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ABSTRACT

COMPUTATIONAL MODELING OF PLASMA-ASSISTED SHOCK WAVE CONTROL

USING THE CARTESIAN CUT CELL METHOD

To control shock waves using plasma discharges, we have developed a numerical model focus-

ing on improving the accuracy and efficiency of simulating supersonic channel flow. Shock waves

are essential in high-speed air-breathing propulsion devices such as ramjets and scramjets. The

lack of turbomachinery means that shock waves compress air prior to combustion. The shocks

decelerate the high-speed flow, increasing static temperature and pressure, which is necessary for

efficient combustion. However, the advantage of simplicity (no moving parts) to achieve compres-

sion is counteracted by increased wave drag, total pressure losses, and flow separation inside the

engine. In this context, the generation of shock wave trains (a sequence of reflected oblique and

normal shocks propagating through the engine) must be appropriately managed and optimized to

reduce drag and enhance thrust.

To tackle these challenges, we use the APDL-CFD code to model a Ma=2.5 supersonic flow

over a 10-degree triangular wedge inside a straight channel. The wedge generates a shock wave

train that is typically encountered inside the isolator of a scramjet engine. These conditions are

indicative of conditions that are currently being tested in supersonic wind tunnels. The code solves

the compressible Navier-Stokes equations, incorporating advective and diffusive fluxes. The ad-

vective fluxes account for mass, momentum, and energy transport, while the diffusive fluxes cap-

ture viscous stresses and thermal conduction. This formulation includes viscous dissipation and

heat diffusion, ensuring accurate modeling of compressible flow behavior.

Furthermore, we enhance the APDL-CFD code with the Cartesian cut cell method, which al-

lows the representation of complex geometries on a Cartesian mesh. This research represents

geometries found in wind tunnel models and internal vehicle designs. Using the cut cell method,
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the model can capture flow caused by geometries that do not conform to a Cartesian mesh, like the

wedge that generates the oblique shock waves. This improves accuracy and significantly reduces

computational costs, allowing for lower grid resolutions on a Cartesian mesh. The cut cell method

is implemented to research the use of plasma actuators as an active control mechanism. The model

investigates how varying key parameters, such as the location and temperature of the plasma, affect

shock wave dynamics and the associated separation bubbles. Results show that the plasma kernel

alters the flow and provides an effective way to shift the position and reduce the intensity of the

shock waves inside the channel. The numerical simulations aim to optimize this control, show-

ing that shocks can be dynamically managed with the proper plasma parameters to enhance flow

stability and performance. The results demonstrate significant improvements in controlling shock

waves and flow separation when plasma actuators are employed, showing potential for their use in

high-speed propulsion systems such as scramjets. Moreover, incorporating the cut cell method has

optimized the APDL-CFD code, making it more efficient and better suited for running rapid test

simulations. The results can inform future experiments, such as those planned for the Colorado

State University (CSU) wind tunnel. Overall, the research offers valuable insights into active flow

control in supersonic and hypersonic vehicles for improving vehicle performance, efficiency, and

reliability.
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Chapter 1

Introduction

1.1 Motivation

Air-breathing propulsion refers to using the surrounding atmosphere as the oxidizer for the fuel.

The quintessential example of an air-breathing hypersonic vehicle with supersonic internal flow is a

scramjet (supersonic combustion ramjet) engine. These specialty engines get their name from their

combustion process, where supersonic air oxidizes the fuel in the combustor. Scramjets have been

shown to provide distinct advantages due to their increased range, higher speeds, faster response

time, and improved maneuverability. However, considerably more research is still required to

achieve the desired reliability for travel and launch applications, particularly when carrying humans

onboard. Regardless of the application, the current operating envelope limits scramjet operations.

Current high-speed air-breathing vehicles are typically launched at high speeds, using a rocket

booster or other aircraft, before the vehicle can ignite and operate. These limitations are driving

the development of new control strategies to improve the performance and reliability of hypersonic

propulsion systems so they can be used in a broader range of applications, including commercial

space travel and space exploration launch missions.

Scramjets differ from conventional jet engines because they have few moving parts, such as

compressors or turbines. Instead, the engine relies on the geometry of the inlet to compress the

air, which is then mixed with fuel and ignited to produce thrust. The air is compressed in the

inlet through a series of oblique shock waves central to the scramjet operation. The oblique shock

wave trains present challenges in both design and simulation. Accurately predicting the interaction

of these shock waves with the vehicle’s boundary layers is vital for determining performance,

stability, and overall engine operation. Despite these challenges, the potential benefits of scramjets,

such as increased efficiency and speed, make them an attractive option for in-atmosphere travel.
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Figure 1.1 illustrates the propulsion efficiency of various aerospace propulsion systems as a

function of flight Mach number. The plot highlights that there is no “one-size-fits-all” propul-

sion device for all flight regimes. At low Mach numbers (Ma < 2), turbojets are the most efficient

propulsion systems. They leverage atmospheric air and turbomachinery to generate thermal energy

through combustion, converted into thrust. However, as the Mach number increases, turbomachin-

ery becomes increasingly inefficient due to limitations in mechanical components and increased

drag losses. Beyond this regime, ramjets and scramjets become more effective since they have no

moving parts, relying on supersonic or hypersonic airflow to compress the incoming air for com-

bustion. Scramjets can achieve greater propulsion efficiency at even higher speeds than rockets,

particularly in the Mach 5-10 range, by efficiently utilizing atmospheric oxygen without needing

onboard oxidizers.

In summary, no propulsion technology suits the entire flight envelope. Therefore, the future of

aerospace propulsion lies in combined-cycle engines, which can seamlessly transition between dif-

ferent modes to maintain efficiency across various flight regimes—from subsonic to hypersonic and

even into space. Multi-mode propulsion concepts such as Turbine-Based Combined Cycle (TBCC)

and Rocket-Based Combined Cycle (RBCC) engines reflect this need for flexibility. TBCC sys-

tems use turbofans or turbojets at low speeds and switch to ramjet or scramjet modes at higher

speeds. At the same time, RBCC engines integrate air-breathing and rocket propulsion to operate

across atmospheric and space environments. These tradeoffs present unique challenges, particu-

larly in understanding and managing the complex interactions between high-speed flows and shock

waves across different flight regimes. In this context, Computational Fluid Dynamics (CFD) plays

a crucial role by providing a powerful tool for simulating complex flow fields, capturing intricate

interactions like shock-boundary layer interactions, and enabling detailed analysis that would be

difficult or impossible to achieve experimentally.
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Figure 1.1: Plot of the Mach number versus the specific impulse for aerospace development [2].

Experimental validation of supersonic flow interactions presents noteworthy challenges due

to extreme flow conditions and the limited availability of in-flight testing data. Ground-based

facilities, such as wind tunnels, remain costly and often struggle to replicate real-flight condi-

tions accurately. In this context, advanced computational techniques are essential to bridge these

gaps, providing valuable insights and complementing experimental efforts [12]. Furthermore, this

scarcity of experimental data highlights the need for advanced computational techniques that im-

prove accuracy and reduce reliance on large-scale wind tunnel tests [13]. Moreover, CFD can

inform experimental conditions, reducing the number of required tests [14]. Modeling supersonic

flow within hypersonic vehicles demands significant computational resources and specialized al-

gorithms. Nevertheless, depending on the application, assumptions can be made to simplify the

model and reduce the number of unknowns. Chapter 3 further details the assumptions used in this

thesis.

Numerical modeling of supersonic flows within a hypersonic vehicle poses significant chal-

lenges due to the complex physical phenomena involved, happening at a range of different time

and length scales. Air-breathing vehicles that travel at hypersonic speeds, defined as Mach 5 and
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above, have internal flows within the engine at supersonic speeds. To tailor these flows to reach

successful combustion, the geometry must be exact and can be complex to model. The flows also

experience extreme temperatures and pressure differences, forming strong shock waves, chemi-

cal reactions, and air ionization. As a result, the behavior of the flow becomes highly nonlinear,

with complex interactions between fluid dynamics, thermodynamics, and chemistry. Accurately

capturing these effects requires sophisticated computational models capable of resolving fine-scale

flow structures while managing the wide range of time and length scales in hypersonic regimes.

Additionally, the strong viscous effects near the surface lead to highly complex boundary layer

interactions, further complicating the modeling effort [15–18].

Many CFD codes, including both commercial and research-based solvers like CFD++, ANSYS

Fluent, Vulcan, and OpenFOAM, have been employed to simulate these flows [19–24]. While

commercial solvers can provide preliminary results for design, the unique features of supersonic

flows within hypersonic vehicles often require further customization of models and codes, espe-

cially in capturing detailed shock wave boundary layer interaction effects. This need has motivated

the expansion of the in-house APDL-CFD code described in this thesis.

There is an expanding push to develop more efficient control techniques for the shock waves

within supersonic channel flow. This is where CFD becomes a valuable tool. CFD allows for

rapid iterations through parameters and different control types without performing costly flight

tests and can also expose areas not seen through experimental sensors alone. This research aims

to develop a CFD model capable of running rapid test cases to optimize control techniques for

shock waves, informing future experiments at the CSU wind tunnel [25]. This requires a code

capable of simulating high-speed flows around complex geometries and capturing the intricate

dynamics of shock waves and boundary layer interactions and the effects of plasma actuators on

these phenomena.

One of the critical challenges in accurately simulating supersonic flows within hypersonic en-

gines, particularly in the context of complex geometries like scramjet inlets or isolators, is the need

for precise geometric representation in computational models. Traditional CFD methods rely on
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body-conforming or mapped meshes on structured or unstructured grids and are computationally

expensive to generate. Cut cell methods have been developed to address this as an alternative

approach for simulating flow in and around complex geometries. Cut cell methods improve res-

olution at the interface between solid boundaries and the fluid flow by allowing cells to be cut

along the geometry boundaries. These improvements are all done while keeping the simplicity and

efficiency of a Cartesian grid [26–31].

In this thesis, cut cell methods are employed to model flow through supersonic channel flow and

the shock wave-boundary layer interactions present in the channel. Additionally, plasma actuators

are modeled to control the oblique shock waves originating from a wedge generated through a cut

cell geometry. The cut cell methods play a pivotal role in efficiently modeling complex geometries

required to generate shock waves and compress air inside a supersonic channel. Further details on

implementing these methods within the APDL-CFD code are provided in Chapter 3.

The central focus of this work is the active control of shock waves using plasma-assisted tech-

niques, which can manipulate the flow field and improve system stability dynamically. By investi-

gating these control methods, this research aims to expand the operational envelope of hypersonic

propulsion systems, enhancing both performance and robustness. Integrating cut cell methods and

plasma actuators expands the possibilities in modeling control methods for shock wave boundary

layer interactions inside a hypersonic vehicle engine.

Subsequent sections provide a literature review on historical hypersonic CFD techniques and

the modeling of complex geometries using CFD. Next, the objectives of this thesis are presented,

and then an outline of the thesis structure is given.

1.2 Literature Review

This section provides a historical overview of the development of hypersonic technologies and

highlights how computational fluid dynamics (CFD) has significantly contributed to this advance-

ment. Additionally, it discusses the evolution and current status of Cartesian cut cell methods used

for representing complex geometries in CFD.
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1.2.1 History of CFD for Hypersonic Flows

The literature on modeling hypersonic flow control is extensive, reflecting the complex na-

ture and interest in the problem [32, 33]. Numerous studies have developed highly customized

codes and methods tailored to specific flow regimes, vehicle configurations, and control strategies.

Modern models often integrate advanced CFD techniques with data from physical experiments to

capture the diverse interactions between shock waves, boundary layers, and other physical and

chemical phenomena occurring in hypersonic flows. CFD plays a pivotal role in aerospace and

other industries, complementing experimental methods [34].

Hypersonic technologies and research have matured over 60 years of development [35], becom-

ing a high priority for defense, commercial travel, and launch capabilities [36, 37]. However, the

CFD modeling of hypersonic flows is still evolving, with its origins tracing back to the 1980s [38].

Before the advent of sophisticated CFD codes, development relied heavily on analytical meth-

ods, wind tunnel testing, and flight tests. Physical testing in hypersonic conditions is costly and

dangerous. The introduction of CFD has made rapid prototyping and parametric studies, such as

geometry optimization and flow control, feasible, drastically improving design efficiency. This

aligns with the goal of this research: to develop a CFD model capable of running fast test cases

to optimize control techniques for shock waves, thereby informing future experiments at the CSU

wind tunnel [25].

Advances in computational power and numerical methods over recent decades have enabled

more sophisticated simulations, particularly for hypersonic flow control [39]. The complexity of

the underlying physics and the growing interest in hypersonic applications have spurred exten-

sive research in this area [40]. In the early 1980s, Cosner et al. developed the X3D solver, a

Reynolds-averaged Navier-Stokes (RANS) method that successfully informed early military air-

craft designs [41]. However, at that time, CFD was inadequate for hypersonic applications due

to the complexity of the flow physics, leading to a decade dominated by experimental research.

In 1987, Dwoyer et al. [42] highlighted how CFD technologies could not efficiently handle the

complex physics of hypersonic flow. Two years later, Povinelli [43] outlined the requirements for
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developing a hypersonic flow solver, explicitly noting the differences from traditional CFD solvers.

With the growth of computing power and the development of new supercomputers by the United

States Department of Defense (DoD), the feasibility of using CFD for evaluating hypersonic flow

became more realistic towards the 1990s and beyond [44].

A notable achievement celebrating CFD’s role in hypersonic research is the National AeroSpace

Plane (NASP) program, which aimed to develop a single-stage-to-orbit vehicle capable of hyper-

sonic flight. The program, initiated in the 1980s, was a joint effort between NASA and the DoD,

with the goal of developing a vehicle that could reach Mach 25. The NASP program was a signifi-

cant driver of hypersonic research, leading to advancements in CFD and experimental techniques.

At the time, a substantial fraction of the country’s supercomputing power was dedicated to the

project. The program was eventually canceled, but much of the aerodynamic design was already

completed. The project left a lasting impact on the use of CFD in hypersonic research and devel-

opment [45], and even helped investigate problems like aerodynamic flutter.

Another crucial application of CFD emerged in space capsule re-entry modeling, where the

design and sizing of thermal protection systems (TPS) for re-entry vehicles were driven by the

need to withstand extreme thermal loads. CFD simulations were employed to predict the heat

transfer rates and aerodynamic forces during re-entry, which informed the design of heat shields.

These simulations were crucial in developing capsules like the Apollo and Orion, significantly

reducing the need for extensive physical testing [46].

In addition, CFD has been instrumental in designing complex inlet geometries for scramjets and

other hypersonic vehicles. By capturing shock-shock and shock-boundary layer interactions, CFD

models have optimized inlet shapes for efficient compression and reduced flow separation, partic-

ularly in cases where traditional experimental methods would have been too costly or challeng-

ing [47]. CFD has also enhanced optimization capabilities, particularly in topology optimization.

