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ABSTRACT

DESIGN & MODELING OF PHASE TRANSFORMING ULTRA-HIGH TEMPERATURE
METAL CERAMIC MULTILAYER COMPOSITES

Ultra-high temperature ceramics are a class of materials that have found use in high-temperature
structural applications due to their high melting temperatures and excellent high-temperature me-
chanical properties. Although this class of materials is well-suited to these applications at high
temperature, they suffer from a low fracture toughness at ambient temperatures where component
fabrication and assembly takes place. Thus, during the fabrication and assembly process these
materials are highly susceptible to catastrophic brittle failure. In this work, we introduce a novel
type of composite that significantly improves the low-temperature fracture toughness without sac-
rificing the excellent high-temperature properties of the ultra-high temperature ceramics.

These novel composites are an innovative approach to metal-ceramic multilayer composites,
with the unique ability undergo a phase transformation in the metal layers that results in their
disappearance, leaving a single-phase ultra-high temperature ceramic after annealing. In this work,
we endeavored to model this phase transformation process and characterize the performance of the
composite in order to optimize the material selection and design of the composite. To achieve this
goal, we determined the phase transformation time of composites using Finite Element Method
simulations and constructed more general, coarse-grained, models of the phase transformation
kinetics and toughening.

The key to enabling the phase transformation in these composites is to choose group IV tran-
sition metal carbides or nitrides and group V transition metal carbides for the ceramic layers of
the composite. This group of materials possess a wide range of homogeneity with respect to car-
bon/nitrogen content in their monocarbide/nitride phases. Additionally, the phase transformation

from metal to ceramic in these materials is controlled by the diffusion of the nonmetal atom (car-
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bon/nitrogen) and results in ceramic layer growth with strong adhesion between layers. Thus, a
composite can be constructed with a ‘frozen-in’ non-equilibrium microstructure containing alter-
nating layers of metal and ceramic and be made to transform simply by increasing the temperature
,i.e. annealing.

Furthermore, this work contains an investigation into the kinetics of carbon diffusion in sub-
stoichiometric titanium carbide. This investigation, motivated by an open question in the literature
posed by Sarian in 1968, used a computational approach comprised of Monte Carlo, kinetic Monte
Carlo, and Density Functional Theory simulations in order to determine the interconnection of
diffusion and vacancy-ordered phases. The investigation was multi-pronged, beginning with sim-
ulations on a square lattice and then being extended to three-dimension simulations of the titanium

carbide carbon-vacancy sublattice.
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Chapter 1

Introduction

The high temperatures experienced by structural components in hypersonic and space explo-
ration environments demand that structural materials exhibit excellent mechanical properties even
at temperatures in excess of 3000°C. Very few materials exist with the ability to remain solid and
even fewer display mechanical properties sufficient for use as structural materials in these con-
ditions. Virtually all of the materials with this combination of properties belong to the group of
ceramics known as Ultra-high Temperature Ceramics (UHTCs), which are mainly comprised of
the carbides, nitrides, and borides of the group IVB, and VB transition metals of the periodic ta-
ble. Despite the exception high-temperature properties of UHTCs, these materials ironically suffer
from poor mechanical properties, particularly fracture toughness, at ambient temperatures. Due to
this poor low-temperature performance, structural components constructed from UHTC materials
are often susceptible to brittle failure during manufacturing and assembly. One method used to
combat this is to construct UHTC ceramic matrix composite materials, often through the introduc-
tion of SiC fibers to the ceramic matrix. This has the effect of increasing the materials resistance
to fracture and therefore mitigating the risk of brittle failure at ambient temperatures. Though the
former solution can work well, it is not the only solution. Another common way to improve the
fracture toughness of ceramic materials is through the addition of ductile metal layers which act
in opposition to crack propagation. These composites are known as metal ceramic multilayers
(MCMs), with the most common example being pearlite - a layered material forming from a eutec-
toid in the Fe-C system and being composed of alternating ferrite and cementite layers. Though the
existence of metal layers at high-temperature is certainly in opposition to the need for exceptional
high-temperature properties, similar composites can be constructed in UHTC systems. In particu-
lar, the UHTC materials having the B1 rocksalt crystal structure present a unique opportunity for
improving low-temperature properties by creating MCMs due to their wide range of stability with

respect to carbon content. In fact, the B1 rocksalt phase in many of the Me-C/N often remains



stable even with the removal of 50% of the non-metal atoms. This leads to these MCM composites
having the unique ability to remove their metal layers upon annealing due to a diffusion-controlled
phase transformation. In this dissertation, the following questions related to these transforming

UHTC MCM composites are addressed using computational techniques:

1. What is the relationship between the initial conditions of a transforming composite (carbon
concentration, magnitude of equilibrium concentration difference, ceramic phase fraction),

materials properties (carbon diffusivities), and transformation time?

2. If we allow the temperature to increase at a constant rate over the course of a simulation
will the parabolic relationship between diffusivity, transformation time, and bilayer length
remain? If not, what will be the new relationship between effective diffusivity and tempera-

ture?

3. If we allow the carbon diffusivity in the ceramic to change with carbon composition will
the activation energy for the phase transformation be dominated by the near-stoichiometric
diffusivity far from the interface or by the carbon-depleted diffusivity close to the interface

in the ceramic layers?

4. Which combinations of materials, i.e., Me/MeC and volume fractions for a transforming

composites result in the greatest amount of toughening and fastest phase transformations?

5. How does a vacancy order-disorder transition affect the diffusivity through the lattice?



Chapter 2

Literature Review

2.1 Applications

Historically, the primary applications of transition metal carbides and nitrides have sought to
utilize their high melting points, hardness, and high-temperature strength. These applications have
included cutting and drilling tools [10], leading edges, combustors, and thermal protection systems
for hypersonic aircraft [11], and wear-resistant surfaces or coatings [12]. More recently, there has
been interest in using transition metal carbides and nitrides as inert matrix materials for advanced
nuclear reactor fuels specifically due to their resistance against fission product corrosion [6]. Most
importantly, these materials have potential applications as high-temperature structural components
for use in the aerospace industry, though problems due to unfavorable room-temperature proper-
ties, especially low fracture toughness must be overcome before the transition metal carbides and
nitrides can find widespread use in these applications [13].

Transition metal carbides and nitrides are often used for hard coatings, especially for applica-
tions such as coating the rake surface of cutting and drilling tools [12]. Transition metal carbides
and nitrides are excellent choices for this application due to their high hardness and melting tem-
peratures; however, there are other factors that require consideration when selecting materials for
hard coatings. Interfacial factors, as an example, must also be considered since strong adherence
of the coating to its metal substrate is required. In many cases, multilayer hard coating designs
are used in order to meet specific layer-dependent criteria, since strong substrate adhesion is re-
quired at the metal-ceramic interface and weak adhesion at the free surface of the hard coating is
preferable.

In the nuclear fuel industry, ceramic coatings are often used to cover fuels used in high-
temperature reactors. Currently, SiC is the most common coating, but recent studies have indi-

cated that ZrC may possess more favorable properties [6, 14, 15]. For example, ZrC possesses a



melting temperature in excess of 3000K, is resistant to corrosion due to fission products, has high
thermal conductivity (at elevated temperatures), and has a small cross-section for the absorption of
neutrons [6]. The main failure mechanisms for current tri-structural isotropic (TRISO) fuel parti-
cles occurs when the structural layers of the particle are thinned, reducing strength and potentially
allowing the release of fission products. One cause for this avenue of structural failure is fission
product attack wherein the structural layers are degraded due to chemical attacks from fission prod-
ucts such as Cs, Pd, and Co [15]. Additionally, during the reaction of UO, oxygen is released and
it is thought that the addition of ZrC would act as an oxygen-getter, trapping freed oxygen before
harmful oxidative reactions can occur [14].

In the aerospace and defense industries development of materials for high-temperature envi-
ronments is a top priority. Historically, SiC and oxide ceramics have been the only materials
acceptable for use in high-temperature oxidative environments [16]. Despite resistance to oxida-
tion, these materials are not suitable for ultra-high temperatures above 3000°C. As a result, since
the 1960s there has been interest in developing ultra-high temperature ceramics for hypersonic
applications. Development of these non-oxide ceramics for hypersonic applications has been, in
general, less productive than the simple oxides since these materials are not found in nature and re-
quire atmosphere-controlled processing [11]. The UHTCs are ceramics with melting temperatures
in excess of 3000°C and include the borides, carbides, and nitrides of the group IVB (titanium,
zirconium, hafnium) VB (vanadium, niobium, tantalum) metals of the periodic table. Of these ma-
terials, the transition metal carbides have the highest melting temperatures and are perhaps most
suitable to high-temperature environments, though melting temperature is not the only property
of importance. Oxidation resistance, damage tolerance, thermal conductivity, thermal shock resis-
tance, brittle-to-ductile transition temperature, fracture resistance, strength, and creep resistance
all affect the performance of materials for hypersonic applications. As such, the development of

these materials requires a full characterization of candidate materials.



2.2 Structure and Phases of Transition Metal Carbides

To begin the characterization of the transition metal carbides we must first understand the
crystal structure of the phases that exist in these material systems. All of the transition metal
carbides exhibit the B1 rocksalt crystal structure at near-stoichiometric carbon compositions. The
B1 rocksalt structure is shown in Figure 2.1 and is comprised of two interpenetrating fcc lattices.
For each sublattice there is a corresponding species, in other words, there is a sublattice containing
only metal atoms and a separate sublattice containing only carbon atoms. The carbon atoms occupy
the octahedral interstices of the metal atom sublattice. In this arrangement, there exists covalent
bonds between overlapping d electrons of metal atoms and p electrons of carbon atoms as well
as metallic bonds between d electrons of neighboring metal atoms [17]. Ionic bonds can also be
present in these materials, but they are usually characterized primarily by a mixture of covalent
and metallic bonds. In contrast, many of the other materials that exhibit the B1 rocksalt crystal

structure are purely ionic ceramics such as the prototypical NaCl.

Figure 2.1: The B1 rocksalt (NaCl prototype) crystal structure conventional unit cell

The combination of covalent and metallic bonds in the transition metal carbides gives rise to Bl

rocksalt crystal structure and other unique properties. Perhaps most important to this body of



work is the ability of the structure to support up to 50% carbon vacancies. This wide range of
phase stability with respect to carbon content is demonstrated in Figure 2.2a which depicts the
phase diagram of the Zr-C system and the stability of the ZrC, phase between roughly 35 at%
carbon and 50 at% carbon. This diagram is representative of the group IVB carbides and was
constructed by using the Compound Energy Formalism (CEF) and the thermodynamic data of
Guillermet et al. [1]. Figure 2.2b depicts the TaC phase diagram which is representative of the
group VB carbides. It is apparent that in both diagrams the monocarbide phase, i.e. ZrC,/ TaC,, is
stable across a wide range of stoichiometry, with the tolerance for carbon loss generally increasing
with temperature [18]. Additionally, both phase diagrams display a feature common among the
transition metal carbides: a substoichiometric peak in melting temperature, indicating there may
be compound formation or ordering occurring [19].
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Figure 2.2: a) The Zr-C phase diagram constructed using the Compound Energy Formalism (CEF) and the
thermodynamic data of Guillermet ef al. [1]. b) The Ta-C phase diagram reported by Frisk et al. [2]

One major difference between the group IVB and VB carbides is that in the group VB carbides
there is an additional phase that exists for intermediate carbon-to-metal ratios, for example from
roughly 0.28 — 0.33 for TasC. The hemicarbide Me,;C phase consists of HCP arranged metal
atoms with carbon atoms occupying only half of the octahedral interstices [18]. At sufficiently

high temperatures each site on the carbon sublattice has an equal probability of being filled by a



carbon atom as seen, for example, in the L’3 structure. In contrast, at low temperatures vacancy-
ordering takes place and the carbon atoms and vacancies separate into two octahedral interstitial
planes such that no carbon atoms or vacancies are stacked on top of one another. This vacancy-
ordered phase is known as the C6 structure. Additionally, in substoichiometric TaC, NbC, and VC
with homogeneity ranges between the nominal 2:1 Me/C ratio of the hemicarbide and the 1:1 ratio
of the stoichiometric monocarbide, a mixture of FCC and HCP metal stacking sequences can form,
known as the zeta phase. In comparison to the other phases present in the transition metal carbide
systems, we know relatively little about the zeta phase owing to it’s relatively narrow homogeneity
range as well as its low decomposition temperature and difficulty of synthesis [20]. In addition,
the literature contains many contradictory claims about the zeta phase. For example, Zaplatynsky
reported that the zeta phase formed via a diffusionless phase transformation from TaC and that it
decomposed back into cubic TaC, when compressive stresses were released; however, Brizes and
Tobin reported the phase to be stable [21,22].

In the group IVB carbides the metal atoms of the Me,C phase remain in the FCC arrange-
ment, though extensive vacancy-ordering on the interstitial carbon sublattice has been reported
both computationally and experimentally. Vacancy-ordering in the Me,C phases can take place in
multiple ways. The first structure, which belongs to the Fd3m space group, is most commonly
reported and forms strings of structural vacancies along the <110> directions. These strings are
completely filled with either carbon atoms, or vacancies, or alternate between the two. The Fd3m
Me,C structure is shown in Figure 2.3 along with the Ti-C phase diagram containing many of the
vacancy-ordered structures.

In addition to the vacancy-ordered Me,C structures, the convex hulls of the group IVB and
VB transition metal carbides also contain several other vacancy-ordered structures, e.g. Me3Cs,
Me,Cs, MegCs, Me;Cg [3]. The convex hulls of the group IVB and VB transition metal carbides
are shown in Figure 2.4.

In summary, the structures and phases present in the group IVB and VB transition metal carbide

systems are complex, and due to the ability for these systems to undergo dramatic loss of carbon
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Figure 2.3: a) The Ti-C phase diagram reported by Weinberger & Thompson predicting the existence of
several vacancy-ordered structures in substoichiometric TiC at low temperatures. b) The predicted vacancy-
ordered TisC structure belonging to the Fd3m space group.

on the interstitial sublattice, there are a variety of phases and structures present on the phase dia-
grams. In the group IVB carbides the metal atoms always arrange themselves in an FCC lattice;
however, in the group VB carbides sufficient carbon loss can result in either FCC or HCP stacking
of the metal atoms, or even a mixture of the two in the zeta phase. Additionally, the complex
phases and the metallic covalent-ionic nature of their bonds produce many unique mechanical and

thermodynamic properties.

2.3 Structure & Phases of Group IVB Transition Metal Ni-

trides

Like the transition metal carbides, the group IVB transition metal nitrides possess the B1 rock-
salt crystal structure at near-stoichiometric nitrogen concentrations. Furthermore, they also possess
the ability to promote substantial variation in composition due the presence of structural vacancies
on the nitrogen sublattice [23]. As a result, the phase diagrams of the group IVB transition metal
nitride systems are thought to contain many vacancy-ordered phases. Convex hull calculations, as
shown in Figure 2.5 for the Zr-N system calculated by Yu ef al., support this suggestion; however,

virtually no studies have produced low-temperature equilibrium phase diagrams of transition metal
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nitride systems [4]. A representative phase diagram, calculated by [5] in the temperature range of
roughly 1000-3500K, is shown in Figure 2.5b, but does not depict any of the vacancy-ordered
phases.

One distinction between the carbides and the nitrides is that in general the transition metals
have very low carbon solubilities, typically only able to support a few atomic percent at most
before precipitating the carbide phase. In contrast, many of the transition metals are capable of
supporting a significant atomic fraction of nitrogen, especially in the bce phase. bee-Zirconium,

for example, reported supports nitrogen up to yny = 0.24.
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2.4 Mechanical Properties of Transition Metal Carbides & Ni-

trides

2.4.1 Fracture Toughness

The low fracture toughnesses of the transition metal carbides and nitrides is the primary rea-
son for their failure to achieve widespread use as high-temperature structural materials. Fracture
toughness is a measure of a material’s ability to resist crack propagation and is generally reported
in units of MPa,/m. For materials with low fracture toughnesses, i.e., materials that exhibit brittle
behavior such as most ceramics, linear elastic fracture mechanics (LEFM) theory can be applied to
model and solve problems related to crack propagation. There are two approaches to linear elas-
tic fracture mechanics: the energy approach and the stress intensity approach. Using the energy
approach fracture is thought to occur when the energy associated with crack growth overcomes

the resistance of the material. Sources of material resistance to fracture could be surface energy,
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plastic work, or other more complex mechanisms for energy dissipation that resist crack propa-
gation [24]. In this approach, the strain energy release rate, G , defined as the value of the rate
of change of the total potential energy with respect to crack area, is used to define the criterion
for fracture. Specifically, at the moment of fracture G = G., which is the critical energy release
rate and is one measure of material’s resistance to fracture. In the stress intensity approach the
crack-tip conditions are characterized by the crack-tip stress intensity factor for mode I fracture,
K. Using this approach the complete state of stress can be computed since each component of
stress is proportional to ;. If it is assumed that the material fails at some combination of stress
and strain near the crack tip then the condition for fracture must be that the stress intensity factor
reaches some critical value K;-. Ultimately, the critical strain energy release rate and the critical
stress intensity factor are related such that G = %; where E is the material’s Young’s Modulus,
though we note that only K¢ is a direct measure of the material’s fracture toughness.

Though fracture toughness is a material property, it is often difficult to determine. For ideally
brittle materials, the fracture toughness can be measured by measurement of the energy R required
for an increment of crack extension. In ideally brittle materials this curve, known as a resistance
curve or R-curve is flat, indicating that the material’s resistance to fracture does not change as a
function of crack extension. Thus, in this unique circumstance the critical value GG at which crack
propagation becomes unstable can be uniquely identified. However, many materials, e.g. metals
and ceramic composites, do not exhibit flat R-curves and therefore the fracture toughness cannot
be uniquely determined. For non-ideal materials the R-curve can take on a variety of shapes. For
example, in materials that exhibit ductile fracture the R-curve typically has a rising shape since
the plastic zone surrounding the crack tip grows in size as the crack propagates. This has the
effect of increasing the driving force required for further crack growth. In other materials, such as
materials that fail by cleavage, the R-curve can have a falling shape since the initial resistance to
fracture is greater than the resistance for further propagation. Furthermore, it is not only material

characteristics that determine the shape of the R-curve, but size and geometry as well.
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Experimental fracture toughnesses measurements have been gathered from the literature and
are reported in Table 2.1. Fracture toughness data is very sparse in the literature and reported values
vary due to differences in specimen dimension, grain size, porosity, carbon/nitrogen content, or

other issues related to sample processing.

Carbide | Fracture Toughness [MPa,/m] | Ref
TiC 1.55 [25]
TiN 1.66-2.16 [26]
ZrC 1.11 [25]
ZrN 1.33-1.83 [26]
HfC 3.39 [27]
HfN 1.29-1.91 [26]
VC 1.32 [25]
NbC 2.50 [28]
TaC 3.50 [29]

Table 2.1: Fracture Toughnesses of the group IVB and VB transition metal carbides and the group IVB
transition metal nitrides

In general, the transition metal carbides and nitrides have poor fracture toughness with values
typically below 5MPa,/m. In comparison, toughened ceramics typically have fracture toughness
values greater than 10MPa,/m with some, such as transformation toughened zirconia, having
fracture toughnesses in excess of 20MPa+/m [30]. Various toughening mechanisms exist and will
be discussed in more detail in a subsequent section of this document. For now it will be sufficient
to mention that despite the low fracture toughnesses of bulk transition metal carbides, the fracture
toughnesses of ceramics can be improved through microstructural engineering.

One important example of the effects of microstructure on fracture toughness is zeta phase TaC,
¢ — TayCs_, which precipitates with a lath-like microstructure in substoichiometric TaC due to
specific orientation relationships with the TaC and Ta,C grains [31]. The lath-like structure is due
to the precipitation of the zeta phase via a stacking-fault mechanism that results in the precipitation
of laths on the {111} planes of TaC. It has been reported that samples with high zeta phase volume

fraction possess dramatically improved fracture toughnesses on the order of 15MPa,/m [28].
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2.4.2 Plastic Behavior and Creep

One important mechanical property for high-temperature structural applications is the post
brittle-to-ductile transition critically resolved shear stress (CRSS) of these materials, which is re-
lated to the applied stress by a geometric factor, typically the Schmid factor [32]. The CRSS
represents the critical value of the applied stress resolved onto a slip plane in the direction of slip
for which yielding occurs and plastic deformation begins. The CRSS of the transition metal car-
bides is expected to decrease as a function of temperature for a variety of reasons. As an example,
the temperature dependence of the CRSS on several slip systems reported by Katoh et al. [6] is
shown in Figure 2.6. The slip system with the lowest CRSS is the {110} <110> for temperatures

below 2200K, indicating that this is the preferred slip system at low temperatures.
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Figure 2.6: The variation of CRSS in ZrC gg on three slip systems as reported by Katoh et al. [6]

In general, the group IVB and VB transition metal carbides exhibit a brittle-to-ductile transition
at around 30% of their melting temperature. This transition is most likely a result of the thermal
activation of a sufficient number of slips planes such that the Von Mises criterion for plastic defor-
mation is met [33]. At high temperatures all of the group IVB and VB transition metal carbides

slip on the {111} <110> slip system, though at room temperature the active slip planes vary among
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the carbides, with ZrC, TiC, and HfC predominantly slipping on the {110} planes whereas VC and
NbC are thought to slip on both {111} and {110} planes and TaC slips on {111} planes [34].

To fully understand the high-temperature plastic deformation behavior of the transition metal
carbides and nitrides we must also examine the thermal creep behaviors. Unfortunately, we know
of no studies or experiments concerning creep in the group IV transition metal nitrides [35]. Most
of the studies that have examined creep in the transition metal carbides have focused on under-
standing the creep mechanisms by determining the activation energy for creep and comparing it to
the activation energies for diffusion of metal or carbon atoms [6,36—40]. For a variety of reasons,
including poor characterization of tested materials, there are conflicting claims about the nature of
creep in the transition metal carbides. The relationship between creep rate and stress is given by

equation 2.1:

=) 2.1)

¢ = Ao" exp(

where A is a constant, n is the stress exponent, () is the activation energy for creep, R is the
universal gas constant, and 7' is the temperature. This general empirical formula captures the
behavior of nearly all diffusional creep mechanisms, where the stress exponent n corresponds to
a specific mechanism, e.g., n = 1 for Nabarro-Herring and Coble creep. The activation energy ()
is most frequently associated with self-diffusion in the material. It is therefore possible to garner
an understanding about the underlying creep mechanism in a material by determining the stress
exponent and activation energy via experiment.

In a study on polycrystalline ZrC, Leipold and Neilsen determined the stress exponent to be
n = 3, suggesting power law creep. Additionally, they found that below 2150°C the activation
energy for creep was approximately 3.25eV and approximately 8.65eV above 2150°C, suggesting
that the creep was controlled by carbon self-diffusion at low temperatures since values reported
for the activation energy for carbon self-diffusion in ZrC are between 1.4eV [41] and 4.9eV [42].
The 8.65eV activation energy was attributed to impurities at the grain boundaries — specifically

free carbon [38]. It should be noted; however, that the reported values for zirconium self-diffusion
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in ZrC are between 7.46eV as determined by experiment and 10.53eV if zirconium diffuses by a
vacancy clustering mechanism [43]. Given this information, it is likely that the high-temperature
creep is controlled by zirconium diffusion.

There is plenty of evidence that high-temperature creep is controlled by metal atom diffu-
sion; for example, Sarian reported that the activation energy for titanium self-diffusion in TiC
was 7.65eV whereas the carbon self-diffusion activation energy was reported to be only 4.14eV in
TiC g7 [44]. From a theoretical perspective this is logical due to the much larger size of titanium
as compared to carbon and the fact that carbon diffuses by an interstitial mechanism and does not
require additional energy for the formation of vacancies. Spivak et al. experimentally determined
the activation energy for creep in TiC at 2973°C - 3173°C to be 5.65¢V, concluding that the creep
was controlled by titanium atom diffusion [45]. Smith ef al. performed high-temperature creep
tests on HfC (2500°C - 2700°C) and TaC (2100°C - 2300°C) and found the activation energies to
be 7.1eV and 9.8eV respectively with the conclusion that creep operated via a Nabarro-Herring
mechanism controlled by metal atom diffusion [46].

Lee and Haggerty measured creep in ZrC single crystals. These authors determined the stress
exponent to be n = 5 with an activation energy of approximately 4.75eV for creep measured
between 1400°C and 2000°C. The authors therefore attributed the creep behavior of ZrC in this
temperature range to be due to dislocation glide facilitated by carbon self-diffusion, which was
reported to have an activation energy of 4.9eV by Sarian and Criscrione [42]. Additionally, the
authors comment that this indicates that carbon is the lower-mobility species in ZrC, though this
is almost certainly untrue, since the activation energy for metal diffusion is typically much greater
than that of carbon diffusion in the transition metal carbides.

Darolia and Archbold measured the compressive yield stress of polycrystalline ZrC as a func-
tion of temperature. In their analysis they arrived at a value of 4.3eV for the activation energy
carbon self-diffusion, though they arrived at this number by applying the Kelly-Rowcliffe model
for slip to their compressive yield stress results. Surprisingly, this value is very similar to the ac-

tivation energy for creep arrived at by Lee and Haggerty [36]. As a result, Darolia and Archbold
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concluded that the high-temperature deformation of ZrC is controlled by the diffusion of carbon
via carbon-diffusion assisted dislocation glide according to the Kelly-Rowcliffe model [37].

The Kelly-Rowcliffe model was originally constructed in order to conserve the octahedral co-
ordination of carbon atoms and avoid metal upon metal atom stacking during {111} <110> slip in
TiC. In summary, the model proposes that the dislocation associated with <110> slip dissociates

according to Equation 2.2.

[121] (2.2)

The authors note that if this dislocation occurs on a close-packed sheet of metal (Ti) atoms
then tetrahedral coordination of carbon atoms is produced. If instead the dislocation occurs on a
close-packed sheet of carbon atoms then metal atoms will be stacked directly above one another.
According to Kelly and Rowcliffe, both of these situations can be avoided if each of the partial
dislocations in the right hand side of Equation 2.2 themselves split into partial dislocations — one
on the plane of carbon atoms and the other on the adjacent plane of metal atoms. These partial

dislocations may be constituted according to Equation 2.3.

a a

[211] — Z[121] + (112 (2.3)

(@)

This arrangement of partial dislocations produces a dislocation with its core extended normal to
the slip plane, which the authors hypothesize would be difficult to move except at high temperatures
[47,48].

In summation, despite the intuitive conclusion that creep should be controlled by diffusion
of the lower-mobility species in the transition metal carbides, in other words, by metal atom
self-diffusion, many experimental studies have arrived at activation energies for creep that are
much closer to the activation energy for carbon diffusion. This evidence, combined with the

Kelly-Rowcliffe mechanism for slip/dislocation glide form a solid argument that carbon self-
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diffusion is the rate-limiting factor for creep in these materials at low temperature whereas the

high-temperature creep behavior is controlled, as expected, by metal atom diffusion.

2.4.3 Hardness & Elastic Properties

In addition to high melting temperatures, the transition metal carbides and nitrides are well
known for their exceptional hardness - which arises as a result of the mixture of covalent, metallic,
and ionic bonds present in this class of materials. Hardness is an important material property that
indicates the material’s resistance to localized deformation typically induced by indentation. The
most popular method by far for measurement of indentation hardness is the Vickers hardness test,
but it should be noted that other tip geometries exist and may be better suited to the indentation
depending upon the material. In general, the indentation hardness is directly proportional to the
tensile strength of the material and is fundamentally determined by the material’s resistance to
dislocation motion.

Hardness as well as many other mechanical properties scale with elastic constants. The elastic
constants of the transition metal carbides as determined by Yu ef al. using VASP simulations are
shown in Table 2.2 [7]. Elastic constants for stoichiometric transition metal nitrides determined by
Mei et al. are shown in Table 2.3 [26]. Yu et al. investigated the influence of carbon content on the
elastic contents of the transition metal carbides and therefore the constants are reported at several
different compositions. An estimate of the Vicker’s hardness can be arrived at for polycrystalline
hard materials using Equation 2.4 where G is the shear modulus and B is the bulk modulus [49].
This empirical relationship arises from the linear correlation between hardness and elasticity and
is generally valid for brittle materials since it is a parametrization of hardness, shear modulus, and

bulk modulus data from a variety of brittle compounds.

2
H, = 2[(€) G]*5% — 3 (2.4)
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Table 2.2: The elastic constants of the transition metal carbides in GPa as reported by Yu er al.

