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ABSTRACT

INTEGRATING GEOMETRIC DEEP LEARNING WITH A SET-BASED DESIGN

APPROACH FOR THE EXPLORATION OF GRAPH-BASED ENGINEERING SYSTEMS

Many complex engineering systems can be represented in a topological form, such as graphs.

This dissertation introduces a framework of Graph-Set-Based Design (GSBD) that integrates graph-

based techniques with Geometric Deep Learning (GDL) within a Set-Based Design (SBD) ap-

proach to address graph-centric design problems. We also introduce Iterative Classification (IC),

a method for narrowing down large datasets to a subset of more promising and feasible solutions.

When we combine the two, we have IC-GSBD, a methodological framework where the primary

goal is to effectively and efficiently seek the best-performing solutions with lower computational

costs.

IC-GSBD is a method that employs an iterative approach to efficiently narrow down a graph-

based dataset containing diverse design solutions to identify the most useful options. This approach

is particularly valuable as the dataset would be computationally expensive to process using other

conventional methods. The implementation involves analyzing a small subset of the dataset to train

a machine-learning model. This model is then utilized to predict the remaining dataset iteratively,

progressively refining the top solutions with each iteration. In this work, we present two case

studies demonstrating this method.

In the first case study utilizing IC-GSBD, the goal is the analysis of analog electrical circuits,

aiming to match a specific frequency response within a particular range. Previous studies gen-

erated 43,249 unique undirected graphs representing valid potential circuits through enumeration

techniques. However, determining the sizing and performance of these circuits proved computa-

tionally expensive. By using a fraction of the circuit graphs and their performance as input data for

a classification-focused GDL model, we can predict the performance of the remaining graphs with
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favorable accuracy. The results show that incorporating additional graph-based features enhances

model performance, achieving a classification accuracy of 80% using only 10% of the graphs and

further subdividing the graphs into targeted groups with medians significantly closer to the best

and containing 88.2 of the top 100 best-performing graphs on average using 25% of the graphs.

In the second case study, we demonstrate the IC-GSBD methodological framework on air-

craft thermal management systems (TMSs). Utilizing another previously created dataset through

enumeration, the approach employs directed graphs representing TMSs and GDL to predict criti-

cal characteristics such as compilability and simulatability. The findings indicate that incorporat-

ing graph-based features using Principal Component Analysis (PCA) significantly enhances GDL

model performance, achieving an accuracy of 98% for determining a graph’s compilability and

simulatability while using only 5% of the data for training. Additionally, iterative classification

methods successfully segment the total set of graphs into specific groups, including an average of

71.3 of the top 100 highest-performing graphs, by training on 30% of the data.

This work demonstrates that IC-GSBD can significantly enhance the process of complex sys-

tems design by leveraging advanced computational techniques, reducing computational overhead,

and offering a scalable model for applying machine learning to certain engineering design prob-

lems with many options that are computationally expensive to evaluate.
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Chapter 1

Introduction

“The main task of engineers is to apply their scientific and engineering

knowledge to the solution of technical problems, and then to optimize those

solutions within the requirements and constraints set by material, techno-

logical, economic, legal, environmental and human-related considerations.”

— G. Pahl, et al. [1]

The need for innovative solutions has never been higher. As highlighted by Pahl et al., the

essence of engineering design lies in optimizing solutions within a myriad of constraints [1]. This

quote encapsulates the multi-dimensional challenges faced by engineers, emphasizing the necessity

for innovative methodologies that can effectively navigate and optimize complex system designs.

In this chapter, we introduce and justify a new type of framework for the engineering design pro-

cess, a framework that includes Machine Learning (ML). We begin by discussing the contextual

background and motivation behind this work, followed by a discussion of the role of Artificial

Intelligence (AI)/Machine Learning (ML) in systems engineering. We will walk through the evo-

lution of the engineering design process and the pressing need for innovative solutions. Lastly, an

introduction to the new framework is given.

1.1 Contextual Background and the Need for Innovation

Recent advancements in engineering design methodologies have increasingly emphasized the

need for more comprehensive and flexible approaches to navigate the complexities of system de-

sign and optimization. Complexity, in this context, refers to the degree of interconnections and the

level of difficulty to solve or analyze the system [2]. Increasing system complexity continues to be

one of the biggest challenges facing engineering design and manufacturing today, as these systems

operate in an environment of increasing change and uncertainty [3]. As we venture deeper into
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the 21st century, the engineering domain confronts many challenges posed by the intricacy and

multifaceted nature of modern systems.

Engineering design sits at the heart of innovation by integrating creative ideas with practical

applications. Designers account for not only the technical aspect of the system but the economic

properties and commercial importance of timely and efficient system development, but it is also

important to have well-defined design methods that find solutions [1]. That said, designers have to

manage increasing complexity, which necessitates the call for advancements in the overall design

process.

The initial stages of the design process, known as conceptual design, involve defining the

design space, which can lead to a combinatorial explosion due to the vast array of design parame-

ters and constraints. This challenge makes identifying optimal solutions a daunting task, requiring

strategies that can efficiently explore a multitude of possibilities. With an increase in the number of

possible solutions comes an increase in the computational cost. Detailed simulations and optimiza-

tion of potential designs incur a significant computational cost, especially during the early stages

of design, when numerous iterations may be necessary to converge on a viable solution. Modern

engineering systems often span multiple domains, making it necessary to navigate interdisciplinary

constraints and balance competing requirements to achieve optimal system performance.

The escalating complexity of engineering tasks and the exponential growth in design possibili-

ties demand solutions that mitigate these challenges and discover new opportunities for innovation

and efficiency. As we continue to advance systems in the years to come, these challenges will

not only continue to increase but hinder progress toward a more technologically prosperous future

where we can focus more on systems’ intricate and conscientious aspects. In this work, we seek

to explore the need for an innovative solution that addresses the challenges that come with the

increasing complexity of systems.

As methodologies continue to improve over the years, one thing is evident: each method builds

upon the last, which is no different here. We need methodologies that continue to optimize the

design process and foster innovation by enabling the exploration of previously infeasible design
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spaces. Innovative design methodologies should be able to streamline the exploration of design

spaces by offering tools and techniques for rapidly identifying and focusing on viable design op-

tions from the outset, minimizing time and resource expenditure.

With the introduction of machine learning and artificial intelligence, new methodologies should

be able to minimize computational demands by employing predictive models to estimate system

performance and feasibility, reducing reliance on computationally intensive simulations for every

potential design iteration. Lastly, new methods should be able to integrate multidisciplinary design

constraints by providing a framework for incorporating and balancing diverse design constraints,

facilitating the development of solutions that address multifaceted system requirements.

These needs call for a significant change in the engineering design process. Traditional founda-

tional methodologies are becoming increasingly inadequate when applied to the more multifaceted

and dynamic engineering landscape, and the need for new methodologies capable of handling these

solutions is more pressing than ever. This dissertation introduces a machine learning method based

on Set-Based Design techniques called Graph-Set-Based Design (GSBD), aiming to address these

challenges by utilizing data sets represented as graphs and machine learning techniques to narrow

down possible solutions based on specific constraints automatically. In the following section, we

provide an overview of the necessity for Artificial Intelligence and Machine Learning (AI/ML)

techniques from two perspectives: a strategic standpoint and an engineering standpoint. This dual

perspective gives insight into the critical role of AI/ML in enhancing decision-making processes

and maintaining technological superiority.

1.2 Systems Engineering with Artificial Intelligence (AI) and

Machine Learning (ML)

Artificial Intelligence (AI) is a pivotal and sensitive subject, whether discussing its role in ev-

eryday life or within the engineering design process. There is an increasing demand for faster

decision-making capabilities than what humans can currently provide [4, Chapter 1, pp. 3–4].

China’s military ambitions exemplify this demand, including the “intelligentization” of its forces
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Figure 1.1: The AI4SE and SE4AI roadmap developed by the Systems Engineering Research Center

(SERC) [9]

by integrating AI and other emerging technologies into its joint force, which is believed to give

Beijing a competitive advantage over Washington [5]. Advances in AI-enabled weapons by China

could upset the military balance, threatening global security and strategic stability [6]. The U.S.

President has described the relationship between Washington and Beijing as descending into “ex-

treme” strategic competition across diplomatic, economic, military, and governance arenas [7].

These developments underscore the critical need for integrating AI/ML within Systems Engineer-

ing to maintain strategic and technological superiority. Over the past decade, the U.S. military

began increasing the presence of AI within its systems. In 2019, the Defense Innovation Board

(DIB) advised the Department of Defense (DoD) to ensure that any AI used is “responsible, eq-

uitable, traceable, reliable, and governable” [8]. This further solidifies the necessity of keeping a

human in the loop.

Figure 1.1 shows the current roadmap for AI and Autonomy from the Systems Engineering

Research Center (SERC), whose goal is to lead the transformation of systems engineering to dy-
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namic processes that leverage the speed and rigor of rapidly evolving modeling, simulation, and

analysis. The roadmap is entitled, “AI4SE and SE4AI”, two terms that may seem related but are

also very different. AI4SE, or Artificial Intelligence for Systems Engineering, is the application of

augmented intelligence and ML techniques to support SE practice. For example, in this study, ML

techniques are being used to support a particular SE process, the down-selection of a design based

on a set of criteria. While SE4AI is defined as the application of SE methods to the design and

operation of learning-based systems [4, Chapter 3, pp. 48-49]. According to McDermott et al. in

Chapter 3 of Ref. [4], entitled “Artificial Intelligence and Future of Systems Engineering”, these

terms have become metaphors for an upcoming rapid revolutionary phase in the SE community.

The vector, Automation & Human-Machine Teaming, outlines a clear progression toward

Human-Machine Co-Learning, starting with AI System Architecting. McDermott et al. note that

this progression will evolve as automation is integrated into increasingly complex systems. System

architectures must support learning, adaptation, and more agile change processes to accommodate

this evolution [4, Chapter 3, pp. 56]. That is why, in this study, we present a new methodology

capable of utilizing AI/ML techniques and adapting to new problems that vary in complexity, as

shown in the two case studies.

This look into AI/ML within the U.S. military and SE processes highlights the crucial need

to integrate AI and ML within systems engineering to tackle the rising complexity in design and

decision-making. We need to examine the evolution of the design process over the years to better

understand our proposed methodological framework.

1.2.1 Evolution of Engineering Design Frameworks & Tools

It was not until the early twentieth century that modern approaches to design were conceived.

Systematic Design was developed, accepted, and used for decades, turning customer requirements

into working products. This method consists of four phases: product planning, conceptual design,

embodiment design, and detail design. It is a structured approach to solving design problems. First,

the process is broken down into manageable steps, including requirements analysis, exploration of

5



Task

Specification

Concept

Preliminary Layout

Definitive Layout

Documentation

Solution

Figure 1.2: The Systematic Design workflow

potential solutions, design development, and testing and refinement. This method ensures that all

aspects of the design problem are considered and addressed, which leads to more reliable solutions

[1].

The Systematic Design approach has several advantages but also faces challenges. As shown in

Figure 1.2, the process is very linear, which makes it difficult to adapt to unforeseen changes or new

information during the design phase. Due to its structured approach, strictly following its steps can

stifle creativity and innovation. Additionally, in the conceptual design phase, there is limited room

for analyzing large datasets of multiple feasible solutions. According to Pahl et al., Systematic

Design requires careful planning of activities, timing, scheduling, project and product costs, which

can make the process overly complex, leading to increased project overhead and delays [1].

Then came Computer-Aided Technologies (CATs), which aided in designing, planning and

scheduling, analyzing, manufacturing, and assembling products and production systems. CAT

revolutionized the design process by integrating computational tools, which enhanced precision
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and efficiency. Developed for manufacturing by Patrick Hanratty in 1957, innovations such as

Sketchpad (1960), where a user can generate (x, y) plots on a Graphical User Interface GUI, led

to Computer-Aided Design and Drawing (CADD) developed by McDonell-Douglas in 1966. In

1982, AutoCAD was developed by Autodesk as the first CAD software for personal computers

(PCs), and then in 1994, version 13 was released with the capability of three-dimensional (3D)

modeling [10, 11].

In the 1980s, Knowledge-Based Engineering (KBE) was developed. KBE uses product and

process knowledge captured and stored in dedicated software applications to enable its direct ex-

ploitation and reuse in the design of new products and variants. It also enables geometric modeling

and manipulation, differing from CAD in that it encapsulates the knowledge and rationale behind

ideas rather than just the geometry, as CAD does [12].

Similar to Systematic Design, KBE also has its drawbacks. One drawback is that building a

database for KBE is very time-consuming. It takes time to train a KBE system to perform basic

tasks. Another downside is that the processes the KBE system goes through to generate its results

are unknown, which can give a false sense of security and lead to problems. That’s why it’s crucial

to understand the processes and transfer the knowledge back to the engineering team [13].

Set-Based Design (SBD), sometimes referred to as Set-Based Concurrent Engineering (SBCE),

was developed in the 1990s. It explores multiple design solutions simultaneously and progressively

by narrowing down the options based on meeting specific constraints. It enables designers to focus

on current development by avoiding convergence on a single solution [14, 15]. We describe SBD

in more detail in Chapter 2.1.

In the 2000s, Model-Based Systems Engineering (MBSE) was developed. MBSE shifts the

focus from document-based to model-centric processes, supporting the full lifecycle of system

development. MBSE also provides improved management of system complexity and enhances

communication among stakeholders [16].

The evolution of engineering design methodologies demonstrates a progression from struc-

tured, systematic approaches to more advanced technology and data-driven methods. Initially,
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Systematic Design laid the groundwork with its structured problem-solving techniques. The in-

troduction of Computer-Aided Technologies (CATs) and Computer-Aided Design and Drafting

(CADD) tools improved knowledge management and design efficiency for certain kinds of prob-

lems. This evolution continued with Knowledge-Based Engineering (KBE), which further en-

hanced the design and reuse of knowledge. Set-Based Design (SBD) and Model-Based Systems

Engineering (MBSE) followed, integrating these tools and methodologies to streamline and opti-

mize the design process. This progression demonstrates the increasing complexity and efficiency

in design processes, setting the stage for the incorporation of Artificial Intelligence and Machine

Learning (AI/ML) as a next step in advancing engineering design.

In the next section, we introduce our proposed methodological framework, leveraging these

advancements to further enhance the design process through the integration of machine learning

and graph-based techniques.

1.3 Graph-Set-Based Design (GSBD) Introduction

The Graph-Set-Based Design (GSBD) framework is an enhancement to current engineering

design processes. This framework integrates graph-based representations of systems, a Set-Based

Design approach, and Geometric Deep Learning (GDL) to provide a novel approach to system

design and optimization.

Mathematical graphs effectively represent many systems and decisions because they capture

discrete compositional and relational information. For decades, various studies have used different

graph representations to address specific problems [17–26]. For well over a century, researchers

have utilized graph enumeration to understand engineering design problems and aid in decision-

making [18, 19, 27–29]. Today, many engineering design problems, including the construction of

the “system architecture”, have grown in scope and complexity to a level where traditional discrete

and continuous representations are insufficient to adequately represent the system [18]. The system

architecture is a conceptual model that captures some or all the structure, behavior, rules, and other

aspects of a product, process, or element [30]. It often serves as the foundation for the product is
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design, construction, and operation. Many studies have focused on effectively representing system

architectures using graph theory [26, 31, 32], aiming to generate a set of useful architectures that

are feasible within given constraints. Additionally, one or more value metrics (e.g., performance

or cost) may be determined for the alternative architectures to help designers evaluate and sort

through the candidates.

Graph enumeration produces a complete and ordered listing of potential graphs for a prescribed

structure [27, 33, 34]. However, as mentioned in the previous section, depending on the problem

and the chosen representation, this approach can result in a vast number of potential solutions.

With that comes an exponential rise in computational costs, making the decision-making process

for designers or system architects increasingly challenging.

This dissertation also introduces Iterative Classification (IC) in response to the need for a

method for determining more promising and effective solutions, when combined with GSBD, be-

coming IC-GSBD, offering a novel approach to system design and optimization.

As a major final component, deep learning refers to machine learning models that consist of

multiple processing layers capable of learning data representations at various levels of abstrac-

tion [35]. The term “deep” indicates the presence of a larger number of hidden layers within

the neural network. GDL is a broad term that encompasses an emerging technique that general-

izes neural networks to both Euclidean and non-Euclidean domains, including graphs, manifolds,

meshes, and string representations [36], utilizing a Graph Neural Network (GNN). Essentially,

GDL includes approaches that incorporate information about the structure space and symmetry

properties of input variables to enhance the quality of the data captured by the model. GDL holds

significant potential and is widely applied in various scientific fields such as molecular representa-

tions [37–39], architecture [40], and the medical field [41, 42].

In engineering design, GNNs have been applied to a range of tasks, including airfoil de-

sign [43], structural mechanics with mesh-based physics simulations [44, 45], wind-farm power

estimation [46], distributed circuit design [47], and decision-making processes in shared mobility

systems [48]. Additionally, GNNs have facilitated component function classification by training

9



on assembly and flow relationships [49]. However, none of these references specifically address

the common engineering task of down-selecting from a finite set of potential options.

Here, we are particularly motivated by graph-centric design problems where generating many

potential graphs is feasible, but determining the value or performance of each option is too expen-

sive. Previous work has shown promising results on the dataset used in one of the case studies in

this work but required a significant training set size and time [50]. The proposed approach uses

GDL to reduce the computational expense of classifying what might be “good” or “bad” options.

It utilizes much smaller training sets, with a trade-off in classification accuracy.

The IC-GSBD framework requires models of complex systems as graphs by capturing the

relationships and dependencies between components and offering a natural and intuitive means of

understanding system architecture. IC-GSBD can leverage GDL for performance evaluation by

using it to predict the performance of graph-represented systems. This approach facilitates the

early identification of promising design directions without the need for many detailed simulations.

