
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films the 

text directly from the original or copy submitted. Thus, some thesis and 

dissertation copies are in typewriter face, while others may be from any type of 
computer printer.

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print colored or poor quality illustrations and 

photographs, print bleedthrough, substandard margins, and improper alignment 
can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript and 

there are missing pages, these will be noted. Also, if unauthorized copyright 
material had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by sectioning 

the original, beginning at the upper left-hand comer and continuing from left to 

right in equal sections with small overlaps.

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6” x 9° black and white photographic 

prints are available for any photographs or illustrations appearing in this copy for 

an additional charge. Contact UMI directly to order.

Bell & Howell Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA

U 1VLI
800-521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



DISSERTATION

S A D D L E P O IN T  M E T H O D S  IN  N E U R A L  N E T W O R K S

S u b m itte d  by- 

R obert L. Paige 

D epartm en t o f S tatistics

In  p a r t ia l fu lf il lm e n t o f the requirem ents 

fo r the  Degree o f D oc to r o f Ph ilosophy 

Colorado S tate U n ive rs ity  

Fort C o llins , Colorado 

Sum m er 1999

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number 9947920

Copyright 1999 by 
Paige, Robert Lee

All rights reserved.

__  ®

UMI
UMI Microform9947920 

Copyright 2000 by Bell & Howell Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

Bell & Howell Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C o p y rig h t by R obert Lee Paige 1999 

A l l  R igh ts  Reserved

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C O L O R A D O  S T A TE  U N IV E R S IT Y

J u ly  S. 1999

W E  H E R E B Y  R E C O M M E N D  T H A T  T H E  D IS S E R T A T IO N  P R E P A R E D  U N ­

D E R  O U R  S U P E R V IS IO N  B Y  R O B E R T  L. P A IG E  E N T IT L E D  S A D D L E P O IN T  

M E T H O D S  IN  N E U R A L  N E T W O R K S  B E  A C C E P T E D  AS F U L F IL L IN G  IN  

P A R T  R E Q U IR E M E N T S  F O R  T H E  D E G R E E  O F  D O C T O R  O F P H IL O S O P H Y .

C o m m itte e  on G raduate  W ork

C om m ittee  M em ber

C om m ittee  M em ber

Corimiitt le m b

A dviser

D epartm ent Head

ii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ABSTRACT OF DISSERTATION

S A D D L E P O IN T  M E T H O D S  IN  N E U R A L  N E T W O R K S

S add lepo in t m ethods have found increased app lica tion  in  recent years. T h e y  provide 

fast and accurate approx im ations to  some the m ost im p o rta n t in tegra ls encountered 

in  S ta tis tics . In  add ition , when used to  approx im ate  p ro b a b ility  d is tr ib u tio n s , they 

y ie ld  accurate ta il p robab ilities . C om pe ting  m ethods, such as those based on stochas­

t ic  s im u la tio n , are much slower and ty p ic a lly  y ie ld  ve ry  poor approx im ations to  the 

ta i l  o f a d is tr ib u tio n . However, as we shall see in  the fo rth co m in g  chapters, saddle­

p o in t m ethods rou tine ly  p rov ide  v ir tu a lly  exact app rox im a tions  to  m any quan tities  

o f  in te res t besides p ro b a b ility  d is tr ib u tio n s .

In  the  firs t chapter. Laplace's m ethod is used to  pe rfo rm  m arg ina l in ference in 

Bayesian neura l networks. A ccu ra te  app rox im a tions  fo r Bayes factors for m odel choice 

abou t the num ber o f non linear s igm o ida l term s; p re d ic tive  densities for a fu tu re  ob­

servable; Bayes estimates for the non linear regression func tion ; and the m arg ina l 

densities are given. Im p o rta n t use is made o f the in he ren t p a rtia l lin e a rity  o f the 

regression func tion  and the  lack o f id e n tif ia b ility . The choice o f p rio r and the use o f 

an a lte rn a tiv e  sigm oidal lead to  poste rio r invariance in  the  non linear param eter which 

is discussed in  connection w ith  the  lack o f s igm oidal id e n tif ia b ility . The accuracy o f 

th e  Laplace approxim ations is il lu s tra te d  in  the con tex t o f tw o  non linear da ta  sets: a 

non linea r regression model and a non linea r autoregressive tim e  series.

In  chap ter two, saddlepoint app rox im a tions and Lap lace ’s m ethod are used to  

s tu d y  classification in the stochastic H opfie ld  m odel (S H M ). F irs t, the m ethodo logy 

is developed to  provide sadd lepo in t app rox im a tions  to  c lassification tim e  d is tr ib u ­

tions . Secondly, saddlepoint app rox im a tions  to  the s ta tio n a ry  d is tr ib u tio n  o f the

ii i
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H opfie ld  M arkov  chain, the  M arkov cha in  unde rly ing  the S H M 's  c lassifica tion pro­

cess, are presented. These approx im ations are p a rtic u la rly  d if f ic u lt  to  ob ta in  since 

th is  s ta tio n a ry  d is tr ib u tio n  has an in tra c ta b le  m om ent genera ting  fu n c tio n  which we 

app rox im a te  w ith  Laplace's m ethod. Lastly , a characte riza tion  o f the set o f possible 

absorbing states o f the  H opfie ld  M arkov  chain for the d e te rm in is tic  H opfie ld  m odel, 

a forerunner o f the S H M . is provided. A l l  o f our con trib u tio n s  are a result o f  the  

lu m p a b ility  o f  the H op fie ld  M arkov chain w h ich is rigo rous ly  derived and proven. 

T he  accuracy o f the saddlepoint m ethods, in  the above c lass ifica tion  problem s, is 

dem onstra ted on a S H M  w ith  210 =  1024 states which reduced to  a m odel w ith  a 

m ere 64 states v ia  lum p ing .

R obert L. Paige 
D epa rtm en t o f S ta tis tics  
Colorado S tate U n ive rs ity  
Fort C o llin s . Colorado 80523 
S um m er 1999
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1 Bayesian Inference in Neural Networks

1.1 In trod u ction

N eura l netw ork (N N ) m odels have enjoyed considerable p o p u la rity  in  recent years. 

T he y  have been app lied  to  m any n o n linea r regression problem s and have been used 

extens ive ly  fo r tim e series p re d ic tio n , see Faraway and C ha tfie ld  (1998) and W eigend 

and Gershenfeld (1993) . T he y  also have been successfully app lied in  p a tte rn  recogn i­

t io n  as reviewed in  B ishop (1995) and R ip le y  (1996) .

In  the  N N  m odel, the  e xpe c ta tio n  o f observa tion j/,- is a ” quas i-linea r”  func- 

t io n  o f independent va riab le  x,- =  ( L x ^ . . . .  . x !m) for i  =  1----- , n . W ith  y  =

T
( i / i i  J/2- - - • */n) • the m odel is

y =  X a3  +  r s

T * • rwhere s =  (si -zo  -n ) ~  N (0 . / „ ) ,  r  >  0 is a scale param eter, X Q is an n x  p

design m a tr ix  o f the  fo rm

x f  a ( x f a i )  ■■■ c r ( x f a , )
x j  < t( x T q i)  e r ( x j a q)

X a =  .

_ x l  ••• 17 {x l ^ )

and 8  is a (p x  1) lin e a r regression vec to r w ith  \p =  m  +  1 +  q. T he  e lem ents o f

X Q are functions o f the  non linea r pa ram e te r m a tr ix  a  =  ( a j ,  a 2, • • - ,Q ,)  where

T * •a- =  (a,o, a n , • • • r^ i'm ) and <r(x)  is a s igm oida l usua lly  taken to  be th e  lo g is tic  

fu n c tio n  (1 +  e-1 )- 1 . T he  convention  has been to  w ork  w ith  bo th  y-  and x -com p onen t 

values trans la ted  and scaled to  be in  the  range [0, 1].

In  neura l netw ork parlance th is  p a r t ic u la r  type  o f m odel is know n as a ” feed- 

fo rw a rd  neura l ne tw ork w ith  one h idden layer, one sk ip  layer, and a lin e a r o u tp u t 

u n it ” , as described in  R ip le y  (1996). ” Feed-forw ard”  refers to  the vec to r X{ being

( 1.1)
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m apped or ’’ fed7’ fo rw ard  to give E  [?/,] . T h is  e xpe c ta tio n  is a linear com b in a tion  o f 

the  non linear s igm oida l terms, a  [ x f  a  i ) , . . .  , a ( x j a q), or "h idden  layer”  and the 

linea r te rm , x j . o r ’’ sk ip  layer” w h ich  "sk ip s ” past the  sigm oidal tra n s fo rm a tio n . In  

ad d itio n , th is  m odel has a " lin e a r o u tp u t u n it ”  since the  expectation o f y  is lin e a r in  

the regression func tion  X a3.

The N N  m ode l is a h igh ly  fle x ib le  m odel. W ith  su ffic ien tly  m any s igm o ida l te rm s, 

the regression fu n c tio n  X a3  can app rox im a te  any continuous func tion  u n ifo rm ly  over 

a com pact set to  an a rb itra ry  degree o f precis ion as firs t shown by C 'ybenko (1988 ). 

U sua lly  re la tiv e ly  few sigm oidal te rm s are requ ired  in  s ta tis tica l problem s. N onethe­

less there is a need to  avoid o v e rf it t in g  the d a ta  w ith  e ither a b ru p tly  changing or 

’’ sa tu ra ted” s igm o ida l term s o r too m any s igm oida ls. We use a p rio r d is tr ib u tio n  on 

( a , / U r 2) th a t a p r io r favours sm ooth and n o n -a b ru p tly  changing s igm o ida l te rm s. 

A  s im ila r approach has been used in  R ip le y ’s S-P lus rou tine  "n n e t” as described in  

Venables and R ip ley  (1997) .

Th is  paper addresses several aspects o f m a rg in a l Bayesian inference fo r such N N  

models. F irs t the issue o f m odel choice is considered. I f  the model in  (1.1) w ith  q 

sigm oidals is re fe rred to  as M q, then m arg ina l pos te rio r p robab ilities  fo r the  various 

models { M q : q =  0 , 1 , . . .  } are app rox im a ted  using the m ethod o f Laplace. These 

com puta tions de te rm ine  approx im ate  Bayes facto rs  fo r use in  model choice (d e te rm i­

na tion  o f q) as w e ll as in  posterior m ix in g  over m odels fo r p red ic tion  and e s tim a tio n . 

We show in  the  num erica l examples th a t the  Bayes factors alone do no t convey the 

in fo rm a tio n  needed to  select a parsim onious m ode l w ith  sm all q. M odels w ith  e x tra  

sigm oida l te rm s th a t nest th is parsim onious choice are weighted as heav ily  as the 

parsim onious m odel. However, w ith  the a d d itio n a l in fo rm a tion  about the m o d a l es­

tim a tes used in  Laplace approx im ations fo r Bayes factors, th is parsim onious choice 

can be made.

2
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A pprox im a te  p red ic tive  densities fo r fu tu re  observable Y j  g iven its  associated in ­

dependent variab le x j  are com puted using Laplace app rox im a tions . A lso com puted 

are approxim ate  Bayes estim ates for the  n o n linea r regression re la tionsh ip  and approx­

im a te  m arg ina l posterio rs on model param eters.

O u r m arg ina l in ference is fa c ilita te d  by m ak ing  im p o rta n t use o f the ”  p a rtia l 

lin e a r ity "  in the regression param eters. T h is  te rm  refers to  the  fact th a t i f  a  were 

know n, then the N N  m odel would be a lin e a r regression m ode l in  3.  As such, any 

m arg ina l inference m ay be s im p lified  cons iderab ly  by m a rg in a liz in g  firs t w ith  respect 

to  the linear and scale term s. Using s tanda rd  conjugate p rio rs  on (3 . r 2) . the exact 

m arg ina l posterior den s ity  on non linear pa ram e te r a  is easily com puted a n a ly tica lly . 

Then  Laplace's app ro x im a tio n  need o n ly  be app lied for m a rg ina liz ing  in  a.  Previous 

use o f Laplace's m e thod  has not taken advantage o f p a rtia l lin e a r ity  to  a llow  exact 

m ag ina liza tion  in  the param eters { 3 . r 2). T he  obvious benefits are s im p lic ity  as well 

as the greater expected num erica l accuracy prov ided when Laplace's app ro x im a tio n  

is used in lower d im ensiona l in teg ra tion . P a rt ia l lin e a rity  has been noted in  R ip ley  

(1996) bu t has on ly  been used fo r pa ram e te r es tim a tion  in  frequentis t models by 

Shepanski (19S7) and H ryce j (1992).

The  m arg ina l poste rio r for a  can have m any local m ax im a . Therefore, when 

m arg ina liz ing  in  a , a sum  o f Laplace a pp ro x im a tions  a t the various local m ax im a  is 

requ ired. This procedure was proposed fo r m a rg ina liz ing  over a  and 3  in  B u n tin e  

and YVeigand (1991) and fu rth e r discussed in  M ackay (1992) and R ip ley  (1994a).

The  m ethodology is illu s tra te d  on a sm a ll non linear regression da ta  set from  Bates 

and W atts  (19SS,§3.13). T he  form  o f the  regression is no t specified by the u nd e rly in g  

theory. A  second la rge r financ ia l t im e  series d a ta  set from  Lee, W h ite , &: G ranger 

(1993) is also m odelled using a lag one non linea r autoregressive model.

3
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1.2 A n  A ltern a te  Invariant S igm oidal

There  are several tro u b lin g  aspects o f these N N  m odels re la ted to  o u r  Bayesian com­

pu ta tions . F irs t ,  the  param eter (a ./3 ) lacks id e n tif ia b ility .  To see th is , consider a N N  

m odel w ith  one independent variab le, no lin e a r te rm , and two s ig m o ida l term s. The 

expected value o f  y  is given by

E  [(/] =  3q +  3iCr (Or 10 +  Q ll-1 ) +  ^ 2cr ( q 20 +  ) . ( I - - )

T h is  expec ta tion  is unchanged i f  one in terchanges the  param eter sets ( 3 i ,  c*io, c*n) and 

q 2o-(*2 i ). Id e n t if ia b il ity  however is no t an issue in  p red ic tion  o r Bayes regression 

e s tim a tion  where the  param eter (a , J )  is in teg ra ted  ou t. We shall re tu rn  to  th is  issue 

la te r as i t  concerns m arg ina l inference for the com ponents o f ct.

Secondly, ce rta in  sets o f param eter values are no t equ iva lent b u t w h ich  shouid 

be. Consider a change in  the sign o f ( ^ i ,  Qio, Q u ) w h ile  also add ing  3 1 to  3o- Th is  

param eter change leaves the expec ta tion  in  ( 1.2 ) unchanged, or

3q +  3 1 — 3 i <7 ( —Qio — C*ll-£) =  3o +  3 (QUO +  a l l x  ) •

These tw o sets o f param eter values are said to  be ’"expecta tion  e q u iva le n t” . These 

values receive equal w eight from  the  da ta  th rough  the like lihoo d  fu n c tio n  bu t m ay 

no t have equ iva len t poste rio r weight because th e y  m ay receive d iffe re n t p r io r  weights. 

T h is  lack o f "p o s te r io r equivalence”  is troub lesom e because in  effect one a rb itra ry  

p a ra m e triza tio n  is assigned a h igher pos te rio r p ro b a b ility  than  ano the r.