Elastic Constant TiC ZrC HfC VC NbC TaC

x = 0.75
Cl1 470 403 464 557 512 579
C12 113 105 101 164 150 172
C44 118 105 131 107 109 116
B 233 204 223 285 270 308
G 139 120 149 139 134 147
E 348 301 366 359 345 380
x = 0.875
Cl1 520 460 508 640 608 684
C12 117 104 107 138 126 147
C44 154 139 162 170 153 157
B 252 223 223 305 287 337
G 171 153 176 199 181 195
E 419 374 425 490 452 488
x = 0.96875
Cl1 541 484 535 663 628 709
C12 127 108 110 143 133 147
C44 162 146 170 184 162 169
B 265 234 252 317 287 337
G 179 161 184 211 192 207
E 438 394 445 518 474 515

Table 2.3: The elastic constants of the group IVB transition metal nitrides in GPa as reported by Mei et al.

Elastic Constant TiN ZrN HfN

Cll1 585 521 580
Ci12 122 114 116
C44 163 110 114
B 275 250 271
G 188 141 152
E 460 357 385
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Figure 2.7: The vickers hardness of the transition metal carbides in GPa as reported by Yu et al. [7] The
figure is reproduced from curves originally reported by Vinitskii [8].

2.4.4 Effects of Carbon-to-Metal Ratio

Hardness, in addition to many other material properties, has been shown to vary with carbon
content in the transition metal carbides - likely as a result of changes in bonding due to the presence
of vacancies on the carbon sublattice. The hardness trends are shown in Figure 2.7 for the group of
IVB and VB carbides. In the group IVB carbides as well as VC the hardness increases with carbon
content, whereas in TaC and NbC substoichiometric maxima are seen. The presence of these
substoichiometric maxima is often referred to as anomalous hardness of the group VB transition
metal carbides. Interestingly, vacancies are frequently attributed to hardening in crystal lattices
[19], but in the transition metal carbides, or at least in the group IVB carbides, hardness appears to
decrease as structural carbon vacancies are added to the lattice. This is likely due bonding between
the carbon and metal atoms and thus when carbon is removed from the lattice the overall cohesion
of the crystal is reduced. In the group VB carbides; however, there is likely a more complex
mechanism at play.

Other material properties have also been found to vary with respect to the carbon content. Hol-

lox also reports that the critically resolved shear stress and brittle-to-ductile transition temperature
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Figure 2.8: The variation in lattice parameter with respect to carbon content as reported by Vinitskii [8].
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are composition dependent [19]. Most notably, Vinitskii has reported that the coefficient of thermal
expansion, lattice parameter, electron work function, magnetic susceptibility, specific heat capac-
ity, and superconductivity transition temperatures all vary with respect to the carbon content in
these materials [8]. Shown in Figure 2.8 are the variations in lattice parameter with respect to car-
bon content reported by Vinitskii. The figure demonstrates different trends in the lattice parameter
as carbon is removed. In the group IVB carbides there is a substoichiometric peak whereas the lat-
tice parameter of the group VB carbides decreases monotonically. Together, these results indicate
that the electronic configuration is changing as a function of carbon content and furthermore that
the mechanism for these changes in electronic configuration is different between the group IVB
and VB carbides despite their identical crystal structure. Vinitskii hypothesized that the differences
seen between the two groups of carbides is due to differences in how the ¢, states are filled, with a
larger degree of filling being achieved in the group VB carbides due to vacancy ordering reducing
unfavorable overlapping of these orbitals [8].

In Sarian’s radioactive tracer experiments, it was found that the diffusivity of carbon in TiC was

dependent on the composition with the activation energy increasing by around 12% from TiC g7 to

20



TiC g9 [50]. Similar results were reported in ZrC by Spivak et al. [39]. The diffusivities reported

by Sarian are shown in Equations 2.5 and 2.6.

+ 700kcal /mol

Dogr = (6.98 £ 1.24cm?/s) exp (— (95300 g{ cal/mol) (2.5)
1 + 400kcal /mol

Doy — (4544 % 5.12em?2/s) exp (— 100500 Rg? cal/mol) (2.6)

These findings indicate that carbon diffusion is slower in substoichiometric TiCy than in near-
stoichiometric TiC. This finding is counter-intuitive as one would expect that the diffusion pre-
factor would have increased as carbon was removed, due to a larger proportion of adjacent jump
sites being occupied by vacancies on the carbon sublattice, but not that the activation energy would
increase. Both Sarian and Spivak hypothesized that vacancy ordering was contributing to the
compositional dependence of the carbon diffusivity. Despite this, the experiments were conducted
at temperatures in excess of 1500K; whereas vacancy-ordered phases in TiC, are thought to form
below 1000K [18], though Sarian and Spivak would not have had access to these results at the time
of their studies.

In contrast, Brizes reported that carbon diffusivity increased in TaC as carbon was removed
from the lattice [51]. Brizes reported similar findings for NbC [52]. The behavior of carbon
diffusion in TaC and NbC reported by Brizes is therefore in conflict with the report of carbon
diffusion in TiC by Sarian and may be another example of a property with different behaviors with

respect to carbon content in the group IVB versus the group VB carbides.

2.5 Nonmetal Atom Diffusion in Transition Metal Carbides and

Nitrides

The most impactful material property on the phase transformation kinetics is the carbon/nitrogen
diffusivity. In future chapters, we will endeavor to model the phase transformation process. To

achieve this, our model must take as an input the carbon/nitrogen diffusivity in each phase present
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Material/Phase | Diffusing Atom | Dgy [cm?/s] | Q [eV] | Source
a-Zr C 2.00 x10~* | 1.57 [41]
B-Zr C 8.90 x1072 | 1.38 [41]
a-Zr N 5.60 x107' | 2.50 [53]
7rC C 1.62 x10? 4.90 [42]
7ZrN N 290 x107° | 1.59 [23]
B-Ti C 2.78 x10* | 1.93 [54]
a-Ti N 1.20 x1072 | 1.96 [55]
B-Ti N 3.50 x1072 | 1.47 [55]
TiC C 6.98 4.13 [56]
TiN N 4.00 x1077 | 2.26 [57]
a-Hf C 5.00 x10° 3.90 [58]
a-Hf N 2.40 x107%2 | 2.51 [53]
HfC C 6.30 x10! 5.64 [59]

Hf3N, N 2.00 x1072 | 2.70 [60]
Hf;N; N 1.40 x107' | 2.74 [60]
HfN N 540 x107' | 2.73 [60]
Nb C 4.00 x1072 | 1.43 [61]
Nb,C C 3.00 x107' | 3.50 [52]
NbC C 1.76 x10* 4.17 [52]
Ta C 6.10 x1073 | 1.67 [61]
Tay,C C 1.00 x103 4.99 [51]
TaC C 2.00 3.93 [51]

Table 2.4: Database of carbon/nitrogen diffusivities used as model inputs in this work

in the phase transformation. The carbon / nitrogen diffusivities in each of the phases considered

are shown in Table 2.4.
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Chapter 3
Methodologies

3.1 Finite Element Method Simulation of Diffusional Phase Trans-

formations

The Finite Element Method (FEM) is a general method for numerically solving differential
equations by minimizing approximation error associated with applying trial functions to the dif-
ferential equation. We will consider diffusion on a one-dimensional domain, since this is the exact
problem we will be concerned with in Chapter 1. The PDE describing diffusion is known as Fick’s

Second Law:

oc(x,t) D@%(w, t)

ot da2 G-D

To begin we, apply the Ritz-Galerkin method by first constructing the weak form of our PDE

in the form of a weighted residual:

/Q [V(x)[Dazg(;z’ b _ a‘:g’ Dildz = 0 (32)

where V() is our weighting function and (2 is the simulation domain.

Using integration by parts:

V(g;)D%‘Q - /Q [Dacg‘; ) a‘gf) - V(:U)ac(x’t)]d:c —0 (3.3)

We will choose linear trial (hat) functions.

W) = T () = T

(3.4)

where £ is the element length and therefore our composition profile can be written as
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X SeX

p h q

clz,t) =Y ¢;(t)T,(x) (3.5)

and our weighting function is

V() =) Ui(x). (3.6)

w,(z)p 245 ’Q - /Q [D > cj(t)aqgf) 8%‘”) -y ()0 (2) 29D g — 0. 3.7

We would like to write our global solution in the matrix form

Kz’jcj —+ Mijéj = E (38)

where the global matrices K, M, and F’ have a nesting property with single-element matrices

k, m and f, as shown below for an example system containing a total of five nodes.
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K=o & kR kD 0 (3.9)
0 0 Ky ke bR R
0 0 0 kY kY
mty  my 0 0 0
1 1 2 2
m§1) mgQ) + mgl) m§2) 0 0
S I T B R I 310
3 3 4 4
0 0 mgl) mgQ) + m§1) m§2)
0 0 0 msY  mbY
(1)
1
12+ A7
F=| (24 o (3.11)
12+ 15"
(4)
2

where, for example, kﬁ) indicates the top left element of the 2x2 element stiffness matrix
belonging to the first element in the domain.
By examination of the equations above it follows that the single-element stiffness and mass

matrices are

Tq . . -1 1
ki = D/ OWilx) O0;(2) ), D (3.12)
5, 0T ox hi 1 4
Tq hl2 1
mi; = / U, (), (z)dx = g L (3.13)

and the single-element force vector is
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D,
fi=| (3.14)

D Oc(x)

9 |va

When assembled into the global force vector F', all terms except for those associated with
boundary conditions are zero due to the two terms summing to zero, e.g. f2(1) + fl(g). The can-
cellation is due to the fact that when a single node is shared by two elements then the gradients
associated with W, for the first element are equal and opposite to the gradient associated with W,
for the second element.

In the following sections we will be concerned with modeling a diffusion-controlled phase
transformation problem. The goal of this simulations is to determine the time required for metal
layers of a metal-ceramic multilayer composite to disappear. Our approach is to model one half of a
periodically repeating bilayer of the composite, where we define one bilayer to be the combination
of a single ceramic and metal layer. At the center of each layer are planes with a mirror symmetry.
By applying nuemann no-flux boundary conditions on these planes we effectively reproduce the
periodic nature of the metal-ceramic multilayer composite.

To implement the boundary conditions the global matrices need slight modifications. For ex-
ample, in our simulations we require no-flux Neumann boundary conditions on the left side of the
ceramic phase and on the right side of the metal phase. These are implemented simply by setting
the first and last value of the global force vector equal to zero. At the interface we apply Dirichlet
boundary conditions to ensure chemical equilibrium. These are implemented by setting the ele-
ment of the global force vector for these nodes, say the nth node, equal to the desired concentration,
and then by setting the nth column and row of the global stiffness matrix equal to zero except for
the i = n, j = n element, which should be set to 1. Similarly the nth column and row of the global
mass matrix are set to zero.

As an example, shown below are the global matrices for a single phase consisting of five nodes

with the aforementioned modifications to apply the boundary conditions.
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tration to by enforced by the Dirichlet boundary condition.
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diagram of the concentration profile before and after movement is shown in Figure 3.2.

(3.15)

(3.16)

(3.17)

Where the value of the last element of the global force vector, C,, is the equilibrium concen-

Interface motion is incorporated by enforcing mass conservation as solute carbon atoms diffuse
across the interface between phases. At each time step, the change in solute mass due to interfacial

fluxes must be equal to the change in solute due to the movement of the interface. A schematic

At either side of the interface are aforementioned Dirichlet boundary conditions which fix the
concentration at the profile in order to ensure chemical equilibrium. Additionally, these boundary
conditions act as sources/sinks for solute and therefore fluxes at the interface can cause the overall

solute/mass to change by AJAt from time-step to time-step. Movement of the interface by an



—

Figure 3.2: A schematic diagram depicting the interface motion due to mass conservation.

amount Az also changes the mass by the amount AC'Ax, shown as the shaded area in Fiure 3.2.
Thus, to ensure mass conservation these two quantities must be equal and the mass conservation

law can be written as

AJAt = ACAx (3.18)

where AJ is the difference between the fluxes in each direction across the interface, AC' is the
solute concentration difference at the interface (determined by enforcing chemical equilibrium at
the interface assuming that the phase transformation is diffusion-controlled), and Ax is the distance
that the interface has moved during time At. Therefore the interface motion at a single time step

can be determined according to the following equation:

Ax  AJ
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To fully simulate both the evolution of the concentration profiles in each phase as well as the
movement of the interface we need to further modify the global matrices shown previously. As
before, we will consider an example with five nodes in each phase and we will incorporate an
eleventh node associated with the location of the interface.

Thus, the matrices now become:

AU 1) 0 0 000 0 0 0 0
Ky kS +ED kD 0 00 0 0 0 0 0
0 K EF+RY KDY 000 0 0 0 0
0 0 KD ORY+EY 000 0 0 0 0
0 0 0 100 0 0 0 0
K= 0 0 0 00 0 0 0 0 0
0 0 0 0 00 1 0 0 0 0
0 0 0 0 00 0 kY+&9 kS 0 0
o0 0 0 000 K KOeED KD o
o000 000 0 KD e K
0 0 0 0 000 0 0 3% k)
(3.20)
my ompy 0 0 000 0 0 0 0
myy) miy) +miy)  mp 0 000 0 0 0 0
0 msy msy) +m}) m'¥ 00 0 0 0 0 0
0 ms mSy) +miy 0 0 0 0 0 0 0
0 0 0 0 00 0 0 0 0 0
M=| o 0 0 010 0 0 0 0
0 0 0 0 00 0 0 0 0
0 0 0 0 00 0 m)+m? m(® 0 0
o0 : o 000wl end ol
o0 0 I O T T B
0 0 0 0 00 0 0 0 m® m)
(3.21)

and the new global force vector is:
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F=|A7]| (3.22)

0

where C'_ and (', represent the equilibrium concentrations enforced as Dirichlet boundary
conditions on the left and right sides of the interface respectively.
Finally, time evolution is incorporated using the Backwards Euler method for time integration.

From this, the matrix form of the equation becomes:

(K + M/A)tpew = (M/A)ugq + F, (3.23)

which can be solved using the standard linear algebra methods.

3.2 Density Functional Theory

Density functional theory (DFT) is a method developed in order to provide approximate solu-
tions to many-body problems that are effectively impossible to solve using the Schrodinger equa-
tion. This computational method models the properties of many-electron systems by calculating
the energy function as determined by spatially dependent electron densities. This is accomplished

by solving the following equation, known as the Kohn-Sham Equation
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( o h_2V2 + Ueff(r)> sz(r) = eiqbi(r) (3.24)

2m

where the first and second terms represent the kinetic and potential energies of the system,
respectively. The Kohn-Sham Equation is an eigenvalue equation where ¢; is the orbital energy
of the Kohn-Sham orbital ¢; and the charge density for a system of N non-interacting particles is
p(r) = va |6i(r)?|. The system energy, from which many properties can be derived, can then be
written as a function of the charge density.

The effective single-particle potential v, s /() is written as

Vesp(r) =V (r) + / ‘ rp(_rr),|d3r’ + Vxe[p(r)] (3.25)

where V(r) is the external potential generated by the atomic nucleus under the Born-Oppenheimer
approximation, | ‘f(_—rg'd?’r’ is the Hartree term describing the coulombic electron-electron inter-
action, and Vx¢[p(r)] is the exchange-correlation term that contains the quantum mechanical
electron-electron effects. Since both the Hartree term and the exchange-correlation depend on the
charge density p(r), Equation 3.25 is nonlinear and typically solved using an iterative procedure
during which an initial guess for p(r) is made.

The exchange-correlation term Vx¢[p(r)] can be defined as a variational derivative of the

exchange-correlation energy functional Ex¢(r) with respect to the electron density p(r).

Vielp(n)] = “2E0

There are many methods for approximating the exchange-correlation terml; however, two

(3.26)

primary methods stand out: the local density approximation (LDA) and the generalized gradi-
ent approximation (GGA). The LDA, first proposed by Kohn and Sham in 1965, assumes that
the exchange-correlation energy can be written as a functional of the electron density. The ex-

change correlation energy for a homogeneous electron gas is known exactly, and therefore the
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exchange-correlation term for an interacting inhomogeneous electron gas can be approximated by

the exchange-correlation energy of a homogeneous electron gas by evaluating at the local density.

ELPAL(r)] = / p()EHEC (o(x)dr (3.27)

As stated by the Kohn and Sham, the LDA is most appropriately used when the electron density
slowly varies. Additionally, simulations conducted using LDA exchange-correlation functionals
are known to frequently overbind the unit cell, thus predicting smaller lattice constants than are
observed experimentally [62].

The GGA aims to improve upon LDA by including higher order terms in the approximation of
the exchange-correlation energy functional, specifically by approximating it as not only a function
of the local electron density but also by including the gradient. Perhaps most impactful is the
GGA method developed by Perdew, Burke, and Erzehof in 1996 [63]. Their exchange-correlation
functional is thought to provide greater accuracy in DFT calculations when compared to LDA
exchange-correlation, especially when large gradients in the local electron density are present.
The PBE GGA exchange-correlation functional is thought to underbind unit cells and therefore

predicts lattice constants greater than are observed experimentally.

B p(x), Vo(o)] = [ p(e)ekE (o), Vi) dr (3.28)

Generally, DFT simulations reduce the number of electrons in the system by incorporating
the shielding effect of all of the core electrons into so-called pseudopotentials by defining a fixed
electron density near the ionic nucleus. Thus, using this method computational costs are dra-
matically reduced since only the valence electrons are directly simulated. Several different types
of pseudopotentials exist; however, all of the simulations conducted in this work used projector
augmented-wave (PAW) pseudopotentials.

The DFT simulations performed within this work were conducted using the Vienna Ab-Initio

Simulation Package (VASP), which is a software package capable of iteratively solving the Kohn-
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Sham Equations in order to determine the system energy. To accomplish this, the user inputs
provides as an input files containing the ionic coordinates and unit cell parameters as well as a

potential file containing the pseudopotential and exchange-correlation information.

3.2.1 Determining Structural Energies & Energy Barriers to Ionic Migra-
tion

In this work, we are primarily interested in using DFT simulations for two purposes: first, to
determine structural energies which can later be used to fit a cluster expansion method model which
will be used in Monte Carlo and kinetic Monte Carlo simulations, and secondly to determine the
‘height’ of saddle points along reaction paths of ionic migration, i.e., to determine the magnitude
of the energy barrier for migration of atoms between lattice sites. In each case, VASP has built-in
algorithms which will be briefly summarized here.

To determine the structural energy using VASP, the conjugate gradient method (CG) is em-
ployed. CG effectively minimizes the system energy with respect to the position of the ions, usu-
ally resulting in a ‘relaxed’ crystal structure where the individual ion positions have been moved in
order to drive the system to a local energy minimum. The CG is an iterative method for minimizing
the a system of equations until some convergence criterion is met. In practice, this is accomplished
by repeatedly moving ions in system and recalculating the structural energy and its gradient.

In addition to being used in the fitting of a cluster expansion, structural energies will also
be used in the calculation of energy barriers for ionic migration, which are instrumental to un-
derstanding the kinetics of diffusion. To calculate these energy barriers, the nudged-elastic band
(NEB) method used and implemented automatically in VASP. For each NEB calculation an initial
and final state is given as an input. To ensure accurate calculations of the energy barrier, these states
must be ‘relaxed’ using CG prior to the NEB calculation. The NEB calculation works by interpo-
lating image states along the reaction path between the initial and final reaction states. Imaginary
‘spring’ forces are applied to the images and act to maintain a equal distance between each image

and its neighbors, effectively preventing image states from traversing their way down the potential
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Figure 3.3: A diagram depicting several images between two endpoints of a reaction pathway. The images
are connected by imaginary string forces that allows a saddle in the potential energy surface to be found.

energy gradient towards local energy minima. A representative schematic diagram depicting the

energy of images along a reaction pathway is shown in Figure 3.3.

3.3 Monte Carlo Simulations

The Monte Carlo method is a statistical method the utilizes repeated random sampling and has
applications across a wide variety of problems. In the context of computational materials science,
the Monte Carlo method is most commonly used within the Metropolis-Hastings algorithm in order
to drive a system to thermodynamic equilibrium by repetitive sampling of the Gibbs canonical
ensemble wherein a state of energy E has the probability P(E) = %exp k;—b; Here, Z is the
partition function, kp is Boltzmann’s constant, and 7" is the simulation temperature.

A step-by-step description of the Metropolis-Hastings algorithm as implemented with Kawasaki

Dynamics in the following work is shown below:

1. A simulation lattice is initialized into some initial state with a known, configuration-dependent

total energy (calculated using either the CEM or an Ising Model)
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2. For each iteration, a new state is proposed by swapping the spin variables .S at two sites. The

resulting change in energy AF is calculated

3. If AE < 0 the swap is immediately implemented. If AE > 0 then a random number w4 is
generated and compared to acceptance probability o = exp #. If u; < « then the swap is

accepted and the configuration is updated whereas if u; > « the proposed swap is rejected

Built in to the Metropolis-Hastings algorithm is the assumption of ergodicity, that is to say
that given enough iterations every possible microstate will be visited in a uniform and random
sense, leading to the ability to determine average properties of the system using a sufficiently large
number of samples. In this way, Monte Carlo simulations are able to effectively determine the
equilibrium characteristics of simulated materials systems.

In the following work, Monte Carlo simulations were implemented in order to achieve several
goals. First, to sample materials parameters, such as the short and long-range order parameters as
a function of temperature. More generally, Monte Carlo simulations are frequently implemented
in the literature in order to determine the limits of phase stability as part of the construction of
phase diagrams. Secondly, for the diffusion studies conducted using kinetic Monte Carlo (kMC),
the system was initialized into a state of thermal equilibrium via the Monte Carlo method prior to

the kMC simulation.

3.4 Kinetic Monte Carlo Simulations

The kinetic Monte Carlo (kMC) method is statistical method for simulating the time evolution
of processes with known transition rates between discrete states. Individually, these transitions are
Poisson processes wherein the average time of an event is known (e.g. according to the transition
rates); however, the exact timing of each event is unknown. For poisson processes, the probability
of k occurrences during an interval of time is given by probability mass function of Poisson’s

distribution as shown below

Pz =k) = —exp(—\) (3.29)



where A is the expected number of occurrences during the time interval.
In kMC simulations; however, generally it is the inter-arrival time that we wish to model. For

Poisson processes, the inter-arrival time is given by the exponential distribution as shown below

PMF = rexp(—rt) (3.30)

where 7 is the average arrival rate and ¢ is the amount of time. Suppose now that we want to
find the average arrival time 7". This can be accomplished by integration of the inter-arrival time

PMF:

/OO rexp(—rt)dt = ! (3.31)
0

r

Similarly, the residence-time algorithm is used in order to implement time evolution in kMC

simulations according to the following equation

Af — _mu (3.32)

r

where the At is the time increment between the current event and the last, and « is a random
number between 0 and 1 generated from the uniform distribution. The residence-time algorithm
has the same long-time average time scale as the average obtained from the inter-arrival time PMF.
The advantage, then, of the residence-time algorithm is that it is able to draw the inter-arrival time
for each simulation step from the Poisson distribution rather than always being the mean of the
distribution.

The primary difficulty in performing kMC simulations is with determining the rates. The kMC
method itself is unable to determine the rates and they therefore must be either experimentally
determined, e.g. using diffusion experiments, or determine from first-principles calculations. Fur-
thermore, at each step of the simulation, the rates for every possible transition out of the current

state must be determined and used in the construction of a rate catalogue. This rate catalogue is
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then used in the determination of which transition to carry out and in the determination of the time

increment.

The algorithm for rejection-free kKMC is shown below

10.

. Setthe time ¢t =0

Choose and initial state (The simulations in this work use the final state of a Monte Carlo

run)

. Construct the list containing all possible transitions out of the current state k into the arbitrary

state ¢

. Construct the rate catalogue Ry; = > i Thj

. Generate a uniform random number u;

Determine which event to carry out by finding ¢ for which Ry ;1 < ui Ry n, < Ry

. Carry out the transition from current state k to the new state ¢

. Generate a new random number us

. Update the time ¢t = At where At is calculated according to the residence-time algorithm

shown above

Return to step 3

3.5 Cluster Expansion Method

The Cluster Expansion Method (CEM) is a statistical method for calculating configuration-

dependent scalar properties of a crystal. It is formulated rigorously as a power-series expansion

of the partition function [9, 64]. In computational materials science, it is often used as a method

for connecting first-principles calculations, which are typically restricted to containing a few hun-

dred atoms, to larger scale simulations containing thousands or millions of atoms, commonly using
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Monte Carlo (MC) or kinetic Monte Carlo (kMC) methods. Using the CEM, any configuration de-
pendent scalar quantity P(c) can be expanded as a linear combination of the correlation functions

D,

P(o) =Y maJa®q (3.33)

where m,, is the multiplicity of orbit «, defined to be the number of clusters contained in an
orbit, .J, is the ECI of orbit «, and ®,, is the average cluster correlation function, which is defined
to be the product of spins S within each cluster averaged over all of the clusters in orbit a.

Utilizing the CEM typically requires the first-principles calculation of a number of ground-
state configurations of the materials system. From these ground states, a set of structures contain-
ing variable-composition atoms, known as clusters, are selected and used to fit effective cluster
interactions (ECIs). In general, a cluster can be defined simply as a group of sites on the lattice,
e.g. any nearest-neighbor pair of sites. Clusters equivalent by a space-group operation of the host
lattice are grouped together as ‘orbits’ wherein each element of an orbit is a distinct cluster; how-
ever, all clusters in a given orbit possess the same ECI. Each orbit is therefore a set of clusters
that all contain the same number of sites and cluster diameter, but having different orientations and
containing different sites. The cluster size is defined as the number of sites contained in the cluster
and can vary from zero, i.e., the empty cluster all the way to the cluster containing all of the sites
on the simulation lattice. The cluster diameter is defined as the largest distance between two sites
in the cluster. Figure 3.4, from Ref. [9], shows examples of clusters of varying size and diameter.

Figure 3.5 depicts examples of different cluster orbits for two and three site clusters on a square
lattice. In the left figure the green, purple, red, and yellow orbits correspond to nearest, second
nearest, third nearest, and fourth nearest orbits of pair clusters respectively. On the right two sets
of three-site orbits are shown.

Furthermore, sites may be shared by clusters; however, all clusters in an orbit must be distinct
from one another. As an example, each site on a square lattice is shared by four nearest-neighbor

pair clusters, shown in purple in Figure 3.5. Each of these clusters is an element of the orbit

38



Pairs Three-body Four-body

Figure 3.4: Clusters in a prototype square lattice, ranked in importance according to heuristic cluster se-
lection rules. Cluster diameter, i.e., the maximum distance between any two sites in the cluster, increases
along the vertical axis from top to bottom. Cluster size, i.e., the number of sites in the cluster, increases

horizontally from left to right. Figure from Ref. [9].
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Figure 3.5: (Left) Four distinct sets (or orbits) of pair clusters highlighted in a prototype square lattice.
Symmetrically equivalent pair clusters belong to the same orbit and are marked with the same color. Green,
purple, red, and yellow correspond to nearest, second nearest, third nearest, and fourth nearest orbits of
pair clusters. The multiplicity of a cluster m,, is defined as the number of clusters in the same orbit, e.g.,
four for the nearest and second nearest orbits in the square lattice. (Right) Two distinct set of three-body
clusters highlighted in a prototype square lattice. Symmetrically equivalent three-body clusters are marked
in the same color. Note that in all cases the pair or three-body cluster includes the central site. Figure from
Ref. [9].

containing all of the nearest-neighbor pair clusters within the simulated domain, since all of the
nearest-neighbor pairs are equivalent by space group operations, e.g. four-fold rotations or trans-
lations along the lattice vectors. Thus, the multiplicity for the nearest-neighbor pair orbit is equal
to myy = 4N, where IV, is the number of sites in the simulated domain.

Each site on the lattice must be assigned a spin variable depending on the species present at
the site. For example, in a substitutional solid solution containing A and B atoms of variable
composition, a site containing an A atom may be assigned S = 1 whereas a site containing a
B atom may be assigned S = —1. Then, the average correlation function for an orbit o can be

calculated by averaging the product of the product of the spin variables .S; for each cluster 7 in the

orbit «v

B =1/N Y (H sj) (3.34)
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In the following work, the Alloy Theoretical Automated Toolkit (ATAT) [65] was used in order
to generate ground state structures and determine their total energies as well as to perform the

cluster expansion fitting.
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Chapter 4
Composite Initial Conditions & Transformation

Time

4.1 Introduction & Background

The primary novelty of the type of metal-ceramic multilayer composites described in this dis-
sertation is that these materials are able to undergo phase transformations that result in the dis-
appearance of the metal composite layers. This phase transformation occurs due to the fact that
the microsctructure of the as-deposited composites is ‘frozen in’. In other words, the as-deposited
composites are not in chemical equilibrium except at the interface between layers. Therefore, as
the temperature rises and becomes sufficient for the diffusion of carbon/nitrogen, the interfaces
between composite layers begin to migrate. Eventually, the interfaces defining each end of a single
metal phase meet and result in the total disappearance of the metal layer.

