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SUMMARY
A method is indicated to golve flow problems in arrays of wells when
the pattern is doubly periodic. What is meant by doubly periodic pattern is

illustrated in Figure 1, The whole flow field is constituted of a basic

- cell (ARCD) that is reproduced indefinitely and periodically in twe directions

. - :
with periecd vectors 06J, and 61)2

The fluid being assumed incompfessible, all flow characteristics can
be dgrived from the krowledge of the complex 'pote;ltialm LVCQ) = ‘P(/\uy) + L 700/ y)
or of the.éomplex velocity _C2C%) . UL-LV . Because of the doubly periodic |
paitern cf the wells, .f;?(;?) is a doubly pericdic functioh. Due to the exis-

tence of sources and sinks in each basic cell, .£72(ig)possesses singularities

Thus .122C;?> is an analytic, doubly-periocdic function with simple

pole type singularities. It is, therefore, an elliptic function.t

S?lutions for NCPCQ)énd VV(;}) have been obtained for several parti-
culér patte%pé. Thus equétions of the potential and streemlinesz, values of
breakthrough swee§ efficiency and pressure_distributions are given for the
normal (square) repeated five-spot, the general (fectangular) repested 5-spot,

the repeated 2-spot, 3-spot, 7-spot and 9-spot. Many other patterns could be

solved in the same manner.

B comsTrRUcTION OF (2. (2)
The construction of _CPG?)is considered, first, for the case of a

basic cell that contains 1 sourceandl gink (cell ARID of Figure 1). -Q(Q) :

e e 0 e i £ o
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( 'The complex potential has logarithmic singularities at the sources

and the sinks. If ,‘F (?2) is an analytic function, W (2-) = /Oqﬁg-((})} can be
a solutiocn provided -f(’}) possesses both poles and zeros. At the zeros of

(%) ) W(?t) will show the logarithmic singularity of a source and at the poles

of %(’%) ,W(}) will ghow the logarithmic singularity of a sink. Now, ~Q CQ)
dW._._ 5’(_%_)_ must be a doubly periodic function. Ifiwe ’choose as’}(’z‘) a doubly
d-iperic?g(i%)function, so is ‘( /(}) and consequently -Q(}) . The periods of

will be those of ,((2) or & fraction of them. Thus a basic cell for ‘((2‘)

(asswning-][('-}_) and _(2(7'}) have the same periods) should include ; zerb and a

péle, vhere the basic well celi "s;xows a source and & sink. But there are no

elliptic functions of order 1. This difficu‘lty can be resclved by selecting as
i b-asic cell for {(2) e cell that is twice the gize of the basic cell for D(?-)

e S
(say the periods of ~f(?) are (J, end 2032 ). Such a cell (AEFB) is

(w‘) i1lustrated in Figure’l. The location of the poles and zeros of ‘{CI}) also

are indic_%atcd in Figure 1. Then j((}) is often an elliptic function of order
2 of basic cell AEFB and -Q(Q) is (formally) an elliptic function of ordler L in
that same cell. Siince the poles and the zeros of an elliptic function determine
: 11‘; uniquely to a mul_tiplica"tive constant, .-Q (9) = d—%‘%&é [’{(2)]} is determined
yniquely. .It is e;.asy to verify that -QC}) degenerates into en elliptic
i‘unction of order 2 for each half-cell of AEFB, i.e. is an elliptic function

of order 2 in the basic cell ABCD.

C FLEMENTARY (TABULATED) JACORIAN ELLIPTIC FUNCTIONS

The basic cells and the locations of poles and zeros for Sl’)@, ?L\)) 3

cn @' /?) and O{/’) @‘, k) are illustrated in Figure 2.
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D THE REPEATED FIVE-SFOT

1 The Complex Potential

A look at Flgme 3 mdkes it clear that the function —f(,-?) for this
partlcular cage is CD (51 -+ K f{)

The complex potential is then given by the relation

v(z) - P 00% [C’” (3+K/’)] I

(the coefficient —= corregponds to a choice of a source strength of 1).

; 2// 7
The potential &D()(IY) /ﬁ?(’ ﬂ’i/(})j can be explicitly obtained from

formula (1). Calculations are indicated' in Appendix 1 with the following result:

_ cn?x ch j/<

Spé(,y):/é(xl)/) ‘gf I C/’) X +/€/2 2/ (=}

vhere, C/H X ~and Cf))/ are shorthand for Ch(X,é) and Cf)é//%/with é and kl

being the usual complementary moduli. This notation will be followed through-

out this paper.

_ Similarly 9//0(,}’) is obtained
S'/'))/ O//’)/ chX

%(x }’) Do Am %agf( cinx cny. | &

2 Breakthrough Areal Sweep-Efficiency

a) Square repeated five-gpot

In this case (see Figure 3) /é - )é/ 4/F anc[ K"

K / ES540 /  The breakthr ourh streamline is the diagonal line >/ X (for

a 1/8 of the repeated flve- spot). The breakthrough time tb is

£ dx
6 -
o
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vhere Y, b is X(O(‘“\/) component of the velocity along the breakthiough

streamline. Now

Zj{/_ 1 _Cchy
O 27 /| +

Knowing that

Shx 07;))\'

ﬁgc/né/ E d cvr)X
Sr)l'z &/H cn? a;<
Snx Jnx Cn)/

C! Shx) = ChX OIV)X | ' ¥ ’
5&( x) = c

‘ d cCnX - — SNX O(V‘lX
WL)

d_(cdhnx) g X
o8 n X - e N SHX Ch i
d)( ( . sn)/ Chys alh)/ Q? h chn )() (k)

QTI— Sr’))\‘()}'\x Cn >/ - SH}/O(V\}/CV\X

i Along the breakthrough streamline >/ X and since %2 = /-"/2

Vo = | 1+ cnPx
- S Shx chx JOX

" Thus . Ve d ; '
tb f S Hxanxcrx dx = - AT ‘7{(9_”_!5 = 4T f-—~%——
P I+ cnx ' /4 critx /[+u=

o , s s
Finally 2
té = 4 AfC 75/7\7 4 = 17
Thé sveep effici.ez‘lcy (since the source strength or flow rate is 1) is
- 2
2
SE. o Tifres » T LT - 7178

