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ABSTRACT OF DISSERTATION

IDENTIFICATION OF PHYSICAL PROPERTIES IN 
GEOLOGY, HYDROLOGY. AND ECOLOGY

This thesis presents the details of a new method for approximating the solution to 
inverse problems for the identification of position dependent coefficients in differential 
equations from observations on the boundary of the problem domain. The method is 
based on the classical Backus-Gilbert method, first introduced in geophysics, but 
employs this idea in a new way to coefficient inverse problems. The method can be 
used for identifying one or more coefficients in either ordinary or partial differential 
equations. Inverse problems of this sort are prevalent in diverse areas including 
geology, hydrology and ecology where physical properties of a system must be 
determined indirectly from experimental data.

Several examples are provided to illustrate how the method can be applied for 
identification of such things as electrical, thermal and hydraulic properties.
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Introduction
Classical applied mathematics consist mainly of problems in which a given set of 
inputs is mapped continuously to a unique output and the problem is solved when 
the unique output is computed, exactly or approximately, from the inputs. Problems 
of this type have come to be known as direct or forward problems. Relatively 
recently a new type of problem has arisen in applied mathematics. These problems 
seek to determine some of the inputs from observations of the corresponding out­
put and are referred to as inverse problems.

Inverse problems for differential equations is a topic of increasing interest not just to 
mathematicians but to scientists and engineers as well [ 26 ]. This is a result o f the fact 
that the problems are simultaneously mathematically challenging (partly due to their 
characteristic instability) and of great practical importance (a result o f  the demands 
o f ever increasing complexity in mathematical models). Inverse problems arise in a 
a tremendous variety of applications. For example, medical applications include 
electical impedance tomography for reconstructing images of the interior of the 
human body from exterior electrical measurements [21]. More traditional engineering 
applications include using similar techniques for non-destructive detection of 
interior flaws or inclusions in mechanical equipment. Other inverse problems are 
generated by the need to determine various internal physical properties such as 
hydraulic or thermal properties, from external measurements [10]. Problems o f this 
type are particularly prevalent in hydrology, geology and ecology where one is 
interested in preserving and protecting the quality of groundwater.

Inverse problems have given birth to numerous mathematical techniques for the 
analysis o f problems and the construction o f approximate solutions. In this relatively 
new field it is not yet completely clear which approaches will turn out to be lasting and 
general and which will be abandoned as limited and special, [11,13,15]. Certainly the 
method of output least squares is the most generally applicable technique for dealing 
with inverse problems but its very generality limits its power in certain situations, 
necessitating the development of less general methods specifically tailored to a given 
problem. It seems clear that development o f new approaches is one o f the fruitful areas 
for additional research in this new field o f inverse problems.

This thesis describes an approach to a class o f inverse problems based on the use of 
an adjoint version of the forward problem to express a relationship between changes in 
the unknown quantity and corresponding changes in the measurement from which the 
unknown is to be determined. This relationship between input and output can be used 
in various ways [7] but the discussion here focuses on applying the relationship to 
construct an approximation to the solution to the inverse problem. The nature o f this 
approximation approach makes it particularly suited to application to the electrical 
tomography problem or to the identification o f spatially variable physical properties 
(particularly the identification of hydraulic properties).
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The method is based on an idea that goes back to Backus and Gilbert, [4 ] who 
applied it in connection with problems arising in Geophysics. Maas and Louis [19] 
provided a mathematical context for the Backus-Gilbert idea but the application 
described here exploits the approach in a way that is different from either o f these 
earlier works and is also different from other current approaches to inverse problems 
in this class. A particularly attractive feature of this approach is the fact that in the 
identification of spatially variable physical properties, refining the spatial accuracy 
of the reconstruction can be carried out in a simple and efficient manner.

The organization of this thesis is as follows. Chapter I is devoted to a discussion of 
the abstract formulation of inverse problems and the use o f the abstract Green’s 
formula to obtain integral identities relating changes in inputs to changes in outputs. 
Examples are given to illustrate how the adjoint problem is formed so as to select 
a specific boundary measurement and relate changes in this measurement to 
corresponding changes in the unknown ingredient that is to be identified.

Chapter II presents an elementary introduction to the B-G method, applying it in the 
very simple case o f identification of coefficients in ordinary differential equations.
This application is almost trivially simple but illustrates how the method will work in 
the more complicated case in which unknown coefficients in partial differential 
equations are to be identified from measurements.

In chapter III, the method is applied to the identification o f a single unknown ingredient 
in a partial differential equation. The method is illustrated through examples based on 
the example inverse problems from chapter I.

Chapter IV discusses the extension of the method to a problem involving multiple unknowns. 
Although the basic idea of the approximation method does not change when it is applied to 
muliple unknown problems, the generalization of some of the particulars of the method is not 
routine.

The final chapter contains conclusions about the method and some suggestions for further 
research.
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CHAPTER I

The Abstract Structure of Coefficient Inverse Problems

It is well known that exploitation o f the abstract Green’s formula provides the basic 
structure for the variational formulation of a large class o f boundary value and initial 
boundary value problems in partial differential equations. This same structure lies at 
the root of a class of inverse problems in which unknown coefficients or other equation 
ingredients are to be identified from overspecified data. In the inverse problems, the 
abstract Green’s formula leads to an integral identity relating changes in the unknown 
ingredient, referred to here as a structure input, to changes in the overspecification.
This provides a uniform approach to analyzing such problems and suggests an 
adaptive algorithm for computing approximate solutions to the inverse problem.

In implementing this approach, the direct problem must be formulated in a sense that is 
compatible with the class o f functions to which the unknown ingredient is assumed to 
belong. This determines the character o f the solution to the direct problem which has 
considerable effect on how the inverse problem is to be formulated. In particular, it 
defines the sense in which the overspecified conditions are to be interpreted and bears 
on the question of identifiability o f the unknown ingredient. These issues are considered 
in this chapter.

1. The Direct Problem
Let Q denote a bounded open set in R" having Lipschitz smooth boundary T composed 
of complementary components, T i and T 2. For T > 0, let Q r = £2 x (0, T) and, for i=l,2, 
let Si = T, x (0, T). Consider the following initial-boundary value problem (IBVP)

= F in Qir

= u0 in n

= / . on
= 0 on S 2

( 1. 1)

Here, u denotes the unknown dependent variable, u = u(x,t), which presumably represents a 
state variable in some physical process for which (1.1) is the mathematical model. Then C,D, 
and F denote so-called ’’structure inputs” to the problem. These inputs represent coefficients or 
source terms in the equation and are related to the physical properties of the system modelled 
by (1.1). These coefficients may be functions of the independent variables or in some cases, 
functions of the dependent variables. In any case we assume that each of the functions is 
Lipschitz continuous on its domain.

We use the notation, A[x, u,D~\, to denote an elliptic partial differential operator o f order 
two. This operator may be either linear or nonlinear but in either case, we assume that

3
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we have a generalized Green’s identity o f the form

J f^A [x ,u ,D ]vd xd t  = aD[u,v] -  <5[n,Z>] • y[v]dSdt fo r  u,v  e  C“ (£>r)

where
ao\u, v] = a semi-linear or bilinear form, linear in v but not necessarily 

linear in u

d[u,D] : H \ n )  -  H~U2(T) and y[v] : H fQ .)  -* H l/2( T)  denote trace operators

The boundary conditions in the problem have been denoted by /?*[«,£>] on Sk k  = 1,2, 
where pk may denote either of the trace operators d or y  composed with restriction to Sk- 
Usually we refer to S i as the ’’active or input boundary” to reflect the fact that we will use 
the inhomogeneous boundary condition to drive the process o f coefficient identification. 
The boundary S2 will be referred to as the ’’passive boundary” since we impose only a 
homogeneous condition on this part o f the boundary.

For convenience, we will denote the structure inputs collectively by <f>. Then for given 
structure inputs <f> and state inputs/ i , « o ,  the function u = u(x,t) in solution space Z  is 
a weak solution for the IB VP (1.1) if

< F*[u,0],v > = 0  fo r  all v in Z
(u(0 ) - U o , v o )  = 0 for  all v0 in Zo ( 1.2 )

< Pi[u,<j>] —f i , w  > = 0  fo r  all w in X\
P2 [u,(f)] = 0 in X 2

We distinguish here between the state inputs and the structure inputs. The state inputs 
are given functions which the state variable must equal initially or on the boundary of the 
domain, Q , while the structure inputs characterize the structure of the physical system 
and are normally given as part of the input to an initial-bounary value problem. In the 
discussion to follow we will describe the problems that ensue when the structure inputs 
are not given and are, in fact, to be determined by formulating and solving an inverse 
problem.
We refer to (1.2) as the direct problem and then state conditions on the structure inputs,
<f>, (e.g., C, D, and F) and on the state inputs,( e.g.,/i and u0), sufficient to imply that 
a unique weak solution for the EBVP, u = u(x,t) exists for all such inputs. O f course 
statements o f such conditions can only be made for specific examples. Having stated 
an existence theorem it may then be necessary to prove auxiliary propositions asserting 
that the solution has certain properties that will be needed in connection with the inverse 
problem. We will now describe several important special cases of the general direct 
problem.

Examples
1.1) Nonlinear Diffusion

Suppose O c  R" is open and bounded with smooth boundary T. 
Suppose also,

C = C(u) = u, F  = 0, and
D = D{u) e  Lip(R) such that d\ > D(u) > do > 0, Vw
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and A[u,D(u)] = — div[D(u) Vu].

Also, suppose f5i[u,D(u)] = u(x,t) = f \  on S\
(32[u,D(u)] = n • Wu(x,t) = 0 on S 2

Then the direct problem becomes
d,u(x,t) -  div[D(u) Vm(x,0] = 0 in Q t

u(x,0 )  =  uq(x ) in Q ( 1 . 1 )  x

u(x,t) = f \  (x, t) on Si
n • Vn(x,t) = 0 on S 2

Let V denote the completion of -{jp g O 'TQ) : cp = 0 on Si}- in the norm of/f'CQ ). Then 
H ^ )  cz V a  For/, e  C ‘[0, T  : / / l/2(Ti)] let / e  C'tO.T : / f ‘(D)] be such that
the trace on Si off  is f \ .  We assume that T is smooth enough to support this extension. Then for 
D = D(u) satisfying the condition stated above, a weak solution of the initial boundary value 
problem in this example is a function, u = u(x,t) such that u — f  e i 2[0 ,T  : V] and

((df«,v)) + a£)[w,v] = JJ  [vdtu + D(u)Vu • Vv]dxdt = 0 V v e l 2[ 0 j  : V]
(z<(0) -  uq, vo)// = 0 f o r  all vo in H  = //°(Q )

Then it can be shown by well known techniques that for each D  satisfying the assumptions 
listed for this example, and for all admissible data f \  and uq there is a unique weak solution 
having the following additional properties

u —f  e  L2[0, T : V\ (T C[0, T  : H]. and d , ( u - j )  e  Z.2[0,T : V‘ ]

In the case that D = D(x) then the problem is linear and the existence-uniqueness results, 
although simpler to prove, are quite similar.

