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ABSTRACT OF DISSERTATION

AN ADAPTIVE ALGORITHM FOR AN ELLIPTIC OPTIMIZATION
PROBLEM, AND STOCHASTIC-DETERMINISTIC COUPLING: A
MATHEMATICAL FRAMEWORK

This dissertation consists of two parts. In the first part, we study opti-
mization of a quantity of interest of a solution of an elliptic problem, with
respect to parameters in the data using a gradient search algorithm. We
use the generalized Green’s function as an efficient way to compute the gra-
dient, We analyze the effect of numerical error on a gradient search, and
develop an efficient way to control these errors using a posteriori error anal-
ysis. Specifically, we devise an adaptive algorithm to refine and unrefine the
finite element mesh at cach step in the descent scarch algorithm. We give
basic examples and apply this technique to a model of a healing wound.
In the sccond part, we construct a mathematical framework for cou-
pling atomistic modcls with continuum models. We first study the case
of coupling two dcterministic diffusive regions with a common interface.
We construct a fixed point map by repeatedly solving the problems, while
passing the flux in onc direction and the concentration in the other direc-
tion. We examine criteria for the fixed point iteration to converge, and offer
remedies such as reversing the direction of the coupling, or relaxation, for

the case it does not.
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We then study the onc dimensional case where the particles undergo
a random walk on a latticc, next to a continuum region. As the atomistic
region is random, this technique yields a fixed point iteration of distribu-
tions. We run numerical tests to study the long term bchavior of such an
iteration, and compare the results with the deterministic case. We also
discuss a probability transition matrix approach, in which we assume that

the boundary conditions at cach iterations follow a Markov chain.

Sheldon Lee

Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Summer 2008
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Chapter 1

INTRODUCTION

This thesis consists of two scparate projects, and is thus divided into
two parts. This chapter discusscs an overview of both problems, and is
followed by Parts I and II. Part I consists of Chapters 2 through 5, in which
we discuss an adaptive optimization problem. Part II consists of Chapters
6 through 9, where we discuss a mathematical framework for stochastic-
deterministic coupling. We end the paper with a Chapter 10, where we
give conclusions for both parts.

1.1 An Adaptive Algorithm for an Elliptic Optimization Prob-
lem

The first part of the thesis involves solving an clliptic parameter opti-
mization problem. This involves optimizing a quantity of interest obtained
from an approximation to the solution of a differential equation. We com-
pute an expression for the gradient of the quantity of interest, then search
for a local extrcma using a gradient search technique. We utilize a pos-
teriori error analysis [22, 18, 3] to correct for the numecrical error in the
solution, and hence in the gradient. The ideas of ¢ posteriori error analysis
have made an enormous impact in engineering application over the past few

decades, and many of the idcas have been adopted into production codes



at Sandia National Laboratory. In this first project, we use these error
techniques to speed up and improve the process of optimizing a quantity of
interest.

Consider a wound healing model as in [37], where we have two con-
servative equations, one for the epithelial cell density per unit arca, uq,
and one for the concentration, u,, of the mitosis-regulating chemical. The
three paramcters describe the time decay ratc of the chemical, the max-
imum rate of chemical production, and the maximum level of chemical
activation of mitosis. We study the problem of optimizing the functional
g(A) = ((u1,u2)", ) 12(0)-

The general problem is to optimize g(u; A) = (u,v), where u solves

{ﬁv H(aVu) = f(u; ), z€Q, (1.1.1)

u = g(x), x € Of.
We use the generalized Green’s function, or adjoint, as an efficient way
to compute the gradient used for the descent algorithm. If we consider
a perturbation of parameter A, X, and the corresponding solution @, we

linearize about @ to obtain the adjoint ¢, which satisfies

~V - (aVe) - Dif(; N =9y z€Q,
¢ =0, z € 0N,

We then express the gradient V,\q(j\) using the adjoint,

Vaq(@; A) - (A = A) = (Vaf (@A) (A~ A), @) 120

i

We implement a conjugate direction method to find local extrema in param-
eter space. We then analyze the cffect of numerical error on such a gradient
search, We take note that different parameter values may require different

meshes to achieve accuracy, and that computing a mesh for cach parameter



value in the descent search is an expensive proposition. To remedy this,
we devise an adaptive algorithm that uses the same mesh, which we refine
and unrefine as the parameter changes. Using a posterior: techniques, we
derive an expression for the gradient error, and show that this represents

the change in error from one paramcter value to the next. Specifically,
Vag(UsA) - (A =2 = (Vaf(U,X) - (A= X),8) + R(U,6,6),  (1.1.2)

where U is the finite clement approximation to (1.1.1) with paramecter A
and ¢, é solve the adjoint problems for parameters A and A respectively.
The term (V,f(U, 5\) (A= X), @) is the computable approximate gradient,
and the term R(U, ¢, g7>) represents the weak residual for the gradient error.
To summarize the algorithm, we first construct an efficient mesh for the first
parameter \g by controlling the error in ¢()y), using standard a posterior:
techniques. For subsequent parameter values, we use (1.1.2) to approximate
the gradient, while using R(U,gb,g?)) to flag elements for refining and un-
refining. We give basic examples and apply this technique to the wound
healing model.

The first part of the thesis consists of Chapters 2 through 5. In Chap-
ter 2, we discuss background matcrial from the arcas of analysis and dif-
ferential equations. This includes a discussion of the basic function spaces,
operator derivatives, adjoint operators, and elliptic operators. In Chapter
3, we discuss the finite clement methods and a posteriori error estimation
used to solve elliptic problems and correct for numerical crror. In Chap-

ter 4, we discuss some of the basic gradient search methods used for un-
constraincd optimization. Here we discuss steepest descent, the conjugate

gradient method, and line search methods. In Chapter 5, we discuss the



aforementioned optimization problem in detail, with proofs of the major
theorems and numerical results.

1.2 Stochastic-Deterministic Coupling: A Mathematical Frame-
work

In the second part of this thesis, we create a rigorous mathematical
framework for coupling atomistic with continuum models.

The continuum region is modeled by differential equations and is solved
using standard methods such as finite elements. The atomistic region is
modeled by some atomistic simulation method such as molecular dynamics,
Monte Carlo, or in our case, Brownian motion. As atomistic simulations
are random, we introduce stochastic crror into the problem. Controlling
the stochastic error of the atomistic simulation could involve increasing the
resolution of the simulation, the number of samples, or the length of time
that the simulation is run.

If we solve the continuum problem using finite elements, we can reduce
the discretization error using standard a posteriori techniques. In coupling
the continuous problem with an atomistic problem, we typically pass results
of the atomistic simulation as parameters into the continuum region. Since
the results of the atomistic simulation are uncertain, we introduce stochastic
error into the continuum problem. Ideally, we would like to account and
correct for both types of crrors in an efficient way. A rigorous mathematical
theory for achieving this goal is lacking.

We arc particularly interested in situations in which there is feedback
between the two modcls. We consider iterative algorithms in which data is

passed back and forth between the continuum and the atomistic model.



In some coupling schemes, only an ensemble average of quantities from
the stochastic model arc passced to the continuum model. This complicates
the notion of defining a convergence of itcrations, as well as introduces
modeling assumptions that may not be valid. Instead, we consider the
entire distribution of values from the atomistic simulations, That is, we
pass distributions back and forth between the models.

The iterative process of passing the distribution of valucs at the inter-
face is considered to be a fixed point problem. Using the Banach fixed point
theorem, we can obtain nccessary conditions for the sequence to converge.

In the case of atomistic coupling through the boundary, we couple a

Brownian motion computation on a domain £2,, to a continuum problem

—Au= f(u), z €€y,

Se=Ma), welCo, (1.2.1)
u = g(x), x €\,

where A i1s the random field gencrated from an atomistic simulation in an
adjacent region §2;. The coupling is through the common boundary I'. We
solve (1.2.1) using scveral realizations of A. The solution « on I' is also a
random vector, which enters back into the atomistic model. The algorithm

is as follows.

Make initial guess u(®|p,
For k=1,2,..
Using u*~Y | as an initial condition, approximate A(z)®

using an atomistic technique in 2.

Approximate u® by solving (1.2.1).

[
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Figure 1.1: We use an atomistic model in €2, and a continuum model in
Qg. We pass information through I', the common interface.

End for

Since A and u|p arc random variables, this coupling involves passing
distributions back and forth. The natural questions that arise are what does
it means for a distribution to converge, and how do we test for convergence?

Chapters 6 through 9 discuss this atomistic to continuum portion of
the thesis. In Chapter 6, we include some basic background material from
probability theory. We briefly mention the key theorems used to perform
statistical analysis on an atomistic simulation. Next, we bricfly discuss
kernel density estimation. We then include some of the relevant matrix
theory needed to study Markov chains. We conclude the chapter with a
discussion of stochastic processes and Markov chains. In Chapter 7, we give
an overview of molccular dynamics and Brownian motion, These are two
of the many techniques that can be used to simulate the diffusion cquation
in a region at the atomistic level. In Chapter 8, we discuss the problem
of coupling diffusion cquations across an interface. This chapter consists

of the formulation and convergence of the fixed point problem. In Chapter



9, we discuss the stochastic-to-deterministic coupling for a onc-dimensional
diffusion problem. We formulate the problem of finding the distribution on
the interface as the solution to a fixed point problem. We then mention
an alternative formulation, in which we describe the problem as a Markov
chain. We discuss convergence criteria and show numerical results in both

cases.
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An Adaptive Algorithm for an
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Chapter 2

BACKGROUND: FUNCTIONAL
ANALYSIS AND DIFFERENTIAL
EQUATIONS

In our work, we approach error estimation using a posterior: techniques,
meaning that the error estimatcs are computed after the solution has been
computed. It turns out that stability of the solution of a differential equa-
tion greatly influences the effects of perturbation and error, We use duality

and adjoint operators to quantify stability a posteriori.

2.1 Function Spaces and Duality

We briefly recall lincar operators. Given normed linear spaces X and
Y over R, a lincar operator L is a function L : X — Y such that L(az +
y) = aL(z) + L(y) for all z,y € X,a € R. A linear operator is bounded,
or continuous if there is a C such that [L(z)|ly < C|lz|x for all z €
X. The space of all continuous operators from X to Y is denoted by
L(X,Y) and is itsclf a linear space. An important cxample is the casc
Y =R, in which case we call f : X — R a lincar functional on X. Lincar
functionals arc important in our work as we view them as a particular piece
of information from a solution of a model. We call this picce of information

a quantity of intercst. For example, suppose u belongs to some vector



space X and represents the solution to some differential equation. We
could then consider the value of u at a point yy in the domain Q to be a
quantity of intcrest. The quantity of interest is a lincar functional given by
Jq u(@) 8y, (2) dz. The set of bounded linear functionals on a lincar space X

is given the following definition.

Definition 2.1.1. Given a normed linear space X, the dual space of X 1is

the set X* : L(X,R) of linear, bounded, real valued functions on X.

We denote this space by X™, and denote elements by z* € X*. The
action of an clement of the dual z*(x) is often denoted with z*(z) = (a*, z).

The dual space is a normed linear space under the dual norm

"*.'E
X* :Sup <lL ) >

T* .
el = sup e

For example, it turns out that the dual space of L? is isometrically

isomorphic to L9, where p~! 4+ ¢~ = 1.

Definition 2.1.2. We define the adjoint of a map L € L(X,Y) to be the

map L* € (Y*, X*) if the following bilinear identity is satisfied:
Ly*(z) = y* (L), or (L"y", x) = (y", Lx),
forallz e X,y* € Y™,

Example 2.1.1. If A: R" — R™ is o linear operator, then A is an m x n
matriz. The adjoint of A, A* : R™ — R" is the transpose matriz of A,

denoted AT.

Proposition 2.1.1. If we consider Ly, Ly € £(X,Y), then the following

properties of the adjoint hold:

10



o (Ly +Ly)* =Lt + L}
o (al)* = alL*
o (Lily)" = L3LT.

Next, we define Banach spaces and Hilbert spaces, our vector spaces

of choice for solving differential equations using the finite element method.

Definition 2.1.3. A Banach space is a normed linear space that is com-
plete, that is, any Cauchy sequence in'V converges under |||y to an element

V.

Definition 2.1.4. An inner product is a function (-,-) : X x X — R, such
that the following hold

L (z+y,2)=(x,2) + (y,2),

2. (ax) = a(z,y),

3. (z,y) = (y,z),
4. (z,z) >0, and (z,2) = 0 if and only if x = 0.
Definition 2.1.5. A Hilbert space is a Banach space equipped with an inner
product, and whose norm is induced by the inner product || - || = /().
In a Hilbert space, the norm satisfies the following parallelogram law,
2+ ylI* + [lz = yl* = 2] + llyl*).

If H is a Hilbert space, and v € H, then the function L(z) = (z,v)y
defines a linear functional on H. It turns out that all lincar functionals on
a Hilbert space may be defined that way. Also, the dual space of a Hilbert
space H is isometrically isomorphic to H itself. These facts are stated in

the following theorem.

11



Hilbert Space Inner Product
R" (Ty) =y
L*(©) (u,v)20) = fﬂ uvdzx
HS(Q), § = 0, 1, (u, U)HS(Q) = 2fa|:0(8“u(x), 8%)L2(Q)

Table 2.1: Hilbert spaces and their associated inner products.

Theorem 2.1.1. (Riesz Representation Theorem) The dual space of a
Hilbert space is isomorphic to the Hilbert space itself. Specifically, of f € H*,

there is a unique x € H such that

(f,y) = (z,y)u for ally € H,

and furthermore, x|y = || f]

H*:

Using the Riesz Representation Theorem, we express the following
identity,
(u, L*v)g = (Lu,v)m,

to characterize the adjoint of a linear operator L in a Hilbert space H.
2.1.1 Orthogonal Projectors

Onc of the rcasons that Hilbert spaces are so useful is they allow us to

define a sense of orthogonality.

Definition 2.1.6. In a Hilbert space H, we say that u and v are orthogonal

Zf (u,v)H = 0.

Suppose we want to compute (f,v)p2 ) for some v € Vj, where K is
some element taken from a finite element mesh. Supposc Vj is the space

of functions that arc polynomials of degrec ¢ on each clement K. Then we

12



find a function in 7, f € V}, that is closest to f on average. Specifically, we

require that (f,v)zeky = (7nf,v) r2(k), OF
(f = mnfiv) ey = 0,

for all v € V},. In other words, we seek the function 7y, f such that f — 7, f is
orthogonal to the space Vj,. Such a function m, f is called the L? projection
of f into V.

We show that m;, exists uniquely. To show uniqueness, if there are
u,v € Vj such that (f —u,w)y = 0 and (f — v,w)g for all w € V}, then
u—w € Vj. Setting w = u — v, we obtain (u —v,u —v)y = 0, so u = v.

Next, given a basis {v;}1-, of Vi, we write
q
mf(x) =Y wyvs(x),
7=0

so that (mnf,w)y = 3°5_gw;(v;, w)y for all w € Vi. Applying cach basis
element in Vj,
q
(favi>H - Z U)j(vj’ Ui)H fort=0,1,.., 4,
7=0

which is a system of ¢ + 1 equations and ¢ + 1 variables. Since the solution
is unique, it must exist.

The projection 7, f turns out to be the closest function to f in the L?

sense. That is,
N = 7uflleey € INF = vllezy for all v € V.
2.2 Gateaux and Frechét Deriviatives

In the previous section we reviewed the adjoint operator, which is de-

fined for linear operators. As we solve problems with nonlinearitics in our

13



projects, we are left with the problem of how to define the adjoint. In order
to obtain an adjoint for a nonlinear differential operator, we will lincarize
the problem using opcrator derivatives. These derivatives are discussed

briefly in this scction, and may be found in detail in [2, 38].
2.2.1 Basic Definitions

Recall that a real-valued function f : R — R is differentiable at x if

there exists an a = f’(x) such that

lim%(f(ert) — f(z) —at) =0.

t—0

We extend this definition to operators in higher dimensions using norms as

follows.

Definition 2.2.1. Let F : D ¢ R" — R™. We say that F is Gditeaur

differentiable at u € DO if there exists an operator A € L(R™, R™) such that
}llin%ill-HF(u +hu)— Fu—hAv|| =0 for allve R™. (2.2.1)

We think of Av as the deriviative of F' in the direction v, and we
sometimes write F'(u)v = Av. Such an A is unique, for supposc A, and A,

satisfy (2.2.1). Then,

(A1 = As)ul
F(u+ hv) — F(u)
h

F(u+ hv) — F(u)
h

——AIU —AQ’U

)

NF(u+hov) — F(u) — h A vl + %LHF(U—F hv) — F(u) — h Ay vl

> =

which converges to 0 as h — 0. Since v is arbitrary, {|A; — Aq|| = 0, or
Ay = Ay. Note that the statement Av = lim,_, %(F(u + hv) — F(u)) for

all v follows from (2.2.1). However, the limit on the right hand side existing
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for all v does not imply the existence of the Gateaux deriviative, as the
following example demonstrates. Let f : R? — R be defined by
@ =1 o
L) =19 g g2
EL AT

Then we show that limy . %(f(th) - f(0)) = %%7 which clearly cannot be

written in the form Ak for A € £L(R? R). Hence, f is not Gateaux differ-

entiable at z = 0.

In general, Gateaux differentiability docs not imply continuity. For

0 X =0
example, let f : R? — R be defined by f(z) = (x?tzﬁg)g sz L0 Then

we show that f has Gatcaux deriviative (0,0)7 at 0; however, f is not con-

tinuous at 0. One can overcome this problem by using Frechét deriviatives.

Definition 2.2.2. Let F: D C R" — R™, where D is an open subset of
R"™ . We say that F is Frechét differentiable at u € D if there exists an

operator A € L(R™,R™) such that

i IFGu+h) = Flu) - Ab|l _

im 0. 2.2.2
likli—0 IR (2.22)

Note that the above limit must exist for all sequences {hn}2, of
nonzero elements of R™ such that h, — 0. If the limit cxists, we call A
the Frechét derivative of F at u, and write F'(u) = A. We also note that

(2.2.2) is equivalent to F(u + h) — F(u) — Ah = o(]|h]]), or

Ah = F(u +h) — F(u) + o||h|, (2.2.3)

glh)

where g(h) = o||h|| if and only if TRl

— 0 as [|h]] — 0.

Proposition 2.2.1. If ' is Frechét differentiable, then F is also Gdteaux

differentiable.



The converse to the above statement is not true. For example, let

' 0 r= 0

flz) = %%TJ;% £ 40,
One may show that f is Gateaux differentiable at 0, but is not Frechét
deriviative at 0.

Finally, the following fact illustrates a main advantage of the Frechét

deriviative over the Gateaux deriviative:
Proposition 2.2.2. [f F' is Frechét differentiable, then F' is continuous.

Theorem 2.2.1. (Chain Rule) If F : Dy ¢ R" — R™ has a Gdteaur
derivative at x, and G : Dg C R™ — R? has a Frechét derivative at Fz,

then the composite mapping H = G o F' has a Gateauz derivative at x, and
H'(z) = G"(Fz)F'(z).

If, in addition, F'(x) is a Frechét derivative, then H'(x) is a Frechét deriva-

tive as well.

2.2.2 The Mean Value Theorem

Recall the Mean Value Theorem for scalar functions: If ¢ : [a,b] C
R — R is continuous on [a,b] and differentiable on (a, b), then there exists
at € (a,b) such that ¢(b) — @(a) = ©'(t)(b— a). It is not too difficult to

make sense of a Mean Valuc Theorem for functionals:

Proposition 2.2.3. If F : D C R" — R 4s Gateaur differentiable at all
potnts i a convexr set Dy C D, then for each x,y € Dqy there erists a

t €10,1] such that f(y) — f(z) = fl(x +t{ly —2))(y — ).
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There are several ways to define a Mean Value Theorem for functions
F : R" — R™. The first approach is one in which we apply the previous
proposition to each component functional of F. For F = (fi1,...fm)?, we

apply Proposition 2.2.3 to get ¢y, ..., t,, € R such that

file + 1y — 2))
Fy—Fz = : (y — ).
S+ tn(y — 2))

Another alternative gives an upper bound for ||F'y — Fz|| in terms of F'(x).

Proposition 2.2.4. If F: D C R" — R™ is Gdteauxr differentiable at all
points in o convex set Dy C D, then for all ©,y € Dy we have
|Fy — Fz|| < sup {|[F'(z + t(y — z))|l|lz - yll
t€(0,1]
Corollary 2.2.1. If ||F'(z)|]| £ M < oo for all x € Dy then F' is Lipschitz

continuous in Dy.

The third approach to the mean value theorem is based on the Integral

Mean Value Theorem. Let G : [a,b) € R — R™. Thus, G = [g1,. .., gl

P at)dt

where each g; : [a,b] € R — R. Define fabG(t)dt = : . Then

gi(t)dt
letting F : R® — R™, where F = [fi(z) ... fm(2)]T, we have fi(y) — fi(z) =

fo (x+t(y—x))(y—x)dt for each 7. To justify this formula we simply take
¢:(s) = fi(x+s(y—x)) and apply the Fundamental Theorem of Calculus to
¢(s). Provided that each f; is Riemann intcgrable, under proper conditions

we write

Fy—Fz = /0 Fllz +t(y — 2))(y — z)dt.
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2.2.3 Fixed Point Theory

Given a map F, a fixed point z satisfies Fx = 2. A common problem
is to guarantec that a map has a fixed point, and that the iterative map

ZTn = Fx,_1 converges to a fixed point.

Theorem 2.2.2. (Banach Fized Point Theorem) Let X be a Banach space,
and M be a closed nonempty subset of X. Let F : M — M be a map
satisfying ||[F'x — Fyllx < q|lz —yllx for 0 < g < 1. Then there is a unique
fized point x* € M. Furthermore, the sequence x, = Fua,_; converges to z*

for any initial 29 € M.

Provided the Frechét derivative F exists, we may use the Banach Fixed

Point Theorem to obtain:

li

y—z T — Y

<g <1

. F:L'—Fy“
m_._._——-....-

2.3 The Adjoint Operator

We recall that for a Hilbert space H, and a linear operator L on H, we
use the identity
(u, L"vyyg = (Lu,v)g,

to define the adjoint operator L*. To obtain the adjoint of a differential
operator L, we want to move the derivatives away from u onto v. To do
this, we recall the Divergence Theorem, [, V-Fdz = [, F-ndS(z), where
n is the outward normal pointing unit vector across the surface boundary.
By setting F = vVu and applying the product rule, we obtain Green’s First
Identity,

/ vAudz = / vOyudS(z) — / Vv - Vude, (2.3.1)

Q a9 Q
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where 9,u = Vu - n. Equation (2.3.1) is a gencralization of integration
by parts to higher dimensions. Also, if € C R" and there is a matrix
A(z) € R™" then we generalize (2.3.1) to get
/ V- (AVu)vdz = / vAVu-ndS(z)~ / AVuy - Vuvdz. (2.3.2)
Q a0 Q

2.3.1 A Linear Example

Consider the boundary valuc problem,

(2.3.3)

Lu= -V (AVu)+b-Vu+t+cu=f z€Q
u=0, x € 0f.

The goal is to find an operator L* such that (Lu,v) = (L*,v) for all v €

L?(©Q). We multiply both sides by v and integrate over €2 to obtain
(Lu,v) = /(~V (AVu)v+ b Vuv+ cuv)de,
Q

where we have assumcd that v is zcro on the boundary 9Q. We apply (2.3.2)

to the first term and integration by parts to the second term,
(Lu,v) = /Q(AVU Vv —ub-Vv+cuv)dz.
Applying (2.3.2) again,
(Lu,v) = /Qu(AV (AVv) —ub - Vv +cuv)de = (u, L*v).
We thus obtain the adjoint equation,

vy = T (AT — b . = Q
{Lv V- (AVy)—-b-Vo+cv=1y, z¢ (2.3.4)

v=_0 x € 0.
Remark 2.3.1. From the previous example and in view of Proposition
2.1.1, we see that the operator Lu = —V - (aVu) + cu is self-adjoint. That
is, L = L*,
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Suppose we want to evaluate u(yg) for some yy € Q. We solve the

adjoint problem (2.3.4) by setting the data ¢ = d,,. Thus, we obtain
w(yo) = (w,dy,) = (u, L*v) = (Lu,v) = (f,v).

