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CHAPTER I 

INTRODUCTION 

Upward flow from water tables, subsequent to 

evaporation from soil surfaces is an important phenomenon, 

expecially in irrigated areas. In seventeen western states 

of U.S.A. estimates are that 45 percent of the water used 

for irrigation is lost by evaporation from soil surfaces. 

Irrigation farmers sometimes find it advantageous to main-
1 . tain water tables within a few feet of the soil surface 

because of the moisture supplied to root zones by upward 

flow from water tables, but in areas where alkali salts 

occur, the soluble salts carried by upward flow are deposi-

ted on or near the soil surface. Studies of upward flow 

from water tables therefore are significant in the determi-

nation of an economic depth of water table. 

Problem 

Many investigations have been made on actual rates 

of evaporation from soils in which there is a water table. 

There is general agreement that there are two maximum possi-

ble rates of evaporation from water tables. One is the po-

tential evaporation rate determined by the external condi-

tions (approximated by the rate of evaporation from a free 

water surface), and the other is the maximum rate at which 
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the soil itself can transmit water upward from the water 

table. Evaporation rates will be limited by the lesser of 

these two capacities. Another important conclusion i s that, 

except for shallow water- table depths or humid conditions, 

evaporation rates will be limited mostly by the capacity of 

soil s to transmit water from water tables , This study is an 

investigation of the maximum upward flow rates possible 

under various soil-water systems in which a water table 

exists. 

Analysis of Problem 

Since hysteresis plays an important role with re-

spect to the maximum evaporation rate [~0,23,35], this study 

is separated into three cases as follows: 

Case I. The soil-water system following a drainage 

cycle . This case occurs i n nature when the rate of evapo-

ration from a soil surface does not exceed the rate of up-

ward flow, and the water table is either constant or in-

creases in depth. 

Case II. The soil water system partly follows a 

drainage cycle and partly imbibition. This phenomenon can 

be caused by a reversal of the direction of change of pres-

sure at some region i n the soi l-water system. It often 

occurs when the potential rate (due to external evaporative 

c onditions ) is appreciably greater than the rate at which 

water can be transmitted from the water table to the sur-

face. The soil near the surface being relatively dry, 
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water is imbibed into this dry zone . A fluctuation of water -

table depth may also cause this phenomenon. 

Case III. The soil water system follows an imbibi-

tion cycle only. This condition probably occurs in nature 

only rarely, but an appreciable rise of a deep water table 

might produce a phenomenon close to this case. 

This study therefore, attempts to answer the 

following questions: 

1. What is the maximum rate of upward flow as a 

function of measurable parameters of the soil for cases in 

which a soil water system following a drainage cycle? 

2. How does hysteresis resulting from evaporation 

exceeding the upward flow rate affect the ~aximum rate of 

upward flow? 

3. What is the maximum upward flow rate in a soil-

water system completely following an imbibition cycle? 

Experimental Conditions 

A. The lack of head room in the laboratory re-

stricted the column length for which maximum rates of upward 

flow could be measured. Instead of water, a hydrocarbon 

fluid, having a density of about 0.75 gms per cubic cm. and 

a surface tension of about 23 dynes, was used. This reduced 

the column length necessary to simulate a given water- table 

depth to about half that which would have been necessary i f 

water had been used. Hydrocarbon also has less tendency .to 

cause the soil struc~ure to change with time during the 

period in which the flow measurements are made. 



4 

B. Upward flow was induced by means of a siphon 

attached to a capillary barrier placed at the top of the soil 

column. 

C. Soil samples used had a saturated permeability 

ranging approximately from 0.5 to 30 square microns. 

D. Measurements were made on the drainage, imbi-

bition-drainage, and imbibition cycles. 

E. The imbibition cycle did not begin with com-

pletely dry soil, but with tµe capillary pressure of the soil 

in the column corresponding nearly to the residual saturation 

of the soil. 

F. The water table was maintained within or below 
I 

the soil column, and its location was obtained by means of 

Darcy's law from the capillary pressure at a point of fully 

saturated soil within the soil column. 

G. The temperature was controlled so that thermal 

gradients were assumed to be negligible. 

Definition of Terms Used 

Wetting phase--The fluid phase which tends to be 

preferentially adsorbed by the solid surfaces and is at 

lower pressure than other fluid phases that may occupy the 

same porous medium. 

Non-wetting phase--A fluid phase which is not 

preferentially adsorbed and is at higher pressure than a 

wetting phase occupying the same porous medium. 

Permeability--The capacity of a porous medium to 

transmit a single fluid phase. Sometimes called "intrinsic 
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permeability,'' it is a function only of the properties of 

the porous medium. 

Effective permeability--The permeability of a porous 

medium to a particular fluid phase when the medium is occu-

pied by more than one phase. 

Relative permeability--The ratio of the effective 

permeability of a particular fluid phase to the permeability 

ef the medium when saturated with that phase. 

Hydraulic conductivity--The capacity of a porous 

medium to transmit a single fluid of a particular viscosity 

and density. It is a function of both fluid and medium 

properties. 
I 

Effective hydraulic conductivity--The hydraulic 

conductivity of a porous medium to a particular fluid when 

occupied by more than one fluid phase. 

Relative hydraulic conductivity--The ratio of the 

effective hydraulic conductivity of the medium when saturated 

with that phase. 

Capillary pressure--The pressure difference across 

an interface between the non-wetting and wetting phase. 

Air-entry pressure--The capillary pressure at which 

the non-wetting phase (i.e., air) first enters the largest 

pores of a porous medium. 

Bubbling pressure--The extraporation of the 

straight line relationship between lnpc and lnKr to the 

ordinate representing Kr of unity . 
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Saturation--The fraction of the total pore volume 

occupied by the wetting phase. 

Residual saturation--The maximum saturation at 

which the wetting phase permeability is assumed to be zero. 

Capillary barrier--A porous plate which sufficient-

ly high entry pressure as to permit transmission only of the 

wetting phase at wetting phase pressures less than the non-

wetting phase pressure. 

Desaturation--Displacement of wetting phase by a 

non-wetting phase. 

Unsaturated flow--Flow of the wetting phase when 

the porous medium is occupied by more than one fluid phase. 
I 

Pressure reversal--A change from a decreasing 

liquid pressure to an increasing pressure (or vice versa) 

at some point in a system during an unsteady flow process. 

Saturation hysteresis--The process by which a 

porous solid has reached its present state of saturation, 

i.e., drainage or imbibition cycle or a combination of 

these. 

Drainage cycle--A condition in which a porous 

medium, initially fully saturated with a wetting phase, is 

desaturated by a continuously increasing capillary pressure 

at all points in the medium. 

Imbibition cycle--A condition in which a porous 

medium initially containing a non-wetting phase, imbibes a 

wetting phase as a result of a continuously decreasing 

capillary pressure in all parts of the medium. 
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Imbibition-drainage cycle--A saturation history in 

which the wetting phase is desaturated with a reversal of 

the direction bf capillary pressure change at some region 

within the fluid system. 

Water table--The locus of points where the capil-

lary pressure is zero. This term is used here when a hydro-

carbon liquid is the wetting phase. 

Free water surface--A water table which is exposed 

to the ambient atmosphere. 

Hysteresis--A change in a functional relationship 

between variables caused by a reversal in the direction of 

a process. It is used in this dissertation to designate a 
I 

change in the functional relationship between permeability 

and capillary pressure when an increasing capillary pres-

sure changes to a decreasing capillary pressure. 



CHAPTER II 

REVIEW OF THE LITERATURE 

Factors influencing evaporation from soil surfaces 

can be separated into two general factors. One is the ex-

ternal evaporative factors such as wind velocity, ambient 

temperature, relative humidity and radiation. The other is 

the ability of the soil-water system to transmit water up-

ward which is related to the depth of the water table and 

properties of the soil. The combination of these factors 

causes the process of evaporation to be divided into three 

stages each of which is associated with a different rate of 

evaporation. 

Stages of Evaporation Process 

Koliasev [26], probably was the first to visualize 

evaporation from soils as occurring in three successive 

stages when the external factors are constant and the water 

table is either absent or is lowered by the evaporation. 

The stages are: 

1. a period of steady rate of evaporation. 
In this period the rate of evaporation depends ex-
clusively on the external factors . 

2. a period of fast decline of evaporation 
which depends on the means of flow of moisture to 
the evaporation surface and also on the physical 
condition of the water-furnishing layer and 
finally 
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3. a period of slowly declining rate of evapo-
ration caused by the firmness with which water is 
tied to soil particles by means of molecular at-
traction. 

Hide [20] published an extensive review of the 

work done up to 1954 on factors influencing the evaporation 

of soil moisture. He concluded that 

The important variables which influence the rate of 
evaporation of soil moisture are (1) the vapor 
pressure difference between the layer from which 
water is evaporating and that of the turbulent 
atmosphere and (2) the distance of vapor flow of the 
intervening layer. 

By subdividing the upper layer of the soil surface 

i nto 1-inch sections and studying the moisture exchange 

between the different layers, the results indicated that 

evaporation can be subdivided into three major stages, 

namely: 

1. the brief period while the soil moisture 
content is above field capacity and capillary flow 
to the surface occurs under a low tension gradient; 

2. the period after the soil surface has dried 
and flow to the surface occurs under a high tension 
gradient; 

3. the period when vaporization occurs princi-
pally below the surface and vapor must diffuse through 
a static layer of air within the pore space of dry 
soil. 

Lemon [27] also described the evaporation process 

as occurring in three successive stages, i.e., 

1. rather rapid water loss ... dependent 
on evaporative demand, 

2. rather rapid decline in water loss . 
governed by soil factors, 

3. extremely slow rates ... governed by 
adsorptive forces at the soil water surface. 
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Influence of Water-table Depth on 
the Rate of Upward Flow 

In irrigated areas, water tables are sometimes kept 

at a shallow depth so that the soil can supply water from a 

water table at a sufficient rate to support plant growth. 

Gardner [13] concluded that in general upward flow rates 

sufficient for supplying plants are limited to water table 

depths less than one meter. Keen [22] observed the fluctu-

ation of water table depths in exposed tanks. He reported 

that below a depth of 35 cm. in coarse sand, 70 cm . in fine 

sand and 85 cm. in a heavy loam soil, fall of the water 

table was very slow. He then concluded that below this 

depth, the rate of upward flow for supplying plant growth 

was very limited. A field experiment was conducted by Van't 

Woudt [4] in Holland in which the water table was controlled 

below pasture land by sub-irrigation . He observed that 

during dry periods, sufficient water was supplied with water 

tables not more than 4-5' below the soil surfaces . 

If the water tables are kept at shallow depths, 

surfaces of soils are perpetually moist, the rate of upward 

flow is then sufficient to cause the accumulation of salt 

near or on the soil surface. Gardner [13] reports that up-

ward flow of water can present a salinity hazard from water 

tables as deep as seven meters. The rate of accumulation of 

soluble salts due to upward flow of saline ground water can 

be obtained by multiplying the evaporation rate by the salt 

concentration of ground water minus the diffusion of the 

salt downward. The rate of upward flow, therefore, is an 



11 

i mportant vari able when water tables exist near the surface. 

Shaw and Smith [ 36 ] studi ed evaporat i on from soil columns in 

the laboratory as a function of depth o f water tables . They 

concluded that evaporation from Yolo loam was negligi ble 

when the water table was at a depth of more than ten feet. 

Staley [38] studi ed the effect of wi nd velocity and water-

table depth upon evaporation from a f i ne sand . He found 

that below a critica l depth (whi ch was 24 inches ) the maxi -

mum evaporati on rate dropped rapidly with i ncreas i ng depth 

of water table. He assoc i ated t h i s cr i tical depth with the 

displacement pressure (presently called bubbling pressure by 

Brooks and Corey [3] ) . 

Previ ous Investigations of Effect of 
Soil Factors on Upward Flow Rates 

From Water Tables 

Parshall (30 ] determined rates of e v aporation from 

soils when there is a water table " He determined the evapo-

ration rate compared wi th the evaporati on rate from a free-

water surface o He found that at a water-table depth of six 

i nches, evaporat i on rates from adobe clay were less than 

from the c oarse soi ls which exceeded the r a t e of evaporati on 

f r om the free-water surface . At a wat e r - table depth of 12 

inches, the evaporation rate from the free-water surface was 

h i gher than from any of the soils . 