Akk’ ~ 4 x(l857907)%

The sweep efficiency for the square repeated five-gpot is

SE = 775 Z l o

b) Rectangular repeated five-spot (staggered line drive)

The stream function ;//{X,}/) is still given by equation (3) but the
breakthrough streamline is no longer a straight line. However for symmetry
reason the value of 5’/) along this streandine is % == }// /K/ /é./ = e

&

.
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Along'the breakthrough étrea;nline §Q_X_(/{f’_)a<__~ o Sny G/f’)/v
N x 3% |
€ C/ = vs Wik, [ (
Let  SOX Gnx - 2(x) . Th }/(A }),. ./_- Arc 7:7 /V)/%Q
| K

- té f dx - 2m 2@2,2@2 o

() A(x)

The function 2 (y) being elliptic can be expressed algebraically in terms of

2(}1) . Results of calculations (Appendix l) show that

| 2 ) 2 SR |
Z/U/) = \//\OZKH 2(\/3) + R ZZ;“;Z (}’)] (6)
Since' aionrr the br ea}'throuoh s;trea mline ?( (X) - l(y) (

£ A ;%[XK/X‘ .
- LV £ L1 270" +k£huﬁcqu

A similar relation to (6) nolds for ?\(X), s0 that letting (X) o)
t %[zéz /+ w) +k C/‘w)z ’é(/"‘d) ok (/-w)f

Thus éé is given by an elliptic integral which can be brought into standard

form (Appendix 1) with the result that | 2 11212
ty = 27 K[(2#7)

and the sweep eff1c1erwy is

SE = 1 /([Qe é)} (1)

A plot of sweep efficiency versus d/ is given in Figure 9.
- ; /9

E THE REPEATED THO-SPOT
1 The Complex Fotential

From Figure b it is clear that the function ~f(§) is 5’/‘7@% /é)




N
.‘\' ;/

Therefore,

(8)

W C} 5}7 /%7 (SF) E‘")

from which (Appendix 2) we derive

Shx 745'/7y - Shx 5‘/7/ or”
x (9)
C’V) 47- 0?<~sn/ %/é&m Sﬁ/

and

: o/ 72 (C'/?X dnx Sny chy
%(X }/) - 2777__ Are 27 Y c/n} )

2 Breakthrough Sweep Efficiency.

"The breakthrough time (App ndix 2) is obtained easily

ty = - %ﬂé)

and /- /é

2
S = -‘77_2' /€7§(/’») (12)
-k 4 KK’ -

" A plot of sweep efficiency versus d/CL is given in Figure 10..

: _ . F THE REPEATED 3-SPOT (FIGURE 5)

1 The Complex Poﬁential

The complex velocity 0 (51) in a basic cell possesses a source of
strength 2 and 2 sinks of strength 1. The function —F(z must have a
double zero at A, a pole at P and a pole at Q. In the cell ABCD (basic cell for

ShH 2 ))[(E) is an elliptic function of order 4. The simplest possible

Aa.lgebralc relation bctw“en !(’z'l and Sn=' 1is a ratio of quadratic expressions

in Snhz .
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.The function 2
- Sh™ 2 &
double zero at A). The zeros of s 7% are double zeros where SN2 pag poles

" has a double pole at A (its inverse has a

2
However, the zeros of S")Téj -+ 2 are simple zeros (Appendnm 3) and the I‘unc— .

2
tion Sh22- 1 2 still has a double pole at A. Thus the function »)[(9') =
2 | g > |
Sh 22" has double zeros at A and A', simple poles at P, P', Q and Q'. To
[+ A°sn 2

fit the particular repeated 3-spot of Flgure 5 it suffices now to give f?

the value 2k/3 . ;2 K} _/\;/
B (2/(/ k) /4 22 ik C%_I )

The complex potential i«'

<

' sn°e = 1/ SnB:\_._.’._/o /%/?snz
W&l : U?(/vf-zs/oz?- L : ) ?< )12

Consequantly (Append:x 3)

/
’

)Oé\//y) j(/ CH X C/:)/y‘." O-]’»‘ "f))/-/-:éSnx %n)y)r;?/?(S’MO// C’?,\’&//MSO/L CN)J (13)
v 1‘/? (/-C/MC/)/) L
;n;-the case 2 =0 this formula reduces to (9).

' The stream function is obtained as usual

(X/}/)- s 4/‘ c /{rg( Chx d’/’))t S’n Ch /frc 2/?5,“(0&//” Sfp’m/v d}/ (lh) 2
Snx Q/n)/ 27/' (779(0) f/éSrv(Sn) /’225. 2 T
Y. / x /)/-C’)AQ/?XS”}’C”))]

2 Breakthrough chnp Efficiency f‘01 & Repeated 3-Spot

Calculations (Appendix 3) yield the following:

2 2
SE = =TT A*Z_/Gzé’ﬁ) 2;— /27@”7) (15)

4kK’| k7

C/ In the case. /7 k 2 O and formula (15) I‘CdU.CLb to formula (11).
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) ( ‘ Ior the case corresponding to Figure 5, 77-—9}( Q. = CS <-? //

Formula (15) becomes

. qéS_(,?P/?;)/ ch 9/( cs (Q///?’)/ en’ |

A plot of sweep- cff1c1ency versus K O{ is given in Flaure 11.