Phase transformations in the transition metal carbides were studied experimentally in the 60’s
by Sarian [42, 50, 56] in the TiC and ZrC as well as Brizes [21,51,52] in NbC and TaC. These
authors carried out layer growth studies from which they were able to estimate the diffusivity of
carbon in the monocarbide and hemicarbide phases. Besides being some of the only available
experimental measurements of the diffusivity of carbon in these materials, they also concluded
that the kinetics of carbide formation and layer growth is controlled by carbon diffusion and not
by diffusion of the metal atoms nor the interface. This latter point is important because it deter-
mines the boundary conditions applicable to the moving interfaces. In diffusion-controlled phase
transformations the interface is considered to be in chemical equilibrium, which means that the
carbon concentrations on the boundary between phases are Dirichlet boundary conditions wherein

the carbon concentrations are fixed to the solubility limits available from phase diagrams.
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The Finite Element Method was used to directly solve for the evolution of the carbon/nitrogen
concentration profiles in each phase according to Fick’s Second Law. Simultaneously, the interface
migration was solved according to a derived mass-conservation law. From these simulations the
time required for the composite to completely transform was determined. In the group IV car-
bides this time corresponded to the time required for the metal layers to disappear; however, an
intermediate phase - the hemicarbide/nitride phase, is present in the group V carbides and group
IV nitrides. In the latter simulations the transformation time measured corresponded to the time
required for the disappearance of both the metal and hemicarbide/nitride phases. In either case,
after the transformation time corresponded to the first time step for which the only phase present
in the simulation was the monocarbide/nitride.

Perhaps the first people to investigate transforming transition metal carbide multilayers was
Dahan et al. who experimentally explored the interdiffusion kinetics and structural evolution of
Ti/TiC multilayers [66, 67]. From these experiments they determined the activation energy for
carbon diffusion in TiC to be 1.37¢eV, significantly lower than previous reports. In these studies;
however, Dahan et al. only investigated thin films and coatings and not bulk composites and they
attributed the low activation energy to a large defect content due to low-temperature sputtering.

Several attempts to model diffusion controlled phase transformation problems have been made.
For example, Carette et al. modeled the evolution of the group VB TaC/Ta,C interface during car-
burization with subsequent annealing using a Newton-Raphson approach to fit an analytical solu-
tion to Fick’s second law whereupon they calculated layer thicknesses based on layer growth coef-
ficients obtained from the literature [68]. During annealing, Carette ef al. described the shrinking
of layers using an iterative procedure based on the conservation of mass (carbon solute). Unfor-
tunately, this approach assumed a nonphysical immediate homogenization of the TaC layer after
carburization stopped and a similar homogenization of the Ta;C layer after the disappearance of
the TaC layer. The assumption of immediate homogenization resulted in a clearly nonphysical

discontinuity in the predicted layer thicknesses.
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Similarly, Keddam er al. developed a model for simulating nitride layer growth in pure iron
[69]. In their simulation, a more physical method for modeling interfaces between layers was
achieved by using a Newton-Raphson routine to solve for the layer growth coefficients rather than
obtaining them from literature. The major drawback for this approach was that the direct simulation
of diffusion was missing and was assumed to be an error function solution to Fick’s second law.
Note that the error function solution is only valid in semi-infinite domains and cannot be used to
simulate diffusion in periodic domains, such as our multilayer composites where simulation to the
annihilation of one of the phases is desired.

The most physically meaningful method for modeling diffusion-controlled phase transforma-
tions requires directly simulating both bulk diffusion in all phases involved and the movement of
the interface. In these cases, the solution involves the use of a partial differential equation in multi-
ple domains separated by an interface that moves according to a conservation law. Problems of this
sort are known as Stefan problems [70]. The literature on solving Stefan problems generally uses
numerical methods such as finite difference [71-75], finite element [76-81], or phase field meth-
ods [82-85]. Numerical solutions to these problems often fail to conserve mass because of the
imbalances between bulk diffusion and interface diffusion. In these cases, the loss of mass during
the simulation results in changes in driving forces, caused by the mass imbalance, and thus con-
tribute to inaccuracies in the final composition as well as the simulated times. Despite the difficulty
associated with mass conservation, there are many methods for solving Stefan problems described
in the literature. In one approach, Illingworth and Golosnoy [76] solved the Stefan problem using
a rigorous mathematics approach. They used a finite difference method that included a Landau
transform resulting in stationary interfaces in the new coordinate system. The resulting system of
nonlinear partial differential equations was then solved by first decoupling the equations using a
method known as coefficient freezing, and then solving the resultant tridiagonal matrix. Notably,
this method results in error that is first order accurate with time step size and spatial discretization
size. Illingworth and Golosnoy correctly identified that the difficulty in solving Stefan problems

using numerical schemes is that the approximations used to calculate interfacial carbon fluxes are
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different from those used to solve the diffusion equation in the bulk phases. The solution gains or
loses mass depending upon the extent to which these approximations are imbalanced. Stefan prob-
lems arise in a variety of different scientific and industrial applications that include phase changes
such as solid-state phase transformations [68, 69, 79], solidification [73,77, 83, 84], liquid phase

bonding [86] and second-phase precipitation or dissolution [78, 87, 88].

4.2 Methodology

4.2.1 Phase Transformation Simulations

As described above, Stefan problems are a class of problems composed of systems of partial
differential equations with free boundaries that move according to a conservation law. These prob-
lems arise in a variety of different scientific and industrial applications that include phase changes
such as solid-state phase transformations [68,69,79], solidification [73,77,83,84,89], liquid phase
bonding [86] and second-phase precipitation or dissolution [78, 87, 88]. An excellent mathemat-
ical description of the phase field method is given in [82]. Due to the complexity of describing
diffusion-controlled phase changes, many of the existing models are limited to planar geometries,
though Schuh [74] extended the fixed-grid finite difference method to include planar, cylindrical,
and spherical geometries.

Figure 4.1a illustrates the geometry of a two-phase multilayer transition metal and transition
metal carbide composite under consideration in this work. Upon reaching temperatures sufficient
for appreciable carbon diffusion, the multilayer composite undergoes a solid-state phase trans-
formation controlled by the diffusion of carbon from the ceramic phase to the metal phase. The
periodic nature of the lamella can be taken advantage of when simulating the phase transformation
process since the behavior in a single bilayer is representative of the whole construction if periodic
boundary conditions are applied. Furthermore, these periodic boundary conditions can be further
simplified by taking advantage of the mirror symmetry of the lamellar bilayers and imposing zero
flux Neumann boundary conditions upon the planes of reflection, i.e., the midplanes of the ceramic

and metal phases.
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Figure 4.1: The lamellar microstructure of a two-phase transition metal and transition metal carbide mul-
tilayer composite. b) A schematic of the numerical model for the two-phase composite. The carbon con-
centrations at the interface, C and C+, were enforced as Dirichlet boundary conditions. The simulation
domain was bounded on either end by no-flux Neumann boundary conditions. For group V composites (not
shown) a third hemicarbide phase was simulated with small initial width. It was bounded on one side by an
MeC/MesC interface and by an Me,C/Me interface on the other
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The reduced simulation domain that includes periodicity and mirror symmetry is shown in
Figure 4.1b. No-flux Neumann boundary conditions were imposed upon the mirror reflection
planes located at the left and right ends of the domain and mimic the periodicity of the lamellar
composite. The two phases were separated by an interface whose position was allowed to vary
continuously. The two-phase equilibrium carbon concentrations, which are denoted C'_ and (',
were imposed as Dirichlet boundary conditions on either side of the interface. The interfacial
carbon fluxes, J; and J,, were calculated using Fick’s first law on either end of the interface. The
interface movement, which occurs to conserve mass, depends upon the difference in interfacial

carbon atom fluxes and carbon concentrations according to equation 4.1.

Ax  AJ

U=Ar T AC @1

For three-phase composites, i.e., group VB TMCs, a transient (assuming a complete phase

transformation) third phase (the hemicarbide phase) was located in between the metal and mono-
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carbide phases. The hemicarbide phase was bounded on either side by an interface with Dirichlet
boundary conditions imposing equilibrium carbon concentrations across each interface. Simula-
tions containing three phases also contained two interfaces, i.e., an MeC/Me,C interface and an
Me,C/Me interface.

As derived in Chapter 3, the diffusion-controlled phase transformations in the group IVB and
VB TMC s, assuming Fickian diffusion and composition independent diffusivities, is modeled by

the following system of partial differential equations:

oci(x,t) 0Pci(x,t)
AJ;
J

where ¢;(z, t) is the carbon concentration field in phase €2;, D; is the carbon diffusivity in phase
€);, v; is the velocity of interface I';, AJ; is the difference in carbon atom fluxes across interface
I';, and AC} is the difference in equilibrium carbon concentrations between the phases that meet
at interface I';. Since the phase transformation is diffusion-controlled, the interface between two
phases is assumed to be in chemical equilibrium such that the concentrations on the boundaries are
determined from equilibrium phase diagrams. In addition, we have assumed that the diffusivity is
independent of carbon composition in each phase and that Fick’s first law is followed. The latter
two are assumptions that may not be strictly correct but should be sufficiently accurate to obtain
reasonable predictions.

Past efforts to track moving interfaces have used both finite difference and finite element
schemes to approximate solutions to the diffusion and interface movement coupled with partial
differential equations. In this work, Equations 4.2 and 4.3 were solved by discretizing each phase
into an equal number of linear elements (e.g., N4 = Np = 20) with equal lengths in each do-
main (see Chapter 3). Linear elements were chosen because their use results in a piecewise linear
solution, which is convenient for linear interpolation after each solution and they are simple to

implement. Using higher order elements is possible, but it is unclear if the approximation will
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increase convergence rates due to the source of the mass loss error, which is a result of interface
motion that will also be discussed in detail later. The mass and stiffness matrices were constructed
based on the length of each element and the carbon diffusion coefficient for the phase in which
the element was located consistent with the finite element approximation. There are two finite
element nodes at the interface corresponding to the concentration of the two phases at equilibrium,
but these are Dirichlet boundary conditions and thus are included in the force vector, providing no
additional degrees of freedom. One additional degree of freedom was added to the unknowns that
represents the physical position of the interface, which evolves according to Equation 4.2.

In some previous works, the interface movement was incorporated by uniformly stretching or
compressing (affine deformation) the elements in each phase to meet the desired phase thicknesses.
Affine deformation of the linear elements will give rise to significant mass errors unless the diffu-
sion equations are altered to correctly account for the changing domains. In addition, this treatment
for interface motion is inconsistent with Equation 4.2 as it has the form of a local balance law and
therefore only the elements closest to the interface can have their length altered. Other forms of
Equation 4.2 exist that appropriately describe the flux/mass conservation for uniformly changing
domains, but this would result in the matrices losing their sparse nature, increasing computational
expense.

Instead of using a mesh that changes length everywhere, the simulations conducted here only
allow the interface node to move, changing the lengths of only the elements next to the interface
during each timestep. However, after interface movement the spatial discretization scheme is left
nonuniform. If left unchecked, the elements nearest to the nodes may become too short relative
to their neighbors, producing large concentration gradients that give rise to significant error during
the approximation of interfacial fluxes. Ultimately, this causes the simulation solution to diverge.
To mitigate this issue, we choose to re-discretize the nodes to be equally spaced with equal lengths
in each domain, i.e., remesh. The concentration profile after interface motion is then interpolated
onto the new nodes, which is consistent with the finite element solution prior to re-discretization.

Since the remesh and interpolation are consistent with the original solution, this preserves the
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convergence properties of the finite element solution. Explicit time integrators cannot be used to
simulate the anticipated phase annihilation since, as the metal phase shrinks prior to annihilation,
the elements become arbitrarily small. The small element sizes will eventually violate the stability
condition of the explicit integrator, thus making the solution unstable. For this reason, time integra-
tion was done using a backwards Euler time integrator and simulations were allowed to continue
until the metal phase was annihilated.

The mass error generated during the simulation can be easily quantified by integration of the
concentration field before and after a complete phase transformation, or any time in between. The
mass error is then the relative difference between the current mass and the initial mass. The mass
error in our simulations is plotted in Figure 4.2, demonstrating that our finite element method
combined with remesh behaves first order in terms of the spatial discretization, and thus clearly
conserves mass to the first order. Since the current mass determines the rate of diffusion, mass
loss results in incorrect predictions of the phase transformation times. Additionally, Figure 4.2
demonstrates that this error can be decreased by increasing spatial discretization. Since the initial
mass is always known, this can be used to estimate errors in the simulations, a point we will discuss
shortly.

The shape of the initial concentration profile is generally unknown and therefore it was nec-
essary to make an assumption. We chose to initialize the concentration profile as a having a uni-
form stoichiometric composition in the half of the monocarbide phase that was furthest from the
ceramic-metal interface and a quadratic decline in concentration towards the phase boundary con-
centration at the interface in the half of nearest to the interface. Similarly, there was a quadratic
decline in concentration moving away from the interface in the metal layers and zero carbon con-
centration in the half farthest away from the interface. This profile is shown in Figure 4.3.

Although we chose our initial carbon concentration profile to be quadratic, we recognize that it
is important to see how our assumption affected the phase transformation kinetics. Therefore, we
also examined how changing the shape of the initial concentration profile affected the diffusivity

prefactor extracted from the simulations. To accomplish this, we examined a total of five profile
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Figure 4.2: A log-log plot of the relative mass error vs. the initial spatial Discretization Size. The linear
relationship between the relative mass error and initial spatial discretization size indicates that the method
is first order in space.

shapes, including the quadratic profile shown above. The other four profiles examined are shown

in Figure 4.4 and their affect on the apparent diffusivity prefactor are tabulated in Table 4.1.

Table 4.1: The apparent diffusivity prefactors determined from our simulations for multiple initial concen-
tration profile shapes.

Concentration Profile | DyP’[cm? /s]
Quadratic 227
Bilinear 200
Tanh 234
Sawtooth 301
Sinusoid 302

The results in Table 4.1 show that, in general, the composition profiles with a greater concen-
tration of carbon near the interface results in larger apparent diffusivities. We chose a quadratic

shape for our initial carbon concentration profile where the profile has a uniform concentration
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Figure 4.3: The initial concentration profile used for simulations done in this work. The profile is initially
uniform and then goes to the phase equilibrium value quadratically.

far from the interface and then goes to the interface concentration quadratically. This shape was

chosen since it seemed to be the most realistic compared to the other profile shapes investigated.

4.2.2 Apparent Diffusivity Calculations

For diffusion-controlled phase transformations there is a relationship between time and length.
Therefore, we expect that for our phase transformations there should be some effective relationship
between the time required for the completion of the phase transformation and the length of the

composite bilayer. As such, we computed an apparent diffusivity as shown below:

app — _ 4.4)

where [ is the composite bilayer length and 7 is the transformation time, which we defined as the
time required for the monocarbide/nitride phase to constitute 99.9% of the simulated domain. Fur-

thermore, since diffusivity is an Arrhenius quantity we should expect that the calculated apparent
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Figure 4.4: Examples of four of the initial concentration profiles used to investigate the effect of concentra-
tion profile shape on the apparent diffusivity that characterizes the phase transformation.

diffusivity should be as well. Figure 4.5 demonstrates that this is indeed the case, as the apparent
diffusivity is shown to have a linear semi-log relationship with respect to inverse temperature.

As noted in the previous section, the mass error of the simulation is always known. Fur-
thermore, the calculated diffusivity is a function of mass error since the amount of solute (car-
bon/nitrogen) is related to the driving force for the phase transformation. As a result, it should be
possible to estimate the zero-error apparent diffusivity by extrapolation. Figure 4.6 demonstrates
that the apparent diffusivity is a linear function of mass error and therefore the zero-error diffusivity
can be easily determined by a small number of low computational cost simulations.

The extrapolation was carried out by first calculating the apparent diffusivity at multiple tem-
peratures for a given number of finite element mesh nodes. Then, the process was repeated with

a finer discretization, i.e. an increased number of nodes. The resulting diffusivity and average
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Figure 4.5: Semi-Log plot of the effective diffusivity vs inverse temperature of a ZrC/Zr lamellar composite.
The linear fit indicates Arrhenius behavior.

mass error for each set of simulations was then used to construct a linear fit of the diffusivity as a
function of mass error. The intercept of this fit was taken to be the zero-error diffusivity.

Finally, the Arrhenius behavior of the apparent activation energy can be exploited in order to
calculate an apparent activation energy and diffusivity prefactor that characterize the kinetics of

the phase transformation via Equation 4.5.

—()appP

kyT°

DP = DgP? exp 4.5)

Using this equation, we constructed plots depicting the relationship between the diffusivity
prefactors and activation energies for carbon diffusion in the monocarbide phases and the apparent
prefactor and activation energy determined by fitting the phase transformation. These plots are
shown in Figures 4.7 and 4.8 and indicate that the apparent activation energy is approximately
equal to the activation energy for carbon diffusion and that there is a linear relationship between

the carbon diffusivity prefactor and the apparent diffusivity prefactor. Thus, if it is possible to
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Figure 4.6: The apparent diffusivity plotted as a function of relative mass error. The figure demonstrates
that there is a linear relationship between apparent diffusivity and mass error and therefore the zero-error
diffusivity can be determined by extrapolation of data from low computational cost simulations.

establish the relationship between the apparent diffusivity prefactor and the diffusivity prefactor
for carbon diffusion for a given composite geometry then the apparent diffusivity for the phase
transformation and transformation time can hypothetically be determined without the need for

direct simulation.

4.3 Results & Discussion

4.3.1 Zener Model

Before discussing the results of our FEM simulations, we will first derive an analytical expres-
sion for the evolution of the interface position as a function of time. This expression cannot be
derived for the exact situation described previously; however, if we apply Dirichlet boundary con-
ditions on either side of the ceramic phase (instead of the no-flux Neumann boundary conditions

previously applied to the left side of the ceramic phase as shown in Figure 4.1) then the deriva-
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Figure 4.7: The apparent diffusivity prefactors plotted versus the diffusivity prefactor for carbon diffusion
in the monocarbide phase. In contrast to the activation energies shown in Figure 4.8, the effective diffusivity
prefactors are quite different from those for carbon diffusion but are linearly related.

tion (originally by Zener [90]), now representing the solution on a semi-infinite domain, is fairly
straightforward.

Shown in Figure 4.9 is the schematic diagram of the layer growth. Our goal is to determine
how the interface position x; changes as a function of time in order to gain intuition on the factors
that contribute to the rate of layer growth. Here, we have assumed that the metal phase is initially
saturated with carbon/nitrogen in order to simplify the derivation by removing the carbon/nitrogen
flux on the metal side of interface. The interface is assumed to be in chemical equilibrium with
concentrations of C., and C,, on the ceramic and metal sides of the interface respectively. As men-
tioned previously, these equilibrium concentrations are enforced by Dirichlet boundary conditions
in our FEM simulations. Far from the interface in the ceramic layer, shown on the left side of the
diagram, the concentration is assumed to be fixed at a concentration of Cy. This assumption is the

primary difference between the situation described here for the purposes of this derivation and of
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Figure 4.8: The calculated apparent activation energy for the composite phase transformation plotted against
the activation energy for carbon diffusion in the monocarbide phase. The group IV composites have effective
activation energies that match the carbon diffusion in the monocarbide. The group V composites have
effective activation energies that are 0.79% (NbC) and 0.64% (TaC) larger than that for carbon diffusion in
the monocarbide.

that in the FEM simulations, since in the FEM simulations the left side of the simulation domain
contains a no-flux Neumann boundary condition.

To start, we will consider the condition of conservation of mass as the interface moves a dis-
tance dz; in time dt. For mass to be conserved, the mass lost due to flux of carbon/nitrogen into
the interface, which acts as a source/sink for carbon/nitrogen, must be equal to the mass gained by

movement of the interface.

Jc(x)

—-D
ox

Rearranging for the interface velocity gives the following equation

dx; e —DL Jc(x)

dt AC Ox 7

T
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Figure 4.9: A schematic diagram of layer-growth on a semi-infinite domain.

The concentration gradient can be written —83(;“")

s, = —ACy/L, and L can be written as a

[

function of the interface position by considering that the mass contained in the two shaded areas

must be equal

LAC
and therefore L = %gozi. Substituting this back into our velocity equation, we get

AC?

2AC?x; (49)

v =

Rearranging, we can separate our variables for integration as follows
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AC?
/ 2a;da; = / D Aggdt (4.10)

and therefore the interface location as a function of time can be written as shown in Equation

4.11.

zi(t) = AA%J\/E (4.11)

There a several important things to note about this solution. First, and as previously mentioned,
this solution represents the evolution of the interface on a semi-infinite domain with a fixed con-
centration far from the interface in the ceramic phase. Thus, the magnitude of the supersaturation
AC) does not change as a function of time. As a result, it is expected that the interface velocity
would be much greater in the semi-infinite case than in the periodic case described by our FEM
simulations, since in the latter case the supersaturation term decreases as the phase transformation
progresses. Secondly, we point out that this solution is entirely consistent with the existing knowl-
edge about diffusion-controlled phase transformations. In other words, and as previously pointed
out, for diffusion-controlled interface migration there is a parabolic relationship between length
and time that is proportional to the diffusivity. Third, we point out that this exercise has revealed
three primary factors that contribute to the kinetics of interface motion in our composites. First,
the diffusivity in the ceramic phase. Second, the initial supersaturation AC) of the ceramic phase,
and third, the magnitude of the concentration discontinuity at the interface AC'. Finally, Figure
4.10 shows the interface position as calculated using the analytical expression shown in Equation
4.11 compared to that of an equivalent FEM simulation. The figure clearly shows, as expected,
that the analytical expression over-estimates the interface velocity, and thus underestimates the
annihilation time when compared to the simulation results.

We can gain further understanding of the kinetics by considering how long it would take to
annihilate the metal phase in our semi-infinite example. We first consider that the distance the

(-1

interface must move for the annihilation of the interface is equal to A 5~ where [ is the initial
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Figure 4.10: A comparison between the fractional interface position as a function time determined by
Equation 4.11 (red) and the fractional interface position results determined by an FEM simulation (blue).
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volume fraction of the ceramic phase and A is the bilayer length of the composite. Thus, the time

to annihilation 7 can be determined by the following equation.

AN1=f)  AG
= AC\/D_T (4.12)

Rearranging for 7, we find an analytical expression for the time required for the annihilation
of the metal layer in the semi-infinite case, which reveals the form of the annihilation time of the
composite with respect to its initial conditions.

(AL = f))*Ac?

T T T UDACE @19

4.3.2 FEM Simulation Results & Empirical Transformation Model

The simulations of the group IVB carbides naturally show the evolution of the two phases. An
example profile from these simulations at different times is plotted in Figure 4.11. The simulations
show that the metal phase quickly equilibrates, reaching a nearly uniform carbon concentration.
In this sequence of profiles one can track how the carbide phase maintains a carbon concentration
gradient that moves the interface until annihilation of the metal phase, shown in Figure 4.11d, and
that the carbon concentration equilibrates in the single carbide phase after some time, as shown in
Figure 4.11e.

In the simulations of the group VB carbides, the nucleation of a hemicarbide phase is provided,
with that phase formation occurring immediately during the dynamics illustrated in Figure 4.12.
What is interesting is that as the hemicarbide phase grows, both its interfaces move into the metal
and monocarbide phases, meaning the monocarbide phase initially shrinks by as much as ten per-
cent, as shown by Figure 4.12a. Eventually, the hemicarbide phase consumes the metal phase,
Figure 4.12d. The monocarbide phase then consumes the hemicarbide phase, as shown in Figure
4.12e, and then equilibrates.

As previously mentioned, the apparent activation energy for the phase transformation is approx-

imately equal to the activation energy for carbon/nitrogen tracer diffusion. Additionally, there is a
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Figure 4.11: a) The fractional coordinate of the MeC/Me,C interface over time. The points in time cor-
responding to the subplots b-e are marked. b) The initial carbon concentration profile for group IV phase
transformations where the brown color represents the monocarbide phase and the grey color is the metal.
The top illustrates the carbon concentration while the bottom simply shows the phase fractions. ¢) Shortly
after the phase transformation begins the carbon concentration in the metal phase (silver) becomes nearly
uniform d) annihilation of the metal phase, and e) after annihilation of the metal phase the carbon concen-
tration in the monocarbide phase (brown) reaches equilibrium
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Figure 4.12: a) The fractional coordinate of the Me2C/Me interface (black/top axis) and the MeC/MeoC
interface (blue/bottom axis) as a function of time. The points corresponding to the subplots b-e are marked.
b) The initial carbon concentration profile for group V phase transformations, ¢) the hemicarbide phase
(gold) nucleates at the interface between the monocarbide (brown) and metal (grey) phases and begins
growing, d) the growth of the hemicarbide phase annihilates the metal phase ,and e) the monocarbide phase
annihilates the hemicarbide phase

linear relationship between the prefactor for tracer diffusion and the apparent diffusivity prefactor

that describes the phase transformation. This linear relationship can be written as shown in Equa-
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tion 4.14 where F'(xrmc N f ) represents a function of the initial conditions of the carbon/nitrogen

composition profile in the monocarbide/nitride phase.

D™ = D F(xtmeyN, f) (4.14)

Thus, if F'(xtvmc)n, f) were known it would be possible to approximate the apparent diffusivity
for an arbitrary MCM composite. This is the basis for the formulation of the following empirical
transformation model. To begin, we postulate an approximate form for Equation 4.14 by noting that
the apparent diffusivity must be related to the phase fraction of the monocarbide/nitride phase since
as the initial phase fraction of the ceramic approaches unity the apparent diffusivity must diverge
due to its relationship to the transformation time in Equation 4.5. Furthermore, it is reasonable to
assume that the apparent diffusivity must depend on the size of the concentration discontinuity at
the interface between layers, since this term appears in the denominator of Equation 3.19, which is
used to determine the interface velocity in the FEM simulations. However, Ax = xtmc/N — XMes
and the xTyc/n also appears in the determination of f,i,, so we choose to write F (XT™mC N f )
instead of F'(Ax, f). Finally, we expect the ‘supersaturation’, x,s of the monocarbide/nitride
phase to appear as well; however, this term can be considered effectively constant assuming that
the composites initially contain a stoichiometric ceramic phase, which is most favorable.

To fit F'(xtvmc)n, f) we conducted 489 FEM phase transformation simulations using the method-
ology described above with 0.55 < f < 0.95, 0.25 < xmme/n < 0.43, and 0.21 < xpme/n <
0.35. For all simulations Ax > 0.05 and f > f.i.. For each combination of initial conditions
three simulations were run and the apparent diffusivity prefactor and activation energy for the sim-
ulation were fit. Figure 4.13a shows a subset of the prefactor results of these simulations plotted
with respect to f for three different values of xnc/n. Similarly, Figure 4.13b shows a subset of
the prefactor results plotted as a function of xvc/n for three different values of f.

Analysis of Figure 4.13a reveals the following trends in the behavior of the diffusivity prefactor:
first, for each xTwmc/~ the diffusivity appears to diverge towards infinity as f — 1. This is an

expected results, since as f — 1 the composite’s phase transformation essentially occurs infinitely
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Figure 4.13: a) A subset of diffusivity prefactor results plotted as a function of the ceramic layer volume
fraction f for xrvc/n = 0.336(blue), 0.367(red), and 0.399(purple). The data suggests that the diffusiv-
ity asymptotes as f — 1 and goes to zero at some minimum value of f. b) A subset of diffusivity prefactor
results plotted as a function of Xy N for f = 0.757(red), 0.886(blue), and 0.950(purple). The data
suggests that the diffusivity prefactor decreases linearly with increasing xtaic/N-

fast, since there is an infinitesimal metal layer volume fraction. Second, and in the other limit,
we see that the diffusivity prefactor trends towards 0 at some value of f that appears to depend

on xtmc/N. Using the priciple of mass conservation before and after the phase transformation,

XTMC/N

..~ below which it is impossible for the
XTMC/N

we identified that there is a minimum value f;, =
phase transformation to complete. Thus, it is logical that we would see the diffusivity prefactor
trend towards zero at this value.

Figure 4.13b suggests that the diffusivity prefactor decreases linearly as xTwmc/~ increases.
This result is somewhat surprising, since the interfacial velocity is inversely related to the size of the

concentration discontinuity at the interface. However, the interfacial concentration discontinuity

is not the only place where xTnc/n appears in the Kinetics. As discussed above, the minimum

XTMC/N

volume fraction f,i, = vy

is solely dependent on xTnc/n and heavily influences the driving
force for the phase transformation, which appears to dominate over the contribution of AC' to the
kinetics.

