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A BSTRACT

M ODIFIED BURG ALGORITHM S FO R M ULTIVARIATE SUBSET

AUTOREGRESSION

We devise an algorithm  tha t extends Burg’s original m ethod for recursive modeling 

of univariate autoregressions on a fu ll set of lags, to  m ultivariate modeling on a sub­

set of lags. The key step  in the algorithm  involves m inimizing the sum  of the  norm 

of the forward and backward prediction error residual vectors, as a  function of the 

reflection coefficient m atrices. We show th a t this sum has a global m inimum , and 

give an explicit expression for the minimizer. By modifying the m anner in which 

the reflection coefficients are calculated, this algorithm  will also give the well-known 

\ ‘ule-W alker estim ates. Based on recently proposed subset extensions to  existing 

full set counterparts, two other algorithm s tha t involve modifying the reflection co­

efficient calculation are also presented. Using sim ulated data , all four algorithm s are 

com pared with respect to the size of the Gaussian likelihood produced by each re­

spective model. We find th a t the Burg and Vieira-M orf algorithm s tend to perform 

bette r than  the others for all configurations of roots of the autoregressive polyno­

mial. averaging higher likelihoods with sm aller variability across a large num ber of 

realizations.

We extend existing asym ptotic central lim it type results for three common vector 

autoregressive process estim ators, to the subset case. F irst, consistency and asymp­

totic norm ality are established for the least squares estim ator. This is extended to 

Yule-Walker, by v irtue of the sim ilarity in the  closed forms for the two estim ators.

iii
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Taking advantage of the fact th a t the Yule-Walker and Burg estim ates can be cal­

culated recursively via nearly identical algorithm s, we then show these two differ by 

term s of order at most Ov{ \/n ) .  In this way the  Burg estim ator inherits the same 

asym ptotics as both Yule-Walker and least squares.

Saddlepoint approxim ations to the  distributions of the  Yule-Walker and Burg au­

toregressive coefficient estim ators, when sam pling from a subset Gaussian AR(p) 

with only one non-zero lag, are given. In this context, each estim ator can be w rit­

ten as a ratio  of quadratic forms in norm al random  variables. T he larger bias and 

variance in the distribution of the Yule-Walker estim ator, particularly  evident at low 

sam ple sizes and when the AR coefficient is close to  ± 1 , agrees w ith its tendency to 

give lower likelihoods, as noted earlier. Em pirical probability density histograms of 

the sam pling distributions, for these two as well as the maxim um  likelihood estim a­

tor. provide further confirmation of the superiority of Burg over Yule-Walker in the 

vicinity of ± 1. Relative error com parisons between the saddlepoint approxim ations 

and the em pirical cum ulative d istribution functions, show close agreem ent.

In conclusion, we elaborate on the logic em ployed in writing the com puter programs 

th a t im plem ent the Burg algorithm  in the univariate and bivariate modeling settings. 

T he central idea involves the form ation of a  tree of nodes connected by pointers. Due 

to the recursive nature of the algorithm , where modeling on larger subset sizes relies 

on th a t of sm aller ones, each node harbors inform ation on the modeling problem as 

applied to the particu lar subset of lags it represents. S tarting  a t nodes of ju s t one 

lag. the program follows pointers to those of larger num bers of lags, pausing a t each 

to build the necessary modeling inform ation. Term ination occurs a t the top of the

iv
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tree, when applying the  algorithm  to  the unique node th a t represents th e  subset of 

lags upon which m odeling was originally desired.

Adao A lexandre Trindade 
D epartm ent of S tatistics 
Colorado S ta te  University 
Fort Collins. Colorado 80523 
Fall 2000
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Chapter 1

MULTIVARIATE SUBSET AUTOREGRESSIVE BU RG

ALGORITHMS

1.1 Introduction

A fundam ental problem in tim e series analysis is the forecasting of future obser­

vations. based on some subset of past observations. If the covariance function of 

the process is known, one can obtain best linear predictors (having sm allest mean 

squared error among the class of all linear predictors) by solving the well-known 

Yule-Walker equations. In the ensuing work, this will be term ed the  prediction 

problem. Typically however, one simply has a set of data  and no knowledge of the 

covariance function of the  underlying stochastic process th a t generated  the  observed 

realization. Here, modeling the observed d a ta  will be a  necessary first step before 

im plem enting any type of model-based forecasting technique. We will call this the 

modeling problem.

By its very nature, the  forecasting problem has a clear and concise solution. The 

modeling problem on the  o ther hand, is plagued with deep theoretical and philosoph­

ical issues. These can range from how the covariance function should be estim ated, 

to model selection and how best to estim ate the param eters thereof. Further com­

plications may arise when this agreed best estim ation m ethod is not am enable to 

practical im plem entation, such as when m axim um  likelihood estim ation is used to 

model a m ultivariate process of high dimensionality.
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O ur goal in this chapter is to introduce and com pare some param eter estim ation 

m ethods/algorithm s for a particular class of m ultivariate tim e series models, called 

vector autoregressive (VA R ). The d-dimensional tim e series {X (} is said to follow 

the VAR process of order p, if it satisfies the following relation:

X t =  $ ( l ) X f_t +  • • • +  $(p)X (_p +  z t,

where {Z(} is a sequence of zero-mean uncorrelated random  vectors, each with co- 

variance m atrix  S . We call the process {Z(} white noise, and w rite Zt ~  W N(0 ,H ).

In a VAR model of order p therefore, the current value of the series is a function of 

the previous p values, perturbed by a random  am ount. We say th a t we are modeling 

the series on the lagged set { 1 .. . .  ,p}. One can generalize this concept to modeling 

on a lagged subset I\ =  { k i , . . .  , k m} C { I , . . .  ,p}, where the  coefficient m atrices 

pertaining to the lags not present in the set K,  are constrained to be zero. Such 

models are called subset vector autoregressive (SVAR ).

Similarly, we can th ink of predicting the current value of a process {Xt} based on 

the previous p values, by the relation:

xt = $(l)X j_ i +•••-(- $ (p )X t_p.

Again, one can generalize this idea to  prediction based on a  subset l\ =  {Aq,. . .  . km} 

of the past lags {1.........p}.

The algorithm s we propose in this work, will be applicable to  SVAR modeling and 

subset prediction, and will be recursive in nature. A m ajor advantage of recursion, 

is th a t it involves inversion of matrices whose dim ension does not exceed <P.

1.1.1 Som e early work

One of the  most com mon SVAR modeling procedures, is the  Yule-Walker or Durbin- 

Levinson-W hittle algorithm  (introduced in section 1.3). A derivation of this algo­
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rithm  for univariate series, was first given by Penm  and Terrell (1982). A variety of 

m ethods with superior properties have been proposed for non-subset (full set) mod­

eling. B urg’s algorithm  for AR modeling (Burg (1978)), which minimizes the sums of 

squares of the forward and backward prediction errors, has been found to generally 

give models w ith be tte r spectral resolution than  Yule-Walker. M orf et al. (1978), 

S trand  (1977), and others (see Jones (1978)), generalize Burg’s algorithm  to full 

set m ultivariate modeling. More recently, Brockwell and Dahlhaus (1998) proposed 

m ultivariate subset versions of the Yule-Walker algorithm , Burg’s algorithm , as well 

as those of M orf et al., and S trand. O ur objective in this chapter will be to extend 

their work on some of these algorithm s, and investigate the relative performances 

of these various SVAR modeling m ethods.

1.1.2 Applications of subset prediction/m odeling

Forecasting with missing observations: This is a very natu ra l situation in 

which this subset methodology is appropriate if the  covariance function of 

the process is known.

M odeling of causal seasonal m odels of the form:

( l - 0 R ' ) ( l - < f r f l  6pB p) X t = Zt.

These models will, for s >  p +  1, be subset AR models of the  type

1 _  -----------ppBP -  tl?B* + il’6 iB s+l +  • • • +  il'OiBs+p,

and thus I\ =  { I , . . .  ,p , s .s  +  1, . . .  , s  +  p}.

Obtaining initial estim ates for constrained MLE of subset VAR models:

O btaining good initial estim ates for m axim um  likelihood estim ation  where 

some of the autoregressive coefficients are constrained to  be zero, is highly
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desirable due to  the nonlinear natu re  of the likelihood equations. T he subset 

D urbin-Levinson-W hittle algorithm , is very fast com pared w ith constrained 

m axim um  likelihood estim ation, and can therefore be used to  provide such 

estim ates. As an alternative to  m axim um  likelihood estim ation , the prim ary 

motivation of this work is then  in finding fast, recursive VAR modeling 

algorithm s th a t produce models w ith high likelihoods.

h -s te p  p re d ic t io n :  If the covariance function of the process is known, and predic­

tion h steps ahead based on the  previous m  observations is required, we can

take K  =  {/i,/i +  1, . . .  , h +  m — 1}. This generalizes im m ediately to h-step 

prediction on any subset of past observations.

1.1.3 Selection of “b est” subset model

There is a growing body of literatu re  on the subject of selection of the "best’'’ subset 

model from all possible subset AR models. Sarkar and Sharm a (1997), and Sarkar 

and Kanjilal (1995) propose a m ethod for selecting a  reduced subset from the full 

set. using singular value decom position and QR orthonorm al decom position with 

column pivoting factorization of a m atrix. Terrell and Zhang (1997) introduce so 

called projection modulus statistics which respond to the exclusion of im portant 

lags by producing high residual variances in an appropriate H ilbert space. Yu and 

Lin (1991) improve upon a m ethod of Hokstad by em ploying the inverse autocorrela­

tion function to select the  first ten tative model. Some early m ethods were proposed 

in Duong (19S4) and McClave (197S).

A large part of these research efforts have concentrated on reducing the  size of the 

candidate model set, in order to im plem ent a feasible search in real tim e. From 

this reduced pool of a  few “good” candidate models, one could then  use the subset
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modeling algorithm s we will present to obtain  good initial estim ates for constrained 

m axim um  likelihood estim ation.

Although not usually done, the recursive nature of these algorithm s would also 

perm it a direct search on all 2km candidate model sets to be carried out. One could 

s ta rt by searching all km subsets of size 1, and selecting the best based on some 

criterion such as AICC. Then all ^  ^  ^  subsets of size 2 could be searched, and 

the best model thus far obtained updated; etc.

1.2 The prediction problem

Suppose {X £, t =  0, ± 1 ,± 2 , •••} is a zero-mean weakly stationary  d-variate tim e 

series with X £ =  (.Vt,i, • • ■ , A '^ ) ', and covariance function

<  X £+/l.X £ > :=  E {X t+hX't] =  r (h).  h =  0 . ± 1 . ± 2 .........  (1.1)

The best (forward in time) linear predictor of X £ on the subset of lags A' =  

{/l[. • • • . km} . is defined as

X,(A-) =  £ < M j ) x ,- j  ( 1.2 )

Best here means th a t E ||X ( — X £(A') | |2 is m inim ized, where || • || is the Euclidean 

norm. Using sim ple orthogonality relations, we see th a t the coefficient matrices 

$ k U )  are found from the Yule-Walker equations

$ > K - ( i ) r ( k - j )  =  r (k ) ,  k e  k  (i.3)
i€K

(see for exam ple Brockwell and Davis (1991), p. 421-422, w ith P (X n+i |X i ,  • • • , X„)  

replaced by P (X £|X £_fc, k  €  A')), w ith mean squared error covariance m atrix

UK = £ [ (X t — X ((A '))(X t — X f( A'))']

=  r ( 0 ) - £ * Ku ) r ( j ) ' -  (i.4)
j e  k
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Analogously, we define the best backw'ard in tim e linear predictor of X t on the 

subset of lags K  as

with resulting Yule-Walker equations and mean squared error covariance m atrix  

(obtained by replacing P (X 0 | X l , - - -  , X n) w ith P (X < |X f+)t. k  €  A') in the  above 

reference) given by

Y ,  * o - ( j) r (*  - i ) '  = r w .  k  e  k , (1.3)
J&K

and

vK = e[(x, - x ! l|( / ' ) ) ( x , - x ! l|(/v))'i

=  n o ) - ^ * K( j ) r ( j ) .  ( i .6 )
je/v

R e m a r k  1.2 .1  In the univariate case there is no distinction between the forward  

and backward prediction problem (based on the same subset K ) . This is because

when d = 1, the equations (1.3) fo r  € A’} are the same as (1.5) fo r

{ ^ K { j ) - j  E A'}, and (l.J() fo r  Uk  the same as (1.6) fo r  Vk .

D e fin it io n  1 .2 .1  .4 multivariate stationary process {X*} is said to be o f  full rank 

i f  the covariance matrix o f any fin ite  collection o f random vectors is non-singular.

R e m a r k  1 .2 .2  .4s will be shown in Chapter 2, the coefficient matrices $ k U) and 

^A'O)- j  E A’, o f the forward and backward prediction problems, will be unique if  

{X t} is o f fu ll rank.
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1.3 The m odeling problem

Given n observations Xi, • • • , x n of the zero-m ean random  vectors X i ,  • • • , X n, we 

define the em pirical analogue of the covariance m atrix  a t lag h to be

n £?= i Xt+hx't , if h >  0 
t ( h )  =  (1.7)

k r { - h y  . i f / i  <  o

In order to define an inner-product in the space of em pirical observations. Brockwell 

and Dahlhaus (1998) proceed by defining x t =  0 for t <  0 and t > ri. W ith this, 

they define the (d x oo) array y =  {x^, j  =  0 , ± 1, - - -  }. and define y t to be the 

array obtained by shifting the  columns of y t places to  the left, i.e. y t =  {x(+J. j  = 

0. ± 1. • • • }. We view y ( as a  d-dimensional colum n vector, whose elements are 

infinite-dim ensional row vectors, with finitely m any non-zero entries. The set of all 

such row vectors constitu tes an inner-product space, if we define the  inner-product 

of any two row vectors u  =  {u; } and v  =  {v,} as

1 °°
< u . v > = — V  u .v , .  (l.S)

n j=-oc

With this set-up. we have for exam ple

<  yt+ h,yt > =  f(/ i),

since <  y t+ /,.y t >  is the m atrix  of inner-products whose ( i.j) -e lem en t is the inner

product of the i tk row of yt+h, w ith the j th row of y t.

Solving the Yule-Walker equations (1.3) and (1.4), w ith T(-) replaced by T(-), we ob­

tain the subset (based on th e  subset of lags K  =  {Ari,. . . .  k m}) vector autoregressive, 

SVAR(A'), model for the data:

X t =  y * A-(i)X t_i +  Z t , (1.9)
t ' 6 A '
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where {Z«} is a sequence of zero-mean uncorrelated random  vectors, each with 

covariance m atrix  Uk , i.e. Z ( ~  W N (0 , Uk ), given by

t ^  =  f ( 0 ) - ^ * K ( i ) f ( i ) #. (1 .10)
>'6 K

The corresponding backward subset vector autoregressive model for the  da ta , based 

on th e  subset I \ '  =  {km — Arm_ i , . . .  , k m — k [ , km} of  lags is

X( =  + Z t, (1-11)
>eA-*

where Z ( ~  VVN(0, VX'*)i given by

Vk- = f(0) -  Y, (1.12)
i e K •

Remark 1.3.1 Finding $ k  involves solving an equation o f the form ,

Qk G k = f\-, (1-13)

where G k  and f \-  are matrices o f empirical autocovariances arranged in particular

ways (see section 2.2 fo r  details). There are many solutions to this equation i f  G k

is singular, but every solution gives the same linear predictor when substituted into

(1.2). Non-causal solutions, {$/c(i), i €  A’}, may be obtained, suggesting when they 

occur, that the data is not well fitted by a subset vector autoregression with lags in K . 

Whether the solution is causal or not, the expression (1.2) with each ^ k G) replaced 

by $h'[i),  will give the best linear predictor under the assumption that the sample 

autocovariances are equal to the true autocovariances. Sim ilarly fo r  the backward 

modeling/prediction problem.

Definition 1.3.1 (Causality) The S V A R (I \)  model,

xt =  £ $ t f ( i ) X t-,- +  Z t, {Zf} ~  WN(0 , S ) ,  (1.14)
ie/c
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is said to be causal (or more specifically to be a causal func tion  o f  {Z t}),  i f  there 

exists a sequence o f matrices {To, T i , . . .  } such that,

OC
X| =

i=o

Definition 1.3 .2  (VAR characteristic polynomial) The VAR characteristic

From Brockwell and Davis (1991), theorem  11.3.1. a SVAR(A') model is causal if 

all roots of its VAR characteristic polynomial are greater th an  one in m agnitude. 

Causality is a property often desired in a  model: w ithout it the  param eters are non- 

identifiable for Gaussian likelihood and other inherently second order estim ation 

m ethods.

The subset D urbin-Levinson-W hittle algorithm , as presented in Brockwell and Dahl- 

haus (1998), can be employed to provide a recursive solution to  the  em pirical Yule- 

Walker equations:

Algorithm  1.3.1 (The subset D urbin-Levinson-W hittle algorithm )

polynomial. |$ (:r)|. fo r  model ( 1 . 14), defined to be the polynomial in z o f de­

gree dkm given by.

| * ( r ) |  =  | Id -   * K ( k m )zkm\.

$ k {1) =  $ j { i )  — m — i), I £  J

j e J m

vK. =  Vj.  - * K. (k m) u A K - ( k m Y
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* * I A A

Where U j and VJ. denote generalized inverses o f U j and Vj> respectively. The 

forward subsets o f lags are K  =  {&!, • • • , /:TO}, J  = {A.*i, • • • , Arm—i }, and the backward 

&ub$et& o f lags a re f\ — -̂m — k \ . km} , J  — -̂m —I» r

A.*i}. The algorithm begins at m = 1 (any appropriate subset o f size one), with

ut = f(0) = Vi.

1.4 Burg-type Algorithms

In Brockwell and Dahlhaus (1998), a different kind of recursion for the best predic­

tors based on forward  and backward residuals was presented. The forward prediction 

residual is defined as

M O  = X f -  X f(/v ).

and the backward prediction residual as

The covariance matrices of these residuals are respectively L'k  and Y\- defined in 1.4 

and 1.6. The em pirical analogues of these prediction errors are

M O  = y t - y t { K ) ,

and

v M  = y t - y ? ){^) ,

where

y t(A') =
jeK
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and

y|6)(A') = '£2*fcU)yt+j'
j € K

With these definitions and inner-products defined as in (1.8), Brockwell and 

Dahlhaus (1998) present the  following prediction error solution to  the  em pirical 

Yule-Walker (YW ) equations (1.9) - (1.12):

Algorithm  1.4.1 (Prediction error solution of the Y W  equations)

* K(km) =  (1.16)

$ fr(i)  =  $ j ( l )  — $ K ( k m) ty j ' ( km ~  0 ? * €  J

=  V j . * K ( k m y u j l ( i . i 7)

^ K - U )  =  * M j )  -  * K - ( k m)*j{km - j ) ,  j  €  r

u K =  U j - * K(km) V j . * K(km y

VK' =  K/. ~  AT* ( km ) Uj  ̂  A* (krn )'

£ h it)  =  £ j { t ) - $ K { k m ) f i j . { t - k m) (1.18)

V k - W  = V j > ( i ) - ^ K ‘{km )ej{t  + km ) (1.19)

with initial conditions,

«e(0 = = Yt, I = 0,±1,±2,---

u t =  f  (0) =  %.

Remark 1.4.1 These recursions are equivalent to the D urbin-Levinson-W hittle al­

gorithm. Thus each line o f algorithm 1.3.1 is interchangeable with the corresponding 

line o f algorithm I .4 .I . In particular, equations ( l . l o )  and (1.17) are interchange­

able, providing a simple relationship between $K{km) and SPKm(km) which we will 

use frequently.
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This type of algorithm  is patterned  after th a t introduced by Burg (1978) for uni­

variate modeling on a  full set of lags rather than  a subset. B urg’s contribution 

was to show th a t the  m axim um  entropy spectral density estim ator of a univariate 

stationary  process over all densities g satisfying the constraints

/:ITe,fl*g(X)dX = 7[h), h =  0, ± 1 , . . . .  ±p .

is exactly th a t of an AR(p) process. However, replacing -/(•) by 7 (-), where

 ̂ n—h  ̂ n
7 (h) = — > XtXt+h. and noting th a t 7 (h) =  lim    > x tx t+h.

n 2n +  1 '(=1 t=-n

is roughly equivalent to  assuming tha t the unobserved d a ta  { . . .  , x _ t . X o , x n + l , . . .  }

is zero since, under ergodicity conditions. 7 [h) is the mean square lim it as n —>■ oc

of ^ " _ _ n x tx t+k/[~n +  1). The sudden transition from (usually) non-zero value to

zero at the  edges of the  observation domain, typically results in poor estim ates of

the coefficients $/c(&m) and --(km). To alleviate this problem  in the context of

univariate AR(p) models, Burg suggested making no assum ptions about unobserved

data; 6 P should m inim ize the sum of squares of the forward and backward residuals

over the range of d a ta  values where these are defined. T hat is. choose 6P to minimize

1___
■ d)

p+i

This is com monly referred to as Burg’s algorithm , and it was generalized to m ulti­

variate models by M orf et al. (1978), S trand (1977), and others (see Jones ( 197S)).

