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The use of the curvilinear distance s and the curvature
K as intrinsic variables of a curve leads to a2 formvla giv-
ing the area of a closed plane curve in terms of K and s,
Remembering that s corresponds to the mileage and K the
degree of turning of the steering wheel, this formula offers
a possibility of using an airplane flying horizontally for a
quick survey of an enclosed region in geolegieal reéonnais-

sance where the curvature of the earth can be neglected.

The ordinary method used in plane surveying to compute the area
of an enclosed region requires a knowledge of the coordinates of the
controlling points, These coordinates not only completely determine the
shape and the area of the approximating polygon, but also fix its orienta-
tion with respect to a point chosen as the origin--unnecessarily from the
point of view of area evaluation. To study the intrinsic properties of
a closed plane curve, which do not depend on its orientation, one pre-
fers to use the intrinsic variables, namely, curvature and the distance
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along the curve, Let a pointkbe chosen as the reference point, from
which the curvilinear distance of any other point on the curve is
measured and denoted by s. The curvature at the same point will be

denoted by K. It may be noted that the reference point, being on the

curve and movable with the curve, does not fix its orientation,
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The proposed intrinsic variables properly describe not only any
smooth plane curve, but also a polygon which can not be described by a
single equation in Cartesian coordinates. The simplest curve is the
circle.

%2 + y2 @ 72 (1)
which descriﬁes a circle of radius r with its center at the origin,
Using the intrinsic variables, one has

S % (2)
which describes all circles intrinsically identical with that repre-
sented by Equation (1), without fixing their centers anywhere, For a
study of the intrinsic properties of a circle with radius r, Equation
(2) is therefore more appropriates,

To describe a polygon; let the Dirac function 8(31) be defined

3(5) =0 forS*si
R

g(si) = 00 in such a manner that S 5(8)&% = l
-0

A pentagon ABCDEA with s-coordinates o, sy, sp, S35 8)y Sg for the

corner points in the order named, and with exterior

angles a, b, ¢, d, e corresponding to A, B, C, D, E, respectively, can

be described by the single equation

K= bd(s) +c8(s,)+d8(5,)+ ed(5)*ads) (5

with the reference point A considered situated on line 4B rather
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than on line EA. The equation for an n-sided polygon can be similarly
constructed,

To find the area of a closed plane curve, let the reference

point be chosen as the origin and the. / \
tangent and the normal a$ the reference // ‘1
point be the x-axis and y=axis, k ;! A(‘
respectively. These choices do not in \ > / %
any way fix the position of the curve » 5

and are made only for convenience of computation, One has then
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where A and ?, are respectively the area and the perimeter of the
closed plane curve.

It is easily seen that at any point s

dx = ds cos Ss Kds” (5) S
dy = ds smg Kds (6)
S
X » g (ws § Kds*) ds (1)
S Nl
& gj (Sin SOKG‘S ) ds (8)

Substituting Equations (5) to (8) in (L), one cbtains
3 s’ ' S 5 ’
(Y] 5 (s () Kkas)ds §.(sin{"Kds")ds
A=3 $ - <
cos ( Kds 5in{’ Kds”

S / s g
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which applies not only to ¢ losed smooth plane curves, but also to
plane polygons if K is properly expressed in terms of the Dirac func-
tions. For instance, an n-sided polygon with all its sides equal to
—}f‘» and with exterior angles @l 4y ™y, Koy = o o Su‘n—l has an
area
B e \

A - E(-;‘—) -Rz.l {fuw(d, *d,_+---+d&) +an(d.,_fd3+--—+0(k§+~+$:n\%
where 1; 2, «c0; (n-2) sine terms are to be used in the square bracket
when K = 1, 2, ... 5 (n=2), respectively. Noteworthy is the fact that
O, and O, -y do not appear in Equation (10).

In the gee&eé&eal Peé;nnatssenee of small areas where the curva-
ture of the earth can be neglected, the use of the intrinsic variables
offers a possibility of obtaining expediently the area of a lake,
forest, sand bar, etc. if the functional relationship between K and
s along the boundary can be quickly determined. With s correspond-
ing to the mileage and K to the degree of turning of the steering
wheely the horizontal flight of an aircraft with proper instruments
on a windless day offers a possible means of determining that rela-

tionship, With the help of a modern calculating machine, Equation (9)

can then be used to obtain the area of the recanno;tered region,
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