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ABSTRACT

INTERSECTIONS OF ) CLASSES ON HASSETT SPACES OF RATIONAL CURVES

Hassett spaces are moduli spaces of weighted stable pointed curves. In this work, we consider
such spaces of curves of genus 0 with weights all %, q € Z*. These spaces are interesting as
they have different universal families and different intersection theory when compared with M ,,.
We develop closed formulas for intersections of i/-classes on such spaces. In our main result,
we encode the formula for top intersections in a generating function obtained by applying an

exponential differential operator to the Witten-potential.
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Chapter 1

Introduction

The moduli space of algebraic curves of genus 0 with n marked points, M, (with the Deligne-
Mumford compactification [1]) has been an important topic of research in algebraic geometry.
These spaces provide an algebro-geometric tool to study how pointed rational curves vary in fami-
lies, and are of fundamental importance in areas like Gromov-Witten theory and topological quan-
tum field theories [2].

In [3], Hassett constructed a new class of modular compactifications MO, 4 of the moduli space
M ,, of smooth curves with n marked points parameterized by an input datum .4, consisting of a
collection A = (ay,...,a,) of weights a; € QN (0, 1] such that a; + ... + a,, > 2. We call these
spaces MQ 4 the Hassett spaces of rational curves.

A lot of work is being done on Hassett spaces including developing its tautological intersection
theory and weighted Gromov-Witten theory, e.g. in [4], [5] and [6]. In this work, we contribute
to the tautological intersection theory of a special case of such spaces- Hassett spaces of rational
curves with weights all é, q € Z*, denoted M()’(%)n.

For this work, the following notations are used: a v class on MO,n is denoted as 1);; a ¢ class on
M()’(l)n is denoted as v, and the pullback of a 1 class under the reduction morphism from M,

q

to M()’(%)n is denoted 1);.

First, we develop results for a special case of such spaces- Hassett spaces of rational curves with
weights all %, denoted M()’(%)n. These spaces provide for interesting spaces for combinatorial
results in its intersection theory because of the symmetry of weights and its connections with
intersection theory for MO,n- These spaces are interesting also because they are fine moduli spaces,
are isomorphic to Mo,n, but have different universal families and different intersection theory.

Exploring these differences and developing some results in its tautological intersection theory is

the first contribution of this work.



In our first result 3.1.1, we develop a closed closed formula (3.4) for the monomials in 1@ classes

for M, (3" in terms of cycles on Wo,n. This closed formula is derived using the relation (2.9)

2

between the g@ classes and ) classes on Mo,n, in which 1; is corrected by all boundary divisors

where the i-th mark is on a twig that gets contracted when pushed forward to Mo (1) The proof
'\ 2

uses this relation to obtain the ¢ monomials as monomials in 1 classes and boundary divisors on
M., So, the summands in the resulting expansion correspond to modified ) monomials on certain
boundary strata on M, that are the intersections of these boundary divisors. The dual graphs of
these strata are all ‘forked’ graphs- graphs with a ‘central’ node and some ‘forks’, e.g. figure (3.5).
We then establish a bijection between summands in the expansion corresponding to these graphs
that we call “P’-graphs and the unordered partitions of [n], such that cardinality of each subset
in the partition is either 2 or 1. The resulting formula (3.4) has the pullback of monomials in )
classes on MO’ (1) @s asum of the intersections of monomials in ¢ classes and boundary stratum
corresponding to P-graph on M ,,. Then we derive two corollaries (3.2.1 and 3.2.2) of this result
to calculate the top intersections. These give the top intersections of @/A) classes as a sum of top
intersections of ¢ classes on M, Mg, 1, Mg 2, ... with some multiplicities. We point out
here that our corollaries (3.2.1 and 3.2.2) can also be deduced from theorem 7.9 in [4]. For our
work, we develop specific and explicit closed formulas for our special case of all weights % and
base our combinatorial analysis closely on the structure of dual graphs.

The main theorem 3.3.1 of this special case of weights all % encodes the closed formula (3.2.1)
for top intersections in a generating function G(t) obtained by applying a differential operator to
the Witten-potential F'(t) [7]. This operator L takes the form of an exponential partial differential
operator and provides a very nice compact way to describe these top intersections. The proof
of this formula also is based on a bijection between the ‘forked’ graphs and the summands in
the coefficient of the appropriate term in £ (F(t)). But in this, the bijection is not with graphs
corresponding to the partitions of [n], but with ‘Py-graphs’ that are defined by replacing the i-th
mark with k; on a P-graph. Here k; is the exponent of zﬁl in the 1& monomial (3.3.2). As expected,

there is a surjection between P-graphs and Pi-graphs. For the proof, we write a new version



of our closed formula in terms of these Pj-graphs (3.15). Then we show a bijection between the
summands in this formula and the summands in the coefficient of the appropriate term in £ (F(t)).
And the resulting coefficient, as a sum of all these summands, corresponds to the top intersections
of zﬂ classes.

Then we develop the generalized versions of these results for the case of weights all é. In
our first result 4.1.1 here, we develop a closed formula (4.1) for the monomials in 1& classes for
HQ(%)n in terms of cycles on Mo,n- This closed formula is derived using the same relation (2.9)
between the 1@ classes and v classes on Mo,n- For the proof of this theorem we use a theorem 2.2
in [8]. This theorem that applies to w classes on Hg,n gives our result as a special case, where the
number of half-edges on a fork of D; is restricted to a maximum of ¢; in the case of w classes, there
is no such restriction. And our partitions that are defined differently according to this restriction

take care of this difference. Rest of the proof can be thus read exactly from [8]. The summands in

the resulting formula correspond to modified ¥ monomials on certain boundary strata on M, that

are the intersections of the boundary divisors as in the case of Mo (1) The difference is that the
'\ 2

dual graphs of these strata are now ‘forked’ graphs with number of half-edges on a fork varying
from 2 and ¢q. We then establish a bijection between summands in the expansion corresponding
to these graphs that we call “P’-graphs and the unordered partitions of [n], such that cardinality
of each subset in the partition is between ¢ and 1. The resulting formula (4.1) has the pullback of
monomials in ¢ classes on M()’(%)n as a sum of the intersections of monomials in ) classes and
boundary stratum corresponding to P-graph on M,,,. Then we derive a corollary (4.2.1) of this
result to calculate the top intersections. These give the top intersections of 1/3 classes as a sum of
top intersections of ¢ classes on M., Mo, 1, M2, . .. with some multiplicities. We point out
again here that our corollary (4.2.1 can also be deduced from theorem 7.9 in [4]. For our work,
we develop specific and explicit closed formulas for our special case of all weights é and base our
combinatorial analysis closely on the structure of dual graphs.

The main theorem 4.3.1 of this generalized case weights all % encodes the closed formula

(4.2.1) for top intersections in a generating function G(t) obtained by applying a differential op-



erator to the Witten-potential F'(t) [7]. This operator £ now takes the form of an exponential
partial differential operator that is more sophisticated and complex. The proof of this formula
again is based on a bijection between the ‘forked’ graphs and the summands in the coefficient of
the appropriate term in £ (F(t)).

The dissertation is organized as follows. In chapter 2, we give the background required for
this work which consists of a brief introduction to Mom, 1 classes and Hassett Spaces, with some
relevant facts and lemmas on these topics. In chapter 3, we prove our first result which gives the

closed formula for the intersections of 1& classes on Mo O In section 3.2, we give the results for

2

top intersections, and encode the formula for top intersections in the generating function that we
obtain by applying a partial differential operator to the Witten-potential.

In chapter 4, we generalize our results to the case of weights all % We prove our first gen-
eralized result in this chapter which gives the closed formula for the intersections of 7,@ classes
on Mo,( 1 )n In section 4.2, we give the results for top intersections, and encode the formula for

top intersections in the generating function that we obtain by applying a more sophisticated and

generalized partial differential operator to the Witten-potential.



Chapter 2

Background

For background on for this work, the author has mainly used [2], [9], [7], [10] and introductory

sections of [11]. Here we will recall some selected facts we explicitly use in this work.

2.1 M,

M., denotes the moduli space of stable, n pointed rational curves, with at worst nodal singu-
larities. The boundary of Mo,n is defined to be the complement of M ,, in M&n. It consists of all
points parameterizing nodal stable curves.