T h is  pos te rio r inequivalence is corrected  by w o rk in g  instead w ith  the  trans la ted  

s igm oida l,

1 1 / x \
a ‘ {x)  =  a ( x )  -  -  =  - t a n h

w h ich  is an odd fu n c tio n  about 0. T h e  choice o f p r io r  fo r ( q , /3) also bears upon th is  

issue and in  th is  regard we suggest an exchangeable m u lt iv a r ia te  T  p r io r  w ith  com m on

4
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mean 0 in  the  next subsection. Such a p r io r  is an even func tion  in  each com ponent 

and guarantees p r io r  equivalence for param ete r values th a t are expe c ta tio n  equ iva lent: 

thus pos te rio r and expecta tion  equivalence are one in  the  same. T h is  corrects the 

conceptual d if f ic u lty  above.

For ease o f  discussion, we shall refer to  a ’  as a s igm oida l. S tr ic t ly  speaking it  is 

a trans la ted  s igm o ida l since sigm oidals m ust be d is tr ib u tio n  functions.

The use o f  cr" toge ther w ith  our choice o f p r io r  g re a tly  reduce the  num be r o f local 

m ax im a  th a t m ust be averaged when using Laplace's a p p ro x im a tio n  to  m arg ina lize  

in  q . T h is  occurs because they  lead to  a m arg ina l poste rio r in  a  th a t is exchangeable 

and w h ich there fo re  generates equivalence classes o f local m ax im a  over ce rta in  per­

m u ta tions  and sign changes for a . T h is  phenom enon has prev ious ly  been po in ted  out 

by B ishop (1995) when using the tanh s igm oida l.

The use o f s igm o ida l a~ also necessitates th a t we trans la te  the y-  and x-com ponent 

values by s u b tra c tin g  1 /2  so they now fa ll in  the range [—1 /2 ,1 /2 ] . T he  firs t row 

entries o f { x , }  , w h ich are a ll 1, are also replaced w ith  the  value 1/ 2 .

1.3 C h o ice  o f  P rior

To m o tiva te  th e  choice o f p r io r, we m ust f irs t understand the na tu re  o f the  s igm oida l 

d a ta  trans fo rm a tions . Consider the graph o f cr~ (ax)  versus (a ,x )  fo r  —15 <  a <  15 

and —1/2  <  x  <  1 /2  as given in  F igure 1 below. Values o f a centered abou t 0 result 

in  a functions w h ich  are fla t or gradual whereas la rger values o f |a| y ie ld  functions 

w h ich  are steep. As |a| —> oc the  s igm oida l approaches a u n it step fu n c tio n  and is said 

to  approach ”  s a tu ra tio n ” . M ore generally, (3a“ (oo +  a ^x ) w ill avoid sa tu ra tio n  and 

be gradual and sm ooth  i f  the values o f q 0,Q i,  and (3 fa ll w ith in  the  range ( —6, 6) .  A  

sum m a tion  o f such term s yie lds a regression fu n c tio n  w h ich  is also sm oo th  and w hich 

tends not to  o v e rfit the  data.

5
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In  th is  regard, we assume a m arg ina l p r io r s truc tu re  fo r (a, i3)  th a t is an ex­

changeable m u lt iv a r ia te  T  and w h ich  gives each com ponent the com m on mean 0 and 

variance 4. T he  support o f each com ponent is concentrated in  the  range ( —6 . 6 ) so 

th a t p r io r w e igh t is given to sm ooth  regression functions. As prev ious ly  m entioned, 

th is p rio r is an even func tion  in  each com ponent and assures th a t expec ta tion  and 

posterior equivalence are the same. Such a m arg ina l p r io r  is specified h ie ra rch ica lly  

using a c o n d itio n a l p r io r  for (a . 3)  given r 2 th a t is N (0 . ( r 2/A ) / p+?(m+1)) w ith  the 

fixed value o f A =  10—3/4  expla ined below. A  conjugate p r io r is used fo r r 2 w h ich  is 

the inverse gam m a d is tr ib u tio n  T -1 ( i/ /2 , 7 / 2 ) (see Lee. 1989. §A.5) w ith  density

- ( r 2) oc ( - ^ " ^ " ‘ e x p j - ^ }  (1.3)

and param eters u — 3 and 7 =  4A. The param eter choices represent vague p rio r 

knowledge in  the  fo llow ing  sense. The  firs t param eter measures the  p r io r  in fo rm a­

tion  for t 2 and u  =  3 is its sm allest in teger value for w h ich  (1.3) has fin ite  mean.

The second param eter assures th a t E  [ r 2] =  4A so th a t the  m arg ina l p r io r  mean for 

components o f (a, /3)  is 0 w ith  variance 4. These param eter choices assure a p r io r in 

which

r 2/ A ~ r - 1 (3 /2 ,2 )

for any choice o f A >  0.

O ur choice o f A =  10_3/4  has been m otiva ted  by the desire to  seek p r io r  choices 

using s igm o ida l cr~ th a t are com patib le  w ith  the pena lty  choices o f R ip le y  (1996) 

when w o rk ing  w ith  sigm oidal a. U sing A =  10- 3/4 , then o u r choice o f p r io r  combines 

w ith  the n o rm a l like lihoo d  to  produce a posterio r tha t depends on the  penalized least 

squares e rro r defined as

S S E ■ ( a , 0 )  =  lit/ -  A '„/3 ||2 +  A ||(a ,/3 )||2 . (1.4)

6
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The la tte r  p e n a lty  te rm  in  (1 .4 ) is ca lled  a ” w e igh t decay” . Expression (1-4) m ay 

be m in im ize d  over (a.  ,3) by using R ip le y 's  ” n ne tr  rou tine . For x-  and y-values in  

[0 ,1] ,  and a m odera te  num ber o f param eters, R ip le y  (1996) has suggested the  pe n a lty  

weight A G (10 1, 10—2) .  O u r selected value A =  10-3 /4  is consistent w ith  R ip ley 's  

choice o f A =  10-3  for the fo llo w in g  reason. O u r x -  and y-values fa ll in  the  range 

[—1/ 2, 1/ 2] instead o f [0 . 1] w ith  h a lf  the  m agn itude : th is  allows us to  double th e  value 

o f [ a.  3)  b u t th is  m ust also be com pensated fo r in  the  weight decay fac to r | | (a ./?)|(2 

by using a q u a rte r o f A G (10- 4.10~ 2) .

To sum m arize , the  choice o f  p r io r  has been m o tiva te d  in several wrays. A n  ex­

changeable m u lt iv a r ia te  T  p r io r  on (a ,  3)  w ith  mean 0 and variance 4 th a t inco rpo ­

rates the p e n a lty  weight A =  10- 3 /4  makes sa tu ra tio n  o f  sigmoidals d iff ic u lt  and leads 

to a sm ooth  well-behaved m a rg in a l pos te rio r surface in  a  w ith  a decreased num ber 

o f local m a x im a  and few false m a x im a  (sadd lepo in ts). T h is  smooth surface provides 

im proved perfo rm ance for quas i-N ew ton  m a x im iz a tio n  routines when im p le m e n tin g  

Laplace’s m e th od  in  a . From  a Bayesian perspective, the  p rio r choice expresses an a 

p rio ri preference fo r sm ooth regression functions, perhaps as an expression o f O ccam ’s 

razor for s im p le  sm ooth  re la tionsh ips .

1.4 P o ster io r  C alcu la tion

The prio rs  on {a,  8,  r 2) com bine w ith  no rm a l like lih o o d  to  y ie ld posterio r

/ r\ 21 \ / 2\ —(Ti+p+<j(m+ i)+ ‘/ )/2—i f  S S E  (a , 3)  -j- ”7 1
-  ( a , / ? , r - | y )  oc (t ) exp | -------------- — ----------

Th is expression a d m its  e x p lic it  m a rg in a liza tio n  in  /? fo llowed by r 2. C o m p le tin g  the  

square in  (3 and in te g ra tin g  o u t y ie lds

(  2 1 \  (  2 N - ( n + <? ( m + 1 ) + t / ) / 2 - 1  I v T  \ r  . \  j  I — i / 2  f  f ^ a r ) !7T ( a , r " | y )  oc ( r  ) \ X QX a +  X I p \ exp < — 7 ^ T  \
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with

£ ( a ) = 4  +  B a + 7  +  A | | a | r . (1.5)

In  (1 .5 ), s2 is the erro r sum o f squares o f linea r regression trea ting  a  as fixed, o r

sl  = yT ~ XQX * ) y

w ith  as the  Moore-Penrose inverse o f X Q. and

= jjA 'J  [T  -  -V0 (A 'J.V . +  A A ' J ( 1.6 )

w ith  p Q as the  least squares es tim a te  o f 3 w ith  a  fixe d  o r 3a =  X £ y .  M a rg ina liza tion  

in  r 2 y ie lds

- 1 / 2
-  (q | y)  oc 7T (q | y)  =  c \ X a X a +  AI p \ “ E  (q ) (1.7)

where rr is the  true  posterior, rr is the unnorm a lized  poste rio r from  exact m arg ina l­

iza tion  in  3  and r 2. and

c =  r  A(p+,)/V /2 / r  ( | )  7r (n+,)/2.

For large n , the  te rm  B a is close to  0 and neg lig ib le  so th a t it  may be left o u t o f 

poste rio r com pu ta tion . Th is occurs w ith  in fo rm a tiv e  designs in  which the like lihood 

c o n tr ib u tio n  X ^  X Q "washes o u t"  p rio r te rm  A I p in  the  centre m a tr ix  o f (L.6 ). In  

th is  se ttin g  the  centre m a tr ix  approxim ates the  res idua l p ro jection  m atrix  th a t is 

o rthogona l to  the  columns o f X Q so tha t B a ~  0. T h e  expansion

(A - /X  +  A/ , ) ' 1 =  ( A j A a)' T  V \ ~ 1! 2
C O  £

7"  +  E { - a  ( - v j - v = ) -1 }
k =  I

' T v  \ ~ W
( - O - )

=  (.X l X a r  -  A ( - Y j A * r  +  A2 ( A ^ X )  +  •

when s u b s titu te d  in to  ( 1.6 ) gives

B q =  0 - X P l 3 a + X 2P l { X ^ X a y l 3a +  ---

=  0 ( \ / n )  +  0 { ( \ / n ) 2) +  - • •  .
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F u rth e r s im p lifica tio n  occurs w ith  large n. The fa c to r | .Y j.Y Q +  A /p + l| is dom ina ted  

by the E  (a)  te rm  whose im p o rta n t components now inc lude

— /  r \  _  (  2  , \  I I  m 2 \ - ( 7l + 9 ( m  +  1 ) + t / ) / 27r ( a | y )  ~  c (s ^  +  A ||a || )

M ore generally, for any non linea r norm al regression m ode l w ith  a p a r t ia lly  linea r 

com ponent, the  m arg ina l pos te rio r on n o n linea rity  p a ram e te r a  is given in  (1.7) when 

com puted  w ith  conjugate p rio rs . L e ttin g  A ->  0 and s e ttin g  u =  0 =  7 corresponds 

to  using Jeffreys7 priors for w h ich  the posterior on a  is

tt (a | y)  =  c |A - jA -a | - ,/2 |So|-<” +«<” '+ ‘ )) _

M oda l estim ates o f a  essentia lly  m in im ize  the e m p ir ic a l e rro r for large n.

1.5 P osterior S ym m etry  in a

The pos te rio r on a is in va rian t under two groups o f transfo rm ations. F irs t, because 

the sigm oida ls are not iden tified , it  is invarian t to  th e  <7! perm uta tions o f the  q pa­

ram e ter sets w ith in  com m on sigm oidals. Secondly, because o f its  sym m etry  about 0, 

i t  is in va ria n t to the 2q possible sign changes app lied  to  these same param eter sets. 

Together the  posterior is in va ria n t under a single g roup  o f  2qq\ transfo rm ations. The  

s y m m e try  o f the m arg ina l poste rio r on a  can be eas ily  seen by expressing i t  as the 

in teg ra l o f like lihood  x  p r io r  and no tin g  tha t th is  in te g ra l is sym m etric  because o f 

the choice o f sym m etric  p rio rs  and the oddness p ro p e rty  fo r a".

T he  group under w h ich  7r ( a | y )  is invarian t fo rm s a subgroup o f the o rthogona l 

group o f transform ations on a.  T h is  subgroup is the  la rgest such subgroup w h ich  has 

relevance to  the NN  m odel. To show th is , consider th e  non linea r part o f th e  design

9
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m atrix

a  ( x f a i )  
cr ( x ^ a / )

c r ( x j a q) 
a  ( i [ q ?)

( * f o )

f
r  t  1 x f

X T2
:=  a :

J V . X» .

[ a L a 2 . . .  a ,

/•••

The  group maps a  —»• (9a and an orthogonal m a tr ix  O  w ith  m ore than one non-zero 

e n try  in  the zth row  w il l  result in  a transform ed pa ram ete r m a tr ix  Oct whose (z’. j ) t h

te rm  is a linea r com b ina tion  o f  Qq.j~ 1 w h ich  is not perm issib le  in

the  N N  model. M a tr ix  O m ust therefore have o n ly  one non-zero en try  in  each row 

w h ich  necessarily m ust be e ithe r ” 1" or ”  — 1" i f  i t  is to  be orthogonal: thus O is a 

m em ber o f the  subgroup o f size 2qql.

The group invariance leads to  equivalence classes o f param eter values sharing 

com m on o rb its  under the invarian t group o f size 2qq\. M em bers o f the same o rb it 

are expecta tion  equ iva lent param eter values. In  each o rb it ,  one m em ber has loca tion  

param eters fo r the  q sigm oidals tha t satisfy

0 5: O;io <  . . . 5: ( 1.S)

and w h ich can be used to  id e n tify  the o rb it. S ta rtin g  w ith  a rb it ra ry  m a tr ix  param eter 

a , i t  is transform ed in to  its  identified  form  by o rdering  the vectors according to  th e ir  

firs t com ponents, {a,-sgn (a,o) '■ i  =  1, . . .  ,<7} , and le t t in g  these fo rm  the colum ns o f 

the  m a tr ix  T h is  iden tified  version is the  ” m a x im a l in v a r ia n t”  param eter under

the  in va rian t group. We shall denote the set o f m a x im a l in v a ria n t param eter values 

as O  =  {aA /v } C  J?, *Tn+1). For param eter olmi G O. th e  s igm oidals essentia lly end 

up num bered fro m  le ft to  r ig h t according to  how the  s igm oida ls  are centered in  the 

regression.

10
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1.6 A p p ro x im a te  P o ster ior  E xp ecta tion  in a
1.6 .1  L a p la ce ’s A p p ro x im a tio n  w ith  M u ltip le  M od es

Laplace’s m e th o d  was in trodu ced  fo r Bayesian m a rg ina liza tion  by Leonard  (19S2). 

