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ABSTRACT OF DISSERTATION

SADDLEPOINT METHODS IN NEURAL NETWORKS

Saddlepoint methods have found increased application in recent years. They provide
fast and accurate approximations to some the most important integrals encountered
in Statistics. In addition. when used to approximate probability distributions, they
vield accurate tail probabilities. Competing methods. such as those based on stochas-
tic simulation. are much slower and typically yield very poor approximations to the
tail of a distribution. However. as we shall see in the forthcoming chapters, saddle-
point methods routinely provide virtually exact approximations to many quantities
of interest besides probability distributions.

In the first chapter. Laplace’s method is used to perform marginal inference in
Bayesian neural networks. Accurate approximations for Baves factors for model choice
about the number of nonlinear sigmoidal terms: predictive densities for a future ob-
servable; Bayes estimates for the nonlinear regression function; and the marginal
densities are given. Important use is made of the inherent partial linearity of the
regression function and the lack of identifiability. The choice of prior and the use of
an alternative sigmoidal lead to posterior invariance in the nonlinear parameter which
is discussed in connection with the lack of sigmoidal identifiability. The accuracy of
the Laplace approximations is illustrated in the context of two nonlinear data sets: a
nonlinear regression model and a nonlinear autoregressive time series.

In chapter two, saddlepoint approximations and Laplace’s method are used to
study classification in the stochastic Hopfield model (SHM). First, the methodology
is developed to provide saddlepoint approximations to classification time distribu-

tions. Secondly, saddlepoint approximations to the stationary distribution of the

1il
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Hopfield Markov chain. the Markov chain underlying the SHM's classification pro-
cess, are presented. These approximations are particularly difficult to obtain since
this stationary distribution has an intractable moment generating function which we
approximate with Laplace’s method. Lastly. a characterization of the set of possible
absorbing states of the Hopfield Markov chain for the deterministic Hopfield model,
a forerunner of the SHM. is provided. All of our contributions are a result of the
lumpability of the Hopfield Markov chain which is rigorously derived and proven.
The accuracy of the saddlepoint methods, in the above classification problems, is
demonstrated on a SHM with 219 = 1024 states which reduced to a model with a
mere 64 states via lumping.

Robert L. Paige
Department of Statistics
Colorado State University
Fort Collins. Colorado 80523
Summer 1999
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1 Bayesian Inference in Neural Networks
1.1 Introduction

Neural network (NN) models have enjoyved considerable popularity in recent years.
They have been applied to many nonlinear regression problems and have been used
extensively for time series prediction. see Faraway and Chatfield (1998) and Weigend
and Gershenfeld (1993) . They also have been successfully applied in pattern recogni-
tion as reviewed in Bishop (1993) and Ripley (1996) .

In the NN model, the expectation of observation y; is a "quasi-linear” func-

tion of independent variable r; = (l.zx;,... Zim)? fori = 1.....n. With y =

(y1,y2--- .yn)T, the model is

[

y=X3+7

T

where ¢ = (g,.59.... .5n)" ~ N(0./,). 7 > 0 is a scale parameter, X, i1s an n X p

design matrix of the form

I; g (I;Ql) .- g (I;Qq)
I 5 \T, O g |\THQ

Xo=| " (; 1) ) (; ) , (1.1)
il o(zfar) -+ o(zla,)

and B is a (p x 1) linear regression vector with 'p = m + 1 4+ ¢q. The elements of
X, are functions of the nonlinear parameter matrix a = (aj,as,... ,aq)T where
a; = (ap,ai,--- ,a‘-m)T and o (z) is a sigmoidal usually taken to be the logistic
function (1 + €~*)~'. The convention has been to work with both y- and z-component
values translated and scaled to be in the range [0, 1].

In neural network parlance this particular type of model is known as a "feed-
forward neural network with one hidden layer, one skip layer, and a linear output

unit”, as described in Ripley (1996). ”Feed-forward” refers to the vector z; being
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mapped or "fed” forward to give E [y;]. This expectation is a linear combination of
the nonlinear sigmoidal terms, o (z7a;).... .0 (zfa,), or "hidden layer™ and the
linear term, =7, or “skip layer” which “skips” past the sigmoidal transformation. In
addition. this model has a "linear output unit” since the expectation of y is linear in
the regression function X,3.

The NN model is a highly flexible model. With sufficiently many sigmoidal terms,
the regression function X,3 can approximate any continuous function uniformly over
a compact set to an arbitrary degree of precision as first shown by Cybenko (1988).
Usually relatively few sigmoidal terms are required in statistical problems. Nonethe-
less there is a need to avoid overfitting the data with either abruptly changing or
“saturated” sigmoidal terms or too many sigmoidals. We use a prior distribution on
(a,3.7%) that a prior favours smooth and non-abruptly changing sigmoidal terms.
A similar approach has been used in Ripley’s S-Plus routine "nnet” as described in
Venables and Ripley (1997).

This paper addresses several aspects of marginal Bayesian inference for such NN
models. First the issue of model choice is considered. If the model in (1.1) with ¢
sigmoidals is referred to as A, then marginal posterior probabilities for the various
models {M, : ¢ =0,1,...} are approximated using the method of Laplace. These
computations determine approximate Bayes factors for use in model choice (determi-
nation of ¢) as well as in posterior mixing over models for prediction and estimation.
We show in the numerical examples that the Bayes factors alone do not convey the
information needed to select a parsimonious model with small g. Models with extra
sigmoidal terms that nest this parsimonious choice are weighted as heavily as the
parsimonious model. However, with the additional information about the modal es-

timates used in Laplace approximations for Bayes factors, this parsimonious choice

can be made.

(S}
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Approximate predictive densities for future observable Yy given its associated in-
dependent variable z; are computed using Laplace approximations. Also computed
are approximate Bayes estimates for the nonlinear regression relationship and approx-
imate marginal posteriors on model parameters.

Our marginal inference is facilitated by making important use of the ”partial
linearity” in the regression parameters. This term refers to the fact that if a were
known. then the NN model would be a linear regression model in 3. As such. any
marginal inference may be simplified considerably by marginalizing first with respect
to the linear and scale terms. Using standard conjugate priors on (3.72%). the exact
marginal posterior density on nonlinear parameter « is easily computed analytically.
Then Laplace’s approximation need only be applied for marginalizing in a. Previous
use of Laplace’s method has not taken advantage of partial linearity to allow exact
maginalization in the parameters (3.72). The obvious benefits are simplicity as well
as the greater expected numerical accuracy provided when Laplace’s approximation
is used in lower dimensional integration. Partial linearity has been noted in Ripley
(1996) but has only been used for parameter estimation in frequentist models by
Shepanski (1987) and Hrycej (1992).

The marginal posterior for a can have many local maxima. Therefore, when
marginalizing in «, a sum of Laplace approximations at the various local maxima is
required. This procedure was proposed for marginalizing over a and 3 in Buntine
and Weigand (1991) and further discussed in Mackay (1992) and Ripley (1994a).

The methodology is illustrated on a small nonlinear regression data set from Bates
and Watts (1988,83.13). The form of the regression is not specified by the underlying
theory. A second larger financial time series data set from Lee, White, & Granger

(1993) is also modelled using a lag one nonlinear autoregressive model.
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1.2 An Alternate Invariant Sigmoidal

There are several troubling aspects of these NN models related to our Bayesian com-
putations. First, the parameter (a.3) lacks identifiability. To see this. consider a NN
model with one independent variable. no linear term. and two sigmoidal terms. The

expected value of y is given by
Eyl = 3o + 310 (aio + a@117) + 320 (20 + a21T) . (1.2)

This expectation is unchanged if one interchanges the parameter sets (1, @10, @11 ) and
(32, @90. @21 ). Identifiability however is not an issue in prediction or Bayves regression
estimation where the parameter (a, 3) is integrated out. We shall return to this issue
later as it concerns marginal inference for the components of a.

Secondly. certain sets of parameter values are not equivalent but which should
be. Consider a change in the sign of (3,.aq. ;1) while also adding 3, to 3. This

parameter change leaves the expectation in (1.2) unchanged, or
3o+ 31 — o (—a —anz) = 5+ 310 (aw + anr) .

These two sets of parameter values are said to be "expectation equivalent”™. These
values receive equal weight from the data through the likelihood function but may
not have equivalent posterior weight because they may receive different prior weights.
This lack of "posterior equivalence” is troublesome because in effect one arbitrary
parametrization is assigned a higher posterior probability than another.

This posterior inequivalence is corrected by working instead with the translated

sigmoidal,

c(z)=0c(z)— - = %tanh (g)

-~

which is an odd function about 0. The choice of prior for (a,3) also bears upon this

issue and in this regard we suggest an exchangeable multivariate T prior with common

4
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mean 0 in the next subsection. Such a prior is an even function in each component
and guarantees prior equivalence for parameter values that are expectation equivalent:
thus posterior and expectation equivalence are one in the same. This corrects the
conceptual difficulty above.

For ease of discussion, we shall refer to ¢~ as a sigmoidal. Strictly speaking it is
a translated sigmoidal since sigmoidals must be distribution functions.

The use of o~ together with our choice of prior greatly reduce the number of local
maxima that must be averaged when using Laplace’s approximation to marginalize
in . This occurs because they lead to a marginal posterior in a that is exchangeable
and which therefore generates equivalence classes of local maxima over certain per-
mutations and sign changes for a. This phenomenon has previously been pointed out
by Bishop (1995) when using the tanh sigmoidal.

The use of sigmoidal o~ also necessitates that we translate the y- and z-component
values by subtracting 1/2 so they now fall in the range [—1/2.1/2]. The first row

entries of {z;}, which are all 1, are also replaced with the value 1/2.