Given a rational, stable n-pointed curve (C, py, ..., p,), its dual graph is defined to have:
e a vertex for each irreducible component of ('

e an edge for each node of C, joining the appropriate vertices;

e a labeled half edge for each mark, emanating from the appropriate vertex.

Figure below gives an example of the dual graphs of some strata in M 5.

Ps Ps Ps P3
Pa .__é p
by P, 5 4
1 P>
/ }.33 \ Ps Ps P4
Ps Pa H—Q
P1 2] P P>

Figure 2.1: On the left are the boundary strata of M 5, and the corresponding dual graphs are on the right.



The closures of the codimension 1 boundary strata of Mo,n are called the irreducible bound-
ary divisors; they are in one-to-one correspondence with all ways of partitioning [n] = A U A°
with the cardinality of both A and A° strictly greater than 1. We denote D(A) = D(A°) the divisor

corresponding to the partition A, A°.

2.2 1 classes

Fori = 1,...,n, we define the class 1; € A'(M,,). Let L; — M, be a line bundle whose
fiber over each point (C, py, ..., p,) is canonically identified with 7> (C'). The line bundle L; is

called the i-th cotangent (or tautological) line bundle. Then

i 1= 1 (L) @.1)

where c; is the first Chern class of the line bundle L;.
Some properties of 1 classes on M, that we use are the following lemmas. Interested reader
can find their proofs in [7]. Here [n] = I U I¢ with the cardinality of both I and /¢ strictly greater

than 1.
Lemma 2.2.1. Consider the gluing morphism gl; : MQ Tux X MO, TcUe — Mo,n- Assume thati € 1

and denote by 1 : MO, Tux X MO, IcUe — M& 1Ux the first projection. Then:

gl* (¥) = i (). (2.2)

Lemma 2.2.2. Consider the forgetful morphism 7,1 : Mo, — Mo,n- Then, for every i =
1,...,n,

i =m0 ($0) + D({i,n + 1}). (2.3)

Lemma 2.2.3. For any choice of i, j, k distinct, we have the following equation in A*(M,):

vi= Y D(I). 2.4)

i€l j,k&1



Lemma 2.2.4 (String Equation). Consider the forgetful morphism m, 1 : Mo,nﬂ — Mo,n. Then

Tot1s (Hwﬁ) S I K (2.5)
i=1

jlk;#0 i#]

Lemma 2.2.5. Let Y k; =n — 3. Then

L n—3
| | = 2.6
/J‘Mo’n i=1 (l?bl (klu ceey kn) ( )

where the integral sign denotes push-forward to the class of a point.

2.3 Hassett spaces

In [3], Hassett constructed a new class of modular compactifications V% 4 of the moduli space
M, ,, of smooth curves with n marked points parameterized by an input datum (g, .A). Here ¢ is the
genus of the curves and A = (aq, ..., a,) is the weight data of weights a; € Q N (0, 1] satisfying
the inequality 2g — 2+ ay + ... + a, > 0.

Mg, 4 that we call Hassett space parameterizes curves (C,py,...,p,) with n marked non-

singular points on C that are .4-stable if the the following two conditions are fulfilled.
1. The twisted canonical divisor K¢ + a1p; + . .. + a,p, is ample.

2. Asubsetp;,,...,p; of the marked points is allowed to coincide only if the inequality a;, +

...+ a;, < 1holds.

For g = 0, the stability condition means that a rational n-pointed curve (C, py,...,p,) is A-
stable if on every irreducible component of C' the number of nodes plus the sum of the weights of
the marks lying on the component is strictly greater than 2, with ay + ... 4+ a,, > 2.

In the case (ai,...,a,) = (1,...,1), this condition is nothing but the traditional notion of
an n-marked stable curve, and so the compactification M% 4 1s exactly the well-known Deligne-

Mumford compactification M, of M,,,.



Definition 2.3.1. Given two weight data A, B, we say that B < A if for every i, b; < a;. Then

there exists a regular reduction morphism:

CB,A - MO,A — Moﬁ (27)

s.t. cg A(C,p1, ..., pn) is obtained by contracting twigs that become unstable when the weights of

the points are “lowered” from a; to b;.

Moduli spaces of weighted stable rational curves also have psi classes, which are defined in the

same way as in M ,. A 1 class on My 4 will be denoted as ;.

Lemma 2.3.1. Consider the reduction morphism c : Mo,n — MO,A. Fori=1,...,n, we have:
vi=c )+ >, D). (2.8)
154,
Zje[ ajgl

Proof. Consider the following commutative diagram:

— o —
Z/lom Z/{O,A
m| | o | |0i
- c —
Mo, Mo a

Here Uy, and Uy 4 are the universal families over M, and M 4 respectively; 7 and 7 are the
forgetful morphisms, and o; and 7; are the -th tautological sections of the corresponding universal

families; c and C are the reduction morphisms. Let S; = I'm(o;) and S; = Im(d;). Then,



Now, C*(S;) = S; + >, Er, such thati € I,j € I'if Y a; < 1, and Ef is the exceptional divisor
in
BlOU)m

i€I0i

such that m, (E;) = D([). Then,

= T8 = m O S = (- (54 B Er))
=m(—(S}+2) SiE + Y E})
— o, —QXI:D(I) +ZI:D(I)

= i — XIJD(I)

—¢i— Y. D)

=i,
2 jer ;<1

]

Informally, for the pullback of a v, a 1); is corrected by all boundary divisors where the i-th
mark is on a twig that gets contracted by c. In particular we will use the above special case of

reduction morphism for this work.

Definition 2.3.2. We define the 1@ class as the pullback of a 1 class under the reduction morphism

C: Mom — MO,A-



Corollary 2.3.1. For the reduction morphism c : Mo,n — MO, 4, where A = {%, %, cee %} For

1=1,...,n, we have:

i =i — Y D({i,j}). (2.9)

JriFi

Proof. This follows from (2.8) by observing that a; + a; = 1 for all 7, j when a; = % Y i.

10



Chapter 3

Closed Formula for intersections of 1/-classes on

For the work in this chapter, A = (%, %, ey %) for M 4, and we denote it by Mo(%)n. In
this chapter, we develop the closed formula for integrals of 1& monomials corresponding to the 1)
monomials on MQ( e

We denote by P = { P, P, .., P;, 51,5, ..., 5;} an unordered partition of [n], such that cardi-
nality of each subset in the partition is either 2 or 1. Further, if the cardinality of such subsets is
2, we denote them with P; and if the cardinality of such subsets is 1, we denote them with S; .

Denote by P;; and P}, the elements of P;. Denote by F' the set of all P;’s, and by .S’ the set of all

S;’s. Denote by ‘3 the set of all such partitions P.

3.1 Cycle intersections

Definition 3.1.1. Given a P € ‘B, we define the graph I'p as follows:
1. The I'p has a ‘central’ node, with | F| number of edges with nodes on ends

2. Attach to each non-‘central’ node two half edges forming a ‘fork’; to the ‘central’ node,

attach |S| number of half-edges
3. Label a half-edges on forks with P;; and Pjs, and half-edges on central node with S;’s.

So, each P; corresponds to a fork and S;’s to half-edges on the central node. We call this a P-
graph. |F| gives the number of forks on the graph. Each such graph is a dual graph of a stratum
in Mom.

Clearly, the set of all P-graphs as defined above are in bijection with the set of all partitions

P eB.

11



Definition 3.1.2. Given a @E—monomial m = ﬂf 11/352 Qﬂg‘“’...z@fr, a decorated P-graph I'bis obtained

by coloring a half-edge corresponding to pointt € P;jort € S; if ky # 0.

Example 3.1.1. Given m = 1)2), on M,

for P ={1,2},{3}, {4}, {5}, {6}, we get the decorated graph T}, as in figure 3.1;
for P ={1,3},{2,4},{5}, {6}, we get the decorated graph T'% as in figure 3.2,

and for P = {1,3},{5,6}, {2}, {4}, we get the decorated graph T'%, as in figure 3.3.