Davison (19S6). and T ie rn e y  and Kadane (19S6). M ore recently  i t  has found  app lica ­

tio n  as a means fo r co m p u tin g  app ro x im a te  Bayes factors as discussed in  Berge r and 

Pericchi (1996), Kass and R a fe rty  (1995). and D iC icc io  et al. (1997). A l l  o f  these 

authors, however, consider the  u n im o da l s itua tio n  and not the m u lt im o d a l se tting  

com m on ly a ris ing  w ith  N N  m odels. T h is  la tte r  se tting  has been discussed by B u n tin e  

and W eigand (1991), M ackav (1992) . B ishop (1995). and R ip ley (1994a). M u lt im o d a l 

m a rg in a liza tio n  has also been considered w ith  M C M C  by Neal (1993. 1995)

The p o s te rio r expe c ta tio n  o f an a rb itra ry  smooth pos itive ly -va lued  fu n c tio n  g (q )  

is com puted using Laplace's a p p ro x im a tio n  adapted to  deal w ith  the  m u lt ip le  local 

m axim a found  in  th is  con text. O u r con text requires m ag in a liza tion  in  a  and the 

a p p ro x im a tio n  is

J g ( a ) i r ( a \ y ) d a  ~ Y ^ g ( a )  L ( a )  (1.9)
a

where

r _  c ( E  ( q ))~ tra+q̂ m+1|+l'>/2

v ' l A l A ' i  +  A / p l x p / t d J l f

The  values { q }  com prise  the set o f  local m ax im a fo r the dom inan t p o r t io n  o f  In  ?f (a |y )

taken to be

— L (n +  q ( m +  1) +  u) In E  ( a ) . (1-10)

M a tr ix  H  (a )  is th e  Hessian o f (1.10). D e te rm ina tion  o f the co llec tion  o f  lo ca l m a x im a  

is the  m ost c o m p u ta tio n a lly  in tens ive  p a rt o f th is  com pu ta tion . For th is  we used 

G auss-Newton searches fo r c r it ic a l values s ta rtin g  the ite ra tions  a t ra n d o m ly  selected 

values o f a.

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



W hen g  (•) is in va ria n t under the  p e rm u ta tio n  g roup  o f Section 5. the su m m a tio n  in  

( 1.9 ) m ay be res tric ted  to  sum m ing  over on ly  the id e n tifie d  local m ax im a  param eters 

in  0  when the m u lt ip l ic i ty  fac to r 2qq\ is also used. T h e n  (1.9) is

[  g (a ) 7f (a |y )  da ~  ^  g (a )  L  (d )  =  2qq\ ^  g (a ) L (6 ) . (1-11)
J  a  a e o

Thus the  search for loca l m a x im a  q  is accord ing ly  re s tr ic te d  to  s ta rtin g  G auss-N ew ton 

ite ra tio n  w ith in  0 .

1 .6 .2  Further A p p ro x im a tio n  Issu es

C rit ic a l values o f In E  (-) requ ire  the  com pu ta tion  o f  d In E  (a ) / da w hich is s tra ig h t­

fo rw ard  except for the  dependence of E  (•) on -V+. G o lub  and Pereyra (1973) de te r­

m ine  the  ( i . j ) t h  com ponent o f th is  de riva tive  as

d X * / d a „  =  - X *  O X J d a , , )  A'+ +  X ?  (A'J f  (3.YJ d a „ ) T ( I  -  A'„A?) 

+  ( /  -  X + X „ )  {dX0/dcLij)r ( X i ) T A'+

when X j X 0 has lo ca lly  constant rank w h ich m igh t n o t be its  fu ll rank. F rom  th is  we 

are able to  derive an exact expression fo r the g rad ien t o f In E  ( a ) . For Hessian com ­

p u ta tio n . suffic ien t accuracy was ob ta ined  by using f in ite  differences o f the  g rad ien t.

Special care m ust be taken when w ork ing  w ith  th e  num erica l M oore-Penrose in ­

verse o f X Q. Th is  requires s ingu la r value decom position and also a d e te rm in a tio n  

abou t w h ich  o f the sm a ll s ingu la r values should be considered neglig ib le and taken  as 

0. We used the  IM S L  ro u tin e  D L S G R R  and found th a t a tolerance for n e g lig ib ility  

set a t 10- s , a p p ro x im a te ly  the  square roo t o f m achine precision, worked w e ll. T h is  

se ttin g  was requ ired  due to  the  am oun t o f re la tive  e rro r caused by the use o f  o th e r 

num erica l routines.

The  stable es tim ate  a s is defined as the  dom inan t Bayesian mode w ith  A =  0 and

12
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is nearly th e  dom inan t Bayesian m ode, q w ith  A =  10 3/4  since

a s =  Qf+O ( n - 1 ) .

Despite th is , i t  is s t i l l  preferable to  use a w e igh t decay te rm  for large n.  The weight 

decay te rm  makes the m ax im iza tion  o f  — \ n E  ( a )  easier, gives fewer m axim a, results 

in  Hessians th a t are usua lly nonsingu lar and y ie lds a surface which is more quad ra tic  

in  appearance. Th is  last po in t is p a r t ic u la r ly  re levant for achieving accuracy w ith  

Laplace's app ro x im a tion .

1.7 M arginal Inference
1.7.1 M o d el C hoice

The N N  m odel w ith  q sigmoidal te rm s  is denoted M q and has Bayes factor

P r { A / , | t / }  oc ~ { y \ M q) ~ { M q) .

where

~ { y \ M q) =  J T t ( a \ y , i \ I q) d a  ( 1-12)

is app rox im a ted  using Laplace’s m e thod  w ith  g (a ) =  1. Variable selection from  

among the  m  independent variables in  {a :,} cou ld  also be im plem ented w ith  o r w ith o u t 

s igm oida l selection bu t th is  has no t been a tte m p te d .

In  th is  con tex t, the “ best”  m ode l is not always th a t w hich maxim izes P r - fM ,!* /}  

in  q. Suppose, fo r exam ple, the tru e  m odel has a single sigm oidal so q =  1. T he  N N  

models are nested w ith  M q C M i  C  M 2 C  ■ • • so th a t, fo r example, a m odel w ith  

2 s igm oidals is a 1 s igm oidal m odel i f  one o f the  sigm oidals has all its  non-in te rcep t 

a -values set to  zero. Thus there is no un ique correct choice for q when M i  is the 

true  pars im on ious m odel; the  choice o f any value o f q 6  { 1, 2, . . .  }  is as good as any
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other. We sha ll see the  occurrence o f th is  phenom enon in  the  examples where the 

Bayes factors fo r  2 and 3 sigm oidals are greater than  th a t fo r 1 but the pars im on ious 

choice o f m ode l is c le a rly  a single s igm oidal. T he  Bayes facto rs in com b in a tion  w ith  

th e ir  f it te d  pa ram ete r values need to  be exam ined in  o rde r to  make a pars im on ious 

m odel choice fo r  value q.

1.7 .2  P r e d ic tiv e  D istr ib u tio n s

T he  posterio r dens ity  fo r fu tu re  observable Yf  at y j .  g iven  its  associated variab le

x j  =  ( l . x / ! . . . . . X f m) and m odel AI q is easily com puted  by  inc lud ing  y j  and x j  in to

the data set and m arg ina liz ing  as in  m odel choice. Then

.. ir x " ( ' / • ' / / W  f * ( c t \ y . y i . M H)da 
~(y/\xf- y- am  =  — r r\Y\ ~ =  r - < i— r m —  U -1*)“  ( i/ |A /,)  J -  ( a j y .  Mg)  da

where both Laplace app rox im ations take g (a)  =  1. The  denom ina to r is the  com pu­

ta tio n  from  m ode l choice and the  num era to r is the  same com pu ta tion  b u t in c lud ing  

the  prospective fu tu re  observable y j  in  the data . F u rth e r m a rg ina liza tion  over the 

models { A / , }  w ith  a p r io r i w e igh ting ~ ( M q) oc 1 is de te rm ined  as

- ( y j \ x f , y )  =  — -^ — T -p rn  =  — t t t t t -  ( L14
zZq ~ ( y  W<,)

and may be based e n tire ly  upon Laplace app ro x im a tions  as used to  com pute  (1.12) 

and (1.13). W hen a clear choice for a parsim on ious m ode l exists, as occurs in  our 

examples, then  the m ix in g  o f models in  (1.14) is no t m uch  d ifferent from  the use o f 

(1.13) based upon the  parsim onious choice. In such instances, use o f the pars im on ious 

m odel can g re a tly  s im p lify  the com puta tions.
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1 .7 .3  B a y e s  E s t im a t io n  o f  th e  R e g re s s io n  F u n c t io n

T ak ing  9 =  ( a , / 3 , r 2) , then  the  posterio r expec ta tion  o f  the  regression fu n c tio n  is

E dy [ X a 3 \ y . M q] =  j  X a/ 3 - ( 9 \ y . M q)d9

=  J  A ' jA V 4 “  ( a \ y .  M q) dec (1.15)

since

i 3 \a .T2. y ~  N  A'a(30, r 2S t)

with Si = (.VJ.Yq +  A/p) l . In terms of tt, (1.15) is

, , ,  J - V p S . A j A ^ M j / . M , ) * ,
E ,  [ A „ J |  y. M , ) =  --------------------------------------  . (1.16)

Laplace's a p p ro x im a tio n  in  the num erator o f (1.16) takes

g ( a )  =  X 0Z l X t X j a .

Since the  regression fu n c tio n  is invarian t under the  p e rm u ta tio n  group. Laplace's ap­

p ro x im a tio n  as in (1.11) m ay be used. This invariance exists because expecta tion  and 

pos te rio r equivalence are the same in  our fram ew ork. T h e  denom ina to r is ~ (y \ M q) in  

(1.12) and its  Laplace a p p ro x im a tio n  also determ ines the  Bayes fac to r for m odel M q. 

F u rth e r m a rg in a liza tio n  over the  models { M q}  is possib le and leads to  a Bayes esti­

m a to r th a t is a m ix tu re  o f the Bayes estimates in  (1-16) o f  the  fo rm  (1.14). T h is  is not 

p a r t ic u la r ly  beneficia l, however, when there is a c lear c u t choice fo r a parsim onious 

m odel.

1 .7 .4  M a r g in a l  D is t r ib u t io n s

Inference abou t m a rg ina l densities in  a  is on ly  m ea n in g fu l once the various sigm oidals 

have been iden tified  as described in  Section 5. C onsider such an iden tified  N N  m odel
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in  which a  £  O  has been p a rtit io n e d  in to  Q(t ) and Q(2> where Q(t ) is one-dim ensional 

and 0 (2) contains a ll the o ther com ponents. The  m arg ina l pos te rio r o f is

t i ir  \
Jl ( ^ ( i ) 2/ ’  ? )  r  -  t  \ i  m  j  ■ ( I  • 1 0J0 ~ { a \ y .  M q)da

where 0 \  =  {c t(2) : ( Q( i) i a (2)) €  (9 }  . A  Laplace app rox im a tion  to  the  denom inator 

is the Bayes fa c to r com pu ta tion  above and is summed over the  id e n tifie d  members in  

O.  A n  a p p ro x im a tio n  to  the  num era to r holds 0 (X) fixed and app lies Laplace's m ethod 

in  param eter Q(2) w ith  g =  1. O n ly  iden tified  values o f (ci(i), &(2 )) €  O  are used where 

Q(2) is an id e n tifie d  m a x im u m  determ ined by ho ld ing Q(i) fixed.

1.8 E xam p les
1.8.1 N o n lin ea r  R egression

O ur firs t da ta  set was analyzed in Bates and W atts  (1988) and concerns the u tiliz a ­

tio n  o f n itra te  (y -va ria b le ) in bush beans as a func tion  o f ligh t in te n s ity  (x-^variable). 

The p rim a ry  leaves o f three 16-day-cld bean plants were sub jected  to  eight levels 

(2 .2 ,5 .5 .9 .6 .17 .5 .27 .0 ,46 .0 .94 .0 .170 .0 ) o f lig h t in tens ity  ( /z E /m 2s) and the n itra te  

u tiliza tio n s  (n m o l/g  h r) were measured. The  experim ent was pe rfo rm ed on two d if­

ferent days. Even though no theore tica l m odel has been proposed fo r th is  data, i t  

has been hypothesized, by the researchers, th a t u tiliz a tio n  shou ld  be zero for zero 

lig h t in te n s ity  and should also approach an asym ptote  as lig h t in te n s ity  increases. 

Increm enta l pa ram ete r effects for the  tw o days were included in  th e  analysis o f Bates 

and W atts , fo r m odels having an asym pto te , bu t were not found  to  be significant. 

Therefore, we com bine the  data from  b o th  days and f i t  a com m on m ode l to  the n =  48 

cases o f data.

We consider N N  m odels w ith  up to  three sigm oidal term s us ing  A =  10~3/4 . The 

factors { 7T ( y \ M q) }  w h ich  determ ine the  posterio r weights o f th e  various models are
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approxim ated using Laplace's m ethod and displayed in  Table 1. For each M q, the loca l 

m axim a were de term ined by f it t in g  the  m odel 100 tim es s ta rtin g  the G auss-New ton 

iterations a t rando m ly  selected po in ts in  a  €  [—9, 9 ]^ m +l* f l  O.  The various m a x im a  

are given in  m a x im a l in va rian t fo rm  q a //  along w ith  the associated co n tr ib u tio n s  to  

the Laplace a p p ro x im a tio n  from  the o rb its  o f m axim a. S tarred entries are used in  

place o f param eter estim ates whose values are less than  10-12 in  m agnitude.

The Bayes fac to r to ta ls  favour 1. 2, and 3 nodes bu t these alone do no t fu lly  ex­

pla in  the regression re la tionsh ip . A n  exam ina tion  o f the m oda l param eter estim ates 

from  Laplace’s m ethod  is more in fo rm a tiv e  about parsim onious m odel choice. T he re  

are two m a x im a  when f it t in g  the single node models in  M \ .  W hen f it t in g  tw o node 

models, these same tw o nodes are essentia lly  the two dom inan t m ax im a as m ay be 

seen from  th e ir  weights in  the firs t s igm o ida l which are a ll less than 10-12 in  m agn i­

tude. The percentage o f the Bayes fac to r con tribu ted  by these tw o  dom inan t m a x im a  

is 96.0%. Thus the f i t  o f tw o  node models also suggests tha t one s igm oidal is a pars i­

monious f it .  T he  f it  o f three node models explains no th ing  th a t hasn’t a lready been 

explained w ith  two node models, since a ll three m ax im a  are essentia lly those from  

the two node models. T he  two dom in an t m ax im a  th a t represent a single node m ode l 

combine fo r 97% o f the  Bayes fac to r when f it t in g  three nodes.

To assess the  accuracy o f Laplace’s m ethod in  de te rm in ing  the Bayes factors o f 

the models above, we evaluated these quan tities  using num erica l in teg ra tion . For 1,2, 

and 3 node models these factors were 1.733 x  lO20, 1.577 x  1021, and 6.865 x  1022. 

They agree closely w ith  the to ta ls  g iven in  Table 1.

F igure 2 shows a sca tte rp lo t o f the regression da ta  (circles) along w ith  several 

estimates o f the  regression func tion : ( i)  the true  Bayes estim ate  (so lid) as in  (1-16) 

assuming a one node m odel as de te rm ined  from  num erica l in teg ra tion ; ( i i)  Lap lace ’s 

app rox im a tion  to  th is  estim ate  (dashed); and ( i i i )  Laplace’s a p p ro x im a tion  to  th e
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m ix tu re  o f Bayes estim ates (do t-dash) where the  m ix in g  is over m odels w ith  up to 

three nodes and weights are p ro p o rt io n a l to  Bayes factors. N u m e rica l in teg ra tion  

and Laplace a p p ro x im a tio n  y ie ld  ind is tingu ishab le  estim ates. A  com parison  o f the 

dashed and dot-dashed lines reveals th a t very l i t t le  is lost by re s tr ic t in g  a tte n tio n  to 

the  parsim onious m odel w ith  a s ing le  node.

F igure 3 shows a p re d ic tive  de n s ity  for fu tu re  value V} g iven x j  =  187 which 

provides an e x tra p o la tio n  fo r Y j  to  th e  rig h t o f the  da ta  in  the  regression p lo t. The 

tru e  p red ic tive  dens ity  based upon a sing le node (so lid ) is de te rm ined  w ith  num erica l 

in teg ra tion  and its  norm a lized  Lap lace app rox im a tion  (dashed) is reasonably accu­

rate.

