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ABSTRACT OF DISSERTATIO:\" 

\VALSH A:'\ALYSIS. EPISTASIS. A1'D OPTL\HZATIO:\ PROBLE~'1 DIFFICULTY 

FOR EVOLCTIO;_\;ARY ALGORITHMS 

The epistasis of a function is the bitwise nonlinearity of a function whose domain is 

the set of bit strings of length L. Epistasis is related to problem difficulty for evolutionary 

algorithms. \Valsh analysis can be used to quantify epist.asis. In this dissertation vValsh 

analysis is dewloped in detail starting with tlw definitions for the \\'alsh transform. 

The epistasis of a polynomial is shown to IH' bmmdc>d by the degree of the polynomial 

and the epistasis of logic-al expressions by thP number of variablPs involved. The l'ffccts on 

epist,Lo:;is of problem rPpreseutatiou opPrators sud1 as: bit extraction. scaling. translating. 

and Gray coclP arc· also stucliPcl. Thc> epistasis of fnnctious composPd of subfuuc:tions com­

bined by various operators is prPdictPd. I show that functions c:au displa_y odd and Pveu 

parity and provp sPvPr;tl theorems on thc> iuvariauc:e of these properties. An application 

of thPsc theorems demonstrates that picking thP prupc•r problem r<'presentatiou reduces 

epistasis. often making the problem easier to soh·e. Several UC\V measures of epistasis are 

created including: \Valsh sums. \Valsh counts. function order. and coverage. :\"cw and use­

ful mathematical toob for \\"alsh analysis arc presented such as pack. unpack. and spectral 

functions and hyperplane numbering. 

The concept of embedded landscapes is introduced. An embedded landscape is a smu of 

a set of subfunctious each of which takes as its argument a subset of bits from the domain 

of the landscape. Embedded landscapes with bounded subfunction domains are shown to 

have epistasis limited to that of the subfuuctions. Both l\IAXkSAT and NK-landscapes are 

shown to be embedded landscapes. I prove that all the \Valsh coefficients of an embedded 
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Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

landscape. composed of suhfunctions of bounded domain. can be computed in polynomial 

time. Summary statistics (variance. skew. etc.) can also be' computed in polynomial time. 

I conclude that even though all \Valsh coefficients of a function can be known in pol:n10mial 

time. the function can still be );-?-complete. 
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PREFACE 

This work serves not only as a dissertation but as a general reference work on the 

application of \Valsh analysis to optimization problem landscapes. \Vith that in mind. I 

have tried to be thorough in my presentation. methodical in proof. and provide a detailed 

index. Some other features of this work are: 

• Key ideas and terms arc written in bold tu alert thc> reader of their importancc> and so 

that thc> reader can quickly refer uack to recc>ut terms tllE',v mig-ht have forgotten. 

• Italics is used for emphasis and a typc>writer font for computer code. 

• Often when an important !lP\V mathematical iclPa is introcluc:ed. it will lw followed by 

a section labeled ··Obsen·atious ... This section quickly lists a sPric>s of mini-thc>orems or 

identities that require but a moments thought to prove awl provid<· au excellent review 

of concepts. The observations sections also make a convenient point of reference for 

identities when reading later proofs. 

• Theorems are all named mnemonically and referred to by these names. This should 

reducc> the amount of page turning to find out what theorem number ]\/ was. However. 

should you have to refer back to a theorem. the names of all theorems can be found in 

the index. 

V 
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• A few of the earlier theorems are not original but were reproven by me and are included 

for completeness and uniformity of approach. 

• .-\ list of symbols used is provided after the table of contents. 

• A section devoted to notation and terminology can be found at the end of the introJuc­

tion. It is provided at that point to encourage the reader to become familiar with the 

terms and notations used before they are encountered. 

• Sections which contain empirical work all have titles that begin ··Experiment"" to dis­

tinguish them from theoretical sections. 

Although not all of the theorems are original. for uniformity of treatment. all proofs in 

this work are my work and use a common set of notation. Some theorems have analogues 

in other fields aud similar theorems have been proven there. For example. some theorems 

are similar to those found in discrete Fourier analysis. However. discrete Fourier analysis 

does not consider domains to consist of hit strinµ;s or subsets of bit strings (\Veaver. 1989). 

Harmonic analysis is another area where similar \vork has been done. But here ag-ain. the 

work has been related more to signal proc:Pssiug- and circuit reduction than in fitness function 

analysis (LPclrner. 1971: Bachman. 196-l). The contribution of others has been attributed 

where possible. I will point out here that Dr. Darrell \Vhitley \Vas a major contributor to 

the 1'."P-completeness proofs. 

I would likl' to thank my advisor Dr. Darrell \\.hitley of Colorado State Cniversit_v 

who has been au endless source of encouragement and calm throughout my PhD work. 

HP ha.s shown me how publishing should be done. ~,[y thanks also to Soraya Rana who 

has a gift for Pmpirical analysis and an uncanny skill at pulliug patterns from data. Her 

empirical contribution to our joint papers has becu invaluable. :.'vly thanks also to Dr. 

Adele Howe who has provided her useful insights not only into proper statistical method. 

but into the long term view of a career in academia. My thanks to the rest of the committee: 

Dr. l\'Iichael Kirby of the Math Department. Dr. Ross Beveridge. and Dr. \.Vim Bohm 

of the Computer Science Department for their constructive suggestions in reviewing this 

document. My gratitude to Larry Pyeatt for his dissertation macros for LaTex. Thanks also 
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to .Jack Applin for being a friend through my departure from Hewlett-Packard and years 

back at school. Finally. I owe an eternal debt to my wife. l\farilyn. for her tolerance' 011 the 

numerous occasions when she was tired of my work on this document and for supporting 

me when I was tired of it. 
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Chapter 1 

Introduction 

These days the operative word in industry is optimization. However. many of thl' practical 

optimization problems faced by these companies have mind bogglingly huge search spaces. 

These problems often do not succumb to classic operations research approaches. Hmvever. 

the payoff for finding good answers. that might not even be optimal. is so large that compa­

nies are relying on innovative approaches to optimization to get th£> job done. For example. 

if a company has a billion dollar manufacturing process that can bP improved by 5%. then 

they c:au save S50 million. 

\Vith the advent of cheap. fast computational hardware. a ver:v successful approach 

to optimization is to borrow techniques from nature. Th£> resulting approaches include 

simulated auuealiug (Kirkpatrick ct al.. 198:3). geuPtic: algorithms {Goldberg. 1989c). evo­

lutionary stratrgies (B~ick et al.. 1991) and genetic programming (Koza. 1992). A subclass 

of these ··naturar· algorithms is evolutionary optimization algorithms. They are stochastic: 

optimization algorithms which maintain a set of potential solutions. also referred to as a 

population. from which ue\\" poteutial solutions arr generated. 

Genrtic algorithms and evolution strategies fall into this category. Evolutionary algo­

ritluus have been applied to real world optimization problems and found to be competitive 

with more classical approaches. For example. the General Electric engines on the Boeing 

777 have turbine geometry designed by an evolutionary algorithm (Petit. 1998) . .John Deere 

aud Volvo both use evolutiouar~· algorithms to adaptively schedule the assembly of complex 

farm machinery and tractor trailer trucks (Rao. 1998: Petit. 1998). Some other examples 

of problems successfully tackled by evolutionary methods arc cryptanalysis (Bagnall et al., 

1 
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1997). car suspension design (Deb and Sa..xena. 1997). telecommunications nC'twork plan­

ning (Brittain et al.. 1997). layout of containers for containership loading (Todd and Sen. 

1997). and knowledge discovery in databases (Venturini et al.. 1997). .-\.11 of these diffi­

cult and important optimization problems tend to involve complex nonlinear mathematical 

and/or combinatorial models. They are often multiobjective discontinuous optimization 

problems where the best known algorithms for exact solutions are exponential in the size 

of the problem. 

L"nfortunately. optimization by evolution based algorithms is still very much an art. 

Given a problem. practitioners have little intuition about how to choose the best internal 

representation for the problem or which of the large set of Pvolutionary algorithms works 

best on a given class of prohlPms. Ofr.en researchers will implement several algorithms and 

see which one performs best. This indicates a lack of understanding of what makes a problem 

difficult for a given evolutionary algorithm. \Vhitley et al. (Whitle:v ct al.. 1995b) point out 

that this has even lead to test problems being created without the designers knowing how 

difficult th£' problems arc· or how the difficulr.y changes as the problem is scaled to higher 

dimcusions. 

ThcrP arc• also deq){'r quest.ions involved. Stuart Kauffman examines evolution from 

a biological poiut of \"icw in his book .-l t Home in th<· linil'crse ( Kauffman. 1995). There 

he arguPs that evolutio11ary optimization naturally occurs and that the struc:ttirP of the 

biological and clH•mical search spaces found in nature arP such that it allmvs evolution to 

work wl'll. 

It is surprising that such a simple process works so well in both natural industrial 

settings. Is it because the process is inherently extremely powerful or is it because many 

of thP problems from the real world arc. iu some uuderlying seuse. easy to solve using this 

approach"! \Vhat properties of real world problems tend tu make the problems ameuable 

to evolutionary approaches? Can those properties be easily detected? Can problems then 

be made less difficult by altering them to reduce undesirable properties·? This dissertation 

is about umlerstauding the relation between problem difficulty for evolutionary algorithms 

and structural features of problem. This chapter provides the background and limits the 

2 
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scope for this research. Problems. algorithms. and difficulty a.re each discussed m detail 

including key terminology and examples. 

1.1 The Optimization Problem 

::\fost optimization problems tackled by evolutionary algorithms can he modPled as a com­

position of three functions: 

/fitness= fc1esirability(fmodel(fdecode)): BL_~ ( 1.1) 

Potential solutions are encoded in an L bit string. The solution space to be searched 

is now the L bit space denoted BL. The decoding function. /c1ecode· takes a potential 

solution as a bit string and converts it to a data structure that is understandable by the 

mathematical/computational mo(h•l of the problem to be optimized. For example. for a 

Traveling Sa!Psperson Problem(TSP) problPm. it may ccmvert the bit string into a list of 

cities reprcs0nting a tour. The model function. f model· takes a decoded potential solution 

and models thP problem. Th<' fm1c.tiou returns a set of features that can thPn uc judg<'d for 

quality. Csing our TSP Pxamplc. fmo,t.-1 might take a list of cities and rf'tun1 tlw length of the 

tour ,vhich could then bP judged for qualit.v. Finally. the desirability of the modelc·d features 

is rated on a real nmneric scalc• by a desirability function. /c1esirability · which can the11 

be maximized. In contrast to the model function. ,vhich makes no qualitative judgPment 

on the proposed solution. the desirability fuuction is thP automated estimate of the worth 

the user places on the potential solution. Desirability is usually measured a.-; number such 

as a real. since th0 desirability must allow for ranking of results. The importauce of the 

desirability function is espcciall:-,· apparent in multiobjective functions. For example: if 

f model describes some operat ioual features of a factory. /c1esirability might have to evaluate the 

simultaneous desirability of product quantity and quality. amount of pollution. and resource 

consumption. The result of the composition is a black box evaluation function. /Firness• 

that evaluates desirability of L bit strings representing potential solutions. It is important 

to see that all three factors of decoding. modeling. and desirability arc formulated in the 

3 
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single function. fruness· Although it is sometimes useful to consider the aff£>cts of different 

encodings separately. the definition I present for /rnness includes the encoding. 

Borrowing from biology. the evaluation function for evolutionary algorithms is called 

the fitness function and the encoded bit string is a chromosome. A set of chromosomes 

is referred to as a population. \Ve can now envision the optimization process as an evolu­

tionary process using a population of chromosomes to try to evolve a highly fit chromosome 

and hence a ··good·· answer. 

The process of finding a fittest chromosome can be mathematically expressed as: given 

a domain Vanda real valued function f: V- ?_ find x E 'D such that /(.r) 2:: /(y) Vy E 'D. 

In our case. V is the set of allmvable chromosomes and / is the fitness function. This is 

simply a classical optimization problem and thl' valuP of xis a global optimum. There 

may be many global optima. but in this research I will be concerned with only discovering 

one. Also I will. without loss of generality. oul_\· bP concentl'd with maximizing the function. 

For my empirical work. I will require thl' algorithm find thP global optimum. This will 

forn' tlH' testPcl algorithms to iuclmlP till' c-ouditious of execution that will be found as 

the algorithm approaches the global optimum. This means I must use problems wlwre the 

glolml optimum can be computed. For problems where analysis fails. the global optimum 

must Jip found by exhaustive!:,- searching thP domain. Tlw later case will require problPms 

to be fairly small in sizl'. For currPnt hardware• that is less that 25 bits. 

1.2 Evolutionary Algorithms 

A stochastic optimization algorithm is an optimization algorithm that uses a nondeter­

ministic process to sample function values. f(r.). r. E V. in m·der to attempt to find a global 

optimum for f. From an implementation standpoint. a specific: evolutionary algorithm is 

deuoted A.(p) where .-!. represents the fixed process description and p the parameters fixed 

for a particular instance of the algorithm .-1.(p). In this section. I will rPview the key 

attributes aucl types of pvolutiouary algorithms. pro\·ide au outline for a simple class of 

evolutionary algoritluns. aucl discuss the terminology and tenets of their mechanics. 

An evolutionary optimization algorithm is an evolutionary algorithm modeled after 
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the evolutionary processes we find in nature. All evolutionary algorithms generally: 

• model the solution space a.s a string of bits called a chromosome. 

• maintain a population of chromosomes. 

• have a black box fitness function that evaluates the quality of the chromosomes. 

• apply mutation and/ or crossover like operators to generate new chromosomes. 

• apply selective/competitive pressure to force general improvement in the fitness of the 

maintained population. 

initializePopulation(); 
while ( not goodEnough() ) { 

selectByFitness(a, b); 
child= mate(a, b); 

} 

mutate (child); 
insertByCompetition(child); 

Figure 1.1: General Outli1w of au Evolutionary Algorithm 

:.\Iauy evolutionary algorithms follow t hP algorithm outliuPd in Fig11re 1. 1. OthPr less 

dc>tailPcl variants of this 011tlinP cau bP fo1111d in Sdrnrt'ft·l (Sd1wefel and Biick. 1998) aud 

in ~Iitchell (~[itdt<'ll t>t al.. 1992 ). TllP outli11P emplo:vs six algoritl1111ic component func­

tions. These fm1ctions constitute. in part. thP parametPrs p in .-l(p). The first function. 

ini tializePopulation. initializes tlw population of chromosomes. As the algorithm loops 

in the while loop it. will generally seek to improw thC' fitness of the best chromosome in 

the population. The second function. goodEnough. tests if the best fitness of the chromo­

somes in the population. as computed by ftitness above. meets some standard set hy user. 

The function selectByFi tness selects t,vo chromosomes from the population for use in 

generating a new potential solution. 

Searching is generally directed by generating a new potential solutions in at lea.st two 

ways. The mate component performs a blending of the two chromosomes. much as crossover 

of biological chromosomes blends to chromosomes. mutate alters the chromosome. generally 
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in small ways. These t,,.-o search operators ma_v or may not usP knowlPdgP of the encoding 

function to attempt to increase fitness of the resulting ne,v potential solutions. For Pxaruple 

mutate may only modify bits that incrementally effect the output of the model function. 

Once a new chromosome is generated it must be decided if the chromosomP should be 

inserted into the population. The function insertByCompeti tion usually does this by some 

form of fitness based competition with chromosomes iu the population. 

Even though this is a simplified outline of au evolutionary algorithm it is sufficient to 

model many popular evolutionary algorithms. For example. a population based random 

walk can be modeled by setting mate to be the identity. mutate to flip a single bit of the 

chromosome. and insertByCompeti tion to randomly replace au clement in the population. 

By changing the insertByCompetition to replace the ,vorst. element in the population we 

get. a population based random bit climbing (without restarts) (\Vhitley et al.. 1995b). 

Simulated annealing (Kirkpatrick ct al.. 1983) has this basic form as wPll if varying degrees 

of mutation are allowPd based on a c·ooling scltPdulP. 

The algorithmic outline in Figure 1.1 represents a class of p\·olutiouary algorithms called 

steady state genetic algorithms iu that thP population PlPIIH'nts arr modified continually 

one chromosome at a time (\Vhitley. 1989: Davis. 1991 ). .-\uother popular evolutionary 

algorithm is tlw generational genetic algorithm such as t lw popular simpl<' gc>uPtic 

algorithm (SG.-\) (Goldbcr~. 1989c). ThPsc are algoritluus iu which t.h<' wholP population 

is used to generate an entirely new population and most or all of thP old population is 

rPplac:ecl all at 011ce a nc,v one. Tlw su<TPssivP populations are referred to as generations. 

In order to understand how e\·olutionary algorithms work. it is important to understand 

thP two basic tenets of c,·olutiouary computation. In general. evolutionary algorithms work 

by balancing exploration with exploitation in selection of new chromosomes (~vlitchell. 

1996: Kauffman. 1993) and using selection and competition pressure tu push a population 

to improved fitness (Holland. 1975). 

Balancing exploration and exploitation can be thought of in terms of an ant colony. If 

the ant colony is only sending out scouts to find new food. but never goes and collects the 

food. it starves. This is like a stochastic search algorithm that never explores radically new 

6 
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domain values may never explore places that may lead to a global optimum. If the ant 

colony only collects food from knowu sources. the food may be exhausted and the colony 

starves. This is like the stochastic search algorithm that only hill climbs to an optimum. 

vVith out exploration it is likely to be stuck in a local optimum. 

Our simple algorithm demonstrates three important aspects of search that are charac­

teristic of evolutiouary algorithms. 

• Global search selects new random chromosomes in the search space or large regions of 

the search space. It·s exploratory nature has the advantage of occasionally adding fresh 

regions of highly fit chromosomes to the populatiou. It has the disadvantagP of not beiug 

able to exploit any informatiou in the current population ou \vhere fit chromosomes lie. 

In our model. global search only occurs in the ini tializePopulation routine. Some 

evolutionary algorithms acquire the advantages of global search by reinitializing the 

population. also called restarts ( ~farpsky et al.. 1995: Tsutsui Pt al.. 1997). Another 

approach is to USP long jumps or massivP mutation which. Kauffman defines as jumping 

··beyond the corrc•lation length of the span;· (Kauffman. 1995). to effectively get a 

global search. The CHC algorithm (Eshelman awl Schaffer. 1991: Eshelman. 1991) uses 

constrained restarts iu tlw form of catastrophic: mutation which entailPd cloning the best 

c:hromosouH' throughout the populatiou am! flipping :35% of the bits in all of th<' cloues. 

• Local search selects new chromosomes that are .. uear .. chromosomes kuown to be fit. 

The' term local search refers to the neighborhood concept that for a givPn chromosome 

there is a local neighborhood of chromosomes --around .. the given chromosome with 

similar fitnPss. Pro~ress is made if the function is \vell correlated \vith respect to the 

neighborhood of search. but is hampered by undesirable local minima with respect to 

that neighborhood. The mutate routine in our algorithm creates 1ww chromosomes by 

takiug a copy of chromosome iu the current population and altering it slightly. 

• Piecewise search - Both the prC'vious modes of search are based on modifying at 

most a single chromosome'. This kind of search can be found in a random bit climbing 

algorithm. Piecewise search takes its cue from sex in biology and is characteristic of a 

7 
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genetic algorithm. Piecewise search. as its names implies. assembles a new chromosome 

from two or more chromosomes in the population much like crossover of chromosomes 

in nature. The idea being that perhaps the ne\,r chromosome will get the best parts of 

its parent ·s chromosomes. Piece\vise search is performed by mate in our model. 

1.3 Problem Difficulty 

An evolutionary algorithm works by probing the function. The number of fitness function 

evaluations used in finding a solution is representative of the amount of information gathered 

in order to reach a solution. This supports the practical view that since fitness function 

evaluations tend to dominate the execution time of the program they should be used as a 

measure of difficulty. Therefore. the execution time of evolutionary algorithm A(p) on 

problem J is measured iu terms of the number of evaluations of / that are made before 

termination and is denoted N(.4(p). J) E Z. :\lost algorithms employ a maximum munber 

of function evaluations after which th<' algorithm \Vill terminate. Somr try to determine 

when progress is uo longer beiug mad<' aud termiuate or rrstart. E\·eu though this \\·as not 

rxplicitly stated iu the algorithm outlirn· of Figure 1.1. for empirical purposes. I \Vill use 

the maximal number of £'valuations approach. 

If A. were ci<'terministic. then ~V(.-l{p). f) would be a fixed value. but since A is stochastic 

it is. in fact. a random variable. Therefon• a sample distribution of N"s for a fixed .4(p) 

and / may serve as au estimation of performance. A.not her way to view this is that 1V is an 

indicator of the difficulty of th£' optimization problem/ for alg-orithm .-l(p). Since N tends 

to reflect actual execution time. my research focuses 011 the relationship between algorithms 

.--1.(p). problems/ and difficulty N(A(p).f). 

The difficulty of a problem is inextricably tied to the algorithm applied to solve the 

problem and the efficacy of au algorithm is tied to the problems to which the algorithm 

is applied. At first. this seems counterintuitive. Surely we can say that regardless of the 

problem random bit climbing is. in general. a better algorithm than just random guessing! 

Surprisingly. this is not the case. Wolpert and Macready (\Volpert and ~facready. 1997) 

showed that. in fact. no algorithm is better than any other. where better is measured by 

8 
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thf' number of distinct points examined in the search for thf' hest answer. measured over all 

possible problems of finite domain. By a dualit~, argument. they show no problem is any 

more difficult than another if measured against all possible algorithms. This is because. in 

the end. for any given problem. slov.r algorithms and fast algorithms cancel to a common 

mediocrity. Or as \Volpert and 1Iacready put it (\Volpert and ~Iacready. 1997). --if an 

algorithm performs well on a certain class of problems then it necessarily pays for that with 

a degraded performance on the set for all remaining problems:· This means that for au 

algorithm that randomly guesses. there exist problems which it guesses the answer right 

away while the random bit climber must search for the answer. These important results are 

called the No Free Lunch Theorems (NFL). 

The .:\'FL results prevent us from definitively declaring any problem easier or harder for 

all algorithms. but if I select the measure of difficulty as the muuber of points explored 

using a specific class of algorithms. I am uo louger forced to claim that all problems are of 

equal difficulty. \Vith this iu mind. this dissPrtat.iou will couccru itself with various classes 

of problems and determining their diffic:ult:i,.·. 

1.4 Structure, Problen1, and Difficulty 

So far in this chaptn I ha\"P discussPd algorithms. problP!IlS. and mPasuriug difficulty. ThP 

goal of this n·search is to associatP thP structure of thl' problems with the resulting 

difficulty \vith r<'SIH'ct. to pvolutiouary alµ;orir hms algorithms. B:i,.· Structure I mean the 

orderl:i,.· compositiou of th<' problem in tPrms of spPcific fpat.ures. If the structure can be 

measured or if problPms. by design. are known to contain specific structure then perhaps 

I can fiucl a causal relatiouship lietwc>Pn structure and difficulty. By associating structural 

fc>atures v.:ith difficulty. I may learn more about the mechanisms of problem difficulty. I 

may then be able to mitigate tlw pffocts of these mechanisms for that class of problems and 

algorithms. In the next section I will discuss epistasis. the primary kind of structure I will 

be exploring. and briefly talk about. other kinds of important structure. 

9 
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1.4.1 Epistasis 

Epistasis is defined by looking at a function as a sum of contributing epistatic factors. 

one for each possible subset of interacting hits. This leads to this definition of epistasis 

I have adapted from biology: epistasis is that part of the function value that cannot be 

attributed to a weighted sum of the individual bit values (the linear effects). i.e .. it is the 

nonlinear interactions between bits. But this biological definition does not let one speak of 

the single bit interactions. or look at the complete function as a sum of epistatic values. 

For uniformity of mathematical analysis. in this dis::,ertation I will enlarge this definition of 

epistasis to include the separate linear effects. that is. the contribution of single bits to the 

function value. I will also include the constant term for no bits interacting. 

The best explanation of epistasis is an iutuitiw one hy analogy. \Vhich offers better 

security for your bike"? Four l digit bike locks or one -! digit bike lock? In the first case each 

lock is independent and can be solved in series. If each l digit lock h,L'- only 10 states then 

th<' four locks can bt' opened in at most -l "' 10 = -10 trials. In the second case. opening of 

th<' lock n·quirC's that all -l digits be sN before the lock opens. This ma~· require as many as 

10 1 = 10000 trials because all of the digits ar£' interdependent. Unlike' th£' four lock case. 

the interdependence of the digits mC'aus that knowing any subsN of digits tells us nothing 

about \VhPther W<' are c:loser to opening the lock. The samP can be true wheu searching a 

bit string for the optimal rnnfiguration. A function over a string with a high epistasis 

has a largP number of intl'rdepcudcut bits. They all umst be set COIT!'ctly to obtain the 

optimum value for the function. Kuowiug auythiug about a subset of the interacting bits 

tells us nothiuµ; about whether \Ve are closer to the optimum. Bits that are interdependent 

are said to interact epistatically. If a problem is highly epistatic. it has larg-e rmmbers of 

bits in thP domain that are int.ercli•pendcnt. Functions \Vith nonlinear epistasis are called 

bitwise nonlinear functions. When. for a fuuctiou f: BL-?~ all possible 2L subsets of 

bits cpistatically contribute to the function value. the function is said to Le fully epistatic. 

It seems important to select cpistasis as a focus of study for two reasons. First. it seems 

reasonable to hypothesize that large subsets of bits v.·hich epist.atically interact must. like 

with the bike lock analogy. Le considered simultaneously when optimizing. This would tend 
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to make the optimization task mon• difficult. In fact it has been argued in the litc>rature. b:v 

Davi<lor (Oavidor. 1991) and Reen!s and \\"right (Reeves and \\"right. 1995b: Reeves and 

\Vright. 1995a). and others (Heckendorn et al.. 1997: Voget. 1995). that the distribution 

and level of epistasis is ofteu a predictor of the difficulty of an optimization problem. 

Secondly. Goldberg argues that evolutionary algorithms build up segments of high valued 

bit strings in the chromosomes of the population (Forrest and ).litchell. 1992). These strings. 

or building blocks. are built from shortest segments to longer and longer segments. He 

emphasizes the importance of building block size as a parameter to limit the scope of search 

for optimization algorithms (Goldberg et al.. 1989). Epistasis is a direct mP,t.Sure of the 

number and maximum size of building blocks. 

1.4.2 Linear Functions vs Bitwise Linear Functions 

\Vhcn discussing epistasis it is important to make a dear distinction bet\veeu fitness func­

tions. /tiiness· that an• linear functions and those that an• bitwise linearly indepeudcnt 

functions. A linear function is a function j(.r) : 6/.-?:. that can hP represented as a 

pol_n10mial cu + b . .-\ bitwise linear function. is a function that ea.n he rcprcsentPd as: 

f( • ' • • '>" 'L • .r) = .rlDJt'o + .rll]1·1 + .q:.11·:! + ... ...:.. .q - ljr,_ 1 + c 

\vhere .r[h] extracts the bth bit from .r and r, represPuts tll<' valuP added to the function ·s 

total valu<' if thP ith bit is l. The- constant c is an offsPt that is iudcpcudent of tlw valuP of 

:r. Clearly. a bitwis<' linearly independent fitness fnuction has uo bitwise nonlinearities and 

hPucP has at most. a siu~lc bit of Ppistasis . 

.-\s WP shall sPc. all liuear functions ar<' bitwise linear!>· independent. However. all bitwise 

linearly iuclepcudent functions are not linear as we see in this counter example: 

11 
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r. b1 bo J(.r) 

3 1 1 3 

2 1 0 1 

1 0 1 2 

0 0 0 0 

In this case the function cannot be represented as ax+ b or even a.r + b mod c and so is 

not a linear function. However. the function can be written as bi + 2b0 and hence is bitwise 

linearly independent. ~otice that encodin~ is not an issue here. since I am defining these 

t\V0 cases as the full fitness fun,t1on frnrwss which includes encodiu~. 

1.4.3 Other Structure 

Other features of fitness functions will lH' iucludPcl iu this dissertation such as number of 

local optima. platt·aus etc. HowPwr. the term structure implies more' thau the features 

themselves bur rather encompasses the composition of features ,Ls; well. Iuforrually. struc­

ture is au as.~nnblng<· by fpatun·s into a \vhol<'. For i11st.u1cc•. th<' distribution and clustering 

of Ppistatically interact.in~ bits plays a ml<' iu predicting problem difficulty. as we S<'e in a 

later experimcut. Perhaps the most importaut example is th<' effect of overlappiug epistati­

cally iuterac:t.ing; subsPts of bits which create coustraint satisfaction problems that are similar 

to k-satisfiability problems (Heckendorn ct al.. 1999). 

1.5 Experiment: Epistasis Related to Difficulty 

To further support the hypothesis that epistasis may in somP cases be related to problem 

difficulty I present the results of two experiments. In (HeckPmlorn et al.. 1997) I generated 

completely random 8 bit functions that had fixed upper limits for the number of bits that 

could epistatically interact. This upper limit is designated by the Greek letter n. For each 

n = 1 through 6. I generated 100 different random functions. Au infinite population model 

for a simple r;cncrational genetic algorithm (Vose and Liepins. 1991: \Vhitley. 1993) was 

12 
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Table 1.1: Hamming Distance from the Optimum for n = 1 through 6. 

n I Hamming Dist. % Converged I 
I I 

0 1 2 3 -1 I to Xouoptimum i 
1 100 0 0 0 0 0% 

2 78 18 -1 0 0 223/t 

3 78 19 2 1 0 22% 

-1 60 28 11 1 0 -10% 

,) 56 2G 15 2 1 -1--1% 
I 

(j 

Ii 52 31 9 I 1 -183/c 

examined after 20 generations. The n•sult is displayed iu Tab!P 1.1. This shows for each 

set of 100 functions. n = 1 through G. thP nmubcr of times that the function converged to 

a point at. various Hamming dist.anc-Ps from the optimum. A Hauuuing distance of zero. of 

course. indicates that functions com•prg<'d to the optimmu . .:\otic:e that as ~! incn•ases the 

genNic algorithm increasingly converµ;Pd to va!tws mvay from the optimum and that the 

values were increasingly farther awa:-,·. This reflects the complexity of the:' surface created 

b:-,· high levels of bit interaction. 

A second experiment was perfomwd m \1.rhich 30 bit functions were subdivided into 

contiguous segments of bits n long. Each segment \•.;as used as the domain to a random 

function. For example when n = 3 thP :30 bit domain was subdi\·iclecl into 10. :3 bit segments. 

Each segment was assigned random 3 bit function. 100 functions were tested for each n. A 

genetic algorithm was usNl to solve each to optimality. The results are in Table 1.2. It is 

clear that for this kind of problem as well that as epistasis increases so does the difficulty 

as measured by average muuber of evaluations. 
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Table 1.2: Average Xumbcr of Evaluations to Solw• a Segmented Limited Epistasis ProhlC'm. 

Max Epistasis :\"um Evals 

1 2600 

2 9250 

3 30700 

-l :321000 

5 505000 

6 558000 

- 7-11000 I 

8 1:300000 

It is apparent from the ad hoc uatnn• of industrial application. awl thC' lack of uu­

dcrstandiug of the fuuda.meuta.l structnrP of difficult problems iu the research community 

that there is a nPed for research relatiug problem difficulty· for evolutionar~. algorithms and 

problem structure. It seems clear that epistasis can bl' au iudicator of problem difficulty 

for many kinds of problems with a random component to them. Unfortuuately. we lack the 

rigor necessary to characterize' th£' epistatic structure· of the two classes of problems used iu 

these experiments. In the remaiuing chapters \Ve \Vil! build the mathematical machinery to 

rigorously analyze the epist.atic structure of these kiuds of problems and many more. 

1.6 What to Expect 

This dissertation h;i.s a strong theoretical component. Many of the results arc in the form of 

analysis. theorems. notations. and definitions. The scope of this research is constrained to 

14 
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the relationship between a particular feature of optimization problems known as epistasis 

and problem difficulty measured by the average performance for evolutionary optimization 

algorithms in finding a global maximum of the problem. Epistasis will be made precise in 

the next chapter and further clarified analytically in the chapters to follow. I chose epistasis 

because it is known to be related to problem difficulty (Davidor. 1991: Reeves and Wright. 

19956). but its influence on problem difficulty is not fully understood. Epistasis is also a 

fundamental structural property of functions as we will see in later chapters. The remainder 

of this chapter is devoted to defining many of the terms and notations used the dissertation. 

Chapter 2 focuses. in detail. on the basic definitions and theorems of \Valsh analysis. 

~Naish analysis can be used to quantify epistasis via computing \Valsh coefficients. Although 

some of these theorems are well known. such as orthogonality and uniqueness. many are 

ne\v. such as The Split Mask Theorem and Balanced Sum for Parity. Also. I present a 

new logic based expression for the \Valsh function. the basis of \Valsh analysis. Using the 

log-ic based notation makes it easier to use logical bit operations 011 the argmnents to the 

funrtions. I then discuss thP advantages and clisach·,mtages of this expression with respect to 

other well known expressions for \Valsh functions. This chapter provides a firm foundation 

in \Valsh analysis for the rest of the dissC'rtation and is clesignPd to be used as a. badly needed 

referern·(• work 011 \Valsh aualysis for members of th<' evolutionar~· computation community. 

Previously. only two very limited works 011 \Valsh anal~·sis were commonly available: the 

papers hy Goldberg (Goldberg. 1989a: Goldberg. 19~9b) aucl Bethke·s dissertation (Bethke. 

1981). 

Since evolutionary algorithms often create new bit strings by slicing and replacing sub­

:-ets of bits in their populations. it is important to extend cpistatic studies to focus 011 

subsets of domain with fixed bit \·a.Ines. One way to represent these subsets of bits is with 

hyperplanes. If the entire bit space' of a function is thought of as a hypercube with clements 

of the domain at the vertices. a hyperplane is a lower dimensional subcuhe of the domain 

delineated by a subset of fixed bits in the domain. If the value of a hyperplane is consid­

ered to the be the ,n-erage of the fitness values of all of the strings in the hyperplane. then 

hyperplanes seem to compete by this measure. for dominance in the population (Holland. 

15 
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1975: \Vhitley et al.. 1995a: Heckendorn et al.. 1997). Chapter 3 deals with hyperplauPs 

aud includes theorems on h:vperplaue averaging. Pack/Cnpack Equi\·alency. and various 

function embedding theorems .. .\n application of The Hyperplane' . .\ veragiug for :\" umbered 

Hyperplanes Theorem is giwn to compute hyperplane averages quickly for all hyperplanes 

with the same set of fixed bit positions. 