1.3 Choice of Prior

To motivate the choice of prior, we must first understand the nature of the sigmoidal
data transformations. Consider the graph of ¢ (az) versus (a,z) for —15 < a <15
and —1/2 < z < 1/2 as given in Figure 1 below. Values of a centered about 0 result
in a functions which are flat or gradual whereas larger values of |a| yield functions
which are steep. As |a| — oc the sigmoidal approaches a unit step function and is said
to approach ”saturation”. More generally, 8o~ (a¢ + a;z) will avoid saturation and
be gradual and smooth if the values of ag, @, and 3 fall within the range (—6,6). A
summation of such terms yields a regression function which is also smooth and which

tends not to overfit the data.
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In this regard. we assume a marginal prior structure for (a,J) that is an ex-
changeable multivariate T and which gives each component the common mean 0 and
variance 4. The support of each component is concentrated in the range (—6.6) so
that prior weight is given to smooth regression functions. As previously mentioned,
this prior is an even function in each component and assures that expectation and
posterior equivalence are the same. Such a marginal prior is specified hierarchically
using a conditional prior for (a.3) given 72 that is N(0.(7%/A) [4q(m+1)) with the
fixed value of A = 10~3/4 explained below. A conjugate prior is used for 72 which is

the inverse gamma distribution ['"! (v/2,+v/2) (see Lee. 1989. §A.5) with density
—vf2-1 Y
7 (%) x (7?) exp {—2? (1.3)

and parameters v = 3 and v = 4A. The parameter choices represent vague prior
knowledge in the following sense. The first parameter measures the prior informa-
tion for 72 and v = 3 is its smallest integer value for which (1.3) has finite mean.
The second parameter assures that E [7?] = 4 so that the marginal prior mean for

components of (a,3) is 0 with variance 4. These parameter choices assure a prior in

which
2/A ~T71(3/2,2)

for any choice of A > 0.

Our choice of A = 1073/4 has been motivated by the desire to seek prior choices
using sigmoidal o~ that are compatible with the penalty choices of Ripley (1996)
when working with sigmoidal 0. Using A = 1073/4, then our choice of prior combines
with the normal likelihood to produce a posterior that depends on the penalized least

squares error defined as

SSE™(a,8) = lly — X8I + Al(c, 8))I% - (1.4)
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The latter penalty term in (1.4) is called a "weight decay”. Expression (1.4) may
be minimized over (a.3) by using Riplev’s "nnet” routine. For z- and y-values in
[0,1], and a moderate number of parameters, Ripley (1996) has suggested the penalty
weight A € (107*,1072). Our selected value A = 1073/4 is consistent with Riplev’s
choice of A = 1072 for the following reason. Our z- and y-values fall in the range
[—1/2.1/2] instead of [0. 1] with half the magnitude: this allows us to double the value
of (a.3) but this must also be compensated for in the weight decay factor ||(a.3)||?
by using a quarter of A € (107*.1072).

To summarize. the choice of prior has been motivated in several ways. An ex-
changeable multivariate T prior on («,3) with mean 0 and variance 4 that incorpo-
rates the penalty weight A = 1072/4 makes saturation of sigmoidals difficult and leads
to a smooth well-behaved marginal posterior surface in a with a decreased number
of local maxima and few false maxima (saddlepoints). This smooth surface provides
improved performance for quasi-Newton maximization routines when implementing
Laplace’s method in . From a Bayesian perspective, the prior choice expresses an a
priori preference for smooth regression functions, perhaps as an expression of Occam’s

razor for simple smooth relationships.

1.4 Posterior Calculation

The priors on (o, 3, 72) combine with normal likelihood to yield posterior

T (a,B,T"’] y) x (TZ)—(n+P+Q(m+1)+u)/2—l exp {_SSE (a,3) + 7} .

272

This expression admits explicit marginalization in 3 followed by 7. Completing the

square in 3 and integrating out vields

e (a,T2| y) x (T2)—(n+Q(m+1)+U)/2_l |‘¥g‘¥a + /\[p|_1/2 exp {__Er‘)(f) }
T

<
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with
E(a) =82+ B, +v+ Xa|®. (1.5)
In (1.5), s2 is the error sum of squares of linear regression treating a as fixed. or
sa =y (I = XaX})y
with X} as the Moore-Penrose inverse of X,. and
Bo = 5TXT |1 = Xo (XTXo +A2,) ™" _\'QT} Xoda (1.6)

with 3, as the least squares estimate of 3 with « fixed or 3, = Xty. Marginalization

2

in 7° yields

7(aly) x 7 (aly) = c|XTX, + AL| 7/ E (o) nHotmenvir (1.7)
where 7 is the true posterior. 7 is the unnormalized posterior from exact marginal-
ization in 3 and 72. and

c=T (gigjﬁ) ,\(p+q)/2,.l.u/’-’/[‘ (%) ~nt+a)/2
For large n, the term B, is close to 0 and negligible so that it may be left out of
posterior computation. This occurs with informative designs in which the likelihood
contribution XTI X, “washes out”™ prior term Af, in the centre matrix of (L.6). In

this setting the centre matrix approximates the residual projection matrix that is

orthogonal to the columns of X, so that B, = 0. The expansion

- od _1)k _
(XIXa +2L)" = (XIX.)™? [fn+§:{—/\<xzxa> ‘}](xzxo> e
k=1

= (XTX,) T = A(XTX) TP+ A (XTX) P -
when substituted into (1.6) gives
Bo = 0—=A8T8. + X287 (XTX,) " Bu+---
= O(Mn)+0((Mn)?)+---.

8
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Further simplification occurs with large n. The factor | X X, + Alps1| is dominated

by the F (a) term whose important components now include

_ 2\ —(n+q(m+1)+v)/2
7 (aly) 2c(s§+x\|]a[|°) 1 i

More generally, for any nonlinear normal regression model with a partially linear
component. the marginal posterior on nonlinearity parameter « is given in (1.7) when
computed with conjugate priors. Letting A — 0 and setting v = 0 = 7 corresponds

to using Jeffreys’ priors for which the posterior on « is
- ATy |—U/2 - +1
Tlaly) = c|XTN, |77 |sq - (Hatm+t))
Modal estimates of a essentially minimize the empirical error s2 for large n.

1.5 Posterior Symmetry in «

The posterior on e is invariant under two groups of transformations. First, because
the sigmoidals are not identified. it is invariant to the ¢! permutations of the q pa-
rameter sets within common sigmoidals. Secondly, because of its symmetry about 0,
it is invariant to the 27 possible sign changes applied to these same parameter sets.
Together the posterior is invariant under a single group of 27¢! transformations. The
symmetry of the marginal posterior on a can be easily seen by expressing it as the
integral of likelihood x prior and noting that this integral is symmetric because of
the choice of symmetric priors and the oddness property for o~.

The group under which 7 (a|y) is invariant forms a subgroup of the orthogonal
group of transformations on «. This subgroup is the largest such subgroup which has

relevance to the NN model. To show this, consider the nonlinear part of the design
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matrix

o (2Tar) - o(zTap) T
o(zjan) -+ o (7504) z3

. . - =0 . [041 Qo Qq]
o (zher) -+ o (z7ay) 4

The group maps @ = O« and an orthogonal matrix O with more than one non-zero
entry in the :th row will result in a transformed parameter matrix Oa whose (z. j)th
term is a linear combination of &y j_1, @2 j_i.... .4 j~; which is not permissible in
the NN model. Matrix O must therefore have only one non-zero entry in each row
which necessarily must be either 1" or " — 17 if it is to be orthogonal: thus O is a
member of the subgroup of size 27¢!.

The group invariance leads to equivalence classes of parameter values sharing
common orbits under the invariant group of size 2%¢!. Members of the same orbit
are expectation equivalent parameter values. In each orbit. one member has location

parameters for the g sigmoidals that satisfv
0<ap<...<ap (L.8)

and which can be used to identify the orbit. Starting with arbitrary matrix parameter
@, it is transformed into its identified form by ordering the vectors according to their
first components, {a;sgn (@) : 7 =1,....q}, and letting these form the columns of
the matrix af,;. This identified version is the "maximal invariant” parameter under
the invariant group. We shall denote the set of maximal invariant parameter values
as O = {aprr} € RU™Y . For parameter aarr € O, the sigmoidals essentially end
up numbered from left to right according to how the sigmoidals are centered in the

regression.

10
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1.6 Approximate Posterior Expectation in o

1.6.1 Laplace’s Approximation with Multiple Modes

Laplace’s method was introduced for Bayesian marginalization by Leonard (1982).
Davison (1986). and Tierney and Kadane (1986). More recently it has found applica-
tion as a means for computing approximate Bayes factors as discussed in Berger and
Pericchi (1996), Kass and Raferty (1995). and DiCiccio et al. (1997). All of these
authors, however. consider the unimodal situation and not the multimodal setting
commonly arising with NN models. This latter setting has been discussed by Buntine
and Weigand (1991), Mackay (1992) . Bishop (1995). and Ripley (1994a). Multimodal
marginalization has also been considered with MCMC by Neal (1993. 1995)

The posterior expectation of an arbitrary smooth positively-valued function g («)
is computed using Laplace’s approximation adapted to deal with the multiple local
maxima found in this context. Our context requires maginalization in o and the

approximation is
[9taimtalnda =Y gté) L) (1.9)

where

L(é)= '
(&) \/l‘;‘:g‘__\’& + Al x || H (&)]|

The values {&} comprise the set of local maxima for the dominant portion of In 7 (a|y)

taken to be
—%(n+q(m+1)+u)lnE(a). (1.10)

Matrix H («) is the Hessian of (1.10). Determination of the collection of local maxima
is the most computationally intensive part of this computation. For this we used
Gauss-Newton searches for critical values starting the iterations at randomly selected

values of a.

11
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When g (-) is invariant under the permutation group of Section 5. the summation in
(1.9) may be restricted to summing over only the identified local maxima parameters

in O when the multiplicity factor 29¢! is also used. Then (1.9) is

/ ) 7 (a|y) dQNng L(&)=2 Zg (1.11)
acd

Thus the search for local maxima & is accordingly restricted to starting Gauss-Newton

iteration within O.
1.6.2 Further Approximation Issues

Critical values of In E (-) require the computation of dln E (a) /da which is straight-
forward except for the dependence of £ (-) on Xt. Golub and Pereyra (1973) deter-

mine the (z.7)th component of this derivative as

ANt /dai; = —XF(0Xa/day) X+ X (X)) (9X./day)T (I — X, X7F)

+ ([ = XFX,)(9Xa/daiy)T (X3)T X7

a

when X7 X, has locally constant rank which might not be its full rank. From this we
are able to derive an exact expression for the gradient of In £ (a). For Hessian com-
putation. sufficient accuracy was obtained by using finite differences of the gradient.