This is called the method of Green’s function.

2.3.2 A Semilinear Example

As the adjoint is defined for linear operators, we may construct a unique
adjoint to linear differential cquations as done in the previous example.

Suppose we have a problem with a nonlinear right-hand side,

{—\7 (AVY) = f(u), z€Q (2.3.5)

u = 0, x € 0N
Since the right hand side depends on the solution u, we need to include it

as part of the operator. That is, we let
Lu =~V (AVu) — f(u).

The problem is that if f is nonlinear, then L is not lincar with respect to u.
Provided that the nonlinear operator is a map between Banach spaces with
a convex domain, we may choosc one of several ways to definc the adjoint.
In general, we want to estimate a linear functional of the error e = v — U,
where U is an approximation to the true solution u. To obtain a linear
operator when L is Frechét differentiable, we use the Integral Mean Value

Theorem to write

L(u) - L(U) = /O‘IL/(tU‘f‘ (1-8)U)dt(u —U),

where L' is the Jacobian of L. We dcfine the “average” Jacobian

1
L= / L'(tu + (1 = t)U) dt,
0
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a linear operator which is, in a scnse, the average of L'(u) and L'(U). We
take the adjoint of the nonlinear operator L to be the adjoint of the linear
operator L’ using the standard identity (T'e,¢) = (e,F*qﬁ). This adjoint
operator is impractical because it requircs the exact solution u. To define
a computable adjoint, we instead simply linearize L about U, i.e., replace
L’ with L'(U). To take this approach for (2.3.5), we take the Gateaux

derivative as follows.

DU)w) = lim ~(LU + hv) — LU)

h—0 h
_ El%ill (=V - (AV(U + ) — f(U + ho) + V - (AVU) + F(U))
= flgr(l)%— (~hV - (AVv) — D, f(U) hv + o(h?))
= —V.(AV0) = D.f(U)v. (2.3.6)

We define the adjoint of L as the adjoint of the linear operator L'(U).
That is, we search for (L'(U))* such that (L'(U)v,w) = (v, (L'(U))*w). By

Remark 2.3.1, with ¢ = — f'(U), we sce that L'(U) is self adjoint. Hence,

(L'(U)(w))" = =V - (AVw) = Do f(U) w. (2.3.7)

2.4 The Diffusion Equation

To motivate the diffusion equation, consider a domain £ C R? contain-
ing a contaminant with concentration u(z,t) at position z € © and time
t > 0. Let F(x,t) be the flow rate of the medium, which is a vector quan-
tity F' = (Fy, Fy, F3), where Fy(x,t) is the rate of flow in the z; direction at
position x and time ¢.

We start with the following basic conservation principle. In a region

Q, the total change in mass of a contaminant during the interval ¢, < ¢ < ¢,
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is equal to the total outward flux of the contaminant across the boundary

of the region,

/Qu(:r,tz)da: — /ﬂu(:r,tl) dr = — /:2 /a.ﬂF(:r,t) -ndo(x)dt.

Using the Fundamental Theorem on the left, and the Divergence Theorem

123 to »
/ /ut(:r,t)d:vdtz—/ /V-Fdwdt,
t N t1 Q

t2
/ /(Ut-f-V'F)d;L’dt:O,
131 Q
for all §2, (t;,t3). Then,

on the right,

or

w + V- F =0 for almost cvery z.

According to Fick’s Law, particles flow from regions of high concentration
to regions of low concentration depending on Vu. In other words, the flow

rate is proportional to the rate of change of w,
F = -D(z)Vu.
Substituting this into the above, we obtain
u — V- (D(z)Vu) = 0.

If we consider the addition of a particle source f(x,t}, the diffusion equation
is given by
dwu(z,t) — V- (D(x)Vu(z,t)) = f(x,t). (2.4.1)

If D(z) is constant, we get a simplified case called the heat cquation,

Ou — DAu = f(x,t).

22



We also note that if u(x,t) represents the temperature in a region, then
the above derivation is equally valid, and in this case D(z) represents the
thermal conductivity. In order for the problem to be solvable, we gener-
ally specify an initial condition u(z,0) = ug(x) and boundary conditions
w(z,t) = u(z,t) or Ddyu(z,t) = w(z,t) for x € 9Q,t > 0.

In the case of particle diffusion, u denotes concentration of a con-
taminant, and D the corresponding diffusion coefficient, To demonstrate,

consider the initial valuc problem

{ut(t, x) — %Dum(t,x) =0, t>0,zeR (2.4.2)

U(O, .E) = 50(.L)
This problem models all of the particles lying at « = 0 at time ¢ = 0. The
coefficient D controls how quickly the particles disperse from = = 0. The

solution to (2.4.2) is

u(t,z) = . exp (-i) :
V2rDt 2Dt
a Caussian with mean zero and standard deviation v/Dt. Hence, the par-
ticles spread out with increasing time. In addition, increasing the diffusion
coefficient D results in the particles spreading out at a faster rate.
If we expect the concentration u(z,¢) to settle to some cquilibrium
value u(z) after a long time, we set the derivative dyu = 0 to obtain the

stationary statc equation,
~V - (D(z)Vu(z)) = f(z). (2.4.3)

We note that (2.4.3) is an cxample of an clliptic equation and will be a

topic of discussion for much of this thesis.

23



2.5 Elliptic Problems

Consider the differential operator having the form
Lu=~Y_ 0 (ay(2)0s,) + Y _ b(x)du+ c(x)u, (2.5.1)
ig=1 i=1

or cquivalently,
Lu= -V - (A(x)Vu) + b(x) - Vu + ¢(x)u.

We say L is an elliptic operator if the matrix A = [a;;(z)] is a real positive
definite, symmetric matrix. In particular, for arbitrary £ € R", L satisfies

the ellipticity condition

n

> ay(2)&E > 0, (2.5.2)

=1
In general we make the stronger assumption of uniform ellipticity,

n

S ayla)ed > Clef? (2.5.3)

ij=1
If A is symmetric and in addition (2.5.3) holds for all £ € R™, we say that
L is uniformly elliptic. If this holds, then the smallest cigenvalue of A is
greater than or equal to C for all x.

For example, if a;; = §;;,b; = 0,¢c = 0, then L = —A, a uniformly
clliptic operator. An equation of the form —Aw = f is called Poisson’s

equation, and an equation of the form —Awu = 0 is called Laplace’s equation.
2.5.1 Applications of Elliptic Problems

Poisson’s equation has numerous applications in areas such as electro-
statics, elasticity, fluid mechanics, and statistical physics.
In electrostatics, we study the electrostatic potential, or voltage in a

region Q C R®. From the Maxwell equations we have V- E = p in §, where
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E(z) is the clectric ficld. From Faraday’s law, E is a conservative field, so
that E' = Vu for some scalar electric potential u. This leads to the Poisson
equation Au = p. In addition, we assume that u|gq = c for some constant
¢, so that 0% is a perfectly conducting surface.

In fluid mechanics, we have a velocity field F(x) of fluid in a region
Q). We assume that the fluid is rotation-free, so that the field is conser-
vative. Then we have u = VF for some velocity potential. If the fluid is
incompressible, then V-u = 0, and we obtain the Laplace equation Au = 0.

We may also apply the Laplace equation to Brownian motion. Consider
a randomly moving particle within a region {2 that moves at random until
it hits the boundary I'. We divide the boundary so that ' = [’y U 'g, and
let u(x) be the probability that a particle starting at z ends up on I';. Then
it turns out that « solves

Au=0 ze€Q,
u=1 zel)
u =0, T €Ty

2.5.2 Sobolev Spaces

Before continuing, we review some basic facts about Sobolev spaces.
These turn out to be uscful in studying partial differential equations, and
are the spaces we use in solving finite element problems. The vector space
L%(Q) is a Hilbert space defined by

LY(Q) = {u(a?)} lu(z)|? dz < oo} ,
0

where the integral is defined in the Lebesgue sense. The L2() inner product

is defined as

(w)iey = [ (ool do.



and the induced norm is

lu(z)|l 2y = (/ﬂ IU(z)IQda:> 1/2.

Before introducing more general Sobolev spaces, we first review the no-
tion of a weak derivative. Let C&(§2) be the space of infinitely differentiable
functions ¢ : {2 — R with compact support in 2. Functions ¢ € C(Q?) are

often called test functions,

Definition 2.5.1. A function v : Q C R™ — R belongs to the space L}, ()
if for every x € 1, there is an open neighborhood N containing x such that

N C Q and v is integrable on N.

Definition 2.5.2. Suppose u,v € L} (), and let o be a multiindez. We

say that v is the o' weak partial derivative of u, and write D*u = v, if

l/ulW¢dx:(—Dm{/v¢dxﬂwaﬂ¢ec%%Q)
2 2

Onc may show that weak derivatives are unique up to a set of measure

ZCTO.
Example 2.5.1. Let ) = (0,1), and define

r 0<z<l1 1 0<z<1
u: U:
1 1<z <?, 0 1<z

Note that u s not differentiable at x = 1; however, u has weak derivative v

in the weak sense. To show this, let ¢ € CF (). Then,

2 1 2 1
/Ou¢dx:/0 xd)d:c—!—/l ¢d:L':——/0 ¢dx+ (1) + ¢(2) — ¢(1)

1 2
=-—/ d)dwz—/ voder,
0 0

as desired.
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For s € Z*, we define the Sobolev space H*(Q) to be the set of functions
such that the weak derivative D exists and is in L?(Q) for each multiindex

a with |a| < k. That is,
H*(Q) = {u(x)|0% € L*(), for all |o| < s},

where « = (ay, ..., a,). It may be shown that H® is a Hilbert space, with

the inner product and norms defined to be
1/2

||UHHS(Q) = Z Haau(x)HZLZ(Q) )

|x|=0

s

(V) gsiy = »_ (0%u(x),0%0) 12(q).

|ee|=0
Note in particular, that L*(Q) = H°(Q). Also, for s = 1, we have

" 1/2
lu(z) | moy = (Hu(w)Hiz(Q) + Z ||8I_7u(x>||%2(ﬂ)> :

We define H}(€2) as the set of functions u € H*(€2) such that u|sn = 0. The

set H}(Q) is a subspace of H'() and shares its norm and inner product.
Remark 2.5.1. By Poincare’s inequality [23],
lullty oy < el Vulizq)- (2.5.4)

Consequently, it may be shown that ||Vul||r2q) is an equivalent norm for

the set Hj(Q).
2.5.3 Existence and Uniqueness

Consider the elliptic boundary valuec problem

{—v (A(z)Vu) + blz) - Vu + e(z)u = f(z), z€Q,

(2.5.5)
u=20 x € 09,

where Q C R", and A = al,. To obtain uniform ellipticity, we require that

a > ag > 0.
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Definition 2.5.3. Given a vector space V', a bilinear form is a function

BV xV = R, that is linear in each argument.

Definition 2.5.4. We say that u € H} () is a weak solution to (2.5.5) if
B(u,v)E/ﬂAVu-VU—Fb-Vuv—Fcuvda::(f,v), (2.5.6)

for allv € HY(Q).

Definition 2.5.5. A bilinear map B is bounded if there exists a constant

c > 0 such that
| B(u,v)| < allu||gllv||g for allu,ve H.

Definition 2.5.6. A bilinear map B is coercive if there exists a constant
8 > 0 such that

Bllullz < B(u,u) for allu € H. (2.5.7)
For example, if Lu = Au, then (2.5.7) means that
5”“”3}(5}) < HVUHQLZ(Q),
which requires the derivative to be bounded away from zcro.

Theorem 2.5.1. (Lax-Milgram Lemma) Let H be a real Hilbert space, and
B : Hx H — R be a coercive, bounded, bilinear mapping on H. If f : H —
R is a bounded linear functional on H (i.e. f € H*), then there exists a

unique element u € H such that
B(u,v) = (f,v) for allv e H.
Furthermore there is a constant C, independent of f, such that

lullg < ClIfla-
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This theorem relies on the Riesz Representation Theorem applied to
the mapping v — B(u, v).
To apply the Lax-Milgram Lemma to (2.5.5) to get an existence result,

we need the following theorems.
Theorem 2.5.2. Let B(u,v) be the bilinear form defined in (2.5.6). Then
there is an o > 0 such that
[B(u, v)| < aflullmy@ vl m o).
The proof of the following result is given in Appendix A.
Theorem 2.5.3. If —%V ‘b+¢ >0, then B is coercive.

We look for solutions u € H}(€2). We thercfore require that f €
H™YQ) = (H}(Q))*, the dual space of H}(Q). Then provided that —3V -
b+c¢ > 0, the Lax-Milgram lemma (2.5.1) guarantees that there is a unique
u € H}(Q) satisfying

B(u,v) = (f,v) for all v € H}(Q).

We list some basic regularity results for the case that f has higher
regularity than H ().

Theorem 2.5.4. Suppose a,b,c € C®(Q), f € C®(Q), and u € H}(NQ) s

a weak solution to (2.5.5). Then u e C®().

Theorem 2.5.5. Suppose that a € CH(Q), b, c € L®(Q), f € L*(Q), and
u € HA Q) is a weak solution to (2.5.5). Then u € H*(Q), and

lull 2@y < C (12 + ull2@)

for some constant C depending on . In addition, if u € H} () is the unique

weak solution, then

[ullg2) < Clf e
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Theorem 2.5.6. (Weak Mazimum Principle) If Q is compact, and u €
CHQ) U C(Q) satisfies Au > 0 in Q, then

maxulr) = maxulr).
zchd ( ) €N ( )

The theorem is sometimes used to give a uniqueness result, for if © = v
on 9%, then u = v on all of .

The Weak Maximum Principle also gives a useful continuous depen-

dence result. Consider the problem

“Au=f(z), €,
u = g(z), x € 99,

where f, g arc continuous. Define the perturbed problem,

—Aw = f(zx) z€Q
w = h(z) z € 092

By the maximum principle,

ax{u — w) = max(g — h).
Ifeﬁ( ) = max(g — h)

Consequently, if |g — h| < € for all 2 € 98, then ju — w| < ¢ for all 2 € Q.
This says that u depends continuously on the Dirichlet condition on the

boundary.
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Chapter 3

BACKGROUND: FINITE ELEMENTS
AND ERROR ESTIMATION

3.1 The Finite Element Method

The finite element method [11, 28, 17] is one of the standard methods
for approximating the solution of a differential equation. It gives a system of
equations which may be solved using a computer to produce an approximate
solution. The method is very powerful in that it can be used for a variety of
domains with complex geometries. It is also desirable because we can usc
a posteriori error estimation to improve the error in a quantity of interest

while minimizing the extra computational effort required to do so.
3.1.1 A Two Point Boundary Value Example

In this section, we give a brief overview of solving a two point boundary
value problem using the finite clement method. Consider the problem
—(a(@)u(z)) = f(z), =< (0,1),

w(l) =g, (3.1.1)
—/(0) = h.

The finite element method amounts to approximating the solution u

with a function U that solves the differential equation “on average”. That
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is, we require that
1
/ (—aU"Y ~ flvdz =0 for all v € Viy. (3.1.2)
0

The functions v € Vjy are called test functions, or weighing functions, and
the set Vi is called the test space. Thus, we do not require the residual
error —(al’)’ — f is zero, but rather that the residual error is orthogonal to
the set Viy. This condition is known as Galerkin orthogonality.

The finite clement method also amounts to solving the weak form of
(3.1.1). That is, we integrate by parts, and multiply both sides by a function

v € Viy. Specifically, we find U € Vr satisfying
1 1
/ aU/v'dwz/ fuvdz for allv € V. (3.1.3)
0 0

The space Vr is the set of trial solutions. Using the weak formulation has
several consequences. First, to solve (3.1.3), U needs one less derivative
than needed to satisfy (3.1.1). This mcans that the finite clement solution
U may not even be twice diffcrentiable. Also, we may intcgrate U’ cven if
it is discontinuous at isolated points.

For the example (3.1.1) poscd above, let Vp = {u € H'|u(1) = g}
be the set of trial solutions, and Viy = {w € H*|w(1) = 0} be the set of
weighing functions, To derive the weak formulation, we multiply both sides
of (3.1.1) by w € Vi and integrate over (0,1) to get

1 1
—/ (auYwdz = | fwdz.
0 0

Integrating by parts, we get

—a(1)u'(Nw(1) — a(0)u'(0)w(0) +/(; av'w' dz :/0. fwdz.
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Next, since w(1) = 0 and «'(0) = h, we have
1 1
—ha{0)w(0) +/ av v dzx =/ fwdz.
0 0

The finite element formulation to find v € Vp such that
B(u,w) = (f,w) + h A(0) w(0) for all w € Viy, (3.1.4)

where B(u,v) = folau"u’ dr and (u,v) = foluvdx. Equation (3.1.4) is
called the wcak, or variational formulation.

We will usc the discretization of V3 and Vi over some mesh 73, =
{zg,z1,...,xN41}, where zp = 0 < 21 < ... < zy < zy4; = 1. Call these
spaces Vi and V{};. For example, we may discretize the spaces over T by
the space of piecewise polynomials of degree ¢ with specified values on mesh

points in 7;,. The weak formulation of the discretized problem is to find

uh € V} such that
B, w") = (f,w") + ha(0)w"(0) for all w" € Vi%.
However, since V7 and Viy only differ at x = 1, we have
Vi = {ulul = ot + gt ot e VIR, 9" (1) = g}

We express the weak formulation in terms of searching for functions in Vi
instead of V}}. This has the advantage of allowing us to search for solutions
in the same space as the space of weighting functions. Then, the weak

problem is to find v" € V}% such that
B(" w") = (f, w") + ha(0)w"(0) — B(g" w") for all w* € Vi (3.1.5)

Let {¢:}, be basis functions for Vif,. Note that this implies that

#i;(1) = 0 for all i. Then, wh = Zij\;lwid)i, and vt = Zi]\ilvi@, for some

33



{w},, {v;},. We introduce another function ¢y, with the property
én+1(1) = 1. Then g"(z) = g¢n1(x), so that g"(1) = g. Hence, for any

u € V', we have

N
ut =" gt = Z Ui + 9Pt

i=1

Rewritting (3.1.5), we must find u” € VJ* such that for all w" € V{};,

N N N N
B (Z vj(bj,Zwmﬁi) = (f,Zw,vgbi) +ha(0) Y wii(0)
j=1 152 =1 =1 .
- B (g¢n+lazwi(/)i> :

7==1

Then,
N N N N
> wiB <¢>i, > fuquj) =Y wilf,¢) + Y widi(0)ha(0)
i=1 j=1 i=1 i=1

N
- Z wiB(d)n—f—lv ¢i)9'
=1
Since this holds for all {w;}¥,,

N
B (Cbi, Z Ujd)j) = (f,¢:) + ha(0)¢i(0) — B(¢s, dn+1)9,
7=1
or
N
S 0B(6,6)) = (f,6) + ha(0)6i(0) — B(dy bty (3.16)
j=1
for all = 1,2, ..., N. Define the N x N stiffness matrix
Aij - B(¢ia Cb]))
for 7,5 = 1,2, ...n and the N dimensional load vector

Fi = (f,¢:) + ha(0)¢s(0) — B¢, on+1) g
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for i = 1,2,...,N. Then if the desired weights V = (v, ..., v,)T, we write
(3.1.6) as
AV = F.

For example, let V4 be defined as the space of function that are lincar
on each interval of the mesh 7, [z;, x;1,] for ¢ = 2,..., N. In this case, the

linear basis functions {¢;}Y, arc defined by
=1

_—l’—l’,_,l 3 o o
7;,—:1:71,1’ S (‘L?r—lv Li])
— Lip1—T = .
Cbl - I'r#l“”%’ L 6 (wl"E’H’l]’
0, otherwise,
fori=2,..,N,
To—x )
by = i TE [z1, 22},
0, otherwise,
and

s = {—-~ v € (aw
L

0, otherwisc.

These basis functions are shown in Fig. 3.1. Note that ¢;(x;) = d;;. Con-

sequently the stiffness matrix A has values given by

B(gi,¢i) =1
B(¢iy dir1) j=i+1
B(¢iy¢iy) j=1i-1
0 otherwise,

Ay =

and the load vector F' has valucs

(f,¢1) + ha(0)$:1(0) i=1
o= (f,0) 2<i<N-1
(f.én) — B(dn,dns1)g 1= N.
We note that A is a sparsc matrix due to the fact that the basis functions
¢; are zero on most nodes. The matrix is also banded. For this cxample,
since V¥ and V;}> consist of functions that arc linear on each interval, then

all but the main and off-diagonal elements of A arc zero. In addition, since
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Figure 3.1: Piccewise linear basis functions {¢;}~ 1! in 1D.

a(¢s, ;) is symmetric, A will be a symmetric matrix. It also turns out that
A is positive definite, hence invertible. The nice properties of A add to the
appeal of the finitc element method. In particular, due to the sparseness of
A, we can quickly solve AV = F' using an itcrative technique.
We solve the problem
—V - (AVu)=f z€Q
{u =0 T € 09,
for a domain 2 C R" in higher dimensions by following the same general
technique as above. For a problem in two spatial dimensions, we typically
assume that €2 is a polygonal domain consisting of triangular elements. We
say the set of triangles that partition € is a triangulation of  if no vertex
of any triangle lies in the interior of an edge of another triangle. In other
words, the mesh must contain no hanging nodes. In this case, we let 7Ty

denote a triangulation of 2, hy denote the length of the largest cdge of
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k € Ty, and set h(x) = hiy. Numerous texts such as [11, 28, 17] explain the

generalizations to other types of problems or problems of higher dimensions.
3.1.2 A Semilinear Partial Differential Equation

Consider the problem

~V - (AVu) = f(: Q
u=70 x € 02
The weak version of the problem is to find U € V, such that
/(AVU Vv — f(U)v)de =0 (3.1.8)
Q

for all v € V. We cannot apply the analysis above for a general nonlincarity
f. We can, however, approximate the solution to (3.1.8) by using a fixed
point technique applicd to the operator F(u) = =V - (AVu) — f(u) + u.
However, convergence of the method requires that the norm of the derivative
is bounded by 1, ||F'(U)|| £ C' < 1. The success of this method is therefore
fairly limited, since this bound will typically not hold.

A better option is to apply Newton’s method to solve (3.1.7). Recall

that in order to solve F'(z) = 0, we start with an initial guess zo and iterate:

F(%’—l)

Ly = Ti-1 — m,

until ||z; — 2;-1]] is sufficiently small. Equivalently, we repeatedly solve
Fl(xim)w; = —F'(x;-1), and sct u; = u;—1 + w; until ||w;]| is small.

We apply this technique to solving
L(u) = -V - (AVu) — f(u) = 0. (3.1.9)
Newton’s method is to find w; = u; — u;—; such that

LI(Ui_l)’w«b = —L(Ui,l), (3110)
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for each iteration 4. To lincarize L, we find the Gateaux deriviative L'(u)

in the direction v. Following the argument in (2.3.6),
L'(uyv =~V (AVv) — Dy, f(u)v.
We then write (3.1.10) as
-V - (AVw;) — Dy f(ur)w; = V- (AVu_1) + fuir).
Since w; = u; — U1,
=V (AV(u; — ui—1)) = Do f(wio1)(uy — uimy) = V- (@Vui1) + flui-1),
or simply
=V (AVw) — Dy f(ua)(wi) = =Duf(ui)uior + f(wior).
Putting this into weak form gives the algorithm:

Choose initial guess ug.

