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ABSTRACT OF DISSERTATION

VARIATIONAL METHODS FOR UNCERTAINTY QUANTIFICATION

A very common problem in science and engineering is the determination of 
the effects of uncertainty or variation in parameters and data on the output 
of a deterministic nonlinear operator. For example, such variations may 
describe the effect of experimental error or may arise as part of a sensi­
tivity analysis of the model. In this dissertation, we present an approach 
for ascertaining the effects of variations and uncertainty in parameters in a 
differential equation that is based on techniques borrowed from a posteriori 
error analysis for finite element methods. The generalized Green’s function 
is used to describe how variation propagates into the solution around lo­
calized points in the parameter space. This information can be used either 
to create a higher order method or produce an error estimate for informa­
tion computed from a given representation. In the latter case, this provides 
the basis for adaptive sampling. Both the higher order method and the 
adaptive sampling methods provide a powerful alternative to traditional 
Monte-Carlo methods, and provide a more detailed picture of how various 
regions in parameter space affect the output of the nonlinear operator.

David Neckels
Department of Mathematics 
Colorado State University 
Fort Collins, Colorado 80523 
Fall 2005
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Chapter 1

UNCERTAINTY QUANTIFICATION

1.1 Introduction

In this paper, we study an important and ubiquitous problem in science 

and engineering that can be described abstractly like this: Suppose that a 

deterministic nonlinear operator T  maps a space of inputs, consisting of 

data and parameters, into a space of outputs so that to each fixed input 

state, T  associates a unique output state. In our particular case, T  is the 

solution operator for a differential equation. The problem is to describe the 

resulting output function.

This problem is usually framed in terms of uncertainty analysis. In this 

setting, some of the data and/or the parameters for T  are unknown within a 

given range and/or subject to random variation. For example, uncertainty 

and variation in data and parameters might arise from experimental or 

modeling error. The problem is to determine the effect of the uncertainty 

or variation on the output of the operator. It is often the case that not 

all possible configurations of the input are equally plausible. It is natural, 

therefore, to weight different scenarios with different probabilities. This 

leads to the idea of considering the input to be a random vector associated 

with some probability distribution, and the output then becomes a random 

vector associated with a new distribution.

1
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To illustrate, we plot the output distribution of the nonlinear function 

of one parameter q(A) =  tanh(2A)/tanh(2) for several distributions of the 

parameter A on [—1,1] along with q in Fig. 1.1. The function q acts in a 

nearly linear fashion on the “narrow” normal distributions with small vari­

ance, so the resulting distributions are again approximately normal. For the 

“wide” distributions with large variance, the nonlinear behavior of q causes 

more of the mass in the output distribution to be concentrated around the 

values of 0 or 2. A key feature of this problem is demonstrated in this

Input Densities for X  q(X) Output Densities for q (\)

Figure 1.1: Left we plot several Input distributions for A, normal with 
different variances, as well as the uniform distribution on [—1,1]. We plot 
the function q in the middle. On the right, we plot the output distributions 
for q(A). As the variance of the input distribution grows, more of the mass 
in the output distribution is concentrated at —1 and 1.

example. When the input distribution has sufficiently small variance, the 

linearization of the function applied to the input distribution provides a 

reasonable approximation of the output distribution. On the other hand, 

nonlinearity can significantly affect the output distribution if the input dis­

tribution has a sufficiently large variance with respect to the nonlinear be­

havior of the function. In this case, the effect of the nonlinearity is difficult, 

if not impossible, to predict.

2
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Another frame for this problem is sensitivity analysis, in which the goal 

is to quantify the sensitivity of the output information computed from a 

model with respect to variations in the input parameters. As well as reveal­

ing fundamental stability properties of a model, sensitivity analysis also has 

important applications. For example, it can be used to estimate the accu­

racy required in experimental measurements needed to compute parameter 

values. Unfortunately, it is usually very difficult to obtain accurate a priori 

bounds on the effects of variations in parameters. For example, a Gronwall 

argument is a standard tool for evolutionary problems and it yields bounds 

that grow exponentially in time regardless of the true behavior.

The Monte-Carlo method is the standard tool for determining the ef­

fects of variation in parameters and data on the output of a nonlinear func­

tion. In this approach, a sample of the input space is selected at random 

according to its distribution, and the model is solved for these parameter 

values. The resulting collection of output values can be used to approximate 

desired information, such as the distribution. The Monte-Carlo method is 

robust and easy to implement, especially on parallel computers. It is used 

throughout science and engineering. The drawback of Monte-Carlo is that, 

depending on the quantity of interest, Monte-Carlo estimates may converge 

slowly, requiring a large number of simulations in order to achieve good 

accuracy.

When the operator T  is expensive or difficult to evaluate, the Monte- 

Carlo method is expensive to the point of being impractical. For example, 

weather prediction is plagued by this issue. In order to make Monte-Carlo 

more practical, when T  is a complicated, nonlinear operator, it is often 

necessary to sample proportional to the variation of the output. Simply

3
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sampling according to the distribution of the input may not suffice. In the 

example above, for instance, accurately representing the output correspond­

ing to a uniform input distribution in an efficient way requires increased 

sampling near the boundaries.

In this paper, we present a new approach for ascertaining the effects 

of variations in parameters and data on a model in the case that the model 

depends smoothly and deterministically on the inputs. The focus on de­

terministic models, which may be affected by random processes through 

parameters and data, is worth emphasizing. Such problems have distinct 

features as compared to models described by stochastic differential equa­

tions. We use the distinct features of deterministic models to good effect 

when analyzing the effects of variation.

Our approach is based on techniques borrowed from a posteriori error 

analysis for finite element methods. The goal of a posteriori error anal­

ysis is to provide an accurate error estimate of an approximate solution 

using information obtained from the numerical solution as much as possi­

ble (see [9, 8]). One avenue [10, 15, 11] to a posteriori error analysis uses 

variational arguments involving the generalized Green’s function. The gen­

eralized Green’s function solves the (linearized) adjoint problem with data 

specific to the information to be computed from the solution of the original 

problem and describes how local variation in the model, parameters, and 

data propagates into the solution. In this paper, we apply this a posteriori 

analysis to the problem of determining the effects of variations in param­

eters and data on a model and show how information obtained from the 

generalized Green’s function can be used either to create a higher order 

method or produce an error estimate for a given representation.

4
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The organziation of the dissertation is as follows: In the following chap­

ter, the Monte-Carlo approach is described in detail, including the conver­

gence of this method and the variance reduction techniques which are com­

monly used. Next, the adjoint operator is described, to demonstrate key fea­

tures which play a role in the methods we propose. Additionaly, we discuss 

some ways in which the adjoint is currently used. Next, an introduction of 

the basic idea behind the methods in this paper by demonstrating them in a 

simple case, a finite dimensional system of nonlinear equations. We present 

some of the author’s perturbation theorems, which underly the methods 

that follow, the “Higher Order Parameter Sampling” (HOPS), “Reliably 

Accurate Parameter Sampling” (RAPS), and “Fast Adaptive Parameter 

Sampling” (FAPS) methods, which are then presented. We examine these 

techniques in a number of examples involving ODE’s and PD E’s. We dis­

cuss some possible future applications of the methods in inverse probability 

problems, and then close with a discussion of the software and numerical 

algorithms that are required to realize the techniques in the dissertation.

5
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Chapter 2

THE MONTE-CARLO METHOD

2.1 Introduction and H istory

The Monte-Carlo method is a technique that provides approximate 

solutions to certain mathematical problems by using the theory of random 

numbers.

A number of mathematicians and physicists, including Lord Rayleigh, 

Courant, Kolmogorov, and Petrowsky, early on realized that many problems 

involving diffusion processes had connections to random walks.

In the World-War II era, the Monte-Carlo method was adopted as a re­

search tool during work on the atomic bomb. A Polish born mathematician 

Stanislaw Ulam, who worked with John von Neumann on the M anhattan 

Project writes [7],

The first thoughts and attempts I made to practice [the Monte 

Carlo Method] were suggested by a question which occurred to 

me in 1946 as I was convalescing from an illness and playing 

solitaires. The question was what are the chances that a Can­

field solitaire laid out with 52 cards will come out successfully?

After spending a lot of time trying to estimate them by pure 

combinatorial calculations, I wondered whether a more practi­

cal method than abstract thinking might not be to lay it out

6
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say one hundred times and simply observe and count the num­

ber of successful plays. This was already possible to envisage 

with the beginning of the new era of fast computers, and I im­

mediately thought of problems of neutron diffusion and other 

questions of mathematical physics, and more generally how to 

change processes described by certain differential equations into 

an equivalent form interpretable as a succession of random op­

erations. Later [in 1946, I] described the idea to John von 

Neumann, and we began to plan actual calculations.

Problems involving the simulation of neutron diffusion were cast as stochas­

tic processes and solved by random simulations. In the years following there 

was an attem pt to solve “every problem in sight” by Monte-Carlo methods, 

but this was not incredibly successful and it went into latency for some 

time.

The method, however, still is the only way to solve certain problems. 

For problems involving very high dimensions, for example, the Monte-Carlo 

method often performs asymptotically better than traditional numerical 

methods.

In this chapter, we first briefly describe some concepts from probability, 

and then formally introduce the Monte-Carlo problem as the evaluation of 

an integral. We discuss convergence of the method and the error analysis. 

We present some of the important techniques used to make the method 

more efficient (Variance Reduction), and provide some examples.

2.2 Probability

The Monte-Carlo methods are based in the framework of probability, 

so we briefly discuss some key ideas from probability that are needed.

7
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We wish to formalize intuitive notions about probabilities gained through 

experimentations with coin tossing, dice, and other such diversions. Such 

experiments have a set of outcomes O (e.g. {1, 2, 3,4, 5,6} in the case of

the die roll). We are interested in assigning probabilities to events which

formally are sets O £ 2°  (the power set of O). For example, the event that 

the die toss is even is the set {2,4, 6}. Probabilities, then are real numbers 

Pi (one for each element of O that satisfy

P i > o , ^ P i  =  i .  

ieo

The probability of an event O € O is defined to be P( 0)  = EieoP*- This 

construct satisfies the important properties

i) P(0) =  0

ii) P(O)  = 1

hi) p (A i) = T’(UA) when [A{ n A j = Q , i ^  j )

iv) E i  p (A i) ^  P ( ^ A i)

We wish to extend these ideas to more complicated outcome spaces such 

as infinite coin tosses H T H T H H H T H H T T T H T T . . . ,  spaces of functions, 

sets in Rn, and other settings. This leads to complications which are solved 

by the introduction of measure theory. The notion of probability in such 

spaces, then, involves a triple (f2, P, T )  where Q. is the space of outcomes, 

T  is a a-field of sets in Q, and P  is a measure on satisfying the properties 

above, extended to countable summations. It turns out that often the 

collection of sets P  is smaller than 2n , since the inclusion of all sets leads 

to a breakdown in the intuitive properties i — iv above. Hence we obtain 

the measurable sets.

8
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A random variable is defined to be a function from Q into M which is 

measurable JF, i.e. we can calculate probabilities of the type P ( f  G B) for 

borel sets B.

Concepts such as the average require integration theory, which is pos-

The variance of a random variable is the quantity E [ f 2} — E[f]2.

We call the function F(x)  =  P ( f  < x) the cumulative distribution 

function of / .  For a (finite) collection of random variables / i ,  ■ • • , / n, we 

can consider their joint cumulative distribution function F ( x ) = P( f i  < 

x i, • ■ • , fn < xn). If it is the case that for all x  we have F( x)  — YYi=i P{f% — 

Xi), then the random variables fi, i =  1 • • -n are called independent. Effec­

tively, this says that the knowledge of the value of any one of the variables 

does not give information concerning the values of the others (the proba­

bilities are multiplicative). It is often useful to consider a set of random 

variables as a single vector /  =  ( / 1;. . . ,  f n), with corresponding distribu­

tion function on M" given by F( x)  = P( f \  < X i < xn), as above. 

We generalize independence to random vectors by saying that two random 

vectors f , g  are independent if

P{f \  < xi,  • • •, f n < xn,gi < 2/1 , . . .  ,gm < ym) =

P{fx < xi,  ■ ■ ■, fn < xn)P(gx < y i , . . . ,  gm < ym)

for all choices of x  = (xx, . . . , x n) and y  = (y 1 , • • •, ym)-

sible for such measurable / .  We define the expected value (i.e. the average)

of a random variable to be

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For random variables, we have the useful change of variable formula

where the measure dF  is called the distribution of the random vector, and 

extends the idea of the Lebesgue-Stieltjes integral to higher dimensions.

If the function F(x)  is differentiable, then setting

we find that

for any (measurable) set A. The function /  is called the probability density 

corresponding to the measure dF.

Most of the results in Monte-Carlo are a result of a powerful theo­

rem involving independent random variables, the Strong Law of Large 

Numbers.

Theorem  2.2.1. Let the sequence of random variables be pairwise

independent, identically distributed (P(X{ < x) = P{Xj  < x) ,Vi , j , x) ,  and 

have finite mean. Then Y^= i -^ i/71 T w probability 1, where p is the 

(common) expected value of the X i .

The error analysis of the method relies on the Central Limit Theo­

rem, an astonishing result relating the normal distribution to averages of 

independent random variables.

Theorem  2.2.2. Suppose {X;}"=1 is an independent sequence of random 

variables having the same distribution with mean p and finite positive vari­

ance a2. I f  Sn = X i +  • ■ • +  X n, then

[  0 (/M )d P (w )=  f  g{x)dF(x),  
Jn J R"

10
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Here => indicates convergence in distribution, which means the cu­

mulative distribution functions converge for each x  (technically for each x 

where the distribution functions are continuous, but this is not an issue 

above). Also, independence for an infinite set of functions is defined to be 

independence for any finite subcollection.

For a proof of both of these theorems see [2].

2.3 Approxim ation o f Integrals

The Standard Monte-Carlo problem can be phrased as the calculation 

of an integral,

for a distribution function F  on Rd.

For example, the estimation of the volume of a bounded region Q in R" 

may be computed in this way. We simply contain the region in a rectangle 

[a, b]d, and let f/,, i = 1 . . .  d be uniform (independent) random variables on 

[a, 6], and set U  = ( U i , . . . ,  Ud). We let l g(x)  be the indicator function of 

Q (1 on Q, 0 everywhere else). By the change of variable formula we have

Now, using the Strong Law of Large numbers, we take a sequence of inde­

pendent vectors 17* with the distribution above and we have

(2 . 1)

E[1S(U)] = [  l e(x)dU(x)
JVLd

i= 1 v '

n
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(if Ui  are independent as vectors, g(Ui)  are independent as random vari­

ables). The quantity on the left is the number of times U t lands in the 

region, divided by the number of trials, which approaches the ratio of the

More generally, if we have an algorithm for constructing independent 

random vectors f i with distribution function dF , then by the same reason­

ing as above,

At least one case in which this type of approach is useful is when 

it is impossible to write an algebraic epression for lg.  For example, in 

Fig. 2.1, we approximate the volume of the Mandelbrot Set for c uniformly 

distributed over [—2, 2]2 and lg  the indicator of the Mandelbrot Set (which 

is approximated by iterating the point and seeing if its orbit stays bounded). 

It is known that the true value is approximately 1.507.

2.4 Error E stim ates

The errors in approximating an integral by the Monte-Carlo method 

may be analyzed either by describing their distributional properties (the 

Central Limit Theorem approach), or by using large-deviation theory, which 

leads to the Law of the Iterated Logarithm.

2.4.1 Error via the Central Limit Theorem

In order to quantify the rate of convergence for these approximations 

to the integral, we use the Central Limit Theorem, Thm. 2.2.2, which states

volume of \Q\ to the volume of the box that contains it. Hence by multi­

plying through by (b — a)d, we have an estimator for the area \Q\.

( 2 .2 )

12

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 2.1: Left: Area of Mandelbrot Set by Monte-Carlo. The x — axis is 
the number of iterations. For each c, z 2 + c is iterated 1000 times to test 
inclusion. Right: Samples points c which are in the set.

where

and / j  ~  dF. 1 Since var(aX) =  a2var(X) for any random variable X ,  if 

we assume that n  is large enough so the quantity on the left in (2.2) is close 

to a fV(0,1) variable, multiplication by a /s /n  gives

where the means “has the approximate distribution” .

In deterministic error analysis, we attem pt to insure that \En\ < e for a 

given n or all n > N  for some N. This is generally impossible in the random 

case, however. Even though limn^oo P(\En\ < e) =  1, unfortunately for 

each finite n we have P (\E n\ > e) > 0 whenever a ^  0. These problems 

leads to the use of the (e, 6) criterion for convergence:

1In this context the symbol ~  indicates that the variable to the left is a sample drawn 
from the distribution which appears to the right.

(2.4)

13
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Theorem  2.4.1. Given e > 0 and 0 < S < 1, there is an integer N(e, 6) so 

that

P (\En\ < e) > 1 -  6

for all n > N .

The number 6 measures the confidence that the error is small. By 

making 5 > 0 (reducing the confidence slightly), we are able to achieve the 

error estimate for finite n.

Proof. We set A n =  [\En\ > e], and B n =  U™nAi. By the Strong Law of 

Large Numbers, P((l'^L1Bn) =  0. Since B x D B 2 ^ • • •,

P (n ~ =1Bn) =  l im P (5 n) =  0.
n

Choosing N  so P (B m) < 6 for m > N,

P([\Em\ < e]) = 1 -  P ( A m) > 1 -  P ( B m) > l - d .  (2.5)

□

To estimate the required N(e,S),  we invert (2.5) for the required N.  

However, this requires that we know the distribution of E n, which we do not. 

We use the convergence to normality in (2.4), and make the approximation

P ([En| < t ) «  2* -  1,

where <J> is the standard normal density function, defined by

and the transformation 2<f> — 1 accounts for the absolute values on E n.

14
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Figure 2.2: Implicit plots of P(\En\ < e) =  1 — 5 for 5 =  {0.1, 0.5,0.3}, 
<7 =  1 , along with (bottom) (assuming normality).

It may be shown (as in Fig. 2.2) that this results in the relationship

aC  
fn

Note that in general we must multiply n  by 4 in order to halve the error.

Despite this relatively slow convergence, one of the most attractive 

things about the Monte-Carlo technique is that this error depends only 

on the variance of the function, and not directly on the dimension of the 

integral. For deterministic quadrature rules, the error is more like Cn~* 

[17].

2.4.2 Errors via The Iterated Logarithm

Whereas the Central limit theorem describes the asymptotics of the dis­

tribution of the error in approximating an integral, it says nothing about 

the convergence of a specific estimator, or a realization of the process. Infor­

mation about this convergence is provided by a companion theorem to the 

Strong Law of Large Numbers, namely the Law of the Iterated Logarithm 

[2 ],

15
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Theorem  2.4.2. Let Sn =  X \  +  • • • +  X n, where the X n are independent, 

identically distributed simple random variables with mean 0  and variance 1 . 

Then

P  lim sup f n —  =  1 = 1 .
n v 2 n log logn

For example, to compute the average value of a function g over a do­

main A, the Monte-Carlo approximation is given by

where {Aj} ”= 1  are independent with uniform distribution in A. With Xi =  

<7 (At) in the theorem above, we have

^ = W iW //W 2" - ( v o k / / < A)dA) 2'
We wish to examine the behavior of the error for a given realization u>, 

which is

<(n, W) = i  -  v^X) / / (A) dX
Using the Law of the Iterated Logarithm,

p( " l i msupnl — = 1 ^ = 1 , (2 .6 )
V ; W 2 n log log

P  ^liminf„-j-— 6(n »a;) =  _ 1"\ =  p  (2 .7)
V  -ay/2n l o g  l o g n  )

This means that with probability 1, for any C > 1, all but a finite number 

of the errors e(n, to) are bounded above and below by

± c ^v / 2  log logn
>n

To illustrate, we compute the average value of Aj +  A2 over [—1,1] x [—1,1] 

and plot the results in Fig. 2.3.

This result shows that the convergence is very near the a /^ /n  com­

monly given in the literature, but is slightly more than this (by a factor of 

Vdog logn).

16
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Figure 2.3: Using the Monte-Carlo method to approximate the average 
value of A2 +  A2 over [— 1,1] x [— 1,1], We plot values of the error e(n, to) as 
a function of increasing n for 1 0  different to, along with the bounds given 
by the Law of the Iterated Logarithm.

2.5 Variance R eduction Techniques

The effectiveness of the Monte-Carlo method depends greatly on the 

variance of the integrand a as defined in (2.3). In fact, since the error is 

proportional to <r, while it is only proportional to reducing a has a 

stronger effect than increasing n.

For example, consider estimating the area of the Mandelbrot Set. Intu­

ition suggests we should select the smallest containing rectangle. It seems 

like a waste to sample from a larger box, say [—1 0 , 1 0 ]2 , since many of the 

sample points land in regions that say nothing about the area we are after, 

even though it is still possible to to create a consistent sampler with such a 

box. The difference between the smaller and larger boxes is in the variance 

of the estimator. The larger box has a larger variance, and so, on average, 

we need more samples in order to get an estimate with the same error.

In general, setting up the integral carefully makes it possible to reduce 

a, and therefore reduce the error in the estimator. Several approaches have

17
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been developed to systematically reduce the variance. We consider two in 

this thesis.

2.5.1 Im portance Sam pling

In the case that d F  has a density, we may write

where f*  are vectors with distribution /*. With o as before and a* the 

variance of the estimator with «;*,/*, we have

In order that the variance associated with /*  yields a benefit, we gener­

ally require that f* >  f  whenever K2f  is large, i.e., important. The new 

sampling scheme then samples more frequently from the important region. 

Since /* must integrate to 1, this also means making /* < /  when n2f  is 

small.

Returning to the Mandelbrot example, suppose we use uniform den­

sities / i ,  / 2 on [—10,10] 2 and [—2, 2] 2 respectively. Then letting <q>C2 be 

the integrals associated with these densities and k( x)  = 1  m(#)> we get 

variances

This makes it seem like the larger box is better, but since we are trying to 

estimate \M\ (the area of the Mandelbrot Set), we are really interested in

n ( x ) d F( X)  =  / n ( x ) f ( x ) d x  = / n*(x) f *( x)dx

where k*(x)  =  K, { x) f ( x) / f *{ x)  and f* is another density. This yields 

another estimator for C, namely

a 2 -  (a*)2 = J  k2{x)  ^1 -  f (x ) dx

18
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1500

Figure 2.4: Histograms of 5000 estimates of £ (5000 samples each) using 
standard and scaled densities. The standard density yields £ «  0.0000323, 
the scaled £ ss 0.00003172. The variance are 6.3e—09 and 1.8e—11, respec­
tively.

the values 100£i and 16£2, which have variances 99 and 16, respectively. We 

are therefore better off using the smaller box. We can even try to “wrap” the 

Mandelbrot Set with a sequence of smaller rectangles, with a corresponding 

variance reduction. However, we then have to weigh the reduction in vari­

ance with the increased difficulty of generating the appropriate deviates.

As another example, when estimating rare events e.g., a tail event with 

P ( X  > t) for large t, the Monte-Carlo method generally takes a large num­

ber of samples to converge, since it is very likely that for any small number 

of samples the estimate yields a 0. In order to achieve a reasonably accu­

rate estimate of the probability of a rare event, the tails of the distribution 

must be emphasized. One method for doing this is choosing a density which 

lengthens the tails,

19
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for a > 1, which still yields a density. For example, if we wished to estimate

which is the probability of a large value occuring, when f ( x)  is the stan­

dard jV(0, 1) density, for k very large, any medium or small sized sample is 

very likely to yield an estimate of 0. Although for this example standard 

quadrature is the fastest way to obtain a good estimate, consider using the 

density scaling. For k — 5, Maple gives the answer (  & 0.00003167.

Comparing estimators using the standard density, or the scaled density 

shows the more desirable nature of the scaled density (Fig. 2.4). In fact, the 

standard estimator shows the dangers in assuming the error of the estimate 

is N(0,  cr2/  \/n ), since the distribution of the estimator is more like a Poisson 

distribution.

A number of other techniques are available. For a good overview, see

J  K( x ) f ( x ) d x  = j  (p(x)f (x) dx  + J  (k (x ) -  4>{x)) f ( x ) d x ,

where we can evaluate the first integral on the right relatively cheaply, either 

by analytic or numeric means. If </> is chosen to have a strong correlation 

with k , then the variance of k — 0  is small and the estimator of the second 

integral on the right has small variance.

As an example, consider calculating the integral e~x2 da; by using 

the control variate e~x and the uniform distribution of [0, 1]. The integral 

fg e~x dx is easily evaluated to be 1 — 1/e. We show the reduced variance 

of a sequence of estimates in Fig. 2.5.

[33].

2.5.2 Control Variates

We add and subtract a function <p,

20
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Regular Control Vanau

Figure 2.5: Monte Carlo estimates of f*  e~x2 dx with and without control 
variates for a sequence of 1000 runs, 5000 samples per run. The true value 
is approximately 0.7468. The reduction of variance is evident in the control 
variate histogram.

2.5.3 Stratified Sam pling

Another technique is to partition the parameter space TZ into a finite 

number of disjoint sets so that 7Z =  U [ = 1  TZi- We set pi = Jn  f  and write 

the equivalent expression for (,

r f  f ( x )C = PiCi, where Q = /  k (x )  dx.
i=i '''R-i P̂

Suppose that we generate rij samples /* , j  =  1 . . .  n* chosen from the dis­

tribution of f {x) /pi  restricted to TZi, which is a probability density due to 

the normalization. Then the estimator

r rii

c. = E - X > ( / 5)s r  n< U

is unbiased with expected value (.