Special care must be taken when working with the numerical Moore-Penrose in-
verse of X,. This requires singular value decomposition and also a determination
about which of the small singular values should be considered negligible and taken as
0. We used the IMSL routine DLSGRR and found that a tolerance for negligibility
set at 108, approximately the square root of machine precision, worked well. This
setting was required due to the amount of relative error caused by the use of other
numerical routines.

The stable estimate &; is defined as the dominant Bayesian mode with A = 0 and

12
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is nearly the dominant Bayesian mode. & with A = 1073/4 since
G, = &+0 (n7').

Despite this, it is still preferable to use a weight decay term for large n. The weight
decay term makes the maximization of —in E («) easier. gives fewer maxima, results
in Hessians that are usually nonsingular and yields a surface which is more quadratic
in appearance. This last point is particularly relevant for achieving accuracy with

Laplace’s approximation.

1.7 Marginal Inference
1.7.1 Model Choice

The NN model with g sigmoidal terms is denoted M, and has Baves factor
Pr{M,ly} < = (y|M,) = (M,).
where

7 (y| My) =/ﬁ(a]y,z\[q)da (1.12)

1s approximated using Laplace’s method with g(a) = 1. Variable selection from
among the m independent variables in {z;} could also be implemented with or without
sigmoidal selection but this has not been attempted.

In this context, the “best™ model is not always that which maximizes Pr {M,|y}
in g. Suppose, for example, the true model has a single sigmoidal so ¢ = 1. The NN
models are nested with My C M; C M, C --- so that, for example, a model with
2 sigmoidals is a 1 sigmoidal model if one of the sigmoidals has all its non-intercept
a-values set to zero. Thus there is no unique correct choice for ¢ when M, is the

true parsimonious model; the choice of any value of ¢ € {1,2,...} is as good as any
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other. We shall see the occurrence of this phenomenon in the examples where the
Bayes factors for 2 and 3 sigmoidals are greater than that for 1 but the parsimonious
choice of model is clearly a single sigmoidal. The Bayes factors in combination with
their fitted parameter values need to be examined in order to make a parsimonious

model choice for value q.

1.7.2 Predictive Distributions

The posterior density for future observable Yy at ys. given its associated variable
;= (l.xp.... .25m) and model M, is easily computed by including y; and r; into

the data set and marginalizing as in model choice. Then

- . RY w yr. A d
(y-yslMy) [ {aly ys- M,)da (1.13)

T (yslrp.y. My) = ==
(yslzpy. M, = (y] M) [ 7 (aly. My) da

where both Laplace approximations take g(a) = 1. The denominator is the compu-
tation from model choice and the numerator is the same computation but including
the prospective future observable y; in the data. Further marginalization over the

models {M,} with a priori weighting 7 (\W,) « 1 is determined as

...(y ll‘ y) . zqﬂ'(yﬂu.y,1\.[,,)77(y|Mq) _ zqn’(y.yleq)
RS 2 7 (Y1) >, 7 (ylMy)

and may be based entirely upon Laplace approximations as used to compute (1.12)

(1.14)

and (1.13). When a clear choice for a parsimonious model exists, as occurs in our
examples, then the mixing of models in (1.14) is not much different from the use of
(1.13) based upon the parsimonious choice. In such instances, use of the parsimonious

model can greatly simplify the computations.

14
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1.7.3 Bayes Estimation of the Regression Function
Taking 6 = (a,3,7%), then the posterior expectation of the regression function is

ES[X.3|y. M) = / X.B7 (8ly, M,) db
_ /XOSI_.\'g_X'QBOW(a[y,;\/[q)a'a (1.15)
since
3|a,7‘2,y ~ N (SIXZXQ,QQ,T?EL)
with Sy = (XTI X, + AL,) ™. In terms of 7. (1.13) is
XS XTI X, Bu7 (aly. M,) da

6ry . ) = .
Ey [‘Xa."j’ly’ ‘\/1’7] fﬂ_(aly. ‘\’[q)da . (]‘ 16)

Laplace’s approximation in the numerator of (1.16) takes
gla) = X,TXT X, 5.

Since the regression function is invariant under the permutation group, Laplace’s ap-
proximation as in (1.11) may be used. This invariance exists because expectation and
posterior equivalence are the same in our framework. The denominator is = (y| M) in
(1.12) and its Laplace approximation also determines the Bayes factor for model M.
Further marginalization over the models {M,} is possible and leads to a Bayes esti-
mator that is a mixture of the Bayes estimates in (1.16) of the form (1.14). This is not
particularly beneficial, however, when there is a clear cut choice for a parsimonious

model.

1.7.4 Marginal Distributions

Inference about marginal densities in « is only meaningful once the various sigmoidals

have been identified as described in Section 5. Consider such an identified NN model

-
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in which o € O has been partitioned into a(;) and a() where a(;) is one-dimensional

and () contains all the other components. The marginal posterior of a(;) is

Jo, 7 (- o)l y- M) dozy

_ ) = 1.17
(a(1)|y, Wq) foy’.—(a|y,11/[q)da (1)

where O; = {a) : (au), o) € O} . A Laplace approximation to the denominator
is the Bayes factor computation above and is summed over the identified members in
O. An approximation to the numerator holds a(;) fixed and applies Laplace’s method
in parameter o) with g = 1. Only identified values of (), &(2)) € O are used where

&(2) is an identified maximum determined by holding () fixed.

1.8 Examples

1.8.1 Nonlinear Regression

Our first data set was analyzed in Bates and Watts (1988) and concerns the utiliza-
tion of nitrate (y-variable) in bush beans as a function of light intensity (z-variable).
The primary leaves of three 16-dayv-cid bean plants were subjected to eight levels
(2.2,5.5,9.6.17.5.27.0,46.0.94.0.170.0) of light intensity (xE/m?s) and the nitrate
utilizations (nmol/g hr) were measured. The experiment was performed on two dif-
ferent days. Even though no theoretical model has been proposed for this data, it
has been hypothesized, by the researchers. that utilization should be zero for zero
light intensity and should also approach an asymptote as light intensity increases.
Incremental parameter effects for the two days were included in the analysis of Bates
and Watts, for models having an asymptote, but were not found to be significant.
Therefore, we combine the data from both days and fit a common model to the n = 48
cases of data.

We consider NN models with up to three sigmoidal terms using A = 1073/4. The

factors {m (y|M,)} which determine the posterior weights of the various models are
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approximated using Laplace’s method and displayed in Table 1. For each M, the local
maxima were determined by fitting the model 100 times starting the Gauss-Newton
iterations at randomly selected points in a € [~9,9]°™*" 0 0. The various maxima
are given in maximal invariant form dass along with the associated contributions to
the Laplace approximation from the orbits of maxima. Starred entries are used in
place of parameter estimates whose values are less than 107! in magnitude.

The Bayes factor totals favour 1. 2, and 3 nodes but these alone do not fully ex-
plain the regression relationship. An examination of the modal parameter estimates
from Laplace's method is more informative about parsimonious model choice. There
are two maxima when fitting the single node models in M;. When fitting two node
models. these same two nodes are essentially the two dominant maxima as may be
seen from their weights in the first sigmoidal which are all less than 107'? in magni-
tude. The percentage of the Bayves factor contributed by these two dominant maxima
is 96.0%. Thus the fit of two node models also suggests that one sigmoidal is a parsi-
monious fit. The fit of three node models explains nothing that hasn’t already been
explained with two node models, since all three maxima are essentially those from
the two node models. The two dominant maxima that represent a single node model
combine for 97% of the Bayes factor when fitting three nodes.

To assess the accuracy of Laplace’s method in determining the Bayes factors of
the models above, we evaluated these quantities using numerical integration. For 1,2,
and 3 node models these factors were 1.733 x 10%°, 1.577 x 10%!, and 6.865 x 1022.
They agree closely with the totals given in Table 1.

Figure 2 shows a scatterplot of the regression data (circles) along with several
estimates of the regression function: (i) the true Bayes estimate (solid) as in (1.16)
assuming a one node model as determined from numerical integration; (ii) Laplace’s

approximation to this estimate (dashed); and (iii) Laplace’s approximation to the
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mixture of Bayes estimates (dot-dash) where the mixing is over models with up to
three nodes and weights are proportional to Bayes factors. Numerical integration
and Laplace approximation yield indistinguishable estimates. A comparison of the
dashed and dot-dashed lines reveals that very little is lost by restricting attention to
the parsimonious model with a single ncde.

Figure 3 shows a predictive density for future value Y} given z; = 187 which
provides an extrapolation for Y} to the right of the data in the regression plot. The
true predictive density based upon a single node (solid) is determined with numerical
integration and its normalized Laplace approximation (dashed) is reasonably accu-
rate.

The researchers who gathered the data expected a "levelling off” of the regression
as light intensity increases. This can be seen in all the regression fits in Figure 2.
[t also is reflected in the location of the predictive density plot in Figure 3: the
approximate mean of 1.8 x 10* is consistent with the asymptotic level determined
from Figure 2. By contrast, the frequentist model eventually proposed by Bates and
Watts did not suggest this “leveling off” behavior.

For the parsimonious fit of a single node, Figure 4 shows a surface plot for the
marginal bivariate posterior of nonlinear parameters a;q (intercept) and aj(slope).
Figure 5 is the marginal posterior on o;;(slope) as determined from numerical inte-

gration (solid) and Laplace’s method (dashed) when normalized. The Laplace ap-

proximation is extremely accurate.
1.8.2 Nonlinear Time Series

Our next data set consists of monthly U.S. personal income data from January, 1959
to July, 1990 (inclusive) for a total of 379 observations and is shown in Figure 6. [t

is taken from Lee, White, & Granger (1993) where tests for neglected nonlinearity
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are compared against their newly proposed NN test. These authors transformed the
personal income data {z:} into a stationary sequence of seasonally adjusted y; =
In(z¢41/2,) values. A time plot for {y.} is shown in Figure 7. The y,-values were then
fit to an AR (k) model where k£ was found to be one using the SIC criterion. All the
tests for the presence of nonlinearity. including the Keenan. Tsay, Ramsy RESET
(1 & 2). White (1. 2& 3). Mcleod and Li, BDS, Bispectrum tests and their newly
proposed NN test, gave p-values below 0.016 which strongly suggests the presence of
neglected nonlinearity. We modelled this time series as a non-linear autoregressive
process via a NN model with g sigmoidal terms where our distributions are conditional
upon the observed value of Y;. Once again we take A = 1073 /4. Since the data consist
of a large number of observations. we might expect the prior to be dominated by the
likelihood and so its choice is not so critical.