Lastly, IC-GSBD iteratively sifts large datasets, aiding in the down-select process to efficiently

narrow the focus to more promising design alternatives, giving designers the ability to analyze

the results more intimately. Unlike traditional methods that may require manipulating or refining

designs iteratively at a granular level, IC-GSBD focuses on leveraging predictive modeling to

inform decision-making. Figure 1.3 shows the basic concept of IC-GSBD, where we begin with

a set of possible solutions after the graph enumeration step has been accomplished. Through

prioritizing exploration and intelligent selection from vast design spaces without directly altering

the graph-based representations of systems, we down-select to a subset of the more useful systems.

The capability of IC combined with GSBD ensures a more informed selection process by dy-

namically adapting to new insights and data, effectively reducing the iterative cycles typically

required in other approaches such as Set-Based Design, discussed further in Chapter 2. This capa-

bility is crucial in early design stages, where the ability to rapidly gauge the impact of design de-

cisions can significantly streamline the design process, reduce computational overhead, and guide

the focus towards the most promising design avenues. Moreover, GSBD embodies the SBD philos-
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Figure 1.3: The basic concept of Graph-Set-Based Design and Iterative Classification

ophy by enabling a systematic and iterative design space exploration, yet it transcends traditional

limitations by leveraging GDL’s analytical prowess. This advancement is achieved by utilizing ad-

vanced machine learning to interpret and analyze the intricate relationships within design param-

eters. Thus, the depth of analysis is significantly elevated beyond what is conventionally possible

with SBD alone. In doing so, IC-GSBD manages complexity more effectively and enhances the

efficiency and depth of the design exploration process. IC-GSBD stands as a testament to the po-

tential of combining advanced machine learning techniques with established design methodologies

to navigate the challenges inherent in designing complex engineering systems.

1.4 Dissertation Objectives and Structure

This introduction has provided an overview of the current challenges and possible solutions

within the landscape of engineering design. There are three primary goals that we intend to ac-

complish within this work:

1. Provide support in the down-selection process by reducing the number of candidate graphs

(e.g., from thousands to less than a hundred of the best potential options)
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2. Significantly reduce the computational cost for problems requiring complex evaluations of

graphs, providing feasible solutions that meet stakeholder needs in a timely manner

3. Provide a mostly automated tool that utilizes AI/ML within the decision-making process for

the other goals above

The remainder of this dissertation is as follows:

• Chapter 2: We dive into the basic foundations behind IC-GSBD. We begin with the basics

of Set-Based Design (SBD), its purpose and workflow. Then, we discuss graph theory by

discussing what graphs are and how they are represented mathematically, followed by how

systems can be represented as graphs. Then, we discuss Geometric Deep Learning and

Graph Neural Networks for the AI/ML component.

• Chapter 3: Here, we describe the methodological framework of IC-GSBD. We begin with

an in-depth discussion of graph classification, covering both binary and multi-label classi-

fication methods. Following that, we dive into feature engineering with a discussion of the

process and how it benefited IC-GSBD with an example. Next, we discuss the model and

its corresponding layers used for the classification process, followed by the hyperparameters

and the metrics used to determine model performance. We then discuss iterative classifica-

tion from dataset preparation through the algorithm. Lastly, we discuss GDL’s and iterative

classification’s role in GSBD.

• Chapter 4: In this chapter, we go into the first case study, the classification and down-

selection of analog electric circuits. Here, we see the basics of IC-GSBD and how it can take

a large dataset of 43,000+ graphs and narrow it down to the top graphs in the set.

• Chapter 5: Here, we look at the second case study, the classification and down-selection

of aircraft thermal management systems (TMSs). Additionally, we not only demonstrate

narrowing down a graph-based dataset to the top graphs in the set but also demonstrate a

multi-label classification approach.

12



• Chapter 6: Lastly, we summarize the work with key points and future work for IC-GSBD

and related engineering design problems.
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Chapter 2

Background1

“The strength of a building lies in its foundation. So, too, does the strength

of any engineering project lie in its initial design and planning.”

— Henry Petroski [53]

The Iterative Classification for Graph-Set-Based-Design (IC-GSBD) methodological frame-

work that will be defined in the next chapter has many aspects that require discussion and under-

standing in order to fully grasp its effectiveness as a tool. This chapter begins with the basics

of Set-Based Design (SBD), which lays some of the foundations for GSBD. Following this, we

delve into graph theory and discuss what graphs are and how they are mathematically represented,

which is essential for understanding the graph-based nature of IC-GSBD. We then explore how

systems can be represented as graphs, providing a bridge between theoretical graph concepts and

their practical applications in system design. Since IC-GSBD utilizes extensive graph datasets, we

introduce the method of graph enumeration, which was used to generate the vast sets of graphs in

the case studies presented in this dissertation. Lastly, we explore Geometric Deep Learning (GDL)

and discuss the various tasks that GDL can accomplish utilizing Graph Neural Networks (GNNs).

We will also review some example model architectures to illustrate the practical implementation

of GDL within the IC-GSBD methodological framework.

2.1 Set-Based Design (SBD)

Set-Based Design (SBD) is a transformative design methodology that underscores the impor-

tance of exploring a wide array of potential solutions at the outset of the design process. Unlike

traditional Point-Based Design (PBD), which focuses on iteratively refining a singular design so-

lution within a predefined set of constraints, SBD facilitates a comprehensive exploration of the

1Parts of this chapter are based on Refs. [51, 52]
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Figure 2.1: The workflow for Set-Based Design

design space. This approach enables designers to concurrently consider multiple alternatives and

their interrelations, fostering innovation and leading to more optimized solutions [54, 55].

Historically, SBD began in the automotive and aerospace industries. There was a need for

an efficient and innovative design process, and over time, SBD evolved and was adopted in var-

ious engineering fields, which also highlights its versatility and effectiveness. Utilizing an SBD

framework presents several advantages, including concurrent consideration of alternatives, which

encourages the exploration of diverse design solutions simultaneously. SBD gives designers the

ability to identify constraints and requirements by evaluating a wide range of solutions to help

identify them early in the design process. By allowing for an in-depth assessment of trade-offs

between different design alternatives, SBD enhances the decision-making process. Lastly, SBD

reduces design iterations and mitigates the risk of prematurely converging on a single design solu-

tion, potentially reducing the number of iterations needed to reach an optimized design.
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As highlighted in Ref. [14, 56, 57], the SBD process encompasses a structured approach to

engineering design as shown in Figure 2.1. Initially, it involves defining the requirements and

constraints that shape the exploration of potential design solutions (Step 1), ensuring all considered

alternatives align with the project’s overarching goals. Following this, a wide array of design

alternatives is developed (Step 2), deliberately avoiding early commitment to any single solution.

Subsequently, parallel analysis and evaluation of these alternatives are conducted against the set

requirements and constraints (Step 3), a step underscored for its importance in iterative refinement

and decision-making. This analysis helps in progressively narrowing down the options based on

their feasibility and alignment with project goals. (Step 4). The narrowing process is inherently

iterative, requiring repeated analysis and evaluation to continually refine the set of alternatives until

a final design is selected (Step 5). This chosen design then undergoes the development of detailed

specifications (Step 5b), marking the transition from a conceptual stage to detailed engineering and

production planning. Alternatives are iteratively refined if the design does not meet stakeholder

needs (Step 6).

Real-world applications of SBD include its use in the development of the Toyota Prius, where

multiple design alternatives were explored concurrently to optimize fuel efficiency and perfor-

mance [14]. In the aerospace industry, SBD has been instrumental in designing complex systems

with stringent performance and safety requirements [57].

We have shown the advantages of SBD, but it is not without its challenges. Implementing

SBD can require significant upfront investment in time and computational resources to generate

and evaluate large sets of design alternatives. Additionally, it demands high collaboration and

communication between multidisciplinary teams to effectively analyze and narrow down options

[54]. Therefore, as effective as SBD is, research methods that can increase computational savings

are still needed. In Section 3.7, we will discuss how GSBD utilizes the fundamentals of SBD. But

first, in order to understand these graph-based techniques, we will dive into the basics of graph

theory in the next section.
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2.2 Graph Theory

Graph theory is the core foundation for this approach, as it encapsulates the dimensions and

features of the system in question. A graph has various names, such as a node-link chart, network

map, or link diagram, but for the purposes of this work, we will refer to it simply as a graph. In this

section, we will discuss the fundamentals of graph theory, beginning with the basic definitions of

graphs and how they are represented mathematically. We will also discuss the information that can

be extrapolated from graphs, followed by a discussion of how we can represent various systems as

graphs. We will work with two types of graphs within these case studies: undirected (Case Study

1) and directed (Case Study 2). Let us begin with some definitions:

Definition 1 (Undirected Graph). A graph G is a pair of sets (V ,E) where E ⊆ [V ]2 (i.e., E is a

two-element subset of V ). E represents the edges of the graph, while V is the set of its vertices or

nodes [58]. This is represented in Figure 2.2.

1 2

3

4

5 6

Figure 2.2: A simple undirected graph

Definition 2 (Directed Graph). A directed graph, or digraph, is a pair (V,E) of disjoint sets

together with two maps init:E → V and ter:E → V assigning to every edge e an initial node

init(e) and a terminal node ter(e) [58], shown in Figure 2.3.

This orientation arises when one node acts as a “source” node and is directed towards another. If

we examine Figure 2.3, it becomes apparent that in a directed graph, connections are represented

by directed arrows instead of lines, indicating the direction of flow from the source node.
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Figure 2.3: A simple undirected graph

There are many ways to represent a graph mathematically, the first being an incidence matrix

B = (bij)n×m fo a graph G = (V,E) with V = {v1, ..., vn} and E = {e1, ..., em} is defined over

F2 by,

bi,j :=















1, if vi ∈ ej

0, otherwise

(2.1)

where F2 is defined as a finite field with two elements, typically denoted as {0, 1} [58].

Another way of representing a graph mathematically is what is known as an edge list. An edge

list can be defined as,

E{(vi, vj)|vi, vj ∈ V (2.2)

for an undirected graph G, where each edge e ∈ E is represented as e = (vi, vj), and (vi, vj)

indicates that there is an edge between vertices vi and vj [59]. Similarly, there is also what is

known as an adjacency list, which is a list of the neighbors of vertex v denoted as NG(v), and a

list of these lists is the adjacency list (N(v) : v ∈ V ) [60].

One other way is what is known as the adjacency matrix A = (ai,j)n×n and is defined as:

ai,j :=















1, if (vi, vj) ∈ E

0, otherwise

(2.3)
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where n represents the number of nodes in the graph and the pair (i, j) represents the row and

column node indices, respectively, in the matrix. Equation (2.3) is used for both directed and undi-

rected graphs, the difference being that for directed graphs, the corresponding adjacency matrix is

not symmetrical, ai,j ̸= aj,i. The adjacency matrix will be the primary notation that we will focus

on for the remainder of this dissertation.

Beginning with the undirected graph in Figure 2.2, using the adjacency matrix notation, it

would be denoted as,
























0 1 1 0 0 0 1

1 0 1 1 0 0 2

1 1 0 0 0 0 3

0 1 0 0 1 1 4

0 0 0 1 0 1 5

0 0 0 1 1 0 6

1 2 3 4 5 6 = X

























(2.4)

where, as shown in Equation (2.3), a 1 represents a connection. For example, a1,2 = 1, where the 1

indicates that node 1 (row 1), has a connection with node 2 (column 2), as indicated in Figure 2.2.

Since an undirected graphs’ adjacency matrix is symmetrical, ai,j = aj,i, you can determine node

connections beginning with column first as well.

Similarly, using the directed graph in Figure 2.3, its corresponding adjacency matrix is denoted

as,
























0 1 0 0 0 0 1

0 0 1 1 0 0 2

1 0 0 0 0 0 3

0 0 0 0 1 0 4

0 0 0 0 0 1 5

0 0 0 1 0 0 6

1 2 3 4 5 6 = X

























(2.5)

As you can see, both graphs have the exact same structure, but because this one is directed, its

corresponding adjacency matrix only has a 1 where that node is a source node. Therefore, a1,2 = 1

indicates that node 1 is a source node for node 2, but since the matrix is not symmetrical, a2,1 ̸= 1

19



as it does in Equation (2.4). Lastly, in the case of the last row and column, here they represent the

corresponding node number, but it other cases, they are reserved for the node features X.

Another important concept is graph isomorphism. Consider two graphs, G = (V,E) and

G′ = (V ′, E ′) shown in Figure 2.4. These graphs are termed isomorphic, expressed as G ∼= G′, if

a bijection φ exists from V to V ′ such that for every pair of vertices (vi, vj) in E, the corresponding

pair (φ(v′i), φ(v
′
j)) is in E ′. In other words, both graphs G and G′ have the same structure but are

labeled differently. To show that these two graphs are isomorphic, we can map the vertices of G

to G′, v1 ↔ v′1, v2 ↔ v′3, and v3 ↔ v′2. This is important to take note of because when it comes

to designing systems and representing them as graphs, a designer will want a dataset of unique

(non-isomorphic) graphs.

1 2

3

4

5 6

(a) G

1′ 2′

3′

4′

5′ 6′

(b) G′

Figure 2.4: Two isomorphic graphs

Two other concepts to discuss in graph theory are the features matrix X and weighted edge

matrix W. The features matrix, represented as,

X ∈ R
n×c (2.6)

can hold a plethora of information, whereas before, n represents the number of nodes, but c is the

number of features each node has.
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The weighted edge matrix is a matrix where each element wi,j represents the weight of the

edge between vertices vi and vj and is mathematically represented as,

wi,j :=















weight(vi, vj), if (vi, V − j) ∈ E

0, otherwise

(2.7)

These matrices are crucial for capturing the complexities and attributes of graph-structured data,

enabling sophisticated analyses and manipulations. They will be elaborated upon further in the

next section, where we discuss representing systems as graphs.

Continuing the discussion on isomorphism, using the same two graphs, if they include an addi-

tional feature such as a vertex label, making the graphs G = (V,E,X) and G′ = (V ′, E ′, X ′), they

are considered isomorphic if this vertex label characteristic is maintained under a valid bijection

φ.

With these foundational concepts of graph theory established, we can now transition to repre-

senting systems as graphs. This approach is crucial for modeling and analyzing complex systems

within the IC-GSBD framework.

2.2.1 Representing Systems as Graphs

The concepts from the previous section can be utilized to model engineering systems. We will

give two examples from the case studies used in this work: an analog RLC circuit and an aircraft

thermal management system.

RLC stands for Resistor, Inductor, and Capacitor; a simple example of one of these circuits

is shown in Figure 2.5. Looking at Figure 2.5a, we see a basic RLC circuit schematic. Then, in

Figure 2.5b, we have the same circuit represented as a graph. In the graph, each vertex is labeled

with the corresponding component, where I and O represent the input and output nodes, and N

represents a voltage node with constant voltage. It’s also worth noting that other possible graph

representations of the same circuit exist. To represent this same circuit mathematically, we begin
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Figure 2.5: A simple RLC circuit represented as a graph

with Equation (2.3),

A =





























































0 1 0 0 0 0 0 0 0 0 0 0 0 I

1 0 1 0 0 0 0 0 0 0 0 0 0 R1

0 1 0 1 0 0 0 0 0 0 0 0 0 L1

0 0 1 0 1 0 0 0 0 0 0 0 0 N1

0 0 0 1 0 1 0 0 0 0 0 0 0 R2

0 0 0 0 1 0 1 0 0 0 0 0 0 N2

0 0 0 0 0 1 0 0 0 0 0 0 0 O

0 0 0 1 0 0 0 0 1 0 0 0 0 R3

0 0 0 0 0 0 1 0 0 1 0 0 0 L3

0 0 0 0 0 0 0 0 1 0 1 0 0 C2

0 0 0 0 0 0 0 0 0 1 0 0 0 G

0 0 0 1 0 0 0 0 0 0 0 0 1 C1

0 0 0 0 0 1 0 0 0 0 0 1 0 L2

I R1 L1 N1 R2 N2 O R3 L3 C2 G C1 L2 = X





























































(2.8)

as you can see, it gives us a 13 × 13 symmetrical matrix. You may notice that there is an extra

row and column, which includes the features for the graph using Equation (2.6). This particular

features matrix is 13× 1 since there is only one feature, the node label. But, we can include more

information if so desired, such as the values of the components.

Now, we will take a look at the TMS and how it is represented as a graph. This one is a bit

more difficult to distinguish, but the same concept applies. The components you see are the Ram

Air Source (RSO), Heat Exchanger (HEX), Fan (FAN), Ram Air Sink (RSI), Bleed Air Source (BSO),

Air Compressor (ACP), Turbine (TUR), and Bleed Air Sink (BSI). Once again, using Equation (2.3),

remembering that this is now for a directed graph where a 1 indicates that the corresponding com-
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Figure 2.6: A common air cycle machine (ACM) architecture represented in two forms

ponent (row) is a source for the column component, and we end up with Equation (2.9).

A =



















































0 1 0 0 0 0 0 0 0 0 0 RSO

0 1 1 0 0 0 0 0 0 0 0 HEX1

0 0 0 1 0 0 0 0 0 0 0 HEX2

0 0 0 0 1 0 0 0 0 0 0 FAN

0 0 0 0 0 0 0 0 0 0 0 RSI

0 0 0 0 0 0 1 0 0 0 0 BSO

0 0 0 0 0 0 1 1 0 0 0 HEX3

0 0 0 0 0 0 0 0 1 0 0 ACP

0 0 0 0 0 0 0 0 0 1 0 HEX4

0 0 0 0 0 0 0 0 0 0 1 TUR

0 0 0 0 0 0 0 0 0 0 0 BSI

RSO HEX1 HEX2 FAN RSI BSO HEX3 ACP HEX4 TUR BSI = X



















































(2.9)

One thing to note with this adjacency matrix: if we observe a2,2 = 1 for HEX1, it has an ad-

ditional 1. This indicates that it has what is known as a self-loop. If we go back and look at

Figure 2.6a, we can see that the system has two heat exchangers, but they are each used for both

the bleed air system and the ram air system. Looking at Figure 2.6b, you will also notice four heat

exchangers. That is because for each of the two heat exchangers, there is a node that represents

which part of the overall TMS it belongs to, and since HEX1 and HEX4 are connected as well as HEX2

and HEX3 to show their relationships, we give one heat exchanger from each pair the self-loop.
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These examples illustrate how some systems can be modeled as graphs, capturing the rela-

tionships and interactions between various components. The RLC circuit and the aircraft TMS

demonstrate the versatility and applicability of graph representations in different domains. By

representing systems as graphs, we can leverage powerful mathematical tools and algorithms for

analysis, optimization, and design.