3K a,_

G THE SQUARE REPFATED 9 _SPOT (FIGURE 6)

The function {(2) is obtained easlly by mere 1r5pcction Assuming

strengths of sources to be 3 for the central 1nJector A, p fcr B then at C it is

32 arn
R ;

N =(Snz)J " ZE”@’}OJ S0 3.2 16
-/() C ) @My)j @OQ)#@Q) L 09

Therefrom

: @
W@) = 2—‘?—[_ /27’ (Sn Q) »‘5__ éf@h'y (i7i/) %j @//7 }J (17)

and (Appendix 4)

SQG y)-— 3. /gC/—”mccn}) 3 2)/0?(6/7/(707))

4

47/“ [/g@n/fs‘ms/o}j +/ (26/7)/ fSstﬁ)jf

Evaluation of sgweep efficiency (Appwfhy L) along the x-axis yields

AP S

(18)

S £
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~, along the diagonal line AC
C/’ 2 ' TV

\5>E é—«« . (20) -
4/(/(’ 3-Zf S

The 2 sweep efficiencies are the same when

T - 2/(7?(/+/—_7Z°)¢/Oq< |
(/é+3/££é)} (7

, é? U-s T BHE - 3644 U = 23 A
- Ulo Mz 3026 S = .
3 /A + 3 W = 23. /4 ﬁ
!/ for whlch the solutlon is /é = XPJ //,7 P38
_. NG /4)2
() For this value of p the sweep efficiency for a repeated 9-spot is
' IS _ W78 TS

= - TS 706
y/-22:238 Yeys 972

The optimum gweep-efficiency for a repeated 9-spot is

S.E = 78.26 %,

which is attéined for a ratio of sink's strength (/7 ‘?524

1. £824 . 10.6
P 233 |

Sweep efficiency versus p is given in Figure 12.

H THE REPFATED 7-SFPOT (FIGURE 7)

The function ')[(z) can be obtained as a combmatloz of the function

_[{;}) for the particular repeatcd j spot when f/ 9}, and of {(} /( LK)

{(m).—_ @% LK)

2 (/f/?S/? ;L) </7t 2z Q? /(c/())

/
o/

(1)
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where | -. CS (?/\/ k) \/\/j; y ..k‘{../ = \/’5. . and
3
—_- Suf) QI/Q) |

From (21) the complex potentlal is obtained (Appendix 5)

(OIS [CEAN /27'@’ ) - L log1s2503) - L log(rsp 750 (22)

27 <

.with/,L::-/éu)_ /th(%})/_{:__z!_.

The potential is obtained easily (Appendix 5) with the reSult, expliciting

some constants:

Pliy)= s (- nfen)) + 51 /%?(@f)w "Q/*OCWf

/09 é,,), .,L}../“S,MS”/ 2- génxdny-cnkonxSn) cn}) C?O//-cnxch)j/z

@[4 cn)/vf{?—’r)s'oxsny) A (snkx by ncnxc/nxsf))/m)j (c/mcn))j
& . L' =g jN

The sweep efficiency is obtained in the usual manner (Appendix 5)

with the result

74.37Z

I SINGILY FERIODIC ARRAYS (SEE FIGURE 8)
The singly pericdic functicn with zeros at ABC... is S'.r) 2. Thus
for the elementary pattern of one source and one sirk in a strip

fo) - =22

[+ LS 2
/(/L Sin 2~ (24)

The complex potential is
w2
8 (2) = ,9// (f(/‘c/LLS’mEJ

The constant /(,L is such that (/,( Sin 2 + / - O /O/. X = o, S /a y 7

s Sy Yy,




LWL MO/

. — and . M/<2 — Sin 2 /)//
( ' ) 27— 0745‘/ %(S/V)E)
from vhich we derive |
| e ) o L Sinx + 5/25/ :
: ﬁp( / UCZS'/MX e 5%}/ 2<47 /C‘osx + 547) - (25)

X, W A/‘c/?ém SZI géyCoS/\’ --S/nx 57
§b( y,) Er <7?< 5%7 Sl C/,;, /

(26)

- Solutions to complex problems are obltained by superposition of the

elementary solution for —I[ ( ;1)

i J ISOLATED (N+1) SPOT
- When there is no periodicity at all, solutiong are obtained by
- C) superposition. The function {(’1) is a rational fraction of *

a2V N
For N sinks on a circle of radius 1 surrounding a source f(w) = I

and therefore j 2 i
/ : / '
| W@)%Q}é/@? "27;\; 2? ') (27)
mon dv ooy oo 1 2"
- d? 272 Q/T@’Y- /)
we find (L on the breakthrough streamline.
_ ol x " /
- 9rx T e7r [ ) XQJQ )

The breakthrough time is

éé = 277'f,<)(-.x”+l)ﬁ/x = L N

. ' The sweep efficiency ‘zrcl.ative to the circle) is

P \ : a ' 8
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K ISOLATED (N+1) SPOT WITH LEAK AT INFINITY
This is an inmediate extension of §+J . In this case

£(2) = ___” Sl . (29)
2"

and therefore

—___/ . __{ /00(9—/ +C
hi(2) C/ ? 2N+ &) )

The potential is

Aioy) = /0‘?/2/"*~——4~ g [ /°

4 ﬂ"A/(/w‘)

In the case N =4 (isolated 5- upot)

?O(*/V) = ~<f0<+y) o — %zf[w/) ]%/é)\/i(z

/67 (1+X)

In polar coordinates

SOC/\‘Q') = /-57-_ /C;[ P 505/9'+/)/6f | (30?

wheré ﬁ) = /—_,;I;Z = /,/\ay/a(,/.m e//.{cunf/(/

For a given value of 79 and of [~ , é;“ can be easily obtained

8 R wlbrp¥ | [FX
4 2 '

The equation of & streamline is in polar coordinates

5042/\'9’) = 9‘ g AfT %a‘n < a Sln (/J@ | - (32)
o/ //

(31)

- e b-

For a given value of }L/*'and of , [ is easily obtained

f 75/?/4(9// 9)(/710()] ?ZL (33)
ng JB 4 cosb- A /Gy///[éﬂy @)(/m)]j




(/ Breakthrough time is /\
9 o

For @':O p«—ﬁf‘, O) = F k(j/‘“ - \__________ OJQ‘ —-I)

5// //-c\)
(%) - .L [, } fpotm ot
| /=0 2 &F L+O<>< ) O Q%O() ,\-(/-[‘4)
fg = 277‘(/+09f (- f’) a/r '

[+~ — D<(‘

£
et [ = L 5 . /7‘(, /_D\)v/—\ (_/__- l/L
' [ 4- X~ O(u,
For O(> O we can integrate with the result

