular r epeated __ 3- spot when ? = \Is I a nd of re J- _ k .. i, k ') 
Thus 

(21) 
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vhere . ;t2
· = CS 2;2k 

I k) = :2 ·· 1(3 
"-.: 3 / \ r,:;-p v3 

k2. = s;~ 
2(1'/2?,) = 2-;,/3 

From ( 21 ) the compl ex potential is obtained (Appendix 5) 

and 

The potential is obta ined easily ( Appendix 5) with the r e .;ult , explidting 

vi.th the result 

S.F. = 74.37 l 
I SINGLY PERIODIC Ai~.RAY.S ( SEE FIGURE 8) 

I 
I • 

The singly peri~dic fun ction with zeros at ABC .•. is St n 2-· Thus 

for the elementary pattern of one source and one sink in a strip 
I 

__ rC;2) = -~ ✓-~ j . 
J-( I -I- lj-L Sin 2- . 

The complex potential is h/{;2.-) = _I_ foe;/_ ~,n2- - l 
,. ,271 C/ {J___-1- Lr-S,n2) 

The constant /,,{_ is such that (;Ll- St'n ;?- -I .; = 0 /or X = 
0 1 

,r __ 

'l'hus 
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_. 11 - ~ 
and W(.?) = 

from which we derive 

~ ~ ~ s,n z S1J?-;) 
27T Sh? + t',Jn z 

2 2 ·. · -

<f(x,y) = L/o ~ s,r;x -fS/;y . ~shp 47T d S,;, 5.- + S/2 Y __: 2 Ch 1/' 5' o/ w s x 

{j ~,y) I Arc lo.;J ( ~~ 81'7 ws A -- s,n 1- s:9 - y 
PIT shp ~nA Chy 

Solutions to complex probl ems are obta ined by superposition of the 

elementary solution for -({::2-) 

. J ISOLA'I'ED ( N+l ) SPOT 

(25) 

(26) 

When there is no 1:1eriodic:i.ty at all , solutions are obtained by 

superposition. The function-{('2) i s a rational fraction of z-
For fv sinks on a circle or radius 1 surrounding a source -f (-;;-) = }2: 

· 3-1 and there-"ore 

fv{j-) == _!_ I;; :2- I 'JC?~ r) - --
27T 21r/ll 

From ·Jiv U..-l-V I 7/v- I - - - -- --

d~ 27T ;)- 21r ~A:. 1) 
Ve find u on the breakthrough streamllne . 

ll == 
I 

The breakthrough time is 

6 = 27T (x -· X X -

I 
. ti ) 

2iTX~ - t 

-rr N ---t f I N+t) d 
The sweep efficiency (relative to the circl e ) is 

N+2 

Sl-:. 
lv'+2 

(27) 

(28) 
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. K ISOLATED (N+l ) SPOT WITH LE/\K A'r J.NFJJ\ ITY 

This is an i ~ ediate extens ion of § J In th i s case 

I(~) .:=: 2;~~7Lo<) 
z2- ~ I and· ther efore 

(29) 

The potential is · · · · 2 
y{X,y) "' . _!_ /oq/~/- I ·.· /oo/;J~,j · 

47T a ,1-rr;v ~-1-:c1-) '1 

In the c~se _N = 4 (isol~ted 5-spot) 

J00,y)"' -1 /49 (!;y2j - __ / ___ lo1f~~y ',/= J: !{,x)-'2. 2 
, . . 471 Cl _ lb7T(/fd) CTll j 

In polar· coordinat e s 
- 8 i 

'f(!;ff) = j___ /o9~ ; 4 . . )(S~ 
I 6 7T (/ i t -!2. 1- C.os 4 ~ ·I- I J 

\/her~ {?J "" 
1 
;d. · "' ff'duclu, ,{j,c,en c_y 

+- . 
For a given value of f and of f , [).., can be easily ob t a ined · f 8 ( D -D/6-rr··(D~) l+o:..J [) :.: ..L o.rc ·eos .:._ 1 + ,- - }:" e ..i. 