A short calculation, using the theorem that v a r (^ X j)  =  ^v ar(A j) 

when Xi are independent random variables, yields the variance of £s,

var(Cs) =  ’y~ \aiP i/n ii where af = f  (k (x ) -  Q)2 d x ,

21
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Figure 2.6: Left: plot ofrii. Center: Estimates using standard Monte-Carlo. 
Right: Estimates using the stratified sampling In both runs, N  =  5000 and 
1 0 0 0  estimates are used for the histogram.

i.e., the variance is the sum of local variations of k. It may be shown that 

this variance is always less than or equal to the variance of the standard 

estimator [17] for certain choices of rq.

The idea behind stratified sampling is to choose the number of samples 

in each TZi so that they are proportional to the variation in the function 

of and the probability of the region p*. This yields the greatest efficiency 

in making the estimate. For example, if e > 0 is given and we choose 

ni — aiP i/e> the variance becomes

We use both standard Monte-Carlo and the stratified method to demon­

strate variance reduction using the uniform distribution on [—1 0 , 1 0 ] and 

the function ex in Fig. 2.6. As an estimate for of, we assume that the 

variation of the integrand on an interval is proportional to the square of

the length of the interval. We use TZi — [M +  1]C — —1 0 ,.. . ,  9 for the

r

the derivative of the function on that interval times a function involving

22
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stratification, and choose n, to be N e2rrli /  Y2j e2mj, where is the mid-

the length of the intervals is constant, we can ignore the interval length in 

this formulation. We round the ti* so that they are integers, which gives 

N  samples. However, this number is very close to N,  and we consider the 

sample sizes the same. We notice in this example the regions where the 

function has a larger derivative need to be sampled more intensely.

2.5.4 Stratified Sam pling w ith  Derivatives

Often, we are interested in the value of an integral involving a func­

tion k(A(w)), where the parameter A is a random variable with density /  

and the function depends smoothly on the parameters, i.e. V k(x) exists. 

This is typical, for instance, when k represents a deterministic model and 

we are interested in how the model output varies when the parameters are 

uncertain. If we stratify as above, dividing the region into disjoint sub­

sets TZi,i = 1 . . .  r, and consider the variance a\  as defined above, we can 

estimate these values using the derivative.

Claim 1. I f  TZi is compact, convex, and if k is differentiable on TZi, then 

there is a point Xi € TZi such that

If TZi are rectangles or any other convex set, the theorem holds, but it 

also holds for more general strata, provided any two points in the set may 

be connected by a continuous curve. The theorem does not hold for the 

strata which contain the tails of the distribution, if there are any.

point of the i th interval and N  is the total number of sample points. Since

23
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Proof. Since k  is differentiable, it is continuous, and so there are constants 

m, M  and points x m, Xm E TZi so that

K{xm) — m  < k(x ) < M  — k(x m ), Vx E TZi.

Let c(s) be a continuous curve in TZi with c(0) = x m and c(l) — x m - Then, 

k(c(s )) is a continuous function on [0,1 ] that attains all points between m  

and M  for some s E [0,1],

Now multiplying the inequality above by f  /p i  and integrating over TZi, 

we get

m  < [  k{x ) ^ X  ̂dx  — Q < M.
JTli Pi

Hence, there is a point s E [0,1] such that k(c(s )) =  Q. Hence Xj =  c(s) is 

the desired point. □

As a result, to calculate an integral such as

/  «;(A(cu))dP{lo)= f  k (x ) /a (x) dx,
Jo. Jn

we may stratify the domain and estimate of in terms of derivatives of k ,

of =  [  (k(x)  -  (i)2- X^  dx  =  [  (k ( x ) -  K(xi))2^X^  dx  
JTli Pi J K  i Pi

= f  (V k (U (x  — Xj) ) 2 dx,
JTli Pi

where ^  lies somewhere on the line between x  and x,. This gives a bound

a 2 < diam(7Zi)2 sup |Vk(x)[2,
x  £TZt

and so a sampling strategy is to choose

ni = Cpi\V K,(ui)\2dia,m(TZi)2, (2.8)

for some point iq  in TZi for some C. This is, in fact, the strategy that was 

used in Fig. 2.6.

24
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2.6 The Empirical D istribution function

Monte-Carlo techniques may be used to approximate the cumulative 

distribution function of a random variable. For a fixed x, the cumulative 

distribution function may be posed as the integral

I>(X < x) = F(x) = [
Jn

Provided we are able to obtain samples X i: i = 1,. . . ,  N  from the distribu­

tion of X , the Monte-Carlo approximation to this integral is

1 N
F n ( x ) = — (̂-x,.r] (X I ) .

i — 1

The variance of this estimator is 1 — F(x) )7 so it is clear that the

empirical distribution function is most sensitive when F(x) = 1/2, i.e. at 

the median of the variable X.

While above we considered x  as fixed, given the samples X n one may 

easily calculate Fn (x ) for any x. A simple algorithm for this is to sort 

the samples X iy and construct the function that has jumps of exactly X  af, 

succesive X{.

o.

o

o.

Figure 2.7: Emperical distribution functions for a lognormal random vari­
able, a =  0.5.
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To assess the convergence F ^  —> F  for all x, we consider the metric on 

the space of distribution functions defined by

Dn(u) =  sup |Fn(x ,u )  -  F (x )|,
X

which is known as the Kolmogorov-Smirnov, or K-S, statistic. The follow­

ing, the Glivenko-Cantelli Theorem, holds.

Theorem  2.6.1. I f  X i , X 2 , . . .  are independent with common distribution 

function F, then Dn —> 0 with probability 1.

The Strong Law of Large Numbers certainly guarantees that for any 

fixed x, Fn(x) —» F(x),  but this result is much stronger, stating that the 

convergence is, in fact, uniform in x. A proof is given in [2].

Some information on the asymptotic rate of convergence for a given 

realization is provided by the Law of the Iterated Logarithm. This law

N

Figure 2.8: Plot of several realizations of Dn(u)), for uniformly distributed 
variables on [0 , 1 ], along with the limit \ / l0 g l°g n / \ / 2 n.

applies for each x, and since Dn(u) > Fn(xmed,aj) -  F{xmed) (where x med 

is any point where F( xmed) =  5 ), we have a.s. that

\/2n (Pn(xmed,u>) — F( xmed)j y/ZnDn(u>)
1 =  lim su p    ••• ■    < lim sup —= = = = =

„ v  log log n n Vlog log n

26
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(var I[Xi<xmed]M  = a 2 = ( i ) 2) so that for e > 0, a.s.

£>n(w) > ( 1  -  e )^ = \/lo g Io g n  i.o.,

providing a minimal worst case scenario for the excursions of D n above 0.

In fact the reverse inequality is true [6 ], so that a.s.

v/2nD n(u) 
lim sup —====== = 1 ,

„ V log log n

which implies P  Dn(oj) > ( 1  + e )^ x /lo g lo g n  i.o. =  0 for any fixed 

e > 0 .

A surprising result for continuous distribution functions is that the 

distribution of Dn{oS) is invariant, i.e. the same regardless of the random 

variable!

Theorem  2.6.2. Invariance Principle: The probability distribution of 

the statistic Dn(ui) is the same for all continuous distribution functions.

Proof. See [28]. □

These results make Dn(u) an attractive measure of accuracy. It is, 

however, a very strong notion of convergence that may or may not be suit­

able in particular applications.

2.7 Solution o f Linear Operator Equations

The solutions of Fredholm integral equations

f ( x ) = g { x )  + J  K( x , y ) f ( y ) d y

(solving for the function f (x) )  and solving the related finite dimensional 

problem x  =  A x  +  b both may be accomplished by random walks. These 

methods are generally inefficient and only of academic interest. For a dis­

cussion, see [20] or [17].
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2.8 Markov M ethods

Given a countable state space S, sequence of random variables with 

values in S  is called a Markov Chain if it has the property that

=  S j \ X o  =  s 0 , . . . , =  Si)  =  Pi^Xi+ i  =  S j \ X i  =  Si) — Pij

for each realization and finite sequence of X t. This condition describes 

a process which evolves with a dependence only on the last value of the 

process.

The Markov Chain Monte Carlo methods provide a method for con­

structing a special chain Xi  such that

The method requires only that we be able to evaluate the density f ( x ) ,  

or even less stringent that we be able to evaluate f ( x ) K  for any K.  This 

can be extremely useful, for instance if one wants to generate samples from 

a portion of a density but does not want to have to normalize by the prob­

ability of the portion.

The construction is surprisingly easy, yet proving the chain has these 

properties requires a very long discourse on Markov Chains which we will 

skip here. Details of the construction may be found in [20], and the nec­

essary conditions for ergodicity (the convergence of the average along the 

trajectory to the mean value) are in [2]. Very generally, the procedure be­

gins with a (candidate generating) random walk through Rd. When a step 

is taken in this walk, the new point is only accepted conditionally, other­

wise the chain remains where it is. The new step is taken conditionally

n
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Figure 2.9: The corresponding Markov Chain walk and point values with 
f ( x )  the density for a rotated and stretched Gaussian distribution.

by evaluating the relative probabilities (with respect to f ( x ) )  of the cur­

rent and new point. The resulting chain tends to a stationary probability 

distribution which is exactly that described by f ( x) .

An example of such a walk is shown in figure (2.9).

2.9 G enerating Random  Num bers

Key to any of the Monte Carlo methods is the generation of random 

samples from the appropriate densities. It turns out that we do not have 

to generate samples from every possible distribution, but that we can build 

samples from more complicated densities from simpler variables.

For example, if we have a method to generate an independent sequence 

of random numbers Zn where P[Zn =  0] =  P[Zn =  1] =  1/2, e.g. coin 

tossing, we can generate a sequence of independent random variables { X n} 

of any distribution dF.  The construction is outlined in [2], and illustrates 

that more complicated random variables may be constructed from simpler 

random variables.
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2.9.1 Uniform  D eviates

The basis of most Monte-Carlo methods are methods which gener­

ate a sequence of random integers between 0 and R A N D  - MAX ,  where 

R A N D - M A X  is some integer near the maximum representable computer 

integer. Normalizing this yields a generator for random numbers in [0,1], 

from which we can construct most other deviates.

A very good generator [29] is simply to construct the sequence 7,-+ 1  =  

a/., (mod m) for carefully chosen a ,m  and initial seed I0. This procedure 

is similar to the stretching and folding behavior which is found in chaotic 

dynamical systems, and produces a sequence of iterates which are uniformly 

distributed and independent. The iteration is generally implemented in 

assembly language, since the magnitudes of the integers are such that the 

operations may not be done directly in a high level language.

2.9.2 Transformations

Assuming we have a method to generate deviates for a random variable 

X  with density f x ( x ), setting Y  = g(X)  for a differentiable, one to one 

function g, we have

where f y  is the density for Y.  Also, if Xi , i  =  1 . . .  are independent, then 

the Yi =  g( Xt) are also independent.
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Norm al D eviates

The transformation method may be used to create normal deviates 

from uniform deviates, using the transformation

(ni, n 2) =  g(ui, u2) — ( \ / — 2  lnui  cos 27tu2, \ / - 2 1 n u i sin 2nu2Sj

This function transforms two deviates at a time, so a routine may save the 

extra one for a later call if necessary. It is a simple calculation to show that 

the change of variable formula yields a density for the output which is that 

of two independent N( 0 , 1) random variables. This calculation is best done 

using a package like Maple.

2.9.3 A ccept-R eject

Given an easy to evaluate density f ( x )  on Rrf that does not correspond 

to any transformation rule, we take another density g(x)  on Rd from which 

we can draw samples. If for all x  we can find a constant M, independent 

of x,  such that f ( x )  < Mg(x) ,  then the accept-reject algorithm is

1. Choose Y  ~  g, and U uniform on [0,1], independently.

I f U <  f ( Y ) / Mg ( Y ) ,  accept Y  as a draw from f .

If we call a sample accepted by this algorithm X  (to distinguish it from 

the candidate Y),  then for any Borel set A  in Rd, we have

P ( X  e  A)  =  P { Y  e  A\U < f ( Y ) / Mg ( Y ) )

= P ( Y  € A,  U < f ( Y ) / M g ( Y ) ) / P ( U  < f ( Y ) / Mg ( Y ) )
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To begin,

P { Y E A , U < f ( Y ) / M g ( Y ) ) =  f  U ( y ( W ) ) l , o > / ( y M ) / M f l ( y M i ( t / ( w ) ) d F ( a ; )
Jn

Rrf+l
f  r f ( v ) / M g ( y )

dug{ y ) dy

since Y  and U are independent with joint density 1 • g(y)  and the inner 

interval is trivially f ( y ) / Mg( y ) .

and therefore X  ~  / .

This method is efficient when Mg  is a close bound for / ,  since the 

probability of acceptance (once y  is chosen) is exactly f ( y ) / Mg( y ) .

2.9.4 Other M ethods

For a large class of deviates, the methods above work. Other im­

portant methods include numerically inverting the cumulative distribution 

function, or for very difficult multidimensional distributions the Markov- 

Chain method. Comprehensive discussions are given in [17, 29].

Similarly,

so that

P { X  € A) =  f  f ( y )  dy,  
Ja
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Chapter 3

THE ADJOINT

The techniques in this dissertation revolve around the use of the adjoint 

operator, which are described in detail in this chapter.

We first introduce the adjoint in its most abstract Banach space set­

ting, which requires some background on Banach spaces and duality. We 

generalize to the Hilbert space setting, and then examine the adjoint in the 

setting of a Poisson problem, describing the various spaces, dual spaces, 

and duality pairings. This requires introducing basic Sobolev spaces and 

distribution theory. We then describe the same setup for a time dependent 

linear partial differential equation. We show how to use the adjoint in the 

context of numerical error estimation and we discuss techniques of adaptive 

error control. Lastly, we derive as an example the adjoint of a complex 

coupled system of equations.

3.1 Banach spaces

A Banach space is a set of elements with three important components:

•  Algebraic structure. A  Banach space is a vector space equipped with 

the notion of addition and scalar multiplication over a field F, which 

is generally R in this dissertation (although it is common for F to be 

the complex numbers).
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• Norm. A Banach space is equipped with a map || • || : X  —> R with 

the usual norm properties

i) IMI > 0, Vx £ X .

ii) ||x|| =  0 x  is the algebraic 0 in X .

iii) ||ax|| =  |a |||x ||,V x £ l , a € F .

iv) \\x + y\\<\\x\\ + \\y \ \yx ,y  e  X .

• Completeness. The space X  is complete with respect to the norm 

|| ■ ||. This means that any Cauchy sequence (a set {xn}^L1 with 

||xn — xm|| —> 0 as m, n  —> oo) converges to a point x E X .

A space with the first two properties is called a normed linear space.

3.1.1 Operators

A map from a normed linear space X  to another normed linear space Y  

is called an operator. A linear operator L is such a map with the additional 

property that L(ax + y) =  aL(x)  +  L(y) , \ fx, y E X,  a  E F. Of particular 

interest is the set of continuous (or bounded) operators, with the property 

L(xn) —> L(x) in Y  whenever xn —> x in X.  This property is equivalent (for 

linear maps) to the existence of a C  so that ||L(x)||y < C ||x ||x ,V x E X.  

The mapping L(x) for a linear operator is often denoted as simply Lx.

The space of all continuous linear operators from A to Y,  denoted 

C(X,  Y),  is a normed linear space, with the algebraic structure

• (Li + Z/2 )x =  L\x  +  L2 X, x E X

• (aLi )x = a( Li x ) , x  E X
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and norm

\\L\\C(x ,y ) = inf{C |||Lx||y  < C\\x\\x , Vx e  X } .

This space will not generally be a Banach space, however. An additional 

property is needed,

Theorem  3.1.1. I f  X  a n d Y  are normed linear spaces a a n d Y  is complete, 

then C(X,  Y)  is a Banach space.

3.1.2 Functionals, duality

An important example is C(X,  M), the dual space of a normed linear 

space X ,  which consists of the bounded, real valued functions on X .  It is 

customary to denoted this space by X*, and to denote elements of this space 

with a superscript *, e.g. x* € X*. The action of an element of the dual 

x*(x),x* € X* , x  e  X  is often denoted using the duality pairing bracket 

notation x*(x) =  (x,x*).  The reasoning behind this notation becomes 

clearer in the discussion of Hilbert spaces. Since X* is again a normed 

linear space, we can consider (AT*)*, denoted X**. For many spaces X  and 

X** are isometrically isomorphic, in which case X  is called reflexive. These 

second dual spaces play some role in analysis, but higher order dual spaces 

(beyond two) are of limited importance.

The space X* = C(X,  R) is an abstract space in the sense that we 

have no characterization of its elements, of how it acts on elements of X  to 

produce real numbers. It is often useful to form a realization of this space, a 

space of elements and a concrete description of the duality pairing. Usually 

there are many possible realiations, up to isometry. A number of common 

spaces and realizations is given in Tab. 3.1.
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Space (X) Dual (A*) Pairing (x,x*)
y E R" Ei=l x iVi

/  € LP(Q), 1 < p < 00 5  E ± l  =  1 Jn f ( x )ff(x ) dx
x  G lp, 1 < p < 0 0 V e lQ> d +  0 =  1 Ei=l Sil/i
/  € C[a, b\ w G 5V[a,6] (normalized) f nbf ( x ) dw( x)
x E H,  a Hilbert space y e H (x,y)
m  E M  C H  (closed subspace) h* G H * / M±

Table 3.1: Example of spaces and some canonical realizations of their dual 
spaces.

3.2 The A bstract Adjoint

W ith this groundwork, it is possible to define the adjoint operator in 

its most general setting. We define the adjoint of a map L G C(X,  Y ) to be 

a map L* G C{Y*, X*),
X* Y*

x  —̂  y,
that satisfies the bilinear identity

L*y*(x) =  y*(Lx),  i.e. (x, L*y*) = (Lx, y*),

for all x G X,  y* G Y* . To prove the existence of this operator, it is sufficient 

to check that the operator defined by this identity is linear and bounded.

If we consider the operator * : C{X,  Y)  —> C(Y*,X*)  defined by *(L) = 

L*, we obtain several properties of the adjoint,

• {L\ +  £ 2)* = L\ + L%,

• (a L )* =  aL*,

•  \ \ L * \ \ c ( Y - , X - )  =  | | £ | U ( X , V ) j

.  ( L M *  = L \L \, (Lx g C ( X , Y ) , L 2 g C{Y,Z)) .
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The first of these properties show that * is an isometric isomorphism of 

C(X,  Y)  onto the range of * (which is C(Y*, X*)  when Y  is reflexive).

3.2.1 The shift operators, an exam ple

To demonstrate some of these concepts, we consider the Banach space 

li, of absolutely summable sequences in R. We define the addition of two 

sequences {xn} and {yn} to be the sequence {xn +  yn}, we define a { x n} — 

{axn}, and the norm |j{rcn}||zi =  S n l i  \xn\- A realization of the dual of l\ 

is loo, the space of bounded sequences in M with ||{2/^}Ihoo =  suPn \Vn\i and 

the same algebraic operations. The duality pairing takes the form

for {xn} £ lu {y *} e  loo.

We consider the “right shift” operator T  £ C(l\ , l i)  defined by

It is easy to show T  is linear and bounded, with ||T|| =  1.

The adjoint of T  is a map from loo I<x>, which satisfies the bilinear

O O

T { x i , x 2, x 3, . .. } =  {Q,xl , x 2, xz , . . .  }.

identity,

{{xn},T*{y*n}) = {T{xn},{y*n})

= ({ O ^ ! ,^ , ■•.},{*£})

=  x xy*2 +  x2yl +  . • •

=  ({an, x2, • • • }i {j/2 , 2/3) •• • })

so that T*{y*} =  {y2, y3, . . .  } is the “left shift” operator.
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3.3 H ilbert spaces

We consider momentarily the special Banach space Rn. The norm in 

this space ||x|| is given by ||x|| =  \ / x Tx , so that for vectors x ,y  E Mn,

||x +  y | | 2 +  ||x -  y f  =  (x +  y)T (x + y) + ( x -  y)T(x -  y)

= INI2 +  llyll2 +  xJ y +  yTx

+  IMI2 +  h f  -  x Ty -  y Tx 

=  2(||x ||2 +  ||y||2).

Geometrically, this says the sum of the square of the length of the diagonals 

in a parallelogram equals the sum of the squares of the lengths of the sides. 

For this reason this equality is called the parallelogram equality.

The norm in this case is induced by an inner product, which is a func­

tion (•, •) from I x I - > 8  with the properties

i) (x + y, z)  = (x,y)  + (y , z ),

ii) (ax, y)  = a(x,y) ,  

hi) { x , y )  = ( y , x) ,

iv) (x, x) > 0 , and (x, x) =  0  <=*> x = 0 .

The vector product y Tx in the case of Mn satisfies these properties. In 

general, for any linear space X  with an inner product, the function ||x|| =  

yj(x,  x) will be a norm.

Now consider the Banach space C[a, 6 ], the continuous functions on 

the interval [o, 6 ], with the norm ||g(t)||c[a,6] =  suPse[a,b] |y(s )l- Take the
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functions f ( t )  =  1, g(t)  = (t - a ) / ( b - a ). Easily, | | / | |  =  ||^|| =  1, \\f +  g\\ =  

supae[a,6]{l 4- f -  2, and | | /  -  <?|| =  sups6[ai6]{l -  f=f} =  1. Now

ll/ +  5l | 2 +  | | / - p | r  =  5 ^ 4  =  2( | | / | | 2 +  ||3 ||2),

and so the parallelogram equality does not hold in this Banach space.

Since the computation leading to the parallelogram equality follows for 

an arbitrary norm induced by an inner product, we conclude that the norm 

in C[a,6 ] cannot come from an inner product.

Theorem  3.3.1. The norm in a Banach space X  comes from an inner 

product iff the norm satisfies the parallelogram equality.

A complete normed linear space whose norm is induced by an inner 

product is called a Hilbert space, and the existence of the inner product 

gives the space more structure than a general Banach space. The existence 

of a parallelogram equality is the key difference between these two types of 

spaces.

A fundamental difference with regards to duality is given by the fol­

lowing,

Theorem  3.3.2. R iesz R epresentation For every element x* in the dual 

of a Hilbert space X ,  there is a unique element zx. £ X  such that

(x,x*) = (x, zx*)x , and \\zx. ||x =  ||x*|U*,

for all x  £ X .

This mapping x* i—> zx• is an isometric isomorphism of X  and X *, 

in the case that F =  M (when F =  C, it is only a conjugate isometric 

isomorphism).
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To form the adjoint between two Hilbert spaces X  and Y,  first let a : 

X  —>• X*  be so that a{u){x) =  (x , u)x,  and r  : Y  —► Y* so r(v)(y) = (y , v)Y 

(the inverse of the isomorphisms provided by the Riesz Representation the­

orem). For an operator L e  C(X,  F ), we form an operator L + : Y  —> X  by 

L+ =  ct~1L*t ,
x *  J l—  y *

a-1 T

X  — Y
We have for x  € X, y E Y,

(x, L+y)x  = (x , a ~ lL*T(y))x  

=  (x , u)x  = a(u)(x)

= L*r(y)(x)

= r(y)(Lx)

= (Lx, y)Y ,

and L+ is called the Hilbert space adjoint of L. Alternately, it is customary 

to identify X  with X*,  suppressing this explicit use of the isomorphisms a 

and r , and write

(x, L*y)x = {x, L*y) = (L x , y) = (L x , y)Y.

Identifying X* with X  itself, we see that the bracket notation for the 

duality pairing is used to emphasize that duality for an arbitrary Banach 

space may be viewed as a generalization of the inner product for a Hilbert 

space. The element of the dual space usually (not always) occupies the 

second slot in pairing because in the case of a complex Hilbert space the 

function (•, x) is linear, but (x, ■) is only conjugate linear.
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3.3.1 M atrices, a H ilbert space exam ple

Let X  — Rm, and Y  =  R". As mentioned above, these are Hilbert 

spaces, with the Euclidian inner product. Setting e,, i =  1 , . . . ,  m  be the 

standard basis vectors for Rm (all zeros save a 1 in the ith position) and 

V j , j  =  1, . . . ,  n  the standard basis for Rn, for any x  =  Y m =\ ^  X ,  and 

x* G X*,  we have
m

x*(x) = ^ 2 x ix *(ei) = ZI ' X>
2— 1

where z x * =  x *(e i ) e i- In this sense, (Rm)* =  Rm, with the isomor­

phism x h-> xT[-]. Similary, (Rn)* =  R". An element L G £ ( X , Y )  may be 

represented as a n x m  matrix L = [Ly]. Identifying the dual of Rm and 

Rn with themselves, since L* G £(E, X) ,  it may be represented as an m  x n 

matrix, L* =  [L*jj. In this case the bilinear identity gives

(x,L*y)x  = x , Y Tt. Vi
i—l

H  X

= 2 2 T , Tl£y

= {Lx,y)

) TijXjyi.

We see that this is satisfied iff T*{ =  i.e. T* =  T J as matrices. We note 

here that the adjoint operator is independent of the basis chosen, whereas 

the matrix transpose depends on the basis.
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3.4 D istribution theory

In order to discuss the adjoint in the context of differential operators it 

is necessary to introduce distribution theory, and the distributional deriva­

tive.