1.2) A Reaction Diffusion Equation
Suppose

C = C(u) = «, D = constant, and 
F  = F(u) g Lip{R) 

and A[u,D] = -  D V2«.

Also, suppose Pi[u,D] = u(x,t) = f \  on S 1
P2 [«,T>] = n • V«(x,/) = 0 on S 2

Then the direct problem becomes
d,u(x,t) — D V 2u(x,t) = F(u(x,t)) in Qr

u(x,0)  = uq(x) in Q  (1.1 )2
u(x,t) =f \ (x , t )  on S 1

n • Vu(x, 0 = 0  on S 2

Let V denote the subspace of / / '  (Q) defined in the previous example and let {wj} 
denote the family of eigenfunctions for Au = -Z?V2«, acting from /^ (Q )  fi V into H,

5
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normalized in the H — inner product. If Awj = XjWj for all j, then for s > 0, define 

Hs = { u  ^  H  : e C2 where Uj = (u,Wj)n

Then Hs s > 0 is a scale o f Hilbert spaces with Ho = H  and H\ = //*(f2) fl F  and it is 
well known that Hs c= C(Q) for s > n/4. The hypotheses here imply that for every R > 0, 
there exists C r > 0, such that

|F (x )-F (y ) | < CR\x - y \  for all x,y  e  R, \x\,\y\ < R

Since Hs <= C(Q) means that for arbitrary u e  Hs, HwĤ  < c||«||.j it follows that for 
u,v  e  Br(0 ) c: Hs we have Halloo, IJvlĵ  < R ifs  > n/4. Then

||F (u )-F (v ) \ \2„ = j n \Fu(x) -F{V(x))\2dx < C r Jq |u(x) -  v(x)\2dx

< C r \\u -  v \\2h  < CR\\u -  v||2 V u, v e  B r (0) c  Hs

This shows that F is locally Lipschitz from Hs into H  for s > n/4. It follows that for every 
uq e Hs s > n/4, the abstract initial value problem

u'( t)+Au(t)  = F(h(0), _ u(0) = u0
has a unique solution u(t) such that u —f  e  C[0, T : Hs] fl C l[(0, T) : H] where f  denotes 
an extension o f the boundary function f \  as in the previous example.

In the case that F  = F(x), then the equation is linear and the existence o f a unique solution to 
the direct problem follows much more easily. The conclusion, however, is similar.

1.3) Steady State Conductivity
Suppose U denotes a bounded open set in Rn, n = 2,3, with smooth boundary S  having 
unit outward normal n = n(x) at each point x  e S. Suppose also that one, but not both, of 
the functions /  e  H U2(S) and g  e H~m (S) are given. Then we can consider the problem

div(a(x)Vu(x)) = 0 in U

u = f  o n S  (1-1)3
a(x)n • V« = g  on S

where u = u(x) is to satisfy the equation and one or the other (but not both) o f the boundary 
conditions. The other condition will then be incorporated into the inverse problem as the 
over specification. The reason for stating the direct problem in this ambiguous fashion is to 
allow the possibility o f either the Dirichlet or the Neumann problem as the direct problem, 
since in some applications it is the function value which is controlled while other applications 
involve the flux field is the quantity which is applied. As this is a steady state problem, the time 
variable does not appear.
Here we suppose a = a(x) denotes a strictly positive and suitably smooth (at least Lipschitz 
continuous) function on O . This ensures that the boundary value problem consisting of the 
equation and either of the two conditions listed above has a unique solution at least in a weak
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sense. In fact, a classical solution may exist but for the purposes o f the inverse problem, a 
solution which resides in a Hilbert scale o f Sobolev spaces is more convenient.
The model ( 1.1)3 describes steady state heat conduction but also models the situation relevant 
to electrical impedance tomography. In that setting, u = u(x) denotes the electrical potential 
inside the conducting body U ,/represents the potential on the boundary and g  then is the 
current on the boundary. In the inverse problem associated with electrical impedance tomo­
graphy, a current g, is applied to the boundary o f the domain, the resulting potential, f, on 
the boundary is measured, and this data is used to discover the electrical conductivity, 
a = a(x) inside U. This information then provides a picture o f the interior that can provide 
information similar to what is provided by an X-ray picture. This has medical applications as 
well as applications in electrical prospecting (e.g., locating buried land mines). In the thermal 
application, u = u(x) denotes the temperature in the conductor and it is more likely that the 
Dirichlet condition is imposed on the boundary.

1.4) Unsteady Groundwater Flow
The partial differential equation governing unsteady groundwater flow for an isotropic, 
heterogeneous confined aquifer, U a  R 2 is

S(x,y)dth(x,y,t) -  V(T(x,y)Vh(x,y,t)) = - qw(x,y) (1.1 )4

where U = 2-dim region occupied by the aquifer
T = T 1 U T2 = boundary of U 

h(x,y,t) = hydraulic head in Ut = U x  (0 , T)
T(x,y) = transmissivity in U 
S(x,y) = storage coefficient in U 

qw(x,y) = withdrawl term in U

The unknown hydraulic head function is subject to the following initial and boundary 
conditions

h(x,y,Q) = h0{x,y) in U a  R2
h(x,y,t)  =  F(x,y,t) on H  x  ( 0 , T )

ToNh(x,y,t) = G(x,y,t) on T2 x (0, T)

This linear problem is, in some sense, a composite of the first two examples (in the 
linear cases). Using a formulation close to what was described in examples 1 and 2, 
existence of a unique solution is easy to prove under reasonable hypotheses. This 
problem will produce an inverse problem with more than a single unknown ingredient.

2. The Inverse Problem

If one or more o f the structure inputs are unknown then it may possible to formulate 
an inverse problem whose solution will result in the identification of the unknown input.
This identification will be based on measured observations o f the solution. These 
observations may be made on either o f the boundary sets, 5j or S 2 or they may be 
made on some interior subset o f Q r; in any case we will illustrate in a moment what 
choices are available for observations.

7
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Let 0 denote the unknown structure input(s) we seek to identify. For suitably fixed state 
inputs, f  uq, we suppose that for each 0 in some class, W, of admissible structure 
inputs there exists a unique solution u = u(0) to the direct problem. Next we denote by 
5 ,[«(0)] = gj the observations from which the unknown structure inputs, 0 , are to be 
determined. Then we define a solution for the inverse problem  to consist o f a pair 
{i0 ,u (0 )} such that

i) for 0 € W, u((j>) is a weak solution of the direct problem

ii) f o r  each j  {Bj[u(<p)] — gj, if/) = 0 fo r  all if/ e  X

Here X  denote a suitable space o f test functions. The precise definition for^f will depend 
on the definition of the observation Bj . We say that the structure input <f> is identifiable 
from the observation(s) Bj if, for all 0 i ,0 2 e  W, the following statements are equivalent,

(a) fo r  each j  {£y[u(0, )] -  £y[u(02)], V) = 0 f o r  all iff e  X

(b) 0 i = 0 2 in W,

Now suppose that Uk = *<(#*) for k = 1,2 denote weak solutions to the direct problem 
corresponding to structure inputs 0 1, 02 e  W. Then

< P[ui,0 i] ,v  > -  < P\u2 ,<t>i],v > = 0  f o r  all v in Z

i.e., < P[ui,(p\],v > -  < P\u2,<t>\],v > +

< P[w2 ,$ i] ,v  > -  < P[u2 ,(f>2 ],v > = 0  for  all v in Z
or,

< duP[u',<t>\]{u\ -  u2),v  > + < d<t,P[u2 ,<l)'](<l>i- 0 2),v > = 0  f o r  all v in Z

where we have introduced the notation

duP[um,<f)\](u\ -  u2) = P[u\ ,(pi]-P[u2,<l)\]

5 ^ P [ « 2 ,^ * ] ( 0 !  -  0 2 )  =  P [ u 2,< f> l] -P [U 2 ,<t>2 ].

Now abstract integration by parts leads to,

<auP[w*,^(wi -  u2),v) = <(«i - u 2),duP[u',<t>\Yv) +(r7[>i -  m2,0 i ] _ r,v)

- ( Tf [u  I - U 2,<p}]^0 , v )  + < 5 , [ « I  -  U 2 , 0 ] ] , / l V > |  + < 5 2 [ u i  -  M 2 , . ^ l ] , y 2 V ) ,  -

-  ( y i [ m i -  « 2 , 0 i ] , 5 i v ) 2 -  <y 2[« i  -  M 2 , 0 i ] , d 2v } 2

and
- 02),v) = <(01 - 02),<50/ 3[M2, 0 *]rv) + (77[«2, 0 I ~
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-(7?[> 2 ,0 I  - 0 2 ] _ o, v) + < 5 , [ m2, ^ I  - 0 2 ] , X l V ) 1 + ( 5 2[m2,01 -0 2 ] ,X 2 V > ,  “

-  <Xl[«2,0I “  0 2],3 lV >2 -  < / 2[w2,01  -  0 2 ] , 5 2V>,

T h e n  th is  lead s  to ,

<(«1 -  U2) , d uP [u ' ,4 > i]Tv )  + ( 7 7 [ M ] , 0 l ] _ r -  77[w2, 0 2 ] _ r , v )  -  ( l / [ U | , 0 l  “  ^ 2, f o L - o ,  V)

+ < 5 i [ « | , 0 i ]  - 9 i [ m 2, 0 2] , / i v ) ,  + < 3 2[ m i ,0 i ]  - 6 2 [M2, 0 2 ] , y 2V>, -

- < X l [ « l , ^ l ]  - 7 l [« 2, 0 2] , 5 tV>, - < y 2 [ « l , 0 l ] - r 2 [ « 2 , ^ 2 ] , 3 2v )2 =

= -<t>i),d<,P[u2,<t>'}Tv)

N o w  th e  in itia l  co n d i t io n s  im p ly  tha t

O ?[« i . 0 i ] m > - ^ [ « 2 , ^ 2] _ 0, v) =  0

a n d  th e  b o u n d a r y  co n d it io n s  im p y  tha t  tw o  o f  th e  fo u r  r e m a in in g  b o u n d a ry  te rm s  vanish . 
W h ic h  tw o  te rm s  v a n ish  d ep e n d s  o n  w h a t  th e  b o u n d a r y  c o n d i t io n s  a re  sp ec if ied  in  the 
d i re c t  p ro b le m  (1). F o r  ex am p le ,  i f  the  d irec t  p ro b le m  h a s  b o u n d a r y  co n d i t io n s  o f  the  fo rm