4 . J2 1 4 . I 

Tne equation of a streamline i s in polar coordinates 

(30) 

(31) 

(32) 

(33) 

( ~:-
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(; , _, 

Breakthr oueh time is 

0 

2 
Let I = u_ 

Therefrom 

s, 1:. == -/~~ r, _ , , 1°J (VcT + v, +cl- JJ? 
o< - l Vex {1 +c1-) 

H,JM-S: de 

F'ILE- 1~ 

}I. J. M0RfJ,~8EY1.LJUX 
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APPENDIX l 

1 Potentia l for t he _-FGi'~~;e<-&V,-t- ..slt{_ye l'ed / ~ e d/'1Ve 

$0(X,}j= ~~lc:j/cn0+k+iy) } 
Let us ca lculate . C n (x +- K + l y) 

c;-, {?-1-K +')I;\ = cn(!'fi<)cn(iy) _ Sf/{Xf k)sn(l't) dn (;::+ k)dn i'y 
-. V ke 21y ) 2. _ . . I- Sn 0_+-K Sn ('-J) _ 

Knowing that Sn~ I' k ) ~ ,,i_ sn(y, k) /en (L;', ·R-) = --i__ Sn/ /c V>/ 
·cn (i y) _ t/cn 1 
ol h(c 0 -- dny ./ cny 

en &+ k-_r CLJ ~ ==- en 0+ K)_~~- i sn(:_>u-K)dYJ (x -1- K)sn '7 dny 
/J 2 L.? Z;, K) :2.. ' 

· Chy f r< Sn (!+ sny _ 

Now Sri ~+k) = en)< /dn;: 

··en~+ K):::: - k' Snx /dnA 

dn ~fl<)~ k
1
/dnx 

k l . I I 
- Snxdnxcn,y - LR cn,,r snydny 

2 z ,? 2 '2
7 

_ cny dnx -f k CIJX sny 

kl'2.( '2.. I '2. '2. :2. -z_ / 1 \ 
Sn,xanxcny f- cnx_ sny~ 

f_/ 1 '2 t..'2. 1. 2)2 
lon x en y f I'< en x Sn y 

Since '2 2. 
Sn y ==- I - c n/ 
- 1 1. I k'2 2 

on;; ::.: -·· sn,Y 
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. i I )< . Jj:2 k 12 2 /; . z..). t. "2. 1l L-, ,,e 2 r;; '2.) 1- 2 I 7 ( ~nil+ +<yL = . cny/!_-cnx + cnx {I -en x)J+t<_cnx L(!_-cnA cny ,1(1-cni:)_1 

· -- k'2 • · . · (_k'~n )'-1 R~n]j 2 · . 

fk/2 2 L 2 z. \i I ,,.. '2. ~) I . ~ ~ 
=~--Chy -!- I-< Ch X ~)(CY! y - - cnx CIJ / 

lk;'/<. '2.. L2 1 ' I) Ll2 ''2. k2 2 ~ en y ff-< Ch):)<- t< Ch ,Y + '- Ch)( 

Finally '-P(!, y) _ I /oq f( I - Ch3 Ch y)kj. r · 4 0 L 2 z 1,,,12 '2. 
Tr I< Ch X + I< cny (~) 

.. . 

· An equipotential (or e quipressure ) line has the follovring eq_uation 

· i 2 / L 2 '2 LIP 2) 47T~ 
Cl) x

1 

Ch/ -l LKChX + r< en;✓ e 
O 

_ J -=- o 

2 _ Stream .function for the aoe<p<;a-t-Gil--f-;.,,.'-"p<4- s{q7~,-eJ J;,e c)./ ye 

fu(x,Y,) = Tm {l'{J en e+ k) l /.. .. 
~om the . expression of Cn (!+ k -r LY) it fol lows that 

· ·· f {y, y) == _L If re /ah!f 6Sn y d,dny cn.x ) ( 3) 

