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ABSTRACT OF DISSERTATION

MECHANICS OF LAYERED CYLINDRICAL ELASTIC WAVEGUIDES

This study provides an implementable method for constructing the dynamic re­

sponse of a semi-infinite elastic cylinder. The cylinder is assumed to be composed 

of any number of homogeneous, transversely isotropic, coaxial layers. The source 

of the excitation is an axisymmetric normal pressure applied to the free end of the 

cylinder.

At each frequency, the propagating modes are retained and the evanescent 

modes are ignored, making the solution an approximation to  the exact equations 

of elasticity. This approach yields a solution that is well suited for multiple mode 

waveguides in which the length of the waveguide is very large compared with its 

diameter.

Richard R. Laverty
Department of Mechanical Engineering 
Colorado State University 
Fort Collins, Colorado 80523 
Summer 2001
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Chapter 1

INTRODUCTION

While the following research is primarily of a fundamental nature, it is im­

portant to note that a number of practical applications are of immediate 

relevance. Perhaps the most interesting and complex application is to the 

grading of small diameter timber for use in structural applications. Othi-r 

investigators have also considered related problems with a view towards ap­

plications in areas such as inspection of composite materials and development 

of sensors for hostile and high temperature environments.

1.1 Motivation

Traditionally, the forest products industry in the United States has exhib­

ited a preference for large diameter trees. Lumber and plywood mills were 

designed to process larger logs and small logs were sold as poles, fence posts, 

firewood and chips for pulp and manufactured wood product production. Lit­

tle attention has been given to higher value end uses for material from small

1
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diameter trees. A problem now exists with forest stands tha t are overgrown 

with small diameter trees. The small diameter timber resource presents po­

tential problems in terms of the forest stand susceptibility to fire, insects 

and disease. One method of alleviating this problem is to remove the small 

diameter material from the forest. In order to make this a viable solution, 

new, higher value markets must be developed to provide economic incentive 

for its harvesting and use.

One potential use for small diameter timber (SDT) is in structural appli­

cations. Structural applications provide potential for adding value as well as 

demand for small diameter round timber. A major barrier to the structural 

use of this material is the limited knowledge of its engineering properties. 

While there is a fairly large database on the strength of full size round wood 

poles, conventional methods of deriving design stresses lack the rigor associ­

ated with the derivation of design stresses for stress graded lumber commonly 

used in engineered systems. In order to improve the image of round wood as 

a structural material, methods are needed to assign allowable stresses with 

greater accuracy than is currently obtained using visual inspection methods.

Wood is an anisotropic material that in the full round configuration is 

transversely isotropic. As a tree develops, the demands on the supporting 

structure of wood change from fast upward growth in order to compete for 

sunlight to lateral strength to resist horizontal wind forces. Mechanical prop­

erties in any one principle direction vary with location in the tree as a result 

of the growrth from juvenile or crowm wood to mature wood.

In order to determine the strength grade of a SDT the percentage of each 

type of wood which make up the cross section of the tree must be known.

2
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When the SDT is excited by an external source of energy, the velocity and 

attenuation of elastic waves propagated in the material are related to the 

mechanical properties of the material. For many practical applications, the 

velocity in the material depends on the dimensions of the specimen and 

varies with the frequency of the signal. Phase and group velocity are well 

understood for isotropic, homogeneous materials, but are more complex for 

wood, or any other tranversely isotropic material. In order to reliably assess 

small diameter timber a better understanding of elastic waves in transversely 

isotropic materials is required.

P lan e  contain ing  C entral Axis

Central Axis

Figure 1.1: Transversely isotropic materials have symmetry about all planes 

containing the central axis

Dimension lumber tha t comes from larger trees is usually modeled as or­

thotropic. A small diameter timber section is a transversely isotropic cylin­

der. A transversely isotropic cylinder has symmetric properties in all direc­

tions from a central axis. This symmetry results from wood growth which 

occurs exclusively at the exterior of the tree. If the center of the tree is taken 

as the axis of symmetry, then the material properties of the tree are the same

3
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in all of the radial directions from this central axis. Figure 1.1 illustrates this 

type of symmetry. In the figure the points x  and y are reflections of each 

other over a plane containing the central axis. Thus, they have the same 

material properties.

In order to determine the behavior of waves through a SDT. the general 

behavior of longitudinal waves in tranversely isotropic cylinders must be es­

tablished.

1.2 Background

W ith a historically rich area such as waves in cylindrical waveguides it is 

important that this proposed work be understood in the context of this long 

tradition. Theoretical work on the propagation of longitudinal waves in an 

isotropic cylinder is extensive. The original work on wave propagation in 

isotropic cylindrical waveguides was performed independently by two inves­

tigators, Pochhammer and Chree, late in the nineteenth century. [45. 6]. 

Later investigations were focused on theory and experiments related to the 

propagation of waves in a thin waveguide. Skalak, Miklowitz and Folk et al.. 

[58, 37, 11]. Finally, less extensive investigations, primarily experimental, 

have considered thick waveguides for which the modes are separated in time. 

[35].

The solution presented by Pochhammer and Chree is a continuous wave 

result that is the basis for understanding waveguides. These original works 

showed the solution of the wave equation for this geometry, but it did not 

include calculations of the roots of the frequency equations. As described by

4
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Love. p. 179 [32]. the characteristic (or frequency) equation can be easily 

obtained, although finding the roots of the equation is much more difficult.

Continuous wave results may be used to understand phase velocity, the 

propagation of modes and dispersion. Continuous waves consist of an infinite 

train of sinusoids. Most signals of interest are not in the form of a single 

sinusoid, but a pulse. Using a Fourier decomposition of a pulse, the response 

of the waveguide can be solved by first determining the response due to 

a single Fourier component of the pulse. This will be a single frequency 

sinusoid. Then, using the principle of superposition the sum of all of these 

single frequency responses is the response to the pulse. Using this method we 

may obtain the response to an arbitrary input which meets mild admissibility 

requirements.

The lowest branch roots of the frequency equation were first calculataed 

by Bancroft in 1941. [3]. Bancroft found the roots of the frequency equation 

for the first three modes. The numerical results from Bancroft’s paper were 

verified by Davies in 1948. [7] Davies also performed experiments to test the 

results. In his experiments, the energy is propagated in the lowest mode 

of the waveguide. However, significant dispersion is evident in the received 

signal. Davies uses a summation of frequencies to calculate the dispersed 

signal. This approach is a physically intuitive way to address this relatively 

complicated calculation. The theoretical results show good correlation to 

experiments given the small number of frequencies that it was practical to 

include in his manual calculations.

Some of the later work on thin waveguides focused on the propagation of 

a pulse in a thin bar and examined the transient effects. Transient effects

5
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may be ignored in many of the practical applications because of the distance 

that the pulse propagates from the excitation point. Multiple modes are 

generated in a waveguide when the waveguide is greater than approximately 

l/2 0 £/l of a wavelength in diameter. Modes correspond to different shapes 

of the displacement across the diameter of the cylinder, and in general the 

modes travel at different group velocities and are dispersive. While the thin 

bar description (single mode waveguide) is commonly used to describe wave 

propagation, this description will not be employed so that the diameter- 

wavelength restriction may be avoided.

The subsequent work on waveguides that focused on transient effects for 

the propagation of a pulse in a thin bar was motivated by the split-Hopkinson 

bar experiment. It is important to understand the split-Hopkinson bar ex­

periment because it remains a basic tool for high strain rate material mea­

surements. The thin waveguide, in this context, may be considered less than 

one-quarter to one third of a wavelength in diameter. While only one mode 

propagates, dispersion is significant at the frequencies considered.

Among the work that considers modeling of the single mode dispersive 

waveguide are papers bv Skalak. Miklowitz and Folk, [58. 37. 11]. While this 

research was concerned with a single mode propagating in the waveguide, 

the solutions are quite complicated because of the emphasis on transient be­

havior in a dispersive geometry. Experimental studies were also performed 

that support these theoretical investigations by Miklowitz and Nisewanger 

and Fox and Curtis, [38, 14]. These experimental studies use waveguides 

of approximately one-tenth of a wavelength in diameter. As in the the­

oretical work, dispersion of the first longitudinal mode is clearly evident.

6
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Comparison of theory and experiment was done in the time domain with 

an emphasis placed on the prediction of the initial fast pressure rise seen in 

the split-Hopkinson bar tests. The assumptions which underlies all of this 

work is that the rise time at the leading edge of the wavefront contains a 

sufficiently small amount of high frequency energy so that the energy in the 

first waveguide mode greatly exceeds the energy in any other modes excited 

in the waveguide. This corresonds to the single dispersive mode that in the 

low frequency limit case results in the 1-D wave equation. This condition 

is satisfied if appropriate experimental conditions are met. however, in the 

most general case multiple modes are generated.

1.3 Multi-Mode Isotropic Cylinders

Experimental and theoretical models for a single mode waveguide were es­

tablished in the late 1940’s. with consideration of transient calculations con­

tinuing through the 1950’s. However, complete exploration of the roots of 

the frequency equation for multi-mode waveguides did not occur until the 

numerical difficulties were overcome by Onoe et al. in 1972, [44]. Onoe 

and co-authors comprehensively explored both real and complex roots of the 

frequency equation.

A number of investigators have also made use of multi-mode waveguides 

to measure both the Young’s modulus and shear modulus of materials in 

a single experiment, [35]. The experiments were typically described using 

a plane wave model which neglects dispersion. Discussion of multi-mode 

waveguides by experimental investigators continues to depend on a model

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



which disregards dispersion of the wave. [‘23, 28]. Experimental use of multi- 

mode waveguides is important since it provides the opportunity to obtain 

both the shear and longitudinal modulus from a single measurement. In ad­

dition. the opportunity exists for the modes which correspond to different 

displacements across the diameter of the cylinder to be used to inspect dif­

ferent portions of the cylinder. While experimentally important, analytical 

and numerical models continue to be developed. Although, in general, these 

models are computationally expensive and do not provide an appropriate 

tool for in-situ NDE without considerable modification, [42. 18].

Experimental investigators have been forced to avoid the limitations of 

the theoretical models by simply using plane wave descriptions of multi-mode 

wave propagation in solid cylinders. Alternatively, the 1-D waveguide model 

is used which is only applicable when the cylinder is very thin relative to 

the wavelength of the elastic wave. While the plane wave model used by 

experimental investigators becomes accurate in the limit of a large diameter 

waveguide, the effects of dispersion disappears only in the large diameter 

limit. A comprehensive approach is thus required which contains a suffi­

ciently complete description of the waveform without requiring the use of 

computationally expensive modeling. The wave mechanics employed must 

be then in the form of an analytical or hybrid analytical-numerical solution.

1.4 Anisotropic Waveguides

Investigations of waves in anisotropic materials are considerably more diffi­

cult than the classical, and well understood, isotropic problem. As in the

8
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isotropic case, anisotropic waves are governed by a hyperbolic system of 

second-order partial differential equations. However, the number of indepen­

dent parameters, i.e. material constants, for anisotropic materials is much 

greater. Isotropic materials can be characterized by only two parameters, 

anisotropic materials can have from five to twenty-one independent material 

constants. In addition to the increased number of parameters, the geome­

try of the body and symmetry of the material may complicate analysis. In 

an isotropic solid, the behavior of the material is the same in all directions. 

Anisotropic solids show a preference to certain directions. Reconciling the 

geometry of the body with these preferred directions constitutes a large part 

of the analysis of many anisotropic problems.

A complete description of the response of an infinite anisotropic body 

responding to a localized disturbance was published by Duff in 1960. [8]. 

Duff’s results for a homogeneous anisotropic solid describe the response of the 

solid in a Fourier transformed space. The study's conclusions were focused 

on characterizing the sheets of the different wave surfaces and their arrival 

at an arbitrary point in the medium.

Approximate theories, such as Mirskv's [39], are the most common ap­

proach to anisotropic waveguide problems. In a pair of articles, [40. 41]. 

Mirskv compares his approximate theory with the results from the exact 

elasticity equations for a cylindrical shell. The comparison was made by ex­

amining the dispersion curves for the approximate and exact theories. For 

the exact theory, the dispersion curves were obtained via displacement po­

tentials and the completeness of this solution is not clear. However, for lower 

frequencies the first four modes of the exact and approximate theories have

9
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good agreement. At higher frequencies the dispersion curves for the approx­

imate and exact theories do not agree.

Many other studies have been conducted on anisotropic waves with an in­

terest towards testing composite materials. Investigations such as Spies, [59], 

are chiefly concerned with the more cartesian geometries of laminar compos­

ites. Nagy and Nayfeh, [43], investigate the layered cylindrical geometry of 

fibers in a fibrous composite, but only obtain the frequency equation and 

dispersion curves.

10
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Chapter 2

WAVEGUIDE MODEL

The overall goal of this research is to construct an analytic solution to the 

response of a layered transversely isotropic cylinder to a pressure field being 

applied at one end of the cylinder. The primary focus for applications is on 

testing of small diameter timber This application motivates the design of 

our model. The following model will be used throughout the remainder of 

the work.

The mathematical model of a cylindrical elastic waveguide is well estab­

lished as presented by Love, [32]. The elastodynamic state of the body is 

described given the external stresses and body forces acting on the body. 

The coordinate system is chosen to be polar-cylindrical with the r-axis co­

inciding with the axis of the cylinder. In its simplest form this model would 

treat an infinite waveguide, i.e. the cylinder would occupy a region extending 

from :  =  -o c  to :  =  oo. A radially and time varying normal stress is ap­

plied to a cross-section of the waveguide. Thus, the model will extend from 

z  =  c, the location of the cross-section where the normal pressure is applied.

11
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to r  =  oc. For convenience, let c =  0.

2.1 The Homogeneous Shell

The first model is for a homogeneous shell. This is the basic component of 

the layered cylinder. Assume a normal pressure, azz. is applied at 2 =  0. Let 

the radial displacement. ur . vanish atz =  0. This is a mixed end condition 

since a stress anddisplacement are prescribed on the end. The condition 

uT =  0 is an approximation of the more physically realistic pure end condition 

aZT — 0. However, it was shown by Kennedy and Jones. [26]. that for large z 

the difference in the solution to the mixed and pure end condition problems 

becomes neglibible as ;  becomes large, i.e. the difference between the two 

solutions tends to zero as c approaches infinity. The remaining boundary 

conditions are that the inner and outer surfaces of the cylinder, r — a and 

r =  b, be traction free. i.e. a •  n =  0. where n is the outward unit normal to 

each surface.

ur  or o^j- = 0

Figure 2.1: Picture of a cylindrical shell waveguide

12
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Between r = a and r = b the elastic body must obey the equations of 

motion

o-.jj =  pu, (2.1)

where oy, are the components of the stress tensor and ut are the components 

of the displacement vector. Differentiation with respect to time is denoted 

by a dot and differentiation with respect to a spatial coordinate employs 

the comma notation convention. In eqn.(2.1) body forces are not included. 

In addition, the constitutive relation for isotropic or transversely isotropic 

solids and the linear strain-displacement relations are employed. For the 

constitutive laws the contracted notation for the components of the stress 

tensor, al} and the components of the strain tensor. etJ. are used such that.

G \ — t f l l - * \ —

<72 = 0 2 2 , f-2 = 622

= 033 t £3 = *33

= 023 , *4 ~ *23

05 = 0 3 1 , *5 = *31

<76 = <7 jo , ee = *12

The constitutive law for an isotropic solid is then shown in the matrix-vector 

equation as:

13
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G\ A +  2 /j . A A 0 0 0 <i

a 2 A A + 2 n A 0 0 0 <2

03 A A A +  2 n 0 0 0 £3

<74 0 0 0 n 0 0 £4

<75 0 0 0 0 V- 0 <5

<76 0 0 0 0 0 V <6

(2 .2 )

where A and fj. are the Lame elastic constants. Using the same notation the 

constitutive law for the transversely isotropic solid is:

<7l <hl <42 <-13 0 0 0

<72 <42 C ll <-13 0 0 0

<73 C13 <-13 033 0 0 0

<74 0 0 0 C44 0 0

<75 0 0 0 0 <-44 0

<76 0 0 0 0 0 2 (<-11 -

■

<1

<2

<3

<4

<5

<6

(2.3)

The transversely isotropic solid has five independent constants while the 

isotropic has only two.

Theisotropiccase is the simple model which will be used for initial demon­

stration of the approach employed. The simple model will be used to describe 

several techniques for solving the problem of the shell response. However, 

application to areas such as testing of small diameter timber or carbon pan 

fibers requires more general material symmetry such as transverse isotropy.

A final assumption is made regarding the applied pressure field a Z2. An 

axisymmetric applied stress field is assumed so that:

14
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o zz =  <Jzz{r, t). (2.4)

This, along with the material symmetry which was imposed implies that the 

response of the cylinder will also be axisymmetric.

All of these assumptions leave us with a mathematical model of two cou­

pled partial differential equations (PDE’s) for the radial and axial displace­

ments, ur and uz. The third equation in eqn.(2.1), involoving u3 =  ug. will 

reduce to the trivial equation 0 =  0 under the assumption of axisymme- 

try. For the isotropic case the analytical solution techniques can be found in 

[1. 11. 9. 15]. These are the Pochhammer-Chree solution, the double trans­

form method and the method of eigenfunction expansions. The Pochhammer- 

Chree solution assumes a solution composed of a superposition of harmonic 

modes and derives a frequency equation based on this assumption. The 

double transform method uses a combination of Sine. Cosine and Fourier 

transforms to uncouple the PDE’s and find a solution in the transformed 

space. The method of eigenfunction expansions assumes a series solution 

for each displacement, then obtains an eigenvalue problem for the unknown 

functions of the expansion. Each approach is examined in more detail in the 

Chapter 3. Alternative Methods.

2.2 The Layered Cylinder

Clearly, for many important applications a homogeneous waveguide cannot 

be assumed. A more complete waveguide model can be constructed which

15
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consists of homogeneous coaxial layers. On the outer boundary of this cylin­

der the same boundary conditions exist as on the homogeneous shell.

ur or °zr = 0

Figure 2.2: Picture of a two-layered cylinder, the outer and center layers have 

radii r l and r 2. respectively.

On the interior of the cylinder the equations of motion, constitutive and 

strain-displacement relations remain the same as in the shell. A discontinuity 

in material properties exist between the layers. Therefore, the governing 

differential equations take the same form except that the coefficients are 

defined piecewise.

Continuity of stresses and displacements across the layer interfaces allow 

a solution to be constructed from the solution to a single shell via transfer 

matrices. The transfer matrix method avoids the creation of a separate 

frequency equation for each layer and a single frequency equation is obtained 

for the entire cylinder.

y. a  • n = 0

16
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Chapter 3

ALTERNATIVE METHODS

In principle, several alternatives exist for constructing an analytic solution 

to the waveguide problem. However, none of these approaches is sufficiently 

general to be used in all cases. This chapter is devoted to outlining some 

of these other methods. For simplicity in describing these techniques the 

material is assumed to be isotropic throughout this chapter. However, one of 

the reasons these methods are not employed for the more general case is that 

they do not lend themselves well to anisotropic problems. Each method does 

have some advantages in at least the class of application for which it was 

originally proposed. The suitable applications will be pointed out in each 

section.

