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ABSTRACT OF DISSERTATION

WALSH ANALYSIS. EPISTASIS. AND OPTIMIZATION PROBLEM DIFFICULTY
FOR EVOLUTIONARY ALGORITHMS

The epistasis of a function is the bitwise nonlinearity of a function whose domain is
the set of bit strings of length L. Epistasis is related to problem difficulty for evolutionary
algorithms. Walsh analysis can be used to quantify epistasis. In this dissertation Walsh
analysis is developed in detail starting with the definitions for the Walsh transform.

The epistasis of a polyvnomial is shown to be bounded by the degree of the polynomial
and the epistasis of logical expressions by the number of variables involved. The effects on
epistasis of problem representation operators such as: bit extraction. scaling. translating.
and Gray code are also studied. The epistasis of functions composed of subfunctions com-
bined by various operators is predicted. I show that functions can display odd and even
parity and prove several theorems on the invariance of these properties. An application
of these theorems dewmonstrates that picking the proper problem representation reduces
epistasis. often making the problem ecasier to solve. Several new measures of epistasis are
created including: Walsh sums. Walsh counts. function order. and coverage. New and use-
ful mathematical tools for Walsh analysis are presented such as pack. unpack. and spectral
functions and hyvperplane numbering.

The concept of embedded landscapes is introduced. An embedded landscape is a sum of
a set of subfunctions each of which takes as its argument a subset of bits from the domain
of the landscape. Embedded landscapes with bounded subfunction domains are shown to
have epistasis limited to that of the subfunctions. Both MAXkKSAT and NK-landscapes are

shown to be embedded landscapes. I prove that all the Walsh coefficients of an embedded

iil
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landscape. composed of subfunctions of bounded domain. can be computed in polynomial
time. Sumnmary statistics (variance. skew. etc.) can also be computed in polynomial time.
I conclude that even though all Walsh coefficients of a function can be known in polynomial
tirne. the function can still be NP-complete.
Robert B. Heckendorn
Department of Computer Science
Colorado State University

Fort Collins. Colorado 80523
Summer 1999
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PREFACE

This work serves not only as a dissertation but as a general reference work on the
application of Walsh analysis to optimization problem landscapes. With that in mind. I
have tried to be thorough in my presentation. methodical in proof. and provide a detailed

index. Some other features of this work are:

e Kev ideas and terms are written in bold to alert the reader of their importance and so

that the reader can quickly refer back to recent terms they might have forgotten.
e [talics is used for emphasis and a typewriter font for computer code.

e Often when an important new mathematical idea is introduced. it will be followed by
a section labeled “Observatious™. This section quickly lists a series of mini-theorems or
identities that require but a moments thought to prove and provide an excellent review

of concepts. The observations sections also make a convenient point of reference for

identities when reading later proofs.

e Theorems are all named munemonically and referred to by these names. This should
reduce the amount of page turning to find out what theorem number N was. However.

should yvou have to refer back to a theorem. the names of all theorems can be found in

the index.
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e A few of the earlier theorems are not original but were reproven by me and are included

for completeness and uniformity of approach.
e A list of symbols used is provided after the table of contents.

e A section devoted to notation and terminology can be found at the end of the introduc-
tion. It is provided at that point to encourage the reader to become familiar with the

terms and notations used before they are encountered.

e Sections which contain empirical work all have titles that begin “Experiment” to dis-

tinguish them from theoretical sections.

Although not all of the theorems are original. for uniformity of treatment. all proofs in
this work are my work and use a common set of notation. Some theorems have analogues
in other fields and similar theorems have been proven there. For example. some theorems
are similar to those found in discrete Fourier analvsis. However. discrete Fourier analysis
does not consider domains to consist of bit strings or subsets of bit strings (Weaver. 1989).
Harmonic analysis is another area where similar work has been done. But here again. the
work has been related more to signal processing and circuit reduction than in fitness function
analysis (Lechner. 1971: Bachman. 1964). The contribution of others has been attributed
where possible. I will point out here that Dr. Darrell Whitlev was a major contributor to
the NP-cowmpleteness proofs.

[ would like to thank my advisor Dr. Darrell Whitley of Colorado State University
who has been an endless source of encouragement and calm throughout my PhD work.
He has shown me how publishing should be done. My thanks also to Soraya Rana who
has a gift for empirical analysis and an uncanny skill at pulling patterns from data. Her
empirical contribution to our joint papers has been invaluable. My thanks also to Dr.
Adele Howe who has provided her useful insights not only into proper statistical method.
but into the long term view of a career in academia. My thanks to the rest of the committee:
Dr. Michael Kirby of the Math Department. Dr. Ross Beveridge. and Dr. Wim Bohm
of the Computer Science Department for their constructive suggestions in reviewing this

document. My gratitude to Larry Pyeatt for his dissertation macros for LaTex. Thanks also
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to Jack Applin for being a friend through my departure from Hewlett-Packard and years
back at school. Finally. I owe an eternal debt to my wife. Marilyn. for her tolerance on the
numerous occasions when she was tired of my work on this document and for supporting

me when I was tired of it.

Robert B. Heckendorn
Fort Collins. Colorado. USA
July 10. 1999
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“Walshing Matilda.
Walshing Matilda.
You'll come a Walshing Matilda with me...”

— An orthogonal projection of
an Australian folk song
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Chapter 1

Introduction

These days the operative word in industry is optimization. However. many of the practical
optimization problems faced by these companies have mind bogglingly huge search spaces.
These problems often do not succumb to classic operations research approaches. However.
the payoff for finding good answers. that might not even be optimal. is so large that compa-
nies are relyving on innovative approaches to optimization to get the job done. For example.
if a company has a billion dollar manufacturing process that can be improved by 5%. then
they can save S50 million.

With the advent of cheap. fast computational hardware. a very successful approach
to optimization is to borrow techniques from nature. The resulting approaches include
simulated annecaling (Kirkpatrick et al.. 1983). genetic algorithmms (Goldberg. 1989¢). evo-
lutionary strategies (Bick et al.. 1991) and genetic programming (Koza. 1992). A subclass
of these “natural™ algorithms is evolutionary optimization algorithms. They are stochastic
optimization algorithms which maintain a set of potential solutions. also referred to as a
population. from which new poteuntial solutions are generated.

Genetic algorithms and evolution strategies fall into this categorv. Evolutionary algo-
rithms have been applied to real world optimization problems and found to be competitive
with more classical approaches. For example. the General Electric engines on the Boeing
777 have turbine geometry designed by an evolutionary algorithm (Petit. 1998). John Deere
and Volvo both use evolutionary algorithms to adaptively schedule the assembly of complex
farm machinery and tractor trailer trucks (Rao. 1998: Petit. 1998). Some other examples

of problems successfully tackled by evolutionary methods are cryptanalysis (Bagnall et al.,
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1997). car suspension design (Deb and Saxena. 1997). telecommunications network plan-
ning (Brittain et al.. 1997). lavout of containers for containership loading (Todd and Sen.
1997). and knowledge discovery in databases (Venturini et al.. 1997). All of these diffi-
cult and important optimization problems tend to involve complex nonlinear mathematical
and/or combinatorial models. They are often multiobjective discontinuous optimization
problems where the best known algorithms for exact solutions are exponential in the size
of the problem.

Unfortunately. optimization by evolution based algorithms is still very much an art.
Given a problem. practitioners have little intuition about how to choose the best internal
representation for the problem or which of the large set of evolutionaryv algorithms works
best on a given class of problems. Often researchers will implement several algorithms and
see which one performs best. This indicates a lack of understanding of what makes a problem
difficult for a given evolutionaryv algorithm. Whitley et al. (Whitley et al.. 1995b) point out
that this has even lead to test problems being created without the designers knowing how
difficult the problems are or how the difficulty changes as the problem is scaled to higher
dimensions.

There are also deeper questions involved. Stuart Kauffman examines evolution from
a biological point of view in his book At Home in the Universe (Kauffinan. 1995). There
he argues that evolutionary optimization naturally occurs and that the structure of the
biological and chemical search spaces found in nature are such that it allows evolution to
work well.

[t is surprising that such a simple process works so well in both natural industrial
settings. Is it because the process is inherently extremely powerful or is it because many
of the problems from the real world are. in some underlying sense. casy to solve using this
approach?” What properties of real world problems tend to make the problems amenable
to cvolutionary approaches? Can those properties be easily detected? Can problems then
be made less difficult by altering them to reduce undesirable properties? This dissertation
is about understanding the relation between problem difficulty for evolutionary algorithms

and structural features of problem. This chapter provides the background and limits the

(3]
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scope for this research. Problems. algorithms. and difficulty are each discussed in detail

including keyv terminology and examples.

1.1 The Optimization Problem

Most optimization problems tackled by evolutionary algorithms can be modeled as a com-

position of three functions:

fitness = fdesirabiticy ( fmodet ( fdecode ) : BE— % (1.1)

Potential solutions are encoded in an L bit string. The solution space to be searched
is now the L bit space denoted BL. The decoding function. fgecode- takes a potential
solution as a bit string and converts it to a data structure that is understandable by the
mathematical/computational model of the problem to be optimized. For example. for a
Traveling Salesperson Problem(TSP) problem. it may convert the bit string into a list of
cities representing a tour. The model function. f,,qe1- takes a decoded potential solution
and models the problet. The function returns a set of features that can then be judged for
quality. Using our TSP example. fioqer might take a list of cities and return the length of the
tour which could then be judged for quality. Finally. the desirability of the modeled features
is rated on a real numeric scale by a desirability function. fyesirabiticy- Which can then
be maximized. In contrast to the model function. which makes no qualitative judgement
on the proposed solution. the desirability function is the automated estimate of the worth
the user places on the potential solution. Desirability is usually measured as number such
as a real. since the desirability must allow for ranking of results. The 1mportance of the
desirability function is especially apparent in multiobjective functions. For example: if
fmodel describes some operational features of a factory. fyesirabiticy might have to evaluate the
simultaneous desirability of product quantity and quality. amount of pollution. and resource
consumption. The result of the composition is a black box evaluation function. fgness.
that evaluates desirability of L bit strings representing potential solutions. It is imnportant

to see that all three factors of decoding. modeling. and desirability are formulated in the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



single function. fginess- Although it is sometimes useful to consider the affects of different
encodings separately. the definition I present for fhiess includes the encoding.

Borrowing from biology. the evaluation function for evolutionary algorithms is called
the fitness function and the encoded bit string is a chromosome. A set of chromosomes
is referred to as a population. We can now envision the optimization process as an evolu-
tionary process using a population of chromosomes to try to evolve a highly fit chromosome
and hence a ~good™ answer.

The process of finding a fittest chromosome can be mathematically expressed as: given
a domain D and a real valued function f : D— =. find £ € D such that f(r) > f(y)Vy € D.
In our case. D is the set of allowable chromosomes and f is the fitness function. This is
simply a classical optimization problem and the value of r is a global optimum. There
may be many global optima. but in this rescarch I will be concerned with only discovering
one. Also I will. without loss of generality. only be concerned with maximizing the function.

For my empirical work. I will require the algorithm find the global optimum. This will
force the tested algorithmms to include the conditions of execution that will be found as
the algorithm approaches the global optimum. This means [ must use problems where the
global optimum can be computed. For problems where analvsis fails. the global optinnun
must be found by exhaustively searching the domain. The later case will require problems

to be fairly small in size. For current hardware that is less that 25 bits.
1.2 Evolutionary Algorithms

A stochastic optimization algorithm is an optimization algorithm: that uses a nondeter-
ministic process to sample function values. f(r). r € D. in order to attempt to find a global
optimum for f. From au implementation standpoint. a specific evolutionary algorithm is
denoted A(p) where A represents the fixed process description and p the parameters fixed
for a particular instance of the algorithm A(p). In this section. I will review the key
attributes and types of evolutionary algorithms. provide an outline for a simple class of
evolutionary algorithims. and discuss the terminology and tenets of their mechanics.

An evolutionary optimization algorithm is an evolutionary algorithm modeled after
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the evolutionary processes we find in nature. All evolutionary algorithms generally:
e model the solution space as a string of bits called a chromosome.

e maintain a population of chromosomes.

e have a black box fitness function that evaluates the quality of the chromosomes.
e apply mutation and/or crossover like operators to generate new chromosomes.

e apply selective/competitive pressure to force general improvement in the fitness of the

maintained population.

initializePopulation();

while ( not goodEnough() ) {
selectByFitness(a, b);
child = mate(a, b);
mutate(child);
insertByCompetition(child);

Figure 1.1: General Outline of an Evolutionary Algorithm

Many evolutionary algorithms follow the algorithm outlinied in Figure 1.1. Other less
detailed variants of this outline can be found in Schwefel (Schwefel and Back. 1998) and
in Mitchell (Mitchell et al.. 1992). The outline emplovs six algorithunic component func-
tions. These functions constitute. in part. the parameters p in A(p). The first function.
initializePopulation. initializes the population of chromosomes. As the algorithm loops
in the while loop it will generally seck to improve the fitness of the best chromosome in
the population. The second function. goodEnough. tests if the best fitness of the chromo-
somes in the population. as computed by fhess above. meets some standard set by user.
The function selectByFitness selects two chromosomwes from the population for use in
generating a new potential solution.

Searching is generally directed by generating a new potential solutions in at least two
ways. The mate component performns a blending of the two chromosomes. much as crossover

of biological chromosomes blends to chromosomes. mutate alters the chromosome. generally
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in small ways. These two search operators may or may not use knowledge of the encoding
function to attempt to increase fitness of the resulting new potential solutions. For example
mutate may only modify bits that incrementally effect the output of the model function.

Once a new chromosome is generated it must be decided if the chromosome should be
inserted into the population. The function insertByCompetition usually does this by some
form of fitness based competition with chromosomes in the population.

Even though this is a simplified outline of an evolutionary algorithm it is sufficient to
model many popular evolutionary algorithms. For example. a population based random
walk can be modeled by setting mate to be the identity. mutate to flip a single bit of the
chromosome. and insertByCompetition to randomly replace an element in the population.
By changing the insertByCompetition to replace the worst element in the population we
get. a population based random bit climbing (without restarts) (Whitley et al.. 1995b).
Simulated annealing (Kirkpatrick et al.. 1983) has this basic formn as well if varying degrees
of mutation are allowed based on a cooling schedule.

The algorithmic outline in Figure 1.1 represents a class of evolutionary algorithms called
steady state genetic algorithms in that the population elements are modified continually
one chromosome at a time (Whitley. 1989: Davis. 1991). Another popular evolutionary
algorithmn is the generational genetic algorithm such as the popular simple genetic
algorithmm (SGA) (Goldberg. 1989¢). These are algorithms in which the whole population
is used to generate an entirely new population and most or all of the old population is
replaced all at once a new one. The successive populations are referred to as generations.

In order to understand how evolutionary algorithms work. it is important to understand
the two basic tenets of evolutionary computation. In general. evolutionary algorithins work
by balancing exploration with exploitation in sclection of new chromosomes (Mitchell.
1996: Kauffman. 1993) and using selection and competition pressure to push a population
to nnproved fitness (Holland. 1975).

Balancing exploration and exploitation can be thought of in terms of an ant colony. If
the ant colony is ouly sending out scouts to find new food. but never goes and collects the

food. it starves. This is like a stochastic search algorithm that never explores radically new
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domain values may never explore places that may lead to a global optimum. If the ant
colony only collects food from known sources. the food may be exhausted and the colony
starves. This is like the stochastic search algorithm that only hill climbs to an optimum.
With out exploration it is likely to be stuck in a local optimum.

Our simple algorithm demonstrates three important aspects of search that are charac-

teristic of evolutionary algorithms.

¢ Global search selects new random chromosomes in the search space or large regions of
the search space. It's exploratory nature has the advantage of occasionally adding fresh
regions of highly fit chromosomes to the population. It has the disadvantage of not being
able to exploit any information in the current population on where fit chromosornes lic.
In our model. global search only occurs in the initializePopulation routine. Some
evolutionary algorithms acquire the advantages of global search by reinitializing the
population. also called restarts (Maresky et al.. 1995: Tsutsui et al.. 1997). Another
approach is to use long jumps or massive mutation which. Kauffinan defines as jumping
“bevond the correlation length of the space”™ (Kauffiman. 1993). to effectively get a
global search. The CHC algorithm (Eshelman and Schaffer. 1991: Eshelman. 1991) uses
constrained restarts in the form of catastrophic mutation which entailed cloning the best

chromosome throughout the population and flipping 35% of the bits in all of the clones.

e Local search selects new chromosomes that are “near™ chromosomes known to be fit.
The term local search refers to the neighborhood concept that for a given chromosome
there is a local neighborhood of chromosomes “around™ the given chromosome with
simnilar fitness. Progress is made if the function is well correlated with respect to the
neighborhood of search. but is hampered by undesirable local minima with respect to
that neighborhood. The mutate routine in our algorithm creates new chromosomes by

taking a copy of chromosoine in the current population and altering it slightly.

e Piecewise search - Both the previous modes of search are based on modifyving at
most a single chromosome. This kind of search can be found in a random bit climbing

algorithm. Piecewise search takes its cue from sex in biology and is characteristic of a

-1
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genetic algorithm. Piecewise search. as its names implies. assembles a new chromosome
from two or more chromosomes in the population much like crossover of chromosomes
in nature. The idea being that perhaps the new chromosome will get the best parts of

its parent’s chromosomes. Piecewise search is performed by mate in our model.

1.3 Problem Difficulty

An evolutionary algorithin works by probing the function. The number of fitness function
evaluations used in finding a solution is representative of the amount of information gathered
in order to reach a solution. This supports the practical view that since fitness function
evaluations tend to dominate the execution time of the program they should be used as a
measure of difficulty. Therefore. the execution time of evolutionary algorithm A(p) on
problem f is measured iu terms of the number of evaluations of f that are made before
termination and is denoted N(A(p). f) € Z. Most algorithms employ a maximum number
of function evaluations after which the algorithm will terminate. Some try to determine
when progress is no longer being made and terminate or restart. Even though this was not
explicitly stated in the algorithmn outline of Figure 1.1. for empirical purposes. I will use
the maximal number of evaluations approach.

[f A were detenninistic. then N(A(p). f) would be a fixed value. but since A is stochastic.
it is. in fact. a random variable. Therefore a sample distribution of N's for a fixed A(p)
and f may serve as an estimation of performance. Another way to view this is that NV is an
indicator of the difficulty of the optimization problem f for algorithin 4(p). Since NV tends
to reflect actual execution time. my research focuses on the relationship between algorithms
A(p). problems f and difficulty N(A(p). f).

The difficulty of a problem is inextricably tied to the algorithm applied to solve the
problem and the efficacy of an algorithm is tied to the problems to which the algorithmn
is applied. At first. this seems counterintuitive. Surely we can say that regardless of the
problem randomn bit climbing is. in general. a better algorithm than just random guessing!
Surprisingly. this is not the case. Wolpert and Macready (Wolpert and Macready. 1997)

showed that. in fact. no algorithm is better than any other. where better is measured by
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the number of distinct points examined in the search for the best answer. measured over all
possible problems of finite domain. By a duality argument. they show no problem is any
more difficult than another if measured against all possible algorithms. This is because. in
the end. for any given problem. slow algorithms and fast algorithms cancel to a common
mediocrity. Or as Wolpert and Macready put it (Wolpert and Macready. 1997). “if an
algorithm performs well on a certain class of problems then it necessarily pays for that with
a degraded performance on the set for all remaining problems.” This means that for an
algorithm that randomly guesses. there exist problems which it guesses the answer right
away while the random bit climber must search for the answer. These important results are
called the No Free Lunch Theorems (NFL).

The NFL results prevent us from definitively declaring any problem easier or harder for
all algorithms. but if I select the measure of difficulty as the number of points explored
using a specific class of algorithms. T am no longer forced to claim that all problems are of
equal difficulty. With this in mind. this dissertation will concern itself with various classes

of problemns and determining their difficulty.

1.4 Structure, Problem, and Difficulty

So far in this chapter I have discussed algorithms. problems. and measuring difficulty. The
goal of this research is to associate the structure of the problems with the resulting
difficulty with respect to evolutionary algorithms algorithms. By Structure I mean the
orderly composition of the problem in terms of specific features. [f the structure can be
measured or if problems. by design. are known to contain specific structure then perhaps
[ can find a causal relationship between structure and difficulty. By associating structural
features with difficulty. I may learn more about the mechanisms of problem difficulty. I
may then be able to mitigate the effects of these mechanisws for that class of problems and
algorithms. In the next section I will discuss epistasis. the primary kind of structure I will

be exploring. and briefly talk about other kinds of important structure.
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1.4.1 Epistasis

Epistasis is defined by looking at a function as a sum of contributing epistatic factors.
one for each possible subset of interacting bits. This leads to this definition of epistasis
I have adapted from biology: epistasis is that part of the function value that cannot be
attributed to a weighted sum of the individual bit values (the linear effects). i.e.. it is the
nonlinear interactions between bits. But this biological definition does not let one speak of
the single bit interactions. or look at the complete function as a sum of epistatic values.
For uniformity of mathematical analysis. in this dissertation I will enlarge this definition of
epistasis to include the separate linear effects. that is. the contribution of single bits to the
function value. I will also include the constant term for no bits interacting.

The best explanation of epistasis is an intuitive one by analogy. Which offers better
security for vour bike? Four 1 digit bike locks or one 4 digit bike lock? In the first case each
lock is independent and can be solved in series. If each 1 digit lock has only 10 states then
the four locks can be opened in at most 4 = 10 = 40 trials. In the second case. opening of
the lock requires that all 4 digits be set before the lock opens. This may require as many as
10" = 10000 trials because all of the digits are interdependent. Unlike the four lock case.
the interdependence of the digits means that knowing any subset of digits tells us nothing
about whether we are closer to opening the lock. The same can be true when searching a
bit string for the optimal configuration. A function over a string with a high epistasis
has a large number of interdependent bits. Theyv all must be set correctly to obtain the
optimum value for the function. Knowing anvthing about a subset of the interacting bits
tells us nothing about whether we are closer to the optimum. Bits that are interdependent
are said to interact epistatically. If a problem is highly epistatic. it has large numbers of
bits in the domain that are interdependent. Functions with nonlinear epistasis are called
bitwise nonlinear functions. When. for a function f : B — = all possible 2% subsets of
bits epistatically contribute to the function value. the function is said to be fully epistatic.

It seems important to select epistasis as a focus of study for two reasons. First. it scems
rcasonable to hypothesize that large subsets of bits which epistatically interact must. like

with the bike lock analogy. be considered siinultaneously when optimizing. This would tend

10

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to make the optimization task more difficult. In fact it has been argued in the literature. by
Davidor (Davidor. 1991) and Reeves and Wright (Reeves and Wright. 1995b: Reeves and
Wright. 1995a). and others (Heckendorn et al.. 1997: Voget. 1995). that the distribution
and level of epistasis is often a predictor of the difficulty of an optimization problem.
Secondly. Goldberg argues that evolutionary algorithimns build up segments of high valued
bit strings in the chromosomes of the population (Forrest and Mitchell. 1992). These strings.
or building blocks. are built from shortest segments to longer and longer segments. He
emphasizes the importance of building block size as a parameter to limit the scope of search
for optimization algorithms (Goldberg et al.. 1989). Epistasis is a direct measure of the

number and maximum size of building blocks.
1.4.2 Linear Functions vs Bitwise Linear Functions

When discussing epistasis it is important to make a clear distinction between fitness func-
tions. fhiness- that are linear functions and those that are bitwise lincarly independent
functions. A linear function is a function f(r) : B5— = that can be represented as a

polvnomial ar - b. A bitwise linear function. is a function that can be represented as:

flr) = r[0jeg + riljey + r2fe0 + ...+ 0L = lvj_y + ¢

where r[b] extracts the 6 bit from £ and v, represents the value added to the function’s
total value if the ¢ bit is 1. The constant ¢ is an offset that is independent of the value of
x. Clearly. a bitwise linearly independent fitness function has no bitwise nonlinearities and
hence has at most a single bit of epistasis.

As we shall see. all lincar functions are bitwise linearly independent. However. all bitwise

linearly independent functions are not linear as we see in this counter example:

11
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In this case the function cannot be represented as ax + b or even ar+6 mod ¢ and so is
not a linear function. However. the function can be written as b; + 2hy and hence is bitwise
linearly independent. Notice that encoding is not an issue here. since I am defining these

two cases as the full fitness function fgiuess which includes encoding.
1.4.3 Other Structure

Other features of fitness functions will be included in this dissertation such as number of
local optima. platcaus etc. However. the term structure implies more than the features
themselves but rather encompasses the composition of features as well. Informally. struc-
ture is an assemnblage by features into a whole. For instance. the distribution and clustering
of epistatically interacting bits playvs a role in predicting problem difficulty. as we see in a
later experimment. Perhaps the most important example is the effect of overlapping epistati-
cally interacting subsets of bits which create constraint satisfaction problems that are similar

to k-satisfiability problems (Heckendorn et al.. 1999).
1.5 Experiment: Epistasis Related to Difficulty

To further support the hyvpothesis that epistasis may in some cases be related to problem
difficulty I present the results of two experiments. In (Heckendorn et al.. 1997) I generated
completely random 8 bit functions that had fixed upper limits for the number of bits that
could epistatically interact. This upper limit is designated by the Greek letter 2. For each
Q) = 1 through 6. I generated 100 different random functions. An infinite population model

for a siinple gencrational geunetic algorithm (Vose and Liepins. 1991: Whitley. 1993) was

12
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Table 1.1: Hamming Distance from the Optimum for Q = 1 through 6.

Q Hamming Dist. % Converged
0 1 2 3 4 to Nonoptimum

114100 O 0 0 0 0%

2 1| 78 18 4 0 O 22%
3178 19 2 1 0 22%

4 il 60 28 11 1 O 10%

S 1 96 26 15 2 1 4%
6|52 319 T 1] 18% |

examined after 20 generations. The result is displayed in Table 1.1. This shows for each
set of 100 functions. 2 = 1 through 6. the number of times that the function converged to
a point at various Hamming distances from the optimum. A Hamming distance of zero. of
course. indicates that functions converged to the optimum. Notice that as € increases the
genetic algorithin increasingly converged to values away from the optimum and that the
values were increasingly farther away. This reflects the complexity of the surface created
by high levels of bit interaction.

A second experiment was performed in which 30 bit functions were subdivided into
contiguous segments of bits 0 long. Each segment was used as the domain to a random
function. For example when © = 3 the 30 bit domain was subdivided into 10. 3 bit segments.
Each segment was assigned random 3 bit function. 100 functions were tested for each €. A
genetic algorithm was used to solve each to optimality. The results are in Table 1.2. It is
clear that for this kind of problem as well that as epistasis increases so does the difficulty

as measured by average number of evaluations.
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Table 1.2: Average Number of Evaluations to Solve a Segmented Limited Epistasis Problem.

Max Epistasis Num Evals
1 2600
2 9250
3 30700
4 321000
5 505000
6 558000
T 741000
,l 3 1300000

[t is apparent from the ad hoc nature of industrial application. and the lack of un-
derstanding of the fundamental structure of difficult problewns in the research community
that there is a need for research relating problem difficulty for evolutionary algorithms and
problemn structure. It seems clear that epistasis can be an indicator of problem difficulty
for many kinds of problems with a random component to them. Unfortunately. we lack the
rigor necessary to characterize the epistatic structure of the two classes of problems used in
these experiments. In the remaining chapters we will build the mathematical machinery to

rigorously analvze the epistatic structure of these kinds of problems and many more.

1.6 What to Expect

This dissertation has a strong theoretical component. Many of the results are in the form of

analysis. theorems. notations. and definitions. The scope of this research is constrained to
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the relationship between a particular feature of optimization problems known as epistasis
and problem difficulty measured by the average performance for evolutionary optimization
algorithms in finding a global maximum of the problem. Epistasis will be made precise in
the next chapter and further clarified analytically in the chapters to follow. I chose epistasis
because it is known to be related to problem difficulty (Davidor. 1991: Reeves and Wright.
1995b). but its influence on problem difficulty is not fully understood. Epistasis is also a
fundamental structural property of functions as we will see in later chapters. The remainder
of this chapter is devoted to defining many of the terms and notations used the dissertation.

Chapter 2 focuses. in detail. on the basic definitions and theorems of Walsh analysis.
Walsh analysis can be used to quantify epistasis via computing Walsh coefficients. Although
some of these theorems are well known. such as orthogonality and uniqueness. many are
new. such as The Split Mask Theorem and Balanced Sum for Paritv. Also. I present a
new logic based expression for the Walsh function. the basis of Walsh analysis. Using the
logic based notation makes it easier to use logical bit operations on the arguments to the
functions. I then discuss the advantages and disadvantages of this expression with respect to
other well known expressions for Walsh functions. This chapter provides a firm foundation
in Walsh analvsis for the rest of the dissertation and is designed to be used as a badly needed
reference work on Walsh analysis for members of the evolutionary computation community.
Previously. only two very limited works on Walsh analysis were commonly available: the
papers by Goldberg (Goldberg. 1989a: Goldberg. 1989b) and Bethke's dissertation (Bethke.
1981).

Since evolutionary algorithms often create new bit strings by slicing and replacing sub-
sets of bits in their populations. it is important to exteud epistatic studies to focus on
subsets of domain with fixed bit values. One way to represent these subsets of bits is with
hyperplanes. If the entire bit space of a function is thought of as a hyvpercube with elements
of the domain at the vertices. a hyperplane is a lower dimensional subcube of the domain
delineated by a subset of fixed bits in the domain. If the value of a hyperplane is consid-
ered to the be the average of the fitness values of all of the strings in the hyperplane. then

hyperplanes seem to compete by this measure. for dominance in the population (Holland.
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1975: Whitley et al.. 1995a: Heckendorn et al.. 1997). Chapter 3 deals with hyperplanes
and includes theorems on hyperplane averaging. Pack/Unpack Equivalency. and various
function embedding theorems. An application of The Hyperplane Averaging for Numbered
Hyperplanes Theorem is given to compute hyperplane averages quickly for all hyperplanes
with the same set of fixed bit positions.

Several useful mathematical tools are developed in Chapter 3 as well. The pack and
unpack functions are introduced allowing rigorous definition of extraction of a subset of
bits from a larger bit string and creation of a larger bit string out of a smaller one. These
functions are used to define hyperplane numbering. which is a compact notation for hyper-
planes that will be used to more easily prove theorems later in the dissertation. Spectral
functions are also introduced as another compact notation that both aids theorem proving
and intuition.

In chapter 3 [ also present the idea of function embedding. If function f has an L bit
domain and function ¢ has an M bit domain. with M < L. then f is an embedding of ¢
if f can be defined as g applied to a subset of the bits in the argument to f. Function
embedding models a local independent contribution to the overall function value. For
instance. an etnbedded function could represent the contribution to the overall profitability
of a factory by values represented in a subset of bits. That subset of bits could be the
productivity values of the loading doc. for example. The entire profitability of the factory
could then be expressed as a sum of embedded functions. This idea will become the major
theme of chapter 6.

