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ABSTRACT OF DISSERTATION

MECHANICS OF LAYERED CYLINDRICAL ELASTIC WAVEGUIDES

This study provides an implementable method for constructing the dynamic re-
sponse of a semi-infinite elastic cylinder. The cylinder is assumed to be composed
of any number of homogeneous. transversely isotropic, coaxial layers. The source
of the excitation is an axisymmetric normal pressure applied to the free end of the
cylinder.

At each frequency, the propagating modes are retained and the evanescent
modes are ignored. making the solution an approximation to the exact equations
of elasticity. This approach yields a solution that is well suited for multiple mode
waveguides in which the length of the waveguide is very large compared with its

diameter.
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Chapter 1

INTRODUCTION

While the following research is primarilv of a fundamental nature. it is im-
portant to note that a number of practical applications are of immediate
relevance. Perhaps the most interesting and complex application is to the
grading of small diameter timber for use in structural applications. Other
investigators have also considered related problems with a view towards ap-
plications in areas such as inspection of composite materials and development

of sensors for hostile and high temperature environments.

1.1 Motivation

Traditionally. the forest products industry in the United States has exhib-
ited a preference for large diameter trees. Lumber and plywood mills were
designed to process larger logs and small logs were sold as poles, fence posts.
firewood and chips for pulp and manufactured wood product production. Lit-

tle attention has been given to higher value end uses for material from small
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diameter trees. A problem now exists with forest stands that are overgrown
with small diameter trees. The small diameter timber resource presents po-
tential problems in terms of the forest stand susceptibility to fire, insects
and disease. One method of alleviating this problem is to remove the small
diameter material from the forest. In order to make this a viable solution.
new, higher value markets must be developed to provide economic incentive
for its harvesting and use.

One potential use for small diameter timber (SDT) is in structural appli-
cations. Structural applications provide potential for adding value as well as
demand for small diameter round timber. A major barrier to the structural
use of this material is the limited knowledge of its engineering properties.
While there is a fairly large database on the strength of full size round wood
poles. conventional methods of deriving design stresses lack the rigor associ-
ated with the derivation of design stresses for stress graded lumber commonly
used in engineered systems. In order to improve the image of round wood as
a structural material. methods are needed to assign allowable stresses with
greater accuracy than is currently obtained using visual inspection methods.

Wood is an anisotropic material that in the full round configuration is
transversely isotropic. As a tree develops. the demands on the supporting
structure of wood change from fast upward growth in order to compete for
sunlight to lateral strength to resist horizontal wind forces. Mechanical prop-
erties in any one principle direction vary with location in the tree as a result
of the growth from juvenile or crown wood to mature wood.

In order to determine the strength grade of a SDT the percentage of each

type of wood which make up the cross section of the tree must be known.

3]
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When the SDT is excited by an external source of energy. the velocity and
attenuation of elastic waves propagated in the material are related to the
mechanical properties of the material. For many practical applications, the
velocity in the material depends on the dimensions of the specimen and
varies with the frequency of the signal. Phase and group velocity are well
understood for isotropic, homogeneous materials. but are more complex for
wood. or any other tranversely isotropic material. In order to reliably assess
small diameter timber a better understanding of elastic waves in transversely

isotropic materials is required.

Plane containing Central Axis

\ * \ Central Axis
\ \

[ e o

Figure 1.1: Transversely isotropic materials have symmetry about all planes

containing the central axis

Dimension lumber that comes from larger trees is usually modeled as or-
thotropic. A small diameter timber section is a transversely isotropic cylin-
der. A transversely isotropic cylinder has symmetric properties in all direc-
tions from a central axis. This symmetry results from wood growth which
occurs exclusively at the exterior of the tree. If the center of the tree is taken

as the axis of symmetry, then the material properties of the tree are the same

3
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in all of the radial directions from this central axis. Figure 1.1 illustrates this
type of svmmetry. In the figure the points z and y are reflections of each
other over a plane containing the central axis. Thus, they have the same
material properties.

In order to determine the behavior of waves through a SDT, the general

behavior of longitudinal waves in tranversely isotropic cylinders must be es-

tablished.

1.2 Background

With a historically rich area such as waves in cylindrical waveguides it is
important that this proposed work be understood in the context of this long
tradition. Theoretical work on the propagation of longitudinal waves in an
isotropic cylinder is extensive. The original work on wave propagation in
isotropic cylindrical waveguides was performed independently by two inves-
tigators, Pochhammer and Chree. late in the nineteenth century. [45. 6].
Later investigations were focused on theory and experiments related to the
propagation of waves in a thin waveguide. Skalak. Miklowitz and Folk et al..
(58, 37, 11]. Finally. less extensive investigations. primarily experimental.
have considered thick waveguides for which the modes are separated in time.
(35].

The solution presented by Pochhammer and Chree is a continuous wave
result that is the basis for understanding waveguides. These original works
showed the solution of the wave equation for this geometry, but it did not

include calculations of the roots of the frequency equations. As described by
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Love. p. 179 [32]. the characteristic (or frequency) equation can be easily
obtained, although finding the roots of the equation is much more difficult.

Continuous wave results may be used to understand phase velocity, the
propagation of modes and dispersion. Continuous waves consist of an infinite
train of sinusoids. Most signals of interest are not in the form of a single
sinusoid. but a pulse. Using a Fourier decomposition of a pulse, the response
of the waveguide can be solved by first determining the response due to
a single Fourier component of the pulse. This will be a single frequency
sinusoid. Then. using the principle of superposition the sum of all of these
single frequency responses is the response to the pulse. Using this method we
may obtain the response to an arbitrary input which meets mild admissibility
requirements.

The lowest branch roots of the frequency equation were first calculataed
by Bancroft in 1941. [3]. Bancroft found the roots of the frequency equation
for the first three modes. The numerical results from Bancroft’s paper were
verified by Davies in 1948, {7] Davies also performed experiments to test the
results. In his experiments. the energy is propagated in the lowest mode
of the waveguide. However, significant dispersion is evident in the received
signal. Davies uses a summation of frequencies to calculate the dispersed
signal. This approach is a physically intuitive way to address this relatively
complicated calculation. The theoretical results show good correlation to
experiments given the small number of frequencies that it was practical to
include in his manual calculations.

Some of the later work on thin waveguides focused on the propagation of

a pulse in a thin bar and examined the transient effects. Transient effects
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may be ignored in many of the practical applications because of the distance
that the pulse propagates from the excitation point. Multiple modes are
generated in a waveguide when the waveguide is greater than approximately
1/20*" of a wavelength in diameter. Modes correspond to different shapes
of the displacement across the diameter of the cvlinder, and in general the
modes travel at different group velocities and are dispersive. While the thin
bar description (single mode waveguide) is commonly used to describe wave
propagation, this description will not be emploved so that the diameter-
wavelength restriction may be avoided.

The subsequent work on waveguides that focused on transient effects for
the propagation of a pulse in a thin bar was motivated by the split-Hopkinson
bar experiment. It is important to understand the split-Hopkinson bar ex-
periment because it remains a basic tool for high strain rate material mea-
surements. The thin waveguide, in this context. may be considered less than
one-quarter to one third of a wavelength in diameter. While only one mode
propagates. dispersion is significant at the frequencies considered.

Among the work that considers modeling of the single mode dispersive
waveguide are papers by Skalak. Miklowitz and Folk, [38. 37. 11]. While this
research was concerned with a single mode propagating in the waveguide,
the solutions are quite complicated because of the emphasis on transient be-
havior in a dispersive geometry. Experimental studies were also performed
that support these theoretical investigations by Miklowitz and Nisewanger
and Fox and Curtis, [38, 14]. These experimental studies use waveguides
of approximately one-tenth of a wavelength in diameter. As in the the-

oretical work. dispersion of the first longitudinal mode is clearly evident.
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Comparison of theory and experiment was done in the time domain with
an emphasis placed on the prediction of the initial fast pressure rise seen in
the split-Hopkinson bar tests. The assumptions which underlies all of this
work is that the rise time at the leading edge of the wavefront contains a
sufficiently small amount of high frequency energy so that the energy in the
first waveguide mode greatly exceeds the energy in any other modes excited
in the waveguide. This corresonds to the single dispersive mode that in the
low frequency limit case results in the 1-D wave equation. This condition
is satisfied if appropriate experimental conditions are met, however, in the

most general case multiple modes are generated.

1.3 Multi-Mode Isotropic Cylinders

Experimental and theoretical models for a single mode waveguide were es-
tablished in the late 1940’s. with consideration of transient calculations con-
tinuing through the 1950’s. However. complete exploration of the roots of
the frequency equation for multi-mode waveguides did not occur until the
numerical difficulties were overcome by Onoe et al. in 1972, [44]. Onoe
and co-authors comprehensively explored both real and complex roots of the
frequency equation.

A number of investigators have also made use of multi-mode waveguides
to measure both the Ycung's modulus and shear modulus of materials in
a single experiment, (35]. The experiments were typically described using
a plane wave model which neglects dispersion. Discussion of multi-mode

waveguides by experimental investigators continues to depend on a model

—'
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which disregards dispersion of the wave. {23, 28]. Experimental use of multi-
mode waveguides is important since it provides the opportunity to obtain
both the shear and longitudinal modulus from a single measurement. In ad-
dition, the opportunity exists for the modes which correspond to different
displacements across the diameter of the cylinder to be used to inspect dif-
ferent portions of the cylinder. While experimentally important, analytical
and numerical models continue to be developed. Although. in general, these
models are computationally expensive and do not provide an appropriate
tool for in-situ NDE without considerable modification, [42. 18].
Experimenta! investigators have been forced to avoid the limitations of
the theoretical models by simply using plane wave descriptions of multi-mode
wave propagation in solid cyvlinders. Alternatively. the 1-D waveguide model
is used which is only applicable when the cvlinder is verv thin relative to
the wavelength of the elastic wave. While the plane wave model used by
experimental investigators becomes accurate in the limit of a large diameter
waveguide. the effects of dispersion disappears only in the large diameter
limit. A comprehensive approach is thus required which contains a suffi-
ciently complete description of the waveform without requiring the use of
computationally expensive modeling. The wave mechanics emploved must

be then in the form of an analvtical or hybrid analytical-numerical solution.

1.4 Anisotropic Waveguides

Investigations of waves in anisotropic materials are considerably more diffi-

cult than the classical, and well understood. isotropic problem. As in the
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isotropic case. anisotropic waves are governed by a hyperbolic system of
second-order partial differential equations. However, the number of indepen-
dent parameters, i.e. material constants, for anisotropic materials is much
greater. Isotropic materials can be characterized by only two parameters,
anisotropic materials can have from five to twenty-one independent material
constants. In addition to the increased number of parameters, the geome-
try of the body and svmmetry of the material may complicate analysis. In
an isotropic solid, the behavior of the material is the same in all directions.
Anisotropic solids show a preference to certain directions. Reconciling the
geometry of the body with these preferred directions constitutes a large part
of the analvsis of many anisotropic problems.

A complete description of the response of an infinite anisotropic body
responding to a localized disturbance was published by Duff in 1960. (8].
Duff’s results for a homogeneous anisotropic solid describe the response of the
solid in a Fourier transformed space. The study’s conclusions were focused
on characterizing the sheets of the different wave surfaces and their arrival
at an arbitrary point in the medium.

Approximate theories. such as Mirsky's {39]. are the most common ap-
proach to anisotropic waveguide problems. In a pair of articles, [40. 41].
Mirsky compares his approximate theory with the results from the exact
elasticity equations for a cvlindrical shell. The comparison was made by ex-
amining the dispersion curves for the approximate and exact theories. For
the exact theory, the dispersion curves were obtained via displacement po-
tentials and the completeness of this solution is not clear. However, for lower

frequencies the first four modes of the exact and approximate theories have
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good agreement. At higher frequencies the dispersion curves for the approx-
imate and exact theories do not agree.

Many other studies have been conducted on anisotropic waves with an in-
terest towards testing composite materials. Investigations such as Spies, [59].
are chiefly concerned with the more cartesian geometries of laminar compos-
ites. Nagy and Nayfeh, [43], investigate the layered cylindrical geometry of
fibers in a fibrous composite, but only obtain the frequency equation and

dispersion curves.

10
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Chapter 2

WAVEGUIDE MODEL

The overall goal of this research is to construct an analytic solution to the
response of a layered transversely isotropic cvlinder to a pressure field being
applied at one end of the cvlinder. The primary focus for applications is on
testing of small diameter timber. This application motivates the design of
our model. The following model will be used throughout the remainder of
the work.

The mathematical model of a cvlindrical elastic waveguide is well estab-
lished as presented by Love, [32]. The elastodynamic state of the body is
described given the external stresses and body forces acting on the body.
The coordinate system is chosen to be polar-cylindrical with the z-axis co-
inciding with the axis of the cylinder. In its simplest form this model would
treat an infinite waveguide, i.e. the cylinder would occupy a region extending
from : = —oo to z = oo. A radially and time varyving normal stress is ap-
plied to a cross-section of the waveguide. Thus, the model will extend from

z = c. the location of the cross-section where the normal pressure is applied.

11
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to = = oc. For convenience, let ¢ = 0.

2.1 The Homogeneous Shell

The first model is for a homogeneous shell. This is the basic component of
the lavered cylinder. Assume a normal pressure, o... is applied at z = 0. Let
the radial displacement. u,, vanish atz = 0. This is a mixed end condition
since a stress anddisplacement are prescribed on the end. The condition
u, = 0 is an approximation of the more physically realistic pure end condition
0. = 0. However. it was shown by Kennedy and Jones. [26]. that for large =
the difference in the solution to the mixed and pure end condition problems
becomes neglibible as = becomes large, i.e. the difference between the two
solutions tends to zero as : approaches infinity. The remaining boundary
conditions are that the inner and outer surfaces of the cylinder. r = a and
r = b, be traction free. i.e. ¢ e n = 0. where n is the outward unit normal to

each surface.

LN c*n=0
------------------ -~ b
. A= ) a
GZZ_’ ). ..........9..!...0.....7..4.?......{,‘.:. r
RN 7 bbbt =
Uy Of Gpr =0

Figure 2.1: Picture of a cylindrical shell waveguide
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Between r = a and r = b the elastic body must obey the equations of

motion

Oijj = i, (21)

where o,; are the components of the stress tensor and u, are the components
of the displacement vector. Differentiation with respect to time is denoted
by a dot and differentiation with respect to a spatial coordinate employs
the comma notation convention. In eqn.(2.1) body forces are not included.
In addition. the constitutive relation for isotropic or transversely isotropic
solids and the linear strain-displacement relations are emploved. For the
constitutive laws the contracted notation for the components of the stress

tensor, J,, and the components of the strain tensor. ¢,,. are used such that.

T = 0. € = €
02 = 032, € = €xn
O3 = 033, €3 = €33
gy = 023, € = €3
05 = 031. € = €3]
Jg = O12. € = €12

The constitutive law for an isotropic solid is then shown in the matrix-vector

equation as:

13
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where \ and p are the Lamé elastic constants. Using the same notation the

constitutive law for the transversely isotropic solid is:

a1
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0
0

Cyy
0
0
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The transversely isotropic solid has five independent constants while the

isotropic has only two.

Theisotropiccase is the simple model which will be used for initial demon-

stration of the approach employved. The simple model will be used to describe

several techniques for solving the problem of the shell response. However,

application to areas such as testing of small diameter timber or carbon pan

fibers requires more general material symmetry such as transverse isotropy.

A final assumption is made regarding the applied pressure field 0..,. An

axisymmetric applied stress field is assumed so that:

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.2 = O:(T, t). (2.4)

This. along with the material symmetry which was imposed implies that the
response of the cylinder will also be axisymmetric.

All of these assumptions leave us with a mathematical model of two cou-
pled partial differential equations (PDE’s) for the radial and axial dislplace-
ments, u, and u.. The third equation in eqn.(2.1), involoving uz = ug. will
reduce to the trivial equation 0 = 0 under the assumption of axisymme-
try. For the isotropic case the analvtical solution techniques can be found in
[1. 11. 9. 15]. These are the Pochhammer-Chree solution. the double trans-
form method and the method of eigenfunction expansions. The Pochhammer-
Chree solution assumes a solution composed of a superposition of harmonic
modes and derives a frequency equation based on this assumption. The
double transform method uses a combination of Sine, Cosine and Fourier
transforms to uncouple the PDE’s and find a solution in the transformed
space. The method of eigenfunction expansions assumes a series solution
for each displacement. then obtains an eigenvalue problem for the unknown
functions of the expansion. Each approach is examined in more detail in the

Chapter 3. Alternative Methods.

2.2 The Layered Cylinder

Clearly. for many important applications a homogeneous waveguide cannot

be assumed. A more complete waveguide model can be constructed which

-

15
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consists of homogeneous coaxial layers. On the outer boundary of this cylin-

der the same boundary conditions exist as on the homogeneous shell.

Figure 2.2: Picture of a two-layered cylinder, the outer and center layers have

radii r* and r?. respectively.

On the interior of the cvlinder the equations of motion. constitutive and
strain-displacement relations remain the same as in the shell. A discontinuity
in material properties exist between the layers. Therefore. the governing
differential equations take the same form except that the coefficients are
defined piecewise.

Continuity of stresses and displacements across the layer interfaces allow
a solution to be constructed from the solution to a single shell via transfer
matrices. The transfer matrix method avoids the creation of a separate
frequency equation for each layer and a single frequency equation is obtained

for the entire cylinder.

16
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Chapter 3

ALTERNATIVE METHODS

In principle. several alternatives exist for constructing an analytic solution
to the waveguide problem. However. none of these approaches is sufficiently
general to be used in all cases. This chapter is devoted to outlining some
of these other methods. For simplicity in describing these techniques the
material is assumed to be isotropic throughout this chapter. However. one of
the reasons these methods are not emploved for the more general case is that
they do not lend themselves well to anisotropic problems. Each method does
have some advantages in at least the class of application for which it was

originally proposed. The suitable applications will be pointed out in each

section.

