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ABSTRACT OF DISSERTATION

SIMULATION AND PARAMETERIZATION OF VERTICALLY PROPAGATING 

CONVECTIVELY GENERATED GRAVITY WAVES

In this work, we use a high-resolution, two-dimensional numerical model to simulate 

convection initiated with many different thermodynamic and wind profiles. The simulated 

convection produces gravity waves, some o f which propagate vertically into the strato­

sphere. Several diagnoses are made o f the convection. These include a gravity wave source 

diagnosis where source terms associated with heating and nonlinear advection are shown 

to be dominant. A diagnosis o f the first and second moment equations is also performed, 

isolating the important terms in these equations in the troposphere and stratosphere. The 

empirical orthogonal functions o f horizontal velocity, vertical velocity, and potential tem­

perature are also calculated, yielding modes that represent convection and gravity waves. 

Moist updrafts and other convective phenomena are isolated using particle trajectory anal­

ysis and a conditional sampling analysis. Finally, the waves in the stratosphere were char­

acterized using Fourier analysis. The waves generated by the simulated convection have 

characteristic wavelengths o f  10-100 km, periods o f 10-60 minutes, and phase speeds of

-50 to 50 m s '1. Each of these ranges is consistent with waves that have been observed 

above convection in the stratosphere, and simulated in previous modeling studies. In simu­

lations with stratospheric shear layers, the simulated waves are absorbed near their critical 

levels.

A parameterization to represent the effects o f convectively generated gravity waves in 

large-scale models is also proposed. The mechanism for the generation o f the waves can 

be represented by transient topography. The effects o f critical level absorption, wave 

breaking, and wave reflection are accounted for. The energy flux associated with the waves
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is shown to represent a sink to the perturbation kinetic energy of the convection, and a 

method to calculate this effect is proposed.

Zachary A. Eitzen

Department o f Atmospheric Science

Colorado State University

Fort Collins, CO 80523

Fall 2001
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Chapter 1: Introduction

1.1. Overview o f the problem

Waves are a ubiquitous feature o f the atmosphere. From internal gravity waves with 

wavelengths of hundreds o f meters to planetary waves with wavelengths o f tens o f  thou­

sands o f kilometers, they cover a wide span o f scales. Although some waves are not 

believed to have much influence on the general circulation (e.g., acoustic waves), many 

others are. One class o f waves that is believed to have an important influence on the gen­

eral circulation is gravity waves. Although general circulation models (GCMs) can simu­

late inertia-gravity waves that have wavelengths of at least two grid points (typically 200- 

500 km), they cannot simulate the shorter gravity waves that also exist in the real atmo­

sphere.

One source o f subgrid-scale gravity waves is orography. Orographic waves are station­

ary with respect to the earth, and can have a momentum flux amplitude of -0 .5  Pa (Palmer 

et al. 1986). These waves act as a drag on the mean flow, slowing it where they are 

absorbed. The parameterization o f subgrid-scale orographically generated gravity wave 

drag has been examined for many years. These schemes were found to counteract a sys­

tematic westerly wind bias that existed in many GCMs (e.g., Palmer et al. 1986; McFar- 
lane 1987).

Another source of short-wavelength gravity waves is moist convection. Convection 

can occur on many length and depth scales, from small cumuli that span a few hundred 

meters in the horizontal and vertical to superclusters in the tropics that extend thousands 

o f kilometers in the horizontal and through the depth of the troposphere.

There are a number o f reasons to study convectively generated gravity waves. 

Although this work will primarily focus on vertically propagating waves, horizontally 

propagating gravity waves generated by convection have also been identified as physically 

important, acting as triggers for the generation of new convection (Mapes 1993), and as a

1
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mechanism for the organization o f convection (Schmidt and Cotton 1990). Vertically 

propagating gravity waves carry a momentum flux that may alter the mean winds above 

the convection by well-known processes (Eliassen and Palm 1960). Convectively gener­

ated gravity waves may carry a momentum flux o f similar magnitude to that of orographi- 

cally generated waves (Fritts and Nastrom 1992), which have long been acknowledged as 

important to the flow for altitudes at and above the upper troposphere (Bretherton 1969). 

Researchers such as Dunkerton (1997) have identified vertically propagating convectively 

generated gravity waves as being important for the maintenance o f the quasi-biennial 

oscillation (QBO; Baldwin et al. 2001). In addition, convectively generated gravity waves 

may play a role in the dessication o f the lower stratosphere (Potter and Holton 1995), and 

the nucleation of stratospheric aerosols (Nilsson et al. 2000).

A parameterization o f convectively generated gravity waves needs to include several 

elements to adequately represent the impact of these waves on the mean flow. One o f these 

is a condition within a grid box under which the waves are generated. For orographic grav­

ity wave parameterizations, the presence of land is obviously required, typically with 

some minimum amount o f topographic variance. The most natural condition for convec­

tively generated waves would seem to be the presence of convection, perhaps with a mini­

mum strength. This is the path that Rind et al. (1988), Bossuet et al. (1998), Kershaw 

(1995), Roadnight (1999), and Chun and Baik (1998) have taken. There are other parame­

terizations (Hines 1997a,b; Warner and McIntyre 1999,2001) that are meant to include 

the general effects of nonorographic gravity waves (including gravity waves produced by 

shear). These parameterizations do not include specific triggering mechanisms, but 

assume wave spectra that are isotropic at all grid points, or vary as a function of latitude.

Another element that the parameterization needs to include is a characterization o f the 

waves, in terms o f their strength, phase speed, and wavenumber. Many o f the previous 

parameterizations (Kershaw 1995; Bossuet etal. 1998; Chun and Baik 1998; Roadnight 

1999) assume that the waves produced by convection have a single phase speed. As we 

will see from the observations in Chapter 2, and the model results contained in Chapter 13 

and Chapter 14, this is an unrealistic assumption. Other parameterizations (Rind et al. 

1988; Alexander and Dunkerton 1999) do assume that convectively generated waves occur 

over a range of phase speeds.

2
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Once the waves are launched within a grid cell, they can impart momentum to the 

mean flow via critical level absorption or saturation. Critical level absorption occurs when 

a wave’s phase speed matches the mean flow speed of the atmosphere. Saturation occurs 

when a wave grows in amplitude until it distorts potential temperature surfaces to near the 

point o f static instability, causing localized areas o f Kelvin-Helmholtz instability and sub­

sequent turbulence. Most existing parameterizations use variations on the linear theory 

proposed by Lindzen (1981) for wave absorption, although Hines (1997a) points out that 

wave-wave interactions may be important, and includes these effects. Another effect that 

may be important in some cases (Alexander and Dunkerton 1999) is that o f  wave reflec­

tion, which occurs when a vertically propagating wave encounters a region o f  the atmo­

sphere with a Brunt- Vaisala frequency that is greater than the wave’s frequency.

Finally, one effect that has not been accounted for in any existing parameterization is 

the effect o f the waves on the energy budget o f the convection. Taking this into account 

brings about a natural closure between the cumulus kinetic energy budget and the convec­

tive gravity wave parameterization that will be described in Chapter 15.

1.2. Basic properties o f  gravity waves

The fundamental properties o f  internal gravity waves are given in many texts, includ­

ing Lighthill (1978), Gill (1982), Andrews et al. (1987), and Holton (1992). However, the 

importance of these properties to the rest o f this work necessitates a brief review o f the 

subject.

The linearized two-dimensional anelastic equations can be derived from the equations 

given in Bannon (1996) and are given by

( 1.1)

( 1.2)

(1.3)

30' 30'+ u—— i- w
dt

(1.4)

3
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in the absence of heating. One way of summarizing the spectral characteristics of internal 

gravity waves is via the dispersion relation, which is given by Bannon (1996) as

/ i 2 k2N 2 ^(to — ku)2 = ----------------— , (1.5)
k2 + m2 h-------

AH2

for the linearized anelastic set in a two-dimensional, nonrotating, isothermal atmosphere. 

Here, H  is a scale height, given by

R T0
H  = — 2 , ( 1.6)

S

where T0 is the temperature o f  the atmosphere. Also, k  and m are the horizontal and ver­

tical wavenumbers, to is the frequency, and N  is the Brunt-Vaisala frequency. The scale 

height has a typical value o f 7 km. Frequently, the 1 / A H 2 term can be neglected in (1.5), 

since the vertical wavelength Xz = 2 n / m  is usually shorter than 15 km, which is suffi­

cient to satisfy m2 » 1 / A H 2 (Andrews et al. 1987). Marks and Eckermann (1995) and 

Alexander and Dunkerton (1999) note that the neglect of this term is not appropriate for 

waves with <o -  N .

The phase speed o f a wave is a measure of how quickly the peak (or trough) of a wave 

moves in a given direction. Now, the horizontal and vertical phase speeds, denoted by cpx

and cpx respectively, are given by

_  co _  _ , N
CpX k  U ~ f i , 2  2 1 Y / 2 ’

/  +m + A & )  

co ku , Nk ..
c»  “  m m ± - F T —  TTT73- <'.8)

The group velocity is a measure o f how quickly wave energy propagates. For gravity 

waves that satisfy (1.5), the components o f group velocity are given by

_ < * »  N(m2 + 1 / 4 H 2)
S* dk r .2  3 1 Y / 2 ’k2 + m2 + —Hr 

AH2)
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( 1.10)

Note that the dispersion relation (1.5) can be rewritten in terms o f  the vertical wave- 

number as

From (1.11), we see that as a wave approaches a critical level where cpx = u,  or 

co = ku,  its vertical wavenumber approaches infinity. From (1.7)-( 1.10), we see that this 

implies that the horizontal phase speed and group velocity approach u , while the vertical 

phase speed and group velocity approach zero. This leads us to the following definition for 

a critical level: A critical level is the level through which the energy and momentum asso­

ciated with a vertically propagating wave cannot pass. The wave gives up its energy to the 

mean flow, accelerating it according to

Following Saravanan (1990), Dunkerton (1997), and Alexander and Holton (1997), the 

behavior o f the RHS o f (1.12) as a wave with a given horizontal wavenumber and phase 

speed approaches a critical level can be understood according to

Here, zr is the reference height at which the wave is launched, and a  is the temporal

damping rate. Note that the argument o f the exponential in (1.13) gets large and negative 

as a critical level is approached, which causes the RHS o f (1.13) to approach zero.

The phase behavior o f  one variable with respect to another is often called a polariza­

tion relationship. These relationships are particularly useful when trying to determine 

what the spatial mean o f a second (or higher) moment quantity is. I f  we substitute wave 

solutions o f the form

( 1.11)

( 1.12)

p„aV ’(2 ) -  poMV '(r r)ex p [-£  • (1-13)

a ' = —— exp[/(fcc + ffiz-to r)] 
Po

(1-14)

5

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



into (1.1)-(1.4) for u ’ , w ', 0 ' and p ’/ p Q, we obtain the following relationships:

( l l 5 )

(co - ku)u  + w = Arp, (116)az

i '0 - ka )A  = {m + 2 ^ ^ )P*‘%’ (M 7 )

</0o
(co —  ku)Q = - i - r —w .  (1-18)az

From the above, we see that the heat flux w '0 ', which can be expressed by

- i - R e o e * )  = ( 1.19,

following Andrews et al. (1987) is zero, provided that the frequency is real. In the case o f  

wave transience, co may be complex, and (1.19) may be nonzero, as noted by Roadnight

(1999). Many other polarization relationships exist for gravity waves, and some will be 

derived in Chapter 8.

In this dissertation, we will study the generation o f  vertically propagating gravity 

waves produced by convection, and their interaction with the surrounding environment. To 

do this, we will use data generated by several numerical simulations of convection using 

ARPS (the Advanced Regional Prediction System), which is a model that is described in 

Xue et al. (2000; see also Xue et al. 199S), largely based upon the model of Klemp and 

Wilhelmson (1978). The results in this dissertation are from two types of simulations.

Both are two-dimensional, and initialized with soundings associated with the formation o f  

squall lines. Some o f  the simulations were based on an analytic mid-latitude sounding 

originally proposed by Weisman and Klemp (1982). The others were based on a tropical 

sounding described in Redelsperger et al. (2000) that was observed during the TOGA 

COARE (Tropical Ocean Global Atmosphere Coupled Ocean-Atmosphere Response 

Experiment) field experiment (Jorgensen et al. 1997).

Some o f the questions that this research will attempt to answer are as follows:

6
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• What do the gravity waves look like, and how separable are they from the convection 

that is responsible for their generation?

• What are the specific mechanisms through which gravity waves are generated by con­
vection?

• How do the waves affect the mean flow above the convection?

• How do the waves affect the convection?

• What type o f  parameterization should large-scale models use to take this wave-mean 

flow interaction into account?

The organization o f this dissertation is as follows. We will begin by exam ining  prior 

research on observed and simulated convectively generated gravity waves. Following that, 

a brief review o f squall lines is presented. Then, the source for the waves will be analyzed 

following the method o f Lane et al. (2001). In addition, we will use the model output in 

diagnostic prediction equations for the wave momentum flux and other wave quantities to 

help understand which physical processes are most responsible for producing gravity 

waves. Then, we will study the theory o f how these waves affect the mean flow, and exam­

ine previous efforts at parameterizing these effects in large-scale models. Afterwards, the 

simulations that were performed in this study will be summarized. To identify characteris­

tic wave and convective motions, we will employ empirical orthogonal function (EOF) 

analysis. We will also use an analysis technique that tracks particles in the model based on 

the simulated winds, keeping track of scalar variables at the particles’ positions in addition 

to calculating their trajectories. Following this, conditional sampling techniques will be 

applied to the model output, to diagnose the behavior o f  cloudy and dry air. A Fourier 

analysis scheme will then be used to determine the momentum flux spectra in terms of 

phase speed. Afterwards, the effects of the convectively generated waves on stratospheric 

shear layers will be quantified. Finally, we will use the model results to attempt to evaluate 

existing parameterizations o f the momentum flux carried by vertically propagating con­

vectively generated gravity waves, and suggest an improved parameterization.

7
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Chapter 2: Gravity wave observations

There are limited measurements o f gravity waves above the tropopause, due to the dif­

ficulty in flying planes or obtaining remote-sensing data at sufficiently high altitudes to 

detect these waves. Nevertheless, several researchers have detected such waves, using a 

variety o f techniques.

One o f the earliest observational studies o f  gravity waves occurred in connection with 

orographic waves that occurred above a downslope windstorm in Boulder, Colorado. This 

was carried out by Lilly (1978). In this study, supported by the modeling study o f Klemp 

and Lilly (1978), turbulence observed in research aircraft was found to be associated with 

large-amplitude mountain waves, which had significant amounts (~5 Pa) o f momentum 

flux. This was a rather extreme event, and not typical of orographic waves in general, but 

still serves to show their importance in the general circulation.

In the research described by Pfister et al. (1986), a U-2 (now known as an ER-2) air­

craft equipped with temperature and ozone sensors was flown over Panama (approxi­

mately 9° N). The plane took data at altitudes from 17 to 21 km, detecting disturbances in 

the temperature and ozone fields with horizontal wavelengths between 5 and 25 km. 

Although vertical velocity was not directly measured, Pfister et al. (1986) combined the 

aircraft measurements with radiosonde measurements of potential temperature to estimate 

that the waves caused parcels to travel approximately 300 m in the vertical. In a similar 

aircraft-based observational study, Pfister et al. (1993) used data taken from flights above 

convection over Panama and Australia to detect gravity waves with wavelengths of 

approximately 100 km, and peak-to-trough variations o f 300-400 m in the heights o f isen- 

tropic surfaces.

In still another aircraft-based study, Alexander et al. (2000) noted that the largest mag­

nitudes o f momentum fluxes, defined as p 0(|m 'w ' |2 +  |v 'w '|2) 1/2 , were generally associ­

ated with the lowest cloud-top brightness temperatures, which would indicate deep

8
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convection. In this case, u ' , vf , and w' represent differences from the mean zonal, merid­

ional and vertical velocities measured along an aircraft leg, and the product is defined at 

each point along the leg, and is not averaged. Representative values o f the momentum 

fluxes calculated by Alexander et al. (2000) from flights over northern Australia and Indo­

nesia ranged up to 0.11 N m '2 (or Pascals) above the coldest cloud tops, while consider­

ably smaller values o f  0.016 N m '2 were measured above the coldest cloud tops from

flights over the central Pacific. The 0.11 N m~2 value o f  momentum flux is comparable to 

those that have been measured in association with orographically generated gravity waves 

(Palmer et al. 1986). These fluxes were calculated for gravity waves with horizontal wave­

lengths between 5 and ISO km. Alexander et al. (2000) offered several hypotheses for the 

differences between the magnitudes of the momentum fluxes, including real differences in 

the strength o f  gravity wave momentum flux between the two experiments, and the fact 

that the Australia flights were designed to fly over deep, active convection, while the cen­

tral Pacific flights were designed with a more general purpose o f flying over the Intertrop- 

ical Convergence Zone, with flights over convection being coincidental.

Sato (1992, 1993) and Sato et al. (1995) have used radar to detect gravity waves in the 

stratosphere. The radar used by Sato is a clear-air Doppler radar located in southern Japan 

with five beams that point in fixed directions (north, south, east, west and upward). The 

zenith angle for the off-vertical beams was 10°. The radar observations described in Sato

(1992) were able to detect fluctuations in vertical velocity in both the troposphere and 

stratosphere with magnitudes o f  up to 1 m s '1, and periods o f 30-60 minutes. Due to the 

fact that the fluctuations had a higher amplitude during each afternoon, Sato associated the 

waves with the cumuli that were simultaneously present. In another paper, Sato (1993) 

used the same radar to observe gravity waves associated with a typhoon that passed near 

the radar site. Sato (1993) found significant momentum fluxes created by the typhoon’s 

convection in both the troposphere and stratosphere. The values o f p0u 'w ' associated with 

gravity waves with periods o f less than 60 minutes in this study covered a range from

0.01-0.04 N m '2. The waves had periods that varied widely, ranging from tens o f minutes 

for waves observed after the passage of the typhoon to several hours for an inertia-gravity 

wave observed about a day before the typhoon’s passage.

9
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Wu and Waters (1996a,b) and McLandress et al. (2000) used satellite observations 

from the Upper Atmosphere Research Satellite (UARS) Microwave Limb Sounder (MLS) 

to detect gravity waves at altitudes from 30 km to 80km. The MLS measured fluctuations 

in radiance, which Wu and Waters ascribe to atmospheric temperature variations. The 

strongest waves measured by Wu and Waters occurred at high altitudes (above 50 km), 

and were located at higher latitudes, being particularly pronounced above the polar strato­

spheric vortices in winter. Wu and Waters also measured enhanced areas o f wave activity 

over areas o f convection, primarily over the subtropics. This is despite the fact that equato­

rial areas contain the greatest amount o f convection. Alexander (1998), McLandress et al.

(2000), and Baldwin et al. (2001) note that the MLS can only detect waves with vertical 

wavelengths greater than approximately 10 km. These waves are more likely to be damped 

in areas with weak base-state winds, such as the tropics.

Dewan et al. (1998) also used satellite measurements to detect gravity waves, produc­

ing images similar to the idealized depiction o f  Fig. 2.1. The satellite images were taken in 

a region that was experiencing convection at the time. Since the stratosphere is dry, the 

rings in the image are exclusively due to variations in the temperature and density o f that 

layer. The rings are associated with gravity waves propagating outward from the convec­

tion in concentric ellipses. The horizontal wavelength o f the waves observed by Dewan et 

al. ranged from about 25-50 km.

Karoly et al. (1996) used radiosonde observations from the Tropical Ocean-Global 

Atmosphere Coupled Ocean-Atmosphere Response Experiment (TOGA COARE) to 

detect gravity waves. They defined a background wind profile by fitting two quadratic pro­

files to each o f the soundings in the upper troposphere (defined as 10-17 km) and lower 

stratosphere (17-24 km). The deviations from these fitted curves were then interpreted as 

waves. It should be noted that these deviations could be quasi-horizontal features known 

as laminae (Danielson 1959; Newell et al. 1996, 1999), and identification o f these features 

as gravity waves needs to be done with care. The vertical wavelengths could be directly 

measured, and were found to have typical values in the range o f 2-4 km. The wave periods 

and horizontal wavelengths were estimated indirectly, and found to be 20-40 hours, and 

1000-3000 km in the lower stratosphere, respectively. These values are more typical of 

inertia-gravity waves than the smaller-scale internal-gravity waves that most o f  the other

10
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Fig. 2.1. Idealized representation of gravity waves generated 
by convection in the troposphere taken from Dewan et al.
(1998). Wave packets propagate with group velocity Vg, while 
individual crests propagate with phase velocity vp.

observational studies described above have focused upon. Vincent and Alexander (2000) 

also used radiosonde observations to detect gravity waves, in a similar manner to Karoly et 

al. The soundings used by Vincent and Alexander were taken at the Cocos Islands (12° S, 

97° E), over a six-year period. The waves detected were found to have vertical wave­

lengths, periods, and horizontal wavelengths similar to those observed by Karoly et al. 

They observed maximum wave energy densities and momentum fluxes in the lower strato­

sphere at the times when the westerly winds were strongest in this region. In a companion 

paper, Alexander and Vincent (2000) used a modeling study to argue that while the tropo­

spheric winds were westerly (which tended to happen while the stratospheric winds were 

westerly), waves were prevented from propagating into the stratosphere due to Richardson 

number instability (see Chapter 9), rather than critical level absorption.

Another study o f convectively generated gravity waves by Clark and Morone (1981) 

focused on waves that reached the mesosphere. Using rocketsonde temperature data, Clark 

and Morone noticed that there was significant warming at mesospheric altitudes on dates 

when squall line convection existed in the area o f the rocket launches. They hypothesized 

that this warming was due to the turbulent, viscous dissipation o f breaking gravity waves 

that had grown large enough in amplitude to form localized areas with a Richardson num-
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ber less than 0.25 (Lindzen 1981). Based on wave reflection considerations, the periods of 

the waves that could penetrate the mesosphere were 20-40 minutes, and horizontal wave­

lengths were >13 km.

Other researchers have used measurements of the vertical profiles o f ozone and tem­

perature obtained with ozonesondes to detect gravity wave activity. Pierce and Grant 

(1998) and Grant et al. (1998) have calculated correlations between perturbations in ozone 

and potential temperature to identify gravity and Rossby waves. Vertical profiles which 

contain a high positive correlation between perturbations in ozone and potential tempera­

ture were associated with gravity waves, while profiles in which the two perturbation 

quantities are uncorrelated were associated with Rossby waves. Chane-Ming et al. (2000) 

described the reason for these phase relationships. Ozone perturbations induced by gravity 

waves are expected to have the form

= R(z ) TS Z- - \  (2.1)
POO T ( z )

where jl and p ' represent the mean and perturbation ozone mixing ratio, T  is tempera­

ture, and R(z)  depends on the background profile of ozone and potential temperature. The 

above relationship indicates that we expect perturbations in ozone and temperature to be in 

phase. For planetary waves, Chane-Ming et al. (2000) noted the following relationship

iw +a% ~ - D r  (2-2>

for planetary waves, where u is the background mean wind, and D  is a function that rep­

resents the dynamical response o f  ozone perturbations to temperature perturbations. From 

(2.2), we expect p ' and T  to be tc/2  radians out of phase for planetary waves.

In this chapter, we have seen that researchers have used a variety o f techniques to 

detect the presence of convectively generated gravity waves in the stratosphere including 

aircraft, radar, satellite, radiosonde and ozonesonde platforms. The gravity waves 

observed ranged widely in horizontal wavelength, period, and vertical wavelength. 

Momentum fluxes from many o f  the observed waves were sufficient to alter the mean flow 

at altitudes above the convection by processes that will be detailed in Chapter 8. The next
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chapter summarizes the previous work that has been done by researchers to simulate these
gravity waves.
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Chapter 3: Previous simulations o f convectively generated gravity waves

There have been several published simulations of vertically propagating, convectively 

generated waves. These simulations have largely focused on two-dimensional squall line 

convection. The primary distinction between these simulations and earlier two-dimen­

sional simulations o f squall lines (e.g. Weisman et al. 1988) is the use o f a higher upper 

boundary, giving the waves a chance to propagate into the model stratosphere (and in 

some cases, mesosphere). Since the waves also propagate away from the convection in the 

horizontal direction, a large horizontal domain is typically needed.

The first simulations o f vertically propagating, convectively generated waves were 

actually performed by Clark et al. (1986) in connection with boundary-layer convection. 

In their study, Clark et al. found that waves were forced in the overlying stable troposphere 

by convective eddies in the troposphere. Two physical m echanism s were offered for the 

forcing o f these waves. The first o f these, the “mechanical oscillator mechanism,’' is asso­

ciated with the action o f the thermals in forcing oscillatory displacements o f the isentropic 

surfaces at the bottom o f the stable layer, which excite gravity waves that propagate 

upward. The second is the “obstacle mechanism,” which is associated with the excitation 

o f gravity waves by the obstruction that a convective element poses to the mean flow, in a 

manner somewhat analogous to the forcing o f gravity waves by orography.

Clark et al. found that the obstacle effect was dominant in their simulations, but as 

Fovell et al. (1992) note, it is not clear that this would necessarily be the case for deep 

moist convection. Fovell et al. used a two-dimensional, compressible, mesoscale model to 

simulate idealized squall-line convection. In their simulation, waves propagated upward 

and primarily rearward relative to the storm. The primary reason for the bias towards rear­

ward propagation appears to be the rearward tilt o f the leading line o f  the storm. In addi­

tion, the simulated convective updrafts tended to propagate to the rear o f  the storm as new 

updrafts were generated at the leading edge. Fovell et al. used a simple linear model of a
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mechanical oscillator to show that their results were consistent with the mechanical oscil­

lator hypothesis. The momentum flux convergence associated with the simulated waves in 

the stratosphere was found to be sufficiently large (approximately -0.2 Pa) to have a signif­

icant effect on the mean flow (-20 m s '1 day*1) in the vicinity o f the storm, if  the flux 

decayed to zero in the layer between 16 km and 26 km.

Alexander et al. (1995) performed a similar simulation to that o f Fovell et al. Alex­

ander et al. noted that the spectrum o f the simulated waves had a broad peak for wave­

lengths between 10 and 100 km, which includes waves shorter than those simulated by 

Fovell et al. because Fovell et al. used excessive computational diffusion, damping the 

shorter waves. The bias towards rearward wave propagation is also prevalent in the simu­

lation o f Alexander et al., with forward propagation o f waves only occurring near the 

beginning of the simulation, before the storm’s updraft has tilted. Alexander et al. used a 

plot o f spectral power as a function o f frequency and horizontal wavenumber to identify 

the 16 km vertical wavelength o f the simulated storm’s diabatic heating as an important 

source o f the waves in their simulation, by processes similar to those studied by Nicholls 

et al. (1991) and Pandya et al. (1993). Alexander et al. also found the mechanical oscilla­

tor effect to be an important mechanism in their simulation.

To investigate the possible effects o f convectively generated gravity waves on the 

QBO, Alexander and Holton (1997) simulated a West African squall line. The line pro­

duced vertically propagating gravity waves, similar to those simulated by Fovell et al. and 

Alexander et al. Alexander and Holton used two shear profiles in the stratosphere, corre­

sponding to easterly and westerly phases o f the QBO, to estimate how much effect the 

waves have on the mean flow. They found that the waves were absorbed, depositing their 

momentum as they encountered critical levels at which their phase speed matched the 

speed o f the mean flow. The acceleration o f zonal wind due to this momentum deposition 

was found to be a significant percentage o f the acceleration needed to cause the QBO.

Holton and Alexander (1999) used a simulation similar to those of Fovell et al. and 

Alexander et al., except with an extremely high upper boundary (90 km) to estimate the 

effects o f convectively generated gravity waves on the mesosphere. As the waves propa­

gated to mesospheric heights, they increased in amplitude until breaking, in a process sim­

ilar to that described by Lindzen (1981). The mean flow of the model mesosphere was
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found to incur large accelerations due to these breaking waves, with the westerly flow 

strengthening east o f  the storm, and weakening west o f the storm.

Pandya and Alexander (1999) compared the moist, fully nonlinear two-dimensional 

simulation of Alexander et al. to linear and “dry quasi-linear” simulations o f  the same phe­

nomenon. The quasi-linear simulation was a dry simulation that was driven by the pattern 

o f  latent heating and cooling produced by the nonlinear simulation, and then dividing the 

amplitude o f the heating by 1000 so that the amplitude o f the resulting waves would be 

small, and behave in an approximately linear fashion. After the simulation, the vertical 

velocity field produced by the quasi-linear simulation was then multiplied by 1000 and 

compared to the nonlinear simulation. The spatial pattern o f the normalized vertical veloc­

ity field produced by the quasi-linear simulation was similar to that o f  the nonlinear simu­

lation, but the amplitude o f the quasi-linear simulation's waves was considerably higher. 

The horizontal wavelength spectra o f the vertical velocity fields produced by the nonlin­

ear, quasi-linear, and linear runs were qualitatively similar, although the quasi-linear and 

linear spectral distributions were more strongly peaked at lower wavelengths. Pandya and 

Alexander also investigated the effects o f  adding a low-stability layer in the upper tropo­

sphere (as a proxy for the thunderstorm anvil) to the linear simulation, and found that it 

prevented many of the waves from propagating into the stratosphere.

Lane et al. (2001) used a three-dimensional mesoscale model to simulate “Hector” 

multicell convection over the Tiwi Islands o f Australia. Plots of vertical velocity in the 

horizontal plane revealed concentric ring patterns similar to those observed in Dewan et al. 

(1998). The waves simulated by Lane et al. were found to be quite monochromatic, with a 

horizontal wavelength of about 17 km. Lane et al. derived a gravity wave source tensor 

(see Chapter 6) to analyze the physical cause o f the waves. The momentum flux conver­

gence associated with the waves in the Lane et al. simulation was quite small, causing

accelerations on the order o f 0.0S m s '1 day '1. In their simulation, the mechanical oscilla­

tor effect appears to have been the most important cause for the waves, with shear and dia- 

batic heating being unimportant to the generation of gravity waves.

Piani et al. (2000) also used a three-dimensional model to simulate Hector convection, 

but focused on the effects o f convectively forced waves on the QBO, in a manner similar 

to Alexander and Holton (1997). As in the study of Alexander and Holton (1997), Piani et
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al. found that the gravity waves triggered by squall lines may account for a significant per­

centage o f the mean-flow forcing required to drive the QBO. They estimated the number 

o f similar storms that exist in the tropics from an observational study (Mohr and Zipser 

1996), and found that they may be responsible for accelerations o f approximately -0.12 m

s"1 day'1 for the westerly phase o f the QBO, and 0.04 m s '1 day-1 for the easterly phase. 

These values would account for approximately 30% of the forcing required for the west­

erly phase, and 15% for the easterly phase.

In this chapter, we have examined previous simulations o f  convectively generated 

gravity waves. Although many o f  these simulations were made with similar models and 

initial conditions, the focus o f each study was somewhat different. In the next chapter, we 

will give a brief review o f  the observed and simulated characteristics of squall lines.
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Chapter 4: Squall lines

Although this chapter is not intended to be a detailed examination o f squall-line simu­

lations, some background on the general characteristics o f squall lines is in order. Squall 

lines are a type of MCS (mesoscale convective system) that are defined by Bluestein

(1993) as having radar echoes that are “at least 5 times long as wide, at least 5-10 km 

wide, and persist for hours.” Squall lines can be distinguished from MCCs (mesoscale 

convective complexes) by the fact that MCCs are convective systems that are roughly cir­

cular.
Although the stratiform precipitation associated with squall lines can trail, lead, or be 

parallel to the convective precipitation with respect to the storm motion (Parker and 

Johnson 2000), the trailing stratiform case is the most widely studied and best understood 

in terms o f its dynamics. Therefore, we will focus on this type of squall line.

/~Ciout f  t o p

A '—Q u i t  t r o n t
M a t u r t  col t

‘-R egion of
noivy corwoctwo 
«ho>iw i

Fig. 4.1. Cross-section of a trailing stratiform squall line taken from Houze et al. (1989). See Fig. 4.2 for 
possible orientations of the cross-section.

Figure 1 shows a schematic diagram of a cross-section through such a squall line taken 

from Houze et al. (1989). The cross-section for Fig. 4.1 can be through either a symmetric 

or asymmetric squall line, as seen in Fig. 4.2, taken from Houze (1993). Near and slightly 

ahead o f the gust front, air ascends rapidly. The convective towers at the front of the line
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produce the most intense (often >25 mm/hr) precipitation in the line. Particularly strong 

updrafts can be associated with overshooting cumuliform cloud tops that are higher than 

the surrounding cirriform anvil. As the squall line progresses, new cells form near the 

front o f the line as older cells progress rearward in the storm’s frame o f reference. A large 

(often on the order o f 100 km) stratiform anvil trails behind this convective region. The 

precipitation in this area o f the squall line is typically less intense than that o f the convec­

tive region, but it can account for comparable amount o f precipitation, since it covers a 

much larger area. The ascending front-to-rear flow is the source o f the stratiform anvil and 

precipitation, and comes from the rearward advection o f ice crystals from the convective 

towers. As Houze (1993) shows in Fig. 4.2, the descending rear inflow (also known as the 

“mesoscale downdraft”) could be associated with a wind-shift line (in the case o f  a sym­

metric line), or with one branch of a mesoscale vortex (in the case o f an asymmetric line).