Chapters 4 through 6 apply Walsh analysis to various broad classes of problems. [ begin
chapter 4 by showiug how epistasis can be quantified by Walsh analysis and create several
more compact measures of epistasis including Walsh counts and sums. and function order.
With these as measures of the epistatic structure of a function. I analyze polynomials and
show that the maximum number of bits of epistasis of a polynomial is bounded by the
degree of the polvnomial. Often optimization problems can be considered a composition
of decoding functions and an evaluation function. The decoding functions extract and

process subsets of bits from the argument bit string and then the results of the decoding
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functions are fed to an overall evaluation function. The decoding functions may extract
subsets of bits. scale. translate. convert from Gray code. or perform other necessary work.
Chapter 4 contains numerous theorems for how this preprocessing of the bit string affects
the epistasis as measured by Walsh analysis. [ define another property of functions called
parity in which functions can have odd and even order. Several theorems on the invariance
of these properties are proven. At the end of the chapter. an application of these theorems
demonstrates that picking the proper problem representation reduces epistasis. often making
the problem easier to solve.

Logical expressions can be used to generate optimization problems either by maximizing
a sumn of logical expressions or by combining logical expressions as predicates with arithmetic
functions. Chapter 5 discusses the Walsh analysis of logical expressions. It is shown that
sums of disjunctive and conjunctive clauses creates functions with epistasis bounded by the
maximum number of variables in the clauses. Walsh analysis is performed for disjunctive
and conjunctive normal clauses. An example is given showing how to use the theorems to
perform Walsh analysis of a function that counts the number of one bits in the argument.

In chapter 6 I define a new class of functions called embedded landscapes. These func-
tions are sumns of embedded functions and encompass two important classes of functions:
NK-landscapes (Kauffinan. 1989: Kauffiman. 1993) and MAXSAT functions (Papadimitriou.
1994: Eiben and van der Hauw. 1997: Hogg et al.. 1996: Mitchell et al.. 1992). An analvsis
of the epistasis of emmbedded landscapes is performed using Walsh analysis. The results are
then applied to both NK-landscapes and MAXSAT problems. I show that all the Walsh
coefficients of an embedded landscape. composed of subfunctions with a maximum number
of bits in the domain. can be computed in polynomial time. I show how summary statistics
(mean. variance. skew. etc.) can also be computed in polynomial time. I conclude that even
though all Walsh coefficients of a function can be known in polynomial time. the function
can still be NP-complete. e.g. MAX2SAT.

In this dissertation. I have greatly increased the understanding of the epistatic structure
of many important problem classes for evolutionary algorithms. I show that MAXSAT

problems have low epistasis but are very difficult. in that they are NP-complete. I explain

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



why epistasis is insufficient to predict problem difficulty and suggest what new problem
features we need to consider in order to improve our predictions. I discover that even with
complete information about the epistasis of a problem in the form of Walsh coefficients

and summary statistics. all computed in polynomial time. the problem may remain NP-

complete.

1.7 Notations and Definitions

This is 2 summary of terins used throughout the dissertation. Most of the ideas will be
treated in detail later in the paper. They are brought together here to familiarize the reader

with concepts ahead and to act as a reference.

e = represents the set of real numbers. Let Zy represent the nonnegative integers mod &

and Z represent the nonnegative integers.

e Ranges for summations are sometimes specified by a predicate using a colon. For exam-
ple: D4 o, —pam reads as the sumn over all & such that ¢ = £ Am. The choices of possible

k from which to choose can be inferred from context.

e The modular floor function of n and & is denoted [n] .- This returns the largest integer

less than or equal to n that is divisible by &. For example 5], =3 and (6], = 6.

e A bit space is built on the set B = {0.1} and is used to define bit strings. A useful
analogous space is the signed unit space and is built on the set Y = {1.-1}. The

function Y : B—) maps 0— 1. 1— — 1. Note that 1 does not map to 1.

e Let a string of length L be an ordered list from the set B. The bits in a string are
ordered by _y.br_a....bs. by . by and belong to B-. For example: 011001 is from B® and
has by = 1. A string of all 1's will be denoted by 1 and the string of all 0's will be

denoted by 0. A string is assurned to be of length L unless otherwise stated.

e For logical operators. I will use A for AND. V for OR. & for EXCLUSIVE-OR. and indicate

logical NOT by an overline. e.g. T. If a logical operator is applied to a bit string. it should
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be considered to be applied to each bit of the string independently. e.g. 1105011 = 101.

e A function defined over a domain B has a dimension L. The dimension of a function

f is denoted dim(f).

e Nonnegative integers will be used interchangeably with binary for representing strings
in B%. e.g. 1 may also be referred to as 2¢ — 1. In converting a string to an integer. by

is the least significant bit.

e An L bit string can be considered to be a vector in L dimensional space. This means
that occasionally vector operations can be applied to strings. for example dot product.

All vectors will be column vectors unless otherwise specified.

e Let [i] denote extracting the i bit. So if x =1111011 then x[2] = 0. Extracting the

bits ¢ through j is denoted zii. jj. For example: r[2.5] = 1110.

e i C j where i.j € B" reads as i is contained in j. That is. wherever there is a 1 in ¢

there is a 1 in j or. said another way. i A J = ().

e The bit count function be(7) returns the number of 17°s in i. For example be(001011) =

3 and be(15) = 4. This is also referred to in the literature as unitation (Deb and

Goldberg. 1992).

e The parity function parity(:) returns 0 if the number of bits in / is even and 1 if the

number of bits is odd.

e A hyperplane or schema is represented by one of the 3% strings of 0's. 1's and *’s
where the O's and 1's are in the fixed bit positions and the *s represent either a 0 or
a 1 in the variable bit positions. An example hyperplane h for strings in B might
be **1101*. Although both schema and hyperplane are equally valid. [ will be using
the term hyperplane throughout this paper because I think it is a more mathematically

evocative term while schema evokes more of a feeling of process.
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e A hyperplane with C fixed bit positions represents a hyperplane of order C and defines
a set of 2L~ strings where all possible replacements of the *'s have been defined. For
hyperplane A the order of h is denoted by o(h) and the number of strings in A is denoted

|A].

e « and j are defined on a hyperplane by the bit by bit mappings below (Goldberg. 1989c¢):

0 hli]== O hlij==* or O
alh)jz] = ()i} =

1 hlt]=0 or 1 1 hAfij=1

The « returns a mask that identifies the fixed bit positions in the hyperplane. 3 returns
a mask that identifies the bit positions that are set to 1. For the hyperplane h =

**x1101*: o(h) = 0011110 and 3(h) = 0011010.

e A partition is a set of competing hyperplanes that all share the same set of fixed bit
positions. A partition is specified by a string with a b in positions of fixed bit positions
and *’s in all other positions. For example. *b** represents a partition that coutains

the two hyperplanes *1+* and *0xx*.

e A partition with C b'sand (L—C) *'s is of order C' and defines a set of 2C hyperplanes.
For partition «. the order of = is denoted by o(x). and the number of hyperplanes in «

is denoted 7.

e |r| either indicates absolute value. when r is a number or size of when r is a set such

as a hyperplane. partition. or set or numbers.

e (f)n is the average of the values of the function f defined over B% for all strings in

hyperplane h contained in BE.

e Functions over a finite domain can also be expressed as a vector of values. I will occa-
. - . -— - (L -

sionally express a function f : BE— = as a vector in R(*"). The order of the elements in

the vector will be in ascending order of the binary translation of the bit strings in the

domain. The vector representation for function f will be f.
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e The transpose of a vector f or matrix A/ will be denoted with a superscript T. for

example. f7
1.7.1 DB space and ) space

I will frequently be dealing with two spaces. One called B space and the other ) space.
As we have seen. B space is the two element set {0.1}. ) space is a signed unit analog:
Y = {1.-1}. Y : B— ) performs the mapping: 0— I. 1— —1. Note that 1 does not map
to 1 in the other space! The ¥ mapping function will allow us to separate logical operations
being done on operands in B* space from the numerical operations being done in ® This
application can be seen in the next two observations.

Observations: Assume «¢.b € B then:
o Y{(a)Y(b) =Y (ash)
e Y(a) =Y(anb)

The first of these observations is particularly interesting in that it allows us to move the
multiply operator from the world of real number operations inside the ¥ function where it
reappears as a logical operator. As a result. an analogous feature appears in the form of

the Walsh Product Theorem in the next chapter.
1.7.2 Representation, Decoding and Neighborhoods

Up until now. [ have just considered the simple model of an optimization problem as a
single composite fitness function c.f. Equation 1.1 . fhiness- defined over a domain D. There
arce two common elaborations on this model that should be clarified to better understand
the context of the theorems to follow.

The first is an alternate decomposition of friess- It this chapter we saw that a fitness
function was a composite of three functions. fesirability- finodel- a1d fgecade- An alternate
decomposition merges fyesirabiliy a0d finodel into a single function. fgz and emphasizes the

decoding function:

fitness = fga(fdecode) (1.2)
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This is a natural separation since it is often the decoding function that the practitioner
has the most latitude in changing. The mapping of the argument space of fginess to the bit
space of the chromosome is call an encoding and its inverse is represented by the decoding
function fyecode- A model that emphasizes decoding is useful in that the implementor often
asks the question. “What is the best encoding for my problem.” The answer to this question
can radically alter the performance of the resulting algorithm.

The second elaboration on the model of Equation 1.1 is to add structure to the domain
space called a neighborhood. A neighborhood imposecs the idea of adjacency between
points in the domain. This adds the concept of adjacency to the domain which makes
it possible to think of the problem as a surface. albeit a high dimensional one. From a
practical stand point. a neighborhood is often just a convenient way of modeling common
paths algorithms use to search through the domain space. Having a neighborhood allows us
to define the ideas requiring the concept of ~local™ such as local optima. basins of attraction.
and plateaus. Notice that the distinction between global and local search are based on the
notion of locality. Information derived about a function derived from locality may be critical
to modeling algorithmn performance. Ou the other hand. a neighborhood may be misleading
in that it may not represent the most likely search paths taken by an algorithm. If it does
not. the surface created is of little practical predictive value.

Two common encoding functions are the Gray encoding. which assumes its argument
to be a Gray code for the value to be fed to fy,. and the binary encoding. which does
the familiar decoding from binary to integers. Notice that if the encoding is Gray then the
decoding function. fjecode 18 @ degray function.

A neighborhood is defined by a set of functions f, : BE— BL each of which takes a
point in the domain and maps it to an ~adjacent™ point. The neighboring points for a given
point p in the domain are the points p, such that p, = f,(p). Two common neighborhoods
are the numerical neighborhood. which is characterized by the set of two functions {(n —
)mod 2L, (n +1) mod 2L}, and the Hamming neighborhood. which is characterized
by the set of L bit functions {(n S 13). (n ©103). (S 1004). ...(n&2L7H)}

Often a particular decoding is associated with a particular neighborhood. For example

(8
(W]
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Hamming neighborhoods are often associated with Gray decodings. A pairing of a neigh-
borhood with a decoding is called a representation. Three popular representations are
the Gray representation. which is a Gray encoding with Hamming neighborhood: the
numeric representation. which is a binary encoding with numeric neighborhood: and the
binary representation. which is binary encoding with a Hamming neighborhood.
Technically. a landscape is a pairing of a function fg, with a representation. Without a
neighborhood structure. expressed or implied. fg; cannot have any local optima or plateaus.
A neighborhood may be implied as in the case of NK-Landscape in Kauffman (Kauffinan.
1995) which implicitly has a Hamming neighborhood. Unfortunately not all occurrences of
NK-Landscape in the literature bother to include the neighborhood definition (Manderick
et al.. 1991). In the case of this work I will introduce a class of functions called embedded
landscapes. These will technically not be landscapes as their name might imply since
they will not have a neighborhood defined for them but rather their name is a historical

derivative.
1.8 Summary

The background presented in this chapter defined many of the basic termus that outline my
rescarch. In this chapter we saw that there are three important components of my research:
problem. algorithm. and difficulty. The problems I want to consider are maximization
problemns over a domain of bit strings. The algorithins [ am considering are evolutionary
optimization algorithins that resemble stochastic search. Difficulty is measured in mumber
of fitness function evaluations. I defined epistasis and hope to use it to predict the difficulty
of classes of problems relative to evolutionary optimization algorithms. My ultimmate goal.

expressed in simplistic terms. is:

. . yredicts . . .
Epistasis(Problem) _preeie NumEvals(Evolutionary Algorithms. Problem)

I support the view that epistasis is related to problem difficulty by giving an argument
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by analogyv and performing two experiments. However. random functions are involved in
both analogy and the experiments. It is possible that. if the functions were not so random.
that epistasis might not play as strong a role. At this point it is plain that we lack sufficient
mathematical rigor to quantify the epistasis and discuss these structural features. The

chapters that follow will lead us to a firm mathematical basis for exploring these ideas.
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Chapter 2

The Basics of Walsh Analysis

Walsh analysis (Bethke. 1981) is similar to discrete Fourier analvsis. In discrete Fourier
analysis. a function evaluated at a finite number of points is projected onto an orthogonal
set of functions. For Fourier analysis. the functions are sine and cosine functions with
varying frequencies. The set of coefficients produced by the projection indicate the frequency
content of the function.

Walsh analysis. is similar to discrete Fourier analysis in that it is a projection onto an
orthogonal set of functions. The functions in this case are defined over bit strings and return

and the resulting set of coefficients indicate the epistatic content of the function.

In the previous chapter I hypothesized that the larger the number of bits that are
epistatically interrelated in a problem. the more difficult the problem should be. In this
chapter 1 develop Walsh analysis as a way of quantifving the epistasis of problems in order
to test this hypothesis. Using Walsh analysis for quantifving epistasis is nothing new and
was studied both in Bethke's dissertation (Bethke. 1981) and in Goldberg’s famous papers
on the subject (Goldberg. 1989a). Reeves and Wright strengthened the association between
Walsh analysis and epistasis in (Reeves and Wright. 1995b) by the use of experimental
design. They show that if an experimental design model is chosed which assumes the value
of a function is a constant plus the sum of all linear and nonlinear “fixed effects™ between
bits then the value of the ~fixed effect™ differs at most ouly in sign from the value returned
by Walsh analysis for the epistasis. Their results state that. at least in magnitude. that
the value Walsh analysis returns as quantifving epistasis between a set of bits is the same

as the contributing ~effects™ of the set bits computed by experimental design. Clearly

[
(S}
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understanding Walsh analysis will aid us in quantifying epistasis.

In this chapter I present many basic theorems of Walsh function analysis. The concepts
in this chapter may seem too abstract at first but as the chapter proceeds we will be
building techniques and intuition about Walsh Functions and Walsh coefficients which will
then prove to be useful in studying epistasis. This material will be the foundation for much
of the mathematics in the rest of the dissertation. Specifically. I will cover: basic identities.
orthogonality theorems. how to efficiently compute Walsh coefficients. vector and matrix
representations. and the Walsh transform as a linear transform. All the proofs in this

chapter are my proofs. Where the theorems are not new and a reference is known. I will

cite it.
2.1 Walsh Polynomials

The Walsh polynomial (seen in Equation 2.1) is the basic transformation from a function
defined over bit strings. on the left side of the equation. to a function defined over epistatic
interactions on the right side of the equation. It is defined as follows. Any function f :

B — = can be broken down into a Walsh polynomial:

where
o u,(r): BF— {1. —1}.¢t€ B is the " Walsh function of r.

e w, € B.i € BL. is the " Walsh coefficient. w, indicates the degree of interaction of
bits indicated by the positions of the 1's in i. The order of Walsh coefficient. . w,.

is the number of one bits in 1.

e wu, is defined to be the coefficient associated with the ith Walsh function ¢;(z). In proofs

throughout this paper. the value of w, is defined as the coefficient associated with Walsh

function ().
The most important feature of a Walsh polynomial is that any function f can be uniquely
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decomposed into a linear weighted sum of Walsh functions where the weights are the real
valued Walsh coefficients.

This equation defines a mapping from the 2% values in the table that defines the Walsh
coefficients to another table of 2L values that defines the function f. Note that both :
and r are elements of BL. f(z) and w; may be real numbers. but r is not. This is often
a point of confusion. It is also important to note that the Walsh coefficients of the sum of
two functions is the sum of the Walsh coefficients of the two functions.

Walsh functions are defined as functions. v, (.r). that return a value based on the paritv
of the AND of r and i. An even number of 1 bits returns a 1. otherwise it returns a —1.

This can be expressed in logic notation as:

L—1
v, (x) = Y(EP(«li] A jli}) r.j € B*

=0
where the £ in this case denotes an iterated EXCLUSIVE-ORover the following expression
and rfi} indicates the i'" bit in bit string r. For example: ¢rg;110(11010) can be computed
by first taking the bitwise AND of 01110 and 11010 vielding 01010. The parity of this
string is computed using EXCLUSIVE-OR giving 0. The Y function. defined in the notation
section. maps this to +1. The function ¢ is often written with a nonbinary subscript. In
this example. vg;;10 would be written vy, which would be referred to as the 14" Walsh
function.

Although there are many ways to define this function. this way compartmentalizes the
logical expression nicely from the real-valued nunerical portion via the interface function
Y. The Y function. as described in the notation section. maps the logical values {0. 1}
to the numerical values {1. — 1}. The } function could be replaced by raising —1 to the
argument of ¥ but this would lead to a lot of the mathematics in a proof appearing in the
cramped exponent portion of the expressions.

The three most important intuitive properties to remember about Walsh functions are:

e Symmetry - The values of & and j can be interchanged without effecting the value of

the function. ie. ¥ (y) = yr;(¢).

o
-1
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e Parity - The exclusive-or in the Walsh Function computes the parity of the results of

the AND's.

e Masking - The value of j (or r) can be thought of as a mask to select the bits in r (or

J) for which we are interested in taking the parity measure.

Why are Walsh functions a good idea?

e Walsh function notation for a function is a linear function of Walsh coefficients and

Walsh functions and therefore easv to manipulate and use.
e Walsh functions provide a uniformm way of treating bit interactions.

e Walsh functions make it easy to calculate effects of any L bit combination on the value

of the function over its whole range.
e Walsh function notation provides a bit interaction representation for a function.

e The + and — signs of Walsh functions create opportunities for cancellation of terms of

opposite sign.
e The set of Walsh functions for a given bit space form an orthogonal set of functions.
2.1.1 Alternate Notations

Many different definitions for Walsh functions can be found in the literature. Each can be
justified as being for a different purpose or to emphasize a particular aspect of the function.

In (Goldberg. 1989a). Walsh functions are defined using a product/power form:

where [i] denotes extracting the " bit. Soraya Rana has suggested:

Y — be{rig)
y J(J‘) = —1 {riyg)
I have proposed the various other parity based expressions for a Walsh function:
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¢y(r) = — 1PN = 1 — 2 parity(x A )

where parity(z) is 0 if be(r) is even. and 1 if be(r) is odd. If j and r are considered column

vectors of bits. then v can be written:

T
I
wi(z)=—-17"

where z7j is just the dot product of the bit vectors. Similarly. Manela and Campbell

(Manela and Campbell. 1992) use the nearly identical expression:

, L= i
U"_](-T) — (_1);_..=0 iz .1

The field of Harmonic Analysis approaches the same problem from the point of view of

n-dimensional discrete Fourier analvsis (Lechner. 1971).

v, () = exp(2mi(r’j)/2)
2.2 Basic Walsh Function Theorems

The elementary theorems of Walsh functions tell us something about the character of Walsh
functions. The Identity Theorem states that regardless of which Walsh function you choose.
if the argument is zero the result is 1. This property is useful in cancellation of subexpres-
sions in later proofs. This theorem is well known and I believe is assumed too trivial to

prove. The theorem can be inferred fromn Figure 1 in (Goldberg. 1989a).

Theorem 1 (Identity Theorem)

¢0)=1 Vj

Proof:
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¢(0) = Y(DL O] A
= Y(BLL (0 A jli])
=Y(@iL 0
= Y (0)

=1
&

The common notation for Walsh functions gives the inaccurate impression that somehow
function number and argument are very different. The Symmetry Theorem proves they

aren’t at all and provides us with a very useful transformation.

Theorem 2 (Symumetry)
'J’J(k) = 'U'k’(j)

Proof:

ey (k) =Y (D5 (Kl A ST

= Y (B Gl A ki)

Ui (J)
a2

This next theorem shows us that not only is ¥ a constant function but provides us our

first use of Symmetry.

Theorem 3 (Constant Walsh Function)
o) =1 V)
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Proof:

Obvious from theorems 1 and 2.

&

The next theorem is a precursor to several useful corollaries and is simply based on the

fact that the arguments to v’ are first ANDed together.

Theorem 4 (Split Mask)

Uyam(k) = ¢ 5a(k A D) where aAb=m
Proof:
dyam(k) = Y (B GEFAm]) Ak

=Y (DG A (ali] AbLED) A K[

1 =0

= V(DL (Ul Aalil) A (i) A K{iD)

!
= U, nalk A D)
&
The following corollaries are particularly useful special forms of the Split Mask Theorem.

Conjunctive Compression follows directly from the Split Mask Theorem. It allows us to limit

the range of Walsh functions used by the range of arguments used.

Corollary 4a (Conjunctive Compression)

vy (k) = v (k)
&

Associative Masking allows us to apply a mask to either the function index or the

function argument.
Corollary 4b (Associative Masking)
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‘571/'\(71(15) = 'U"J(k A )
&
Similar to the Conjunctive Compression Corollary is the Disjunctive Compression The-

orern.

Theorem 5 (Disjunctive Compression)

vr(k) = vy ui (k)

Proof:

ey k) = YIS (Gl VA Ak[D)
= Y(D/5 (K[ A KD

= e (k)
&

By setting ; = 1 in the above theorem. we get the following useful corollary which allows

us. in special cases. to convert one of the funcrion index to a constant.

Corollary 5a

en(k) = v5(k)

We can use this immediately to relate Walsh functions and parity.

Theorem 6 (Walsh Parity Relation)

parity(k) = (1 — ¥x(k))/2
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Proof:

One of the alternative expressions for a Walsh function was:

¥, (k) = 1—2parity(k A j)

Setting j = 1 gives us:

U'i(k) =1 - 2 paritv(k)
(k) =1 — 2 parityv(k)

(1 —wn(k))/2 = parity(k)
&8
The next theorem is one of the most useful of the basic Walsh function theorems. It
allows us to collapse the product of two Walsh functious into a single one. [t also allows
one to change a logical operator that is an argument to ¢ to a numerical operator which
is multiplication. Because the theorem is so useful. it is ubiquitous in this dissertation.
Therefore. it is wise for the reader to be sure they understand it clearly before proceeding.
The proof of the theorem takes advantage of the fact that is defined with an

EXCLUSIVE-OR as the outer most operator.

Theorem 7 (Walsh Product)

eylr)er(er) = vyplr)
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Proof:
ey (o)un(z) = Y (DS Glil A i) YL (k] A rfil)
= Y (D Gl A li)) & ('L (Kl A £[iD) )
=Y ( @5 (Gl Azl o (klil A £li]) )
=Y ( @NGE AR & 2] )

= "j’]%k(-r)

—

LS

To drive home the symmetry property I provide this theorem as an example of its use.

Corollary 7a (A Use of the Walsh Product Theorem)

Proof:

The proof follows directly by use of the Product and Syuimetry Theorems.

—

RS

The Negation Theorem shows that the Walsh function of the negation of a number is
related to the Walsh function of the number by the parity of the Walsh function index. The

proof of the Negation Theorem uses 2L — 1 to give a string of all 1's.
Theorem 8 (Negation)
o (F) = by (K
@, (K ) = (1), (k)
Proof:
34
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vy (k) =, (2 - 12 k)
= v, (25 = 1))v; (k)
— (_1)b6(1)u'yj(1\-)
&

The Balanced Sum Theorem is one of two theorems critical in cancelling out sums of
Walsh functions. Also. the proof itself is important as a prototype for several proofs to

come where equal sets of strings of opposite sign cancel. We will see this form of proof
again.

Theorem 9 (Balanced Sum)

2t ) 2L ifj=0
> ) =
r=0 e -

0 if;#0

Proof:

First observe that this is a problem of counting +~1's and —1's

CASE 1: if j = 0 then

CASE 2: if j # 0 then 3k such that j{k] = 1. We now divide the 2% r values iuto 2 sets.
Let A be the set of all v:;(xr) where x[k] = 1.

Let B be the set of all 47;(r) where (k] = 0.
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If r € 4. then £ 2¥ € B. Let y = r & 2%. Note that for everv r € A there is a unique

y € B and vice versa: therefore {A] = |Bl = 201

wiy) = YD (i Adli)

Using z. y and k as above. we know that y[k] = z[k] © 1. So. for the k™ term in the

above EXCLUSIVE-OR:

(k] ALK = ((z[k] £ 1) A JlK])
= (k] A jlk) & 1)

Bringing the 1 out of the EXCLUSIVE-OR:

vy (r) =Y (1= @ el Al
= Y()Y (D' (el AJED))

= —I"v”j(.'/)

Since there is a one to one onto correspondence between elements of A4 and elements of

B and each pair is of opposite sigu. the sum is zero.

&

The Orthogonality Theorem is the second critical theorem for cancellation of sums of
Walsh functions. The theorem and a brief outline of the proof appears in (Goldbers. 1989a).
The term orthogonal comes from the similar concept of orthogonal functious where the sum
in the theorem would be replaced by an integral over a range. A second interpretation as

vectors will be introduced in the section on Walsh matrices.

Theorem 10 (Orthogonality)
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2L 2L ifi=y

Z d'l('r)t’_}(r) = ]
r=0

0 otherwise

Proof:

oL _ ol _
Z;:Ol (T (2) = 505" vz (2)
Ifi=j theni<j=0andift # j then i S j # 0. Therefore. by The Balanced Sum

Theorem. the theorem is proved.
&

An alternative form of the orthogonality theorem is:

2k -1 2L ifi=
0 otherwise

This follows immnediately by the Svmmmetry Theorem. This form is similar to the operation

in a matrix multiply as we shall soon see.

A law that is similar to the Balanced Sun theorem exists for several subsets of strings

in the bit space.
Theorem 11 (Balanced Sum for Parity)

L=t if =0

Yo wile) =9 _gt-t gpjo9k

r:parityir)=1

0 otherwise

and
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DY

D d@ =9 aL-t jrj=at ]
r:parity(r;=0

0 otherwise
\
Proof:
parity(k) = (1 — v (k))/2
9L .
ZI:[)ZII‘I'C}'(J:):I -u.vj(;[) = Z;:O " parity(r)e,(r)

R

=310 (1 —wr(r)e,(r)

4

LEIN v = SIS ey (e)

)

RL |
= %(Z.r:() vy (r)

Sl (o), ()

al EYARET

= %(Z}zol uylr) — Z;:“l vy (1)
RLae. ol _ )

= NI vl - I esx)

Both terms can be reduced by the Balanced Sum Theorem
4
2Lt ifj =0

=9 -2070 if =2k

0 otherwise

\

therefore the first part is proven. The second part is now easy by observing that:

2l
Yowln)= Y @+ Y )

r=0 r:paritvir)=1 £:parity(r)=0
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a

This observation about parity will recur in discussions of parity in later chapters.
2.3 Computing Walsh Coefficients

It is possible to compute the values of the Walsh coefficients given all the values of a function.

This theorem was stated in (Goldberg. 1989a) but never proven.

Theorem 12 (Computing Walsh Coefficients)

)L_l
12
wy =55 > flx)w,() (2.2)
- =0
Proof:
.)L_ . .,L_ .)L_
Sreo flrdeyle) = 0I5 e (S wee ()
L _ oL _
= Z:-—()l e, Z:j-=ol L_}(I)L -(x)
= T w2t
= '11'12[‘
Lo
'_TIL' Z}:ol floyey(r) =,

el

From this it is plain that wy is the average of all of the function values and hence plavs

the role of a constant offset in the expression of a function as a Walsh polvnomial.
Theorem 13 (Mean Value)

wg = the average value of f(x) over its entire domain.
Proof:

‘)L—I

E
wo =57 D flx)volx)

r=0
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but wg(x) = 1 therefore

9L _y
1>
o= 3 f
r=0

Iad)

The Function Negation theorem follows as a direct and obvious cousequence of the

definition of the Walsh coefficients.

Theorem 14 (Function Negation)

If function f has Walsh coefficients u'lf then the function — f has Walsh coefficients —'11'{.

Proof:

Trivially:

The reflection of f about the reflection point = can be defined as g(r)

)

flr = z).

It is not obvious that regardless of about what point in BY we reflect the arguments to

a function. only the signs of the resulting Walsh coefficients change. This next theorem

provides the proof and will be useful in discussing function parity later.

Theorem 15 (Reflection of Function Arguments)

Let function f(r) have Walsh coefficients 'u',f and g(x) = f(r&:z). Then 'u'f’ = 'z./:,(:)w{.

Proof:
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letting r' = r <z

2l
i s fl ey e 2 2)

2k 1

3 L3 2o fleu e (2)

EY A ,
v ()5 Tosg e, (o)

-
'U'J(..)u‘J

&

It is clear in the previous proof that the Walsh coefficients of ¢ are off by at most their

~

sign from those of f. But does each z produce a unique set of Walsh coefficients? It must

be true if the Walsh functions. v-. are unique.

Theorem 16 (Uniqueness of Walsh Functions)
For any y and =, y # z. 35 such that ¢, (y) # v, (2).

Proof:

Ify # zthen y = == (2 y) where = = y # 0. Therefore

il
~
-~
(£]
M
o
b
g

ey (y)
= UA',_](:)‘U"_](: <)

Bv the definition of a Walsh function

Now select j such that j € (2 & y) and be(y) = 1.

v,(z = y) = —1. Hence

¢y(y) = —vy(3)

and the theorem is proven.
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This theorem will be a natural consequence of the fact that Walsh matrices. which we
will develop later in the chapter. will turn out to be invertible. This means that there
are 2L reflections for an L bit function and 2% different assignments of sign for the Walsh

coefficients for reflected functions.

2.4 Products, Convolutions and the Transform Function

Since the Walsh polynomial is a weighted sum of Walsh functions. it is clear the Walsh

coefficients of the suin of two functions is the sum of the Walsh coefficients. More precisely:

Theorem 17 (Sum Coefficient)

Let w/ be the Walsh coefficients of f and w9 the Walsh coefficients of g. Then the

Walsh coefficients of the sum f + g. denoted by w/9. are:

&
The next theorem shows that the product and convolution are related mmuch as they are
in discrete Fourier analysis (Weaver. 1989). Here. convolution is defined using EXCLUSIVE-
OR and so the extension of a function to be periodic. as in discrete Fourier analysis. is

un1ecessary.

Theorem 18 (Product Coefficient)

Let w/ be the Walsh coefficients of f and w¥ the Walsh coefficients of g. Then the

Walsh coefficients of the product fg. denoted by w/9. are:

Proof:

Let f and ¢ be defined by their Walsh expansions as before.
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oL 9L _ ,
flr)gl) = (2325wl ey (o) Tisg! wivw(x))
oL _
= 2ot i el () ()
2l
= Z IZL =0 u’fw/\ll’k-—](l')
let ' = j & k. therefore k =k &
)L_
Z ! Zk,_o u‘{u"z,%j'l.”k'%]_:_](:l,‘)
)L_.l ]
z ZL’—O U'J UJL,— Yr ()

2k 2 :
:Zk’:() (Z_] =0 U"]fll'f,. )U’K"(I)

Therefore the Walsh coefficient for the product of f and g is:

This theorem introduces some interesting relations between the convolution of two func-
tions and their product. The convolution of an infinite sequence is generally computed

(Graham et al.. 1989):

Cp = Z‘lkbn—k for n € {0.1.2....}
k=0

that is. all pairs of elements. one from a¢ and one from b. are summed such that the subscripts
sum to a constant n. In general. ¢, is formed by the sum of n + 1 pairs.