In line w ith these ideas, Brockwell and Dahlhaus (1998) propose the  following mul­

tivariate subset versions of these algorithms:

Algorithm  1.4.2 (A  subset Vieira-M orf algorithm)

Use algorithm l . f . l  with (1.16) replaced by

$ K (km) = U lJ 2R V - l/\
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where

/  n \  — /  n \

R  =  (  Y  M O M O ' J  f  Y  £ j ( t ) r i j . { t  -  k m y
\t = km 4" I /  \t=km -j-1 /

f  Y  *1^  ~  k™)Vj ' ( t  ~  ^ m ) /Nj
\ t= k m + 1 /

Algorithm  1.4.3 (A subset N uttall-Strand algorithm )

Use algori thm I . 4 .I with (1.16) replaced by

• M M  = Uj'R vj 'n.

where

v e c ( R )

Y  ej[t )kj{ty\  + I  Y ,  RJ'^1 ~ k™)Vj’(t ~ kmy ) 3  Id
\ t — km 4*1 J  + l

-L

reef 2 Y  -  k m y

\  t=km + l I

=► v e c ( * K { k m ))  =  (V7l/2 © t r ) 1* )  v e c ( R ) .

Obtain not according to (1.17), but according to

* K d k m ) =  V] , 2 R f U J m .

Algorithm  1.4.4 (A subset analogue of Burg’s algorithm )

Use algori thm 1.4-1 with (1.16) replaced by the condition that  $ K ' ( k m ) and ^ K ' i k m )  

minimize  the scalar quant ity

n

= Y  [**(0'eJv-(0 + f l K ’ ( t  -  M'^K'-U -  k m ) ]  , (1.20)
t=krn 4“ I

with £ k ' ( 0  and rfK. ( t  — k m ) as in (1.18) and (1.19), and ^ K ‘ {km ) constrained to 

sat is fy  (1.17).
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N otation

In order to differentiate between the Yule-Walker and this Burg solution of the 

modeling problem, denote the former estim ates by topping them  w ith hats (*), and 

the la tte r with tildes ( ') .

R e m a r k  1 .4 .2  By definition,

k j  = Xt -  Q j( k i ) x t- k l ----------

and therefore k j  ^  0 fo r  t €  A \ ,  where A i  =  {1 n +  [n addition, all

components in e j  are non-zero fo r  t € A 2 , where A 2 =  {1 +  fcm- i , • • • . «}•

Also by definition,

V j '  =  Xt — km h-m— 1 )Xt_ ^tj*(,km .

and the re fore rjj. ^  0 fo r  t €  Bi, where B\ =  {k\ + 1 , ..  • , n + km }. In addition, all 

components in rjj. are non-zero fo r  t €  B 2. where 62 =  {1 +  fcm, . . .  ,n  + k  1}.

In view o f this. (1.16) becomes:
n+k„

* /   ; 1 ~
'  n  ,  xf£>tiUBi /  \  (=1

For the Bury ajustment to this Yule-Walker solution, we must prevent any o f  the k j

U<{km ) =  f  ̂  ^ 2  * A t ) r i j ' { t  ~  km)*\ V A  =  I ^  ^  k j { t ) r i j . ( t  ~  k™) j

and T}j. components in the above summation from becoming zero, so we need:

t G *42 H B>, = >  t =  {km +  1. . . .  . n}.

1.5 The m inim ization problem

Using calculus to m inim ize (1.20) w ith respect to $K'(km). Brockwell and 

Dahlhaus (1998) find th a t in the  univariate case

Uj (O j  +  V}.) £r=i+fcm £ j{ t ) f i j .{ t  -  km )
< M M  =  —  T-  -----------------------: T -  <L21)

E L n+ i ( u } * A t - k m)* + v } . i A t r )
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As already sta ted , our prim ary objective in this chapter is to  find the general m ulti­

variate solution to ( 1.20) and investigate its perform ance relative to the rem aining 

three VAR process estim ation m ethods. Substitu ting  for £ k {1) and riK.(t  — km) 

from (1 .IS) and  (1.19) respectively, into the expression for S k . we obtain

n
S h i ^ K i k m ) )  =  [ { e j { t ) - $ K { k m) T l j . ( t - k m ) ) ' ( ( e j - $ K(km) T l j . { t - k m))

£ = ^  m  "f* 1

+  (f i j . { t - k m) -  ^ K ‘ {km )ej{ t)) '  -  km) -  ' tK '{ k m) i j { t ))] .

Using relation (1.17) to substitu te  for '!»*,•. (Arm) in term s of $K’(^m), expanding the 

resulting expressions, and noting the sym m etry of the covariance m atrices, leads to

n
SK($i<(km)) = [i J ^ Y e j { t )  + r i j . ( t - k my f i j . { t - k m )

t~km 4" 1
-  2e j { t ) '$ K{km )f i j . ( t  -  km )

"h V k m ) Q f \ { k m ) ^ l \ { k m ) ' n j m{l  k m ) 

-  2 -  k m )'Vj-4>K { k m y U j l e j { t )

This expression can w ritten in the more m anageable form

n
SK(X ) = £  [a'a +  b'b -  2a'Xb + b'X'Xb -  2d'X'c +  c'A E X ' c ] , (1.22)

where, using lowercase for vectors and uppercase for m atrices,

a =  ej{t),  

b = r i j . ( t - k m). 

c =  U j li j ( t ) .

d — a J * U km ).

E  = Vj . ,

X  =  ^K (km ).  (1.23)
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1.6 Finding the minimum

Using the results and identities in appendix A, and noting th a t S k  is a m atrix  scalar 

function, vve can now obtain the  differentials of each com ponent of (1.22):

a '.Y b =  £r (a '.Y b), since this expression is a scalar 

=  fr((a '.Y )b )

=  fr(ba '.Y ), by K-2

=► 9 (a /A,b) =  (uec(ab /))/uec(3A'), by D-7 (1-24)

d ( a 'X 'X b )  = d { a !X ')X b  + SL'X'd(Xb), by D-7

=  a 'td A /.Y b  +  a'.Y '(d.Y )b, by D-2, D-3, and D-4 

=  £r(a'(9.Y )'.Y b) +  £r(a'.Y '(d.Y )b), each sum m and a scalar

=  ^ ((d X J '.Y b a ')  +  fr(b a '.Y '(d A )), by K-2

=  <r(ab'.Y 'd.Y) +  fr(ba '.Y 'd .Y ), by K-3

=  fr[(ab '.Y ' +  ba'.Y ')d.Y]

=  [uec(.Yba' +  .Y ab 'jj'uec d X ,  by K-4

=► d(a 'A "X b ) =  [uec(.Y(ba' +  ab '))] 'uec  d X  (1.25)
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d(a '.Y E .Y 'b) = a '(d X )£ -Y 'b  +  a '.Y £(d .Y )'b , by D-2, D-3, D-4 

=  t r [ a ' (d X )E X 'b  +  a 'X E { d X ) 'b }

=  tr[E X 'ba!{dX )} + t r [ { d X ) 'b a 'X E l  by K-2. K-3, K-4 

=  f r [£ X W (d .Y )]  +  fr[£ '.Y 'ab '(d .Y )], by K-3 

=  ir[( £ .Y W  +  £ '.Y 'ab ')d .Y ]

=> d (a '.Y £ .Y 'b ) =  [uec(ab'.Y E + ba '.Y E)]'vec d X  , by K-4. (1.26)

By D-8. the differential of a sum is the sum  of the differentials, so th a t

n

d( SK) = ^  d (a'a + b'b “ 2a'Vb + b'-v'-vb “ 2d'-v,c + c ' X E X ' c ) .
t=km *f* I

By applying (1.24)-(1.26), we now obtain the differential of each term :

n
OSk =  ^  [0 +  0 — 2(i,ec (ab '))/ t’ec(d.Y) +  2 (eec(.Y bb '))/i;ec(<?.Y)

-  2(i’ec(cd , ) )W (3 .Y )  +  2 (uec(cc '.Y £))'rec(d .Y )].

which bv K -l and D-8 becomes

OS k = vec - 2( £  a b ')  +  2( £  X b b ')  -  2( £  cd ')  +  2( £  cc '.V E ) vec (dX ),

where for ease of notation, Ylt denote + l . N oting th a t .Y and E  are

independent of t , we have

OSk  = vec f —2(^~^ a b ' ) +  2 X ( £  b b ')  -  2 ( £  c d ')  +  2 ( £  c c ' ) X E vec (dX ).

(1.27)
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Com paring w ith (A. 1 j , we im m ediately see th a t the  Jacobian m atrix  of S k  a t X  is 

uec (  - 2 ( £  ab ')  +  2 ( £  -Vbb') -  2 ( £  c d ')  +  2 ( £  cc '.V E ) J
\  t t t t )

Prem ultiplying the second sum m and of the Jacobian by the (d x d) identity  m atrix  

Id. equating to zero, and solving for X , leads to

uec ^ I d X ( ^ 2  b b ')^  +  uec ^ ( ^ c c ' ) X £ ^  =  uec ^ ( ^  a b ')  +  ( ^  c d ')^  .

Now apply K-6 to each sum m and on the  LHS to  obtain

( £ b b ' ) #0 /d uec .V + £ ' 0 ( ^ c c ' )

' tc  X  = ( £ b b ' ) ' G f d + £ ' 0 ( £ c c ' )

uec X  = vec **" cd 7)^

uec ^ E  a t)/) +  < E « i ' ) )  '

(1.28)

for any generalized inverse

( ^ b b ' / Q / r f  +  E ' Q ^ c c ' )

- i

of ( £ b b ' ) ' 3 f i +  E ' ® ( £ c c ' )

Finally, substitu ting  back to our variables of in terest from (1.23). and noting sym ­

m etries and independence of t in some of the term s, we obtain  (in vec form) the 

value of the m atrix  $h-{km ) th a t minimizes S k  (note th a t this m atrix  is $fc(A:m) by 

definition):

v ec ($ K{km )) =

E  “ krn)flj-(t -  kmy ) 0 Id
_  \  t  —  k r n  4 “ 1

W = A : m  +  l

(1.29)

uec Y  i A m A t - k n ) 1 + £ ' ; ' (  Y
*  \ t = k m  4 “  1- /  4 “  I
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Setting d =  1 for the unidimensional case, we see im m ediately th a t (1.29) becomes

Er=fcm+t S A V V A *  ~ k m )  + ^ j  E I U m+i e A V v A t  ~  km)
*K-(km ) =

E*=fcm+i * t A t  km)2 +  t f t  E«=fcm+ 1 ®-/(0u*

U j  ( U j  + V j . )  E : = km + i £ j ( t ) v A t  -  k m )

U j  £ U . +i v A t  -  k m ) 2 + v j .  E U .+ 1  ij ( t )3’

which is identical to ( 1.21).

R e m a rk  1 .6.1  An alternative way to obtain a ugood'’ estimate o f  ^ ^ ( k m), might 

be to consider the matrix quantity

n
Tk = ^  [MOMO' + v K.{t -  km)riK.{t ~  km)'],

t — A . 'm 'f "  1

viewing £ ^ ( t)k [^ ( ty  and r i ^ . i t  — km )riK.(t — kmf  as error covariance matrices o f  

some sort. The criterion o f  A -O ptim ality in linear models would then minimize the 

trace o f T x  in order to find an optimal estimate fo r  $h '{km)- By identity K-7, the 

trace o f the sum is the sum o f  the traces, so that

n
I H T k ) = ^  + -km )»>*-•(* -kn)')]

+1
= SK,

so that the solution (1.29) is also A -O ptim al in the sense ju s t  described.

1.7 Global optim ality o f the solution

From (1.27) we have

OSk  =  uec ^ —2 ( 5 ^  a b ')^  vec (d X )  +  vec  ^2/rf.Y (5^ b b ') ^  vec (dX )

— vec  ccO ^  vec (d X )  +  vec  c c ')X E ^  vec (d X ) .
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Using identity  K-6 on the  term s in the sum m and th a t involve X ,

dS K = uec I - 2( ] P a b ')  -  2( ^ c d ' )
\  t t

f  ^  b b ')  ® I ^ j  vec X  

f  ^ 2 E  ® cc ')^  vec X

vec (dX )  

vec (d X )  

vec (dX ).

Taking transposes and noting that most of the term s are sym m etric yields

OSk  = vec ( _2E  a b ) ~ 2( ]L cd/)
V t t

+  ( vec x y  ^ 2 ( £  b b ')  ® vec (d X )

+  ( vec .V)' ^ 2 E  ® ( ^ P  c c ')^  uec(chY).

vec (dX )

Taking differentials again, and using D-10 gives

d 2S K =  {vec d x y  ^ 2( £  b b ')  0 v e c (d x )

+ ( vec d X ) '  ^ 2 E  © c c ')^  vec (dX )

= (vec d x y  ^2( J 2  b b ')  © ld +  2E  © ( ] £  c c ')^  vec(dX ).

Rewriting in term s of our variables by substitu ting  back from (1.23), comparing 

with (A .2). and noting th a t the resulting m atrix  is already sym m etric, gives the 

Hessian

H ( * K (km )) =  2 ^  T,j . (t  -  km ) f i j . ( t  -  k m y  0 / d
\ t= k m+ 1 I

+ 2 V } . ® U J l (  £  V j 1
\t=km +1 /

(1.30)
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Setting d =  1 for the unidimensional case, vve see im m ediately tha t

H i ^ )] -  -2 , Jl - fc" ) 2+i M,)2);
and this is clearly positive, thus showing th a t (1.29) does indeed minim ize S r .

In the general case, theorems A. 1.3 and A. 1.4 essentially tell us tha t if we can show 

the Hessian to  be positive semi-definite (psd) for all $ K { k m ), then S k  will have a 

global m inim um  at $ K { k m )-, as given in (1.29). This minim um  will be unique if 

the Hessian is positive definite (pd) for all <bK{km ). Since (1.30) is independent of

we need only show th a t it is pd or psd as it stands. To this end. we use

the results on the definiteness of sym m etric m atrices in appendix A .3:

The m atrices £ j ( t ) e j ( t y  and f] j . ( t  — km)fi j .{ l  — k my  are. by their very natu re , psd. 

To see this, note th a t for any z € IT*.

z'Ej(t )£j{t) ' z = (z ' e j { t ) ) { z ' i j { t))' = (z'ej(f))2 > 0.

Similarly for t)j.(£  — km) f j j . ( t  — k m)'. Since Id is pd.

|  ^  ~  ’̂m)^J*(^ ~  k m) j  © Id
\t=km+ 1 /

is psd (M-4). By M-5, both Vj. and U j 1 are psd. By M-6 and M-4, we then  have

V= ’̂m + l /

psd. Thus far we have shown tha t H  is the sum  of two psd matrices, and by M-3 this 

is again psd. If e ither of the two term s com prised of sums of m atrices of prediction 

error residual vectors is pd, then H  will be also, and theorem s A. 1.3 and A. 1.4 will 

then guarantee tha t S k has a unique global m in im um  a t $/v(fcm).

A lternatively, we can argue as follows: Since S t ; =  •S’at(u) is a non-negative quadratic 

form in the com ponents of u  =  uec$^-(A:m), it is expressible as

(u  — /3)/H (u — /3) +  £,
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where the vector /3 is independent of u , Q is a  non-negative definite m atrix , and the 

scalar 8 > 0. Thus 5/v(u) has a global m inim um  value, nam ely 5, a tta in ed  when 

u  =  f3 +  v , where v  is any vector in th e  null space, jV(Cl), of Q. If fi is non-singular, 

there is therefore a unique minimizing value of <fr/c(fcm). In any case, if u t and u -2 

are two minimizing values of 5 / v ( u ) ,  then

u t -  u 2 €  .V(Q), and S k (u i)  =  S /y(u2).

1.8 Some M onte Carlo com parisons of the Yule-Walker and Burg algo­
rithms

We first present three exam ples to  com pare the perform ance of th e  Yule- Walker (al­

gorithm  1.3.1), Burg (algorithm  1.4.4), and, in the univariate case, M axim um  Like­

lihood subset AR and VAR modeling, applied to sim ulated d a ta  sets w ith Gaussian 

noise. Since one of the aims of the Yule-Walker and Burg algorithm s is to provide 

fast and simple algorithm s for obtaining models with high Gaussian likelihoods, it 

is of considerable interest to  com pare the likelihoods achieved by each.

If { x i x„} is a realization from the  zero-mean d—variate full rank Gaussian

process {X,}. with

r„ = E([x;.....x:r(x;,....xu),

we obtain the likelihood,

, x . )  -  (2» ) - < h /,| r . r , ' , « q , | - i ( x ' 1, . . .  . x u r r v ,  * y '} .

If {X t} is the causal subset VAR process

X, =  J ]  $*-(i)Xt_, +  Zt, {Z£} ~  IID N(0, S),

« S A "
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we can w rite the likelihood for n  >  km as.

/ ( X t ,  . . . .  Xn ) =  / ( x t , . . .  ,Xfcm ) / x tm + l |Xt,KJbm (Xfcm +  i |x t , t  <  k„

• • • / x „ | X „ i < n - i ( x „ | x t , t  <  n  -  1).

The first factor is 

/(x,,... .XiJ = (2ir)'d‘"/2 |rimrl/2 exp|-i[x;, 

where rtm =  E  ([X'„... ,X'J'(X',....

The rem aining n — k m factors are

ijr^lxl x'jj,

/xt|X,,j<t (Xt | x „ s  <  t) =

(27T)-ti/2|V |-1/2, 1
X( -  $ k {

jeK

for t = k m +  I  n. since conditional on X 3, s < t.

v - i

j€K

KjeK

Putting  all this together, and viewing the likelihood as a function of E, for fixed 

autoregressive coefficients, we obtain  the -2 log likelihood:

£ ( E )  =

ndlog(27r) +  log |Tfcm| +  (n -  A:m) log |S | +  [x't . . . .  , Xfcm] [x^..........x '* J '

+ E
t—km I

/
v - i
■J X‘ “ $ ^ <M . / ) x t- j

j€K jeK
(1.31)

In the univariate case (i.e. if d =  1), where

($A-(fci)..........$ K (k m)} =  (0iv(fci), —  and E =  a 2,
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we can set cr 2rfcm =  Gkm, which is free of a 2. This gives the -2 log likelihood for 

the data:

£(<r2) =  n log(2~cr2) +  log |G fcJ

( t=km+1 V ieK J

We can now obtain the m axim um  likelihood estim ate of cr2. by differentiating the 

above expression to give

*m le =  ~  U X l’ • • • ’x *m]GfcJ[[x i, • • • , x j '  +  ( x ‘ ~  Y i  ^ ( i ) x ‘-J
[  t=fcm + l \  jeK

(1.32)

The expression in braces is usually called the residual sum o f  squares (R.SS). and 

therefore <Tyile =  R S S /n .

Therefore, for a  given set of estim ated autoregressive coefficients and w hite noise 

variance, one can always improve on (or do no worse than) the Gaussian likeli­

hood for the observed data , by substitu ting  R S S / n  for the white noise variance 

estim ate. In the ensuing exam ples, we will com pare likelihoods obtained via the 

two algorithm s, and proceed to improve upon each by doing ju s t this. We will de­

note the variance estim ate obtained in the usual way from the algorithm , by <t2a l  or 

T he variance estim ate obtained via m axim ization of the likelihood function (or 

equivalently, m inim ization of £ (H )) w ith respect to E for the fixed set of estim ated 

A R/V A R coefficients, will de denoted by a 2m l  or Ea/x.

In the m ultivariate setting, it is difficult (perhaps impossible) to  obtain an explicit 

expression for the m axim um  likelihood estim ator of the white noise covariance ma­

trix E given the $ x '( ') ’s; as was achieved in (1.32) for the univariate case. We m ay 

begin understanding the difficulties involved if we recall th a t E is connected to the
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process autocovariance function T(-) via th e  causal representation,
OO

r ( /0  =  £ ¥ k+jE ¥ ; ,  (1.33)
;=0

In the m ultivariate exam ples of dimension 2 that follow, we use a direct search 

for the m inimizing white noise m atrix , expressing the objective function £ (S )  as a 

function of the three com ponents of E. The Hooke and Jeeves algorithm , Hooke 

and Jeeves (1961), constrained to  yield a positive definite solution, is em ployed to 

perform the search. Further details are given in appendix C.