3.1 Pochhammer-Chree Modes

The Pochhammer-Chree solution underlies all of the solution techniques 

which are used. These results are available in numerous references and are

17
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included here for completeness. [1. 11.9, 15]. The results motivate the form 

of the other approaches to constructing a solution to this problem. The first 

step is a Helmholtz decomposition of the displacement field. It is well known 

that any sufficiently 'well behaved’ vector field, u, may be decomposed into 

the sum of the gradient of a scalar potential, 6. and the curl of a solenoidal 

vector potential, w, [2].

u =  Vo 4- V x v .  where V •(/.’ =  0. (3.1)

The equations of motion for an isotropic elastic body may be written in

invariant form as:

p V 2u 4- (A 4- p ) V V  ■ u — pu (3.2)

Insertion of the decomposed form of u. eqn.(3.1). into eqn.(3.2) yields the 

equation

V (A + 2p)V2o -  pep 4-V  x = 0 . (3.3)

This equation is clearly satisfied if

po =  (A 4- 2p)V2<b and (3.4)

pw =  /jV2c . (3.5)

It is clear that a solution to eqn.(3.4) and (3.5) will solve eqn.(3.3). W hat is 

not immediately clear is that all solutions of eqn.(3.3) must also be solutions

18
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of eqn.(3.4) and (3.5). It is explained in Graff, p. 275-276, [19], that this 

is indeed the case. A simple wave equation for each of the displacement 

potentials is then produced. This approach is preferrable to attem pting to 

evaluate the equations of motion in terms of displacements.

The solution to the wave equation,

- ^ /  =  V2/ .  (3-6)c~

is a traveling wave of the form

f { p - x - c t )  (3.7)

where p is the propagation direction, x  is the spatial coordinate, c the velocity 

of propagation and t is time. In eqn.(3.4) the velocity of propagation is:

c = c t  =  f ^  (3SI

This is the velocity of longitudinal waves in an unbounded elastic medium. 

In eqn.(3.5) the velocity of propagation is:

c =  cT =  \ f ~  (3.9)
P

This is the velocity of transverse waves in an unbounded elastic medium.

Any reasonably smooth disturbance can also be represented as a sum of 

single frequency Fourier components. Due to the symmetry in the problem
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the propagation is in the ^-direction and the coefficient of any single Fourier 

component is a function of r alone. This leaves the following form for a single 

mode of the potentials.

o = 0 (r)e‘(fa- “,t) (3.10)

v r = w{r)el{kz- ^ ] (3.11)

ve =  M r ) e l{k:- “t] (3.12)

V: = «t?s(r)e,(*-’- “'t) (3.13)

The expression for o can be put into eqn.(3.4). The resulting equation 

for o(r) is the Bessel equation

Therefore.

o(r) =  AJ0{pr) + BYo(pr) (3.15)

where Jq and Vo are Bessel functions of order zero of the first and second

kinds, respectively, p2 =  *£ -  fc2. and A  and B  are arbitrary constants.cl
Now. consider the vector wave equation. eqn.(3.5). Writing out the com­

ponents in cylindrical coordinates:
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First, note that for the right side of this equation to equal the zero vector, 

each component must vanish independently. Thus. eqn.(3.16), (3.17) and

(3.18) represent three separate equations for the unknown components of v .  

Second, notice that eqn.(3.18) is uncoupled from the other two. Therefore, it 

is the best place to start. Substituting eqn.(3.13) into eqn.(3.18) the following 

equation is obtained for fi’; (r).

This equation is of the same form as eqn.(3.14). Thus, the solution is

Now, the coupled PDE's, eqn.(3.16) and (3.17). need to be solved. In 

general, this is a very difficult problem. It is simplified somewhat by the fact 

that the solutions must be of the form in eqn.(3.11) and (3.12). Substitution 

of these forms for iiir and wg into eqn.(3.16) and (3.17) yields the uncoupled

(3.19)

ii-.(r) =  C J 0{qr) + DY0{qr). (3.20)

The argument of the Bessel functions has changed to q where q2 = ^  — k
C7

ODE’s:
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• -  ; ! ( ' £ ) *  [ ( ? - * ■ IVr

Ve

(3.21)

(3.22)

The solutions to these two equations are

cv(r) =  EJ\(qr) + FY\(qr) and (3.23)

M r )  =  G M q ^  + HWiqr).  (3.24)

The functions and Y'i are Bessel functions of first order of the first and 

second kinds, respectively.

One more detail must be addressed in the Helmholtz decomposition of 

the displacement field. The vector potential, tv. is restricted to be solenoidai.

i.e. V • w =  0. With expressions for all of the components of tv the exact

consequence of this requirement is evident. In cylindrical coordinates

- I d  1 dtvg d'iv~
=  +  (X25)

Using the solutions for the components of tv. V • tv = 0 implies

0 =  {qlEJoiqr) 4- FY0(qr)\ +  ik [CJo{qr) +  DVo(<jr)]}e‘(**-u,£)(3.26) 

=  [ q E M q r ) + q F Y 0(qr)] + i [ kC M q r )  + kDY0(qr)}. (3.27)

Equating real and imaginary parts it may be concluded that E  = F  = C  =  

D =  0 since J0 and >'0 are linearly independent. Therefore, for axisymmetric 

modes of an isotropic cylindrical shell the displacement potentials are
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0 =  { A J o W  + B Y o i p r ^ e ' ^ - ^  (3.28)

0 r =  0 (3.29)

m  = [GJi(qr) + HYxiqr)} el̂ t] (3.30)

v z = 0. (3.31)

A technical remark can also be made regarding eqn.(3.27). It is possible

for q to take on complex values. However, when this occurs q will be purely 

imaginary. The series expansion for Bessel functions of order zero contain 

only even powers of their argument. Therefore, although the arguments may 

be imaginary, Bessel functions of order zero (or any even order) will have 

real values. This justifies equating real and imaginary parts of eqn.(3.27). 

It should be kept in mind, however, that Bessel functions of odd order, first 

order in particular, will not have real values when their arguments are imag­

inary.

For a general decomposition of the form in eqn.(3.1) the components of 

displacement are related to the potentials by

do  1 d t s dug
Ur — -rr H ™-------o— (3.32)or  r do dz

1 do d v r d v :
“ « =  - r W + a T "  3 T  (3 33)

do  1 9 , s 1uz = —  + (rwg)  — . (3.34)
dz r dr r do

Using what has been presented thus far,

23

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



ur = — \pAJ\{pr) +  pBY\(pr) -I- ikGJ\(qr)  +  ikHY\(qr)} e‘(fcz ^ .3 5 )  

ug =  0 (3.36)

u: = [ikAJo{pr) +  ikBY0(pr) + qGJ0{qr) + qHY0{qr)] e1̂ " ^  (3.37)

From this result the form of the modes of the isotropic shell have been 

established. The cross-sectional displacements are a linear combination of 

Bessel functions of the first and second kinds of two different arguments 

multiplied by a factor Later, when the form of a solution is specified

this result is the major justification for the ‘guess/ A very similar form will 

also be used for the transversely isotropic shell. The difference will be in the 

arguments of the Bessel functions, the form will otherwise be the same.

3.2 Double Transform Method

The double transform method is one method that has been successful in gen­

erating formal analytic solutions to the semi-infinite cylinder. This method 

uses a combination of Fourier and Fourier sine and cosine transforms to sim­

plify the equations of motion. In the r-variable a Fourier sine or cosine 

transform is used and the Fourier transform is used to transform t. The 

transforms of a quantity /  are defined bv: (Superscripts denote transformed 

quantities.)
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f F{ r , z :aj) =  [  f ( r ,  z,
Jo

(3.38)

(3.39)

(3.40)

The method can be used to find the solution, in the transformed space, to 

the displacements in a semi-infinite isotropic shell subject to mixed end con­

ditions. This requires only a minor modification of the procedure described 

in [11], where a solid cylinder is considered. While the double transform 

method has significant advantages, a significant barrier also exists to practi­

cal implementation as well.

To apply the method the effect of the transforms on derivatives needs to 

be established.

f ( t  =  0 ) -  iu: fF (3.41)

(3.42)

(3.43)

Under axisymmetry the equations of motion may be written as:

(3.44)

(3.45)
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Where u and w are the radial and axial displacements, ci  and c j  are the 

velocity of longitudinal and transverse waves in unbounded media, and A 

and Q. are the dilatation and non-vanishing component of rotation.

First, a Fourier sine, then a Fourier transform of eqn.(3.44) is taken. 

Noting that the cylinder is initially at rest, u{t =  0) =  u{t = 0) =  0:

-Ur u SF = c l ^  -  2C*yP.CF (3.46)
or

For eqn.(3.45). a Fourier cosine, then a Fourier transform are taken. Again, 

note that the cvlinder is initially at rest.

- J w c r  =  - c i A '( c  =  0) +  c b A "  -  2 4 ; ^ ^  (3.47)

To continue, a more convenient form for the term A F(c =  0) is needed. 

Recall that this is the mixed end condition problem, therefore, u |-=o= 0. 

and

1 d(ru ) , dw . dw .
-M~ =  0) =  A |.=0=  -  12=o +  U=o=  U=o (3.48)

The other end condition is to specify the normal stress at c =  0. For now 

consider a time varying end stress and denote it by:

U=o= P{t) (3.49)

Then, using the constitutive law for isotropic solids
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Therefore.

dm
P { t ) = Pci  —  \z=0 (3.51)

Combining eqn.(3.48) and (3.51). it can be concluded that

A(_- =  0) =  (3.52)

Take a Fourier transform ofeqn.(3.52) and replace A F{z =  0) in eqn.(3.47) to 

obtain a final equation for the axial displacement in the transformed space.

2. .CF p F  . . 2 . aSF  o „ 2 l 5 ( rQ C F )—uj w —--------*f" C r ~ f — 2ct-  ------  (3.o3)
p r or

So far the method has yielded two ODE's for the transforms of the dilatation

and the rotation. eqn.(3.46) and (3.53). Before solving these equations they

must be uncoupled. This is accomplished by first noting

A s f  =  -  1 W C F  and (3.54)
r or

C F 1 /  SF dwCF\
=  2 \ ' U ' — ) ■  <3° 0)

Taking the appropriate combinations of the ODE’s, eqn(3.46) and (3.53), the 

left hand sides will contain the quantities A 5F and Q.CF and the equations 

will be uncoupled.
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0 -  h Tr or
r d ± sF
r

dr
‘1 d(rQCF) 
r

+

dr

CM A 5F +  i p F

P^L
C F

(3.56)

(3.57)

These are Bessel equations and can be solved easily. The equation for 

ASF contains the non-homogeneous term -^rPF• If the applied pressure has 

a radial dependence then this must be dealt with at this stage. However, as 

it is. this term is constant with respect to r  and the solutions are:

QCF =  C M q r )  + DY\(qr)

=  AJ0{pr) 4- BY0(pr) +
7  P F

p(724  -  J*)
(3.58)

(3.59)

where J, and V, are Bessel functions of the first and second kind, respectively. 

.-1. B. C and D are constants with respect to r and

P~ = ~L

i  2

=  4  “ 7 ■

(3.60)

(3.61)

Ignoring the possibility of a radial dependence in the applied pressure. P. 

is a large physical restriction. To include the possibility of P  depending on r 

introduces the complication that the non-homogeneous term in eqn.(3.56) is 

non-constant. This is not an oversight, but a simplification for the purpose 

of brevity.

The boundary conditions on the curved surfaces of the shell are used 

to determine the arbitrary constants in eqn.(3.58) and (3.59). Expressions
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for the transforms of the displacements are needed. This is accomplished by 

using the coupled ODE’s. eqn.(3.46) and (3.53), and inserting the expressions 

for ASF and Q.CF from eqn.(3.58) and (3.59).

U = [CMqr)  + DYi(qr)] +  %  [AMpr)  +  BY^pr)]  (3.62)
u r

wCF =

+

1 -

o 2c~Lr
■) O 0

r q ,  -  u ; -

P F o
- C- i l [ A J 0(pr)+BYo(pr)} (3.63)

pu-

[C M qr) + DYa(qr)\

The equations that will determine the constants are the traction free lateral 

surface conditions. Since there exist two non-trivial stresses, a and a zr, this 

will provide four equations, two at the inner and two at the outer radius. 

The transformed stresses are

r r5/  =  p(ci -  24 ) A s f  +  2 p 4

( '

duSF
dr

and

= p 4 {  ; u S F + d w C F ^
dr ) ■

(3.64)

(3.65)

The undetermined constants are now found by solving the following equa­

tions.

/r S F°TT =  0 at

- S F
rr =  0 at

„ C F
zr =  0 at

—C F
zr =  0 at
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(3.66)

(3.67)

(3.68)

(3.69)
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where a is the inner radius and b is the outer radius.

After determining the constants the solutions to the radial displacements 

and the axial displacements in the transformed space are complete. From 

these any desired quantity can be found, provided the inversion of the trans­

forms is practical.

The double transform method was first used by Folk, Fox, Curtis and 

Shook. [11], to find the sum of the strains, ezz + (.$e- However, the method is 

equally well suited for finding any of the components of displacement, stress 

or strain. Upon finding the transform of any desired quantity the only re­

maining step in finding the solution is inverting the transforms. This is a 

very non-trivial procedure and a large obstacle in practical implementation. 

In [11. 26. 18] the Fourier sine and cosine transforms were inverted asymp­

totically, and in [30] an exact inversion via the residue calculus is shown to 

be impossible. Therefore, these existing analytic approximations are difficult 

to obtain and only valid for large z.

The method has successfully been extended to several cases of interest. 

First. Kennedy and Jones, [26], were able to apply the method to the case 

where the applied normal stress varies radially on the free end. They were 

also able to show that the asymptotic solution is a good approximation at 

distances greater than 20 diameters down the axis of the cylinder. In an 

extension by Goldberg and Folk, [18], the pure end condition problem is 

treated by splitting the pure end condition into the sum of 2 mixed end 

conditions. Lastly, in Laverty and Peterson [30], an explicit method is given 

for extending the double transorm solution of the response to a pressure step 

to any time varying pressure. This keeps inversion of the fourier transform
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relatively simple by avoiding a complicated P F.

3.3 Eigenfunction Expansions

The method of eigenfunction expansions is used to generate a series solution 

for any combination of boundary and initial conditions on the shell. To apply 

the method a series solution is sought for all displacements and stresses of 

the form:

n

This sum is a superposition of modes of constant frequency and varying 

wavenumber. The functions f n(r) are called the radial eigenfunctions. Sub­

stituting these sums into the equations of motion yields an eigenvalue prob­

lem involving the radial eigenfunctions. and the eigenvalues. kn. All 

quantities have the same coefficients. an, which are determined using a bi- 

orhtogonality relation and the boundary data. They key to implement­

ing the method is solving the eigenvalue problem then discovering the bi­

orthogonality relation and applying it properly.

Power and Childs, [46], were the first to use the method. They found 

series solutions for displacement potentials of semi-infinite cylinders, then 

combined solutions of 2 semi-infinite cylinders to obtain a solution to a finite 

cylinder. Later. Fama, [9], used the technique on the equations of equilib­

rium and found a most general bi-orthogonalitv relation for isotropic shells 

that could be used on any combination of stresses and displacements in the
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boundary data. This paper also established the completeness of the radial 

eigenfunctions for most cases and at least conjectures the completeness for 

all cases. In a short note, Fraser, [15], extended the exact approach in [9] 

to find the bi-orthogonalitv relation for the dynamic case. All of these pa­

pers, [46, 9. 15], were concerned with isotropic cylinders with circular cross- 

sections. In two papers Robert and Keer, [54, 55], used this method to solve 

for the axisymmetric and asymmetric response of both semi-infinite and finite 

cvliders for many different combinations of boundary data.

Gregory, [20]. showed that a general bi-orthogonality relation exists for 

cylinders of general cross-sectional shape and anisotropic materials providing 

that the planes c =  constant are planes of elastic symmetry. This even more 

general relation is merely a consequence of the dynamic recirocal identity, 

and need not be derived for each case from the differential equations.

With a slight variation. Folk and Herczinski, [12. 13]. used the method 

of eigenfunction expansions to produce a generalization of Sturm-Liouville 

theory to a set of non self-adjoint operators, then applied their method within 

the context of dynamic elasticity to check the results against a previous 

solution, [11], obtained by the double transform method.

3.3.1 Governing Differential Equations

Now% the method will be outlined using an isotropic cylindrical shell with 

traction free lateral surfaces. The equations of motion in terms of displace­

ments are given by:
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First, apply the proposed displacements to eqn.(3.70) and (3.71).

u =  ^ a „ u n(r)eI(fcn;
n

=  £ a n-u;B(r)C,(*»w Z - u l t )

(3.72)

(3.73)

After substituting the expressions for u and w into the equations of motion, 

the ODE's for the radial eigenfunctions un and u:n are obtained.

° dr 

0 - r dr

1 d{run) 
r dr 

dWr

+  \ - j  -  I +  ‘M l  -  (3-T4)

dr
+

cl
k l j  u?„ +  ikn{ 1 -  (3.75)

These equations contain the complication that the eigenvalue. kn. appears 

both linearly and squared in each equation. To remedy this, assume an 

eigenfunction expansion for the dilatation and rotation.

A =
n

(3.76)

(3.77)
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In terms of displacements these quantities are:

_  1 d(ru) dw
r dr dz

du
dz

dw
dr

(3.78)

(3.79)

The radial eigenfunctions for each of these quantities is related by the equa­

tions:

x _  1 d(run) t
r dr

a , =  r iknun -
dwn
dr

(3.80)

(3.81)

Differentiating eqn.(3.80). solving for ikn^  and substituting into eqn.(3.74) 

yeilds eqn.(3.82). This equation contains the eigenvalue squared only. Simi­

larly. an expression for ikn^ d̂ ™n) can be obtained from eqn.(3.81) then sub­

stituted into eqn.(3.75). This results in eqn.(3.83). which also contains the 

eigenvalue squared. These two resulting ODE's. eqn.(3.8'2) and (3.83), now 

contain four unknown radial eigenfunctions, but only the square of the eigen­

value kn.

° = T r
1 d(run) 
r dr

,2

+  ( 2̂ clkl  ) “ n +  (1 “  C2)
[dAn d 1 d{run)'

dr dr r dr
(3.82)

0 = i rr dr
dwn
dr

+
h l ) a -

+  (i -  <2)
2 d(rQn) 1 d{rwn
r dr r dr

(3.83)
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Two more equations involving the four radial eigenfunctions are needed. 

Consider the equations of motion in terms of the dilatation and rotation.

il =  c2r
d A
dr

o
+ 2cr~*Z

o d A  2 o d(rQ)
dz r dr

(3.84)

(3.85)

By differentiating, these two equations can be uncoupled into wave equations 

for the dilatation and rotation. First, perform the operations:

r  J r ^ 3'84 ]̂ +  J ^ (3-85)l 

This will yield a wave equation for the dilatation:

(3.86)

Similarlv.