Several useful mathematical tools are developed in Chapter 3 as well. Th<' pack and 

unpack functions arP introduced allowing rigorous definition of extraction of a subset of 

bits from a largC'r bit string and creation of a larger bit string out of a smaller one. These 

functions arc~ used to define hyperplane numbering. which is a compact notation for hyper­

planes that will be used to mor<' easily prov£' t hcorems later in the dissertation. Spectral 

functions are also introduced as another compact notation that both aids thPorem proving 

and intuition. 

In chapter 3 I also present the idPa of function embedding. If function f has an L bit 

domain and function g has au .\/ bit domain. with .\[ :S L. thl'n / is au ewbPddiug of 9 

if f can bP clc•fiuPd as !I applit•d to a snbsPt of tliP bits i11 th<' argnuwut to f. Function 

eu1IH'dding UHHl<'ls a local independf'Bt c·outribution to t hP on~rall functio11 value. For 

instauc:P. au PllllH•dded function could represl'nt tlw c-ontrilrntio11 to thP ovPrall profitability 

of a fac:tm·:v b,',· vahws n•prPSPlltPcl iu a snbsC't of bits. That subset of hits could be th<' 

productivity valnPs of tlw loadinµ; clc)(". for <'XamplP. Tl!(' Plltin• profitability of th£' factor:,.· 

could thcu lw Pxpn•ssPd as a snrn of Plllbl'ddPd fm1ctious. This idea \\"ill IH'COIIH' the major 

thPmP of d1aptPr G. 

ChaptPrs -l throuµ;h G apply \Valsh aualysis to various broad classes of problems. I begin 

chapter -l by showinµ; how epistasis can l,p quantifi1•d by \\"alsh analysis and create several 

won· compact measures of epistasis including \Valsh counts aud sums. and function order. 

\Vit h tlwsP as measun•s oft hl' Ppistatic structure of a function. I anal_vzp polynomials and 

show that the maximum numlH'r of bits of epist.asis of a polynomial is bonudccl by the 

deg-n'<' of tll{' pol_'.·uomial. Oftcu optimization problems can be considered a composition 

of decoding functions aud au £•valuation fuuctiou. The decoding functious extract. and 

procC'ss subsets of bits fron1 the argument bit string aud then thf' results of the decoding 
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functions are fed to an overall evaluation function. The decoding functions may extract 

subsets of bits. scale. translate. convert from Gray code. or perform other necessary work. 

Chapter -! contains numerous theorems for how this preprocessing of the bit string affects 

the epistasis as measured by \Valsh analysis. I define another property of functions called 

parity in \vhich functions can have odd and even order. Several theorems on the invariance 

of these properties are proven .. .\t the end of the chapter. an application of these theorems 

demonstrates that picking the proper problem representation reduces epistasis. often making 

the problem easier to solve. 

Logical expressions can be used to generate optimization problems either by maximizing 

a sum of logical expressions or by combining logical expressions as predicates with arithmetic 

functions. Chapter 5 discusses the \Valsh analysis of logical expressions. It is shown that 

sums of disjunctive and conjuuctivc clauses creates functions with epista.sis bounded by the 

maximum number of variables in the clauses. \Yaish aualysis is performed for disjunctive 

aud conjuuctivc normal clauses. Au example is given showing hmv to use the theorems to 

perform \Valsh analysis of a functiou that cmmts the uumb£'r of orw bits in the argument. 

In chapter fi I dPfinc· a new class of functions called Pmhedcled landscapes. These func­

tions are sums of embedded functions and eucompass t\VO importaut classes of functions: 

XK-laudscapc>s (Kauffman. 1989: Kauffman. 199:Jj and .'.\L-\XSAT functions (Papadimitriou. 

199--l: Eiben and van der Hanw. 1997: Hogg ct al.. 199G: :\[itchcll ct al.. 1992 ). Au analysis 

of thP epist.asis of Pmbeddt>d landscapes is performed usi111; \Valsh analysis. The results are 

then appliPd to both XK-landscapcs and l\.1.-\.XSA T prnblems. I show that all the \iValsh 

coefficients of au embedded landscape. composed of subfunctious v,;ith a maximum rmmber 

of bits iu thP domaiu. ca11 hP computed in polynomial time. I show how summary statistics 

(meau. variauce. ske\v. etc.) can also be computed in polynomial tim<'. I coucludc that even 

though all \\"alsh coeffici<'uts of a fuuctio11 can be k11own in polynomial time. th<' function 

cau still be :\""P-complcte. e.g. l\.[.-\X2SAT. 

In this diss('rtation. I hav(' greatly incr('ased the understanding of the epistatic structure 

of many importa11t problem classes for evolutionary algorithms. I show that MAXSAT 

problems have lmv cpistasis but are very difficult. in that they arc NP-complete. I explain 
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why epistasis 1s insufficient to predict problem difficulty and suggest what ue\1,.· problem 

features we need to consider in order to improve our predictions. I discover that even with 

complete information about the epistasis of a problem in the form of \Yalsh coefficients 

and summary statistics. all computed in polynomial time. the problem may remain ~P­

completc. 

1. 7 Notations and Definitions 

This is a summary of terms used throughout the dissertation. :'.\Jost of the ideas will be 

treated in detail later in the paper. They arc brought together here to familiarize the reader 

with concepts ahead and to act as a reference. 

• ?.. represents the set of real numbers. Let =f..- represent the nonnegative integers mod k 

and Z represent the nonnegative integers. 

• Ranges for smumatious are sometimes spC'cified by a predicate using a colon. For exam­

ple: Lk : ,=!.--" 111 rC'ads as the sum over all k such that -i = k I\ m. The choices of possiblt! 

k from which to choose cau be iuforred from context. 

• ThP modular floor function of n aud k is deuot('(I lnJk. This rPturns the largest integer 

less than or equal to 11 that is di1,.·isibl1• by k. For example L5J. = 3 and lGJ.
1 
= G . 

. I . 

• A bit space is built ou the SC't B = {O. 1} aud is used to clcfiue bit strings. A useful 

analogous space is the signed unit space aud is built on th<' set Y = { 1. -1}. The 

function }. : B-Y maps 0- 1. 1- - 1. ,l\otc that 1 does not map to 1. 

• Let a string of length L be au ordered list from the set B. The bits in a string are 

ordered bl.-l·"L-".1-···b".!.b 1 .bo and beloug to BL. For example: 011001 is from 8 6 and 

has b0 = 1. A string of all 1 ·s will be dPuotcd by f and thP string of all o·s will be 

denoted by 0. A string is assumed to be of length L unless otherwise stated. 

• For logical operators. I will USC /\ for AXD. v for OR. 6 for EXCLUSIVE-OR. and indicate 

logical NOT by an overliue. e.g. x. If a logical operator is applied to a. bit string. it should 

18 
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be considered to be applied to each bit of thP string independently. e.g. 1108011 = 101. 

• A function defined over a domain BL has a dimension L. The dimension of a function 

J is denoted dim(!). 

• ~onnegative integers will be used interchangeably with binary for representing strings 

in BL. e.g. 1 may also be referred to as 2L - 1. In converting a string to an integer. b0 

is the least significant bit. 

• An L bit string can be considered to be a vector in L dimensional space. This means 

that occasionally vector operations can be applied to strings. for example dot product. 

All vectors will be column vectors unless othc>rwise spffified. 

• Let [i] denote extracting the i'" bit. So if .r =1111011 then x[2] = 0. Extracting the 

bits i through j is denoted x[i.jj. For Pxample: x[:2.5] = 1110. 

• i ~ j where· i.j E BL reads as i is contained in j. That is. \vherPver there is a 1 mt 

there is a 1 in j or. said another way. i I\ J = 0. 

• The' bit count function bc(-i) rPturns thP numhPr of 1·s iu i. For example /,c(001011) = 

:J awl l,c(I5) = -L This is also rc·fern•d to in the• literatmP as unitation (DPb and 

Goldberg. 1992). 

• The parity function parity( i) rf'tums O if thP nmuber of bits in i is even and 1 if the 

mtmher of bits is odd. 

• .-\ hyperplane or schema is rPpresentecl by CHIC' of the :31. strings of o·s. 1 ·s aud *·s 

wherP the o·s and 1 ·s arc' in the fixed bit positions and the *·s represent either a 0 or 

a 1 in the variable bit positions. An example hyperplane h for strings in 6' might 

be **1101*. Although Loth schema and hyperplane art' equally valid. I will be using 

thc> term hyperplane throughout this paper lwcause I think it. is a more mathematically 

evocative term while' schema evokes more of a feeling of process. 
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• A hyperplane with C fixed bit positions represents a hyperplane of order C and defines 

a set of 2(L-C) strings \vhere all possible replacements of the *·s ha\·e been defined. For 

hyperplane h the order of h is denoted by o( h) and the number of strings in h is denoted 

lhl. 

• o and (i are defined on a hyperplane by the bit by bit mappings below (Goldlwrg. 1989c): 

O h[i) = * 0 h[ij = * or 0 
er( h )[£! = l3(h )[i] -

1 h[i] = 0 or 1 1 h[ij = 1 

The er returns a mask that identifies the fixed bit positions in the hyperplane. /3 returns 

a mask that identifies the bit positions that are set to 1. For the hyperplane h = 

**1101*: a(h) = 0011110 and 3(h) = 0011010. 

• A partition is a set of competing h~·perplanes that all share the same set of fixed bit 

positions. A partition is specified by a strin~ with a b in positions of fixed bit positions 

and *·s in all other positions. For example. *h** rPpresents a partition that contains 

thl' two hyperplanes *1** and *0**· 

• :-\ partition with C b ·s and ( L - C) * • s is of order C aud dc•fiues a set of 2c hyperplanes. 

For partition ii. the order of ii is deuoted by o(r.). and the mnuber of hyperplanes in ;r 

is denotPcl l11I. 

• Ix! either indicates absolute value. when x is a nmuber or size of when :r is a set such 

as a hyperplane. partition. or set or nmubers. 

• (/)1, is the average of the values of the functiou f defined over BL for all strings m 

hyperplaue h contained in BL. 

• Functions over a fiuite domain can also be expressed as a vector of values. I \vill occa­

sionally express a function J: BL-?. as a \·ector in 2_(:!;. l. The order of the clemeuts in 

the vector will be in ascending order of thP binary translation of the bit strings in the 

domain. The vector representation for function f will be /. 
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• The transpose of a vector for matrix Al will be denoted with a superscript T. for 

example. fr 

1.7.1 B space and Y space 

I will frequently be dealing with t\vo spaces. One called B space and th£' othC'r Y space. 

As we have seen. B space is the two element set {O. I}. Y space is a signed unit analog: 

Y = { I. - I}. Y : B-Y performs the mapping: 0- I. 1- - I. :'-;ote that I does not map 

to I in the other space! The Y mapping function will allmv us to separate lo~ical operations 

being done on operands in Br.: space from the numerical operations being done in S... This 

application can be seen in the next two observations. 

Observations: Assume a. b EB then: 

• Y(a)Y(b) = Y(a 6 b) 

• Y(a)b = Y(a Ab) 

The first of tlwse observations is particularl:v iuteresting in that it allows us to movP the 

multiply operator from the world of real number operations inside the Y function where it 

reappears as a logical operator. As a result. au analogous featun• appears in thP form of 

the '.Valsh Product Theorem iu th£' next d1aptPr. 

1. 7.2 Representation, Decoding and Neighborhoods 

Cp until nm\·. I have just considerc'd thP simple model of an optimization problem as a 

single' compositP fitness function c.f. Equation 1.1 . ftitm•ss· defined over a domaiu D. There 

are two common elaborations 011 this model that should he clarified to better understand 

the context of the theorems to follow. 

The first is an alternate decompositio11 of f fitrll'ss· In this chapter we saw that a fitness 

fuuction was a composite of three functions. fc1rsirability· !model· alHl fc1ccnde· Au alternate 

decomposition merges fc1esirability and !model into a single function. Jga and emphasizes the 

decoding function: 

!fitness = Jga(fdecode) ( 1.2) 
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This is a natural separation since it is often the decoding function that the practitiouer 

has the most latitude in changing. The mapping of the argument space of frirnPSs to th<' bit 

space of the chromosome is call an encoding and its inverse is represented by the decoding 

function ]decode· A model that emphasizes decoding is useful in that the implementor often 

asks the question. -\Vhat is the best encoding for my problem.·· The answer to this question 

can radically alter the performance of the resulting algorithm. 

The second elaboration on the model of Equation 1.1 is to add structure to the domain 

space called a neighborhood. A neighborhood imposes the idea of adjacency between 

points in the domain. This adds the concept of adjacency to the domain which makes 

it possible to think of the problem as a surface. albeit a high dimensional one. From a 

practical stand point. a neighborhood is often just a convenient way of modeling common 

paths algorithms use to search through the domain space. Having a neighborhood allows us 

to define th<' idea" requiring the concept of --local .. such as local optima. basins of attraction. 

and plateaus. ~otice that th<' distinction bet\\"Pen global au<l local search arc l.,ased on the 

notion of localit_v. Informatio11 dPrivPd about a func:tio11 deriwd from locality may bP critical 

to modeling a.lg-orithm performance. 011 the other hand. a UPighborhood may be misleading 

in that it may 11ot represent the most likely search paths takc·n by au algorithm. If it does 

uot. the surfac:P crPatcd is of littl<' practical predictivP value. 

Two common cncodi11µ; functions are the Gray encoding. which assumes its argument 

to bP a Gra~· codP for thP valuP to be fed to fr.a· am! the binary encoding. which does 

the familiar c!Pcodiu~ from hinary to intP~crs. ~otic:e that if the euc:odiug is Gray then the 

decoding function. /c1Pcode is a degray function. 

A neighborhood is defined by a set of functions ] 1 : BL- BL each of which takes a 

point in the domain and maps it to au ··adjacent"" point. The neighboring points for a givcu 

point p in the domain arc the points p, such that p1 = j 1 (p). Two common neighborhoods 

arc the numerical neighborhood. which is characterized hy the set of two functions { (n -

l)mod 2L. (n + 1) mod 2L}. and the Hamming neighborhood. which is characterized 

by the set of L bit functions {(n 91:,!). (n 910:d- (ne 1002) .... (n 6 2L-l)}. 

Often a particular decoding is associated with a particular neighborhood. For example 
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Hamming neighborhoods are often associated with Gray decodings. A pairing of a neigh­

borhood with a decoding is called a representation. Three popular representations are 

the Gray representation. which is a Gray encoding \vith Hamming neighborhood: the 

numeric representation. which is a binary encoding with numeric neighborhood: and the 

binary representation. which is binary encoding with a Hamming neighborhood. 

Technically. a landscape is a pairing of a function /ga with a representation. Without a 

neighborhood structure. expressed or implied. /ga cannot have any local optima or plateaus. 

A neighborhood may be implied as in the case of NK-Landscape in Kauffman (Kauffman. 

1995) which implicitly has a Hamming neighborhood. U nfort uuately not all occurrences of 

'.\K-Landscape in the literature bother to include the neighborhood definition (Manderick 

et al.. 1991). In the case of this work I will introduce a cl,L'iS of functions called embedded 

landscapes. These will technically not be landscapes as their name might imply since 

tlH'Y will not have a neighborhood defiucd for them but rather their name is a historical 

derivative. 

1.8 Summary 

ThP backgroutHl presPntccl in this chapter dcfinPd many of the liasic terms that outline my 

research. In this chaptPr WP sa,v that there arc threP important components of my research: 

problem. algorithm. and difficulty. ThP problems I want to considf'r are' maximization 

problPms over a domain of bit strings. The algorithms I am considering arc Pvolutionary 

optimization algorithms that resemble' stochastic search. Difficulty is measured iu number 

of fitness function evaluations. I defined Ppistasis and hope to use it to predict the difficulty 

of classes of problems relative' to Pvolutionary optimization algorithms. My ultimate goal. 

expressed in simplistic terms. is: 

Epistasis( Problem) 
predicts 

N urnEvals(E volutionary Algorithms. Problem) 

I support the view that epistasis is related to problem difficulty hy giving an argument 
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by analog~· and performing two experiments. However. random functions are invoh·ed in 

both analogy and the experiments. It is possible that. if the functions wen' not so random. 

that epistasis might not play as strong a role. At this point it is plain that \Ve lack sufficient 

mathematical rigor to quantify the epistasis and discuss these structural features. The 

chapters that follow \1,;ill lead us to a firm mathematical basis for exploring these ideas. 
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Chapter 2 

The Basics of Walsh Analysis 

\'i,.-a.lsh analysis (Bethke. 1981) is similar to discrete Fourier analysis. Iu discrete Fourier 

analysis. a function evaluated at a finite number of points is projected onto au orthogoual 

sPt of functions. For Fourier analysis. tlw functions arc sine and cosine functions with 

varying frequencies. The set of coefficients produced by the projection indicate' the frequency 

content of the function. 

\Valsh aualysis. is similar to discrett> FouriPr aualysis in that it is a proj<·ction onto an 

ortlwp;onal sPt of functions. ThP fmwtiou:,; iu this casP are dPfitH'd m·er bit strinp;s a.nd rPtnrn 

and the> rc>sttltinp; set of co<'ffic:ieuts inclicatP the> epistatie content of the function. 

Iu the prc>vious chapter I hypothPsiz<'d that the larger the uuuilier of bits that are 

epistatically· intcrrPlatPd iu a problP111. t hP morP difficult thP prnbh•m should bP. In this 

chapwr 1 clPvelop \\"alsh analysis as a \Vay· of quautifyiup; the epistasis of problems iu order 

to test this hy·pothcsis. Csinµ; \Yalsh analy·sis for quaBtify·ing epistasis is nothiup; ue\v aBd 

was studied both in Bethke·s dissPrt.ation (BPthkP. 1981) and in Goldberg·s famous papers 

011 tlw subjPct (GoldbPrg. 1989a). RePW'S aud \\"right strengthened the association between 

\\"alsh aualy•sis and epistasis in (RPP\·es and \Vrip;ht. 1995b) by thP use of experimental 

desigB. The_\· show that if au experimental design model is chosed which assumes thf' value 

of a function is a constant plus the sum of all linear and uo111i1H'ar ··fixed effects·· between 

bits then tlw value of the ··fixed effect·· differs at most only in sign from the value returned 

by \Valsh aualysis for the epistasis. Their results state that. at least in magnitude. that 

the value \Valsh aual:vsis returns as quantifying epistasis between a set of bits is the same 

as the contributing ··effects·· of the set bits computed by experimental design. Clearly 
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understanding \Valsh analysis will aid us in quantifying epistasis. 

In this chapter I present many basic theorems of \Yalsh function analysis. The concepts 

m this chapter may seem too abstract at first but as the chapter proceeds we \vill be 

building techniques and intuition about \Yalsh Functions and \Valsh coefficients which will 

then prove to be useful in studying epistasis. This material will be the foundation for much 

of the mathematics in the rest of the dissertation. Specifically. I will cover: basic identities. 

orthogonality theorems. how to efficiently compute \Valsh coefficients. vector and matrix 

representations. and the \Valsh transform as a linear transform. All the proofs in this 

chapter are my proofs. \Vhere the theorems are not new and a reference is known. I will 

cite it. 

2.1 Walsh Polynomials 

The \Valsh polynomial (seen in Equation 2.1) is the basic transformation from a function 

defined over bit strings. 011 the left side of tlw equation. to a function defined over Ppistatic 

interactions on the right side of thP Pquation. It is defi11Pd as follO\,:s. Any function f : 

BL-?. can liP hrokPu down into a Walsh polynomial: 

:!l.-1 

f(r) = L u•,~··,(.r) (2.1) 

z=U 

when• 

• ti•,(r): Bl.- { 1. - 1 }. i E Bl.. is the i th Walsh function of :r. 

• w1 E 2. i E Bl.. is thP i 111 Walsh coefficient. w, indicates tlw degree of interaction of 

bits iudicatcci by the positions of the 1 ·s iu i. The order of Walsh coefficient .. w,. 

is the munbcr of oue bits in i. 

• w 1 is defined to be the coefficient associated with the i th \Valsh function ·tf,i(x). In proofs 

throughout this paper. th£' value of w, is defined as the coefficient associated with \,Valsh 

function ·1f,;(x). 

The most important feature of a \Yalsh polynomial is that any function J can be uniquely 
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decomposed into a linear weighted sum of \Valsh functions where the weights are tlw real 

valued \Valsh coefficients. 

This equation defines a mapping from the 2L values in the table that defines the \\-,dsh 

coefficients to another table of 2L values that defines the function J. =--:-ote that both i 

and x are elements of BL. f(x) and 'lL'i may be real numbers. but :r is not. This is often 

a point of confusion. It is also important to note that the \Valsh coefficients of the sum of 

two functions is the sum of the \Valsh coefficients of the t,vo functions. 

\Valsh functions are defined as functions. 'lj•1 (x). that return a value based on the parity 

of the AND of x and i. An even number of 1 bits returns a 1. otherwise it returns a -1. 

This can be expressed in logic notation as: 

l-1 

'l/•1 (.r) = }"(E9(x[£] Aj[i])) .r.J E Bl 

1=0 

where thP e in this casP denotes an itcratPCl EXCLCSIVE-ORover thP following expression 

and x[i] indicatl'S tlw /h bit in bit string .r. For example: t.''oi11001010) can Ill' computed 

by first taking the bitwi:-;e A);D of 01110 am! 11010 yieldiuµ; 01010. The parity of this 

string is computed usin~ EXCLCSIVE-OR giving 0. The } • function. defined in the notation 

section. maps this to +l. The function t;' is oftt>u written with a nonbinary subscript. In 

this Pxample. 'l/'OIIIO would be written 1f't1 which \VOtild be n•forred to as tlw 1-l
th \\"alsh 

function. 

Although therP arc many ways to define this function. this way compartmentalizes the 

logical expression nicely from the real-valued numerical portion via the interfacP function 

}". The Y functiou. as described in the notation section. maps the log;ical values {0. l} 

to the numerical values {l. - l}. The}" function could be replaced by raising -1 to the 

argument of Y but this would lead to a lot of the mathematics iu a proof appcarin~ iu the 

cramped exponent portion of the expressions. 

The three most importaut intuitive properties to remember about \Yaish functions are: 

• Symmetry - The values of ;1.: and j cau be interchanged without effectiu~ th£> value of 

the fuuction. i.e. ·1/i;(j) = 41
1 (-i). 
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• Parity - The exclusive-or in the \\.alsh Function computes the' parity of tlu• results of 

• Masking - The value of j (or .r.) can be thought of as a mask to select the bits in .r. (or 

j) for which we are interested iu taking the parity measure. 

\Vhy are \Valsh functions a good idea"! 

• \Valsh function notation for a function is a linear function of \Valsh coefficients and 

\Valsh functions aud therefore ea.-;:,.· to manipulate and use. 

• 'Nalsh func-tions provide a uniform way of treating bit interactions. 

• \Valsh functions make it C'asy to calculate effects of any L bit combination 011 the value 

of the function over its whol<' rangP. 

• \Valsh function notation proviclc-s a bit intt!raction rc•1n·ese11tatio11 for a function. 

• ThP + awl - siµ;ns of \\.alsh functions c-rPatP opportunities for c-ancellatiou of tC'rms of 

oppositP sig11. 

• The• sPt of \Yaish functions for a given hit spac-c• form au orthogonal SC't of func·tions. 

2.1.1 Alternate Notations 

.'.\lauy diffrrPnt definitions for \\"alsh functions can IH' found in tlw literature. Each ca11 IH' 

justified as IH'iug for a different purpose' or to emphasiz(' a particular aspect of thP fuuc-t ion. 

In (Goldberg. l!J89a). \\.alsh functions are dPfinPd using a product/power form: 

l.-1 

c;•J(.r) = IT }·(.r[i])l:i: 
i=O 

where [i] denotes extracting the ith bit. Sora:,.·a Rana has suggested: 

I have proposed the various other parity based expressions for a \Valsh function: 
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where parity(x) is O if bc(x) is even. and 1 if bc(x) is odd. If j and r. are considered column 

vectors of bits. then ·I/.·, can be written: 

where xTj is just the dot product of the bit vectors. Similarly .. Mancia and Campbell 

(Manela and Campbell. 1992) use the nearly identical expression: 

The field of Harmonic Analysis approad1Ps thP samP problem from the point of \"iC'w of 

n-dimensioual discrete Fourier analysis ( Lechner. 1971). 

2.2 Basic Walsh Function Theorems 

The elementary theorems of \Valsh functions tell us something about thP character of \Valsh 

functions. The Identity Theorem states that regardless of which \Valsh function you choose. 

if the argument is zero the result is 1. This property is useful in cancellation of subexpres­

sions in later proofs. This theorem is \vell known and I believe is assumed too trivial to 

prove. The theorem can be inferred from Figure 1 in (Goldberg. 1989a). 

Theorem 1 (Identity Theorem) 

Proof: 
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ij:1(0) = }"(E9f,;0
1(0[-i] Aj[i])) 

= 1·cEBf=a1(0 Aj[i])) 

= Y(ffif=ol 0) 

= Y(O) 

=l 

The common notation for \Valsh functions gives the inaccurate impression that somehow 

function number and argument arc very different. The Symmetry Theorem proves they 

aren ·t at all and provides us with a very useful transformation. 

Theorem 2 (Symmetry) 

Proof: 

t:·1(k) = }"(EB;=-;/(k[ij /\j[ij)) 

= Y ( EB ;~-0
1 U Ul /\ k[-i]) l 

This next theorem shows us that not only is 1/10 a constant functiou but provides us our 

first use of Symmetry. 

Theorem 3 (Constant \Valsh Function) 
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Proof: 

Obvious from theorems 1 aud 2. 

The next theorem is a precursor to several useful corollaries and is simply based on the 

fact that the arguments to 'IJ.r are first AXDed together. 

Theorem 4 (Split :\fask) 

where a/\ b = m 

Proof: 

·1f,1 ,,, 111 (1.;) = Y(ffi;-=-0
1

( (j[i] /\ m[-i]) A k[i])) 

= }-(ffi;-=~}( (j[i) /\ ((l(i] A b[ij)) /\ k[ij)) 

= }-(ffi;~-0
1((j[i] A a[i]) A (h[ij) /\ ,f.-[i])) 

@ 

The followinµ; corollaril's arc particnlarl:v useful spPc:ial forms of the Split :\Iask Theorem. 

Conjuuctiw ComprPssion follows directly from the Split :\Iask Theorem. It allows us to limit 

tlw range of \Valsh functions used b~· th<' raugC' of arµ;uments used. 

Corollary 4a (ConjnnctivP Compression) 

Associative :\Iaskiuµ; allows us to apply a mask to either the function index or the 

function argument. 

Corollary 4b (Associative ~!asking) 

:.n 
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@ 

Similar to the Conjunctive Compression Corollary is the OisjunctivP Compression The­

orem. 

Theorem 5 (Disjunctive Compression) 

Proof: 

l'J1dk) = }"(EB;===-□1 ( (j[i] V k[i]) /\ k[i])) 

= }"(EB:===~/( (k[i] /\ k[i])) 

I3y sett iug- j = 1 in tlw abon• tlworPm. we g-et tht> following- useful corollar:v which allows 

us. iu s1wcial cases. to convPrt oue of tlw fu11ctiou indPx to a constant. 

Corollary Sa 

\Ve cau use this inunediatcly to relate \Valsh functions and parity. 

Theorem 6 (\Valsh Parit~· Relation) 

parit_v(k} = (1 - 1h(k))/2 
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Proof: 

One of the alternative expressions for a \Valsh function was: 

1 - 2 parity(k J\ j) 

Setting j = 1 gives us: 

v·1{k) = I - 2 parit_v(k) 

11',.,.(k) = 1 - 2 parity(k) 

(1 - IJ•dk))/2 = paricy(k) 

The uext thPorem is our of thr most useful of the basic \\.alsh function theorems. It 

allows us to collapse thc> product of nvo \Yaish fuuctious iuto a siu~le onc>. It also allows 

one to change a logical operator that is an argument to lf' to a numerical operator which 

is multiplicatiou. BPcause t!H' tlll'orcm is so useful. it is uLiquitous in this dissertation. 

Therefore. it is \vise for tllf' reader to be sure thc•y uuclcrstand it clearly before proceediug. 

The proof of thP theorem takes aclvantagP of t.hP fact that "I/· is defined with an 

EXCLCSIVE-OR as the outer most opc>rator. 

Theorem 7 (\Valsh Product) 
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Proof: 

li1
1 (:r)·1h(x) = Y(EBf=-0

1(j(i] I\ x[i])) Y(E9;;0
1(k[i] /\ r[i])) 

= Y( (EB;~~/(j[i] /\ x[i])) e (EB:~o1(k[i] /\ .r[i])) ) 

= Y( EB;=-o1((j[i] /\x[i]) e (k[i] /\.r.[i]))) 

= Y( EB;=-0
1 

( (j[ij I\ k[i]) E- x[i]) ) 

To drive home the symmetry property I provide this theorem as an example' of its use. 

Corollary 7a (A Cs£> of the \Valsh Product Theorem) 

Proof: 

ThP proof follows clirPctl~- by use of thP Product aud Symmetry Theorems. 

The .:'\Pi,!;aticm Theorem shows that thP \Valsh fu11ctio11 of the• nP~a.tiou of a number is 

related to the \Valsh function of thP m1mber by thP parity of the \Valsh function index. The 

proof of thP '.\'egation TheorPm uses 2L - 1 to i,!;iVP a striu~ of all 1 ·s. 

Theorem 8 (.\"egation) 

Proof: 

:3-l 
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The Balanced Sum Theorem is one of two theorems critical in cancelling out sums of 

\Valsh functions. Also. the proof itself is important as a prototype for several proofa to 

come where equal sets of strings of oppositr sign cancel. \Ve will see this form of proof 

again. 

Theorem 9 (Balanced Sum) 

:!L -l 2L if j = 0 

I: /j'J (.r) = 
r=U 

() if j -:fa 0 

Proof: 

First observP that this is a problem of comit inµ; ~ 1 ·s and -1 ·s 

CASE 1: if J = O then 

.,/. -! = ')'- - 11•0(.r) ~r-0 

CASE 2: if j #- 0 then 3k such that j[k] = 1. \Ve now divide the 2L J." values into 2 sets. 

Let .4 lH' the set of all -u,J(:r) ,vhere x[k] = 1. 

Let B be the set of all -¢11(:r) where x[k] = 0. 
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If x E A. then x e 2k E B. Let y = r S 2k. ~otC' that for every x E A there is a unique 

y E B and vice versa: therefore IA.I = IB! = 2L-t _ 

Using x. y and k as above. we know that y[kj = x[k] el. So. for the k th term in the 

above EXCLUSIVE-OR: 

(y[k] I\ j[kj) = ( (.z:[k] S 1) /\ j[k]) 

= (.z:[k] /\ j[k]) e 1) 

Bringing the 1 out of the EXCLUSIVE-OR: 

~',J(rl = }·o: (EB;::::-;/(.r.[il AJ[i]lll 

= }"(l)Y(EB;::::~1(.z:[i] /\j[i]))) 

Since there is a one to one onto correspondence between clements of A and clements of 

B and each pair is of oppositf' sign. tl1e sum is zero. 

Tiu• Orthogonality Theorem is the secoml critical thC'orem for cancellation of sums of 

\,Valsh functions. The theorem and a brief outline of the proof appears in (Gol<lberg. 1989a). 

The term orthogonal comes from the similar concept of orthogonal functions where the sum 

in the theorem would be replaced by an integral over a range. A secou<l interpretation as 

vectors will be introduced in the section on \Valsh matrices. 

Theorem 10 (Orthogonality) 
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:!L-! 2 [. if i = j 
I: tl-·z(x)'ib1(x) = 
.r=O 

u otherwise 

Proof: 

If i = j then i 6 j = 0 and if i f= j then i 6 j f= 0. Therefore. by The Balanced Sum 

Theorem. the theorem is proved. 

An alternative form of the orthogonality theorem is: 

:!L -[ .-,f. if i = j 
I: ti•,(I)t'.r(j) = 
.r=O 

0 othenvise 

This follmvs imm<'diately b_v thr Symmetry ThPorc•m. This form is similar to the operation 

iu a matrix multipl~· as we shall soon sc<'. 

A law that is similar to the Balanced Sum t hPorc•111 <'Xis ts for several subsets of strings 

in the bit space. 

Theorem 11 ( Balauccd Sum for Parity) 

2£.-r ifj=O 

-2£.-l if j = 21. - 1 
.r:parity(.r)= 1 

0 otherwise 

aud 
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2L-l if j = 0 

r:parity(rl=O 

0 othenvise 

Proof: 

parity(!..-)= (1 - ih,,(k))/2 

Both terms cau bP rPducPcl b:,' thP Balanced Sum Theorem 

= 

0 otherwise 

therefore the first part is proven. ThP second part is now easy by observin~ that: 

:.!L-1 

L 'l/';(x) = 
r:parity(r)=l r:parity(r)=O 
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This observation about parity will recur iu discussions of parity iu later chapters. 

2.3 Computing Walsh Coefficients 

It is possible to compute the values of the \Valsh coefficients given all the values of a function. 

This theorem was stated in (Goldberg. 1989a) but never proven. 

Theorem 12 ( Computin~ \Valsh Coefficients) 

(2.2) 

Proof: 

.,L_[ -,L_[ = °'"'- II'-°'"'- C (.r) '"-(I) L...==0 - L...r=O J ~ -

From this it is plain that 11•0 is th<' average of all of the function values and hence plays 

the role of a constant offs<'t in the expression of a functio11 as a \Valsh polynomial. 

Theorem 13 (~lean Value) 

wo = thC' cl\'erage \·alue of f(:r) over its eutire domain. 

Proof: 
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but 'tl•o(x) = 1 therefore 

.,[._[ 
1 -

1co = •JL L f(x) 
- .r=O 

The Function Negation theorem follows as a direct and obvious consequence of the 

definition of the \Valsh coefficients. 

Theorem 14 (Function .\"egation) 

If function f has \-Valsh coefficients ic( then the function - f has \Valsh coefficients -u,;. 

Proof: 

Trivially: 

-ll'J 

ThP reflection off about the reflection point :; mu bP clf'fined as g(;r) = J(.r::::: .:). 

It is not obvious that reµ;ardlPss of about what poi11t iu 61. we reflect the ar~umcnts to 

a function. only tllf' Higns of the resultinµ; \\.alsh codficients chang;c. This uext theorem 

providPs thP proof and will be usf'ful in disc-ussiug; function parity later. 

Theorem 15 (Reflection of Fuuc:tion ArgurnPuts) 

Let function f(x) have \\.alsh coeffic:ieuts u•( and g(;i:) = f(.r e:; ). Then "II'; = t1,1 (::)w;. 