. 2 /I <1 Snx nx Ch/7 
The equatibn of a streamline is · 

· -fo:!JZ:2rrr,
0

) ~ (! - cn'y)cn\ (/2!~k'2n1Jfa-cnI)cn1/~
1

~k~nD 
Let _ fa';)/f!!rfo) {j -cn~)(.J/~ k ~n 9/cYJ 2x ~ A (x, ;t'o) = A ;,,- o 

AcnY ~ u~Ch0&+R'inY)=o l<.z=rn )/
2

:=IYJI 

fn I cn1y -f (A + In - tn 1 
) . Chy - tn = 0 

•, 

The only accept_able root of this equa tion. i _s . / ___ ·--. 

·· · c ri Y =- - 0-1 h1 - rn ) -f- VI(} -f m - m f -f 4 m fY/ 
1 

2h? 1 

cny 
2lr; 1 
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3 Sweep efficiency for t he general repeated five- spot 

Defj_ning as A{x) the_ function Sn)( dnx _ , the :i.ntegral f or · t b · f K _, rK cnx 
is ~ = 47T ~Cx) d 

~ -/- ,X ' 

'° oy o 'X Cy) 
n,1 - I I -

_ .A (y) == (s!2X_dn'i_) ch/Y _ (en y) Shy~~ 
I (_cny)2 ' 

A_(t) - 'l. d 1- ;_1Z '2- 1. 'L / ,;_ . LJ1 4 1--,2 Y. C':J y n y - R SI) y Chy f- Sn ,Y ctn;/ - I-< en /,,__Y_+_ f(._ 
2 , , 

i k'2 1 en Y ;_ LI~ IR A. cy) _ Ch>' -f- k ,,_ _ = I< (X -+ ('<,r 
1 2: Chy 2 

Now ;{. ( '--f) can b e ex--presse~ 1.n t erm_s of C n y 

:;?{y) = sn'-y,,dn; = ~ -Ch Y)~\ k 1

~h t} 
- Cf) y Ch Y 

0 i. k 2 ( l~ I 1. k 2. \ It k I 2. k-2 k , 2-.. k2 
/L l y) - ,%,, Y + ~-< - -~ _J _ k ch y _ - ex + r3 + (j_'(, - J 

Solutfon of the system of equations 
J 'J I 

fncx +Mf = A-(;) 

- M
1

1c1- +-mp == A.
2 

Cy) + rn - rn 
1 

gives I r I i ] fi = _, 1cy) -+A(_;) + m-m' 
\ 2tn 

o< :::: ___ L_ [A 1( y) - ::l Cy) 
9tn I 

and since o< (6 ::: I 
2 I . 2 

A{,y) - [ A C y) + ( m · tY> 
1
) ] - 4 rn nr/ 

I 4- 1 2 1 l . / 7l L 7' ) = A (_ y j +. 2 ~T) - rn J) A cy) -+ \t'J -h1 ) +- 4 rv: rr-1 

Since 
) 

m+ m (,,,._,,., ') 1. ,,, I 
~ - IYl :-t "--r rri M :!! 

(1,, I 2 ~ +m ) =- I 
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I, 
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. I J 74 
'A (y) = (_ m-1- tn ) A. lY) + 

. 1... 

Q ~ - rr, ) 1 cy) + (0 + m ~) 

'l 2 
+ m' [A Cy)--~ 

I 

Since we know that A. ly) is > O . 

, I . . 

r 1- (y) •-
~ '2.. 2 ·,2- 1 J2 k . [ I -;- A ( y) ] --I- k L' - ) ( y) 

's~~larl~ ~ ).'{~) -~ i k'2 [!+ ;/ Cvl + f/ r, -;i Zx)J2 
;: ~ · integral fa~ t b b ecorr:es . 2 77- ( k d pi()/) ] 

· )- I I 
- ~ · R z - . - o A (x) ::l ( >1) 
·1et~ing A (._X) = _ W :::. ~(Y) on the: break~hrough streamline 

t~ ==' J? IT r.; LZ 2 d:: z 2[ LI 2 2 L . /, p I ~ . ' j jl [ t<{f+w) f I< (!_- w) J, R (j,, tv) -f [< i/_- 0) 