A =  ci
l_a (  d A \  cPA
r dr V dr )  + dz2

(3.87

|((3 .8 4 )1  -  |[ ( 3 .8 5 ) | 

will yield a wave equation for the rotation:

(3.88)

1 d(rfl)
r  dr +  Ĉ  dz2

(3.89)

These equations agree with the intuition tha t the dilatation will travel with 

the speed of a longitudinal wave and the rotation will travel with the speed
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of a shear wave. Applying the eigenfunction expansions for A and Q to the 

wave equations for A and ft. eqn.(3.76) and (3.77), two additional equations 

are obtained involving the square of the eigenvalue kn.

r dr dr
1 d [ dAn 
—— r —— 4- (3.90)

(rftn) +  ^  k ^ j (3.91)

3.3.2 Boundary Conditions

Determing the radial eigenfunctions and eigenvalues is now acheived by solv­

ing eqn.(3.8'2), (3.83). (3.90) and (3.91) along with the appropriate boundary 

conditions. The condition that the inner and outer surfaces of the shell re­

main traction free is written as:

where a and b are the inner and outer radii of the shell, respectively. The 

stresses in eqn.(3.92) and (3.93) can be expressed in terms of u. w. A and ft.

In terms of radial eigenfunctions these boundary conditions can be expressed 

as:

0 at r  =  a. b (3.92)

0 at r =  a. b (3.93)

(3.94)

(3.95)
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0 a t r  =  a. b

0 at r =  a. b

(3 .96)

(3.97)

After solving these BYP;s, what remains is finding the bi-orthogonality 

relationship and applying it to determine the constants. an. This relation­

ship is found for the isotropic cylinder by directly manipulating the equations 

of motion. [9, 15]. However, dealing with each type of material symmetry 

separately by using the differential equations can be avoided by employ­

ing the dynamic reciprocal identity. Gregory, [20], derives the necessary 

bi-orthogonality relationship from the reciprocal identity for cylinders of any 

material that has the planes c=constant as planes of symmetry. His rela­

tionship is also applicable to cylinders of general cross-sectional shape, not 

just circular.

This method is very general. The bi-orthogonality relation has been 

shown to exist for very larger class of materials, but so far the method has 

been used only on isotropic problems. For anisotropic materials it is not clear 

how to include the eigenvalues, kn, in only one form. For the isotropic case 

the governing differential equations were manipulated until the eigenvalues 

were squared in each equation. This is possible because the dilatation and 

rotation are uncoupled in isotropic materials. In general, for anisotropic ma­

terials, the dilatation and rotation are coupled, thus making it impossible to 

use the same approach.
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Chapter 4

SUPERPOSITION OF 

PROPAGATING MODES

The method of superposition of propagating modes will be used to construct 

solutions to the fundamental problem of waves in a transversely isotropic 

shell. This solution can then be extended to include layered cylinders. This 

technique is consistent with the approach employed by Nagy and Nayfeh. 

[43]. However, it is repeated here to extend the method to obtain physi­

cally meaningful quantities such as displacements and stresses in the layered 

cylinder.

This method is a variation of the eigenfunction expansion method. In the 

eigenfunction expansion, a series solution is sought for any quantity of inter­

est. In the present approach the advantage of a couple of physical insights 

is used. First, an input, a normal pressure azz at a fixed frequency, will pro­

duce a  response of the same frequency in the absence of non-linearities. The 

actual input will be assumed to be composed of a finite number of frequen-
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cies. Therefore, the response will be a superposition of responses at the same 

frequencies. The assumption of a finite frequency input does not represent 

a significant limitation because even an infinite number of frequencies in the 

input can be combined with a Fourier decomposition to find the frequen­

cies with the largest Fourier coefficients. The response of the shell to these 

frequencies will dominate the solution.

The second physical insight used to simplify the process is that at any 

given frequency, only a finite number of modes will propagate down the 

waveguide without attenuation. An infinite number of modes are generated 

in order to satisfy the end conditions, but those modes above the cutoff 

frequency will be evanescent and will decay exponentially. Because of the 

exponential decay along the length of the waveguide the contribution these 

modes make to the overall response will become negligible.

The advantage of this insight is that the response of the shell can be 

represented as a finite sum of propagating modes. One apparent disadvantage 

is that by ignoring all attenuating modes, the end conditions on the shell are 

only satisfied approximately. However, by selecting an appropriate inner 

product for the end condition and the modes, no limitations on the accuracy 

of the solution exist. In practice, a simplified inner product is usually used 

because of the complexity of the orthogonality relationship, [66].

4.1 Constructing Mode Shapes

The axisymmetric equations of motion, for any material symmetry, are given 

by:
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In these equations oy, are the components of stress, p is the density and u 

and w are the radial and axial components of displacement, respectively.

For a transversely isotropic solid the non-vanishing components of stress 

under axisymmetry may be written in terms of the displacements

du u dw .
O rr =  Cii — h Cio FC 13  —  (4 .3 )

dr r dz
du u dw

G e o  — C1 2 - 5 — h cu — HC1 3 -5 — (4.4)
dr r dz
I d  dw

G;z =  cl3-  — ( r u ) + C 3 3 —  (4.o)

-  -  - ( £ + £ )  ‘

where refers to the contracted notation for the 4£/l order constitutive tensor 

for a Hookean solid. Using these relationships between stress and displacment 

the equations of motion can be written as:

d2u
}~dP

d
Cndr

1 d t \ 
- r f r iru)

d2w d2u
+  (Cl3 +  C44) 3^ I + C 44a ?

d2w . 1 d (  d u \  I d (  d w \  d2w
pw  =  (Ci3+C44U » v s ; j +C44; s ; ( r a r ) +C33a ?  (4-8)

The propagating modes of this solid are sought when it is excited by a 

normal pressure applied to the end at z  =  0. This can be formulated as a 

part of the model through the application of the boundary condition
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crz~\z=o= P ( r , t ) .  (4.9)

In addition, the curved surfaces at the inner and outer radius of the shell are 

to remain traction free. This implies that

®tt |r=a,6 =  0 (4.10)

&tz |r=a,6 =  0. (4.11)

Equations (4.7) through eqn.(4.11) compose a boundary value problem (BVP) 

for the displacements. The analysis of this problem is begun by attem pting 

to solve these PDE’s and then considering the consequences of the boundary 

conditions. For the case of an isotropic shell (see section 3.1) the displace­

ments are a superposition of traveling waves of the form

u =  [AJi(pr) -i- BJi{qr) + C\\{pr) + DY\(qr)\ (4.12)

w = [EJo{pr) + FJo(qr) +GYo(pr) +  HYo(qr)\et(‘k:~u1̂  (4.13)

where p2 =  *£ — k2. q2 = A- — k2 and and ct are material constants.
CL CT

From this result it is reasonable to assume that the displacements in the 

transversely isotropic shell will be similar. Therefore, the modes are assumed 

to take the form

u = ABl (7 r)e ,(fc" -‘Jt) (4.14)

w =  BB0{ 7 r)e i(te- “rt). (4.15)
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The functions Bo and Bx are Bessel functions of order 0 and 1, respectively, 

and .4 and B  are arbitrary constants. The Bessel functions may be of the first 

or second kind. In the isotropic shell Bessel functions of the first and second 

kind were present. The radial wavenumber 7  has yet to be determined in 

eqn.(4.14) and (4.15). In the isotropic shell 7  had two values, p and q, which 

depended on the frequency, u/, the material constants, cl and ct  and the 

axial wavenumber, k. It is therefore reasonable to expect 7  to depend on the 

corresponding quantities for the transversely isotropic shell. The frequency, 

uj, material constants, and axial wavenumber, k.

Upon substituting eqn.(4.14) and (4.15) into eqn.(4.7) and (4.8), a 2 x 2 

system of linear algebraic equations is obtained for .4 and B.

poj~ C[ 1 7 * C44A:2 - i h / { c l3 +  C44) .4 0

i h { c u  + C44) f)u2 -  C4472 -  C33A:2 B 0

Existence of non-trivial solutions requires that the determinant of the coef­

ficient matrix vanish. This gives a quadratic equation in 7 2.

0  =  60 +  b n 2 + &274 (4.1")

Since the coefficients in this equation are expressions involving lj. k, p and 

the Cij's, the initial interpretation of the nature of 7  is consistent with the 

isotropic cylinder.

If the two solutions to eqn.(4.17), viewed as a quadratic in 7 2. are given 

the labels 7 2 and 7 then solutions to the quartic equation are ± 7 1  and ± 7 2 . 

This represents four solutions to the original differential equations. The
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solution for a single mode should be a sum of these four solutions. However, 

Bo{—ir )  =  Bo{ir) and S i ( - 7 r) =  -Bii 'yr)  so only ~/i and 72 contribute 

linearly independent solutions. Thus, it is possible to let the contributions 

from - 7 1  and —72  be absorbed into the solutions from 71. and 7 2 .

One more piece of information can be obtained from the matrix equation 

for A and B.  There exists a constant £ such that B  =  £.4. This constant 

will reduce the number of arbitrary constants in the general solution. It is 

easily shown that:

pu2 - c n l l a - c ^ k 2 (t
s i .2 — — t ---- ;------ ;---- %— •

I * 7 l . 2 ( c t 3 +  C 4 4 )

Assume that Bo =  Jo and B\ =  Then the expression for the displace­

ments would be a linear combination of the solutions corresponding to 71 

and 7 2.

If instead, Bq =  Y'0 and Bi = Y't- Then the displacements would be

u — [.4t +  .4 2 ./i(72r )] 

w = [Bl J0(~nr) + B2Jo(l2r)]el^ t) 

=  Hl£l«/o(7lr ) +  -42^2^o(72^)]

(4.19)

(4.20)

w

■u [*diY'i (71 r ) +  -42Y1 ( 7 2 r )] 

[B.Yoh.r) + B2Y0(l2r)} et{k2~ut) 

[.4i?iYo(7 ir) + A 2Z2Yoh2r)}

(4.21)

(4.22)
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These two possible solutions axe linearly independent, therefore, a full solu­

tion must be a linear combination of the two. Since the constants are already 

arbitrary the solution is the sum of the two solutions.

u =  [Ax J i ( 7 ir) +  .4 2 J l (7 2 r) +  A . Y ^ n r )  +  - W ^ r ) ]  ci(*=-wt) (4.23)

w =  [-4 ^ 1  J 0 (7 ir ) + .42̂ 2^o(72r ) +  -4 i^iV'o(7 ir) -I- T262^ 0 ( 7 2 r)] el(k~ wt)

(4.24)

4.2 The Stresses

The next step is to consider the stresses that correspond to the displacements 

constructed in the previous section. These expressions will be used in the 

following section to derive a frequency equation. The number of modes thai 

propagate in the shell without attenuation will be determined by finding the 

roots of the frequency equation. The expression for the stress applied at the 

end of the shell, a:z, can then be represented as an expansion over all modes 

to find the amplitudes of the propagating modes.

For compactness of notation, the common term of will be sup­

pressed. The stresses are then:

44

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



du u dw
&rr =  C u —  +  Ci2“  +  C13-JT—dr r dz

+

+

( c u 7 i  +  ikci3£l )Jo('yir) +  ( c 12 - c u ) « A (7 lr )

(C u 7 l +  **cl3^ l ) > o (7 l^ )  +  (^12 “  C u) » ’i ( 7 i r )

( c u 7 2  +  i k c u & M w )  +  ( c i2 -  C u) ■A (72 r)

(c l l7 2  +  i^c l3^ 2)i'o (72r ) +  ( c 12 -  C u) -V ’t ( 7 2r)

.4

.4

.4

.4

1 9 .  . dw
& :z =  C13-  — (ru )  + C 33 —

r dr dz
— [(ci37i +  i^c33^i) Jo(7 ir )l -41 

+  [(c i37 i  +  2A:c33^ i)y  o("7i r)] .4]

+  [(ci372 +  *Ac33^2)^ o (7 2 r )]  -42 

+  [(Cl372 +  i^C 33^2)^o(72r )] -42

f  du d w \
<?rz =  C4 4 ^  +  - ^ : J

=  [c44(i/c -  7i^l) J i(7i r)l

+  [c44(i& -  7 if i)* i(7ir)] -̂ t

+  [c4i{ik -  72^2)^1(72^)] -42

+ [c44 (ik -  726)^1 (72r)] -42
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(4.25)

1

1

2

o

(4 .2 6 )

(4 .2 7 )
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4.3 The Frequency Equation

The frequency equation is derived from the traction free conditions on the 

inner and outer surface of the shell. The equation relates the frequency, u), 

and the axial wave number, k. In general, for multi-mode waveguides it is of 

the form

F{u ,k )  = 0. (4.28)

If we consider u  as being fixed the A:’s that satisfy eqn.(4.28) form a discrete 

set. {ki, k2, . . .  }. For each of these k:s there is an admissible mode in the 

shell that should be considered.

The displacements for a fixed frequency response are of the form:

u =  u(r,z . t :k)  (4.2S)

w =  w(r,z , t :k) .  (4.30)

It is well established that there may be more than one admissible value of 

k  for any single frequency. Thus, using the priciple of superposition, the 

displacements must be a sum of these admissible modes.

ii =  ^  u{r, z. t: fc(j)) (4.31)
j

w =  ^Tw( r , z , t ; k ( j }) (4.32)
j

Similarly, the stresses in the shell will be a sum over a set of admissible

modes. In the final analysis only a finite number of the k's are retained.
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The resulting sums are finite. The finite number of k  terms also keeps the 

analysis relatively simple and makes the use of limit operations, such as 

differentiation, justified.

In order to obtain the frequency equation consider a single mode traveling 

down the length of the shell. At the inner and outer curved surfaces of 

the shell the stresses aTT and aTZ are zero. Evaluating the expressions in

eqn.(4.25) and (4.27) at r =  a and r

four constants ,4i, .4lt A2 and A 2.

M n ■■■ M u

Mu  • • • M4 4

The entries in the coefficient matrix

=  b four equations are obtained for the

At 0

Ai 0

a 2 0

- a 2 0

are
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M n

M\2

M 13

M lA

A/21

A/22

A/23

A/24

A/31

A/32

A/33

A/34

A/41

A/42

A/43

A /4 4

=  (Cn7 i +  J0(7 l “ ) +  (C12

=  (Cn7 i +  ifcc13̂ i)V'o(7 ia) +  (C12 -  

=  (Cu72 +  *fccl3 2̂)«/o(72a) +  (C12 -  

=  (c U 72 +  *’̂ 13^ 2)^ 0(720) +  (C12 _  

=  (c u 7 i +  *A:ci3^i) Joihb) +  (c12 — 

=  (cU7 ! +  ifcc13£i)V'o(7 i6) +  (c l2 -  

=  (c 1172 +  *A:ci3̂ 2) Jo(72^>) +  (c i2 — 

=  (Cu72 +  *^13^2)^0(726) +  (C12 -  

=  y  (** -  7i?i)-M 7i“ )

= y  (i* -  ^)Yii-na)

= y  (** -  lA)Jd~na)

= y ( i f c  -  - f t& M tw )

= y ( t *  -  7i«iW7i»)

= y  (*  -  7i«i)Vi(7i»)
C44

C i iW i( 7 i “ )a

) - V i( 7 ia)a

) - J i ( 7 2 a)
a

) - V i ( 7 » a )a

) ^ i ( 7 i i )

)iV i(7 l6 )

)^ ,(7 J* )

)jV .(7 i» )

 ̂ { i k - y £ 2)Ji{yib) 

y (< * - 7 i6 )y ,(7 4 6 ) .

The determinant of the coefficient m atrix must vanish for non-trivial so­

lutions to exist. The evaluation of the determinant of the coefficient matrix 

results in the frequency equation tha t relates uj and k. For the transversely 

isotropic shell the resulting expression is quite complicated. The values of
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k that satisfy the equation may be ootained by a numerical method. In 

Appendix A, a copy of the M atlab code to find the roots of the frequency 

equation is shown.

4.4 The Modal Coefficients

In addition to the wavenumbers, it is neccessary to determine the amplitudes 

of the modes. It is assumed in this discussion that the k  values that satisfy 

the frequency equation have been obtained. In fact, to actually meet all of 

the conditions at 2 =  0 all of the modes are required. However, in order 

to determine the amplitudes it is not neccessaary to have all of the modes, 

since a simple inner product can be used to find the amplitudes of any single 

mode, independent from the others. It is useful to note the independence 

of these calculations since in the end only a finite number of modes will be 

used.

All of the analysis assumes a single frequency excitation and response. 

The applied stress can then be written as:

|z=o= / w(r)e -wt (4.34)

Assume that {Art,... , k K] are the wavenumbers tha t are kept. Then, 

summing over these modes in eqn.(4.26) and equating to eqn.(4.34), an ex­

pression for / w(r) may be obtained.
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K

L ( r )  =  X I  [ (C 1 3 7 1 0 )  +  r t u ) C M t i U ) ) M ' y i U ) r ) ]  A W )  ( 4 -3 5 )

J=1
K

+ X I  [(cl37l(j) +  l^(j)c336(j))io(7i(j)r )] A Hj)
j = 1 

K

+  XI [(C13720) +  ikU)Ĉ 2 ( j ) )M l2 U )r )} *4 2 ( j )

j=I 
K

+ X I  [ ( c 1 3 7 2 (j)  +  ^{j)C336(j))^o(72(j)r )] *4 2 ( j ) •

j = l

To determine coefficients -4i(m), .4i(m), -4 2 (m) and --42(m) 7 m = I , . . .  . K,  

several inner products must be taken on both sides of this equation. First, 

eqn.(4.35) is multiplied by Jo(7 i(m)r) and integrated from a to b. The inte­

gration may be passed inside the sums with since they are finite. The index 

m  is varied from 1 to K,  yielding K  equations of the form:

p b  K  p b

/  «/o(7 i(m)r)/a,(r)dr =  ( c l 3 7 i u )  +  i k U ) c ^ U ) )  /  M l H m ) r ) J o ( l H u ) r ) d r
Ja  L Ja

"  r f b i -(ci37i(j) +  ^ 0 ) C33?1(J)) / </o(7i(m)?')To(7i(j)r)dr .4l(j)
Ja

(ci3720) +  ifc(j)c33^2(j)) I Ja(l\(m)r)JQ{7 2 (j)r)dr
J  a

(Cl372(j) +  l^0 )c33^2(j)) f  <A)(7l(m)f*)To(72(j)r)dr
•/a

+ E
J=1

K

+ E
■/=!
K

+ E
j=t

m =  1 , . . ,AT.

This process is repeated three more times, each time resulting in A' more

5 0
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equations. Equation(4.35) is multiplied by Vo(7 i(m) ^ ) 5 m  =  1 , . . .  , K ,  and in­

tegrated from a to b. Next, multiply eqn.(4.35) by m  =  1 , . . .  , K ,

and integrate. Last, multiply by Vo(72(m)r )i m = I , . . .  ,K ,  and integrate. 

Through this process a 4K  x 4K  system of equations is obtained for the 

coefficients.

The system is of the form:

S A  =  F  (4.36)

where S  is the coefficient matrix, A  is the vector of unknown modal coeffi­

cients and F  is a vector of inner products involving the input fucntion /^ (r). 

The components of the vectors A  and F  are given by:

.4 =

-4i(1)

--it(fC)

-4l(l)

A  i(jc)
F  =

^ 2(1)

*̂ 2(/C)

*42(1)

f a  ^o(7 i(i)r ) /w (r )d r

f l  M~(HK)r)fUr)dr

fa ^o(7i(i)r )/u (r )dr

f a  YohnK)r) fu {r)dr 

f l  M'i2(\)r)f*{r)dT

f a  Jo{l2(K)r ) fu (r )dr 

f a Y Q(l m r ) M r ) d r

. f a  Yo( l2(K)r )fui{r ) d r
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The components of the matrix 5  may be obtained in the following way:

Row s 1 , . . .  , K:  These coefficients are obtained from the inner product 

of eqn.(4.35) with ./o(7i(m)r )> m  =  1, • • • , K.