2 1 2 3 5 3
4 1 6 1
3 6
4 5 5 6 2 4
Figure 3.1: F% Figure 3.2: F% Figure 3.3: F%

Definition 3.1.3. Consider the decorated P-graph in figure (3.4). In M, this represents the dual

graph of a boundary stratum that is the image of the following gluing morphism:
gl: MO,PlLJ*Pl X -MO,PSU*PS X MO,SU.Pl...u.PS — Wo,n

where for each Pj, the half-edge o P; is the mark on the node pulled back from the factor cor-

responding to the central node, and xP; is the mark on the node pulled back from the factor

corresponding to the respective fork. For this decorated P-graph, define the following -function
k.

iy ki, —1 kiy_+ki,—1 ki 1 kig—1 ks -
op() =ep, 2 g, e Ty (3.1)
2

Py
2+1

where 1o p, is the 1)-class at the @ P; mark on the factor corresponding to the central node.

12



Ir+1 I1‘

Figure 3.4: A decorated P-graph with s colored half-edges on forks

Lemma 3.1.1. Let D; be a divisor D({i, j}) where j € [n]\ {i}; then on Mo, [] Di, s < n—3,
i=1
is supported on a P-graph I'p. And the number of forks on I'p can vary from [ 5] to min(|% ], s).

]

Proof. We prove by induction. D; = . | is clearly a P-graph. Now,
f. p y 1 . — y grap

0, if [{1,i1} N{2,ix} =1

2 Ly

_ >‘—M’<Z {1} N {20} =0

1

2 %1
_ ( >—*<> , if {1,251} = {2,42}

1

So, all the graphs that support D; D, are P-graphs. Now suppose [[ D; is supported on a
i=1
P-graph, and suppose that P-graph has j number of forks P;’s, and denote by S the set of all

13



half-edges not on forks. Then,

B
s d f k
(H D;)Dgyy = . i M w; i
=1 J' >

if{s+1,k} & P,SVi

if{s+1,k}C S

if{s+1,k} C P, for some i

So, all graphs that we get for non-zero intersections are in fact P-graphs. For the number of
forks on the graphs, there are 2 cases to consider : 1) s > |7 |, and 2) s < | 7]. In the first case,
there are at least s — | 5 | forks with both half-edges colored, and maximum number of forks is | % |;
as s < m, minimum number of forks is L%J In the second case, the minimum number of forks is

| 5] and the maximum s. So, the number of forks on I'p can vary from |3 | to min(|%], ).

]

Lemma 3.1.2. With D; = . D({i,j}) on Mo, and e P; as in Definition 3.1.3, then for M, (1)
ki ki ki—1 -
L DBy (3.2)
j
Proof. Using Corollary 2.3.1,

3 = (= Y2 D)

14



=i (=DM Y D(E )"
:wfi"‘”-‘i‘(_l)ki( .{”}ZD{Z 7}

ki ki—1 -
=yl = SO D({i5))
J
The second equality happens as all the terms in the expansion except the first and the last vanish
due to dimension reasons. And it’s only the self intersections that are non-zero in the last term in

the expansion of (¢; — >, D({i,j }))¥. The third and fourth equalities follow from the k; self
intersections of >, D({i, j}). O

For the result in the above lemma, we will use the following notation for brevity.
O = g — D, (3.3)

where

D, = 3" D({i.j})

J
and

S, Zw.{} ({i,3})

Also, again for brevity, if the PP-graph in figure (3.4) corresponds to partition

P ={P1, P, .., P, 51,5,..,5}, then we will denote 1, p, also as 1 p, in what follows.

VI

Theorem 3.1.1. With P, F, S, P;, Pj1, P2, S; as defined above, for n > 5 we have for M 03"

g = 3 )] [T ek T e (3.4)

Py S;es PjeF

where [I'p| is the class of boundary stratum in MO,n with dual graph I'p.

15



Proof. Let D; = . D({i,j}). Omitting ¢’s with O-exponents, and assuming WLOG that the

first  ¢’s remain with nonzero-exponents,

k1 ka A7 k1 k2 ks
Fugphe « qfkn = rk2eiks bk Then,

Prphzple ) = (1 — D) (Y — Do)* L (¢, — D)

using relation (2.9)

= (Y7 — PP TID) (W — 2 TIDy) L (W — 9 D)

using relation (3.3)

T
ki, —1 ki, —1 ki —1 kis kir
= (=1 et a2 kT Dy Dy Dyt (3.5)
s=0
with 1 <i4; <randi; < iy < ... <14, Now, each term in the expansion of the expression

above is supported on a P-graph from lemma 3.1.1.

Pick a P-graph with s number of colored half-edges on forks and create the corresponding I'%.
There are two possibilities: 1) at least one fork has both half-edges uncolored, or 2) all forks of
I'4 have at least one colored half-edge. Let the second type of graph (figure 3.5) have ¢ number of

forks with both half-edges colored as shown below.

Intersect both types of P-graph with ¢p (1)) as defined in (3.1):

ki, +kio—1 ki, | +kii—1 ki, -1 ki1 ks K,
op(¥) = Vo' b ST ahe T by (3.6)

Claim : The intersection of ¢p (1)) with the first type of graphs gives 0.
Proof WLOG, suppose the first type of P-graph have ¢; and 7, on a fork with k;, = k;, = 0. Then

kil +kl2 —1=—1and

16



Ir+1 I1‘

Figure 3.5: A decorated P-graph with no uncolored fork

Sp(1) = gt e T T gl gl
is 0 as negative power of a 1 class by standard convention is 0.
Now, consider the second type of P-graph (figure 3.5).

Claim: ¢p (¢) .I'4, where I'4 is the second type of graph, uniquely determines a term in the ex-
pansion (3.5) above.

Proof: Define a map from the set of PP-graphs to the terms in the expansion (3.5) as follows. For
each 7; in ['4 where 4, is a colored half-edge on a fork, assign a D;,, to form the product [];_, D;,.
And for each fork on the graph with half-edges 7; and 7,, assign @Diﬁi%iq ! and form their product;
the result is ¢p(¢0). Then ¢(v)). [[,_, D;, is precisely the term in the expansion (3.5) that F% maps
to. Further, reversing the process, we get the preimage of a term in expansion (3.5) the unique

P-graph (figure 3.5). So, the map is in fact a bijection. And,

kit71+kit_1 k

s+i Kij+kip—1 i41-1 io— 1,/ Ks+1 ki,
(—1)*+% (Tp) ¥ e gl gl gk 3.7)

17



= (—1)|F| Cp] H ¢Zfl H ngHszﬂ

S;€S PjGF

3.2 Numerical intersections

In this section, we develop two corollaries of theorem (3.1.1) to develop two versions of a
closed formula for top intersections of zﬂ—classes on MO,n- Then we encode this formula in a
generating function obtained by applying a differential operator to the Witten-potential. As pointed
earlier, these corollaries (3.2.1 and 3.2.2) can also be deduced from theorem 7.9 in [4]. For our
work, we develop specific and explicit closed formulas here and base our combinatorial analysis

closely on the structure of dual graphs.

Corollary 3.2.1. With P, F, P;,

Pj1, Pjs, S; as defined above, for n > 5 we have:

Pk ke =) (-1 'Fl( Pl =3 ) 3.8
Mo,n wl wQ 77071 7;43( ) <sz‘1 + kPiQ - 1>> <k5’> ( )

where Y ki =n —3,andforaP ={P,,P,,..., P, 51,...,5;},

<l€pﬂ + ]{UD%.2 — 1> = kpll + ]Cp12 — 1, .. '7kP51 + kp52 — 1, and <]€5> = ksl, Ce ,/{35 .

q

Proof. The proof of this is same as for theorem (3.1.1) except in the last part of evaluation of

ép (1) .I'%. Here when > k; = n — 3 this evaluation gives

n—3—(s—1)

:(_1)5+§( 2 )
Kio ki, — 1,00k — 1k, — Lk K,
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kg + ki, — 1,0 ki, + Ry, — Lk ook,

as k =...=k =0

7;7“+1

e P
= <_1)| |(<k’P11 + kPi2 - 1>’ <ks>>

]

We can reduce the complexity of computation of (3.8) if we can remove the partitions P’s from
P whose graphs evaluate to 0 when intersected with ¢(¢)) as described above. Also we can collect
together terms corresponding to permutations of the set {1, jo, ..., Js—¢ } as all these terms evaluate
to the same value as k;, = 0 for all these j;.