Rewriting the ·expression under the ·radico.l , and observing that the change of . . . 

variable of w int o _/ - leaves the :i.ntegral unchanged . . w 47if I . - dl,._", 

: . a vc. t.,_/ +- Rft,,-ro /i,.J i Jf!,c/ ,, 

- -
' 

Using Legendre 's procedure to bring this i ntegral to standard forrn, we let 

T 
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.Tables of standard elliptic integrals2 indicate that the integral I is 

k' s11 -'[k v~J /z .' l)y) ~ 
The sweep efficiency is . _ 1 { k 

c- E ~ Sn 1 
U, , :::. ?l<K I • kz--· 

Prats3 gives the more elegant forrr1ula 

(k2-~) 
k1. 

SE. 
7T K { /j2- k'

2}j (7) 

/.e. k(/4V 
+ ·;· L-< /,<! / L2 I R ~ 1< - f = / ,2 llJ - .i 

.. 

-. 
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APPENDJX 2 

1 Potential for the repeated two -• spot 

Since ~1(2-) = -1 /09(.Snx-) 
. 211 Cl 

p(x,y) ~ -1 lo9(sn[x.+L·v;/· . 
2~ a / - - . 

we calcw.ate 

Sr; 'l-.+i ) ~ Shx crf/y~ dJJCL)(,) f.z~n~)!) Chxdnx 
~ Y I - k Sn x Sn (t. y) 

Using J acobi's formulae of transformation for imaginary arguments leads to 

I 

41r 
/d. S:n,x._ -1- Sn y -· Sn x sr:L_ • ( ~ '2... ~ ~ 

1. Lz '2. '.2. 

I - s n ,Y -I- /< sn x sn y 

_·· 9" (x, y) = h { W(iic) ? '° ....!... /lr-c /b_h 9 /cnx dnx Sn y c~ ) 
, _ J 2~ er l Snx - dnlj 

. ( _,: . 
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() 
The calculations of the velocity comr>onents u__. and. V are straightf orward 

• with the r esults: 

u._ --
I 

· .27r 

V -
I -

R7T 

2 Breakthrough sweep efficiency 

Along the brcakthr ou~h streamline (x = 0) wh:i:ch corresponds to 

! : o· .. . . \ 

I 

Cf == .!_ , . V = i_ _En Y-_ -- . I . 
4 

1

f27T Sny Ch/ K 
Thus f6 =) 27T 5'J~nJ!cJy =- 2fff-S'cz c;): ,d,,y dl 

· o n y I o c/;, ;/ . . . 

• d {::!ny) = _ k'~ny CJ,y 
dy . !kl t ~ - 71 d01{1 __ -
. l k'z _1 2 -

_ • 0 uny 

Since 

and using the relations 2 z I I k IL 2 I ) ) LI kf!. dn (_ k
1 
k) :::. I- Sn (!!, k J ==- I- R = one obta ins finally 

ti - - 7T 1,z --Pod cJl J 
and (11) 

S.c. _!E)' ck] 
4kk1 
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- ,2 
1 Zeros of - --- +- /l 

·sn2 ~ 

Let us write Sn :r explicitly. 

- 21"' 

APPENDIX 3 

is a real pararneter ) 

2 2. 
Equatio11 / -1-· A_ Sn 22- - O become s 

(12) 



.,, 

•. I 

·.-.-

I . . . 
2 - 22 - 2 

I 
2 Z, {; 2. L 2 1 'l. 7 1/, t. I 'L 2. I '1. t. :i., ) 7 , 14- 2. 2 / 2. '2. t. I 

1
· 

/1-,;/sn?.2:-/ == Llcny-1-N Sn,x,. sny + /l ls,;.x an}' -Ch,xofn;x. sn1ch,YJJf 4/-- snx. cn J-..anx. snymt an}' 