From the trends identified in Figure 4.13, we can postulate a functional form of F'(xrmc)n; f)

as shown in Equation 4.15 where the first term, (%"}“) captures both limits of the behavior
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shown in Figure 4.13a and the second term captures the behavior shown in Figure 4.13b. This
functional form is essentially a pascals triangle constructed from the sums of powers of these two
terms. To fit Equation 4.15, the exponents were allowed between 0 and 2, resulting in 9 total terms

and a coefficient of determination R? = 0.994.

F(XTMC/N, f) = Z

2 2 ,
o (f —_fminyxgr O (4.15)
i=0 j=0 1=
To validate this empirical model, we compared its predicted diffusivity prefactors and transfor-
mation times to those determined from fits to simulation results. These comparisons are shown in
Figures 4.14a and 4.14b respectively. The data in Figure 4.14a lies along the dashed line y = =,
illustratrating the good fit between the model and simulation prefactor results. On the other hand,
the transformation times shown in Figure 4.14b mostly lie below the dashed line, indicating that
the model slightly underpredicts the transformation time, with a greater discrepancy for larger
transformation times. This discrepancy is expected and understandable due to the fact that the
model is fit to prefactor results and not the transformation times themselves. Additionally, the
transformation time is a product of the diffusivity prefactor and an exponential factor containing
the apparent activation energy. As a result, small difference between fit and simulation diffusivity
prefactor results appear larger when transformed into transformation times. Regardless of these
differences, the purpose of the empirical model is to generate order-of-magnitude estimates of the
transformation time, which the model successfully accomplishes.
To further understand the sources of error in our model, Figure 4.15a and b shows the ratio
% as a function f and xTmc/n respectively. In each case, there appears the ratio ;L,i, appears

essentially constant at a value slightly less than unity, indicating that the size of the discrepancy

between fit and simulation results is relatively independent of the initial conditions.

4.4 Summary & Conclusions

In this chapter of the dissertation, we have introduced a method for simulating the diffusion-

controlled phase transformations of periodically arranged bilayers in a metal-ceramic multilayer

64



—_y s o 30 /= y=

700 4 yox » yox -

, 7’
7’ 7
600 4 ,/ 254 ,
7 7
7 7
500 4 e s0o 0 4 c‘
e 20 R

- ] e 7’
B o 20 ,, - /,.. fecccaed
Q " =15 7 o

300 A + s

,/ ,/( @D
200 P e 10 A
’ Ao
100 4 /‘V 5 “
04 /
T T T T T T T T 0+
0 100 200 300 400 500 600 700 . . . . . g .
Dsim 0 5 10 15 20 25 30
0 tsim

Figure 4.14: a) Comparison of diffusivity prefactors predicted from the fit to Equation 4.15 to the diffusivity
prefactors determined by FEM simulations. b) Comparison of transformation times calculated using the
diffusivity prefactors predicted by the fit to Equation 4.15 to those determined directly by FEM simulations.

b)

144 1.2
1.2 1
1.0 °
[}
1.0+ ° o l 2
E ) ) o ] E 0.8 i : |
PN I I B g
45 2 : H
= S 061 b
i i
— 06 4+
04
0.4
0.2 0.2
0.0 . r \ . . . \ 0.0 ; . . . . . .
060 065 070 075 080 085 090 095 100 0250 0275 0300 0325 0350 0375 0400 0425 0450
f XTMC/N

Figure 4.15: a) The ratio ttl as a function of f. b) The ratio ttl as a function of xTvc/N

composite. To accomplish this, we used FEM simulations to simultaneously solve partial differen-
tial equations describing interstitial diffusion in each phase as well as the movement of interphase
boundaries. One distinction from previous attempts to model similar phase transformations is the
additional of a linear interpolation at each time step which has the effect of returning the finite
element mesh to uniformity. In this approach, the accumulation of mass error is limited by pre-

venting large concentration gradients from appearing near the interphase boundaries. Mass error
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was further reduced using an extrapolation scheme which allowed the approximation of zero-error
transformations.

From these simulations we observed the phenomenological behavior of the phase transforma-
tions in both the group IV and V transition metal carbides as well as the group IV nitrides. We
observed that in the group V carbides and group IV nitrides there can be substantial backwards
motion of the MeC/Me,C (or nitride) interface.

Furthermore, we used transformation time results from FEM simulations to parameterize an
empirical model capable of predicting the apparent diffusivity prefactor as a function of the initial
conditions of the carbon/nitrogen concentration profile. This empirical model takes as an input the
carbon/nitrogen diffusivity in the ceramic phase as well as the initial phase fraction of the ceramic
phase and the lower concentration phase boundary of the ceramic phase. Thus, using this model
the apparent diffusivity for an arbitrary composite can be determined simply from thermodynamic

and kinetic properties of the ceramic that are obtainable from the literature.
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Chapter 5
Composition Dependence & Phase Transformations

During Heating

5.1 Introduction & Background

In this chapter we will examine how the results of the finite element simulations presented in
Chapter 4 are affected by slight modifications. First, we examine the results of simulations run
with a non-constant temperature. In these simulations, the temperature changes with a constant
rate. Second, we relax the assumption of a composition independent diffusivity.

In the first case, we perform phase transformations with a time-dependent temperature with
the primary goal of determining how a constantly changing temperature affects the relationship
between transformation time and bilayer length. We have seen from the literature [21, 23,42,
44,50-52, 56, 57,91, 92] and the results presented in Chapter 4 that for phase transformations
performed at a constant temperature there is a parabolic relationship between transformation time
and bilayer length, which we have used to define and calculate an apparent diffusivity for the
phase transformations. Here, with a time-dependent temperature, we are unable to use the same
relationship, since increasing the temperature over time results in exponentially faster diffusion as
the phase transformation progresses.

The purpose of this investigation is to model how these UHTC metal-ceramic multilayer com-
posites will transform in an environment closer to that which might be seen in a real application.
For example, it is proposed that these materials may be used as leading-edge coatings or struc-
tural components in hypersonic aircraft [11]. Within this application, it may be expected that the
multilayers would undergo their phase transformation during flight, in which case they would ex-
perience an increasing temperature as aircraft speeds are increased. As another example, we might

consider a component which, for reliability purposes, has been manufactured using the UHTC
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metal-ceramic multilayer composite microstructure, but will be phase transformed in a furnace or
using a torch prior to use. In some cases, the component may be placed in a furnace at ambient
temperatures and allowed to heat up with the furnace. Here too, it may be useful to understand how
changing temperature during the phase transformation process affects the transformation kinetics.

In the second case, we will modify the previous finite element approximation in order to relax
the assumption of composition-independent diffusivities. This relaxation thus allows each element
to have its own diffusivity rather than a single diffusivity for each phase, as was previously the case.
Allowing each element to have a different, composition dependent, diffusivity provides the oppor-
tunity to gather a deeper understanding of the phase transformation kinetics. Primarily, we are
interested in understanding whether the phase transformation kinetics will be limited by diffusion
of carbon/nitrogen close to or far away from the interfaces and if the answer to that question de-
pends on the direction of the diffusivity gradient. To accomplish this, we will perform simulations
across a variety of temperatures and extract and apparent activation energy, similar to the process
outlined previously in Chapter 4. Previously, we saw that this apparent activation energy was ap-
proximately equal to that for carbon/nitrogen diffusion in the ceramic phase. Many authors have
observed this and concluded that it is due to solute diffusion from the bulk ceramic to the interface
being the rate-limiting step in the kinetics. Here, we will be to directly assess these claims by com-
paring the apparent activation energy for the phase transformation to the composition-dependent

diffusion activation energy.

5.2 Phase Transformations During Heating

Modification of the methodology used in Chapter 4 to implement a constantly increasing tem-
perature was relatively straightforward. Each simulation was initialized at 273K and given as an
inputs the bilayer width, diffusion activation energy in the ceramic layers, and a heating rate. At
each time step the temperature of the simulation was adjusted according to the input heating rate

and the diffusivity in each phase was recalculated according to the new temperature. At each time
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step during the simulation, the diffusivities were determined according to Equation 5.1 where ¢ is

the simulation time, 7 is the heating rate, and 7j is the initial temperature of the simulation.

B Q
D(t) = Dyexp ( _ m) (5.1)

Shown in Figure 5.1a and 5.1b are the temperatures as a function of simulation time for 0.001m
bilayer composites with () = 100kcal/mol and ) = 125kcal/mol activation energies respectively.
In each case, five different heating rates are shown and the temperature increases linearly with time

due to the constant heating rate.
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Figure 5.1: a) The simulation temperature versus time for 0.001m bilayer composites with an activation
energy of () = 100 kcal/mol b) The simulation temperature versus time for 0.001m bilayer composites with
an activation energy of () = 125 kcal/mol

Analysis of Figure 5.1 reveals an interesting feature of these simulations: for each heating rate
the final temperature of the simulation is roughly equivalent. Additionally, we see that the final
temperature is, at least in part, dependent upon the input activation energy for diffusion. The first
result is somewhat surprising, since there is no intuitive reason to expect that the final temperature
should all be the same. The dependence of this final temperature on the input activation energy;
however, is unsurprising since we should expect that a greater temperature is required for the onset

of the phase transformations with a larger diffusion activation energy.
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Figure 5.2 shows the fractional interface positions over the course of the simulation for simu-
lations with bilayer length L = 5 x 10~°m, and activation energy ) = 100 kcal/mol. Three simu-
lations are shown with heating rates of » = 5 K/min (blue), » = 10 K/min (red) and » = 15K/min
(purple). In each case, the simulation begins with a prolonged period wherein the interface mo-
tion is minimal. This initial period ends when the simulation temperature becomes sufficient for
carbon/nitrogen diffusion, which we will refer to as the transformation onset temperature.

Figures 5.3a and 5.3b show the dependence of the transformation onset temperature as a func-
tion of diffusion activation energy in the ceramic phase and heating rate respectively. Figure 5.3a
clearly demonstrates a direct linear relationship between the onset temperature and activation en-
ergy. This relationship makes intuitive sense, since we would expect that a greater activation
energy would require a higher temperature before large-scale diffusion can take place. Figure
5.3b indicates a small dependence of the onset temperature on the heating rate as well, though the
dependence is strongest for small heating rates and quickly goes to a constant value.

Recall that for simulations conducted at constant temperature there is a parabolic relationship
between bilayer length, transformation time, and the apparent diffusivity that characterizes the
phase transformation (Equation 4.4). In the case of a time-dependent temperature this relationship
is no longer valid, since the diffusivity in each phase now contains a gradient in time. Despite this,
it should still be possible to characterize the phase transformation using an apparent diffusivity
prefactor D" and activation energy (Q*PP as well as the initial temperature 7}, and the heating rate
T.

To derive the new relationship we will modify our previous derivation of the composite layer
growth. The composition profile for the derivation is the same as previously used in Chapter
4, Figure 4.9. We are interested in understanding how the position of the interface between the
ceramic and the metal phase changes as a function of time. As before, we begin by considering
mass conservation as the interface advances a distance dx; in time dt. For mass to be conserved,

83(5) |,dt and the amount of mass

the amount of mass lost due to flux into the interface is —D
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Figure 5.2: The interface positions for simulations run with bilayer length L = 5 x 10~°m, activation
energy () = 100 kcal/mol, and heating rates of 5 K/min (blue), 10 K/min (red) and 15 K/min (purple).
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Figure 5.3: a) The onset temperature plotted as a function of the activation energy for carbon/nitrogen
diffusion in the ceramic phase b) The onset temperature plotted as a function of the heating rate

gained due to interface motion is AC'dx;. Thus, mass is conserved when these two quantities are

equal as shown in Equation 5.13.
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—-D
Oz

dt = ACdz; (5.2)

Rearranging Equation 5.13 for the interface velocity v = Z—f, we arrive at the following equation

dx; —DL Jc(x)
dt AC Oz

(5.3)

which was previously shown to be equivalent to the following:

AC2
QACQLEZ .

(5.4)

v =

Here, we implement our modification in order to consider a time-dependent temperature and,

as a result, diffusivity D(t) = Dgexp ( — m> Thus, the interface velocity can be written as

2
@ ) A (5.5)

=D - .
! 0eXp< ko(To + tr) ) 2AC2z;,

Integrating each side and rearranging for x;, we arrive at an analytical form for the relationship

between interface position and time as shown in Equation 5.6.

- AC, [ Q

Combining the factors in front of the integral into a single fitting parameter D" and carrying

out integration we arrive at the relationship which will be used to characterize the phase trans-
formations performed during heating with bilayer length )\, initial temperature 7j, and heating
rate r. This relationship is shown in Equation 5.7 where Ei is the special function known as the

exponential integral.

Q™ \Tytrr QW

Qapp )]
ky(To + r7) r kyr

N = D[ exp(— -
o™ | expl ko(To +17)

Ei( (5.7

To further understand how this solution relates to the solution for a phase transformation at

constant temperature we note that if the second term in Equation 5.7 is small and the 7, = 0, then
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Figure 5.4: a) The ratio of the two terms in Equation 5.7 as a function of heating rate r with initial tem-
perature 7y = OK. b) The ratio of the two terms in Equation 5.7 as a function of heating rate r with initial
temperature 7y = 2500K.

the solution is of the form as in the constant temperature case \> = D7. Thus, it is important to
know in which limits the second term is small compared to the first. To examine this, we plot the
ratio of Ei term to the first term as a function of heating rate r across several orders of magnitude.
These results, as shown in Figure 5.4a for an initial temperature of OK and Figure 5.4b for an initial
temperature of 2500K indicate that the ratio of these two terms is sigmoidal when viewed with a
logarithmic scale on the heating rate. Thus, in the large heating rate limit we achieve kinetics that
resemble a parabolic growth law once again, though we note that to achieve this effect heating
rates exceed what is physically possible in any practical scenario.

Changing our attention now to the limit of low heating-rate r, we find that the ratio of these
two terms goes to a constant value that appears to depend on the initial temperature 7 as well as
the apparent activation energy. To develop our understanding of this limit further we will consider
the definition of the exponential integral Ei(u), shown in Equation 5.8 where « is the argument of

the exponential integral.

Ei(u) = _[1+E+u_+"'] (5.8)
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QaPP

T and leaving off the higher order

Inserting Equation 5.8 into Equation 5.7 with u = —

terms we arrive at

QPP To+rm QP ky(Ty +r7) QPP ky(To + r7)
A2~ DAPP — )
0 eXp( k’b(To + 7"7') r + kbr —Q eXp( k’b(TO + TT)) Q ]] ’
(5.9)
which can be simplified to Equation 5.10.
2 app
22 = FolTo 7)oy exp(——2 (5.10)

Q*PPr 0 ko (To + 7’7’)>
When T = 0 Equation 5.10 takes the form of Equation 5.11, where T’ = r is the temperature

at which the phase transformation completes.

ket QPP kT
2, LT app o ~ b2 f Happ
N~ Qo DgPP exp( kaf) ~ QappD T (5.11)

Therefore, in the low heating rate limit too the functional form appears parabolic, though we

note that additional temperature dependence is hidden in many of the parameters in Equation 5.11.

Here, the diffusivity is calculated at temperature at which the phase transformation completes, but

ky Ty

oo 0 account for the time spent at lower temperatures.

is modified by the unitless coefficient

Examination of Equation 5.11 reveals another important quantity to consider: 7%, the final
temperature of the simulation, in other words the temperature when the phase transformation com-
pletes. Table 5.1 shows the final temperatures for simulations conducted for each of the ceramics
considered in this work. These temperatures were determined from simulations with an initial ce-
ramic phase fraction f = (.85, a heating rate » = 10 K/min, and diffusivities determined from
Table 2.4.

Shown in Figure 5.5 are the transformation times of composites with activation energies ) =
100 kcal/mol as a function of bilayer length. The black lines indicate the fits of each piece of data

to Equation 5.11. The r? scores from the fits were rZ = 0.999, 7, = 0.989, and 73, = 0.973
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Table 5.1: Final temperatures 1’y for simulations conducted for each of the ceramics considered in this work.
These temperatures were determined from simulations with an initial ceramic phase fraction f = 0.85, a
heating rate » = 10 K/min, initial temperature Ty = 273K, and diffusivities determined from Table 2.4.

Material | T [K]
TiC 1620
ZxC 1740
HfC 2060
TiN 1920
ZrN 2020
HfN 1170
NbC 1590
TaC 1610

for the 5 K/min, 15 K/min, and 25 K/min heating rate simulations respectively. It is interesting
to note that the apparent activation energy determined by the fit is 99.27 kcal/mol and only 0.73
kcal/mol less than that of carbon/nitrogen diffusion in the ceramic phase. The difference is likely
due to error in the fit, and probably indicates that the apparent activation energy for the case of a
time-dependent temperature is approximately equal to that of carbon/nitrogen diffusion as we saw
previously. Furthermore, when looking at the coefficients of determination we find that the quality
of the fit appears to decrease as the heating rate r increases. This is consistent with the fact that
Equation 5.11 was derived in the limit of a small heating rate and ignores the higher order terms.
Thus, in this section we have successfully developed simulations of the phase transformation
process performed with a constant heating rate. Additionally, we applied kinetics theory to the
case of layer growth on a semi-infinite domain in order to derive Equation 5.7, which related the
bilayer length and transformation time using the idea of an apparent diffusivity characterized by
a diffusivity prefactor Dy"" and apparent activation energy Q*PP. By fitting our Equation 5.11 to
the results of our FEM simulations we demonstrated that the derived equation correctly captures
the kinetics present in our phase transformation. Furthermore, this equation reproduces parabolic
growth, as is seen in constant temperature phase transformations in the limits of large and small

heating rates.
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Figure 5.5: The transformation times of composites with activation energy () = 100kcal/mol as a function
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respectively.
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5.3 Phase Transformations with Composition Dependent Dif-

fusivities

In previous sections of this dissertation we have developed both analytical models and numer-
ical simulations of the time evolution of the diffusion-controlled phase transformation that occurs
in our novel MCM composites. In each case, we have shown that the apparent activation energy for
the phase transformation is approximately equal to that of carbon/nitrogen diffusion in the ceramic
phase. However, this is becomes complicated when we consider that in these ceramic materials
the diffusivity is known to change as a function of carbon/nitrogen concentration. Thus, in some
areas of the ceramic the diffusion activation energy may be larger. Classical kinetics theory would
suggest that it is diffusion near the interface that controls the rate of the phase transformation;
however, it is unclear if this remains true when there are large differences in the diffusivity within
the ceramic phase.

To simulate a phase transformation where the diffusivity is not constant within each phase we
must first derive the new governing equation, as the form of Fick’s Second Law shown in Equation
4.2 assumes a constant diffusivity. To derive the new PDE governing diffusion in each phase,
we will begin with the postulate that and therefore the diffusive flux of atoms moves down the
concentration gradient with a rate proportional to its magnitude and therefore has the following

form

(5.12)

From here, Fick’s Second Law can be derived by considering the conservation of mass using
the following continuity equation, which simply states that any change in mass must be due to the

flux of atoms into or out of the surface.

dc(z,t) ' 0
ot Ox

(5.13)
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Now that we have derived the appropriate PDE, we can reconstruct our FEM model. To begin,

we start by writing the weak form of Equation 5.13 over a single element.

/Q [V(m)[%(D(m)ac(;; Dy _ acgi, t)]}dx ~0 (5.14)

Using integration by parts this becomes

V(2)D(a) 2480 ‘Q - LD(@%—?%M —/QV(.T)%CL’L’ 0 (.15

Again, we will choose linear trial (hat) functions:

Ty — T T —x
Y = v = £ 5.16

1 (ﬂf) h ) X2 (I’) h ( )

where h is the element length and therefore our composition profile can be written as
clz,t) = c;(t)T;() (5.17)

j=1
and our weighting function is

V(z) = V;(z) (5.18)

Using these relations, the weak form solution becomes

\I/Z-(m)D(x)acg;’ ) ‘Q - /Q D)y cj(t)a‘l(’,)jf) aqgf)dx - /Q > \I/i(x)\llj(x)a%it)dx —0

2 2
i=1 7=1

J

(5.19)

As with before, we want our solution in the matrix form

Kz‘jCj + MijC.j = E (520)
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And with the non-constant diffusivity only the stiffness matrix K; is changed. The single-

element stiffness matrix becomes

W W(2) O,
ki = / D(z) aa(:”) éix)d:v, (5.21)

and considering the case of i = 1 and j = 1

1'(1 1 qu
by = / D(2)(=1/h)(=1/h)dzx = ﬁ/ D(x)dz (5.22)
Now, inserting the integral definition of the average of a function f(x) = o ff f(z)dx over
the interval [a, b]
D
ki = 2@ (5.23)

Repeating this for the other values of ¢ and j we find the general equation for £;;.

D) 1 -1
= 2@ (5.24)

hil_1 1

Importantly, if we reintroduce our previous assumption of a constant diffusivity, then Equation
5.24 reduces back to Equation 3.12 which was derived previously. Moving on to the element mass
matrix and force vector, we can see from Equation 5.19 that they are unchanged from those derived

in Chapter 3. Thus,

g hl2 1

P 1 2

and the global force vector is zero everywhere except where the boundary conditions are en-
forced.
In our previous FEM simulations, we demonstrated first-order scaling of the mass error accu-

mulated during a simulation with the number of elements used in the discretization of the simula-
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tion domain. Figure 5.6 demonstrates that this scaling remains after the changes to the governing

PDE are introduced.

3x107?

2x107!

10—] -

Relative Mass Error

1077

Ax [cm]

Figure 5.6: A log-log plot of simulation mass error versus the element length Az used in the discretization
of the simulation domain. The approximately linear relationship demonstrates first-order scaling of the mass
eITor.

In order to implement the variable diffusivity each node in the ceramic phase was given a dif-
fusivity. During each simulation time step the diffusivity of each node was recalculated according
to its current carbon/nitrogen atomic fraction y. We used two different models to calculate the
diffusivity, one which resulted in a greater activation energy at low atomic fractions, and another
which resulted in a greater diffusivity for larger atomic fractions. These diffusivity calculations

were determined by Equations 5.26 and 5.27 respectively.

100 — 115(x — 0.37)

D(x) = Dgexp(— T

) (5.26)
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85 + 115(x — 0.37)

D(x) = Dgexp(— T

) (5.27)

The purpose of these diffusivity models are to provide two different cases to inform our analy-
sis of the physics of the phase transformation. In Equation 5.26 the largest activation energy occurs
when xy = 0.37, which was the value of x at the lower phase boundary of the ceramic phase in
these simulations. Thus, using Equation 5.26 to calculate the diffusivity resulted in fast diffusion
far from the interface and the slowest diffusion at the interface. The opposite is true for the simula-
tions conducted with diffusivity calculations done according to Equation 5.27, wherein the slowest
diffusion happened far from the interface and the fastest diffusion was at the interface.

To determine whether it is diffusion near or far from the interface we first plot the apparent
activation energy for each of our activation energy models. As shown in Figure 5.7, simulations
run with diffusivities calculated according to Equation 5.26 (blue) resulted in an apparent activation
energy of 596 = 93.48 kcal/mol and simulations run with diffusivities calculated according to
Equation 5.27 (red) resulted in an apparent activation energy of Q507 = 88.89 kcal/mol. These
apparent activation energies correspond to x ~ .444 and y ~ .465 respectively.

In the case of Equation 5.27, it is simple to show that this apparent activation energy must
arise due to diffusion near the interface. As shown, in Figure 5.8, the large activation energy for
diffusion far from the interface, i.e., on the left side of the simulation domain, results virtually no
change in composition over the course of the simulation. Thus, the region where large changes
in the composition profile are present is near the interface. This gives the concentration profile a
much different shape than we are used to seeing in the case of a constant diffusivity. In this case,
the composition profile has is convex, rather than concave.

Furthermore, by examining the time average of the left and right quarters of the simulation
domain we can gain a better understanding of the kinetics. Shown in Figure 5.9 are the time av-
erages of the left quarter of the domain (red) and right quarter of the domain (blue). It can be
seen that the average composition in the left quarter remains virtually unchanged as a function

of time. Taking the time average of the average composition in the left quarter and using it in
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Figure 5.7: An Arrhenius plot depicting diffusivity versus inverse temperature for each of the activation

energy models
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Figure 5.8: The initial and final composition profiles of the phase transformation performed using diffu-
sivities calculated according to Equation 5.27. Unlike simulations run with a constant diffusivity, the final
composition profile is convex as a result of the high activation energy for diffusion far from the interface.

83



0.50 = iy s
o,ayg = 99.9364
0.48 4
0.46
=== Right Side
A 044~ m— L eft Side
0.42
0.40 1
Qayg = 86.8895
0.38 1

0.00 0.05 0.10 [I.|15 0.20 0.25 0.30

Time

Figure 5.9: Average compositions in the left (red) and right (blue) quarters of the ceramic phase as a
function of time for a representative simulation conducted with Equation 5.27.

Equation 5.27 indicates that if diffusion far from the interface, i.e., in the bulk, were dominating
then the apparent activation energy would be close to 100 kcal/mol. Applying the same analysis to
the average composition of the right quarter of the domain indicates that if diffusion in this region
were controlling the phase transformation then the apparent activation energy would be approx-
imately 86.89 kcal/mol. Thus, from this we can conclude that when there is a larger activation
energy for diffusion far from the interface it is diffusion near the interface that controls the phase
transformation.

Now turning our attention back to simulations conducted with diffusivities calculated according
to Equation 5.26, we can attempt to apply the same analysis. Shown in Figure 5.10 are the initial
and final composition profiles of a representative simulation. Here, we can see that as in the case

of a constant diffusivity, the final composition profile is concave. Additionally, we see that the
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Figure 5.10: The initial and final composition profiles of the phase transformation performed using diffu-
sivities calculated according to Equation 5.26. As with simulations run with a constant diffusivity, the final
composition profile is concave.

composition far from the interface has dramatically changed over the course of the simulation.
Thus, it is more difficult in this case to determine whether it is diffusion near or far from the
interface that is controlling the phase transformation.

If we again examine the time averages of the average composition in the left (red) and right
(blue) quarters of the ceramic phase, as shown in Figure 5.11, we find that if interface motion were
controlled by diffusion far from the interface then the apparent diffusivity would be approximately
88.20 kcal/mol whereas if it were controlled by diffusion near the interface the apparent diffusivity
would be approximately 93.73 kcal/mol. Thus, since the latter case agrees well with the value
determined from the apparent activation energy calculation from Figure 5.7, there is substantial

evidence that the interface motion is controlled by diffusion near the interface.
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Figure 5.11: Average compositions in the left (red) and right (blue) quarters of the ceramic phase as a
function of time for a representative simulation conducted with Equation 5.26.
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Figure 5.12: The initial and final composition profiles of the phase transformation performed using diffu-
sivities calculated according to Equation 5.26 and with a constant composition boundary condition applied
to the node on the left side of the simulation domain.

To make this claim more concrete we can change the boundary condition at the left side of
simulation domain such that the concentration remains fixed far from the interface. Shown in
Figure 5.12 are the initial and final concentration profiles of the ceramic phase in this case. Here,
the problem represents a phase transformation on a semi-infinite domain where the concentration is
fixed far from the interface and the diffusivities are calculated via Equation 5.26. Here, we can see
with the constant concentration boundary condition applied the composition far from the interface
no longer changes. Thus, we can conclude that in this case the apparent diffusivity must be due to
diffusion near the interface. In this case, the apparent diffusivity for the phase transformation was

calculated to be 92.43 kcal/mol.
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To summarize, in this section we sought to determine whether interface motion was controlled
by diffusion near or far from the interface. Classical kinetics theory suggests that all diffusion-
controlled phase transformations are controlled by diffusion near the interface; however, it is un-
clear if this would remain true when the diffusivity changes as a function of composition, especially
in the case where diffusion far from the interface has a high activation energy. In the latter case,
one might argue that the phase transformation would be controlled by the region space which has
the smallest average diffusivity, i.e., the largest activation energy for diffusion.

Here, we examined two cases, one where there was a large activation energy near the interface,
and another where the largest activation energy ocurred far from the interface. In each case we were
able to show that the apparent activation energy for the phase transformation was approximately
equal to that of diffusion near the interface, regardless of whether or not this region had the highest

activation energy.
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Chapter 6

Composite Design & Materials Selection

6.1 Introduction & Background

Ultra-high temperature ceramics are a class of materials with exceptionally high melting tem-
peratures and impressive high-temperature properties such as strength, ductility, moderate oxida-
tion resistance, and creep resistance. Despite this, the lack of fracture toughness near ambient
temperatures makes manufacturing and assembly of UHTC components difficult.