Having established the importance and methodology of representing systems as graphs, we

now turn our attention to the next crucial step in our framework: graph enumeration. This method

is fundamental for generating the extensive sets of graphs required for the IC-GSBD framework,

facilitating the structured and systematic exploration of vast design spaces.

2.2.2 Graph Enumeration

Designers and system architects still often rely on engineering intuition and trial-and-error

methods when exploring graph-centric problems. However, these approaches can lead to a lack of

novel and satisfactory solutions within time restrictions.

A potential systematic strategy is graph enumeration, which are techniques for generating (or

sometimes simply counting) non-isomorphic graphs with particular properties [61]. The properties

can be quite diverse and are sometimes termed network structure constraints [34]. Some examples

include bounding the potential degrees of the vertices in the graph or a maximum cost associated

with the graph [28]. It is important to note that the number of valid graphs is usually combi-

natorial in nature; thus, the computational costs for just generating an enumeration can become

quite expensive. However, two different graph enumeration algorithms might produce the desired

enumeration, but one might do it more efficiently [28].

In any case, there are several important engineering applications where the enumeration of

graphs, often with thousands to millions of entries, is practical. Even if graph enumeration is not

possible, generating a partial listing (either algorithmically or manually) may still be desirable to

explore potential solutions. In this work, it is assumed that a generated set of graphs denoted G,

contains the graphs of interest.
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While having a list of novel graphs can be useful on its own, in many engineering domains,

the graph is only an intermediary representation used to compute one or more value metrics of

interest. For example, the graph might correspond to a physics-based system model that is used

to determine the comfort and handling of an automotive suspension [62]. For this work, we will

consider a single performance metric, denoted J(Gi), that is a function of the graph, and the natural

goal is seeking graphs that minimize this “performance” metric:

minimize:
Gi

J(Gi) (2.10)

One of the challenges in engineering design with graphs is sometimes the computational cost

of J(Gi) is quite expensive, perhaps many orders of magnitude larger than generating the graph Gi

itself. The source of this cost can be quite diverse, including high-fidelity simulations, optimiza-

tion, human-centric evaluation, and physical experiments. The focus of this work is when this cost

is prohibitive.

Based on the classification put forth by [63], we define the following three types of graph-

centric design problems:

• Type 0 — All desired graphs can be generated and so can their performance metric J(Gi)

within time T

• Type 1 — All desired graphs can be generated, but only some of the performance metrics

J(Gi) can be evaluated within time T ; the performance assessment is too expensive

• Type 2 — All desired graphs cannot be generated within time T

where T is the amount of time allocated to complete the graph design study. This work focuses on

methods for Type 1 problems (using data from a large Type 0 study).

Graph enumeration provides a systematic approach to generating and exploring extensive sets

of graphs, essential for identifying novel and optimized design solutions. However, the computa-

tional cost of evaluating performance metrics for these graphs can be prohibitive for complex sys-

tems. This is where advanced machine learning techniques, specifically Geometric Deep Learning

(GDL), come into play. GDL leverages the structure of graph-encoded data to perform efficient
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and scalable analyses, making it an invaluable tool in addressing the challenges of graph-centric

design problems. In the next section, we will explore Geometric Deep Learning and discuss how

it can be utilized within the IC-GSBD framework to enhance the design and optimization process.

2.3 Geometric Deep Learning (GDL)

Now that we have discussed the basics of graph theory in the previous section, we can see how

they are used and manipulated within a machine-learning model. Graphs fundamentally differ

from the more common Euclidean data in most deep-learning applications (e.g., images, text, and

speech); Euclidean data has an underlying grid-like structure [64–66]. For example, an image can

be translated to an (x, y, z) Cartesian coordinate system, where each pixel is located at an (x, y)

coordinate, and z represents the color. But, this approach only works for some problems because

certain operations require many dimensions. This “flat” representation has limitations, such as

being unable to represent hierarchies and other direct relationships.

These issues motivated the study of hyperbolic space for graph representation, or non-Euclidean

learning [67,68], which could potentially perform those same operations more flexibly. For exam-

ple, many real-world data sets are naturally structured as graphs, where the relationships between

data points or other entities are integral. Euclidean-based methods struggle with such data, as they

are designed to operate on flat, unstructured data. On the other hand, GDL methods can directly

exploit the data structure, leading to better outcomes [36].

Since its inception, Geometric Deep Learning (GDL) can be applied to many forms of data

represented as geometric priors [69]. Geometric priors encode information about the geometry of

the data, such as smoothness, sparsity, or the relationship between the data and other variables,

allowing us to work with data of higher dimensionality. Symmetry is essential in GDL and is

often described as invariance and equivariance. Invariance is a property of particular mathematical

objects that remain unchanged under certain transformations. At the same time, equivariance is

a property of certain relations whereby they remain in the same relative position to one another
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under specific changes [70, 71]. For example, consider the graph isomorphism property from

Section 2.2.2. Another advantage of GDL is its flexibility toward a broader range of data types and

problems. This flexibility makes it a powerful tool for solving problems that Euclidean methods

cannot.

2.3.1 GDL Tasks

There are various tasks that leverage the power of GDL’s ability to process and analyze non-

Euclidean data:

• Anomaly Detection (Figure 2.7) is a binary classification method that identifies unusual pat-

terns within a dataset that significantly deviate from the majority of the data. The objective

is to detect these anomalies, which could indicate errors, fraud, or other atypical events, and

subsequently flag them [72, 73].

• Node Classification (Figure 2.8) involves assigning labels to nodes in a graph based on their

properties and the relationships between them [74, 75].

• Link Prediction (Figure 2.9) aims to predict missing connections between nodes in a network.

Given a partial network, the goal is to infer which links are most likely to be added or are

missing based on the observed connections and the overall network structure [76, 77].

• Graph Classification (Figure 2.10) involves classifying graph-structured data into various

categories. The input is a graph, and the goal is to train a classifier that can accurately
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predict the class of the graph [51, 52, 64, 78]. An example of graph classification shown in

Figure 2.10 shows two classes (categories) for the graph, good or bad, based on predefined

criteria. Graph classification is the primary focus of this work and is discussed further in

Section 3.1.2.

2.3.2 Graph Neural Network (GNN)

GDL heavily relies on the Graph Neural Network (GNN) as one of its primary tools. This type

of network is considered to be among the most versatile classes of deep learning architectures cur-

rently available. What sets GNN apart is its ability to encompass other deep learning architectures

as special cases, especially when additional geometric structure is introduced. This flexibility and

adaptability make GNN a powerful and fundamental tool in the field of geometric deep learning.

First, let us define what a neural network is. A Neural Network is a machine learning program or

model that makes decisions in a manner similar to the human brain by using processes that mimic
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the way biological neurons work together to identify phenomena, weigh options, and arrive at a

conclusion [79].

The basic element of a neural network is a neuron, and a neural network is derived by con-

necting the neurons into a structured layer, sometimes referred to as a hidden layer. A basic neural

network is depicted in Figure 2.11. The model receives signals from the input neurons via weighted

connections (wi,n). The weighted sum of the received signals is compared against the threshold, or

known bias, and the output signal is produced by the activation function such as Rectified Linear

Unit (ReLu) or sigmoid (σ) [80].

A deep learning network typically comprises multiple hidden layers, usually four or more. In

Figure 2.12, the network is shown to have four hidden layers. Each hidden layer (h1, h2, · · · , hn)
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includes an activation function, enabling the network to simulate the complex decision-making

capabilities of the human brain [81].

Similar to traditional deep learning models, Geometric Deep Learning utilizes GNNs, which

are used to learn representations of graph-structured data, such as social networks, molecules, and

computer programs. Some deep learning models are what is known as a Convolutional Neural

Network (CNN). A CNN is a feedforward neural network that is able to extract features from the

input data with convolutional structures [82]. A GNN is very similar to a CNN in that it can extract

localized features and compose them to construct representations [83]. The critical difference

between the two is that GNNs can learn on non-Euclidean data and handle data that is not evenly

structured, like images or text.

2.3.3 Basic Principles

Training a GNN for graph classification, which involves determining whether a graph pos-

sesses a specific characteristic, typically follows a four-step process. The first step is initialization,

where each node in the graph is represented by a feature vector, often based on the properties of the

node. The second step is message passing, during which nodes in the graph exchange information
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with neighboring nodes through a learnable function that combines the features of the neighboring

nodes. In the third step, the feature vectors of the graph nodes are updated by aggregating the mes-

sages received from their neighbors. Finally, after a predetermined number of iterations, the final

representations of the graph nodes are utilized for downstream tasks such as graph classification.

In this step, the representations are passed through a conventional layer, such as a linear layer [84].

The choice of specific layers for a GNN is a critical decision; the next chapter will explore this in

detail.

2.3.4 Example GNN Models and Methods

GNNs have been developed in various architectural forms to address the diverse challenges

presented by graph-structured data. These models leverage different methods for message passing,

aggregation, and feature transformation to optimize performance for specific tasks. Here, we will

explore several types of GNN models and methods that have demonstrated significant efficacy in

a range of applications. Each one offers unique mechanisms for processing and learning from

graphs, showcasing the versatility and adaptability of GNNs in handling complex relational data.

Deep Graph Convolutional Neural Network (DGCNN)

By taking graphs as a direct input, this architecture has the ability to keep more vertex infor-

mation and learn from the global graph topology. It proposes a spatial graph convolution layer

that extracts multi-scale vertex features and passes them through a SortPooling layer, which takes

the graph’s unordered vertex features, arranges them in a consistent order, and outputs a graph

representation [84].

GraphSAGE

GraphSAGE, which stands for Graph Sample and Aggregate, was introduced for inductive

node embedding. It leverages node features to learn an embedding function that generalizes to

unseen nodes. By doing so, the architecture can learn the topological structure and distribution of
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node features in each node’s neighborhood. But, not all graphs have features, so this architecture

can also use the structural features that are within the graph [85].

EigenPooling

EigenPooling is a method that incorporates a new operator introduced to an existing model.

This operator tackles the challenges encountered by general pooling operators, such as incorporat-

ing local structure information when the subgraphs contain different numbers of nodes and very

different structures. EigenPooling is based on the eigenvectors of the subgraphs, which capture

the local structures of the subgraphs because the eigenvectors have the same size for each sub-

graph [86].

DiffPool

Another method that is applied to an existing model, DiffPool is a differentiable graph pooling

module that can generate hierarchical representations of graphs and can be combined with various

GNN models [87].

2.4 Conclusion

This chapter discussed the foundational concepts that the IC-GSBD methodological framework

is built upon. We began by exploring Set-Based Design (SBD), highlighting its structured approach

to considering multiple design alternatives simultaneously and progressively narrowing down to

the optimal solution. This method’s inherent flexibility makes it an essential precursor to our

proposed framework.

We then transitioned into graph theory, highlighting how systems can be effectively repre-

sented as graphs. Graph representations provide a powerful tool for modeling complex systems by

capturing the intricate relationships and dependencies between components. This representation

is crucial for IC-GSBD, as it efficiently uses graph-based methods to explore and evaluate a vast

design space.
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Finally, we introduced Geometric Deep Learning (GDL), a broader class of machine learning

techniques that generalize neural networks to non-Euclidean domains. GDL’s capacity to incorpo-

rate information about the structure space and symmetry properties of input variables enhances the

quality of data representations, making it a crucial component of the IC-GSBD framework.

By integrating these concepts, the IC-GSBD framework offers a novel and efficient system

design and optimization approach. It combines the exploratory power of SBD with the predictive

capabilities of GDL, facilitating a more informed and dynamic decision-making process. This

synthesis enables the handling of complex design problems with greater precision and efficiency,

allowing for innovative solutions in engineering design. As we move forward, the subsequent

chapters will dive deeper into the methodological framework of IC-GSBD, explore its application

through case studies, and demonstrate its effectiveness in various engineering contexts.
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Chapter 3

Iterative Classification and Graph-Set-Based Design

Methods2

“The formulation of a problem is often more essential than its

solution, which may be merely a matter of mathematical or ex-

perimental skill. To raise new questions and possibilities and

regard old problems from a new angle requires creative imagina-

tion and marks real advances in science.”

— Albert Einstein [88]

In the previous chapters, we covered the broader subjects that build the foundation of Iterative

Classification (IC) and Graph-Set-Based Design (GSBD). Now, it is time to see how these concepts

come together. This chapter discusses the detailed aspects of GSBD, providing a comprehensive

understanding of its methodology and application.

We begin with an in-depth discussion of graph classification and its employment in the two case

studies, starting with binary classification and then moving on to multi-label classification. Next,

we explore feature engineering, including the use of Principal Component Analysis (PCA) and its

benefits to data analysis. Following this, we review the specific model used in IC-GSBD, examin-

ing the hidden layers chosen, the rationale behind their selection, and the model’s hyperparameters.

We also discuss the various metrics used to evaluate model performance. We then introduce the

premise of iterative classification and, finally, discuss the role of Geometric Deep Learning (GDL)

in set-based design. This chapter aims to provide a detailed and technical perspective on GSBD,

highlighting its innovative approach to complex system design.

2Parts of this chapter are based on Refs. [51, 52]
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Figure 3.1: Illustration of graph classification based on performance values.

3.1 Graph Classification

In Section 2.3.4, we briefly introduced the concept of graph classification. Here, we will dive

deeper into the rationale for selecting this method and its application in our study.

Graph classification refers to classifying graphs based on selected labels. Here, we consider

supervised graph classification, where we have a collection of graphs in set G, each with its label

J(Gi), in this case, a specific value or metric used to determine the performance or ranking of the

graphs within the set. This data is used to train a model using additional graph properties, such as

the structure, embeddings, and node data. These features help the model discriminate between the

graphs, improving the prediction of the labels.

Graph classification is simplistically illustrated in Figure 2.10 in Section 2.3.4. Figure 3.1

shows a little more detail, whereas how it is done in this study. Here, the median performance

value on the left axis might be used as the determination point to divide our graphs into binary

classes representing “good” graphs in the lower half of the observed performance values and “bad”

graphs in the upper half.

The rationale for this approach over regression was to better reflect the designer’s intention in

early-stage conceptual design (i.e., flexible down-selecting). Often, the goal is not to narrow the

potential graphs down to one particular graph, but rather a subset of “good” or promising graphs

that would be analyzed further. This approach allows for flexibility in down-selecting a group of
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“good” graphs for further analysis at a higher fidelity, taking into account the assumptions made

during the initial graph design phase.

Furthermore, the performance values J(Gi) in the case studies have significant variations and

many coarse and repeated values. Therefore, the intent is to show the graphs’ “belongingness” to

a specific group rather than assigning specific values to them. However, a regression-based ap-

proach could be used as the basis for the down-selection task if such a model can perform well

at discerning the set of desirable graphs (and would come with the additional benefit of a perfor-

mance prediction). However, previous work using regression on these datasets was not particularly

performant [63].

Various techniques have been developed for graph classification. These advanced methods

have been applied in diverse domains, including:

• Molecular Biology: Graphs representing molecules are classified to predict biological ac-

tivity based on molecular structure [89].

• Text Categorization: Graphs representing documents are categorized to predict document

classes [90].

• Computer Networks: Graphs representing network traffic are analyzed to detect patterns

indicative of malicious activity [91].

• Cancer Research: Graphs representing protein-protein interaction networks are classified

to identify potential drug targets [92].

By leveraging these techniques, graph classification enables the effective analysis and catego-

rization of complex graph-structured data, offering valuable insights across various scientific and

practical applications. In this study, we use two types of classification: 1) binary classification and

2) multi-label classification.
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3.1.1 Binary Classification for Best Graph Performance

This technique is used in both case studies. In the first case study, some median performance

value J̄ is a benchmark for categorizing the graphs into two binary classes, where a smaller value

J(Gi) is considered better or more desirable. Graphs falling in the lower half of the observed

performance values (i.e., J(Gi) ≤ J̄) are, therefore, labeled as “good” and assigned the label 1,

while those in the upper half (i.e., J(Gi) > J̄) are considered “bad” and assigned the label 0.

In the second case study, we had a similar scenario. However, this time J(Gi) represented a

utility value determined by different aspects of the thermal management system, which is further

explained in Chapter 5. The same principle applies here: we categorize the graphs as desirable or

undesirable based on the median utility value.

This method is highly beneficial for swiftly narrowing down to the most desirable graphs.

When used in conjunction with IC, J̄ will keep changing based on the specific task at hand, whether

it involves seeking a smaller or larger value of J .

3.1.2 Multi-Label Classification for Multiple Graph-Level Features

This is another beneficial technique used in situations with multiple graph-level features and is

one of the techniques used in the second case study in Chapter 5. When we have multiple graph

labels, we can represent them for graph Gi as:

L(Gi) = [l1, l2, . . . , lc−1, lc] (3.1)

where in this label array, each lc represents a different aspect or sub-label. The rationale for

adopting a multi-label strategy is to be able to answer several different questions for each graph

using a single model instead of requiring multiple models for other questions.

For the area of interest in the second case study in Chapter 5, we are interested in answering

two particular questions about each graph,
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1. Can the graph be compiled (i.e., can a physics-based model be automatically constructed

from a given graph)?

2. Is the graph capable of being simulated (i.e., given a complied model, are there valid simu-

lation outcomes)?