One o f the interesting aspects of squall lines is their persistence. While typical single­

cell thunderstorms have lifetimes on the order o f  an hour or so, squall lines typically last 

for 6-12 hours. One explanation for this behavior is the formation o f a “cold pool” by the 

evaporation of precipitation falling into unsaturated air. The layer o f unsaturated air 

through which the precipitation falls through is larger in the trailing stratiform area. A 

schematic diagram o f a cold pool is shown in Fig. 4.3. The cold pool spreads ahead o f the 

precipitation itself, and the “head” o f the cold pool is generally coincident with the gust 

front o f a squall line. As the cold pool continues to propagate into a favorable environment 

(i.e., one with sufficient CAPE to support convection), new convective cells are triggered

m a t  to n

\

A

(a) (b)

Fig. 4.2. Two possible cross-sections for Fig. 4.1: a) A symmetric system; 
b) An asymmetric system with a mid-level mesoscale vortex. Taken from 
Houze (1993).
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at the front o f  the cold pool, and older cells propagate rearward, as seen in Fig. 4.1. It 

should be noted, however, that cold thunderstorm outflows are by no means unique to 

squall lines.

cloud boundary

diy
air

B >0
B <0

s to rm

Fig. 4.3. Schematic diagram of a trailing-line squall line, featuring the 
cold pool and rear inflow je t Taken from Houze (1993).

The rear-descending inflow is a mass source for the cold pool, and also maintains the 

area o f unsaturated air behind the convective line by warming it adiabatically, as seen in 

Fig. 4.3. The formation o f this descending air is due to the cooling caused by melting o f  

frozen hydrometeors in the stratiform region.

A further explanation for the persistence o f squall lines has been offered by Rotunno et 

al. (1988), or RKW, as well as Weisman (1992). The RKW theory involves the y-compo- 

nent o f the two-dimensional (x, z) vorticity equation, given in Houze (1993) by

^ 4 .  ^ 4 .  SB—  + u—— + w—— = ------.
dt dx dz dx (4.1)

Here the vorticity C, is defined by

» _ du _  dw 
^ dz 7%’ (4.2)

(4.3)

and B  represents buoyancy, or

- 0 ..' k
'vO cpP0

where 0V' and 0vO represent the perturbation and base-state virtual potential temperature, 

and q H represents the mixing ratio of all hydrometeors combined. An example o f the vor­

ticity generation in (4.1) can be visualized by picturing a “bubble” o f warm dry air, 

neglecting pressure effects, as shown in Fig. 4.4.
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Fig. 4.4. A warm bubble of air is buoyant, causing negative and positive hor­
izontal vortices to form on the left and right edges of the bubble, respec-

The amount o f wind shear required to balance a cold pool was calculated by RKW by 

integrating (4.1) for a Boussinesq atmosphere over an area bounded by x  =  L on the left, 

x  = R on the right, and from the ground to some level z = d  . I f  the case where the cold 

air is stagnant relative to the edge o f  the cold pool, and restricted to a height H, with H<d, 

the integral reduces to

Am = C , (4.4)

where Am is the difference in the horizontal velocity between z  = d  and the ground, i.e.,

A u  =  u R . d ~ u R . O ’ (4 -5 >

and C2 is the vertical integral o f the negative buoyancy associated with the cold pool, 

defined by

C2 = i f  (~BL)dz.  (4.6)
Jo

The essence o f RKW theory is that long-lived squall lines are a result o f  favorable combi­

nations o f  horizontal vorticity (due to both environmental and storm-induced shears) that 

result in vertically oriented updrafts, as seen in Fig. Sd. RKW call this state optimal, and it 

is typified by the creation o f large-amplitude (as measured by maximum vertical velocity) 

new cells at the edge of the cold pool. However, Parker (1999) notes that many observed 

long-lived squall lines are not associated with the low-level shear necessary for these 

updrafts, and correspond more closely to Fig. 5b.
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Fig. 4.S. Schematic diagram depicting the influence o f ambient wind shear and/or a cold pool on a 

buoyant updraft a) The lack of shear or a cold pool is associated with a vertical updraft b) The pres­
ence of a cold pool causes the updraft to tilt upshear. c) The presence of ambient wind shear causes 
the updraft to tilt downshear. d) The presence o f a cold pool that balances the ambient wind shear (see 
(4.4)) allows for long-lived convection. Taken from Rotunno et al. (1988).

Weisraan (1992) found that numerically simulated squall lines tend to evolve through 

three o f the states depicted in Fig. 4.5. The updrafts initially tilt upshear, in response to the 

ambient wind shear. This condition is equivalent to A u > C ,  since there is no cold pool at 

the initial stage o f convection. As precipitation begins to fall from the squall line, the cold 

pool strengthens, and its vorticity comes into balance with that o f the ambient shear. As 

the cold pool continues to strengthen, A u < C ,  and the updraft leans downshear. In an 

extension o f RKW theory, Weisman (1992) found that environments with high CAPE and 

high environmental shear support rear-inflow jets that are located near the top o f the cold 

pool at its head, maintaining the erect updrafts that characterize the optimal state for long 

periods o f time. Environments with weak or moderate shear and CAPE are associated with 

rear-inflow jets that are located near the surface at the head of the cold pool, causing the 

cold pool to become shallower and the convection to tilt further upshear.

The ability of a two-dimensional model to realistically simulate squall-line convection 

is a subject o f some debate. Clearly, in the case o f asymmetric squall lines, a two-dimen­

sional (2D) model will be inadequate, since the asymmetry takes place in the y-direction, 

which a 2D model does not recognize. Even in the case o f symmetric squall lines, the con-
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vecdon clearly does not extend to “infinity” in the y-direction, and a 2D model will be 

unable to resolve phenomena such as bow echoes. However, many o f the gross character­

istics o f squall lines, such as those illustrated in Fig. 1 have been simulated well by 2D 

models (Nicholls 1987, Fovell and Ogura 1988, Nicholls et al. 1988, Lucas et al. 2000). 

The computational expense involved in realistically simulating a squall line (or any 

mesoscale phenomenon with explicitly simulated convection, for that matter) is quite 

large, particularly if  one wishes to include stratospheric layers in the model, such as in this 

study. Therefore, we will use two dimensions, keeping in mind that convection is a three- 

dimensional process in nature, and that future research should focus on extending these 

results to three dimensions. In the following chapter, we will discuss the simulations that 

were performed for this work in more detail, and demonstrate that they possess similar 

characteristics to observed squall lines.
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Chapter 5: Simulations

The simulations performed in this study have been designed in order to test the sensi­

tivity o f the waves generated by convection to changes in the tropospheric shear, convec­

tive available potential energy (CAPE) and type o f  initial sounding (tropical versus mid­

latitude). In addition, two runs were performed to examine the effects o f the generated 

waves on stratospheric shear layers. Also, the effects o f microphysics were tested by per­

forming one simulation without ice microphysics. Table 1 lists the run names, types, tro­

pospheric and stratospheric shears and CAPE associated with each run that will be 

examined.

There are a myriad o f possible sensitivity experiments that could have been performed 

in this work. The choices o f the parameters that were adjusted among the experiments 

listed above are partially motivated by a desire to correlate the strength o f the convection 

to the strength of the waves, which was addressed by adjusting the CAPE, and the type 

(tropical versus mid-latitude) o f convection. Also, the amount o f tropospheric shear has 

been shown to be important to the net momentum flux (Kershaw 1995) and the shape of 

the momentum flux spectrum (Pfister et al. 1993). The “WK calm” simulation was specif­

ically chosen to illustrate that the net momentum flux (zero in this case) is not an appropri­

ate measure o f the ability o f convectively generated waves to change the mean flow above 

the convection. In addition, ice microphysical processes can be important to the evolution 

o f convective clouds (Emanuel 1994), so the “WK no ice” simulation provides a test of the 

importance o f these processes in the generation o f waves. The process o f critical level 

absorption is illustrated by introducing shear layers into the stratosphere, which is similar 

to what Alexander and Holton (1997) and Piani et al. (2000) have done.

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 1: Simulations performed

run name moisture trop. winds strat. shear CAPE

WK control qvo= 15 Us =15 m s '1 None 2650 J kg '1

WK no ice qvo = 15 Us =15 m s '1 None 2650 J kg '1

WK high CAPE qvo = 16 Us = 15 m s '1 None 3003 J kg '1

WK low CAPE qvo = 14 U§ = 15 m s '1 None 2085 J kg '1

WK calm qvo = 15 Us =0 m s '1 None 2650 J kg '1

WK low trop. shear X) & II Us = 10 m s '1 None 2650 J kg '1

WK high trop. 
shear

qvo = 15 Us = 20 m s '1 None 2650 J kg '1

WK easterly strat. 
shear

«r>IIo' Us = 15 m s*1 -30 m s*1 /1 0  km 2650 J kg '1

WK westerly strat. 
shear

qvo= is Us = 15 m s*1 30 m s*1 / 10 km 2650 J kg '1

TC control observed observed None 22101kg'1

TC no jet observed mod. observed None 22101kg'1

The runs denoted “WK” are based upon the thermodynamic and wind shear soundings 

prescribed in Weisman and Klemp (1982). The vertical profile o f  potential temperature in 

the WK sounding is given by

r  f  z  \ 5 / 4

0o(*) =

f  Z  V / 4e s + (e ,r - e s)( -L j , 2 < z  

9,rexP r r 4 ^ ( - - - V ) ] '
L p  i r  J

(5.1)
z > z

where 0S is the surface potential temperature, Qtr,ztr, and Ttr are the potential tempera­

ture, height and air temperature at the tropopause, respectively. Consistent with WK, we 

set Qs to 300 K, 9fr to 343 K, z tr to 12 km, and Ttr to 213 K. The vertical profile of 

moisture in the WK sounding is specified in terms o f relative humidity as
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R H ( z ) =
Z > Z ,

tr
(5.2)

Note that Weisman and Klemp (1982) actually specify a relative humidity of 25% in the 

stratosphere, but the saturation water vapor ratio for T  =213 K is so small that this amount 

o f moisture should have a negligible effect on the dynamics o f  the stratosphere. When the 

stratosphere is initialized as being completely dry, the detection o f any moisture that does 

make its way into the stratosphere is straightforward.

The relative humidity specified by (5.2) implies that mixing ratios exist near the sur­

face that would yield values o f CAPE that are far too high (>5000 J kg-1) to be realistic for 

all but the most severe convective events. Weisman and Klemp (1982) note that there is 

typically a mixed layer (caused by dry convection in the boundary layer) near the surface, 

and they assume a constant water vapor mixing ratio qvQ from the surface upwards to the

point at which qvQ would be greater than the value given by (5.2). Above this point, the 

values from (5.2) are used. Weisman and Klemp do not modify the profile o f 60 within the 

mixed layer, despite the fact that both 60 and qv are normally well-mixed throughout the 

height o f a convective boundary layer (Stull, 1988). In our simulations, we chose to use an 

average value of 0O for the mixed layer. The soundings associated with the WK runs are

shown in Fig. 5.2, which is a skew T diagram taken from Weisman and Klemp (1982). The 

temperature, moisture and wind fields used in the TC control run are shown in Fig. 5.4

U, »5(m *“') 19 29 39 49

(km)

(

L ,
O 9 10 19 20 29 30 36 40 49

U Cm *-•)

Fig. S. 1. Wind profiles defined in (S.3) for different val­
ues of Us . Taken from Weisman and Klemp (1982).
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Fig. 5.2. Skew T diagram representing the temperature and moisture profiles used 
in the WK experiments in this study taken from Weisman and Klemp (1982). The 
thick solid lines represent the dewpoint temperature (left) and temperature (right 
profiles of the initial soundings, with the modifications listed in the text. The iso­
therms are tilted thin solid lines, short dashed lines are adiabats, and long dashed 
lines are moist adiabats. The thick dotted and dashed lines represent parcel 
ascents from the surface based on different values of qv0 (see text).

The tropospheric wind profiles used in the WK simulations were prescribed by an ana­

lytic function used by Weisman and Klemp (1982),

This profile exponentially approaches U s  with a characteristic scale o f z s . The values of 

U s  used are shown in Table 1, while the parameter z s  was set to 3 km. This caused most

o f the shear to be confined to the lowest 3 km of the atmosphere (see Fig. 5.1), which is 

consistent with the statement by Rotunno et al. (1988) that strong low-level shear is neces-

s
(5.3)
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sary for long-lived squall lines. The winds associated with the TC control run are shown in 

Fig. 5.4, and correspond to a westerly jet, which is commonly observed with tropical 

squall lines (Jorgensen et al. 1997). The winds in the TC no jet run are identical up to the 

jet maximum, but remain constant above this level. This is comparable to a WK profile

with Us  = 12 m s*1.

iN

0 1510

Fig. 5.3. Initial wind profile used in the TC control run.

The horizontal boundary conditions for all o f the simulations in this study are periodic. 

This is equivalent to simulating a train o f two-dimensional squall lines spaced at a distance 

corresponding to the width o f the domain apart. This makes the domain width a “special” 

scale, without physical significance. However, it prevents non-physical wave reflections 

from the side boundaries from contaminating the results, and allows for straightforward 

interpretations o f zonal-mean budget quantities.

The CAPE can be defined in a variety of ways, but the definition we will use is given 

by Emanuel (1994) as

EL
CAPE  = j  R J T ^ ' - T ^ d O n p ) .  (5.4)

LFC

Here, Tp is the density temperature, related to the conventional temperature Tby

l+<yv/ e
r p -  r i T T t r J -  <5-s >

As Emanuel (1994) notes, Tp can be thought o f as “the temperature that dry air would 

have to have to yield the same density as moist, cloudy air” at temperature T. Here, the
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z U V 9 a p
(m) (m s-1) (m s-1) (K) (8 8"‘) (P»)

35.5 -0 .03 -6 .50 299.413 0.199x10-' 1002027
110.3 0.75 -6 .50 299.653 0.196x10-' 99363.9
192.9 1.61 -6 3 0 299317 0.193x10-' 98439.7
28S.7 2.57 -6 3 0 300.214 0.190x10-' 974129
391.4 3.67 -6 3 0 300252 0.186x10-' 962683
512.2 4.93 -6 3 0 300.939 0.182x10-' 94959.8
650.2 6.36 -6 3 0 301381 0.177x10-' 934642
807.4 7.77 -6 3 9 301.941 0.169x10-' 91789.1
985.5 8.91 -6.03 302689 0.156x10-' 89945.3

1186.! 10.19 -5.63 303231 0.142x10-' 87869.3
1410.4 11.05 -5 .12 304377 0.132x10-' 856221
1659.7 11.75 -4 3 2 305.275 0.125x10“ ' 831582
1934.8 12.04 -4 .00 306.450 0.118x10-' 80524.1
2236.6 12.10 -3 3 2 307.839 0.111x10-* 77680.3
2565.7 11.47 -3.18 309.668 0.104x10-' 74724.6
2922.4 10.76 -2 8 6 311.700 0.962xl0~2 71604.6
3306.9 10.01 -2 3 8 313.941 0.880xl0~2 68354.7
3719.2 935 -2 4 1 316.415 0.806xl0-2 65020.9
4159.1 8.65 -2 2 4 318.727 0 .7 1 8 x l0 -2 616302
4626.2 7.82 -2 0 5 321.081 0.640xl0-2 58188.1
5120.0 7.01 -1 .78 323.772 0261x lO -2 54723.0
5639.7 6.18 -1 3 9 326370 0-489xl0~2 512622
6184.2 5.48 -1.13 329.158 0.419x 10“2 47829.4
6752.5 4.80 -0 .80 332113 0340x  10“2 44448.8
7343.3 4.11 -0 .44 335.148 0269x 10“2 41166.0
7954.8 3.45 -0 .04 337.919 0202x 10~2 379753
85855 2.76 0.47 340209 0.145 xlO"2 34889.2
9233.4 2.02 0.89 343.037 0.101 xlO -2 31920.6
9896.4 1.42 1.42 345.351 0.641 xlO"3 29113.7

10572.2 0.74 1.83 346.909 0.403xlO -3 26444.8
11258.2 -0.01 220 348215 0228xlO “3 23917.0
11951.8 -0 .80 248 349204 0.477xlO"4 21569.9
12650.1 -1 .42 284 350.900 O.lOOxlO-4 19373.1
13400.1 -2 2 5 339 352040 O.lOOxlO”3 172092
14150.1 -3 2 4 4.08 352680 O.lOOx 10“3 15226.0
14900.1 -3 .24 4.08 354.960 O.lOOxlO-3 13421.1
1S6S0.1 -3 2 4 4.08 358.180 0 .1 0 0 x l0 -5 11783.7
16400.1 -3 2 4 4.08 363341 aiooxio-5 103122
17150.1 -3.24 4.08 377.021 0 .l0 0 x l0 “5 9006.9
17900.1 -3 2 4 4.08 386.421 0.100x 10~3 7860.9
18650.1 -3 .24 4.08 400221 0.100X10-3 6850.3
19400.1 -3 2 4 4.08 414.621 0.100x 10-5 59683
20150.1 -3 2 4 4.08 428.721 aiooxio-5 5194.1
20900.1 -3 2 4 4.08 442821 aiooxio-3 4517.6

Fig. S.4. In itia l sounding used in the TC control run. Note that only the u-com­
ponent o f wind was used, and an isothermal, dry stratosphere was assumed to 
exist above 19 km. Taken from Redelsperger et al. (2000).
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quantity e represents the ratio o f the dry air and water vapor gas constants, e = Rd/ R v. 

The total mixing ratio o f water vapor and cloud condensate is given by q T . The quantity

j.parcel j g ^ ^  jjjg density temperature that a parcel would obtain if  lifted dry-adiabati-

cally to its lifted condensation level, and then moist-adiabatically to its level of free con­

vection (LFC). The LFC is the point at which cloudy parcels are more buoyant than the 

surrounding environment, and continue to rise pseudoadiabatically until their equilibrium 

level (EL) is reached. The LFC and EL are the points at which the parcel ascents (indi­

cated by thick dotted and dashed lines) in Fig. 5.2 intersect the temperature profile. Note 

that the CAPE values in Table 1 are based on parcels lifted from the surface. For the WK 

runs, a similar amount o f CAPE is associated with parcels lifted from the lowest 1 km o f 

the model domain, while the CAPE associated with the TC runs falls off more quickly 

with height, as shown in Fig. 5.5. Also shown is the reversible CAPE, which accounts for 

the effects o f precipitation loading. Due to the more humid atmosphere associated with the 

TC runs, the reversible CAPE is smaller as a percentage o f the pseudoadiabatic CAPE 

than in the WK runs.

The physical grid extended 32 km in the vertical in all o f the simulations. The horizon­

tal and vertical grid spacing in the simulations were set to constant values o f 1000 m and 

250 m, respectively for the WK runs, and the domain extended 900 km in the horizontal. 

The horizontal grid spacing in the TC runs was 500 m, following Nicholls et al. (1988), 

who found that very fine resolution in the horizontal was necessary to simulate tropical 

squall lines in 2-D. The horizontal grid extent o f the domain in the TC runs was 600 km. A 

stretched grid in the vertical was used in the lowest 2500 m o f the TC runs, which is con­

sistent with the guidance o f  Redelsperger et al. (2000), who noted that the cold pool asso­

ciated with this convective system is quite shallow. The grid spacing in the TC runs ranged 

from 71m  near the surface to a constant value o f258 m above 2500 m. A Rayleigh sponge 

layer with a depth o f  16 km was placed above z  = 32 km in order to suppress wave reflec­

tions from the model top. A depth of at least one vertical wavelength is necessary to pre­

vent reflections from the sponge layer (Klemp and Lilly 1978). The Rayleigh damping 

coefficient was set to a maximum value o f 0.0125 s '1, which it approaches smoothly using 

a profile similar to that o f Klemp and Lilly (1978). This value o f viscosity is consistent
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with small values o f  reflectivity from the sponge layer. Using Klemp and Lilly’s linear 

analysis, less than 5% of wave energy will be reflected from a sponge layer with this value 

o f viscosity for waves with a wavelength o f approximately 30 km (typical for our experi­

ments). Experiments with half and double this value showed the simulations to be insensi­

tive to the value o f  this parameter.

5000

4000

3000
E

O)
 ̂ 2000

1000

0 500 1500 20001000 2500 3000
CAPE (J/kg)

Fig. S.S. Comparison o f vertical profiles of pseudoadiabatic (solid) and reversible (dashed) CAPE, for the 
WK control (thin lines) and TC control (thick lines) runs. CAPE was calculated using code provided by K. 
Emanuel.

In addition to the large time step o f 4 s over which most quantities were integrated, a 

smaller time step o f  0.8 s was used for the acoustically active terms (pressure, momentum, 

and potential temperature). The sound waves were integrated implicitly in the vertical for 

the w and p  equations. The temporal finite differencing was done using the second-order 

leapfrog scheme, with Robert-Asselin time filtering. The advection scheme used in all o f 

the simulations is fourth-order accurate (Xue and Lin 2001) in space.

In nature and in numerical models, convection can be initiated in a number o f ways. 

We will discuss two o f the simpler methods to implement here. The first method is via a
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buoyant “bubble” o f warm air near the surface. The bubble ascends, carrying moist air 

from near the surface aloft with it, until condensation occurs. The second method is to 

place an area o f  anomalously cold air representing a preexisting cold pool or thunderstorm 

outflow near the surface. The cold, dense air associated with the cold pool will propagate 

horizontally, displacing warmer, lighter air that was next to the cold pool upwards. This 

has recently been illustrated in a simple model developed by Haertel et al. (2001), the 

results o f which are shown in Fig. 5.6. I f  the air that has been forced upwards by the bub­

ble or cold pool is buoyant enough, it will reach the level o f free convection, and continue 

to rise pseudoadiabatically until its equilibrium level is reached.

(a)

1  >N

0
•IS -to -5 0 5 10 15

x (k m )

^  3 m/s 

iOmfe
-15 -10 -5 0 5 10 15

K(km)

(c)
I  *
N

0
-IS -10 -5 0 3 10 15

K(km)

Fig. 5.6. Circulations associated with an idealized cold 
pool after a) 0 min, b) 5 min and c) 10 min. Taken from 
Haertel et al. (2001).

Between the two methods described above, the surface cold anomaly is probably more 

similar to how squall line convection is typically initiated in nature, although there are cer­

tainly many summertime “air mass” thunderstorms that erupt due to buoyant plumes, 

instead of along synoptic boundaries. All of the simulations listed in Table 1 used a sur­

face cold anomaly to initiate convection, with the exception of the WK calm run, which 

required a bubble. Also, the TC runs were initiated using a cooling and drying tendency in 

the first 20 minutes o f the simulation, as prescribed by Redelsperger et al. (2000).
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To test the effects o f  the initiation mechanism on the evolution o f the simulated con­

vection, two experiments were performed with otherwise identical conditions. The first 

experiment initiated convection with a 2K elliptical, Gaussian (exponentially decaying 

away from the center) bubble that had a horizontal extent o f  10 km and a vertical extent o f 

3 km. The bubble was centered at an altitude o f 1.5 km. The second experiment used a -4K 

(constant value) half-ellipse of cold air, 40 km in horizontal extent and 1.5 km in height at 

the center o f  the ellipse._____________________________________________________

Maximum vertical velocity versus time

Cold pool initiation 
Thermal bubble initiation

25

20

15

10

5

0
0 3600 7200 10800 14400 2160018000 25200

Time (s)

Fig. 5.7. Maximum vertical velocity (m s '1) versus time for thermal bubble and cold pool initiations.

The behavior o f the maximum vertical velocity with time for the two simulations is 

quite similar after the faster start of the bubble initiation, as shown below in Fig. 5.7. Both 

o f these runs exhibit the large oscillations in maximum vertical velocity associated with 

new cell development, as described in Rotunno et al. (1988). The wave energy flux in the 

lower stratosphere also behaves similarly with time between the two simulations, as seen 

in Fig. 5.8. The cold pool run appears to produce a more constant value o f wave energy 

flux after convection is initiated, but the values are similar between the two runs.

Another important factor in the simulation o f  convection is the microphysics scheme 

that is employed. For warm rain processes, ARPS uses a two-category (cloud liquid water 

(qc) and rain (qr )) scheme based on Kessler (1969). The implementation of this scheme
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Fig. 5.8. Zonally averaged wave energy flux p'w ' at 14000 m versus time for thermal bubble and cold 
pool initiations.

follows Klemp and Wilhelmson (1 9 7 8 ) and Soong and Ogura (1 9 7 3 ) . ARPS uses a three- 

category (cloud ice (q i ), snow (qs ), and hail (qh )) microphysics scheme for ice processes

based on Lin et al. (1 9 8 3 ) . This scheme is implemented following Tao et al. ( 1 9 8 9 )  and 

Tao and Simpson (1 9 9 3 ) . The source terms for the five species o f condensate can be writ­

ten as (Xue et al. 2001)

S q c =  P(c — ec) — T qc , (5 .6 )

S qr =  P C - e c + m s + m h - f s ~  f h ) -  T qr > ( 5 -7 )

S q, =  P V i - * t ) - T qi , (5 .8 )

S qs =  P ( d s - Ss ~ m s +  f s > “  T q,  * (5 .9 )

S q„ =  P(^A ~ Sh ~ m h +  f h ) -  T q „ • (5 -1 0 )

The term denoted by c represents the rate o f condensation of water vapor, which acts as a 

source for cloud liquid water. The rates of evaporation and sublimation are denoted by e , 

and s respectively, and act as sinks for the liquid and frozen species o f cloud ice. Rain­

drops can be frozen into snow or hail, and these processes are represented by f .  The
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inverse process o f hail and snow melting into raindrops is given by m . The rate o f  deposi­

tion o f water vapor to ice is given by d.  Finally, the transfer rates denoted by T  represent 

processes such as collision-coalescence and are described by Lin et al. (1983).

Another important atmospheric process is radiation. However, radiation was not found 

to be important to the development o f squall lines in the simulations featured in Redel- 

sperger et al. (2000), perhaps due to the short lifetime and strong mesoscale forcing asso­

ciated with such lines. Also, radiative damping is not believed to play a significant role in 

gravity wave damping for the waves simulated in these experiments, although it may have 

a significant effect for waves with short vertical wavelengths at altitudes greater than SO 

km (Andrews et al. 1987). Radiation was not employed in this study.

The surface physics used in the model are described in Xue et al. (2001). For the WK 

experiments, we used constant drag coefficients for the parameterization of surface 

momentum and moisture fluxes. For the TC experiments, the drag coefficients were 

allowed to depend upon stability. This was employed due to the importance of accurately 

simulating the surface moisture flux in the tropical ocean environment of the observed TC 

storm.

As Alexander et al. (1995) noted, the amount o f computational diffusion employed in 

a model can play a significant role in the gravity wave spectrum simulated by the model. 

Too much computational diffusion can lead to excessive damping of waves with wave­

lengths less than 20 km, as was observed in the Fovell et al. (1992) study. The computa­

tional diffusion used in all of the simulations o f this study was a 4th-order derivative in the 

vertical and horizontal directions. The nondimensional 4th-order smoothing parameter S  

defined by

S = (5.11)
(A*)4

was set to 0.015 by Fovell et al. (1992), while Alexander et al. used a value of 5  = 0.005 

in their study. In this work, we use a value o f S  = 0.001, which should be sufficiently 

small for the effects o f computational diffusion to be unimportant for all but the smallest- 

scale (i.e., 2 Ax, 2Az) waves. Pandya and Alexander (1999) note that the presence o f 

clouds above the wave source causes most waves that have horizontal wavelengths o f less
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than 10 km to be trapped (see Chapter 13), so the resolution of these extremely short 

waves should be relatively unimportant.

Although the primary focus of this work will not be the cloud dynamics o f  the simu­

lated storms themselves, we will examine a few fields o f the WK control and TC control 

runs to verify that they have similar structures to observed squall lines (see Chapter 4). 

One quantity that is indicative of the vigor o f  convection is vertical velocity. In Fig. 5.9, 

the minimum and maximum vertical velocities for the WK control and TC control runs are 

shown. In this figure, we see that the WK control run experiences many large-amplitude 

new cells for a long period of the integration (until approximately t = l  hours), corre­

sponding to the optimal state discussed by Rotunno et al. (1988). However, the TC control 

run has an initial (first 1.5 hours) burst o f a few large-amplitude new cells, followed by a 

long period o f quasi-steady convection (until t  = 6.5 hours), followed by more large-ampli­

tude cells.

3 5   ---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

30 -  .

25 -
in' «• 

‘ «•20 - •

15 -

I
*

10 -

-10 -

-15 -

- 2 0  i ------------------- 1------------------- 1------------------- 1--------------------1--------------------1------------------- 1------------------- 1------------------- 1--------------------1--------------------1

0 3600 7200 10800 14400 18000 21600 25200 28800 32400 36000
Time (s)

Fig. 5.9. Maximum and minimum vertical velocities in m s '1 as a function of time for the TC control 
(solid) and WK control (dashed) runs.

The vertical velocity fields near the most vigorous convection for the TC control and 

WK control runs are shown in Fig. 5.10 and Fig. 5.11, respectively. The simulated TC 

convection in Fig. 5 .10a is quite shallow, only extending up to about 4 km at the leading 

edge. The convection is much deeper after the burst at t  = 7 hours, as shown in Fig. 5 .10b.
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Fig. 5. 10. Vertical velocity in the TC control run in the vicinity of the most active convection 
after a) four hours; b) eight hours.

This vertical velocity plot is qualitatively similar to that observed in Jorgensen et al. 

(1997) and simulated in Trier et al. (1996), with elevated vertical velocity maxima much
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Fig. 5.11. Vertical velocity in the WK control run in the vicinity of the most active convec­
tion after a) four hours; b) eight hours.

higher and somewhat separated from the leading updraft, as shown in Fig. 5.12. The simu­

lated WK convection in Fig. 5.11 a is similar to the optimal state shown in Fig. 4.5d, with a
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nearly vertical updraft. Note the rearward propagation o f convective cells, similar to that 

shown in Fig. 4.1.

W (m «-•)

11.0

3 M

CO

t Sub-Domain Av«r«(t Cron-Soetion ( m m
* T  a,T i u  IT* 0 4  ,  ) U ,  4L1 IU

D i i U a e t  ucm J

Fig. 5.12. Observed vertical velocity structure of the 22 
Feb. TOGA-COARE squall line. Taken from Jorgensen et 
al. (1997). Horizontal distance is in the line-nonnal direc­
tion.

Another field that can be examined in association with mesoscale convective systems 

is diabatic heating. Houze (1982, 1989) noted the structure of heating in the convective 

region o f tropical MCSs has roughly a half-wavelength sinusoidal shape in the vertical, 

which is associated with deep latent heating. The structure o f heating in the stratiform 

region has a shape that is similar to a full-wavelength sine wave, corresponding to the 

effects o f evaporative cooling beneath the trailing anvil, and latent heating in the anvil 

itself. In Fig. 5.13, we see that the WK control and TC control runs produced heating 

structures consistent with these observations. The convective region was defined as the 

region between x  = -20 km and x  = 20 km for the TC control run at t  = 8 hours (see Fig.

5.10b), and between x  = -20 km and x  = 10 km for the WK run at t = 4 hours (see Fig.

5.1 la). Similarly, the stratiform region in the TC control run was bounded by x  = -50 km 

and x = -20 km for the WK run, and from x = -60 km to x = -20 km for the TC control run. 

These boundaries were chosen after examining the vertical velocity and cloud condensate 

fields, with the strongest vertical velocities and deepest clouds defined as convective 

regions, and the rearward anvil structures defined as stratiform regions. The stratiform
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region actually extended further to the west in these simulations, but these boundaries are 

appropriate for the delineation between the two types of heating structure.

EJC
N

•20 20 600 40
Heating rate (K/hr)

Fig. 5. 13. Simulated vertical profiles o f diabatic heating from the horizontal averages over 
the convective (solid lines) and stratiform (dashed lines) regions of the WK control (thin 
lines) and TC control (thick lines) runs after four and eight hours, respectively. See text for 
details.