Our parameter estimation results are given in Table 2. A careful examination of
the table suggests a parsimonious fit with one sigmoidal. As seen with the previous
example, the best fits with one. two and three sigmoidals have increasing Bayes
factors. Their associated parameter estimates, however, support the parsimonious fit
of a single sigmoidal.

We may assess the accuracy of Laplace’s method for determining Bayes factors in
the models above by using numerical integration. For 1, 2, and 3 nodes these factors
are 3.756 x 104, 1.278 x 1015, and 1.523 x 10!!® which show reasonable agreement
with the totals in Table 2.

Figure 8 shows a scatterplot of the regression data (circles) along with several
estimates of the regression function: (i) the true Bayes estimate (solid) as in (1.16)
assuming a one node model as determined from numerical integration; (ii) Laplace’s
approximation to this estimate (dashed); and (iii) Laplace’s approximation to the

mixture of Bayes estimates (dot-dash) where the mixing is over models with up to
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three nodes and weights are proportional to Bayes factors. Numerical integration and
Laplace approximation yield indistinguishable estimates. A comparison of the dashed
and dot-dashed lines reveals that virtually nothing is lost in working with the NN
model with a single node.

Figure 9 shows a predictive density for future value Y35 given ysrz = 5.779 x
1073, The true predictive density based upon a single node (solid) is determined with
numerical integration and its normalized Laplace approximation (dashed) is once
again quite accurate. The predictive mean of approximately 0.007 appears to be a
reasonable extrapolation of the data in Figure 7.

For the parsimonious fit of a single node. Figure 10 shows a surface plot for the
marginal bivariate posterior of nonlinear parameters a;o (intercept) and a; (slope).
Figure 11 is the marginal posterior on o, as determined from numerical integration
(solid) and Laplace’s method (dashed) when normalized. The Laplace approximation

is extremely accurate.
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Table 1. Contributions to the Baves factors from Laplace’s approxima-
tion associated with the various orbits of local maxima designated in the
first six columns. Stars indicate that entries are smaller than 107!2 in
magnitude and @ indicates the entry is not applicable.

Local maxima vec (&arr) = (&7, aF.al5) Laplace Approx.
Qo G Gy Goy Q3o a3 Contribution to = (y!M,)

Zero nodes (¢ = 0)

o 0 o 0 0 0 6.8648

One node (g =1)

0 0 ) ) 2.8398  3.0477 1.2686 x 10%°
0 0 0] ) .718097 —5.0598 3.9796 x 10%°
0 0 0 * * 1.3280 x 10!
Total 1.6666 x 10%°

Two nodes (g = 2)

0 0 * * 2.8398 3.0477 9.7384 x 10%°
0 ] * * .18097  —5.0598 5.0505 x 10%°
] 0 .38741 —4.413 1.6894 3.3967 6.1946 x 10'°
0] 0 * * * * 5.1221 x 10!

Total 1.5408 x 102!

Three nodes (g = 3)

* * * * 2.8398  5.0477 1.0849 x 1022
* * * * .18097  —5.0598 9.3010 x 10%!
* * .38741 —4.413 1.6894  3.3967 6.3451 x 10%°
* * * * * * 2.8668 x 102

Total 2.0785 x 10*2
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Table 2. Contributions to the Bayes factors from Laplace’s approxima-
tion associated with the various orbits of local maxima designated in the
first six columns.

Local maxima vec(éyrr) = (&7.aF5.aTl) Laplace Approx.
le dll dgg dgl &30 &31 Contribution to & (yl."”[q)

Zcro nodes (g = 0)

0 0 0 0 0 0 3.02638 x 10!

One node (¢ = 1)

U] 0 0 15528  4.6874 3.8287 x 104
o 0 0 0 * * 3.9796 x 10198
Total 3.8287 x 1014

Two nodes (¢ = 2j
o 0 * * 15528 4.6874 2.1133 x 1013
0 0 22367 4.365T 3.0945 —5.7239 3.7388 x 10112
0 * * * * 2.3839 x 101°°
Total 2.1170 x 1013

Three nodes (¢ = 3)
*  ox * * 15528 4.6874 1.7407 x 10*'®
* * 22567 4.3657 3.0945 —5.7239 2.8953 x 1013
* * * * * * 1.4093 x 1011°
Total 1.7435 x 101

[S]
QW]
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Fig. 2. Baye’'s estimates of the regression function: exact (solid) fitting a single
node, its Laplace approximation (dashed), and a Laplace approximation to the
estimate from mixing over models Mo — M3 (dot-dashed).

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0 1 i Il 1 L 1

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 26
4

x 10

Fig. 3. True predicive density of Y} for z; = 187 (solid). assuming a single node.
and its normalized Laplace approximation (dashed).
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Fig. 4. Joint marginal posterior of the nonlinear parameters a;q (intercept) and
a;;(slope) for a one node model.
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Fig. 5. The true marginal posterior on slope parameter a;; from Figure 4 (solid)
and its Laplace’s approximation (dashed).
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Fig. 6. Personal income data from Jan. 1959 to July 1990 (inclusive).
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Fig. 7. The stationary time series.
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Fig. 8. Baye's estimates of the regression function: exact (solid) fitting a single
node, its Laplace approximation (dashed), and a Laplace approximation to the
estimate from mixing over models My — M3 (dot-dashed).
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Fig. 9. True predicive density of Yarg for yazr = 5.7794 x 1072 (solid), assuming a
single node. and its renormalized Laplace approximation (dashed).
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Fig. 10. Joint marginal posterior of the nonlinear parameters a;o (intercept) and
a1, (slope) for a one node model.
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Fig. 11. The true marginal posterior on slope parameter a,; from Figure 10
(solid) and its Laplace’s approximation (dashed).
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2 Classification and Lumpability in the Stochastic
Hopfield Model

2.1 Introduction

The stochastic Hopfield model (SHM) is a fundamental prototype of an artificial
neural network. It can be used to associate the binary vector ug, of length n. with
one of ¢ binary exemplars. For this reason. it has been used to model the process of
associative memory and more generally as a classification algorithm. It has a wide
range of applicability and continues to motivate much research in the artificial neural
network area.

The SHM and its variants have been applied to several combinatorial optimization
problems such as graph bipartitioning, as well as the traveling salesman problem and
the weighted matching problem. Furthermore. they have also been used as error-
correcting algorithms in which ug is modeled as an exemplar corrupted by noise.
Along these lines, the SHM is a special case of a Gibbs sampler algorithm as described
in Geman & Geman (1984) . In addition. Whittle (1991) has pursed the connection
between the SHM and hypothesis testing. The SHM has also found more biologically
oriented applications in modeling bipolar disorder (Hoffman 1992) and the cyclic
swimming pattern of the mollusk Tritonia diomedea (Kleinfield and Somopolinsky
1989). While applications for the SHM abound it remains, however, a rather difficult
model to study.

This paper makes four contributions as outlined below. First, we simplify the
complexity of this model using lumpability. The state space of the SHM has size 27
and consists of the set of all binary vectors of length n. As a result of this size, many
important calculations require O(2") operations. State space size may be dramatically

reduced by recognizing and proving the lumpability of the Markov chain underlying
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this model’s classification process in section 2.3.2. Lumping leads to a reduced or
lumped SHM with a polynomial number of states in n, i.e.. O(r?). When the lumped
SHM is used to study classification in the full model, O(n?) operations are required.
This simplifies many classical Markov chain analyses including the calculation of
absorption probability and mean passage time.

Secondly. we provide saddlepoint approximations for the classification time dis-
tribution which are quick. accurate and easy to use. Access to saddlepoint approx-
imations results from using Pyvke’s rule (1961) which provides the exact moment
generating function (MGF') of the classification time distribution. Approximate in-
version of this MGF is performed using with a saddlepoint approximation. Direct
application of this method. without lumping. involves O(2") operations: only O(n?)
operations are required with lumping. The extreme accuracy attained by saddlepoint
approximations is illustrated in section 2.4.3.

Aside from simulation studies, very little has been said about classification time
distributions in the neural networks literature. One exception is the work of Kam
and Cheng (1989) which provides upper and lower bounding curves on the cumulative
distribution function (CDF) of time of classification to a single exemplar while artifi-
cially treating the other exemplars as non-absorbing states. Clearly. such calculations
do not account for misclassification probabilities.

Thirdly. techniques are given for enumerating as well as approximating the sta-
tionary distribution of the energy function. This distribution is determined by the
Markov chain underlying the SHM's classification process; therefore, direct enumer-
ation of its probabilities requires O(2") operations. Even though our work concerns
the transient dynamics of this Markov chain, the energy function’s stationary distri-
bution is still of interest. The SHM was originally designed to ensure that energy

function minimization would be equivalent to the classification of ug. As such, tail
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probability calculations provide a rough measure of the additional reduction in the
energy which is possible if the SHM’s classification process were allowed to run for a
very long time.

Even though lumping allows for enumeration of energy function probabilities with
O(nP) operations, we also present a Laplace approximation to the MGF of its distribu-
tion for situations where this enumeration is burdensome. This MGF approximation
may be inverted using a saddlepoint approximation. The accuracy of this method is
illustrated in section 2.5.2.

To the best of our knowledge. the utility of energy function tail probabilities.
as well as methods for approximating them, have not been addressed in the neural
networks literature. First and second moment approximations have been considered
as explained in and Hertz et al.(1991) and Kindermann & Snell (1980) .

Our fourth contribution characterizes the set of possible absorbing states of the
Markov chain underlying the deterministic Hopfield model. one of the first examples
of a SHM. Our characterization specifies the absorbing states for fixed E and describes
the functional structure of the absorption probabilities. A simple condition is also given
which allows for the enumeration of all absorbing states. Previously, characterizations
have assumed a random E where exemplar components are independent Bernoulli

random variables as described by Amit (1989).