For our purposes. we will define the convolution of two L bit functions a and b as:
c(n) = Z kKbns k) for ne{0.1.2.....2L — 1}
43
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In this form of convolution. all pairs of elements. one from a and one from b. are summed
where the EXCLUSIVE-OR of the subscripts themselves results in a constant n. In this case.
¢(n) is formed by the sum of 2% pairs regardless of the value of n. The convolution of two
functions. f and g. is denoted f o g.

The Product Coefficient Theorem can now be interpreted in terms of a convolution as
follows: the Walsh coefficient of the product of two functions is equal to the convolution
of the Walsh coefficients of the separate functions. A further discussion of this interpreta-
tion can be found in Lechner (Lechner. 1971) and in Manela and Campbell (Manela and

Campbell. 1992).

2.5 Duality and the Walsh Transform
The obvious similarity between the formula for the function. f.

2k

f(f) = Z un g ()

=0
and the formula for computing Walsh coefficients. w.

al—j
1 ,
wy, = 57 E flr)en(x)

- r=0
leads one to consider the duality of the functions and coefficients. Since the function f is
over a finite discrete domain. both f and w can be treated as tables of values. In fact. it
might make more notational sense to express f(r) as fr to show the symmetry between
the two tables. Also. since v, (r) is more like a commutative operator it might make more
sense to express ¢, (.r) as ¥(i.x) to show the commutative nature of the function. In fact.
many of the early proofs about Walsh functions follow iminediately from theorems of basic
svinbolic logic if you consider. that for the most part. the binary operator v(i.z) can be
thought of as a logical AND perforied in parallel.

To emphasize the symmetry [ express these two formulas in a more symmetric notation:

.)L_l
1 = ..
w, =57 D fibli)

=0
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2k

fr= 3 weli))

1=0
The first equation is known as the Walsh transform and the second as the inverse
Walsh transform. The summations in the two formulas are essentially the same and

can be computed with the same software. In fact. the two transforms could be made to

be identical by multiplying the expression for f, by a scaling factor of l—L and dividing
V -

the expression for w, by the same factor. I chose to avoid the introduction of the messy
irrational values into the equations. It is purely a personal preference and does not effect
the results.

This notational example is used to illustrate that Walsh space and function space are

duals of each other much as space and time are duals in Fourier analysis.

2.6 Walsh Matrices

In the previous section we mentioned how both the function f, and the Walsh coefficients
w, could be thought of as finite length tables. In fact. it is useful. to think of the function
table as a function vector and the Walsh coefficients as a Walsh coefficient vector. It
may then be possible to operate on them with a matrix of Walsh functions. In this section.
we show how this is done and develop somne related theorems.

We begin by looking at an example. The following equations show. in excruciating
detail. how a function f : B? — = would be computed using the inverse Walsh transform

in the previous section.

15
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f(0) = vo(0)uyg
f(1) = wo(l)wg
f(2) = we(2)wg
f(3) = wol3)ug
F() = weld)wy
f(3) = wold)wo
f(6) = wo(6)ug

f(T) = wolT)wy

+e(0)wy

+uwi(Dun

+r (2)w

+r (3)un

(4w

= (D)

+ e (6)u

e (T

-,'-L"g(())'ll"_)

+ua(l)un

+¢n{2)un

Fua(3)uw

(4 )

+una(d)u

+en(6)ur

'!-L'"-_J(T)'U';)

Evaluating the Walsh functions. we get:

£

£

f(

f(

) = =+uy
1) = +uwy
2) = +uwy
3) = +uy
1) = +uy
2) = +uy
6) = 4wy
T)= +uwy

—uy TUu
—uy  Aun
=ty =
-y —u
=uy UM
—uy U
+ury —un
—uy U

+ (0 )y

(1w

+e (0 ury

+ung(l yaey

—ue5(0)us

+us(l)wes

+Un(2)ws +Fug(2)wy +es(2)ws
+u3(3)wy +Fug(3wy Fes(3ws
+yg(duy +e(dwy +es(Hws
+ug(B)ury e (d)uy +ues(d)us
+eg(6)wry +ug(6)wy  +urs(0)u
~ug(They +e(Thwey +us(7T)ws
+ury Sy Ay g HuT
—uy  uwy —un, Uy —uT
-y Sy Sun, — g T
+=uy uy —uy — g TuwT
=y —uwy —ws,  —Wwg  —uwy
—wy —wy U —uwg Ut
—uy =y —uwn  Fwe Ty
+wy —wy; Fws; Twg —uwy

+ug(0)wg

~uwg(l)wsg

+ug(2)ws

+u6(3)ws

+ug(d)ws

+ue(d)we

+46(6)we

+ug(T) g

+ i+ 0w~

+vr(Lws

+ur (2w

+'U'T(3 Yws

+yr(d)ws

+ur(8)ws

+urp(6)ws

i (Tws

If we consider that the function values and Walsh coefficients can be written as column

=>8

vectors from =°.

then we can compute the function vector as the product of the Walsh

46
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coeflicient vector and a matrix of Walsh functions. Let the matrix of functions v.(r) define
a Walsh matrix. ¥. where r is the row index and c is the column index. Specifically. ¥
for an L bit function is a 2F x 2L matrix denoted ;. Note that the value of ¥ is only
dependent on the function size L. not on the particular « or f

The matrix that follows is for ¥3. Lines have been added to make it easier to see the

symmetry in the various quadrants.

+l ¢ +1i+1 +1}+1 <1 <+1 =+1

Therefore. if we let the column vector f represent the function and column vector @ repre-

sent the Walsh coefficients. then it is clear that:

U = j?

It is also clear that the matrix is svmmetric

U=y
which is what we would expect from the symetry theorem which stated 4, (k) = ¥ (y).

47
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2.6.1 Uniqueness

Note that any ¥; matrix is svmmetric and can be arranged as a block matrix:

A 4
¥, =
4 -4
where A is ¥;_,;. That is
Upor Yro
U, =
Wpor =Yoo
The initial case is:
\IJ[ = l

-

Using the block matrix form I can determine a recursive formula for the determinant of

the matrix.

Theorem 19 (¥'s Determinant)

det(¥) = (_2)(1_3L—1)

Proof:

The proof proceeds by developing an upper triangular matrix. The determinant will
then be the product of the diagonal elements.

For L =1 the determinant is —2. by inspection.

For L > 1 the upper half of the ¥, matrix is subtracted from the lower half giving a

new matrix with the same determinant as the original:

48
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where det(¥%) = det(¥3).

This means that each eventual diagonal element in the lower right quadrant will be

multiplied by —2. If D; is the determinant of the 2L x2% matrix. ¥’'. D; can be expressed

recursively as:

-2 if L =1
‘D, ifL>1

In the case L > 1. one Dy _; in the square term comes from the determinant of the
upper left block in the matrix. The power of 267! comes from the 2271 doublings of the
lower right quadrant and the remaining Dy _; in the square term comes from the original
determinant of the lower right quadrant. The recursive relation is solved in log space.

Let d; = log, Dy. Then the recurrence relation for L > 1 becomes
L 52

Dy =22""'pi |
log, D = 9L-1 +2log, Dy
dr = 9L-1 +2d;
Solving for d; gives: dy = L2L~!'. Therefore D; = (—‘2)[‘2"_1. The Dy for L = 1 is

consistent with the formula for L > 1 giving a result valid for all L.

nd

Note that for L > 1. all exponents L25~! are even: so the determinant is positive.

However. what is most important here is the determinant is nonzero. giving a unique

19
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inverse for each ¥ .

Theorem 20 (Unique Mapping)

-

The mapping f — « is unique and reversible.
Proof:

Since the determinant of ¥ is nonzero there exists a unique ¥~! such that:

w=0"f

It is easy to determine this unique inverse.

Theorem 21 (¥'s Inverse)

1
..[ _
Proof:
By definition of the Walsh transform:
- 1 =
u = ’-_):T"Ilf
and our earlier observation:
w = lIJ_lf
we get:
1
|
e =Y,
Observations:
50
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e This means that elements of the matrix ¥~} are all integer multiples of the inverse of
a power of two. Therefore. if the values of a function are all integers. then the Walsh
coefficients are all representable exactly in a computer. Also note that. if all the Walsh

coefficients are integers then so are the function values.

¢ From the above theorem. it is clear that

v =21

=t

But this is just a reformulation of the alternative form of the Orthogonality Theorem.

In fact the Orthogonality Theorem can be used to prove the last theorem!

e We have shown that the following equations are duals of each other:

2.7 Walsh Transforms

The linear transformation from a function to its Walsh coefficients can be conveniently
treated as a transform function. Let W be the Walsh transform. a function that maps

an L bit function to another L bit function via the linear transform induced by W.

W) = - UL f

In this form. W(f) represents the function that returns the Walsh coefficients of f. Thought

of another way. W(f) in vector form is «/. From this definition we know that
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Then we can interpret the Product Coefficient Theorem as

W(fg) = W(f) o Wl(g)

Using this notation. the Walsh transform of a convolution of two functions can be
easily computed. This is an analogue of the well known Convolution Theorem from Fourier

analysis (Weaver. 1989).

Theorem 22 (Transform of Convolution)

2EW(fYW(g) = W(f o g)

Proof:

We know that

W(fyg) = W(f)o Wl(yg)
W(W(fg)) = W(W(f) o W(g))
Sy = W(WI(f)o W(yg))

Let f=W(f") and ¢ = W(g')
EW(IW(Y) = WWW(S') e WIW(g'))
FWIWY) =W f) e sry’

EW(IW(Y) = () W(f og')

QIVV(fI)VV(gI) - W(fl ° g/)
&

This theorem and the Product Coefficient Theorem gives us four key relations between

the product and the convolution operators. The result is the following elegant symimnetry:

(4]
3]
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W(fg) = W(f)oW(g) fg = 25WW(f) o W(g))
W(f og)=2EW(f)W(g) fog=2ww(fiw(y))

The development of the previous theorem leads to the following relationship between
the dot products of two functions. represented in the function space and the dot product of
the functions in Walsh space. The dot product of two functions is defined to be the dot
product of the functions represented as vectors. This theorem is also known as Parseval’s

Theorem in Fourier analysis is stated but not proven in (Manela and Campbell. 1992).

Theorem 23 (Dot Product)

Let f and ¢ be two functions then:

fg=25W(f) - Wig)

Proof:

R I S R B o L

= S O s wl e ey ()
2b 2L-1 9

=ZJ=() ZI = L’k I)lr” (.I'

By the Orthogonality Theorem. the inner most sum is zero for all values of
J and k& where j # k. When j = k. then the sum is 2. Therefore setting

k=y:

= so2b=1 S 9L
=2 o0 wyuy?2
_ oL o
=2 Zj 0 )t

=2LW(f) - W)
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The Dot Product Theoren: reads as follows in terms of functions and Walsh coefficients:

2L 2t
FGa) =28 )
J=0 1=0

This leads to an interesting observation.

Corollary 23a (Sum of Squares)

2k 2L
2 fUrr =203 )
=0 =0

&
This means that if vou consider the Walsh transform as a transformation of coordinates.

the length of the function vector is always V2L longer than the Walsh coefficient vector.
2.7.1 Mean and Variance from Transforms

Dot products can be used to sumn over all function values. For example. the mean of an L

bit function f. denoted E(f) is

E(fy=(f-T)/2 =w(f)-w(l) = w!

W(1) is of course (0 evervwhere but in the position correspouding to wy. Hence. the dot
product on the right is simply wy of W(f). This confirms what we proved early in the
chapter in the Mecan Value Theorem.

The variance of f. denoted V7(f) can be computed as
V() =Ef) (BN
= F (/1) = (w])?
= 2t T2 W)~ ()2
= o )2
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This means if the Walsh transform is treated as a projection. then the standard deviation
is the portion of the length of the vector not accounted for by the projection onto vy. which

is just the mean.

2.8 The Fast Walsh Transform

It turns out that the Walsh transform can be quickly computed using an analog of the fast
fourier transform. The mechanics of the transform is presented without proof in (Goldberg.
1989c). Here I will use the block matrix form of the ¥ matrix to derive the Fast Walsh
Transform. A Fast Walsh Transform allows one to compute the product ¥, # in O(L2%)
operations. This may seem like a lot of computation. but it is a vast improvement over the
direct matrix multiply approach which takes O(22%) operations.

Let p be defined as

Both vectors @ and p mav be blocked in blocks of 251 elements eiving
P A 4 2

A 4 ] Avp + Avs Ay + ) 3!

4 -4 () :1‘01 - :1‘!'-.) :1('L'[ - ‘l'-_)) D2

therefore

pr = A(vp +v0) and pr = A(vp — )

where A is ¥, ;. But ¥ _; and p; can be expressed in block form and the process repeated.
This defines a recursive relationship that goes L levels deep. each time subdividing the vector
¢. The exact process is best explained with the following C function. which immplements U@

and can be used to efficiently compute both transforms: @ — f and f — .
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void fwt(REAL *v, int size)

{
int s2;
REAL *a, *b, tmp;
// recursively handle each half of the vector v
s2 = size>>1;
if (s2>1) {
fwt(v, s2); // recursively compute A v_1
fut(v+s2, s2); // recursively compute A v_2
}
// now create the sum and difference parts for
// for both halves
for (a=v, b=v+s2; a<v+s2; a++, b++) {
tmp = *a;
*a += *b; // p_1=A (v_1 + v_2)
*b = tmp - *b; // p_2=A (v_1 - v_2)
}
}

The same technique I used to develop the Fast Walsh Transform can be used to efficiently

implement other transforms as we will see later.

2.9 The Vose-Leipens Transform

I cannot leave this chapter without mentioning an alternate linear decomposition to Walsh
functions and coefficients that I call the Vose-Leipens (VL) Transform after the inven-
tors. Although this transform seems simple and elegant. we will see that it lacks several
important features that the Walsh transform offers.

In the Vose-Leipens transform the value of a function f can be computed as a weighted
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sum of functions:

2Ly

flay =Y wel(x)

=0

0 if i€z

where L"l”’(r) =
1 if :Crr
{

In this case each w®' represents the contribution added by the nonlinearity introduced
7 p A 3

by the 1 bits in ¢. For example if L = 3 then

f(5)= -w})" +uwy +wy

while from the Walsh transform we get

f(O) = w; — we + ws — wy — W3 + Wy — Wy + Wo

Using the Vose-Leipens transform it is easy and intuitive to isolate the effects of bit
interactions. It is also easy to compute the effects of N bit interactions. In the above
example wi’ is the effect of interactions of bits 00 and 2. On the other hand. it is difficult and
inefficient to compute hyvperplane averages using Vose-Leipens transform. The Vose-Leipens
transform also lacks the positive and negative cancellation which yielded the Orthogonality
Theorem. This was critical in many of the proofs.

In the Vose-Leipens transform. there is a parallel for the ¥ matrix I will call ¥*! matrix.

Again. lines are included to show symumetries.
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In blocked matrix format. this has the recursive form:

p=vy =

4 4

where 4 = \I/‘L"_[. We lose three very important properties we had with the ¥ matrices of
Walsh transformation. namely: the matrix i1s not svinmetric. it does not form an orthogonal

basis. and the inverse is not a constant timmes the matrix itself. The inverse is

A-t 0
—-4-1 4-1!

From ¥ and its inverse it is easy to derive conversions between function space. VL and
Walsh transforins. A corresponding Fast VL Transform algorithm can be easily derived

using the block matrix technique we used to develop the Fast Walsh Transform.

o8
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2.10 Summary

In this chapter we covered the basics of Walsh analysis in detail. Walsh functions were
presented and techniques developed for using them. We saw that functions could be de-
composed into a weighted sum of Walsh functions and that these Walsh functions formed
an orthogonal basis. From this came Walsh analysis which could be viewed from the per-
spective of polynomials. matrices. or transforms. Walsh coefficients were easy to compute
conceptually but exponential time is required even with the Fast Walsh Transform. What
will be needed to make computing Walsh coefficients practical is an understanding of what
functions have a very limited or highly patterned set of Walsh coefficients. In later chapters.
I will present several important and common classes of problems with low epistasis.

In the next chapter we look at the concept of hyperplanes in the domain. This will help
us understand the underlving structure of functions in a way that is directly related to the

way evolutionary algorithms probe the domain space.
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Chapter 3

Hyperplanes and Function
Embedding

Evolutionary algorithms use mating and mutating to generate new points in the search space
to be sampled. These work by cutting and splicing subsets of bits. Furthermore. many of
the major tenants of genetic algorithms such as the Building Block Hypothesis (Goldberg.
1989¢) and the Schema Theorem (Holland. 1975) are based on these mechanistically derived
subsets of bits. For example. the Schema theorem suggests that it is the subsets of bits
that compete for dominance in the population. The Building Block Hypothesis suggests
that it is subsets of bits that are assembled from parents to make better children. Recent
research on hyperplane ranking (Whitley et al.. 1995a: Heckendorn et al.. 1997) support the
idea that subsets of bits may themselves compete for survival. Developing the mathematics
that could measure epistasis for subsets of bits seeins relevant to the mechanical theory
behind evolutionary algorithis. This was the theme of Bethke's thesis (Bethke. 1981) and
extended by others (Goldberg. 1989¢: Davidor. 1991: Reeves and Wright. 1995b).

[n the last chapter we built up the basic mathematical framework for Walsh analysis.
In this chapter. I extend Walsh analysis to study subsets of bits by developing the idea of
hyperplanes. which are lower dimensional subcubes of the bit space domain. They can also
be thought of as subsets of possible chromosomes with fixed values for a specific subset of
their bit positions. I use Walsh coefficients to compute the average value of a function over a
hyperplane. a well known result. and develop a Fast Hyperplane Averaging algorithm which

I believe to be new. I discuss the partitioning of the domain of a problem by hyperplanes
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and introduce a scheme for numbering them that will prove a useful shorthand. Also. I will
present a very important pair of functions pack and unpack that can be used to change the
dimensionality of a function. These functions are then used to embed lower dimensional
functions in higher dimensional space. The idea of function embedding will become a major

theme in the remainder of the dissertation.

3.1 Preliminaries

Consider a bit space BY which is the domain of the function we wish to optimize. It is
essentially an L dimeusional hypercube with the vertices of the cube being the strings in
the domain. A subcube of strings of dimension Al : M < L can be selected by fixing the
values of L — M of the coordinates. This subset of strings forms a hyperplane which is
an M dimensional slice from the cube containing 2%/ strings. The entire domain can be
partitioned into 24~ non-overlapping hyperplanes whose union is the entire hypercube.
There is a classic notation for representing hyperplanes and partitions. A hyperplane
can be represented as one of the 3% strings of 0's. 1's and *='s. The 0's and 1's indicate fixed
bit positions. The all the strings in the hyperplane must have the value indicated by bits
in the fixed bit positions. The *’s represent either a O or a 1 in the variable bit positions.
This is like the ~don’t care”™ in digital design. There is no required value for the variable
bit positions in the strings in the hyperplane. For example the hyperplane H = 0*1101= is

a set of four strings:

Hyperplane specification: 0%*1101=*
70011010

Strings in the hyperplane: 0011011

0111010

0111011

The bits indicated in bold are the ones in the variable bit positions.

The order of a hyperplane h with C fixed bit positions is C and is denoted by o(h).
A hyperplane of order C defines a set of 2(6=¢) strings where all possible replacements of
the *’s have been defined. The number of strings in A is denoted |h|. For example. let’s

again take hyperplane A = 0*1101* above. We find it is an order 5 hyperplane (o(H) = 5)
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containing 4 strings (|H| = 4).

A partition is a set of hyperplanes that all share the same set of fixed bit positions.
Therefore. a partition can be specified by a string with a b in positions of fixed bits and
*'s in all other positions. For example. *b** represents a partition that contains the two
hyperplanes *1*x and *0*x. The hyperplane H above is one of 32 hyperplanes in the
partition b*bbbb*. In general. a partition with Al b’s defines a set of 2/ nonintersecting
hyperplanes. each composed of 2%~/ strings whose union is all of the strings in the domain.
The order of a partition with exactly C b’s is C and defines a set of 2€ hyperplanes each
of order C'. For partition 7. the order of 7 is denoted by o(7) and the number of hyperplanes
in 7 is denoted |7|. The partition mask is the bitstring composed by replacing each b

with a 1 and each * with a 0. For example. the partition mask for b*bbbb=* is 1011110.

3.2 Hyperplanes and Walsh Functions

In order to prove theorems about hyperplanes we need two functions o and ;3 that are
defined on hyperplanes as per Goldberg (Goldberg. 1989a). If H = {0.1. %} and h € H". o

and 4 can be defined on a hyperplane as «. 3 : H-— BE:

0 if Wi =x 0 if hlfj== or O
alh)[i = ah)i) =

1 if hfil=0 or 1 1 if hjil=1
[n summary: ¢ is a mask that is 1 where there are constant bit positions. /3 is a mask that
is 1 where there are 1's in the fixed bit positions and 0 elsewhere. For example. for the
hyperplane H = 0*1101* : «o(H) = 1011110 and F(H) = 0011010. Notice that o(H)
gives the partition mask for the partitioning that contains H.

Observations:

e For hyperplane A and a string r : x € A:
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B(h) € a(h)

(z Aalh)) = 5(h)
be(a(h)) = o(h)
be(x) 2 be(B(h))

e If h, is the hyperplane containing only the single string x and H is the hyperplane

containing the whole domain then

B(hy) =71
alhy) =1
B(H) =0
o(H)=0

e Specifving both a(h) and 3(h) is sufficient to uniquely specify the hyperplane. As we

will see later. this will be the basis of hyvperplane numbering.

A generalization of the very useful Balanced Sum Theorem exists for hyperplanes. It
shows that under certain conditions the sum over all strings in a hyvperplane of a given
Walsh function is zero. This theorem is useful for eliminating sums. This theorem was

indirectly discussed and a logical argumnent given for it in the proof of a different theorem

in (Goldberg. 1989a).

Theorem 24 (Balanced Sum for Hyperplanes)

0 if 3 € alh)

ZL’"J(I‘) =

r<h

v (B(h)R] i § C alh)

Proof:

CASE 1: if j C a(h)
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Zzeh (L) =3 en ¥inan) (L)

by using the Associative Masking Theorem:
= 2zen ¥i(z Aa(h))
= cen ¥i(B(R))
= |hju;(B(h))

CASE 2: if j € a(h) (we will proceed as for the Balanced Sum Theorem) then 3% such
that j{k] = 1 and & is a bit position outside the fixed bit positions of . We now divide the
2Lkl £ values into 2 sets.

Let A be the set of all +,(r) where x[k] = 1.

Let B be the set of all ¥, (x) where x[k] = 0.

If r € h. then x 2 2% € h. since the & bit position is in the nonconstant portion of the
bitstrings in A. Furthermore. if x € A. then £+ £ 2% € B. Let y = £ & 2F. Note that for
every I € A there is a unique y € B and vice versa. Therefore the |A| = |B|.

The remainder of the proof proceeds as in the Balanced Sum Theoremn except that A

and B may be smaller sets contained entirely in a hyperplane.

W, (y) = YD (il A sl

For the k' term in the above exclusive-or:

(wlkl A JIED = ((=[k] & 1) A JIE])
(z[k] AjkD e 1)

Bringing the 1 out of the exclusive-or:
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vy(z) =Y e (@ i A

=YY@ i) Al

= —1lu¢,(y)

Since there is a one to one onto correspondence between elements of 4 and elements of

B and each pair is of opposite sign the sum is zero.

258

3.3 Hyperplane Averaging

The hyperplane average is the average value of all of the function values for strings in

the hyperplane. The average of function f over hyperplane A is denoted:

1
P =g > fl)

rch
The hyperplane average is the expected function value for a string randomly selected from
the hyperplane with uniform probability. When hyperplanes compete for their place in the
population. it is this sampled value that is believed to represent the fitness of the schema.
Therefore. a hyperplane average can be thought of as the fitness of the hyperplane. The
following theorem is a well known result and this proof follows closely the lines of Goldberg's

proof (Goldberg. 1989a).

Theorem 25 (Hyperplane Averaging)

(Fn= D wu(3h))

& a(h)

Proof:

We begin by substituting the inverse Walsh transform of the function to be averaged:
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I = l 21—_[ LT YA

Tzzeh flz) = l-h—izrehzjzo w;w,(r)
— 1 2Ly ol
= 2y=0 W Loen ¥(7)

Ounly when j C «a(h) is the inner sum nonzero
=% 25 ath) WilhlE, (B(hR))

= 25 am wi¥(B(R)
&

The Hyperplane Averaging Theorem says that we can compute the average value of a
function across all strings in a hyperplane by looking at only the Walsh coefficients w, where
J has its 1 bits contained in the fixed bits of the hyperplane. This means that if only a few
bit positions are fixed bits. then the average value of the function over a hyperplane can
be computed more quickly by summing Walsh coefficients than by summing the function
values. This. of course. assumes that the Walsh coefficients are available. However. if the
hyperplane has more than half of the bit positions fixed. then this approach becomes less

efficient than enueration.

Corollary 25a (Sufficiency for Hyperplane Averages)

The hyperplane fitness of hyperplane # can be computed using only those Walsh coefhi-
cients w, where be(y) < o(h)
Proof:

From the Hyperplane Averaging Theorem. we know that:

1
m th(-") = Z w, ¢, (3(h))

JCa(h)
For all j C «(h). we see that be(y) < be(a(h)). But we also know that be(a(h)) = o(h).

Therefore. only w; where be(y) < o(h) are used to compute the hyperplane average.

ch
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3.4 Examples of Hyperplane Averages

Table 3.1 illustrates several points about the Hyperplane Averaging Theorem. First. the
selection of Walsh coefficients used to compute the average fitness for a hvperplane depends

on a(h). This is because the indices of the coefficients are exactly those strings j such that

J € a(h). The signs of the coefficients are based on B(h).

Table 3.1: Examples of Computing the Average Fitness of a Hyperplane Using Walsh

Coefficients
|
h o(h) alh) 3(h) average fitness of h
xxx | 0 000 000 g
*xx] l 001 001 g — Wy
x1x | ] 010 010 wg — U
1*x 1 i 100 100 o — Wy
O%x=x | | 100 000 wo + uy
*00 | 2 ' 011 000 wy + uy + U+ Wy
i
=01 | 2 011 001 wy — Wy + U — uwy
*10 | 2 011 010 wy + Wy — Ut — Uy
*11 | 2 011 011 Wo — Wy — U + Uy
0*0 | 2 101 000 Wy + wy + wy + 1w
101 | 3 111 101 Wy — Wy + wor — Wy — Wy + w; — We + ws

We also can see that 2°U0 Walsh coefficients are needed to compute the hyperplane

average using the Hyperplane Fitness Theorem since only the 29%) strings satisfy the j C
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a(h) requirement. Since 2(L-0o(h)) function values are needed to compute the hyperplane
average directly from the function. there is a tradeoff between computing the hyperplane
average by using Walsh coefficients and using function values. Obviously. if o(h) > L/2
using the function table would be better. while if o(h) < L/2 using the Walsh coefficients
would be better. This is easy to see in Table 3.1. When there is only one fixed bit. the
hyperplanes consist of 4 strings each. but only 2 Walsh coefficients are necessary to compute
their hyperplane average. However. when there are 2 fixed bits then there are only 2 strings
in each hyperplane but. it takes 1 Walsh coefficients to compute the hyperplane average for
those hyperplanes. So it is clear that for some hyperplanes the Walsh coefficients can be
used to compute the hyperplane average more quickly than by summing the function values
themselves provided the Walsh coefficients are already available.

For certain broad classes of functions. we will see that having the Walsh coefficients
available is polvnomially easy and that many of the Walsh coefficients are zero. This will

greatly extend the usefulness of this result.

3.5 Walsh Averaging

For pedagogical reasons [ will take this opportunity to stress the duality between the table

of Walsh coefficients and the table of function values.

Theorem 26 (Walsh Averaging)

1 1
1At > wr = YA > fG)e, (k)

rzh JZalh;

Proof:
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1 1 b1 oy
e E;gh ey = T[Iﬂ Zréh 23 Z]:O Fex)

2L

= I—,l,'-,lt ZJ=0 fU) 2 ren €c(d)

= AL TG pen ()

= ,Il 3 Z_,gn(h) f(j)lhm'J(B(h))

i

= 2 T can FU ) 8(A)

3.6 Spectral Decomposition

It will prove a useful concept to do a more coarse breakdown of a function into epistatic
subfunctions where the ' subfunction represents all of the 7 bit epistasis. Therefore. any

L bit function. f. can be broken down into a sum of L + 1 functions S, such that:

2L

L
f(.I') = Z w, g (r) = Z S:(I)
=0

=0

where

S(r) = Z “'_)d"_](-’-')

J:be(y)=1
The notation in the sum above means the sum over all indices with exactly 7 bits set to 1.
The function S, is the i spectral function. and the decomposition is called the spectral

decomposition of f.
We will use the spectral decomposition not only in the following theorem but to discuss

function parity and some epistatic measures later in the dissertation.

Theorem 27 (Hvperplane Averages of Spectral Functions)
69
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If f(z) = Si(z). then the hyperplane average (f), = 0 for all hyperplanes i such that
o(lh) < k.

Proof:

2L
'thZIth(I) =TthZIChZJ =0 wju;(T)

then since f = Sk

1 2L w ()
T 2orsh 2o pbcly)=k WY

_ 1 2L .
~ Th. 7:be(y)=k w, Zreh L’J(I)

but Z:Ch (x) # 0 only if j C c(h). However. since be(a(h)) = o{h) and o(h) < k. a(h)

must have fewer than & one bits but j must have exactly & one bits. Therefore j € a(h).

wl

3.7 The Packing Functions

Another important concept is the packing and unpacking of bitstrings by a mask. This will
be used later to change the dimensionality of functions and to define a numbering scheme
for hyperplanes.

A function pack is defined as pack : Bl x BL— BM where A < L. pack(x.m) takes the
bits in r and masks them with an L bit mask rn such that be(rn) = Af. The bits selected

by the mask are then right justified with zero fill in the result. For example:

pack(10101.01101) = 011

A function unpack is defined as unpack : B x BL — BL where M < L. unpack(x.mn)
takes all the bits in r and unpacks them. one bit in each position that corresponds to a 1

in m. where m : be(rn) = M. All unset bits remain 0. For example:

unpack(011.01101) = 00101
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



What follows is a list of observations about pack and unpack. The first two observations
point out that pack and unpack are not strict inverses of one another. Note that pack
destroys information about the original argument.

Observations:

e unpack(pack(j.m).m) =3 Am

e pack(unpack(j.m).m) =j

e unpack(z.m) C m v € Bbam)

* be(pack(j.m)) = be(y Am)

e bc(unpack(j.m)) = be(y)

e pack(i A j.m) = pack(i.m) A pack{j.m)

e Given m € BL. j € BY. the set of r € BL such that pack(x.m) = j is exactly the set
of strings in B% in an order Al hyperplane h where a(h) = m. The choice of j and m

selects the particular order A hyperplane.

