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ABSTRACT OF DISSERTATION
SYSTEMS ENGINEERING EVALUATION OF GPM DUAL-FREQUENCY RETRIEVAL
ALGORITHMS

Following the success of the Tropical Rainfall Measuring Mission (TRMM), considerable
effort has been directed at the next generation of space-based precipitation radar (PR) to be
launched aboard the Global Precipitation Measuring (GPM) core satellite. While the TRMM
PR uses a single-frequency radar at Ku-band (13.8 GHz) to measure and map tropical
precipitation, the GPM PR will employ a dual-frequency precipitation radar (DPR) at Ku and
Ka-bands (13.6 and 35.6 GHz) to more accurately measure global precipitation. Systems
engineering tools are used in this work to help with model and algorithm analysis.

One of the retrieval algorithms being studied for use with GPM is a self-consistent,
iterative, dual-frequency method that estimates drop-size-distribution (DSD) parameters,
median volume diameter D,, normalized intercept parameter N, in each radar resolution cell or
bin. From the DSD values, the rain rate in each bin is calculated. The algorithm was recast in
terms of a single-loop control-system model and discovered that the single-loop method
accurately retrieves the DSD values in relatively low rain-rate regions where the DSD pairs are
small. When the DSD pairs are larger, the algorithm can converge properly but yield incorrect
solutions.

In this research, two alternative methods for DSD retrieval in those regions of incorrect
convergence are presented and analyzed. The first method is a dual-loop control-system model
which implicitly adds an additional system constraint on the N, vertical profile. The second
method is based on profile optimization and adds constraints on both the D,and N, profiles and
uses a non-linear optimization technique to find suitable top and bottom-bin DSD values to best
fit the input reflectivity profiles. The performance of these methods is discussed in detail.

It is important to know how the error in the input variables (factors) influence the output of
the retrieval algorithms, and consequently which input factors are most important. Variance
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decomposition, a systems engineering tool based on global sensitivity analysis techniques, is
used to apportion error in the output of a model to the respective input factors and allow a
quantitative determination of the importance of each factor.

Global sensitivity analysis performed on a TRMM-like algorithm, modelled for rainfali
over both ocean and land, based on k= @ Z’ and R =a Z* relationships, showed that at low rain
rates, the error from a, b, and measured reflectivity Z,, dominate. At higher rain rates, the error
from the surface reference technique dominates. Sensitivity analysis performed on the GPM
profile-optimization algorithm for simulated near-vertical rainfall profiles show that the primary
cause of model error is variability in the Ka-band radar signal with little variance contribution

from the Ku-band signal.

Chris Randall Rose

Electrical and Computer Engineering Department
Colorado State University

Fort Collins, Colorado 80523

Fall 2005
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CHAPTER 1

INTRODUCTION

1.1 INTRODUCTION

It is becoming increasingly important to monitor the Earth’s ecosystems in general, and
more specifically to be able to measure and monitor the global water and energy cycle.
Significant amounts of energy are transferred and move around the world through weather
systems in the form of clouds and precipitation. For example, because water has a relatively
large heat capacity, energy over the oceans is transferred into water vapor which rises, forms
clouds, and by air movement is transferred to other parts of the world such as the continents. As
the water vapor condenses and rain falls, energy is transferred. Additionally, it is important to
monitor the amount and timeliness of rainfall and other precipitation such as snow that falls on
various parts of the world to better understand the water cycle and ecosystems at a global scale.

One means of helping to meet the high-level science goals of monitoring global
precipitation is the Tropical Rainfall Measuring Mission (TRMM) satellite that was launched in
1997. It was the first, space borne satellite to incorporate a downward looking radar to measure
precipitation. With this satellite, scientists have been able to sample and measure both
temporally and spatially, three-dimensional precipitation structures in the tropical latitudes.
Information from TRMM has significantly increased our understanding of global precipitation
and the movement of water around the globe.

Following on the success of TRMM, a new satellite cluster is being designed and readied
for launch around 2009, the core satellite of which will incorporate the next generation

precipitation radar, one that uses dual frequencies (DPR) that will have added capability in the
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measurement of precipitation both in the form of rain and snow. This new mission is called
Global Precipitation Measurement (GPM) and has as its main science objectives improved
climate prediction, improved weather predictions, and improved global water cycle and
hydrological predictions. The central element in the success of this mission is the core satellite
that carries the new DPR operating at Ku- and Ka-bands. In addition to the core satellite, up to
10 constellation satellites will be networked together to passively monitor precipitation
structures.

GPM is an international mission, and as such, it relies heavily upon sound systems
engineering principles and procedures. The Japanese Aerospace Exploration Agency (JAXA) is
the primary partner with the United States National Aeronautics and Space Administration
(NASA). JAXA was formerly the National Space Development Agency of Japan (NASDA).
Specific technology deliverables are split between NASA and JAXA with NASA supplying the
satellite vehicle, some of the instruments and ground control. JAXA will supply the DPR. Both
NASA and JAXA will jointly develop and implement the algorithms necessary to convert radar
measurables into meaningful precipitation information. From a systems engineering
perspective, the highest level is the science objectives followed by lower-level subsystems that
are specified and implemented to meet the overall goals. Many organizations have standard
procedures for implementing sound systems engineering procedures and NASA is no exception.
It clear defines the role of the lower-level subsystems, how they help meet the overall goals, and
how each subsystem must define its own specifications and requirements for any subsystems
below it. Multiple links and feedback paths exist between subsystems to allow for scientific and
technological innovation and monitoring of compliance with design specifications. For a given
science objective, it is possible that iterations may be required in subsystems because of
technological or budgetary limitations. With information fed back to the higher system levels,
the objectives can be reviewed and perhaps adjusted to more fully utilize existing technology
and methods. Nevertheless, it is common in large programs for technologists and scientists to

2
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develop innovative solutions to problems and meet the overall objectives. There is constantly a
trade-off between existing technology, what technology needs to be developed, innovation, and

budgetary constraints.

1.2 LITERATURE REVIEW

The concepts of systems engineering, GPM, its algorithms, and means to measure the

effectiveness of the algorithms and systems as a whole are presented in this section.

1.2.1 Systems Engineering

In general terms, systems engineering refers to the engineering and implementation of
complex systems (these can be hardware or software of any combination) to provide an optimal
solution or result given constraints in time, budget, technology, or any combination of the three.
A considerable amount has been written on the concept of systems engineering and numerous
texts exist. Some reference texts are [1] [2]. Some organizations develop their own methods.
In fact, NASA has implemented its own internal document “Systems Engineering Management
Plan” which defines the role and interactions between the science objectives and lower-level
subsystems. It specifies the methodology used in defining subsystems to meet overall science
objectives and how both requirements and constraints and pushed and pulled between
subsystems. A fundamental assumption in systems engineering is that a flow exists between
requirements and specifications and available technology to implement those requirements and

specifications. It is normal to iterate on specifications and methods.

1.2.2 GPM

GPM, in the broadest sense, is the overall mission which is comprised of several
subsystems including but not limited to the core satellite, dual-frequency precipitation radar
(DPR), the algorithms necessary to convert radar measurements into meaningful precipitation

information, ground-based validation and verification systems used to monitor the performance
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of the spacecraft and algorithms, and data processing and control functions.
Given the fact that GPM is an international venture, many resources from both NASA and
JAXA have written about the overall requirements, the satellite, the DPR, the algorithms, and

the ground validation systems. References are cited in the body of the text.

1.2.3 Algorithms

Teams led by JAXA and NASA were the primary developers of the rain-rate estimation
algorithms used for TRMM. The developers of the dual-frequency algorithms are from both
NASA and JAXA. They again, are the primary scientists working on algorithms for the GPM
that utilize its dual-frequency capabilities while building on the experience and expertise gained
with the TRMM precipitation radar (PR). The NASA and JAXA teams have published
numerous articles regarding dual-wavelength algorithms and how they might be applied to
GPM. Some are based on the surface-reference-technique (SRT) as used in TRMM, and others
are based on a self-consistent method that does not require the use of the SRT but can estimate
the SRT value through iterations. All of these algorithms are based on microphysical properties
and assumptions of precipitation whether they be snow, melting snow or rain and which regions
in the atmosphere, based both on height and radar scattering measurements, are deemed snow,

melting, and rain. Exact references are given in the main text.

1.2.4 Systems Engineering Analysis

As with any system or procedure, it is essential to understand how well it works as well as
its limitations and strengths. One method of analyzing a system is by modelling its response
and performing uncertainty and global sensitivity analysis. Uncertainty analysis describes the
statistical mean and variance of a system as a function of uncertain input parameters. Global
sensitivity analysis, which has its roots in classical feedback controls systems, on the other
hand is able to apportion the variance in the output response back to the input variables allowing

the systems designers to ascertain how much each input factor contributes to the uncertainty or

4
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error in the output. With this information, they are able to concentrate or focus resources on
those input factors that have the greatest influence on error in the output response and decrease
the variables’ error through more research in that area or through better information as to the
actual response of the variable. In a way, with sensitivity analysis, the systems designers can
perform a marginal cost to marginal benefit test and improve the overall system response.

The primary global sensitivity analysis technique used in this research is variance
decomposition, a means to decompose the variance of the model response to the inputs.
Numerous authors have written about global sensitivity analysis which are cited in this work.
One in particular based his work on simple Monte Carlo integrations to find the variance of the
conditional expectation, or Correlation Ratio as he called it. Another described a method that
computes simpler integrals while decomposing the variance which allows for so-called first-
order interactions and computation of higher or total-interaction terms.

After developing a thorough understanding of both the TRMM and GPM (proposed)
algorithms, sensitivity analysis is performed on these algorithms with the intent of providing
meaningful feedback to the systems designers as to which input factors are most important,

what system parameters might be improved, and which factors are of little consequence.

1.3 PROBLEM STATEMENT

The primary observation of a space borne radar is the vertical profile of backscattering
media. Based on the analysis presented in the background and in the relevant work sections of
this proposal, this research attempts to address the unique and specific problems that exist in the
field of space borne radar observations. In particular, this proposal focuses on the GPM satellite
and its expected dual-frequency retrieval algorithms. The difficulty in modelling the
microphysics of precipitation and assumptions about the system contribute to difficulty in
modelling the system aspects of GPM. This effort is viewed as taking the first step in defining

such an outline as more extensive experimentation and verification in many regions will be
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needed to fully validate the GPM and its algorithms. A formal statement of the problem being

addressed in this proposal is presented in the next section.

1.4 RESEARCH QUESTION

The goal of this research is to implement systems engineering principles in the study and
analysis of the precipitation retrieval algorithms of GPM and be able to offer both qualitative
and quantitative conclusions as to the applicability and feasibility of the retrieval algorithms

being proposed for GPM.

1.5 OBJECTIVES OF THE RESEARCH

The following items summarize the objects of the research in this proposal. This section
groups the tasks according to their major goals:
e Incorporate Systems Engineering Principles into the research
o Examine how systems engineering is commonly performed on large, complex
systems
o Incorporate systems engineering principles in this research
o Provide feedback to algorithms
* Study GPM and its subsystems, overall mission goals, and proposed implementation
o Examine how the DPR is designed to work
o Model the hardware and simulate the performance
o Explain how the GPM system can meet the overall science objectives
* Algorithms
o Examine the TRMM algorithm in detail
o Examine proposed algorithms for GPM, dual-freq.-based

o Determine performance of GPM algorithms
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o Develop models for the GPM algorithm and determine its performance and
limitations
¢ Systems Engineering Analysis (SEA) of Algorithm
o Examine the current algorithm used in TRMM PR
o Define the input factor variances
o Model the TRMM algorithm
o Determine the variance decomposition and factors’ contribution to variance
o Model the dual-frequency GPM algorithm
o Define the input factor variances
o Determine the variance decomposition

o Provide feedback as to system response given expected input factors

1.6 OVERVIEW OF THE DISSERTATION

This dissertation is organized as follows:

Chapter 2 - GPM Overview
This chapter provides the overview of the Global Precipitation Measurement (GPM)

spacecraft systems, the GPM radar parameters, the ground validation and systems overview.

Chapter 3 - Dual-Frequency Iterative Retrieval

This chapter describes the dual-frequency iterative retrieval algorithm to be used with the
GPM dual-frequency precipitation radar (DPR). It discusses the mathematics and microphysics
behind the algorithm, how it retrieves the drop-size-distribution (DSD) parameters in each bin.
It incorporates the dual-frequency retrieval algorithm within a single-loop control system model
and discusses the limitations of the method. It is shown that for certain DSD pairs, that the

algorithm will incorrectly retrieve the DSD parameters and consequently, incorrectly estimate
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the rain rate. It is shown that about half of the global rainfall will be incorrectly estimated by
this algorithm. The algorithm incorrectly estimates high-valued DSD pairs because of a multi-
valued solution space in which the retrieval must operate. It is shown that for these high-valued

DSD pairs that the algorithm has one too few constraints.

Chapter 4 - Iterative Retrieval Method with DSD Profile Constraint

This chapter describes an alternative dual-frequency DSD retrieval method that adds a
single additional constraint on Nw profile. A dual-loop control system model is described
which assumes the profile of log(Nw) is linear to find DSD values in the incorrect convergence
region. Several example cases are shown using both the single-loop and dual-loop retrieval
methods. They are contrasted, and for those DSD pairs in the incorrect convergence region, the

dual-loop method is able to retrieve the correct values and correct estimated rain rate.

Chapter 5 - Retrieval Algorithm: DSD Profile Optimization

This chapter describes an alternative dual-frequency DSD retrieval method for DSD values
in the incorrect-convergence region. It adds two additional constraints on the DSD vertical
profiles and assumes that the Do and log(Nw) profiles can be assumed to be linear, and
optimizes them to minimize a cost function between externally supplied reflectivity and
internally estimated profile values. During the process, the optimizer finds values for both the
top and bottom Do and Nw values. After finding those values, it calculates linear profiles for
both, then estimates rainfall rate based on the Do, Nw profiles. A random-restart method is
used to provide seed values for the optimizer. It is shown that the profile optimization method

does not add bias to the retrieved rain rate.

Chapter 6 - Systems Engineering Analysis: Background
This chapter describes how uncertainty (UA) and global sensitivity analyses (SA) can be

applied to systems engineering problems.  The necessary mathematics and methods are
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explained and developed for use in sensitivity analysis. The difference between local SA and
global SA is explained. Additionally, UA is described and its usefulness as part of systems
engineering approach is detailed. A review of methods for performing global SA is given
including the correlation ratio, the FAST method, and the method of Sobol’. UA typically only
provides descriptive statistics such as the model output mean and standard deviation. This type
of global SA is a part of the general variance-decomposition methods which are used to
apportion the variance in a model output to each of the input factors. The importance of proper

sampling techniques such as LPt is emphasized.

Chapter 7 - Systems Engineering Analysis: TRMM-Like Algorithm

This chapter applies both UA and global SA wusing the method of Sobol’ to an
approximation of the Tropical Rainfall Measuring Mission (TRMM) rainfall retrieval algorithm.
It first develops the algorithm, lists the assumptions, and describes the probability distribution
functions for the input factors. The TRMM-like algorithm is fashioned into the required form
for global SA. Both SA and UA are performed on the TRMM algorithm for both ocean and
land where the error of the surface radar cross section can vary substantially. It is found that at
low rain rates, where the algorithm reverts to the HB method, that the most important input
factors are the coefficients a and b followed by the measured reflectivity. At higher rain rates,
where the surface radar cross section is used in the modified-HB method, it shows that error in

the surface radar cross section dominates the model output.

Chapter 8 - Systems Engineering Analysis: GPM Profile-Optimization Method

This chapter details the SA and UA analyses performed on the GPM profile-optimization
algorithm. The UA/SA model requires only two inputs, the measured reflectivity at both Ku
and Ka-bands. Results from the variance decomposition show that the error in Zm2 dominates
the output variance throughout the simulated rain-rate region, from 1 to about 22 mm/hr. At

low rain rates, input factor interactions contribute to higher-order interactions with a some of

9
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the output variance being directly attributable to these higher-order interactions. At higher rain
rates, above about 5 mmvhr, the higher-order interactions diminish and all the output variance

can be described by the variance apportioned to the first-order indices of each factor.

Chapter 9 - Summary and Future Work
The results of this research are summarized and the major contributions of the dissertation

are reviewed. Suggestions for future work are proposed.

10
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CHAPTER 2

GPM OVERVIEW

2.1 INTRODUCTION

Following the success of the Tropical Rain Measuring Mission (TRMM) launched in 1997,
the next generation of precipitation radar (PR) is expected to be launched aboard the Global
Precipitation Measurement (GPM) core satellite around 2009. GPM’s main science objectives
focus on [3], [4]:

e Improving the scientific understanding of the global water cycle and fresh water

availability,

e Improving the accuracy of precipitation forecasts and its impact on weather,

e Providing frequent and complete sampling of the Earth’s precipitation.

At the highest level, GPM consists of a primary satellite spacecraft, a constellation of
satellites, calibration/validation sites, and a global precipitation data center. Figure 2.1 shows a
graphic of the GPM satellites and their coverage of the Earth. The primary satellite is called the
core satellite and the others are referred to as constellation satellites. The core satellite will
carry the next generation, dual-frequency precipitation radar (DPR) based on many of the
successful technologies implemented with TRMM. Operational frequencies are 13.6 and 35.55
GHz. For example, the 13.6-GHz antenna/radar will be very similar to the 13.8-GHz
antenna/radar currently deployed on TRMM. The constellation satellites will use similar

radiometers and orbit the Earth in polar orbits.
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The TRMM satellite is at an inclined Earth orbit of 35° allowing coverage up to +35° of
latitude. The GPM core satellite will be in a more inclined orbit of 65° allowing coverage up to

+65° latitude and correspondingly greater coverage of the Earth,

GPM
Core
Satellite

Figure 2.1. Graphic of the GPM core and constellation satellites and their coverage of the Earth.
As the primary mission of TRMM is the measurement of rainfall in the tropical regions, GPM
will add to the tropical measurements the ability to measure snow and ice precipitation in the
higher latitudes. The 35-GHz radar will be crucial to the success of those measurements.
GPM is a natural successor to the TRMM project. Even while TRMM was being specified
and designed, the system architects desired to incorporate a second, higher-frequency radar for
better measurement of precipitation. However, because of limited resources, TRMM was

designed and launched with a single-frequency PR.

12
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2.2 SYSTEM DESCRIPTION

The GPM system is comprised of many subsystems and functions. Figure 2.2 shows one

set of interactions for GPM.

Mission

Requirements

System .| Architecture

Requirements Design

GV Mission
Requirements

Satellite DPR
Requirements

y

System System GV System GV System
Requirements Architecture Requirements Architecture

Retrieval
Algorithms

»  Algorithm
Architecture

Requirements

Figure 2.2. GPM system diagram showing links between mission, ground validation, satellite dual-
frequency precipitation radar and retrieval algorithm requirements.

In the figure, the overall mission science requirements drive all aspects of the GPM
project. Both the Ground Validation (GV) and Radar Systems are linked to the missions
requirements so that those goals are obtained. Note that each subsystem has its own system
requirements that are defined to ensure the success of the overall mission [5]. Additionally,
feedback paths and links are provided between systems for verification of design objectives and

necessary iterations in specification of requirements as might be necessary.
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The GPM core satellite’s DPR will point down and scan precipitation from right to left
while it circles the Earth. Figure 2.3 shows a schematic of GPM’s flight and scanning

parameters.

Ititude = 400 k
Altitude m Flight Direction

Surface Track
Speed =7.2 km/s

/‘Q
1

GMI Swath
Width = 890 km

/@4

Figure 2.3. Diagram showing GPM's DPR scanning procedure.

-/

PR-U Swath / PR-A Swath
Width= 245 km  width = 100 km

/

Both radar beams are synchronized and adjusted to sample the same resolution volume
with minimal error as they both scan across the field of view. The sample footprint or
instantaneous field of view (IFOV) is about 5 km in diameter. The Ka-band radar, because of
the much shorter wavelength, scans a swath of only 100 km wide while the Ku-band radar scans

a width comparable to TRMM, about 245 km.
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Table 2.1 shows some of the key radar and system parameters.

Table 2.1. DPR parameters. Adapted from G. M. Fleming, “Requirements for Global Precipitation
Measurement,” IGARSS 2002.

RADAR PARAMETER VALUE

Radar Scanning Method Active phased array

Antenna Type 128-element slotted waveguide
Altitude 400 km

Inclination angle 65°

Velocity 7.2 km/s

DPR Frequencies (PR-U, PR-A) 13.6 GHz (Ku), 35.55 GHz (Ka)
PR-U swath width 245 km

PR-A swath width 100 km

Horizontal Resolution, nadir 5 km

PR-U Sensitivity 17dBZ

PR-A Sensitivity 11dBZ

Beam width 0.71°

Peak Power PR-U 1000 W

Peak Power PR-A 180 W

2.3 GROUND VALIDATION

Successful implementation and operation of ground validation (GV) sites is crucial to the
success of the GPM mission [6]. The goals of GV are:
e Evaluate: Quantifiable estimates on the quality of satellite precipitation products in
terms of systematic and random error.
* Diagnose: Ascertain causes of errors within satellite products.
e Improve: Improvement of satellite algorithms and retrievals by refinement of physical
assumptions and underlying models (e.g. cloud resolving models, radiative transfer

equations).
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To that end, considerable work has been done on the GV subsystem, and several sites have been
proposed around the world that will facilitate the successful implementation of the GV goals.

Figure 2.4 shows proposed GV sites around the world.

.
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Figure 2.4. Diagram showing proposed GV super sites around the world.
At present, six super sites are planned with work continuing to finalize other locations. The
super sites will field dual-polarimetric radars and other equipment necessary to characterize
precipitation. Additionally, the super sites will be staffed. The rain gauge networks will largely
be automated and deploy rain gauges to coordinate precipitation measurements with satellite

overpass measurements.

2.4 RETRIEVAL METHODS

Because of the dual-frequency nature of the DPR, it can be used as two single-frequency
radars or one dual-frequency radar with the switch over being in the algorithms that are used to

estimate snow or rain precipitation.
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24.1 Single Frequency

The TRMM retrieval algorithms are based on a single-frequency radar which work well for
moderate to high rainfall rates. At low precipitation rates, the measured reflectivity values
approach and can fall below the receiver noise threshold at which point they can’t be measured.
At very high rain rates, the precipitation can significantly attenuate the returned signal and
reduce it below the noise floor. Additionally, the model deviates from its intrinsic assumptions
and is less accurate. These algorithms are based on k-Z and Z-R relationships and use a
modified Hitschfeld-Bordan method incorporating the surface radar cross section to correct for

path attenuation.

2.4.2 Dual Frequency

The GPM DPR has several advantages over those of a single-frequency radar. First, if
needed, it can operate as two, single-frequency radars utilizing the k-Z and Z-R relationships as
TRMM does to estimate precipitation rates. The Ka-band frequency has greater sensitivity to
low precipitation rates and will be able to measure lower rain rates than the 13.8-GHz radar.
However, the down side of this is that the Ka-band will also be more susceptible to attenuation.
Second, both frequencies can be used together with appropriate dual-frequency retrieval
algorithms to more accurately estimate precipitation types and rates than can a single-frequency
radar. One major advantage of the dual-frequency radar is that two of the three drop-size-
distribution (DSD) parameters, N,, and D,, can be retrieved, with y assumed, whereas with the
single-wavelength PR only one of the three can be retrieved with two being assumed. Using the
DSD parameters directly is potentially a more accurate method to estimate rain rate than using
the k-Z and Z-R relationships with their inherent assumptions.

At the present time, there are two types of dual-frequency retrieval algorithms that are being
studied for implementation on GPM: 1) surface-reference-technique (SRT) based; and 2) non-

SRT based. The SRT-based method uses a path-integrated-attenuation value derived from the
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surface radar cross section similar to the method used by TRMM. The non-SRT algorithm is a
self-consistent method whereby the integrated-path-attenuation values are calculated iteratively

along with the DSD values. More details of these methods are given in the following chapters.
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CHAPTER 3

DUAL-FREQUENCY ITERATIVE RETRIEVAL ALGORITHM

3.1 INTRODUCTION

Systems engineering principles and methods are very useful in large-scale complex
systems for developing and analyzing the performance from end-user needs. Integrating
research into system engineering is a challenging task. Following the success of the Tropical
Rainfall Measuring Mission (TRMM) launched in 1997, the next generation of precipitation
radar (PR) is expected to be launched aboard the Global Precipitation Measurement (GPM) core
satellite around 2009. The TRMM PR presently operates at a single frequency of 13.8 GHz.

The TRMM PR algorithms rely on the surface-reference technique (SRT) to estimate path
attenuation and correct the measured Ku-band reflectivity measurements [7].  After using a
modified Hitschfeld-Bordan method, the attenuation-corrected reflectivities are then used to
retrieve limited drop-size-distribution (DSD) information and the rain rate. A thorough
description of the TRMM algorithm is given in [8]. This method works well for moderate to
heavy rain fall where the SRT-derived attenuation value is large compared to its variance [9].
However, for low to moderate rain rates (less than 15 mm/hr), the variance of the measured
SRT attenuation can be large resulting in poor rain estimates.

The proposed GPM-core satellite will use a dual-frequency precipitation radar (DPR) to
measure and map global precipitation with unprecedented accuracy, resolution and areal
coverage. The satellite vehicle, precipitation radar, retrieval algorithms, and ground validation
(GV) functions are all critical subsystems of the overall GPM system and each contributes to

the success of the mission. Errors in the radar measurements and models can adversely affect
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the retrieved output values. Ground validation (GV) systems are intended to provide timely
feedback to the satellite and retrieval algorithms based on ground observations.

The new, dual-frequency precipitation radar is proposed to operate at Ku (13.6 GHz) and
Ka (35.6 GHz) bands. Figure 3.1(a) is a depiction of the downward looking satellite showing

two rays, one for each wavelength, projected through a simple storm cloud and precipitation

region.
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Figure 3.1. Part(a) shows a depiction of a downward looking GPM satellite. The discs represent
sampling volumes. The forward method calculates DSD values starting at the top and moving to the
bottom. The backward method calculates from the bottom to the top. Part(b) shows how the bin
nomenclature and specific attenuation are defined.