While l|u; — wi—1l| > TOL or ¢ > MAX ITS
Find u.y; € V such that fQ(AVm VU = Dy f(ui1)u;v)de =
Jo(=Duf(ui1)uimy + f(us)) vde for all v € Vj,.

End while

3.2 A Posteriori Error Estimation

In this section, we define a representation for the crror in a quantity of
interest computed from an elliptic problem, using techniques of a posteriori
analysis (see [18] or [22] for example). First, we provide an overview of

a posteriori error estimation. Consider a simple model problem, where
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A e R b e R" and we would like to find 2 € R™ satisfying Az = b.
Given an approximation X to z, define the errof to bce = 2z — X, and
assume that we want to estimate the value of the error functional (e, 1) for
some 1 € R™, Then, consider the solution ¢ € R™ of the associated adjoint
problem AT¢ = 9. This leads us to
n
(e, )] = I(e, AT¢)| = |(Ae, 8)| = |(b = AX, )| < Y b — AXy| - |,
= (3.2.1)
the weighted @ posteriori estimate. The residuals {b, — AX,} | arc casy
to compute, and the weights {¢;}7, tcll us about the influence of the local

residuals on the error of (e, ¢).
3.2.1 A Linear Elliptic Problem

Consider the boundary valuc problem

{—V (A(@)Vu) = f(z) z€Q (3.2.2)

u =0 € 09,
where 0 C R" is a convex and polygonal domain, f is a smooth function,
and A(z) is a symmetric, positive definite matrix with smooth cntries such
that yT Ay > aglly||? for all y. Let ¢ = u — U be the difference between
the true solution u and the computed solution U. In general, it is com-
putationally incfficient and impractical to compute the pointwise crror at
each point in the domain. In many applications, it is useful to compute
the average error of the solution against some weighting function ¥. The
function ¥ reflects the region in € in which we would like to gain infor-
mation about the error. Specifically, we compute (e, ), a linear function

of the error weighted by ¢ € L?*(€)). For example, it ¢ = 1, then (e, )
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gives the average error. If ¢ = §,(x), then (e, ¥) gives the error at point v,

u(y) — U(y). Denote the linear operator L by
Lu= -V (AVu). (3.2.3)
We use the following notation:
(u,v) = /qu dz, (AVu,Vu) = /QAVU -Vudz.

Since L is linear, we define the adjoint operator L* so that (Lu,v) = (u, L*v)
for all v € L?(2). The adjoint equation takes on the form L*¢ = 1. We

use an analogous argument to (3.2.1):

(e, )| = |(e, L7¢)| = |(Le, 9)| = |(f — LU, @) < ||f = LUl ],

where we have uscd the Cauchy-Schwartz inequality. Thus, we are able to
obtain an upper bound for the error after the solution U/ has been computed.
To demonstrate, we derive an error estimation formula for (3.2.2).

From (2.3.4), we have L*v = =V - (AVv). To derive (2.3.4), recall that
we assumed that v = 0 on the boundary. The adjoint cquation for this

problem is then
-V (AV9) =9y xz€Q
¢=0 x € 9§)

We also define 7,u to be the L? projection of u onto the finite clement space

V. Then by Galerkin orthogonality,
(AVu, V7o) = (f, o).
Finally, we obtain the crror cstimate
(e,9) = (u=U -V (4AV9))
(—V - (AVu), ¢) - (AVU,V¢)
(f,¢) = (AVU,V¢)
= (fa ¢ — ’/Th(z)) - (AVU» V(¢ - ’/Th¢))-

Il

fi
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supposc we would like to include the effects of quadrature crror. Let
g be some approximation of g, so that when we integrate g(z) using a
quadrature rule, we obtain [, g(z)dz cxactly. For example, if we use a
trapezoidal rule, § is the projection of g onto the space of piecewisc linear

polynomials. The actual problem to be solved is: Find U € V}, such that

Amﬁﬁ%mzéﬁm

for all v € V,,. We use the same ecrror formula as before, then add and

subtract the above equation with m,¢ substituted for v:

/Qez/)d:r = /Qfgbdx~/QAVU-qudx
/Qfgsdx—/dex—/ﬂAVU-wdH/ﬂmdx

i

= /f(gﬁ-whgb)d:v—/AVU-V(¢~7Thd>)dw
Q Q i

+ /(fﬂhgb~m) dr — / (AVU - Vpp — AVU - V) da.
Q

Q

The first two terms measure the discretization error and the last two mea-

sure the effects of the quadrature error.
3.2.2 A Semilinear Elliptic Problem

In this section, we provide an error representation formula for the el-

liptic problem

{_v (A(@)Vu(z)) = fu,z;0), z € (3.2.4)

u =0, z € 09,
where 2 C R” is a convex and polygonal domain, f is a smooth function,
A(x) is a symmetric, positive definite matrix with smooth entries, yT Ay >

aolly||? for all y, and A € A C R” are parameters.
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We let V, denote the space of continuous piecewisc lincar functions
with respect to 7, that arc zero on 9Q. The finite element approximation
U €V, solves

(AVU,Vv) = (f(U, \),v). (3.2.5)

for all v € V;,. We define the adjoint to the linearized problem about U
using (2.3.7),

¢ =0, z € 0.

Thus,

(e’w) = (u -U,-V- (CLV(Z))) - (sz(Ua >‘)a¢)
= (u—-U -V -(aVe)) — (u—=U, D f(U; \)). (3.2.6)

If we integrate by parts on the first term and use the definition of the adjoint

on the second term, we obtain

(6,10) - (AV(U - U),VQb) - (Duf(Ua )‘)(u - U)a ¢)

Next, we expand the first term, then integrate by parts to obtain

(6, w) = (Avuv v¢) - (AVU : v¢) - (Duf(U> )\)(U - U), ¢)

= (V- (AVu),¢) = (AVU, V) — (Duf(U,N)(u - U), ¢). (3.2.7)
Using (3.2.4),
(e,%) = (f(u,A),9) = (AVU, V) — (Duf(U, N)(u - U), ).
Next, we make usc of the Taylor expansion

f(ua/\) = f(Ua >‘) + Duf(Ua/\)(u’ - U) + Ry,
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where R; = o(|u — Ul), to obtain the representation:

(e;¥) = (f(u, A), ) = (AVU, Vo) — (f(u,A) = f(U,A) + R, 9).

We cancel terms and ignore the higher order term (R;, ) to obtain the

estimate:

Note that terms in (3.2.8) do not cancel since ¢ is not necessarily a member
of V. However, we introduce a projection of ¢ onto space V, n,é. Using

the orthogonality condition (3.2.5), we have
(—AVU,Vm¢) + (f(U,A), mh¢) = 0.
Substituting these into (3.2.8) gives
(e,9) = (=AVU, V(¢ — mnd)) + (f(U, A), (¢ — mr)). (3.2.9)
This analysis also holds for the casc in which (3.2.4) is a system of equations.

3.3 Adaptive Error Control

In this section, we usc the a posteriori crror cstimate as the basis for
adaptivity by employing the following standard “optimization framecwork”
[18, 6, 3].

The overall goal of adaptive error control is to generate a mesh with a

small number of clements such that for a given tolerance TOL,
error in the quantity of intercst = |(e,¢)| < TOL. (3.3.1)

In general, we cannot use (3.3.1) directly since e is unknown. We thus use

an error cstimate and construct a mesh that satisfics

a posteriori estimate of the error in the quantity of interest < TOL.
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We write the cstimate as a sum of “clement contributions” that indicate
the contribution to the total error for cach clement of the mesh. From (3.2.9)

for example, we write

(e, ¥)| = [(=AVU, V(¢ — mé)) + (f(U, A), (¢ — 7))

=1 (AVU, V(¢ — )i + (f(UN), (¢ = m@))k| < TOL. (33.2)

KET;,

If the approximation U satisfies (3.3.2), the solution is acceptablc and the
refinement process is stopped.

However, if (3.3.2) is not satisfied, we need to determine which el-
ements of the mesh to refine, or if we should increase the order of the
element functions. One problem with using (3.3.2) is that there may be
significant cancelation between the element contributions. A large positive
contribution from onc of the clements could cancel with a large negative
contribution from another element. The standard remedy is to introduce
norms, to get the acceptance criterion

e, 0) < D |-(AVU, V(¢ = md))x + (f(U,A), ¢ — mud)x| < TOL.
KeT,

(3.3.3)
We may view the problem as a constrained minimization problem. That
is, we find a mesh with a minimal number of elements, for which the ap-
proximation satisfies (3.3.3). The solution of the problem is achicved by
following the Principle of Equidistribution [6], which states that the ele-
ment contributions should be approximately equal. We therefore accept

elements that satisfy

~(AVU, V(9 - mo)x + (U, X6 - mo)el < S, (334)
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where M is the number of elements in 7. The difficulty of finding an
optimal mesh selection arises duc to the fact that (3.3.3) is typically orders
of magnitude larger than the crror estimate (3.2.9). To limit the number
of elements refined at each step, we could use a number of strategies. For
example, we could refine clements whose clement contribution to the error
bound is greater than a number of standard deviations from the mean error
contribution. Alternatively, we could refine a fixed fraction of the elements

with the greatest element contributions.
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Chapter 4

BACKGROUND: GRADIENT METHODS
FOR OPTIMIZATION

In our project, we optimize a quantity of interest with respect to param-
eters in the model by using a gradient search algorithm. In particular, we
use a search method that follows the gradient and avoids the computation
of the Hesslan. In this chapter, we discuss topics in unconstrained opti-
mization that arc rclevant to our project. In particular, we discuss steepest
descent, conjugate gradient, and Quasi-Newton methods [32, 8, 16, 13]. We
also discuss issues that arise when we perform a line scarch,

The basic descent method xp,; = 7y + ardy is defined to generate the
sequence {z;}, where oy = argg(l)inf(mk + ady), and dy is some direction
of descent. The value ay is found using a line search strategy. Under
proper conditions, the sequence {zx} will converge to a local minimum of
the function f(z). For example, in steepest descent, dy = —V f(xzy), and for
the conjugate gradient method, dg = —Vq(Ag), and di, = —Vaq(A¢) + Brdi-1
for £ > 1. Higher-order methods such as Newton’s method are commonly
used but we will not address them here, since we wish to avoid computation
of the Hessian V2 f(x) in this thesis. We discuss the steepest descent and

conjugate gradicnt methods in detail below.

46



4.1 Steepest Descent

The descent methods utilize the fact that the gradient points in the
direction of the maximum increase of f. This simple fact may be easily
verificd. Recall that if d is any unit vector, the rate of increase of f(x)
in the direction d is given by V f(x) - d. Hence, by the Cauchy-Schwartz

inequality,

Vi) d < VS @] = V1@ = 9 fle) - H

Thus, V f(x) - d is maximized when d = 25

To derive the method of steepest descent, let ¥ be an arbitrary point

in the domain of f(x). By Taylor’s theorem,

f(a® = aV f(z%) = f(%) - a| Vf(@)]* + ola)

So for small o > 0, f(z° — oV f(z%) < f(z°). At each step, we wish to

find the best such a > 0. The steepest descent algorithm is as follows:

Choose z°
For k=10,1, ...
ay = argmin, ., f(z* — aV f(z*))

xk+1 — mk - aka(:Ek)

End
In the case of f(z) being quadratic, we may easily calculate oy at
cach iteration. Let f(z) = %xTQm — bTx, where @ is a symmetric, positive
definite matrix. Then the extrema of f(x) is found by solving 0 = V f(z) =

Qxz — b. For the sakc of readability, let gx = V f(xx). We seck a solution to
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ap = argming . o¢r(a), where ¢p(a) = f(zx — agr). Applying the first order

necessary conditions, ¢} (a) = 0. That is,

0 = L(f(zx - agy)

do
= —giVf(zk ~ ag)
= —Q;{(Q(l'k — agi) — b)

= gb~ gl Quy, + agt Qus.

Therefore, the optimal « is given by

_ 9;{(—5 + Qi) _ rigk
9t Qg 9L Qux

(4.1.1)

4.2 The Conjugate Gradient Method

The steepest descent algorithm works well for simple functions, and
converges to the exact minimum in one iteration in the case that f is
quadratic. On the other hand, steepest descent works poorly for functions

such as the Rosenbrock function,
f(xy) = (1—2)* +100(y - 2*)%. (4.2.1)

The function is well known for having the property that stecepest descent
performs poorly in finding the local minimum (1,1). For example, in Fig.

4.1 we run 213 iterations to reach a stopping tolerance,
IV f(zk) = V@)l <107° (4.2.2)

to find the minimum of (4.2.1).
We want to avoid thc oscillating bchavior of stcepest descent. We

avoid this by using a relaxation approach. That is, we do not use only
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the current gradient to determine the step direction at cach iteration, but
rather an average of the current gradient with some previous gradients. It
turns out that the conjugate gradient method docs exactly this. Instead of
stepping in the —V f(zy) direction, we step in a dircction that is a linear
combination of the current gradient and all previous directions taken. In
particular, the dircction taken is one which is called (J-conjugate to all
previous search directions.

To demonstrate the improved results, in Fig. 4.2 we see that the conju-
gate gradient method requires 17 iterations to achieve the stopping criterion
(4.2.2) for (4.2.1), a big improvement from steepest descent. Another ex-
ample is shown in Fig. 4.3, wherc we compare the results of the two search
methods for f(z) = —sin(5z% — 2y? + 3) cos(2z + 1 — e¥), 2y = (—.4, 4)T.
We sce that steepest descent requires 34 iterations to achiceve (4.2.2) while

the conjugate gradient method only requires 6.

Steepest Descent, 213 iterations

0.68

0.675

S 0665

‘. s .
-1 -05 0 05 1 16 0.815 0.82 0.825 0.83 0.835

Figurc 4.1: Stecpest descent applied to the Rosenbrock Function, with a
zoomed view on the right. Convergence reached in 213 iterations.

We investigate conjugate direction methods for finding d,. Again, let
flx) = %QSTQQS —z%b, where Q is a symmetric positive definite n x n matrix,

and x € R™. Let g, denote the gradient at the k*® iteration, V f(zy).
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Congugate Gradient, 17 iterations

Figure 4.2: Conjugate gradient applied to the Rosenbrock function, with a
zoomed view on the right. Convergence reached in 17 iterations.

Definition 4.2.1. Let Q be a real symmetric matriz. The directions dy, dy, ...

are Q-conjugate if d] Qd; = 0 for all i # j.

To begin the conjugate gradient algorithm, we choose an initial guess
zg, and set dg = —gg. If we have @J-conjugate directions dy, d1, ..., d,, then
at each iteration we choose xry1 = Tx + ardr, where ap = 5%1%' We
may directly show that oy is chosen to satisfy cy = argmin, ;oo (c), where
or(a) = f(zx+ ady). Using the fact that the directions {d,}I=; are linearly

independent and @ is positive definite, we obtain the following theorem:
Theorem 4.2.1. The above algorithm converges in n iterations

The following lemma gives us that the gradient gx41 is orthogonal to

the previous direction dy.

Lemma 4.2.1. For each k = 0,1,...,n—1 wn the above algorithm, g,:cr+l dy =

0

The gradient gy is also orthogonal to all previous directions dy, dy, ...dg_1,

as stated in the following lemma.



Steepest Descent, 34 iterations Congugate Gradient, 6 iterations
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Figure 4.3: Descent methods applied to f(z) = — sin(5z? - %y2+3) cos(2z+
1—eY),mp=(—4,.4)".

Lemma 4.2.2. For0<k<n—1,0<i <k, we have gi,,d; =0

We are left with the problem of gencrating (J-conjugate dircctions
{d:},. This is donc by setting di to be a linear combination of g, and
dg—;. We use the following proposition to fill in the missing piece of the

algorithm.

ngJrlek

Proposition 4.2.1. Let G, = TGy

If dy = —go, and dxgy = —Gry1 +

Brdy, then the directions {d;}7=y are Q-conjugate.

Combining (4.1.1) and Proposition 4.2.1, the conjugate gradient algo-

rithm takes on the form:

Choose 20, set k =1

90 = V f(z0)
Set dy = —go
For k =0,1, ...



_ gl dy
dl Qdy

(&7
gl = gk 4 apdy

gkt1 = V f(2k11)

,6 = Q{ Qdy,
k= dlQd,

dis1 = —Gkt1 + Brdi

End for
Recall that we do not have the Hessian, ¢, which appears in the com-
putation of B and ay. Since « = argmin, .o f(xx + ady), we replace (4.2)
with a numerical line search procedure, the details of which will be given
later. The other part that requires the Hessian is

By = Qdek
“TdlQdy

We may approximate G in several ways, as described in [13]. One method
uses the fact that Qdy ~ g’fi;—k:—qi To justify this approximation, recall that
Tpy1 = Tk + opd. Pre-multiplying by @ gives Q41 = Qg + o Qdi and
in the quadratic case, gx = Qxx — b, 80 that gx+1 = g + ax@Qdk. But then,

Qdy, = ﬂ‘%:k_i. Now the formula becomes

- 91?+1(9k+1 — gk)

= 4.2.3
O dZ(QkH - gk) ( )

which is called the Hestenes-Stiefel formula. Other formulas for 35 exist

such as the Polak-Ribiere formula,

. Qz+1<9k+1 - Qk)

B, = , (4.2.4)
1%l
and the Fletcher-Reeves formula,
[l g1l
B, = MLl 4.2.5
T 429



4.3 Other Descent Methods

Other methods such as the quasi-Newton method could be used as well.
These methods approximate the inverse Hessian without having the Hessian
in hand. We outline onc typc of quasi-Newton method, the BFGS (Broy-
den, Fletcher, Goldfarb, and Shanno) briefly method below. To implement,
suppose we wish to optimize a function f(r), where z € R".

Let Hy be a real, symmetric, positive matrix.
For £k=0,1,2,..

dp = —Hy

O = Hlinazo f(lk + Otdk)

Lp+1 = Tk + akdk

A:rk = Qlkdk

Agr = gk + 1 — gk

AgZHkAgk A:L'kA:L{
AglAzy ) AxTAgl
HkAgkAlz + (HkAgkASL']{)T
Agi Axg

End for
With an accurate line search, the sequences generated by quasi-Newton
methods tends to conjugate directions and the algorithm constructs an ap-
proximation to the inverse Hessian matrix. As a result, near a local min-
imum where the Hessian matrix is positive definite, the method tends to

approximate Newton’s method, hence it achieves a faster convergence rate.
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Another advantage is that quasi-Newton methods are not as sensitive to
accuracy in the line search. On the other hand, the conjugate gradient
method is faster in large dimensions. To illustrate, let n be the dimen-
sion of the variable to optimize, ¢r the computational work required to
compute the cost function ¢, and Vgr the computational work required to
compute the gradient. Then the quasi-Newton method requires roughly
qr + Vqr + O(n?) computations per iteration, while the conjugate gradient
method requires roughly gr + Vgr + O(n) computations per iteration. If
qr + Var << O(n?), the the conjugate gradient method is preferable, oth-
erwise the quasi-Newton may be preferable due to its previously mentioned

advantages.

4.4 Line Search Methods

If we use a descent method without use of the Hesslan, we need to apply
a line search at some point to minimize ¢(«) = f(zx + ady), where xy is
some iterate and dy is some direction in the descent method. A simple line
search method is the sccant method, which is bascd on Newton’s Method.
To elaborate further, let g(z) = f(2x) + f'(zk)(z — zx) + 5 f" (zx) (€ — z1)?,
the second order Taylor scries approximation of f(z). Then to optimize
q(z), we set 0 = ¢'(z) = f'(xx) + f"(zk) (2 — xx), which yields the result

f(zx)
f(aw)

r = T —

Since we do not wish to compute f”(z), we rely on the sccant method and

make the substitution

() ~ f' (k) — f’(w'/c~1).

Tk — Tk




This yields the line search method;

T — Tg—1 '

Ty = T — mf (zx).
There are many other commonly used methods, such as polynomial inter-
polation, described in [16] or [8], for example.

To guarantee that we take a step of decrease, we could naturally imposc

the condition on oy that f(xy + axdy) < f(xk). In practice, we introduce a

stronger requirement on « called the Armijo condition:
flag + ade) < flag) + aaV fzg) - dy. (4.4.1)
In other words,
d(a) < (0) + crad’(0).

This guarantees a condition on the amount of decrease of f during the line

search. Another condition we may impose is a curvature condition,
Vf(y + arde) - dp > 2V fay) - dy,

or
¢’ (ax) > c20'(0).

The strong Wolfe conditions consist of a slight modification of these:

{f(:ck + adr) < flax) + 1oV f () - di, (4.4.2)

IV fzx + ardy) - di| < ca| V f(zk) - diel.
The above conditions guarantee that the descent sequence is decrcasing at

a sufficient rate. Numerous line search algorithms exist that incorporate

these conditions (see [16] for cxample).



Chapter 5

AN ADAPTIVE ALGORITHM FOR AN
ELLIPTIC OPTIMIZATION PROBLEM

5.1 Introduction

In this chapter, we address the problem of optimizing the quantity
of interest computed from a solution of an clliptic problem with respect to
parameters defining the problem, We let u solve the elliptic boundary value
problem,

{_v (AVY) = f(u,z;N), T €Q, (5.1.1)

u = 0, z € 09,

where O C R" is a convex and polygonal domain, u : R™P? — R% f
is a smooth function, A(x) is a symmetric, positive definite matrix with
smooth entries, yT Ay > aplly||* for all y, and A € A C R? are parameters.
We assume that the quantity of interest g(A) = q(u,\) = (u,9¥)2q) is
a linear functional determined by the data ¢ € L%(Q). For example, if
1 = 1/vol(2), then ¢()) is the average value of the solution v and if ¢ = §,,
then ¢()) = u(z). The analysis in this chapter extends to general boundary
conditions and to the case a(z) = a(x, A) as well.

In this chapter, we consider the problem of numerically implementing

gradient descent methods for searching for an optimal value of g(A). To
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define the gradient of the functional Vg(A), we use the definition of the
Frechét derivative. To obtain a robust search algorithm, we need accurate
values for the gradient Vg(A) and the quantity of intercst ¢(A). In practice,
we use an approximate solution U, thus introducing crror in the gradient
search. Hence, the accuracy of U is a major concern. In particular, typical
scarches require scveral computations of U corresponding to different values
of the paramcter A. We may view u as an implicit function of A and note
that as A varies, then the error in U is also likely to vary. This in turn
affects the gradient error. In this chapter we derive an a posteriori estimate
of the gradient error and devise an eflicient adaptive algorithm to control
this error.

In [3, 5, 4], a gencral cost functional g(u(z), A(z)) is optimized subject
to the constraint A(u) = f()\), where A is a partial differential operator re-
lating a state variable u and a control variable A. In these papers, stationary
points of the associated Lagrangian functional are computed, which corre-
spond with the set of possible local extreme values. The stationary points
are found by solving the corresponding Euler-Lagrange system of equations.
The mesh adaptation is driven by a posteriori error estimates for either the
cost functional or an arbitrary quantity of intercst. In this chapter, we opt
to instead find local extreme values using gradient searches, and we apply
a postertori techniques to correct for error in the gradient.