2.2 The Stochastic Hopfield Model

Hopfield (1982) proposed the deterministic Hopfield model as a means for approxi-
mating the process of associative memory. In this paper, the energy function along
with the convention of using binary spin vectors, whose components assume the val-
ues “1” or “-17, were introduced. This choice of binary component variable was by

design and ensured a direct correspondence between the deterministic Hopfield model
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and the celebrated Ising model in statistical mechanics.

Classification in the deterministic Hopfield model proceeds through an itera-
tive process starting at ug and converging to an absorbing state of its underlying
Markov chain. At each step in this procedure, a randomly selected component of
u=(ugp,... ,un)T. the current state of the model, is updated in a deterministic way

according to the rule:
Pr{u,- e iu,—} =H (:t'Ughi) . (21)
Here H (z) is the Heaviside function given as

H(:r):{l if 20

0 otherwise

h; is the i** component of h = Wu and W. the Hebb’s rule weight matrix. is described

as

W =n"'EET

~—~
8]
Q%]
~—

where E = {e;,e,.... ,e,} is the set of exemplars.
Often, another update rule is used that is identical with the one above except that
the diagonal terms of weight matrix are set to zero. This results in a minor change

in (2.1), i.e.,
Pr{u; — u;} = H(Z*u;h; F q/n). (2.3)

Our discussion below encompasses both update rules (2.1) and (2.3), however, we
shall specifically address update rule (2.1) only.

Using either rule, the updating continues until the appearance of an absorbing
state Ue € Uy, where U, is the set of all absorbing states. This state is now the

Hopfield classification of ug. The set Uy, is known to be non-empty and also have
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an even number of states. however. there is no guarantee that any of these states are
exemplars. When u is also in E we deem the classification of ug correct if. among
all exemplars, u, and ug are closest in Hamming distance. i.e., match in the most
components. If u, is not in E, we shall conclude the classification process has failed.

Convergence to the set E can be ensured by replacing the deterministic update
rule in (2.1) with a stochastic version and changing the criterion for classification to
first passage to E. Stochastic update rules were first introduced by Amit et al. {1985)

where the deterministic change implemented by H (z) was replaced by
o(z)=(1+e 7! for 0< 3 < oc. (2.4)

Hopfield's deterministic model may be recovered by passing to the limit as 3 — oc,
and so. is a special case of their model. We call the model in which o (z) replaces
H (z), with 0 < 3 < oc. the stochastic Hopfield model.

From a probabilistic point of view, the SHM update dynamics represent a Markov
process which we shall refer to as the Hopfield Markov chain (HMC). For finite £.

this process is reversible, irreducible and has a stationary distribution given as

P(u) = (Z(8)) 'exp {guTWu} (2.5)
where Z (3) the normalization or partition function given by
3
Z(8) =) exp {'suTWU} : (2.6)

ueU

where U is the set of all spin vectors of length n. This distribution represents a linear
exponential family in which 27*u”Wu is the canonically sufficient statistic. The
negative of this statistic is the energy function.

The HMC is simply too large to work with in practice. We, therefore, present a
state space reduction that preserves the Markovian nature of the SHM as discussed

in the next section.

33

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3 The Lumped Stochastic Hopfield Model
2.3.1 Lumped Markov Processes

Suppose the states of a Markov chain are grouped into m disjoint megastates denoted
by £ ={Lq, L1, ... Ln}. The probability of transition from state £ in £; to some state

in £;. is given by

o
-1
N

Prc, = ZPM- (2.

lec,

If

—
o
[¢2)

~——

Pr.c, = Py, for every state & in L,,

one can consider the transition between megastates £; and £; without having to ac-
count for specific state to state transitions in the original Markov chain. Furthermore.
if condition (2.8) is satisfied for any pair of megastates. then one can think about
all transitions in the Markov chain as transitions between megastates. Fortunately,
such a process on the megastates preserves the Markov property. Kemeny and Snell
(1969) describe this process as being lumpable with respect to (w.r.t) megastates
{Lo,L,..... Ln}. These authors also describe how to obtain the lumped transition

matrix, PZ. from P, the original one, using the matrix operations:

PL{= QPR. (2.9)

h row is zero except for uniform probability vector

Here Q is a m x n matrix whose ¢*
elements, [£;|™", in components corresponding to states in £;. R. on the other hand,
is an n x m matrix whose j** column is zero everywhere, except for components
corresponding to state in £;, where it assumes unity. Note that post-multiplication by

R forms the megastate probabilities as in (2.7) and pre-multiplication by Q removes

the redundancies found in PR.
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Many questions about a lumpable process can be answered with simpler compu-
tations based upon PZ. Lumping can also provide new and interesting ways to look a
problem. Unfortunately, in the analysis of a lumped Markov chain much information
is lost about the original process, including perhaps first passage times. However, no
information is lost about first passage times to megastates of size one. This is because,
in a lumped Markov chain, the first passage time from state k& in £; to megastate L; is
the same for each k. as shown in Sumita and Rieders (1988) . In the next section, we
show how to lump the HMC so that exemplars are grouped by themselves. Therefore,
the classification time for a SHM starting at ug is equivalent to the first passage time

from the megastate containing ug to the set of megastates containing the exemplars.
2.3.2 The Lumped Hopfield Markov Chain

To show lumpability of the HMC. we start by partitioning the components of e;. the

first exemplar. Denote €, as the p** component of e, and the (p. 1)** entry of E. We

define a configuration as a vector of sign differences that exist between €, and the

remaining elements in the p* row of E. More formally. the sign differences in this

row have configuration [5= (I3, 0>,,... ,l;q)T if
ept = lp€p2 = ... = ] €pq (2.10)

where 7. = e,1€,; and [7, = 1.
Suppose there are m distinct rows in L*=[[7,5.... ,z]" . Let A, denote the set
of row indices that duplicate (], A, denote the set of row indices that duplicate the

next distinct configuration, etc.. If we let n; denote the cardinality of A;, then clearly

m
E n; =nmn.
=1

Let the rows of L =[I;,!z,... , lm]T be the m distinct configurations determined
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from L*. A matrix Q can be determined such that

L = QL" (2.11)

h row consists

and it is constructed in the following way: Q is a m xn matrix in whose
of zeroes everywhere except for components whose indices are in A;. Such components
contain the elements of a uniform probability vector n7'1 where 1 =(1.... ,I)T.
Matrix Q, in effect. collapses redundancies found in L* according to the catalog of
redundancies in {4;}.

We now use this redundancy catalog to determine a set of megastates on U. In
order to motivate these megastates. however. we first consider how any spin vector u
can be generated from e;. The first exemplar e, provides a natural point of reference
for this grouping since {A;} partition its components. These same megastates may
also be determined using another exemplar as a point of reference as discussed in
section 2.3.3.

In the mapping e; — u. let &; (u) denote the number of components of type A;

which must be changed in the conversion for 1 < : < m. Now define
k(u) = (ki (u), ky (u), ...k (u)T (2.12)

to be the index vector for u.
The vector of counted sign changes k (u) is now used to set up a relation among

the spin vectors. Relation R on the set U is defined by

(ur,uz) € R if k(u;) =k(up). (2-13)
For each u € U, let
Ly ={v:(u,v)€ R} (2.14)
36
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be the megastate generated by spin vector u. In addition. let £ be the collection of

all generated megastates, i.e..

L={L,:ueU}.

Lemma 1 Relation R in (2.13) is an equivalence relation on the spin vectors in
U. As such. the equivalence classes specified in (2.14) partition U and form our

megastates.

Proof Relation R is an equivalence relation if it is reflexive, symmetric and transitive.
1) R is reflexive since (u.u) € R for every u € U.

i) R is symmetric since for all u.v € U. if (u.v) € R. then (v.u) € R.

127) R is transitive since for all u.v.w € U. if (u.v)and (v.w) € R. then (u.w) € R.

<

As a result of this equivalence relation. the indexing of equivalence classes L is

based on k(u) and not u. Let
k= ('l':l-,k27 '“vkm)T

where each component k; assumes a value beiween 0 and n;. In addition, let K be the

set of all k vectors. Now, the set of megastates may be written as

L={Lx:keK}, (2.15)
where £ consists of
[[r:+1) (2.16)
i=1

distinct megastates. A particular megastate Ly consists of

Ny = ﬁ (Z) (2.17)

=1

37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



states since in the mapping e; — u and within each A;. k; out of n; components
are chosen for sign changes. Each state in £y is Hamming distance ) k; from e;:
therefore megastates are not characterized by their distance from e,;. Megastates
are, however, characterized by the index vector k which can be thought of as the
collection of Hamming distances from the m subvectors which comprise e;. i.e..
{e;]A;.e;1])Az2.... .e1]A.} where e;|A; consists of the components in e; whose in-
dices are in A;. Because of this characterization, we shall refer to k as the Hamming

index vector of L.
Example An SHM has two exemplars given by

r_ [ 1 1 11
B '[—1 -1 -1 1}'

There are two distinct configurations given by the rows of L where

1 —1 .
Lz{L 1] (2.

Space U consists of 2* = 16 spin vectors which are partitioned into § megastates.

[SV)
—
[09]
N’

and with repetitions n =(3.1).

The catalog of these megastates is as follows:

Loao Lo Lo Ly
(+L.+1+1. +D)7 T (+1, +1. 41 =D [ (=L, +1,+1,+1)7 | (=1.+1,+1,-1)"
(+1,—1.4+1,+1)7 | (+1,-1,+1,-1)7
(+1, +1.=1,+1)7 | (+1,+1,-1,-1)7

Lo Ly L3o L3y
(+1,—-1,-1.+1)" | (+1,=1,-1.=1)" | (=1. =1, =1,+1)" | (-1,-1,-1,-1)"
(=1, +1, -1, +1)7 | (=1, +1,-1,-1)T
(=1, -1, +1,+1)7 | (-1, =1,+1,=1)T

Note that the two exemplars form megastates of size one. In addition, the following

lemma will be illustrated using this example.