C . · ·. [cnY+!/'sn}snJ} 4 

. : 
Now 

e I 1. 2 I 2 7- 2 
S/'Jx orny -fChXofnxsnycl?/ can be written 

2 I h IP 2.) 2 /1. L 1. . 2... '2 /, 2..) , 
Shx l}- Sny -1- (tSn~)(_~I~ s-n~ sny I.!_- sny -= 

sn; (t-k'~nY) + ~ - h~n~ )~n} -.,,,; snj,- Sn y + snJ s,/v -
Sn x LI_- Sny (!__-R~nl)]+ sny {-!/fn ~ -1- I- 1<. ~nl-sny(-sn2x){!-kshx)_7= 

Sn~ [!-sny (-a~n>:)] + Sny(!-sn;)[!- sny/;-R2s/J2;:)] ;; 

[sn 2x +Sn 'y {!_-sn 'x) j (i__n )' + kRsn] sn ,Y) 
(- cnf cnf )(criY I- R2sn§sn}) 

simplifle s to: 
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c~ 
and f 0, 7') reduces ~o: 
. . . . 2 . . 

. / J I; -:2. 'l) / f 2 L 2. 2.. 2,) 19' 1.. L . 1. / 2. 1. 'lJ -t 1. L _r - led~ -Ch>;.cn y - _!_ lo<; Eh y+RShxSn// +-2A f2_n>,;olny-cnxotn)< snycnt, +A~-cnx cn1J 
27T . 47T Cl, · · l . . . . 

. . 
. •· 

The stream function is 

' I ,4 ft: Cnxo.nxsriychy I Arc Ta11 -·---- ( 
· · 1 · j I l2 J..2sh,"<Chxdn;K Sn ychy do/ · · 1 

ff!•y) =-,,- "'cJ(s,," dn:; ' 2rr . ef (!:n y, /4 ~,/i-,n J:, )~ ?.l-<;n~d, ,Y _en ~dn!isn/cn~ 

2 Sweep efficiency for a repeated 3-· spot 

Br_eo.kthrough time along the breakthrough streamline 0= o / f == --~) 

~. C; t -f 7 d~/ 
b - V . 

is 

o I 

Now V == 01_ =- _ 2ch; cny (cn 21~ - _I_ 2) 

· 'vl 2rr C!_- chi en y) //11 :!) 
-r--.. Ir Q t.. 

2 ~ 2., ) 2 0 21,'. 'l / 2 ~ I 1. '2- 2. l '7 4 /1 2. : ) 
2 

. ~ ~ {:IJ / -f /-{, Sn X Sn YJ + ~/( en;.,.cmy -UJx anx Sn yo1y; -f A. t/_:_ Cf? xChY,,J 

1. '12 -:2. Q 01 4- I/? ~ 7 2 -1.,2 7;:: 0 = Cl)/ - !2 /{ 31) y c1-1y . -f /1. Sn 1 = ~h y - /f_ _Sn 7/ 

-

. 
· j 

I (,., '2. L.. 2 t '2 ) r J 1,__/? ~ I? . 
.!) =: :? E_ny +1(S11:...s11yJl 2cn;/(cny) -1- (21,: Snxshy{E0 y) f . 

0e r , .R 1 1. _, 2 I 2. 1 ,_ ,1'] I 
-1 RA L2crl)ysnx(dny) -Cnxanx {:?S'nycny(Eny)+2sri;,-cny En(},/ . 

,. - 4 /44 
{j_-cn~Ch ;) en; er;/ 0ny) 

1 

.. 
, Along the breakthrough .streamline . .. 

( _) 

" . 3 I 7Z I 
I ;,. J 1

4 
1. 