Several strategies have been used to increase a ceramic’s resistance to fracture, including trans-
formation toughening, ductile phase toughening, and fiber reinforced composites. Unfortunately,
many of these reinforcement methods are generally limited to relatively low temperatures around
1500K due to oxidation or are otherwise limited by difficulty in processing [93]. Historically, the
UHTC industry has solved the issue of low temperature brittleness via the introduction of UHTC
fibers/whiskers to the matrix, making UHTC ceramic matrix composites (UHTCMCs) [94]. In
these composites, toughening and graceful failure are provided by the introduction of the fibers;
however, fabrication of UHTCMCs can be challenging, leaving room for alternative solutions.

One solution to the latter problem is to construct metal ceramic multilayer composites which
can be processed more easily than ceramic matrix composites. These composites are constructed
from alternating layers of metal and ceramic, e.g. Me/MeC, and toughening is provided by the
addition of the ductile metal phase, i.e., ductile phase toughening. Here, the ductile phase absorbs
energy as the crack propagates as well as providing crack bridging due to the presence of in tact
ligaments within the crack wake. Engineered multilayer systems including Al/Al,O3 [30,95-97],
Nb/NbsAl [98], Co/WC [99] and others [100-105].

Additionally, toughening in layered materials has been the subject of numerous studies. For
example, He ef al. studied the mechanics of crack growth in layered materials and found that

there are two primary factors responsible for toughening: interface debonding and metal layer
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width [95]. In the first case, they found that interface decohesion elevates both the crack initiation
resistance Ky, which is the initial fracture resistance on the resistance curve, as well as the steady-
state fracture resistance K, achieved after sufficient crack extension. In cases of a well-bonded
interface the primary source of toughening came from bridging due to the metal layers with K
increasing as a function of metal layer width.

Shaw et al. narrowed their focus in on the renucleation of cracks across metal layers and
found that the cracking behavior was dominantly dependent upon the metal layer phase fraction
and thickness [96]. They performed crack-growth experiments on notched Al/Al,O3 composites
with no signs of interfacial debonding. Both K and K, were seen to increase as a function of
metal layer width. In addition, substantial plastic deformation of metal layers were observed and
crack renucleation appeared to occur on the same plane as the notch in the specimen.

Flinn et al. performed fracture experiments on Al/Al,O3 with emphasis on the mechanics of
bridging of ductile ligaments as well as controlled interfacial debonding. They found that the
primary source of toughening in bridged composites came from energy dissipation due to plastic
deformation of the bridging ligaments between the cracked surfaces. Additionally, they developed
a theoretical model for crack bridging assuming that the tractions imposed upon the crack surfaces
obeyed a linear softening law of the form o, = o.(1 — u/u.) where o is the bridging traction, o,
and u, are constants to be determined by experiment, and u is the crack tip opening displacement
(CTOD). Comparison of this model with measurements of work of rupture indicated that o. and
u, were key material parameters.

Evans and Meeking investigated crack bridging in ceramics reinforced by bridging of well-
bonding particles and whiskers [99]. Though this investigation did not directly study layered ma-
terials, the bridging mechanism for layered materials is similar to that of whiskers. The primary
findings of this investigation were that it is vital for reinforcements to avoid fracture at the crack
tip in order to provide toughening. Fracture of bridging ligaments can be avoided via two mecha-
nisms. First, debonding between the bridging ligament and the matrix can occur such that stresses

are alleviated within the bridging ligament and it remains intact. Second, the bridging ligament
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must have a sufficiently high modulus compared to the matrix such that the stress intensity is re-
duced below the critical threshold. One or both of these conditions are sufficient for successful
reinforcement by bridging.

Tomaszewski et al. [106] investigated interfacial slip and debonding in Al,O3/LaPO,4 compos-
ites and found that the work of rupture in these composites was extremely high as a result of crack
deflection at weak Al,Os/LaPO, interfaces. Work of rupture was reported to be 36.2J/m? and
4.7J/m? for monolithic Al,O3 and LaPOy respectively whereas the work of rupture was reported to
be 11700J/m? for the Al,O3/LaPO, composite. Crack propagation was deflected perpendicularly
to the laminate plane leading to energy dissipation associated with the creation of free surfaces as
the interface delaminates. Interestingly, the work of fracture was reported to increase with decreas-
ing layer thickness.

Other authors have conducted similar investigations as well, such as Bloyer et al. who ex-
amined the fracture toughness and resistance-curve behavior of Nb/Nb3Al layered composites as
a function of layer width and layer orientation with respect to the direction of crack-growth and
found that they were able to model the resistance curve behavior by assuming a uniform traction
across the bridging zone [98]. Similarly, Chen et al. measured the mechanical properties such as
strength and hardness of Ni/Al,O3 composites at different metal and ceramic layer thicknesses and
found that the steady-state fracture toughness increased with reinforcement layer thickness [107].
Kruzic et al. investigated the effects of plastic constraint on the fatigue behavior of metal ceramic
multilayer composites and found that for monotonically increasing loads the fracture toughness
increased with metal layer thickness; however, for cyclic loads the driving force for crack growth
decreased with metal layer thickness [100]. In more modern studies, layer widths have been re-
duced to the nanoscale in order to achieve codeformation of ceramic layers, as demonstrated in the
Al/TiN system [108, 109].

Fracture resistance is heavily dependent upon the specimen geometry and is therefore not an

intrinsic material property. As a result, if specimen dimensions are too small then effects due to
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large-scale bridging can be present. This increases the fracture resistance and often prevents the
onset of steady-state fracture [110].

In the present chapter, we outline several design strategies for UHTC metal-ceramic multi-
layer composites with the ability to phase transform. Of primary concern are the limitations to
ceramic phase fractions, the relationship between the observed toughening, transformation time,
and composite geometry, as well as the effects of material selection. To accomplish this, we con-
sider composites composed of the group IV transiton metal carbides and nitrides as well as group
V carbides and their associated metals for the metal layers. As deposited, the multilayer structure
is not in equilibrium and carbon/nitrogen will flow from the ceramic phase to the metal phase,
transforming at least part of the metal into a ceramic when sufficiently heated, as has been demon-
strated experimentally in Ti/TiC films by Dahan et al. [66,67] and by Brizes in TaC and NbC layer
growth experiments [21,51,52].

Additionally, our collaborators Michael Large and Dr. Gregory Thompson at University of
Alabama have recently demonstrated the ability to phase transform in Zr/ZrC films [111]. The
results of their study are shown in Figure 6.1. Figures 6.1a and 6.1b show the as deposited Zr/ZrC
film in secondary and back scattered electron microscopy respectively. Figure 6.1b shows the clear
chemical distinction between the thin Zr and thick ZrC layers of the film. Figures 6.1a and 6.1b
show the same sample after annealing, wherein the Zr layers are no longer visible.

To confirm that the Zr layers had completely disappeared, Large et al. also performed XRD
prior to and after annealing of the composite. As shown in Figure 6.2, in the as deposited composite
peaks associated with Zr are present, but in the annealed composite only peaks associated with the

substoichiometric ZrCy 4 phase are present.

6.2 Thermodynamic Considerations

To begin, we will use as an example a composite composed initially of Zr/ZrC to create our
MCM. To illustrate the design concept, consider the ZrC phase diagram shown in Figure 6.3, which

was reconstructed from the thermodynamic data of Guillermet ef al. [1]. We will assume that the
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Figure 6.1: a) The as deposited Zr/ZrC film imaged using Secondary Electron STEM b) The as deposited
Zr/ZxC film imaged using Back Scattered Electron STEM c¢) The annealed film imaged using Secondary
Electron STEM d) The annealed film imaged using Back Scattered Electron STEM

composite’s ceramic layers contain stoichiometric ZrC, i.e. there is a 1:1 carbon-to-metal ratio and
the overall composition lies on the phase boundary at Yo = 0.50. We will further assume that the
Zr layers are completely void of any carbon. The volume fractions are f and 1 — f for the ceramic
and metal layers respectively.

Upon fabrication, the composite is not in chemical equilibrium anywhere except at the inter-
phase between layers. As a result, upon reaching temperatures sufficient for carbon diffusion, the
phase transformation of metal layers will begin. The extent to which this phase transformation
completes depends upon the initial volume fractions of the composite, since for any geometry with
an initial ceramic volume fraction less than some minimum value f,,;, there will not be enough
carbon available to completely transform all metal layers.

Thus, to achieve a composite with the ability to completely phase transform the volume frac-

tions must be selected such that the overall carbon content lies within the single phase ZrC, region
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Figure 6.2: XRD of the as deposited and annealed Zr/ZrC film

of the phase diagram. Thus, the minimum volume fraction can be calculated according to mass
conservation before and after the phase transformation.
For any physical process mass must be conserved, as such the total number of carbon atoms

must remain constant before and after the phase transformation.

1-0.5 ZrC 1 — Xf ZrC

fi

Cancelling out terms and inputting the minimum ZrC,, carbon content x,,;, (1) for x s gives the

minimum ceramic volume fraction required for metal layers of the composite to fully transform.
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Figure 6.3: Zr-C Phase Diagram constructed from the thermodynamic data of Guillermet et al. Of particular
importance to the construction of UHTC MCM composites with the ability to phase transform is the ability
of the ZrCx phase to remain stable over a large region of carbon concentration.

Xmin (T)

fmin(T) = 1 — Xmin(T)

6.1)

As reported in the previous chapter, the minimum initial ceramic volume fraction has consid-
erable effect on composite’s phase transformation properties. It not only determines the thermody-
namic constraints on the composites ability to transform, but also affects the kinetics of the phase
transformation, since composites with an initial volume fraction close to the minimum will have
sluggish kinetics due to a flatter carbon concentration profile, i.e. smaller concentration gradi-
ents that reduce atomic fluxes. Additionally, experimental literature suggests that the toughening
achieved by a composite is proportional to the initial volume fraction of the metal layers [98]. As a

result, one method for maximizing toughening is to maximize the metal volume fraction (in other
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words, minimize the initial ceramic volume fraction). Thus, the minimum initial ceramic volume
fraction directly contributes to the maximum achievable toughening for a given composite material
selection.

The other thermodynamic consideration is the melting temperature of the post-transformation
ceramic. Using Figure 6.3 again as an example, all of the materials considered in this document
exhibit composition-dependent melting temperatures that may be important factors to consider in
composite design, especially given that many applications for these materials involve extreme high-
temperature environments. One unique quality of these composites is that the post-transformation
melting temperature can be directly controlled though the initial ceramic phase fraction of the com-
posite. These melting temperatures are depicted as a function of atomic fraction carbon/nitrogen
for all of the considered materials in Figure 6.4. Since the melting temperature is simply a function
of overall carbon/nitrogen content, the initial ceramic phase fraction corresponding to the desired
melting temperature can be easily determined using the phase lever rule as shown in Equation 6.2
where the overall carbon atomic fraction is x., the initial volume fraction of the ceramic is f;, and
the initial atomic fraction of carbon in the ceramic phase is x;. Typically, x; = 0.50 since it is
most logical to start with a stoichiometric ceramic phase. We note that generally the composition
of nonmetal atoms in the metal phase would have to be considered as well; however, since we have
assumed that there is zero carbon/nitrogen contained in the metal layers initially, the entirety of the

nonmetal atom content is contained within the ceramic layers.

Xe = fixi = 0.50f; (6.2)

For material selection and design, we have examined the thermodynamics for the group IVB
and VB transition metal carbides as well as the group IVB nitrides. Shown in Table 6.1 are the
minimum ceramic volume fractions, volume fraction at 3000°C’, volume fraction at the maximum
melting temperature, and source for the thermodynamic data for each material considered.

Previously, we called attention to the fact that the initial volume fraction can be chosen in

order to optimize transformation rates, toughening, and post-transformation melting temperature;
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Figure 6.4: Melting temperatures as a function of carbon/nitrogen atomic fraction x for each of the materials
considered.

Table 6.1: Metal layer volume fractions calculated via Equations 6.1 and 6.2. Column two contains the
maximum metal phase volume fractions that results in a complete phase transformation. Columns three and
four contain the metal phase volume fractions required to achieve a 3000°C and maximum carbide melting
temperature post-transformation.

Material | Maximum Me Me Volume Me Volume Thermodynamic
Volume Fraction | Fraction at 3000°C | Fraction at Maximum | Data Source
Melting Temperature | Melting Temperature

Zr/ZxC 0.46 0.35 0.18 [1]
Ti/TiC 0.51 0.36 0.30 [112]
Hf/HfC 0.48 0.42 0.08 [113]
Ta/TaC 0.39 0.37 0.11 [2]
Nb/NbC 0.53 0.35 0.18 [114]
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however, it is also important to point out that for the transition metal carbides and nitrides many
mechanical properties are concentration-dependent. These properties may include hardness, elastic
constants, lattice parameter, CRSS, and others. Furthermore, as pointed out by Large et al., consid-
erations must be made for the effects of transformation strain on the post-transformation ceramic
grains. In films deposited with low initial ceramic volume fraction, significant grain boundary de-
cohesion was observed in the as deposited columnar ZrC grains. As shown in Figure 6.5a, these
grains lose a significant amount of carbon during the phase transformation, causing a reduction
in lattice parameter and associated stress-free linear strains, i.e., eigenstrains, as shown in Figure
6.5b [111]. The elastic strains can be determined from compatibility and force equilibrium. Force

equilibrium can be written as shown in Equation 6.3

FItEeS + fot BeS (6.3)

The compatibility is written as shown in Equation 6.4

€] + €] = €5+ €5 (6.4)

By treating Equations 6.3 and 6.4 as a system of equations and solving for the elastic strain €{

we get Equation 6.5.

€& —¢6
il
1+

(6.5)

€ _
61_

Finally, using Hooke’s law we can calculate the stress associated with the elastic strain in the

post-transformation ZrC layers.

_ e E;_GI
o=k =F L L (6.6)

Thus, the stresses and strains in the annealed composite are a function of the volume fractions

of the ceramic and metal layers. This effect is demonstrated in Figures 6.5¢ and 6.5d where the
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eigenstrains, elastic strains and stresses in each layer are plotted as a function of the initial ZrC

volume fraction of the composite.
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Figure 6.5: a) The carbon composition profiles before (blue) and after (black) annealing. b) The eigenstrain
profile after annealing. A compressive eigenstrain is present in the locations where the ZrC has lost carbon
to the phase transformation (left) and a tensile eigenstrain is present where Zr layers have been transformed
in to ZrC, (right). ¢) The eigenstrains on the left (blue) and right (black) sides of the interface as a function
of ZrC volume fraction. d) The elastic strains on the left (blue) and right (black) sides of the interface
as a function of ZrC volume fraction. Tensile strains in the columnar ZrC grains lead to grain boundary
decohesion whereas compressive strains are present in the equiaxed ZrC grains that formed as a result of the
phase transformation.

Altogether, we have discussed how a variety of thermodynamic, kinetic, and mechanical prop-

erties that are tied to the initial ceramic/metal layer volume fractions. As a result, composite design
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must careful balance the trade offs associated with these effects in order to determine the combi-

nations of geometries and materials that optimize these properties.

6.3 Toughening

Previously we reviewed some of the literature concerning toughening in metal-ceramic mul-
tilayer composites. Here, we apply ideas from the literature in order to estimate toughening in
these UHTC MCM composites. To begin, we will assume that the toughening in these composites
is primarily due to the bridging of the crack by intact metal layers of the composite and all other
sources of toughening can be ignored. Thus, other factors that may contribute to toughening, such
as toughening related to interfacial factors or plasticity mechanisms surrounding the crack-tip are
neglected. We note that these mechanisms are likely to positively contribute to toughening in these
composites, but are difficult to explicitly model and are likely to be secondary to the effects of
crack-bridging. As a results, our toughening estimates are likely to somewhat under-predict actual
observed toughening and are therefore a conservative estimate.

Following the work of Bloyer et al. [98], the toughening due to crack-bridging can be calcu-
lated by determination of the reduction of the near-tip (crack tip) stress intensity factor. In general,
the toughening is dependent upon the traction distribution function, crack length, and composite
geometry. To simplify our model, we assume that the traction distributions are uniform everywhere
in the bridging zone (where metal bridging layers are intact); therefore, the effective tractions can
be taken to be (1 — f)o., which is the product of the constrained flow stress o. and the volume
fraction of the ductile reinforcement (1 — f). In many cases, the yield stress of the ductile rein-
forcement is used as an approximation for the constrained flow stress. Using these approximations,
the toughening, A K, can be modeled via Equation 6.7 where h(z, a, W) is a weight function that
depends on the crack length a and the specimen width WW. The integration is carried out over the
bridging zone of length L, which is the length from the crack tip to the last intact bridging ligament

in the crack wake as shown in the schematic diagram of the bridging zone in Figure 6.6a.
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Figure 6.6: a) A schematic diagram of the bridging zone within the crack wake. Ductile ligaments (dark
gray) impart closing tractions on the crack wake resulting in improved fracture toughness. At some distance
L + X behind the crack tip the ductile reinforcement strain reaches some critical value and experiences
failure. The bridging zone length L, then, is the distance behind the crack tip to the last intact bridging
ligament. b) An example resistance curve demonstrating the rising behavior of the fracture resistance with
respect to crack extension as modeled using Equation 6.7. At Aa = L the fracture resistance reaches steady-
state due to failure of bridging ligaments in the crack-wake occurring at the same rate as crack renucleation
across bridging ligaments in front of the crack tip.

AK = fac/h(a,x,W)dac (6.7)
L

An example of the resulting resistance curve generated using Equation 6.7 is plotted in Figure
6.6b. The resistance curve depicts two distinct regions. First, there is a regime of increasing
fracture resistance wherein the bridging zone length is growing as the crack extends. The second
regime is the steady-state fracture from crack bridging in the limit of small-scale yielding. This
steady-state fracture resistance is reached when the bridging zone length reaches its steady-state
value from the rupture of bridging ligaments in the crack wake occurring at the same rate as re-
nucleation of the crack across new ligaments at the crack tip.

Unfortunately, the bridging zone length is typically unknown and difficult to calculate from first
principles. In practice the bridging zone length is often determined by experiment, but following
the derivation by Evans et al. [99] it can be shown that Equation 6.7 can be reduced to Equation 6.8

in the limit of small-scale yielding (SSY) thereby eliminating the need to calculate the bridging
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zone length. Several new variables are introduced including x and v — the shear modulus and
Poisson’s ratio of the composite - which we have assumed to be equal to that of the brittle matrix

as well as u., the critical displacement of the bridging ligament associated with rupture.

1/2
AK =2 [f 1"_"3] (6.8)

To improve our estimates, we endeavored to model the constrained flow stress using a Hall-
Petch-type relationship with the ductile layer width as shown in Equation 6.9 to include the known
length scale effects on the toughness. This relationship should be a reasonable model for the
increase in constrained flow stress as ductile layer width decreases since the arresting force felt
by a crack as it approaches a ductile ligament is directly analogous to the pileup of dislocations at

grain boundaries.

Oc =00+ —~ (6.9)

Jr

Here, o is the constrained yield stress, oy is the flow stress in the limit of large layer widths, £y,
is the Hall-Petch coefficient, and r is the width of the metal layers. Bloyer et al. suggested that the
constrained flow stress is often taken to be the yield stress of the ductile reinforcement; however,
comparison of their reported constrained yield stresses to the uniaxial yield stress indicates that the
constrained flow stress may be larger by around a factor of two in their layer width regime. Plotting
the constrained flow stress results from Bloyer et al. versus their reported ductile layer widths, as
shown in Fig. 6.7a, indicates that the Hall-Petch model for constrained flow stress matches the
experimental behavior well. The solid line plotted alongside the data of Bloyer et al. in Figure
6.7a is the Hall-Petch relationship that is produced if one uses the uniaxial yield stress (120MPa)
and Hall-Petch coefficient (340MPagm'/?) for grain boundary hardening in niobium reported by
Cordero et al. [115]. In contrast, fitting the experimental data of Bloyer et al. produces an intercept
stress value of 270MPa and a Hall-Petch coefficient of 2000MPazzm'/? — approximately an order

of magnitude larger.
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Figure 6.7: a) The constrained yield stress estimated using the Hall-Petch data for niobium reported by
Cordero et al. is plotted alongside the fit of the experimental data of Bloyer et al. for Nb/Nb3 Al multilayers.
b) The constrained yield stress estimated using the Hall-Petch data for titanium and hafnium reported by
Cordero et al. is plotted alongside the experimental data of Ti/TiN and Hf/TiN multilayers reported by Shih
and Dove.

To further demonstrate the Hall-Petch type relationship, we compared hardness data in Hf/HfN
and Ti/TiN MCMs from a study of the effects of metal layer width on composite hardness [116]
This data was compared to our predicted constrained flow stresses using the Hall-Petch relationship
and the uniaxial yield stress along with the Hall-Petch coefficient data of Cordero et al. The
composite layer widths in Shih and Dove’s study were much thinner and thus are representative
of a very different layer width regime than the data of Bloyer er al. Despite this difference, a
Hall-Petch type relationship with layer width is still observed. Using the data available from Shih
and Dove, we estimate the uniaxial yield stress via the approximate relationship between Vickers

hardness and yield strength shown in Equation 6.10:

(6.10)

Figure 6.7b plots the constrained flow stress predicted by our Hall-Petch relationship, which
underpredicts that for the prior reports for Hf/HfN and Ti/TiN composites, indicating that the use
of the Hall-Petch coefficient and uniaxial yield strength in our model will consistently produce

conservative estimates. The Ti/TiN reported data has a Hall-Petch breakdown at sufficiently thin
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layers and as such only the data recorded before breakdown was used in our fit. (Note that the data
recorded after Hall-Petch breakdown is shown with open blue data points to indicate that it was
not used in our fit.) The fit results show that the Hall- Petch slope for the constrained flow stress
as a function of layer width is similar to that reported by Cordero et al., but the intercept is much
larger than the reported uniaxial yield strength.

These results clearly indicate, as expected, that the Hall-Petch coefficient for the constrained
flow stress is not the same as the Hall- Petch coefficient for grain boundary hardening and, more-
over, that the constrained flow stresses are underpredicted by Hall-Petch coefficient for grain
boundary hardening. These points are important because Hall-Petch coefficients for the con-
strained flow stress with respect to ductile layer width are not readily available in the literature;
however, the uniaxial yield stress and Hall-Petch coefficient for grain boundary hardening are
available for most materials and can be used in their place with the understanding that the tough-
ening and constrained flow stress will be underestimated by using these as inputs in Equations 6.8
and 6.9.

Returning now to our discussion to modeling the toughening of our composites due to crack-
bridging, substitution of Equation 6.9 into Equation 6.8 results in the following equation for tough-
ening:

1/2

AK =2

(6.11)

1—w

f(UO + %)Muc]

where again f is the volume fraction of the ductile reinforcement, r is the layer width of the
ductile reinforcement, o is the uniaxial yield strength of the ductile reinforcement, v is the Pois-
son’s ratio, y is the shear modulus, and w,. is the critical displacement where rupture of the bridging
ligaments occurs. To carry out computation of AK, we have assumed that ligament rupture oc-
curs at some critical strain €. which is related to the thickness of the bridging ligaments such that
u. = €.r. Therefore, by making a further assumption about the failure strain of the bridging lig-
ament, the toughening calculation can be carried out. To arrive at a reasonable assumption, we

examined the micrograph images of bridging ligaments reported by Flinn et al. [97] and measured
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Figure 6.8: A contour plot depicting the predicted toughening for a Zr/ZrC composite as a function of vol-
ume fraction of ductile reinforcement and ductile layer thickness. Layer thicknesses were plotted between
0.001pm and 50pm. These limits were chosen because larger layer thicknesses are unlikely to result in
small-scale yielding and smaller layer thicknesses provide little to no toughening.

the crack opening displacement in relation to the bridging ligament width just before rupture of the
bridging ligament. The strain calculated from these measurements was approximately ¢, = 0.30.
Figure 6.8 displays the steady-state stress intensity as a function of metal phase volume fraction
and layer width for a Zr/ZrC MCM composite. The toughening, as can be seen in Equation 6.11,
is directly related to the ductile layer volume fraction and layer thickness. Importantly, this model
only reflects toughening due to crack bridging and does not include contribution from other mech-
anisms such as slip or debonding at the interface between layers or process zone toughening in the
plastic region surrounding the crack tip. As was previously mentioned, our estimate of the con-
strained flow stress using the uniaxial yield strength and Hall-Petch coefficient for grain-boundary

hardening of the metal underpredicts the actual constrained yield stress. Due to these factors, the
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predicted magnitude of toughening is expected to be smaller than experimentally observed values
will be and therefore represents a conservative estimate of toughening. Despite this, our results
indicate that fracture toughness in the proposed MCMs could be up to five or six times greater
than those of a monolithic ceramic, representing an excellent solution to the reliability of UHTC

structural components.

6.4 Figure of Merit & Design Space

Characterization of composite performance requires consideration of its important properties
including the transformation time, improvement in fracture toughness, and the melting temperature
of the monolithic ceramic produced by the phase transformation. To simplify the characterization,
we propose the construction of the parameter «, defined in Equation 6.12, to act as a figure of merit
that describes the performance of the composite, though this is only one example of many possible

choices.

AK T,
K= —
log,, 7 3000

(6.12)

where A K is the steady-state toughening, 7 is the phase transformation time in seconds, and 7,
is the post-transformation melting temperature in Kelvin of the ceramic. The idea of this figure of
merit is to characterize the performance of the composite as the amount of toughening weighted by
the phase transformation time and the post-transformation melting temperature. Shown in Figure
6.9 is the figure of merit ~ as a function of ductile layer volume fraction and layer thickness for a
Zr/ZxC composite.

Figure 6.9 illustrates that « is greatest for large ductile layer widths and either small or large
ductile layer volume fractions. The figure of merit appears to be optimized for large layer widths at
the volume fraction boundaries, suggesting that design constraints are needed to point towards an
optimum design. For example, one design strategy would be to maximize the steady-state toughen-
ing subject to constraints on the post-transformation melting temperature and transformation time.

Here, we will choose these constraints to be the ability to completely phase transform in under 15
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Figure 6.9: A contour plot of the figure of merit x with respect to ductile layer volume fraction and thickness
of a Zr/ZrC composite.
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Table 6.2: A comparison of constrained composite performance for the group IVB and VB transition metal
carbides. The imposed constraints are a maximum phase transformation time of 15min and a minimum
post-transformation melting temperature of 3000K. Listed in the table are the ductile layer thickness r and
volume fraction f that result in the greatest steady-state fracture resistance given the constraints.

Material | r [um] | f | 7[min] | T, [K] | AK [MPay/m] | &

Zr/ZxC 1.84 1039 | 15.0 3015 6.37 2.17
Zr/ZrN 2.12 | 0.17 15.0 3000 4.40 1.50
Ti/TiC 2.81 | 0.41 15.0 3205 7.32 2.64
Ti/TiN 3.70 | 045 15.0 3000 8.62 2.92
Hf/HfC | 0.11 | 0.41 15.0 3325 2.50 0.94
Hf/HfN 1.01 | 0.15 15.0 3640 2.89 1.19
Nb/NbC | 1.20 | 0.20| 15.0 3645 3.71 1.53
Ta/TaC 448 1039 15.0 3620 9.91 4.05

Table 6.3: A comparison of constrained composite performance for the group IVB and VB transition metal
carbides. The imposed constraints are a minimum steady-state toughening of 5MPa,/m and a minimum
post-transformation melting temperature of 3300K. Listed in the table are the ductile layer thickness r and
volume fraction f that result in the quickest transformation time given the constraints.

Material | » [um] | f | 7 [min] | T}, [K] | AK [MPay/m] | &
Zx/7xC 1.17 | 0.34 5.54 3305 5.0 2.19
Zr/ZrN - - - - - -
Ti/TiC 1.23 | 0.38 2.70 3305 5.0 2.50
Ti/TiN - - - - - -
Hf/HfC 1.17 | 041 1855 3305 5.0 1.09
Hf/HfN 550 |0.14| 4243 3640 5.0 1.38
Nb/NbC 3.0 0.20 | 90.3 3645 5.0 1.63
Ta/TaC 038 [039] 0.11 3620 5.0 7.38

min. at 2000 K and a post-transformation melting temperature greater than 3000 K. Using these
constraints, the optimal design for each material can be found. Results of this comparison are
shown in Table 6.2.