3.1 Pochhammer-Chree Modes

The Pochhammer-Chree solution underlies all of the solution techniques

which are used. These results are available in numerous references and are

17
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included here for completeness. [1. 11. 9, 15]. The results motivate the form
of the other approaches to constructing a solution to this problem. The first
step is a Helmholtz decomposition of the displacement field. It is well known
that any sufficiently ‘well behaved’ vector field, z, may be decomposed into
the sum of the gradient of a scalar potential, ¢. and the curl of a solenoidal

vector potential. ¥, [2].

i=Vo+V xuw, where V-u =0. (3.1)

The equations of motion for an isotropic elastic body may be written in

invariant form as:

pV3ia + (N + p)VV - i = pit (3.2)

[nsertion of the decomposed form of @. eqn.(3.1). intc eyn.(3.2} vields the

equation

v [(,\ +24)V%0 — pé}] +V x [uvgu:' - p{}] = 0. (3.3)

This equation is clearly satisfied if

po = (M+2u)V?0 and (3.4)

pr = uvzi‘- (3“5)

It is clear that a solution to eqn.(3.4) and (3.3) will solve eqn.(3.3). What is

not immediately clear is that all solutions of eqn.(3.3) must also be solutions

18
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of eqn.(3.4) and (3.5). It is explained in Graff. p. 275-276, {19], that this
is indeed the case. A simple wave equation for each of the displacement
potentials is then produced. This approach is preferrable to attempting to
evaluate the equations of motion in terms of displacements.

The solution to the wave equation,

1 P 9 3
=f=V°f. (3.6)
2

is a traveling wave of the form
f(p-Z—ct) (3.7)

where p is the propagation direction, Z is the spatial coordinate. c the velocity

of propagation and ¢ is time. In eqn.(3.4) the velocity of propagation is:

A 2u
p

c=¢CL =

(3.8)

This is the velocity of longitudinal waves in an unbounded elastic medium.

In eqn.(3.5) the velocity of propagation is:

=Cr = \/E (39)
P

This is the velocity of transverse waves in an unbounded elastic medium.
Any reasonably smooth disturbance can also be represented as a sum of

single frequency Fourier components. Due to the symmetry in the problem

19
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the propagation is in the z-direction and the coefficient of any single Fourier
component is a function of r alone. This leaves the following form for a single

mode of the potentials.

o = ofr)ettks—wt) (3.10)
v, = wr)elkst (3.11)
ve = wp(r)ettkset) (3.12)
v, = w.(r)etkset (3.13)

The expression for o can be put into eqn.(3.4). The resulting equation

for o(r) is the Bessel equation

ld { do w? ”
- —_—} + —_—— KT = 3 4)
rdr(rdr) (Ci k)o 0 (3.14)
Therefore.
o(r) = AJy(pr) + BYo(pr) (3.13)

where J; and Y are Bessel functions of order zero of the first and second
kinds, respectively, p? = > - k*. and A and B are arbitrary constants.
L
Now. consider the vector wave equation, eqn.(3.5). Writing out the com-

ponents in cylindrical coordinates:
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0 = Vzw'—}_'z*ﬁﬁ -—'0-2[-: €, (3.16)
[ 29y, U . i}

+ V“lg—wg rz—é‘b- g ég (3.17)

+ |V, — iq- é. (3.18)

First, note that for the right side of this equation to equal the zero vector.
each component must vanish independently. Thus. eqn.(3.16), (3.17) and
(3.18) represent three separate equations for the unknown components of .
Second, notice that eqn.(3.18) is uncoupled from the other two. Therefore. it
is the best place to start. Substituting eqn.(3.13) into eqn.(3.18) the following

equation is obtained for v, (r),

1d (,& N “’_,,“_k2> v, = 0. (3.19)
rdr dr cr

This equation is of the same form as eqn.(3.14). Thus. the solution is

w.(r) = CJo(gr) + DYgy(gr). (3.20)

2]

The argument of the Bessel functions has changed to q where ¢° = %l_r - k=

Now, the coupled PDE’s, eqn.(3.16) and (3.17). need to be solved. In
general, this is a very difficult problem. It is simplified somewhat by the fact
that the solutions must be of the form in eqn.(3.11) and (3.12). Substitution

of these forms for v, and wg into eqn.(3.16) and (3.17) vields the uncoupled
ODE'’s:

21
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ld [ dy, w? oo, 1
= —— — —_— — — n .2
0 rdr(rdr)ﬂc[(% k) rz]z,, (3.21)
_ 1 d ‘ dwa w2 2 1 " 929
0 = ;E (f' ar ) + [(% k 2 Ug (3......)

The solutions to these two equations are

ve(r) = EJy(gr)+ FYi(gr) and (3.23)
we(r) = GJy(gr) + HY (qr). (3.24)

The functions J, and Y] are Bessel functions of first order of the first and
second kinds, respectively.

One more detail must be addressed in the Helnholtz decomposition of
the displacement field. The vector potential, v. is restricted to be solenoidal.
ie. V-u = 0. With expressions for all of the components of v the exact

consequence of this requirement is evident. In cylindrical coordinates

- 10 10vy Ovu.
Vs It e T e

Using the solutions for the components of . V - v = 0 implies

0 = {q[EJo(gr) + FYs(qr)] + ik [CJo(gr) + DYy(qr)]}e'*=~<"(3.26)
= [gEJo(gr) + qFYa(qr)] + i [kCJolgr) + kDYa(qr)] . (3.27)

Equating real and imaginary parts it may be concluded that E = F =C =
D = 0 since Jg and Y are linearly independent. Therefore, for axisyvmmetric

modes of an isotropic cvlindrical shell the displacement potentials are

22
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¢ = [AJo(pr) + BYy(pr)] <=1
¥, = 0
v = [GJi(gr)+ HYi(gr)]e®==)

v. = 0.

(3.28)
(3.29)
(3.30)
(3.31)

A technical remark can also be made regarding eqn.(3.27). It is possible

for ¢ to take on ccmplex values. However, when this occurs ¢ will be purely

imaginary. The series expansion for Bessel functions of order zero contain

only even powers of their argument. Therefore. although the arguments may

be imaginary, Bessel functions of order zero (or any even order) will have

real values. This justifies equating real and imaginary parts of eqn.(3.27).

It should be kept in mind. however. that Bessel functions of odd order. first

order in particular. will not have real values when their arguments are imag-

inary.

For a general decomposition of the form in eqn.(3.1) the components of

displacement are related to the potentials by

do 10v. Oug

“ = tim  o:
\ o 100 0u o
8 = Y907 o: or
Y= = 5T rar VY T T e

Using what has been presented thus far,

(3.32)
(3.33)

(3.34)
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ur = —[pAJi(pr) + pBYi(pr) + ikGJy(qr) + ikHY,(qr)] e**~{3.35)
ug = 0 (3.36)
u; = [ikAJo(pr) + ikBYy(pr) + ¢GJo(gr) + gHYo(qr)] €5~ (3.37)

From this result the form of the modes of the isotropic shell have been
established. The cross-sectional displacements are a linear combination of
Bessel functions of the first and second kinds of two different arguments

multiplied by a factor e***

—«t)_ Later. when the form of a solution is specified
this result is the major justification for the ‘guess.” A very similar form will
also be used for the transversely isotropic shell. The difference will be in the

arguments of the Bessel functions, the form will otherwise be the same.

3.2 Double Transform Method

The double transform method is one method that has been successful in gen-
erating formal analytic solutions to the semi-infinite cylinder. This method
uses a combination of Fourier and Fourier sine and cosine transforms to sim-
plify the equations of motion. In the :z-variable a Fourier sine or cosine
transform is used and the Fourier transform is used to transform t. The
transforms of a quantity f are defined by: (Superscripts denote transformed

quantities.)
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fF(r.z.w) = /cc f(r, z, t)e™dt (3.38)
fS(r.v,t) = / f(r.z,t)sin(vz)dz (3.39)
f€(r.~.t) = / f(r,z.t) cos(yz)dz (3.40)

The method can be used to find the solution. in the transformed space, to
the displacements in a semi-infinite isotropic shell subject to mixed end con-
ditions. This requires only a minor modification of the procedure described
in [11], where a solid cylinder is considered. While the double transform
method has significant advantages. a significant barrier also exists to practi-
cal implementation as well.

To apply the method the effect of the transforms on derivatives needs to

be established.

F

(%{.) = f(t=0)-ifF (3.41)
C

(—g—i) = —f(z=0)+"/fs (3.42)
S

(g—f) o f€ (3.43)

Under axisymmetry the equations of motion may be written as:

6.& , 00
= 3= +2 ;
L5 + 2G5 (3.44)
. A 2 ,9(rQ) .
W= cpg ror pe (3.43)
25
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Where u and w are the radial and axial displacements, ¢; and cr are the
velocity of longitudinal and transverse waves in unbounded media. and A
and  are the dilatation and non-vanishing component of rotation.

First, a Fourier sine, then a Fourier transform of eqn.(3.44) is taken.

Noting that the cylinder is initially at rest, u(t =0) = ¢(t =0) = 0:

2. SF 'ZBASF
—wWu = CL

- 2C2~4QCF (3.46)

For eqn.(3.43). a Fourier cosine. then a Fourier transform are taken. Again.

note that the cylinder is initially at rest.

- 9 2 2 1 End
—2wF =~ AF (= 0) + A~ASF - 27~ (3.47)

To continue. a more convenient form for the term AF(:z = 0) is needed.
Recall that this is the mixed end condition problem. therefore. u |.-o= 0.

and

19(ru ow ow
—\(: = 0) =24 |:=0= ; (a’l' )l:=0 + '6—:' l:=0= _a? ==

(3.48)

The other end condition is to specify the normal stress at = = 0. For now

consider a time varyving end stress and denote it by:

O:: |z=0= P(t) (3.49)
Then. using the constitutive law for isotropic solids

26
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ow ow ow ;
Ozz|:=0 = AD|:=0 + 2#—9!,;:0 =(A+ 2#)&[::0 = Pcig'lz:O (3.50)

Therefore,

2 Ow :
P(t) = pcza—lflzzo (3.51)

Combining eqn.(3.48) and (3.31). it can be concluded that

_ P
==z

Take a Fourier transform of eqn.(3.52) and replace AF(z = 0) in eqn.(3.47) to

A(z=0) (3.52)

obtain a final equation for the axial displacement in the transformed space.

2 PF 2 2 10 r-QCF
Pl = -+ A5 - ‘2“%‘(—&—)‘

So far the method has vielded two ODE'’s for the transforms of the dilatation

(3.33)

and the rotation. eqn.(3.46) and (3.53). Before solving these equations they

must be uncoupled. This is accomplished by first noting

SF

ASF = %B(rgr )—, €F and (3.54)
1 a,wCF .

QcF = 3(711”———67_ ) (3.35)

Taking the appropriate combinations of the ODE's, eqn(3.46) and (3.33). the
left hand sides will contain the quantities ASF and Q¢F and the equations

will be uncoupled.

27
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13 8ASF UJ2 2 SF ¥ F
= 19 © 2 asFL L p 3.56
° a[ ar]”“(c% ’)A 0 (3:59)

These are Bessel equations and can be solved easily. The equation for
ASF contains the non-homogeneous term Z’%{PF . If the applied pressure has
a radial dependence then this must be dealt with at this stage. However. as

it is. this term is constant with respect to r and the solutions are:

\SF ~PF

AJo(pr) + BYa(pr) + (3.58)

QF = CJy(gr) + DYi(gr) (3.39)

where J, and Y are Bessel functions of the first and second kind, respectively.

A, B. C and D are constants with respect to r and

- (3.60)

-5 (3.61)

Ignoring the possibility of a radial dependence in the applied pressure. P.
is a large physical restriction. To include the possibility of P depending on r
introduces the complication that the non-homogeneous term in eqn.(3.56) is
non-constant. This is not an oversight, but a simplification for the purpose
of brevity.

The boundary conditions on the curved surfaces of the shell are used

to determine the arbitrary constants in eqn.(3.58) and (3.39). Expressions

28
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for the transforms of the displacements are needed. This is accomplished by
using the coupled ODE's. eqn.(3.46) and (3.53), and inserting the expressions
for ASF and Q€F from eqn.(3.58) and (3.39).

uS 2"" [CJi(gr) + DYi(gr)] + sz [AL(pr) + BYi(pr)]  (3.62)

..2 PF‘ 2.,

[ LY } - — L [AJo(pr) + BYy(pr)]  (3.63)
- W pUJ“ o'

2

q [CJO(QT) + DYg(qr)]

w2

The equations that will determine the constants are the traction free lateral
surface conditions. Since there exist two non-trivial stresses. o, and o.,, this
will provide four equations. two at the inner and two at the outer radius.

The transformed stresses are

SF

o3F = p(c%—‘.?o:})ASF+2po§-agr and (3.64)
ouwcF _

O’:CTF = por( uSF + pm ) (3.63)

The undetermined constants are now found by solving the following equa-

tions.

SF

o, = Q0atr=a (3.66)
oF = O0atr=b (3.67)
oF = Oatr=ga (3.68)
oF = Qatr=b (3.69)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where a is the inner radius and b is the outer radius.

After determining the constants the solutions to the radial displacements
and the axial displacements in the transformed space are complete. From
these any desired quantity can be found, provided the inversion of the trans-
forms is practical.

The double transform method was first used by Folk, Fox, Curtis and
Shook. [11], to find the sum of the strains, ¢.. + €59. However. the method is
equally well suited for finding any of the components of displacement. stress
or strain. Upon finding the transform of any desired quantity the only re-
maining step in finding the solution is inverting the transforms. This is a
very non-trivial procedure and a large obstacle in practical implementation.
In [11. 26. 18] the Fourier sine and cosine transforms were inverted asymp-
totically, and in [30] an exact inversion via the residue calculus is shown to
be impossible. Therefore. these existing analvtic approximations are difficult
to obtain and only valid for large z.

The method has successfully been extended to several cases of interest.
First, Kennedy and Jones, [26], were able to apply the method to the case
where the applied normal stress varies radially on the free end. Thev were
also able to show that the asymptotic solution is a good approximation at
distances greater than 20 diameters down the axis of the cyvlinder. In an
extension by Goldberg and Folk, [18], the pure end condition problem is
treated by splitting the pure end condition into the sum of 2 mixed end
conditions. Lastly, in Laverty and Peterson [30], an explicit method is given
for extending the double transorm solution of the response to a pressure step

to any time varying pressure. This keeps inversion of the fourier transform

30

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



relatively simple by avoiding a complicated P*.

3.3 Eigenfunction Expansions

The method of eigenfunction expansions is used to generate a series solution
for any combination of boundary and initial conditions on the shell. To apply
the method a series solution is sought for all displacements and stresses of

the form:

f(r. <, t) = Z anfn(l')e"(k":—“"t)

n
This sum is a superposition of modes of constant frequency and varying
wavenumber. The functions f,(r) are called the radial eigenfunctions. Sub-
stituting these sums into the equations of motion vields an eigenvalue prob-
lem involving the radial eigenfunctions. f,. and the eigenvalues, k,. All
quantities have the same coefficients. a,, which are determined using a bi-
orhtogonality relation and the boundary data. Theyv kev to implement-
ing the method is solving the eigenvalue problem then discovering the bi-
orthogonality relation and applying it properly.

Power and Childs, [46], were the first to use the method. They found
series solutions for displacement potentials of semi-infinite cylinders. then
combined solutions of 2 semi-infinite cylinders to obtain a solution to a finite
cvlinder. Later. Fama, [9], used the technique on the equations of equilib-
rium and found a most general bi-orthogonality relation for isotropic shells

that could be used on any combination of stresses and displacements in the
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boundary data. This paper also established the completeness of the radial
eigenfunctions for most cases and at least conjectures the completeness for
all cases. In a short note, Fraser, [15], extended the exact approach in {9]
to find the bi-orthogonality relation for the dynamic case. All of these pa-
pers, [46, 9. 13]. were concerned with isotropic cylinders with circular cross-
sections. In two papers Robert and Keer, [54, 53], used this method to solve
for the axisymmetric and asymmetric response of both semi-infinite and finite
cvliders for many different combinations of boundary data.

Gregory, {20]. showed that a general bi-orthogonality relation exists for
cylinders of general cross-sectional shape and anisotropic materials providing
that the planes = = constant are planes of elastic symmetry. This even more
general relation is merely a consequence of the dynamic recirocal identity.
and need not be derived for each case from the differential equations.

With a slight variation. Folk and Herczinski, {12. 13]. used the method
of eigenfunction expansions to produce a generalization of Sturm-Liouville
theory to a set of non self-adjoint operators. then applied their method within
the context of dvnamic elasticity to check the results against a previous

solution, {11], obtained by the double transform method.

3.3.1 Governing Differential Equations

Now, the method will be outlined using an isotropic cvlindrical shell with
traction free lateral surfaces. The equations of motion in terms of displace-

ments are given by:
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.0 [10(ru) A Ow , 0 [0u Ow -
© T Y% [; ar z] T T [az or (3:70)

9 [18(ru) oOw] &8 (Gu aw) -

— 27 |2 | = e
YT Ly [r ar +Bz} ror | \dz or (3:71)
First, apply the proposed displacements to eqn.(3.70) and (3.71).

v = Zanun(r)e‘(k":'“’” (3.72)
wo= Y agwa(r)etesmed (3.73)

n
After substituting the expressions for u and w into the equations of motion.

the ODE's for the radial eigenfunctions u, and w, are obtained.

0= & [ld(”‘“)] + (““— - c2k3> un + ikl — ) (374

drir dr L dr
1d [ dw, wr oo, . 2 Ld(ruy) -
= -2 LK) w, + k(1 - )= .
0 rdr[r dr}+<2 n)w,,-H (1 c)r = (3.79)

These equations contain the complication that the eigenvalue. k,. appears
both linearly and squared in each equation. To remedy this. assume an

eigenfunction expansion for the dilatation and rotation.

A = ZanAn(r)e'“‘“:""'” (3.76)
Q = ) auQa(r)eitnimen (3.77)
33
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In terms of displacements these quantities are:

, 10(ru) Ow -

S r or + 8z (3.78)
1 [0u Ow -

° = 5% %) (379)

The radial eigenfunctions for each of these quantities is related by the equa-

tions:

id(run)

A, = + tkpwy (3.80)
r dr
1. duy, .

Q, = §[zknun— dr] (3.81)

Differentiating eqn.(3.80). solving for ikn%n and substituting into eqn.(3.74)
veilds eqn.(3.82). This equation contains the eigenvalue squared only. Simi-
larly. an expression for ikn}‘—“'d',‘,—") can be obtained from eqn.{3.81) then sub-
stituted into eqn.(3.73). This results in eqn.(3.83), which also contains tue
eigenvalue squared. These two resulting ODE’s, eqn.(3.82) and (3.83), now

contain four unknown radial eigenfunctions. but only the square of the eigen-

value k,.
_d [1d(rup) W, o [dAn  d [1d(run)
O_dr[r dr ]+<cf_ hy | un + (1 =c) dr dr|r dr
(3.82)
1d | dw, W, o 12d(rdn)  ld(rw,
0-:5[%]+(:;"‘n)"’"+(1‘c)[: & Ty dr]
(3.83)
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Two more equations involving the four radial eigenfunctions are needed.

