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ABSTRACT OF DISSERTATION
TRACKING OF MULTIPLE MERGING AND SPLITTING TARGETS WITH

APPLICATION TO CONVECTIVE SYSTEMS

A statistical approach to multiple target tracking is presented which allows for birth, death,
splitting and merging of targets. Targets are also allowed to go undetected for several
frames. The splitting and merging of targets is a novel addition for a statistically based
tracking algorithm. This addition is essential for the tracking of storms, which is the
motivation for this work. The utility of this tracker extends well beyond the tracking of
storms however. It can be valuable in other tracking applications that have splitting or
merging, such as vortexes, radar/sonar signals, or groups of people. The method assumes
that the location of a target behaves like a Gaussian Process when it is observable. A
Markov Chain State Model decides when the birth, death, splitting, or merging of targets
takes place. The tracking estimate is achieved by an algorithm that finds the tracks that
maximize the conditional density of the unknown variables given the data. The problem of
how to quantify the confidence in a tracking estimate is addressed as well. Some theoretical
properties of this tracking estimate are also developed such as sufficient conditions for
consistency. The properties of the proposed method will be demonstrated on simulated
data. Finally, the method is applied to the problem for which it was designed, tracking

storms from radar reflectivity data.
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Statistics Department
Colorado State University
Fort Collins, CO 80523
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Chapter 1

Introduction

Multiple target tracking has application to many scientific problems. It has importance in
radar and signal processing, air traffic control, robot vision, GPS-based navigation, biomedi-
cal engineering, and video surveillance to name a few. The approach developed in this thesis
is motivated by the applications of storm tracking and tracking vortexes in turbulence fields.
In these applications, the splitting and merging of targets is quite common. The term target
will be used repeatedly throughout to denote a generic object of interest. In this thesis, we
develop a tracking method that can effectively handle splitting and merging targets. The
utility of the ideas developed here extend well beyond the tracking of storms and vortexes
however. The method can be valuable in other tracking applications that have splitting
or merging targets, such as radar/sonar signals or group tracking. In particular, the ideas
developed here with respect to confidence in a tracking estimate and consistency of an

estimate apply to any tracking application.
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1.1 Two Scientific Problems

This section highlights two scientific problems for which the tracking of targets is an im-

portant step to their solutions.

1.1.1 Convective Systems

The first problem concerns the study of the evolution of storm/rainfall systems captured
by satellite radar imaging techniques. Figure 1.1 shows radar reflectivity images evolving
over time on July 14, 1996 from 1:00am to 3:30am. Radar reflectivity is highly correlated to
rainfall intensity so that we can attribute the variation of color in these images to different
rainfall intensities. In these images blue would indicate 0 inches/hour of rainfall increasing
on a log scale to bright yellow indicating > 2 inches/hour. The images are separated by 30
minutes.

The goal here is to track the larger convective systems in these images. For our purposes,
a convective system is defined to be a rainfall system that is larger than 100 km in length
(approximately 1° of latitude or longitude).

This problem has been studied previously in [20, 57]. The very short term behavior (less
than 1 hour) of such systems are reasonably well-known, but the moderately short term (1
to 6 hours) and long term (1 to 2 days) behaviors are still largely unknown. It is certainly
desirable if such longer term behaviors are better understood, and a useful tool that would
help in this direction is a procedure that automatically monitors the movements and the
interactions (e.g., merging and splitting) of all the structures in the overall system.

The merging of two systems that are located at the corner of South Dakota, Wyoming,

and Nebraska can be seen in the first few images. These are clearly separate systems until
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Figure 1.1: Radar Reflectivity Images Evolving During July 14, 1996
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the third image, where they are now one system. There is also a splitting event in the
panhandle of Florida as a fairly large system breaks apart into two smaller systems
Another aspect to this problem is the validation and improvement of the storm activity
in Regional Climate Models. These are complex computer models for the state of the
atmosphere. These models are used for prediction of weather and to otherwise generate
data to answer scientific hypotheses. It is necessary for these models to maintain a certain
degree of reality in terms of the storms that they produce. Comparing storm tracks from

real data to those of the Regional Climate Model is one way to verify this.

1.1.2 2-D Turbulence

The second motivating problem focuses on a 2-dimensional turbulence simulation of freely
decaying vortexes; see Figure 1.2. These images are of a 2-dimensional vorticity field with
random initial conditions as it develops over time with no energy loss to the overall system.
The white objects are centers of vorticity rotating in a clockwise direction, whereas the
black vortexes have the opposite rotation.

Vortexes of the same spin will coalesce as they get close to each other. There is a good
example of a merger on the left edge of the images a little bit below center. Also, vortexes
of opposite spin have a tendency to parallel each other for a while before moving off in
different directions. Two vortexes exhibiting this behavior are called dipoles. An example
of dipoling can be seen by the two larger vortexes in the lower right of the images.