Although it may not be apparent at first. the Pack/Unpack Equivalency Theorem. which
follows. will give us the very important ability to change the dimension of the domain of a
function. This is because the Walsh function on the left of the equation can be operating on
different length bit strings than the function on the right. Specifically. the Walsh function
on the left hand side in the statement of the theorem is in B, while the Walsh function on

the right side is in BY.

Theorem 28 (Pack/Unpack Equivalency)

For i € B and JE BE with Af < L and a mask m € BL with be(m) = AM:

¥;(unpack(i.m)) = 'lr""pack(J.m)(".)
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Proof:
¢, (unpack(i.m)) = Y(@,Ll;é unpack(i.m)[n] A j[n])

= Y(@,I;;g(lmpack(i.m) A 5)n])

pack with mask m right justifies bits unpacked
with mask m. so the parity in xor is the same:

= Y(GB‘\["l pack(unpack(z.m) A j).m)[n])

n=0

= Y(@,5 (pack(unpack(i.m). m) A pack(j.m))[n])
= V(@115 (i A pack(j.m)[n])
= V(@5 ifn] A pack(j.m)[n])

= U’pack(;.m) ( 1)
e

Another useful theorem for changing the dimension of an expression involving Walsh
functions is the following corollary. Notice that on the left hand side of the statement of

the corollary k.rn € B while on the right the results of the pack function calls are in B

Corollary 28a

(kA m)) = Cpack(ym)(pack(k.m))

Proof:

We begin by substituting pack(k.m) for ¢ in the Pack/Unpack Equivalency theorem.

v (unpack(i.m)) = Upack(yom)(9)
y';(unpack(pack(k.m).m)) = ¥paci(jm)(pack(k.m))

ik An)) = Upack(j.m)(pack(k.mn))
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3.8 Hyperplane Numbering

[t was noted earlier that a(h) can be used to decide how the domain is partitioned. 3(h)
can then be used to select a hyperplane from the partition. This was especially evident
in the formula for hyperplane averages. It is clear. therefore. that a unique numbering for
hyperplanes can be established based on o and 3. To make this more formal. define the
partition mask as a binary string by replacing the b’s by 1's and *s by 0’s. Let the
partition mask be the string m. We use hppn. m € BL. be(m) =M. M < L.neBto
denote an Al order hyperplane in BL such that r € h,,, if and ouly if pack(r.mm) = n. In
this case. the partition mask m selects how the domain is partitioned and the hyperplane
number. n. selects one of the hvperplanes from the partition.

For example: if h,,, specifies a hyperplane in B and if n = 10110 and m = 1101110
then A, ., is a 5** order hyperplane contained in the partition bb*bbb*. m specified that
partition bb*bbb* and n specifies the values of the fixed bit positions. 10110. Therefore
hipn 18 10%110%.

The partitioning of the domain space by partition mask m is denoted hy, .. The par-
titioning can be viewed as a concatenation of 2P<(m) hyvperplanes ki, , represented as row

vector of column vectors:

(3.1)

hmo hma hwmo2 ... h,"_-_)b('nm,_l

This forms a 20t 5 obctn) yyarix H such that if H,,, = r then ¢ = pack(r.7) and
n = pack(.r.m). where 7 is the complement of m. For example. a function in B” with a

partition of *b*bb would give 7n = 01011.77 = 10100 and a domain matrix of:
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00000 00001

00100 00101
pack(z.10100)
10000 10001

-

10100 10101

In this matrix the bold bits {0.1} are those determined by pack(r.m).

— pack(r.01011) —

00010

00110

10010

10110

00011

00111

10011

10111

01000

01100

11000

11100

01001

01101

11001

11101

01010

01110

11010

11110

01011

01111

11011

11111

(3.2)
All other bits

have values determined by pack(r.7n). It is important to notice that a(h,, ,) = m is a con-

stant for a given partitioning of the domain while 3(h,, n) = unpack(n.m) is unique for each

hyvperplane in the domain. This leads to these observations about numbered hyperplanes:

Observations:

Given that a string x € h,, ,:
o afhyn) =m

o J(h,y ) = unpack(n.m)

° !hm.ni — QL—br(m}

e pack(r.mm) =m

o r Am = unpack(n.m) = 3(hy.p)

Theorem 29 (Balanced Sum for Numbered Hyperplanes)

For L bit functions:

Z yrj(_[,‘) =

I<hm.n

T4

¢ (unpack(n.m) )2L—belm)

if jZm

if jCm
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Proof:

This is easily proven given the Balance Sum Theorem for Hyperplanes:

0 if j € alh)
S o0 =
r<h

& (BRI i j S alh)

and setting A = h,, ,. We then substitute the observations about numbered hyperplanes

above.
@
We are now in position to prove a hvperplane averaging theorem for numbered hyper-
planes. But this comes with a twist. The second part of the theorem contains a sumn that is
over possibly shorter strings. To emphasize this. [ have noted the dimension of the indices
of the sums in the two equations in the theorem statement. This is our first theorem that
allows us to change the dimension of the domain of the functions we are examining. We

will put this to use in creating a Fast Hyperplane Averaging algorithm.

Theorem 30 (Hyperplane Averaging for Numbered Hyperplanes)

(fhn . = Z w, ¢, (unpack(n.my) where j € B- (3.3)
jem
or
2!1(‘; moy
(f)flm_n = Z “’unpack(k.m)'L""k(n) where & € Bb(.(,") (3.4)
k=0
Proof:

The first equation is proved by a simple substitution into the Hyperplane Averaging

Theorem of a(h,, ) — m and 3(h,,.,) — unpack(n.m).

To prove the second part we begin with the first and apply the Pack/Unpack Equivalency

Theorem:

~]
o
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(f)hm.n = Z "’]wpack(_j,m)(") (55)

Jzm
Now the Walsh function is in the dimension of n. n € 2P<™ Let i = pack(j.m). Since
j € m. it must be the case that unpack(k.m) = j. Now I substitute for both j and
pack(j.m) in Equation 3.5. The range of the sum becomes a simple enumeration and the

theorem is proved.

')b('« m})

(Papmn = Z “’unpack(k.m)'wk("l)

k=0

[n the next section. we will apply this theorem.

3.9 Fast Hyperplane Averaging

Cousider any hvperplane in the partition created by mask rn. that is &, .. Notice the Walsh
coefficients in the sum in Equation 3.4 are dependent only ou m. The important observation
here is that the Walsh coefficients used are the same for computing the hyperplane average
of any hyperplane h,, .. All that changes are the values returned by the Walsh functions.
In fact. it is clear by inspection that the sumn is performing a Walsh transform on a reduced
set of Walsh coefficients!

We can use this to derive a simple algorithin for computing the hvperplane averages
of all of the hyperplanes in a given partition simultancously. This function is particularly
useful when we want to examine all the hyperplane averages in a given partition to sce how
they ight be ranked or compete by fitness. First. form a new function by extracting all of
the Walsh coefficients whose indices are contained in the partition mask. Then perform a
Walsh transformm on the result. The vector you get is the hyperplane averages for all of the

hyperplanes in the partition. The C++ code below implements this function.

REAL *hyperplaneAvgs(REAL *w, int size, UINT mask)
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int 1i;
REAL =*subW;

int subSize;

subSize = 1<<bitCount (mask); // determine sub array size

subW = new REAL [subSize]; // allocate space for array

// collect the relevant Walsh coefficients
for (i=0; i<subSize; i++) {

subW(i] = w(lunpack(i, mask)];

// now transform them using the fast Walsh transform

fut (subW, subSize);

// return the array of hyperplane averages

return subW;

In this function w points to an array of all the Walsh coefficients. Size contains the
munber of clements in the function. Mask is the partition mask that will create the set of
hyperplanes to be averaged. If 7 is a partition. this algorithin computes the 290%) hyperplane
averages in just O(2°7o(x)) time. Notice that if mask = 1. that is. is all 1's. this function
simply clones the function vector and performs an inverse Walsh transform yielding the

original function values. What it has done is compute the average of all hyperplanes of size

1 element.
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3.10 Function Embedding

We can also use pack and unpack to embed a lower dimensional function in a higher one.
This is a very powerful concept in that it lets us compose complex functions from sums of
smaller functions whose arguments involve only limited portions of the chromosome. This
might occur in real world problemns whenever you have a set of objects that interact in
limited ways and each interaction contributes to the fitness function in a linear way. An
example of such an interaction is a shipping problem where there is a value associated
not only with each shipping terminal but perhaps also with the interaction between two
terminals when products are shipped between them. This problem is suggestive of any kind
of problem that can be modeled as a graph where the value of problem to be optimized is
not only dependent on the nodes but the arcs as well.

Let's start by defining an embedded function. Let g : B —R and f : BF— R with
L > M. fissaid to be an embedding of g if there is a mask m : be(m) = M and mn € Bt

such that

f(r) = g(pack(x.m)) Vre B-

In short. to embed a lower dimensional function. g. in a higher dimension function. f. using
mask . set the fitness of every string in the hyperplane o, of f to g(r). mn is referred to

as the embedding mask. We denote f as an embedding of g using mask m by:

f=E&(g.m)

The assignment of values to the various hyperplanes is best illustrated using the same

domain matrix we used when we first explained hyperplane numbering (see eq. 3.2).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



— pack(r.m) —

9(0) g(1) g(2) ... g(2b<tm) —1)
i
9(0) g(1) g(2) ... g(2b<tm 1) (3.6)
pack(x.mm)
!
g(0) g¢(1) g(2) ... g(2b<tm) —1)

It turns out that the nonzero Walsh coefficients for a function and an embedding of that

function are the same.

Theorem 31 (Embedding)
Let g: BV —R. f: BL—R. and f = E(g.m) then

ad : ;
t pack(e.m) if tCm

() if i Z m

where w? and w/ are Walsh coefficients for the g and f functious respectively and 7.1 €

BL:be(m) = M.

Proof:
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'u.';f =_—IL-Z§ flr)u ()

1 2Ly .
2_[: Z::O g(paCk(I.ﬂl))‘wI('L)
we can now convert the sum into two sums
by summing the elements of each of the 2/
hyperplanes in the partition A, . separately.

2 M .
=36 X320 | Lr:packie.m)=, 9(PACK(z.m))wz(0)

)U_l . .
=35 Xy=0 L packee.m=, 95z (0)

M _

= _L_ ZJ =0 J Zr:pack(r.m)zj 'l-‘/,-f(i)

DA _

= sz =0 9(./ Zzeh,n_] vrp(e)

BRYs

! - ; J .
= :_L_Z_’:O g(J)ZJ’Eh",_J 'l‘yl(-l')

We know from the Balanced Sum for Numbered Hyvperplanes Theorem that

0 if y&m

Z v, (r) =

IrEhm

', (unpack(n. m))2—bem) if jCm

So. starting where we left off:

CASE 1: Assume ¢ € m:

oM _

'(U{ = _L' Z =0 J(J) ZIE’lm.J ‘d"l(r)
DM _ .
= _T[L' 2 =0 L g(4)0

=10
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CASE 2: Assume { C m:

9M _

wl = I 90) Eran,, %il0)

aM _ o, R _
= 3r Ly=0 | 9(7)¥(unpack(j.m))2tbetm)

B . N ‘ _
= 3k 25" 9(4)¥ (unpack(j. m))2E=Y

9 _ ) .
= .Tlv Z;_—_o ' 9(j)v. (unpack(j. m))

we use Pack/Unpack Equivalency to complete
the change of dimension

9 M _ .

1 y Yo/
= _)+1 Z_,:O g(J)"“'pack(l.m)(.])

= u';g)ack(l.m)
&

The Embedding Theorem means that the only indices for the nonzero Walsh coefficients
of an cmbedding of a function oceur when all of the one bits for the index fall entirely
in the embedding mask. Therefore. if f = £(g.mn). then there are at most (bc(k"')) Walsh
coefficients w, of f where u, # 0 and be(Z) = k. Specifically. for a mask m such that
be(m) = k. there will be exactly one index for a nonzero Walsh coefficient of the expanded
function with & one bits set and it will be the one that exactly matches the embedding mask.
We will use this counting arcument later to explore the general epistatic connectedness of
functions.

Another way to view the statement of this theorem is that all the nonzero Walsh coeffi-
cients of £(g.7n) lie within the hyvperplane hzg in the Walsh space. These are exactly the
Walsh coefficients of the unembedded function g. This can best be illustrated in a stmilar

matrix to the one we presented in equation 3.6.
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— pack(r.m) —

wg Wy W2 ... Wobcim)_
i 0 0 0 ’
(3.7)
pack(z.m) :
- U 0 0 ’ O
0 0 0 0

Notice the indexing of the Walsh coefficients is by value of pack(r.m) and hence is in B¥m),
The Embedding Theorem unfortunately did not guarantee that there was a 1 —1 mapping
between Walsh coefficients of g and its embedding. The following corollary gives us that

assuralice.

Corollary 31a

If f =&(g.1n) then there is a 1-1 correspondence between ’"'Zack(: .y and the potential
f

nonzero Walsh coefficients of f. w .

Proof:

The proof is by showing there is a 1-1 correspondence between ¢ € BY with i € m and
j € BY with j = pack(i.m). It is clear from the Embedding Theorem that for every ¢ such
that ¢ C m there exists exactly one j that maps to it. Also the reverse function can be

computed:
J = pack(i.m)
unpack(y.m) = unpack(pack(i.m).m)
unpack(y.m) =iAm

unpack(y.m) =1 since { T m
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Thercfore each j maps to exactly one i. Therefore the mapping is a 1-1 correspondence.

a2
The Embedding Theorem shows us that even though £(g.m) may be of considerably
larger dimension than g. the computation of wzf is no harder. This is a hint of things to
come. If a function is composed of much simpler subparts. the computation of the Walsh
coefficients might be no more difficult than the computation of the Walsh coefficients of the
subparts themselves.
The next theorem makes an important augmentation by allowing us to negate some or

all of the bits selected by the embedding mask.

Theorem 32 (Embedding with Reflection)
Let f : BE—R and ¢ : BY — =X such that f(r) = g(pack(x.m) < n) where m € BE,

be(m) = M. and n € B then

e N K : ;
v, (unpack(n.m))u pack(ean) if t Cm

0 if it € m

Proof:
Let h(r) = g(x & n) where g and n are defined above then by the Reflection of Function

Arguments Theorem:

= i (1 Vae? ; M
w) = wj(n)uj JEB

then we can embed A in BE giving us f(r) = k(pack(x.m)). Therefore by the Embedding

Theorem:

| H N
W pack(r.m) if 1 Crm
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where i € BL. But h(r) = g(x &n) so f(r) = g(pack(r.m) S n) giving us:

2is 9 : e
7 I-”pack(z.m)(n)u'pack(,'m) if tLm
w! =
0 if 1 € m
then by the Pack/Unpack Equivalency Theorem:
" - 9 . .
; v (unpack(n.m)ju packiv.m) if tCm
w! =
13
0 if (€ m

R
This theorem shows that. as with the Reflection of Function Arguments Theorem. the
Walsh coefficients are at most altered by sign with the inclusion of the negation of bits
selected in the mask. The sign is dependent only on the paritv of the bits selected by the

mask and the negation mask. n. itself.

The results of this theorem can be expressed. in a similar way to Equation 3.7. in the

following matrix:

— pack(xr.m) —

vo(n)wy wi(m)wy ga(n)ws .. Vyperns_ (W) Wobcims_,
T 0 0 0 0
(3.8)
pack(.r. )
| 0 0 0 0
0 0 0 0

Notice the indexing of the Walsh coefficients is by value of pack(:r.m) and hence is in B>(™),
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3.11 Unembedding

For symmetry and completeness. I define the contraction of a function by a mask. This is
essentially unembedding.

v is said to be a contraction of f if there is a mask m : be(m) = A and m € BL such
that v(z) = (f)hmr Vz € BE. In this case m is the contraction mask and we denote
v as a contraction of f using mask m by C(f.m) = v.

In general. expansion is how to embed a lower dimension function in a higher dimension
function by setting the fitness of every string in the hyperplane h,, » of f to v(r). Contrac-
tion. on the other hand. is how to extract a function from a partition by setting the fitness
of each string x to (f)hm.r. In the second case. information is destroved and the original
function cannot be constructed even if the contraction mask is known.

Observations:
o if E(r.m) = fthen C{(f.m) =v

o If C(f.mn) = v then it is not necessarily the case that E(v.m) = f

3.12 Summary

We developed the concepts of hyperplanes and function embedding. This allows us to
examine the values and epistasis of a function over small portions of its domain defined
by subsets of bits. Embedding allows us to construct a function of larger domain out of a
function of smaller domain. This essentially finishes our study of Walsh analysis in general.

In the next three chapters we will apply what we have learned: first to polynomials and
decoding functions and then to logical expressions. and finally sumns of embedded functions.

The last case involves several familiar famous problems.
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Chapter 4

Walsh Measures of Epistatic
Structure

Walsh coefficients allow us to quantify epistasis for any subset of bits in the domain of a
function. However. for a function of L bits. this vields 2- coefficients which is too large
a number to be practical. There are a variety of ways of organizing and reducing the
dimensionality of this information to usefully represent the interactions between bits. I will
present several schemes for counting nonzero Walsh coefficients. summing select subsets of
coefficients. and computing the maximun number of bits of interaction.

Two wmajor results of this chapter are the Walsh analysis of polynomial fitness functions
and the Walsh analysis of various decodings. translations. and scalings of arguments. This
work allows one to compute the the values of Walsh coefficients in these cases and the
maximum number of bits of epistasis. We will find that the epistasis of polynomials is
constrained by many factors which tends to create an upper limit on the number of bits
of epistasis. This result suggests that fitness functions that are made of polynomials using
common encoding techniques have low epistasis. This could be one of the reasons why
many common optimization problems found in industry and nature may be solvable by
evolutionary means.

Aunother result is that for certain classes of functions I find that the maximum epistasis
may be reduced by properly selecting the range of the arguments to frnoder- In an experi-
ment. I will give an example of the application of the theory in the chapter. The epistasis

of a problem will be reduced and a performance improvement will be seen. This begs the
86
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question: will any kind of reduction of epistatic interaction result in an improvement in
performance? [ performn an experiment to see if some patterns of epistasis are better

than others at changing the difficulty of the problem.

4.1 Walsh Coefficients and Epistasis

Chapter 2 showed that the Walsh transform was a linear transform and hence representable
by a Walsh matrix. The Walsh matrix. ¥. can be considered to be a row vector of column

vectors. Thus the transform

f=vw
becomes:
f — [ vy .I‘/,‘ . .{"”'_’L—[ }’E
where the v*; are the coluinn vectors:
: L T
[ e (0) e (1) 4 (2) w (2% = 1) |

I also showed in chapter 2 that ¥ was orthogonal: hence ¥ represents an orthogonal basis.
It was also noted that 4 was unique.

Recall the definition of v,:

L—t
e (r) = Y (EDelk] A dlk]) rieBt

k=0

From this definition. it is clear that cxactly the bits contained in the subset of bits selected
by bit string ¢. and no others. effect the value of ¢¥/;. That means each Walsh function’s value
is dependent on a different subset of bits and all possible subsets of bits are represented in
the basis vectors found in ¥. Therefore. each w,; uniquely represents the contribution of ¥,

to fa.nd so uniquely represents the contribution of exactly the set of bits selected by . So
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a Walsh transform vields a transformation of coordinates to an orthogonal basis such that
each w, quantifies the epistasis between the subset of bits selected by .

An examination of the Hyperplane Averaging Theorem reinforces this point. Consider
Table 3.1. The average fitness for hyperplane *11 differs from the that for **1 by —w» and
wsz. In order to account for the middle bit in hyperplane *11 being required to be 1. extra
Walsh terms need to be added. w. represents the contribution to the function of the new
bit in the middle position and w+y the countribution of the interactions between rightmost
two bits.

More formally. consider hyperplanes h and h. where be(a(h)) — bc(a(ﬁ)) = 1. Let
z:=alh))& bc(a(ﬁ). that is. z is a mask that selects the bit that is not fixed in h which is

fixed in hA. This means «(h) = :‘Sa(;;). We know from the Hyperplane Averaging Theorem:

(f)h = ZJ:]Q alh) u'}'l’/"j(,ﬁ(h))

= ZJ:J; (szal Ry W ()

The sum on the richt can be broken down into two
parts. The part with the bit set and the part with
the bit not set.

= ZJ:}; af hy ‘“":':‘JVI"I'?J(H(}")) + Z}:J‘; af h ) vy UJ(:)’(}L))

Since j in the second sum is limited. j C o k).
the argument to the Walsh function can be similarly
lmited.

= Z SC ol F ).u_':,i_J-U'f:,:_J(H(/L)) + Z_}i}; ol B )'w_)’lf"J(ﬁ( ’f; ))

= ZJ;}(; al hy Wty gz (B(h)) + (f)ﬂ
The last line shows that for each additional bit position in a hyperplane that is fixed a new
set of Walsh coefficients must be added in. As can be seen in the first sum of the last line.
those Walsh coefficients represent the interactions between the newly fixed bit position and
all of the fixed bit positions in the previous hyperplane. Thus. as each bit position in a
hyperplane becomes fixed the Walsh coefficients for that bit position must be included. In

the extreme case all bit positions arc added in and all Walsh coefficients are included. This
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shows that the Walsh coefficients do truly represent bit interactions.

4.2 Epistatic Measures

A complete set of Walsh coefficients is an array of reals as large as the original function table.
[t is convenient to group the Walsh coefficients into a more manageable and meaningful set
of measures. There are two obvious approaches to this. The first approach is to capture
the structure of the interactions. Each nonzero Walsh coefficient nonzero Walsh
coefficients indicates the existence of a particular bit interaction. A Walsh coefficient
that is zero means the subset of bits. taken as a whole. is independent. Therefore. any
interaction between bits in the subset must happen between smaller subsets of bits. For
example: if w; = 0. then the lower 3 bits do not interact epistatically. but the lower two
bits might interact. i.e. wuy # 0. In fact. anv or all of the 3 pairs of bits. 3 singleton
bits. and no bits (up) may interact epistatically and ws remain zero. Therefore. measures
that record just the number and/or distribution of nonzero Walsh coefficients record the
structure of the interactions but not the magnitudes. The second approach is to capture
the magnitudes in some way. In the following sectious are several possible measures that I

will use throughout the remainder of the dissertation.

4.2.1 Coverage

One of the simplest measures of structure is coverage which is the ratio of the number
of nonzero Walsh coefficients to the total number of Walsh coefficients. This gives a value
between 0 and 1 representing the number of contributing. nonzero. bit interactions over the

total number available.

4.2.2 The Walsh Count

Another measure for epistatic structure is the Walsh count. It measures the diversity of

interaction for a given number of interacting bits. It is denoted by Ky where:

Ky = Z NZ(w;)

i:be(iy=b

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with NZ returning 1 if w, is nonzero and 0 otherwise. and bc(:) returning the bit count of «.
Ky is. therefore. the number of nonzero Walsh coefficients for bit patterns: with exactly b
bits set to 1. Notice that for an L bit function. there are L + 1 Walsh counts. The vector K
is the distribution of nonzero Walsh coefficients. I call this the Walsh distribution. The
maximum value of /Gy is (ﬁ ) and therefore for a random function. the values in K form a

binomial distribution.
4.2.3 Function Order

Let the order of a function. denoted €2(f). be defined as the largest : such that X, # 0.
In the special case where all K, are 0. that is f(z) = 0. Q(f) =0.

Observations:

o IfQ(f) =0 then f(r) =c

o If Q(f) = 1 then the function is linear and there are no pairwise or higher order

interactious amongst the bits in the domain.

e )(S,) =0 or i where S, is the i spectral function. (2(S,) =0 iff S, =0)

[ will prove the first two of these observations later in this chapter.
4.2.4 Walsh Sums

An epistatic measure that measures the magnitude of cepistasis the Walsh sum. It is

denoted by W7 where:

Wy= Y ful

:be(1)=b
and be(i) is the bit count of 2. That is I} is the sum of the absolute value of all of the
Walsh coefficients for bit patterns ¢ with exactly b bits set to 1. 117} is the b*" order Walsh
sum.

For example:
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Wo = |wol

!

Wi = |w| + |wa| + |wy] + [wg] + -+ lwyie-1)]
Wy = lws| + |ws| + [ws| + |wo| + ... + [wg.0L-2]
Wi =lwye_,

Observations:

e For an L bit function. there are L + 1 Walsh sumns.
e [ is the sum of the absolute value of the (i) Walsh coefficients.

¢ Since the absolute value of the Walsh coefficients is used. Walsh coefficients never cancel
and Walsh sums are always nonnegative. This means anyv nonzero Walsh coefficient
will force the containing Walsh Sum to be nonzero. Therefore. Walsh Sums measure
the magnitude of presence of nonzero Walsh coefficients and hence the level of n-bit

interactions.

The following theorem makes an important point about Walsh sums.

Theorem 33 (Walsh Sum Representation)

W, is the sum of the absolute values of the w, that represent j bit interactions.
Proof: The various w, used to compute 11", are exactly the w, that occur in the Hy-
perplane Averaging Theorem to compute the hyvperplane averages for order j hyperplanes.
but not any lower order hyperplanes. Therefore. the w, used to compute IV, are the Walsh
coefficients sufficient to express the increased order of interaction in order j hyperplanes
over order y —1 hyperplanes. From this. we conclude that W’ is a measure of the magnitude
of order ; bit interactions: i.e.. it measures the effects on the function value that can be

attributed solely to j bit interactions.
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There is a close relationship between spectral functions and Walsh sums. The only
possible nonzero Walsh sum for S, is 117, and that 1", for S, from the spectral decomposition
of f is the same as the I}, for f itself. Spectral functions enable us to more easily express
ideas about functions with limited degrees of interaction. In particular. since spectral
decomposition isolates Walsh coefficients according to parity. it is also a useful way to
decompose functions that display parity.

Observations:
e W, #£0 iff 37 : be(y) =17 and w; #0
e The only possible nonzero Walsh sum for S, is W,.
* So = wp

Intuitively. the order of a function is the size of the largest set of interdependent bits.
So 2(f) is a measure of the level of epistasis of f. 117, measures the magnitude of the i-bit

interdependence. and K, measures the number of i-bit interactions.

4.3 The Epistatic Structure of Polynomials

Given the mathematical expression for function f. what is known about 2(f)? In this

section. I develop a set of theorems that aid in predicting bit interaction based on the

mathematical expression for the function.

Theorem 34 (£} of a Counstant)

If f(r) =c. then Q(f) =0
Proof:

If f(x) = c. then by the Balanced Sum Theorem (See Appendix) only wg can be nonzero.
If ¢ = 0 then this is the special case of Q(f) = 0. Therefore Q(f) = 0.

&

Observations:
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¢c ifk=0
e if f(r) =c then u =

0 otherwise

Theorem 35 (Q of )

If L bit function f(r) = z then Q(f) =1
Proof:

It is clear that wy = (2% — 1)/2 is the average of the numbers from 0 to 2l — 1. By
setting wox = —28"2 for k = 1 to L — 1 we get the Walsh coefficients based on the place
value worth of each binary bit position divided by 2. It is obvious from this scheme that

all other Walsh coefficients must be zero. In summary. for f(r) = :

Wy = _or=! ifh =2

0 otherwise

\
Since Walsh coefficient solutions are unique. this solution is unique. (One proof of unique-
ness is based on the observation that the Walsh coefficients and function values can be
treated as two vectors related by a multipling by a matrix of Walsh functions. That ma-
trix is singular. therefore there is a unique inverse.) Notice that the only nonzero Walsh
coefficients are for strings with be(j) < 1. therefore Q(f) = 1.
a2
A constructive version of the proof is not as intuitive but reveals more about the origin

of epistasis. The proof proceeds methodically as follows:

Proof:

This proof is done by establishing values for the Walsh coefficients of an L bit function

f based on the L — 1 bit version function of f. Let urf denote the jt* Walsh coefficient for

function f over a A& bit domain. Then we know that for function f in the L bit domain:
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ol
wh = & T2 ()

-

I -)L—X_'
=§TZ:=O -[U](-r)“' 5C ZI_)L—K-[U)(I)

1 f_)L—l_I 1 'ZL—l—l _ , L—1
= & XI5 T as(@) + 3 Ting e + 28y (z + 257

2L-ty oL— 2l=t o1 -1
='_7—lEZI=O Yy ( TZ =0 I‘f’ (z+2F 1)"“ Simo 2bThuy(x 287
I I e e p (r + 2L-1 Lg2tet- - 2l-t
= ?L'ZI:() I(U'}(I) +1.1’J(1-' T )) +: zf_—,o (r+2 )

This results in four cases based on two observations. The first observation is by the definition

of " over an L bit domain:

v, (r) if j <2b-t
'er(r+2L_[)= for J”GBL—l.jEBL

—dy () if j > 28!

The change in sign is caused by the inclusion of the L™ bit in the parity check in v

The second observation is based on the first and the Balanced Sum Theorem:

-t if j=0
2b-1_y
e oL~1y _ o _
Zﬂ wy(r+ 257 =<0 gi-t g oot
=
0 otherwise

Picking up where we left off: the observations induce four different cases which I present in

parallel.
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EfoiLzz)l_lr(u‘J(r)ﬁ—u"J(x))—:—‘2[“[/2 if j=0

gL-1_ 1 ) . )
-_TlL' Zi:o Lr(u (z) + vy (T)) if 0<j<2t-!
'(L'JL =/
oL—1_ , ' _ o
:Tlfz;;o II(U’J(I)—U’](I)) —2L=tya if j =201
ol-1_ . , A . _
| s Time  T(w(x) - wy(e) if j > 20!

( oL—1_

I

-_)L—l Zur=0

brwj(z)+2872 if j=0

nL-1_ . . o
T 2o | 2(E) if 0<j<2t7
=<
—26-2 if j =201
0 if j > 2Lt
\
(

wh=ta2b=lif j=0

wkh! if 0<j<2b-!
—nl-2 if j= 9l-1
0 if j > 2!
\
Hand calculation reveals that for L = 1 w) = L and w! = — 1. Solving the recurrence
above gives:
.

0 otherwise

Notice that the ouly nonzero Walsh coefficients are for strings with bc(y) < 1. therefore

Qf) =1
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The next theorem shows how the scalers affect the value of €.

Theorem 36 (Linear Composition)

If C is a nonzero constant and D is any constant.

QCf+ D)=Q(f)

Proof:
Let

gz) = Cf(r)+ D =C(X25 wap(r)) +

2L g

= (T2 (Cw)w () + D

—21—1 (Cu ) () + (Cwo + D)uglir)

Denote the k' Walsh coefficient of g above as w{. Since by the definition of Q(f). if

be(k) > Q(f) then wy = 0 we know that wi = Cuy = 0 for the same k.
!

The next two theorems consider the merging of functions with binary operators.

Theorem 37 (Sumn of Functions)

For any two L bit functions f and g

Q(f +g) < max(Q(f).2(g))

Proof:

Let w/ be the Walsh coefficients for the function f and similarly for g. Then

S L _

oL _ , q
flo)y =S wle(e)  and  glz) = Sing ' Wl ()
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Therefore

2L _ . 2L _y L
flr)+g(r) = E:=0 ! u'sz,(r) + leo u';'"c',(.z')

oL _
=S5 ] el

2Ly -9,
=2 w! Ty (x)

where w/~9 denotes Walsh coefficients of f + g. From the above it is clear that

=9 _ . f .9
uvx —'UJI -r-LLl

Since both 'wlf and 'wf are zero if be(Z) > max(Q(f).Q(g)) then (w,f +u?) = 0 as well.