The  researchers who gathered the  da ta  expected a r  leve lling  ofF’ o f the  regression 

as lig h t in te n s ity  increases. T h is  can be seen in a ll the regression fits  in  F igure 2. 

I t  also is reflected in  the lo ca tio n  o f the  p red ic tive  density  p lo t in  F igure  3; the 

approx im ate  m ean o f 1.8 x  104 is consistent w ith  the a sym p to tic  level de term ined 

from  F igure 2. B y  contrast, the  fre q u e n tis t m odel even tua lly  proposed by Bates and 

W atts  d id  not suggest th is  ‘'le ve lin g  ofF1 behavior.

For the parsim on ious f it  o f a sing le  node, F igure  4 shows a surface p lo t for the 

m arg ina l b iva ria te  poste rio r o f no n lin e a r parameters Qio ( in te rc e p t)  and Q n(slope). 

F igu re  5 is the m arg ina l pos te rio r on Q n(s lope) as de te rm ined  fro m  num erica l in te­

g ra tio n  (so lid) and Lap lace’s m e th o d  (dashed) when norm alized. T h e  Laplace ap­

p ro x im a tio n  is e x tre m e ly  accurate.

1.8 .2  N on lin ea r  T im e  Series

O u r next data  set consists o f m o n th ly  U.S. personal incom e da ta  fro m  January, 1959 

to  Ju ly , 1990 (inc lus ive ) fo r a to ta l o f  379 observations and is shown in  F igu re  6. I t  

is taken from  Lee, W h ite , &  G ranger (1993) where tests fo r neglected n o n lin e a rity
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are com pared against th e ir new ly proposed N N  test. These au tho rs  transform ed the  

personal incom e data  { z j }  in to  a s ta tio n a ry  sequence o f  seasonally adjusted y t =  

ln (2t+ 1/ r f ) values. A  tim e  p lo t fo r { y £}  is shown in  F igure  7. T he  y f-values were then 

f it  to  an A R { k )  m odel where k  was fo u n d  to  be one using the  S IC  c rite rio n . A l l the 

tests fo r the  presence o f n o n linea rity , in c lu d in g  the Keenan. Tsay, Ramsv R E SE T 

( 1 & 2 ) .  W h ite  ( 1. 2 3 ) . M cleod and  L i, BDS, B isp e c tru m  tests and th e ir  new ly

proposed N N  test, gave p-values be low  0.016 which s tro n g ly  suggests the presence o f  

neglected non linea rity . We m ode lled  th is  t im e  series as a non -line a r autoregressive 

process v ia  a N N  m odel w ith  q s igm o ida l te rm s where ou r d is tr ib u tio n s  are cond ition a l 

upon the observed value o f > j. Once aga in  we take A =  10~3/4 . Since the da ta  consist 

o f a large num be r o f observations, we m ig h t expect the p r io r  to  be dom inated by the  

like lihood  and so its choice is not so c r it ic a l.

O u r param eter estim ation  results are g iven in Tab le 2. A  care fu l exam ina tion  o f 

the tab le  suggests a parsim onious f it  w ith  one sigm oidal. As seen w ith  the previous 

exam ple, the  best fits  w ith  one. tw o  and three sigm oidals have increasing Bayes 

factors. T h e ir  associated param eter es tim a tes , however, su p p o rt the  parsim onious f i t  

o f a single s igm oida l.

We m ay assess the accuracy o f Lap lace ’s m ethod fo r d e te rm in in g  Bayes factors in  

the models above by using num erica l in te g ra tio n . For 1, 2, and 3 nodes these factors 

are 3.756 x  10114, 1.27S x 10115, and 1.523 x  10116 which show reasonable agreement 

w ith  the to ta ls  in  Table 2.

F igure 8 shows a sca tte rp lo t o f  th e  regression da ta  (c irc les) along w ith  several 

estim ates o f the  regression fu n c tio n : ( i)  the  true  Bayes es tim a te  (solid) as in  (1.16) 

assuming a one node m odel as d e te rm in e d  fro m  num erica l in te g ra tio n ; ( i i)  Lap lace’s 

app ro x im a tion  to  th is  estim ate (dashed); and ( i i i )  Lap lace ’s a p p ro x im a tion  to  the  

m ix tu re  o f Bayes estim ates (do t-dash) where the m ix in g  is over models w ith  up to
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three nodes and weights are p ropo rtiona l to  Bayes factors. N um erica l in teg ra tion  and 

Laplace a p p ro x im a tio n  y ie ld  ind is tingu ishab le  estim ates. A  com parison o f the dashed 

and dot-dashed lines reveals th a t v ir tu a lly  n o th in g  is lost in  w o rk ing  w ith  the  N N  

m odel w ith  a s ing le  node.

Figure 9 shows a p red ic tive  density for fu tu re  value Y'3ts g iven 1 /3 7 7  =  5.779 x 

1Q~3. The true  p re d ic tive  dens ity  based upon a sing le node (so lid ) is de te rm ined  w ith  

num erica l in te g ra tio n  and its  norm alized Lap lace a p p ro x im a tio n  (dashed) is once 

again qu ite  accurate. The p red ic tive  mean o f a p p ro x im a te ly  0.007 appears to  be a 

reasonable e x tra p o la tio n  o f the  data in F igure  7.

For the parsim on ious f it  o f a single node. F igu re  10 shows a surface p lo t fo r the 

m arg ina l b iva ria te  poste rio r o f nonlinear param eters a io  ( in te rce p t) and ctn  (slope). 

F igure 11 is the m arg ina l poste rio r on a u  as de te rm ined  from  num erica l in teg ra tion  

(so lid ) and Laplace 's m ethod (dashed) when no rm a lized . The  Laplace app ro x im a tion  

is extrem e ly accurate.
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Table 1. C o n trib u tio n s  to  the  Bayes factors from  Laplace's app rox im a­
tio n  associated w ith  the  various o rb its  o f local m ax im a  designated in  the  
firs t six columns. Stars in d ica te  th a t entries are sm a lle r than 10“ 12 in  
m agnitude and 0 ind ica tes the  e n try  is not app licab le .

Local m axim a vec =  ( d f . d ^ .  d j ) Laplace A pp rox .

<iio an &20 Q21 Q30 Q31 C o n tr ib u tio n  to  ~ ( y \ M q)

Zero nodes (q =  0)

0 0 0 0 0 0 6.864S

One node (<7 =  1)

0 0 0 0 2.S39S 5.0477 1.2686 x IO20

0 0 0 0 .78097 —5.0598 3.9796 x 1019

0 0 0 0 * * 1.3280 x  10l

To ta l 1.6666 x  102°

T w o  nodes (9 =  2 )

0 0 * * 2.8398 5.0477 9.7384 x 102°

0 0 * * .78097 —5.0598 5.0505 x  IO20

0 0 .38741 -4 .4 1 3 1.6894 3.3967 6.1946 x 1019

0 0 * * *  * 5.1221 x 101

Tota l 1.5408 x 1021

T hree  nodes (9 =  3)

* * * * 2.8398 5.0477 1.0849 x  1022

* * * * .78097 —5.0598 9.3010 x  1021

* * .3S741 -4 .4 1 3 1.6894 3.3967 6.3451 x  102°

* * * * *  * 2.8668 x  102

Tota l 2.0785 x  1022
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Tab le  2. C on tribu tions  to  the  Bayes fac to rs  from  Laplace's a p p ro x im a ­
tio n  associated w ith  the  various o rb its  o f  loca l m a x im a  designated in  the
firs t six columns.

Local m axim a v e c (a iv //) =  ( d ^ . a j . d - f ) Laplace A p p ro x .

d io a n &20 Q21 ^30 a 31 C o n tr ib u tio n  to  ~ ( y \ M q)

Zero nodes (q =  0)

0 0 0 0 0 0 3.0268 x 10108

One node [q  =  1)

0 0 0 0 .15528 4.6874 3.S2S7 x 10114

0 0 0 0 *  * 3.9796 x  IO108

T o ta l 3.S2S7 x  10114

T w o  nodes (q =  2 )

0 0 * * .15528 4.6874 2.1133 x  10115

0 0 2.2567 4.3657 3.0945 —5.7259 3.7388 x  10112

0 0 * * *  * 2.3839 x  IO109

T o ta l 2.1170 x 10115

T hree  nodes (q =  3)

* * * * .15528 4.6S74 1.740 7 x  10116

* * 2.2567 4.3657 3.0945 —5.7259 2.8953 x  10113

* * * * *  * 1.4093 x  IO110

T o ta l 1.7435 x  10116
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F ig .  1 . P lo t o f <j ’ (q x ) versus ( a .x ) .

2.5

1.5

0.5

80 100 120 140 160 18040 6020

F ig .  2 . Baye’s estim ates o f the  regression fu n c tio n : exact (solid) f i t t in g  a single 
node, its  Laplace a p p ro x im a tio n  (dashed), and a Lap lace app ro x im a tio n  to  the 

estim ate  fro m  m ix in g  over models M q — A/3 (dot-dashed).
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x 104

F ig . 3. T rue  predicive density o f  V} fo r x /  =  187 (so lid ), assuming a single node, 
and its norm alized Laplace app rox im a tion  (dashed).

Slope

F ig . 4. J o in t m arg ina l posterio r o f the  non linear parameters Q i0 ( in te rcep t) and
a n (s lo p e ) fo r a one node model.
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F ig .  5. T he  tru e  m arg ina l posterior on slope param ete r q-u  fro m  F igure  4 (so lid)
and its  Laplace's a p p ro x im a tio n  (dashed).
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F ig .  6 . Personal incom e data from  Jan. 1959 to  J u ly  1990 (inc lus ive ).
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F ig .  7. T he  s ta tio n a ry  t im e  series.
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F ig .  8 . Bave’s estim ates o f the  regression fu n c tio n : exact (so lid ) f it t in g  a single 
node, its  Laplace a p p ro x im a tion  (dashed), and a Laplace app rox im a tion  to  the 

estim ate from  m ix in g  over models M 0 — M 3 (dot-dashed).
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F ig .  9 . True pred ic ive density  o f V378 for 1/377 =  5.7794 x  10-3 (so lid ), assum ing a 
single node, and its  renorm alized Lap lace app rox im a tion  (dashed).
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F ig .  1 0 . Jo in t m arg ina l posterio r o f the n o n lin e a r param eters a  10 ( in te rc e p t)  and
q u (slope) fo r a one node m odel.
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Fig. 1 1 . T h e  tru e  m arg ina l posterio r on slope param eter t»n from  F igure  10 
(so lid ) and its  Laplace's app ro x im a tion  (dashed).
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2 Classification and Lumpability in the Stochastic 
Hopfield Model

2.1  In trod u ction

T he  stochastic H opfie ld  m odel (S H M ) is a fundam enta l p ro to ty p e  o f an a r tif ic ia l 

neura l network. I t  can be used to  associate the b inary  vector Uo, o f  le ng th  n,  w ith  

one o f q b inary exem plars. For th is  reason, i t  has been used to  m ode l the  process o f 

associative m em ory and m ore genera lly  as a classification a lg o r ith m . I t  has a w ide 

range o f a p p lic a b ility  and continues to  m o tiv a te  much research in  the  a r t if ic ia l neura l 

ne tw o rk  area.

T he  SH M  and its va rian ts  have been app lied  to  several co m b in a to ria l o p tim iz a tio n  

prob lem s such as graph b ip a r t it io n in g , as w e ll as the trave ling  salesman prob lem  and 

the  weighted m atch ing  prob lem . F u rthe rm o re , they have also been used as erro r- 

co rrec ting  a lgorithm s in  w h ich  u 0 is m odeled as an exem plar co rru p te d  by noise. 

A long  these lines, the SH M  is a special case o f a G ibbs sam pler a lg o r ith m  as described 

in  G em an Sc Geman (19S4) . In  a d d itio n . W h it t le  (1991) has pursed the  connection 

between the  SHM and hypothesis tes ting . The  SH M  has also found  m ore b io log ica lly  

o rien ted  app lications in  m ode ling  b ip o la r  d isorder (H offm an 1992) and the  cyclic  

sw im m in g  pa tte rn  o f the  m o llusk  T r i to n ia  diomedea (K le in fie ld  and Som opolinsky 

19S9). W h ile  app lica tions fo r the  S H M  abound i t  remains, however, a ra th e r d iff ic u lt 

m odel to  study.

T h is  paper makes fo u r co n tr ib u tio n s  as ou tlined  below. F irs t ,  we s im p lify  the 

c o m p le x ity  o f th is  m odel using lu m p a b ility .  The  state space o f  th e  S H M  has size 2n 

and consists o f the set o f a ll b ina ry  vectors o f length  n. As a re s u lt o f th is  size, m any 

im p o rta n t calcu la tions requ ire  0 ( 2 n) opera tions. State space size m ay be d ra m a tic a lly  

reduced by recognizing and p rov in g  the  lu m p a b ility  o f the M a rk o v  cha in  und e rly in g
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th is  m odel's c lass ifica tion  process in  section 2.3.2. Lum p ing  leads to  a reduced or 

lumped SH M  w ith  a p o lyn o m ia l num ber o f states in  n. i.e.. 0(rcp). W hen the lum ped 

SH M  is used to  s tudy  c lassifica tion in  the  fu ll m odel, 0 (rcp) operations are required. 

Th is  s im p lifies  m any classical M arkov chain analyses inc lud ing  the  ca lcu la tion  o f 

absorption p ro b a b ility  and mean passage tim e .

Secondly, we p rov ide  saddlepoint app rox im a tions  for the c lassifica tion tim e  dis­

tr ib u t io n  w h ich  are qu ick , accurate and easy to  use. Access to sadd lepo in t approx­

im ations results from  using Pvke's ru le  (1961) w h ich  provides the  exact m om ent 

generating fu n c tio n  (M G F ) o f the c lass ifica tion  tim e  d is tr ib u tio n . A p p ro x im a te  in ­

version o f th is  M G F  is perform ed using w ith  a saddlepoint app ro x im a tion . D irec t 

app lica tion  o f th is  m ethod , w ith o u t lu m p in g , involves 0 (2n ) operations: on ly  0 (np) 

operations are requ ired w ith  lum p ing . T he  extrem e accuracy a tta ined  by saddlepoint 

app rox im a tions is illu s tra te d  in section 2.4.3.

Aside from  s im u la tio n  studies, very l i t t le  has been said about c lassifica tion tim e  

d is tr ib u tio n s  in  the neura l networks lite ra tu re . One exception is the  w ork  o f Kam  

and Cheng (1989) w h ich  provides upper and lower bound ing  curves on the  cum u la tive  

d is tr ib u tio n  fu n c tio n  (C D F ) o f tim e  o f c lassifica tion to  a single exem pla r w h ile  a r t i f i­

c ia lly  tre a tin g  the  o the r exem plars as non-absorb ing states. C learly, such calcu la tions 

do not account fo r m isc lassifica tion p roba b ilitie s .