< P[u,<p],v > = 0  fo r  all v in V 
(u(0) -  wo, vo) = 0 for  all vo in H  

< 3i[w,0] —f \, w > = 0  for  all w in X\ = H l/2(S\)
d2[u,(f>] = 0 in X 2 = H~l/2(S2)

th e n  di[ui,<f>\] -  d i [w 2, 0 2] =  0 and d2[u\,<f>\] — d2[u2,<f>2] = 0 , an d  w e  h av e

( ( w i  -  w2 ) , 3 uP [ w* , 0 i ] 7'v )  +  ( ^ [ w i . ^ i j ^ r -  r j [w2 , ^ 2 ] ^ r , v )  -

- < y i [ « i , ^ i ]  - y i [ w 2 , ^ 2] , 5 i v ) I - < / 2[ w ! ,0 i ]  - y 2[w2, 0 2] , 3 2v )2 =

=  - < ( 0 ,  - 0 2) , 3 0P [ w2, 0 * ] 7'v)

In th is  c a se  w e  h a v e  the fo l low ing  o p tions  fo r  o b se rv a t io n s ,

Interior: 2?/[w(0)] =  u(x,t) for  ( jc ,0  e  U x ( t i , t2) a  Q r

Final: B T[u(<p)] = r][u,(j)]^T

Boundary. # i [ w ( 0 ) j  =  y i [w ,0 ]  or £ 2[w (0 )]  =  y 2[w ,0]

S u p p o se ,  fo r  e x a m p le ,  w e  w a n t  to  se lec t  B i [w (0 ) ]  =  y i [ w ,0 ]  fo r  th e  observa tion .
In  o rd e r  to  do  th is ,  w e  requ ire  th a t  v so lves  th e  fo l lo w in g  a d jo in t  p ro b lem

9
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duP[um,<pi ] rv = 0 in Q t

v(T) = 0 in Q
d\v = f* on S i
div  =  0 on Si

Then the integral identity above reduces to,

< / l [ “ l . 0 l ]  - X l [ W 2 ,  02  ] , /*>!  =  <(01  -  <t>2 ) ,d tP [ U 2 ,<t>*]Tv)-,
i.e.,

(5 5 i [m(0 ) ] ,5 iv>, = (<50,d*P[M2,0*]r v>

Note that this equation expresses a relationship between a change <j>\ -<f>i =: 5<p in 
the structural input and the corresponding change y i[« i,0 i]  -  Y\\ui,<i>i] =: 5B\\u(j>)], 
in the observation. Note that if  we define the ’’least squares error functional” J[0]

J[<P] = 1/2 (P 1[ n ( 0 ) ] - g ,5 iK 0 ) ] - g > I = ll5,[W( 0 ) ] - g | | ^ (Sl)
then

VJ[0,<50] = (<5i? i [u (0)],5 ! [u(0)] —g>|

= <50,a0P[W2,0*]rv)

where v solves the adjoint problem shown above for the choice f '  = 5i[«(0)] — g.

We now describe several examples in which an inverse problem is formulated for the 
direct problem examples of example 1.1. In each of these examples, we will derive an 
integral identity to which an approximation technique will be applied in later chapter for 
the purpose of constructing an approximate solution to the inverse problem.

E xam ples-
2.1) Identification of an Unknown Diffusivity (Transient problem)

Consider the 1-dimensional version of the initial boundary value problem (1.1),:

4^u{x,t)  = 0 < x  < \ ,  0 < t  <T,

u(x,0) = 0, 0 < x  < 1,

«(0,0 = A 0 ,  o < t < t,

£ « ( 1 , 0  = 0, 0 < t < T

This problem is a mathematical model o f , for instance, an experiment involving an initially 
contaminant free diffusion tube in which the end at x =1 is sealed and contaminant is injected 
at the end x= 0 according to a prescribed schedule described by a given function f(t). The 
unknown position dependent diffusivity function D(u) can be determined from measurements 
of either of the following pieces of data:

10
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Concentration = u ( l ,0  = h(t), 0 < t < T (h)

Introduce the notation u(x, t) -  ^V\P',f\ to indicate the unique solution of the direct problem 
corresponding to inputs D(u) and f(t) .Similarly, g  = To^t-D;/] and h = T i'F[D;/j denote 
the measured outputs corresponding to the inputs D and f .
Now , if  u(x,t) = <F[D i;/] and v(x,t) = x¥[D2 ',f\ then by forming the difference of the two 
direct problems with coefficients D\ and Di  ,respectively, an equation is obtained which can be 
arranged to have differences u - v o n  the left and differences D\ — D 2 on the righ t. Multiplying 
this equation by an arbitrary test function r/(x,/) and integrating by parts leads to,

"  Jo J0r [ (M ”  v)-& + (6 ' (M) "  b 2 { v ) ) ^ n ]dxdt
JqC" -  v)77 | Z l  dx =

where we have introduced the auxiliary variable,

6 (11) = / “£>(*)&.
Let the notation 77 [Di;9o,9i] indicate that the test function 77 = T](x,t) solves the adjoint

problem

4~T](x,t) +p(x,t)-^jT](x,t)  = 0, 0 -< x -< 1,0 -< t < T 
ot ox1

T](x, 0) =  0,0  -< x -< 1,

77(0 ,0  = 0 o(O,O < t < T,

= 0 . (O ,° ■< t <  T

H ere,
p(x,t) = Jq -Di[v(x,r) + s(u(x,t) -  v(x,t))]ds 

For such a test function the integral identity above reduces to

f or[Ag(O0o(O +  AA (t)9,(t)]dt =  - 0 or A D ( v ( x , O ) f - | - ^  (2.1) ,

m *
For test functions 7 7 0  =VF [D,;0o,O] and 7 7 , = ¥  [D1 ; 0 ,9 ,] the identity becomes a pair 
of identities, each relating a difference in inputs to a difference in one or the other of the two 
possible measured outputs

f W o f l o ( #  = ~ J ’ f TA D ( v ( x , t ) ) j £ ^ - d x d t  (2.1),(a)
Jo j 0  J 0  ox ox

\ T[ A h { t )9 m d t  = - j ‘ \ TQM > t v i x , 0 ) j £ ^ - d x d t  (2.1), (6)

11
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Let us use the flux in (i) as a measured data and apply the equation (a), ( the same argument 
will hold if  we use (ii) and apply the equation (b)). In the case that the diffusivity is dependent 
on position but not on u, these identities reduce to

J oW o 0 o ( O ] < *  = - J ‘ AD ( x ) f Qj £ ^ - d t d x  ( 2 . 1 ) , ( c )

fW o 0 « (O ]< *  = - f ‘ A D { x ) \T f L ° l ! ± d t d x  (2.1 ),(</)J 0  j 0  J 0  ox ox

In chapter 3 we will develop an algorithm for obtaining an approximating a solution to the 
inverse problem based on either o f the identities (c) or (d).

2.2) Identification of an Unknown Source Term
Consider the initial boundary value problem, which is a version o f (1.1)2 :

!  u(x, t) = C  u(x, t) + Fix), at dx~

0 A * A O A A

u(x,0) = 0, O A W A I

u{0,t) = g{t), 0 < t < T

^ 0 , 0  = 0 , 0 A *-
*. A T

This problem models an experiment in which an initially contaminant free tube has one end 
sealed and a controlled rate o f  contaminant flow is applied at the opposite end o f the tube. 
Contaminant diffuses in the tube but an unknown source is introducing contaminant to the 
tube at a constant rate. The location and strength of the source is assumed to be unknown 
here and is, in fact, to be determined from data measured at the ends of the tube.
The unknown source function F(x) can be determined from measurements o f either of the 
following pieces of data:

h (0 ,0  = M ,  0 < t < T  ( i)

w(l,t) = hit), 0 < t < T («)

Introduce the notation u(x,t) = T'jT7;#] to indicate the unique solution of the direct problem 
corresponding to inputs F(x) and g(t) .S im ilarly ,/= ro vF[F;g] and h = T I'FfFjg] denote 
the measured outputs corresponding to the inputs F and g .

Now, if u{x, t) = vF[Fi;g-j and v(.t, t) = T'JFSjg] then by forming the difference of the two 
direct problems containing terms F\ and Fi,  respectively, an equation is obtained which can 
be arranged to have differences u - v o n  the left and differences F\ -F2 OTL the rig h t. Multiplying
this equation by an arbitrary test function t\{x,t) and integrating by parts,then apply the boundary
and initial conditions, leads to,

j 1 n[v(x,T) -  u(x,T)]T\(x,T)dx - \ T [v (0 ,r )  -u (0 j ) ] t]x(0,t)dt +
! ^ ( 1 , 0  -  =

C o  I >  "  + ^ didx + C o  C [ F l  -F ^ dtdx

12
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Let the notation q =VF [Fi;0o,&i] indicate that q = q(x,t) solves the adjoint problem

= 0, 0 < x  < 1,0 < t  < T

Tl(x, T) = 0, 0 < x  < 1

£ *  o .') = 0 < t < T

f i u . 0 = 01(0, 0 < t < T

For such a test function the integral identity above reduces to

f  [A/{t)eo(t) +Ah(t)di(t)]dt = - f  f  AF(x)q(x,t)dxdt 
J o J o J 0

* »
For test functions 7;o =VF [/*j;0o,O]and q\ =4/ [Fi;O ,0i] the identity becomes a
pair o f identities , each relating a difference in inputs to a difference in one or the other 
o f the two possible measured outputs

f [Ajit)dQ{t)]dt = -  f f AF(,x)q0dxdt (a )
J 0 j o J 0

f [Ah(t)Qx(t)]dt = — I" f &F(x)qxdxdt (b)
J o  J 0 J 0

These identities are now in a form to which the Backus-Gilbert approximation technique 
may be applied.

3) Identification of an Unknown Conductivity (Steady State problem)
Consider the situation in the direct problem (1.1)3. Suppose that functions / e  H m {S) 
and g  e  H~xa{S) are given and consider the problem of determining a function pair 
■{ u = m(x), a = a(x)}- such that all o f the following conditions are satisfied,

div(a(x)Vu(x)) = 0 in U
u = f  o n S  (1.1)3

a(x)n *Vu = g  on S

Here we suppose a = a(x) denotes a strictly positive and suitably smooth (at least Lipschitz 
continuous) function on O . This ensures that the boundary value problem consisting of the 
first two conditions listed above has a solution at least in a weak sense, if  the coefficient 
a = a(x) were given. Then we can view the third of the listed conditions as an additional 
constraint which may be used to determine a(x) in addition to u(x).