Integrating topology algorithms with CFD has allowed for the exploration of a more expansive

design space and the identification of optimal configurations for hypersonic vehicles, improving

performance and efficiency in challenging flight regimes.
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Research has recently focused on coupled problems, such as aerothermoelastic deformations

in hypersonic vehicle inlets. These studies combine finite element methods (FEM) with CFD to

simulate how thermal loads and aerodynamic forces deform inlet structures, affecting flow patterns

and potentially leading to performance degradation [40]. This coupling of structural and fluid

simulations has become a cutting-edge research area, addressing the intricate interactions between

temperature, material deformation, and airflow at extreme speeds.

Recent discussions stemming from the CFD Vision 2030 study have emphasized the need to

enhance the accuracy and robustness of CFD tools applied to hypersonic scenarios [48]. The study

outlines future research directions aimed at increasing the use and reliability of CFD in high-risk

areas, providing guidelines for researchers to identify critical topics requiring immediate attention.

One such area is plasma modeling for flow control and combustion, which is a large part of this

research [49]. Additionally, there is a push to increase computing power to make this research

more efficient.

1.2.2 Representing Complex Geometries in CFD

One of the most expensive aspects of any CFD simulation is mesh generation. Cartesian meshes

are highly advantageous for hypersonic problems due to several reasons. Their uniform struc-

ture minimizes storage requirements for grid connectivity, making them highly memory-efficient.

Many multigrid and adaptive solvers perform better on Cartesian grids because of the alignment

of elements and their structured nature. The regular arrangement of cells allows for using pre-

conditioned solvers and optimized parallelization strategies. Furthermore, the alignment of grid

lines with the coordinate axes minimizes numerical diffusion compared to skewed or unstructured

grids, resulting in more accurate solutions for problems with aligned flow fields. Cartesian grids

are also well-suited for domain decomposition techniques, enabling efficient parallel computation

where each process can handle a block of the domain independently with minimal communication

overhead.
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However, Cartesian meshes alone cannot easily accommodate complex geometries typical in

hypersonic applications. To address this limitation, Cartesian cut cell methods provide a cost-

effective solution by allowing for a regular grid that accommodates complex geometries without

altering the base Cartesian mesh [30,50–54]. This is achieved through the use of embedded bound-

aries (EB). A vital advantage of this method is that it calculates all the geometric parameters for

complex geometries during preprocessing, eliminating additional costs during the CFD simulation.

The technique allows for a more accurate representation without requiring a highly refined mesh

or an unstructured grid by overlaying a geometry on a Cartesian mesh and cutting cells where

the geometry intersects. This approach leverages the benefits of Cartesian grids and extends their

applicability to complex geometries. However, this approach is not without drawbacks, the most

notable being the small cell problem [30, 55], which will be discussed in more detail in Chapter 3.

Charles Peskin is often credited with developing the immersed boundary (IB) method [56],

which he used to simulate blood flow in the heart. This method differs from the EB method, as IB

does not use cut cells but treats the boundary with ghost cells. Nevertheless, Peskin’s work helped

usher further research in representing complex geometries, leading to methods like EB. Additional

information on the differences between the two methods is found in Section 3.6.

A significant portion of the research for this thesis has focused on developing the cut cell

method to enhance the modeling of complex geometries, particularly for generating and control-

ling shock waves. For instance, Ghosh [3] developed an EB technique to simulate flow over control

devices such as vortex generators, bleed holes, and aeroelastic mesoflaps for supersonic flow con-

trol. The primary mechanism of the EB method is to classify cells as fluid, solid, or cut cells and

then treat each type differently. Ghosh demonstrated that the cut cell technique improves accuracy

around complex surfaces, showcasing not only the effectiveness of the cut cell method but also the

potential for controlling supersonic flow.

Many variations of cut cell methods have been developed for a variety of applications. Causon

et al. [57] used cut cells with the cell merging technique to model moving boundaries and ulti-

mately applied it to ships moving in water using the shallow water equations. Another method
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is dimensional splitting with embedded boundaries, as described by Liu et al. [58], which effi-

ciently represents geometries on Cartesian meshes. This is similar to the method used in this thesis

in which dimensional splitting is combined with the cut cell method. Berger et al. [59] utilized

rotated coordinates to enhance flux reconstruction around cut cells. Their method introduces the

h-box approach, which manages the irregular cells at the boundary and creates a rotated coordinate

system to solve the boundary flux, allowing for the calculation of the flux normal to the wall. This

technique improves stability and accuracy for one-dimensional systems and is extended to two

dimensions.

The integration of multigrid methods [54] and adaptive mesh refinement (AMR) with cut cell

methods has further improved simulation capabilities. Berger, one of the pioneers in this space,

often combines AMR with cut cell methods [60], allowing for dynamic refinement of the grid in

regions of interest, such as shock wave boundary layer interactions. The combination of AMR and

cut cell methods is particularly effective in hypersonic flow simulations, where high-resolution

grids are necessary for capturing the intricate details.

1.3 Objectives

The following research objectives are identified for the thesis.

1. Develop and validate a CFD model with the capabilities to simulate the flow inside a super-

sonic channel with complex geometries.

2. Simulate the effect of plasma injection on shock wave trains and boundary layer interactions.

3. Expand the APDL-CFD code using a Cartesian cut cell method to represent embedded

boundaries.

1.4 Thesis Organization

The rest of this thesis is organized as follows. The physics of supersonic flow is given in Chap-

ter 2, including a discussion on compressible flow, shock wave boundary layer interaction (SWBLI),
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and control of oblique shock waves. Chapter 3 describes the mathematical model, governing equa-

tion, and the cut cell method used in the APDL-CFD code. Chapter 4 details the numerical mod-

eling and plasma-assisted shock wave control results. Chapter 5 presents the improvements to the

APDL-CFD code by including the cut cell method. Finally, Chapter 6 concludes the thesis with a

summary of the findings and recommendations for future work.
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Chapter 2

Supersonic Flow Physics

This chapter discusses the fundamental physics of supersonic flow. It begins by discussing the

applications of these physics to scramjets (Supersonic Combustion Ramjet). Then, it continues

with an overview of compressible flow, followed by a discussion on shock wave boundary layer

interactions (SWBLI) and the control of these interactions and the shock wave trains. A discussion

of the control methods in the literature is followed by a review of the plasma control method used

in this research.

2.1 Introduction

It is important to distinguish between hypersonic and supersonic flow. Supersonic flow refers

to speeds greater than the speed of sound, corresponding to a Mach number greater than 1. Hyper-

sonic flow, typically defined as Mach numbers greater than 5, introduces additional complexities

beyond those of supersonic flow. At Mach 5 and above, the chemistry of the flow, usually air,

begins to change significantly due to the high flow energy causing ionization, resulting in the for-

mation of free electrons and ions. These phenomena introduce thermodynamic and electrodynamic

effects that are largely absent at lower Mach numbers. In real-world scenarios, a vehicle may be

traveling at hypersonic speeds, but the flow inside the vehicle may remain at supersonic speeds;

this is the case for scramjet engines.

The scramjet engine depicted in Figure 2.1 consists of several key components that work to-

gether to generate thrust at hypersonic speeds. Starting from the inlet, the airflow is compressed

by a series of oblique shocks, including the vehicle’s bow shock and the forebody compression

shock. As the air enters the isolator, a critical component that manages the interaction between

the inlet and combustor, the shock wave train becomes more complex, with contributions from

both the external flow and the combustion process. The red shock waves in the figure represent
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shocks generated from the incoming upstream airflow, while the blue shock waves arise from the

combustion occurring within the isolator and combustor.

After passing through the isolator, the airflow enters the combustor, where fuel is injected and

ignited in the high-speed stream. The challenge here is to achieve stable combustion despite the

supersonic or hypersonic flow. Shock waves in the isolator help slow the flow enough for efficient

fuel-air mixing and combustion. As combustion occurs, the temperature and pressure of the gases

increase significantly, resulting in a robust flow expansion.

The heated gases then expand through the convergent-divergent nozzle, accelerating to super-

sonic or hypersonic speeds. This rapid expansion generates the thrust required for the scramjet

to propel the vehicle forward. The engine relies on careful management of shock-boundary layer

interactions and forebody compression to maintain optimal airflow throughout the system. The in-

tegration of propulsion and airframe ensures smooth flow transitions, contributing to efficient flight

at high Mach numbers. The combined effect of proper compression, combustion, and expansion

ultimately generates the thrust necessary for the scramjet to maintain its high-speed operation.

Unlike conventional jet engines, which have moving parts like compressors and turbines to

compress incoming air, scramjets have no moving parts. Instead, they rely on the engine’s geome-

try to compress the air as it moves at supersonic speeds. The airflow remains supersonic throughout

the engine, including the combustion stage, which increases combustion efficiency.

Despite these advantages, scramjets face significant challenges. The whole process is suscep-

tible and requires precise control. Since there are no moving parts, controlling the shock waves in

the isolator that lead to the combustor is difficult. The inability to control these shock waves can

lead to unstart, where the engine loses the oxidizer and combustion ceases.

Unstart is a failure mode in scramjets where the shock wave system within the engine becomes

unstable, causing the flow to reverse direction and propagate upstream. This occurs when shock

wave trains interact improperly, especially when shocks from the inlet and isolator interact. This

disruption causes the flow inside the engine to become subsonic while the external airflow re-

mains supersonic, as illustrated in Figure 2.2. When unstart occurs, the engine loses its oxidizer
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source, effectively ceasing combustion and resulting in a sudden loss of thrust. This can lead to

catastrophic failure of the engine, with loss of vehicle control. Consequently, understanding and

controlling shock wave dynamics is critical to hypersonic propulsion system design.

Figure 2.1: Scramjet illustration with shock wave trains in the inlet and isolator. The red shock waves

represent those in the inlet from upstream airflow, while the blue shock waves originate from the combustion

process in the isolator. Modified from [61].

Figure 2.2: Scramjet illustration depicting unstart. The shock wave structure is disrupted, leading to a loss

of compression and engine failure. Modified from [62].

Starting a scramjet is also challenging due to the high-speed requirements for proper operation.

The Hyper-X is a notable example of a hypersonic vehicle with a limited operating envelope. This

vehicle was attached to a rocket, launched from an aircraft, and accelerated to the required speed

by the rocket. Once at speed, the scramjet would detach from the rocket and begin operation. This

scenario illustrates a typical challenge with scramjets: they have a limited operating envelope due

to a lack of flow control.
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Another critical challenge in hypersonic flow is the significant heating of the boundary layers,

especially near solid surfaces. This intense thermal load, primarily caused by the high kinetic

energy of the flow, must be carefully managed to avoid material failure in hypersonic vehicles. To

handle this, vehicles like scramjets often rely on ablative materials, which absorb and dissipate

heat by gradually eroding. While the material specifics are outside the scope of this thesis, it is

important to note that this is another significant factor in the limited operating envelope of these

vehicles.

Additionally, separation bubbles, regions where the boundary layer detaches from the surface,

pose significant challenges. Increased drag, loss of efficiency, and potential flow instabilities can

result from improper control of separation bubbles. On the contrary, separation bubbles can be

used to control oblique shock waves. A review of control techniques for separation bubbles and

their interaction with oblique shock waves will be given in Section 2.2.3.

Passive and active control techniques have been developed to address these challenges in man-

aging shock waves and separation. Passive techniques, such as fixed geometries, are built into

the design and operate without adjustments during flight. While effective in certain conditions,

they often struggle to adapt to varying flight regimes, limiting their operational flexibility. Active

control techniques, such as movable flaps, mass injection systems, or plasma actuators, can adjust

based on changes in flow conditions. These techniques offer greater flexibility, allowing hyper-

sonic vehicles to operate across a broader range of speeds and altitudes. An in-depth review of

techniques and the rationale for using plasma actuators is given in Section 2.3.

2.2 Compressible Flow

Ever since Captain Chuck Yeager broke the sound barrier in 1947, interest in supersonic flow

has surged, leading to an increased focus on the study of compressible flow. This section provides

a background on compressible flow, emphasizing the physics of shock waves, including normal

and oblique shocks, and their interactions with boundary layers.
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2.2.1 Normal Shock Waves

Normal shock waves occur when supersonic flow encounters a sudden change in flow condi-

tions, resulting in a shock wave perpendicular to the flow direction. As the flow passes through

a normal shock, the Mach number decreases from supersonic to subsonic, while static pressure,

density, and temperature increase. However, despite the increase in static pressure, the total (stag-

nation) pressure decreases across the shock due to an increase in entropy.

The properties of the flow across a normal shock can be described by the conservation laws

for mass, momentum, and energy, leading to the Rankine-Hugoniot relations. The pressure ratio

across a normal shock is given by:

P2

P1

=
2γMa21 − (γ − 1)

γ + 1
, (2.1)

where P1 and P2 are the static pressures before and after the shock, γ is the specific heat ratio, and

Ma1 is the upstream Mach number.

The total pressure ratio, accounting for the entropy increase and irreversible losses, is expressed

as:

Pt2

Pt1

=

[

(γ + 1)Ma21
(γ − 1)Ma21 + 2

]

γ
γ−1

[

(γ + 1)

2γMa21 − (γ − 1)

]
1

γ−1

. (2.2)

Additional relations that describe the changes in properties across a normal shock wave are

given below:

T2

T1

=
[2γMa21 − (γ − 1)] [(γ − 1)Ma21 + 2]

(γ + 1)2Ma21
, (2.3)

Tt2

Tt1

= 1, (2.4)

ρ2
ρ1

=
(γ + 1)Ma21

(γ − 1)Ma21 + 2
, (2.5)

Ma22 =
(γ − 1)Ma21 + 2

2γMa21 − (γ − 1)
, (2.6)
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where the subscripts 1 and 2 refer to upstream (before the shock) and downstream (after the shock)

conditions, respectively. Pt and Tt denote the total pressure and total temperature, ρ represents the

density, and Ma is the Mach number.

These equations illustrate how the total pressure decreases across a shock wave due to the

increase in entropy. In contrast, oblique shock waves occur at an angle to the flow direction, and

the flow downstream can remain supersonic depending on the shock angle and upstream Mach

number.

2.2.2 Oblique Shock Waves

Oblique shock waves are a common feature in supersonic and hypersonic flow. They occur

when supersonic flow encounters a change in flow direction, leading to changes in pressure, den-

sity, and velocity. Unlike normal shocks, which are perpendicular to the flow, oblique shocks are

inclined at an angle β to the flow direction.

Oblique shocks can be observed when flow passes over a wedge or an airfoil, where the surface

deflects the flow. Essentially, the particles turn into each other, creating molecular collisions that

form a shock. This interaction increases static pressure and density while the velocity decreases as

the flow slows across the shock.

The changes across a shock wave are abrupt. In contrast, an expansion wave causes abrupt

changes in the opposite direction, decreasing static pressure and density while increasing veloc-

ity. This is because the flow accelerates around a corner. Table 2.1 provides a summary of these

changes in shock waves and expansion waves. Taylor and Maccoll notably described this phe-

nomenon in 1933 [63]. An illustration of the behavior of flow around concave and convex corners,

which generate oblique shock waves and expansion waves, respectively, is presented in Figure 2.3.