T h ird ly , techniques are given fo r enum era ting  as w e ll as a p p ro x im a tin g  the sta­

tio n a ry  d is tr ib u tio n  o f the  energy fun c tio n . T h is  d is tr ib u tio n  is de te rm ined  by the 

M arkov chain u n d e rly in g  the S H M ’s c lassifica tion  process; therefore, d ire c t enumer­

a tion  o f its  p ro b a b ilit ie s  requires 0 (2 n ) operations. Even though ou r w ork  concerns 

the trans ien t dynam ics o f th is  M arkov cha in , the energy fu n c tio n ’s s ta tio n a ry  d is tr i­

bu tio n  is s t i l l  o f in te res t. The  SH M  was o r ig in a lly  designed to  ensure th a t energy 

fu n c tio n  m in im iz a tio n  w ou ld  be equ iva len t to  the  classification o f Uo- As such, ta il
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p ro b a b ility  ca lcu la tions prov ide  a rough measure o f the a d d ition a l reduction  in  the 

energy w h ich is possible i f  the  S H M ’s classification process were allowed to  run for a 

very long tim e .

Even though  lu m p in g  allows fo r enum eration o f energy func tion  p roba b ilitie s  w ith  

0 (n p) opera tions, we also present a Laplace app rox im a tion  to  the M G F  o f its  d is tr ib u ­

tio n  for s itua tions  where th is  enum eration  is burdensome. Th is  M G F  app ro x im a tion  

m ay be inverted  using a sadd lepo in t approx im ation . The accuracy o f  th is  m ethod is 

illu s tra te d  in  section 2.5.2.

To the best o f our knowledge, the  u t i l i ty  o f energy func tion  ta il p robab ilities , 

as well as m ethods fo r a p p ro x im a tin g  them , have not been addressed in  the neural 

networks lite ra tu re . F irs t and second m oment approxim ations have been considered 

as explained in  and H ertz e t a l. (1991) and K inderm ann &  Snell (1980) .

O ur fo u rth  c o n tr ib u tio n  characterizes the set o f possible absorb ing states o f the 

M arkov chain unde rly in g  the  determin is t ic  Hopfie ld m odel, one o f the  firs t examples 

o f a SHM . O u r cha racte riza tion  specifies the absorbing states for fixed E  and describes 

the func tiona l s tru c tu re  o f the  absorp tion  probab ilities. A sim ple c ond ition  is also given 

which allows for the enum era tion  o f a ll absorbing states. Previously, characteriza tions 

have assumed a random  E  where exem plar components are independent B e rnou lli 

random  variables as described by A m it  (1989) .

2.2 T he S toch astic  H opfield  M odel

Hopfie ld  (19S2) proposed the d e te rm in is tic  Hopfie ld m odel as a means fo r approx i­

m a ting  the process o f associative m em ory. In  th is  paper, the energy fu n c tio n  along 

w ith  the convention o f using b in a ry  spin vectors, whose components assume the  val­

ues “ 1”  or “ -1 ” , were in troduced . T h is  choice o f b ina ry  com ponent variab le  was by 

design and ensured a d irec t correspondence between the d e te rm in is tic  H opfie ld  m odel
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and the celebrated Ising m ode l in  s ta tis tic a l m echanics.

C lassifica tion  in  the d e te rm in is tic  H opfie ld  m ode l proceeds th ro ugh  an ite ra ­

t iv e  process s ta rtin g  at u 0 and converg ing to  an absorb ing state o f its  u nd e rly in g  

M arkov  chain. A t each step in  th is  procedure, a ra n d o m ly  selected com ponent o f
' p  . . . . .

u  =  ( u i , . . . ,u n ) . the cu rren t s ta te  o f the m ode l, is upda ted  in  a d e te rm in is tic  way 

according to  the  rule:

P r {u , — > ± u : }  =  H  ( ± U { h i ) . (2.1)

Here H  (x )  is the  Heaviside fu n c tio n  given as

ZI , \ _  /  1 i f  x  ^  0
|  0 o therw ise

h i  is the i t h  com ponent o f h  =  W u  and W .  the H e b b ’s ru le  weight m a tr ix ,  is described

as

W  =  n -1 E E  (2.2)

where E  =  { e i , e 2  , e 9} is the  set o f exem plars.

O ften , ano ther update ru le  is used th a t is id e n tic a l w ith  the one above except th a t 

the d iagonal term s o f weight m a tr ix  are set to  zero. T h is  results in  a m in o r change 

in  (2 .1), i.e.,

P r { u t- —> ± u ,-} =  H ( ± U { h i  <?/” )• (2-3)

O u r discussion below encompasses b o th  upda te  rules (2 .1) and (2 .3 ), however, we 

shall spec ifica lly  address upda te  ru le  (2 .1) on ly.

Using e ith e r ru le, the u p d a tin g  continues u n t i l  the  appearance o f an absorb ing

sta te  Uoo £  Uoo, where Uqo is the  set o f a ll abso rb ing  states. T h is  s ta te  is now the

H opfie ld  c lassification o f U q .  T h e  set Uoo is kn o w n  to  be non-em pty and also have
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an even num be r o f states, however, the re  is no guarantee th a t any o f these states are 

exem plars. W hen Uoo is also in  E  we deem the c lass ifica tion  o f  u 0 correct if. am ong 

a ll exem plars, and Uo are closest in  H a m m in g  d istance, i.e., m atch  in  the m ost 

com ponents. I f  is not in  E , we sha ll conclude the  c lass ifica tion  process has fa iled.

Convergence to  the set E  can be ensured by rep lac ing  the  d e te rm in is tic  update  

ru le  in  (2 .1) w ith  a stochastic version and changing the c r ite r io n  fo r c lassifica tion to

firs t passage to  E . Stochastic update  rules were firs t in trodu ced  by  A m it  et al. (1985)

where the  d e te rm in is tic  change im p lem en ted  by H  (x )  was replaced by

cr(x) =  (1 +  e~23x)~ l fo r 0 <  3  <  oc. (2.4)

H opfie ld 's  d e te rm in is tic  model m ay be recovered by passing to  the l im it  as 3 — oc. 

and so. is a special case o f th e ir  m odel. We call the m ode l in  w h ich c r(x ) replaces 

H  (x ). w ith  0 <  3 <  oc. the stochastic  H opfie ld  model.

From  a p ro b a b ilis tic  po in t o f v iew , the  SH M  update dynam ics  represent a M arkov  

process w h ich  we shall refer to  as the  Hopfie ld  M arkov cha in  (H M C ). For f in ite  /?. 

th is process is reversible, irreduc ib le  and has a s ta tiona ry  d is tr ib u tio n  g iven as

P  (u ) =  (Z  ( 3 ) ) ~ l exp |  | u r W u |  (2.5)

where Z  [ 8 )  the  no rm a liza tion  o r p a r t it io n  func tion  g iven by

z  (ft) =  exP I  j uTW u |  . (2.6)
ueu ^ '

where U  is th e  set o f a ll spin vectors o f  le ng th  n.  T h is  d is tr ib u tio n  represents a linea r 

exponentia l fa m ily  in  which 2 " 'u r W u  is the canon ica lly  su ffic ien t s ta tis tic . The  

negative o f th is  s ta tis tic  is the energy fun c tio n .

The  H M C  is s im p ly  too large to  w o rk  w ith  in  p ractice . W e, therefore, present a 

state space reduc tion  th a t preserves th e  M arkov ian  na tu re  o f the  S H M  as discussed 

in  the  nex t section.
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2.3  T h e  L um ped S toch astic  H opfield  M od el
2 .3 .1  L u m p e d  M a rk o v  P rocesse s

Suppose the  states o f a M arkov chain are grouped in to  m d is jo in t megastates denoted 

by C  = {£ o t  £ i?  •••• A n }- The p ro b a b ility  o f tra n s it io n  from  sta te  k  in  £ , to  some state 

in  C } , is g iven by

=  (2-7)
l € C j

I f

P k . c } =  P k ' X j  f ° r every s ta te  k  in C t . (--S)

one can consider the trans ition  between megastates £ , and C j  w ith o u t having to  ac­

count fo r specific sta te  to state trans itions  in  the o rig ina l M arkov  chain. Furtherm ore, 

i f  cond ition  (2 .8 ) is satisfied for any pa ir o f megastates, then one can th in k  about 

a ll tran s ition s  in  the M arkov chain as tra n s itio n s  between m egastates. Fortunate ly, 

such a process on the megastates preserves the M arkov p rope rty . Kem eny and Snell 

(1969) describe th is  process as being lum pab le  w ith  respect to  (w .r . t)  megastates

{Co, C i . .... Cm}-  These authors also describe how to  ob ta in  the  lum ped trans ition

m a tr ix , P ^ .  fro m  P . the o rig ina l one, using the m a tr ix  opera tions:

P L= QPR.  (2.9)

Here Q is a m  x  n m a tr ix  whose i th row  is zero except for u n ifo rm  p ro b a b ility  vector 

elements, jC i \ ~ l , in  components correspond ing to  states in  R ,  on the  o ther hand,

is an n  x  m  m a tr ix  whose j th co lum n is zero everywhere, except fo r components

corresponding to  state in  C j ,  where i t  assumes u n ity . Note th a t p o s t-m u ltip lic a tio n  by 

R  form s th e  m egastate p robab ilities  as in  (2.7) and p re -m u ltip lic a tio n  by Q  removes 

the redundancies found in  P R .
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M any questions about a lum pable  process can be answered w ith  s im p le r com pu­

ta tions based upon P L . Lum p ing  can also prov ide  new and in te res ting  ways to  look a 

problem . U n fo rtu n a te ly , in  the analysis o f a lu m pe d  M arkov chain m uch  in fo rm a tio n  

is lost about the  o rig in a l process, inc lud ing  perhaps firs t passage tim es. However, no 

in fo rm a tion  is los t about firs t passage times to  megastates o f size one. T h is  is because, 

in  a lum ped M a rko v  chain, the  firs t passage t im e  fro m  sta te  k  in  £ , to  m egasta te  Cj  is 

the same fo r each k.  as shown in  Sum ita and R ieders (1988) . In  the  n e x t section, we 

show how to  lu m p  the  H M C  so th a t exemplars are grouped by them selves. Therefore, 

the classification tim e  fo r a SH M  s ta rtin g  at Uo is equ iva len t to the f irs t passage tim e  

from  the m egastate con ta in ing  Uo to  the set o f megastates con ta in ing  the  exem plars.

2 .3 .2  T h e  L u m p e d  H o p f ie ld  M a rk o v  C h a in

To show lu m p a b ility  o f the H M C . we start by p a r t it io n in g  the com ponents o f the 

firs t exem plar. Denote epl as the pth com ponent o f e! and the (p. l ) £/l e n try  o f E . We 

define a conf igurat ion  as a vector o f sign differences th a t exist between ePi and the 

rem ain ing elem ents in the pth row o f E . M ore fo rm a lly , the sign d iffe rences in  th is  

row have con figu ra tion  / “ =  ( / “ t , / “2, . . .  , / “ ) i f

C p l  —  ^p2^p2 =  • • •  =  I p q t ' p q  ( “ - 1 0 )

where l~pj =  ep lepj and l~pl =  1.

Suppose there  are m  d is tin c t rows in  L ” =  , C ]7" • Let A i  deno te  the set

o f row indices th a t dup lica te  .42 denote the  set o f row  indices th a t  d u p lic a te  the 

next d is tin c t con figu ra tion , etc.. I f  we let n t- denote the c a rd in a lity  o f  A{,  th e n  c learly

m

y ]  H i  =  n .

1 = 1

Let the rows o f L  =  [ / j,  I 2 , . .  • , lm]T be the  m  d is tin c t con figura tions determ ined
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from  L * . A  m a tr ix  Q  can be de te rm ined  such th a t

L  =  Q L '  (2.11)

and i t  is constructed  in  the  fo llow ing  way: Q  is a m  x n  m a tr ix  in  whose i th row  consists 

o f zeroes every where excep t for com ponents whose indices are in  A ,. Such com ponents 

conta in  the elem ents o f a u n ifo rm  p ro b a b ility  vector n ~ l 1 where 1 = ( 1. . . .  . 1) . 

M a tr ix  Q. in  effect, collapses redundancies found in  L *  accord ing  to  the  catalog o f 

redundancies in  { A , } .

We now use th is  redundancy cata log to  determ ine a set o f  megastates on U . In 

order to  m o tiva te  these megastates, however, we firs t consider how any sp in  vector u  

can be generated fro m  e i-  The  firs t exem p la r e i provides a n a tu ra l point  o f  reference 

fo r th is  g roup ing  since { A , }  p a r t it io n  its  com ponents. These same megastates m ay 

also be de te rm ined  using another exem p la r as a po in t o f reference as discussed in 

section 2.3.3.

In  the m app ing  e i — > u , let k t (u )  denote the num ber o f  com ponents o f type  A,

w h ich must be changed in  the conversion fo r 1 <  i  <  m.  N ow  define

k  (u )  =  (An ( u ) , k 2 ( u ) ... ..  km ( u ) ) T (2.12)

to  be the index vecto r fo r u.

The vector o f  coun ted sign changes k ( u )  is now used to  set up a re la tio n  among 

the  spin vectors. R e la tio n  R  on the set U  is defined by

( u u u 2) e  R  i f  k  ( u j  =  k  (u 2) . (2.13)

For each u  €  U ,  le t

£ u =  { v : ( u , v ) 6 R } (2.14)
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be the megastate generated by  sp in  vector u . In  a dd ition , let C  be the  co lle c tio n  o f 

a ll generated megastates, i.e..

L  — { £ u : u  G U }  .

L e m m a  1 Relat ion R in (2.13) is an equivalence relation on the spin vectors in 

U .  ,4s such, the equivalence classes specified in (2.14) par t i t ion  U  and f o r m  o u r  

megastates.

P r o o f  R e la tion R  is an equ iva lence re la tio n  i f  i t  is reflexive, sym m e tric  and tra n s it iv e .

i )  R  is reflexive since (u . u )  G R  fo r every u  G U .

i i )  R is sym m e tric  since fo r a ll u . v  G U . i f  ( u . v )  G R . then (v .  u )  G R-

H i)  R is tra n s it iv e  since fo r a ll u . v .  w  G U . i f  (u . v )  and (v .  w )  G R. then (u . w )  G R.

o

As a result o f th is  equ iva lence re la tion , the  indexing o f equivalence classes £  is 

based on k ( u )  and no t u . Let

k  — (k \ , &2, ..., km)T

where each com ponent k{ assumes a value between 0 and n,-. In  a d d itio n , le t fC be the  

set o f a ll k  vectors. Now, the  set o f megastates m ay be w r itte n  as

£  =  { £ k : k  e t c }  , (2.15)

where £  consists o f

m

(2.16)
i= l

d is tin c t megastates. A  p a r t ic u la r  m egastate £ k  consists o f

(2.17)
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states since in  the  m app ing  e i — > u  and w ith in  each A,-, ou t o f n, components 

are chosen for sign changes. Each sta te  in  £ k  is H a m m in g  distance A-, from  

therefore megastates are no t characterized by th e ir  d istance from  e i- Megastates 

are. however, characterized by the index vector k  w h ich  can be thought o f as the 

co llection  o f H a m m in g  distances from  the m  subvectors w hich comprise e i.  i.e.. 

{ e j jA j .  e i |A 2, - •. . e j |A m}  where e j|A ,  consists o f the  com ponents in  ei whose in ­

dices are in  A,-. Because o f th is  characteriza tion , we sha ll refer to  k  as the H am m ing  

index vector o f £k-

E x a m p le  A n SH M  has tw o exem plars given by

p i  r 1 i 1 1 ]
E  =  [  - i  - i  - i  i  _ •

There  are two d is tin c t configurations given by the rows o f L  where

L  =
1 - 1
1 1

(2.18)

and w ith  repe titions n  =  (-3.1).

Space U  consists o f 24 =  16 spin vectors w h ich  are p a rtit io n e d  in to  S megastates. 