E x a m p le  1 .8 .1  200 observations were simulated from the causal subset A R ( l l )  

model

X t  -  0.98.V,-! +  0.924A't_2 -  0.13S.Y,_4 +  0.0033At_r -  0.o.Vt_8 -  0.12A',_n =  Z t

(1.34)

where { Z t} ~  WX(O.J). The data is displayed in figure 1.1.

Table 1.1: Param eters and estim ates for the d a ta  of exam ple 1.8.1.

Param eter Param eter Estim ates by M ethod
T ruth Yule-Walker Burg M axim um  Likelihood

< M i) 0.9800 0.8958 0.9066 0.9048
* k ( 2 ) -0.9240 -0.8525 -0.8860 -0.8890

0.1380 0.0419 0.0319 0.0376
<M <) -0.0033 -0.0549 -0.0941 -0.0862
* * (  8) 0.5000 0.4137 0.4675 0.4759

* a -(11) 0.1200 0.0927 0.1160 0.1193

*AL 4 4.6813 3.8253
° l lL 4 3.9002 3.8330 3.8242

£ ( * a l ) 847.804 842.193
844.666 842.192 842.006

Here we have m  =  6 and K  — { 1 ,2 ,4 ,7 .8 ,1 1 } . Table 1.1 shows the true parameter 

values, contrasted against the estimates obtained via Yule-Walker, Burg, and maxi­

mum likelihood modeling. We note that the likelihood o f  the Burg estimates based on

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

Figure 1.1: Plot of the  sim ulated subset A R ( l l )  d a ta  set of exam ple 1.8.1

TOO 150 20050

both a \ L and <J\ !L, art higher than is the case fo r  Yule-Walker. A possible reason 

fo r  the higher likelihoods based on a \ L compared to cr\L, is the observed tendency o f  

a \ L to be closer to o \ rL than is the case fo r  Yule-Walker.

E x a m p le  1 .8 .2  500 observations were simulated from the causal subset VAR(3)  

model o f dimension 2

X t - ' -0 .4 1.3 ' 0.4 -0 .4  '
-0 .3 1.2 Xf_i —

-0 .0 6 0.05 X t_3 =  Zt (1.35)

where { Z t } ~  W N  0 ,S  =
1633 2043 
2043 3024

Here we have m  =  2 and K  =  {1,3}. Table 1.2 shows the true parameter values, 

contrasted against the estimates obtained via Yule-Walker and Burg modeling. The 

results are similar to the univariate example, with the likelihoods based on the re­

spective algorithm-obtained white noise covariance matrix estimates being superior
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Table 1.2: Param eters and estim ates by m ethod for the d a ta  of exam ple 1.8.2.

Param eter P aram eter Estim ates by M ethod
Truth Yule-Walker Burg

i)

* k (3)

'A L

-'ML

C V a l )
C{ Z m l )

-0 .4  1.3 
-0 .3  1.2

0.4
-0 .0 6

-0 .4
0.05

1633 2043 
2043 3024

1633 2043 
2043 3024

9594.35
9591.91

' -0 .471 1.348 ' -0 .4 7 6 1.355
-0 .303 1.202 -0 .309 1.209

0.455 -0 .421  ' 0.464 -0 .4 3 0  ‘
0.049 -0 .0 2 6 0.054 -0 .031

' 1560.3 1885.4 1448.6 1790.0 '
_ 1885.4 2793.2 1790.0 2713.0

' 1456.4 1800.6 1456.3 1800.4 '
1800.6 2727.4 _ 1800.4 2727.0

9591.85
9591.84

fo r  Burg. Again we note the likelihood fo r  the Burg estimates based on the esti­

mated being substantially closer to those based on E.wt, than is the case for

Yule- Walker.

E x a m p le  1 .8 .3  500 observations were simulated from  the causal subset VAR(7)  

model o f  dimension 2

X t -
' -0 .2 8 1.29 ‘ ' 0.42 —0.45 ‘ -0 .1 9 0.20 '

-0 .6 2 1.63
X (_i —

0.54 -0 .5 8
X(_.| —

-0 .3 0 0.31

- 0.11 0.08
- 0.22  0.20

X f_7 =  Z t

x ,- 5

(1.36)

where {Z(} ~  W N I 0, E =
27.5 2S.2 
28.2 30.6

Here we have m  =  4 and K  =  {1 ,4 ,5 .7}  Table 1.3 shows the true parameter values, 

contrasted against the estimates obtained via Yule-Walker and Burg modeling. Once
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Table 1.3: Param eters and estim ates by m ethod for the  d a ta  of exam ple 1.8.3.

Param eter Param eter Estim ates by M ethod
T ruth Yule-Walker Burg

i)

<M-5)

«&*-(")

Z AL

S.v/ l

C & AL)

-0 .2 8  1.29 
-0 .6 2  1.63

0.42 -0 .4 5  
0.54 -0 .5 8

0.19 0.20
-0 .3 0  0.31

- 0.11 0.08 
- 0.22  0.20

' 27.5 28.2 
_ 28.2 30.6

27.5 28.2
28.2 30.6

-0 .260  1.287 
-0 .612  1.634

0.754 -0 .802  
0.916 -0 .961

-0 .075  0.097 
-0 .188  0.189

-0.004 -0 .020  
-0.104 0.091

33.4 33.9
33.9 36.1

28.4 29.0 
29.0 31.2

4763.65
4757.04

-0 .2 2 3  1.256 
-0 .5 8 4  1.618

' 0.708 -0 .725  
0.876 -0 .8 8 9

0.068 -0 .073
-0 .0 5 3  0.021

0.090 -0 .123
-0 .018  - 0.000

28.3 28.9
28.9 31.1

28.3 28.8 
28.8 31.1

4754.51
4754.51

again we note that the likelihood fo r  the Burg estimates is higher than that fo r  Yule- 

Walker. Note also the dramatic improvement in estimated white noise covariance 

matrix and likelihood fo r  Yule-Walker. when we use

1.9 M onte Carlo comparisons of Yule-Walker, Burg, Vieira-M orf, and 
N uttall-Strand algorithms

Since these four algorithm s are frequently used as quick and easy VAR estim ation 

methods, we present a  sim ulation study of the relative perform ance of each in term s 

of the size of its G aussian likelihood. VVe exam ine first th e  univariate setting.
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1 .9 .1  U n iv a r ia te  case

We sim ulate 1,000 realizations from univariate models, w ith { Z t} ~  IID N (0 ,1), and 

various configurations of roots of the  autoregressive polynom ial. For each realization, 

the  Yule-Walker, Burg, Vieira-Morf, and N utta ll-S trand  solutions are obtained, and 

the respective Gaussian -2 log likelihoods com puted based on the R S S / n  white 

noise variance estim ate. The m axim um  likelihood solution is also obtained, and 

its -2 log likelihood subtracted from th a t of each of the four algorithm s, to give 

w hat we will call the net -2 log likelihood (AfC). This m axim um  likelihood solution 

is com puted using the true param eter values as initial guesses to the Hooke and 

Jeeves m inim ization routine. If for a particular realization the likelihood of a model 

arrived a t via one of the algorithm s was higher than  th a t obtained for the model with 

the true  param eter values, those param eter estim ates were used as initial guesses 

instead. See appendix C for more details.

E x a m p le  1 .9 .1  100 observations were simulated from the causal subset AR (3)  

model

(1 + O . 5 0 ) ( l - ( O . l - O . 3 i ) 0 ) ( l - ( O . l + O . 3 * ) f l ) . Y t =  Z t . (1.37)

The roots o f  the A R  polynomyal are —2 and  1 ±  3i, with moduli 2 and \/T(), re­

spectively. The summaries and plots o f  table 1.4 and left side o f  figure 1.2, shows 

Yule-Walker giving lower j V C ’s about 1/3 o f the time, but with a somewhat higher 

mean and variance than the remaining 3 methods.

E x a m p le  1 .9 .2  100 observations were simulated from the causal subset A R (4)  

model

(1 +  0 .98 fl)(l -  0 .98 fl)(l +  0 .98 iB )(l -  0.98ifl).Yt =  Z t (1.38)
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Table 1.4: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.1

M ethod M ean 
of AfC

Median 
of jVC

Std. Dev. 
of M C

% of realizations 
w ith lowest M C

Yule-Walker 0.011 0.002 0.027 33.3
Burg 0.003 0.001 0.007 17.7

Vieira-Morf 0.003 0.001 0.007 26.5
N utta ll-S trand 0.006 0.002 0.010 22.5

The roots o f  the A R  polynomial are ±1.0204 and ±1.0204*. The summaries and 

plots o f table 1.5 and right side o f  figure 1.2, show that Yule-Walker now performs 

poorly, with substantially higher mean and variance than the remaining 3 methods. 

Since the model contains only one non-zero autoregressive coefficient, the Burg and 

Xuttall-Strand estimators are algebraically identical in this case.

Table 1.5: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.2

M ethod Mean 
of J\fC

Median 
of a t ;

Std. Dev. 
of ArC

% of realizations 
with lowest A  C

Yule-Walker 1.629 0.994 1.84 14.3
Burg and N uttall-S trand 0.112 0.053 0.17 3S.5

Vieira-Morf 0.108 0.052 0.16 47.2

E x a m p le  1 .9 .3  100 observations were simulated from  the causal subset AR(4)  

model

(1 ± 0 .9 S f i) ( l  - 0 . 9 o B 3) X t =  Z t (1.39)

The roots o f  the A R  polynomyal are — 0.50S6±0.SS09* (with modulus 1.0172), 1.0172. 

and —1.0204. The summaries and plots o f  table 1.6 and the left side o f  figure 1.3. 

show that now M orf and Burg have similar performance, which is substantially better 

than Yule-Walker and Xuttall-Strand.
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Figure 1.2: Boxplots and barplots for the d a ta  of exam ple 1.9.1 (left), and exam ­
ple 1.9.2 (right)

Boxplots of net -2 log likelihoods

YuW a B urg Morf Nutt

Boxplots of net -2 log likelihoods

YuW a Burg & Nutt Mori

% of time each method gave lowest -2 log likelihood % of time each method gave lowest -2 log likelihood
33.3

S

8

Y uW a B urg Morf Nutt

?
8
8

47.2

Y uW a Burg & Nutt Mori

Table 1.6: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.3

M ethod Mean 
of N ’C

Median 
of ,V'£

S td. Dev. 
of .VC

% of realizations 
w ith lowest .\l'C

Yule-Walker 5.941 3.710 6.508 6.5
Burg 0.513 0.284 0.761 42.8

Vieira-M orf 0.513 0.285 0.766 45.3
N utta ll-S trand 9.747 6.982 9.336 5.4

E x a m p le  1 .9 .4  100 observations were simulated from  the causal subset A R (4)  

model

(1 -  0 .95#  )(1 +  0.98#)(1  -  0.98#)A '( =  Z t (1.40)
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The roots o f  the A R  polynomyal are ±1.0204 and ±1.0260. From the summaries  

and plots o f  table 1.7 and right side o f  figure 1.3, it is evident that Yule-Walker’s 

performance is fa r  inferior to the remaining methods, particularly Vieira-Morf. Once 

again. Burg and Nuttall-Strand yield identical solutions.

Table 1.7: Sum m ary statistics by m ethod for the da ta  of exam ple 1.9.4

M ethod Mean 
of JVC

M edian 
of JVC

Std. Dev. 
of AfC

% of realizations 
w ith lowest AfC

Yule-Walker 200.18 200.802 48.83 0.0
Burg and N uttall-S trand 0.38 0.139 0.80 49.4

Vieira-Morf 0.32 0.133 0.64 50.6

Figure 1.3: Boxplots and barplots for the d a ta  of exam ple 1.9.3 (left), and exam ple
1.9.4 (right)

Boxplots of net -2 log likelihoods Boxplots of net -2 log likelihoods

YuW a Burg Morf Nutt YuW a Burg & N utt Morf

% of time each method gave lowest -2 log likelihood% of time each method gave lowest -2 log likelihood

YuW a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

Restricting to the univariate case, we com pared the perform ance w ith various con­

figurations of roots of the AR polynomial. W ith  roots far from the  unit circle in 

the complex plane, Yule-W alker’s performance is com parable w ith the  remaining 

m ethods. As the  roots approach the unit circle and the real axis, we see the Burg 

and Vieira-M orf solutions giving consistently higher likelihoods. A part from the 

special scenarios where it coincides with Burg, the N utta ll-S trand  m ethod performs 

similarly to  Yule-Walker. On the whole, the Burg and Vieira-M orf methods per­

form bette r than  the  rest, tending to give higher likelihoods with sm aller variability 

across a large num ber of realizations.

1.9.2 M ultivariate case

M otivated by the changing results of the modeling algorithm s in the face of different 

configurations of roots of the autoregressive polynomial, we seek to investigate this 

behavior for analogous scenarios in the bivariate case. A ppendix B details the 

m ethods used to find the  VAR coefficients th a t correspond to  models w ith specified 

characteristic polynomials.

Due to the difficulties involved in finding m axim um  likelihood solutions in the mul­

tivariate setting, we concentrate on bivariate models w ith subset size one. 200 real­

izations are then sim ulated from each, w ith noise Z f ~  N'2(0 , [2), and configurations 

of roots of the VAR characteristic polynomial th a t mimic those of the univariate 

examples. For each realization, the ArC for each of the four algorithm s is obtained in 

the same m anner as in the univariate examples. Unlike the  univariate case though, 

the search for the m axim um  likelihood estim ates is carried out sim ultaneously for 

the coefficients and the  white noise covariance m atrix.
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E x a m p le  1 .9 .5  100 observations were simulated from  the causal bivariate subset 

V A R (2) model

0.547 -0 .300  
0.700 -0 .4 5 7

xt_2 = z t,X,-
with characteristic polynomial

|$ ( ; ) |  =  (1 - 0 .2 5 c 2) ( l+ 0 .1 6 c 2).

having roots ± 2  and  ± 2 .5 i. The summaries and plots o f  table 1.8 and left side of 

figure 1.4. show the Burg, Vieira-Morf, and Nuttall-Strand methods giving similar 

means and variances fo r  the .\ f £ ' s . Yule-walker has a somewhat larger mean and 

variance.

Table l.S: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.5

M ethod Mean 
of M  C

Median 
of M C

Std. Dev. 
of jV C

% of realizations 
w ith lowest JVC

Yule-Walker 0.137 0.076 0.168 12.5
Burg 0.030 0.021 0.027 25.5

Vieira-M orf 0.028 0.018 0.029 32.0
N utta ll-S trand 0.028 0.020 0.029 30.0

E x a m p le  1 .9 .6  100 observations were simulated from  the bivariate causal subset 

VAR(2) model

x t 1.0091 -0 .3000 
0.7000 -1 .0670

x(_2 = zt,
with characteristic polynomial

|$ (z ) | =  (1 +  0 .9 S V )(1  -  0 .9 5 V )

having roots ±1.0526 and  ±1.0204*. The summaries and plots o f  table 1.9 and 

right side o f  figure 1.4, show that Yule-Walker now gives lower A f C ’s about 10% of  

the time, but with substantially higher mean and dispersion than the remaining 3 

methods, which continue to perform comparably.
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Table 1.9: Sum m ary statistics by m ethod for the  d a ta  of exam ple 1.9.6

Method Mean 
of JVC

Median 
of JVC

Std. Dev. 
of JVC

% of realizations 
with lowest JVC

Yule-Walker 2.07 1.29 2.39 10.0
Burg 0.33 0.20 0.45 53.0

Vieira-M orf 0.37 0.22 0.45 26.0
N uttall-S trand 0.40 0.26 0.46 11.0

Figure 1.4: Boxplots and barplots for the d a ta  of exam ple 1.9.5 (left), and exam ple 
1.9.6 (right)

Boxplots of net -2 log likelihoods Boxplots of net -2 log likelihoods

Burg Morf Burg MorfYuW a Nutt

% of time each method gave lowest -2 log likelihood % of time each method gave lowest -2 log likelihood

YuW a

E x a m p le  1 .9 .7  100 observations were simulated from  the bivariate causal subset 

V A R (2) model

X ( -
0.4 -1 .2  
0.9 -0 .4 X t- 2 =  Z t ,
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with characteristic polynomial

|$ ( ; ) |  =  ( l+ 0 .9 2 2 4)

having roots ±0.722 ±  0.722i (with modulus 1.0211). The summaries and plots o f  

table 1.10 and the left side o f figure 1.5, show that now the mean and variance fo r  the 

.VC 's o f  the Burg, Nuttall-Strand, and Vieira-Morf methods, is substantially lower 

than Yule- Walker.

Table 1.10: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.7

M ethod Mean 
of JVC

Median 
of J fC

Std. Dev. 
of .VC

% of realizations 
w ith lowest jVC

Yule-Walker 2.551 1.744 2.527 10.0
Burg 0.538 0.339 0.617 56.0

Vieira-M orf 0.610 0.393 0.630 20.0
N uttall-S trand 0.608 0.387 0.635 14.0

E x a m p le  1 .9 .8  100 observations were simulated from  the bivariate causal subset 

VAR(2) model

_  [ 1.4135 -0 .3000  
‘ [ 0.7000 0.4969

with characteristic polynomial

|<&(-)| =  (1 -  0 .9 8 V )(1  -  0.952c2)

having roots ±1.0204 and ±1.0260. From the summaries and plots o f  table 1.11 

and right side o f  figure 1.5, we see that the performance o f  Burg and Vieira-Morf is 

much better than that o f  the remaining two methods. Unlike the remaining examples 

though, a curious event occurred here in that 239 realizations were simulated instead 

o f 200. In 39 o f  those realizations, the Burg solution, although causal, produced a 

negative definite white noise covariance matrix. These 39 realizations were omitted  

from the simulation results.
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Table 1.11: Sum m ary statistics by m ethod for the d a ta  of exam ple 1.9.4

M ethod Mean 
of a r c

Median 
of AfC

Std. Dev. 
of .VC

% of realizations 
w ith lowest A £

Yule-Walker 97.7 79.5 72.7 15.5
Burg 29.9 17.1 32.5 34.5

Vieira-M orf 29.8 18.1 32.2 48.0
N uttall-S trand 46.9 33.1 42.3 2.0

Figure 1.5: Boxplots and barplots for the  d a ta  of exam ple 1.9.7 (left), and exam ple
1.9.8 (right)

Boxplots of net -2 log likelihoods Boxplots of net -2 log likelihoods

B
YuW a Burg Morf Nutt YuW a Burg M art Nutt

% of time each method gave lowest -2 log likelihood % of time each method gave lowest -2 log likelihood

YuW a

These m ultivariate exam ples display sim ilar behavior to  th a t seen in the univariate 

case. The m ain them e continues to be th a t Yule-Walker’s perform ance is inferior to 

the rem aining three m ethods. Burg and Vieira-M orf em erge as clear winners here 

too. albeit closely followed by N uttall-S trand.
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Chapter 2

A S Y M P T O T I C  N O R M A L I T Y  O F  S O M E  S U B S E T  V E C T O R  

A U T O R E G R E S S I V E  P R O C E S S  E S T I M A T O R S

2.1 Introduction

In this chapter we establish asym ptotic norm ality for the d istribu tion  of some of 

the more common subset vector autoregressive (SVAR)  process estim ators, namely: 

Least Squares (LS), Yule-Walker (YW , algorithm  1.3.1), and th e  Burg estim ator in­

troduced in chapter 1 (algorithm  1.4.4). This is achieved by first finding the asymp­

totic distribution of the  subset Least Squares estim ator, and showing its asym ptotic 

equivalence with the  subset Yule-Walker. This equivalence is then  extended to the 

subset Burg estim ato r via the subset Yule-Walker, which thus inherits all central 

lim it theorem s applicable to  the o ther two.

A partial derivation of th e  asym ptotics for the m ultivariate full set LS estim ator 

can be found in Lutkepohl (1993), section 3.2. In this chapter, we generalize this to 

the  subset case, using the  theory of m artingales to  com plete the  derivation. In Han­

nan (1970), section 6 .2 , we can find a  development of the m ultivariate YW  asym p­

totics. However, we choose instead to  generalize the univariate full set argum ents 

of Brockwell and Davis (1991) to the  m ultivariate subset case. The asym ptotics for 

the m ultivariate full set Burg estim ator, was recently presented by Hainz (1994). 

We extend this derivation to  the subset case.
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C o n d it io n  1

We assum e th a t {X t =  (X M, . . .  t =  0, ± 1, ± 2 , . . .  } is a zero-mean d-variate

s tationary  ergodic stochastic process of full rank, w ith finite variance, and (d x  d) 

covariance m atrix  a t lag h

E[x(+,x^] = r (h).

C o n d it io n  2

In some cases, vve shall assume tha t {X f} follows the  causal SVAR(A) model.

X t =  £  +  Z t , {Zt} ~  IID (0, S ), (2.1)

where K  =  {fci , . . .  , k m }, and H is non-singular.