To illustrate, we give an ecxample of a two point boundary value prob-

lem in which numerical crrors change as the paramcter varies,

{——u” = f(u) = vsm( ) +9(z), ze(-11), (5.1.2)

u(-1) =u(l) =
The true solution is u = tanh(20eM (=) (z —e*2(0=22)=1)) cog(mz/2) (A2 +.1),

and we take 1) = 1, so that g(\) = fil udz. In Fig. 5.1, we plot the true
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Figure 5.1: On the left is a plot of an approximation of g(A) = f‘ll uwdz for
(5.1.2). There are two cxtremal values in the parameter domain. On the
right is a plot of the L? crrors of the finite element solutions computed on
a uniform mesh veorsus paramecter values. The errors vary significantly.

q(\) as a function of A, where A € R?. We sec that there are two local
minima, at points A and B. If we compute approximate solutions using
one grid for all parameter values, the error varies greatly as the parameter
varies, as demonstrated by Fig. 5.1. In addition, the arcas in the domain
where the error is large vary in parameter space. In Fig. 5.2 we sec that the
pointwise errors for two different points in the domain vary and are quite
distinct from each other.

We also demonstrate that the gradient error can make a significant
impact on the progression of a search algorithm. In Fig. 5.3 we plot the
errors of the partial derivatives, which vary considerably with respect to the
parameters. In Fig. 5.4 we start the search algorithm in the saddle border-
ing the two local minima. Without crror control, the sequence converges to
point A, as shown in Fig. 5.4 on the left. On the other hand, if we control
the error in the gradient in the way described in this paper, then we obtain
a sequence converging to point B, as shown in Fig. 5.4 on the right.

The straightforward “standard” approach is this: We use a posteriori

analysis employing adjoint opcrators and computable residuals in order to
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Figure 5.2: Plots of the pointwise error of finite element solutions U com-
puted on uniform meshes as parameters vary. Left: error at x = 0. Right:
error at x = 0.5.

-1 -2

Figure 5.3: Plots of errors in approximated dq/0); (left) and dq/0\, (right)
computed on uniform meshes as parameters vary.

obtain accurate error estimates in both a quantity of interest and the gra-
dient of the quantity of interest. With an accurate error estimate in hand,
it is natural to try to devise an adaptive control algorithm. This is prob-
lematic in computational terms. We approximate U(Ag) by computing an
adapted mesh that controls error in g(U(\)) and Vq(U()\y)), then com-
pute a new adapted mesh to control the error in g(U(\y)), Vq(U(\,)), and
so on. Generating new adapted meshes at each step is a very expensive

proposition. It is also inefficient given that the parameter A only changes
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Figure 5.4: Plots of scquences of gradient secarches for extrema. Left: com-
puted without error control. Right: computed with error control.

by small increments at cach step. Hence, we cxpect the solution and the
numerical error to change by small increments.

We therefore propose a way to make use of an incremental adaptive
algorithm in which we refine and unrefine as A changes. Specifically, we
propose a strategy where mesh changes are taken only on those elements
in which error contributions take on significant changes. We usc the «a

posteriori estimates on the gradient error to control the mesh changes.

5.2 Computing the Gradient

We derive a formula for the gradient V¢(A) using duality and adjoint
equations. We first consider the change in a guantity of interest corre-
sponding to a change in parameter. Let A be a parameter value, and u
the corresponding solution. We let A denote a perturbation of A and 4 the

corresponding solution,

{wv.(AVﬂ)=f(fL;:\)7 r €, (5.2.1)

=0, x € 06

=1
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We define the adjoint by lincarizing about 4. Using (2.3.7), the adjoint

operator may be defined as

(L'(W)§)* = —V - (AV) — Dy f (@3 N) ¢.

Let ¢ € L?(Q) be some smooth function. The adjoint equation is defined

as

Y (5.2.2)

The relevance of this problem to computing the gradient is given by the

{—V (AVG) - Dif(@ NG =, TR,

following thcorem:

Theorem 5.2.1. Suppose that (5.1.1) satisfies the Lipschitz condition ||u—
|22 < LIX — A for some L > 0. Let ¢ be the solution to the adjoint
equation (5.2.2). Then the Frechét derivative of g()\) evaluated at X may be
approximated by

Vag(@ ) - (A= A) = (Vaf(@ ) - (A= A), ), (5.2.3)

where (-,+) denotes the L? inner product.

Proof. To compute the Frechét derivative of the quantity of interest with
respect to the parameter A, we need to consider the difference g(A) — g(A).

Using (5.2.2),

(u—t,9) = (u—1,-V-(AVY) ~ D[ (i A)¢)

il

= (u—1@, -V (AV§)) — (u— &, DLf(it; \)g).

Now integrating by parts twice on the first term and using the definition of

the adjoint on the second term gives

Il

!
<
N
<
<

!
=
s

|
-
£
~
JQI
et
=

|
=]
<

g(A) —q(X)

= (f(wA) = [(%X),d) = (Duf (@A) (u— @), ).
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Recall the Taylor expansion of f(u; A) centered at (@, A):
Fus ) = f(@A) + Duf (M) (u — @) + Vaf(@ A) - (A = X) + Rlu, @A, A),
where R = o(|]A — A|) + o(flu — @f)). Hence,
g(\) = g(N) = (f(wA) = (@A), 9)
= (flw ) = F(@A) = Vaf (w3 A) - (A= X) = R(u, @54, M), 9),
or simply
() = q(A) = (Vaf(w ) - (A = 2),0) + (R(u, T A, A), ).
This yields (5.2.3) provided that
(R(u, @5\, X), 9)|

lim = =0. (5.2.4)
[A=X]—0 A — A

To show (5.2.4), we require R to be higher than first order in both
lu — @|| and |A — Al. Under rcasonable assumptions on f and assuming u

and 4 are contained in a compact region, we can obtain
IRI < € (Jfw— @™+ + A - Ae)

for some € > 0, all A, A € A. From [10], we know that |Ju — @l — 0
as |A — 5\| — 0. Wc assumec the problem satisfies the stronger Lipschitz
condition ||u — || < L|A — A| for some L > 0. With these assumptions, we

have

iy ©(he—ale+ =)

A-Al T A=Al
Y l+te Y [1+e . .
< CLIA = )| +~CIA Al <GA— -0
A=A
as |\ — A| = 0, where C' = C(L'* + 1)||¢]|. -
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5.3 Computing the Gradient Error

We now return to the problem of estimating the error in the gradient
Vgq(A), arising from using a finite clement approximate solution. Again, we
use the finite element formulation (3.2.5) to solve for the solution of U at
parameter value A. Similarly, we compute the solution to (5.2.1) by finding
Ue Vi, such that

(aVU,Vv) = (f(U, ), v) (5.3.1)

for all v € V,,. We make use of two dual problems, obtained respectively by

linearization about U and U. The problems are defined by

{—v (AVY) — Dif (Ui N = ¢, =€, (53.2)
¢ =0, T € 01,
and ~ .
{—V-(Avgb)—D:f(U;A)cb:w, z€Q, -
; (5.3.3)
6 =0, x € 05

Theorem 5.3.1. Under the assumptions of Theorem 5.2.1 above,

Vag(d) - (A=) = R(U.¢) = R(U, &) + (Vaf (U, 1) - (A= X),9). (5.3.4)
Proof. We estimate g(A) — g()) using the decomposition
4N =) = (u=-1,9) = (u=U,9)+(U=U, )+ (U ~@9) = 1+ Tp+Ts.
First, by (3.2.9) we have

Ty = —(AVU, V) + (f(U, A),d) + (Ra(u,U), 9), (5.3.5)

for a remainder term R;. We estimate 75 analogously, since
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Hence,

Ty = (aVU,V¢) —~ (f(U,A), ) — (Rs(@,0), ¢), (5.3.6)

for remainder term R3. To compute Ty, we use cither (5.3.2) or (5.3.3).

Using (5.3.3), we get

- (U - U’ -V (ava;)) - (U - Ua D;f([j, 5‘)&)

Integration by parts on the first term and using the definition of the adjoint

on the second term gives

Ty = (aVU,V¢) — (aVU, V) ~ (D f(U, (U - 1),

-

).

Using Taylor’s theorem,
FUN) = £(U, N+ Duf(U, (U =U)+Daf(U, ) - (A=A +R(U,T, A, X).
Hence, T5 becomes

Ty = (AVU, V) ~ (AVU, V)

- (f(U, >‘) - f(Ua 5‘) - D/\f(Ua 5‘) ’ (>‘ - 5‘) - R?(U’ U; >‘a S‘))QB); (537)

for a remainder R;. Combining (5.3.5), (5.3.6), and (5.3.7) and rearranging

gives

g(\) —q(X) = —(AVU,V¢)+ (f(U.A),9) + (R, 9)
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or

g(\) = g(A) = —(AVU, V) + (f(U,\),9) + (AVU,V$) - (f(U,\), 9)

+ (D)\f(Ua ;\) ’ (/\ - ;\)v QE) + R, (538)

where R = R(U, U, \, \, 6, $) is defined by R = Ry (u,U), ¢)+(Ro(U, U; X, ), ¢)—
(Rs(%, U), &) Again, wc consider the projection of ¢ onto space V', m,¢.

Using Galerkin orthogonality condition (3.2.5),
(aVU,V7,e) — (f(U,N), mp0) = 0,
and
(aVU, thqs) - (f(U, /\),7rhd~>) = 0.

Substituting these into (5.3.8) gives

q(\) — q(X) = —(AVU, V(¢ — m0)) + (f(U,\), ¢ — )

+(AVU, V(6= m0)) = (f(UN), 6 = mad) + (Drf(U, X) - (A= A), §) + R,

For simplicity of notation, we denote R(u,v) = —(AVv, V(v — mhv)) +
(f(u, A),v — mpv). Thus,

g(\) — q(A) = R(U,8) — R(U,¢) + (Drf(U,A) - (A= A),d) + R.

In order to show that

lim — =
\)\—5\|——>0 I/\ — /\’

i

we assume that R is higher than first order in {|u — || and |\ — \|. We thus

prove (5.3.4) by the same argument as in Theorem 5.2.1. O
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5.4 Convergence Properties

Our approach applics to a wide variety of gradient-based optimization
algorithms. We focus on a particular choice for clarity. Typical optimization
methods include stecpest descent, conjugate gradient, and Quasi-Newton
methods, as discussed in Chapter 4. The basic descent method Agy 1 = A+
agdy is defined to generate the sequence {Ag}, where a; = arcgyggingp(a) =

q( A+ ady), and dj is some direction of descent. For the conjugate gradient
method, we have dy = —Vq(\), and dy = —Vq(A) + Bedg-y for k >
1. To compute Gk, we used the Fletcher-Reeves formula (4.2.5), in which
Bk = ﬂ%, although others such as (4.2.3) or (4.2.4) may be used.
To compute «g, we optimize (o) = q(Ax + adg) by performing a line
search which uses ¢(«) along with the first derivative information ¢'(a) =
Vaqg( Mg + ady) - di.

The global convergence properties of gradient descent methods with
errors are well known, In [9], a result for general descent methods is given,
and in [50], a result for the Fletcher-Reeves Conjugate Gradient method

is given. For the following, assume that f : R™ — R is a continuously

differentiable function in which V f is Lipschitz continuous.

Theorem 5.4.1. Let the sequence {x,} be generated by the descent method

Tp1 = Tk + ap(di + ex),
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and suppose that the following estimates hold:

allVf(@o)ll? < =V (z) d, (5.4.1)
ldkll < ca(1 + IV ()], (549
lexll < velg + plIV f(ze)l]), (5.4.3)
> =00, (5.4.4)

k=0
> 9 < o0, (5.4.5)

where ¢y, co, p and q are scalars. Then esther f(xx) — —o0 or f(xx) —

L < o0 and Vf(zx) — 0. Also, whenever zy — z*, Vf(z*) =

Note that in the case of steepest descent, di = V f(xx) and so (5.4.1)
and (5.4.2) are trivially satisfied. However, this suggests that it is practical
to check that the gradient error R(U, ¢) — R(U, ) does not exceed

. % (14 IV F ()], (5.4.6)

for some constant C, in order to satisfy (5.4.3), (5.4.4), and (5.4.5).
Theorem 5.4.2. (The Fletcher-Reeves Conjugate Gradient Method)

Let xp1q = x + ap(sk + ex), where ay is the step-size determined from an

inezact Wolfe or Armijo line search, and the direction sy is determined by

- -*Vf(ﬂ?k), k= 1’
T -V ) + Bedirs k> 2,

and dy = s + wk, where Gk = ML We assume that

Vs
allVf ()| < =V f(ze) s (5.4.7)
lekll < velg + oV f ()l (5.4.8)
=0 (%) , (5.4.9)
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where ¢y, p,q, vk > 0. If V f is Lipschitz continuous, then either f(xy) —

—o00 or iminfy_, ||V f(xk)]| = 0.

In this theorem, (5.4.8) and (5.4.9) are equivalent to conditions (5.4.3),

(5.4.4), and (5.4.5), so we may still use (5.4.6) to define the tolerance,

5.5 An Adaptive Algorithm

We now devise an efficient adaptive algorithm that insures an accurate
approximate gradient during the optimization search. A straightforward
approach would be to use the standard adaptive error approach, described
in section 3.3, at cach iteration in the gradient search. This requires the
generation of a new mesh at each step in the search algorithm, which is
needlessly expensive. Assuming the solution depends continuously on the
parameter, small changes in the parameter lead to small changes in the
crror indicators. The alternative is to seek changes in the error indicators
as the parameters change, and refine and unrefine the mesh as needed.

On the first step, we create an adapted mesh that produces an accurate
value of q(U). Specifically, we refine the mesh using (3.2.9), (u — U, 9) =
—(AVU, V(¢ — mh¢)) + (f(U,N), ¢ — mhep) + (Ry, ¢). To control the error,
wce write

(= U, )| < D7 [~(AVU, V(9 = mé))ic + (F(U,A), 6 — mad)al . (5.5.1)

k
Denoting R(U, ¢)x = (AVU, V(¢ — mnd) ke — (f(U, N), ¢ — mrod)k, the equa-
tion (5.5.1) becomes |[(u — U,¥)| < >, |R(U,#)x|. We use the standard

optimization based adaptive mecsh control as described in section 3.2. For

example, if |R(U, ¢)x| > TOL, we could refine clement k.
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Next, we control the error in Vg(A). By (5.3.4),

Vaq(@, A) - (A= X) = R(U, ¢) — R(U, ¢) + (Vaf(U,X) - (A = X),

B

).
In practice, we compute the gradient at U, in the direction A — 5\,
Vaq(U,2) - (A= A) = (VAF(T,0) - (A= X), ). (5.5.2)

The terms R(U, ¢)—R (U, ¢) indicate the difference in the approximated and
true gradients, and may be found after computing the approximated gradi-
ent. To summarize, we first approximate U at X, the adjoint ¢~> at X, then
use this information to compute the approximated gradient (Vyf(U, A) -
(A= A), ). Next we compute the solution U and the adjoint ¢ at A, then
compute the gradient error R(U, ¢) — R(U, ¢). If the gradient crror is high,
we can refine the mesh to reduce this crror. We can decomposc further by

noting that

IR(U,¢) — R(U,$)| = [R(U,¢) = R(U, ) + R(U,$) ~ R(U, 9)|

< |[R(U, ¢) ~ R(T, )| + [R(U, $) — R(U, $)|. (5.5.3)

Note that the first term |R(U, ¢) — R(U, ¢)| gives the change in error from
one iteration to the next. So we do not nced a completely new mesh each
time we solve the PDE, but may use (5.5.3) to refine and unrefine the mesh.
That is, we start with a good mesh by using (5.5.1) then as A changes, we
find elements in which the error cstimate has changed. We refine element
K if either |R(U, ¢)x — R(U,$)k| or 'R(U, )k — R(U, d)k| is large. If
refinement is to take place, we then recompute the solution U, adjoint ¢ at
), and the new approximated gradient (V£ (U, \) - (A — \), $) on this new

mesh, and repeat this process.
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We incorporate a tolerance which takes into account Theorems 5.4.1
and 5.4.2, so set TOL = §(1 + ||[Vq(A)|) at cach step & in the descent
method. Also, we avoid over-refining or under-refining, by selecting a cer-
tain percentage of elements which have the largest or smallest error con-
tributions. For our test problems, we refined elements in which the error
contribution is greater than cither TOL/N or u + co?, where N is the
number of elements, 4 and 02 are the mean and standard deviation of the
contributions respectively, and ¢ is some constant.

Recall that the line scarch step in the descent method requires solving
V(A + ad) - d for various values of a. Here, we take A = A +d in (5.3.4) to

obtain
Vag(A) - d = R(U,¢) — R(U, ) + (Drf (U, N) - d, ), (5.5.4)

where U and ¢ are computed at A = A+ d. Note that from the reference
value \, we could also take a smaller step in the direction d, so that A =

A+ ed for some € > 0. Then A — A = de, so that (5.3.4) becomes

or

R(U7 ¢) - R(U, é;) + bt

Vag(h) -d = - (DAF(U,X) - d, ),

where U and ¢ are computed at A = X + ed.
Unlike the line search, the descent method requires the full gradient
Vq()). We simply apply (5.5.2) using A — A =¢ fori=1,..p In this

case, the formula becomes

VA(](S‘) T € = (V)\f(U, 5‘) * €y (b)

This allows us to rcconstruct the gradient, since Vag(}) - e; = 2-q(A).
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5.6 Pseudo-code

To solve the problem (5.1.1), we propose the following adaptive algo-

rithm:
Choose initial guess A} € R?

g1 = [EstimateGradicnt (A, e1), ... EstimateGradient (A, e,)]

dy=—g
Fork=1ton (n>p)
ay, = LincScarch(\g, dy)
Ak+1 = Ag + ogdy
gk+1 = |EstimateGradient{Ag11, €)), ... EstimateGradient (g1, €p)]
By = -g—’%—%’iu (Fletcher-Reeves formula, others may be used)

Y th

Qkt1 = —Grt1 + Brdi

End for

Function LineSearch(A,d) (This function performs an inexact line
search that optimizes ¢(«) = ¢(A + ad) using the derivative ¢'(a) =
Vag(A+ ad) - d).

Set constants ¢; = 107*, ¢y = 0.1, LINETOL = 1074,

Choose initial guesses oy = 0, oy = 1.
Call EstimateGradient(\, d) to get ¢(ap) and ¢ (o).
Sct j = 1.

Loop
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Call EstimatcGradient(A 4+ a;d, d) to get p(;) and ¢ (cv;)
If o(a;) > (o) + 19 (o) (check for sufficient decreasc),
set a1 < .
Else, if ¢'(a;) < cop’(ag) (curvature condition), set a4 >
Q.
Else, cxit loop and increment j.
If p(a;) = p(ag) then d is not a direction of descent, return
0.

End loop

Loop until |o; — a;—1| < LINETOL
Call EstimateGradient(A 4+ «;d, d) to obtain ¢'(oy).

Qg —g—1

Set Q4] = O — Sol(aj) " oo ¢ (a1

[13])

Increment j

) (secant method, see

End loop

Return «;

End function

Function EstimateGradient(), d) (This function estimates Vg(\) - d).

Solve for U and ¢ at .

Set A = A + ed.

Loop until error R(U, ) — R(U, ¢) is controlled.
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Solve for U and ¢ at A

h
=

Refine and/or un-refine using criteria {R(U, ¢) — R(
and [R(U, ) — R(U, 9)!.

End loop

Return Vg(\) - d = Ja Vaf(U,A) - déda
End function

5.7 Numerical Results

We write code for performing the gradient search in MATLAB. We also
make use of the finitc element package ACES (Adaptive Coupled Equation
Solver) developed by Tim Wildey. We use the package for solving the for-
ward and the adjoint problems, computing the crror indicators, and refining

and unrefining the mesh.

5.7.1 A Semilinear Example in One Dimension

Consider

v = f(u) = —u2+g(z), ze(-1,1),
u(—~1) =u(l) =0,

where g(x) is chosen so that the solution is

u = tanh (206/\1(1‘/\1) (f — e’\Z(l-M)—l)) cos (22{) .

The quantity of interest used is ¥(x) = 1, so g(\) = fjl wdz. This example
has the property that the solution changes as the parameter A makes small
changes. For example, in Fig. 5.5 on the left, we see that the solution
is very steep at = =~ 0.5. The gradient error terms R(U, ¢) — R(U, $) are

naturally higher here, so these elements are marked for refinement. The Fig.
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Figure 5.5: Left: Top pancl shows U(A) and U(A) at A = (1,1)T, d = (1,0)7.
Middle panel shows mesh, where triangles denote elements marked for re-
finement ‘and circles denote clements marked for unrcfinement. Bottom
panel shows error in the gradient at A. Right: Plots at A = (1,1)7,
d=(0,1)T.

shows the initial mesh, and clements marked for refinement are shown with
triangles. As the parameter changes, we obtain a very different solution,
which is shown in Fig. 5.5 on the right. Here the solution is steep at z ~ 0,
and very smooth at z = 0.5. We see that the elements near 0 are marked
for refinement and clements near 0.5 are marked for un-refinement, which
is indicated by circles. The mesh up to convergence is shown in Fig. 5.6,
where again triangles indicate that the element is marked for refinement
and circles indicatc that the element is marked for un-refinement. In

Table 9.3.1 we provide an example in which controlling the error improves

the approximation of the gradient.

Va(})
No error control | (—0.00198,0.603)T
After error control | (0.00275,0.613)7
True Gradient (0.00352,0.615)T

Table 5.1: Computed gradient at A = (1, 1), before and after crror control.
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Figure 5.6: Mesh gridpoints at each level of refinement. Triangles indicate
elements to refine, circles indicate clements to be unrefined.

5.7.2 A Wound Healing Model in Two Dimensions

To give an example in two dimensions, consider the stationary statc of

the wound healing model as described in [37],

{qlAul = fi(ur, ua; A), (5.7.1)

qoQuy = fa(uy, ug; A),
in the wound domain 2 C R?, where u; = us = 1 on the wound boundary.
In this model, we have two conservative equations, one for the epithelial cell
density per unit area, u;, and onc for the concentration, ug, of the mitosis-
regulating chemical. Herc we assume that the mitosis-regulating chemical
controls the rate of proliferation of new cells in the wound domain. The
nonlinearity f describes the difference between the mitotic generation and
the natural cell loss rate, and f5 represents the difference in the production
of the chemical by cells and the decay of the active chemical . The parameter
A € R? describes the time decay rate of the chemical, the maximum rate
of chemical production, and the maximum level of chemical activation of

mitosis. We optimize the quantity of interest q(A) = (u(\), ¢).
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We use the q1, g2, f1, f2 described in [37] to obtain

—0.035Au, = M%LMW(Q - u3) ~ ug,

—0.31Au; = a(p) (“—L%%‘;—) — u2> ) xz € Q,

5.7.2)
i ) (
Blu) = =g,
ap) = 5 log(2pus).

Here, u = (p, pt2, 3)? arc parameters. To obtain uscful numerical results,

we artificially set
1 = 0,9961‘4’\1(1"’\1),
M2 — 361-—4/\2(1—~/\2)’

p3 = 1.01e*sl1=%s),
This results in analyzing paramecter valucs of u near (0.99,3,1.01)7 and
small changes near these values as a result of the optimization search. The
new paramcter A has the property that the quantity of interest g(A) =
Jo(ur + ug) dz has a local extrema at A = (0.5,0.5,0.5)". Fig. 5.7 depicts
the change in mesh during the stepping algorithm, as A varies from (1,1, 1)

to (0.5,0.5,0.5).
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Chapter 6

BACKGROUND: PROBABILITY

6.1 Limit Theorems

In this section, we introduce some of the statistical tools used in Monte
Carlo techniques. Monte Carlo techniques involve repetitively simulating
a random process to obtain information about the process. Each time we
simulate the process, we obtain what we call a realization of the process.
Using the realizations, we may compute sample statistics such as mean and
variance. In this section, we examine the tools used to undcrstand the
relationship between the number of recalizations and the accuracy of the
statistical information obtained.

If X is a random variable with probability density function f, denote

E[X] = [z f(x)dz to be the mean, or expectation of X.