3.4.1 M ulti-index notation for derivatives

For what follows, it is convenient to have a simple notation for the 

partial derivatives of a function on R". For a = (a j, a 2, ■ ■ •, a m) £ Nm, we 

let |a | =  a i  +  • • • +  a m, and for x £ Rm we let x a =  We

define the differential operators,

3.4.2 Functions as linear functionals

We typically regard a function / ( x) : —> R as a collection of values,

namely its point values at x  in Q. In distribution theory, we instead tabulate 

a function instead by samples of the type (/, <p) =  f Qf(x)<p(x) dx, for cf> in 

an admissible class of functions.

For example, if <j>0(x) is constant near a point x Q and nearly zero away 

from this point, with f Q0o(x)dx — 1 , we have (/, <j>o) ~  f ( x 0), and we 

can recover point values of / .  However, more generally tabulations are 

possible; for instance if f2 =  (—0 0 , 0 0 ), the values bn =  ( f , ( 2 /n ) sm n x )  

give the Fourier coefficients of / ,  from which /  may be recovered as

In this way we can embed the space of functions in a larger space of linear 

functionals.

D a =  (d / d x l ) ^ { d / d x 2 ) a 2 . . .  (<d/dxm)am.

O O

n= 1
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3.4.3 Test functions, distributions

The space of admissible functions that we use is D(Q), the space of 

test functions, which are infinitely differentiable and vanish outside some

space is a linear space with the usual algebraic operations.

We define a very strict notion of convergence on this space. For a 

sequence of functions t>n}S£U in D(Q) we say that (j)n{x) —* 0 if

1. The supports of all are contained in a fixed bounded domain in Q

2. for each a  € NTO, m  = 1 ,2 , . . . ,  D a(f>n —> 0 uniformly over all of Q.

This defines a linear space, but not a normed linear space. The space 

has a topology, however, induced by a particular set of seminorms [26], so 

there is a notion of continuity for functionals on this space.

We define the set of distributions, to be the dual of D(fl),  or the

set of continuous linear functionals on D(Q) (this notion of duality is slightly 

more general than that presented above). It is customary to denote the 

action of /  G D'(Q) on an element 0 6  D(£l) as (/, f>) (note the functional 

here is in the opposite position when compared to the customary bracket 

notation for the duality pairing). Continuity is equivalent to (/, <pn) —> 0 in 

R whenever (f)n —*• 0 in D(Q).

The simplest kind of linear functional is that given by a locally inte­

grate  function f ( x )  on fh We define

compact subset of Q (possibly a different subset for each function). This

and
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which defines a continuous linear functional on D(Q). In this way, we can 

view any locally integrable function as an element of D'(D,), and so the 

space of distributions is sometimes referred to as the space of generalized 

functions.

A distribution generated by a locally integrable function is called a 

regular distribution, but there are many distributions which are not of this 

form. The 5 distribution, with action (S, 0) = 0(0) is one example.

3.4.4 D istributional derivatives

We define the distributional derivative D a of a distribution /  to be the 

distribution whose action is

(Daf , (p) = ( - l p ( f , D acP).

This definition is motivated by the fact that for a function /  6 C 1 (T2), 

integration by parts yields

(Daf,  0) =  f  D af(x)(f>{x) dz =  ( - l ) H f  f { x )D af){x) dx,
J o Jn

which also shows that the distributional derivative agrees with the ordinary

derivative for C 1 functions.

The space of distributions is a linear space, with the obvious choice of

addition and scalar multiplication. Further, we can define the multiplication

of two distributions 0 /  by ('0/, 0) =  (/, 00), but only when 0  € D(Q,). If

we define the formal adjoint of a differential operator p(D) =  Xa=i Ci(x)Dai

(for Ci(x) E D(Q,)) to be p(D)* = X)f=i ( - l ) |ai|D a (ci(a:)[-]) (motivated by

the L 2{Q) inner product), we see that the action of a (linear) differential

operator on a distribution /  is obtained through the action of its formal
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adjoint on 0;

k

(p(D)f(x),<j)(x)) =  J ^ ( Ci(a;)L>Q7 (x ),0 (x ))
2 = 1

k
= ^ ( £ > ai/(a :),c i(a;)0(x))

i= 1

i= l

=  (f(x),p{D)*cj)(x)).

3.5 Sobolev spaces

The adjoint of a partial differential equation also requires the spaces

H k( n ) =  {«G L2 (fi)|D au e  L2 (fi), 1 < \a\ < k},

where the derivative D au is viewed first as a distributional derivative , and 

if there is an L2(Q) function that generates this distribution, we say D au 

is in L2 (f2 ).

These spaces are Hilbert spaces, with inner product 

(u , v )hh = (Dau ,D av)L„
0<\a\<k

where D^0,0''"'°^u = u.

By the Riesz Representation theorem, these Hilbert spaces are isomor­

phic to their dual spaces. The dual space, however, is the abstract space 

of continuous linear functionals, which has more than one realization (via 

isometry). It turns out that another realization is more useful in the varia­

tional setting of a PDE.
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3.6 A discussion o f the adjoint for P oisson’s problem

We discuss at length the adjoint in the context of Poisson’s problem

—v2u = /, n,
u =  0 , dQ.

(3-1)

We say that a distribution u satisfies 3.1 if for all 0 G D(Sl)

or equivalently

( u ,- V 2$  =  (/,<&> (3.2)

since —V 2 is its own formal adjoint.

A solution to this equation, if it exists, falls into one of the following 

categories:

1. If u is sufficiently differentiable so that the derivatives exist in the 

classical sense, then (3.1) is an identity, and u is called a classical 

solution (u also satisfies 3.2).

2. If u satisfies 3.2, but does not have the necessary classical derivatives, 

we say u is a weak solution.

3. If u is a singular distribution that satisfies 3.2, we say u is a distribu­

tional solution.

To discuss the adjoint within the abstract framework presented in the 

previous sections, we need to define the domain and range of —V 2. It turns 

out that we want the domain to be larger than the space C 2(fi), so that 

we require distribution theory to define these spaces. The operator is well 

defined on the entire space of distributions, and the range is again some
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subset of the distributions. This is too general of a setting to be useful, 

however. Hence we try to narrow the domain and range to smaller subsets 

of the distributions.

It is practical to consider the data /  in 3.1 to be in L 2(Q,), in which 

case the solution u would necessarily be in H 2(Q). Further considerations, 

however, included non-homogenous boundary conditions [16] lead to the 

more common formulation where /  is taken to be in the space

n

H -\n )  =  { /  e  D \ n ) \ f  = fo +  £ dXifi, f j  E L2(n), j =  0 , . . . ,  n},
i=l

where the derivatives dXifi are the distributional derivatives of /*, viewed 

as an element of D'(Q,).

The natural setting for the domain of A  is thus We build the

boundary condition u — 0  into the space by narrowing the domain to a 

subset of the closure of D(ft) C H l (Q) with respect to the

H 1(Q) norm. Under some circumstances involving the dimension of the 

physical space and the regularity of / ,  u may also be a classical solution.

This framework leads to a natural scale of spaces and embeddings,

d{fi) *-> ^(fi) — L2{n) = (L2{n)y — (Hq(q))* <-> D\n). (3.3)

Each of the embeddings left of the ‘= ’ are continuous injections. We identify 

L2 with its own dual (Riesz), with the duality pairing given by the L2 inner 

product, which agrees with the D x D' duality pairing when one of the 

functions is in D(Q), and extends this pairing to all of L2. The embeddings 

on the right are also continuous, and since the embeddings on the left are 

dense, the embeddings to the right are also injective, so tha t we may view 

each of these spaces as various subspaces of D'(fl).
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Choosing the domain of A = — V 2 to be Hl(£2), and realizing that 

Au  € f t _ 1 (ft) C  ft^ ft), we seek to find the adjoint A* to complete the 

picture
{ H i m *  ( H - m r  (34)

i/o1 (ft) f t~ : (ft).
Here the duals of ft°  and H _ 1  are abstract spaces. Therefore we choose 

a realization of each dual space, and describe the duality pairing. We utilize 

the scale of embeddings (3.3) to consider all of these spaces as subsets of 

I?'(ft), and we identify each dual space with a particular set of distributions.

In choosing the dual space and the duality pairing, we also characterize 

the adjoint A*. We desire that A* resembles its formal adjoint, which we 

obtain through integration by parts. For an arbitrary realization of the dual 

spaces, this is not possible and we may have no hope of characterizing A*.

The appropriate realization of (ft,}(ft))* is surprisingly simple, and 

turns out to be f t _1 (ft). For any /  G f t _1 (ft), choosing smooth functions 

(j)n € f t (ft) so that (j)n —► u (in ft}(ft)), define the linear functional T/ on 

/To1 (ft) by

n  p  n

Tf {u) =  lim ( / 0 +  &») =  /  uf° ~  5 Z  f A . u d x .
n f=l i=1

Note that the ft)} (ft) convergence of d>n to u is exactly what is needed to 

make this functional well defined. It is easy to show that this functional is 

continuous with respect to the ft)} (ft) norm, so that under the identification 

/  ~  Tf , f t - ^ f t )  ^  { H i m * .
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On the other hand, for T  £ (Hq(VI))*, the Riesz Representation theo­

rem guarantees a unique uT £ Hq(Q) s o  that for all v £ Hq(Q),

{ u t , v ) h  1 =  T(v)

utv +  V ut • Vu 

=  lim(uT -  V 2ut , <j)n)
n

=  T,(v)

where D(Q) 3 <fin — > v and /  =  uT -  V 2uT £ f / _ 1(0), and so the map 
Ho

f  Tf  is a surjective mapping to the dual of We have, therefore,

Theorem  3.6.1. A realization for the dual of H q(Q) is / / - 1(0), with the 

duality pairing ( u , f ) HixH-i = Tf (u).

This pairing has the properties that we want, namely when f  £ D(Cl), 

this agrees with the pairing D x D ' . Further, if both u and /  are in L2 (fi), 

the pairing is exactly the £ 2 (0 ) inner product. For this reason, it is common 

to express this pairing as

(u > f )  =  (u i / ) i 2 (fi) =  /  u(x ) f (x )dx ,
j  n

although this integral is not actually defined for all u, f .

Since is a Hilbert space, it is reflexive, and so we may char­

acterize its dual through simply by reversing the duality pairing,

i.e.

( / ,  n ) )*  =  ( u ,  / ) h 01( O ) x / / - 1( o ) -

We are now able to modify the diagram (3.4) by providing realizations 

of the dual spaces,
H~  1(H) (3 5)

H ^ n )  - ? - >  H - l ( n ),

4 9
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where the bilinear identity is now

(u, A*v)Hi xH-i — (Au,v)

for all u, v 6 or formally

j uA*v  dx =  / A u vd x .  
n Jn

Now recalling that A  =  —V 2, and taking 6n so (pn — * vH1n n0

(-S72u , v)h - i xHi =  lim (-V 2u,
0 n

=  lim / Vu-V(f>n dx
n Jn

= / V u  • V f dx 
Jn

On the other hand, if we assume that A* is equal to its formal adjoint

Therefore, we see that given these characterizations of the dual spaces, 

and duality pairings, A* is indeed the formal adjoint of A, namely A  =  

A* = - V 2.

3.7 P ivot spaces

The embedding

(which is also —V 2), and take ibn so that il>n — > u, we compute
H10

lim /  V'i!>n ■ V xdx

L2 = {L2y ^ { H l Y
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is a special cases of a standard trick for Hilbert spaces. In general, if a

space H  by injection j ,  then j* embeds H* densely and continuously in V*. 

If we identify H  with H* using the Riesz representation, then we call H  a 

pivot space, and we have

where j* j  embeds V  into V* continuously and densely, and there is a unique 

bilinear form (•, ■) which extends the inner product on H  to H  x V ,  H* x V ,  

and V* x V.  Indeed, unless V  — H, this pairing between V* and V  is not 

the pairing given by the Riesz theorem.

3.8 N on-D irichlet boundary conditions

It is difficult to attem pt an in depth study of the Poisson problem for 

more general boundary conditions, where we seek the solution u E V, for 

Hq(Q.) C V C  H 1^ ) .  In most cases of interest, the test functions are 

not dense in V, so that the embedding of V* D'(Q) is not injective. 

Elements in the dual of V  that act on the boundary are not distinguished 

by their action on test functions, and so we cannot describe the dual simply 

as a subset of D'(ft). It is still possible to characterize this dual as a sum 

of elements from and linear functionals that are “concentrated on

the boundary” (see [1]).

A more standard approach is to use instead a “formal adjoint” A q 

which satisfies the integration by parts formula

Hilbert space V  is densely and continuously embedded in another Hilbert

V  -*• H  *  H*
j
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for sufficiently smooth u,v,  vanishing on dQ,, and then modify the bilinear 

identity to include the boundary term that results when using this simplified 

adjoint for u ,v  E V. The resulting identity is called the abstract Green’s 

formula, and plays a crucial role in solving partial differential equations, 

ft is beyond the scope of this chapter to include the details, which are 

described fully in [1].

3.9 T im e dependent problems

Many differential equations have the form

{dtu +  Lu = f,  
b.c. and i.c,

where the operator L E C (X ,Y )  for suitably chosen spaces X  and Y,  and 

has, therefore, adjoint L* E C(Y*,X*).

The natural setting for the solution u is a space of Functions valued in 

a Banach Space, i.e. mappings of the form t E  [0, T] i—> X.  In many cases, 

it is sufficient to consider the space

T2([0, T];X)

of measurable 1 functions u : [0, T] —> X  such that

IMIl2([0,71;V) =  [  ||u(£)||x d£ < OO.
Jo

The dual of these spaces may be identified with L2([0,T]-, X*) (see [34]), 

where the duality pairing expressed by

(u,u*) = [  {u(t),u*(t))xx.x*dt.
Jo

1Measurablity here is complicated by the fact that u  is valued in a Banach space, but 
essentially means we can define integrals in X  such as f^  u( t ) d t .  See [16] or [34] for a 
more detailed discussion.
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When X  is a Hilbert space, L2([0, T]-,X) is again a Hilbert space, with inner

operator) Lu £ X *, we naturally let dtu £ L2{[0,T];X*). In fact, this is

are solved ([16]).

In this setting, we may view the operator P  =  (dt + L), as a mapping 

from L2([0,T] : V) —> L2([0, T]; V'), where we use V  to denote a Hilbert 

space, and V'  to denote its dual (standard PDE notation).

The bilinear identity is

where the (unlabelled) brackets represent the L2([0, T]; V) x L2([0, T]; V7) 

duality pairing. We treat the first term formally, since it requires the theory 

of Banach valued distributions, and write

which may be justified in this extended distributional framework. The 

second term is handled by the previous theory. Assuming for the moment 

that either u or v (or both) disappear at t =  0, T, we have

product

Writing

dtu =  - L u  + / ,

and considering by the previous theory that (at least for a second order

the framework in which general second order parabolic differential equations

= (u, P*v),

f T - T  f T
/ (dtu(t) ,v(t))v>xV dt =  u(t)u(f)|‘~0 +  j  (u { t ) , -d tv(t))V'xv<tt

(u , P*v) =  (u(t), ( - d t +  L*)v(t))v>xvdt
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so that the adjoint operator is P* =  (—dt + L*). Hence this realization of 

the dual spaces and adjoint operator are

L2([0 , t ] ;n  L2([0,T];\O

L2([0,T];V) L2([0, T]; V').

3.10 Nonlinear equations

Since the adjoint is only defined for a linear operator, when applying 

adjoint techniques to nonlinear equations, the simplest way to proceed is 

to linearize the equations around a solution of interest. For example, when 

solving

F(u) =  b,

we might use a function U, close to u in some way (typically either a numer­

ical approximation or a solution with a nearby parameter), and linearize the 

system around U. The linearized operator F'(U) has an adjoint, F'(U)*.

Often the goal is to compute a quantity such as (u, ip), in which case 

we solve the linearized adjoint problem

F'(C/)V  =  ^,

obtaining the representation formula

(u, VO =  (u, F'(U)*(f>) = (F'(U)u, ( j ) ) ^ ( b -  F(U),  VO

where the approximation results due to dropping a higher order term (R , 0), 

where R  is the remainder from the Taylor representation of F  (which we 

assume exists). The quantity b — F( U ) is usually computable, and is often 

a type of residual.
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An analogous development applies for the time dependent problem

dtu +  F(u) = f ,  
b.c. and i.e.

The linearized adjoint problem is then

-d t(/> + F,(uy<t> = ii>,
adj b.c. and i.e.

3.11 The adjoint for numerical error estim ation and adaptivity

We apply the adjoint to the case of solving a partial differential equa­

tion of the form
L u  =  /, n,  
suitable b.c., <9fl,

for u. Applying a numerical procedure, we obtain an approximate solution 

U. Often the goal of computing the solution u is to obtain a particular piece 

of information from u, called a quantity of interest. If the quantity is a linear 

functional, by the Riesz-Representation theorem it takes the integral form 

(u, ip), for some data ip. For example, in aerodynamics the goal may be to 

compute the lift or drag of an airfoil, which may be unaffected by many of 

the complex flow characteristics. Other examples are determining the heat 

applied to a particular boundary of an object, or the average value of some 

component of the solution.

To compute the numerical error in the quantity of interest, we solve an 

adjoint problem

for the generalized Green’s 

(u — U,ip) = (u —

55

f.L*p = ip, n,
[adjoint b.c., dO,

function <j>, to obtain the error representation 

U, L*cp) =  (L(u -  10, <f>) = ( f ~  LU, <j>).
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The quantity /  — LU is known as the residual, and measures how well 

the differential equation is satisfied by the approximate solution U. This 

quantity is computable, and we use its projection against <p to determine 

how well we must satisfy the differential equation to attain a desired level 

of accuracy in the quantity of interest.

3.11.1 A pplication to  the Poisson problem

Figure 3.1: Original mesh and original solution, a = 50.

We return to the Poisson problem (3.1) in this context. Taking Q. =  

[—0.5, 0.5] x [0.5,0.5], we use the technique of manufacturing solutions (i.e., 

plug u into the equation and move everything that remains to the right) to 

obtain a solution u(x, y) =  f  exp(—a(x2 +  y2)), with

f (x)  =  —a2(l — ax2 — ay2) exp(—a(x2 + y2)).
7T

For a large, u is nearly 0 on the boundary.

The Galerkin method for forming the approximate solution U is to form 

a subspace V), C I!(\ (G) by triangulating the domain and letting V/t be the 

space of continuous linear functions on the nodes of the resulting triangu­

lation (%,). W ith </>.,, i =  1,. . ., N  the basis for this space, the Galerkin
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Figure 3.2: The final adaptive mesh, a =  50, with error (?/. — U, i/>) — 
—0.0035, ip — 1. This choice of ip gives the average error in the domain.

approximation satisfies the weak form of (3.1), (V6r, Vc/>j) = (/,</>*), i = 

1 ,. . .  N.  Taking U E 14 , we obtain the matrix equation A d  = / ,  where 

U = YliLi fi = (/> 4>i)i an(i the matrix A has entries

Ai:j = (V<pi, V(pj) =  /  V<Pi ■ V<pj dx.
Jn

To obtain the error estimate, given data ip, we solve the adjoint problem

( - v 2cp = ip, n, 
y<p =  o, d o , .

for (p. We obtain the error representation

(u -  U, VO = (u -  U, -  V2</>) = (—V2u, cP) -  ( -  V2U, 0)

which we write as (after integrating by parts)

(/, c P )  -  (Vt/, V0) = (/, 0 -  7T0) -  (W, V(0 -  7TCP)),

where 7xcp is a projection of (p into the space V/(, and the last equality is a 

property of the Galerkin method, called Galerkin orthogonality.

Using this error estimate, it is possible adaptively refine the mesh to 

achieve a desired error tolerance with an approximately minimal number of
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Figure 3.3: Left: Accuracy of the error estimate, given by the ratio
E r r E s i /T r u e E rr , for a number of different mesh sizes. Right: Compari­
son of the error bound (sum of absolute errors) and the true error, showing 
how the bound greatly overestimates the error.

Figure 3.4: Demonstration of the cancellation of the element errors through­
out the dom,ain (warmer colors mean greater error magnitude); Left: Posi­
tive error contributions. Right: Negative error contributions.
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Figure 3.5: Left: Error estimates based on refining the worst 10 elements 
(red), or selecting 10 elements randomly, distributed according to the el­
ement errors (green). Multiple realizations of the random algorithm are 
shown. Right: The random selection finds some truly “optimal meshes” 
where the error is extremely small with very little refinement. Depending 
on the desired TOL, it may be possible to stop the commutation at one of 
these meshes, which is desirable since further refinement increases the error.

triangles, or elements. We write the error representation as

(« -  U, VO =  y ;  [ ( f , f - n c p ) -  (VC/, V(V> -  n<j>)) dx (3.6)
K e r h J n

and we refine some subset of the elements K  e  %  where the error is largest. 

The results of this procedure for this test problem are given in Fig. 3.1 and 

Fig. 3.2. The error estimates (3.6) are generally quite accurate, as demon­

strated in Fig. 3.3, however, this figure also shows that the bounds (3.7) 

are generally much too large. There is a fundamental problem in adapting 

using (3.7), namely that we are optimizing the mesh to reduce the error 

bound, rather than optimizing the mesh to reduce the error. The bound 

removes all cancelation from one element to the next. This cancelation is 

demonstrated in Fig. 3.4, where the positive element contributions and the
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800

Figure 3.6: Left: The error bound by the deterministic algorithm (red), and 
the mean behavior of the random algorithm (green). Right: The mean of 
the randomized error (green), which is better than the deterministic error 
(red).

negative are plotting separately. The data here is if =  1, which gives the 

average error.

The mesh refinement algorithm can be viewed as a high dimensional 

search, where the search space consists of all possible paths of refinement. 

Experimentation shows that there are often “optimal meshes” on which the 

error is extremely small and yet the number of elements is also very small. 

Adaptivity based on the bound usually fails to find these meshes, but by 

reducing the bound it guarantees that a mesh is eventually found on which 

the error is acceptably small. The resulting mesh usually has far fewer 

elements than a mesh refined uniformly, but it is not “optimal” in the sense 

that there exist meshes with far fewer elements that have smaller errors.

To demonstrate this, we plot in Fig. 3.5 the true errors for the prob­

lem examined above against the number of elements for two methods of 

refinement. For the first method we refine the worst 10 elements at each 

level, and for the second method we refine randomly, selecting elements 

distributed according to the absolute value of the error estimates. For this
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particular problem, the mean behavior of the randomly adaptive algorithm 

outperforms the deterministic algorithm (selecting the 10 worst points), as 

shown in Fig. 3.6.

3.12 The Boussinesq adjoint

To end this chapter we present the adjoint for a more complicated 

system, namely the Boussinesq system. This system of equations describes 

the evolution of a heated fluid, incorporating the forcing effects of thermal 

buoyancy.

We consider first the steady Boussinesq operator (B  : > ^ 2 (^ )4)

defined as

where u  =  (u i ,u2)J is the velocity field, and 6 is the normalized tempera­

ture deviation 6 =  (T — Tr) /A T .

We are interested in two systems, first the steady Boussinesq equations

B(u,p ,d )  =  0, 
Boundary conditions,

and the nonsteady Boussinesq flow,

+  B(u,p ,8)  =  0 

Boundary conditions, 
Initial conditions.
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To construct the adjoint, we first linearize this operator at some triple 

(£/, P, 0 )  by considering

B{U  +  u , P  + p,Q + e ) -  B(U, P , 0) =

U  • V «  +  u  ■ V U  + u  • Vm -  +  Vp -  jd

V • u
U  • V0 +  u  • V 0  +  u  • Vd  -  - - L - -V 20.

v  / t a  P r

Dropping all terms that include products of the perturbations, we con­

clude (formally) that

B'{U,  P, 0 )
U  ■ V u  +  u ■V U  

V • u
U • V0 +  u ■V© -

^  V 2u  +  Vp -

= V20.
\ f ~ R c T P r

To study the effect of perturbations of the linear operator B  (nu­

merical discretization, perturbed parameters, etc...), we find the adjoint 

of B ' ( U , P, 0 ), which is a linear operator B'(U, P, ©)* tha t satisfies

(P '( £ / ,P ,0 )
u V \  / u
p 9 ) =  ( P

.0 . _T_ / L 2(fi )4 V _e_ ,B '( [ / ,P , © )*[£])
Mfi)4

for all suitable u, v, p, q, 6, r.

The inner product in is the sum of four scalar L2 products (one

for each component). Hence to proceed, rather than trying to compute the 

entire adjoint at once, we attack the problem term by term, unraveling all 

operations from the u ,p ,6 , and moving these onto v ,q , r .  We then collect 

all terms involving a product with u  to find the first two components of the 

adjoint, all terms involving p for the second, and all paired with 6 to find 

the last component of the adjoint.

First,

{u • V U ,  v ) =  (DU u,  v ) =  {u, DU Tv) = (u, V U  ■ v )
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where DU  is the jacobian matrix of the vector U  with respect to the spatial 

variables x  and y, and V U  =  [Vf/iVf/2] (so that the • represents matrix 

multiplication, i.e. u  ■ V U  =  u J [VUiVU2] and V U  ■ v  =  [Vf/iVU2]v).