R e m a r k  2 .1 .1  A n y  process satisfying Condition 2 also satisfies Condition 1. To see 

this, we note first that the IID sequence {Z£} is stationary and ergodic. Since {X £} 

is a function o f this sequence through the causality property, it is also stationary 

and ergodic. To show model (2.1) is o f  fu ll  rank, suppose the linear combination 

oc'oXt +  a '1X (_ 1 +  . . .  +  a £X f_/ =  0 a.s., with a 0 7̂  0 . Taking the variance o f  both 

sides, and by the assumed causality, we have

0 =  V ar(ao Z £ +  (^ i)X £_fc, +  . . .  +  a i [ X£_ i +  at{X£_/)

=  Var{a'QZt) A- V a r(a ,1X £_i 4 - . . .  +  + . . .  +  a |X £_i)

>  V ar(ao Z t ) =  a o S a 0.

Therefore, we must have a ( ,S a o  =  0, which by the positive definiteness ofT, implies 

a 0 =  0 . This contradicts the initial hypothesis, and hence {X £} must be o f  full rank.

From C hapter 1, section 1.2, we know th e  best linear forecast of X ( on the lagged 

subset K  is

X t(A') =  £ $ K ( 0 X t-,-> 
ieK
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with mean squared error -( =  E); and the  best backward linear forecast on the 

lagged subset A'*

J 6 K *

with mean squared error •.

Before proceeding, let us introduce the following notation for this chapter:

•  As in the previous chapter, we will need to distinguish between estim ators of 

coefficients and M SE’s obtained via different m ethods. Thus we will continue 

to top those obtained via YW with hats (*), and Burg with tildes ( ' )  (there 

should be no confusion with the usual estim ators of covariances, since 

these are not algorithm  specific). In addition, denote the  LS estim ators by 

topping them  with breves (w).

•  Define in block form the (d x  dm)  m atrix  of coefficient m atrices,

•  a K :=vec{$K)-

•  Define in block form the (d x  dm)  m atrix  of process autocovariances,

r K :=  [rcfci), r(Ara)  ,r(*rm_ l ),r(Arm)J.

2.2 The subset Yule-Walker estim ator

From chapter 1. the Yule-Walker equations for the forward prediction problem are

(2.2 )

(2.3)
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which can be w ritten  in com pact block m atrix  form as

[Id, - $ K { k i), - $ K { k 2), • • • , -^ K '(^ m -1), -$k(A rm)] R k  = [Uk , 0 , . . .  , 0] ,

where

R k  =

u
' uT

uf
l

r  (k, )  . . .  r  (fcm_ t ) 
r(o ) ••• r( /:in_ l — ki)  

r(Ara -A n ) ' ••• r ^ - f c a )

r  (Arm) 1
r ^ m - A n )  
T(A:m — /l2)

r(fcm_ i r  
r  (kmy

r(fcm_t -  An)' ••• r ( 0) 
r ^ - A n ) '  ••• r ^ - A ^ . o '  r ( 0 )

r r(o ) r ( M  r(fc2) ••• r ^ . ! )  r(fcm) '

def
m  y 
r  (k2y

, say.

r ( k m- i Y
r (kmy

G k

For the backward prediction problem, the Yule-Walker equations are

K - u m  -  k) -  r(ky =  o, k e K B

je*'m

r(0) -  £  fK-OTU) = vK.,
> 6  A -

which can also be w ritten  in block m atrix  form as

- k i ) , . . .  . - 4 R K =  [0, . . . , 0, V)c-

We can express (2.2)-(‘2.3) in the reduced block m atrix  form at of (2.4) as 

* k G k  = ? k  and UK =  T(0) -  W K

(2.5)

( 2 .6 )
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Taking vecs of both sides of the  first expression leads to,

v e c ( $KG K ) =  uec([\-)

=> {G'k © /j)uec($K ') =  yec(TA:), by identity K-6 of chapter 1

=>• t>ec($K*) =  {Gk  ® Id)~lvec{I \- ) ,  noting the  sym m etry of G k

=> a K = {GJ;1 ® Id) vec{r k ), by K-8

=>■ = Vk GJ;1,

R e m a r k  2 .2.1 Since X ( is o f  ful l  rank, G k  will be non-singular and the solution 

<f>K unique.

This leads to the  YW estim ates of $ k  (in vec and unvec form) and Uk , respectively,

a *  =  ( G j > ® I d) ve c { ? K ) (2.7)

* K =  Vk G k 1 (2.8)

UK =  f ( 0 ) - M V  (2.9)

The estim ated  YW  model for (2.1) is therefore

X , =  Y ,  +  Z(, {Zt} ~  IID (0 , UK ). (2.10)
i€K

2.3 The subset Least Squares estim ator

The ensuing derivation of the asym ptotics of the LS estim ator, closely parallels the 

argum ent presented in Lutkepohl (1993), section 3.2.1. Throughout this section, we 

will assum e Condition 2 holds.

We begin by noting th a t model (2.1) can be w ritten  as,

X t - kl

X t =  [* K (fc i) , . . . ,* K (* m)] ’
X t_*

+ Zt, { Z t }  ~  IID(0, E).
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For the set of random  vectors { X i , . . .  , X „ }  from this model, we can w rite the  above 

concisely in block m atrix  form,

/ +1 —fcl X n_fc[

[ X fcm + i , . . . , X „ ]  = , . . .  ,

Y ( d x ( n - k m )) * K ( d x d m)
s \ Xn-tm

\rK(dmx(n—k m ))
+  [Zfcm+i ,  • • • , Z„],

Z ( d x [ n - k m ))

which in the com pact notation of the under-braces becomes,

Y  =  * k M k  +  Z.

Defining y  =  eec(V') and z =  uec(Z), take vecs of both sides of the  above equation 

to obtain

v e c ( Y ) = vec($Ki\[K)  +  uec(Z)

=>y = {M'K ® Id) a K + z.

Letting denote the  covariance m atrix  of z, we see th a t

/ I \ Zkm+iZ'km+l 0

Tz = E [ Z L  + , .......... Z'n] = E

V Z n ) 0 Z nZ'n .

=  In—km ® S-

The LS estim ator seeks to find the atx  which minimizes the scalar expression

S ( a K) = z'Ŝ z =  t !  {[n. km ® S ' 1) z =  Tr [(Y - * KMK ) ' Z - l { Y - **-* /* -)].

Following the argum ent in Lutkepohl (1993), section 3.2.1, we are led to the norm al 

equations

(Mk M'k  ® = (Mk  ® £ -1)y,
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with solution

a *  =  {{MK M'K ) - l M K ® i d ) y  (2 .H )

=  a K + { (MK M'K ) - l M K ® I d) z (2.12)

=  vec{YM' K { MK M'K ) - 1) .  (2.13)

Equation (2.13) implies tha t

* K = YM' k ( M k M'k ) - 1 (2.14)

=  { * KM K + Z)M'K ( M K M'K ) - 1 

= * K + ZM'K ( M K M'K ) - 1. (2.15)

2.4 The asym ptotic distribution of the subset LS estim ator

In this section we establish asym ptotic norm ality for the  d istribu tion  of the subset 

LS estim ator, by extending the argum ents given in Lutkepohl (1993), section 3.2.2, 

to the subset case. This result will later be extended to the YW  and Burg estim ators. 

We begin with the following lemma:

Lemma 2.4.1 For the process {X (} satisfying Condition 2,

\ l KM'k. P .  r ,
(a) — ^  — > G k -

(b) ^ v e c ( Z M ' K ) -U-  N(0, G k  <S S).

Proof

(a) By definition, the  ( i , j ) £/l, j  > i, block en try  of the  sym m etric m atrix  ,

is

i £
t=km + l
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which can be w ritten  as,

n - ( k j - k t )

-  T  x t+k]- k,x 't + op(i) = r ( k } - k i ) + op(\).
n 4=1

From Brockwell and Davis (1991), theorem  11.2.1, and for any integer h , 

r ( /i)  r ( /i) , where convergence in probability  of random  m atrices means 

convergence in probability of all com ponents of the  m atrix , and therefore,

-  E  x - f c X j  j u  v{k,  -
n ' 3t—km + l

which is precisely the [ i , j ) th, j  > i , block en try  of the  m atrix  G k -

(b) We will use a m artingale central lim it theorem  in conjunction w ith the Cram er- 

Wold device to establish this result. We begin by noting th a t the (d x dm)  

m atrix  Z.\['K is given by,

n nz\rK = Y. Z'XU,<-- - ■ E  Z|X!-*

= Ztm+i [x;„+l_h x;] + Ztm +2 [xi„„_tl,.... x;]
+  • • ■ + z„J x u . - - . x U , l -

(^*0 (lxJm)

Defining the vector of length d?m ,

u, = »ec(z,[x;.4l,...,x;.j)  
x,.,,

0  Z t, by K -10,

X t_*

= > v e c ( Z M k ) =  E  =  E  Ut +  0 P(1).
t=km + 1 ( =  1

T hen for any A 6  R d2m, we have, defining th e  scalar Wn,t =  ^  A' U*,

1 n 1
- =  X!ve c{ZM' K ) =  V ^ = A ' U t +  Op( l / ^ )
v n f r f  V n

n

=  ^ W „ , t +  Op( l / v ^ ) .
t=i
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Letting X £ =  5Z°10 T jZ f_j be the  causal representation of X £, we see th a t Z£ 

is independent of {X £_fcl t . . .  ,X £_fcm}, and therefore E (U £) =  0 . Defining Ft  

to be the sigma-field generated by {Zk ’ k < t } ,  i.e.

Ft  =  (T (Zjt : k < t ) .

it follows im m ediately th a t {W\,,£}, t =  1, . . .  , n,  is a m artingale difference 

sequence, and hence uncorrelated. T hat is,

E ( W nj  | F t~i) =  E

/ ' x £_tl '
—  A'

V"
\ _ -Xt-Jtm .

=  A' [ E
X«-fc£ 1

"  I

Q Zt | F t -1

© E  Z t

=  0 .

The sequence {U £} is therefore also uncorrelated.

In the above calculation, we used the fact th a t if X  and Y  are independent 

random  m atrices,

E(.Y ® V) =  E(.Y) © E(V').

This is a sim ple property of the  Kronecker P roduct operation, since, by inde­

pendence,

X 8 Y  =  [-V iiV lfy,.,

= >  E  { X  ® Y )  =  [E =  [E(-V« )E(V- ) ] ^ ,=1

=  E (X )® E (V ) .
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Noting th a t the covariance m atrix  of U f is,

E  (U ,U j)

X t - kl
=  E

=  E

=  E

X e -u

Xe_fcl

X f- fcm

=  E

=  G k Q S . 

we have,

8 Z, ( [ X U ,  X U J S Z i ) ,  byK -5

© z ,z ;

© E (Z iZ f)

x . - f c . x u ,  • •• x t_fclx u m

X t-*mX U ,  • •• X t - kmX't- km

X r-fc .x ;.* , • •• x t_fclx ; _ , m

X .-fc .X '.* , • •• x t_femx ; _ fcm

Var(Wn,t ) =  - A 'E ( U £U ;) A =  -A '(G ’k  © I )  A. 
n n

(2.16)

The sequence {IT’n.t} is in the prerequisite form for application of a m artingale 

central lim it theorem . In this context, we use theorem  3.2 and corollary 3.1 of 

Hall and Heyde (1980). Accordingly, we need only check the following three 

conditions:

CO £ ; = i  E  [ W l t I Ft-x] - A  A' (Gk  © S ) A.

(ii) m axi< t<„ | |  - A  0.

(iii) E  (maxi<{<„ W*<t) is bounded in n.
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Proof of (i):

Since { E (A /U (UjA | is a  stationary  ergodic sequence, th e  ergodic the­

orem  implies,

£ e [ H ' „ 2, | : f , _ 1] =  I £ e ( A ' u , u ; a |
(=1 t= 1

- A  E f E l A 'U ^ A I J , - , ) ]

=  A 'E (U (U ;)A  

=  \ ' ( G k ® E ) X .

Proof of (ii):

We have,

P r ( max |A 'Uj | / \ / n  >  e
\i<t<n

P r ( m ax |A/XJt | >  c \ /n  ) 
\t<*<n /

Pr ( M { |A 'U (| > cv^ }
\t=i

<  ^  P r ( |A 'U t| >  t \ f n )
t=i

=  n P r ( |A7U 11 >  e>/n)

=  n E

n
ne2

0 ,

'{ iA'u . i w ;}

by the finite variance of {X t}. 

Proof of (iii):

Since {Wn.t} is identically d istributed ,

E  (  m ax |M^ f|2̂  =  - E  (  m ax |A 'U f|2>)

<  i V E | A ' U , | Jn t=i
=  E  lA'U 112 .
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Therefore, invoking theorem  3.2 and corollary 3.1 of Hall and Heyde (1980), 

we have

4= A T ;ec (Z A /;.)  A  N (0 ,A '(G *- © S) A ) .
y  Tl

,2
Finally, since A was arb itrarily  chosen from R  m, application of the  Cram er- 

Wold device (Brockwell and Davis (1991), proposition 6.3.1), gives

± = v e c { Z M 'K ) A  N(0,Ga:©S).
y  Tl

□

The following theorem  establishes the weak consistency and asym ptotic norm ality 

of the subset LS estim ator.

Theorem 2.4.1

(Consistency and Central Lim it Theorem for the subset LS estim ator)

The LS estimators o f  the coefficients in the S V A R  model (2.1), satisfy

(a)

*K-

( b)

y ^ ( d K -  a K ) A  N(0 , G~Kl ® S ). (2.17)

Proof

(a) From (2.15) we have,

$ k - * k  =  ZM'k (M k M'k ) - 1 
z m 'k f M K M'K y l

n \  n J
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By lem m a 2.4.1, part (a), the te rm  in brackets converges in probability to  a 

nonsingular quantity; while part (b) =$■ 0. Therefore, $ k ~ 0-

(b) From (2.12), lemma 2.4.1[part (a)], and the continuous m apping theorem , 

V n { a K -  a h-) = \ / n  0  h )  z

(G*1 © h) .V,

where J\j" ~  N(0, G k  © S ), since lem m a 2.4.1 [part (b)] implies tha t

U) z  = -±=vec(ZM'K ) A i\ ( O , G a- 0 S ) .
\ /n y/n

Therefore, and by successive applications of identity  K-9 in appendix A.2,

. / ^ A A k - o c k )  - i f  N (o, ( c ; . ‘ 0 u )  (Gk  0 S) (Gl> 3  /,,) ')  

=  N(0 ,(G; . ‘ S S ) ) .

2.5 The asym ptotic distribution of the subset Y W  estim ator

In this section we establish analogous results of asym ptotic norm ality for the subset 

YW  estim ators. The results and respective proofs in this section, are an extension 

of Brockvvell and Davis (1991), theorem  8.1.1, to th e  m ultivariate subset case. We 

begin with the  following lemma:

Lem m a 2.5.1 For the process {X t} satisfying Condition 2,

( a ,  y s  f ft- -  ^ -!f 0, and, ^  - A  rK.
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(b) s/n Gl> -  ( * & )
-I

P r o o f

(a) Now.

x ;

Y '  Y 'n—k\ n—k„

and.

i n~^1 i- £ x («,x;,...,- E  x1+t.x;
«=l t=i

so tha t the j th, 1 <  j  < m , block m atrix en try  of y/n 

form

n-fc, n

r K - ŷ k has the

1
\ / n

1
v/n

E x ,W)x;- E  x<xU
t = l  f = f c m  +  l

n—fcj n—fcj

£ x , w , x ; -  E  x - « . x '«

= 7 s  £  w ;  ■

by re-indexing the right sum m and. 

Similarly, the j th, block m atrix  en try  of

0,

IS

— X t+fc,X£ 0, as n -> oc. 
n ^  1t=i

(b) From Brockwell and Davis (1991), proposition 6.1.2, it suffices to  show tha t

n  \  - i '
\ f n _t ^ v /K iV ^ y

o,
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where for m atrix  A, ||.4||2 denotes the Euclidean norm of vec{A):

- l
\ f n

m k m ' k y

-1

~ l

the inequality following from Cauchy-Schwarz for m atrix  norms (see for ex­

am ple Lutkepohl (1996)[p. 111]). Now, since V(h)  T(/i) for any integer

/i, we have by the continuous m apping theorem  th a t G ^ 1 G ^ 1. Also,

by lem m a 2.4.1, part (a), and again using the continuous m apping theorem , 

^ ^ _L> (f;-.1. Finally, em ploying a  sim ilar argum ent to the proof of

part (a), the  (i, j ) th. 1 <  i <  j  <  m , block en try  of v/n _  G '^  can

be w ritten as,

1
v/n

n-{kj-k,) n-(k}-k,)
£  £  x,+t,_fcx;
t = l t = l

+  op( l ) — ► 0, as n —> oo.

Thus, the right hand side of the above norm inequality

I | G k-1 I|2 -II0 | |2 . | | G ^ | | 2 = 0 ,

v/n
-I

□

We are now ready for the  main result in this section:

Theorem  2.5.1

(C onsistency and Central Limit Theorem  for the subset Y W  estim ator)

The Y W  estimators o f  the coefficients o f  S V A R  model (2.1), satisfy
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(a) $>K - A  * * .

(b) y/n (&K -  oik)  N(0,G*-1 ® S). 

fcj £/*- - A  S .

Proof

(a) From (2.S), =  f'k G ^ 1. Since f (h) T(h),  for every integer h, f k

I \ - ,  and G k  G k - Therefore, by the  continuous m apping theorem ,

r K G~Kl =  * K -

(b) T he subset LS and YW  estim ators are respectively:

& k  =  ( ( M k M ’k ) ~ 1M k  Q  U )  y -  and a *  =  (G *-1 ®  I d ) vec{f \-)-

In light of theorem  2.4.1 part (b), and  the  fact tha t

y / n ( a K - & k ) =  [y/n{6tK -  a * )  -  y / n { a K -  a t*)] *

it suffices to show, by Brockwell and Davis (1991) proposition 6.3.3 for exam ­

ple. th a t y / n ( a x  — d  a )  0. Thus, from (2.8) and (2.13),

V^(*K -  Qk) = [fa-G;-1 -  YM'K(MKM'Kr l

— 0, by lem m a 2.5.1.

(c) From (2.9), =  f (0) -  $ kT'a-. From part (a), T(0) T(0), $ A- $ A-,

and t K rat; so th a t by the continuous m apping theorem ,

U k  r(0) -  * K r K  = s.

□
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2.6 The asymptotic distribution of the subset Burg estimator

In this section, we prove th a t the m ultivariate subset Burg estim ato r has the same 

asym ptotic d istribution  as the YW estim ator. O ur strategy  is to  show th a t the two 

estim ators differ by term s of order a t m ost Op{ l / n )  (which in particu lar implies a 

difference of order op( l / y / n ) ) .  A pplying Brockwell and Davis (1991) proposition 

6.3.3, then gives convergence in d istribu tion  to the sam e lim iting random  vector. 

The argum ents th a t follow are a  generalization to  the  subset case of the  results 

presented in Hainz (1994). We begin with a lemma:

L e m m a  2 .6 .1  Let {.Yn} be a tight sequence o f  invertible (d x d) random matrices,  

and A a constant invertible (d x d) matrix.  Then

X n = A  + Op( l / n )  =► A' " 1 =  .4_l + O p{ l / n ) .

Proof

For any invertibie m atrix  B,  let gk(.) be the continuous differentiable m apping from 

— > R , th a t takes the k th elem ent of vec(B)  to the k th elem ent of v e c ( B~ l), i.e.

gk{vec(B))  = [vec{B~l )]k .

Then, applying the random  vector version of Fuller (1996) corollary 5.1.5, w ith s =  1 

and r n =  ^ to uec(.Y„), gives

[nec(A '"l )]fc =  gk{vec(Xn)) = gk{vec(A))  +  Op( l /n )  =  [uec(.4~l )]fc +  Op{\ /n) .

Applying this component-wise w ith k  =  { 1 ,. . .  .d 2} in tu rn , gives the required 

result.

□
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T h e o re m  2 .6.1  satisfies Condition 1, then the Burg and Y W  estimators of

the coefficients and M S E ’s of  the forward and backward subset prediction problems, 

satisfy:

(a) $ K = $ K + Op[ l /n ) .

(b) V K. =  tyK. + O p( l /n ) .

(c) UK = UK + Op{ \ /n) .

(d) VK- = V K. + O p( l / n ) .

In addition, we have the following auxiliary relationships:

( e )

( I )

(9)

i  £  i t j ( t ) e j ( t y  = Uj  + Op( l / n ) .

1 n
— 5 2  ~  km )Vj ' { t  — km)'  =  Vj* +  Op( l / n ) .
n  * ■

1 n
-  5 2  ej { t ) r i j . ( t  -  km)' =  $ K (k:m)Vj- +  Op{l / n) .