In Figure 2.3 (a), the flow over a concave corner generates oblique shock waves. In contrast, the

flow over a convex corner in Figure 2.3 (b) creates expansion waves.

The shock angle β is related to the Mach number Ma and the deflection angle θ through the

following relation:
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Table 2.1: Summary of Flow Properties Across a Shock Wave

Wave Type Mach Pressure Temperature Density

Shock Wave ↓ ↑ ↑ ↑
Expansion Wave ↑ ↓ ↓ ↓

Figure 2.3: Illustration of the flow over (a) a concave corner creating oblique shock waves and (b) a convex

corner creating expansion waves.

tan(θ) = 2 cot(β)

[

Ma2 sin2(β)− 1

Ma2 (γ + cos(2β)) + 2

]

, (2.7)

where θ is the deflection angle (the angle of the wedge), β is the shock angle, Ma is the Mach

number, and γ is the specific heat ratio. This equation is crucial for experimental quantification and

calibration but can also be used to validate computational models. In the simulations conducted

for this thesis, differentiating between the various flow regimes in supersonic flow is essential for

understanding and modeling the effects of oblique shocks on the flow field. If the Mach number

and ramp angle are known, the angle of the oblique shock wave can be calculated using the θ-β-

Ma relation given in (2.7). Figure 2.4 gives a graphical illustration of the relationship between the

deflection angle θ, shock angle β, and Mach number Ma for a wedge. The numerical schlieren in

the bottom right corner of Figure 2.4 confirms that the Mach number for the numerical experiments

is Ma = 2.5. It should be noted that for each θ and Ma, there are two solutions for β. The larger

value is called the strong shock, and the smaller is the weak shock. In a solution where the flow
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goes from supersonic to subsonic, that is a strong shock. Otherwise, the downstream conditions

are supersonic, and it is a weak shock. The flow conditions in this case are supersonic on both

sides of the shock, so the weak shock is the relevant solution.

Figure 2.4: Graphical representation of the θ-β-Ma relations for a wedge, confirming that the Mach number

for the numerical experiments is Ma = 2.5.

2.2.3 Shock Wave Boundary Layer Interaction

Separation bubbles (SB) form when the boundary layer detaches from the surface due to the

local adverse pressure gradient generated by the interaction with a shock wave [18]. These bubbles

can significantly affect performance by increasing drag and disrupting flow stability. In many

cases SB are considered detrimental to performance, especially in external flow applications such

as aerodynamics. On the contrary, separation bubbles can have favorable effects that can benefit

the performance. Thus, managing these separation bubbles is essential in hypersonic vehicles.
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Various factors, including flow velocity, pressure gradients, shock impacts, and surface roughness,

influence the formation of separation bubbles.

The interaction between shock waves and boundary layers in supersonic flows leads to complex

flow phenomena. Figure 2.5 provides a schematic representation of a SB caused by an oblique

shock wave (incident shock) in a supersonic flow. From left to right, the figure illustrates the

following stages: Oblique shock waves impacting the boundary layer on the wall cause an adverse

pressure gradient, which is strong enough to cause boundary layer separation. The separation

starts slightly upstream of the impinging shock. The incident shock wave hits the boundary layer,

causing the boundary layer to thicken due to the adverse pressure gradient. As the boundary layer

separates from the surface, a recirculation region forms the SB. Around the SB is a shear layer as

the flow goes over the bubble. Simultaneously, the SB now acts as an object in the flow field. This

causes compression waves to form into a reflected shock wave to form at the front of the separation

region, which intersects with the incident shock. Then, the flow goes over the SB and expands,

forming the expansion fan. Then, the flow compresses after the expansion wave and can form

a second shock, the reattachment shock. The reattachment shock is not shown in the schematic

in Figure 2.5 but is shown in the computational results in Figure 2.6.

In numerical simulations, the SB can be observed in finer detail. Figure 2.6 shows a simulated

result from the APDL-CFD code of a SB caused by an oblique shock wave impacting the boundary

layer. In this simulation, the bulk flow is Ma = 2.5, and a wedge, represented using the cut

cell method (see Section 3.6.1), generates the incident shock. The physics of the SB follows the

schematic in Figure 2.5, but there is an evident second reflected shock in the simulation. The

reattachment shock wave is a result of the compression waves coalescing and forming a shock

wave. However, this is much weaker than the leading edge shock.

The SB is characterized by a recirculation zone that forms when the boundary layer detaches

due to the impinging shock. In this case, the oblique shock wave creates a significant adverse

pressure gradient, leading to boundary layer separation and bubble formation. Within this region,

there is a strong flow reversal. This simulation allows for a deeper understanding of the behavior

20



Figure 2.5: Schematic of a separation bubble caused by an oblique shock wave (incident shock) in a hyper-

sonic flow [3].

of these bubbles and their effects on flow dynamics. The movement and growth of the SB is a

crucial factor to control and will lead to the control of the shock wave train explained in more

detail in Chapter 4.

The wall temperature within or upstream of the SB region is also an essential factor influencing

the flow. This is especially true in the hypersonic regime, in which significant differences exist be-

tween the wall temperature and the outer-flow stagnation temperature. However, wall temperature

effects and surface heating are outside the scope of this thesis.

2.3 Control of Shock Waves

In supersonic flows, controlling shock waves is critical for maintaining vehicle stability, effi-

ciency, and performance [64–66]. If uncontrolled, shock wave-boundary layer interactions (SWBLI)

can lead to adverse effects, such as increased drag and flow instabilities, potentially causing un-

start. Both passive and active control techniques have been developed to mitigate these effects,

each offering distinct advantages and challenges [1]. Passive control methods typically involve

altering the surface geometry to influence the flow. In contrast, active control strategies introduce
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Figure 2.6: Numerical schlieren plot for ∂ρ/∂y illustrating the separation bubble observed from simulation.

external energy to modify the flow behavior more dynamically and adaptably. Understanding the

trade-offs between these approaches is crucial for designing hypersonic vehicles that can operate

efficiently in various conditions. Table 2.2 provides an overview of different control techniques for

managing shock waves in hypersonic flows, highlighting their benefits and drawbacks.

2.3.1 Passive Control Techniques

Passive control techniques are designed to influence the flow without additional energy in-

put. These methods are simpler due to the lack of external energy required. Common passive

control techniques include micro-vortex generators (MVGs) [4, 67], porous cavities [5], surface

bumps [68], slots and groves [69, 70], and splitter plates [71]. These methods aim to redistribute

the flow, weaken shock waves, and suppress separation bubbles, ultimately improving vehicle per-

formance in hypersonic regimes.

Micro-vortex generators (MVGs) and micro ramps are a widely used passive technique. MVGs

introduce streamwise vortices into the boundary layer, which energizes the boundary layer and re-

duces separation caused by shock waves. The vortices generated by MVGs can weaken oblique

shocks and change their reflection angles. However, the height of MVGs can contribute to addi-

tional drag, and the location of these ramps is fixed [72].
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Table 2.2: Control Techniques for Shock Wave Management in Hypersonic Flows. Modified from [1].

Control Techniques Benefits Drawbacks

Porous cavity (Passive) Splits strong shock into weaker

shocks via fluid recirculation.

Thickens incoming boundary

layer.

Micro-Vortex Genera-

tors (MVG) (Passive)

Suppresses separated shear

layer by energizing the bound-

ary layer with vortices.

Results in additional drag due to

MVG height.

Surface bump (Passive) Suppresses boundary layer sep-

aration by introducing a bump.

Less effective at off-design con-

ditions.

Slots and grooves

(Passive)

Improves total pressure recov-

ery by smearing strong shock

into lambda shock.

Thickens boundary layer, caus-

ing additional viscous penalty.

Splitter plate (Passive) Reduces shock intensity by

splitting strong SWBLI into

weaker zones.

Exhibits additional drag and can

create more shock waves.

BL bleed/suction

(Passive/Active)

Suppresses boundary layer by

sucking low momentum fluid

out of the boundary layer.

Reduces ingested mass flow, re-

quiring larger intake area, in-

creasing drag and weight.

Tangential blowing

(Active)

Reduces separation bubble size

by energizing boundary layer

with high velocity fluid.

Consumes significant pressur-

ized air, decreasing engine effi-

ciency.

Micro jets (Active) Reduces shock intensity by

breakdown of shock foot

Requires additional energy, re-

ducing overall engine efficiency.

Air-Jet Vortex Genera-

tor (Active)

Creates streamwise vortices, no

parasitic drag.

Consumes extra energy, de-

creasing engine efficiency.

Plasma jets (Active) Improves pressure recovery, ex-

tremely tunable.

High temperatures lead to in-

creased energy for cooling re-

quirements.
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The red lines in Figure 2.7 illustrate what happens when a micro ramp is placed in the correct

location. Ideally, it is placed where the shock wave impinges on the wall. The recirculation

region at the back of the ramp causes an adverse pressure gradient and will weaken and change

the reflection angle of the shock wave. The challenge with these passive control techniques is that

they are not easily tunable since the micro ramps are in fixed positions. This limits the operational

capabilities of the control technique.

Figure 2.7: Micro-ramps are used to redistribute the flow and reduce shock intensity [4].

Another common passive control method is to use porous cavities [7], shown in Figure 2.8.

These aim to reduce the impact of SWBLI by altering the shock wave structure or splitting shocks

into weaker lambda shocks. Porous cavities introduce a region of high circulation, which causes

localized flow disturbances that can help grow the boundary layer, but their effectiveness dimin-

ishes at off-design conditions [1, 73]. Despite the limitations of porous cavities and MVGs, these

techniques are attractive due to their simplicity and the lack of an external energy requirement.
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Figure 2.8: Porous cavities are used to weaken normal shocks [5]. The red shock waves on the right

illustrate the splitting and weakening of the shock and the growth of the boundary layer.

2.3.2 Active Control Techniques

In contrast to passive methods, active control techniques involve external energy input to dy-

namically influence the flow and shock wave behavior. These techniques provide greater flexibility

and adaptability to varying flow conditions, making them ideal for real-time flow management ap-

plications. Examples of active control are: micro jets [7], air-jet vortex generators [74], dynamic

boundary layer (BL) bleeds [6], tangential blowing [75] and plasma jets [8]. This section will focus

on two methods for brevity, followed by detailed explanations of plasma jets in the next section.

One such method of active control is boundary layer bleed [6, 76–79], where low-momentum

fluid is actively removed from the boundary layer upstream of the shock interaction region. The

effectiveness of this method, seen in Figure 2.9, is most evident by the absence of the separation

bubble and separation shock in the bleed case. This technique reduces the strength of the shock and

suppresses separation, but it comes at the cost of reduced mass flow through the intake, requiring

larger intake areas and leading to increased drag and weight.

Micro jets represent another active approach, utilizing small high-pressure air jets. These are

typically placed upstream of an object to change how the shock moves around the object. The jets
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break down the shock foot, reduce the intensity of shock waves, and control their flow around an

object. While effective, micro jets require additional energy, which can lower the overall efficiency

of the propulsion system [7, 80, 81].

Figure 2.9: Boundary layer bleed reduces the

strength of the shock by removing low-momentum

fluid from the boundary layer [6]. Figure 2.10: Micro jets are used to break down the

shock foot and reduce shock intensity [7].

Plasma-based flow control is gaining attention for its potential in shock wave management [82–

84]. Plasma jets offer a highly tunable flow control method capable of altering shock wave and

boundary layer characteristics through a combination of thermodynamic, electrodynamic, and mo-

mentum injection effects. Plasma-based control also offers superior control time scales, which can

be activated much faster than mechanical-based methods. Overall, active control methods, par-

ticularly plasma-based techniques, offer significant potential for improved shock wave control in

hypersonic applications. Plasma actuators are given in more detail in the next section

2.3.3 Plasma Actuators

Plasma as an active device for flow control has been extensively explored [83]. Dumitrache

et al. [11] demonstrated that plasma discharges could control ignition in supersonic flows and aid
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in flame holding. By using nanosecond pulsed lasers, they could control the direction and intensity

of the vortices originating within the plasma kernel, demonstrating advanced control capabilities.

Visbal and Gaitonde [84] illustrated how plasma can control flow over airfoils, highlighting the

potential of these methods for external flows. However, the focus of this thesis is on internal flow.

Plasma-assisted shock wave control has emerged as a promising active control strategy for

internal flows. Zhang et al. [32] and Caruana [83] highlight the potential of plasma discharges

in reducing drag, fatigue, and enhancing vehicle stability during hypersonic flight. Shahrbabaki

et al. [85] numerically investigated the control of shock position and boundary layer interaction us-

ing nanosecond dielectric barrier discharge (DBD) plasma through a 3D simulation. Their findings

revealed an upstream movement of the shock waves and separation bubble growth, which aligns

with the results presented in this thesis in Chapter 5.

For low Mach number flows, plasma has proven effective in boundary layer acceleration, sep-

aration control, and drag reduction [86–91]. However, due to its fast activation and controllability,

there has recently been an increased interest in using plasma-based control for hypersonic and su-

personic controls. To prevent unstart in scramjets, experimental results show promising uses of

plasma to control shocks in inlets and isolators [92, 93].

Specifically, plasma actuators have shown great promise in shock wave management. There

are three main mechanisms plasma has on a flow that can be tuned to control flow: momentum

injection, shocks, and chemical effects. The momentum injection effect can stabilize the bound-

ary layer by inducing extremely high velocities. This injection induces shock waves since the

plasma increases the temperature and pressure of the local flow. Significant vorticity and enhanced

turbulent mixing can be induced through the interaction between the fluid and shock waves via

baroclinic torque [11, 94]. Additionally, the chemical effects arise from the reactive ions and radi-

cals produced by the discharge.

Different methods such as quasi-direct current (Quasi-DC), dielectric barrier discharge (DBD),

and laser filament discharge have been studied for their effects on flow properties [8]. Choosing

a plasma discharge type depends on the application and the flow conditions. Due to simplicity
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and reliability, DBDs are often selected for low Mach number aerodynamics. However, these only

produce a low momentum injection [95]. Alternatively, pulsed discharges, such as quasi-DC or

nanosecond repetitively pulsed discharges, can generate higher electron densities and significant

temperature gradients within the boundary layer. However, they are more challenging to sustain

over extended periods [96]. Caraballo et al. investigated the application of localized arc filament

plasma actuators (LAFPAs) for controlling shock wave-boundary layer interactions in a supersonic

mixed-compression inlet [97]. Their findings indicated that placing the actuators upstream of the

separation bubble increased the normalized streamwise velocity within the SWBLI region.

Leonov’s group at the University of Notre Dame implemented a quasi-DC electrical discharge

embedded within a ceramic surface on the tunnel wall. Electrodes were arranged in alternating

polarity to produce a filamentary plasma loop connecting adjacent electrodes. Optical emission

spectroscopy measurements indicated that the initial plasma filament had a diameter of approxi-

mately 2 mm and a temperature of about 6000 K [98, 99]. When exposed to supersonic flow, the

plasma filament elongated downstream, significantly affecting the boundary layer along the bottom

wall.