T he  catalog o f these megastates is as follows:

i o jo £oi £io £n
( + 1 ,+ 1 .+ 1 ,+ 1 ) ' ( +  1, +1, +1, —1)^ ( _ 1 , + 1 ,+ 1 , + 1 ) ' (—l. +1, + l ,  —l ) J

( + 1 , - 1 , + 1 , + 1 ) T ( + i , - l , + l , - i ) T
( + 1 , + 1 , - 1 , + 1 ) T ( + l , + l , - l , - l ) T

£■20 £ 2 1 •̂ 30 £ 3 1

(+ T  — T — T +1)
( — T T l i -  l ;A l )
( — 1, —1, +1, + l ) r

( + 1 , - 1 , - 1 . - 1 ) J
( - l , + l , - l , - l ) r
( - 1 , - 1 , + 1 , - 1 ) T

( - 1 , - 1 , - ! , + ! ) " ( - 1 , - 1 , - 1 , - 1 ) J

N ote  th a t the tw o  exem plars fo rm  megastates o f size one. In  add ition , the fo llow ing  

lem m a w ill be illu s tra te d  using th is  example.
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L e m m a  2 W ith  the system  o f  in d e x in g  f ro m  (2.12). e_, has a p a r t ic u la r ly  s im p le

fo r m  given as

e j  =  ^ ' 2 - 1D n ( l - ( , )

where D n =  diag { n \ .  n 2 . ■.. ,n m} is a diagonal  m a t r ix  whose ( i . i  )th entry is n,- and  

l j  is the j th column o f  L. 

o

E x a m p le  (continued) The  index vec to r fo r e i should be

2 - l D n ( l - ( l . I ) T)  =  (0 .0 )T 

and for e2 the index shou ld  be

2 - LD n ( l — ( — 1. I ) 7*) =  (3 .0 ) r

P r o o f  For every p E .4,. ePJ =  l tJepi. Therefore . /tJ is the in d ic a to r  o f sign agreement 

between e^.4 , and ey|.4t-. I f  f j  =  I .  then  e j|.4 t and e j|.4 i m ust m atch  in  a ll n,- places 

so th a t ki m ust be n,-. O n the  o th e r hand, i f  l , j  =  — 1. then e j| .4 t- and e i|,4 t- m a tch  in  

none o f the n t- places, m eaning th a t /c,- =  0. Th is  re la tionsh ip  between k{ and can be 

m ore succinctly  w r it te n  as &,■ =  n, (1 — /,_,) /2  which in  tu rn  y ie lds  k  = 2 _ ID n ( l — l j )  . 

o

I f  a sta te ’s H am m ing  index vec to r is such th a t /?,- =  0 o r n,- fo r a ll i , we shall c a ll i t  

a comer  state. In  a d d itio n , we sha ll denote the set o f a ll co rne r states by C . C orne r 

states consist o f megastates o f size one and include the  exem plars, E , the negative 

exemplars, —E , as w e ll as m any o th e r states o f in te rest w h ich  w ill be described in  

section 2.3.4.
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We now say a l i t t le  more abou t the re la tio nsh ip  between spin vectors and index 

vectors.

L e m m a  3 For  any  u  €  U

E r u =  L r  ( n —2 k ) (2.19)

P r o o f  The  pth com ponent o f  E T u  is

ep u  =  n — 2d ( u .  ep) (2.20)

where d ( u .e p) is the  H a m m in g  from  u to  ep. T h e  d iscrepancy between the  above 

expression and d ( u .e p) results from  the use o f sp in  vectors for w h ich com ponent 

disagreem ent yie lds " - 1" instead o f zero. From (2 .20) . expression (2.19) is s im p lified  

to

E r u  =  n l - 2 d .  (2.21)

D istance vector d  can be w r it te n  in  e n tire ly  te rm s o f  n  and k  by showing

m

d ( u . e j )  = d ( e 1,e J) +  ^ 2 l t j k\. (2.22)
1 = 1

To show th is , consider the process o f sign changes requ ired  to  map e x in to  u . S ta rt 

w ith  u  =  e x so th a t d(u,e_, )  =  d ( e i . e j ) .  N e x t, change /ct- components in  .4,- for 

i  =  1 , . . .  . m.  I f  l i j  =  — 1, so th a t e j.4 ,- and e j|.4 t- d iffe red  in  a ll com ponents p r io r to 

th e  change, then d(u,e_, )  m ust decrease by k t . In  a s im ila r  fashion, i f  =  1 then 

d ( u , e j )  m ust increase by Ar,-. Expression (2.22) s im p ly  im p lem en ts  these corrections.

The H am m ing  distance fro m  e x to  ej  is the com ponen t sum  o f the H a m m in g  index 

vector. Therefore, lem m a 2 gives

m

<i (eI , e j ) = 2 - 1 ^ n i ( l - / « ) .  (2.23)
1 =  1
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Com bining (2.22) and (2.23) has the simple form

d ( u .e , )  =  2_1 { n  -  i f  ( n —2k ) }  (2.24)

w h ich  in  tu rn s  yie lds

d  =  2~ l ( r c l — L r  ( n —2 k ) } .

S u b s titu t io n  o f th is  expression in to  (2.21) proves the  lem m a, 

o

Lem m a 4 w ill be required in  the p roo f o f lu m p a b ility .

L e m m a  4 Fo r  p an element o f  .4,-. let hp be the p th entry o f  h  =  W u ,  then

hp —  C p j / j j

where h f  is the i th entry o f

h ^  =  Q D e ih . (2.25)

and  D ei =  d iag  ( e n . e2i - . .  . . en l } .

P r o o f  F rom  lem m a 3.

h  =  n - 1E E r u  =  n - 1E L r ( n - 2 k ) .  (2.26)

F rom  th is  expression, we see th a t the pth e n try  o f  h  is

hp =  n - I epL r  ( n —2k)

where ep is the  pth row o f E . W hen p 6  .4,-, con figu ra tion  f  records the s ign differences 

in  ep; the re fo re

ep =  6pi {̂ •
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This  in  tu rn  y ie lds

hp =  n ~ l eP]_lJL T (n —2 k ) .

which is epl tim es  the  i th en try  o f

h £ =  n _ IL L T ( n —2 k ) . (2.27)

Lem m a 3 and fo rm u la  (2.11) y ie ld  the fo llow ing  s im p lifica tions o f the  above expres­

sion:

hc =  n_ lL E r u 

=  n- 1Q L 'E r u.

Expression (2.25) results a fte r noting tha t

L ‘ =  D e.E.

O

Note the  s im ila r it ie s  in  the first pa rt o f expression (2.26) and the e q u a lity  in

(2.27) . T h e ir  s im ila r ity  provides an in te rp re ta tio n  o f the lum ped S H M  is a SHM-type  

m odel defined by a weight m a tr ix , given by Hebb's rule, and using generalized spin 

vectors uc =  n —2k.

The sequence o f lemmas allow  us to prove our m ain  result; th a t the  H M C  preserves 

its  M arkov p ro p e rty  when grouped in to  the  megastates as p rev ious ly  described.

T h e o re m  1 Transit ions among the megastates defined in  Lem m a  1 preserve the 

M arkov property . Therefore, the Hopfield M arkov chain is lumpable w ith  respect to 

these megastates. Transit ion probabilities f o r  the lumped M arkov  chain are given by
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the fo llo w in g  fo rm u la s :

* u < - . >  =  ( h f ) <2-2S>

=  <2-29>

/ o r  1 <  i  <  m where

k , (± 1 )  =  { k i , . . .  . k{ ±  1--------  km )

and  cr(-) zs given in  (2 .4 ).

P r o o f  We firs t need to  show th a t th e  tra n s it io n  p roba b ilitie s  associated w ith  the 

co llection  o f megastates sa tis fy  the g roup ing  cond ition  in  (2 .7 ). Let u  be an a rb itra ry  

vector in  £ k . T he  p ro b a b ility  o f tra n s it io n  from  u  to  the m egastate £ kt(_!) is given 

as

-v k t ( - n

P r { u  — ►JCk|(_ i) }  =  P r { u — y V j } (2.30)
j= i

where { v ^ V o , . . .  • v ;vk (_l) }  is the set o f  vectors in £ kt(_!). A  tra n s it io n  to  jCkt (_ r) 

im p lies  a com ponent in  .4, w h ich  p re v io us ly  d id  not m atch  epl heis to  be changed to  

m atch . In  the above sum , there are k i non-zero p roba b ilities  each o f w h ich  is given 

as

P r { u p -*■ —Up} =  n -1 <r( — uphp) ('--31)

by the  SH M  version o f (2.3) . The “ n -1 ”  te rm  results from  o u r in it ia l ra ndo m iza tion  

in  choosing a com ponent o f u  fo r u p d a tin g . Lem m a 4 states th a t hp =  epi h f  when 

p  €  .4,- and —upepx =  1 since up does n o t m a tch  ep i. There fore , we can w r ite  the 

above expression as

P r { u p ->• — u p}  =  n ~ l a  ( h f )  . (2.32)
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Since (2.32) is sum m ed ki tim es in  (2.30) the  fina l tra n s it io n  p ro b a b ility  is g iven as in  

(2.28). S im ila r  argum ents give the  com p lem en ta ry  tra n s it io n  p ro b a b ility  (2 .2 9 ). The 

tra n s itio n  p ro b a b ilit ie s  in (2.28) and  (2.29) on ly  depend upon the m em bersh ip  of u 

in  C. Therefore , co nd ition  (2.7) is satisfied p rov in g  the  H M C  is lum pab le  w .r .t  £  

o

E x a m p le  (con tinued) The lu m pe d  M arko v  chain de term ined from  th is  technique is 

given as

0OVI £01 £10 £11 £20 £21 £30 £31

00 f * M i) ?*(§) 0 0 0 0 0 ^
£01 M i ) * 0 I* (I) 0 0 0 0

£io M i ) 0 * M i) 0 0 0

£u 0 M i) M i ) * 0 **(5) 0 0

£20 0 0 M i ) 0 * M i) M i) 0

£21 0 0 0 M i) M i) * 0 M i)
£30 0 0 0 0 M i) 0 * M i)
£31  ̂ 0 0 0 0 0 !-(!) i*(i) * /

For n o ta tio n a l convenience, we have defined <j (-) as

a  (x )  =  a  ( —x )  =  1 — a  ( x ) .

Also, the sta rred  diagonal entries o f have been o m itte d  to y ie ld  a m ore concise 

descrip tion. Such entries are s im p ly  sums o f rem a in ing  row  p robab ilities  b u t w ith  a 

sign change in  the  argum ent o f a  (•), i.e.,

P r {£oo ->  £ 00}  =  j<r +  -<r ( ^ j  .

In the  n e x t section, we consider the  p o s s ib ility  o f  fu rth e r  lum p ing  in  the  presence 

o f sym m etry.
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2 .3 .3  F u r t h e r  L u m p in g

In  the above exam ple, there exists a sym m e try  am ong the  tra n s it io n  p robab ilities  

g iven by

P l i J U k J )  =  •P(n1- l , j) ,(n I - U ) -  (2 .3 3 )

As such, we m ay fu rth e r lu m p  £  w h ile  keeping the exem plars isolated. The new 

p a rt it io n  is £ (1) =  {£ q o  , £ o i '- ^ io  • ^ i i * }  where jCqq =  £ 00 U £30 =  { e i , e 2} ,  £01* =  

£ox u £ 31,£ io  =  £ 10U £ 2o and £ (1l1) =  £ n  u £ 2i-  T he  tra n s it io n  m a tr ix  fo r the process 

on £ (1) is g iven  as

/-(I)
■‘■'00

M D
‘“01

M  i) 
‘-'10 ‘ -'11

m d
‘-'00

( * i *( l ) !*(§) 0 ^

r (i)
-‘-'01 k*(k) * 0 ? * ( § )
p(l)
■‘-'10 i " i k) 0

•7
4 i*(k)

M  1) 
-‘-'11 V 0 i "(k) ! /

This tra n s it io n  m a tr ix  also has a svm m e trv  we can describe as

n( 1)_________ p(l)
r ( i . ~  r ( i . n 2- j ) , ( k . n 2- l )

(2.34)

Therefore, i f  we expand the exem plar set to  inc lude  —E . as is sometimes done in  

the  neural n e tw o rk  lite ra tu re , then even fu rth e r lu m p in g  is possible which isolates 

the  exem plars. In  general, we can always place et- and —e,- in  the  same m egastate 

fo r expanded exem p la r sets. Now we have o n ly  tw o  megastates £ (2) =  j£ o o \£ in  }  

where Cqq =  U £qV =  —E U E and £ ^  =  £10 U £ iV  w ^ h  associated tra n s it io n  

m a tr ix
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r (l) M2)
^00 t~'\Q

4 o Y l - ! ^ ( 3 )  | * ( 3 )

4 o \  J ^ l 1) 1 -  T°-(l) /

Through  th is  lu m p in g  process, we are able to  de te rm ine  th a t th e  classification t im e  

d is tr ib u tio n  to —E  U E  from  the set o f non-exem plars is G eom e tric  w ith  param eter 

. In  general, lu m p in g  alone w i l l  not de term ine c lass ifica tion  tim e  d is tr ib u tio n s . 

A  lum ped  tran s ition  m a tr ix , however, can be used w ith  P yke 's  (1961) ru le  to ca lcu la te  

exact classification tim e  M G Fs. as described in  section 2.4.1.

In  the  context o f tre a tin g  two exem plars only, one can always perform  fu rth e r 

lu m p in g  which combines exem plar megastates. Th is is a consequence o f the m u tu a l 

o rth ogon a lity  o f the rows in L  as seen in  (2 .18 ). W hen these rows are orthogonal

(2.27) s im plifies to

h £ =  — ( n —2 k ) . (2.35)
n

As a result, lum ped tra n s itio n  p roba b ilitie s  w ill satis fy  e q u a lity  (2.33) since h f  is 

a fu n c tio n  o f on ly  n, and k t . W hen dealing w ith  three or m ore exem plars, fu rth e r 

lu m p in g  is possible when L  has m u tu a lly  orthogonal rows.

In  the  previous section, we used e\ as the po in t o f  reference when generating 

megastates as in  (2 .1 4 ). I t  tu rns o u t th a t one would ca lcu la te  th e  same megastates 

i f  ano ther exem plary po in t o f reference were used.

T h e o re m  2 The same megastates are generated in  (2.14) f o r  any  point o f  reference 

vector chosen in  E .

P r o o f  Consider u  6  Ck where the H a m m in g  index vector k  comes from  using p o in t o f 

reference e i in  (2 .14 ). We analyze how k  w ould  be d iffe ren t i f  ey were used as a p o in t
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o f reference instead. T he  H a m m in g  index ki describes the  n u m b e r o f com ponents in  

w h ich  u |A t- and e i[.4 t- d iffe r. I f  Uj =  I ,  then e i [A t- =  e ^ A , and k i  is the  same for both  

po in ts  o f reference. O n the  o th e r hand, i f  Uj =  — 1. then e i| .4 t- =  —ej|A ,- and k{ would 

be n i — k i for the  fo llow ing  reason. T he  configura tion  fro m  the  perspective  o f e7 is 

m inus the  perspective from  e i the reby  reversing the roles k{ and rc,- — ki.  From th is  

discussion, we see th a t changing the  po in t o f reference changes the  H a m m in g  index 

vector b u t leaves the m egastates in ta c t, 

o

2 .3 .4  A b s o rb in g  S ta te s

I t  is w e ll-know n the  d e te rm in is tic  H opfie ld  model w ill a lw ays have a t least two ab­

sorb ing states. In  a d d itio n , the  num be r o f absorbing states m us t be even since i f  the 

vector u is absorbing then —u m ust also be absorbing.

