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NOTATION

Buoyancy

Beam

Equivalent buoyancy spring constant

Buoyancy moment coefficient

Square law resistance coefficient

Square law resistance coefficient (upward average)
Square law resistance coefficient (downward average)
Vertical square law coefficient (dimensionless)

Net force upward

Total driving force

Force amplitude

Force at wt = 0
Force at wt = =n/b
Force at wt = n/2
Force at wt = n

Damping coefficient

Angular damping coefficient

Rotational damping coefficient (dimensionless)
Vertical damping coefficient (dimensionless)
Apparent moment of inertia

Moment of inertia in a vacuum

Spring constants

Added mass coefficient (dimensionless)



NOTATION (cont'd)

ke Added moment of inertia coefficient (dimensionless)
L Lift

L Length (waterline)

M Net moment (M' - ML)

M Measured moment

ML Moment due to ship forward motion

Mb Moment at wt = 0O

M /s Moment at wt = n/k

M /2 Moment at wt = n/2

Mﬂ Moment at wt = x

m Apparent mass of ship-water system

m, Added mass

mb Mass in a vacuum

P Subscript representing the contribution of one segment

s subscript representing the contribution of the whole ship

u(t - a) Unit step function at t = a

X Moment arm

z Vertical displacement, positive upward

Zo Vertical displacement amplitude

A Displacement

3 Phase shift between force and displacement
e Angle in radians (pos. c.c.)

60 Amplitude of ©

w Frequency



LONGITUDINAL DISTRIBUTION OF VIRTUAL MASS,
VIRTUAL MOMENT OF INERTIA, DAMPING FORCE
AND DAMPING MOMENT ON A PITCHING
AND HEAVING SHIP

INTRODUCTION

This study, sponsored by the S-3 Panel of the Hull Structure Committee,
Society of Naval Architects and Marine Engineers was undertaken as an experi-
mental check of the theoretical forces and moments computed by Lewis (1) on
a Model T2-SE-Al Tanker. A series of tests were conducted in thé Wave Basin
at Colorado State University on a model divided into seven segments of equal
water-line length. BEach segment was suspended in such a fashion that it was
structurally independent of other segments. The whole model was then sub-
jected to forced oscillations in pitch or heave and the force on each seg-
ment measured by a strain-gage dynamometer. The recorded traces of force as
a function of time were used to determine the virtual mass and moment of
inertia coefficients and the damping coefficients. To obtain a better fit
of measured data to the assumed equation, certain terms proportional to the

square of the angular frequency were determined.
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EXPERIMENTAL EQUIPMENT
Model

To afford a direct comparison with tests and computations previously
conducted by Lewis (1), a Model T2-SE-Al Tanker hull was chosen for the
tests. Constructed according to the lines shown in Figure 1, the model
was molded from fiberglass laminate approximately 1/8-inch thick. (Model
particulars are shown in Table 1). Since the model was expected to perform
forced oscillations of nearly two inch amplitude, its freeboard was made
large enough to prevent swamping (3.1 inches).

It was specified by the panel that the distribution of force and moments
on the hull were to be studied. Ideally, it would have been necessary to
slice the model in many thin segments. Cost and time prevented any exten-
sive subdivision. It was decided to cut the five-foot-long hull into seven
equal length segments (8.57 inches) as shown in Figure 2. Each hull segment
was made water tight by sheet metal bulkheads fitted into the cut ends.

(Segment particulars are shown in Table 2).

Force Balances

A phosphor bronze spring spanned each hull segment fore and aft along
the model center line. At the center of each spring, a vertical column was
attached firmly and the column was then connected to an aluminum beam or
strongback (Figure 3). The segments were mounted in such a fashion that no
contact existed with the adjoining segments (Figure 4). As a result of the
foregoiﬁg precaution, it was assumed that the influence of a hull segment on

other hull segments was purely hydrodynamic.
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Photograph

Fig. 3 Segmental Force Springs, Segmented Model
and Aluminum Strongback before Assembly.