Form a new set 3’ in the following way : Make the powerset R of [r], where r denotes the
number of ¢)’s with non-zero exponent in the 1)-monomial. For each set R € R, create all subsets
P’ of R whose elements are subsets of R of cardinality 2 or 1 with upper bound of number of
subsets of cardinality 2 fixed at [ 7 |. Call 3’ the set of all 7’. This set 3’ can also be obtained from
P via the following map: Given a partition P, project to a P’ by forgetting all points S; € P and
ina P; € P forget a point Pj; if kp,, = 0. More formally, P’ = {P{, P, .., P}, S1, S5, ..S; } where
P/ = P;if kpiy > 0 and kpp > 0; S = P; \ {F;;} if kp, = 0. This is an onto map. Each P]' has

cardinality 2, and each S;’ has cardinality 1. Denote by P’ the set [r]\ P{U...UP/US]US;U..US.

Corollary 3.2.2. With B’ as defined above, for n > 5 we have:

k1 Tka Tk "k
| ¢11¢22¢33~--¢f:
Mo,n

S (-1t (n—r)! n—3—(s—1 (3.9)
(TL—T‘—S—Ft)' k’il—Fk’iQ—l,...,k’ —1,...,k}i —1,]{?2'].1,...,]{}]“1

rP/ €q3/ 7;t+1 s

where t = 2|{Pz,}" S = |{Sz,}’ + t and {iju ..,’ijq} = pre

Proof. Corresponding to a partition P, form a corresponding decorated graph for P by uncoloring

any half-edges on the central node, and ’forgetting’ the j;’s on uncolored half-edges on the forks as
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discussed above. This corresponds to P’ = {P,, P}, ..., Pt'/27 Sy, ...,S. ,}, where P, correspond
to nodes with both half-edges colored, and S; = i;; in the decorated graph of P in figure (3.5).

Now consider intersection of this graph with ¢ (1)) as defined earlier in (3.1) :

op(¥).
>~ Moz X Mog,..., Moz X ¢(¢)-Mo,n—3—(s—g)
_ (_1>s+% TL—S—(S—%)
Bi By — oo ki i — Lk — 1 ks — Lk o K,

(n—r)! ; ways of choosing the uncolored half-edges on the forks, corresponding

As there are s D)

to j;’s, the term evaluates to

n—3—(s—%)

t (77,—7")!
(n—r— s+ \Kiy +hiy — Lo ki — Lo ks, — Lk ook,

= (-1t

3.3 Generating Function for the top intersections

We start with the generating function- Witten-potential( [7]). The correlation functions are
defined as intersection numbers on the moduli space of stable n-pointed curves (here for genus 0)

as

(Thy « - Thy) o= B wlfl §2w§“
MO,n

Collecting all tau’s with equal exponent, we can write (7y, ... 7g,) =
S0 .-S1..S2

(ro°m 757 ... Tu). Now, define s = (sq, s1,...), and (7%) := (1° 77" 75° ... 7).
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So, for each sequence s, there is a correlation function (7°); and |s| := ) s; is the number of marks

n. For the generating function, all these correlation functions are collected and used as coefficients
oo

in a formal power series. Using notation t° = H t7', and s! = H s;!, the generating function is
‘ =0

F(t) =) 2?<TS> (3.10)

3ty tats

tot
5t

312!

tots
5!

tit it t3t3

= (1) + @) T D=+ )

where the coefficients of appropriate terms give the intersection numbers |5 o, T
Observe that the total codimension of the integrand in (7°) is ) is;, s0 |s| — 3 = Z is;. With this

generating function, the String equation for M, is the differential equation -

0 = 0
Op_h ti—F
ato + lz:; +1 atz

Definition 3.3.1. Define a new generating function

G(t) =) 1f(ﬂ (3.11)

where ( fM " kz. . 1/1”“” as defined earlier, Y k; = n — 3.

So, G(t) has as coefficients of the monomials & o ~ the intersection numbers J57 o, w k2. . @bﬁ”

for any value of n and any values of k;’s, with > k; = n — 3.
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Theorem 3.3.1. With G(t) as defined above,

Glt) = L(F(t)) — 2 + 222 (3.12)

—L

where L = : e . and : e~ : denotes the operator with normal ordering', and

Z tit;—— at (3.13)

i,j=0 i+j—1

Before we prove the above theorem, consider the @Z— monomial [+ 1/3?_3. It is the coefficient
Mo, A

(1) X
of t—monomial (—tr)“‘ in G(t). When we apply the operator L = 1 — L+ : 1:2—,2 :—...to F(t),
only the terms with the following ¢—monomials in F'(t) contribute to the term with {—monomial
" Vi, g by tn=2y
e in L(F(t) T and 2o

(n—1

R )
The first term of L is 1, which when acts on F'(t) produces the t—monomial % as it is;

the second operates as follows:

n—2 n—1
bt 52 to' s =—(n— 1)—t8 'ty
O Oty \ (n—2)! (n—1)"

n
No other term in F'(t) contributes to the coefficient of the {—monomial (—tr)“” in L(F(1)).

=1y 1(n=2),

As the monomial (—3 has as coefficient [ o, @D" 3, and the monomial

D!

TQ’;,’A‘ has as

n-1)
coefficient fMO,n—l 7~4in F(t), the coefficient of ‘)(—i’;,d in L(F(t)) is fMo 3 (n —

1) f3,,, , ¥i~" which equals

5 "2 from corollary (3.2.1).
0,(3)"

by normal ordering of the operator, we mean that we treat the ¢;’s and z7-’s as commuting variables, and bring
all t; stotheleftof— s.Eg, it J =t tjat
0 0
T? = tit; tit; .

Otivj1 7Oty 1
but
e 0D

WEE
! j8t1+J 1 atH—] 1
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Observe that both the contributions correspond to the two types of P-graphs that make non-
zero contributions to fMo P @Z?_g in corollary (3.2.1).The first are of type with no forks; the second

of type with one fork.

Definition 3.3.2. For each P-graph, the corresponding Pi-graph is defined by replacing each
i € [n] on the P-graph by k;.

Clearly the map {P-graphs} — {Px-graphs} is a surjection.

Lemma 3.3.1. In genus 0, for a given (1, ... Ty,) = fMO,n Mk ok as defined above, let
s = (80,81, ... 8n), and (Tg, ... Tk, ) = (15°1 152 ... 757). Consider a Py-graph with m forks with
q distinct k;’s appearing on the forks; let such k;’s be {ki, ks, ... k,}. Let l; be the number of times
a given k; appears on any fork on the Py-graph. Then the number of P-graphs that map to this

Pr-graph is given by:
1 Sk1! Skzl Sk !

= - ! =:C
[Aut(P)| (st = 1) (s = B2)0 7 (s, — 1)

(3.14)

k

where ]Aut(ﬁk)\ is the number of automorphisms of the subgraph of Pi-graph obtained from

removing half-edges on the central node.

Proof. Consider a Pj-graph with m number of forks s.t ¢ number of £;’s appear on the forks as
defined above. Then if all n half-edges are given ordering, the number of P-graphs where half-
edges are ordered would be

solsylsa! ... s,,!
Now, we divide by the permutations of half-edges on the central node to get

80! 81! 52! Sn!

(so— 1) (s1 =) (s2— 1) (s — 1)!

Now, restrict /; to be the number of times a given k; appears on any fork on the Pj-graph. As only

g number of k;’s appear on the forks, [; = 0 for ¢ > ¢, so
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0! s1! S9! Sp! Sk ! Sky! Sk

(50— 1)1 (51— 1) (52 — )" (50— L)l (50— 1) (02 — L)l (5, — 1!

Further we need to divide by permutations of half-edges on the forks. Let ji, jo, ..., js be the
number of forks with the same set of k;’s on them; and let d be the number of forks with both k;’s

same on that fork. Then, we divide by 27 (j;!75! . .. j;!) to get

( 1 ) Skll 8162‘ Skq'
24 (juljol o Jg) ) (s — 1) (sme — )V (1, — 1g)!