Slei ght [37 ] attempted t o relate a character i sti c 

s i ze of parti cle to evaporati on rate and wat er-tabl e depths . 

He measured evaporation r a tes from river-bed sand as samp l~s 

wi th a range of water-table dept hs up t o 64 inches . With a 
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water table of three i nches he found that the ratio of 

evaporati on from five samples to evaporat i on from a free 

surface ranged from 66 to 68 percent . He attempted to re-

late his results with the effective s iz e and uniformity co-

effici ent . He noted that: "Effective s i ze apparently of-

fered the greatest possibi liti es . Uni formity coefficient 

was not at all applicable o The 60-percent size was found 

to be much bett er . " 

For a given water-table depth and "60-percent size" 

Slei ght gave coefficients whi ch were to be mult i pl i ed by 

the evaporati on from a free-wa t er surface t o arrive at the 

ev aporat i on from river-bed materi al . 

The effect of the soil-water system on evaporati on 

rates was rather a vague idea unti l Moore publ i shed an ex-

tensive investigation (29 ] in 1939 relat i ng evaporati on 

r ates to soil characteristics . Moore used soil columns to 

whi ch water was supplied at various depths and from which 

evaporation was permitted. By employing tensiometer cups 

p l.a c ed throughout the soil columns, he observed functional 

relationships among capillary pressure, mo isture cont ent, 

and r a t e of water loss from the water table. He also ob-

tained t he capi llary pressure d i s tribution a l ong t he soil 

column. Moore found that when fully saturated t he permea-

b i l i i es of the so i ls used were arranged in t he fo llowi ng 

order: 

Sand > fine sandy loam > light clay • clay. 
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After increasing the capillary pressure he observed 

that there was little change in relative permeability with 

capillary pressure heads ranging from zero to 10 to 40 cm . 

of water. Increasing the capillary pressure beyond this re-

sulted in a marked decrease in relative permeability, and 

he found the order of relative permeability to be: 

Sand < fine sandy loam < light clay < clay. 

This result led to the conclusion that, at higher 

capillary pressures (i. e., greater depths of water table, 

the heavi er soils supported h i gher evaporation rates . 

Gardner and Fireman [15 ] obtained a functional re-

lationship between the maxi mum capacity of the soil to con-

duct water upward and soil parameters . To support .their 

heoretical equation, they packed acrylic plastic cylinders 

12 cm . i n diameter and 60 to 100 cm . in length with soils . 

These columns were initially saturated, and allowed to drain 

and saturated again in order to obtain a structure as near 

as poss i ble to soils in t he field. The water was suppl ied 

from a reservoir through porous caps in the bottom . A range 

of water-table depths was simulated by varying the vertical 

pos ition of the i nflow bottle . The investigators found that 

the evaporati on rates d i d approach a limit over a period of 

time . They obtai ned evaporation rates close to the theo-

r e ical maximum capacity of the soils to conduct water up-

ward except for a shallow water-table depth . They concluded 

hat there are two maxi mum rates of evaporation poss ible. 

One is the evaporation rate determined by the external 
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evaporative conditions . The other is the evaporation rate 

controlled by the ability of the soil to transmit water up-

ward. Except for shallow water-table depths, the evapo-

ration rate was limited by the ability of the soil to trans-

mit water upward. 

Effect of Hysteresis 

Schleusener and Corey [35] conducted evaporation 

studies for the purpose of establishing the effects of inde-

pendent changes in temperature, humidity, air mot i on, radi-

ati on, and depth of water table on steady state evaporation , 

Wi th three soi l types i n contact wi th a water table, the i n-

vestigators d i scovered that the evaporation rate increased 

wi th increasing evaporativity up to a crit i cal point beyond 

which an increase in evaporativi ty produced a decrease in 

evaporati on from the surface . They believed that the pri-

mary cause of this phenomenon is hysteresis, and they ex-

plained that as the evaporation rate exceeds the ability of 

soil to transmit water upward, the soil surface starts to 

imbibe water from wetter soil below . The effect of hys-

teresis is to reduce the upward flow rate because the rel a-

tive hydraulic conductivity i s less on the i mb i bition cycl e 

at any particular capillary pressure, than on the drainage 

cycle . This causes the evaporation to drop after the so i l 

surface begins to i mbibe water . The i nvestigators also 

described a capillary model representi ng the pore space of 

porous media, and they showed how the restriction at t he 

neck of a pore could cause a rev ersal i n t he d i recti on of 
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change in capillary pressure without a corresponding re-

versal in the directi on of change in saturation. 

In s i milar studi es under cycl ic atmospheric condi-

tions, King and Schleusener [23 verified the findings of 

Schleusener and Corey . 

A laboratory i nvest i gation was conducted by Duke 

[10] to study the relationship between measurable soil para-

meters and t he maxi mum upward flow rates i n so i ls i n contact 

wi h water t ables o In his study the ambient evaporative 

c onditions were e limi nat ed from cons i derati on by i nduc i ng 

upward flow with a siphon attached to a c apillary barrier a t 

the top of test columns. He packed 10 soil samples of 

widely varying characteristi cs, saturated with a hydrocarbon 

fluid, and with a water t able ma i ntai ned near the bottom of 

t he column. To obtai n t he maxi mum upward flow rate, he 

lowered the outflow barrier, unti l the flow rate reached a 

maxi mum . He d i scovered that t he observed maxi mum flow rates 

were th i rty to fifty percent less than those predi cted from 

h i s heoretical equation . Duke also believed that this 

d ifference was due t o a hys t e r es i s effect, and explai ned 

thi s phenomenon as follows: 

... whereby t he soil surface loses liquid at a 
rate faster than i t c an be suppli ed by the under-
lying soil o The result is t hat the s urface layer 
transport s liqui d b y i mb i b i ng from the soil below . 
At any par ticular capi llary pressure, the soil has 
a lower hydraulic conductivity on the i mbibition 
cycle than on the drai nage cycle . Therefore the 
maxi mum flow rate cannot reach the rate p r edicted 
by us i ng the hydraulic conductivity on the drain-
age cycle ... however, thi s solution will be 
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useful for predicting the maximum upward flow rat e 
when corrected by reducing the theoretical rates 
by about thirty percent . 

The theory and results of Gardner [12 ] , Gardner 

and Fireman (15], and Duke [10] are discussed in detail in 

the following section . 

Steady Upward Flow Theor~ and Its 
Application o Max].rnum Rates of 

Upward Flow From Water Tables 

In 1856, Darcy d i scovered experimentally that the 

volume flux of water transmitted through a saturated sand 

f i lter was inversely proportional to the thi ckness of the 

sand and directly proporti onal to the d i fference in head 

across the filter o The proportionality factor was dependent 

upon the properties of the sand and was called the hydraulic 

conducti v i ty. 

Darcy's ori ginal equation can be written as 

q - -C .... H 
t. L ( 2 . 1 ) 

i n whi ch q i s the volume flux, having d i mens i ons of veloc i -

ty, C i s the hydraul i c conduc ivity, also with dimensions 

of velocity and t H i s the d i fference i n p i ezometri c head 

across he d i s ance ~L . 

Bucki ngham [ 4 ] was one of the first to attempt a 

detailed analys i s of flow through partially-saturated medi a . 

He assumed that Darcy!s law i s valid for unsaturated f l ow . 

He named the proportionality factor "capillary conductivity" 

<presently called effecti ve hydraulic conductivity ) which 
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i s not constant but i s a function of capillary pressure or 

saturation . 

By using thi s assumption, and the definition of 

capillary pressure, Staley [38] derived the differential 

equati on for steady upward flow from a water table as 

follows: 

Pc/P g 
z =I d (Pc/p g ) 

1 q / Ce 
0 

(2.2 ) 

{2.3 } 

I n equation 2.3, q i s the volume flux, Ce is the 

effec ive hydraulic conductivity, and z is the elevation 

above the wa er table . 

Gardner [10] started from the diffusivity equation 

which was presented in detail by Klute [25], to derive the 

d i fferential equat i on for one-dimensional upward flow. He 

obtained the same differential equation as shown in 

equati on 2 . 3 " 

To solve equation 2 . 3, a relati onship between ef-

fect i ve hydraulic conductivity and capi llary pressure must 

be known . Staley used an express i on proposed by Corey . 

Ce C for Pc Pb 

8 C (pb/ Pc } for Pb ~ Pc 

Substi tuti ng equati on 2 . 4 in equati on 2 . 2 and 

rewri t i ng the result i n t erms of dimens i onless vari ables he 
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d (pc/ Pb ) 
d ()-z/ pb ) 

18 

( 2 . 5 ) 

The exact solution of equation 2 . 5 is extremely 

complex . Staley, therefore, employed a numerical method of 
d(pc/Pb) 

plotting the slope----- for the va rLous values of pb/ Pc• 
d ( zy/pb ) 

He obtained the solutions for various values of q/ C as shown 

in Figure 1. 

Gardner and Fireman [1 5 ] f i tted thei r experimental 

da a with a continuous funct i onal relationship between ef-

fective hydraulic conductivity and capillary pressure by 

( 2 . 6 ) 

where a and bare constants, Ce is effecti ve hydraulic con-

ductivity and n i s a constant whi ch Gardner and Fireman (15 ] 

took to be 2 or 3. Gardner [11] obtained some of his ex-

perimental data by the dynamic outflow method. This method 

probably gave i naccurate results when the flow rate was 

h i gh, because the hydraulic head loss across the outflow 

membrane could not be negligible as assumed . Substituting 

equation 2 . 6 in equation 2 . 3 and integrating, Gardner [12] 

obtained the general solutions for various values of n from 

1 to 4. By letting a= q / a, S = ab + 1, the resulting 

soluti ons were: 

Case I: n = 1 

S) -t k • ( 2 7) 
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e/c = o.oooS 

e/c = 0 .001 I 

e/c = 0.003 

e/C : 0 .005 

e/c = 0 . I 

2 3 4 5 
Po/Fb 

Fig. 1. - - Computed relationship between the parameters 7 . an d p for 
various values of q 
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+ k ( 2.8) 

where yj = S/a and k is a constant of integration. 

Case III: n = 2 

z = k C (2 . 9 ) 

Case I V: n = 3 

z = 1f~ln(y Pc ) 2 
a l6a (y 2 - ypc 

1 - 1 (2pc-y)} 
2 ) + . 2 tan 13 + k " t 2 .10) 

Pc . 'Y Pc 

Case V: 

z = 

n = 4 

l{ 1 
4p ' / 2ln 

1 + 
3 

tan • 2 2 . • k o 

2P P -pc (2 .11 } 

To obtain the maximum flow rate from a water table, 

Gardner employed t he boundary conditions: Pc= oat z = o, 

and Pc ~« at z = d where the soil surface is dry . By assum-

i ng Sis equal to 1 or the volume flux q i s very small com-

pared with the constant "a" so that q/ a ... o, he gave t he 

maximum flow rate qlim . , for each case as follows: 

Tl = 3/ 2 , qlim . = 3.??ad- 3/ 2 ( 2 .12} 

n = 2,ql . 1m. = 2 o46ad- 2 2.13 ) 

n = 3 ,qli m. = 1. ? 6ad- 3 (2 . 14 1 

,, = 4 ,qlim. = 1. 52ad- 4 (2 , 1 51 
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It should be noted again that these equations are 

applicable when q / a appr oaches zero . Gardner po inted out 

that there is no limi ting rate for Case I, but no soil had 

been found such that Case I holds. 

In a paper dealing with laboratory measurements, 

data were presented by Gardner and Fireman [1 5) comparing 

the rates computed from equations 2 .12 and 2 ol4 with 

measured evaporat i on rates . The agreement was fairly good 

for the low rates of evaporation . 

Brooks and Corey [3] employed a steady-state met hod 

to measure relative permeability as a funct ion of capillary 

pressure . By maintaini ng steady downward flow i n a column 

at uniform capillary pressure, they were abl e to measure the 

relative permeabi l ity for particular capi llary pressures . 