Proof: 

-10 
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w9 = 
J 

letting .r' = r E- :; 

It is clear in the previous proof that the \Valsh c-ocffiriPnts of g an• off by at most their 

sig-u from those off. But does each .::: prodm:P a nuique SPt of \Valsh coeffic-icnts? It must 

Ii<' trt!P if tlH• \Yaish functions. r.:·=· an• uniqtH'. 

Theorem 16 (Cniqnem•s:,; of \\"alsh Functions) 

Proof: 

If !f =/=-:; thP11 !/ =:; E- (.::: "= y) whPn·.::: E- !f =/=- 0. Thcrefun· 

Now selec-t j such that j ;: (.::: E- !J) aud l1c(j) = 1. I3~; the definition of a \Valsh function 

1!'1 (:; e JI) = -1. HencP 

and the theorem is proven. 

-l 1 
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This theorem ,vill be a natural consequence of the fact that \\.alsh matrices. which WP 

,vill develop later in the chapter. will turn out to bP inwrtihlc. This means that then• 

arc 2L reflections for an L bit function and 2L different assignments of sign for the \Valsh 

coefficients for reflected functions. 

2.4 Products, Convolutions and the Transform Function 

Since the \Valsh polynomial is a weighted sum of \Valsh functions. it is clear the \Valsh 

coefficiP.nts of the sum of two functions is the sum of the \Valsh coefficients. More precisely: 

Theorem 17 ( Sum Coefficient) 

Let wf be the \Valsh coefficients of f and w 9 the \,\.alsh coefficients of g. Then the 

\Valsh coefficients of the sum f + g. denoted by wl9. are: 

The next theorem shows that the product and co11vol11tio11 are related much as they arc 

in discrNP Fourier analysis (\Veavcr. 1989). Herc. convolution is clefim•d 11si11~ EXCLL"SIVE­

OR and so tlw exwusicm of a fuuctiou to hf' periodic:. as in cliscretP Fourier analysis. 1s 

1m11ec:essary. 

Theorem 18 (Product Coefficient) 

Let u.f be the \Valsh coefficients of f and 11•'' the \Yaish cocffic:icuts of g. Then the 

\Valsh coPfficieuts of the product f g. denoted by u.f'I_ arc: 

Proof: 

Let f and g be defined b_v their \Valsh expansions as before. 
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f(r.)g(x) 

-~L-l -,L_[ f a = ~- ~- ·w w"t!.•1,:(x)·1r (x) L1=0 ~k=O J I.:· J 

let k' = j e k. therefore k = k' :=· j 

Therefore the \Valsh coefficient for the product off and g is: 

11
,flJ _ 
k' -

This theorem introduces some interesting relations between the convolution of two f1mc­

tions and their product. The convolution of an infinite sequence is generally computed 

(Graham <'t al.. 1989): 

Tl 

c,, = L a,.-b,,_,._. for 11 E {0.1. 2 .... } 
k=O 

that is. all pairs of elements. 011e from a and 011c from b. arc summed such that the subscripts 

sum to a constant Tl. In g0ueral. c,, is formed by the smu of n + 1 pairs. 

For our purposes. we will define the convolution of two L bit functions a and b as: 

:!t. - I 

c(n) = ~ a(J.:)b(n e k) for n E {0.1. 2 ..... 2L - 1} 
k=O 
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In this form of convolution. all pairs of elements. one from a and one from b. are summed 

where the EXCLCSIVE-OR of the subscripts themselves results in a constant n. In this case. 

c(n} is formed by the sum of 2L pairs regardless of the value of n. The convolution of two 

functions. J and g. is denoted fog. 

The Product Coefficient Theorem can now be interprNed in terms of a convolution as 

follows: the \Valsh coefficient of the product of two functions is equal to the convolution 

of the \Valsh coefficients of the separate functions. A further discussion of this interpreta­

tion can be found in Lechner (Lechner. 1971) and in Manela and Campbell (r-.fanela and 

Campbell. 1992). 

2.5 Duality and the Walsh Transform 

The obvious similarity between the formula for the function. f. 

:!L-1 

J(r) = L u•,i;•,(r) 
i=U 

and thP formula for computinp; \Valsh coefficients. 1c . 

. ,£._! 
1 -

11· = - ~ J(r)i: 1 (x) 
1 2L L 1 

.r=O 

leads one to consider the dualit_v of thP functions ancl coefficients. Sine£' the function J 1s 

over a finite discrete domain. both f awl 1u can hP treated as tables of values. In fact. it 

might make more notational sense to express f(r) as l.r to show the symmetry between 

the two tables. Also. since ·q\(.r:} is more like a commutative operator it might make more 

sense to express 't/·1 (.r) as 1},(i.x) to shmt,,· the commutative nature of the fuuctiou. In fact. 

many of the early proofs about \Valsh functions follow immediately from theorems of basic 

symbolic logic if you cousider. that for th£' most part. the binary operator ·t/1(i. x} can bP 

thought of as a logical AXD performed iu parallel. 

To emphasize the symmetry I express thesP two formulas in a more symmetric notation: 

-l-l 
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2L -I 

!1 = L 1,·,i:·u.n 
1=0 

The first equation is known a.<. the Walsh transform and the s£'cond as the inverse 

Walsh transform. The summations in the t\i,:o formulas are essentially the same and 

can be computed with the same software. In fact. the two transforms could be made to 

be identical by multiplying the expression for f 1 by a scaling factor of :,L and dividing 
" -

the expression for w1 by the same factor. I chose to avoid the introduction of the messy 

irrational values into the equations. It is purely a personal preference and does not effect 

the results. 

This notational example is used to illustrate that \Valsh space and function spacP are 

duals of each other much as space and tinH' are duals in Fourier analysis. 

2.6 Walsh :Niatrices 

In the previous section WP meutiorl!'d how both the function f 1 and the \\"alsh coefficients 

w1 could br thought of as finite length tables. Iu fact. it is useful. to think of thc function 

tal,lc as a function vector and the \Valsh c:cwfficients as a Walsh coefficient vector. It 

may then bP possible to operate 011 t l11~m with a matrix of \\"alsh functions. Iu this section. 

we show how this is clone and develop some related thPorems. 

\\"e beµ;iu by looking at au example. The following equations show. in exc:ruciat.iu~ 

detail. how a function f : B:1 - ?.. would Ii£• computed using the inverse \Valsh transform 

in the previous section. 

-15 
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f(l} = t•o(l)wo +l.''1 ( 1 )w1 

f(2) = 1L•o(2)wo +11•1 (2)w1 

f(3) = l.''o(:.3}wo +t"1 (3)w1 

f ( ➔) = e•o( ➔ )wo -l-t;• l ( ➔ )IL' I 

f(5) = ll'o ( 5 )u.·o ---·1h ( 5 )11·1 

Evaluatiu~ thP \\.alsh functions. WP µ;Pt: 

f(O) = +11·0 -l-11• l -rll'".! +11•:1 +11·1 +11•; +te1; -l-11·-; 

f( l) = -r-11 'll -11·1 +w-.! -11·:1 +11· I - II'; +u•,; -II'-; 

J{2) = Tll'O +11·1 -11'-.! -11·:1 -r/1'1 +u·_, -11,•r; -·ll';-

f (:3) = -11•u -11•1 -ll'-.! -l-11•:1 -l- II' I -11•; -11·,; +11·-; 

JU) = +wo +11·1 +w".! +w:1 -WI -w.; -·1c,; -'ll~, 

f(5) = +·ll'o -11'1 +u':! -11•:1 - ll' 1 +w; -wr; +11•-; 

f(G) = +11·0 +11'1 -ll'".! -u·:1 -W.1 -w:-:. +-w,; +·w, 

f(,) = +1uo -11·1 -'ll'".! +1c:1 -11.•.1 +w:-:. +wr; -w, 

If Wl' consider that th<' fu11ctio11 values am! \ Valsh coefficients can be writteu as column 

vectors from ?~ then WC c:au compute the functiou vector as the product of the \Valsh 

➔ u 
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coefficient vector and a matrix of \\"alsh functions. Let thc> matrix of fuuctions 11\-(r) clefiue 

a Walsh matrix. '¥. where r is the row index and c is the column index. Specifically. '¥ 

for au L bit function is a 2L x 2L matrix denoted '¥ L· :\"ote that the value of '¥ L is only 

dependent on the function size £. not 011 the particular IV or /. 

The matrix that follows is for w3 . Lines ha,·e been added to make it easier to see the 

symmetry in the various quadrants. 

I 

+l 
I 
+l +l -1..1 +l +l +l I .-1..1 

! 

+l -1 +l -1 +l -1 +l -1 

+l -1..1 -1 -1 -1..1 +l -1 -1 

+l -1 -1 +l 
I 
+l -1 -1 +l I 

W:1 = I 

~1 -1 ,1 , l -1 -1 -1 -1 

+l -1 ~1 -1 -1 +l -1 +l 

+l +l -1 -1 -1 -1 +l +l 

+l -1 -1 +l -1 +l +l -1 

Therefore. if we let till' column VC'ct.or / represent. the functiou and columu vector 1"ii reprc-

sent th<' \\~alsh coefficients. then it is clear that: 

It is also clear that the matrix is symmetric 

which is ,vhat. W<' ,vould expect from the symmetry theorem which stated 7/11(/.:) = ·1/Jk(j). 

-17 
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2.6.1 Uniqueness 

Xote that any IV L matrix is symmetric and can be arranged as a block matrix: 

A A 

A -A 

where A is IV L-1· That 1s 

The initial c:ase is: 

using the block matrix form I can deteru1inl' a rccursivl' formula for thr determinant of 

the matrix. 

Theorem 19 (w·s Octl'rmiuant) 

Proof: 

The proof proceeds L:i,· d£'veloping an upper triangular matrix. The determinant will 

then be the product of the diagonal elements. 

For L = I the determinant is -2. by inspection. 

For L > I thP upper half of the IV L matrix is subtracted from the lower half giving a 

new matrix with the same determinant as the original: 

-18 
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.-! .-! 

0 -2.-! 

This means that each eventual diagonal element in the lower right quadrant will be 

multiplied by -2. If DL is the determinant of the 2L x2L matrix. IV'. DL can be expressed 

recursively as: 

-2 if L = 1 

In the case L > l. onP D L- l in the sqnarr tPrm comes from the determinant of thP 

upper left block in the matrix. ThP pown of 2'-- 1 comes from thP 2L-l donblings of the 

lower right quadrant and the remaiuiug DL-I i11 the square term comPs from the original 

determinant of the lowC'r right quadraut. Tllf~ recursi\·c relatiou is solvC'd in log space. 

Let dL = log:.! D L. Then the recurrenci· relation for L > 1 l,econH's 

Solving for dL gives: <h = L2L-l _ Therefore D1. = (-2)L:.!L-i. The DL for L = is 

consistent with the formula for L > 1 giviug a result valid for all L. 

Note that for L > l. all expoucnts L2L-l are even: so the determinant is positive. 

However. what is most important here is the determinant is nonzero. giving a unique 

-!9 
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inverse for each I¥ l.. 

Theorem 20 (Unique ).lapping) 

The mapping f - -u-: is unique and re\·ersible. 

Proof: 

Since the determinant of'¥ is nonzero there exists a unique w- 1 such that: 

- ,T,-1 f-
111 = -¥ 

It is easy to determine this unique inverse. 

Theorem 21 (l{l"s Inverse) 

Proof: 

By definition of the \Valsh transform: 

aud our earlier observation: 

WC' get: 

0 bservations: 

1 -
u-: = 21. '¥ J 

50 
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• This means that elements of the matrix w-t are all integer multiples of the im·erse of 

a power of two. Therefore. if the values of a function are all integers. then th£> \Valsh 

coefficients are all representable exactly in a computer. Also note that. if all the \Valsh 

coefficients are integers then so are the function values. 

• From the above theorem. it is clear that 

But this is just a reformulation of the alternative form of the Orthogonality Theorem. 

In fact the Orthogonality Theorem can be used to pro\·e the last theorem! 

• \Ve have shown that the following f'quations are duals of each other: 

2. 7 Walsh Transforms 

The linear transformation from a functio11 to its \Valsh coefficients can bP conveniently 

treated as a transform function. Let vV be the Walsh transform. a fuuction that maps 

an L bit function to another L bit fuuction via the linear transform i11d11ced by '¥. 

In this form. W(f) represents the function that returns the 'Naish cocfficieuts off. Thought 

of another way. W(f) in vector form is /ii/. From this definition we know that 

W(W(f)) = 21L f 

51 
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Then we can interprPt the Product Coefficient Theorem as 

W(fg) = W(f) o W(g) 

Using this notation. the \\'alsh transform of a convolution of t\vo functions can be 

easily computed. This is an analogue of the well known Convolution Theorem from Fourier 

analysis CWeaver. 1989). 

Theorem 22 (Transform of Convolution) 

Proof: 

\Ve know that 

v'i,'(J !I) 

vV(W(J g)) 

+. fy 

= vV(f) o vV(g) 

= W(vV(f) o W(g)) 

= vV(vV(f) o vV(g)) 

Let f = W(f') and g = W(g') 

:!.IL vV(J')vV(g') = vV(vV(vV(f')) 0 vV(vV(g')) 

dr vV(J')vV(!i') = vV( ).!') o )L 9' 

iz:-vV(J')vV(g') = ( fr fW(f' 0 g') 

2LvV(J')vV(g') = W(f' 0 g') 

This theorem and the Product Coefficient Theorem gives us four key relations between 

the product and the convolution operators. The result is the following elegant symmetry: 
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vv(f g) = vV(f) o vV(g) f 9 = ~LvV(vV(f) 0 vV(g)) 

f o 9 = 2nvv(vV(f)vV(g)) 

The dewlopment of the previous theorem leads to the follmving relationship between 

the dot products of two functions. represented in the function space and the dot product of 

the functions in \Yalsh space. The dot product of two functions is defined to be the dot 

product of the functions represented as vectors. This theorem is also known as Parseval"s 

Theorem in Fourier analysis is stated but not proven in O.Ianela and Campbell. 1992). 

Theorem 23 (Dot Product} 

Let f and g be t,vo functions then: 

Proof: 

f·g 

.,/._! .,L_l f -,L_l t• 

='""'- .. ('""'- u· ·•·· (:r))(~- u··1
• 1•1,.(r)) L...r=U L...1=0 J 4 1 LJ.-=U J.-" • 

= '""':!L-1 '""':!L-1 ll.f./1'9-..;:-":!L-l "'1,:(.r:)·1/, (;1:) 
L...1=0 L...J.:=0 J J.- L...r=U " "J 

By the Orthog;oualit.y Tl11•orem. the iuuer most sum is zero for all values of 
j aml k where j =/= k. \Vhen j = k. theu the snm is 2L. Therefore setting; 
I.: =j: 

.,L_ I f 9 I 
= '""'- "IL' II' •) • 

L...1=0 J J -
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The Dot Product Theorem reads as follows in terms of fuuctious and \Valsh coefficients: 

2L-t 2L-t 

L f(j)g(j) = 2L L (w{HirJ) 

This leads to an interesting observation. 

Corollary 23a (Sum of Squares) 

:! 1·-1 2L-t 

L f(j)2 = 2L L (11'{,2 
;=O ;=O 

This means that if you consider th£> \\'alsh transform as a transformation of coordinates. 

tlw length of the function vector is always # longer than the \Valsh coefficient vector. 

2. 7.1 Mean and Variance from Transforms 

Dot products c:au be used to smu o\·cr all function values. For f'Xa1I1ple. the mean of au L 

bit function f. dC'notC'd £(!) is 

E(f) = (f - l)/2L = vV(f) • W( 1) = 11'{, 

W(l) is of coursP II evf'rywhC'n' but in th<' position correspoucliuµ; to u·0 . Heuc:e. the clot 

product on thP right is simply w0 of vV(f ). This coufirms what \\"f' proved early in the 

chapter iu the :\lean Value Theorem. 

The variance off. denoted i·(f) can be computed as 

= fr (f • f) - ( w[ )2 

I L L-,L-1 f ·> r •1 = ') - (ti' )- - (ll7; )-7[[:- ;=O J 0 

5-1 
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This means if the \Valsh transform is treated as a projection. then the standard de,·iation 

is the portion of the length of the vector not accounted for by the projection onto t;'o• which 

is just the mean. 

2.8 The Fast Walsh Transform 

It turns out that the \Valsh transform can be quickly computed using an analog of the fast 

fourier transform. The mechanics of the transform is presented without proof in (Goldberg. 

1989c). Here I \\·ill use the block matrix form of the \¥ matrix to derive the Fast \Valsh 

Transform. A Fast Walsh Transform allows one to compute the product \¥ L-V in O(L2L) 

operations. This may seem like a lot of computation. but it is a vast improvement over the 

direct matrix multiply approach which takes 0(22L) operations. 

Let p be defined as 

.-1 .-1 
I' = IV[.'~ = I' 

.-1 -.-1 

Both vectors •1'7 and fi may he blocked iu blocks of 2L- t elemPnts g-iviug 

.-1 .-1 I' t .4.vi +.-lu2 .4.(r1 + 1':1) Pl 
= = = 

.-1 -A '1':! A-u1 - .-1·1•2 A(r1 - 1':!) P:! 

therefore 

where A. is\¥ L-I · I3ut \¥ L-l and p1 can be expressed in block for!Il and the process repeated. 

This defines a recursiw relatiouship that goes L levels deep. each tillle subdividing the vector 

iT. The exact process is best explained with the following C fuuction. which implements wii 

- -and can be used to efficiently compute both transforms: iv - f and f - ·iii. 
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void firt(REAL *v, int size) 

{ 

} 

int s2; 

REAL *a, *b, tmp; 

II recursively handle each half of the vector v 

s2 = size>>l; 

if (s2>1) { 

f..t(v, s2); 

f,.t(v+s2, s2); 

} 

II recursively compute A v_l 

II recursively compute A v_2 

II no .. create the sum and difference parts for 

II for both halves 

for (a=v, b=v+s2; a<v+s2; a++, b++) { 

tmp = *a; 

} 

II p_l = A (v_l + v_2) 

II p_2 = A (v_l - v_2) 

The same technique I used to develop the Fast \Valsh Transform cau be used to efficiently 

implement other trausforms as wc will see later. 

2.9 The Vose-Leipens Transform 

I cannot leave this chapter without mentiouiu~ au alternate linear decomposition to 'Walsh 

functions and coefficients that I call the Vose-Leipens (VL) Transform after the inven­

tors. Although this transform seems simple aud elegant. we will see that it lacks several 

important features that the \Valsh transform offers. 

In the Vose-Leipeus transform the value of a function f can be computed as a weighted 
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sum of functions: 

:!L-1 

J(x) = L 1L1i-
1i;t(.r) 

1=0 

0 if i g; X 

1 if i ~ X 

In this case each w~·t represents the contribution added by the nonlinearity introduced 

by the 1 bits in i. For example if L = :J then 

while from the \Valsh transform we gf't 

Using tlw Vose-Lcipens transform it is easy and intuitive to isolate the effects of bit 

interactions. It is also easy to compute the effects of N bit iuterac:tions. In th(' above 

example ·w_~1 is tlH• effect of interactions of bits O and 2. Ou the other hand. it is difficult awl 

inefficient to compute hyp<'rplauc averages using VosP-Leipens transform. The Vose-Leipcns 

transform also lacks the po:,,itive and negative cancellation which yielded the Orthogonality 

Theorem. This was critical iu many of the proofs. 

In the Vose-Lcipcus transform. there is a parallel for the '¥ matrix I will call llJd matrix. 

Again. lines arc incluclccl to show symmetries. 
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1 0 0 0 0 0 0 0 

1 1 0 0 0 0 0 0 

1 0 1 0 0 0 0 0 

1 1 1 1 0 0 0 0 
'¥ el -

:3 -

1 0 0 0 1 0 0 0 

1 1 0 0 1 1 0 0 

1 0 1 0 1 0 1 0 

1 1 1 1 1 1 1 1 

Iu blocked matrix format. this has t lw recursive form: 

.--1 0 

.--1 .--1 

where .--1 = IV'i_ 1. \\'c lose three \·cry importaut properties \Ve had with the 1¥ matrices of 

\Valsh transforruatiou. namely: the matrix is not symnietric. it does not form an orthoµ;onal 

basis. aud thc inverse is not a constant times the matrix itself. The inverse is 

.4.-1 0 
- ,r,r·/ -I 
p='l!L = 

_.4.-1 .4.-1 

From w1
•
1 audits iuversc it is easy to derive conversions between function space. VL and 

vValsh transforms. A corresponding Fast VL Transform algorithm can be easily derived 

using the block matrix technique we used to develop the Fast vValsh Transform. 
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2.10 Summary 

In this chapter we covered the basics of \\.alsh analysis in detail. \Valsh functions \Vere 

presented and techniques developed for using them. \Ve saw that func:tions could be de­

composed into a weighted sum of \Valsh functions and that these \\.alsh functions formed 

an orthogonal basis. From this came \Valsh analysis which could be viewed from the per­

spective of polynomials. matrices. or transforms. \Valsh coefficients were easy to compute 

conceptually but exponential time is required even with the Fast \Valsh Transform. \Vhat 

will be needed to make computing \\.alsh coefficients practical is an understanding of what 

functions have a very limited or hi~hly patterned set of \Valsh coefficients. In later chapters. 

I will present several important and common classes of problems with low epistasis. 

In the next chapter we look at the concept of hyperplanPs in the domain. This will help 

us understand the underl:ving; structure of functions in a \Vay that is directly related to the 

\Vay evolutio11ary ali.;orithrrn,, probP the> domain space. 
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Chapter 3 

Hyperplanes and Function 
Eillbedding 

Evolutionary algorithms use mating and mutating to generate new points in the search space 

to he sampled. These work by cutting and splicing subsets of bits. Furthermore. many of 

the major tenants of genetic algorithms such as tllP Building Block Hypothesis (Goldberg. 

198!k) and the Schema Theorem ( Holland. 1975) ar£' based on these' nl£'chanistically derived 

subsC'ts of bits. For example. th£' Schema th£'or£'m suggc•st.s that it is the subsNs of bits 

that compete for dominancP in the population. Tlw Building Block Hypothesis suggests 

that it is subsets of bits that arc assembled from parents to make' better children. Recent 

rPS<'arch 011 hyperplanc> ranking (\\.hitl<'y et al.. 1995a: Hc·ckP11dorn Pt al.. 1997) support the 

idea that subsets of bits may themselvPs com1><'t.P for sun·ival. Dc•veloping the mathematics 

that could mPasurP Ppistasis for subsets of bits scc•ms relPvaut to thP mechanical theory 

behind evolutionary algorithms. This \Vas the theme of BNhke·s thesi:-; (Bethke. 1981) and 

extended by others (Goldberg. 1989c: Davidor. 1991: Reeves and \Vright. 1995b). 

In the last chapter we built up the basic mathematical framework for \Valsh analysis. 

In this chapter. I extend \Valsh analysis to study subsets of bits by developing the idea of 

hyp<'rplanes. which arC' lower dimensional subcubes of the bit. space domain. They can also 

be thought of as subsets of possible' chromosomes with fixed values for a specific subset of 

their bit positions. I use \Valsh coefficients to compute the average value of a function over a 

hyperplane. a well knowu result. and develop a Fast Hyperplane Averaging algorithm which 

I believe to be new. I discuss the partitioning of the domain of a problem by hyperplanes 

60 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

and introduce a scheme for numbering them that will prove a useful shorthand. _-\lso. I will 

present a very important pair of functions pack and unpack that can be used to change the 

dimensionality of a function. These functions are then used to embed lower dimensioual 

functions in higher dimensional space. The idea of function embedding; will become a major 

theme in the remainder of the dissertation. 

3 .1 Preliminaries 

Consider a bit space BL which is the domain of the function we wish to optimize. It is 

essentially an L dimensional hypercube \vith the vertices of the cube being the strings in 

the domain. .-\ subcube of strings of dimension 1\l : ,\J < L can be selected by fixing the 

values of L - Al of the coordinates. This subset of strings forms a hyperplane which is 

an AI dimensional slice from the cube containing 2·\l strings. The entire domain can be 

partitioned into 2L-.\l non-overlapping hyperplanes whose union is the entire hypercube. 

There is a classic- notation for r<'preseuting h~;perplimes and partitions. A hyperplane 

cau be represented as our of the :1L strings of o·s. 1 ·sand *·s. Tlw o·s and 1 ·s indicate fixed 

bit positions. The all the• strings in the hyp<'rplaue must haw the \·,tlue indicated by bits 

in the fixPcl bit positions. The *·s rcprPsent Pither a O or a 1 in the variable bit positions. 

This is like tlw --don·t c-arP·· in digital design. There is 110 required value for t.lw variahlP 

bit positions in the strings in the h~·r)('rplaue. For Pxample thP hyperplane H = 0*1101* is 

a sN of four strings: 

Hyperplane specification: 

Strings in the hyperplane: 

0*1101* 
0011010 
0011011 
0111010 
0111011 

The bits indicated in bold arc the ones in the variable bit positions. 

The order of a hyperplane h with C fixed bit positions is C and is denoted by o(h). 

A hyperplane of order C defines a set of 2(L-C) strings where all possible replacements of 

the> *·s havp been defined. The mtmber of strings in h is denoted jhj. For example. lct·s 

a.gain take hyperplane H = 0*1101* above. \\"e find it is au order 5 h~·perplane (o(H) = 5) 
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containing -1 strings ( I Hi = -1). 

A partition is a set of hyperplanes that all share the same set of fixed bit positions. 

Therefore. a partition can br specified by a string with a b in positions of fixed bits and 

*
0

S in all other positions. For example. *b** represents a partition that contains the two 

hyperplanes *l** and *0**· The hyperplane H above is one of :32 hyperplanes in the 

partition b*bbbb*. In general. a partition with i\l b ·s defines a set of 2.\1 uonintersecting 

hyperplanes. each composed of 2L-.\I strings whose union is all of the strings in the domain. 

The order of a partition with exactly C b"s is C and defines a set of 2c hyperplanes each 

of order C. For partition ii. the order of ;r is denoted by o( ii) and the number of hyperplanes 

in ii is denoted lrrl. The partition mask is the bitstring composed by replacing each b 

with a 1 and each * with a 0. For example. the partition mask for b*bbbb* is 1011110. 

3.2 Hyperplanes and Walsh Functions 

In orclc·r to prove theorems about hyperplanes we rn•ed two functions n and ;-J that arc> 

dcfirn·cl on hyperplarws as per GoldlH'rg (Goldberg. 1989a). If'H. = {0.l.*} and/, E H. 1•. n 

and tJ can be clefim•d 011 a hyperplane as o. ;-J: 1-{_1._ Bf.: 

0 ifh[i]=* 0 if I, [ i] = * or 0 
n(/, )[i] /-J(h)[i] = 

1 if h[i] = 0 or 1 1 if h[i] = 1 

In summary: n is a mask that is 1 where there are constant bit positions. /J is a mask that 

is 1 where then• are' 1·s in the fixc>d bit positions and 0 clsc>whcrc. For example. for the 

hyperplane H = 0*1101* : o(H) = 1011110 and /-J(H) = 0011010. I'\otice that o(H) 

gives th£' partition mask for the partitioning that contains H. 

0 bservations: 

• For hyperplane /, and a string J" : x E h: 
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/3(h) ~ o(h) 

(x I\ n(h)) = {3(h) 

bc(o(h)) = o(h) 

bc(x) 2: bc(!3(h)) 

• If hx is the hyperplane containing only the single string x and H 1s the hyperplane 

containing the whole domain then 

o(h.r)=l 

{3(H) = o 
o(H) = o 

• Specifying hot h n( h) and (J( h) is sufficient to uniquely specify the hyperplane. As we 

will see later. this will UC' the basis of h_vpcrplane numbering. 

_.\ generalization of th<' VC'ry useful BalancPd Sum Theorem exists for hyperplanes. It 

shows that under certain conditions the stun over all strings in a h_vpcrplane of a given 

\Naish function is zero. This theorem is uspfuJ for eliminating smns. This theorem ,vas 

indirectly discussed and a logical argument given for it in the proof of a different theorem 

in (Goldberg. 191)9a). 

Theorem 24 (Balanced Sum for HyJH'rplaues) 

0 if j iz n(h) 
L l!';(I) = 
rE.h 

if j ~ n(h) 

Proof: 

CASE 1: if j ~ n(h) 
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by using the Associative Masking Theorem: 

CASE 2: if j ~ 0:(h) (we will proceed as for the Balanced Sum Theorem) then 3k such 

that j[k] = 1 and k is a bit position outside the fixed bit positions of h. \Ve now divide the 

2L-:h; x values into 2 sets. 

Let A be the set. of all ·1}i1(x) where .:r[l·] = 1. 

Let B be the set of all -~•1(x) where .:r[k] = 0. 

If .r E Ii. theu x :=: 2k E h. since the k th bit position is in the Bonconstant portion of the 

bitstrings in h. Furthermore. if x E .-1. then .:r :; 2k E B. Let y = x e '2k. ;:'\;ate that for 

C'very x E .-1 there is a unique y EB and vice versa. Therefore the l.-11 = IBI. 

The remainder of the proof proceeds as in tin• Balanced Sum Theorem except that A 

and B may be smaller sets coI1taine<l entirely iu a hyperplane. 

For the J,:lh term iu the a.Love exclusive-or: 

(y[k] Aj[k]) = ((x[k] 01) Aj[k]) 

(x[k] Aj[k]) e 1) 

Bringing the 1 out of the exclusive-or: 
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Since there is a one to one onto correspondence between clements of A and elements of 

B and each pair is of opposite sign the sum is zero. 

3.3 Hyperplane Averaging 

The hyperplane average is the average value of a11 of the function values for strings in 

the hyperplane. The average of function f o\·er h~·perplane h is denoted: 

1 
(!)1, = WI:: f(I) 

' I .rf/1 

The hyperplane average is the expected function value for a string randomly selected from 

the> h~·perplanP with uniform prolmhility. \\'lwn hn>erplaues compNP for their place in the 

population. it is this samp!Pd value that is bp(jp\·ed to represent tlH' fitness of the schema. 

Therefore. a h~·perpla1t<' averaµ;e ca11 be thoughr of as th<' fitness of the hyperplane. The 

follmving theorem is a wclI k11ow11 rPsult and this proof fo1lcrnrs closely the lines of Golclberg·s 

proof (Goldberg. 1989a). 

Theorem 25 (Hyperplane Averagi11g) 

U)h = L W/1/1j(/3(h)) 
1:1~ o(h) 

Proof: 

vVe begin by substituting the inverse \,Vabh transform of the function to be averaged: 
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Only \\·hen j ~ a( h) is the inner sum nonzero 

The Hyperplane Averaging Theorem says that we can compute the average value of a 

function across all strings in a hyperplane by lookin~ at only the \Valsh coefficients w 1 where 

j has its 1 bits contained in the fixed bits of the hyperplane. This mc>ans that if only a few 

bit positions are fixed bits. thc>n thP a\·erage value of the fmH:tion over a hyperplane can 

be computed more> quick!~· b~· summing \\.alsh c:m•fficients than by smumiuµ; the function 

values. This. of course. assumes that thP \Valsh codficients arP available. However. if the 

hyperplane has more than half of the bit positions fixed. then this approach becomes less 

efficient than enumeration. 

Corollary 25a (Sufficic•uc,v for HypcrplauP A veragcs) 

ThP hyperplaiw fitnc>ss of hyperplane /, can be computed using only those \Valsh coeffi­

cients w 1 wlH•re l,c(j) ::::; o(h) 

Proof: 

From the Hn,crplane A vcraging Theorem. we know that: 

For all j ~ n(h). WP sec that bc(j) :s; bc(a(h)). But we also know that bc(a(h)) = o(h). 

Therefore. only Wj where bc(j) :s; o(h) are used to compute the hyperplane average. 

66 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

3 .4 Examples of Hyperplane Averages 

Table 3.1 illustrates several points about the Hyperplane Averaging Theorem. First. the 

selection of \Valsh coefficients used to compute the average fitness for a hyperplane depends 

on cr(h). This is because the indices of the coefficients are exactly thosf' strings j such that 

j ~ a(h). The signs of the coefficients are based on f](h). 

Table 3.1: Examples of Computing the Average Fitness of a Hyperplane Using \Valsh 
Coefficients 

I I 

h o(h) a(h) i3( h) average fitness of h I 

I *** 0 000 000 Wo 

**l 1 001 001 wo - w, 

*l* I 1 i 010 010 
I 

·11•0 - W:! 
I 

i : 1** 1 100 100 11·0 - u·.1 

O** 1 100 000 WQ + Wt 
i 

I 

I 
*00 I 2 011 000 ll'Q -t- 1/'t + 'If':! + W:! 

*01 2 011 001 ll'o - WI + 'll':! - 11':l 

*10 2 011 010 11.'Q + ll't - '11.':! - W:1 

*11 2 011 011 u•o -w, - '11':! ~ W:1 

O*O 2 101 000 wo + w, + w.1 + w,; 

101 3 111 101 'll'Q - WI + ll':! - W:1 - W.1 + 'll'.c, - Wfi + W, 

\Ve also can sec that 2°<") \Valsh coefficients arc needed to compute the hyperplane 

average using the Hyperplane Fitness Theorem since only the 2°<hl strings satisfy the j ~ 
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a( h) requirement. Since 2( L-o(h) 1 function \·alues are needed to computr the hyperplane 

average directly from the function. there is a tradeoff bet.\veen computing the hyperplane 

average by using \Valsh coefficients and using function \·alues. Olffiously. if o(h) > L/2 

using the function table would Le better. while if o(h) < L/2 using the Walsh coefficients 

would be better. This is easy to sec in Table 3.1. \Vhen there is only one fixed bit. the 

hyperplanes consist of -1 strings each. but only 2 \Valsh coefficients arc necessary to compute 

their hyperplane average. However. \Vhen there are 2 fixed bits then there are only 2 strings 

in each hyperplane but. it takes -1 \Valsh coefficients to compute the hyperplane average for 

those hyperplanes. So it is clear that for some hyperplanes the \Valsh coefficients can be 

used to compute the hyperplane average more quickly than by s1m1ming the function values 

themselves provided the \Valsh coefficients an~ already available. 

For certain broad classes of functions. we will sec that having the \Valsh coefficients 

available is polynomially easy and that mauy of the \Valsh coefficiPnts are zero. This will 

greatly extend the usefulness of this result. 

3.5 Walsh Averaging 

For pedagogical reasons I will takP this opportnnit_v to stress tlw dnalit~· betwPen the table 

of \Valsh coefficients aml thP table of function values. 