Therefore
Q(f +g) < max(Q(f).Q2g))

[ use the Product Coefficient Theoremn from the Chapter 2 to put constraints on §2 for

products of functions and hence polyvnomials. as we see in the next theorem.

Theorem 38 (Product of Functions)

For the product of any two L bit functions f and g
Q(fg) < Qf) +g)

Proof:

From the Product Coefficient Theorem. we know:

2L

od 9 — "
e = w] wk—:]
=0

Therefore. w{g can oulv be nonzero when both wjf # 0 and '101;1 # 0 for some value of j.

Since be(j) < Q(f) and be(k € j) < Q(g). be(k) can never have more than Q(f) + Q(g) bits.
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=2
The previous theorems leads us logically to cowbine them in a general theorem covering

any polynomial with nonnegative exponents.

Theorem 39 (Polynomial Complexity)

Let P, be a polynomial with degree n : n > 0 such that P, : BL — R then

QPp) <n

Proof:
Consider z". Since Q(r) = 1 and by the Product Theorem Q(f*) < kQ(f). we find

Q(z") < nQ(zx) = n. Therefore. by the Linear Composition Theorem. a term of P, : ar

has Q(az™) < n. Hence if P, = 3"} _, arr®: a, # 0. then

ar,) < ktunx NaprFy=n: an 20k >0
‘=u..n

4.4 Parity of Functions

A close examination of the convolution in the Product Coefficient Theorem suggests that

functions may have a parity property with respect to the Walsh sumns and spectral functions.

Theorem 40 (Function Parity)
Let f and g be two functions with W',{f being the only nonzero Walsh sum for f and
Wi, being the only nonzero Walsh sum for g. then the product of two functions. fg. can

{-fo 2 fOT TR. @ nOunegative integer.

only have nonzero Walsh sums at W37,
feng =2

Proof:

From the Product Coefficient Theorem we know that
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Therefore. w{,g can only be nonzero when both w{ # 0 and uw}, . ’ # 0 for some value of J.
This. by our premise. occurs when be(j) = ny and be(k' 2 ) = ng. It is easy to see that the

allowable values for be(A') that fit these constraints cannot have more that ng +ny bits. In

fact mutual cancellation of bits in &' & j means that be(k') = ny+ng —2m.
Another way to look at this is to make a change of variable for any given j as follows.

Let k = j & k’. Then our requirement for nonzeroness

wlf #£0 if be(j) =n; and be(k' € j) =n,

becomes

IU{E:'J # 0 if bC(]) =Ty and bc(k) =14

Notice that the index of the Walsh coefficient is the exclusive-or of a ny bit string and
a ng bit string which must be a ny + ngy — 2rn bit string where m is a nounegative integer.
Therefore the only nonzero Walsh sums are either all odd numbered or all even numbered

and the theorem is proved.

&

The Function Parity Theorem implies important parity properties for fuuctions. Let’s
begin with some definitions. A function which has only even order nonzero Walsh sums is
called an even order function. A function which has only odd order nonzero Walsh suns
is called odd order function. This property is called function parity.

Classically. f is an even function. as opposed to an even order function. if and only if
f(z) = f(—r) Vr € R An odd function. similarly. has the property that f(r) = —f(-z).

A similar relation holds for even order and odd order functions as we see in the next theorem.

Theorem 41 (Function Parity)
If T represents the logical negation of the bits of z:
A function f is an even order function if and only if it has the property that f(z) = f(T).

A function f is an odd order function if and only if it has the property that f(z) = - f(T).

Proof:
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Let f denote f(T). Let’s look at the relationship between the Walsh coefficients for f
and f. Note that f(T) = f(x & 1) which is the reflection of f about the point 1. Using the

Reflection of Function Arguments Theorem we see that:

~)

w, = dri(f)w{
= (=1)bctidy)

If f = f. then the Walsh coefficients of the functions must be equal and so it is imme-
diately clear that be(i) must be even for any w, # 0. Hence. the w, are zero where bc(z) is
odd. It is also clear from the equation that if f is an odd order function then f = 7. Hence
the first half of the theorem is proven.

The second half follows by the same logic.

The Function Parity Theorem vields some useful parity laws.

It can’t be emphasized enough that these parity properties apply to functions over the
finite range BY. For exawmple. it will be shown later that when the domain is first mapped
by specific scaling and offset. cosine. cos : BL— R. is an even order function. This does not

mean that cos : R— R is an even order function.
Theorem 42 (Parity Laws)

1. The product of an odd order function with an even order function is an odd order

function.
2. The product of two odd or two even order functions is an even order function.

Proof:

Consider. first. the product of two even order functions. f and g. Since the functions are

even order and any function in BL can be decomposed into the sum of spectral functions:

~

(L/2i ‘LJ2

fle)y=>_ Sl(z) and g(z) = > S§(x)
J=0

[oeind

ko
o
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then

fatr) = 5 (r)S.(r) (4.1)
=0 k=0

~

From the Function Parity Theorem it is imumediately evident that the product of any two
even spectral functions S,. Si. results in a function that is the sum of a series of even order

spectral functions:

S,Sk =53 + 8+ 1 5%,

Therefore. each product of §; and S in the Equation 4.1 can be replaced by a sum of even

. IS .
order spectral functions 5{, as follows:

L2 L2 -k
foir) = S5 s
J= k=0 =0

and heuce fg is an even order function. Similar arcuments hold for the other two cases.
)

[t turns out that by cleverly selecting the domain for a function. some functions can be
forced to be even or odd order. T call this technique argument centering. [t is based on
the observation: if a domain of a fuuction is itself a linear function over B then it has an
Q of 1. So it must be the suin of the two spectral functions Sy and §). But Sy is just the
mean of all of the function values. By adjusting the mean of the linear function. which is
the dowmain. to zero. [ can force Sy = 0. This leaves the function equal to the single spectral
function Sy which is an odd order function. If a polynomial is applied to an argument that
is an odd order function then the Parity Laws apply throughout any products occurring in
the polyuomial. The result is that for a polvnomial in r. odd powers of x are odd order
functions and even powers of r are even order functions. So if the polvnomial is all even
powers or all odd powers. the parity of the polynomial can be predicted.

As an example. consider the function f(z) = sin(z) for =z € BL. Each of the 2 values

of the function can be computed using the Taylor series expansion about 0 for sin:
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sin(r) = 1'/1' '5'1‘3/3! —_1_‘5/5! + .

z € [0.2F - 1] can be thought of as a linear function g(z) : BX— X and function f(z) =
sin(g(z))- In this example. g is simply the identity mapping of binary to reals. Since g is

linear it can be represented as a sum of two spectral functions:

g =50+ 5

By definition Sy is the average of the values of ¢ which is (2 — 1)/2. I can now use ¢ to

alter the domain of f. Let ¢’ = ¢ — Sp and f'(z) = sin(¢’(z)) for = € BL then:

14

9 =g-35
= (S +S1)—So

=S

Now f is defined over domain g'(z) for = € BE. that is. ¢'(r) € [=(2F = 1)72.(2F - 1)/2].
The domain of f now appears centered. since the average of the values of the domain is
zero and the function is linear. Since ¢’ = Sy. ¢’ is an odd order function. The parity laws
now apply. Hence. each term in the Tavlor series is now an odd order function and so is f'.
This means that the even order Walsh coefficients must be zero.

Argument centering is somewhat of a misnomer. Note that it 1s only necessary that the
domain be linear and the average of the domain values be 0 in order for arguinent centering
to force the domain to be an odd order function. That is. actually centering the domain
is not required. We will see several more examples of argument centering and discuss the
advantages and disadvantages of altering the domain when [ “test drive™ the theorems in
the empirical section of this chapter.

The previous sections show that we should be able to predict the Walsh coefficients

and maximum number of bits of epistasis for a simple polynomial. In the next section I
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build some tools for working with fyecoqe and put it all together in a general theorem for

predicting epistasis.
4.5 The Walsh Structure of Parameter Decoding

Parameter decoding is a very important part of preparing a problem for solution with an
evolutionary algorithm (Mitchell et al.. 1992: Mathias and Whitley. 1994: Whitley et al..
1995b). From a practical standpoint. parameter decoding consists of three steps. First. the
subset of bits that encode each parameter are extracted from the bitstring. The substrings
are then decoded into integers and finally the integers scaled to the appropriate range for
each parameter of frnoder- The first two steps are usually performed using logical operators
on the bitstring representing the chromosome. The last step can be incorporated as part of
the model function.

In this section [ construct some theorems to account for the bit interactions introduced
by parawmeter encoding. [ begin with a simple observation about reflecting the argument
by the EXCLUSIVE-OR of a constant. I then proceed to show the effects of extraction and

Gray coding.
4.5.1 Reflection

As we saw earlier. if ¢ represents the function f reflected about r. then f can be defined as
g(x) = f(r<r). It turns out that Walsh sums are invariant under reflection as we see in

this next theoremu:.

Theorem 43 (Walsh Sums under Reflection)

Reflection of a function about any number of axes has no effect on the Walsh sums of

the function.

Proof:

Let g be a reflection of function f about = then by the Reflection of Function Arguments

Theorem:

w! = 7,/7,'(2)'[[7{
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This is only a sign change for the Walsh coefficients. and since Walsh sums use the
absolute value of Walsh coefficients. the sign is irrelevant.
&

From this it follows immediately that

Corollary 43a

Q(f(z)) =QUf(c S z)) for any =

These iwo theorems show that both Walsh sum and Q measures are invariant under
reflection. This is a side effect of the dimensionality reduction in deriving the measures. If
algorithm performance varies under reflection of the problem. then this would be a weakness

of these measures.

4.5.2 Extraction

Extraction is often the basis of composing parameters for functions with domain &" from
strings in BL that are processed by genetic algorithms. Let rjnj.na]:BExZ xZ— BL be
the extraction operator which extracts bits in positions n; through n, (n2 > n;) from
string . and places them in the least significant bit portion of the string with zero fill. This
operation can be performed by masking and shifting. This leads us to our next general
theorem which can be used to compute the Q for a variety of logical operators.

Let the operator 2. BL x Z;— B be the binary right shift operator applied to left
operand. shifting it by the number of bits found in the right operand. The result is zero

shift

filled from the left. — is defined similarly. For example: if s = 01010111 then (s B9y =

shift

01011100 and (s — 3) = 00001010. To prove the theorems on extraction. I will actually

use a generalization of extraction based on masking and shifting.
Theorem 44 (General Extraction)

Q(f((x Am) 2 )< min{Q( f(x)). be(m). L — s)
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Where m is a mask and s is the amount to shift the result of =z A m.
Proof:

shift

fllz Am) 25 5) = Z?io_l’w,‘ljf,’((.l' An) — s)

_Z)L—l GBJL:—Ol((x/\m) ﬂs)m’\i{j])

shift

= SE e Y (@R T (e Am) 2L )] A
_Z)’-—l @L—“‘I((I/\m)fj4-’}/\10]))

=375 ol Y EBJL;:((J:/\m)[j] Ny —s]))

'_)L_.l shaft

= w,y(@fgg((n\m)[ﬂ A (i == 5)[J])

=0

note the reversal of the direction of shifting

—Z)l_lu} @I—I(J‘IJI/\’HL[J]/\ iﬂs)[j]))

it

=Z;',i0'lu',')’( [-l(.rU] (m/\(z-—-~ [_j]))

=Tt e (x)
=0 f 1'111,‘.(1?l‘——m_s)}

shufe

We can see the contraction of the coefficient space from —all of 7 to (m A (i — s)).
Since the coefficient for the Walsh function ¢, (r) is by definition the i** Walsh coefficient.
we can use the last expression above to compute the Walsh coefficient «] for the function
f((x A) il s) based on the Walsh coefficients w, for f(x

w = E wi
1

ko 1=(m'*{ksh-—m4s))

This mapping of Walsh coefficients constrains the subscript j for nonzero Walsh coefficients
in the following ways:
o be(y) < Q(f) since (tn A (2 i s)) can only reduce the bit count for any nonzero Walsh
coefficient.

e bc(y) < be(mn) since m masks the whole expression.
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e bc(j) < L — s since the zero fill left shift further reduces the possible number of ones in

Therefore

Q(f((z Amn) 25 5) < min(Q(f(z)). be(m). L —s)

and the theorem follows.
&=

The above theorem is more general than necessary for use with bit extraction.

Corollary 44a (Extraction Corollary)

Q(f(zlny.na])) < min(Qf(r)). be(n))

Proof:

Since the extraction operator can be defined as:

shirfr

rlny.na] = (rAm) =— s

the above theorem applies to the extraction operator when m = 1, ,,. which is a mask

with bits n| through n. set to one. and s = n; (remembering that bits are numbered from

0). In the bit extraction case we see:

L-n >ny—-n;+1
L—-s >be(m)

giving us:
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Q(f(xr[ny-n2})) < min(Q(f(r)). be(m))

)

Furthermore. by choosing the mask and shift values appropriately. we see that:

Qf(x == 5)) < min(Q(f(2)). L = )
and
Q(f(x Am)) < min(Q(f(z)). be(m))

These relations are based on a common theme of finding a function R : Bf— BL such

that there is a function R’ : B — B for which:

v (R(r)) = vprpay(x)  Yre Bt

.. . . . . hifr -
As we have seen. this is certainly the case with logical function R(xr) = (r Am) — s in

snift

which case R'(x) = m A (i — s). The following theorem about combining logical functions

of this formm will be used when dealing with Gray codes in the next section.

Theorem 45 (Logical Function Exclusive-or)

Given two functions R.Q : BX— Bl and:

Y R(x) = Crnlr)  and v (Q(r) = wgurg() Ve B

then

v(R(x) € Q(z) = Yp(a)eqza(z)  Vre B

Proof:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



¢ (R(x) & Q(x)) = vi(R(x))e,(Q(x))

= g ()@ e lr)
= Ut’R'(r.l)*EQ'(I-")(I)
il
4.5.3 Gray Coding

I can apply the Logical Function Exclusive-or Theorem to the use of Gray codes. Consider
the common encoding technique which is to assume the extracted bits are in a binary

reflected Gray code. This Gray code is usually defined as:

staf
grav(n) = n = (n =— 1)

If a value has been encoded with a Gray code then a degray function degray : B-— B
must be applied to convert the extracted argument to the desired value. A mathematically

situple approach to degraying is through the series:

degrav(n) = n & (n A 1)Y= (n RS 2)

0]

It is clear that this is the inverse of gray since:

shift shaft shift

Die(remZE )] He(hern =1)]=2)e...

shuift

degray(gray(n)) =& (n

(n =21 e ==2))e(n = 2)em 23)]s. ..

¢

=[n&(n il 1)]

shift shift shift shift 9

=neln =1]e(n=—1]s((n —2)j2n —2)]&...

I

n
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<hafr

In practice. n would be an extraction of bits from r performed by (o Am) s. where

r is the whole chromosome. Combining extraction with the degray function we get:

shaft

degray(z(i. j]) = ((x A m) 252 (rAm) 22 (s+1)S((xAm) (s +2)) 2 ...
Now using the Logical Function Exclusive-or Theorem we have the next theorem.

Theorem 46 (Degraying)

Let mask m and length s be used to define an extraction of a range of bits: x[i. j| where

zfi.j] = (r Am) 2= 5. Then

Q( f(degray(r(i.j]))) < be(m)

Proof:

fldegray(x[i. j1)) = f(((x Am) S ((rAm) 2 s+ 1) =

!
((x An) LA (s +2))&..)
= S (£ A ) 5 S ((Am) 2 (s + 1) S

((.r A1n) Sllie (s +2))=..)

Sﬂzl‘ -1 , i )
= . — wiyr shi shs . shi xI
Lok=0 WKL gl .s))e(m,\(k'—“(s—1)))%(m/\(k—'—“(.wz)))»':-...(

2l
= Zk=0 “’A-'L/"m <hift shife shift, ()

Ak ——s) T (h—(s=1))=(k—(s=2))5..)

Proceeding as with the General Extraction Theorem. it is clear that

Q(f(degray(«[i. j}))) < min(be(m). L — s)

The argument that Q(f(degray(z[i.j]))) < Q(f) doesn’t hold in this case since the series of

exclusive-ors may. in fact. increase the bit count (bc). The other limiters still apply.
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Since the Degraving Theorem is stated specifically for extraction. we know be(m) <

L — 5. Therefore

Q(f (degray(=fi. 51))) < be(mn)

&

The proofs of both the General Extraction Theorem and the Degraving Theorem had
the feature that at some point all of the right shift operators were reversed to left shift
operators. Having a convenient notation for the resulting left shifted value would be useful.

Therefore I define a function called ungray:

o~

ungray(n) =n 3 (n Shufr 1) & (n shift 2 e ..

ungray is just like degray except that the shifts are in the opposite direction. This can give
binary strings an infinite set of leading 1's. This does not affect the ability to test two of
the strings for equality or to perforin operations such as logical ~and™ upon them.

In the next corollary. [ simply substitute the ungrav function into the last summation

in the previous proof.

Corollary 46a
If w! is the n'* Walsh coefficient of the function f(degrav((.r Am) LN s)) and uy 1s the

k' Walsh coefficient of the function f(r) then

!
u, = E Wy

ko n:(m/illugl'ily(kih-—'—ﬁ.s))

Proof:

The proof follows directly from the proof of Degraying Theorem where I noted:

2l

rr(-,.'..' —_ TRy, _ " " .
f(debl"l}(.’l‘[t J])) ‘g) U’AUm A ((ki’—'ﬁs)—f-(kfh—m(.s+I))'i‘(k:—hl—“(.w'_’))'f‘.,.)(‘L)
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and the definition of the ungrayv function.
=

It is important to notice from the corollary that the nice property of alternating zero
and nonzero Walsh sums for odd and even order functions is destroved by application of
degraying. This means if the arguments to an even or odd order function are centered by
argument centering. but the arguments are first decoded from Gray code. the even or odd
order parity of the function is not preserved. However. all is not lost. as we shall see in the
next theorem. It turns out that degraying has an interesting affect on odd and even order

functions.

Theorem 47 (Even Order Degraving Theoremn)
Let mask m and length s be used to define an extraction of a range of bits: rfi. j| where

zfi.j] = (xr Am) 2 s If f(z[i.j]) : BE— R is an even order function then

Q(fldegrav(cli. j1)) < be(mn) -1

Proof:

shaft

Again we use the fact that rfi.j] = m A (x s) for appropriately chosen mask m
and shift s. If F = f(rfi.j]) and G = f(degrav(r[i.j])) then by the General Extraction

Theorem: if uwr are the Walsh coefficients of f and w? are the Walsh coefficients for F:

'll.',l:‘ = E Wi

ko u:(m/\(km-—'f-(.s))

We also know from the corollary to the Degraying Theorem:

= E ' -
u, = wy.

k : n=(maungray(k2y))

Because n and s are chosen to represent an extraction of bits. 7n is a mask consisting of a

field of contiguous 1’s possibly surrounded on either or both sides by a field of zeros. Notice
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shaft

that & 2= s has zeros in each position where m has 0's to the right of the field of 1’s.

Therefore the identity (m A ungray(k IE gy = ungrav(m A (k 2% ) holds and so:

G — E ,
w, = wy.

k - n=ungrav(ma(k™y))

It can be seen that the w€ are simply a remapping by the ungray function of the coefficients
wk.

Let’s look at this mapping more closely. If d = ungray(g) then the pt* bit position in d.

denoted d[p] is the parity of all of the bits at that position and to the right.

n[p] = ungray(g)[p|

shift staft o,

=(gs(g— elg—2)s..)p]

fr shifr

=glpi = (9 == Vpl & (g == 2)[p] = ..

=glplegp-1eglp-2=..

=@, 9l

If F is an even order function then all u.'f = 0 if be(n) is odd. If be(n) is odd then by
our observation about the ungrav function. ungrayv(n) must have the high bit (left most bit

of the masked region set). Hence. all w$ = 0 if the high bit of n is set and therefore

Q(f(degray(r[i. j])) < be(m) — 1

and the theorem is proved.

&

An analogous proof can be given that shows that for odd order functions all of the
nonzero Walsh coefficients of f are mapped to the upper half of the Walsh coefficient space.

that is. with the high order bit set. In this case. the Q of the function is obviously not
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reduced by 1 as it is for even order functions.

Corollary 47a

If f: BL— R is an even order function then

Q(f(degray(z)) < L -1

Proof:

The proof follows directly from the theorem above.

&

4.5.4 Generalized Decoding

The next theorem allows us to unite the extraction theorem and polynoinial theorem and
apply them to the composite function. friness- that we are trving to optimize. In the
theorem below. the coefficients of the polyvnomial are indexed by the exponents on the
different variables in a standard fashion. The exponent of an absent variable is considered

an exponent of 0. An example polynomial of three variables is:

2.3 2 :
P(z.y.2) = ayazy’=* + agoy’s + agos 2

Theorem 48 (Polvnomial Composition)

Let I, (xg.xy....2—1) be a polvnomial in xg.ry....r,—; that takes 2" — & such that

. . — § ko kv Kkn-i
Py(zg.xy.coryy) = Uhkoky .. ky Lo Ty ”'Inl—l

all terrmns
with &£, > 0 and let fg. f|....f.—1 be functions such that f,:BX— = then
QP (xo-Ly.o.zp-1)) £ max koQ(zg) +k1Qxy) + ... + kn1 Q(n-1)
all termns

and

Q(Pu(folx). file)....fumi(2))) £ max  koQ(fo(x)) + k1Q(fi(x)) + .- + kn 1t 2 fr-i(2))

all terms
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Proof:

The Q of any given term is
Q(P. (zn.: . -Q ko ki kn-1
--( u(-L'O--Eb wip—1)) =€ (Zall terms Qkoky..kao1Tg Ty -—-Lp_

_ ko .k koo
< maxXglt terms Q(akokl..,kn-;-ro -T[l---l'n"_[ )

ko k1 X k -1
= IMaXq(l terms -Q(Io T ----L'nn_l )

k k , kn-
< maxgy/s terms Q(Ioo) +Qzt) + .+ Q(x,,_[1

< maxXay terms koQ(xg) + k1 Qry) + oo + Ky 1 Q(xn-1)
proving the first part of the theorem. The second part follows directly by substitution in

the logic above.

&
4.6 Applying Epistasis Estimation to Fitness Functions

The Polynomial Composition Theorem can be applied to the model of the fitness function

we saw in Equation 1.2 :

fﬁtnoss = fga(fdecudc))

If fga can be represented as a polynomial. then the polynomial P, from the theorem
statement is fg. The decoding function can be represented as a vector of functions
f=(fo-fi.--fa_1) where f, : BE— R extracts the i*? real argument for the model. There-

fore for a chromosome x in BY and for model functions that are polynowials of n variables:

Smodel( fdecode (£)) = Pp(folx). filz). -..fuo1 (L))

Two very important observations can be made. First. given just the mathematical

models and extraction functions. we can derive a very good upper bound for the degree
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of bit interaction in the fgihess that we are trving to solve. We may be able to apply this
understanding to control the level of complexity and thereby improve performance. Second.
the theorems we have seen so far suggest that functions which are based on polynomials and
extractions of small numbers of bits have a certain inherent simplicity about them. This
is because the epistasis of the problems is limited by degree of polynomial and numbers of
bits extracted.

In the next section we will give some examples of the predictive power of the theorems.
I will estimate the complexity of a common test function that was designed to have fixed

levels of bit interactions. Finally. I will use this knowledge to control the complexity of the

problem in some simple ways.
4.6.1 Experiment: Predicting Maximum Epistasis

In this section we will give examples of the predictive power of the theorems. We will
examine tables of Walsh sums 1y through WYy for sample functions. The first column of
each table is the order of the Walsh sum. The remaining columns are the Walsh sums of
that order for various functions listed at the head of each column. All functions presented
in this section are evaluated using a bitstring length of 8. i.e.. L = 8.

In the first experiment. [ demonstrate that the Q(f) is bounded by the Polynomial
Complexity Theorem to the maximum power of the polynomial. To do this. [ computed
the Walsh sums of several functions. In Table 4.1. the first column is the order of the
Walsh sum. The second column coutains the values of the Walsh sums for the simple linear
function r. r € [0.2% — 1]. The third column contains the Walsh sums for the function .

As predicted by the Polynomial Complexity theorem €2 equals the degree of the polynomial.

Our second experiment demonstrates the effect of argument centering. In Table 4.2, 1
compare the function =3 over the noncentered domain [0.2% — 1] with the centered domain
[—(2L=1 — 5).(2(£=D — 5)]. We see in column 2 that without centering z* has nonzero
Walsh sums for all orders less than 6. but with ceutering the even order Walsh sums go to

zero as predicted by the Parity Laws and argument centering.
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Order I o
0 1275 | 1.811le+11
1 127.5 | 4.299e+11
2 0] 3.457e+11
3 0 | 1.088e+11
4 0| 1.229e+10
3 0 | 3.731le+08
6 0 0
0 0 0
8 1 0 0

Table 4.1: Walsh Sums for f(r) = and >

Restricting fmodel to a polynomial may seem limiting. but actually it is quite powerful
since all continuously differentiable functions can be expressed as a Tavlor series expansion.

For example. the Tayvlor series expansion about 0 for cos is:

cos(r) =1—22/20 + 0t/ — 2%/6! + ..

In this case. we see that all the terms of the series are even order polynomials. So cosine
has the potential to be an even order function.

In our third experiment. we examine the Walsh suins for cos(x) over two 8 bit domains.
The results are presented in Table 4.3. Again the first column is the order of the Walsh
sum. The second column is the Walsh sums for z € [0.7/2]. This domain is generated by
using a decoding function for the bitstring of fiecode(2) = z(7r/‘2)/(‘28 — 1). By centering
the argument r so that x € [—%/2.7/2|. the powers of T in cosine. which are all even. force

the function to become even order as we can see in column 3 of the table. To perform the
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Order Without With

Centering | Centering

0 1.811e+11 0

1 4.299e+11 | 1.923e+10

[\V]

J.437e+11 0

3 1.088e+11 | 1.409e+10

4 1.229e+10 0

5} 3.731e+08 | 3.731le+08

6 0 0
n 0 0
8 0 0

Table 4.2: Walsh Sums for r?

centering. I used a decoding function of fyecode() = (2 — 8)(%/2)/é where 6 = 20— 5. A
very important caveat about centering is that oue may not always be able to change the
domain of arguments to a function. but there is often more flexibility than there may seem
at first. A second observation is that if cosine was defined over a 7 bit function rather than
8. then the highest order nonzero Walsh sum for the function would be 6 since W5 = 0. This
is a reduction in the Q for the function by applyving centering. We will use this technique

in the next section to reduce Q and other measures of difficulty.
4.6.2 Experiment: Controlling Epistasis with Centering

Griewangk’'s function is often used as a test function for evolutionary algorithms (Whit-
ley et al.. 1995b: Miilenbein and Schlierkamp-Voosen. 1993) A generalized version of the

Griewangk function is:
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.

Order l Without With
Centering Centering

0 0.63608 0.63412

1 0.51532 0

2 0.13687 0.64981

3 0.015334 0

4 0.00078529 0.015701

5 1.8782e-005 0

6 2.0600e-007 | 1.6710e-005

T 9.5998¢-010 0

on

1.4818e-012 | 4.8355e-010

Table 4.3: Walsh Sumns for cos(.r)

d d
Guslr) =1+ x/1000 + [ costr/ Vi)

=1 =1
where r € B% is a d dimensional vector of arguments with each x, being b bits wide. For

example:

b bits b bits & bits b bits
— N ——
r = 001101101100101101 ... 010010
A e —

I T I3 Iy

Cousider both binary encoding and a Gray encoding. In the case of binary encoding.
[ will extract the bits of each argument and then shift and scale it. In the case of Gray
encoding. a degrayv function is applied between the extraction operation and the shift and

scale operation.
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Using the theory we have developed. what can we tell about the Walsh coefficients from
the formula and encoding alone? Let’s begin by computing the maximum number of bits

of interaction. ). for a binary encoding. assuming the arguments are centered:

QG p) =1+ 3% 27/4000 + T2, cos(x,/V7) )
= max(Q(1). QL £2/4000). T, cos(x,/V7)) )
= max(0. max®  (£(x?/1000). Zf:x Q(cos(r,/Vi))) )

4 (Uz?). T, Qcos(z,))) )

= max(0. max

At this point we can use the Corollary to the General Extraction Theorem and the fact

that each z; is created from an extraction of b bits.

Gy p) = max(0. max?_ (min(2.b). ZL[min(SZ(cos(r,)).b)) )

=1

We note that cosine is an even order function and so only has nonzero Walsh coefficients
with indexes having an even number of bits. (Remember cosine is an even order function
ounly when its arguments are centered.) Therefore. if b is even. then min(€Q2(cos(z,)).h) = b.
If b is odd then min{Q(cos(.r,)).b) = b — 1. since the bt Walsh sumn is zero and the next
nonzero Walsh sum is b — 1. Let the act of rounding down to the closest number divisible

by 2 be denoted by Lb_|2. then min(Q(cos(x,)). b) = [bj;, and so:

QG4 ) = max(0. xuaxf=l min(2.4). Zi’zl [b,)

= max{(min(2.5). dULL_,)

If the function is not centered then the analysis simply becomes:
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QGy. p) = max(0. max?_, Q(z2). Zf’:l Q(cos(r;)) )
= max(0. max?_ (min(2.6). 3 b))
= max(min(2.5). db )

which in most cases is simply db.

Dimension Width | Q for Binary Encoding | Q for Gray Encoding
(d) (b) Centered Offset Centered Offset
1 2 2 2 1 2

1 3 2 3 2 3

1 4 4 4 3 4

1 5 4 5 4 3

1 6 6 6 5 6

1 T 6 T 6 n

1 8 8 8 T 8

1 9 8 9 8 9

1 10 10 10 9 10
3 2 6 6 3 6

3 3 6 9 6

3 4 12 12 9 2
3 5 12 15 12 15
3 6 18 18 15 18
5 2 10 10 3 10
5 3 10 15 10 15
5 4 20 20 15 20

Table 4.4: Q for the Generalized Griewangk function. G4,. in both Centered and Offset
Forms Using Both Binary and Gray Encodings.

Empirical confirmation of these results is presented in table 4.4. Each row of the table
was generated by exhaustively examining all the values of the Griewangk function. Gg,.
for the given values of d and b. with and without Gray code. and with and without an
offset. Recall that Q is the largest 7 such that 17, # 0. thus the odd and even nature of the
function impacts €. The column labeled “Dimension™ refers to the variable d above and
represents the number of arguments to the function. “Width™ refers to the variable b above
and represents the number of bits encoding each argument. Under the heading “Binary

Encoding™ are the two columns of Qs. The first column. labeled ~“Centered”. contains the

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



s for functions whose arguments are centered in the range [—(2°7! — .5).2°=! — 5. The

second column. labeled ~Offset™. contains the Qs for functions whose arguments are offset

from center by an arbitrary nontrivial constant. e, giving a range of [-(2! - 5) +
e™3.26-1 — 5+ e7?]. The affect of parity on the function under a binary encoding shows
up as a limit on Q such that it is rounded down to the nearest even number.