With/ e H m (S) fixed, suppose that the pair { u i,a i} satisfies the first two conditions listed 
above and produces the data « i |s = g i  e  H~l/2(S) and the pair {«2,a i}  is similarly

13
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associated with M2I5 = g 2 £ H~V2(S). Then

div(a\(x)Vu\(x) — a 2 (x)'Vu2 (x)) = 0 in U
u\ — ui = 0 on S

n • [ai(x)V«! -< I2WVm2(a:)]= g\ - g i  on S

If we rewrite the partial differential equation in the form

div(a\(x){Vu\(x)  -  Vw2(x)}) = -div{a 1 (x) -  a2(x)}Vu2(x)) in

then integration by parts and attention to the boundary constraints leads to the integral 
identity,

j u Aa(x) Vm2(x) • Vv(x) dx = J .̂Ag(s)0(s) ds (2.1)3

where v = v(x) denotes the solution o f the adjoint problem,

div(a 1 (x)Vv(x)) = 0 in U 
v = Q on S

Clearly, when the coefficient in the boundary value problem is changed from a = ai(x) 
to a = o2(x), there is a corresponding change in the measured output, from g  = gi(x) 
tog- = g 2 (x). Equation (2.1 )3 relates these changes in an expression of the form

7[Afl] = A[Ag],

It will be our aim in Chapter 3 to approximate T~x in order to obtain an explicit (but 
approximate) expression of the form, Aa = 71"1 ° A[Ag].

4) Identification of Unknown Storage and Transmissivity Coefficients
Associated with the direct problem (1.1 )4, consider the problem of determining the 
hydraulic functions S and T from extra data measured inside or on the boundary of 
the flow domain U.

If h\(x,y,t)  denotes the solution of the direct problem corresponding to hydraulic 
coefficients 5i, T\ while coefficients .S2, T2 lead to the solution fi2 (x,y,t), then

£1 5,(A, -  h i ) -  V(T, V(A, -  h i ) )  = V((7’l -  Ti)Vh2) - { S \  - S 2)d ,h2.

Multiplying this equation by a test function v(x,j>,/) and integrating by parts, leads to

Ah(x,y, T)S](x,y) v(x,y, T) dU -  J AA [Sid,v + V(T, Vv)]dUdt
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+ fr f (Ah)T\5nvdSdt  — fr f A(Tdf/h)vdSdt =J0 1̂2 J 0 J I j

= J J ^ t-A S  vd th 2 +ATVv  • Vh2]dUdt

Now suppose that the test function v = v(x,y,t) satisfies the adjoint problem,

Si5,v + V(Tj Vv) = H'{x,y ,t)  in Ut  
v(x,y, 7) = 0
v{x,y,t) = F '(x ,y , t ) on H  x (0 ,7 )
TidNv = G'(x,y,t)  on T 2 x (0 ,7)

We can choose the data in this adjoint problem to correspond to different choices 
of overspecified data from which to determine the unknown hydraulic parameters.
In particular, suppose that the following data is given,

h(x,y , t) = H{x,y,t) on U\ x (0, T) for some subset U\ cz U
h(x,y, t) = A x*y, 0  on f~2 x (0, T)

Then, if  we choose the data in the adjoint problem such that

H'(pc,y,t) is given on U\ x (0 ,7 ), but H '  = 0 outside U\ x (0, T) 
F"{x,y,t) = 0
G'(x ,y ,t )  is given on T 2 x (0, 7) 

then the integral identity above reduces to

- \ T(i\ u A H H 'd U d t  + (A/)G' dSdt = j j ^ t 'A S  vd,h2 + ATVv . Vh2]dUdt

In fact, if we let vi (x,y,t) denote the solution of the adjoint problem corresponding to data, 
H'{x,y, t)  = F'{x,y , t )  = 0, but nontrivial G“{x,y,t) and let v2{x,y,t) denote the solution of 
the adjoint problem corresponding to data, G '(x ,y , t ) = F'(x ,y ,t )  = 0, but nontrivial 
H'{x,y,  t), then we obtain the pair of identities,

J J [—AS v id ,h2 +ATVvi  ‘ Vh2]dUdt  = j^CAf )G '  dSdt

J f  [-AS v2d,h2 + A T V v2 • Vh2]dUdt = AHH'dUdt

Since S and T are independent of t, we can rewrite these identities in the form 

[AS K\\ + AT K x2\ d U  = \ l \ r [Af)G' dSdt
(2 . 1)4

f [AS K 21 + A T K 22] dU = - [ [ [ „  A H H 'd U d t
J (J  J 0 J U\

where

15
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K \ \ { x , y )  =  - J ^ v i  d , h 2 d t ,  K \ 2( x , y )  =  \ Tq V v ,  • V h 2 dt ,

Ki\(x,y) = - \ \ 2dth 2 dt, K 2i(x,y)  = Vv2 • VA2 dt,
These two integral identities are special cases o f the general situation in which a pair of 
unknown coefficients are to be determined from overspecified data by means o f integral 
identities which relate changes in the coefficients to changes in the overspecifications.
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CHAPTER II

Backus - Gilbert Method and its Applications in the Inverse Problems of
Ordinary Differential Equations

1- Backus-Gilbert Method

Consider the problem of approximating an unknown function f<= HS(IT) from a finite se t
of
moments /*, := (f,gi) fPxHs  .where g, e  H~S(U) are  known ( generalized ) functions,M ,..,N 
and
U <= ^".This problem can be stated a s  follows: Define

A : H*(U) — RN
f  * A(f) <= ( ( f , g \  h*xH-* )

Find / e  H*(U) such th a tA(f) =
Now ,forxa e  U , fixed , assum e that

/(* o )  = S h  <**/(■*«) •
for fii =  f r g i ) ^ " - ,  and <D, e Hs(Jf) , / =
Then , f t x 0) = ^/(^o) (f>8i)HixH-s = (,/■> S /_ i H,xH-I
But this implies

®i(x o ) g i (J0  = S (x -X o )  e  H~S(U ) , s > n / 2  (1.1)
where 8 ( x - x 0) is the Dirac generalized function a tx 0.
Since , ( a/ , T J   ̂ = ( f ,Arl>} where A T denote the transpose of A , and

(4/» b )  rS ~ b ~  ^ j - i (f->8‘)HixH-,bi — btgt}
Then:
A 7 : R N -+  H-S(U)

~b — biSi 
So , the equation (1.1) is equivalent to 
A T<t>(x0 j = 8 { x - x 0) (1-2)
where <D(*0 j = (<Di(x0 <D̂ (x0))
To solve the equation (1.2) for 0(x0j , we have to acknowledge that in general there will be 
no
solution. However, the normal equation 
{ATY A T <S>(x0) = (Ar y  8 ( x - x 0) (1.3)
is always uniquely solvable ( see Appendix) ,  where 
(A7)* : H~S(JJ) —*• Rn ; the adjoint of a t is defined by

(A T t -F) H.  -  $ ^ y F) R»
Note that

17
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which implies that
(.AT) ' F  = * R S
N o w ,
(AT)mAT(t>(Xoj = (Ary [ Z ^  0 ,-(x < ,)g ,-]  =  S j ,  Qi(x„)(Aryg,

= E ^ l <I,'(x o)(<gugi)r „.. . ,<gu,gi) ^ )  = 
and
(Ar y s ( x - x a) =  ( ( g i ,S Xo) ^ , . . . , ( g u , S Xo) ^ )  = (<Jgi,Sxo)/rx/r, ’ ---’<JgV’#Xo)„nr * )  
where J  : H~S(U ) —► HS( U ) , denote the duality isomorphism, can be defined by two 
different
ways , according to the se t U e  R", a s  follow :
(1) If t/  is the whole space Rn :

J  : H~s(Rn) — HS(R")

g  — Jig) •- [ " J 1 £ ] V 
where a  and v  denote the Fourier transformation and its inverse, respectively; 
a~x = ( l  + [y|2)  ~s where y  e  Rn is a general e lem en t.( according to the following diagram

Rn £  Hs  L \.x
x id \ J  i  a j l 
Rn *— Hs — L\z

A V

In this case  ,
(Jgi*8z 0)MVrt = [ a ; 1 g / ] v(*0)

^ { J g ^ g j ) ^  = ( [ " J 1 l / ] v.g /) = ( ° s l g ' J j )  =  f * 0  +M 2)" 1 gi ( y ) J j  (y)dy
'  • LhxLlj 1

(2) If t /  c= :
J : H~s(iT) — //*(£/)

g(x) -*  Jgix) ~ X I ,
where {w*>denotes an orthonormal basis of eigenfunctions in HS(U) with eigenvalues {A^}. 
In this case  ,
V g » K ) „ ^  = £ L

Finally , to approximate f lx 0), we generate
A W  = [ ( g / , ^ ) ^ ]  and îxAf= [{Jg„8Xa) ^ r ,} and solve M [0(x0 j] =d  
Then
A**) = [d>(x0)]./i= [M~l d\.~[i

1 8
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- i - [ * ( * ) £ “ ( * ) ]  =  * (* )  , 0  <  X -< 1

«(0) = 0 (2 .1) 
* ( 1 ) k (1) = c

where
0 -< c 0 < K(x) < c i ; c 0 and c i  are positive constan t; and A(x) e  L \ 0 ,1 ]

Then this (direct) problem has a unique solution in the Sobolev space H x [0,1 ] , given by

u^  = \ Xo i k [ ^ t ) d t + c } ds
Now, we will solve the (inverse) problem , in other words, we will find the (unknown ) 
coefficient

K(x) if i/(l) is the only given (m easured) data.
A ssum e w(x) and v(x) are the solutions of (2.1) when K(x) equals K\(x)  and * 2 (x) , 
respectively.
Then

£[ATi(x)-£i/(x)] T7(x)+  - £ [ t f 2 (x)-£v(x)] ij(x) = 0 V smooth function 77 

By integration by parts , we can get

[1/( 1 ) - v ( i ) ] * 2 ( 1 ) n' ( 1 ) + { J ( « - v ) | ^ - a : 2 n' dx=l'Q (* 2 - * , ) ; ? '  v'dx 

Assum e

w(l) = and v(l) = p 2 : let = P \ ~ p 2 and AK = K2 - K i  , then 

A p K x( l)  Tj' (l)  + j ‘ (z/ -v)  17' J ofc = Lp  77' v 'dx

A ssum e 77 satisfies the boundart value problem :
“ *■ *7 (*)] = 0 , 0  k x ^ 1

7/(0) = 0  

*,(1)77' (1)= 9
Then

A p. 9 = ^ A K r j ' v ' d x  
This equation can be stated a s  follows :

A : / / J[0 ,l]  — R
• 1
'oAK — A(AK)  := j '  A* tj' v'dx = A0. 9

2 0
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Applying Backus-Gilbert method, we get

j \  ij'v1 i  (x0)
A/<:(xo) = A0. 9 .  ; for any fixed point x0 e (0,1)