Theorem 26 (\Valsh Averagiug) 

Proof: 
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l ~ u· I '°' l ~:!L-l f( -) , ( -) T"-;;: L...,.rE_h ·.r = Jii ~.r-=.h -=Il: ~J=O J U'r J 

3.6 Spectral Decomposition 

It will prove a useful c:ouc:ept to do a more coarsP breakdown of a fuuctiou into Ppistatic 

subfunctions where the• /h subfunction repn'sPnts all of thP i hit Ppistasis. Therefore. any 

L bit function. J. cau bP broken down into a sum of L + I functions 5, such that: 

:!L-l L 

j(x) = I: u·,i:·,(.r) = L 5,(x) 

where 

5,(x) = L w1 1:1 (.r) 

;:l,c(j )=1 

The notation in the sum above means thP sum over all indices with exactly -i bits set to I. 

The function 5 1 is the /lz spectral function. and the decomposition is called the spectral 

decomposition off. 

\Ve will use the spectral decomposition not only iu the follmviug; theorem but to discuss 

fuuction parity and somP epistatic measures later iu the dissertation. 

Theorem 27 (Hyperplane Averages of Spectral Functions) 
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If f(x) = S1.:(x). then the hyperplane average (J)h = 0 for all hyperplanes h such that 

o(h) < k. 

Proof: 

then since J = S,.. 

but LxEh 1J11 (x) f. 0 only if j <;;; a(h). However. since bc(o(h)) = o(h) and o(h) < k. a(h} 

must have fewer than k one bits but j must have exactly k one bits. Therefore j Sf: a( h ). 

3. 7 The Packing Functions 

.-\uothcr important concept is the packinp; and 11npa.cki11g of bitstrinp;s by a mask. This \Vill 

hP used later to chaup;c thP climcusionality of functions and to dcfinP a numbcrinp; scheme 

for hyperplaucs. 

A function pack is defined as pack: r31. x r3L_ [3·\/ wherP J[ :S: L. pack(x. m) takes thP 

bits in .r. and masks them with an L hit mask m such that IJc(m) = ~\[. The bits selected 

by the mask are then right justified with zero fill in the result. For example: 

pack( 10101. 01101) ~ 011 

A function unpack is defined as 1111pack: B·\/ x BL- BL wherP JI :S: L. u11pack(x. m) 

takes all the bits in :r and unpacks them. ouP bit in each position that corresponds to a 1 

iu m. where m : he( m) = 1\f. All unset bits remain 0. For example: 

unpack(0ll. 01101) ==> 00101 
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\Vhat follows is a list of observations about pack and unpack. The first two observations 

point out that pack and unpack are not strict inverses of one another. :\"ate that pack 

destroys information about the original argument. 

0 bservations: 

• unpack(pack(j. m). m) = j /\ m 

• pack( unpack(). m). m) = j 

• unpack(x.m) ~ m 

• bc(pack(j. m)) = bc(j /\ m) 

• be( unpack(j. m)) = bc(j) 

• pack( i /\ j. m) = pack( i. m) /\ pack(j. m) 

• Gin•n m E BL. j E B·\/. thP set of :r E BL such that pack(x. m) = j is exactly the set 

of strings in BL in an order JI hyperplanP h where n( h) = m. The choicP of j and m 

selects thl' particular order A/ hyperplane . 

. .\!though it may not be apparent at first. thP Pack/Vnpack Equivale11c:v Theorem. which 

follows. will gi\·p us the very important abilit_v to change thP dimension of thP domain of a 

function. This is lwcause the vValsh function on thP left of the equation can be operating on 

different length bit strings than the function 011 thP right. Specifically. the \Valsh fuuctiou 

on the left hand side in the statement of the theorem is in BL. while the \Valsh function on 

the right side is in B·\l. 

Theorem 28 (Pack/Unpack Equivalency) 

For i E B·\l and j E BL with 1.\1 ~ L and a mask m E BL with bc(m) = 1.\/: 

-ij,1 ( m1pack(i. m)) = t/!pack(J.m) (i) 
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Proof: 

pack \vith mask m right justifies bits unpacked 
with mask m. so the parity in xor is the same: 

= Y(ffi~~01 pack(unpack(i.m) /\j).m)[n]) 

= }-(EB~~o1 (pack( Ullpack( i. m). m) /\ pack(j. m) )[n]) 

= I/ pack(;.m) ( i) 

Another useful thPorPrn for changing the dimensiou of an expression im:olving \Valsh 

func:tious is the following corollary. :-:oticc that on the left hand side of the statement of 

the corollary k. m E BL whilP ou the right thP results of the pack fuuction calls arc iu B·\l. 

Corollary 28a 

ti'; ( k I\ m)) = 1/'pack(J.m J (pack( k. 1ll.)) 

Proof: 

\Ve begin by substituting pack(k. m) for i in the Pack/Unpack Equivalency theorem. 

'1/•1 ( 1111pc1ck(pack(k. m). m)) = ·1hpack(j.m)(pack(I.:. m)) 
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3.8 Hyperplane Numbering 

It was noted earlier that a( h) can be used to decide how the domain is partitioned. ,13( h) 

can then be used to select a hyperplane from the partition. This was especially evident 

in the formula for hyperplane averages. It is clear. therefore. that a unique numbering for 

hyperplanes can be established based on a and /3. To make this more formal. define the 

partition mask as a binary string by replacing the b"s by 1·s and *·s by o·s. Let the 

partition mask be the string m. We use hm.n· m E BL. bc(m) = 1'1. },[ :S L. n E BM to 

denote an Al order hyperplane in BL such that x E hm_,1 if and only if pack(.r. m) = n. In 

this case. the partition mask m selects how the domain is partitioned and the hyperplane 

number. n. selects one of the hyperplanes from the partition. 

For example: if hm.n specifies a hyperplane iu B 7 and if n = 10110 and m = 1101110 

then h 111 .ri is a 5th order hyperplane contained in the partition bb•bbb*. m specified that 

partition bb*bbb• and n specifies the values of the fixed Lit positions. 10110. Therefore 

h,,1.11 is 10•110*. 

Tlw partitioning of thP domain spac:e by partition mask m is denoted I,,,,_ .. The par­

titioning can be viewt•d as a concatenation of 21Jc( rn I hyperplanes h 111 _11 rcprcsenteci as row 

vector of c:oluu111 vPctors: 

[ h,,..o h,,.., h,,.., /, m.,hn '"' - I l 
This forms a 2&c(ml x 2 1x(mJ matrix H such that if H,.11 = I then i = pack(.r. m) and 

u = pack(.r.. m.). where m is the complement of m. For example. a fuur.tion iu B'i with a 

partition of *b*bb would give m = 01011. m = 10100 and a clomaiu matrix of: 
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T 

pack(x.10100) 

I 
!. 

- pack(.r.01011) -

00000 00001 00010 00011 01000 01001 01010 01011 

00100 00101 00110 00111 01100 01101 01110 01111 

10000 10001 10010 10011 11000 11001 11010 11011 

10100 10101 10110 10111 11100 11101 11110 11111 

(3.2) 

In this matrix the bold bits {0.1} are those determined by pack(x.m). All other bits 

have values determined by pack(.r.m). It is important to notice that cr(hm_ 11 ) =mis a con­

stant for a given partitioning of the domain while /3( hm.n) = unpack( 11. m) is unique for each 

hyperplane in the domain. This leads to thesf' observations about numbered hyperplanes: 

Observations: 

Given that a string :r E h,,,.11 : 

• n(h,,,_,,) = u1 

• d(h,,,_ 11 ) = unpack(n.111) 

• lh 1, _ ?L-bctm) 
, rTl.ll - -

• pack( .r. m ) = 11 

• x l\ m = 1111pack(11.m) = d(h 111 •11 ) 

Theorem 29 ( Balanced Sum for X umbered Hyperplanes) 

For L bit functions: 

0 

.rE.h,,,_,, 
·tf,J ( unpack( n. m) )2L-bc(m) 

7-! 

if j q; m 

if j ~ 1TI 
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Proof: 

This is easily proven given the Balance Sum Theorem for Hyperplanes: 

L -u,J(x) = 
r-:h 

0 if j i n(h) 

if j ~ a(h) 

and setting h = hm.n· \Ve then substitute the observations about numbered hyperplanes 

above. 

\Ve are now in position to prove a hyperplane averagin~ theorem for numbered hyper­

planes. But this comes with a twist. The second part of the theorem contains a sum that is 

over possibly shorter strings. To emphasize this. I havP noted thP dimension of the indices 

of the sums in the two £>quations iu thP rlu·orem statement. This is our first tlworem that 

allows us to chauge the dimension of the domaiu of th£' functions \VP are PXamiuin~. \Ve 

\,,ill put this to use in creating a Fast H_q><'rplau<' A vera~in~ al~orithm. 

Theorem 30 ( Hyperplaue A vPragiug for ::,.; umbered Hyperplanes) 

or 

Proof: 

(/) = ~ 'll'1 t:'J ( llll[JilCk( Tl. 1TI)) "'"-" L 

(/)1,m,u = L '11 'unpack(k,m) IJ'J.-(11) 

k=O 

\Vher£' j E BL 

where k E Bhc(m) (3.-!) 

The first equation 1s proved by a simple substitution into the Hyperplane Averaging 

Theorem of 0:(h 111 _11 ) - m and (J(h,,,, 11 ) - zwpack(n.m). 

To prove the second part WP begin with the first and apply the Pack/unpack Equivalency 

Theorem: 
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(J>h,,..n = L 11'/U'pack(;.m)(n) 

J~m 

(3.5) 

Kow the Walsh function is in the dimension of n. n E 2bc(m) Let k = pack(j. m ). Since 

j ~ m. it must be the case that unpack(!.:. m) = j. :---;-ow I substitute for both j and 

pack(j. m) in Equation 3.5. The range of the sum becomes a simplP enumeration and the 

theorem is proved. 

2,bc,m1 

(f)hm.n = L ll'urzpack(k.m)·l!1k(n) 

k=O 

In the next section. we will apply this theorem. 

3.9 Fast Hyperplane Averaging 

Cousider an:v hyperplane iu the· partition cTPatPd by mask u1. that is h,,,. .. KoticP thP \\ialsh 

co<'fficient.s iu the sum iu Equation 3.-l an· dependent only 011 m. The important obsc>rvatio11 

here is that thP \Valsh coefficients used an~ the samP for computing the hyperplane> average 

of auy hyperplane h,,,_ .. All that challl!;l'S ar<' the> values returned by the> \Valsh fu11ctious. 

In fact. it is clear by i11spectio11 that tlw sum is performing a \Valsh transform on a reduced 

set of \Valsh coefficiP11ts! 

\\"p nu1 use this to derive a simple al~orithm for computing the hyperplane averages 

of all of the hyperpla.11es iu a giveu partition simultaueously. This function is particularly 

useful when we want to examine all the hyperplane averages iu a given partition to see how 

they might be ranked or compete by fitness. First. form a new fuuctiou by extracting all of 

the \Valsh coefficients whose indices are contained in the partition mask. Then perform a 

\Valsh transform on the result. The vector you get is the hyperplane averages for all of the 

hyperpla11es in the partition. The C++ code below implements this function. 

REAL *hyperplaneAvgs(REAL *w, int size, UINT mask) 

iG 
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{ 

} 

int i; 

REAL •subW; 

int subSize; 

subSize = l<<bitCount(mask); 

subW = neY REAL [subSize]; 

II determine sub array size 

II allocate space for array 

II collect the relevant Walsh coefficients 

for (i=O; i<subSize; i++) { 

subW[i] = Y[unpack(i, mask)]; 

} 

II noY transform them using the fast Walsh transform 

fyt(subW, subSize); 

II return the array of hyperplane averages 

return subW; 

In this function Y points to an array of all the \Valsh coefficients. Size contains the 

nmnucr of clements in the fum:tiou. Mask is the partition mask that \vill c:rC'atc the set of 

hyperplanes to be averaged. If ii is a partition. this al~orithm computes the 2°(;;-) hyperplane 

averages in just 0(2°(;;-)o(r.)) time. :\"otice that if mask= 1. that is. is all 1\;_ this function 

simply clones the function vector and performs au inverse \Valsh transform yielding the 

original functiou values. \Vhat it has done is compute the average of all hyperplanes of size 

1 clement. 

77 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

3.10 Function Embedding 

\Ve can also use pack and unpack to embed a lower dimensional function in a higher one. 

This is a very powerful concept in that it lets us compose complex functious from smus of 

smaller functions whose arguments involve only limited portions of the chromosome. This 

might occur in real world problems \s..·henever you have a set of objects that interact iu 

limited ways and each interaction contributes to the fitness function in a linear way. Au 

example of such an interaction is a shipping problem where there is a value associated 

not only with each shipping terminal but perhaps also with the interaction between two 

terminals when products are shipped bet·ween them. This problem is suggestive of any kind 

of problem that can be modeled as a graph where the value of problem to be optimized is 

not only dependent on the nodes hut the arcs as well. 

Let·s start by defining an embedded fnnction. Let g : B·\£ - R and J : BL~ R with 

L 2'. AI. f is said to be au embedding of g if there is a mask m: bc(m) = j/ and m E BL 

such that 

f(r) = g(pack(x. m)) 

Iu short. to embed a lower dimensional function. g. in a higher dimension function. f. using 

mask m. set thc fitness of every string in thc hyperplane hm . .c off to _q(x). m is refcrred to 

as the embedding mask. \Ve denote f as an embedding of g using mask m by: 

f = E(g.rn) 

The assignment of values to the various hyperplanes is best illustratE'd using the same 

domain matrix we used when we first explained hyperplane numbering (see eq. 3.2). 
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-pack(.r.m) -

g(O) g( 1) g(2) g(2bqm/ - l) 

T 
g(O) g(l) g(2) g(2bc(mi _ 1) (3.6) 

pack(x. m) 

I 
J. 

g(O) g(l) g(2) ... g(2bc(ml _ 1) 

It turns out that the nonzero Walsh coefficients for a function and au embedding of that 

function are the same. 

Theorem 31 (Embedding) 

Let g : B·'r - R. f: BL- R. and f = £(g. m) then 

w9 . if 
pack(1.m) 

() if ; CZ m 

wherf' ·tl'!I and wf arc• \Yaish coefficients for the g and f functions respectively a.nd i. m E 

Proof: 
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= fr L~~;l g(pack(x. m))·d1r(-i) 

we can now convert the sum into t,vo sums 
by summing the elements of each of the 2·\f 
hyperplanes in the partition hm.• separately. 

I ~2·
11 
-I~ ( ·) • ( ·) = 2L L.,J=O L.,.r:pack(.r.m)=J 9 J IL'.r ·z 

I ~ 2 •
11 

- I ( -) ~ • ( • ) = ~ L.,J=O 9 J L.,x:pack(x.m)=J 11'.r l 

\Ve know from the Balanced Sum for :\"umliC'rC'cl H>·pprplaues Theorem that 

() if } i Tll 

.cE.h,,,.,, 
·1!•

1 
( llll[>i!Ck( n. m) )2/.-bc(m) if j ~ m 

So. startiu~ where we IPft off: 

CASE 1: Assume i i m: 

= () 
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CASE 2: Assume i ~ m: 

we use Pack/Unpack Equivalency to complete 
the change of dimension 

= ll'g 
p,ick(z.m) 

The Embedding Theorem mcaus that thP only indic-es for the uonzero \\"alsh coefficients 

of an embedding of a fuuniou occ-ur when all of the one bits for the index fall entirely 

in the embedding mask. Therefore. if f = E(g. m ). then there are at most (be~~")) \Yaish 

c-ocfficients w, off where ir, #- U and l,c(i) = 1.-. Specifically. for a mask m such that 

/Jc(m) = I.:.. there will be exactly cmr index for a nonzero \\"alsh coeffi<'.ieut of the expanded 

function with k one bits sN and it will be the one that exactly matches the embedding mask. 

\Ve will USP this counting argumcut later to explore the general epistatic comwctedncss of 

functions. 

Another \Vay to view the statement of this theorem is that all the nonzero \Valsh coeffi­

cients of £(g. m) lie within the hyperplane hm.o in the \Valsh space. These arc exactly the 

\Valsh coefficients of the unembcddcd function g. This cau best he illustrated in a similar 

matrix to the one we presented in equation 3.6. 
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- pack(.r.m) -

wo Wt W2 lC2bc,m1_1 

T 0 0 0 0 
(3.7) 

pack(x. rn) 

l 0 0 0 0 

0 0 0 0 

l:\otice the indexing of the \Valsh coefficients is by \'ahte of pack(.r. m) and hence is in Bbc(m). 

The Embed<lini:; Theorem unfortunately did not ~uarantce that there was a 1-1 mapping 

between \Yalsh coefficients of g and its cmb<"dding. The followin~ corollary ~ives us that 

assurance. 

Corollary 3 la 

If J = [(g. rn) then there is a 1-1 corres1>ondcnce between ·!1'
9 k( l and the T>otential pac. l.TTl l 

nonzPro \\"alsh coPfficieuts of J. II'(. 

Proof: 

The proof is by showin~ there is a 1-1 corresponclenc<' bet.\VPen i E BL with i <;; m and 

j E B·\l with j = pack(i.m). It is clear from the Embeddini:; Tlworcm that for Pvcry i such 

that i <;; m there exists exactly one j that maps to it. Also the reverse function can be 

computed: 

J = pack(i. m) 

1111pack(j. m) = unpack(pack(i. m). m) 

1111pack(j. m) = i /\ m 

1wpack(j. m) = t since i <;; m 
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Therefore each j maps to exactly one i. Therefore the mapping is a 1-1 corrPspoudence. 

The Embedding Theorem shmvs us that even though E(g. rn) may be of considerably 

larger dimension than g. the computation of w[ is no harder. This is a hint of things to 

come. If a function is composed of much simpler subparts. the computation of the \Valsh 

coefficients might be no more difficult than the computation of the \Valsh coefficients of the 

subparts themselves. 

The next theorem makes an important augmentation by allowing us to negate some or 

all of the bits selected by the embedding mask. 

Theorem 32 (Embedding with Reflection) 

Let f : BL- I?.. and g : 8·\l - ?, such that f(.r) = g(pack(:r. m) S 11) where m E BL. 

bc(m) = Al. and n E BM then 

,:· ( [lllf)ilCk( 11. TT/)) IL"!/ , if 
I µarkr I _,n) 

i <;;; TT/ 

0 if i gm 

Proof: 

Let /z (x) = g(:r 6- n) where g and n are defined above then by the Reflection of Function 

Arguments Theorem: 

then we can embed h. iu BL giving us f(J-) = h(pack(x. m) ). Tlwrefore by the Embedding 

Theorem: 

-u•h if i <;;; m 

-u.f = 
pack(,.m) 

I 

0 if i gm 
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where i E BL. But h(r) = g(x en) so J(.r) = g(pack(.r. m) e 11) giving us: 

·w , ( n ) u·9 if •' pack( 1.m, • pack( 1.m) 

0 if 

then by the Pack/Unpack Equivalency Theorem: 

1t"11 (unpack(n.m.))w9 
kt' ) if pac • 1.111 

i ~ ,n 

0 if ii m 

This theorem shows that. as \vith the Refipetion of Function Arguments Theorem. the 

\Valsh coefficients are at most altered b,v sip1 with thP inclusion of the negation of bits 

selected in the mask. The sign is clc·pendent only on thP parit.v of the bits selected by the 

mask aud thP negation mask. n. itself. 

The results of this theorem can be expressed. in a similar way to Equation :.L 7. in the 

following matrix: 

- pack(.r. m) -

t/•o(n)ic0 ·1JJ1 (n)w1 4•2 ( n) 11•2 li'2vci"', - I ( Tl )11121,c; m' - I 

T 0 () () 0 
(3.8) 

pack(:r. m) 

l 0 u 0 0 

() 0 0 () 

Notice the indexing of the \Valsh coefficients is by value of pack( x. m) and hence is in Bbc(m). 

8--l 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

3.11 Unembedding 

For symmetry and completeness. I define the contraction of a function by a mask. This is 

essentially uncmbedding. 

u is said to be a contraction off if there is a mask m : bc(m) = K and m E BL such 

that v(x) = (f)hm.x 'i/x E BK. In this case m is the contraction mask and we denote 

v as a contraction off using mask m by C(f. m) = v. 

In general. expansion is how to embed a lower dimension function in a higher dimension 

function by setting the fitness of every string in the hyperplane hm.r off to v(:r). Contrac­

tion. on the other hand. is hmv to extract a function from a partition by setting the fitness 

of each string x to (J)hm . .x· In the second case. information is destroyed and the original 

function cannot be constructed even if the contraction mask is known. 

0 bservations: 

• if £(1·. m) = f then C(f. m) = 11 

• if C(f. m) = r then it is not necessarily the case that [( ,,. m) = f 

3.12 Summary 

\YP dPvelopcd the concepts of hyperplaues and fuuction embedding. This allows us to 

Pxamirw the values and epistasis of a function over small portions of its domain defined 

b:i,· subsets of bits. Emtwdding allows us to construct a function of larger domain out of a 

function of smaller domain. This essentially finishes our study of \Yalsh analysis in general. 

In the uext thrPe chapters ,ve ,vill apply what we have learned: first to polynomials and 

decoding functions and then to logical expressions. and finally smus of embedded functions. 

The last case im·olves several familiar famous problems. 
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Chapter 4 

Walsh Measures of Epistatic 
Structure 

\Valsh coefficients allm,.· us to quantify epistasis for any subset of bits in the domain of a 

function. However. for a func:tion of L bits. this yields 2L coefficients which is too large 

a m1mber to be practical. TherP are a variety of ways of organizing and reducing the 

dimensionality of this information to usefully represent the interactions between bits. I will 

present spveral scl1Pmes for cotmting; nonzero \Valsh coefficients. summing; select subsets of 

coefficients. and computing; the maximum number of bits of interaction. 

Two major results of this chapter arc the \Yalsh analysis of polynomial fitness functions 

and thP \\"alsh analysis of various decodings. translations. aucl scalings of arg;umellts. This 

\Vork allows ouP to compute' th<' the values of \Valsh coefficients in these cases and the 

maximum rmmber of bits of epistasis. \Ve will find that the epistasis of pol~·nomials is 

constrained by many factors which tc11ds to create a11 upper limit 011 the number of hits 

of epistasis. This result suggests that fitness functions that arc made of polynomials using 

commo11 c11cocling; tPchuiqucs have low epistasis. This could be one of the reasons why 

ma11y commo11 optimization problems found in industry and nature may be solvable by 

evolutionary means. 

Another result is that for certain classes of functions I find that the maximum epistasis 

may be reduced by properly selecting the range of the arguments to f model. In au experi­

ment. I will give an example of the application of the theory in the chapter. The epistasis 

of a problem will be reduced and a performance improvement will be seen. This begs the 
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quest.ion: will any kind of reduct.ion of epistatic interaction result in an improvement in 

performance? I perform an experiment to see if some patterns of epistasis are better 

than others at changing the difficulty of the problem. 

4.1 Walsh Coefficients and Epistasis 

Chapter 2 showed that the 'Nalsh transform was a linear transform and hence representable 

by a \Valsh matrix. The \Valsh matrix. w. can be considered to be a row vector of column 

vectors. Thus the transform 

l= ww 

becomes: 

where the ·,:\ are the column vectors: 

[ v·,(O) 11·,(l) 1;\(2) 

I also showed iu chaptC'r 2 that W was orthogonal: hencP W represents an orthogo11al basis. 

It was also notC'd that ui was unique. 

Recall the definition of I/',: 

l.-1 

1;·,(J·) = }"(E9(x[k] /\ i[k])) 
l.:=0 

From this definition. it is clear that exactly the bits co11taine<l iu the subset of bits selected 

by bit string i. and no others. effect the value of 'lj,,. That means each Walsh function·s value 

is dependent on a different subset of bits and all possible subsets of bits are represented in 

the basis vectors found iu W. Therefore. each w, uniquely represents the contribution of -i/1i 

to / and so uniquel:',· represents the contribution of exactly the set of bits selected Ly -i. So 
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a \Valsh transform yields a transformation of coordinates to an orthogonal basis such that 

each w 1 quantifies the:' epistasis between the subset of bits selc:'cted by i. 

An examination of the Hyperplane Averaging Theorem reinforces this point. Consider 

Table 3.1. The average fitness for hyperplane *11 differs from the that for **l by -1t•2 and 

w3. In order to account for the middle bit in hyperplane *11 being required to Le 1. extra 

\Valsh terms need to be added. w2 represents the contribution to the function of the new 

bit in the middle position and w1 the contribution of the interactions between rightmost 

two bits . 

.\lore formally. consider hyperplanes h and h. where hc(n(h)) - /Jc(n(h)) = 1. Let 

:; = n(h)):: hc(a(h). that is.:; is a mask that selects the bit that is not fixed in h which is 

fixed in h. This means n(h) = :9n(h). We know from the Hypecplaue Averaging Theorem: 

= .._.. . - (-. ( h- ') 11·1·1;,J(:i(h )) 
L., J-J =c -·:·<> I 

The sum on tlH' right can be brokeu down into two 
parts. The:' part with the bit set aud the part with 
the bit not SN. 

Since j in the second sum is limited. j ~ n( h ). 
tlH' argumeut to the \Valsh function can bP similarly 
limited. 

The last line shows that for each additional bit position in a hyperplane that is fixed a new 

set of \Valsh coefficients must be added in . .-\s cau Le see11 iu the first smn of the last line. 

those \Valsh coefficients represent the:' interactions bc:'twecn the ne\'.·ly fixed bit position and 

all of the fixed bit positious in the previous hyperplane. Thus. as each bit positiou in a 

hyperplane becomes fixed the \Valsh coefficients for that bit position must be included. In 

the extreme case all bit positions arc added in and all \Valsh coefficients arc included. This 
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shmvs that the \Valsh coefficients do truly represent bit interactions. 

4.2 Epistatic Measures 

A complete set of \Valsh coefficients is an array of reals as large as the original function table. 

It is convenient to group the ,Nalsh coefficients into a more manageable and meaningful set 

of measures. There are two obvious approaches to this. The first approach is to capture 

the structure of the interactions. Each nonzero Walsh coefficient nonzero Walsh 

coefficients indicates the existence of a particular bit interaction. A \Valsh coefficient 

that is zero means the subset of bits. taken as a whole. is independent. Therefore. any 

interactio1t between oits in the subset must happen bet\veen smaller subsets of bits. For 

example: if w, = 0. then the lower 3 bits do not interact epistatically. but the lower two 

bits mi~ht interact. 1.e. w:1 -;f 0. Iu fact. any or all of the 3 pairs of bits. 3 singleton 

hits. an<l 1to hits (·u·0 ) may interact epistatically aucl ·u•, remain zero. Therefore. measures 

that record just the munher and/or distribution of nonzero \Yaish coefficients record the 

structun• of the interactions hut not the• ma~nitudes. The second approach is to capture 

the ma~nitudes in some \vay. In th<' fullowiu~ sections are sC'vcral possible m<'asnres that I 

will use throughout tlw remainder of th<' dissertation. 

4.2.1 Coverage 

One of th<' simplest measures of structun' is coverage \Vhich is the ratio of thC' number 

of nonzero \Valsh coefficients to the total number of \\~alsh coefficients. This ~ivc~s a value 

between O and 1 representin~ the numLer of contrilrnti11g. nonzero. bit i1tteractions over the 

total uumber available. 

4.2.2 The Walsh Count 

.-\uother measure for epistatic- structure is tllP Walsh count. It measures the diversity of 

iuteractiou for a giveu muuber of iuterac.:tin~ bits. It is denoted Ly Kb where: 

Kb= L NZ(wi) 

dJC(i)=b 
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with NZ returning 1 if u.•1 is nonzero and O otherwise. and bc(i) r£'turuing thl· bit count of£. 

Kb is. therefore. the nmnber of nonzero \Valsh coefficients for bit patterns i with exactly b 

bits set to l. Notice that for an L bit function. there are L + 1 'Naish counts. The vector IC 

is the distribution of nonzero \Valsh coefficients. I call this the Walsh distribution. The 

maximum value of Kb is ( t). and therefore for a random function. the values in K. form a 

binomial distribution. 

4.2 .3 Function Order 

Let the order of a function. denoted H(f). be defined as the largest i such that K 1 # 0. 

In the special case where all K1 are 0. that is f(x) = 0. f!(J) = 0. 

0 bservations: 

• If f!(f) = 0 then f(r) = c. 

• If f!(f) = 1 then tllP function is linear and then' arc nu pa1nv1sc or higher order 

interactions amongst the bits in thP domain. 

I will prove the> first two of these observations later in this diaptcr. 

4.2.4 \Valsh Sums 

An epistatic measure that measures the magnitude of cpistasis the Walsh sum. It 1s 

wb = L iw,I 
1:bc(,)=b 

and bc(i) is the bit count of i. That is ff& is the sum of the absolute value of all of the 

'.Valsh coefficients for bit patterns i with exactly b bits set to 1. fF& is the bth order Walsh 

sum. 

For example: 
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Wo = lwol 

0 bservations: 

• For an L bit function. there are L + I \Yaish sums. 

• iv,.- is the sum of the absolute value of the (f:) \Valsh coefficients. 

• Since the absolute value of tlw \\"alsh coefficients is used. \Valsh coefficients never cauccl 

and \Valsh sums are ahvays nonne~ative. This means any uonzero \Valsh coefficient 

will forcf' thf' containin~ \Valsh Sum to be nouzero. Ther£>fore. \\"alsh Sums measun' 

thf' magnitwl£, of presence of nonzero \Valsh coefficients aml hencf' the level of n-bit 

interactions. 

The follmving thf'or£>m makes au importaut poiut about \\"alsh sums. 

Theorem 33 (\\"alsh Sum Representation) 

H,~ is the sum of tlH• absolute values of th£> w, that represent j bit interactious. 

Proof: The various 'II', used to comput£> u·1 are exactly the w, that occur in the Hy­

perplane A veragiug Theorem to computP the hyperplane averages for order j hyperplanes. 

but not any lower order hyperplaucs. Therefore. the w, used to compute iv1 arc the \Valsh 

coefficients sufficient to express the increased order of interaction in order j hyperplanes 

over order j - 1 hyperplanes. From this. we conclude that lYJ is a measure of the ma~nitude 

of order j bit interactions: i.e .. it measures the effects on the function value that can be 

attributed solely to j bit interactions. 
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There is a close relationship bet\veen spectral functions and \Valsh sums. The onl:v 

possible nonzero \Valsh sum for 5 1 is n-, and that n-, for 5 1 from the spectral decomposition 

of f is the same as the n-, for f itself. Spectral functions enable us to more easil~- express 

ideas about functions with limited degrees of interaction. In particular. since spectral 

decomposition isolates \Valsh coefficients according to parity. it is also a useful way to 

decompose functions that display parity. 

0 bservations: 

• W 1 =I= 0 iff 3.j : bc(j) = i and w 1 =I= 0 

• The only possible nonzero \Valsh sum for 5 1 is u·i-

• So= wo 

Intuitively. the order of a function is the size of the largest set of int.erdt'pendem bits. 

So n(f) is a measure· of the lP\"Pl of epistasis of/. n·, measures the ma~nitudP of the i-bit 

interdepcndenct'. and IC, IIIPasures tllP uumbPr of i-bit interactions. 

4.3 The Epistatic Structure of Polynomials 

Giw~u th<' mathematical express10u for function f. what is kILO\Vll about {2(/)"! Iu this 

section. I develop a set of theorems that aid in predicting bit interaction b,L-;ed ou the 

mathematical expression for the fm1ction. 

Theorem 34 ( n of a Constant) 

If f(.r) = C. then n(/) = 0 

Proof: 

If f(:.r.) = c. then uy the Balanced Sum Theorem (See Appendix) only w0 can be nonzero. 

If c = 0 then this is the special case of nu) = 0. Therefore 0.(/) = 0. 

0 bservations: 
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c if k = 0 
• if f(x) = c then wk = 

0 othenvise 

Theorem 35 (i1 of x) 

If L bit function f(x) = x then i1(f) = 1 

Proof: 

It is clear that w0 = (2L - 1 )/2 is the average of the numbers from O to 2L - l. By 

setting w.,. = -2k-:! for k = I to L - I we get the \Valsh coefficients based on the place 

value worth of each binary bit position divided by 2. It is ob\·ious from this scheme that 

all other \Valsh coefficients must be zero. In summary. for f (x) = x: 

(2L - 1 )/2 if k = 0 

if I.:= 21 

() otherwise 

Sinn· \\.alsh coeffici<·nt solntions arc unique. this solution is unique. ( Ouc proof of uniqu<'­

ness is based on the observation that the \\.alsh coefficients and function values can be 

treated as two vectors related b_v a multipliug by a matrix of \Valsh functions. That ma­

trix is singular. therefore there is a unique iuverse.) .\'otice that the only nonzero \Valsh 

coefficients are for strings with bc(j) :S L therefore 0..(/) = l. 

.-\ constructive version of the proof is not as intuitivP Lut reveals more about the origin 

of cpistasis. The proof proceeds IUPthodically as follows: 

Proof: 

This proof is douP by establishing values for the \Valsh coefficients of an L bit function 

f based on the L - 1 bit version function off. Let wJ denote the j1h \Valsh coefficient for 

function f over a k hit domain. Then we know that for function f in the L bit domain: 
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This results in four cases based on two observations. The first observation is by the definition 

of ·if, over an L bit domain: 

if j<2l-l 
for :r E 6 1-- 1.j E Bl. 

The• chan~f' in si~u is caused by the inclusion of thl' L 01 bit iu the parity check in Ii'. 

The> SC'corHl observation is based OIi th<' first and the Balanced Sum ThcorPm: 

21.-t ifj=O 

2L-l - I 

L ·l/rJ ( X + 2 L - I ) if j=2L-! 
.c=O 

0 othenvise 

Picking up \vhcre we left off: the observations induce four different cases which I present in 

parallel. 
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if j = 0 

if O < j < 2 L - l 

= 

if j > 2L-l 

if j = 0 

if O < j < 2L-l 

= 

0 

if j = () 

L-l 
Ii' 

J 
if O < j < 2L-l 

= 

0 if j > 2L- l 

Haud calculatiou reveals that for L = 1: Solving the recurrence 

above gives: 

(2L - 1)/2 if j = 0 

if j = 21 

0 otherwise 

Notice that the 0111~· nonzero \Valsh coefficients arc for strings ,vith bc(j) < 1. therefore 

fl(/)= 1. 
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The next theorem shows hO\v the scalers affect the value of D.. 

Theorem 36 (Linear Composition) 

If C is a nonzero constant and D is any constant. 

D.(CJ + D) = D.(f) 

Proof: 

Let 

-,L_l 
= I:;=l (Cw,)l.:'·,(r) + (Cu•o + Dko(;r) 

Denote' thf' /.:_t/1 \Valsh coC'fficicnt of g above as 11'f.. Sinc-e b~- th£' definition of n(f ). if 

hc(k) > ~!(f) then 11,,.. = 0 we kuow that 1/'f. = C11•1.- = 0 for the s;mu' k. 

The next two theorems consider thP merging of fuuctious with binary operators. 