Experimental results by Elliot et al. in Ma = 2.0 freestream flow demonstrated that quasi-

DC discharges can recover some of the total pressure loss by suppressing the strong reflected

shock at the bottom of the channel and replacing it with a weaker reattachment shock [8]. The

schematic of the plasma actuators set up is shown in Figure 2.11. However, this method does not

enable uniform plasma generation across the spanwise direction, resulting in pronounced three-

dimensional plasma effects.

Elliot’s experimental results in Figure 2.12 show the ability of plasma actuators to displace

shock waves upstream and downstream. This visualization demonstrates how the plasma actuator

affects the intensity and position of the shock waves’ second impact location. These trends align

with the findings in this thesis, which focus on understanding how plasma-generated ionized gas

interacts with supersonic flow to control separation and manage shock waves.
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Figure 2.11: Schematic of the plasma actuators used in Elliot’s Study. There are alternating cathodes and

anodes to create a plasma filament.

Figure 2.12: Shock wave position and intensity control using a plasma actuator placed upstream, based on

experiments by Elliot et al. [8]. The second impact moves about 5 cm upstream with plasma on.
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To achieve a more uniform spanwise plasma, Ruggles et al. combined the preionization effect

of femtosecond laser pulses to trigger capacitive electrical discharges [9]. Using dual-mode energy

deposition, the laser-triggered spark gap generated a spanwise plasma arc across their wind tunnel.

Their technique demonstrated control by reducing surface pressure over wedge and compression

ramp geometries by creating a low-density plasma kernel spanning the wedge. The model by

Ruggles et al. is more suitable for this thesis, as the plasma is uniform across the spanwise direction

of the flow. Thus, a 2D model is accurate in this case. The model Ruggles uses is displayed

in Figure 2.13. However, for this investigation, the plasma is generated without the electrodes in the

flow path to avoid another obstacle in the flow. The plasma is generated using pulsed nanosecond

and femtosecond laser filament discharge. The dual pulse method uses an overlapping paired lasers

to create a plasma filament, presented in more detail in Figure 4.3 in Chapter 4.

Figure 2.13: The plasma model used by Ruggles et al. [9] to generate a uniform plasma across the spanwise

direction.
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Chapter 3

Numerical Approach for Supersonic Modeling

In the introduction, this chapter will give an overview of computational fluid dynamics meth-

ods. Then, the mathematical model is presented with the governing equations and the numerical

methods to solve them. Next, a discussion of the numerical methods used in this thesis to compute

the cut cells to model complex geometries is given. The chapter will conclude with a simplified

flow chart of the APDL-CFD code.

3.1 Introduction

The development of the APDL-CFD has been an 8-year project starting development for Dumi-

trache’s dissertation [100]. Now, there are nine branches used to solve a wide variety of problems,

including combustion, plasma physics, and laser modeling. The current branch built for this thesis

is the embedded boundaries branch. The new version of the code includes the addition of complex

geometries rather than a standard Cartesian mesh, which can now represent geometries through

cut cells. Furthermore, a significant effort has been made to make the code more streamlined,

documented, and user-friendly for future students and collaborators.

The primary motivation for further developing the APDL-CFD code is to investigate the bulk

flow physics of supersonic flows, specifically the effect of plasma on the control of shock wave

trains inside a supersonic channel.

3.2 Mathematical Model

This section describes the mathematical model developed for this thesis. The Navier-Stokes

equations are a system of partial differential equations (PDEs) that describe the conservation of

mass, momentum, and energy in a fluid. These equations are fundamental in computational fluid

dynamics (CFD) and simulate fluid flows, including those encountered in supersonic and hyper-

sonic regimes. To this end, the compressible Navier-Stokes equations are solved using a finite
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volume method (FVM). There are a few assumptions made in the model that are important to note.

Since a uniform plasma model is used across the whole spanwise direction, it is possible to model

this in 2D, saving computational resources. The main challenge with modeling the supersonic

flows is the extreme temperatures and chemical reactions. This model ignores chemistry and radi-

ation of the working fluid. However, considering the high temperatures, using a calorically perfect

gas would be an inaccurate approximation. Thus, the model uses a thermally perfect gas model,

which accounts for the temperature dependence of the specific heat ratio.

Another assumption is that the plasma here is modeled as an area of hot, low-density gas.

Previous studies indicate that the plasma kernels’ effect on the bulk flow does not depend on

chemistry [101, 102]. Thus, the plasma chemistry has been neglected for this study.

3.2.1 Governing Equations

The simulations in this thesis are conducted using Direct Numerical Simulation (DNS) of the

2-Dimensional compressible Navier-Stokes equations. The governing equations are written in

Cartesian conservative form [103]:

Ut + F (U)ax +G(U)ay = F (U)dx +G(U)dy (3.1)

where U is the vector of conservative variables:

U =



















ρ

ρu

ρv

E



















, (3.2)
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and the advective flux vectors are given by F (U)a and G(U)a for the x and y directions, respec-

tively. The diffusive flux vectors are denoted by F (U)d and G(U)d.

F (U)a =



















ρu

ρu2 + p

ρuv
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

















, G(U)a =


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











ρv

ρuv

ρv2 + p
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








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
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, (3.3)

F (U)d =



















0

τxx

τxy
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










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, G(U)d =


















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τyx

τyy

uτxy + vτyy + qy



















. (3.4)

The terms in the equations represent the mass, momentum, and energy conservation laws,

respectively. The variables in the vector U are the density ρ, the velocity components u and v,

and the total energy E. The equations can also be written in cylindrical coordinates, but for the

purposes of this thesis, the Cartesian form is used. If desired a source term can be added. This

doubles as a way to change the coordinate system:

Ut + F (U)ar +G(U)aθ = F (U)dr +G(U)dθ + S(U) (3.5)

The source term, S(U),

S(U) = −
δ

x



















ρu

ρu2 − τxx

ρuv − τxy

u(E + p)− uτxx − vτxy + qx



















(3.6)

33



If δ = 0, it solves a Cartesian system. Setting δ = 1 solves the equations in cylindrical coordinates,

and δ = 2 solves the equations in spherical coordinates. In this thesis the equations are solved in

Cartesian coordinates.

3.2.2 Thermodynamic Relations

There are further equations necessary to fully describe the state of the fluid. The thermo-

dynamic properties of the fluid, such as pressure, temperature, and density, are governed by the

equation of state. For a compressible flow, the ideal gas law is typically used:

p = ρRT, (3.7)

where R represents the specific gas constant and T represents temperature. This relates the pressure

and density to the temperature of the fluid. These relations are crucial in closing the system of

equations and ensuring that the conservation laws are satisfied. The introduction of temperature

into the system requires another relation to close the system of equations. The energy equation,

E = ρ

(

e+
u2 + v2

2

)

, (3.8)

where e is the internal energy of the fluid, and the other term in the equation is the kinetic energy of

the fluid. Introducing the dependence of temperature into (3.8) gives the internal energy in terms

of enthalpy,

E = ρ

(

h+−
p

ρ

u2 + v2

2

)

, (3.9)

where h is the enthalpy of the fluid, defined as

h = hf
o +

∫ T

Tref

cp(T )dT, (3.10)

where hf
o is the heat of formation, and the integral term is the sensible enthalpy. The specific heat,

cp is independent of temperature for a calorically perfect gas and the relations between energy, tem-
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perature, density, and pressure are solved by substituting (3.7) and (3.10) into (3.9). However, for

thermally perfect gases, the specific heat is a function of temperature, so the temperature is solved

for iteratively. At each time step, the temperature is solved for using the implicit equation [104]:

T =
−E + ρ

(

u2+v2

2

)

+ ρh(T )

ρR
. (3.11)

The enthalpy is solved using the polynomials from the Shomate interpolation polynomials

from the NIST database [105]. The algorithm used to solve this equation is the Newton-Raphson

method, which is an iterative method that converges to the solution by updating the guess value

based on the derivative of the function. The temperature is solved for at each cell in the domain,

ensuring that the energy equation is satisfied and the thermodynamic properties are accurately

represented. More information on the Newton-Raphson method and iteratively solving for the

temperature can be found in Section A.

3.2.3 Transport Properties

To fully describe the mathematical model, it is essential to include the transport properties that

capture the physical effects of viscosity. The viscous forces in the fluid are represented by the

molecular stress tensor, Πij , which is referenced in (3.6). The viscous stress tensor Πij and the

deformation rate tensor Dij in Cartesian coordinates are given as follows:

Πij =
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
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(3.12)

In the case of a Newtonian fluid, the stress tensor Πij is directly related to the rate of strain,

which represents how the fluid deforms over time. Therefore, the stress tensor can be defined by:
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Πij = 2µDij +

(

µB +
2

3
µ

)

(∇ · v). (3.13)

Here, µ is the dynamic viscosity, and µB is the bulk viscosity. The term involving (∇ · v)

in (3.13) accounts for changes in the volume of the fluid, ensuring compatibility with the con-

servation laws for compressible flow. The above equations can easily be reduced to 2D for the

applications in this thesis.

In this thesis, the Sutherland’s law is used to model the temperature dependence of viscosity,

which is particularly important in high-temperature flows encountered in hypersonic applications.

The Sutherland’s law is given by:

µ(T ) = µ0

(

T

T0

)3/2
T0 + S

T + S
, (3.14)

where µ0 is the reference viscosity, T0 is the reference temperature, and S is the Sutherland’s con-

stant. This relation captures the non-linear temperature dependence of viscosity, which is essential

for accurately modeling high-temperature flows.

The heat conductivity given in (3.4) is described in Fourier’s Law:

q = −k∇T. (3.15)

There are three contributions to the thermal conductivity: the electronic, vibrational, and trans-

lational contributions. However, this can be simplified by the specific heat and thermal conductivity

of the fluid through Prandtl’s number. The Prandtl number is the ratio of the momentum diffusivity

to the thermal diffusivity, given by:

Pr =
µcp
k

, (3.16)

for the simulations here, Pr = 0.7.
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3.3 Numerical Methods

When written in the conservative form, (3.1) can be separated into advective and diffusive

terms, making solving the flux more straightforward. When the right-hand side (RHS) equals zero

(i.e., no diffusive flux), the equations become Euler’s equations.

The Navier-Stokes equations are solved by separating the advective and diffusive terms. The

advective terms are solved using Roe’s flux differencing scheme with slope limiters [106]. The

diffusive terms are approximated using a second-order central difference scheme developed by Ed-

wards [107]. Time integration is performed using a fourth-order Runge-Kutta method (RKIV) [108].

The equations are solved using dimensional splitting, a conventional method for handling multi-

dimensional problems through a series of one-dimensional sweeps. Details on dimensional split-

ting are provided in the following section.

3.4 Dimensional Splitting and Flux Calculations

Dimensional splitting is a numerical technique used to reduce a multi-dimensional problem

into simpler easier to solve one-dimensional problems. The process involves splitting the fluxes

into their x- and y-components and solving the resulting equations sequentially. Toro [109] states

that the 2D advection problem in the RHS of (3.1) can be solved through dimensional splitting as

follows:

x-split problem:















PDE: Ut + F (U)ax = 0
∆t
−→ Un+ 1

2

ICs: Un

(3.17)

y-split problem:















PDE: Ut +G(U)ay = 0
∆t
−→ Un+1

ICs: Un+ 1

2 .

(3.18)

The above equations are solved using the solution at timestep n, then it is advanced to n+1 by

solving a 1D advection problem in the x-direction, followed by a 1D advection problem in the y-
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direction. Each directional solve acts as a half step, where Un+1/2, the result from the x-direction,

is used to compute the y-split problem. The solution operators for the x-split and y-split problems

are represented by X (∆t) and Y(∆t), respectively, then the solution at the next time step, Un+1,

can be expressed as [109, 110]:

Un+1 = Y(∆t)X (∆t)Un. (3.19)

The dimensional splitting approach shown in (3.19) reduces the complexity of the numerical

process since it only requires developing a single algorithm for the 1-D advection problem, which

is then applied once for each spatial direction.

A similar splitting strategy can be applied to an inhomogeneous system, called Strang split-

ting [111], such as the case with the source term in (3.5), where the right-hand side includes both

diffusive fluxes and source terms:

Advection problem:















PDE: Ut + F (U)ax +G(U)ay = 0
∆t
−→ Un+1,

ICs: Un

Source problem:















PDE: Ut = D(U)
∆t
−→ Un,

ICs: Un+1

(3.20)

where D(U) = F (U)dx + G(U)dy + S(U). The advection problem is initially solved using di-

mensional splitting (as in (3.17) and (3.18)), and the resulting solution is then used as the initial

condition to solve the ODE for the source term, obtained from the discretization of both the diffu-

sive flux and the source term D(U).

In general, solving the system of conservation laws described in (3.5) involves addressing three

separate problems: the advection PDEs in both spatial directions and the source ODEs. If we

denote the solution operator for the source ODE by D(∆t), then the complete solution at time

n+ 1 is given by:
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Un+1 = Y(∆t)X (∆t)D(∆t)Un. (3.21)

The dimensional splits in (3.17), (3.18) poses an initial boundary value problem (IBVP) for

which a solution must be found. The method follows Toro’s approach using Riemann solvers for

nonlinear conservation laws [109].

The IBVP for the x-split 2-D problem can be formulated as:

PDE: Ut + F (U)x = 0

IC: U(x, 0) = U0(x) (3.22)

BCs: U(0, t) = UL(t), U(x, t) = UR(t),

where UL and UR are the left and right conservative variables at the cell face, respectively. When

the IBVP is discretized over a computational domain, this causes the resulting PDEs to be con-

verted into ODEs, which are then integrated over time. Assuming a piecewise constant solution in

each cell, (3.22) becomes:

dŪi

dt
=

1

∆x

(

Fi− 1

2

− Fi+ 1

2

)

, (3.23)

where Ūi is the average value of the conservative variables in cell i, and ∆x represents the grid

spacing. The term
(

Fi− 1

2

− Fi+ 1

2

)

represents the difference in intercell flux across the interfaces.

Note that these fluxes are not as straight forward in the cut cell method and will be described

in section Section 3.6.1. According to Godunov [112], the intercell flux can be determined by

converting the initial boundary value problem (IBVP) from (3.22) into a Riemann problem, which

is solved at the interface of each cell:
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Ut + F (U)x = 0 (3.24)

U(x, 0) =















UL if x < 0

UR if x > 0

(3.25)

The flux is then given by:

Fi+ 1

2

= F (Ui+ 1

2

(0)), (3.26)

where Ui+ 1

2

(0) is the solution of (3.25). At this stage, there are no numerical approximations.

Godunov’s method finds an exact analytical solution for the flux, assuming a piecewise constant

distribution of the initial data. Although exact, this method is not computationally efficient.