Based on the answers to these questions, we derive four possible categories for the graphs: graphs

that will not compile, graphs that will compile, graphs that will not simulate, and graphs that will

simulate.

Now, each graph will have the label array L(Gi) = [l1, l2, l3, l4]. The subset [l1, l2] corresponds

to the graph’s ability to compile (or not), and [l3, l4] relates to its ability to simulate (or not). The

three classification options are then:

L(Gi) =































[0, 1, 0, 1] if Gi will compile and simulate

[0, 1, 1, 0] if Gi will compile but not simulate

[1, 0, 1, 0] if Gi will not compile

(3.2)

Graph classification is a powerful tool that engineers can utilize, whether to narrow down a

large set of graphs to the subset of more promising graphs or to answer a set of questions based

on specific features of the graph. The next section discusses ways to extrapolate features from the

graph when other useful features are absent. This is known as feature engineering and is a useful

tool when combined with Principle Component Analysis (PCA).

3.2 Feature Engineering

In this context, we explore augmenting the feature set X with additional graph-based attributes

as described in Section 2.2.2 extending beyond the existing vertex labels such as R, L, and C from

the first case study or HEX, BSO, and BSI from the second. Incorporating these supplementary features

can enhance the model’s capacity to account for the variance within the training data, a practice

commonly referred to as feature engineering and feature selection. The underlying hypothesis is
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that the added attribute will potentially enhance the model’s performance while requiring similar

training epochs. The potential issue with this is that a number of graph candidates’ underlying

structures may be very similar, resulting in very similar graph-based features. Therefore, a tech-

nique known as Principle Component Analysis (PCA) is used to address this issue.

Principle Component Analysis

Principal Component Analysis (PCA) is a popular technique for reducing the dimensionality

of data, particularly in Exploratory Data Analysis. A linear transformation technique projects

the data onto a lower-dimensional space while retaining the most important information in the

original data [93]. One of the key components of PCA is the Singular Value Decomposition (SVD)

method. SVD is a mathematical technique that decomposes a matrix into three matrices. The first

matrix captures the most important features of the original data, while the remaining two matrices

represent the transformation from the original data to the reduced-dimensional space [94, 95].

Before applying SVD, it is essential to standardize the data by subtracting the mean of each

feature from the corresponding feature without altering the scale of the feature variances. This step

ensures that SVD captures the data’s intrinsic structure, preparing it for more efficient analysis

and interpretation. The scikit-learn Python library efficiently implements PCA and SVD [96].

This library makes it easy to implement these methods and provides additional utilities for data

preprocessing, model selection, and evaluation.

Since the new features to be generated were at the node level, four node-level features were

chosen: Harmonic Centrality, Betweenness Centrality, Eigenvector Centrality. and Spectral Ra-

dius. These were chosen because they required little computational expense; generating these

values for each node for each graph in the entire dataset did not take long.

• Harmonic Centrality This is a measure of the importance of a node in a graph. It is calcu-

lated as the sum of the reciprocals of the shortest path distances from every other node to a
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specific node u [97]. Mathematically, harmonic centrality is represented as:

C(u) =
∑

v ̸=u

1

d(v, u)
(3.3)

where C(u) is the harmonic centrality of node u, and d(v, u) is the shortest path distance

between nodes v and u. Harmonic centrality is a useful metric for identifying important

nodes in a graph. It takes into account the number of nodes connected to a specific node

and the length of the paths between those nodes. The higher the harmonic centrality of

a node, the more important it is in the graph. The harmonic centrality measure has been

used in several applications, including social network analysis, community detection, and

recommendation systems. It is a powerful tool for understanding the structure of complex

networks and identifying key nodes that play important roles in them.

• Betweenness Centrality Quantifies the extent to which a node lies on the shortest paths

between other node pairs. It is defined as:

cB(v) =
∑

s,t∈V

σ(s, t|v)

σ(s, t)
(3.4)

where V denotes the set of nodes, σ(s, t) is the total number of shortest paths from node s

to node t, and σ(s, t|v) counts those paths passing through node v, excluding direct paths

between s and t [98].

• Eigenvector Centrality Assesses a node’s influence based on the centrality of its neighbors,

implying that a node is considered important if it is connected to other significant nodes. The

centrality for node v is the i-th normalized element of vector v, determined by:

Av = λv (3.5)

Here, A is the adjacency matrix, and λ represents the largest eigenvalue [99].
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• Spectral Radius Is the maximum absolute value among the eigenvalues (|λ1|, . . . , |λn|) of a

graph’s adjacency matrix:

ρ(A) = max{|λ1|, . . . , |λn|} (3.6)

The spectral radius provides insights into the graph’s connectivity and robustness, indicating

that a high value suggests a well-connected structure [100].

After computing the four additional node features in the second case study presented in Chap-

ter 5, they were input into the PCA model to produce new graph-level features with a reduced

dimensionality of two. In Figure 3.2, you can see the data plotted for both the “simulate” and the

“compile” classes, where you can clearly see two distinct groupings within the data. Each axis

represents a column from the output of the PCA analysis. The left-hand plot is the simulate classes

where a 1 indicates the graph will simulate and a 0 means it will not simulate. Observing closely,

you notice that the simulatable data is towards the top half of both the x and y axes. Similarly, the

right-hand plot is the compile classes. The difference between simulate and compile is discussed

further in Chapter 5 in Case Study 2.

In summary, PCA and SVD are powerful techniques for dimensionality reduction in data anal-

ysis. These methods reduce the dimensionality of the data, allowing for a more efficient analysis

of large datasets and helping to uncover important relationships among variables in the data. A

Python code sample can be found in Section A.2.

3.3 Model Architecture

In this study, the model comprises five layers: namely, three graph convolutional layers [101],

a mean pooling layer, and a linear layer for the ultimate output. To achieve the objective of graph

classification, the model follows a three-step process: 1) employs the convolutional layers to en-

code individual nodes by exchanging messages, 2) aggregates the node embeddings to form a

graph representation, and 3) utilizes the graph representation to train the classification layer.
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Figure 3.2: The Principle Component Analysis features displayed for both the simulate and compile classi-

fications.

3.3.1 Graph Convolutional Layer

The Graph Convolutional Layer (GCN) operates to derive the output features X′ following this

formula:

X′
i = W1Xi + W2

∑

j∈N(i)

ej,i · Xj (3.7)

where X represents the input feature for each node and ej,i denotes the edge weight from source

node j to target node i [101]. The weights (W1,W2) adapt during training iterations.

Each GCN layer also employs the Rectified Linear Unit (ReLU) activation function f(x) =

max(0, x), which returns 0 for any negative input and returns the input value for positive inputs.

Finally, the result from Equation (3.7) is passed through the activation function:

Xi+1 = f(Xi) (3.8)
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Figure 3.3: Computed node embeddings for the ACM graph in Figure 2.6b.

This step assists in obtaining localized node embeddings. Node embeddings involve translating the

nodes or vertices of a graph into an N -dimensional numeric space, resulting in numerical vectors

that encapsulate the graph’s structure. This is exemplified through the node embeddings obtained

for the ACM graph shown in Figure 2.6b in the second case study and depicted in Figure 3.3. In this

illustration, it is evident that nodes HEX1, HEX2, and HEX3 (which are the top three HEX nodes

in Figure 2.6b, respectively) along with RSI, have been identified as similar and, consequently, are

clustered together.

3.3.2 Global Mean Pooling Layer

The subsequent layer is the Global Mean Pooling layer. This layer processes the final output

from the GCN layers. It produces an output vector r by computing the mean of the node features

X, encompassing node embeddings for the entire graph, spanning all nodes within the graph N .

This procedure generates a comprehensive graph embedding:

ri =
1

Ni

Ni
∑

n=1

Xn (3.9)
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3.3.3 Linear Layer

The last layer in the model is the classification layer. It receives the output from the mean pool-

ing layer as its input and carries out a linear transformation. Nevertheless, just prior to this layer, a

“dropout” operation is employed, which stochastically sets certain elements of the input tensor to

zero with a specified probability, utilizing samples from a Bernoulli distribution, as introduced in

Ref. [102].

y = rAT + b (3.10)

3.4 Hyperparameters and Options

There are several items that can be tuned in the selected model architecture so that the model

trains well on the type of data provided. For more information on hyperparameters and tuning,

please refer to the following sources [103–105].

Learning Rate

In machine learning, the Learning Rate is a hyperparameter that plays a crucial role in the

training process. It determines the size of the step response to the estimated error as the weights are

updated with each epoch and is considered one of the more critical hyperparameters to tune [104].

The learning rate is a positive scalar value that typically ranges from 0.0 to 1.0. The choice

of learning rate is essential for the success of the training process. When the learning rate is too

small, the model will take too long to converge, and the training process will be slow. On the other

hand, when the learning rate is too large, the model may overshoot the optimal weights and fail to

converge, leading to an unstable training process. Therefore, it is essential to choose an appropriate

learning rate that balances the training time and the stability of the training process. In general, a

learning rate between 0.001 and 0.1 is a good starting point. However, the optimal learning rate

value depends on various factors such as dataset size, model architecture, and mini-batching.
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The case studies mentioned begin with a learning rate of 0.001 in conjunction with a learning

rate scheduler. A learning rate scheduler adjusts the learning rate to optimize gradient descent.

However, it is always essential to experiment with different learning rate values to find the optimal

value for a given problem.

Number of Epochs

An epoch is a critical concept in machine learning, referring to the number of times the entire

training dataset is passed through the model during training [106]. The model evaluates the entire

dataset during each epoch, and the weights are updated after each iteration. In machine learning

algorithms, the number of epochs is another hyperparameter, which allows the model to train until

the error is minimized. The number of epochs can range from hundreds to thousands, depending

on the complexity of the model and the dataset.

The number of epochs is a delicate balance between underfitting and overfitting the data. When

the model is underfitting, it means that it is not learning enough from the data. Conversely, when

the model is overfitting, it means that it is learning too much from the data, memorizing the training

datasets, and losing the ability to generalize to new data.

In the two case studies, different experiments explore the effects of varying the number of

epochs on the models’ performance. The experiments aim to find the optimal number of epochs

for training the model, considering the dataset’s complexity and architecture. It is important to

note that the optimal number of epochs may vary based on the task and the dataset. Therefore, it

is essential to experiment with different values of epochs to find the one that best fits the specific

problem.

Optimization Algorithm

Optimization algorithms play a crucial role in various fields, from engineering to finance.

These algorithms are used to find the optimal input parameters of a function that result in the

minimum or maximum of the function output [106].
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One of the popular optimization algorithms is the Adaptive Movement Estimation (ADAM)

algorithm, which is a stochastic optimization approach [72]. The algorithm is designed to compute

individual learning rates for different parameters of the gradients’ first and second moments. In

simpler terms, the ADAM algorithm adjusts the learning rate of each weight in the neural net-

work based on the gradient of the loss function to speed up convergence. The ADAM algorithm

has several advantages over other optimization algorithms, such as faster convergence and a lower

memory requirement. It has been widely used in deep learning models, including image classifi-

cation, language translation, and speech recognition. In our model, we chose to use the ADAM

algorithm as it provides better results than other optimization algorithms. The ADAM algorithm

was applied to optimize the weights and biases of the neural network in our model. We con-

ducted experiments to compare its performance with other optimization algorithms, and the results

showed that it outperformed the others.

In conclusion, optimization algorithms are essential in various fields. The ADAM algorithm is

a powerful optimization approach for optimizing the weights and biases of neural networks. We

can achieve faster convergence and better results in our models by utilizing the ADAM algorithm.

Loss Function

A loss function is an essential part of training a machine learning model. It is a metric that

calculates the difference between the expected output of the model and its current output. This

difference is commonly known as the “loss” or “cost” of the model. The goal of training is to

minimize this loss function.

There are different types of loss functions, and the choice depends on the problem being solved.

In this model, we use the cross-entropy loss function, which is commonly used in classification

problems. This function measures the difference between two probability distributions for a given

variable. The cross-entropy loss function is particularly useful for classification problems because

it quantifies the difference between the predicted probability distribution and the actual probability

46



distribution of the target variable. It is often used in problems where the output is a probability

distribution over multiple classes, such as image classification and natural language processing.

The choice of loss function is crucial in training a machine learning model. If the loss function

is not appropriate for the problem, the model may not converge to a good solution. Therefore,

choosing a loss function appropriate for the problem being solved is important.

Batch Size

When training a deep-learning model, batch size is one important hyperparameter to con-

sider. The batch size determines the number of data samples processed before updating the model

weights. This technique is called mini-batching and can significantly improve the efficiency of the

training process.

Rather than processing the data points one by one or all at once, mini-batching groups a set of

data points of intermediate size. This approach has several advantages. First, it allows the model

to scale better to large amounts of data, as it reduces the memory requirements of the training

process. Second, it can speed up the training process by enabling vectorized operations, which

can be more efficient than processing individual data points. Moreover, mini-batching can help

prevent overfitting, as it introduces additional randomness into the training process. By randomly

shuffling the data points and selecting batches at each iteration, mini-batching can reduce the risk

of the model memorizing the training data instead of learning the underlying patterns.

To ensure our model’s effectiveness, it is crucial to fine-tune its hyperparameters and rigorously

evaluate its performance using appropriate metrics. In the next section, we will delve into the

various performance metrics used to assess the accuracy and robustness of the model.

3.5 Model Performance Metrics

After a model has completed training, a test dataset was used to determine how well the model

performs. In the test set, we know the correct values for the classification problem at hand. There-
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fore, various Python modules make it easy to determine model performance using the metrics

described in the following sections.

Confusion Matrix

A confusion matrix is a classification tool that displays the performance of a model. It is a

two-dimensional matrix where the columns represent the instances as classified by the model, and

the rows represent the instances as they actually are in the true dataset, as described in [107]. The

confusion matrix is particularly useful for evaluating the performance of binary classifiers.

In the case of a binary classifier, the matrix is divided into four quadrants. The top-left quadrant

shows the True Positives (TP ), which are the data points correctly identified as ones. The top-

right quadrant represents the False Positives (FP ), where the data points are incorrectly labeled as

ones when they are actually zeros. The bottom-left quadrant contains the False Negatives (FN ),

indicating the points that were mistakenly classified as zeros but are truly ones. Finally, the bottom-

right quadrant is for the True Negatives (TN ), which correctly identifies the data points as zeros.

Figure 3.4 provides an illustration of a confusion matrix. It is important to note that the con-

fusion matrix is not limited to binary classification problems and can be extended to multi-class

classification tasks as well.

The confusion matrix provides a quick and easy way to evaluate a classifier’s accuracy. By

examining the values in each quadrant, a range of metrics, such as accuracy, precision, recall, and

F1 score, can be calculated, which can provide a more detailed understanding of the classifier’s

performance.

• Accuracy — Accuracy is an important metric used to evaluate the performance of predictive

models. It measures how well a model is able to correctly classify instances into their re-

spective categories. In other words, accuracy measures the percentage of correct predictions

made by the model out of the total number of predictions. For example, if a model is trained

to classify images of cats and dogs, and it predicts that 90 out of 100 images are cats, and
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Figure 3.4: An example confusion matrix

they are indeed cats, then the accuracy of the model would be 90%, see Equation (3.11).

Accuracy =
TP + TN

N
(3.11)

It is important to note that accuracy alone may not be sufficient to evaluate a model’s perfor-

mance. Other metrics, such as precision, recall, and F1-score, may be more appropriate in

some cases, depending on the problem being solved. Overall, accuracy is a useful measure

of a model’s performance and is commonly used in various fields such as machine learning,

data science, and artificial intelligence.

• Precision — The precision, also known as Positive Predictive Value, is a crucial metric

that provides us with the proportion of positive classifications that were actually correct. It

is particularly helpful when dealing with data that has a class imbalance, where one class

has significantly more instances than the other. Training your model on such a dataset may

classify all data as the most frequent class, leading to misleadingly high accuracy. Precision

is a class-specific metric defined as follows:

Precision =
TP

(TP + FP )
(3.12)

49



where TP is the number of true positives and FP is the number of false positives. In other

words, Precision measures the percentage of positive predictions that were actually correct.

This same metric can also be applied to the negative value, and it is referred to as Negative

Predictive Value (NPV). However, this paper will focus on Precision since our case studies

aim to find the best architecture. In conclusion, Precision is a crucial metric that helps us

to determine the accuracy of positive predictions. It is particularly useful when dealing

with datasets that have a class imbalance. Therefore, precision and other metrics should be

considered when evaluating a machine-learning model’s performance.

• Recall — This metric, also known as the True Positive Rate or Sensitivity, is a measure of

the accuracy with which a model or system can identify actual positive classifications. In

other words, it determines the proportion of true positive cases that were correctly identified

out of all the positive cases present in the dataset. A high true positive rate indicates that

the model effectively detects positive cases and minimizes false negatives, which are cases

where a positive classification was missed.

Recall =
TP

TP + FN

(3.13)

• F1 Score — The F1 Score is a widely used metric in machine learning to evaluate the per-

formance of a model. It is a measure of a model’s accuracy, combining both Precision and

Recall into one score. Precision and Recall are two important metrics used to evaluate clas-

sification models’ performance. Precision measures the accuracy of the model’s positive

predictions, while Recall measures the number of true positives the model correctly identi-

fies. The F1 Score is calculated by taking the harmonic mean between Precision and Recall.

The harmonic mean places more weight on lower values, meaning that a model with both

high Precision and high Recall will have a higher F1 Score than a model with high Precision
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but low Recall or vice versa.

F1 Score = 2 ·
Precision · Recall

Precision + Recall
(3.14)

A high F1 Score indicates that the model has both high precision and high recall, which

means that it is performing well in correctly identifying positive cases while minimizing

false positives and false negatives. In summary, the F1 Score is a useful metric for evaluating

the performance of classification models. It provides a single score that takes into account

both Precision and Recall, making it a reliable measure of a model’s accuracy.