Observe that the number (2d (j1lge! ... g f!)) is the number of automorphisms of the subgraph of
Pr-graph consisting of only the forks; denote this subgraph as Py. Then the number of P-graphs

that map to this Pj-graph can be rewritten as :

1 Sk, ! Sky! Sk,!

| Aut(Py)] (s — 1)! (81 — 1)1 (3, — 1g)!

O
The reason for organizing C'p, as in (3.14) will become clear in the proof of theorem (3.3.1).

Lemma 3.3.2. With the definitions and notations above, corollary (3.2.1) can be rewritten as :

k1 T ko Tkn
/ 1 2 ¢nn -
M. 1.\n

0,(%) N . " ) (3.15)
i io 1901, — i - k kir

S (~1)"Cp, / skl e e Tk

PreD Mo, (n—m)

where m is number of forks on the Pj-graph and Cp, is the number of P-graphs that map to

this Py-graph, and £ is the set of all Py-graphs.
Proof. This version of closed formula for [+ - Afl A§2 o zﬂﬁn 1s just a reorganization of (3.8)
0,(3)

using Py-graphs instead of P-graphs. As the map

{P-graphs} — {Px-graphs} is a surjection, we get all the terms in (3.8). O
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Now, for a general Pj-graph with m number of forks shown below, define the following oper-

ator (which appears in L):

Dp, = (3.16)
Figure 3.6: Py-graph with m forks
and the following term in (3.15) :
m ki 4k, —1 Kigp—1Kigm =1 | kom ki,
(—1)™Cp, / Yot ahe wi;mjll c (3.17)
MO,(nf'm)

By construction, the terms (3.16) are in bijection with the Pj-graphs. Furthermore, the term (3.16)

arises in £ as a summand in : (—1)™ %5 :

with some multiplicity. As part of the proof of theorem,

we will see that this multiplicity is (—1)’“‘14?%7%)| with |Aut(Py)| as defined in Lemma (3.3.1).

And the term (3.17) is a summand in (3.15) corresponding to this Pj-graph.

l toS0t151...4;51
solsy!l...sp! 2

Strategy of proof of theorem (3.3.1): we will show that for a general t-monomia
its coefficients in G(t) and £(F(t)) — g_g; are equal. And that both equal fﬁo,(%)" pRrpke - qpkn To
show that, we show a bijection between Pj, graphs and the terms (3.17) which are the summands
in the formula (3.15). To show this bijection, we pick a Py graph, and find the term (3.16) in L

(with some multiplicity); then we find the term Tpk in F(t), such that the term (3.16) when applied

l toS0t151...4;51

to T, gives the t-monomial <=1

with coefficient the intersection number defined in (3.17).

As that exactly is the summand in (3.15) corresponding to the chosen Pi-graph, this proves the
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theorem in one direction. In the other direction, we pick a term (3.17) which is a summand in the

toS0t151...4;51
sols1l...sg!

coefficient of t-monomial and show that this maps to the same Pj-graph.

Before the proof, here is an example that illustrates the idea.
Example 3.3.1. Consider
I O O R RN
M et
o(3)
The corresponding t-monomial in G(¢) is

N VA 7 ke S P P T e
= p— Tpk
solsi!. .. s! 3918151231212

Now consider the following Py-graph with m = T forks as in the following figure.

Figure 3.7: Py-graph with m = 7 forks

The corresponding operator (3.16) is

2% 02 0 0

Dp, = titotsty—=—5————
P 2B 513 912 Bt Ot

The coefficient of this term in : (—1)7%7 . is given by

() () - o)
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The corresponding unique term in F(t) is

t039t13t23t32t41t52t63 _

OB P

~

In L(F(t)), the corresponding term is

where
)= [ SRR
M \54
(1)
Observe that the coefficient (—1)7 (5525;) of Dp, in : (—1)”;—!7 . is exactly (—1)m‘Auti7§k)| as

claimed earlier. Now,

1 (5 ) (6 D)

(1 8! 5! 2! 2! 3| .
=(=1) (233!2!) <(8 —IG-5C2-1)2-1)3- 1)!) (7)) T,

= (g ) (5 ) e

. 1 8151212131
~ (1) (,Amﬁk)‘)( ) () T

= (=1)"Cp, ({1%)) T,

which term in L(F(t)) has as coefficient of Tp, exactly the term (3.17) which is the summand in

(3.15) corresponding to the chosen Py-graph.

Proof. (of theorem (3.3.1))

Consider a general term in G(t) with the corresponding #-monomial %, with coeffi-

cient Wy 1 Aiﬁ A12<2 .. &ﬁn Now, we will show that we get all the terms of formula (3.15) in
LF(t) =(1—:L:+: g—? t— ...+ (=1)mET . 4 )(F(t)) and that each term corresponds

27



to a Pj-graph.

1. Pick a Py-graph with no fork. Associated operator (3.16) in L is 1, the first term in £, which

when applied to F(t) results in coefficient 1 for 22" -i™ iy £(F(t)).

solsi!...s!

2. Pick a Pj-graph with one fork. WLOG, assume a Py-graph with k1, k2 on a single fork, with

k1, ko not simultaneously 0.

Case 1 : k; # ko. Then, the corresponding operator (3.16) as tklt;@ﬁ. In £, this term

to 0t151...4;51

a5 has t-monomial -
:81:...85]

has coefficient —1. The term in F'(t) that it operates on to produce

tgso c. tklsklfl .. .tk;k?*l ce tlekl

Sol e Sk -1l Sp—1! 8!

tk1+k271
The result of applying in —ty, tx, ﬁ in £ to F(t) is the following :

0 toso...tklskl_l ...tk28k2_1 ...tklskl

12 thytho—1)
28tk1+k2_1 80!"'sk,‘l—l!"'sk’g—ll"'sl! r

_tk‘l

to®0t .. %

= —5p,5
PN PN B

So, the coefficient contributed by this operator to 2201t iy £( (1)) is
solsyl..sy!

k1+ko—1 ky
—Sk1Sks / L/J k2 V,D ’QDT
Mg (n—1)

and C'p, = S, Sk, 1s the number of P-graphs that map to this kind of Pk-graph.

Case 2 : k1 = ko. In this case we get the corresponding term (3.16) as tk VTr— t . The coefficient

of this term in £ is —3. When —1tk16t—1 is applied to F(t), the only terms that produces
toS0t151...4;51
Oso!slll...sll! 18

t080t181 ce tk18k172 . tlekl

Lok, —1
1
80! e Skl_Q! R Sl!
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And

1t 0 L7 0 AR TR 0N AR 7Sl B I TR " )
2 2k —1
2 " Otog, 1 Solsi!...s! Sol .. Sk 2l 5!
= _lsk (8%, — )tosotlSl o
2" ! 50!81!...81!

So, the coefficient contributed by this operator to 220"t iy £( (1)) is

sols1l...s;!

1

—§sk1(skl — 1)/ s BN i
Mo, (n—1)

and C'p, = %skl (sg, — 1) is the number of P-graphs that that map to to this kind of P,-graph.

In both cases, the terms contribute —Clp, fﬁo,( Phithke—lyks ...wff to the coefficient of
t-term % in E( (t)). So, we get both terms in 3.15 corresponding to two Pj-graphs with
one fork. Also, observe that if k; = ko = 0, the term —t(%% contributes nothing.

Now consider a Pj-graph with m number of forks. WLOG, let the k;’s on the forks be

{k1, ko, ..., kom} as shown in figure below.Let [; be the number of times a given k; appears on

any fork on the Pj-graph, and let j;, j2, . . ., j be the number of forks with the same set of k;’s on

them; and let d be the number of forks with both &;’s same on that fork.

Kom-1 k,

Then the corresponding operator (3.16) is

0 0

atk1+k2—1 atk2m71+tk2m_1

tkltk2 .- 'tk2m71tk27n = ,D,Pk

The coefficient of this term in £ as a summand in : (—=1)™EZ :is given by
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1 m 1
-1 — 2(m_d) (- -
D () O (1)) = ()

The corresponding term in F(t) is

tOSO .. -tk1 (Skl _lkl) . tk2 (8k2m_lk27n) T
o t _1...t 1=
80! o (Skl — lk1)| . (Ska — lem)! .. Sk | Vk1tka—1 kom—1+kom—1 Py

n*

~

In L(F(t)), the corresponding term is

0" (i) (6 Do)

where (7%) is the appropriate 1)-monomial on M 0,(1)m that appears as coefficient of T’pk in F(t).