Roe introduced an alternative approach [113], where the original Riemann problem (3.25) is

replaced by an approximate linearized version. This method uses the Jacobian matrix of the system

of conservation laws, A(U) = ∂F/∂U , to reformulate the problem as:

Ut + A(U)Ux = 0 (3.27)

U(x, 0) =















UL if x < 0

UR if x > 0

(3.28)

Roe’s approach replaces the exact Jacobian A(U) with a linearized version, Ã(U). If the sys-

tem of equations is hyperbolic, the eigenvectors must be linearly independent. This allows for

determining the intercell flux by using the eigensystem of the Jacobian. Then, according to (3.26),

the intercell flux is obtained as:
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Fi+ 1

2

= FL +
n

∑

i=1

α̃iλ̃iK̃
(0), (3.29)

where α̃i, λ̃i, and K̃(0) are the coefficients for linear independence, the eigenvalues, and the eigen-

vectors of the Jacobian matrix Ã(U). Physically, they represent the wave strengths, the speed at

which information is propagating, and the characteristic directions over which information travels

within the computational domain.

One major challenge with Roe’s original method is that it requires an explicit knowledge of

the linearized Jacobian matrix. To address this, the code in this thesis uses a variation based on

Roe and Pikes [106], which avoids this issue by adding another linearization step. The approach

assumes that, if the data UL and UR are sufficiently close to a reference state Ū , then the Jacobian

Ã(U) can be approximated as Â(Ū). This represents the second level of approximation of the

original Jacobian A(U). Wave strengths are determined by solving the Riemann problem (3.28)

around the reference state:

∆U = UR − UL =
n

∑

i=1

α̂iK̂
(0) (3.30)

The solution vector Ŵ is determined by evaluating wave strengths at the average state and

solving the resulting system of non-linear algebraic equations:

α̂i = ai(Ŵ ), λ̂i = λi(Ŵ ), K̂(0) = k(0)(Ŵ ) (3.31)

where:

W̃ =



















ρ̃

ũ

ṽ

ã



















(3.32)
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is the vector of primitive variables obtained from the conservative variables U . The solution

vector Ŵ is used to determine the wave strengths, speeds, and directions, which are then used to

calculate the intercell fluxes. For further information on Riemann solvers, the reader is referred to

Toro, LeVeque and Roe [109,110,113] for detailed explanations on the Roe-Pikes method used in

this thesis.

3.5 Time Marching Method

In this thesis, a fourth-order Runge-Kutta method (RKIV) is employed for time integration.

This method is chosen for its balance between computational efficiency and the ability to accurately

capture the transient behavior of high-speed flows. The method involves taking multiple stages

within each time step, allowing for higher accuracy in the integration process.

Once the advection flux is computed, the system of governing PDEs is reduced to a system of

ODEs in time as follows:















Ut = F (t, U(t))

U(t0) = U0.

(3.33)

The solution from time step n to n + 1 is advanced in the using an explicit 4th-order Runge-

Kutta method [114]:















































U (1) = U (n) − ∆t
∆x

F (U (n))

U (2) = U (n) − 1
2
∆t
∆x

F (U (1))

U (3) = U (n) − 1
2
∆t
∆x

F (U (2))

U (4) = U (n) − 1
6
∆t
∆x

[

F (U (n)) + 2F (U (1)) + 2F (U (2)) + F (U (3))
]

.

(3.34)

When used with dimensional splitting, described in Section 3.4, the algorithm described in (3.34)

is applied three times. Once for each complete time step: once for the x-split, once for the y-split,
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and once for the source term, as outlined in (3.17), (3.17), and if needed (3.21). For the other two

problems, F (U) in Equation 3.34 is replaced by G(U) and D(U), respectively.

The choice of the time step is a critical step to ensure the numerical stability of the explicit ODE

solver. Generally, the time step depends on three factors: (1) the mesh size, (2) the speed at which

information propagates through the domain (i.e., wave speed), and (3) the intercell flux calculation

method. These are all related through the Courant-Friedrichs-Lewy number. Mathematically, this

can be represented for a 1-D system as:

∆t ≤
∆x

smax

, (3.35)

where ∆x is the cell size in the x-direction, and smax is the maximum wave speed in the com-

putational domain. This wave speed must be calculated at each cell to determine the next time

step. In practice, the time step is calculated using the CFL:

∆t = CFL ·
∆x

smax

. (3.36)

To satisfy (3.35), the CFL number must be less than one. For 2-D simulations, (3.36) is ex-

tended to:

∆t = CFL ·min

(

∆x

sxmax

,
∆y

symax

)

. (3.37)

The wave speed for each cell is calculated as:

sxmax = |u|+ a, symax = |v|+ a, (3.38)

where a is the speed of sound, and u and v are the velocities in the x and y directions, respec-

tively. Physically, (3.37) indicates that the time step size must be chosen based on the minimum

wave speed in both directions.
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3.6 Modeling Complex Geometry

Accurate representation of complex geometries is critical in CFD simulations, particularly

when dealing with irregular surfaces that do not conform to a standard Cartesian grid. Several

methods exist to handle complex geometries, including structured and unstructured grids, body-

fitted coordinates, and immersed boundary methods.

In this work, we utilize the cut cell method, which accurately represents complex geometries

on a Cartesian grid. This method simplifies grid generation while maintaining high accuracy near

the boundaries.

It must be noted that the goal of implementing the cut cell method into the APDL-CFD code

is to allow lower-resolution simulations for rapid prototyping. Without the use of cut cells, the

flow field exhibits noticeable distortions, creating a ‘wavy’ appearance along the boundaries. This

effect arises because the geometry, represented on a Cartesian grid, lacks smoothness and precise

alignment with the physical surface. As seen in Figure 3.1, the wedge geometry is approximated by

stair-step patterns inherent to the grid, which introduce artificial irregularities in the velocity field.

These grid-induced artifacts interfere with the accurate capture of boundary conditions, resulting

in deviations from the expected flow behavior.

Figure 3.1: A low resolution wedge with no representation of a smooth geometry. Velocity magnitude is

shown as an example.

Section 1.2 mentioned Peskin’s use of immersed boundaries. These are different from the

embedded boundary method used in this thesis. The difference is shown in Figure 3.2. The main

takeaway from this is that the cell center in the embedded boundary is effectively moved, and the
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quantities are solved at the new cell center of the fluid cell polygon. In IB, there are no cut cells;

the geometry is represented by body forces and modifying the flow field via imposed boundary

conditions.

Figure 3.2: Embedded boundary (left) vs. Immersed boundary (right) [10].

3.6.1 Cut Cell Method

A cut cell method is employed to handle internal geometries that do not necessarily conform

to a Cartesian grid. This approach first generates a structured Cartesian grid independently of the

boundary geometry. The boundary, which is calculated separately in preprocessing, is then overlaid

onto this grid, resulting in cells that are partially intersected by the boundary, known as cut cells.

The geometry also fully covers cells, denoted as solid cells. The equations are still solved using

the finite volume method on this structured grid, which remains Cartesian and regular everywhere

except near the boundary where cut cells are present.

The cut cell method offers an alternative to body-fitted meshes, which can suffer from high

aspect ratios and skewed cells near complex boundaries. However, cut cell methods introduce

challenges, notably the small cell problem. The small cell problem is illustrated by the cell in Fig-

ure 3.3. The blue section is the solid, the gray is the fluid part of the cell. When a cell is mostly

covered by the boundary, the remaining fluid portion can be very small, leading to numerical in-

stability due to excessively small time steps required for stability. Many techniques to avoid this

include cell merging [31] or flux redistribution [53]. For the sake of this thesis, cells below a user-

defined threshold of either solid or fluid ratio are considered fully solid or fully fluid, respectively.

45



For example, the right cell shown in Figure 3.3 could be considered a solid cell since the cell is

over 99% solid. This is just for visualization; the cut-off range is typically many orders or magni-

tude smaller. The small cell problem is more of a problem when the cell is primarily solid, but the

same principle applies to cells that are mostly fluid.

Most cut cell methods are only first- or second-order accurate at the boundaries. However,

according to Duan et al. [115], that is sufficient for high-speed aerodynamic flows. This only

becomes a problem when dealing with highly turbulent flows.

Figure 3.3: Two cut cells with the right having a small fluid portion, illustrating the small cell problem.

Cut cell methods have been extensively studied, with various approaches developed to handle

the complexities introduced by the boundary geometry. The method described here is inspired

by several existing techniques, notably the KBN method by Klein et al. [26] and its extension to

more complex geometries by Gokhale et al. [52], who utilized methods from Meyer et al. [53] for

boundary flux reconstruction. A distinguishing feature of these methods is the use of dimensional

splitting, which simplifies the extension of the method to higher dimensions.

In the Cartesian cut cell method, there are three types of cells: fluid cells, cut cells, and solid

cells. Fluid cells are regular grid cells not intersected by the boundary and can be solved normally.

Solid cells lie entirely within the solid boundary and have no flux. In this case, solid cells are

considered stationary, but if desired, creating a moving boundary requires special treatment of
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these cells. Cut cells are partially cut by the boundary and require particular equations to calculate

flux, which differ from those in the above sections. Accurately capturing the flow behavior near the

boundary requires reconstructing the flow properties at the intersection points within the cut cells,

including capturing the velocity gradient that occurs near a no-slip wall [31]. Figure 3.4 illustrates

the different types of cells. The leftmost cell represents a fluid cell, the middle cell is a cut cell,

and the rightmost cell is a solid cell.

Figure 3.4: Three types of cells in the cut cell method: fluid cell (left), cut cell (middle), and solid cell

(right).

The cut cells can be further divided into twelve different types based on the intersection of the

boundary with the cell faces, as shown in Figure 3.5. These are divided to calculate the polygon

points. The left column of cut cells has three polynomial points, the middle column has four, and

the right column has five. The polynomial points are used to determine the cell fractions, which

represent the proportion of the cell volume occupied by fluid (represented by the white region of

the cells in the figure).
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Figure 3.5: Different types of cut cells based on face intersection.

An advantage of the cut cell method is its computational efficiency. All geometric parameters

are computed during preprocessing, which can be significantly faster than generating an unstruc-

tured mesh for complex geometries. The geometric parameters are listed in the order that they are

calculated during preprocessing:

1. The cell intersection points, where the boundary intersects the cell faces.

2. The face fraction, β of each face in the cell. This represents the proportion of the face area

that is occupied by fluid.

3. The length of the intersecting line, and the coordinates of the midpoint of this line xm.

4. The unit normal to the boundary for each cell, n̂b.

5. The centroids of the fluid portion of the cut cells, denoted as xc.

6. The area of the fluid part of the cell, Af .

7. The area fraction, α. This is the fluid area, Af , non-dimensionalized by the total cell area.
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The coordinates of the intersections are simply identified as the first step. Next, the face frac-

tions are calculated by β by taking the distance between the coordinate of the corner of the face

in the fluid section and the coordinate of the cell intersection. This is done for each face, giving

βi−1/2, βi+1/2, βj−1/2, βj+1/2. A simple example of this is shown in Figure 3.6. To ensure this is

calculating the fluid part of the cell, a sign distance function can be used to determine if the point

is inside or outside the boundary,

AI

AB
= β = −

(

φA

φB − φA

)

, (3.39)

where φA and φB are the sign distance function at points A and B, respectively.

Figure 3.6: Face fractions β for a cut cell.

In 3D, this becomes a face calculation, and uses the same formula to calculate α. The alpha

value is then computed by using the formula for the area of a polygon. Before the alpha is computed

the polygon points are sorted in order based on the orientation that the boundary intersects the cell.

Once sorted, the α is calculated using the formula:

α =
1

2Ab

n
∑

i=1

(xiyi+1 − xi+1yi), (3.40)

where the sum term is the formula to calculate the area for an arbitrary polygon and is periodic so

n + 1 = 1. This can also be expanded to 3D, the calculation would be for a polyhedron. For the

sake of this thesis, the focus is on 2D simulations.
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In the following, we describe the calculations used in the cut cell method, first in one dimension

(1D), then extending to two dimensions (2D). Since the method employs dimensional splitting, it

can be straightforwardly expanded to three dimensions (3D), although our focus here is on 2D sim-

ulations. Klein et al. [26] introduced a reference state at the wall, denoted as u0 = (ρ0, u0, v0, p0),

representing the conservative variables at the wall. However, in this investigation, the walls are

stationary, and we consider them as reflective boundaries zero velocity, so the reference states are

omitted from these calculations.

For a 1D cut cell, the standard explicit update equation in finite volume methods is given by,

described in more detail in Section 3.4:

Un+1
i = Un

i −
∆t

∆x

(

F n
i+1/2 − F n

i−1/2

)

, (3.41)

where Un
i is the conservative variable vector at cell i at time level n, ∆t is the time step, ∆x is the

cell width, and F n
i±1/2 are the numerical fluxes at the cell interfaces.

However, near a cut cell, this equation changes to account for the reduced fluid volume within

the cell:

Un+1
i = Un

i −
∆t

αi∆x

(

F n
i−1/2 − F b,n

)

, (3.42)

where F b is the flux at the boundary, and F n
i−1/2 is the standard left flux. However, the use of F n

i−1/2

is not stable, according to Klein et al. [26] the actual conservative update is:

Ûn+1
i = Ûn

i +
∆t

α∆x

(

FKBN,n
i−1/2 − F n

i−1/2

)

, (3.43)

where FKBN,n is the stabilized flux computed at time step n to account for the presence of cut

cells, ensuring numerical stability.

To determine the expression for the stabilized flux, we equate the right-hand sides of (3.43)

and (3.42), yielding:
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FKBN,n
i−1/2 = F b,n + α

(

F n
i−1/2 − F b,n

)

. (3.44)

This stabilized flux is used to update both the cut cell and its neighboring cells, ensuring con-

servation within the scheme at each regular time step ∆t. Note that (3.44) is derived from [26] and

behaves consistently in the natural limits of the grid. When α → 1, the stabilized flux FKBN,n
i−1/2

approaches the regular flux F n
i−1/2. Conversely, as α → 0, FKBN,n

i−1/2 converges to the boundary

flux F b,n. The KBN flux was further stabilized by Gokhale et al. [52] by using the wavespeed and

more geometric information. The first improvement is to use a new local timestep for the cut cells.

Since the timestep is based off the cell size and the wave speed, with cut cells a smaller timestep is

needed:

∆tcc = CFL
α∆x

Si

, (3.45)

where Si is the wave speed for the cut cell. With this modification, we replace (3.44) with:

The modified form of the stabilized flux is given by:

FKBN,n
i−1/2 = F b,n +

∆t

∆tcc

(

F n
i−1/2 − F b,n

)

, (3.46)

where the local timestep ∆tcc is used to stabilize the flux in the cut cell. This modification

ensures that the fluxes are consistent with the local wave speed, preventing numerical instability in

the presence of cut cells. This can then be used to further stabilize the cut cell flux with the Locally

Preserving Flux Splitting (LPFS) method is given by:

F LPFS
i−1/2 =

∆tcc

∆t
F n
i−1/2 +

(

1−
∆tcc

∆t

)

FKBN
i−1/2, (3.47)

This formula blends the standard flux F n
i−1/2 with the KBN-stabilized flux from (3.46) to main-

tain stability.