O - 77*(/4 ) [ - 0<7<V i H/\)}

Z o( (1+ o< (34)

Therefrom

 S.E = e {7 ! /o (W‘+W2
- O<~[ \/o<(!+o<) ’ g ' )j

H. J. MOREL-SEYTOUX
EIM-S:de ‘H e

FILE-L
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APPENDIX 1

1 Potential for the n;* ted f*. LS PE v—s'/czz/e/‘fc/ /ne a//va

Ply) = - /j/cnmmy/
Let qu calculate | Cr <X~{- /('/- L}/) | .
Chlt Keiy)w St )nly) = solis K)anty) o bt k)einiy
o /- k%sn QWK)SH £y
| Knowing that | Sr)(// ).. L St’)(y, /{’)/CV) (7 k) = L, Sr)//CV)/
‘ 'CV)(L\/) = ’/Cr)/
Oll’)(u/) = d”y /CV’/
ch <X+ /(.“}) - Cnh QHK)Chy - Sn(’(f/()ar) [X+K)Snyd7}/
| | cm/ . Esn (x+/()5ny
1 (/ Now sn @7:./() - ChX /6//’))(
: e H évt K) — /67//’))(
dh berK) = R /el

/ . '
' C‘F)Q(H(-r Ly) I /QSnX&/an}/ - cé/ /’7/\’5/7)/6//7)/
Ch)z/'a//?i + Fenk sny

2 2
/C/? <X+/(%£)/)/ = (Sm\c/n X cn/ + C/7,\ Sn/ &/m/)
- 2
(afoxmf)/ ¥ écnf/&oy)
.. 2 2 : 2
Since Shx = [/-ch Xg Sn = /- Chy
; : /2
dn’x = R rkenx dn? - k%R
2 2 / 7
= /- R Sn x

)8 2

. (/d?(XvF/CM}’)/_ (/Jnx)/é/j/’cmjcﬁ)’ *CRX (/"’7)’)(/{/ il
EE T [y (54E5) s Kk 8) [




- X5 -

' ’, X+/(+Ly2 ,é‘ Cn ZZ/ Cn)k)-FC”X (- Cn;,)j+/’6/7)<[( (n,k)cn}/ £ (/- Cn}j]

R ‘ Qé'c’ny+ /chnx)‘g

Z

' ._(,é y 7L/>C’/’)X)</— Cnxcn},) /- Ch,g c//)}/
C’élc”}’*/)C”,\) /éChy+/)Chx

Finally 7 % = ._i_. / (/ Chx Ch/)/é
2y PAkey) = o

kck))' Cl’))/ (2)

-An equlpotcntlal (or equipre qsure) line has the following equation

R 4779
C”)xCh/& %Cécm\% /C/o)/ } /] = O

o Stream function for the repeated-fivo-spei- ?/Cgf 287 CJ //’@ Q//Vé
54’/)(:) Im {/ crn @+K)

From the expression of Cp C)(.,L K+ Ly) 1t follows that,

;ﬂé\/ y) “2’—“ 4/‘6 jCSI’)}/O/h/C/?/\ (3)
//

/7/( Ch )/
The equatlon of a streamline is

fog(i)/“//o) (/ CFJ}/)C/),\ </€ ﬂé’ 7)/(/ Cnx)cny@,z hcnx

| , et /ano C/T}Z)(/ Chx)@’z /QCV),Q/C@X = A(X/}”o) =A >0

ACH}/.. (/ Cn}dé@f/)cny =0 é‘?::h’) 412:;

/n CO')/ 7‘(/4 4 m-m)cny - m =0

The only acceptablc root of this equation is . -
7,2
Cn/ = = (A’/m /"I")) -+ /@ﬁ'/‘ f/)-m/' 7‘4/?7/)7_/

/

L]

- \/@w o) oo

L’
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( Y 3 Sweep efficiency for the general repeated five-gpot

-

Defining as 2(/\) the function SnX d”X___ , the integral for [-b

' K i K CnX
is f ﬁ = 4 ﬂ(x) dx

° 2y L Ay

: f)(y) = (Snya’ny) chiy - -~ fen g /) Sn/dn)/
| L (e
2(‘/) = C{”)}/C/n;/ - /2 0;/6/7}/ ;LSO}/%/L/ = /?}CV) y + k

/ C’/’)}/ CN/ .

2 a2
Aly) = /Qlch?y R Ko /éﬁ
2 e %

Now 2(\7) can be expl ebsed in telms of Cr)
- 2(>) Sn/a/n}/ - </ Chy)(é/%f’/ hy |
"O 2(&') / +U? f)) _k'c crnl o= - /2’56 + lgﬂ +Q/v'f/aj

Solution of the systcw of equations

'l + m 2(7)
._M\cx +m/5 22(\/)

(b [2(7)+2(/)+mmj

O<\ - _9_/__1 [2 ()-270y) - (r-m’)]

andsmce O</5
’/1(5)._[2(7 # (- m)] —«4rnmv |
QLV) = 2(}04 ,Q(n h’))l(/)+%’) h’)) —{ 4rrm/

‘(», Since m -+ M = | O.hd Q m ) —f .ll)rnm - ny) +m )

gives



= 17 = .