1 

.2) =. 4ch/0n/ )- ,1-/C f:nyr:7 / Cny tn1)i- <::7i_:_ny) _4ASnycviy0._h/) 

J/ - _ 4o} snydo/ -1)j1')/c")I /en "ydny- sn }d")! j + 4 A4sn3ycn/Jo/ 
· I _/ l 2 ')2 2 '72 'l- '14- 1] ]) :::.: · 4 c n y sny a hy - en y - /{ c r; y -f /! S' n y -/- /l s n y 
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. C 7)
1 

- 4 cny sny dny (!r 21) (} \n}- en 'y) 

. ~ _ _/_ cr1 ydhx + cn,Y 5 VJ,Y d ny _(l-f_AR.) 
7T sny 71 (c11j -) 2sny ) 

~ ::: 1 cny dr)y + cn,y· sr1y dn/1 (j-1--2 2
) ·-

7T sny TT [1 - t!2z)sn}] 
/ 

I ~ny cny dny _ __ ! _ _ _ 

Sn y [1- {?.'--I 1) sr) y J 
' 

sny[1 - Q~Jsn7,,J dy 
cny cio/ 

! 
l 

l· 
L . 
! ( --. i' . j 
! , 

0 

I- (')~1)~ 
1 

-
.. (!_- u) ~-k't-J 
.. 

(
- , . \ 

; • . ~, I 

R 2 

/4 ~f 2 2 
Sn? 

7T ;1.z 
Sn? 

ti> 7T d (.)_ d,(__ - - --- - 2 kz R k~ I //2. /- lL - u_ 
0 0 
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. The syeep (;fficiency is 
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APPENDIX l~ 

1 P~tent i a l for a square r epeated 9-spot 

/oq /sn r( ~ f:_ /09, )cnz-/2- G?--f!J Id /dn ?c/2 

Cl 4rr cl · 
From Appendix 2 . 2.. 2.L 

_ 2 __ f .. /- cnx cn ,Y, 
p '2 Q 

2cny I- Sn x sn _y 
and from Append;i.x 1 

en 2- _ 2 ~Cn,\ cny --. /~nxdnx sny d~yv 
· R ~ 2 

Qcny + snx sn y . 

( 
2 '2 2. ft 'l- - /'2.) 

4cn,.i; cny f snx onx 
1

s-ny an~- -
2 . ~ i z 

( ~en y -;- 511,t 5h y) 
. ~ 2 

The numerat or can be rearranged in terms of Sh >< and . , en y , for 

4 &_n ~cny -/-snf d1;J s1; ycln}) = 4 ~-Sn)< )en y 1-sn; {g-sntJ{-cn)J{tcnl) 

=- _:_ cn-1y snf {!- sn'x) t- cny 4 {;-<5n:X) -f S'i?~ {g-sn~) 
= - Ch)/ Sn~ (_P- Sn 2x) I- Ch yf(fJ-~n2xJ ~ S'n 4x Ji S'n~ (J- S"n ~) 

cc[~ snAcnJ r 2-s-lJ)< ][C!-sn})o,} + sn] J 
~ C\ snlcn)' + .?- sn\)(-fhj' r snl sn)") 

The expression for / C 11 ? / !? reduces to: 

2 1. 'l-
2 en x + Sn )( Shy 

?. :z. '2 
2 en y + Sn x. s n y 

Now 



-· /" 
I 

I 

· - -27 -

r·- . 
'----· · 

dn z1-- -

dnx driy k:Zsnx..A-· s~ cnx 
cny cny Chy 

Sin ce !/z -

( , 

2dn~dnycny --·t...SnXShyCI?~ 
- -:z ' I 2 Q 

. 2c1Jy f S'!Jx sny , 

4-</n; dn y ~-ny ·+ ·s,;•j ~JJ y c~7~ 

;-. c·-; . \ • · I . 