The small discs represent the resolution volumes of the radars. Along with the new DPR,
come new algorithms to measure and retrieve precipitation parameters such as the DSD in each
resolution volume. The underlying microphysics of precipitation structures and DSDs dictate
the types of models and retrieval algorithms that can be used to estimate precipitation. One of
the retrieval algorithms being studied for use with GPM is a dual-wavelength algorithm that

does not use the surface-reference technique.
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The dual-frequency retrieval approach has been known since the 1970s, and has found
renewed interest with the GPM DPR. Considerable work has already been done to evaluate the
algorithm as a hybrid-SRT method [10] and as a stand-alone method with no SRT [9].
Additional work has been done by [11] to use the algorithm in the snow region. Inherent in the
application of the dual-frequency algorithm are assumptions about the types of hydrometeors in
each region: above the melting layer in snow; within the melting layer; and below the melting
layer in rain. The types of hydrometeors assumed in the melting layer and above can
significantly affect the retrieved DSDs and subsequent rain rate in the rain region. For GPM
radar frequencies, the dual-frequency method appears to work best in low to moderate rain
rates, and yields more detailed DSD information such as the intercept, N,, and median volume
diameter, D,, than does the single-frequency approach. Because of the potentially large
attenuation of the Ka-band signal in high rain rates, the algorithm has a firm limitation on the
maximum rain-rate that it can be used to measure.

Generally, there are two main types of dual-frequency algorithms that can be used with a
downward looking radar: a) The forward method, where the DSDs are calculated at each bin
starting from the top bin and moving to the bottom (see Figure 3.1(a)) ; and b) the backward
method, where the algorithm begins at the bottom bin and moves upward to the top calculating
the DSD parameters and attenuation along the way [9], [12]. Figure 3.2 shows a summary
diagram of these methods.

The assumption with the forward method is that there is known or at least assumed
attenuation above the top bin. The integral equations are solved in a single pass through the
hydrometeor regions.

The forward method can also be unstable in moderate to high attenuation levels coincident
with moderate to high rain rates [12]. The backward type of algorithm can be further divided
into three groups: a) standard dual-wavelength; b) surface-reference technique (SRT); and c¢)
iterative non-SRT. The basic principle of the standard dual-wavelength approach is to estimate
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the path attenuation (and rain rate) using the radar equation and the ratio of the returned power

of both wavelengths.

Dual-Frequency
Retrieval Algorithms

l
| |

Forward Backward
[ ]
Can be unstable. Standard dual- SRT (surface reference Non-SRT
Use for low wavelength technique) Iterative
attenuation regions. (Rayleigh only) One pass.
One pass. A[r,) constraint is
function of Ac®

Figure 3.2. Diagram showing the two general types of dual-frequency retrieval algorithms, forward and
backward. There are three types of backward retrieval algorithms: standard dual-wavelength; single-pass
SRT-based; and non-SRT-based iterative.

This method requires one of two assumptions: first, the rain rate must be uniform over the
measurement interval; or second, the reflectivity factor must be wavelength independent,
meaning Rayleigh scattering at both frequencies [13]." The SRT method uses a backward
‘calculation method assuming a total path-integrated-attenuation (PIA) value at the bottom for
each wavelength. It is similar to the AG° method used in TRMM where Ac® is defined as the
difference between the normalized surface radar cross section without and with rain. This
method solves the integral equations in a single pass using the Ac® derived PIA. The third
method, the non-SRT algorithm is a self-consistent algorithm wherein the total PIA for each
frequency is first estimated using a seed value, and then through multiple iterations from bottom
to top, the correct total PIA at each frequency (for each ray) at the bottom bin is calculated
concurrently with the DSD values at each bin [14]

This chapter develops a system model primarily for the non-SRT dual-frequency retrieval
algorithm. It is organized as follows: in section 3.2, algorithm development is included to

reshape the necessary integral equations in terms of normalized DSD intercept parameter, N,,
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instead of N,. The dual-wavelength algorithm is developed and discussed in terms of a closed-
loop control system model with feedback; in section 3.3, several test cases are used to evaluate
the performance of the closed-loop (or single-loop) model as well as develop the relationship
between observation error and convergence criteria. Errors at the top and bottom bins and the
resulting impact are discussed; the fourth section describes D,, N,, combinations where the
closed-loop algorithm can not retrieve correct DSD values. An explanation is provided for the
incorrect convergence region, why it occurs, and its limitations; section 3.5 presents an analysis
of global DSD values, N, and D,, and is used to ascertain how much of the rain fall could be
improperly estimated if the closed-loop dual-frequency retrieval model were used by itself. In
other words, the trade space contribution of the closed-loop algorithm is defined; and section

3.6 summarizes the findings of this chapter.

3.2 GOVERNING EQUATIONS FOR A DUAL-FREQUENCY RADAR

3.2.1 Background

The dual-wavelength integral equations described by [10] solve for D, and N, at each range
bin based on the assumed microphysical models for regions of hydrometeors and total path-
integrated-attenuation. Mardiana et al. [9], [14], showed that those same equations could be
used in a self-consistent iterative method to find the DSD values and PIA for each frequency
without knowing beforehand the individual PIA values. This section briefly redevelops similar
integral equations in terms of the normalized intercept parameter N, instead of N,,.

Figure 3.1(b) shows a simple schematic describing the nomenclature for the model used in
this work. Using the same nomenclature (for consistency) and descriptors as described by [9],

[14], the measured, radar reflectivity factor, Z,,(r), at a specified range r can be expressed as
Z,.(r)=2,(r)A(r) 3.1

where Z,(r) is the effective radar reflectivity and A,(r) is the two-way attenuation factor. The
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subscript i, (i = 1, 2) represents the particular frequency, 13.6 and 35.6 GHz, respectively. The
specific attenuation, k;, for each frequency is defined for the region between bins.

The drop-size-distribution (DSD) is based on the normalized gamma [15], [16] of the form

Hu
N(D)= wa(ﬂ)[DEJ e dD (3.2)
where
3.67+ u
A=
5 (3.3)

o

6 (3.67+pu)"*

3.4
3.67* T(u+4) (34)

fw=

and 4 is the shape factor and is assumed to be constant in these algorithms. 7 is the gamma
function, and D, is the median volume diameter in mm.

The effective radar reflectivity factor, Z,;, can be defined as

7. =C, j o, (D)N(D)dD \ 3.5)
D
P
C, =—2— 3,
Z ”5 IKW|2 ( 6)

where 0j; is the radar backscatter cross section and is a function of the drop diameter D. 4 is

the wavelength and K, is defined as

2_
k, =" -1 3.7)

where m is the complex index of refraction. [K,,|° is about 0.93 for water at 20°C.

Substituting (3.2) for N(D) in (3.5), we have

Z, =Ny {0 D}* Cy, 0, (D)D* &2 D 38)
D

and
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Z, =Ny f(WD," 1,,(D,) (3.9)

where

Ibi(Do)zcziJ.O-bi(D)D# e*”dD (3.10)
D

Note that A and D, are related according to (3.3). Taking the ratio of Z,; for both frequencies,

c, J o, (D)D™ e dD
D

el — (3.11)
Zo Cp ‘[ 0,,(D)D™* e’ dD
D
Ibl(Do)
- 3.12
1,,(D,) 12
= f,(D,) (3.13)

and taking 10log of both sides (note that log = log,¢, and In = log,), (3.13) can be rewritten as,
10log(Z,,) -10log(Z,,) =10log| £,(D,)] (3.14)
dBZ,—dBZ,, = f,(D,) (3.15)
where f; is a function of D, and (3.15) is abbreviated as,
0dBZ, = f,(D,) (3.16)
Solving for D, in simplified form, we have
D, = f,(6dBZ,) 3.17)

where the function f; is the mathematical inverse of f3.
Several curves of D, versus &dBZe have been shown by [10], [14], and [11], [17] for both

snow and rain. Using (3.16), and appropriate microphysical models, the effective reflectivity
values at both frequencies can be used to directly estimate the median volume diameter D,,.

The specific attenuation, k;, at a particular range r can also be derived as,
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k =Cy [0, (D)N(D)AD (3.18)
D

=C, Ny, f(w) D;/‘_[a,,.(D) D* e P dD (3.19)
D
=N, f(w)D,*1,(D,) (3.20)
and
C, =4.343x107 (321
Iti(Do)=CkiJ‘0-ti(D)D” e—AD dD (3.22)
D

where 0, is the radar extinction cross section and is a function of drop diameter D.
The value of N,, at a particular range r can be found from (3.1) and (3.9), as

Zmi
(3.23)

N, = .
fuw)D,"1,(D,) 4

With the backward-iteration method, the DSD parameters are first estimated at the bottom
bin designated as ry where N is the number of bins. Knowing the DSD parameters, N,, and D,
at the bottom bin, and an assumed initial attenuation, A(ry), the specific attenuation can be
estimated between the bottom and the next-higher bin and consequently the next higher A,.

Referring to Figure 3.1(b), the attenuation at the next higher bin, r;.;, can be found from the

information at the r; bin using

A(r, ) = A(r,)exp| 02 In(10) I k.(s)ds (3.24)
A= A(r»exp[o.zlnam h Nw f(u) D" 1, (D»} (3:25)

where 4 is the radar range resolution in km and j is the number of the range bin (I <j < N).

The top bin is designated as the first and the bottom is the N-t4 bin.
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In contrast to the single-pass SRT-based algorithm described by [10] [12], the non-SRT
algorithm described by [9] [14] iterates to find the correct attenuation factor and the subsequent
DSDs. Note that path-integrated-attenuation (PIA) is defined as 10log(A) and is measured in
decibels (dB). For a downward looking radar depicted in Figure 3.1, the algorithm calculates
from the bottom, ry bin just above the ground clutter, to the bin at the storm top, r;. In this
manner, it begins with j = N and moves bin-by-bin to the top where j = 1. The process of
calculating the DSD and attenuation values at each bin is described in the following paragraphs.

Values estimated or calculated by the algorithm are identified with a tilde (~) above the
variable name. On the algorithm’s first iteration, an initial guess for A(ry) must be used. Using
the initial A(ry) and input Z,(ry) values, the effective radar reflectivity factor for each

frequency at bin r; can be estimated as,

~ Z (r)
Z,(r)=— (3.26)
A
then D,, I,;and I, are calculated using,
D,(r;) = f,[ 6dBZ,(r) ] (3.27)
ibi (Do) =Cy J.O-bi(D) D* e dD (3.28)
D
1,B)=C, [0, (D)D" dD (3.29)
D
N,, is calculated using
. Z, (rj )
Ny (r;) = e == (3.30)
f@) D" 1,(D,) A(r)
and k, are found from
k() =Ny (r)) f (#) D, 1,(D,) | (3:31)

Finally, both A, (r,_,) are calculated at the next higher bin using,
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A(r.)=A(r)exp[02In(10) h N,, f(u) D,* [,(D,)] (3.32)

where D, =D, (r;)in (3.27) - (3.32).
The estimation process described above continues up along each ray until the DSD, &; and
A; values have been calculated for each bin. After each iteration, the bottom, measured-

reflectivity values, Z (7, ), are compared to the bottom, estimated-reflectivity values, Z,(r,)

calculated in the forward direction from the retrieved DSD profile. The algorithm iterates until

Z,(n)=Z,.(r,) (3.33)
or

Zu(w) 3.34

Z,i(ry) =1 (3.34)
where

Z,.(r)=Z,(r) Ar,) (3.35)

Z,(r,)=N, (r,) f@D,* I,(D,) | (3.36)

~ N ~

A(ry) = eXp{—O.ﬂn(lO) h Zk,-(r,-)} (3.37)

j=

where 50 = Do(rN)in (3.36).

Using the measured Z,,; values as a ratio, is mathematically identical to the ratio of A(ry)
as described by [14] under certain assumptions. However, our analysis has shown that slightly
more accurate results for the retrieved attenuation values are found using the input Z,,; values

instead of the fixed-point iteration method.

322 Single-Loop Control-System Model
The dual-frequency algorithm convergence process can be modelled as a simple,

feedback system. The idea of casting these equations into a feedback system is that further
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system principles can be used to analyze the algorithm (system) performance. While exploring
all aspects of this system is beyond the scope of this paper, we use this feedback system model
to stage the subsequent discussion of algorithms. A block diagram of this approach is shown in
Figure 3.3 where the feedback path consists of a closed loop on radar reflectivity factor. For the
first iteration, a seed value for both A;(ry) and A(ry) is chosen (in this work, 0.0 dB is used ).
The system inputs are the measured radar reflectivity values at both frequencies. After each
iteration, the estimated Z,,; are calculated at the ry—th bin using (3.35) and compared to the ry—th
bin of the input measured Z,,.

Any error between the input and estimated Z,,(ry) values is fed to a proportional-integral
(PI) gain stage in which the next A, (ry) values are calculated. These new A, (ry) values,
one for each frequency, are then used by the dual-frequency algorithm for its next iteration. The

subscript n refers to the iteration number, and » + 1 is the next iteration.

Z,(ry) + Aini(ry) | Dual-Fre /E, Do
N”@—* PI Ao Algorithrg | Nwibia
A N, A4
0

w

Z,.(ry)

Figure 3.3. Block diagram of a single-loop control system model using the dual-wavelength algorithm.
Any error between the input and estimated Z,,(ry) values is fed to a proportional-integral (PI) gain stage
in which the next A;,;..1(rw) values are calculated. The loop ceases when a predefined convergence
tolerance is reached.

The outputs from the algorithm are the k,, D,, N, and A values at each bin. Present values
for the PI gain stage are Kp = 0 and K, =1. Using an integrator term, the steady-state error tends
to zero. Several studies have been done with small proportional gain, such as Kp = 0.1 and the
net result was a reduced number of iterations for convergence. However, given no system-level
requirement to minimize the number of iterations, nor step-response time as in a feedback
control system, the use of a single integral gain term is sufficient for calculating the DSDs.
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Nevertheless, the parameter Kp is available for future control while integrating this algorithm to

the rest of the GPM system.

In practice, the error between the measured and estimated reflectivity factors is monitored,

and when

Z,u(ry) _
Zmi(rN)

1|< g (3.38)

where & is a predefined upper bound, the iterations cease.
It has been shown by [14] that an equivalent method ( instead of using Z,(ry)) for

calculating the next A;,..1(ry) values is to use the attenuation factor values A(ry) and estimated
Ai (rN) from (3.37). In this method, the attenuation and estimated attenuation values can also
be used as tests for convergence. The fundamental operating principle of this algorithm is that
by performing a sufficient number of iterations with a sufficiently small error tolerance, that the

true A(ry) values can be found thereby negating any need for an SRT implementation. With

the correct or true A(ry) values, it is implied that the DSD values will be correct based on

whatever model assumptions are used. This iterative method using A, (rN) instead of Z,,(ry)

will work except for one shortcoming, the attenuation values calculated in the iterations and

resulting bins are estimated and can not be compared directly to input control data such as the

Za(r) values. Using the A‘.(rN)values for calculation of the next A,..(ry) values and

convergence testing yields less accurate attenuation results than using the input Z,,; values.

3.3 CONVERGENCE TO CORRECT SOLUTION

The algorithm shown in Figure 3.3 has been evaluated using various simulations of known
D,, N,, combinations for regions of only rain and rain/melting/snow. In each case, models based
on microphysical properties of the assumed precipitation, were made for the %, I, I, and D,

vs. &dBZe relationships. The D, vs. &dBZe relationship is shown in (3.17) and uses the
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difference in Z,; values (in dBZ scale) to directly compute D,. It can be implemented using a
look-up table or curve-fit equations.

In this section, we consider only a single hydrometeor region of uniform rain for
simulation and testing. Reflectivity profiles for both GPM frequencies can be synthesized using
equations (3.1), (3.17), (3.10), (3.22), (3.23), (3.18) and (3.25). The rain drops are assumed
spherical, at 20° C with ¢ = 1. (Note that N, = N, when x = 0, and the DSD becomes the
exponential distribution.) It should be noted here that spheroidal models for raindrops were
also developed, but for the purposes of analysis for downward looking radars, spherical drop
models were sufficient.

An example of retrieved profiles for a simulated vertical rain column 0.5 to 3.5-km in
height using D, = 2 mm, N,, = 1500 is shown in Figure 3.4. Figure 3.4(a) shows the simulated,
measured-reflectivity profiles in dBZ for the GPM frequencies 13.6 and 35.6 GHz as well as the
difference between the two reflectivities. Figure 3.4(b) shows the correctly retrieved D, profile
which in this case is 2 mm. Figure 3.4(c) shows the retrieved N,, values and that they are
correct per the known N,, = 1500 profile.

The retrieved N,, value is 1495 yielding an error of -0.33 % from the known value. Figure
3.4(d) shows the estimated rain-rate profile calculated from the retrieved DSDs at each bin

using

R=0.6x10" 7N, f(u)D;* j w(D)D*? e*? dD (3.39)
D

where

(D) =4.854D ¢ *'%°P (3.40)

is the Gunn-Kinzer terminal velocity. The retrieved rain-rate profile is constant at 9.6 mm/hr.
This simulation assumes no measurement error on the inputs. Using initial A,(ry) values of 0
dB, the algorithm converges to the proper DSD values in 238 iterations using the closed-loop

feedback model with a convergence tolerance of 0.01 percent.
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Figure 3.4. Plots showing simulated results for a vertical rain column 3-km in height above a 0.5-km
base using known DSD parameters (N,, = 1500, D, = 2) when the algorithm retrieves the correct values.
Part(a) shows the input Z,,; values, Parts (b),(c),(d) show the profiles for D,, N, and rain rate.
Convergence tolerance is 0.01 percent and required 238 iterations.

This small error tolerance is unrealistic for actual measurements. However, for this model, a
relatively small tolerance is required to retrieve the correct DSD values. As the tolerance value
is increased, the bottom portions of the profiles will begin to deviate from the known DSD

values as the algorithm is unable to determine the correct A{ry) values.

3.3.1 Impact of Measurement Error
The following analyses study the measurement errors to learn how the algorithm responds
and to gauge its sensitivity to such errors.  The measurement error of the GPM DPR is

expected to be less than 0.5 dBZ [18]. To simulate fluctuations in the measurement, Gaussian
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random noise was added to the 13.6 and 35.6-GHz reflectivity profiles in known D,, N,, data
sets at various range bins. While in reality there is measurement error in each bin, the following
analyses evaluate the relative impact of the error in three separate simulations, namely, a)
measurement error was injected at the top, b) injected at the bottom, and c) at each observation

point along the path.

332 Sensitivity to Error at the Top Measurement Bin

When random measurement error is injected into only the top reflectivity bin of each ray,
the algorithm incorrectly retrieves the DSD values below. This result is shown in Figure 3.5 for
a simulated uniform vertical rain column 5.25 km in height based on N,, = 4000, D, = 1.35 mm.
Figure 3.5(a) shows the input Z,; values and the distorted Z,; values at the top bin where 0.10
and 0.07 dBZ-rms (-0.45 dBZ., and -0.325 dBZ,.,) have been randomly added to the 13.6 and
35.6-GHz signals respectively. Figure 3.5(b) shows the retrieved D, profile, and Figure 3.5(c)
shows the retrieved N, profile. The profile for D, should be a constant 1.35 mm with altitude.
At the top, it is 1.34 mm and diverges to about 1.48 mm at the bottom. Likewise, N,, should be
a constant 4000 with altitude. At the top, it starts at about 3905 but decreases to 1930 at the
bottom. The rain profile is calculated and displayed in Figure 3.5(d) using (3.38). With
incorrect DSD profiles, the rain profile is also incorrect. It is clearly seen that error in the top
bin propagates down through the lower, estimated DSD values because the lower Z,,(r) values
are based on the intrinsic attenuation of the top bin. With error at the top, the algorithm tries to
account for an incorrect attenuation as best it can. In reality, the top bin will have very little
attenuation, and can be easily retrieved or estimated. In fact, in all the simulations, nearly
correct DSD values can be retrieved at the top bin in just the first iteration when there is no
measurement error in the simulated data set. This is because the attenuation factor used in
(3.26) is close to unity (or negligible in log scale) indicating that Z,(r;) = Z,,(r;). Many more

iterations will be required to obtain the correct DSD values for the bottom bins when moderate
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to large amounts of attenuation are present. Depending on the value and sign of the injected

error at the top bin, the retrieved DSD values below will be over- or under-estimated.

Nw 4000, Do 1.35, Top Error
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Figure 3.5. Plots showing simulated results for a vertical rain column 0.5 to 5.75-km in height using
known DSD parameters (N, = 4000, D, = 1.35) with measurement error in the top bin. With error at the
top, the algorithm incorrectly retrieves D, N, and then incorrectly estimates the rain rate in all bins.
Convergence tolerance is 0.01 percent and required 141 iterations.

Proper convergence, or simply convergence, occurs when iterations cease due to the conditions

of (3.38) being satisfied.

333 Sensitivity to Error at the Bottom Measurement Bin

Figure 3.6 shows the retrieved profiles with measurement error in the bottom bin for a
simulated uniform vertical rain column 5.25 km in height based on N, = 4000, D, = 1.35 mm.
In this simulation, 0.112 and 0.111-dBZ-rms error disturbances (0.51 dBZc,x and -0.50 dBZ..,
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13.6 and 35.6-GHz inputs respectively) have been randomly added to the bottom bin, and as a

result, only the bottom retrieved DSD values are incorrect.
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Figure 3.6. Plots showing simulated results for a vertical rain column 0.5 to 5.75-km in height using
known DSD parameters (N,, = 4000, D, = 1.35) with measurement error in the bottom bin. The
algorithm correctly retrieves the DSD values above the error bin. As expected, at the error bin, the DSD
values deviate substantially from expected values. Convergence tolerance is 0.01 percent and required

164 iterations.

Figure 3.6(b) shows that the D, profile, 1.35 mm, is correctly retrieved from the top down to the

disturbance where it diverges to 1.52 mm. Figure 3.6(c-d) show correct N, and rain profiles

from the top, down to the incorrect bottom bin where they both diverge. The N, value at the top

bin is correct at 3998 but decreases to 1808 at the bottom bin with the added measurement error.

Similar to the previous case, depending on the sign and magnitude of the additional error, the
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bottom-bin retrieved values can be curved right or left. Clearly, the error in the bottom bin has

little impact on the bins above as the correct DSDs are retrieved in those bins.

334

Sensitivity to Measurement Error Along the Path

Gaussian random error, 0.50-dBZ standard deviation, was added to all the bins of both rays

to simulate measurement error.

Figure 3.7(a) shows the 13.6 and 35.6-GHz measured

reflectivity profiles of a simulated uniform vertical rain column 5.25 km in height based on N,, =

4000, D, = 1.35 mm with added measurement errors.
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Figure 3.7. Plots showing simulated results for a vertical rain column 0.5 to 5.75-km in height using
known DSD parameters (N,, = 4000, D, = 1.35) with 0.5-dB standard deviation Gaussian random error
added to each bin of both rays. Convergence tolerance is 0.01 percent and required 89 iterations.
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Without the errors, these inputs would be straight lines. The standard deviation of the
13.6-GHz profile with respect to its true profile is 0.38 dBZ, and the standard deviation of the
35.6-GHz profile with respect to its true profile is 0.52 dBZ. These standard deviation values
are calculated as the standard deviation of Z,.; with-error(7}) = Zmierror-free(t;) fOr j = 1 to N . Because
the added errors in each bin are random from a Gaussian distribution of specified standard
deviation (zero mean), the actual overall standard deviation values for each profile will vary
from one realization or simulation to another. Figure 3.7 shows a representative case with a
significant amount of error in both input rays and retrieved outputs. The DSD profiles—D,
should be a constant 1.35 mm, and N,, should be a constant 4000—vary from their expected
values. As expected, both are slightly noisy and skewed with altitude in panels (b) and (¢). The
rain profile shown in Figure 3.7(d) is also skewed as a result of incorrect DSD values. Rain rate
varies from about 4.2 mm/hr at the top to about 2.3 mm/hr at the bottom and has a normalized
standard error (NSE) of 0.24. It is underestimated in the lower altitudes. The NSE of D, is
0.08.

With measurement error in the reflectivity data set, the convergence tolerance in (3.38)
normally must be increased to allow the algorithm to converge without generating internal
errors. These internal errors occur when mathematical impossibilities such as negative
attenuation are required or calculated. There are cases, however, as above, that even with a low
tolerance and significant error, that the algorithm will still converge without internal errors.
These situations are generally the exceptions and not the rule. From a systems perspective, the
algorithm must be robust enough to converge for all of the error-laden reflectivity data sets. To
make it more robust, the convergence tolerance must be increased to account for the wide
variation in measurement error. To ascertain how the algorithm convergence tolerance must be
adjusted with respect to differing amounts of error, Monte Carlo-type simulations were

analyzed. Table 3.1 shows the relationship between measurement error in the data sets and
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maximum convergence tolerance for an N, = 4000, D, = 1.35 data set in order to have the

simulations converge without internal errors.

Table 3.1. Maximum convergence tolerance as it relates to measurement error in dBZ for N,, = 4000, D,
= 1.35 mm data set. The measurement errors are random, one standard deviation. Convergence tolerance
percentages are values that would allow all data sets to converge without internal errors.

Measurement Error: dBZ Max. Convergence Tolerance
0.5 8 %
0.4 55%
0.3 4 %
0.2 1%
0.1 0.1%

The numbers in Table 3.1 are approximations and are viewed most appropriately as showing a
measurable trend rather than exact tolerance values. It is clear that with large error a large
convergence tolerance is required. In practice, the tolerance would be set small and be

incrementally increased as internal errors occur.

3.4 CONVERGENCE TO INCORRECT SOLUTION

Many DSDs with constant D,, N,, profiles for rain have been simulated and tested with
the dual-frequency retrieval algorithm within the single-loop model. It has been found that with
certain combinations of DSD pairs the algorithm converges but does not yield the proper,
expected DSD values along the entire profile. Figure 3.8 shows the retrieval output for a
simulated vertical uniform-rain profile 3-km in height based on N, = 4000, D, = 1.85 mm.