If the same function is used with a Gray encoding then a degraving step must be added
by applying the degray function after extraction and before scaling and offset adjustments.
The analysis is similar to the binary centered case except the Corollary to the General
Extraction Theorem is replaced by the Even Order Degraving Theorem in the second step

below.

QG4 5) = max(0. max?_ (Q(r?). d: Q(cos(x,)) )
=1 1 =1
= max(0. max?_, (min(2.h). 211:1(1’ -1))

= max(min(2.b). d=(h-1))

Empirical confirmation of these results is presented in the last two columns of table
4.4. Here it can be seen that the use of cosine in the Griewangk function means that using
centering and a Grayv encoding is guaranteed to reduce the maximum number of bits of
interaction in the function by a mumnber of bits equal to the number of arguments to the
function. d. Thus. Gray coding causes a further general reduction in €2 and thus removes
the higher level nonlinearities that are present in a representation that is not centered.

In summary: the effects of parity due to centering is shown to reduce 2. Combining

Gray coding with centering can further remove high order nonlinear interactions.
4.6.3 Centering and Problem Difficulty

The classic Griewangk function. as presented in (Whitley et al.. 1995b) and (Rana and
Whitley. 1997). is a 10 dimensional function with 10 bit fields. one for each argument. The
arguments are scaled [—512.511] which is the same as offsetting a centered argument by —.5.

In (Meyvsenburg and Foster. 1997: Miuhlenbein et al.. 1991). the arguments were mapped
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Optima Counts

Optimum Total Number |  Global Number Evaluations
range Value @ Coverage | Min Max Min Max AMean Stddev
-15.5. 13.5 | 0.0558068 16 0.0625 144 144 1 1 2575.3 2307.9
-15.6. 154 | 0.0472153 20 1.0 144 162 1 1 5217.3 3675.5
-15.7.15.3 | 0.04127 20 1.0 262 264 1 1 5476.6 3503.6
-15.8.15.2 | 0.0312921 20 1.0 100 101 1 1 14754.8 19161.1
-15.9. 15.1 | 0.0103844 20 1.0 400 480 1 1 13110.3 12423.8
-16.0. 15.0 0 20 1.0 810 810 1 4 10874.2 7943.5

Table 4.5: Results of Six Generalized Griewangk Functions From Centered to Classical

to reals centered on [-600. 600]. From our work in the previous section we would expect

argument centering for the Griewangk function would reduce epistasis and possibly increase
algorithm performance. To test this hypothesis. I used a genetic algorithm to repeatedly
optimize the Griewangk function. I varied the amount of offset forin center and measured
the performance. Computing the statistics [ wanted would require complete enumeration of
the function to be sure all regions of the function were explored. For the classic Griewangk
function. this would be a space of 2% function values. which is too large to be practical.
In order to get around this limitation I reduced the space to 20 bits. This allows me to
exhaustively analvze all points in the function domain. The function I choose was a 4
dimensional version of the generalized Griewangk with 5 bits in each dimension. I looked
at 6 versions of the function. The first version is an argument centered version with each
argument in a range {—15.5.15.5]. The remaining five functions have an increasingly distant
offsets from center of —.1 to —.5. For example. an offset of —.5 gives a range from [—16.15]
simulating. in a smaller number of bits. the classical Griewangk which contains zero in the
set of possible domain values. All functions in this experiment use a Gray encoding of the
arguinents.

Table 4.5 shows the results of testing these 6 functions. The first column is the range
of the arguments with increasing offset from centered. The second columun shows the global
optimum of the discretized function. Clearly the optimum must vary given the different
sampling of the domain imposed by the different offsets. The third column is the Q deter-

mined by computing the Walsh coefficients based on the 2?0 values in the function. The
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coverage is the ratio of the number of nonzero Walsh coefficients to the total number
of Walsh coefficients. The next two columns show the total number of (local and global)
minima and maxima. Minima and maxima are defined with respect to a Hamming-1 neigh-
borhood using a Gray code representation of the function. Although the number of local
optima using a Hamming-1 neighborhood is indicative of the difficulty facing a GA if it were
only using single bit mutation. it is not known how this value relates to the various other
GA operators. [ supply these columns for comparison with previous work. since number of
local optima is often used as an indication of the “ruggedness™ of a landscape (Kauffinan.
1993: Smith and Smith. 1999). Notice that as the offset increasingly shifts the function
fromn centered. the total number of optima increase. The next column shows the number of
global optima. This suggests as this particular function deviates from centered arguments.
the number of local optima increase. The number of global optima stays constant at 1.

The last two columns show the time required to locate the global optimum of the function
using a genetic algorithm. The algorithm is a steady state (nongenerational) GA similar to
GENITOR: parents are selected a pair at a time and a single offspring replaces the worst in
a population. Rank based selection is used and no duplicate chromosomes are allowed in the
population. The numbers in the table represent the results when solved with a population
of 64 individuals. a mutation rate of 0.1 and a linear rank based selection bias probability
distribution function with a .1 Y-intercept at the worst individual and a 1.9 at the best.
(This selects the best ranked individuals 19 times more frequently than the worst ranked
with a linear interpolation for the remaining individuals.)

The number of evaluations measured in the table is the number of titnes a new child is
generated and its fitness evaluated. The last two columns contain the mean and standard
deviation of the number of evaluations of the function necessary to find the optimum value
over 32 runs for each function. The results indicate that the centered function is easier than
the non-centered versions of the function.

The domain of multidimensional real valued functions I am trying to optimize is discrete
and often mapped to series of bit fields. This means that each argument to the real valued

function can take on one of some power of 2 number of different values. In the case of
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Griewangk's function. the centered arguments fail to cover the value zero where the true
optima is. The result is that for a Griewangk function. where the domain of each argument
is svmmetric about zero. centering produces 2¢ number of equal valued optima. where d is
the dimension of the Griewangk's function.

The reason that the centered function in Table 4.5 does not show the predicted 2% optima
is that all of the optima are adjacent in Hamming space and hence counted by our software
as belonging to one basin of attraction. The existence of the 16 minima in one basin was

empirically verified by a separate program.
4.6.4 The Applicability of Centering

The analysis [ have developed in this dissertation worked well for Griewangk’s function.
which is cousidered to be a nontrivial test function. However. Griewangk was particularly
susceptible to our analysis and the use of centering techniques.

From a practical standpoint there are several concerns with applying argument centering
to a problem and thereby altering the interval of the domain of the function. The first
concern is over rediscretizing the domain of a continuous function in order to center the
domain. For instance. a new discretization may not contain the global optimum of the
continuous function. Of course. in real world situations the global optimum is usually not
known a priori so it is difficult to determine if this case applies. In fact. the new discretization
may include a better optimum. Another problem with rediscretizing is that a real world
problem specification may require the examination of exactly the solution space given by
the precentered discretization. In this case. centering might be achieved by expanding the
search space to a syminetric one. but still containing all of the points of uncentered domain.
The cost for increasing the size of the scarch space might be a lengthening of the search in
spite of centering. This is an area that needs further rescarch.

A third concern is that the main benefit of centering arguments is to functions that
can be converted to odd or even functions. Straight forward centering can occur only to
functions such as sine. cosine or other functions with only even or odd exponents in their

polynomial expansions. Whitley (Whitley. 1999) suggests that if the portions of a function
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that are major contributors to poor performance are either all even or all odd ordered then
this technique mayv work even though the entire function does not have an even or odd
parity.

Finally. argument centering introduces symmetry to the function without increasing the
number of bits in the representation. By symmetry. I mean the function becomes either even
order or odd order and so by the Function Parity Theorem. f(x) = =f(T). In that seuse.

the search space size is reduced and this offers one possible explanation for the performance

increase.
4.6.5 Experiment: The Effects of Selective Walsh Filtering

Do the performance results we see for Griewangk hold in general for other functions with
either limited  or parity such as evenness or oddness? Are these measures a useful indicator

of problem difficulty?
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Figure 4.1: All Graphs are for 16 Bit Even Order and Complete Functions of € from 1 to
16 Bits. The graphs show (a) coverage. (b) average munber of minima. (c) average number
of evaluations to solution.
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To explore these questions. [ performed an experiment on two classes of functions: even
order functions and complete functions. In a complete function. all the Walsh coefficients
whose order is © or less (i.e.. has Q or fewer bits set) are assigned a random value between
—1 and +1. This practically guarantees all Walsh coefficients of order less than or equal
to  are nonzero. The remaining coefficients are all zero. The function is created by using
the inverse Walsh transform. This generates highly irregular landscapes. but with limited
orders of bit interactions. In an even order function. all the even order Walsh coefficients
whose order is €2 or less (i.e. has an even number of bits less than Q set) are assigned a
random value between —1 and +1. This effectively zeros out all odd order Walsh sums.
The results of this experiment is shown in Figure 4.1.

For each class of function I generated 32 different 16 bit functions. Each problem was
then solved in 32 attempts by random populations of 64 chromosomes using the same steady
state GA with rank selection as before. This was repeated for maximum Qs from 1 to 16.
The various values of 2 are given on the X-axis of the first three graphs in Figure 4.1.

In Figure 4.la. both classes of functions behave as one would expect and is a direct

consequence of the available number of Walsh coefficients of order less than or equal to Q.
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In the case of the complete function. the curve represents the sum of the number of Walsh
coefficients of each order. For an L bit domain this is Z/?:o (,f) You can see the stepwise
behavior in the coverage for the even order function since the number of available nonzero
Walsh coefficients is the same for Q = 2k and Q = 2k + 1. This graph shows how coverage
is a direct consequence of €.

Figure 1.1b shows the average number of minima in both classes of functions by .
In this case. a minimum is defined as either a local minimum or global minimum using
a Hamming neighborhood with minimum points that are adjacent in Hamming space
being counted as a single minimum. Notice the very strong correlation between coverage
and number of minima. This is especially evident for the even order functions where the
number of minima displays the same stepwise behavior as the coverage. A very interesting
feature is that the number of minima for complete and even order functions are about the
same throughout the range of 2. The removal of the odd order partitions didn’t seem to
strongly affect the number of minima of the function. This graph shows that the number
of minima is strongly related to the €.

The difficulty of the functions for the genetic algorithm is measured by number of
function evaluations needed to find a solution and is displayed in Figure 4.1c. The number
of evaluations secemed to remain fairly high until the Q drops below half of the number of bits.
This is probably partly due to the fact that the potential number of Walsh coefficients. all of
approximately the same magnitude. forms a bell curve and so the addition of higher order
Walsh coefficients from the tail of the curve has little effect on the final function value. The
removal of the odd order Walsh coefficients seems to have curbed the precipitous increase
in difficulty as the € approached the middle of the range.

These graphs suggest that the © may influence coverage. number of minima and problemn
difficulty. But is the measure of coverage alone a measure of difficulty?” To examine this.
[ performed the same experiment ignoring the maximum number of bits of interaction. Q.
but setting the coverage to fixed values. The results are found in Figure 4.2. Here coverage
is on the X-axis. The coverage for each test was reduced by dividing the previous coverage

by V10 forming a log scale along the X-axis. In each case. the Walsh coefficients that are set
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to zero are chosen randomly without regard to parity. Surprisingly. the number of minima
remain fairly constant. as does the performance measured in number of function evaluations.
This suggests that. ignoring cases of extreme depletion of nonzero Walsh coefficients. the
difficulty and the number of minima are not related to the coverage as long as the nonzero
Walsh coefficients are randomly dispersed.

We saw in the third graph of Figure 4.1 that throughout the range of Qs the performance
of the GA on the even order functions is far superior to the performance on complete
functions. If the difficulty of the problem for functions from random Walsh coefficients is
not related to the level of coverage between the two types of functions. then we must suspect
that the difference is in the structure of what has been removed. This suggests that it is far
more useful to remove half of the nonzero Walsh coefficients by zeroing the odd (or even)
order coefficients than to randomly remove the saine number of Walsh coefficients of various
orders.

In both this experiment and the previous Griewangk experiment the optimization prob-
lem seemed to be made easier by converting the problem to one of odd or even order. This
suggests that performance observations made may be generalized. I believe that one of the
kev factors that caused this reduction in difficulty is related to the fact that whole Walsh
sums are zeroed in even order functions while few to none are zeroed the random zeroing.

A final observation is. regardless of the parity or nonparity of the function. the value of
Q) seemns to only be related to problem difficulty for values of Q less than half the number
of bits in the problem. Beyvond this the problems in our experiments seemed to reach a
plateau. In fact for our 16 bit cases even an  equal to 6 seemed to belong to the plateau
set. [ believe this is. in part. due to the fact that above half the number of bits the number
of available Walsh coefficients decreases exponentially. so that in the case of random Walsh

coefficients the combined affects of the higher order Walsh coefficients are greatly reduced.

4.7 Summary

In the beginning of this chapter I introduced several Walsh based measures of epistasis. |

developed numerous theorems on the Walsh analysis of polynomials. Polynomials is not as
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limited a problem set as it might first appear. since all continuously differentiable functions
can be expressed as a Taylor series expansion and many other problems can be approxitnated
by a finite series of polynomial terms. We saw that polynomials and the various forms
of encoding and extraction. constrained that maximum the maximum number of bits of
epistasis. Specifically. epstasis for a polvnomial had to be less than the degree of the
polynomial and less than the number of bits used to extract the argument for the function.

Many researchers suggest that difficulty may be related to epistasis. If this is so. a
reduction in epistasis could be used to reduce the difficulty of problems. In the last half
of this chapter. I examined some patterns of epistasis. In particular even and odd ordered
functions. I discovered that. for samples from several classes of problems. the arrangement
of the subsets of interacting bits in the chromosome is important in influencing the ease
with which an optimization problem can be solved. In particular. [ show that for the
Griewangk function. a classic GA test problem. argument centering reduces epistasis and

problem difficulty is reduced.
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Chapter 5

The Walsh Structure of Logical
Expressions

In the last chapter. we saw how polvnomials of limited degree produced functions of limited
epistasis. In this chapter. we look at a second class of functions of limited epistasis. the
class of logical expressions. This may seem like an exercise in pure mathematics. However.
it has direct application to a very famous set of problems in computer science know as the
k-satisfiability problems. I also show how problems that might not normally be thought of
as logical expressions can also be analvzed with the theorems in this chapter. This shows
these theoremns have greater reach than it might first appear.

Specifically. [ develop techniques for determining the Walsh coefficients and hence epis-
tasis of logical expressions based on AND's. OR’s. and EXCLUSIVE-OR’s. [ show that sums of
disjunctive or conjunctive clauses and of limited clause size have limited epistasis. [ discuss
and give examples of using logical expressions as optimization problems. The theorems
proven in the first part of the chapter are used to analyze a form of k-SAT problem called
MAXSAT in last part of the chapter.

The mathematics developed in this chapter will then be used in the next chapter to fur-
ther analyze MAXSAT and compare it to another famous problem called the NK-landscape.

This will lead to revelations on problems of limited epistasis in general.
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5.1 Normal Forms and Satisfiability

All logical expressions can be placed in both disjunctive normal form and conjunctive normal
form (Hohn. 1969: Mendelson. 1970: Cormen et al.. 1990). An expression is in disjunctive
normal form (DNF) if it is a disjunction of clauses that are each a conjunction of

variables or the negation of variables. For example:

(@AD) V (c) V (aAT)

An expression is in conjunctive normal form (CNF) if it is a conjunction of clauses

that are each a disjunction of variables or the negation of variables. For example:

(evbve) A (b)) A (aVa)

A CNF can be trivially converted into a DNF (Hohn. 1969) and vice versa since AND
distributes over OR and OR over AND. In the case of translating a CNF to a DNF. the
clauses in the resulting DNF are the set of all possible combinations of elements taken one
from cach clause in the CNF. If there are ¢ clauses in the CNF then there are at most ¢
variables in any clause in the equivalent DNF. Also notice that the mumber of clauses in
the equivalent unsimplified DNF is equal to the product of the number of variables in each

clause in the CNF. The above CNF traunslates into the following DNF:

(@AbAa) V (aAbAT) V (bAbAG) V (BABAT) V (cAbAa) V (cAbAT)

A subclass of CNF form called k-SAT expression is defined as a CNF with three
constraining parameters: there is a universe of 1™ different variables possible for the formula.
of these. an expression is created consisting of ¢ clauses. each clause having & variables. For
this dissertation. I will add the constraint that each clause must contain exactly & different
variables. An example of a 3-SAT expression from 26 variable space denoted by the Latin

alphabet and using 5 clauses would be:
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(IVivi) A (EVvIive) A (mViVvs) A (sVaVvh) A (BVEVT) (5.1)

Notice that all 26 variables were not used.

A k-satisfiability problem is the problem of assigning logical values (TRUE or FALSE)
to the variables for a specified k-SAT expression that satisfies the expression. that is.
makes the expression true. A logical expression is ill formed for a stochastic optimizer since
it only can have one of two values: TRUE or FALSE. The stochastic optimizer needs at
least to be able to tell when one potential solution is closer to the optimum than another:
otherwise. the terrain is essentially flat and featureless. This plateau structure will come
back to plague us later in this chapter.

A popular ~fix” is a fitness function that returns a number from 0 to c. representing the
number of clauses satisfied. Of course. this fitness function assumes that it is better to have
more clauses satisfied than fewer in intermediate values of the search. This formulation for
the problem is called a MAXSAT problem (Papadimitriou. 1994). A MAXSAT problem
with & variables in each clause is a MAXKSAT problem. This is an important class of
problems in computation theory. As an example of a MAXSAT problem. Equation 5.1

would become the MAXISAT problem:

(IVivi) + (IviVe) + (mViVvs) + (svaVlb) + (bVevy)

which assumes that TRUE evaluates as 1 and FALSE evaluates as (. The optimum value.
in this case. is 5. An alternative measure might grade the difficulty of cach clause by the
degree to which the variables in the clause are constrained. The resulting fitness function
would be the sum of the grades of the satisfied clauses. The remaining sections develop
the Walsh analysis for logical expressions and various means of combining them. In the

following chapter. we will analvze the general NNJAXSAT problem using what we learn here.
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5.2 The Walsh Coefficients for Logical Expressions

In this section we will show how to compute the Walsh coefficients for logical expressions.
We begin with a very useful general theorem that is more of a technique than a theorem

but I want to draw attention to how and why it works.

Theorem 49 (Logical Function Summation)

Given f : BE— B then

2L

SRRk = Y k)
k=0

k- f(k)=1

Proof:

Since f is returns either a 0 or a 1. clearly:

2Ly
Yo Ry = > flRheyk) + Y flk)e k)= Y L (k)
k=0

ko: flk)=1 k : fik)=0 koo flk)y=1

=
The Logical Function Summation Theorem can be used to find the Walsh coefficients
for the two basic cases of single bit functions. Note the use of hyperplane numbering to

sitnplify the proof.

Theorem 50 (Single Bit Functions)

If f(r) = zfi] and g(x) = cfz] are L bit functions. where ¢ indexes a single bit in the

bitstring x. then:

( (
D if j=0 b5 if g=0
wp =94 -5 if j=2 W ={ 5 ifj=2
\ 0 otherwise { 0 otherwise
Proof:
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Given that f(r) = z[i]. the Walsh coefficients for f can be computed as follows:

w =3k Tt flk
= *2: Zk: kv, (k)
= 50 Dpakpi=1 ¥ (K)
but this constraint selects a single hyvperplane...

= 3 Lren. (&)

EIY

Therefore by the Balanced Sum Theorem for Numbered Hyvperplanes:

)

if j g2
e, (20260 if jC

giving:

The values of w9 follow similarly.
&

A conjunctive clause is a logical expression containing only AND and NOT operators.
A disjunctive clause is logical expression containing only OR and NOT operators. In the
following theorems. the operands to the ANDs or ORs and the variables which are negated in
these clauses can be denoted with two masks. Consider one of these clauses over a domain
of L variables whose truth values are specified by a vector in B%. A variable selection
mask m. m € BE. selects which bit positions. and hence which variables from the domain.
are to be ORed or ANDed. This bit mask approach forces each variable to occur at most
ouce in a clause. A negation mask n. n € B{™) _indicates which of the selected bits are

negated before use. Note that the length of the negation mask is determined by the number
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of variables selected. To see how this works. let r € B!0. then. remembering that the right
most bit is the 0 bit. z[7] v z[3] v r[1] can be defined as a disjunctive clause with a variable
selection mask of 0010001010 and a negation mask of 001. For brevity. a conjunctive
clause with selection mask m and negation mask n is denoted C(m.n). A disjunctive

clause is similarly denoted D(m.n). Our example clause is: D(0010001010. 001).

Theorem 51 (Conjunction of Bits Without Negation)
If f is an L bit function such that f(r) = z[a1] A z{a2] A z{a3] A ... A z{ax] where each g,
indexes a single bit in r and. all of the a, are unique and represented in a variable selection

mask m. that is. if f = C(m.0). then:

0 if y€m
u,(mn) if jCm

abhcim

Proof:
We know that be(m) = k and given that f(r) = xla;] A rlas] A clag] A ... A rfag]. the

Walsh coefficients for f can be computed as follows:

w, =& TE e,

| air (1
= ar Zlehy,l-__,.,_,_ ok ak g IU'J(L)

= _TIE' ZlEh

Therefore. by the Balanced Sum Theorem for Numbered Hyperplanes:

L”J(i)

"..-_ybC( my_

0 if jZm

w; =

51,_-'1,/'1(771)2[‘_!"'("‘) if 7 Cm
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For pedagogical reasons. in the previous theorem. I did not consider functions in which
any of the bits are negated. The addition of negation is now a simple extension by adding

the negation mask n to the C(m.0) of the previous theorem.

Theorem 52 (Conjunction of Bits With Negation)

If f is an L bit function C(m.n). then:

0 if j€m
w, =

1

'lbf(!ﬂ.’uyj(unpa(“k(ﬁ' Tn’)) if j g m

Proof:

The proof is a direct extension of the previous theorem. [ will use the indices b; to

indicate which bit positions are negated. Let f(r) = r{a;]Az[as| A ... Az{a]Az[b]Az[hs] A

... Axlb,] and all of the a, and b, are unique.

1 2Ly
w, =3r3i=g flie)

. 1 oy
= ETZ:IEI:,“‘ Loy (2)

L2 Lotk by aba L b

= ol
- _)—L Z('Eh,,,j UJ(L)
In the hyperplane numbering above. 7 is used to turn on the bits that correspond to the ¢,’s

and zero the bits corresponding to the b,’s. By the Balanced Sum Theorem for Numbered

Hyperplanes:

0 if jZm
'lUJ =

.,—l,_—'l,/'j(unpack(ﬁ. m))2L—belm) if jCn

and the theorem is proved.
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Now we have the theorems we need to neatly prove the Disjunction of Bits Theorem.

Theorem 53 (Disjunction of Bits)

If f is an L bit disjunctive clause D(m.n). then:

l—chl(I if 7C€Cm and j =0
w; =9 — —o—w,(unpack(n.m)) if jCm and j#0
0 if 7€ m
\

Proof:

Any function which can be written as a strict disjunction of terms can be rewritten
using De Morgan’'s Laws as the negation of a conjunction of the negation of the terms. For
example: AV B can be rewritten as A A B. Then by De Morgan's Laws. D(m.n) can be
rewritten as the negation of the conjunction with selection mask rn and negation mask 7
and denoted C'(m. 7). Negation of a function can be performed by subtracting the numeric

truth value of the function from 1. Therefore:

f=D(m.n)=C(m.7)=1-C(m.m)

We take the Walsh transforin. V. of both sides:

W(f) = W(l1) - W(C(m.m))

The Walsh coefficients W(1) are zero everywhere but wg which is 1. The Walsh coeffi-
cients W(C(m.7)) can be determined by the Conjunction of Bits with Negation Theorem.

The expression that follows is the sum of the Walsh coefficients for the two transforms.
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1 - ;}Tl”:'d:o(unpack(rzl. m)) if jCm and j =0

w, =9 0- —=—U, (unpack(n.m)) if jCm and j#0

0+0 if j&m

\

Which simplifies to:

I-I&l(_mT if jCm and j=0
w, =9 - ~—1_—_-)D(‘l«m> U, (unpack(n.m)) if 7Cm and 5 #0
0 if jZm
\

&

We have shown how to compute the Walsh coefficients for conjunctive clauses and dis-
junctive clauses. The Walsh coefficients for CNFs and DNFs where the logical value of the
clauses are added together is simply the addition of the Walsh coefficients for the clauses.
In the particular case of a MAXSAT problem. which is a sumn of disjunctive clauses. we get

this corollary.

Corollary 53a
Let f be a MAXKSAT expression of ¢ clauses with variable selection masks

T . TR . ... me and negation masks ny.na.. ... ne then

(1 - 5¢) if j=0

! . e
5¢ 2 - jCm, ¥y(unpack(n,.m,)) if j >0
Proof:
The corollary is arrived at by a straightforward sum of the coefficients for each clause

being sure to only seclect coefficients that might be nonzero. This is done by selecting to

add in values for clause ¢ only if the subscript j is contained in mask m;.
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=

Our theorems show that the magnitude of bit interactions for both disjunctive and

except at wg. This means that if the number

conjunctive clauses are all either 0 or _)bc[.m,
of variables is the same in all the clauses. then in the swunmation of the Walsh coefficients
for the clauses of the CNF and DNF there is a lot of opportunity for coefficients to cancel.

Sorava Rana made the following conjecture about Walsh coefficient cancellation in the

MAXKSAT problem. I provide a proof for it here.

Theorem 54 (Soraya’s Conjecture on Walsh Cancellation)

If f is a MAXKSAT Landscape and there are an equal number of negated and nonnegated
instances of the n!®* variable in the MAXkSAT expression associated with the landscape then
w; = 0 where j = 2".

Proof:

We know:

u =

2% v, (unpack(n,.m,))
t:ogom,

We also know by the definition of the Walsh coefficient that the sign of the ¢, in the
above equation is dependent solely on the parity of j A unpack(n,.m;). Since j is a power of
two. the value of the Walsh coefficients are equal to —1. if the J™ variable is negated: and
+1. if the variable is not negated. Therefore. if negated and nonnegated variables come in
equal numbers in the clauses. then they cancel out. and the Walsh coefficient is zero.

3

An EXCLUSIVE-OR clause can be defined by two masks similarly to disjunctive and
conjunctive clauses. I will denote the EXCLUSIVE-OR clause .X(m.n). Since parity is an
important notion for Walsh functions we can anticipate an EXCLUSIVE-OR theorem may

prove useful. Note that the parity function. returns the parity of the bits in its

argument. The parity function can be represented as X(1.0).

Theorem 55 (Walsh Coefficients for Parity Function)

If f is the L bit parity function parity then
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3 ifj=0
wf =q 1 ifj=2t -1
0 otherwise

Proof:

The proof follows directly from the Logical Function Summation Theorem and the

Balanced Sum for Parity Theorem.

parity(i)v,(¢)

l FH .-

= ar Zl:pzlrity(z)zx vjle)
.

2L-1 jfj=0

'

=3rq 207t jfj=20 -

i~

0 otherwise
. \
% ifj=0
=9 -i ifj=2L-1
0 otherwise

xl
Now we can prove the general EXCLUSIVE-OR of Bits Theorem by using embedding and

reflection of the parity function.

Theorem 56 (EXCLUSIVE-OR of Bits)

If f is an L bit EXCLUSIVE-OR clause X {(m.n) then
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if j=0

1S

w) = < —%u"j(lmpack(n.m)) if j=m

0 otherwise

Proof:

Let f(z) be the function X(m.n)(z). that is the application of the function X (m.n) to

the bitstring z.
X(m.n)(z) = X(1.n)(pack(x.m))
= X(1.0)(pack(z.m)=n)

Therefore. X (rn.n)(r) is simply the embedding of the function X (I.n) using mask rn where
X(1.n):BP0"W B, This can be further reduced to an embedding of the function: X (1.0)
reflected about n. But. X (1.0) is just the parity function. Let g(r) be X(1.0). So working

backwards from the Walsh Coefficients for Parity Function Theorem:

p
% ifh=0
'lU'q = 1 : be(m)
k -3 ifh=2 -1
0 otherwise

\

Then using the Embedding with Reflection Theorem:

%’t/}o(unpack(n. m) ify=0

and
wy = 9 — 3¢, (unpack(n.m) if j =m

0 otherwise
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which immediately simplifies to the required equation.

]

R

The way [ stated the theorem was for easy comparison with the disjunctive and conjunc-
tive bit theorems. The expression could be further simplified by noting the Walsh function
is just performing a parity check of the negation mask.

The important thing to see here is that all but two of the Walsh coefficients are zero.
That means that the EXCLUSIVE-OR clause is the fundamental function that sets the Walsh
coefficient whose index equals exactly the variable mask. Hence. given the set of Walsh
coefficients for a function. one can reconstruct the function as a linear weighted sum of
EXCLUSIVE-OR clauses with wy adjusted by adding a constant. But. this is not surprising.

since if we return to the definition of the Walsh function:

vy (2) = Y(EP (il A jED)

t=0

we see that the Walsh function is an EXCLUSIVE-OR of the bits selected from r by mask j.

This is:

uy(r) = X(J.0)(r)
5.3 Combining Logical Functions

In this section. we discuss briefly the combining of logical functions.

Theorem 57 (Disjunction of Functions)

If f(x)= fi(x)V falr) V...V fiu(x) where the f, are logical functions. then

‘U/'" = Z u,fl —_ Z 'UV;C’AIJ + Z u7;’l-'/\fj/\fk — (—l)rll'lU;,;,AfJA-“/‘f'n

I1<i<m 1<i<y<m I<i<y<k<m

Proof:

We begin with the Logical Function Summation Theorem applied to our disjunction of

functions.
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|

v 2Ly N .
w, = _TLL_ Zx:O (L)U.J(l)
2L

=3 i (1) V f2(i) V...V frm(8)) w(0)

— 1 ol (7
= 5T 2y falV e S (1)=1 ¥ (2)

But this is really a problem of sumining the v,(i) for each ¢ where the OR of the functions f,
is true. This is equivalent to the classic counting problem solved by the Inclusion/Exclusion

Principle of combinatorics {Niven. 1965). giving us:

u,‘-]f = ;%E(Zlfzfm (Z:;L(;)zl 7.")(3)) —
Z1§I<ng(z::f,(:),ﬂfj(:‘,zl 'd’j(.‘:)) -+

Zl§:<1<k§m(Z::_f,(:)/\j'J(:).-\jk(:)_—_l U"J(:)) -

(=)™ ZJIL(:):’JJ(:)"\---/'\fn.(:>:l U’J(:))

or:

od — 1 e [~
uy = Zlg:gm (_»_ E::f,(:):l UJ(~)> -
i VY
Zlg:v(_;gm(ﬂ' Z::f,(:)/\fj(:)zl ’U’J(")) -

i iy (-
lez<,<k5m(?lf Z::f,(:)Af,(:)Afk(:):l dy (2))

(=1™(GE Zpansyoinnntm(z=1 ¥2(2))

and the theorem follows.
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The following corollaries are based directly on the set based reasoning in the previous
theorem. Repeated application of the first corollary can be used to prove the theorem.
Using that same reasoning. the second corollary can be used to prove an EXCLUSIVE-OR of

Functions theoreni. but that is left as an exercise to the reader.

Corollary 57a

If f(x) = a(x) Vv b(z). where a and b are logical functions. then

where w? is the Walsh coefficient for the conjunction of the two functions a and b.