In this chapter, we have examined the setup for the numerical experiments that were 

performed for this work, and confirmed that the simulated squall lines have similar charac­

teristics to those found in nature. In the following chapters, we will use a variety o f diag­

nostic techniques to examine what occurred in the troposphere and stratosphere o f the 

simulations. This will begin with an examination of the gravity wave source defined by 

Lane et al. (2001).
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Chapter 6: Gravity wave source

The purpose o f this chapter is to summarize a derivation by Lane et al. (2001). The 

authors followed Lighthill’s (1952) theory for the generation o f sound and Ford’s (1994) 

theory for the generation o f  shallow-water inertia-gravity waves. These theories grouped 

the linear terms that govern the motion o f the waves of interest, and then considered the 

nonlinear terms as the sources o f the waves. We start with the anelastic system of equa­

tions, neglecting Coriolis and viscous effects, and putting the linear terms on the left-hand 

side:

du’ ^  du' A du' , ,du0 i dp' ^  „
- § r + “» a r + v » s 7 + “" s - + ^ &  = (<U)

dv' dv' dv' dv0 i dp"
T  + “o ' r  +  V0 T ' + w T  + -- = = Fv, (6.2)dt v dx u dy dz p0 dy v

dw' dw' dw' d ( o'A
i t + u° i ; + v^ + -s A pJ  F ~'  ‘ 3)

db’ db’ db' ^  c  , ,
a r  + &  + v° + Ar2“’ - *  + f 6- (6-“ )

Here, we have separated the velocity into a vertically varying horizontal flow plus a pertur­

bation,

u = u0(z) + u ' ( x , y , z , t )  ,

v = v0(z) + v’(x, y, z, t) , (6.5)

w = w \ x , y , z , t )  .
In this dissertation, quantities that vary with height but not with time will have “0” sub­

scripts, while quantities that are averaged, but allowed to vary in time (e.g., zonal means) 

will have an overbar. Note that the perturbation velocities are not necessarily small in 

amplitude compared to the base-state values. The dry buoyancy is defined by

(6.6)
wo
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and b' represents the change in dry buoyancy due to diabatic forcing. The right-hand sides 

o f (6.1 )-(6.4) are the nonlinear terms of the full anelastic equations, given by

< «>

< ‘ - 8 >

-  (  ,db’ ,8b’ ,8b' v /b ’ . r2\  _

The continuity equation is given by

du' , dv' 1 8 ,  dw' I ,—  + TT— = ---- ^ - (p nw') = + —  w ' , (6.11)8x dy dz H s v ’

where H s = - p 0(d p 0/d z ) -1 is the scale height.

We want to combine (6.1)-(6.4) (6.12) and (6.11) into a single equation for w ' . We 

begin by forming the divergence equation from (6.1) and (6.2):

R ( ^ ^ ^  + ^ ± 0 . ^ ± 0 . „ 2 ( £ \  = SFj; SF ,  
dx dyJ  dx dz By dz Al p 0J dx dy

Here, we use the definitions

r i . j l y j lh 2  2 ’

8x dy

D 8 8 8
D i s T t +tt° a i  v° a ?  (613>

(6.14)

for the linear total derivative (excluding a contribution from vertical velocity) and horizon­

tal Laplacian, respectively. Next, we substitute (6.11) into (6.12) to obtain

D f  d w '  1 , \ ^ d w ' d u Q d w 'd v Q i 2 , _ d F  8FV
D /l  8z H SW )  dx dz dy dz p0 hP dx dy ' ( }

Now, we take d /d z  o f  (6.15) and the horizontal Laplacian o f  (6.3) and get

_D
Dt

r  d2w’ + d (  w’ 
dz2

duo d f  dw' , , dvo q { Qw ' d2w'du0 Ow'd “p
dxdz dz dx ^ 22

 ̂ f w' 1 0 ^ (  ^w> w' 1 ^ (  ^w> w' 1
d A H s) \  d z d Z I  8z H s)  d z ' d y C ' d l  H s)

2 2 2
a 2W v o  +  a W  y0 +  v 2r  a / ^ y i  =  +
5y5z </z ay j z 2 ^LazvPoJJ dxdz dydz

(6.16)
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Ul \jdz\PQ) \
Subtracting (6.16) from (6.17) eliminates p ’ , yielding

D r  2 , d fw 'Y l  duo d ( w ' \  dw'<* “o <tv0 d ( w ' \  dw 'd"v0 2, , _
D t l  W d A H s) \  d z d A H j  dx d 2 d z d ^ H j  dy d z 2 V *b

dw’d u0 dv0 Q f w>\ f a ' d  v0

dx d z 2

2 d2F u d2F v
V 7 F   ------- -

w dxdz dydz

(6.18)

Now we take D / D r  o f (6.18) and the horizontal Laplacian o f (6.4) to obtain

- ° i | W  - - ^ T - Y I  -Dt2L d ^ H s)J  Dt{ dz d ^ H s)
dw'd uo , dvQ Q f  w

-V 2 D b ’ 
Dt

JiDb’

D_
Dt

dx dz2 

d2F„

_ 2 A T — 1
d z d y ^ H j

dw’d2v o

&  d z 2

VhFw dxdz
d2F v} 
dydz

V ^  + JV2V 2W' = V 2hb' + .

(6.19)

(6.20)* 7 ) 7  k hu  r v h l  b

Finally we get what can be considered a single, forced, linear equation for w ' , if we 

regard the nonlinear terms on the right-hand side as forcing:

)_2 
Dt

=2 'D F„\ r)2 rDF„\ r )2 r dun\  d 2 f  dvt

- e i i w  -  R ( ± ° i { £ )
n A  w d A H j i  D t l d z d A H j

2 2dw’d uQ dv0 q  ̂ Qw'd v0A
dx d 2 dz I fyKHJ

\ t2xj2 iN 2v hw'= VA—

dz dy  

2 '  du

Qy  d z 2
+

a ( u t *\ o (  A  I a  ( r
Dr J dydz\  Dt J 5x2V u d z )

v d z J

+ —— I F  —^a.tdyl, “ dz
(6 .21)

a  f r  i ^ o ) . £ _ f F ± o
d x d y \  v dz J dy2v v dz + v \b ’ + V 2kF t  S  >F

h» (6-22)

/ w& J  + 5^ l Fw
Here, *F is the forcing, which can be written as

¥  = «Pa + «P, + ¥„
where *Fa , ^ , and y¥ h represent the production of gravity waves by nonlinear advection, 

shear and heating, respectively. These terms are defined by

'F = v : -----Dr
duf
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(6.25)

3e-11
Average magnitude of gravity wave sources vs time

2e-n

nonlinear advection
shear
heating

E

le-11

0
0 7200 14400 21600 28800 36000

Time (sec)

Fig. 6.1. Plot of the average magnitude o f the three gravity wave source terms defined in (6.23)-(6.25) 
versus time for the control WK run. The terms were averaged over the troposphere of the domain.

The sources defined in (6.23)-(6.25) have been calculated versus tune for the WK con­

trol run, as shown in Fig. 6.1. For this figure, the average magnitude (absolute value) o f 

each term was calculated in the troposphere, as a measure o f the importance of each 

source term. The maximum magnitude of each term was also calculated, and this is shown 

in Fig. 6.3. We see that by this measure, the heating term is at least as important as the 

buoyancy term throughout the simulation, with the shear term still playing a relatively 

unimportant role. The source terms were only large in the convection itself, reaching val-

ues o f  up to ±8 x 10 m s , but extended over a fairly large depth. These values are 

comparable (but somewhat smaller than) those calculated by Lane et al. Note that the 

magnitude of the heating source term is comparable to the nonlinear advection source 

term throughout most o f the simulation, with the heating term becoming dominant after 

21600 seconds. This is in contrast to Lane et al. (2001), who found that the nonlinear 

advection terms were dominant in their simulation. However, the source term associated 

with shear was quite small, which is similar to what Lane et al. found.
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Fig. 6.2. Plot o f the average magnitude o f the three gravity wave source terms defined in (6.23)-(6.25) 
versus time for the control TC run. The terms were averaged over the troposphere of the domain.

Maximum magnitude of gravity wave sources vs time ie-08  ---------------------------- ----------- --------------------------------
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2e-09 -

7200 288000 14400 21600 36000
Time (sec)

Fig. 6.3. Plot of the maximum magnitude o f the three gravity wave source terms defined in (6.23)-(6.25) 
versus time for the control WK run.

The gravity wave source terms were also calculated for the control TC run, as shown

in Fig. 6.2 and Fig. 6.4. The magnitude o f the gravity wave sources in this simulation were

significantly larger than those o f the control WK run. This may be because of the finer hor-
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izontal grid spacing (500 m versus 1000 m) in the control TC run. Features such as 

updrafts tend to become smaller in scale and stronger as grid resolution increases (Weis- 

man et al. 1997). This would cause the terms involving horizontal derivatives to become 

larger. We see that this decidedly different simulation o f convection still shows heating to 

be at least as important as nonlinear advection using the analysis method o f Lane et al. 

throughout the simulation. However, Lane (personal communication) has indicated that 

the nonlinear advection in 3-D simulations plays more o f a prominent role than in 2-D 

simulations such as this study. Shear still played a smaller role than heating and nonlinear 

advection.

Maximum magnitude of gravity wave sources vs time

nonlinear advection
shear
heating

2e-08 -

le-08 -

| t * .  I*L . <

7200 14400 
Time (sec)

21600 28800

Fig. 6.4. Plot of the maximum magnitude of the three gravity wave source terms defined in (6.23H6.25) 
versus time for the control TC run.

In this chapter, we studied how perturbation equations can be combined to form a sin­

gle equation describing gravity wave excitation. In the following chapter, we will examine 

another method in which waves and convection can be studied simultaneously. We will see 

how the anelastic momentum and thermodynamic equations can be combined to form 

prognostic equations for the second moments (variances and covariances) of these quanti­

ties.
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Chapter 7: Prognostic equations for first and second moments

In this chapter, we will derive equations for mean and perturbation variables. The type 

of perturbations that the equations describe need not be specified, although most studies 

focus on one type o f  perturbation. Since we will study an environment in which waves and 

convection exist simultaneously, we will avoid specifying the type o f perturbation that we 

are dealing with except to simplify illustrations o f physical concepts. Later, we will apply 

the equations derived here to illustrate specific physical principles.

We begin with the anelastic (Bannon 1996) equation for momentum, neglecting Corio- 

lis effects

_  (dUf d u ^  d p  pog ( 0 - 0 o) , „

p° l  aT + uJ $ r J  = ~p» a ^ £ ) ■ 5» — e j—  p°f  <’ (Z ,)

where u, represents the three components o f velocity

(« ,, u2, u3) = (u, v, w ), (7.2)

p  is pressure, 0O and p0 are a vertically varying basic state potential temperature and 

density, g  is gravity, and F i is a term representing friction. When indices are repeated 

within a term, it means that the operation is summed over all three components, e.g.,

aibi = a xb x+ a2b2 + a3b3 = a » b .  (7.3)

The term 5,y is the Kronecker delta, and is equal to zero unless i = j . For more details on 

index notation, see Stull (1988).

We can form an equation for the perturbation o f  ut if  we take the mean o f (7.1)

_(dU i fa i )  _  _ d f p ^  w P o S (6 -0 o ) , -
p«[ aT + “;arj -p“a^l£J " 5(3— %—  + p»f '■ (74)

and subtract it from (7.1). Here, the averaging operator is not yet defined, except that it is
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o f the form

C

a = fa d x ,  (7.5)
b

and can be separated into vertically varying mean and perturbation parts, i.e.,

a(x, z, t) = 5(z, t) + a '(x , z, t ) . (7.6)

Also, the averaging operator commutes with vertical and temporal derivatives, and the

average o f a perturbation quantity is zero, i.e. a' = 0 . The averaging operator does not 

necessarily commute with the horizontal derivative. This is because the boundary condi­

tions are not necessarily periodic. Subtracting (7.4) from (7.1), we obtain

Sm/ du, du, 0 ' _
“aT +  “ /a  u  / a-  = +  S/3^S" +  F i * (7*7)5r '5 x , Jdx, dx^poJ  ,3fi,60 ‘j  — j

Separating (7.7) into mean and fluctuating parts, we have

5u / — 5(u + u / )  _  5(n ,+  m / )  $  r D ' \  G '

- a r * * - / > — f e r 5— - - / » — k ^ -  -  <7-8>

which can be written as

du/  —du/  5m, 5m/ 5m/ 5 0 '
-=r-+ “ / r * + “ / s - 1 + ui ~zr~-“/ir-  = - # - (  ^  + 5/3#zr+ • (7-9>5/ Jdxj J dx j  J dx j  J d X j  d x ^ p 0 J  /3SG0 '

There is a distinct contrast between the ways that the turbulence community and Eliassen 

and Palm (1960) have dealt with the above equations. The turbulence community has his­

torically used the above equations to derive statements that predict future values o f turbu­

lence kinetic energy, momentum fluxes and heat fluxes. Eliassen and Palm (1960), on the 

other hand, used a steady, linearized version o f  the above equations to derive statements 

that relate the momentum flux to the wave energy flux for a steady state. As noted in the 

beginning o f  this chapter, these equations can apply to waves, turbulence or deep convec­

tion, providing a unified framework for the discussion.

Now, to form the equation for the covariance o f  u, and uk , we multiply (7.9) by uk ,

and add it to a prognostic equation for uk that is identical to (7.9) except that uk replaces

m /  . After performing these operations, we obtain

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3C“ i 'Uk) , , , ,duk , , . ,d(“, V )  , A /
— ■ + U ■ + U • M- ■■ + U ■ Ut  ™ + u . — Ut  U .

5/ j  dx, j  1 dx, J k dx, J dx, k J dx,
J 1 1 (7.10)

5  f n ' \  5  f n ' \  Mjfc'O' M . '0 '

= + * ° * T r + s ‘ 3g' § 7 + Ut'F ; + '

If we add (7.10) to u('uk' times the anelastic continuity equation,

itJ j p o * ; )  = o , a n )

the fourth term becomes a transport term, but another term representing the effects o f den­

sity stratification is introduced:

d ( u t ‘V )  ^  - 5 ( u / V )  ^  , f i t  ^ , f i k  ^  ^ u / u iV )  , V w '<*Po
dt J dxj UJ Uk dxj “j  dxj dxj p0 </z

, ~ f i t  . r ~ f i k  • d ( P - \  ' 5 Uk'Q\ x  M' '0 ' ( 7 ‘ I2 )
-  «* “y & ; + “f “/  a ^ J= d i k )  -  + 5^ - e 7  + 5^ - e 7

uk F i' + ui'F k ■

Taking the mean o f (7.12), we obtain

5(“ / V )  _ dCu/u*') —; ,dt*k Ui'Ut'w’dpo
4- U - = — U U --------------U U , --------------------- ■----------------------2 —

dt J dxj J 1 dxj 1 k dxj dx, p0 dz
(7.13)

d r a 
P uk __d_

dxi I po J dxk “O
 

o 
1 D ' ( O U u  o u ,  \  Uk  t* U, U ----------- -----------

£ 1 * 7  + & iJ  + s '3* - 5 7  + "§o" + U>'F‘’ + U‘ F‘ ■

Here, we have followed Stull (1988, p. 134), and rewritten the terms involving pressure. 

The physical interpretation of (7.13) is as follows, again following Stull. The first and

second terms in the left-hand side represent the rate o f change of u ’uk due to the local 

tendency and advection by the mean wind, respectively. The first and second terms on the

right-hand side (RHS) represents the production of u /u k' by shears of the mean wind. 

The third and fourth RHS terms are triple-moment terms, and account for the transport of

m/ m/  by turbulent motions. The fifth and sixth terms on the RHS represent transport by

pressure correlations, while the next group o f terms involving pressure are known in the 

turbulence community as “retum-to-isotropy” terms. This label arises in the turbulence
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kinetic energy equation because the terms only exchange energy between velocity compo­

nents, taking energy from components that have large amounts o f energy, and distributing 

it to components that have low amounts o f energy. The ninth and tenth terms on the RHS

arise from the production of u /u k’ by buoyancy. The final two terms on the RHS repre­

sent the effects o f viscosity on u /u ^ .

There are six unique prognostic equations described by (7.13). Three equations

describe the evolution o f variances ( u 'u ' , v V , w 'w '), while three more describe the evo­

lution o f  covariances (u ’w ', u 'v ' , v 'w ' ). As an illustration, the upward wave momentum 

flux is prognosed by

dju 'w ')  + —dju 'w ’) + d ju /u 'w ')  + u'w'w'dpp  = _  3 f p ’u '\  5
________________________________________ ._____ ________V —

dt J dx- dx - p0 dz dz\. p0 J 5*V p0 J
________   J ___  (7.14)
EL( ^H', a. du") , , du —— dw u'Q' , r. , —r  ,

+ w a-------“ i u  +  + w  F x  +  u'F J  .p0v dx dz J J dxj J dxj 6 0O x

In a completely analogous manner, the evolution equation for the heat flux can be

obtained by combining 0 ' times (7.9) and u /  times the equation for potential temperature

fluctuation, to obtain

90 —50 , 0© ^  ,50 ' ,50 a. _ ,+ + «/•=— + u/-=------u/-T— = Q' + F q . (7.15)dt dxj J dx - J dx - ■> dxj  9

The resulting equation for u /0 ' is

s « 0 ' )  - a c a /e ’) — du, '8')
4- u - —■ ■ = —u 0 ------------ u u ------------ l— i— -----------------

dt J dx j J dx j 1 J dx ■ dx.- p 0 dz
 J ____ J___  J J 0 (7.16)

dxtK P0 J P0 dxt <3S 0O ' ' 0

The prognostic equations for the mean values o f  horizontal velocity and potential tem­

perature are given by

J^p0e) + p0> c ||+ iL < P o ^ )  = Po6 , (7.17)
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^ p 0u) + P o W ^ + ^ p 0u 'w f) = p 0FX. (7.18)

Although we can normally assume that w = 0 in a domain with periodic boundary condi­

tions, the compressibility o f ARPS forced us to include the term involving the advection

by the mean vertical velocity, particularly for the 0 equation (see Fig. 7.1b).

The set o f prognostic second moment equations for velocity and potential temperature 

in a (x,z) horizontally periodic system based on the anelastic equations (with the addi­

tional condition that vv is not necessarily zero) is given by

In the following figures, we will determine which terms are important in the budgets o f 

(7.17)-(7.22), according to time-averaged (from f = 4 h t o r  = 5h)  zonal means that have 

been taken o f  the model output quantities for the WK control run (see Chapter 5). In these

+ Pqu’w (7.19)

(7.20)

^ -(p 0u 'w ') + p 0w ^U u 'w ')  + p0w'w

(7.23)

^-(Povv'0 ') + Pow=r(vt''0 ') + PqW w
(7.24)
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figures, only the important terms are shown. The sign of each term is that which would be 

obtained by putting all o f  the terms other than the tendency terms on the RHS o f  (7.17)- 

(7.22). Sometimes, the tendency term is much smaller than some o f  the component terms, 

so it appears quite close to zero. Also, the model has both computational and turbulent 

mixing, the sum o f which can be regarded as F /  on the RHS of several o f the budget

equations. When one or more these terms are large enough to warrant inclusion, they are 

treated separately.

The budget for the zonal mean potential temperature is shown in Fig. 7.1. In the model 

troposphere (Fig. 7.1a), the tendency is mostly positive, and is largely balanced by dia- 

batic heating. Within the lowest 2 km of the troposphere, several terms change rapidly 

with height, presumably because of the presence of the cold pool. In the model strato­

sphere (Fig. 7. lb), we do not expect the zonal mean potential temperature to change much, 

and indeed, the tendencies are much smaller than in the troposphere. The dominant term in 

the stratosphere is the divergence o f the heat flux. This is somewhat surprising in the sense

that we expect w '0 ' to be zero for steady, linear gravity waves, but as Roadnight (1999)

showed, w '0 ' can be nonzero for transient waves. There is also a contribution to the 0 

budget from the zonal mean vertical velocity. This is a product o f the compressibility o f 

the model (M. Xue, personal communication). This is because the continuity equation for 

the compressible system does not guarantee a zero value for w , like the anelastic continu­

ity equation does.

The prognostic budget for the zonal mean zonal wind is shown in Fig. 7.2. We see that 

u is accelerated in the lower troposphere, and decelerated in the upper troposphere and 

stratosphere. This is primarily due to the divergence o f  the vertical momentum flux,

Pqu'w ' . This pattern o f low-level divergence and upper-level convergence is consistent

with what Weisman et al. (1997) obtained for a  similar wind and thermodynamic profile. 

In a stratosphere without shear, we expect relatively little mean-flow acceleration, and this 

is illustrated in Fig. 7.2b, particularly above z  = 15 km.

The prognostic horizontal kinetic energy budget is shown in Fig. 7.3. In the model tro­

posphere, the pressure and turbulent transport terms are dominant, and the tendency is
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generally a small difference between these terms that are large and opposite in sign. These 

terms are also dominant in the model stratosphere, with the pressure term being o f primary 

importance in the vicinity o f the tropopause.

The prognostic vertical kinetic energy budget is shown in Fig. 7.4. In this figure, we 

see that the tendency term is much smaller than several o f the terms in the budget. Note 

that the pressure term is the first term on the RHS o f (6.20), while the “pressure density” 

term is the second term on the RHS o f  (7.20). These two terms, the buoyant production

term, and the turbulent transport term are dominant in the w'w' budget o f the troposphere. 

The same terms are dominant in the stratosphere, with the exception o f the turbulent trans­

port term. The residual is occasionally quite large in this budget, particularly in the upper 

troposphere.

In Fig. 7.S, the prognostic potential temperature variance budget is shown. We see that 

the tendency is for the potential temperature variance to increase in the lower troposphere.

The dominant contributors to the 0 '0 ' budget in the troposphere are the diabatic heating 

and gradient production terms. The signs o f these terms (positive for diabatic heating, neg­

ative for gradient production) are consistent with the presence o f moist convection, where

we expect w' and 0 ' to be positively correlated, as well as 0 ' and 0 '.  The gradient pro­

duction term is dominant in the stratosphere. This is similar to what we found in the 0

budget, except that now the heat flux term w '0 ' is multiplied by the stratification dQ/dz  

rather than differentiated.

The prognostic momentum flux budget is shown in Fig. 7.6. In this figure, we see that 

the tendency is much smaller than the offsetting pressure terms, and the buoyant produc­

tion term throughout the model atmosphere. The negative sign o f the m'0' term in the low­

est 2 km o f the model domain can be understood as follows. The cold pool is associated 

with negative values of 0 ',  and positive values o f u ' , since it moves approximately at the 

same rate o f the storm (u~  15 m s '1), instead o f the velocity o f the base-state sounding (u

= 0 m s '1 at the surface). The residual in this budget is generally smaller than the three 

major terms, but larger than the tendency.
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Fig. 7.1. Theta budget o f (7.17) in a) the stratosphere and b) the troposphere from the WK 
control run averaged from t = 4 h t o t  = 5h. The solid black line is the tendency, the blue 
line is the flux divergence, the dashed red line is turbulent mixing, the violet line is compu­
tational mixing, the red line is diabatic heating, the green line is mean vertical advection, 
and the dashed black line is the residual.
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Fig. 7.2. Momentum budget of (7.18) in a) the stratosphere and b) the troposphere from 
the WK control run averaged from t = 4 h t o t  = 5h.  The solid black line is the tendency, 
the blue line is the flux divergence, the dashed red line is turbulent m ix in g , the violet line 
is computational mixing, and the dashed black line is the residual.
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Fig. 7.3. Horizontal kinetic energy budget of (7.19) in a) the stratosphere and b) the tropo­
sphere from the WK control run averaged from t = 4 h to t  = 5h. The solid black line is the 
tendency, the blue line is turbulent transport, the green line is the pressure term, the violet 
line is computational mixing, and the dashed black line is the residual.
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Fig. 7.4. Vertical kinetic energy budget of (7.20) in a) the stratosphere and b) the tropo­
sphere from the WK control run averaged from t = 4 h to t = 5 h. The solid black line is the 
tendency, the blue line is turbulent transport, the green line is the pressure term, the dashed 
green line is the pressure-density term, the red line is the buoyant production term, and the 
dashed black line is the residual.
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Fig. 7.5. Potential temperature variance budget of (7.21) in a) the troposphere and b) the 
stratosphere from the WK control run averaged from t = 4 h t o t  = 5h. The solid black line 
is the tendency, the green line is gradient production, the blue line is turbulent transport, 
the red line is the diabatic heating term, the dashed red line is turbulent mixing, the violet 
line is computational mixing, and the dashed black line is the residual.
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Fig. 7.6. Momentum flux budget o f (7.21) in a) the troposphere and b) the stratosphere 
from the WK control run averaged from t = 4 h t o t = 5 h .  The solid black line is the ten­
dency, the blue line is turbulent transport, the green line is the p  'u ’ pressure term, the 
dashed green line is the p  ’u ’ pressure-density term, the red line is buoyant production, and 
the dashed black line is the residual.
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The budgets for u'Q' and w '0 ' have not been shown. These budgets were quite unbal­

anced, with the correlations between p '  and 0 ' being the apparent culprits. The reason for 

this discrepancy remains uncertain, but may be due to sampling error.

In this chapter, we have diagnosed the sources o f first and second moment quantities. 

For several o f the budgets, we were able to diagnose which terms are most important 

within the budgets. The wave transience seen in this chapter, most easily diagnosed by

examining u'Q' and w '0 ', indicates that transient effects may be important, and this is a 

fertile ground for future parameterizations. To understand how the momentum flux inter­

acts with the mean flow, the next chapter will review the work of Eliassen and Palm 

(1960), and some interesting extensions o f their work.
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Chapter 8: Wave-mean flow interactions

Wave-mean flow interactions are linked to sudden stratospheric warmings (Matsuno 

1971), the QBO (Lindzen and Holton 1968), topographic wave drag (Bretherton 1969), 

hurricane intensification (Montgomery and Kallenbach 1997) and many other atmospheric 

phenomena. The deposition of wave momentum flux has sufficiently strong effects on the 

mean flow that researchers have found it necessary to parameterize the effects o f topo­

graphically (Palmer et al. 1986) and convectively (Kershaw 1995) generated gravity waves 

in GCMs. This chapter begins with an examination of the results o f  Eliassen and Palm 

(1960, hereafter EP), proceeding to an extension o f their results, and then concluding with 

an alternate derivation by Andrews et al. (1987, also see Andrews 1983).

8.2. Overview o f  the Eliassen-Palm Theorem

How do we connect the Eliassen and Palm (1960; hereafter EP) result to conventional 

turbulence equations? We will begin by recapitulating the results o f  EP from their section 

2 .

The symbol y can be interpreted as a measure o f compressibility and is defined by EP

as

* -  % '  <81 )

and is also given by 1 / c \ , where cs is the speed o f sound. The basic-state pressure and 

density fulfill the hydrostatic relation,

^  = -PoS- (8.2)

Note that the basic state variables are related to the total quantities here by

a(x, z, t) = aQ(z) + a \ x , z, t ) . (8.3)
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The stratification o f the basic-state density can be characterized by what EP refer to as the 

“Bjerknes coefficient,” defined by

d9n
r  ■  5 K -  ( M )

Equation (8.2) can be rewritten and combined with (8.4) to derive an expression for 

dp0/ d z :

dpo dpn
- r p ° s -  (8'5)

The combination o f equations (8.1)-(8.5) can produce an expression for the perturba­

tion density:

N Z
p ' = “̂ Pon' + yp '-  (8-6)o

Here N  is the Brunt-Vaisala frequency, defined by

JV2 = ( r - y  )g2, (8.7)

and r\' is the vertical displacement, not specifically defined by EP, but if

a t V  _ 1 dQ0 f _  e>
n j  t| o ’ (8-8)g  e 0 dz e 0

then (8.6) is consistent with the Boussinesq approximation, as shown by Holton (1992, p. 

200). This comes from assuming a hydrostatic base state, as in (8.2), and then examining 

the departures from hydrostatic balance, i.e.

( ± ° + ? £ : ) + g  (89)
p dz 8  p0 +  p \  dz d z )  8 '

( i - e L y ± 3 £ L + g - ± B £ + e L g  (s.io)
V. p j  Po d z  6 p0 dz  p0s

which becomes

1 dPo
Po d z  ^  Po^ P o 8 z  S Po dz ' Poi 

after using a series approximation for 1 / ( p 0 +  p ') and the hydrostatic approximation. 

Now, potential temperature can be written in terms o f  pressure and density as

9 = $ L j f -  ( 8 -u )
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Taking the logarithm o f the basic-state and full versions o f the above, we have

cv
ln0o = — ln/70 -  Inp0 + const, (8.12)

c p

" W 1+ 1 ) ] =  cf p]ta W 1+ £ ) ]  -  taK 1+ 0 + “ n st- ( 8 i 3 )

Combining the two, we have

®1 _  (s .u )
eo cPPo Po

after using the approximation ln( 1 + e )  =  e  if  e « I .

Now, we list the 2-D, hydrostatic, adiabatic, linearized momentum, continuity, and 

thermodynamic equations for steady flow, neglecting Coriolis terms. Note that wave tran­

sience can be important, as we saw in Chapter 7, and these terms will be retained in the 

analysis o f the next section.

P o » ^  + P o X "’’ + ^ : - « .  (8-15)dx ex

,§£L  + dJ l
dx dz dz+ + + (Po + P')g = °» (8 1 6 )

= < 8 l Y >

50'
“^ r  + w' - j 2  = °-  (8.18)dx dz

Using (8.2) and (8.6) in (8.16), we obtain the following

Po5^ + a” + ^ 2Po tT + YSP' = ° .  (8-19)

which is identical to the equation that EP use. Application of (8.5) and (8.6) to (8.17) 

yields

b( t p° +Yt r ) “  r p <>g w ' + p» ( t r + i k ) = °- (8-20>

The displacement is related to the vertical velocity by
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This relation is obtained from the thermodynamic equation, if we use (8.8) to write it as

- d (  dQ- d f  ,*«<) nu-sH n —7— + w —j— = 0 . d A  d z ) dz

When (8.21) and (8.7) are used in (8.20), we obtain

du'  ̂dw' , , yu d p '  „—— i-—------Ygyv +*■— -t-  = 0.dx dz p0 dx

(8.22)

(8.23)

From the above equations, EP derived two relationships between the wave energy flux 

p 'w '  and the wave momentum flux u 'w ' . We will derive the first o f these relationships by 

multiplying (8.15) by u ' , (8.19) by w ' ,  and (8.23) by p ' :

_ d ( u'u'} du , , ,dp ’ n
p°“l o - J +p°3i“ ,v + u & - 0

-  d f  w’w’} ,dp<’ . t2 _ d ( r V n , , , A
P»“M — J + " &  + "  J  + ™ w = 0

p & : + p . ^  = o.
dx dz 2 J

(8.24)

(8.25)

(8.26)

Adding (8.24)-(8.26) yields the wave energy equation,

d_
dx

’PoMf
u'u' + w'w' + i v V  + + p 'u 'z \ Po >

du,. . .+ 0< p 'w ')  = -P q- ^ u'w ' . (8.27)
dz

Now we take a horizontal average o f (8.27), using one o f two methods that will yield 

the same result. The first method is simply a horizontal average over a domain with cyclic 

boundaries (e.g., around a latitude circle). The second method, which is what EP used, is 

over an infinite domain, with the assumption that perturbations approach zero as x  -> ±ao:

a’b' = J a 'b ’dx . (8.28)

Note that with either averaging method,

(8.29)
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Using this property, and taking the zonal average of (8.27), we have

(8.30)

The second relationship between the wave momentum flux and wave energy flux is 

derived by multiplying (8.15) by p0uu ' , and adding it to (8.15) multiplied by p ' . Within a

multiplicative factor, the result of the first operation is given by (8.24), a simplified form o f 

the prediction equation for zonal wind variance that is frequently encountered in turbu­

lence studies:

The second operation results in a “wave energy” equation that is not often remarked upon 

in turbulence literature:

1 - 2
Po“ (8.31)

(8.32)

Adding these two equations yields

which becomes, after zonally averaging

p ' w '  =  - p q U u ' w ' , 

for d u /d z  *  0 . Combining (8.30) and (8.34), we obtain

(8.34)

(8.35)

or equivalently

u-j-CPqu'w^ - P q— u' w ' = - p 0— u'w (8.36)

which indicates that unless u = 0,

jL (p 0u’w') = 0 , (8.37)

p qu'w ' = const. (8.38)
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In other words, EP found that the vertical flux o f  momentum is constant with height, 

except at critical levels where u = 0. At these critical levels, all of the wave momentum 

flux is deposited.