Consider the equations of motion in terms of the dilatation and rotation.

, 04 2 o0

i = A— 5 +92 Gae (3.84)
. 20A 2,0(rQ) -
W= -+ g (3.85)

By differentiating. these two equations can be uncoupled into wave equations

for the dilatation and rotation. First, perform the operations:

L e + -[(3.89) (3.56)

This will yield a wave equation for the dilatation:

(o2 [Ld (8, @ i
i=¢ [rar GE) + ——:2] (3.87)
Similarly.
8 8
5.13:84)] - =-[(3.85)] (3.88)

will vield a wave equation for the rotation:

Q=

22 [1 a(r Q)] L2 &0 (3.59)

ar r or "’”azz

These equations agree with the intuition that the dilatation will travel with

the speed of a longitudinal wave and the rotation will travel with the speed
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of a shear wave. Applying the eigenfunction expansions for A and € to the
wave equations for A and , eqn.(3.76) and (3.77), two additional equations

are obtained involving the square of the eigenvalue k.

1d [ dA]  (w?

0 = ;E‘- [T i } + (-c—zz—kn An (3.90)
d {1d Wwo,

0 = 5[?%“9") +(g—1\n Q, (3.91)

3.3.2 Boundary Conditions

Determing the radial eigenfunctions and eigenvalues is now acheived by solv-
ing eqn.(3.82), (3.83), (3.90) and (3.91) along with the appropriate boundary
conditions. The condition that the inner and outer surfaces of the shell re-

main traction free is written as:

0,y = O0atr=a.b (3.92)

or. = Oatr=a.b (3.93)

where a and b are the inner and outer radii of the shell. respectively. The

stresses in eqn.(3.92) and (3.93) can be expressed in terms of u. w. A and Q.

o = 2 (Q + ‘;—"‘) (3.94)
o, = A +2u % (3.95)
rz — l-l-dr .

In terms of radial eigenfunctions these boundary conditions can be expressed

as:
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dw,

Q. + = Qatr=a.b (3.96)
dr

AN, + 2/,5%- = Qatr=a,b (3.97)
dr

After solving these BVP’s, what remains is finding the bi-orthogonality
relationship and applying it to determine the constants, a,. This relation-
ship is found for the isotropic cylinder by directly manipulating the equations
of motion. [9, 15]. However. dealing with each type of material symmetry
separately by using the differential equations can be avoided by employ-
ing the dynamic reciprocal identity. Gregory, {20]. derives the necessary
bi-orthogonality relationship from the reciprocal identity for cvlinders of any
material that has the planes z=constant as planes of symmetry. His rela-
tionship is also applicable to cylinders of general cross-sectional shape. not
just circular.

This method is very general. The bi-orthogonality relation has been
shown to exist for very larger class of materials. but so far the method has
been used only on isotropic problems. For anisotropic materials it is not clear
how to include the eigenvalues, k,, in only one form. For the isotropic case
the governing differential equations were manipulated until the eigenvalues
were squared in each equation. This is possible because the dilatation and
rotation are uncoupled in isotropic materials. In general. for anisotropic ma-
terials, the dilatation and rotation are coupled, thus making it impossible to

use the same approach.
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Chapter 4

SUPERPOSITION OF
PROPAGATING MODES

The method of superposition of propagating modes will be used to construct
solutions to the fundamental problem of waves in a transversely isotropic
shell. This solution can then be extended to include layered cylinders. This
technique is consistent with the approach employed by Nagy and Nayfeh.
[43]. However, it is repeated here to extend the method to obtain physi-
cally meaningful quantities such as displacements and stresses in the layered
cylinder.

This method is a variation of the eigenfunction expansion method. In the
eigenfunction expansion. a series solution is sought for any quantity of inter-
est. In the present approach the advantage of a couple of physical insights
is used. First, an input, a normal pressure o, at a fixed frequency, will pro-
duce a response of the same frequency in the absence of non-linearities. The

actual input will be assumed to be composed of a finite number of frequen-
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cies. Therefore, the response will be a superposition of responses at the same
frequencies. The assumption of a finite frequency input does not represent
a significant limitation because even an infinite number of frequencies in the
input can be combined with a Fourier decomposition to find the frequen-
cies with the largest Fourier coefficients. The response of the shell to these
frequencies will dominate the solution.

The second physical insight used to simplify the process is that at any
given frequency, only a finite number of modes will propagate down the
waveguide without attenuation. An infinite number of modes are generated
in order to satisfv the end conditions. but those modes above the cutoff
frequency will be evanescent and will decay exponentially. Because of the
exponential decay along the length of the waveguide the contribution these
modes make to the overall response will become negligible.

The advantage of this insight is that the response of the shell can be
represented as a finite sum of propagating modes. One apparent disadvantage
is that by ignoring all attenuating modes. the end conditions on the shell are
only satisfied approximately. However, by selecting an appropriate inner
product for the end condition and the modes, no limitations on the accuracy
of the solution exist. [n practice, a simplified inner product is usually used

because of the complexity of the orthogonality relationship, [66].

4.1 Constructing Mode Shapes

The axisymmetric equations of motion, for anv material symmetry, are given
by:
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0% 10 d0,-
u Uao+ Orz

5 = el T Tt (41)
0w 10 00, \
T orale g (42)

In these equations o;; are the components of stress. p is the density and u
and w are the radial and axial components of displacement, respectively.
For a transversely isotropic solid the non-vanishing components of stress

under axisymmetry may be written in terms of the displacements

Orr = Cug-tep_+ g (4.3)
u ow
Ogg = Ciam— +Cyy 2+ g (4.4)
10 Jw -
O.: = ClS;E(ru) + e (4.5)
du Ow
Orz = C44 (a—: + E) (4.6)

where c;; refers to the contracted notation for the 4% order constitutive tensor
for a Hookean solid. Using these relationships between stress and displacment
the equations of motion can be written as:

0%u d [1 d (4.7)

—_— - _._( ) +( + )a2_w+ @.
p8t2 c“@r ror e €13 ¥ Cua ordz Cmaz2

Fw 18 ( 6u 18 ( dw Pw
Tz (013+C44)'1:g T’a‘z' +C44;5 i '*'033‘5;2‘ (4.8)

The propagating modes of this solid are sought when it is excited by a
normal pressure applied to the end at z = 0. This can be formulated as a

part of the model through the application of the boundary condition
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O:= |z=0= P(T,t). (49)

In addition, the curved surfaces at the inner and outer radius of the shell are

to remain traction free. This implies that

Orr |r=a.b =0 (410)

Or: [r=ap = 0. (4.11)

Equations (4.7) through eqn.(4.11) compose a boundary value problem (BVP)
for the displacements. The analysis of this problem is begun by attempting
to solve these PDE’s and then considering the consequences of the boundary
conditions. For the case of an isotropic shell (see section 3.1) the displace-

ments are a superposition of traveling waves of the form

u = [AJ(pr) + BJi(gr) + CY (pr) + DY (gr)] k=<8 (4.12)
w = [EJo(pr) + FJo(gr) + GYs(pr) + HYp(gr)| et (4.13)

2 " .
where p? = ¢ — k2, ¢ = % — k® and ¢, and cr are material constants.
L 1 g

From this result it is reasonable to assume that the displacements in the
transversely isotropic shell will be similar. Therefore, the modes are assumed

to take the form

u = AB(yr)e'ks—wt (4.14)
w = BBy(yr)elk=—vt), (4.15)
4]
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The functions By and B, are Bessel functions of order 0 and 1, respectively,
and A and B are arbitrary constants. The Bessel functions may be of the first
or second kind. In the isotropic shell Bessel functions of the first and second
kind were present. The radial wavenumber v has vet to be determined in
eqn.(4.14) and (4.15). In the isotropic shell v had two values, p and q, which
depended on the frequency, w, the material constants, c¢; and ¢r and the
axial wavenumber, k. It is therefore reasonable to expect v to depend on the
corresponding quantities for the transversely isotropic shell. The frequency,
w, material constants. ¢;; and axial wavenumber, k.

Upon substituting eqn.(4.14) and (4.13) into eqn.(4.7) and (4.8),a2 2 x 2

system of linear algebraic equations is obtained for 4 and B.

pwz _ Cll"fg — cuk? —tkvy(c13 + Caq) A — 0 (4.16)
thv(r13 + Cu) pw? = ey ¥ = cyk? B 0

Existence of non-trivial solutions requires that the determinant of the coef-

ficient matrix vanish. This gives a quadratic equation in .

0=0by + b1‘72 + b‘z"/" (4.17)

Since the coefficients in this equation are expressions involving w. &k, p and
the c;;’s, the initial interpretation of the nature of v is consistent with the
isotropic cylinder.

If the two solutions to eqn.(4.17), viewed as a quadratic in ¥2, are given
the labels 42 and 42, then solutions to the quartic equation are +v, and +7,.

This represents four solutions to the original differential equations. The

42
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solution for a single mode should be a sum of these four solutions. However,
By(—~r) = Bg(yr) and B,(—vr) = —By(yr) so only v, and 7, contribute
linearly independent solutions. Thus, it is possible to let the contributions
from —v; and —v, be absorbed into the solutions from v, and ~,.

One more piece of information can be obtained from the matrix equation
for A and B. There exists a constant £ such that B = £4. This constant
will reduce the number of arbitrary constants in the general solution. It is

easily shown that:

2 2 2
—C11V5 — Cyuk
§12= ALY B (4.18)
ik a(c13 + caa)

Assume that By = Jy and B, = J,. Then the expression for the displace-
ments would be a linear combination of the solutions corresponding to ¥,

and 7,.

u = [Ai(nr) + Ay (rer)] eF Y (4.19)
w = [Bio(mir) + Bado(rer)] €57 (4.20)

= [A&do(nr) + Abao(rar)] e

If instead, By = Y; and B, = Y;. Then the displacements would be

u = [AiNi(nr) + AYi(qer)] e (4.21)
w = [BiYo(nr) + BaYo(rer)] %79 (4.22)
[Ai&Yo(mnir) + A& Yo(7or)] 5570,
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These two possible solutions are linearly independent, therefore, a full solu-
tion must be a linear combination of the two. Since the constants are already

arbitrary the solution is the sum of the two solutions.

u=[A i (nr) + Adi(rer) + AVi(nr) + LY(rer)] 55790 (4.23)

w = [Ai&Jo(nr) + Asbado(rar) + A& Yo(mr) + A2&Yo(ror)] €5~
(4.24)

4.2 The Stresses

The next step is to consider the stresses that correspond to the displacements
constructed in the previous section. These expressions will be used in the
following section to derive a frequency equation. The number of modes that
propagate in the shell without attenuation will be determined by finding the
roots of the frequency equation. The expression for the stress applied at the
end of the shell, 0., can then be represented as an expansion over all modes
to find the amplitudes of the propagating modes.

For compactness of notation, the common term of e'*3~<* will be sup-

pressed. The stresses are then:
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ou u Jw
Cugs T+ g (4.25)

Orr =

1
= eun +tkara&)Jo(nr) + (cr2 — Cu);JL (mr)| A

I

-

. :
+ |(eum +ikcz€y) Yo(nir) + (cr2 — Cn);h('hr) Ay

- X :
+ L(Cn‘m + ikci3€a) Jo(var) + (cr2 = Cu);Jl(‘mr) Ay

1.. 1 -
+ [(er1ye + tke13&a) Yo(var) + (€12 — 611)";}'1(72'") As

ow
O:x: = 013;—("11)'*'033

or ES
= [(ci3n + tkeasén)Jo(nir)] A

(

+ [(cian + ikeas€)Yo(nr)) A

+ [(c1372 + ikeszba) Jo(var)] A2
(

+ [(c13v2 + ikesz€a) Yo(rar)] A2

a -
Or: = Cyq4 (%’;ﬁ + _a};) (4'2‘)

= [cas(ik = n&)Ji(nr)]
+ [eau(ik = n&)Yi(nr) A
+  [cas(ik — 12&) N1 (7er)] A2
)

+ [cu(ik = 126)Yi(72r)] A2
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4.3 The Frequency Equation

The frequency equation is derived from the traction free conditions on the
inner and outer surface of the shell. The equation relates the frequency, w,
and the axial wave number, k. In general, for multi-mode waveguides it is of

the form

F(w.k) =0. (4.28)

If we consider w as being fixed the k's that satisfy eqn.(4.28) form a discrete
set. {ki,ko,...}. For each of these k’s there is an admissible mode in the
shell that should be considered.

The displacements for a fixed frequency response are of the form:

u = u(r.z.t:k) (4.29)
w = w(r,ztk). (4.30)

It is well established that there may be more than one admissible value of
k for any single frequency. Thus, using the priciple of superposition, the

displacements must be a sum of these admissible modes.

u = Zu(r,z.t:k(_,-)) (4.31)
]

w o= Zw(r,z,t;km) (4.32)
J

Similarly, the stresses in the shell will be a sum over a set of admissible

modes. In the final analysis only a finite number of the k’s are retained.
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The resulting sums are finite. The finite number of k£ terms also keeps the
analysis relatively simple and makes the use of limit operations, such as
differentiation, justified.

In order to obtain the frequency equation consider a single mode traveling
down the length of the shell. At the inner and outer curved surfaces of
the shell the stresses o,, and o,, are zero. Evaluating the expressions in

eqn.(4.25) and (4.27) at r = a and r = b four equations are obtained for the

four constants 4;, 4;, 4, and A,.

ol [o
."/[11 ce ."/I“ -
A4 0
= (4.33)
A2 0
."{.u e ."’[44 _
A, 0

The entries in the coefficient matrix are
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Mn = (cum +ikeis&i)Jo(ma) + (a2 — 611)2-]1(‘710)
My = (cum +ikciaéi)Yo(ma) + (12 — Cu)éyl("ha)
My = (cum +ikciza)Jo(v2a) + (12 - cu)éJl(’Yza)
My = (enme +thciaé2)Yo(rea) + (12 — Cu)éyl(’/za)
My = (eumn +tkciaéi)Jo(md) + (c12 — Cu)%Jl(‘/lb)
S¥i(nb)
My = (cnye + ikciaz)Jo(72b) + (€12 — Cu)%Jl(‘lzb)

My = (cium +ikeis€)Yo(vid) + (c12 — cn)

X 1..
Myy = (cnve + tkeaéa) Yo(v2b) + (c12 — Cu)gh(‘/zb)

My, = c; (tk = né&)J(ma)
My = ci4(zk M&)Yiina)
My = —;—(zk Y262)J1(120)
My = g—(zk—vzsz)Y(vza)
My = C—;“‘-(zk &) Ji(1b)
Mo = ik - n&)Yinb)
My = Sff(lk-’Yzfz)Jl(‘Yzb)
My = —gi(zk—vzszm(vzb)-

The determinant of the coefficient matrix must vanish for non-trivial so-
lutions to exist. The evaluation of the determinant of the coefficient matrix
results in the frequency equation that relates w and k. For the transversely

isotropic shell the resulting expression is quite complicated. The values of
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k that satisfy the equation may be ootained by a numerical method. In
Appendix A, a copy of the Matlab code to find the roots of the frequency

equation is shown.

4.4 The Modal Coeflicients

In addition to the wavenumbers, it is neccessary to determine the amplitudes
of the modes. It is assumed in this discussion that the k values that satisfy
the frequency equation have been obtained. In fact, to actually meet all of
the conditions at z = 0 all of the modes are required. However, in order
to determine the amplitudes it is not neccessaary to have all of the modes.
since a simple inner product can be used to find the amplitudes of any single
mode, independent from the others. It is useful to note the independence
of these calculations since in the end only a finite number of modes will be
used.

All of the analysis assumes a single frequency excitation and response.

The applied stress can then be written as:
Gz |:=0= fw(r)e-Wt (434)
Assume that {k|,... ,kx} are the wavenumbers that are kept. Then,

summing over these modes in eqn.(4.26) and equating to eqn.(4.34), an ex-

pression for f,(r) may be obtained.
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M=

fu(r) [(cisma) + ikgcséig) Jo(nagyr)] Ag) (4.35)

1

-,
I

M=

[(013‘71(1') + ik(,-)633§1(j))%(’71(j)7')] “Il(j)
1

[
1

M=

[(c13m20h) + tkiyesa€a) Jo(r2)T)] A2

[y
1]

M=

+ [(c13720i) + ikgi)csa€aiy) Yol regym)] Aag)-

[
Il
—

To determine coefficients A4;(m), .-il(m), Aym) and .-'ig(m), m=1,....K,
several inner products must be taken on both sides of this equation. First,
eqn.(4.35) is multiplied by Jo(7i(m)7) and integrated from a to b. The inte-
gration may be passed inside the sums with since they are finite. The index

m is varied from 1 to K, vielding K equations of the form:

b K b
/Jo("h(m)")fu(r)dr = Z[(013"/1(1)+ik(})633€1(j))/ Jo(mmyr)Jo(mgyr)dr| Aug)

1

[
l

+
M=

[
Il
e

-~

L

M=

.
I}
A

M-

1]
—

LK.

3
i
—

This process is repeated three more times, each time resulting in K more

30
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- b
(613”/1(_1)-+-iku)633§1(j))/ Jo(mmr)Yo(ngyr)dr| Ay
. a .
b
(61372(j)+ik(j)c33€2(j))/ Jo(MmyT)Jo(vayr)dr| Az
a P

b
(613’72(1)+ik(j)633§2(j))/ Jo(nmyr)Yo(vagyr)dr| Az

1

-

-




equations. Equation(4.35) is multiplied by Ys(vim)r), m=1,... , K, and in-
tegrated from a to b. Next, multiply eqn.(4.35) by Jo(veem)r), m=1,... , K,
and integrate. Last, multiply by Yo(v2(m)7), m = 1,..., K, and integrate.
Through this process a 4K x 4K system of equations is obtained for the
coefficients.

The system is of the form:

SA=F (1.36)

where S is the coefficient matrix, A is the vector of unknown modal coeffi-
cients and F' is a vector of inner products involving the input fucntion f,(r).