P ro o f

We will use induction on the size of the set K  of the  subset prediction problem . We 

begin a t level 1 (m =  1) with K  consisting of a  single positive integer, km. Note 

th a t J  =  0 =  J".  Now from the YW algorithm ,

vec (2.18)
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From the Burg algorithm  and (1.29), we have

vec

£  ) 0  u  + f(o)J 0 f(o) - 1 ( £  x,x;)f(or‘

E  E  x 'x ' . - 0  to)vec

M ultiplying and dividing by £ gives

uec ($/c(£-m)) =

[ -  E  x <-».x u „ ) ® ^ + f(0)J © r(0) - ' ( 1  E  x .x ; ) f (0 )-1
\ n  t = l + k m /  \ n  t = l + k m J

I E  x -x U „ ) + f ( 0 ) - ‘ ( i  £  x,x;_tm)f(0)

and upon recalling tha t for h >  0 , r(/i) =  £ X t+^X j, we see th a t

ec ^4*/c(^m

= [ ( f (0 ) +  Op(l/n)) ® [ d +  r(0 )2 © r(O)-1 ( f ( 0) +  Op( l /n ) )  f ( 0 ) - 1'

vec

= [f(O)©/ti + r(O)20f(O)-l +Op(l/n)

( f ( M ) ,

- i

- i

i#  + r(0) © r(0)
vec i (2.19)

using K-l and K-6 of appendix A.2 on the  vec  term . Consider now the inverse term  

in the above equation. From lemma 2.6.1,

r(o) © u  + r(0)2 © r(0) -1 + oP(i/n) - i

r(o) ©/  ̂+ r(o)2 © r(O) -1 + o P(i/n) .
- i
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Applying identities K-9 and K - l l  leads to  the factorization

f (0 )  0  ld +  r (0 )2 ® f ( O ) - 1] " l +  O p(l /n )

=  [ ( ^ © / d  +  r x o ) ® ^ ) - 1)  ( f (0) <g> / rf)

=  [ r x o ) ® / , ] " 1 [ / „  +  f  (0 ) ® r ( 0 ) -1

+  Op{ l / n )

+ Op( l / n ) ,

where we can easily see th a t Id ® Id coalesces into l<p. Finally, applying identity 

K-8 to the first inverse gives

-L
r ( 0 ) ® u +  r ( o )2 ® r(O ) - 1 +  op( i / n )

r(O ) - 1 ® id / ^  +  r ( 0 ) © r ( 0 ) - 1 + o P( i / n )
- i

We can now substitu te  the above into (2.19) to give,

( < M M )  =  [r(0)  ® u j  ~ l [ / *  +  r(0)  © f ( o ) - 1vec
- l

/*  +  r ( 0 ) © r ( 0 )- i

vec ^F(A:m)  ̂ +  Op( l / n )

=  j^f(0) ® / j j  vec ^f(A:m)^ + O p( l / n )

= vec +  O p (l/n ) , from (2.18).

We therefore have th a t 4>/c(A:m) =  $/v-(fcm) +  Op( l / n ), which implies +

Op{ l /n) .

From the prediction error solution of the Yule-Walker equations (algorithm  1.4.1), 

and are linked via:

*K-(km)  = V j . * K (km) ' U j l which implies * K.{km )Uj =  (2 .20)

(and similarly for the  YW  estim ators), so th a t with Vj» =  T(0) =  Uj,

* K-{km ) =  r(o)[$K-(fcm) +  O p ( i / n ) ] , r ( o r 1 

=  r(0)4/ ,(A:m) T ( 0 ) - l + O p ( l / n )

=  +  Op( l / n ) .
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Now for the  M SE’s, we have from algorithm  1.4.1 th a t

Uk  — Uj  ~  $K{km)Vj*$K(km) '

=  ' l d - * K {km) * K- (k m ) ]U j ,  from (2.20),

=  I d -  ( * k ( M * i M M  +  0 p ( 1 / " ) ) ]  H O )

=  ' l d - ^ K ( k m ) ^ K. ( k m )\ f ( 0) +  O p[ l / n )

=  &K + O p{ l / n) ,

and similarly,

VX- =  V j - — ^>K’ (km)Uj^/K-{kmY

=  h ~  $ K ’ {km)$K(km) V}., from the transpose of (2.20),

=  Id -  («K.(fc™ )**(fcm) +  0 P( l / n ) ) ]  f ( 0)

=  U ~  *K-(km)*K(km)\ T(0) +  Op( l / n )

=  VX* +  0 P( 1/n ) .

For the auxiliary relationships, we have from algorithm  1.4.1

i  £  MOMO' = ; t  X,x;
n “  n “  .t=km -f L t=zkm + l

= f(0) +  Op(l/n )

=  Uj  +  Op( l f n ) .

-  E  vA*- -  km)vj.{t -  kmy = -  x f_fcmx;_fcm
n n  '

f 4" I t—km 1

= f(0) +  Op(l/n )

=  V j . + O p{ l / n ) .

1 E  M 0^(«-fcm)# =  ̂ E  X‘XU*n tx I—km +■1

=  t ( k m )
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the  last equality following from the first line of algorithm  1.3.1. Finally,

-  T  -  km) i A t y  = -  Y
n ' nt—km 4" I t—km't'l

=  f ( - f c m) =  ?(kmy

= ^ K ’ ( k m W j ,

where the last equality follows similarly from the th ird  line of algorithm  1.3.1.

This ends the inductive step when K  is any subset of size one. Now suppose the 

theorem  holds for all subsets K  of size <  m — 1, and consider K  =  {Art, . . .  , Arm}- 

Recalling th a t J  =  {Al ; . . .  , A:m_t } and J m =  {Am — Am_ i , . . .  . Am — At }, introduce 

the following additional notation for sets of lags G  and H,  where H  G {J,  J ' ,  A'*}: 

G{H)  is obtained from G in the sam e m anner th a t H  is obtained from A". For 

exam ple:

•  J ( J )  is to J  what J  is to A', i.e. J ( J )  =  {A[,. . .  . Am_2}.

•  J{J")  is to  J  what J ’ is to K,  i.e. J ( J ~ ) =  {£m_i — km- 2, . . .  , Am_i — A*i}.

•  J m{ J ) is to  J m what J  is to A', i.e. J~{J)  =  {km — Am_ 1, . . .  , k m — A2}.

•  . /“(«/“) is to J ‘ what J* is to A', i.e. J ’ { J m) =  {A2 — Aq,. . .  . Am_i — At }.

•  J ‘{ A'") is to J ’ what K ’ is to A', i.e. J ' ( K ’ ) =  {A2 — A i,. . .  , km — Aq}.

By the inductive hypothesis, we then have:

[H-l] h  = h  + Op( l / n ) .

[H-2] + O p( l /n ) .

[H-3] U j = U j  + Op{ l /n) .
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[H-4] Vj.  =  Vj. + O p( l / n ) .

1H " 5] n E r = , m. I+1 ej(J)(*)*J(J)(O'  =  Uj[J) +  Op{ l / n ) .

[H-6] ^ E U . l+i ~  -  km. xY  = Vj( j .) + O p( l / n ) .

[H -7] £ 13"=fcm_l+ i £ j ( j ) ( 0 » 7 j( j* ) ( f  -  fcm -i) ' =  $ j ( k m- i ) V / ( j - )  +  O p i l / n ) .

[H-S]

I n ,,
-  Y "  £ j ' { j ’ ) { t )e j - [ j ‘ ){t)'  =  U j ’( j ’ ) +  O p ( l / n ) ,

t — —/ci + I

which upon re-indexing 

1 n,
= >  — ^  ® ■/*(•/*)(* ~  k i )£J‘W ) ( t  — k iY  =  &Jm(Jm) +  O p(l /r i ) .

U t=km+ 1

[H-9]

1 n
— ^ 2  ~  k m -i-ki)ri j . ^j )( t  — k m + k i ) ' =  Yj>^j) + Op ( l / n ) ,

t—km “k\ +1

which upon re-indexing 

1 "
=► “  H  -  krn)flj .{j){t ~  km y = V j - W + Opi l / n) .

71 t=km + 1

[H-10]

1 "
-  -  km +  h i ) '

t—km —̂1 +1
=  $ J ‘W ) { k m — ki)Vj»(j)  +  Op( l /n ) ,

which upon re-indexing 

1 n
= >  — ^ 2  £ j ’(Jm)(t ~ k i) i j - [ j ) { t - k m y

L=km 1

=  $J-{K-){km. — ki )Vj - ( j )  +  Op{ l / n ) .
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[H -ll] From (2.20), V ^ ^ j ^ m - i ) '  =  ^ j (K- ) ( km- i } U j {j).  Also holds w ith for YVV 

estim ators i.e. can replace tildes w ith hats throughout.

U.j(j)-[H-12] From (2.20), Uj  =  -  ^ j { k m- i ) ^ j ^ - ) { k m - i )

[ H - 13] £ j { t )  =  £ j {j){t) -  Q j i k n - i j i i j i j . ^ t  -  Arm _ ! ).

[ H - 14] — km) =  — km) — ty j ‘ (km — k i ) £ j ‘( j ’)(t — Ari).

[H-15] From (2.20), V j - ( k m -  k^Oj . ^ j . )  =  Vj ' ( j )$j - (K' ) {km -  h ) ' .  Also holds with 

for YW estim ators i.e. can replace tildes w ith hats throughout.

[H-16] Set Ii = J  and k  =  km — j , j  € J ’ (=> k  €  J ), in the  YW  equation (2.2) to 

obtain:

^ 2  $ j { i ) r ( k m ~  j  ~  i) =  r(Arm -  j ) ,  for every j  € J ' .
i £ J

[H-17] From (2.20), V> =  /<* -  ^j>{km -  k ^ j . ^ - . ^ k j n  -  k {) K / *  ( J i ­

lt is easy to show th a t H-5 - H-10 hold when m  =  2, i.e. K  =  { fc i,^ } . We note 

th a t in this case, J  =  {Art }, J '  =  {k^ — &i} =  J ’ (A'*), and J ( J ) = J { J m) = J ‘ {J) = 

J * ( J - )  = 0 .  Thus:

For H-5,

i  £  = i  Y .  x,x; = f(o) + o , ( i / n )
f=&m— I + l

=  &J{J)  +  Op{ l / n ) ,

and sim ilarly for H-8.
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•  For H-6 ,

1 n 1 n 
~  5 2  ~~ km -l )*?./(./•)(* — kjn-i)'  =  — Xj_fc[X(_fcl

=  f ( 0 )  +  O p( l / n )

= Vj(j . )  +  Op( l / n ) ,

and sim ilarly for H-9.

•  For H-7,

~  5 2  £J{J){1) V j w ) ^  ~  km- i ) '  = ~  5 2  ~  F (M
t=fcm_i+i (=fci+i

=  (Ari ) r (0 ) , from first line of algorithm  1.3.1

and sim ilarly for H-10.

We will com plete the inductive argum ent by showing in order:

(i)

-  V  i j W i j W ^ U j  + O M n ) .
n  • *

( H)

1 "
-  5 2  - k my  =  Vj.  + O p ( l /n ) .n * ^

(Hi)

-  V  -  km )' =  #jc(fcm)V>. +  Op{ l / n ) .
n t—

(iv) $K-(fcm) =  +  Op{ l / n ) .
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(v) =  ^ K ’{km) +  Op( l / n ) .

(vi) $ k ( 0  =  $K( i )  +  O p (l/n ), for every i €  J.

(vii) 'Pfv-(j) =  +  Op( l / n ) ,  for every j  €  J m.

(viii) Ok  =  Uk  + Op{ l /n) .

(ix) VK' =  Vk * + 0 P( l /n ) .

We now begin these dem onstrations.

(i) From H-13,

ej ( t )ej { t ) '

(e j { j ) { t y  -  V )'$j(fcm-i)')

-  Qj ( km- l ) f i j V) { t  -  fcm-l)ej(j)(0'
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and thus

- T  ij(t)iAt)'n t  *ft

= ( ~  X  e^)(0«^)(0 ' )
\  i= tm_i+i  /

-  I -  X  -  km-lY I
\ n i=fcm_! +1 /

-  I — X  ~ km-lY 1
\  f = * m - l + l  J

+ — km-iY \ $j{km-lY
\  t=km- t + l  /

+  Op{l /n) ,

and using H-5, H-7, H-7, H-6 , respectively in each of the bracketed sum m ands 

above, gives

-  X  M O M O '
t — ftm 4* i

=  Uj(J) -  $ j ( k m- l )Vj ( J ‘ ) $ j { k m- i Y  -  Qj i k m- l j V j l J ’f i j i k m - i Y  

+  $ j { k m- i ) V j ( j ‘) $ j { k m- i Y  +  Op{ l / n ) .

By H-l and H-4, we can interchange Burg and YW estim ators to within 

Op{ I /n ) ,  so tha t

X  M O M O '
t=km +1

= uAJ) -  *j(km- l)Vjlj . )*j(km- lY -  ^ A ^ - i W j ^ j i k m - ^

+  $ j { k m- i ) V j ( j ' ) $ j { k m- i Y  +  Op{ l / n )

=  &J(J) ~  $ j { k m- \ ) V j ( j ‘ ) $ j ( k m- i Y  +  Op{ l / n )

=  &J(J) ~  $ j { k m- i ) y j ( K ‘){km-i)Uj(J) + Op{ l / n ) ,  by H -l 1 

=  Uj  +  Op( l /n ) ,  by H-12.
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(ii) From H-14,

km)fjj»^t km )

— (^1 J* ( J) i^  km ) ^  J* ( km ^-l )fi J , (J*)

( j l j ’ (j)(l ~  km)'  ~  — ) ' ^ J ‘ {km — k i ) 1̂

= V j ’lJ){t ~  — kmY

~  { s j ' i J ’jit — ki ) f i j ' { j ) ( t  — km )') tyj»(km — ki) '

— tyj -{km — ki )  (kj»( j ‘){t — — km)f)

+  t y j ’ ikm — ki)  — k  1 )ej*(j-)(i — k\Y)  'Fj - { km — k i )1,

and thus 

1 n
^  " ‘h j ' i t  km)ffjm[t km) —

Tl t=km + 1

(~  ^  — k m)Vj ' ( j ){t  ~  km) j
V t=km +1 /

~  £j , (j , )[t — ki)fij.(j)[t — km) j  ^J^ikm — k i )1
\  t=km + 1 /

- $ J ' { k m -  k {) ( i  ])T -  k ^ f f j . ^ i t  -  k mY
\  t= ^m + l y

+  —  ki)  |  ) £ . / • ( . / • ) ( £  —  f c i ) ' )  J  ' j j ' C / l m  ~  ^ l ) / -

Using H-9, H-10, H-10, H-S, respectively in each of the  bracketed sum m ands 

above, gives

1 n
~  'y  ̂ v j ‘ {i ~  km) t i j . ( t — km ) n 7—'

£ = ^ m  - f “ L

(km“~k\ * from H-lo
C  ^  S

=  ^J’{J) — Vj’{J)®J'(K‘){km — k i )1 ' $ j ’ {km — ki Y

— if!j>(km — — ki )Vj . ( j )

+ tyj*{km — ki)Uj*(j‘)ty j>(km — ki)' +  Op(l/n) .
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By the  inductive hypothesis (H -l - H-4), we can interchange YW  and Burg 

estim ators to w ithin Op( l /n ) ,  so th a t

n

1

t=k m I
=  Vj'(J) — ~  ki)Uj ' ( j>)$j>{km — k i )1

— y/j*{km -  k i ) ^ j . ^ . ) ( k m -  ki )Vj . ( j )

+  ^ f j ’ {km — k i ) U j ^ j ‘)^/j>(km — ki) '  + Op{ l / n )

Id. ~ ytj’(km — — ki)

= V j * + O p{ l / n) ,  by H -l7.

Vj‘(J) +  Op( l / n )

(iii) By definition,

and

i € J

~ k m) =  X t-km ~  Y ,  * A j ) X t - k m+j,
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and this implies 

1 n
-  £  £ j ( t ) v j ' { t  -  kmy  
n

r  (km) r(Arm-j)+Op(L/n)

n

= ; E  X'X'«-‘J - E   ̂ E  X* U +JK - ot
\  t=km +1 /  jeJ" \  f=fcm + l /

- E  *j(i) E  x ^ x '.-*.)
i £ j  \  f = f c m  +  l  /

+ E E « ;) ( ;  E  x '-x'.-*„,+J)  h - U Y
j<zJ’ i e J  \  t= k m +1 /

> v / 
f(fcm-j—i)+Op( 1/n)

=  f (km ) -  £  f ( * m -  j ) * j . U ) '  -  £  h ( i ) t ( k m -  i)
j e J ‘ Ie J

+ E  ( E  -  } -  0 ] *j.(j)' + Op(l/n)
jeJ* \ ieJ J

Vi. , .  I | ,V . . — . — I

=f(fcm-j), by H-16 

= f(fcm)-£^(i)f(A:m-i) + Op(l/n),
i£j

since $ ./(/) =  +  Op( l /n ) .  Thus by the  first line of algorithm  1.3.1

1 "
-  £  -  kmy  =  ^ K[km)Vj .  +  Op( l / n ) .
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(iv) Taking (1.29), applying identities K -l and K-6 to  the  vec te rm , and m ultiplying 

and dividing by £, gives

vec (* * -(* » ))

=v'7. + o p( i / n ) ,  b y  ( i i )

|  ^   ̂ k m)f f j .{t  km) J ® Id
V  t=km + 1  /

—Oj+0 p(i/n), by (i)

+  v}- ® t ' ; 1 ( -  E  ) f ; 1
\ n «=*rm + l /

+  Vj.  © £7 1 -  km )'

- l

=<t>K-(fcm)v>+op(i/n), by (iii)

v >  © +  vj. © t '7 1 +  O p ( i / n ) ] _1 [ / *  +  K/- 0  6 7 1

uec + 0 P( l / n )

= |Kz- © Id + V]. 0  Uj lj j/^ + Vj.  ® (7/ ’j (v}. © 
uec + O p ( l / n ) ,

where the last equality  follows by applying lem m a 2.6.1 to  the  bracketed in­

verse term , and identity  K-6 to the vec operator. By inductive hypothesis H-4, 

we can replace (Vj .  © Id)  w ith ^Vj* © i j )  -I- Op( l / n ) ,  to give

vec ($ * (£ „ ,) )

=  [Vj. Q Id + Vj.  © 6 7 l] " l  [ l#  +  Vj.  ® U j l] ( V j .  © I d )

vec ( $ K (km ))  +  Op{ l / n )  

= v e c ( $ K{km ))  + O p( l /n ) .

=Vj.®idJrVj.®Ojl, by K - l l  and K-9
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(v )  From (2.20),

=  V j . $ K ( k m ) ' U j l

= V j - Q h i k m Y U j 1 + Op{ l / n ) ,  by H-3, H-4, and (iv), 

=  +  Op( l /n ) ,  again from (2.20).

(vi) From the  algorithm ,

$A'( 0  =  $■/(*) -  -  i), for every i €  7,

=  $ j { i )  -  $ K { k m) V M k m  -  i) +  Op( l /n ) ,  by H -l, (iv), and H-2,

=  * K (0  +  O p (l/n ),

where the  last line follows again from the algorithm , but now applied to the 

YW estim ators.

(vii) Similarly, from the  algorithm ,

Wk ’ U)  = ~  V f f { k m ) Q j { k m -  j ) ,  for every j  €  J \

=  ~  4 + Op{ l / n ) ,  by H-2, (v), and H-L.

=  ' M i )  +  Op( l /n ) ,

again from the algorithm  applied to the YW  estim ators.

(viii) From the  algorithm ,

Ok  =  U j - * K { k m) V j . * K(km)'

Id ~  <M *-m )*A --(^)] Uj,  from (2 .20),

U ~  $ K ( k m)VK-{km) Oj  +  O p (l/n ) , from (iv), (v), and H-3,

=  U k  +  O p { 1 / ti),

from the  algorithm  applied to the YW estim ators.
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(ix) Using alm ost identical argum ents to  the above, we have from the algorithm

Vf<‘ =  K/. -  ^>K’ {km )U j^K ‘ {kmy

Id -  V j .,  from (2.20),

Id ~  VK-{km)$K{km) Vj • +  Op( l / n ) ,  from (iv), (v), and H-4, 

=  VK. + O p( l /n ) .

This com pletes the induction argum ent, and therefore the sta tem ent of the theorem  

holds for an arb itrary  set of lags K .

Theorem  2.6.2 (A sym ptotic distribution of the subset Burg estim ator)

The Burg estimators o f  the coefficients and white noise variance o f  SV A R  model 

(2.1). satisfy

( a )  s / n  (d -̂ — afc) N(0, G j f  0  E).

( b )  U K  S.