8.2. Application to the jully nonlinear equations

The previous discussion focused on a relatively restrictive set of equations. In this sec­

tion, we will allow the effects of transience and nonlinearity to enter into the wave-mean 

flow interaction problem, and then see under which circumstances the results reduce to 

those o f EP. Now, the fully nonlinear, anelastic (Bannon, 1996) turbulence equations, 

again neglecting Coriolis effects, are given by

(du' ,du du' ,du ,5m' _ 5 u ' ,du' ,du' ,5w'A

+*eL - f -dx

(8.39)

(dw' ,dvj dw' ,dw dw' ,dw ,dw ,dw ,dw gQ
Po -5”  + “ a -  + U~F~ + —  + w -s- + w '—  + w '—--------u’—---- w '—--- 2—V dt dx ox ox dz dz dz dx dz 0n

(8.40)

„ fdd ’ ,56 _50' ,50 ,50' . 5 0 ' ,50 ' ,50' ,50'^ a,Pn -T- + M -r- + u ——  ̂w — + U -T- + W— t- w '— u — W -r— = pn0 . (8.41)dt dx dx dz dx dz dz dx d z ) y °

Here the frictional terms are given by Fx and F z . Note that in this section, we are using

overbars for quantities that are horizontally averaged. These quantities can vary in both 

time and height. This is to be distinguished from quantities with “0” subscripts, which 

indicate base-state quantities that are functions o f  height only. If we use an anelastic ver­

sion of the continuity equation, we have

du’ dw’ ^  dp0 „ 0 . . .
po &  + p» &■ + = ° -  (8-42)

This is identical to (8.17), which is the initial form o f  the continuity equation used by EP, 

except for the term involving dpV dx,  which should be negligible anyway. Using the same 

vertically varying base state as EP, (8.42) becomes
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If  we derive the analog to (8.33) by multiplying (8.39) by u ' , (8.40) by w ' , and (8.41) 

by g 2Q'/No&o, we get:

^ ( 8 ( u u ^  , ,du ^ . d  f u u ^  ^ du , , ^ - d f u ' u ' } i d f u ' u ' u '  
p n - H  + « V — +  u - H  ——-  + — u V  +  vv-H  — + - ^ h  —-—°\dt\. 2 J dx 2 J dz 2 )  SxV. 3

(  , ,du' , ,du' , d ( u V 'l 'l  , ,dio' , r  ,
J J + U &  = u F * -

(8.44)

_ . - . ’w ’} , , ,dw , - d f  vv'w'A , d (  w ' w ' '  . . .  ,
p » M  — J + “ - s i + uU r r J + “ 5 ^ —  1+ — 1+ w w — +

_ d fw 'w '\  , , ,dw
'Vd A  2 J W W dz

, d  f w 'y v ' 
2

^ , ,dw' , ,dw' g w '0 '^  , , d (  p"\ , r ,r wû - wŵ - % r p°wMz) = wF= •

P o ^ / ' s r e ' e ' v  , . ,3 9  ^ .  a r e '8 'v  , . ,3 S ^  , e re 'e ’v  _  a r e ’e'Yi
N i ^ { § i — r u d r x +uu . — r w e m * u U — ) +wU - 2 - ) )

(8.45)

PoST w’i / 6’0’'! + Wu’m' + - Po* fl-fl-
A ^ e j l  w U r r J + 0 a  3T + 9 “' & J  i v p i 00

After adding these equations, we obtain

(8.46)

_ f d fu 'u '}  ^  , ,du ^ _ d fu ’u,y\ , du , , , d ( u ' u ' u , - d f  u ' u , , 5 ( u 'u '\
p» s I t j + “ “  & + + & “ + a ~ T ~  j + w — j + s ( — j

, ,du' , ,du' d ( w/w'^ , ,<3w , - d f  w'w'^  ̂ , 5  f w ' w ' }  , _  5- u ’u '— u w  —— + ^ J  — — + u w —  + M-sH -r r— + —r — + w-^-l —r —
dx dz 2 J dx 3xv 2 y 5x1. 2 y dzv. 2 y

, ,dw , d ( w'w'^ , ,dw' , ,dw' gw ’B'
+  W W  —  +  W —  —- — — W U —  W W —   

dz dz{ 2 J dx dz §

P o s 2 J sfG'G'v fQfd e  , _ d fQ'Qr\ fQtde
j i m n r r  J+M 9 ^ + J+w 9 &

(8.47)

, s r e ' e 'V  . a r e ' G ' v  ,5 f 0 '0 ^  ,ao' a> ,50'
m a — j + j + w u — )  - 9 * ^  -  ° w &

+ p0w 'A f  = ^ - 0 ' 0 '  + u 'F x' + w 'F:  .
K0 dApoJ dx Â 202
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Now, if  we multiply (8.42) by

u'u' + w 'w ' + g 2 + £
^ 0 90^ 2 '  Po

(8.48)

and add to (8.47), we have:

I d ( u 'u ’} , ,du d f u 'u '} du , _  d ( u 'u '} , ,du' , ,du'
po\nrr)+uuTx+usi—J+&“ *•’ + w§i~ J  - “ “ &-u w &

3 f  , ,3vv , - d f  w 'w '} , —d f  w 'w ') , ,8w
3?i 2 J “ W dx “ a i l  2 J Wdz{ 2 ) WW dz

, ,d w ’ , ,8 w ’ g w ' 6 ’ } , p<>g2 f a ('e ,e ,'> , ,„,ae . _  a r e ' e ^  - w a _ _ w w _ - S 2 _ j + _ ^ _ J  + H'e -s  +  1̂ _ - J

(8.49)

dz dz \ 2 J dx d z  dxV 2

( a  /p 0u 'w 'w '\  ̂ 5 ^P0w'w 'w '
a i l  2 J + 3 i l  2 ;  N2e2

g 2 r a  rP o " '0 ' 9 '^
r202|_ail 2 J

3 rp o ^ '0,0.
a i l )]

If we take the average o f  (8.49), and use a'b  = 0 , we are left with:

_ J 3 f  u 'u '} —r~,du , - d f  u 'u '} du——; , - d f  u’u’} d fw 'w '}  ——-,dw
P«{M— J+uuTx+uu~J+Tzuw+ w§i~)+§i—J+“ & 

4 ( 5 2 )  + 4 ( ^ )  + 5 7 = ? S  -  S p  1 + -  T e ' g
3*1 2 J a i l  2 J 3z 0O j  Â o0o l ^  2 '

* J / 0 ^  +  +  -  3 f  e ^ > |  + ± f  P q“  “ “  >| + 3 / P o ^ > |
a i l  2 J az a i l  2 J f a i l  2 J a i l  2 J

(8.50)

d f p o u ’w ' w ’} e f p Q w ' w ' w ' }  g 2 Y d f p o« ' 0 ' 0 ' v  a r P o w ' 0 ' 0 , Yi
^ l  2 J J i l  2 J A ^ o g i i i l  2 J a i l  2 JJ

^ 0o2

So far, we have made no assumptions about the boundary conditions for the horizontal 

averages. If  we now use averages similar to EP, with
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then many of the terms in (8.50) are zero:

d r p0u 'u 'W'^ d f P o ” 'w ' w^  , g 2 d ('Pow'Q'®''\
2 J 2 £ {  2 J N 2 0 2 ^ 1  2 J

When the anelastic equations are used, the divergence o f the wave energy flux is 

apparently balanced by several additional terms that are neglected in the simple result

(8.30) due to EP. The second term on the right hand side (RHS) is associated with the 

divergence o f the mean vertical velocity. The next group o f terms on the RHS indicates 

that a local increase in the zonal-mean perturbation energy will be associated with a con­

vergence o f the wave energy flux. The following group o f terms are associated with the 

advection o f wave energy by the mean vertical wind. The next term indicates that vertical 

heat flux can have either a positive or negative effect on the wave energy flux divergence, 

depending on the strength of the zonal-mean potential temperature stratification. We can 

see this by substituting for the square o f the base-state Brunt-Vaisala frequency

which leads to the result

The following group o f terms are due to the vertical transport o f perturbation energy. The 

next term indicates that if  diabatic heating and the potential temperature perturbation are 

positively correlated, they act as a source o f wave energy flux divergence. Finally, the last 

two terms will be small i f  friction is negligible.

g  g 2 36 _  g_ 
0O N 2Q2dz  0O

(dQ/dz)
( d90/ d z ).

(8.54)
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Note that for pure linear gravity-wave solutions, the triple-moment terms vanish if  the 

horizontal average is over a wavelength such that

X = (8.55)

where n is an integer. We will show this by beginning with three wave fields o f the form

a' = a exp (/<(>)+ a* exp (—i<j>) (8.56)

where <|> is defined by

<j> = kx + mz + mt, (8.57)

and the star indicates complex conjugate. The amplitudes can be expanded as

a = ar + iai . (8.58)

Applying a horizontal average to the wave fields, we have

2 n/k

a 'b ’c' = J [(ar + /a ()exp(/<t>) + (a r —/at)exp(—i<t>)][(6r + zhi)exp(i<|>) +
o (8-59)

(br -  i6 ,)exp(-/4) ][(cr + zc,)exp(/<t») + (cr -  ic,)exp(-i‘t ) ]4 x  ,

2j i / k

= f  [(<*r + + ibt){cr + z'c,)exp(3/<t>) + (ar + ia t){br + ibt)(cr - zc{)exp(i<t>)

0 (8.60) 
+ 2 (arbr + aibi){cr + ic,)exp(ty) + 2 (arbr + aibi)(cr -  z'cl)exp(-z«j>)

+ {ar -  iai)(br -  ibi){cr -  zc,)exp(-i4) + (ar -  iat)(br -  ibi)(cr -  /c,)exp(-3/«|»)]z/x .

Since the amplitudes, height, and time can be regarded as constants over the integration, 

we can evaluate the above integrals using

2n/k  2x / k

J const exp (nity)dx = const exp [z'/i(mz -  cor)] J exp(inkx)dx  , 
o o

. . . .  ,2n/kexp(i/i&x) (8.61)
ink |0

= const exp [z«(mz -  cor)]

= constexp[z/i(mz — — Lj  >

which is zero if  n is an integer. Therefore,

a'b 'c '  = 0 (8.62)
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for linear gravity wave solutions. This means that (8.52) reduces to

(8.63)

for linear gravity waves, in the absence o f friction. Here we have used the fact that w'0' 

for linear gravity waves. If  vv = 0 and the waves are steady, then (8.63) reduces to the 

Eliassen-Palm result o f (8.30).

Now, we derive the analog o f (8.34) by first multiplying (8.39) by pQuu ' , and then 

multiplying (8.39) by p ’ :

Equation (8.64) is a version o f a prediction equation for the variance o f  u' that is fre­

quently encountered in turbulence studies. Equation (8.65) is not frequently encountered, 

however. Addition of these equations gives us

(8.64)

Po(
(8.65)

'V  — d f u ' u ’}
T p ° u w m t t j

(8.66)
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which becomes

du——; 2-d u ——; 2_ d ( u 'u '} ,8u' 2-  , d ( u 'u '\
PoTzP w =  -P o uTzu w  - P o ^ —  - P o p  ^ ~ P o ^ ^ —

      (8.67)
2  d ( u 'u '\  , ,8u' , ,du' , -  , r- ~ , T ir  t

~PoUŴ ~ )  ~Pop  u - f o - P o p  w - f r + Pouu Fx + p F x

after averaging. Note that for steady, linear, gravity waves (8.67) reduces to the EP result 

o f (8.34), in the absence o f friction and a mean vertical velocity.

Unlike the results o f EP that were derived from (8.30) and (8.34), (8.52) and (8.67) 

cannot be combined into a simple non-interaction theorem such as (8.37). If we neglect 

friction and assume steady, adiabatic flow with w = 0 , then (8.52) and (8.67) become

and

(8.68)

du— — ; -d u ——■, _  , , ,du' , ,du' / 0 , mTzp w  = i ,( a s « » - W » ^ T j - p B - - P . ¥ . (8.69)

These results were derived from the u' equation, (8.39). It seems natural to wonder if 

by applying the steps (8.64)-(8.67) to the w’ equation, (8.40), we can obtain more physi­

cal information about the system. Multiplying the steady version o f  (8.40) by p ' , we 

obtain

(  , ,dw _  .dw' , , ,dw' _  ,dw' . .dw , , ,dw'
Po{p u t e + u p - dI  + p U - t e + W p -dI  + p w -dI + p w ' d I

    ,0 , (8.70), ,dw' , ,d w '\  Pogp Q  ^  , d , p \  , r?,
- P ' u  a r - p  & - J — + p°p e f &  =  p  F -- ■

If  we multiply (8.40) by p0ivw ', we get

2_, , ,dw , - d f  w'w'^ , , d (w' w' }  l _  d (w'w' }  , , ,dw  , d ( w'w'w'^
P0^(U w Tx  + j  + - ' £ ( - 5- )  + J + + £ ( - 3- )

    (8.71), ,dw’ , ,dw ' g w '0 'V  2 _ , d , p \  _  ,- w u — - w w — -<L— )  + PbWW£ .E . )  = PoWw F i  .
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Adding the two yields

„ J « t d w  ,dw' , ,8w' _  dw' , , ,dw , ,dw’ , ,dw’ , ,dw'
Poj p  u f r  + uP - t e + P u - f r + w P - t e + P w e ;  + p 'w '- fr  ~ P " ~  p w  S I

g p ’Q' , , d ep \ t —dw , , ,  d f w ' w
~ g + p  + p»‘v & “ + p»uwU — J + po“'“ l l — J +

  (8.72)
„ —2 8 ( w'w '^ _ow  , , — d f  w 'w’w’^ _  ,5w' ,
p»“’ a R ~ J + p ° " '&  + P«WU - T -  J -  P°M’“ a T " '

_  ,cHv' , _ w ' 0 ' |  2_ , d , p \  , — , ,,rr f
-  Poww - f o w -  Po£vv-e^~ r + Poww = (Poww + p  )f z •

After averaging, we obtain

J_ ,dw' , ,8w' _  ,5w' ——;5w , ,5w' gp'Q' — , d fw 'w '
p° \ u p S I  + p u S I  + w p S I  + p w & + p w l I - $ + p °w u d i —

—2 d ( w 'w '\  _ d w ——; _  d (w ’w 'w '\ _w 'Q ' (8 73)
+  p»“' tH — ) +  P° B' & '*' w + po“' i i - T -  J -  p °s w - e 7 }

+ § ^ ^ 2 ~] + r S P ’P ‘ -  r g P o & p ' w ’ +  p „ iv > v '^  =  p0iv w '/V  +  p 'F . '  .

If we neglect friction and the mean vertical velocity vv, then the above expression simpli­

fies to

po + ^  + K ^ )  + r , r t ?  -  o.  (8.74,

Now, as shown in (8.55)-(8.62), triple-moment terms should vanish for linear waves. 

Also, since the linear wave solutions for p ' , u' , and w' are each either in phase or 7t radi­

ans out o f phase, covariances between these perturbation fields are nonzero in general. 

However, the linear wave solution for 0 ' is x/2 radians out o f phase with those o f p ' , u' , 

and w ' , so covariances between these fields and 0 ' are zero. Taking this into account,

(8.74) reduces to a single equation in the variance of the perturbation pressure p ' p ' :

U ? f )  -  - r ^ -  ( 8 J 5 >
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Fig. 8.1. Comparison of the RHS (solid line) and LHS (dashed line) of (8.7S) in the model stratosphere of 
the WK control run averaged from 2-4 h, along with a simple exponential function based on the value of
p'p' a tz =  12.125 km.

Provided that T is a constant, (8.75) indicates that p 'p ' decreases exponentially with

height, with an e-folding distance of

1
2 r  g -

For an isothermal, hydrostatic atmosphere (which is a good approximation to the lower 

stratosphere), we have

(8.76)

1
2 r  g

RT
2 g '

(8.77)

which corresponds to a distance o f approximately 3 km, using typical values for the lower 

stratosphere. The RHS and LHS o f  (8.75) are compared to one another in Fig. 8.1, based 

on time-averaged (t = 2-4 hours) data in the model stratosphere o f  the WK control run.

Also plotted is an exponential function that uses the value o f p 'p ' at the tropopause, and 

then decays at a rate given by (8.77). The three curves agree fairly well with one another, 

although there is some disagreement in the lowermost stratosphere, where the influences
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o f wave transience and penetrative convection may play a role. Similar results were found 

for other periods of time in the WK control run.

8.2.. Derivation o f  E-P Theorem in Isentropic Coordinates

Following Andrews et al. (1987, p. 142), we begin with the flux form o f  the zonal 

momentum equation with an isentropic (i.e. constant 0 surfaces) vertical coordinate, 

neglecting body forces:

-^-(au) h-------“^["■^-(o'mh) + -^-(anvcos<J))1 -  ovff  + h----- =
d t  acos(|>L5X/ 5<j) J v a ) a cos<J> dk

(o. 7 o)

Here, k  represents longitude, <t> represents latitude, and M  is the Montgomery potential, 

which is defined by

M  = gz + cpT . (8.79)

Now we adjust the last term on the LHS o f (8.78), by first using the definition of the mass­

like variable <r

(8-80)

C T -
dM I d pd M  1 d (  SM V  1 d (dNf\

'a x  = ’ i a e a x  =  “ i a e i ^ a x  J +  F a x t a e  >  (8 '8 I )

Now, the hydrostatic equation is given by

m  =  ( 8 8 2 )

Substituting (8.82) into (8.81), we obtain

dM  1 d (  dAT) 1 dpdH  „
° a x  (8-83)

The above expression is identical to that o f the second line o f Eqn. (3.9.2) in Andrews et 

al. (1987). The following analysis produces a slightly different expression from the third 

line o f  the same equation (see below), although this will be a moot point once the zonal 

mean is taken o f the relevant terms. In any case, the quantity given by
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dX (8.84)

becomes

I p 2 p£ 1 + l \ j L \ P '<K M l \ d p '
g PdXdp g i d X ] f  d p ’ \ ap (8.85)

p,

after using Leibniz’s rule.

So, we can substitute the difference of two integrals for the second term on the RHS of 

(8.83):

r .  p  .. t  .  p

~ LM p ' ^ p ] d p '- < 8 ' 8 6 )
L P s  -* P s

The third line of Eqn. (3.9.2) in Andrews et al. (1987) does not contain the third term on 

the RHS o f (8.86). Substituting into (8.78), we have the expression,

§ t a u ) + ^ [ l : < a “ “ ) + ^ <' IUV' cos,t ' )] - a v ( / +

(8.87)1 1 d f  d A p \ d _
a cos (J) | g 3 0 v  dX J dX

p.

= - ^ ( a u G )

When we take the zonal mean o f (8.87), defined by

2tt

J?((j), 0, t) = j -  J A(X, <f), 0, t)d X , (8.88)

we eliminate the d /dX  terms:

d , — . 1 d f -----  r — (Tuvtand) 1 d (  dAf\
a t ° u) + ^ ^ (CT“ vcos<t,) -  f ° v  .  “  aT  J (8.89)

= ~ee( a u e > ■

Note that since we are taking averages on isentropic surfaces, extended definitions are 

required when isentropes intersect the earth’s surface. The above expression can be simpli­

fied slightly by combining the second and fourth terms,
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I <a“ ) + ^ ? ' ^ <yuvcosH)-  f a v  ■ = - ^ a “ ®>' (890)

Now, we take the zonal mean o f the continuity equation

v , ' + ^ i W a u )+ ^ avcosi>)] = (8-91)

to obtain

7 ?  + — W = • (8-92)dt acos<|>d<|> 50

The dependent variables a ,  u , p ,  M , and 0 can be split into mean and fluctuating parts:

A (k , (j>, 0, t) = ^(4», 0, t) + A'(X,  <|>, 0, t ) . (8.93)

Since

AB' = 0 (8.94)

in general, we have

AB = AB + H P . (8.95)

Andrews et al. (1987) define a “mass-weighted zonal mean” by

A* = 2 ^ .  (8.96)
O’

Note that using the definition (8.96), we can rewrite products o f two and three variables 

that involve a  as

a  A = oA + (ctAY  = BA* + ( a A ) ' , (8.97)

aAB  = BA*B + (a A )'B ' , (8.98)

respectively.

If we use (8.95) in (8.90), we get

•^ -(ctU + ts'u ') H-— r ^ r(C T M V C O S < j)) -  /C T V  -  CTMVtan<(> ! - J L f =
acos<t>5<J) a agcos§dQ\ dk J c .

  (8.99)

Now, we subtract u times (8.92) from (8.99):
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_ 3 u ^  S . - n .  . 1 3 .   I 3 (  ,dM ’\
” 5 + s f a  “  >+ Z Z * f g ? auveo* * y -• f a v ~ a d

“  °  (<TVCOS(t>) =  u A j a 0 ) - J L ( n u 6 )  .

(8.100)

acos4>d<t> 30 30

Using the operations defined in (8.97) and (8.98), we obtain

5 ^ +m (^ p ) + d ^ ; [(5ii*B + ( " v) '“ ')cos*] - /(5 v * >

1 3 f  ,dM"\ u 3 , — * 1N d , - k * -  . , a^, ,,
' 2 £ ^ 5 3 5 l p  “ s +) = “ae* ' “ ae* " + ( a 8 )  “ > •

Dividing by a  and rearranging terms, we are left with

(8.101)

du , T 1 3 ,_  , £*35 1 3 , - 7 - ; , ,  I 3 f  ,3Af^"5" + ------ 7^V(Mc°S(j)) — /  v* + 0 — = — —-̂ -(CT u ) + —---------T-^-\ p -~—
dt |_acos<|>d<|> J 30 ct3* <ragcos<J>30V d X )  ^g jq 2)

1 3 T~,— T7—. , ,  1 3[(trv) Vcos<|>] -  =3h [(ct0) 'u ']<yacos<|>3<jr cr30

If we define the isentropic Eliassen-Palm flux as

?  = (0. f q) .

F * = -« c o s * (a v )V  , (g 1Q3)

f Q = ^ '^ - a c o s < J ) [ ( a 0 ) 'u ']  ,

and its isentropic divergence as

v 1 3 3F fl
v ** = — —r-5r (  cos <J>) + - r ^ , (8.104)acos<|>3<i> ♦ 30

then (8.102) can be written as

| + r  1 ^ 5 cos^ ) - / > + r i  = - i f ^ v ) + . - 1 , v * p .  (8.105)dt Lacos<j>d<t> J 30 ad t  aa  cos<j>

If we examine conditions with steady flow, no heating, and no wave transience, we have

<rvcos<|> = 0 , (8.106)

since (8.92) reduces to

4 a <j v  cos<|>) = 0 (8.107)atp
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under these conditions, and c t v c o s 4> must vanish at the poles. Multiplying ( 8 .1 0 6 )  by 

ctcos<f) and using ( 8 .9 6 ) ,  we are left with

v *?  = s b ^ t (o v ) ' “ W w + h U . p ' i f )  ‘ 0 (8l08:

In other words, the divergence o f the meridional momentum flux is balanced by the verti­

cal derivative o f  the form drag (the amount o f pressure force exerted on an isentropic sur­

face by the fluid above that surface, see p. 1 3 6  o f Andrews et al., 1 9 8 7 ) .  Note that the last 

term in ( 8 . 1 0 8 )  can be written as

using (8.79).

In this chapter, we have reviewed how waves can interact with the mean flow. In the 

following chapter, we will examine how other researchers have parameterized this effect 

for large-scale models.

( 8 .1 0 9 )
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Chapter 9: Existing gravity wave parameterizations

As we saw in Chapter 1, there have been several parameterizations o f convectively 

generated gravity waves developed in the past. Each o f  these parameterizations is at least 

somewhat different from the other. Many have somewhat similar forms for the triggering 

mechanism of the waves (i.e., the presence o f convection), and how the waves are dissi­

pated (generally similar to the theory o f Lindzen (1981). Expressions for the amplitude, 

phase speed and wavenumbers o f the gravity waves differ widely, as we will see.

The first attempt to parameterize the effects o f  convectively generated gravity wave 

drag was made by Rind et al. (1988) in their global climate-middle atmosphere model. 

The form o f this scheme is given by

-> A p .k(M F )2N .u
F c = • (9-1)

M
—>

Here, F c is the momentum flux, A is a constant, p, is the density at the top o f the convec­

tion, k  is the horizontal wavenumber, M F  is the vertically integrated convective mass 

flux, N t is the Brunt-Vaisala frequency at the top o f  the convection, and u is the wind

velocity averaged over the layers with convection. The value o f k used depends on lati­

tude, and varies between 80 and 270 km at polar and tropical latitudes, respectively. The

phase speed used for convectively generated waves is cc = |u| ± 10 m s-1 for shallow

convection, and additional speeds of cc = |u| ± 20 m s~l and cc = |u| ± 40 m s-1 are

used for deep convection, defined by Rind et al. as convection that penetrates the 400 mb 

surface. The values o f  these phase speeds were chosen because they fall within observed 

values o f  gravity waves within the mesosphere. The form o f (9.1) comes from the form of 

the equation that Rind et al. (also see Lindzen 1984) used to parameterize orographically 

generated gravity wave drag,
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—>
p0k h 'N 0u0

F  = —  ii-i. (9 2)
71 1 +
< ■ * £

Here, several symbols have the same meaning as in (9.1), except with a 0 subscript denot­

ing values taken near the surface. In addition, h2 represents the variance o f the topography 

within a grid cell, and / represents the wavenumber o f a cosine bell that is perpendicular 

to k. Rind et al. also used a similar form to (9.1) and (9.2) to parameterize gravity waves 

generated by shear, for a total o f  three gravity wave drag parameterizations.

The parameterized orographic, shear, and convective waves in the model used by Rind 

et al. interact with the background wind when their combined momentum flux is greater 

than the saturated value defined by

L t*  * J— » p k(e= •  u — c)
F  = —■—  _____ — (9 3)/  / 2 \ 3 / 2 ’  ̂ j

2 < 1 +  p )

■> . . . 
obtained by Lindzen (1984). Here, et is the unit vector (i, j ,  k ) , and c is the phase speed

of the wave. Consistent with the results of Eliassen and Palm (1960), the waves totally dis-

sipate in the case o f  a critical level where e, •  u — c = 0 . Orographic waves were allowed

to affect the flow above ~600mb, while the shear and convective waves were ignored 

within the troposphere.

When (9.1) was added to their GCM, Rind et al. found that the convectively generated 

gravity wave drag parameterization significantly affected the simulated winds in the trop­

ics, causing easterlies in the tropical mesosphere to be significantly slowed, and bringing 

these winds closer to those observed at similar altitudes and latitudes.

The development o f the Rind et al. parameterization seems to have been made with 

reasonable guesses o f which terms should be important to the forcing of waves, but with 

no real attempt to physically justify the functional dependence. However, the waves in the 

Rind et al. parameterization are nonstationary, which is more consistent with observational 

and modeling studies than the assumption that the waves move with a single phase speed.
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As we will see, other authors have used significantly different expressions for the parame­

terization o f momentum flux, some with more physical justification.

Bossuet et al. (1998) also proposed a parameterization for convectively generated 

gravity waves. Their parameterization has the form

- >  ~ C P c “ tF„ = — - r £ - .  (9.4)c

Here, C is an “empirical constant”, Pc is the convective precipitation rate, and the veloc­

ity is measured at the top o f  the cloud. The saturation condition that Bossuet et al. used is 

taken from Lindzen (1981), and given by

! • ( * * £ / ) ( 9 . 5 )

This expression comes from Lindzen’s (1981) derivation of the value o f  momentum flux at 

the breaking level. A wave breaking event is judged to occur when the temperature pertur­

bation associated with the vertically propagating wave causes the local lapse rate to 

become unstable. Here, U  is defined by

(u - c )  •  u.
U =   ~r (9.6)-»

ut

The momentum flux at each level is given by the value o f T at that level multiplied by F c 

taken from (9.4). Bossuet et al. assume that the parameterized vertically propagating 

waves are exactly saturated at the top o f the cloud (since Y = 1 by definition there), and 

that T remains constant above this level until a  critical level is encountered. Above the 

critical level, Y  decreases according to

T, = m inO ^p,, JV/5 £/,), r / + l ( p /+1,W/+1, £//+1)), (9.7)

with the number o f the model level denoted by /, and / = 0 at the top o f the model.
—>

Bossuet et al. also assume that F c decreases linearly from the cloud top to the cloud base,

where it is set to zero. In addition, the phase speed is set to a value o f the wind at cloud 

base. The convergence o f  momentum flux within the cloud is associated with a slowing o f
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the winds in the cloud layer. This momentum flux within the cloud is associated solely 

with gravity waves, although the transport o f momentum by the convection itself has been 

shown to be important in both observational (Gallus and Johnson 1992) and numerical 

(Gao et al. 1990) studies.

The parameterization developed by Bossuet et al. seems to lack much physical justifi­

cation. The connection between cumulus precipitation and momentum flux is probably too 

indirect to base a parameterization upon. Also, the empirical constant used by Bossuet et 

al. appears to have been tuned for the best effect on zonal winds (“realistic simulation is 

obtained with a coefficient C  equal to 1000”), despite the authors’ claims to the contrary 

(“no attempt has been made to obtain improvements in the zonal wind by excessive tuning 

o f C ”) Finally, the Bossuet et al. parameterization assumes that the convection generates 

a single phase speed that is stationary with respect to the wind at cloud-top. As the obser­

vational results o f Dewan et al. (1998) and modeling results o f Alexander and Holton 

(1997), Piani et al. (2000), Lane et al. (2001) and this work (see Chapter 13) have shown, 

this is not an accurate characterization o f  the gravity waves.

Chun and Baik (1998,2001) analytically derived the perturbations caused by thermal 

forcing to the flow of a linear, Boussinesq, steady-state atmosphere with a uniform zonalt
basic-state wind in the xz-plane. The formula for zonal momentum flux above the top of 

the heating (interpreted as the latent heating from a convective tower) was derived as,

- p « 3c ,c? ii2
F  = —------ ,.z (9 8)

c NAx  1 '

Here, Ax is the size o f the grid cell in the zonal direction, and u is the zonal basic-state 

wind. The parameter c x is related to a x and a2 , which are length scales o f  the thermal 

forcing Q , which is given by

Q(x , z)  = Q0 a \ a \ a 2 (9.9)
*2 + a 2 x 2 + a ^

within the heating layer zb < z < z t and zero below and above the heating. The parameter 

c2 is related to the magnitude o f the basic-state wind and stability. The nonlinear effects 

o f the heating on the flow are given by
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where T0 is the basic-state temperature. This factor is defined in Lin and Chun (1991),

where the authors derived prognostic equations for buoyancy and vorticity in a two- 

dimensional, hydrostatic, Boussinesq, nonrotating system, given in nondimensional form 

as

= (9“ >

3 3
dc,  ^ d b  ,—— + U—  + — uJ
dz2dt dz28x dx

r r l C
dz2

= 0 , (9.12)

where the Jacobian operator J  represents the operation

(9 ,3 )

To implement the parameterization, Chun and Baik apply a wave saturation hypothe­

sis, similar to that of Lindzen (1981). The Richardson number, Ri, is a measure o f buoy­

ancy divided by shear, given by

g d Q
Q d z

Ri =  H---------  (9.14)

(!H!)
The value o f Ri can change at a given level as potential temperature surfaces are distorted

by vertically propagating waves, changing d Q / d z . If the minimum value o f Ri, denoted 

by Rim;n, is less than 1/4, then the shear causes overturning, and turbulence results. The 

saturation hypothesis states that the amplitude o f the wave momentum flux above the tur­

bulent layer is decreased, since a portion o f the wave’s energy has been given up to the tur­

bulence itself. To determine the value o f  the wave momentum flux above the turbulence, 

Chun and Baik derived an expression for Rimin:

Ri(l - p | c 2|)
Ri = ------^ ' ,21, (9.15)
. """ ( 1 + p R i 1/2|c2|)2
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The momentum flux is calculated at the cumulus cloud top, and is kept constant through 

each layer above if Rimin is greater than 1/4. When the value of R i^n  is less than 1/4, a 

value o f 1/4 is substituted into (9.15) and then the saturation value o f  the nonlinearity fac­

tor is calculated. The saturation momentum flux is then given by

-pu3c,cZ u2
F“  “  s k r * -  ( 9 l 6 >

The parameterization developed by Chun and Baik certainly has a stronger physical 

basis than that of Bossuet et al. However, it does not take shear into account, which is 

found to be an important consideration by Kershaw (1995, see below). Chun and Baik also 

point out the difficulty in characterizing the size and heating parameters for the various 

depths o f convection that take place within a GCM grid cell.

Kershaw (1995) used linear wave theory to produce another parameterization for con­

vectively forced gravity wave drag. He assumed that the waves are monochromatic and

propagating in the xz-plane with constant zonal wind u and constant static stability N 2 . 