Their method overcame the d iff i culties of Gar dner's pres-

sure-plate method . Since the capi llary pressure gradient 

was measured at steady state with i n the soil column i tself, 

the effect of hydraulic head loss across the capi llary 

barrier was e liminated. 

It should be pointed out that by a suitable choice 

of constants, Gardner's continuous funct iona l relationshi p 

between Ce and Pc is nearly t he same as the disconti nuous 

functional r elati onshi p employed by Brooks and Corey [3]. 

Brooks and Corey observed that Ce i s practically unchanged 

wi th Pc until Pc = Pb ~ They proposed the rela tionshi p: 

Ce = C when Pc · Pb and 

Ce= C (Pb lPc Phen Pc Pb {2 . 161 
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Duke used equati on 2 . 16 to determine the maximum 

rate of upward flow from water tables . He substitut ed 

equation 2 . 16 into 2 . 3 and re-wrote the resulting equation 

i n terms of dimensionless variables as 

= 

or 

d. = 1 Joo dp , 
+ l +q . mP .n 

I 

Duke evaluated the i ntegral 

tion 2.18 from the area bounded by a 

( 2 . 17 ) 

on the right of equa-
l 

plot of l + n q . mP . 
versus P . • In order to eliminate a considerable amount of 

hand calculation and to insure greater accuracy, he uti-

lized an IBM 1401 computer for the solution of equation 

2.18. The solutions were compiled into a nomograph relat i ng 

q . m to d. for each value of n. The completed values of d o 

are given in Table IX. 



CHAPTER III 

THEORETICAL ANALYSIS 

This chapter deals with the analysis of one-di-

mensional steady upward flow from water tables. The differ-

ential equati on employed is the same as presented by Staley 

[38] and Gardner [12 ) , i . e o , equation 2.3. An approximate 

algebraic solution was derived for the capillary pressure 

distribution, and the maximum rate of upward flow through 

homogeneous media which can be extended to the case of 

stratified media. 

The differential equati on for one-dimensional 

steady upward flow is shown in equation 2.2 or 2.3 . Using 

Brooks and Corey 1 s relationship between Ce and Pc, i oe . , 

equa i on 2.16; substituting this into equation 2 . 3, and 

rewri ing the result i ng equation in terms of dimensionless 

variable g ives: 

z . P . when 1 = 1-tq P . < 

1 !p o 
+ dp . z. = l +q . l+q. p c r when P . . 1 ( 3 . 2 ) 

I 

Equation 3 . 2 can be written in compact form as follows: 
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1 1 ( p . d ( p " q. 1/ n) 
z. = 

l+q q_l/ n V 1 (p_q_l/n)n 
l 

or 1/n 

I P . q. 
z. 1 l dx = q o~/ n 1/n 1 x n 1 q _ 

q_ 
(3 . 3 ) 

in which xis a new variable and represents (p q l /n). . . 
Evaluati on of Equation 3.3 

To solve equati on (3 . 3) the value of the integral 

i x dx must be known. Let1 x~ be denoted by I (x ). The 
0 

1 x n 1 x n 
exact value of I (x ) when n 4 i s extremely complex, what-

ever empi r i cal expression for Ce (Pc) is used. The technique 

employed i s to expand I(x ) i nto a convergent seri es . The 

convergent series of - 1- are not the same when x 1 as 
1 x n 

when x - 1 . The values of I (x ) , therefore, are separated 

i nto two cases: 

Case I: x 1 
1 A convergent seri es of l +x n can be expressed as 

1 
l +xn 

= 1-x n+x £ ~- -x 3 n , • " _ " " " 

I ntegra ting (3 . 4 ) term by term gives the value of 1 'x ), 

I (x ) = 1 x n i x dx 

o x r. 1 
= x- --- t n+ l 

n+ l X 

n+ l 

2n+ l 
2 n 1 

x2 n 1 
2 r+ 2 

3 n 1 
3 n+ l 

3 n+l 
X 

3n 3 

3 0 4 } 
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3 n+ l 
X 

{_l 1 l +···-··· 
3 n+l 3 n+1 

2 n+l 
= x - ~ln (l +x n) + __ x ____ _ 

n+l (2n 1 ) (2 n+ 3 ) 
,2x3 n+ l 

( 3 n+l ) (3 n+3) 

+iD•e - e e e ( 3 e 5 ) 

For values of n 1 equati on 3 . 5 does not converge , 

but no so i l has been found for which thi s case wi ll hold . 

When 'l ·, 4 the value of the fourth term i s small compar ed t o 

t he first three, so that i t can be neglected . To obt a i n an 

e quation i n s i mpler form t han equati on 3 . 5, an appr ox i mat i on 

i s employed as follows: 

so that I {o ) = o and 

l i m I ( 1-c) 
e:+o 

1 1 
= 1-n+ l ln2 + _4_(_n __ +-1-}~'l 

where E i s any pos i t i ve number . 

Case I I : X :.,.. l 

( 3. 6 ) 

( 3 . 7) 

( 3 . 8 ) 

The val ue of I (x ) must be b r oken i nto two integr a ls " 

One i. s an i n t egr a l f r om o to l - £ , and t h e other is an inte-

gr a l from l + e to x where e i s any pos i t i ve number . The 

value of I (x ) can be expressed as follows: 

Jxd 
I (x ) = __ x __ = 

l +x n 
0 11- e: dx J x dx l i m -- + lim --

E+o l +x n e+o l +x n 
0 l +E 
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Substituting equation 3 .7 and 3 . 8, i n equation 3 . 9 f or the 

first i ntegrals: 

+ limjx~ 
e-+o l +x n 

l +e: 

ln2 1 
I {x) = 1 - n+l + _4_(_n_+_l_) 2 ( 3 . 10 ) 

The convergent seri es of fi! xn for x > 1 and n > 1 can be 

expressed as 

1 - n -2 n -3 n = X X + X - •••+••• ( 3 .11) 
l +x n 

I ntegrating equati on 3.ll term by term g i ves: 

J dx 
l +x n 

or 

= _ _ix- (n - 1) l n-1 

- (2 n-1 ) X 
2 n-l 

x- (3 n-1 ) 
+ (3 n-l ) 

constant 

-{x- <n-1) x-(2 n-1 ) 
= n-1 2 n-2 + 

+ x- (2 n-l) {_l ___ l_} 
2 n-l 2n -2 

+··•- 0 •• + constant 

x x- ( 2n-l ) 

x-(3 n-1 ) - ···+··l 
3 n-3 J 
_ x- (3n-1 ){_1 _ _ _ _J:_l 

3 n-l 3 n-3J 

--ln (l +x- n) -n-1 ( 2n-l ) (2 n-2 ) 
2x- (3n - l} 

+ (3n-1 ) (3 n-3 ) 

- • · ·+··· + constant. (3 .12 ) 

Si mi larly, for n. > 4 the thi rd term i s small com-

pared to the f i rst t wo . Equation 3 . 12 i s approxi mated by: 

J dx 
l +x n .,, 

X - n --ln (l-x ) 
n-1 

+ constant . 
(2n-1 )2 

( 3 .13 ) 
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so that 

Jx dx 
l+xn 

l+ e 

Substituti ng equation 3 .14 into 

I ( x ) - l {ln2 + _1 __ 
- n+l 4( n+l) 2• 

equation 3.10 giv es 

+ ln2 .) l 1 
n - 1 ( 2 n -1 ) 2J 

-2n } + X 
(2 n-l) 2-

- l + 1+4ln2 
2 (n 2 +1) 

X - fl --ln (l +x ) 
n-1 

-2 n 
X •(3 . 15 ) 

( 2n-1 ) 2 

Equation 3.6 and 3 . 15 give the value of I(x) for 

x ~ land x > 1, respectively . By means of these two 

equations, the capillary pressure distribut i on, the maximum 

r ate of upward flow for both homogeneous and stratified 

soils can be determi ned . 

Capillary Pressure Distributi on 

Us i ng the value of I (x ) from equation 3.6 when 

x 1, and equation 3 .15 when x > 1, the capillary pressure 

distribution which is shown i n equati on 3 . 1 and 3 . 3 can be 

obtained. The capillary pressure d istribution may be ex-

pressed by: 
p 

(3 .16) z. . when P o <l = 
l +q . 

l + l {I (p _q _ 1/n) I (q_ 1/w} when P .. >l z. = q _l/ n - • l +q o (3.17) 
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Maximum Rate of Upward Flow 
Through Homogeneous Soils 

For maximum rates of upward flow through homogene-

ous so i ls, one should integrate equati on 3. 2, using limits 

of Z.from o to d . (where d . is the rati o between depth to 

water t able and Pb/Y) , and p . from zero to infinity. 

Equation 3.17, therefore, becomes: 

d . = l + ~ l {I (oo) -I (q 1m/ n)} • (3.18 1 
l +q . m q ! fu n • 

I(x ) giv es a different value when x < 1 and x 1 . 

The maxi mum rate, therefore, must be d ivided i nto two cases: 

Case I: q <l . m 
Evaluating equation 3 . 15 for x = 00 , and equat i on 

3. 6 for x = q l / n g ives the value of I{ 00 ) and I(q 1/n) . . m .m 

I (co) 1 1. 886 
"- + 2. 1 n 

(3.19 } 

and 
1/ n 2 

I( q l /n ) 1 q _m q . m 
-· 

q 1/n 
--ln (l+q m> + . m. n 1 • 4 (n+l ) 2 

. m 
(3 .2 0 ) 

For values of n , 4 the last term of equat i on 3 . 20 

i s small compared to the first two, so that 
1/n 

I (q :_ /n) 1 q _m 
.. , . 

cl'J /n ~ln (l+q . m) . m 
. m 

(3 .21 ) 

1 1 . 886 ) q . m ln( l +q . m) 
d . "' ::-r7n ( l + 

q . m 172+1 l +q . m n 1 (3.22 } 
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1/n The value of I (q . m ), evalua t ed from equat i on 3 . 15 

is: 
1/n q m ( l +q m> 

-

0 -ln ° 
n-1 q _m 

1 
---...,...2 -.,,..2- •( 3 . 23 ) 
{2n-1 ) q . m 

The last term of 3.23 i s small compared to the 

f i rst two, so that i t can be neglected . Equat i on 3.2 then 

becomes 

1. 886 
-· 1 + n 2+1 (3.2 4 ) 

Substi tuting equation 3 . 24, and 3 . 19 i nto equat i on 3 . 18 

g i ves 

d. -· 
1 1 ( l +q m) 

+ --ln • 
l +q . m n-1 q _m 

(3 . 25 ) 

Equati on 3 . 22 and 3 . 25 g i ve the value of depth to a water 

table as a funct i on of the maximum rate of upward flow fo r 

given values of soil parameters c,Pb/Y and n for cases where 

q.m < 1 and q _m > 1 respecti vely . 

These equat i ons are appl i cable no t only fo r the 

case of soil-water systems followi ng the dra i nage c ycle but 

also for the i mb i b i t i on cycle, provi ded t hat the values o f 

so i l parameters c,Pb/ Y and n are g i ven i n both c ases . 

The appl i cation and the accuracy of equati on 3.22 

and 3.25 i s d i scussed in Chapter v . 



(a) (d) 

(b) (c} 

Fig. 2- - A cry lie corn.ponents used to contain the soil colum n. 



Design of Equipment 

CHAPTER IV 

EXPERIMENTAL EQUIPMENT 
AND PROCEDURE 

Experimental Equipment 

The individual components used in th i s research 

were those designed and built by Brooks and Corey. The 

equipment employed was the same as that used by Duke [1 0] . 

Figure 2 shows a sketch of several components . Duke de-

scribed each of these components in detail. 

Most of the length of the soi l columns were 

enclosed by acrylic cylinders wi th 3.02 cm. inside diameter 

and 4 cm. length (see Figure 2a). Inflow to the bottom of 

the column was supplied by means of a one-gallon glass 

bottle . This bottle was attached to a section of acryl ic 

tubing closed on the bottom and fitted with a capillary 

barri er as shown in Figure 2b o The upward flow was induced 

at the top of the so i l solumn by means of a siphon, through 

a ceramic barrier as shown in Figure 2c . The capillary 

pressure wi thin the soi l columns was measured by employing 

tensiometer rings (see Figure 2d). 