Recently such image sequences are a subject of much research [10, 45, 61], as it is (i)
a paradigm for anisotropic geophysical and astrophysical turbulence, and (ii) it is also the

most computationally accessible example of fluid turbulence. Automatic tracking of such

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



vortexes is an important step to understanding the interactions amongst these structures.

Figure 1.2: 2-D Turbulence Simulation

An important characteristic to these two tracking problems is that the targets exhibit
merging, and for the former problem, the targets also exhibit splitting. Thus the tracking

algorithm developed to monitor these systems must be able to identify this behavior.
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1.2 Description of the Tracking Problem

The basic premise of the multiple target tracking problem is that we wish to follow targets
through a sequence of images or scans. Each image contains information about the locations
(and perhaps other attributes) of the targets. We wish to take this information and recover
the tracks of the targets.

Tracking algorithms are usually dependent on an identification algorithm. The iden-
tification algorithm will record the location of each target that it finds in each image. In
some cases, it may record other information about the target as well, such as size, shape,
intensity, etc. The key user-defined parameter in an identification algorithm is the level of
thresholding. If the threshold is too low, we will have too many many spurious observations
or false alarms (often called clutter). If it is set too high, then we will have too many missed
detections of actual targets.

Some methods use adaptive thresholding to aid in the identification process [62, 63, 29,
12]. In these approaches, the thresholding is set lower in regions that are likely to contain
observations from actual targets (see discussion of gating in Section 1.3.2). This way we
are more likely to detect an actual target if it still exists, but we will not pick up excessive
false alarms in the other regions.

There are some algorithms that avoid the thresholding step altogether and identify and
track the targets all in one step [30, 1, 58]. These methods are known as track before detect
algorithms in the literature even though the tracking and detection are actually performed
simultaneously. They have been shown to be very effective at tracking dim targets in the
presence of clutter.

We are assuming the more traditional problem here however, that the tracking is per-
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formed on the data obtained after image processing. Adaptive thresholding can always be
used in conjunction with this approach. The goal of the tracking algorithm then, is to take
the location data recorded over time and recover the track of each target. A track is defined
to be the (z(t),y(t)) coordinates of each target at each time during the image sequence.

To illustrate the idea further, assume there are 4 targets at each time step as in Fig-
ure 1.3. The locations of the targets in this figure are simulated from the model to be
described in Chapter 2. We are however ignoring the possibility of birth and death of
targets as well as missing and false alarm observations for the time being.

time =1 time = 2 time =3 time = 4
5@ © 3 Y ag
D © » @
2 g

W ® @ ]

All Times The Solution

@
@@@%@
oo
5T W

@
@@@ |

Figure 1.3: Illustration of the tracking problem.

The targets in the figure are labeled according to time so that time is distinguishable
when all times are included in the plots at the bottom of the figure. The targets are free to

change position from one time step (image) to the next. The data association problem is
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to determine which temporal set of locations corresponds to one particular target. Another
way to think of this is how to sequentially connect the targets in the plot in the bottom left
to form tracks. Since this is simulated data, the solution to this is known and the correct
tracks are given in the bottom right plot. Typically the position and/or velocity of the
targets is estimated once this data association problem is solved. An exception to this is
the JPDA approaches discussed in Section 1.3.3.

There is a very slight difference in the way we will use the terms paths and tracks.
We will use tracks to emphasize the data association problem in terms of selecting several
sequential observations to put into a collection that we will call a track. A path will be used
more to denote the continuous location curve of a target in 2-D space. So in our definition,
a track is the discrete counterpart of a path.

Of course Figure 1.3 is an overly simplistic representation of reality. Most applications
will not have the same number of targets in each image. Imperfect detection and occlusion
will lead to missing targets in some images. There can also be false alarms or clutter. As
mentioned previously, there is usually a trade off in number of false alarms to the number of
missed detections as determined by the amount of thresholding that is used in the detection
algorithm.

In addition, some targets may appear for the first time or disappear for good in the
middle of the image sequence. These events, which we will call birth and death, can happen
when a target moves into or out of the field of vision. In the case of storm tracking, the
targets can actually form or disappear right in the middle of the field of vision.

As already mentioned, in our problems we deal with situations where two térgets com-

bine into one larger target (merging) and one target breaks apart into two smaller targets
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(splitting). Figure 1.4 shows our simple example again but now with a birth, missing

observation, and a split.

time =1 time = 2 time = 3 time =4

—

@
D o @ Y @
2 3
v |

@ @
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@
b20% | |ehe?®

@ 1
2

Figure 1.4: Hlustration of the tracking problem.

1.3 Literature Review

In the following, we will give a summary of the work relevant to our problem that has been
described in the tracking literature. For a more detailed review of tracking techniques, the
reader is referred to two very comprehensive books by Bar-Shalom [2] and Blackman [6].
The target tracking problem has been studied extensively in the engineering literature
over the past thirty years. The approaches to this problem can be separated into statis-
tical and non-statistical groups. The non-statistical approaches typically use either image

differencing techniques for consecutive images [46] or some sort of heuristic penalty score
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approach based on a smoothness of motion assumption[55, 52]. In either case an optimiza-
tion problem is solved by shuffling the labels of the observations around to create tracks
that optimize some criteria.