Photograph

Fig. 4 Towing Carriage, Mechanical Oscillator
and Segmented Model
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The strain of the spring, and hence the force transmitted from the
strongback to the hull was recorded by a strain-gage bridge mounted near
the root of the cantilever spring. The electrical signal from the strain
gages was transmitted through a television cable to a set of 5000 cps
carrier amplifiers and then recorded by light beam type high performance
galvanometers.

Calibration was done on the completed experimental unit. The model
with its attendant instrumentation was mounted in a calibration tank and
loaded with known forces and moments. The galvanometer deflection was
then correlated with the load. As soon as the model was mounted on the
towing carriage, and at frequent intervals thereafter, calibration checks
were conducted in situ. The model was moved manua;ly to a known depth or
a known angle of pitch. Since the buoyancy forces and moments were known,

the galvanometer deflection could be checked against the calibration curves.

Mechanical Oscillator

The strongback received its motion from a mechanical oscillator which
was mounted on an aluminum towing carriage. Driven through a variable
speed control and an 11 to 1 speed reducer, the oscillator operated within
a range of 5 to 16 radians per second. The oscillator frequency could be
maintained within close limits and could be obtained whenever needed.

A worm gear was connected to the variable speed drive with a double
ended output shaft. Both ends of the shaft were fitted with an eccentric
crank pin, each of which drove one end of the strongback. Heaving oscil-
lations occurred whenever the crank pins were driven in phase while pitching

motion resulted whenever the crank pins were driven 180 degrees out of
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phase. Aﬁplitude of motion was adjusted by changing the eccentricity of

the crank pins. (Both pins had the same eccentricity).

TEST PROGRAM

Sufficient tests were run to assure coverage of usual prototype behavior
and a little beyond to establish trends. In both heave and pitch programs

the model was oscillated on the following frequencies:

CPS

BTS2 S St DT (% N |
Rad/sec Q5,05 745, 8.8, 10

2

W6y 158 20, . 2S
05 1155, 1246, 15.%

The oscillator was set at one of the test frequencies and then the model
was towed through a test program involving at least two runs for each for-

ward speed. The speed runs were made at four speeds as follows:

Model Speed (fps) O, 127, 25k, 547
Froude Number (Fr) 0, 0, .02 0,85

Fullscale Speed (knots) O, 7.5, 15.1, 18.8,

The previously described experimental pattern was applied to the model

three times, each set of tests was conducted with different amplitudes of

oscillation:

Model (inches) 0.5, 1.0, 2.0 (1.75 for heave)

Fullscale (feet) k4.2, 8.2, 16.4 (14.3 for heave)

This amplitude is the half-cycle displacement of the water line in

heave and the maximum half cycle vertical displacement of a point on the

forward perpendicular in pitch.
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In addition to the active run program several calibration static tests
were conducted at frequent intervals. In general, the static calibration

tests were consulted in reduction of the data.

BASIC THEORY

The Mathematical Model

In the past it has been assumed (2, 3, 4) that the forces and moments
acting on a heaving or pitching ship can be represented by a simple mass
spring system with damping. Such a simple model has the advantage of per-
mitting easy and rapid reduction of data.

At the onset of this study, there seemed no reason for the authors
to believe that the segments of the tanker model would not behave as assumed.
Since the ship was constrained to heave or pitch sinusoidally, it seemed
reasonable to assume that the two springs in each segment would also impart
sinusoidal motion to the segment. Hence it was assumed that for the towed
heaving ship, the dynamic constants could be obtained by the simplified
model due to Haskind (2).

If the model is forced to go through a vertical displacement 220 and if
the net force of buoyancy is called B, then it is assumed that

B =:CZ

in which 2z is the vertical distance measured as positive upward from the
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Fig. 5 Schematic Diagram of Forces on a Segment.

undisturbed water surface. This assumption of linearity is quite good for
most ships. On the T-2 tanker only, the forces on the bow segment deviate

from a straight line, and then not markedly.

Setting: L = upward force generated by forward motion of ship
m = apparent mass of ship-water system
f = damping coefficient
C = spring constant (buoyancy)
F' = driving force
z = vertical displacement

(The force F' is the sum of the forces measured by the forward and aft
strain balances of each segment.)