Under these assumptions, Kershaw derived the expression,

F c = —i p F r ( l  - F r 2) l /2N2h2 . (9.17)

Here, Fr is the Froude number, a measure o f the importance of inertia divided by buoyancy

(w — c ) k
F r =  j f — , (9.18)

where cx is the horizontal phase speed of the waves. Also, h is the displacement ampli­

tude o f the waves. To relate this displacement to some measure o f convective activity, Ker­

shaw assumes that

“ J P c -W , -  J P * 2*2- (919)

In other words, some proportion a  o f  the vertical component o f convective energy

Pcwmax/ '2 is converted to wave energy p N 2h r / 2 . Here, w2max is the maximum value o f 

the variance o f vertical velocity, and pc is the density at that level. Using (9.19) and the 

fact that Fr( 1 -  Fr2) 1/2 s  Fr for Fr « 1, (9.17) can be written as
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F c = ~ap.£ ^ Wmax. (9.20)

The quantity urel is a measure o f  shear that has been substituted for u — cx . Here, Ker­

shaw assumes that the phase speed cx is equal to the zonal wind at the same level as

and u is taken to be the zonal wind at cloud top.

To check the validity o f (9.20), Kershaw performed numerical experiments with a 

cloud-resolving model. This was done because of the difficulty in obtaining high-resolu- 

tion observations of many o f the quantities in (9.20). Kershaw found linear correlations

between F c and three o f the variables from (9.20) (urel, w2max, and 1 / N ), consistent

with the parameterization.

The parameterization developed by Kershaw seems to be based far more on physical 

considerations than that o f Bossuet et al. The numerical experiments o f  Kershaw also 

helped establish the credibility o f  his parameterization. However, these experiments all 

simulated conditions corresponding to a mid-latitude cold-air outbreak, which is not nec­

essarily the best example o f “standard” convection. Also, Kershaw acknowledges that 

“estimation o f the wavelength o f  the waves is likely to prove one o f the main uncertainties 

in applying the parameterization.”

The Kershaw parameterization was further refined by Roadnight (1999). In Road- 

night’s study, it was found that the assumption Fr « 1 is not necessarily valid for typical 

values o f  urel, k , and N . Also, the efficiency a  was found to have a non-constant value

when it was calculated for a variety o f simulations of convection.

Roadnight noted that the assumption that waves are monochromatic (used to derive 

(9.17)) is not valid for a nonlinear numerical simulation. However, after performing a Fou­

rier transform upon the fields, the validity o f  the parameterization could be examined for 

individual wave components. The efficiency a  was found to depend strongly on wave­

length, with the shortest wavelength examined (12.5 km) having a value o f approximately 

0.03, and the longest wavelength (50 km) having a value o f approximately 0.3.
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Another problem that Roadnight found with the Kershaw parameterization was the

2
characterization o f the convective kinetic energy by wmax • Roadnight noted that this may

be accurate in conditions o f very weak shear where vertical motions are dominant within 

the convection, but is not generally accurate for conditions o f stronger shear. Roadnight 

defined y as the quantity that represents the proportion o f  the total convective kinetic 

energy that results from the variance o f  vertical velocity,

\ p c w max  =  Y5O 2 +  v2 +  w 2 )  • (9 -2 l >

This quantity is similar to one defined in Eqn. (25) o f Pan and Randall (1998; also see 

Arakawa and Xu 1990). The quantity y was found to have a strong dependence on shear, 

and that

U- f p A „  (9.22)

is a better approximation to the total convective kinetic energy. Substituting (9.22) into 

(9.20) without the Fr « 1 assumption and non-dimensionalizing, Roadnight obtained

F c = ~ p cFr*Fr(l - Fr2) I/2w2ajc. (9.23)2

Here, Fr* is another Froude number, defined by

Fr* = (9 24)H CN '  1 '

with H c representing the depth o f  the unstable layer. The inclusion o f an additional shear

factor into (9.24) changes the numerical value of a , which is still observed to depend on 

wavelength.

The work done by Roadnight in improving Kershaw’s parameterization appears to 

have been productive, with further success at obtaining a parameterization that is usable 

across a  wide range of shear, stability and wavelength values. However, Roadnight notes 

that for the short wavelengths o f her simulations, Fr reaches values over 1, rendering 

(9.23) invalid since it would produce imaginary values o f  momentum flux. This is tem-
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pered by the fact that short wavelengths contributed very little to the overall momentum 

flux in Roadnight’s simulations.

Another parameterization that specifically addresses convectively generated gravity 

waves has been developed by Alexander and Dunkerton (1999; hereafter AD99). This is to 

be distinguished from other characterizations o f nonstationary gravity waves such as those 

o f Hines (1997a), and Warner and McIntyre (1999) that do not specify the causes of the 

wave spectrum. In AD99, the momentum flux is launched from a height z0 equal to 15 km

(in the vicinity o f the tropopause), and is assumed to have a spectrum B0 that has a func­

tional form given by

a 0(B -  c) = )  • (9.25)
' P

,2  „-2The quantity Bm is an amplitude, specified as 1.2 m s ' ,  and cp is the location of the

maximum in the forcing, specified as 25 m s*1, which roughly matches the results of Alex­

ander and Holton (1997). The spectrum in (9.25) is designed to characterize local wave 

events, and to be constrained by observations on the mesoscale (e.g., flights over an area of 

active convection). The total momentum flux is specified with a separate parameter Fso,

which is meant to represent a long-term average o f the momentum flux at z0 . The ampli­

tude o f Fso indicated by AD99 for convectively generated waves has a time-averaged

value o f 0.004 Pa. As AD99 point out, the implied average intermittency e is then given 

by

Fc0Ac
e = --------------  . (9.26)

Po]£l5 o(c )|Ac
C

This intermittency can be defined as a measure o f the frequency o f the occurrence of the 

waves. The intermittency given by the summation o f (9.25) over the range of -150 to 150

m s '1, with a phase speed interval Ac equal to 1 m s '1 is then approximately 0.000125,

assuming a density at 15 km o f  0.2 kg m*3. Note that this number o f phase speed intervals 

may not be practical for use in a GCM, and that a compromise between resolution and 

computational cost must be made for spectral parameterizations o f this type. The implied
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total westward and eastward momentum fluxes according to the denominator o f (9.26) 

have a magnitude o f 16 Pa each, which is far too high. Using a value of Bm equal to

0.0012 m2 s'2 yields magnitudes o f 0.016 Pa, which is closer to the values obtained by 

Alexander and Holton (1997; see their Fig. 7), the work that (9.25) is loosely based upon, 

according to AD99.

After the source spectrum is specified, each of the waves in the spectrum is allowed to 

be absorbed by the mean flow or reflected. Reflection occurs when the magnitude o f the 

intrinsic frequency o f the wave co; is greater than or equal to the reflection frequency, i.e., 

when

©J = k\u — c\ >
r m /2

M2k 2

k 2 + 1
(9.27)

4 H 2J

Waves that are reflected are removed from the spectrum. A stability condition similar to 

that o f Lindzen (1981) is then applied, with the quantity

Po 2N ( z n)B0(c)
( 9 -2 8 )

When Qn > 1, all o f the waves’ momentum is deposited between zn and zn _ j , as in

Lindzen and Holton (1968). Note that this is to be distinguished from the condition used 

by Lindzen (1981), who assumed that only the excess momentum flux beyond the stability 

criteria is absorbed by the mean flow. This has the advantage o f allowing the modeler to 

remove absorbed waves from the spectrum as the spectrum travels upward in a simple 

manner, and produces results that are qualitatively similar to those with the saturation con­

dition intact (see AD99).

In this chapter, we have reviewed the previous efforts at the parameterization o f 

momentum flux due to gravity waves. Several o f  the parameterizations listed above 

(Bossuet et al. 1998; Chun and Baik 1998; Kershaw 1995; Roadnight 1999) assume that 

the convectively generated waves carry a single phase speed that is stationary relative to 

some point within the convection, and attempt to parameterize the net momentum flux. As 

we will see in Chapter 13, this is probably not a very accurate assumption. The Rind et al. 

(1988) approach does allow for multiple phase speeds, but in their parameterization, the
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waves are not allowed to affect the troposphere. Also, the Rind et al. parameterization is 

only very loosely tied to observations. The Alexander and Dunkerton (1999) parameter­

ization contains more dependence on observations and model results, but contains signifi­

cant amounts o f wave momentum flux at high phase speeds, which implies larger amounts 

o f wave energy flux than are probably realistic, as we will see in Chapter 15. In addition, 

none o f the parameterizations account for the effect o f the wave energy flux drain on the 

convection itself.

The previous chapters have focused on previous work that has been done in the detec­

tion, simulation and parameterization of convectively generated gravity waves. The next 

several chapters will focus on new methods that can also be applied to understand these 

waves.
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Chapter 10: Empirical orthogonal functions

The empirical orthogonal function, or EOF, was developed by Lorenz (1956) to 

develop a statistical method of weather prediction. Although this implementation o f  EOFs 

was never used widely, EOFs have been used to extract physically important modes of 

temporal variation from large data sets. Most o f  these studies have focused on finding the 

predominant modes for the fluctuations of fields on planetary and synoptic scales (e.g., 

Kutzbach, 1967; Barnett, 1983). However, Wilson (1996) and Wilson and Wyngaard 

(1996) have recently used EOFs to examine flow structures in the boundary layer simu­

lated by a large-eddy simulation. In these studies, the authors found that some EOFs corre­

sponded to gravity wave structures, while others had the form of horizontal roll vortices. 

In this section, we will examine what flow structures are uncovered when the EOF tech­

nique is applied to convection simulated by a mesoscale model.

The following outline o f the EOF technique is similar to that of Kutzbach (1967). Let

f n represent a vector o f observations at M  different spatial locations taken at the nth time. 

If we are examining N  times at which observations are taken, then F  is an M  by N  matrix,

with the nth column corresponding to f n . We are looking for the vector I  that is most

similar to all o f  the f n simultaneously. The way that Kutzbach (1967) measures similarity 

is by taking the normalized, squared inner product between I  and F:

Note that the T  superscript denotes the transpose of a vector or matrix. If  we impose the 

condition

( 10.1)
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e r « ! = l ,  (10.2)

then maximizing (10.1) is equivalent to maximizing
—>
eT • / ? • ! ,  (10.3)

where R  is an M  by M  symmetric matrix with elements that are defined by

R = j j { F F T) ,

n (10.4)

îj ~ f  in-f in '
n  = I

Now, if  we maximize (10.3) subject to the condition (10.2), the problem reduces to an 

eigenvalue problem o f the form,

Re  = eX, (10.5)

where X represents an eigenvalue.

There are in fact M  eigenvalues that correspond to solutions of (10.5), each with a cor­

responding eigenvector. Therefore, we can rewrite (10.5) as

RE = EL,  (10.6)

where E  is an M  by M  matrix comprised of the eigenvectors e\, $2, , and L is an M

by M  diagonal matrix comprised of eigenvalues X,, X2, ..., XiV/. Typically, the eigenvalues

are placed in decreasing order, so that the eigenvector with the most resemblance to all of 

the observations is denoted as the first EOF, the next most similar eigenvector is the sec­

ond EOF, and so on. As an extension o f (10.2), we have

E TE  = I .  (10.7)

Combining (10.4), (10.6), and (10.7), we have

E TF F TE  = LN.  (10.8)

If we define C as an M  by N  matrix that satisfies

C = E TF ,  (10.9)

then we also have

F  = EC.  (10.10)
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To express (10.10) in another way, each observation vector f n can be expanded as a sum 

o f eigenvectors given by

Each element cin corresponds to the coefficient associated with the /th eigenvector for the 

nth observation. As Kutzbach (1967) points out, “the coefficients cin play the same role in

(10.11) as the coefficients i n ... a Fourier series.”

As with any statistical technique, with a higher amount of samples over which the 

EOFs are calculated, the conclusions that can be drawn from the statistics are more robust. 

North et al. (1982) derived the following criterion for determining whether two eigenval­

ues are sufficiently separated for their associated EOFs to be distinguishable from one 

another,

In other words, i f  the “error bars” due to sampling error that surround a particular eigen­

value A.,- and its neighbor Xi+ , overlap, the EOFs associated with A., and k i+ j can be

said to be degenerate. In this case, each o f the overlapping EOFs produced by the analysis 

will be a combination o f the two or more “true” EOFs that would be calculated given a 

sufficiently large number of samples.

However, a pair o f  degenerate EOFs can sometimes represent a propagating distur­

bance rather than a mixture of two physical phenomena. In Marcus et al. (1996), the 

authors found that an extratropical 40-day oscillation simulated by a GCM was repre­

sented by two EOFs that exhibited similar spatial and temporal structure, but were sepa­

rated by a lag of six days.

The EOF technique described above can be applied to model output as well as obser­

vations. Each grid point can be regarded as an “observing station”, and the output that is 

saved can be regarded as a set o f observations. The application of the technique to a single 

field o f interest (e.g., vertical velocity) is therefore relatively straightforward. Using EOFs 

with multiple fields simultaneously can also be illuminating, since one may wish to exam-

( 10. 11)
i = I

( 10.12)

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ine the variations in both vertical velocity and potential temperature, and how they are 

associated with one another. Note that calculating the first EOF separately for two fields 

and then combining them will not produce the same picture as calculating the first EOF for 

both fields simultaneously, in general. When calculating multiple fields simultaneously, 

they must be scaled so that the units are appropriate, and that the variations o f each field 

are comparable in magnitude to one another.

The solution o f the matrix equation (10.6) becomes increasingly taxing on computer 

resources as the number of observing stations M  increases. For a mesoscale simulation 

with a significant (say 10000 or more) number o f points, it becomes impossible to calcu­

late eigenvectors for all o f the grid points, particularly if  the EOFs o f multiple meteorolog­

ical fields are simultaneously calculated.

We will perform the EOF analysis on the output from a two-dimensional mesoscale 

simulation o f convection. The EOFs o f vertical velocity, horizontal velocity perturbation 

and potential temperature perturbation were calculated simultaneously, with the potential 

temperature scaled by

8 ^  = 2 2 : .  (10.13)
wo

Here, Qvel represents a “velocity” associated with potential temperature, g  is the acceler­

ation o f gravity, t  is a timescale o f  100 seconds, which is on the order o f the inverse o f the 

Brunt-Vaisala frequency, 6 ' is the perturbation (from the initial horizontally homogenous 

state) potential temperature, and 60 is the vertically varying average potential tempera­

ture.

The storm-averaged perturbations are shown in Fig. 10.1. The velocity field has many 

of the characteristic features o f observed (Houze et al. 1989) and previously simulated 

(Weisman 1992) squall lines in the mature stage, including an ascending front-to-rear 

flow, a descending rear inflow and a strong, updraft that is tilted against the shear o f the 

storm. Also, there is an area o f cool 6 near the surface, which is associated with the cold 

pool o f  the storm.

The first EOF is shown in Fig. 10.2, and its velocity field has some similarities to that 

o f the storm average. The variation o f the first five EOFs with time are shown in Fig. 10.3.

94

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Time-averaged perturbations in U,W and theta
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Fig. 10.1. Time-averaged values o f perturbation potential temperature and velocity. The maximum pertur­
bations in 6 are approximately 8 K near the surface, and the largest velocity is approximately 16 m s '1

The first EOF has an area o f strong upward vertical motion in the troposphere centered 

near the center o f the domain. The updraft associated with the first EOF is more upright 

than that o f the storm average updraft. With this structure, and since the first EOF 

decreases from a large positive value at t=3600 sec, it appears to be associated with the 

increase o f  the tilt o f the storm from the initial state of developing convection. The poten­

tial temperature perturbations near the surface are positive, which indicates that the cold 

pool strengthens with time, since the coefficient first EOF decreases with time.

The second and third EOFs are shown in Fig. 10.4, respectively. These EOFs also 

appear to be primarily associated with the convective development o f  the storm. There are 

horizontal vortices identifiable in these structures, somewhat similar to those seen in 

Rotunno et al. (1988). There appears to be a  standing-wave pattern in the stratospheric 

potential temperature field o f each o f the first three EOFs. The physical significance of
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First EOF in U,W and theta
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Fig. 10.2. Structure of first EOF in potential temperature and velocity from the WK run. Contours are of 
potential temperature, and vectors indicate velocity. The magnitudes of the contours only make sense 
when multiplied by the time-varying coefficients. For a coefficient o f200, the maximum perturbations in 
8 are approximately 3 K near the surface, and the largest velocity is approximately 9 m s '1.

these standing waves is not immediately apparent, although they may be signatures of 

low-wavenumber, low-frequency gravity waves.

When a separate EOF calculation was performed upon only the stratospheric portion 

of the model domain, very similar low-wavenumber, low-frequency structures were 

observed. In addition, an EOF calculation involving only the tropospheric portion of the 

domain revealed that the first two EOFs had very similar patterns to the tropospheric por­

tions o f the first two EOFs calculated for the entire atmosphere. These analyses show that 

the EOFs presented here are probably robust.

The fourth and fifth EOFs (not shown) also appeared to be primarily associated with 

convective circulations in the troposphere.

The sixth and seventh EOFs are shown in Fig. 10.S. The behavior o f their coefficients 

with time is shown in Fig. 10.6. The spatial and temporal structure o f  these two modes is
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Amplitude of first five EOF coefficients vs time 
400  ---------------------------------------------------------------------------------------------
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Fig. 10.3. Variation of coefficients versus time for the first five EOFs.

very similar, with most o f  the amplitude o f the modes appearing as gravity wave structures 

in the stratosphere. The identification o f these structures as gravity waves is due to the fact 

that the vertical velocity and potential temperature are a quarter-wavelength out of phase 

with one another, which is consistent with gravity waves. The waves in EOFs 6 and 7 are 

mostly to the rear o f the storm center, which is consistent with what is observed in the sim­

ulation in the mature stage o f the squall line. These waves have a period o f  approximately 

23 minutes, and a horizontal wavelength o f  roughly 30-50 km. The horizontal phase speed

of these waves is therefore approximately 20-35 ms*1. These values o f  wavelength, 

period, and phase speed are comparable to what have been simulated and observed by 

other authors (e.g., Pfister et al., 1986; Alexander et al., 1995).

The direction that these waves are propagating can be ascertained by examining the 

relative phase o f vertical velocity and potential temperature. A simplified depiction of one 

o f these waves is shown in Fig. 10.7. On the left side o f this wave, the upward motion 

causes the air to cool, while the downward motion on the right side o f  the wave is associ­

ated with wanning. Since the coldest and warmest air is to the left o f  the peak cooling and 

warming, respectively, the wave propagates to the right. If the velocity vectors in Fig. 10.7 

had the opposite direction, then the above analysis is simply reversed, and the wave propa-
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Fig. 10.4. Structure of potential temperature and velocity for the second and third EOFs. For 
a coefficient o f200, the largest velocity is approximately 7 m s '1.
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Sixth EOF in U,W and theta
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Seventh EOF in U,W and theta
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Fig. 10.S. Structure of potential temperature and velocity for the sixth and seventh EOFs.
For a coefficient o f200, the maximum perturbations in 8 are approximately 15 K at an alti­
tude of 25 km, and the largest velocity is approximately 14 m s '1.

gates to the left. Note that if  the signs o f  both the velocity vectors and potential tempera­

ture anomalies are reversed (which will be the case for a negative coefficient o f an EOF 

with this structure), that the wave will propagate to the right. Applying this analysis to the
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Fig. 10.6. Variation of coefficients versus time for the sixth and seventh EOFs, and their sum.

fourth and fifth EOFs, we see that the stratospheric gravity waves are propagating outward 

from an axis around near the center o f  the domain, which is the average position o f the 

maximum intensity o f convection in the troposphere, as seen in Fig. 10.1. This strongly 

indicates a convective origin for the gravity waves.

0-250 0-50  0 0+50 0+250 0+50 0 0-50  0-250

o o / w

Fig. 10.7. Idealized depiction of an internal gravity wave, similar to those seen in the stratosphere 
of Fig. 10.5. The colored lines correspond to potential temperature contours (labeled at the top), 
and the thin arrows correspond to velocity vectors, with circles representing nodes. The thick arrow 
represents the direction of wave propagation.
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The normalized eigenvalues o f the first 20 EOFs and the confidence interval associated 

with them (calculated from (10.12)) are shown in Fig. 10.8. The first four EOFs appear to 

be robust, and EOFs 5, 6 and 7 form a degenerate triplet according to this criterion. How­

ever, the amount o f  coherence in the time variation o f the coefficients o f  EOFs 6 and 7 

indicates that these two modes are primarily only linked with one another.

Normalized amplitude of first 20 eigenvalues with confidence intervals
0.20  -----5-------------------------------------------------------------------------------------------------------------

0.15 -
(0
a.
s
8e
«  0.10 -

o
s
§
S. 0.05 -

0 2 6 16 18 208 10 124 14
EOF

Fig. 10.8. Normalized eigenvalues o f the first 20 EOFs. Dots above and below the line outline the confi­
dence interval calculated from (10.12).

In this chapter, we have seen that convective motions in the stratosphere and wave 

motions in the troposphere are associated with separate EOFs in the control WK run. EOF 

analyses o f other simulations do not show such a strong separation between convective 

and wave modes, and exhibit degeneracy among the first few EOFs. So, the EOF method 

described in this chapter is not useful as a diagnostic tool for all simulations o f convection. 

In the next chapter, we will use a particle tracking method to separate convective and non- 

convective motions within the troposphere.
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Chapter 11: Particle Trajectories

In this chapter, we will examine the use o f particle trajectories to examine the behavior 

o f air parcels in a numerical simulation o f convection. First, the method o f advection and 

interpolation will be described, then some results will be shown, along with possible 

methods for separating convective and non-convective motions from one another.

The velocity fields simulated by ARPS are stored at three time levels, spanning an 

interval o f twice the large time step (which was 4 seconds for all of the simulations pre­

sented in this study). These velocities were used to construct the background winds for the 

particles. The method used to advect the particles is the fourth-order Runge-Kutta scheme, 

similar to that used by Krueger et al. (1995). The Runge-Kutta scheme is one example o f a 

finite-difference approximation to

Although (11.1) is written with one spatial dimension, the following discussion general­

izes to two or three dimensions in a straightforward manner. In the case o f the Runge- 

Kutta scheme, the solution to (11.1) is obtained iteratively, as follows:

(11.1)

( r t + l )  ( n )  ,X —X I= - ( k x + 2k2 + 2k3 + kA) , (11.2)

k. = u(x{n\n&t) (11.3)

(11.4)

(11.5)

kA = u[x^n  ̂+ k^At, (/i + I )A /]. (11.6)
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To advect a particle forward in time, we need to have u defined at integral increments o f 

nAt  as well as at (n + 1 / 2  )A t . If we take At to be 8 seconds, then the finite difference 

method defined by (11.2)-(11.6) can be applied at the three time levels for which the 

velocities are stored.

To calculate particle trajectories, we also need to have a value o f  u at the particle’s 

location. This was accomplished by performing a linear interpolation to the position o f the 

particle from surrounding gridpoints where u is defined

The variables in (11.7) are defined in Fig. 11.1 Note that as the position x T o f the particle

Ui uT U2
—-----i-----------------------!---

X 1 XT  X2

Ax

Fig. 11.1. Simple illustration of the parameters defined in (11.7). Note that analogous interpolations 
can be constructed in two and three dimensions.

gets close to x { and x 2, its speed uT approaches u { and u2, respectively. Also, if  x T is at 

x 1 + A x /2 , its speed is (wt + u2) / 2 , corresponding to a simple arithmetic mean, as 

expected.

In addition to calculating the position and speed o f the particles, we can also interpo­

late the values o f other scalar variables to the particles’ positions. Once the trajectories are 

obtained, statistics can be calculated for the particles, some o f  which can be combined in 

an attempt to separate convective motions from non-convective motions (including gravity 

waves). One such statistic is a normalized mean vertical velocity given by

»  = (11-8) 
( W

Note that the overbar in this case denotes a time average along the particle’s path. This 

quantity will be 1 for a particle that experiences upward vertical velocity that is constant in 

time, -1 for a particle that experiences downward vertical velocity that is constant in time,
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Fig. 11.2. Plot of convection factor defined in (11.8) versus the logio of displacement for particles that 
have been advected for 30 minutes in the WK control run, starting at t = 3 hours. The red “dry” parti­
cles have qc < 10-2 g/kg , while the blue “wet” particles have qc > 10-2 g/kg .

and 0 for particles with oscillatory or no vertical motion. The magnitude o f a particle’s dis­

placement over the time period o f the trajectory integration can be determined by calculat­

ing

5 z  = z m a x~ z min- (U .9)

Finally, we will also calculate the average cloud condensate (liquid water plus ice) qc

along each particle’s path.

An example o f these three variables plotted for many particles released in the WK con­

trol run at t = 3 hours is shown in Fig. 11.2.The particles shown in this figure were initially 

placed at all o f the points at which scalar particles are defined throughout the lowest 12 km 

of the model atmosphere, and then advected for 30 minutes. This duration o f time was 

chosen as long enough for particles to travel great vertical distances, but short enough so 

that not too many particles experience both convective and non-convective motions, which
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Representative moist updraft trajectories
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Fig. 11.3. a) Plot of particle displacement for five trajectories classified as experiencing wave 
and turbulent motions in Fig. 11.2. b) Plot of particle displacement for five trajectories clas­
sified as moist updrafts in Fig. 11.2 (bottom). The displacements are normalized so that the 
initial positions are all at (0,0), and particle paths can be followed outward from that point.

would hamper separation. Physical interpretations can be made o f several of the regions in 

the plot. The trajectories with the highest displacements also move up on average, and are
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Representative slow subsidence trajectories
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Fig. 11.4. Plot of particle displacement for five trajectories classified as experiencing slow subsidence 
in Fig. 11.2. The displacements are normalized so that the initial positions are all at (0,0), and particle 
paths can be followed outward from that point.

cloudy as well, indicating that these particles can be associated with moist convective 

updrafts. The many particles that have displacements o f 50 - 500 m and a normalized ver­

tical velocity near -1 are affected by the slow subsidence outside o f the storm. The parti­

cles with significant displacements and a convective factor near zero are undergoing wave 

or turbulent motions, oscillating about their initial position. Note that nearly all o f  the par­

ticles with large-amplitude displacements also have w > 0 and qc > 10-2 g/kg. In fact,

most o f the particles in the “moist updrafts” category have qc > 10-1 g/kg, whereas the

few “downdraft” particles have 10-1 g/kg > qc > 10-2 g/kg. The reason that there are few

convective downdrafts in this simulation, may be because it was performed in two dimen­

sions (Haertel and Johnson, 2000).

A few of the different classes o f trajectories are shown in Fig. 11.3a, Fig. 11.3b, and 

Fig. 11.4 for the “moist updraft”, “waves and turbulence” and “slow subsidence” catego-

106

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Distribution of normalizsd vsrtical velocity vs. displacsmsnt
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Fig. 11.5. Plot o f convection factor defined in (11.8) versus the logio of displacement for particles that 
have been advected for 30 minutes in the TC control run, starting at t = 6.5 hours. The red “dry” par­
ticles have qc < 10-2 g/kg , while the blue “wet” particles have qc > 10-2 g/kg . 

ries o f Fig. 11.2, respectively. We see that the moist updraft trajectories generally move in

a slanted path, as we would expect from the orientation o f the storm itself. It is interesting

to note that some air (represented by the blue trajectory in Fig. 11.3a) moves eastward

after undergoing its ascent. In Fig. 11.3b, we see that the particles classified as undergoing

wave and turbulent motions run the gamut from those experiencing violent motions (the

red trajectory) to relatively smooth, orbit-like trajectories (the green trajectory). Finally,

the slow subsidence trajectories shown in Fig. 11.4 show that these particles underwent

steady, downward motion to the west and east.

The above tropospheric particle advection experiment was repeated for the TC control

run, with a start time o f 6.5 hours (approximately when the second strong convective event

o f the simulation occurred). The results o f this particle integration are shown in Fig. 11.5.

Many of the same qualitative features o f  Fig. 11.2 are apparent in this figure, despite the

fact that the simulated storms are quite different from one another. There are apparently

more particles that experience slow, steady upward motion (i.e. low-amplitude height
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Fig. 11.6. Locations of upward vertical motion in the troposphere of the TC control run. Contours are 
o f normalized vertical velocity greater than 0.5. The locations correspond to the initial locations of 
the particles.

change with w > 0.5 ). This may be because the troposphere is much deeper in this simula­

tion (19 km), and the convection never reaches the tropopause. The points with slow, 

steady upward motion may be associated with deep gravity waves that are within the tro­

posphere, as seen in Fig. 11.6. Aside from the vertical motion associated with the convec­

tion itself, there are also areas with w > 0.5 in the boundary layer, and in the troposphere, 

propagating away from the convection.

In addition to examining the behavior o f  particles in the model troposphere, we can 

use the particle analysis to examine what happens in the model stratosphere. In this case, 

we allowed the particles to be advected for two hours, since we expect the motion in the 

stratosphere to be dominated by gravity waves. Since the model stratosphere is dominated 

by wave motion, we expect particles that undergo wave motions with periods that are short 

in comparison to the integration time of the trajectories to have |w| « 1, while particles 

that undergo long-period wave motion could have |vv| ~ I . In Fig. 11.7, we see that most
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Fig. 11.7. Plot o f normalized vertical velocity defined in (11.8) versus displacement in m for particles 
that have been advected for two hours in model stratosphere of the WK control run.

of the particles released in the WK control run starting at t = 3 hours apparently underwent 

wave motion in the stratosphere with a period less than 2 hours. This is not an unexpected 

result, since a Fourier analysis of the motions in the stratosphere (see Chapter 13) shows 

that most o f the waves in the stratosphere had periods o f  10-60 minutes.

As pointed out by Andrews et al. (1987), a  particle will remain on an isentropic surface 

in the absence o f heating or friction. Therefore, one way to test how well the trajectory 

model is doing in the stratosphere is to see whether 0 remains roughly constant along a 

particle’s path. The values o f 0 were calculated for several particles initialized at the z  = 

20 km level, in a region o f strong gravity wave activity, approximately 50-100 km to the 

west o f the center o f the domain. The results o f this calculation are shown in Fig. 11.9. We 

see that despite the fact that potential temperature varied widely atz = 20 km, each particle 

initialized at that level maintained a nearly constant value of 6 .
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Fig. 11.8. Locations of the low-frequency gravity waves. Contours are of normalized 
vertical velocity greater than 0.S (solid) and less than -0.5 (dashed). The locations cor­
respond to the initial locations of the particles.
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Fig. 11.9. Plot o f potential temperature versus time for five particles released at z=20 km in a region 
of strong gravity wave activity.
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The stratospheric trajectory experiment was also carried out for the TC control run. In 

Fig. 11.10, we see that the particles in this simulation were clustered around |vv| ~ 0 , like 

those o f  the WK control run. However, the particles advected in the TC control run under­

went much smaller vertical displacements, with most o f the displacements clustered 

around 200-400 m. It should be noted that this is quite similar to the magnitude o f isen- 

tropic displacements measured over a tropical MCS by Pfister et al. (1993).

Distribution of normalized vertical velocity vs. displacement

2

4D0 600
Amplitude of heightchange in m

aoo 1000

Fig. 11.10. Plot of normalized vertical velocity defined in (11.8) versus displacement in m for parti­
cles that have been advected for two hours in model stratosphere of the TC control run.

In this chapter, we have calculated trajectories for massless particles that were 

advected by the wind calculated from two numerical simulations o f squall-line convection. 

From what has been shown here, it appears that moist updrafts can be isolated by using the 

following criteria:

w > 0 ,
8z > 2000 m ,

qc > 10 1 g/kg
( 11.10)
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The qualitative behavior o f the particles in the troposphere was quite similar between the 

two runs, and several different regimes for the particles can be described by constructing 

scatter plots o f  vv versus 8 z . The motion o f the particles in the stratosphere was consistent 

with what one would expect with high-frequency gravity waves. In the following chapter, 

we will use criteria consistent with (11.10) to separate the behavior o f  clear, cloudy and 

updraft air.
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Chapter 12: Conditional sampling

In addition to particle trajectory diagnosis, another technique for identifying cloudy 

and updraft particles is to apply criteria to the individual snapshots o f  the storm evolution.

particle, then that location is assigned a “cloud mask” value o f 1. Otherwise, the cloud 

mask has a value o f 0. The contribution o f  cloudy grid points to the covariances or vari 

ance of a quantity can then be calculated at each vertical level according to the sum,

Here, CM, is the value of the cloud mask at the z'th location, a' and b' are the departures

o f the variables a and b from the horizontal mean. When (12.1) is a  variance calculation, 

a = b.  The criteria for updraft mask (UM) includes the condensate concentration, but 

also includes a vertical velocity threshold, i.e.,

Note that updraft points are a subset o f cloudy points according to the above criteria. In 

addition, these points have similar values o f cloud water and vertical velocity the moist 

updraft trajectories described in Chapter 11.