Similarly, (u  • V 0 , r)  =  (uidxQ, r)  +  (u2dyO, r )  =  (u, rV 0 )

The bouyancy term (j 9 , v) = (0, i>i) +  (0, v2) =  (0, v2) =  (0, j  ■ v ) 

viscosity term

the

I "P T*
{- \ I T a V u ’ v )  =

and the temperature diffusion term

(■u ,
P f  _ 2 , 
T a V v )

( - \/Pr~Ra
v 2e,r) = (0,

1
\ /Ra Pr

V2r)

are easily dealt with. Here we assume the boundary terms vanish when 

integrating by parts. This may impose boundary conditions on the adjoint 

problem, but we ignore this issue until later.

The pressure and divergence terms swap roles;

(Vp, v) = (dxp, uj) +  (dyp, v2) =  (p, - V  • v

whereas

(V ■ u,q)  = (dxu i , q) +  (dyu2, q) = (u, -Vq)

The most difficult term is

(U ■ V u, v) =  (Uidxui +  U2dyui,v i)  + (Uidxu2 + U2dyu2, v2)

= - { u i , d x(U\vx) + dv(U2vi)) -  {u2,dx(Uiv2) + dy{U2v2)) 

=  — (u\, v\dxU\ +  U\dxv\ +  v\dyU2 + U2dyv i)

— (u2,v2dxUi +  U\dxv2 + v2dyU2 +  U ^yV ^

= - (« ! ,« i(V  • U )) -  (ttj, Uidxvi +  U2dyVi)

-  {u2,v2(V ■ U)) -  (u2, Uidxv2 + U2dyv2)

( u , - ( V  - U ) v  - U  ■ Vu)
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Figure 3.7: A typical Boussinesq flow, with heat applied to the left, cooling 
applied to the right. All other boundaries are adiabatic.

and the second most difficult is

(U ■ V0, r)  =  ( U M t ) +  (U2dye,T) = -{9./dx{Ulr) + dy{U2r))

=  - ( 0 , t O x U i +  U \ O x t  +  t O v U 2 +  U 2 d y T )

(0 ,- (V  - U ) t - U  • V r)

Collecting terms in w, p, 9, we find that B'(U, P. ©)*

- ( V  • L />  -  U  ■ V v  + V U  • v  +  rV ©  -  y j £ V 2u -  V<?

—V • v
- ( V . I 7 ) r - l 7 - V r - ^ V 2r + j . r

3.12.1 Application to  Num erical Error

To use this adjoint for numerical error estimation, we let U,  P, © rep­

resent a numerical approximation. We assume a Taylor expansion for B ,

Residual =  B(u, p, 9) -  B(U,  P, ©) -  B '{U , P, 6 )
u- lt\
p - p + Small,

which we expect to be true when u , p , 9 are close to U,  P, 0 . We pose the 

adjoint problem

B'(U,  P, ©)* <t>p V'p
_<l>e _ '09
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obtaining the error representation

, B \ U , P , Q )  

= ( B ' ( U ,P ,0 )

r u -c n \ r u -tr i
p—p = p - p

. e - e . J  V . e - e .
<i>p

u-in <t>u \  f r ,  , , <t>u
p - p 4>p ^  Residual, 4>p
.e-e. _4>e _) V _<t>e _
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Chapter 4

A FINITE DIMENSIONAL EXAMPLE

To introduce the methods which follow, and to motivate the chapter 

on perturbation results below, we demonstrate our technique for solving the 

problem posed in the introduction in the simple case of a finite dimensional 

system of nonlinear equations.

4.1 A N ew  Approach: A Finite D im ensional Exam ple

We first consider the problem of solving the finite dimensional nonlinear 

system of equations,

f { x ] \ )  = b (4.1)

for x  € M", where the parameter A is a random vector in Rd and /  : Mn+d —> 

Mn is smooth in both variables. In practice, the motivation for solving a 

nonlinear equation is often to compute a specific piece of information, or a 

quantity of interest, involving the solution. In many cases, this information 

can be represented as a linear functional of the solution, e.g., a particular 

component of x  or the average of all the components. A functional value is 

a relatively low-dimensional piece of information and is easier to compute 

accurately than the entire solution, in general. By the Riesz representation 

theorem, there is a vector i f  G Rn such that (x, ip) yields the quantity of
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interest, where ( , ) is the Euclidean inner product. For example, ip = 

(1, 0, ■ • • , 0)T yields the first component while ip =  (1,1, • • • , 1 )T/n  yields 

the average of the components.

We begin by assuming that A is distributed closely about some ref­

erence value p  (an assumption that is relaxed later), and we solve the 

deterministic problem

f ( y ; p )  =  b

for y. To estimate the quantity of interest corresponding to ip, we use 

the generalized Green’s vector (p that solves the adjoint to the linearized 

problem,

A T(p = ip,

where A = Dxf ( y , p ) .  For example, if -0 =  (1,0, ••• ,0 )T, then 0  is a 

Green’s vector directly analogous to the Green’s function in differential 

equations. The standard variational argument yields

(x, ip) = (x, A T<p) = (Ax,  <p),

which is the analog of the standard representation formula for the Green’s 

function. Computing a Taylor expansion of /  around (y ,p) ,  we obtain

f ( x ;  A) =  f ( y ;  p)  + Dxf ( y ,  p ) ( x  -  y) + D xf ( y ,  p ) ( A — p)  + R,

where R  is a high order remainder. From this, we see that

(Ax,  (p) =  ( / ( * ;  A) -  /  (y; p) + A y  -  D xf ( y \ p ) ( A -  p)  -  R, (p)

=  (Ay,  (p) -  ( Dxf ( y ; p )(A -  p),  <p) -  (R, (p),

and so

(x, ip) = (y, ip) -  (Dxf ( y ,  p) (X -  p),  <p) -  (R, (p). (4.2)

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Neglecting the remainder term, we obtain an approximation for the quantity 

of interest corresponding to the parameter value A in terms of the quantity 

of interest at the reference parameter value /x plus an expression involving 

the change in f  due to the parameter variation and the generalized Green’s 

vector <p corresponding to the quantity of interest. Taking the inner product 

with the generalized Green’s vector (p, which we can view as a discrete 

convolution, translates the variations in the parameters into variations in 

the solution.

If we think of A -  p  as a random vector associated with some distri­

bution, the expression

-  M),0)

yields a new random variable associated with a new distribution that is 

added to the quantity of interest (y, ip) at the reference value. This new 

random variable is a linear approximation to the true random variable near 

that point. We call using (4.2) in this way the Higher Order Parameter 

Sampling Method or HOPS.

As a first application, we consider

f +  x\  = 1  
y x \ - \ 2x\  = 1 ,

where Ai, A2 > 0 are the parameters. Solutions x  =  (xq, x2) are intersections 

of the hyperbola and the ellipse. We concentrate on the solution in the first 

quadrant.

We take Ai and A2 to be independent with Ai uniformly distributed on 

lii ±0.1 and A2 normally distributed IV(/x2, 0.1) for some fixed (p1; /x2). We 

choose the dual data ip =  (0 ,1)T so that (x, ip) — x2.
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We first use a Monte-Carlo computation by solving the system for 

n = 10000 points drawn from the distribution of (Ai,A2). Next, we use 

HOPS by calculating y  — (y i ,^ )  at the mean value (y i ,y 2) =  (0.5,1), 

numerically solving for the generalized Green’s vector, and approximating

x 2 = (x , i/>)fay2 -  ( D x f ( y \ A)(A -  A). 0)- (4-3)

To compare the results, we compute the value of the HOPS approximation 

at the 10000 points used in the Monte-Carlo computation and plot the 

resulting histograms in Fig. 4.1. (See Sec. A.5 for details on producing 

the plots of densities shown in this paper. Comparing plots of densities 

provides a visually pleasing measure of accuracy, but this may not be the 

best measure of error in the computed information. We discuss ways to 

quantify the error in Sec. 7.1.) The savings in computational effort are 

extreme since HOPS requires only one solution of the nonlinear system, 

one solution to the linear adjoint problem, and then a vector dot product 

for each evaluation of the HOPS model. The Monte-Carlo approach, on 

the other hand, requires the solution to the nonlinear system for 10000 

points. The results of a Monte-Carlo run for 1000 points are also included 

to demonstrate the increased order of accuracy of HOPS.

In general, linearization around a single point is insufficient to describe 

the response of the system to variations throughout the parameter space. In 

this example, near (y i, y 2) =  (0.89,1) the solution is more sensitive to vari­

ations in the parameter. We can see the effect in the degraded accuracy of 

a HOPS approximation at the reference value, see Fig. 4.1. A small Monte- 

Carlo computation with 1000 simulations appears more accurate than the 

one point linear approximation. In Fig. 4.2, we plot the norm of the gener­

alized Green’s vector against values of A^ The increase in the norm as Ai
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Monte-Carlo (10000) 

—  HOPS (1 point)
-  Monte-Carlo (1000)

0.55 0.60
Values o f x2

0.70

3.6

aUQ
 Monte-Carlo (10000) \
—  HOPS (1 point) i
—  Monte-Carlo (1000) ;

0.2 
Values o f x2

0.3 0.4

Figure 4.1: Comparisons of estimated densities for Monte-Carlo compu­
tations using 10000 and 1000 points along with HOPS one point linear 
approximations. On the left, the parameter values are p i =  0.5, ^ 2  =  1- On 
the right, the parameter values are =  0.89, /X2 =  1
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Figure 4.2: The norm of the generalized Green’s vector, |0 |, for Ai near 1.
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approaches 1 indicates the increase in sensitivity of the solution. To address 

this, we compute HOPS approximations at five points chosen uniformly in 

the parameter set and combine the results to form a piecewise linear ap­

proximation (which we also call a HOPS approximation). The partition for 

the approximation is taken to be uniformly sized sub-intervals centered at 

the sample points. This yields an approximation with accuracy comparable 

to the small Monte-Carlo approximation, see Fig. 4.3. Counting both the 

linear adjoint and nonlinear solutions, we have solved only 10 problems, 

whereas the small Monte-Carlo computation uses 1000 solutions.

5.3

3.6

1.8

 Monte-Carlo (10000)
—  HOPS (5 points)
—  Monte-Carlo (1000)

0, .40.20 .300 .10

Values of x2

Figure 4.3: Comparison of estimated densities for Monte-Carlo computa­
tions using 10000 and 1000 points along with a HOPS approximation using 
five points in a sensitive region centered at /Ti =  0.89, H2 =  1-
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Chapter 5

PERTURBATION RESULTS

As a powerful application of the adjoint defined above, we develop a 

perturbation result for ordinary differential equations and for a system of 

Reaction Diffusion equations. These results form the basis of the HOPS, 

RAPS, and FAPS methods that follow.

5.1 R epresentation for O D E’s

In the case of time dependent ODE’s, we consider the problem of de­

termining the effects of variations in parameters and data on a quantity of 

interest computed from the solution of the initial value problem

f x(t; A) =  f ( x ( t ;  A); Ai),  t >  0, 

\ a ; (0 ;A )  =  Ao

where x  £ Rn and /  : Rn+P —> Rn. The parameter A =  (A1;Ao)T is in 

Rd with d — p + n, where Ai e  Rp represents parameters in the model /  

and Ao 6 R" represents the initial conditions (which we also consider as 

parameters).

We wish to quantify how variation in A affects the solution to (5.1).  

We consider A =  A(o>) as a random vector on a probability space (D, B, P ), 

so that cj g fi. Under the standard Lipschitz assumption on /  (see The­

orem 5.1.2),  x ( t ; A) is continuous in the parameter A and therefore also a
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random vector of u.  The set of trajectories indexed by the possible values 

of u j  may be viewed as a collection of random vectors x ( t \ u )  — x(t ]  A(tu)), 

indexed by t. This is a stochastic process, but this process has more struc­

ture than a general stochastic process since increments of the process are 

characterized deterministically by (5.1).

The methods discussed in this paper extend to non-autonomous sys­

tems directly. Given the system

( x  = f ( x , t ) ,  T > t > 0,
\ x ( 0 )  =  x 0,

we form the augmented vector z =  ( x T, t )T , and the augmented vector field 

g =  ( / T, 1)T. The initial condition becomes z(0) =  (a:d,0)T. Using this 

trick, we simply increase the dimension of the system by one and consider 

time to be a dependent variable (see [27]). It should be noted that this can 

turn a linear system into a nonlinear one, and we also need to insure that 

the new vector field g  has the necessary Lipshitz properties (below) with 

respect to the new variable t.

We consider the practical goal of computing a quantity of interest, 

which we assume can be represented as a linear functional of the form

q(uj) = q(\(oo)) = [  ( x( s ; \ ( uj ) ) , i p( s ) ) ds ,  (5.2)
Jo

where ip is a function of time corresponding to the quantity of interest. 

Some common choices are

•  i/>(s ) =  5(s  — t)(0, . . . ,  1,0, . . .  )T, which yields the i th component of 

x { t ; uj) at time t.

•  ip(s) — (1, .. . , 1)t /T , which yields the time average over [0, T } of all 

the components.
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• ip(s)  =  (0, . . . , 1 , 0 , . . .  )T/T ,  which yields the time average over [0, T] 

of a particular component of the solution.

We derive a useful representation formula for the quantity of interest 

(5.2) by solving the linearized adjoint problem,

- 0 ( t )  -  A J (t)<p(t) = ip(t), T > t >  0,
m  = o, (5-3)

where A(t) =  Dx f ( y ( t ) ] p l ), y(t)  is a deterministic solution solving the 

system (5.1) for the fixed parameter p  = ( p 1: p 0)T.

We obtain the following representation;

Theorem  5.1.1. Forx ,  y, (p and ip as above,

q ( \ )  = f  (x,ip) ds «
Jo

+ f  ( ^ / ( y ^ i X A i  -  p 1),cp)ds. (5.4) 
Jo

The last term on the right-hand side describes the effect of variations 

in the model parameters. Note, that this term suggests that knowledge of 

D \ t f ( y ; / i 1) and <p are necessary to accurately estimate the density of the 

output corresponding to variation Ai — /2X in the input. The second to last 

term on the right-hand side of (5.4) describes the effect of variations in the 

initial conditions.

Proof. We consider a perturbation A — p  + h  along with the corresponding 

solution x{t) =  x(t; A) of (5.1). We let y(t)  and (p(t) be as defined in the

/  { y ,  V; ) d s  +  ( A 0 — Mo, 0 ( 0 ) )
Jo
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text and we e(t) =  x(t) — y(t). We have the relation

f  (e, 0 )  ds =  f  (e, —0  — A Tcp)ds 
Jo Jo

=  -  (e(T), 0(T)) -  (e(O),0(O)) — [  <e, 0) ds -  f  ( e ,A T(p)ds
Jo J Jo

= (A0 -  fio, 0(0)) +  /  ( e - i 4 c , 0 ) d s  
Jo

=  (A0 -  £o,  0 ( 0 )) +  /  (® -  ^ cc> 0 )  ds -  /  (y -  ^2/» 0 )  d s >
«/o */o

since 0(T ) — e(0) — 0. Expanding /  in a Taylor approximation,

/(* ; Ai) = f { y ; ja j  + A „ / ( y ;  Ai)(® -  v )

+  D Xlf ( y ,  Ai)(Ai -  f i j )  + R ( x ,  y, \ u  au),

where \R (x ,  y] X u ( \ x - y \  + \Xi~p,^)  -> 0 as ( | x - y |  +  |Ai — |) -> 0. 

Using the above, we get

f  (e, 0 )  ds =  (A0 — /2 0, 0(0)) 4- f (DXlf (y - , f i1){X1 -  /21 ) , 0 ) d s  
Jo Jo

+  /  ( i l ( x ) y ; A 1, M i ) » 0 ) ds (5-5)
Jo

or equivalently,

[  (x, ip) ds = f  (y, ip) ds +  (A0 — p,0, 0(0))
Jo Jo

+ [  (Dx1f ( y ;  £i)(Ai -  £ i ) . 0 >ds
Jo

+  /  (R(x ,  y\ Ai, /ij), 0) ds.
Jo

We interpret the second term as the effect of varying the initial condition 

and the third as the effect of varying the parameters in the model itself. 

Note that even when f  is linear in x  and in A1; R  is typically not zero since 

/  is not linear in their combination. □
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The nature of this approximation, i.e. what does mean above, is 

described precisely in the following theorem.

T h eo rem  5.1.2. I f  there is a constant L such that f  satisfies the Lipschitz 

condition,

for all x , y  € JC and /x, A € A, where the solutions to (5.1) remain in the 

set K. for all parameters in A and t £ [0, T), then the functional (5.2) of the 

solution to (5.1) satisfies

and y,  0  are defined as above.

This states that the representation in (5.4) is a linear approximation 

to the function q at the parameter value /x.

Proof. We apply the definition of the (Frechet) derivative with x  =  x(s] p +  

h ) to get,

l/(* ; -  f ( v ,  Mi)l < L (\x  ~ y I +  lAi -  Mil). (5-6)

= v  f  (x{s-,X),ip(s))ds [•]

=  (Ho, 0 ( 0 ) ) + /  (DXlf(y\ l*i)  Ml , 0 ) ds ,  (5.7) 
Jo

where [•] appears since this derivative is a linear operator from —> R,
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Writing the solution to (5.1) as

x(t; A) =  A0 +  f  f { x ( s \  A); Ai) ds, 
Jo

and using the Lipschitz property of / ,  we get

We choose 5 so (|x — y\ +  |Ai — n x\) < 5 implies R ( x , y , y , l +  h i , f x x) < 

e(\x — y \  + < e(|x —  y \  + |/i|)- For h  sufficiently small (|h \  < 5j),

and so |w (/i)|/|h | < Ce for any e, provided we choose h  small enough.

To demonstrate this theorem, in Tab. 5.1 we compare the derivatives 

computed by the adjoint technique with finite difference approximations at 

one nominal value of the parameters. Errors in the approximation are in­

troduced by the numerical error of solving the ODE, and by the numerical 

integration scheme used to compute the terms appearing in the representa­

tion formula (5.1.1). Details on the computation of these gradients is given 

in Sec. A.7.

x(t)  -  y ( t )| < |A0 -  /i„| +  f  f M 1  + h 1) ~  f ( y ,  /*x)| ds
Jo

where (|Aq — /z0| < |h.|). By Gronwall’s lemma [27]

x (t) — y{t)\ < (LT + l)\h\eLt.

x{s) -  j/(s)| +  |h | < (L T  + l)\h\eLT + |/i| < S.

For |fo| < <5i,

■ T

v ( h )| <

Jo

Therefore \v(h)\/\h\ —> 0 as |h,| —> 0, which proves the result. □
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Parameter Value (A) 9 1 - 9 2
dx Adjoint dXiq{A)

ar 0.2 -0.38087 -0.20200
rn 1. 21.90023 21.87893
K 100. 0.07715 0.07713
pr 0.1 -1.33461 -1.29951
dn 0.2 -27.00555 -27.10778
ri 0.2 -7.81719 -7.82529
di 1. -11.72673 -11.82434

Table 5.1: Comparison of sensitivity derivatives for the SIR model (9.4) 
using finite difference approximations and the adjoint computation. The 
data -0 is as in the example leading up to Fig. 9.4. Here dx =  0.01, q\ =  
q(A + dxCi), i =  1 , . . . ,  7, and q2 =  <?(A).

5.2 R eaction diffusion equations

We prove a similar result for a specific type of PDE. It is difficult 

to derive general results for PDE’s, so we consider a system of reaction 

diffusion equations of the form,

dtu  — V  ■ (aVu)  = f ( u ,  A) in fi x (0,T),
< § m =  0 a n  x (0,T ), (5.8)

U = Uq fI x {0},

where u  =  u ( x , t ) =  (u\(x, t ) , . . . ,  um(x, t))T represent concentrations of 

some entities such as chemicals, populations, or disease, which diffuse in 

space and react with one another as described by /  — ( / i , . . . , / m), de­

pending on a finite number of parameters A = (Aj, . . . ,  Xp). The choice of 

Neumann boundary condition is arbitrary, and introduced only to simplify 

the presentation while preserving interesting dynamics in the examples.

5.2.1 W eak Formulation

Taking the inner product of (5.8) with a test function v, and integrating 

by parts in the second term, we arrive at the weak formulation of this
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problem, which, with V — H 1̂ ) 711, is to find a u  £ L2(0,T;V) ,  with 

dtu  £ L2(0, T ; V') such that

{dtu , v ) V:xV +  B[u,v\  = ( f ( u ,  X ) , v )L2 a.e. 0 < t < T, (5.9)

for all v  £ V,  where B[-, ■] is the bilinear form associated with the dissipative 

term, namely B[u, v] =  f Q aVrq • Vu* dx, and u (0) =  u 0.

We use a simplified notation here, denoting by the L 2 inner product 

the (L 2)m inner product, which is the integral over Q of the Euclidean inner 

product in Mm. Also, the duality pairing of V  x V'  is the Euclidean product 

of the duality pairings for each component.

The existence of such a solution typically requires that /  be lipschitz 

continuous in some invariant region for the solutions u, whereupon a fixed 

point argument such as that in [16] can be used to prove the existence of a 

solution to the weak problem.

5.2.2 The Adjoint

We first solve the weak problem for fixed parameter fi, obtaining w  € 

V. We linearize around this solution and solve an adjoint problem for 

0  £ L2(0, T; V ), dt<p £ L2(0, T; V'), which satisfies

-  (v ,d t<j>)VxV' +  B[v,<j>] =

( v ,D uf ( w , n ) T(l>)L2 +  (v,r/))vxv' a.e. 0 < t < T ,  (5.10)

for all v  £ H x(f2), with dual data ip £ L2(0,T; V'), and (p{T) =  0. This 

corresponds formally to the PDE

i - d t<p- V-(aV<P) = Duf ( w , n ) T<P + iP in f i x ( 0 , T ) ,
<§£ =  0 cKlx(0 ,T) ,  (5.11)

(p — 0 Q, x {T}.
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Now if u  is a solution of (5.9) corresponding to parameter A, setting 

e =  u  — w,  which is in V, using equations (5.9) and (5.10) we find

r T

I V x V ' d  t  =
Jo

[  -(e,dt4>)vxV'dt+ [  (B[e,tp>] -  ( e ,D uf ( w , f i ) J 4>)L2) dt 
Jo Jo

= [  ((f),dte )VxV:dt+ [  (B[(f),e}-((j>,Duf ( w , n ) e ) L2)dt  
Jo Jo

= f  ( f ( u ,  A) -  f ( w , fj.) -  Duf ( w ,  f i) (u  -  w ), <p)L2 dt 
Jo

= [  (Dxf ( w , f i ) ( X - f j , )  + R , ^ ) L2dt, (5.12)
Jo

where R  is a higher order term in the Taylor expansion of / .  We have, 

then, the representation formula

/ ( u ^ j v x v ' d t  «
Jo

/  ( w , ‘i l ) ) vxV'd t +  ( D x f ( w , n ) { \  -  n),4>)L2dt .
Jo Jo

Using the continuity of the inner product on Rm, the last term on the right 

has the more computationally friendly form

f  !  ( A - / x ,  Duf ( w , n ) T(/))wm dxd t  = ( \ - n ,  f  f  Dxf { w ,  v ) 1 Q d x d t
Jo Jn \  Jo Jn

5.2.3 C onvergence o f th e  R ep resen ta tio n

We begin by estimating ||e||/,2 . For v  G V,  it satisfies

{dte , v ) V'xv +B[e,v]  = -  f ( w , n ) , v )L2 a.e. 0 < t < T,

in particular, with v  =  e, we have

\±\\e \ \2L2 + B[e,e] = -  f (w , f j , ) , e )L2 a.e. 0 < t < T. (5.13)
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Under the Lipschitz assumption that

| / ( u i ,  Ai) -  f ( u 2 , A2)| < K y / \ u i  -  u 2 12 +  I Ai -  A2|2 (5.14)

for x £ Q,t E [0,T] when Aj € Hp and iq (i =  1,2) are solutions to (5.9), 

integrating (5.13) from 0 to t we have

\\e(t)\\l2 < 2 [  ( / ( u ,  A) -  f ( w , /z), e ) L 2 ds 
Jo

< 2 f  !!/('«', A) -  /(•u;,/z)||L2 ||e ||L2 ds 
Jo

< [ \\f(u,x) ~ f(w,tJ')\\hds+ f  \\e\\hds
Jo Jo

< ( K 2 + 1) [  ||e||):2ds +  T A 2| Q | | A- / u | 2. (5.15) 
Jo

By Gronwall’s inequality,

(5.16)l|e(0IU> < l<f(T|n|e(^+DT)|A _ M

T h eo rem  5.2.1. With q(A) =  (u, i f ) v x v  dt, we have

Vg(/*)M = f  [ D x f ( w , f j , ) T ( p d x d t )  ,
\  J o  J n  /  R™

provided, pi lies in a set Hp such that the lipschitz condition (5.14) holds for

all solutions u  to (5.9) for parameters in Hp.