Row s K  +  1 , . . .  .2K :  These coefficients are obtained from the inner 

product of eqn.(4.35) with V^(7 t(m)r), m =  1 , . . .  , K.

Row s 2K  +  1 , . . .  ,3K:  These coefficients are obtained from the inner 

product of eqn.(4.35) with Jo(7 2 (m)'r), m =  1 , . . .  , K.

Row s 3K  +  1 , . . .  ,4K:  These coefficients are obtained from the inner 

product of eqn.(4.35) with V^(7 2(m)r), m  =  1 . . . .  , K.

Another issue tha t should be addressed is the orthogonality of the Bessel 

functions. From basic Sturm-Liouville theory it is true that within the 

proper inner product space the solutions of eqn.(4.7) and (4.8), of the form 

in eqn.(4.14) and (4.15), should be orthogonal. Using the inner product from 

the appropriate space on eqn.(4.35), instead of the one used, would lead to 

a diagonal system of equations for the amplitudes, i.e. the matrix S would 

be diagonal. This would greatly reduce the overall number of calculations 

necessary to construct the response of the shell. However, the appropriate 

inner product to use is unclear. The simple inner product chosen, was se­

lected for sufficiency and simplicity. The Bessel functions are at least linearly 

independent in this space, therefore, this choice is sufficient in that it leads 

to a non-singular matrix S.
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4.5 Example

In this section, the method described in this chapter is applied to a  specific 

transversely isotropic shell. The process begins by obtaining the dispersion 

curves from the frequency equation, which was found to be the determinant 

of the coefficient matrix M  in eqn.(4.33). Using the information in the dis­

persion curves the admissible values of k  corresponding to a single frequency 

are obtained. These k values are then used in expressions such as eqn.(4.17) 

and (4.18) to obtain the constants 7 t , 7 2 , £1 and £>• These will be applied 

to evaluate the elements of the m atrix M  and solve the system in eqn.(4.33) 

to get the amplitudes of each mode. Once all of this is done eqn.(4.23) and

(4.24) may be combined with eqn.(4.31) and (4.32) to yield explicit expres­

sions for the displacements.

The shell being considered has an outer radius of 20cm and an inner 

radius of 10 cm. The shell will be subject to an harmonic normal pressure 

on the end, azz =  / e -lwt where /  is constant across the cross section of the 

cylinder. The following material properties are typical values for Douglas Fir 

and were taken from Ritter, [53].

Using these material constants dispersion curves were found using the 

Matlab script dispcurues.m, found in Appendix A. The dispersion curves are 

shown in Fig.4.1.

For a single test case of a frequency of 6 kHz, u  =  (27t)6 x 103. From 

Fig.4.1 three real values of k  are obtained at this frequency.

It is interesting to note tha t the shell, like a plate, has a non-dispersive 

mode. This contrasts with a  homogeneous cylinder for which the lowest
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Cll 4.07 GPa

C12 2.69 GPa

Cl3 0.24 GPa

C3 3 6.89 GPa

C4 4 0.49 GPa

P 800 kg/ m3

b 0 .2 0  m

a 0 .1 0  m

Table 4.1: Material Constants for Douglas Fir.

fci 12.52

fc2 11.36

kz 4.90

Table 4.2: Axial wavenumbers corresponding to ui = (27r)6 x 103.

mode is non-dispersive only in the low frequency limit. The phase velocity 

of any mode is f .  The first mode is a straight line starting at the origin. 

Therefore, the ratio of a; to A: is a constant for this mode, making the mode 

non-dispersive.

For each of the above values of k, 7  and £ are obtained by solving 

eqn.(4.17) for 7 ! and 72  and substituting these values into eqn.(4.18) to ob­

tain & and xi2 -

For each mode the system in eqn.(4.36) is solved to obtain the amplitudes. 

These constants is all that is needed to construct the response of the shell
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Figure 4.1: Dispersion curves for shell composed of Douglas Fir.

to the excitation at the frequency u  =  (27t)6 x 103. At the outer surface 

of the shell, r = 2 0 cm. at a distance of 2 m from the end where the normal 

pressure is applied, r = 2 m, the radial displacements look like:

The radial displacements of each mode have varying wavelengths, as can 

bee seen here. The higher modes, having lower axial wavenumbers, have the 

longer wavelengths.

The cross-sectional shape of axial displacements for each of the propagat­

ing modes look like:

These cross-sectional shapes don’t have the regular structure such as in the 

modes traveling in a plate, [19]. However, it was shown by Simmons, [57], 

that the cross sectional shapes for anisotropic shells don’t have the symmetry
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7 i( i ) 19.22 6 (i) 3.44i

71(2) 32.49 6 (2 ) 17.77i

71(3) 63.01 6(3) 100.29i

72(1) 12.99 &(D -522.77i

72(2) 16.17 6 (2) -48.42z

72(3) 16.67 •/V
v

to -4.39i

--li(i) 0.005 •4i(i) -0.040 -42(1) 0.030 -42(1) 0.008

•41(2) -0 .0 0 0 2 *4l(2) 0 .0 -42(2) -1.44 -42(2) 0.31

-4 1(3) 0 .0 *4l(3) 0 .0 -42(3) 8.77 •42(3) -5.26

Table 4.3: Modal coefficients, all quantities xlO 9.

often found in isotropic materials. It is also apparent, from the few modes 

plotted here, tha t the axial displacements become more concentrated near 

the outer radius of the shell with higher modes.
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Figure 4.2: Radial displacements at r = 0 .2 m.
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-0  2  - 0.2

Figure 4.3: Shape of mode 1 axial displacements

-02 -02

Figure 4.4: Shape of mode 2 axial displacements
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Figure 4.5: Shape of mode 3 axial displacements

59

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Chapter 5

EXTENSION TO LAYERED 

CYLINDERS

5.1 The General Case

Very little literature exists concerning the dynamics of a layered cylinder 

because of the complexity of the problem. Numerical approaches have ex­

isted for some time, [2 1 ], but there is a nearly complete absence of analytic 

solutions to which numerical results may be compared.

One of the main references is a review tutorial directed at experimen­

talists by Thurston. [60]. The focus of the paper by Thurston is on the 

determination of dispersion relations for clad rods. Thurston also addresses 

the conditions under which Stonely waves can be generated at an interface 

between two layers of differing material properties. Nagy and Nayfeh, [43], 

treat the case of a layered transversely isotropic cylinder by using transfer 

matrices, a technique used extensively in cartesian geometries. The general
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technique of the transfer matrices will be applied to extend the solution of 

the single cylindrical shell to tha t of a layered cylinder.

5.1.1 Local Transfer Matrix

Consider the response of a layered, transversely isotropic cylinder to a fixed 

frequency excitation. The construction is based on the results for a single 

shell. The first step is to formally construct a local transfer matrix. This 

transfer matrix relates the displacements and stresses within a single layer.

To set up the notation, consider a cylinder composed of homogeneous 

layers of a transversely isotropic material. All of the quantities are labeled 

by layer with a superscript. The outermost layer, layer 1, occupies the region 

between r  =  r l and r =  r2. The next outer layer, layer 2, lies between r  =  r 2 

and r  =  r3. This method of numbering the layers continues to the innermost 

layer, layer p. Layer p extends from r =  0 to r =  rp. A cross section of the 

cylinder is shown in Fig.5.1.

From the solution to the transversely isotropic shell the displacements in 

a single layer are:

(5.1)
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Layer 1

Layer p

Figure 5.1: Labeling of the cylinder layers

=  E [ - 4 ‘>U)«!o)J,«(VlU)’-)+-4'.U)«io)W 7!(j,r)] (5.2)
J

+ ^ 2  [ ^ 2(j)^2(j)^)(72(j)r ) +  ^ 2(j)^l(j)^o(72(j)r )]
J

where the sum over j  is a sum over the modes and the term is

suppressed and the superscript I denotes the layer number. Similarly, the 

stresses may be written
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'It =  5 1  (ch7Hj) +  2' ) ci37i(J))*/o(Vkj)r) + (c*l2 -  c'u )^Ji(7i0)r)
j L

+  5 1  (cn ^ (j)  +  ^OJ^T'KjjJioCT'Kj)^) +  (c'l2 -  cii)~ ^ i(7 i( j)r ) 
j L

+  5 Z  ( Cll '^ 2 (j)  +  2^ ( j ) C13 72(_, )) -A) ( 7'2( j ) r  ) +  (c 12 — Cl l ) “ ^ l ( 7 2 ( j ) r ) 
i L J

+  5 Z  (Cll7 ,2(j) +  l ^ {])C137o(J) )^o (7o(_,)r ) +  (c12 ~  C' l l ) ; y i(72(J) r ) -^2(j)
j L

rr i  =  5Z “  7 l ( j ) ^ L ( j ) ) ^ 1( 7 l ( j ) r ) ]  -^ l( j )  ( 5 .4 )

J

+  5 1  lc^ ikU) -  ^ i u A u ) ) Y^ u ) r )] •

^ l i )

•4 2(j)

.4*Kj)
j

+ 5 Z  K -I^O ) “  72(j)^2(j))^l(72(j)r )] A(j)

2(J)

J

5 Z  K-»(^(J) “  72(j)^2(j))^l(72(j>r )] ^2(
J

The expression for the four quantities in layer / can be written in matrix- 

vector form as

uU)

WU)

° lrrU)
-  5 1  x u)

j At2(j)
(5.5)

. a” ti) . .  2̂(j) .

where, for example, is the j th mode in the Ith layer of the radial displace­

ment. The symbol represents a coefficient matrix. The components of

this matrix may be found by examining the equations for the displacements 

and stresses.
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If the following notations are used in the solution,

UU)

A U) =

u

w
U)
I
U)

A1,
i ( j )

A1,
i ( j )

At.4:
2 ( j )

•4f,2(J)

and (5 .6)

rr(j)

(5.7)

the expression which relates the displacements and stresses in a single layer 

can then be written compactly as:

0) (5.8)

Equating coefficients of the suppressed w£).

rjt — y t  aI
UU) ~  ti) ti)' (5.9)

Noting tha t the components of =  U[j){r) and =  X ^ ( r )  are functions 

of r the notation is further extended as:

l ^ ' r , o u t e r )  =  ^ ( r ' + V )  a n d  (5 .1 .0 )

^n n e r ,o u te r )  =  x f a t f ^ r 1) ( 5 .1 1 )
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Using the two equations,

yl(inner) w
A U) A (.
yl(outer) ,1
X U) *4t

•/(outer)

(5.12)

(5.13)

the inner  and outer solutions for the Ith layer can by related as:

•/(outer) /(outer) /(inner) rl(inner) (5.14)

Let =  X l̂ ter\ X l̂ ner)) 1 be defined as the local transfer matrix. The

local transfer matrix relates properties of the inner and outer surface of a 

single layer.

5.1.2 Modes of the Composite Cylinder

The objective is to relate the properties between the layers. The properties 

can be related by the global transfer matrix. Before formally deriving the 

matrix, it is necessary to address some issues regarding modes tha t do not 

arise when considering a single layer.

Consider two adjoining layers in the cylinder. The layers are labeled as 

layer I and layer I + 1. The outside surface of layer / -h 1 is in contact with 

the inside surface of layer I. To demonstrate the concept, consider the radial 

displacements.
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u l = Y 1  u u) =  X X ) ( r )e,(fc<u,J urt) (5-15)
j j

u'+i =  y  uu)1 =  5 Z  5S)1 (r )e‘(<:‘j+)lj"‘i'0 (5-16)
j j

9(j)(r )m shorthand for the radial dependence of each mode. More com­

pletely,

9{j) = + 2fj) *A ( 72{j)r) + ‘̂ 2(j)^(72(j)r)-
(5-17)

where the two shells meet, the radial displacements will be set equal. 

The difficulty lies in the fact that the the j th wavenumber in layer m, is 

entirely dependent on the material properties of layer m  alone. Therefore the 

S etS  ^(2)’ • • •} a*id { (̂1) j (̂2) • ■ ■ . } might have no elements in common. 

This doesn’t just create a computational difficulty in dealing with the entire 

sums for ul and ul+l. It creates a physical problem whose resolution will give 

us the justification for simplifying the computations.

The wavenumber and phase velocity of a single mode are related by

where c is the phase velocity. If there is a wavenumber k 1̂  tha t is not in

the set {£(!), fcj2)> • • • } t îen a disturbance will occur at the outer boundary

of layer I +  1 and travel with velocity c|7l =  - f a .  It is impossible that
*(»)

this disturbance can occur in layer I +  1 completely independent of what
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happens in layer I, see Fig.5.2. This would contradict the assumption tha t 

displacements and stresses are continuous across layer boundaries. Therefore, 

the disturbance with velocity c^ 1 in layer I + 1  will create a disturbance with 

the same velocity, and therefore the same wavenumber, in layer I. Thus, it 

is necessary to add k | ^ 1 to the set of wavenumbers in layer I.

t \ t \ i v.• • ' .
rl

Figure 5.2: Disturbance in layer I +  1

Using this same argument it is apparent that a global set of wavenumbers 

is required, { k ^ . k p ) , -  ■ ■}, that contains all the wavenumbers from each 

layer.

p
{A:(i),fc(2), - ..  } =  [J{fc(i)! £(2)' • • • } (5.19)

i=i

Therefore, the layer label on the wavenumbers may be omitted. However, 

the layer label is still required on the 7 % £’s and .4’s. All of these quantites 

have a dependence on the material properties of their respective layers.

There are two large advantages to using this ’global’ set of wavenumbers. 

First, equality of any physical quantity, like a displacement or a stress, will
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reduce to mode-wise equality. Thus, when performing any operations on the 

sums may be dropped. Second, there will be only one frequency equation. 

Considering the layered cylinder as p  independent shells yields p different fre­

quency equations, each with their own set of dispersion curves. Treating the 

layered cylinder as a whole, each layer affecting and being affected by every 

other layer, only one set of wavenumbers is generated from one frequency 

equation.

5.1.3 Global Transfer Matrix

Now, it is necessary to construct the relationship that exists between the 

solutions at the very outer edge of the cylinder and the very center. This 

is accomplished with the global transfer matrix. The global transfer matrix 

will also provide the means to obtain the single frequency equation for the 

layered cylinder.

Consider the solution at the outer edge of the cylinder.

U"™ter) = iV(lj)f/{1J()mr,er) (5.20)

\ r l  rr2 (ouier)
( j )  ( j )

\ r l  ,v2 /72(,nner)

,v 1 /V2 . . .  «vp np{inner) iyU)^U) ^U)UU)
— n  /7P(*nner)
-  Qu)u u)

The matrices i V ^ , . . .  , iV^ are the local transfer matrices and the ma-
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trix Q(j) =  is called the global transfer matrix.

To derive the frequency equation, recall eqn.(5.12).

rrl(oii t e r )  _

UU) (5 .21 )

=  Q u , x s r ’,>A'-U)

There exists information in the boundary conditions concerning U ^ ter). 

Information about {/^,nner) also exits in the requirement that physical quan­

tities remain finite. First, the outside surface of the cylinder is traction free.

rrl(ffuter) _
°U)

1( o u t e r )  

% )
I (o u te r )

WU)
0

0

(5.22)

Second, at the center of the cylinder all physical quantities must remain 

finite. Therefore, at r  =  0 there can be no Bessel functions of the second 

kind. A typical element of Cfp̂ nner\  the solution a t the center of the cylinder, 

is of the form:

p ( i n n e r )

uU) A ^ M O )  +  i4}O)y i(0 )  +  -45yj M O )  +  * i(0 )  (5.23)

For this to be finite . 4 ^  and Apn) must vanish. Therefore, the vector Ap.x2(j) (J)
is of the form:
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Note that eqn.(5.24) gives the amplitudes for layer p only. 

The expression in eqn.(5.21) may now be written as:

Uouter)
UL>) -

1[outer)
WU)

0

0

^ K j )

r-----

ft. ^

1

0

i\p
2 ( j )

1

o

*

(5.25)

where the product QU)A'p(jnner) is denoted by Q '^ . Writing out the 2 x 2  

system corresponding to the third and fourth equations of eqn.(5.25) yields:

0 ^310) ^330) 4P

0 . ^41 (j) ^ « t? )  . 4P. 2 (j) .

In order for non-trivial solutions to exist the determinant of the coefficient 

matrix in eqn.(5.26) must vanish. This generates a relationship between the 

frequency u> and the wavenumber k  that is the frequency equation for the 

layered cylinder.

0 ^33(i)^41(j) (5-27)
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The roots of this equation represent the modes tha t travel in the com­

posite cylinder.

5.1.4 Amplitudes

The amplitudes of each component of each mode still need to be determined. 

If the set {ki, k? , . . .  , kK} is kept as the set of significant wavenumbers, then 

for an arbitrary layer I the displacements are of the form:

=  X > l o i ^ > r > + ^ W * ' ( V l U ) r > !  (5.28)
J = 1

+ E [*42(j)-A(72(j)r) +  -i2(j)ll(72(j)r)]
J = 1

= E (5.29)
j=t
K

+  E  [*4 2(j)^(2(j)*A)(72(j)r ) +  -4 2 ( j ) ^ 2 ( y ) ^ o ( 7 2 ( j ) r )] •
J  =  1

The normal axial stress in layer /, a1.,, may be written as:

. . 1 3 , , .  , dwl
° zs =  Cl3r  d r +  °zz~dz ( *

K
-  E  [•Dia)^°(7i(j)r )*4iu) + ^)i(j)^o(7i(j)r)/ll(_>)] (o.31)

i =i 
K

+  E  [^ 2 ( j )^ o (7 2 ( j )r ) > i2(j) +  ^ 2 ( j ) l o ( 7 2 ( j ) r )*^2(j)] >
J=1

where D ls{j) =  +  ikU)4 ^ 0) for s =  1,2.
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The end stress, azz at z =  0, will be used to determine the unknown am­

plitudes. Let the applied stress, at frequency u/, be expressed, as in eqn.(4.36)

cfzz U=o= fui(r)e lut (5.32)

Denote the restriction of /^ (r)  to layer I by /^ (r) . Thus, azz | .=0 may be 

expressed as:

Consider the coefficients in a two layer cylinder. The process of obtaining 

the coefficients is similar to the shell, but general enough to include all of the 

complications of any p-layer cylinder. To begin, equate the two expressions 

for azz, eqn.(5.31) and (5.33), and take an appropriate inner product of both 

sides. This inner product must reflect the fact tha t the modes of the layered 

cylinder are coupled to eachother, so all of the layers should impact the 

inner product. For this reason the inner product of two functions, h and k, 

is chosen to be:

Thus, the inner product of the normal stress with any quantity h is:

O ZZ |;=()  <

/ »  if r 2 <  r < r l ,

/ 2(r) if r 3 < r  < r2,
(5.33)

\ /JJ(r) if 0 <  r  <  r p.

(5.34)

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[  0 zz(r)h(r)dr = f  a \z(r)hl (r)dr + f  a lz(r)lh2 (r)dr (5.35) 
Jo Jr2 * J o '

/ • r 1 r r 1

= /  f» (r ) 1h 1 (r)dr + /  f 2 {r)h2 {r)dr 
J r 2 JO

where a superscript denotes the restriction of a quantity to a certain layer. 