A second design strategy would be to minimize the transformation time subject to constraints
on the degree of toughening as well as the post-transformation melting temperature. Here, we will
minimize transformation time subject to the constraints of a minimum steady-state toughening of
5MPay/m and a minimum post-transformation melting temperature of 3300K. Design solutions

under this set of constraints with the phase transformation carried out at 2000 K are tabulated in

Table 6.3.
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Analysis of Table 6.2 shows that Ti/TiN and Ta/TaC appear to be the most effective choices for
overall toughening. In this design setting the Ta/TaC composites have a slight advantage in tough-
ening and have a melting temperature more than 600K higher than the Ti/TiN composites. Table
6.3 shows a similar trend, with the fastest phase transformation occurring in the Ta/TaC compos-
ites; however, the Zr/ZrN and Ti/TiN composites are not represented in this table due to the fact
that they can never achieve a melting temperature of 3300K. Additionally, in each case the value
of x coincides with the order of performance according to the optimized parameter. This may in-
dicate that the figure of merit is an appropriate measure of composite performance. Interestingly,
composite performance as indicated by Tables 6.2 and 6.3 generally relate to carbon/nitrogen diffu-
sion activation energy as reported in Chapter 4. Collectively, the higher carbon/nitrogen diffusion
activation energy results in lower composite performance. This appears to be the most impor-
tant differentiating factor between the composites likely because other input parameters for our
model are very similar among the transition metal carbides/nitrides and carbon/nitrogen diffusivity
directly affects optimum layer width for a given constraint.

It is worth noting that Hf/HfC composites represent outliers in both design scenarios outlined
due to the exceptionally low diffusivity of carbon in HfC [59]. Additionally, this result is consistent
with the carbon vacancy migration energies reported by Yu et al. [7] from density functional theory.
As a result of slow diffusion, constraints on transformation time in the first case study led to very
small layer widths and a small amount of toughening.

It is important to consider that this comparison only accounts for the composite performance as
defined by the figure of merit, toughening, and transformation time — whereas real design choices
may account for costs associated with raw materials as well as composite manufacturing that may
change as a function of ductile layer thickness and volume fraction. In addition, material properties

such as creep and oxidation resistance may skew design towards one material or another.
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6.5 Summary & Conclusions

In this work we have introduced a new method for the creation of damage resilient UHTCs. The
fracture toughness can be increased by the construction of an MCM in which ductile metal layers
contribute to toughening through several mechanisms including crack bridging and slip/debonding
of interfaces. In contrast to the behavior of standard MCMs, the high-temperature properties of
the TMCs are not sacrificed due to a phase transformation that occurs as the material reaches
high temperatures. During this phase transformation the ductile metal layers disappear and are
replaced by a single monolithic ceramic, e.g., ZrC,. To completely describe the design space for
these composites, we first considered the thermodynamic limits of the transition metal carbides.
We outlined how a proper choice of metal volume fraction or, equivalently, ratio of metal and
carbide/nitride composite layer thicknesses affects the overall carbon/nitrogen content and thereby
the melting temperature post-transformation and the driving force for the phase transformation.

In a previous publication, we built a coarse-grained model capable of predicting the phase
transformation kinetics of these composites based on the initial concentration profile, metal-to-
ceramic layer ratios, and the carbon/nitrogen diffusivities available in the literature. Here, we used
this model to predict the time required for a complete phase transformation to occur and extended
its use to the group VB carbide and IVB nitride composites under the assumption that the metal
layer disappears quickly and that the coarse-grain model remains valid when the secondary phase
is the hemicarbide/heminitride instead of the metal. This assumption is likely valid given that the
activation energies for carbon/nitride diffusion are lower in the hemicarbide/heminitride than the
monocarbide/mononitride [51,52].

Additionally, we predicted the steady-state toughening of the multilayer composites under the
assumption of small-scale yielding. The toughening, a result of crack-bridging due to closing
tractions imposed on the crack wake by the ductile metal layers of the composite and falls within a
very reasonable range when comparing it to the literature on toughened ceramics. Additionally, we
noted that these predictions are likely to be conservative estimates because of our use of the uniaxial

yield stress and Hall-Petch coefficients of the metal when calculating the constrained flow stress of
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the bridging ligaments. We suggest that this, combined with the fact that toughening effects from
large scale bridging and slip/debonding of interfaces (or other toughening mechanisms) are likely
to be present in real composites, means that real components are likely to exhibit significantly
higher fracture resistances than those predicted herein.

Hence, it follows that our method for constructing high-toughness ceramics without sacrificing
high-temperature mechanical and thermodynamic properties has an advantage over other methods
for toughening UHTCs. Our composites facilitate improved fracture toughness at low temperatures
while allowing for the high temperature post-transformation properties to be controlled by the
choice of layer thicknesses. An additional advantage over CMCs may be that the transforming
MCMs can be constructed using a variety of processing techniques including sputtering, cold spray,
and plasma spray and are therefore amenable to use as protective coatings.

Finally, we examined two design scenarios: one where the degree of toughening is maximized
given constraints on transformation time and post-transformation melting temperature and another
where transformation time was minimized given constraints on the amount of toughening and fi-
nal melting temperature. The results indicated that all the transition metal carbides performed
similarly with ideal ductile layer widths in the range of microns to tens of microns. Ti/TiN and
Ta/TaC composites seem to have slight advantages in performance because of fast carbon/nitrogen
diffusion, and, in the case of Ta/TaC composites, high melting temperatures even among these
UHTCs. In both design scenarios we examined, the order of performance was essentially equiva-
lent to the order of ascending carbon/nitrogen diffusion. In both scenarios the Hf/HfC composite’s
performance was an outlier due to its high activation energy for carbon diffusion in HfC. In this
paper we have outlined how designers can make use of thermodynamic phase diagrams as well
as carbon/nitrogen diffusivity coefficients and mechanical properties, all available in the litera-
ture, to arrive at conservative estimates for the toughening (in the limit of small-scale yielding),
phase transformation rates, and melting temperature achieved by a specific composite design as a
function of layer thickness and metal volume fraction. When all is considered, the transforming

transition metal carbide/nitride metal ceramic multilayer composites outlined herein represent a
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solution to the need for high-toughness UHTCs with a wide design space that makes them suitable
to a variety of applications where a low-temperature reliability needs to be balanced with favorable

high-temperature thermodynamic and mechanical properties.
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Chapter 7

Vacancy-Ordering & Diffusion

In the experimental literature on carbon diffusion in substoichiometric TiC g7 there remains
an open question. In Sarian’s manuscript Anomalous Diffusion of 14C in TiC0.67 [50], an unusual
change in activation energy for carbon-14 tracer diffusion at 2080°C is reported. The activation
energy is reported to be 4.82eV at low temperature but only 2.22eV at high temperature. Recog-
nizing this strange behavior, Sarian hypothesized that the anomalous change in activation energy is
due to an order-disorder phase transformation on the carbon sublattice of the B1 rocksalt structure.
Despite having been an open question in the literature for more than half a century, there have been
very few investigations concerning the intersection of vacancy-ordered phase transitions and their
effects on interstitial diffusion.

To gather a general understanding of these effects, we first used a combination of Monte Carlo
and kinetic Monte Carlo simulations on square lattices with two different toy-model Hamiltonians.
The purpose of each Hamiltonian was to generate a different type of ordered structure. One struc-
ture, which we referred to as the ‘checkerboard’ structure, contained isolated vacancies which we
predicted would inhibit interstitial diffusion due to the lack of interconnected pathways for diffu-
sion. The other structure, which we referred to as the ‘labyrinthine’ structure, ordered in a manner
which would produce long strings of vacancies. We predicted that due to these long interconnected
pathways diffusion would be enhanced in the ordered ‘labyrinthine’ structure when compared to
disordered configurations.

Finally, in an attempt to clearly determine the cause of Sarian’s anomaly, we used Density
Functional Theory calculations implemented in VASP in combination with the cluster expansion
method to recreate the energetics of TiC,. Then, we conducted Monte Carlo and kinetic Monte
Carlo simulations with energetics calculated according to our cluster expansion in order to examine

the relationship between short and long-range order, hop correlation factor, and tracer diffusivity.
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7.1 Vacancy Ordering & Diffusion on a Square Lattice

7.1.1 Introduction

Some crystallographic systems contain a lattice or sublattice composed of a binary mixture of
atoms and structural vacancies. At high temperatures, the arrangement of atoms and vacancies
in these structures is completely random; however, at low temperatures ordered superlattices of
structural vacancies are formed, similar to the ordered superlattices formed by ordered substitu-
tional alloys. Studies on the effects of ordering on diffusion in ordered substitutional alloys have
shown that ordered phases generally exhibit greater activation energies for diffusion compared to
unordered phases, e.g. ao-TiAl versus a-Ti [117-122]. Similarly, vacancy ordering is likely to
affect diffusion in vacancy-ordered lattices.

Despite the obvious similarity between diffusion in ordered substitutional alloys and vacancy-
ordered structures, there are two important differences. First, vacancies, the carriers of diffusion,
are themselves ordering in addition to atoms. Second, the diffusion occurs by a mechanism involv-
ing structural vacancies rather than thermal vacancies and thus vacancy formation energy does not
contribute to the thermally activated behavior of the diffusion. The fact that the structural vacan-
cies themselves are forming ordered structures may have important implications on the diffusion
since there is an energetic predilection for vacancies to remain in low-energy ordered configura-
tions. This preference for order is likely to inhibit diffusion. On the other hand, some ordered
structures possess networks of vacancies with low energy barriers that may act as high-diffusivity
pathways in a manner similar to dislocation pipe diffusion for vacancies [123, 124]. Under these
circumstances, it is conceivable that vacancy-ordered structures could demonstrate an increase in
diffusivity.

Perhaps the most important materials demonstrating vacancy ordering effects on diffusion are
the intercalated lithium metal oxides. The lithium metal oxides have become ubiquitous in portable
energy storage systems and as a result lithium diffusion in the metal oxides has been the topic
of many studies [125-130]. Despite this, the effects of vacancy ordering on diffusion have not

been studied. This is likely because the effects of vacancy ordering are often difficult to separate
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from other concentration-dependent mechanisms such as divacancy diffusion, tri-vacancy diffu-
sion, and metal ion valency [131-133]. Nevertheless, there is evidence that the lithium diffusivity
in LiCoO, has a minimum with respect to lithium concentration at the concentrations coinciding
with the vacancy ordered phase boundaries, i.e., the minimum and maximum Li concentrations of
the vacancy-ordered Li, CoO, phase [134, 135].

In another group of materials, the transition metal carbides and nitrides, the effects of vacancy
ordering on hardness and magnetic susceptibility have been documented, with the former increas-
ing as a function of ordering and the latter decreasing [136—139]. The effect of vacancy ordering
on vacancy self-diffusion; however, has not been the subject of any studies. The best evidence for
order effects on diffusion in these materials comes from a study on the effects of carbon concen-
tration on carbon diffusion in substoichiometric titanium carbide. In his study, Sarian found that
the apparent activation energy for carbon diffusion nearly doubled at a temperature of 2080°C in
TiCy¢7 [50]. Sarian attributed this observed change in apparent activation energy to a vacancy
order-disorder transition occurring on the carbon sublattice of the B1 rocksalt (NaCl-type) struc-
ture; though more recent thermodynamic studies conducted by Gusev ef al. have indicated that the
long range order-disorder transition occurs at a much lower temperature [18, 140—142]. If Sarian’s
anomaly is indeed a consequence of ordering, it raises the question of how ordering actually affects
diffusion and if it is related to short-range ordering or long-range ordering.

There is speculation that short-range order may influence many material behaviors. Multicom-
ponent solid solutions, especially high entropy materials such as High Entropy Alloys (HEAs) and
High Entropy Ceramics (HECs) [143—-147] have grown in popularity over the past two decades
[148]. These materials systems involve equimolar mixtures containing five or more alloying el-
ements with the intention of improving phase stability by driving up the configurational entropy
of the mixture [149-151]. High entropy materials are often reported to have exceptional me-
chanical, thermodynamic, and functional properties [152—154]. Several mechanisms are proposed
to contribute to the improved properties, including short-range order effects due to preferential

pair-bonding of alloying elements [155]. It is especially likely that short-range ordering can dra-
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matically affect kinetic processes in these high entropy materials, whose improved properties are
often attributed in part to ‘slow diffusion’ [156—158].

In studies on two-dimensional lattice-gas adsorption systems ‘memory effects’ have been shown
to have profound effects on tracer and collective diffusivities within two-dimension ordered phases
as well as near phase transition boundaries [159, 160]. In particular, the hop correlation factor has
been shown to be heavily dependent on composition/coverage in these systems as well as having a
profound effect on the apparent activation energy. Previous authors have described these effects by
writing the tracer diffusivity as a rate equation containing separate terms for each type of hop and
accounting for hop multiplicity [161, 162]. Using this formulation, the apparent activation energy
can be understood as a weighted average of hops having different energy barriers. Importantly, this
framework highlights how the apparent activation energy can change as a function of temperature
and composition due to the corresponding changes in hop multiplicity [161, 163].

From this brief review of the literature, it is evident that diffusion on vacancy-ordered sub-
lattices represents an interesting and understudied intersection between two fundamental physical
phenomena: vacancy order-disorder transformations and tracer diffusion. The effects of vacancy
ordering on the tracer diffusivity and its apparent activation energy are generally not known. Fur-
thermore, it is unclear if long range order (LRO) or short-range order (SRO) is responsible for
observed changes in hop correlation factor. In this work, we conduct Monte Carlo (MC) and
kinetic Monte Carlo (kMC) simulations on a square lattice consisting of A atoms and structural

vacancies in order to garner insight into the effects of vacancy ordering on tracer diffusion.

7.1.2 Methodology

Monte Carlo Simulation

To capture ordering effects, we used two different model Hamiltonians with repulsive inter-
actions. The first was a classical antiferromagnetic nearest neighbor Ising model [164—166] as
shown in Equation 7.1 resulting in a ‘checkerboard’ type ordered structure. The second Hamilto-

nian, shown in Equation 7.2, was constructed in order to create an energetic preference for second
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nearest neighbors to be of like type and third nearest neighbors to be of unlike type, i.e. a Hamilto-
nian with competing second-nearest and third-nearest neighbor mechanisms [167, 168], resulting
in a ‘labyrinthine’ structure consisting of rows or columns having the same type of sites. These
rows or columns of vacancies hypothetically act as high-diffusivity pathways which may influence
diffusion. Here, .J; = —1c is the interaction coefficient which we have chosen in the first case and
Jo = —0.25c¢ in the second, where we have defined the constant ¢ = kp X 1K in order to give
our interaction coefficients the correct units. The second interaction coefficient was chosen to be
smaller in order to make the energies more comparable between the structures. The spin variables
o take on values of 1 or —1 depending on if the site is occupied by an atom or a vacancy. o; is the
spin variable of the sth site and o, o}, and o, are the spin variables of sites in the first, second, and
third neighbor shells respectively. Thus, the ‘checkerboard’ structure is constructed by creating
a repulsive force between nearest neighbors of the same spin and the ‘labyrinthine’ structure is
constructed by creating an attractive force between second nearest neighbors of same spin and a

repulsive force between third nearest neighbors of the same spin.

1
H = —§J120'Z'O'j (71)
ij

H = %JQ (Y oioe =Y aien) (7.2)
ik il

The canonical ensemble was then sampled to generate structures and determine equilibrium
properties using Kawasaki Dynamics [169], i.e., for each transition the system’s total spin (vacancy
concentration) was conserved by proposing to swap the spins of any two sites. In essence, for any
swap to be meaningful it must occur between sites with unlike spin, since swapping sites with
the same spin has no effect on the energetics or configuration of the system. This process was
carried out for 1000 Monte Carlo steps on a 30x30 square lattice, where each Monte Carlo step
consisted of a single sweep of the lattice wherein the spin variables at two sites were proposed to

be swapped. In other words, a single Monte Carlo step was considered to have completed after
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Figure 7.1: a) The ‘checkerboard’ structure produced by the Hamiltonian shown in Equation 7.1. b) The
‘labyrinthine’ structure produced by the Hamiltonian shown in Equation 7.2.

the number of proposed swaps was equal to the number of sites on the lattice. The change in
energy was calculated for each proposed swap and swaps resulting in a reduction in energy were
automatically accepted whereas swaps resulting in an increase in energy were accepted according
to Boltzmann’s distribution, Equation 7.3, where A H is the change in energy, k; is the Boltzmann
constant, and 7" is the simulation temperature. For swaps resulting in an energy increase, a random
number u;(0, 1) was generated and the swap was accepted if vy < P(AH,T) , i.e., with the

probability determined by Equation 7.3.

Al ) (7.3)

P(AH,T) = exp (—kb—T

Sample equilibrium structures are shown in Figure 7.1 for the a) checkerboard structure and
b) labyrinthine structure at very low temperatures, illustrating the nature of low temperature order.
Shown in Figure 7.2 is the energy per site versus MC step for the ‘checkerboard’ (blue triangles)

and ‘labyrinthine’ (red squares) simulations at ;7" = 1.0. After 300 MC steps, represented by the

dashed vertical line, the system was considered to be in equilibrium.
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Figure 7.2: The energy per site as a function of MC step for representative ‘checkerboard’ (blue triangles)
and ‘labyrinthine’ (red squares) simulations at k7" = 1.0. After 300 MC steps, represented by the dashed
vertical line, the system was considered to be in equilibrium.
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Kinetic Monte Carlo Simulation

The rejection free kinetic Monte Carlo method was employed in order to model atomic migra-
tion. The energy barrier AH* for each event was then calculated via Equation 7.4 where AH is
a direction-independent kinetically resolved activation energy (KRA), in other words, an energy
barrier formulated using the Brgnsted—Evans—Polanyi principle [132, 170]. Here, we have made
the assumption that all of the diffusion transition states occur at the same energy level, chosen as
15¢ arbitrarily in order to prevent negative, and therefore physically meaningless, activation ener-
gies. AH is the difference in energy between the final and initial configurations of the selected
event. During the simulation, before an event was selected to be carried out, a rate catalogue was
constructed by determining the energy barrier associated with all of the possible jumps that could
be made by each vacancy. The possible jumps were restricted to nearest-neighbor sites with oppo-
site spin. For each vacancy-atom pair the system energy was determined from Equation 7.1 for the
‘checkerboard’ structure and Equation 7.2 for the ‘labyrinthine’ structure.

AH

AH* = AH + N (7.4)

The rate associated with a hop from configuration C; to configuration C; was then determined
according to Equation 7.5 where r;; is the rate, v is the attempt frequency which we have chosen

as 10'2 Hz, A H* is the energy barrier for the transition, and 7" is the simulation temperature.

AHi*>

T (7.5)

Tz’j :Vexp<—

The rate catalogue was then constructed according to Equation 7.6 where R; is the jth element
of the rate catalogue. Selection of an event is carried out by taking the product of a random number
u2(0, 1) and the total rate Ry and then performing a binary search to find the element R,, of the
rate catalogue such that R,y < upRy < R,. Afterwards, the configuration is updated to C,,
and the simulation time is increased according to Equation 7.7 where u3(0, 1) is a random number

uncorrelated with wu,. Using this approach, each element of the rate catalogue has a probability of

120



being selected that is proportional to the rate at which the event occurs.

N
Rj = Z Tij (76)
j=1
“1g, L
At = Ry'In — (1.7)
us

For each kMC simulation a MC simulation was first conducted using the methodology de-
scribed above. The final configuration of the MC simulation was used as the initial state of the
kMC simulation. Each kMC simulation was allowed 1000 kMC steps where a single kMC step
would be comprised of N diffusion events, i.e. time steps, where N = 900 is the number of sites

in the simulation.

Diffusivity Calculations

The tracer diffusivity, Dy can be calculated from the mean squared displacement (MSD) of
atoms over the course of the simulation according to Equation 7.8 where D7 is the tracer diffusivity,
n is the number of spatial dimensions, and ¢ is the simulation time [132].

MSD
DT = lim

t—oo  2nt

(7.8)

The temperature and composition dependence of the tracer diffusivity can then be further de-

scribed as shown in Equation 7.9

2

Dr(x.T) = “T(¢.T)fr(x. T) (7.9)

where fr(x,T) is the hop correlation factor, a is the nearest-neighbor hop distance, and I'(x, T')
is the average single-particle jump rate [161]. The correlation factor, fr(x,7") contains the so-
called ‘memory effects’ that arise as a result of correlated hops. The correlation factor can be

determined from simulations by considering the relationship the average number of hops as shown
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in Equation 7.10 [161].

fr= (N, (7.10)

Frequently, the diffusivity can be described by an Arrhenius relationship defined by Equation
7.11, where D, is the diffusivity prefactor and () is the apparent activation energy. When diffusivity
is plotted against inverse temperature on a semi-log plot, these quantities are related to the intercept
and slope respectively. Over the course of our kKMC simulations, the MSD and time were stored

and used to fit the diffusivity using the least-squares method and compute the correlation factor.

[hwz[%exp(——ggf> (7.11)

Order Parameters

To quantify the degree of ordering in our simulations, we have elected to use the Warren-
Cowley [171, 172] short-range order parameters o™ defined according to Equation 7.12 where

n corresponds to the neighbor shell. For example, o) would correspond to an SRO defined by

(n)

nearest-neighbor bonds. Here, p;;” is the average fraction of unlike bonds in the nth shell of an

atom and 4 and Yy, are the atomic fraction of atoms and vacancies respectively.
p(f})

am _q_ P (7.12)
2XAXVa

Long-range order was described using the parameter ¢ [173] defined according to Equation
7.13 where 74 1s the fraction of sites that are correctly occupied by atoms when compared to the
ground state, i.e., the ordered ‘checkerboard’ structure that the simulation is initialized in.

_TA— XA

(= —"—"— (7.13)
L —xa
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7.1.3 Results & Discussion
‘Checkerboard’ Structure

The simulation structures after 1000 Monte Carlo steps using the ‘checkerboard” Hamiltonian
are shown as a function of temperature and composition in Figure 7.3. Here, vacancies are shown
as black and atoms as white. At the lowest temperature, ordered domains are seen at all compo-
sitions except x4 = 0.15 and x4 = 0.85. At the y4 = 0.50 composition the whole simulation
domain has ordered with the exception of single site. At the intermediate temperature, the de-
gree of ordering is much lower, though some small ordered domains remain for the x4 = 0.35,
x4 = 0.50, and x4 = 0.65 compositions. Unsurprisingly, the most substantial ordering remains
present at the x4 = 0.50 composition. At high temperatures virtually no ordered domains are

present.

0.50

3.00

kT

4.50

Figure 7.3: The simulation structure generated by a Monte Carlo simulation of 1000 steps with energetics
calculated according to Equation 7.1. At low temperature there are substantial ordered domains of the
‘checkerboard’ structure are present, especially at y 4 = 0.50 wherein the entire simulation has ordered
except for a single site. At the intermediate temperature much of the short-range order is lost except for
some small ordered domains present at x4 = 0.35, x4 = 0.50, x4 = 0.65. At high temperatures the
ordering has disappeared.

To better understand the effects of temperature and composition on short range order in this
system, we have plotted the Warren-Crowley parameters for the first, second, and third nearest
neighbors as a function of temperature for several different compositions. Figure 7.4 shows that in

the low temperature limit for the x4 = 0.50 composition a(!) — —1, indicating the presence of
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unlike spins in the nearest neighbor shell whereas o® — 1 and o'® — 1 indicating the presence
of alike spins in the second and third neighbor shells respectively. Of course, these are expected
results since the Hamiltonian was chosen in order to construct the ‘checkerboard’ structure by
penalizing same type nearest neighbor bonds. In the high temperature limit, all of the Warren-
Crowley parameters trend towards zero as expected for a random solution.

The diffusivity and first nearest neighbor SRO parameter (") in the kMC simulations are plot-
ted in Figure 7.5a as a function of temperature for compositions ranging from x4 = 0.15 to
xa = 0.85. At high temperatures, the alloy is disordered and the slope of the diffusivity, i.e.
the apparent activation energy, appears to be roughly the same for all compositions. However,
in the low temperature limit, several compositions exhibit changes in apparent activation energy,
with the most dramatic change at the y = 0.50 composition where there is a significant increase.
Interestingly, this composition also possesses the greatest degree of short-range order as ) — —1.

Figure 7.5b shows the diffusivity and SRO results obtained as a function of composition at
temperatures ranging from k7' = 1.5 to k7 = 3.0. Examination of the trends in a(!) reveal
that for all of the temperatures sampled there 1s a peak in the SRO corresponding to the y = 0.50
composition. Furthermore, this peak is associated with local minima in the diffusivity at the same
composition for kg7 = 1.5 and kg1 = 2.0, but no minima are present at the higher temperatures
sampled. Additionally, we see that o) > 0.80 at the Y = 0.50 composition for the two curves
that display local diffusivity minima, whereas a(!) < 0.5 for the curves that do not. Furthermore,
we note that the asymmetry of the tracer diffusivity about x4 = 0.50 1s due to the availability of
adjacent vacancies for atoms to hop to changing as a function of vacancy concentration.

Figure 7.6a shows the diffusivity (blue circles), SRO (red squares), LRO (green diamonds), and
correlation factor (purple triangles) data at the x 4 = 0.50 composition as a function of temperature.
The black dashed lines indicate a bilinear fit to the diffusivity data. The range of the two linear
fits and their intersection was determined by plotting the sum of the residuals for both fits as
points were added from one linear fit and removed from the other, and then selecting the partition

that minimized the sum of the square of the residuals. The intersection of these two lines then
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Figure 7.4: The SRO parameters determined by averaging the SRO parameters from the last 100 Monte
Carlo steps of each simulation for simulations conducted with the Hamiltonian shown in Equation 7.1 Here,
we can see that at low temperatures o - —1 indicating the presence of unlike spins in the nearest
neighbor shell whereas «(?) — 1 and a® — 1 indicating the presence of alike spins in the second and third
neighbor shells respectively.

determines the temperature where the diffusivity transitions from a high to low apparent activation
energy. Using this method, the transition temperature was determined to be ky7}qns = 2.89 and is

shown as a dashed vertical line in Figure 7.6a.
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Figure 7.5: a) The tracer diffusivity (solid) and short-range order (dashed) results from kMC simulations
conducted using the Hamiltonian in Equation 7.1 and SRO parameter in Equation 7.12 as a function of
temperature. The plot demonstrates that at the y, = 0.50 composition a rapid increase in short-range order
is associated with a decline in diffusivity. b) The tracer diffusivity (solid) and short-range order (dashed)
results from kMC simulations conducted using the Hamiltonian in Equation 7.1 and SRO parameter in
Equation 7.12 as a function of composition. It can be seen that diffusivity minima correspond to SRO
maxima at the y 4 = 0.50 composition.

Examination of Figure 7.6 reveals several interesting insights. First, the transition from low
to high apparent activation energy was determined to be k, 7" = 2.89, whereas the LRO transition
temperature appears to be kT ~ 2.26, which is consistent with Onsager’s solution for the order-
disorder transition of the two-dimensional Ising model [174]. Second, the correlation factor fr is
shown to smoothly decrease as the magnitude of SRO increases, even in the temperature regime
where ( = 0, suggesting that hop correlation factor is more closely related to SRO than LRO.
Figure 7.6b plots the correlation factor as a function of the magnitude of SRO and reveals a power-
law relationship between the quantities with an exponent of roughly 2.30. Finally, Figure 7.6a
also shows that the change in apparent activation energy is substantial, with the low temperature
apparent activation energy being nearly twice that of the high temperature. At first, this seems
surprising, especially considering that the low temperature apparent activation energy is greater
than the energy barrier for any single hop present in the kMC simulation. However, this can all
be rationalized by a detailed understanding of the energetics of diffusion and the contribution of

memory effects.
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Figure 7.6: a) The tracer diffusivity (blue circles), SRO, o), (red squares), LRO, (, (green diamonds)
and correlation factor, fr (purple triangles), of the x4 = 0.50 composition as a function of temperature
as determined from kMC simulations. The black dashed lines indicate the linear fits to each section of
data. A dashed vertical line indicates the transition temperature kyli qns = 2.89 at which the apparent
activation energy is seen to increase. The apparent activation energies obtained from these fits are Q) 745, =
17.05¢ £ 0.19¢ and Q1o = 29.16¢ £ 0.26¢ for the high temperature and low temperature respectively. b)
The calculated correlation factor, fr, plotted with respect to the absolute value of SRO, a1, The dashed
line indicates a power-law fit to the relationship between fr and \a(l) |

The Four-Step Diffusion Mechanism and Memory Effects

To determine the mechanism causing the high apparent activation energy, we first looked at
the distribution of energy barriers associated with successful jumps from our kMC simulations.
Examples of such distributions for temperatures above and below the change in slope are shown
in Figure 7.7a and 7.7b respectively. These distributions were generated by creating histogram of
energy barriers found in the simulation, sampled at the end of each kMC step and normalized such
that the distribution sums to unity. For simulations run at temperatures above the change in slope,
the energy barriers are approximately normally distributed about AH = 15¢, which the reader
may recall was the direction-independent energy barrier that we selected. Of course, this result is
to be expected since in disordered configurations a single diffusion event should be equally likely
to result in an increase or decrease in energy. In the low temperature case, the distribution is seen to
be effectively bimodal with the most common barriers being the smallest and the largest present in
the simulation. This suggests that, in the ordered state, the majority of diffusion events consist of

an atom hopping out of the ordered state — an event that would have the greatest activation energy

127



— and then immediately hopping back into the ordered state due to the energetic preference and

low activation barrier associated with a transition into the low energy ordered state.
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Figure 7.7: a)The distribution of energy barriers generated by kMC simulations at a temperature of
kT = 6.5 using the Hamiltonian defined in Equation 7.1. The barriers were sampled at each ‘kMC
step’ as previously defined for a total of 1000 samples per simulation. The energy barriers appear to be
approximately normally distributed around 15c. b) The distribution of energy barriers generated at a tem-
perature of k1" = 1.5 using the Hamiltonian defined in Equation 7.1. The distribution is approximately
bimodal with the most common energy barriers being the smallest and largest possible in the simulation.