() Q(y) "LMTM)ZL}/) + Q(m m)l(y) - Qmm)

i = w2+ w12l -

Since we know that 2 (\/) is > )

Q(V) \[fe ['TM)] ¢ K U /“‘/)]

Sftmilarly 2()() » l/k [/+2{X)_7 4 /Q [/—2()0]

;ZThe ;ntegral :f‘or_ t i - bec_omes . O 7}_ C/ [ /’? [)( ) j
- . \ - Yo Alx) 2 y)
Lettlng ;{Q() = (J = QQ/) on the br eakthrouvh streamline

e o

zf.'(f) Z'Aé ] 2”[//[% et cw)f[é e 2 'W)J/

Rewriting the expressm'l under the radical and observing that the change of

-

variable of (5 into ..L leaves the integral unchanged

X
= 77_
f’/éu +2(/n m)wf/)(w + Qvo(m m)+/)

Using Legendre s procedure to bring this inmgral to standard form, we let

w5 = A= yand  m -’ = Am
Yyt f |
/ - Am /;/ + /+Am )é/ . s il
‘ /- A /+A/‘y)/

7/ f o gz_/:_I'
- O = //<ny 2)& ¢ £7) pk
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indicate that the integral I is

(’) . -Tables of standard elliptic 1nte~1a152
/f;’ sn"'[/z l/llm}

The sweep efficiency is

- k kz_sz
S.£. /7/7(;/ 5/?2 ( ’ 72*‘)

Prats3 gives the more elegant formula

SE:Z K{‘Kk{k&z} - (D

2kK’
/€. /\///\)y
AT //\4{/)’2/:/,9/\{1/
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APPENDIX 2
1 Potential for the repeated two"sipot

Since W(2) = C7 (Sn 2)

"/-\‘ i

2//

P(X,y) =, O?/Sﬁ/}ﬁu/]/
Snirn) - 522 LA S sl ens <o

Us1ng Jacobi's formulae of transformation for imaginary arguments leads to

Sh()(%l}j: Shxclhy  + tC/’),\Q/hXSn}/Ch/

we calculate \S’b()(-,L Ly)

Q/
C/’)),/ +/é S’nxSh;/

2 2

/S'r) (XH}/)/ o Snx‘é?/nry /;?C/?,; 0//7,\2/5’/7/6/7)2/

(C/?}/'f /C‘ 5'/7)(5/7) z

= S/‘)X{/»/)ls'n )71 Sn}/ (/ /eSﬂ)()é 5’)/&}(/ Sb))
(/»Sn/mté Snx 5/7)

2 2
S/?)( £ Sh}/ Qé;lé jS'/'),( 5‘/2}, Sn)/(/-/('Sﬁ/\’/[S‘f)X#Sf)}/ S\hx§n)/’7
Z

e

/~5/’)>/ 7~ ézs/q,\(s;?y
>'.: (?hx!S'/))/ <MXS!7)/)(/—S/7}/7L'€50X5/7})
| (/-Sby 7‘/@5/9/\‘517)/}

é 7 2 2
— Sh)<+5/7y«5'h/k 3/7)/

2
/- 5,7;, ra £ Snx Shz;/

S L o
gﬂ(x/) 41 <7

2 2 4 2
Shx + Sn/v - ShHx Sn/

2 2 2 2
/»Sny o éé’nxsn/v

‘ p e fC/ /7¥6//7)( ShHy ch
(\;ﬂ (x %/) [M(z)j LA qf( ey //,7),/

~——




C/

v -
N
AL

=
Thus

- 20 -
The calculations of the velocity components (L. and V are straightforward

with the results:

' <
N I Shxchx cnx (C/') 4}/— /\,’ S/’)‘;Ly)
2T (Sn& fSn;/,- sn'x sn;)(/‘ Sn;/ v 2 %snx 5'/7}2)

/ S’n/cnya/n/ (/ és’n,y}

78

V =
o (sn 450/ SV?XS/?)/)L/— SnYy # b'sns Sn)j

2 Breakthrough sweep efflclency
Along the breakthrough streamline (x = 0) which corresponds to

I , oy = d dn'y Y |

. 21 Sny chy K

ny chy S
ZLA ﬁf}‘ Snti(’nya/y - g/i/\s ;47}2 = O/;/
(2]

d hy)- - K sny cry

/

Since

dy K’
. __‘_f o/(a/ny) - b
Ta g LY (k)

2
K5 dh

a.nd u.,ing the relations

12 2
d/’) C/(/ k) = /- k Sh C/ /6)" {= é }e one obtains finally

- ."77'//?,2 _/227 de)

S.E = _ ZZZ g (K
| kT aKK’

and

(11)
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( o APPENDIX 3

¢ —~2 2
1 Zeros of —-' o 2 ( 1 is a real parameter)
2
- Sn'2 )

Let us write SN 2- explic1tly Equation {1 1 Sn 22 = O becomes

2 .
/71- ;? S’nxc/n/vt LChxé/nx SM/C‘n}/ = O
C/')y -+ /é S/?x Sn)/ ' :

, -For X=0, X 2K sn (x) — o and the equation in / is ‘
/.,L 2 LSh [ tSychy | = / - QSnZ - (/‘f/’Z )5'” = O
ch y ‘ Cﬂ)’
Letting >/ = Shn (/“? /k) /7 roots of /+ 2 Sh 2

are (O, / ) (2/( /) and points congruent to (O =1 ) <9 K, - =7 )

Since /7L;25/7 2 is an elllptlc function of order 4 there are not other roots.

’ C) The zeros of /+ 25‘/7 > are located at pon.nts of coordinates (O 7) .

) o, 2K~ ey (2/(2/\-/7)

The comp ex potentlal s made of 2 terms:

W)= t“/j@v%) /g?é/*?“é) 2)

Consequently p

2 :
e byt s R fly (47
Q?Ch;/f/;' SnxSn/ 2"‘
Let us calculate S% 2 explicitly
Fron Appendix 2 Sn (X,L L}/) - UXG/'?S/ + ¢t C’/‘)Xd/),\/ §'hycn}/
o 2

Cn)/ + /é Snx Sn)/

| 2 . 2&/ 2 )2

i SP (X*‘}’) 5 SRKEHY = CAXGRE 5”) C”}/ + 20 Shxenx dnx Snzcn/éﬂy
(C/?)f + /éS'nx 5/7})2

-(/ 2% 22 (C’n)’%tésnxsriy -//7 é’”/‘ f7)/ Cf?/\’ﬁ//)/tSnnd))%,?l Qjoxcnx(/r)xjn}/cn)/f&)/‘/
- CC’H/ -fé SnxS‘n/)
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‘ //1,/’25/7 }/ /ZC‘n/ ,uésn/\sn}/)—/. /’I(S/M M;)/ C/?x%'m Sn)rcn/)ﬁ{l/? Sn,(cn)&/nx 5'7}«5“}’//?}'
(,. [cn/+/é5‘nxs/o/vj