Proof. As above, we let u  be the solution corresponding to A = p t  + h ,  and 

w  the solution for parameter p i ,  and we have

f T

v ( h )  = q ( p i  +  h )  -  q ( p i )  -  ( h ,  f  f  D x f ( w ,  p i ) T (f> dx dt 
\  Jo Jn

[ T (R,<P)
J o L 2 dt (5.17)

□
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By Taylor’s Theorem applied repeatedly to g^t)  = f i ( tu  + (l — t)w, u +  

th), i = 1 . . .  m, the remainder has the form

R (u ,  w,  A, n)  =  D \ u f  (A -  v ) { u ~  w)  

+  \ D l u f  ( «  -  w ) ( «  -  w )  +  \ D \ x f  (A -  n ) { \  -  n )

= R j  +  R u  + R j u

where each of D Xuf ,  D ^ u f ,  D x x f  are bilinear forms composed of stacked 

Hessians, evaluated at points £ j,rji,( i = l . . . m )  on the lines between u, w  

and A, fj,. For instance,

D x x / ( A - / x ) ( A - / i )  =  

((A -  M)t jH1(A -  /x ),. . . ,  (A -  /x)Ttfm(A -  jx))T ,

for matrices Hi = [dlkXlfi{^i,Vi)]k,i- 

We estimate

\\Dlx f ( x  -  -  m) 111,2
2

dx=  f  ((A — n ) TH i ( \  — /x),. . . ,  (A — n ) THm( \  — /x))"
Jn

= f  |(A — n ) TH i ( \  — /x)|2 +  • • • +  |(A — p ) r Hm( \  — ^t)|2 dx 
Jn

< C f  | A — fx\4 dx, 
Jn

where C  =  mmaxj  | | / / i | | ,  which is independent of time when f  € C 2 and 

the solution stays in a compact set. Hence, ||D^a /(A  — /x)(A — ^ ) \ \ l2 < 

C m |A — /x|2, where C m  depends only on T  and |f2|.

Similarly,

\\D2Xuf ( X  -  /x)(tt -  w )\\L2 < C|A -  n\\\u -  w \\L2 < Ci |A -  /x|2
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by (5.16), where Ci depends only on T, |f2| and the Lipschitz constant of 

/■

The same type of estimation for the D^uf  term fails, so we appeal to 

an assumption on the dual solution 0. In many problems it is reasonable 

to assume that ||0||z,°° is uniformly bounded in space and [0, T], in which

case

{D2uuf ( u  -  w ) ( u  - w ) ,  0 ) l2

< [  \{Dl u f ( u  - w ) ( u  -w),4>)  I dx 
Jn

< c ||0 ||Loo f  \D2uuf ( u - w ) { u - w ) \ d x
Jn

=  c ||0 ||Loc f  y/ \(u  -  w ) TH i(u  -  w ) I2 H-------H |(u  -  w ) THm(u -  w )\2dx
Jn

< CI^Hloo /  \u -  w \2dx = c\\(f)\\Loo\\u -  w \\ l2 < C //||0 ||l°c |A  -  
Jn

where C u  is independent of t <E [0, T\.

Combining these results we have

rT
v ( h )  < ) L 2  d tj  (R^h

J o

< [  | ( H / , 0 ) L2| dx +  f  |(J i/ / ,0 )La| dx +  f  \{Ri n ,(j))L2\ dx 
Jo Jo Jo

<  f T ||f l / | |La||0 ||La dx + \ T C n \h\2 + [  ||-R///|Ua||0|U*da;
Jo Jo

< ( c ,+  \c,u) ll^.||I1(|0,T1;Kl|h|2 + \TC„ max ||0(t)IU-|fc|2 =  C|h|2.

and so v(h)/\h\  —> 0 as |/i| —> 0. By the linearity of the proposed gradient, 

q ( A) is Frechet differentiable at f x ,  and the theorem holds.

This theorem is demonstrated for the reaction diffusion example (10.1) 

in Tab. 5.2.
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Parameter Value (A) qi-q2
dx Adjoint dx.qiX)

r 5 0.48028 0.45700
s 1 14.71836 14.68010
P 1 -1.83012 -1.82710
Q 1 -12.94280 -12.77330
w 1 13.29717 6.89120
k 10.1 -0.27989 -0.28430

Table 5.2: Comparison of sensitivity derivatives for the Predator-Prey 
model (10.1) using finite difference approximations and the adjoint com­
putation. . Here dx =  0.01, qi =  q{A +  dxe*), i — 1 , . . . ,  6, and q2 =  <?(A). 
All other parameters are as in sec. 10.1, except that the ending time is T=5. 
The time step for the PDE integration here was 0.05.
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C h a p te r  6

HIGHER ORDER PARAMETER  
SAMPLING (HOPS)

We introduced the HOPS method in the Finite Dimensional case above. 

In this chapter we discuss this method in full detail.

Our first goal is to develop a fast method to approximate the cumula­

tive distribution function Fq{x) of q, as defined in (5.2), given an arbitrary 

input distribution for A. Since we recover the entire distribution, we can 

compute the density as well as any desired statistic, e.g., means and mo­

ments, or other quantities of the form 2?[«S(g(cu)))] for measurable functions 

S. In particular, the plots of densities in this paper are computed using a 

kernel density estimator on a data set constructed to have the distribution 

of Fg, where q is the computed approximation to q. See Sec. A.5 for details 

on how the densities are computed.

The accurate and efficient computation of a quantity of interest from 

the solution of a differential equation has received a great deal of attention 

in the context of a posteriori error estimation and adaptive error control 

for finite element methods, see [15]. In this setting, the discretization on 

which the equation is solved is refined only in the areas that contribute to 

the accuracy of the quantity of interest, which results in a highly efficient 

method for computing such information. We borrow tools developed for
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a posteriori error analysis of finite element methods to tackle the problem 

of approximating Fq accurately and efficiently. Later, we explain how to 

use the results to adaptively sample parameter values in order to efficiently 

and accurately describe the effects of variation in the parameters on the 

solution.

The one point HOPS approximation can be written

q(A) «  q(fr) +  (Vq(fi), (A -  fi)).

We can use this to obtain a good approximation of the distribution of q(A), 

provided A has small variance about j l  and the function q is approximated

well by its linearization at f l .  See Sec. A.7 for details on how the gradient

of q is computed in practice.

The Lipschitz condition (5.6) is the natural extension of the standard 

assumption for a local existence and uniqueness result. For general / ,  

this requires the solution set /C to be compact . The restrictions on the 

parameter set A are more complicated to determine and are highly problem 

dependent. However, in many cases, it appears that at least we have to 

assume that A is compact as well.

Consider the model

j  x' =  x 2, 0 < t < T,
|x (0 )  =  x0,

where x 0 is the uncertain parameter. The solution is x(t) = 1/ (xq1 —

£), which has a finite time blow up at t =  1/xo whenever xo > 0. Any

investigation of the solution over a time interval [0,T] requires x 0 to be

bounded above, otherwise there is no solution on any time interval. Less

dramatically, consider computing the mean value of solutions of

( x' = Ax, 0 < t < T,
|x (0 )  =  X o ,
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with A < 0. To determine the effect of variations in the parameter A, 

it might seem natural to use the model A =  N(n,cr2) where ^  < 0 and 

N (0 ,a 2) is a mean zero normal random variable with small variance a 2. 

Unfortunately, the expected values of the possible solutions is E[x(t)] = 

x0elllea2t2/2, which decays for a short time and then grows exponentially 

very rapidly! This suggests that a choice of normal perturbation for the 

parameter is inappropriate if we are interested in the mean value of the 

solutions, since the physically meaningless situation A > 0 dominates the 

statistics of the output, no matter how negative the reference value /i might 

be and how improbable it is that A > 0. Turning this around, if the normal 

distribution for the variation in the parameter needs to be used, then the 

mean value is not the right statistical information to try to compute.

In general, the differential equation is usually a valid model only for 

a certain range of parameters and ceases to be a relevant model when the 

parameters exceed this range. For general problems, the assumption that 

1C is compact appears to be a natural minimum requirement. For specific 

problems with good dynamical behavior, this assumption can be relaxed.

We note that in practical Monte-Carlo computations, even when the 

normal distribution is involved, there is an implicit assumption that the 

operator being investigated dies off rapidly for large values of the random 

variable. When behavior of the function for large parameters is of interest, 

special techniques must be used to insure that the sampling is robust.

6.1 A Scalar Exam ple

We consider a simple scalar example to demonstrate the ideas. Con­

sider
f x(t; A) =  \x (t \  A), t >  0,
|a;(0) =  xq ,
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where A(w) is a random variable with mean p. Solving for the generalized 

Green’s function corresponding to the parameter p and the data 'ip(s) =  

5(s — t) yields the one point approximation to the functional q,

q(\)  =  x{t\ A) «  +  (A(w) -  p) [  e»{t~s)y(s;n)ds,  (6.2)
Jo

which is valid when the variance of A(u>) is small.

In this example, it is possible to calculate the probability density of 

x(t; A (a;)) exactly. If p\  is the density for A(w), then using a standard

change of variable formula for densities gives the density px for x{t\ A (a;)),

f ^ ( - f l n ( ^ ) ) | ^ | ,  s x q  > 0 ,  t > 0 ,

Px(s; t) =  < 0, sx0 < 0 , t > 0,
[ 5 ( s - x 0), t =  0,

at each t.

The HOPS approximation has the form y{t\ A) =  a(t) +  Ab(t) with

a(t) =  x0(l — pt)eM£, b(t) =  x0 te^1.

Using the same change of variable formula, the density of this approximation 

is
(  s — a ( t ) \

e , W )  = { - $ $ - )

These densities are compared in Fig. 6.1. When A < 0, the dissipative na­

ture of the solutions makes it easy to obtain good approximations. However, 

when the distribution has support for positive A or A near zero, trajectories 

do not converge to a steady state, and the accuracy of a one-point HOPS 

approximation suffers.

We also note that differentiating the solution y o at a parameter p 

yields y0t e ^ , which is exactly the integral term in (6.2), thus illustrating 

Theorem 2.
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Values o f  the Solution

Figure 6.1: True (dashed) and approximate (solid) probability densities for 
(6.1) with y0 = x0 =  10, \(u>) uniformly distributed on [-3 /2 , —1/2], and 
tp(s) =  5(s — ti) at times {U} =  {0.04,0.3,1,4}. Integrating these functions 
from —oo to s gives the probability that the value of the solution x  lies in 
(—oo, s]. The consistent leftward “drift” of the support of the approximate 
density is a result of linearization error.
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6.2 M ulti-point HO PS Approxim ations

Generally, linearization around a single reference point cannot be used 

to accurately represent the response of a system to variations throughout 

the parameter space. Consequently, we combine HOPS approximations 

computed at multiple reference values to obtain an accurate global approx­

imation. We construct such global approximations in two ways.

In the first approach, we choose a sample of the parameter

space and then partition the parameter space into a collection of generalized 

rectangles {Ri}^=1 with E Ri for all i. The corresponding piecewise linear 

HOPS approximation is defined

N

q{A) «  q(A) -  ^  (?(£*) +  (V?(/b), (A ~  £»))) W A)> (6-3)
i= 1

where 1^  is 1 for A £ Ri and 0 otherwise. By computing the solution 

at each p,f and applying the approximation to each piece, we expect this 

piecewise linear approximation to converge in distribution to the variable 

q(A) as the number of sample points increases.

In the second approach, we use a partition of unity. We let {Aj}A x be 

a finite open cover of the compact parameter space A. A Lipschitz partition 

of unity subordinate to {Ax} is a collection of functions {6i } fLx with the 

properties

supp (6i) C Aj and Oi is differentiable on A*, 1 < i < N, (6.4)

||0i|U°°(Ai) < c  and ||V0i||£,oo(Ai) < C'/diam(Af), 1 < i < N, (6.5)
N

Oi is continuous on A and 0i(x) =  1, x  E f t ,  (6.6)
t=i

where C  is a constant and diam (A*) is the diameter of At.
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Figure 6.2: The Voronoi tesselation of scattered data in 2-d.

Several partitions of unity satisfying (6.4)-(6.5) exist. We use the par­

tition of unity suggested for the Modified Shepard’s Method by Renka [30]. 

The support of the partition of unity functions are spheres of radius 1Z cen­

tered at the sample points where 1Z is chosen so that each sphere

contains exactly M  of the sample points. The partition of unity functions 

are defined as

, l ( x )  =  * < « >  ,
E f - .H O W

where
W . M  -  ( max{7?.- |[a? -  foil ,0}V  

V n \\x  - M i l l  )

Assuming that /xi is a point inside A, for i = 1, . . .  ,N ,  the approxima­

tion is defined as
N

q(A) «  9 (A ) =  ] T  ( ? ( f t )  +  ( V g ( /2 , ) .  (A  -  f t ) » 0 , ( A ) .  (6.7)
i—1

A third approach is to partition the parameter space by a Voronoi 

tesselation. In this case we let

R i  =  { V x |  | | z  -  f i j || > =  | | x  -  +  j ] ,
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and proceed as above. When computing the HOPS density, it is relatively 

easy to determine which the point belongs to, and so this algorithm is 

easily implemented, even in high dimensions. Such a tesselation in two- 

dimensions is shown in Fig. 6.2.
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C h a p te r  7

RELIABLY ACCURATE PARAMETER  
SAMPLING (RAPS)

In this chapter we explore the possibility of using the sensitivity deriva­

tives to form an error estimate related to our sampling. This estimate pro­

vides the basis for the adaptive sampling which follows in the next chapter.

In HOPS, we use the derivative information computed at each sample 

point to create a piecewise linear approximation to the distribution of the 

output value. The goal is to produce a higher order approximation that 

requires relatively few sample points. Gaining computational efficiency is 

an important scientific goal when the model is expensive to solve.

Another important scientific goal is to compute information from an ap­

proximation of the output distribution that is reliably accurate, i.e., whose 

accuracy can be quantified. In general, achieving reliable accuracy requires 

producing an error estimate for the computed information. If we write the 

one point HOPS approximation as

qW -  q(P>) ~  (v<z(/2), (A -  //)), (7.1)

we see that the derivative information (Vg(/2),(A — p)) provides a local 

estimate of the error that results from using the sample value q(p) in place 

of the actual value q(A) for A near p.  In this section, we describe several
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methods that collectively we call Reliably Accurate Parameter Sampling 

methods, or RAPS,  which uses this derivative information to provide various 

a posteriori estimates and bounds on the error of the information computed 

from the output distribution generated from a collection of sample values.

7.1 M easuring the error in an approxim ation of a quantity of 
interest

We start by discussing ways to measure the error in an approximation 

q of a quantity of interest q. The approximation q is constructed using a 

sample {pajiLi and the corresponding values {q(Hi)}iLv where the Hi are 

chosen in any fashion, either deterministically (as in a quadrature approx­

imation), or randomly (as in a Monte-Carlo computation). We form the 

approximate surface using either a piecewise constant function of the form

N

= Y l q^ lRi ^ '
i= 1

where { R i }  is some partition consisting of generalized rectangles such that 

Hi e  Ri, or using a partition of unity {#,} associated to {Hi} as above to 

form
N

<?(A) = Y 2 (l(Ll i)ei(X)-
t=1

Now we consider A to be a random vector of a; on a fixed probability 

space. By composition, we obtain the approximation

q(w) = q(\(u>)) «  q{X(u)).

To measure the error in this approximation, it is natural to use the expected 

value of the error,

|E(q(uj) -  q(co))\.
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More generally, we might consider the expected value of the difference of 

some statistical functions of q and q, i.e.,

where, for example, <S(s) =  s yields the mean and S(s) =  (s — E(q))2 

yields the variance. Choosing such a statistical function amounts to choos­

ing a statistical “quantity of interest” and, in general, we might choose a 

collection of such statistical functions to evaluate the accuracy.

A more certain way to guarantee that the approximate distribution 

converges to the true distribution is to control the L 1 norm. In other words, 

if

E(\q(aj) -  q(cj)\) (7.2)

tends to zero, then this implies convergence in probability and in distri­

bution [2]). This in turn implies that cumulative distribution function Fq 

of q can be approximated arbitrarily well by Fq. By recovering the cu­

mulative distribution function, we can compute any desired statistic, e.g., 

means and moments, that might be used to characterize the accuracy of 

the approximate distribution.

7.2 V iew ing a sam ple as a piecewise constant approxim ation

Perhaps the most straightforward approach is based on interpreting a 

given sample, which may or may not be generated by a Monte-Carlo com­

putation, as a piecewise constant approximation. We assume that there 

is a partition of the compact parameter space A into N  generalized rect­

angles where fli is a point inside and is calculated for
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i =  1 , . . . ,  N.  This results in a piecewise constant approximation,

N

«A ) =  X > ( f t ) W A ) .  (7.3)
i=l

In the case that the sample is generated by a Monte-Carlo computation, 

this interpretation is certainly different than the standard view of a Monte- 

Carlo approximation. For example, consider that the Monte-Carlo approx­

imation YliLi for an average value f n g(u>) do; /  Vol(fi) weights the

sample values {g(ui)} equally. If we consider the sample values as defin­

ing a piecewise constant approximation, the natural approximation to the 

average value is

Since the points {a;*} are not uniformly spaced with probability 1, then the 

sample values {g(tUi)} are not weighted equally when computing the average 

value. Nominally, the new interpretation yields a better asymptotic con­

vergence rate, i.e., 0 ( l / N ) versus 0 ( 1 / VN) ,  however the constants in the 

deterministic error bound grow rapidly as the dimension of the parameter 

space increases. This is why the Monte-Carlo interpretation is preferred in 

high dimensions.

Nonetheless, we show below that interpreting a sample as a piecewise 

constant approximation can be useful in some circumstances. Assuming 

that the error is measured by the expected value of the difference, we can 

represent it as a sum of “element contributions”,
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where fj,\ is the measure induced by A, i.e., H\{A) = P{A € A) for Borel 

sets A. Note that the distribution of the input values weights the evaluation 

of the resulting changes in q .

Using a Taylor expansion in each of the Ri as in HOPS, we obtain

g(A) -  g(A) =  q { A) -  g(/U) =  (Vg(&), (A -  A»)),

for some unknown on the line between A and The error reduces to 
n

1=1

In practice, we compute an estimate using the quadrature formula

N r
£pc = Y^  /  (Vq{Vi),(z -  Hi))dV\{z)- (7.4)

i= 1

The analogous argument for the error measured using the expected 

value of some statistical function or the L 1 norm yields

N r
£PC =  J 2  S ' ( 9 ( / ' 0 ) ( V 9 ( / * i ) , ( * - M i ) ) d A X A ( * )  (7-5)

i=i

and
N r

£PC =  Y 1  /  l<v 9(A»i). ( *  — A*i))l d MA(-*), (7-6)
f=i

respectively.

£ pc is an approximation in the sense that if Vg is continuous, then a 

sequence of such approximations computed on partitions with rectangles 

of decreasing size will converge to the true estimate. Unfortunately, this 

approach is adversely affected by the dimension of the parameter space. 

For example, the distances between the midpoint of a generalized rectan­

gle to the corners increases as the dimension increases. Thus for geometric 

reasons, using a single sampled value to represent the behavior of an out­

put distribution over a generalized rectangle becomes problematic for large 

dimensions.
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7.2.1 A  Scalar E xam ple

To illustrate this approach, we consider the scalar example (6.1) with 

xq — 1 and A taken uniformly in [—0.5, 0.5]. The results for the estimate of 

the error in the L 1 norm of q(A) =  x(t, A) at T  =  10 are given in Fig. 7.1. 

The systematic underestimation is a consequence of linearization and the 

concavity of the exponential. We also plot results for the L l norm of the

—  True Error 
—- Estimate

0 30 50 7010

§w
03a
c/iPJ .

8

.6

. 1

.2

30 50 700 10
N N

Figure 7.1: On the left, we plot the actual errors and the error estimates 
£pc in the L 1 norm for the scalar example (6.1) with range of sample points 
N  at T  — 10. On the right, we plot the ratio of the estimate to the error.

error in the second moment, E[\q(X)2 -  g(A)2|], and corresponding estimate

N r
£Pc =  Y ^  / |2g(/ii)g/(^tj)(z -  Hi)\ d fix ( z )

i= 1 ^ Ri
(7.7)

at T  = 5 in Fig. 7.2.

7.3 Com puting an approxim ate error function using a partition  
of unity

In a second approach, we attempt to avoid the adverse effects of di­

mension by using a partition of unity to create both an approximation from 

a given sample and an approximate error function corresponding to the
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Figure 7.2: On the left, we plot the actual values and the error estimates 
£pc for the L 1 norm of the second moment for the scalar example (6.1) with 
range of sample points N  at T  =  5. On the right, we plot the ratio of the 
estimate to the error.
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approximation. As in Sec. 6.2, we use Renka’s partition of unity. The 

approximation is defined as

N

g(A) =  A), A e A .  (7.8)
i= 1

Assuming first that the expected value of the error is to be estimated, we 

use (6.6) to write

N

E{q{u) -  q(u)) = Y^E((q(u j)  -  q(fii))ei{uj)).
i= 1

Now using (7.1), we estimate

E((q(u) -  q f a W i i u ) )  = [  (q(z ) -  9(//i))^ (z ) dpA(z)
J Aj

~  f  (Vq(fi i) ,(z  -  P-i))di(z)dnx(z).
J  hi

We obtain the estimate
N

£ p o u  =  J 2  [  ( V q ( V i ) , { z  -  H i ) ) O i ( z ) d f i x ( z ) .
i= i

(7.9)

The analogous argument for the error measured using the expected 

value of some statistical function or the L 1 norm yields

S pou = J 2 [  (£'(9(£i))V 9(/ii), (* -  dfiX{z) (7.10)
i=l

and
N r

gPou = J 2  |(V g (^ ,(z -fc )> 0 i(* ) |d //A (* ) , (7.11)
i = i

respectively.

Since

f  {z - frMz) d̂x(z) = f  (z - fii)di(z) dnx{z)
J  hi J  A

=  f  (q (H^))  -  fii)0i(X(u)) dP(w)
J n

=  E ( ( \ - i i i )0i ),
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in the case of the expected value of a statistical function, we can rewrite 

the second estimate as

N

£ p o u  =  £ < S ' ( ? ( p 1))V<I( f t ) ,  £ « A -  p,)ft)>- (7.12)
i= 1

7.3.1 A Scalar Exam ple

To illustrate this approach, we again consider the scalar example (6.1) 

with xo =  1 and A taken uniformly in [—0.5,0.5]. The results for the 

estimate of the error in the L l norm of q(A) =  x(t, A) at T  — 10 are given in 

Fig. 7.3. We use the functions exp(-10A (x-/X i)2) to generate the partition 

functions. We plot results for the L 1 norm of the error in the second moment

1.6

1.4

1.2

30 40 500 10 20

1.2
— Error

— Estimate
8

.4

0 10 20 30 40 50
N N

Figure 7.3: On the left, we plot the actual errors and the error estimates 
£pc in the L 1 norm for the scalar example (6.1) with range of sample points 
N  at T  =  10. On the right, we plot the ratio of the estimate to the error.

and corresponding estimate (7.7) at T  =  5 using exp(—15N (x  — qii)2) to 

generate the partition functions in Fig. 7.4.
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Figure 7.4: On the left, we plot the actual values and the error estimates 
£pc for the L l norm of the second moment for the scalar example (6.1) with 
range of sample points N  at T  =  5. On the right, we plot the ratio of the 
estimate to the error.
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Chapter 8

FAST ADAPTIVE PARAMETER  
SAMPLING (FAPS)

The error estimates provided in the previous chapter may be used to 

sample adaptively. This chapter explores this technique.

RAPS achieves increased reliability at the cost of computing derivative 

information at each sample point. The additional cost is justified if reliable 

accuracy is an important scientific concern. Moreover, we observe that 

obtaining an accurate estimate of the error for a given sample opens up 

the possibility of optimizing the sample process in order to reach a desired 

accuracy with minimal computational cost. This can offset the overhead 

associated with computing the estimate to the extent that the optimized 

computation, including the cost of error estimation, is still significantly 

faster than a non-optimized computation.

In general, constructing an optimal sample set is a complicated nonlin­

ear problem that is difficult to solve. We borrow ideas from adaptive finite 

elements to construct two Fast Adaptive Sampling Procedures, or FAPS, for 

finding an approximate solution. The goal of the adaptive strategy is to 

find a set of sample points that has approximately minimal size yet yields 

the desired accuracy in the information computed from the corresponding 

approximation to the output distribution. The adaptive strategy works
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in an iterative fashion. Given a current set of sample points, we examine 

the local contributions to the error estimate for the sample and choose ad­

ditional sample points in regions in which the contributions to the error 

are estimated to be largest in order to obtain a new sample set for which, 

presumably, the error is smaller.

Constructing a FAPS method requires several choices. First, we must 

choose an error estimate or bound to guide the enrichment decision. Using 

an optimization approach requires an estimate or bound that can be writ­

ten as a sum over local contributions with nonnegative summands. The 

estimates (7.4)-(7.5) and (7.9)-(7.10) might be used to determine that the 

computed information is not sufficiently accurate, but they cannot be used 

for standard adaptive error control because they allow cancellation of er­

rors through the domain. Once the decision to enrich the current sample is 

made, we use a bound derived from the estimates (7.6) or (7.11) for the L 1 

norm of the error to choose where to place additional sample points.

Another important choice is a procedure for adding additional sample 

points to a given sample set. We describe two approaches below.

The choice of the initial set of sample points is third important decision. 