Now, let 2 =  0, eliminate the common term of when equating eqn.(5.31) 

and (5.33), and take the inner product of both sides with J o h l^ r ) -

1 2 
J  fh(r )Jo{7\(i)r)dr + J  / j ( r ) J 0(7il(i)r)dr (5.36)

•/ o(7u3)r)Jo(7il(i)r)d7-.4,Uj
k . ri

=  E  d Hj) J 2
j=l J r 2

+ r  Y o tfx u r fM
]=l Jr'
K /*rl

+ y i  I J o b ^ M

K r r'
+  /  Yo(72Uf ) M l

•/r2
K 2

/C r2
+ [  Joil2(j)r )Jo(l

“ 7 . / o

l i ( j )

(Or M i O ) dr

0)

to

r)drA\2 0 )

0

r)drA 2 

2

1 0 )

jr)drA2 0 )

Equation (5.36) represents a single equation with 6/C unknowns, the co­

efficients AjU)5 .4^0), A?u) and A |0), j  =  1 ,. . .  ,/C. Another 

/C — 1 equations are obtained by equating eqn.(5.31) and (5.33) and taking 

the inner product with Jo(7 ^ m)r ) for m =  2 , . . .  ,K .
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There are 6K  equations for determining the unknown coefficients. The 

remaining 5K  equations are obtained as follows:

R ow s K  + 1 th ro u g h  2K : Replace the second function in all of the 

integrals of eqn.(5.36) with Vo(7 [(m)r), m =  1 in row K  +  1, m  = 2 in row 

K  +  2 , . . . .  m =  K  in row 2K .

R ow s 2K  + 1 th ro u g h  3K : Replace the second function in all of the 

integrals of eqn.(5.36) with </o(7 2 (m)r K ni =  1 in row 2K  +  1, m =  2 in row 

2K  +  2 , . . . ,  m  =  K  in row 3K .

R ow s 3K  +  1 th ro u g h  4K : Replace the second function in all of the 

integrals of eqn.(5.36) with ^o(7 2 (m)r )r m =  1 in row 3K  + 1, m = 2 in row 

3K  +  2 , . . . ,  m  =  K  in row AK.

R ow s AK +  1 th ro u g h  5K: Replace the second function in all of the 

integrals of eqn.(5.36) with </o(7 i(m)f), m = 1 in row AK  +  1, m  =  2 in row 

AK  -f 2 , . . . .  m =  K  in row 5K .

R ow s 5K  +  1 th ro u g h  6 K: Replace the second function in all of the 

integrals of eqn.(5.36) with •/o(72(m)r )’ m ~  1 in row ^K  + 1, m =  2 in row 

45RT +  2 ,. . . ,  m =  K  in row 6K .

When the system for the coefficients is constructed, it will be of the form

S A - F  (5.37)

where 5  is a 6K  x  6K  matrix, A is a vector of unknown coefficients, and F  

is a vector that contains the inner products with the input function /^ (r). 

The vectors A  and F  look like:
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Al(l) f rl  t i ( r )Jo h [{i f ) d r  +  /J -2 fz{r)M ~ /[{l]r)dr

A1

*4 UD

£  t i { r ) M l \ (K)r)dr +  fg ‘ f l{ r )M ~ i\(K]r)dr 

ti{ r )Y 0 {~/{w r)dr +  / Qr‘ fZ{r)Y 0 (y{w r)dr

Jii(A')
A1 2( 1)

Ir2 f U r )Yohl(K)r)dT +  Jo' fZ{r)YQ(~/[{K)r)dr 

f l , { r ) M l \{l)r)dr + fg ' Iz{r)Jo (y\(l]r)dr

_W(K)
At*H2(l)

. F  =
Jr* fl{ r )J o { l\(K)r)dr +  Jg f^ { r )J 0 (y ^ K)r)dr 

/X  t i{ r )Y 0 {~/l(l)r)dr + f^ (r )Y Q( ^ (l)r)dr

Ji•H2 (K)
A2

Jr2 t i ( r )Y Q(-([2{K)r)dr + Jg' f^ (r )Y 0 (y ^ K)r)dr 

frz /ci(r)Jo(7 i(l)r)dr +  f Qr' f z { r ) M ~ j{l)r)dr

•41(K)

•42(1)

Jr2 /2 (r) Jo{l\(K)r)dr +  Jg fz{r)Jo{y\(K)r)dr 

Jr2 f ^ r ) M l l {x f)d r  4- fg f l{ r )J o { l lw r)dr

.  A 2(K) . J $  t i ( r ) M n/i{K)r)dr +  fg 2 f l { r ) M y \ K)r )dr _

(5.38)

The components of the m atrix S  are obtained by choosing the correct 

coefficients of the unknowns from the equations similar to eqn.(5.36). For 

example, Szk+ iak+ 2  is the coefficient of the 4K  +  2 th variable in row 3K  + 1 . 

The 4K  +  2 th variable is , its coefficient in row 3K  +  1 is given by
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§ 3 K + l,4 K + 2  — ^1(2) [  M''/l[2 )r )^o (l2(l)r )dr (5.39)
JQ

5.2 Dispersion in a Two-Layer Cylinder

In this section the method just described will be employed to generate the 

dispersion curves of a thick two-layered cylinder. This is the most crucial step 

in the construction of the displacements or stresses since every subsequent 

step relies on dispersion data. It will be seen that the number and shape of 

the dispersion curves will vary significantly with the radius of the pith. This 

implies that an experimental determination of the dispersion curves alone 

should be sufficient to determine what percentage of the volume of a SDT 

sample is composed of pith.

In [64] a method for experimentally determining the dispersion curves 

is presented and then compared with theoretical curves with some success. 

Comparison of experimental and theoretical results in the ’dispersion7 domain 

has advantages over comparison of more traditional physical quantities. For 

instance, the dispersion data is global in the sense tha t it is independent 

of the input. Therefore, theoretical results based on dispersion data are 

free from errors introduced through the approximation of the input. This is 

another reason why obtaining the dispersion curves is crucial, as more exper­

imental techniques for measuring dispersion curves are created, this domain 

will provide a more reliable area for comparison of theory and experiments.

The cylinder, in this section, will be a SDT sample composed of Douglas 

Fir. The radius of pith will be varied. The cylinder under consideration will
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have a total radius, r 1, of 20 cm. The radius of the pith, r 2, will be varied 

to demonstrate the large quantitative differences in the dispersion curves as 

r2 is altered. Since these dispersion curves play such a fundamental role in 

the construction of the model displacements and stresses, varying the inner 

radius of the cylinder leads to large differences in these quantities.

The properties in Table 5.1 are taken from [53], they represent typical 

values for Douglas Fir. The pith is given a 40% recuction in all material 

properties except the density. The density remains the same in both layers.

layer 1 layer 2

r 1C11 4.07 GPa c?i 2.44 GPa

r 1C l2 2.69 GPa c2l2 1.61 GPa

r 113 0.24 GPa C?3 0.14 GPa

r lc 33 6.89 GPa (2  
33 4.13 GPa

C l44 0.49 GPa nq 4 0.29 GPa

P 800 kg/m3 P 800 kg/m3

Table 5.1: Material Properties for Douglas Fir with a 40% reduction in the 

pith.

The following steps were taken in implementing the process described in 

this chapter to produce the dispersion curves for a two-layered cylinder.

1. Determine the cutoff frequencies.

2. For each cutoff frequency, determine the corresponding dispersion curve.
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The cutoff frequencies are values of u  where the dispersion curves (curves 

in the u/fc-plane satisfying the frequency equation F(ui, k) =  0, eqn.(5.27)) 

intersect the cj-axis, i.e. cutoff frequencies are solutions to

The cutoff frequencies are approximated by choosing a frequency step size, 

Aar, then beginning a secant method, with initial guess nA u, to solve the 

equation

where n takes on the values 1 ,2 ,. . .  ,.V, u; =  N Au; is the largest value 

of u> of interest and 0 < 6 k -C 1. The value of 6  k is used instead 0 for k. to 

avoid numerical difficulties associated with complex solutions to F (u .k )  =  0 

for values of k near zero, but non-positve or non-real.

The details of the algorithm are contained in Appendix B. The Matlab 

function freqeqn.m calculates the value of F(ui, k) corresponding to the right 

hand side of eqn.(5.27). The Matlab script twocylcutoff.m implements the 

secant method that finds the solutions to eqn.(5.41) that approximate the 

cutoff frequencies.

From each cutoff frequency is a dispersion curve in the u;A:-plane. The 

steps to produce these curves are:

For each cutoff frequency

1. Use the cutoff frequency (solution to eqn.(5.41)) as an initial guess to

F(w, 0) = 0 . (5.40)

F (u , 6 k) =  0, (5.41)
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the equation F(w, A k)  =  0.

2. Use the secant method to find u i, the approximation to F (lj, A k) =  0.

3. Store the point (wi, Afc) as a point on the dispersion curve.

4. Repeat the process for k =  2A k , . . .  , M A k, always using the previous 

solution, u/„_i, as the initial guess to the solution to F(ui,nAk).

The Matlab script dispcurves.m in Appendix A follows the steps in this al­

gorithm.

Figure 5.3 contains the calculated cutoff frequncies for a two-layered cylin­

der of varying inner radius, but the total radius of the waveguide remains 

constant (20 cm). The first and last set of frequencies in Fig. 5.3, inner 

radii of 0 and 20 cm, correspond to the cutoff frequencies for a solid cylin­

der. These cutoff frequencies were calculated from the frequency equation 

for a solid transversely isotropic cylinder. Unlike the frequency equation in 

eqn.(5.27), the frequency equation for a solid cylinder can be found in closed 

form and is free from many of the numerical difficulties (such as inverting 

poorly conditioned matrices) hidden in eqn.(5.27).

The frequency equation for the solid cylinder can be found by paralleling 

the approach used to find the frequency equation for a shell in sections 4.1
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Figure 5.3: Cutoff frequencies for two-layered cylinders of varying inner radii. 

Inner radius of 0 or 20 cm correpsond to solid cylinders.

through 4.3. The only adjustment to that process is to restrict the form of the 

displacements, eqn.(4.14) and (4.15), to include Bessel functions of the first 

kind only. Bessel functions of the second kind take on infinite values at r  =  0. 

Therefore, they are physically unreasonable solutions of the displacements in 

a solid cylinder.

Figure 5.3 shows that the cutoff frequencies calculated for the two-layered 

cylinder transition smoothly from the solid cylinder composed of a material 

with the properties of the outer layer (inner radius =  0 cm) to those with 

the properties of the inner layer (inner radius =  20 cm).

Figures 5.4 through 5.6 are the dispersion curves for two-layered cylinders 

with inner radii of 5 cm, 10 cm and 15 cm, respectively. As the radius of the
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inner layer increases, a larger fraction of the waveguide is composed a  less 

stiff material, see Table 5.1. This results in an reduction of stiffness in the 

waveguide, allowing more propagating modes at a given frequency.

7000

6000

5000

4000

3000

2000

0.5 3.52.5
NT*

Figure 5.4: Dispersion curves for a two-layered cylinder, r 1 =  '20 cm, r 2 =  5 

cm.

These dispersion curves present some interesting phenomenon with re­

gards to determining the properties of a waveguide from the dispersion curves. 

First, consider the first mode in each of the figures. In each, this curve is a
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Figure 5.5: Dispersion curves for a two-layered cylinder, r 1 =  20 cm, r 2 =  10 

cm.

straight line through the origin. Therefore, the phase velocity, c =  is a 

constant, i.e. this mode is non-dispersive. Furthermore, the ratio of a; to A: 

is the same in each figure. The phase velocity of this mode is independent of 

the fraction of the waveguide composed of each material. A similar situation 

occurs in the third mode. It asymptotically approaches a constant phase 

velocity that does not change with the composition of the waveguide. These 

two phase velocities depend only on the material properties of the layer, not 

the amount of each tha t is present.

A second observation is that the cutoff frequency of the fourth mode 

changes when the fraction of each material in the waveguide changes. This 

is also apparent in Fig. 5.3. The cutoff frequencies of all of the higher modes
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Figure 5.6: Dispersion curves for a two-layered cylinder, r 1 =  20 cm, r 2 =  15 

cm.

change with the inner radius. Therefore, once the material constants are 

determined from phase velocity measurements of the first and third modes, 

the fractional composition of the waveguide can also be determined from the 

cutoff frequencies.
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Chapter 6

CONCLUSIONS

The aim of this research was to produce a mechanical model of waves in a 

semi-infinite cylinder composed of homogeneous, coaxial layers. It was also 

hoped to be an effective model for use in an experimental or in-situ environ­

ment for nondestructive testing of materials, in particular, small diameter 

timber. As it is, the method for constructing the solution to the funda­

mental problem may be too computationally burdensome to be practical for 

some real time applications. However, the primary goal of constructing an 

analytic or hybrid analytic-numerical solution to the fundamental problem 

was achieved. The solution constructed also provides information about the 

mechanical response of the waveguide that would be impossible to extract 

from a purely numerical approach. This method also seems to be particularly 

well suited for high frequency calculations.

The steps in this method that contribute to make it computationally trou­

blesome are evaluation of the frequency equation, and solution of the mode 

coeffieciets. The first step to solving any particular problem with this method
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is to determine the values of k that are appropriate at any given frequency. 

This amounts to finding the roots of the frequency equation. Even for the 

much simpler problem of an isotropic shell the roots of the frequency equa­

tion are difficult to obtain because of the transcendental nature of its terms, 

i.e. Bessel functions. The transversely isotropic shell is slightly more diffi­

cult because of the increased number of parameters, but can be treated the 

same numerically. Finding the roots of the frequency equation for the layered 

cylinder represents a significant increase in computational complexity. The 

frequency equation for the layered cylinder, eqn.(5.27), is the determinant 

of the global transfer matrix. The global transfer matrix itself is a product 

of local transfer matrices, eqn.(5.20). Each local transfer is a product tha t 

contains a matrix inverse, eqn.(5.14). Therefore, each evaluation of the fre­

quency equation requires at least one m atrix inversion. When numerically 

solving for the roots of the frequency equation, the equation must be eval­

uated over and over. It is this repeated need to invert matrices that makes 

finding the appropriate k values much more difficult in the layered case.

A second source of computational burden is solving the system of eqn.(5.37). 

If there are K  wave numbers at a given frequency then this system is 6 K  x6K . 

Therefore, even when a small number of modes are propagating there is a 

significant effort expended in constructing and solving this system. Also, 

a different system must be constructed and solved for each frequency con­

sidered in the applied pressure, azz. In practical problems where a!z will 

be approxiamated with a high number of frequencies, the construction and 

evaluation of this system of equations contributes a significant amount to the 

overall computations needed to implement this method.
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Perhaps the most attractive aspect of this approach is its broad applica­

bility. The form of the solution given for the shell in eqn.(4.14) and (4.15) is 

determined by the geometry of the shell and not i t ’s material properties. This 

fact is what made it possible to conjecture this form for the solution based 

on the form of the Pochhammer-Chree solution, eqn.(3.35) and (3.37). Not 

being limited by the material in the shell allows use of this method for shells 

of more general anisotropy than merely transversely isotropic. The difference 

for more general material symmetries will be seen only in the coefficients of 

the quartic equation that determines 71  and 7 2 , eqn.(4.17). Otherwise the 

approach is identical to the transversely isotropic case. Construction of the 

solution for the layered cylinder then proceeds exactly as described for the 

transversely isotropic case. Thus, even though only transversely isotropic 

shells and layered cylinders were considered here, only a small modification 

is required to apply this method to the most general anisotropic materials.

This method also seems best suited for high frequency applications for a 

couple of reasons. First, consider a typical dispersion curve such as Fig. 4.1 

and 5.3 through 5.6. It is clear that higher frequencies have more propagating 

modes, with some exceptions, Fig. 5.6. This implies that equations such as 

eqn.(4.35) and (5.31) will be higher dimensional, therefore, more accurate 

approximations of the applied stress, azz. A better approximation of azz 

will then result in better overall results. A second reason to consider this 

method most appropriate for high frequencies is the condition of the system in 

eqn.(5.37). When this system is constructed and evaluated for each frequency 

considered, a pattern emerges from the condition number of tha t system with 

regards to frequency. Consider Fig. 6.1.
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Figure 6.1: Condition number of S  in eqn.(5.37) vs. frequency.

Here, the vertical axis is scaled as a log plot and the condition numbers 

seem to fall off at least linearly with frequency. This means that the con­

dition numbers decrease exponentially with frequency. Therefore, at higher 

frequencies the system determining the coefficients will be extremely well 

conditioned, while at low frequencies it is poorly conditioned.

A final observation on the benefits of this method when compared to 

purely numerical methods is tha t with numerical methods some interesting 

mechanical phenomenon will be overlooked. In particular, consider the dis­

persion curves in Fig. 5.6. Here, it is seen that the second and third modes 

actually combine to form a single mode. The same phenomenon occurs to the 

fourth and fifth modes. This behavior of the layered cylinder would be com-
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pletely inextractable from a numerical solution to the differential equations 

tha t govern the model. Only by attem pting to constuct analytical solutions 

can such behavior be observed.
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Appendix A 

SHELL CODES

This appendix contains all of the Matlab M-files used to create the output 

included in section 4.5. The first section contains the function freqeqn.m. 

It relates the circular frequency with the axial wavenumber. This function 

is used in obtaining the dispersion curves. The next two sections contain 

the scripts shellcutoff.m and dispcurves.m. The first of these finds the cut­

off frequencies below a certain maximum frequency of interest. The script 

dispairves.m  uses the cutoff frequencies already found to construct the dis­

persion curves.