The components of the vectors A and F are given by:

_ - _ -
:‘.1(1) f: JO(”/l(l)r)fu(r)dr
Ak 2 Jolnyr) fulr)dr
A 2 Yolnqyr) fulr)dr
A ’Y, L(r)d
a= | Ao Fe fab o(ruryr) fu(r)dr (4.37)
:12(1) fa J0(72(l)r)fw(r)dr
Ag(K) f: J0(72(K)r)fw(r)dr
Ay 2 Yo(vayr) fu(r)dr
| Ay | I I2 Yo(rasy) fu(r)dr ]
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The components of the matrix S may be obtained in the following way:

Rows 1,..., K: These coefficients are obtained from the inner product
of eqn.(4.35) with Jo(vym)7), m=1,... , K.

Rows K + 1,....2R: These coefficients are obtained from the inner
product of eqn.(4.35) with Yy(7ymr), m=1,... K.

Rows 2K +1,... ,3K: These coefficients are obtained from the inner
product of eqn.(4.35) with Jo(vomyr), m=1,... K.

Rows 3K + 1,... ,4K: These coefficients are obtained from the inner
product of eqn.(4.35) with Yo(vo(mr), m=1.... K.

Another issue that should be addressed is the orthogonality of the Bessel
functions. From basic Sturm-Liouville theory it is true that within the
proper inner product space the solutions of eqn.(4.7) and (4.8), of the form
in eqn.(4.14) and (4.15), should be orthogonal. Using the inner product from
the appropriate space on eqn.(4.35), instead of the one used. would lead to
a diagonal system of equations for the amplitudes, i.e. the matrix § would
be diagonal. This would greatly reduce the overall number of calculations
necessary to construct the response of the shell. However, the appropriate
inner product to use is unclear. The simple inner product chosen, was se-
lected for sufficiency and simplicity. The Bessel functions are at least linearly
independent in this space, therefore, this choice is sufficient in that it leads

to a non-singular matrix S.
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4.5 Example

In this section, the method described in this chapter is applied to a specific
transversely isotropic shell. The process begins by obtaining the dispersion
curves from the frequency equation, which was found to be the determinant
of the coefficient matrix M in eqn.(4.33). Using the information in the dis-
persion curves the admissible values of k corresponding to a single frequency
are obtained. These k values are then used in expressions such as eqn.(4.17)
and (4.18) to obtain the constants v,, 7., & and &. These will be applied
to evaluate the elements of the matrix M and solve the system in eqn.(4.33)
to get the amplitudes of each mode. Once all of this is done eqn.(4.23) and
(4.24) may be combined with eqn.(4.31) and (4.32) to vield explicit expres-
sions for the displacements.

The shell being considered has an outer radius of 20cm and an inner
radius of 10 cm. The shell will be subject to an harmonic normal pressure
on the end, 0., = fe ™! where f is constant across the cross section of the
cylinder. The following material properties are typical values for Douglas Fir
and were taken from Ritter, [53].

Using these material constants dispersion curves were found using the
Matlab script dispcurves.m, found in Appendix A. The dispersion curves are
shown in Fig.4.1.

For a single test case of a frequency of 6kHz, w = (27)6 x 10°. From
Fig.4.1 three real values of k are obtained at this frequency.

It is interesting to note that the shell, like a plate, has a non-dispersive

mode. This contrasts with a homogeneous cylinder for which the lowest
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¢ | 4.07 GPa
ci2| 2.69 GPa
ciz| 0.24 GPa
cs3 | 6.89 GPa
cyy | 0.49 GPa
p | 800 kg/m?
b 0.20 m
a 0.10 m

Table 4.1: Material Constants for Douglas Fir.

k| 12.52
ks | 11.36
ks | 4.90

Table 4.2: Axial wavenumbers corresponding to w = (27)6 x 10°%.

mode is non-dispersive only in the low frequency limit. The phase velocity
of any mode is ¥. The first mode is a straight line starting at the origin.
Therefore, the ratio of w to k is a constant for this mode. making the mode
non-dispersive.

For each of the above values of k, v and £ are obtained by solving
eqn.(4.17) for v, and 7, and substituting these values into eqn.(4.18) to ob-
tain & and zi,.

For each mode the system in eqn.(4.36) is solved to obtain the amplitudes.

These constants is all that is needed to construct the response of the shell

54
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7000

o o5 0 s 2 25 3
Figure 4.1: Dispersion curves for shell composed of Douglas Fir.

to the excitation at the frequency w = (27)6 x 10°. At the outer surface
of the shell, r=20cm. at a distance of 2m from the end where the normal
pressure is applied, z=2m, the radial displacements look like:

The radial displacements of each mode have varying wavelengths. as can
bee seen here. The higher modes, having lower axial wavenumbers, have the
longer wavelengths.

The cross-sectional shape of axial displacements for each of the propagat-
ing modes look like:

These cross-sectional shapes don’t have the regular structure such as in the
modes traveling in a plate, {19]. However, it was shown by Simmons, [57],

that the cross sectional shapes for anisotropic shells don’t have the symmetry
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7y | 1922 || Ly 3.441
T2) | 3249 || &1(2) 17.772
1) | 63.01 || &y | 100.29:

Y2(1) 12.99 || &5y | -522.7T¢
Y2(2) 16.17 62(2) -48.421
a3y | 16.67 || &3y -4.391

Ay | 0.005 || Ay | -0.040 || Aaqyy | 0.030 || Aoy | 0.008
Aiz) | -0.0002 || Az 0.0 || Ay) | -1.44 || Ay | 0.31
‘4[(3) 0.0 .‘11(3) 0.0 ."12(3) 8.77 .'12(3) -3.26

Table 4.3: Modal coefficients, all quantities x107°.

often found in isotropic materials. It is also apparent. from the few modes
plotted here, that the axial displacements become more concentrated near

the outer radius of the shell with higher modes.
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Figure 4.2: Radial displacements at r=0.2m.
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Figure 4.3: Shape of mode 1 axial displacements

Oisplacement

Figure 4.4: Shape of mode 2 axial displacements
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Displacement

Figure 4.5: Shape of mode 3 axial displacements
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Chapter 5

EXTENSION TO LAYERED
CYLINDERS

5.1 The General Case

Very little literature exists concerning the dynamics of a layered cylinder
because of the complexity of the problem. Numerical approaches have ex-
isted for some time, {21], but there is a nearly complete absence of analytic
solutions to which numerical results may be compared.

One of the main references is a review tutorial directed at experimen-
talists by Thurston. {60]. The focus of the paper by Thurston is on the
determination of dispersion relations for clad rods. Thurston also addresses
the conditions under which Stonely waves can be generated at an interface
between two layers of differing material properties. Nagy and Nayfeh, [43],
treat the case of a layered transversely isotropic cylinder by using transfer

matrices, a technique used extensively in cartesian geometries. The general
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technique of the transfer matrices will be applied to extend the solution of

the single cylindrical shell to that of a layered cylinder.

5.1.1 Local Transfer Matrix

Consider the response of a layered, transversely isotropic cylinder to a fixed
frequency excitation. The construction is based on the results for a single
shell. The first step is to formally construct a local transfer matrix. This
transfer matrix relates the displacements and stresses within a single layer.

To set up the notation, consider a cylinder composed of homogeneous
layers of a transversely isotropic material. All of the quantities are labeled
by layer with a superscript. The outermost layer, layer 1, occupies the region
between r = r! and r = r2. The next outer layer, layer 2, lies between r = r2
and r = r3. This method of numbering the lavers continues to the innermost

layer, layer p. Layer p extends from r = 0 to r = rP. A cross section of the

cylinder is shown in Fig.5.1.

From the solution to the transversely isotropic shell the displacements in

a single layer are:

L=Y" (Al Mgy + A i(gr) + A h () + Aa) Yilregr)]
7
(5.1)
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Figure 5.1: Labeling of the cylinder layers

w = Z [‘411(1')5{(1')‘]0(7{(1')7) + “ill(j)fll(j)%(’/ll(j)")] (5.2)

J
{ l { 3! { {
+ D [4h)80)h (o)) + Abél Yo )]

J

where the sum over j is a sum over the modes and the term e'fn?=«? ig
suppressed and the superscript [ denotes the layer number. Similarly, the

stresses may be written
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oi,:;'
R
R
Ry
oi==;
"
R
=

.1 gl 1 { I
(cnmig) + ki) So(nr) +

gl I 1 1 .
(0111750) +1k(;)C13Ya(5)) Jo(ayT) +

{
(cia —

. !
(Clu’Yll(j) + lkfj)clls’)’{(j))%(’)’{(j)") + (c12

(Clw

S 1. - (Al !
(Clu'/é(j) + lkfj)clm /é(j))}o( rz(j)") + (c12
{ { {
[cha (k) = €N ()] Aig
[ gl A 3
[chalikysy = i€l Vilne )] Aig)
[} (ik{ 2 &) N (V)] A
Cas\R(5) — T2(5)52(3) 11\ T2() 2(3)

! l A { { 3!
[chalik(yy = Yag€a0)) Yilraym)] )

;
Cu) Jl(h(;)")
131 !

- Cu);Yl(”h(j)")

Cn) Jl(/zm") :

-

1.
—Clu);yl(”fé(j)") -

The expression for the four quantities in layer [ can be written in matrix-

vector form as

i {
() W
{
Z Wj)
0"
J rr(j)
{
| Orz(j)

= ZX(IJ)
J

{
41(1)

Al

]
AZ(J)
A

2(7)

where, for example, u(;, is the j** mode in the l"‘ layer of the radial displace-

ment. The symbol X(‘j) represents a coefficient matrix. The components of

this matrix may be found by examining the equations for the displacements

and stresses.
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If the following notations are used in the solution,

v, = | 9 | and (5.6)

Al

A
Ay, = | @ (5.7)
Ay
1!
A?(J) )

the expression which relates the displacements and stresses in a single layer

can then be written compactly as:

UG =D XAl (5.8)
J b}

Equating coefficients of the suppressed e'ku=«t),

{ _ vl oal .
U(]) = ’Y(J)"{(])’ (D.g)
Noting that the components of U;, = U{;(r) and X{;, = X{,,(r) are functions

of r the notation is further extended as:

Lyg;nnn,wm) — U(IJ) (rl+l , T‘) and (5.10)
JY(l;;nncr.wtcr) — X(lj) (Tl+1 , rl) (5 1 1)
64
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Using the two equations,

l(inner) _ l(inner) 41 an
d(outer) _ {(outer) 41

the inner and outer solutions for the I** layer can by related as:

«l{outer) _ y-l(outer) l(inner)y —1yrl(inner) = 1.
Vo =Xy X )7L (5.14)

Let N(‘J.) = X(l;')"“")(.\’(‘;')"""))‘l be defined as the local transfer matrix. The
local transfer matrix relates properties of the inner and outer surface of a

single layer.

5.1.2 Modes of the Composite Cylinder

The objective is to relate the properties between the layers. The properties
can be related by the global transfer matrix. Before formally deriving the
matrix, it is necessary to address some issues regarding modes that do not
arise when considering a single layer.

Consider two adjoining layers in the cylinder. The layers are labeled as
layer | and layer [ + 1. The outside surface of layer [ + 1 is in contact with
the inside surface of layer [. To demonstrate the concept, consider the radial

displacements.
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ikl z-w
v'=2 =2 dly(ne ™ (5.15)
- Zum z gti(r) eHlkGy 2=w) (5.16)

g¢j)(r)™ is shorthand for the radial dependence of each mode. More com-

pletely,

9ty = AT (riyr) + AT Vi (viyr) + Af) J(vg)r) + A5 Yi(ag)r)-
(5.17)
where the two shells meet, the radial displacements will be set equal.
The difficulty lies in the fact that the £}, the j*® wavenumber in layer m, is
entirely dependent on the material properties of layer m alone. Therefore the
sets {k(,, k(. ---} and {A:T)‘ k{;‘)l .} might have no elements in common.
This doesn’t just create a computational difficulty in dealing with the entire
sums for u! and u'*!. It creates a physical problem whose resolution will give
us the justification for simplifying the computations.

The wavenumber and phase velocity of a single mode are related by

c= (5.18)

w

k

where c is the phase velocity. If there is a wavenumber k::)‘ that is not in

the set {k(l), (2):- - - } then a disturbance will occur at the outer boundary

of layer [ + 1 and travel with velocity ¢!t} = ;. It is impossible that
(n) k

(n)
this disturbance can occur in layer [ + 1 completely independent of what

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



happens in layer [, see Fig.5.2. This would contradict the assumption that
displacements and stresses are continuous across layer boundaries. Therefore,
the disturbance with velocity cg)‘ in layer [ + 1 will create a disturbance with
the same velocity, and therefore the same wavenumber, in layer [. Thus, it

I+1

is necessary to add k(n) to the set of wavenumbers in layer [.

rl

Figure 5.2: Disturbance in layer [ + 1

Using this same argument it is apparent that a global set of wavenumbers
is required, {k(1).k(2),...}, that contains all the wavenumbers from each

layer.

P
{kay k- 3 = LRy Klzyr- - } (5.19)
=1

Therefore, the layer label on the wavenumbers may be omitted. However,

the layer label is still required on the 7’s, £'s and A’s. All of these quantites

have a dependence on the material properties of their respective layers.
There are two large advantages to using this 'global’ set of wavenumbers.

First, equality of any physical quantity, like a displacement or a stress, will
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reduce to mode-wise equality. Thus, when performing any operations on the
sums may be dropped. Second, there will be only one frequency equation.
Considering the layered cylinder as p independent shells yields p different fre-
quency equations, each with their own set of dispersion curves. Treating the
layered cylinder as a whole, each layer affecting and being affected by every
other layer, only one set of wavenumbers is generated from one frequency

equation.

5.1.3 Global Transfer Matrix

Now, it is necessary to construct the relationship that exists between the
solutions at the very outer edge of the cylinder and the very center. This
is accomplished with the global transfer matrix. The global transfer matrix
will also provide the means to obtain the single frequency equation for the
lavered cylinder.

Consider the solution at the outer edge of the cylinder.

rllouter) _
b () -

. arl 2(outer)
= Ny)Ui

— NI a2 2(inner)
= Ny VUG

1 I(inner)
NoUo)

—
wn
[
(=]

~——

— N1 N2 ... P pyplinner)
= NiNG - NoU

Y7 ()
_ rp(inner)
= Q(J)D )
The matrices N(‘j), ij), - ,N(’;) are the local transfer matrices and the ma-
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trix Q) = NG)N(%) +-+ N{y is called the global transfer matrix.
To derive the frequency equation, recall eqn.(5.12).

l{outer) __ p(inner) =
. _yrp(inner) 4p
= Qg A

There exists information in the boundary conditions concerning U(lj()‘”‘t"’ )

Information about U'(’;‘)i""") also exits in the requirement that physical quan-

tities remain finite. First, the outside surface of the cylinder is traction free.

[ _ 1(outer) )
a(®)
1(outer) w(l(;mtef) -
Ug = J (5.22)
0
0

Second, at the center of the cylinder all physical quantities must remain
finite. Therefore, at r = 0 there can be no Bessel functions of the second
kind. A typical element of U&(; "er) the solution at the center of the cylinder,

is of the form:

w0 = 42 J1(0) + AR Y1(0) + A5 1(0) + A5 Yi(0) (5.23)

For this to be finite "?1’(1) and Ag(j) must vanish. Therefore, the vector Af),

is of the form:
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4P

A

o= Y (5.24)
5 e

0

e -

Note that eqn.(5.24) gives the amplitudes for layer p only.

The expression in eqn.(5.21) may now be written as:

L{outer) i AP
4() , o A1)
1(outer) 11(7) 41(j) 0
) = : : : (5.29)
AP
0 ' l . QI A?(J)
4 4
0 )] 4(7) 0

where the product QU).\’Z(-;""") is denoted by @,. Writing out the 2 x 2

system corresponding to the third and fourth equations of eqn.(5.23) vields:

’ / AP
0 _ | Quy Yum | | 4

(5.26)
0

f“(J') f‘3(.7') ‘4g(j)

In order for non-trivial solutions to exist the determinant of the coefficient
matrix in eqn.(5.26) must vanish. This generates a relationship between the
frequency w and the wavenumber k that is the frequency equation for the

layered cylinder.

0= lemefxs(j) - QQS(J')QQI(J') (5.

(3]
"~
-~
—
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The roots of this equation represent the modes that travel in the com-

posite cylinder.

5.1.4 Amplitudes

The amplitudes of each component of each mode still need to be determined.
If the set {k, ko, ... ,kk} is kept as the set of significant wavenumbers, then

for an arbitrary layer [ the displacements are of the form:

K
= Y [A Al ) + g g n)] (3.
1

-
1
[$1]
[
0o
~—

M=

{ 1 vl
[A20) 1 (ragy7) + Aay Ya(a7)]
1

[
1l

FN
[}
[M]=

Ul 1 ol vl
(A€o () + A& Yolrigr] (5.

[#]]
3]
[{e]
~—

t

Ly
1]

+

M) =

T 1 gl N
[Aa0€iai) Jo(ragyr) + Aagy€an Yolragyr)] -

[
1]
—

The normal axial stress in layer [, o%,, may be written as:

10 out .
a’:: = c‘m;a—r(ru‘)-i-c;s 3 (5.30)
.
= Y [Di) (g dig + Dip Yol dig]  (3:31)
j=1

K
+

( 4 l A 3
[D2gsyJo(Yagiy™) Angsy + Dagiy Yoo m) Aan]
1

7

where D ;) = ci37,;, + tk(;)haéy;) for s =1,2.
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The end stress, 0., at z = 0, will be used to determine the unknown am-

plitudes. Let the applied stress, at frequency w, be expressed, as in eqn.(4.36)

O:: Iz=0= fw(r)e_Wt» (532)

Denote the restriction of f,(r) to layer [ by f!(r). Thus, o.; |.= may be

expressed as:

4
fXr) fri<r<rl,

fAr) ifrt<r<r
02z |z=0= ¢ (5.33)

Lf“’;(r) ifo<r<rr

Consider the coefficients in a two layer cylinder. The process of obtaining
the coefficients is similar to the shell, but general enough to include all of the
complications of anv p-layer cylinder. To begin, equate the two expressions
for .., eqn.(5.31) and (5.33), and take an appropriate inner product of both
sides. This inner product must reflect the fact that the modes of the layered
cyvlinder are coupled to eachother, so all of the layers should impact the
inner product. For this reason the inner product of two functions, h and k,

is chosen to be:

rl
(h,k) = / h(r)k(r)dr (5.34)
0
Thus, the inner product of the normal stress with any quantity A is:
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1

-/o-r o..(r)h(r)dr = /r: oiz(r)h.l(r)dr+/0‘r- af:(r)lhz(r)dr (5.35)

,l 2
= / fHr) 'Rt (r)dr +/ F2(r)h3(r)dr
r? 0
where a superscript denotes the restriction of a quantity to a certain layer.