Figure 3.8(a-c) show the input Z,; values, the retrieved D, profile and the retrieved N,,
profile, respectively. The rain profile is shown in Figure 3.8(d). The algorithm retrieves the
proper DSD values for a portion of the profile but deviates in the lower region. With similar
large D,, N, combinations, the required number of iterations to convergence is greatly

increased. In this example, it required 4508 iterations to converge with 0.01% tolerance.
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Correct convergence is when the algorithm meets the requirement of (3.38) and the

retrieved DSD profiles match the known inputs, i.e., for known vertical profiles, vertical

profiles are retrieved. Incorrect convergence is when the algorithm converges but the retrieved

DSD profiles do not match the known input values. Note that even though the D, and N,

profiles are incorrect in the bottom portions, they should be 1.85 mm and 4000 respectively, that

the algorithm correctly retrieved the estimated reflectivity values for both frequencies.
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Figure 3.8. Plots showing simulated results for a vertical rain column 0.5 to 3.5-km in height using known
DSD parameters (N,, = 4000, D, = 1.85). The algorithm converges but is unable to retrieve correct DSD
values for the full profile. Part (d) shows the rain rate with a 45% underestimate at the bottom bin,
Convergence tolerance is 0.01 percent and required 4508 iterations.
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Referring to (3.35), it is clear that Z () is a function of the retrieved N,,, D, and 4;. They can

mi

all be incorrect but have correctly estimated Z

mi

(r;) values. In this case, and in other large D,,

N,, combinations, that is exactly what happens.

34.1 Regions of Correct Convergence
Figure 3.9 shows contours of constant rain rate in a D,, N,, diagram. Superimposed on
the diagram are three curves corresponding to simulated total path lengths of six, nine and

twelve bins which separate the D,, N,, space into regions of correct and incorrect convergence.
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Figure 3.9. Contour plot of constant rain rate versus D,, N,,. Three approximate boundary lines separate
regions of correct and incorrect DSD retrieval for six, nine and twelve bins of path length. D,, N,
combinations below a respective line converge correctly, and above a boundary curve converge
incorrectly.

The PIA for a distance of 12 bins is obviously greater than that for nine and six bins. For

a given number of bins, or associated PIA4, the region above the selected curve yields
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“incorrect” convergence, and in the region below, the algorithm outputs “correct” convergent
solutions. The regions below a curve are called correct convergence solutions as the algorithm
retrieves the correct solution throughout the profile and the region above a curve is called the
incorrect convergence region. The solutions where the DSD values curve at the bottom are
referred to as incorrect convergence solutions because the input data set is based on known,
constant DSD values, but the algorithm retrieves multiple values in the lower portions instead of
the one correct value. An example of incorrect convergence is shown in Figure 3.8. An
example of correct convergence is shown in Figure 3.4. It is clear that by reducing the amount
of PIA the incorrect-solution-region boundary shifts upward. With = 1 for all cases, the

boundary line between the two regions has been approximated as

2
D, =[a+%} (3.41)

where a = 0.9913, b = 23.21 for six bins (dash-dot line); a = 0.9922, b = 20.72 for nine bins
(solid heavy line); and a =0.9989, b = 18.31 for 12 bins (dashed line).

Note that in all these data sets, the closed-loop dual-frequency algorithm converges

properly and correctly calculates the Zmi(rj) values. It is important to reiterate that even

though the Z~mi(rj) values may be correct, the DSDs can be incorrect.  Also note that the

existence or not of a correct solution is not entirely dependent on the rain rate as it varies from
about 12 mm/hr on the boundary line at the bottom right of the figure to about 18 mm/hr on the
upper left assuming 12 bins.

The reason for two convergence regions lies in the D,, N,, combination and the amount of
inherent attenuation associated with a large D,, N,, combination. Additionally, in the dual-
wavelength algorithm, a Z,,; noise floor was set to 15 and 10 dBZ for the 13.6 and 35.6-GHz
inputs respectively. It is clear that the total amount of PIA (relating to D,, N,) is a significant

factor in determining whether or not the algorithm performs properly. By eliminating some of
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the bottom points in high D,, N,, combination data sets, the algorithm can be made to properly
retrieve correct solutions. However, doing this also shortens the vertical profile eliminating
valuable data.

The convergence tolerance was set to 0.01 % for these simulations in Figure 3.9.
Changing the error tolerance, such as increasing it to say 0.1%, shifts the boundary region
separators down reducing the area of the region of correct convergence.

Figure 3.10 shows two scatter plots of Z, vs. Z, from widely varying DSD pairs, with
log(N,), and D, varying uniformly in the range, 3 <log(N,)<35,05<D,<25,and u=1.
The computations were done for spherical water drops. (It is not necessary to assume spherical
water drops but is done only for simplification purposes.) Figure 3.10(a) shows the results for
13.6 GHz and Figure 3.10(b) shows the results for 35.6 GHz. = The simulation procedure
directly calculates the specific attenuation, k;, and effective radar reflectivity, Z,; values from the
above input DSD random variables. The Z,; values are then calculated by subtracting the
theoretical PIA from the effective radar reflectivity factor,

Z,,(dBZ)=Z,(dBZ)-2hMk, (3.42)
where h is the radar range resolution (0.25 km), M is the number of bins, and %; is the specific
attenuation (assumed constant over the range) in dB/km.

It is clear from the lower-left portions of both Figure 3.10(a) and (b) (ignore the upper-left
portions where the Z,; values wrap back), that at low reflectivity values, the Z,; values are
proportional to the Z,,; values, and Z,; is a single-valued function of Z,;. As the value of Z,,
increases however, the plots show that the retrieval algorithm can encounter a region or regions
where multiple solutions exist for Z,; and consequently for N,, and D,. The multi-valued region
is entered more quickly for the 35.6 than for 13.6-GHz signal. To illustrate how regions of

correct and incorrect convergent solutions, as described and shown in Figure 3.9 relate to these
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scatter plots, three D,, N, pairs of known retrieval response are marked on the plots as squares

and diamonds on Figure 3.10.
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Figure 3.10. 1000-point scatter plots of effective versus measured reflectivity values based on random N,,
and D, values. Panel (a) is for 13.6 GHz, and panel (b) is for 35.6 GHz. The lower left portions of both
curves show a one-to-one relationship between Z,, and Z,, but at higher Z,, values, the Z, solutions become
multi-valued.

These pairs correspond to: N, 8000, D, 1.00; N, 8000, D, 1.25; and N,, 8000, D, 1.50.
Each pair has one point marked on the 13.6 GHz [Figure 3.10(a)] and another in the 35.6-GHz

plot, [Figure 3.10(b)]. For the N, 8000, D, 1.00 pair, marked as squares, the 13.6-GHz point is
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in the single-valued region on the lower part of the curve in Figure 3.10(a) and the 35.6-GHz
point is in the multi-valued region in Figure 3.10(b). The algorithm properly retrieves this D,,,
N,, pair and outputs a correct convergent solution.

For the N,, 8000, D, 1.25 pair, marked as the middle squares, again the 13.6-GHz point is in
the single-valued region on the lower portion of curve [Figure 3.10(a)] and the 35.6-GHz point
is in the multi-valued region on Figure 3.10(b). The algorithm again retrieves the correct DSD
values for this pair.

For the N,, 8000, D, 1.50 pair, indicated as diamonds, both the 13.6 and 35.6-GHz points
are in the multi-valued regions. As a result, the algorithm incorrectly retrieves the DSD values
for this pair and does not yield the correct profile solution as is expected.  From the
simulations, it is shown that the single-loop algorithm retrieves the correct DSD values when at
least one point of the D,, N,, pair is in the singular-valued lower region. However, when both
points fall in the multi-valued regions, then the algorithm incorrectly retrieves the DSD values.

It is clear that a combination of N,,, D, and A; limit the performance of the non-SRT dual-
wavelength algorithm in retrieving correct DSD values. Leaving the N,, and D, values as they
are and simply decreasing the total attenuation that the algorithm must resolve can allow it to
retrieve the correct DSD values. One way this can be done is by eliminating points from the
bottom of the data set, but that will shorten the hydrometeor profile. Figure 3.11 shows two
scatter plots that illustrate this concept. They are based on the same DSD values shown in
Figure 3.10, but the number of bins, M, is varied to simulate truncating points from the bottom
of a reflectivity data set. The lower curves are calculated using M = 10. Reducing the number
of bins to M = 5, and M = 2, hence the two-way attenuation, shifts the curves up and to the
right, effectively moving the multiple-value solution region up and to the right. The points,
asterisk and diamond, on the graphs correspond to both straight and curved retrieval results for

paired-input data.
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Figure 3.11. Scatter plot of measured and effective reflectivity as a function of PIA for 13.6 and 35.6
GHz. By reducing the number of bins, or PIA, the curves can be made to shift up and to the right and
effectively reducing the multi-value solution region.

For example, a D,, N,, pair that yielded an incorrect solution with M = 10, but provided a correct
solution with M = 5. The same cffect can be achieved by eliminating bins or points from the

bottom of the profile.

3.5 NATURAL VARIABILITY OF DSD

Knowing that under high N,, D,, A; conditions the single-loop dual-wavelength algorithm

will incorrectly retrieve the DSD values and the rain-fall rate, it is important to determine what
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percentage of rainfall is likely to be incorrectly retrieved if this algorithm is used. A joint
distribution of D,, N,, pairs was constructed using data from the global DSD variability study in
[19]. The data set was constructed from long-term disdrometer observations from four
locations, namely: Darwin, Australia; Graz, Austria; Florida, USA; and Papua New Guinea.
The D,, N,, distribution is shown as a scatter plot in Figure 3.12. The convergence-region
boundary line described by (3.41) is superimposed to show the two regions of correct and
incorrect retrievals.

Of the total D,, N,, pairs analyzed, roughly 12% of them lie above the boundary line and
will suffer from retrieval error. As a percentage of points, 12% is a relatively small number.
However, when examining rain rate, the higher rain rates will be associated with the higher D,,
N, pairs. It is useful to estimate what percent of global rain is affected by incorrect
convergence.

To answer this question, some simplistic estimates and approximations are used. The D,
N,, pairs in Figure 3.12 are assumed to be distributed around the globe. Rainfall rates above 10
mm/hr are assumed to be convective, and those less than 10 mm/hr are stratiform. In an attempt
to apply proper scales to the data, convective rain-rate values are multiplied by 0.30 and
stratiform values by 0.70 implying stratiform rain is encountered 70% of the time and
convective 30% of the time [20]. Analyzing the four data sets under the simplistic assumptions,
and applying the approximations above, shows that about half of the global rain falls in the
region above the boundary line where the algorithm will incorrectly retrieve the DSD and rain-
rate values. About half of the time, the dual-frequency algorithm will correctly determine the
world-wide DSD and rain-rate values. The above numbers should be treated as very
approximate estimates. On a global scale, this will be significant in the mission and system
performance of GPM if only the single-loop, dual-frequency algorithm is used to estimate rain

rate.
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Figure 3.12. Scatter plot of disdrometer data from four regions of the world (Bringi et al. 2003). The

boundary line between correct and incorrect convergence, assuming 12 bins, is superimposed to show

which N,,, D, pairs the closed-loop algorithm will correctly retrieve. Data points below the line will be
correctly retrieved and points above incorrectly.

3.6 SUMMARY AND CONCLUSIONS

This chapter has used a systems approach to develop and evaluate the space borne dual-
frequency algorithm. To that goal, the governing equations for the dual-frequency method are
redeveloped in terms of the normalized DSD parameters that are becoming increasingly
popular. The self-consistent dual-frequency method relies on an iterative process to calculate
the correct attenuation values in the bottom bins of the two rays and the DSD values in each bin.

A closed-loop feedback system with integral gain is used to retrieve the DSD parameters
with an option to also use proportional gain. This system is further improved by replacing the
attenuation with observed reflectivity in the feedback loop. The closed-loop system model with
reflectivity feedback is directly connected to observations and lends itself to easier diagnostics.
Using the closed-loop model developed here, the impact of measurement error on system

convergence 1is studied. An ideal precipitation model with constant DSD in the vertical
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dimension is studied for widely varying DSD parameters. Based on the uniform precipitation
model, it is shown that the retrieval yields correct DSDs only if they fall in a certain region,
defined by a combination of N,, D, and cumulative attenuation A;. An empirical equation is
developed to define the region of correct convergence.

It was shown that the closed-loop feedback model is applicable for about half of the global
DSD values and will converge to the correct DSD values. The GPM DPR, in moderate to high
rain rate regions, will be limited by both the large attenuation of the Ka-band signal as well as
algorithm uncertainties caused by high D,, N, combinations where the closed-loop algorithm

will be forced to operate in the multi-valued solution space.
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CHAPTER 4
ITERATIVE RETRIEVAL METHOD WITH DSD PROFILE

CONSTRAINT

4.1 INTRODUCTION

Results in Chapter 3 showed that the dual-frequency single-loop control-system retrieval
model in Figure 3.3 can yield convergent but incorrect DSD values when the N,, D,, A;
combinations are large. This incorrect estimation of the true DSDs occurs when the solution
space to the integral equations becomes multi-valued and the method has insufficient constraints
to reach the correct solution. With reduced attenuation, such as deleted bins (data points) from
the bottom, the correct N,,, D, values can be retrievgd in the higher bins with a corresponding
reduction in vertical DSD profile. The factors in determining whether or not the algorithm will
retrieve the correct solution are N,, D, and A;.

It has been shown previously that about half of the global rain rate will be correctly
retrieved by the iterative dual-frequency algorithm [21]. For those rainfall-rate situations that
could be incorrectly estimated, this chapter describes a method to improve the retrieval
performance of the iterative dual-frequency algorithm by constraining the vertical N, profile to
be linear in log scale, i.e., linear log(N,,). (Note that log = logie, and In = log,).

This chapter is organized as follows. Section 4.2, introduces the concept of a dual-loop
control-system model to be used for DSD retrieval using a vertical-profile constraint on N,,.
The constraint is implemented on log(VN,) and employs a residual minimization algorithm as
part of the outer dual-loop. The model is described and how it aids DSD retrieval. In section

4.3, four, incorrect-convergence-region test cases are analyzed to demonstrate the capability of
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the technique. These test profiles are based on: 1) constant, vertical N,,, D,; 2) sloped log(N,,),
D,; 3) sloped log(N,), D, with added measurement error; and 4) non-linear log(N,,) with
linearly-sloping D,. In each of these test cases, the single-loop model is first used to retrieve the
DSD profiles which are then tested for region of convergence. The dual-loop model is then
executed to retrieve the correct or “best fit” DSD values. It is demonstrated that even with
significant measurement error, the proposed dual-loop constrained-log(¥,) model accurately

retrieves the DSD values. Section 4.4 provides a summary of this chapter.

4.2 DUAL-LOOP CONSTRAINT

For almost half of the expected global rainfall the single-loop Z,-feedback method of
Figure 3.3 will retrieve the correct DSDs and rain rate [21]. However, for the remainder of
DSD pairs, an alternative procedure is required to obtain correct retrievals. Thus, for those D,,
N,, combinations that are in the incorrect-solution region (ébove the boundary line in Figure
3.9), an additional constraint (essentially an additional assumption about the DSD profile) is
proposed to assist the iterative algorithm in retrieving the correct DSD profiles.

The additional constraint can be on any number of variables such as D,, k;, N,, or N,,. In
previous work, results using k; as the additional constraint {22] were shown but a constraint on
N, is more general, and is preferred. Simulations and analyses show that in cases of high D,,
N,, A; combinations, where the single-loop algorithm does not correctly retrieve the DSD
profiles, the A(ry) values in the bottom bins, after the iterative algorithm converges, are smaller
than they should be. Also, in those same lower bins, the D, is larger than it should be and the

N,, values are smaller. The net effect, because the algorithm converges, is that the Z~m,.(rj)
values are correct throughout the retrieved profile while the DSD values are incorrect. This
(r) is the product of Z,,(r) and A (r).

result can be illustrated by examining (3.35) where 4

mi

If A/(r) is smaller than expected and Z,,(r) is large than expected, Z,.(r)can still be correct.
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Figure 4.1 shows a block diagram of the single-loop model expanded into a dual-loop feedback
structure with the intent of forcing additional attenuation to both A,(ry) values. Once again, the
system construct developed in [21] enables easy modifications of the original single-loop
system to a dual-loop system. The inner loop, on Z,;, is the same as the single-loop method
described earlier.  The outer loop incorporates the constraint on log(#,) by adding additional
error (attenuation) to the summation block, in addition to that which would be added by the

single loop on Z,,.

Zmi (rN )
Set Pt. —»{ Threshold Det. A Ty ); Ei‘al'F ;eq k. D,
0,1 Fixed Output orithm -
—»| Fixed Outpu g N, i
Ny (n) 1D A(ry) e
MSE (residuals) log(N,,)

Nw Regression Routine

Figure 4.1. Block diagram of a dual-loop control-system model around the dual-frequency algorithm.
The inner loop is the same as the single loop model and uses reflectivity as feedback. The outer loop is
used to add an incremental amount of attenuation to each A,(ry) value each iteration while monitoring the
linear-regression fit of the retrieved log(N,,) profile. The model is stopped when the mean-square-error of
the log(N,,)-fit residuals is a minimum.

This is done by fitting the retrieved log(N,,) profile, measuring the residuals, and then using a
ratio technique to add an incremental amount of error (attenuation), 4A,(ry), each iteration.
The threshold detector block is used to control the functioning of the outer loop. If the set point
is low (e.g., a binary zero), the outer loop is turned off and the system reverts to the single-loop

model of Figure 3.3. Setting the threshold to a binary one causes the outer loop to be activated.

4.2.1 Constraint on Nw
The iterative dual-frequency algorithm described in Chapter 3, [14], [21] theoretically

allows significant bin-to-bin variability in the N,, D, profile values and imposes no specific
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DSD profile constraints, i.e., whether or not the DSD profiles should adhere to any specific
vertical profile function. It is clear that the constraint on linear log(N,,) is an approximation to
actual N, profiles, but empirical evidence suggests that it is a valid approximation for both
convective and stratiform rain precipitation. In stratiform precipitation, it is understood that the
log(N,,) profile can be approximated as either constant or linearly varying with altitude. Several
precipitation regions, coincident with both the Tropical Rainfall Measuring Mission (TRMM)
Precipitation Radar (PR) overpass and ground radar measurements, have been studied and the
DSD profiles estimated giving results that show that the ground radar and PR both estimated the
log(N,) profile to be approximately linear in the rain region [23]. In fact, the TRMM PR-
derived N,, profile was constant in those analyses. Bringi et al. [16] showed that log(N,,) can
also be reasonably approximated by a linear vertical profile for a convective storm beginning at
the early growth phase and developing into an intense microburst. Stratiform precipitation is
less variable than convective, consequently, the linear approximation seems to be a reasonable
assumption. Constraints could also be imposed on D, profiles, but in order to add a minimal
number of constraints to the DSD profiles and to the iterative algorithm, only the log(N,,)
constraint is implemented in this work and the D, profile is allowed to vary as calculated by the

algorithm.

422 Minimize Residuals Method
The proposed method for adding an additional constraint on log(N,,) (an additional control
method loop on N,,) is a four-step process:

4.2.2.1 Step One

The dual-loop model of Figure 4.1 is first executed as a single-loop model with the outer

feedback-loop turned off.  After running the algorithm using only Z~m‘. (ry) as feedback, and

determining if the DSDs in the top bins are in the incorrect-convergence region using (3.41),
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and are therefore likely to be in error in the lower bins, then the N,-constraint method can be
implemented. The top bins (or the top bin) are used for region testing because the attenuation
levels are lowest, the DSD values are the most correct in those bins (even after one or just a few
iterations), and based on simulations, they indicate the likelihood and magnitude of incorrect
DSD values below.

The A(r,) values at the completion of Step One in the process, even though too small (i.e.,

too little attenuation) if the solution is in the incorrect convergence region, are used as seed
inputs to Step Two such that it begins the attenuation estimation process where the first step
ended.

4.2.2.2  Step Two

The dual-loop model is run with the outer-loop enabled. During each iteration, a linear

least-squares fit of the retrieved log(N,,) profile is performed, the mean-square-error (MSE) of

the residuals is calculated, and a small amount of attenuation is added to each ;\,.(rN) based on

the relative magnitude of each ;1[ (ry). The MSE of the residuals is calculated as

1< 2
MSE(n) = \/NZ{log[NW‘R(rj)]—log [Ny, 0]} @.1)
j=1
where N is the number of bins, # is the iteration number, Ny (r;) are the retrieved IVW values,
and Ny #(r;) are the fitted N, values. Because the ,&.(rN) values for the two frequencies can be
significantly different in magnitude, e.g., for a uniform-vertical-rain column, 2.5-km in height,

based on N,, = 4000 and D, = 2.00, A(r,) =3.80dB and A,(r,) = 18.95 dB, it is necessary to

properly apportion the incremental attenuation AA(ry) and add an amount to each frequency

according to,

AAl(rN)= _ Al,n(rN)

A, (r)+A4,,(r) Ay, (4.2)
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_ A0, 4.3)
A,(n)+4,,m)

A4, (ry) =

where AANW is a fixed amount of error (attenuation) based on the MSE of the residuals
calculated from (4.1). In this manner, apportioned attenuation is added to each A (r,)while

maintaining convergence of Z (r;,) and Z

mi

i (r;) within the inside loop.

The underlying principle of the dual-loop mode is that a minimum in the MSE of the

residuals, where the log( 1\7“,) profile is linear or nearly linear, can be found by scanning the
solution space of A(r,). Iterations cease when a predefined number of iterations is reached or

the A,.(rN) values are increased to a preset level—typically a percentage of the initial value

found in Step One.

4.2.2.3  Step Three

In this step, the array of MSE(n) values that was created in Step Two is analyzed to find the
iteration number of the minimum fit error. The index number of the minimum MSE is extracted
and provided to Step Four.

4.2.2.4  Step Four

The dual-loop algorithm, using the final A (r,) values from Step One, is then re-run and

stopped at the index of the minimum MSE iteration number, i.e., n = index of minimum MSE.
The retrieved DSD profiles are then based both on the best linear fit of the log(N,,) profile and
on the Z,; input profiles. At present, the algorithm and method to find the minimum MSE of the
residuals is preliminary and still being developed but shows good promise for those cases that

require an additional constraint.

4.3 TEST CASES

Hundreds of simulations have been analyzed using various combinations of Ny, and D,

both with and without simulated measurement error. To demonstrate the performance of the
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dual-loop method for DSD retrieval in the incorrect region of convergence, four representative
D,, log(N,,) vertical-profile examples are described in the following paragraphs-—one each for

constant, sloped, sloped with measurement error, and non-linear log(N,,).

43.1 Constant Do, Nw
Single-Loop Retrieval: Figure 4.2 shows the input reflectivity and retrieved profiles of a
simulated uniform rain column, 2.5-km in height, using N,, = 4000, D, = 2.0 after applying the

single-loop Z,,; method described in Figure 3.3 (or Step One of the N,, constraint method).

Nw 4000, Do 2.0, Singie Loop

5 5 , : ——
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Figure 4.2. Plots of simulated results for a uniform vertical rain column 2.5-km in height (10 bins x 0.25
km) above a 0.5-km base showing incorrect DSD retrievals using the single-loop Z,,; feedback method.
Part(a) shows the input Z,,; values. Parts (b),(c),(d) show the profiles for D,, N, and rain rate. For this
D,, N,, combination (N,, = log(4000), D, = 2) there is significant error in the bottom bins. Convergence

tolerance is 0.01 percent.
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The bottom bins clearly suffer from incorrect DSD retrieval as a result of incorrect A,(r,).

Figure 4.2(b) shows that the D, profile varies widely from 2.0 at the top to 4.33 mm at the
bottom, and Figure 4.2(c) shows that the retrieved N,, values vary from 3979 at the top to about
10 at the bottom. Figure 4.2(d) shows the rain profile varying from 25.6 at the top to about 1.9
mm/hr at the bottom, a 93% underestimation of the rain rate in the bottom altitudes.

At the top bin, the retrieved DSD values are N,, = 3979 and D, = 2.00. Using (3.41) with
12 bins, and retrieved N,, = 3979 and solving for D,, gives D, = 1.66 mm which is less than the
retrieved value of 2.00. Because the retrieved D, value exceeds the maximum allowable
threshold value, we conclude that this particular N,, D, combination is in the incorrect
convergence region. By comparison, at the bottom bin, N, = 10.3, D, =4.33, and assuming 12
bins, (3.41) indicates that the maximum allowable D, is about 45 mm showing that D, = 4.33
mm is in the correct convergence region. However, a D, of 4.33 mm though not impossible, is
very unlikely. The upper bound of 45 mm is impossible thus indicating that this test for region
of convergence should be discounted.

N,, Constraint: Implementing the dual-loop model described above, the MSE of the
residuals was calculated at each iteration, n, up to and including the iteration index of the
minimum MSE of the residuals. The results are shown in Figure 4.3 for the same uniform
vertical rain column retrieved DSD profiles. The inner-loop convergence tolerance is 0.01
percent. Figure 4.3(b) shows the correct D, profile at a constant 2.00 mm and Figure 4.3(c)
shows the correct N, profile. Rain rate is shown in Figure 4.3(d) and is constant at 25.6 mm/hr.
This is a moderately-high rain rate and will be measurable through most, but not all, of the rain
region because of the associated large attenuation of the Ka-band signal. This phenomenon is
demonstrated in Figure 4.3(a) where the Ka-band signal is attenuated to approximately its noise

floor. The noise floor was set to 15 and 10 dBZ, for the 13.6 and 35.6-GHz rays, respectively.
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Nw 4000, Do 2.0, Nw Constraint
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Figure 4.3. Simulated results for a uniform vertical rain column 2.5-km in height (10 bins x 0.25 km)
above a 0.5-km base showing correctly retrieved DSD values using an additional constraint on linear
log(N,.). Part(a) shows the input reflectivity values, part(b) shows the correctly retrieved D, profile.
Parts(c), (d) show the correct N, and rain rate profiles. Convergence tolerance is 0.01 percent. N,, =

log(4000), D, = 2.