One aspect is the density of the initial sample. On one hand, the standard 

approach is to use a relatively coarse set in order to increase the possibility 

of achieving a nearly optimal final sample set. On the other hand, using 

too coarse an initial sample set can mean that the error estimate fails to 

recognize significant behavior. For example, in the control problem example 

below, we find that choosing an initial sample set that is too coarse leads to 

underestimation of the tails of the distribution. In most of the examples in 

this paper, however, a single sample point centered in the parameter space 

was sufficient to seed the computation successfully.
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8.1 A daptive sam pling via a standard /i-refinement approach

The first approach we describe is analogous to the standard approach 

to adaptive error control for finite element methods. We use one or more 

of the estimates (7.4)-(7.6) to decide if a given sample set needs to be 

enriched. If enrichment is needed, we use a bound derived from (7.6) to 

choose additional sample points. We add points using a strategy that is 

closely analogous to the standard /i-refinement strategy in adaptive finite 

element methods. We define E\c to be the approximate contribution to the 

error bound from rectangle R i ,  i.e.,

ST= [  l(V?(/ii) , ( 2 - / i i))|d/rA(z).
J  Ri

The adaptive strategy is to refine some fraction of the rectangles on which 

Efc is largest. We refine along one dimension at a time since q may be 

very sensitive to changes in one parameter, but not in others. To measure 

the contribution to the error bound from each dimension, we define £ fck, 

k = 1, . . .  ,d, by

e&=  /  l ^ 9 ( f t ) ( * ‘ - ^ ) l < W ( z ) ,  (8.1)
JR i

where z  =  (z1, • • • , zd)J and =  (/4 , • • ■ , t f V  so

N  N  d

^ = E fr < E E  *5-
i= 1 t= l  fc=1

For a rectangle where £ fc is large enough for refinement, we find the maxi­

mum contribution £ fck, k = 1, . . . ,  d and we divide the rectangle along this 

dimension. Since the value at the center of the rectangle is known, we 

split in thirds along this dimension, compute the values on the two new 

rectangles, and iterate. See Fig. 8.1 for an illustration.
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Figure 8.1: Illustration of partition refinement.

Note that since the computations can proceed entirely in parallel, it is 

possible to divide all rectangles whose error contribution is some number 

of standard deviations above the mean error contribution and refine these 

simultaneously.

Given an error tolerance TOL,  we repeat the iteration until the se­

lection of estimates (7.4)-(7.6) used to judge accuracy of the computed 

information are (all) bounded by TOL.  At that point, we compute the 

distribution function of the simple function q(p,i), i  =  1, . . . ,  N.  The cu­

mulative distribution function of the approximation may be recovered from

(7.3). We sort the g(/Xj) in ascending order, and the jump of the result­

ing cumulative distribution function between g(/ij) and q(p,i+l) is simply 

q,\(Ri+1).

For this approach, we use a uniform initial partition of the parame­

ter space. This is reasonable when the parameter space does not have high 

dimension. However, the number of sample points in a uniform partition in­

creases exponentially as the dimension of the parameter space increases. A 

natural idea is to use a hybrid method in which a Monte-Carlo approxima­

tion is used to obtain an initial sample set, and then a FAPS computation
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is used after that in order to obtain a reliably accurate approximation in 

an efficient way. We will explore this idea in later work.

We illustrate the rectangular FAPS in Sections 9.1-9.4 below.

8.2 A daptive sam pling according to  a density representing the 
error

Using a partition of unity to generate an approximate error function 

suggests another approach to adaptive sampling. Suppose that we have an 

initial sample set, which might be the result of a Monte-Carlo computation, 

and we use a partition of unity to generate one or more of the estimates 

(7.9)-(7.11). We can construct a density function using the element con­

tributions in the estimate that describes how well the nonlinear operator 

is sampled throughout various regions in parameter space. On the next 

iteration in the adaptive procedure, we could add additional sample points, 

perhaps using a Monte-Carlo method, according to this density function.

Using Renko’s partition of unity, the Integral Mean Value Theorem 

implies that the approximation £ pou to the expected value is itself approx­

imated by

A -  f t ) # , ( A ) A ( A )
i=l

at each point A, where f \  is the density corresponding to p,x .

We use the error estimate | | as a sampling density to select addi­

tional points in such a way that there is increased sampling in regions where 

this function is relatively large. To do this, we use a Markov Chain Monte- 

Carlo method [20] that creates a large sample of points with distribution 

\£?™\, from which we draw a few points for evaluation. Once the function 

has been sufficiently sampled, we draw a large selection of points from the
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distribution of A, apply the partition of unity approximation q(A) to these 

points, and finally approximate the density of the resulting sample using 

the techniques described above.

We illustrate this adaptive approach in Sec. 9.2 below.

8.2.1 Creating a density that indicates regions w ith  insufficient 
sam pling

There are other ways to create a density function. Consider the prob­

lem of representing the function q(A) accurately pointwise, for which there 

is a local error estimate,

k(A) -  g ( £ i ) I  < |V9(Ai)l lA -  Mil-

The values of q(A) are approximated by q(p,j) to within a tolerance TOL  

for all A satisfying

I* - l <  T 0 L  I*  “ Mil £
|Vg(Ai)l’

i.e., for A in the ball of radius rt =  TOL/\'Vq(p,i)\ centered at p,{. We set 

Vi to be the volume of the ball of radius r* centered at /ij,

„ d / 2 y , d

V = ------ -—1 r(d / 2  + 1) ’

and set V =  > so Y^iLi V, =  interP°late the set of

values {C/Vi} at the points {/q} to obtain a density function that describes 

the degree to which the function is represented pointwise by its values at 

{&}■ Note that the dimension-dependent constants in Vi cancel in the ratio 

V/Vi. In fact,

N  / I T - 7  / -  U \  d \  ~ 1
V = |Vg(Mi)ld = ( y- / |Vg(M.
v< e L i

1 • ( 8 -2 )
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As d increases, the difference in the values of the density function corre­

sponding to large and small values of \S7q(p,i)\ is exaggerated. In contrast, 

simply removing the balls from the parameter space before selecting the 

additional sample points has decreasing effect on the selection process as 

the dimension increases.

To illustrate, we consider the function

q( A) =  e- 5(Ai+Â  +  .OlAj +  ,01A  ̂ (8.3)

on [0, 4] x [0, 4]. We plot q in Fig. 8.2 for a uniform 21 x 21 set of sample

points. In Fig. 8.3, we plot the regions in which the function is approximated

0.03 
0.025 
0.02 

0.015 
0.01 

0.005 
0

4

4 

3 

2 

1

0 1 2  3 4

Figure 8.2: Surface and contour plots of function q (8.3) corresponding to 
TO L = .01 and a uniform set of 12 x 12 sample points. Dark areas indicate 
regions in which q is not approximated pointwise as well.

pointwise to within a tolerance of TO L  =  .01 for three sets of uniformly 

spaced sample points.
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Figure 8.3: Plots of the regions in which the function is approximated 
pointwise to within a tolerance of T O L  — .01 for three sets of uniformly 
spaced sample points. From left to right, the sets have 6 x 6, 12 x 12, and 
18 x 18 points respectively. Shaded regions indicate areas where q  is not 
sufficiently well approximated.

This approach extends directly to the estimate (7.11) after choosing 

a partition of unity. For example, suppose that A* is a ball of radius r, 

centered at /i, with volume V*. We can bound

[  | ( z  -  f i i ) 0 i ( z ) \ d / j , x ( z )  <  C r i i i x ( A i )  «  C r i f x { K ) V h  
J  Ai

where A* is some point in A*, C  is a constant that depends on the construc­

tion of d i ,  and
N

|£P°u| < ^ ^ C \ V q ( p , i ) \ f \ ( X i ) r i V i .
i=1

We seek to choose the minimum number of points such that

N

Y ^ C l V q & J l r M X i W i K T O L .
1 = 1

The standard “Principle of Equidistribution” argument implies that the 

optimal result is obtained when the summands are equal, which yields a 

formula for 7y. Defining V  =  88 above, we find that in this

case,

v = (|v<j(p,)i.ma.))'‘/<‘‘+1) = A f  f ! W P )̂ ! ^ M Y /l‘‘+1,Y ,

(8.4)
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Using this, we produce a density function as described in Sec. 8.2.1. Note 

that in sharp contrast to (8.2), there is decreasing effect on the values of 

the density as d increases. This suggests that the evaluation of q should not 

be treated as a purely pointwise interpolation problem when the parameter 

space has large dimension.

We illustrate this adaptive approach in Sec. 9.2 below.

I l l
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Chapter 9

APPLICATION TO ODE’S

We use the methods outlined above in a variety of examples involving 

ordinary differential equations.

9.1 The Control Problem  for a Pendulum

We consider the problem of controlling a pendulum, consisting of a

rigid, massless arm attached to a frictionless pivot at one end and a mass

at the other end, such that it remains in the (unstable) upright position by

applying a torque u(t) at the joint. With the pivot located at the origin, we

use the “inverted” angle x  measured from the positive vertical axis to locate

the pivot. We assume x(t) and x(t) can be measured and use proportional-

derivative control u(t) =  —ax(t)  — j3x{t). The complete system is then

{m x  — mg sin(x) =  — ax(t) — (3x(t), t > 0, , .
x(0) =  xo,x(0) =  x0,

where m  is the pendulum mass and g the gravitational constant [32].

The goal is to choose parameters a  and (3 so that the pendulum returns

to the upright position with x(t) —> 0 and x —» 0. We can obtain an

approximate control strategy for x  ~  0 by the linearization sin(x) ~  x.

This gives a second order constant coefficient equation with characteristic

roots
—(3 ±  a//?2 — 4(ma  — m 2g)

z = -----------------------------------2m
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If (3 > 0 and a  > mg, the real part of these roots are negative, and the 

problem is stable. Further, if we choose

f3 > 2y /m(a  — mg)

the roots are both real and the solution decays exponentially to the desired 

equilibrium x — 0, x =  0. This avoids oscillations in the pendulum.

We wish to study the return of this system to equilibrium for a variety 

of initial conditions and masses. To this end, we consider the behavior of the 

system for a distribution for the parameters m, </>o, </>o- In Fig. 9.1, we show

Monte-Carlo with 20000 Simulations FAPS with TOL=.01
26.6 26.6

17.7 17.7

cl

— 1=2 
— 1=3 
—-t=4 
— 1=5

.... t=l
— 1=2 
— 1=3 
— 1=4 
— 1=5

Figure 9.1: The density of x(t) for several values of t computed using a 20000 
point Monte Carlo simulation (left) and a rectangular FAPS approximation 
with TOL=.01 (right). (xQ, x Q) is uniform on (—n/4, n/4)  x (—0.2, 0.2), and 
m is uniform on (0.9,1.1), a  =  14.8,/? =  5.5. The number of simulations 
used in the FAPS computation are 586 at t — 1, 54 at t =  2, and 18 at 
t =  3, 4, and 5. We use a HOPS approximation on the last FAPS mesh.

the results for the Monte-Carlo and rectangular FAPS computations. The 

results suggest that the solutions converge to the desired equilibrium. Note 

that the number of simulations needed to meet a fixed T O L  in the FAPS 

computation decreases as time increases, since the solutions are converging 

to a fixed point.
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9.2 The Schaefer M odel for a H arvested Fish Population

The Schaefer model describes the evolution of a fish population that 

is harvested at a constant level of effort, i.e., by the same number of boats 

each day. The fish population x  is assumed to grow according to a logistic 

mechanism and the rate of harvesting is the effort times the number of fish.

\ x ( t ] \ 1) = ^ ( K - x { t - X 1))x( t]X1) - H x ( t ; X 1), t > 0,
|x (0 ; Ai) =  x0,

where Ax =  (R , K, H )T. We consider the initial conditions to be fixed. A 

straightforward calculation shows

We first examine the case H  =  0, which is the logistic equation. We 

take data ip(s) =  <5(s — 3) to estimate the value of the solution at time t = 3. 

We set zq =  1. Plotting the norm of the generalized Green’s function,

for various R, K,  we see that it is large in the area near R = 0, See Fig. 9.2, 

so we expect that if the parameter distribution covers this area refinement 

will be needed there. In Fig. 9.4, we plot the final adaptive grid. In Fig. 9.3, 

we plot the HOPS and rectangular FAPS approximations.

For the case H  ^  0, the system has two fixed points X\ =  0 and 

x2 = K(1  — ^ ). The stability is determined by the derivative dxf ,  which 

is R — H  at x\  and H — R  at x^- As t —> oo, the distribution of the solu­

tions should split as they are drawn to different fixed points. A bifurcation

Thus
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2.5

0.5
4.2

4.4
4.6

2 5

Figure 9.2: Norm of the Green’s function 4>(s) for the data V’(s) =  S(s — 3), 
xo — 1. It is largest near R  =  0, where small changes in R  cause large 
changes in the accumulated growth at t = 3.

.53

 Monte Carlo (30000)

—  HOPS (256)
—  Monte Carlo (1000)

.18

Values o f  x at t=3
.53

 Monte Carlo (30000)

—  FAPS (596)

- - -  Monte Carlo (1000)
.36

c0)Q
.18

Values o f  x at t=3

Figure 9.3: Approximate distributions of solutions to the (9.2) with H  =  0 
at t = 3. (R , K ) are independent and N(Q. 1,0.5), A (4.5,0.1) (truncated) 
respectively. On the left, we plot the results of HOPS using 256 simulations. 
On the right, we plot the results of a rectangular FAPS using 596 simula­
tions. For comparison, we show the results for a Monte-Carlo compuations 
using 30000 and 1000 simulations.
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Initial Final Detail

Figure 9.4: Initial and final adaptive meshes for the logistic example for the 
rectangular FAPS. The plotted points show the distribution of the input 
parameters. The FAPS refinement near R  =  0 is apparent.

116

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



occurs at R  =  H\ x\  is stable and x<z unstable for R < H  and the opposite 

when R  > H . Hence as t —► oo, the measure of the solutions that tend 

to zero should be the measure of [R < H ], and the rest of the solutions 

should be distributed as the random variable K (  1 — H /R)  (their eventual 

limiting value). The case R — H  can be ignored when this line has measure 

zero in the parameter distribution. In Fig. 9.5, the asymptotic (t = oo), 

Monte-Carlo and rectangular FAPS computations are compared. We no­

tice discrepancies where R  is small, which is expected since the system 

approaches equilibrium much slower in this case.

.35
 M onte-Carlo (30000)
—  FAPS (451)
—  Asymptotic (large time)

.28

.07

Values o f  x at t=20 and asymptotic

Figure 9.5: Comparison of 30000 point Monte-Carlo, 451 point rectangular 
FAPS, and asymptotic (t = oo) distributions; y0 = 1, t = 20, (R , K , H ) 
independent, Af(0.8,0.5), Af(4.5,0.01), Af(0.5,0.2) (truncated) respectively.

We examine the convergence properties of both rectangular FAPS and 

HOPS in Fig. 9.6. A useful measure of the distance between an approxi­

mate and exact cumulative distribution function is the Kolmogorov-Smirnov 

(K-S) test statistic maxxeR |Fq{x) -  Fg(x)\). We test each of the methods 

against Monte-Carlo computations of varying numbers of simulations using 

this test statistic. To form the approximate cumulative distribution func­

tion for the Monte-Carlo approach, we compute the empirical cumulative
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.2

—  Monte-Carlo results 
—® FAPS resultsCJ

2000 4000 6000 8000 10000

.2

—  Monte-Carlo results 
--“ HOPS resultsO

§

 , , ...........................................................
2000 4000 6000 8000 10000

Number o f Nonlinear Solves Number o f  Nonlinear Solves

Figure 9.6: Comparison of the K-S statistic for the HOPS, rectangular 
FAPS, and Monte-Carlo methods applied to (9.2). The error for the Monte- 
Carlo method is the average over 20 cases. A 70000 point Monte-Carlo 
simulation is taken as the reference distribution. We use the number of 
nonlinear solves as a crude measure of computational work.

distribution function

t?mC( \ {number of i with q( Xi )  <  x}
"  ( X ) =  n  ’

for sample points A* and solutions for the quantity of interest q ( \ i ) .

Since F^fc  depends on the random sequence, it is actually a random 

variable (in fact, the distribution of the (K-S) statistic for a random sam­

ple is independent of the distribution of the variable being sampled). Our 

cumulative distribution is deterministic, however. To be fair in the com­

parison of the (K-S) statistics, we compare to the mean F ^ c  for a number 

of Monte-Carlo draws.

Since we do not have the exact cumulative distribution function for 

the quantity of interest in the logistic example, we compare both results to 

a massive Monte-Carlo simulation of 70000 points. The results in Fig. 9.6 

show that both the HOPS and rectangular FAPS algorithms provide far 

better approximations in the sense of the (K-S) statistic, especially for 

numbers of simulations in the ranges feasible for the solution of a quantity
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of interest from a differential equation. The graph shows that simulations 

of less that 1000 points (in both cases) give results with the accuracy of a 

10000 point Monte-Carlo simulation.

We conclude by presenting some results for the partition of unity FAPS 

applied to (9.2) with H = 0, x 0 =  1, and T  =  3. We first consider sampling 

according to the density described in Sec. 8.2, which represents the error. 

In Fig. 9.7, we plot the true error (g(A) — q ( \ ) ) f \ ( \ )  and the approximation 

A) computed using 20 sample points. In Fig. 9.8, we plot a part of

True Error Approxim ate Error
5.5 * 5.5 r

' - 2 - 1  0  1 2  ' - 2  - 1 0  1 2

R R

Figure 9.7: On the left, we plot the true error. On the right, we plot the 
partition of unity FAPS approximation £?™(A) computed from 20 sam­
ple points using the density described in Sec. 8.2. The sample points are 
indicated with circles.

the random walk produced by the Markov Chain Monte Carlo that is used 

to create a set of possible samples and ten new sample points chosen from 

this set. Finally, in Fig. 9.9, we plot the approximate density created from 

a FAPS using the partition of unity strategy with 80 points.

As seen in Fig. 9.7, the approximate error function represents the the 

dominant features of the true error. The new samples (Fig. 9.8) are added 

largely in the region of the dominant peak. As a result, the error reduced
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3.5
-1 .5  -1 -0 .5  0 0.5 1 1.5

R

5.5

5

4.5

4

-0.5 0 0.5 1.5

Figure 9.8: On the left, we plot part of the random walk produced by the 
Markov Chain Monte Carlo that is used to create a set of possible samples 
from the density described in Sec. 8.2. On the right, we plot ten new sample 
points chosen from this set.

.6

— FAPS
-  Monte-Carlo (30000).4

,2

0
1 2 3 4 5 60
Values o f x at t=3

,6

— FAPS
Monte-Carlo (30000).4

,2

0
2 3 4 5 60

Values of x at t=3

Figure 9.9: On the left, we plot the approximate density computed from 
a partition of unity FAPS using a sample of 80 points computed using the 
density described in Sec. 8.2. On the right, we plot the result obtained 
using the density described in Sec. 8.2.1. We compare to a Monte-Carlo 
computation with 30000 points.
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very quickly, leading to a reasonable density estimate with a small number 

of evaluations, as shown in Fig. 9.9.

9.3 The Chaotic Lorenz M odel

We investigate the Lorenz equations

{xi = a{x2 -  aq),
x 2 = r x  l - a q - a q a q ,  (9-3)

x3 =  x xx 2 -  bx3,

where we fix the parameters a, r, b at standard values believed to yield 

chaotic behavior as well as the initial values x 2to =  0, a;3io =  24, but take 

the initial value for oq uniformly distributed in [—2, 2]. We follow the value 

of the x x coordinate of the solution for a sequence of times, so that the 

functional is q(A) =  q(xXfl) =  x x(t; xpo).

All trajectories approach an attractor and the initial distribution is 

eventually spread onto this attractor, see Fig. 9.10. However, since the
Hyperbolic Fixed Points

Typical solution Looking down the x 3 axis

Figure 9.10: On the left, we plot a typical solution of the Lorenz equations. 
On the right, we plot many solutions from the perspective of looking down 
the x3 axis. The separatix manifold lies between the two solutions plotted 
with thick grey lines. The hyperbolic fixed points lie off the lower left and 
upper right corners.
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problem is chaotic, solutions that start close to each other eventually di­

verge. There is a separatix manifold (called the razor in [12]) originating 

out of the x3-axis that separates trajectories in the sense that close nearby 

solutions passing by this manifold rapidly move to neighborhoods of dif­

ferent hyperbolic fixed points, see Fig. 9.10. In Fig. 9.11, we see that the 

initial strip of points is split by this razor into two separate masses. These 

masses spiral away from the fixed points, and then begin to fold across the 

razor, creating a series of layers that double in number at each pass. This 

is evident in the densities, see Fig. 9.12, as we see a sequence of peaks in 

the distribution.
50

40

20 -2 0-20

L
-2 0  0 20

.0530.11

.0360.07

.0180.04

20 -200

Figure 9.11: Top: The ensemble of points at various times. Plotted are 
the projections of the solutions onto the x\  — x3 plane. Bottom: Rect­
angular FAPS-computed density of q(x i)0) =  x i( t ;x li0) compared with a 
40000 point Monte Carlo computation. Times are 0.1,1, 2,3, 5 left to right. 
All Rectangular FAPS simulations use TO L = 0.01, with corresponding 
number of simulations, 64,94,134, 240,336.
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As the solutions pass the razor, the functional (/(xqo) develops a steep 

gradient because solutions with nearby initial conditions go in opposite 

directions. At each subsequent pass, the gradient becomes nearly vertical 

at a sequence of 2 ,4 ,8 ,. . .  points, see Fig. 9.12. The rectangular FAPS 

algorithm places a large number of samples at each of these gradients. The 

adjoint computation identifies these doubling regions, and thus identifies 

regions in the parameter space where solutions are rapidly diverging.

Since the number of vertical regions doubles each time the mass re­

turns to the razor, eventually the algorithm begins placing points almost 

uniformly throughout the parameter space. The function q becomes so com­

plex that traditional Monte-Carlo methods become an attractive approach.

This doubling is the same phenomenon that makes it impossible to 

rely on numerical solutions to this system beyond a certain time, since small 

errors in the integration results in the numerical solution eventually passing 

on the wrong side of the razor and diverging at an exponential rate, see [15]. 

The generalized Green’s function is, however, a way to determine when such 

sensitive regions are encountered. It is used in conjunction with numerical 

adaptivity to extend the ability to compute such solutions accurately by 

resolving the solution carefully near the razor.

9.4 A n SIR M odel o f D isease w ith  a Num ber o f Param eters

We investigate the behavior of an SIR model of disease in a population 

that includes birth/death processes and the possibility that the offspring 

of the resistant class may inherit the resistance. Assuming the birth/death

123

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 9.12: Plot of the functional q(xii0), at times 0.1,1, 2,3, 5, against Xi>0 
(solid). The density of mesh points ({Ai}) use<4 in the rectangular FAPS is 
plotted with a dashed line. This indicates refinement where Vq  is large.

processes are described by a logistics model, the model is

' xi = rn( 1 -  f ) (xi + x2 + (l -  P r ) x 3 ) -  dnxi -  rrx i x 2, 
x 2 = rJx 1x 2 -  (dn +  di)x2 -  aRx2, 0 < t < T ,
£ 3  =  PR.rn{ 1 -  f  ) x 3 -  dnx3 +  aRx 2,

^i(O) =  Xifl, ^2(0 ) =  x 2fi, ^3(0 ) =  x3)o,
(9.4)

where x\  represents the population susceptible to the disease, x 2 the infected 

population, x3 the resistant class, and the total population is N  = x\ + x 2 + 

x3. We consider this problem for the parameter values given in Table 9.1.

For the mean values chosen for the parameters in Table 9.1, the intro­

duction of a small number of infected leads to an epidemic in the form of 

a transient spike of infections. Thereafter, the population tends towards a 

steady state, see Fig. 9.14. Taking 'ift(s) = (0,1, 0)T gives an appropriate 

linear functional to measure the impact of the infection over an interval
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D escrip tion N am e M ean P ertu rb a tio n

Recovery ra te i n 0.2 ±0.1
N a tu ra l grow th  ra te Tn 1 ±0 .2
C arry in g  capacity k 100 ± 5
P ro b a b ility  of inheriting  resistance PR 0.1 ±0.01
N a tu ra l d e a th  ra te dn 0.2 ±0 .1
C o n trac tio n  ra te r 1 0.2 ±0.1
D eath  ra te  from  disease r l 1 ± 0 .2

Table 9.1: Parameter means and ranges for SIR model. We take the pa­
rameters to be uniformly distributed in the ranges given.

-  FAPS 
UTLG 
UNIFKS

200 400 1000 1200 UOO

T HOPS
LITLO
UNIFKS

4S0 500

Figure 9.13: Comparison of the K-S statistic for FAPS and HOPS on 
the SIR model. We compare against the mean Monte-Carlo behav­
ior (MCAVG), and the law of the iterated logarithm, result (LITLG). 
Left: FAPS, Right: HOPS.

t e [  o , n

17(A) = / .r2(.s; A)d,s,
■I 0

where A denotes the vector of parameters in Table 9.1. The HOPS pro­

cedure produces a reasonable approximation for a very small number of 

points. FAPS also does a very good job, as shown in Fig. 9.4.
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Figure 9.14: Solution of the SIR model for x 1)0 =  10, x2,o =  1, £ 3,0 =  0 and 
mean parameters given in Table 9.1.
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C hapter 10

APPLICATION TO PARTIAL 
DIFFERENTIAL EQUATIONS

We apply the previous methods to a specific system of reaction diffusion 

equations modelling predator-prey interactions, as described in [18].

10.1 Predator prey w ith  H olling II functional response

D escrip tion N am e M ean P ertu rb a tio n

P re y  sa tu ra tio n w 1 ±50%
P re y  grow th  ra te r 5 ±50%
P re d a to r  d ea th  ra te s 1 ±50%
E ncou n te r loss (prey) P 1 ± 50%
E ncou n te r gain (pred) Q 1 ±50%
R esponse gain k 10.1 ±50%

Figure 10.1: Parameter means and ranges for the predator/prey model. 