~ ) '--

:. -: · (gc n y -1- -~n 1 s1? y) 2 
_ 

~ {2-sn2x)(l-1c~f_)c~f + sn} {j-<;;n))(!-cnJ) 
. (_2ch y -1 sn 1~ snY)2 
. CIJ~y(2~sn~) -f cn_k lf-:2sn1-: S1-1f:x) -1-- sn~(1-s-n,t) 

/ ·. • . . . . . ' @'en y f-S'IJ { sn_)/2 . 
1 2 

_ .-[cny{2~sn~)-1sn~]/;ny-1(!_-s11~)] ::: Chy f- ChX 
. - ~ · · 1. 2., - ~ . 2 2 

: -(_2cn y + sn\ ~h y) ,2~17 y + Sn~ <;n / 

. 
2 Breakthrough s weep efficiency 

( __ j 
We evalua te the velocity component U... from (18) 



-J 

c: 

'• 

... 
-~ CJ 

' l. "· . ' 
.,/ 

.,A_}__ :::: 3 

,47T 

n z I 
.<Ci1J:-ChX ':ihX an~ 

(!~cn{cny) 

; 

- 28 - . 

+ c 3-2e) 
.4~ 

,2cnx Sh.X dn~ 
2. 2 

Cn x + cny 

~ ? / ~4cnxsnxdnx.-1-2sny5nxcnxdox] .P 2511,x~nycnxdnx .. 

4 
f . Z 2 2 - 4-- '2 2 2 

7T l_2cn x + SI?~ sn y) · 7T f?cny + sn x sny 

a) along the x-ax i s (y = o) 

.Al. = 3· cnx dnx + (3-2J-,) cnx Sh>< + -k,_ ShX dnx 
2 11 Sn x 47T dnx _ 2JT cnx 

1, ::: _/_ snxcnxdnx f £ ·I- (..3-.8}) ~· .Jle_ f 
(A.. } 'J. . . 2 I 'J 

471 . l Sn x . dnx en x -

ll = _!___ Snxcr1x dn!( 1=.cn x + 2( 3-j,) u, x -~ 1 2 

//Tr . sn} ch}< dn)( 
+9 

Snx cnx dnx dx. 
tb -

./ 
f Cl; 4x + 

,? 
!2 {;3 -f) en x -f- fa 

0 

z 
·Let Ch X == U. then 

I 

tb = 21fou~_d_~--c---
Let again fa = J - '; 

f u2 + 2(:!f)u -1-), C, (} - vu.z f · 2(} + vu. + f -J 
- J [ (j_+ u/-- 1 (j-uj23 

= ; [!-1- LL-(J {1-u)][1u + (J V.-c,J J 
= J f u( If (i) ~ 1-(f j{ u(1-(f j-, I+ {f J 



~- f u 2 
-I- Z (3-j,)lL ·f- f = f [ u -1- - ~~ -~ J fc~ 1- 1 + Vf ( 

.Q . . If (J 2 I - Vf J 
fau~ 1- 2(3-fo)u_+f = 6,:!f [ u_ 1-

1 

,_ ~ - Ju. -~ ~+ Vf Jl 

·-o 

.. 

.. 

. ( } 

_ r(l __ . ,+v:1... . -- 1-v9 
t6 = ll - [--toJ [f / i:__ f½)-:, 3 0. 1-Vf) /<!__ - vi) 3 1J -Lt-V1l{t+i/f) _ 21(1-Vf) 
tb :c 0VI' Id Li_~_\ .· . . 

-3 Ci - V q ) __ . 

or 3 ( 

!tb = ;-ff [2~(+(I)- ld(:1)_; . 
When 1--. = o . t r b = oe> 

( stagna tlm~- corner of r epea_t-~d 5- spot ) 

. (minimwn for t6 ; S.E. == .!~569) /o _= ; t 6 ~ 2 7T 

(19) 

b) along a diagonal line (y == x) · 

J\o~mula for the velocity u reduces to .3 

ll = _ 3 _ CIJ'k + ( ..3-:?f) sm:dnx f· /::_ en x: Sn,r cln_3 
4Tr 0t)xdnx 47T cnx 7r /-1- cn4x 

u.. = -3 u., "5c C,+cf/ {:L f· (3-J? /,Jsr,}; dni {(10, 'f.:) + 4 [,en~ sr,fr dn { 

·. 471 {jf cn4x) cnx Sh>< dnx 

lA.. _ _ (3 -2fLcnt; + 2(3t-2j,)cn1x + G3-2},) 
!? 71 V_lcr;1;;) ChX ShX d11x 
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Breakthrough time is 
' 

0 

. R 
Let Cl) X =- ll- / 

. tb : 4i(_.3~~:4 ~2@+2/2)-::2 T 3-2? 
. I+ uz . . ;-1- u ,e . 