• Matthews Correlation Coefficient (MCC) — This metric is widely used as an evaluation

metric for classification models. It is a performance metric that measures the quality of bi-

nary (two-class) classifications. MCC is particularly useful when the classes are imbalanced

in size. It also provides a balanced measure of the quality of the classification, irrespective

of the distribution of the classes.

MCC =
TP · TN − FP · FN

√

(TP + FP )(TP + FN)(TN + FP )(TN + FN)
(3.15)

The MCC ranges from -1 to 1. A score of 1 indicates that the model can make predictions

perfectly, a score of -1 means that every prediction was incorrect, and a score of 0 indicates

that the model is just as good as random chance. A high MCC score is a sign of a good

classification model. MCC produces a high score if the model obtained good results in all

boxes of the confusion matrix. This means high TP and TN values and low FP and FN

values.

• Total Set Accuracy — When the datasets are broken down into their respective subsets,

(Gknown,Gunknown)
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we still want to know how well the predictions are when compared to the Gall if it is available.

Therefore, we define Total Set Accuracy as:

Total Set Accuracy =
T

(u)
P + T

(u)
N + T

(k)
P + T

(k)
N

Nall

(3.16)

where (T
(u)
P , T

(u)
N ) is determined on Gunknown using the trained model, and (T

(k)
P , T

(k)
N ) is de-

termined using Gknown, which might not be perfectly correct due to the median difference.If

there is no misclassification based on the different medians, then T
(k)
P + T

(k)
N = Nknown.

This metric represents a scenario where a designer classifies graphs using both known and

unknown data.

In summary, the metrics discussed provide essential insights into model performance, ensur-

ing that the evaluation is comprehensive and diverse. Understanding these metrics is crucial for

assessing the effectiveness of our models and guiding improvements.

Building on this foundation, we will now discuss the core methodology of Iterative Classifi-

cation. This approach plays a pivotal role in the IC-GSBD framework, leveraging the metrics we

discussed to refine and enhance the model’s predictive capabilities through successive iterations.

3.6 Iterative Classification

Originally defined in Ref. [51], Iterative Classification (IC) has proven to be an effective tool

for the down-selection process, ensuring narrowing down to the top-performing solutions based on

a desired metric. In particular, when we seek binary classification for best graph performance from

Section 3.1.1, classifying based on median performance (once) only reduces the set of Gunknown

by approximately half. This outcome can still result in too many graphs to evaluate, so we might

consider iteratively building more focused GDL models based on better threshold values for the

“good” performance classification. First, we will discuss how the datasets are broken down.
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3.6.1 Dataset Preparation

Based on the Type 1 problem classification considered here from Section 2.2.2, we will con-

sider the case when only some of the performance values J(Gi) for Gi ⊂ G are known. This will

divide the graphs into two sets as follows:

G ≡ Gall = Gknown ∪ Gunknown (3.17)

where Gknown is the set of graphs with known values for J(Gi) and Gunknown represents graphs

with unknown J(Gi) values (and this is what the GDL model is for). We will denote the sizes of

the sets as |Gall| = Nall, |Gknown| = Nknown, and |Gunknown| = Nunknown. They also satisfy:

Nall = Nknown +Nunknown (3.18)

We also note that this is a bit different than other types of datasets used in machine learning as

there is a known, finite amount of potential inputs. The goal here is to develop accurate models

where Nknown ≪ Nunknown.

As is typical in machine learning, we will create two subsets from Gknown :

Gknown = Gtraining ∪ Gvalidation (3.19)

where Gtraining is the training dataset and Gvalidation is the validation dataset. The model fits using

Gtraining, and the fitted model is used to predict the responses for the observations in Gvalidation

[105]. For example, after each iteration, the model will adjust its weights accordingly and test

them on the validation set, which can help understand model performance and adjust options as

necessary. The unknown set is used when the model is finalized, and you want to now test it on

data that the model has not seen.

As shown in Figure 3.1, the binary classification of graphs in Gknown is based on the median

performance value (or potentially some other dividing line using the known data). Since we only
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Figure 3.5: An Illustration of Gall and Gknown for 100 graphs, the performance-based classification of

Gknown, and the potential difference between the medians from the circuit dataset.

know J(Gi) in Gknown rather than Gall, the median performance value used for the initial labeling

might be different than the true value if we had all the performance values for Gall. However, this

error will become small as the relative size of Gknown increases. The concepts in this section are

illustrated in Figure 3.5. Here we have 100 graphs in Gall and 20 randomly selected graphs for

Gknown. The true median and Gknown-based median do differ, and two graphs are between these

lines.

3.6.2 The IC Algorithm

The iterative classification approach is outlined in Algorithm 1. The initial step and key variable

to this approach is determining the initial value for Gkknown. There is not a predefined approach to

determining this value, but there are factors that go into it, such as the size of Gall, the time it takes

to evaluate Gkknown, and the variation in the graph topologies and features. If the graph features

(graph level, node, or edge) and graph topology vary widely, the model may need to be trained on

a larger number of graphs to see all the different variations. In the first case study in Chapter 4,

there was little variation in features and topology, therefore only requiring a small amount of the

dataset for the model to train on.
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Algorithm 1 Iterative Classification for Graph-Set Based Design Algorithm

1: Input: |Gknown|min, n, Gall
2: k ← 1 ▷ Initialize iteration counter

3: Determine Nk
known

4: Randomly select Nknown graphs from Gall
5: Evaluate Gknown

6: Classify Gkknown into “Known 1” and “Known 0” based on J̄(Gkknown)
7: while k ≤ n do ▷ Iterate until specified limit

8: Train GDL model mk using Gkknown ▷ Train the model

9: mk(Gkunknown) ▷ Model predicts on Gunknown

10: Form sets “Predicted 1” and “Predicted 0” from these predictions

11: Discard “Predicted 0” and “Known 0” Classes

12: Set Gk+1
known ← “Known 1”

13: if Nk+1
known < |Gknown|min then ▷ Check if known dataset is below the minimum size

14: Supplement Gk+1
known with graphs from “Predicted 1” until Nk+1

known = |Gknown|min

15: Divide Gk+1
known into “Known 1” and “Known 0” based on J̄(Gkknown)

16: Set Gk+1
unknown ← “Predicted 1”

17: else

18: Divide Gk+1
known into “Known 1” and “Known 0” based on J̄(Gk+1

known)
19: Set Gk+1

unknown ← “Predicted 1”

20: end if

21: k ← k + 1 ▷ Increment iteration counter

22: end while

The next important value is the minimum value for the size of Gn−1
known, where n is the number

of chosen iterations. As iterations continue, and we narrow down to the top graphs in the set,

Gknown is going to continue to shrink as we remove graphs that were predicted as “bad”. But, a

minimum number of graphs is required for the model to train and be effective. Therefore, if we

set a minimum value for this set, |Gknown|min, we can supplement it with predicted 1s from the

previously completed iteration.

When training begins for the model, it trains on the initial G1known. After training is complete,

the model m1 is used to predict the classes for G1unknown. Once the G1unknown is divided into “Pre-

dicted 1s” and “Predicted 0s,” the predicted zeros are determined to not be feasible solutions and

are therefore discarded. The “Known 0” class from G1known are also determined to be infeasible

and are discarded as well.
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The G1known “Known 1” class becomes G2known and its size is denoted as N2
known. With each

iteration, the size of Gkknown is reduced significantly and at this point, if N2
known < |Gknown|min,

G2known is supplemented with predicted ones. Lastly, we divide G2known into its respective “Known

1” and “Known 0” classes, the “Predicted 1” class becomes the G2unknown, and the process starts

again by training the next model on the new known set, m2(G2known). During this process, the

good/bad classification threshold for the GDL model mk adjusts accordingly, thus narrowing down

to the top-performing graphs.

As you will see in Chapter 4 and Chapter 5, the IC process is an efficient and effective tool

for determining the best possible solutions in large datasets. Although it does not determine the

top performing graph, it gives the designer a much smaller set that can be further evaluated, giving

stakeholders more than one option to choose from based on pre-determined requirements. In the

next section, we explore the specific contributions of Geometric Deep Learning to enhancing Set-

Based Design methodologies.

3.7 Role of Geometric Deep Learning and Iterative Classifica-

tion in Graph Set-Based Design

The Graph-Set-Based Design (GSBD) exemplifies the innovative application of Set-Based De-

sign (SBD) principles in conjunction with graph-based engineering designs and Geometric Deep

Learning (GDL). This integration leverages the SBD framework to significantly enhance the design

process by broadening the exploration of design alternatives. Graph-based design sets represent

various solutions, embracing the SBD principle of extensive exploration. By harnessing GDL’s

capabilities, IC-GSBD enriches the SBD framework, enabling efficient evaluation and selection

of design alternatives. GDL’s proficiency in processing graph representations expedites the as-

sessment of each design’s feasibility and performance, streamlining the refinement process [69].

IC-GSBD enhances decision-making with computational efficiency, embodying systematic and

iterative exploration central to SBD, and reducing the number of required design iterations [51].
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The IC-GSBD methodological framework utilizes the SBD approach to categorize and refine

graph-based designs. As illustrated in Figure 2.1, the process begins with defining requirements

and generating design alternatives, which are then manually evaluated and narrowed down to de-

termine the optimal design solution. In Figure 3.6, GDL and iterative classification are integrated

into the foundational SBD workflow.

Taking a closer look at Figure 3.6a, we can see that Step 1 in both GSBD and SBD are the same;

both frameworks have to define the requirements and constraints. Steps 2–4 are what differentiates

GSBD from SBD. In Step 2, we generate the set of graphs. This could be done by various means,

but the method used in the case studies is graph enumeration described in Section 2.2.2. Step 3 is

also very similar to SBDs’ as you are required to analyze the design alternatives. What makes this

step more unique in GSBD is that a designer only has to evaluate a small fraction of the dataset,

this is the set that is used in the machine learning process (Step 4). In Figure 3.6b, you can see an

exploded view of the machine learning process where Steps 4.2-4.4 are the processes that contain

automation within the IC method.

One significant advantage of this revised workflow, depicted in Figure 3.6a, is that it does not

introduce additional steps to the existing process. Furthermore, Figure 3.6b presents an exploded

view of the machine learning process, highlighting the incorporation of automated processes that

efficiently refine the alternatives.

This enhanced methodology fits seamlessly within the traditional SBD framework, enhancing

it by streamlining the management of computational complexity associated with expansive design

explorations. It provides a robust mechanism for evaluating and predicting the performance and

feasibility of a broad range of design possibilities, represented as graphs, with remarkable effi-

ciency and effectiveness.

3.8 Conclusion

In this chapter, we have provided a detailed overview of the methods used in the IC-GSBD

methodological framework. We began by discussing the role of graph classification, highlighting
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Figure 3.6: The IC-GSBD workflow where steps 2–4 indicate the changes to the former SBD process shown

in Figure 2.1, and steps 4.2–4.4 indicates automated processes in iterative classification.

the differences between binary classification and multi-label classification and how they are used.

Both forms of graph classification played important roles in the case studies discussed in the next

chapter.

We have also demonstrated the effectiveness of feature engineering by showing that additional

features for the model can be obtained without requiring all the information from the system. We

discussed how to obtain node-level and graph-level features and how principle component analysis

can be used to condense the dimensionality of multiple node features.

The model architecture was presented, with a description of each layer’s purpose. We explained

node embeddings and their impact on a graph during model training. Additionally, we detailed each

58



hyperparameter within the model that can be fine-tuned to improve performance. We also outlined

iterative classification and its associated algorithm and discussed how SBD can benefit from GDL

and graph-based systems.

In the upcoming chapters, we will introduce two case studies. The first case study involves

the down-selection of analog circuits, where we demonstrate how iterative classification can nar-

row down 43,000+ graphs to the top-performing circuits. The second case study applies similar

techniques to a different set of graphs, consisting of 32,600+ directed graphs, as opposed to the

undirected graphs in the first case study. These two case studies will demonstrate the versatility of

IC-GSBD.
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Chapter 4

Case Study 1: Down-Selection of Analog Electric

Circuits3

“Design is not just what it looks like and feels like. Design is

how it works.”

–Steve Jobs

In this chapter, we explore the capabilities of Iterative Classification for Graph-Set-Based De-

sign (IC-GSBD) in graph-based engineering design problems by demonstrating the down-selection

of analog circuits, utilizing the results of a frequency response matching study [17]. Analog circuit

design is a fundamental aspect of electrical engineering, requiring precise optimization to meet

specific performance criteria. Traditional design methods often rely on iterative processes that can

be time-consuming and computationally intensive. Integrating Geometric Deep Learning (GDL)

with Set-Based Design (SBD) offers a novel approach to streamlining this process.

We will explore how the IC-GSBD methodological framework can effectively narrow down a

vast set of potential circuit designs to a manageable subset of high-performing solutions. This case

study demonstrates the practical application of IC-GSBD, emphasizing the benefits of reduced

computational overhead and improved decision-making efficiency. The methods and results pre-

sented here provide a compelling argument for the adoption of IC-GSBD in complex engineering

design tasks, showcasing its potential to revolutionize traditional practices and enhance innovation

in analog circuit design.

3Parts of this chapter are based on Ref. [51]
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4.1 Background

We begin by discussing the graph and how the dataset was generated through enumeration, fol-

lowed by the metric that determined the graphs’ performance value. Then, we explore the various

experiments conducted beginning with establishing a baseline, followed by feature engineering.

We then determine the appropriate number of epochs and the optimal value of Nknown. Lastly,

after analyzing the results from the previous experiments, we use that information for the iterative

classification process.

4.1.1 Enumeration of Circuit Graphs

Automating the design synthesis of analog circuits has long been a problem of interest with

numerous attempts [108, 109]. Still, these approaches can often fail to meet the needs when en-

countering unfamiliar and complex design problems. Even with the addition of heuristics [110]

and knowledge bases [111], determining global solutions, sets of alternatives, and patterns is not

straightforward, which leads us to consider enumeration.

As discussed in Section 2.2.2, we will consider the graph enumeration of electric circuits from

Ref. [17]. In particular, the set G with 43,249 undirected graphs includes all topologies with up

to 6 impedance subcircuits with RC components and a required connection to the ground [17].

Two examples are shown in Fig. 4.1 with RC values optimally selected for the design problem

presented in the next section, along with the distribution of performance values J(Gi).

Many researchers have utilized the enumeration technique of circuit problems [29,112,113] and

in other problem areas where the data can be represented as graphs and other enumerable objects

[114–116]. As mentioned, each circuit here is represented by a node-labeled graph, meaning every

node has an associated label representing some circuit concept (and this component label is the

single basic node-level feature of the dataset). The size of each graph varied between 6 and 20

nodes (which is relatively small for GDL), all of which had guaranteed different topologies (i.e.,

no labeled graph isomorphisms from Section 2.2.2). Finally, we will now describe a single graph-

level feature, performance J(Gi).
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4.1.2 Frequency Response Matching Optimization

The performance value J(Gi) here is the error between the desired frequency response and

the one a selected circuit provides, based originally on the study in Ref. [108]. A circuit graph

Gi does not have an intrinsic value for J ; rather, it is a function of the tunable values for the

RLC coefficients in the given graph and a selected optimization problem with an objective and

constraints. From Ref. [17], we consider the “set 1” problem defined as:

minimize:
zi={Ri,Ci}

J =
∑

k

(log |Hi(jωk, zi)| − log |F (jωk)|)
2

(4.1a)

subject to: 10−2 ≤ Rj ≤ 100 for all Rj in Gi (4.1b)

10−2 ≤ Cj ≤ 100 for all Cj in Gi (4.1c)

where: |F (jω)| =

√

2π

10ω
0.2 ≤

ω

2π
≤ 5 (4.1d)

where |F (jω)| is the desired frequency response, Hi(jωk, zi) is the frequency response for circuit

graph Gi, zi is the collection of optimization variables for the resistors R and capacitors C in graph

Gi, and ω is sampled at 500 logarithmically-spaced evaluation points.

Solving this nonlinear constrained (with simple bounds) least squares optimization problem can

be expensive; the original study required over 8 hours to optimize each graph to determine J(Gi).

Therefore, reducing the computational costs to discern good and bad circuit graphs is desirable.

The performance values here have a large range, between 4× 10−4 to 2× 102, as illustrated in

Fig. 4.1. Classification is done based on a sampled Gknown using the median value of the known

performance values, as discussed in Section 3.1.1. As we have the performance values for all

graphs, this problem can serve an a good example to explore the potential effectiveness of GDL in

these kinds of problems, so we can compare to classification using Gall.
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Figure 4.1: Summary of the number of RC nodes (a complexity metric) versus performance J(Gi) for

all 43,249 graphs with individual points and density in the frequency response matching optimization case

study dataset.

4.2 Trials

1: Establish a Baseline

In the first trial, we start by creating a baseline model for future comparisons. Here we consider

a 72% (31,139 graphs) in the training set Gtraining, 18% (7,784) in the validation set Gvalidation, and

the remaining 10% (4,324) in Gunknown. These are by no means recommended distributions but

rather a scenario with lots of data available for the GDL model that will be used to explore what is

possible and what might be done to balance accuracy versus efficiency.

The CM for this trial is in Figure 4.2a using the 4,324 graphs in Gunknown that we have not used

in any way to train the model (and in practice, you would not have this CM). Using Equation (3.11),

we find a 79.1% accuracy, fairly close to the baseline models’ final accuracy value for Gknown of

79.5%. Next, using Equation (3.12), we calculate that the baseline model has a Precision of 77%.
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Figure 4.2: The baseline and feature engineering confusion matrices

Using Equation (3.13), we calculate the baseline models’ Recall to be 79.9%, and lastly, using

Equation (3.14) and Equation (3.15), we calculate the F1 Score to be 78.6% and MCC to be 58%,

respectively.

2: Additional Graph-based Features

Here we consider adding additional graph-based features to X beyond the current vertex la-

bels of R, C, G, etc. where the additional features should have a greater ability to explain the

variance in the training data (known as feature engineering and feature selection). The theory is

that these features will improve the model’s performance for the same number of training epochs.