2)

; m£L™ | m 1
Observe that the coefficient (—1 (2%,[2 > of Dp, in: (—1)™% :is exactly (—1) TN

as claimed earlier. Now,

(_1)m <2dl1!l2!1. N 7ln|) (<TS>) DPk (Tpk)

1 Sl! 82! Sn!

|Aut(Py)| (51— 1) (s2 = 1)1 (80 — 1n)! B

= (=" (2%!1211. N ,zn!) ((318—1!11)! (sgs—z!zz)! (snsj!zn)!) (%) T,

m 1 51! S9! s, .
=(—1) <|Aut(75k)|> ((51 ) (s =) (- ln)!> (%)) T,

= (=1)"Cp, ((7°)) T,

which term in £(F(t)) has as coefficient of T, exactly the term (3.17) which is the summand in
(3.15) corresponding to the chosen Py-graph.

So, one direction is proved. To show bijection in the other direction, we pick a summand in the

toS0¢t;51. tZSZ
solsy!...sp!

coefficient of — Tp, in L(F(t)) that comes from term : %Em .. Let this summand
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come from the following summand in : %Lm :

" (i) (6 Do)

n-

where

0 0

123
- C.
atk1+k2—1 athmfl‘i‘thm_l

D’[)k — tk‘ltkg PR tk2m71

)

(7%) is uniquely determined by T’pk, and Tpk is uniquely determined by

DPk (Tpk) = Tpk

As this Dp, is in bijection with the Pj-graph as in the figure by construction, we get the term in
(3.15) corresponding to this P-graph as the chosen summand in £(F(t)). So the coefficient of

fo0b Lt iy £(F(t)) equals the coefficient of 20 =4 i G(¢).

solsi!...s! solsi!...s!
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Chapter 4

Closed Formula for intersections of 1/-classes on

Moy

q

11

For the work in this chapter, A = (5, FERE

., %), where ¢ € Z* for HO, 4, and we denote it by
Mo (1) In this chapter, we develop the closed formula for integrals of 1& monomials correspond-

AN
)"

ing to the 1) monomials on Mo,(

Q=

4.1 Cycle intersections

We denote by P = { Py, P, .., Py, S1, 52, ..., S.} an unordered partition of [n], such that car-
dinality of any subset in the partition is between 1 and q. Further, S; have cardinality 1, and F; have
cardinality other than 1. And for a P; with cardinality z;, 2 < z; < ¢, denote by P; 1, P2, ..., P ,
the elements of P;. Further, for P as above, denote by F' the set of all P;’s, and by S the set of all
S;’s such that | F'| = m and such that |S| = c. Let |P| denote the number of subsets in P. Denote

by ‘B the set of all such partitions P. For a P;, and i € P; define

Qy = Zkl

IS

Theorem 4.1.1. With P, F, S, P; and «; as defined above, for n > 5 we have for Mo (1)~

Q=

Tk1, 7k Tkn __ o wf;’]
' 2 w" - Z [FP] H wSi H <_1/J.Pj - ¢*Pj) (41)

’PE% S»;EP Pj epP

where [I'p| is the class of boundary stratum in Mom with dual graph I'p. And for each P;, the
half-edge o P; is the mark on the node pulled back from the factor corresponding to the central
node, and xP; is the mark on the node pulled back from the factor corresponding to the respective

fork, as defined in (3.1.3).
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Proof. Let
134,
Yjeraisl
So, the summands in the above are all the divisors that have on one node half-edges that can
vary from 2 to ¢ in number and ¢ mark is on that edge. Omitting 1[1’5 with 0-exponents, and
assuming WLOG that the first r Qﬁ’s remain with nonzero-exponents, so that Jfl 52. R .1&’;" =

ki ke ks
Tiaby2ahs® . bk Then,

PPt Al = (= D) (= Do) (4 = D) (4.2)

using relation (2.9).

From here, we can proceed with the above relation to prove our result as was done for the
relation in the case of weights all % in proof of theorem (3.4). But instead we choose to use a result
already established for w classes in theorem 2.2 in [8]. This theorem that applies to w classes on
Mg’n gives our result above as a special case. In essence, while the number of half-edges on a D;
for our case is restricted to a maximum of ¢, in the case of w classes, there is no such restriction.
Rest of the computation remains the same. So, below we give the required background and this

theorem without proofs.

We define w classes, also called stable v classes, which are just pull-backs of ¢ classes from

spaces of curves with only one mark as follows.

Definition 4.1.1. Let g,n > 1,i € [n], and let p; : M, — M, (;y be the rememberful morphism,

i.e. a composition of forgetful morphisms for all but the i-th mark. Then we define

w; 1= P (4.3)

in R*(M,.,).
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We call any boundary stratum where all the genus is concentrated at one vertex of the dual
graph a stratum of rational tails type. The following Lemma for the case of Mg,n gives an explicit

relation between w and 1 classes.

Lemma 4.1.1. Let g,n > 1,i € [n]. Then:

i =w;+ »_ D(I) (4.4)

I3i
where D(I) is a divisor of rational type, and I is subset of marks on the rational tail.

This Lemma means that 1); is obtained from w; by adding all divisors where the ¢-th mark is
contained in one of the two components. Now, we compare the definition (4.4) of w; with the

definition of 1@ in (2.8) from Lemma 2.8 which we reproduce below.

vi=di+ Y D() (4.5)
134,
e a;<1

We see that the only difference between the w classes and the 1/3 classes is the extra constraint
> ier @ < 1for D(I) in the case of ¢ classes, and of course the difference in genus and corre-
sponding stability conditions.

Denote by P = {Py, Ps, .., P, S1, S, ..., S.} an unordered partition of [n], such that cardi-
nality of any subset in the partition is greater than or equal to 1. Further, let S; have cardinality
1, and P; have cardinality other than 1. And for a P, with cardinality z;, z; > 2, denote by
P, Py, ..., ., the elements of F;. Further, for P as above, denote by F' the set of all P;’s, and

by S the set of all S;’s such that |F'| = m and such that |S| = c. Let |P| denote the number of

subsets in P. Denote by ‘i? the set of all such partitions P. For a P;, and © € P; define

Qy = ZkZ

i€ P;j
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Theorem 4.1.2. [theorem 2.2 in [8]] With P, F, S, P; and o as defined above, and g,n > 1 we
have for Mg,n :
v

witwh? wpr = ] [T v ] ET—— (4.6)

Pep S;eP P;cP

where [I'3] is the class of boundary stratum in Mgm with dual graph I'5. And for each P;, the
half-edge o P; is the mark on the node pulled back from the factor corresponding to the central
node, and xP; is the mark on the node pulled back from the factor corresponding to the respective

fork, as defined in (3.1.3).

The proof of the above theorem in [8] starts by expanding the left hand side as follows.

w2 Wk = (Y — B (Y — Bo)* . (Y, — By)* 4.7

where

B;=> D(I)

I>i

and then establishes the following:

1. All the intersections in (4.7) are supported on dual graphs that are the forked graphs with
‘central’ node with concentrated genus, and the forks corresponding to rational tails, with

appropriate decorations of 1) classes

2. The forks on such supporting forked graphs can take any number of half-edges greater than

1. So, a supporting forked graph would be as below.

3. Corresponding to any such forked graphs, we can get more than just one intersection. This is
because there are many non-transverse intersections possible when the number of half-edges

on a divisor is greater than 2.

4. If we associate each of the forked graphs with a partition P as defined above, the intersections

we get in the expansion of (4.7) is given by:
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Figure 4.1: P-graph with m forks

s
5] H Vs, H (—w.P iw*P‘)

S¢€75 P]' 675

5. Summing over all the Pe if3 gives the result (4.6)

So, the difference between (4.2) and (4.7) is the difference between D; and B;, and the genus
on the central node of the resulting dual graphs. But the combinatorics of the intersections is the
same in both cases. So, using the combinatorial result in (4.7) and restricting the partitions to have
the maximum cardinality of g gives our result.