We examine the theory above applied to the system

' dtv — 5xV 2v = qvh(k, u) — sv, f ! x (0, T ],
dtu — 5xV 2v =  ru( 1 — — pvh(k, u),
dnv — dnu = 0, dQ x (0 ,T],

= v0,u  = u0, 

where h(k, u) satisfies

i) M0) =  0,

ii) limx^oo h(x) = 1,

x {0},

( 10.1)
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Figure 10.2: Left: Predator Right: Prey In this sequence, we can see two 
wavefronts of the predator population chasing the prey. Eventually the 
predator eats itself “out of house and home” , and its population decays. 
The prey then replenish, and the cycle continues. Warmer colors indicate 
greater numbers.

iii) h strictly increasing.

The population v models a predator that is sustained solely by they prey 

u, which grows according to a logistic model. Both species diffuse spatially, 

typically with < 52.

The Neumann boundary conditions model an enclosed region where 

neither prey nor predator can escape the region.

We use truncated normal distributions with support on [pi — 0.5pt, p., +

0.5pj], i = 1 , . . . ,  6. For the quantity of interest, we set ip(t) =  S(t — 10) • 

(0, 1)T, which yields the Li norm of the prey population at t = 10 (since 

the number of prey is always positive).

Using a Monte-Carlo of 12400 points as a reference, in Fig. 10.3 the 

FAPS approach is shown to work very well. The K-S measure shows that 

the FAPS approximates the reference distribution better than the average 

Monte-Carlo ensemble. Since FAPS is deterministic, we consider this to be 

very good performance, especially since a given realization of the Monte- 

Carlo is (on average) as often above the mean (and so much worse than
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FAPS
Lin.0
AVGMC

Figure 10.3: Left: The reference density using a 12400 point Monte-Carlo 
Right: The K-S statistic for FAPS, compared with the average behavior for a 
Monte-Carlo (AVGMC), and the Law of the Iterated Logarithm asymptotic 
behavior for the Monte-Carlo (LITLG). The Monte-Carlo on the left is used 
as the reference distribution.

FAPS) as below. In this sense, FAPS is a very reliable way to approach 

recovering the distribution in question.

A plot of the coordinates of each sample, Fig. 10.4, show that, large 

contributions to the uncertainty are present for w, s and q.
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Figure 10.4: Centers of each sample, plotted against the sequence of sam­
ples. Parameters with large stratification indicate greater contribution to 
the overall uncertainty.
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C hapter 11

ANALYSIS OF THE SENSITIVITY  
PROPERTIES OF A VECTOR-BORNE 

MODEL OF THE PLAGUE

In this chapter, we study the parameter sensitivity of a vector-borne 

disease model of the bubonic plague in a rodent population proposed by 

Keeling and Gilligan [23]. To carry out the analysis, we use the techniques 

developed above. This approach both provides a significantly more efficient 

means to explore the sensitivity properties of a model and provides ad­

ditional information regarding sensitivity that is not easily obtained using 

Monte-Carlo methods. In particular, we use the new approach to determine 

the sensitivity of a quantity of interest to various parameters, determine a 

region over which linearization at given parameter value is valid, develop 

a global picture of the output surface, and search for extremal values in a 

given region in parameter space. This chapter is a joint work with Megan 

Buzby [3].

11.1 Introduction

In [23], Keeling and Gilligan develop and analyze a deterministic vector- 

borne model of bubonic plague enroute to developing a stochastic metapop­

ulation model. The ultimate goal is to use the disease and population dy­

namics of rats and fleas to explain how an unexpected epidemic can occur in
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human populations. The behavior of the deterministic model with respect 

to the eleven parameters that are used in the model comprise an important 

part of Keeling and Gilligan’s considerations. In turn, their conclusions 

about the model behavior depends critically on an analysis of the sensitiv­

ity of the model with respect to the parameters. This sensitivity analysis 

is essentially based on the properties of one-dimensional slices, i.e., varying 

one parameter at a time, of the linearization of the model at a single ref­

erence value for the parameters. The behavior of the linearization at this 

single reference value is claimed to represent the behavior of the model over 

an entire large (generalized) rectangle in parameter space.

In hind sight, there is little mathematical basis to believe that the 

behavior of the linearization of a nonlinear operator at a single point can 

suffice to accurately describe the behavior of the operator over a large region 

in eleven dimensions. Indeed, we find that it does not in this particular case.

11.1.1 A M odel o f Plague

We consider the SIRNF model developed by Keeling and Gilligan, [23], 

that describes the dynamics of the bubonic plague. We follow their descrip­

tion rather closely. They begin with an SIR-type model for the rat popu­

lation that gives the changes in the number of susceptible ( S r ), infectious 

( I r ),  and resistant ( R r ) rats,

f  Sr = rRSR(l —  +  trRr( 1  —  p) —  dRSR —  (3rt̂ F{ 1  —  e x p ( — o T r ) ) ,
W R = (3r§?F(1 -  e x p {-clTr)) -  (dR + mR)IR ,{ Rr = rRRR(p ~ j^) + mRgRIH -  dRRR,

( 1 1 .1 )

where • denotes the time derivative and TR = Sr+Ir+Rr is the total size of 

the rat population. The net reproduction rate of susceptible and infected
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rats is given by tr with a carrying capacity of K r .  The proportion of 

offspring that inherit resistance to the disease from their parents is given by 

the parameter p. The natural death rate of all rats is c I r .  The number of free 

infected fleas looking for a host is F. The infection term, (1 — exp(—oTr)), 

corresponds to infected fleas randomly searching for a new rat host for some 

given time period, [25]. If they find a host and it is susceptible, then the 

rat becomes infected with a given probability. Thus, ( 3 r  is the transmission 

rate to rats and a is a measure of the searching efficiency of the fleas. Rats 

leave the infected class at a rate of rriR  and a fraction g F of these survive 

to become resistant; the remainder die and release their infected fleas back 

into the environment.

The flea population dynamics are modeled by the flea index N,  which 

is the average number of fleas living on a rat (each rat is assumed to have 

the same number of fleas) and the number of free infectious fleas F  that are 

searching for a new host,

The net reproduction rate of the fleas is given by rF with a carrying capacity 

of K f , while the death rate is dp.

In addition, Keeling and Gilligan describe the human aspect of the 

model. However, human population dynamics do not affect the number of 

new human cases since only pneumonic symptoms from the plague can be 

passed between humans. The potential for human cases is directly related 

to the number of infected fleas that fail to find a rat host and so choose a 

human as their next best option,

N  = rFN{  1 - £ )  + % F {  1 -  exp(—oTr)), 
F  =  (d,R + tyir(1 -  gR])lRN — dFF.

( 1 1 .2 )

Fi  -  F e x p ( - a T R). (11.3)
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The quan t i ty  o f  in te res t  T \  (labeled Ar  in [23]) represents the upper 

bound or the poten tia l  force of infection to humans.

Keeling and Gilligan use parameter values derived from experiments 

or field observations when possible and the remaining parameters are set 

within biologically realistic bounds. We list the reference values in Ta­

ble 11.1. Keeling and Gilligan make assertions about the behavior of the

Parameter Value Interpretation

Ml =  r R* 5/yr rat reproductive rate
M2 =P* 0.975 probability of rat resistance
M3 =  K r 2500/km 2 rat carrying capacity
M4 =  d R * 0.2/yr rat death rate
Ms =  Pr * 4.7/yr transmission rate
Me =  rr iR 20yr (infectious period)-1*IIt- 0.02 probability of recovery
p& — a 4 x l0 -3 flea searching efficiency
M9 =  I'F 20/yr flea reproductive rate
Mio =  d p * 10/yr flea death rate
Mu =  K f * 6.57 flea carrying capacity

Table 11.1: Reference values for the parameters. Values marked with an 
asterisk have been estimated from either laboratory experiments or field 
observations, see references in [23].

model (11.1)-(11.2) over a large generalized rectangle in the parameter space 

centered at the reference values.

Keeling and Gilligan use a stochastic model derived from (11.1)-(11.2) 

to describe a mechanism by which the plague can lay dormant for many 

years but then break out in an epidemic in the human population. A key 

part of their explanation depends on consideration of plots of T i  versus 

F  and Tr as well as plots of T i  and Ir / ttir versus time. These show that 

their model predicts that the highest potential for a human plague epidemic 

occurs after a major epizootic in the rat population, which leaves a large
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number of infected fleas looking for a host. This is discussed in terms of 

the reproductive ratio of the disease, R 0 — 1 3 (1 — exp (—aKp)).

11.1.2 Four Assertions

The analysis below addresses four assertions that Keeling and Gilligan 

make about the deterministic model (11.1)-(11.2). These assertions depend 

critically on an underlying claim about the sensitivity of the model with 

respect to the parameters. As a measure of sensitivity of an output variable 

V  at a fixed time T  with respect to a parameter A, Keeling and Gilligan

use

5 - l i m 1° g ( ^ ) -  M d V  ( n 4 )
log(A) VQi) d \ '  ( }

where fi is the reference value. This implies that

V(X) *  V(ix) Q )  , (11.5)

so, for example, when V  is proportional to A, the sensitivity is equal to 1.

The four assertions are

1. “From multiple simulations, we note that even when parameters are 

changed by a factor of two, the essential pattern of sensitivity ... 

remains, showing that S  =  is a robust measure of the effects

of parameter change.”

2. “Only K p , the carrying capacity of fleas per rat, has any effect (on 

and Ip /m p)  that is much stronger than linear, although, rp, 1 —p, Kp,  

and a all have effects on the number of rat or human cases that are 

close to linear.”

3. “... it is sufficient to consider whether results are robust to changes in 

the parameter a.”
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4. “The basic reproductive ratio of the disease, Rq, is related to the pa­

rameters via aK R in the following way: R 0 =  ^ ^ ( 1  — exp (—a K R)). 

From standard theory, rat epizootics can occur whenever Rq > 1, 

which corresponds to clK r  > 0.39. It can also be seen that a large 

human outbreak is possible whenever 0.5 < a K R < 20.”

A critical part of Keeling and Gilligan’s analysis of (11.1)-(11.2) leading 

to Assertions 1-4 depends on the underlying mathematical claim that the 

linearization of the model with respect to the parameters at the reference 

values describes the behavior of the model over a large region in parameter 

space. However, there is no a priori reason to believe that Taylor’s theorem 

can be used in this way. In this paper, we present some new analysis that 

shows that in fact this claim does not hold for (1 1 .1 )-(1 1 .2 ).

11.1.3 The Q uantity o f interest

Since the quantity of interest T i  is a nonlinear functional, we cannot 

use the representation formula directly. We note that

dXiFi = dXiF exp ( -a T )  -  aF exp  (~aT)dXlT,

for i 7  ̂ 8 , and so it suffices to find dXiF  and dXiT, which are linear functionals 

of the solution corresponding to data 'ipi — 5(t — T)(0,0,0, 0 ,1)T and =  

5(t — T)(  1 ,1 ,1 ,0 ,0)T. Since A8 =  a, a slight modification above gives dx%Fi.

To calculate these derivatives, we simultaneously integrate two adjoint 

solutions corresponding to f/q.2 , linearizing around the same forward solu­

tion.
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11.2 A nalysis o f  th e  M odel

Theorem 5.1.1 shows that the adjoint problem provides a relatively 

cheap way to compute the gradient of the quantity of interest with respect 

to parameter at each sample point. We use this gradient information in 

several ways.

• We find a relatively small rectangle in parameter space over which 

the linearization at the reference value provides a reasonably accurate 

description of the behavior of the model.

• We construct a piecewise constant approximation of the quantity of 

interest over a large region in parameter space that is close in size to 

the region over which Keeling and Gilligan want to draw conclusions 

about the model behavior.

• We implement a method of steepest ascent and descent to find local 

extrema in a large region in parameter space.

From these computations, we can draw several conclusions about the model 

sensitivity and re-examine the validity of the Assertions 1-4.

We make some initial observations. First, Keeling and Gilligan state 

that their conclusions about the model behavior hold for a region over which 

parameter values change by a factor of two. This is somewhat imprecise, 

especially given that several parameters should remain strictly positive. 

Instead, we consider a large rectangle 7Zi  with sides [//»/2, 3 fa /2] for each i 

(if either end point goes past a physical bound, we use the physical bound 

instead). Even a region of that size allows a wide range of behaviors, see 

Fig. 11.1. Second, T i  depends on the final time T  for which the model is
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Figure 11.1: Plots of the time behavior of the quantities of interest and 
Ir / w r - The results on the left are for the reference parameter values, with 
a =  .004. The results in the middle use parameter values from an “upper” 
boundary of the larger rectangle 7Zl with sides [/q/2,3/q/2], with a =  .006 
and p — 1.0. This demonstrates the wide range of behavior found in a 
region that size. The plot on the right are for parameter values in one 
corner of a smaller rectangle 7Zs centered at the reference value with sides 
[31^/32,33/^/32], with a = .004125.

solved. Keeling and Gilligan use T  =  100. However, the deterministic model 

is actually used to construct a stochastic model that, as stated explicitly 

by Keeling and Gilligan, does not have the same long time behavior as the 

deterministic model. Indeed, it is the transient behavior of the deterministic 

model that is relevant to the stochastic model derived by the standard 

process. Therefore, we use a smaller time T  = 10 for the analysis of model 

sensitivity. This affects the conclusions quantitatively but not qualitatively.

11.2.1 Linearization at the Reference Value

Sufficient sampling of T i  shows that the linearization at the refer­

ence values p, does not describe the behavior of the model over the large 

rectangle 7Z l - For example, if we use a uniform distribution on 7Z l , the 

partial derivatives d!Fj/d\i  are centered at 0 for i =  4, 5, 6, 7 but have 

variances 210,3300,-19,49000 respectively, see Fig. 11.2. This has several 

implications. For example, varying more than one parameter simultane­

ously results in complicated behavior and JF/ depends nonlinearly on some 

parameters, see Fig. 11.3.
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Figure 11.2: Output distributions of dFi/dXi,  i =  4, 5, 6 , 7, for a uniform 
input distribution on 7Zl . Note the wide range of variance values, indicated 
above each plot
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Figure 11.3: On the left, we plot T i  versus A4 when A4 alone is varied and 
when both A4 and A7 are varied simultaneously. On the right, we plot T i  
versus As holding the other parameters fixed. Parameter values are taken 
from 7Zl -

To find a region over which the linearization at the reference value pro­

vides a reasonable approximation, we start with the large rectangle 1ZL and 

then successively refine it to obtain a sequence of smaller rectangles centered 

at the reference value. The criteria for the search is based on the observation 

that a linear transformation maps a normal input distribution to another 

normal distribution. On a given rectangle, we choose a normal distribution 

truncated to the rectangle (see [3] for details on the truncation) and then 

compute the corresponding output distribution of ^ 7  using a kernel density 

estimator based on a piecewise constant approximation computed using the 

new approach. If the output distribution is not approximately normal with

X 4 and vi ry

X .
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a reasonable variance, we refine the rectangle by halving the dimensions, 

and try again. Using a goal of achieving a variance with relative size 1, we 

stop the process after 16 iterations to obtain a smaller rectangle IZs with 

side lengths [31^/32,33^/32], We did not refine further because the vari­

ances for A2 and As remain significantly large despite further reductions. 

Sampling on 71$ demonstrates that the time behavior of the quantities of 

interest T i  and Ir I vur is the same over 7Zs, see Fig. 11.1.

11.2.2 A daptive Sampling

The computation of the FAPS adaptive piecewise constant approxima­

tion itself is quite revealing in terms of the model sensitivity. For example, 

recall that at each step we refine by adding two new sample points in the 

parameter direction in which the partial derivative of T i  is largest. The 

number of additional sample points added in each parameter is an indica­

tion of the sensitivity of JFj with respect to that parameter. In Fig. 11.4, 

we plot the value of each parameter at the center of each division in FAPS 

against the number of samples used to create the piecewise constant ap­

proximation at each iteration. This shows that T i  is highly sensitive to 

parameters Ai, A 3 ,  A 5 ,  A 1 0 ,  and An and not very sensitive to A 2 ,  A 4 ,  A g ,  A 7 ,  A s ,  

and Ag on the larger rectangle 7Zl - We emphasize that the same conclusion 

can be made from a FAPS computation with just 50 sample points.

To compare the convergence rate of the FAPS algorithm to the prop­

erties of Monte-Carlo simulations, we use the Kolmogorov-Smirnov (K-S) 

statistic, Dn{u>) =  ||Fn(x,u>) — F (x )||00, which measures the supremum of 

the error of an approximate distribution function Fn(x) ~  F{x). In this 

case, we approximate the errors by using a very accurate approximation to
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Figure 11.4: Plots of the FAPS sampling. The vertical axes are the pa­
rameter values and the horizontal axes are the number of points used in 
FAPS.

the unknown F ( x ) computing using an extremely large Monte Carlo sim­

ulation as a “reference” value. In Fig. 11.5, we plot the K-S statistic for 

FAPS versus the number of sample points along with the error of the mean 

of several Monte Carlo samples using uniform random sampling along with 

the asymptotic upper bound on the error given by the Law of the Iter­

ated Logarithm, [14]. We also plot the individual errors of the Monte-Carlo 

simulations to show the effects of the possible variation in that approach.

We are interested in the convergence rate of FAPS mainly for a small 

number of sample points and, in this regime, we see that FAPS converges at 

the same rate as the average Monte-Carlo computations and the theoretical 

bound. Restricting the addition of sample points to the directions with the 

largest derivatives leads to the staircase appearance of the plots and the 

leveling out of the statistic for moderate sample sizes. In [13], we combine 

the derivative information in Theorem 5.1.1 with the standard techniques
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Figure 11.5: Plots of the K-S statistic. On the left, we plot the results 
for FAPS, along with the upper bound given by the Law of the Iterated 
Logarithm and the mean of several Monte Carlo samples. In the middle, 
we plot the individual K-S statistic for the Monte-Carlo computations. On 
the right, we plot the K-S statistic for FAPS where A2, A4, A6, A 7 ,  A8, and A9 
are held fixed at the reference value.

for increasing the efficiency of the Monte-Carlo method called stratified 

sampling and control variates and obtain significant improvements that 

also avoid the inherent biases of a deterministic sampling scheme.

In Fig. 11.5, we also plot the K-S statistic for FAPS when A2, A4, A6, A 7 ,  A8, 

and A9 are held fixed at the reference value. This confirms the observation 

from Fig. 11.4 that the is sensitive to the parameters A4, A3, A5, A10, and 

An, and we can safely reduce the dimension of the model by considering 

variations in these parameters alone.

11.2.3 Finding Extrem a in Param eter Space

As part of predicting human epidemics, Keeling and Gilligan examine 

the quantity of interest R 0 at extreme values of a and K r  while keeping 

the other parameters fixed at the reference value. There is only a very 

narrow window, .39 < ciK r  < .5, for which the plague can affect the rat 

population significantly without causing a human epidemic. Their approach 

is reasonable if the model is insensitive to parameter changes, as claimed 

by Keeling and Gilligan, given that the partial derivative of the quantity of 

interest is very large with respect to A8 =  a at the reference value. However,
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we have seen that the model does depend on five parameters and moreover 

is sensitive to simultaneous parameter changes.

A natural extension of Keeling and Gilligan’s idea is to implement 

a method of steepest ascent and descent to search for local extrema in 

parameter space. Recall that the gradient at a point gives the direction 

of the steepest increase and decrease for the function. Starting at a point, 

we can take a small step in the direction of the gradient (or minus the 

gradient) and recompute new values before stepping again. In this way, we 

create a path of linked sample points along which we search for an extremal 

value (where the gradient is zero) or for a point where the path leaves the 

rectangle. See [3] for details on implementation.

There are two ways to use this approach. First, we can take the refer­

ence value as the starting point and following the corresponding trajectory 

on both the smaller rectangle IZs and on a larger rectangle 7Zl with side 

lengths \ni/2, Keeling and Gilligan’s claim amounts to stating that the 

trajectory should leave the larger rectangle along the Ag = a axis. Second, 

we can choose some points near to the reference value and follow those tra­

jectories to see if they stay close to the reference trajectory for all sample 

points. We choose five additional points.

On the smaller rectangle I Z s ,  the trajectories corresponding to all six 

starting points and following the gradient (the direction of steepest ascent) 

exit the rectangle on the As face. In that sense, Keeling and Gilligan’s 

conclusion is correct. However, the exit points vary greatly over this face as 

the trajectories do not remain close and variations in the other parameters 

do have an important effect. On the larger rectangle TZl , the trajectory 

corresponding to the reference value and following the gradient leaves the
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larger rectangle TZl  on the lower face for A7, A7 =  .1 , and the upper face for 

A2, A2 =  1, though at a wide range of points. Interestingly, the trajectories 

corresponding to the five additional points all reach local minima inside the 

rectangle, again at different points. On the other hand, all of the trajectories 

corresponding to following the gradient leave on the A2 face of the larger 

rectangle, though at six different points.

11.3 Conclusions

We begin by addressing Keeling and Gilligan’s Assertions 1-4.

1. Regarding Assertion 1, the linearization at the reference values simply 

does not accurately represent the behavior of the nonlinear model over 

the large rectangle TZ l - In particular, there is enormous variance in 

the sensitivity on TZl , simultaneously varying multiple parameters 

on TZl  leads to unpredictable results, and there are some definite 

nonlinear dependencies. The linearization at the reference value does 

accurately represent the behavior of the model over a much smaller 

rectangle TZs-

2. Regarding Assertion 2, we find that the quantity of interest TFi is most 

sensitive to variations in parameters Ai =  t r ,  A3 =  K r ,  A5 =  ( 3 r ,  

A10 =  dp, and An =  K F in contrast to the findings of Keeling and 

Gilligan, which predict the most sensitive dependence on Xx = vr, 
A2 =  P, A3 =  K r , A8 =  a, and An =  K P.

3. Regarding Assertion 3, we cannot faithfully predict the behavior of 

the model by fixing all the parameters except for a at the reference 

values and considering the effect of varying a on even the smallest
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rectangle IZs• Moreover, there is no apparent correlation between the 

direction of the gradient at the reference point and nearby points and 

the location of extremal values along paths given by the method of 

steepest ascent and descent.

4. Regarding Assertion 4, when predicting the behavior of the model for 

values of c lK r , we have to consider the range for the other parameter 

values.

We want to emphasize that these observations do not necessarily con­

tradict the scientific conclusions of Keeling and Gilligan in [23] because the 

main results are based on the properties of a stochastic model derived from 

(11.1)-(11.2). The stochastic and deterministic models certainly have dif­

ferent behavior, and, in fact, the connection between their behaviors is not 

clear at all. On the other hand, it is also clear that the dependence of non­

linear models like (11.1)-(11.2), even when composed of well understood 

mechanisms, can exhibit complicated nonlinear sensitivity to parameters 

that are not predictable from linearization at a single point in parameter 

space. Keeling and Gilligan’s assertions about the model are reasonable 

on a relatively small region in parameter space surrounding the reference 

value. The scientific question is whether or not this region is sufficiently 

large, i.e., that the behavior of the model with respect to parameters is 

sufficiently robust, to have practical meaning.

When analyzing the sensitivity of a model with respect to parameters, 

the ability to compute gradient information at sample points is invaluable. 

We have demonstrated that the new approach based on the adjoint prob­

lem, variational analysis, and the generalized Green’s function encapsulated
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by Theorem  5.1.1 provides a very efficient way to  com pute gradient infor­

m ation. In turn, th is provides several powerful tools for investigating model 

sensitivity.
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C hapter 12

APPLICATION TO TIME DEPENDENT  
RANDOMNESS

We explore the use of the methods outlined above to the case of a 

differential equation involving a stochastic process as a coefficient. We begin 

with some background material on stochastic processes and their spectral 

expansion, the K-L expansion.

12.1 Stochastic processes

The problems described previously were concerned with some quantity 

involving a d dimensional random vector. However, many problems with 

uncertainty involve infinite dimensional random vectors, which are called 

stochastic processes or fields. In particular, consider the differential equa­

tion
(x ( t )  = f(x ( t ) ; ( ( t ) ) ,  0 < t < T  
\x (0 )  =  * 0 ,

where the coefficient (,(t),t e  [0, T] is random at each instance in time. Such 

a coefficient is called a stochastic process, and is an infinite dimensional 

analogue to a random vector.

In its most general form, a stochastic process [Xt, t € T] is a collection 

of random variables indexed by (any) set T. Such processes are generally

147

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



characterized by their finite dimensional distributions (fidis for short), which 

are the measures formed by

for Borel sets A  in M*.

Under certain consistency conditions Kolmogorov’s extistence theorem 

guarantees there is a process with the given fidis. The case T  =  [0, oo) is 

used to talk about processes which are random in time, but in Kolmogorov’s 

theorem the space T  can just as well be a spatial field, such as some subset 

of R„, in which case we refer to the stochastic process as a random field.

12.2 Karhunen-Loeve Expansion

If a stochastic process, ((t) — £(t,u>), has measurable paths, finite 

second moments (E[((t)2] < oo), and is mean square continuous, i.e., 

£[|C(t) — C(to)\2} —* 0 as t —> to, then its covariance function =

•E,[C(U)C(^)] is a continuous, symmetric, non-negative definite kernel in the 

square [0, T] x [0,T]. The integral operator

TU2

is thus compact and self adjoint, admitting a sequence of eigenvalues An 

which decay to zero and a corresponding set of orthonormal eigenfunctions, 

4>n(t). By Mercer’s theorm, B ( t , s ) =
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Setting £n(u/) =  ((s,  u>)</>n(s) ds, and using Fubini’s theorem, we

have

=  E I dt ds
. J o  J o

= [  f  B(t,s)4>n(t)(prn(s )d tds  =  f  0m(s)7 > n(s)ds 
Jo Jo Jo

I 4>'m(s)4>n(s') ds 
Jo

i.e., are orthonormal random variables with variance An. 