432 Linear Do and log(Nw) Profiles, No Error

Single-Loop Retrieval: In this example, the retrieval process for a linearly-varying DSD
profile based on N, 1og(4000)-log(8000) and D,: 1.75-1.60 for a vertical rain column 3.0-km in
height is demonstrated. The D,, N,, combinations chosen at the top and bottom are both in the
incorrect-convergence regions and are impossible to correctly retrieve using the single-loop
method. Figure 4.4 shows the retrieved DSD and rain-rate profiles with a 0.01% convergence

tolerance using the single-loop method.
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Nw: log(4000)-log(8000), Do: 1.75-1.60, Single Loop
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Figure 4.4. Graphic showing the retrieval results for a vertical rain column 3.0-km in height (12 bins x
0.25 km) above a 0.5-km base using the single-loop method for sloped N,,: log(4000)-log(8000), D,:
1.75-1.60. Parts (b-d) show incorrect retrieval in the lower bins. At the top bin, the D,, N, combination
exceeds the values used to test for region of correct convergence. Convergence tolerance is 0.01 percent.

Figure 4.4(b) shows that there is considerable non-linear variation in the D, profile with it
ranging from 1.75 at the top to 1.85 mm at the bottom when it should vary between 1.75 and
1.60 mm. Figure 4.4(c) shows the distortion in the retrieved N, profile, and Figure 4.4(d)
shows significant inaccuracies in the retrieved rain profile. Testing the N,, D, combination at
the top bin using (3.41) gives a maximum allowable D, of 1.66 mm which is less than the

retrieved D, of 1.75 mm. We conclude that the top bin is in the incorrect convergence region

58

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and that the bottom bins are retrieved incorrectly and the N, constraint should be implemented
via the dual-loop model.
N, Constraint: Using the final values of zzli(rN) from the single-loop retrieval, the dual-

loop algorithm with the additional N, constraint was executed. The retrieved DSD profiles,

with minimum MSE, based on the same vertical rain column 3.0-km in height are shown in

Figure 4.5.
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Figure 4.5. Graphic showing correctly retrieved DSD values (V,.: log(4000)-log(8000), D,: 1.75-1.60) for
a vertical rain column 3.0-km in height above a 0.5-km base using the linear-log(N,,) constraint. Part(b)
shows the D, profile, part(c) the correct N, values, and part(d) shows the correct rain rate profile. The
dual-loop method was run till iteration 110 and stopped at the minimum of the residuals. Convergence
tolerance is 0.01 percent.
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The inner-loop convergence tolerance is 0.01 percent. Figure 4.5(b) shows the correct, linear
D, values ranging from 1.75 at the top to 1.60 mm at the bottom, and Figure 4.5(c) shows the
correct N,, profile. The correct rain-rate profile is shown in Figure 4.5(d). It is clear that
constraining log(N,,) allows the algorithm to find the correct DSD values. This retrieval

simulation was done with no added measurement error and was accurate in its results.

433 Linear Do, log(Nw) Profiles with Measurement Error

Single-Loop Retrieval: In this DSD-profile retrieval example, random-error sampled from
a 0.5-dB standard-deviation, zero-mean Gaussian distribution, was added to each bin of the 3-
km high, N, = 1og(4000)-log(8000), D,: 1.75-1.60, vertical-rain-column reflectivity profiles
used in the previous case study. After adding measurement error to each bin of each ray, the
overall error in each reflectivity profile is characterized by computing the standard deviation of
the difference between the error-laden and the error-free profile at each bin. Because the added
error is randomly sampled from a statistic‘al distribution, the amount of error in each reflectivity
profile will vary from simulation to simulation. In this case, the actual standard deviation of
the 13.6-GHz error is 0.47 dBZ, and the standard deviation of the 35.6-GHz error is 0.35 dBZ.
The single-loop method was executed first to extract the DSD and rain-rate profiles shown in
Figure 4.6. Figure 4.6(a) shows the input reflectivity profiles at 13.6 and 35.6 GHz with added
error. Figure 4.6(b) shows the retrieved D, profile. With no measurement error, it should begin
at 1.75 mm at the top and linearly decrease to 1.60 mm at the bottom bin. From the retrieved
profile, there is a considerable amount of distortion and obvious incorrect retrieval of D, in the
lower bins. Testing for region of convergence at the top bin using (3.41), gives a maximum
allowable D, of 1.70 which is less than the retrieved value of 1.84 mm. We conclude that the
top bins are in the incorrect region of convergence and the lower bins are incorrectly estimated.

Figure 4.6(c) shows the incorrectly retrieved log(N,) profile. As an additional test of the

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



validity of the single-loop DSD retrievals, the N,. and D, bottom-bin values from the single-loop

method are examined.
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5 e
std(Do): 0.7793
mean(Do): 2.49
4 - 41
Zm13.6 1.84
— ’ _
Es 7 Es
2 Zm35.6 ¢ g
© he]
22 pd 2 2
< ,x’ <
A
1 1
(a) i (b)
4 3.94
0,,, L " L ' 07,,,7,,,,,,L,,,,;,;.,A_.‘ [ [ R
0 10 20 30 40 50 0 1 2 3 4 5
Measured Reflectivity (dBZ) Do (mm)
5 : 5
std(Nw). 1278 std(R): 4.347
4 mean(Nw). 1191 4 mean(R). 6.84
— 3110 . 13.6
£ 3 Es
()] (]
3 3
£ 2 £ 2
' (© 1 d
8.4 1.03 ’
0 ‘ S 0 . e
0 2 4 6 0 5 10 15 20
log,,(N,,) Rain Rate (mm hr'")

Figure 4.6. Plots of retrieved values for a sloped combination N,: log(4000)-log(8000), D,: 1.75-1.60 for
a vertical rain column 3.0-km in height above a 0.5-km base using the single-loop Z,,; model with added
0.5-dBZ standard-deviation random error in each reflectivity bin. Convergence tolerance is 0.01 percent.

Standard error of Z,,, is 0.47, and of Z,,, is 0.35 dBZ.

D, is unrealistically large, and N,, is unrealistically small. Again, these values indicate that
the single-loop method has not retrieved correct values. The rain-rate profile is shown in
Figure 4.6(d). It can be compared to the correct rain rate profile, with no error, in Figure 4.5(d)
where the values range from 13.9 to 18.5 mm/hr. It is clear that additional measurement error

can greatly influence the accuracy of the retrieved values.
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N, Constraint: Using the final ;‘il-(rN) values from the single-loop simulation, the dual-
loop algorithm was run with the additional V, constraint. It should be noted here that with error
in the reflectivity data, the index of the minimum MSE(residual) is not as pronounced or well
defined as in the error-free case. Nevertheless, there is a clear MSE minimum. The results

from the dual-loop method are shown in Figure 4.7.
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Figure 4.7. Graphic showing retrieved outputs for a vertical rain column 3.0-km in height above a 0.5-km
base using N, 1og(4000)-1log(8000), D,: 1.75-1.60 with added measurement error using the dual-loop
method with a linear constraint on Log(N,,). In this case, iterations cease at 124 where the
MSE(residuals) is a minimum. Convergence tolerance is 0.01 percent. Standard error with respect to
true profiles on Z,, is 0.47, and on Z,,,, is 0.35 dBZ.

Figure 4.7(b) shows the retrieved 3-km-high D, profile ranging from 1.80 mm at the top to 1.54

mm at the bottom. The expected values with no measurement error are 1.75 and 1.60 mm.
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Figure 4.7(c) shows the log(¥,) profile, which is expected to vary linearly from log(4000) at the
top to log(8000) at the bottom (3.602 to 3.903 in log scale), varying from log(3666) to
10g(9594). The rain profile is shown in Figure 4.7(d) and can be compared to expected values
of 13.9 to 18.5 mm/hr. In comparing these error-laden, N,-constrained retrieved DSD with the
error-free N,-constrained profiles, it is clear that there is a strong correlation in values and
slopes between the two cases. However, because of the measurement error, the two profiles
will not agree exactly.

To illustrate some of the uncertainty in the dual-loop method with added measurement

error, it is useful to examine a profile of log( N, ).
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Figure 4.8. Graphic showing the retrieved log(N,,) profile with the superimposed linear-least-squares fit
line at the final iteration value of 124 as used in the outer loop. Because of added measurement error, it is
impossible that the two would be exactly the same, but there is an overall agreement between the two.
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Figure 4.8 shows the retrieved log( ]VW) profile for the final iteration value of 124 along

with the superimposed least-squares linear-fit line. The additional uncertainty in Z,; causes
significant bin-to-bin error, but the overall trend and top and bottom retrieved values are close

to expected values.

434 Linear Do, non-linear Log(Nw) profiles

In this example, to contrast the cases shown for linear profiles, we demonstrate how the
dual-loop model performs when the log(N,,) profile is not linear in its vertical profile. Though
myriad combinations are possible, the log(N,) profile is arbitrarily modelled using a second-
order polynomial equation such that the top bin starts at 1og(4000), the bottom bin ends at
log(8000) and a non-linear perturbation of 1log(6500) occurs in the middle. The D, profile is as
before, 1.75 at the top, linearly decreasing to 1.60 mm at the bottom. For brevity, the results
from the single-loop retrieval have been omitted which show significant errors in the retrievals
of D,, log(N,) and of course estimated rain rate. The bottom, retrieved values from the single-
loop method were: D, = 2.23, log(N,,) = 1og(609), and rain rate = 6.4 mm/hr. Expected or true
values were: D, = 1.60, log(N,,) =log(8000), and rain rate = 18.4 mm/hr. The top-bin retrieved
values for D, , log(N,,) and rain rate were in agreement with expected values.

Figure 4.9 shows the retrieval results from the dual-loop method. Figure 4.9(a) shows the
input reflectivity profiles for 13.6 and 35.6 GHz for a 3-km in height rain column. Figure 4.9(b)
shows the retrieved D, profile. The top bin is correct, and the bottom bin is slightly
underestimated at 1.56 mm (true value is 1.60 mm). Figure 4.9(c) shows the retrieved (solid
line) and simulated non-linear log(N,,) (dashed line with dots) profiles. The bottom, N,, value is
expected to be 8000 but is overestimated at 9829. The retrieved and simulated log(N,,) profiles
agree over most of the profile but deviate in the lower bins. Figure 4.9(d) shows the simulated
(dashed-line with dots) and retrieved rain (solid line) profiles. In this example, the retrieved

rain rate is slightly overestimated in the bottom bin at 20.1 mm/hr while the true value is 18.4
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mm/hr. The top-bin rain-rate expected and retrieved values are in agreement. Given the
assumption that the dual-loop model assumes a linear profile for log(N,), it is reasonable that
the retrieved and expected DSD values differ somewhat. However, it is important to note that
the dual-loop method retrieved significantly more accurate results for the DSDs and rain rate
than the single-loop method even with a non-linear log(V,) profile. One reason for this

improvement in performance is that the dual-loop method fits a “best estimate” to the log(V,,)

profile.
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Figure 4.9. Plots showing input and retrieved profiles for a vertical rain column 3.0-km in height above
a 0.5-km base using the linear-log(/V,,) constraint. Profiles based on N,,: log(4000)-log(8000) with a mid-
range perturbation of log(6500); D,: 1.75-1.60. Part(a) shows the 13.6 and 35.6-GHz measured
reflectivity profiles. Part (b) shows the retrieved D, profile. Both the simulated (dashed with dots) and
retrieved (solid) N, profiles are shown in part (¢). The simulated (dashed with dots) and retrieved (solid
line) rain profiles are shown in part (d). The dual-loop method was run till iteration 556 and stopped at
the minimum of the residuals. Convergence tolerance is 0.01 percent.
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The retrieved log(N,) profile (solid line) at the final iteration of 556 is shown in Figure
4.10 along with the linear fit of the retrieved log(N,,) (dashed line) and the true log(N,,) profile
(dashed with asterisks). Note that in spite of the linear-fit assumption, the dual-loop method is
able to correctly retrieve nearly all the N, profile as it deviates only in the bottom bins. In
comparing the linear fit and the retrieved log(¥,) profiles, the algorithm provides a best

estimate of the retrieved log(¥,,) profile.
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Figure 4.10. Graphic showing the retrieved log(N,,) profile along with a superimposed linear-least-
squares fit line at the final iteration value of 556. The retrieved Log(N,) profile is the solid line, the fit is
the dashed, and the true log(N,.) profile is the dashed-asterisk curve. This fit is based on a non-linear
log(N,,) profile.

4.4 SUMMARY AND CONCLUSIONS

The GPM DPR, in moderate to high rain-rate regions, will be limited by both the large
attenuation of the Ka-band signal as well as algorithm uncertainties caused by high D,, N,
combinations where the single-loop Z,; algorithm will be forced to operate in the multi-valued
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solution space. From previous work, about half of the global rainfall rates (based on DSD pairs)
fall in the correct convergence region in which the single-loop Z,-feedback model will
correctly retrieve the DSDs [21]. Using the same single-loop Z,,-feedback mode! for the other
half will yield incorrect DSD values and incorrect rain-rate estimates in the lower profile
regions.

To better estimate global rain fall using the dual-frequency algorithm, an additional
constraint is proposed for operation in those regions where the D,, N, combination is large.
This chapter has shown a method to impose a linear constraint on log(N,), and shows results
using that method, and that it can yield marked improvement in DSD estimation when required
due to incorrect convergence of the single-loop method.

Four test cases were examined and discussed. In the first case, a constant vertical rain
column based on a D,, N, combination from the incorrect convergence region was analyzed
using the single-loop method resulting in incorrect DSD-profile retrieval. The data were then
analyzed using the dual-loop method and correct DSD profiles were retrieved. In the second
case, a simulated data set from the incorrect convergence region consisting of linearly-sloped
D,, log(N,,) profiles was examined. It was first analyzed using the single-loop method and then
with the additional constraint on linear log(¥,). In the third test case, the same linearly-sloped
D,, log(N,) profiles were analyzed with added random measurement error of 0.5-dBZ standard
deviation, zero mean, added bin-by-bin, to each reflectivity profile. Using the linear-log(¥,)
constraint, the dual-loop algorithm was able to retrieve reasonable DSD and rain-rate profiles.
In the fourth case, a non-linear log(N,,) profile was examined. It was shown that the dual-loop
method found a best estimate to the non-linear N,, profile and estimated reasonable values for
the DSDs and rain-rate profiles.

Based on empirical evidence, the vertical profile of log(¥,) can be reasonably
approximated as linear. In the estimation or retrieval process, any non-linearity of log(N,,)
profiles (non-compliance with the linear-model assumptions) will contribute to the error in the
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retrieval. Note that if the true profile of log(N,) is not linear, the solution presented here will
yield an equivalent linear log(¥,). It should be mentioned that this chapter and similar research
should be placed in the context of dual-wavelength retrieval of precipitation estimates for the

GPM era.
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CHAPTER 5

RETRIEVAL ALGORITHM: DSD PROFILE OPTIMIZATION METHOD

5.1 INTRODUCTION

This chapter describes an alternative, dual-frequency, random-restart, four-variable profile-
optimization method for DSD retrieval. It is based on a linear model of vertical profiles for D,
and log(N,,) and the ability to accurately estimate the D,, N,, values in both the top and bottom
bins. Note that log = logjo, and In = log.. It offers advantages over the single-loop model in
that it does not suffer from the multi-valued solution-space problem relating to large D,, N,., A;
combinations. It also is not susceptible to the bi-valued D,-ambiguity for rain described in
detail by [9] [10] [11] [12] [14].

Bringi et al. [16] showed that log(N,,) can also be reasonably approximated by a linear
vertical profile for a convective storm beginning at the early growth phase and developing into
an intense microburst. Stratiform precipitation is less variable than convective, consequently,
we believe the linear approximation is a reasonable assumption.

Following this introduction, section 5.2 describes the theory and mathematical background
behind the applicability and solution space for the optimized linear-DSD-profile model. In
section 5.3, four test cases are analyzed and discussed showing the performance and limitations
of the proposed method. Two simulations are performed using input reflectivity data with no
intrinsic measurement error; and two are performed using simulated profiles with added
measurement error. The results of error and error-free data are discussed and analyzed. Data

from a 1000-profile simulation is included showing the mean and standard error of the method
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when measurement error is randomly added to multiple profiles. Section 5.4 briefly

summarizes the optimization method.

5.2 OPTIMIZATION METHOD

5.2.1 Background

The single-loop feedback method using the iterative dual-frequency retrieval algorithm
finds the DSD parameters D,, N,, as well as 4; and k; for each bin. The retrieval method
described in this chapter assumes that log(N,) and D, can be approximated by linear vertical
profiles, and given a set of input Z,,(7;) values, that an optimal solution can be found for the top

and bottom-bin values of D,, N, such that the cost function between the Z,(r;) and estimated
Z,,,i(”j) is minimized. A flow chart of the four-variable optimization method is shown in
Figure 5.1.

NON-LINEAR
OPTIMIZER (©)

(b)

Est. Reflectivity, dBZ_

% Zm’_) Zml E i
3 l | i
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RESTART |2 (d)

1< '

Figure 5.1. Flow chart illustrating the four-variable random-restart optimization method. Panel (a)
depicts input reflectivity values with unknown D,, N, profiles. Random seed values are generated in
panel (b). Panels (c) and (d) depict the interaction within the optimization routine to find the top and

bottom D,, N, values to minimize a cost function relating to the input Z,,; and internally calculated Z,,;
values.
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Note that 1 <j < N. A tilde (~) over a variable name indicates that it is an algorithm-derived
value. The Z,(r;) values (in dBZ scale) are depicted in Figure 5.1(a) and are inputs to the
optimizer shown in parts (c) and (d). Seed values for the optimizer, depicted in Figure 5.1(b),
are generated using the random restart method [24]. Using both the Z,,(r;) and seed values, the
optimizer finds a solution for the top and bottom D,, N,, values, indicated by circles and squares
in Figure 5.1(c), to minimize the cost function. In early simulations and modelling, the top and
bottom bin D,, N, outputs from the single-loop retrieval algorithm were used with limited
success as seed values for the optimizer. It became clear that simply using the single-loop
retrieved values was inadequate and a better method to generate seed values was required. As a
result, the random restart method, which uses randomly generated top and bottom seed values
for each optimization cycle, has been implemented.

To illustrate the process of finding the best or optimal solution, and the necessity of using
the random-restart method, the following example is given. Figure 5.2 shows a plot of the
bottom-bin surface-solution space for N,: 1og(8000)- log(4000); D,: 1.60-1.75, top to bottom
respectively, using top-bin values of D,: 1.60 and N,,: 1og(8000). The top-bin values are fixed
in this example, and the bottom D,, N,, values are swept between 0.5 to 2.5, and 10° to 10° 3<
log(N,) < 5), respectively, using 50 steps, to create the plot. The heavy line indicates the
bottom of the trough and the dot indicates the minimum value, or optimal bottom-bin solution
given a top-bin DSD pair. In this case, the top-bin pair is correct. Note that due to the
relatively coarse step size of the grid in this figure, the minimum value of the cost function
occurs at D,: 1.77, N,: log(3728) instead of at the expected values, D,: 1.75, N,,: log(4000). If
the plot is calculated and drawn with more than 150 grid-divisions instead of the 50 used in this
example, the expected bottom-bin D,, N, values are found. It is important to note that Figure
5.2 depicts the solution space for correct top-bin D,, N, values. If they are incorrect, then the

shape of the plot changes ( e.g., the location of the trough moves, the slopes of the sides change,
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and the location of the cost function minimum changes) and the optimal bottom-bin solution
will be found at a different D,, N,, pair. In general, during the optimization process, when the
optimizer is simultaneously searching for both top and bottom D,, N, pairs to minimize the cost
function, the shape of the surface curve changes and the final bottom-bin values can and do
change as a result of variation or inaccuracies in the top-bin values. The optimizer
automatically adjusts the search step-size to a much finer scale than depicted here.

Min Ny, 3728, Min Do. 1.77

Minimum cost
function
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200~
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Figure 5.2. Plot of the bottom-bin surface-solution space for V,: 1og(8000)-log(4000); D,: 1.60-1.75, top
to bottom using top-bin values of D,: 1.60, N,.: log(8000). The heavy line indicates the bottom of the
trough. The minimum D,, N, pair is indicated by the dot. Because of relatively coarse grid size, the
minimum point on the graphs is not at the correct D,: 1.75, N,.: 1og(4000) value. The algorithm uses an
automatically-determined step size which is much smaller than that depicted here allowing it to determine
the correct D, N, pairs.

The necessary integral equations used in this method are similar to those used with the
single-loop method described in Chapter 3, some of which are repeated here to ease reading.

Rewriting (3.1) in terms of estimated measured reflectivity (with the superscript ~),
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Z,,(N=2,()Ar) 5.1)

where
Z,, (1) =N, (") f(w) D, 1,(D,) (5.2)
N ~
Ar) =exp{—0.21n(10) h Zk,.(rj)} 5.3)
=1

and /,; is a function of D~0 expressed as

Ibi([)o) =Cy J.O-bi(D) D* e dD (5.4)
D
A4
Cu= m (5.5)

where D, = D (r,) in (5.2) - (5.4). oy is the radar backscatter cross section and is a function of

the drop diameter D. 4, is the free-space wavelength in meters, and K, is defined as

m*—1
K. = (5.6)
Yoomie2

where m is the complex index of refraction of water at 20° C at these wavelengths.

The specific attenuation k; in (5.3) at a particular range r = r; is defined as,

k(r)=N, f(w)D,*1,D,) (5.7)
where
Iti(bo) =Ck,-J-O'ﬁ(D)D'“ e-AD daD (5.8)
D
C,=4.343 x107 (5.9)

and g; is the radar extinction cross section and is a function of drop size D and D, =D, (r,)in

(5.7) and (5.8).
At the beginning of each optimizer iteration [see Figure 5.1(c),(d)] the top and bottom D,,

N,, seed values are used to create linear D,, log(N,) profiles. Using the internally generated
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linear DSD profiles, the method then calculates estimated Zmi(rj) using (5.2) - (5.7). The

optimizer compares the internally-generated Zmi(rj) profiles to the input Z,,(r;) profiles

during each iteration as it searches the DSD-variable space to minimize the cost function. The
PIA values in dB, at each frequency and at each bin, are calculated using (5.3).
In terms of dB scale, (5.1) can be written as
Z(ry) = Z,,(r;)~ PIA(r)) (5.10)
noting that in linear scale, attenuation factor A,(r;) is < 1, and in dB scale, path-integrated

attenuation PIA > 0. The cost function is the minimum of C; + C, stated as

min(C, +C,) (5.11)
where
1 s 2
C =\/ﬁ ;[Zml,m(r,.>—zml,,,Bz<r,->] (5.12)
1 ~ors 2
Cz=\/7\,—;[Zmz,mu,)—Z,,,z,dBZ(rj)] (5.13)

and N is the number of bins. Z,; ;z,(r;) and Z~m,., az(r;) in (5.12) and (5.13) are in units of

dBZ.

522 Methodology

The optimization method requires top- and bottom-bin seed values for D,, N,. As a
general procedure, the single-loop feedback method should be executed first to retrieve the D,,
N, and rain-rate profiles and a test using (3.41) should be performed to determine if the top bins
are in the incorrect convergence region. Note that the single-loop retrieval method estimates the
top bin values very accurately, even on the first iteration, because Z,(r;) = Z,(r;). Depending
on the test result, the four-variable optimization method can be executed to retrieve the “best-

fit” D,, N,, profiles for those cases where the single-loop method is insufficient. The optimizer
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used in this work allows for non-linear optimization of multiple variables. D, is constrained
between 0.5 and 2.5 mm, and N,, is constrained between 10° and 10° (3 < log(N,) £5). The
random variables used in the random-restart method as seed values are uniformly distributed,
0.75 <D, <2.25 and 10’ < N,, < 6 x 10%, with N,, seed having a slightly narrower range than the
expected N, final values. Additionally, the slopes of the random D, and log(N,,) profiles are
opposite to each other such that if the top D, value is greater than the bottom D, value, then the
top N,, value will be smaller than the bottom N,, value.

The optimization method, though computationally more expensive than a single-loop
approach, yields much more accurate results for certain D,, N, profiles. In normal operation,
10 to 50 random-restart iterations are performed. After the iterations are completed, the cost
function minimum is found along with the corresponding top and bottom D,, N,, values. Using
the optimum D,, N, values, the retrieved rain profile and each range r is calculated using

(3.39).

5.3 TEST CASES

To illustrate the four-variable optimization method for D,, N, pairs in the incorrect
convergence regions, the following four test cases are analyzed and discussed. The simulated
data sets discussed in the following examples are each for a 3-km in height, vertical rain

column, based on DSD values of D, 1.60 to 1.75, and N,: log(8000) to log(4000), top to

bottom respectively. In each of these cases, the “true” measured reflectivity values, Z,,(r;) are

derived from this DSD profile. This particular D,, N,, combination is chosen to illustrate the
difficulty the single-loop method has in retrieving the correct DSD-profile values and
demonstrate the retrieval performance of the optimization method. Many other DSD-profile
combinations could have been used from the hundreds of simulated pairs, but this example
suffices for illustrative purposes. No constant vertical-DSD-profile data sets are analyzed here

as they are viewed as subsets of the more general, linear profiles.
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5.3.1 Linear Vertical Profile for D,, N, Single-Loop Retrieval, No Measurement Error
In this example the single-loop retrieval method is demonstrated to establish a base-line
retrieval to which the remaining simulations can be compared. Figure 5.3 shows the output

profiles from the single-loop retrieval method.

logNw: 8000-4000, Do: 1.60-1.75, SL
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mean(Do): 1.76
4
_ 1.60
§ 3 /)" g 3
@ o)
E 2 // Ep
= 35.6 GHz‘ y -
’I
1 s 1
(/
13.6 GHz 214
0 : : ‘ : 0 - ‘ e
0 10 20 30 40 50 0 1 2 3 4 5
Measured Reflectivity (dBZ) Do (mm)
5 , . 5 N —
std(Nw). 2433 std(R): 3.67
mean(Nw). 4727 4 mean(R): 14.33
. 7993 . 18.4
£s Es
[} (5}
3 3
£ 2 E 2
< <
1 1
836 7.3
0 L ( — 0 B G e el DS
0 2 4 6 0 5 10 15 20
log,o(N,, ) Rain Rate (mm hr'')

Figure 5.3. Plots of the output profiles using the single-loop feedback retrieval model for a vertical rain
column 3-km in height based on D,: 1.60-1.75, log(N,): log(8000)-log(4000). Panel (a) shows the
corresponding input reflectivity values. Panels (b), (c), and (d) show the profiles for D,, log(V,,), and rain
rate. There is considerable error in the lower bins due multiple possible solutions with these N, D,
combinations. Convergence tolerance was 0.01% and required 3966 iterations.