The flow rate was measured by attachi ng the outf low 

tube to the top of a 5 ml burette . The flow into the bu-

rette, therefore, was cont i nuous . 
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For soil materials having a very high permeability 

and low bubbling pressure, Porvic plastic was substituted 

for the capillary barrier in order to reduce the head loss 

through the barrier and to maintain better control of the 

capillary pressure. 

Soil Used 

Four soil samples were selected to give a wide 

range of C, Pb, and n. The value of n is to some extent a 

function of the bulk density of the medium. The same soil 

was packed at different bulk densit i es to give various 

values of n. Descriptions of the several soil samples are 

given in Table I. 

TABLE I 

BRIEF DESCRIPTION OF SOILS 

Soil 

Loveland Sand 

Crab Creek Sand 

Touchet Silt Loam 

Greeley Sand 

Description 

Quartz sand found in a lake bed 
near Loveland, Colorado . 

A sand of volcanic origin obtained 
from the flood plain of lower Crab 
Creek west of Othello in central 
Washington . It is an agricultural 
soil 

An agricultural soil of low clay 
content having little vis i ble ag-
gregation but a very high content 
of silt and not much else. It was 
obtained from the Columbia river 
basin, Richland, Washington . 

An agricultural soil from southwest 
of Greeley, Colorado . This ma-
terial has a small amount of clay 
but is composed mostly of fine 
sands and some coarse sand. 
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Procedure 

The column was assembled by fasten i ng together the 

acrylic sections wi th the components wh i c h are described 

above . The i nflow secti on was at the bottom, above whi c h 

a tens i o~eter ring was placed to measure the capi llary pres-

sure for.determi n i ng the water-table depth . A 4 cm. section 

was placed alternat ely wi th tens i omet e r r i ngs unt i l the de-

s i red le~gt h was a tta i ned . The lengt h o f column was s lig h t l y 

greater t han half of the Pb/y of the so i l sampl e . The 

p r operti ~s of the soi l samples used had previously been de-

t ermi ned by Br ooks and Corey [3 ] , but wi th d i fferent packi ng 

t echni ques . The value of bubbl i ng pressur e, however, was 

esti mated roughly from t he i r measurements i n order to de-

termine the column lengths . 

The secti ons were taped together lengt hwi se wi th 
1 Mag i c meodi ng tape . The columns were packed by first f i l l-

i ng the qyl i nder s wi t h d r y so i l and then v i brat i ng them with 

an elect~i c-powered devi c e until they reached a relative l y 

stabl e degr ee of compac t i on . By var y i ng the v i brat i ng time , 

v ar i ous bul k dens ities wer e obtai ned for the same so i l . The 

fi l l i ng was accomplished by i nserting a small tube (fill ed 

wi th so i l and suppl i ed by a funnel ) and gradually wi thdraw-

i ng t he tube as t he co l umn f i lled . Thi s method avoided the 

nec ess i ty of droppi ng the so i l f rom t he top o f the column 

1A b r and of tape found to be particu l arly suita ble 
when hydrocarbon l i qui d was used i n the co l umn . 
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which might have resulted in segregation of particles 

according to size . 

After the column was packed, a disc of fiber glass 

mat was placed over the top of the soil surface to prevent 

erosion during the saturation procedure . A plastic plug 

containiDg holes to permit the escape of air held the fiber 

glass ag~inst the soil and retained the soil in the column . 

The column was then submerged i n a container of hydrocarbon . 

The contqi ner was then evacuated with a pump until air 

bubbles ceased to emerge from the soil and the capi llary 

barriers. 

Permeability--Capillary 
Pressure Measurements 

After the columns were saturated, they were removed 

from the container in order to measure effective permea-

bility as a function of capillary pressure, to obtain perme-

ability, bubbling pressure, and n. The technique employed 

is called the controlled-pressure method, the particular 

version of which was that employed by Brooks and Corey [ 3 ] 

which ha~ been described i n detail by Corey [8]. Thi s 

method i~volves steady-state downward flow of flu i d through 

soil under a hydraul i c gradi ent of uni ty . The fluid enter -

ed the top of the soil column at a controlled pressure 

through a capillary barrier and left the bottom of the 

column through a s i milar outflow barrier at a controlled 

pressure . The capillary pressure was measured along the 

column. By controlling the inflow and outflow s i phon 
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elevations, a zone of a constant capillary pressure within 

the column was maintained. The effective permeabi l ity with-

in this zone was calculated. 

Some runs were made, not only on the drainage 

cycle, but also on the imbibition cycle . Data on the i mbi-

bition cycle were obtained by f i rst draining the column to 

a very low saturation (to a capillary pressure correspondi ng 

approximately to the residual saturat i on) and then raising 

the i nflbw reservoir and outflow s i phon in increments . The 

effecti ve permeability was determined after steady state was 

obtained for each i ncrement . 

Measurement of Maximum 
Flow Rates 

After the measurement of the so i l parameters, the 

soil column was saturated again by the same method. The 

column was removed from the liquid container and placed i n 

a horizontal position to prevent desaturati on . The short 

sections of o i l-f i lled tubi ng which were connected to the 

t ens i ometers were clamped to prevent air entering the 

capillary barriers . The column then was cut to the approxi-

mate length of one-half of the bubbl i ng pressure head, care 

being ta~en to give a smooth soil surface. After the column 

was fastened to a vert i cal channel iron near t he manomet e r 

board, the i nflow bottle was immediately attached to the 

i nflow b~rrier to prevent desaturation at the top of the 

soil column. The upper barri er which had been saturated wa s 

placed i n contact with the smooth surface of the so i l by 
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means of a spring . The outflow siphon was adjusted at the 

level of the des ired water-table depth so that fast de-

saturation could not occur after unclamping the outflow 

tube. After the outflow tube was unclamped, all manometers 

were connected to corresponding tensiometer rings. The in-

flow bottle then was gradually lowered until the lowest 

tensiometer i ndi cated zero capillary pressure. The flow wa s 

very small (practi cally static ) , since the outflow tube was 

adjusted at an elevat i on s lightly below the water table . 

Si nce the length of soil column was about half of Pb/y , the 

soil on the top of the column remained saturated . The appa-

ratus wa~ then completely ready for the next operat i on . A 

schematic diagram of the apparatus is shown in Figure 3. 

The next ·operation was the determination of the maximum flow 

rate for , the dra i nage, imbibition and imbibition-drainage 

cycles . 

Drainage Cycle 

After the apparatus was set up as shown in Fi gure 

3, the outflow tube was lowered i n small increments so that 

i t d id not cause a pressure reversal1 at the top of the 

soi l column. The flow rate was measured at each i ncrement 

after steady state was reached. As- the outflow tube was 

lowered, the lowest tensiometer no longer indicated zero 

pressure because of the greater flow . The inflow bottle 

was adjusted until the capillary pressure at the lowes t 

' 1see definition of term pressure reversal in lisr 
of def initions . 
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tensiometer was again zero. The adjusting of the water 

table was done very carefully so that there was no pressure 

reversal within the driest zone of the soil column. By 

carefully lowering the outflow siphon, the capillary pres-

sure at the surface was gradually increased in small incre-

ments until the outflow appeared to approach a maximum (when 

the discharge remained almost constant with lowering the 

outflow siphon). The outflow siphon was not lowered more 

than this because further lowering caused a reversal of 

capillary pressure near the top and reduced the rate of up 

ward flow (as shown in Figure 8) . 

After this the inflow bottle was lowered to simu-

late a greater depth to the water table until the soil near 

the surface was nearly dry or the capillary pressure reading 

from the upper tensiometer was about l.s(Pb/Y) . When the 

system reached steady state, the lower tensiometer was read 

and the outflow rate was measured. Knowing the fully satu-

rated hydraulic conductivity of the soil, it was possible 

to compute an equivalent depth to a plane of zero capillary 

pressure (water table). The measured outflow rate repre-

sented the maximum rate of upward flow for that particular 

water-table depth. A series of runs were completed by re-

peating the process of lowering the inflow bottle . Thi s 

procedure resulted in no pressure reversal at the upper 

tensiometer. 
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Irnbibit i on Cycle 

The maximum rates of upward flow for the imbibition 

cycle were measured in two ways . One way was by starting 

with a low soil saturation and, the other with a complete l y 

dry soil. 

Starting with low saturation . --This procedure was 

started after the series of runs for the drainage cycle had 

been f i nished o The inflow bottle was lowered further so 

that the capillary pressures everywhere i n the soil column 

were h i gher than twi ce the bubbling pressure of the soil . 

Thi s capillary pressure produced a rather uni form saturation 

(close to the res i dual saturation) . The i nflow bottle was 

raised in increments to simulate shallower depths to the 

water table o At each increment the upward flow rate and 

capi llary pressure at the lower- tensiometer ring were re-

corded . The flow rates represented the maximum rates of 

upward flow and the capillary pressure at the bottom tensio-

meter gave the locati on of a water table o In this case, t he 

flow rates were small so that the head loss across the i n-

flow barrier was negligible . The reading of capillary pres-

sure from the lower tensiometer, therefore, represented the 

location of the water table o 

Starting wi th dry soi l.--The soil was packed while 

all capillary barriers were saturated. To prevent the soi l 

from imbibing liquid, a h i gh capillary pressure was appl ied 

to each capillary barrier during the packing process . Cer 

amic barriers were used i n this case because o f the i r h i g h 
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air-entry pressure. Air, therefore, d i d not enter t he 

barriers when the column was being vibrated . . 

The soil columns were fastened to the vert i cal 

channels; the tensiometers were connected to the manometer 

tube, and the outflow and inflow siphons were also connect-

ed. The initial imbibition was produced with the inflow 

siphon at a low elevation. The outflow siphon was placed 

at elevations low enough to apply capillary pressures high 

enough t o obtai n the maxi mum rate of upward flow . The i n-

flow bottle then was .rai sed to an elevation high enough to 

permit some outflow eventually to occur. The imb i bition 

took place at an extremely slow rate, the system was allowed 

to reach equilibrium before any outflow was measured. The 

location of the water table was determined from the lower 

tensiometer reading as previously . explained . The series of 

runs were completed by raising the inflow bottie to . simulate 

shallower depths to the water table. The series of runs 

were terminated when the water table was raised to the lower 

joint of the column section . Higher water tables could no t 

be employed because liquid would leak from the lower joint . 

Imbibiti on-Drainage Cycle 

The investi gati on of the imbibi tion-drainage cycle 

was divided according to its purposes into two procedures . 

First was a stuqy of - the effect of a pressure reversal (hys-

teresis ) due to the rate of outflow exceeding the upward 

f low rate . This procedure was exactly the same as that u ed 

for the drainage c ycle e xcept t hat after t he maximum rate of 
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flow was observed, the outflow siphon was lowered several 

increments further until it reached the floor of the labo-

ratory . The outflow siphon was then raised in increments 

for each of which the outflow rate was measured. 

The second was a study of the effect of the incre-

ment of lowering the outflow siphon on the upward flow 

rate. The procedure was sl i ghtly d i tferent from the first . 

The differences were: (1) The increments of lowering the 

outflow siphon were uni form for each series of runs (for 

example, a seri es of runs were made for whi ch each increment 

was 10 cm. ) , and ( 2 ) the outflow s i phon was not raised after 

i t had been lowered. 



CHAPTER V 

ANALYSIS OF DATA AND 
DISCUSS ION OF RESULTS 

The purpose of this study was to determi ne the 

maximum rate of upward flow from a water table for var ious 

condi tions as explained in Chapter I . The factors control -

ling the maximum rate of flow are the liqui d-soil condi-

tions . The ambient condi tions were el i mi nated so that they 

would not effect the flow rates. Upward flow was induced 

by lowering the outflow siphon instead of varying the ambi-

ent conditions . Theoretical equations were developed to 

approximate maximum rates of flow as functions of the soil 

parameters and depth to a water table . The flow rates were 

measured under various condit i ons to verify the theoretical 

equation . The soil parameters C, Pb/y and n were measured 

before the upward-flow experiments were conducted, so that 

a convenient column length and procedure for controll ing the 

flows could be selected . 