Now, let z = 0, eliminate the common term of e~** when equating eqn.(5.31)

and (5.33), and take the inner product of both sides with Jo('y{(l)r).

rl rz
/ foM)do(ngyridr + / £2(r)do(nyr)dr (5.36)
r2 0
K r!
= 3Dy [, hlhortrkridraty
J=l r

K ol
{ A o 1l
+ ZDlu)[ Yo(ngyr)do(nmr) i dr
"

j=1

K rl

+ ZD'll(j) /” Jo('/'lz(j)"')Jo('lll(l)r)dTA‘z(j)
i=1 r
K el

+ DIQ(J) /2 }?)("/;(J)r)Jo(”{:(l)r)dT.‘lg(J)
=1 r

K

-2
+ D%(J) [)‘ Jo("/fo)r)]o(‘yllmr)dTAf(J)
3

ij=

K r:
+ Z Dgu)/; Jo(V)m) o (1T dr A3y
Jj=1
Equation (5.36) represents a single equation with 6K unknowns, the co-
efficients A} ), ‘i{(j)’ Ajiy Ay A%, and A3, j = 1....,K. Another
K -1 equations are obtained by equating eqn.(5.31) and (5.33) and taking
the inner product with Jo(vj,,7) form=2,... K.
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There are 6K equations for determining the unknown coefficients. The
remaining 5K equations are obtained as follows:

Rows K + 1 through 2K: Replace the second function in all of the
integrals of eqn.(5.36) with Yo('y{(m)r), m=1inrow K+ 1, m = 2 in row
K+2,....,m=K inrow 2K.

Rows 2K + 1 through 3K: Replace the second function in all of the
integrals of eqn.(5.36) with Jo('yé(m)r), m=1inrow 2K + 1, m = 2 in row
2K+2,..., m=K inrow 3K.

Rows 3K + 1 through 4K: Replace the second function in all of the
integrals of eqn.(5.36) with Yo('yé(m)r), m=1inrow 3K +1, m = 2 in row
3K +2,...,m=K in row 4K.

Rows 4K + 1 through 5K: Replace the second function in all of the
integrals of eqn.(5.36) with Jo('yf(m)r), m=1inrow 4K + 1, m = 2 in row
4K +2,....,m = K in row 5K.

Rows 5K + 1 through 6K: Replace the second function in all of the
integrals of eqn.(5.36) with Jo('y;"(m)r), m=1inrow 3K + 1, m = 2 in row
45K +2,..., m = K in row 6K.

When the system for the coefficients is constructed, it will be of the form
SA=F (5.37)
where S is a 6 K x 6 K matrix, A is a vector of unknown coefficients, and F

is a vector that contains the inner products with the input function f!(r).

The vectors A and F look like:
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l
Al(l)

Al
4!

l(l)
1!

Axy
Al

Al
A= |
1!
400)
1!
2
42
24

2

2
L ‘42(1() :

- fﬂ £5(r)do(riyT) dr+f0 £3(r)do(myyr)dr

,l -2
2 fi(m)ho(ngyr)dr + [ £2(r) Jo(¥ gy r)dr
fr’ f YO /1(1) dT+f0 f2 %(71(1) )dT

frz [ Yo(rygyr)dr + fo 2()Yo(rygr)dr
[ £ Ty dr+f0 S(r)Jo(rayr)dr

f,.: fa () Jo(vayT d’”+fo F3(r) o (v yr)dr
f,.l f },0 /2(1) dr+f0 f2 (72(1)7')(11'

r! , r? g
[ () Yo(*{zl(K)r )dr + f; f2(r)} (721(K)r)dr
f,.z f )Jo( /1(1) r)dr + ﬁ) f (r)Jo ,l“)r)dr

f,.z f (r)Jo( /1(1()" d1'+f0 w r)Jo(4 /1(}\) r)dr
frz fA(r)Jo(¥ayr d”‘fo F3(r)Jo (3 r)r

rt 2 r?
[ f‘.lz(r)Jo(”lz'(K)")d"'*‘ lo ff(")Jo('Y%(K)")dr )

(5.38)

The components of the matrix S are obtained by choosing the correct

coefficients of the unknowns from the equations similar to eqn.(5.36).

example, S3x41.4x+2 is the coefficient of the 4K + 2th variable in row 3K +1.

The 4K + 2* variable is A3, its coefficient in row 3K + 1 is given by
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Ssk+1ak+2 = Dig) | Jo(Vayr) Yo(r(y7)dr (5.39)

5.2 Dispersion in a Two-Layer Cylinder

In this section the method just described will be employed to generate the
dispersion curves of a thick two-layered cylinder. This is the most crucial step
in the construction of the displacements or stresses since every subsequent
step relies on dispersion data. It will be seen that the number and shape of
the dispersion curves will vary significantly with the radius of the pith. This
implies that an experimental determination of the dispersion curves alone
should be sufficient to determine what percentage of the volume of a SDT
sample is composed of pith.

In [64] a method for experimentally determining the dispersion curves
is presented and then compared with theoretical curves with some success.
Comparison of experimental and theoretical results in the 'dispersion’ domain
has advantages over comparison of more traditional physical quantities. For
instance, the dispersion data is global in the sense that it is independent
of the input. Therefore, theoretical results based on dispersion data are
free from errors introduced through the approximation of the input. This is
another reason why obtaining the dispersion curves is crucial, as more exper-
imental techniques for measuring dispersion curves are created, this domain
will provide a more reliable area for comparison of theory and experiments.

The cylinder, in this section, will be a SDT sample composed of Douglas

Fir. The radius of pith will be varied. The cylinder under consideration will
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have a total radius, 7!, of 20 cm. The radius of the pith, r2, will be varied
to demonstrate the large quantitative differences in the dispersion curves as
r? is altered. Since these dispersion curves play such a fundamental role in
the construction of the model displacements and stresses, varying the inner
radius of the cylinder leads to large differences in these quantities.

The properties in Table 5.1 are taken from [53], they represent typical
values for Douglas Fir. The pith is given a 40% recuction in all material

properties except the density. The density remains the same in both layers.

layer 1 layer 2

cl, | 407GPa|c} | 244 GPa
cl,| 269GPa|cl, | 1.61 GPa

ci3| 0.24 GPa | c%; | 0.14 GPa
cly| 689 GPa|cZ; | 4.13GPa
cty| 049GPa|ci | 0.29 GPa

p |800kg/m?|p |800kg/m?

Table 5.1: Material Properties for Douglas Fir with a 40% reduction in the
pith.

The following steps were taken in implementing the process described in

this chapter to produce the dispersion curves for a two-layered cylinder.

1. Determine the cutoff frequencies.

2. For each cutoff frequency, determine the corresponding dispersion curve.
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The cutoff frequencies are values of w where the dispersion curves (curves
in the wk-plane satisfying the frequency equation F(w, k) = 0, eqn.(5.27))

intersect the w-axis, i.e. cutoff frequencies are solutions to

F(w,0) =0. (5.40)

The cutoff frequencies are approximated by choosing a frequency step size,
Aw, then beginning a secant method, with initial guess nAw, to solve the

equation

F(w,8k) = 0. (5.41)

where n takes on the values 1,2,...,.NV, w = NAuw is the largest value
of w of interest and 0 < dk <« 1. The value of dk is used instead O for & to
avoid numerical difficulties associated with complex solutions to F(w.k) =0
for values of k near zero, but non-positve or non-real.

The details of the algorithm are contained in Appendix B. The Matlab
function fregegn.m calculates the value of F(w, k) corresponding to the right
hand side of eqn.(5.27). The Matlab script twocylcutoff.m implements the
secant method that finds the solutions to eqn.(5.41) that approximate the
cutoff frequencies.

From each cutoff frequency is a dispersion curve in the wk-plane. The
steps to produce these curves are:

For each cutoff frequency

1. Use the cutoff frequency (solution to eqn.(5.41)) as an initial guess to
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the equation F(w, Ak) =0.

2. Use the secant method to find w;, the approximation to F(w, Ak) = 0.

3. Store the point (w;, Ak) as a point on the dispersion curve.

4. Repeat the process for k = 2Ak, ... , M Ak, always using the previous

solution, wy_1, as the initial guess to the solution to F(w,nAk).

The Matlab script dispcurves.m in Appendix A follows the steps in this al-

gorithm.

Figure 5.3 contains the calculated cutoff frequncies for a two-layered cylin-
der of varving inner radius, but the total radius of the waveguide remains
constant (20 cm). The first and last set of frequencies in Fig. 5.3, inner
radii of 0 and 20 cm, correspond to the cutoff frequencies for a solid cylin-
der. These cutoff frequencies were calculated from the frequency equation
for a solid transversely isotropic cylinder. Unlike the frequency equation in
eqn.(5.27), the frequency equation for a solid cylinder can be found in closed
form and is free from many of the numerical difficulties (such as inverting
poorly conditioned matrices) hidden in eqn.(5.27).

The frequency equation for the solid cylinder can be found by paralleling

the approach used to find the frequency equation for a shell in sections 4.1
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Figure 5.3: Cutoff frequencies for two-layered cylinders of varying inner radii.

Inner radius of 0 or 20 cm correpsond to solid cylinders.

through 4.3. The only adjustment to that process is to restrict the form of the
displacements, eqn.(4.14) and (4.15), to include Bessel functions of the first
kind only. Bessel functions of the second kind take on infinite values at r = 0.
Therefore, they are physically unreasonable solutions of the displacements in
a solid cylinder.

Figure 5.3 shows that the cutoff frequencies calculated for the two-layered
cylinder transition smoothly from the solid cylinder composed of a material
with the properties of the outer layer (inner radius = 0 cm) to those with
the properties of the inner layer (inner radius = 20 cm).

Figures 5.4 through 5.6 are the dispersion curves for two-layered cylinders

with inner radii of 5 cm, 10 cm and 15 cm, respectively. As the radius of the
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inner layer increases, a larger fraction of the waveguide is composed a less
stiff material, see Table 5.1. This results in an reduction of stiffness in the

waveguide, allowing more propagating modes at a given frequency.

"l

Figure 5.4: Dispersion curves for a two-layered cylinder, r! =20 cm, r2 =5

cm.

These dispersion curves present some interesting phenomenon with re-
gards to determining the properties of a waveguide from the dispersion curves.

First, consider the first mode in each of the figures. In each, this curve is a
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Figure 5.5: Dispersion curves for a two-layered cylinder, r* = 20 ¢m, r2 = 10

cm.

straight line through the origin. Therefore, the phase velocity, c = %, is a
constant, i.e. this mode is non-dispersive. Furthermore, the ratio of w to &
is the same in each figure. The phase velocity of this mode is independent of
the fraction of the waveguide composed of each material. A similar situation
occurs in the third mode. It asymptotically approaches a constant phase
velocity that does not change with the composition of the waveguide. These
two phase velocities depend only on the material properties of the layer, not
the amount of each that is present.

A second observation is that the cutoff frequency of the fourth mode
changes when the fraction of each material in the waveguide changes. This

is also apparent in Fig. 5.3. The cutoff frequencies of all of the higher modes
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Figure 5.6: Dispersion curves for a two-layered cylinder, r! = 20 cm, 2 = 15

cm.

change with the inner radius. Therefore, once the material constants are
determined from phase velocity measurements of the first and third modes,
the fractional composition of the waveguide can also be determined from the

cutoff frequencies.
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Chapter 6

CONCLUSIONS

The aim of this research was to produce a mechanical model of waves in a
semi-infinite cylinder composed of homogeneous, coaxial layers. It was also
hoped to be an effective model for use in an experimental or in-situ environ-
ment for nondestructive testing of materials, in particular, small diameter
timber. As it is, the method for constructing the solution to the funda-
mental problem may be too computationally burdensome to be practical for
some real time applications. However, the primary goal of constructing an
analytic or hybrid analytic-numerical solution to the fundamental problem
was achieved. The solution constructed also provides information about the
mechanical response of the waveguide that would be impossible to extract
from a purely numerical approach. This method also seems to be particularly
well suited for high frequency calculations.

The steps in this method that contribute to make it computationally trou-
blesome are evaluation of the frequency equation, and solution of the mode

coeflieciets. The first step to solving any particular problem with this method

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is to determine the values of k that are appropriate at any given frequency.
This amounts to finding the roots of the frequency equation. Even for the
much simpler problem of an isotropic shell the roots of the frequency equa-
tion are difficult to obtain because of the transcendental nature of its terms,
i.e. Bessel functions. The transversely isotropic shell is slightly more diffi-
cult because of the increased number of parameters, but can be treated the
same numerically. Finding the roots of the frequency equation for the layered
cylinder represents a significant increase in computational complexity. The
frequency equation for the layered cylinder, eqn.(5.27), is the determinant
of the global transfer matrix. The global transfer matrix itself is a product
of local transfer matrices, eqn.(5.20). Each local transfer is a product that
contains a matrix inverse, eqn.(5.14). Therefore, each evaluation of the fre-
quency equation requires at least one matrix inversion. When numerically
solving for the roots of the frequency equation, the equation must be eval-
uated over and over. [t is this repeated need to invert matrices that makes
finding the appropriate k£ values much more difficult in the layered case.
A second source of computational burden is solving the system of eqn.(5.37).

If there are K wave numbers at a given frequency then this system is 6K x6 K.
Therefore, even when a small number of modes are propagating there is a
significant effort expended in constructing and solving this system. Also,
a different system must be constructed and solved for each frequency con-
sidered in the applied pressure, o,,. In practical problems where o,, will
be approxiamated with a high number of frequencies, the construction and
evaluation of this system of equations contributes a significant amount to the

overall computations needed to implement this method.
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Perhaps the most attractive aspect of this approach is its broad applica-
bility. The form of the solution given for the shell in eqn.(4.14) and (4.15) is
determined by the geometry of the shell and not it's material properties. This
fact is what made it possible to conjecture this form for the solution based
on the form of the Pochhammer-Chree solution, eqn.(3.35) and (3.37). Not
being limited by the material in the shell allows use of this method for shells
of more general anisotropy than merely transversely isotropic. The difference
for more general material symmetries will be seen only in the coefficients of
the quartic equation that determines v, and v,, eqn.(4.17). Otherwise the
approach is identical to the transversely isotropic case. Construction of the
solution for the layered cylinder then proceeds exactly as described for the
transversely isotropic case. Thus, even though only transversely isotropic
shells and layered cylinders were considered here, only a small modification
is required to apply this method to the most general anisotropic materials.

This method also seems best suited for high frequency applications for a
couple of reasons. First, consider a typical dispersion curve such as Fig. 4.1
and 5.3 through 5.6. It is clear that higher frequencies have more propagating
modes, with some exceptions, Fig. 5.6. This implies that equations such as
eqn.(4.35) and (5.31) will be higher dimensional, therefore, more accurate
approximations of the applied stress, 0,,. A better approximation of o,
will then result in better overall resuits. A second reason to consider this
method most appropriate for high frequencies is the condition of the system in
eqn.(5.37). When this system is constructed and evaluated for each frequency
considered, a pattern emerges from the condition number of that system with

regards to frequency. Consider Fig. 6.1.
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Figure 6.1: Condition number of S in eqn.(5.37) vs. frequency.

Here, the vertical axis is scaled as a log plot and the condition numbers
seem to fall off at least linearly with frequency. This means that the con-
dition numbers decrease exponentially with frequency. Therefore, at higher
frequencies the system determining the coefficients will be extremely well
conditioned, while at low frequencies it is poorly conditioned.

A final observation on the benefits of this method when compared to
purely numerical methods is that with numerical methods some interesting
mechanical phenomenon will be overlooked. In particular, consider the dis-
persion curves in Fig. 5.6. Here, it is seen that the second and third modes
actually combine to form a single mode. The same phenomenon occurs to the

fourth and fifth modes. This behavior of the layered cylinder would be com-
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pletely inextractable from a numerical solution to the differential equations
that govern the model. Only by attempting to constuct analytical solutions

can such behavior be observed.
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Chapter 7
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Appendix A
SHELL CODES

This appendix contains all of the Matlab M-files used to create the output
included in section 4.5. The first section contains the function fregegn.m.
It relates the circular frequency with the axial wavenumber. This function
is used in obtaining the dispersion curves. The next two sections contain
the scripts shellcutoff. m and dispcurves.m. The first of these finds the cut-
off frequencies below a certain maximum frequency of interest. The script
dispcurves.m uses the cutoff frequencies already found to construct the dis-
persion curves.

All of the remaining m-files are devoted to generating the radial displace-
ments and axial displacements. The script coefficiets.m uses data already
obtained about the dispersion curves and uses that to compute the modal
coefficients. The last two m-files use these coefficients to produce graphs of
the output. The script raddisp.m produces a graph of the radial displace-
ments vs. z. The script zsection.m produces graphs of the cross-sectional

shapes of the axial displacements of the different modes.
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A.1 The Function freqgeqn.m

function y=freqeqn(w,k)

% this is the frequency equation for longitudinal modes
% traveling in an transversely isotropic shell of inner
% and outer radii of a and b, respectively.