The two features added here are eigenvector centrality and betweenness centrality, as discussed in

Section 3.2.

Again, we point out that the computational expense of determining these additional features is

quite low compared to calculated J(Gi), so they add a relatively minor cost for each graph. With

these two additional features, the new features matrix X for each individual graph has gone from

X ∈ R
n×1 to X ∈ R

n×3. The CM for this trial is in Figure 4.2b. Here we have that by adding the

two additional features, the model was able to achieve an accuracy of 85%, Precision of 89.9%,

Recall of 80.8%, F1 Score of 85%, and an MCC of 70%. Therefore, the GDL model was able to
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Figure 4.3: Accuracy of seven different models during training using different percentages of the dataset to

determine the approximate number of epochs stopping point of 600.

make better predictions on the same Gknown dataset as all metrics are the same or better. We will

include all three features going forward.

3: Number of Epochs & Number of Known Graphs

The previous trials assumed a large number of epochs, but it is desirable to have insights into

how many are actually required to effectively train the model to reduce computation costs. Here

we will observe the training behavior up to 1,000 epochs and decide a limit for future trials.

Additionally, using 80% of the data for training, generally as was done in the previous trials,

will not be desirable, especially when the cost of each J(Gi) is quite high. Therefore, we will also

explore in this trial different percentage values of Gknown, which represents fewer circuits that are

sized using the expensive Eq. (4.1). The goal is to determine (for this particular dataset) a rule for

the relative size of Gknown to Gall that maintains the suitable accuracy while reducing the overall

computational burden (both through model training time and time to generate Gknown). We will

expect the model’s performance to degrade as the amount of training data decreases.

Number of Epochs

Seven different models were training using different Nknown spaced between 1.25% and 80%.

Observing the results in Figure 4.3, there is a clear distinction around 600 epochs where many of

65



Table 4.1: The results for different values of Nknown with all metrics computed with respect to the unknown

graphs Gunknown.

Nknown [# graphs] 34,599 17,300 8,650 4,325 2,162 1,081 541 270 135

% of Nall 80% 40% 20% 10% 5% 2.5% 1.3% 0.6% 0.3%

Training Time [s] 4,294 2,239 1,257 720 464 334 269 243 229

Accuracy [%] 83.80 83.99 82.70 81.73 78.68 76.15 72.28 66.70 60.69

Precision [%] 84.10 88.37 80.29 79.11 77.18 76.51 70.97 70.54 67.70

Recall [%] 83.22 78.52 86.85 86.30 81.37 75.49 75.41 57.39 40.90

F1 Score [%] 83.66 83.15 83.44 82.55 79.22 75.99 73.13 63.29 51.00

MCC 0.68 0.68 0.66 0.64 0.57 0.52 0.45 0.34 0.23

Figure 4.4: Total set accuracy scores averaged over five runs for different known set sizes Nknown.

the accuracy metrics plateau. For some of the smaller training sets, accuracy continues to increase

beyond this point, but it was observed that this was mostly overfitting to the small training dataset.

Therefore, a 600 epoch limit is established and will generally result in models that are suitably

trained without wasting additional iterations.

Number of Known Graphs

Using the same setup, we can explore trade-offs in the number of graphs (represented as a per-

centage here) included in Gknown. Reducing Nknown has the consequence that Nunknown increases,

per Eq. (3.18), so more graphs will need their classifications predicted. Therefore, this trial aims

to see what minimum amount of data is required for the models to retain a high level of accuracy.
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Figure 4.5: Five iterations of the approach described in Section 4.2 for retraining a GDL model based on

successive performance minimizing-focused subsets of the graphs (with the numbers indicating the number

of graphs in the respective set) along with the distribution of all the data points J(Gall) for comparison.

The results are shown in Table 4.1 with all metrics computed using the unknown graphs

Gunknown. As we might expect, the larger Nknown is, the higher the model’s accuracy. Now, simply

reducing the amount of data in half from 80% to 40%, we still achieve a high accuracy of ≈83%

and similar MCC of 0.68. However, a key takeaway is the training time. The 80% model took

4,294 s (or about 72 min), while the 40% model took only 37 minutes; the training time in half

by cutting the data in half. We should also consider the impact on computational cost required to

construct Gknown; 40% will nominally take half as long to determine all required J(Gi). Both of

these factors are important in understanding what % of Nall is desirable when balancing total com-

putational cost and model effectiveness (e.g., accuracy). Looking into the smaller Nknown values,

the results are also as expected: the smaller Nknown, the lower many of the scores. At the limit of

the runs, only 135 graphs (0.3%), the model was only able to achieve an accuracy of ≈60% with a

much lower MCC of 0.23.

To better understand the trade-offs in using GDL models for the case study, we visualize the

results of the metric Total Set Accuracy from Eq. (3.16) in Figure 4.4. As there are several stochas-

tic elements to the approach, the mean of five different runs is shown with the different gray dots
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Figure 4.6: Median values of the “Known 1” and “Predicted 1” sets averaged over six runs using the iterative

classification approach with different performance percentiles for J(Gall) shown.

indicating the values for the individual runs. Overall, the variation is relatively smaller between

runs. In addition to this curve, a theoretical random “model” is added where we assume that all

known values are predicted correctly, and all others are randomly assigned a good/bad classifica-

tion. Finally, when the known set size is 100% of the dataset, then we have enumerated all graphs,

so the total set Total Set Accuracy is naturally 100%. Therefore, the IC should be compared with

respect to these additional standards.

Overall, we see the GDL model greatly outperforms the random model between around 1%–

40%, but the gap begins to close as more graphs are known and all approach the 100%/100%

enumeration point as Nknown increases. Therefore, a general recommendation might be to select

Nknown as 20% of Nall, but this value certainly can be problem-specific and depend on the de-

signer’s preferences to balance Total Set Accuracy vs. computational costs (which is generally

proportional to Nknown).

4: Iterative Classification

Even if with perfect classification, the approach outlined so far would only result in determining

the top 50% performing graphs in Gall. While this outcome can undoubtedly be useful in practice,

it is generally desirable to narrow down the graphs further to the best-performing. However, there

is no reason we only need to construct a single classification model.
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Utilizing Algorithm 1, the results of this trial initialized with 20% of the data known are sum-

marized in Figure 4.5. First, the leftmost box plot shows the distribution of J(Gall). The next two

box plots show the splitting of Gknown based on the classification threshold at iteration 1. The final

two box plots in iteration 1 are the predicted 1s and 0s based on the GDL model; note that, while

there are certainly incorrectly identified graphs, the medians are quite separated and consistent

with their “Known” counterparts. The subsequent box plots show the results for each iteration, up

to n = 5. We observe at iteration 5, with Nknown = 540 graphs now, the classification is quite

poor as the “Predicted” box plots are similarly distributed. The trend lines for the two medians

also convey this point, with substantial decreases until the fifth iteration. This behavior is perhaps

expected because we are not adding any new data from the initial G1known, and the number of graphs

for training decreases.

Assessing the outcome at the end of iteration 4 (since the fifth did not classify well), there are a

total of 2,920 graphs in the final “good” set with a median of 3×10−4, substantially lower than the

initial classification median of 2× 10−1. Here we assume a designer would evaluate J(Gi) for all

the graphs in “Predicted 1”; thus, there would be a total of 11,029 graphs that were optimized. For

this final set, all of the top 10, 87 of the top 100, and 727 of the top 1000 graphs still remain at 25%

the computational cost of complete enumeration. Furthermore, compared to randomly sampling

11,029 graphs from Gall, the IC model results greatly exceed the expected means of 2.25, 22.51,

and 225.13 for the top 10, 100, and 1000 graphs being included in the random set, respectively.

To better understand the statistical significance of this iterative approach, five more randomized

runs were completed with different samplings of G1known. Over these runs, the average graphs that

would be known or “optimized” was 11282.2 graphs (with a 492.8 standard deviation). For the

top 100 graphs, 88.2 (2.5) remained compared to an expected value of 22.96. Finally, for the

top 1000 graphs, 751.2 (39.5) remained compared to an expected value of 229.6. Furthermore,

the median values of the “Known 1” and “Predicted 1” graph sets for each iteration are shown in

Fig. 4.6 averaged over the six runs. Here we still see a decrease in the median values indicating

the IC approach is narrowing down the set of potentially “good” graphs to the higher percentiles of
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performance. In fact, at iteration 4, all medians for “Predicted 1” are better than the 90th percentile,

with the mean closer to the 95th. However, as previously discussed in Fig. 4.5, the benefits from

the 5th iteration are minimal.

As indicated in Fig. 4.4, there are expected trade-offs when attempting to reduce computational

costs by decreasing the required evaluations of J(Gi) and GDL tasks. Therefore, an additional

study was conducted only reducing the starting G1known. Initialized with only 10% of Gall, the iter-

ative approach now concluded with 8118.2 (969.1) graphs on average needing to be optimized per

Eq. (4.1). Summarizing the results of five random runs, 9.2 (0.4) of the top 10 graphs remained,

85.2 (6.3) of the top 100 graphs remained, and 715.2 (76.9) of the 1000 graphs remained. Another

difference between the different starting Gknown sizes (i.e., 20% vs. 10%) is total iterative classi-

fication cost, including training the various GDL models at each iteration. The difference here is

45 vs. 36 minutes between 20% vs. 10% G1known, respectively. Since both summarized top graph

outcomes are comparatively similar, additional investigations into using fewer graphs for G1known

are critical to understanding trade-offs related to the total computational costs of the design study

to meet different designer goals.

4.3 Conclusion

The results showed that IC-GSBD can be used as an effective and efficient method for nar-

rowing the graph sets for this case study. In the first trial, we established a baseline to determine

model performance without any added features. The baseline model performed very well, with an

accuracy of 79.1% while training on 72% of the data. After adding the additional node features,

that accuracy increased to 85%, proving that feature engineering is a useful tool in helping separate

the graphs from one another.

The following trial was then conducted to determine the optimal number of epochs and known

set size. After testing various known set sizes, we were able to determine that the optimal number

of epochs was 600. Using a similar approach, we were also able to determine an optimal Nknown

of 20%.
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Using the information from those first trials, the iterative classification trial was then conducted,

where the model identified 9.0 of the top 10, 88.2 of the top 100 graphs, and 751.2 out of the top

1000 at 25% the computational cost of complete enumeration. This shows that not only does IC

work, but implementing AI/ML into the down-selection process significantly reduces computa-

tional cost. The original study in [17] took approximately 8 hours to complete, encompassing

graph dataset creation through synthesis and analysis. In contrast, by leveraging the IC-GSBD

framework, we were able to train on 5% of the data in just 36 minutes. It is important to note that

this time, measurement excludes dataset creation, focusing solely on the training process.

This reduction in time highlights the efficiency of the IC-GSBD approach. By utilizing a frac-

tion of the data for training, the framework can rapidly identify high-performing solutions without

compromising accuracy. This efficiency accelerates the design process and enables the exploration

of more complex design spaces within feasible timeframes, thus significantly enhancing produc-

tivity and innovation in engineering design tasks.

In the next chapter, we demonstrate this same approach in a different engineering field on a

much different dataset to demonstrate the versatility of IC-GSBD.
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Chapter 5

Case Study 2: Down-Selection of Aircraft Thermal

Management Systems4

“Efficiency is doing things right; effectiveness is doing the right

things.”

–Peter Drucker

In this chapter, we extend the application of the Iterative Classification for Graph-Set-Based

Design (IC-GSBD) framework to the down-selection of aircraft thermal management systems

(TMS). Aircraft TMS are critical for maintaining optimal operating conditions and ensuring the

reliability and performance of various aircraft components. Previous work in Ref. [25] showed

that enumerative methods for a problem like this are computationally expensive due to the multi-

ple objectives the systems have to meet; will the graph compile and simulate? These objectives

are explained in further detail in Section 5.1.2, but determining these objectives is computationally

expensive. This dataset also does not contain optimal solutions because not all of the solutions

compiled successfully with their given parameters, and of those that did compile, only a large

random sampling of parameters was evaluated rather than a systematic optimization [25]. Lastly,

this dataset contains directed graphs, whereas in the previous case study, they were undirected.

Therefore, this case study is another example to demonstrate the capabilities of IC-GSBD.

This chapter explores how IC-GSBD can be utilized to effectively narrow down this large set

of potential TMS designs to a subset of useful solutions. We begin by providing an overview of

the dataset and the methods used to generate the graph representations of TMS from Ref. [25]. We

then discuss the performance metrics and optimization objectives used to evaluate these systems

and initially determine what are promising options. Next, we detail the trials conducted to estab-

4Parts of this chapter are based on Ref. [52]
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lish a baseline, perform feature engineering, and determine the optimal parameters for iterative

classification.

The practical application of IC-GSBD in this case study highlights its potential to reduce com-

putational costs and enhance decision-making efficiency in the design of aircraft TMSs.

5.1 Background

Graph-based models can represent TMS architectures using directed labeled graphs, depicting

physical/functional components as vertices and connections as edges Ref. [25], as illustrated in

Figure 2.6. Here, we will briefly review the methods from Ref. [25,117] that generate and evaluate

these graphs that are the focus of the case study.

5.1.1 Enumerative Methods with Network Structure Constraints

Enumerative techniques for graph theory involve creating a comprehensive catalog of all graphs

that meet specific criteria. This complete catalog is often referred to as a graph structure space. The

original study in Ref. [25] used multiple enumeration methods to ensure that all directed labeled

graphs of interest were generated. With efficient enumeration graph algorithms, the relevant graph

structure spaces can be determined (e.g., including hundreds of thousands of unique graphs).

To help improve the usefulness of the generated graphs, Network Structure Constraints (NSCs)

were included in the generation and post-filtering steps. These include the direct connection NSC,

which restricts connections between certain vertex types; the line-connectivity NSC, specifying

permissible connections between different vertex types; and the multi-edges NSC, which ensures

each edge in the graph is unique. Additionally, the intermediate component NSC identifies specific

vertex types within a path, the downstream vertex NSC determines vertex relationships in a directed

path graph, and the vertex-subgraph NSC manages vertex distribution across different subgraphs.

Each constraint contributes significantly to the topologically valid and usefulness of the generated

graphs [27, 28]. However, even with these NSCs, there are still valid graphs that are not valid
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models of the physically realistic TMS architectures, which can be determined through physics-

based analysis.

5.1.2 Analysis of Physics-Based Models

The graphs from the previous section now serve as data objects for constructing detailed sim-

ulation models in Modelica, enabling engineers to assess the performance and realizability of the

TMS architecture. This process entails mapping each vertex in the graph to a specific Model-

ica component model, transforming the abstract graph representation into a text-based Modelica

model file that can be compiled and simulated to help understand how the TMS will perform under

different conditions.

Each TMS component (e.g., turbines, compressors, heat exchangers, etc.) is linked to a physics-

based model capturing its behavior based on fundamental physical principles and data. For in-

stance, a basic air cycle machine (ACM), as shown in Figure 2.6a, consists of two heat exchangers

(HEX), a compressor (ACP), a turbine (TUR), and a fan (FAN). This system incorporates two primary

air sources: ram air (RSO) and bleed air (BSO). The RSO utilizes external air that is generated by the

aircraft’s forward motion and is considerably cooler than the air inside the aircraft at high altitudes

to cool various components and engine operations. Bleed air, on the other hand, is sourced from

the engine’s compressor section and plays a vital role in the aircraft’s environmental control and

anti-ice systems. Other components are also utilized but are not a part of every solution, such as a

water separator (WSP), and a pressure regulating valve (PRV). Most common TMSs work by taking

incoming ram air and passing it through the heat exchangers to help cool the engine bleed air as it

passes from the compressor to the turbine back to the bleed air sink. Now observing Figure 2.6b,

we can observe how the basic ACM can be represented as a graph, where the edges show the

various air flows.

5.1.3 Dataset Overview

The dataset used in this study is from Ref. [25], where an aircraft TMS is tasked with control-

ling the temperatures of two hypothetical loads: a flight control heat load (HLF) and a radar heat
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load (HLR). The designated target temperatures are 343 K for the flight control and 300 K for the

radar. A multi-objective utility function is employed to rank and help select the most suitable ar-

chitectural designs. This function considers various goals, including keeping thermal loads within

specified temperature ranges. The utility function is defined as follows:

minimize: J = w1J1 + w2J2 + w3J3 + w4J4 + w5J5 (5.1)

= w1(T̄HLF − 343K) + w2(T̄HLR − 300K) + w3Ctotal

+ w4ṁBSI + w5ṁRSI (5.2)

where T̄HLF represents the average temperature of the flight control heat load, T̄HLR is for the radar

heat load, Ctotal denotes the total heat capacity of the heat exchangers, and ṁBSI and ṁRSI are the

mass flow rates of the bleed air and ram air, respectively. Nominal weights have been established

to provide a singular value for ranking different architectural solutions. Figure 5.1 displays six

more TMS examples with varying numbers of heat exchangers (HEX) and configurations. In both

Figure 5.1a and Figure 5.1b were simulatable solutions with (a) having J = 469.9 and (b) having

J = 719.04. Figure 5.1c is a graph that did not compile at all and, therefore, has no value for J .

Figure 5.1d, is an example of a graph that did compile but did not simulate and also does not have a

value for J . Lastly, Figure 5.1e and Figure 5.1f are the graphs that did simulate and are the lowest

utility values, J = −167.82 and J = 5.33× 103 respectively.