38
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Lemma 2 With the system of indering from (2.12). e; has a particularly stmple

form given as

& = Lyoip,(1-1)

where Dy = diag {n,n2.... ,nn} is a diagonal matriz whose (i.i)zh entry is n; and

l; is the j** column of L.

o
Example (continued) The index vector for e; should be

271D, (1—(1.1)T) = (0.0)T
and for e, the index should be

271D, (1—(-1. 1)T) = (3.0)7

Proof For every p € A;. e,; = [;;e,,. Therefore. [;; is the indicator of sign agreement
between e, |4; and e;{.A,. If [;; = L. then e;|.4; and e;|.4; must match in all n; places
so that k; must be n;. On the other hand, if /,; = —1, then e;|A; and e,|A4; match in
none of the n; places. meaning that &; = 0. This relationship between k; and [;; can be
more succinctly written as & = n; (1 — {;;) /2 which in turn vields k =27'D, (1—/;) .

<o

If a state’s Hamming index vector is such that k; = 0 or n; for all i, we shall call it
a corner state. In addition, we shall denote the set of all corner states by C. Corner
states consist of megastates of size one and include the exemplars, E, the negative
exemplars, —E, as well as many other states of interest which will be described in

section 2.3.4.
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We now say a little more about the relationship between spin vectors and index

vectors.

Lemma 3 Foranyue U

ETu = L7 (n—2k) (2.19)

Proof The p'* component of ETu is

elu=n-2d(u.ep,) (2.20)

where d (u.e,) is the Hamming from u to e,. The discrepancy between the above
expression and d(u.e,) results from the use of spin vectors for which component

disagreement yields "-1" instead of zero. From (2.20) . expression (2.19) is simplified

to
ETu=n1-2d. (2.21)
Distance vector d can be written in entirely terms of n and k by showing
m
d(u.e;) =d(e.e)+ Y Lk (2.22)
=1
To show this. consider the process of sign changes required to map e, into u. Start
with u = e; so that d(u,e;) = d(e;,e;). Next, change k; components in A; for
i=1,....m.If l;; = —1, so that e;|A; and e;|A; differed in all components prior to

the change, then d(u,e;) must decrease by k;. In a similar fashion, if {;; = 1 then
d (u,e;) must increase by k;. Expression (2.22) simply implements these corrections.
The Hamming distance from e; to e; is the component sum of the Hamming index

vector. Therefore, lemma 2 gives

d(er,ej) =27 ni (1 —Ly). (2.23)
=1
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Combining (2.22) and (2.23) has the simple form

d(u.e;)=2""{n I (n—2k)}

N
o
'
o
SN

N’

which in turns yields
d=2"{n1-LT(n-2k)}.

Substitution of this expression into (2.21) proves the lemma.
(o]

Lemma 4 will be required in the proof of lumpability.
Lemma 4 For p an element of A;. let h, be the p'* entry of h = Wu, then
h, = €p1hf
where hE is the i** entry of

h* = QD h.

~—~~
(V]
[V}
(W]
g

and Do, = diag{ej1.€21..- ,€n1}-
Proof From lemma 3.

h=n"'EETu=n"'ELT (n - 2k).

—_
!\J
(V]
(o)}

~—

From this expression, we see that the p‘* entry of h is
h, = n"'e,LT (n—2k)

where &, is the p** row of E. When p € A;, configuration /; records the sign differences

in &,; therefore

— . T
€, = enl; .

41
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This in turn vields
hp =n"'en LT (n—2k).
which is e, times the i** entry of
h® = n7'LLT (n-2k). (2.27)

Lemma 3 and formula (2.11) vield the following simplifications of the above expres-

sion:

hé = n"'LETu

=n"'QL"ETu.
Expression (2.235) results after noting that

L = D.,E.

Note the similarities in the first part of expression (2.26) and the equality in
(2.27) . Their similarity provides an interpretation of the lumped SHM is a SHM-type
model defined by a weight matrix, given by Hebb's rule, and using generalized spin
vectors u* = n—2k.

The sequence of lemmas allow us to prove our main result; that the HMC preserves

its Markov property when grouped into the megastates as previously described.

Theorem 1 Transitions among the megastates defined in Lemma 1 preserve the
Markov property. Therefore, the Hopfield Markov chain is lumpable with respect to

these megastates. Transition probabilities for the lumped Markov chain are given by
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the following formulas:

ki < SO
Pk -y = o7 (h) (2.28)

i K (—hE) (2.29)

Bk, (+1) = -

for 1 <1 <m where
ki(£1)=(ky.-.. ki L. kn)
and o (-) is given in (2.4).

Proof We first need to show that the transition probabilities associated with the
collection of megastates satisfyv the grouping condition in (2.7). Let u be an arbitrary

vector in Li. The probability of transition from u to the megastate Ly (_1) is given

as
Nk, (=1)
Pr{u —Lin}= » Pr{u—v,} (2.30)
1=1
where {v|,va,... . vy, _y } is the set of vectors in Ly, (-1)- A transition to Ly, (_1)

implies 2 component in 4; which previously did not match e,, has to be changed to

match. In the above sum, there are k; non-zero probabilities each of which is given

as

1

Pr{u, = —up} = n7 o(—uph,) (2.31)

by the SHM version of (2.3) . The “n™!” term results from our initial randomization
in choosing a component of u for updating. Lemma 4 states that A, = e, A¥ when

p € A; and —u,e,; = 1 since u, does not match e,;. Therefore, we can write the

above expression as
Pr{u, & —u,} = n~'o (k). (2.32)

43

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Since (2.32) is summed k; times in (2.30) the final transition probability is given as in
(2.28). Similar arguments give the complementary transition probability (2.29). The
transition probabilities in (2.28) and (2.29) only depend upon the membership of u
in L. Therefore. condition (2.7) is satisfied proving the HMC is lumpable w.r.t L.

(o

Example (continued) The lumped Markov chain determined from this technique is

given as

EOO [:01 AClO ‘Cll £20 ‘621 ‘CSO £31

Lol = to(d) (3 0 o 0 0 0 )
Lulto(t) = 0 (3 o 0o 0 o0
Colto(h) 0« lo(h) to() o 0 0
col 0 () () - 0 e o0 o
Lol 0 0 () 0+ i5() lo(h) o
La] 0 00 () e o+ 0 4o(3)
Lao| O 0 0 0 2() o0 . iz ()
L\ 0 0 o0 0 0 %@ @) o«

For notational convenience, we have defined & (-) as
g(z)=oc(-z)=1—-0c(z).
Also, the starred diagonal entries of P have been omitted to yield a more concise

description. Such entries are simply sums of remaining row probabilities but with a

sign change in the argument of o (+), i.e.,

1 1 3 /3
PI‘{[:OQ — £00} = ZO’ <;)‘> + ZO’ <::)-) .

<

In the next section, we consider the possibility of further lumping in the presence

of symmetry.
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2.3.3 Further Lumping

In the above example, there exists a symmetry among the transition probabilities

given by
FPijyty = Py —ig).(ni—k)- (2.33)

As such, we may further lump £ while keeping the exemplars isolated. The new
partition is [:(1) = {Céz)).ﬁgll)c(lé).ﬁ(lll)} where l:g:)) = Eoo U [:30 = {81,82}, ﬁéll) =
Lo ULy, .C(lz,) = Li0ULy and C(Ill) = L, UL,,. The transition matrix for the process

on L is given as

@« ) @) o )
£ da(t) o« 0 25(3
cPl oty o )
LY\ 0 o) ia(h) T )

This transition matrix also has a symmetry we can describe as

pn_ pl)

(1.2).(k1) (t.n2—7),(kna={) (2.34)

Therefore, if we expand the exemplar set to include —E. as is sometimes done in
the neural network literature, then even further lumping is possible which isolates

the exemplars. In general, we can always place e; and —e; in the same megastate

for expanded exemplar sets. Now we have only two megastates £(?) = {LZE,QO),[,(IZO)

where Cg%) = L&J} u Eéll) = —EUE and ,C(l? = (1},) U LI(lll) with associated transition

matrix
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Through this lumping process. we are able to determine that the classification time
distribution to —E U E from the set of non-exemplars is Geometric with parameter
1o (1). In general. lumping alone will not determine classification time distributions.
A lumped transition matrix. however. can be used with Pyke’s (1961) rule to calculate
exact classification time MGF's. as described in section 2.4.1.

In the context of treating two exemplars only, one can always perform further
lumping which combines exemplar megastates. This is a consequence of the mutual
orthogonality of the rows in L as seen in (2.18). When these rows are orthogonal

(2.27) simplifies to
he = %(n—‘!k). (2.35)

As a result. lumped transition probabilities will satisfy equality (2.33) since A% is
a function of only n; and k;. When dealing with three or more exemplars, further
lumping is possible when L has mutually orthogonal rows.

In the previous section, we used e; as the point of reference when generating
megastates as in (2.14). It turns out that one would calculate the same megastates

if another exemplary point of reference were used.

Theorem 2 The same megastates are generated in (2.14) for any point of reference

vector chosen in E.

Proof Consider u € £y where the Hamming index vector k comes from using point of

reference e, in (2.14) . We analyze how k would be different if e; were used as a point
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of reference instead. The Hamming index k; describes the number of components in
which ufA4; and e[A; differ. If [;; = I, then e;|A; = e,{4; and ; is the same for both
points of reference. On the other hand, if {;; = —1. then e;]|A; = —e;|4; and &; would
be n; — k; for the following reason. The configuration from the perspective of e; is
minus the perspective from e; thereby reversing the roles k; and n; — k;. From this
discussion, we see that changing the point of reference changes the Hamming index
vector but leaves the megastates intact.

o

2.3.4 Absorbing States

It is well-known the deterministic Hopfield model will always have at least two ab-
sorbing states. In addition. the number of absorbing states must be even since if the
vector u is absorbing then —u must also be absorbing.

For a deterministic Hopfield model with one exemplar. the set of absorbing states.
U, will consist of the exemplars and the negative exemplars, i.e., —E U E, as proven
in Hertz et al. (1991). When this model has two exemplars, it is still true that
U,= —E UE as shown below in theorem 5. Unfortunately, for a SHM with three or
more exemplars, U is not so simple. Typically U, will contain many non-exemplary
states and may contain no exemplars at all. For example, if a deterministic Hopfield
model uses the set of exemplars from section 2.4.3, U, consists of two states neither

of which are exemplars. These two states are
w=(+1,4+1, 41, +1,+1,+1,+1,+1,+1,—1)7
and

—u=(-1,-1,-1,-1,-1,-1,—1, -1, =L, +1)7,
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and were determined by inspecting transition probabilities. For general ¢, E is simply

not big enough to contain Ug,.
Theorem 3 The set of corner states, C. contains U,.