Theorem 37 (Sum of Functions) 

For any two L bit functions f aud g 

D.(f + g)::; max(D.(f).n(g)) 

Proof: 

Let wf be the \Valsh coefficients for the function f and similarly for g. Then 

and 
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Therefore 

f(.r:) + g(x) 

·>L-l f g = ~- (-u· + w· )-/Ji(x} 
L.JL=O l l I 

.,L _l f-g ' = ~- UI • 711 (x) 
L.JL=O I '+- l 

\vhere wf-9 denotes Walsh coefficients off+ g. From the above it is clear that 

Since both w( and w; are zero if bc(i) > max(Q(f). r!(g)} then (w; + w;) - 0 as well. 

Therefore 

nu+ g) '.S max(f2(/). Q(_q)) 

I use the Product Coefficient Theorem from the Chapter 2 to put constraints 011 n for 

products of fuuctions and hc·uce pulyuomials. as we seC' iu the next theorem. 

Theorem 38 (Product of Functions) 

For the product of any two L bit fuuctious J aud g 

r!(f g)::; r!(f) + Q(g) 

Proof: 

From the Product Coefficient Theorem. we know: 

Therefore. wf.9 can oul_v be nonzero ,vhcn both u/ ..J. 0 and w 9 . 4r O for some value of 1·. 
" J r k-:J 

Since bc(j) ::; r!(f) and be(!.: e j} :S Q(g), be(!.:) can never have more than Q(f) + Q(g} bits. 
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The previous theorems leads us logically to combine them in a general theorem covering 

any polynomial with nonnegative exponents. 

Theorem 39 (Polynomial Complexity) 

Let Pn be a polynomial with degree n : n ~ 0 such that Pn : BL - R then 

Proof: 

Consider xn. Since Q(.r) = 1 and by the Product Theorem D.(fk) ~ H2(f). we find 

Q(xn) ~ nQ(x) = n. Therefore. by the Linear Composition Theorem. a term of Pn : ax11 

4.4 Parity of Functions 

.-\ dose examination of the convolution in the Product Coefficient Theorem suggests that 

functions may have a parity property with respect to the \Valsh smns and spectral functions. 

Theorem 40 (Function Parity) 

Let f and g be two functions with vV,{1 being the only nonzero \Valsh sum for f and 

n·,t being the only nonzero \Valsh sum for g. then the product of two functions. f g. can 

onl_v have nonzero \Valsh sums at n•fg . form. a nonneirative inteirer. 
llf~Tly-2rn •• ..._. 

Proof: 

From the Product Coefficient Theorem we know that 

j=O 
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Therefore. w[? can only be nonzero when both w{ =I= 0 and ·ll'fr_:-
1 

=I= 0 for some value of j. 

This. by our premise. occurs when bc(j) = n 1 and bc(k' e j) = n 9 . It is easy to see that the 

allowable values for bc(k') that fit these constraints cannot have more that n 9 + n f bits. In 

fact mutual cancellation of bits in k' e j means that bc(k') = n1 + r1 9 - 2m. 

Another way to look at this is to make a change of variable for any given j as follows. 

Let k = j e k'. Then our requirement for nonzeroness 

w{? =I= 0 if bc(j) = n f and be( k' e j) = n 9 

becomes 

w[t =I= 0 if bc(j) = n f and be( k) = n 9 

:_\;otice that the' index of the \Valsh coefficient is th£' exclusive-or of a nf bit string and 

a n 9 bit string which must lie' a nf + n 9 - 2m bit string \,·here m is a nomiegativl' integer. 

Therefore the only nonzero \Valsh sums are either all odd munberl'd or all even m1mberecl 

aud the theorem is proved. 

The Function Parit:-,· Theorem implies important parit:-,· properties for functions. Let ·s 

begin with some definitions. A function which h,L'- only even order nonzero \Valsh sums is 

called au even order function. A function which h<L-. only odd order nonzero \Valsh sums 

is called odd order function. This property is called function parity. 

Classically. f is au even function. as opposed to an even order function. if and only if 

f (x) = f(-x) "ix E R. An odd function. similarly. has the property that f(x) = - f(-x). 

A similar relation holds for even order and odd order functions as we see in the next theorem. 

Theorem 41 (Function Parity) 

If x represents the logical negation of the bits of x: 

A function J is an eveu order function if and only if it has tlw property that f(x) = f(x). 

A function f is an odd order fuuctiou if and only if it has the property that J ( x) = - J (x). 

Proof: 
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Let f denote JCx). Let·s look at the relationship between the \Valsh coE:'fficieuts for f 

aud J. Note that f(x) = f (x E- 1) which is thE:' reflection off about thE:' poinr 1. Csing the 

Reflection of Function Arguments Theorem we see that: 

If f = J. then the 'Naish coefficients of the functions must be equal and so it is imme­

diately clear that bc(i) must be even for any w, -:/= 0. Hence. the w, are zero where bc(·i) is 

odd. It is also clear from the equation that if f is an odd order function then f = f. Hence 

the first half of the theorem is proven. 

The second half follows by the same logic. 

ThP Function Parity Theorem )riclds some useful parity laws. 

It can ·r be emphasized enough that thesP parity propE:'rties apply to functions over the 

finite raugP BL. For example. it will lw showu latPr that when the domain is first mapped 

by specific scaling and offset. cosine. cos : 5L_ R. is au even order function. This does not 

IIlP,Ul that cos : 'R.- R. is au even order function. 

Theorem 42 (Parity Laws) 

1. The product of an odd order function with an even order function 1s au odd order 

funetiou. 

2. The product of two odd or t\VO even order functions is au even order function. 

Proof: 

Consider. first. the product of two even order functions. f and g. Since the functions are 

even order and any function in BL can be decomposed into the sum of spectral functions: 

LL/22 ~L/"l.J 

f(x) = L s{i(:i:) and g(x) = L sgk(x) 
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then 

Li:! L ,., 

f g(:r) = -I:· -L· s{;(:r)SJk(:r) (-Ll) 

J=lJ k=O 

From the Function Parity Theorem it is immediately evident that the product of auy two 

even spectral functions Sr S1..- results in a function that is the smu of a series of even order 

spectral functions: 

Therefore. each product of SJ and S~- in the Equation -L 1 cau be replaced by a sum of even 

ord£'r sriectral functions S1,k as follows: _, 

_I. :! __ Li:!_ 1-k 

fg(J·) = L L Lsi;kl 
J=U k=O i=ll 

and hern·p f g is an Pven orc!Pr fmwtio11. Similar arg;nmPnts hold for th£' other two cases. 

It turns ont that Ii>· cl£'v<~rly sC'l<'cting; th<' domain for a fmwti011- som£' functions can lw 

forced to IH' Pven or odd ordPr. I call this t<•ehnique argument centering. It is basPcl on 

the ohs<•rvatiou: if a domain of a function is itself a liIH'ar fuuc:ticm m·er Bl. thP11 it has au 

~2 of 1. So it must lw th<' sum of tlw two sp<'l'tral functions S 0 aucl S1. But S0 is just tlw 

mean of all of thf' function values. B>· adjusting tlw mean of the linear fuuctio11. which is 

the domain. to zero. I can fore<• Su = 0. This leaves the fu11c:tion c•qual to the sinp;l<' spectral 

function St which is an odd order function. If a polynomial is applied to au arg;ument that 

is au odd ordPr function then thl' Parity Laws apply throug;hout auy products occurring; iu 

the polyuomial. The result is that for a polynomial i11 J". odd powers of x are odd order 

functions aud eveu powers of .r are even order functions. So if the polynomial is all even 

powers or all odd powers. the parit.>· of the• polynomial can be predicted . 

.-\s au exampll'. consider the function f(z) = si11(z) for= E Bl.. Each of the 2£. values 

of the function can be computed using the Taylor series expansion about O for sin: 
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.• ( ) - /1' . :1;·31 -~;-r , Sill I - .r . -:-- I .. - I ;). --r ... 

;; E [O. 2L - l] can be thought of as a linear function g(z) : 5L_ 2. and function f(z) = 

sin(g(z)). In this example. g is simply the identity mapping of binary to reals. Since g is 

linear it can be represented as a sum of two spectral functions: 

g =So+ S1 

By definition S0 is the average of the values of g which is (2L - 1)/2. I can now use g t.o 

alter the domain off. Let g' = g - So and J'(z) = s-in(g'(z)) for z E BL then: 

g' = g - So 

= ( So + SI i - So 

.\"ow f is clefim•cl ovrr domain g'(z) for z E 51._ that is. g'(:r) E [-(2L -1)/2.(2L - 1)/2]. 

The domain of J nmv appears crntered. since tlw averagP of thP values of the domain is 

zero and the function is liuPar. Since g' = S1. g' is an odd ordPr function. The parity laws 

now apply. HencP. each term in tlw Taylor series is nmv au odd order function and so is f'. 

This means that the even order \Valsh coefficients must be zero. 

Argument centering is somewhat of a misnomer. XotP that it is ouly necessary that the 

domain he linear and the average of the domain values be O in order for argument centering 

to fore£> the domain to lJP au odd order function. That is. actually centering the domain 

is not required. \Ve will scP several more examples of argument centering and discuss the 

advantages and disadvantages of altering the domain when I ··test drive .. the theorems in 

the empirical section of this chapter. 

The previous sections show that we should be able to predict the ·walsh coefficients 

and maximum number of hits of epistasis for a simple polynomial. In the next section I 
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build some tools for working with fc1ecode and put it all to~ether in a general theorem for 

predicting epistasis. 

4.5 The Walsh Structure of Parameter Decoding 

Parameter decoding is a very important part of preparing a problem for solution with an 

evolutionary algorithm (l\Iitchell et al.. 1992: Mathias and \Vhitley. 199-1: Whitley et al.. 

1995b ). From a practical standpoint. parameter decoding consists of three steps. First. the 

subset of bits that encode each parameter are extracted from the bitstring. The substrings 

are then decoded into integers and finally the integers scalrd to the appropriate range for 

each parameter of f model· The first two steps are usually performed using logical operators 

on the bitstring representing the chromosome. The last step can be incorporated as part of 

the model function. 

In this section I construct some theorems to account for t hP bit interactions introduced 

by parameter encoding. I begin with a simple observation about rPHPctinµ; tlw argument 

by thP EXCLUSIVE-OR of a constant. I tlH·u procPed to show tlw cffpcts of extraction and 

Gray codiug. 

4.5.1 Reflection 

.-\s wc saw PariiPr. if g represents the fuuction f refipc-ted about r. then f can be defined a.s 

g(:r) =/(IS- r). It tun1s out that \Valsh sums an· iuvariaut uudff reflection as we sec iu 

this next thPorcu1. 

Theorem 43 (\Valsh Sums nuder ReHectiou) 

Reflection of a function about auy uumbcr of axes has no effect 011 the \Valsh surns of 

the function. 

Proof: 

Let g be a reflection of function J about = then by the Reflection of Function Arguments 

Theorem: 
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This is only a sign change for the \Valsh coefficients. and since \Valsh sums use the 

absolute value of \Valsh coefficients. the sign is irrelevant. 

From this it follows immediately that 

Corollary 43a 

O.(f(x)) = O.(f(x e .:-) ) for any = 

These two theorems show that both \Valsh sum and 0. measures are invariant under 

reflection. This is a side effect of the dimensionality reduction in deriving the measures. If 

algorithm performance varies under reflection of the problem. then this would be a weakness 

of these measures. 

4.5.2 Extraction 

Extraction is often th<' basis of composinµ; paranwtPrs for functions \Vith domain 2 11 from 

strings in t3L that are processed by ~PUPtic alµ;orithms. Let .r[n1.n2]:BLxz.LxZ:L-BL hP 

the extraction operator which extracts bits in positions 11 1 through n 2 ( n:! 2 n 1) from 

strin~ .r ancl places them in th<> least si~nificaut bit portion of the string with zero fill. This 

operation cau b<> performed by maskiug awl shifting. This leads us to our next general 

theorem which c:an be used to comput<' tlw n for a vari<'ty of logical operators. 

Let the operator ~: BL x Z1.- BL be the binary rii.d1t shift operator applied to left 

operand. shifting it by the number of bits found in the right operand. The result is zero 

filled from the left. ~ is defined similarly. For example: ifs= 01010111 then (s ~ 2) = 

01011100 aud (....- ~ :J) = 00001010. To pron'. the theorems 011 extraction. I will actually 

use a generalization of extraction based on masking and shifting. 

Theorem 44 (General Extraction) 

P..(f( (x I\ m) ~ s )):S ruiu(n(f(x) ). bc(m). L - s) 
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\Vhere m is a mask and s is the amount to shift the rPsult of x f\ m. 

Proof: 

f ( ( ) shift ) 
xf\rn - s 

~-,L-l '--(l'I"IL-l (( ) shift )[ ·1 ·r -]) = L..,;=0 'IL'z I li:Dl=0 X f\ TTl - S J f\ ll] 

,_....-,L-l }-(l'I"IL-1(( )["] (. ,t.1ft )[.])) = L.,;=0 ·1c 1 • '°l=0 xf\m J f\ i - s J 

note the rcwrsal of the direction of shiftin~ 

._...-,L-l }.(l'I"l[-1( • ·1 ( ( · ,h.ir ))[ "])) = ~;=0 "IL', li:D/=O IlJ. f\ 1Tl f\ l - -' J 

\VC' can scP the contract ion of tlw coefficient space from ··all of -i .. to (rn I\ (i = .s) ). 
Since the coefficient for the \Valsh function 11·,(x) is by definition the £1h \Valsh coefficient. 

\Ve can use the last cxpr<'ssiou above to compute th(' \Valsh coefficient 11 1; for the function 

f((x f\ m) ~ s} based on the Walsh coefficients w, for f(x). 

I 
"II', = U'J.-

This mappin~ of \Valsh coefficients constrains thP subscript j for nonzero \Valsh coefficients 

in the following ways: 

• bc(j) :S 0.(f) since (rn f\ (-i ~ .'i}) can only reduce the bit count for any nonzero \Valsh 

coefficient. 

• bc(j) :S bc(m) since m masks the whole expression. 
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• bc(j) ::S L - .-; since the zero fill left shift further reduces the possible number of ones in 

j. 

Therefore 

f!(f((x I\ m) ~ s) ::S min(f!(f(x)). bc(m). L - s} 

and the theorem follows. 

The above theorem is more general than necessary for use \Vith bit extraction. 

Corollary 44a (Extraction Corollary) 

Proof: 

Since tlw extracticm operator can be defined as: 

the abovf' theorem applies to the extraction operator when rn = f,11 .TIJ. which is a mask 

with bits 11 1 throuµ;h 11"!. set to one. and s = n 1 (rcmembcriuµ; that bits arc rmmbercd from 

0). In the bit extraction case \Ve sec: 

L - s 2: bc(m) 

giving us: 
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Q(f(:r[n1.n2])) :S min(Q(f(.r)).bc(m}) 

Furthermore. by choosing the mask and shift values appropriately. we see that: 

0.(f(:r ~ s)) :S min(Q(f (x) ). L - s) 

and 

0.(f(:r I\ m)) :S min(Q(f(x)). bc(m)) 

These relations are based 011 a common theme of finding a functiou R : BL - BL such 

that there is a function R': BL- BL for which: 

IJ',(R(.r)) = ll'U'(r.,)(.r) 

As \Ve have seen. this is certainly the case with logical function R(x) = (.r I\ m) ~ ·" in 

which nL'-P R' ( J") = m I\ ( i ~ s). ThP follmviug t hcorcm about combiuing logic:al functions 

of this form will be used wheu dealing with Gray codes in the next st>ctiou. 

Theorem 45 (Log;ical Fuuctiou Exdusin•-or) 

Giveu two fuuctions R. Q: BL- B 1• aud: 

and 'IJ',(Q(.r)) = '1/IQ'(.r.,i(.rJ 

then 

'IJi,(R(x) e Q(x)) = U'R'(rkQ'(x.i)(x) 

Proof: 
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11·1 (R(x) 6 Q(x)) = ·i;•;(R(.r)}1i:1(Q(x}) 

4.5.3 Gray Coding 

I can apply the Logical Function Exclusive-or Theorem to the use of Gray codes. Consider 

the common encoding technique which is to assume the extracted bits are in a binary 

reflected Gray code. This Gray code is usually defined as: 

( 
- ,111ft 1) gray 11 ) = 11 ,::, ( 11 -

If a value has hcen encoded with a Gra:s,· codP then a degray function dcgra_v: BL- BL 

must be applied to convert the extracted argumem to the desired value . .-\ mathematically 

simple approach to degraying is through thP series: 

.,;fufT sluft 

dcgray(n) = n e (n - 1) e (n - 2) e ... 

It is clear that this is the inverse of gray since: 

cl cgray( gray( n ) ) = [n 8 ( n ~ 1 ) ) e ( [n 6 ( n ~ 1 ) ] ~ 1 ) 6 ( [n 6 ( n ~ 1)] ~ 2) e ... 

[ 
_ ( siutr l )] _ [( ,h,ft l) ,,.._ ( shift ?)] C [( sh1fr ?) e ( sn1ft 3 )] e 

=nt::r 11- -;::; n- c n-- ,.__, n-- 11-- ... 

- C. [( ~ 1)] O (· ~ l)] e [( ~ ?'1 C [( shift?)] e - 11 '-- n . ..., n n -JJ ..., n -- _ ... 

=n 
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In practice. n would be au extraction of hits from I performed by (.r /\ m) ~ .-;. where 

x is the whole chromosome. Combiniug extraction \Vith the degray function \Ve get: 

d ( [ • ·1 ( ( ) shift ,tuft ( ) ) ( ( ) shift ( •))} --egraJ· x t. J ) = x I\ m - s) e ( ( .r /\ rn) - s + 1 9 r I\ m - s + - -:=- ... 

Now using the Logical Function Exclusive-or Theorem we have the next theorem. 

Theorem 46 (Degrayiug) 

Let mask m and lengths be used to define an extraction of a range of bits: x[i.j] where 

[
• ., ( ) <hift Tl x z.Jj = .r/\m --- s. 1en 

fHJ(degray(.r[i.j]))) ~ bc(m) 

Proof: 

f(dcgray(x[i.jj)) = f(((.r I\ rn) .:.::.'..:'.. .,) e ((J· I\ m.) ~ (., + 1)) e 

( ( ) 
sl11ft ( •))) ~ ) 

X I\ 1n - :; + - ;::; ... 

~-,L _ ! ,Inf: ) ~ ( ,, .. r, l) = L..,k=O ll'J.-ll'd((.r I\ m) - s ':::; ( J' I\ m.) - (s + ) S 

(( ) 
si11ft ( ')))·~ ) .r/\.m - .,+_ -;:;- ... 

Proceeding as \\·ith the General Extract.ion Th<'orem. it is clear that 

Q(f(dcgray(;r[i.j]))) ~ miu(bc(m).L - :;) 

The argument that 0-(f(degray(x[i.j]))) ~ O(f) doesu·t hold in this case since the series of 

exclusive-ors may. in fact. increase the bit count ( be). The other limiters still apply. 
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Since the Degraying Theorem is stated specifically for extraction. we know l,c( m) < 

L - s. Therefore 

f2(/( dcgray(x[i. j]))) :S be( m) 

The proofs of both the General Extraction Theorem and the Degraying Theorem had 

the feature that at some point all of the right shift operators were reversed to left shift 

operators. Having a convenient notation for the resulting left shifted value would be useful. 

Therefore I define a function called ungray: 

ungray(n) = 11 e (n 
-.111fr 

ungra_v is just likP dr•gray except that thP shifts arP in the opposite direction. This cau give 

binary strin~s an infinite' set of leadi11~ 1 ·s. This does not aff Pct the ability to test two of 

the strings for equality or to perform operations such as logical --and·· upon them. 

In tlw next corollary. I simply substitute th0 rwgray function into the last smm11ation 

in the prP\·ious proof. 

Corollary 46a 

If f • l If \\ l l ffi f f ,luft ) l • l w,, 1st 1c 11 ' ··as 1 coe ·cie11t o the uuction f(degra_\·((r. /\ m) -- s ) am WJ.: 1st H' 

1.: 11' \Valsh coefficient of thP function f (:.r) then 

I 
lC 11 = WJ.: 

Proof: 

The proof follows directly from the proof of Degraying Theorem where I noted: 

:?L-1 

f(degmy(x[i.j])) = L w1,:·tJ1m I\ ((J.:~s)'7'(1.:~(-,+l)}-=(J.:~(.,-,-:?))-=--·}x) 
l.:=O 
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and the definition of the ungray function. 

It is important to notice from the corollary that the nice property of alternating zero 

and nonzero \Valsh sums for odd and even order functions is destroyed by application of 

degraying. This means if the arguments to an even or odd order function arc centered by 

argument centering. but the arguments are first decoded from Gray code. the even or odd 

order parity of the function is not preserved. However. all is not lost. as we shall see in the 

next theorem. It turns out that degraying has an interesting affect on odd and even order 

functions. 

Theorem 47 (Even Order Degraying Theorem) 

Let mask m and lengths be used to define au extraction of a range' of bits: .r[i.j] \\·here 

x[i.j] = (x I\ m) ~ s. If f(x[i.j]) : 5L_ n is an even order function then 

n(j(dcgn1y(:c[i.j])):::; hc(m) - 1 

Proof: 

\ • I c. I [. ., ( ,1,.,, ) c. • l I k ."\.gam we use t 1e 1act t iat :r _t. J j = m I\ .r -- .-; 1or appropriate y c 10sen m,L<i • m 

and shifts. If F = f(.r[i.jj) am! C = f(degrny(.r[i.jj)) then by tlw General Extraction 

Theorem: if ·u• are the \Valsh coefficients off and wF are thP \Valsh coefficients for F: 

\VP also know from the corollary to the Dcgraying Theorem: 

r: 
'U,',l = 

shift 
J.: : 1t=(m/\UI1gray(J.:-,)) 

Because m and s are chosen to represent au extraction of Lits. m is a mask consisting of a 

field of contiguous 1 ·s possibly surrounded 011 either or both sides by a field of zeros. Notice 
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that k ~ s has zeros in each position where m has o·s to the rig-ht of tlw field of 1 ·s. 

Therefore the identity (m /\ ungray(k ~ s)} = ungra_v(m I\ (k ~ .,)) holds and so: 

WJ.: 

k : n=ungray(m!\(k~.s)) 

It can be seen that the we are simply a remapping by the ungrny function of the coefficients 

Let·s look at this mapping more closely. If d = ungra_v(g} then the p th bit position ind. 

denoted d[pj is the parity of all of the bits at that position and to the right. 

n[pj = ungray(g )[p] 

= ( =- ( ~ 1) =- ( ~ ·)) =- l [· l g-.....g '-g --.....·•··P 

• , _ ( ,haft l) [ j "" ( sla,ft ,. ) [ ] = g[pj -;::, g -- p c !J - ~ p :: ... 

= g[p] e g[p - 1] e g[p - 2] e ... 

If F is an even order function tht'u all n•{i = 0 if he( n) is odd. If be( n) is odd then by 

our observation about the 1mg-rny function. m1g-ray(11) must have the hig-h bit. (left most bit 

of the masked region set). Hence. all w~; = 0 if th<' high bit of n is set and therefore 

n(f(degrny(:r.[i.j])) ::; bc(m) - 1 

and the theorem is proved. 

Au aualogous proof can be given that shows that for odd order fuuctious all of the 

nonzero \Valsh coefficients off are mapped to the upper half of the \.Valsh coefficient space. 

that is. with the high order bit set. In this case. the n of the function is obviously not 
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reduced by 1 as it is for even order functions. 

Corollary 47a 

If f: BL- 'R is an even order function then 

n(f(degray(x)) ~ L - 1 

Proof: 

The proof follows directly from the theorem above. 

4.5.4 Generalized Decoding 

The next theorem allows us to unite the extraction theorem and polynomial theorem and 

apply them to the composite function. !fitness· that we art' trying to optimize. In the 

theorem below. the coefficients of th<' polynomial are iudexed b:-,· th<' exponents on tlH' 

diffrrent variables iu a standard fashion. Th0 exponent of an absent variable is considered 

an exponent of 0. An example polynomial of three variables is: 

Theorem 48 (Polynomial Composition) 

Let P,,(xo.x1 .... x,1_i) be a polynomial in xo.r1 ... .x,,_1 that takes 2"-2 such that 

n ( ) '""' ko k1 k,._1 
r11 XQ.X[····X11-I = L....,,, llkok1 ... k,,_1Io ;J:l ••• x,,_l 

all term., 

with k 1 2: 0 and let fo-!1----fn-1 be functions such that J,:BL-2 then 

n(P11 (xo. X1 . ... X11-1)) ~ max kofl(xo) + k1 Q(xi) + ... + k,,_1 Q(x,,_ 1) 
all tt'rm,; 

and 

Q(P,,(fo(x).fi(x) .... f,,_1(x))) ~ max konUo(x)) + k1Q(fi(x)) + ... + k,,_1D.U11-1(x)) 
all terms 
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Proof: 

The n of any given term is 

::; max"u term., kofl(xo) + k1f2(:r1) + ... + k11-1f1(x11-I) 

proving the first part of the theorem. The second part follows dirPctly hy substitution in 

the logic above. 

4.6 Applying Epistasis Estimation to Fitness Functions 

Tlw Polynomial Composition Theorem can lw applied to the model of the fitness function 

Wf' saw in Equation 1.2 : 

f fitnf's,:. = f ga (/drcude)) 

If f ga can lw represented as a polynomial. then the polynomial P" from the theorem 

statement is Jga· The decoding function can be represented as a vector of functions 

f = Uo-f1----f11 -1) where J1 : [3L-R extracts the i th real argument for the model. There­

fore for a chromosome ;1· in [3L and for model functions that are polynomials of n variables: 

!model (fc1ecucle (x)) = Pri (fo(x ). fl (:r), ... f,,-1 (x)) 

Two very important observations can be made. First. given just the mathematical 

models and extraction functions. we can derive a very good upper bound for the degree 
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of bit interaction in the !fitness that we are trying to solve. \Vt.• may be able to apply this 

understanding to control the level of complexity and thereby improve performance. Second. 

the theorems we have seen so far suggest that functions which are based on polynomials and 

extractions of small numbers of bits have a certain inherent simplicity about them. This 

is because the epistasis of the problems is limited by degree of polynomial and numbers of 

bits extracted. 

In the next section we ,viil give some examples of the predictive power of the theorems. 

I will estimate the complexity of a common test function that was designed to have fixed 

levels of bit interactions. Finally. I will use this knO\vlcdgc to control the complexity of the 

problem in some simple ways. 

4.6.I Experiment: Predicting Maximum Epistasis 

In this section we will )?;ive examples of the predictive power of the theorems. \Ve will 

examine tables of \Valsh sums n·0 through H~-1 for sample functions. The first column of 

each table is the order of the \Valsh sum. The remaining columns are the \Valsh sums of 

that ordPr for various functions listed at the head of each column . .-\II functions presented 

in this section are Pvaluated using a bitstriug- length of 8. i.P .. L = 8. 

In thP first expcrimc•11t. I demonstrate that the O(f) is bounded by the Polynomial 

Complexity Theorem to the maximum powPr of the polyuomial. To do this. I computed 

the \Valsh sums of several functions. In Table --L l. the first column is the order of the 

\Valsh sum. The second column coutaius the values of the \Valsh sums for the simplP linear 

function :r. :r E [o.2L -1]. The third column contains the \Valsh sums for the function x 5 . 

As predicted by the Polynomial Complexity theorem n equals the degree of the polynomial. 

Our second experiment demonstrates the effect of argument centering. In Table 4.2. I 

compare the function x'' over the nonceutered domain [O. 2L - 1] with the centered domain 

[-(2<L-I) - .5). (2(L-Il - .5)]. \Ve see in column 2 that without centering x·5 has nonzero 

\Valsh sums for all orders less than G. but with ceutcring the even order \Valsh sums go to 

zero as predicted by the Parity Lmvs and argument centering .. 
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Order .r .rj 

0 l ·)- -_, .;) l.8lle+ll 

1 127.5 -l.299e+ll 

2 0 3.-l57e+ll 

3 0 l.088e+ll 

0 l.229e+l0 

.J 0 3.73le+08 

G 0 0 

T 0 0 

)< c; u 0 

Tablf' -Ll: \Valsh Sums for f(.r) = :r aud r-' 

Restricting fmo,lt-1 to a polynomial may seem limitiu~. but actually it is quite pmverful 

since> all coutiuuously differeutiablP fuuctious cau be exprPssed as a Taylor series expansion. 

For Pxample. the Taylor series expansion a.bout O for r·os is: 

. ·( ) - 1 - . :.!/?I+. -1/-11 - • _fj/(il , C.OS I - I -· :r . :I. . T .•. 

In thi~; case. we see that all the terms of the series arc eveu order polynomials. So cosine 

has the potential to be an eveu order function. 

In our third experiment. WP examine the \Valsh sums for cos(x) over two 8 bit domains. 

The results are presented in Table -l.3. Again the first column is the order of the \Valsh 

sum. The second column is the \\"a.lsh sums for :r E [0. 1r /2j. This domain is generated by 

using a decoding function for the bitst.ring of fc1ecod .. {z) = z(rr/2)/(28 
- 1). By centering 

the argument x so that x E [-;;-/2. ;;-/2]. the powers of :r in cosine. which are all even. force 

the function to become even order as we can see in column 3 of the table. To perform the 
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I Order \\"ithout \\"ith 

Centering Centering 

0 l.Slle+ll () 

1 -L299e+ll l.9:23e+ 10 

2 3.--15,e+ll () 

3 l.088e+ll l.-l09e+ 10 

-l l.229e+I0 0 

'.J 3.,3le+08 3.,3le+08 

G 0 0 

- 0 0 I 

8 u () 

Table -L2: \\'alsh Sums for .r' 

centering. I used a c!Pcocliug fuuc-tion of fc1,n,c1 .. (::j = (.:; - /i)(;;/2)/li where b = 27 - .5. _.\ 

vPry important caveat about centering is that onP may not always bP able to change the 

domain of arguments to a function .. but then· is oftPn more· flexibility than there may seem 

at first. A second observation is that if c-osinP was defined m·c>r a 7 bit function rather than 

8. then the highest order nonzero \Valsh sum for the function would be 6 since ir, = 0. This 

is a recluctiou in the D for the function h_v applying centering. \Ve will use this technique 

in the next section to reduce D aud other measures uf difficulty. 

4.6.2 Experiment: Controlling Epistasis with Centering 

Grie\.,,·angk·s function is often used as a test function for evolutionary algorithms (\Vhit­

ley ct al.. 1995b: ?\Iiileubein aucl Schlicrkamp-Vooscn. 1993) A generalized version of the 

Griewangk function is: 
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! 
Order I \Yithout \Yith 

Centering Centering 

0 0.63608 0.63-!12 

1 0.51532 0 

2 0.1368, 0.6-1981 

3 0.01-533-l 0 

I 
i I 

-l 0.000,8529 0.015701 

.") l .S,82P-005 0 

6 2.U600P-00, l.6,lOP-005 

' 9.59!J8P-010 0 

8 1.-18-lSP-012 -l .8355e-0 10 
i 

TablP -L3: \Valsh Sums for cos(.r) 

d d 

Gc1.b(x) = 1 + ~.r~/-1000 + IT cos(:r,/.Ji.) 
1=! 

\\,·here :r E Bdb is a d dimensional \·ector of arguments with each x, being h bits wide. For 

example: 

b bits b bits b bits 
....-"--......-"--......-"--.. 

:r. = 001101101100 101101 
_____.,'-v--"_____., 

b bits 
...--"--.. 
010010 
~ 

I,1 

Consider both binar? encoding and a Gray encoding. In the case of binary encoding. 

I will extract the bits of each argument and then shift and scale it. In the case of Gray 

encoding. a dcgra_v function is applied between the extraction operation and the shift and 

scale operation. 
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Using the theory we ha\·e developed. what can \Ve tell about the \Valsh co<'fficit>uts from 

the formula and encoding alone? Let ·s begin by computing the maxiunun nm11ber of bits 

of interaction. n. for a binanJ encoding. assuming the arguments are centered: 

At this point we can USP the Corollary to the General Extraction Theorem and the fact 

that each Xi is created from an extraction of b bits. 

\Ve note that cosinP is an Pven order function and so only has nonzero \\.alsh coefficients 

with imlexes having; an Pveu number of bits. ( Remember co~ine is au Pve11 order function 

only when its arg;uments are cPnterC'd.) Therefore. if bis even. then miu(n(cos(x,)).h) = b. 

If b is odd then min(n( cos(;r,) ). b) = b - 1. since the !/It \Valsh sum is zero and the next 

nonzero \Valsh sum is b - 1. Let the act of rounding; down to the closest muubcr divisible 

by 2 be denoted by LbJ:.!. then miu(CT(cus(x,)). b) = LbJ:.! and so: 

= max(miu(2.b). dlbJ) 

If the function is not cente-rerl then the analysis simply becomes: 
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= max(min(2. b). db ) 

which in most cases is simply db. 

Dimension ,Yid th r! for Binary Encoding n for Gray Encoding 
(cl) (b) I Centered Offset ! Centered Offset i 
1 2 2 2 1 •J 

1 3 2 3 2 3 
1 --1 --1 --1 3 --1 

I .j --1 .j --1 ·J 

1 G G G 5 G 

I 
1 ' 6 ' I 

6 ' 1 8 8 8 ' 8 
I 

1 9 8 9 8 9 i 1 10 10 10 9 10 
3 2 G G 3 G 
3 3 G 9 G 9 
3 --1 12 12 9 12 
3 cl 12 1.:; 12 15 
3 G 18 18 1,:; 18 
.J 2 10 10 'J 10 
'J 3 10 15 10 15 
cl --1 20 20 15 20 

Table --L-!: n for the Gerwralizecl Grie\vau~k function. Gc1.b- m both Centered and Offset 
Forms Csing Both Biuary aud Gray Eucodiu~s. 

Empirical confirmation of these results is presented in table -!A. Each row of the table 

was generated by exhaustively examining all the values of the Griewangk function. Gc1.b­

for the given values of d and b. \Vith and without Gray code. and with and without an 

offset. Recall that n is the largest i such that n·, -# 0. thus the odd and even uature of the 

function impacts n. The column labeled ··Dimension'· refers to the variable d above and 

represents the number of arguments to the function. ··Width·· refers to the variable b above 

aud represents the number of bits encoding each argument. Under the heading ·•Binary 

Encoding·· are the two columns of ns. The first column. labeled ··Centered ... contains the 
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ns for functions whose arguments are centered in the rang<' [-(26- 1 - .5). 26- 1 - .5j. The 

second column. labeled ··Offset ... contains the Qs for functions whose arguments arc offset 

from center by an arbitrary nontrivial constant. e-··5 . giving a range of [-(26- 1 - .5) + 

e--5. 26- 1 - .5 + e-·'l The affect of parity on the function under a binary encoding shows 

up as a limit on O such that it is rounded dO\vn to the nearest e\·en number. 