The time-averaged number o f points that are cloudy points, updraft points, and down­

draft points are shown as a function o f height in Fig. 12. la  and Fig. 12. lb, for the WK 

control and TC control runs, respectively. The downdraft points were calculated using a

mask similar to that of (12.2), except with w < -1 m s~l . In both plots, the number of 

downdraft points is significantly smaller than that o f the updraft points, which is consistent 

with the results from the trajectory analysis o f Chapter 11. Note that the width o f each

If the location of a data point has sufficient condensate (qc > 10 1 g /kg) to be a cloudy

nx

(^^Oclouds (12.1)
i = i

1 if<7c >10  g/kg and w > 1 m s 

0 otherwise.
(12.2)
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point in the WK control run (1000 m) is twice that o f the TC control run. Each o f these 

classes o f points are most prevalent in the upper troposphere for the WK control run, while 

there is a lower tropospheric maximum in the TC control run. There is also a secondary 

maximum in the lower troposphere in the WK control run. In the WK control run, all o f 

the fields approach zero around 13500 m, which is well above the 12000 m model tropo- 

pause. This indicates that the convection overshoots the tropopause in this simulation. On 

the other hand, the convection does not overshoot the higher 19000 m model tropopause in 

the TC control run.

When the perturbation kinetic energy, defined by

i p  (u'u' + w’w') ,  (12.3)2 o

is vertically integrated throughout the troposphere, a measure o f the amount of the aver­

age perturbation kinetic energy contained in a troposphere-deep I m2 column is obtained. 

This quantity can be interpreted as a measure o f the cumulus kinetic energy. The vertically 

integrated perturbation kinetic energy as a function o f time with the cloud and updraft 

masks is shown in Fig. 12.2a and Fig. 12.2b. The perturbation kinetic energy due to 

cloudy and updraft points is only a small fraction o f the overall perturbation kinetic energy 

for both simulations. The updraft points comprise the majority o f this fraction, however.

The component o f perturbation kinetic energy due to vertical motion, w'w ' , for all
2 0

points, cloudy points, and is shown in Fig. 12.3. The cloudy and updraft points are respon­

sible for a significant portion o f the overall vertical perturbation kinetic energy, and are 

highly correlated to the overall vertical perturbation kinetic energy. The updraft points

comprise the vast majority o f  the amount of w'w’ due to cloudy points overall. This is in 

spite o f the fact that there are significantly higher amounts o f  cloudy points than updraft 

points, on average, as we saw in Fig. 12.1.

As one might guess from a comparison of Fig. 12.2 to Fig. 12.3, the horizontal portion 

o f the overall perturbation kinetic energy field (not shown) is dominant for the entire 

domain for both simulations. This is consistent with the results o f  Xu et al. (1992).

The strength o f the updrafts can be measured by calculating an average value of the 

vertical velocity within the updraft points. In Fig. 12.4a and Fig. 12.4b, this quantity is
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Fig. 12.1. Plot o f the time-averaged number of cloudy points (solid line), updraft points (dashed line), 
and downdraft points (dotted line) at each vertical level for the a) WK control run, and b) TC control 
run.

shown as a function o f time for the WK control and TC control runs, respectively. This is a 

bulk measure o f the strength of the updrafts, as opposed to the maximum vertical velocity 

shown in Fig. 5.9. In this figure, we see that the WK control run has considerably stronger 

updrafts than those o f the TC control run, which is consistent with the differences in

^p^w 'w ' we saw in Fig. 12.3.
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Fig. 12.2. Vertically integrated perturbation kinetic energy o f the troposphere versus time for all 
points (solid line), cloudy points (dashed line), and updraft points (dotted line) for the a) WK control 
run, and b) TC control run.

Another quantity that is of interest is the extent to which the moist convective updrafts 

represent an obstacle to the mean flow. Such an obstacle can be considered a “transient 

mountain” poking into a mean flow, as shown by Pfister et al. (1993). This concept will be 

discussed in more detail in Chapter IS. One way to measure the amount of “obstacle” the 

convection poses to the mean flow is to calculate the difference between u at each updraft
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Fig. 12.3. Vertically integrated perturbation kinetic energy of the troposphere due to vertical 
motions versus time for all points (solid line), cloudy points (dashed line), and updraft points (dot­
ted line), for the a) WK control run, b) TC control run.

point and u at that particle’s vertical level, and then average over the updraft particles. In 

Fig. 12.5, we see that the WK low-shear, control, and high-shear runs share some similari­

ties in terms of the behavior o f  this quantity. The control and high-shear runs begin with 

the updrafts having winds that are more westerly than those o f  the surrounding atmo­

sphere, and then becoming more easterly with time. This is consistent with observations o f
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Fig. 12.4. Average vertical velocity of updraft points versus time for a) the WK control run and b) 
the TC control run.

an initial downshear tilt to the convection, followed by an upshear tilt, and is also consis­

tent with the production o f  more eastward-propagating waves earlier in the WK control 

simulation, evident in Fig. 14.2. These processes are also evident in the WK low-shear 

run, although it does not have westerlies for nearly as long as the control or high-shear
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simulations. Similar diagnoses that attempted to isolate the effects of the high-altitude 

updrafts revealed that these points had similar values o f u ' to those of all simulations.**r

10
to
1
i ?
8

I
coN
bmO

8

-15
62 80 4 10

Time (hours)
Fig. 12.S. Comparison of the average difference between the horizontal velocity of the updraft- 
masked points and those o f the mean flow for the WK control (solid line), WK low-shear (dashed 
line), and WK high-shear (dotted line) runs.

The difference between the u o f the updrafts and u was also tested between the TC 

control and TC no jet runs, as shown in Fig. 12.6. This figure shows that there are signifi­

cant differences in how uup' evolves with time for these simulations. In the TC control

run, we see that after a short period with u ' > 0 , the sign o f this quantity is consistentlyUfr

negative, as we would expect from a rearward-tilting squall line, illustrated in Fig. 4.5b. 

The TC no jet run, on the other hand, experiences a fairly long period with u '  > 0 ,U fS

which is associated with a  structure similar to that o f  Fig. 4.5c. As we will see in Chapter 

13 and Chapter 15, this forward tilt is consistent with the production of more eastward- 

propagating waves than the TC control run.

In this chapter, we have described a method to diagnose cloudy, updraft, and down­

draft points within simulations o f convection. The results o f this diagnosis have shown
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Fig. 12.6. Comparison of the average difference between the horizontal velocity of the updraft- 
masked points and those of the mean flow for the TC control (solid line) and TC no jet (dashed 
line) runs.

that the points in these classes take up a small portion o f the overall domain. It should be 

noted that the use o f a smaller threshold o f cloudiness would result in more points, but the 

overall results would be similar. The perturbation kinetic energy of the troposphere has 

been shown to be dominated by horizontal motions, which is consistent with the results of 

Xu et al. (1992). In addition, we have seen that the moist updrafts accounted for a dispro­

portionate amount o f the vertical component o f the perturbation kinetic energy, while the 

vast majority o f the horizontal component o f the perturbation kinetic energy occurred out­

side o f  the cloudy air. We also diagnosed the horizontal velocity within the updrafts. When 

this quantity was subtracted from the zonal mean, a measure o f the amount o f blocking 

that the updrafts have on the mean flow was obtained. In the following chapter, we will 

examine the spectral properties of the waves produced by the simulated convection, and 

then we will attempt to couple the properties o f the convection to those o f the waves it 

generates in Chapter 15, using a modified version o f  the theory offered by Pfister et al. 

(1993).
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Chapter 13: Fourier Analysis

Fourier analysis has been used in a  multitude o f applications throughout the sciences. 

Fourier analysis techniques are generally used to determine the characteristic spatial and/ 

or temporal scales o f variation for a given dataset. This chapter will briefly outline the the­

ory behind one- and two-dimensional Fourier transforms, and then present results from the 

application o f these transforms to the velocity fields from the WK and TC control runs.

13.1. Background
A Fourier transform pair of a continuous periodic function f ( t )  can be expressed as a 

sum o f sines and cosines (Hamming 1988; Hartmann 1999)
30

f i t )  = £  ^cocos(co/) + 5 u sin(coO, (13.1)
CD =  0

where the coefficients o f the cosines and sines are given by

A a = f ( t )cos( (o t )d t ,  (13.2)

B (B = ij^V (O sin (< o /)< * , (13.3)

respectively. It should be noted that there are equivalent transforms that can be defined 

using the complex form o f the periodic functions (Percival and Walden 1993).

Actual data sets, o f  course, cover a finite length o f time and are sampled at discrete 

intervals. Thus, if  we have some quantity f  that is sampled at N  times, each denoted by r ,,

that are spaced with a constant interval o f A t , we can define a discrete Fourier transform 

given by

N / 2

f i t t )  = X ^ o C o s ^ O  + fl^sinfojf,.), (13.4)
CD =  0

where the coefficients are now given by
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=

N

.<» = 0;
i  = I 

N
/( '/)co s(< o /,), 0 < c o < j ;

/ = 1 
V

^  Z  /(OcOS(Q)f,), G) =  y  ’

(13.5)

« = 1

(13.6)
/ = 1

The variance spectrum (or power spectral density) associated with f  is a real-valued quan­

tity given by

r« = (13.7)

The dataset represented by /" is not normally periodic with respect to its endpoints. 

This can cause aliasing, as the discontinuity between / 0 and f  N _ , is treated as spectral 

power at high frequencies. One solution to this problem is the implementation o f a taper, 

such as the p  x 100 % cosine filter defined below (Percival and Walden 1993):

h r

i < [ < e£L- 
2 ’

(13.8)

Here, C is a normalization constant chosen such that

N
2 > , 2 -  i-

t= l
(13.9)

In this work, we are interested in the behavior o f quantities such as the momentum flux

u'w'  in both wavenumber and frequency space. Obtaining the cospectrum between the 

zonal and vertical components of velocity at each wavenumber and frequency allows us to
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integrate the amount o f momentum flux at a given phase speed, since the phase speed is 

simply to /k . This procedure is similar to what Alexander and Holton (1997) used.

The calculation of the 2-D space-time Fourier spectrum is outlined below, following 

Hartmann (1999) and Hamming (1988). We will again use the real forms o f  the Fourier 

series, to parallel the manner in which the actual computer code was constructed. First, we 

perform a zonal Fourier transform on some function f ( x ,  t ) , which is defined at NX  

points in the horizontal, and NT  times:

N X / 2

f ( x , t ) =  ^  Ck(t)coskx + Sk(t)sinkx. (13.10)
k = 0

We can then perform a Fourier transform on the time-varying coefficients C k(t) and 

Sk(t) into frequency space,

N T / 2

c k(0  = £  A k cacos(ot + Bk a s m m ,  (13.11)
<n = 0 
N T / 2

s /fc(0 = Z  a *,coCOSCD'  + ^t,cosin(0'-  (13.12)
co = 0

Substitution o f (13.11) and (13.12) into (13.10) yields an expression in terms o f the spec­

tral coefficients

N X / 2 N T / 2

f ( x , t ) =  £  £  [(Ak a cos(ot + Bk ^sintor) cosAx +
k = 0 co = 0 (13.13)

(ak ^coscof + bk (0sincor)sin^x] .

The above expression can then be converted into one that splits between waves that propa­

gate westward (to > 0 ) and eastward (to < 0), by using the complex forms o f the cosine 

and sine functions:

p ia  - L  p - ia
cos a = - — , (13.14)

p ia  _  p - ia
sina = f  • (13.15)
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Note that we will actually use the opposite convention to that defined above in the analysis 

o f the model data, so that eastward-propagating waves can be associated with positive 

phase speeds. Using (13.14) and (13.15) into (13.13), we obtain
N X / 2 N T / 2r-r , 1 ^  ri . , e i{kx+<»t) + e-i{kx + <zt)

/ ( * > ')  = $ Z  Z  «-**.«>)------------- 2-------------
k  = 0 co = 0

e i{kx  + cor) _  o - H k x cor) p i (k x ~ m )  +  „ - i ( k x - o i t )  I i £ ,

(* * ..  + «*. .)S ------------ £ ------------ + a + 0))- ---------- I f ------------ + (13.16)

e i(k x - to t )  _  e ~i{kx -  a t) -*>l\KX  — t o t )  __  s f—l{ K X  — C D /)“ 1

( - * * . .+ -----------2T ]  •

which becomes

N X / 2 N T / 2

= 2 Z  Z  [(^/fc,o)-fe/t,a1) c o s ( fec + OJ0 - t- ( ^ (B + aA, co)sin(for + cor) +
* = 0 co = 0 ( lj-1 7)

(4 fc, o +  a ) < X i s ( k x  “  ) + ( ~ B k, co +  a k. « )  sin (* *  -  ® 0  ] •

If we examine the above series, we can use the following definitions to convert it to phase 

form (see Hamming 1988):
T  _  (^ fc , <D ^  ^ k ,  Co) 10\
1 k,±m--------------- 2---------- ’ ( U . lo )

U t.* *  -  (13 .19 )

w k.±» ~  V 7t± < »  +  £ /*.M>- (13 .20 )
Applying (1 3 .1 8 )-(1 3 .2 0 ) to (1 3 .1 7 ), we have

N X / 2 N T / 2  j  y

Z  Z  W k. ±co[~ n r '±&> cos(fcx ± cor) + k' ±<a sin(fcc ± C0t)1 - (13 .21 )
k = 0 CO = 0 L *•±t0 k,± co J

Since the cosine o f two angles added together can be written as

cos(a + Z>) = c o s (a )c o s (6 )-  s in (a)sin (6 ), (13 .22 )
we can express (1 3 .2 1 ) as

N X / 2 N T / 2

Z  Z  W k,±a>c o s ( k x ± a i t  + <̂ k , ± J  (13 .23 )
k = 0 co = 0

if  the phase angle ±tn satisfies
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cos® *, =  7 ^ .  (13.24)
w  k.±a>

sin® *,.„ = ^ * 2 .  (13.25)
^  k,±a

As Hamming (1988) notes, care needs to be taken when inverting either o f  the above 

expressions, since the ranges o f the inverse trigonometric functions are periodic.

The variance spectrum associated with (13.23) for some dataset/ can be written as

r* ,±co(/) = (13.26)

while the cospectrum and quadrature spectrum between / and g  are given by

c * .± » ( /.g )  -  j (  »*. ! „ ( / ) ] [  ̂  i c t e ) ]  COS [<ty ±J g )  -  ®* . „ ( / ) ] ,  (13.27)

f i t ,» ( / . * )  = .„ ( / ) ] [ » '* ,±„(g)lsin(® *, ±J g )  -  ®*,. „ ( / ) ] ,  (13.28)

respectively. The cospectrum has a high magnitude when d>fc ±{B(g) and &k ±o>(/) are 

separated by 0 or n  radians. We expect the cospectrum to be high for quantities such as 

the momentum flux u 'w ' , if the waves obey polarization relationships similar to those of 

linear gravity waves. The quadrature spectrum has a high magnitude when ±a(g)  and 

<Pk ±oa( / )  are separated by k/ 2  radians, so we would expect the quadrature spectrum to 

be high for quantities such as the vertical heat flux w'Q' for gravity waves.

13.2. WK control run
The fields that we will apply the above analyses to are the perturbation zonal and verti­

cal velocities. Here, we define a perturbation as a departure from the zonal mean at each 

time. For the one-dimensional power spectra in time, we calculated the power spectrum of 

the time series in horizontal or vertical velocity at each point, and then averaged the spec­

tra at each vertical level. Thus, there were 900 samples o f each power spectrum in time at 

each vertical level for the WK control run. The power spectrum versus frequency is shown 

in Fig. 13.1. Here, we are using cycles per second to facilitate comparisons with previous 

studies (Alexander et al. 1995; Pandya and Alexander, 1999). A broad peak is seen at fre-
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Fig. 13.1. Log-log plot of the power spectrum of vertical velocity at 14125 m as a function of frequency. 
The solid line represents the spectrum calculated from the unaltered time series, while the dashed line rep­
resents the spectrum calculated from the time series after a 20% cosine taper defined in (13.8) was 
applied.

quencies between 0.00025 Cy s '1 and 0.0015 Cy s’1, which corresponds to periods 

between 10 and 60 minutes. The highest amplitude peak corresponds to a periodicity o f  18 

minutes, which is fairly close to the 23 minute periodicity o f EOFs 6 and 7, which were 

the modes associated with stratospheric gravity waves in Chapter 10. The overall spectrum 

is similar in shape to that calculated by Pandya and Alexander (1999), although the high­

est peak in their frequency spectrum is more prominent than that o f Fig. 13.1. The applica­

tion o f a taper function such as (13.8) on the time series seems to have had very little effect 

on the spectrum, as shown in Fig. 13.1. We will refrain from using a taper for the remain­

der o f this chapter.

As noted in Andrews et al. (1987), vertically propagating gravity waves increase in 

amplitude with height in proportion to the inverse square root o f density. Therefore, in the 

absence o f all other factors, we would expect the variance spectrum o f Fig. 13.1 to be rep­

licated at higher altitudes when the spectrum is multiplied by a factor of
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Fig. 13.2. Log-log plot o f the normalized power spectra of vertical velocity at 14125 m (solid), 21125 
(dotted) and 28125 m (dashed) as a function of frequency.

p0( r ) / p 0( 14125m). A comparison between the normalized power spectra at 14125,

21125 and 28125 m is shown in Fig. 13.2. We see that the locations o f many of the fre­

quency peaks are maintained with height. However, there is a slight decrease in the (nor­

malized) amplitude o f the spectra with height There are two possible reasons for this 

decrease. One is the amount o f time for the waves to reach the upper stratosphere. In other 

words, the model atmosphere at 14125 m experiences wave motions prior to (and for a 

longer duration) than the model atmospnere at higher altitudes. Another explanation is due 

to diffusive damping, which would explain the significant decrease in spectral power at the 

highest frequencies. In any case, Fig. 13.2 shows that the stratosphere o f the WK control 

run oscillated over a range of frequencies between 10 and 60 minutes throughout its depth.

The normalized variance spectrum o f horizontal velocity versus frequency at 14125 m, 

21125 m and 28125 m is shown in Fig. 13.3. This frequency spectrum has some signifi­

cant differences from that calculated from vertical velocity, the most obvious being the 

overall higher power at each frequency. In addition, there is much more power at low fre-
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Fig. 13.3. Log-log plot of the normalized power spectra of horizontal velocity at 14125 m (solid), 21125 
(dotted) and 28125 m (dashed) as a function of frequency.

quencies in the power spectrum o f  horizontal velocity, particularly at lower altitudes in the 

stratosphere. There are still prominent peaks in the frequency range of 10-60 minutes, as 

we saw in the vertical velocity spectrum.

The normalized power spectrum o f vertical velocity versus horizontal wavenumber is

shown in Fig. 13.4. There is a broad peak from wavenumbers o f  10-4 Cy m‘l to 10'5 Cy

m '1, corresponding to wavelengths of 10-100 km. This is consistent with the results o f 

Pandya and Alexander (1999). It is interesting to note that the most prominent peak in Fig. 

13.4 is at a wavelength of about 30 km, which is similar to the waves seen in EOFs 6 and 

7. The variance falls off quite rapidly for wave shorter than 10 km, which is similar to 

what Pandya and Alexander (1999) observed in their study.

Another quantity that is interesting to examine is the vertical wavenumber. Although 

this can be calculated directly via FFTs, we have used the linear phase relationship given 

in (1.11) to calculate m(oo, k)  for each frequency and horizontal wavenumber, and then
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Fig. 13.4. Log-log plot of the normalized power spectra o f vertical velocity at 14125 m (solid), 21125 
(dotted) and 28125 m (dashed) as a function of horizontal wavenumber.

added up the spectral power o f the vertical velocity within several vertical wavenumber 

bins. The results o f this calculation are shown in Fig. 13.5, in terms of the vertical wave­

length. In this figure, we see that there is a peak near Xz — 8 km, which is similar to the

results o f  Alexander et al. (1995) and Pandya and Alexander (1999) for similar simula­

tions, as well as Piani et al. (2000) for a somewhat different simulation. These authors 

attributed the vertical wavelength of the waves to the depth o f the convective heating, con­

sistent with the theoretical results of Salby and Garcia (1987), Nicholls et al. (1991), and 

Pandya et al. (1993). Since the Brunt-Vaisala frequency roughly doubles between the tro­

posphere and stratosphere, the half-wavelength heating depth o f ~8 km (see Fig. 5.13) 

becomes a full-wavelength wave in the stratosphere, according to (1.11). The fairly sharp 

peak in Fig. 13.5 is may be due to the fact that the convection in the WK control run has a 

fairly consistent structure throughout the simulation.

The vertical group velocity spectrum can also be obtained, following a similar proce­

dure to the one we used to get the vertical wavenumber spectrum. In Fig. 13.6, we see that
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Fig. 13.5. Plot o f the normalized power spectra of vertical velocity at 14125 m (solid), 21125 (dotted) 
and 28125 m (dashed) as a function of vertical wavenumber.

the power spectrum o f  vertical velocity is distributed across a fairly broad range of cg2,

with a peak around 5 m s '1. The energy associated with waves that have a vertical group

velocity o f 5 m s '1 take a little over an hour to traverse the 20 km model stratosphere. It is 

interesting to note that the waves with lower group velocities have are damped more than 

those with higher group velocities. This makes sense, since these waves have a longer 

period o f time over which damping processes can affect them.

The cospectrum defined in (13.27) was calculated between the perturbation zonal and 

vertical velocities at each vertical level. We expect the integral o f such a cospectrum over 

all frequencies and wavenumbers to be equivalent to the Eulerian mean momentum flux at 

the same vertical level averaged over time. A plot o f the cospectrum in wavenumber and 

frequency space is shown in Fig. 13.7. In this plot, we see negative values o f momentum 

flux associated with westward-propagating waves, and positive values o f momentum flux 

associated with eastward-propagating waves, as we would expect. Also, the highest mag­

nitudes o f momentum flux are clustered along two lines o f constant co/k  in both the neg-
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Fig. 13.6. Plot o f the normalized power spectra of vertical velocity at 14125 m (solid), 21125 (dotted) 
and 28125 m (dashed) as a function of vertical group velocity.

ative and positive frequency ranges. We would therefore expect the waves in the model 

atmosphere to have two peaks at positive and negative phase speed.

We can actually calculate the amount o f momentum flux associated with a “bin” o f 

phase speed between cn — Ac and cn + Ac by following the procedure o f Alexander and 

Holton (1997). We begin by adding up the amount o f momentum flux from each point in 

(to, k ) space that falls within a given interval o f phase speed. The choice of Ac is immate­

rial to the amount o f  momentum flux that is associated with positive and negative phase 

speeds, but the character o f the phase speed spectrum will become more spiky with 

smaller Ac.

The results o f  such a calculation for the WK control run, with Ac set to 1 m s '1, are 

shown in Fig. 13.8. We see that the most prominent peak is associated with phase speeds 

between -10 and -30 m s*1. This is consistent with the phase speed estimate o f 20-35 m s*1 

for EOFs 6 and 7, which were primarily associated with westward-propagating waves.
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Fig. 13.7. Contour plot of the cospectra of horizontal and vertical velocity at 14125 m as a function of 
horizontal wavenumber and frequency for the WK control run. The red contours (0.00001,0.0001,
0.001, 0.01 m2 s'2) correspond to positive values o f u'w' , while the blue contours (-0.00001, -0.0001,
-0.001, -0.01 m2 s '2) correspond to negative values of u’w' . The zero contour is omitted.

There are also peaks at other negative (-50 m s '1) and positive (15 m s '1, 25 m s*1) phase 

speeds, which is the four-peaked spectrum that we expected from Fig. 13.7. There is very

little momentum flux associated with waves with phase speeds greater than ±50 m s '1, or

less than ±10 m s '1. The flat area in the spectrum at low phase speeds (also observed in 

Alexander and Holton 1997 and Piani et al. 2000) can be understood in a number o f ways. 

One o f these is that waves that are close to an intrinsic phase speed of zero are preferen­

tially damped, as we saw in Chapter 1. Also, Saravanan (1990) used the 1-D model of 

Plumb (1977) to simulate the forcing of the QBO by a spectrum of waves in the presence 

of the upwelling Brewer-Dobson circulation (Brewer 1949; Dobson 1956). Saravanan 

found that waves with low phase speeds were damped after passing through an area of 

upwelling. Within this area o f upwelling, a “buffer zone” was created where the mean flow
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Fig. 13.8. Plot o f  the momentum flux p 0u 'w ’ at 14125m (solid), 21125m (dotted) and 28125m (dashed) 
as a function o f horizontal phase speed for the WK control run.

speed remained relatively close to zero, due to the homogenizing effects o f vertical advec- 

tion,

Here, vv(0) is the vertical velocity at the bottom o f Saravanan’s model (located at 200 

mb), and H w is the scale over which the upwelling persists. We see from (13.29) that

strong wind shears will tend to be damped in the presence o f vertical advection in Sara­

vanan’s model. By the time the waves reach the top o f the buffer zone, those with slow 

horizontal phase speeds have been damped due to a damping term of the form (1.13). 

Since the waves are generated within an area o f  upward motion (the interior of a convec­

tive cloud), they might be expected to exhibit similar behavior.

The peaks in the spectrum depicted in Fig. 13.8 at ±25 m s '1 are partially associated 

with a mode that is an artifact of our use o f periodic lateral boundary conditions. This

! - - w(0)e x p h r ) g  (13.29)
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Fig. 13.9. Plot o f the momentum flux p0 « V  at 14125 m (solid), 21125 m (dotted) and 28125 m (dashed) 
as a function of horizontal phase speed for the WK control run with the k=  L, co = ±1 mode removed.

“transient standing wave” mode has a wavenumber 1 (associated with the antisymmetry in 

the sign o f momentum flux in the domain), and a frequency of ±1 (associated with the 

commencement o f  convection). Since the sizes o f  the space and time domains in our simu­

lation are 900000 m and 36000 s, respectively, the transient standing wave mode shows up

as a peak at ±25 m s '1. When the Fourier analysis is performed over shorter time periods 

(e.g., from 2-10 hours), the peaks move to higher phase speeds, since the time domain has 

been reduced, while the rest of the spectrum remains relatively constant. Since we believe 

this mode to be a peculiarity of the specific domain size, analysis interval, and lateral 

boundary conditions o f our simulation, the mode will be filtered in all subsequent presen­

tations o f the momentum flux spectra. The spectrum with this mode removed is shown in 

Fig. 13.9. The transient standing wave mode is a contributor to the total eastward and 

westward momentum flux of the experiments, however, so the calculations o f  these quan-
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Fig. 13.10. Plot o f the momentum flux p0u’w' as a function o f height due to westward-propagating (thick
solid line) and eastward-propagating (thin solid line) waves in the WK control run. Their sum is repre­
sented by the dashed line, while the time-averaged momentum flux calculated from taking the standard 
Eulerian mean is represented by the dotted line.

tities will contain the mode. Experiments where higher wavenumbers were removed 

revealed little additional differences in the momentum flux spectra.

We can get an idea o f how much momentum flux is associated with westward- and 

eastward-propagating waves by adding up the contributions from negative and positive 

phase speeds. The total momentum flux was summed for (westward-propagating) waves 

with -100 m/s < c < 0 m /s, and for (eastward-propagating) waves with 

0 m/s < c < 100 m /s. In Fig. 13.10, we see that the westward-propagating waves are dom­

inant at all heights. Note that the sum o f the positive and negative fluxes calculated using 

spectral methods agrees extremely well with the momentum flux calculated by using the 

gridpoint values o f u' and w ’ . The waves are apparently being diffused somewhat as they 

propagate upward. The implied easterly acceleration o f the lower portion o f the model 

stratosphere would be under 1ms*1 day*1, which is somewhat consistent with the results
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of Alexander and Holton (1997; see their Fig. 8), although the upper portion o f the model 

stratosphere has an implied easterly acceleration of up to 3 m s '1 day'1.
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Fig. 13.11. Plot o f the momentum flux p0 u’w' at 14125 m for the WK control run (solid), low-CAPE run 
(dotted) and high-CAPE run (dashed) as a function o f horizontal phase speed.

13.3. Impact o f  variations in CAPE
As we noted in Chapter 4 and Chapter 5, variations in CAPE are generally expected to

produce variations in the strength of the convection, and perhaps corresponding variations

in the amount o f wave momentum flux caused by the convection, as well. The behavior of

the simulated wave spectrum for the WK control run, the low-CAPE WK run, and the

high-CAPE WK run is examined in Fig. 13.11 and Fig. 13.12. The spectra o f momentum

flux versus phase speed among these runs are strikingly similar, with the high-CAPE and

control runs producing a relatively similar amount of momentum flux at 14125 m, and the

low-CAPE run considerably less at all altitudes. In Fig. 13.12, we see that the total

momentum flux associated with the eastward-propagating waves increases with increasing

CAPE, as one might expect. However, the momentum flux associated with the west-

136

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.5-10

3.0-10

J  ! ■ . ■ I — i- _ ■ ■ i i < i > I ■ ___i \
-0.10 -0.05 0.00 0.05 0.10

Momentum flux (kg s4)

Fig. 13.12. Plot o f the momentum flux p0u'w' as a function of height due to westward-propagating
(thickest lines) and eastward-propagating (thinnest lines) waves. Their sum is represented by the lines of 
medium thickness. The WK control run, low-CAPE run and high-CAPE run are denoted by solid, dot­
ted, and dashed lines, respectively.

ward-propagating waves is very similar between the high-CAPE and control runs. This 

may be because the simulated updraft in the high-CAPE run was upright for a longer 

period o f time, causing more eastward-propagating waves to be produced than in the con­

trol run.

It is important to note that although the net momentum flux in the low-CAPE, control 

and high-CAPE runs are all similar, the amount o f acceleration that the atmosphere would 

experience in a shear layer would be quite a bit different between the simulations. In an 

atmosphere with winds that become more westerly with height, the absorption o f all o f the 

waves with positive phase speeds over a layer 5 km deep centered at 20 km would lead to 

an acceleration o f  approximately 3.1 m s '1 day '1 for the low-CAPE run, and 5.6 m s*1 

day'1 in the high-CAPE run. In the case o f a similar shear layer with winds that become 

more easterly with height, the acceleration would be approximately -7.5 m s '1 day'1 for
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Fig. 13.13. Plot o f the normalized spectra of vertical velocity at 192SS m (solid), 24927 m (dotted) and 
29825 m (dashed) as a function of vertical wavelength for the TC control run.

the low-CAPE run, and -10.3 m s '1 day*1 for the high-CAPE run. The source for these dif­

ferences appears to be the strength of the convection, which in turn produces a larger wave 

energy flux in the lower stratosphere for the high-CAPE run.

13.4. TC runs
As mentioned in Chapter 5, the convection in the TC control run was weaker and more 

intermittent than that o f the WK control run. In Fig. 13.13, we see a considerably broader 

spectrum o f  vertical wavelengths than we saw in Fig. 13.5. In particular, there is signifi­

cant power for vertical wavelengths o f approximately 3 km. This may be due to the fact 

that the convection had a similar depth for a significant portion o f the simulation, as we 

saw in Fig. 5 .10a. Alexander and Holton (1997) reported a similar broad spectrum of ver­

tical wavelengths in their simulations o f a West African squall line.

We expect the shallow waves in Fig. 13.13 to have small vertical group velocities. This 

is because the equation for group velocity, given in Chapter 1 as
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Fig. 13.14. Contour plot of the cospectra o f horizontal and vertical velocity at 1412S m as a function of 
horizontal wavenumber and frequency for the TC control run. The red contours (0.00001,0.0001, 0.001,
0.01 m2 s'2) correspond to positive values of u ' w ' , while the blue contours (-0.00001, -0.0001, -0.001,

indicates that cgz is approximately proportional to the square o f the vertical wavelength.

As we see in Fig. 13.17, the waves in the TC control run do indeed propagate more slowly 

in the vertical than those of the WK control run. As with the WK control run, we see the 

strongest dissipation among the waves with the slowest vertical group velocities.

A plot o f the cospectrum of momentum flux at 19255 m from the TC control run is 

shown in Fig. 13.14. Although the model tropopause in this simulation was at 19000 m, 

the convection did not penetrate to this level, unlike the WK control run. While this figure 

does share some characteristics with Fig. 13.7, there are also significant differences. We 

see that the magnitude o f momentum flux produced by the TC control run is smaller than 

that o f the WK control run. In addition, there are apparently positive momentum fluxes

-0.01 m2 s'2) correspond to negative values of u ' w ' . The zero contour is omitted.

(13.30)
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Fig. 13.15. Plot of the momentum flux p0u'w' at 19255 m (solid), 24927 m (dotted) and 29825 m 
(dashed) as a function of horizontal phase speed for the TC control run.

associated with some of the waves that travel to the west. This is only an apparent effect, 

and can be explained due to the Doppler shifting o f frequencies. We are calculating the 

absolute frequencies relative to the moving domain. The intrinsic frequency o f the waves 

relative to the moving air is then given by

where u is measured relative to the moving domain.