To completely understand the large apparent activation energy shown at low temperatures in
Figure 7.6a, we first need to understand how diffusion occurs in the ordered ‘checkerboard’ struc-
ture. That is to say, when there is no intercalating network of vacancies for the atom to diffuse
through, what is the simplest way to achieve net diffusion? Figure 7.8 depicts the simplest mech-
anism that results in two second nearest neighbor atoms switching places and thereby producing
net diffusion via a four-step mechanism.

To determine the apparent activation energy of this mechanism, we performed a constrained
kMC simulation on a 4x4 square lattice with an initial state as shown in the first step of Figure
7.8. The sites on the perimeter of the simulation cell were constrained such that no atoms on the
perimeter were allowed to move. In other words, the only diffusion events available were those that

occurred within the center four sites. The tracer ‘diffusivity’ of our four-step mechanism was then
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Figure 7.8: A schematic representing one mechanism by which net diffusion can occur in the ordered
‘checkerboard’ structure. The mechanism requires at least four hops after which two second nearest neigh-
bor atoms swap places. The black squares represent atoms, and the white squares represent structural va-
cancies.

determined by counting the number of times that the atoms in this center square swapped places
over the course of the simulation. We note that here the number of swaps refers to the number of
times that the two atoms within these constrained kMC simulations swap places and is not the same
as the number of times that an atom and vacancy swap places. Following the standard procedure,
we were then able to extract the apparent activation energy associated with this mechanism by
fitting the slope of the Arrhenius plot. This plot as well as the distribution of energy barriers over
the course of the constrained simulation are shown in Figures 7.9a and 7.9b, respectively. These
results provide two interesting insights into the low-temperature behavior presented in Figures
7.5 and 7.6. First, the apparent activation energy of the four-step mechanism was found to be
() = 28.74c, which is larger than any individual energy barrier present in the simulation, just as
was found in the low-temperature behavior of the larger scale kKMC simulations shown in Figure
7.6a. This result is encouraging because it provides support that the mechanism for net diffusion in
our larger scale kKMC simulations is indeed comprised of a multi-step process involving correlated
hops.

The energy barrier distributions shown in Figure 7.9b are also quite similar to the low temper-
ature distributions shown in Figure 7.7b. The most significant feature of both distributions is the
fact that the most common events are the lowest and highest energy barriers present in the system.
The prevalence of these energy barriers suggests that at low temperatures the atoms spend most
of their time hopping the states shown in steps 1 and 2 in Figure 7.8. Hopping from step 1 to 2
requires the atom to go from a state in which all four of its nearest neighbors are vacancies, which

is the most favorable state, into a state in which three of the four of its nearest neighbors are atoms,
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Figure 7.9: a) The Arrhenius plot constructed from the constrained kMC simulation representing the four-
step mechanism. The apparent activation energy determined from fitting the slop was found to be ) =
28.74c £ 0.08¢, which is higher than any of the individual energy barriers present in the simulation. b) The
distribution of energy barriers present in the constrained four-hop simulation. The most common energy
barriers are the smallest and largest present in the system.

which is an energetically unfavorable state due to same-type neighbors. Though the least energet-
ically favorable state would be for an atom to have four same-type nearest neighbors, the situation
described here actually represents the largest and smallest energy barriers when determined ac-
cording to Equation 7.4. This is because it is not possible for an atom to go from the lowest energy
state to the highest energy state in a single jump due to the necessity for an atom to swap places
with a neighboring vacancy in order for diffusion to occur. Thus, any diffusion event must result
in the diffusing atom having at least one neighboring vacancy before and after the hop.

The kMC results demonstrate that indeed the apparent activation energy for diffusion is higher
than any individual event at low temperatures, which must be a result of correlated events. As
noted in [161-163], the apparent activation energy can be split into contributions from the total
hop rate and the correlational effects: () = Qcorr + Qrop. At low temperatures, the total () is
the largest barrier, here 21c, and so the Q). is approximately 8c. While this approach provides
an understanding of the additional energy barrier and its origins, it is unable to concretely quantify

the activation energies without direct simulations.
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Here, we take an alternative approach (developed by Xiaochuan Tang) by considering a five-
state random walk as illustrated in Figure 7.10a, an atom must hop across four energy barriers
successfully and each in succession. The probability of the atom in state n at time ¢ is P(n,t) and
the initial condition is P(n,0) = J,,. Because the transition rates between consecutive states are
known and the new walk depends on previous walks, the evolution of P(n,t) can be expressed in

a Markov chain where the transition matrix is as follows:

dP(n,t)

dt = 7’n—l—>nP(n - 17 t) + Tn+1—>np(n + 17 t) - (Tn—m—l + rn—)n—&-l)P(na t) (714)

The physical meaning of Equation 7.14 is the probability rate of change equals the net flux,
where r,,_1_,, = vexp (—AH,_1.,/kgT) is the rate for walking from the state n — 1 to n. After
obtaining P(n, t) from Equation 7.14, the net rate to reach state 5 can be computed as ry_,5 P(4,t).
Though the analytic solution of P(n,t) does not exist, we can approximate the arrival time by
the exponential distribution (Poisson’s process) and obtain the apparent activation energy at low-
temperature and high-temperature limits. In Dr. Tang’s approximate model, the net jump time
from state 1 to 5 is the sum of the time for all possible net jumps from the state n — 1 to n where

n < 5. At high temperatures, the apparent activation energy is

_4AH}, — 3AHy, + 6AHy — 4AHg, + 6AHy, — 3AHf, + 4AH},

AH 7.15
10 (7.15)
And at low temperatures, the apparent activation energy in our example is
AH = AH},+ AH;; — AH;, (7.16)

which makes intuitive sense since it is simply the energy level of the highest transition state in

the sequence of hops shown in Figure 7.10a.
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Figure 7.10: a) A schematic representation of the potential energy landscape throughout the four-step pro-
cess. Each equilibrium position is labelled 1-5 corresponding to the configurations in Figure 7.8. The
label 712 indicates the transition state between configurations 1 and 2. We note that using the Brgn-
sted—Evans—Polanyi principle, all of the transition states have the same energy; however, under our analytical
model this assumption is relaxed. The energy barriers between each position are labelled and correspond to
the four energy barriers present in the distribution in Figure 7.9b. b) The configuration of atoms at at the
equilibrium and transition positions during the hop from 1 to 2.

Inserting the values from the energy barrier distribution in Figure 7.9b, AH;, = AH}, = 21,
AHsy = AHjy = 17c, AH;, = AH3, = 13c, and AH}; = AHj, = 9c, we find that the apparent
activation energy is 29.0c in the low-temperature limit and 17.0c in the high-temperature limit.
The analytical value at low temperatures compares well with the results of the constrained kMC
simulation shown in Figure 7.9a, indicating a match between Dr. Tang’s analytical theory and
the constrained kMC. Additionally, the apparent activation energies from our four-step mechanism

are within one standard deviation of error of the result determined from the large-scale kMC in
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both low temperatures and high temperatures shown in Figure 7.6. Due to the agreement of the
apparent activation energies across our low temperature large-scale kMC, constrained kMC, and
approximate model, we conclude that the mechanism for net diffusion present in the low temper-
ature large-scale kMC is the proposed four-step mechanism. This, in turn, provides a reasonable
explanation for the relationship between the increase in SRO and the increase in activation energy,
since the four-step mechanism assumes that the diffusion is constrained by a preference to retain

SRO which leads to additional correlational effects on the tracer diffusivity.

‘Labyrinthine’ Structure

The simulation structures after 1000 Monte Carlo steps with energetics calculated according
to Equation 7.2 are shown as a function of temperature and composition in Figure 7.11. As with
the structures generated by the Hamiltonian in Equation 7.1, the structures become disordered as
the simulation temperature is increased with only small ordered regions present at k7" = 3.00
and virtually random arrangements at k, 7" = 4.50. At the lowest temperature, two distinct types
of ordering are present. The first and most obvious is shown at the x4 = 0.50 composition in
which the entire simulation domain has ordered into stripes along the x-axis. This structure is
what we have called the ‘Labyrinthine’ structure in Figure 7.1 because of the appearance of the
structure being reminiscent of a labyrinth when many ordered domains of different orientation are
present. The second structure is the ‘hatch’ structure which is most prominent at the y 4 = 0.25 and
x4 = 0.75 compositions, though small domains are present at all compositions with the exception
of x4 = 0.50.

The SRO parameters are shown in Figure 7.12. In contrast to the results from the ‘checker-
board’” simulations, we see very little ordering of the first-nearest neighbors, with the exception
of the Y4 = 0.25 and x4 = 0.75 compositions for which a(!) — —0.25 at low temperatures,
corresponding to ordering in the ‘hatch’ structure. Of course, the lack of strong nearest neighbor
interactions is expected since the Hamiltonian in Equation 7.2 is only written in terms of second
and third nearest neighbor interactions. As a consequence, Figure 7.12 shows o? — —1.0 and

3)

a® — 1.0 for the y4 = 0.50 composition at low temperatures. a(®) indicates low-temperature
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Figure 7.11: The simulation structures generated by Monte Carlo simulations of 1000 steps with energetics
calculated according to Equation 7.2. At low temperature there are substantial ordered domains of the
‘labyrinthine’ structure are present, especially at Y4 = 0.50 wherein the entire simulation has ordered
in a single direction along the x-axis. The other compositions depict a ‘hatch’ type of structure. At the
intermediate and high temperatures most of the short-range order is lost.

attraction between same-type third nearest neighbors for all of the compositions sampled. This
suggests that the third nearest neighbor interactions may dominate in forming the ‘hatch’ structure
whereas the ‘labyrinthine’ structure requires both repulsion of second nearest neighbors and at-
traction of third nearest neighbors. In fact, «® — 1 at low temperature for all of the compositions
sampled. This is because at low temperatures all compositions show some degree of ordering.

Figure 7.13 plots the diffusivities and SRO results obtained from kMC simulations as a function
of temperature and composition for simulations run with Hamiltonian 7.2. As before, we see that
there is an increase in apparent activation energy (slope) associated with the rising SRO. Most
apparently, the x4 = 0.50 composition appears have the largest increase in its activation energy as
well as the most SRO. At low temperatures, Figure 7.13b indicates that there are multiple minima
in diffusivity with respect to composition. These minima also appear to correspond to peaks in
the SRO at the x4 = 0.25, x4 = 0.50, and x4 = 0.75 compositions and thus correspond to the
ordered low energy ‘labyrinthine’ and ‘hatch’ structures.

Figure 7.14a shows the tracer diffusivity, SRO, and correlation factor as a function of inverse
temperature for the x4 = 0.50 composition as this state has the largest change in diffusivity. There
is a notable change in the diffusivity slope on the semilog plot at ky7},4,s = 2.27. The value of

the SRO parameter a(® at this temperature was roughly 0.16. In contrast to the ‘checkerboard’

134



0.00 — <

—0.05 A

Ya=0.15
xa=0.25
¥a=0.35
Ya=0.50
Ya=0.65
¥a=0.75
YA=0.85

—0.20 A

-0.251

-*100I>+

o)

o3)

Figure 7.12: The SRO parameters determined by averaging the SRO parameters from the last 100 Monte
Carlo steps of each simulation for simulations conducted with the Hamiltonian shown in Equation 7.2.

structure, the magnitude of the change in slope is lower and there is a lesser degree of SRO at the
transition temperature.
Figure 7.14b depicts the correlation factor as a function of a®). The figure shows that for the

‘labyrinthine’ structure, as was also seen in the ‘checkerboard’ structure, there is a power-low type
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Figure 7.13: a) The tracer diffusivity (solid) and short-range order (dashed) results obtained from kMC sim-
ulations conducted using the Hamiltonian in Equation 7.2 and SRO parameter in Equation 7.12 as a function
of temperature. The results demonstrate the correlation between SRO and a change in diffusion activation
energy as the slope of the semi-log plot increases at temperatures below the order-disorder transition. This
effect is most apparent for the y 4 = 0.50 composition in which the ordering is strongest and corresponds to
the lowest diffusivity at temperatures below the order-disorder transition. b) The tracer diffusivity and SRO
as a function of composition. Here, we can see that for the kpI" = 1.50 curve there are three maxima in
SRO corresponding to the onset of the ‘hatch’ structures at x 4 = 0.25 and x4 = 0.75 compositions as well
as the ‘labyrinthine’ structure at x4 = 0.50. Here, we can see that this corresponds to minima in diffusivity
at xYa = 0.50 and x4 = 0.75. As the temperature increases, less ordering was evident as the diffusivity
curves become essentially linear because of the compositional dependence of the diffusivity prefactor.

relationship between the correlation factor and SRO with an exponent of roughly 2.30. In the case
of the ‘labyrinthine’ structure; however, the power-law fit contains a smaller leading coefficient
which may be due to the fact that the ordering of the ‘labyrinthine’ structure contains a larger
network of connected diffusion when compared to the ‘checkerboard’ structure that has very few
connected vacancies.

The energy barrier distributions for the simulations conducted above and below the transition
temperature, at k7" = 6.50 and k7" = 0.71, are plotted in 7.15a and 7.15b respectively. The
energy barrier distribution shown in Figure 7.15a strongly resembles that of Figure 7.7a, wherein
the energy barriers are normally distributed around 15c. However, we note a major difference
in the low-temperature distribution, shown in Figure 7.15b, between the ordered ‘labyrinthine’
structure and the ‘checkerboard’ structure. As opposed to the bimodal distribution observed for the

‘checkerboard,” the distribution for the ‘labyrinthine’ structure is trimodal with the most common
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Figure 7.14: a)The tracer diffusivity (blue circles), SRO, a®), (red squares), and correlation factor, fr
(purple triangle), for the kMC simulations run with the Hamiltonian in Equation 7.2 at x 4 = 0.50. As was
seen before with the first Hamiltonian, there is a slight change in apparent activation energy (slope) at ky T =
2.27. In contrast with the ‘checkerboard’ structure, the ‘labyrinthine’ structure has a much less significant
change in slope. The value of () at the transition was roughly 0.16. b) The calculated correlation factor,
fr, plotted with respect to the absolute value of SRO, \a(?’) |. The dashed line indicates a power-law fit to
the relationship between fr and |a(®)|.

energy barrier being 15¢. In the ‘labyrinthine’ structure, this energy barrier is also associated with
diffusion down a row of vacancies, since the local environment is constant for an atom diffusing
anywhere along a vacant row. According to our earlier idea that these vacant rows would act as
high-diffusivity pathways, this energy barrier would be most common. The other two peaks are
associated with the largest changes in energy available for a single jump given that the energetics
are determined by Equation 7.2. As we saw in the ‘checkerboard’ structure, the high frequency of
occurrence of these barriers is likely due to an atom jumping into and out of the ordered structure
repeatedly before any net diffusion occurs. Thus, in the ‘labyrinthine’ structure, diffusion likely
occurs by an atom jumping into and out of the low energy ordered structure repeatedly until it
escapes its initial local environment. Once the atom has distanced itself from the initial local
environment, a net displacement is achieved via diffusion along a string of vacancies acting as a
high-diffusivity pathway.

Finally, we can use these energy barrier distributions as inputs in our approximate solution

shown in Equations 7.15 and 7.16 to estimate the apparent activation energy for a four-step diffu-
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Figure 7.15: a) The distribution of single-hop energy barriers present in a kMC simulation conducted at
kyT = 6.5 with energetics according to Equation 7.2. The energy barriers are approximately normally
distributed around 15¢, which is associated with a hop with no net change in energy. b) The distribution of
single-hop energy barriers present in a kMC simulation conducted at k;7" = 0.71. The energy barriers are
distributed approximately trimodally, with the most frequent jumps being those with no net energy change
as well as the jumps associated with the greatest changes in energy.

sion event as we did with the ‘checkerboard’ structure. A schematic of this diffusion process is
shown in Figure 7.16. Although the approximate model was constructed in order to represent the
four-step mechanism described previously, it can be applied here to describe a scenario in which an
atom jumps out of the ordered ‘labyrinthine’ structure and into a row of vacancies. The atom then
completes two jumps within the row of vacancies before it is able to jump back into the ordered
structure, though in the larger scale simulations it is likely that the diffusing atom jumps along the

row of vacancies many times before it is able to jump back into the ordered structure.

LT

Figure 7.16: A schematic representing the configurations described by the application of our approximate
model to diffusion along a row of vacancies in the ordered ‘Labyrinthine’ structure. The atom (black) begins
by jumping into a row of vacancies (white) followed by two hops along the row and then a final jump back
into the row of atoms, though it should be noted here that the ordered structure is imperfect due to the
presence of an additional vacancy in the row of atoms. In a large-scale simulation, it is likely that many
more jumps along the row of vacancies would occur before the atom is able to jump back into thow of
atoms.
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To describe this situation, we use AH}, = 19¢, AH;; = AH3, = 15¢, and AHj, = 1lec,
as inputs to the model, since, within the row of vacancies, the energy barrier is 15c. Given
these inputs, the apparent activation energy at high temperature is 16.2¢ which is close to kMC
results. However, the apparent activation energy at low temperatures from Equation 7.16 gives
Q=23c, which is somewhat larger than the apparent activation energy determined from our fit of
the kMC data. According to Dr. Tang’s approximate model, the apparent activation energy at low-
temperature limit can be written in Equation 7.16 only when the activation energy for the net jump
AH}, + AHj, — AHj, is much larger than the activation energy for other net jumps. In this case,
there are two net jumps with the activation energy 23c (AHY, + AH, — AH3 ,AHY, + AHj, +
AHj}, — AH3, — AH3,). This would then explain the large modes of energy barriers 11kp,15k g,
and 19kp in Figure 7.15b, which are associated with the back-and-forth jumps (AH7,, AHJ,) and
(AH3,, AH3,). We also notice that the activation energy of the net jump AH;, = 19¢ which is
much less than 23c and therefore the approximate model has less accuracy, presumably because
the actual diffusion process here contains more than four jumps. In this case, it would be more
accurate to use the rigorous solution from Equation 7.14 to obtain the apparent activation energy
at low temperatures. While the approximate model was developed based on a simplified physical

process, it is shown to still provide reasonable estimates.

7.1.4 Summary & Conclusions

In this work, we have used Monte Carlo and Kinetic Monte Carlo simulations on a square
lattice in order to investigate the influence of vacancy ordering on diffusion. We examined two
different energetic scenarios that produced three different ordered structures. In the first case, the
ordered ‘checkerboard’ phase formed near y, = 0.50 because of the energetic penalty for like-
type nearest neighbors in Equation 7.1. In the second case, two ordered structures formed: the
‘hatch’ structure at the x, = 0.25 and y, = 0.75 compositions and the ‘labyrinthine’ structure at
X« = 0.50. These structures developed as a result of repulsive interactions between like second

nearest neighbor sites and attraction between like third nearest neighbor sites.
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The degree of short-range order was quantified using the Warren-Cowley ordering parameters
for the first, second, and third nearest neighbors. We found that for each case the apparent ac-
tivation energy for tracer diffusion was larger in structures that had a high degree of SRO when
compared to the disordered structures. This was then concretely demonstrated by analysis of the
correlation factor, which was determined to have a power-law relationship with SRO in both the
‘checkerboard’ and ‘labyrinthine’ structures. In each case, the power-law exponent was roughly
2.30 whereas the leading coefficient’s magnitude was greater for the ‘checkerboard’ structure, sug-
gesting that the strength of the relationship between hop correlation factor and SRO depends on
the extent of vacancy networks available in the ordered structure. This is supported by the fact
that the ‘labyrinthine’ structure, which contains strings of vacancies that may act as high diffusiv-
ity pathways, possesses a weaker relationship between hop correlation factor and SRO than the
‘checkerboard’ structure that has no interconnected vacancies.

In our examination of the effects of concentration on diffusivity, we found that minima in dif-
fusivity corresponded to maxima in SRO parameters. This again suggests that as SRO increases
diffusivity is hindered due to memory effects contained within the hop correlation factor. To ex-
plain the mechanism for orderings effect on tracer diffusion, we constructed an analytical model
based on kinetics theory. Our results suggest ordering inhibits diffusion, even when ‘high diffusiv-
ity pathways’ are present, because the rate-limiting step in the kinetic process becomes escaping
the local environment of an energetic minima. This step consists of a diffusing atom or vacancy
jumping in and out of a low-energy local configuration repeatedly. This process occurs because of
a strong energetic bias for the atom to remain in the ordered configuration. In effect, the ordering
acts as ‘traps’, keeping diffusing atoms stuck in the vicinity of the ordered configuration. We found
that this process could result in an apparent activation energy for tracer diffusion that surpasses any
individual energy barrier in the diffusive process. We note that the diffusion of dilute species, such
as light elements, is likely to be enhanced by the presence of strings of structural vacancies in

cases where the diffusing species does not form ordered sublattices. A similar inhibition of diffu-
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sion may be achieved in these cases if defects are present to act as low-energy ‘traps’; for example,
when diffusing hydrogen encounters TiC precipitates in a-iron [175].

Turning our attention to the work of Sarian, whose carbon diffusion anomaly in substoichio-
metric titanium carbide partially motivated this study, we can make several comments. First, Sarian
hypothesized that the change in carbon tracer diffusion activation energy was the result of a va-
cancy order-disorder transition; though we pointed out that the work of Gusev indicates that the
order-disorder transition in titanium carbide occurs at significantly lower temperature than Sarian’s
anomaly. However, Gusev reports the phase boundaries for LRO, but here we have shown that dif-
fusion is likely more strongly affected by SRO, which typically persists to higher temperatures
than LRO. Therefore, the results presented here support Sarian’s hypothesis and suggest that the
reported change in activation energy was likely a result of a short-range order-disorder transition
on the carbon sublattice of titanium carbide. This suggests that it is SRO, not LRO, that affects
the properties of diffusion and implies that diffusivity can be directly impacted by local SRO in
vacancy-ordered structures with the greatest impact in structures that have a stronger tendency to

form SRO.

7.2 Understanding the Anomalous Carbon Diffusion in Ti;C,

7.2.1 Introduction

In the late 1960’s Sarian performed tracer diffusion experiments in various refractory car-
bides [42,50,56]. Of particular interest is Sarian’s tracer diffusion experiments of carbon-14 in
TiCy where the tracer diffusivity was reported to depend on concentration. Surprisingly, for some
temperature ranges the carbon-14 tracer diffusivity was seen to decrease as carbon was removed
from the lattice. This overall decrease was attributed to an increase in carbon diffusion activation
energy as the carbon vacancy content increased. At the same time, the carbon tracer diffusion
prefactor was seen to linearly increase with increasing carbon vacancy content. Thus, a reduction
in overall carbon content simultaneously increased the diffusivity prefactor and activation energy

with the overall effect of reducing the carbon-14 tracer diffusivity.
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In his manuscript, Sarian reports a discontinuity in the diffusivity of TiCg g7 at 2353K, which
he hypothesized was due to an order-disorder transition, though he was unable to conclusively
establish the presence of long-range order using XRD or analysis of a Weissenberg photograph of
a sample annealed for 8 hours at 2018K. From these results, he concluded that if ordering were
present in their sample, it could only be short-range. Decades later, Gusev and Rempel calculated
the phase boundaries of the vacancy-ordered phases in the Ti-C system using the order-parameter
functional method. They reported an order-disorder transition temperature in Ti3Cs of roughly
964K [140]. These phase boundaries were corroborated by specific heat measurements conducted
by Lipatnikov and Gusev [176]. Thus, Sarian’s lack of long-range order is supported both by
theoretical and experimental evidence.

In the previous section, we used kinetic Monte Carlo simulations to examine the effects of
vacancy ordering on diffusion on a 2D square lattice and achieved results that were phenomeno-
logically similar to those reported by Sarian, suggesting that a vacancy order-disorder transition
could hypothetically explain Sarian’s anomaly. Specifically, we demonstrated that in 2D simula-
tions of diffusion using simple Ising models that there is a change in activation energy for diffusion
that is correlated with changes in short range order, not long-range order in those structures. How-
ever, those results are based on an Ising model and are carried out in two dimensions and thus are
not conclusive. In the current work, we use a combination of density functional theory simulations
implemented in VASP, the cluster expansion method implemented using the alloy theoretical auto-
mated toolkit (ATAT) [65], and an in-house Monte Carlo and kinetic Monte Carlo code in order to
attempt to understand how long-range order, short-range order, and jump correlation effects con-
tribute to the apparent diffusivity as a function of temperature in TiC(.67. Thus, this work will
provide a definitive test of Sarian’s hypothesis and determine if the change of activation energy

through changes in short range order can explain his observations.
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7.2.2 Methodology

Diffusion Coefficients

To model the process of carbon diffusion on the carbon-vacancy sublattice of the B1 rocksalt
TiCy.67 structure, we consider an interstitial diffusion process with the assumption that carbon
atoms must exchange their position with nearest-neighbor vacancies in order to facilitate motion.
The tracer diffusivity Dy for carbon atoms can then be written in terms of the squared displacement
of the carbon atoms, as shown in Equation 7.17 [132].

1,1 &
Dr = Jim [5m (5 ;m(t)f)} (7.17)
In most cases, the apparent diffusivity can also be expressed as an Arrhenius quantity, as shown in
Equation 7.18. Here, the apparent diffusivity can be separated into apparent prefactor and activa-
tion energy components D" and ), Which can be determined by fits from the tracer diffusivity

data.

Qapp

Doy = D" exp (— T

) (7.18)

We note that here the apparent activation energy ()., may be different from the energy barrier
encountered by a diffusing atom during an individual hop. During such an event the energy barrier
AFE, associated with the hop is equal to the difference between the energy associated with an atom
at the saddle point of the hop, Eg.qq1, and the energy when the atom is at the initial position before
the hop Eipitial-

Thus, for any given hop, the energy barrier £, depends on the shape of the potential energy
surface around the hop. In contrast, (),p, represents the slope of the natural log of the tracer
diffusivity when plotted with respect to the inverse temperature. As a result, the apparent diffusivity

factor contains collective effects of all hops associated with atomic diffusion.
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Cluster Expansion Method

To model diffusion in Ti3C, we must first consider the configurational dependence of the total
energy of the system. Using the cluster expansion method, any scalar quantity can be written as
an expansion of effective cluster interactions (ECIs) and cluster orbits that act as descriptors for
the crystal structure [64]. When all possible cluster interactions are included the cluster expansion
is exact. In practice, a small set of cluster orbits (typically on the order of 25-50 different orbits)
must be selected. Each cluster (except for the empty cluster) contains a combination of variable-
composition species in the structure. For example, the simplest clusters contain individual carbon
atoms or vacancies. As the cluster size, i.e. the number of sites within a cluster, increases, each
cluster may contain a pair of nearest-neighbor sites, each being occupied by either a carbon atom
or vacancy, or sets of three sites, four sites, and so on. In addition to cluster size, clusters are also
described by the cluster diameter, which is defined as the maximum distance between two sites in
the cluster. Each cluster belongs to a set of clusters, known as an orbit, which are equivalent via
symmetry operations of the crystal as defined by its space group, e.g. translation by lattice vectors,
rotations, inversions, etc. All clusters contained in an orbit possess the same ECI. The number of
clusters contained within an orbit is known as the cluster multiplicity.

Using the cluster expansion method the energy of the crystal in configuration ¢ can be deter-
mined via Equation 7.19, where « denotes the cluster orbit (e.g. nearest neighbor pairs), m,, is
cluster multiplicity, J,, is the ECI coefficient for orbit o, and @, is the average of the cluster corre-
lation functions. The average cluster correlation functions are defined as ®, = 1/N,, >, ( I i Sj>
where S; is the spin variable of the jth site in cluster ¢. Typically in binary systems the spin vari-
able takes a value of either 1 or -1 depending on the species present at the site. The configuration

o then needs only to be a vector containing the spin variables S; for each site.