&
Corollary 57b
If f(x) = a(xr) & b(rx). where ¢ and b are logical functions. then
u"’j =) + wﬁ' - 211’;’""’
aE

Even though the next corollary is a restatement of the more general theorem that is
true for any function a and b. we include it here to draw comparisons with the previous two

corollaries.

Corollary 57c¢

If f(x) = a(x) + b(x) where a and b are logical functions then

a b
u” = u w
u u.J-{-zLJ

f
J

&

This last corollary says that if the functions are special cases in which there is no epistatic

interaction between them t:en all the higher order sums in the Disjunction of Functions go
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to zero.

Corollary 57d
If f(r) = fi(z)V folz) V ... V fi(x) where the f; are logical functions and ¥ i.5 €

{L.2....k}.i#j that f(x)Af(x) =0 V€ B then

k
ol = 3wl
=1

Proof:

This follows immediately from the Disjunction of Functions Theorem since all interaction

terms are now zero.

&

5.4 Final Observations about Logical Expressions

With the above theoremns. it is now easy to compute the Walsh coefficients and the maximum
mumber of bits of interaction () for the various important classes of logical expressions. In
the case were the function is the arithmetic sum of the logical value 0.1 from each of the
clauses. the maximum number of bits of interaction is the maximum number of variables
in any one clause. In particular. in the case of a MAXKSAT the value is k. In the case of
pure CNFs or DNF's the maximum number of bits of interaction is the number of distinct
variables in all of the clauses. Given anyv logical expression where the values of the variables
arc extracted from a bit string one can compute the Walsh coefficients as follows. First
convert the logical expression to DNF. Then use the Disjunction of Functions Theorem to
combine the clauses into conjunctive clauses. For each of the conjunctive clauses use the
Conjunction of Bits with Negation Theorem to derive the Walsh coefficients. The resulting
Walsh coefficients are summed as prescribed by the Disjunction of Functions Theoremn. The
shows that the Walsh coefficients of an arbitrary logical expression are the sum of the Walsh
cocefficients of conjunctive clauses of the expression in DNF minus interaction terms between
pairs of clauses plus interaction terms between triples of clauses etc. Note that this quickly

becomes a computational burden if there are a large number of clauses. This also means
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that maximum number of bits of epistasis for a given arbitrary logical expression is equal
to the number of distinct variables in the expression. However. note that the magnitude
of the Walsh coefficients for interactions between clauses decreases as 1/2". where n is the
number of distinct variables in the interacting clauses.

One of the most interesting observations about these theorems is the fact that the only
difference in Walsh space between C(m.n) and D(m.n) is the sign of the Walsh coefficients

and the magnitude of wg. This is. as [ have shown. is a consequence of De Morgan's Laws.

5.5 An Application of Logical Expression Analysis

The logical expression theorems in this chapter are much more versatile than they may
appear at first. Some functions that we want to analyze may not appear to logical functions

but can be recaste as functiouns involving logical expressions. The bitcount function. bc. is

an example.

Theorem 58 (Walsh Coefficients for Bitcount)

If f is the L bit bitcount function be then:

L if k=0
u‘f = { 1 . .
k -5 if £ =2/ for some j
0 otherwise

Proof:

f can be recaste as a MAXSAT problem by simply adding up the value of each bit

position:

L—-

L
flz)=_ C(2.0)

=0

If g, = C(2/.0). then we know by The Conjunction of Bits with Negation Theorem:
147

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0 if A2

9
wy' =
vk (unpack(0.27))  if kC 2
which reduces to
0 if kg 2/
wf,’ =

() if kC Y

Note that this sets both wg and w,, to nonzero values. Therefore. since

L-1
apd — 2 ds
ll/k = lLk
J=0
combining the L Walsh coefficient expressions and recognizing that ¢(2/) = -1 when
k=2
.
L if k=0
oyd = . )
Wiy =9 -1 if k=2 for some j
0 otherwise
\

2t

We could have deduced that this would be the answer based on the bitwise linearity of
the function and that ur({ is the average of the function values but. this demonstrates that
the recasting of a function as a logical expression can be a very powerful tool. This is not

the last time we will use this trick.

5.6 Summary

This chapter covered the detailed analysis of logical expressions including an introduction

to the famous MAXSAT problem. We saw that bits that were interconnected by AND’s or
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OR’s tended to have epistatic interactions amongst all the bits. However. when clauses were
connected by plus then the Walsh coefficients are summed so the maximum epistasis (Q)
is limited to the maximum number of distinct variables in the clauses. Hence. the Q of a
MAXKSAT problem is . A procedure was outlined for computing the Walsh coefficients of
any logical expression via the theorems from this chapter. We also saw that bits that were
interconnected by EXCLUSIVE-ORS could be used to select one specific interaction. Finally.
we saw that sometimes recasting a problem as a logical expression gives us a powerful tool

for Walsh analysis.
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Chapter 6

Landscapes of Limited Epistasis

Chapter 3 introduced the concept of embedding a function in a higher dimensional space.
The result was a function whose epistasis was limited in comparison to the full size of the
domain. If a function f has epistasis such that Q(f) < dim(f). then I called the function
a function of limited epistasis. In chapter 4 we saw that polynomials of limited degree
or functions whose arguments where extracted with a limited number of bits would tend to
have limited epistasis. In the chapter on logical functions we saw that bounded clause size
produced functions of limited epistasis for functions that were sums of logical clauses. [ have
proven many properties about the epistasis of two major classes of problems: polvnomials
and logical expressions.

In this chapter. we will look at a way of combining functions of smaller dimension into
a larger space called embedded landscapes. These functions also produce functions of
limited epistasis. T will perform Walsh analysis on these functions and discuss their proper-
ties. I will then show that two important function classes. NK-Landscapes and MAXSAT
problems. have surprisingly similar mathematical structure and are both subclasses of em-
bedded landscapes. Our knowledge about embedded landscapes will let us quickly deduce
several properties of these function classes and point out how they might be different. In
the process. I will develop the technique of using the Walsh distribution to discover the

epistatic structure of a function.
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6.1 Embedded Landscapes

An Embedded landscape. f : BY—3X. can be expressed as the sum of P embedded

functions:
P-1
f = Z g(g_}“m_})
=0
that is
P-1
flz) = Zg,(pack(x.mj))
J=0

Each g, : B*"™)—Z is an interaction function that weights the interaction captured
by the bits selected by the interaction mask. m, € B~. There are no restrictions on the
number of functions. P. or the number of 1 bits in each interaction mask. or the values
returned by the interaction functions. The term embedded landscape comes from the idea
that the g, are often of lower dimension than the number of bits in the landscape. N. and
are embedded in the higher dimensional space via function embedding.

Embedded landscapes allow us to independently control several important aspects of a
function. By adjusting the value P. we control the number of subfunctions defined over
different partitions of the search space. We can. for example. study functions with a variety
of densities and distributions of subfunctions. With mn,. we can control the exact overlap
between subfunction domains. For example. this could be used to study interaction and
competitions between different partitions of the search space during genetic search. The
subfunctions. g,. control the ordering by fitness of hyperplanes in each partition defined
by m,. They also allow us to compare functions constructed out of simple basic classes of
smaller subfunctions such as pit. random. linear and unimodal functions.

All of this can be done without invoking embedded landscapes. the model provides a
ready-made conceptual and mathematical model with several useful orthogonal ~knobs™
for adjusting function structure. Furthermore. embedded landscape’s simple weighted in-

teraction model has the potential to represent many combinatorial problems that are the
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sum of the effects of a limited number of interactions between objects. Such problems
might include graph. flow. and network problems. As a test function generator. embedded
landscapes provide the control and variety of important features needed for testing and
analysis.

The history of embedded landscapes is short. Lee Altenberg (Altenberg. 1994: Al-
tenberg. 1996) first introduced the idea of a generalized NK-landscape. a precursor to
embedded landscapes. with a vector of interaction masks in the form of a matrix. His
work only dealt with random interaction functions and was only intended as an extension
of NK-landscapes. I independently created a generalization of NK-landscapes in (Heck-
endorn and Whitley. 1997) in which [ referred to the concept as an NKP-landscapes. With
NKP landscapes. I emphasized the generality of the embedded functions. Pointing out
that the embedded functions need not necessarily be random functions. Since then my
NKP-landscapes have been examined by other researchers (Smith and Smith. 1999). In
(Heckendorn et al.. 1999) I wanted to emphasize the embedding concept. so [ have changed
the name from NKP to embedded landscapes. I reluctantly chose to use the word ~land-
scape” to show an association with NK-landscapes even though the connectivity of the

domain is not specified.
6.2 An Analysis of Embedded Landscapes

An embedded landscape is a sum of simpler lower dimensional subfunctions. This method
of combining subfunctions simplifies the analysis of embedded landscapes. To understand
the structure of embedded landscapes. we must first understand how each lower dimensional
subfunction is embedded in the higher dimensional landscape.

Let’s briefly revisit function embedding for a single function in the context of an em-
bedded landscape. Consider a subfunction g : BY — = from an embedded landscape in the
space BL. Assume the function uses mask mn to select the interaction bits. g(pack(z.m))
is now a function in B in which all of the elements in hyperplanc h,, pick(r.m) are set to
g(pack(z.m)). Arranging the function values in a matrix by hyperplane. we get a matrix

of function values with constant values for the elements in each column.
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— pack(r.m) —

g(O) y(l) _(/(2) g(?b((m'} -1
i
g(0) g(1) g(2) ... g(QbC(m} — 1) (6.1)
pack(z.m)
g(0) ¢g(1) g¢{2) ... y(ch(m) - 1)

Note that this matrix results from embedding just a single function ¢ into f. From the
matrix we can see that embedding a function using mask n induces a partitioning of the
function domain and all the strings in each hyperplane of this partitioning of f are assigned
a single function value as their fitness. This can be expressed simply by an example. If ¢
uses mask 0001110000. then strings in f that are members of hyperplane **x000**xx all
have the same evaluation: all the strings in hyperplane **x001%%xx also all have the same
evaluation: etc. Thus. a plateau phenomenon results in which flat regions. correspouding
to specific hyperplanes. are present in the function. I will address this feature further in
the analysis of this class of functions.

One of the major uses of embedded landscapes is to create functions by combining a
nutnber of smaller and often simpler subfunctions. Ewmbedded landscapes are sufficiently
general that any function can be expressed as an embedded landscape. However. if P2
becomes large in comparison with N. the interactions between the embedded functions
become difficult to study. Furthermore. if max,—g. p_i1(be(m,)) approaches N. then the

interaction functions themselves are not nnich easier to study than the whole function

itself.
6.2.1 Plateau Phenomena

When multiple subfunctions are used. the embedded landscape is the sumn of these sub-
functions. Each mask repartitions the space and each subfunction assigns values for each

induced hyperplane of the subfunction. Yet flat regions can remain. Features of embedded
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landscapes that tend to preserve plateaus are: small masks. overlapping masks. few sub-
functions. subfunctions that themselves contain plateaus. subfunctions that have a small
set of range values shared by all the subfunctions.

Formally. plateaus are a connected set of points in the domain that all have equal
fitness. By connected I mean connected in the graph theoretic sense: we assume points
are nodes and two points have an edge between them if they are Hamming distance one
apart. Plateaus can. in fact. be defined for any neighborhood operator. It is best however.
if the neighborhood represents paths that would be frequently chosen by the recombina-
tion/mutation operators of the algorithm of interest. Plateaus. as we have defined them.
can cause difficulty for stochastic optimization algorithms that strongly rely on moves in
Hamming space. This is because for points in the interior of the plateau and many along the
edges. there is no productive fituess selection information. It is essentially an informationless

surface.
6.2.2 Walsh Analysis

We know from the Embedding Theorem that if a single function ¢ : BY — = is embedded in

a higher dimension space. BL. L > Af. using mask m. then the resulting function f : BF— =

has Walsh coefficients:

{] - .
9 tCm

'“"park{ )

0 otherwise

where w9 and w/ are Walsh coefficients for ¢ and f respectively: i.7n € BL._ be(m) = M.

The critical observation is that even though all of the function values in f may be nonzero.

f

only those Walsh coefficients. w;. with ¢« € m can be nonzero. That is. for the Walsh
transformed function W(f). hmg contains the only nonzero Walsh coefficients. This leads to
a second important observation: embedding a lower dimensional function. such as ¢ above.
in a higher dimensional space. as with function f above. neither increases the number of

nonzero Walsh coefficients nor the maximuin level of epistasis.
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In terms of the matrix of Walsh coefficients. applving the Walsh transform to the earlier

matrix (eq. 6.1) for the emnbedded function g yields:

— pack(r.m) —

W wWp Wy ... Wobcimr_)
T 0o o0 0 .. 0
pack(z.m) : :
i 0 0 o0 0
0 0 0 0

where the w, are the Walsh coefficients for ¢g. (It is critical to note that the indices shown
here are taken from g: their indices in f depend on the mask rn.) Notice that the only
nonzero Walsh coefficients have an index whose 1 bits are contained entirely in the mask
m. Therefore. there are at most 277U nonzero Walsh coefficients. All the other Walsh
coefficients are zero. This is reasonable since bits outside of mask m should have no effect
on the value of the higher dimensional function. Note that for values of be(m) <« L. the
ratio of nonzero Walsh coefficients to the total muunber available becomes exponentially
small. which strongly constrains the complexity of the function.

We use this to illustrate what happens as the number of embedded functions increases.
When P = 1. the landscape cousists of the embedding of a single subfunction g by a mask m
resulting in every value in hyperplane h,, ; being assigned g(z). In Walsh space this makes
the Walsh coefficients in the hvperplane Ao the only possible nonzero Walsh coefficients.
As P increases. the additive property of Walsh coefficients. instilled by the linearity of the
Walsh transform. means that successive nonzero hyperplanes hiy; o are added in the Walsh
space while in function space. successive layers of constant hyperplanes h,, . are added.

Plateaus are guaranteed to exist in embedded landscapes for small P and small to

moderate size interaction masks. As we saw with a single embedded function (P = 1). the
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space is partitioned into 221} hyperplanes. each partition being a plateau of 20 1) iy
size. A second (P = 2) embedded function tends to redivide the space into a new set of
hyperplanes cutting each hyperplane into 2°<™2} pieces. To be precise. two subfunctions
with interaction masks m; and m, produce at most 20€mV™2) plateaus each 2bctruvm)
strings in size. Depending on the value of the subfunctions. there may be fewer and larger
plateaus. This extends in the obvious manner to larger numbers of subfunctions.

As P increases. the overlaving of partitions tends to redivide the space into smaller and
smaller plateaus. exponentially increasing the number of plateaus by 22¢™:). As we will see.
this process is slowed in the case of embedded functions which themselves have plateaus.

The Walsh coefficients of an embedded landscape are easily calculated from the Walsh

coefficients of the subfunctions.

Theorem 59 (Walsh Coefficients for an Embedded Landscape)
If f:Bl—Z is an embedded landscape with P subfunctions. g, : B*™) = and

interaction masks rn, € BL. then

d — § : oo
= u pack(y.m,)

J=m,
where w/ = 0if j Z m,. Vi€ {n.l.2.. .. P -1}
Proof:
The theorem follows from The Sum of Functions Theorem and the identity given by the

Embedding Theorem:

-’ . .
U ack(em) if (Cm

0 otherwise
3
The theorem points out that the only nonzero Walsh coefficients are those where the

index of the Walsh coefficient is entirely contained in at least some interaction mask for the

landscape.
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Because it will come up so often I define the function maxdim( f) for embedded landscape

f as:

. P-1 .
maxdim(f) = madx dim(g;)
1=

where g, are the P subfunctions of f

The next theorem gives one of thie most important properties of an embedded landscape.

Theorem 60 (Polynomial Time Walsh Analysis)

Let f be an embedded landscape with P subfunctions. g, each of which uses an inter-
action mask of m,. If the maxdim(f) < K where R is a fixed constant independent of the
dim(f) then all of the Walsh coefficients of f can be computed in polynomial time relative
to dim(f).

Proof:
[t is easy to enumerate all of the nonzero Walsh coefficients of an embedded landscape.

The " subfunction contributes to Walsh coefficients:

ud

{" unpack(0. m,)" u unpack{t. m,)" ~°°° u lmp:trk('_’b“ "o m,)

Each of the P subfunctions contributes to at most 2% Walsh coefficients. The rest are zero.
Therefore. there are at most 277 nonzero Walsh coefficients that need to be computed.
where A and P are coustants. Each of these can be computed in polynomial time via
The Walsh Coeflicients for an Embedded Landscape Theorem. Therefore. all of the Walsh

coefficients can be computed in polynomial time.

&

[t is clear that even though an embedding of a function f may be nonzero for every
value in the domain. the © of the function is not increased by embedding the function. This

concept is distilled in the following theorem.

Theorem 61 (Embedded Function Epistatic Limit)

Let g : BM —R and f : BE—R. If £(g.m) then Q(f) = Q(g)

Proof:
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Since there is a 1-1 correspondence between the nonzero Walsh coefficients of f and g:
and since bc(i) = be(pack(i.tn)) for i C . the sets of Walsh coefficients for any given
number of interacting bits must be identical. and hence Q(f) = Q(g).

1]

The result for an embedded function can now be easily extended to an embedded land-

scape.

Theorem 62 (Embedded Landscape Limit)

If f is an embedded landscape with embedded subfunctions ¢; then

P-1
Q(f) < max Q(g:)

Proof:
Let g/ = E(g,.m,). ¢ : BP—R. We know from the Embedded Fuuction Epistatic Limit

Theorem that the Q(g)) = Q(g;). From this it is clear by the Function Sum Theorem that:

P—1
Q(f) < X g.)

&

This theorem savs that even though the embedded landscape was defined over L bits.
the maximum epistasis of the function is no larger than that of its most highly epistatic
subfunction. This. of course. doesn’t mean that the function is just as easy as solving the

subfunctions independently.

6.3 The Distribution of Walsh Coeflicients

In this section. I first analvze how embedded functions and landscapes cover the space of
Walsh coefficients. I then show how to calculate the coverage more exactly if the masks
are known and discuss the limitations of this computation. I will develop an important
technique of using the distribution of possible nonzero Walsh coefficients as a signature of

the breadth of possible functions obtainable by a class of functions.
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Knowing the maximum epistasis is not as informative as knowing the distribution of

nonzero Walsh functions called the Walsh distribution. This is measured as a vector K

where K;. the it" Walsh count. is a count of the number of nonzero Walsh coefficients of

order z.

Theorem 63 (Walsh Distribution for an Embedded Function)

Let f = E(g.m) where f: BF—Rand g : BY— R

Proof:

Let f = £(g.m). We know from the Embedding Theorem that Walsh coefficients of
f are the same as those of the subfunction g. We also know from our earlier discussions
that a Walsh distribution of a function with all possible Walsh coefficients nonzero. forms
a binomial distribution. If all the Walsh coefficients of g are nonzero we know that the
distribution of the nonzero Walsh coefficients in f is also a binomial distribution and hence

each Ky must be bounded by (}?')

&

Note that this theorem doesn’t say that the it is (S“,‘,f")) since Q( f) does not limit
the potential number of nonzero Walsh coefficients of any order less than or equal to Q(f).
The following corollary suggests that because the distribution of the embedded function
is binomial and the tails are limited by A and not N the number of potentially nonzero

Walsh coefficients can be very small. We'll see this more dramatically later.
Corollary 63a (Embedded Function Sparseness)

Let f = E(g.m) where f : Bb— = and g : BY — = There is at most one nonzero Walsh
coefficient of order Af and that is u,,.

Proof:

That there is only one follows immediately from the binomial distribution. That it is

w,, follows from the Embedding Theorem.

uh
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Note that as with the earlier theorem. this does not say that there is necessarily only

one nonzero Walsh coefficient with the highest epistasis.

Theorem 64 (Embedded Landscape Sparseness)

If f is an embedded landscape with P embedded subfunctions g, then there can be no

more than P Walsh coefficients of order maxdim(f).

Proof:

This follows immediately from Embedded Function Sparseness.

e

Suppose we wish to model a landscape as an embedded function. If the embedded

landscape is defined over BL. then there are (ma_\.(‘};-m(f)) different Walsh coefficients of

order maxdim(f). Therefore. by the Embedded Landscape Sparseness Theorem. one would

N

subfunctions to allow each of the Walsh coefficients to be nonzero. This

nmeans for an embedded landscape to model any function of limited epistasis would require

potentially very many subfunctions or that the subfunctions be of limited epistasis as well.

Our reasoning about embedded landscape sparseness shows that the Walsh distribution

of a function tells us a lot about its structure. If common functions tend to be sparse

in Walsh space. then a compact way of expressing where the nonzeroness occurs. such

as a Walsh distribution. may provide a convenient signature of functional structure. The

signature may allow us to quickly decide when two functions are different in structure in

some fundamental way.

Theorem 65 (Walsh Distribution Limit for Embedded Landscapes)

If fis an N bit embedded landscape with P embedded subfunctions g;. then

N
Kr < miu(( )

R R R

R

o

=

Proof:

P=1, . ; g
(duu(g,)) ) < min (.\ ) . P(ma.\dzm(f)

)) (6.2)

The first upper bound is true because the number of nonzero Walsh coefficients can be

overestimated by summing the number of Walsh coefficients for the subfunctions as if they

were completely independent. The resulting value must be clipped by a min function to
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the total number of possible nonzero Walsh coefficients for a NV bit function. The second
upper bound is true because each subfunction could be more coarsely bounded by the most

epistatic subfunction in the landscape.

a2

In practice. there is a lot of duplication when embedding masks overlap. The result
is that the number of nonzero Walsh coefficients of order R is considerably less than our
proposed upper bounds. In many circumstances where embedded landscapes are used as

test functions the size of the subfunctions is constant. that is

dim(g,) = maxdim(f) Vi€ {0.1.2..... P -1}

I will call these a fixed size embedded landscapes.

For fixed size embedded landscapes the second upper bound applies with equal accuracy
as the first upper bound. Fixed size embedded landscapes are just as general as nonfixed
size embedded landscapes if the subfunctions are allowed to be functions of limnited epistasis.
Fixing the size at a value A gives us a single constant to talk about the size of the function.
rather than considering a vector of the dimensions of all of the subfunctions. For simplicity.
in much of the remainder of this chapter we will consider embedded landscapes to be of

fixed size.
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Table 6.1: The Upper Bound of Number of Nonzero Walsh Coefficients in a General 10
Bit Function vs the Number in a 10 Bit Fixed Embedded Landscape with 10 Subfunctions
Broken Down By Order R and © = A". When a Ratio is Given. the Numerator is the Upper
Bound on the Number of Nonzero Walsh Coefficients for the Embedded Landscape and the
Denominator is the Maximum Possible for any Function of Order N.

K—j 1 2 3 4 5 6 T 8 9 10

IR
0 1 1 1 1 1 1 1 1 1 1
1 10 10 10 10 10 10 10 10 10 10
2 - 10/45 30/45 15 15 45 15 15 45 45
3 - - 10/120 40/120 100/120 120 120 120 120 120
4 - - - 10/210  50/210 150/210 210 210 210 210
B} - - - - 10/252 60/252 210/252 252 252 232
6 - - - - - 10/210  70/210 210 210 210
T - - - - - - 10/120 80/120 120 120
8 - - - - - - - 10/45 45 45
9 - - - - - - - - 10 10
10 - - - - - - - - - 1
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Counsider a fixed size embedded landscape f with maxdim(f) = K. The ratio of the
maximun possible number of nonzero Walsh coefficients of order R in the landscape. P(',‘z-) .
to the total number of possible order R Walsh coefficients. ([\{,) is a good indicator of
sparseness of the coverage by embedded landscapes. Table 6.1 shows this comparison for an
10 bit embedded landscape of 10 embedded functions. The columns represent the varying
values of K. The rows represent the various orders. R. of Walsh coefficients for the function.
Therefore each column represents the Walsh distribution for a different embedded landscape.
Wherever a single number occurs in the table. the embedded landscape may have the
maximuin number of nonzero Walsh coefficients for that order. When a ratio is given. the

numerator is the upper bound on the number of nonzero Walsh coefficients for the embedded

landscape and the denominator is the maximum possible for any function of order V. For

instance. for an embedded landscape with N = 10 and A = 5 there are (1_)0) = 252 Walsh
coefficients of order 5 but at most 10(2’) = 60 of them can be nonzero in the embedded
landscape.

Lol Walsh Coet,

Potent ialto

n

z . [ 2 pas

Orderofvalsn Coel.

Figure 6.1: Walsh Coefficient Distributions for an Arbitrary 10 Bit Function (Solid Line)
and for a 10 Bit Fixed Embedded Landscape (Dashed Line) with 10 Subfunctions Each
with Q=35

Another way to look at this 10 bit embedded landscape is presented in Figure 6.1. Here

the x-axis represents the order. R. of the Walsh coefficients. The y-axis represents the num-
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Figure 6.2: Walsh Coefficient Distributions for an Arbitrary 20 Bit Function (Solid Line)
and for a 20 Bit Fixed Embedded Landscape (Dashed Line) with 20 Subfunctions Each
with Q = 10

ber of possible Walsh cocfficients of that order. A’. which is also the © of the subfunctions.
is 5. The solid line represents the maximum number of possible nonzero Walsh cocfficients
for an arbitrarv function over the 10 bit domain. The standard continuous Gaussian ap-
proximation for a binomial distribution is used to ease visualization (Mendenhall. 1967).
The dashed line shows the maximum munber of nonzero Walsh coefficients for a 10 bit
embedded landscape with 10 subfunctions and the €. for each subfunction of 5. This graph
shows that the greatest number of possible Walsh coefficients are of order N/2 or 5. When
the 10 functions are summed. the coverage is increased 10 times and the left tail of the
upper dashed curve arches above the solid curve. It is the minimum of these two curves. as

per Eq. 6.2. that limits the total number of Walsh coefficients for the embedded landscape.
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Figure 6.3: Walsh Coefficient Distributions for an Arbitrary 20 Bit Function (Solid Line)
and for a 20 Bit Fixed Embedded Landscape (Dashed Line) with 20 Subfunctions Each
with Q = 15
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Table 6.2: The Upper bound of the Coverage and Intersection Poiuts for embedded land-

scapes

P=N=40 P=N=80
K Coverage [ K Coverage I
0 | 1.00E+00 2110 | 1.OOE+00 2
1 | LA2E-03 248 | 1.32E-07 2
8 5.21E-05 316 | 7.65E-11 3
12 | 1.53E-05 40024 ] 422E-12 4
16 | 2.21E-05 5 32 ' T.8LE—12 B3]
20 | 1.11E—-04 6 40 | 2.31E-10 T
24 | 1L2TE-03 8 I 18 | 3.79E-08 9
28 1 1.93E-02 10 ' 56 | 9.04E-06 12
32 | 2.7T6E-01 16 §j 64 | 244E-03 19
36 | 9.93E-01 28 |l 72 | 5.2TE-01 36
39 | 1.O0E+00 — 179 | 1.O0E+00 -
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As N increases. the discrepancy between embedded landscapes and arbitrary functions
of Q = A becomes increasingly pronounced. In Figure 6.2. the solid curve is the potential
number of nonzero Walsh coefficients for a 20 bit function. while the small dashed curve at
the bottom of the graph is the distribution for an embedded landscape of 20 functions with
Q = 10. In Figure 6.3. the dashed curve is the distribution for an embedded landscape of
20 functions with  now set to 15. This illustrates that as Q increases and the mean of
the distribution of nonzero Walsh coefficients moves to the right. When Q = .V all possible
functions of order N are covered.

In Table 6.2. we give the intersection points and coverage for embedded landscapes of
N = 10 and N = 80 for various values of A" and the number of subfunctions P equal
to N. The coverage is the ratio of the number of possible nonzero Walsh coefficients to
available Walsh coefficients. The intersection point. I. is the intersection of the maximum
possible coverage of N independent K order functions and the limit imposed by the general
N bit function. I can be found at the intersection of upper dashed line and the solid
line on the graph. as measured in bits of interaction. Note that I remains sinall for most
values of A" and only nears ¥V when A nears V. This allows the nuinber of nonzero Walsh
cocfficients for an embedded landscape to be approximated by V28! for most values of A
except near 0 and N. The number of available Walsh coefficients of a given order or less
is approximately 2! for A > N/2. Therefore. for K > N/2 and not near N. an upper
bound for the coverage is 4+N/2¥ =/ As K decreases from N/2. the number of coefficients
for an embedded landscape continues to decrease by powers of two while the number of
available coefficients initially decreases more slowly. Thus. for most A < N/2. where K is
not near 0. the value of the coverage is less than it is at A = N/2 giving an upper bound

of 4N /2N,
6.3.1 Computing the Walsh Distribution by Masks

In the previous section we showed an upper bound for the distribution of nonzero Walsh
coefficients. This assumed that none of the N bit positions has a 1 in more than one of the

interaction masks myp. If we know the set of masks. we can better predict the upper bound
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of the distribution of Walsh coefficients. This gives us some insight on how overlapping
regions of bit interaction interfere to reduce the diversity of functions as seen by the Walsh
coefficients.

We know from the Embedding Theorem that the nonzero Walsh coefficients for the
embedding of a function must have indices that are contained in the mask used for the
embedding. That is. if f = £(v.m) then wlf # 0 only if 7 C m. Each interaction mask can
therefore generate 27 ~! nonzero Walsh coefficients in the final function. but only if there
is not any overlapping between masks.

But suppose there is overlapping. Let’s examine the case of a function f that is com-
posed of the sum of the embeddings of two functions. f; and f.. based on corresponding
overlapping masks m, and ma with be(m;) = 6, and bc(mna) = 8>. Assume the masks
share 6,2 bits in common. i.e. be(my Arns) = éy». The maximumn number of nonzero Walsh
coefficients for function f is the sum of the coefficients covered by the two functious minus

the coefficients duplicated by the intersection.

20 9t DISE

- -

In fact. because of the 1-1 correspondence established in the corollary to the Embedding
Theorem. we know that the Walsh counts K, for f; and f, for a given ¢ can only influence
the order ¢ Walsh count for function f. Therefore the above upper bound can be stated

more strougly as:

K/ <kl + -k

where K! is the i** Walsh count for the function generated by an embedding based on
and K!? is the Walsh count for a function generated by an embedding based on ny A ma.

For example: In Table 6.3 we assume the function f is composed of the embedding of two
functions f, and f» on the domain B* expanded with the respective masks m;, = 1110001
and my = 0011101. The first column is the order of the Walsh coefficients being counted.

Since the masks are 7 bits long. the domain of f is B". and therefore. there are 8 different
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Table 6.3: Example Walsh Count Computation

R I <« I ol

~1
o
o
o
o
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Walsh counts for f and the embeddings of f; and f». The second column is the distribution
of the maximum number of nonzero Walsh coefficients for the embedding of f; given that
the embedding was done using a mask with 4 bits set. f» is similarly represented in column
three. The fourth column is the maximum number of nonzero Walsh coefficients that are
duplicated in the interaction of the two masks. The duplicate counts are subtracted and
vield the final column which is the maximum number of nonzero coefficients for the given
masks.

In general. by using the Inclusion-Exclusion Principle (Niven. 1965) from combinatorics

K—'f.___ Z: ]65 _ Z K—lj + z leljk .. _(_1).\'}6(ailmasks)

1< N 1<i<y<N 1<1<y<k< N

The first term in the expression represents the sum of the coutributions of each mask
if the masks were all disjoint. Each successive sum in the expression is an interaction term
for increasing numbers of masks.