Relative Permeabi l ity-Capillary 
Pressure Measur ement 

By controlling the outflow and inflow s iphon , a nd 

assuming Darcy's law was val i d both for fully satura ted and 

unsaturated flow, the effective permeabil ities were calcu-

lated in the zone where hydraulic gradients were unity . 
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The relative permeabilities were obtained by dividing the 

effective permeabilities by the permeability when fully 

saturated. The tabulated data and results are presented 

in Table VI. 

It should be noted that at low capillary pressures 

the soil remained saturated, and a hydraulic gradient of 

unity was not necessary for calculation of permeability . 

This is because the permeabilities were practically constant 

in this range of capillary pressures. After the soil column 

was desaturated, the capillary pressures in the soil column 

were adjusted to be as uniform as possible . Sometimes when 

the outflow siphon was placed in the wrong position, it 

seemed impossible to obtain uniform capillary pressures. In 

this case hydraulic gradients from 0.8 - 1.2 were assumed 

acceptable and the average capillary pressure (through the 

zone where the hydraulic gradient was measured ) was recorded. 

The relative permeability-capillary pressure data 

were plotted on log-log paper to determine the soil para-

meters C, Pb/Y, and n. According to Brooks and Corey's 

relationship, equation 2.16, the value of n is the absolute 

value of the slope of the straight line portion of the curve 

and the bubbling pressure is the extrapolation of the 

straight line to the ordinate representing a relative perme -

ability of unity. 

The curves of relative permeability as a function 

of capillary pressure were represented very well by equation 

2.16 for both the drainage and imbibition cycles as shown 
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in Figures 4 and 5 . Greeley sand was an exception, this 

sand being difficult to pack in a homogeneous column . 

Greeley sand consists of particles that fit into two dis-

tinct size groups with practically no intermediate sizes . 

When placed in a column the two size groups apparently 

tend to segregate so that the relative permeability curve 

contains an inflection at the capillary press~re at which 

the larger pores have emptied and the smaller pores have 

not yet started to desaturate. After smaller pores begin 

to desaturate the curve takes on another slope governed by 

the characteristics of the finer materi al . 

As a result, it was impossible to determine a 

unique value of the bubbling pressure or n for the medium 

as a whole. In this case, the data could be approximated 

by Gardner's equation 2 . 6. The characteristics of the 

curve in the transition zone, however, could not be con-

sistently reproduced for this sand. 

Most materials, when packed in a homogeneous manner 

and when careful techniques were employed (as described by 

Corey [8] ) , yielded data that were adeq~ately represented 

by equation 2 . 16 . 

Figure 5 shows the relative permeabil i ty-capillary 

pressure relati onshi ps for the drainage and imbi bition 

cycles . It i s apparent that the value of effecti ve permea-

b i lity at a parti cular value of capillary pressure on the 

imbibi tion cycle may be one or two orders of magnitude l es 

than on the drainage cycle . The excepti on is f or capi llar} 
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pressures less than the bubbling pressure, in which case the 

permeability on the drainage cycle is only about twice the 

permeability on the imbibition cycle . The value of n tended 

to be slightly smaller on the imbibition cycle than on the 

drainage cycle. The value of bubbling pressure on the 

imbibition cycle is about 0.6 the bubbling pressure on the 

drainage cycle. 

It has been poi nted out by Bloomsburg and Corey 

[ 2 ] that for capillary pressures less than the bubbling 

pressure on the imbibi tion cycle, the conductivity is a 

function of time since the entrapped air eventually diffuses 

from the system and the medium will become fully saturated . 

Maximum Rates of Upward Flow 

The maximum rates of upward flow were investigated, 

after the soil parameters had been determined . They were 

measured for three cases, i.e., drainage, imbibition and 

i mbibit i on-drainage cycles . 

Drainage Cycle 

The maximum rates of upward flow were obtained by 

lowering the outflow and inflow siphons until the capillary 

pressure on the surface of the soil was suff i c i ently high 

to give almost the maximum rate . This was possible because 

the flow rate approaches a maximum for a finite value of 

capillary pressure at the surface of the soil. Capillary 

pressure at the top of the soil column was increased care-

fully so that there would be no pressure reversaJ near the 
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surface of the soil, as explained in Chapter IV. 

The depth to water table was calculated from the 

capillary-pressure readings at the lower tensiometer. When 

the soil at the lower tensiometer was fully saturated, a 

theoretical elevation of the lower tensiometer above the 

water table was calculated using Darcy's law and the hy-

draulic conductivi ty when fully saturated . The result ing 

equation was: 

Pc 
z = 

l+q/ C 
(5.1 ) 

where z is the elevation of the lower tensiometer above the 

water table. 

When the soil at the lower tensiometer was desatu-

rated, the scaled depth d . to the water table was greater 

than 1.5 (s i nce the column length was cut to the length of 

0.5 Pb/Y) o The value of the maximum rate of upward flow was 

then very small . The head loss across the inflow barri er 

was negligible, the height of peizometric head at the lower 

tensiometer then indicated the location of the water table . 

The tabulated data and results are shown in Table VI . 

Maximum-rate exper i ments for the drainage cycle 

have already been conducted by Duke [1 0]. The experimental 

apparatus was the same as in h is studyo The procedures 

employed were significantly different in obtaining the maxi-

mum rates and varyi ng the water-table depths. Duke obtained 

maximum rates by lowering the outflow s i phon until the flow 

rate reached a maximum. To simulate shallower water-table 
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depths, he cut the columns and maintained a water table at 

the lower tensiometer . The maxi mum rates obtained by Duke 

were 20 to 50 percent less than theoretical values, since 

his technique caused a pressure reversal near the surface 

of the soil . The soil-liquid system, therefore, did not 

completely follow a drainage cycle, but followed instead 

what is called an imbibition-drainage cycle in this disser-

tation as discussed in the following section. 

It should be emphasized that by the techniques 

employed, as explained in Chapter III, resulted in no pres-

sure reversal near the surface of the soil. The soil-liquid 

system, therefore, followed a drainage cycle and the experi-

mental results agreed very closely with theoretical equa-

tions as Figure 6 and 7 show. 

The scaled maximum rates of .upward flow q _m were 

plotted against the corresponding values of scaled depth to 

the water tabled. on log-log paper. The reason for doing 

this was that, theoretically, this curve should approach a 

straight line with the slope of n at the low values of q . m· 

It is apparent that the range of values of q . m and 

d. was not the same for all soils. This was because the 

values of bubbling pressure limited the range of q . m and d .. 

Touchet silt loam, for example, had a h i gh bubbling pres-

sure, 72 cm. The lack of head room then restricted the in-

flow siphon such that only shallow scaled water-table depths 

could be simulated. The values of q _m for this soil, there-

fore, were in the high range. The bubbling pressure of 
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Crab Creek sand, on the other hand, was only 13 cm. The 

inflow siphon could be lowered to simulate higher scaled 

depths to the water table so that soil near the surface of 

the column became quite dry. The values of q_m, therefore, 

were in the low range. 

Imbibition Cycle 

Three soils were used to perform experiments in 

which the imbibition cycle was started after draining the 

soil to a high capillary pressure. The inflow siphon was 

then gradually ra i sed in increments. The experimental re-

sults for the first two or three increments were between 

the drainage and imbibiiion cycles. After the inflow siphon 

was raised to the higher elevations, the data agreed very 

closely with the theoretical curves which were obtained by 

using the soil parameters measured for the imbibition cycle , 

as Figures 7a and 7b show . 

One series of runs were also made by starting with 

completely dry soil and allowing the soil to imbibe liquid 

from the lower inf low barrier . The initial imbibition was 

produced with the inflow siphon at a low elevation. The 

imbibition took place at an extremely slow rate and a con-

s i derable time passed before any flow from the outflow 

siphon was observed . Readings of the outflow rates were 

made, but it is extremely unl i kely that sufficient time wa s 

allowed for the outflow rate to reach a steady state (or a 

maximum rate for the particular elevation of the inflow 

siphon). 



0 .01 -----------""'T"----,~-------------, 

0.001 

E • CT 

0.0001 
Loveland Sand No. 2 

O Drainage Cycle 

• I mbibition Cycle 

--Theoretical Equation • 

0. 00 0 01 L...-__ __._ _ _. _ _.__ ................ _.__ ......... ...._ ______________ _ 

0 .1 

Fig. 7a. --Comparison of experimental data and corr,puted maximum 
rates of upward flow for drainage and imbibition cycles. 

10 



E • CY 

10------r---~~-------------, 

0.10 

0.010 

Crab Creek No. 2 

o Drainage Cycle 

e lmbibltion Cycle 

Theoretical Equation • 

0.0 0 I ..._ __ _. __ "--_,.,__.___,......,_,......,_.....,..,__..__ _ __, __ __, _ __._ __ 
0.1 1.0 10 

z 

Fig. 7b. - - Comparison of experimental data and computed 1naximum 
rates of upward flow for drainage and imbibition cycles. 



56 

When the inflow siphon was raised, the system 

reached steady state at increasingly shorter times and it 

is probable that the data obtained represent ed maximum flow 

rates. At any rate, the data agreed very closely with 

theoretical rates computed using conductivity data obtained 

on an imbibition cycle as shown in Figure 7c. 

The theoretical relations be~ween d. and q . m for 

imbibition was obtained by using the value of n of the imbi-

bition cycle to find the value of d . for a given value of 

q from equation 3.22 0 .m Multiplying the values of q _m by 

the ratio of hydraulic conductivity on the imbibition cycle 

to that on the drainage cycle, and d . by the ratio of the 

bubbling pressure on imbibition to that on the drainage 

cycle, gave the theoretical functional relationship between 

q.m and d. for the imbibition cycle. A summary of maximum 

upward flow rates compared with theoretical values (equation 

3.21 ) for both drainage and imbibition cyc l es are tabulated 

in Table II. 

Imbibition-Drainage Cycle 

One series of r uns were made on the imbibition-

drai nage cycle t o study the e ffect of hy steresis on upward 

flow rates. Figure 8 shows this eff ect of hysteresis . The 

upward flow rates were measured -when steady s t ate was 

reached for each increment of lowering the outflow siphon. 

The data are presented i n Table II. The value of hb i s the 

elevation of the outflow siphon below the water table, the 

latter being kep t at t he elevation of the lower t ens i ometer . 
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TABLE II 

SUMMARY OF MAXIMUM RATES OF UPWARD FLOW COMPARED 
WI TH THEORETICAL VALUES {EQTJJI.TION 3. 21 ) 

qxl0 2 cx10 2 
q.m 

Experi- Eq .3. 21 ment a l 
So i l cm/ sec cm/ sec d . d . 