Proof For a deterministic Hopfield model. exit probabilities from megastate Ly are

determined from theorem 1 as

Pex -y = =H (h-c) (2.36)

Pk (+1) = - ‘H(—hf)

where 1 <i{ < m. Ifuisin Ly as well as U, then all exit probabilities must vanish.
Clearly. at least one of the quantities H {hF) or H (—hf) must be unity for any given
h&. Therefore, the only way all of the above probabilities could be zero is if k; is 0 or
n; for i =1.... .m. This occurs only when u € C.

o

Theorem 4 When the configurations of E are mutually orthogonal, or equivalently

L has orthogonal rows, then U,, and C are identical.
Proof From (2.35), h¥ takes on a very special form;

hf =

-1 . o, —
: { n~'qn; when k; =0 (2.37)

—n~lqn; when k; = n;
in expression (2.36) . Now, it is easy to verify a corner state’s exit probabilities must

be zero.

<

It should be clear from the previous proof that U, C C could not be developed

without theorem 1 and the lumped transition probabilities.
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Theorem 5 [f the deterministic Hopfield model contains two eremplars, then Ug

and —EUE are identical.

Proof If the two exemplars are linearly dependent. then it necessarily follows that
e; = —e,. As such. E has a single configuration and k¥ assumes the following values:

. ~-19 .=
{ n~12n, when £, =0 (2.38)

ht =
L —n"'2n; when &k = n,

Therefore, h¢ is a special case of (2.37) where i = | and ¢ = 2. As such. by the proof
of theorem 4, since all exit probabilities for states in —E U E must be zero.
On the other hand. if these two exemplars are linearly independent the matrix L

has one of two forms:

L

I
| pene—|
—
|
—_
—_
Q
-
o
il
| —
—
I
—
[ I

From this. is it clear that
C= {(0.0) ,(O.Tlg) . (Tll,ng) .(711.0)} =—-E U E

and either L has orthogonal rows. Therefore, U, = C, by theorem 4, and our result
is proven.

<

2.3.5 Energy Function Probabilities

It is possible to simplify the partition function, and thus the stationary spin vector
distribution P (u) in (2.3), using the results from lumping. From lemma 2, we rewrite

uTWu as

u'Wu =n"'uTEETu = n! (n—2k)" LLT (n—2k). (2.39)
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Note that two spin vectors in the same megastate have the same energy function value
since this value depends onlv on the vector k. This expression. furthermore, allows

us to list the values of uZ Wu and Ny with O(n™) operations as

{ <—% (n—2k)T LLY (n—2k), .ka> } for k €K (2.40)

where K has size O(n™) and is given in (2.16) . With this list. the partition function
is calculated as

Z(8)=)_ Mcexp {%(n—:Zk)T LLT(n—‘Zk)}. (2.41)

kex

Notice that the quadratic form in (2.39) is unchanged by the transformation

[OV]
NEN
S

k—n-k (2.4:

As such, the list in (2.40) be generated while only enumerating roughly half of the &;

values for some . This list is now written as

{ <—i (n—2k)T LLT (n—2k). J\7k) } for k € K- (2.43)

2n

where
K ={k:k=0,...,n;(J)}

and

- n; if 27«4—]
wor={ fa)'i 72,

When L has orthogonal rows, even further reduction is possible. Write (2.41) as

z®)=>_1] (’Z) exp {%S (n—2k)” (n—2k)} (2.44)

keK i=1
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This sum may be broken into a product of m sums each of which depends on a single

value of k;. i.e.,

m [ 13]
3
z@)=2"1][ D Nuexp {% (m—?ki)z}
i=1 \ k=0 -

where

) O k=%

1
A 2
N, = { (2) otherwise

This yields a O(2™) reduction in the number of operations required to evaluate the

partition function.

One can also obtain an equivalent reduction in a listing of possible values of the

energy function. Now this list can be written as

{—i(n—Qk)T(n—Qk)}} where k; = 0.1... .. F—J fori=1,2.....m. (2.45)
2n 2

This simplification is a result the m-fold symmetry of (n—2k)T (n—2k) . This quantity

is invariant under the transformation
ki — n; — k; for any i € {1.2....,m}. (2.46)

Unfortunately, we cannot include Ny in this list since it is typically invariant under
the transformation in (2.42) and not the one in (2.46).

The above reductions allow calculation of the energy function’s PMF in O(n™)
operations as

P (—;i—uTWu - x) - Y P

- {u:——;-uTWu=a:}

_ exp {8z} N (z)
Z(B)
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where N (z) is given by

N@)= > M

keX(zx)

and
K(z)={keK:-2""u"Wu = z for any u € Ly} (2.48)

2.4 MGF Calculation and Saddlepoint Approximation

Classification times in the SHM are random variables whose MGF's we now compute.
We use Pyvke’s (1961) rule to determine the MGF of the lumped Markov chain and

invert this MGF with a saddlepoint approximation to yield nearly exact answers.

2.4.1 Pyke’s Rule

The MGF of this classification time distribution is determined from Pyke’s rule as
discussed in Butler and Huzurbazar (1999). Suppose T(s) = €°P is the transmittance
matrix of the Hopfield Markov chain. e.g.. P is the transition probability matrix and
e® is the MGF of the degenerate distribution with time one. Define the equivalent

transmittance matrix as
M (s) = (M (s)) =T (s)[I-T(s)]7" ({[I- T(s)]"}d)'1 for s#£0  (2.49)

where {-}, is the matrix operator which replaces all non-diagonal elements with zero.

Consider the SHM with one exemplar which is treated as an absorbing state.
According to Pyke's rule, 9, (0) is the probability of classifying state : as exemplar
e, in a finite amount of time. In this notation, e; stands for an integer index which
would be used in the matrix of transmittances in (2.49). Furthermore, Pyke’s rule
states that e, (8) /Mg, (0) is the MGF of classification time conditional upon such
classification occurring in finite time. At first glance, it would appear these formulas

are not well-defined since Pyke’s rule (2.49) has a singularity at zero. This singularity

(@]
[SV]
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is removable and Butler & Huzurbazar (1999) show its removal is automatic when
destination states are made absorbing, as in our setting.

When the SHM contains more than one exemplar. Pyvke’s rule can still be used.
With all exemplars treated as absorbing states, define the classification transmittance

from state ¢ to the set of exemplars as

Mg (s) = ) Mie, (s). (2.50)

=1
Now, Mg (0) is the probability of passage from state ; to the set of exemplars in a
finite amount of time. and Mg (s) /ME (0) is the MGF of classification time condi-
tional upon such passage occurring in finite time. The quantity 9%;g (0) is particularly
relevant to MGF calculations in the deterministic Hopfield model in which conver-
gence to the set of exemplars is not guaranteed. It can be used to calculate the
probability of failure in the deterministic Hopfield classification algorithm.
The concept of lumpability can be extended to transmittance matrices. The
lumped transmittance matrix, T< (s) is related to T (s). the unlumped one, through

Q and R matrices as defined in section 2.3.1. i.e..
T (s) = QT (s)R. (2.51)

Therefore, lumping of the HMC yields a lumped transmittance matrix which describes
the transient dynamics of the lumped SHM.

Throughout our computations we shall use T (s) in Pyke’s rule to calculate exact
classification time MGFs. These MGFs are used in saddlepoint approximations, as

described in the next section.

2.4.2 Saddlepoint Approximations

Classification time X has MGE' determined from Pyke’s rule as

ZW;E (S) = mE (S) /miE (0) .

—_
o
()]
[\

N
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where 9 (s) is determined from (2.50) . The mass function of X, p = Pr {X = &},

is determined by the derivative

1 d* 5 =
Pk = -k—'E:E."LE (ln S) |5=0. (233)

However. the HMC typically has many states. even after lumping. and as a result one
cannot hope for simple expressions for M;g (s). Without such. it becomes difficult to
calculate the higher order derivatives of (2.52). It is possible, however. to approximate
Pk-

An alternative to exact calculation in (2.53) is the saddlepoint approximation to
the Fourier inversion integral. The saddlepoint approximation was first presented in
Daniels (1954) and is based upon the cumulant generating function (CGF) Kg (s) =
In Mg (s). If k£ is in the interior of the convex hull of the support for the classification

time distribution and $ is the unique solution to the saddlepoint equation
KNig (3) = k. (2.54)

then
. 1 N -
Pr = mexp{[\m(s)—sk}. (2.55)
The smallest possible classification time, Amin. is on the boundary of the sup-
port and therefore its probability. pmin = P {X = kmin}. does not have a saddlepoint
approximation. In most instances, however, it can be calculated exactly.
In general. pmin + D Px is not equal to unity. Therefore, the saddlepoint approxi-
mation can be improved, by renormalization, as discussed in Reid (1988);

_ Pk -
pr=— P (2.56)
Pmin + E Pk

We can also easily obtain an approximation to the discrete CDF of X, for & #
E [X] = K (0), as described in Daniels (1987) . This approximation differs according
to whether & is below or above the mean and is given by

P{X>k} = 1-0()—-¢(@)(5-1) if £>E[X]

P{X<k} = o@)+¢(0) (-3 if k< E[X]

1
w o
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where ® denotes the standard normal CDF. ¢ the standard normal density,
@ = sgn (3) (2 {3k — Kie (5)})™"

and

(1 —exp{—3}) VRNg(3) if k> E[X]
(exp {3} = 1) /B g (3) if k< E[X]

The accuracy of these saddlepoint approximations is illustrated in the next section.

2
Il

2.4.3 Example

Consider a SHM with the three exemplars of length ten given as

With this exemplar matrix. there are four distinct configurations given by the

rows of

1 -1 -1

1 ~1 1
L =

1 I -1

1 1 I

with repetitions n =(7.1,1,1). The original HMC has 2!° =1,024 states and the
lumped HMC has 64 megastates.