Proposition 6.1.1. (Markov Inequality) Let X be a non-negative random
variable. If E[X| exists,

P(IX|>a) <a'E(X]) for any a > 0.

Applying the Markov incquality to (X — E[X])?, we obtain the following

characterization of variance.
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Proposition 6.1.2. If a random varieble X has finite variance, then for
any a > 0,

P((X — E[X])? > a) < a™ var(X).

The Central Limit Theorem states that the sum of a large number of
independent random variables taken from the same distribution behaves like
a single normal random variable. To analyze large sets of random variables;
we need the Central Limit Theorem, as well as the Law of Large Numbers.

We first review some basic modes of convergence.

Definition 6.1.1. Let X, be a sequence of random variables, and let X be

a random variable.
e X, converges to X almost surely (a.s.), if

P (lim X, =X) =1

n—oQ
o X, converges to X in probability if

lim P(|X, — X| >¢) =0,

nN—00
for every € > 0.
o X, converges to X in L?, or in mean square, if
lim E[|X, — X|*] = 0.
—00
If X,, converges to X almost surcly, this means that the set of values
w, such that X;(w) does not converge to X(w), is a sct of measure zcro.

Couvergence in probability is a weaker mode of convergence, in fact, both

almost sure and L? convergence imply convergence in probability.
y y
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Theorem 6.1.1. (Central Limit Theorem) Let {X;}32; be independent,
identically distributed random variables with mean u and variance o2,0 <

0% < 00. Then for any o < 3,

M

moX - B .
lim P o S M S /8 e __];.._./ 6_512 dx‘
M—oo vMo V2T Ja

In experiments, we would like to understand how well the average
1_\1/{_ Zf‘f’__lXi approximates the mean of X;. After rearranging terms and

dividing by v M, the Central Limit Theorem tells us that for large M,

oo 1 I Bo 1 B i
P(\/—ﬁgﬁgxﬁugv——ﬁ)z\/—ﬁ/oez dz. (6.1.1)
For example, for large M, if we choosc o = —MY*4 3 = M4, we sce that
M~ Z?_’I__l X, is close to p with high probability. We get an error bound by
noticing that (6.1.1) becomes

Ml/4

M
o 1 o 1 1,2
Pl——r< =) X,—u< —— %————/ e 2% dr.
( M7A =M ; : M1/4> Vo J o

Theorem 6.1.2. (Strong Law of Large Numbers) Let {X;}32, be indepen-
dent, identically distributed random variables, u = E[X,], 0% = var(X;) <

oo. Then,

n—oo 1N

1 n
lim — g X; = as. and in L%
t=1

This also implies the convergence is in probability, which is called the

Weak Law of Large Numbers.

6.2 Sampling Techniques

The goal in this section is to generate random variables with a known
distribution F'. Assumc we have a pscudo-random number generator that

draws numbers from the uniform distribution on [0, 1}. We denote U([a, b])
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to be the uniform distribution on [a, b]. The corresponding density function
is fy = 1/(b—a). We note that samples from U([a,b]) are easily generated
by taking Uy(b — a) + a, where U is a random number from the interval
[0,1].

We discuss some of the basic methods of generating random variables
from an arbitrary distribution. We denote X ~ f to mean that a random
variable X is taken from a distribution with density function f. Onc way
to generate random variables from a distribution with density function f is
to find a deterministic function A : [0,1] — R such that h(U) ~ f, where
U is drawn from a uniform distribution on [0,1]. For example, supposc
we wish to draw random variables from the exponential distribution. The

exponential distribution has density function
) Te ™, x>0,
-]
r <

and cumulative density function F(z) =1 — e,z > 0. We define h(u) =
—-%log u©,0 < u < 1. Then it can be shown that if U is taken from the
uniform distribution on [0, 1], then h(U) has the exponential distribution
with density function f.

We computed F7! to devise the h, which uses the fact that F is mono-

tone. In general, if F' is right-continuous and non-decreasing, we define

F~!' = inf F(z) > u for u € [0,1].

zER

Theorem 6.2.1. Let F be the cumulative density function of a random
variable and U be a random variable taken from the uniform distribution

on [0,1]. Then F~Y(U) ~ F and F7*(1 - U) ~ F.
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Example 6.2.1. Suppose we want to generate an exponential random vari-
able X with rate X\. The density function in this case is f(x) = le "%,
and the cumulative density function is F(x) = 1 — e™**, Thus, we can gen-
erate a random variable by inverting F, and have X = —i log(U), where

U~ U(0,1).

The sccond approach is a Monte Carlo approach called the rcjection
method, or accept-rejection sampling. This method avoids the need for
inverting the function . The goal is to generate a random variable X
taken from a distribution with density function f(x). Suppose that f is
bounded and zero outside of [a,b]. Sct ¢ = sup,¢oy f(x). To perform the

basic rejection method, we run the following to generate X ~ f:
1. Generate @ ~ Ula,b].
2. Generate Y ~ U[0, ¢J.
3. fY < f(Q), then set X := Q. Otherwise, return to step 1.

To summarize, we generate a random vector (Q,Y) € [a,b] x [0,¢]. We
check that the random vector is in the region below the graph of f. This
method gencralizes to random vectors in higher dimensions as well.

We describe a more general approach which may be used to decrcase
the number of rejected samples, and therefore speed up the algorithm. Sup-
pose there is a function g(z), called the proposal density function, and scalar
M > 1 such that f(z) < Mg(z). In addition, suppose we can easily sample
g(z). Then instecad of sampling from f, we sample from Mg(x), where sam-
pling is easier. For example there are many advanced algorithins, often in-

cluded in software packages, that efficiently gencrate random numbers from
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common distributions such as the normal, the gamma, or the exponential

distributions. To generate X ~ f, we follow the following algorithm.
1. Generate @ ~ g(x).
2. Generate Y ~ U[0, 1].
3. fY < f/(Mg), then set X := Q. Otherwise return to step 1.

6.3 Kernel Density Estimation

A kerne! density cstimator f is used to approximate a density function
f, given a set of samples {zi,...,x,} from f(z). The density histogram is
the most basic of kernel density estimators. To obtain a histogram, we need
a sample {z1,...,2,} from f(z), and a mesh {tx, k € R}. If, in addition, we
require that ¢,y — t, = h for all &, then the histogram is said to have bin
width h. The common frequency histogram is built using blocks of height
1 and width h and integrates to nkh. The density histogram uses blocks of

height 1/(nh), so that the histogram intcgrates to 1, and is defined as

. 1 <&
flz) = s Z Tt ) (24), @ € [th, tiya),
i=1

where
0, ¢ [tkatk—i—l),
11 T; € [tkatk+l)'

I[tk;tkﬂ)(l.i) = {

Definition 6.3.1. We say a kernel is a function K : R — R for which

/RK(w)dw =1.

. 2 .
An example of such a kerncel is K (z) = T XD (—%), the density
function for a Gaussian random variable with zcro mean and unit variance.

Another example is the delta function, K(x) = d(x).
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Let K be some kernel function, and z;, s, ..., 2, € R be data samples.

Then the basic kernel estimator is

n

flo - =3 (5)).

=1

Here h is the smoothing paramecter, also called the window width, or band-
width. The estimate f approximates the density function f by using the
samples 21, ..., 2,. This approximate density function inherits the smooth-

ness properties of the kernel K. Note that f(:c) integrates to 1, since

n

/}R]E(ﬂ?)dﬂ?=ﬁ%§:/RK(w;%)dm:a%hé/ﬂ{f((u)duz%il:

=1 =1

For example if we use the Gaussian kernel K(z) = \715? CxXp (*22—%), the

corresponding density cstimate becomes

R 1 <A T~ 1 R 1/z—2:\°
I e K famay —_—— .
f(z) nh ; ( h ) nhv2n ; oP ( 2 ( h ) >

1=

This density estimate is a sum of Gaussians centered around each data
point, each with standard deviation h. Note that if h is too small we will
under-smooth the data and if it is too large we will over-smooth the data.
In many cases, correcting for over-smoothing results in noise in the tail
arcas. Thus, it may be neccssary to use a larger h near the tails. In Fig.
6.1, we take 222 samples of the walting times for a particular geyser to
strike. We apply a kernel density estimate for varying values of h. We sce
that if A is too small, we get unnecessary peaks around data points. By
using a favorable value of h, we see that the data is clearly bimodal. If &

is too large, the density estimate does not reflect the fact that the data is

bimodal, and we have over-smoothed the data.
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Figure 6.1: Kernel Density Estimates for varying smoothing parameters,
h =0.05,0.1,0.5, 1.

The empirical cumulative density function is given by

1< #{x; <z}
Fn(‘E) == Z[(—-oo)z](xl) = m-{_'l—_

n <= n
To approximate the corresponding density function, one could use divided
differences to approximate the derivative of the empirical cumulative density

function,

f(a:) _ Fn(J?) - Fn(L - h) - ;Ll}; [Z ](«oo,z](a:i) — Z ](—oo,z+h]('7«'z‘):|

h , :
=1 LED

1 ¢ I T - 2
= =S () = — ST . (6.3.1
i D Tenstd = 5 S (157 63

This is indeed a kernel estimator with kernel K (z) = I(o,1). The function is

a step function that gives the number of points z; in the interval (z — h, x|
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Figurc 6.2: Approximate empirical density function.

for any given valuc of . An cxample is shown in Fig. 6.2, using the geyser
data with h = 0.5.

Note that if we take the limit o — 0 in (6.3.1), we obtain the derivative
of the empirical cumulative density function, which we call the empirical

probability density function,

dF, 1 —
) == ) 8w — ).

6.4 Matrix Algebra Background

Definition 6.4.1. A stochastic matriz is a square matriz with non-negative
entries in which each row sums to 1. A stochastic vector is a row vector

with entries summing to 1.

A stochastic vector v has the property that ve = 1, where e is defined

by e=(1,1,..,1)7.

Definition 6.4.2. If vA = \v for some scalar A and row vector v # 0, we

say that v is a left-eigenvector of A.
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The entire theory of eigenvectors could be done for left-cigenvectors.
The eigenvalues would be the same. To see this, suppose that Az = Az for

x # 0, so that det(A\] — A) = 0. Then,
det(A] — A) = det[(M] — A)T] = det(X] — AT).

Thus, A and A7 share eigenvalues and multiplicities. In addition, ATy =
Ay, or yTA = \y”. In general, the cigenvectors will not be the same, that

is x #y.

Theorem 6.4.1. (Perron-Frobenius theorem for non-negative matrices).

Let A be a real square matriz with non-negative entries. Then:

1. The spectral radius of A is an eigenvalue. That is, there is a real

eigenvalue v > 0 such that |A| < 1 for all eigenvalues A.

2. There is an eigenvector associated with v having non-negative entries.

1 < r< 4.1
rnimZa” <r< HI?X;% (6.4.1)
J N

Note that for a right stochastic matrix, Ej a;; = 1 for cach row 1,
therefore (6.4.1) implies that the dominant eigenvalue is r = 1. Therefore,
the dominant left eigenvector 7 satisfies 1A = 7. In fact, since the rows of
A sum to one, we have Ae = e, where e = (1,1, ..., 1)7, the dominant right
eigenvector. The Perron-Frobenius theorem also asserts that |A| < 1 for all

cigenvalues A.

Definition 6.4.3. An m x 'm matriz A is a permutation matriz iof it is row
equivalent to I,,. That is, if there is a 1 in every row and column and zeros

elsewhere.
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Definition 6.4.4. An m x m matriz A is reducible if there exists a permu-

tation matriz P such that

PAPT . |: All AIQ :|

where A1y, Agg are square matrices. A is irreducible if no such matriz exists.

It can be shown that positive matrices (i.c., a;; > 0 for each 14, j) are

irreducible.

Definition 6.4.5. A non-negative, irreducible matriz is primitive if the

number of eigenvalues having modulus equal to the spectral radius is 1.
The proof of the following proposition is outlined in Appendix A

Proposition 6.4.1. Let A be a primitive, stochastic matriz, where A =

z,Ae = e, and L = ex. Then lim,, . = L.

In the case that A is not primitive, the sequence x A is generally cyclic,
and does not approach a limit. Suppose, for example, that A has cigenvalues
of 1 and -1, and the other eigenvalues are distinct and satisfy |A| < 1. In
this case, we show that xA* is a 2 cycle. Let {v;}™; be the left eigenvectors

of A. As thesc form a basis for R”, for arbitrary = we can write

n n
T = E QU; = QU] — GipUp + E ov;.
1 i=3

If vy, vg correspond to eigenvalues 1 and -1, respectively, then

(3 n
TA =y A — apupA + E U A = onvy — aoug + E o AU
=3 i=3

Inductively,

n
2 AR = aquy + ag(—l)kvg + Z i \Fu;.
1=3
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Since |\l < 1 for 4 = 3,4, ..., n, we have

lim zA* = ayu; + ag(ml)kvg. (6.4.2)

k—o0

We see that for large values of k, the sequence x A* approximately alternates

between the sequences ayv; + aave and vy — g,

6.5 Random Variables and Stochastic Processes

In this section, we review some facts about random variables and

stochastic processes.
6.5.1 Joint Probability Density Functions

Let fro(X), ..., X;,) be the joint probability density function of random

variables X, ..., X,,, so that for any measurable set D C R",

P(Xl,...,Xn € D) = / fn(.”L'l,,..,.'L'n) dry.d,.
D

Then, for s < n,

fs(l'lam,xs) :/fn(xla"'?xn)dxs-f—l"'dfl;na (651)

the marginal distribution for the subset. The equation (6.5.1) is sometimes

called the Chapman-Kolmogorov equation. Note that in particular,

fn~l($17 "'71"17,—1) = /f‘n(xl: "'1xn>dxna
and
filx) = / falxy, . xy) doy.dag o deiyy ... de,.

The conditional probability density function is denoted as fyjp—s(z1, .2 s|Tst1,

and has the property that

P(X),..Xs € DI X1 = 241, ..., Xp = 2,) = / Fspr—s(@1, o @s|Tsqr, oy )dy .
D
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By Bayes rule,

fr(xla :Lr) = fr——;s(-/rs+ls "':ET‘)fS’T—S(I:lv ey xs|1's+la x'r)

Definition 6.5.1. If f.(xy, ...,z;) = fe(@1, .., Ts) fros(Tst1, ..., Tr), weE say
the sets {X1,..., Xs} and {Xst1,..., Xr} are independent of each other. In

this case,

fSlT—-S(‘/L'ls ey :L'S|:Es+ly ey ‘Z.T) = fs(z'h Tty Is)'
6.5.2 Transformation of Random Variables

Let X be a random variable with density function fx(z). Let Y = g(X)
be a new random variable with density function fy(z). We would like to

express fy(y) in terms of fx(x). If g(x) = z, we know that

fx(z) = fr(y) = /5(m — ) fx(z)dz.

For arbitrary g, we write

Fyly + Ay) — Fy(y) = Py <Y <y -+ Ay) = / fx(x) da.

[y<g(z)<y+Ay]

Dividing by Ay,

_Fy+Ay)—Fy) 1 o) da
fr(y) = Ay = Ay /{y(g(%)SHAyJ fx(z)d
_ / H(g(z) —y) — HA(;J(CE’) — WD) 2y da,

where H is the Heaviside function. Taking Ay — 0 yields the relationship

frly) = / 5(9(z) — y)fx (x) da.
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6.5.3 Stochastic Processes

Definition 6.5.2. A stochastic process is a family of random variables X

fort in some indeved set T.

For a continuous time stochastic process, we typically have T = [0, 00).
A discrete time process corresponds to 7' = {0,1,2,...}. The state space
is the range of the random variables. If the state space S is countable, we
say that X, is a discrete valued stochastic process. We sometimes denote
the stochastic process with Yx(t) = f(X,t). A realization of the process is
Y, (t) = f(z,t). The probability density function for Y; is given by

fy.t) = /6(y — Y () f(w) dw.

Definition 6.5.3. A Markov process is a stochastic process X, with the

property that for any set of n successive times (t; <ty < .. <ty,),

f1|n—1(90tn|1't1, e Ty ) = fltl(ﬂftnkl'tnfl)-

That is, given X (s), the values of X (t) for t > s do not depend on the
values of X (u) for u < s. This can be stated as, if ) < t; < ... <t, < ¢,

then
P(a < Xt < b\th = l‘l,...,Xt - In) = P([l < Xt < b\th = fL'n).

7

For a Markov process, we may generate an identity on transition den-

sities. By applying Bayes law, we know that for t; <t < t3,

f3(@ey, 0y, ) = fil@e) fin (@ 7) frip(ee Ty, 2, ).

By the Markov property,
fB(JUt],iUtg,l‘tg) = fl(l‘tl)f1|1(mtz|mt1)f1\1($t3"Itz)v
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Integrating the above with respect to z;,, we obtain

/fs(mtuﬂftgamta)dftz = /f1(l'tl)flu(xtzlz'tl)ful(xtalmtz)dmta-

Using (6.5.1),

fa(@e, 1) = fl(ﬂftl)/fltl(xtﬂxtl)fl1($t3i$tg)dxtza

and therefore

fi(@e) fipn(weglay, ) = fl(l"tl)/f1|1(33t2|xt1)fl\l(ftsfwtg)dﬂfta»

and dividing yields the forward Kolmogorov equation,

fip (e |ze,) :/fm(wtz}wtl)fm(wtaIrtz)dmtz. (6.5.2)

This equation gives a relationship between the values of the stochastic pro-
cess at three times £ < t5 < t3. We can compute the transition probabilitics
from #; to t3, if we know the transition probabilitics from £; to ¢5, and from

tg to t3.
6.6 Markov Chains
A simple class of Markov processes are Markov chains. A Markov chain

is a Markov process in which the both the time variable and the state space

are discrete.

Definition 6.6.1. Let {X,}>°, be a stochastic process that takes values
from a countable set S, called the state space. We say that X, is a Markov
chain if

P(Xn+l - ]|XO = iO’Xl =1, -"7Xn~1 = 7/.'nvly){n - Z)

= P<X'IL+1 = j|XTL == i)7 (661)

forn=0,1,2,... and states iy, %1,...,%_1,1, 7.
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The equation (6.6.1) is called the Markov condition. It is easy to show

that (6.6.1) is equivalent to
P(Xpi1 = J|Xn, =11, 0, X = i) = P(Xpyy = J1Xn = k),
forall0 < ny <ng <...<n,jii,..,i in the state space and
P(Xmin = J1Xo =10, ... Xon = i) = P(Xonin = §| Xon = im),

for all m,» > 0,4y, ..., ¢, J In the state space. We assume Markov chains
satisfy a homogeneity condition P(X, 4, = j|X, = i) = P(X, = j|Xo = 9)
for all n. That is, the probability transitions do not depend on n, but upon

the time difference alone. We then denote
pi; = P(Xnp1 = | X5, = 1),

the probability of X, being in state j, given that X, is in state ¢. Using
the law of total probability, we can show that 372, pi; = 1 for all 4. Each
vector {p;;}52, may be thought of as a probability mass function for the
value of the chain, assuming the chain is in state ¢ at the previous time
step.

The simplest type of Markov chain is a finite Markov chain, in which the
state space S is finite with NV possible states. In this case, the probability
mass function is an N-component vector and the transition probabilities
pij = P(Xy = t|X, = j);; may be thought of as a NV x N matrix. We call
this the probability transition matrix of the Markov chain. Since the row
sums are one, the probability transition matrix is a stochastic matrix.

We develop an analogous equation to (6.5.2). By the law of total
probability,

P(Xy =1, X3 = j) :ZP(Xl =i, Xy =k, X3 = j). (6.6.2)
k
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By the Markov property,

P(Xi=1,Xy=k X5=7)
= P(Xy =) P(Xp = k| Xy = ) P(Xy = j| X, = k),
and summing each side over k,
> P(Xy=1i,Xo =k, Xs = j)
k
=Y P(Xy = i)P(Xy = k| X1 = i)P(X5 = j|Xs = k).
k
Now using (6.6.2),
P(Xy =1i,X3=j) = P(X1=1) ) P(Xz = k|X1 = i) P(X3s = j| Xz = k).

k

After applying Bayes law on the left hand side, we obtain

P(Xy =1)P(X3 = j| X1 =1)
= P(X1=14)Y_ P(Xo=k|X; = i)P(X3 = j| X2 = k),
k
Dividing gives the Kolmogorov equation for Markov chains,

P(Xs=jlXy=i) =Y P(Xy=k|X; = i)P(X5 = j|Xo = k).

We may easily generalize to the case of arbitrary time steps between the

random variables. Indeed,

P(Xm+n+r = j|Xm = i)

=Y P(Xmin = kX = ) P(Xsnir = | Xmin = k), (6.6.3)
k

for m,n,r > 0,
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6.6.1 Recurrence and Periodicity

The following definitions characterize the long time behavior of states
in a Markov chain. In particular, assuming the Markov chain starts in a
particular state, we want to know the probability that the chain returns to

the state.

Definition 6.6.2. For a Markov Chain with state space S, we say that state
i is recurrent if P(X, =i for somen > 1|Xy = 1) = 1, and is transient if

P(X, =i for somen > 1| X, =1i) < 1.
That is, when a chain exits a recurrent state, it is sure to return, and

when a chain exits a transient state therc is a nonzero probability of the

chain not returning.
Definition 6.6.3. The mean recurrence time of state ¢ of a Markov chain
is the average number of steps required to return to state @ given that it

started from state i. That is, p; = E[T;], where T; = min, {X,, = 1| X, = ¢}.

It can be shown that

{Zn nfi(n), 1 is recurrent,
i =

o0, j is transicnt,
where f;;(n) = P({X1 #1,..., Xo1 # 1, X, = 4|Xy = i}). Note that y; may

be infinite if 7 is recurrent.

Definition 6.6.4. For a recurrent state ¢, © is null if p; = 0o and non-null

or positive if u; < oo.
Remark 6.6.1. We denote p} to mean the (i,7) entry of the matriz P™.
Definition 6.6.5. The period of state i is d(i) = ged{n : P} > 0}. If

d(i) = 1, we say that state i is aperiodic and is periodic otherwise.
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Theorem 6.6.1. If state j is positive recurrent and has period t, then
JLI&p?f = t/u;.
Proposition 6.6.1. If siate j is null recurrent or transient, then asn — 0o,
py; — 0, and pis — 0 for alli.
Definition 6.6.6. A state is ergodic if it is positive recurrent and aperiodic.
6.6.2 Irreducibility

Definition 6.6.7. A Markov chain is irreducible if it has a single commu-
nicating class. That is, if for every i,j in the state space, there is some m

such that pj; > 0.

It can be shown that if a Markov chain is irreducible, then either all
states are transicent, or all states are recurrent. Also, states of a Markov
chain share the same period.

A Markov chain is irreducible if and only if its transition matrix is
irreducible. Another cquivalent condition for irreducibility is for its digraph
to be strongly connected, where we think of the matrix as the adjacency
matrix of the graph. These conditions arc difficult to check. However, we
may use the following to test for irrcducibility, the proof of which can be

found in Appendix A.

Proposition 6.6.2. A finite Markov chain with n states is irreducible if
and only if its probability transition matriz P satisfies (I + P)"" 1 > 0.
We may also use Proposition 6.6.2 to determine if a finite chain has

recurrent states by use of the following.

Proposition 6.6.3. For a finite irreducible Markov chain, all of the states

are positive recurrent.
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6.6.3 Limit Behavior

Definition 6.6.8. Let S be the state space of a Markov chain. The row

vector m = (;)jes s a stationary distribution of the chain if m; > 0 for all

3, 227 =1, and my = 37, g mpyj, (i.e. m=7P.)