Why doesn’t this provide a formula for the exact number of nonzero Walsh coefficients?
The answer is best illustrated by going back to the two mask example. The Walsh counts
do not contain all of the information necessary to determine which Walsh coefficients are
covered by both f; and f, when all possible Walsh coefficients of each order are not covered.
Of course. an exhaustive listing of which coefficients are covered and which are not by each

embedding function will determine the exact coverage.
6.3.2 Summary Statistics for Embedded Landscapes

Walsh analysis can be used to compute the summary statistics (mean. variance. skew. ...)
for a function. Clearly. computing summary statistics for arbitrary fitness functions would
require exponential time relative to the size of the domain in bits. However. we have shown
that the Walsh coefficients for an embedded landscape can be computed in polynomial time
relative to the number of bits in the domain of the function and in polynomial time relative

to the number of clauses. Finally. we showed that there were a polynomial number of
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nonzero Walsh coefficients. Sorava Rana suggested that the r'® moments of the functions
might also be computed in polynomial time and did some preliminary work on a proof.

In this section. we show that given the Walsh coefficients of a function it takes a polyno-
mial time. as measured in the number of nonzero Walsh coefficients. to compute a variety
of statistical moments. With that result. it is easy to show that given the Walsh coefficients
of an embedded landscape. it is a polynomial time transformation to compute a variety
of statistical moments. Goldberg and Rudnick (Goldberg and Rudnick. 1991) have used
Walsh coefficients to calculate fitness variance for fitness functions and hyperplanes. but I
exceed their formulations by computing moments of arbitrary degree about three different

nmearns.

Given the mean. the formula used to compute the 7% moment. denoted .. for a discrete
p /

random variable X is:

we = E(X —p)] = D> (& —p)ple) (6.3)

r=\
1 plr) is th bability of o ino. Give he " \ itois v
where p(r) is the probability of r occurring. Given the 7" moment. it is easy to compute

the variance. skew and kurtosis for any fitness function (Spiegel. 1961).

. 2 s . X
variance = gy =0 skew = — kurtosis = —
2 ot o

There are three kinds of moment we will wish to calculate. First is the moment of
the entire function about the mean of the entire function. denoted p.  The second is the
moment of a hyperplane about the mean for the entire function. This tells us how the values
in the hyperplane compare with the average for the whole function. Finally. we want the

moment of the hyperplane about the mean of the hyperplane.

Theorem 66 (Moment about Function Mean)

The moment about the mean yu for function f given the Walsh coefficients of f is:

tr= E Waq, Wq., ... Wq, - a; # 0V

ar>.. . Za,=0

llv

ay
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Proof:

For the '* moment calculation. I assume each function value is equally likely. Therefore

by definition of moment in Equation 6.3: for f : B*— % and p(x) = ;1

(r — )"

reN

Since X represents a real valued function over an L bit domain then

l\‘a

=_LLZ (flz) =)

We can then substitute for f with the Walsh representation of f:

2L 2l ’
fr = E w v () —
r=0 =0
Since p = wg. and wy(r) =1 Vr:
oy C r
r = 3T E E w, g ()
- r=0 1=

We can now expand the exponential creating a set of r indices a, where a, € B-

2 ok \ /2t 2Ly
1 , :
=3I Z Z Wy, Yq, (L) Z Wa ,Was () | ... Z Uy, Uy, ()
r=0 ay=1 ax=1

ar,=1

Since the Walsh coefficients do not depend on r. the formula can be rewritten as

1 L B B 2l
Hr = 5L tt E Wy, Wy - -« Wy, E L"al Un»(")---d"ar(f)
- ar=1a>= ar=1 r=0
Using the fact that for arbitrary p and g: ¥, (£)¥q(z) = Wpzq(x):
p 2=t 2k 2Lk
Hr=3T Z § : Wqy Wa, - . - Wa, wal'ﬁ-ﬂzé.-%ar(x)
“ a1=1 ax=1 r=1 r=0
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Now using the Balanced Sum Theorem we see that only when a; Sa>=...Za, =0 is

the inner sum nonzero. Therefore.

1 .
Hr= 5T E Wy, Wa, - - - u'a,‘ZL. a, #F0V 1
T a1Zaai.Za,=0
= E Wa, Way - - - Wa, - a, #F0V i (6.4)
a1<arz..Ta-=0

&

To summarize. given the set of nonzero Walsh coefficients. we can compute the r'”

moment for the fitness distribution using products of the Walsh coefficients such that the
exclusive-or of the indices is zero.
This formula allows us to compute the variance. skew and kurtosis for any fitness dis-

tribution provided we are given the Walsh coefficients.

. 2 13 . Ly
rariance = s = g-  skew = =  kurtosis = i
o3 ol

For example. since a; S a» = 0 if and only if a; = a» then the variance for any function can

be computed

2k

E w,u,

=1
This is the formula I computed in our discussion of dot products.

Of course. this computation of the moment around the mean. if done directly. would
take O(2L7) time. However. in the case of an embedded landscape. only a polynomial
number of Walsh coefficients are nonzero. they are easily enumerated. and ouly the nonzero
coefficients need be considered. Selecting the indices to have even parity would counsist of
selecting the first r — 1 indices from the set of nonzero Walsh coefficients. The exclusive-or
of these would be taken and would be used as the desired r* index. The exclusive-or of the
T indices would therefore be zero. Using this simple strategy. it would take O(n"~!) time
to compute the 7 moment given the Walsh coefficients. where n is the number of nonzero

Walsh coefficients. In the case of embedded landscapes. the nonzero Walsh coefficients can
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be identified and computed in polvnomial titne. Since our moment computation strategy is
also polynomial time for fixed r. any summary statistics can be computed from Theorem
66 in polynomial time.

This same approach can be used to calculate summary statistics for hyperplanes. A
subtle feature of the derivation of moments from Waish coefficients is that wg was the mean
for the entire function. not just a hyperplane. So there are really two obvious tvpes of
moments for a hyperplane: the moment about the mean for the entire function and the

moment about the mean for just the hyperplane itself. We will treat these two cases in that

order.

Theorem 67 (Moment of Hyperplane about Function Mean)

The " moment of the elements of hyperplane h about the mean g for function f given

the Walsh coefficients of f is:

ir(h)= Z Wy, Wq, - . Wq Vg 2qy2 2, (i3Ch)). a, #0V:

ay-ar-==a, Talh)

Proof:

In the case of the moment of f in hyperplane A about the mean for the entire function:

1 r
wr(h) = “—”Z(f(z) - 1)

r=h

where g is the mean for the entire function. We now proceed as with the earlier derivation:

1 2L 12k 2k
pr(h) = m Z Z e Z Wy Wy, - .. Wy, Z"l’u;%ag-j—..»&-ar(f)
Tar=1aa=1 a-=1 r<h

Then applying the Balanced Sum Theorem for Hyperplanes we get:

1
pr(h)=— Y WaWay - Wa, (ay 2z za, (BRI, @i £ 0V

a;=ax=..=ar Calh)

Therefore. the 7 moment about the mean for the entire function over hyperplane A is:
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pr(h)= > Waytay - W, Vay zarzza (B(R). @, FOVi

ar»=...=ar Ca(h)

W

ay

l

Now consider the case where the mean used in the moment calculations is the mean of

the hyperplane. We denote this moment for hyperplane h as j.(h).

Theorem 68 (Moment of Hyperplane about Hyperplane Mean)

The moment of the elements of hyperplane h about the mean g for function f given the

Walsh coefficients of f is:

ir(h)= > WaytWay - Wa, ay 2ars e, (B(R)). @, La(h) Vi

ar=az=..=a.-Calh)
Proof:
We refer to the mean of the hyperplane as . Returniug to the original equation for

moimnent we get:

1
mm=m2mnwv

r<h
Substituting the Walsh transform for the function f and the results of the Hyperplane

Averaging theorem for g1 we get:

oL _

r

mMﬂ—Zuwme

I
=0 kCalh)

mm=iz(
[h] =

The left sum in parentheses can now be broken into two parts

Mm=%zX§:mMﬂ+2:%Mﬂ—E:WWWWY

Vreh MiCa(h) jCa(h) kCa(h)

Regrouping under the sums gives
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(LL’,L‘,(;ZT) - u’i'lr/’x(ﬂ(h))) + Z "UJ‘U”‘J(‘[))

mw=i2(sz
1A 15a(h)

iZa(h)

Note that £ € h and 7 C «(h) therefore. v,(x) = ¥;(8(h))! This means w,v;(r) —w, v, (3(h))

is zero and we get

th power as we did in the earlier proofs:

Proceeding with the expansion of the r

- 1 , :
ar(h) = — < Z 'l”al"r”al(-f)) ( Z 'wagwa-_)(-'[)> --- ( Z “"ur'war(I))
reh N a1 Calh) a:Ca(h) arZalh)

-1 DS

ax»Zalh)

E Wa, Way - - - Wq, Vg Zas+.. 2a, (r)

rch ayZath) arcalh)

E E T § Wy Wy, ... UWq, E Yy, ar=...-=a, (.I‘)
r=h

h
l [ a1 Calh) arCal(h) ar—a(h)

. Wa, A Wa a0z za, (B(R)).

1
D DERRID SEPAN
witha) S a2 & ... & ar C «(h)

aiZa(h) ax2Zalh) arZall)

Wy, Vay+ay<...2a, (B(h)

= E E E Wo, Way - - )-
withe SarS...&a, C a(h)

arZa(h) axZa(h) a-Zath)

Which is the same as saying:
E Wq, Wy - - “'n/d'tq—}a:i—...:%a, (g(h)) a, Z a(h) Vi

ay=axs..~a.-Talh)

fr(h)=
&

Note that when & is fixed as all =’s. that is. & is the whole domain then. a{h) = 0 and

the Moment of Hyperplane about Hyperplane Mean Theorem becoines the same as the first

theorem in this section.
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6.3.3 Embedded Landscapes and the Central Limit Theorem

Embedded landscapes take on the appearance of a sum of distributions. It would seemn that
the Central Limit Theorem should apply to them. In this section I present a conjecture that
[ have vet to prove and vet is an important contribution to understanding the statistical
nature of embedded landscapes. Mendenhall (Mendenhall. 1967) presents the Central

Limit Theorem theorem as:

If random samples of n observations are drawn from a population with finite
mean. p. and standard deviation. o. then. when n is large. the sample mean. 7. wull
be approrimately normally distributed with mean equal to p and standard deviation

a/\/n. The approrimation will becoine more and more accurate as n becomes large.

Bv -random samples” he means drawing each element from a finite population with
equal probabilitv. Mendenhall notes that the theorem can be restated in terms of the suin
of sample measures. Z:':I y.- [ this case the mean would tend to np and the standard
deviation would tend to ne. An obvious extension to this would be the sample sum can be
made from n possibly distinet populations so that. for example. y; is draw from population
p1 and y» is drawn from population p.. ete. If cach population p, represents a subfunction
in an embedded landscape. then the function value for the landscape represents the sum of

samples. S y,. In this case the smnple distribution will be normally distributed with a

n

y=1 - where g, is the mean of the i" population. There is one important

mean equal to Y
proviso. The domains of the subfunctions must be independent. If they are not. then
selecting a value for a subfunction biases which members of overlapping subfunctions can
be chosen. that is. the subfunctions are not chosen with equal likelihood.

I propose the Central Limit Conjecture for Embedded Landscapes that the
central limit theorem for sums of samples still applies to embedded functions even though
the functions are no longer truly randomly sampled. If this conjecture is true. then it is
a general property of embedded landscapes that as the number of subfunctions increase

the values for an embedded landscape tend to cluster about the mean with a predictable

standard deviation.
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6.4 The Walsh Analysis of Two Classic Problems

Test function generators have become a new standard in testing the performance of evo-
lutionary algorithms (Whitlev et al.. 1995b: Jong et al.. 1997: Heckendorn et al.. 1999).
Performing comparative studies between search algorithms is complicated by the fact that
there are few well-understood test problems available to researchers. Often a small test suite
of parameter optimization problems was used to determine algorithim performance. Using
this small seemingly arbitrary set of test functions provided a verv narrow view of perfor-
mance. Test function generators. on the other hand. allow researchers to have a virtually
limitless number of test problems that all fall within a broad class of functions.

Two well known examples of classes of test function generators are MAXSAT problems
and NK-landscapes. MAXSAT problems and NK-landscapes can easily be made into test
function generators because the problem definitions are general and simple. Both problems
have tunable parameters that allow the user to manipulate the character of the problems.
Since the domain for both MAXSAT and NK-landscape functions is the space of binary
strings. the representation issues and choice of genetic operators are simplified. These two
domains appear. superficially. to be ideal for testing the perforinance and behavior of genetic

algorithmms (Jong and Spears. 1989: Joug et al.. 1997). But are they?
6.4.1 NK-landscapes Defined

NK-landscapes (Kauffinan. 1993) are a popular experimental model for correlated land-
scapes (Weinberger. 1990) taken from the realm of theoretical biology. An NK-landscape
is a function f : BY—[0.1) where A is the number of bits in the string that epistatically
interact with each bit. An NK-landscape can be expressed as an average of N functions as

follows:

N1

1
flL) = ~ Z T,(pack(z.mj))
N =

Each r; : Bh=1—[0.1) is an evaluation function which gives a partial fitness for each bit

pattern formed by the value of the j* bit itself and the K bits with which it interacts.
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Each r, can be implemented as a table of 2% ~! random real values in the rand [0.1). Each
bit may interact with a possibly different set of K bits. To get this behavior. N masks.
m; : be(m,) = K + 1. are used to select the R bits that epistatically interact with the jth
bit. The j** bit itself is also selected by the mask. Therefore. be(m,) = K +1 and K must
fall in the range [0. N — 1]. The pack function uses the masks to select the interacting bits
and generate the arguments for the interaction functions r,.

One of the nice features of NK-landscapes is that A" acts as a tunable ruggedness control.
When A = 0. a bitwise linear function is generated. The resulting landscape is the average
of the weights associated with each bit and hence. assuming a Hamming neighborhood.
is highly correlated and relatively smooth. When K = N — 1 the function is random
and uncorrelated. Note that NK-landscapes. like embedded landscapes. are technically not
landscapes but rather functions. since no neighborhood description has been specified for

the domain elements (Jones. 1993).

6.4.2 MAXSAT Problems Defined

The second classic type of problem is MANXSAT which is based on the k-satisfiability or
kSAT problem (Hogg et al.. 1996). MAXSAT problems have been used as a testbed for

GAs (Jong et al.. 1997). We define the MAXSAT function f : BY— 2. as we did earlier:

c-1

flr) = Z ¢,(pack(.c.m )

Jj=u
where ¢ is the number of disjunctive clauses in the CNF and where r € B represents
the TRUE/FALSE assignments to cach of the N Boolean variables in the problem. Each ¢,
represents a Boolean evaluation function applied to the disjunctive clause that uses the &

variables selected by mask mn : be(m,) = k using the pack function. In this case ¢; : B*—B.
6.4.3 MAXSAT Problems and NK-landscapes as Embedded Landscapes

It is apparent from their definitions that both NK-landscapes and MAXSAT problems are
forms of embedded landscapes. Let’s look at an example of how a MAXSAT problem and

an NK-landscape can both be expressed as an embedded landscape. Let v = [A. B.C. D]
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be the vector of variables and vector r € B* be an assignment of Boolean values to the

variables. Consider the following the MAX2SAT problem:

(AVB)+(BVC)+(AVvC)+{BVvD)

and an NK-landscape with ¥ = 4 and K = 1 with the following bit interactions:

mg = 1100.m; = 0110.m+» = 1010.m3 = 0101

and associated epistatic functions rg.7,.72.73 to be described below. Both these functions
can be represented as embedded landscapes. For convenience. the functions are chosen so
they have the same interaction masks. The interaction functions for both problems are
defined in Table 6.4.

As an embedded landscape. the MAX2SAT has each disjunctive clause represented as
an interaction function ¢, and the value of ecach logical variable as a bit position in the

argument string. Then the MAX2SAT problem SAT : B'— B is

SAT(r) = co(pack(r.mng)) + ¢y (pack(r.my)) + ca(pack(r.ms)) + cy(pack(r.msy))

The NK-landscape NK : B'— 2 is

1
NK(z) = I('I'()(pél('k(;lf. my)) + ri(pack(z.my)) + ra(pack(z.m-)) + ry(pack(z.mny)))

with the interaction functions as shown in table 6.4.

6.5 An Analysis of MAXSAT Problems

Since a MAXSAT problem is an embedded landscape. the maximum level of epistasis. €. is
the maximum number of variables in any clause. To compute the Walsh coefficients for the

MAXSAT problem. we need to first compute the Walsh coefficients for the subfunctions.
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Table 6.4: Values of the Subfunctions for both NK-Landscapes anid MANXSAT Example

Problems

NK subfunctions 2SAT subfunctions
pack(z.m;) | ¢ T T2 T3 cg ¢ &  c3
00 0.31 041 059 026 1 1 1 1
01 0.3 0.58 097 093] O 0 1 1
10 0.23 0.84 0.62 0.64} 1 1 0 1
11 0.33 0.83 0.27 095 1 1 1 0

In this case. the subfunctions are the clauses. Let f be a MAXKSAT expression of ¢ clauses

with variable selection masks ... ... me and negation masks nyp.na.. ... n.. then

if j=0

f,lr >, - yom, Vylunpack(n,omy)y o if 5 >0

where v, is the j/" Walsh function. Notice that all of the Walsh coefficients for the single

clause are nonzero and all of them except wq are of eractly the same magnitude but vary

in sign. For example: for k =3 all w, = i,—l‘ for all j # 0. Since MAXSAT is an embedded

landscape. the Walsh coefficients for a MAXSAT problem is simply the sum of the Walsh

coefficients of the clauses. For randomly generated MAXKSAT problems. clauses tend to

have equal numbers of uegated and nounegated variables. Therefore. the value of n in

Equation 6.5 tends to be random. This causes w; to have random sign. As the number of

clauses. P. increases there is more and more opportunity for a given Walsh coefficient to be

the sum of larger sets of contributing Walsh coefficients from clauses (Rana et al.. 1998).

The more subfunctions contributing to a single Walsh coefficient. the more the potential
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values of the Walsh coefficients take on a binomial distribution about zero. Statistically. the
lower the order of the Walsh coefficients of the embedded landscape. the more the Walsh
coefficients of the subfunctions contribute to each Walsh coefficient for the whole landscape.

Since each clause in a MAXSAT problem is mostly 1 and returns a 0 for ouly one value
of its arguments. the subfunctions in MAXSAT are mostly flat. The plateau configuration
of the clauses combined with the fact that MAXSAT has the structure of an embedded
landscape means MAXSAT problems are nearly flat. Since each subfunction is itself a
plateau with a single minimum. each embedded function looks like a large plateau of fitness
1 with a single hyperplane basin of 0. Therefore the embedded landscape is a series of
overlapping plateaus with very little fitness contrast. Subdivision of the space by embedded
functions occurs by splitting the space into two regions of relative size 1 : 28 —1. This means
the largest plateau tends to only shrink as ((2¥ — 1)/2%)F leaving a single large platcau and
many smaller ones until the overlapping between subfunction masks interferes with this

simplified model.

6.6 An Analysis of NK-landscapes

In the case of NK-landscapes. the role of the embedded functions is played directly by
the functions '—{.-rj. Each embedded function produces random fitness values generated
uniformly between [0.1). Since the size of the masks used by the functions r, are K + 1.
the maximum level of epistasis for an NK-landscape must be K + 1.

The Walsh coefficient wg is in a tight normal distribution about 0.5. Since for all
w, : ¢ > 0 : ¢;(x) for fixed r has an equal number of +1's and —1's. w, is the difference
between the average of the 24! random function values with positive Walsh functions and
the average of the 2£~! random function values with negative Walsh functions. Therefore.
each average is approximately 0.5 with a normal distribution. The difference of the two
distributions yields Walsh coefficients w; : ¢ > 0 that are all random and very near zero.

The random character of the embedded functions used in NK-landscapes causes each
hyperplane to be assigned a different value in the implicit partitioning. When P = 1.

there are 27 *! hyperplanes each forming a plateau. As each embedded function is added,
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the plateaus tend to be redivided into 2! more hyperplanes. and the plateaus shrink
exponentially in size by 28 =1, In general. by the time P = N/(2R 1), there are no plateaus

left.
6.7 The NP-completeness of Embedded Landscapes

Although embedded landscapes can be quite limited in complexity. that doesn’t make them

easy. A decision language. L. is said to be NP-hard if

L' <, L forevery L' € NP

where L' <, L states that language L' reduces to L in polynomial time. A language L'
reduces to L if every instance of a problem in L’ can be re-expressed as an instance of a
problem in L (Cormen et al.. 1990). Let L, be the language correspouding to the set of

all embedded landscapes. It is well known (Papadimitriou 1994) that SAT and 3SAT are

NP-hard and that

SAT <, 3-SAT <, MAX3SAT.

Since. bv definition. the laneuage L, contains every instance of the language MAX3SAT.
. (el (=l } o o

it trivially follows that

SAT <, 3-SAT <, MAXS3SAT <, L.

and thus that L. is NP-hard.

To be NP-complete. a language L must both be

1. NP-hard

2. Le NP.

Is it true that L, € NP? In general. the answer is no. For example. assume that the

subfunction g, takes k bits as input and that k is allowed to vary with N. If. for example.
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k = N/2 then the subfunctions g, are exponentially large with respect to N. Therefore.
an arbitrary random function ¢; may not have a compact representation: thus. it can only
be described using exponential time/space with respect to N. In this case. the evaluation
function has exponential cost. Thus. even a nondeterministic Turing machine cannot find or
verify a solution in polynomial time. Therefore. in the general case. embedded landscapes
are NP-hard. but not NP-complete. In this sense. embedded landscapes are more difficult
than NP-complete problems.

The same argument holds for NK landscapes. If an NK landscape allows K to vary with
N. then NK landscapes are not in the complexity class NP. Yet Weinberger (1996) proves
that NK landscapes are NP-complete for A > 3. How is this possible? What Weinberger
actually shows is that for any specific fixed K. NK landscapes are NP-complete. If K is
fixed and not allowed to vary with N. then the size of each subfunctions g; is of size k=1,
This may be a large or small constant. but it is a constant. The problem description for
NK landscapes then has complexity O(N).

The same restriction can be placed on embedded landscapes. In practice. the only

embedded landscapes which can be generated in polynomial time are such that

1. & is bounded by some coustant

2. the number of subfunctions. P. is polvnomial in V.

Note that when & is fixed. the number of possible subfunctions is automatically polyno-
mial with respect to V. If every subfunction g, uses exactly & bits. then every such function
can be constructed using at most P = (2) possible subfunctions.

Thus. when & is fixed. embedded landscapes have a polynomial time description. We
will refer to the language over the subset of embedded landscapes with polynomial time
descriptions as L,.. An optimal solution to a problem in Ly can be found or verified in
polynomial time by a nondeterministic Turing machine. The verification is the same as
the verification for Traveling Salesperson Problems (Cormen 1990): we must be told in
advance the evaluation of the optimal solution. We then verify the solution we are given
has that particular evaluation-which we can do since the evaluation function is polynomial.

Therefore. L,. € NP and it follows that:
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1. L. is NP-hard but not NP-complete since A/ AX3SAT <, L, and L. € NP.

2. Ly is NP-hard and NP-complete since M AX3SAT <, L. and Ly € NP.

We can only be certain that an exact polynomial time Walsh analysis exists if those
problems are taken from the language Lp,.. Obviously. languages in L, that do not allow a
polynomial time description do not allow a polynomial time Walsh analysis.

Note that it is possible for all NP-complete problemns to be expressed as MAXSAT prob-
lems. In particular. I showed. one can do a polynomial time Walsh analysis on MAX3SAT
in time proportional to the problem description. This means once can have all of the Walsh
coefficients in polynomial time relative to the number of bits in the domain. This means
that we can also exactly compute all hyperplane averages up to any fixed order denoted by
q. Furtherniore. we know we can compute sununary statistics for the function in polyno-
mial time. Yet. with all of this information MAX3SAT is NP-complete. This means. if the
complexity classes P # NDP. then having the Walsh coefficients. hyperplane averages. and
summary statistics is not sufficient to guarantee finding the global optimum in polynomial

time.

6.8 Summary

In this chapter [ developed a very general form of function called an embedded landscape.
It is composed of a sum of smaller embedded subfunctions. For subfunctions of bounded
dimension the embedded landscape was shown to have limited epistasis and all its Walsh
coefficients could be computed in polynomial time. I discussed other features of the structure
of embedded landscapes including platcaus. various summary statistics. and a conjecture
relating embedded landscapes to the Central Limit Theorem. [ showed that both MAXSAT
and NK-landscapes are forms of embedded landscapes and was able to carry over knowledge
from the general embedded landscape to these specific cases.

The final section of this chapter revealed that by using MAXSAT as an example problem
with low epistasis. it can be shown that problems with low epistasis could be NP-complete.
Finally. I showed that. provided P # NP. the knowledge gained by having the Walsh

coefficients is insufficient to find the global optimum in polynomial time relative to the
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number of bits in the domain.
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Chapter 7

Conclusion

This dissertation has focused on computing the epistasis of problems via Walsh analysis
and relating that to problem difficulty. The development of Walsh analysis has been with
sufficient detail that this document can be used as a reference for Walsh analysis. Many
new concepts have been introduced including: hyperplane numbering. pack and unpack
functions. and function embedding. Various measures for epistasis are defined based on
Walsh coefficients such as: Walsh sums. function order. and Walsh counts.

Unfortunately computing the Walsh coefficients for an arbitrary function takes expo-
nential time even if the best known techniques are used. The result is that you can ouly
have complete epistatic information if the problem is small or are by nature of limited
epistasis. Fortunately. I proved that logical expressions and polynomials in combination
with various encoding schemes can have such limited epistasis. I have also shown that a
very general class of problems called embedded landscapes also has limited epistasis. In
fact. embedded landscapes with subfunctions of with a fixed maximumn number of bits in
their domain can have all of their Walsh coefficients computed in polynomial time. I show
that both MAXSAT and NK-landscapes are examples of embedded landscapes. Therefore.
MAXSSAT can have all of its Walsh coefficients computed in polynomial time. I also show
that MAX3SAT has an © of 3. But it is well known that MAX3SAT is NP-complete. Hence
there exist problems that have low epistasis and all the Walsh coefficients are known. that
are also NP-complete. I attribute this difficulty in part to MAX3SAT being a constraint

satisfaction problem. Epistasis does not directly reflect this nature of problems.
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7.1 Future Work

Even though epistasis can be a critical factor in making problems hard. it is not the only
factor. For a clue of where to look next. we can turn to MAXSAT. the problem with
low epistasis that was NP-complete. Apparently. the constraint satisfaction aspects of
MAXSAT contributed heavily to the difficulty of that problem. A new question is whether
the constraint satisfaction found in MAXSAT can be modeled similarly to epistasis giving a
general theory of difficulty encompassing both. For MAXSAT. constraint satisfaction occurs
as conflicts between groups of bits that epistatically interact. Consider the simple example
of the MAXSAT problem where variables values are stored as bits in a string and the fitness
function is (a Vx Vy) + (EV 7 V b). The variables a.z.y and b. z.y epistatically interact.
The variables a and b are also bound together but. not in the classic sense of epistasis.
Examination of these constraint satisfaction cases show that conflict can be thought of as
a type of loose epistasis. I call this loose epistasis epistatic conflict. One of iny research
goals will be to trv to unify epistasis and the conflict found in constraint satisfaction using
my previous work in epistasis as a starting point.

Another feature mentioned in the literature that makes problews difficult for genetic
algorithmns is deception (Goldberg. 1989b: Whitley. 1991: Deb and Goldberg. 1992). This
occurs when a large basin of attraction for a local optima hides a much smaller basin of
attraction for the global optima. Preliminary results show that deception can be modeled as
simple competition between overlapping nondeceptive functions- one for cach basin. This
begs the question. can deception. as well. be modeled by the same super-epistatic model
that models epistasis and epistatic conflict? How much of what we sec as problem difficulty
might be modeled under a single super-epistatic model?

A much studied feature of problem difficulty for kSAT problems is the phase transition
between satisfiable and unsatisfiable problems (Kirkpatrick and Selmman. 994). For 3SAT
problems this occurs for problems with a clause to number of variable ratio of about 4.3.
At the midpoint of this transition comes the point when the problems are by far more
difficult for algorithms based on the Davis-Putnam algorithm (Davis and Putnam. 1960).

This phase transition behavior needs to be verified for evolutionary algorithms. If these
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problems are in fact getting difficult due to some extended measure of epistasis. then the
super-epistatic model could give us new insights on phase transitions in problem difficulty.

One of the interesting features of embedded landscapes is the small number of bits that
interact nonlinearly. Overlapping clusters form: epistatic conflict. This basic structure is the
same as the structure called the “small world”™ phenomenon that has recently been under
study by Watts and Strogatz (Watts and Strogatz. 1998) of Cornell. but cast in the form of
an optimization problem. I look forward to the opportunity to leverage their work to study
epistatic conflict in optimization problems.

Since no estimation of problem difficulty can be made independently of the algorithm to
be applied (Wolpert and Macready. 1997). I have created a preliminary algorithm test suite.
In what sense is this test suite adequate? Does it need to be enlarged? Does it provide good
coverage? Can it act as a preliminary means for categorizing evolutionary algorithms? The
test suite should be expanded to contain problems that are derived from real world problems
and vet simple enough in structure that there might be hope of associating features of the
problem with difficulty.

In working on this dissertation. I developed software that performs various Walsh anal-
ysis functions. [ used this software to empirically explore the relationship between epistasis
and evolutionary algorithm performance. I also used this software to verify the identities
resulting from most of the proofs. I have prepared my analysis software to maintain a
database of example problems. the analysis of each. and performance marks for algorithms
with various properties. This way extensive time consuming analysis of each problem need
not be repeated and only new features and measures need to be cataloged.

The constructive use of neighborhood is not well understood. For example a plateau is
only a threat to performance if the algorithm treats the domain of the plateau as a tightly
connected region of space from which it is difficult to escape.

My work has been mostly in deducing dynamic behavior from static measures. A com-
parison of this work with more dynamic or process oriented measures such as approximate
entropy (Hogg. 1998) and autocorrelation length should be performed.

How does chromosome length effect my results? What is the smallest problem that gen-
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eralizes well to most large problems? How can this vague concept be made more concrete?

Can long tail performance prediction (Gomes et al.. 1998) be used to improve the per-
formance of evolutionary algorithms? What structural features of algorithm and problem
exacerbate the long tail phenomenon?

But this is all work that must stand on a solid foundation. The most urgent of future
work must be to firm up the work in this dissertation by application and experimentation:
to support theory with experiment: to learn the extent of the application of techniques such
as argument centering.

Finally. we now know that certain patterns of epistatic structure can cause a problem
to be difficult for the kinds of stochastic search algorithmns we have been discussing. But
we are a long way from saying definitively what patterns cause what difficulties for what
algorithms. This question has yet to be answered. It is not that I have failed to solve any
large and important problem it is more that: in looking for the Holy Grail I have invented

the Dixie cup. Not as glorious. but an elegant and very useful invention.
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