Then a force balance (see Fig. 5) yields

mz + f2 + Cz = F' +L = F (1)

If z is assumed to vary sinusoidally, it can be easily shown that F will



also be sinusoidal. Indeed if

ik
then F = Foe (wt + 8)

in which W = driving frequency

t

]

time

® = phase shift
Substituting these values of z and F in Equation 1 gives

- mz&ngeymt + iﬂnzoeuﬁt + Czoelmt = 1?031(""“Ft #8) (2)

By separating real and imaginary parts, the following equations are

obtained
F
-m® + C = 22 cosd (3)
o
F
fw =<EE sind (4)

Since C, w, and z  are known and F0 and & can be measured, m and f
may be easily computed from the oscillographs of driving force as a function

of time (Fig. 6).

G --‘\-v - = = - \- - = - }‘"
; \ L
\ / \ 20
A Ao }____ ¢ \ i
|\\ H] i ‘
E | | i
e go w
£ %._"Tj;.hp :_“ Vg T
20 TR Pl I e
S i\ : s P |
\

Fig. 6 Force in Relation to Displacement
According to Eguation 1.
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Modification of the Equation

It is evident from Equation 2 that since 2z is symmetrical about the
z = 0 axis, then F must be symmetrical about the F = O axis. It came as
something of a surprise when the authors discovered that in the CSURF tests,
F oscillated about a non-zero mean. Summing the forces for the whole ship
alsc did not result in a zero mean force. This displacement of the zero
axis could not be explained on the basis of the simple linear equation (1)
for if =z were symmetrical, so would be F .
The displacement of the axis of symmetry can be explained in one of
the following ways:
(a) Instrumental error
(b) Unbalanced driving distance
(c) Constant force due to other causes than vertical oscillations
(d) Nonlinearity
Considerable care was taken to eliminate possibilities a and b .
Although possible, instrumental error seemed unlikely. Similar results
were obtained with two different instrumental techniques. Amplifier drift
was kept under observation and each amplifier was balanced before each run.
Static calibrations were run (by changing the position of the ship manually)
at frequency intervals. Unbalanced driving (upstroke different from down-
stroke) was controlled by careful maintenance of the water level.
It was assumed, therefore, that either ¢ or d or both were res-
ponsible for the zero shift. It is well known that a moving ship experiences
1ift (or suction) along its hull. By examining oscillographs of the model

being towed without oscillations, an estimate of this lift force was obtained.
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Unfortunately this 1lift was insufficient to account for the shift and often
was small enough to be neglected.

The investigators were forced to concede that there existed nonlineari-
ties. It was assumed that there existed "square law" forces analogous to
drag. In fact since the flow regime on the downstroke is completely dif-
ferent from the flow on the upstroke, it was assumed that the vertical

square law resistance could be approximated by

H b !.'o
Q215 = D [a + cos &ﬁtﬂ (212 . (5)
However, the data was not good enough to obtain D and &a with any accuracy.
Under the circumstances, it was decided to use a cruder approximation, i.e.,

to assume that the vertical resistance coefficient was a constant dl on

the upstroke and a different constant 4 on the downstroke.

2
- ﬁ 5_7( z v -
d =4, [u(t)-u(t -Ew)+u(t—2w = u(t 2m)+....J
i 3n 5n
+ e L i~ . PR
a, [u(t Zo)- ult - 20) + u(t - 2+ l (6)
dwdulE) #(a. -d ) 3 u[t_(en_+_l_.__)1]
1 2 2k 2
n=0
in which u(t - 7) is the unit step function at t 2 T
Then the equation of motion becomes
a3z dz : SN ,
I e i d(eignum 2) 22 - Cz + F' - 1 =F (7)
dt

in which F' is the driving force, L the "1lift", and F the net force.
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It is interesting to note that the phase shift-amplitude method does

not work at all with Equation 7. The form of F is given by

F=F (t) ei[F £ 5(t)] (8)