//71_25,72_/ (C/)}/,Léé'nx Sh})-ﬁf/? én)/,LkthSn})ané/ny —Cnx%XSH}/CH)J
24—[;’,7,‘0%) o+ C/?X 0//7X S/’))/CI?/J

CCnf/+ éz&oﬁ Sn})

x S |

(' Now S f &/n; + CH )?947 )% 5,9}/ C/)j/ can be written
| sk (- %aL) « (k) Rnk) vl (1)

Sn; (/-,é’in;, # Qf/gé”/zk)é”}i’ - shx Sn)z/ - Sh ’;/ ~ s,wz( 509 _
Snax[/ - Sn;/ L-é%ni}]—% Sn;/ [-,é/énﬂ o /- Asnx _sny (-snx)(1-kSn x)_7

SﬂX[/—Sny Q-/éSnx)]+5'h}/</ Snx)[/ Sm}/// éSn,\)]

[Snx %ShyC/ Snxjjém;/-f /€ /7XS/’)>/)
(/_ Cnxcn,y)(cny * rf)&)xsny) .

The eXPI’eSSJ'-O;I //7L 125’7 5 / simplifies to:
4 /’.SDX Snzx) + 2/’2 énx&ﬁo/v ey rr/ox&;ym/) 24(/ cnxcn//

L
(Cn;/ %ﬁ sn X 5'7)/}
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. and ?D(x, Y) reduces to:
| / / 0‘07)(07/) /C;[é”/*/éé”XSﬂ))*)/?zﬂz\ﬁ/ﬂy C/uo/nxsn/an)/) ,?(/—‘nxcn;/)j

21

The stream functlon is

(X,},) 52 e /fm ﬂxé‘NXSnych}) / Arc%a? 2,2 Shxchsxclhx Shychy (/n/
C7 Sf)x 21 . Cﬂy-rASVM sﬂy)4;)f§nxﬁ/7}/ Cmcf/n\rSn)zCn){j

2 Sweep efficiency for a repeated 3-spot

Breakthlough time along the breakthrough str camlln-é( 23 %:é)

is 7 CI’L/

o
CNow V= 'B_f - ,?cnx chy (cm/) A 5

——

@7 2 (1~ cnk cny) A1 D
D = Ccﬂ/v‘ /35/4)(811},) +Q;2 é/?/&/n}/ C/?,?J/’)x&'r)}cr) ) ;Z CC”XC}')}Q

3 = C/?)/-Q/? sn}/cr)}/ 7‘2 Sn}/ @hy 25/’7}/

Y=0

\D : 2 Ch)/ +k5nx$h)/)g\26n/t (C/)Q Q/€ S’DXSN/ @7}/) 7

i

+ 21 [25//7;/5/7 X@/ny) Cmm/nx é%n/cm)/@ /;Q 7 25n/v cnly (cn)//J]
..4/'2 Q cn,an/) e cn/(cmy) |
- Along the break throth streamline

s 40’/@”/) LaZGyery (o oy ) f- 1257y nyensf
Z) = ~4C//)/Sn/5//’7 - //? S/)L/CiV/Cn /m)/ Sn}/C/v/f*f//) .S’r))/Cﬂ/C//
D = 4CH}/S‘H)/6/M//—-C/)/——;PC/7}/% ;297)/*/25’77]
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), 4cn/gn)/c//’y C/?"Z <2 Sny-cny)

)
| [g = A_enydny 4 cn’yszc/n/ Q(/-/ /'Zf)l
7 sny T (Cny A Sny)
é - 1 chy dr)y " ChySny 0/,7/ (//w/Qz)
N “/ | W‘[V_@ 9&77
= oL, Ny Ccr @/ | /
5 s 5/ Y any _
S’n/ [/— (27‘/)5‘0/’]
/ 77— Sh/[/" f/)S/’)/]a/y
‘ o) C’n/ a/n/
Sh 7
*;,.(/:- tg : f // 2 *’)5”}’2 &/(Sn%/)
N | " | Z (\/—S‘n}/) Lﬁ R’ Sn}/)
| : Snt// ,
. £5 ﬂ\/' g / - @ 2 /)l;/L dbL
R ) K
/- (A% 1)w \__ éz-/-zz L =
L) (- K K /_ i k* (-
' 2

- Sn | S/?7
LL _ _7_7: é 2 C]ILL? T _2_2 C/(,L,
( A 24 /- R 2 | ¢ /-
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APPENDIX#
1 Pqtentia.l.for a square rei)eated‘9-s‘pot
3 2% 2/
gO(X/}/) = X /0C7 /_S'hr/ W el &0/7
S A &

From Appendix 2 ' 4 2 /._. chicni
: /S’/?E’/ = 12 = }/)2
2¢n - Snx Shy

T4 ' -2 oo Jon = &
/C’Uvz/__ QB._Z?é.) /j/ /

and from Appendix 1

cno = R C‘nxcn/ - (snxclnx Sn/vc/n})
QC”)/V + snk sn’y

/C’/?}/Z:. (C/%( C/?}/ £ Snx O/fi)c S’)}’ 5””/)_
| (,?C/?/ - Sk 5’?}) 2

The numerator can be rearranged in terms of Sh)( and CD)/ 5

( 4 (C'h ,\C/’)7 +Shix 4/7/\’ 5/?}/9/’)//) 4 (/» S/?X)Ch/ 745'/’),( (2 S/?)d(/C/))[icn}j
= = R 7 5’7/\/@»97%)7‘ C“)/ 4ﬁ—§nx) # Snx @-SM/Q

= -cnf}/ S % L?-Sn‘}) 2 Chz}/[@—Snf()?§n§fYJ7/ Sn'x (Q—Snfw)

\ 2 2 2 2
= [.g. Sh X Chy + f—§0/\']{L —s“n,%)c/qf/ + S’/?,\z]
2
= C_\ S’njcnj} o 2. S’ngy)é?cof/ + S“n,zv S/?)J

or

The expression for /CM ;?-/ reduces to:
Vi 2 2
2cnx + Shxsny

2
QCV);/ + Shx Snﬁf

~ “ Now

. dn 2 dnx 6//7(61/) ) A;?S’nx 5,7([}/) 1 X Ch(z’y)
: ( | /- k%sn’ < 2(‘-}/)
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. 2 : '

- d/x)x a[n _ k ShX A ._JS-” £ .C_:_.Q)_i_..