Ir'L
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3- Numerical Examples

Example (1) :Consider the boundary value problem:

u (  0 )  =  0  

K ( l )  u  ( 1 )  =  e m

Assume v(x) and u(x) are the solutions when K(x) = Ki(x) = a(-2x + 4)
,KQc) s  K 2 ( x )  =  (-2xr + 4 ) ,  respectively \a =  0 . 1 , 0 . 2 , 0 . 9 .
Then v(x) = 4- [exp(x/2) -  1] ,u(x) = [exp(x/2) -  I] , p 2 s  v(I) = 4- [exp(I/2) -  I ] , and 
P ! = w(l) = e x p (l/2 )-  UMC = K 2 - K x = (-2x + 4)(cr -  1).Also,when 
6 = 1,7700 = -4- In(2 - x )  + 4. in(2).Then , by applying Backus- Gilbert method to 
approximate
the unknown AAT,we get the results which described in Fig (l,/,y ) , fo r s =  i\
a = 0 .j , / = 0, 1,2, 3,4 ; j  = 1, 2,9

0 2  0.4 x 0.8 0.6
o

•6-

Fig(1,0,1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

22



-5-

0.80.4 0.6

-3-

-5-

0.4 0.6 0.8

0.4 0.6

-3-

-5-

Fig(1,3,1) 

23

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.80.6

Fig(1,4,1)
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Example (2) rConsider the boundary value problem:

= f c^ > °  -< * ■< 1

u (0 )  =  0  

K( 1) u (1) = e m

Assume v(x) and w(x) are the solutions when K(x) = K 2(x) = x2 -  3x + 4  and

K(x) = K,(x) = - 2 x + 4 ,respectively.Thenw(x) = [exp(x/2)~ 1],and/3] s  «(1) = exp(l/2) -  1; 
AK = K 2 - K \  = x2 -x.A lso.w hen Q = l,r/(x) = - j -  ln(2 -x )  + j- ln(2).Then,by applying

Backus- Gilbert method to approximate the unknown AK,v/e get the results which described
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CHAPTER III
Backus-Gilbert Approximation to the Solution of 
Inverse Problems in Partial Differential Equations

This chapter presents the application of the Backus-Gilbert approximation technique to the 
solution o f inverse problems for partial differential equations. In particular, the problems that 
are presented in this chapter will deal with the identification of a single spatially dependent 
coefficient/source term in a partial differential equation from various types o f measured data. 
The examples will describe the application o f the method to some o f the example inverse 
problems that were developed in example 1.2. The main focus is on examples in which the 
unknown coefficient is a function o f the spatial variable(s) since this method provides a new 
way of dealing with such problems. The final example of the chapter discusses identification 
o f a state dependent unknown to provide constrast with the other examples.

The following chapter will deal with identification of multiple unknowns.

EXAMPLES
3.1) Identification of a Spatially Dependant Diffusivity

Consider the initial boundary value problem for a one dimensional diffusion equation with a 
spatially dependent diffusivity:

-i-nCr,0 = D ( x ) - $ - u (x , t ) \  0 < x  < \ , 0  < t < Tdt ox L ox A
u{x, 0) = 0 ,  0 -< x  < 1,

«(0 ,0  = /W , 0 < t < T ,

4 - u { \ , t ) = 0 ,  0 < t < Tox
The unknown diffusivity function D(x) can be determined from measurements o f either of 
the following pieces of data:

Flux = -£>(0)-|L«(0,0 = g(/),0 < t  < T  (i)

Concentration = u(l, t )  = h(t), 0 < t < T  (//)

Continue to use the notation u(x,t) = ¥[£>;/] to indicate the unique solution o f the direct
problem corresponding to inputs D(u) and frt) . Similarly, let g- = Tovf/[D;/] and h = T i ¥[£>;/]
denote the measured outputs i) and ii), respectively, corresponding to the inputs D and f .*
Recall also that the notation rj =lf/ [D\-,Qq, 6 \ ] indicates that 77 = T]{x,t) solves the adjoint 
problem
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+ d x ^ ' H v ^  = ° ’ 0 ^ x ^  1,0 ^  1 < T'
t](x , T) = 0, 0 -< x  < 1,
T ] ( 0 , t )  = 00(0, o < t < T,

Z M D -^ tK I,/)  = 0,(r), 0 < t < T

For such a test function the previously derived integral identity reduces to

f W o 0oW + A/j(O0 .(O ]^  = -  \ X \ T& D { x ) ^ ^ - d x d tJo J o J o ax ox

* *
For test functions tjo =vF [Di;0o,O] and 771 = ¥  [£>i;O,0i] the identity becomes a 
pair of identities , each relating a difference in inputs to a difference in one or the other 
o f the two possible measured outputs

J oW o 0o « ] *  -  - l \  J > w f  («)

m

Consider the case in which the flux is the measured data and apply the equation (a), 
(essentially the same development will ensue if we use the other piece o f measured data 
and apply the equation (b)). We now begin to describe how an approximation to AD(x) 
can be obtained.

For a fixed number N  > 1 , let tjq1 = .where 9 $  = 77(0 ,0,7  = 1,... N
denote N linearly independent but otherwise arbitrarily chosen functions. Then the identity 
(a) implies

j W o ^ C O W ' = - J ‘ AD(x) f ^ M - d t d x  , 7 = 1, JV

Use this set ofN  equations to define a mapping, A : Hs [0,1 ] -*• RN by

where
7* (0

We want to find J{x) = AD(x) , such that /4[AZ)(;c)]= (f i \ , ....
where

Mj = j  =  1

For this purpose, we are going to assume that for a fixed xq e  [0,1 ]

AD (x0) =  5 2 m  »
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where <D, e  H~s [0,1], i = 1, JV 
Then,

a£>(jt0) = Z ^ 'f . ta X A o a i .A r 'f . t )

It is evident from this last equality that

d>,(xo)^'(x) = 5 ( x - x o) £ / / - J[0 ,1 ], s > 1/2

where <5(x -  xo) is the Dirac distribution concentrated at xo- Note that the restriction s > 1/2 
ensures that 5(x -  xo) e  #"*[0,1 ].

Since (A f ,b \  =(f,AT b \
\  y rn \ / //no.iix/r-'to.ii

where A T denotes the transpose of A, and we have

(A f ,b )  = f ( / lK l) )■ *b
V. J R N  V v  ' / / ' [ O .l lx W - ' lO .I ]  V  / / / 1 [ 0 .1 ) « « - I [0.11 J

=  E l ^ < A D ( x ) , K ‘) f =

it follows that
A T : RN -* H~s[0,1] is given by b-* T ' . f  x K ‘(x)bj

i.e., ^ r (O (x0) )  = E w  <*>.■(*<>)*'(*) ,

then the equation defining O(xo) is equivalent to:

A T(jb (x0) )  = 5(x - x0)

Since /I7- is not suijective, this equation will have no solution in general. In such cases it is 
natural to look for a solution to the equation which minimizes the square of the residual, a 
so called, least squares solution. This solution can be shown to satisfy the normal equation

(ATy A Tl>(x0) = (AT) ' S ( x - x 0) = C4T)*<5X0,

where (A T)m is the adjoint of A r. This least squares problem is always uniquely 
solvable. Note first that

(ATy A T$(xo) = { ( t f  , ^ ( x 0) V , [01]}  e R "
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That is,

-Co= (AT)*5.

Now (^ T)*5j:0 = ^(Kj,  Sx0 ) /y-i[o i]^
and

(Kj ,  8x0)f/-t((/) =  (“^ / ; <5 JTO ) //■> x//-J
where

7 : / /- J[0 ,l]  -

denotes the duality isomorphism from H~s[0,1] to Hs[0 ,1 ]. Here J is given by 

JK,(x) = , * ? ( * / ,H'OoW'ato
where

{w*} denotes a convenient choice of orthonormal basis
o f eigenfunctions fo r//° [0 ,1] e.g., the eigenfunctions 
fo r-V 2 on H q[0, 1]

and,
k kWk = —V2Wk fo r  all k  > 1.

Once the definition of J is specified, the formulas for the inner products and duality 
pairings become specific as well; e.g.,

(K<,wk)o = J[Q (] AT,(jc) wk(x)dx,
and

{ d K j , 8  'y [ k/r  { fCi ,  W k )g ),

( K i , K j ) H-,(y)  =  ( J K i , K j ) H, xH-s =  kj,s( K i , w k)Q( K j , w k)Q.

In order to approximate AD(xq) we generate

M  = J and d =  [(JKj,8Xo,ta ]

and solve
M $ ( x  o)] =  d(xQ)

Then
A£>(x0) = ? • [?(*<>)]

= [(A^Cj ), ] * [?C*o)]

=  [ ( A g ( s ) ,  0 y (5 ))Ho(52)] T[M -1] 7 ( x o )

= W • d{x o)

This can be carried out at a grid of points xo in [0,1 ] in order to provide an approximation for
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AZ)(xo) = Dz(xo) — D i(xo) and, since Dz is given , this provides an approximation for the 
unknown coefficient D \ . Note that W  = [ (Ag(s), dj(s))Ho(iS,) ] T[A/-1 ] does not depend on 
xo so that generating AD(xo) values at a large number of points xo requires only the computation 
o f d(xo) and does not mean repeated solution of the linear least squares system o f equations.

O f course the computation here does require solving the adjoint problem, which in turn requires 
knowledge of the conductivity coefficient D\. Therefore this identification algorithm would have 
to be carried out iteratively. The algorithm for this iteration will be discussed in more detail in 
the third example.

3.2) Identification of a Spatially Dependant Source Term
Consider the initial boundary value problem :

-f-« (x ,0  = - ^ - u { x , t )  + F(x), 0 -< x -< 1,0 -< t  < Tdt o~x
u(x, 0) = 0, 0 x  < 1

- | U ( 0 , 0 = g ( 0 ,  0 < t < T

-# -« ( l ,0  = 0, 0 < t < Tox

The unknown source function F(x) can be determined from measurements o f either o f the 
following pieces o f data:

w(0,0 =./('), 0 < t < T  (/)
K(1,0 = A(0, 0 < t < T  (ii)

Recall that the notation u(x,t) = vf/[.F;g] indicates the unique solution of the direct problem
corresponding to inputs F(x) and g(t) .Sim ilarly,/ = ro vF[F;g] and h = T  ivF[F;gj are used
to denote the measured outputs corresponding to the inputs F and g .

*

Recall further that the notation 77 =VF [F\',9q,Q\] indicates that 77 = rj(x,t) solves the adjoint 
problem

T](x,t) + ■^■'7(x,t) = 0 , 0 < x  < \,Q < t < T

T](x, T) = 0, 0 -< x -< 1

- J ^ O .O  = 0o(O, 0 < t < T

-^77(1,0 = 0i(O, 0 < t < T

For such a test function the integral identity of example 1.2.2 reduces to

f r[A/(O0o(O + A/i(O0.(O]<* = " f  [ Tmx)r]{x ,t )dxdtJ 0 j 0 J 0

For test functions 770 =VF [Fi;0o,O]and 771 =4* [Fi;O ,0i] the identity becomes a
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pair o f identities , each relating a difference in inputs to a difference in one or the other 
of the two possible measured outputs

f r[A/(O0o(O]<fc = -  f ' f r AFWnodxdt (a)
Jo J 0 J 0

f [Ah(t)9i(t)]dt = -  f f AF(x)rj]dxdt (6)
J 0 J 0 J 0

Now application of the approach o f the previous example leads to an approximation of the form

AF(x0) = Ji • [<pC*o)]
= • [(p(xo)]

= [ (Af{s), dj(s))«oW2) Y [ M ' 1 ] d(xo)

= W »d(x  0)

Since the development is so nearly the same as the previous example, the details will be omitted.