% the elastic constants are cll, c12, c13, ¢33 and c44.
% p is the density

%************#*******************************#*********
% initialize variables
%********#*i*****#*****#*#*******t*******************t*

% these numbers are for Douglas Fir. The units are meters(m),
% Pascals(Pa) and kilograms/meter~3 (kg/(m~3)).

b=20e-2;
a=0.5*b;
c33=6.8%e+9;
c11=0.59*c33;
€12=0.39%c33;
¢13=0.035%c33;
c44=0.071%c33;
p=800;

%*********t***##******##****#*******#**#*#*t*****#**##

% the frequency equation
%******#**###**********#*#t**************‘*#***#***‘**

% first, the radial wavenumbers gl and g2

A=c11*c44/2;

B=-c11*(p*w~2-c33%k"2)-c44/2* (p*w~2-c44/2*k~2)-(c13+c44/2) "2*k"2;
C=(p*w~2-c33+k"2) *(p*w~2-c44/2%k~2) ;

gl=sqrt ((-B+sqrt(B~2-4*A«C))/(2#*A));

g2=sqrt ((-B-sqrt(B~2-4+AxC))/(2*A));
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% second, the factors cl and c2

cl=(p*w 2-c11¥g1~2-c44/2+k"2) / (i*ksg1*(c13+c44/2));
c2=(p*u~2-c11+%g2-2-c44/2+k~2) / (i*k*g2*(c13+c44/2));

% last, the coeff. of the 4x4 matrix from the BC’s

“\sigma_{rr}=0 at r=a
X(1,1)=(cl1*gl+i*k*c13*cl)*besselj(0,gl*a)+(c12-c11)/a*besselj(1l,gl*a);
X(1,2)=(cl1*gl+i*k*c13+cl)*bessely(0,gl*a)+(c12-c11)/a*bessely(1,gl*a);
X(1,3)=(c11*g2+i*k*c13#c2)*besselj(0,g2*a)+(c12-c11)/a*besselj(1,g2#*a);
X(1,4)=(c11*g2+i*k*c13+c2)*bessely(0,g2*a)+(c12-c11)/axbessely(1,g2+*a);
“\sigma_{rr}=0 at r=b

X(2,1)=(c11+gl+i*k*c13*c1) *besselj(0,gl*b)+(c12-c11)/axbesselj(1,gl*b);
X(2,2)=(c11*gl+ixksc13+c1)*bessely(0,gl*b)+(c12-c11)/a*bessely(1,gl*b);
X(2,3)=(c11*g2+i*k*c13*#c2)*besselj(0,g2*b)+(c12-c11) /a*xbasselj(1,g2#b);
X(2,4)=(c11#g2+ixk*c13#c2)*bessely(0,g2*b)+(c12-c11)/a*bessely(1,g2+b};
“\sigma_{rz}=0 at r=a

X(3,1)=c44/2+(i*k-gl*cl)*besselj(1,gl*a);
X(3,2)=c44/2%(i*k-glscl)*bessely(1,gli*a);
X(3,3)=c44/2+(i*k-g2+c2)*besselj(1,g2#*a);

X(3,4)=c44/2+(i*k-g2*c2) *bessely(1,g2#*a);

“\sigma_{rz}=0 at r=b

X(4,1)=c44/2*(i*k-gl*cl)*besselj(1,gl*b);
X(4,2)=c44/2+*(i*xk-gl*cl)*bessely(1,glsb);

X(4,3)=c44/2*(i*k-g2*c2) *besselj(1,g2+*b);
X(4,4)=c44/2+(i*k-g2+c2)*bessely(1,g2sb);

% now, we return the frequency equation.
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y=det (X);

%#**#*#*#**#*t*t***#***##*###****#*#*tt**t##*********t

% end of function
%*****i**#***********************#****‘**************#

A.2 The Script shellcutoff.m

% this script finds the cutoff frequencies for the shell
% whose frequency equation is in the function freqeqn.m
% the cutoff frequencies are written to the vector cutoff
% which will be used by other scripts

%*t**t**#***#*******t**#**#*t*t*****#tt**#*t#*t**i**#****
% initialize variables
%*#*#****t#***********#t**#****************t#************
% wend is the highest circular frequency

% dw is the frequency step size

% success is the number of times.in a row that Newton’s
% method must meet tolerance for the iteration to stop
% maxiter is the maximum iterations of Newton’s method

% tol is the tolerance on Newton’s method

% wstart is a starting frequency close to zero

wend=(Te+3)*2*pi;
dw=vend/150;
success=3;
maxiter=20;
tol=dw/1000;
wstart=tol/10;

%*‘####**#*#t********t*#***##t##*#*##t#t#***#*#*****#*#**

% main program
%*#*#***##**#***#**********t*ttt*##**#t#*##**tt**#*t#t#*t

% find the root of freqeqn, with k=0, closest to w for each w
% write the roots to the array cutoff, then sort cutoff
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counter=1;
for w=wstart:dw:wend
X=u;
iter=0;
newtcount=0;
while newtcount<success & iter<maxiter
dfreq=(freqeqn(x+tol,tol)-freqeqn(x,tol))/tol;
nevx=x-freqeqn(x,tol)/dfreq;
if abs(newx-x)<tol
newtcount=newtcount+i;
else
newtcount=0;
end
iter=iter+1;
x=newx;
end
ws(counter)=v;
wroots (counter)=x;
iters(counter)=iter;
counter=counter+i;
end
wroots=sort (wroots);

% eliminate from wroots array all roots not between
% zero and wend

goodcount=1;
for n=1:1:1length(wroots)
if wroots(n)>=0 & wroots(n)<=wend
goodroots (goodcount)=wroots(n);
goodcount=goodcount+1;
end
end

% eliminate repeated roots in array goodroots and write
% to array cutoff
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cutcount=1;
for n=1:1:length(goodroots)
if n==1
cutoff (1)=goodroots(1);
cutcount=2;
elseif abs(goodroots(n)-cutoff(cutcount-1))>dw
cutoff (cutcount)=goodroots(n);
cutcount=cutcount+};
end
end

AT L PR ISP PSS S A S R 22 2
.

% write restults to vector cutoff
%************#**********##*******#*******************

cutoff=sort(cutoff)

YRR KRR ERRERRRRRERER KRR AR KRR R R R KRR KRR
.

% end of script
%*##*******#***#*******************###***********t***

A.3 The Script dispcurves.m

% this script takes the cutoff frequencies contained

% in the vector cutoff and uses them to generate dispersion
% curves for the frequency equation in the function

% freqeqn.m

% the output is a graph.

% vertical axis is frequecny divided by 2spi.

% horizontal axis is wavenumber times width of shell.

%*******#*#****##*#*#**#‘#**#***#*#*###****#t#*##**#***####
% initialize variables
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% (2222233323222 3222232332233 22 23222822222 22222 2222 2 2 3
% wend is the highest circular frequency

% dw is the frequency step size

% success is the number of times in a row that Newton’s

% method must meet tolerance for the iteration to stop

% maxiter is the maximum iterations of Newton’s method

% tol is the tolerance on Newton’s method

% wstart is a starting frequency close to zero

% the inner and outer radii are a and b, respectively.

wend=(7e+3) *2*pi;
dw=wend/300;
success=3;
maxiter=20;
tol=dw/1000;
b=20e-2;

a=1/2*b;

%********#*#***********#**#*t*****#*#*t*t*t*****####***#*
% main program
%*#**#*****t**************t#*************#****##********
% for each cutoff frequency a dispersion curve is traced
% out in the frequency-wavenumber plane

clear datk
clear datw
for n=1:1:length(cutoff)
counter=1;
clear tempdatk
clear tempdatw
wstart=cutoff (n)+dw;
k=tol;
for w=wstart:dw:wend
iter=0;
newtcount=0;
while iter<maxiter & newtcount<success
dcyl2=(freqeqn(w,k+tol)-freqeqn(w,k))/tol;
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newk=k-freqeqn(w,k)/dcyl2;
if abs(newk-k)<tol
newtcount=newtcount+1;
else
newtcount=0;
end
k=newk;
iter=iter+l;
end
tempdatk (counter)=real(k) ;
tempdatw(counter)=w;
counter=counter+i;
end
if n==
datk=tempdatk;
datw=tempdatw;
else
datk=[datk, tempdatk];
datw=[datw, tempdatw];
end
end

% sort the data by w

[newdatw, index]=sort(datw);

for j=1:1:length(index)
newdatk(j)=datk(index(j));

end

% save data to ouput file

save exampledata newdatk newdatw dw

% produce output

plot(newdatk.*b,newdatw./(2#pi),’.’)
xlabel(’kb’)
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ylabel (’\omega/2\pi’)

%***#**#*********#****#**#**************#*#****#***t**
% end of script
%#***##***#********#****#*****####**#****#************

A.4 The Script coeffients.m

% this script will produce vectors containing all of
% the constants for the solution to transversely

% isoropic shell.

, the response is at a circular frequency w.

% the material properties of the specimen are in the
% function freqeqn.m

o~

%*******************#********#***t***t******#**#*******

% USER INPUTS
UEEERERREEREEREERRRERERXREEREERERRRXRRRRRRRRXRREKRRRRRK

w=6000+2+pi ;
%*****#*****#**##**********#******#*************#**###*

% MATERIAL INFO. SAME AS IN freqeqn.m

%*#*********#*##****#*#*#*##*****#**t‘******#**tt#**#**

% these numbers are for Douglas Fir. The units are meters(m),
% Pascals(Pa) and kilograms/meter~3 (kg/(m~3)).

b=20e-2;
a=10e-2;

c33=6.89e+9;
c11=0.59%¢c33(1);
¢c12=0.39%c33(1);
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€13=0.035%c33(1) ;
c44=0.071%c33(1);
p=800;

%**#*******####**#*******##t#*******tt*##*#***t*##*t*#*

% load the frequency/wavenumber data
%t*t********#t*********t#tt##****tt**t*#tt**t*t##***t**

load exampledata

%***#t*****#****#********tt********t**#*###***##****#**

% Determine the k’s associated with w
%****##**#****************t#*#***#**#***t######*##***#

ktol=0.1;

clear wcounter

wcounter=1;

vhile w-newdatw(wcounter)>0
wcounter=wcounter+1;

end

clear kcounter

kcounter=1;

while abs(w-newdatw(wcounter))<=dw
firstks(kcounter)=newdatk(wcounter);
wcounter=wcounter+i;
kcounter=kcounter+1;

end

% Keep only the k’s that correspond to a wave
% propagating to the right.

counter=1;
for j=1:1:length(firstks)
if firstks(j)>0
secondks (counter)=firstks(j);
counter=counter+l;
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end
end

%Eliminate repeat k’s

secondks=sort (secondks) ;
ks(1)=secondks (1) ;
counter=1;
for j=2:1:length(secondks)
if abs(secondks(j)-ks(counter))>ktol
ks (counter+1)=secondks(j);
counter=counter+i;
end
end

% put in order according to mode

for j=1:1:length(ks)
finalks(j)=ks(length(ks)-j+1);

end

ks=finalks;

%*****#t*#**************#*#*#t***t****##**##**#t*****#

h Determine the gamma’s (radial wavenumbers)
%*##t*##*#tt#***#*#***#*t**t‘#*t**####***#t#**#t*##***

% g1(j) is gammal corresponding to k=ks(j)
% g2(j) is gamma2 corresponding to k=ks(j)

i=sqrt(-1);
for j=1:1:length(ks)
k=ks(j);
=c11*c44/2;
B=-c11*(p*w"2-c33*k~2)-c44/2*(p*u~2-c44/2+k"2)-(c13+c44/2) "2*k"2;
C=(p*w~2-c33+k~2) * (p*u~2-c44/2%k"~2) ;
g1(j)=sqrt ((-B+sqrt(B~2-4*A%C))/(2#%A));
g2(j)=sqrt ((-B-sqrt(B~2-4*A*C))/(2%A));
end
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%*#***#*##******#*#*###**t*******#t*****#*#**t*#*******

% Determine the xi’s
%***t***#****#*#*******#*t*#**t##********t***#******t#*

% xi1(j) is xil corresponding to k=ks(j)
% xi2(j) is xi2 corresponding to k=ks(j)

i=sqrt(-1);

for j=1:1:length(ks)
k=ks(j);
xi1(j)=(p*w~2-c11*g1(j) "2-c44/2*k~2)/ (i*k*g1(j)+(c13+c44/2));
xi2(j)=(p*w~2-c11*g2(j) “2-c44/2+k~2)/ (i*k*g2(j)*(c13+c44/2)) ;

end

YRR R ERERREE RN R RRRERRR R KRR RR
.

% Determine the A’s (the coefficients)
%‘***********t‘*********‘*‘*********tt“*****#******#*#t

% there are 4 vectors with the coefficients in them.
% A1(j) contains A1l corresponding to k=ks(j)

% Albar(j) contains Albar corresponding to k=ks(j)
% A2(j) contains A2 corresponding to k=ks(j)

% A2bar(j) contains A2bar corresponding to k=ks(j)

numint=50;
i=sqrt(-1);

dr=(b-a)/numint;

K=length(ks)

S=zeros (4*K,4*K)

F=zeros(1,4*K)

Di=zeros(1,K)

D2=zeros(1,K)

for j=1:1:K
D1(j)=c13+g1(j)+i*ks(j)*c33*xi1(j);
D2(j)=c13*g2(j)+i*ks(j)*c33*xi2(j);
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end

for R=1:1:K
for j=1:1i:numint
r=a+j»dr;
F(R)=F(R)+f (w,r)*besselj(0,g1(R)*r);
F(K+R)=F (K+R)+£ (v,r) *bessely(0,g1(R)*r);
F(2*K+R)=F (2*K+R) +f (w,r) *besselj(0,g2(R) *r);
F(3*K+R)=F (3*K+R) +f (w,r) *bessely(0,g2(R) *r) ;
end
end

for R=1:1:K
for C=1:1:K
for j=1:1:numint
r=a+j*dr;

S(R,C)=S(R,C)+D1(C)*besselj(0,g1(C)*r)*besselj(0,g1(R)*r);

S(R+K,C)=S(R+K,C)+D1(C) *besselj(0,g1(C)*r)*
bessely(0,gl(R)*r);

S(R+2*K,C)=S(R+2*K,C)+D1(C) *besselj(0,g1(C)*r)*
besselj(0,g2(R)*r);

S(R+3*K,C)=S(R+3+K,C)+D1(C) *besselj(0,g1(C)*»r)=*
bessely(0,g2(R)*r);

S(R,C+K)=S(R,C+K)+D1(C)*bessely(0,gl (C)*r)*besselj(0,gl(R)*r);

S(R+K,C+K) =S (R+K,C+K) +D1 (C) *bessely(0,g1(C) »r)*
bessely(0,g1(R)*r);

S(R+2*K,C+K) =S (R+2#K,C+K) +D1(C) *bessely(0,g1(C) *r)*
besselj(0,g2(R)*r);

S(R+3*K,C+K)=S (R+3+K,C+K)+D1(C) *bessely(0,g1(C)*r)*
bessely(0,g2(R)*r);

S(R,C+2*K)=S(R,C+2#K) +D2(C) *besselj(0,g2(C) »r)*
besselj(0,gi(R)*r);

S(R+K,C+2#K) =S (R+K,C+2*K)+D2(C) *besselj(0,g2(C)*r)*
bessely(0,g1(R)*r);
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S(R+2*K,C+2+K) =S (R+2*K,C+2*K)+D2(C) *bessel j (0,g2(C) *r) *
besselj(0,g2(R)*r);

S(R+3#K,C+2+K) =S (R+3+K, C+2+K) +D2(C) *besselj (0,g2(C) *r)*
bessely(0,g2(R)*r);

S(R,C+3*K)=S(R,C+3*K)+D2(C) *bessely(0,g2(C)*r)*
besselj(0,g1(R)*r);

S(R+K,C+3%K) =S (R+K,C+3*K) +D2(C) *bessely(0,g2(C) *r)*
bessely(0,g1(R)*r);

S(R+2+K,C+3+K) =S (R+2#K,C+3*K) +D2(C) *bessely(0,g2(C) *r) *
besselj(0,g2(R)*r);

S (R+3*K,C+3%K) =S (R+3*K,C+3*K) +D2(C) *bessely(0,g2(C) *r) *
bessely(0,g2(R)*r);

end
end

end

% solve the linear system

AsS\F’;
for j=1:1:K
AL(3)=A(j);

Albar(j)=A(K+j);

A2(j)=A(2%K+j);

A2bar (j)=A(3*K+j);
end

save examplecoeffs w ks gl g2 xil xi2 A1 Albar A2 A2bar

%***********#**t***t*#*#*#**t**##*####*#*‘*t#**‘##

% end of script
%****#t*********##**t*#****#*#*********##*#*#*#***
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A.5 The Script raddisp.m

% this script will produce a axially varying picture
% of the radial displacements in a

% cylindrical shell responding to an excitation at

% circular frequency w.

% the material properties of the specimen are in the
% function freqeqn.m

YRR R R KRR KRR ERRERERRRRE R R R
.

% load data from examplecoeffs.mat
%****#**#***********************#**##****t*******t****t

load examplecoeffs

%******#*********###******#*******************#****#**t

% MATERIAL INFO. SAME AS IN freqeqn.m
%**************************#*****************#*********

% these numbers are for Douglas Fir. The units are meters(m),
% Pascals(Pa) and kilograms/meter-3 (kg/(m"3)).

a=10e-2;
c33=6.89e+9;
¢c11=0.59=c33;
€12=0.39%¢c33;
c13=0.035%c33;
c44=0.071%c33;
p=800;
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%****#**t****#***#*#**#****#****#*##********##*#*#*****

% Produce Output Data
%****#**#*#*****#*t*******##*#**#*******#***##*********

% the output is a graph from z=21 to 22 of the radial
% displacements at radius r and time t of the propagating modes.

numzsteps=200;
dz=(z2-z1) /numzsteps;

i=sqrt(-1);
zs=[z1:dz:22];

for j=1:1:length(zs)

2z=2s8(j);

m=1;
pl=A1l(m)=*besselj(l,gl(m)*r);
p2=Albar (m)=*bessely(1,g1l(m)*r);
p3=A2(m) *besselj(1,g2(m)*r);
p4=A2bar (m) *bessely(1l,g2(m)*r);
pS=exp (i*(ks(m)*z-wst)) ;
model(j)=real ((pl+p2+p3+p4)*p5) ;

=2;

p1=A1(m)*besselj(l,gl(m)*r);
p2=Albar(m)*bessely(1,g1(m)*r);
p3=A2(m) *besselj(1,g2(m)*r);
p4=A2bar (m) *bessely(1,g2(m) *r);
pS=exp(i*(ks(m)*z-w*t));
mode2(j)=real((p1+p2+p3+p4)*pS5) ;

m=3;
p1=A1(m)*besselj(1,gl(m)*r);
p2=Albar(m)*bessely(1,g1(m)*r);
p3=A2(m)*besselj(1,g2(m)+*r);
p4=A2bar(m) *bessely(1,g2(m)*r) ;
pS=exp (i*(ks(m)*2-wst)) ;
mode3(j)=real ((p1+p2+p3+p4)*p5) ;
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end

% find the maximum element of each mode to use as
% a normalizing constant.

modeimax=max (abs(model));
mode2max=max (abs (mode2)) ;
mode3max=max (abs (mode3)) ;

%t**#************#**#t#******##*t***#**##*#*##t*##*##*###t#

% Produce Output Pictures
%******************************#*#****3#**##*******##******

figure

subplot(2,2,1)
plot(zs./b,model./modeimax)
title(’Mode 1’)

axis([z1/b z2/b -1.1 1.1])
xlabel(’z/b’)

ylabel (’Displacement’)
subplot(2,2,2) '
plot(zs./b,mode2./mode2max)
title(’Mode 2’)

axis([z1/b 22/b -1.1 1.1])
xlabel(’z/b’)
ylabel(’Displacement’)
subplot(2,2,3)
plot(zs./b,mode3./mode3max)
title(’Mode 3°’)

axis([z1/b z2/b -1.1 1.1])
xlabel(’z/b’)
ylabel(’Displacement’)

%‘*****************‘***#*****#************************‘*
% end of script
%*#********t**#********##**#**##***t*****##*#*###****‘**
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A.6 The Script zsection.m

% this script will produce a cross-sectional picture
% of the shape of the propagating axial modes in a
% cylindrical shell responding to an excitation at
% circular frequency w.