P r o o f

Theorem  2.6.1 sta tes tha t the Burg and YW  estim ators for the forward and backward 

prediction problem s, differ by term s of order Op( l / n )  when {X t} satisfies Condition 

I. As m entioned a t the beginning of this section, application of Brockwell and 

Davis (1991) proposition 6.3.3, then gives convergence in d istribu tion /probab ility  

to the same lim iting random  vectors. These lim iting distributions were presented in 

theorem  2.5.1. Since {X (} satisfying Condition 2  also satisfies Condition 1. these 

lim iting distributions extend to  the Burg estim ators of the coefficients and white 

noise variance of SVAR model (2.1).

□
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Chapter 3

SADDLEPO INT APPROXIM ATIONS TO THE D ISTR IBU TIO N S OF 

THE YULE-W ALKER A N D  BURG COEFFICIENT ESTIMATORS 

OF SU BSET AR MODELS W ITH SUBSET SIZE ONE

3.1 Introduction

A notable feature of the sim ulation results of C hapter 1 is th a t the Gaussian like­

lihoods for models fitted via the  Burg method tend to be consistently larger than 

those fitted via Yule-Walker, particularly as the roots of the A R polynom ial approach 

the unit circle. Com paring the distributions of Yule-Walker, Burg, and m axim um  

(Gaussian) likelihood estim ators in some special cases, should provide further in­

sight into the ir different finite-sample performances, and the  question of whether 

or not the densities of the Burg and m axim um  likelihood estim ators are ucloser” in 

some sense than  those of Yule-Walker and m axim um  likelihood.

In this chapter we com pute saddlepoint approxim ations to  the probability d istri­

bution and density functions of the  Yule-Walker and Burg estim ators of the au­

toregressive coefficient in a Gaussian AR(p) model, where the  coefficients of the 

first p — 1 lags are zero (henceforth abbreviated as a  SAR(p) model). We obtain 

sim ulation-based estim ates of the  probability density function for these two as well 

as the m axim um  likelihood estim ator, and proceed to com pare all three.
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The saddlepoint approxim ation in this context was originally discussed by 

Daniels (1956), in which he derived the  density of the Burg estim ator for an AR(1). 

Phillips (1978), obtained the Edgeworth and  saddlepoint approxim ations to the 

density of the least squares estim ator. D urbin (1980), explored the approxim ate 

d istribu tion  of partial serial correlation coefficients, which included the Yule-Walker 

estim ator. Using Edgeworth approxim ations, Ochi (1983) obtained  asym ptotic ex­

pansions to term s of order n -1 for the  d istribu tion  of the  generalized AR(1) coef­

ficient estim ato r o (c i ,c 2) presented in the next section. More recently, Butler and 

Paolella (1998) have obtained saddlepoint approxim ations to  ratios of quadratic 

forms in norm al random  variables. T he developm ent in this chapter parallels their 

technique.

3.2 SAR(p) M odel Parameter Estim ation

Consider estim ating the param eters in the  zero-m ean causal univariate Gaussian 

subset AR(p) model:

Xt = <f>xt- p + Zt, {Z£} ~  IIDN(0,<72). (3.1)

Given observations i t ,  • • • , x n from a tim e series, and defining

r t M  =  C1 ~  <?2)7o.

the least squares estim ator of 0  is from (2.14),

H t= p + i  x tx t - P
4>l s  = E n-p 2 

t=i x t
X^t=i+p x tx t-p

y - p  r 2 -i- v p T2 ' Z-ri=p+l Xt r  2-,t=l t
(3.2)
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The Yule-Walker algorithm  (1.3.1) gives the estim ates

X  _  ___________ E t = i + P x tZt -p____________ ,
VYW r^n-p  2 , V'P x 2 . -2 '

2-rt=p+l ^  2 -f= l  x i T  Z^(=n-p+l x t
l r^n

_  n  E t= l+ p  X ‘ X t~P

-  I  V n X271 2_-rf=l X t

_ 7?
7o

=  U — ‘PvM'OT'O =  °A£,(0 VM'’)i

while from the Burg algorithm  (1.4.4) we obtain

-7p

7 o + ^ E r - p+ l -?
-7p

where ap = ± Z?=p+i x ?

(3.4)

i  _  ____________ E t=i+Pj ^ - P ____________  ri
VBG \~^n-p 2 I I  Y'P r 2 i i  y*" r 2 '* ‘ '

2_«f=p+I Xt ' 2 Z^t=l Xt r  2 2^f=n-p+l x t

70 +  a p

^BG =  ( 1 — ‘Pbg)'^) =  T ^ l^ B c )-

Remark 3.2.1 Since ap < %, we easily see that \4> bg \  > |0vvv|r and thus 

c t \ l { 0 b g )  <  ^ a l ^ y w ) -  Also note that the Burg estimator o f  a S A R (p )  coincides 

with the Nutlall-Strand estimator.

R e m a rk  3 .2 .2  Since we are assuming a zero-mean process, we have opted not to 

mean-correct the data prior to parameter estimation. This is an unrealistic assump­

tion in practice, but will help us fix the comparisons between the various estimators, 

as well as examine the relative performance o f  the saddlepoint approximations to the 

sampling distributions.

From (3.2), (3.3), and (3.5), and defining the generalized estim ato r

E t= i+ P x tx t - P
o{cu c2) =

£ £ »  x ? +  Cl E JL l X? +  C2 E L n -p + l *? ’
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we see th a t 0 (1 ,0 ), 0 (1 ,1 ), and 0(^, j ) ,  are the  least squares, Yule-Walker, and Burg 

estim ators respectively.

From Brockwell and Davis (1991) problem 8.7, the  -2 Log Likelihood for observations 

A 'i ,. . .  , X n from model (3.1), is given by

1
£ ( 0 , a  ) =  n log(2jr<7 ) +  log |GP| +  — x ; g - 'x p + £  (.v, -  w . - J

f = P + l

, (3.6)

where

x ;  =  \X l  .vPr

Gp =  a - 2r p =  ^ / p =  ( l - 0 2) - l / p

=> |G P| =  (1 -  02)"p and Gp 1 =  (1 -  0 2) / p,

and thus

£ ( 0 ,<t2) =  n log(27r<72) -  p lo g (l -  02) +  (1 -  0 2) A' 2 +  (A, -  6 .V(_P)2
a  L f=i (=p+i

C om paring this with equation (8.7.4) in Brockwell and Davis (1991), we see imme­

diately th a t the  expression in square brackets m ust be the  residual sum of squares

( R S S ) ,  ie.

R S S  =  £ ( A t -  X t)2[ r t- \  =  (1 -  0 2) £ X 1 +  E  (*V‘ “  (3-7)
t=i t=i t = p + i

Defining cr\lL(<f>) =  RS^ W ? and expanding the  above, we see th a t 0"(/£ (0 ) =  7o — 

2”/p0  +  ap0 2. Since the m axim um  likelihood estim ator (MLE) of or2 for fixed 0  is 

R S S / n , ignoring constants we obtain the reduced -2 log likelihood:

f t £ ( 0 ) =  n log(7o - 27P0  +  a p02) - p l o g ( l - 0 2)

x  108

D ifferentiating (3.S), we find th a t the MLE of 0  (0,v/x) is a root of the cubic

^  _  ( n - 2 p ) 7 v  _  +  „ ^  + n7P
( n - p ) G p ( n - p ) a p ( n - p ) a .

(3.8)

(3.9)

(3.10)
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E x a m p le  3 .2 .1  500 observations were simulated from  model (3.1) with p =  3, 

4> = 0.74, and {Z t} ~  IID iV (0,1). To 4 decimal places, we obtained the following 

estimates: 4>yw =  0.7055 (7ZC =  —42.2659), 4>bg — 0.7125 (1ZC =  —42.3555), 

4>m l  = 0.7153 {KC  =  -42.3635).

Figure 3.1: Plot of ct\ jl{g ) (short dashes and bounded below), cr\L{<5) (long dashes 
and bounded above), and a scaled and re-centered TZC{4>) (solid line), for the simu­
lated d a ta  of exam ple 3.2.1.

4 -

- 0.8 - 0.6 - 0.4-1 - 0.2 0.2 0.4 0.6 0.8
phi

-2

Figure 3.1 shows the two variance curves and cr2AL(o) for the  d a ta  of exam ­

ple 3.2.1, overlaid by the 'R.C(cj)) curve (suitably scaled and centered to  fit on the
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same figure). T he plot is typical of the  shapes of the  variance curves. Both are 

quadratics in 0 ; ) bounded above with roots a t ± 1, cr\fL ((f>) bounded below

with cr\lL(4>) >  0 for all |0 | <  1 (since by (3.7) it is a  sum  of squares). The curves 

intersect where

*1i M  ~  °AL{<t>) =  0

=» 0 ( ( a p +  7o)0 -  2%) =  0

=> 0  =  0 or 0  =   ---------- =  0 .
7o +  a p

R e m a rk  3 .2 .3  Thus the Burg white noise variance es tim ate  coincides with the 

R S S / n  variance estimate, ie. a \ lL(d>BG) =  l {<Pb g )-

It is clear from (3.4) th a t the Yule-Walker algorithm  always gives a causal solution 

for model (3.1). An easy geom etric argum ent enables us to  conclude likewise for 

the Burg estim ate 4>b g '■ Since g \ i l {4>) >  0 for |0 | <  1, it always intersects the  curve 

a \iX o )  a t <? =  0 and 0  =  Qbg in this causal region, so th a t we m ust have |0 s g | ^  1- 

An im m ediate consequence is th a t 2 |7P| <  7o +  ap.

3 .3  Saddlepoint Approxim ating the D istribution of 0 (c i,C 2)

A realization X  =  [ .Y i,.. .  ,-Yn]' from model (3.1), has th e  m ultivariate normal 

distribution

X ~  Nn(0 , r n),

with probability density  function

/x(x) =  (2)r)”'J|rn| - ‘'Je x p { - l x ' r ; ,x }  ,
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where

r„ =
7(0 ) 7 (n -  1)

1 - 4>2Jni
7 ( n - l )  ••• 7 (0)

and J n is the (n x n) m atrix  whose { i , j ) th en try  is

1 C  \ _  /  if I* “  j \  = k P' k  =  °» 1’ • • • ’ tn /P l’
n\ l ,J)  ^  otherwise,

and [c] denotes the  greatest integer less than  or equal to  c.

Defining the ( i , j ) th entry  of the (n x n) m atrix  A to be

A(i j) = f  I  \ i \ i - j \  = p,
\  0 , otherwise,

and th a t of (n x n)  m atrix  B to be

{Ci, if i = j  and 1 <  i <  p,
1, if i = j  and p +  1 <  i < n -  p.

c2, if i =  j  and n — p +  1 <  i < n,
0, otherwise,

we can express the generic estim ator d>(ci, c2) as a ratio of quadratic forms in normal 

random  variables

. , X ' A X  Qi
<?(Cl’C2) X ' B X  Q2

The jo int m om ent generating function (mgf) of Qi and Q2 is given by 

M( s . t )  = E e x p { s Ql + t Q 2} =  E ex p { X ' (sA + tB)  X }  =  E ex p { X 'C X } , (3.11) 

with C  =  s.4 + tB. Therefore, we have

Hi s .  1) = ^ >(2 ir)“'2 |r„|-|«exp|-ix'(r;I- 2 C)x|ix

= ir„|-‘/;

|(r->-2C)-‘r1/2
J ^ r n \ (r- 1 --2 0 ) - 1 r̂ exp |-jx' (r;‘ - 2 C) xj dx

1
=  | / n - 2r » c r 1/2

= |/n — 2r„ (sA + t B )\~1̂2,
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defined for all s and t such th a t j / n — 2T„ (sA  +  tB) \  > 0.

3.3.1 Some preliminary results

Suppose g(-) is a real-valued function, and A '(s) a square m atrix  viewed as a  function 

of the  scalar variable s. The chain rule for obtaining the derivative of g ( X( s ) )  w ith 

respect to ^ is, using th e  notation of Lutkepohl (1996)

dg( X( s ) )  d g ( X )  dvec (X( s ) )
ds

=  vec

=  vec

dvec(Xy ds

m - ( T )  

( ( ( T ) y ) - ' “ w

=  Tr
- f d g ( X ) Y d X ( s Y  
A  d X  )  ds

where we have used the  fact th a t for square m atrices .4 and B,

(3.12)

vec(A')'vec{B)  =  Tv{AB)  = 7r{BA) ,

and the shorthand, vec (X ) '  =  ( vec (X) ) f.

A pplying this to M ( s , t ) ,  we obtain

d M ( s , t )
dt

= Tr
' d  |/n -  2rn(s.4 +  t B ) \ ~ l/2 \  d ( I n -  2rn(s.4 +  tB) )

d { I n - 2 r n{sA + tB))  I dt

=  - i  | / n -  2 r n(sA  + t B )r3/21/„ - 2 r n(sA + tB)\  

Tv[( In - 2 r n(sA + t B ) ) - 1 (~2rnB)} 

= | -  2Tn(sA  + t B ) | - l/2 Tr [( /n -  2r„(s.4 +  t B) ) ~l Tni5 ] . (3.13)

Likewise.

d M { s , t )
ds

=  |/ n -  2Vn(sA  +  t B ) | - l/2 T r [( /n -  2 r n(s.4 +  t B ) ) ~ l TnA]
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Thus,

dM(s,  t)
E Q i  = ds 

and

d M ( s , t )
E  Q 2 =

dt

= Tr(r„A),
3 = 0 = 1

= Tr(r„fl). (3.14)
3 = 0 = 1

Defining V’r =  Q\ — r Q 2 =  X '(,4  — rB )X , we obtain by linearity  of the trace,

EVr =  Tr [r„(,4  — r B ) ] .

3.3.2 The Cum ulative D istribution Function (cdf)

In deriving the cdf of d>(ci,C2), vve will use the notion of the constructed random 

variable at zero, as in B utler and Paolella (1998):

F{r)  =  P  ( q I  "  0  =  P iQ l ~  rQ l ~  0) =  P{Yr ~  ° }’

where r  € (r^ , nr) Q ( - 1, 1) lies in the interior of the support of 4>(ci , c2). These

lower and upper bounds of the support satisfy

rt = min{ ^ :x€R"’x#0}'
and

i v  =  max : x  € R n,x  ^  0 j .

Defining z =  B l/2x ,  and noting th a t both .4 and B  are sym m etric, we can rewrite

these optim ization expressions for ratios of quadratic forms as

. ( z ' B - l' 2A B ~ lt2z  , 1
rL =  m m  < --------- — -----------: z €  R  , z ^  0 > ,

and

• B - ^ A B ' 1' 2 z
rL =  mm

( z ' B - l' 2A B ~ l/2z  n n  , \
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whence an application of the Raleigh-Ritz Theorem  (see for exam ple Lutke- 

pohl (1996), section 5.2.2) gives

(3.15)

where Xmin( B  l?2A B  l^2) and Amox( £  i/2A B  l^2) denote respectively the smallest 

and largest eigenvalues of the real sym m etric m atrix  B ~ l^2A B ~ 1̂ 2.

T he m gf of Yr is then

M Yr(s) =  Eexp{sV'r } =  E e x p { X '( s 4 - s r £ ) X }  (3.16)

= | / „ - 2 Sr „ ( . 4 - r B ) r ,/2

=  |fl(r, s )|-1 2̂ , (3.17)

since (3.16) is of the same form at as (3.11). Note tha t for fixed r, A/yr(s) is defined

for all s such th a t |f l(r , s)| >  0. The cum ulant generating function (cgf) of Yr is

then

1

whence, using (3.12) and Lutkepohl (1996) equation (10) of section 10.3.3,

(3.18)

A yM )  =  “ Tr
^ d log |f i ( r , s ) |^ ' d f l ( r , s )
\  dQ(r . s )

= - j T r [ n - ‘(r,S)(-2r„(.4 -rB ))]  

= Tr[n-'(r,s)rn( 4 - r B ) ] .

Again from (3.12) and Lutkepohl (1996) equation (23) of section 10.3.2,

' ^ T r  [ n _ 1 ( r ,  s ) r „ ( A  -  r B ) ] \  d ( 2 ( r , s ) '
A l ( s )  =  T r

d f ! ( r , s )  J  ds

=  Tr [ - n - 1(r,s)rn(.4 -  rB)Sl~ l ( r , s ) { - 2 r n( A  -  rB))}

2
=  2Tr [(i2-l(r,s)rn( .4 -r i5 ) ) : (3.19)
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Finally, applying (3.12) once more, and Lutkepohl (1996) equation (19) of section 

10.3.2,

" '<9Tr [(n_l(r,s)rn(/l -  r B) ) 21

Tr

dCl~l (r, s)

2T„(.4 — r f i ) n - 1(r.s)T „(.4  -  rB )

dCl ( r ,s )  
ds

dCl~l (r , s)  
ds

(3.20)

To com pute the derivative of Cl l (r, s) w ith respect to s, we appeal to  the chain rule 

(2) in section 10.7, and equation (1) of section 10.6 of Lutkepohl (1996):

dvec(Cl~l (r, s)) dvec(Q~l (r, s)) dvec(Cl(r, s))
ds dvec(Cl(r,s))' ds  

= [ - ( f T l (r, a))' © n - l (r, s)} vec [-2r„(.4 -  r B )},

and therefore, from property [K-6] of section 1.6 ,

d ~ J ^ -  =  2 Q -l ( r , s ) r n(.4 -  r 5 ) n - l ( r ,s ) .  

P u tting  this in (3.20). gives finally:

A'{?(s) =  8Tr (r„(.4 — rf i) f l~ l ( r ,s ) ) :

(3.21)

The Lugannani and Rice approxim ation to the cdf of <p(c[,c2) a t r ,  can then be 

defined in term s of the approxim ation to the  cdf of Yr at 0:

{^(re) +  iph 
i ,

2 T  7 ? 2 ^ "

w) [u? 1 — u ^  , if Tr [r„(.4 — rfi)]  ^  0, 

if Tr[rn(.4 — r B ) \ =  0,

where *&(•) and t/>(-) denote, respectively, the  cdf and probability  density function 

(pdf) of a standard  norm al random  variable. Also,

w  =  sg n (s)> /—2AYr (s) =  sg n (J)v /lo g |n ( r ,s )

u =  S y / R J r(s) =  j / 2T r [ ( n - i ( r , J ) r „ ( A - r B ) ) 2],
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and s solves the saddlepoint equation

K'Yr{s) =  Tr [n-l (r,5)rn(.4 -  rB)]  =  0, (3.22)

in the convergence region of the cgf (a neighborhood of 0). Due to the nature of the 

mgf, the endpoints of this neighborhood m ust satisfy

|/n —2srn(.4 —rfi)| = 0,

or, m ultiplying both  sides by ( j j ) n,

± - I n - r n( A - r B )
2s

=  0 .

which occurs when ^  is any eigenvalue of r a(.4 — r f i) .  Thus s is the unique solution 

to (3.22) in the interval

1 . 1
2Xmtn( r n( A - r B ) )

< s <
2Xmax( r n( A - r B ) Y

(3.23)

3.3.3 The Probability D ensity Function (pdf)

The saddlepoint approxim ation to the density of <p(ci, c2) a t r , / ( r ) ,  can be expressed 

in term s of the saddlepoint approxim ation to density of random  variable Wr at 0, 

f \vr{0). where W r is the constructed random  variable associated w ith mgf

M\yr(s)  =
1 d M { s , t ) | n ( r , s ) | - 1/2

t=—ra T r ( f  nB)E Q2 dt

which follows from (3.14) and (3.13). T he relationship is

Hr )  =  E(Q2)/hv(0) = - J ^ 2 = « p { A - „ v(J)}.

Tr[fi-'(r,s ) r , e ] .  (3.24)

V S A iT ( l )

and s solves the saddlepoint equation

(3.25)

K'Wr(s) =  0,
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in the interval defined by (3.23).

The cgf is

K Wr(s) =  l o g l f i M r 1/2 -  logTv[rnB] +  lo g T r [ S l - l { r , s ) r nB]

=  h'Yr{s) -  lo g T r [ rnfi] +  logT r [A (r ,s )] , (3.26)

where A ( r ,s) =  fl_ l ( r ,s)r„B. Its first derivative is from (3.12), (3.21), and Lutke- 

pohl (1996) equation (2) of section 10.3.2
d lo g T r [A (r, s)]

K[Vr(s) =  R"Yr(s) +

=  K'yM )  +

ds
1

rTr
/ ^ T r [A ( r .s ) ] V  fl~ l (r, s) 
V 3 n _ 1( r ,s ) dsTr [A (r, s)]

= / 4 , ( S) + ^ r 7 ^ jjT r [ (r „ B )2 n - '(r ,s )r „ ( .- l -r B )n - l (r.3)]

„ T r [ f i - '( r ,S)0 ( r )A ( r ,s ) ]
=  ^ »  +  2--------- T r [A (r ,s ) ]---------- ■

where D(r) =  Tn(.4 — r B) .  Note th a t we have established:

=  2Tr [ f i - 1( r ,s )£ ) ( r )A (r ,s ) ]

To obtain  the  second derivative, we use th e  quotient rule on the second term  of 

K[Vr(s),  to give

2 #T r [fi- l (r, s )£ )(r)A (r, s)]
K ^ s )  = h ^ ( s )  +

dsT r[A  (r ,s )]
_  , T r [ n - ' ( r , S) 0 ( r ) A ( r , s ) ]3 T r [A (r ,S)l 

(T r(A (r,* )])J ds

By (3.12), (3.21), and Lutkepohl (1996) equation (21) of section 10.3.2,

dTr  [Q- 1(r, s)Z )(r)A (r, s)] 
ds

^ d T r [fi- l (r, s )D (r)A (r , s ) ] ^ ; f i- 1(r, s)
=  Tr .