If the same function is used with a Gray encoding then a dcgraying step must be added 

by applying the degray function after extraction and before scaling and offset adjustments. 

The analysis is similar to the binary centered case except the Corollary to the General 

Extraction Theorem is replaced by the Even Order Degraying Theorem in the second step 

below. 

= max(min(2. b). d * (b - 1) 

Empirical confirmation of these results is presented in the last two columns of table 

-L-L Here it cau be seen that the use of cosin<' in the Griewaugk function means that. using 

centering and a Gray <'llcoding is guarantPC'd to reduce tlw maximum umnbc>r of bits of 

interaction in the function by a m1mbcr of bits equal to tlw number of a.rgurnents to the 

function. d. Thus. Gray coding causes a further general reduction iu n and thus removes 

the higher level nonlinearities that arc present in a representation that is not centered. 

In stm1mary: th£' effects of parity clue to ceutering is shown to reduce n. Combining 

Gray coding with centering can further remove high order nonlinear interactions. 

4.6.3 Centering and Problem Difficulty 

The classic Griewaugk function. as presented in ( Whitley ct al.. 1995 b) and ( Rana and 

Whitley. 1997). is a 10 dimensional function with 10 bit fields. one for each argument. The 

arguments arc scaled [-512.511] which is the same as offsetting a centered argument by -.5. 

In (:\Icyscnburg and Foster. 1997: J\Iiihlenbein et al.. 1991). the arguments ,verc mapped 
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I Optima Count~ i 
Optimum Total :\"umber I Global ' :\"nmb!'r E\·aluatious I I I i 

range I \"alue n CoYerag!' :\Iin :\lax :\lin :\lax :\lean SrddPY I 
-1-5.5. 1-5 . .J 

I 
0.0-5-58068 16 0.062-5 1-l-l 1-l-l 1 1 2,:;,.5_3 230,.9 

-1-5.6. 15.-l 0.0-l,21.53 20 1.0 1-1-l 162 1 1 -521,.3 36,5.5 
-15.,. 1-5.3 0.0--112,6 20 1.0 262 26-l 1 1 -5-l,6.6 3-503.6 
-1.5.8. 1-5.2 0.0312921 20 1.0 -l00 --101 1 1 1-l,5-l.S 19161.1 
-15.9. 15.1 0.01038-l-l 20 1.0 -l00 --180 1 1 13110.3 12--128.S 
-16.0. 1-5.0 0 20 1.0 810 810 1 -l 10S,-l.2 ,9-13.5 

Table -1.5: Results of Six Generalized Griewangk Functions From Centered to Classical 

to reals centered on [-600. 600). From our work in the previous section we would expect 

argument centering for the Griewangk function would reduce epistasis and possibly increase 

algorithm performance. To test this hypothesis. I used a genetic algorithm to repeatedly 

optimize thP Griewangk function. I varied the amount of offset form center and measured 

the performa11cP. Computing the statistics I wanted \\·mild require complete enumeration of 

the function to be sure all regions of the function WPre explored. For the classic GriPwa11gk 

functio11. this would bP a space of 2 100 function \·,dues. which is too largP to be practical. 

!11 order to get around this limitation I reduced thP space to 20 bits. This allmvs me to 

exhaustively analyze all points iu the function domain. The function I choose was a -1 

dimensional version of tll(' generalized GriPwangk with 5 bits in each dimension. I looked 

at G versions of the function. The first version is an argument centered version with each 

argumeut in a range [-15.5. 15.5]. The remaininp; five functions have au increasinp;ly distant 

offsets from center of -.1 to -.5. For example. an offset of -.5 gives a range from [-16. 15] 

simulating. in a smaller number of bits. the classical Griewangk which contains zero in the 

set of possible domain values. All functions in this experiment use a Gray encoding of the 

arguments. 

Table -1.5 shows the results of testing these 6 functions. The first column is the range 

of the arguments with increasing offset from centered. The second column shows the global 

optimum of the discretized function. Clearly the optimum must vary given the different 

sampling of the domain imposed by the different offsets. The third column is the 0. deter­

mined by computing the \Valsh coefficients based on the 220 values in the function. Tlw 
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coverage is the ratio of the number of nonzero \Valsh coefficients to tllf' total number 

of \Valsh coefficients. The next t\\·o columns shmv the total muuber of (local and global) 

minima and maxima. Minima and maxima are defined with respect to a Hamming-1 neigh­

borhood using a Gray code representation of the function. .-\lthough the munber of local 

optima using a Hamming-I neighborhood is indicative of the difficulty facing a GA if it were 

only using single bit mutation. it is not knm\·n hov .. • this value relates to the various other 

GA operators. I supply these columns for comparison with previous work. since number of 

local optima is often used as an indication of the ··ruggedness .. of a landscape (Kauffman. 

1993: Smith and Smith. 1999). l':otice that as the offset increasingly shifts the function 

from centered. the total number of optima increase. The next column shows the number of 

global optima. This suggests as this particular function deviates from centered arguments. 

the number of local optima increase. The number of global optima stays constant at l. 

Tiu:- last t\vo columns show thf' time required to locate the global optimum of the function 

using a ):!;Pnetic algorithm. The algorithm is a steady state (nongenerational) G.-\ similar to 

GE.\"ITOR: parents arC' selectPd a pair at a tinw and a single offspring rPplaccs the worst in 

a population. Rank based selection is used and no duplicate chromosomes are allowed in the 

populatiou. The munbers in the table represent the results when solved \Vith a population 

of G-1 individuals. a mutation rate of 0.1 aud a liuear rauk based selection bias probability 

distribution function with a .1 Y-intNcept at the worst individual and a 1.9 at the best. 

(This sek•cts the best ranked iudi\·iduals 19 times more frequently than tllf' worst ranked 

\vith a liuear interpolation for the remaining individuals.) 

The munber of evaluations measured in the table is the number of times a new child is 

generated aud its fitness evaluated. The last two columns contain the mean and standard 

deviation of the uumber of C'valuatious of the function necessary to find the optimum value 

over 32 runs for each function. The results indicate that the centered function is easier than 

the non-centered versions of the function. 

The domain of multidimensional real valued functions I am trying to optimize is discrete 

and often mapped to series of bit fields. This means that each argument to the real valued 

function can take on one of some power of 2 number of different values. In the case of 
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Griewangk·s function. the centered arguments fail to cover the value zero wlH'rf' the true 

optima is. The result is that for a Griewangk function. where the domain of each argument 

is symmetric about zero. centering produces 2d number of equal valued optillla. where d is 

the dimension of the Griewangk·s function. 

The reason that the centered function in Table -1.5 does not show the predicted 2·1 optima 

is that all of the optima are adjacent in Hamming space and hence counted by our software 

as belonging to one basin of attraction. The existence of the 16 minima in one basin was 

empirically verified hy a separate program. 

4.6.4 The Applicability of Centering 

The analysis I have developed in this dissertation worked well for Griewangk·s function. 

which is considered to be a nontrivial test function. However. Griewangk was particularly 

susceptible to our analysis and the use of centering techniques. 

From a practical standpoint there are several concerns with applying argument centering 

to a problclll and thcrcuy altering the interval of thP domain of the function. The first 

com:eru is over rediscretizing the domain of a continuous function in order to center the 

domain. For instance. a new discretization may not contain the global optimum of the 

continuous function. Of c-ourse. iu real world situations the ~lobal optimum is usually not 

known a priori so it is difficult to dC'termine if this case applies. Iu fact. the new discretization 

may include a better optimum. Another problclll with rediscrctizing is that a real \vorld 

problem specification may require the examiuatiou of exactly the solution space giveu by 

the precentered discretizatiou. In this case. centering might be achieved by expanding the 

search space to a symmetric- one. but still contai11ing all of the points of uncentered domain. 

The cost for increasing the size of the search spac:P might be a lengthening of the search in 

spite of cc11teri11g. This is an area that needs further research. 

A third concern is that the main benefit of centering arguments 1s to fuuctions that 

can be converted to odd or even functions. Straight forward centeri11g can occur only to 

functions such as sine. cosine or other functions \Vith only even or odd exponents in their 

polynomial expansions. \Vhitley (\Vhitley. 1999) suggests that if the portions of a function 
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that are major contributors to poor performance arc either all even or all odd onlerrd then 

this technique may work even though the entire function does not have au rveu or odd 

parity. 

Finally. argument centering introduces symmetry to the function \vithont increasing the 

number of bits in the representation. By symmetry. I mean the function becomes either even 

order or odd order and so by the Function Parity Theorem. f(x) = =f(x). Iu that sense. 

the search space size is reduced and this offers one possible explanation for the performance 

increase. 

4.6.5 Experiment: The Effects of Selective Walsh Filtering 

Do the performance results we see for Griewangk hold in general for other functions with 

either limited nor parity such as evenness or oddness? .-\re these measures a useful indicator 

of problem difficulty"! 
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Figure -1.1: All Graphs arc for Hi Bit Even Order and Complete Functions of n from 1 to 
Hi Bits. The graphs show (a) coverage. (b) average number of minima. (c) average number 
of evaluations to solution. 
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Figure 4.2: A Comparison of Number of ~Iinima and Number of Evaluations for Problems 
of a Given Level Random Coverage. 

To explore these questions. I performed au experiment on two classes of functions: even 

order functions and complete f,mction.~. In a complete function. all the \Valsh coefficients 

whose order is n or less (i.e .. has n or fewer bits set) are assigued a raudom value bctwPeu 

-1 and + 1. This practically guarantees all \Valsh coefficients of order less than or equal 

to n arc nonzero. The remaining c:oefficieuts arc all ZPro. The fuuctiou is crPatcd by using 

the inverse \Valsh transform. This generates highly irregular landscapes. but \vith limited 

orders of bit interactions. In an even order function. all the even order Walsh coefficients 

whose order is n or less (i.e. has au evcu uumber of bits less than Q set) are assiguecl a 

random value between -1 and + 1. This effectively zeros out all odd order 'Nalsh smus. 

The results of this experiment is shown in Figure -LL 

For each class of function I generated 32 different lG bit functions. Each problem was 

then solved in 32 attempts by random populations of G4 chromosomes using the same steady 

state GA with rank selection as before. This was repeated for maximum rrs from 1 to Hi. 

The various values of Q are given on the X-ax:is of the first three graphs in Figure 4.1. 

In Figure -!.la. both classes of functions behave as one would expect and is a direct 

consequeuce of the available number of \Valsh coefficients of order less than or equal to n. 
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In the case of the complete function. the curve represents the sum of tlw m1mbcr of \Valsh 

coefficients of each order. For an L hit domain this is I:f=o (f). You can sec thc stepwisc 

behavior in the coverage for the even order function sincc the mu11ber of available nonzero 

\Valsh coefficients is the same for n = 2k and n = 2k + 1. This graph shows how coverage 

is a direct consequence of n. 

Figure -1. 1 b shows the average number of minima in both classes of functions by n. 

In this case. a minimum is defined as either a local minimum or global minimum using 

a Hamming neighborhood with minimum points that are adjacent in Hamming space 

being counted as a single minimum. X otice the very strong correlation between coverage 

and number of minima. This is especially evident for the evcn order functions where the 

number of minima displays the same stepwise behavior as the coverage. A very interesting 

feature is that the number of minima for complete and even order functions are about the 

same throughout the range of n. The remo\·,Ll of the odd order partitions die.in ·t seem to 

strongly affect the number of minima of the function. This graph shows that thc number 

of minima is strongly related to the n. 

Th<' difficulty of the functions for the gPnetic algorithm is measured by munber of 

fuuction evaluations needed to find a solution and is displayed in Figure -L le. The number 

of evaluations seemed to remain fairly high until then drops below half of the mu11ber of bits. 

This is probably partly due to the fact that tlw potential number of \Valsh coefficients. all of 

approximately the samf' magnitude. forms a bell curvP and so the additio11 of higher order 

\Valsh coefficients from the tail of the curvP has little effect on the final function value. The 

removal of the odd order \Valsh coefficients seems to have curbed the precipitous increase 

in difficulty as the n approached the middle of the range. 

These graphs sur,;gcst that the n may infiuence coverage. number of minima. and problem 

difficulty. I3ut is the measure of coverage alone a measure of difficulty'? To examine this. 

I performed the same experiment ignoring the maximum number of bits of interaction. n. 
but setting the co\·erage to fixed ,·alues. The results are found in Figure 4.2. Here coverage 

is on the X-axis. The coverage for each test was reduced by dividing the previous coverage 

by v'lO forming a log scale along the X-axis. In each case. the \Valsh coefficients that arc set 
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to zero are chosen randomly without regard to parity. Surprisingly. the 1mmhPr of minima 

remain fairly constant. as does the performance measured in number of function evaluations. 

This suggests that. ignoring cases of extreme depletion of nonzero \Valsh coefficients. the 

difficulty and the number of minima a.re not related to the con~rage as long as the nonzero 

\Valsh coefficients are randomly dispersed. 

\Ve sa\v in the third graph of Figure -Ll that throughout the range of n·s the performance 

of the GA on the even order functions is far superior to the performance on complete 

functions. If the difficulty of the problem for functions from random \Valsh coefficients is 

not related to the level of coverage between the two types of functions. then we must suspect 

that the difference is in the structure of what has been removed. This suggests that it is far 

more useful to remove half of the nonzero \Valsh coefficients by zeroing the odd (or even) 

order coefficients than to randomly remove the same mm1ocr of \Valsh coefficients of various 

orders. 

In both this experiment and the prPvious GriP\vaugk experiment the optimization prob­

lem seemed to he made easier by converting the problem to one of odd or even order. This 

suggests that performance observations made may hP generalized. I believe that OllC' of the 

key factors that caused this reduction in difficulty is related to the fact that whole \Valsh 

sums are zeroed in Pven order functions whil<' fpw to none arc zeroPcl the random zeroing. 

A final observation is. regardless of the parity or uouparity of the function. the value of 

n seems to only be relatPd to problem difficulty for vahws of n less thau half th£' number 

of bits in the problem. Beyond this the problems iu our experiments sPemed to reach a 

plateau. 111 fact for our 16 bit cases even an n equal to 6 seemed to belong to the plateau 

set. I believe this is. in part. due to thf' fact that above half the number of bits the number 

of available \Valsh coefficients decreases exponentially. so that in the case of random \Yaish 

coefficients the combined affects of the higher order \Valsh coefficients are greatly reduced. 

4.7 Summary 

In the beginning of this chapter I introduced several \Valsh based measures of epistasis. I 

developed munerous theorems on the \Yaish analysis of polynomials. Polynomials is not as 
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limited a problem set as it might first appear. since all continuously differentiable functions 

can be expressed as a Taylor series expansion and many other problems can be approximatt>d 

by a finite series of polynomial terms. \Ve saw that polynomials and the various forms 

of encoding and extraction. constrained that maximum the maximum nmuber of bits of 

epistasis. Specifically. epstasis for a polynomial had to be less than the degree of the 

polynomial and less than the number of bits used to extract the argument. for the function. 

Many researchers suggest that difficulty may be related to epistasis. If this is so. a 

reduction in epistasis could be used to reduce the difficulty of problems. In the last half 

of this chapter. I examined some patterns of epistasis. Iu particular even and odd ordered 

functions. I discovered that. for samples from several classes of problems. the arrangement 

of the subsets of interacting bits in the chromosome is important in influencing the ease 

,vith which an optimization problem can be solved. Iu particular. I show that for the 

Griewangk function. a classic G.-\ test problem. argument centering reduces epistasis and 

problem difficulty is reduced. 
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Chapter 5 

The Walsh Structure of Logical 
Expressions 

In the last chapter. we saw how polynomials of limited degree produced functions of limited 

cpistasis. In this chapter. we look at a second class of functions of limited epistasis. the 

class of logical expressions. This may sPem like au exercise in pure ma.thematics. However. 

it has direct application to a very famous set of problems in computPr science know as thP 

k-satisfial>ility problems. I also show how problems that might not normally bP thought of 

as logical expressions can also lw analyzed with tlu· thPorems in this chapter. This shows 

these theorems have greater reach than it might first appear. 

SpC'Cifically. I develop techniquPs for dPtennining tlw \Valsh coefficients and hence epis­

tasis of logical expressions based on A::--:o·s. cm·s. and EXCLUSIVE-oR·s. I show that sums of 

disjuuctivP or conjunctive clauses and of limited clause size have limited Ppistasis. I discuss 

and give examples of using logical expressions as optimizatiou problPms. ThP tllPorems 

proven in the first pa.rt of the chapter arc used to analyze a form of k-SAT problem called 

i\lAXSAT in last part of the chapter. 

The mathematics developed iu this chapter will then be used iu the next chapter to fur­

ther aualyze 1v!AXSAT and compare it to another famous problem called the NK-landscape. 

This \Vill lead to revelations on problems of limited cpistasis iu general. 
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5.1 Normal Forms and Satisfiability 

All logical expressions can be placed in both disjunctive normal form and conjuncti\·e normal 

form (Hohn. 1969: Mendelson. 1970: Carmen et al.. 1990). An expression is in disjunctive 

normal form (DNF) if it is a disjunction of clauses that are each a conjunction of 

variables or the negation of variables. For example: 

(a I\ b) V (c) V {a A a) 

An expression is in conjunctive normal form (CNF) if it is a conjunction of clauses 

that are each a disjunction of variables or the negation of variables. For example: 

( a Vb V C) I\ ( b) /\ ( a V a) 

A C.'.'rF can be trivially c-onverted into a D.\'F (Holm. 1969) and \·ice vPrsa since AXD 

distributes over OR and OR over A.ND. In the case of translatinf; a C=--:F to a O).'F. the 

clauses in the resulting D=--:F are thP sf't of all possible combinations of elements taken one 

from each clausf' in the CXF. If therP are c dauses in the Cl'\F then there are at most c 

variables in any clause in the equivalent D.NF . .-\!so notice that the 1mmber of clauses in 

the equivalent unsimplified DNF is equal to th(• product of the lltunber of variables in each 

clause in the Ci\F. The above C.\'F translates into the following- D~F: 

(al\bl\a) V (a/\b/\u) V (bl\b/\a) V (b/\b/\a) V (cl\b/\a) v (c/\b/\a) 

A subclass of Ci\:"F form called k-SAT expression is defined as a CNF with three 

constraining parameters: there is a universe of i· different variables possible for the formula. 

of these. au expression is created consisting of c clauses. each clause having I.: variables. For 

this dissertation. I will add the constraint that each clause must contain exactly I.: different 

variables. Au example of a 3-SAT expression from 26 variable space denoted by the Latin 

alphabet and using 5 clauses would be: 
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([ViVt) A (tvlve) A (m\/1Vs) A {sVaVh) A {bVeVy} ( 5.1) 

Notice that all 26 variables \Vere not used. 

A k-satisfiability problem is the problem of assigning logical values (TRUE or FALSE) 

to the variables for a specified k-SAT expression that satisfies the expression. that is. 

makes the expression true. A logical expression is ill formed for a stochastic optimizer since 

it only can have one of two values: TRt.:E or FALSE. The stochastic optimizer needs at 

least to be able to tell when one potential solution is closer to the optimum than another: 

otherwise. the terrain is essentially flat and featureless. This plateau structure will come 

back to plague us later in this chapter. 

A popular ··fix .. is a fitness function that returns a uumbc>r from O to c. reprc•sPutiug; the 

number of clauses satisfied. Of coursP. this fitness function assu11H'S that it is better to have 

more dauses satisfied than fewer i11 intermediate vah1Ps of thl' sPard1. This formulation for 

the problem is called a 1\tIAXSAT problem (Papadimitriou. l!J!J-! ). A :'.\L-\XS.-\T problem 

with k variables in each clause is a MAXkSAT problem. This is au important class of 

problems in computation theory. As au example of a :\IAXS.-\T problem. Equation 5.1 

would become th<' :'.\1AX3SAT problem: 

(LViVt) + (tvlve) + (mVtV.<;) + (sVaVb) (bVcVy) 

which assumes that TRL'E evaluates as 1 aud FALSE evaluates as 0. The optimum value. 

in this case. is 5. Au alternative me,L•mre might grade the difficulty of each clause by the 

degree to which the variables in the> clause> arc corn;traincd. The resulting; fitness function 

would be the sum of the grades of the satisfied clauses. The remaiuiug; sections develop 

the vValsh analysis for logical expressions and various means of combining them. In the 

following chapter. \Ve will analyze the general l\IAXS . ..\.T problem using what we learn here. 
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5.2 The Walsh Coefficients for Logical Expressions 

In this section we will show how to compute the \Valsh coefficients for logical expressions. 

\Ve begin with a very useful general theorem that is more of a techniquP than a theorem 

but I want to draw attention to how and why it works. 

Theorem 49 (Logical Function Summation) 

Given/: BL- B then 

2L-[ 

L f(k)·1J11(k) 
k=O 

Proof: 

Since J is returns either a O or a 1. clearly: 

::!L-1 

L f(k)tf,1(k) = 
k=O k: J(k)=l 

u·1(k) 
k: f(k)=l 

k : f(k)=O k: /(k)=l 

The Logical Function Summation Theorem can be used to find the \Valsh coefficients 

for the two basic cases of single bit functions. '.\otl' the use of hyperplane numbering to 

simplify the proof. 

Theorem 50 (Single Bit Functions) 

If f(r) = x[i] and g(x) = .c[i] are L bit functions. where i iudcxes a single bit in the 

bitstring x. then: 

.5 if J =0 .v if J =0 

WI - -.5 if J = 2' 
wg - .5 if J = 2' J J 

0 otherwise 0 otherwise 

Proof: 
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Given that f(x) = x[ij. the Walsh coefficients for f can be computed as follows: 

but this constraint selects a single hyperplane ... 

Therefore by the Balanced Snm Theorem for .Numbered Hyperplanes: 

giving: 

ll,f = 
J 

The \·,dues of 11'9 follow similarly. 

0 

0 

if j ¼ 2' 

if j ~ 21 

if j ¼ 2' 

if j = 0 or 21 

A conjunctive clause is a logical expression containing only A.ND and .NOT operators. 

A disjunctive clause is logical expression containing only OR and NOT operators. In the 

following theorems. the operands to the A.NDs or ORs and the variables which are negated in 

these clauses can be denoted with two masks. Consider one of these clauses over a domain 

of L variables whose truth values are specified by a vector in BL. A variable selection 

mask m. m E BL. selects which bit positions. and hence which variables from the domain. 

are to be ORed or A.NDed. This bit mask approach forces each variable to occur at most 

once in a clause. A negation mask n. n E Bbc(m). indicates which of the selected bits are 

negated before use . .Note that the length of the negation mask is determined by the number 
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of variables selected. To see how this works. let .r E 8 10 . then. remembering that thf' right 

most bit is the 0th bit. x[,] V x[3] V x[l] can be defined as a disjunctive clausP with a variable 

selection mask of 0010001010 and a negation mask of 001. For brevity. a conjunctive 

clause with selection mask m and negation mask n is denoted C(m.n). A disjunctive 

clause is similarly denoted D(m. n). Our example clause is: D(0010001010. 001). 

Theorem 51 (Conjunction of Bits \Vithout Negation) 

If J is an L bit function such that f(x) = x[ar] /\ x[a2] /\ x[a3] /\ ... /\ x[ak] where each a1 

indexes a single bit in .r and. all of the a, are unique and represented in a variable selection 

mask m. that is. if/= C(m. 0). then: 

0 if jg T1I 

if j ~ 1TI 

Proof: 

\\"e know that bc(m) = k and given that /(:r.) = x[ai] /\ r[a2 ] /\ .r[a:i] /\ ... /\ x[a1,.-j. the 

\,\"alsh cocffic:icuts for f can be compmed as follmvs: 

Therefore. by the Balanced Sum Theorem for Numbered Hyperplanes: 

0 if jg m 

:/r·tJ•j (TT!) 2 L-bc(m) if j ~ m 
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For pedagogical reasons. in the pre\·ious theorem. I did not consider functions in which 

any of the bits are negated. The addition of negation is now a simple extension by adding 

the negation mask n to the C(m.O) of the pre\·ious theorem. 

Theorem 52 (Conjunction of Bits \Vith '..';egation) 

If f is an L bit function C(m. n). then: 

lD; = 

Proof: 

0 

- 1- ,:, ( unpack(n. m)) 2bci m, J 

if jg m 

if j ~ m 

The proof is a direct extension of the previous theorem. I ·,vill use the indices b; to 

indicate which bit positious are negated. Lf't f (.r:) = .r[ni] I\ :r[a2] I\ ... I\ x[aJ..-] J\ :r[bi] I\ x[h:.d I\ 

... J\ r[hri] and all of the a, and b, arf' uuique. 

In the hyperplane 1mmherin~ above. n is used to turn on the bits that correspond to the a, ·s 

and zero the bits corrcspo11ding to the b1 ·s. By the Balanced Sum Theorem for Numbered 

Hyperplanes: 

0 if jg m 

tr4'J( impack(n. m))2L-bc(m) if j ~ m 

and the theorem is proved. 
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:\"mv we have the theorems we need to neatly prove the Disjunction of Bits Theorem. 

Theorem 53 (Disjunction of Bits) 

If f is an L bit disjunctive clause D(m. n). then: 

if j ~ m and j = 0 

- -b-1-·1111 (unpack(n. m)) 2 Cfm, 
if j ~ m and j # 0 

0 if j i 711 

Proof: 

Any function which can Le written as a strict disjunction of terms can be rewritten 

using De :-..Iorgan·s Laws as the negation of a conjunction of the negation of the terms. For 

example: AV B can be rewritten as .-1 /\ B. ThPn by De '.\[organ·s Laws. D(m. n) can be 

rc>writt.Pn as the negation of the conjunctiou with selection mask m and negation mask n 

and denoted C(m. n). :'.\cgatiou of a function can be performed by subtracting the numeric: 

truth value of th<' function from l. Thc>refore: 

J = D(m.n) = C(m.ri) = 1 -C(m.n) 

\Ve take the \Valsh transform. vV. of both sides: 

vV(f) = W(l) - W(C(m. n)) 

The \Valsh coefficients vV( 1) arc zero everywhere but w0 which is l. The \Valsh coeffi­

cients W(C(m.n)) can be determined by the Conjunction of Bits \Vith Negation Theorem. 

The expression that follows is the sum of the vValsh coefficients for the t\vo transforms. 
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if j ~ m and j = 0 

0 - -b 
1
, 'U'1 ( unpack(n_ m)) 2 Cm I 

if j ~ m and j -=/= 0 

O+O if jg m 

Which simplifies to: 

if j ~ m and j = 0 

'll'; = - -r--
0

1 l},1 (-uripack(n_m)) 
2 Ctmt 

if j ~ m and j -=I= 0 

0 if j gm 

\Ve have shown how to compute the \\~alsh coefficients for conjunctive clauses and dis­

junctive clauses_ Tlw \\"alsh coefficients for C'.\"Fs and D'.\"Fs where tht> logical value of the 

clauses arc added to1,;cthcr is simply the addition of the \Valsh CC)('fficicnts for the clauscs_ 

In the particular case of a ~IAXSAT problem_ which is a sum of disjunctive clauscs_ we get 

this corollary_ 

Corollary 53a 

Let f he a ).L\XkSAT expression of c clauses with variable selection masks 

rri1_rn2-----mc and negation u1asks n1-n2-----nc then 

c( I -
2
1
, ) if j = 0 

if j > 0 

Proof: 

The corollary is arrived at by a straightforward sum of the coefficients for each clause 

being sure to only select coefficients that might be nonzero_ This is done by selecting to 

add iu values for clause i only if the subscript j is contained in mask mi-
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Our theorems show that the magnifllde of bit interactions for both disjunctive and 

conjunctive clauses are all either O or -b-1- except at w 0 . This means that if the muuber 
2 Ctmi 

of variables is the same in all the clauses. then in the summation of the \Valsh coefficit>uts 

for the clauses of the CXF and DNF there is a lot of opportunity for coefficients to cancel. 

Soraya Rana made the following conjecture about \Valsh coefficient cancellation in the 

.MAXkSAT problem. I provide a proof for it here. 

Theorem 54 (Soraya·s Conjecture on \Valsh Cancellation) 

If f is a MAXkSAT Landscape and there ar<' an equal number of negated and nonnegated 

instances of the n th variable in the MAXkSAT expression associated \Vith the landscape then 

w1 = 0 where j = 2n. 

Proof: 

\Ve know: 

\Ve also know by the definition of th<' \Valsh coeffici<'nt that the sign of the t/·1 in tlw 

above equation is dependent solely on the parity of j I\ 1111pack(n 1 • m, ). Since j is a power of 

two. the value of the \Valsh coefficients are equal to -1. if the /" variable is negated: and 

+ 1. if the variahlP is not negated. Therefore. if negated and normegated variables come in 

equal numbers in the clauses. then they caned out. a11Ci the \Valsh coefficient is zero. 

Au EXCLCSIVE-OR clause can be defined by two masks similarly to disjunctive and 

coujunctive clauses. I will denote the EXCLUSIVE-OR clause X(m. n). Since parity is an 

important notiou for \Valsh functions \Ve can anticipate au EXCLC'SIVE-OR theorem may 

prove useful. Note that the parity function. returns the parity of the bits in its 

argument. The parity functiou can be represented as X ( 1. 0). 

Theorem 55 (\Valsh Coefficients for Parity Function) 

If f is the L bit parity fuuction parity then 
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½ if j = 0 

0 otherwise 

Proof: 

The proof follows directly from the Logical Function Summation Theorem and the 

Balanced Sum for Parity Theorem. 

= I 
2L 

0 otherwise 

I if j =0 2 

= I if j = 2L - 1 -2 

0 othenvise 

Nmv we can prove the general EXCLl:SIVE-OR of Bits Theorem by using embedding and 

reflection of the parity function. 

Theorem 56 (Excu:srvE-OR of Bits) 

If f is au L bit EXCLl:SIVE-OR clause X(m. n) then 
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if j = 0 

-½1/'j ( unpack( n. m)) if J = m 

0 otherwise 

Proof: 

Let f(x) be the function X(m. n)(x). that is the application of the function X(m. n) to 

the bitstring x. 

X(m.n)(x) = X(f.n)(pack(x.m)) 

= X( f. O)(pack(x. m) 9 n) 

Therefore. X(m. n )(.r.) is simply the embedclin)!; of the function X( 1. n) using mask m where 

X ( 1. n) : Bhc( 

111 l - B. This can be further red uc:ed to an embedding of the fuuct ion: X ( 1. 0) 

reftec-ted about ri. But. X(l.0) is just the parity function. Let g(x) be X(f.O). So worki11p; 

Lach,.-ards from the \\"alsh Coefficients for Parity Function Theorem: 

if k = 0 

- { if k = 2 bc( 111
) - 1 

0 otherwise 

Then using the Embedding with Reflection Theorem: 

½ q,0 ( unpack( n. m) if j = 0 

- ½-tf.11 ( unpack( n. m) if j = m 

0 otherwise 
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which immediately simplifies to thP required equarion. 

The way I stated the theorem was for easy comparison with the disjunctive and conjunc­

tive bit theorems. The expression could be further simplified by noting the \Yaish function 

is just performing a parity check of the negation mask. 

The important thing to see here is that all but two of the \Yaish coefficients are zero. 

That means that the EXCLCSIVE-OR clause is the fundamental function that sets the \Yaish 

coefficient whose index equals exactly the variable mask. Hence. given the set of \Yaish 

coefficients for a function. one can reconstruct the function as a linear weighted sum of 

EXCLUSIVE-OR clauses with w0 adjusted hy adding a constant. But. this is not surprising. 

since if we return to the definition of the \Valsh function: 

L-1 

t.!'1 (.r) = Y(E9(;r[i] A j[i])) 
1=0 

we see that the \Valsh funrtion is au EXCLCSI\'E-OR of th£' bits selected from :.r by mask j. 

This is: 

5.3 Combining Logical Functions 

In this section. we discuss brieH.v the combi11i11g of logical fuuctious. 

Theorem 57 (Disjunction of Functions) 

If /(:.r) = /1(:.r) V h(:.r) V ... V fm(:.r) where thP J, are lo~ical functious. then 

Proof: 

\Ve begin with the Logical Function Summation Theorem applied to our disjunction of 

functions. 
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w J 

But this is really a problem of summing the '4·:1(i) for each i where the OR of the functions f 1 

is true. This is equivalent to the classic counting problem solved by the Inclusion/Exclusion 

Principle of combinatorics (:\"'iven. 1965 ). giving us: 

or: 

and the theorem follows. 
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The following corollaries are based directly 011 the set based reasoning in the prPvious 

theorem. Repeated application of the first corollary cau be used to pro\·e the theorem. 

using that same reasoning. the second corollary can be used to prove an EXCLCSIVE-OR of 

Functions theorem. but that is left as au exercise to the reader. 

Corollary 57a 

If f(x) = a(x) V b(x). where a and bare logical functions. then 

where wa"b is the \Valsh coefficient for the conjunction of the two functions a and b. 

Corollary 5 7b 

If f(x) = a(x) e b(:r). \vhere a and b arc> logical functions. then 

Even though the ucxt corollary is a restatement of the more gcrwral thPorem that is 

tnw for any function a a.ncl b. WP indnclP it here to draw comparisous with the previous two 

corollaries. 

Corollary 5 7 c 

If j(J:) = a(x) + b(;.r) where a and bare logical fuuctions then 

@ 

This last corollary says that if thl' functions are special cases in which there is no epistatic 

interaction bct,vceu them L.•.~n all the higher order sums in the Disjunction of Functions go 
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to zero. 

Corollary 57d 

If f(x) = fi(x) V h(x) V ... V fk(x) where the / 1 are logical functions and V l.J E 

{1.2 .... k}.i -:pj that f,(x) A/1 (.r) = 0 \:/ x E BL then 

Proof: 

k 

u.f = ~wf, 
n L n 

1=! 

This follows immediately from the Disjunction of Functions Theorem since all interaction 

terms are now zero. 