3.3) Identification of a Spatially Dependant Conductivity
Suppose U denotes a bounded open set in R",n = 2,3, with smooth boundary S. Suppose 
also that functions /  e  H l/2(S) and g  e  H~m (S) are given and consider the problem of 
determining a function pair -{m = u{x), a = a(x)}- such that all o f the following conditions 
are satisfied,

div(a(x)Vu(x)) = 0  in U 
u = /  on S  

a(x)n • Vu = g on S

Here we suppose a = a(x) denotes a strictly positive and suitably smooth (at least Lipschitz 
continuous) function on O .

With f  e  assumed to be imposed, suppose that the pair { u i ,a \ } satisfies the first
two conditions listed above and produces the data u i|s =gi  e  H~U2(S) and the pair {u2 ,a i}
is similarly associated with «2|s = gi  e  H~V1(S). Then we obtain the integral identity,

f Aa(x)Vu 2 (x) •  Vv(;c) dx =  f  A g (^ )0 ( s )  ds 
j U J s

where v = v(x) denotes the solution of the adjoint problem,

div(a\(x)Vv(x)) = 0 in U 
v = 0 on S

Now we describe a method to construct an approximation to the coefficient a \ = a \ (x)
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associated with data f  and g t . We suppose that = ai(x) is some given coefficient and 
that the pair {u2,a 2 } satisfies the Dirichlet problem stated above with data f .  We suppose 
that solving this Dirichlet problem generates the overspecified data «2 = gi  on S. In 
particular, let us suppose that 0 2  is chosen to be a constant. Since we are solving a Dirichlet 
problem with a homogeneous equation, it is not necessary to specify the constant in order to 
solve the Dirichlet problem. The constant can then be chosen later to satisfy some other 
condition.

Begin with the integral identity derived in example 1.2.3,

Here V j ( x )  denotes the N independent solutions o f the adjoint BVP corresponding to N 
linearly independent choices for the data, 0, e / / 1/2 (S'). The integral identity can be 
expressed as

where we are assuming that

( a )  Kj g  H°(U) e  H~S(U) s > nil

(b) A a g  HS(U), s > nil 

Now, for xo e U, fixed, assume that

Aa(.ro) = fa(x0) Hj

for nj = (Ag(s), 0y(j))flO(S2) 1 < J < N

Here <f>j(x0) denotes a scalar, but as xo is going to be allowed to vary over U cz R n 
<pj(xo) will eventually denote some type of function (or generalized function). Now we 
have

given Ag(s) g H~l/2(S) and Kj(x) = Vw2(x) • Vvy(.r), j  = 1 
suppose j^Aa(x)Kj(x)  dx = Ag(^) Qj(s) ds 1 < j  < N

(Aa(x) ,  Kj{x )) =  (Ag(s), 0j(s))fjo(S) 1 < j < N

N S'
Aa(x0) = ^2<pj{x0) fij = ^<pj(xo) (Aa(x), Kj(x))

H ‘ xH

But this implies

N

] )T<f)j(xo)Kj(x) = 5 { x - x 0 )  g  H  S(U)
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Now define
A : HS(U) -  R "

A(Aa) = {(Aa,Ki), ...,(Aa,KN)} = ~p. 

and A T : R'v -  H~S(U)

where (A(Aa),bV  = ( a  a,ATb)
But

(A(Aa),b)R» = {(Aa,Ki), .. . ,(Aa,Ks)} *b = ft • b

-  Z ;,< A a,Kj)bj  ■= (Aa ^ K j b , ) h,m _

from which it follows that for arbitrary b e  R'v,

A Tb = Kjbj  e  H~S(U)

Now define

(.ATY  : H~*{U) -* R "
by

( ATb ,F ) = ( b,(AT) ' F ) N
V J H-*(U) \  • RN

Note that
( ATb ,F)  = ( Y ,N, Kjbh F )V J H-’ilT) 1 1 J //-'(CO

= bj(Kj ,F )H-S{U)
which implies that

(AT) ' F =  {(K y,F)„-,(W> e R "

Note here that while A T denotes the transpose o f  A, (AT) m denotes the adjoint 
of A T. In particular, ( A rb ,F )  f is the inner product on the Hilbert space HS(U)

and ( a a,ATb)  denotes the duality pairing for HS(U) x H~S(U)

Now, in order to solve the equation

A T$(x0) = 5(» - x 0) = 5Xq

we have to acknowledge that in general there will be no solution. However, 
the normal equation

(AT) 'A T$(x0) = (ATy S ( * - x  o) = (A Ty s X0
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is always uniquely solvable. Note first that

AT$(x0) = E 'h  <t>jMKj e H~S(U)
and

(AT) 'A T$(xo) = e

=  S y = i  Cr o) (A ,, K j ) h -*(id

That is,
[(A,-,Ay)„-J(cJ ? ( * 0) = WT)^ x 0

Now ( ^ T) ' ^ 0 = {S-Kj,8X0)Ir 'W y
and

(Ay, SXQ) = (JKj,8Xa) HWH-S
where

7  : -  //*(£/)

denotes the duality isomorphism. Here J is given by 

J K fc )  = X “ , Ar(A„w*)0vn(*)
where

{vv*)- denotes an orthonormal basis o f eigenfunctions for —V2 on Hq(U) 

A*w* = -V 2wjt ybr all k > 1,

and (A„w*)0 = Wi(x)o[r

The choice of the eigenfunctions for -V 2 on Hq(U) as the orthonormal basis for 
defining the spaces HS(U) is one of convenience. The eigenvalues are all strictly 
positive and the eigenfunctions can be easily constructed or approximated. Other 
choices are possible here, and advantages of alternative choices is something 
that should be considered.

Then {^^ji^^o)HsnH~s = A^CA,-,w*)qIv*(xo)

Similarly, (AT,,K j)h-,{U) = {JKh Kj)HWH-, = E ^ i  A ^(^^  vv*)o (Ay,w*)o 

In order to approximate Aa(xo) we generate

M  =  £ ( K i ,K j ) H-,(^  J  and d  =  [ { J K j , 5 Xo) Hi xf{- i ]

and solve
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M[q>(x o) ]  =  d
Then

Aa(x0) = [<p(x0)] • p
= [<P(*o)] • [(Ag(^),

= [ aT 15 ]  • [(Agfy), 0 y O )V (w ]

This can be carried out at a grid o f points xo in U in order to provide an approximation for 
Aa(x) = ai(x) -  a2(x) and, since a 2(x) is given, this provides an approximation for the 
unknown conductivity coefficient a i(x). O f course the computation here requires solving 
the adjoint problem, which in turn requires knowledge of the conductivity coefficient ai(x) 
Therefore this identification algorithm would have to be carried out iteratively. A possible 
design for such an iteration scheme follows:

Algorithm

Given data: f  = f ‘ g  = g"

Initial guess: a = ao

1. Direct Problem
a(x) = an(x)

U2(X) = lt(f*, an) —<► gl  = glifln)

i f  ILg-* — g"21| < e then stop

2. Adjoint Problem
vj  = vidj,an)

Kj  = Vw2 • Vvy

Pj = (g* ~g2,0j)
1 < j < N

3. Least Squares Problem

[ f y ( * o ) ]

Aa(x0 ) = p T[Kij]~lb(x0)

4. Iterate: an+i(x) = a„(x) + Aa(x) =: T[a„]

return  to 1
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This algorithm can be viewed as producing successive refinements to the initial guess for 
the coefficient a(x). Note that if the initial guess ao is chosen to be a constant, then the 
corresponding solution o f the direct problem u2(x) = u(f*,ao) is independent o f the 
value of the constant. Then g 2 = g 2(^0) = aoojvW2 and we can choose ao such that 
ll£* II = 0; i.e.,

al\\dNU2\\2 -  2ao(dNU2, g ' ) + ||g-*||2 = 0.

Then ao can be viewed as a first approximation to the unknown coefficient a(x) and 
the iterates produced by this algorithm can be interpreted as refinements o f the approx­
imation.

Step 2 of the algorithm requires the selection of N linearly independent but otherwise arbitrary 
functions, Qj, to serve as input to the adjoint problem. These functions are defined on the 
boundary of the domain, and the most natural choice would be to divide the boundary into 
N disjoint segments and choose each data function to have its support on one of the segments. 
These functions would, of course, be linearly independent but it remains to be seen whether 
this choice is most effective in terms of leading to an accurate approximate solution.

The solutions to the adjoint problem corresponding to the N chosen input functions Qj 
provide the input for the next phase of the algorithm, solving the least squares system of 
equations. Once this system is solved, the unknown coefficient can be evaluated at any 
point in the coefficient domain U. At the n-th iteration of the algorithm, the domain U 
has been divided into a number of cells, M(n), and the coefficient is treated as constant 
on each cell. For the next iteration the division of U could be refined by increasing the 
number of cells to M(n+1) and the values of the piecewise constant coefficient would 
then be generated by using the output of step 4 to evaluate the coefficient at the center 
o f each new cell.

One o f the advantages o f this approximation procedure, is that it is possible to give a clear 
interpretation for what the approximate solution represents.

In terpretation  of Aon
We have that,

AaN(xo) = jl • O(x0) = £ • [AT]_I6(x0) = fV»b(x0)

Since xo e  is arbitrary, and W does not depend on xo, W • b{x0) is just a linear 
combination o f the functions bj(x0), 1 < J < N. i.e.,

Aon(x ) e H% = span{b\(x),...,bN(x)} a  HS(Q.)

Lemma 3.1.1 Aas{x) is the Hilbert space projection o f Aa(x) from H S(Q)  into

N
proof- Let P[Aa] = JZa jbj

1-1
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where the a, are chosen such that (Aa,b j)H, = (P[Aa], bj) H, 
Note that

{P[Ad\,bj)H, =
-i

and
(Aa,bj)Hs = £  (Kj, wm)0(Aa, wm )0 = <Aa,Kj) = fij

m

Also (b,,bj)H, = (K„Kj )h.s = (J~lKi,Kj)  = Kij

^ -  -  so that ^ K i j O i  = \ij\  i .e . ,  [/C ]a =  £
1=1

Then a = [AT]_I/i

and P[Aa] = a ' b  = ( [ K j - ^ y b

= fiT[K]~lb = W - b  = A aN

When s=0 this projection is just the L 2 projection of Aa(x) into the subspace 
spanned by the N vectors b j ( x ) .  When s>0, then the projection is a smoothing 
projection into the subspace H%.