Thus, the apparent negative phase speeds that Fig. 13.14 implies can be corrected for if  

one simply adds u to them as has been done in Fig. 13.15. Here, we have used the 

time-averaged u , which is very close to the initial value o f u within the model strato­

sphere, in any case. In the case o f the WK control run, Doppler shifting had very little 

effect on the intrinsic frequencies o f the waves in the model stratosphere, since the strato­

spheric wind was only -1 m s*1 relative to the moving domain. The momentum flux spec­

trum produced by the TC control run has some interesting differences from that of the WK

(13.31)
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Fig. 13.16. Plot of the momentum flux pQu'w' as a function of height due to westward-propagating (thick
solid line) and eastward-propagating (thin solid line) waves for the TC control run. Their sum is repre­
sented by the dashed line, while the time-averaged momentum flux calculated from taking the standard 
Eulerian mean is represented by the dotted line.

control run, besides having a much smaller amplitude. Note that the peak in momentum

flux near -15 m s '1 is damped quite a bit more than most o f the other peaks in the spec­

trum. This leads to a change in sign o f the net momentum flux with height, as is seen in 

Fig. 13.16. One possible reason for the asymmetry in damping for the eastward- and west­

ward-propagating waves is that westward-propagating waves will encounter more cloudy 

air through their path, due to the westward tilt o f the convection. The waves that propagate 

through this cloudy air will tend to be partially reflected, due to the low Brunt-Vaisala fre­

quency (Pandya and Alexander 1999). Also, the vertical group velocity in an area with low 

Brunt-Vaisala frequency will tend to be slower, giving dissipation more time to affect the 

waves. The agreement between the sum o f the momentum flux contributions from all 

phase speeds with the time-averaged Eulerian mean is again quite good. The implied forc­

ing o f the mean wind is everywhere negative, but is less than 0.5 m s '1 day*1, which is con­

sistent with the results o f Alexander and Holton (1997). The likely reason for the stronger
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Fig. 13.17. Plot of the normalized spectra o f vertical velocity at 19255 m (solid), 24927 m (dotted) and 
29825 m (dashed) as a function o f vertical group velocity for the TC control run.

implied mean flow forcing o f  the WK control run is that the waves from that simulation 

had a stronger momentum flux to begin with.

In addition to die TC control run, we also performed an experiment in which the wind 

above the jet maximum associated with the observed TC sounding was set to a constant 

value equal to the jet maximum (see Chapter 5). This created a “no jet” wind profile some­

what analogous to that o f the WK control run. In this simulation, vigorous convection per­

sisted for a little over three hours, as measured by the maximum vertical velocity, as we 

can see in Fig. 13.18. While it lasts, the vertical velocity maximum associated with the TC 

no jet run is somewhat similar to that o f the WK control runs (see Fig. 5.9), with 

large-amplitude oscillations. Apparently, the reason for the death o f  the convection in the 

TC no je t run is that the storm is quite upright for much o f its lifetime. Not much evapora­

tive cooling can occur in an upright storm, in contrast to the westward-tilted anvil associ­

ated with the TC control run. Once the cold pool o f the TC no jet run weakens, the 

environmental shear causes the storm to tilt forward, a situation analogous to Fig. 4.5c.
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Fig. 13.18. Plot o f the maximum vertical velocity as a function of time for the TC control (solid line) and 
TC no jet (dashed) runs.

The waves associated with the TC no jet run are actually quite a bit stronger than those 

o f the TC control run. This is apparent in Fig. 13.19 and Fig. 13.20, where we see that the 

magnitudes o f the easterly and westerly momentum fluxes produced by the TC no jet run 

are approximately twice as strong as those produced by the TC control run. Also evident 

in these figures is the fact that the easterlies are stronger than the westerlies in this simula­

tion. This may be because o f the forward tilt o f the storm described above.

13.5. Impact o f  variations in tropospheric wind
In this section, we will examine how the momentum flux spectra produced by the

model vary with different structures in the tropospheric wind. The first case that we will 

examine is one that initially has zero wind throughout the atmosphere, with the same ther­

modynamic structure as the WK control run. As mentioned in Chapter 5, a 2 K warm bub­

ble was used to initiate convection in this case. The momentum flux spectrum for this 

simulation is shown in Fig. 13.21, and is quite symmetric, as one might expect with no 

environmental wind to alter the symmetry of the convection itself. This is particularly evi­

dent in the plot o f easterly, westerly, and total momentum flux shown in Fig. 13.22. In this 

simulation, there was an initial central updraft, which produced a cold pool that spread to
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Fig. 13.19. Plot of the momentum flux p0u'w’ at 19255 m (solid), 24927 m (dotted) and 29825 m 
(dashed) as a function o f horizontal phase speed for the TC no jet run.

the east and west, forcing convection at its two edges. These arrangements are similar to 

those seen in Fig. 4.5a and Fig. 4.5b. The amplitude o f the momentum flux is somewhat 

smaller than that o f the WK control run (compare to Fig. 13.9 and Fig. 13.10), probably 

because the convection is less vigorous, as measured by the maximum vertical velocity.

Note that the parameterizations offered by Kershaw (1995), Chun and Baik (1998), 

and Roadnight (1999) would each predict the momentum flux to be zero in the WK calm 

experiment. While this is true in terms o f the net momentum flux, the offsetting eastward 

and westward momentum fluxes produced by these runs could be associated with signifi­

cant mean flow accelerations if  the waves were allowed to propagate upward into an envi­

ronment with shear.

The next simulations that we will examine are the WK low-shear and high-shear 

experiments. The momentum flux spectra for these runs and the WK control run are 

shown in Fig. 13.23. We see that the spectra have a similar shape and amplitude, but the 

WK low-shear and high-shear runs have lower and higher amounts o f westerly momentum
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Fig. 13.20. Plot o f the momentum flux p0 u'w' as a function o f height due to westward-propagating (thick 
solid line) and eastward-propagating (thin solid line) waves for the TC no jet run. Their sum is repre­
sented by the dashed line.

flux, respectively. Also, the peak that is near -25 m s '1 in the WK control run is shifted to 

lower and higher phase speeds for the WK low-shear and high-shear runs, respectively. 

The vertical profiles o f the easterly, westerly, and total momentum fluxes are shown in Fig.

13.24. In this figure, we see that the westward momentum fluxes are fairly similar between 

the WK control and WK low-shear runs, while the WK low-shear run produces slightly 

more eastward momentum flux. One possible explanation for this behavior is that varia­

tions in shear that do not change the morphology o f  the storm itself will not have a signifi­

cant contribution to the overall gravity wave source term, as we saw in Chapter 6. This is 

to be distinguished from the WK calm simulation, which produced a significantly different 

storm structure, or a simulation with shear that was so high that persistent convection was 

inhibited. The WK high-shear run produced slightly less westward momentum flux, but 

considerably more eastward momentum flux.
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Fig. 13.21. Plot of the momentum flux p 0u'w' at 14125 m (solid), 21125 m (dotted) and 28125 m 
(dashed) as a function o f horizontal phase speed for the WK calm run.

13.6. Impact o f  ice microphysics
It is of interest to see what effects the deletion o f  ice microphysics has on the simu­

lated convection and attendant gravity waves. Since the freezing o f water in deep convec­

tive clouds is associated with latent heating in addition to that provided by the 

condensation o f water vapor, we might expect simulated convection without ice micro- 

physics to be weaker than that with ice microphysics. Also, as we saw in the gravity wave 

source analysis o f Chapter 6, diabatic heating was a significant contributor to the produc­

tion of gravity waves. The momentum flux spectrum o f the WK no ice run is shown in Fig.

13.25, and is largely similar to that of the WK control run. There does seem to be more 

dissipation in the WK no ice run between the altitudes o f 14 km and 28 km than for the 

WK control run. This is particularly evident in a comparison o f Fig. 13.26 to Fig. 13.10. 

One explanation for this behavior is that the concentration o f cloud ice in the upper tropo­

sphere is actually smaller in the WK control run than the WK no ice run, as shown in Fig.
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Fig. 13.22. Plot of the momentum flux p 0u'w' as a function of height due to westward-propagating (thick
solid line) and eastward-propagating (thin solid line) waves in the WK calm run. Their sum is repre­
sented by the dashed line.

13.27. This phenomenon is somewhat surprising at first glance, but can be explained by 

examining how autoconversion is treated in ARPS (and many other models, M. Khairout- 

dinov, personal communication). The threshold for the conversion of cloud liquid water to

rain is 2 g kg '1, while the threshold for the conversion o f  cloud ice to snow is 0.6 g k g _1. 

In the upper troposphere, the concentration of cloud condensate is generally below 2 g 

kg '1, but snow is only allowed to remove this moisture in the simulation with ice. Pandya 

and Alexander (1999) have shown that short-wavelength waves can be reflected when 

encountering an area with a low effective Brunt-Vaisala frequency, such as a cloud anvil. 

Therefore, we would expect the waves in the WK no ice run to be damped more strongly 

than in the WK control run. Also evident in Fig. 13.27 is the fact that these simulations did 

have some overshooting convection, as seen by the nonzero cloud concentrations above z  

= 12 km.

147

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.010

0.005
01
O)JC

0.000Xa

Ea
-0.005c

1o
2

-0.010

-0 .015 L  
-60 6020 40-40 0-20

Phase speed (m/s)

Fig. 13.23. Plot o f the momentum flux p 0u'w' at 14125 m for the WK control ran (solid), low-shear ran 
(dotted), and high-shear ran (dashed).

In this chapter, we have seen that simulated midlatitude and tropical squall lines pro­

duce a wide spectrum o f gravity waves that propagate into the stratosphere, in terms o f 

both frequency and wavenumber. The most prominent periods and wavelengths were in 

the range o f 10-60 minutes, and 10-100 km, respectively. These values are comparable to 

those o f similar modeling and observational studies. We have also seen that the wave 

modes identified by the EOF analysis were similar in character to those seen in the Fourier 

analysis. The partitioning o f momentum flux by phase speed showed that the waves simu­

lated by the WK control, low-CAPE and high-CAPE runs were quite similar in properties 

other than amplitude, which indicates that atmospheres with the same upper-level thermo­

dynamic and shear profiles tend to support the generation o f similar spectra o f waves. 

When we examined the WK low-shear and high-shear runs, we found that the wave spec­

tra produced were again broadly similar to those o f  the WK control run, but the position of 

the peak o f the westward-propagating waves was found to shift to higher phase speeds for 

higher values o f  shear. The simulation without ice microphysics showed that the role o f
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Fig. 13.24. Plot of the momentum flux p 0u’w’ as a function o f height due to westward-propagating
(thickest lines) and eastward-propagating (thinnest lines) waves. Their sum is represented by the lines of 
medium thickness. The WK control run, low shear run and high shear run are denoted by solid, dotted, 
and dashed lines, respectively.

ice microphysics in the generation o f simulated gravity waves was relatively small, for the 

particular case tested. One could imagine the deletion of ice microphysics having a stron­

ger role for other thermodynamic soundings.

The TC control run generated a spectrum o f  gravity waves that was quite different 

from that o f the WK runs. The waves had a much smaller amplitude than the WK runs, 

and were also less biased towards westward-propagating waves. In the case o f the TC no 

jet run, the eastward-propagating waves were actually stronger than the westward-propa­

gating waves.

Many o f the results in this chapter indicated that although the net momentum flux gen­

erated by a simulated squall line might be quite small (or even zero in the case o f the WK 

calm run), the magnitudes o f the positive and negative momentum fluxes could actually be 

fairly large. This is an important point, in that parameterizations that assign a single phase 

speed to the gravity waves generated by convection (Kershaw 1995; Boussuet et al. 1998;
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Fig. 13.2S. Plot of the momentum flux p„ u'w' at 14125 m (solid), 21125 m (dotted) and 28125 m (dashed) 
as a function of horizontal phase speed for the WK no ice run.

Chun and Baik 1998; Roadnight 1999) cannot account for this. In the following chapter, 

we will study the effects of adding easterly and westerly shear layers in the stratosphere.
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Fig. 13.26. Plot of the momentum flux p 0u'w’ as a function of height due to westward-propagating (thick
solid line) and eastward-propagating (thin solid line) waves in the WK calm run. Their sum is represented 
by the dashed line.
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Fig. 13.27. Comparison of time-averaged, zonal mean cloud condensate (cloud liquid water plus cloud 
ice) for the WK control run (solid line) and WK no ice run (dashed line).

152

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 14: Effects of varying stratospheric shear

As stated in Chapter 8, Eliassen and Palm (1960) and subsequent authors have noted 

that waves propagating vertically through the atmosphere will not change the mean flow 

unless the waves’ momentum flux is deposited. This can occur due to critical level absorp­

tion or wave breaking. Critical level absorption occurs when the phase speed of a wave 

matches that of the mean flow, whereas wave breaking occurs when the amplitude o f a 

wave is sufficient to cause low Richardson number instability (see Chapter 9; Lindzen 

1981). The most important mechanism for momentum flux deposition in the simulations 

performed in this chapter is critical level absorption.

201-

E
N

•20 0 20 40
Zonal wind (m/s)

Fig. 14.1. Plot of wind profiles as a  function of height for the three cases. The easterly shear case 
is dashed, the westerly shear case is dotted, and the no shear case is solid.
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Three simulations were performed with identical tropospheric soundings. These corre­

spond to the WK control, WK easterly stratospheric shear, and WK westerly stratospheric 

shear cases listed in Table 1 o f Chapter 5. As shown in Fig. 14.1, the wind in each of the 

soundings asymptotically approaches 15 m s '1 from the surface to the tropopause atz  = 12 

km, with the majority o f  the tropospheric shear in the lowest 3 km. In the control case, the

wind stays at 15 m s '1 through the stratosphere, while the westerly and easterly shear cases 

contain a linear shear layer between 15 and 25 km that has a magnitude o f ±30 m s '1, and 

then no shear above 25 km. The magnitude o f the shear in the two shear profiles is compa­

rable to that of QBO shear layers (Baldwin et al. 2001). The three wind profiles used are 

shown in Fig. 14.1.

The potential temperature surfaces and cloud outlines the no shear, westerly shear and 

easterly shear simulations are shown in Fig. 14.2, Fig. 14.3, and Fig. 14.4, respectively.

The outline of 0.1 g kg’1 cloud condensate is indicated by a thick contour in all figures. 

The behavior o f the simulated storms is very similar in the troposphere between the three 

simulations, as would be expected. After an initial upright orientation to the storms at 2 

hours, the storms develop a cold pool which becomes stronger with time. This causes a 

rearward tilt to the main updraft, similar to what Fovell and Ogura (1988) observed in their 

two-dimensional simulation o f midlatitude convection. It should be noted that in all of 

these simulations, the periodic boundary conditions allow low-frequency, westward-prop­

agating waves to eventually appear in the eastern portion o f the domain, and vice-versa.

In the stratosphere, we see a significant amount of both eastward- and westward-prop­

agating waves in the no shear case at 2 hours, but the westward-propagating waves 

become dominant as time goes on. This has been observed in similar simulations (Fovell 

et al. 1992; Alexander et al. 1995), and is likely due to the rearward tilt o f the mature 

squall line. An alternative explanation for this behavior (similar to that o f Lane et al. 2001) 

is that the environment o f the source region o f the gravity waves experiences increasingly 

intense easterly winds, causing an initially isotropic spectrum o f waves to become shifted 

towards the production o f westward-propagating waves. After 8 hours have passed, the 

wave activity in the lower stratosphere has decreased, corresponding with the weakening 

o f the storm.
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Fig. 14.2. Potential temperature contoured at 15 K intervals for the no shear case after a) 2 hours; b) 4 hours; c) 6 hours; d) 8 hours.
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Fig. 14.3. Potential temperature contoured at 15 K intervals for the westerly shear case after a) 2 hours; b) 4 hours; c) 6 hours; d) 8 hours.
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In the westerly shear case, we see waves propagating to the east and west in the lower­

most stratosphere (between 12 and IS km) after 2 hours, but the waves with positive phase

15 7
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speeds relative to the storm become damped within the shear layer. The bias towards west­

ward-propagating waves is even more pronounced in the westerly shear case than the no 

shear case at 4 and 6 hours, due to wave absorption. This wave absorption is shown here 

with potential temperature perturbations that decrease in amplitude with height. As we 

saw in section 8.2., this can also be interpreted as a decrease o f height perturbations on 

isentropic surfaces. It is interesting to note that the eastward-propagating waves that do 

survive above the 25 km level amplify with height, as would be expected due to the den­

sity effect. These waves apparently have phase speeds that are faster than the 30 m s '1 o f 

the shear layer. As these waves propagate to the east, they eventually interfere with the 

wave pattern o f the westerlies (see Fig. 14.3c).

0.010

v  0.005 
2
Xa
g 0.000
a
c
1
S  -0 005

-0.010
•40 60-60 -20 20 400

Phase speed (m/s)

Fig. 14.S. Plot of the momentum flux p0u'w' at 14125 m (solid), 20125 m (dotted), and 25125 m 
(dashed) for the WK westerly shear run as a function of intrinsic horizontal phase speed.

In the easterly shear case, there is a clear dominance o f  eastward-propagating waves 

after 2 hours, with the westward-propagating waves becoming absorbed by the mean flow. 

This bias is not as apparent after 4 hours, probably because the absorption of the west-
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ward-propagating waves is offset by the lack o f production o f eastward-propagating waves 

that is due to the tropospheric storm structure.

The behavior o f the momentum flux spectra with height for the westerly and easterly 

shear runs are shown in Fig. 14.S and Fig. 14.6, respectively. We see that the momentum 

flux has a similar structure at z = 14.125 km for both runs, but the waves with positive 

phase speeds less than 30 m s '1 are absorbed within the shear layer o f the westerly shear 

run, as would be expected from the results o f  Eliassen and Palm (1960) detailed in Chapter 

8. Similarly, the waves with negative phase speeds are preferentially absorbed within the 

shear layer o f the easterly shear run.

0.010 r

0.005 b(0
2
Xs

0.000 kE3
C

1oS -0.005

-0.010 L  
•60 -40 -20 20 40 600

Phase speed (m/s)

Fig. 14.6. Plot of the momentum flux p 0u'w' at 14125 m (solid), 20125 m (dotted), and 25125 m (dashed) 
for the WK easterly shear run as a function of intrinsic horizontal phase speed.

The absorption o f individual waves within a phase speed interval o f ± 1 m s '1 in the 

westerly and easterly shear runs are shown in Fig. 14.7 and Fig. 14.8, respectively. In these 

figures, the normalized momentum flux o f the waves was calculated by dividing the 

momentum flux in the shear runs at each level by the momentum flux from the no shear 

run at the same levels. This allows the effects of any wave attenuation not associated with
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the presence o f shear to be removed from the analysis. In both the easterly and westerly 

shear runs, the momentum flux o f individual waves remains relatively constant with height 

until the waves reach a level approximately 5 km below the critical level, with the excep­

tion of the -29 m s '1 case. Even for this wave, the attenuation is considerably faster in the 5 

km below the critical level. Almost all o f the waves’ momentum flux is absent once the 

waves reach their critical level, as would be expected from the results o f Eliassen and Palm 

(1960).

30

25

EJC
N

20

0.0 0.2 0.4 0.8 1.20.6 1.0
Normalized momentum flux

Fig. 14.7. Plot o f the normalized momentum flux associated with waves with intrinsic phase 
speeds of 13 m s*1 (solid) and 29 m s'1 (dashed) for the WK westerly shear run. Critical lev­
els for the waves are shown as horizontal lines with the same patterns.

The change o f  the mean zonal flow in the model atmosphere for the three cases after 

10 hours is shown in Fig. 14.9. I f  we ignore the effects o f  the sponge layer at 32 km, the 

behavior o f the mean flow in the stratosphere is as one would expect. Below the shear 

layer, all three cases experience a westerly acceleration o f  the flow, due to the upward 

extension o f  the momentum transport by the convection itself. The atmosphere o f the east­

erly shear case experiences a negative acceleration in the shear layer, associated with the 

absorption o f waves with negative phase speeds. Conversely, the westerly shear case is
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associated with a positive acceleration in the shear layer, due to the absorption o f waves 

with positive phase speeds. The no shear case is associated with relatively little wave 

absorption in the 1 5 -2 5  km layer, although the dominance of waves with negative phase 

speeds does apparently lead to a slight deceleration o f the flow.

E
N

15 h

j  I . ■ , I___________  _ L _  . /  . i _______________ ! ■

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Normalized momentum flux

Fig. 14.8. Plot o f the normalized momentum flux associated with waves with intrinsic phase 
speeds of -29 m s"1 (solid) and -IS m s '1 (dashed) for the WK easterly shear run. Critical levels 
for the waves are shown as horizontal lines with the same patterns.

We have seen that the simulated squall line convection produces a spectrum o f gravity 

waves which cause the westerly and easterly winds in the stratosphere that match the 

phase speeds of the waves to become stronger as the waves are absorbed. The acceleration

o f the mean flow within the stratospheric shear zones by approximately 1 m s '1 after 10 

hours (or 2.4 m s '1 day '1) would certainly be large enough to argue for the significance of 

gravity wave forcing o f  the QBO, and indicates that such forcing may be important in mid­

dle latitudes when convection is active. However, caution should be exercised when 

extending the results o f  the above simulations o f  mid-latitude squall lines to the decidedly 

tropical QBO. If we assume that the amplitude o f the wave momentum flux spectrum 

associated with the TC control run is more representative o f tropical convection (about one 

tenth that o f the WK control run, see Fig. 13.16 o f Chapter 13), then an acceleration o f the
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Fig. 14.9. Plot o f the deviation of the zonal mean zonal wind as a function of height for the 
three cases after ten hours. The easterly shear case is dashed, the westerly shear case is dotted, 
and the no shear case is solid.

mean flow by 0.24 m s"1 day*1 within the stratospheric shear zones could still be important

for the QBO, since the observed QBO zonal shear zone accelerations are approximately

0.2 m s '1 day"1 for the westerly phase and -0.13 m s*1 day '1 for the easterly phase (Piani et 

al. 2000; Dunkerton and Delisi 1985). The importance o f gravity waves generated by 

MCS convection on the QBO largely depends upon the amount o f MCSs that occur in the 

tropics (Piani et al. 2000). Following Piani et al. (2000) and Mohr and Zipser (1996), we 

assume that the density o f MCSs in the tropics is approximately 1 per every 1350000 km2. 

If the MCS simulated in the TC control run were constant in the meridional direction and 

contained in a hypothetical 600 x 600 km box, we have a simulated MCS density o f 1 per

every 360000 km2, or 4.5 times more dense than observed. Accounting for this factor, and 

if  the system in the TC control run is representative o f  actual convection, we would then

expect the accelerations due to MCSs to be approximately 0.05 m s*1 day*1. If  we also take 

into account a reduction by a factor of two due to the effects o f Brewer-Dobson upwelling

(Dunkerton 1997), this acceleration is approximately 0.03 m s '1 day*1.
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In this chapter, we have examined the behavior o f convectively generated gravity 

waves propagating in a stratospheric shear zone. The absorption o f these waves has been 

shown to be an important means by which the mean flow in the middle atmosphere can be 

changed. In the following chapter, we will describe a parameterization for these waves.
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Chapter 15: A parameterization o f convectively generated gravity wave 
drag

For a parameterization of convectively generated gravity waves, we need to establish 

the following:

• What conditions will trigger the waves?

• How do we relate the amount of momentum flux (or wave energy flux) at the top o f the 

convection to properties of the convection itself?

• What characteristics of the waves do we need to know (wavelength, phase speed), and 

how can we assign values to these quantities based on properties of the simulated con­

vection?

• How is the momentum flux imparted to the mean flow (critical level, Kelvin-Helm- 

holtz instability, etc.)?

• How should wave reflection be accounted for?

Note that the final two points in the above list also need to be accounted for in parameter- 

izations o f  orographic gravity wave drag. In the discussion below, we will begin with a 

discussion o f the relationship between the wave energy flux and wave momentum flux 

spectra. Then, we will review the Arakawa-Schubert (1974) parameterization, as imple­

mented in the CSU GCM (Pan and Randall 1998). Following this, we will review the 

“transient topography” mechanism for the production of gravity waves by convection 

given by Pfister et al. (1993), and then propose a modified version for this work. Finally, 

conditions for the absorption and reflection o f  waves will be discussed.

If we want to relate the wave energy flux p 'w '  to the wave momentum flux u 'w ' , we 

can use the following Eliassen-Palm (I960) relationship for discrete waves:

p 'w ’(c) = - p 0cu 'w '(c ). (15.1)
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Here, c is the intrinsic phase speed u — c . Here, the spectrum of wave momentum flux is 

treated as the input, and the wave energy flux is treated as the output. A test of the above 

relationship for the convectively generated waves is shown in Fig. 15.1. In this figure, we

have taken the time-averaged Eulerian-mean p 'w ' , and compared it to a summation of the 

RHS o f  (15.1). We see that the agreement is very good in the model stratosphere, but con­

siderably worse in the model troposphere. Since we expect gravity waves to dominate the 

motion fields in the stratosphere but not the troposphere, this result makes sense. Appar­

ently, the triple-moment and forcing terms in relationships such as (8.67) are not negligi­

ble in the troposphere. Note that this relationship holds up well in the model stratosphere 

o f several other simulations, as shown in Fig. 15.2.

30 h

25 h

EJC

10

*6 2 0 2 4-4
Wave energy flux (W m‘1)

Fig. 15.1. Comparison of time-averaged Eulerian-mean wave energy flux (solid line) to a summation of 
the RHS o f (15.1) (dashed line) for the WK control run.

When both the wave energy flux and wave momentum flux are accounted for, it is 

important to note that the total amount o f wave energy flux implied by differentmomen-

tum flux spectra can be quite different. In particular, a spectrum of u’w'(c)  with too much
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power at high intrinsic phase speeds will imply that too much perturbation kinetic energy 

is leaving the troposphere via vertically propagating gravity waves, as will be explained 

further below. In Fig. 15.3, we have a comparison between the AD99 spectrum o f momen­

tum flux, and a sinusoidal spectrum that is nonzero for |c| < 60 m s*1, each with the same 

total amount o f  easterly and westerly momentum flux (0.08 kg s '1). The total wave energy 

flux is different by a factor of 1.6, however, with the AD99 spectrum yielding 7.7 W m '1 

o f  wave energy flux, versus 4.8 W m*1 for the sinusoidal spectrum. In Fig. 15.4, the func­

tional dependence o f p 'w ’ on c is shown. Note that the maximum in p 'w ' (c )  is at a 

phase speed that is higher than the maximum in u'w'(c)  for both spectra, but the shift is 

larger between the AD99 u'w'(c)  and p ’w'(c)  spectra (from 25 m s '1 to 50 m s '1) than 

the corresponding shift between the sinusoidal u’w'(c)  and p'w '(c)  spectra (from 30 m 

s"1 to 40 m s '1). Also note that the AD99 spectrum is associated with significant amounts 

o f  wave energy flux at high (|c| > 100 m s '1) phase speeds.

Many middle atmosphere gravity wave parameterizations (Lindzen 1981, Fritts and Lu 

1993; Hines 1997a,b) have focused on the issue o f saturation. AD99 note that the simple 

parameterization o f Lindzen and Holton (1968) (in which all o f the momentum flux asso­

ciated with a given phase speed is deposited at the critical level) works well within the 

lower stratosphere, but cannot account for the waves that amplify to the point o f breaking 

(as is eventually required due to the decrease o f  density with height) without encountering 

their critical levels.

The existing multiwave parameterizations for convectively generated gravity waves 

(Rind et al. 1988, AD99) use a launch height near the tropopause for the waves. Since the 

results in Chapter 13 from the TC simulations indicate that momentum flux can be pro­

duced by clouds that do not extend through the depth of the troposphere, a launch height 

within the troposphere may be more appropriate. The bias of the momentum flux spectrum 

tends to be in the direction of the tilt o f  the convection. Since this tilt is generally the result 

o f  shear within the troposphere, this implies that the sign of the momentum flux due to the 

convection itself may be linked to the sign o f  the net momentum flux due to the waves. A 

complicating influence within the cloudy troposphere is the presence o f  moisture, which
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Fig. 1S.2. Comparison o f time-averaged Eulerian-mean wave energy flux (solid lines) to a summation of 
the RHS of (15.1) (dashed lines) in the model stratosphere for the WK control run (black), WK low- 
CAPE run (red), WK high-CAPE run (blue), WK low-shear run (green), and WK high-shear run (violet).

lowers the effective Brunt-Vaisala frequency (Durran and Klemp 1982), and filters out 

waves with short horizontal wavelengths (Pandya and Alexander 1999).

As noted in Chapter 7, the prognostic equation for perturbation kinetic energy can be 

written as

dt \
d r Poui'ui'} + d fPpSyW + PoUjUt'Uj

f . ,  f , ,  t

d Xj\

dll;
(15.2)

where e represents dissipation. If  we associate the perturbations in (15.2) with the circula­

tions caused by moist convection inside a grid cell of a large-scale model, we can define 

the cumulus kinetic energy (CKE) as the vertical integral of the perturbation kinetic 

energy, or
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Fig. 15.3. Comparison of momentum flux within I m s*1 phase speed bins for the AD99 spectrum (solid) 
and a sinusoidal spectrum (dashed) that has an identical total amount of eastward and westward momen­
tum flux.

* - r :
■s P0u i u i dz, (15.3)

following Pan and Randall (1998). Here, z T and zs stand for the heights o f the cloud top,

and the surface, respectively. I f  we neglect horizontal transports and the triple moment 

term, (15.2) has the form

= B + S - D - R ,
dt

where B represents the production o f CKE by buoyancy

^  f s s. PoS-TTs;.

(15.4)

•’Zr o
(15.5)

and S  represents the production o f CKE by shear

fZS  dti:
s  = - L P o « / '« / a r * . (15.6)
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Fig. 15.4. Comparison of wave energy flux within 1 m s '1 phase speed bins for the AD99 spectrum 
(solid) and a sinusoidal spectrum (dashed) that has an identical total amount o f eastward and westward

and D  represents the viscous dissipation of CKE

D = f s edz.  (15.7)
ZT

The final term in (15.4) represents the energy loss due to the radiation o f vertically propa­

gating gravity waves (see Stull 1976), or

R = y ^ \ z T). (15.8)

In Fig. 15.5, we compare the above term to the triple-moment terms in (15.2) for the 

WK control run at four separate times. We see from this figure that although the triple­

moment terms are important in the troposphere, p ’w' is dominant within the stratosphere. 

Similar results were obtained in the TC control run. This indicates that the only important 

flux o f energy out o f the model troposphere appears to be due to the wave energy flux. In

addition, the distribution o f p ' w ’ is far more continuous across the tropopause than that o f 

the net momentum flux p0u 'w ' . This may be because as we saw in Chapter 13, there
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exists a substantial amount o f eastward- and westward-propagating waves in the lower tro­

posphere o f the WK control run (as well as most other simulations), each of which has a

positive contribution to the total p 'w ' , while these oppositely propagating waves partially 

cancel each other out in terms o f  the net momentum flux.

The Arakawa-Schubert (1974, also see Schubert 2000) cumulus parameterization is a 

way to account for the effects o f subgrid-scale cumuli in large-scale models. Since there is 

typically an ensemble o f shallow and deep cumuli coexisting within the area represented 

by a single grid cell, each cloud-top height is assigned a separate “type,” or subensemble. 

Since the heating and drying effects o f cumulus convection can be determined in terms o f 

a mass flux into the cumuli, we need to determine this mass flux. The prognostic equation 

for the CKE o f each subensemble in the Arakawa-Schubert cumulus parameterization as 

implemented by Pan and Randall (1998, also see Randall and Pan 1993) is a representa­

tion o f (15.4) with only the B  and D  terms, and is given by

where s  takes on different values for each subensemble, K  is the CKE, A is the work done 

by each cloud element due to buoyancy, M B is the mass flux into the cloud at its base, and

D  is the dissipation rate o f CKE. If we introduce a dissipation time scale z D for the CKE,

(15.9) becomes

As Randall and Pan (1993) state, if  A is defined to represent the effects that liquid water 

and ice have on buoyancy, the dissipation term o f (15.10) represents only the effects o f  

true kinetic energy dissipation. However, additional terms on the RHS of (15.10) can be 

introduced that include the effects of vertically and horizontally propagating wave genera­

tion by the cumuli. The sign o f a term for the vertically propagating waves will be cer­

tainly be negative, as the waves represent energy produced by the convection that becomes 

lost to the middle and upper atmosphere, where new moist convection cannot be gener­

ated. In the case o f horizontally propagating waves, it is likely that at least some new con­

vection may be triggered by the waves (Mapes 1993).