For a d e te rm in is tic  H opfie ld  m ode l w ith  one exem plar, the  set o f  absorb ing states. 

Uoc, w il l  consist o f the  exem plars and the negative exem plars, i.e ., —E  U E , as proven 

in  H e rtz  et al. (1991). W hen th is  m odel has two exem pla rs , i t  is s t i l l  true  th a t 

U o o ^  —E  U E  as shown below in  theorem  5. U n fo rtuna te ly , fo r  a S H M  w ith  three or 

m ore exem plars, is not so s im p le . T y p ic a lly  w ill co n ta in  m any non-exem plary 

states and m ay con ta in  no exem plars at a ll. For exam ple, i f  a d e te rm in is tic  Hopfie ld 

m ode l uses the set o f exem plars fro m  section 2.4.3, Uoo consists o f tw o  states neither 

o f w h ich  are exem plars. These tw o  states are

u  =  ( + 1 ,+ 1 , + 1 ,+ 1 , + 1 , + 1 ,+ 1 , + 1 ,+ 1 ,  1)

and

- u  =  ( - l , - l , - l , - l , - l , - l , - l , - l , - l , + l ) r ,
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and were de te rm ined  by  inspecting  tra n s it io n  p robab ilities . For general q , E  is s im p ly  

not b ig enough to  c o n ta in  U ^ .

T h e o re m  3 The set o f  corner states, C . contains  Uoc-

P r o o f  For a d e te rm in is tic  H opfie ld  m ode l, e x it p robab ilities  fro m  m egastate £ k  are 

de term ined from  theo rem  1 as

f U , ( - i )  =  h f f ( A ? )  (2.36)

where 1 <  i  <  m .  I f  u  is in  C \c as w e ll as U ^ ,  then a ll e x it p roba b ilitie s  m ust vanish. 

C learly , at least one o f the  quan tities  H  (h f ' )  o r H  { —h f )  m ust be u n ity  fo r any given 

h f .  Therefore, the  o n ly  way a ll o f the above p robab ilities  could be zero is i f  /c, is 0 o r

n t fo r 2 =  1 m . T h is  occurs on ly  when u €  C.

o

T h e o re m  4 When the configurations o f  E  are mutually orthogonal, o r  equivalently  

L has orthogonal row s, then and C  are identical.

P r o o f  From  (2 .35), h f  takes on a ve ry  special form;

, c _  f  n - l q n { when Art- =  0 (e>
1 —n ~ l qn{ when k{ =  n i

in  expression (2.36) . N ow , i t  is easy to  v e r ify  a corner s ta te ’s e x it  p ro b a b ilit ie s  m ust 

be zero, 

o

I t  should be c lear fro m  the  previous p ro o f tha t Uoo Q C  cou ld  not be developed 

w ith o u t theorem  1 and the  lum ped tra n s it io n  probab ilities .
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T h e o re m  5 I f  the de te rm in is t ic  Hopfie ld  model contains two exemplars, then Uoo 

and  —E  U E  are identical.

P r o o f  I f  the two exem plars are lin e a rly  dependent, then i t  necessarily follows th a t 

e j =  —e2. As such. E  has a single co n fig u ra tion  and h f  assumes the  fo llow ing  values:

n ~ 12 n i when k i =  0
h f  = (2.38)

— n 12 n t when k[ =  n x

Therefore, h f  is a special case o f (2.37) where / =  1 and q =  2. As such, by the p roo f 

o f theorem 4, since a ll e x it p ro b a b ilit ie s  fo r states in —E  U E  m ust be zero.

On the o the r hand, i f  these tw o  exem plars are linea rly  independent the m a tr ix  L  

has one o f two form s:

L  =
1 - 1
1 1

or L  =
1 1
1 - 1

From  th is, is i t  clear th a t

C  =  { (0 ,0 ) . (0 . r c 2) . ( r c l . n 2) . ( n 1.0 ) }  =  —E u E

and e ithe r L  has o rthogona l rows. Therefore, =  C , by theorem  4, and our result 

is proven, 

o

2 .3 .5  E n e rg y  F u n c t io n  P r o b a b i l i t ie s

I t  is possible to  s im p lify  the p a r t it io n  fu n c tio n , and thus the  s ta tio n a ry  spin vector 

d is tr ib u tio n  P  (u ) in  (2 .5 ), using the resu lts  from  lum ping. F rom  lem m a 2, we re w rite  

u TW u  as

u TW u  = rz - 1u r E E Tu  =  n ~ l  ( n - 2 k ) r  L L T ( n - 2 k ) . (2.39)
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N ote  th a t two spin vectors in  the  same m egastate have the same energy fu n c tio n  value 

since th is  value depends on ly  on th e  vec to r k . Th is  expression, fu rthe rm ore , allows 

us to  lis t the values o f u TW u  and A k  w ith  0 ( n m) operations as

{  ( n -2 k )T  L L T  ( n “ 2 k ) * :Vk )  }  for k  (2-4°)

where fC has size 0 ( n m ) and is g iven in  (2.16) . W ith  th is  lis t,  the  p a r t it io n  func tion  

is ca lcu la ted  as

Z ( 3 )  =  Y ,  k exp [ ( n - 2 k ) r L L r ( n - 2 k )  j . (2.41)
ke£ “ n '

N o tice  tha t the quadra tic  fo rm  in  (2.39) is unchanged by the  tran s fo rm a tion

k — > n - k .  (2.42)

As such, the list in (2.40) be generated w h ile  on ly  enum erating  rough ly  h a lf  o f the k:

values fo r some j .  Th is  lis t is now w r it te n  as

( n —2 k ) r  L L r  ( n —2 k ) . a O  |  for k  €  AC“ (2.43)

where

=  { k  : k i =  0 , . . .  , n~ ( j ) }

and

. f  Hi i f  i  ^  j

n' 0) = l  L*J if i = i •
W hen L  has orthogona l rows, even fu r th e r  reduction is possible. W rite  (2.41) as

Z  (0 ) =  S  f t  ( & )  exp {  o f  (n “ 2 k )T ( n - 2 k ) |  (2.44)
t—1
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T h is  sum m ay be broken in to  a p ro d u c t o f  m  sum s each o f w h ich  depends on a single 

value o f i.e.,

-  / » - !  r a 1
Z  (j3) =  2" f j  ^  ;V*. exp  j I n , - 2 k , ) 2 1

:=1 y  A:, = 0  ^ “

where

v .  =  r  H i ' )  ^ ^ .
( * ')  o the rw ise

T h is  yields a 0 ( 2 m ) reduction in  th e  num be r o f  operations requ ired  to  evaluate the 

p a r t it io n  fu n c tio n .

One can also o b ta in  an equ iva len t re d u c tio n  in  a lis tin g  o f possible values o f the 

energy- fu n c tio n . Now th is  lis t can be w r it te n  as

— ( n —2 k ) r  ( n —2 k ) } |  where k t =  0 .1 .......... Hi
o for i  =  1, 2 . . . .  . m. (2.45)

T h is  s im p lif ic a tio n  is a result the m -fo ld  s y m m e try  o f ( n —2k) ( n —2 k ) . Th is q u a n tity  

is inva rian t unde r the  tran s fo rm a tion

k, — y rii — k i fo r any i  G { 1 , 2 , . . .  , m }  . (2.46)

U n fo rtuna te ly , we cannot include iVk in  th is  l is t  since it  is ty p ic a lly  invarian t under 

the tra n s fo rm a tio n  in  (2.42) and no t the  one in  (2.46).

The above reductions allow  c a lcu la tio n  o f the  energy fu n c t io n ’s P M F  in  0 ( n m) 

operations as

P  f - ^ u TW n  =  x )  =  J 2  P  (u )
-f u:-iuTWu=i|(u:-jutWu=i )

(2.47)

exp  { — /3x} N  (x )

z W )
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where N  (x) is given by

A ' ( x ) =  Y ,  X"
k€AC(x)

and

AC (x ) =  { k  €  AC : —2_1u r W u  =  x  for any u  G £ k } -  (2.4S)

2 .4  M G F  C alcu lation  and Saddlepoint A p p roxim ation

C lass ifica tion  tim es in  the SHM  are random  variables whose M G Fs we now com pute. 

We use Pv k es  (1961) ru le  to  determ ine the M G F  o f the  lum ped  M arkov chain and 

in ve rt th is  M G F  w ith  a saddlepoint app rox im a tion  to  y ie ld  nearly  exact answers.

2 .4 .1  P y k e ’s R u le

The M G F  o f th is  classification tim e  d is tr ib u tio n  is de te rm ined  from  Pvke's ru le  as 

discussed in  B u tle r  and H uzurbazar (1999). Suppose T ( s )  =  esP  is the tran sm ittance  

m a tr ix  o f the H opfie ld  M arkov chain, e.g.. P  is the tra n s it io n  p ro b a b ility  m a tr ix  and 

es is the  M G F  o f the  degenerate d is tr ib u tio n  w ith  t im e  one. Define the equivalent 

tra n sm itta n ce  m a tr ix  as

<OT(s) =  (OTy(s ) )  = T ( a ) ( I - T ( s ) ] “ ‘ ( { ( I  -  T  (s) ] - 1 } J ~ ‘ for s +  0 (2.49)

where { - } d is the  m a tr ix  opera tor which replaces a ll non-d iagona l elements w ith  zero.

Consider the  SH M  w ith  one exem plar w h ich is tre a te d  as an absorbing state. 

A cco rd ing  to  P yke ’s ru le , (0) is the p ro b a b ility  o f c lass ify ing  state i  as exem plar 

e t in  a f in ite  am ount o f tim e . In th is  no ta tion , e i stands fo r an integer index w h ich  

w ou ld  be used in  the  m a tr ix  o f transm ittances in  (2.49) . Furtherm ore, P yke ’s ru le  

states th a t 9Jt,-ei (s) / 9DT,-ei (0) is the M G F  o f c lassifica tion t im e  cond itiona l upon such 

class ifica tion  occu rring  in  f in ite  tim e . A t f irs t glance, i t  w ou ld  appear these form ulas 

are no t w e ll-de fined since P yke ’s ru le  (2.49) has a s in g u la rity  a t zero. Th is s in g u la rity
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is removable and B u tle r  H uzurbazar (1999) show its  rem oval is au tom atic  w hen 

destina tion  states are made absorb ing, as in  our setting.

W hen the SH M  contains m ore than  one exem plar. Pyke's ru le  can s t il l be used. 

W ith  a ll exemplars trea ted  as absorb ing states, define the  c lassifica tion tra n sm itta n ce  

from  state i  to  the set o f  exem plars as

9
artiE (5) =  ^ a y t i e j (5) .  (2 .5 0 )

j= i

Now. SJl-iE (0) is the p ro b a b ility  o f passage from  state i  to  the set o f exemplars in  a 

f in ite  am ount o f tim e , and 9JT,e (-s) /971,e (0) is the M G F  o f c lassifica tion tim e  cond i­

t io n a l upon such passage occu rring  in  f in ite  tim e. The q u a n tity  93T,e (0) is p a r t ic u la r ly  

re levant to M G F  ca lcu la tions in  the  de te rm in is tic  H opfie ld  m odel in  which conver­

gence to  the set o f exem plars is no t guaranteed. I t  can be used to  calcu la te the  

p ro b a b ility  o f fa ilu re  in  the d e te rm in is tic  Hopfield c lassifica tion a lg o rith m .

The concept o f lu m p a b ilitv  can be extended to  tra n sm itta n ce  m atrices. T h e  

lum ped transm ittance  m a tr ix , T c (s) is related to T  (s).  the un lum ped  one, th ro ugh  

Q  and R  m atrices as defined in  section 2.3.1. i.e..

T £ (s ) =  Q T ( s ) R .  (2.51)

Therefore, lu m p ing  o f the  H M C  y ie lds  a lumped tran sm ittance  m a tr ix  which describes 

the  transien t dynam ics o f the lu m pe d  SHM .

Throughout our com puta tions we shall use T £ (s) in  P yke ’s ru le  to  calculate exact

classification tim e  M G Fs. These M G Fs are used in sadd lepo in t approx im ations, as

described in the next section.

2 .4 .2  S add lepoint A p p rox im ation s

Classification tim e  X  has M G F  de te rm ined  from  Pyke ’s ru le  as

M iE (s) =  m E (5) /WliE  ( 0 ) .  (2.52)
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where SJfiE (s) is de te rm ined  fro m  (2.50) . T h e  mass fu n c tio n  o f X , p*. =  P r {A ' =  k } ,  

is de te rm ined  by the d e r iv a tiv e

Pk =  ^ - ^ M lv ( \ n s ) \ s=0. (2.53)

However, the H M C  ty p ic a lly  has m any states, even a fte r lu m p ing , and as a resu lt one 

cannot hope for s im p le  expressions for M ,e  (s ). W ith o u t such, it  becomes d iff ic u lt  to  

ca lcu la te  the  h igher o rde r deriva tives o f (2 .52). I t  is possible, however, to  app ro x im a te  

P k -

A n  a lte rna tive  to  exact ca lcu la tion  in  (2.53) is the sadd lepo in t a p p ro x im a tio n  to  

the F ou rie r inversion in te g ra l. The  sadd lepo in t a p p ro x im a tion  was firs t presented in  

Danie ls (1954) and is based upon the cu m u la n t generating fu n c tio n  (C G F ) AVe (s) =  

In A /,e  ( - s )  . I f  k is in  the  in te r io r  o f the convex h u ll o f the support fo r the  c lass ifica tion

tim e  d is tr ib u tio n  and J is the  unique so lu tion  to  the sadd lepoint equation

k-'l-E i i )  =  k .  (2.54)

then

P k  =  /—  ■■= exp {  A',-e ( s ) -  s k }  . (2.55)
V“~ AxE (S)

T h e  sm allest possible c lassifica tion tim e , k min, is on the boundary o f the  sup­

po rt and therefore its p ro b a b ility . pmin =  P  { X  =  £min}- does not have a sadd lepo in t 

ap p ro x im a tio n . In  m ost instances, however, i t  can be ca lcu la ted exactly.

In  general. pmin +  Y2 pk is no t equal to  u n ity . Therefore, the sadd lepoint app ro x i­

m a tio n  can be im proved , by  reno rm a liza tion , as discussed in  Reid (I9S8) ;

Pk =   - (2-56)
P m i n  4" P k

We can also easily o b ta in  an a p p ro x im a tio n  to  the discrete C D F o f X , fo r k  ^  

E [X ]  =  A 't-E (0), as described in  Daniels (1987 ). T h is  a p p ro x im a tion  d iffe rs accord ing  

to  w h e th e r k  is below o r above the  mean and is g iven by

P { X > k }  =  1 - $ ( u . ) - i ( * ) ( i - + )  i f  * > £ [ * ]

P { X < k )  =  < P ( w ) + < ? ( w ) ( ± - i )  i f  k < E [ X j
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where $  denotes the  standard norm al C D F , d> the  standard normal density ,

w =  sgn (s) (2 { s k  — A',e (-s)}) 1

and

(1 -  exp { —s } )  y j  A ',:e (5) ^  k >  E  [A']
u =

(exp { s }  -  1) y j A'-e (s) i f  k <  E  [A']

The accuracy o f these sadd lepoint a pp ro x im a tions  is illu s tra te d  in the  nex t section.