Lemma 3.1.2 /l[Aav] = A^Aa]

proof-Note that A[Aa^] = {{AaN,K\), .. .,{Aan,Ks)}

and (AaN,Kj) = /f[Aav]y

\> i /  y'=i

But <Dy(y) = ( [ * T ‘£ ( » ) y

hence A[AaN]j = XlA£y^([^~l6 (> ))y,^ ( > ) )  =

Now Q  = (  ( [ /n _l^O ) ) y, ̂ /Cy) )  = ( j t KJk bk(y),Kj(y)^

= S  Rjk (bk(y),Kj(y))
i

and
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(bk(y),Kj(y)) -  (Kk,wm)0 (Kj,wm)0 = (AT*,£ ,)„ -*  = Kki
m

Then Cij = j ^ K j K k i  = 5jt
i

N

and A[&aN]j = Y^VjCij = lij = A[Aa]j
j - 1

Evidently, A maps A a and A On to the same N-tuple of data values.

3.4) Identification of a State Dependant Conductivity
For purposes o f comparing the application o f this approach to an inverse problem involving 
a position dependent unknown to an inverse problem with a state dependent unknown, we 
consider the following situation. Consider the boundary value problem :

div\a(u(x))Vu(x) = 0 in U
u = f  on S

a(u)n »Vu = g  on S

Where U  c: /?", / e  H U2(S) and g  e  H~m (S) are as in the previous example. Here
the conductivity is assumed to be a function of the state variable u rather than a function of the
position x.

With /  e  H l/2(S) fixed, suppose that the pair {u\ ,a \}  satisfies the first two conditions listed 
above and produces the data Mils = g i e  H~U2(S) and the pair {1*2,22} is similarly 
associated with uz\s = gz £ H~V2(S). Then

div(a\(m)Vu\(x)  -  a2(u2 yJu2 (x)) = 0

u\ -  «2 = 0 
n • [ai(«i)Vwi -  a 2 (u2)Vui{x)] = gi -  g 2

Let
bi(u) = J" ai(s)ds

Integrate the differential equation by parts and attention to the boundary constraints leads 
to the integral identity,

Jc/A2(m2) V«2(x) • VvQt) dx = j s Ag(s)9(s) ds 

where v = v(;t) denotes the solution of the adjoint problem,
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Where

/?(x)Av(x) = 0  in U
v = Q on S

P(Y\ = bi (u2) - b i ( ux )
U2 - U \

Now the algorithm to construct an approximation to the coefficient a i = a i (m) 
associated with data/  and gi proceeds as in the previous example.

We suppose that a2 is some given coefficient and that the pair {u2,a 2} satisfies the 
BVP above with data f  and generates the over-specified data u2 = g 2 on S . Then 
we proceed to apply the algorithm as before but now applying the method to the integral 
identity derived in this example.

In particular, to approximate Aa(u2(xo) we generate

M  = [ (AT,,Kj)fi-s^  J and d = \.{JbCj,8Xo)h3xh~'^

and solve
M\7p(x o)] = ~d

Then

Aa(w2(x0) = $(*o)] • ?
= [V(xo)] • [(AgO), fly(j))«o(j 2)]

= [M - 'd ]  • [(Ag(j), 0y(5))HO(52)]

This can be carried out at a grid o f points xq in U in order to provide an approximation for

A a(u2(x)) = a2(u2(x)) - a {(u2(x))

Since a2 is given, this provides an approximation for the unknown coefficient a i(u 2(x)). In 
this situation, however, a \ (u2(x)) is determined on the interval o f values between, and 
/max, the data values on the boundary o f U. Therefore grid of points xo in U must be chosen 
very close to the boundary of U, in which case, a i(u 2(x) « a\(J{x)). In addition, the experiment 
must be constructed in such a way that the boundary function,/7) , is neither constant nor nearly 
constant, since this would limit the identification of the coefficient to a single point or small sub 
interval in its domain. This example illustrates that the method described in this thesis is more 
suited to the treatment of inverse problems with spatially dependent unknowns than to problems 
with state dependent unknowns.
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CHAPTER IV

Application of the Backus-Gilbert Method to the Simultaneous 
Identification of 2 Coefficients

This chapter describes the application of the Backus-Gilbert method to an inverse problem 
involving the simultaneous identification of two unknown functions from overspecified data. 
Superficially, the treatment of the identification of mulitple unknowns is identical to the 
identification of a single unknown. However, the treatm ent of multiple unknowns requires 
that the single unknown techniques be extended in an appropriate way. An example of a 
physical problem which leads to an inverse problem in two unknown functions will be used 
to illustrate how this extension must proceed.

1. Identification of Unknown Storage and Transmissivity Coefficients
The partial differential equation governing unsteady groundwater flow for an isotropic, 
heterogeneous confined aquifer, U a  R2 is

S(x,y)dth(x,y ,t )-V(T(x,y)Vh(x,y ,t ))  = - q w(x,y)

where U = 2-dim region occupied by the aquifer
T = H U r 2 = boundary of U 

h(x,y,t) = hydraulic head in UT = U-x (0,7)
T(x,y) = transmissivity in U 
S(x,y) = storage coefficient in U 

q w(x,y) = withdrawl term in U

The unknown hydraulic head function is subject to the following initial and boundary 
conditions

h(x,y,0) = ho(x,y) in U a  R2
h(x,y,t) = F(x,y,t) on H  x (0, T)

TdNh(x,y,t) = G(x,y,t) on T2 x (0,7)

The partial differential equation together with these three auxiliary conditions, comprise the 
"direct problem".
Now consider the problem of determining the hydraulic functions S and T from extra data 
measured inside or on the boundary of the the flow domain U. If h\(x,y,t)  denotes the 
solution of the direct problem corresponding to hydraulic coefficients Si, T\ while 
coefficients S 2 , 72 lead to the solution h2(x,y,t), then

5, d,(hi — h2) -  V(7i V(/*, - h 2)) = V((7, -  T2)Vh2) -  {Sx -  S2)d th2.

4 8
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Multiplying this equation by a test function v(x,y,t) and integrating by parts, leads to 

&h(x,y, T )S i v ( x ,y ,T )d U -  |  A/z[S,o,v + V (r, Vv)]dUdt

+ Lr L  {Mi)TxdNvdSdt -  f r L  A<JdNh)vdSdt =Jo Jri J o J r i

= J J ̂  [—AS vd thi + A rV v • Vh2\dUdt  

Now suppose that the test function v = v(x,y,t) satisfies the adjoint problem,

S\d,v + V(Ti Vv) = H"(x,y,t) in U t  
v(x,y, T) = 0
v(x,y,t)  = F* (x,y, t ) on T, x (0,7)
T\dfjv = G'(x,y ,t)  on T2 * (0, T)

W e can choose the data in this adjoint problem to correspond to different choices of 
overspecified data from which to determine the unknown hydraulic param eters. For 
example, suppose that the following data is given,

h(x,y,t) = H(x,y,t)  on U\ x (0,7) for som e subset U \< z U  
Kx,y, t)  =Ax ,y ,  0  on T2 x (0  ,T)

Then, if we choose the data in the adjoint problem such that

H ‘ (x,y,t) is given on £/, x (0,7), but H m = 0 outside U\ x (0, T)
= 0

G'{x,y,t)  is given on T2 x (0, T) 

the integral identity above reduces to

-  { A //H'dUdt  + | ^ J r (Ay) G* dSdt = JJ  [-AS vd th2 + A7Vv . Vh2]dUdt

In fact, if we let v, (*,>>,r) denote the solution of the adjoint problem corresponding to data, 
H*(x,y,t) = F*(x,y,t) = 0, but nontrivial G*(x,y,t) and let v2(x,y,t)  denote the solution of 
the adjoint problem corresponding to data, G’(x,y,t) = F'(x ,y , t )  = 0, but nontrivial 
H '(x ,y , t ), then we obtain the pair of identities,

f f [-AS v, d,h2 + AT Vv, • V/z2] dUdt  = T  L  (Af) G* dSdt
J J t/r 0 J L i
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j  J j,  [ -A S  v 2 d,h2 + ATVv2 • Vh2\d U d t  =  - j [ f  A H H 'dU dt .

It is evident that the choice of data in the adjoint problem has the effect of selecting the 
coefficient difference which will appear in the integral identity.

Since S and T are independent of t, we can rewrite these identities in the form 

[AS K U + AT Kn]  dU = ^ ( A f) G* dSdt

[AS K2\ + AT K n ] dU = Jy A H H 'd U d t
where

K\\{x,y)  = “ Jo vi dth2dt, K\2{x,y) = Vvi • Vh2 dt,

Ki\{x,y)  = - [ TQv2dth2dt, K22{pc,y) = Vv2 • Vh2 dt.
These two integral identities are special cases of the general situation in which a pair of 
unknown coefficients are to be determined from overspecified data by m eans of integral 
identities which relate changes in the coefficients to changes in the overspecifications. 
Identities involving other choices for the m easured data from which the coefficients are to 
be determined can be obtained by altering the structure of the adjoint problem.

2. Approximating a Solution to the Inverse Problem

For the discussion to follow we will denote the unknown coefficients by a(p) and b(p) where 
p will denote an generic point in the domain of the coefficients. For example, 
a(p) = Sip), bip) = 7Xp),withp = (x,y) e U.

The identities and the resulting algorithm involve differences Aa(p) = a\(p) - a 2(p), and 
A bip) = b\ip) -  b2ip), where we assum e a2(p), b2ip) are assum ed to be known 
coefficients and the unknown coefficients are denoted by a\ip),  blip).  Obviously, 
determining the differences A aip) and A bip) is then equivalent to determining a\(p), b\ip).

We will suppose that we solve the adjoint problem for N different choices of the data 
G* and H ’ and we let

Pi j  = \ TQ\ v iAf)Gj dSdt and p 2J = - 0 ^  AH H'dUdt.

Also, we make use of the previously defined notation,

Jf^ f-A S ' v Xj d th2 + ATVvij  • Vh2]dUdt = j (jAa(p)KUJip) dp + Abip)K\2Jip) dp
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J J ^ t - A S  v2jd ,h 2 + ATVv2j • Vh2]dUdt = J ^ A a(p )K 2iji p )  dp +  \ (jAb(p)K22J(p) dp

where vlt/ denotes the solution of the adjoint problem corresponding to data GJ, and v2J is 
the solution of the adjoint problem corresponding to data H j , j  = Then we have the
integral identities

l \ UT^a {p )K UJ[p) dp + j  f UrAb(p)Kl2j(p) dp = p i j  1 < j  < N  

f Aa(p)K2XJ{p) dp + \ Ab(p)Knjip)  dp = p 2J 1 < j < N

That is,

J U  7  7  w  i p =  x - j - Nr |_ &2\ &22 J .  

i.e., \ \ UT[Kj{p)]Aa(p)dp  = jlj, for 1 < j  < N

Note that if the data functions GJJ  = form a set of linearly independent functions,
then Kuj(p) ,  and K\ 2J(p) J  = are also linearly independent. A similar statem ent is
true of the data functions HJ, j  = \,...,N, and the corresponding functions K 2Xj(p) and 
K 22j(p).