= Afg( s ) A ( s ) - D ( s ) (15.9)

(15.10)
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If we focus on the effects o f the vertically propagating waves denoted by W v , we 

might be tempted to introduce another term in the same form as the dissipation in (15.10):

R = . (15.11)
V

An estimate o f the time scale x v can be obtained by measuring the turbulent kinetic 

energy o f the troposphere in a mesoscale model that contains active convection, and then

dividing this quantity by the wave energy flux p ’w ' . A graph o f this timescale for a vari­

ety o f the squall-line simulations is shown below in Fig. 15.6. After the waves have had a

Vertical integral of perturbation KE divided by wave energy flux at tropopause + 2km 
le+05  ------------------------------------------------------------------------------------------------------------------

—  TOGA-COARE
—  WK, low CAPE
—  WK, med CAPE
—  WK, high CAPE

LU
8e+04 -

S 6e+04 -

o  4e+04 -•

3  2e+04

10800 252007200 14400 18000 21600
Time (s)

Fig. 15.6. Integrated perturbation kinetic eneigy of the troposphere divided by the wave energy flux at an 
altitude of 2 km above the model tropopause (14 km for the WK runs, 21 km for the TC run) versus

chance to propagate into the stratosphere, the timescale tends to oscillate around ten hours 

for the WK runs, but is highly variable for the TOGA-COARE run. These results indicate 

that using an equation with the form of (15.11) is likely not the best approach, unless the 

dependence o f x v on other variables is derived.

If an equation such as (15.4) is to be used for the MCS, the sensitivity o f the CKE to 

grid size should be considered. The horizontal domain o f 900 km used in the simulations 

in this study is larger than a typical modem GCM grid cell size. We can calculate the CKE 

inside the central 700, 500 and 300 km o f the mesoscale simulation. If large amounts o f
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the CKE associated with the simulated MCS are outside o f a given horizontal scale, then 

we know that more than one GCM grid cell o f  that scale may be necessary to represent the 

CKE o f a parameterized MCS.

In Fig. 15.7, we see that in the developing (first two hours) stage of the storm, the per­

turbation kinetic energy due to the central 300, 500 and 700 km are quite close to that o f 

the entire domain. However, in the mature stage ( 3 - 7  hours) o f the simulated storm, the 

perturbation kinetic energy is quite large outside o f the central 300 and 500 km, although 

the CKE due to the central 700 km is still quite close to that o f the entire domain.

Vertically integrated perturbation kinetic energy in the troposphere
l.25e+05

Entire domain 
Central 700 km 
Central 500 km 
Central 300 kml.00e+05

^  7.50e+04
r ' V

5.00e+04

2.50e+04

7200 14400 21600 28800 36000
Time (s)

Fig. 15.7. Time series of vertically integrated perturbation kinetic energy density (J m'2) of the model tro­
posphere, over the entire domain, the central 700 km of the domain, the central 500 km, and the central 
300 km for the WK low-CAPE run.

The perturbation kinetic energy with cloud masking applied (see Chapter 12) for the 

central 300,500 and 700 km o f the domain is shown in Fig. 15.8. This figure indicates that 

the portion o f the CKE that is contained within cloudy air is practically insensitive to grid 

size, at least over this range of grid sizes.

In addition to the effects o f the waves on the CKE, we need to address the transforma­

tion o f symmetric spectra such as those shown in Fig. 15.3 to the asymmetric profiles that 

we saw in Chapter 13 and Chapter 14. Some insight into this may have been provided by a 

model o f convectively generated gravity waves given by Pfister et al. (1993; hereafter
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Fig. 1S.8. As in Fig. 15.7, but only including points with cloud condensate concentrations > 0.1 g kg'1.

P93). In their model, convection acted as transient topography, and shear between the tro­

posphere and stratosphere was allowed to adjust the spectrum, as shown in Fig. 15.9. Note 

the qualitative similarity between the momentum flux spectrum associated with the 

u0 = 0 case in Fig. 15.9 and that o f the WK calm run shown in Fig. 13.21, although the

maximum and minimum values o f  p0u ’w’ are located at smaller (approximately ±8 m s* 

*) phase speeds.

The spectra shown in Fig. 15.9 were calculated by P93 assuming that the transient 

topography had the form of

h ( x , y , t )  = f ( x ) f ( y ) g ( t ) ,  

with the spatial and temporal functions given by

(15.12)

and
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Momentum Flux tor Different Tropopause Winds 
Phase Speed Spectrum
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Fig. 15.9. Momentum flux spectra calculated by Pfister et al.
(1993) for a “transient mountain” impinging upon the tropo­
pause, which has various wind speeds relative to the mountain.

g(t)  =

0,
, 3 / 2

t < tQ +  T

< t < t Q + X
T L l " cosl — —̂ JJ

0, r > / 0 + T,

(15.14)

respectively, with an additional / (y ) defined in the same manner as f { x ) . Here, P93 

used parameter values o f L x = 65.6 km, L2 = 656 km, g 0 = 300 m, and t  = 5 h. 

These values were chosen to represent the “topographic” effect of the anvil of an MCS on 

the stratosphere. The amplitude g0 was obtained from observed deviations in the height of

potential temperature surfaces in the lower stratosphere. Representations o f f ( x )  and 

g ( t ) are shown in Fig. 15.10. From these figures, the characteristic width and time o f the 

convective topography can be estimated as 200 km and 5 hours, respectively. With the 

above forms o f f ( x )  and g ( f ) , P93 formed an expansion of h(x, y, t ) in Fourier coeffi­

cients:
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Fig. 15.10. Plots o f  a) /(x ) and b) g(r) from (15.13) and (15.14), respectively, using the 
parameters assigned by P93.
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(15.16)

(15.17)

The height field was then related to vertical velocity using the boundary condition

where u0 represents a mean wind speed (see Holton 1992, p. 205 for the analogous appli 

cation to orographic waves). In the P93 formulation, uQ is interpreted as the wind at the

tropopause relative to the convective system. In our formulation, this quantity is inter­

preted as the difference between the zonal wind inside the convective updrafts and the 

large-scale wind, which we measured in Chapter 12 for several simulations. Using 

(15.15), P93 note that the expression for w' can be stated in terms o f Fourier amplitudes 

as

Using the polarization relationships for gravity waves (see Chapter 1), a similar expression 

can be derived for the Fourier representation o f the horizontal component o f velocity,

(15.18)

(15.19)

(15.20)

Here, k : corresponds to the vertical wavelength,

(15.21)

Here, we have used the definitions

2 = 4 n 2( j 2 + m2) 
L2

(15.22)

(15.23)
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Combining (15.19) and (15.20), P93 obtained the following expression for the momentum 

flux associated with a given wavenumber and frequency:

= ^<-UJmnw ’Jmn + UJmnWlm„). (15.24)

Then, we can calculate the amount o f area- and time-integrated momentum flux within a 

phase speed interval by performing the summation given by

_ A/ M j T ( c  + §c) /L

= I  I  ( P o ^ ' W  (15.25)
j  — 1 m = —M  n = j T c / L

The P93 formulation can also be restated to represent the effects o f  convective updrafts 

rather than a mesoscale anvil. To do this, we want to use parameter values in / (x) and 

g( t )  that represent shorter length and time scales. In Chapter 12, we saw that typical 

widths o f  the updraft points are approximately 10-15 km in the upper troposphere. Typical 

timescales for the updrafts are approximately 15-30 minutes. The wind speed o f the ambi­

ent air uQ relative to the convection can be interpreted as - u up’. In Fig. 15.11, we have 

performed similar calculations to those o f P93 shown in Fig. 15.9, except with no modes 

in the meridional direction, and with L x = 6.56 km, L2 = 65.6 km, and z = 20 min.

Note that these length scales combine to represent a height perturbation with a width of 

approximately 20 km. Other values o f these parameters were tried, but this combination is 

consistent with the spatial and temporal scales illustrated in Chapter 12, and produce spec­

tra similar to those shown in Chapter 13. When large values o f x are used, the spectra tend 

to become peaked at c = - u 0, or c = 0 .  This is apparent in Fig. 15.9 for large values of 

u0 , and would also be present for sufficiently large values of u0 for the length and time

scales that we have used.

We used 800 modes in the spatial and temporal domains, corresponding to a minimum 

horizontal wavelength o f 10 km and a minimum period of 4.8 minutes. When additional 

modes were added, the shapes o f  the spectra did not change noticeably. The shapes of the 

spectra are also relatively insensitive to the use of meridional modes, at least when a sym­

metric structure such as those used in P93 are used. Note that in this figure, we have used 

the intrinsic phase speed, rather than the ground-relative phase speed to facilitate compari-
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son with the figures in Chapter 13. Also, the amplitudes of the spectra in Fig. 15.11 are 

normalized so that the peaks o f the uQ = 0 line are equal to ±1.

We can see several similarities between these spectra and those calculated in Chapter 

13. The peaks of the uQ = 0 spectrum are located at approximately c = ±17 m s '1. This

is quite close to the value seen in the WK calm run in Fig. 13.21. We also see an asymme­

try between the magnitudes o f the momentum fluxes associated with the eastward- and 

westward- propagating waves that increases with u0 . The increase in u0 is also associated 

with an increasing asymmetry in the position o f the peaks, with the negative peak moving 

towards more strongly negative values o f c , and the positive peak moving to lower values 

o f c . Also, the momentum flux curves trail off towards zero at high phase speeds, in 

accordance with the spectra calculated from the model simulations, although the decrease 

is not as rapid. However, the decrease is much more rapid than that o f the AD99 spectrum 

(see Fig. 15.3).

2

1 E-

“3 E I ,____;____I____,____,____,____I____,_________,____LO L I ,___; I ,___,___, I ,______,___I___,___,___, I ,___,___, I i ,___  r

-60 -40 -20 0 20 40 60
Intrinsic phase speed (m/s)

Fig. 15.11. Comparison of modified P93 profiles versus intrinsic phase speed for u0 = 0 m s '1

(black line), 50 = 5 m s '1 (red line), fi0 = 10 m s '1 (blue line), and u0 = 15 m s‘l (green line).
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There are also some differences between the curves plotted in Fig. 15.11 and those of 

Chapter 13. One difference is that the parameterized spectra are more smooth than those 

from the simulations. One explanation is that there are multiple temporal and spatial scales 

present in the updrafts produced by the simulations. In addition, when large values o f L 

and T are used in (15.15) in comparison to the values o f L {, L2, and t  , smoother spectra

are produced. In addition, the spectra in Fig. 15.11 are not as flat near c = 0 . Since these 

waves are initially close to their critical levels, dissipation can affect them more readily 

than waves with higher intrinsic phase speeds.

P93 diagnosed the amplitude g Q from observations o f isentropic displacements. How­

ever, when similar values are used in our formulation, the amplitude of the momentum 

fluxes are far too small (by several orders of magnitude) in comparison to what we saw 

from the model results in Chapter 13. If  we instead use the entire depth o f the updraft as a 

proxy for g Q, we obtain values that are much more comparable to the model results. As

we mentioned in Chapter 6, the gravity wave source terms were large over a fairly large 

depth. This was also found to be the case in Lane et al. (2001). To identify the depth o f the 

updrafts from the model data, we calculate the depth over which there is an updraft with a 

width o f at least 5 km. The top o f  this updraft is then taken to be the launch height for the 

waves. The instantaneous addition o f a net momentum flux at the launch height (which 

will happen if  u’up *  0 ) will imply an acceleration below the launch height. However,

since the GCM also predicts momentum transport due to the convection itself (Cheng 

2001), and the amount o f momentum flux due to waves is comparatively small in the con­

vective layer (see Fig. 15.12), this effect should be relatively small.

Still another issue to be dealt with in a parameterization is that o f wave reflection. 

AD99 showed that this could be an important issue for short-wavelength waves in the 

mesosphere. As mentioned in Chapter 1 and Chapter 9, wave reflection occurs when the 

frequency o f the incident wave is higher than that o f the ambient atmosphere. This is not 

generally a problem in the stable stratosphere, but becomes an issue in the mesosphere, 

where the stability can become quite weak, as shown by Clark and Morone (1981). As 

noted in section 13.6 and Pandya and Alexander (1999), this phenomena can also occur in 

connection with the propagation o f  waves through cloudy air. The problem of wave reflec-
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Fig. IS. 12. Time-averaged momentum flux over different spans for the WK control run: 0-2 h 
(black line), 2-4 h (red line), 4-6 h (blue line), 6-8 h (green line), and 8-10 h (violet line).

tion necessarily brings about the additional issue o f how many horizontal wavenumbers to 

allocate to the phase speed spectrum. One physically plausible solution is to pick an initial 

single vertical wavelength, corresponding to twice the depth o f  the convection. If we 

assume that this vertical wavenumber is located at the phase speed with the highest 

momentum flux denoted by c = cmax, then we can solve for a single horizontal wave­

number. If computational resources allow, additional horizontal wavenumbers should be 

used, since the waves are certainly not monochromatic (see Fig. 13.4). Then, a spectrum 

o f vertical wavenumbers can be calculated from this horizontal wavenumber and the spec­

trum o f phase speeds, using a modified form of (1.11),

Note that there is an additional term in the parentheses that is related to the curvature of 

the flow. To the extent that the shear is linear, this term can be ignored. Those waves for

(15.26)
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which m2 < 0 can be eliminated, since these waves decay exponentially with height (Hol­

ton 1992, p. 205).

Here, we have used N m to represent the moist Brunt-Vaisala frequency, which is 

approximated by Durr an and Klemp (1982) as

m
l + (Lvqs/ R T) (idQ . dqw

dzQdz cpT d z (15.27)
1 + (E L } q , / c pR T 2)

for saturated air. Here, Lv represents the latent heat o f vaporization, qs is the saturation 

mixing ratio of water vapor, qw is the total (liquid plus vapor) water mixing ratio, T is the 

temperature, R is the ideal gas constant for dry air, and e is the ratio o f the gas constants 

for dry air and water vapor, with e = R / R v. Note that the moist and dry Brunt-Vaisala

frequencies will be quite close to one another in regions that are dry, such as the upper tro­

posphere. Thus, using the dry Brunt-Vaisala frequency is probably a reasonable approxi­

mation for deep convection. The condition given in (15.26) can also be used for waves in 

the middle atmosphere. In GCMs that do not extend into the mesosphere, wave reflection 

above the tropopause is probably not an important effect.

Consistent with the ray-tracing results o f Bretherton (1966), and Marks and Ecker- 

mann (1995) for a horizontally homogenous atmosphere, we assume that the (ground- 

based) frequency and horizontal wavenumber is constant for each wave. The vertical 

wavenumber of the waves can change, since the atmosphere within a grid box cannot be 

assumed to be homogeneous in the vertical. However, the vertical wavenumber is only 

used to calculate the initial horizontal wavenumber spectrum.

Vertically propagating waves that are not reflected must eventually be absorbed at a 

critical level or break. As Lindzen (1981) pointed out, wave breaking typically occurs at 

mesospheric heights. As we saw in Chapter 9, AD99 use a combination of the Lindzen 

(1981) and Lindzen and Holton (1968) approaches to diagnose wave breaking events. This 

method accounts for both wave breaking and As with wave reflection, this approach also 

depends upon the horizontal wavenumber, using the parameter

„ , , s _  P,  2 i V ( r > W )
Q"(c) - TU7)— tP— ' (l5'28>
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Here, pt is the density at the launch height. As mentioned in Chapter 9, the AD99

approach is that when Qn(c)>  1 for a wave, all o f  that wave’s momentum flux is absorbed

between zn and zn _ j , similar to Lindzen and Holton (1968). Note that this condition

must be fulfilled at some height even for high values o f c (e.g., easterly waves propagating 

through a deep layer of westerly winds), due to the decrease o f density with height.

20

0.0000 0.0001 0.0002 0.0003
N* (S '2)

0.0004 0.0005 0.0006

Fig. IS. 13. The square of the Brunt-Vaisala frequency versus height for the WK control (solid line) 
and TC control (dashed line) runs.

The steps o f the parameterization will be are as follows. We will use parameter values 

from the WK control run instead o f a large scale model. First, generate a spectrum of 

momentum flux as a function o f phase speed, using a value o f  u ' diagnosed from theIAf/

convective momentum transport parameterization o f the large-scale model to obtain the 

shape of the spectrum. From Fig. 12.5, we estimate a value o f  -5 m s’1. For the sake o f 

computational efficiency, a family o f  spectral shapes for different values o f u '  can beUfJ

generated and stored before the GCM simulation begins. To generate the spectrum, we 

also need values o f L j , L 2, x , g 0 , p , , and . For the first three parameters, we use the
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same values that produced the spectra shown in Fig. 15.11, with L , = 6.56 km,

L2 = 65.6 km, and t = 20 min. We diagnose g 0 from a calculation o f the root mean

square depth o f the updraft, which is 8668 m for the WK control run. The depth o f  the 

updrafts in the WK control run is shown as a function o f time in Fig. 15.14a. We calculate 

the root mean square rather than the arithmetic mean, since the momentum flux scales as

gfi . Since the maximum height o f the “mountain” is a factor o f J l  higher than g Q (see

(15.14)), we use a value o f 6129 m. The values o f p t and N*  are diagnosed from near the

top of the convection, and are taken to be 0.34 kg m '2 and 0.00012 s*2, respectively. The 

diagnosis o f is somewhat problematic, since the updrafts are sometimes quite close to

the tropopause, where there is a jump in the Brunt-Vaisala frequency (see Fig. 15.13). The 

initial parameterized spectrum, without taking the effects o f reflection and saturation into 

account, is shown as the dashed line in Fig. 15.15, and is compared to the spectrum calcu­

lated from the simulation itself. Note that both spectra are partitioned into bins o f ±1 m s '

l, so there are 60 bins represented in this figure. Also, we have multiplied the parameter­

ized spectrum by a factor o f 1707, which corresponds to the product o f the ratio o f the 

lengths o f the spectral and simulation domains (8000 km/900 km), the ratio o f the time 

scales o f the two domains (64 h/10 h), and the number o f 20-minute updraft cycles that 

occur in the 10-hour simulation (30). We see that the spectra are quite similar, although the 

parameterized spectrum does not fall off as quickly as the simulated spectrum. As we 

noted with the AD99 spectrum, this causes the wave energy fluxes to be unrealistically

high, 5.8 W m '1 in this case, as compared to 3.2 W m*1 (see Fig. 15.2). Also, the integrated 

momentum fluxes from westward- and eastward-propagating waves are too large, at -0.12 

Pa and 0.08 Pa, as compared to -0.07 Pa and 0.04 Pa (see Fig. 13.10).

As mentioned earlier, we need some information about the horizontal wavenumbers of 

the waves to take the effects of reflection and saturation into account. Using the depth of 

the updraft, a representative vertical wavenumber within the troposphere is diagnosed, 

corresponding to a wavelength that is twice the depth o f  the updraft. Using a figure o f

cmax = -18  m s '1 and m = 0.00036 m*1, we use (15.26), where we have neglected the
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effects o f  curvature in u , since there is relatively little shear in the WK control simulation 

near the tropopause throughout the simulation. We obtain a value o f k = 0.00048 m '1, or 

a wavelength o f approximately 13 km. This is on the short side o f what was directly calcu­

lated from the simulation (see Fig. 13.4), but is within the broad 10-100 km peak. This cal­

culation is quite sensitive to the value o f cmax that is used, introducing one possible source 

o f error. To represent the effects o f waves with higher and lower wavelengths, we assume 

that for each value o f  c , the momentum flux is partitioned equally among wavenumbers o f

0.00192 m '1, 0.00096 m*1, 0.00048 m*1, 0.00024 m 'l,and 0.00012 m‘l, corresponding to 

multiplications o f 4, 2, 1, 0.5 and 0.25 times the original value. This quintuples the num­

ber o f waves that must be kept track of to 300. This may be too computationally expensive 

for a GCM, so some compromise between the number o f phase speeds and wavenumbers 

will likely need to be made for this scheme to be practical. Those waves that produce

m2 < 0 in (15.26) are eliminated from the spectrum. The spectrum with these waves 

removed is shown as the dotted line in Fig. 15.15. We see that wave reflection has had a 

large effect on waves at high phase speeds, attenuating them dramatically. The elimination 

o f reflected waves causes the total momentum fluxes to become more realistic (-0.06 Pa 

for westward-propagating waves, 0.04 Pa for eastward-propagating waves). However, this 

spectrum is more biased towards waves with low values o f c than the one produced by the

simulation, causing the parameterized wave energy flux to drop to 2.1 W m '1, which is 

about 35% below the total produced by the simulation. One possible explanation for this is 

that the exponentially decaying waves above the reflection point still carry some energy 

(see Gill 1982, p. 149).

To see whether waves break, our approach is similar to that o f AD99, which itself is 

largely due to Lindzen (1981) and Lindzen and Holton (1968). The saturation criterion 

given in (15.28) is tested at each grid level above the launch height, and the mean flow is 

accelerated according to

i = ( 1 5 ' 2 9 )
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where p (z„_ 1/2) is the density at 1/2 = (zn + zn_ {) / 2 ,  Az„_ 1/2 = z„ -  z„ _ , ,  and

the summation is over the waves that are absorbed. In the case o f the WK control run, 

none o f the waves fulfill the saturation criterion at the launch height. The depth over which 

the waves are absorbed could be increased to cover more than one grid level, which would 

be consistent with the results o f Chapter 14 (see Fig. 14.7 and Fig. 14.8) for a GCM with 

fine vertical resolution. The removal o f only that portion o f each wave’s momentum flux 

that is necessary to restore Q„(c) = 1 in (15.28) could also be implemented. This process

is repeated, checking whether waves are absorbed or reflected, until the top grid level is 

reached, where all o f the remaining waves can either be absorbed, or allowed to pass 

through. Although the former approach is sometimes used in orographic gravity wave 

parameterizations (Palmer et al. 1986), the latter is probably preferable, since the absorp­

tion o f all waves at a single level could lead to spurious accelerations, particularly if the 

model has fine vertical resolution.

We repeated the exercise outlined above using the WK calm run. The temporal behav­

ior o f the updrafts in this simulation is shown in Fig. 15.14b. The root mean square updraft 

depth is 9420 m according to this diagnosis. When this is used with the u0 = 0 spectrum,

we obtain the dashed line in Fig. 15.16. This parameterized spectrum is qualitatively simi­

lar to the spectrum from the simulation, but the magnitudes o f the positive and negative 

momentum fluxes are far too high at 0.12 Pa each, versus approximately 0.035 Pa (see Fig.

13.22), and a wave energy flux of about 6.0 W m*1 (compared to about 2.1 W m '1 in the 

simulation). The effects o f reflection produce a spectrum that is much closer to the simu­

lated spectrum, as seen in the dotted line o f Fig. 15.16. The parameterized spectrum with 

reflection produces positive and negative momentum fluxes with a magnitude o f 0.05 Pa

each, and a wave energy flux o f 2.1 W m '1. Another test using parameters from the TC 

control run was not as successful. This may be because the waves generated in this simula­

tion propagate through an upper troposphere that has weak stability (see Fig. 15.13), caus­

ing partial reflection.

Once the spectrum o f waves that escapes the troposphere is determined, the strato­

spheric sink on the CKE can be diagnosed using (15.1). Note that reflected waves are not a 

treated as a sink o f CKE in the current parameterization, which is consistent with our
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Fig. IS. 14. Plots o f the heights of the top and bottom of the updrafts (as defined in the text) for a) the 
WK control run b) the WK calm run.
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Fig. IS. IS. Plot of momentum flux spectra from the WK control run (solid) and the parametriza- 
tion (dashed), and the parameterization with wave reflection (dotted).

neglect o f the effects o f horizontally-propagating waves. Since the timescales in Fig. 15.6 

are significantly longer than zD in (15.10), the effect on the CKE is likely to be small over

the lifetime o f  individual clouds. However, the effects o f the gravity wave sink may be 

more significant over longer time periods.

The Eliassen and Palm (1960) relationship between the momentum flux spectrum with 

the wave energy flux was demonstrated to be valid in Fig. 15.2 for waves produced by the 

convection in this study. This allows us to obtain a quantitative measure o f the dissipative 

effect that the waves have on the convection. The parameterization presented in this chap­

ter contains elements o f many other theories o f  vertically propagating gravity waves. The 

modified P93 formulation presented here has some conceptual similarities to the formula­

tion given by Kershaw (1995), but the Kershaw parameterization relies on a single phase 

speed. In conditions with very high values o f  uup' , these approaches may be similar, but

for the simulations presented in this work, multiple phase speeds are necessary. The spec­

tra generated by the modified P93 formulation are somewhat similar to that o f AD99. 

However, the AD99 spectrum is much broader, and does not allow for shear to affect the
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Fig. IS. 16. Plot of momentum flux spectra from the WK calm run (solid) and the parametrization 
(dashed), and the parameterization with wave reflection (dotted).

shape o f the spectrum. Also, the AD99 spectrum implies a stronger flux of wave energy 

for a given amount o f momentum flux than the parameterization presented here. We have 

seen that the new parameterization produces a fairly realistic momentum flux spectrum for 

the example o f the WK control run, showing that this scheme has promise for use in large- 

scale models, although more tests need to be performed to verify this.
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Chapter 16: Conclusions

In this dissertation, we have studied the generation of vertically propagating gravity 

waves by convection, as simulated by a two-dimensional numerical model. We have 

applied several types o f analysis to the simulated storms, the results o f  which are summa­

rized below.

From the gravity wave source analysis, we found that the production o f gravity waves 

can be understood as a linear response to a forcing composed o f shear, heating and nonlin­

ear advection. The shear was found to play a small role, while the heating and nonlinear 

advection terms were comparable to one another. This is somewhat different from the find­

ings o f  Lane et al. (2001), who found that the nonlinear advection term was dominant. 

However, the simulated convection in their study (three dimensional multicell) is quite dif­

ferent from the convection in this study (two dimensional squall line), so the differences 

may relate to different convective regimes.

The analysis of the budgets o f first and second moment quantities revealed that several 

o f the budgets could be diagnosed well, particularly those of the zonal mean zonal wind, 

zonal mean potential temperature, and the variances of the horizontal wind and potential 

temperature. These revealed that changes the mean zonal wind were primarily due to a 

divergence o f the momentum flux, and diabatic heating was the most important factor in 

changing the mean potential temperature in the troposphere, while the divergence of the 

vertical heat flux was dominant in the stratosphere. Also, we found that the budget of the 

horizontal component o f kinetic energy was dominated by a balance between the turbulent 

transport and pressure terms, and that the budget o f potential temperature variance is pri­

marily affected by a combination o f gradient production and diabatic heating in the tropo­

sphere, and gradient production in the stratosphere. In addition, we derived extended 

versions o f the Eliassen-Palm relationships between wave momentum flux and wave 

energy flux, and illustrated that given certain assumptions, these extended relationships
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reduce to the original results. A new relationship for the vertical structure o f  the variance 

o f pressure was derived in Chapter 8, and it agrees with the numerical results for the 

behavior o f this quantity in the presence o f gravity waves.

In Chapter 10, we presented an EOF analysis, in which we were able to separate dif­

ferent modes of behavior according to the amount o f variance that is explained by each 

mode. In doing so, we found that the first several modes were dominated by convective 

activity within the troposphere, while higher modes associated with travelling strato­

spheric gravity waves were also present. In view of the difficulty in interpreting the physi­

cal processes involved in some o f  the modes, the utility o f EOFs as applied in Chapter 10 

towards the diagnosis o f convection is questionable. There may be combinations of fields 

other than u , w ,  and 0 for which EOF analysis is more useful.

The trajectory analysis allowed us to determine qualitative behavior o f particles within 

the model troposphere into physically relevant categories such as moist updrafts, waves 

and turbulence, and subsidence. The behavior of the particles in the model stratosphere 

was consistent with what would be expected in the presence o f high-frequency gravity 

waves. The thresholds used in the identification of updraft particles proved useful in the 

determination of thresholds for updraft points in the conditional sampling analysis.

From the conditional sampling analysis, we found that the updrafts in the WK runs 

tended to be deeper, wider, and stronger than those o f the TC runs, which might be 

expected, considering the higher values o f CAPE in the WK simulations. The majority of 

the horizontal perturbation kinetic energy was found outside o f the clouds, while a dispro­

portionate amount of the vertical perturbation kinetic energy was confined within the 

points categorized as moist updrafts. We were also able to measure the difference between 

the horizontal velocity of the updrafts and the mean flow. This difference is a measure of 

the extent to which the updrafts act as an obstacle to the flow, and also relates to the con­

vective momentum transport.

The Fourier analysis presented in Chapter 13 showed that convectively generated grav­

ity waves cannot be accurately characterized by a single phase speed, since it is typical to 

see both eastward- and westward-propagating waves. This points to a problem with sev­

eral existing parameterizations, as mentioned in Chapter 9. The vertical wavenumber 

spectrum for the WK control run indicates that the power peaks at a wavelength that is
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twice the depth o f the convection, consistent with both theoretical (Salby and Garcia 

1987) and modeling (Pandya and Alexander 1999) results. The simulations with stronger 

convection tended to produce more wave momentum flux than those with weaker convec­

tion, as might be expected. Also, updrafts that propagate relative to the mean flow pro­

duces more waves that propagate in the same direction, which is consistent with the results 

o f Fovell et al. (1992), Alexander et al. (1995), and Alexander and Holton (1997).

From the experiments in which we varied the stratospheric shear, we found that west- 

ward-propagating waves forced by the simulated convection were dissipated in regions of 

easterly shear, and vice versa. This is consistent with the theory o f Eliassen and Palm 

(1960), and with the modeling results o f Alexander and Holton (1997), among others. Fur­

ther analysis o f individual waves revealed that they were indeed dissipated at their critical 

levels, although the region o f dissipation was distributed over a region of a few kilometers 

below the critical levels themselves. Since the vertical group velocity o f a vertically prop­

agating wave decreases to zero as it approaches its critical level (Bretherton 1966), it is not 

surprising that such waves experience dissipation below the level itself. The dissipation of 

the waves led to substantial changes in the mean flow, indicating that high-frequency, 

short-wavelength gravity waves forced by convection may play a significant role in the 

forcing o f  the QBO, consistent with the findings of Alexander and Holton (1997), Dunker- 

ton (1997) and Piani et al. (2001).

The parameterization outlined in Chapter 15 invokes the transient topography mecha­

nism o f P93 to explain the momentum flux spectra seen in Chapter 13. The interpretation 

that the width, height and timescale o f the updrafts define the convective “mountain” is 

quite different than that o f P93, who used an anvil. When this parameterization is forced 

with temporal and spatial scales similar to those of the updrafts, it produces spectra with

shapes that are peaked at approximately c = ±20 ms*1, and fall o ff quickly beyond, par­

ticularly when the effects o f reflection are included. This is closer to the modeling results 

o f  the work presented here and in other sources (Alexander and Holton 1997; Piani et al. 

2000) than the AD99 or original P93 spectra. This indicates that the new parameterization 

is more likely to produce waves whose momentum is deposited in the correct locations. As 

mentioned in Chapter 15, the amount o f wave energy flux is dependent upon the shape of 

the momentum flux spectrum, so this quantity will also be represented more realistically
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in the new parameterization. One o f the advantages of the new convectively generated 

gravity wave parameterization is that in addition to being a source o f mean flow forcing in 

the middle atmosphere, waves are allowed to act as a drain on the CKE.

In the future, much o f the analysis in this work can be extended to fully three-dimen­

sional studies. Also, more types o f  convection need to be analyzed. This includes different 

kinds o f MCSs such as mesoscale convective complexes and leading-line stratiform squall 

lines. A parameterization has recently been developed (Cheng 2001) that can diagnose the 

type o f MCS that is produced within a GCM grid cell, using information about the vertical 

wind shear and the moist Brunt-Vaisala frequency. The shape o f  the MCSs could be 

related to momentum flux spectra by using a transient mountain with an asymmetric 

shape. The waves produced by shallower cumuli, which are ubiquitous in the tropics, 

should also be studied. This would help justify the assumptions that the “mountain” is pro­

portional to the updraft depth, and that the vertical wavelengths o f the waves are equal to 

twice the depth o f the convection, although the theoretical results o f Salby and Garcia 

(1987) indicate that this latter assumption is a fairly robust feature. Another effect that 

may be important is the role o f  partial wave reflection, since our parameterization assumes 

that waves are either completely transmitted or completely reflected, while studies (Gill 

1982, p. 146) have shown that waves are typically partially reflected at a level where the 

Brunt-Vaisala frequency changes.

In addition, the role o f convective strength in producing gravity waves needs to be 

explored further. Also, the functional dependence o f the spatial and temporal functions 

that comprise the transient “mountain” may need to be studied further. Another issue that 

may be important is that some o f the waves produced by convection may propagate long 

horizontal distances, into what would be adjacent grid boxes in a GCM. Future parameter- 

izations may need to take this effect into account, particularly as grid boxes become 

smaller. Also, the production o f  horizontally-propagating gravity waves needs to be stud­

ied further, as these waves may also act as a sink to the CKE o f  an individual cloud, but 

may act as a source of CKE to another cloud (Mapes 1993). In addition, this study has not 

addressed other non-orographic sources o f gravity waves such as shear, which may also be 

important. Finally, and perhaps most importantly, more observational studies need to be 

made o f convectively generated gravity waves.
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