Remark 6.6.2. For a finite Markov chain we can use Theorem 6.4.1 to
deduce that P will always have a stationary distribution, which is the left

etgenvector corresponding the the eigenvalue 1.

Definition 6.6.9. If there exists a probability distribution q on a state space
S such that limy, . pf; = q; for all 4,7, then g is a limiting distribution of

the chain.

This convergence means that, in the long run, as n — oo, the probabil-
ity of finding the Markov chain in state j is approximately g¢;, independent
of the initial condition.

We list some basic limit theorems below.

Theorem 6.6.2. 1. An irreducible chain has a stationary distribution m
if and only if all states are positive recurrent. In this case, T is unique,
and moreover, m; = 1/u; for all i, where y; is the mean recurrence

time of state 1.

2. If P is the transition matriz for an irreducible aperiodic Markov Chain,
then

, 1 o
lim pfs = — for alli,j.
n-—00 /’L]

3. If a chain is positive recurrent and aperiodic (i.e., ergodic) then there
18 a limiting distribution which is also the unique stationary distribu-

tion,.
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Corollary 6.6.1. 1. If the chain is irreducible, aperiodic, and in addi-
tion ewther transient or null-recurrent, then Py — 0 for all 4,5 as

n — o,

2. If the chain is irreducible, aperiodic, and positive recurrent, then pp; —

m; = 1/p;, which is also the unique stationary distribution.

Remark 6.6.3. If a chain has a limiting distribution w, then vP™ — w
for any stochastic row vector v, and P* — em. To see one direction, if
P" — em, then

vem = (011 "'avn> : (11 e 1)7( =T,

since y_,v; = 1. Thus, vP™ — 7. Conversely, if vP" — m, then evP" —

em. Since v is a stochastic vector, ev = 1, and so P"* — er.

One of the ways to verify that a finite Markov chain has a limiting
distribution is to examine its spectrum. Recall that by Proposition 6.4.1,
lim,,—oo P™ — ex, where z is the dominant left cigenvector. This shows
that P has limiting distribution z in view of Remark 6.6.3. Since z > 0, it

follows that ez > 0, so that P™ > 0 for some m > 1.

Proposition 6.6.4. If a finite Markov chain has a primitive transition

matriz P, then it has a limiting distribution, and P™ > 0 for some m > 1.

Assuming that P™ > 0 for some m > 0, it follows that P* > 0 for
all £ > m. Hence, for any statc ¢, P} > 0 forn € {m,m~+ 1,...,m + n},
which only has one as a common divisor. The Markov chain in this case is

aperiodic. This leads to the following Corollary.

Corollary 6.6.2. If a finite Markov chain has a primitive transition mnatriz,

then it is aperiodic.
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The proof of the following conversc is given in [27].

Proposition 6.6.5. If a Markov chain is aperiodic and irreducible, then it

has a primaitive transition matriz.

Given that a finite Markov chain has a limiting distribution, the fol-

lowing proposition gives a rate of convergence.

Proposition 6.6.6. Suppose that P is a primitive stochastic matriz. If Ag
is an eigenvalue such that |A2| < r < 1, and |A| < |Xg| for all A # 1, then

there is a constant C depending on P and r such that
|P™ — ezl < Cr™, for allm > 1.

This shows that the convergence rate is dependent on the second largest
cigenvaluc. The rate slows as Ay — 1 and speeds up as Ay — 0. We thus
view |A1/Aql, or in our casc,

1/}l (6.6.4)

as a convergence rate for the sequence P™.
If P is periodic with period d, the sequence vP™ fails to converge in
general. However, the following proposition gives a characteristic of the

long term behavior of the sequence. The proof is given in Appendix A.

Proposition 6.6.7. Suppose P is periodic with period 2. Then for large
n, the sequence vP™ is a 2 cycle, whose average approaches the stationary

distribution w. That is,

1 .
my = lim o (p + P57
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In general, if P is irreducible with period d, then P will have d complex
cigenvalues. For each of these d eigenvalues, z, we have |z] = 1, and 2¢ = 1,
In addition, each of the d eigenvalues is simple. In this case, vP" will cycle
through d different distributions, but they will average to the stationary

distribution 7. That is,

1
lim E(UPnH + o PM) = 7,

n—oo

6.6.4 Reducible Chains

In probability transition matrices encountered in our research project,
we often find a column of zeros, meaning that some state cannot be reached
from the other states. We may still obtain a limiting distribution, provided
that the nonzero states are aperiodic and irreducible. The zcro columus
will correspond with zero entrics in the limiting distribution. We use the
following theorem which states that we can essentially remove the zero
columns and corresponding rows from the matrix, before applying Theorem

6.6.2 on the remaining states.

Theorem 6.6.3. Suppose a Markov chain contains finitely many states,
denoted by S. Furthermore, suppose that the chain is reducible and contains
a single closed class C C S of aperiodic states. Let P be the transition
matriz for states belonging to C. Since this closed class is in itself an
wrreductble, aperiodic Markov chain, we have P* — ew. Then, if we denote

the transition matriz for S by Ps, we have

Py — e(m,0).
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0 0 05 05 0
0 05 05 0 O
Example 6.6.1. Consider the matriz | 1 0 0 0 0 |. Using Propo-
1 0 0 0 0
106 0 0 0

sitions 6.6.2 and 6.6.3, we examine the matriz (I+P)57}, and see that 1,3,4
are recurrent states, as they correspond to the positive columns. States 2
and 5 are transient states. The subset {1,3,4} has period 2 and hence is

not ergodic. In fact, P has an eigenvalue of -1.

0 0 05 05 0
0 05 05 0 0

Example 6.6.2. Consider the matriz | 0 0.5 0.5 0 0 |.Byeram-
05 0 05 0 0

1 0 0 0 0O
ining the matriz (I + P)5™', we see that states 2 and 3 are recurrent. The

set {2,3} is also aperiodic, hence ergodic. So there is a limiting distribution
7 = (0,0.5,0.5,0,0) where the nonzero entries correspond with the transient

states.

Now suppose P has multiple recurrent classes K,, ..., R, and transient
classes Tt,...,Ts. For Ry, we have a stationary distribution 7% such that
7k = 0ifi ¢ Ry. Assume the submatrix Py corresponding to Ry, is aperiodic.
Then, pi; — 7r;~c for j € Ry, and pf; — 0if j ¢ Ry. Asbefore, if j is transient,

then pi; — 0 for all u.

6.7 Continuous State Markov Chains

For a discrete-time Markov process with a continuous state space,

Xg, X1, ... arc random variables such that

P(Xm+1 = I1X0 = Yo, "-7X7n—1 = y'rn,»lzxm = y) = P(Xm+1 < 1171Xm = y)
(6.7.1)
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If the cumulative density function of the transitional probability (6.7.1) is
independent of m, we say the chain is homogeneous. The n-step density

function is defined by

PTL(xvy) = P<Xm+n < I‘XO = Yo, '~~aXm~l = ym—l,Xm = y)

= P(Xm+n < m‘Xm = y)>

the probability of the process jumping from ¥y to a value less than or cqual
to z in n steps.

Note that P,(z;y) and Py(x) = P(Xy < z) determines P,(x) uniquely.
The Chapman-Kolmogorov equation is

Frim(z;y) =/Pn(Z;y)Pm(w;Z)dZ-
R
Note that this corresponds to the Chapman-Kolmogorov equation for the
discrete state space, (6.6.3).

Suppose P, (z;y) — P(z) as n — oo (regardless of Fy(z).) Then
the limiting distribution P(z) of the Markov chain satisfies the stationary
condition

P(x) = /P(Z)P(;L'; z)dz = / P(z;2z)dP(z).
This corresponds to the case of a discrete valued Markov chain in that if
py; — vj, and the chain is finite, irreducible, and aperiodic, then v coincides
with the stationary distribution, so that v; = >, vipyj, 2_ v = 1.

Analyzing a chain with a continuous state space poses challenges in that
the theory is not as well developed as in the discrete time case. However,

special methods are developed for certain typcs of chains, such as random

walks.
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Chapter 7

BACKGROUND: ATOMISTIC
TECHNIQUES

7.1 Molecular Dynamics

Molecular dynamics (MD) is a computer simulation technique where
the time evolution of a set of interacting atoms is followed by integrating
their equations of motion. This is done by following Newton’s law: F; =
mya; for each atom 4 in a system of N atoms, where m; is the atom mass, a;
its acceleration, and F; the force acting on it due to interactions with other
atoms. Molecular dynamics may be viewed as a simulation of the system
as it develops over time.

Molecular dynamics is a statistical mechanics method. The goal is
to obtain a set of configurations distributed according to some statistical
distribution function, or statistical ensemble. The microcanonical, or NVE
ensemble, is the natural statistical ensemble to use with MD. Here the
number of molecules, N, the volume, V, and the total energy, E remain
constant. We assume that there is no heat exchange, and the total energy is
conserved. In three dimensions, we keep track of the position r;(¢) € R® and
the velocity v;(t) € R? of each particle i at time t. If we consider phasc space

to be the 6 N dimensional space of all possible velocitics and positions of the
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N particles, we wish to describe the distribution of some statistical quantity
of interest in phase space. This process requires ergodicity in order to be
valid. The ergodic hypothesis of statistical physics states that observing a
process for a long time is cquivalent to sampling many realizations of the
same process. That is, if we run the simulation forward in time using a
single initial condition, then for long time the trajectory will densely fill in
the manifold and we use this to compute statistical quantitics. Typically,
however, engincers will perform several MD simulations for reasonably long

times and average the results.
7.1.1 Quantities to Estimate

In general, consider a property A at time t:

A(t) = flri(t), . rn(t), vi(t), .., on(E)).

After an MD simulation we may be intcrested in its time average over the
system trajectory: E[A] = Nl; Zﬁ_‘l A(t), where Nr is the total number of

time steps. Examples of quantitics A include:

e Average Potential Energy: V(r(t)) = 32, 5" ., ¢(Iri(t) —7;(¢)[), where

o(r) is the potential energy between atoms separated by distance .
e Kinctic Encrgy: K(t) = 35 miu(t)%

o Total energy: H(r(t),v(t)) = K(t) + V(r(t)).

Temperature: 7' = %TV]Z—B’ where K is the average kinetic energy and

kg is the Boltzmann constant (Equipartition formula with 3 degrees

of freedom).



e Mcan Squarc Displacement: MSD = E[(r(t) — r(0))?], where E|]
indicates the average over all IV particles. This contains information

on the atomic diffusivity. The diffusion coefficient, D, is given by

o1 2
D = lim = E[(r(t) = r(0))"}

where 6 is replaced by 4 in two-dimensional systems.
7.1.2 A Molecular Dynamics Program

The program counsists of the following steps.

e Read in paramcters that specify the conditions of the simulation (c.g.,

initial temperature, number of particles, density, time step).

Select initial positions and velocities.

Compute forces on all particles.

e Integrate Newton’s cquations of motion. This step and the previous

step are repeated for the desired length of time.
e Compute the averages of measured quantitics.

One way to sct up the initial positions is to arrange the particles in a
lattice. Then we could give random velocities according to some distribu-
tion. If we are using the micro-canonical ensemble for example, we would
shift velocities so that the velocity of the center of mass is zero and scale the
resulting velocities to adjust the mecan kinetic energy to the desired valuc.

We must choose an appropriatc potential for the model. Potential
energy is typically a sum of pairwise interactions, and is given by V(r) =

> Zj>l. @(|r;—r;]). For cxample, the Lennard-Jones potential is frequently
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used, which is given by ¢(r) = 4e ((%)12 -2 (%)6>, where r is the atomic
separation. In this potential, the term 1/7'? dominates at a short distance,
and models the repulsion between atoms which are closc to cach other. The
term 1/r% dominates at a large distance, and models the attraction between
atoms. Next, we compute the forces using the relationship F; = -V, V(r).
We then obtain the new positions r(t) and velocities v(t) by applying an
integrating scheme to solve F' = ma. After applying the potentials to each
particle we use Newton’s equations to get new positions and velocities of
the particles at each new tinie step ¢t + At. In this section, we discuss the

Verlet, Leap Frog, and Velocity-Verlet algorithms.
7.1.3 Integration Algorithms

After applying forces to each particle, we usc Newton's equations to
get new positions and velocities of the particles at the new time step ¢ + At.
Assuming we use the microcanonical ensemble, we would like to hold the
total energy constant. The integrators that we discuss have the property
that the total energy drift is minimized, provided that the time steps arc
sufficiently small. To derive the Verlet algorithm we use a third order Taylor

expansion:

r(t+ At) = r(t) + v(t) At + %E@At"* + -(1;7"”(25)At3 +0(AtY  (7.1.1)

m
where we have used 7/(¢) = v(t) and Newton’s law F'(¢t) = rnr”(t). Similarly,

r(t — At) = r(t) —v(t)At + %F(t)Atz - %T”’(t)Ata +0(AtY)  (7.1.2)

™m
Adding these equations we obtain the Verlet algorithm:

F(t)

r(t + At) = 2r(t) — r(t — At) + —m—At2 + O(AtY) (7.1.3)
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Given the position of a particle at times ¢ and ¢ — At, we find the position
of the particle at time t + At. This allows us to computc the new potential
and forces.

To acquire the new kinetic energy and temperature we need to compute
the velocity. A simple way to compute the velocity is to subtract (7.1.2)
from (7.1.1) to obtain

r(t + At) —r(t — At) = 20(t) At + O(AL?).

Then,

_r(t+ At) —r(t — At) 9
v(t) = AT + O(At%).

To derive the Leap-Frog algorithm, we compute velocity at half time

ALY AL\ (D)
U<t+—2—) ——U(t———é—-) +—WL—At,

and at full time steps we computce the new positions,

steps,

rt+At) =r(t)+v (t + %) At.

It turns out that this method yields the same trajectories as the Verlet
scheme. However, since r and v are computed at different time steps, we
cannot compute the total energy.

Another algorithm that will turn out to be equivalent to the original
Verlet scheme is the Velocity-Verlet algorithm, To obtain the new positions,

we use a sccond order expansion

r(t+ At) =r(t) + v(t)At + %Atz.

To obtain the new velocities, use a sccond order expansion, averaging the
forces at t and t + At.

[+ At) + f(t)
2m

vt + At) = v(t) + At.
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To reduce the number of flops, we store v(t) + %E—gAt, which are computed
in both steps. This algorithm gencrates the same trajectories as the original

Verlet scheme, in a more efficient manner.

7.2 Other Stochastic Techniques

It is possible to perform MD in other ensembles. Instcad of keeping
the total energy constant, we could instead kcep temperature or pressure
constant[25, 46]. MD has several shortcomings. We note that quantum
laws hold rather than Newton’s law, and perhaps the Schrodinger equation
should be used. However, for most particles, the classical approximation is
valid. Quantum effects become important if temperature is low, and if the
particles are very lightweight (H,, He, Ne for example.) There are methods
such as quantum molecular dynamics and quantum Monte Carlo, which
take these quantum effects into account. However, these methods arc much
more demanding in terms of computational power.

The main disadvantage of MD is that many applications require short
time steps, on the order of 1071%s [49]. Realistically, we can run the simu-
lation on the order of microseconds, but to obtain the desired quantities of
interest we need to run the simulation for much longer time.

Monte Carlo methods are different in that they approximate the system
by following a directed random walk. These methods are very popular for
studying static properties of a system. Kinetic Monte Carlo methods [49, 12,
34] approximate the evolution of a system in time. These methods overcome
the time scale problem by using the fact that the long-time dynamics for
certain typcs of systems consists of diffusive jumps from statc to state. In

the kinetic Monte Carlo method, we assume that all processes occur with
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known transition rates. We can expect a considerable savings in cost over
MD since there are typically long periods of inactivity between transitions

among states.

7.3 Random Walks and the Diffusion Equation

In this section, we examine the unrestricted one-dimensional random
walk problem, and explain its connection to the diffusion cquation (2.4.1).
The following derivations can be found in detail in [52]. Assume that a
particle starts at the origin of the z-axis and takes steps of length 4 to the
left or to the right. The probabilities for the increment x; are P(xz; = 46) = p,
and P(z; = —0) = q. We view {z;} as independent identically distributed
random variables which take on the value ¢ if the particle moves to the
right at the ith step and —4 if the particle moves to the left. The position
of the particle after n steps is X, = . | ;. We compute the expectation

of a single x;,
E(z;) = 6P(z; = 6) + (=6)P(z; = =08) = dp — dg = (p — q)d.
We use linearity to compute the expected valuc of X,

E(X,)=E (Z ) =3 E@) = (0 - a)én.
=1 =1

To compute the variance, we note that
Elzl] = 6°P(z; = §) + (=0)*P(z; = ~8) = 0*(p + q) = &7,

and so
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Since the {x;} arc independent,

0*(Xa) = a* (D w) = Y 0%(z:) = nd* (1~ (p - 9)*)
=1 i=1

= nd*(1— (p* — 2pq + ¢*)) = nd*(1 — (p* + 2pg + ¢°) + 4pq)

=n6*(1 — (p+ q) + 4pq) = 4pgd®n,

where we have used the fact that (p + ¢)%? = 1.

To derive the Brownian motion model we assume that we have exper-
imentally found the average displacement of the particle per unit time c,
and the variance of the displacement to be D. If we assume that there arc

r collisions per unit time, then after » steps,
(b q)ir~c,

and

dpgé®r = D. (7.3.1)

If we assume that p = ¢ = 1, then (7.3.1) becomes 6°r =~ D.
To make the problem continuous, we take the step length § — 0 and

r—ooo fp=qg= —;-, then it is clear that 6?7 — D in the limit. If p # g,

then
or — as 6 — 0 and r — oo. (7.3.2)
pP—q
This, in turn, implies
2 4dpge
4pqé°r = 4pgd(ér) » ——38 — 0, as 0 — 0,r — 0.
p—4q

But we know that the variance should tend to D # 0 in this limit, so we

require p — g — 0 as § — 0,7 — oo. Hence (7.3.1), along with the fact that

p— %, q — %, imply that

§%r - D, as § — 0,1 — oo. (7.3.3)
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Since r is the number of steps per unit time, then one step occurs
in 1/7 = 7 units of time, and n steps occur in n/r = n7 time units. In
our random walk model, we would like to obtain the probability that the
particle is at position x at time ¢, given that it started at « = 0 at time
t = 0. After, n steps, we require that X, = z. Since n steps occur in nr
time units, we also require that nr = t.

We define v(z,t) = P(X, = xz) at time ¢ = n7 to be the probability
that at time ¢, the particle is located at point z. We could determine v(x,t)
explicitly using the binomial distribution, but since we are interested in
the limit as the position and time steps 4,7 — 0, we instead construct a

difference equation satisfied by v. Wec have:
v(z,t+7)=P(X, =2z at timc t +7)
= P(X,=x—46 at time t)p+ P(X, =2 + 4 at time ¢) ¢
=pu(x —d,t) +qu(x+d,1t). (7.3.4)
Using Taylor’s formula,

v(z,t 4 7) = v(x, t) + 7oz, t) + O(7%), and

1
v(ix £ 6,t) = v(z,t) £ v (x,t) + —2—520m(1’,t) + 0(0%).
Substituting these into (7.3.4),

v(z,t) + 1v(z,t) + O(TH) = v(z,t +7) = pv(z — 6,t) + qu(z + 6, 1)
= p(o(z,0) = b0z, 1) + 50%ua(e, 1) + O(5)
+ gz, 1) + Sva(e, £) + %5%,,1.@, t) + 0(5%)
=+ qv+dlp—qvs + %(p + q)8% v, + (p + q)O(8°)
=v+4+d§p—q)u, + %52%1 + O(6%),
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so that

1
T+ O(T%) = 6(p — q)vz + 562’Um + 0(8°),

or
5 142
Uy = —(p - Q)/U;c + =V + 0(53/7—) + O(T)
T 2T

Taking 6 — 0,7 — 0 yields the limiting partial differential equation

Ov ov 0%
= —Ccz— +

1
5= or Tl (7.3:5)
wherc we have used (7.3.2) and (7.3.3). The cquation (7.3.5) is the diffusion

equation in one dimension with diffusion coefficient D.

Example 7.3.1. Consider the diffusion problem

{Ut(t,l‘) = %Durr(t,m)a t> 0,.’L‘ € R’ (736)

u(0,2) = do(x).
This corresponds to a random walk in which every particle lies at x = 0
at time t = 0. We simulate the random walk up to a final time of t = 1

several times and compare the results with the solution to (7.3.6),

1 z?
u(t,w):—mcxp “5p1 )

Results are shown in Fig. 7.1.
7.3.1 Absorbing Boundary Conditions

In the case of an absorbing boundary at = [, the particle exits at
z = | and cannot move back into the region © < {. Again, let p denote the

probability of a jump to the right. Then,

v(l,t+7)=po(l - 6,t).
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Figure 7.1: Kernel smoothed trajectories of 50 random walks at ¢ = 1. The
mean value of these random walks is shown in bold, and the true solution
is the dashed line.

We have essentially given the condition that there is a zero probability of

moving left from the right at the point x = [. By Taylor’s theorem,

v(l,t +7) = v(l,t) + v(l,t)r + O(r?), and

v(l = 6,t) = v(l,t) — va(l,1)d + O(6%).
Thus,

v(l,t) + v (L) + O(r?) = v(l,t +7) = pu(l - §,t)
=pu(l,t) — pug(l,t)8 + pO(F?).
Combining terms,
(1 —pu(l,t) = —v (I, t)7 — pdu.(l,t) + O(12) + pO(6?).
Now taking 7,6 — 0, we have
(1 —pu(l,t)=0()+ 0().

Hence, v(l,t) = 0 is the corresponding boundary condition for the continu-

ous problem.
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7.3.2 Reflecting Boundary Conditions

In the casc of a reflecting boundary at x = [, the particle may move
to the right with probability p, and in this case, the particle ends back at
x =1l at time t 4+ 7. Then, the number of particles at = [ at time t is
given by sum of the number of particles that came from z = [ — § and the

number of particles that jumped to the left from x = [. Thercfore,
v(l,t+7) =pu(l —6,t)+pu(l,t).

Using Taylor’s formulas,

o(l,t) + v (L, )T + O(7H) = v(l,t + 7) = po(l — &,t) + po(l,t)

=pu(l,t) — pua(l,t)d + pO(*) + pu(l,1).
Now, collecting terms,
v(l,1)(1 = 2p) + v (L, )T 4+ O(7%) = —pu,(l,t)8 + p O(&?).
Noting that 2p — 1 =2p — (p+ ¢q) = p — q, we have
v(L,)(p — q) + v (I, )7+ O(r?) = —pu(1,1)§ + pO(6?).
Multiplying by 6/7,
v(L,t)(p — q)0/7 + v (1, )6 + O(1d) = —pu(1,£)6*/T + pO(*/7).
Next, taking 7,6 — 0, we obtain
v(l,t)e = ~%vx(l,t).

If p=gq=1/2, then we get 0 = —2Dv,(l,t), or simply v,(l,t) = 0.
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The probability transition matrices for the case of reflecting or absorb-

ing boundary conditions takes on the following form, for the case of five grid
a l—a 0 0 0
q 0 p 0 0
points, | 0 q 0 p 0
0 0 q 0 P
0 0 0 1-a «
a reflecting boundary, and o = 1 corresponds to an absorbing boundary.

. The parameter « == 0 corresponds to

7.3.3 The Stationary Problem

To obtain the stationary elliptic problem, we simulate the random walk
for a sufficiently long time. This results in approximating the equation
u’(x) = 0. We pose this as a two-point boundary value problem. A nonzero
Dirichlet boundary condition may be thought of as a source or siuk of par-
ticles on the boundary. Implementing this boundary condition is discussed
in detail in Chapter 9.

Consider the stationary diffusion problem:

=0
u(0)
u(1)

zeQ=1(0,1),

i

100,
200.