Here we are going to assum e that

i) Aa(p) e Hs( U t)2x1 s >  2
ii) \Kj{p)] e H°{Ut )2xZ c  H~s( Ut )2x2

Now for p  e U fixed, suppose we can find functions 0,y(p) such that

A a(p) =
A a{p) <t>li O 12

(P)
Ai

A b(p) \ <D2i C>22
j A2

_ _ _ _

Ur

K u K x 2
07)

j

Aa(g)
K2X K2 2 Ab{q)

dq

This is evidently equivalent to the statement,
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r ' l . O T y C p w ? )  -
S ( p - q )  0 
0 5{p — q)

or,

where E\ = [1,0] and E2 = [0,1].

Definitions of Abstract Mappings 
1. The mapping A
Define

A : Hs{f)2xl -+ R2xN
by

A a(p)
A b{p) H / / Ut

K\\ K n  
Ki\ K 22

ip)
Aa{p) 
A b(p)

dp

P\
Pi

j j \<i<N

i.e.,

where

A[Aa] = «[AT, ], Aa), <[AT2 ], A«),..., <[Ar ]̂, Aa>> = {£, ?,v>

<[*}], A3> = f l Ur[K]j(p)£a(p)dp.

i.e., (-,•) denotes the duality pairing on H~s x Hs.

Duality pairing on R2N
Define

{pi  :
bn

> = Pi ’ hi  = 'E j iS P i jb i j  + Pijbi j )

for the duality pairing between R2xN and its dual, which we denote R^ 2 . Note that

H ^ \ i P i j b \ j  + P2j b 2j) = tr-{bx S*} • {Jh ]!»}

where, fr{Si • { jl\  ]1n}  denotes the trace of the N by N matrix that is the result of

the product {Si S*} • {Jh jlN> =

5 2
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2. Transpose of A
Let AT denote the transpose of the mapping A. Then

But

is defined by

Ar : Rn»2 -  ( / / ‘ CO2*1)* = / / - ‘ ( 0 lx2

A[Aa] • {6 , = (a3,/T{& , bs } T)

A[Aa] • { b i = 0 \  JIn} • { b i  £jv}

= t r {b x „ b N}  • 0 i  Mn}

= t r { b x bN}  • « [ * ,] ,a2>,<[*2],AH>, ...,<[**], A a»

=  '  bj  =  ( Z " ,  b j [ K j l A a ) .

It is evident that A T^b\  bNy r = ~bj[Kj] G H~s{I)Xx2

3. Adjoint of AT
Next, define 0 4 T) ’ : / /" ‘ CO1*2 -*• Rn*i

Note that (ATy  denotes the adjoint of A T as  opposed to the transpose of AT (which 
is, of course, just A). This is a consequence of the fact that 04T)* is defined in term s 
of the H~s inner product instead of the Hs x H~s duality pairing used to define A T.

Since

by

= t r { b , 6,v} • { (f,[/C ,

it follows that
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Least Squares Solution to the Equation
Now we wish to solve the equation

= S(p-q) [Eu Ei]

In order to express this equation in terms of the mappings just defined, note that the 
equation is equivalent to the two equations,

A T[Rk(p)] = 8 ( p - q ) E k, * = 1 , 2 (4.1)

where Rk(p) denotes the N by 2 array whose rows are the k-th rows of the N two by 
two matrices <Dy; 1 < j <  N.

i.e., Rkip) = {[k-th Row of <J>y ]}• = > * = 1,2

AT

Evidently, the first column of Ri(p)  contains the (1,1) entry of all N of the matrices Oy(/?), 
while the second column contains the (1,2) entries of the N matrices Similarly, the 
2 columns of R 2 (p) contain the (2,1) and (2,2) entries of the N 4> -  matrices. For future 
reference, let us denote the i-th column of Ry by Cy,.

In general, the equation (4.1) will have no solution Rk. Therefore, we will solve instead the 
associated least squares equations which are always uniquely solvable,

Now

and

so

( /T )-/!T(7!,(/>)] = (ATy ( S ( p - q ) E t ) ,  k=  1,2.

o n - ?  -  {(?■  m )  -  (?■ C*»]) }

(4.2)

This may be expressed as

( A ^ y A r [Rk(p)] = <

r

[Mij]
<D(AO k. 1

. . .J V

^k.2

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where
[Af,y] = AKj\)H-<] = N  by N  matrix (.symmetric)

Also (ATy ( 5 { p - q ) E k )  = Hs, . . . , ( S ( p - q j E k, [KN])

But
Ek[Kj] = {KkuK a )j = k-th row of [KJ\

hence
(Ar y ( 5 { p - q ) E k)  = { { { S { p - q ) , { K kxtKia)jia)') f f j ) }

Now (8(j) -  q) ,(Kk\,Kia)yq))  H_, = {5(p -  q),(J~x K i a J K i a ) ^ ) )

where J  : H5 — H~s denotes the duality isomorphism. Here J~l is given by 

J~XF{q) = Y Z i  K s(F,wn)QM>n(.q) 

where {wn(^)> denotes a convenient orthonormal basis for H*(UT). Then 

(F,w„)q = j UrF(q)w„(q)dq

and
(5(p — q), {J~xKki , J K i a ) j ( q ) } ~  k ns^ K k\ ,w n)0y K k\,wn)Q)jWn{p') 

= {dk i, da  }j

Similarly ([tff]T, [Kj])h.s = <[*,-] V " 1

= E "  i « [ ^ ] t, vM o([* /],w„)o

Therefore, to solve

(ATy A T[Rk(p)] = (ATy ( 5 ( p - q ) E k) ,  k =  1,2.

we form [M,y] = [([^<]T, [£}])„-,] = [ £ " ,  ^ni ([^<]^w")o([A:/]>vv'>)o]

and P 1’^2]* = ( 5 (P ~ t i ’(JKkl'JKk2h(<l'))h-**h’

= E n-I ■̂nS((Kk\,Wn)0,(Kk2,wn)o)jwn(P)
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d \ l)

d p d P

(D(1)
“  W  "

1 [ m

"  * a  "

_

r1
d p k _  _

d p

Then we solve

i m

for k=1,2. This is four system s of N equations in N unknowns, in which the N unknowns 
are the N (i,j) -  entries of the C> matrices, for i,j=1,2. In terms of the C'^s this is

[A/] Cij = dj,i, or Cij = 1 < i j  < 2

Once these solutions are obtained then we have

A a(p) 
A b(p)

a3(p ) = E ",[4> ,(P )]ft

- z
iN On O 12 

<t>2! <&22
O )

where

L

i
e <Dl2 (ht/)V l,l

1'O—©

<t>2l <t>22
j V2,l 1

r̂ci 
•05 ot
e

M\
M2

In terms of the C',,s this isij“

Aa(p)
— » -4

C l,I • f l \  +  C l,2 • H2
A b{p) C 2, 1 • M 1 +  C2,2 • M2

or
A a(p) = ]l\[M]~'d\,i(p) + ]i2 [M]~'d\'2 (p)

A b(p) = ~m\[M]~x d2,\(p) + M2[M]~ld2,2(p)

Here jlk denotes the N-vector whose entries are (//*);> j  =  and [M]~x denotes the
inverse of the nonsingular matrix
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[Mij] = [ ( M T.[^-])/f-] = [ E " ,  W [ ^ ] T. w« )o ([^ ] .w«)o]

Neither of these depend on the point p  <= U. All that is required in order to evaluate_the 
coefficients at a new point p  e U  is to recompute the four p-dependent vectors [ ^ 1 , ^ 2  ]  and 
solve again the 4 system s of equations for the 4 entries in the N O -  matrices.
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Conclusions

This thesis describes the combination of a Backus-Gilbert like approach with the 
integral identities developed in Chapter I. The result is an algorithm for constructing 
approximate solutions for a class of inverse problems that is different from existing 
algorithms for problems of this type. This algorithm has the evident advantage that 
refining the reconstructed unknown does not require additional solutions of the direct 
problem but can be accomplished with relatively simple additional calculations. 
W hether this method will, in the end, represent an improvement on known algorithms 
such as  output least squares and others, will only be seen from extensive numerical 
testing.

In addition to numerical testing, other points that will require additional study include:

1. The role of the eigenfunctions used for the construction of the spaces HS((J).
Is the choice of eigenfunctions significant to the effectiveness of the method?

2. The choice of data in the N adjoint problems solved to generate the functions 
vj(x) = v(x,9j) which are, in turn, used to form the functions

Kj(x) = Vw2(*) • Vvy(x). Is there som e optimal way of choosing the adjoint 
data to enhance the stability of the inversion?

3. The role of iteration versus refinement; each time a new coefficient is obtained 
a s  a result of one complete cycle of the algorithm, it is possible to evaluate 
this coefficient at any point x0 in the domain. Is there a limit to how fine this 
refinement can be made without additional iterations of the algorithm? In 

particular, is there some limit to the resolution that can be obtained from a 
given set of m easurem ents. Common sense  suggests that there should be
a limit, the question then is, how is this limit manifested in this approximation 
technique?

4. The parameter, s, indicating the sm oothness of the space HS(U)  to which the 
unknown coefficient belongs, plays the role of a "regularizer” in the solution of 
this ill-posed inverse problem. This role needs clarification.

5. Can this algorithm be compared to already well known algorithms like output 
least squares?
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Appendix

A least squares solution

Consider the equation :
Kx = y (A .l)

where
K  : Hi -  Hz

is a bounded linear operator on a real Hilbert space H \ , taking values in a real 
Hilbert space, H 2 .
A solution x of (A .l) exists if and only if y e R(K) . Since K  is linear , R(f£) is a subspace of H 2 , 
however , it generally does not exhaust H 2 ■ Therefore , we introduce the idea of a least squares 
solution . A  function x  e  H\ is called a least squares solution of (A .l) if

This is equivalent to saying that Py e  R(K) , where P is the orthogonal projector o f H 2 onto 
R(K)  , the closure of the range of K . Now , Py e  R(K) if and only if

\ \Kx-y\\  = in f{ \ \Ku-y \ \  : u e  H,>.

y  = P y + ( I - P ) y  e  R(K) + /?(/Qx. (A.2)

Therefore , a least squares solution exists if  and only if y lies in the dense subspace 
R(K) + /?(/Q x o f  H 2.

Equation (A.2) is equivalent to the condition 
K x - y e R ( K )x = N(K*),

that is ,
K'Kx  = K'y,  

where AT* is the adjoint of K .
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