Since only two equations can be obtained from Equation 8y it is

impossible to determine the four variables m, 4 d2, and £f. A more

l)
logical technique is to obtain four values of F and solve by the stan-

dard algebraic methods. If F. is measured at wt = 0, %, %, and = , the
following equations be can easily obtained
Cz -F
1
m = —2 = 9)
z w?
o
F - = il
0.41k42 wz,
Lk ; -
5 1.h1 Fﬂ/2 + 1.h1k F -2 Fﬂ/h
. 0.5162 (wz )= (11)
Fo ¥ Fn
d =4, - —— J:
e ok (w 2z )2 e
o
Coefficients for the Whole Ship (in Heave)
Let the subscript r represent the force contribution of a single
segment. Then it is assumed that
Wy T+ LBy, ¥ dp2p2p * CpZp = Fr (13)

If the ship moves in pure heave, it is seen that the total force is simply

the sum of the individual forces or

F=5% F =Z(m% +f2z +d422 +0Cz) (1h)
: N todiE ot e 2 el



o o

this i = = oo
In is instance zl 22 zZ

hence assuming that

s S s
We obtain
m, =Zm (15)
£ =Zf (16)
&= aa (17)
s I
Ks =2 k., (18)

i.e., the values of the hydrodynamic constants for the whole ship are simply

the sum of the hydrodynamic constants of the individual segments.

Neglect of Base Line Shift

It was requested by members of the S-3 Panel that some computations
be made by assuming that the shift of the zero line was spurious, i.e., by
use of Equations 1, 2, 3, and 4. Due to the nature of the data, an addi-
tional technique had to be introduced. Each segment force was measured at

two different points, fore and aft.
Hence, assuming that each force measurement obeyed Equation 1, it was neces-

sary to write
5 Ll ej(cb't + 5A) 2 eJ(mt + 5F)

+
oA Fo

or

Ve B, g0 0 Lt [F % 4 7 ejsp]

o oA oF (19)
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i 51n§A + FOF sin SF) ] (20)

FQA sin SA + FOF sin BF

FOAQS SA + FoF sin BF

tan A =

In the equations above, the subscript A means "aft" while subscript

F means "forward."

Reduction of Data in the Pitch Plane

The moment on each segment may be represented by a mathematical model

similar to the previous one

36 + £, + 4 (t) |é|é £C0 =M - M (21)
where J = apparent moment of inertia
fe = angular damping coefficient
dg = drag-moment coefficient
Ce = buoyancy moment coefficient
M' = induced (measured) moment

moment due to ship forward motion

=

© angle in radians
All angles and moments are assumed positive counter-clockwise.
The moment axis is located at a point on the water line midway between
station O and the stern and is perpendicular to the axis of symmetry of
the ship.
If the forces on the aft and fore balances of each segment are F

A

and FF respectively and the distances to the rotational axis of the ship
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from the points of force application are Xp and X then

M = EA*A + FFXF
where F is positive upward, x positive forward, and M positive counter-
clockwise. Since in this model the angular motion is obtained by driving the
bow and the stern linearly but 180° out of phase, we can write for the ele-
vation of any point.

z =z sin (wt)
If the distance from the point in question to the axis is xo, then (for
small angles)

VA
& 2
E; sin (wt) = 6, sin (wt)

o

2

It is obvious, therefore, that Equation 21 may be written as

- jo® sin wt + i‘eu.) cos wt

M
2 - M
+ de(t) w?0  cos (wt) cos (wt) + Cqw sin wt = CH (22)

Obviously the solution of this equation for J, fe, and de yield equations

completely similar to Equations 9, 10, 11, and 12 with Mo, M;(/h.’ Mu/e’ M,-[

substituted in place of Fo’ Fn/h’ Fn/E’ and Fﬂ.

The Moment and Force Parameters for the Whole Ship

Since the moment and force of each segment is referred to the same
axis, it is obvious that the stability coefficients for the whole ship can

be obtained by summing the coefficients of the individual segments.
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Non-dimensional Forms

If the mass of the ship is mb , 1t is possible to write

Then we write a dimensionless coefficient

m, @
e R
Be

where g = acceleration of gravity

b
I

segmental or total model displacement at water line.

This term is plotted as a function of "angular Froude number'

£ = wg = 0.1hk4w

where b is the model's beam.

The damping term is plotted in the form

f —
f}=ZV@l

where bl is the segmental or total beam.