Figure 5.3(a) shows the input Z,; values (dBZ scale) based on the above-mentioned D,: 1.60 —

1.75, and N,;: log(8000) — 1og(4000) profiles with no measurement error in Z,.(r;). Because

this D,, N,, combination is in the incorrect convergence region both in the top and bottom bins,
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the single-loop method incorrectly estimates the DSD values in the lower bins. Figure 5.3(b)
shows the D, profile and that it is correct at the top bin at 1.60 mm and incorrect at the bottom,
2.14 mm (true value 1.75). Figure 5.3(c) shows the N, profile (log scale) and shows a nearly
correct retrieved value at the top of log(7993) (true value is 8000), and an inaccurate N, value in
the bottom bin of log(436) (true value 4000). The rain-rate profile is shown in Figure 5.3(d)
and illustrates how distorted the rain-rate estimate can become. The value at the top bin is
correct at 18.4 mm/hr, but the retrieved bottom value, 7.3 mm/hr, should be 13.9 mm/hr,

yielding a 47% underestimation.

5.3.2 Linear Vertical Profile for D,, Nw, Optimization, No Measurement Error
Given the input Z,,(r;) values, the four-variable optimization method can be executed with
random-restart seed values for the top and bottom bins. Figure 5.4 shows the results of using

this method. Figure 5.4(a) shows profiles of the true D,, (solid line on the left) and optimizer-

found 50 values indicated by dots. The solid line on the right is true log(N,) and asterisks are

optimizer-found log( N »)- Note that the optimizer-retrieved values for both D, and N,, overlay

exactly. The seed values for this optimization cycle which yielded a minimum cost function
were Do: 1.53, 1.50; log(N,,): 3.82, 4.34. Figure 5.4(b) shows the true (solid line) and retrieved
rain-rate profiles (dots). The true rate in the bottom bin is 13.9 mm/hr and the rate calculated by
the optimizer is 13.9 mm/hr. Figure 5.4(c) compares the Z,(r;) profiles (solid and dashed lines
in dBZ scale) based on the true D,, N,, and retrieved values shown as dots and asterisks. Again,
the retrieved values overlay the true values exactly. Figure 5.4(d) shows comparisons of the
input Z,,(r;) (solid and dashed lines) and retrieved Z,,(r;) values (dots and asterisks) based on
optimized D,, N, values. The minimum value of the cost function was found at iteration
number two of the 20 random-restart operations performed. Optimization tolerance was set to

10°®.
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logNw: 8000-4000, Do: 1.60-1.75, no error
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Figure 5.4. Plots showing the output of the four-variable optimization method using input profiles for a
3-km vertical-rain-column based on D,: 1.60-1.75, N,.: 1og(8000)-log(4000). The left portion of panel (a)
shows the true (solid line) and estimated (dots) D, profiles. The right portion of panel (a) shows the true

log(N,,) (solid) and estimated (asterisks) profiles. Panel (b) shows the rain-rate profile obtained via the
optimizer (dots) with the true profile (solid). Panel (c) shows the effective radar reflectivity factors (solid

lines) along with the estimated profiles (asterisks and dots), and panel (d) shows the input Z,,; values
(solid) and optimizer outputs (dots and asterisks) at both frequencies. Twenty random-restart cycles were
used, with cycle two being selected.
5.3.3 Linear Vertical Profile for D,, N, Single-Loop Retrieval, Measurement Error
In this section, the effects of measurement error on the single-loop retrieval method are

analyzed and discussed. The same D,, N, and Z,; profiles are used from section 5.3.1.
However, Gaussian error, 0.5-dBZ standard deviation, is added to the Z,; profiles in each bin to

simulate measurement error in the system. Figure 5.5(a) shows the input Z,(r;) profiles with
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the additional error. Note that they are not smooth as in Figure 5.3(a) because of the

measurement error.
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Figure 5.5. Plots of the input reflectivity and retrieved output profiles using the single-loop retrieval
model for a 3-km vertical-rain-column based on D,: 1.60-1.75, N,.: log(8000)-1og(4000) with 0.5-dBZ
standard-deviation added random measurement error. Panel (a) shows the input reflectivity values for

both 13.6 and 35.6 GHz. Panels (b), (c), and (d) show the retrieved profiles for D,, log(N,.), and rain rate.
Convergence tolerance was 0.01% and required 42 iterations. Error added to the 13.6-GHz profile was
0.49 dBZ, and error added to the 35.6-GHz profile was 0.64 dBZ, both one standard deviation.

The standard deviation of the random error on the 13.6-GHz reflectivity profile is 0.49
dBZ, and the standard deviation on the 35.6-GHz reflectivity profile is 0.64 dBZ where these
error numbers are calculated as the standard deviation of Z,,(7;)-noise minus Z,,(r;)-true-profile
at each bin in the profile. Note that because the error is random, the amount of error in each bin

will vary from simulation to simulation as will the total error in each profile. Figure 5.5(b)
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shows the retrieved D, profile. At the top bin, the retrieved value of 1.78 mm differs from the
true value without error of 1.60 mm. Even more error is present in the bottom-bin retrieval with
a value of 4.3 mm and a true value of 1.75 mm. The error in the lower bins is caused both by
the incorrect convergence region and the error in the Z,(r;) profiles. Figure 5.5(c) shows the
retrieved log(N,) profile with log(3797) at the top to log(1.02) at the bottom. It obviously
differs greatly from the true values of 1og(8000) at the top and log(4000) at the bottom. Figure
5.5(d) shows the rain-rate profile and that it also varies significantly from the true profile shown
in Figure 5.4(b). The top rain-rate value should be 18.4 mm/hr but 14.3 mm/hr is estimated.

The bottom value should be 13.9 mm/hr but 0.31 mm/hr is retrieved, a 98% underestimation.

5.3.4 Linear Vertical Profile for D,, N, Optimization, Measurement Error

Given the same input Z,(r;) values from section 5.3.3 including the same simulated error,
the four-variable random-restart optimization method was executed. Figure 5.6 shows the
results from this simulation. Figure 5.6(a) shows the true D, and log(¥,,) profiles (D, is the
solid line and N, is the dashed line) with superimposed D,, log(N,) profiles (dots and asterisks)
from the optimizer. Note that the top D, points agree but the bottom true value is 1.75 and the
retrieved values is 1.85 mm. The optimizer slightly overestimates the log(N,,) value at the top at
3.923 but underestimates it at the bottom. The bottom, true value is 3.602 = log(4000) but the
retrieved value is 3.429. Figure 5.6(b) shows the true and estimated rain-rate profiles. The top
value should be 18.4 but is estimated as 19.2. At the bottom, the expected value is 13.9 but is
retrieved as 11.9 mmv/hr, a 14% underestimation. Figure 5.6(c) shows the true (solid line,
dashed line) and estimated Z,; values (dots and asterisks) at both 13.6 and 35.6 GHz. The
retrieved values for 13.6 GHz are very close to expected but there is some underestimation in
the 35.6-GHz values in the lower part of the profile. Figure 5.6(d) shows the input Z,(r))
values with added error (solid line for 13.6, and dashed line for 35.6 GHz) with the optimizer-

found Z,,(r;) values superimposed (dashed lines with dots, 13.6 GHz, and asterisks, 35.6 GHz).
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Figure 5.6. Output of the four-variable random-restart optimization method using the input data set of
Fig. 7. Dashed lines with dots and asterisks are profiles estimated by the optimization procedure. Panel
(a) shows the true D,, log(N,) profiles along with the estimated values. Due to the added noise, there is

some error in the bottom bins. Panel (b) shows true and estimated rain-rate profiles again with some
underestimation of rain rate in the bottom. True and estimated effective reflectivity are depicted in panel

(c). Panel (d) shows the input and estimated measured reflectivity profiles. Note that the method found
very good approximations to the input reflectivity profiles. Fifty random-restart cycles were performed

with the residual minimum found at cycle number 35.

It is clear from the graph that in the 50 random-restart cycles, that the optimization method
found the best approximation in cycle number 35 given the input reflectivity data and
constraints. The estimated reflectivity profiles closely overlay the input reflectivity profiles.

The optimization method is not able to retrieve the true DSD profiles exactly because of
errors in the input Z,(r;) data. It is however, able to minimize the cost function and find the

resulting top and bottom D,, N, values along with the corresponding rain profile that best match
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the input reflectivity data set. Note that even in this scenario of inaccurate input Z,,(r;) values,
the four-variable random-restart optimization method was able to find reasonably-estimated
Z,{r;) profiles.

Because the added measurement error to the reflectivity profiles in this example was
random, the retrieved rain-rate values based on this method will vary from simulation to
simulation in accordance with the amount and location of random error in each of the profiles.
Figure 5.7 shows a histogram of the bottom-bin estimated-rain-rate values using the non-linear
optimization method for 1000 simulated profiles (based on N,: log(8000)-log(4000),D,: 1.75-
1.60, vertical rain column 3-km high), each with added 0.5-dBZ standard-deviation random
error as described above.
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Figure 5.7. Plot showing a histogram of the bottom-bin rain-rate estimation for 1000 simulated profile
pairs, each with added random 0.5-dBZ standard-deviation measurement error and using 15 random-
restart iterations per simulation. The reflectivity profiles are for a 3-km high, vertical rain column based
on N,: log(8000)-10g(4000), D,: 1.75-1.60. The mean of the histogram is 13.86 mm/hr close to the true
mean of 13.9. The standard deviation is 1.470.
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Additionally, for each simulated profile, the optimizer was configured for 15 random-restart
cycles. The results show that the estimated mean of the histogram is 13.86 mmv/hr, close to the
correct value of 13.9 mnvhr, demonstrating the important result that the optimization process is

not biased. The standard error of the distribution is 1.47.

54 SUMMARY AND CONCLUSIONS

It has been shown that the single-loop retrieval method will correctly estimate DSD values
and subsequent rain-rate profiles based on retrieved DSDs for about half the world-wide
rainfall. For those DSD pairs that the single-loop method is unable to determine correctly,
another method or set of constraints is required. This chapter has described an alternative, dual-
frequency method to retrieve DSD values based on assumed linear vertical profiles for the DSD
using a non-linear optimization technique. The optimization technique requires as inputs the
Z,i(rj) values for both wavelengths, and top and bottom seed values for the random-restart

function. Outputs from the method are the top and bottom values of D,, N,, that minimize a cost
function relating to the input Z,(r; and internally calculated Z~mi(rj) profiles.  From the

retrieved top and bottom DSD values, linear profiles for D,, N,, can be calculated. From these
D,, N,, profiles, the rain-rate profile can be estimated.

To illustrate the performance of the technique, it was compared with the single-loop method
both with and without measurement error using simulated DSD linear profiles based on D,, N,,
pairs found in the incorrect convergence region. As expected, the single-loop model incorrectly
retrieved the DSD values in the lower altitudes both with and without measurement error. The
optimization technique was able to retrieve the correct DSD profiles throughout the vertical
profile when no measurement error was included. When measurement error was present, the
optimization technique retrieved a “best-estimate” of the true DSD profiles that closely matched

the known values. A simulation of 1000 profiles with added measurement error showed that the
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mean value of the simulation was nearly the same as the correct or expected value in the bottom
bin.

Based on empirical evidence, we have assumed that the vertical profile of log(N,) can be
reasonably approximated as linear. In the estimation process, any non-linearity of log(N,)
profiles (non-compliance with the linear-model assumptions) will contribute to error in the

retrieval. However, for this work, the assumption of linear log(¥,,) profiles is reasonable.
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CHAPTER 6

SYSTEMS ENGINEERING ANALYSIS: BACKGROUND

6.1 INTRODUCTION

In general, systems engineering consists of the methods and/or processes used to evaluate
and optimize the performance of a system which is limited by time, technology and/or
resources. By analyzing the system, the designers are able to trade off resources, time and
technology, determining which parts contribute little to the overall success or outcome.
Likewise, in satellite-based precipitation-retrieval algorithms, some input variables, parameters
and model assumptions are more important than others. An algorithm can be sensitive to errors
in some factors and insensitive to errors in others. It is important to know how the algorithm
responds to these errors and how the errors affect the output of the model so that resources can
be applied to the factors that will yield the greatest benefit. Sensitivity analysis (SA) and
uncertainty analysis (UA) techniques can be used to assist in systems engineering analysis by
providing insight as to the relative importance of each input factor. In general terms, SA is the
study of how the output of a model (numerical or mathematical) varies as a function of its input
parameters [25]. The input variables to the model are also referred to as input factors. This
chapter provides an introduction to sensitivity and uncertainty analysis methods and how they
can be used as tools in systems engineering. Figure 6.1 shows the relationship between systems
engineering and two of the many tools that can be used to perform it, namely, SA and UA.
Links below the SA block show how it can be categorized into three main types, and some of
the many methods and techniques used to implement it. For more in-depth descriptions of SA

and UA, the reader is referred to some of the references such as [25], [26], [27].
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Systems Engineering Analysis
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Figure 6.1. Flow chart showing the relationships between systems engineering analysis and SA/UA.
Uncertainty analysis provides descriptive statistics of the model output. Sensitivity analysis methods are
grouped by screening, local SA, and global SA. Local SA methods consist of the partial derivative
technique and pseudo-Monte Carlo techniques. Global SA can be grouped into MC and variance
decomposition methods. Four techniques are used to perform variance decomposition—Correlation
Ratio, Method of Sobol’, Fourier Amplitude Sensitivity Test (FAST), and Extended FAST. The items in
braces { } refer to the dominant sampling method used for the particular method.

Sensitivity analysis methods can be grouped into three main categories: 1) screening; 2)
local; and 3) global [26]. Screening methods are used for large and computationally-expensive
models to provide a qualitative measure of the relative importance of the input factors. They
rank the input factors by order of importance but do not quantify how much more important one
factor is in relation to another.

Local SA methods are based on the partial-derivative technique where the sensitivity S; of

the model output Y, with respect to an input factor, x;, i = 1,...,k factors, is given by
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G

e (6.1)
where each input factor is varied, one at a time, around some small percentage of its nominal
value while fixing the other factors at their nominal values. The technique provides more
quantitative information about the input factors and model than the screening method. The SA
method shown in (6.1) has been used for decades in the feedback control discipline to study and
quantify how a system output can be affected by variations in each of the input factors or model
parameters [28]. This method assumes that the input factors’ nominal values are known, and
that the model is linear in the region about the nominal set points. It also provides, at best, a
crude method of apportioning the output variance to the input factors. When an explicit
analytical expression can not be obtained for a model, a variation on the linear SA method of
(6.1) is done by pseudo-Monte Carlo (MC) simulations in which one-by-one, each parameter is
sampled from its distribution and the others remain fixed at their nominal values. In the figure,
the descriptions in braces { }indicate the method of sampling. In contrast to local sensitivity
analysis, global SA techniques calculate the model output by simultaneously varying all the
input factors throughout their ranges as opposed to one at a time.

Global sensitivity analysis can be implemented by two principal techniques (with greatly
differing results): MC analysis; and variance decomposition. MC methods, pioneered at Los
Alamos National Laboratory in 1947, randomly sample the distributions of each of the input
factors and provide a means to analyze the statistical output of the model in relation to the
statistical properties of the input factors. Variance-decomposition techniques, on the other
hand, provide detailed information as to the relationships between the input factors and model
output and apportion the error in the model output back to the input factors. Each of these
techniques is sampling based, meaning that samples are drawn from the probability density
functions (PDFs) of each of the factors and the model is executed once for each set of sampled

values. When model linearity and nominal values are not known or can not be reasonably
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assumed, global SA methods are better suited to determine sensitivity as a function of input
factor variability. Other difficulties arise when models are non-linear, or non-monotonic.
A simplified block diagram of SA and UA processes, based on the variance decomposition

technique, adapted from [29], is shown in Figure 6.2.

Input Factors (PDFs)

X, X, :
A /\ Feedback to
Factors

The model
y = flX,, X,,..X,)

Feedback to ‘
Model

Variance
Decomposition

Output
Distribution

Analysis
Method

UA

Figure 6.2 A simplified flow chart and schematic view of sampling-based sensitivity and
uncertainty analysis. Adapted from [29].

The top portion of the figure depicts the input factors. The downward path on the left indicates
the flow for UA and the path on the right, pointing upwards, depicts the flow of SA using the
variance-decomposition technique. Note that any of several analysis methods to perform the
variance decomposition type of SA can be used. The model being studied, Y = AX;), where X, =
{X1, X5,... X}, for k input factors, uses sampled values from the distribution space of each
factor. After being executed multiple times, the model output values (assuming a single model
output value with multiple instances) will exhibit some type of empirical distribution as

depicted in the bottom left of Figure 6.2. Sensitivity analysis, shown on the right side of Figure
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6.2, uses both the statistical properties of the input factors and model output along with an
appropriate analysis method to decompose the variance of the output. The output of SA (using
variance decomposition) can be best illustrated as a pie chart in Figure 6.2 showing the relative
importance (quantitative) of each of the factors in relation to the total output variance. A factor
that has a large impact on the total variance will be shown in the pie chart with a large
percentage while a factor that has minimal influence on the output variance will have a
correspondingly small percentage of the pie chart. Once SA (in this case the variance
decomposition technique) is completed, feedback can be provided to the model structure and to
the underlying assumptions used in the factor distributions.

Uncertainty and sensitivity analysis are related and are sometimes confused as to what each
analysis provides. Uncertainty analysis (UA) is a method used to quantify the uncertainty in the
model output as a result of uncertain inputs. The end products of UA are typically a histogram
of the model output along with its mean and standard deviation and possibly other descriptive
statistics as required by the experimenter [30]. UA determines how uncertain the model output
is given a set of input factors. Generally speaking, highly variable inputs yield a higher
statistical variance in the output distribution than input factors with small variances. For
example, consider the simple Z-R relationship, R = a Z,°, where R is the rain rate (mm/hr), Z, is
the effective radar reflectivity (mm® m™), a and b are coefficients. If each of the three input
factors, a, b, Z,, is assumed to have some probability density function, or statistical distribution,
then the output R will also exhibit a statistical distribution related in magnitude to the input
variables’ distributions. Sensitivity analysis, as defined and used in this work, is implemented
using variance decomposition which is a global SA technique. Several methods of
implementing variance decomposition are described in section 6.3. (In the rest of the chapter,
when the term SA is used, it implies global SA variance decomposition unless otherwise stated.)

Before proceeding, an explanation of notation and terminology is needed.
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6.2 NOTATION AND TERMINOLOGY

For a given model with k input factors and function, £, the output ¥ can be expressed as
Y=F(X,X0nXy) 6.2)
where X, X5, ..., X are the input factors. Each of the factors is an N by 1 dimensional vector
comprised of samples from its respective probability density function (PDF). In practice, N
samples are obtained from the PDF of each factor and the model is executed N-times in MC
fashion. This equation can be written as
Y, = f[X,0),X,@),... X, ()] (6.3)

where i = 1... N, the number of samples or realizations.

6.3 VARIANCE-DECOMPOSITION METHODS

6.3.1 Introduction

Referring to Figure 6.1, variance-decomposition methods or techniques include the
Correlation Ratio [31], the Method of Sobol’ [32] [33] [34], and the Fourier Amplitude
Sensitivity Test (FAST) [35]. The original FAST method, described in [35], is limited to output
analyses equivalent to those of the correlation ratio, that is, first-order terms. Saltelli later
extended the FAST method to include both first and higher-order sensitivity terms and named it
Extended FAST [36]. Note that any of these four methods could be used as the “analysis

method” in Figure 6.2.

6.3.2 General
For a given model, [26] and [31] showed that the unconditional total variance of model

output Y can be written as
Var(v)=V, [E(r|]x, )]+ E, v (¥|x,)] (6.4)

where
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Vy, [E(YIXi )] = I[E[lei]_ E[Y]]ZPX,. (Xi )dXi (6.5)

Ex. [V(lei)]z ”(y - E[leil)zpnx, (y)dy Py, (Xi)dXi (6.6)
and

El|X,|= [y pyy, (v)dy ©6.7)
The two right-side components of (6.4) are called the variance of the conditional expectation
(VCE) and the residual. The integrals associated with (6.4) could be easily calculated assuming
PDFs for the input factors but the conditional probability density functions are not generally
known and hence explicit analytical solutions can not be derived. As a result, MC-type

simulations are needed to solve the integrals.

6.3.3 Correlation Ratio

Using (6.4), the magnitude of the VCE with respect to the total variance is defined as

. _ Vi lE(r]x )]
Var(Y)

(6.8)

and is termed the Correlation Ratio. It is computationally expensive to solve for 7 using MC
simulations as both inner and outer loops are required for each factor. However, the method is
conceptually simple and relatively easy to implement. McKay recommended Latin-Hypercube
sampling (LHS) instead of random sampling because LHS more fully covers the distribution

space of each factor when evaluating the integrals and yields faster convergence in the model

[37].

6.3.4 Method of Sobol’
The Method of Sobol’ is used to perform variance decomposition much more efficiently
than the Correlation Ratio while yielding more information [38]. It is based on the

decomposition of total variance given as

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



V:Zklv,. +iivﬁ +otV, (6.9)
i=1

i j>i
where V is the total unconditional variance, V; is the variance due to each input factor X; by
itself. Vj; is the variance due to each pair of input factors, X;. Additionally, higher-order
interaction terms are included all the way up to V;,_; which is the variance due to the interaction
of all the input factors. A measure of sensitivity S; for a factor can be derived by dividing each

term in (6.9) by the total unconditional output variance V giving

Vii,..1

S(,‘y,_,,'}():M (6.10)
|4

where the subscripts, ij,...,i; represent the input factors X; and their combinations, X;...X; .

From (6.9) and (6.10), the sensitivity indices can be written as,

k k k
DS+ DS, o+ S, =1 (6.11)
i=1

i i
with the useful property that the sum of all the sensitivity indices and interactions sum to one.
The S; variables are called the first-order sensitivity indices. The S;; are called the second order
indices. Likewise, S;, are called third order and so on up to the highest order, S;; , , which

accounts for the interaction of all k input factors. For a model that is additive,
s =1 (6.12)

meaning the sum of the first-order sensitivity indices is one. If the S; do not sum to one, then
higher-order interactions are present. Rather than compute directly all the first and higher-order
sensitivity indices, it if often sufficient to compute only the S; and total sensitivity indices, Sz;
for each input factor X;. The S7;indices measure the contribution to the total variance as a result
of the first and higher-order interactions of each factor X;. For example, assuming & = 3, the

total sensitivity index for X; would be

Sp=S+8,+8,;+S» (6.13)
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which accounts for all the interactions of input factor X; with X; and X;. For factor X;, the total
sensitivity index is

Sy =8, 18, +85; +5,, (6.14)
Similar expressions would be generated for X; factors thereby accounting for their interactions

as well. Rather than compute each sensitivity term to compute the Sy;, a more efficient method

is to recognize and use the relationship between the factors,

S =1-8, (6.15)
where ~i indicates the sensitivity terms which do not include the index i, that is, the total
fractional variance complementary to parameter X,.

"The Correlation Ratio computes only first-order sensitivity terms while the Method of
Sobol’ computes both first-order and total-sensitivity terms. The computational cost of Sobol’,
measured in number of model evaluations [2N(k + 1)], is much less than the MC integrals
associated with the Correlation Ratio method (kN 2). Using the Correlation ratio, with k = 3,
and ¥ = 128; 49,152 model evaluations are required to obtain only the first-order sensitivity
indices. For the Method of Sobol’, with k = 3, and N = 128, 1024 model evaluations are
required to obtain both first and total-order sensitivity indices for all three factors.

Sobol’ included a quasi-random sampling method, known as LPtau (LPt), to be used in the
Sobol’ variance-decomposition method. It helps yield a faster convergence rate in the model
output, approximately on the order of N ', rather than the rate using the purely random
sampling of the factor distribution spaces which converges at approximately N %’ [39]. The
Sobol’ sampling method is designed to fully sample the space of each factor in a hyper-
dimensional unit cube of dimension k [40]. This means that the sampled LPt values range
between 0 and 1 with a uniform distribution. The sampled LPt values can be transformed into

the appropriate PDFs by using the properties of each factor’s inverse cumulative distribution

function (CDF). Even though [31] recommended LHS for the computation of the Correlation
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Ratio, others have shown that the LPt method yields superior results even when computing the
Correlation Ratio [39]. Therefore, in this work, when the Correlation Ratio is computed, the

input factors are sampled using the LPt method instead of random or LHS.

6.3.5 FAST and Extended FAST

The Fourier Amplitude Sensitivity Test (FAST) methods are based on Fourier analysis
procedures involving sampling the factor distribution spaces in a manner similar to sampling
time-domain signals at fundamental and harmonic frequencies. The FAST method only
provides first-order sensitivity terms. The extended FAST technique provides both first and
total-order terms. Though the four variance-decomposition methods shown in Figure 6.1 give
equivalent results for similarly-ordered outputs (i.e., similar results for first or total-order
terms), the FAST methods are very cumbersome to implement in comparison to the Method of
Sobol’ and Correlation Ratio. For more information regarding FAST and Extended FAST, the

reader is referred to [35] and [36].

6.4 SUMMARY

There are many tools that can be used by systems designers to perform systems
engineering analysis. Two of those tools described in this chapter, are sensitivity and
uncertainty analysis. In general terms, SA is the study of how the output of a model varies as a
function of its inputs. Uncertainty analysis describes the level of uncertainty in a model’s
output given uncertain inputs. Both are tools that can be used to assist in systems engineering
analysis. In this chapter, it was shown that SA methods can be divided into three groups:
screening, local and global.

Screening methods rank the input factors by importance but provide no quantitative
analysis of how much more important one factor is over another. Local SA methods provide

more quantitative information about factor importance and consist of the common control-
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system partial derivative and the pseudo-Monte Carlo techniques. Global SA differs from local
SA methods in that global techniques simultaneously vary all the input factors during model
execution as opposed to varying one factor at a time.

Global SA can be performed using Monte Carlo and variance decomposition techniques.
The variance decomposition techniques have an advantage over MC methods a they apportion
the error in the model output variance back to the input factors. In this way, the exact
contribution to model output variance (error) can be quantitatively determined for each factor.