Further,

E[((t)£n}=  /  B(t,s)(j)n(s)ds = Xn(l>n(t), 
Jo

and so

E
i— 1

CW - E& ^)

B(t, t ) - 2 j 2  Mt)E[cm) + E x ^ 2
i= 1

n

=  5 ( t ,  t)  -  E  X n<i>i{t)2 - »  0,

i= l

i= l

as n —> oo. In fact, the convergence is uniform in t [19].

Thus the stochastic process £(t,u)) admits a “spectral” representation, 

the Karhunen-Loeve (K-L) expansion,

OO
C(t ,u)  = E

1 = 1

Therefore, a natural finite dimensional approximation to the process is

p

C(*,w) =  E &(“ )&(*)•
1 = 1
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The new approximate problem is then

f x(t)  =  f(x(t)]  C(t)) =  f ( x ( t ) ,  f; £), 0 < t < T  
|a:(0) =  *o,

where £ =  (£i , . . . ,  £p) is a p-dimensional random vector representing the 

coefficients in the K-L expansion. The problem is no longer autonomous, 

since the cpi(t) are part of the / ,  but by adding a single dimension to the 

vector field, we can make the system autonomous, and the approximate 

problem then is of the form we have discussed previously.

Figure 12.1: Approximation of Brownian Motion by a truncated K-L expan­
sion, for n  =  2,10, 20, 50, and 250 terms.

12.3 Exam ple problem

We investigate the problem

(x(t) = ( \ 0 + aB{t,uj))x(t), 0 < t < T  
|x (0 )  =  x0,

where the process B(t,co) is Brownian Motion. This is a process that starts 

at 0, and is characterized by independent, normally distributed increments, 

with expected value 0, and variance equal to the length of the increment. 

W ithout loss of generality it is possible to assume that almost every path
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Figure 12.2: Left: 40 sample paths of Brownian Motion. Right: 40 samples 
paths of the truncated K-L expansion for n = 50.

of Brownian Motion is continuous, and so the system (12.1) has classical 

(continously differentiable) solutions.

The correlation function for Brownian Motion is B (t,s )  = min(f, s), 

and so the eigenfunctions in the K-L expansion satisfy

Since all paths start at 0, we must have </>„(0) =  0. Differentiating above, 

we have

so that <p'niT ) =  0. Differentiating again, we find A„^"(t) =  -f>n{t). This 

equation along with the boundary conditions has (normalized) solutions

n=0

where £„(/.) are independent Gaussian random variables with zero mean and 

variance An (this follows from the integral representation of f n). Truncating

T<i>n{t) = /  min(t, s)4>n(s) ds =  /s(j)n(s )d s+  / t<pn(s) ds =  A„0„(t) 
Jo  Jo J t

n  =  0 , 1 , . . .

Thus Brownian Motion has the expansion
O O

B(i, w) = ^  X] sin ((n + 2) ft)
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this series to p terms, and letting x 2 = t, the approximate problem for (12.1) 

becomes,

' X i  =  A 0 X i  +  CT & M < f o ( x 2 )  X i ,

>  =  1' ° £ f 5 T  (12.2)
Xl(0) =  X q ,

M O )  =  0.

Figure 12.3: Typical solution trajectories for equation (12.1), with A0 =
0.3, a = 0.1, xq =  1.

We compute solutions to the approximate problem, and solve the asso­

ciated adjoint problem to obtain the sensitivities to the paramters. We try 

to approximate the solution, x(5). As a reference solution, we approximate 

Brownian Motion on a very fine grid by accumulating normally distributed 

random variables with variance \ fK t,  and solve the differential equation 

numerically on the same grid. Solving for a sample of the distribution of £ 

gives a reference distribution for x ( 5 , cj ) .  A  FAPS with a small number of 

modes (Fig. 12.4) captures the density quite well.
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0 6 10 15 20 25 30 35 40 45 50

Figure 12.4: FAPS approximation for x(5 ,w), with all the same parameters 
as in (Fig. 12.3) except p = 5, and 47 samples.
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C hapter 13

INVERSE PARAMETER RANGE 
SELECTION

13.1 Introduction

In this chapter we address the problem of controlling the variance of 

the output in a model, given uncertatin input parameters. Since the input 

parameters can rarely be determined exactly, there is a range of possible 

output values. If this output range is too large, it is hard to obtain any­

thing useful from a model, i.e. “anything is possible” . Therefore, we pose 

the problem of prescribing a tolerance on the output variation for a given 

quantity of interest. We develop technique which may be used by a prac- 

tioner to determine how the input parameter variances may be restricted to 

achieve a desired output variance. Such information could be used to guide 

the optimal placement of field measurements for certain input parameters.

13.2 One Point Solution

We first attem pt to answer this question by using a one point ap­

proximation q{A) ~  q(A) =  g(/x) +  V<?(/x)(A — ^), at the mean param­

eter n. A simple calculation shows that var[g(A)] =  \ /q J C V q ,  where 

C =  E[(X — / J t ) T  (A — pi)] is the covariance matrix for A. For the sake of 

calculation it is useful to weaken the goal of guaranteeing the quantity of
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interest is within certain bounds to guaranteeing this condition with a high 

confidence, i.e.

P ( $ ( A ) e M ) > l - e .  (13.1)

For instance, if A ~  q is N (q(fi) ,a2), with a 1 =  V qTCVq).

Choosing the interval [a, 6] to be q(n) ±  8, to satisfy (13.1), we solve for a 

in

P  (q £ [a, b]) = 1 -  2P  (q < a) =  - e r f  ~  1 ~  e’

to obtain the maximum allowed variance, a 2. Since a2 = . d^q d ^q  Qj,

and since the partial derivatives are fixed, we reduce each of the cy . To 

obtain a desired a 2, we assure that |cjj| < N\df qdx | , where N  is the number 

of nonzero Cjj. Thus, the allowed variance of the input parameter A is 

prescribed.

13.3 M ulti Point Case

The preceeding technique is limited by the accuracy of the linearization. 

To complement this technique for functions with worse nonlinearities, or for 

distributions with support large enough so that linearization is not accurate 

over the entire parameter range, we write

var(g) = E  [(q — q f]

= 5Z /  ~ <?)2 d^ ( 2) = I  - V i  +  Q i -  q ) 2 d f i x ( z )
i JRi  i J Ri

< 2 W  (q(z ) ~ qi)2 dv \ ( z ) + [  (qi - q))2 d^ ( z )

= 1 + 11,

where q — E[q], and qi =  g(/xj.
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The first term is similar to the one point case but applied at each point. 

It may be approximated by

measures the local variation in the probability measure.

The second term is something new, measure the extent of the range 

of q over the input distribution. For a nonlinear function each of these 

factors contributes to the variance, and they may operate independently, 

in contrast to the linear case where steep gradients and large ranges are 

directly tied together.

To control the output variance in this case both I  and I I  must be 

corrected.

where the matrix
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C hapter 14

SUMMARY AND FUTURE RESEARCH

This dissertation presents a suite of new methods for analyzing param­

eter uncertainty in deterministic nonlinear systems of differential equations. 

Some of the highlights of this research are presented here, with emphasis 

on the scientific impact of the techniques.

14.1 Summary

The first part of this dissertation provides an introduction to the stan­

dard technique for uncertainty analysis, the Monte-Carlo method. A com­

prehensive discussion of the common variance reduction techniques are pre­

sented, with a number of examples demonstrating their impact.

A detailed introduction to the adjoint provides a basis for the varia­

tional arguments that follow. This chapter brings together material from 

PDE theory, Functional Analysis, and Finite Element theory into a com­

prehensive framework. Bringing these various pieces into a single chapter is 

an education accomplishment, since the material often spans several text­

books, in different fields.

The representation theorems and perturbation results provide a means 

for researchers to calculate sensitivities to various quantities of interest.
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These theorems could be used in data assimilation, and optimization, in 

addition to the uses in this dissertation.

The HOPS, RAPS, and FAPS methods are introduced as new methods 

for parameter sampling, which have shown (in the examples) to be very effi­

cient ways to explore uncertainty. The response surfaces q(A) could be used 

for further explorations of the model behavior under parameter variation. 

Recovering the distribution of q(A) was the particular application explored 

in this dissertation. The HOPS method is demonstrated to be an extremely 

effecient method for a moderate number of parameters. The RAPS method 

is demonstrated to work mainly through the efficiency of the FAPS method, 

which is shown to compete with the “Curse of Dimensionality” by searching 

through parameter space only in directions of interest. This procedure also 

provides information on the relative sensitivities for each parameter, often 

leading to evidence for dimension reduction.

The brief introduction to the inverse problem could lead to very fruit­

ful future work. This method could provide a way to “map” sensitivities 

throughout parameter space. Such information could help scientists make 

better parameter measurements in areas which contribute more to the un­

certainty, possibly leading to great savings.

This work has been interdisciplinary, combining pure mathematics, nu­

merical methods, computer science, statistics and ecology. In particular, 

combining the use of the generalized Green’s function with a statistical 

sampling method is a very new idea. The particular application of these 

techniques to the plague model represents an exploration involving all of 

the disciplines above. It is the authors hope that the techniques will be 

used in many fields using differential equations.
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A ppendix A

SOFTWARE AND NUMERICS

In this appendix we collect implementation details for the various re­

sults used in this paper.

A .l Parallel M onte-Carlo

The larger Monte-Carlo simulations in this project, especially those 

involving PD E’s, were run on the Math Department’s 64-processor linux 

cluster.

The parallelization of a large Monte-Carlo is relatively trivial, since 

each process is entirely independent of the other, and no effort must be 

made to communicate between the processes. We use MPI to run a process 

on each machine, gathering the results from time to time in a single process 

to save them on disk.

One must take care when generating the independent random numbers 

needed by the Monte-Carlo. Each process cannot call the C-library random 

number generator, because 1) if they use the same seed they get the same 

numbers, or 2) if they use different seeds they get different sequences which 

are not guaranteed to be component-wise independent. To deal with this, 

we generate a suitable sequence of random numbers in advance (using Mat- 

lab), and have each process load this file of numbers, using a specific “run”
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of the numbers that is calculated based on the number of processors and 

number of computations each processor is to do.

A .2 FAPS code

The FAPS algorithm uses a set of C + +  classes to grid the parameter 

space and adaptively sample.

A .2.1 Cell

The most fundamental class implements a generalized rectangle. Two 

vectors are stored, one for the “upper” corner, u, and one for the “lower” 

corner, I, so that the rectangle is exactly

R  = {Vtcj /i <  xi  < tti, l2 < x 2 < u2, ■ ■ ., k  < x d < u d}.

At a particular stage in the adaptive algorithm, a list, T, of current 

rectangles (cells) is stored in an STL vector class, sorted in descending or­

der by the appropriate a-posteriori error estimate. Some number of the 

rectangles with the largest error are selected for sampling, and each is di­

vided into three cells (as described above), simply by forming the three 

rectangles,

Ri = {Vx| h  < xi  < ui, l2 < x 2 < u2, . • •,

li ^  Xi +  g(^i li) ̂ Id ^  Xd <C Ud} >

R m -  {Vx| k  < x i  < ui, l2 < x 2 < u2, . . . ,

li +  T g(^i li)ild — ^ ^d})

R r = {Vx| h  < xi  < ui,  l2 < x 2 < u2, . . . ,
2

h +  g(“ i -  h) < X i <  Ui, < x d < ud},
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where the i th dimension is chosen for refinement.

On each of the new cells Ri, R r, a new computation is started by open­

ing a pipe to the program responsible for calculation q,Vq. When the 

results are obtained, the cell object uses this data to compute the error 

contribution by calling up a distribution object (described below) to inte­

grate the error estimates over the cell. The new cells are then added to the 

list T in sorted order, starting from the beginning of T.

A .2.2 D istributions

In order to support different input parameter distributions, we use 

polymorphism. In C + +  this means we define an abstract distribution class, 

with the all the necessary interface functions declared virtual. For each 

different distribution object, we write a derived class, in which we implement 

the necessary capabilities to provide the interface for the given distribution. 

This approach allows the algorithm code (code using distribution objects) 

to operate on a number of different distributions without special hooks or 

cases for each different type. If also makes adding new distribution very 

easy, since the algorithm is isolated from the implmentation of the new 

object.

The main task required is the ability to integrate a (user provided) 

function over a given rectangle. Each distribution provides an integration 

routine that calls the user’s function at some quadrature points, weights 

this integral according to the appropriate measure, and returns the value.

For some of the advanced algorithms, the distribution is required to 

return samples consistent with conditioning on a given rectangle. This is 

done by using an accept-reject method, bounding the density of the distri-
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bution on the rectangle, and using this as the bound in the accept-reject 

algorithm.

Each of the objects below assumes independent components. Most of 

the integrals required by FAPS thus reduce to iterated integrals along each 

dimension.

Uniform  distribution

This is the simplest to implement. The distribution must be supported 

on an initial rectangle, which the user provides. The integrations reduce to 

standard quadrature rules.

D ata set distribution

The user may provide a data set, which induces the measure with a jjd 

concentrated at each data point. To integrate over a given rectangle, the 

object finds the points contained in the rectangle, evaluates the function at 

those points, sums, and multiplies by T.

Truncated normal distributions

Given the normal random variable A, we form the truncated random 

variable A with support B  by conditioning A on [A £ Bj.

The resulting density for A may be expressed in terms of the density

and x b  is the indicator function of B.

In the case that A is comprised of independent components, and B  = 

\p-i ~  0.5iUj, fii +  0.5W,],

for A,

f \ (*) =  ^ / a ( * ) x b ( * ) ,

where

C  =  /  f x d x  =  ] J  
J B  7-_ i  Ji = l  Jm-O-Swi

' / i t + 0 . 5 t O j
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where Pi,<7j are the parameters for the i th component, A *, of A.

Figure A.l: Plots of F(ai) for = 0.5, 2,10, 20. Newton’s method performs 
very poorly for these functions when the initial guess is not close to the root, 
so a Quasi-Newton’s method is used with stepsize control.

The code allows the user to specify the means, the widths, and a mass 

parameter 0 < a  < 1. The software solves for the appropriate standard 

deviations cr* so that
plii+0.5w{
/ f Xi dx =  a.

J fii-0.5wi

A value of a  near 1 guarantees that most of the mass of the bell curve is in 

the over the finite interval which supports f \ .  We solve for this parameter 

by posing the fixed point problems

CHi+Q.5wi/*/-Q t U.otAJj

F f a )  = a -  f Xidx
J fii~0.5wi

Wi
=  Q +  e rf(^ 7 l ) = 0 ’

for i — 1, . . .  ,p  and solving using a Quasi-Newton method iteration

ffn+I _  W )
F'(*?y

This iteration behaves very poorly for bad a initial guess Fig. A .l, so we 

improve the performance by evaluating F  at each new point and setting
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crf+1 =  erf +  |(erf — crf+1) when |F(crf+1)| > |F(crf)| (indicating no im­

provement has been made). We also use the fact that er* > 0, by setting 

crf+1 =  0.5crf whenver the standard Newton iteration yields a negative crf+1.

A .3 Solving the O D E’s

The ODE’s in this paper are solved with a C + +  integrator object, 

which operates very much like M atlab’s ODE45. The user provides a C 

function that returns the derivatives given the current state vector and 

parameters. The integrator can perform a variety of time stepping algo­

rithms, and the one used for the examples is the Runge-Kutta fourth-order 

algorithm, which solves the ODE,

[ x  =  f ( x , t ) ,

| x ( f 0) =  X0,

by the update algorithm,

fci =  f ( X n, tn)

^2 =  f ( X n +  y ) tn +  2 ) 

=  f ( X n +  y , tn +  ~ )  

^4 =  f { X n +  &3, tn +  h)

The truncation error (per step) is 0 ( h 5), and so the error |X ( t n) — x (tn)|, 

where x  represents the true solution, is of order h4.

Extensive use of Maple was made to code the vector fields, D xf ,  and 

Duf .  The vector field f  is input, and each of these matrices is formed by 

symbolically differentiating the vector field and automatically generating 

C code with the CodeGen package. It is the author’s experience that this
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approach saves a tremendous amount of time in debugging, since it avoids 

the possibility of typo’s, except at the single point of entering the vector 

field.

A .4 Solving the P D E ’s w ith  D FE

The partial differential equations were solved with the author’s finite 

element code DFE (David’s Finite Element), a C + +  finite element code. 

This code implements a subspace of linear (or quadratic) piecewise contin­

uous polynomials, on a triangulation, 7^, of the region Q. This subspace, 

14 C /irl(n )m, and the numerical method employed by the code, to solve 

the system (5.8), is to find for each time tn a function U n € 14 such that

(dtU n,v ) L2 +  (a V t/n, V v )l2 = ( f ( U n- u  X ) ,v )L2y v  e  v h,

where BtUn =  k~1(U n — £/„_i) is the backward Euler difference operator.

Expanding U n in terms of a finite dimensional basis =  1, . . . ,  Mh, 

with coefficients otn, this leads to a system of algebraic equations,

B a n +  k A e t n — B a n_i +  k b n .

In DFE, this matrix equation is solved using an iterative scheme, 

namely the conjugate gradient method.

This method of discretization uses the finite element method to handle 

the spacial derivatives, and the finite difference method in time. It may be 

shown [24] that for a suitable family of triangulations 7^, and given certain 

conditions on F ,  that

||U n — 11(4)142 < Cih2 +  C2A:,
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where u  is the true solution of (5.8), and the constants, C \ ^  are indepen­

dent of h and k. The parameter k is the time step, and h = maxKerh diam(K’) 

is a measure of the fineness of the spatial discretization. This result says 

that by refining the mesh in space and simultaneously reducing the time 

step, the numerical solution converges to the true solution.

A .5 D ensity  P lo ts

At the end of the RAPS and FAPS procedures, the piecewise con­

stant function q(A) leads immediately to an approximation of F q ( x )  — 

£q(A )<x  Ma(-Rj)- At the end of the HOPS procedure, the piecewise linear 

function q(A) may either be converted to a piecewise constant by applying 

the FAPS procedure to this linear approximation, or be converted into a 

sample of points by applying q to a sample of points from A. In any case, 

the function

Fg(x ) =  {Number of points < x}

naturally approximates Fq.

In general, depending on and the differential equation, we expect 

q(u>) to have a density function f q(x), and since plots of a density are more 

illuminating than plots of a cumulative distribution (compare Fig. 9.3 to 

Fig. 9.4), we usually approximate the density. However, the cumulative 

distribution functions created by the FAPS and HOPS algorithms are not 

differentiable, and so these approximating distributions do not have associ­

ated densities.

To approximate f q, we take any density k(x), define k^(x) = k(x / ( ) / ( ,  

K ( ~  f-ook<:(x ) d x> and

/
O O

K ( (x -  y)dFg(y).
-O O
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This gives an approximation K^ * Fg to Fq that is differentiable and 

(K< » F,)'(x)  =  k( » Ff (x) =

J  h ( x ~ v ) AFi(y) = ^ ' F k ( ~ — Pi (fl i )

in the case Fq is computed from the piecewise constant approximation, or

when the cumulative distribution function is constructed from a data set of 

N  points. A typical choice of k is the standard N (0 ,1) density function. 

As £ —> 0 and Fq —» Fg, formally

|K< * F,(x) -  Fq(x)\ =

/ oo poo
(.Fq{x - y ) -  Fq(x -  y)) kc(y) dy +  {Fq{x -  y) -  Fq(x)) k( {y) dy

■OO J —OO
-*• 0 +  S(y -  0) (Fq(x - y ) -  F(x)) = 0,

and so K q * Fg is a differentiable cumulative distribution function that ap­

proximates Fq. Choosing the “bandwidth” parameter (  is somewhat subjec­

tive, and is a balance between increasing the variance of the approximating 

density on the one hand, or the bias on the other [28].

A .6 Com puting Error Integrals for FAPS

The FAPS method requires the evaluation of the errors (8.1) with 

respect to the measure ji\. There are at least two ways to do this, depending 

on how the distribution of A is represented numerically.

In the first method a list of M  data points representing the distribution 

of A (a sample) is read in. The measure y,\ is approximated by the discrete 

measure that assigns

H\(A) =  -^(N um ber of points in A).
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The approximate error then becomes

£5 “ j E  - m*)I.
ZjSRi

where the Zj — ( z j , . . . ,  z f)T are the points from the sample that lie in R t.

If instead we choose to represent the distribution analytically, where 

the distribution has a density p \(z ) ,  the integral becomes

=  [  I ~  P i ) \P *(z ) d z >
JRr

which may be computed using standard quadrature rules. In the special 

case that the components of A are independent, then the density may be 

factored p\{z)  =  n f= i P \ i zl) and so the error becomes

£i l  = [  -  Pi)p\i{zx)---p \p(zd) dz
J  Ri

=  \ a , i g ( p i ) ( z k - p ) \ P, i ( z t ) 4 z t
o J r*=

where is the interval along the k th side of Ri  and b =  f Rk p \k dzk. This 

integral for large d is much simpler to compute, since it involves only two 

1-dimensional integrals as opposed to an integral over M.d. In particular, 

the curse of dimensionality is avoided in this case.

For a density with non-independent components, we propose the use 

of a transformation T, writing q(A)  =  q o T ~ l o T (A ) ,  where the random 

variable u  =  T(A) has independent components. Setting qx =  q o T _1, 

we proceed as above. Such transforms are often available; the Rosenblatt 

transform, for example, may be used to transform a multivariate-Gaussian 

into a collection of i.i.d uniform variables [31].
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A .7 C om putation o f Gradients

In practice, we want to numerically approximate the derivative in (5.7) 

and apply the derivative to points A — p,. It is necessary to rewrite the 

integral (second) term in the derivative, since we wish to avoid calculating 

an integral for many points in the distribution of A. We may rewrite the 

derivative with respect to the A i  as

?(£)[•] = ([‘I- f  D\if(v, £ i)T0ds),
J o

so that we do not have to integrate random variables to calculate the deriva­

tive. Rather, we calculate the derivative and perform a dot product.

We also note that for i < p,

n

dxMf i )  =  d \ q ( p ) e i  =  Y ]  /  dXif j { y ,  f i j f a d s ,  (A. l )
j=i Jo

where /  — (/i, • • •, / n)T and <p = (cpi , . . . ,  (pn)T • Once we have numerically 

solved for y  and <p, the integrals may be computed on the time grid by any 

quadrature rule. For instance, if we solve the forward and adjoint problems 

on the mesh to =  0 < ti < • • • < tm = T,

J o
m- 1 ^

2^dXi ĵ ŷ ^ k+1 ’̂ i* + fii)4>j{tk))(tj+i -  tj) (A.2)
k=0

is the trapezoidal rule.

A .8 D etails for com puting the adjoint solution

There are a few details about solving the adjoint problem worth men­

tion. The adjoint as posed in (5.3) is given as a final value problem, so to

172

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



solve this numerically we first make this a forward time problem by setting 

<&(£) =  0 (T  — t). Then $  solves the forward problem

f * ( i)  -  A (T  -  t)T9 ( t)  = 0 < t < T,
1 * (0 ) =  0 I

In the particular case that -0(f) =  S(t — to)ei,t0 < T, where e* is the 

the ith standard basis vector, we have the following result,

C laim  2. //<& solves

' $ (f) -  A t (T -  t)&(t) =  0, T  -  t0 < t < T,
${t)  =  0, 0 < t < T  -  t0,
€>(T — t0) =  Ci,

then the representation (5.4) holds for  0(f) =  $ (T  — t).

Note that from the argument leading to the representation (5.4) shows 

that the result is true if we can prove

(u(0), 0(0)) +  [  (v -  Av,<f))ds = {v(t0),ei) =Vi(t0)
Jo

for any v  € C^O, T]. Now

p T  p t o - e  p T

/ (v — A v , 0) ds =  / (v — Av, 0) ds +  / (v — A v , 0) ds 
JO Jo J

pto + t

+  / (v -  Av,(f>) ds = [(u(f0 -  e), 0(to -  e)) - ( « ( : ) , /  (?)))
J  t o - e

r to + t

+  [(v (T)i 0 (D )  — (^(^o +  e), 0(^o +  e))] +  I  (v — Av,  0) ds,
J t o - e

where we have integrated by parts where 0  is smooth, and used the fact 

that —0  — A T4> =  0 on these regions. Regularity of v  and 0  insure that

Pto + t
/ (v — Av, 0) ds

Jto-e
0 as e —» 0

I to—£
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(these properties actually depend on A  and the original differential equation, 

but are true for a large class of problems). Also, since <j>{T) — $(0) =  0 

and 0 (fo +  e) =  *&(T — t0 — e) =  0

[  (v -  Av, 4>) ds + (v(0), 0(0)) =  \im(v(t0 -  e), 0(*o -  e))
Jo  £^ °

=  lim(v(f0 -  e ),&(T -  t0 + e))
£—♦0

=  (v(t0),ei) = Vi(to), 

by the continuity of v  and right continuity of 4>.

In order to solve the adjoint problem, we solve (A.3) by setting the 

initial condition at t0 to e* and integrating forward in time. Effectively, we 

may assume that T  = to since $  =  0 between T  and to-
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