Loveland Sand No . 1 0 . 80800 1.047 0 .77200 0.647 0 .639 
Drainage cycle 0 .7 4060 0 . 7 0700 0 . 676 0 .6 67 

K = 19.64 µ2 0 . 61300 .. 5860 0 0.718 0 .723 
Pb/ y = 18 . 00 cm . 0 . 47300 0 . 45200 0 .7 95 0 .797 

n = 12 . 3 0 . 40 9 00 0.3 9030 0.8 43 0 .8:'7 
0 . 31000 0 . 30200 0 . 920 0 . 9 04 
0 .25 20 0 0 . 24130 0 . 977 0. 95° 
0 . 20300 0 .1 9400 1. 034 1 .008 
0 .13500 0 .12 800 1.112 1.093 
0 . 06200 0 . 05930 1.246 1.225 
0 . 00870 0 . 008 3 0 1. 456 1.495 
0 . 00200 0 . 00190 1. 77 2 1. 710 

Touchet Si lt Loam 
Drainage cycle 0 . 02663 0 . 0285 0 . 93500 0 . 625 0 . 66 7 

K = 0.50 µ2 0.02062 II 0. 7 2400 0.763 0 .759 
Pb/Y = 72.2 cm. 0 . 01617 II 0.50800 0 . 874 0.888 

Tl = 6 . 2 0 . 00857 0 . 0300 0 . 28400 1 . 120 1.098 
0.00291 II 0 . 09600 1.573 1.453 
0 . 00182 II 0.06100 1. 650 1. 596 

Loveland Sand No. 2 
Drainage cycle 0 . 03610 0 . 94 3 0 . 03820 1.140 1.210 

K = 1670µ2 0 . 02580 II 0 . 03660 1.223 1 . 21 9 
Pb/y = 20.0 cm. 0 . 01590 II 0 . 01690 1. 313 1. 30 0 

Tl = 15 . 2 0 . 00400 II 0 . 00428 1 . 407 1 . 436 
0.00160 II 0 . 001 73 1.528 1.526 
0 . 00058 0 . 950 0 . 00061 1 . 625 1. 63 7 

Imbibi tion cycle 
K = 8 . 1 7µ 2 0 . 00080 0 . 94 3 0 . 00008 1 . 220 1. 15 6 

Pb/Y = 11.5 cm. 0.00094 0 . 00010 1.148 1.123 
= 9 . 5 0 . 00161 0 . 0001 7 1 . 045 1. 065 

0 . 003 7 0 0 . 00039 0 . 965 0 .971 
0 . 009 7 0 0 . 00 1 04 0.865 0 . 86 9 
0 . 03340 0 . 00 355 0 .7 39 0 .738 
0 . 06980 0 . 00 7 43 0 . 650 0 . 648 

Crab Creek No . 2 
Drainage cycle 0 . 40720 1.381 0 . 29500 0 . 919 0 . 912 

K = 24 . 45 µ2 0 . 27130 II 0 . 19640 1.020 1.00 7 
Pb/y = 13 . 50 cm . 0 . 14640 II 0 . 10600 1.138 1.129 

= 12 . 2 0 . 09080 II 0 . 065 20 1.216 1.211 
0 . 05900 1.393 0 . 04230 1 . 289 1. 274 
0 . 03200 II 0 . 02297 1 . 377 1.3 6 0 
0 . 01400 1. 381 0 . 01040 1.489 1. 4 7" 
0 . 00980 II 0 . 00 7 09 1. 542 1. 513 
0 . 00365 II 0 . 00 264 1. 62 7 1. 647 
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TABLE II (continued ) 

qxlo 2 cx102 
Expe i-

q mental Eq.3.21 
cm/sec cm/sec , rn d . d . 

Imbibition cycle 
K = 15.89 µ2 0.00146 1 . 447 0 000103 1.443 1.270 

Pb/Y = 8 . 2 cm. 0 . 00318 II 0 . 00225 1.221 1.132 
= 9 . 0 0 . 00993 II 0 . 00684 1.040 0 . 985 

0 . 02340 II 0 . 00162 0.925 0 . 923 
0.048 7 0 II 0 . 00337 0.827 0 . 83 6 
0.08230 II 0 . 00569 0.754 0 .7 7 0 

Loveland San~ No. 3 
Drainage cycle 0 . 26470 1.26 9 0 . 20860 0 . 938 0 . 975 

K = 21.5µ2 0.21860 II 0 . 17230 0 0981 1 . 015 
Pb/ Y = 17 .2 cm. 0 . 16950 II 0 .1334 0 1.032 1.063 

= 13 . 6 0 012520 1.257 0 . 09960 1.090 1.099 
0 . 10400 II 0 . 08270 Ll57 1 . 139 
0 003202 1.243 0 . 02580 1.278 1 . 299 
0.01856 II 0 . 01 4 90 1.358 1.363 
0.00371 II 0 . 00300 1.549 1.542 

Imbibition cycle 
K = 13.85µ 2 0.00018 0 . 00012 1 . 390 1. 552 

Pb/Y = 10.05 cm . 0 . 00058 0 . 00037 1.303 1.368 
n = 9.0 0 . 00178 0 . 00115 1 . 221 1.205 

0.004 7 5 0 . 00306 1.109 1.079 
0 . 00889 0 000574 1.040 1.00 6 
0 . 01267 0 . 00818 0 . 985 0 . 962 
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As the outflow siphon was lowered, the capi llary 

pressure at the soil surface immediately increased, the 

pressure gradient near the soil surface was then greater 

than that at a lower depth . 

When the capillary pressure at the surface of the 

soil column was less than the bubbling pressure, the soil 

remained saturated. Increasing the capillary pressure at 

the top (lowering the outflow siphon) , therefore, resulted 

in increasi ng the upward flow rate since hysteresis could 

not occur under fully-saturated conditions o 

After the capillary pressure at the surface of the 

soil was greater than the bubbling pressure, the soil near 

the top of the column desaturated. Further lowering the 

outflow siphon caused the rate of outflow to exceed the up-

ward flow rate . The liquid which occupied the pore space 

of the driest zone was removed faster than the soil near 

the top of the column could imbibe the liquid from the 

wetter soil below . 

The effect of imbibition tended to decrease the 

upward flow rate as explained in Chapter II, although i n-

creasing capillary pressure at the surface of the soil 

tended to increase the upward flow. The rate of upward flow 

usually increased slightly as the outflow siphon was lowered 

(in cases where the capillary pressure at the , top was 

slightly greater than bubbling pressure ) but not at the 

theoretical rate. 
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When the capillary pressure reached the po i nt where 

the upward flow rates were nearly constant with increasing 

capillary pressure, the upward flow rate decreased with 

further lowering of the outflow siphon . Instead of increas-

ing, the capillary pressure immediately below the surface 

of the soil was observed to decrease as has been observed by 

many others [10,23,35]. 

The lower the outflow siphon, the greater the 

thickness on the zone of imbibition the smaller the measured 

flow rates become o The phenomenon explained above i s shown 

in Figure 8. 

The outflow siphon was raised after it had been 

lowered. The upward flow rates were then less than those 

found by lowering the outflow siphon, since the zone of 

imbibition became thicker. 

A broken line was drawn parallel to the curve ob-

tained when the outflow was raised, to represent the theo-

retical . The values of the maximum rate of upward flow 

represented by the broken line are equal to the value pre-

dicted from the theoretical equation. 

The upward flow rates of this case were not unique 

for a particular soil and water-table depth, since they 

depend on several factors . One of the primary factors is 

the increment of increasing the capillary pressure at the 

surface of the soil. To prove this fact, a series of runs 

were made to study the effect of the increments of capi llary 

pressure applied at the column surface o 
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An experiment was made wi th the out flow s ipho n 

being lowered in i ncrements of 20 cm . Si mi lar runs were 

made with the s i phon bei ng lowered in i ncrements of 10 cm. 

and 5 cm . The results are shown in Fi gure 9 where hb r epre-

sents the negative head on the outflow barrier. It i s 

evident from thi s result that the maxi mum upward flow rates 

for the imbibiti on-drainage cycle obt ained by Duke [10 ] wer e 

not uni que but were affected by the part i cular increments in 

whi ch he lowered h i s outflow s i phon . Evi dently, i ncreas ing 

t he capi llary pressure at the surface qui ckly so that the 

surface layer i s dried quickly results i n an earl i er abrupt 

pressure reversal . The order of the maximum rates of upward 

f l ow for the three increments were: 5 cm . > 10 cm. > 20 cm . 

After the maximum rates were reached however , 

further loweri ng of the outflow s i phon gave results wh i ch 

are d i fficult to explai n . The reduct i on i n flow rates ap-

peared to be associated wi th the number of t i mes the outflow 

s i phon was lowered rather than the i ncrement of loweri ng . 

Thi s is i nsuff i cient evi dence to expla i n why thi s 

behavi or was observed . The most that can be defini te l y con-

cluded i s that the flow rates are not unique after hys t e r e-

s i s occurs but depend on the increment and number of t i mes 

the outflow s i phon is lowered . In any case, the maxi mum 

rates of upward flow were found to range from 20 to 50 per-

cent lower than the theoreti cal values, as was also found 

by Duke [10 ] . . 
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Approximate Equation for Maximum 
Upward Flow Ra tes 

An algebraic equati on representing a n appr oximate 

solution was developed to determine the func t i onal relation-

ship between q _m, d . and n. A d i s cussion of this der _vation 

is given in Chapter III. The resulting equati ons were r epre-

sented by equation 3.22 (for the c ase L q . m l e s s t ha n u n i t y ) 

and equation 3.25 (for the case of q _m greater than unity). 

The significance of these two equations is that, knowi ng t he 

distance (d ) from the water table to the dried layer and t he 

necessary soil parameters (also whether the soil has follow-

ed a drainage or imbibition cycle ) , it is possible to com~ 

pute tte maximum rate of upward flow. 

For shallow water-table depths or for large values 

of q . m' the maximum flow rate is controlled by external 

evaporative conditions . The author suspects that equation 

3.25 may not be applicable to practical cases . For most 

actual problems in nature, the value of q . m is small and i f 

it is less than 0 . 01, equation 3.22 c an b e approximated by: 

d. -- _1_ (1+1.886 ) 
q ! fu n n2 1 

or 

q . m (1+1 . 886 ) d: 
2 1 

( 5 . 3 ) 

It should be pointed out that equation 5 . 3 i s i n 

a form somewhat analogous to equations 2 . 14-2 . 17 which were 

presented by Gardner [12 ] for values of n from 1 t o 4 o nly " 

To obtain these equations Gar dner a lso assumed t ha t qm was 
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small so that qm/a approached zero, "a" being a soi l 

parameter. 

The accuracy of the approximat e equation of I(x) 

may be examined by comparing the values of I ( 00 ) given in 

equation 3.19 with values of I ( 00 ) obtained by using the con-

tour integral method [6]. The tabulated values are pre-

sented in Table III . 

n 

2 

4 

6 

8 

10 

12 

00 

TABLE III 

VALUES OF I ( 00 ) COMPUTED FROM EQUATION 
3 .19 COMPARED WITH VALUES COMPUTED 

BY THE CONTOUR INTEGRAL METHOD 

I ( oo) I ( oo) 
Contour Integral* Equati on 

1.5708 1.3772 

1.1105 1.1109 

1.0472 1.0509 

1.0262 1.0290 

1.0166 1.0187 

lo0l38 1.0130 

1.0 1. 0 

3.19 

*The contour integral method gives I ( 00 ) 

sin <2m-l )~ when n is an even integer. 
Tl 

n/2 = - E 
n m= 1 

The value of I ( 00 ) given by equation 3.19 is no t accu-

rate enough when n, 4. This is not a serious disadvantage 

since for n = 2 or 3, the exact values can easily be obtain-

ed by direct integration . 
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As further evidence that the values of the maximum 

rates of upward flow from equation 3 . 22 are suffi c i e n tly 

accurate for n 4, the results from this equation were com-

pared with the values presented by Duke [10]. He obtai ned 

these results by utilizing an IBM 1401 computer. The com-

parison of solutions are shown i n Table IV for values of 

= 4,8, and 12 . 

TABLE IV 

COMPARISON OF VALUES OF d . AS A FUNCTION OF q
0
m FROM 

EQUATION 3.22 WITH THE VALUES PRESENTED BY DUKE 

0 . 001 

0.002 

0.004 

0.008 

0.016 

0.032 

0.064 

0.128 

0 . 256 

0 . 512 

n = 4 
Eq . 3.22 Duke 

6 . 253 

5 . 253 

4.419 

3.708 

3.111 

2.601 

2 . 161 

1. 768 

1.403 

1 . 057 

6.24 

5 . 25 

4 . 41 

3.71 

3.11 

2 . 60 

2.16 

1. 77 

1.40 

n = 8 
Eq.3.22 Duke 

2.439 

2 . 236 

2.046 

1 . 874 

1 . 712 

1.555 

1.398 

1.230 

1. 042 

0 . 826 

2 . 43 

2.23 

2 . 04 

1.71 

1 . 55 

1 . 3_9 

1.23 

1.04 

0 . 822 

Suggestions For Further Study 

n = 12 
Eq.3.22 Duke 

1.801 

1.701 

1. 601 

1.507 

1.415 

1 . 312 

1.22 

1.10 

0 . 948 

0.764 

1.80 

1.70 

1 . 60 

1.50 

1.41 

1.32 

1.22 

1.10 

0 . 94 7 

0. 7 62 

Application of this study to actual field condi-

tions requires the value of the soil parameters . The de-

velopment of techniques for measuring the bubbling p r essure, 
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permeability and either from undisturbed samples o r direct 

measurements in the field would be very useful. 