This is all done in 1D, but Klein et al. give the extension in 2D. This requires additional param-

eters, some of these parameters are represented graphically in Figure 3.7. The left figure shows
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the geometric parameters used and the right shows the fluxes. It is clear from this figure that the

parameters are split into two main regions at the interface between two cells:

1. The unshielded region, the portion of the cell that is not intersected by the boundary.

2. A singly shielded portion, where the region is shielded by the boundary to the right (SS,R)

or left (SS,L). In this case there is only SS,R.

Figure 3.7: Geometric parameters for cut cell calculations. (a) Geometric parameters for cut cell calcula-

tions. (b) Fluxes in a cut cell.

The following explains the fluxes in Figure 3.7:

• For the unshielded region, the standard 1D flux (3.26) is used for FUS and weighted in (3.52).

• For the singly shielded regions, the flux is computed using the LPFS flux, from (3.47). These

are represented as either F SS,R or F SS,L, depending on the direction of the shield. α is also

replaced with αshielded in (3.45), which represents the distance between the center of the

boundary xm and the edge of the cell.

αshielded =
α̂i−1/2,j

βi−1/2,j−βi+1/2,j

, (3.48)

where α̂i−1/2,j = αi,j − βi+1/2,j .

• The boundary flux, F b, requires special treatment. These fluxes are done in a similar way

to Meyer et al. [53]. Since the pressure and density are reflected from the boundary, it is
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taken as a simple interpolation from the surrounding fluid cells. However, due to the no-slip

conditions on the wall, special consideration must be taken for the velocity. This is done

at an interpolation point located at a distance, P ′, from the surface midpoint xm along the

normal coordinate n. To determine the location of P ′, the function h is used:

h =
1

2

√

(∆x · n⊥,x)2 + (∆y · n⊥,y)2, (3.49)

where n⊥,x and n⊥,y are the components of the normal vector perpendicular to the boundary

in the x and y directions, respectively. Then to reconstruct this value at the centroid of the

cut cell, the distance from the boundary midpoint to the centroid is found:

∆h =
√

(xc,x − xm,x)2 + (xc,y − xm,y)2. (3.50)

This value is then used to calculate the velocity at the cut cell centroid,

ucut =
∆huP ′

h
. (3.51)

This takes the interpolated velocity at P ′, uP ′ and puts the linear interpolation of it onto

the centroid of the cut cell, xc. These velocities are then used to compute the flux at the

boundary. Figure 3.8 illustrates the velocity gradient graphically.

53



Figure 3.8: Velocity gradient near the wall. The velocity at the boundary is interpolated to the centroid of

the cut cell.

Finally, the fluxes are all put into one equation to get the modified flux at the cut cell. This

is done by taking a weighted average of the fluxes from the different sections, depending on the

region of the cell, illustrated in Figure 3.7. The modified flux is:

Fmodified,n =
1

βC

[

βUSFUS,n + βSS,LF SS,L,n + βSS,RF SS,R,n
]

, (3.52)

where the β coefficients are face fractions, and the superscripts refer to different flux contributions

from various parts of the cell (e.g., unshielded fluxes, shielded-left fluxes, shielded-right fluxes.).

For the case with the wedge we only have singly shielded to the right, so F SS,L,n = 0.

Then, (3.52) is used to update the cut cell in the x-direction, and then the y-direction. The final

update equation for the cut cell is given by:

U
n+1/2
i,j = Un

i,j +
∆t

α∆x

[

βi−1/2F
modified,n
i−1/2 − βi+1/2F

modified,n
i+1/2 − (βi−1/2 − βi+1/2)F

b,n
i

]

, (3.53)
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Un+1
i,j = U

n+1/2
i,j +

∆t

α∆y

[

βj−1/2G
modified,n
j−1/2 − βj+1/2G

modified,n
j+1/2 − (βj−1/2 − βj+1/2)G

b,n
j

]

, (3.54)

where U
n+1/2
i,j is the intermediate state after the first dimensional update, and Un+1

i,j is the updated

state after completing both dimensions.

In summary, the cut cell method provides an efficient and accurate way to handle complex

geometries in computational fluid dynamics simulations without needing body-fitted meshes. Re-

constructing the flow variables in cut cells and employing flux stabilization techniques allows for

accurate geometry representation and stable numerical simulations. It should be noted that in the

case of concave boundaries, meaning where the face of a cell might be shielded on both sides, the

method becomes more complex. This requires splitting the shielded region into singly and double

shielded regions and treating them separately. However, only convex boundaries are considered in

this case, so this is not a concern.
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3.6.2 Algorithm for Grid Generation

The grid generation is all done in python before the simulation is run as a preprocessing step.

The grid is generated using the following steps:

Algorithm 1: Cut Cell Grid Generation Procedure

1 Generate a uniform grid over the computational domain;

2 Define the embedded geometry through a series of lines;

3 Find the intersection points of the grid lines with the embedded geometry;

4 Store all cell corners and cell intersections;

5 foreach cut cell do

6 Calculate face fractions βi−1/2, βi+1/2, βj−1/2, βj+1/2 by finding the distance between

the cell corners and the intersecting line on the cell face;

7 Calculate additional face fractions βSS,L, βSS,R, βSS,U , βSS,D for each cut cell;

8 Sort cell corners and intersections and determine the intersection type based on

Figure 3.5, including checking the normal to determine the direction of the

intersecting line;

9 Calculate the cell area, Af for each cut cell;

10 Determine the normals of each cut cell and calculate polynomial points based on the

cut cell type;

11 Calculate volume fractions α, αSS,R, αSS,L, αSS,U , αSS,D for each cut cell;

12 end

13 Output all calculated parameters: β’s, α’s, normals, midpoints, and cut cell centroids to

the CFD code;

3.6.3 Modeling of Plasma

The plasma is represented as a hot kernel of low-density, high-temperature gas. In the simu-

lations presented in this thesis the first impact of the incident shock wave is on the bottom wall.

Thus, the plasma is placed upstream of the first impact location. The location and temperature are

varied to determine the effects. The plasma chemistry has been neglected for this study, following
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recommendations of previous studies [101, 102]. Further details on the modeling of plasma are

presented in Chapter 4.

3.6.4 Code flowchart

The following flowchart is a simplified version showing the flow of information. There are

many more steps in the code, but this gives a general idea of how the code works. Starting with

preprocessing in Python for geometry generation, the information is then passed to the CFD code.

The CFD code then runs the simulation and outputs the results. The results are then post-processed

in Python or VisIt to generate the figures and data for analysis. The orange boxes represent the main

loop in the code. The validation of this code can be found in Chapter 5.
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Figure 3.9: Flowchart of the entire code.
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Chapter 4

Modeling of Plasma-Assisted Shock Wave Control

The following chapter will be primarily from results published in a AIAA conference pa-

per [116] and a journal paper that is pending submission.

4.1 Introduction

This chapter investigates the use of plasma-based flow control for hypersonic applications, fo-

cusing on the impact of plasma on shock wave (SW) dynamics in a supersonic channel at Mach 2.5.

Numerical simulations were performed in a straight channel with a square cross-section (10x10

cm) and a length of 50 cm, using the in-house APDL-CFD code. An oblique SW train was gener-

ated by a 10° wedge mounted on the upper wall, 5 cm downstream of the channel inlet. A simulated

femto-filament laser discharge was introduced just upstream of the point where the leading shock

impinges on the bottom wall.

The study explores the effects of plasma energy deposition on SW-boundary layer interactions

(SWBLI), with plasma temperature varying from 1,000 to 8,000 K and its position adjusted to

maximize shock displacement. The simulations reveal an upstream shift of the reflected SW by

about 5 cm at the upper wall impingement point, resulting from the interaction between the plasma,

boundary layer (BL), and SW. Plasma generation led to significant thickening of the bottom wall

BL, causing a larger separation bubble that weakened the reflected shock. Consequently, two

weaker shocks were produced at different angles compared to the original reflected shock.

Synthetic schlieren imaging and pressure measurements showcase the effects of plasma on

the SW pattern. The CFD results align with experimental trends from the University of Notre

Dame’s SBR-50 supersonic wind tunnel, suggesting that plasma-induced SWBLI could lead to

novel plasma-based shock control methods for applications such as scramjet inlets and isolators.
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4.2 Problem Setup

This section will introduce the experimental and computational setup for the study.

4.2.1 Modeling the CSU Wind Tunnel

The primary goal of this work is to inform experiments that will be completed in the CSU

supersonic wind tunnel, developed by Teeter et al. [25]. A figure APDL hypersonic wind tun-

nel is shown in Figure 4.1; the computational domain is based on the test section shown. The

tunnel operates as an indraft facility whereby flow acceleration is obtained by generating a pres-

sure differential between the atmospheric inlet air and a vacuum tank placed at the outlet. Flow

conditioning is attained using an asymmetric linear converging-diverging nozzle, which ensures a

uniform Ma = 2.5 inside the test section. Work is underway to convert the tunnel into a heated

blowdown facility. More information regarding the facility can be found in Teeter et al. [25].

Figure 4.1: CSU Wind Tunnel photo and schematic. The wind tunnel is an indraft design with a vacuum

chamber downstream from the test section and atmospheric conditions at the inlet. Significant improvements

such as the addition of a valve system have been made to the wind tunnel since the time of the photo.
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A summary of the specifications are given in Table 4.1

Table 4.1: Colorado State University APDL Wind Tunnel Specifications.

Test Section Size (3–12.7) × 12.7 in

Vacuum Tank V = 3 m3; P0 = 0.01 mbar

Pump System 4-stage: 60 m3/hr

Total Pressure P0 = 0.1 MPa

Total Temperature T0 = 300− 2000 K

Flow Rate 0.41–1.2 kg/s

Mach Number 2.5–7

Test Time 0.1–0.5 sec

4.2.2 Mathematical Model

The hypersonic flow is simulated using our direct numerical simulation (DNS) custom-built

APDL-CFD code. The governing equations, written in Cartesian coordinates are the same as those

in Chapter 3.

4.2.3 Computational Domain

For the study conducted here, the computational domain covers most of the test section length

of the tunnel. The computational space is represented in 2-D with a 0.5 m × 0.1 m domain as

shown in Figure 4.2. A supersonic inlet boundary condition specifies the left side of the domain.

The inlet conditions were determined using a 1-D isentropic calculation by imposing a desired

free-stream Ma=2.5 in the channel and a stagnation condition corresponding to 1 atm and 650 K.

Starting at this elevated temperature reflects the high-energy conditions the flow would encounter

at the entrance of a scramjet isolator at such speeds. The supersonic outlet is implemented using

the non-reflective boundary treatment defined by Poinsot et al. [117], which allows the evacuation

of the supersonic flow with minimal reflections back into the domain. A 10° triangular wedge is

embedded inside the domain, which starts at x = 5 cm. The walls and the wedge are modeled with

no-slip conditions.
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The location of the plasma was varied between 2.5–20 cm along the bottom wall of the tunnel

to better understand the impact of plasma placement on the shock wave train displacement. The

plasma temperature was varied between 1000–8000 K to study the effect of the energized boundary

layer on the SWBLI. The chosen temperature range represents what has been previously reported

in a dual-pulse laser plasma heating technique. The plasma size and temperature were selected

based on the optical emission data obtained by Houpt [99].

Figure 4.2: Computational domain with plasma location shown by the red block. Note that while the wedge

size is to scale, the plasma location is enlarged for visibility; in reality, it measures 2.5 × 2.5 mm and the

actual position is varied.

Flow interaction strongly depends on the spatial distribution of discharge energy, primarily

controlled by the electrode geometry and plasma-flow coupling. In this case, the electrodes are em-

bedded into a ceramic material on the bottom of the wind tunnel as shown previously by Leonov [8]

so the discharge electrodes do not physically interfere with the computational domain. Regarding

the plasma kernel, it is important to note that this study does not aim to model filament dynamics

or plasma kinetics in the study. Rather, this study assumes plasma exerts a purely thermal effect on

the flow. The plasma model used for the study is illustrated in Figure 4.3. The plasma is created by

overlapping dual-pulse femtosecond and nanosecond lasers, creating a spanwise uniform plasma

arc across the whole domain and creating accurate 2D effects.
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Figure 4.3: Experimental setup to create a linear spanwise plasma. This can be solved computationally by

using a 2D model.

4.3 Numerical Results and Discussion

The upcoming section will detail the findings on controlling shock wave trains using a simu-

lated femto-filament plasma discharge. It begins with an explanation of the underlying physics of

shock wave train control and the interaction between shock waves and boundary layers (SWBLI),

including a thorough description of the separation bubble. Following this, the study will explore

the effects of varying plasma locations and follow with an analysis of the impact of different plasma

temperatures.

4.3.1 Control of Shock Wave Position

Results showing the oblique shock wave train induced by the triangular wedge are presented Fig-

ure 4.4 via synthetic schlieren, modeled here simply as ∂ρ/∂y, since every property is assumed

constant in the spanwise direction. Shown in Figure 4.4-top is the steady-state solution in the ab-

sence of the femto-filament plasma discharge. The 10◦ wedge starts at x = 5 cm along the top

wall. The first incident shock impacts the bottom wall at x = 21 cm, and the reflected shock cre-

ates a second impact on the top wall at x = 38 cm. The position of this second impact point, and

how it is altered by plasma injection, is the primary focus of our analysis. Once the supersonic flow

fully develops in the computational domain and the steady shock wave train is established (t = 1.3
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ms after the start of the simulation), the plasma is turned on. As seen in Figure 4.4-bottom, a

plasma kernel is placed upstream of the first impact point at x = 12.5 cm, and the effect is seen

by the second impact position by moving the shock wave train by about 5 cm upstream in this

case. Additionally, we observe a growth in the separation bubble in the plasma-energized bound-

ary layer. Adding the plasma thickens the boundary layer. The plasma energy deposition leads to

a local drop in density, which in turn leads to an acceleration of the fluid in the boundary layer and

an increase in boundary layer thickness. The larger boundary layer thickness subsequently leads

to the formation of a larger separation bubble. This in turn will affect how the reflected shock

propagates. The plasma is stretched downstream due to the no-slip conditions on the bottom wall

and the advection of the bulk flow over the kernel. The separation bubble plays an important role

in shifting the second impact point on the top wall.

These results improve our previously published studies by reducing the wedge size in the chan-

nel, thereby minimizing the effects of the low-momentum wake generated at the rear of the wedge.

This helps lead to a more isolated analysis of the shock wave interaction with the plasma.