% the material properties of the specimen are in the
% function freqeqn.m

%#**#******#*#******#******#***#***#***‘*#**#***#***##*

% load data from examplecoeffs.mat
%**#***********************ﬁ*****************#*****#***

load examplecoeffs

%***********************************#***********#******
% MATERIAL INFO. SAME AS IN freqeqn.m

%***#t***********#t*#*#***#*##***tt***‘********#***####

% these numbers are for Douglas Fir. The units are meters(m),
% Pascals(Pa) and kilograms/meter~3 (kg/(m~3)).

b=20e-2;
a=10e-2;
c33=6.89e+9;
c11=0.59%c33;
€12=0.39%c33;
¢13=0.035*c33;
c44=0.071%c33;
p=800;

USEREEEEERRRRRERRERRKERKEREREREREREEERRRRRRRRRRRRRERERE

% Produce Output Data
%#**##**********#********#*******#**#*********“*******
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% the output is a graph from r=a to b of the shape of
% each of the propagating modes.

% the matrices model,2 and 3 contains the shapes in each mode.

numrsteps=25;

dr=(b-a)/numrsteps;
[th,r]=meshgrid((0:5:360)*pi/180, a:dr:b);
(x,yl=pol2cart(th,r);

r=sqrt(x."2+y.~2);

i=sqrt(-1);

m=1;
p1l=A1(m)*xil(m)*besselj(0,gl(m)=*r);
p2=Albar (m)*xil (m)*bessely(0,gl(m)*r);
p3=A2(m)*xi2(m) *besselj(0,g2(m)*r);
p4=A2bar (m) *xi2(m) *bessely(0,g2(m) *r) ;
model=abs (p1+p2+p3+p4) ;

i=sqrt(-1);

mn=2;
p1=A1(m)*xil(m)*besselj(0,gl(m)=*r);
p2=Albar(m)*xil(m)*bessely(0,g1(m)*r);
p3=A2(m) *xi2(m) *besselj(0,g2(m) *r) ;
p4=A2bar (m)*xi2(m) *bessely(0,g2(m)*r);
mode2=abs (p1+p2+p3+p4) ;

i=sqrt(-1);

m=3;
p1=A1(m)*xil (m) *besselj(0,g1(m)=*r);
p2=Albar (m)*xi1(m)*bessely(0,g1(m)*r);
p3=A2(m)*xi2(m) *besselj (0,g2(m)*r);
p4=A2bar (m) *xi2(m) *bessely(0,g2(m)*r);
mode3=abs (p1+p2+p3+p4) ;

% find the maximum element of each mode to use as
% a nor malizing constant.
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modelimax=0;
mode2max=0;
mode3max=0;
for j=1:1:length(model(:,1))
currmaxi=max(mode1(j,:));
currmax2=max(mode2(j,:));
currmax3=max(mode3(j,:));
if currmaxi>modeimax
modeimax=currmaxi;
end
if currmax2>mode2max
mode2max=currmax2;
end
if currmax3>mode3max
mode3max=currmax3;
end
end

%*#***#**********##***ﬁ*#**#****************#t####‘#***#**#

% Produce Output Pictures
%***************************#**#**t*****#***************##*

figure
mesh(x,y,model./modeimax)
colormap(cool)

figure
mesh(x,y,mode2./mode2max)
colormap(cool)

figure
mesh(x,y,mode3./mode3max)
colormap(cool)

figure
subplot(2,2,1)
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mesh(x,y,model./modeimax)
colormap(cool)
subplot(2,2,2)
mesh(x,y,mode2. /mode2max)
colormap(cool)
subplot(2,2,3)
mesh(x,y,mode3./mode3max)
colormap(cool)

./.*tti***#*****‘*##*****##***********##‘**###t****####***#
% end of script
./.#***#******#*********************#**********************
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Appendix B
TWO-LAYERED CODES

This appendix contains the Matlab M-files for the two layered cylinder that
are significantly different than the corresponding codes for the shell. The
codes included are the function fregeqn.m, which contains the frequency equa-
tion for the two layered cylinder. The scripts twocylcutoff.m and dispcurves.m
are used to generate the dispersion curves. These codes are identical to the
corresponding codes for the shell, shellcutoff.m and dispcurves.m, found in
Appendix A. Therefore, these codes were not copied again in this appendix.

A primary goal for the two-layered cylinder is to compare theoretical
results with experimental data. Since experimental stresses, in particular,
the applied o,., are not of a single frequency nature it was necessary to
include an m-file that would produce a finite frequency approximation of a
real input. The script inputapproz.m performs this approximation.

The last m-file is the script sigmazz.m. Its role is to generate the time
domain response of the two-layered cylinder to the multiple frequency exci-
tation. It accomplishes this by summing of modes at each frequency in the

approximation of the applied o,
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B.1 The Function freqeqgn.m

function y=freqeqn(w, k)

% this is the frequency equation for longitudinal modes
% traveling in an transversely isotropic cylinder

% composed of two layers. The outer layer is layer 1.
% it lies between r=rl and r=r2. the inner layer is

% layer 2. it lies betwwen r=r2 and r=0.

% r1>r2>0

% the elastic constants of each layer are kept in a

% 2-vector with the first entry for layer 1 and the second
% for layer 2.

% the elastic constants are cil, c12, c13, ¢33 and c44.
% p is the density

%*#*********************#********************t**#*t**##

% initialize variables
%*************************************‘***#************

% these numbers are for Douglas Fir. The units are meters(m),
. Pascals(Pa) and kilograms/meter~3 (kg/(m~3)).

. the inner layer (layer 2) is chosen with a 40% reduction in
% all the elastic constants.

S

r1=20e-2;
r2=7e-2;

% layer 1 (outer layer)
c33(1)=6.89e+9;
c11(1)=0.59%*c33(1);
c12(1)=0.39%c33(1);
c13(1)=0.035%c33(1);
c44(1)=0.071+c33(1);
p(1)=800;

% layer 2 (inmer layer)
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€33(2)=0.6%c33(1);
c11(2)=0.6+0.59%c33(2);
c12(2)=0.6%0.39%c33(2) ;
c13(2)=0.6%0.035%¢c33(2);
c44(2)=0.6%0.071%c33(2);
p(2)=p(1);

%**t***#**###**#*********#*********#*##*********#****#

% the frequency equation
%*******************************************t*******#t

% first, the radial wavenumbers gl and g2 in each layer

for j=1:1:2
A(3)=c11(j)*c44(j)/2;
B(j)=-c11(j)*(p(j)*w~2-c33(j)*k~2)-c44(j)/2*(p(j)*
w=2-c44(j)/2*k"2)-(c13(j) +c44(j)/2) "2%k™2;
C(j)=(p(j)*w~2-c33(j)*k~2)*(p(j) *v"2-c44(j) /2¥k"2) ;
g1(j)=sqrt((-B(j)+sqrt(B(j) ~2-4*A(j)*C(j)))/(2*A(3)));
g2(j)=sqrt((-B(j)-sqrt(B(j) "2-4*A(j)*C(j)))/(2*A(j)));
end ’

% second, the factors cl and c2 in each layer

i=sqrt(-1);

for j=1:1:2
xi1(j)=(p(j)*w~2-c11(j) *g1(j) "2-c44(j) /2*k~2) / (i*k*g1(j)*

(c13(j)+c44(j)/2));
xi2(j)=(p(j)*»w~2-c11(j)*g2(j) "2-c44(j) /2%k~2) / (i*k*g2(j)*

(c13(j)+c44(j)/2));

end

% third, the coeff. matrices

for j=1:1:2
a1(j)=c11(j)*g1(j)+i*k=*c13(j)*g1(j);
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a2(j)=c11(j)*g2(j) +i*k*c13(j)*g2(j);

b1(j)=c12(j)-c11(j);

b2(j)=b1(j);

c1(j)=c44(j)/2*(i*=k-g1(j)*xi1(j));

c2(j)=c44(j) /2*(i*k-g2(j)*xi2(j));
end

Xlout(1,1)=besselj(1,g1(1)*rl);

Xiout(1,2)=bessely(1l,g1(1)*r1);

Xlout(1,3)=besselj(1,g2(1)*r1);

Xlout(1,4)=bessely(1,g2(1)»r1);
Xlout(2,1)=xi1(1)*besselj(0,g1(1)*r1);
Xlout(2,2)=xi1(1)*bessely(0,g1(1)*rl);
X1out(2,3)=xi2(1)*besselj(0,g2(1)*r1);
X1out(2,4)=xi2(1)*bessely(0,g2(1)*r1);
Xiout(3,1)=a1(1)*besselj(0,g1(1)*r1)+b1(1)*besselj(1,g1(1)*r1)/r1;
X1out(3,2)=a1(1)*bessely(0,g1(1)*r1)+b1(1)*bessely(1,g1(1)*rl)/r1;
Xlout(3,3)=a2(1)*besselj(0,g2(1)*r1)+b2(1)*besselj(1,g2(1)*r1)/r};
X1lout(3,4)=a2(1)*bessely(0,g2(1)*r1)+b2(1) *bessely(1,g2(1)*r1)/r1;
Xlout(4,1)=c1(1)*besselj(1,g1(1)*rl);
Xiout(4,2)=c1(1)*bessely(1,g1(1)*rl);
Xiout(4,3)=c2(1)*besselj(1,g2(1)*r1);
Xlout(4,4)=c2(1)*bessely(1,g2(1)*rl);

X1in(1,1)=besselj(1,g1(1)*r2);

X1in(1,2)=bessely(1,g1(1)*r2);

X1in(1,3)=besselj(1,g2(1)*r2);

X1in(1,4)=bessely(1,g2(1)*r2);
X1in(2,1)=xi1(1)*besselj(0,g1(1)*r2);
X1in(2,2)=xi1(1)*bessely(0,g1(1)*r2);

X1in(2,3)=xi2(1) *besselj(0,g2(1)*r2);
X1in(2,4)=xi2(1)*bessely(0,g2(1)*r2);
X1in(3,1)=a1(1)*besselj(0,g1(1)*r2)+b1(1)*besselj(1,gl(1)*r2)/r2;
X1in(3,2)=a1(1)*bessely(0,g1(1)*r2)+b1(1)*bessely(1,g1(1)*r2)/r2;
X1in(3,3)=a2(1)*besselj(0,g2(1)»r2)+b2(1)*besselj(1,g2(1)*r2)/r2;
X1in(3,4)=a2(1)*bessely(0,g2(1)*r2)+b2(1)*bessely(1,g2(1)*r2)/r2;
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X1in(4,1)=c1(1)*besselj(1,g1(1)*r2);
X1in(4,2)=c1(1)*bessely(1,g1(1)*r2);
X1in(4,3)=c2(1) *besselj(1,g2(1)*r2);
X1in(4,4)=c2(1)*bessely(1,g2(1)*r2);

X2out(1,1)=besselj(1,g1(2)*r2);

X2o0ut(1,2)=besselj(1,g2(2)*r2);
X2o0ut(2,1)=xi1(2)*besselj(0,g1(2)*r2);
X2o0ut(2,2)=xi2(2)*besselj(0,g2(2)*r2);

X20ut(3,1)=al1(2) *besselj(0,gl (2)*r2)+b1(2) *besselj(1,g1(2)*r2)/r2;
X2out(3,2)=a2(2) *besselj(0,g2(2) *r2) +b2(2) *besselj(1,g2(2) *r2)/r2;
X2out (4,1)=c1(2)*besselj(1,g1(2)*r2);

X2out (4,2)=c2(2)*besselj(1,g2(2)*r2);

% the global transfer matrix and frequency eqn.
% this is actually a 4x2 matrix, but the 3rd and 4th
% equations are homogeneous, so their determinant is

% set to zero for the frequency eqn.

Q=X1lout*inv(X1in)*X2out;

- y=Q(3,1)+Q(4,2)-Q(3,2)*Qq(4,1);
UERRRERRRRERERRRRR A RRRRREREERRRRERREEEEEERRKERERRERRE

% end of function
./.*##*#***##******************#******#‘******#*‘**#***#

B.2 The Script inputapproz.m

% this m-file will produce a finite frequency approximation
% of the time domain data contained in the file chopdata.

Yxxxxxexxxxxrxxxload time domain datax*xxxssxxxssseskkErks

load chopdata2
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A e S e et I Lt
UEereraesrsaes*%aSSign Program parameters** s sssssrxssskss

numint=length(ts);
T=ts(numint) ;
fundw=pi/(T);
numfreq=40;
delt=T/numint;

YrER R AR REEEEEREEREERERRRREERRRERREE KRR R R R R ERK
Yrxxxrennerkerkrxxinitialize coefficientsxkssxkkxknnkrnnn

for j=1:1:numfreq
c(j)=0;

end

constantterm=0;

%***#****************************************************

%*****#**##**#**********#*##****##***#***#***##t#****#***

% MAIN PROGRAM

%*****###********#**********#*#*************#*####***#*##

i=sqrt(-1);

for j=1:1:numint
volt=frontvolts(j);
t=ts(j);
constantterm=constantterm+1/(2sT)*volt;
for m=1:1:numfreq

c(m)=c(m)+1/(2+T) *(volt*exp (i*m*fundw*t)) ;

end

end
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for j=1:1:numint
approx=0;
t=ts(j);
for m=1:1:numfreq
approx=approx+c (m) *exp(-i*m*fundwst) ;
end
nearsig(j)=approx;
end

normaliser=max(real(nearsig));
coeffs=c./normaliser;
for n=1:1:numfreq
ws (n)=fundw#*n;
end

YxkxxxxxnaxxeeresxxxEnd Main Program******xxkkktshksrabriisns

'/,t***********tt*********tt***t***#*t#t#*#*##***t*t*t***#**t***
% Produce Output
'/.t*###t#***#*#t*#****#***t***t****t*#********#****t*****##*#t*
save chopfreqdata2 coeffs ws

maxvolts=max(frontvolts);
minvolts=min(frontvolts);
tinit=0;
tfinal=ts(numint);

subplot(2,2,1)
plot(ts,frontvolts)
axis([tinit tfinal minvolts-0.1 maxvolts+0.2])
title(’Time Domain Signal’)
subplot(2,2,2)
plot(ts, real(nearsig./normaliser)+real(constantterm)/(2*normaliser))
axis([tinit tfinal minvolts-0.1 maxvolts+0.2])
title(’Signal Approximation’)
subplot(2,2,3)
stem(ws,abs(c) ./normaliser)
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title(’Complex Modulus of Coefficients’)

xlabel(’\omega’)

axis([0 max(ws) 0 max(abs(c))/normaliser+0.02])
subplot(2,2,4)

stem(ws,angle(c))

title(’Phase Angle of Coefficients’)

xlabel (’\omega’)

axis([0 max(ws) -pi-0.1 pi+0.1])

figure
plot(ts, frontvolts, ts, real(nearsig./mormaliser)+real(constantterm)/
(2*normaliser))

A s P L e e L
% END OF SCRIPT

%******#*t**********#********#*********************#***#*****‘*

B.3 The Script sigmazz.m

% this script will produce the time domain response
% of a two-layered transversely isotropic cylinder
% to a multiple frequency excitation.

% the material properties of the specimen are in the
% function freqeqn.m

A e e P e L
% USER INPUTS

%**********#****#****#****#***t##**t****##********t**#*

r=10e-2;
2=293e-2;

%##******##t*#*#*t******#********#*#***###*#********##*
% MATERIAL INFO. SAME AS IN fregeqn.m
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%****#*#t#**#*#*#****###*#***#**##*#*********t#***t****

% these numbers are for Ponderosa Pine. The units are meters(m),
% Pascals(Pa) and kilograms/meter~3 (kg/(m"3)).