5.4 Final Observations about Logical Expressions 

\Vith the above theorems. it is now em;y to compute tll(' 'Nalsh coefficients and the maximum 

rmmber of bits of interaction (f1) for th<' various important c:lassPs of loi;ical expressions. In 

th(• cas<' wer<' the function is the arithmPtic smn of the log;ical value 0. 1 from each of the 

clauses. the maximum munber of bits of interaction is the maximum number of variables 

in any ouP clause. In particular. in the case of a :'.\,L..\XkSAT the value is k. In the case of 

pure C.\"Fs or D.\"Fs the maximum munber of bits of interaction is the number of distinct 

\·ariables in all of the clauses. GivPn any logical expression ,...-here the values of the variablPs 

arc extracted from a bit string one can compuw the \Valsh coefficients as follows. First 

convert the logical expression to D!:'\F. Then use the Disjunction of Functions Theorem to 

combinP the clauses into conjunctive clauses. For each of th<' conjunctive clauses use the 

Conjunction of Bits with );°egation Theorem to derive the \Valsh coefficients. The resulting 

\Valsh coefficients are summed as prescribed by the Disjunction of Functions Theorem. The 

shows that the vValsh coefficients of an arbitrary logical expression arc the sum of the \Valsh 

coefficients of conjunctive clauses of the expression in DNF minus interaction terms between 

pairs of clauses plus interaction terms between triples of clauses etc. Note that this quickly 

becomes a computational burden if there are a large number of clauses. This also means 
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that maximum number of bits of epistasis for a given arbitrary logical expression is equal 

to thP number of distinct variables in the expression. However. note that the magnitude 

of the \Valsh coefficients for interactions between clauses decreases as 1 /2". where II is the 

number of distinct variables in the interacting clauses. 

One of the most interesting observations about these theorems is the fact that the only 

difference in \Valsh space bet\veen C( m. n) and D( m. n) is the sign of the \Valsh coefficients 

and the magnitude of wo. This is. as I have shown. is a consequence of De l\lorgan·s Laws. 

5.5 An Application of Logical Expression Analysis 

The logical expression theorems in this chapter are much more versatile than they may 

appear at first. Some functions that we want to analyze may not appear to logical functions 

but can be recaste as functions involving logical expressions. The bit.count function. be. is 

an example. 

Theorem 58 (\Yalsh Coefficients for I3itcouut.) 

If f is the L bit bit.count function he theu: 

L if /..· = 0 I 

u.f = I if k=21 k -:-; 

() otherwise 

Proof: 

for some J 

f can bP recaste as a .\L-\X:SAT problem by simply addiug up the value of each bit 

position: 

L-1 

J(:r) = L C(21 • 0) 
J=O 

If g1 = C(21 . 0). then we know by The Conjunctiou of Bits with ~egation Th£'orem: 
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0 if k 'Z 21 
-w,91 

k -

-b 1 
.,1 1.uf.( u11pack(O. 21)) 2 C(_ I 

if k ~ 21 

which reduces to 

0 if k ~ 21 

if k ~ 21 

Nate that this sets both w 0 and w"11 to nonzero values. Therefore. since 

l-l 

w{ = Lwi1 

;=0 

combining the L \Valsh coefficient expressions and recogn1zm~ that IJ!,..(21) -1 \vhcn 

k = •JJ-

if k = 0 

if k = 21 for some J 

0 otherwise 

\Ve could have deduced that this would be the answer based on the bitwise linearity of 

the function and that wb is the average of the function values but. this demonstrates that 

the recasting of a function as a logical expression can be a very pov,:erful tool. This is not 

the last time we will use this trick. 

5.6 Summary 

This chapter covered the detailed analysis of logical expressions including an introduction 

to the famous ~IAXSAT problem. \Ve saw that bits that were interconnected by A1'D·s or 
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oR·s tended to have epistatic interactions amongst all the bits. HO\vever. when clauses were 

connected by plus then the \Valsh coefficients are summed so the maximum epistasis (f1} 

is limited to the maximum number of distinct variables in the clauses. Hence. the n of a 

1L-\XkSAT problem is k. A procedure was outlined for computing the Walsh coefficients of 

any logical expression via the theorems from this chapter. \Ve also saw that bits that were 

interconnected by EXCLUSIVE-ORs could be used to select one specific interaction. Finally. 

we saw that sometimes recasting a problem as a logical expression gives us a powerful tool 

for \Valsh analysis. 
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Chapter 6 

Landscapes of Limited Epistasis 

Chapter 3 introduced the concept of embedding a function in a higher dimensional space. 

The result was a function whose epistasis was limited in comparison to the full size of the 

domain. If a function f has epistasis such that D.(/) < dim(!). then I called the function 

a function of limited epistasis. In chapter 4 we saw that polynomials of limited degree 

or functions whose arguments wherP cxtractPd with a limited number of bits would tend to 

havf' limited cpistasis. In tllf' chapter 011 logical fuuctious we saw that bouuded clausP size 

producNi functions of limited epistasis for fuuctious that were sums of logical clauses. I have 

proven many properties about th£' epistasis of two major classes of problems: polynomials 

and logical exprPssious. 

In this chapter. we will look at a way of combiniu~ functions of smaller dimeusiou into 

a larger spacP callf'd embedded landscapes. These functions also produce fuuctions of 

limited epistasis. I will perform \Valsh analysis ou thesP functions and discuss their proper­

ties. I will then shO\v that two importaut function classPs. :'\K-Landscapes and '.\.L.\XSAT 

problems. have surprisingly similar matllf'matical structure and are both subclasses of em­

bedded laudscapes. Our knowledge about embedch•d landscapes will let us quickly deduce 

several properties of these function classes and point out how they might be different. In 

the process. I will develop the technique of using the \Valsh distribution to discover the 

epistatic structure of a fuuctiou. 
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6.1 Embedded Landscapes 

An Embedded landscape. f 5s _ ?~ can lw expn'ssed as the smn of P Pmbedded 

functions: 

P-1 

f = L £(gr m1) 
1=0 

that is 

P-1 

f(x) = Lg1(pack(x.m1 )) 
1=0 

Each g1 : 5&c(rn 1 )- I?.. is an interaction function that weights the interaction captured 

by the bits selPcted by tlw interaction mask. m 1 E B-'". There are no restrictions on the 

number of fuuctions. P. or the uumlH•r of 1 hits in each iuteraction mask. or the values 

returned by the intPractiou functions. The term embedded landscapP comes from the idea 

that th<• g1 are often of low<'r dimension than the number of bits iu the landscape. :\". and 

an· emhPddcd in the higher dimensional span• via function embedding. 

Emlif'clcl<•d laudscapes allow us to indPpencl<'ntly control se\·f'ral important aspt'cts of a 

function. By adjusting th<' value P. we control tllf' number of subfunctions ddin<'d over 

diffen)11t partitious of tlw sf'arch space. \'VP can. for example. study functions with a variety 

of densiti<'S and distributious of subfunctions. \\.ith mJ" \VP cau control thP exact overlap 

betwecu subfunction domains. For example. this could be used to study iuteraction aud 

compNitious liN\vPen different partitions of the search spac<' during genetic search. The 

subfunctions. !JJ" control th<' ordcriug by fitness of hyperplanes in each partition defined 

by ml" They also allow m; to compare functions constructed out of simple basic classes of 

smaller suhfunctions such as pit. random. linear and unimodal functions . 

.-\II of this can be done without invoking embedded landscapes. the model provides a 

ready-made conceptual and mathematical model with several useful orthogonal ··knobs·· 

for adjusting function structure. Furthermore. embedded landscape·s simple weighted in­

teraction model has the potential t.o represent many combinatorial problems that are the 
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sum of the effects of a limited number of interactions between objects. Snch problems 

might include graph. flm,.-. and network problems. As a test function ~enerator. embedded 

landscapes provide the control and variety of important features needed for testing and 

analysis. 

The history of embedded landscapes is short. Lee Altenberg (Altenberg. 199-1: . .\.1-

tenberg. 1996) first introduced the idea of a generalized ~K-landscape. a precursor to 

embedded landscapes. with a vector of interaction masks in the form of a matrix. His 

work only dealt with random interaction functions and was onl:v intended as au extension 

of .NK-landscapes. I independently created a generalization of I\'K-landscapes in (Heck­

endorn and \Vhitley. 1997) in which I referred to the concept as an ::\'KP-landscapes. \Vith 

'.'-rKP landscapes. I emphasized the generality of the embedded functions. Pointing out 

that the embedded functions need not necessarily be ranclom functions. Since then my 

NKP-landscapes have' been examined by other researchers (Smith and Smith. 1999). In 

(Heckendorn et al.. 1999) I wanted to (•mphasize the emheddin~ concept. so I have chau~ed 

tllP name from NKP to mubcddPd laudsc-apes. I reluctant l.v chose' to nsP t.lH' worcl ··land­

scapC'·· to show au a.ssociatiou with XK-lauclscapes even thou~h the co111H'ctivity of the' 

domain is not specified. 

6.2 An Analysis of Embedded Landscapes 

.-\.11 C'mbedded landscape is a sum of simpl<'r lower dimensional subf1111ctions. This method 

of c:ombinin~ subfunctions simplifiPs the analysis of embedded laudscapes. To understand 

the structure of embedded landscapes. we must first understau<l how each lower dimensional 

subfunction is embe<ldecl in the hi~her dimensioual laudscape. 

Let·s briefly revisit fmiction emlwdding for a single function Ill the context of an em­

bedded landscape. Cousidcr a subfunctiou _q : 8·\l - ?.. from an embedded landscape iu the 

space BL. Assume the function uses mask m to select the interaction bits. g(pack(x. m)) 

is now a functiou in BL iu which all of the elements iu hyperplane hm.pack(x.m) are set to 

g(pack(x. m)). Arranging the function values in a matrix by hyperplane. we get a matrix 

of function values with constant values for the elements in each column. 
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-- pack(.r.m) -

g(O) g(l) g(2) g( 2tJC( ml _ 1) 

i 
g(O) g(l) g('2) g('2bc(m) _ 1) ( G. l ) 

pack(x. rn) 

l 
g(O) g(l) g(2) g(2/,c(mi _ 1) 

Note that this matrix results from embedding just a single function g iuto J. From the 

matrix we can see that embedding; a function using mask m induces a partitioning of the 

function domain and all the strings in each hypcrplanP of thi:,; partitioninµ; of/ are assignPd 

a singlP function value as their fitness. This can be <'Xpn•ss<'d simply by an <'XamplC'. If g 

USPS mask 0001110000. thPn strings inf that are membPrs of h_v1wrpla11e ***000**** all 

hav<• the sauw <'Valuation: all thP striw..?;:- in hypPrplailf' ***001**** also all havC' tlw :,;ame 

p\·alna.tion: Ptc. Thus. a plateau phenomenon rP:-ult:,; iu which flat r<'gious. c-orn•spondinµ; 

to specific- hyperplanes. arP presPnt in th£• fn11c-tio11. I will aclcln•ss I hi:- feature furthPr iu 

thP aual~'sis of this dass of functious. 

Orw of tlw major USPS of PmbPdded lanclscapPs 1s to c-reatP fuHctions by combining a 

uumber of smaller aud oftPn simpler subfuw·t ions. Embedded landscap<'s arP sufficiently 

µ;eneral that any functicm can be expn•ssPd as an emlH'rldPd landscape. However. if P 

becomes large in comparison with ~v. thP iuwractions between the embedded functions 

become difficult to stud~·- FnrtlwrnHm'. if max1 =o . ./'-l ( /Jc( m 1 )) approachPs N. then thl' 

interaction functions themselvPs an· 1101 m11d1 Pasier to st11dy than the whole function 

itsdf. 

6.2.1 Plateau Phenomena 

\Vheu multiple subfunctious are usrd. the embedded laudscap£' is the sum of these sub­

fuuctious. Each mask repartitions the space and each subfunction assigns values for each 

induced hyperplane of thP subfunctiou. Yet flat regions can remain. Features of embe<l<lcd 
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landscapes that tend to preserve plateaus are: small masks. overlapping masks. ft•w sub­

functions. subfunctions that themselves contain plateaus. subfunctions that havP a small 

set of range values shared by all the subfunctions. 

Formally. plateaus arc a connected set of points in the domain that all haw equal 

fitness. By connected I mean connected in the graph theoretic sense: we assume points 

are nodes and two points have an edge bet\veen them if they are Hamming distance one 

apart. Plateaus can. in fact. be defined for any neighborhood operator. It is best however. 

if the neighborhood represents paths that would be frequently chosen by the recombina­

tion/ mutation operators of the algorithm of interest. Plateaus. as we have defined them. 

can cause difficulty for stochastic optimization algorithms that strongly rely on moves in 

Hamming space. This is because for points in the interior of the plateau and many along the 

edges. there is no productive fitness selection ir.formatiou. It is essentially an informationless 

surface. 

6.2.2 Walsh Analysis 

\Vp know from the EmbPdcling Theorem that if a singlP function g : B·\f - R is embPdded in 

a higher dimension space. BL. L > 1\f. using mask m. then the resulting function f : 51._?.. 

has \Valsh coefficients: 

w9 if packi 1.111 I i ~ m 

0 otherwise 

where ·lt'9 and wf are \Valsh coefficients for g and f respec-tively: i.m. E 5L_f1c(m) = 1.\l. 

The critical observation is that even though all of the function values in f may be nonzero. 

only those \Valsh coefficients. -u·(. with i ~ m can be nonzero. That is. for the vValsh 

transformed function vV(f). hm.o contains the only nonzero \Valsh coefficients. This leads to 

a second important observation: embedding a lower dimensional function. such as g above. 

in a higher dimensional space. as with function f above. neither increases the number of 

nonzero \Valsh coefficients nor the maximum level of epista"iis. 
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In terms of the matrix of \Valsh coefficients. applying the \Valsh transform to th<' earlier 

matrix ( eq. 6.1) for the embedded function g yields: 

- pack(.r.m) -

WQ Wt 'W:! 

T 0 0 0 0 

pack(.r. m) 

l 0 0 0 0 

0 0 0 0 

where the w, are the \Valsh coefficients for g. {It is critical to note that the indices shown 

here are takeu from g: their indices in J dPpeud on tlw mask m.) '.\" otic:e that thP only 

nonzero \\.alsh c:oefficiPnts have an index whosP 1 bits are contained entirely in the mask 

m. Therefore. then' arc at most. 21,ctm) nonzero \\"alsh coefficients. All the other \Valsh 

coefficients ar£' zero. This is rea:mnable since hits outside of mask m should have no effect 

on the valuP of th£' higher dimensional function. Not<' that for values of /Jc(m.) << L. th<' 

ratio of nonzero \\.alsh coefficients to the total number available becomes exponentially 

small. which strongly constrains the complexity of the function. 

\Ve use this to illustrate \\·hat happens as the number of embedded functions increases. 

\Vhcn P = 1. thP landscape consists of the embedding of a single sub function g by a mask m 

resulting in £'\'cry value iu hyperplane hrn . .r being assigned g(x). In \Valsh space this makes 

the \Valsh coefficients in the hyperplane hm.o the only possible nonzero \Valsh coefficients. 

As P increases. the additive property of \Valsh coefficients. instilled by the linearity of the 

Walsh transform. means that successive nonzero hyperplanes h,,,b.o arc added in the Walsh 

space while in function space. successive layers of constant hyperplanes hm . .r arc added. 

Plateaus are guaranteed to exist in embedded landscapes for small P and small to 

moderate size interaction masks. As we saw with a single embedded function (P = 1). the 
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space is partitioned into 2bc( mil hyperplanes. each partition being a plateau of 2tic(mT) in 

size. .-\ second ( P = 2) embedded function tend.5 to redh·ide the space into a new set of 

hyperplanes cutting each hyperplane into 2bdm-.!) pieces. To be precise. two subfunctions 

with interaction masks m1 and m2 produce at most 2bc(mi vm-.!J plateaus each 2tic(1Tq '✓ m·!l 

strings in size. Depending on the value of the subfunctions. there may be fewer and larger 

plateaus. This extends in the obvious manner to larger numbers of subfunctions . 

.-\s P increases. the overlaying of partitions tends to redivide the space into smaller and 

smaller plateaus. exponentially increasing the number of plateaus by 2bc(m1 ). As we \Vill see. 

this process is slowed in the case of embedded functions which themselves have plateaus. 

The \Valsh coefficients of an embedded landscape are easily calculated from the vValsh 

coefficients of the subfunctious. 

Theorem 59 (\Valsh Coefficients for an Embedded Landscape) 

If J : BL- ?a is an embedded landscapc> with P subfunctions. g, 

iutcraction masks m, E BL. then 

,1.f = '11'9, 
J L...., pack(j.m,) 

1·;;11,, 

when• w1 = 0 if J. rr rr1 J :t= /• Vi E {Cl.1.:2 ..... P-l} 

Proof: 

B1,c1 111 ·) _ S. aud 

ThP theorem follows from Thc> Sum of Functions Th<'orcm and the identity given by the 

Embeddiug Theorem: 

11'9 if pack(1.m) i ~ Tri 

0 otherwise 

The theorem points out that the only nonzero 'Naish coefficients arc those where the 

index of the \Valsh coefficient is entirely contained iu at lea.st some interaction mask for the 

landscape. 
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Because it will come up so often I defiue the function maxdim(f) for embedded landscape 

fas: 

P-1 
maxdim(f) = max dim(g,) 

,=O 

where g1 are the P subfunctions of J 

The next theorem gives one of the most important properties of an embedded landscape. 

Theorem 60 (Polynomial Time Walsh Analysis) 

Let f be au embedded landscape \vith P suhfunctions. g, each of which uses an inter­

action mask of m,. If the max:dim(f) :S K where K is a fixed constant independent of the 

dim(!) then all of the \Valsh coefficients off can be computed in polynomial time relative 

to dim(!). 

Proof: 

It is <'asy to Pntuneratc all of the nonzero \Valsh codficicnts of an embedded landscape. 

The ith subfunctiou contributes to \\"alsh c-oefficieuts: 

{11.f '11.f 
unpack( 0. 111,) • unpack( I. m, 1 • .... ll.f ' } 

unpack(:!ocim, '-!. m,) 

Each of the P subfuuctions contributes to at most 21'. \Valsh coefficients. The rest an• zero. 

Therefore. there arc at most 2"· P nonzero \Valsh coefficients that need to be computed. 

when· K and P arc constants. Each of these can lw comput<'d iu polynomial time \'ia 

The \\"alsh Coefficic•nts for au Embedded Landscap<' Theorem. Therefore. all of the \Valsh 

coefficients can be computed in polynomial time. 

It is clear that even though au embedding of a function f may be nonzero for every 

\·alue in the domain. the n of the function is not increased by embedding the function. This 

concept is distilled in the following theorem. 

Theorem 61 (Emuedde<l Function Epistatic Limit) 

Let g : B·\f - R and / : BL- R. If £(g. m) then O.(f) = !!(g) 

Proof: 
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Sine£' there is a 1-1 correspoudenc·e between the nonzero \\~alsh coefficients of J and g: 

and since hc(i) = bc(pack( i. m)) for i ~ m. the sets of \\"alsh coefficients for any given 

number of interacting bits must be identical. and hence D.(f) = fi(g ). 

The result for an embedded function can now be easily extended to an embedded land­

scape. 

Theorem 62 (Embedded Landscape Limit) 

If J is an embedded landscape with embedded snbfunctions 91 then 

Proof: 

Let g; = [(g,.m,). g'.: BL-R. \Ve kuow from the Embedded Fuuctiou Epistatic Limit 

Throrem that the H(g;) = fi(g; ). Frum this it is dear by the Function Sum Theorem that: 

0 f) l'-1 0( ) __ ( :'.S max __ _q1 
,=O 

This thPorem says that even though the PllllH'ddecl landscape was defined over L bits. 

the maximum epistasis of the function is no larger thau that of its most highly epistatic 

subfunctiou. This. of course. cloesu·t mean that the function is just as easy as solving the 

subfuuctious independently. 

6.3 The Distribution of Walsh Coefficients 

Iu this section. I first analyze how embedcled functions and landscapes cover the space of 

\Valsh coefficients. I then show how to calculate the coverage more exactly if the masks 

are known and discuss the limitations of this computation. I will develop an important 

teclmique of usiug the distribution of possible nonzero \.Valsh coefficients as a signature of 

the breadth of possible functions obtaiuablc by a class of functions. 
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Knowing the ma.ximurn epistasis is not as informative as knmving thP distribution of 

nonzero \Valsh functions called the \\"alsh distribution. This is measured as a vector IC 

where K,1. the i th \Valsh count. is a count of the number of nonzero \Valsh coefficients of 

order i. 

Theorem 63 (\Valsh Distribution for an Embedded Function) 

Let J = £(g. m) ,·vhere f: BL-~ and g : B·\l - R. 

(
Al) K,R < - R 

Proof: 

Let f = £(g. m). \Ve know from the Embedding Theorem that \Valsh coefficients of 

J are the same a.s those of the subfunction g. \Ve also kuow from our Parlier discussions 

that a \Valsh distribution of a function with all possiblf' \\"alsli coPfficiPnts nonzero. forms 

a binomial distribution. If a.II the \Va.lsh coefficients of !I are nonzpro WP know that the 

distribution of the nonzero \Valsh coefficients in f is also a binomial distribur.ion and hence 

each Ku must lw bounded by {-~) . 

.\"ote that this theorem clocsn·t say that tlw limit is ( 1
~{')) si11cP £2(!) does not limit 

the potential number of nonzero \Valsh coefficients of any order less than or equal to 0.(j). 

ThP following corollary suggests that because the distribution of the embedded function 

is binomial and the tails arc limit.Pd b:-,· Al and not .N thP number of potentially nonzero 

\Valsh coefficients can be very small. \VP"ll sec this more dramatically later. 

Corollary 63a (Emliedckd Function Sparseness) 

Let f = £(g. m) where f: BL-?. and g: 5.\l _ ?- There is at most one nonzero \Valsh 

coefficient of order jf and that is w 111 . 

Proof: 

That there is only one follows immediately from the binomial distribution. That it 1s 

w,,, follows from the Embedding Theorem. 
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:'\ate that as with the earlier theorem. this does not say that there is ll£'cessarily only 

one nonzero \Valsh coefficient with the highest epistasis. 

Theorem 64 (Embedded Landscape Sparseness) 

If f is an embedded landscape with P embedded subfunctions g, then there can be no 

more than P \Valsh coefficients of order max:dim(f). 

Proof: 

This follows immediately from Embedded Function Sparseness. 

Suppose we wish to model a landscape as an embedded function. If the embedded 

landscape is defined over BL. then there are (maxdim(f)) different Walsh coefficients of 

order ma..wlirn(f). Therefore. by the Embedded Landscape Sparseness Theorem. oue would 

\" 
need Cnaxdimcf)) subfunctions to allow each of the \Valsh coefficients to be nonzero. This 

means for an embedded landscape to model any function of limited epistasis would require 

potentially ver:v many suhfunctions or that the subfuuctions be of limited epistasis as ,vell. 

Our reasoning about embedded lanrlscapP spars('uess shows that the· \Valsh distribution 

of a function tells us a lot about its structure. If common fuuetious tend to bC' sparse 

iu \Valsh space. then a compart way of expressin~ wherP th£' nonzeroness occurs. such 

as a \Valsh distribution. may provide a ronvenient si~nature of functional structure. The 

signature may allow us to quickly clecidP when two functions are different in structure in 

some fundamental way. 

Theorem 65 (\Valsh Distribution Limit for Embedded Landscapes) 

If f is au N bit embedded landscape with P embedded suhfunctions _q,. then 

f'-1 

/CR < . ( (N) , (dim(g, )) ) < _ (N) p (m,Lxdirn(f )) 
nun R . L R mm( R . R ) 

1=0 

( G.2) 

Proof: 

The first upper bound is true because' the number of nonzero \Valsh coefficients can be 

overestimated by summiug the number of vValsh coefficients for the subfunctions as if they 

were completely independent. The resulting value must be clipped by a min function to 
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the total number of possible nonzero \Yalsh coefficients for a ~y bit function. The second 

upper bound is true because each subfuuction could be more coarsely bounded by the most 

epistatic subfunction in the landscape. 

In practice. there is a lot of duplication when embedding masks overlap. The result 

is that the number of nonzero 'Walsh coefficients of order R is considerably less than our 

proposed upper bounds. In many circumstances where embedded landscapes are used as 

test functions the size of the subfunctions is constant. that is 

dim(y1 ) = maxdim(f) v'i E {0.1.2 .... . P - l} 

I will call these a fixed size embedded landscapes. 

For fixed size embedded landscapes the second upper bound applies with equal accuracy 

as the first upper bound. Fixed sizP emhPddNl landscapes arc just as general as nonfixecl 

size embedded landscapes if the snbfunctious arP allmve<l to lH' functious of lirnited epistasis. 

Fixing the size at a value K gives us a single constant to talk auout the sizP of the function. 

rather than considering a vector of the dimensions of all of the subfunctions. For simplicity. 

in much of the remainder of this chapter \\"C will consider embedded landscapes to be of 

fixed size. 
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Table 6.1: The Upper Bound of Xumber of Nonzero \Valsh Coefficients in a General 10 
Bit Function vs the .Number in a 10 Bit Fixed Embedded Landscape with 10 Subfunctions 
Broken Down By Order Rand f! = K. \Vhen a Ratio is Given. the );umcrator is the Cpper 
Bound on the Number of Nonzero \Valsh Coefficients for the Embedded Landscape and the 
Denominator is the Ma.ximurn Possible for any Function of Order N. 

K- 1 2 3 -l 5 6 7 8 9 10 

lR 

0 1 1 1 1 1 I 1 1 1 1 

1 10 IO 10 10 10 10 10 IO 10 10 

2 - 10 /-15 30/-15 -15 -15 -15 -!5 -!5 -15 -15 

3 - - 10/120 -!0/120 100/ 120 120 120 120 120 120 

-! - - - 10/210 50/210 150/210 210 210 210 210 

iJ - - - - 10/252 G0/252 •)IQ/?:-•) - _Q_ ?-? -u- 252 252 

(j - - - - - 10/210 70/210 210 210 210 

7 - - - - - - 10/120 80/120 120 120 

8 - - - - - - - 10/-15 -15 -!5 

9 - - - - - - - - 10 10 

10 - - - - - - - - - 1 
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Consider a fixed size embedded landscape f ·with maxdim(f) = K. The ratio of the 

maximum possible number of nonzero \Valsh coefficients of order R in the landscape. P ( ~). 

to the total number of possible order R \Valsh coefficieuts. ( ~) is a good indicator of 

sparseness of the coverage by embedded landscapes. Table 6.1 shmvs this comparison for au 

10 bit embedded landscape of 10 embedded functions. The columns represent the varying 

values of K. The rows represent the various orders. R. of 'Naish coefficients for the function. 

Therefore each column represents the \Valsh distribution for a different embedded landscape. 

\Vherever a single number occurs in the table. the embedded landscape may have the 

maximum number of nonzero \Valsh coefficients for that order. \Vhen a ratio is given. the 

numera.tor is the upper bound on the number of nonzero \Valsh coefficients for the embedded 

landscape and the denominator is the maximum possible for any function of order N. For 

instance. for au embedded landscap<' with N = 10 and K = 5 there are ( \0) = 252 \Valsh 

coefficients of order 5 but at most 10 G) = 60 of them can br nonzero in thl' embedded 

landsc:ape. 

, , 

, , 

, 
,, ,, 

Figure 6.1: \Valsh Coefficient Distributions for an Arbitrary 10 Bit Function (Solid Liue) 

and for a 10 Bit Fixed Embedded Landscape (Dashed Linc) with 10 Subfunctions Each 

with n = 5 

Another way to look at this 10 bit embedded landscape is presented in Figure 6.1. Herc 

the x-axis represents the order. R. of the \Valsh coefficients. The y-axis represents the num-
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Figure 6.2: \Valsh Coefficif)nt Distributions for an Arbitrary 20 Bit Function (Solid Linc) 

and for a 20 Bit Fixed Embedded Landscape (Dashed Linc) with 20 Subfunctious Each 

with n = 10 

ber of possible \Valsh coefficients of that order. K. which is also the D of the subfunctions. 

is 5. ThP solid line reprPsPnts the m,u::inmm number of possible nonzero \Valsh coefficients 

for an arbitrary function over the 10 bit domaiu. The standard continuous Gaussiau ap­

proximation for a binomial distribution is used to case visualization (:\Iendenhall. 1967). 

ThP dashed line shmvs the maximum mnubcr of nonzero \Valsh coefficients for a 10 bit 

cmli<'<l<led landscape with 10 subfunctions awl the n. for each subfum:tion of 5. This graph 

shmvs that the g;reatest m1mher of possible \Valsh copfficients are of order N /2 or 5. \Vhen 

the 10 functions are smnmPd. the coverage is increased 10 times and the left tail of the 

upper dashed curve arches above the solid curve. It is the minimum of these two curves. as 

per Eq. G.2. that limits the total number of \Valsh coefficients for the embedded landscape. 
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with n = 15 
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Table 6.2: The Cpper bound of the CO\·erage and Intersection Points for embedded land­
scapes 

P=X=-10 P=:'\=80 

! I 
I 

I K i Coverage [ K Coverage [ I 
I I i 

i i l 
I 

0 1.00£+00 2 0 l.00E+00 2 

-1 1.-12£-0:3 2 8 1.52£-07 2 

8 5.21£-05 :J 16 7.65£-11 3 

12 1.5:3£-05 ' 
i 2-1 -1.22£ -12 -1 .., 1! 

I! 
ii 

16 2.21£-05 5 
lj 

32 7.81£ -12 I ;J 

I I 
! 

20 1.11£-0-1 (j -10 2.31£-10 7 

2-1 1.27 £-11:J s 
Ii 

-18 :J.79£-08 9 
I 
1[ 

28 1.93£-02 10 
i 

56 9.5-1£-06 12 

32 2.76£-01 lu 6-1 2.-l-1£ - 0:3 19 

36 9.98£-Cll 28 -? ,_ 5.27 £-01 36 

:39 1.00£ .!-QC) - 79 1.00£+00 -
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As ~v increases. the discrepancy between embedded landscapes and arbitrary functions 

of n = K becomes increasingly pronounced. In Figure 6.2. the solid curve is the potential 

number of nonzero \Valsh coefficients for a 20 bit function. while the small dashed curvr at 

the bottom of the graph is the distribution for an embedded landscape of 20 functions with 

n = 10. In Figure 6.:3. the dashed curve is the distribution for an embedded landscape of 

20 functions with n now set to 15. This illustrates that as n increases and the mean of 

the distribution of nonzero Walsh coefficients moves to the right. \Vhen n = N all possible 

functions of order N are covered. 

In Table 6.2. \Ve give the intersection points and coverage for embedded landscapes of 

N = -10 and N = 80 for \·arious \·alues of K and the number of suhfunctions P equal 

to N. The coverage is the ratio of the umnber of possible nonzero \Valsh coefficients to 

available \Valsh coefficients. The intersection point. I. is the intersection of the maximum 

possible' coverage of N independent K order functions and the limit imposed h:',· the general 

N. hit function. I can be found at the intersPction of upper daslwd line and the solid 

line on tlw graph. as measured in hits of iuterac-tion . .\"otc that I remaius small for most 

values of K aud only nears N when K nears S. This allows th£' muuber of nonzero \Valsh 

coefficients for au emlH'dded landscape to be approximated by N2 K - I for most values of K 

excPpt near O and N. The number of available \\"alsh coefficients of a ~iven order or less 

is approximately 2S-I for K 2: ;V/2. Therefore. for K 2: N/2 and not near N. au upper 

bound for th£' coverage is -!N /2.\" -i,· . .-\s K decreases from X /2. the nurnlH'r of coefficients 

for an embedded landscape continues to clc•t:reas<' by powers of two whilf' the number of 

available coefficients initially decreases more slowly. Tln1s. for most K < N /2. where K is 

not near 0. the value of the covera~e is less than it is at K = N /2 giving an upper bound 

f ·; \"/•) o -1.iv 2 • , - . 

6.3.1 Computing the \Valsh Distribution by lviasks 

In the previous section we showed a.n upper bound for the distribution of nonzero \Valsh 

coefficients. This assumed that non£' of the N bit positions has a. 1 in more than one of the 

interaction masks mb- If we know the set of masks. \Ve can better predict the upper bound 
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of the distribution of \Valsh coefficients. This gives us some insi~ht cm how overlapping 

regions of bit interaction interfere to reduce the diversity of functions as seeu by tlw \Yaish 

coefficients. 

\Ve know from the Embedding Theorem that the nonzero \Valsh coefficiPnts for the 

embedding of a function must have indices that are contained in the mask used for the 

embedding. That is. if f = E(-u. m) then w[ =/:- 0 only if i ~ m. Each interaction mask can 

therefore generate 2n-l nonzero \Valsh coefficients in the final function. but only if there 

is not any overlapping between masks. 

But suppose there is overlapping. Let·s examine the case of a function f that is com­

posed of the sum of the embeddings of two functions. f1 and h- based on corresponding 

overlapping masks m 1 and m2 with bc(mi) = li 1 and hc(m:!) = 6'2. Assume the masks 

share 812 bits iu common. i.e. bc(m1 /\ rn:d = bl:!· The ma.ximmn number of nonzero \Valsh 

coefficients for functiou f is the sum of the coefficieuts covered by the two functions minus 

the coefficieuts duplicated by the intersection. 

Iu fact. because of the 1-1 correspoudcuce established in the corollary tu the Embeddiug 

Theon'm. we know that the \\"alsh counts K,, for J1 and /'2 for a given i can only influence 

the order i \\'alsh couut for function f. Therefore thP above upper bound can be stated 

more strongly as: 

where IC; is the i th \Yaish count for the function generated by an embedding based on m 1 

and /C
1
1'2 is the \Valsh count for a function generated by au embeclcling based on m1 /\ m2. 

For example: In Table G.3 we assume the function f is composed of the embedding of two 

functions Ji and h on the domain s-1 expanded with the respective masks m1 = 1110001 

and m 2 = 0011101. The first column is the order of the \Valsh coefficients being counted. 

Since the masks are 7 bits long. the domain off is 8'. and therefore. there are 8 different 
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Table 6.3: Example vValsh Count Computation 

i K,l 
I 

;;:_2 
I 

K, I"!. 
1 

K, f 
I 

I 

0 1 1 1 1 

1 -1 -1 2 6 

I 
I 2 6 6 1 11 

I 
3 -1 -l (} -l I 

i 
-1 1 1 0 1 

5 0 0 0 0 

6 0 0 u 0 

7 0 0 0 0 
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\Valsh counts for f and the embeddings of / 1 and f-2 . The second column is the distribution 

of the maximum number of nonzero \\"alsh coefficients for the embedding off 1 given that 

the embedding ,vas done using a mask with -1 bits set. h. is similarly represented iu column 

three. The fourth column is the ma.ximum number of nonzero \Valsh coefficients that are 

duplicated in the interaction of the two masks. The duplicate counts are subtracted and 

yield the final column which is th!:' ma.ximum number of nonzero coefficients for the given 

masks. 

In general. by using the Inclusion-Exclusion Principle (Niven. 1965) from combinatorics 

we can see for f based on X functions that are expanded using masks mb: b E { l. 2 ..... iV} 

the distribution of \Valsh counts can be calculated a!,; follmvs: 

fl= I: i_i 
l'.51'.5.\" 

The first term in thP expression represents the> sum of the contributions of each mask 

if the• masks were all disjoint. Each succPssi\·p sum in tlw expression is au interaction term 

for irn:rc,Ls;ing numbers of masks. 