All of the remaining m-files are devoted to generating the radial displace­

ments and axial displacements. The script coefficiets.m uses data already 

obtained about the dispersion curves and uses that to compute the modal 

coefficients. The last two m-files use these coefficients to produce graphs of 

the output. The script raddisp.m produces a graph of the radial displace­

ments vs. z. The script xsection.m produces graphs of the cross-sectional 

shapes of the axial displacements of the different modes.
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A .l The Function freqeqn.m
function y=freqeqn(w,k)

'/. th is  is  the frequency equation for longitudinal modes 
'/, traveling in an transversely iso trop ic sh e ll of inner 
'/, and outer rad ii of a and b, resp ectively .
'/, the e la s t ic  constants are e l l ,  c l2 , c l3 , c33 and c44.
'/, p is  the density

'******************************************************
'/. in i t ia l iz e  variables

*/. these numbers are for Douglas Fir. The units are meters(m),
'/. Pascals (Pa) and kilograms/meter~3 (kg/(m“3 )) .

b=20e-2;
a=0.5*b;
c33=6.89e+9;
cll=0.59*c33;
cl2=0.39*c33;
cl3=0.035*c33;
c44=0.071*c33;
p=800;

the frequency equation 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% f ir s t ,  the radial wavenumbers g l and g2

A=cll*c44/2;
B=-cll*(p*w“2-c33*k“2)-c44/2*(p*w“2-c44/2*k‘2)- (cl3+c44/2)“2*k“2 
C=(p*w“2-c33*k“2)*(p*w~2-c44/2*k“2 ) ; 
gl=sqrt((-B+sqrt(B“2-4*A*C))/(2*A)); 
g2=sqrt( (-B-sqrt(B"2-4*A*C)) / (2*A));
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'/, second, the factors c l and c2

cl=(p*w“2 -c l l* g l“2-c44/2*k“2 )/(i* k * g l* (c l3 + c4 4 /2 )); 
c2=(p*w~2-cll*g2“2-c44/2*k“2)/(i*k *g2*(c l3+ c44 /2 ));

'/, la s t ,  the c o e f f . of the 4x4 matrix from the BC’s

'/,\sigma_{rr}=0 at r=a

X (l,l)= (c ll* g l+ i* k * c l3 * c l)* b e s se lj (0 ,g l* a )+ (c l2 -c ll) /a * b e s se lj ( l ,g l* a ); 
X (l,2 )= (c ll* g l+ i* k * c l3 * c l)* b e sse ly (0 ,g l* a )+ (c l2 -c ll) /a * b esse ly (l,g l* a ); 
X (l,3 )= (c ll* g 2 + i* k * cl3 * c2 )* b esse lj(0 ,g 2 * a )+ (c l2 -c ll)/a * b esse lj(l,g 2 * a ); 
X (1,4)= (cll*g2+ i*k *cl3*c2)*b essely(0 ,g2*a)+ (cl2-cll)/a*b essely(1 ,g2*a);

'/.\sigma_{rr}=0 at r=b

X (2 ,l)= (c ll* g l+ i* k * c l3 * c l)* b e sse lj(0 ,g l* b )+ (c l2 -c ll) /a * b e sse lj( l,g l* b ); 
X (2 ,2 )= (c ll* g l+ i* k * c l3 * c l)* b esse ly (0 ,g l* b )+ (c l2 -c ll)/a * b esse ly (l,g l* b ); 
X (2 ,3 )= (c ll*g2+ i*k *cl3*c2 )*b esselj(0 ,g2*b )+ (cl2 -c ll)/a*b 3sselj(l,g2*b ); 
X (2 ,4)= (cll*g2+ i*k *cl3*c2)*b essely(0 ,g2*b )+ (cl2-cll)/a*b essely(l,g2*b );

'/.\sigma_{rz}=0 at r=a

X (3 ,l)= c 4 4 /2 * (i* k -g l* c l)* b esse lj(l,g l* a ); 
X (3 ,2 )= c44 /2* (i*k -g l*c l)*b esse ly (l,g l*a );
X(3 ,3 )=c44/2*( i*k-g2*c2)*besselj(1 ,g2*a);
X(3 ,4 )=c44/2*( i*k-g2*c2)*bessely(1 ,g2*a);

7.\sigma_{rz}=0 at r=b

X(4 ,1 )= c44 /2* (i*k -g l*c l)*b esse lj(1 ,g l*b );
X(4 ,2 )=c44/2*(i*k-g l*cl)*bessely(1 ,g l*b );
X(4 ,3 )=c44/2* C i*k-g2*c2)*besselj(1 ,g2*b);
X(4 ,4 )=c44/2*(i*k-g2*c2)*bessely(1 ,g2*b);

'/• now, we return the frequency equation.
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y = d e t ( X ) ;

' / I * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, end of function
' / ' i t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

A .2 The Script shellcutoff.m
% th is  scrip t finds the cutoff frequencies for the sh e ll
7. whose frequency equation is  in the function freqeqn.m 
7. the cutoff frequencies are written to the vector cutoff
7. which w ill be used by other scrip ts

'£ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. in it ia l iz e  variables 
'£********************************************************
7* wend is  the highest circular frequency 
7» dw is  the frequency step s ize
7. success is  the number of times .in.a.row that Newton’s 
7, method must meet tolerance for the itera tio n  to stop 
7. maxi ter  is  the maximum iteration s of Newton’s method 
7% t o l  is  the tolerance on Newton’s method 
7% wstart i s  a startin g  frequency close to zero

wend=(7e+3)*2*pi; 
dw=wend/150; 
success=3; 
maxiter=20; 
tol=dw/1000; 
wstart=tol/10;

%********************************************************
% main program
%********************************************************
7. find the root of freqeqn, with k=0, c lo se st  to  w for each w 
7% write the roots to the array cu toff, then sort cutoff
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counter=l;
for H=wstart:dw:wend 

x=w; 
iter= 0; 
newtcount=0;
while newtcount<success k iter<maxiter

dfreq=(freqeqn(x+tol,to l)-freq eq n (x , t o l ) ) / t o l ; 
newx=x-freqeqn(x,tol)/dfreq; 
i f  abs(newx-x)<tol 

newtcount=newtcount+l; 
e lse  

newtcount=0; 
end
ite r = ite r + l; 
x=newx; 

end
ws(counter)=w; 
wroots(counter)=x; 
iters(co u n ter)= iter; 
counter=counter+l; 

end
wroots=sort(wroots);

'ft elim inate from wroots array a l l  roots not between 
'ft zero and wend

goodcount=l;
for n=l:l:length(w roots)

i f  wroots(n)>=0 k wroots(n)<=wend 
goodroots(goodcount)=wroots(n); 
goodcount=goodcount+l; 

end 
end

1% elim inate repeated roots in array goodroots and write 
*ft to array cutoff
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cutcount=l;
for n=l:l:length(goodroots) 

i f  n==l
cu to ff(l)= good roots(l); 
cutcount=2;

e l s e i f  abs(goodroots(n)-cutoff(cutcount-1)) >dw 
cutoff(cutcount)=goodroots(n); 
cutcount=cutcount+l; 

end 
end

' / I * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. write r e s tu lts  to  vector cutoff 
%****************************************************

cu toff= sort(cu toff)

%****************************************************
% end of scrip t

* * * * * *  * * * * * * * * * *  * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

A .3 The Script dispcurves.m

7. th is  scrip t takes the cutoff frequencies contained 
7, in the vector cutoff and uses them to generate dispersion  
7. curves for the frequency equation in the function  
7. freqeqn.m
7. the output i s  a graph.
7t v er tica l axis is  frequecny divided by 2*pi.
7. horizontal axis i s  wavenumber times width of s h e ll .

% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% in i t ia l iz e  variables
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% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

'/. wend is  the highest circu lar frequency 
'/. dw is  the frequency step s ize
'/, success i s  the number of times in  a row that Newton’s
'/. method must meet tolerance for the itera tion  to stop
'/. maxiter i s  the maximum itera tio n s of Newton’s method
'/, t o l  i s  the tolerance on Newton’s method
'/, wstart is  a starting  frequency close to zero
’/, the inner and outer rad ii are a and b, respectively .

wend=(7e+3)*2*pi; 
dw=wend/300; 
success-3; 
maxiter=20; 
tol=dw/1000; 
b=20e-2; 
a=l/2*b;

y^** * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

X main program 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

for each cutoff frequency a dispersion curve is  traced 
out in the frequency-wavenumber plane

clear datk 
clear datw
for n = l:l:len gth (cu toff)  

counter=l; 
clear tempdatk 
clear tempdatw 
wstart=cutoff(n)+dw; 
k=tol;
for w=wstart:dw:wend 

iter= 0; 
newtcount=0;
while iter<maxiter t  newtcount<success 

dcyl2=(freqeqn(w,k+tol)-freqeqn(w.k)) / to l;
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newk=k-freqeqn(w,k )/d cy l2 ; 
i f  abs(nevk-k)<tol 

newtcount=nevtcount+l; 
e lse

newtcount=0; 
end
k=nevk; 
ite r = ite r + l; 

end
tempdatk(counter)=real(k); 
tempdatw(counter)=w; 
counter=counter+l;

end
i f  n==l

datk=tempdatk; 
datw=tempdatw; 

e lse
datk=[datk, tempdatk]; 
datw=[datw, tempdatw];

end
end

'/. sort the data by w

[newdatw, index]=sort(datw); 
for j= l:l:len gth (in d ex)

newdatk(j ) =datk(index(j ) );
end

7. save data to  ouput f i l e

save exampledata newdatk newdatw dw

7, produce output

plot(newdatk. *b,newdatw. / (2 * p i), ’ . ’) 
xlab eK ’kb’)
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y lab el( ’\om ega/2\pi’)

y(* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

*/, end of scrip t
'y £ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

A.4 The Script coefflents.m

'/, th is  scrip t w ill produce vectors containing a l l  of 
*/. the constants for the solution  to transversely  
’/, isoropic s h e ll .
7. the response is  at a circular frequency w.
7. the material properties of the specimen are in the 
'/, function freqeqn.m

yt ******************************************************
*/. USER INPUTS
'^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

w=6000*2*pi;

• / , * * * * * * * * ♦ ♦ * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * *

7. MATERIAL INFO. SAME AS IN freqeqn.m 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

these numbers are for Douglas Fir. The units are meters(m), 
7, Pascals (Pa) and kilograms/meter“3 (kg/(m"3)).

b=20e-2; 
a=10e-2;

c33=6.89e+9; 
c ll= 0 .5 9 * c3 3 (l); 
cl2=0.39*c33(l);
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cl3=0.035*c33(l); 
c44=0.071*c33(l);
p=800;

% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, load the frequency/wavenumber data

load exampledata

'/. Determine the k ’s associated  with w

ktol=0.1; 
clear vcounter 
wcounter=l;
while w-newdatw(wcounter)>0 

wcounter=wcounter+l;
end
clear kcounter 
kcounter=l;
while abs(w-newdatw(wcounter)) <=dw 

firstks(kcounter)=newdatk(wcounter); 
wcounter=wcounter+l; 
kcounter=kcounter+l;

end

% Keep only the k’s that correspond to a wave 
*/, propagating to the righ t.

counter=l;
for j= l: l . le n g th (f ir s tk s )  

i f  f ir s tk s(j)> 0
secondks(counter)= firstks(j); 
counter=counter+l;
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end
end

'/.Eliminate repeat k’s

secondks=sort(secondks); 
k s(l)-seco n d k s(l); 
counter=l;
for j=2:l:length(secondks)

i f  abs(secondks(j ) -ks(counter)) >ktol 
ks(counter+l)=secondks(j); 
counter=counter+l;

end
end

put in order according to mode 
for j= l:l:len g th (k s)

fin a lk s(j)= k s(le n g th (k s)-j+ l);
end
ks=finalks;

'/. Determine the gamma’s (radial wavenumbers) 
' / ' * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/. g l ( j )  is  gammal corresponding to k=ks(j) 
g2(j) is  gamma2 corresponding to k=ks(j)

i= s q r t ( - l ) ; 
for j= l:l:len g th (k s)  

k= k s(j);
A=cll*c44/2;
B=-cll*(p*w“2-c33*k“2)-c44/2*(p*w“2-c44/2*k“2)-(c l3+ c44 /2 )“2*k“2; 
C=(p*w“2-c33*k“2)* (p*w“2-c44/2*k“2 ) ; 
g l ( j ) =sqrt( (-B+sqrt (B“2-4*A*C)) / (2*A)); 
g2( j )=sqrt ( (-B-sqrt(B*2-4*A*C)) / (2*A));

end
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'/, Determine the x i ’s 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/. x i l ( j )  is  x i l  corresponding to k=ks(j)
'/. x i2 (j)  is  xi2 corresponding to k=ks(j)

i= s q r t ( - l ) ; 
for j= l:l:len g th (k s)  

k=ks(j );
x i l (j )= (p*w "2-cll*gl( j ) “2-c44/2*k“2 ) / (i* k * g l( j )* (c l3 + c4 4 /2 ));  
x i2 ( j ) =(p*w‘ 2 -c ll* g 2 (j ) “2-c44/2*k"2)/ (i*k*g2(j )* (c l3 + c4 4 /2 ));

end

'y ^ * * * * * * * * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. Determine the A’s (the co e ffic ien ts)  
^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. there are 4 vectors with the co e ffic ien ts  in them.
7# A l(j) contains A1 corresponding to k=ks(j)
7. Albar(j) contains Albar corresponding to k=ks(j)
7. A2(j) contains A2 corresponding to k=ks(j)
7i A2bar(j) contains A2bar corresponding to k=ks(j)

numint=50; 
i= s q r t ( - l ) ;

dr=(b-a)/numint;
K=length(ks)
S=zeros(4*K,4*K)
F=zeros(l,4*K)
Dl=zeros(l,K)
D2=zeros(l,K) 
for j= l:l:K

D1(j )= cl3*gl(j )+i*ks(j ) *c33*xil(j );
D2(j) =cl3*g2(j )+i*ks(j ) *c33*xi2(j);
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end

for R=1:1:K
for j=l:l:num int 

r=a+j*dr;
F(R) =F(R) +f (w, r) *besselj (0, g l (R) *r) ;
F(K+R)=F(K+R)+f(w,r)*b esse ly (0 ,gl(R )*r);
F(2*K+R)=F(2+K+R)+f(w,r )* b e sse lj (0 ,g2(R )*r);
F(3*K+R)=F(3*K+R)+f(w,r ) *bessely(0 ,g2(R)*r);

end
end

for R*1:1:K 
for C=1:1:K

for j=l:l:num int 
r=a+ j*dr;

S(R ,C )=S(R ,C )+D l(C )*besselj(0,gl(C )*r)*besselj(0,gl(R )*r);
S(R+K,C)=S(R+K,C)+D1(C)*besselj(0, g l (C)*r)* 

b esse ly (0 ,g l(R )* r);
S(R+2*K,C) =S(R+2*K,C)+D1(C)*besselj CO ,g l(C )*r)* 

b e s s e lj (0 ,g2(R)*r);
S(R+3*K,C)=S(R+3*K,C)+D1(C)*besselj(0 ,g l(C )*r)* 

bessely(0 ,g2(R )*r);

S(R,C+K)=S(R,C+K)+D1(C)*bessely(0 ,gl(C )*r)*b e s se lj (0 ,g l(R )* r); 
S(R+K,C+K)=S(R+K,C+K)+D1(C)*bessely(0 ,g l(C )*r)* 

b esse ly (0 ,g l(R )* r);
S(R+2*K,C+K)=S(R+2*K,C+K)+D1(C)*bessely(0 ,g l(C )*r)* 

b esse lj(0 ,g2 (R )*r);
S(R+3+K,C+K)=S(R+3+K,C+K)+D1(C)*bessely(0 ,gl(C )*r)* 

bessely(0 ,g2(R )*r);

S(R,C+2*K)=S(R, C+2+K)+D2(C)*besselj(0 ,g2(C)*r)* 
b e sse lj(0 ,g l(R )* r );

S(R+K,C+2+K)=S(R+K,C+2*K)+D2(C)*besselj(0 ,g2(C)*r)* 
b esse ly (0 ,g l(R )* r);
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S(R+2+K,C+2+K)=S(R+2*K,C+2*K)+D2(C)*besselj(0 ,g2(C)*r)* 
b esse lj(0 ,g2 (R )*r);

S(R+3*K,C+2*K)=S(R+3*K,C+2*K)+D2(C)*besselj(0 ,g2(C)*r)* 
bessely(0 ,g2(R )*r);

S(R,C+3*K)=S(R,C+3*K)+D2(C)*bessely CO,g2(C)*r)* 
b esse lj(0 ,g l(R )* r );

S(R+K,C+3*K)=S(R+K,C+3*K)+D2(C)*bessely(0 ,g2(C)*r)* 
b esse ly (0 ,g l(R )* r);

S(R+2+K, C+3+K)=S(R+2+K,C+3*K)+D2(C)*bessely(0 ,g2(C)*r)* 
b esse lj(0 ,g2 (R )*r);

S(R+3+K,C+3*K)=S(R+3*K,C+3*K)+D2(C)*bessely(0 ,g2(C)*r)* 
bessely(0 ,g2(R )*r);

end
end

end

% solve the linear system

A=S\F’ ;

for j= l:l:K  
A l(j)= A (j);
Albar(j)=A(K+j);
A2(j)=A(2*K+j);
A2bar(j)=A(3*K+j);

end

save examplecoeffs w ks g l g2 x i l  x i2  A1 Albar A2 A2bar

J ' * * * * * * * * * * * * * * * * * * * * * * # * * * * * * * * * * * * * * # * * * * * * * * * * *

'/, end of scrip t
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A.5 The Script raddisp.m
% th is  scrip t s i l l  produce a a x ia lly  varying picture 
'/. of the radial displacements in a 
'/. cy lin d rica l sh e ll responding to  an excita tion  at 
*/, circular frequency v.
'/• the material properties of the specimen are in  the 
% function freqeqn.m

y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/. load data from examplecoeffs.mat 
ya******************************************************

load examplecoeffs

y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. MATERIAL INFO. SAME AS IN freqeqn.m 
^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, these numbers are for Douglas Fir. The units are meters(m), 
Pascals (Pa) and kilograms/meter“3 (kg/(m“3 ) ) .

t = l ; 
r=0.2; 
z l= l .1; 
z2=2.9;

b=20e-2;
a=10e-2;
c33=6.89e+9;
cll=0.59*c33;
cl2=0.39*c33;
cl3=0.035*c33;
c44=0.071*c33;
p=800;
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% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, Produce Output Data 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/. the output i s  a graph from z=zl to z2 of the radial
'/. displacements at radius r and time t  of the propagating modes.

numzsteps=200;
dz=(z2-zl) / numzsteps;

i= s q r t ( - l ) ; 
z s= [z l:d z :z2 ];

for j= l:l: len g th (z s)  
z=zs Cj) ; 
m=l;

pl=A l(m )*besselj(l,g l(m )*r); 
p2=Albar(m)*bessely(l,gl(m )*r); 
p3=A2(m)*besselj(l,g2(m)*r); 
p4=A2bar(m)*bessely(l,g2(m)*r); 
p5=exp(i*(ks(m )*z-v*t)); 
model(j) =real( (pl+p2+p3+p4)*p5); 

m=2;
p l=A l(m )*besselj(l,g l(m )*r); 
p2=Albar(m)*bessely(l,gl(m )*r); 
p3=A2(m)*b e sse lj (1 ,g2(m)*r); 
p4=A2bar(m)*bessely(l,g2(m)*r); 
p5=exp(i*(ks(m)*z-w*t)); 
mode2(j)=real((pl+p2+p3+p4)*p5); 

m=3;
pl=Al(m )*besselj(1 ,g l(m )*r); 
p2=Albar(m)*bessely(l,gl(m )*r); 
p3=A2(m)*besselj(l,g2(m)*r); 
p4=A2bar(m)*bessely(l,g2(m)*r); 
p5=exp(i*(ks(m)*z-w*t)); 
mode3 Cj) =real( (pl+p2+p3+p4)*p5);
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end

'/, find the maximum element of each mode to use as 
’/. a normalizing constant.

modelmax=max(abs(mode1));  
mode2max=max(abs(mode2)); 
mode3max=max(abs(mode3));

' / ,* * * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * * * * * *  

'/, Produce Output Pictures 
^ * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

figure
subplot(2 ,2 ,1 )  
p lo t(z s . /b.m odel. /modelmax) 
t i t l e ( ’Mode 1 ’) 
a x is ( [z l/b  z2/b -1 .1  1 .1]) 
x la b e l(’z /b ’) 
y la b e l( ’Displacement’) 

subplot(2 ,2 ,2 )  
p lo t (z s . /b ,mode2. /mode2max) 
t i t l e ( ’Mode 2 ’) 
a x is ( [z l/b  z2/b -1 .1  1.1])  
x la b e l(’z /b ’) 
y la b e l( ’Displacement’) 

subplot(2 ,2 ,3 )  
p lo t (z s . /b,mode3. /mode3max) 
t i t l e ( ’Mode 3 ’) 
a x is ( [z l/b  z2/b -1 .1  1 .1])  
x la b e l( ’z /b ’) 
y la b e l( ’Displacement’)

y , * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, end of scrip t  
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
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A.6 The Script xsection.m
'/, th is  scrip t w ill  produce a cro ss-sectio n a l picture  
'/, of the shape of the propagating ax ia l modes in  a 
'/. cy lin d rica l sh e ll  responding to an ex c ita tio n  at 
'/, c ircu lar frequency v.
'/. the m aterial properties of the specimen are in  the 
% function freqeqn.m

'/, load data from examplecoeffs.mat
****************************************

load examplecoeffs

y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% MATERIAL INFO. SAME AS IN freqeqn.m 
y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

these numbers are for Douglas F ir. The units are meters(m), 
'/. Pascals (Pa) and kilograms/meter“3 (kg/(m‘ 3 ) ) .

b=20e-2;
a=10e-2;
c33=6.89e+9;
cll=0.59*c33;
cl2=0.39*c33;
cl3=0.035*c33;
c44=0.071*c33;
p=800;

' / I * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% Produce Output Data 
%******************************************************
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’/, the output is  a graph from r=a to  b of the shape of 
'/, each of the propagating modes.