There are four techniques or methods used to perform variance decomposition: Correlation
Ratio; Method of Sobol’; FAST; and Extended FAST. The correlation ratio is relatively simple
to implement, but is computationally very expensive, and provides only first-order sensitivity
terms. The method of Sobol’ is slightly more complicated to implement, but computationally
much more efficient, and provides both first and total-order sensitivity terms. The FAST and
Extended FAST methods are very cumbersome to implement, require about the same level of
computational expense as the Method of Sobpl’, and provide first, and first plus total-order
terms, respectively.

A word of caution is in order. At times, there can be significant confusion when discussing
sensitivity analysis, what it means, and how it is implemented. The objective of this work is to
perform SA using the global SA method of variance decomposition and apportion the error in
the output to the input factors. In the next chapter, the Method of Sobol’ will be used to

perform SA.

95

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 7

SYSTEMS ENGINEERING ANALYSIS: TRMM-LIKE ALGORITHM

7.1 INTRODUCTION

In November 1997, the Tropical Rainfall Measuring Mission (TRMM) satellite was
launched from the Tanegashima Space Center in Japan by the H-II F6 launch vehicle [41].
TRMM was and continues to be a joint project between the United States National Aeronautics
and Space Administration (NASA) and the Japanese Aerospace Exploration Agency (JAXA).
The precipitation radar (PR) on board the satellite, is the first weather radar to be deployed in
space and is one of several instruments being used to provide a three-dimensional structure of
rainfall by measuring the radar reflectivity of the cloud system and the attenuation of the
microwave signal as it passes through the precipitation. The major advantages of such a system
are its global coverage and frequent sampling of global precipitation. Important applications of
this project are immediate practical benefits to agriculture, water resources management, and
flood warning systems [42].

Satellite systems such as TRMM are complex and rely on the proper design and
functioning of each of its many subsystems—satellite vehicle, ground validation (GV) sites,
precipitation radar (PR), calibration, and retrieval algorithms—to ensure high quality data
products. The retrieval algorithms employed in TRMM are based on mathematical models and
assumptions about the microphysics of precipitation. Errors in the model assumptions,
variables input to the model, and model parameters can lead to errors in the output, which in

this case, is the retrieved rain rate.
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This chapter describes and implements systems engineering analysis on a TRMM-like (TL)
retrieval algorithm using sensitivity analysis (SA) and uncertainty analysis (UA) tools. It is
referred to as TL to convey the notion that the tested algorithm is based on the TRMM
algorithm but deviates in select aspects. In section 7.2, a brief overview is given of the TRMM
satellite and its rainfall-retrieval algorithm. Next, the TL rain-rate estimation model is
developed which will be used for the SA and UA. In section 7.3, the TL model is analyzed
using the UA/SA methods described in Chapter 6 which use the Method of Sobol’ variance-
decomposition technique. The input factors are described along with their respective
probability density functions (PDFs). The SA/UA results are presented in section 7.4 and a
summary is given in section 7.5.

In the context of systems engineering, when analyzing the performance of a new system, it
is important to be able to benchmark its performance with that of some other reference system.

The TL retrieval/rainfall estimation system serves as that comparative reference for future work.

7.2 TRMM OVERVIEW

In a limited systems view, TRMM is comprised of three major subsystems: the earth-
orbiting satellite with its PR; the ground functions including the Ground Validation (GV)
systems; and the microphysical-based retrieval or rainfall estimation algorithms. Other
subsystems are the data processing, communications, and launch vehicle, but these are not

covered in this work.

7.2.1 Spacecraft
The TRMM satellite is in earth orbit at an altitude of about 350 km as shown in Figure 7.1.
The 13.8-GHz PR uses a 128-element phased-array antenna to scan from right to left as the

satellite moves through its inclined orbit with a scan angle of about + 17°.
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Figure 7.1. Measurement concept of the precipitation radar on board the TRMM satellite.
Source: TRMM Data Users Handbook, 2001.

The radar footprint, at ground level, is about 4 km in diameter and the vertical resolution is 0.25
km. In the figure, the bright band (melting layer) is depicted as being approximately 0.5-km in
height at an altitude of 5 km. Because of ground clutter up to about 2 km above ground, the

vertical distance of the PR-measured rain region is typically about 3 km.

7.2.2 Ground Validation Program

In conjunction with the goals of TRMM, several ground validation (GV) sites are operated
by the GV Program. These sites are operated on a continual basis and provide independent
verification and validation of the PR performance and algorithm data products. The TRMM
science team suggested having 10 GV sites, representing a reasonable variety of tropical rain
regimes in place at the time of launch. The TRMM program focused on four of the highest
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priority sites, e.g., Florida, Kwajalein, Australia and Texas. The operational sites are equipped
with Doppler weather radars and networks of surrounding rain gauges. The data retrieved by
these sites is correlated with the data retrieved by the satellite and necessary adjustments or
modifications are sent to the satellite subsystems or data processing subsystems [43] [44].
Proper site planning, facilities planning and operations of the GV sites are crucial to the overall

success and attainment of the TRMM mission goals.

7.2.3 Retrieval Algorithm

The retrieval algorithm used to estimate the TRMM rainfall rates is designated as 2A25 in
the data products [45] and is thoroughly described in [8] but a brief overview of the
fundamental equations, methods and assumptions of the retrieval algorithm will be given here.
The underlying assumption of the retrieval method is that specific attenuation (r) in dB/km, at

some range r from the satellite, can be modelled as

k(r)=az/(r) (7.1)
and that the rainfall rate in mm/hr can be mocielled as

R(r)=aZz,(r) (7.2)
where &, 3, a and b are empirically-derived coefficients and the true radar reflectivity factor is
designated as Z(r) (mm® m™). Because of attenuation, Z,(r) is masked and must be estimated.
Note that the subscript i is dropped in Z, from that used in earlier chapters because this is a

single frequency radar. The observed or measured radar reflectivity factor Z,(r) (mm® m™) at

range r is related to Z,(r) by the two-way attenuation factor A(r),

z,(r)=2.(r)Alr) (7.3)
and A(r) is given by
Alr) = exp{— 0.21n(10) | k(s)ds} (7.4)
0
99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Using the assumption of (7.1), (7.3) can be solved for Z,(r) and written as

7,(r)= Zal) (1.5)

where Ayp(r) is the Hitschfeld-Bordan (HB) derived attenuation factor,

AHB(r)=[l—q ﬂja(s)z,f(s)ds} 1.6)

with ¢ = 0.2 In10. It should be noted that log = log)o and In = log.. The method requires that 8
is constant and describes Ayp(r) in terms of measured Z,(r) instead of Z,(r). The HB total path-

integrated-attenuation, in dB scale, can be written as

10
PIA,, = —'—B—log(l -¢) (1.7)
where
£ = qﬂj" o(s) 2P (s)ds 7.8)
0

and r; is the range to the surface or the distance to the last bin of measured reflectivity above
clutter (r = r,). The weakness in (7.7) and the Hitschfeld-Bordan method in general, is that for
large rainfall rates and correspondingly large attenuation values, { can approach or become
larger than one, at which point (7.7) becomes invalid. To help remedy this situation, the
Surface Reference Technique (SRT) is used to adjust the value of ¢ such that the difference in
(7.7) is always greater than zero.

The SRT method gives an independent estimate of the total path-integrated-attenuation,

and is defined as

no-rain rain

PIAg,=Ac® = <0'° >—- <0'° > (7.9)
where (G°,0.rin ) indicates the average of the surface radar cross section with no rain, and (6°,

) ts the average when rain is present [46]. The PIAg is frequently referenced as simply Ac®.
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The objective is to find the best or most accurate PIA, using a combination of both PIAg; and
PIAyp. If the assumption is made that under high rain-rate conditions (corresponding also to
high-attenuation conditions) that Ac® is correct or at least more accurate than PIA;, then the

true PIA, can be estimated using (7.7) and (7.9),

PIA,=Ao® = —%log(l - &) (7.10)

where € is a correction term to ensure that the difference in (7.10) is always positive. From

(7.10), the correction factor €; for SRT is,

_1n-01846°
g 1210 (7.11)
4
The final value of € is between 1 and €; and is given by the simple linear equation [47]
e=1+{(e, -1) (7.12)

instead of the more detailed maximum-likelihood calculations described in [8]. With this final

value of €, the attenuation-corrected Z,(r) can be calculated at all ranges using
z,(r)

I-¢q ﬂja(s)zg(s)ds}

z,(r)=
(7.13)

Because multiplying by € in the denominator is equivalent to adjusting the o in the integral, this
method is referred to as the o-adjustment method.

The TRMM 2A25 algorithm also adjusts for non-uniform beam filling (NUBF), but as the
adjustment is small, it is not implemented in this work. Normally, after the final € value is
calculated using (7.12), the a and b terms in (7.2) are adjusted according to

logla)=a, +a, x+a, x* (7.14)
log(b)= b, +b, x +b, x* (7.15)

where
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x =log(e) (7.16)
and

a'=10" (7.17)

b'=10"E) (7.18)
to provide the final, adjusted Z-R relationship used to estimate rain rate,

R(r) =a'Z’ (r) (7.19)
with R(7) in mm/hr. The coefficients in (7.14) and (7.15) are contained in the TRMM 2A25

reference document .

7.3 UA AND SA APPLIED TO TL ALGORITHM

This section describes how uncertainty and sensitivity analyses are applied to a TL
algorithm with the objective of determining the importance of each of the input factors in the
variance (error) of the rainfall-rate estimation in the bottom bin. The assumptions and values

used for the input factors are also described.

7.3.1 Model
Using equations (7.1) through (7.19), a model for the TL algorithm can be constructed
according to the sensitivity analysis guidelines in Chapter 6 of the form,

R(r)= f(z,,,@ B.a,b,Ac”) (7.20)
where the rain-rate R(r) is a function of the input factors and range r. Using this model, for
inputs consisting of Z,, a, B, a, b, AG°, the estimated rain-rate profile can be calculated at each
bin of the input Z,, profile. Although the input profile, Z,, is many bins high, the sensitivity
analysis is performed using only the values from the bottom bin nearest the ground. That is, the
remaining bins are used to calculate the rain profile, but only the rain rate from the bottom bin is

used to perform UA and SA.
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7.3.2 Input Factors

Each of the input factors listed in (7.20) must have an assigned probability density function
(PDF) that can be sampled as part of the SA process.

Factor Zm In this case, the input factor, Z, is a vector, a vertical profile of reflectivity
values. It is understood that there is random measurement error in each bin, and that the error is
normally distributed, zero mean, with a 1-dB standard deviation [48]. With random error in the
Z,, profile, some bins within any particular profile will have more or less error than others, but
in general, it is assumed that the error can be up to 1 dB and is normally distributed in each bin.
Without accounting for measurement error, the model could be run with the Z,, profile constant
at its nominal values (based on known N,, D, pairs and known rain rate) and it could be used
directly in the model with the SA method calling the same Z, profile each time. However,
doing this would not allow the computation of the sensitivity index of the variance (error) of the
Z, profile. The objective of SA is to incorporate measurement error (statistical variance) in the
Z,, profile along with variance in each of the other input factors. Because the sensitivity and
uncertainty analysis methods don’t allow for a direct mapping of an error vector in (7.20), the
Z,, profiles must first be mapped to another random variable called a trigger factor [49]. A
schematic diagram showing how a trigger factor is used with sensitivity analysis is shown in
Figure 7.2. To simulate Z, with measurement error, Figure 7.2 shows 7 profiles based on a
known N,, D, pair, and corresponding rain rate, with random error added to each bin of each
profile. In this work, 7 = 1200, but it could be any reasonably large number such as 1000 or
1500. The dashed lines in the upper-right of Figure 7.2 represent the intrinsic or baseline Z,,
profile to which error is added resulting in the solid lines. The trigger factor serves as an index
to select specific Z,, profiles for SA. It is a discrete random variable, in this case uniform, 1 to
7, corresponding to the number of error-laden Z, profiles. When performing SA, the Z,

profiles (vectors) are generated and sorted from least to greatest overall error based on the
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average error of each profile, then the trigger factor is sampled and used to select the

appropriate Z,, profile to be inserted in each model evaluation.

Discrete 4
Trigger Factor b

Index !

— |

3 n-2 n-1 1

[
»

v
-
N

1 n
Radar Reflectivity Factor, Zm

Samples
Trigger Linked Profile

Sensitivity Analysis
Method

Figure 7.2. Diagram showing the relationship between trigger variables, the sensitivity analysis
method and input factors with error distribution.

In this way, the error in the Z, profiles can be integrated into the model evaluations and be
linked to their error distribution range and the SA process.

Factor: a In this work, a i1s assumed to be uniform and vary + 20% about its nominal
value specified for rain, 20° C, stratiform [§].

Factor: 3 This must be a constant and is fixed at its defined value for rain, 20° C,
stratiform,

Factorsaand b  In practice, the factors a and b are derived from power-law fits of the

Z-R relationship of the form R = a Z°. Considerable work has been done to analyze global
precipitation data, model it, then compute the a and b coefficients as functions of £ such that the
values of a and b are linked to the o-adjustment method in the TRMM algorithm [50]. Using

that method, the log polynomials of (7.14) and (7.15) are derived and statistical information as
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to the actual distribution of a and b are unfortunately not available. Note that even small
variations in a and b in (7.2) (or a’ and b’ in (7.19)) can cause large variation in estimated
rainfall rate, and consequently, the distributions of a and b can be very important to accurate
rainfall estimation.

In the TRMM algorithm, the a and b factors are computed using (7.14) and (7.15) where
(7.19) is used to compute rain rate. As this work focuses on a TL algorithm, the calculation and
usage of a and b is somewhat differently depending on the rain rate and HB PIA. For low
rainfall rates, where € is unity (or close to unity), and o-correction is not performed, the Z-R
relationship of (7.2) is used in SA/UA with estimated PDFs for a and b, and for higher rainfall
rates, the a and b correction method shown in (7.14) and (7.15) is used without sampling the
PDFs. The TL algorithm automatically transitions from one method to the other depending on
the values of PIA from (7.9) and { from (7.8). For this method to work, it is necessary to
obtain reasonable estimates of PDFs for a and b under low rainfall conditions. Using this
method, at higher rain rates, errors in Z, and Ac® both propagate through the model and are
implicit in the calculation of € and the values of a” and b’.

In order to obtain a reasonable estimate of the probability density functions of a and b for
low rainfall rates, the four global regions of disdrometer data (same data sets) shown in Figure
3.12 were analyzed using the method described by [51]. Figure 7.3 shows a scatter plot of
filtered, stratified log(R) vs. log(Z) with the assumption of low rainfall-rate stratiform
precipitation determined by, R < 15 mm/hr, Z > 18 dBZ to account for noise floor, and Z < 35
dBZ. In the plot, reflectivity Z is in linear scale, mm® m™.

In the method described by [51], the Z-R relations are stratified or grouped by « and ¢

using the equation

o, =— (7.21)
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where B = 0.7923, and the subscript s represents the subgroup of the total data set. For each
point in the plot, a specific attenuation value, k; is calculated. After calculating each £, value,
then an a, value is calculated using (7.21). Following that, the Z-R points are grouped or

stratified according to o and least-square first-order curve fits are performed on the grouped Z-R
points. The lines in Figure 7.3 are the resultant Z-R curve fits, each with a different a and b
value described by (7.2). Regressions were not performed on groups with fewer than five
points. Some of these unused outlier points are shown below and above the main body of
scatter points and show no fitted lines. It should be noted that in order to obtain better
distributions of a and b, more curve fits are necessary, and hence more data are necessary.
However, for this work, these data seemed to be sufficient as a preliminary estimation of a and

b PDFs.

0.6}

0.4}

log,,(R)
o
T

1 e L L e
1.5 2 25 3 35

109,,(2)

Figure 7.3. Scatter plot of log(R) versus log(Z) showing R =a Z ° fit. The lines are R-Z curve fits based
on grouped points. For each line, a set of @ and b coefficients is obtained. The scatter plot assumes
stratiform rain, R < 15 mm/hr and Z < 35 dBZ.
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In Figure 7.3, of the 6271 available DSD sets, 2775 met the imposed low-rainfall-rate
conditions expressed above and are shown in the figure. Of those points (pair of Z and R
values), 43 sets of a and b coefficients were obtained and plotted in histogram form in Figure

7.4.

The dashed lines in Figure 7.4(a) and (b) represent the nearly uniform PDFs estimated for
the a and b coefficients. These plots use 10 bins, and the shape of each histogram will vary
somewhat depending on the number of bins. The distribution for a is assumed to be uniform,
roughly + 0.014 about its mean. The distribution for b is also assumed uniform and about +

0.036 about its mean.

10 T T T

(@)

Counts
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/—'—"—— R B

. ol
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045
a

6 T T T T T Ty

(b)

Counts
w
T

0.62 0.63 0.64 0.65 0.66 0.67 0.68 0.69 0.7

Figure 7.4. Histograms of the a and b coefficients for the R = a Z” relationship. In each case, a uniform
distribution is fitted to the histograms. Part (a) shows the histogram for the a coefficient. The mean
values is 0.0243. There is obviously some higher percentage of counts around 0.35, but a uniform PDF
is assumed between 0.008 and 0.037. Part (b) shows the b coefficient with a mean value of 0.661and
assumed uniform distribution between 0.626 and 0.698. Each histogram consists of 43 points or
samples.

107

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



An alternative procedure is to keep b fixed and relate all variabilities of Z-R through the concept

of normalized DSD [52].

7.4 RESULTS

In order to obtain boundaries of rainfall rates for simulation purposes, Figure 7.5 shows a
graph of measured global-rainfall rates for the month of July 2000 from TRMM courtesy of Dr.
Wanyu Li. For stratiform rain over ocean, the data indicate that about 99% of the measured
rainfall rate is between 5 and 20 mm/hr and for stratiform rain over land, 79% of the rainfall
rate is between 5 and 20 mmv/hr. For convective rain over ocean, 87% occurs between 5 and 20
mm/hr, and for convective over land, about 79% occurs between 5 and 20 mm/hr.  Given these
data, a generous analysis range for TRMM simulations is 5 to 35 mm/hr which accounts for a

large percentage of global rainfall rate.

x10* Number of Samples of Rain, Jul 2000

5 T T
—— Convective Over Ocean
% -8 Convective Over Land

4+ X —+ - Stratiform Over Ocean ||
» \ —- Stratiform Over Land
[}
g
[ 3r
7]
ke
g2
£
3
=z

1t

0

0

Rain Rate (mm/h)

Figure 7.5. Graph showing a breakdown of global rainfall rates from TRMM categorized as convective
over land and ocean, and stratiform over both land and ocean. Data are from the month of July 2000
courtesy of Dr. W. Li.

It is important to analyze global rainfall also based on the percentage that occurs over land
and over ocean. Figure 7.6 shows a chart based on the same July 2000 data which shows a

breakdown of measured rainfall rate by region for global rainfall rate less than 35 mm/hr. The
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percentage of measured global rainfall rate occurring over ocean is about 76% and over land
about 24%.

Additionally, in simulating representative profiles, the TRMM receiver noise-floor of
about 18 dBZ was used to eliminate profiles that could not be measured by the radar. The
noise-floor constraint is especially critical at low rain rates where the measured reflectivity
values are small. It also plays a role at very high rain rates where large attenuation can reduce
the measured Z,, values.

Many Z,, profiles were simulated using known N,, D, pairs for use in the UA and SA
computations. The parameters for these profiles are listed in Table 7.1 and are representative of
the range of rainfall rates that TRMM typically measures. In the reflectivity profiles, the actual
N, and D, values were chosen to provide increasing rainfall rates with reasonable N,,, D, values

in accordance with empirical data that indicate actual ranges for N, and D, are, 3 <log N,, < 5,

and 0.5 <D, <2.5 [19].

Stratiform, Land
7%

Convective, Ocean )
\ Stratiform, Ocean

490/0 \\\\ 270/0

<35 mm/hr
76% ocean

24% land N

Convective, Land

Figure 7.6. Breakdown of measured rainfall rate less than 35 mm/hr by region--ocean
and land. Global data from July 2000. Courtesy of Dr. W. Li, CSU Radar Laboratory.

Using the Method of Sobol’ (global SA using the variance-decomposition technique), both UA

and SA were performed on the TL function of (7.20) for the N,, D, pairs listed in Table 7.1 for
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both ocean and land conditions. Each profile is based on a vertical rain column, 3-km high
assuming 12 bins, each with a radar range resolution of 0.25 km. The nominal values for input
factors o and B are taken from [8] assuming stratiform rain and 20° C water with no

temperature or height-based interpolation.

Table 7.1. List of the N,,, D, pairs that were used to create Z,, profiles. The expected rain rate in mm/hr
is shown in the right column.

D, (mm) N, Rain Rate (mm/hr)
0.65 33,800 1.09
0.75 33,900 2.14
0.85 34,300 3.87
0.90 34,600 5.10
0.95 35,000 6.65
1.00 35,500 8.56
1.10 36,700 13.52
1.15 37,400 17.33
1.25 38,900 26.64
1.30 - 39,700 32.65
1.35 40,500 39.73

Although many other combinations of N,, D, and rain rate could be used for these sensitivity
analyses, the above sets meet the purpose here to cover the expected rainfall range, measure the
importance of error on the output variance of estimated rain rate, and to quantitatively

determine the importance of each of the factors listed in (7.20).

7.4.1 Ocean

For ocean, the TL-algorithm input-factor distributions are shown in Table 7.2. The
uniform distribution is represented by U{range}, and the normal distribution is represented by

N{mean, standard deviation}.
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Table 7.2. List of the input factors and their distributions for the TRMM-like algorithm rainfall rate
sensitivity analyses over OCEAN. The nominal values for these factors were obtained from [8],
assuming 20° C stratiform rain.

Factor Name Probability Distribution
o U{2.851e4+20% }
B constant = 0.792 30
a U{0.022 82+ 0.014 }
b U{ 0.6727 £ 0.036}
Ac® N{ AG°ne . 1 dB }
Z,, (error in each bin) N{0, 1 dB}

In this scenario, the error associated with Z,, is assumed to be from a normal distribution,
zero mean, with a 1-dB standard deviation. The distribution associated with Ag® is based on its
true mean value from the simulated data set with added zero mean, 1-dB standard deviation
error. The SA and UA results for D, = 0.65 through D, = 1.35 listed in Table 7.1 are shown in
the following pages in Figure 7.7 through Figure 7.17. In each figure, a pie chart is shown in
parts (a) and (b). Part (a) shows the variance decomposition for the inputs with the percentage
contributed by each factor listed by the factor name. Part (b) shows a pie chart for the total
sensitivity indices. Each pie wedge is identified by input factor, but since the sum of the total
sensitivity indices can be larger than one, the total sensitivity index percentages are not shown.
The histogram in part (c) of each figure is a distribution of estimated rainfall rate in the bottom
bin of each profile. Part (d) of each figure shows the raw values output from the SA procedure

using the method of Sobol’.
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Figure 7.7. N,,=33,800 D,=0.65, TRMM-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction.
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Figure 7.8. N, =33,900 D, = 0.75, TRMM-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction.
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Figure 7.9. N, = 34,300 D, = 0.85 TRMM-like over ocean.. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction.
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Figure 7.10. N, =34,600 D, =0.90 TRMM-like over ocean.. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (¢). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction.
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Figure 7.11. N,,= 35,000 D, =0.95 TRMM-like over OCEAN. The pie chart in part (a) shows the
variance decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices.
A histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw
outputs from the method of Sobol’ sensitivity analysis method. In this simulation, there is significant
higher-order interaction.
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Figure 7.12. N,.= 35,500 D, =1.00 TRMM-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c¢). Part (d) is a listing of the raw outputs
from the method of Sobol” sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.13. N, = 36,700 D, = 1.10 TRMM-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (¢). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order

interaction and the model is additive.
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Figure 7.14. N,,=37,400 D, = 1.15 TRMM.-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.15. N, = 38,900 D, = 1.25 TRMM-like over ocean. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order

interaction and the model is additive.
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Figure 7.16. N, =239,700 D, =1.30 TRMM.-like over ocean. The pie chart in part (a) shows the variance

decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A

histogram of the bottom-bin estimated rainfall is shown in part (¢). Part (d) is a listing of the raw outputs

from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.

121

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



800 . ; : B —
(a) [ - Mean: 39.56

43% 700+ . STD: 9.010
600

Se 3% 500/ . (c)

Counts
-
3
1
T

300

200

100:_Iriﬂ Hlj Trm—;;om
(

SZ m 44%

<

10 20 30 40 50
Rain Rate, Bottom Bin (mm/hr)}

80

(d)

Sobol First order indexes

S, 0.034964
S, 0

S, 0

S0 0.430761
S, 0.439759

Sobol total order Indexes

S, 0.085562
S, -7.77e-016
Sy -7.77e-016
St 0.459939
Stzm 0.489983

Figure 7.17. N,.=40,500 D, = 1.35 TRMM-like over ocean. The pie chart in part (a) shows the
variance decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices.
A histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw
outputs from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-
order interaction and the model is additive.
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The SA results of the N,, D, pairs listed in Table 7.1 are shown in graph form in Figure

7.18.
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Figure 7.18. Graph showing the first-order variance decomposition of the important factors in the
TRMM-like algorithm over OCEAN. The above assumptions are used for the PDFs for the input factors
listed in Table 7.2. The factors ¢ and b have significant impact in the low rainfall region but diminish as

the algorithm transitions to higher region where the log polynomials are used to calculate ¢ and b. At low
rain rates, a and b dominate. At high rain rates, the error in Ac® dominates. As the rain rate and
attenuation levels increase, attenuation becomes more important and requires more correction, thus o also
becomes somewhat more important in the variance of the calculated rain rate.

From the SA results, there is a clear peak in the contribution of o to the total output variance
around the 30 mm/hr range after which its contribution to total variance declines. At low rain
rates, the error in @ dominates while the contribution from o and Ac® are negligible. The
coefficient b is the second-most important factor at low rain rates. In low rain-rate region, the
TRMM algorithm mainly uses the HB solution which does not use the Ac® input values. In the
higher rain rate region, the Ac® input is used in the retrieval algorithm. A transition between
HB and Ac® methods occurs in the range between about 5-8 mm/hr. In both the lower and

upper regions, the sum of the three first-order sensitivity factors is approximately 100% at each

123

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



rain-rate point indicating that the TRMM model of (7.20) is additive meaning there are no
higher-order interactions between the input factors. However, in the transition region, the
model is not completely additive and higher-order sensitivity interactions occur. Above the
transition, the error in Ac® dominates the rain rate variance. As expected, the contribution from
the error in Ac® declines with increasing rain rate because the true-Ac® values increase and the
error associated with this variable decreases as a percentage of its true value and hence its
contribution to output variance decreases. Throughout the entire rain-rate region, the
contribution from « is small in comparison to that of the other factors.