\Vhy docsn·t this prm·ide a formula for the exact munber of nonzero \Valsh coefficients"! 

ThP ans,ver is best illustrated hy going back to the two mask example. The \Vabh counts 

do not contain all of the> information nec:C'ssary to dctcrminC' which \Valsh coefficients arc 

covC'recl by both f 1 and f '1 when all possible \Valsh coefficients of each order arC' not covered. 

Of course. au exhaustive listing of which coefficients arc covered and which are not. by each 

embedding function will detenninc the exact coverage. 

6.3.2 Summary Statistics for Embedded Landscapes 

\Valsh analysis can be used to compute the summary statistics (mean. variance. skew .... ) 

for a function. Clearly. computing suuunary statistics for arbitrary fitness functions would 

require exponential time relati\·e to the size of the domain in bits. Hmvever. we have shown 

that the \Valsh coefficients for au embedded landscape can be computed in polynomial time 

relative to the number of bits in the domain of the function and in polynomial time relative 

to the number of clauses. Finally. ,vc shmved that there were a polynomial number of 
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nonzero \Valsh coefficients. Soraya Rana suggested that the r th moments of thr functions 

might also be computed in polynomial time and did some preliminary work on a proof. 

In this section. we show that given the \\-alsh coefficients of a function it takes a polyno­

mial time. as measured in the number of nonzero \Valsh coefficients. to compute a variety 

of statistical moments. 'With that result. it is easy to shmv that given the \Valsh coefficients 

of an embedded landscape. it is a polynomial time transformation to compute a ·variety 

of statistical moments. Goldberg and Rudnick (Goldberg and Rudnick. 1991) have used 

\Valsh coefficients to calculate fitness variance for fitness functions and hyperplanes. but I 

exceed their formulations by computing moments of arbitrary degree about three different 

means. 

Given the mean. the formula used to compute the r th moment. denoted /Lr- for a discrete 

random variable X is: 

I: (.r. - JLtp(.r.) 

r-::.\" 

(G.3) 

,•,:here p(x) is the probability of .r: occurring. Given the rt/' moment. it is easy to compute 

the variance. skew and kurtosis for au~; fitness fuunion (Spiegel. 19Gl). 

variancc 
') = /L"2 = a- skcw = kurtosis = 

TherP arP three kinds of moment WP will wish to calc:ulate. First is the moment of 

the entire function about the mean of tlH' entire function. denoted JL. The second is the 

momc>nt of a hyperplane about the 111eau for the eutirP function. This tells us how the values 

iu the hyperplane compare with the average for the whole function. Finally. we want the 

moment of the hyperplane about the mean of the hyperplane. 

Theorem 66 (Moment about Function l'.Ieaa) 

The moment about the mean JL for function f ~iven the vValsh coefficients of f 1s: 

/lr = a, -::j: 0 'if i 

171 



Reproduced with permission of the copyright owner.  Further reproduction prohibited without permission.

Proof: 

For the r th moment calculatiou. I assume each function value is equally like!_\·. Therefore. 

by definition of moment in Equation 6.3: for f: BL-~ and p(x) = :}r= 

~ (.r - Jlt 
Jlr = L- ?L 

rE.\" -

Since X represents a real valued function over an L bit domain then: 

--,L_, 
1 - • 

Jlr = ?L L (f(x) - JL( 

- .r=O 

\Ve can then substitute for f with the \Valsh representation off: 

-,L_I 
1 -

Jlr = 2L L 
.r=O 

Siw:P /L = wo. and IJ'o(r) = 1 Vx: 

-,L _I 
1 -

/Lr= ']_I. L 
r=O 

\Ve cau now expan<l the l'Xpo11e11tial creatin~ a set of r indic£'s a1 where a1 E BL: 

Since the \Valsh coefficients do not depeud 011 x. tlw formula c:au be rewritten as: 

a1 =I a~=I r=O 

Using the fact that for arbitrary p and q: ·lj.1µ(x)-q1q (x) = 1/1p7 q(x): 

l :!l-t:!l-1 :!L-1 :!L-1 

JLr = 2L L L · · · L Wai Wa2 • • • 'Wa, L ·t/Ja1-:-a2 7 .. 7 a, (x} 
a,=! x=O 
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Now using the Balanced Sum Theorem we see that only when ai e a"2 .: ... ear = 0 is 

the inner sum nonzero. Therefore. 

1 
Jlr = 2L 

= 

a,# 0 Vi 

a,# 0 Vi (6.-1) 

To summarize. given the set of nonzero \Valsh coefficients. we can compute the r th 

moment for the fitness distribution using products of the '.Valsh coefficients such that the 

exclusive-or of the iudices is zero. 

This formula allows us to compute the variance. skew and kurtosis for any fitness dis­

tributiou provich•d WP are given the \\"alsh coefficieuts. 

., 
l'rLTUlUCf' = Jl!. = a- kurtosis = Jl 

1 

al 

For examplC'. sincP a 1 S a 1 = 0 if and only if a1 = a1 tlwu the variancP for a11y functiou can 

1,p cornptttPd 

"2L - I 

I: w,u:, 
1=! 

This is the formula I computed in our discussion of dot products. 

Of course. this computation of the moment around the mean. if done directly. would 

take 0(2Lr) timP. However. in the case of au embedch•d laudscape. only a polynomial 

1mmber of \Valsh coefficients arc nonzero. they are easily emuncratcd. and ouly the nonzero 

coefficients need be considered. Selecting the indices to have even parity would cousist of 

selecting the first r - I indices from the set of nonzero \Valsh coefficients. The exclusive-or 

of these would be taken and would be used as the desired r th index. The exclusive-or of the 

r indices would therefore be zero. using this simple strategy. it would take O(nr-l) time 

to compute the r 11' moment given the \Valsh coefficients. where n is the munher of nonzero 

\Valsh coefficieuts. Iu the case of embedded landscapes. the nonzero \Valsh coefficients can 
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be identified and computed in polynomial time. Since our moment computation strategy is 

also polynomial time for fixed r. an~· summary statistics can he computed from Theorem 

66 in polynomial time. 

This same approach can he used to calculate summary statistics for hyperplanes. .-\ 

subtle feature of the derivation of moments from \,\iaish coefficients is that ·u•o \Vas the mean 

for the entire function. not just a hyperplane. So there are really two obvious types of 

moments for a hyperplane: the moment about the mean for the entire function and the 

moment about the mean for just the hyperplane itself. \,Ve will treat these nvo cases in that 

order. 

Theorem 67 (~lament of Hyperplane about Function :Vleau) 

The r th moment of the elements of hyperplane h ahout the mean JL for function f given 

the \Valsh coefficients of f is: 

Proof: 

In th<' case of thP momc>nt off iu h_vperplanP h about till' mean for the eutire function: 

where JL is the mean for the entirf' function. \Ve uow proceed as with the earlier derivation: 

Then applying the Balanced Sum Theorem for Hyperplanes we get: 

1 
JLr(h)=lhl L Wu 1Wa 1 ••• WaJ~1a 17a17 ... 7 a,U3{h))lhJ). 

a1--:-a1-:· ... -:=-Ur c;;,a(h) 

(Li =fa O "i i 

Therefore. the r 11' moment about the mean for the entire function over hyperplaue h is: 
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a, =fa O 'v' i 

~ow consider the case where the mean used in the moment calculations is the mean of 

the hyperplane. \Ve denote this moment for hyperplane h as JLr ( h). 

Theorem 68 (Moment of Hyperplane about Hyperplane ?\-lean) 

The moment of the elements of hyperplane h about the meanµ for function f given the 

~Nalsh coefficients off is: 

a, g n(h) Vi 

Proof: 

\Ve refer to the mean of the hyperplanP as Ji. Returuiug to thP ori~inal equation for 

moment we get: 

Substituting the \Valsh transform for the function f and the results of thP Hyperplane 

A vcraging theorem for ji. we get: 

The left. sum in parentheses can now be broken into two parts 

JLr(h) = I~' I:( L wrq,;(:r) + L Wj'q,1(:r) - L wk·h(!3(h)))r 
I .rt::h 1,;o(h) J<;!;o(h) kc;o(h) 

Regrouping under the sums gives 
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JLr(h) =+I:( L (wi·l,!\(x) - Wi~11(l3(h))) + L WjtJ,1 (.r))r 
I J xEh i;a(h) 1<;a(h) 

Note that x E hand i ~ a(h) therefore. 11\(x) = ·1:\(/J(h) )! This means u·1v'i(.r) -tc,l1';(3(h)) 

is zero and we get 

Proceeding with the expansion of the r th power as we did in the earlier proofs: 

1 

=!hi~ I: I: L W,q"Wa:! ••• n•,,rlf'a1-:·<1:!--':·----::·Clr(x) 

<lr;n(h) .r'=h a1 ;o( lz) c,:!q::o(hJ 

1 I: I: = -
lhl 

a I r;o(I,) a!<;o(h) 

·11• ·u• ·it• ~ -,,, - • - (x) 
Ut a2, • • • <lr L.,. c11--:-Cl.!-:-•-·-=--Clr , 

.I7:h 

1 I: I: = 
ihl 

a;';;o(lz) a!;o!h) 

Wai Wu! ••• "ll'ar lh J ij1a I -::-a:.!·:-----::·ar (fi( h)). 

with a1 Ga"! 6 ... :=.Ur~ n(h) 

= I: I: L Wa1U'a:! ••• ll'arl!'a1-::·a:!-::· ... -;:-<1r([J(h)). 

ar;n(/,) \Vith a1 6 a"!= ... e Ur ~ n(h) 

\Vhid1 is the same as saying: 

Note that when h is fixed as all *·s. that is. h is the \vhole domain then, o:(h) = 0 and 

the Moment of Hyperplane about Hyperplane Mean Theorem becomes the same as the first 

theorem in this section. 
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6.3.3 Embedded Landscapes and the Central Limit Theorem 

Embedded landscapes take 011 the appearance of a sum of distributions. It would :-;cem that 

the Central Limit Theorem should apply to them. In this sPctiou I present a conjcct ure that 

I have yPt to pro\·e and yPt is an important contribution to understamling t hP statistical 

nature of embedded la11dscapcs. ~1endenhall ( ).lendenhall. 196,) presents th£> Central 

Limit Theorem theorem as: 

If random samples of n obse,vation.5 are drawn from a population with finite 

mean. JL. and standard dct•iation. a. then. when n is largt:. the .mmplP mean. Tf. u,i[l 

be apprnximately normally distributed tl'ith mean eq1tal to /L and standard deviation 

rY / ,In. The apprn:rirrrntion will become m.ore and more accurate rts 11 become.~ large. 

By --random samples·· hP means drawing each clement from a finite population with 

equal probabilit~·- ).[eudPnhall notes that the thcon'm c:an OP rcstatPd in terms of the sum 

of samplP measures. I:;'== 1 !f,. 111 this c·as<' tlw meau would tend to 11/L and the standard 

deviation \Votild rP111I to fa.a . .-\u oli\·ious PXt<'usiou to this would b!' thP sample sum ca11 be• 

mad<' from " possibl:v distiud populaticms so that. for Pxampll' . .111 is draw from population 

Pl aud !JJ is drawu from popnlatio11 fl"2· Ne·. If Pach population p, rcpn)SPllts a snbfunction 

in au Pmbcdcl<-d lamlsc-apP. tlH•11 thP fm1c:tio11 \·,Lim' for tl1t• landsc-apP rPprcscuts the sum of 

sampll's. I:;'= 1 y,. In this casP thP sa111pl<' distribution will bl' normal!~· distributed with a 

ll1Pa11 equal to I:;'= 1 /L,. wht•r<• ,,., is tlw mean oft he ;th populatiou. TlicrP is ouc important. 

proviso. The domains of the snbfu11ctions must lJP indcpcwlcnt. If they are 11ot. then 

seh•c:ti11g a vain<' for a subfuuc:tion biases \Vhich members of ovc•rlapping s11bfu11ctions can 

hP chosen. that is. th<' subfunctions are not c:hoseu \1,.·ith equal likelihood. 

I propose th<' Central Limit Conjecture for Embedded Landscapes that the 

ceut ral limit thPcn-cm for sums of samples still applies to cml>P<lclecl functions even though 

the functions are no longer truly randomly sampled. If this conjecture is true. then it is 

a general propert~· of embedded laudscapes that as the uumbcr of subfuuctions iucrcasp 

thP valuPs for au Pmbeddcd laudscape tend to cluster about the mean \Vith a r>rc)clir.table 

staudard deviatiou. 
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6.4 The Walsh Analysis of Two Classic Problems 

Test function generators have become a new standard in testing the performance of evo­

lutionary algorithms (\Vhitley et al.. 1995b: Jong et al.. 1997: Heckeudoru et al.. 1999). 

Performing comparative studies between search algorithms is complicated by the fact that 

there are few well-understood test problems available to researchers. Often a small test suite 

of parameter optimization problems was used to determine algorithm performance. Using 

this small seemingly arbitrary set of test functions provided a very narrow view of perfor­

mance. Test function generators. on the other hand. allow researchers to have a virtually 

limitless number of test problems that all fall within a broad class of functions. 

Two well known examples of classes of test function generators are MAXSAT problems 

and XK-landscapes. MAXSAT problems and XK-lan<lscapes can easil~- be made into test 

function ~enerators because the problem definitions are general and simple. Both problems 

have tunable parameters that allmv the user r.o manipulate the character of the problems. 

Siuc:e the domain for both .\L.\XSAT au<l ~K-laudscap(• functions is the space of binary 

striu~s. the representation issues and choice of genetic operators are simplified. These two 

domains appear. superficially. to be ideal for testing the performance and behavior of genetic 

al~orithms (.Jong and Spears. 1989: .Joug et al.. 1997). But arc thPy"! 

6.4.1 NK-landscapes Defined 

NK-landscapes (Kauffman. 199:.n arP a popular experimental model for correlated land­

scapes (\Veiubcrgcr. 1990) taken from the rPalm of theoretical biology. Au l\"K-lan<lscapc 

is a function J : BS - [0. 1) wherc K is the munber of bits in the string that epistatically 

interact with each bit. An NK-lauclscapc can ue expressed as au average of N functions a.s 

follows: 

Each TJ : BA:~ 1 - [O. 1) is au evaluation function which gives a partial fitness for each bit 

pattern formed by the value of the j1h bit itself and the K bits with which it interacts. 
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Each r; can be implemented as a table of 2n-l random real values in tllP rand (0.1). Each 

bit may interact with a possibly different set of K bits. To get this behm·ior. N masks. 

m J : be( m 1 ) = K + 1. are used to select the K bits that epistaticall~· interact with the /h 

bit. The /h bit itself is also selected by the mask. Therefore. bc(m;) = K + 1 aud K must 

fall in the range [O. N - l]. The pack function uses the masks to select the interacting bits 

and generate the arguments for the interaction functions r;. 

One of the nice features of NK-landscapes is that K acts as a tunable ruggedness control. 

\,Vhen K = 0. a bitwise linear function is generated. The resulting landscape is the average 

of the weights associated with each bit and hence. assuming a Hamming neighborhood. 

is highly correlated and relatively smooth. \,Vheu K = iV - 1 the function is random 

and uncorrelated. Note that XK-landscapPs. like embedded landscapes. arc technically not 

landscapes but rather functions. since no neighborhood description has been specified for 

the domain clements (.Jones. 1995). 

6.4.2 MAXSAT Problems Defined 

The second classic type of problem is .\L-\XSAT which is basPd 011 thP k-satisfiability or 

kS.-\T prol,lem ( Hoµ;µ; ct al.. 199G ). .\I:\XS.-\ T problPms haw bPen used as a testbed for 

G:\s (.Jonµ; et al.. 1997). \\"p definP the .\L-\XS.-\T fuuction J: B-'"- 2. as we did earlier: 

f(.r) = Lc;(p;u-k(.r.m1 )) 
j=U 

\vherc' c is the muubcr of disjunctive clauses in the CNF and where J: E B-'" represents 

the TRUE/FALSE assignments to each of the 1V Boolean variables in tlw problem. Each C; 

represents a I3oo1Pau Pvaluation fm1ction appliPd to the disjunctive clause that uses the k 

variables selected by mask m 1 : hc(m;) =!-.:using the pack function. In this c,L<;C C; : Bk- B. 

6.4.3 MAXSAT Problems and NK-landscapes as Embedded Landscapes 

It is apparent from their defiuitions that both NK-laudscapes aud .\L.\XSAT problems are 

forms of embedded landscapes. Lct·s look at an example of how a MAXSAT problem and 

an NK-landscape can both be expressed as an embedded landscape. Let v = [A. B. C. D] 
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be the vector of variables and vector x E 6 1 be an assii-;nment of Boolean values to th<' 

variables. Consider the following the :\IAX2SAT problem: 

(AV B) + (B V C) + (.-! V C) + (B VD) 

and an NK-landscape with N = -1 and K = 1 ,vith the following bit interactions: 

mo = 1100. m 1 = 0110. m2 = 1010. m:i = 0101 

and associated epistatic functions r 0 . r 1. r 2 . r 3 to be described below. Both these functions 

can be represented as embedded landscapes. For convenience. the functions are chosen so 

they have the same interaction m,L-;ks. The interaction functions for both problems are 

defined in Table G.-1. 

As an embedded landscape. the l\1.-\X.2SAT has eac-h disjunctive clause represeutPd as 

au ir;.teraction function c1 and the \·,ilue of each logical variable as a bit position in the 

ari-;urneut string. Then the .\IAX.2S..\T problPm SAT : B 1 - 6 is 

S..\T(.r) = co(pack(J:. mo))+ c, (pack(r. m 1)) + c'.!(pack(r. m:.!)) + c:i(pack(J·. m:1)) 

The NK-landscape NK : 6 1- ?~ is 

. 1 
N K(x) = ~(ro(pack(x. mo)) + r, (pack(x. m 1)) + r2(pack(r. m.'.!)) + r:i(pack(x. m:d)) 

\Vith the interaction functions as shown iu table G.-1. 

6.5 An Analysis of MAXSAT Problems 

Since a MAXSAT problem is an embedded landscape. the maximum level of epistasis. n. is 

the maximum number of variables in any clause. To compute the \Valsh coefficients for the 

l\iIAXSAT problem. we need to first compute the \Valsh coefficients for the subfunctions. 
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Table 6.-1: Values of the Subfunctions for both XK-Landscapes aud :\L-\XSA.T Example 
Problems 

NK subfunctions 2S.-\T subfrn1ctio11s 

pack(x.m;) TO Tt T2 T3 co C[ c2 C3 
-

00 0.31 0.-11 0.59 0.26 1 1 1 1 

01 0.53 0.58 0.97 0.93 0 0 1 l 

10 0.23 0.8-1 0.62 0.6-1 1 1 0 1 

11 0.3:3 0.83 0.27 0.95 1 1 1 0 

In this case. the subfunctions are thP clauses. Let f be a 0.I.-\XkS.-\ T Pxpression of c clauses 

with variable selection masks m 1.rn 2 ..... mc and negation masks n1.n2 ..... n,.. then 

c( 1 - :!I' ) if j = () 
(6.5) 

if j > () 

where ·1111 is the j 111 \Valsh function. Xotice that all of the \Valsh coefficients for the single 

clause are nonzero and all of them except wo are of exactly the sanLe magnitude but vary 

in sign. For example: for k = 3 all w1 = ±* for all j -:;f 0. SincP ~I..\XS.-\T is an embedded 

landscape. the Walsh coefficients for a !\l.-\XSAT problem is simply the sum of the \,Valsh 

coefficients of the clauses. For randomly ~euerated !'.!AXkS.-\T problems. clau~s tend to 

have equal numbers of negated and uouuegated variables. Therefore. the value of n m 

Equation 6.5 tends to be random. This causes w1 to have random sign. As the number of 

clauses. P. increases there is more and more opportunity for a given \Valsh coefficient to be 

the smn of larger sets of contributing \Valsh coefficients from clauses (Rana et al.. 1998). 

The more subfunctions contributing to a single 'Naish coefficient. the more the potential 
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values of the \Valsh coefficients take on a binomial distribution about zero. Statistically. the 

lower the order of the \Valsh coefficients of the embedded landscape. the more the \Yaish 

coefficients of the subfunctions contribute to each \Valsh coefficient for the \vhole landscape. 

Since each clause in a .MAXSAT problem is mostly 1 and returns a O for only one value 

of its arguments. the subfunctions in M.-\XS.-\T are mostly fiat. The plateau configuration 

of the clauses combined with the fact that l\.IAXS.-\T has the structure of au embedded 

landscape means l\IAXSAT problems are nearly flat. Since each subfunctiou is itself a 

plateau with a single minimum. each embedded function looks like a large plateau of fitness 

1 with a single hyperplane basin of 0. Therefore the embedded landscape is a series of 

overlapping plateaus with very little fitness contra.st. Subdivision of the space by embedded 

functions occurs by splitting the space into two regions of relative size 1 : 2k -1. This means 

the largest plateau tends to only shrink as ( ( 2k - 1) /2k) I' leaving a single large plateau and 

many smaller ones until the overlapping between subfunctiou masks interferes with this 

simplified model. 

6.6 An Analysis of NK-landscapes 

In the case of :'.\K-landscapes. the role of the embeddPd functions is played directly by 

the functions +.r1. Each embedded fuuction produces raudom fitness values ~cuerated 

uniformly between [O. 1 ). Since the size of the masks usNl by the functions r1 arc K + l. 

the maximum level of epistasis for au l\"K-landscape must be K + 1. 

The \Valsh coefficient w0 is in a tight normal distribution about 0.5. Since for all 

w,: £ > 0: ·1/J;(x) for fixed x hm; an equal number of +l"s and -1·s. w, is the difference 

between the average of the 2L-l random function values with positive 'Nalsh functions and 

the average of the 2L-l random function values with negative \Valsh functions. Therefore. 

each average is approximately 0.5 with a normal distribution. The difference of the two 

distributions yields \Valsh coefficients 'll'; : i > 0 that are all random and very near zero. 

The random character of the embedded functions used in NK-laudscapes causes each 

hyperplane to be assigned a different value in the implicit partitioning. \Vhen P = l. 

there are 2K + 1 hyperplanes each forming a plateau. As each embedded function is added, 
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the plateaus tend to be redivided into 2"-" ~ 1 more hyperplanes. and the plateaus shrink 

exponentially in size by 2n·.;. 1. In general. by the time P = .V/(21'-. -I). there are no plateaus 

left. 

6. 7 The NP-completeness of Embedded Landscapes 

Although embedded landscapes can be quite limited in complexity. that doesn·t make them 

easy. A decision language. L. is said to be NP-hard if 

L' <p L for every L' E NP 

where L' <p L states that language L' red-uces to L in polynomial time. A language L' 

reduces to L if every instance of a problem in L' can be re-expressed as au instance of a 

problem in L ( Corm en et al.. 1990). Lf't L .. be the language correspouding to the set of 

all embedded landscapes. It is well kuowu (Papadimitriou 199-l) that SAT and 3SAT a.re 

NP-hard and that 

SAT <p :J-SAT <p MAX3SAT. 

Since. by definition. the language Le contains C'very instance of the language ~[AX3SAT. 

it trivially follows that 

and thus that Le is NP-hard. 

To be NP-complete. a languagP L must both be 

1. NP-hard 

2. LE NP. 

Is it true that Le E NP'? In general. the answer is no. For example. assume that the 

subfunction g1 takes k bits as input and that k is allmved to vary with N. If. for example. 
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k = N/2 then the subfunctions g1 are exponentially large with respect to IV. Therefore. 

an arbitrary random function gi may not have a compact representation: tlms. it can only 

be described using exponential time/space with respect to N. In this case. the evaluation 

function has exponential cost. Thus. even a nondeterministic Turing machine cannot find or 

verify a solution in polynomial time. Therefore. in the general case. embedded landscapes 

are NP-harcl. but not NP-complete. In this sense. embedded landscapes are more difficult 

than XP-complete problems. 

The same argument holds for NK landscapes. If an NK landscape allows K to vary with 

N. then NK landscapes are not in the complexity class NP. Yet \Veinbcrgcr ( 1996) proves 

that NK landscapes are NP-complete for K 2: 3. How is this possible'? \Vhat \Veinberger 

actually shows is that for any specific fixed K. NK landscapes are i\P-complete. If K is 

fixed and not allowed to vary \Vith N. then the size of each subfunctious g; is of size 2h·.,.r _ 

This may be a la.rgP or small constant. but it is a constant. The problem description for 

NK landscapes then ha.s complexity O(N). 

Tlll' sanH' restriction can be placPd on emlwddcd landscapes. In practice. the only 

embedded lanclsc:apcs which can be generated in polynomial time arc such that 

l. k is bounded by some constant 

2. t hP number of subfunct ions. P. is polynomial in ,.V. 

Note that when k is fixed. the muubcr of possible subfuuctions is automatically polyno­

mial with respect to S. If every subfuuctiou g1 uses exactly k bits. then every such function 

can be constructed using at most p = c~·) possiblP subfunctious. 

Thus. when k is fixed. embedded landscapes havl' a polynomial time clescriptiou. We 

will refer to the lau~uage over th£> subset of embedded landscapes with polynomial time 

descriptions as Lµ.-· An optimal solution to a problem iu Lµc can be found or verified in 

polynomial time by a nondeterministic Turing machine. The verification is the same as 

the verification for Traveling Salesperson Problems (Carmen 1990): we must be told in 

advance the evaluation of the optimal solution. \Ve then verify the solution we are given 

has that particular e\·aluation-which we can do since the evaluation function is polynomial. 

Therefore. Lµ,- E NP and it follows that: 
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l. L,, is :'.\P-hard but not :,..;-P-complete since ;\l.-lX3SAT <p Le and Le rf_ XP. 

2. Lpe is XP-hard and .'.'\P-complete since 1\JAX3SAT <p Lpt: and Lpe EXP. 

\Ve can only be certain that an exact polynomial time \Valsh analysis exists if those 

problems are taken from the language Lpe· Obviously. languages in Le that do not allow a 

polynomial time description do not allmv a polynomial time \Valsh analysis. 

Note that it is possible for all ~P-complete problems to be expressed as MAXSAT prob­

lems. In particular. I shm..,·ed. one can do a polynomial time \Valsh analysis on MAX3SAT 

in time proportional to the problem description. This means once can have all of the \Valsh 

coefficients in polynomial time relative to the number of bits in the domain. This means 

that we can also exactly compute all hyperplane averages up to any fixed order denoted by 

q. Furthermore. we know we can compute summary statistics for the function in polyno­

mial time. Yet. with all of this information l\L-\X3SAT is NP-complete. This means. if the 

complexity classes P ¥ ~P. then having the• \\"alsh coefficients. hyperplane averages. and 

summary statistics is not sufficient to guarantee' finding the global optimum in polynomial 

time. 

6.8 Summary 

In this chapter I devPlopccl a vPr~· general form of function called an embedded landscape. 

It is composed of a sum of smal!Pr embedded subfuuctious. Fur subfunctious of bounded 

dimension tlH' emlieclcl<·cl lanclscapP was showu to have limited epistasis aud all its \Valsh 

coefficients could be computed in polynomial time. I discussed other features of the structure 

of embedded landscapes iuclndiug plateaus. various smnmary statistics. and a conjecture 

relating embedded lamlscapes to tlte Central Limit Theorem. I showed that both MAXSAT 

and .\"K-landscapes are forms of embedded landscapes and was able to carry over knowledge 

from the general embedded landscape to these specific cases. 

The final section of this chapter revealed that by using MAXSAT as an example problem 

with low epistasis. it can he shown that problems with low epistasis could be NP-complete. 

Finally. I showed that. provided P ¥ :i:\P. the knowledge gained by having the \Valsh 

coefficients is insufficient to find the global optimum in polynomial time relative to the 
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number of bits in the domain. 
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Chapter 7 

Conclusion 

This dissertation has focused on computing the epistasis of problems via \Valsh analysis 

and relating that to problem difficulty. The development of \Valsh analysis has been with 

sufficient detail that this document can be used as a referencP for \Valsh analysis. Many 

new concepts have been introduced including: hyperplane numbering. pack and unpack 

functions. and function embedding. Various nwasures for epistasis arc dcfiucd based on 

\Valsh coefficients such as: \Valsh sums. fuuction order. and \Valsh counts. 

Cnfortunatcly computing tlw \\"alsh codficiPnts for an arbitrary functiou takPs expo­

nential timP even if t.lw lwst known techniqw·s arp used. The result is that you can only 

ha\·e c·ompletP epistatic information if thP problem is small or an· by naturP of limited 

qiistasis. Fortmia.tely. I prov<'d that logical ex1n·pssious and polynomials in combination 

\Vith various encoding schemes can have such limited Ppistasis. I have also shown that a 

very general class of problems c:a!lPd emlH'dde>d landscapes also has limited epistasis. In 

fact. embedded landscapes \Vith subfunc·tions of with a fixed maximum m1mbcr of bits iu 

their domain can have all of tlwir \\~alsh coeffic.ients c-omputed in polynomial time. I shmv 

that both MAXSAT and XK-landscapPs an~ examples of embecl<lccl landscapes. Therefore . 

.\IAX3S.-\.T can have all of its Walsh coefficients computed in polynomial time. I also show 

that .\IAXJSAT has au Q of 3. But it is well known that .\IAX:JS.-\T is :'\"P-complete. Hence 

there exist problems that have low epistasis and all the \Valsh coefficients are known. that 

arc also I'\P-complcte. I attribute this difficulty in part to .\I..\XJSAT being a constraint 

satisfaction problem. Epistasis docs not directly reflect this nature of problems. 
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7.1 Future Work 

Even though epistasis can be a critical factor in making problems hard. it is not the only 

factor. For a clue of where to look next. we can turn to :\-IAXSAT. the problem \Vith 

low epistasis that was XP-complete. Apparently. the constraint satisfaction aspects of 

i\lAXSAT contributed heavily to the difficulty of that problem. A new question is whether 

the constraint satisfaction found in ~vIAXSAT can be modeled similarly to epistasis gfring a 

general theory of difficulty encompassing both. For i\L.\XSAT. constraint satisfaction occurs 

as conflicts between groups of bits that epistatically interact. Consider the simple example 

of the MAXSAT problem where variables values are stored as bits in a string and the fitness 

function is ( a V x V y) + (x V y V b). The variables a. x. y and b. x. y epistatically interact. 

The variables a and b are also bound together but. not in the classic sense of epistasis. 

Examination of these constraint satisfaction cases show that conflict can be thought of as 

a type of loose epistasis. I call this loose epistasis epistatic conflict. One of my researd1 

goals v.·ill be to try to unify epistasis aud the couflict found iu constraint satisfaction using 

my previous work in cpistasis as a starting point. 

Auother feature mentioned in thP literature that makes problPtus difficult for ge1wtic 

algorithms is c!Pct>ption (Goldberg. 1989b: \Vhitley. 1991: Deb and Goldberg. 1992). This 

occurs when a large basin of attraction for a local optima hides a much smaller basin of 

attraction for the global optima. Preliminary results shmv that d<'ception can be modeled as 

simplP competition bNween overlapping nondeceptive functions·- one fur each basin. This 

begs the question. can deception. as well. be modeled by the same super-cpistatic model 

that models epistasis and cpistatic conflict'? How much of what we see as problem difficulty 

might be modeled under a single super-epistatic moder? 

.-\ much studied feature of problem difficulty for kSAT problems is the phase transition 

between satisfiable and unsatisfiable problems (Kirkpatrick and Selman. 994). For 3S.-\T 

problems this occurs for problems \vith a clause to number of variable ratio of about 4.3. 

At the midpoint of this transition comes the point when the problems arc by far more 

difficult for algorithms based on the Davis-Putnam al~orithm (Davis and Putnam. 1960). 

This phase transition behavior needs to be verified for evolutionary algorithms. If these 
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problems are in fact getting difficult due to some extended measure of epistasis. then the 

super-epistatic model could give us new insights ou phase transitions in problPm difficulty. 

One of the interesting features of embedded landscapes is the small mm1ber of bits that 

interact nonlinearly. Overlapping clusters form epistatic conflict. This basic structure is the 

same as the structure called the ··small world .. phenomenon that has recPntly bePn under 

study by Watts and Strogatz (\Vatts and Strogatz. 1998) of Cornell. but cast in the form of 

an optimization problem. I look forward to the opportunity to leverage their work to study 

epistatic conflict in optimization problems. 

Since no estimation of problem difficulty can be made independently of the algorithm to 

be applied (\Volpert and Macready. 1997). I have created a preliminary algorithm test suite. 

In what sense is this test suite adequate'? Does it need to be enlarged'! Does it provide good 

coverage'? Can it act as a preliminary means for categorizing evolutionary algorithms'! The 

test suite should be expanded to contain problems that an' derived from real world problems 

and yet simple Pnou~h in structure that thPre might be hope of associating features of the 

problem with difficulty. 

Iu working ou this dissertation. I developP<l software that pPrforms various \\'alsh anal­

ysis functions. I used this software to empirically explore the relationship between epistasis 

and evolutiouar;v algorithm performance. I also usPd this software to verify thP identities 

resulting from most of tlw proofs. I have prepared my analysis software to maintain a 

darabasP of example problPms. the analysis of each. and performance marks for algorithms 

with various properties. This way extensive time consuming analysis of each problem need 

not be repeatPd and only new features and measures need to be catalop;ecl. 

The constructive use of neighborhood is not well understood. For example a plateau is 

only a threat to performance if the algorithm treats the domain of the plateau as a tightly 

connected region of space from which it is difficult to escape. 

~Iy work has beeu mostly in deducing dynamic behavior from static measures. A com­

parison of this work with more dynamic or process oriented measures such as approximate 

entropy (Hogg. 1998) and autocorrelation length should he performed. 

How does chromosome length effect my results'? \Vha.t is the smallest problem that gen-
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eralizes \vell to most large problems? How can this vague concept be made more concrete·: 

Can long tail performance prediction ( Gomes et al.. 1998) be usPd to improve thf' per­

formance of evolutionary algorithms? \Vhat structural features of algorithm and problem 

exacerbate the long tail phenomenon'? 

But this is all work that must stand on a solid foundation. The most urgent of future 

work must be to firm up the work in this dissertation by application and experimentation: 

to support theory with experiment: to learn the extent of the application of techniques such 

as argument centering. 

Finally. we now know that certain patterns of epistatic structure can cause a problem 

to be difficult for the kinds of stochastic search algorithms we have been discussing. But 

we are a long way from saying definitively what patterns cause what difficulties for what 

algorithms. This question has yet to be answered. It is not that I have failed to solve any 

larg<' and important problem it is more that: in looking for the Hol~· Grail I have invented 

the Dixie cup. Not as glorious. but au cleg;aut and vPry useful invent.ion. 
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