In formula (4.1), the denominator of the rational function is intended to be expanded as a

. .. tYep,
geometric series in 7 ? . So, for each P; € P, we have
*Pj
o
wOIJDj _ Oéj—l aj—2 Olj—3 2 4 8
Tl —p ~Vup, +Vep, Yur — Vup, Vip, + - - (4.8)
.Pj *Pj

The sum in (4.8) is finite since we defined negative powers of i) to vanish. We also observe that
if a; = 0, the right-hand side of (4.8) equals 0. Hence the formula is supported on forked-graphs

representing strata where each fork has at least one point ¢ with strictly positive k; .
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Here is an example that illustrates the result of the above theorem.

Example 4.1.1. Over Mo (1) consider the monomial:
\ 5
D130
And consider the following P-graph with 2 forks as in the following figure.

p) 6

1 11

8 10
9

Figure 4.2: P-graph with 2 forks

Corresponding to this dual graph, the term in the sum in (4.1) is given by:

= [FP] ¢11-¢0P10 (—wfpg + 77Z)fP27vZ)*P2 - 1/)31321/13&)
= [FP] @Z)ll (—@Dfpz + ¢§P2w*P2 - ¢3P2¢3P2)

The second equality is due to the fact that the terms in the infinite series after the first three

terms vanish due to dimensionality reasons.
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4.2 Numerical intersections

Corollary 4.2.1. With P, F', S, P;, z; and «; as defined above, for n > 5 and ) k; = n — 3, we

have for M 0,(1)"

Q=

k1,7 ko T kn __ __1\n+|P| |,P‘_3)
/M< LYty —Z( Hm (Ind(P) 4.9)

)" PeP

0,%

where Ind (P) = kp,, kp,, ... kp,, with

m

k’pi = kpi’l + ]’sz._’2 + ...+ kp

1,25

—z+1 (4.10)
Proof. This statement follows from formula (4.1), by noticing the following two facts:

1. For any partition P € ‘3, by dimension reasons the only monomial that has nonzero evalua-
tion on [I'p] is

[T vg TT (-0 Pyl 1D

S;eP PeP

2. Foranyn > 3,i € [n],

=1

Mo,n

So, all evaluations for the classes @b' 1' %in (4.11) contribute a factor of 1 to the overall evalation

of (4.11) on [I'p]. It follows that, for every P € 3,

:7 P ] D’L P P f!

PEP

_ ZIPI |F| a; o — |P|+1
= (0 Yop,
/ 1w 11

S;eP PeP

- n—|S|—|F| H s H . |Py[+1

Mom S;eP PP
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= / (—1)n_|7D| H wg; H ¢(.)c]i3i—\Pi|+1
Mo, p|

Si€P PeP

— / (—1)”+|P| H wg: H w?}i}i—\PH-O—l

Mo || S;eP P,eP

And the above expression when evaluated for all P € ‘B gives the formula in (4.9):

Tk1 Tk Tkn
/ kifka | ok
M
o

"

Q=

_ _ 1\n+IP| a; a;—|P|+1
-/ e e T v

PP S;eP PeP
P|—-3
1 n+|P| ( | )
7%( ) Ind (P)

U=
~—
-

ey

And consider the following P-graph with 2 forks as in the following figure.

p) 6

1 11

8 10
9

Figure 4.3: P-graph with 2 forks
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Corresponding to this dual graph, the term in the sum in (4.9) is given by:

— [T (_ fP2 + wfp2w*p2 — wfpﬂpfpz)

= [Tp) v’ (~ip,¥ip,)
= [t (win)
Mo,z

- (1?3)

4.3 Generating Function for the top intersections

Here again, as in section 3.3, we start with the generating function- Witten-potential( [7])- F'(t)

with :
5 o
F(t) =) () (4.12)
and
(Thy « - Thy) = B ¢]f1 ];2 .. 1#2”
MO,n

And our goal is to define an analogous generating function for top intersections on M (1)
g

Definition 4.3.1. Define a new generating function
5
G(t) =) = (% (4.13)

where (75) = fﬁo o pRipke | kv as defined earlier, and Y k; = n — 3.
(g

So, G(t) has as coefficients of the monomials & the intersection numbers [+ Figpke | qpkn
S: MO (l>n n
g

for any value of n and any values of k;’s, with > k; = n — 3.
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Theorem 4.3.1. With G(t) as defined above,

G(t) = L(F(t)) — 2 (4.14)

L

where L = : e . and : e~ : denotes the operator with normal ordering?, and

d o= 1 )
L= (-1 Y 5 (i) (4.15)
s=2 :

i1,09,..,is=0 8t21+12++13_5+1

Definition 4.3.2. For each P-graph, the corresponding Py-graph is defined by replacing each

i € [n] on the P-graph by k;.

Figure 4.4: P-graph with m forks

by normal ordering of the operator, we mean that we treat the ¢;’s and %’s as commuting variables, and bring
all ¢;’s to the left of %’s. Eg,if J = tit-L

JOtiyj—1’
0 3]
J? = tit; tit
TOtipj T Otigi1]
but
. _pp 00

YOt Otig
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Figure 4.5: Pj-graph with m forks

Let 9 be the set of all P,-graphs. We call a fork on PP-graph a P;-fork, and the corresponding
fork on a Pj-graph a ();-fork. Observe that (),,, and (),,, m # n, can have same set of k;’s on them.

Clearly the map {P-graphs} — {Py-graphs} is a surjection.

Lemma 4.3.1. In genus 0, for a given (1y, ... Tg,) = fﬁo,n Mok ok as defined above, let
s = (80,81, .- 8n), and (Tg, ... Tk, ) = (15°71 152 ... 757). Consider a Py-graph with m forks with
q distinct k;’s appearing on the forks; let such k;’s be {ki, ks, ... k,}. Let l; be the number of times
a given k; appears on any fork on the Py-graph. Then the number of P-graphs that map to this

Pr-graph is given by:

1 Sk1! Sk2! Sk, !
- . 2 =:C 4.16
|Aut (Py)| (8ky — 1) (S, = 12)! 7 (50, — 1y)! P (4.16)

where ]Aut(ﬁk)\ is the number of automorphisms of the subgraph of Pi-graph obtained from

removing half-edges on the central node.

Proof. Consider a Pj-graph with m number of forks s.t ¢ number of £;’s appear on the forks as
defined above. Then if all n half-edges are given ordering, the number of P-graphs where half-
edges are ordered would be

solsilsa! .. s,!
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Let [; be the number of times a given k; appears on any half-edge on the Px-graph. Now, we divide

by the permutations of half-edges on the central node to get

80! 81! 52! Sn!

(so = 1) (s1 = 1) (s2— 1) (s —1)!

Now, restrict /; to be the number of times a given k; appears on any fork on the Py-graph. As only

g number of k;’s appear on the forks, [; = 0 for ¢ > ¢, so

0! s1! S9! Sp,! Sky ! Sky! Sk

(50— ) (51 — 1) (52 — )1 (5 — L)l (50— 10)! (55 — L)1 (5, — Iy)!

Further we need to divide by permutations of half-edges on the forks. Let 7;; be the number of
times a k; appears on fork P;. Then we divide by the order of the stabilizer of S.,, the permutation
group for each @);-fork. Further let z; = ; Tij> SO that z; gives the cardinality of P; for fork F;.
And [; = ) .r;;. Then we need to divide by the order of the stabilizer of .S,,,, the permutation
group for m (Q;-forks. Let there be f distinct forks and let each distinct @);-fork be repeated m;

times. Then,

! H Ska! Sky!
m1|m2 ’ | T‘” Sk1 — ll) ( Sky — lg)' o (Skq — lq)'

Observe that the number (— L. m%u I1s ks %) is the number of automorphisms of the
PLLP ke 7

1! ma!

subgraph of Pg-graph consisting of only the forks; denote this subgraph as Py. Then the number

of P-graphs that map to a Pi-graph can be rewritten as :

1 8k1! 8k2! Sk !
— . 2 =: Ap Sp, =: C
[Aut(P)| (5 — 1) (55 — 1)1 (s, = 0g)! 7 P

k

where
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and
S, — Skl! SkQ! Skq!
P (st — 1) (5t — )0 (s, — 1)

Cp, can also be written as follows:

11 1 1 ! ! ! N
Cp, = 11 = ( %0 T R ) 4.17)

mllmgl ' mf' 'Tij~ (So—ll)!(sl—ll).(SQ—lg)! a (Sn_ln)‘

Py .k
]
The reason for organizing C'p, as in (4.17) will become clear in the proof of theorem (4.3.1).