Employing the graph enumeration techniques outlined in Section 2.2.2 to generate a set of

useful, non-isomorphic solutions based on the NSCs and in the previous section, a total of 32,612

potential architectures, represented as graphs, were evaluated. Of the considered graphs, 5,585

were successfully compiled, and among these, 2,098 could be simulated. Simulatability and best

performance J(Gi) were determined by trying to simulate compiled models using 200 parameter

sets. If at least one parameter set produced a valid result, then it is considered simulatable, and the

lowest J value from the valid results is assigned to J(Gi). In Figure 5.2, the 2,098 simulatable
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BSO PRV ACP HEX HEX HEX TUR HLF TUR WSP BSI

RSI HEX HEX HEX HLR RSO

(a) A simulatable 17-node directed graph representing a TMS with three heat exchangers and J = 469.9K

BSO PRV HLR ACP HEX HLF TUR WSP BSI

RSO HEX RSI

(b) A simulatable 12-node directed graph representing a TMS with a single heat exchanger and J = 719.04K

RSIHEX

HEXWSPTURPRVBSO

RSO HEX

HEX BSIHLRACPHLF

(c) A 14-node directed graph representing a TMS that did not compile

RSO HEX HEX HEX RSI

BSO PRV HEX HLR HEX TUR WSP HLF HEX ACP BSI

(d) A 16-node graph representing a TMS that compiled, but did not simulate

BSO PRV ACP HEX HEX TUR WSP HLR HLF BSI

RSI HEX HEX RSO

(e) A 14-node directed graph representing a TMS that had the lowest value of J = −167.82K

BSO PRV HEX ACP HLF HEX TUR WSP BSI

RSO HEX HLR HEX RSI

(f) A 14-node directed graph representing a TMS that had the highest value of J = 5.33× 103K

Figure 5.1: Two more examples of TMSs with varying numbers of heat exchangers but also exhibiting other

TMS components
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Figure 5.2: The utility values J for the 2,098 simulatable solutions where each color represents a percentile

group

solutions are plotted to show the distribution of values across the dataset, where the highest value

for J is 5,328.7, and the lowest is -167.8.

In the next section, we discuss the trials conducted on the dataset, beginning with multi-label

classification to determine compilability and simulatability. Then, we use the information from the

first trial and employ it in the second, where we explore the iterative classification of the dataset.

5.2 Trials

In the subsequent section, the tests conducted on the dataset outlined in the previous section

will be examined alongside their corresponding outcomes. Commencing with the establishment of

a baseline for multi-label classification, emphasis will be placed on ascertaining the ideal number

of epochs and the magnitude of Nknown. Our primary aim is to leverage the model to derive these

values and furnish performance metrics, thereby determining the suitability of feature engineering

as a viable direction. We then apply the values from these tests to the iterative classification test.
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Table 5.1: The model metrics for different Nknown averaged over the seven independent runs.

Known Size % Mean Accuracy Mean Precision Mean Recall Mean F1 Mean AUC

20 0.915 0.947 0.854 0.864 0.860

10 0.909 0.954 0.838 0.853 0.845

5 0.902 0.940 0.813 0.840 0.845

2.5 0.881 0.930 0.760 0.790 0.825

1.25 0.866 0.915 0.703 0.744 0.824

1: Multi-Label Classification to Determine Compilation and Simulatability

We first focus on developing a Geometric Deep Learning (GDL) model for the first scenario

from Section 3.1.2 as understanding if a graph will compile and simulate is the first critical step in

their evaluation.

Understanding Model Performance Through Known Set Size and Training Epochs

The initial step focuses on identifying the desired size of the Gknown and the appropriate num-

ber of epochs for training our model. Given the need to balance model efficacy and data collection

costs, establishing these parameters at the outset is essential. This first experiment explores models

using five different Nknown, each with seven independent runs for statistically significant results.

The optimal dataset size and number of training epochs can be established by gathering and analyz-

ing the data from these iterations and training runs. This determination will be based on charting

the average training loss observed in each iteration. Additionally, the decision-making process will

consider other vital metrics, such as the mean F1 score and the aggregate accuracy when the model

is applied to the unseen data.

The metrics for each iteration and run of the model are detailed in Table 5.1. It is evident

from these results that we can produce a performant model even when reduced to smaller values

of around 5% of Nall. Upon reviewing Table 5.2 and Table 5.3, we find a detailed analysis of

precision, recall, and F1 scores for comparability and simulatability, respectively. It becomes

apparent that label l1 maintains robust performance throughout all the explored Nknown. This
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Table 5.2: Precision, Recall, and F1 scores for the compile labels.

Will not compile (l1) Will compile (l2)

Known Size %

20

10

5

2.5

1.25

Precision Recall F1

0.948 0.965 0.957

0.941 0.968 0.954

0.937 0.964 0.951

0.941 0.948 0.945

0.883 0.982 0.930

Precision Recall F1

0.818 0.743 0.778

0.819 0.708 0.759

0.800 0.688 0.740

0.740 0.714 0.727

0.810 0.373 0.510

Table 5.3: Precision, Recall, and F1 scores for the simulate labels.

Will not simulate (l3) Will simulate (l4)

Known Size %

20

10

5

2.5

1.25

Precision Recall F1

0.981 0.984 0.982

0.979 0.983 0.981

0.974 0.988 0.981

0.959 0.992 0.975

0.964 0.986 0.975

Precision Recall F1

0.758 0.722 0.739

0.744 0.692 0.717

0.784 0.610 0.686

0.769 0.385 0.512

0.702 0.471 0.562

strong performance may be due to a large portion of the data being labeled 1 within this category.

Additionally, when there’s a considerable imbalance in the data for specific labels, such as l2 and

l4, the model can exhibit issues with very small Nknown. Finally, by examining the Matthews

Correlation Coefficient (MCC) for each label pairing as presented in Table 5.4, the model exhibits

weaker performance with smaller known dataset sizes, consistent with expectations.

Now, by examining Figure 5.3, which illustrates the average training loss for each iteration

across different runs, we observe that the loss remains relatively consistent between 20% and 2.5%

dataset sizes. Furthermore, the training loss seems to slow down around 300 epochs in most cases.

Integrating these insights enables an informed selection of the Nknown and epoch count for

subsequent experiments. Based on this data, it was decided to utilize 5% of the dataset and conduct

training over 300 epochs. This decision is supported by the data in Table 5.1, which indicates
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Table 5.4: Matthews Correlation Coefficient for each Nknown and label pairing

Known Size % l1 & l2 l3 & l4

20 0.736 0.722

10 0.717 0.699

5 0.693 0.673

2.5 0.671 0.524

1.25 0.496 0.552
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Figure 5.3: Average training loss for each iteration per run

that the average accuracy through to the AUC remains high for this dataset size. Furthermore, as

detailed in both Table 5.2 and Table 5.3, the 5% dataset size demonstrates strong performance even

when analyzed by an individual label. Lastly, the 5% known set size MCC value shows relatively

high prediction strength for all labels. The choice of 300 epochs is justified by observing that the

loss for each model tends to level off around this point, with the differences between them being

negligible.
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Improving Model Performance with Feature Engineering

As addressed in Section 3.2, here we intend to demonstrate the effects of feature engineering

with the TMS dataset utilizing PCA. Using the values from the confusion matrix shown in Fig-

ure 5.4a, the model achieved an accuracy of 91.67% and 96.15%. The MCC values are 68.5% and

62.7%, respectively. The confusion matrix for the model with the additional feature, detailed in

Figure 5.4b, reveals significant improvements: the model’s accuracy reached 98.38% and 97.84%,

and the MCC 94.2% and 80.6%. These enhancements indicate that the model achieved superior

predictive performance on the same Gunknown dataset, with all metrics showing better results. Con-

sequently, we will incorporate this feature in future model constructions.

Iterative Down-selection Based on Graph Performance

In addition to compiling and simulating the TMS graphs, we are also concerned with which

ones perform the best concerning Equation (5.2). In this section, we use the iterative classifica-

tion approach from Section 3.6.2 to down-select a subset of graphs from Gall with higher median

performance (i.e., potentially good graphs).

Here, we start with 40% of the graphs already evaluated as presented in Figure 5.6. We see

the ranking of values from each set from each iteration compared to the rankings from the original

dataset Gall. Initially, the far-left bar plot illustrates the distribution of J(Gall), ranking its values

from 1 (the best J value) to Nall. The subsequent two bar plots demonstrate the division of Gknown

according to the median performance classification threshold in the first iteration. This iteration’s

last two bar plots represent the GDL model’s predictions of 1s and 0s. It’s important to note that

some incorrectly classified graphs exist, yet the medians remain distinct and aligned with their

respective “Known” categories. At the end of iteration 4, the final “good” set had 383 graphs, with

a median of 297.43, much lower than the initial classification of 549.53. For this final set produced

in iteration 4, the model predicted 9 of the top 10, 83 of the top 100, and 163 of the top 200, with

an overall count of 832 out of 2098 evaluated graphs.
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(b) With the addition of the PCA features.

Figure 5.4: Confusion matrices on Gunknown for models with different feature sets

An additional nine runs were conducted to gain a deeper insight into the statistical significance

of this iterative method, each with a different random subset from Gknown. Across these runs, the

average number of optimized graphs was 875.7, with a standard deviation of 34.3. Specifically, the

average for the top 10 graphs was 4.75 with a standard deviation of 1.48; for the top 100, it was

69 with a standard deviation of 4.95. Consequently, these results show good performance when

identifying these desired sets.

Finally, in Figure 5.7a, we can see both the “Known 1” and “Predicted 1” categories averaged

over the ten runs out to four iterations. In the third and fourth iterations, the model achieved poor

classification results exhibited by the significant variation in median utility values, primarily due
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Figure 5.5: ROC curves on Gunknown for models with different feature sets.

to the very small training set size at this point. But due to the supplementation of predicted ones

into the Gknown during recurrent iterations, the “known” set was in fact narrowed down to the top

5th percentile. Figure 5.7b displays the cumulative distribution of values across each iteration. As

evident in conjunction with Figure 5.7a, it can be observed that with every iteration, the values

in both the “Known 1” and “Predicted 1” sets diminish, increasingly concentrating on the better-

performing graphs. In this case, the observed reduction in median values suggests that the iterative

GDL approach is effectively refining the selection of potentially “good” graphs, focusing on those

that rank in the higher percentiles of J .
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Figure 5.6: Three cycles of the method outlined in Section 3.6.2 are applied to retrain a GDL model,

each cycle using progressively refined subsets of graphs to minimize performance issues. These subsets

are indicated by their respective graph counts. Additionally, all data point rankings are distributed for

comparative analysis.

5.3 Conclusion

This case study utilized the Iterative Classification of Graph-Set-Based Design framework (IC-

GSBD) to classify and refine graph-based aircraft thermal management systems (TMSs), aiming

to identify feasible and superior solutions in an engineering design context. In the case study, all

graph objects were known, but certain outcomes, such as model simulatability and performance,

were computationally expensive to determine. Thus, the effectiveness of IC-GSBD in distinguish-

ing “good” and “bad” graphs with minimal known outcome data was demonstrated. Moreover,

incorporating the graph-based features of harmonic, betweenness, and eigenvector centrality, as

well as spectral radius utilizing the principle component analysis (PCA) method, has enhanced

several critical metrics.

Upon commencing our study by establishing a baseline for multi-label classification, we demon-

strated that IC-GSBD can address problems with a single objective created by a weighted sum

that contains multiple constraints. Subsequently, by incorporating additional node-level features

through Principle Component Analysis (PCA), we enhanced the model’s capability to distinguish
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Figure 5.7: Results from the iterative classification for down-selection study.

between “good” and “bad” solutions. Incorporating PCA into an approach such as this shows that

there are ways to handle problems that have missing data, and since our goal is to reduce the com-

putational cost, the low cost of utilizing PCA is minimal. After adding the PCA features to the

nodes and determining a graph’s compilability and simulatability, models have achieved over 97%

accuracy while utilizing only 5% of the entire dataset (Gall).

For the iterative down-selection based on graph performance trial, we observed that using

around 40% of the data identified, on average, 7.3 (1.79) of the top 10 graphs and 75.5 (7.95)

of the top 100. With the extreme computational costs associated with determining any of these

outcomes on the set of graphs, the results demonstrate a potentially drastic reduction in total costs.

The outcomes presented serve as a step towards exploring general strategies for creating ef-

ficient GDL models for graph-based engineering design problems tailored for the classification

and down-selection goals. Critical aspects still require further study, especially when it comes to

smaller datasets and intelligently selecting which graphs to evaluate outcomes (rather than the pure

random approach used in this paper).

Once again, there was a significant computational cost reduction, as the original study in

Ref. [25] took several days. Not including the time it took for the graph dataset and physics

model simulations, the down-select process took approximately 33 minutes, which is relatively

insignificant overall.
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Chapter 6

Conclusion and Future Directions

As systems engineering, system architecture, and engineering design continue to evolve, the

integration of advanced computational techniques such as Graph-Set-Based Design (GSBD) holds

significant promise for addressing complex, graph-centric design problems.

This dissertation introduced the methodological framework, Iterative Classification for Graph-

Set-Based Design (IC-GSBD). We demonstrated that the integration of Geometric Deep Learning

(GDL) and a Set-Based Design (SBD) approach could effectively address complex engineering de-

sign problems. The findings in this work provide key contributions to engineering design, specif-

ically problems that involve designs with graph-based representations and that come with high

computational costs if they were to be evaluated as possible solutions by humans or physics-based

models. One such contribution is a framework that enhances the design process by leveraging

the strengths of GDL for graph-based data and facilitates the efficient down-selection of potential

design solutions, significantly reducing computational cost but also comes with the price of po-

tentially losing promising solutions. Once this down-selection occurs, more detailed models and

experts can further evaluate this new subset of useful solutions.

Through the two case studies, we demonstrated the effectiveness of Iterative Classification in

narrowing down the top-performing solutions. The first case study focused on the down-selection

of analog electrical circuits. We initiated our study with 43,249 undirected graphs, each repre-

senting a unique electrical circuit containing a maximum of six impedance subcircuits. Assign-

ing a performance value J(Gi) to each graph quantifies the disparity between desired and actual

frequency responses where graphs with the lowest value of J were determined to be the better

solutions. Calculating this performance value for each circuit required solving an expensive opti-

mization problem with a set of constraints. Subsequently, we utilized a fraction of this dataset to

train a GDL model. Impressively, the model efficiently identified 9 out of the top 10 viable solu-
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tions within the dataset, accomplishing this task within a significantly reduced timeframe. Doing

so gave us our initial insights into the potential capabilities of IC-GSBD.

The second case study explored the down-selection of aircraft thermal management systems

(TMS). We began with 32,612 directed graphs, each representing a potential solution. The perfor-

mance value J was the result of a utility function that sought to minimize the value of J based on

balancing various weights, temperature ranges, and mass flow rates. This evaluation was accom-

plished by attempting to compile and simulate each graph using 200 parameter sets. This entire

process was extremely expensive to determine that only 2,098 graphs were capable of simulating

and their performance. We then took that same dataset and demonstrated that by using only 5%

of the data, graph classification alone could determine with 98% accuracy which graphs would

compile and which would simulate. Then, utilizing the performance values for the 2,098 graphs

that simulated, we demonstrated that IC-GSBD is capable of narrowing down on average 7.3 out

of the top 10 solutions in a fraction of the time it took the previous study.

Both of these studies not only demonstrated the ability of IC-GSBD to achieve high classifica-

tion accuracy along with efficient computational costs but also that if specific data is not available,

the graphs themselves are capable of producing the needed data to fill the gaps in assessment based

on performance, thus aiding in the classification process. By doing this, we demonstrated not only

the capabilities of IC-GSBD but also another example of the immense potential that machine learn-

ing techniques have in engineering design.

The cost reductions shown in this work will not only give stakeholders a more informed and

timely decision based on their requirements but also enable them to make more informed deci-

sions by allowing them to evaluate more options, i.e., give them the ability to evaluate even larger

datasets due to the time savings. This outcome is in support of the concept of Agile systems

engineering by increasing efficiency and effectiveness through:

• Combining SDB & GDL Techniques — Without altering the SBD workflow, IC-GSBD

introduced a machine learning framework, thus providing a potential level of automation

to the iterative process. Using graph-based representations and Geometric Deep Learning,
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the capability to handle complex engineering system datasets is enhanced, and efficiency is

increased through reduced computational cost, thus accelerating the development process.

Multi-label classification was also included to help aid in the decision-making process by

allowing the evaluation of multiple criteria.

• Prediction of Complex Graph-based Engineering Systems — IC-GSBD demonstrated the

capability of analyzing and predicting complex engineering systems represented as graphs

(and only with the graph data) through the use of GDL in the two case studies.

• Demonstrated Value of Additional Derived Graph-Based Features — Model perfor-

mance was shown to increase with additional graph-based features.

Returning to the topic from Section 1.2 regarding AI/ML in systems engineering and the

human-in-the-loop. IC-GSBD not only demonstrated the positive impact of adding AI/ML to

the design process but also showed the need for a human to manage it. In the second case study,

specifically Section 5.2, we can see that the model did not perform as well as hoped after the first

iteration. A designer would be required to decide what to do next, whether to collect more or

alter any of the data, discard the other iterations, or rethink their entire approach. The point is

more than just relying on the model to make all final decisions. This further supports the Systems

Engineering Research Center’s roadmap towards Human-Machine co-learning. These case studies

have demonstrated that both a designer and AI/ML can work together in the down-select process

to come up with a set of useful alternatives to present to stakeholders, knowing that not only the

data supports the decision but the model as well.

We have extensively discussed the advantages of using IC-GSBD, but it is not without its

drawbacks:

• As dataset size and complexity increase, achieving high accuracy in the down-select process

may require more computational resources and time.

• If the user prioritizes computational efficiency, there may be a tradeoff with a reduction in

machine learning model accuracy.
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• A Set-Based Design approach encourages the exploration of multiple design alternatives

simultaneously, which is beneficial for finding diverse solutions but can be very resource-

intensive due to the large amounts of data involved.

• GSBD provides the flexibility to explore a wide range of design options, which may require

time and resources, so focusing on the “best” alternative only can be more efficient, but it

may lead to missing out on a better solution.

The other drawback of this framework, in its current state, is that it is limited to the early con-

ceptual design phase. GSBD (as does SDB) requires the maintenance and evaluation of multiple

design sets, which can become impractical and resource-intensive as designs progress to detailed

development and production stages. Lastly, it requires competent knowledge of coding, machine

learning, and data analysis in order to be implemented and interpreted correctly.