("’, Olh 2 = CV)L/ chy CI/)}/
/- /é Snx CL.Q’»Z

Cny
0/;7'2'1 — 57/"><5/’)}’C”’/ - L/’ S/)XS!’)/C/?X

Ch)/ + /(’ S'h/\/ ?/7),

" | 2 '.
Since' é = //2

o2 :.__0//72 . P 5//4}/(/7}/ ¢ Snx Ll CHX
/m/?

£

2{‘/7)/ 7 S"/;x 5‘/7)/
4‘6//7,\’ An's y cn)/ £ Gy 5/7}/ C/?)(
(QC/; Y+ s % S/ }/)

(2 S’/vx)(//cn/c/)cny + 5/7/\/ (/ S‘DX)(/—C/?/)
» (an/ / Sh'x sn;/
L = <h y(? Sn)’) %cng(?—,?snx Sk'x
L (_) B S ‘ ) Q?C/)}/ és’nxSny)z
[eny@ snk )+ 50’ _7[//1}/7*(/» S/)/»()] - 5’7/ 7 Chi'
(207}/ + S/ox S’n/)

) 7 Snx(/ §n,g

,QCh)/-,L S/’),\/ S’n/
Firally,

}0@’/}/) /OGL? ChXC/?y - __ CI7X 7‘9),&972/ Q}A Chx+Cny
cn /,c SnxSny 47,

0)/7'5/7/\5’)7/ AT g )fs.n“.p)
Plooy) = 2 by (entenf)- fo gltnk vortent)-EB g (enieeny)

| --57 /ogé?cfozy 7‘5‘/’)}5/7;/)

2 Breakthrough sweep efficiency

We evaluate the velocity component

(,(‘, from (18)
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- <§L:_?Lé) Lcnx Shx 20//7,\'

2
AT Cr7x+C/0')/

3 Zenycnxsnx b
AT (S enken’y)
/> Z Lehxsnx 5//7)( -/ 25/’)}/5/7)((/7)(5//;)(] F/> 25nx s’/y}/ cHnx 5//7)’_,
4/7 Q?Cnx +Sm§ Sn/) 47/' 2Cn/+5nx5n/

. a) along the x-axis (y = O)

. 3 cpxdnx, (3: Q)é}ChXth , b shxdnx

o L senvehn | &, (28 4 f
A (S”X ) cnx C/?x _

| Shxchx Anx QAC” X + 2(3 /ch/o,y +/é

U =
. A S'ﬂ)’ ChX 0//0 X

Snhx chnx anx O/X :

LLé = A /écn‘ﬁ(,L ,?(3—/6)07{( -f/a

/

O
ch '
“Le y = then f
Let C/7X L h A j/{)a, -/ 2@ )a+/£

- L
2

Let again /Z) = éi
w + =— - g_

"

g fwef- Lew?]
3 [/fw }/7 [/ “)][*“ +//CZ & 69]
: Eju(u/g).; /~;/;}{“("}‘g/)‘* " gjz

"



: /éu2+2(3/>a//3 -/)Zﬁa.; z;/t;_/; fa+ /+‘/:3‘72
O e e /- /7 f
/ ) / ) I ‘ 1
pu® %2(3/5)0,74/5 62{@1,./_1/5//; e i
3 I+ g_ __1 I~Y"<§:* \(
£ Lgﬂ% (2/ \/CT/;) Q+V%)/Q“ g)s
| 3//q (V@(’* ) £/<|\/T) /
¢ - T ! + ' 3
T ﬁgg( /1
Vi Gy
- I3 (aiT) - 9
C\ Vhen /Eo é-é R (stagratnon corner of repeated 5-gpot)

/6.2 2 6 - 2/7 - (minimum for ; S.E. = .4569)

4/</< l/g [(2/5< /9) 7‘?( )

b) along a dlagonal line (y = x)

Formula for the velocity u reduces to

I _\3 C/?‘§< " (3_2/6) 577;(5/,” /5 C/7>< Shx ﬂ//o/\’

A Shx dnx v/ ChX y/a /+ Ch/"x

' ' 2
w = 3 C/fa (f%ch 'fg) o+ (37?[/5)&)2«/5?\' (/%6/74){() &+ 4/ocn % Shx a% X
LT cn’ﬁ) Chx Shx dnx
u = (S-Qf))cn‘fv o+ 2(3 %2/3) ente 4 éaﬁlé’/ﬁ)
O | b /a Q#C/v‘fr ) chx Shx dnx
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5 | = Ve » -
L. - | f Q,L cr X)C/M snxa’%x 6/
-Breakthrough t‘ime is b @ 2/5)6/7/\’ 2 2@ +2}£)C/’7)( 4 @ Q/é)

p .
Let ChH X = U

' l, - 7 (/%Lt)dbt

QBQ/A)LL # 2@%2/4)(4 + 3 Q/\

' /+Lc2 ’ /-/“

oo 7y ) T )

/+u

300y (W24 V- 1b /i +_+?
- K & 18+ Vz,b) ( /> - \2p
/
2ff+ utsy Vo-top Va- | [/+1/2/“/g\
( 2/3) i ﬁ) 2 V3[/5-125) .
260 )1 154 op F{ Gl ) +0B-Vep) 7
( fﬁ{ o 21554 16))1 JVETK?%:M
Let<}/\3+}/2/aa‘/ //“1/2?72“:”. |
/3~ Vop V—fVZIb -y

f‘ 2 7 f Vi /) v + 2T ﬁ 13 + V,?é C/W
o V3(Va- 155 )1+ V) l/@fg/a)