Figure 4.4: Numerical schlieren plot (∂ρ/∂y) of the SW train. Top: Plasma is turned off. Bottom: Plasma on

(2.5×2.5 mm initial size,Tplasma=5,000K) is turned on. The image set showcases the upstream displacement

of the SW train when the plasma is turned on. The position of the plasma actuator is at x = 12.5 cm.
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The flow physics of shock wave boundary layer interaction (SWBLI) in a Ma = 2.5 flow

without plasma are illustrated in Figure 4.5. In this configuration, an incident shock generated by

an upstream wedge impinges on the boundary layer along the bottom wall, leading to the formation

of a separation bubble. In an ideal scenario, the incident shock will impinge on the bottom wall

causing a perfect reflection due to the impedance mismatch at the interface. However, in reality,

the interaction between the shock and the fluid near the wall leads to an adverse pressure gradient

which causes a local flow separation at the impact point. The separation shock disturbs the ideal

reflection condition, leading to the shift upstream of the reflected shock. This phenomenon is why

in Figure 4.5 below we see that the incident and leading edge shocks cross each other even in the

absence of a plasma. As the separated flow interacts with the shock, a leading edge shock (first

reflected shock) is formed at the separation point. Downstream of the bubble, the flow accelerates

through an expansion fan before being compressed, generating a reattachment shock. This complex

shock structure and the associated separated flow significantly influence the downstream pressure

distribution.

When plasma actuation is applied, the flow structure undergoes a marked transformation. The

separation bubble grows in size and shifts slightly upstream due to the plasma-induced body forces

within the boundary layer. This displacement causes the leading edge shock to move upstream as

well, resulting in a larger distance between the leading edge and reattachment shocks and the sec-

ond impact to be moved upstream. In this configuration, the reattachment shock is also displaced

upstream. Notably, with plasma actuation, the separation bubble height increases to approximately

8 mm, compared to 5.3 mm without plasma. The presence of plasma modifies the boundary layer

and shock dynamics, resulting in a different shock structure. The separation and relative strength

of these two shock waves depend on various factors, including plasma temperature, plasma size,

and the plasma kernel’s position relative to the first impact point.
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Figure 4.5: Numerical schlieren plot (∂ρ/∂y) zoomed in on the separation bubble physics shown with

plasma off.

The impact of plasma on the SWBLI can be seen in the schlieren images of Figure 4.6. In the

absence of plasma (top image), the boundary layer remains relatively thin, leading to a smaller sep-

aration bubble and a later reattachment shock. However, after plasma actuation (bottom image), the

boundary layer thickens significantly, and the separation bubble expands upstream. The interaction

between the incident shock and the plasma-activated boundary layer generates a plasma-induced

shock, which emerges due to the flow’s response to the low-density plasma region. Additionally, a

secondary reattachment shock forms just downstream of the separation bubble, further altering the

flow structure. Figure 4.6 also shows the growth of the separation bubble height, which increases

from 5.3 mm to 8 mm after plasma actuation. This growth is due to the plasma’s thermal effects

on the boundary layer, which cause the flow to separate further upstream. The plasma-induced

shock and the secondary reattachment shock are also visible in the bottom image, demonstrating

the significant impact of plasma on the SWBLI.
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Figure 4.6: Numerical schlieren images describing the shock-boundary layer interaction at the moment of

plasma actuation. Top: SWBLI with plasma off. Bottom: Shock-plasma-boundary layer interaction a few

hundred microseconds after plasma actuation.

4.3.2 Plasma Location Effects

To understand the optimal plasma location for increasing the upstream displacement of the

reflected shock wave’s second impact point, the plasma kernel’s position along the bottom wall

was varied in a series of numerical simulations. Figure 4.7-Left presents the pressure traces along

the top wall for five cases: one with no plasma and four with plasma placed at distances ranging

from 12.5 to 20 cm from the channel inlet. The first impact of the shock on the bottom wall occurs

around x = 21 cm, so placing the plasma at x = 20 cm proves ineffective, as the kernel is too

close to the separation bubble to produce a significant displacement. The characteristic lines of the

shock at this location are beyond the plasma’s influence, leading to only a minor impact. Next,
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plasma placed at x = 17.5 cm has a more significant effect, but it was found that moving it even

further upstream would lead to a more significant effect.

The results indicate that the ideal placement for the plasma is at x = 12.5 cm from the inlet,

where the most significant upstream displacement of the second impact point is achieved. As

shown in Figure 4.7-Right, the displacement of the reflected shock’s second impact depends non-

linearly on the plasma location, with a peak effect observed when the plasma is located sufficiently

upstream, allowing for interaction with the boundary layer before the shock impacts the bottom

wall. This interaction causes the boundary layer to thicken, influencing the shock structure.

When the plasma is placed too close to the first impact, such as at x = 20 cm, it still weakens

the shock but fails to induce a significant displacement of the second impact point. The shock

wave is mitigated, but the reduced distance between the plasma and the separation bubble limits

the plasma’s effectiveness in altering the flow structure.

Interestingly, there is minimal change in the displacement of the second impact point when the

plasma is positioned between x = 2.5 and x = 12.5 cm from the inlet. This behavior suggests that

this region’s boundary layer is already fully developed. The plasma further enhances the boundary

layer’s thickness, but the flow conditions near the separation bubble remain relatively unchanged,

preventing further displacement of the reflected shock.

Table 4.2: Location of the Plasma and Displacement of the Second Impact Point.

Location (cm) Displacement (cm)

2.5 4.15

5.0 4.40

7.5 4.40

10.0 4.45

12.5 4.80

15.0 4.40

17.5 3.30

19.0 1.80

20.0 0.20
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Figure 4.7: Left — Pressure distributions at the top wall for different plasma locations, locations < 12.5

omitted from the plot for clarity. Right— Plasma Location vs. ∆x (Distance second impact traveled up-

stream). Simulations were performed at a constant plasma temperature of 5000 K.

Figure 4.8 shows a progression of shock wave interactions at three different locations: x = 20

cm, x = 12.5 cm, and x = 2.5 cm. At x = 20 cm, there is a small growth in the boundary layer.

However, the effect when the plasma is placed at this location is minimal, as the plasma is far too

close to significantly influence the flow. At x = 12.5 cm, the optimal location for this study, there

is a greater impact with a larger separation bubble. At x = 2.5 cm, the boundary layer is fully

developed since the plasma has a longer way to travel. Expectedly, the plasma has less impact

than x = 12.5 cm but still forms a strong recirculation region. The flow in this region shows less

variation compared to upstream locations, implying that the boundary layer has stabilized.

Figure 4.8: Boundary Layer formation at Plasma locations x = 20, x = 12.5 and x = 2.5 at t = 2.5 ms at

a temperature of T = 5000 K
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4.3.3 Plasma Temperature Effects

To further understand the influence of plasma energy deposition within the boundary layer

on the shock wave structure, the plasma kernel temperature Tp was varied between 1,000 K and

8,000 K. The resulting pressure distributions are presented in Figure 4.9. The data, collected

via simulated pressure taps mounted on the top wall, provide insight into how different plasma

temperatures affect the shock wave boundary layer interaction (SWBLI).

In the baseline case, a strong leading-edge shock is observed without plasma actuation, with

the first pressure peak around x = 39 cm. However, once the plasma is activated, the interaction

dynamics change significantly. The leading-edge shock is split into two weaker shocks, with the

first impact point shifting upstream by approximately 4 cm to 5 cm. The separation bubble gener-

ates this initial shock, while a weaker reattachment shock leads to the secondary peak observed at

around x = 42 cm. This division of the shock structure demonstrates the plasma’s ability to miti-

gate the strength of the original shock, reducing its impact on the flow. The total pressure recovery

when the plasma is active is higher than in the baseline case. This suggests plasma actuation can

reduce wave drag in supersonic internal flows by weakening shock wave interactions.

When analyzing the effect of different plasma temperatures, it becomes evident that higher

plasma temperatures lead to more pronounced effects on shock displacement. For example, a

plasma temperature of 8,000 K achieves the highest displacement of the second impact point,

shifting it further downstream compared to lower temperatures. However, while higher tempera-

tures produce more substantial effects, practical limitations in experimental setups and real-world

applications make it challenging to achieve such extreme conditions. These high temperatures

require unique, expensive materials. Therefore, for the remaining parts of this study, a plasma

temperature of Tp = 5, 000 K was chosen. This temperature represents a more realistic scenario

for experimental validation while still providing significant control over the shock wave structure.

It’s also worth noting that even at the lowest temperature of Tp = 1000 K, the plasma still weakens

the shock, though the displacement is minimal.
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Figure 4.9: Left - Pressure distributions over the top wall. Right - Temperature vs. ∆x (The change in

second impact location). The results showcase the impact of plasma energy deposition on the SW train.

.

Table 4.3: Temperature of the Plasma and Displacement of the Second Impact Point.

Temperature (K) Displacement (cm)

1000 0.07

2000 3.95

3000 4.35

5000 4.60

8000 4.88
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The effect of varying plasma temperatures on shock wave-boundary layer interactions (SWBLI)

is illustrated in Figure 4.10, which compares three cases with plasma temperatures of Tp = 1000,

2000, and 8000 K. These results demonstrate the significant impact of plasma energy on separation

bubble growth and shock dynamics.

At Tp = 1000 K (Figure 4.10-Left), the plasma energy is modest, resulting in limited flow

disruption. The temperature increase is just above the stagnation temperature of 650 K. It is insuf-

ficient to cause substantial growth in the separation bubble or significant changes in the reflected

shock, as evident in Figure 4.9. Consequently, the flow remains stable, with minimal SWBLI

effects.

For Tp = 2000 K (Figure 4.10-Middle), the higher plasma energy generates clear compression

waves at the leading edge of the separation bubble and merges to form a stronger leading edge

shock. An expansion wave follows, interacting with the separation bubble, leading to the formation

of a distinct reattachment shock downstream. The increased separation in this case indicates a

moderate influence of the plasma.

The most pronounced effect is observed at Tp = 8000 K (Figure 4.10-Right), where the plasma

introduces substantial energy into the flow. This leads to the formation of the largest separation

bubble and significant displacement between the leading edge shock and the reattachment shock.

The darker recirculation region and the increased spacing between shock structures indicate more

substantial SWBLI effects. Additionally, the plasma shock is faintly visible in this figure.

Figure 4.10: Separation bubble formation with plasma at different temperatures: Tp = 1000, 2000, and

8000 K from left to right, respectively.
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4.4 Conclusion

In this chapter, the numerical investigation of plasma-assisted SW control was conducted. It

was found through modeling that plasma kernels can control SWs if placed in the correct location

within a channel. The movement of the SW train is shown most notably by visualizing the second

impact point using synthetic Schlieren images, along with pressure distribution data over the top

wall. The significant finding of this study is that plasma injection into the boundary layer can

indeed affect the SW train in a supersonic channel. By varying the plasma energy deposition and

the injection location, we observed an upstream displacement of the second impact point (located

at the top wall, behind the wedge) by about 5 cm. The results suggest that plasma-assisted flow

control can mitigate the adverse effects of SWs in supersonic flows and potentially reduce the total

pressure losses in an inlet-isolator configuration.
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Chapter 5

Numerical Results and Validation of the Cut-Cell

Method

This chapter focuses on the improvements made to the APDL-CFD code by implementing the

cut cell method. The first section validates the code before modifying it to ensure a stable base.

The results are shown for the cut cell method and compared to results without the cut cell method

to show the improvements made.

5.1 Code Validation

Before implementing the cut cell method, the code was validated using the Sod’s shock tube

problem [118]. The results of the shock tube problem are shown in Figure 5.1. The results show

the density, and pressure profiles at t = 0.2 s. The results are compared to the exact solution and

show good agreement.

Figure 5.1: Sod’s shock tube problem numerical simulation (red) and the analytical solution (black) show

good agreement between the numerical results and the analytical.

The code was also validated by experimental results using a laser ignition problem, where the

ignition kernel was simulated in an axisymmetric setup. The results of the laser ignition problem
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are shown in Figure 5.2. Dumitrache shows the simulated kernel compared to the experimental

kernel, results show good agreement between the two. The labels for ∆z are the offsets from

the dual-pulse laser. Readers interested in the details of the laser ignition problem can refer to

Dumitrache et al. [11].

Figure 5.2: Laser ignition plasma kernel simulation (bottom) compared to experimental results (top)

from [11].

5.1.1 Grid Independence

Grid independence differs for DNS from other methods, such as LES or RANS modeling.

Typically, for turbulence modeling, the Kolmogorov scale is used to inform the number of cells

needed to capture small-scale turbulence effects when viscosity dominates [119]. However, we are

not dealing with a flow where viscosity dominates. As such, this study is not interested in modeling

fine-scale turbulent effects. The Mach number is a much more critical factor for supersonic flow

than the Reynolds number, as it is for turbulent flow. Since the bulk flow is the most important, a

simple test was performed by comparing the 1D pressure values in the middle of the domain and

taking the percent change between the different grid resolutions. The grid independence tests were

run for 2E-4 seconds, just enough time for the flow to start going over the wedge, and an oblique

shock wave began to form. The results are shown in Table 5.1 and Figure 5.3. The accepted percent
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change when changing grid resolutions is 5% [120]. The results show that the 32000 or 50000 cell

grids balance accuracy and computational resources best. The purpose is to keep the resources

low so that a coarse grid can capture the desired results for the bulk flow properties. Many higher

resolution grids were run, Ncells > 3 million, to get a more detailed look at the separation bubble,

but for the bulk flow properties, a coarse grid can capture the desired results.

Figure 5.3: Study of grid independence for the wedge problem showing the average pressure across the

y-direction.
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Table 5.1: Grid independence study showing average pressure and percent change in average pressure for

different grid resolutions.

Cells Average Pressure Percent Change (%)

12500 5394.74 —

32000 5425.36 4.53

50000 5414.51 1.53

112500 5367.79 2.55

200000 5366.63 1.18

5.2 Improvements to the APDL-CFD In-House Code

The aim of this code is to maintain simplicity while enabling rapid iterations of parametric

studies by operating at a low resolution. The primary geometry tested with this code is the wedge

used to generate the oblique shock waves presented in Chapter 2 and Chapter 4.

Figure 5.4 compares the velocity profile around two configurations of the wedge. The figure

shows only the velocity profile, omitting the overlaying geometry to emphasize that the wedge is

stationary, which is represented by the blue regions indicating zero velocity. The top image cor-

responds to the blocky wedge configuration, where the geometry is expressed solely by solid cells

without the use of cut cells. In contrast, the bottom image depicts the smooth wedge configuration,

where cut cells have been implemented to more accurately capture the wedge geometry.

The comparison between these two configurations highlights the advantages of the cut cell

method. In the blocky wedge, the flow around the wedge is jagged because it is influenced by the

stair-stepped representation of the boundary. However, in the smooth wedge, the velocity profile

is significantly more uniform, demonstrating that the cut cell method allows for a more precise

representation of geometries that do not conform to a Cartesian grid. Consequently, the smoother
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velocity profile around the wedge confirms the effectiveness of the cut cell method in improving

the accuracy of supersonic flow simulations involving complex geometries.

Figure 5.4: Velocity profiles near the wedge for a grid without cut cells (top) and with cut cells (bottom).