The relative permeability-capillary pressure curves 

for the imbibition cycle in this study were made by starting 

the experiment with relatively dry soil, since the time 

required when starting with air dry soil is very long o A 

study should be made to answer the q uestion, "How well does 

the imb i b i tion cycle obtained by beginning with a low satu-

rati on represent the imb i bition cycle starting with a i r dry 

soil?" 

Theoretical equati ons developed i n this study are 

applicable only in the case of homogeneous media . The 

following section discusses briefly a development which 

might be applicable to stratified soils but which needs 

experimental verification. 

Maximum Rate of Upward Flow 
From a Water Table Through 
Stratified Soils 

In this analysis the water i s tran smi tted upwar d 

from a water table through a soil havi ng parameters c1 , Pb/y 

and n1 to a distance d 1 beyond which the water is transmit-

ted through another soil to i ts surface where a maxi mum 

evaporation is induced (see Fi gure 10 ). Equa i on 3 . 2 can 

be appl i ed to obtain t he maximum rate of upwar d flow i n this 

case, by changing the limit of integrals to fit the boundary 

conditi ons which are: At the water table z = o, Pc = o; at 

the boundary between the t wo soils z = d 1 , Pc = p~; a t the 
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Fig. 1 O. - -Sketch of stratified soil profile in which water flows 
upward at a steady rate. 
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surface of the soil z = d1 + d 2 , Pc ~ 00 • The result ! ng 

solutions are: 

d2 . 1-p;/Pb 1 

{ 
/ 1? } 

Pb2/y = + l /n2 I ( oo) -I (q 02 ~) 
l+q.2 q . 2 

for p~ > Pb2 

and 

d2 1 {x ( oo) -I (p(:/ Pi,2 q 1/n 2)} for P~ < Pb1 
= 

Pb2/Y q l /n2 .2 
. 2 

( 5 . 5 ) 

where q = • 2 q/C2 • 

The solutions of equations 5 . 4 and 5.5 require the 

value of Pc at the point on the boundary between the two 

strata . Employing the soil parameters c 1 ,Pb1/ y and n, in 

equations 3.16 and 3.17, the value of Pc can be obtained by 

trial from the resulting equations which are: 

d1 1 1 { 1/ -..... 
I (q l /n)} = + 1/ I (pc/Pbl q.l I -

Pb1/y 1 q . l q . l n 

( 5 . 6 ) 

Equations 5.4,5.5, and 5 . 6 give the value of d 2 as 

a funct i on of d1 and the maximum rate of upwar d flow q, for 

given values of c1 , pb1/y , n1, and c2 , pb 2/ y , n2 . 

A solution in the case of 3 or more layers of soil 

mi ght be obtained by a similar method . 



CHAPTER VI 

SUMMARY AND CONCLUSION 

An i nvest i gat i on was conducced to study the s t eady 

upward flow from water tables. The study attempt ed to 

rel ate t he maximum rates of upward flow t o measurable soil 

parameters under var i ous conditions of soil-water s ystems , 

a nd to determi ne more prec i sely the e ff ec t o f i mbi b i t i on . 

Theoretical soluti ons were dev eloped to deter mine 

the maxi mum flow rate as a function of depth of water table 

and the measurable soil parameters. A differenti al equati o n 

was obta i ned by assumi ng Darcy's law is val i d when the 

medi um i s partially saturated and employing Brooks and 

Corey's relat i ve permeability-capillary pressure relati on-

shi p . The equation i s 

A method was employed to approxi mate the so l ut ion 

of this equation . The technique was to expand t he i ntegral 

i nto a convergent series and i ntegrate term by t erm . An 

algebraic approximati on was then made to obtain the solu-

tion. The resulting equati ons are: 
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Case I: 1 

1 1.885 
d. ~/n { 1-i----) 

q n 2 +1 .m 

Case II: 0.001 

d. 

Case III: 1 

1 

To verify these equations, seven soil columns were 

packed to give a wide range of soil parameters . The study 

was limited to the condition where factors controlliDg the 

maximum rates of upward flow are the liquid-soil conditions. 

Flow was induced at the top of the soil column by means of 

an outflow siphon. An inflow siphon was connected to an 

inflow barrier at the bottom of the column to maintain a 

water table within or below the column as desired. The 

maximum rates were measured when the outflow and inflow 

siphon were lowered until the soil near the top of the col-

umn was relatively dry and the system reache<l a ~teady 

state . The soil parameters necessary to obtain a solution 

were determined by employing a controlled-pressure method , 

before he upward flow experiments were made. 
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The upward flow experiments were conducted under 

three conditi ons of the soil-liquid system which were: 

drainage, imbibition and imbibition-drai nage cycles . The 

first two were performed to verify the theoretical so l ution . 

The agreement between the theoretical solution and experi-

mental results for both drainage and imbibition cycles was 

very good. 

The imbibi tion-drainage cycle was studied to deter-

mi ne the effect of hysteresis (in cases where the outflow 

rate exceeded the upward flow rate ) . The results led to 

t he conclus i qn that hysteresis caused the flow rate to drop 

when the capillary pressure at the surface of the soil was 

increased after the soil near the surface was relatively 

dry. The maximum flow rates obta i ned in this case were not 

unique but depended on the increments of i ncreasing the 

capillary pressure at the surface of the soil . Their values, 

however, were about 20 to 50 percent less than theoreti cal 

values . 
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TABLE V 

RELATIVE PERMEABILITY-CAPILLARY P ESSURE DATA 

Soil 

Loveland Sand No. 
Drainage cycle 

K = 19 . 64 µ2 

Pb/Y = 18.00 cm . 

n = 12.3 

Touchet Silt Loam 
Drainage cycle 

K = 0 . 50 µ2 

pb/y = 72.2 cm . 

n = 6.2 

Crab Creek No. 1 
Drainage cycle 

K = 29.08µ 2-

Pb/Y = 13.2 cm. 

n = 11. o 
Greeley Sand 

Drainage cycle 

K = 15.20µ 2 

Pb/Y = 23.00 cm . 

n = 9 . 0 

1 
10.70 1 . 0000 
13 . 00 1. 0000 
15 . 45 0 . 8960 
. 5.80 0 . 8100 
17 . 80 0 . 5020 
20.30 0.200 0 
22 . 00 0 . 087 4 
24 . 80 0.0226 
25 . 0 0 . 016 

9 . 65 1.0000 
24 . 80 1. 0000 
37.05 1 . 0000 
43 .5 0 0 . 9770 
53.10 0.9090 
60.30 0.8600 
68.30 0.6800 
71.50 0.6600 
91. 35 0 . 2330 

106 . 90 0.09680 
107.50 0.0 7550 
117 . 50 0 . 048 7 0 
127 . 60 0 . 03200 

9.50 1.00000 
10 . 30 1 . 00000 
11.10 0 . 9840 0 
14.10 0 . 4340 0 
17.00 0 . 0819 0 
20.80 0 . 00504 
22 . 10 0 . 0038 8 

3 . 00 1~00000 
9 . 00 1 . 00000 

13 . 00 0 , 98500 
17 . 50 0.88280 
22.30 0.590 50 
25 . 10 0 . 5020 0 
28.70 0.38620 
35.20 0 . 22 100 
38.00 0 . 13450 
43 . 0 0 . 030 70 
48.8 0 . 012 60 



Soil 

Loveland Sand No . 2 
Drainage cycle 

K = 16 . 70µ 2 

Pb/Y = 20.0 cm . 

n = 15 . 2 

Imbibition cycle 

K = 8.17 µ2 

pb/y = 12.2 cm . 

n = 9.5 

Crab Creek No . 2 
Drainage cycle 

K = 24.45µ 2 

pb/y = 13.50 cm . 

n = 12 . 2 

Imbibition cycle 

K = 15.89µ2 

n = 9 . 0 
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TABLE V (Continued) 

6 . 60 
11.30 
14.50 
18.50 
23 . 50 
25. 10 
26 . 10 
27. 80 
29 . 30 

26 .20 
22 . 25 
17 . 50 
16 . 00 
15.00 
14.60 
13 . 20 
11.80 
10 . 30 

8.20 
5 . 40 
3 . 60 

7. 00 
8 . 55 

10.33 
13 . 35 
14 . 25 
14 . 70 
15 . 80 
16.7 0 
18.70 
23 . 00 

18.10 
14.75 
13 . 35 
11.55 

9 . 80 
8 . 45 
7 .7 5 
5 . 37 
2 . 65 

L 00000 
1.00000 
1.00 00 
0.6920 0 
0 .10200 
0.002 34 
0 . 00 16,:; 
0.000 71 
0 . 0002 C2 

0 . 000 18 
0 . 000 3 .! 
0 . 020 50 
0 . 041 50 
0 . 07514 
0.1092 0 
0 . 21100 
0 . 348 7 0 
0.4695 0 
0.4 7700 
0 . 4850 0 
0 . 4896 0 

1.0000 0 
1 . 00000 
1.00000 
0 .5 900 0 
0 . 45500 
0 . 3120 0 
0 . 1775? 
0 . 0865 0 
0 . 02266 
0 . 0014 2 

0.00149 
0.00489 
0 . 01300 
0 . 0402 
0 -1 6900 
0 .37420 
0 .5 2310 
0 . 544 70 
0 . 532 00 
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TABLE V Continued) 

Soil Pc/y (cm.) K 

Loveland Sand No. 3 
Drainage cycle 11.20 1. 00000 

12.80 1. 00000 
K = 21.5µ2 16 . 65 0 . 58710 

17 . 40 0.48000 
pb/y = 17.2 cm. 18 . 45 0 . 32000 

1 8 . 90 0 . 24670 
n = 13.6 19.90 0.14700 

22.20 0 . 0409 0 
24 . 40 0 . 00610 
27.60 0 . 0034 4 

Imbibition Cycle 
18.15 0 . 00915 

K = 13.85µ 2 15 .7 0 0 . 0199 4 
14 . 95 0 . 03110 

pb/y = 10.50 cm. 14 . 15 0.05340 
13.45 0 . 08400 

n = 9.0 12.05 0 . 19020 
10.65 0 . 35740 

8.35 0.62280 
6 . 50 0.63570 
4 . 90 0 . 64700 
2.45 0 . 643 
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TABLE VI 

MAXIMUM RATES OF UPWARD FLOW DATA 

PclY qxl0 2 cx1 02 
d .** (cm.) P. cm/sec . cm/sec. q.m Z. * 

Loveland 
Sand No. 1 1.15 0 . 064 0 . 80800 1.047 0.7 7200 0 . 03 6 0 . 64 7 

2.00 0 . 111 0 . 74060 II 0.70700 0 . 065 0.676 Drainage 3 . 10 0 . 172 0 . 61 300 0.58 600 0. 108 0.718 cycle 4 . 80 0 . 267 0 . 473 00 0.452 00 0 . 1 83 0 .7 95 
5.80 0.322 0.40900 0 . 39030 0.232 0 . 843 
7.25 0.403 0 . 31000 0.3020 0 . 309 0.920 
8 . 20 0.455 0 . 25200 0 . 24130 0 . 366 0.97 7 
9 . 10 0 . 505 0 . 20300 0 . 19400 0 . 42 3 1. 034 

10 . 40 0 . 578 0.13500 0.12800 0 . 51 2 1 . 112 
12 . 10 0.672 0 . 06200 0 . 05930 0 . 635 1 . 246 
16.40 0 . 910 0 0008 7 0 0 . 008 30 0 . 840 1. 456 
19.00 1.056 0.00200 0.00 1 90 1.053 1.77 2 

Touchet 
Silt Loam 50.30 0.699 0.02663 0.028 0 . 93500 0.361 0 . 625 

61.90 0 . 860 0.02062 II 0.72400 0.498 0. 7 63 
Drainage 68.90 0 . 957 0.01617 0.030 0 . 56800 0 . 610 0 . 874 

cycle 78.90 1.097 0 . 00857 II 0.28400 0.854 1.120 
96 . 50 1.325 0.00291 II 0.09600 1.209 1. 57 3 

106 . 40 1.478 0 . 00182 II 0.06100 1.392 1.650 
Loveland 

Sand No. 2 10 . 90 0 . 540 0.03610 0 . 943 0.03820 0 . 526 1.140 
12 . 40 0.620 0.02580 II 0 . 03660 0 . 598 1.223 

Drainage 14.00 0.700 0.01590 II 0 . 01690 0.688 1. 313 
cycle 15.70 0 . 785 0.00400 II 0.00428 0.782 1. 407 

18 . 10 0 . 905 0 . 00160 0 .9 50 0.00173 0 . 903 1 . 528 
Imbibiti on 

Cycle 11.90 0.595 0 . 00080 0 . 9 43 0 . 00008 0 . 595 1. 220 
10 . 50 0.525 0 . 00094 0 . 00010 0 . 525 1 . 14 8 

8.50 0 . 425 0 . 00161 0 . 0001 7 0 . 425 1 . 045 
6.80 0 . 340 0 . 00370 0.00039 0 . 340 0 . 965 
4 . 80 0 . 24 0 0 . 00970 0.001 0 4 0. 240 0 . 86 5 
2 . 30 0 . 115 0.03340 0.00 355 0 . 115 0 .7 39 
0 . 50 0 . 025 0 . 06980 0 . 00 743 0 . 02 5 0 . 65 0 

* . z. 1s the scaled distance from a wat er tab le to 
the lower tens i ometer . 