Lemma 4.3.2. With the definitions and notations above, corollary (4.2.1) can be rewritten as :

VY Y S
/ 1 2 - wnn -
Mo, 1ym

n k k m k k c
> (-1 +7"(ka/ Ypt RS L

PkGD ]\/[O,(nfm)

(4.18)

where Cp, is the number of P-graphs that map to this Py-graph, and L is the set of all Py-
graphs. And, kp, is as defined in (4.10).

Akl A~

Proof. This version of the closed formula for fﬁ @b’;z . @Zﬁ” is just a reorganization of
0,

1
1\n
)

(4.9) using Py.-graphs instead of P-graphs. As the map

{P-graphs} — {Px-graphs} is a surjection, we get all the terms in (4.9). O

Now, for a general P-graph corresponding to the following P-graph with m number of forks
shown below, we define a Py-operator Dp, which appears in L, a Py-term that appears as a sum-

mand in (3.15), a t-monomial 7, which appears in F'(t) as follows.
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Figure 4.6: P-graph with m forks

Definition 4.3.3. A P-operator Dp, (which appears in L ), corresponding to a ‘P-graph with m

number of forks shown in figure (4.7) is defined as follows:

0 0
Dp, :==tptp, ...t 4.19
Pk Pl PZ PnL 8tkpl atkpm ( )

where,
tpi = tkpi,ltkpi,2 . tsz‘,zi (420)
Dp, can also be written as follows:
- 0 0

Dp, = th . 4.21)

% (];10: ) atkpl Gtkpm

Definition 4.3.4. A P,-term that appears as a summand in (3.15), corresponding to a P-graph

with m number of forks shown in figure (4.7) is defined as follows :

)Pl Wt Rt e (4.22)
k _ P1 P, S1 Sc

m
MO,(n—m)

Definition 4.3.5. A t-monomial T'p, corresponding to a P-graph with m number of forks shown in

figure (4.7) is constructed as follows:
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1. To every P; € P, and every S; € P, associate a ty,, andt,, where,
1 K
tkPi = tkpi,1+kPi,2+"'+kPi,zi —zi+1

And form the product :

(thp,thp, - thp, ) (tks, ths, - - - ths, )

2. Collecting all t;’s in the expression above, and dividing by s!, as defined for terms in Witten-
potential (4.12), we get the Tp, that appears in F'(t) associated with the above Py-graph
tS

5= Tn (4.23)

Let

n

tep, thp, - -, = | [ 1
=0

And as

n
_ s;—l1;
i ths, - - e, = [ [ £
=0

we can rewrite T'p, as follows:

P;ePy,

~ tfiili tfllz
Tp, = (Hm) <H (Si—liJrl)...(si—liJrai)) (4.24)

Lemma 4.3.3. With Dp,, L, and Ap, as defined, the coefficient of Dp, in Lis (—1)=Pl=m A,

Proof. This follows directly by looking at the multinomial coefficient of Dp, in L, which is

1 1 1 1 1 z!
_1\ X |Pil-m i I | —

m! \ mq! mo! my! o
1yfvg

1

Tij!

1 1 1
= (—1)xIBl=m 4
( ) P m1!m2! mf! H
P; k;
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= (-1 Ap, Ap,

Lemma 4.3.4. With Dp,, Tp,, and Sp, as defined, and T = "Lt

solsil...sp!

Dpk (Tpk) = SPkT

Proof. Applying Dp, as defined in (4.21) to T’p, as defined in (4.24), we get :

0 0

Dp Tp :tptp...tpm
k( k) 1742 8tKP1 atKP

]

Strategy of proof of theorem (4.3.1): we will show that for a general t-monomial 2Lt
solsy!...sy!

its coefficients in G(t) and £(F(t)) — g—% are equal. And that both equal [+ - pRrphe bk To
' 0.(3)

show that, we show a bijection between P, graphs and the terms (4.22) which are the summands

in the formula (4.18). To show this bijection, we pick a P} graph, and find the term (4.20) in L

(with some multiplicity); then we find the term 7’5, in F'(t), such that the term (4.20) when applied

50¢151...1;51

. . t()
to T’p,, gives the t-monomial = =r-=%

with coefficient the intersection number defined in (4.22).
As that exactly is the summand in (4.18) corresponding to the chosen Pj-graph, this proves the

theorem in one direction. In the other direction, we pick a term (4.22) which is a summand in the

to®0t151...t;51

coefficient of t-monomial i—» and show that this maps to the same Pj-graph.

sols1!...s;
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Proof. (of theorem (4.3.1))

toS0t151...t,°"

———_ with coef-
solsy!...sp!

Consider a general term in G/(t) with the corresponding ¢-monomial
ficient fﬁ - AMSQ . .ﬁ'gn. Now, we will show that we get all the terms of formula (4.18) in
0.(3)
L(F(t)) and that each term corresponds to a P-graph.

Now consider a Py-graph with m number of forks. Let this P,-graph corresponding to the

following P-graph with m number of forks shown below.

Figure 4.7: P-graph with m forks

Then the corresponding operator (4.20) is

0 0
Dpk :tpltpz...tpmatk 8tk
Py P,

(1) (1))

The coefficient of this term in £ by Lemma (4.3.3) as a summand in : £

m!

(1S

(_1>Z|Pi|_mAPk

1 1 1 1
= (—1)=Fil=m
( ) m1!m2! mf! H i
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The corresponding term in F(t) is

n t§i*li 1%
Tp, = [ [ —— i

So, in £(F(t)), the corresponding term is

(_1)2 ‘Pi|_mA'Pk ((TS>) DPk (Tpk)

where (7%) is the appropriate ¢)-monomial on Mo (2 >\7>| that appears as coefficient of T, in F'(t).

Observe that the coefficient of Dp, in : £5 : is exactly (—1)>F i‘_mm as claimed earlier.

Now by Lemma (4.3.4),

(D)= B Ap, ((79)) Dp, (T,
= (=)= P Ap, ((7%)) Sp, T
= (=)= ey, (1) T

= ()= ey, (1) T

= (=) G, (7)) T

= ()" PlCp, (1) T

= (=)0, ((*)) T

which term in £(F(t)) has as coefficient of T exactly the term (4.22) which is the summand in
(4.18) corresponding to the chosen Py-graph.

So, one direction is proved.

To show bijection in the other direction, we pick a summand in the coefficient of tos(:fl# =

Is1!...8p!

T in L£(F(t)) that comes from a summand in : L™ (F(t)). Let this summand be :

1 1 1 1
—1)XEmm T8
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Also, let the corresponding summand in : %Em : be

1 1 1 1
_1)x2Fmm I I
(=1) mylma! " my! b

and let it act on 7T,

such that

(cnzaon L LT ) () o)

myl mal " my! Pk T
= (=1)z=m ni! 7732! o mlf! i rjj! ((r%) S.T
Then, this implies that
D ="Dp,

0 0

=tipltp,...1 e
PP P, athl athm

(i) (1)

T =Tp,

and

and

S = Sp,

as defined earlier. (7°) is uniquely determined by Tp,, and T, is uniquely determined by the

following relation from lemma (4.3.4).

Dpk (Tpk) = Ska
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As this Dp, is in bijection with the Pj-graph as in the figure by construction, we get the term in

(4.18) corresponding to this P,-graph as the chosen summand in £(F(t)) as

K k
(—1)”+PICPk/ w P ¢ijw S1o gfc
MO (n—m)

So the coefficient of L2 utu’ jn £( F(t)) equals the coefficient of 222 eutu’ jn ((¢),

solsi!l...sn! solsi!l...spn!
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