We simulate the random walk and approximate the gradient by computing
the difference in the number of particles at £ = 1 and = = 1 — Az, at somc
final time t;. Wec repcat this process N times and compute the gradient
by taking an cnsemble average. We expect the error to decrease as N
increases. In fact, if we take a number of realizations of the process to give
a distribution of ensemble averages, we expect the standard deviation of

the M realizations to follow the asymptotic relationship
o~ e /VN. (7.3.7)

In Fig. 7.3, we see that increasing IV reduces the variance as expected.
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Figure 7.2: 50 random walks, with the mcan shown in bold.

Alternatively, we compute the gradient at each time step for ¢ € (¢, ¢f),
where t, > 0 is the burn time for the simulation, and compute the gradient
as the mean of these values. If the process is ergodic, we expect that this
yields similar results to computing the ensemble average as described above,

and in particular we expect to see the asymptotic relationship

ag= Cg/\/tf — tp. (738)

In Fig. 7.4, we see that increasing the final time reduces the variance.
Evidence of (7.3.7) and (7.3.8) is shown in Fig. 7.5.
We could also model diffusion with forcing, av” = f, in a region by

adding particles at points in the domain as dictated by f.
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Figure 7.3: Computation of the gradient at z = 1 for 1000 realizations. We
compute each gradient by taking the cnsemble average of N random walks.
Left: N = 100. Right: N = 400.
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Figure 7.4: Computation of the gradient at x = 1 for 1000 rcalizations. We
compute each gradient by taking the average gradient for each time step,
for each ¢t € (¢, ts). Left: ty = 10. Right: t; = 50.
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Figure 7.5: Figurc shows rcsults of increasing n and increasing the final
time t;. A line of slope -1/2 is shown in each case. Left: Relationship
between n and o. Right: Relationship between ¢t and o.
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Chapter 8

FIRST RESULTS: CONTINUUM
COUPLING

8.1 The Deterministic Problem

In this section, we analyzc the problem in which we have continuous
diffusion in two adjacent regions, with differing diffusion coefficients. We
solve the problem by constructing a fixed point iteration that leads to the
solution on the boundary. We first solve the Dirchlet to Neumann problem
in one region, pass the Neumann boundary condition to the second region,
then solve the Neumann to Dirichlet problem in the second region. We
repeat this process, which creates a fixed point map. We want to find

conditions on the problem so that this fixed point iteration converges.
8.1.1 The Fixed Point Iteration

Consider the deterministic problem in onc dimension:

(u] =0, z €O =(0,1),
u1(0), = a,
) {aluam = apu(1), 611)
ur(1) = ug(1),
uy = 0, z € Q9 = (1,2),
(u2(2) =3
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The analytic solution is two straight lines that meet at the interface z = 1,

and the value at the interface is

ra+ 3
1+7r

ur(l) = us(1) = : (8.1.2)

where r = 2 represents the ratio of diffusivity coefficients of regions {2y and
Q.

Consider solving the system itcratively. That is, we find iterates {u(li) 120,
{ug)}f‘;o. Under desirable conditions, the solution to (8.1.1) is given by

limg_eo u(lk)(x) and limg_, u(zk)(a:). We may also view this as a fixed point

problem, in which we find a fixed point of the map g : u;(1) — u;(1). The

iterates u;(1), uo(1) are given by

(u8) (1) = r(uy”)(1), (8.1.3)
up!(1) = B -7 () (1),
u(1) = w(2).
The first few iterates are then given as:
(u§°>)’(1) =y — @, uy (1) =0 —rcy+ra,
@) =6 =reo+ (r=Day (1) =B =r) + 7+ (=r* 4 1),

and inductively,

k-1 k
w(1) = BY (1) + (=) —a Y (-r)" (8.1.4)

Provided that |r| < 1, the limit of (8.1.4) as & — oo agrees with the analytic

solution (8.1.2).
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8.1.2 Convergence Analysis for the Fixed Point Map

Consider the more gencral diffusion coupling problem with forcing,

(u) = fi, z€eQ =(0,1),

where r = % represents the ratio of diffusivity coefficients of regions (}; and

Q3. We summarize the iterative technique:

Given initial guess us(1) = ¢, loop until convergence.
Given u1(1) = uy(1), solve for u; and compute aju(1). (8.1.5)

Given aqus(1) = ayui(1), solve for up and compute up(1). (8.1.6)

Each iteration cousists of solving two houndary valuc problems. Let gp

denote the Neumann-to-Dirichlet problem, (8.1.6). Specifically, g» : R — R,

it is the map that takes values of the flux asus(1) at the boundary and

returns values of the concentration uy(1) at the boundary, for the problem
uy = fa, €8 =(1,2),

u2(2) = 6)
—agui(1) = h.

We would like to compute the Frechét derivative 2 Ty To do this, we

dg
d(azul(
consider the perturbed problem,

wg:fg, I‘EQQI(].,Q),

w2(2) = /67
—aqwy(1) = h + 0.
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We consider the change in us(2), given the change h — h + 4. Let ¢ =

wy — ug, so that e, solves the problem

GIQ/ZO, x€Q2:(1=2)=
62(2) = 0,
—awy(1) = 0.

The Frechét derivative is expressed as

d wa(1) — us(1 1
dgy _ o wa(l) ~wall) _ | es(l)
dh 60 ] -0 ¢
Then ¢, is linear, so that the analytic solution is ¢, = »%z + % Hence,

€o(1) = ;% Next, we compute the Frechét derivative,

—im 2= L (8.1.7)

We perform a similar computation for the Dirichlet-to-Neumann prob-
lem, (8.1.5). Call this map ¢; : R — R, the map that takes values of u;(1)
at the boundary and returns the flux —a;u{(1), for the problem

ull/:fla 1691:(0’1)7
uy(0)
w (1)

o,
h.

Il

Again, we consider the perturbed problem

wy = fi, €y =(0,1),
wi(0) = a,
wi(1l) = h+4.

Let €; = wy — 13, so that €, solves

The Frechét derivative is

@1— = lim —awi(1) + o (l) = lim ————-———-ﬁale,l(l).

dh -0 ) §—0 )
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Provided that a; is constant, the analytic solution is €)(x) = dx, so that

€'(1) = 0. Then the Frechét derivative becomes

. o—ayey(l) o —aid
R i N

= —a. (8.1.8)

Next, define the map g to be the composition g = g3 0 g1, the map that

takes values ugi)(l) and rcturns the next value in the iteration u(liﬂ)(l).

Then, the Frechét derivative of g is

dyg dgs dg a1

dur(1) — d(aguh(1) dus (1)~ ap’
By Theorem 2.2.2; the fixed point itcration converges provided that

A<, (8.1.9)

as

In Fig. 8.1, wc see evidence of (8.1.9).
8.1.3 Applying Relaxation to the Fixed Point Problem

Suppose that instead of computing ugi)(l) = ug)(l) at each iteration,
we take a weighted average of the Dirichlet value given from the continuum
problem with the Dirichlet value at the previous itcration, ugiwl)(l). That
is, during each iteration we limit the amount that the boundary condition

can change. Upon obtaining uy(1), we compute u;(1) using the map g3 :

(u®(1),ut1)(1)) — u®(1), defined by
gs(u?(1), 67V (1)) = 2l (1) + (1= Nu (1), (8.1.10)

where the relaxation paramcter A € [0,1). The map corresponding to onc
fixed point iteration is now given by ¢ = g3 o go o g1. To compute the
spectrum, we need the Frechét derivatives,

g5 \ 0y
(i-1) - (@)
dup (1) Ouy” (1)

=(1-\),
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Figure 8.1: Concentration at the interface as a function of iteration, r =
1/2,2,1.
To determine the effect that changing ugi—l)(l) has on ugi)(l), we apply the

chain rule to get

dg 093 Og 092 093
— =A—r(l—X).
B (D) Bu(l) " Bu(l) Basiy(1)) dua(l) =2

The fixed point iteration will converge provided that |A — (1 — A)| < 1, or

r—1
r+1

<A<l (8.1.11)

If we consider the optimal parameter A to be the value that minimizes

A —7(1 — X)|, we see that the optimal value is given by

A=r/(147r). (8.1.12)
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Figure 8.2: Number of itcrations to convergence for varying relaxation pa-
rameters.

Example 8.1.1. We solve (8.1.1) using o = 100,53 = 500,u"(1) =
220,r = 2, for varying parameters A. We iterate until the stopping cri-
terion of ]u(li>(1) - u§"'1>(1)| < 1073 has been reached. Following (8.1.11)
and (8.1.12), the iteration converges provided that % < X < 1, with optirnal

parameter % Fuidence of this is shown in Fig. 8.2.
8.1.4 Reversing the Coupling

In the event that (8.1.9) is not satisfied, we reverse the direction of
the coupling to guarantee convergence. We find itcrates {u(li) Ea {u(;) x

i=1

given by the following algorithm.

(ugo))’(l) = dy, (initial guess for gradicnt at the interface)
Fori=1,2, ..

u(1) = (VY (1) + a,

ud (1) = u(1), (8.1.13)
W)'(1) = 8 —ud (1),
m?wn=§$§W0>
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Following the argument as in section 8.1.2, the fixed point iteration (8.1.13)

converges provided that |as/a;| < 1.

8.2 A Green’s Function Approach to Convergence Analysis

For a general n-dimensional problem, we use the generalized Green'’s
function ¢ to find a formula for the derivative of the Dirichlet-to-Neumann
map g;. We similarly find the derivative of the Neumann-to-Dirichlet map
g2 in terms of ¢. The problem remains as to how to obtain the derivative
of ¢ = g5 o g1, since this technique only gives a lincar functional of the

Neumann or Dirichlet data.
8.2.1 The Dirichlet-to-Neumann Derivative

The Dirichlet-to-Neumann problem is

-~V -(aVu)=f, z€Q,

u = \x), rel Con,

u = or), z e ON\T.
The variational formulation is to find u € H*(2) such that u = X for x € T,
u=qaforr e d\T, and (aVu,Vuv) = (f,v) for all v € H{(2). The
quantity of interest is

Q(/\) = '—(aanuv w)l"v

a functional of the flux on the common boundary I'. Following the method

described in [51], the adjoint problem is

-V -(aVp) =0, €8,
¢ =1, rel,
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Note that this problem satisfics

(f;0) = (=V-(aVu),¢)
= (aVu, V) — (adyu, d)r — (adyu, d)oa\r
= (aVu,V¢) ~ (adyu, ¥)r
= (=V - (aVe),u) + (ady¢,u)r + (alyd, u)oarr — (aOyu, ¥)r

= (Oy¢, M)r + (a0po, &)aaorr — (a0pu, ¥)r.

Hence, the quantity of interest is written as

q(A) = —(adyu, ¥)r = (f,8) — (ady¢, M)r — (adyd, &)oor-

To compute the Frechét derivative, consider the perturbed problem,

=V (aVw),=f z€Q,
w=Az)+6x), zel CoQ,
w = afr), z e 0Q\T.

Then, we compute the difference g(A + 6) — g(\),
Q(/\ =+ 5) - q(/\) = ﬂ(aanw7 w)l“ + (aa’?u: w)l—‘
= (f,0) — (a0y¢, A + d)r — (a0p9, @)sarr
—(f,¢) + (a0,0, \)r + (a0pd, )oanr
= ~(a8,7¢>,<5)r.
The Frechét derivative in the direction §(x) is

Vag(A) -6 = ~(ady6,6)r. (8.2.1)

To verify this,

lalA +6) = g0 = Vaa(N) - 8l| _ || = (adhs, O)r + (adus,O)rll _
] H |
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8.2.2 The Neumann-to-Dirichlet Derivative

The Neumann-to-Dirichlet problem is stated as

-V (aVu) = f, z€Q,
—adyu = Az), xel CQ,
u = f(x), r e IQ\T.

The quantity of intercst is

C](/\) = (U, w)l"a

a functional of the solution on the boundary I'. The adjoint problem is

-V (aVg) =0, ze€Q,
—adyp =¢(z), =x€l COQ, (8.2.2)

We note that
(fi9) = (=V-(aVu),9)
= (aVu,Ve) — (a0yu, d)r — (a0yu, d)sa\r
= (aVu,V¢)+ (A, o)r
= (=V-(aV),u) + (a0yd, u)r + (adyo, u)ar + (A, d)r

= —(u,¥)r + (a0nd, B)agnr + (A, @)r.

After rearranging terms,

Q(/\) - (an)r = ﬁ(f’ ¢) + (aan¢7ﬁ)8Q\F + (/\1 ¢)F (823)

In order to compute the Frechét Derivative, we perturb the flux at the

common boundary I' to obtain the problem

—-V - (aVw),= f T € €,
—alqw = Mz) + 0(z), xzel CoQ,
w = [(x), z € g\ T.
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Then,

gA+0) —q(A) = —(f &)+ (adpd, Blaoar + (A +0,¢)r
+(f, @) — (ady, B)aonr — (A, d)r
= (5, ¢>F

The Frechét Derivative in the direction §(z) is
Vag(A) -0 = (6,0)r. (8.2.4)

To give an example, we verify that (8.2.1) and (8.2.4) agree with the
formulas (8.1.8) and (8.1.7) in one dimension. For the Dirichlet-to-Ncumann

case, we have the problem

and the adjoint problem,

¢(0) =0, (8.2.5)

If ¢ = 1, the quantity of interest is g(A) = u(1). According to (8.2.1), the
derivative is given by ¢'(A\) = —ay¢’(1). If we solve the adjoint equation
(8.2.5), we get ¢'(1) = 1. The derivative is then ¢'(A) = —ay, in agreement
with (8.1.8).

In the Ncumann-to-Dirichlet case, the problem is

—ay v = f, z € (1,2),
—au'(1) = A,
u(2) = 3,
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and the adjoint problem,

—Qy ¢” =0, z € (07 1)a
—az¢/(1) = v, (8.2.6)
¢(2) = 0.

Assuming 9 = 1, the quantity of interest is g(A) = u(1). By (8.2.4), we
have ¢'(A) = ¢(1). The solution to the adjoint equation (8.2.6) gives us
¢(1) = 1/ag. The derivative becomes ¢'(A\) = 1/as, in agreement with

(8.1.7).

8.3 Adding Randomness

We discuss ways of adding stochastic behavior to (8.1.1), and explain
the effect that a random boundary condition, or a random forcing function
has on the fixed point iteration. We also give an application of the Green's

function approach to the Neumann-to-Dirichlet map discussed above.
8.3.1 Randomness at the Interface

Consider the problem (8.1.1), where at cach iteration we add a random
variable with density function N (u,a2) to the interface. This models the
situation where the values at the interface are obtained from a stochastic
technique. This is certainly the case if the value at the interface comes from
results from an atomistic simulation in an adjacent region, as we explore in
Chapter 9. In particular, supposc that (u(li))’(l) = ugi)(l) — a + A, where
A ~ N(u,0?). We define the sequence {uék)(l)}z‘f__o analogously to (8.1.3),
and it turns out that

k-1 k

k
(1) = B3 () + (=)o —a D (=) + 3o( A

i=1
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As expectation is linear,

E

k k
Z(—rm} => (-

1=1

Since A;’s are independent,

k k
var (Z(ﬂ')ui) = (=r)¥var(N),

i=1 i==1

so that 30 (=r)'A; ~ N (Zf:1(~r)iu,zkjll r2i02), Provided that |r| <

1

1, we let k — oo to obtain

_rat+f

wr(1) = up(1) =

+ A" where A* ~ N ( —r rk 02)
' ' T+ T2 '

We note that the variance increases without bound as r approaches 1.

8.3.2 Random Forcing

The preceding argument includes adding randomness to the bound-
ary condition used in the coupling. A different problem involves adding a

random forcing function on one of the sub-domains, i.e.,

—uf = f(A), z € =(0,1),
u(0) = «,
P (1) = uj(1), 8o
ul(l) = UQ(l),
uy =0, z € =(1,2),
(u2(2) = 5,
where A is some random variable.
For example, in the case where f(A) = A, the analytic solution to
the problem in €y is uy(z) = —3Az® + (wi(1) + A — @)z + @, and thus

uj(1) = wi{l) — 31X — a. To iterate, we use the analytic solutions at each
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iteration,

ugo)(l) = ugo)(l) = ¢y (initial gucss for solution at the interface),
fori=1,2,..

Do i 1
(w”)(1) = w71 - JA -

(w$Y (1) = r(ui’Y (1),

u(1) = ) (1).

The result, considering that A is constant, is

k-1 k k
k ; i A i
(1) =8 () + (e —ad (=) = Z ()"
=0 i=1 i=1
. T . B 6+T'a+%7v\ . )
Taking the limit k — oo, we obtain us(1) = — %=, provided that |r| < 1.

On the other hand, if ) is a random variable with density N(u,o?),

then
uyk1)=;3§i(wTy+-«-mk%——a§:(~rf—-%}:(—TVAn

where A; ~ N(u, 0%). Then, using a similar argument as described in section

8.3.1,
1 Igs, L Igs
=3 Z("l")z)\i ~ N (*5 Z(*r)lu, 1 ZrQZa ) .
=1 i=1 i=1
Assuming |r| < 1, we take the limit & — oo, to get
1 r 1 r?

+ A*, where A* ~ N (- - 02) . (8.3.2)

__[3+'ra
= 21+ a1 2

1+7r

’u,g(l)

We experimentally find that the sample mean and variance of ué’“)( 1) ap-

proach that of (8.3.2) as k — oo for a variety of r, u, o, o, 5.
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8.3.3 The Green’s Function Representation

Consider the continuum problem,

=V (a2Vug) = f, z €,
agdpuy = A(x), el (8.3.3)
uy = f(x), z e O\,

where A(z) is a random vector representing the flux on I'. This may model
the case in which diffusion is coupled with a stochastic model through the
boundary I". Assume that we have a distribution for A and wish to sample
from this distribution to compute a quantity of interest, g(A) = (u,¢)p. The
quantity of interest is a linear functional describing the concentration on I'.
Obtaining several samples of ¢(A) might involve solving (8.3.3) repeatedly
for each realization of A. Alternatively, we may usc the Green’s function
representation of the Neumann to Dirichlet map to speed up the sampling

process. Assuming wc have obtained the solution ¢ to the dual problem

(8.2.2), we recall (8.2.3) to get

q(A) = (ug, ¥)r = —(f, @) + (a20,9, Blaoar + (A @)r.

To summarize, if we have a distribution of A, we easily compute several
values of ¢(A) by solving only onc adjoint problem. We may also use the

methods described in [19] to increase the efficiency of the sampling process.

134



Chapter 9

FIRST RESULTS: ATOMISTIC TO
CONTINUUM COUPLING

9.1 Overview

The coupling of atomistic and continuum models has emerged as a
critical component in computational materials scicnce. For a multiscale
process, the finite clement method may fail to describe processes occurring
on a small time or spatial scale. For example, a material could have a crack
or deformation that occurs on an extremely small scale, yet still affects the
macroscopic bchavior of the problem. In a crack tip region, the laws of
linear elasticity fail to hold and we need an atomistic simulation to model
the problem. However, fully atomistic sirnulations of many domains are
computationally infeasible. The atomistic-to-continuum mecthods address
this problem by performing a continuum calculation on a majority of the
domain, and an expensive atomistic simulation on the subset of the domain
where the atomistic detail is needed. For example, Rudd and Broughton [42]
discuss multiscale computations for a rotary nano-engine with a diamecter of
30nm. The engine drives Salmonella and E. coli bacteria by rotating close
to 20,000 rpm while using very little energy. The engine is too small to obey

continuum principles, as a continuum model! fails to describe surface effects

135



[24]. However, a fully atomistic model results in billions of unknowns. Some
of the popular atomistic-to-continuum methods include quasi-continuum
[44], Finite Element-Atomistic (FEAt) [29], and Coarse Grained Molecular
Dynamics [42].

The primary issue in this chapter is to give a mathematically sound
framework for coupling stochastic and deterministic descriptions of nature.
These two kinds of descriptions apply at different scales and describe differ-
ent phenomena that nevertheless interact closely. Stochastic descriptions
often apply at very fine scales, describing the detailed motion and inter-
action of the smallest building blocks, c¢.g., molecules or bacteria. Deter-
ministic models usually apply at larger scales and describe the aggregate
behavior, e.g., fluid flow.

We note that error is also a difficult issuc for stochastic-deterministic
coupling, For a stochastic simulation, there is a statistical or probabilis-
tic description of crror and uncertainty at each step. On the other hand,
a deterministic simulation is affected by deterministic error, such as dis-
cretization error. Hence, the description of uncertainty and error between
the two types of simulation is fundamentally different.

In this chapter, we formulatc coupling between stochastic and deter-
ministic models as an iterative process, and begin to study the convergence
analysis for the itcrative process. In a stochastic simulation, the quantitics
of interest are random variables computed as statistical averages, generated
from a finite number of realizations of the simulation. On the other hand,
a deterministic problem produces one solution for each data set, and when
the data input is random, the output is another random variable or field.

Hence, in a coupled system the information that is passed back and forth
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are random variables. In the case of feecdback between the components we
have to describe a framework of iteration that converges to the solution of
the complete system.

In [1], the authors formulate a hybrid particle/continuum algorithm to
solve a diffusion problem, where the particles follow a random walk on a
lattice. The domains for the two models overlap, and the flux is matched
in the common region. Motivated by [1], we posc a problem that couples
a Brownian motion model and a continuum model, with non-overlapping
domains. This idealized model has Brownian motion on a lattice next to
a material treated as a continuum. We make an initial guess for the con-
centration at the boundary, then solve the Brownian motion model. As
this is a stochastic model, we simulate many realizations, then obtain an
approximate distribution for the solution value on the interface. We sample
from this distribution and pass these valucs into the continuum region as
boundary conditions. This, in turn, provides another distribution which
is passed back into the Brownian motion region. This process is repeated
until some convergence criteria 1s met.

The Brownian motion region yields random variables that are associ-
ated with probability densities as the computed quantities. The accuracy
is improved by taking more realizations. In this case, the continuum model
describes the expected value of particle behavior, but docs not model indi-
vidual particles.

As described, the process gives a sequence of distributions. We there-
fore should discuss convergence of this sequence. We view this problem as
a fixed point problem for the probability distribution on the interface. We

addressed convergence for the analogous fixed point iteration for coupled
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continuum models in Chapter 8 For the continuum-continuum problem,
we may obtain the derivative of the iterative map G, and show under cer-
tain conditions that we have |G'| < L < 1. Let G5 denote the map of the
atomistic to continuum model, where we conjecture that Gs — G as § — 0,
and so under appropriate conditions, |G5| < L 4 ¢ < 1. In other words,
since the map G approximates the continuum map G, we conjecture that
it inherits the convergence properties of the continuum map.

Another important question that arises is whether we can interchange
the limits of the number of samples approaching infinity, with the number
of fixed point iterations approaching infinity. This is a practical issuc. If the
continuous region can be solved relatively cheaply, then it may be more cost
effective to run several fixed point iterations before increasing the number of
samples. However, if the continuous region involves an expensive calculation
then we may be better off with a large number of samples for each fixed
point itcration.

Another interesting subject is numerical error. The accuracy for the
continuum model is controlled by numerical error, and by sampling from
the distribution at the interface. We would like to control the numecrical

errors so it does not significantly bias the densities computed.

9.2 Coupling a Random Walk with a Continuum Model
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Consider diffusion on two adjacent regions Q) and Qy, with diffusivity

a1 and ag, respectively:

(a)u] = 0, € Q= lab],
ui{a) = a,
) {alu’l(b) = azu(b), (921)
ui(b) = up(b),
agus = 0, € Qy=1[bd,
(uz(c) = 8.