2 .4 .3  E x a m p le

Consider a S H M  w ith  the  three exem plars o f length  ten given as

E r =

1 1 1 1 1 1 1 1 1 1  

- I  - 1  - 1  - 1  - 1  - 1  - 1 - 1  1 1  

- 1  - 1  - 1  - 1  - 1  - 1  - 1  1 - 1 1

W ith  th is  exem plar m a tr ix , there are fou r d is tin c t configurations g iven by the 

rows o f

1 - 1  - 1

1 1 - 1

1 1 1

w ith  re pe titio ns  n  =  ( 7 ,1 ,1 ,1 )  . The o r ig in a l H M C  has 210 =  1, 024 states and the 

lum ped  H M C  has 64 megastates.
TF irs t, th e  c lassification tim e  d is tr ib u tio n  w ith  0  =  0.5 and u0 =  ( — 1 , . . .  , —1) 

is s tud ied. T he  s ta rtin g  vector is H a m m in g  distance tw o from  its nearest exem pla ry

neighbors, e.i and 63. P yke ’s ru le  gives th e  mean and variance of c lass ifica tion  tim e
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as 74.75 and 7571.13 respectively. T h is  mean and variance are exact and agree w ith  

such ca lcu la tions from  classical M a rko v  chain analysis.

N ext, pmin is calculated e xac tly  as

Pmin =  ^  [ c r ( - l )  cr (2 /5)  +  <? ( 1 /5 )  cr ( —4/5) ]  =  6.6295 x  10- 3 . (2.57)

The m in im a l classification tim e  occurs in  tw o steps: pmm is. therefore, de te rm ined  as 

the sum o f p robab ilities  over fou r d is tin c t paths which trans fo rm  Uo to  e2 or e3- The 

summed c o n tr ib u tio n  from  e2 is the  same as th a t from  e3 w ith  the  p ro b a b ility  for 

each given by theorem  1 as one h a lf  o f (2.57) .

The p ro b a b ility  o f correct c lass ifica tion , w ith o u t regard to  step num ber, is com ­

puted from  as 0.84 using classical M a rko v  chain analysis.

Saddlepo in t approxim ations to  the  P M F  and C D F  o f the classification tim e  dis­

tr ib u t io n  are calculated. F igure 12 presents a sm oothed, renorm alized sadd lepo in t 

P M F  app ro x im a tion  (dashed) and a kernel density  estim ate  (so lid ), using a b i-w e igh t 

kernel and th a t is based upon one m ill io n  s im u la ted  classification tim es. The saddle­

po in t a p p ro x im a tion  appears to  do ex tre m e ly  well th roughou t the v is ib le  support o f 

A” and does p a rtic u la r ly  well in the  r ig h t ta il.  F igure 14 gives a sm oothed sadd lepoint 

CDF a p p ro x im a tion  (dashed) and the  in teg ra ted  kernel density  estim ate . A ga in , the 

saddlepoint app rox im a tion  perfo rm s very w e ll th roughou t the v is ib le  support o f A".

The dependence on o f mean t im e  to  classification and p ro b a b ility  o f correct clas­

sifica tion is s tud ied  in  our fina l com pu ta tions . Such a perform ance s tudy  is im p o rta n t 

in designing classifiers based upon th e  S H M  since /3 can be chosen to  m atch  some per­

form ance c r ite rio n . O ur c r ite r ia  are averaged over the set a ll possible s ta rtin g  vectors 

using a u n ifo rm  d is tr ib u tio n  on U .  Such random iza tion  a t the com ponent level leads 

to a m egastate d is tr ib u tio n , P  { u 0 €  £ k }  =  A;k /2 n fo r a ll £ C so th a t averaging 

need on ly  be done over megastates and not in d iv id u a l states. F igure  15 presents 

the mean t im e  to  classification fo r /3 €  [0 ,3 ]. As (3 increases th is  mean tim e  w ill 

also increase to  in fin ity . Th is  is a consequence o f the appearance o f absorb ing states 

besides th e  exem plars when /3 when is in fin ity . F igure  16 presents the p ro b a b ility
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o f co rrec t c lassification fo r (3 €  [0 ,3 ]. N u m e rica l expe rim en ta tion  verifies th a t, as 3  

increases, th is  p ro b a b ility  w i l l  increase to  0.66. the p ro b a b ility  o f  correct c lass ifica tion  

at 3  — oc -

2 .5  T h e D ou b le Laplace A p p rox im ation

T he  H M C ’s s ta tiona ry  d is tr ib u tio n  is a regu la r exponentia l fa m ily  in  w h ich  the energy 

fu n c tio n  is a suffic ient s ta tis tic . Therefore , the s ta tio n a ry  d is tr ib u tio n 's  n o rm a liza tio n  

constan t, o r p a rt it io n  func tion , form s the  kernel fo r the M G F  o f the energy fu n c tio n . 

U n fo rtu n a te ly , exact ca lcu la tion  o f the p a r t it io n  func tion  requires 0 ( 2 ” ) opera tions. 

We prov ide  an app rox im a tion  for i t  in  th is  section using Laplace's m ethod  w h ich  

leads to  an app rox im a tion  o f the energy fu n c tio n  M G F  and access to  sadd lepo in t 

app rox im a tions .

2 .5 .1  M G F  A p p roxim ation

The s ta tio n a ry  d is tr ib u tio n  o f the H M C  is a one-d im ensional regu lar exponen tia l 

fa m ily , so th a t the M G F o f the  energy fu n c tio n  is

M ( s )  =  Z ( f 3 - s ) / Z ( 3 ) (2.58)

fo r a ll real s. In  p rinc ip le , the  M G F  te lls  us e ve ry th in g  we w ou ld  want to  know about 

the  s ta tio n a ry  d is tr ib u tio n  o f the energy fu n c tio n . U n fo rtuna te ly , there is no closed 

fo rm  expression for the transfo rm  in  (2.58) and exact enum eration o f p ro b a b ilit ie s  

m ay be too cumbersome. I t  is possible, however, to  approx im ate  (2.58) w ith  the  

m e th od  o f a u x ilia ry  variables as described in  A m it  (19S9) .

F rom  (2.39), the exponent in  the s ta tio n a ry  d is tr ib u tio n  (2.5) m ay be w r it te n  as

exp | ^ u r W u  j =  exp ( L r u c ) T ( L ^ u ^ l  . (2.59)

where u £ =  n  — 2k. I t  w ou ld  be t r iv ia l to  evaluate the sum o f a ll te rm s o f  the  fo rm

(2.59) i f  the  exponent were linea r and n o t q u a d ra tic  in  u £ . T he  m ethod  o f a u x ilia ry

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



variab les replaces (2.59) w ith  an in tegra l whose log -in teg rand  is lin e a r in  u £ ; thus the 

su m m a tio n  can be pe rfo rm ed in  closed fo rm  inside the  in te g ra l. T h is  in teg ra l is the 

m u lt iv a r ia te  Gaussian id e n titv
OO OG

exp{^ ( L̂ ) T(L̂ ) } = c(̂ ) J - J exp j-^||x||2 +̂ xrLru£jdx
— OO —OO

(2.60)

where c( i3 )  =  (27 r /0 n )~ *  and x  =  ( x i , x 2, . . .  . x q)T is a set o f  a u x ilia ry  variables. 

S u b s titu tin g  (2.60) in to  (2.59) and pe rfo rm ing  the sum  over fC allows (2.41) to  be 

expressed as
OO OO

Z { (3 )  =  c ( 3 )  J ■■■ j  e x p | - ^ | | x | | 2| ^ . ' V k e x p { ^ ( L x ) T ( n - 2 k ) } d x .  (2.61)

- c c  - O O

T h is  sum m a tion  m ay be factored in to  a p roduct m  sums each o f w h ich  is over a single 

k{ to  give

oc oo /  n  \

Z ( 0 )  =  c ( 3 )  J ' • • / e x p  (”() e x p { * r x ( n i - 2 A - , - ) } j < i x .

T he  b in o m ia l theorem  now allows e x p lic it sum m ation  over each k{ to  give
OC o c

Z ( 3 ) = c ( ( 3 )  J J exp { —n fg  ( x ) }  d x  (2.62)

— OC — OC

where
1 , 2  TO

h  ( x )  =  ^  [0 IJ k +  In (1 +  exp { - 2 0 i J x } )] . (2.63)
1 = 1

F rom  th is  deve lopm ent, we see th a t lu m p in g  has p rov id ed  us w ith  an in teg ra l ex­

pression fo r the p a r t it io n  func tion  whose a p p ro x im a tio n  is now  am enable to  Laplace’s 

m e thod .

Lap lace ’s m ethod  requires tha t we de te rm ine  a ll loca l m in im a  o f ( x ) . T he  

a p p ro x im a tio n  in  th is  con text is

^ = (Hf) s  \ fp (*?) 1 2 exp { ~ nfi3 (*?)}
'  '  1 = 1
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where | x ^ ,  i  =  1___ , N  (/3) j is the  set o f local m in im a  o f fp  ( x ) .

For s <  3. an a p p ro x im a tio n  to  M  (s),  the M G F  o f the energy fu n c tio n  a t s. is 

given as a ra tio  Laplace app rox im a tions :

M ( s )  =  Z ( 3 - s ) / Z ( 3 ) .  (2.64)

T h is  app ro x im a tio n  is not defined fo r s >  3.  However, th is  presents no p rob lem , as 

the  ta il p ro b a b ilit ie s  o f  in te rest to  us concern sm all sadd lepoint values as il lu s tra te d  

in  the next section.

2 .5 .2  E x a m p le

The SH M  from  section 2.4.3 is used here w ith  3  =  2.0. F igure  17 p lo ts  the exact 

C G F (so lid ) and its  double Lap lace app rox im a tion  (dashed). T he  a p p ro x im a tio n  

appears to  be reasonable over m ost o f the  range o f s. however, as s approaches 3  

the  app rox im a tion  loses accuracy. T h is  occurs because, at each m in im a , the  func­

t io n  exp { —n f 3 —s ( x ) }  becomes less peaked and therefore less G aussian-shaped. T he  

p ractica l consequence o f th is is th a t Laplace's m ethod becomes less accurate  far in to  

the  righ t ta il o f - | u r W u. M ean and variance approx im ations m ay be ob ta ined  by 

num erica lly  d iffe re n tia tin g  the  app ro x im a te  CGF. Th is results in  values —9.25 and 

0.41 w hich should be com pared to  the  tru e  mean and variance. —9.26 and 0.32.

The accuracy in  using (2.64) fo r sadd lepoint approx im ations is il lu s tra te d  in  Tab le 

3 which lis ts  exact p ro b a b ilit ie s  ( P {  —| u TW u =  k } ) ,  sadd lepoint mass fu n c tio n  ap­

p rox im a tions ^ P {  —| u TW u =  k , and the  associated sadd lepoints, s,  fo r each value 

o f the energy fu n c tio n . The lowest and highest energy values do no t have sadd lepo in t 

approx im ations since they are on the  boundary o f the support. G rea te r accuracy is 

seen in  the  le ft ta i l  w h ich  conta ins the  lower energy values.

The accuracy o f the  Lugannan i-R ice  d is tr ib u tio n  app ro x im a tio n  is d isp layed in  

Table 4. A ga in , the  sadd lepo in t a p p ro x im a tio n  is most accurate in  the  le ft  ta il.  Le ft 

ta i l  p robab ilities  are o f in te rest fo r  the  fo llow ing reason. T he  d e te rm in a tio n  o f the
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weight m a tr ix  from  H ebb ’s ru le  in  (2 .2 ), i.e..

W  =  n -1 E E r

was o r ig in a lly  developed w ith  the hope o f ensuring th a t a ll exem plars have m in im u m  

energy fu n c tio n  values, as described in  H e rtz  et al. (1991).  Therefore , a le ft ta il 

p ro b a b ility  o f the  energy func tion , a t an exem plar energy level, can describe to  w hat 

extent th is  c r ite r io n  is m et. Th is co m p u ta tio n  describes the chance o f find ing  an 

energy level low er than  th a t o f an exem p la r when a SHM  is run fo r a very long tim e  

and exem plars in  th is  SH M  are not trea ted  as absorbing states. In  effect, le ft ta il 

p robab ilities  p rov ide  an in fo rm a l in d ic a to r o f the extent to which Hebb's ru le  assigns 

exemplars low  energy. For instance, i f  exem plar e, has very low  energy, then the 

associated le ft ta il p ro b a b ility  w ill be very sm all.

In our exam ple, the  energy fu n c tio n  values o f the three exem plars are displayed 

in  the tab le  below:

u  - j u TW u

e ! —S.6

&2 —7.2

e3 —7.2

W h ile  none o f  these have the  sm allest possible energy, they a ll have q u ite  low  energy 

values. I f  we were unable  to  enum erate the energy function  values, the  saddlepoint 

approx im ations Table 2. could be used to ind ica te  the existence o f sm alle r energy 

values.
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F ig .  12. The sm oothed P M F  from  s im u la tion  (so lid ) and the  sadd lepo in t
app ro x im a tion  (dashed).
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F ig .  13. The  sm oothed C D F  from  s im u la tion  (so lid ) and the  sadd lepo in t
app ro x im a tion  (dashed).
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F ig .  14. T h e  M ean tim e  to c lassification for 3 E [0,3] .
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F ig .  15. T he  p ro b a b ility  o f correct classification for j3 E [0 ,3 ].
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-1 0

- 1 5 l-1 1.5-0 .5 0.5

F ig . 16. T he  C G F from  exact enum eration using lu m p in g  (solid) and Lap lace ’s
app rox im a tion  (dashed).
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Table 3. T he  value o f the energy function , i t 's exact p ro b a b ility , the 
associated saddlepoint app rox im a tion , and the  sadd lepo in t.

k P { - \  u TW u  =  k } P { - ± u r W u  =  k } s

0.0 1.1195 x  1 0 - * *

-0 .6 1.7097 x  10~6 3.S372 x  1 0 - 0.8802

-0 .8 1.6634 x  10” 6 5.5309 x  10 "7 0.8760

-1 .6 4.9435 x  10-6 2.343S x  10-6 0.8582
—2.2 1.6413 x  1 0 "5 6.8072 x  lO "6 0.8433
- 2 .4 1.0883 x  10 "5 9.6536 x  10"6 0.8379
—3.S 1.3421 x  10"4 1.0451 x  10"4 0.7971

-4 .8 9.9173 x  10 "4 5.3633 x  10"4 0.7625
—5.4 1.2544 x  10"3 1.3956 x  10"3 0.7389
-7 .2 1.7215 x  lO "2 2.3210 x  IO "2 0.6397
-8 .6 0.2S31 0.2228 0.4332
-9 .6 0.6973 * *

Table 4. The value o f the energy function , i t ’s exact r ig h t ta il value and 
associated saddlepoint app rox im a tion .

k P { - \ u r W u  >  k ) P { - W W u  >  ,

0.0 0 .0 *
-0 .6 1.1195 X 1 0 -7 6.5223 X 10"8
- o .s 1.8217 X 10"6 9.4S92 X 1 0 -8
-1 .6 3.4851 X 10~6 4.2365 X 1 0 "7
—2.2 S.42S6 X 10~6 1.2381 X IO "6
- 2 .4 2.4S42 X 1 0 "5 1.7754 X IO” 6
- 3 .8 3.5725 X 1 0 "5 1.9694 X 1 0 "5
- 4 .8 1.6993 X io - 4 1.0385 X 10“ 4
—5.4 1.1617 X 10“ 3 2.7013 X 10-4
- 7 .2 2.4161 X 1 0 "3 3.9916 X 10-3
- 8 .6 1.9631 X IO "2 3.0532 X 1 0 "2
- 9 .6 0.302 7 ¥
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