5 f i_ l( r ,s )  J  ds

=  Tr [ (D (r) f l- 1(r, s)VnB  +  r „ B J T l (r, s)D{r) )  2 f T l (r, s )D (r)f i~ l (r, s)]

=  4Tr [A (r,s )  (f i_ 1( r ,s ) D ( r ) )2 .
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Using (3.19) and (3.27) in (3.28), gives finally

+ 8
Tr jA (r ,s )  (fi l ( r , s )D{r ) )2

- • (

T r[fi l ( r ,s )D (r )A (r ,s ) ]  
T r [A (r, s)] ) '■

Tr [A (r, s)]

(3.29)

Substitu ting  for AVr (s) in (3.25), we ob ta in  the saddlepoint approxim ation to the 

density of the estim ato r <p(ci,c2):

Tr [A (r, s)]

/ ( r )

where, for fixed r  G ( r£ ,r t / ) ,  J solves the  saddlepoint equation

Tr [n _ l ( r , s ) r n(.4 — rB)]  = 0 ,  

in the neighborhood of 0 defined by (3.23).

(3.30)

(3.31)

3.4 P lots o f Saddlepoint D ensities

In this section we com pute saddlepoint approxim ations to  th e  density of the  esti­

m ator o (c t ,c 2) of 0  in model (3.1), w ith p =  2, and sam ple sizes of n =  30.100.
A A

We will com pare the  Yule-Walker (<p(l, 1)) and Burg (0 ( 5 , 5)) densities, as well as 

the asym ptotic d istribu tion , derived in C hapter 2. We will investigate the  relative 

shapes and locations of these densities for values of ranging from 0.5 to 0.97. The 

range of the support for the  Yule-Walker and Burg pdfs is from  (3.15): ±0.9808 and 

±1 respectively for n  =  30; ±0.9981 and ±1 respectively for n =  100.

For saddlepoint determ ination  in the n =  100 pdf plots, we will not use all of (3.24), 

but retain  only the  portion th a t coincides with (3.17), i.e. take

iVAw(s)~ | f i ( r , s ) | - 1/ 2.
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This greatly speeds up the com putations since inverting m atrices of size 100 a t each 

iteration of the  saddlepoint finding routine makes for a  very slow program. Another 

advantage is th a t the  saddlepoint s is the  sam e for both  cdf and pdf approxim a­

tions, while the  accuracy lost in the pdf plots by using this incorrect saddlepoint is 

essentially negligible.

Recall th a t bo th  Yule-Walker and Burg have the  sam e asym ptotic d istribution under 

model (3.1). For the univariate case being considered, this distribution is, from 

(2.17)

y/K ( 0 ( C l , C 2 )  -  0 )  A  N (0 , .

Since 7 (0 ) =  we have

y/n (d>(ct,c2) -  0 )  N(0 ,1 -  <p2),

4 * ) -

with corresponding asym ptotically norm al density

r s i  » » >

Referring to figures 3.2 and 3.3, we see th a t for 0  far from 1, all three estim ators 

have very sim ilar densities, particularly a t the larger sam ple size. As we gradually 

approach 1, we observe the mode of the Yule-W alker density occurring at sm aller 

values of r  relative to Burg and the asym ptotic d istribu tion  (particularly  evident at 

sm aller sam ple sizes). Due to the left-skewness of Yule-W alker and Burg, this offset 

in the modes m eans th a t the former estim ator has a  larger bias than  the  la tter. The 

Yule-Walker density is also substantially  fla tter th an  Burg a t higher values of <p, 

indicative of a larger variability in the estim ates. These findings are in agreem ent 

w ith w hat was observed in the sim ulations of chap ter one.

<p(cl ,c 2) ~  AN I <b
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Figure 3.2: Saddlepoint approxim ations to the  densities of the  estim ators 0 (1 ,1 ) 
(Yule-Walker, dotted) and 0 ( | , j )  (Burg, dashed) of the autoregressive coefficient 
phi (o) of model (3.1), w ith p =  2, and sam ple size 30. The asym ptotic d istribution
(3.32) is shown in solid lines.
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Figure 3.3: Saddlepoint approxim ations to the densities of th e  estim ators <£(1,1) 
(Yule-Walker, do tted) and (Burg, dashed) of the autoregressive coefficient
phi (4>) of model (3.1), w ith p =  2, and sam ple size 100. The asym ptotic distribution
(3.32) is shown in solid lines.
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3.5 P lots of Sim ulated D ensities

In this section we undertake a  large sim ulation study  of the probability  densities of
A a

the following estim ators of <j) in model (3.1): Yule-W alker (<p(l, 1)), Burg t ) ) ’ 

and M axim um  Likelihood A s in the previous section, we will concentrate

on models w ith p =  2, sample sizes of n =  30,100, and values of <? ranging from 

0.5 to 0.97. T he densities are estim ated  by sim ulating 100,000 realizations from 

each m odel, com puting each respective estim ator, and plotting the frequency of 

occurrence of each as a histogram  scaled to be a probability  density (the sum of 

the bar heights tim es the bar widths equal to 1). We overlay th e  Yule-Walker and 

Burg estim ato r histogram s with the  saddlepoint approxim ations to  the pdfs of their 

respective d istributions.

Referring to figures 3.4 - 3.7, we see th a t for <p far from I, the densities of the three 

estim ators are nearly coincidental. As we gradually  approach 1 though, the salient 

feature is the way in which the Burg and M axim um Likelihood density curves remain 

very close together, while Yule-Walker tends to  gain increasing bias and variance, 

particularly  a t lower sample sizes. This agrees w ith the  tendency noted in chapter 

one of Burg to  produce estim ates of o  w ith a consistently higher likelihood. The 

saddlepoint approxim ation to th e  pdf of the Yule-W alker and Burg estim ators agrees 

closely with the sim ulated pdfs.

3.6 Assessing the Accuracy of the Saddlepoint Approxim ations

In this section we com pare the saddlepoint approxim ations of the  cdf and pdf of 

the Yule-W alker and Burg estim ators of 4> in m odel 3.1, w ith sim ulated values. 

Due to  the  problem s associated w ith density estim ation , such a  comparison is more 

appropriately  carried out for th e  cdf than  the  pdf.
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Figure 3.4: P robability density histogram s of the  distributions of the estim ators 
0 ( 1, 1) (Yule-Walker, top), 0 ( | , £ )  (Burg, m iddle), and 4>\a (M axim um  Likelihood, 
bo ttom ), of the AR coefficient of model (3.1), with p =  2. The Yule-W alker and Burg 
histogram s are overlaid w ith their respective saddlepoint approxim ations. Each 
histogram  is based on 100,000 sim ulated realizations, each of sam ple size 30. The 
realizations on the left side of the figure were generated from a m odel with 0  =  0.5, 
and on the right from one with 0  =  0.7.
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Figure 3.5: Probability  density histogram s of the distributions of th e  estim ators 
0 (1 ,1 ) (Yule-Walker, top), 0( j ,  1) (Burg, m iddle), and cpML (M axim um  Likelihood, 
bottom ), of the AR coefficient of model (3.1), with p =  2. The Yule-W alker and  Burg 
histogram s are overlaid w ith their respective saddlepoint approxim ations. Each 
histogram  is based on 100,000 sim ulated realizations, each of sam ple size 30. The 
realizations on the left side of the figure were generated from a model w ith 0  =  0.9, 
and on the right from one with 0  =  0.97.
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Figure 3.6: P robability  density histograms of the d istributions of the  estim ators 
<£(1,1) (Yule-W alker, top), <p{\, | )  (Burg, m iddle), and <Pm l  (M axim um  Likelihood, 
bo ttom ), of the AR coefficient of model (3.1), with p =  2. T he Yule-Walker and Burg 
histogram s are overlaid with their respective saddlepoint approxim ations. Each 
histogram  is based on 100,000 sim ulated realizations, each of sam ple size 100. The 
realizations on the  left side of the figure were generated from a model w ith <£ =  0.5, 
and on the right from one with <£ =  0.7.
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Figure 3.7: P robability density histogram s of the  distributions of the  estim ators 
0 ( 1,1) (Yule-Walker, top), 0( j ,  | )  (Burg, middle), and 0 mx (M axim um  Likelihood, 
bottom ), of the AR coefficient of model (3.1), with p  =  2. T he Yule-Walker and Burg 
histogram s are overlaid w ith the ir respective saddlepoint approxim ations. Each 
histogram  is based on 100,000 sim ulated realizations, each of sample size 100. The 
realizations on the left side of the figure were generated from a model w ith 0  =  0.9, 
and on the right from one with 0  =  0.97.
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A technique com mon in the  saddlepoint literature, is the  com parison of the percent 

relative error (PR E ) in the cdfs. Denote by F,im{r) and Fsa<f(r), the  estim ates of 

the true cdf F(r)  of the AR coefficient estim ator 0(ci, c2) under m odel 3.1, obtained 

via simulations and saddlepoint approxim ations, respectively. For F Jim(r) we will 

take the traditional em pirical cdf estim ator, ie. the proportion of realizations whose 

value is less than  or equal to r . W ith this notation, we define the  PRE at the 

quantile r  as:

PR E  =

F w ( r ) -F  (r) IQQ  ̂ £ . m (r)  <  q -

(l-F iad(r)|-(l-F ilm(r))100i FJlm(r ) >  0 .5.

Thus, larger absolute values of PR E denote larger discrepancies between the sad­

dlepoint approxim ation and sim ulations, while a PRE value of 0 indicates perfect 

agreem ent.

The results, presented in figures 3.8 - 3.13, show PREs generally falling in the range 

of ±5%  for sam ple size 30, and ±2%  for sam ple size 100, with som ew hat higher values 

in the tails of the distributions. On the whole, the saddlepoint approxim ation for 

this estim ator expressible as a ratio of quadratic forms in norm al random  variables 

is fairly accurate.

It is interesting to assess the  robustness of the accuracy of th e  saddlepoint approx­

im ations under certain  types of model misspecification, such as m ight occur when 

the d a ta  follows a process driven by heavy-tailed noise. In figures 3.14 - 3.19, we 

see what happens when the  saddlepoint approxim ations to the  sam pling distribu­

tions of the Yule-Walker and Burg estim ators of o  under G aussian model (3.1), are 

used to approxim ate the sam e when the d a ta  is sim ulated from a  process whose 

driving white noise follows a  double exponential (Laplace) d istribu tion . The results 

are sim ilar to those of the  previous examples near th e  center o f th e  distributions,
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Figure 3.S: Comparisons of the saddlepoint approxim ations w ith sim ulations for the 
sam pling distributions of the Yule-Walker (<£(1,1), left) and  Burg (<£(|, 1), right) 
estim ators of the AR coefficient <j> =  0.5 of model (3.1), w ith  p =  2, and sample size 
30. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show th e  corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. T he estim ation is based on
100.000 sim ulated realizations.
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Figure 3.9: Comparisons of the saddlepoint approxim ations w ith sim ulations for the 
sam pling distributions of the Yule-Walker (<p(l,l), left) and Burg (<£(5 , | ) ,  right) 
estim ators of the AR coefficient <j> =  0.7 of model (3.1), w ith p =  2, and sam ple size 
30. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the  sim ulated pdfs (dashed). The bottom  figures show the  corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. T he estim ation  is based on
100,000 sim ulated realizations.
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Figure 3.10: Comparisons of the saddlepoint approxim ations with sim ulations for 
the sam pling distributions of the  Yule-Walker (<£(1,1), left) and Burg (<f)( j ,  £), right) 
estim ators of the AR coefficient 4> — 0.9 of model (3.1), w ith p =  2, and sam ple size 
30. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show th e  corresponding PREs 
in com paring the  saddlepoint to the sim ulated cdfs. The estim ation is based on
100,000 sim ulated realizations.
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Figure 3.11: Comparisons of the saddlepoint approxim ations with sim ulations for 
the sam pling distributions of the Yule-Walker (0 (1 ,1), left) and Burg ( 0 ( | ,  5 ), right) 
estim ators of the AR coefficient 0  =  0.5 of model (3.1), w ith p =  2, and sample size 
100. The top figures show the  saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show the corresponding PREs 
in com paring the saddlepoint to  the sim ulated cdfs. T he estim ation is based on
100.000 sim ulated realizations.
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Figure 3.12: Comparisons of the saddlepoint approxim ations w ith sim ulations for 
the sampling distributions of the Yule-Walker (<£(1,1), left) and Burg (0 ( 5, £), right) 
estim ators of the AR coefficient 0  =  0.7 of model (3.1), w ith p =  2. and sam ple size 
100. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). T he bo ttom  figures show the  corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. The estim ation is based on
100,000 sim ulated realizations.
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Figure 3.13: Comparisons of the saddlepoint approxim ations w ith simulations for 
the sam pling distributions of the Yule-Walker (0 (1 ,1 ), left) and  Burg (<£(5, | ) ,  right) 
estim ators of the AR coefficient 4> =  0.9 of model (3.1). w ith p =  2, and sample size 
100. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show the  corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. T he estim ation  is based on
100,000 sim ulated realizations.
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but tend  to  be larger than  the ir counterparts in the tails. Overall the  saddlepoint 

approxim ation is fairly robust in this particular scenario, but this is perhaps not 

too surprising given th a t the sam pling distributions of the estim ators under the 

G aussian and Laplace noise models are similar.
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Figure 3.14: Comparisons of the  saddlepoint approxim ations w ith sim ulations for 
the sam pling distributions of the  Yule-Walker (<£(1,1), left) and Burg (<p(j, 5), right) 
estim ators of the AR coefficient cf> =  0.5 of model (3.1), w ith p =  2, and sam ple size 
30. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show the  corresponding PREs 
in com paring the saddlepoint to  the  sim ulated cdfs. The em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a model driven by Laplace noise.
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Figure 3.15: Com parisons of the saddlepoint approxim ations with simulations for 
the sam pling distributions of the Yule-Walker (0 (1 ,1 ), left) and  Burg (0(£ , | ) ,  right) 
estim ators of the  AR coefficient 0  =  0.7 of model (3.1), w ith p =  2, and sample size 
30. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the  sim ulated pdfs (dashed). The bottom  figures show the  corresponding PREs 
in com paring the  saddlepoint to the sim ulated cdfs. The em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a model driven by Laplace noise.
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Figure 3.16: Comparisons of the  saddlepoint approxim ations w ith sim ulations for 
the sam pling distributions of the  Yule-Walker (0 (1 ,1 ), left) and Burg (0( j ,  | ) ,  right) 
estim ators of the  AR coefficient 0  =  0.9 of model (3.1), w ith p =  2, and sam ple size 
30. T he top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the  sim ulated pdfs (dashed). T he bo ttom  figures show the  corresponding PREs 
in com paring the  saddlepoint to  the  sim ulated cdfs. T he em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a  model driven by Laplace noise.
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Figure 3.17: Comparisons of the saddlepoint approxim ations with sim ulations for 
the sam pling distributions of the  Yule-Walker (<£(1,1), left) and Burg (<?>(£, | ) ,  right) 
estim ators of the AR coefficient <f> =  0.5 of model (3.1), w ith p =  2, and sam ple size 
100. The top figures show the  saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). T he bottom  figures show the  corresponding PREs 
in com paring the  saddlepoint to the sim ulated cdfs. T he em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a model driven by Laplace noise.
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Figure 3.18: Comparisons of the saddlepoint approxim ations w ith sim ulations for 
the sam pling distributions of the Yule-Walker (0 (1 ,1 ), left) and Burg (0 ( j ,  j ) ,  right) 
estim ators of the  AR coefficient 0  =  0.7 of m odel (3.1), with p =  2, and sample size 
100. T he top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the  sim ulated pdfs (dashed). T he bottom  figures show the corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. T he em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a  model driven by Laplace noise.

Yule-Walker Burg

w

n
w

o

*
n
CM

O

0.5 0.6 0.7 0.8 0.5 0.6 0.7 0.8

o
®

>
a
is

o

*l

COI

2
®

1
(0
®

o
c\i

o

in
01

0.5 0.6 0.7 0.8 0.5 0.6 0.7 0.8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



106

Figure 3.19: Comparisons of the saddlepoint approxim ations with sim ulations for 
the sam pling distributions of the Yule-Walker (<p(l, 1), left) and Burg (<Z>(|, | ) ,  right) 
estim ators of the AR coefficient =  0.9 of model (3.1), with p =  2, and sam ple size 
100. The top figures show the saddlepoint pdfs (solid) and kernel density estim ates 
of the sim ulated pdfs (dashed). The bottom  figures show the corresponding PREs 
in com paring the saddlepoint to the sim ulated cdfs. The em pirical pdfs and cdfs are 
based on 100,000 realizations, sim ulated from a model driven by Laplace noise.
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Appendix A

SOME M ATRIX RESULTS A N D  ID EN TITIES  

A .l M atrix calculus

In this section we s ta te  some m atrix  calculus results th a t will enable us to carry out 

the m inim ization of (1.22) w ith respect to .V. All results are adap ted  from Magnus 

and Neudecker (1999).

A. 1.1 R esults

D e fin it io n  A .1.1 Given the m atrix function F { X ) ,  the Jacobian M atrix o f F  at 

.V is defined to be the matrix
d  vec F ( X )  
d(vec X ) '

Theorem  A .1.1

(First identification theorem  of m atrix differential calculus)

Let F ( X )  be a scalar-valued differentiable func tion  o f the (d  x d) m atrix X . Then 

the Jacobian m atrix o f F  at X  is the (1 x d2) m atrix  .4(A ) in

d F { X )  = A { X )  vec d X ,  (A .l)

where -4(.Y) m ay depend on X  but not on d X .
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Remark A .1.1 To find  the critical points o f  F ( X ) ,  we seek to write its differential 

in the fo rm  o f (A. I ) .  Its critical points are then found  by equating the Jacobian 

matrix to zero and solving fo r  X .

Definition A. 1.2 The Hessian M atrix o f  F  at X  is defined to be the m atrix H ( X )  

as follows
y '  d 7F ( X )

'  1 d (vec  X) d ( v€c  A')'

Theorem  A .1.2

(Second identification theorem  of m atrix differential calculus)

Let F ( X )  be a scalar-valued twice differentiable function  o f  the (d x d) m atrix  .Y. 

Suppose the second differential o f F ( X )  can be expressed in the form

d 2F { X )  = (vec d X ) ' B { X ) { v e c  d X ) .  (A.2)

Then, the Hessian matrix o f F  at X  is ju s t B ( X )  itself i f  it is sym m etric, otherwise 

take

tf(.Y) =  j ( B ( . Y )  +  S(.Y) ') ,

where B ( X )  may depend on X  but not on d X .

Theorem  A .1.3 I f  the Hessian H ( X )  o f  F { X )  is positive sem i definite (psd) fo r

all X , then F ( X )  is a convex function. In addition, i f  H ( X )  is positive definite 

(pd). then F ( X )  is a strictly convex function.

Theorem  A .1.4 I f  F ( X )  is a (strictly) convex function with .Yc as a critical point, 

then F ( X C) is a (unique) global m inim um .

Definition A .1.3 For the (m  x n) m atrix  .4, and the (p x q) m atrix B, define the

Kronecker product .4 0  B as the (m n  x pq) m atrix

.4 ® B  = [o-ijB]
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A .1.2 Identities

In the following, let .4 and B  be constant m atrices, and X  be the variable m atrix 

with respect to which differentiation is sought.

[D-l] II o

[D-2] d(4 .Y ) =  4  d X

[D-3] d ( X B )  = (d X ) B

[D-4] d{X' )  = { d x y

[D-5] d { A X B )  = A { d X ) B

[D-6] d{vec X )  = vec ( dX)

[D-7] d{ t r { AX) )  =  t r ( A d X )  =  {vec A ') 'vec (d X )

[D-S] d ( G( X)  +  F ( X ) )  =  d G ( X )  +  d F { X )

[D-9] d { G { X ) F ( X ) )  =  { d G{ X ) ) F { X )  + G ( X ) ( d F ( X ) )

[D-10] d { { v e c X ) ' A { v e c d X ) )  =  (vec d X ) ' A { v e c d X )

A .2 V ec a n d  K ro n e c k e r  p r o d u c t

Let .4, B , C , D be conformable m atrices; a ,  6 vectors.