The vertical resistance term is given by

In pitch we obtain

£, = £.o/-E
o~ "oV 2

AP1B
%8

5
I

&2

in which L is the total or segmental length at the water line.
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PRESENTATION OF DATA

Heave Motion

Figures 8 through 16 indicate the behavior of the added mass coefficients
as functions of dimensionless frequency and of Froude number. These data
were obtained with Equation 9. Figures 8, 9, 10, and 11 show the variation
of the added mass coefficient with frequency and Froude number for the whole
ship. As a comparison Golovato's curves (3) have been drawn on Figure 8.

It can be seen that the CSURF data are comparable to the DIMB data although
consistently lower.

Comparison of individual segment contribution to the added mass of the
whole ship is given in Figures 17 through 32 for a representative selection
of Froude numbers and of heave frequencies. The graphs are presented as
ratios of local added mass to ship added mass. IT MUST BE UNDERSTOOD THAT

A CURVE MUST NOT BE DRAWN THROUGH THE POINTS SINCE ALL THAT HAS BEEN PRE-

SENTED IS AN INTEGRATED VALUE OF THE ADDED MASS. The actual distribution
of added masses over the segment is unknown,

Damping coefficients for pure heave motions appear in Figure 33 through
40. 1In these Figures it can be seen that the damping coefficients become
negative for the whole ship. This implies that the configuration is dynami-
cally unstable and that the water introduces energy into the model. This
result seems far fetched and is not to be trusted.

In Figure 41 through 56 the ratio of local damping to total ship
damping is presented. THE SAME PRECAUTIONARY STATEMENT APPLIED TO FIGURE

17 IS VALID HERE.
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Pitch Motion

The added moment of inertia coefficients appears by segment in
Figures 57 through T4. Moment of inertia coefficients for the whole
ship are given in Figures 57 through 60.

Although the moment of inertia coefficients for each segment have been
made dimensionless in terms of the segment characteristics, the center of
rotation has been kept as the minor axis of the ship water plane. The
measured information was too inaccurate to permit translation of moment
characteristics to beam axis on the segment water planes, For comparison
with theoretical strip computations, the results should be adequate.

Figures T5 through 90 show a representative collection of approximate
longitudinal distributions of added moments of inertia, as a ratio to the
added moment of inertia of the whole ship model.

Rotational damping coefficients are given in Figures 91 through 12k.
Damping coefficients for the whole model are given in Figures 91 through
94, The square law resistance coefficients d’z ! are shown in

Bt
Figures 125 through 1L42.

Coqgarison with Simple Reduction Method

Although the oscillograms did not logically admit use of the simple
reduction method, some added masses and damping coefficients were computed
by Equations 3 and 4 as a comparison with the more general technique. To
carry out the computation, it was assumed that the zero shift did not
exist and that the axis of symmetry of the oscillograph was the axis of
zero force. Phase and amplitude were measured and the added masses and

damping coefficients were cemputed (Figures 143 through 148).
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VALIDITY OF TESTS

Instrumentation

Although great care was taken to reduce instrumental errors to a
minimum, it was apparent that the instrumentation did not yield the com-
plete information needed. The problem of coupling was not resolved.

STROMGBACK The actual mounting of the model seg-

B =

ment is symbolized in Figure T. kl and ke
are the dynamometer springs while f and k5
represent the damping and buoyancy of the

water respectively. This system has two

degrees of freedom in the response elements,

the linear displacement X, and the angular

squnge P

thigéﬂle Qﬂ+ o h?, displacement § . As long as the moment M
DA!APIEELVI ?fﬁqﬁuafﬁﬁtﬁ is zero, the coupling effects will vanish
ﬁd@ﬁ//\\vmjbkj\ﬁx\\ e,

Fig. T Actual Mounting
of Segment.

Careful examination of oscillograms leads one to believe that if M has
a coupling effect, it is small enough to be neglected. However, this con-
clusion cannot be proved and further tests are needed to clarify the
situation.