'/. the matrices model,2 and 3 contains the shapes in each mode.

numrsteps=25; 
dr=(b-a)/numrsteps;
[th,r]=m eshgrid((0:5:360)*pi/180, a :d r:b );
[x ,y]=pol2cart(th,r ) ; 
r=sqrtCx.“2+y.“2 ) ;

i= s q r t ( - l ) ; 
m = l ;

pl=Al(m )*xilCm )♦besselj(0,gl(m )*r); 
p2=Albar Cm)*xil(m)*bessely(0 ,g l(m )*r); 
p3=A2(m)*xi2(m)*besselj(0 ,g2(m) * r ) ; 
p4=A2bar(m)*xi2(m)*bessely CO,g2(m)*r); 
model=abs(pl+p2+p3+p4);

i= s q r t ( - l ) ; 
m=2;

pl=A l(m )*xil(m )*besselj(0,gl(m )*r); 
p2=Albar(m)*xilCm)*bessely(0 ,g l(m )*r); 
p3=A2(m)*xi2(m)*besselj(0,g2(m)*r); 
p4=A2bar(m)*xi2 Cm)*bessely CO,g2 Cm)*r); 
mode2=absCpl+p2+p3+p4);

i= sq rtC -l); 
m=3;

pl=AlCm)*xilCm)*besselj C0,glCm)*r); 
p2=Albar Cm)*xi1 Cm)*bessely CO,glCm)*r); 
p3=A2Cm)*xi2Cm)*besselj C0,g2Cm)*r); 
p4=A2bar Cm)*xi2 Cm)*bessely CO,g2 Cm)*r); 
mode3=absCpl+p2+p3+p4);

'/, find the maximum element of each mode to use as 
’/. a nor malizing constant.
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modelmax=0; 
mode2max=0; 
mode3max=0;
for j * l : 1:length(model( : ,1 ))  

currmax1=max(mode1(j , : ) ) ;  
currmax2=max(mode2(j, : ) ) ;  
currmax3=max(mode3(j , ;  
i f  currmaxl>modelmax 

modelmax=currmaxl;
end
i f  currmax2>mode2max 

mode2max=currmax2; 
end
i f  currmax3>mode3max 

mode3max=currmax3; 
end

end

%********************************************************** 
'/. Produce Output Pictures 
' / , * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

figure
mesh(x,y,model./modelmax) 
colormap(cool)

figure
meshCx,y ,mode2. /mode2max) 
colormap(cool)

figure
mesh(x,y ,mode3. /mode3max) 
colormap(cool)

figure
subplot(2 ,2 ,1 )
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mesh(x ,y ,mode1 ./modelmax)
colormap(cool)
subplot(2 ,2 ,2 )
mesh(x,y,mode2. /mode2max)
colormap(cool)
subplot(2 ,2 ,3 )
mesh(x,y ,mode3. / mode3max)
colormap(cool)

'/. end of script  
%******************************♦*************************
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Appendix B 

TWO-LAYERED CODES

This appendix contains the M atlab M-files for the two layered cylinder that 

are significantly different than the corresponding codes for the shell. The 

codes included are the function freqeqn.m, which contains the frequency equa­

tion for the two layered cylinder. The scripts twocylcutoff.m and dispcurves.m 

are used to generate the dispersion curves. These codes are identical to the 

corresponding codes for the shell, shellcutoff.m  and dispcurves.m, found in 

Appendix A. Therefore, these codes were not copied again in this appendix.

A primary goal for the two-layered cylinder is to compare theoretical 

results with experimental data. Since experimental stresses, in particular, 

the applied azz, are not of a single frequency nature it was necessary to 

include an m-file tha t would produce a finite frequency approximation of a 

real input. The script inputapprox.m performs this approximation.

The last m-file is the script sigmazz.m. Its role is to generate the time 

domain response of the two-layered cylinder to the multiple frequency exci­

tation. It accomplishes this by summing of modes a t each frequency in the 

approximation of the applied azz
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B .l The Function freqeqn.m
function. y=freqeqn(v,k)

'/, th is  i s  the frequency equation for longitudinal modes 
% traveling  in  an transversely iso trop ic  cylinder 
'/• composed of two layers. The outer layer i s  layer 1.
*/, i t  l i e s  between r=rl and r=r2. the inner layer is  
'/. layer 2. i t  l i e s  betwwen r=r2 and r=0.
*/. rl>r2>0
% the e la s t ic  constants of each layer are kept in a
'/, 2-vector with the f ir s t  entry for layer 1 and the second
7. for layer 2.

the e la s t ic  constants are e l l ,  c l2 , c l3 , c33 and c44.
% p is  the density

******************************************
*/. in i t ia l iz e  variables

'/, these numbers are for Douglas F ir. The units sure meters(m), 
Pascals (Pa) and kilograms/meter"3 (kg/(m"3)).

% the inner layer (layer 2) i s  chosen with a 40% reduction in
% a l l  the e la s t ic  constants.

rl=20e-2; 
r2=7e-2;

% layer 1 (outer layer) 
c33(l)=6.89e+9; 
c ll( l)= 0 .5 9 * c 3 3 (l) ; 
c l2 (l)= 0 .3 9 * c3 3 (l); 
cl3(l)= 0 .035*c33(l);  
c44(l)= 0 .071*c33(l); 
p(l)=800;

% layer 2 (inner layer)
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c33(2)=0.6*c33(l); 
cll(2)=0.6*0.59*c33(2); 
c l2 (2)=0.6*0.39*c33(2); 
cl3(2)=0.6*0.035*c33(2); 
c44(2)=0.6*0.071*c33(2); 
p (2 )= p (l);

%*****************************************************
'/, the frequency equation 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, f ir s t ,  the radial wavenumbers g l and g2 in each layer

for j - l : l : 2
A (j)= c ll(j)* c4 4 (j)/2 ;
B(j )= - c l l (j )* (p (j) *w“2-c33(j ) *k~2)-c44(j ) /2 * (p (j )* 

w“2-c44(j ) /2*k~2)- (c l3 (j ) +c44(j ) /2)-2*k"2;
C( j )= (p(j ) *w“2-c33Cj) *k“2 )* (p(j ) *w“2-c44(j ) /2*k“2 ) ; 
gl (j ) =sqrt( (-B(j )+sqrt(B(j ) “2-4*A(j ) *C(j ) ) ) / (2*A(j ) ) ) ;  
g2( j ) =sqrt ( (-B( j ) -sqrt (B (j) “2-4*A(j ) *C( j )•)) / (2*A(j ) ) ) ;  

end

'/. second, the factors c l and c2 in each layer

i= s q r t ( - l) ; 
for j= l: l:2

x i l (j )=(p(j ) *w~2-cl1(j ) * g l( j ) “2-c44(j ) /2*k“2 )/ (i*k*gl (j )* 
(c l3 (j )+ c 4 4 (j ) /2 ) ) ;

x i2 ( j )= (p(j) *w‘ 2 - c l l (j ) *g2(j ) “2-c44(j)/2*k “2 )/ (i*k*g2(j)* 
(c l3 (j )+ c 4 4 (j ) /2 ) ) ; 
end

'/, th ird , the co eff. matrices

for j= l: l:2  
a l (j ) = c l l (j ) * g l(j )+ i*k*cl3(j ) * g l( j );
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a 2 (j)= c ll(j)* g 2 (j)+ i* k * c l3 (j)* g 2 (j); 
b l (j )—c l2 ( j ) —e l l (j ); 
b 2 (j)= b l(j ) ;
c l (j ) =c44(j ) /2 * (i* k -g l(j )* x i l ( j ) ) ;  
c2(j)=c44(j ) 12*( i*k-g2(j ) *x i2 (j ) ) ;  

end

XloutCl, l ) = b e s s e l j ( l ,g l ( l ) * r l ) ;
X loutC l,2)=besselyC l,glC l)*rl);
X loutC l,3)=besseljC l,g2C l)*rl);
X loutC l,4)=besselyC l,g2C l)*rl);
X lo u tC 2 ,l)= x ilC l)* b esse lj(0 ,g l(l)* r l);
Xlout(2 ,2 )= x i l (1 )*bessely(0 ,g l (1 )* r l ) ;
X lout(2 ,3)= xi2(l)*besseljC 0,g2C l)*rl); 
X lo u t(2 ,4 )= x i2 (l)* b esse ly (0 ,g 2 (l)* r l);
Xlout( 3 , l)= a l( l)* b e s s e lj (0 ,g l( l)* r l)+ b l( l)* b e s s e lj (1 ,g l ( l ) * r l ) / r l  
X lo u t(3 ,2 )= a l( l)* b e s se ly (0 ,g l( l)* r l)+ b l( l)* b e s s e ly ( l ,g l( l)* r l) /r l  
Xlout(3 ,3 )= a 2 (l)* b esse lj(0 ,g 2 (l)* r l)+ b 2 (1 )* b esse lj(1 ,g 2 ( l ) * r l ) /r l  
X lo u t(3 ,4 )= a 2 (l)* b esse ly (0 ,g 2 (l)* r l)+ b 2 (l)* b esse ly (l,g 2 (l)* r l)/r l  
X lo u t (4 ,l )= c l( l )* b e s s e lj ( l ,g l( l ) * r l) ; 
X lo u t(4 ,2 )= c l( l)* b e s se ly ( l ,g l( l)* r l) ;
Xlout(4 ,3 )= c2 (l)* b esse lj(1 ,g2(1 )* r l ) ; 
X lo u t(4 ,4 )= c2 (l)* b e sse ly (l,g 2 (l)* r l);

X l in ( l , l )= b e s s e lj ( l ,g l( l ) * r 2 ) ;
X linC l,2)=besselyC l,glC l)*r2);
X lin ( l,3 )= b e s se lj ( l ,g 2 ( l)* r 2 );
X lin C l,4 )= b esse ly (l,g 2 (l)* r2 );
X lin (2 ,l)= x il( l )* b e s s e lj (0 ,g l( l)* r 2 ) ;
X lin (2 ,2 )= x i l (1 )*besselyCO,glCl)*r2);
X lin (2 ,3 )=xi2(1)* b esse lj(0 ,g2(1 )* r2 ); 
X lin (2 ,4 )= x i2 (l)* b esse ly (0 ,g 2 (l)* r2 );
X lin (3 ,l)= a l( l)* b e s se lj (0 ,g l( l)* r 2 )+ b l( l)* b e ss e lj (I ,g l( l)* r 2 ) /r 2 ;  
X lin (3 ,2 )= a l( l)* b e sse ly (0 ,g l( l)* r 2 )+ b l( l)* b e sse ly (l>g l( l)* r 2 ) /r 2 ;  
X lin(3,3)=a2(l)*besseljC 0,g2C l)*r2)+b2C l)*besseljC l,g2C l)*r2)/r2; 
XIin(3 ,4 )=a2 C1)*bes se ly  CO,g2 C1)*r2)+b2 Cl)*bes se ly  C1 ,g2 C1)*r2)/ r 2 ;
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X lin (4 ,l )= c l( l ) * b e s s e lj ( l ,g l( l )* r 2 ) ;
X lin (4 ,2 )= c l(1 )*bessely(1 ,g l ( l ) * r 2 ) ;
X lin (4 ,3 )= c2 (l)* b esse lj(I ,g 2 (l)* r2 ); 
X lin (4 ,4 )= c 2 (l)* b e sse ly (l,g 2 (l)* r 2 );

X 2 o u t(l,l)= b e sse lj ( l,g l(2 )* r 2 );
X 2 o u t(l,2 )= b esse lj(l,g 2 (2 )* r2 );
X2out(2 ,1 )= x i l (2 )* b esse lj(0 ,g l (2 )* r2 );
X 2out(2 ,2)= xi2(2)*besselj(0 ,g2(2)*r2);
X2out(3 ,1 )= a l(2 )* b e s se lj (0 , g l (2 )*r2 )+ b l(2 )* b e s se lj ( 1 ,g l (2 )* r 2 ) /r 2 ; 
X2out(3 ,2 )=a2(2 )* b e s se lj ( 0 ,g2(2 )*r2)+b2(2 )* b e s se lj (1 ,g2 (2 )* r 2 ) /r 2 ; 
X2out(4 ,1 )= c l(2 )* b e s se lj ( 1 ,g l (2 )* r 2 );
X2out(4 ,2 )=c2(2 )* b esse lj(1 ,g2(2 )* r2 );

'/. the global transfer matrix and frequency eqn.
'/. th is  is  actually  a 4x2 matrix, but the 3rd and 4th 
'/. equations are homogeneous, so th e ir  determinant is  
'/, se t to zero for the frequency eqn.

Q=Xlout*inv(Xlin)*X2out;

y=Q( 3 , 1 ) *Q( 4 , 2 ) -Q( 3 , 2 ) *Q( 4 , 1 ) ;

' / ' I * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/, end of function  
%*****************************************************

B.2 The Script inputapprox.m
'/, th is  m -file  w ill  produce a f in i t e  frequency approximation 
'/. of the time domain data contained in  the f i l e  chopdata.

'/(#******#*******load time domain data*********************

load chopdata2
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% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/,***************assign program parameters*****************

numint=length(ts);
T=ts(numint); 
fundw=pi/(T); 
numfreq=40; 
delt=T/numint;

%******************************************************** 

•/t*****************initialize coefficients****************

for j=l:l:num freq  
c(j)=0;

end
constantterm=0;

%*#******#******************************#****************

'/,*************** ***************************************** 
’/. MAIN PROGRAM
'/(* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

i= sq rt(-1 );  
for j=l:l:num int

v o lt= fr o n tv o lts (j ) ; 
t = t s ( j ) ;
constantterm=constantterm+l/(2*T)*volt; 
for m=l:l:numfreq

c(m)=c(m)+ 1 /(2*T)*(volt*exp(i*m*fundw*t) ) ;
end

end
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fo r  j=l:l:num int 
approx=0; 
t = t s ( j ) ;
for m=l:l:numfreq

approx=approx+c(m)*exp(-i*m*fundv*t);
end
n earsig (j) =approx;

end

norm aliser=m ax(real(nearsig)); 
coeffs= c . /norm aliser; 
for  n=l:l:numfreq 

vs(n)=fundv*n;
end

Main Program**************************

%*************************************************************
'/, Produce Output 
%#**********************************#*************************
save chopfreqdata2 coeffs  vs

maxvolts=max(frontvolts); 
m involts=m in(frontvolts); 
tin it= 0 ;
tfinal= ts(num int);

subplot(2 ,2 ,1 )
p lo t ( t s , frontvolts)
a x is ( [ t in it  t f in a l m involts-0.1 maxvolts+0.2]) 
t i t l e ( ’Time Domain Signed’) 

subplot(2 ,2 ,2 )
p lo t ( t s , rea l(n earsig . /norm aliser)+real(constantterm )/ (2*normaliser)) 
a x is ( [ t in it  t f in a l  m involts-0.1 maxvolts+0.2]) 
t i t l e ( ’Signal Approximation’) 

subplot(2 ,2 ,3 )
stem (vs,abs(c)./norm aliser)
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t i t l e ( ’Complex Modulus of C o effic ien ts’) 
x la b e l(’\omega’)
a x is([0  max(ws) 0 max(abs(c))/normaliser+0.02]) 

subplot(2 ,2 ,4 )
stem (us,angle(c))
t it le ( 'P h a se  Angle of C o effic ien ts’) 
x la b e l( ’\omega’)
a x is([0  max(ws) -p i-0 .1  p i+0.1])

figure
p lo t( ts ,  fro n tv o lts , t s ,  real(nearsig./norm aliser)+real(constantterm )/ 
(2*normaliser))

%*****#******#***************#*#*********#*********************
*/. END OF SCRIPT
%**************************************************************

B.3 The Script sigmazz.m

7. th is  scr ip t w ill produce the time domain response 
*/, of a two-layered transversely isotrop ic cylinder 

to a m ultiple frequency ex c ita tio n .
7. the m aterial properties of the specimen are in the 
7. function freqeqn.m

7. USER INPUTS

r=10e-2; 
z=293e-2;

%*****************#************************************ 
7. MATERIAL INFO. SAME AS IN freqeqn.m
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% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

’/, these numbers are for Ponderosa P ine. The units are meters (m), 
'/, Pascals (Pa) and kilograms/meter“3 (kg/Cm‘ 3 )) .
*/. the inner layer (layer 2) is  chosen with a reduction in 
7. a l l  the e la s t ic  constants.

rl=10e-2;
r2=3e-2;

layer 1 (outer layer)
'/.c33(l)=5e+9; bad try  
c33(l)=8.89e+9; 
c ll( l)= 0 .4 7 6 * c 3 3 (l) ; 
c l2 (l)= 0 .3 9 3 * c3 3 (l); 
c l3 ( l) -0 .3 6 9 * c 3 3 (l) ; 
c44(l)= 0 .064*c33(l);
7.p(l)=650; bad try  
p(l)=448;

'/, layer 2 (inner layer)

reduxfactor=0.40; 
c33(2)=(l-reduxfactor)*c33(l); 
c ll(2 )= ( l-r e d u x fa c to r )* c ll( l) ; 
c l2 (2 )= (l-red u x fa cto r)* c l2 (l); 
c l3 (2 )= (l-red u x fa cto r)* c l3 (l); 
c44(2)=(l-reduxfactor)*c44(l); 
p (2 )= p (l);

% load the frequency/wavenumber data 
7, load the frequency approx. data 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

load dispersiondata
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load chopdata2 
load chopfreqdata2

% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. set up so lution  vector
' / I * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

condtol=5e+16; 
endtim e=ts(length(ts))*1; 
dt=endtim e/length(ts); 
t  ime= [d t: d t : endt ime];

for j= l:l:len gth (tim e)  
press(j)=0;

end

y,******************************************************
•/. BEGIN MAIN LOOP OVER v
y,******************************************************

for n=l:l:length(w s) 
h=ws(n)

y * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

7. Determine the k's associated with w 
y,*****************************************************

i f  w<newdatw(l)

7. i f  w i s  too low for dispersion data, then interpolate  
7. k from an average of the non-dispersive mode 
temps 0 ; 
for j = l :1:10

temp=temp+w*newdatk(j) /newdatw(j );
end
ks(l)=temp/10;

e lse
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ktol=0.1; 
clear wcounter 
wcounter=l;
while w-newdatw(wcounter)>0 

wcounter=wcounter+l;
end
clear kcounter 
kcounter=l;
while abs(w-newdatw(wcounter)) <=dw

firstks(kcounter)=newdatk(wcounter); 
vcounter=wcounter+l; 
kcounter=kcounter+l;

end

'/, Keep only the k 's that correspond to a wave 
’/, propagating to the righ t.