**d . = Z + (depth t o lower t ens i ometer) . 
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TABLE VI (Continued) 

Pc/Y qxl0 2 Cxl0 2 
z. d . Soil (cm. } p cm/sec. cm/sec . q .m 

Crab Creek 
No. 2 4.40 0.326 0.40720 1.381 0 029500 0 . 252 0.919 

5 .7 0 0.422 0.27130 II 0.19640 0 .3 53 1.020 
7.10 0.526 0 . 14640 II 0.10600 0.479 1.138 Drainage 7.90 0.585 0.09080 II 0 . 06520 0.549 1.216 cycle 8. 75 0 . 648 0.05900 1.3 ~3 0.04230 0 . 622 1.289 
9.80 0.726 0 . 03200 II 0 . 02297 0.710 1.377 

11.20 0.830 0.01400 1.381 0.01040 0 . 822 1.489 
11.90 0 . 882 0 . 00980 II 0.00709 0.875 1.542 
13 . 00 0 . 963 0 . 00365 II 0 . 00264 0 . 960 1. 627 

I rnbibition 
Cycle 10.50 0 .772 0.00146 1.447 0 . 00103 0 .77 6 l.443 

7.50 0.554 0.00318 II 0.00225 0 . 554 1 . 221 
5 . 10 0 . 393 0 . 00993 II 0 . 00684 0 . 373 1.040 
3 . 60 0.258 0 . 02340 II 0 . 00162 0 . 266 0.925 
2.30 0.170 0.04870 II 0.00337 0.160 0.824 
1.30 0.096 0.08230 II 0 . 00569 0.086 0 .7 54 

Loveland 
Sand No. 3 5.60 0.326 0 . 26470 1. 269 0 . 20860 0 . 269 0.938 

6.30 0.366 0 . 21860 II 0.17230 0 . 312 0 . 981 
Drainage 7.10 0.413 0 . 16950 II 0.13340 0.364 1 . 037 

cycle 8.10 0 . 471 0 . 12520 1.257 0.09960 0.428 1. 090 
9 . 10 0.529 0 . 10400 II 0.08270 0 . 488 1 . 157 

10 .75 0 . 625 0.03202 1 . 243 0.02580 0.609 1 . 278 
12 . 05 0 . 701 0.01856 II 0.01490 0 . 690 1. 358 
15.20 0.884 0.00371 II 0.00300 0.881 1.549 

Irnbibition 
8.90 0 . 848 0.00018 0 . 00012 0.848 1.390 
7 . 40 0 .7 05 0.00058 0 . 00037 0 .7 05 1.303 
6 . 00 0 . 571 0 . 001 78 0 . 00115 0 . 571 L22J 
4.00 0 . 381 0.00475 0.00 3 06 0 . 381 1.109 
2 . 90 0 . 27 6 0 . 00889 0.005 7 4 0 . 27 6 1. 040 
1 . 95 0.186 0 . 01267 0 . 00818 0 . 186 0 . 985 



Lowering: 

hb 

10.0 
20.0 
30 . 0 
40 . 0 
50 . 0 
60 . 0 
70.0 
80.0 
90 . 0 

100.0 
110.0 
120 . 0 
130.0 
140.0 
150.0 

Note: 
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TABLE VII 

EFFECT OF HYSTERESIS ON UPWARD 
FLOW RATE 

the Outflow Si:ehon Raising the 

qxlo2 
(cm c/sec .) 

0 . 3567 
0 . 7920 
1 . 2100 
1.4800 
1.6670 
1. 240 
1. 7 204 
1. 7 200 
1.7060 
1. 6842 
1. 7 090 
1. 5440 
1.5440 
1. 5000 
1.590 

Soil Used: Greeley Sand 

K = 15 . 2 

n = 9.0 

hb 

1 10 . 0 
1 30.0 
120.0 
110.0 
100.0 

90 . 0 
80 . 0 
7 0 c0 
60.0 
5 0 . 0 
4 0 . 0 
30 . 0 
20 . 0 
10 . 0 

Outflow Si phon 

qx1 02 
(cm./&ec. ) 

1.57 00 
1.5050 
1.5090 
1.4820 
1.4580 
1.4 336 
1.4 070 
1.34 7 0 
1.3 050 
1.1900 
1. 0510 
0 . 8016 
0.7220 
0.4310 

Depth to water table d = 17 . 0 cm . 

Theoreti cal value of q.m = 0 . 75 6 
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TABLE VIII 

EFFECT OF INCREMENTS OF LOWERING THE 
OUTFLOW SIPHON O _ r •:' ) F 

UPWARD FLOW 

5 cm . Increments 10 cm. Increment 20 cm. Increm2nt 

hb q xl0 2 . hb q _x10 2 hb q_x10 2 

20.0 12.009 11.0 9.226 2 . 0 4.115 
25. 0 13.624 21.0 11.661 22 .0 6.1769 
30.0 14.147 31.0 12.655 42 . 0 5.701 
35.0 14.147 41.0 1 3. 452 66.0 7.425 
40.0 13.923 51. 0 13.452 82 . 0 7 . 488 
45.0 12 . 989 61.0 13. 626 1 00 .0 7.271 
50.0 11.572 71.0 13.626 1 20 .0 7 . 816 
55. 0 12 020 7 81 . 0 13 .450 140 00 8.028 
60.0 12.041 91.0 13.220 
65.0 11.883 101.0 13 .026 
70.0 11. 338 110.0 13.220 
75.0 11.027 121.0 12.800 
80.Q 11.251 131 .0 13.123 
85.0 10.265 141.0 13 .220 
90.0 9 . 990 
95.0 9 . 967 

100. 0 9 .72 8 
1 05.0 9 .519 
11 0 . 0 9 . 519 
115. 0 9 . 960 
12 0 . 0 9 . 439 
125. 0 9 .12 0 
13 0.0 9 . 001 
1 35.0 8 . 822 
1 40 . 0 8 .45 4 

Note: 

Soil Us ed: Crab Creek No. 2, l< = 24.45 

Pb/Y = 13 .5 

n - 12 . 2 
Scaled depth to water table, 

Theoretical value of q_m 

d . = 0 .1 032 

= 0 .168 
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TABLE IX 

COMPUTED VALUES OF Z. (from Duke} 

q_/n 2 3 4 5 6 7 8 

0 . 001 49.(57 12.09 6.24 4.25 3.31 2.7 7 2.43 
.002 35.12 9.60 5 .2 5 3 . 70 2.95 2 . 51 2. 23 
. 004 24.83 7.61 4 . 41 3.22 2.6 2 2.27 2 .04 
. 008 17.56 6.04 3. 71 2.80 2.33 2 .05 1.87 
. 016 12.41 4.79 3.11 2.43 2.07 1.85 1. 71 
.032 8 . 76 3.79 2.60 2.10 1.83 1.16 1.55 
.064 6.17 2.98 2 .16 1.80 1.60 1.48 1.39 
.128 4.32 2.32 1.77 1.52 1.38 1. 29 1.23 
.256 2.98 1.76 1.40 1.24 1.14 1 . 08 L04 

0.512 1.99 1.27 1.06 0 . 951 0.890 0 . 850 0 . 822 
1. 024 1.26 0.861 0 . 733 .672 . 635 . 611 .594 
2. 048 0.754 .535 . 465 .430 . 409 .395 .386 
4.096 .423 .308 .270 .252 . 24 0 . 233 .2 28 
8.192 0.226 0 . 167 0.148 0 . 138 0.132 0.128 0 . 125 

q_/n 9 10 11 12 13 14 15 

0.001 2.20 2.03 1.90 1.80 1.72 1 . 65 1 .6 0 
. 002 2 . 03 1.89 1. 7 8 1.7 0 1.6 3 1.57 1 .52 
.004 1.88 1.76 1 . 67 1.60 1. 54 1 . 49 1.45 
.008 1.74 1.64 1. 56 1. 50 1.46 1.42 1 .38 
. 016 1.60 1.52 1.46 1.41 1 . 37 1.34 1 .3 1 
.032 1.47 1.41 1. 36 1.32 1.29 1. 26 1. 24 
. 064 1. 33 1.28 1. 25 1.2 2 1.19 1.17 1.15 
. 128 1 .18 1.15 1 .12 1.10 1.08 1.06 1. 05 
.256 1.01 0.982 0 .9 62 0.94 7 0 . 934 0.9 23 0.914 

0.512 0 . 802 .786 .7 73 .762 . 654 .747 .740 
1.024 .581 .571 .563 . 55 7 .5 52 .547 .543 
2 . 048 .378 . 373 .368 .365 .361 .359 .357 
4.096 .224 .221 .218 .216 . 214 .213 .212 
8 . 192 0.123 0 . 122 0. 1 20 0.119 0.118 0.118 0.117 
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TABLE IX (Continued) 

q _/ n 16 17 18 1 9 2 0 

0.001 1.55 1.51 1. 47 L 4 4 1. 42 
. 002 1.48 1. 45 1 . 42 1. 39 1. 37 
. 004 1. 42 1.39 1 . 36 1.34 1.32 
. 008 1. 35 1.33 1.31 1 . 29 1 . 27 
.016 1.29 1.27 1. 25 1.23 1 . 22 
.032 1.22 1.20 1.19 1.17 1.16 
. 064 1.14 1.13 1 . 11 1.10 1.09 
. 128 1.04 1.03 1.02 1.01 1.00 
. 256 0 . 905 0.898 0 . 892 0 . 887 0.882 

0 . 512 .7 35 . 730 . 726 .7 22 . 719 
1. 024 . 540 .53 7 . 534 .532 . 530 
2 . 048 . 355 . 353 . 352 .350 .349 
4 . 096 .211 . 210 . 209 . 208 . 208 
8 . 192 0.116 0 . 116 0.116 0 . 115 0.115 



ABSTRACT OF DISSERTATION 

STEADY UPWARD FLOW FROM WATER TABLES 

The rate of upward flow from water tables is an 

important factor in irrigated areas for determining the depth 

at which water tables should be maintained. This study at-

tempted to relate the maximum rate of upward flow to measur-

able soil parameters under various conditions of the soil-

water system, and to determine more precisely the effect of 

hysteresis. 

Theoretical solutions were developed to determine 

the maximum upward flow rate as a function of depth of water 

table and necessary soil parameters. To verify these solu-

tions, laboratory investigations were conducted. The ex-

periments were conducted so that the ambient conditions did 

not affect the upward flow rates. Upward flow was induced 

at the top of the soil columns by means of an outflow siphon. 

An inflow siphon was connected to an inflow barrier at · the 

bottom of the soil column to maintain the water table as 

desired. 

Three conditions of the soil-liquid system were 

used, i.e., drainage, imbibition and imbibition-drainage 

cycles. The results gave good agreement between the theo-

retical solution and experimental results for both drainage 



and imbibition cycles. The imbibition-drainage cycle was 

conducted to study the effect of hysteresis. This effect 

caused the maximum rates of upward flow to drop 20 to 50 

percent below the theoretical values. 

Anat Arbhabhirama 
Civil Engineering Department 
Colorado State University 
June, 1965 
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