/+W



v oo g Voo 155 \% e Vuv‘ﬂ; e
) 5 1 /L“c an /A
O /@’@fﬂ e\Gap) (/“ /op

- I/—’L I /frc ong
YAlE (F . /f/oj( N ( vzp)
by =—2T__ffet

e (s )”f“f @}

fé = 277— I - 2 —"—_M
5 Vazp 2 5 Mﬁ
C) Therefro
=
SE = _T S



_32_'

APP‘ENDIX_‘ 5 ‘
1 Potential for the repeated T-spot
. Let us write SHL K-—LK) exphcn.t,ly
: o > g 0//’))(&//75/6ny ..C/é S’OXSn/C/OX
<
y g d
5’7(0?-/(——LK):—0/”2—""/ cn/ 7t/€soxs»o/

kC/’)Q : )g COXCMy-LS/ﬂxo/m’snyﬂ//v}/
‘ C‘r)/ + /e Sn,\ sn/
Sh (9 /( 11() A <5/”* C/”}/C’] - C/Q Snx shYy C’/)X)
: (C’hx C/?y - LSn/a/m/sn/ 5//7/4/)
Sn(Ql( k) dnfa —_".6/,,,2_
1222 52l &- /(LK) bens + :?a/nE - Qé%/?z) / - /4)/{_:;?_2)5@ }}
e L 40’0 22 7 wilh /A = —_/6_2(/*_'_?2 =-R ’)’)0/7
A /< /4780 2 k% A7 |

sfe | dh2 7¥w

o
W@) 2// Uqé,L,?snzl)L/%/a Sn Z)J

From (Appf”’ldl}’ 3) we can write inmediately /2 7
@Ch X f /é j

$0Q(,y) 27_ /0\7</ C/’))(CO)/) + 277_ 07
Uf Cny,tﬁsw)csw/gy %2/?@/7/&6//7}/ C/JXK/OXS/?/‘/C/V)‘*Q (/C’)XC”)’)}
2/

4}7 jZéWﬁLﬁ&MSh )7&2/« énm%/ 07/\'5//7/(/5/7}/6/9}}7‘// </C’)XC/7}//J

l?
2 Swéep efficiency for the repeated 7-s?;10t

It is obtained from the integr.al
Z{ 2/( W,
o . CV) X=0
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For x =0 the formula for the potentlal simplifies to

P("’V)‘ — /Cf@”y)”‘ . Cj’@/”/) - = O?’f/—- Qﬂ)s/q{}
| Z” G?Z f = (/%/LL)SM}:}

Thus

.V :__‘ _L Ch)/ﬂ47y S‘ny é:z S‘n/cnya///;}/ .
.Xf-‘? A S'h/ — @//7)/
! + 1t ,?2 Snyeny chy '% L’@&Z Sny chy &//f);/
T /- L*R)S”)/ ' R C/f/&)s,,),
. V= Ch/d/nysny( (/flazjc/n}/ /e [ C’L/*‘)S”/]
S T T

_ Sn}/+5;7}/z//@7‘/?7‘/4) C/.//’z /Q%ﬂ/j2

' 77-5»7/0//7///7 (/71;2)5,7),]/'/ - (/,c/ujsn/] J

2 . | |
Zé firch/snm’n/ [ /- (/"/7)5”/ 7/— @*/‘2)5”77 oy
Cn(/v [/ 2b% 50 fSn//k'CZ%Z«/aQ) (/+/7)(/¢/u jj]

Let 60)/ (L /7‘/? = X /+/u ~/5
' Sh (?/( :

f,b_,_ zz‘ (/- olbt)(//a) 4 2
| Q"k)// ?%z,c + a[élzéhﬁ) o(/j




_ : s g
Nov.  Dl4fs = < At = 20 2% Foed?) = 1w 222’ )
R R k% 2% k52
o e = /‘/‘22 ] - kz-l_-,t_/'zf - k'z/’zz(/+22)
/2) L )< k2% JENE:
The expression /?/io(+ﬂ) _ O((6 s to /212 v ,

The integrand can be expanded in a sum of rational fractions

(/-otu)lr- ) A Bu+C

-—

) - * / /
CO@Lr-2KE 1) ra KUK

One obtains easily

A = ..2%/-%?@ B - _Zé"?/?zwi_) C— / + /74&‘_22
2% * /77‘/0

The 1ntegral for can be rewritten

/7,? / 7 nras B
fs (S 2%.22) /, bl - b ok . L
Ly7R fu-1 LA 2k 1 Tk .

Sh QK

27/"/?;;/2)[(7@7?/() Od@@sh ok’ 24%, 91/ )f 9/ 22/?“7”

- wH D= ~2(,Q/<' /)Q 2%)
Sn.?k no k' 2 ,@7‘2

oS _f%w T

[/z'zaé_zé'i y ) =L 07/@< )

2ok 1o L frchn ’s/z’
&= ij /frc/la;wf ,ﬁj /]fC/a ~ Qk)f ,é’k///] /j Gk £3)

kb

; ey /
'~ Expliciting 1 and observing that /éb Sh T . S 777 = —
(O 4 12 2 2
P .
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£ .__ 65(2//) e yk
b= 3 /Gcz }()

(\ a/n 2 /( 2+ '2 4‘2
+ 277‘[ - (Zé ~/ s (oK /s) Jre éj (Sc/(ﬁf/fj
Cdh® LZF/B)
2
For the particular value of é = S’” /2 ’é R _%*C
Cl?‘z/i :__2_'_—_._’/______—_ 2/?—-2/::(052.71—‘9/:)2_72:: COSZ.—.': -—.‘/-g—_-
3 2+ V3 . 12 & 2
- from which we derive shH 2/( ZF 0/},) 9// _ 2. /E—
T 3 2413 3 p
2 . ' 2
S’O/(ZK_/J - 413 «cs (2/(/.3) 3 ____V;é_— 6/7422/(;3) -/
| 3 S =
L - 0/02(?/(//3) S p%L k% é—f
;. . The formula for ZE reduces conuiderabl to
T O & '
) = 2// (/_ /3 /3)A7rc JO/_J
Z
Thus ':STZF; = . . ;Zéf;?;77
3/(/( 3x/595/x?768/ (23)

since area of hexagon is 2KK' and flow rate = 2
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