Both figures are at the same grid resolution of 500×100 cells.

The difference is also shown in Figure 5.5, showing the geometric parameter α. The top figure

in Figure 5.4 corresponds to the top figure in Figure 5.5, and the bottom figure in Figure 5.4

corresponds to the bottom figure in Figure 5.5. Here, the cell area fractions are shown for a 10-

degree wedge. Only the solid cells are shown in the top image, where α = 0. The bottom image

shows the solid cells and the cut cells, where 1 > α > 0. The α values are used to weight the

fluxes in the cut cells. The α values are calculated by the area of the cell that is in the domain of

interest divided by the total area of the cell.
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Figure 5.5: Matrix showing the α values for a 10-degree wedge (overlaid). The top shows the solid cells

only, where α = 0. The bottom shows the solid cells and the cut cells, where 1 > α ≥ 0.

For the code’s first iteration (level 0), the embedded boundary was defined as an area of zero

velocity and constant density and pressure. Then, conditions were added to reflect the velocity.

This worked well for high-resolution runs. However, the code is intended to be run at a relatively

low resolution for rapid iterations to study different parameters. The effect in Figure 5.4-top is seen

at low resolution. The next iteration (level 1) featured the cut cells, but they were implemented

with just weighting by the β values. This resulted in a geometry that was acceptable but not

complete. The final iteration of the code (level 2) was the full cut cell method, where the fluxes

were reconstructed in the cut cells using the numerical methods in Chapter 3. Level 2 resulted in

the smooth geometry shown in Figure 5.4-bottom.

To illustrate the code improvements by using the cut cell method, a 1D line was taken under

the wedge to observe the flow properties. The lineout location is shown in Figure 5.6. Everything

is taken at a constant y location.
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Figure 5.6: The lineout location shown under the wedge with a velocity magnitude profile.

The results at the lineout location in Figure 5.6 are shown in Figure 5.7, and the percent error

of level 0 and level 1 iterations, based on the complete cut cells, are in Figure 5.8. Figure 5.7 shows

the three levels of improvement of the code. The black line shows the level 0 case, which is the

result with no weights or flux reconstruction around the wedge. In the level 0 case, the geometry

is just made up of blocky cells, and the wedge is made up of four steps, so there are four spikes

in each plot from the reflection off the steps. There is already a good improvement in the level 1

case, but the velocity is higher than expected that, close to the wedge. The spike in pressure and

density caused by the initial impact with the wedge is also not smooth in the level 1 case. Level

2, represented by the blue line in Figure 5.7, shows the full cut cell method with the most accurate

wedge representation.

At first glance, the level 2 case appears to have an off-by-one error, but this shift is physical.

In the level 0 and 1 cases, the flow reflects off the wedge’s first "step," causing the flow to reflect

backward before turning to create an oblique shock. This acts as a small bow shock and pushes the

flow slightly upstream. This is not physical if the goal is to model a smooth geometry, as it does

not capture the smooth flow over the wedge. Level 2 also features a velocity profile that is more in

line with what is expected. It is much lower than the first two levels due to the interpolation of the

velocity profile near the wedge.

Furthermore, since the 1D line is taken at a constant y location, the velocity is expected to

decrease the closer the line gets to the wedge. This is shown by the level 2 case, where the velocity

80



is lower than the level 0 and 1 cases. The increase in velocity at the end of the wedge is due to the

expansion fan as the flow goes over the back of the wedge.

Figure 5.7: Profiles of the 1D lineout under the wedge at low resolution.

81



Figure 5.8: The percentage error at the 1D lineout location.
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This method was also tested using a spherical geometry to compare to the analytical calcula-

tions of the standoff distance of the bow shock found by Farris and Russell [121]. The equation

that relates the Mach number to the standoff distance of a bow shock from a blunt body is defined

as:

DBS

DOB

= 1 + 1.1
(γ − 1)Ma2 + 2

(γ + 1)Ma2
, (5.1)

where DBS and is the distance to the bow shock and DOB the distance to the object origin.

The Ma = 2.5 is known, as is DOB = 40mm. Thus, the bow shock standoff distance can be

calculated. The analytical standoff distance is calculated to be DBS = 14.2 mm. This analytical

solution will be compared to the numerical solution solved in the APDL-CFD code.

The code has the capability to run in axisymmetric for higher efficiency in symmetric flows.

Thus, to test the spherical problem, the code was run in axisymmetric mode. It is important to note

that the no-slip condition on the wall is turned off so that the simulation can be mirrored along that

axis. The geometry is a quarter circle with a radius of 40 mm, depicted in Figure 5.9. The blue

region represents the sphere. The gray cells around the sphere are the cut cells, and the α value

is visualized through the cells. The red line represents the 1D lineout taken through the circle to

compute the standoff distance. The second cell was taken for the measurement to avoid any issues

when mirroring the geometry.

83



Figure 5.9: Quarter circle geometry with the α values shown for the cells inside α = 0 and the cut cells

with 1 > α > 0. The red line represents the 1D lineout location taken through in front of the geometry to

compute the standoff distance.

The 1D lineout results plotted in Figure 5.10 depict the pressure and density through the bow

shock and the wedge. The first spike is where the bow shock begins, and the second is the geometry,

which is held at a constant pressure and density. Close to the geometry (X ≈ 186), the "level 2"

line has a smoother transition to the flow away from the boundary. The magnitude of pressure and

density near the wedge is also more significant for the level 2 case, which is physical. Another

indication that the cut cell method is effective here is that there is the same shift in the initial shock

location from the geometry, as seen in the wedge problem.

The distance between the circular geometry’s surface and the bowshock’s start is DBS ≈ 15

mm in the cut cell case (level 2), and the blocky geometry (level 0) is DBS ≈ 16 mm. These values

have an error of 5.6% and 12.7%, respectively. This simulation was computed at low resolution, so

the error would be reduced to a higher resolution for both cases. However, these results showcase

the cut cell’s effectiveness at low resolution, especially when compared to the blocky geometry.
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Figure 5.10: 1D line depicting the Bow shock distance for a spherical geometry.

The velocity magnitude plot around the circle is in Figure 5.11. There is a low velocity region

at the front of the circle, which is expeceted due to the stagnation point. The velocity increases as

the flow goes around the circle.
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Figure 5.11: Velocity magnitude around the circle. The solid blue region is the quarter circle with the cut

cell geometry.

The final figures showcase the full cut cell method for a wedge geometry for velocity magni-

tude, pressure and density, these are shown in Figure 5.12, Figure 5.13, and Figure 5.14, respec-

tively. These are displayed at relatively low resolution to show the effect of the cut cell method.

The results show the plasma active, as explained in Chapter 4. Note more results of the full flow

field using the cut cell method are found in Chapter 4.

Figure 5.12: Velocity magnitude profile using the cut cell method at a grid size of 500×100 cells.
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Figure 5.13: Pressure profile using the cut cell method at a grid size of 500×100 cells.

Figure 5.14: Density profile using the cut cell method at a grid size of 500×100 cells.

5.3 Conclusion

This chapter presents the numerical results obtained from the simulations and discusses the cut

cell method’s implications for modeling complex geometries in channel flow. First, the code was

validated against a common benchmark problem of the Sod shock tube as well as experimental

results. The code was also validated by testing the grid independence, proving that the bulk flow

could be represented at a relatively low resolution. The results show that the cut cell method sig-

nificantly improves the accuracy of the simulations, as demonstrated by the comparison between

the blocky and smooth wedge configurations. The cut cell method provides a more precise repre-

sentation of the wedge geometry, resulting in a smoother velocity profile around the wedge. The

results of the 1D lineout under the wedge further confirm the effectiveness of the cut cell method in

capturing the flow properties near complex geometries. Finally, these results allow the APDL-CFD

code to be run iteratively at low resolution to gather information for experimental tests.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

The primary objectives of this thesis were to (1) develop and validate a Computational Fluid

Dynamics (CFD) model capable of simulating supersonic flow within channels of complex ge-

ometries; (2) simulate the effect of plasma injection on shock wave trains and boundary layer

interactions; and (3) expand the APDL-CFD code using a Cartesian cut cell method to represent

embedded boundaries.

Firstly, a robust CFD model was developed and validated to simulate the flow inside a super-

sonic channel with complex geometries. The model successfully captured essential features of

supersonic flow, including shock wave formations and boundary layer behaviors over a 10-degree

wedge within a straight channel. These conditions are representative of scramjet inlets and iso-

lators. Validation was achieved through analytical solutions and experimental data comparisons,

confirming the model’s reliability for studying supersonic flow phenomena.

Secondly, the validated CFD model was employed to investigate the effects of plasma injection

on shock wave trains and boundary layer interactions. By injecting plasma at various locations

along the bottom of the channel and varying the plasma temperature, the simulations demonstrated

that plasma actuators can effectively control the position and strength of shock wave trains. Plasma

injection altered the flow field, modified shock wave structures, and influenced separation bubbles.

Notably, the plasma effectively reduced shock strength and shifted shock wave positions and an-

gles. These findings suggest that plasma actuators have significant potential for active flow control

in hypersonic propulsion systems, offering ways to optimize performance, reduce drag, and en-

hance thrust.

Thirdly, to facilitate efficient simulations of complex geometries without incurring prohibitive

computational costs, the APDL-CFD code was expanded using a Cartesian cut cell method. This
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enhancement accurately represented embedded boundaries, such as wedges, on a Cartesian mesh.

The cut cell method maintained computational efficiency while preserving accuracy, enabling rapid

simulations necessary for extensive parametric studies. This advancement improved the code’s

capabilities and made it more suitable for investigating active control mechanisms in supersonic

flows.

In summary, this research has successfully achieved its objectives by developing a validated

CFD model for supersonic flows in complex geometries, demonstrating the effectiveness of plasma

actuators in controlling shock wave trains and boundary layer interactions and enhancing the

APDL-CFD code through the implementation of the Cartesian cut cell method. The insights gained

from this study contribute to the understanding of active flow control in hypersonic propulsion sys-

tems. They can potentially inform future wind tunnel tests and the design of hypersonic vehicle

engines.

6.2 Future Work

6.2.1 Adaptive Mesh Refinement (AMR) and Parallel Methods

Capturing the fine details in the boundary layer would increase the accuracy of simulating

supersonic flow. One way to do this is to add inflation. This allows the boundary layer to include

more cells than the bulk flow, increasing the resolution locally near the boundary. An alternative

to this would be to add multigrid or adaptive mesh refinement. One branch of the APDL-CFD

code is concerned with developing an AMR addition to the code. Combined with the cut cell

method, this would allow for the accurate representation of geometries, increased resolution near

the boundaries, and more efficient use of computational resources. This would allow the grid

to be refined in areas of high interest, such as separation bubbles, and coarse in regions of low

interest, such as the bulk flow. AMR would also significantly improve the accuracy of the interface

between the fluid and the solid. Additionally, with block-structured AMR comes a greater ability

to parallalize [122]. Implementing these changes can further improve the efficiency of the code.
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6.2.2 High Performance Computing

If there is a need to add chemistry and plasma kinetics to the model to get further details, then

high-performance computing (HPC) will be required. Parallelizing the code will become extremely

important to increase its efficiency and allow it to run on supercomputers through message-passing

interface (MPI) based codes. Parallelization of the code can be paired with the above section,

AMR, to allow for the most efficient use of computational resources. Pairing AMR with HPC has

been a great success in the past [123]. The challenge to consider with this dimensional splitting

requires different considerations of the equations. This has been done in the YALES2 code by

Moureau et al. [124]. However, This was done on an unstructured mesh, so effort needs to be

made to complete this task on structured meshes [125]. Another push for more efficiency would

be to adapt the code to be run on GPUs [126]. Utilizing the power of GPUs would allow for the

code to run more efficiently.

6.2.3 Further Plasma Modeling

To fully resolve the physics of the flow, chemistry, and plasma kinetics should be included in

the model. While the current research is not concerned with the microscopic details of plasma

energy transfer and chemistry effects, it would be helpful to study this in detail in the future.

Knowledge of the plasma’s thermal effect on the wall is crucial in choosing and developing ma-

terials that can withstand high temperatures. Moreover, we believe that some of the shock energy

would be absorbed into the plasma-energized boundary layer, increasing vibrational and electronic

temperatures and a further decrease in shock intensity. This energy transfer in the plasma-activated

boundary layer is not captured at this stage but might be useful to investigate. A further investi-

gation of the fine-scale chemistry and physics can be done using a plasma model such as the one

used by Zhang et al. [32] and Hooshyar [127]; the general form of the equations is provided in

Appendix B.

However, the timescales required to properly resolve the chemical reactions are much smaller

than the timescales of the bulk flow. This disparity greatly increases the computationally ex-
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pense, as resolving the fine-scale chemistry necessitates much smaller time steps and grid size.

Another branch of our code is currently being prepared, which replaces the explicit fourth-order

Runge-Kutta (RKIV) time integration method with a more robust stiff ODE solver package called

DVODE, developed by Lawrence Livermore National Laboratory (LLNL). This solver is better

suited for handling the stiff equations arising from detailed chemistry. Implementing DVODE in

the 2-D version of the code, along with parallelization, would help manage the computational de-

mands. This development leads back to the previous discussions on Adaptive Mesh Refinement

(AMR) and High-Performance Computing (HPC), emphasizing the need for advanced computa-

tional strategies to efficiently simulate the coupled flow and chemistry.

Overall, a detailed plasma model is underway in our laboratory and the goal is to combine it

with this code to get a wholistic view of the process. This ongoing research will involve expanding

the modeling of plasma discharge effects, using methodologies outlined by Hooshyar et al. [127].
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Appendix A

Newton-Raphson Method

The Newton-Raphson method is an iterative technique for finding the roots of a nonlinear

equation. It is based on the idea of linearizing the function around an initial guess and then updating

the guess based on the linear approximation. The general form of the Newton-Raphson method is

given by the following equation [114]:

xn+1 = xn −
f(xn)

f ′(xn)
(A.1)

where xn is the current guess, xn+1 is the updated guess, f(xn) is the function value at the current

guess, and f ′(xn) is the derivative of the function at the current guess. The method is repeated until

the difference between successive guesses is below a specified tolerance. In the context of solving

the system of equations in the APDL-CFD code, the Newton-Raphson method is used to update the

conservative variables at each cell based on the fluxes or residuals computed in the RKIV method.

The method is applied to (3.11) to update the temperature field in the code. The general form of

the equation is given by:

Tn+1 = Tn −
f(Tn)

f ′(Tn)
(A.2)

where

f(T ) = T − C1 − C2h(T ). (A.3)
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Appendix B

Future Work Plasma Model

To get a better understanding of the plasma effects on the flow, a more detailed plasma model

can be used. The general form of the equations is given by:

Ut + F (U)ax +G(u)ay = F (U)dx +G(U)dy +H(U) (B.1)

where
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The terms in red are the added terms to the equations. More information is found in the work by

Hooshyar [127].
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