(3-2})u4
-1 2@12j,)+ 3-2}, = {uf!.i,Jij)+f;-fiJ,}l~-2(6-0,)+-Vi+Vif,J 

2 
. /+ u . 

: ( ) = {J-2/-,) ( u2,_ JS-qf;_ \(u 2 
+ V-3 + ~ ) 

· · l £-r v 2fa7 ~ - V 2p 

.. 

I •. 

I I 
- --------

2 K3(!5t &;;jt z + 

I ' I . 



= 27T -f3 l V3-2f 
I 

: ·c) There frorn, 

.. ;? 

S, c. - _7T_I _ 

·. 

3 

3-2f 
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APPENDIX. 5 
1.,.-.....,_ 

I l 
\ -' .. . l Potential f or the repeated 7-spot 

Let us '1I'i te SI) {2 ~ k- i kJ expli citly 

.. 

It i s obtained from the i ntegr a l 
f . '--

ib '° J2f' dy . 
(V /~ ~ a 0 , 
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For · x = O the formula for the potential simplifies to , 

. l[J(o, y) ,,_ '-1__ /o_q {!,n y) + !_ lo 9 {iny) ~ 1 
. / 0 9[1 - {j__+). j Sn l, 2 

· -rr Cl . . 7T cJ 211 Cl . -IJ. 
-

2
~ ~{ I - (j+f-)snrj · . . 

'l'hus 

V 
_)( = 0 
, . 

. ,, -· 
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'. 
(~---. - ._ ,,.,,/ 

. (I~ ~~)(f-/>u) . _ A -1- :!Ju + C 
Q_-u.) (j/L 2-. 2 I/ t_ -f I) - I - lL 1/t. :? - j? )/ t_ -f I 

One obtains easily 

' 
· Explicit ing J_ and observing tha t -

. -( ) 



- . . 
.I 

• .• 

... 

I 

( -'\ 
" \.__,,,) 

I • 
I 

Thus 

since area of hexagon is 2KK' and flow rate~ 2 

R 
7T - -
3 
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ly . . BASIC : ELL FOR sn ( z)k) 

- - - - - - e- - - - ·- - - - - - -, 
I 
I 
I 
I 
I POLES 2K' 
'( 
.1 

I 
I 4K 
I 
I 
I 
I 

-- _J X-------- -X-·----- -
,, _____ ZERO S /I I X 

BASIC CELL FOR c n ( z·, k) 

~------------- ---✓ y / / 

/ POLES // 
// / - ~ 2K' // 

/ 0 0 / 
/ / 

/ . / 

·/ ZEROS / 
// / \ /// 

-- - - X --- 4K-----X- . ---1------X 
BASIC CELL FOR dn (z ,k) 

y 

r ----7 
4K' \ X,\ 

Poles Zero s' 

~) xJ 

FIGURE 2 
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, 

(_ __ 

- -0- -·· ·- - :_ - - - - - -0 
I I 

1-
.... I I 

I · I 
-X 1- · -- --- -_X · -- - · -~ 

I I 
I · . I 
I 1 
0- - - - -· - - :... - - -0 

I 
BASIC CELL FOR c n ( z1 k) 

. A o 
d 

V - - -- - -------x , 

0 

0 -- J?->-

-. l 
I 

. A y . ,,----•----- -------~- T-- - •-;-

/'/ POl ES . · ~ A .,,,,.,,, 
.,,,,.,,,,.,,,, ' /~ - - 2K' ,,,>"' 

.,,,, o · -o ,,, 
/ / 

/ / 
.,,,, ---------~--- ZEF<OS .,,,, -
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