counter=l;
for j= l:l: le n g th (fir s tk s )  

i f  f ir stk s(j)> 0
secondks(counter)=firstks(j); 
counter=counter+l;

end
end

'/.Eliminate repeat k’s

secondks=sort(secondks); 
k s(l)= secon d k s(l); 
counter=l;
for j =2:l:length(secondks)

i f  abs(secondks(j ) -ks(counter)) >ktol 
ks(counter+1)=secondks(j ); 
counter=counter+l

end
end
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'/. put in order according to  mode 
for j= l:l: len g th (k s)

fin a lk s(j)= k s(le n g th (k s)-j+ l);
end
ks=finalks;

end

'/,*****************************************************
Determine the gamma’s (radial wavenumbers) 

%*****************************************************

'/. g l ( l , j )  i s  gammal in layer 1 corresponding to k=ks(j)
'/. g 2 ( l , j )  i s  gamma2 in  layer 1 corresponding to k=ks(j)

i= s q r t ( - l ) ; 
for 1=1:1:2 

C ll= c l l ( l ) ;
C 12=cl2(l);
C 13=cl3(l);
C33=c33(l);
C44=c44(l);
P=p(l);
for j= l:l:len g th (k s)  

k =k s(j);
A=Cll*C44/2;
B=-C11*(P*w“2-C33*k“2)-C44/2*(P*w‘ 2-C44/2*k~2)- (C13+C44/2)”2*k“2 ; 
C=(P*w‘2-C33*k"2)* (P*w“2-C44/2*k“2 ) ; 
g l (1 ,j ) =sqrt( C-B+sqrt(B“2-4*A*C)) / (2*A)); 
g 2 (l,j )= sq r t( (-B-sqrt(B“2-4*A*C)) / (2*A)); 

end 
end
%******************************************************
'/, Determine the x i ’s

% x i l ( l , j )  is  x i l  in layer 1 corresponding to k=ks(j)
'/, x i2 ( l , j )  is  x i2 in layer 1 corresponding to k=ks(j)
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i= s q r t ( - l ) ; 
for 1=1:1:2 

C ll= c l l ( l ) ;
C13=cl3Cl);
C33=c33(l);
C44=c44(l);
P = p(l);
for j= l:l:len g th (k s)  

k=ks(j );
G l= g l( l , j ) ;
G2=g2(l,j) ;
x i l (1 ,j ) =(P*w~2-Cll*Gl“2-C44/2*k“2 )/ (i*k*Gl*(C13+C44/2)); 
x i2(l,j)= (P *w “2-Cll*G2“2-C44/2*k“2 )/ (i*k*G2*(C13+C44/2));

end
end

%**************************#****************************
V, Determine the A’s (the c o e ffic ien ts)  
%*******************************************************

'/, there are 4 matrices with the co e ffic ie n ts  in them.
'/. A l ( l , j )  contains A1 of layer 1 corresponding to k=ks(j) 

A lb ar(l,j) contains Albar of layer 1 corresponding to k=ks(j) 
A 2 (l,j) contains A2 of layer 1 corresponding to  k=ks(j)

’/, A 2bar(l,j) contains A2bar of layer 1 corresponding to k=ks(j)

numint=50; 
i= sq rt(-1 );

% in  layer 1 (outer layer)

drl=(rl-r2)/num int; 
dr2=r2/numint;
K=length(ks);
S=zeros(6*K, 6*K);
F l=zeros(l,6*K );
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F2=zeros(l,6*K);
Dl=zeros(2,K);
D2=zeros(2,K); 
for j= l:l:K  

k= ks(j); 
for 1=1:1:2 

C13=cl3(l);
C33=c33(l);
G l-g l( l .j ) ;
G 2=g2(l,j);
X I l= x i l ( l , j ) ;
X I2 = x i2 (l,j);
Dl(l,j)=C13*Gl+i*k*C33*XI1;
D2(1 ,j )=C13*G2+i*k*C33*XI2;

end
end

% the right hand side vector

for R=1:1 :K
for j=l:l:num int 

Rl=r2+j*drl;
FI(R) =F1(R) + f(n ,R l)*b esse lj(0 ,g l (1 ,R)*R1);
FI(K+R)=F1(K+R)+f Cn,R l)*bessely(0 ,g l (1 ,R)*R1);
Fl(2*K+R)=Fl(2*K+R)+f(n,Rl)*besselj(0,g2(l,R)*Rl)
Fl(3*K+R)=Fl(3*K+R)+f(n,Rl)*bessely(0,g2(l,R)*Rl) 
FI(4*K+R)=F1(4*K+R)+f(n,R l)* b esse lj(0 ,g l (2 ,R)*R1) 
FI(5+K+R)=F1(5*K+R)+f(n,R1)*besselj(0 ,g2(2,R)*R1)

R2=j*dr2;
F2(R)=F2(R)+f(n,R2)*besselj(0 ,g l (1, R) *R2);
F2(K+R)=F2(K+R)+f(n,R2)*bessely(0 ,g l (1 ,R)*R2);
F2(2+K+R)=F2(2+K+R)+f(n,R 2)*besselj(0 ,g2(1 ,R)*R2) 
F2(3+K+R)=F2(3*K+R)+f(n,R 2)*bessely(0 ,g2(1 ,R)*R2) 
F2(4*K+R)=F2(4+K+R)+f(n,R 2)*besselj(0 ,g l (2 ,R)*R2) 
F2(5+K+R)=F2(5+K+R)+f (n ,R 2)*besselj(0 ,g2(2 ,R)*R2)

end
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end

F=F1+F2;

'/. the coefficien t matrix

f o r  R=l:1:K 
f o r  C=1:1:K

fo r  j= l: l :n u m in t
R l= r2+ j*d rl;
S(R,C)=S(R,C)+D1(1 ,C )* b e s s e lj( 0 ,g l ( 1 ,C)*R1)* 

b e s s e l j ( 0 ,g l ( l ,R ) * R l ) ;
S(R+K, C)=S(R+K,C)+D1( 1 ,C )* b e s s e lj( 0 ,g l ( 1 ,C)*R1)* 

b e s s e ly (0 ,g l( l ,R )* R l) ;
S(R+2*K,C)=S(R+2*K,C)+D1( 1 ,C )* b e s s e l j(0 ,g l (1 ,C)*R1)* 

b e s s e l j (0 ,g 2 ( l ,R )* R l) ;
S(R+3*K,C)=S(R+3*K,C)+D1( 1 ,C )* b e s s e lj( 0 ,g l (1 ,C)*R1)* 

b e s s e ly (0 ,g 2 ( l ,R )* R l) ;
S(R +4*K ,C )=S(R +4*K ,C )+D l(l,C )*besselj(0 ,gl(l,C )*R l)* 

b e s s e l j (0 ,g l(2 ,R )* R l) ;
S(R+5*K,C)=S(R+5+K,C)+D1( 1 ,C )* b e s s e l j(0 ,g l (1 ,C)*R1)* 

b e s s e lj(0 ,g 2 (2 ,R )* R l) ;

S(R,C+K)=S(R,C+K)+D1( 1 ,C )* b esse ly ( 0 ,g l ( 1 ,C)*R1)* 
b e s s e l j ( 0 ,g l ( l ,R ) * R l) ;

S(R+K, C+K)=S(R+K,C+K)+D1( 1 ,C )* b esse ly ( 0 ,g l (1 ,C)*R1)* 
b e s s e ly (0 ,g l( l ,R )* R l) ;

S(R+2+K,C+K)=S(R+2+K,C+K)+D1( 1 ,C )* b esse ly (0 ,g l ( 1 ,C)*R1)* 
b e s s e l j (0 ,g 2 ( l ,R )* R l) ;

S(R+3*K, C+K)=S(R+3+K,C+K)+D1( 1 ,C )* b esse ly (0 ,g l ( 1 ,C)*R1)♦ 
b e s s e ly (0 ,g 2 ( l ,R )* R l) ;

S(R+4*K,C+K)=S(R+4*K,C+K)+D1( 1 ,C )* b esse ly (0 ,g l (1 ,C)*R1)* 
b e s s e l j (0 ,g l(2 ,R )* R l) ;

S(R+5*K,C+K)=S(R+5*K,C+K)+D1( 1 ,C )* b esse ly (0 ,g l ( 1 ,C)*R1)* 
b e s s e lj(0 ,g 2 (2 ,R )* R l) ;

S(R, C+2*K)=S(R,C+2*K) +D2( 1 ,C )* b e s s e lj( 0 ,g2(1 ,C)*R1)*
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b e sse lj (0 ,g l( l,R )* R l);
S(R+K.C+2*K)=S(R+K,C+2*K)+D2(1 ,C )*besselj(0 ,g2(1 ,C)*R1)* 

b esse ly (0 ,g l( l,R )* R l);
S(R+2*K,C+2*K)=S(R+2*K,C+2*K)+D2(1 ,C )*besselj(0 ,g2(1 ,C)*R1)* 

b esse lj(0 ,g 2 (l,R )* R l);
S(R+3*K,C+2*K)=S(R+3*K,C+2*K)+D2(1 ,C )*besselj(0 ,g2(1 ,C)*R1)* 

b esse ly (0 ,g2 (l,R )*R l);
S(R+4*K,C+2*K)=S(R+4*K,C+2*K)+D2(1 ,C )*besselj(0 ,g2(1 ,C)*R1)* 

b esse lj(0 ,g l(2 ,R )* R l);
S(R+5+K,C+2*K)=S(R+5*K,C+2*K)+D2(1,C)*besselj(0 ,g2(1 ,C)*R1)* 

b esselj(0 ,g2(2 ,R )*R l);

S(R,C+3*K)=S(R,C+3+K)+D2(1 ,C )*bessely(0 ,g2(1 ,C)*R1)* 
b e sse lj (0 ,g l( l,R )* R l);

S(R+K,C+3*K)=S(R+K,C+3*K)+D2(1 ,C)*bessely(0 ,g2(1 ,C)*R1)* 
b e sse ly (0 ,g l( l,R )* R l);

S(R+2+K,C+3+K)=S(R+2*K,C+3+K)+D2(1 ,C)*bessely(0 ,g2(1 ,C)*R1)* 
b esse lj(0 ,g 2 (l,R )* R l);

S(R+3*K,C+3*K)=S(R+3*K,C+3+K)+D2(1 ,C )*bessely(0 ,g2(1 ,C)*R1)* 
b esse ly (0 ,g2 (l,R )*R l);

S(R+4+K,C+3*K)=S(R+4*K,C+3*K)+D2(1 ,C)*bessely(0 ,g2(1 ,C)*R1)* 
b esse lj(0 ,g l(2 ,R )* R l);

S(R+5+K,C+3*K)=S(R+5*K,C+3+K)+D2(1 ,C )*bessely(0 ,g2(1 ,C)*R1)* 
besselj(0 ,g2(2,R )*R 1);

R2=j*dr2;
S (R, C+4+K)=S(R,C+4*K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)* 

b esse lj(0 ,g l(l,R )*R 2);
S(R+K,C+4+K)=S(R+K,C+4+K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)* 

bessely(0 ,g l(l,R )*R 2);
S(R+2*K,C+4+K)=S(R+2+K,C+4+K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)* 

besselj(0 ,g2(l,R )*R 2);
S(R+3*K,C+4+K)=S(R+3*K,C+4*K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)* 

b essely(0 ,g2(l,R )*R 2);
S(R+4+K,C+4*K)=S(R+4*K,C+4*K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)* 

b esselj(0 ,g l(2 ,R )*R 2);
S(R+5*K,C+4+K)=S(R+5+K,C+4*K)+D1(2 ,C )*besselj(0 ,g l (2 ,C)*R2)*
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b e sse lj (0 ,g2(2 ,R)*R2);

S(R,C+5*K)=S CR,C+5*K)+D2(2 ,C )*besselj(0 ,g2(2, C)*R2) * 
b esse lj(0 ,g l(l,R )* R 2 );

S(R+K,C+5*K)=S(R+K,C+5*K)+D2(2,C)*besselj(0 ,g2(2 ,C)*R2)* 
b esse ly (0 ,g l(l,R )*R 2);

S(R+2+K,C+5+K)=S(R+2*K,C+5*K)+D2(2 ,C )*besselj(0 ,g2(2 ,C)*R2)* 
b esselj(0 ,g2(l,R )*R 2);

S(R+3+K,C+5*K)=S(R+3+K,C+5+K)+D2(2 ,C )*besselj(0 ,g2(2 ,C)*R2)* 
bessely(0 ,g2(l,R )*R 2);

S(R+4+K,C+5+K)=S(R+4+K,C+5*K)+D2(2 ,C )*besselj(0 ,g2(2 ,C)*R2)* 
b esselj(0 ,g l(2 ,R )*R 2);

S(R+5*K,C+5*K)=S(R+5*K,C+5*K)+D2(2,C)*besselj(0,g2(2,C)*R2)* 
b e sse lj (0 ,g2(2 ,R)*R2); 

end
end

end

condition(n)=condest(S);

i f  condition(n)<condtol 
'/. solve the system

A=S\F*; 
freqnum=n 
for j = l :1:K 

A l(l,j)« A (j);
Albar(l,j)=A(K+j);
A2(l,j)=A(2*K+j);
A2bar(l,j)«A(3*K+j);
Al(2,j)-A(4*K+j);
Albar(2,j)=0;
A2(2,j)=A(5*K+j);
A2bar(2,j)=0;

end

'/, add to sigmazz
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for j= l:l:len gth (tim e)  
wpress(j)=0;

end
for m=l:l:K 

k=ks(m);
Gl=gl(l,m);
G2=g2(l,m);
X Il= x il(l,m );
XI2=xi2(l,m); 
arrivetime=z*k/w; 
for j= l:l:len gth (tim e)  

t= tim e(j);
i f  t>arrivetime ft t<arrivetim e+ts(length(ts))

C13=cl3(l);
C33=c33(l);

pl=(C13*Gl+i*K*C33*XIl)*besselj(0,Gl*r)*Al(l,o); 
p2=(C13*Gl+i*K*C33*XIl)*bessely(0,Gl*r)*Albar(l,m); 
p3=(C13*G2+i*K*C33*XI2)*besselj(0,G2*r)*A2(l,ni); 
p4=(C13*G2+i*K*C33*XI2)*bessely(0,G2*r)*A2bar(l,m); 
p5=exp(i*k*z)*exp(-i*w*t);

wpress(j )=wpress(j )+ rea l( (pl+p2+p3+p4)*p5);
end

end
end

press=press+wpress;
end
%*************************************************
'/. END MAIN LOOP OVER u 
%*************************************************

end
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% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

% Produce output 
% * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

'/. normalize sigmazz

normalizer=max(abs(press)); 
normpress=press. /norm alizer;

figure
p lot(tim e, normpress, t s ,  endvolts) 
figure
p lo t(v s , condition) 
%************************************************* 
% end of script 
%*************************************************
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Appendix C

MULTIPLE FREQUENCY 

EXAMPLE

The single frequency input and response model is insufficient for most ap­

plications. Most inputs will, in general, be the superposition of an infinite 

number of harmonic stresses. These can be approximated within an arbitrary 

accuracy by the sum of a finite number of frequenies. This is the approach 

used here.

In the shell example, section 4.5, the input was assumed to be at a single 

frequency, u . At this frequency, K  modes were found to propagate and these 

modes were used to approximate the input, <rM.

K

<Tgg |*=o=  ^  &xx(?> 0, t; k(j)) (C»l)
j=i

Taking advantage of the linearity of the model, multiple frequencies can be 

considered by summing over the response to each frequency. If the multiple
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frequency approximation contains the frequencies {u;i,u>2, • • • ,w v}, then the 

approximation of the input takes the form

N  K

(C-2)
m = l j = 1

where the response to each individual frequency is treated exactly as before 

and the sum of all these responses is considered the response to the multiple 

frequency input.

This method, superposition of propagating modes at a single frequency 

then superposition of frequencies will be employed to compare the theoretical 

response of this model to the response actually observed in a SDT experiment.

C .l SDT Experiment

This section is intended to describe the experiment from which data was 

taken to compare with the results obtained by the method developed in this 

chapter. Figure C .l is a diagram of the experimental setup.

In the experiment a SDT sample was subject to an excitation from a 

hammer strike on one end. The elastic waves produced were measured at 

two points on the surface of the sample. One was made 100mm from the 

end where the hammer struck. This measurement is intended ot record 

the incident wave. The second measurement was made 1250mm from the 

opposite end of the sample. This measurement was to record the propagating 

wave before a reflection off the end could interfere.

The measurements were made by two single axis pinducer DC -12.MHz
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Digital O«e*oscope TDS 520
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Figure C.l: Diagram of SDT experiment

(-3dB) model VP-1093 (Vapley-Fisher, Hopkinton, MA.) ultrasonic transduc­

ers with a sensitivity of 50 dB relative to 1 volt/meter/sec. These transducers 

were attached to the SDT sample by gluing them to a lag bolt drilled into the 

sample. The data was taken from the transducers with a TDS 520A digital 

oscilloscope at a rate of 250 kHz.
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C.2 Results

The first step in implementing the model is to convert the experimental input 

into a form that can be written as a sum of single frequency inputs. This sum 

will necessarily be an approximation since an infinite number of frequencies 

are present in the real input. The Matlab script inputapprox.m, in Appendix 

B, was used to find this approximation. The script was run to produce a 40 

frequency approximation. The results of this approximation are plotted in 

Fig. C.2 along with the signal being approximated.

Vnm  Domain Sgnal
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Figure C.2: The measured input and information about the finite frequency 

approximation.

From this graphical representation of the data it is clear that frequencies
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centered around a; =  5 kHz contribute the most to the signal. Figure C.3 is 

a plot of the experimental signal and the 40 frequency approximation on the 

same axes.

0 3

Figure C.3: The measured input and finite frequency approximation.

The information contained in this approximation is implemented in the 

model in the following way. For each frequency considered, a complex co­

efficient, Bm, was found that represents the magnitude and phase of the 

frequency in the approximation. Therefore, at z  =  0 the normal stress was 

approximated by

40

f f - l - o *  (C.3)
m =l
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the Matlab script dispcurves.m, in Appendix A, along with the function fre- 

qeqn.m, in Appendix B. Figure C.4 contains the output from these programs. 

Compared with the previous example, very few modes propagate in the ex­

perimental model at the frequencies being considered. This is mostly because 

the experimental model is considerably thinner, i.e. r1 for the sample in the 

experiment is much smaller that r1 in the previous example.

7000

0000

sooo

§
3000

2000

1000

15
to’

Figure C.4: Dispersion curves for experiment.

For most of the frequencies included in the model the SDT being consid­

ered will respond as a single mode waveguide. Only at the highest frequencies 

considered is a second mode present.

The time domain response of the model is constructed using the matlab 

script 3igmazz.ui, in Appendix B. The results are plotted in Fig. C.5 with
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the experimental measurements.
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Figure C.5: Theoretical and experimental responses.

The theoretical model predicts the arrival of the wave at the correct time 

and the initial shape fairly accurately. The shape of the experimental and 

theoretical waves differ considerably afterwards.
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