A major source of lack of confidence was the scatter of force dis-
tribution between the two springs of each segment. In some instances

where the test conditions were identical, the total forces on both tests
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were comparable, but the contribution of each spring to the total varied
widely. This seemed to indicate that either the moment system had not yet
reached the ultimate state or that even in pure heave, no steady moment
existed.

The best way to determine the coupling effects is to run a set of
tests with only one degree of freedom movements, i.e., to conduct experi-
ments in which rotation is restrained and then similar experiments in which
vertical displacement is discouraged. With the resulting data, it will
become possible to end at least a portion of the confusion.

Another major instrumental problem is the separation of the signal
from the background noise. In the tests conducted at CSURF, considerable
hand fairing of oscillogram curves was needed. It was found that two
computists would obtain amplitudes which differed by over 10 per cent
and phase shifts separated by at least 15 per cent. Thls last was quite
noticeable at high frequency. Such high degree of error cannot be tole-
rated since a difference of 15 per cent at high frequencies will make the
phase shift over 180 degrees, and hence will make the damping term nega-
tive and occasionally will also yield a negative added mass. No solution
is possible to this difficulty without a change in instrumental technique.
A new filtering system has been developed at CSURF, and it is believed
that if applied to tﬁe segmented tanker model, more acceptable data

would be obtained.

Mathematical Models

In a problem of this nature the mathematical model chosen is of primary

importance. As was indicated in this study, more than one mathematical
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model is possible for the physical phenomenon of the oscillating ship.
NO CONCLUSION IS POSSIBLE AS TO WHICH MATHEMATICAL MODEL IS VALID.
According to the previous section, a complete model would include
coupling between displacement and rotation. Evidence of square law
damping has been found by several workers (for example, ref. 3). It
is entirely possible that square law damping and coupling both exist.
Thus, before any conclusions can be drawn from the tests, a clarifi-
cation of the true mathematical model must be obtained. The authors
submit that further repeated tests of the type employed in this study
are not useful until it is established that the simple mathematical

representation used by most workers in the field is valid.

Suggestions for Further Work

A. Run through a limited set of runs in heave and pitch with a
modified instrumental setup consisting of a one degree of
freedom dynamometer and a low pass filter. Great care should
be taken to obtain the forces and moments which exist whenever
the model is not oscillating and restrained in all modes. From
these tests the true location of the zero force axis should be
obtained. The existence of non-uniform square law damping may
be deduced if the oscillograms exhibit zero shifts which cannot

be explained in terms of lift and moment.

B. Measurements of the true 1ift and moments may be used to deter-
mine an approximate distribution per unit length of the forces

and moments. This last result cannot be obtained from the
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current tests since the moment vs. force relationship is not

knovwn.

C. Tests should be made of the model mounted with no driving
oscillator but restricted to move freely in only one mode.
From such tests, the natural frequency of the entire dynami-
cal system as well as the damping constant should be obtained.
A comparison of free vs. forced oscillations should then indi-

cate the adequacy of the simple mathematical model.

D. Run similar tests on simplified models such as the Haskind's
ship to permit a generalized theory to be obtained by comparison

with an "ideal" theory.

CONCLUSIONS
The longitudinal distribution of ship forces and moments has been
studied. Certain unusual findings were obtained:

(a) Phase shifts were often greater than 180°.

(b) The mean force in heave and the mean moment in pitch were not
equal to zero.

As a result of these findings, it was surmised that a non-linear term
should be included in the equations. The data were reduced with these modi-
fied equations. It was found that added masses and damping for the whole
ship conformed to the findings of other researchers (2, 3, 4) at low fre-
quency. At high frequency of oscillation, the results were doubtful and

were disregarded.
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It was discovered that although the overall model damping coefficient
was positive, the local coefficient was often negative. This was gratifying
since.P. Kaplan had reported orally that his theoretical results indicated
- the possibility of local energy sources.

It is obvious that these tests can give only a qualitative check of
the validity of the "strip" method since the results are given as inte-
grated values over a non-infinitesimal portion of the hull. Nevertheless,
it is expected that the information obtained may be used to obtain an
approximation of the relative contribution of each segment to the total
ship coefficients. As a final conclusion, it must be admitted that further

test are needed to develop a firm comparison of experiment to strip theory.
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