6.1 Future Work

The findings here provide a strong foundation for future research into applying AI/ML to graph-

based system engineering processes that require expensive computations. The following areas

represent key directions for future research and development:

1. Enhanced Model Capabilities — Future research could focus on improving the accuracy

and efficiency of GDL models. This work includes exploring advanced neural network archi-

tectures, optimizing hyperparameters, and incorporating additional graph-based and node-

based features. The exploration of other Python modules and incorporating them into a

model that better optimizes the hyperparameters based on the dataset.

2. Scalability & Computational Efficiency — As design problems become more complex

and datasets become larger, it is essential to develop scalable solutions that can handle larger

datasets and more intricate graph structures. This goal means having a system, whether com-

puter hardware or software-based, that can accommodate growth in data volume or other

complexity measures. This outcome can be accomplished through distributed computing,
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which divides a computational task across multiple machines or processors, or through par-

allel processing, which involves performing multiple computations simultaneously. It is our

intent for future work to incorporate these tools to further demonstrate the computational

efficiency when added to the IC-GSBD methodological framework.

3. Interdisciplinary Applications — Expanding the utilization of the IC-GSBD framework

to other domains beyond analog circuits and thermal management systems is an area of po-

tential exploration. The two case studies outlined here are preliminary demonstrations of

the capabilities of IC-GSBD. Extending this framework to address Model-Based Systems

Engineering (MBSE) challenges with datasets based on the Systems Modeling Language

(SysML), Unified Modeling Language (UML), or Unified Architecture Framework (UAF)

offers promising prospects. MBSE typically encompasses complex and extensive datasets.

Leveraging GDL and iterative classification could empower modelers to extract features uti-

lizing techniques like node classification or link prediction, as well as facilitate iterative

analysis of intricate data. Furthermore, GSBD could systematically explore and assess mul-

tiple design alternatives, ultimately facilitating the identification of optimal solutions.

4. User-Friendly Tools and Interfaces — The development of more user-friendly tools with

graphical user interfaces (GUIs) aimed at facilitating the application of the IC-GSBD frame-

work to graph-based problems. These tools should allow users to input their graph-based

dataset, specify the number of node features, or opt to utilize a PCA method for creating

node features. The program could then analyze the graphs and provide insights into the

dataset using large language models (LLM) by providing feedback to the user. Notably, ef-

forts to aid users in the graph enumeration process are already underway [117], and integrat-

ing the IC-GSBD methodological framework with such tools would enable comprehensive

end-to-end utilization.

5. Multi-Objective Problems — Case Study 2 discussed multiple objectives for the aircraft

TMS dataset, although only a single weighted objective was used for IC. Many engineering
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design problems have an extensive array of objectives. For example, in the circuit problem

from Case Study 1, we have the option to include objectives for the number of impedance

elements, the overall circuit complexity, or cost values for the various components. Our

future goal is to ascertain not only the effectiveness of IC-GSBD as a tool for the down-

select process but also to gauge its capacity for handling multiple, potentially competing,

measures of graph value.

6. Determine a Trained Models’ Complexity Limit — In Case Study 1, the model was

trained on graphs ranging from 6 nodes to 20 nodes. A potential future effort could be

to determine if the same trained model can be used to predict graphs larger than 20 nodes

that would have otherwise been evaluated by the same techniques described in Section 4.1.1

and Section 4.1.2. This study would answer the question of whether we need to consistently

create new GDL models for new data with larger graphs and to what extent the new data

is needed for any retraining or transfer learning. Such an approach would enable users to

gauge the model’s capability based on the data it has already processed.

7. Improve Initial Gknown Sampling — In the two case studies in this work, the initial Gknown

set was created by randomly sampling from Gall. A potential future effort can be to improve

this process by utilizing the information within the dataset, such as increasing the variety

of sampled (known) graphs so that the model training can see a better variety of possible

solutions. This approach can also include increasing the diversity in the type and number of

components each graph has in the initial set. This approach can increase the trained model’s

ability to make an accurate prediction, thus resulting in a better decision-making tool for a

designer.
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Appendix A

Python Code

To follow is the Python code used for the iterative classification, the Principle Component Anal-

ysis, how the graph-based dataset was created, and the classification model used. The remainder

of the code can be found in Ref. [118].

A.1 Iterative Classification Code
def run_iteration(iteration, iteration_dataset, path, hidden_channels,

known_set_size, training_split, epochs):

seed = np.random.randint(0, 1000)

iteration_path = f’{path}’

if not os.path.exists(iteration_path):

os.makedirs(iteration_path)

device = torch.device(’cuda’ if torch.cuda.is_available() else ’cpu’)

model = GCN(hidden_channels=hidden_channels).to(device)

optimizer = torch.optim.Adam(model.parameters(), lr=0.001)

criterion = CrossEntropyLoss()

scheduler = torch.optim.lr_scheduler.ReduceLROnPlateau(optimizer, mode=’

min’, factor=0.7, patience=5, min_lr=0.00001)

for run in range(1,6):

random.seed(seed)

np.random.seed(seed)

torch.manual_seed(seed)

run_path = f’{iteration_path}/run_{run}’

if not os.path.exists(run_path):

os.makedirs(run_path)

if run == 1:

N = len(iteration_dataset)

known_set = random.sample(iteration_dataset, int(N *
known_set_size))

known_utility = [graph.obj.item() for graph in known_set]

known_median_utility = np.median(known_utility)

for graph in known_set:

graph.it_y = torch.tensor([1]) if graph.obj <

known_median_utility else torch.tensor([0])

known_set = CreateDataset(known_set)

unknown_set = iteration_dataset[int(N * known_set_size):]

training_set = known_set[:int(len(known_set) * training_split)]

validation_set = known_set[int(len(known_set) * training_split):]
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training_loader = DataLoader(training_set, batch_size=32, shuffle=

True)

validation_loader = DataLoader(validation_set, batch_size=1,

shuffle=True)

unknown_loader = DataLoader(unknown_set, batch_size=1, shuffle=

False)

else:

n_known_min = known_min

n_known_ones = len(known_ones_graphs)

if n_known_ones < n_known_min:

n_known_needed = n_known_min - n_known_ones

if n_known_needed > len(predicted_ones_graphs):

print(’Not enough predicted ones’)

break

n_known_needed_index = random.sample(range(len(

predicted_ones_graphs)), n_known_needed)

n_known_needed_graphs = [predicted_ones_graphs[i] for i in

n_known_needed_index]

known_set = known_ones_graphs + n_known_needed_graphs

unknown_set = [predicted_ones_graphs[i] for i in range(len(

predicted_ones_graphs)) if i not in n_known_needed_index]

known_utility = [graph.obj.item() for graph in known_set]

known_median_utility = np.median(known_utility)

for graph in known_set:

graph.it_y = torch.tensor([1]) if graph.obj <

known_median_utility else torch.tensor([0])

known_set_final = CreateDataset(known_set)

known_set_final.shuffle()

training_set = known_set_final[:int(len(known_set_final) *
training_split)]

validation_set = known_set_final[int(len(known_set_final) *
training_split):]

training_loader = DataLoader(training_set, batch_size=32,

shuffle=True)

validation_loader = DataLoader(validation_set, batch_size=1,

shuffle=True)

unknown_loader = DataLoader(unknown_set, batch_size=1, shuffle

=False)

else:

known_set = known_ones_graphs

known_utility = [graph.obj.item() for graph in known_set]

known_median_utility = np.median(known_utility)

for graph in known_set:

graph.it_y = torch.tensor([1]) if graph.obj <

known_median_utility else torch.tensor([0])

known_set_final = CreateDataset(known_set)

known_set_final.shuffle()
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training_set = known_set_final[:int(len(known_set_final) *
training_split)]

validation_set = known_set_final[int(len(known_set_final) *
training_split):]

training_loader = DataLoader(training_set, batch_size=32,

shuffle=True)

validation_loader = DataLoader(validation_set, batch_size=1,

shuffle=True)

unknown_loader = DataLoader(unknown_set, batch_size=1, shuffle

=False)

validation_accuracy = []

for epoch in tqdm(range(1, epochs + 1)):

train(model, training_loader, criterion, optimizer, device)

val_acc = test(model, validation_loader, device)

validation_accuracy.append(val_acc)

scheduler.step(val_acc)

predictions, probabilities = predict(model, unknown_loader, device)

unknown_y_true = [1 if graph.obj < known_median_utility else 0 for

graph in unknown_set]

torch.save(model.state_dict(), f’{run_path}/model.pt’)

predicted_ones_index = [i for i, pred in enumerate(predictions) if

pred == 1]

predicted_zeros_index = [i for i, pred in enumerate(predictions) if

pred == 0]

predicted_ones_graphs = [unknown_set[i] for i in predicted_ones_index]

predicted_zeros_graphs = [unknown_set[i] for i in

predicted_zeros_index]

predicted_ones_utility = [predicted_ones_graphs[i].obj.item() for i in

range(len(predicted_ones_graphs))]

predicted_zeros_utility = [predicted_zeros_graphs[i].obj.item() for i

in range(len(predicted_zeros_graphs))]

known_ones_index = [i for i, graph in enumerate(known_set) if graph.

it_y.item() == 1]

known_zeros_index = [i for i, graph in enumerate(known_set) if graph.

it_y.item() == 0]

known_ones_graphs = [known_set[i] for i in known_ones_index]

known_ones_utility = [known_ones_graphs[i].obj.item() for i in range(

len(known_ones_graphs))]

A.2 Principle Component Analysis Code
from typing import Tuple, Any

import pandas as pd
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import numpy as np

from pandas import DataFrame, Index

from torch_geometric.utils import to_dense_adj, to_networkx

import networkx as nx

from sklearn.preprocessing import StandardScaler

from sklearn.decomposition import PCA

from multiprocessing import Pool

def get_spectral_radius(A):

eigenvalues = np.linalg.eigvals(A)

largest_eigenvalue = np.max(np.abs(eigenvalues))

return largest_eigenvalue

def compute_graph_features(graph):

avg_harmonic_centrality = np.average(graph.x[:, 1].tolist())

graph_nx = to_networkx(graph)

btwn_cent = np.average(list(nx.betweenness_centrality(graph_nx).values

()))

eig_cent = np.average(list(nx.eigenvector_centrality(graph_nx,

max_iter=10000).values()))

utility = graph.obj.item()

spectral_radius = get_spectral_radius(to_dense_adj(graph.edge_index).

numpy())

compiled = graph.compile.item()

simulated = graph.simulate.item()

return avg_harmonic_centrality, btwn_cent, eig_cent, utility,

spectral_radius, compiled, simulated

class CreatePCA:

def __init__(self, dataset, n_components):

self.dataset = dataset

self.n_components = n_components

def create_features_dataframe(self) -> tuple[DataFrame, Any]:

results = [compute_graph_features(item) for item in self.dataset]

unpacked_results = list(zip(*results))

self.avg_harmonic_centrality, self.btwn_cent, self.eig_cent, self.

utility, self.spectral_radius, self.compiled, self.simulated =

unpacked_results

features = pd.DataFrame({

’AHC’: self.avg_harmonic_centrality,

’BC’: self.btwn_cent,

’EC’: self.eig_cent,

’SR’: self.spectral_radius,

’COMP’: self.compiled,

’SIM’: self.simulated

})

feature_names = features.keys()[0:4]

features[’COMP’].replace(0, ’Did Not Compile’, inplace=True)

features[’COMP’].replace(1, ’Compiled’, inplace=True)

features[’SIM’].replace(0, ’Did Not Simulate’, inplace=True)

features[’SIM’].replace(1, ’Simulated’, inplace=True)

return features, feature_names
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def process_principle_components(self):

features, names = self.create_features_dataframe()

x = features.loc[:, names].values

x = StandardScaler().fit_transform(x)

feature_cols = [’feature’+str(i) for i in range(1, x.shape[1]+1)]

normalized_features = pd.DataFrame(x, columns=feature_cols)

pca_features = PCA(n_components=self.n_components)

pc_features = pca_features.fit_transform(x)

principle_components_cols = [’Principle Component’+str(i) for i in

range(1, self.n_components+1)]

principle_features_df = pd.DataFrame(data=pc_features, columns=

principle_components_cols)

return principle_features_df

A.3 Example Pytorch–Geometric Set Build

from abc import ABC

from tqdm import tqdm

import pandas as pd

import torch

from torch_geometric.data import InMemoryDataset

from torch_geometric.utils import from_networkx

import networkx as nx

from sklearn.preprocessing import LabelEncoder

from scipy.io import loadmat

import numpy as np

from PCA import CreatePCA

def _get_node_features(networkx_graph, encoded_node_features):

harmonic = list(nx.harmonic_centrality(networkx_graph).values())

features = dict(enumerate(zip(encoded_node_features, harmonic)))

nx.set_node_attributes(networkx_graph, features, ’feature’)

return networkx_graph

def _get_graph_features(A):

eigenvalues = np.linalg.eigvals(A)

largest_eigenvalue = np.max(np.abs(eigenvalues))

return torch.tensor(largest_eigenvalue, dtype=torch.float32)

class TMSDataset(InMemoryDataset, ABC):

def __init__(self, root, transform=None, pre_transform=None,

pre_filter=None):
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super(TMSDataset, self).__init__(root, transform, pre_transform,

pre_filter)

self.data, self.slices = torch.load(self.processed_paths[0])

def raw_file_names(self):

return [’latest_data.mat’]

def processed_file_names(self):

return ’tms_graphs.pt’

def download(self):

pass

def process(self):

global y

tms_graphs = []

raw_data = loadmat(self.raw_paths[0], squeeze_me=True)

graph_data = pd.DataFrame(raw_data[’python_graph_data’])

node_features = graph_data[’nl’]

encoder = LabelEncoder()

encoded_node_features = node_features.apply(encoder.fit_transform)

for index in tqdm(range(len(graph_data))):

nx_graph = nx.DiGraph(graph_data[’A’][index])

nx_graph = _get_node_features(nx_graph, encoded_node_features[

index])

pyg = from_networkx(nx_graph, group_node_attrs=[’feature’])

pyg.index = index

pyg.compile = torch.tensor(graph_data[’comp’][index], dtype=

torch.long)

pyg.simulate = torch.tensor(graph_data[’sim’][index], dtype=

torch.long)

pyg.catalog = torch.tensor(graph_data[’CatalogCodeIndex’][

index], dtype=torch.long)

pyg.obj = torch.tensor(graph_data[’bestObj’][index], dtype=

torch.float32)

tms_graphs.append(pyg)

principle_components = CreatePCA(tms_graphs, 2)

principle_components = principle_components.

process_principle_components()

for i in range(len(tms_graphs)):

tms_graphs[i].graph_features = torch.tensor(

principle_components.iloc[i].values,

dtype=torch.

float32).

unsqueeze(0)

if graph_data[’comp’][i] == 0:

tms_graphs[i].graph_label = torch.tensor([1, 0, 1, 0],

dtype=torch.float).reshape(1, -1)

elif graph_data[’comp’][i] == 1 and graph_data[’sim’][i] == 0:

tms_graphs[i].graph_label = torch.tensor([0, 1, 1, 0],

dtype=torch.float).reshape(1, -1)

elif graph_data[’comp’][i] == 1 and graph_data[’sim’][i] == 1:
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tms_graphs[i].graph_label = torch.tensor([0, 1, 0, 1],

dtype=torch.float).reshape(1, -1)

print(f’Graph {i} has label {tms_graphs[i].graph_label}’)

if self.pre_filter is not None:

tms_graphs = [graph for graph in tms_graphs if self.pre_filter

(graph)]

if self.pre_transform is not None:

tms_graphs = [self.pre_transform(graph) for graph in

tms_graphs]

torch.save(self.collate(tms_graphs), self.processed_paths[0])

A.4 The Model

import torch

from torch_geometric.nn import GraphConv, global_mean_pool

from torch.nn import Linear

import torch.nn.functional as F

class GCN(torch.nn.Module):

def __init__(self, hidden_channels, num_node_features=2,

output_channels=2):

super(GCN, self).__init__()

self.conv1 = GraphConv(num_node_features, hidden_channels)

self.conv2 = GraphConv(hidden_channels, hidden_channels)

self.conv3 = GraphConv(hidden_channels, hidden_channels)

self.lin = Linear(1026, output_channels)

def forward(self, x, edge_index, batch, graph_features):

x = F.relu(self.conv1(x, edge_index))

x = F.relu(self.conv2(x, edge_index))

x = self.conv3(x, edge_index)

x = global_mean_pool(x, batch)

x = torch.cat([x, graph_features], dim=-1)

x = F.dropout(x, p=0.5, training=self.training)

x = self.lin(x)

return x
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Appendix B

Python Modules

Table B.1: Python modules used in the case studies

Name Version Description

Python 3.10 An interpreted, object-oriented, high-level program-

ming language with dynamic semantics. https://www.

python.org

NumPy 1.24.2 An open-source project that enables numerical comput-

ing with Python. https://numpy.org

Pandas 1.5.3 An open source data analysis and manipulation tool,

built on top of the Python programming language.

https://pandas.pydata.org

Scipy 1.11.3 Provides algorithms for optimization, integration, in-

terpolation, eigenvalue problems, algebraic equations,

differential equations, statistics, and many other classes

of problems. https://scipy.org

Pytorch 2.1.0 A Fully featured framework for building deep learning

modules. https://pytorch.org

Pytorch Geometric 2.4.0 Consists of various methods for deep learning on

graphs and other irregular structures. https://pytorch-

geometric.readthedocs.io/en/latest/

SciKit Learn 1.3.1 An open-source machine learning library that supports

supervised and unsupervised learning. https://scikit-

learn.org/stable/

Concurrent Provides a high-level interface for asynchronously ex-

ecuting callables.

Networkx 3.1 A Python package for the creation, manipulation, and

study of the structure, dynamics, and functions of com-

plex networks https://networkx.org/
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