We simulate the Brownian motion simulation in ; and pass the results
to the continuum problem in €y, Since we are considering a stationary
state problem, we run the atomistic simulation for a sufficiently long time
in order to eliminate the initial transient behavior.

Assume the Brownian motion region [a, b} is computed on a lattice with
grid values @ = x¢p < x; < ... < T, = b, where z; — 2,1 = Az. We necd
a way to convert between concentration and the number of particles at a
point. Let ¢(z) be the concentration per unit length at point z, and n(z)
be the number of particles at grid point z. Given the conecentration c(z;)
at a grid point x;, we nced to approximate n(z;), the number of particles
at z;. We assume the particles are evenly distributed in a region of width
Az about cach z;. We denote this region as I; = [z; — Ax,z; + Ax) for
¢ = 0,1,...,m. Since thc concentration is defined at all points in [a,b]
including the endpoints, we effectively simulatec Brownian motion in the

region [a — Az, b+ Az). We writc this interval as

o~ Az, b+ Az) =L
i=0

The particles in each interval I; have concentration c¢{xz;). The number of

particles at the grid point is therefore approximated by c(z;) multiplied by
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the interval length Az. Hence, for i = 0,1, ..., m,

n(z;) = round(c(x;)Ax)

cla;) = n(x;)/Ax.

We simulate the atomistic simulation in €2, first, using u,(b) = ¢ as an
initial guess for the concentration at the midpoint. We then pass the flux
au/(b) as a boundary condition into 23, Suppose we run the simulation up
to a final time of ¢¢, so that 0 < ¢ < t;. Decfinc the rate r to be the number
of steps per time unit. The total number of random walk steps to take is
then

T =rt;.
When we set the initial configuration of particles, we enforce the boundary

conditions by requiring that the number of particles at zy and x,, be
n(zg) = round(c(zg)Az), n(z,y,) = round(c(z,)Ax). (9.2.2)

Now for cach of the T' time steps, we move cach particle to the right or left
with probabilitics p and 1 — p, respectively. If a particle falls outside of the
range [a, b], we remove it from the simulation. After we have moved every
particle, we again enforce the boundary conditions (9.2.2).

One way to approximate the gradient at the interface b is to compute
the difference in particles between the grid points z,, and z,, — Az at the
final time. That is,

TL(.’Em) - n(I'rn—l) _i_
Az Az’

uy(b) = (9.2.3)

We may then follow the approach described in section 7.3.3, where we view

one “realization” of a gradient as the cnsemble average of the IV gradients,

N . .
1 n@(z,,) — nO (L,
ORI gl =) (924
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Increasing N has the cffect of decreasing the error in the gradient. We
repeat this process M times, to get a distribution of the sample mecans.
We note that this means the random walk is simulated a total of NM
times. To clarify, increasing /N reduces the variance of the distribution,
while increasing M has a smoothing effcet on the histogram of the sample
means.

Alternatively, we may opt to compute (9.2.3) at each time step ¢t €
(ts,tf), where ¢, is some appropriate “burn time”, at which the initial tran-
sient behavior has stabilized. We then compute the realization of the gra-

dient as the average over the T time steps,

Z 9 (2r) — D (2pm-1)

ui(b) = N

|-

i=1

If ergodicity holds, this time avecrage is equivalent to taking the statistical
ensenible as described above.

We describe a strategy for passing the flux into the continuum region
Q3. We run the simulations to produce several realizations of (9.2.4), and
obtain a distribution of gradicnts. After converting the gradients to obtain
a distribution of fluxcs, we use a kernel density estimator to approximate
an approximate density function for the flux, f Using rejection sampling,
we then take scveral samples 2% ~ f, k=1,..,8, to obtain a distribution
of boundary conditions for the continuum region €23. The continuum prob-
lem is solved using a finite clement method. Since the flux on the interface
is a random variable, we have introduced data error into the continuum
problem. We solve the continuum problem for each z*) to compute a dis-
tribution for us(b). We pass a distribution of Dirichlet boundary conditions
into the Brownian motion region in an analogous manner. We repeat the

process of passing distributions between the regions.
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Figure 9.1: Concentration at the boundary at cach iteration for ay/a; =
1/2. The black line indicates the mean concentration and the grey lines
indicate three standard deviations above and below the mean. The dashed
line indicates the analytic solution.

In Fig. 9.1, we see that during the first few iterations, the mean value
of the iterates approaches the analytic solution. Subscquently, however, the
mean value does not improve but oscillates about the analytic solution due
to the presence of random noise from the atomistic simulation.

To reduce the variance of the distribution of concentrations, we increase
the number of samples V. In Fig. 9.2, we see the cffect that doubling V at
cach fixed point iteration has on the variance. Here, we assume that it is
valid to interchange increasing the number of samples with increasing the

number of fixed point itcrations.
9.2.1 An Example with Nonzero Advection

Supposc the probability, p, of a particle moving to the right, is not
equal to the probability, ¢, of the particle moving to the left. Then by

(7.3.5), the corresponding coupling problem has a nonzero advection term

142



r=1/2
700 .

600
500

400} |

u(x1)

300

200

100

Figure 9.2: The black line indicates the mean concentration and the grey
lines indicate three standard deviations above and below the mean. The
dashed line indicates the analytic solution. At each iteration, the number
of samples is doubled.

with coefficient c,

'%alu’l’—cu’le, x € =(0,1),
u(0) = o,

) farwi(1) = azu(),
u (1) = up(1),
%ang—cugzo, z € Qy=(1,2),

kuZ(2> - ﬁu

where ¢ = (p — q)-f—. The solution to the problem

(9.2.5)

lagulf —cup =0, ze€(1,2),

2
uh(1) = m,
U2(2) = /67
is
m . m
up () = ‘Ig—ek(ﬁhl) + 8- -k—.ek,

where k = % Next, we give the analytic solution to the problem (9.2.5).
Let k1 = %f,kz =2 andr = %’; Then,

as’

uy(z) = AeF® o — A, and  uy(z) = Cef? 4 3 — Ce?F2,
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Figure 9.3: Solution to problem (9.2.5), for a = 100, 3 = 500,p = 0.45,r =
0.5. The dashed line shows the analytic solution, and the solid line shows
the approximate solution for the iterative scheme with Brownian motion in
(0,1), and continuous diffusion in (1, 2).

where

Cer — e®2) + B — « a—p0
A= , and C = — .
ekr — 1 ek2 — p2ky koek2(eF1~1)
Tk1el

A plot of a solution to (9.2.5) is shown in Fig. 9.3.
9.2.2 Applying Relaxation to the Iterative Map

In section 8.1.3, we describe a method to apply relaxation to the fixed
point iteration for the deterministic case. Since the Brownian motion model
approaches the deterministic model, we hope that relaxation may provide
similar results. In Fig. 9.4, we see that by using the optimal parameter
given by (8.1.12), the oscillation in concentrations is dampened. In Fig.
9.5, we attempt to solve the problem with a;/ay = 2. We sec that the

distribution diverges without relaxation, but converges using relaxation.
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Figure 9.4: Concentration at the boundary at each iteration for a;/a, = 2.
The black line indicates the mean concentration and the grey lines indicate
three standard deviations above and below the mean. The dashed line
indicates the analytic solution. Left: no relaxation. Right: A = 0.33.

9.2.3 Reversing the Direction of the Coupling

We investigate the effects and benefits of reversing the coupling, that
is, we pass the Dirichlet condition to the continuum region and enforce a
Neumann condition at the interface. The result of a particle simulation
is shown in Fig. 9.6. In the continuous case discussed in section §.1.4,
we address the case of the unstable ratio of diffusivities |a;/as] > 1 by
reversing the direction of the coupling. We find this works well for the
case of stochastic-deterministic coupling as well. We solve the Neumann to
Dirichlet problem in the Brownian motion region and solve the Dirichlet to

Neumann problem in the continuum region. An example is shown in Fig.

9.7.

9.3 A Probability Transition Matrix Approach

In this section, we usc an alternative to the fixed point formulation
described in section 9.2. We examinc a single step of the stochastic process,

which is assumed to be a Markov process. If we can obtain a probability
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Figure 9.5: Concentration at the boundary at each iteration for a,/as = 2.
The black line indicates the mean concentration and the grey lines indicate
three standard deviations above and below the mcan. The dashed line
indicates the analytic solution. Left: no relaxation. Right: A = 0.7.

transition matrix for the process and verify that the Markov properties
hold, then we may be able to find a limiting distribution for the Markov
chain. Under desirable conditions, the limiting distribution obtained from

this approach will coincide with the distribution obtained using the fixed

point iteration. Consider the following algorithm.

1. Given a number of particles at b, n(b)*)| run the atomic simulation

in ; and compute a single realization of the flux z = a;u'(b).

2. Solve the continuum equations in €2, using the Newmann boundary

condition uh(b) = z/as.

3. Compute the new number of particles n(b)**1) on the boundary by
converting the concentration wus(b) to a number of particles as de-

scribed in section 9.2.

We consider (1)-(3) as a single step of a stochastic process that provides a

k+1

mapping from the number of particles n(b)*) to n(b)*+YV, Since the new
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Figure 9.6: Particle concentration for 50 random walks with a fixed Dirichlet
condition at x = —1 and a Ncumann condition at z = 0. The bold line
indicates the mean concentration of the 50 random walks.
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Figure 9.7: Concentration at the boundary at each iteration for a,/a; = 2,
with the direction of the coupling reversed. The black line indicates the
mean concentration and the grey lines indicatc three standard deviations
above and below the mean. The dashed line indicates the analytic solution.
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(k

number of particles n(b)*) only depends on the previous number of particles

n(b)*Y, we make the Markov assumption

P(n(0)**D = jln(d)V = i1, n(b)@ = iy, .., n(b)F) = iy = i)

= P(n(b)** = jin(b)*™ =),

We construct a transition matrix P, where Pj; is the probability that given
n(b)® = 4, applying steps (1)-(3) results in n(b)**+) = j Obtaining P
analytically is difficult, since we cannot necessarily obtain the exact transi-
tion probabilities for the Brownian motion model. However, rows of £ may
be estimated numerically by taking many realizations of the process and
observing the results.

As P is a stochastic matrix, it has an eigenvalue of 1, with all cigenval-
ues satisfying |A| < 1. The stationary distribution 7 is defined to be the left
eigenvector corresponding to the eigenvalue of one, so that 7 = 7P, If P is
a primitive matrix, then by Proposition 6.6.4, it has a limiting distribution
which is equal to .

We illustrate this approach for a range of diffusivity ratios r = a;/as.
The mean and standard deviation for the equilibrium solution 7 is defined

to be
K

K
,u:Zk‘/rk, and 02=Z(k—,u)27rk,
k=0

k=0
where K is an upper bound for the number of particles on the boundary.

Although the spectral radius is fixed at 1, the convergence rate 1/|Aa,
as given in (6.6.4), is affected by r. In addition, the mecan and variance
of 7 also varics with 7 = a;/ag. From numecrical tests, we find that P is
generally a primitive matrix whenever 7 < 1. In Table 9.1, we see that the

second largest eigenvalue Ao approaches —1 as  approaches 1. In addition,
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the variance of the limiting distribution is increasing as r — 1, as shown in

Table 9.1 and Fig. 9.8.

ay/ag | True Solution p o? Az
0.5 366.7 366.4 | 18.8 | -0.51
0.6 350 348.9 1 36.5 | -0.69
0.7 335.3 335.4 | 43.9 | -0.77
0.8 322.2 322.2 1 113 | -0.86
0.9 310.5 309.2 7 240 | -0.91

Table 9.1. Mean, variance, and second largest eigenvalue for different dif-
fusivity ratios.

In the case that r > 1, the matrix fails to be primitive and does
not model the original problem (9.2.1). From numerical cxperiments we
typically find that there are two cigenvalues of modulus one in this case,
1 and —1. Although P does have a stationary distribution 7 in this case
which we may find using (6.6.7), the distribution 7 does not represent the
solution to (9.2.1). In gencral, m will be highly bimodal, as we sec in Fig.
9.8 for r = 1.1. However, we can address the situation in which » > 1
be reversing the directions in which the Dirichlet and Neumann boundary
conditions are passcd.

The accuracy of the limiting distribution 7 depends on the accuracy of
the transition matrix, The accuracy of the matrix, in turn, depends on the
Brownian motion simulation, and the accuracy of the continuum solution,

which is addressed using standard a posteriori techniques.
9.3.1 A Relaxed Probability Transition Matrix

In section 9.2.2, we discussed a rclaxation approach for the fixed point
iteration. Here we discuss ways to apply relaxation to the transition prob-

ability matrix approach. The basic probability transition matrix approach
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Figurc 9.8: Stationary Distributions, 7 = 0.5,0.75,0.9,1.1

involves approximating P, and solving the problem

}}jz z ))f:ilP n>1 (93.1)
The sequence z Y, converges to the limiting distribution of the Markov
chain, for any stochastic row vector x. A natural way to definc relaxation
in this case is with the fixed point iteration defined by

)}:: = i(;’n«l +(1-a)YpaP n2>21, (9.32)
where « is the relaxation parameter, with o = 0 corresponding to no re-
laxation. We define the relaxation matrix, P = of + (1 — «)P, so that
(9.3.2) can be written

)/U - X()a
Y, =Y, 1P n>1

il
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We remark that P® is a stochastic matrix. To see this, we have
>_; Pij = 1 since P is a stochastic matrix. Then,

SNPE=>(alj+(1-a)P)) =) aPj+(l-a)=at+l-a=1
. : _

J J

The stochastic process (9.3.2) is an entirely different stochastic pro-
cess than (9.3.1); however, we may show that P and P share stationary

distributions. Suppose that 7P = m. Then,
nPR=r(al+(1-a)P) = ar + 1P~ arP = 7P = .

There is a clear relationship between the eigenvalues of P and P%. By
linearity, if P has cigenvalue ), then P# has cigenvalue a+ (1 —a)A. Define
the map g : R — R to be the map from cigenvalues of P, to cigenvalues of
P% so that

g(\) = a+ (1 - a)A.

We note that g(1) = 1, and by the Perron-Frobenius Theorem, we have
lg(M)] < 1. In addition, g(—1) = 2« — 1, which implies that an eigenvalue
of —1 is mapped strictly inside the unit circle, provided that 0 < o < 1. In
fact, the map g generally shrinks the range of eigenvalues with respect to
the unit circle. The new spectrum lies inside the circle with radius 1 — «
and center («,0). An example with r = o = 1/2 is shown in Fig. 9.9.
From (6.6.4), the convergence rate of (9.3.1) is 1/|Asf, where Ag is the
second largest eigenvaluc of P. Since g(A) = o+ (1 —a)Ay, the convergence

rate is at most
1

T 0 al 039

If v is close to 1, the upper bound (9.3.3) of the convergence rate approaches

1, and this relaxation approach fails. In general, relaxation may or may not

151



r=0.5, with relaxation parameter o = 0.5

0.5 1 g -0.5

-1 ~0.5

0.5 1

0 0
Re(}) Re(h)

Figure 9.9: Plots of spectrum, r = 1/2. Left: Spectrum of P, with the unit
circle. Right: Spectrum of P®, o = 1/2, with plots of unit circle and circle
of radius 1/2, with center (1/2,0).

improve the convergence rate. If A, is close to —1, the map will generally
move Aq closer to the origin. However, if A is positive and real, then ¢
moves A further from the origin. For example, in Table 9.2, we see that
Ao = —0.603, and g(\z) = 0.199. However, |¢(0.435)| = 0.718, and we scc
that although ¢ has mapped A, closer to the origin, the convergence rate

has decreased. For larger ratios r, relaxation may yield a slight improve-

A B M A
0 0 0.500 0.500
-0.002 0.002 0.499 0.499
0.027 0.027 0.514 0.514

0.114 £ 0.144¢ | 0.183 | 0.557 £ 0.072: | 0.562
—0.143 £ 0.140¢ | 0.200 | 0.429 % 0.070: | 0.434

0.435 0.435 0.718 0.718
-0.603 0.603 0.199 0.199
1 1 1 1

Table 9.2: Spectrum of P and P%, before and after relaxation (r = a =

1/2).

ment in the convergence rate. For example, using 7 = 0.9 and a = 1/2,
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we numerically obtain convergence rates of 1.07 and 1.12 before and after

relaxation, respectively.



Chapter 10

CONCLUSIONS

In the first part of this thesis, we study optimization of a quantity of
interest of a solution to an clliptic problem, with respect to parametcrs in
the data. We use the gencralized Green’s function as an cfficient way to
compute the gradicnt. We used gradient search techniques as described
in Chapter 4 to generatc a minimizing sequence. We analyze the cffect
of numerical crror on a gradient scarch. Using a posteriori crror control
based on adjoints and residuals as introduced in Chapter 3, we devise an
efficient adaptive algorithm to control the error in the gradient. We apply
this technique to an example in one dimension with dramatic results, and
to a wound healing model in two dimensions.

In the sccond part of this thesis, we create a mathematical framework
for coupling atomistic with continuum models. We first look at the case of
coupled diffusion, and examine the criteria for the fixed point iteration to
converge. In casc the condition is not satisfied, we look to use relaxation
or to reverse the direction of the coupling. We use the Green’s function
approach to get an expression for the values at the interface, as well as the
derivatives of the Dirichlet-to-Neumann and Neumann-to-Dirichlet maps.

In the last chapter, we look at the simple onc dimensional casc in
which the particles undergo a random walk on a lattice, next to a con-

tinuum region. We generate samples and use kernel density cstimation to
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approximate the density functions of the uncertainties. We then sample
from these deunsity functions to generate the boundary conditions for the
adjacent region. This defines a fixed point iteration of distributions. From
numerical tests, the convergence criteria mimics that of the criteria for the
casc of coupled continuous diffusion. Just as in the case of continuous cou-
pling, we overcome an unstable ratio of diffusivities by using relaxation or
by reversing the direction of the coupling. It is not clear how to define
convergence of the distributions. We see that after a certain number of
fixed point iterations, the values oscillate due to the random noise from the
atomistic region. If nceded, we dampen the oscillation by increasing the
number of samples. We also discussed a probability transition matrix ap-
proach, where we assumc the boundary conditions at cach iteration follow a
Markov chain. We discusscd criteria for the existence of a limiting distribu-
tion. We finished the chapter with the formulation of a relaxed probability
transition matrix.

The future holds many possibilities for further investigations. We
would like to develop a rigorous notion of convergence for a sequence of
distributions. We would like to account and correct for numerical errors
in the coupling in an efficient way. The mathematical theory for achieving

these goals is lacking.
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Appendix A

SELECTED PROOFS

Theorem A.0.1. Let B de defined as in (2.5.6). If =3V -b+c¢ >0, then

B is coercive.

Proof. First, we claim that

/wb~dex:~l/(V-b)w2d:v+l/ w?b - ndS. (A.0.1)
Q 2 Ja 2 Joa

Using the identity V - (ub) = Vu-b + uV - b, we have

~l/(V'b)w2da::l/b-V(wQ)dz'~~1—/V'(wb)dw.
2 Ja 2 Ja 2Ja

Using the identity V(w?) = 2wVw on the first term, and the Divergence

theorem on the last term,

1 1
——/(V~b)w2dw=/w(b-Vw)dm—-—/ w?b - ndS,
2Ja Q 2 Joa

which proves (A.0.1). Next,

B(u,u) = /a!Vu|2dr+/ubvudx+/cu2dJ;
Q Q Q
1

= /aiVuler—-—(V-b)UQd.rJr—l—/ w2b-ndS+/cu2dm
Q 2 2 Joq

= /a\Vu\Qdaz+/(c—lV'b)u2d’x
Q Q 2

>

GO||U||H5(Q)-
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Proposition A.0.1. Let A be a primitive, stochastic matriz, where A =

z,Ae =¢, and L = ex. Then lim,,_,ooc A™ = L.

Proof. First, note that L™ = (ex)(ex)...(ex), but since }_ z; = 1, we have
ze = 1. It follows that

L™=ex=1L. (A.0.2)

Next, A™ L = A™ 1AL = A™ 'Aex = A™ lex = A™ 'L, and inductively,
A™L = L, and similarly, LA™ = L. (A.0.3)

Next, we claim that
(A-L)™ =A™ - L. (A.0.4)

This is trivially truc if m = 1. If we suppose it is true for m = k, then
(A— L) = AF — L. Then,
(A= L' = (A= LY¥(A = L) = (4* ~ L)(A - L)
:IAk+1—LA~AkL+L2:Ak+1—L“L+L:Ak+l,
where we have used (A.0.2) and (A.0.3).
Next, we claim that if 4 # 0 is an cigenvalue of A — L, then p is

also an eigenvalue of A. Suppose that (A — L)w = pw for w # 0. Then

premultiplying by L gives
plw = L(A— Lyw = (LA — L*)w = (L — L)yw = 0,

hence Lw = 0. Then, pw = (A — L)w = Aw — Lw = Aw which shows that

p is an cigenvalue of A.
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We can then show that 1 is not an eigenvalue of A—~L. If (A—L)w = w,
then Aw = w as shown above with 4 = 1. But since A is primitive, the

eigenvalue of 1 is simple, so that w = «e for some o # 0. Hence,
w=(A—- L)w= Aae — Lae = ae — exae = ae — ae = 0,

where we have used the fact that z e = 1. This contradicts the fact that
w # 0. Hence, 1 is not an eigenvalue of A — L.

Next, we show that p(A — L) < |[Ag|, where 1 = A1 > |Xo| > ... > |AN].
If 1 # 0 is an eigenvalue of A — L, then u is an eigenvalue of A as shown
above. Thus, p(A — L) = ||, where A\ is some eigenvalue of A. By
the previous fact, Ax # 1, and since A is primitive, we then have that
p(A—L) =M < 1.

Finally,

A" = L+ A™~L
= L+ (A-L)™ by (A.04).
Then, since p(A — L) < 1,
lim A" =L =ex.

O

Proposition A.0.2. A finite Markov chain with n states is irreducible if

and only if its probability transition matriz P satisfies (I + P)"1 > 0.

Proof. We first claim that pJ; > 0 if and only if the chain can go from
state ¢ to state j in m steps. If m = 1, this is trivial. If m = 2, we have

p?j =Y p_1 PiPr; > 0 if and only if py > 0 and pi; > 0 for some k. Henee,

163



a chain starting in statc ¢ can go to state j in 2 steps. Now, suppose the

property is true for m = ¢q. Then,
+1 :
P?j = prjpkj >0,
k=1
if and only if p}, > 0 and pg; > 0 for some k. That is, there is a k such that
we can get from ¢ to & in ¢ steps and k to j in one step. This proves the

claim.

Next,

n—1 n—1
(1+P)”‘1=l+(n~1)P+<" >P2+.,.+<” )P"’l.
2 n—2
This is a positive matrix if and only if for all entrics (7, §), at lcast one of
I,P, P? .., ,P" ! has a positive (i, j) entry. By the claim, this holds if and

only if we can get from state ¢ to state j in less than n steps. O
Proposition A.0.3. Suppose P is periodic with period 2. One can check
that for large n, the sequence vP™ is a 2 cycle, whose average approaches

the stationary distribution w. That is,

o1
my = lim 2 (0 + P

Proof. Since P has period 2, it has eigenvalucs 1 and -1, with all other
eigenvalues satisfying |A\| < 1. By (6.4.2), we have
l'Pk = mU) + QQ('—l)kUZ + Z (li)\fvi — v + (lg(—l)kl)g,

1=3
for arbitrary initial distribution z. Hence,

1 1
E(ka + kaH) = E[alvl + ag(—l)kvz + a1y + az(“l)kH’Uz + &(k)]

1
= U] + §§(k),

where £(k) — 0 as kK — oo. Since v, is the left cigenvector corresponding
the the eigenvalue of 1, it is also the stationary distribution. Taking the

limit & — oo completes the proof. d
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