From UA, the standard and normalized standard error vs. rain rate for the profiles of Table

7.1 are shown in Figure 7.19.
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Figure 7.19. Plot showing the standard error and normalized standard error of the simulated rain rate only
in the bottom bin. Data from TRMM-like algorithm over Ocean.

As expected, with increasing rain rates, the standard error increases, but the normalized
standard error remains below approximately 0.43. Table 7.3 shows a listing of the variance
decomposition outputs for the TRMM-like algorithm over ocean. The left column is estimated

rain rate in mm/hr based on the N, and D, parameters listed in Table 7.1.
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Table 7.3. List of the variance decomposition results for the TRMM-like algorithm over ocean. The
column on the left is estimated rain rate in mm/hr based on the N,,, D, pairs listed in Table 7.1

oy S s, Sy Sue Sz
1.09 0.0% 75.5% 7.8% 0.0% 13.7%
2.14 0.0% 69.5% 11.2% 0.0% 14.7%
3.87 0.1% 69.3% 14.8% 0.0% 12.6%
5.10 0.7% 62.9% 13.2% 0.7% 13.6%
6.65 1.2% 10.7% 1.2% 25.7% 27.3%
8.56 0.9% 0.0% 0.0% 68.0% 30.5%
13.52 1.9% 0.0% 0.0% 67.1% 31.1%
17.33 3.5% 0.0% 0.0% 64.7% 31.9%
26.64 5.3% 0.0% 0.0% 56.2% 39.1%
32.65 5.9% 0.0% 0.0% 49.3% 41.7%
39.73 3.5% 0.0% 0.0% 43.1% 44.0%
7.4.2 Land

For land, the TL-algorithm input-factor PDFs are shown in Table 7.4. The error associated
with Ao over land is assumed to be from a normal distribution, mean equal to the true PIA

from simulations, with 3-dB standard deviation.

Table 7.4. List of the input factors and their distributions for the TRMM-like rainfall rate sensitivity
analyses over LAND. The nominal values for these factors were obtained from [8], assuming 20° C
stratiform rain.

Factor Name Probability Distribution

o U{ 2.851le-4 £20% }
B constant = 0.792 30
a U{0.022 82 £0.014 }
b U{ 0.6727 £ 0.036}

Ac® N{ Ac°e,3dB }

Z,, (error in each bin) N{O0, 1 dB}
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Pie charts for TL algorithm over LAND showing the first order sensitivities, S;, and total
sensitivity indices, Sr; are shown for D, = 0.65 through D, = 1.35 listed in Table 7.1 are shown
in the following pages in Figure 7.20 through Figure 7.30. In each figure, a pie chart is shown
in parts (a) and (b). Part (a) shows the variance decomposition for the inputs with the percentage
contributed by each factor listed by the factor name. Part (b) shows a pie chart for the total
sensitivity indices. Each pie wedge is identified by input factor, but since the sum of the total
sensitivity indices can be larger than one, the total sensitivity index percentages are not shown.
The histogram in part (c) of each figure is a distribution of estimated rainfall rate in the bottom
bin of each profile. Part (d) of each figure shows the raw values output from the SA procedure

using the method of Sobol’.
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Figure 7.20. N, =33,800 D, =0.65. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs

from the method of Sobol” sensitivity analysis method. In this simulation, there is little higher-order

interaction and the model is additive.
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Figure 7.21. N, =33,900 D,=0.75. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A

histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs

from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.23. N,,=34,591 D, = 0.90. TRMM-like over land. The pie chart in part (a) shows the variance
- decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is significant higher-
order interaction and the model is not additive.
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Figure 7.24. N,,= 35,000 D, =0.95. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is significant higher-

order interaction and the model is not additive.
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Figure 7.25. N, =35,500 D,=1.00. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.26. N, = 36,700 D,=1.10. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (). Part (d) is a listing of the raw outputs
from the method of Sobol” sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.27. N,,=37,400 D,=1.15. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.28. N, = 38,900 D, = 1.25. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order
interaction and the model is additive.
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Figure 7.29. N,.= 39,700 D, = 1.30. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (c). Part (d) is a listing of the raw outputs
from the method of Sobol’ sensitivity analysis method. In this simulation, there is little higher-order

interaction and the model is additive.
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Figure 7.30. N,.=40,500 D, = 1.35. TRMM-like over land. The pie chart in part (a) shows the variance
decomposition of the first-order sensitivity indices. Part (b) shows the total sensitivity indices. A
histogram of the bottom-bin estimated rainfall is shown in part (¢). Part (d) is a listing of the raw outputs

from the method of Sobol’ sensitivity analysis method. In this simulation, there is some higher-order

interaction with o and the model is not additive.
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The SA results for the N,, D, pairs listed in Table 7.1 are plotted using the input factor

distributions corresponding to land. These are shown in Figure 7.31.
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Figure 7.31. Graph showing the first-order variance decomposition of the important factors in the
TRMM-like algorithm over LAND. The PDF assumptions used for the input factors are listed in Table
7.4. The factors a and b have significant impact in the low rainfall region. Their influence diminishes as

the algorithm transitions to the high rainfall rate calculation. At low rain rates, a and b dominate and o
has no effect. At high rain rates, the error in AG° dominates followed by the error in Z,,,. As the rain rate
and attenuation levels increase, attenuation becomes more important and requires more cotrection.

In this scenario, the error contribution from Ac® has been increased over that of the error
used for the ocean analysis. From the SA results, there is little contribution by « to the total
output variance throughout the entire simulated rainfall range. At low rain rates, the error in a
followed by the error in b, while the contribution from a and Ac® are negligible. In the higher
rain-rate region, the Ac® input is weighted more heavily than HB in the retrieval algorithm. A
transition between HB and Ac® methods occurs in the range around 5-8 mm/hr. In both the
lower and upper regions, the sum of the three first-order sensitivity factors is approximately
100% at each rain-rate simulation indicating that the TL model of (7.20) is additive. However,
in the transition region, the model is not additive and higher-order sensitivity interactions occur.
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Above the transition, the greater error in Ac® dominates the rain-rate variance. As expected,
the contribution from the error in Ac® declines with increasing rain rate because the true-Ac®
values increase and the error associated with this variable decreases as a percentage of its true
value and hence its contribution to output variance decreases. The error in measured reflectivity
contributes little to total output variance throughout the range.

From UA, the standard and normalized standard error vs. rain rate for the profiles of Table

7.1 for the TL algorithm over LAND are shown in Figure 7.32.
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Figure 7.32. Graph showing the standard error and normalized standard error of the simulated rain rate
only in the bottom bin. Data for TRMM-like over LAND.

Because of the greater error in Ac®, there is obviously greater standard error in the rain-rate
calculations. The NSE values have a maximum at about 0.58 and then decline at higher rain
rates.

Table 7.5 shows a listing of the variance decomposition results for each of the estimated

rainfall rates based on the N,,, D, values in Table 7.1.
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Table 7.5. List of the variance decomposition results for the TRMM-like algorithm over land. The
column on the left is estimated rain rate in mm/hr based on the N,,, D, pairs listed in Table 7.1

oy Sa S, S, Saor Sz
1.09 0.0% 0.0% 9.3% 0.0% 15.4%
2.14 0.0% 0.0% 11.6% 0.0% 13.8%
3.87 0.1% 0.1% 14.0% 0.0% 15.6%
5.10 0.0% 0.0% 10.7% 1.0% 13.1%
6.65 6.0% 6.0% 0.4% 51.4% 11.4%
8.56 0.0% 0.0% 0.0% 87.6% 10.0%
13.52 0.2% 0.2% 0.0% 89.1% 8.5%
17.33 0.3% 0.3% 0.0% 90.2% 7.2%
26.64 0.4% 0.4% 0.0% 88.0% 9.2%
32.65 0.0% 0.0% 0.0% 84.1% 9.2%
39.73 1.0% 1.0% 0.0% 81.7% 9.8%
7.5 SUMMARY

The sensitivity analyses performed on the TRMM-like algorithm over both ocean and land,
with assumed factor distributions (Table 7.2, Table 7.4), show differences in factor variance

decomposition depending on the rainfall region, low or high.

The majority of the variance in the low rain-rate region is due to the error in the a
coefficients. At low rain rates, the contribution from o is negligible or small corresponding to
small amounts of attenuation, and hence, requiring small amounts of attenuation correction.
Also in this region, the model primarily uses the HB solution ignoring Ac® in its calculations,
hence the contribution from Ag®° in total output variance is negligible. A set of uniform PDFs
for the a and b coefficients in the low rainfall region was estimated from disdrometer data.

These PDFs were used in the SA/UA in this region.

In the lower rain-rate region, where the TRMM algorithm uses only the HB solution, the

values of AG® are limited to be greater than 0.5 dB. At low rain rates, when the true value of
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Ac® is small, and when using its normal distribution with a 1 or 3 dB standard deviation, in the
sampling procedure, it is likely that negative Ac® values will be created. In reality, AG® is never
negative, and as a result, when Ac® is less than 0.5 dB, it is artificially set to 0.5 dB. Also, in
the lower region, when C is small, less than 0.2 (corresponding to small PIA), it is assumed that
it is a better measure of PIA than Ac®, and as such, Ac® is set to 0.5 dB thereby decreasing its
influence and heavily weighting the HB solution. The TRMM model is additive in the low rain-
rate region as the first-order sensitivity indices, S;, sum to approximately one in each N,, D,
simulation. (Refer to Figure 7.18 and Figure 7.31)

In the transition region, around 5-8 mm/hr, the models for both ocean and land are not
additive and display higher-order sensitivity terms. Above the transition region, for higher rain-
rates, the TRMM algorithm increasingly weights the contribution from Ac® and uses it to
calculate rain rate. Hence the error from AG° is very important in this region. In fact, it
becomes the dominant error source, far greater than that from Z,. Note that in both cases, land
and ocean, that in the higher rain-rate region, as the rate increases, the error contribution from
Aoc® decreases as its fixed relative error (1 or 3 dB) decreases as a percentage of its true value.

In the high rainfall region (above about 5 mm/hr), the a and b terms in the R = a Z,°
relation, have no effect on output variance in the algorithm’s operation. The reason for this is
that the new a and b values in (7.19) are calculated from the quadratic equation using ¢ instead
of the input a and b values listed in Table 7.2 and Table 7.4. Variance in Ac® is implicitly
applied to the calculation of the new final € which is used to calculate the new @’ and b’
coefficients after the o-correction is done. More accurate PDFs for the log polynomials are not
available, consequently, the errors in the log fits were implicitly incorporated using Ac® and Z,
The TRMM model is additive in the high rain-rate region.

The S; indices plotted in Figure 7.18 and Figure 7.31 indicate that the most improvement

or reduction in total rainfall-rate variance in the lower region could be made by decreasing the
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variance or error in the a coefficient. The second most important factor is the b coefficient.
From a systems engineering perspective, two questions need to be asked: first) are the standard
errors good enough; and second) if not, what would it take to reduce the errors in a and b to
reduce the overall variance and increase the measurement accuracy? This improvement in a
and b could be done by calculating more and better Z-R regressions from more disdrometer data
allowing more accurate and detailed histograms to be analyzed.

In the higher rainfall-rate region, the output variance can be decreased by reducing the
error in Ac®. This could be effected by improved sampling, better radar calibration, or perhaps
some other technique to independently measure total path integrated attenuation.

The SA and UA performed on the TRMM algorithm have at least one shortcoming: the
assumption is made that both the k-Z and R-Z relationships described by (7.1) and (7.2) are
accurate, or at least more accurate than the uncertainty in the output variable. The TRMM
model used in these analyses is based on those relationships, the parameters used therein are
based on data taken from several regions around the globe from which fitted values for a, B, a,
and b are derived. Of course, both the a and b coefficients have no direct impact on the
variance in the high rainfall region as the algorithm uses the log polynomials to calculate new
R-Z coefficients. However, the log polynomials are derived from measurements and curve
fitting. These coefficients, do however have a significant impact in the low rainfall-rate region
as the algorithm does not implement o.-correction in this region and the a and b coefficients are
used directly in the estimation of rainfall rate. It is also clear that many other N,,, D, and rain-
rate combinations could be used in the simulations and analyses. The values listed in Table 7.1
were selected to be representative of the expected rainfall range and DSD parameter types.

This work focuses on how to apportion the variance in the output of a model to the

uncertainty in the input factors which is referred to as input uncertainty. The assumption is
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made that the model is reasonably accurate. SA and UA have no means to diagnose the

contribution to error of the model structure itself, only through the variance in the input factors.
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CHAPTER 8
SYSTEMS ENGINEERING ANALYSIS: GPM PROFILE-

OPTIMIZATION METHOD

8.1 INTRODUCTION

In chapters three through five, three retrieval methods were described which are applicable
for the dual-frequency capabilities of GPM. The first, single-loop method is applicable below
rain rates of about 10-15 mm/hr as its operation is limited by incorrect convergence above that
level (it also depends on rain-region height). The second, dual-loop method, is intended to be
used for higher rain rates where the single-loop method fails. The third, profile-optimization
method, is also intended for operation in the regime where the single-loop method fails, and it
can be readily used over ihe entire rain-rate spectrum from low to high rates. In each of the
dual-frequency retrieval methods, the enhanced attenuation of the Ka-band signal will limit the
maximum rain-rate retrieval to the 20-30 mm/hr rate depending on the height of the rain region
and the resultant total path attenuation. In order to better compare the total range of rain rate
with that of the TRMM-like (TL) algorithm discussed in Chapter 7, this chapter describes the
systems engineering analysis (uncertainty and sensitivity analyses) of the GPM profile-
optimization method described in Chapter 5. The dual-loop method could have been SA/UA
analyzed, but as it builds on the principles of the single-loop, it was viewed as more
constructive to analyze the GPM profile-optimization method.

In section 8.2, principles of SA/UA from Chapter 6 are applied to the GPM profile-
optimization method to derive a model suitable for sensitivity and uncertainty analysis. The

input factors are described along with their probability density functions (PDFs). A description
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of the D,, N,, profiles used to perform the SA/UA is given. Section 8.3 shows the results of the
sensitivity and uncertainty analyses using the Method of Sobol’. In section 8.4, a comparison
of the profile-optimization results is made with preliminary SA results obtained from the single-

loop retrieval method of Chapter 3. Section 8.5 summarizes the results.

8.2 UA AND SA APPLIED TO GPM

This section describes how uncertainty and sensitivity analyses are applied to the GPM
profile-optimization algorithm with the objective of determining the importance of each of the
input factors in the variance of the rainfall-rate estimation. It also lists the assumptions used for

the input factors as well as the sample profiles used in the simulations.

8.2.1 Model

Using equations (5.1) through (5.13), a model for the optimization algorithm can be
constructed according to the sensitivity analysis guidelines of Chapter 6 of the form,

R(r)zf(ZmI’ZMZ) 8.1

where the rain rate (mm/hr) at altitude or range r, R(r), is a function of the input factors. Using
this model, for factor inputs consisting of Z,, and Z,;, the estimated rain-rate profile can be
calculated at each bin of the input reflectivity profiles. Although the input profiles are many
bins high (12 in this case, with bin spacing of 0.25 km, representing a vertical rain column 3-
km in height), the sensitivity analysis is performed on the calculated rain rate in the bottom bin
nearest the ground as it is deemed most important. The higher, remaining bins are used by the
profile-optimization method to calculate the entire profile, but only the rain rate from the

bottom bin is used to perform SA and UA.

8.2.2 Input Factors
To perform SA and UA, points are sampled (using LPT sampling) from the distributions of

each of the input factors to form k, N x lvectors, and the Method of Sobol’ is used, drawing one
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set of points for each model evaluation comprised of one sample from each input factor where k
is the number of factors, and N is the number of samples.

As indicated in (8.1), only two factors (k = 2) are used to perform the SA/UA on the GPM
profile-optimization method. Both input factors are vectors (profiles of reflectivity versus
altitude) and have associated error probability distribution functions which are used to
incorporate simulated measurement error into each bin of each reflectivity profile. The
associated random measurement error of each Z, bin can be up to 0.5-dB standard deviation
from a zero mean, normal distribution. In the simulations, this error is added in each bin of
each profile. Similar to the process and method described in section 7.3.2, a trigger variable is
used for both Z,,; and Z,;; to map the error-laden vectors to the SA/UA process.

The PDFs for Z,; and Z,, are shown in Table 8.1. Note that for each bin, in each
reflectivity profile, random error is added by drawing samples from the specified PDF and

algebraically adding the random error sample to the baseline reflectivity profile.

Table 8.1. List of the input factors and their distributions for the GPM profile-optimization rainfall-rate
sensitivity/uncertainty analyses. Both input reflectivity factors have identical error distributions. The
trigger variables are discrete uniform-random variables.

Factor Name Probability Distribution
Zni N{0,0.5dB}
Trigger Zy, U{1, 1000}
Z2 N{0, 0.5 dB}
Trigger Z,.» U{1, 1000}

The two trigger variables are shown in the table, and are discrete uniform random variables
ranging from 1 to 1000. The uniform distribution is represented by U{low, high}, and the

normal distribution is N{mean, standard deviation}.

823 Tested DSD and Rain-Rate Combinations
In order to make an appropriate and similar comparison to the results from the TL analyses
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which tested vertical rain profiles, the DSDs used for these GPM analyses were chosen to
simulate near-vertical profiles for rain. The reflectivity profiles used in the simulations are then
based on the DSD profiles. Both the log(N,) and D, profiles exhibit slight slants in their
vertical profiles and consequently, the resultant rain profile for each DSD combination is near
vertical. The DSD pairs and rainfall rates used in performing the SA/UA are listed in Table 8.2.
It should be noted that the table shows the values of N, in linear scale. In the actual
simulations, the log of these values is used to create the linear, log(N,,) profiles. Note that log =
logyo, and In = log.. The rain rate is listed for only the bottom bin and is slightly smaller at the

top bin such that from top to bottom, the rain rate increases slightly.

Table 8.2. List of the N,,, D, profiles that were used to create the Z,; (13.6 GHz) and Z,,, (35.6 GHz)
profiles. The expected rain rate in the bottom bin is shown in the right column. The actual N,, profiles
were linear in log(N,,) with the N,, values given in the table.

N, Ny D, D, Rain Rate
Top Bottom Top Bottom Bottom Bin
2500 2100 1.10 1.15 1.03
3000 2500 1.10 1.20 1.50
3500 3000 1.20 1.25 2.19
5000 4500 1.25 1.30 3.94
5000 4500 1.40 1.45 6.57
5000 4500 1.50 1.55 8.95
5000 4500 1.65 1.70 13.72
6000 5500 1.65 1.70 16.77
6000 5500 1.75 1.80 21.80

Although many combinations of log(V,) and D, could be used for these sensitivity analyses,
some with less slope, and some with more slope, the above sets meet the purpose here to
measure the importance of error in Z,,; and Z,;; on the output variance in rain rate and determine

the relative importance of each factor.
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By way of example, two figures derived from the first and last sets (rows) in Table 8.2 are
shown along with the simulated DSD-based measured-reflectivity profiles. Figure 8.1 shows

the profiles for N,,: log(2500)-log(2100), D,:1.10-1.15.
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Figure 8.1. Graphic showing the DSD, rain rate and reflectivity profiles for N,.: log(2500)-log(2100) D,
1.10-1.15.

Figure 8.1(a) shows the D, profile, and panel (b) shows the rain-rate profile. Note that there is a
slight slope to the profile, top to bottom, with the desired rain rate in the bottom bin. Figure
8.1(c) shows the log(¥,) profile and panel (d) shows the 13.6 and 35.6-GHz reflectivity
profiles. In the top bin, the reflectivity from the 13.6 GHz signal is less than that of the 35.6
GHz signal. At the lower altitudes, where path attenuation is larger, the relative magnitude of

the two signals switches.
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An example of the profiles for N,: 10g(6000)-log(5500), D,: 1.75-1.80 is shown in Figure

8.2.
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Figure 8.2. Graphic showing the DSD, rain rate and reflectivity profiles for N,: log(6000)-log(5500), D,
1.75-1.80.

The linear D, and calculated rain-rate profiles are shown in Figure 8.2 (a) and (b). The linear
log(N,,) profile is shown in Figure 8.2(¢c). Figure 8.2(d) shows the two reflectivity profiles for
13.6 and 35.6-GHz radar signals. In this scenario, the bottom-bin 35.6-GHz reflectivity (about
7 dBZ) is below the expected noise floor of 11 dBZ. However, for simulation purposes, it is
included here to represent the upper end of practical retrieval. In an actual retrieval, one or

more bottom bins would be truncated due to the noise-floor constraint.
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8.3 RESULTS

Sensitivity and uncertainty analyses of the model shown in (8.1), with factor definitions
listed in Table 8.1, were performed using the Method of Sobol’ variance decomposition
technique for each of the reflectivity profiles determined by the DSD and rain-rate sets listed in
Table 8.2. 6144 samples (N = 6144) were used for each SA/UA. Twelve random restarts (see

Chapter 5) were performed on each sample to find the final DSD and rain-rate profiles.

8.3.1 SA/UA Plots

The SA/UA results for N,: 1og(2500)-log(2100), D,: 1.10-1.15 are shown in Figure 8.3.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw
values computed by the method of Sobol’. The total of the two first-order indices is much less

than 100% indicating that there is significant higher-order interaction in the factors. The pie

chart in panel (a) shows S, =9% and S, = 34%, and the remainder of the output variance,

about 57%, is due to higher-order interactions between S, —and S, . Because of the

interactions, the sum of the total sensitivity indices is greater than one. There is a small positive
bias in the measurement with the mean rain rate being calculated as 1.26 mm/hr compared to
the expected value of 1.09 mmvhr.

The SA/UA results for N,: 1og(3000)-log(2500), D,: 1.10-1.20 are shown in Figure 8.4.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw
values computed by the method of Sobol’. The total of the first-order indices is much less than
100% indicating that there is significant higher-order interaction in the factors. The pie chart in

panel (a) shows that Sy = 11% and Szm2 = 39%, and the remainder, about 50%, is due to

higher-order interactions between S, ~and S, . Because of the interactions, the sum of the
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total sensitivity indices is greater than one as shown in part (d). There is a small positive bias in
the measurement with the mean rain rate being calculated as 1.77 mm/hr compared to the
expected value of 1.50 mm/hr.

The SA/UA results for N,: 1og(3500)-1og(3000), D,: 1.20-1.25 are shown in Figure 8.5.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw
values computed by the method of Sobol’. The sum of the first-order indices is slightly less
than 100% indicating that there is some higher-order interaction in the factors. The pie chart in

panel (a) shows thatS, =8%and S, =69%, and the remainder of the output variance, about
23%, is due to higher-order interactions between S, ~and S, . Because of the interactions,

the sum of the total sensitivity indices is greater than one, and the sum of the first-order indices
is less than one as shown in part (d). The amount of higher-order interaction is decreasing with
increasing rain rate. There is a small positive bias in the measurement with the mean rain rate
being calculated as 2.48 mm/hr compared to the expected value of 2.19 mm/hr.

The SA/UA results for N,: 1og(5000)-1og(4500), D,: 1.25-1.30 are shown in Figure 8.6.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw
values computed by the method of Sobol’. The sum of the first-order indices is almost equal to
100% indicating that there is little higher-order interaction in the factors. The pie chart in panel

(a) shows S, =7% and S, =87%, and a small amount of higher-order interactions between

Sz, and S, . There is a small positive bias in the measurement with the mean rain rate being

calculated as 4.32 mm/hr compared to the expected value of 3.94 mm/hr.
The SA/UA results for N,: 1og(5000)-log(4500), D,: 1.40-1.45 are shown in Figure 8.7.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order

indices. A histogram of the bottom-bin rain rate is shown in panel (c). The bimodal distribution
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is caused by the additional random error in the reflectivity profiles. The histogram is expected
to have a single peak, but a second peak occurs below about 4 mm/hr rainfall rate. This second
peak is caused by an artificial bias induced in the reflectivity profiles when random error is
added to them. Normally, the random error is distributed with zero mean about each reflectivity
profile. However, in some cases, the random error creates a bias between the two profiles, and
for those profiles, the profile-optimization method finds correct, but less than expected rainfall
rates. Panel (d) shows the raw values computed by the method of Sobol’. The pie chart in

Figure 8.7 (a) shows S, =4% and S, =92%. The sum of the first-order indices is nearly

equal to 100% indicating that there is little higher-order interaction in the factors and all the
variance in the output can be explained by the errors in the two input factors individually.
There is no bias in the measurement with the mean rain rate being calculated as 6.47 mm/hr
compared to the expected value of 6.57 mm/hr.

The SA/UA results for N,: 1log(5000)-log(4500), D,: 1.50-1.55 are shown in Figure 8.8.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel (b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Like the previous figure,
the bimodal distribution is caused by the additional random error in the reflectivity profiles.
The histogram is expected to have a single peak, but a second peak occurs below about 5.5
mmv/hr rainfall rate. This second peak is caused by an artificial bias induced in the reflectivity
profiles when random error is added to them. Normally, the random error is distributed with
zero mean about each reflectivity profile. However, in some cases, the random error creates a
small bias or artificial offset between the two profiles, and based on those profiles, the profile-
optimization method finds correct, but less than expected rainfall rates. Panel (d) shows the
raw values computed by the method of Sobol’. The sum of the first-order indices is nearly

equal to 100% indicating that there is little higher-order interaction in the factors. The pie chart
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in panel (a) shows S, =3% and S; =91%. There is no bias in the measurement with the

mean rain rate being calculated as 8.78 mm/hr compared to the expected value of 8.95 mmy/hr.
The SA/UA results for N,: log(5000)-log(4500), D,: 1.65-1.70 are shown in Figure 8.9.

Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order

indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw

values computed by the method of Sobol’. The pie chart in panel (a) shows S, = 1% and
Sz . =98%. There is no higher-order interaction between the two factors. There is no bias in

the measurement with the mean rain rate being calculated as 13.6 mm/hr compared to the
expected value of 13.6 mm/hr.