First, the classification time distribution with 8 = 0.5 and ug = (-1,... ,—I)T
is studied. The starting vector is Hamming distance two from its nearest exemplary

neighbors, e, and e3;. Pyke’s rule gives the mean and variance of classification time
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as 74.75 and 7571.13 respectively. This mean and variance are exact and agree with
such calculations from classical Markov chain analysis.

Next, pmin 1s calculated exactly as

Pmin = ﬂ% [0(=1)0(2/5) + o (1/3) o (—4/5)] = 6.6295 x 107>, (2.

Q]
($]]
-1
N

The minimal classification time occurs in two steps: pmin is. therefore, determined as
the sum of probabilities over four distinct paths which transform ug to e; or e3. The
summed contribution from e, is the same as that from e3 with the probability for
each given by theorem 1 as one half of (2.57).

The probability of correct classification. without regard to step number. is com-
puted from as 0.84 using classical Markov chain analysis.

Saddlepoint approximations to the PMF and CDF of the classification time dis-
tribution are calculated. Figure 12 presents a smoothed. renormalized saddlepoint
PMF approximation (dashed) and a kernel density estimate (solid), using a bi-weight
kernel and that is based upon one million simulated classification times. The saddle-
point approximation appears to do extremely well throughout the visible support of
X and does particularly well in the right tail. Figure 14 gives a smoothed saddlepoint
CDF approximation (dashed) and the integrated kernel density estimate. Again, the
saddlepoint approximation performs very well throughout the visible support of X.

The dependence on 3 of mean time to classification and probability of correct clas-
sification is studied in our final computations. Such a performance study is important
in designing classifiers based upon the SHM since 3 can be chosen to match some per-
formance criterion. Our criteria are averaged over the set all possible starting vectors
using a uniform distribution on . Such randomization at the component level leads
to a megastate distribution, P {ug € Lx} = N /2" for all Ly € L so that averaging
need only be done over megastates and not individual states. Figure 15 presents
the mean time to classification for 3 € [0,3]. As 3 increases this mean time will
also increase to infinity. This is a consequence of the appearance of absorbing states

besides the exemplars when 5 when is infinity. Figure 16 presents the probability

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of correct classification for 3 € [0,3]. Numerical experimentation verifies that, as 3
increases. this probability will increase to 0.66. the probability of correct classification

at J = oc.

2.5 The Double Laplace Appreximation

The HMC's stationary distribution is a regular exponential family in which the energy
function is a sufficient statistic. Therefore. the stationary distribution’s normalization
constant, or partition function. forms the kernel for the MGF of the energy function.
Unfortunately, exact calculation of the partition function requires O(2") operations.
We provide an approximation for it in this section using Laplace’s method which
leads to an approximation of the energy function MGF and access to saddlepoint

approximations.

2.5.1 MGF Approximation

The stationary distribution of the HMC is a one-dimensional regular exponential

family, so that the MGF of the energy function is

M(s)=Z(B—-s)/Z(3)

Pamm
o
(V)]
o

—

for all real s. In principle, the MGF tells us everything we would want to know about
the stationary distribution of the energy function. Unfortunately, there is no closed
form expression for the transform in (2.58) and exact enumeration of probabilities
may be too cumbersome. It is possible, however, to approximate (2.58) with the
method of auxiliary variables as described in Amit (1989).

From (2.39), the exponent in the stationary distribution (2.5) may be written as

exp {guTWu} =exp {% (LTuC)T (LTuC)} : (2.59)
where u® = n — 2k. It would be trivial to evaluate the sum of all terms of the form

(2.59) if the exponent were linear and not quadratic in u®. The method of auxiliary
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variables replaces (2.59) with an integral whose log-integrand is linear in u®; thus the
summation can be performed in closed form inside the integral. This integral is the
multivariate Gaussian identity
0 <
exp { 5= (L7u)T (L7ue) f =c(9) [ - [ exp {—%fnxn%sxTLTuC}dx
o

-0

(2.60)
where ¢c(3) = (‘27:/371)"% and x = (r,,72,-.. ,:L'q)T is a set of auxiliary variables.
Substituting (2.60) into (2.59) and performing the sum over K allows (2.41) to be
expressed as

F ) ~ n3 . ' . .
Z(8)=c(B) / / exp {—?Hxl]“} > N e.\'p{B(Lx)T(n—Zk)} dx. (2.61)
—oc —oc kex

This summation may be factored into a product m sums each of which is over a single

k; to give
Z(3) = c(8) f .. jexp {_ﬁ; ||x||2} I:Il <;§) (Z) exp {8Tx (n; — 'Zki)}) dx.
The binomial —t:eorer:now allows explicit summation over each A; to give
Z(3B) =c(8) 7 ]Cexp {-nfs(x)}dx (2.62)
where o
fa(x)= b Hjc[lz - i: % [ﬁliTx-{— In (1 +exp {—QBII-TX})] . (2.63)

i=1

From this development, we see that lumping has provided us with an integral ex-
pression for the partition function whose approximation is now amenable to Laplace’s
method.

Laplace’s method requires that we determine all local minima of fz(x). The
approximation in this context is

A o g V)
2= (22) "y

=1

HCHREICACH)
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where {ig),i =1....,! '(/3)} is the set of local minima of fz(x).

For s < 3. an approximation to M (s), the MGF of the energy function at s. is

given as a ratio Laplace approximations:
M(s)=2Z(3—-3s)]Z(3). (2.64)

This approximation is not defined for s > 3. However. this presents no problem, as
the tail probabilities of interest to us concern small saddlepoint values as illustrated

in the next section.

2.5.2 Example

The SHM from section 2.4.3 is used here with 3 = 2.0. Figure 17 plots the exact
CGF (solid) and its double Laplace approximation (dashed). The approximation
appears to be reasonable over most of the range of s. however. as s approaches (3
the approximation loses accuracy. This occurs because. at each minima, the func-
tion exp {—nfs_; (x)} becomes less peaked and therefore less Gaussian-shaped. The
practical consequence of this is that Laplace’s method becomes less accurate far into
the right tail of —%uTWu. Mean and variance approximations may be obtained by
numerically differentiating the approximate CGF. This results in values —9.25 and
0.41 which should be compared to the true mean and variance. —9.26 and 0.32.

The accuracy in using (2.64) for saddlepoint approximations is illustrated in Table
3 which lists exact probabilities (P{—iu”Wu = k}), saddlepoint mass function ap-
proximations (P{—%uTWu = A}) . and the associated saddlepoints, 3, for each value
of the energy function. The lowest and highest energy values do not have saddlepoint
approximations since they are on the boundary of the support. Greater accuracy is
seen in the left tail which contains the lower energy values.

The accuracy of the Lugannani-Rice distribution approximation is displayed in
Table 4. Again, the saddlepoint approximation is most accurate in the left tail. Left

tail probabilities are of interest for the following reason. The determination of the
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weight matrix from Hebb’s rule in (2.2), i.e.,
W =n"'EET

was originally developed with the hope of ensuring that all exemplars have minimum
energy function values. as described in Hertz et al. (1991). Therefore, a left tail
probability of the energy function, at an exemplar energy level. can describe to what
extent this criterion is met. This computation describes the chance of finding an
energy level lower than that of an exemplar when a SHM is run for a very long time
and exemplars in this SHM are not treated as absorbing states. In effect. left tail
probabilities provide an informal indicator of the extent to which Hebb’s rule assigns
exemplars low energy. For instance. if exemplar e; has very low energy, then the
associated left tail probability will be very small.

In our example. the energy function values of the three exemplars are displayed

in the table below:

u —iu’Wu
e; —38.6
e, —-7.2
€3 -7.2

While none of these have the smallest possible energy, they all have quite low energy
values. If we were unable to enumerate the energy function values. the saddlepoint

approximations Table 2. could be used to indicate the existence of smaller energy

values.
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Fig. 12. The smoothed PMF from simulation (solid) and the saddlepoint
approximation (dashed).
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Fig. 13. The smoothed CDF from simulation (solid) and the saddlepoint
approximation (dashed).
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Fig. 14. The Mean time to classification for 3 € 0. 3].
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Fig. 15. The probability of correct classification for 3 € [0, 3].
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Fig. 16. The CGF from exact enumeration using lumping (solid) and Laplace’s
approximation (dashed).
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Table 3. The value of the energy function. it's exact probability. the

associated saddlepoint approximation. and the saddlepoint.

ko P{—tu"Wu=k} P{—iu"Wu=+k}

oy

0.0
~0.6
-0.8

~1.6
-2.2
—-2.4
-3.3
~4.8
—5.4
—-7.2
-38.6
-9.6

Table 4. The value of the energy function. it’s exact right tail value and
associated saddlepoint approximation.

1.1195 x 10~*
1.7097 x 10~
1.6634 x 10~¢
4.9435 x 10~¢
1.6413 x 1073
1.0883 x 10~3
1.3421 x 10~
9.9173 x 10~*
1.2544 x 1073
1.7215 x 102
0.2831
0.6973

*
3.8372 x 10~
5.5309 x 107
2.3438 x 107°
6.8072 x 10~
9.6536 x 10~°
1.0451 x 104
5.3633 x 10~
1.3956 x 10~3
2.3210 x 1072

0.2228

*

*
0.8802
0.8760
0.8582
0.8433
0.8379
0.7971
.7625
.73389
0.6397
0.4332

*

o o

ko P{—tu"Wu >k} P{—1u"Wu > k}

0.0
-0.6
-0.8
—1.6
—-2.2
—-2.4
-3.8
—4.8
—5.4
—-7.2
-8.6
-9.6

0.0
1.1195 x 107
1.8217 x 10-¢
3.4851 x 107°
8.4286 x 107°
2.4842 x 1073
3.5725 x 1073
1.6993 x 10~
1.1617 x 10~3
2.4161 x 1073
1.9631 x 102

0.3027

64

*

[SV]
[orBNe NN N}

— = — g O O
-] o N O
~1 W W L
o O oS

O Ot &

(=]
D
NEN

1.0385
2.7013
3.9916 x
3.0532 x

*

X
X
X
X
X
X
X
X

10-%
10-8
1077
10-6
10-¢
10—°
10~
10~
1073
10—2
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