% the inner layer (layer 2) is chosen with a reduction in

% all the elastic constants.

ri=10e-2;
r2=3e-2;

% layer 1 (outer layer)
%c33(1)=5e+9; bad try
c33(1)=8.89e+9;
c11(1)=0.476%*c33(1);
€12(1)=0.393%c33(1);
c13(1)=0.369*c33(1);
c44(1)=0.064*c33(1);
%p(1)=650; bad try
p(1)=448;

% layer 2 (inner layer)

reduxfactor=0.40;
c33(2)=(1-reduxfactor)*c33(1);
c11(2)=(1-reduxfactor)*c11(1);
c12(2)=(1-reduxfactor)*c12(1);
¢13(2)=(1-reduxfactor)*c13(1);
c44(2)=(1-reduxfactor)*c44(1);
p(2)=p(1);

%#*****#**##**t***##*#***#**t*#*#****###**#****#t*#t#t*

% load the frequency/wavenumber data
% load the frequency approx. data
%#*#*##**#****tt*#t*t#*t#t**##**#***t*#t#**#*#t*#t*t##t

load dispersiondata
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load chopdata2
load chopfreqdata2

%#*t#*****#**#*t*************t******#***t**t**##***#**

% set up solution vector
%***********#********#**********#**#****************‘*

condtol=5e+16;
endtime=ts(length(ts))*1;
dt=endtime/length(ts);
time=[dt:dt:endtime];

for j=1:1:length(time)
press(j)=0;
end

UEERKRERRREXREERRKKKERRERRRERRRERRRKERRERRERRRRRRKKK KKK
% BEGIN MAIN LOOP OVER w

%********#t*##*t*****#**#****#****#*#****##****#***#***

for n=1:1:length(ws)
w=ws (n)

%*#********#***#*****#*****##********##*t#*****#*#**#**

% Determine the k’s associated with w
%****##*##**#**#*#***#**##**#******‘#*****************

if w<newdatw(1)

% if w is too low for dispersion data, then interpolate
% k from an average of the non-dispersive mode
temp=0;
for j=1:1:10
temp=temp+w*newdatk(j) /newdatw(j);
end
ks (1)=temp/10;
else
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ktol=0.1;

clear wcounter

wcounter=1;

while w-newdatw(wcounter)>0
wcounter=wcounter+i;

end

clear kcounter

kcounter=1;

while abs(w-newdatw(wcounter))<=dw
firstks(kcounter)=newdatk(wcounter) ;
wcounter=wcounter+1;
kcounter=kcounter+1;

end

% Keep only the k’s that correspond to a wave
% propagating to the right.

counter=1;
for j=1:1:length(firstks)
if firstks(j)>0
secondks (counter)=firstks(j);
counter=counter+i;
end
end

%Eliminate repeat k’s

secondks=sort (secondks) ;
ks(1)=secondks(1);
counter=1,;
for j=2:1:length(secondks)
if abs(secondks(j)-ks(counter))>ktol
ks (counter+1)=secondks(j);
counter=counter+1
end
end
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% put in order according to mode
for j=1:1:length(ks)
finalks(j)=ks(length(ks)-j+1);
end
ks=finalks;
end

%********************************#*#********#***t*****

% Determine the gamma’s (radial wavenumbers)
%********************#******#*************t******#****

% g1(1,j) is gammal in layer 1 corresponding to k=ks(j)
% g2(1,j) is gamma2 in layer 1 corresponding to k=ks(j)

i=sqrt(-1);
for 1=1:1:2
Cii=c11(1);
C12=c12(1);
C13=¢c13(1);
C33=c33(1);
C44=c44(1);
P=p(1);
for j=1:1:length(ks)
k=ks (j);
A=C11%C44/2;
B=-C11*(P*w~2-C33*k"~2)-C44/2* (P*u~2-C44/2xk~2)-(C13+C44/2) "2*k"2;
C=(P*w~2-C33*k~2) *x(P*w~2-C44/2%k~2) ;
g1(1,j)=sqrt ((-B+sqrt(B~2-4+*A*C))/(2%A));
g2(1, j)=sqrt ((-B-sqrt (B~2-4*A*C))/(2*4));
end
end
%********##*#**#***********##*****************#*****#**
% Determine the xi’s
%**#*#***##**********#t*#*###***##*#****#####***t****##

% xi1(1,j) is xil in layer 1 corresponding to k=ks(j)
% xi2(1,j) is xi2 in layer 1 corresponding to k=ks(j)
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i=sqrt(-1);
for 1=1:1:2

Cii=c11(Q1);
C13=c13(1);
C33=c33(1);
C44=c44(1);
P=p(1);
for j=1:1:length(ks)
k=ks(j);
G1=g1(1,j);
G2=g2(1,3j);
xi1(1,j)=(P*w~2-C11#G1~2-C44/2+k~2) / (i*k*G1%(C13+C44/2));
xi2(1,j)=(P*w~2-C11#G2°2-C44/2+k~2) / (i*k*G2*(C13+C44/2)) ;
end

end

YA T P R P TS g s
(

%

Determine the A’s (the coefficients)

%*t*******#***tt*t*t*******#*******#*##**##*#******t#*#*

h
h
h
h
h

h

there are 4 matrices with the coefficients in them.

A1(1,j) contains Al of layer 1 corresponding to k=ks(j)
Albar(1,j) contains Albar of layer 1 corresponding to k=ks(j)
A2(1,j) contains A2 of layer 1 corresponding to k=ks(j)
A2bar(l,j) contains A2bar of layer 1 corresponding to k=ks(j)

numint=50;
i=sqrt(-1);

in layer 1 (outer layer)

dri=(r1-r2)/numint;
dr2=r2/numint;
K=length(ks) ;
S=zeros(6+K,6+K) ;
Fi=zeros(1,6*K);
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F2=zeros(1,6*K) ;
Di=zeros(2,K);
D2=zeros(2,K);
for j=1:1:K
k=ks(j);
for 1=1:1:2
C13=c13(1);
C33=c33(1);
G1=g1(1,j);
G2=g2(1,j);
XI1=xi1(1,j);
XI2=xi2(1,j);
D1(1,j)=C13#G1+i*k*C33+XI1;
D2(1, j)=C13#G2+i*k»C33+XI2;
end
end

% the right hand side vector

for R=1:1:K
for j=1:1:numint

Ri=r2+j*dri;
F1(R)=F1(R)+f(n,R1)*besselj(0,g1(1,R)*R1);
F1(K+R)=F1(K+R)+f(n,R1) *bessely(0,g1(1,R)*R1);
F1(2*K+R)=F1(2*K+R)+f(n,R1) *besselj(0,g2(1,R)*R1);
F1(3#K+R)=F1(3*K+R)+f(n,R1) *bessely(0,g2(1,R)*R1);
F1(4#K+R)=F1(4»K+R)+£f(n,R1) *besselj(0,g1(2,R)*R1);
F1(5*K+R)=F1(5+K+R)+f(n,R1) *besselj(0,g2(2,R)*R1);

R2=j*dr2;
F2(R)=F2(R)+f(n,R2)*besselj(0,g1(1,R)*R2);
F2(K+R)=F2(K+R)+f(n,R2) *bessely(0,g1(1,R)*R2);
F2(2+«K+R)=F2(2*K+R)+f (n,R2) *besselj(0,g2(1,R)*R2);
F2(3*K+R)=F2(3*K+R)+f(n,R2) *bessely(0,g2(1,R)*R2) ;
F2(4*K+R)=F2(4*K+R)+f (n,R2) *besselj(0,g1(2,R)*R2);
F2(5*K+R)=F2(5*K+R) +f (n,R2) *besselj(0,g2(2,R)*R2) ;
end
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end
F=F1+F2;
% the coefficient matrix

for R=1:1:K
for C=1:1:K
for j=1:1:numint

R1=r2+j*dri;

S(R,C)=S(R,C)+D1(1,C)*besselj(0,g1(1,C)*R1)*
besselj(0,g1(1,R)*R1);

S(R+K,C)=S(R+K,C)+D1(1,C) *besselj(0,g1(1,C)*R1)*
bessely(0,g1(1,R)*R1);

S(R+2#K,C)=S(R+2*K,C)+D1(1,C) *besselj(0,g1(1,C)*R1)*
besselj(0,g2(1,R)*R1);

S(R+3*K,C)=S(R+3*K,C)+D1(1,C) *besselj(0,g1(1,C)*R1)*
bessely(0,g2(1,R)*R1);

S(R+4*K,C)=S(R+4*K,C)+D1(1,C) *besselj(0,g1(1,C)*R1)=*
besselj(0,g1(2,R)*R1);

S(R+5#K,C)=S(R+5*K,C)+D1(1,C) *besselj(0,g1(1,C)*R1)=*
besselj(0,g2(2,R)*R1);

S(R,C+K)=S(R,C+K)+D1(1,C) *bessely(0,g1(1,C)*R1)*
besselj(0,g1(1,R)*R1);

S(R+K,C+K)=S(R+K,C+K)+D1(1,C) *bessely(0,g1(1,C)*R1)*
bessely(0,g1(1,R)*R1);

S(R+2*K,C+K) =S (R+2*K,C+K)+D1(1,C) *bessely(0,g1(1,C)*R1) *
besselj(0,g2(1,R)*R1);

S(R+3*K,C+K) =S (R+3+K,C+K) +D1(1,C) *bessely(0,g1(1,C)*R1) =
bessely(0,g2(1,R)*R1);

S(R+4*K,C+K) =S (R+4*K,C+K)+D1(1,C) *bessely(0,g1(1,C)*R1)*
besselj(0,g1(2,R)*R1);

S(R+5*K,C+K) =S (R+5#K,C+K)+D1(1,C) *bessely(0,g1(1,C)*R1)*
besselj(0,g2(2,R)*R1);

S(R,C+2*K)=S(R,C+2+K)+D2(1,C) *bessel j(0,g2(1,C)*R1)*
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besselj(0,g1(1,R)*R1);

S(R+K,C+2#K) =S (R+K,C+2*K)+D2(1,C) *besselj(0,g2(1,C)*R1)*
bessely(0,g1(1,R)*R1);

S(R+2#K,C+2+K) =S (R+2#K,C+2+K) +D2(1,C) *bessel j(0,g2(1,C) *R1) *
besselj(0,g2(1,R)*R1);

S(R+3+K,C+2+K)=S(R+3*K,C+2#K)+D2(1,C) *besselj(0,g2(1,C)*R1) *
bessely(0,g2(1,R)*R1);

S(R+4#K,C+2+K)=S(R+4*K,C+2*K)+D2(1,C) *besselj(0,g2(1,C)*R1) *
besselj(0,g1(2,R)*R1);

S(R+5#K,C+2+K)=S(R+5*K,C+2#K)+D2(1,C) *bessel j(0,g2(1,C)*R1) *
besselj(0,g2(2,R)*R1);

S(R,C+3*K)=S(R,C+3*K)+D2(1,C) *bessely(0,g2(1,C)*R1)*
besselj(0,g1(1,R)*R1);

S(R+K,C+3*K)=S(R+K,C+3*K)+D2(1,C) *bessely(0,g2(1,C)*R1)*
bessely(0,g1(1,R)*R1);

S(R+2#K,C+3*K)=S(R+2*K,C+3*K)+D2(1,C) *bessely(0,g2(1,C)*R1) *
besselj(0,g2(1,R)*R1);

S(R+3*K,C+3*K) =S (R+3#K,C+3*K)+D2(1,C) *bessely(0,g2(1,C)*R1) *
bessely(0,g2(1,R)*R1);

S(R+4#K,C+3#K)=S(R+4*K,C+3+K)+D2(1,C) *bessely(0,g2(1,C)*R1)*
besselj(0,g1(2,R)*R1);

S(R+5+K,C+3*K)=S(R+5»K,C+3*K)+D2(1,C) *bessely(0,g2(1,C)*R1) *
besselj(0,g2(2,R)*R1);

R2=j*dr2;

S(R,C+4*K)=S(R,C+4*K)+D1(2,C) *bessel j(0,g1(2,C)*R2)*
besselj(0,g1(1,R)*R2);

S(R+K,C+4#K) =S (R+K,C+4*K)+D1(2,C) *besselj(0,g1(2,C)*R2) *
bessely(0,g1(1,R)*R2);

S(R+2xK,C+4+K) =S (R+2*K,C+4»K)+D1(2,C) *bessel j(0,g1(2,C)*R2) *
besselj(0,g2(1,R)*R2);

S(R+3#K,C+4#K)=S (R+3#K,C+4+K)+D1(2,C) *besselj(0,g1(2,C)*R2) *
bessely(0,g2(1,R)*R2);

S(R+4#K,C+4*K)=S(R+4*K,C+4+K)+D1(2,C) *besselj(0,g1(2,C)*R2) *
besselj(0,g1(2,R)*R2);

S(R+5%K,C+4*K) =S (R+5*K,C+4+K)+D1(2,C) *besselj(0,g1(2,C)*R2) *
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besselj(0,g2(2,R)*R2);

S(R,C+5#K)=S(R,C+5%K) +D2(2,C) *besselj(0,g2(2,C) *R2)*
besselj(0,g1(1,R)*R2);

S(R+K,C+5*K)=S (R+K,C+5+K)+D2(2,C) *bessel j(0,g2(2,C)*R2) *
bessely(0,g1(1,R)*R2);

S (R+2*K,C+5+K) =S (R+2+K,C+5+K) +D2(2,C) *bessel j(0,g2(2,C) *R2) *
besselj(0,g2(1,R)*R2);

S(R+3*K,C+5*K) =S (R+3*K,C+5+K) +D2(2,C) *besselj(0,g2(2,C)*R2) *
bessely(0,g2(1,R)*R2);

S(R+4*K,C+5%K) =S (R+4*K,C+5*K) +D2(2,C) *besselj(0,g2(2,C)*R2) *
besselj(0,g1(2,R)*R2);

S(R+5*K,C+5%K) =S (R+5*K ,C+5+K) +D2(2,C) *besselj(0,g2(2,C) *R2)*
besselj(0,g2(2,R)*R2);

end
end

end

condition(n)=condest(S);

if condition(n)<condtol
% solve the system

A=S\F’;

freqnum=n

for j=1:1:K
A1(1,3)=A(3);
Atbar(1,j)=A(K+j);
A2(1,j)=A(2+K+j) ;
A2bar(1,j)=A(3*K+j);
A1(2,j)=A(4*K+j);
Albar(2,j)=0;
A2(2, j)=A(5%K+j) ;
A2bar(2,j)=0;

end

% add to sigmazz
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for j=1:1:length(time)
wpress(j)=0;
end
for m=1:1:K
=ks (m) ;
Gi=g1(1,m);
G2=g2(1,m);
XIt=xi1(1,m);
XI2=xi2(1,m);
arrivetime=z*k/v;
for j=1:1:length(time)
t=time(j);
if t>arrivetime & t<arrivetime+ts(length(ts))

C13=c13(1);
C33=c33(1);

p1=(C13*G1+i*K*C33*XI1)*besselj(0,Gl*r)*A1(1,m);
p2=(C13*G1+i*K*C33+XI1) *bessely(0,Gl*r)*Albar(l,m);
p3=(C13*G2+i*K*C33+XI2) *besselj(0,G2+r)*A2(1,m);
p4=(C13%G2+i*K*C33*XI2) *bessely (0,G2*r)*A2bar(1,m) ;
pS=exp (i*k#*z)*exp(-i*w*t);

wpress (j)=wpress(j)+real ((p1+p2+p3+p4)*p5) ;
end
end
end

press=press+wpress;
end

UEEEXKERKERERRRRRRRRKRERRERERERRRRERRRRRRRERRRRRRKR
% END MAIN LOOP OVER w
UEEERERREERERERKERREREERERERERRRARRRERRRERRRRKRKKR

end
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%*#*tt#*#*****t**t***##**t**##**#*****#***#*ttt#**

% Produce output
%***‘**************#*******ﬁ‘***#*ﬁt*t‘ﬁ**t*‘**‘*t

% normalize sigmazz

normalizer=max(abs(press));
normpress=press./normalizer;

figure

plot(time, normpress, ts, endvolts)

figure

plot(ws,condition)
%*#**##*#**t**#t*#***#****#**#******#*‘##*******#*
% end of script
%*********#**********#***********#***#*#*##***#***
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Appendix C

MULTIPLE FREQUENCY
EXAMPLE

The single frequency input and response model is insufficient for most ap-
plications. Most inputs will, in general, be the superposition of an infinite
number of harmonic stresses. These can be approximated within an arbitrary
accuracy by the sum of a finite number of frequenies. This is the approach
used here.

In the shell example, section 4.5, the input was assumed to be at a single
frequency, w. At this frequency, K modes were found to propagate and these

modes were used to approximate the input, o,,.

K
Oss |s=0= Z 0xs(r,0,¢; k(j)) (C.1)

i=1
Taking advantage of the linearity of the model, multiple frequencies can be
considered by summing over the response to each frequency. If the multiple
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frequency approximation contains the frequencies {wy,ws, ... ,wn}, then the

approximation of the input takes the form

N K

O3z |s=0= Z E 04s(r, 0, t; k(j)ywm)v (C2)

m=1 j=1
where the response to each individual frequency is treated exactly as before
and the sum of all these responses is considered the response to the multiple
frequency input.

This method, superposition of propagating modes at a single frequency
then superposition of frequencies will be employed to compare the theoretical
response of this model to the response actually observed in a SDT experiment.

C.1 SDT Experiment

This section is intended to describe the experiment from which data was
taken to compare with the results obtained by the method developed in this
chapter. Figure C.1 is a diagram of the experimental setup.

In the experiment a SDT sample was subject to an excitation from a
hammer strike on one end. The elastic waves produced were measured at
two points on the surface of the sample. One was made 100mm from the
end where the hammer struck. This measurement is intended ot record
the incident wave. The second measurement was made 1250mm from the
opposite end of the sample. This measurement was to record the propagating
wave before a reflection off the end could interfere.

The measurements were made by two single axis pinducer DC -12.MHz
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Figure C.1: Diagram of SDT experiment

(-3dB) model VP-1093 (Vapley-Fisher, Hopkinton, MA.) ultrasonic transduc-
ers with a sensitivity of 50 dB relative to 1 volt/meter/sec. These transducers
were attached to the SDT sample by gluing them to a lag bolt drilled into the
sample. The data was taken from the transducers with a TDS 520A digital
oscilloscope at a rate of 250 kHz.
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C.2 Results

The first step in implementing the model is to convert the experimental input
into a form that can be written as a sum of single frequency inputs. This sum
will necessarily be an approximation since an infinite number of frequencies
are present in the real input. The Matlab script inputapproz.m, in Appendix
B, was used to find this approximation. The script was run to produce a 40
frequency approximation. The results of this approximation are plotted in

Fig. C.2 along with the signal being approximated.

Time Domain Signal Signal Approximaton
0s 05
0 0
08 08
-1 -1

: T
" I W |

Figure C.2: The measured input and information about the finite frequency

approximation.

From this graphical representation of the data it is clear that frequencies
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centered around w = 5 kHz contribute the most to the signal. Figure C.3 is
a plot of the experimental signal and the 40 frequency approximation on the

same axes.

tme (seconds) <10~

Figure C.3: The measured input and finite frequency approximation.

The information contained in this approximation is implemented in the
model in the following way. For each frequency considered, a complex co-
efficient, B,,, was found that represents the magnitude and phase of the
frequency in the approximation. Therefore, at z = 0 the normal stress was

approximated by

0
Oas |s=0” Z Bpetmt, (C.3)

m=1
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the Matlab script dispcurves.m, in Appendix A, along with the function fre-
gegn.m, in Appendix B. Figure C.4 contains the output from these programs.
Compared with the previous example, very few modes propagate in the ex-
perimental model at the frequencies being considered. This is mostly because
the experimental model is considerably thinner, i.e. r! for the sample in the

experiment is much smaller that r* ir the previous example.

7000

”1

Figure C.4: Dispersion curves for experiment.

For most of the frequencies included in the model the SDT being consid-
ered will respond as a single mode waveguide. Only at the highest frequencies

considered is a second mode present.
The time domain response of the model is constructed using the matlab

script sigmazz.m, in Appendix B. The results are plotted in Fig. C.5 with
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the experimental measurements.

1
08¢
o8k

04

C 02}
04t .
-os} .
08t . M
_' 1"> A -
0 1 2 3 4 s ] 7 s
time (ssconde) <10°

Figure C.5: Theoretical and experimental responses.

The theoretical model predicts the arrival of the wave at the correct time
and the initial shape fairly accurately. The shape of the experimental and
theoretical waves differ considerably afterwards.
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