E(0) =) _ maJo®a (7.19)
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Thus, in order to determine the energy of an arbitrary configuration three things are needed: first,
a set of cluster orbits. Second, the ECI coefficients, and third, the vector o that contains the spin
variable for each site.

In practice, the cluster expansion is carried out by fitting the ECIs in Equation 7.19 to a set of
first-principles electronic structure calculations. To carry out our cluster expansion, we used the
maps code, a constituent program of the ATAT that is capable of generating cluster expansions.
Using maps we generated candidate structures of varying composition in the Ti-C system and
determined their energies using the Vienna ab-initio Simulation Package (VASP). Following the
VASP simulations, maps automatically generated cluster expansions and selected the set of orbits
and EClIs that minimized the cross-validation score.

CV = <l(i(EVASP - ECEM)>5 (7.20)
nte=t !
Monte Carlo & Kinetic Monte Carlo Simulations

We employed the kinetic Monte Carlo (kMC) method to simulate the migration of carbon atoms
on the carbon-vacancy sublattice of Ti3Cs and numerically determine the apparent diffusivity as a
function of temperature. To achieve this, each simulation was initialized at a constant carbon com-
position and temperature. The initial configuration of each kMC simulation representing thermal
equilibrium was obtained using standard canonical Monte Carlo simulations. For each temperature
the configuration after 500 Monte Carlo steps, i.e. 500 sweeps through the lattice, was used as the
initial state for the kKMC simulations. Each sweep through the lattice consisted of N4 swaps, equal
to the number of carbon atoms in the simulation. To minimize the system energy and drive the
system to equilibrium while keeping the carbon concentration constant Kawasaki Dynamics were
used [165, 169]. For each swap, a single carbon atom and vacancy were selected and proposed to
have their positions exchanged. If the exchange resulted in a decrease in energy, then the swap was
immediately accepted and implemented. If the exchange resulted in an increase in energy, then the
swap was accepted and implemented with a probability P = exp(—i—?) where AF is the change

in energy associated with the exchange.
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The general algorithm for the kMC simulations began by initializing the simulation time to
t = 0 and implementing the initial state from the Monte Carlo simulations. Then, a rate catalogue
was constructed according to Equation 7.21, where r; is the rate from state & into state ¢ and the

sum is over all possible transitions out of the current state.

R=Y 1y (7.21)

After construction of the rate catalogue, a transition to carry out was selected by finding the
Jth element of R for which R;_; < u; R < R; using binary search, where u; is a uniform random
number on the interval (0,1]. The configuration is updated to the state 7 and the simulation time
is updated by At according to Equation 7.22, where u5 is a new uniform random number on the
interval (0,1]. kMC simulations were considered to be finished after 500N, repetitions of this

process.

—hlUQ

At =
Ry

(7.22)

Determination of the rates r; was carried out according to transition state theory and Equation
7.23, where v is the attempt frequency, which we assumed to be 0.15 x 10'2Hz for all transi-
tions, AF, is the energy barrier associated with the transition from state k to state ¢, and 7" is the

simulation temperature.

AEa)
kyT'

(7.23)

rri = vexp(—

Each energy barrier was calculated using the difference between the energies of the initial and
final configurations of the hop AFE, as well as a kinetically resolved activation energy AFkra.
The kinetically resolved activation energy is a direction-independent energy barrier formulated
according to the Brgnsted—Evans—Polanyi principle [170]. Thus, when the energies of the initial

and final configurations are equal AF, = AFEkgra.
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AFE,

AE, = AExgpa + (7.24)

To determine the value of A Fxgra we used the nudged elastic band (NEB) method implemented
in VASP. The NEB method effectively finds the minimum energy pathway along the migration
pathway, in this case of a carbon atom, between two energetically stable end points [177]. The
saddle point is determined by creating images of the migrating atom along at discrete locations
along the migration pathway. Next, energy minimization is conducted whereby the atom locations
are connected to their neighboring images with an imaginary spring force. The result is analogous
to the tightening of an elastic band across the potential energy landscape.

The primary difficulty comes in choosing an appropriate transition to perform the NEB calcu-
lations on. To accomplish this, we begin by recognizing, as previously mentioned, that AFE, =
A FExgra when there is no change in energy due to the hop. Therefore, if we are able to find a
transition within the ordered TizC, with this characteristic, then it would be suitable for use as
AFEkgra. In the previous chapter, we examined the effects of vacancy ordering on diffusion us-
ing kMC simulations on a square lattice. From this investigation we found that transitions within
strings of interconnected vacancies typically possess this characteristic. These strings of vacancies
are present in the Ti3Cs structure, as shown in Figure 7.17a where titanium atoms are shown in
blue, carbon atoms in brown, and vacancies in black. Examination of the structure suggests that the
primary mechanism for carbon diffusion is through these pathways. This can occur when carbon
atoms located in the carbon-depleted planes exchange with in-plane nearest neighbor vacancies,
as shown in the transitions denoted (- in Figure 7.17. The other type of migration occurs when
carbon atoms hop from carbon-full planes to the carbon-depleted planes — denoted as (), in Figure
7.17. The inverse, hops from carbon-depleted planes to an empty site in carbon-full planes, are
denoted (3. NEB calculations of these transitions are shown in Figure 7.17b. As expected, the
transitions along the strings of vacancies with activation energy () have AFE, = 0, which can be

seen by comparing the energy of images 6 and 12 in Figure 7.17b. This result seems to justify the
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use of a KRA in the first place and, as a result, we choose AEgra = Q2 = 3.25eV in our kMC

simulations.

a) OTitanium Atom b)

© Carbon Atom

o Carbon Vacancy

Figure 7.17: a) The crystal structure of the vacancy-ordered TizCy phase. Arrows indicate possible transi-
tions with activation energies denoted 01, J2, and Q3. b) The results of NEB calculations for the transitions
shown. Analysis of the figure indicates that )1 = 3.80eV, Q2 = 3.25eV, and Q3 = 2.83eV.

We would like to use our simulations to understand how short-range order (SRO) and long-
range order (LRO) are related to diffusion kinetics. To accomplish this, we use the Warren-Cowley
short range order parameters a™ [171,172], defined in Equation 7.25 where n corresponds to the

neighbor shell, and the LRO parameter ¢ [173], defined in Equation 7.26, to quantitatively define
(n)

the degree of order present in our simulations. In Equation 7.25 the quantity p;;” is the average
fraction of unlike bonds, i.e. bonds between an atom and vacancy, in the nth shell of an atom. In
Equation 7.26, 74 is the fraction of sites that are correctly occupied by atoms when compared to

the ordered Ti3C, structure.

am =1 _Pi (7.25)
2XAXVa
¢ = Tf XA (7.26)
— XA
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Finally, to determine the character of any observed phase transformations we will use the heat
capacity. The heat capacity is defined according to Equation 7.27, where L is the energy per atom

determined from our Monte Carlo simulations.

(E?) — (E)

¢= Jop T2

(7.27)

Density Functional Theory Calculations

Density Functional Theory calculations were carried out in VASP in order to determine the
structural energies used to fit our cluster expansion. Additionally, VASP was used to perform
energy barrier calculations of several carbon transitions within the ordered Ti3C, structure. The
structural energy calculations were carried out using both GGA and LDA cross-correlation func-
tionals. All ground states up to 26 atoms per unit cell were calculated using the pollmach and
ezvasp functions of the ATAT. ATAT INCAR tags used to perform these VASP calculations were
PREC = high, ISMEAR = 1, SIGMA = 0.1, IBRION = 2, ISIF = 3, and KPPRA = 1000.

7.2.3 Results & Discussion

We begin our discussion with the results of our Monte Carlo simulations. For each cluster
expansion we calculated LRO and SRO parameters as well as the heat capacity as a function of
temperature, as shown in Figure 7.18. Beginning with the GGA cluster expansion results, shown
as blue squares and circles respectively in Figure 7.18a, we observe clear discontinuities in both
LRO and SRO at a temperature of roughly 1665K. These discontinuities in the order parameters
correspond exactly to the divergence in the heat capacity for the GGA cluster expansion, shown in
blue in Figure 7.18b. Altogether, these results strongly suggest a first-order phase transformation
at approximately 1665K. Turning our attention now to the LDA cluster expansion results, we note
several interesting features. First, there is a discontinuity in the LRO parameter, shown as red
triangles in Figure 7.18a. In contrast, the SRO, shown as red diamonds, appears to smoothly
increase as a function of temperature. The heat capacity for the LDA cluster expansion, shown

in red in Figure 7.18b, displays a peak at roughly 1115K and, importantly, does not appear to
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diverge. Thus, we conclude that the phase transformation present in our LDA cluster expansion
results is second order. We note that previous studies have argued that the Ti3C,; — TiC, order-
disorder transition must be first-order based on the symmetry of €222, space group; however,
examination of the experimental data, such as the specific heat measurements of the TizCy —
TiCy 62 transformation conducted by Lipatnikov and Gusev, show a symmetric peak that does not
rule out the possibility of a second-order transformation. Furthermore, it is unclear whether the
preferred Ti3C, structure belongs to the C'222; space group, as reported by Lipatnikov and Guseyv,

or the C'2/m space group as is predicted by DFT.
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Figure 7.18: a) SRO and LRO data collected from Monte Carlo simulations using our GGA and LDA cluster
expansions. LRO and SRO parameters are plotted for the GGA as blue squares and circles respectively. LRO
and SRO parameters are plotted for the LDA as red triangles and diamonds respectively. b) The heat capacity
per atom determined by Equation 7.27 for Monte Carlo simulations conducted with LDA (red) and GGA
(blue) cluster expansions. Dashed lines correspond to the phase transformation temperatures. For the LDA,
this appears to be a second-order phase transformation at roughly 1115K, as demonstrated by the peak in the
heat capacity. For the GGA simulations the phase transformation appears to be first order, as demonstrated
by the divergence in the heat capacity at roughly 1665K.

Shown as blue circles in Figure 7.19 is the diffusivity data collected from our kMC simulations,
conducted with energetics according to our GGA cluster expansion and using AFxgra = 3.25eV.
At temperatures above roughly 1615K the apparent activation energy determined by fit to Equation

7.18 is approximately 3.51eV and at temperatures below 1615K the apparent activation energy is
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approximately 4.61eV. Sarian’s tracer diffusivity data is shown as red squares, with an apparent
activation energy of approximately 2.22eV above 2353K and an apparent activation energy of
approximately 4.83eV below 2353K. When we examine how the short-range and long-range order
change as a function of temperature, as depicted in Figure 7.18a, we find see that a first-order
phase transition occurs at roughly 1665K, suggesting that the order-disorder transition is a primary
factor in causing the change in activation energy seen in our data in Figure 7.19. It is worth noting
that the transition temperature depicted in Figure 7.18a occurs nearly 700K above the transition
temperature of 964K reported by Gusev and Rempel. Similarly, Sarian’s anomaly occurs at 2353K,

nearly 1400K above the transition temperature of Gusev and Rempel.
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Figure 7.19: Diffusivity data plotted on a semi-log plot versus inverse temperature. Data collected from
kMC simulations in the present work is shown as blue circles. Sarian’s tracer diffusivity data is shown as
red squares.

When comparing our kMC data to that of Sarian, the low temperature apparent activation en-

ergies appear to agree, except for that Sarian reports this apparent activation energy persisting to

higher temperatures. At high temperatures, however, our apparent activation energies disagree.
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In fact, compared to other measurements of carbon diffusion, Sarian’s high-temperature appar-
ent activation energy of 2.22eV is very low, even approaching the apparent activation energy for
carbon diffusion in 5-Ti of 1.93eV reported by Bucur and Wagner [54]. In contrast, Van Loo et
al., measured carbon diffusion in TiCy across it’s homogeneity range at temperatures in the range
1573-2023K using carbide layer growth measurements [178]. Their results indicated that the ap-
parent activation energy for carbon diffusion in this temperature range was roughly 3.42 4+ 0.21eV
and did not vary with carbon content. At these temperatures we expect disorder on the carbon-
vacancy sublattice, which is corroborated by the fact that if ordering were present then there would
likely have been a composition dependence of the apparent activation energy due to order-order
transitions. We note that the apparent activation energy measured by Van Loo et al. is in good
agreement with our high-temperature apparent activation energy of 3.52eV.

Additionally, it is obvious that the transition temperature that we report here, the transition
temperature reported by Lipatnikov and Gusev, and the temperature at which Sarian reported a
change in activation energy for carbon diffusion are all in disagreement. Leaving aside Sarian’s
data for a moment, we can briefly discuss the discrepancy between the data in this work and that
of Lipatnikov and Gusev. Lipatnikov and Gusev report a first-order transition at roughly 964K,
though we note that they did not conclusively rule out a second-order transformation. Further-
more, the transition temperature they reported does not correspond to the peak in the specific heat
and instead is reported at an earlier point in the rise of the specific heat. Their reported peak
in specific heat occurs at roughly 1070K. Our LDA Monte Carlo results indicate a second-order
transformation with a peak in heat capacity at roughly 1115K while our GGA Monte Carlo re-
sults indicate a first-order phase transformation at 1615K. Thus, there is good agreement between
the peak in specific heat reported by Lipatnikov and Gusev and the peak in heat capacity in our
LDA results. The transition temperature determined from the peak in heat capacity from our GGA
results is significantly higher, most likely due to over-binding of the crystal structure, which is a
common occurrence when using GGA cross-correlation. Thus, the combined evidence leads to the

conclusion that the Ti3Cy — TiC, order-disorder transformation temperature lies somewhere in
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the region 1000-1600K and is very likely to be close to 1100K based on experiment and our LDA
results. In light of this, Sarian’s reported transition temperature of 2353K becomes even more
confounding.

To reiterate, Sarian hypothesized that the anomalous change in apparent activation energy for
carbon diffusion was a result of an order-disorder phase transition occurring on the carbon-vacancy
sublattice of TiCy 7. In theory, it is possible that correlated jumps within the vacancy-ordered
structure could cause a substantial increase in apparent activation energy at temperatures where
vacancy ordering is present. Furthermore, migration pathways with large energy barriers may be
present and common in the ordered structure and not in disordered structures, as is demonstrated by
the energy barrier histograms shown in Figure 7.20a. Examination of Figure 7.20a reveals a con-
siderable difference in the shape of the histograms, with the high-temperature distribution being ap-
proximately normally distributed around A Exra = 3.25eV and the low-temperature distribution
being effectively trimodal with distinct peaks around approximately 2.8eV, 3.25eV, and 3.75eV. In
the previous section, we observed a similar trimodal distribution in 2D lattices with long strings
of vacancies, thus the reappearance here provides further evidence of the hypothetical diffusion
pathway, i.e., that carbon diffusion occurs primarily through strings of interconnected vacancies in
Ti3Cy and with randomly occupied nearest-neighbor vacancies in the disordered TiCy g7.

Shown in Figure 7.20b is the hop correlation factor f; = % as a function of temperature,
determined from our kMC simulations. Clearly demonstrated in the correlation factor is the effects
of the first-order order-disorder transformation, with highly correlated hops (f; — 0) below the
transition temperature, and uncorrelated hops (fr — 1) above the transition temperature. The
discontinuity in the correlation factor is consistent with the discontinuities shown in the LRO and
SRO and the divergence in the heat capacity shown in Figure 7.18. Altogether, these support the
conclusion that there is a first-order phase transformation at 1615K in our GGA Monte Carlo and

kinetic Monte Carlo simulations that coincide with the observed change in activation energy from

our kKMC simulations shown in Figure 7.19. From these we conclude that the discontinuity in the
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Figure 7.20: a) A histogram depicting the frequency of energy barriers encountered during the diffusion
of carbon atoms at 1100K (blue) and 1930K (red). The low-temperature distribution appears tri-modal
with peaks at approximately 2.8eV, 3.25eV, and 3.75eV. The high-temperature distribution is approximately
normally distributed around the AFExra = 3.25eV. b) The hop correlation factor fr plotted as a function
of temperature. At 1615K a discontinuity is present, consistent with the discontinuity in the LRO and SRO
and the divergence in the heat capacity shown in Figure 7.18.

diffusivity and the change in activation energy for carbon diffusion must be due to the first-order
order-disorder transition and correlated hops in the ordered Ti3C, phase.

Despite the evidence supporting correlated hops in the ordered phase as the mechanism for the
change in activation energy in our kKMC simulations, we cannot conclude that the same mechanism
explains Sarian’s anomaly. We have shown that the effects of a vacancy order-disorder transition
match Sarian’s data phenomenologically, but all evidence suggests that ordering in the Ti-C system
disappears above roughly 1600K. In all likelihood the disordering occurs near 1100K. It is difficult
to identify any mechanisms for Sarian’s anomaly that agree with all of the experimental facts. For
example, the simplest explanation would be competing transport mechanisms; however, in the case
of Sarian’s anomaly the high activation energy mechanism dominates at low temperature and the
low activation energy mechanism at high temperature, opposite to the observed behavior of systems
with competing mechanisms. Another potential explanation is that substitutional impurities, such
as oxygen or nitrogen, on the carbon-vacancy sublattice inhibit diffusion. It is likely that tightly

bound vacancy-impurity complexes would result in increased energy barriers for carbon-vacancy
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hops in the area surrounding vacancy-impurity complexes. This would likely lead to the observed
behavior, but it is unlikely that this effect would persist to the 2353K temperature that Sarian
reported. In addition, impurities cannot explain the extremely low apparent activation energy that
Sarian reported above 2353K.

To our knowledge there remains only one mechanism that could hypothetically produce the
observed behavior: diffusion through grain boundary phases [179-182]. Specifically, it has been
reported that grain-boundary phases with an amorphous structure can appear as a disordered thin
film partially or completely wetting the grain boundary, as shown schematically as thick lines in
Figure 7.21a. These grain boundary phases can occur in single-phase solid regions near the solidus,

shown hypothetically as a blue dashed line for the TiCy phase in Figure 7.21b.
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Figure 7.21: a) A schematic diagram depicting normal grain boundaries (left) and grain boundaries con-
taining partially or completely wetted by a disordered amorphous phase (right). b) The Ti-C phase diagram
of Gusev and Rempel. Shown as a blue dashed line is a hypothetical grain boundary phase solvus that could
result in the anomalous behavior reported by Sarian.

Diffusion through an amorphous grain boundary phase appears as an attractive explanation for
Sarian’s anomaly for several reasons. First of all, we would not expect the grain boundary phase
to appear until temperatures exceed the eutectic temperature. According to Gusev and Rempel,

the eutectic temperature of the Ti-C system is approximately 1918K. Thus, at 2353K where Sarian
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reported the anomalous change in apparent activation energy, it is possible that amorphous phase
wetting of the grain boundaries begins. This would also explain why no other studies have observed
this phenomenon, since most of the studies on carbon diffusion in the Ti-C system either did not
exceed 2000K or studied the carbon-saturated region of the phase diagram where it is less likely
for amorphous grain boundary phases to appear. We make this hypothesis by pointing out that
there is very likely to be a carbon compositional dependence of the grain boundary energy. At
the very least, Hossain ef al. have reported a compositional dependence of the cleavage energy
in the Ta-C system, which often behaves similarly. Furthermore, it is likely that carbon transport
through an amorphous phase would have an extraordinarily low activation energy — similar to
that reported by Sarian above 2353K. Therefore, the appearance of an amorphous grain boundary
phase at approximately 2353K would potentially provide a low-activation energy pathway for mass
transport which would not exist at more intermediate temperatures. It is likely that this mechanism

would appear phenomenologically similar to the behavior reported by Sarian.

7.2.4 Summary and Conclusions

To summarize, in this investigation we sought to test Sarian’s hypothesis regarding the cause
of the sudden change in carbon diffusion activation energy that they reported at 2353K. Sarian
hypothesized that this change in activation energy was due to an order-disorder transition occurring
on the carbon-vacancy sublattice of the B1 rocksalt TiCy g7 crystal. According to this hypothesis,
the large apparent activation energy of 4.83eV would correspond to the Ti3Cs vacancy-ordered
phase and the lower apparent activation energy of 2.22eV would correspond to carbon diffusion
through a disordered carbon-vacancy sublattice in TiCy g7.

To test the hypothesis, we used MC and kMC simulations conducted with energetics according
to a cluster expansion method fit to first-principles energy calculations implemented in VASP. Our
GGA Monte Carlo simulation results indicated a first-order phase transformation at roughly 1615K
as evidenced by discontinuities in the LRO and SRO as well as a divergence in the heat capacity.

Our LDA Monte Carlo results indicated smooth transitions in the LRO and SRO as well as a
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peak in the heat capacity at 1115K, agreeing well with the 1070K peak in specific heat reported
experimentally in TiCy g2 by Lipatnikov and Gusev. Diffusivity results from kMC simulations
carried out with A Fxra=3.25¢V and our GGA cluster expansion were phenomenologically similar
to Sarian’s diffusivity data, with an activation energy of 4.61eV below 1615K and an activation
energy of 3.52eV above 1615K. Additionally, we observed a discontinuity in the diffusivity at
1615K consistent with the evidence of a first-order phase transformation gathered from our Monte
Carlo simulations. Despite the similar phenomenological behavior, our transition temperatures and
activation energies disagreed with those reported by Sarian.

To attempt to explain Sarian’s anomalous change in activation energy, we considered other po-
tential mechanisms, such as competing mass transport mechanisms or impurity effects, but neither
of these agree with all of the experimental facts. As a result, we make a new hypothesis for the
cause of Sarian’s anomalous carbon diffusion: amorphous grain boundary phases. Though these
grain boundary phases have not been directly observed in the Ti-C system, this hypothesis fits Sar-
ian’s observations well. Few other mechanisms could reasonably explain the transition from large

to small apparent activation energy at temperatures in excess of 2000K.
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Chapter 8

Conclusions & Future Work

The work presented in this dissertation introduces a novel category of composites for using
in ultra-high temperature environments. Though these composites begin as kinetically stabilized
metal-ceramic multilayers with bolstered fracture resistance, they also possess the ability to phase
transform into monolithic ceramics upon heating. Thus, this type of composite has improved low-
temperature properties without sacrificing any high-temperature properties. Additionally, we have
observed that engineering of the initial volume fractions of metal and ceramic layers of these com-
posites provides the unique opportunity to control composition-dependent materials properties.

In this investigation we have introduced an innovative new method for modeling diffusion-
controlled phase transformations using the Finite Element Method, achieving results that are first-
order with respect to mass error without the need for complex mathematical transformations. Fur-
thermore, we have produced a framework for designing composites based on our phase transfor-
mation model as well as modifications to existing models of crack-bridging and toughening in
metal-ceramic multilayer composites.

Along the way, we were sidetracked by a mission to answer an question from literature dating
back to 1968, and though were were not able to concretely reject the hypothesis presented all those
years ago, we were able to advance the literature surrounding the anomalous diffusion of carbon in
TizCs as well as garner a better understanding of the intersection between vacancy-ordered phases
and interstitial vacancy self-diffusion.

Finally, we developed our phase transformation model further by investigating the affects of
concentration-dependence in the carbon/nitrogen diffusivity and time-evolving temperature on the
phase transformation kinetics.

Over the course of this investigation, we have endeavored to answer many questions surround-
ing the development of these novel composites and the wider literature surrounding transition metal

carbides/nitrides as a whole; however, as is often the case in science, new questions arose as we
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progressed. The following sections describe some of these questions with the hope that future

materials scientists may carry the torch.

8.1 Modeling of Non-Lamellar Composites

Perhaps the most straightforward extension to this work is to imagine a different composite
geometry. In this work we have assumed a lamellar composite composed of alternating layers of
metal and ceramic; however, it is certainly the case that other geometries could provide similar
toughening and phase transformation properties. For example, one could easily imagine a com-
posite with a three-dimensional geometry composed of spherical particles of ceramic separated by
network of metal. This geometry might be achieved via sintering of a mixture of large ceramic and
small metal particles such that metal particles fill the voids between ceramic particles. Addition-
ally, allowing a partial phase-transformation could result in further removal of intergranular voids.
Figure 8.1 depicts an idealized cross-section schematic of such a composite.

Interesting questions arise when you change the composite microstructure in this way. For
example, the phase-transformation kinetics are certainly different from the lamellar case. Though
it is very likely that the phase transformation apparent activation energy would still be equal to that
of carbon/nitrogen diffusion in the ceramic phase, the geometry of the interface is likely to change
the apparent diffusivity prefactor significantly.

Furthermore, the toughening characteristics would likely be somewhat different. In the lamel-
lar composites we saw that the toughening was primarily due to crack-bridging provided by the
strained metal layers. Here, we may see a similar mechanism due to grain-bridging, but it is also
likely that the fracture mechanism will be more complicated than in the lamellar case. For exam-
ple, the interfaces between metal and ceramic particles may be favorable for crack propagation,
leading to a toughening mechanism dominated by intergranular crack deflection. On the other
hand, transgranular fracture may dominate and the toughening mechanism may be bridging due to

intact metal grains within the crack wake.
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Figure 8.1: A schematic diagram of the two-dimensional cross-section of the proposed composite. Ceramic
particles are shown in gold whereas the network of small metal particles is shown in silver.

For computational investigation of the phase transformation kinetics we recommend an exten-
sion of the Finite Element Method phase transformation simulations outlined in Chapter 3 into two
or three dimensions. If it is determined that this sort of extension is too difficult, for example due
to the lack of symmetry in the higher-dimensional case, phase field simulations may be a suitable
alternative.

To model toughening, the existing literature on ceramic/metal matrix composites may be suf-
ficient. In the case that it is not, simulations of intergranular and transgranular fracture as demon-
strated in Ta;C by Hossian et al. may be used to construct an empirical model of toughening based

on composite geometry and material choice.
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8.2 Phase Transformations with a Temperature Gradient

One apparent oversight of the phase transformation simulations described in Chapters 4 and
5 is that the simulations were conducted assuming a constant temperature everywhere within the
composite; whereas real composites will be heated from the surface. Thus, depending on specific
circumstances, there is a potential for large temperature gradients to be present within the compos-
ites. It is unclear what affect these temperature gradients may have on mechanical, thermodynamic,
and especially kinetic properties of the composites.

Here, we suggest that the affects of these concentration gradients could be investigated using
a simple extension of the Finite Element Method simulations described in Chapter 3. Simulations
with temperature gradients within the composite could be constructed by adding a temperature field
described by the same discretization as the concentration field. Then, it would be straightforward
to solve for the temporal evolution of the temperature field and concentration field simultaneously,
since they are described by the same partial differential equation. The only difference is that the
evolution of the temperature field is dependent on the thermal diffusivity of each element whereas

the concentration depends on the carbon/nitrogen diffusivity.

8.3 Deconvolution of Layer-Growth Studies

As mentioned previously, there are two primary experiments used to report carbon/nitrogen dif-
fusivities in the literature. In the group IV carbides, the primary method reported in the literature
is carbon tracer diffusion wherein the tracer diffusivity is directly determined using by using iso-
topes. In other experiments, the carbon/nitrogen diffusivity reported is determined by layer-growth
experiments. As a result, these diffusivities are convoluted with the affects discussed in Chapter 4,
such as the shape of the concentration profile and the concentration discontinuity between layers.
Thus, these are not representative of the true kinetics of carbon/nitrogen diffusion. In fact, the
diffusivities reported by these experiments are likely orders of magnitude different from that of

carbon/nitrogen tracer diffusion, though the activation energies should be the same.
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Here, we propose that the Finite Element Method simulation framework described in Chapters
3 and 4 could be modified to deconvolve the affects of the phase transformation kinetics and es-
timate tracer diffusivities. There are several materials, such as titanium carbide, for which both
tracer diffusion and layer growth experiments are reported and these materials especially could
prove useful in understanding specifically how the layer growth diffusivity and tracer diffusivity

are related.

8.4 Vacancy-Ordered Domain Coarsening Kinetics

Another understudied topic adjacent to the research contained in this literature is the coarsen-
ing kinetics of ordered domains. These ordered domains can be hard to resolve, often requiring
expensive techniques like neutron diffraction in order to identify ordered domain boundaries. As
a result, very few studies have directly observed vacancy ordering and there is little known about
the kinetics of domain growth.

Kinetic Monte Carlo simulations and Potts Models are two examples of methodologies which
may independently or in combination be capable of modeling the domain growth kinetics in sys-
tems with ordering of structural vacancies. For example, using similar methods to those described
in Chapter 7, one could develop a simple 2-dimensional system that exhibits vacancy-ordering us-
ing an Ising Model type Hamiltonian. Domain sizes could be identified using a tree-like algorithm
that would identify all sites that belong to a certain domain. It would then be straightforward to
study that statistics and kinetics of grain size as the simulation progressed.

A similar algorithm could be developed for identifying grain sizes in 3-dimensional lattices.
Then using the cluster expansion method kinetics for real materials systems could be estimated. It

is likely that these kinetics would be phenomenologically similar to grain growth kinetics.
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