The SA/UA results for N,: log(6000)-log(5500), D,: 1.65-1.70 are shown in Figure 8.10.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (¢). Panel (d) shows the raw

values computed by the method of Sobol’. The pie chart in panel (a) shows S, = 1% and

Sz =99%. There is no higher-order interaction between the two factors. There is no bias in

m

the measurement with the mean rain rate being calculated as 16.7 mm/hr compared to the
expected value of 16.8 mm/hr.

The SA/UA results for N,: 1og(6000)-log(5500), D,: 1.75-1.80 are shown in Figure 8.11.
Panel (a) shows a pie chart of the first-order sensitivity indices. Panel(b) shows the total-order
indices. A histogram of the bottom-bin rain rate is shown in panel (c). Panel (d) shows the raw

values computed by the method of Sobol’. The pie chart in panel (a) shows Sz = 1% and

S, , =98%. There is no higher-order interaction between the two factors. There is no bias in

the measurement with the mean rain rate being calculated as 21.7 mm/hr compared to the

expected value of 21.8 mm/hr.
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Figure 8.3 SA/UA results for GPM profile-optimization method for N,: 1log(2500)-log(2100), D,: 1.10-
1.15. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,.. Their sum is less than 100%
indicating that there is significant higher-order interaction between the two factors. In this case, about
57% of the output variance is due to higher-order interactions. The pie chart in panel (b) shows
pictorially the values for the total-sensitivity indices. When there is higher-order interactions, the sum of
the total sensitivity indices can be greater than one. A histogram of the bottom-bin rain rate calculations
is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.4. SA/UA results for GPM profile optimization method for N,.: log(3000)-log(2500), D,: 1.10-
1.20. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,>. Their sum is less than 100%
indicating that there is significant higher-order interaction between the two factors. In this case, about
50% of the output variance is due to higher-order interactions. The pie chart in panel (b) shows
pictorially the values for the total-sensitivity indices. When there is higher-order interactions, the sum of
the total sensitivity indices can be greater than one. A histogram of the bottom-bin rain rate calculations
is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.5. SA/UA results for GPM profile optimization method for N,.: log(3500)-log(3000), D,: 1.20-
1. 25. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,>. Their sum is less than
100% indicating that there is some higher-order interaction between the two factors. In this case, about
23% of the output variance is due to higher-order interactions. The pie chart in panel (b) shows
pictorially the values for the total-sensitivity indices. When there is higher-order interaction, the sum of
the total sensitivity indices can be greater than one. A histogram of the bottom-bin rain rate calculations
is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol” procedure.
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Figure 8.6. SA/UA results for GPM profile optimization method for N,: log(5000)-log(4500), D,: 1.25-
1.30. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,>. Their sum is almost 100%
indicating that there is little higher-order interaction between the two factors. The pie chart in panel (b)

shows pictorially the values for the total-sensitivity indices. A histogram of the bottom-bin rain rate
calculations is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol”
procedure.
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Figure 8.7. SA/UA results for GPM profile optimization method for N,.: log(5000)-log(4500), D,: 1.40-
1.45. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,-. Their sum is almost 100%
indicating that there is no higher-order interaction between the two factors. The pie chart in panel (b)
shows pictorially the values for the total-sensitivity indices. A histogram of the bottom-bin rain rate
calculations is shown in panel (¢). The bimodal distribution, with a second peak below about 4 mmv/hr
occurs because of a random bias created in the reflectivity profiles when random error is added. When
this bias occurs, the profile-optimization method correctly determines the DSDs and rainfall rate though
they are less than expected. Panel (d) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.8. SA/UA results for GPM profile optimization method for N,,: log(5000)-log(4500), D,: 1.50-
1.55. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,>. Their sum is almost 100%
indicating that there is little higher-order interaction between the two factors. The pie chart in panel (b)

shows pictorially the values for the total-sensitivity indices. A histogram of the bottom-bin rain rate
calculations is shown in panel (¢). The bimodal distribution, with a second peak below about 5.5 mm/hr
occurs because of a random bias created in the reflectivity profiles when random error is added. When
this bias occurs, the profile-optimization method correctly determines the DSDs and rainfall rate though
they are less than expected. Panel (d) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.9. SA/UA results for GPM profile optimization method for N,,: log(5000)-log(4500), D,: 1.65-
1.70. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,>. Their sum is almost 100%
indicating no higher-order interaction. The pie chart in panel (b) shows pictorially the values for the
total-sensitivity indices. A histogram of the bottom-bin rain rate calculations is shown in panel (b). Panel
(c) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.10. SA/UA results for GPM profile optimization method for N,.: log(6000)-log(5500), D,: 1.65-
1.70. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,.. Their sum is about 100%
indicating no higher-order interaction between the two factors. The pie chart in panel (b) shows
pictorially the values for the total-sensitivity indices. A histogram of the bottom-bin rain rate calculations
is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol’ procedure.
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Figure 8.11. SA/UA results for GPM profile optimization method for N,.: log(6000)-log(5500), D,: 1.75-
1.80. The pie chart in panel(a) shows the first-order indices for Z,,; and Z,,». Their sum is about 100%
indicating no higher-order interaction between the two factors. The pie chart in panel (b) shows
pictorially the values for the total-sensitivity indices. A histogram of the bottom-bin rain rate calculations
is shown in panel (c). Panel (d) lists the raw output values from the method of Sobol’ procedure.
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8.3.2 GPM Sensitivity Analysis Listings

For a model that is additive, that is, it has no higher-order interactions between the input
factors, the sum of the first-order indices is 100%. Note that the first-order indices are
percentage values that indicate how much of the model output variance can be apportioned to
each specific input factor. When there are higher-order effects, in other words, interactions
between the input factors that manifest themselves as a percentage of the total output variance,
then the sum of the first-order effects and interaction terms is 100%. Due to a limited number
of samples used in any SA procedure, the sum of the first and total effects is usually not exactly
100% (but approaches 100%) and may vary a few percentage points either below or above. In
this scenario, the values of the sensitivity indices are still valid approximations for their relative
contributions to variance in the model output.

From the SA analyses, a plot of the first and higher-order sensitivity indices percentage
values for all the rain rates listed in Table 8.2 is shown in Figure 8.12.
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Rain Rate (mm/hr)

Figure 8.12. Graph showing the first and higher-order variance decomposition of the two input factors

for the GPM profile-optimization method. At low rain rates, the model is not additive where significant

higher-order interactions are present. At higher rain rates, the model is additive. The error in Z,,- is the
primary contributor to total output variance throughout the entire rain rate region.
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In Figure 8.12, at low rain rates, there is significant higher-order interaction between the two
factors accounting for up to 57% of the variance in the calculation of the estimated rainfall rate.
Because there are only two input factors, any higher-order interaction is attributed solely to
those two factors, and this interaction is shown in the figure. As the rain rate increases, along
with increasing levels of reflectivity and increasing magnitude of DSD parameters, the
interaction decreases and the variance in the output can be singularly attributed to each input
factor alone. At the higher rain rates, the sum of the two first-order indices approaches 100%.
It should be noted that throughout the spectrum of rain rates, the contribution to output variance
from the error in Z,,; is dominant and that the error in Z,,; contributes relatively little.

Table 8.3 is a tabular-form listing of the variance decomposition results for first and

higher-order interactions for each of the rainfall rates listed in Table 8.2.

Table 8.3. List of the variance decomposition results for the GPM profile-optimization method. The
column on the left is rain rate in mm/hr. The first-order and total-order indices are shown for both
factors. At low rain rates, there is significant higher-order interaction. At higher rain rates, the model
becomes additive. The amount of interaction between the two factors is shown in the two columns on the
right. The numbers differ slightly, but show good overall agreement, because they are derived separately
from Sz and Szp.

First-Order Indices Total Order Interaction
}tﬂhart)e SZml SZmZ SZml + SZmZ ST,Zml ST,Zm2 SIZ(ZmI) SIZ(ZmZ)
1.03 9.3% 33.6% 42.9% 63.9% 90.9% 54.6% 57.2%
1.50 11.3% 39.0% 50.3% 64.0% 92.0% 52.7% 53.0%
2.19 8.3% 68.9% 77.2% 28.4% 91.6% 20.1% 22.7%
3.94 7.0% 87.4% 94.3% 14.4% 94.9% 7.5% 7.6%
6.57 4.0% 91.5% 95.5% 9.4% 96.9% 5.4% 5.4%
8.95 2.9% 91.2% 94.0% 8.2% 96.4% 5.3% 5.3%
13.72 0.8% 98.1% 98.9% 1.6% 99.0% 0.9% 0.9%
16.77 1.0% 98.6% 99.6% 1.0% 98.6% 0.0% 0.0%
21.8 1.1% 98.1% 99.2% 1.3% 98.4% 0.2% 0.2%
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These values were used to make the chart of Figure 8.12. The column on the left is rain rate in
mm/hr which can be correlated to the simulated DSD profiles using Table 8.2. The second and
third columns show the first-order index values for Sz, and Szyz. Column three shows the sum
of the two, first-order indices. It should be noted that at low rain rates, below approximately 3 -
5 mmvhr, that the sum of the two, first-order indices is significantly less than 100%. This is a
result of higher-order interactions which can be confirmed by examining the values in the right
two columns for the interaction terms. At higher rain rates, the sum of the first-order indices
approaches 100% indicating that the model becomes additive and the output variance can be
attributed to each input factor singularly. The total-order indices Stzm and Stzp, are shown in
columns five and six. The total-order indices are the sum of the first order and interaction
indices of each factor (see (6.13) for a description of higher-order interaction). Note that when
the model is not additive that the sum of the two, total-order indices is greater than 100% and
that when it becomes additive (reduced higher-order interactions) that the sum of the total-order
indices approaches 100% as the sum of the first-order indices also approaches 100%. In this

case, the total sensitivity index for factor Z,, can be written as,

ST,Z,,,1 =5, +5, (8.2)

ml

where Sz,,; represents the first-order index for Z,;, and S;; represents the interaction between

Zyyand Z,;. For Z,,, the total-order index is written as,

Sr.z,, =98z,, TS (8.3)

If the higher-order interaction is zero, S;> = 0, then the value of the total-order sensitivity index
for each factor equals the value of its respective first-order index. The two columns on the right
show the amount of the higher-order interaction in percent for S;;, with each column being
based on its respective factor.

Note that there is good agreement between the S, values based on each of their respective

first-order and total-order indices. For example, S12(Z,;) = Stzmi - Szm and S12(Z,2) = Stzmz -
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Szm- At low rain rates, there is significant higher-order interaction. At higher rain rates, the
model becomes additive and the interactions diminish. The amount of output variance due to
interaction between the two factors is shown in the two columns on the right. Normally, the
numbers in the two columns would match exactly, but due to a limited number of samples used
in the analysis, there is a minor discrepancy between some of the values in the two columns.

An example is useful to demonstrate how a model can exhibit higher-order interactions. In
this example, assume a simple linear model with two input factors given by,

y=x +x, 8.4)
where the output y is the sum of x; and x,. In this scenario, the two inputs do not interact to
form the output. If x; is zero, then the output is determined by x; alone, and vice versa. As
described in Chapter 6, this model is additive, with no sensitivity interaction between x; and x,.
For an example of a non-additive model, which exhibits higher-order interaction, examine the
model,
y =% sin(x,) (8.5)

In this case, the value of y is determined by the product of x; and a function of x;. If x; is small,
or zero, then the output is small or zero regardless of the value of x,. If x, is small or zero, then
the output is also small or zero regardless of the value of x;. In this case, there is an interaction
or coupling between the two factors to determine the output. The variance of the output will be
comprised of both first-order and higher-order sensitivity-index terms.

In the GPM profile-optimization algorithm, at low rain rates, a coupling occurs between

Zy1 and Z,,; to cause a higher-order sensitivity interaction.

8.33 GPM Uncertainty Analysis Listings
From UA, the standard deviation (standard error (SE)) and normalized standard error

(NSE) vs. rain rate for the profiles of Table 8.2 are shown in Figure 8.13. Throughout the rain-
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rate spectrum the NSE decreases with increasing rain rates. The SE begins small at low rain

rates, peaks at about 8-10 mm/hr, and then decreases with higher rain rates.
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Figure 8.13. Graph showing the results from the UA of the GPM profile optimization method. The
standard error and normalized standard error are shown vs. rain rate.

8.4 SA COMPARISON WITH SINGLE-LOOP RETRIEVAL METHOD

The results from the previous sections show that the error associated with Z,, is the
greatest contributor to output variance. As a preliminary, independent verification of this
phenomenon, i.e., that the error in Z,, dominates GPM dual-frequency-type retrieval
algorithms’ output variance, three of the DSD cases tested with the GPM profile-optimization
algorithm were analyzed using the single-loop retrieval algorithm described in Chapter 3 that
iterate to DSD-profile solutions in the correct convergence region. The test cases and their

sensitivity analysis results, based on 3072 samples (model evaluations), are listed in Table 8.4 .
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Table 8.4. List of the variance decomposition results, using 3072 samples, for the GPM single-loop
retrieval method using three of the DSD profiles listed in Table 8.2. The column on the left is rain rate in
mm/hr. The first-order and total-order indices are shown for both factors. The amount of interaction
between the two factors is shown in the two columns on the right. The interaction column values are
derived in the same manner as those in Table 8.3.

First-Order Indices Total Order Interaction
by Szt Szw SameSzme Stm Stzm Su(Zw)  Sumw)
1.50 129%  24.9% 37.8% 67.4% 79.4% 54.5% 54.5%
3.94 4.3% 30.4% 34.7% 67.8% 93.9% 63.5% 63.5%
8.95 0.7% 51.4% 52.1% 45.2% 95.9% 44.5% 44.5%

For these three data sets, the preliminary sensitivity analysis results indicate that the error in Z,,;,
dominates the variance of the single-loop estimated rain-rate output as it also dominates in the
GPM profile-optimization model. The data also indicate a substantial amount of higher-order
interaction between the two input factors. It should be noted that in contrast to the GPM
profile-optimization method, where at higher rain rates the interaction became negligible, that
the higher-order interaction in the single-loop algorithm does not become negligible but seems
to persist. For example, at a rainfall rate of 3.94 mmv/hr, the Sy, term is 63.5 %, and at 8.95

muv/hr, the Sy, contribution is 44.5%.

8.5 SUMMARY

The GPM profile-optimization method has been restated in an algorithm compatible with
sensitivity and uncertainty analysis procedures. As such, it requires only two input factors
(vectors) for analysis, Z,,; and Z,;. The probability density functions were described for each of
the factors and a method described whereby random error is added to each bin of each profile to
account for these error distributions. As with the TL algorithm, this GPM method also uses
trigger variables for both input factors as each is a vector and not a single value. A table was
given showing the DSDs and rain rate values for near vertical rainfall. The log(N,) and D,
profiles are assumed linear and slightly sloped with respect to each other.
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The sensitivity analyses performed on the GPM profile-optimization method show
differences in factor variance decomposition depending on the rainfall region, low or high. At
low rainfall rates, there is significant higher-order interaction between the two factors. At
higher rain rates, the higher-order interactions diminish and all the variance in the output (rain
rate calculation) can be singularly attributed to each of the input factors.

It should be noted that most of the variance in the rainfall calculation can be attributed to
the error in Z,;,, with the error in Z,; contributing proportionately less. In fact, at higher rain
rates, above about 5 mm/hr, the contribution to total output variance from Z,,; is negligible with
nearly all of it coming from Z,,. These analyses indicate that the error in Z,; is much more
important than the error in Z,; and future work should concentrate on improving the accuracy
of Z,,. Preliminary sensitivity and uncertainty analyses were performed using the single-loop
retrieval method described in Chapter 3 which also indicate the dominance of the error in Z,,; on
the output variance. These single-loop SA/UA also indicate a large amount of higher-order
sensitivity interaction. Both the profile-optimization and single-loop methods indicate that Z,,,
contributes the greatest amount to the output variance, and both algorithms would benefit from

greater knowledge of Z,, or its error reduction.
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CHAPTER 9

SUMMARY AND FUTURE WORK

9.1 SUMMARY

This work has addressed some of the systems engineering aspects of the planned Global
Precipitation Measurement (GPM) mission. In particular, a review was given of the GPM
mission and its science requirements which have been demonstrated to drive all other system
factors such as the type and accuracy of the retrieval algorithms, satellite hardware (for this
discussion limited to the radar), sensitivity analysis of the proposed algorithms, and expected
and required feedback to the system designers and mission architects. This work focused on the
systems engineering aspects of the retrieval algorithms.

The iterative dual-frequency retrieval algorithm was analyzed, discussed and cast in terms
of a single-loop control-system model that could be used for drop-size-distribution (DSD)
parameter retrieval. Knowing the DSD values, then the rainfall rate can be calculated at each
resolution volume. In particular, it was shown that the single-loop model retrieves the correct
DSD values when the normalized-slope parameter N,, and median volume diameter D, values,
as a pair, are in the correct convergence region for which the solution is single valued. For
those N,, D, pairs that are in the incorrect convergence region, multiple solutions exist to the
retrieval equations and the algorithm incorrectly estimates the DSD values because of
insufficient constraints. As a result of the incorrect convergence region for this method, it is
estimated that about half the global rainfall rate will be incorrectly estimated by this technique.
Because of the multi-valued solution space, the single-loop algorithm is limited to accurate rain-

rate retrieval below about 10-14 mnvhr.
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Two methods to increase the robustness of the single-loop dual-frequency algorithm and
extend its useful range to higher rainfall rates up to more than 20 mm/hr where the limiting
factor in rain-rate retrieval becomes attenuation of the Ka-band signal and the dual-frequency
radar’s noise floor instead of the multi-valued solution space were proposed and examined.
One method showed how a dual-loop model with a profile constraint on N,, could be used to fit
a linear function to the log(N,) vertical profile, analyze the residuals between the linear function
and log(N,,) profiles, and find the best-fit DSD-retrieval solution. The second method, based
on profile optimization, assumes that the profiles for D, and log(N,) can be approximated by
linear functions and that these functions could be found using a random-restart non-linear
optimization process. The optimization process finds top and bottom DSD values such that a
cost function is minimized between the input measured reflectivity profiles and internally
generated profiles using the selected top and bottom DSD values. Both of these techniques, in
comparison with the single-loop method, incorporate an additional constraint on the DSD
profiles, and subsequently do not suffer from the effects of the regions of convergence.
However, they do impose an additional constraint which may affect the estimated DSD values.
Several examples of the performance of both of these methods were given and explained for
rainfall retrievals in incorrect convergence region showing that the methods correctly retrieve
the DSD profiles given simulated input profiles.

A brief overview was given of sensitivity and uncertainty analysis and how these methods
can be used to quantify the variance in the output of a model given uncertain input factors
(parameters). Both first-order and total-sensitivity indices were described and how they can be
used to determine the relative importance of each input factor as part of the total unconditional
output variance of a system model. The described sensitivity analysis method is implemented
using variance decomposition techniques. Two methods of performing variance decomposition
were described: the first was the Correlation Ratio which computes first-order sensitivity
indices and can be computed using Monte Carlo methods with several types of factor sampling.
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The second technique is the Method of Sobol” which more efficiently computes both first- and
total-order sensitivity indices and uses a factor sampling method proposed by Sobol’ called LPt.
The sensitivity indices calculated using both methods are normalized such that their values
correspond to percentage contribution of the total output variance if the models are additive and
serve as indicators of a factor’s relative importance. If the model is not additive, then higher-
order interactions are present and the sum of the first-order indices is less than one. This work
implemented the method of Sobol’ to perform variance decomposition and sensitivity analysis
as it is computationally more efficient and provides more information than the correlation ratio.
Sensitivity analysis methods using variance decomposition techniques (Method of Sobol’ and
Correlation Ratio) require probability density functions for each of the input factors than can be
sampled and a system model than can be expressed in terms of each of the input factors.
Uncertainty analysis is a natural benefit of sensitivity analysis as it describes the uncertainty in
the model output without apportioning the uncertainty to any one input factor. The outputs of
uncertainty analysis are descriptive statistics such as mean and standard deviation.

An overview of the Tropical Rainfall Monitoring Mission (TRMM) was given along with
the necessary equations to construct a system model compliant with sensitivity and uncertainty
analysis methods. Distributions for each of the input factors were derived and explained. The
distributions for the input factors a and b in the R = a Z ° relationship were derived from
empirical disdrometer data and indicate that both the a and b coefficients could be reasonably
described by uniform probability density functions. Both sensitivity and uncertainty analysis
methods were executed on a TRMM-like system model and results were given for precipitation
simulations over both ocean and land. These results showed that at low rainfall rates, the error
in the a coefficient dominates the output variance. The second most important factor is the
error in the coefficient b followed closely by the error in measured reflectivity, Z,. At higher
rain rates, where the TRMM-like model transitions to using a modified Hitschfeld-Bordan and

Ac® method to correct for attenuation, and the coefficients @ and b are calculated using log
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polynomials, the primary contributor to output variance is Ac® followed by Z,. Over ocean,
the error in Ac® is assumed to be 1-dB standard deviation while over land, the error in Ac® is
assumed to be 3-dB standard deviation. Note that when the error in Ac® is increased, it
contributes proportionately more to output variance and as such the error in Z, contributes less.
In all cases, the contribution from o was small or negligible, especially at low rain rates where
little or no attenuation correction is performed. In the low-rain region, where little attenuation
correction is needed, it obviously contributes little to output variance. In higher rain-rate
regions, where attenuation correction becomes much more important, the error in both Ac® and
Z,, continue to dominate the output variance with the error in o contributing little to output
variance (rain rate calculation).

In order to perform systems engineering analysis on a GPM dual-frequency algorithm, the
GPM profile-optimization method was restated in an algorithm compatible with SA/UA
methods. As such, it requires only two input factors, the measured reflectivity profiles for Z,;
and Z,,. Probability density functions were assumed for the error in each reflectivity profile.
Based on known DSD parameters and rainfall rates, measured reflectivity profiles were
generated and error was added to each bin of each profile to create an array of reflectivity
profiles with error. Trigger variables were used to map the LPt-sampled random variables to
the profiles with error. A block diagram of the method used to perform the sensitivity analysis
for both TRMM and GPM algorithms is shown in Figure 9.1.

Professional software called SIMLAB [53] is used to generate the LPt random variables in
the *.sam file (sample file). An external GPM or TRMM model is executed which reads the
*.sam file, processes the respective model and saves computed output data to a *.dat file (output
data file) for subsequent processing by SIMLAB. SIMLAB then uses the method of Sobol’ to
perform variance decomposition and provide the sensitivity analysis indices. For the GPM

profile-optimization-based retrieval algorithm, the sensitivity and uncertainty analyses (using
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the variance decomposition technique) showed significant higher-order interaction at low rain

rates, less than 5 mm/hr, and decreased higher-order interaction above that level.

Sensitivity Analysis
outputs

SA Results

Input factor

—_— Contains
definitions output values
Factor based on
random MATLAB external model
values External and input
based on TRMM/GPM factors
L.Ptau Model

Runs algorithm:

Loads dBZm
& *.sam file. Uses inverse
Predefined CDF to create RVs

profile based Processes and outputs
on Nw, Do .dat file for use by SIMLAB

Figure 9.1. Block diagram of the procedure used to perform sensitivity and uncertainty analysis for both
the TRMM and GPM algorithms. Professional software called SIMLAB is used to generate LPt-sampled
random variables in a *.sam file (sample file). An external program reads the *.sam file, executes the
model, and when complete saves the output date to a *.dat file (output data file) for processing by
SIMLAB.

In all parts of the tested rain-rate regime, from about 1 to 20 mm/hr, the error in Z,,;
contributed the most to output variance. In fact, above about 5 mm/hr, the contribution from
Z,; was negligible. These results show that the error in Z,,; contributes the most to the error in
the output of the retrieval algorithm and than significant accuracy improvement can be made in
the algorithm by better measurement of Z,,,,.

As a means to verify and corroborate this finding, i.e., that Z,; is the greatest contributor to
output variance in the tested dual-frequency retrieval algorithms, a preliminary version of the
dual-frequency single-loop model was constructed and executed using variance decomposition
techniques using the same factor distributions and simulated profiles as the profile-optimization

method. Of the nine profiles tested with the profile-optimization method, only three profiles
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(1.50, 3.94 and 8.95 mm/hr) were tested with the single-loop method because it is limited by the
incorrect convergence region to about 10-14 mm/hr rainfall rate. These three profiles were
viewed as representative of a region where both algorithms are expected to retrieve similar
profiles and comparison would be valid between their respective sensitivity indices. The results
from the single-loop sensitivity analysis showed that the error in Z,, dominates the output
variance confirming the results found with the profile-optimization algorithm. In addition, there
is significant higher-order interaction between the two input factors, again confirming the
results found from the profile-optimization method at rain rates below about 5 mm/hr.

In comparison with the TRMM-like algorithm, which showed that the error in the
coefficients a and b at low rain rates dominated the output variance, and at higher rain rates, the
error in Ac® dominated the output error, the output error in the two tested GPM dual-frequency
algorithms is dominated by the error in Z,,. Based on the limited analysis described herein, and
from a systems engineering analysis viewpoint, it appears that increasing the accuracy and

reducing the error in Z,,; will provide the greatest benefit to overall system-retrieval accuracy.
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9.2 FUTURE WORK

The following are suggestions for future work in this area of research:

e The simple one-region microphysical model used in this research for the single-loop,
dual-loop and profile optimization methods should be improved to account for the
melting layer and snow region above the melting layer.

¢ The dual-loop retrieval method should be extended to make it more fully automated in
its retrieval process.

e Work that was begun using a two-variable profile-optimization method should be
continued. This method uses the single-loop algorithm to determine the DSD points in
the top bin. Those top DSD values are then used in the optimization method requiring
the optimizer to only find the bottom two points resulting in a less computationally
expensive DSD retrieval procedure.

e In the TRMM sensitivity analysis work, a study should be performed to determine an
alternative, or more explicit representation of the errors in the a and b coefficients when
the log polynomials are invoked.

e The sensitivity analysis of the TRMM-like algorithm should be extended to include the
melting and snow regions.

e For GPM sensitivity analysis work, other models and methods should be studied
including the single-loop method, the dual-loop method, and a dual-frequency method

which uses the surface-reference technique.
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