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The use of the curvilinear distance s and the curvature 

K as intrinsic variables of a curve leads to a formula giv-

ing the area of a closed plane curve in ter.ms of K and s. 

Rpme.mbering that s corresponds to the mileage and K the 

degree of turning of the steering wheel, this formula offers 

a possibility of using an airplane flying horizontally for a 

quick survey of an enclosed region in geol~~ical peeonnais-

...saflee where the curvature of the earth can be neglected. 

The or~nary method used in plane surveying to compute the area 

of an enclosed region requires a knowledge of the coordinates of the 

controlling points o These coordinates not only completely determine the 

shape and the area of the approximating polygon, but also fix its orienta-

tion with respect to a point chosen as the origin--unnecessariiy f rom the 

point of view of area evaluation. To study the intrinsic properties of 

a closed plane curve, which do not depend on its orientation, one pre-

f ers to use the intrinsic variables, namely, curvature and the distance 
e-.... '\lt. ~ 

along the curveo Let a point~be chosen as the reference point, from 

which the curvilinear distance of any other point on the curve is 

measured and denote by s. The curvature at the sazoo point will be 

denoted by K• It may be noted that the eference point, being on the 

curve and movable with the curve, does not fix its orientation. 
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The proposed intrinsic variables properly describe not only any 

smooth plane curve, but also a polygon which can not be described by a 

single equation in Cartesian coordinateso The simplest curve is the 

circle. 

which describes a circle of radius r with its center at the origin. 

Using the intrinsic variables, one has 

K • ! r 

(1) 

( 2) 

which describes all circles intrinsically identical with that repre-

sented by Equation (1), without fixing their centers anywheres For a 

study of the intrinsic properties of a circle with radius r 1 Equation 

(2) is therefore more appropriateG 

To describe a polygon; l et the Dirac function 8 (si) be defined 

as 

in such a manner that 

A pentagon l:lBCDFA with a-coordinates o, Sp s2, s3 , s4, s5 for the 

corner points in the order named, and with exterior ]) 

angles a1 b, c, d, e corresponding to A, B, C, D, E, respectively, can 

be described by the sing~e equ~tion 

with the refer ence point A considered situated on line AB rather 



than on line EAo The equation for an n-sided polygon can be similarly 

constructed<> 

To find the area of a closed plane curve, let the reference 

point be chosen as the origin and the 

tangent and the normal at the reference 

point be the x-axis and y-axis, 

respectively. These choices do not in 

any way fix the position of the curve 

and are made only for convenience of computation~ One has then 

I ('t -j_ ~ I = Z J. \ ch dj (4) 

where A aoo l are respectively the area and the perimeter of the 

closed plane curveo 

(S) 

(6) 

(7) 

(8) 

(9) 
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which applies not only to closed smooth plane curves, but also to 

plane polygons if K is properly expressed in terms of the Dirac func-

tions~ For instance, ann-sided polygon with all its sides equal to 

--f, and with exterior angles ~ 0, 1CX.1 11 c;1.. 2:1 c " o ,C:X..n-l has an 

where 1, 2 1 • · o ~ (n-2) sine t erms are to be used in the square bracket 

when K = 1, 2, o ~ ~ ~ (n-2) 9 respectively~ Noteworthy is the fact that 

CX0 and C:in-l do not appear in Equation (10) ., 
" l. . c.. ~v..fv 

In the ge€>±eg:i:Gal ~connaiss .... ance of small areas where the curva-

ture of the e~rth can be neglected, the use of the intrinsic variables 

offers a possibility of obtaining expediently the area of a lake, 

forest, sand bar, etco if the functional r elationship between K and 

s along the boundary can be quickly determineda With s correspond-

ing to the mileage and K to the degree of turning of the steering 

wheel, the horizontal flight of an aircraft with proper instruments 

on a windless day offers a possible means of determining that r ela-

tionship. With the help of a modern calculating machine, Equation (9) 

can then be used to obtain the area of the recoano~t e~ed regio~ 
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