[K-l] vec(aA  +  0 B )  = a  vec  ,4 +  f3 vec B , where a ,  j3 are scalars 

[K-2] t r ( AB)  =  t r ( BA) ,  provided the  product B A  makes sense 

[K-3] t r (A)  = tr{A ')
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[K-4] t r ( A ' B)  =  (vec A )1 vec B  

[K-5] (.4©  B Y  =  4 # © B '

[K-6] v e c ( ABC)  =  ( C  © A )vec B

[K-7] t r ( A  +  B)  =  t r{A)  + t r{B)

[K-S] ( 4  0  B ) ~ l =  4 -1 © B ~ l , for generalized inverses 

[K-9] (.4 © B) { C  © D)  =  [ AC  © B D )

[K-10] vec(ab ') =  6 © a

[K -ll] ( 4  +  B ) 0 C  =  4  © C +  B ® C

A .3 Positive definite (pd) and positive sem i-definite (psd) sym m etric 
m atrices

These can be found in say. Graybill (1983) and Lutkepohl (1996).

[M-l] Characterization I o f pd and psd matrices: a  square m atrix  4  is psd iff it can 

be w ritten  as 4  =  B 'B ,  for some square m atrix  B . A  is pd iff B  is of full rank.

[M-2] Characterization 2 o f pd and psd matrices: a square m atrix  4  is psd iff its 

eigenvalues are all non negative. 4  is pd iff all its eigenvalues are positive.

[M-3] T he sum  of psd m atrices is again psd. If a t least one of the  m atrices is pd. 

then the whole sum  is pd.

[M-4] The Kronecker product of pd m atrices is again pd. If at least one of the 

m atrices is psd, then  th e  whole Kronecker product is psd.

Proof: From Magnus and Neudecker (1999) theorem 1 page 28, i f  A  and B  

(both d x d) have eigenvalues Al5 . . .  , Aj and p i , . . .  , pd,  respectively, then the
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(P eigenvalues o f their Kronecker product are precisely XiPj,  i , j  =  1 , . . .  ,d . 

The result then follows by M-2.

[M-5] If .4 is pd, then  so are 4 -1 and A 2.

[M-6] If 4  and B  are psd, then so is A B A .

Proof: Let A  = D 'D , B  =  E 'E . Then,

A B A  =  D 'D E 'E D 'D  = {ED'  D ) \E D ' D),

which by M -l has the prerequisite psd form .
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Appendix B

RELATING THE CHARACTERISTIC POLYNOM IAL OF 

BIVARIATE VAR MODELS TO THE COEFFICIENTS

In the m ultivariate full set VAR(p) setting, the vector autoregressive characteristic 

polynomial of

 $px,_p = z,

is defined to be the polynomial of degree dp given by

l$(-)l = \ l d ~ $ i s  V PI-

Causality in the m ultivariate setting  requires all roots of |$ (.r) | to  be greater than  

1 in m agnitude, i.e. all roots m ust lie outside the unit circle in the  complex plane. 

Restricting ourselves to  bivariate models,

|*(s)| = (l-*ils   *JV)

-  +  • • • +  $ ; v )  +  • • • +  $ 2V ) , (B.l)

where

* £ =
$ U  $ 1 2  

$ 2 1  $ 2 2 t =  1.

Using the notation

r $12 ' 
T  3 1st row of

$21 $22 2nd row of
s , t  = I , . . .  , p
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(note th a t $ (>t =  $<), and expanding and combining term s of powers of 2 in (B .l), 

we can w rite the characteristic polynomial for a  bivariate VAR(p) as

| < f r ( s ) |  =  1  +  c t \ Z  +  • • • +  a t 2Pz 2 p ,

where

-Tr^), A: = 1

-  T r(* ,t), 2 <  k  <  p

Y . U - ,  , p + 1 < k < 2p — I

|* p | ,  k  =  2 p.

If we specify the characteristic polynomial and a ttem p t to  find a  set of corresponding

VAR coefficients, the resulting system will have 2p equations in twice as many 

unknowns ( 4  for each t =  1, . . .  ,p ). In the exam ples of section 1.9.2. we approach 

this problem  by fixing some of the elem ents of the coefficient m atrices, thus obtaining 

a system  in as m any equations as unknowns. For low order models, this can easily 

be solved by an efficient non-linear system  of equations solver.
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Appendix C

D ESC RIPTIO N OF THE A R /V A R  M ODELING PROGRAM S  

C .l Introduction

T he four VAR modeling algorithm s presented in chapter 1, are all based on Al­

gorithm  1.4.1, which gives the Yule-Walker solution. The Burg and Vieira-M orf 

solutions are obtained by modifying only the m anner in which the forward reflec­

tion coefficients are com puted, (1.16); while the N uttall-S trand  solution requires 

m odifications in both the  forward and  backward reflection coefficients. (1.16) and 

(1.17).

A lthough typically not of interest, th e  backward coefficients m ust of necessity be 

com puted a t every iteration. At th e  very least, <14"»(km) and 14 • should be eval­

uated in any given iteration, since the  coefficients and w hite noise variance of the 

forward modeling problem depend on them  in the current iteration , and

14;• possibly in a subsequent one). Defining the level of an iteration to be th e  cardi­

nality  of the set K  (i.e. m), a com putational savings can sometimes be obtained in 

the univariate case by evaluating the  com plete sets of both forward and backward 

coefficients in key iterations. This happens for exam ple when K '  in one iteration 

coincides w ith K  of another at the sam e level.

Exam ple C.1.1 As an illustration o f  the application o f this type o f algorithm in 

the univariate setting, suppose fo r  example that modeling on the subset o f  lags K  =
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{1, 3 , 4 , 5} is desired. We can maximize the computational efficiency o f  the algorithm  

by proceeding as follows:

Level K I<' J r Com pute . . .  coefficients
I {1} {1} 0 0 forward
I {2} {2} 0 0 forward
2 { U 2} { 1, 2} {1} {i} forward
2 {2,3} {1,3} {2} {i} forw ard and backward
3 {1,3 ,4} {1,3 ,4} {1,3} {1,3} forward
3 {1,2 ,4} {2,3 ,4} {1, 2} {2,3} forward

4 {1 ,3 ,4 ,5} {1, 2 ,4 ,5 } {1,3,4} {1,2,4} forward

Note that the fu ll application o f the algorithm to compute both forward and backward 

coefficients at the 4th iteration (K  =  {2 .3 }), enables us to bypass an extra iteration 

at level 2 with f\  =  {1,3}.

T he "efficient” rendering of this type of algorithm  in a program m ing language, is 

in itself a substan tial problem . A lthough far from efficient, we have succeeded in 

im plem enting it in FORTRA N 90, using complex program m ing structu res such as 

recursive pointers, recursive subroutines, and d a ta  types th a t incorporate recursive 

definitions. In this chap ter we will give an overview of the  program m ing logic and 

layout employed in the  developm ent of these algorithm s for univariate and bivariate 

modeling problem s. T he FORTRAN 90 programs them selves are appended a t the 

end.

C.2 Building a Tree of N odes

Consider modeling on the  set of lags K  =  {1,3 ,7} as an exam ple. In order to 

determ ine where application of the  algorithm  should begin, we first need to  work 

down to  level 1 by successively forming the J  and J~ sets of lags for all parent 

sets of lags K ,  as shown in figure C .l. VVe can therefore begin the  algorithm  by
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com puting the coefficients on the sets of lags {1}, {2}, and {4}. W ith  these, we can 

now com pute th e  coefficients on the sets of lags {1,3} and  {4 ,6}, a t level 2. Finally, 

regarding these last two sets as our J  and J* , we can com pute the coefficients and 

corresponding white noise variance on the set A' =  {1 ,3 ,7}.

Figure C .l: Recursive modeling on the  set A" =  {1 ,3 ,7}.

A '=  {1,3 ,7}

A '=  {1.3} A '=  {4,6}

/,={1} A' = {2} A" = {4} A’ = {2}

Figure C .l exemplifies the logic tha t will be em ployed in the  program . The first 

step is to  create a tree o f nodes. A node will be a  FORTRAN 90 user-defined data  

type, containing the following components:

l e v e l  - Level of the node in the tree, ranging from top (m ), to bottom  (1).

la g s  - Integer vector containing the current subset of lags on which modeling is 

desired.

p h i/A , B - Real vector containing the coefficients of the  A R/V A R being modeled, 

corresponding to each of the lags in la g s .  In the  bivariate case, A and B, the 

forward and backward coefficient m atrices, respectively, will be of type m a tr ix  

('/.mat), a  user-defined da ta  type consisting of a real (2 x 2) m atrix .
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v / v f , vb - The estim ate of the white noise variance for the A R/V A R model. In the 

bivariate case, we need to keep track of both  the  forward ( v f ), and  backward 

(vb) white noise covariance m atrices (which will be of type m a tr ix ) .

eps - Real vector of forward prediction residuals for the current model. In the 

bivariate case, each com ponent of this vector will be of type v e c to r  (%vec), a 

user-defined d a ta  type consisting of a real vector of dimension 2.

e t a  - Real vector of backward prediction residuals for the current model. In the 

bivariate case, each com ponent of this vector will be of type v e c to r .

r e g ,  s t a r  - Pointers to the J  and J m subnodes one level down from the current 

one. These are themselves of type node, and are therefore defined recursively.

S tarting  at level m, we successively com pute the subnodes J  and J* for each set 

of lags A', directing pointers to each of them  as shown in figure C .l. W hen level 

1 is reached, the tree of nodes will be initialized. W ith this framework, we can 

now begin a t level 1, filling each node with its constituents outlined in the above 

description. W ith all nodes in level 1 filled, we move up the tree to level 2. At 

each of these nodes, we will retrieve subnode inform ation (J  and J *), by following 

the appropriate pointers tha t were allocated by the tree building routine. W ith  this 

inform ation, we can now fill each of the nodes at this level. We continue in this 

fashion, gradually m igrating up the tree until the unique node a t level m is filled. 

Its now an easy m atte r to  retrieve these coefficients, report them , and calculate the 

—2 log likelihood (£ ) for the a tta ined  model.

The bulk of the program  is defined w ithin MODULE T ree , which is m ade known to 

the  m ain driving program  Burg by the call: Use T ree . Upon execution, the user 

will be prom pted for the following inputs:
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•  T he file nam e containing the  d a ta  to be modeled.

•  The num ber of lags to be modeled: m .

•  The specific lags on which subset A R/V A R modeling is desired: K .

•  The modeling m ethod: one of Yule-Walker, Burg, Vieira-Morf, and N uttall- 

Strand.

Program  Burg itself only reads in these inputs and calls the subroutine M ake.Tree, 

the la tte r being the driving subroutine in module T ree . T he corresponding bivariate 

modeling program  is called Burg2.

C .3  Description of Principal Program Subroutines

As already sta ted , the  core of the subset modeling program s Burg and Burg2 is the 

globally visible MODULE T ree , with SUBROUTINE M ake.Tree its driving subroutine. 

In this section, we will provide a brief description of the  essential functions of each 

of its constituent subroutines.

C .3 .1  Build_Node_Tree

This is a RECURSIVE SUBROUTINE th a t initializes the  tree  of nodes by allocating 

pointers to and from nodes. It takes on the le v e l ,  la g s ,  and a p o in t e r  of type 

node as argum ents. It begins execution at the unique node of level m  (top .node), 

creating pointers to  the J  and J"  subnodes (th is_node5!reg  and th is_node5£star, 

respectively). Following these pointers to  level m  — I, Build_Node_Tree subsequently 

allocates pointers to  the subnodes in level m  — 2. It achieves this by calling itself 

with the appropria te  a rg u m e n ts :le v e l should be the  curren t level minus one, and 

pointers th is_ n o d e '/,reg  and th is -n o d e '/ .s ta r .  T he procedure is repeated, always
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following pointer this_node%reg before this-nodeViStar, until level 1 is reached. At 

this point, the  two pointers are initialized and m ade to  point nowhere (NULLIFIED). 

By the order of precedence inherent in it, the routine then  backs up one level and 

proceeds to  follow pointer this_nodeftstar to the “dead end” a t level 1.

In this fashion, the tree is initialized from left (J )  to  right (J*), with the pointer 

to the subnode J '  of the rightm ost node being allocated last. If we refer back to 

figure C .l, the nodes for the tree of this exam ple will be initialized in the following 

order:

{1,3,7} -> {1,3} -+ {1} -* {2} - l  {4,6} {4} -+ {2}.

Note th a t identical copies of nodes will sometimes be created  ({2} in the above). 

For small m , this is a minor inefficiency in the program  th a t can be improved by a 

more com petent programmer!

In order for subsequent routines to identify an initialized but unfilled (constituents 

of node em pty) node, Build_Node_Tree will set th is_node '/,v  (th is_node'/,vf'/,m at- 

( 1 ,1 )  in Burg2) to zero, upon allocation of pointers.

C .3 .2  F i l l  .T ree

A RECURSIVE SUBROUTINE, taking on a p o in t e r  of type node as argum ent. Its 

function is to  traverse the now initialized tree, and using th e  flag for an unfilled 

node, fill it by calling F ill_N ode.

C .3 .3  F illJN o d e

A RECURSIVE SUBROUTINE, called by F il l_ T re e , whose function is to fill th e  par­

ticular node th a t its p o in t e r  argum ent points to. It is in this routine th a t the
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various A R /V A R  modeling algorithm s proper are applied. A fter first initializing 

some variables, the routine essentially applies algorithm  1.4.1, bu t modifying the 

reflection coefficient calculation according to the modeling m ethod selected. This 

m ethod is indicated by the  global variable method, set in B urg/B urg2. Care must 

be taken when calculating th e  forward and backward prediction errors, Sfc(t) and 

rfK{t), before term ination  of the routine. We m ust ensure th a t each is calculated 

over a  sufficiently large range of t values th a t will span th a t required by any sub­

sequent nodes th a t may use them . A look at chapter 1 will verify th a t it will be 

sufficient to take these ranges of definition to be t G { 1 ,. . .  , n + km} for Yule-Walker, 

and t 6  {1 +  Arm, . . .  , n} for the  rem aining three methods.

C.3.4 Print JIode.Tree

W ith its p o in t e r  argum ent, the  RECURSIVE SUBROUTINE Print_N ode_T ree will tra ­

verse the now com pleted tree of nodes, and proceed to  print the estim ated  coeffi­

cients and white noise variance stored in each node. The addition of an appropria te 

IF s tatem ent between recursive calls to  itself, ensures th a t it will only print this 

inform ation for the top_node.

C.3.5 Undo_Node_Tree

T he RECURSIVE SUBROUTINE Undo JIo d e .T ree  will undo the  pointer allocation put 

in place by Build_Node_Tree. As designed, the modeling program s them selves don’t 

need this routine. It becomes desirable only if an ex tra  loop is added to do repeated 

modeling, such as in large scale simulations. In this way, repeated  m em ory allocation 

when initalizing pointers is avoided every tim e a new tree is built. This becomes 

increasingly im portan t as the  num ber of modeled lags (m ) grows, since th e  num ber 

of nodes created by th e  program s in any one run is exactly 2m. In repeated  modeling,
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large values of m  will quickly exhaust the  memory capacity of th e  average com puter. 

Again, there is room for improvement here for an as tu te  program m er, in th a t it 

would be more efficient to  only initialize the tree of nodes once before plunging into 

the DO loop of the  repeated modeling scenario.

C .3 .6  C ausal.C heck

This routine is needed in the  bivariate program  only, in order to  ensure the obtained 

VAR model is causal before proceeding with the likelihood calculations. In the uni­

variate program , this function is performed within the likelihood calculation routine 

itself. The strategy  is to  use the sta te  space representation to  write a VAR(p) as a 

V A R (l). as follows:

Random vectors {X t, . . .  from model (2.1), will satisfy the  relationships

xt ' 0 0 •• 0 ki  ••• km ' ' X,_! ■ Zt
Xt -1 Id 0 •• .............................  0 x£_2 0
x(_2 0 u 0 X f_3 0

=
:

; + 1

_ 0 1
o

1 T ?s* 3 i 0
which can be w ritten  in the  com pact form

Y*, =  ^  Y t~i +  . (C .l)
1) ( ^ ^ m) ( J t mX l )  ( * m x l )

In block m atrix  form, vectors Y ( and W £ have length km, while the square m atrix 

.4 has dim ension km. Note th a t the only nonzero entries of the  first block m atrix  

row of .4 are { $ a t(^ i) :^ /c (^ 2) , - • • , $A.'(&m-i),$ K{ k m )},  occurring a t block m atrix 

column num bers {Art, /;2, . . .  , fcm_ i, fcm}, respectively. T he covariance m atrix  of W t
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is

zt ' E 0 . . .  o'
0 [z;,o\.. •,0'] = 0 0 ... o= E
0 o ... ... o

(C .l) is now a V A R (l) of dimension dkm, and its causality (and thus th a t of the 

original process) can be assessed by determ ining if all eigenvalues of A  are less than 

1 in absolute value.

C .3 .7  L ik e lih o o d /A p p ro x -L ik e lih o o d

In the univariate program , we com pute the exact likelihood in SUBROUTINE L ik e ­

l ih o o d . T he only sizeable difficulty is in evaluating the model autocovariances 

-y(0 ) , . . . .  7 ( km), accomplished by inverting the Yule-Walker equations. The —2 log 

likelihood, C{<f>K , a 2), for the da ta  X i , . . .  , x n, is then evaluated via the  Innovations 

A lgorithm  (Brockwell and Davis (1991), proposition 5.2.2, and equation (8.7.4)):

n 1 n
£{<f>K, <t2) =  n log(27ro-2) +  ^  l°g (r t- i )  +  —  ~  x t )2/ r t- i-

<=i a  (=i

In the bivariate program , SUBROUTINE L ik e lih o o d  uses the sam e approach to com­

pute the likelihood, i.e. the  M ultivariate Innovations A lgorithm  (Brockwell and 

Davis (1991), proposition 11.4.2, and equation (11.5.5)):
n n

£($A-, s) = ndiog(27r) + £  log ivui + £(x, - xt),v;:ll(xt -  xt).
t=i t=i

C om puting the model autocovariance m atrices, T(1 — k m) , . . .  , T(0) , . . .  , T[km — 1), 

is a much m ore formidable task here, but this can be accomplished via the state  

space form ulation of the previous subsection. Transform ing the  SVAR(A') to the 

VAR(l )  of equation (C .l) , gives the following solution for the  autocovariances IV(-) 

of the process {Y t}:

r  ^  /  ^rY(/i)A' +  h =  0
r ’' (A) = {  ATrV  -  1), h > 0 ’
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whence we obtain

uec([Y (0)) =  [ / ( —. 4®. 4]  l uec(Ew)>

The required autocovariance m atrices can be found in the  first block row and column 

of the (k m x  km) block m atrix  IY (0 ), since

r(0) r(i) ••• r(A:m — i)
r ( - i )  r(o) ••• r(fcm- 2)

r ( i - *m) ••• r ( - i )  r(0)
Due to the com putational intensity  involved in finding Ty^-) however, the bivariate 

routine L ik e lih o o d  is extrem ely slow. We opt instead to approxim ate the autoco­

variances via the causal representation

O O

r</.) = £
;= 0

truncating  the sum m ation a t 100 term s, and  com puting the likelihood via (1.31). 

This '"approximate likelihood” , is com puted in SUBROUTINE 0bj_Fun. SUBROUTINE 

A p prox -L ikelihood  not only calls Obj-Fun in order to  com pute this approxim ate 

likelihood for S.4£,, bu t also searches for th e  white noise covariance m atrix  tha t 

maximizes the likelihood for the given VAR coefficient m atrices (E a jl) . It does so 

by using ^ al as an initial guess, and by repeated calls to  SUBROUTINE Hooke, which 

employs a direct search algorithm  to locate the global m inim um  of an objective 

function of several variables (Hooke and Jeeves (1961)).

C .3 .8  S im u la te /S im u la te 2

These appear in the modeling program s of appendix ?? only for com pleteness. They 

are not called by the modeling program s themselves, bu t were used extensively to

£ H 0) =

[dkm Xdkm)
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sim ulate realizations from causal subset univariate and bivariate VAR models with 

Gaussian noise:

x t =  Y ,  *A'(*)Xt_i +  Ze, {Z t} ~  IID N(0 , S ). (C.2 )
ieK

The logic in both  program s is identical:

•  O btain n +  500 observations from the noise process {Zf}.

• Setting X i , . . .  , X fcm equal to  zero, use (C .2 ) to obtain  Xjtm+t , . . .  ,X „ +5oo-

•  Select only the last n of these X f!s as a bona fide sam ple from (C.2).
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