These methods have been uéed with some success [28] and even in the area of tracking
storms {32, 33, 15, 11, 25]. These approaches are attractive because of their speed and
simplicity, but their weakness is in the inability to adequately initiate tracks (birth) and
terminate them (death). In addition there is no way to assess the confidence in the tracking
estimate. Because of this, the focus recently in the tracking literature has been in the area
of the more powerful statistical approaches. These methods employ a statistical model to
describe the motion of the targets to be tracked. Usually a Gaussian state space model is
assumed, the most popular of which is the nearly constant velocity model which assumes
that the acceleration of the target is a white noise. This is equivalent to an Integrated
Brownian Motion (IBM) model. From here the Multiple Hypothesis approach to the prob-
lem is to find the hypothesis (collection of tracks) that results in the maximum likelihood
of the model. Mori [43] describes a good general mathematical framework for this problem.

The use of hypothesis here means a particular labeling of the observations to create a
collection of tracks, such as in Figures 1.3 and 1.4. It is not to be confused with a statistical
hypothesis, but there is some similarity. For example, if we considered the collection of
tracks to be a parameter, then we may wish to decide if a particular parameter is correct
versus an alternative.

There are many different ways to label the targets to create tracks. Each set of possible
tracks is a collection of permutations of the labels of the observations in each image. Suppose

again for the moment that there is no birth, death or false alarms and refer to Figure 1.3.

10
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In this simple example, there are 4 targets in each image and 4 images, so there are 4!4 =
331,776 possible ways to create tracks. This number becomes prohibitively large quite
quickly when the problem is more realistic in terms of more targets and more time steps,
not to mention allowing for birth, death, missing values, and false alarms. It is not feasible
to go through all possible combinations to find the global solution. Therefore, an important
part of developing a tracking algorithm is not only posing an optimization problem to solve,
but also solving that problem in an efficient way. In the following, we will describe the three

of the most widely used approaches to solving this problem.

1.3.1 Nearest Neighbor (NN, GNN)

The simplest approach to approximate the global maximum to the likelihood is to use
the Nearest Neighbor (NN) in terms of the Mahalanobis Distance [17]. Here the previous
locations in a track are used to determine which target in the next image is the 'most likely’
to be part of that track. The 'most likely’ target is determined to be the one that maximizes
conditional likelihood of its location given the previous locations in the track. This most
likely target is the same as the one that minimizes the Mahalanobis distance. Each path
is assumed to follow some Gaussian state space model independent of the other paths, so
the conditional likelihood or Mahalanobis distance is calculated efficiently via the Kalman
Filter. The problem with the Nearest Neighbor approach is that one observation can be
assigned to multiple targets. The Global Nearest Neighbor (GNN) approach is the same
as the Nearest Neighbor with the restriction that all observations must belong to only one
track. For more information on the Nearest Neighbor approach, the reader is referred to

[17] or [23].

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.3.2 Multiple Hypothesis Tracking (MHT)

A major advance that generated much interest in statistical approaches to tracking was
made with the Multiple Hypothesis Tracking Algorithm (MHT) of Reid [48]. This method
allows for target birth and death in addition to classifying false alarms separately. The
optimization algorithm used is similar in flavor to GNN, but it delays final decisions about
correspondence until several images later when more information is available.

The MHT logic works as follows. Consider a collection of possible tracks after n images
to be a hypothesis, H,. Suppose after time step (image) n, we know the K, most likely
hypotheses Hy, 1 ... H, i, as determined by their likelihood. Now a new set of observations
are received at the next time step, n + 1. These new observations are used in conjunction
with Hy 1 to form all ”feasible” new hypotheses assuming that Hy,; was correct. A feasible
hypotheses is one that is formed from compatible tracks. Compatible tracks are those
that share no observations. The same thing is done then for the rest of the hypotheses
Hyo...Hy, k,. The collection of the K, 11 most likely hypotheses are kept from all of these
newly formed hypotheses and the rest are discarded. This process is then repeated at time
step n + 2.

The process is started by considering all possible hypotheses after two time steps. From
this collection, the K5 most likely are kept and the rest are discarded and the algorithm is
off and running.

To make the algorithm quite a bit more eflicient, a procedure called gating is used to
screen out very unlikely tracks before forming a hypotheses. Consider a given track T which
is part of a particular hypothesis, H,, at time step n. At time step n + 1 it is stated above

that all new observations are considered for inclusion into track 7" to form new hypotheses.

12
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However, we can limit the number of new observations to be considered for inclusion into
track T by the following strategy. We can form a prediction region for the (z,y) location
of the target from track T at time step n + 1 using the previous observations in the track.
Only new observations within this prediction region (or gate) are considered for inclusion
into track 7.

The advantage of MHT over GNN is that decisions about correspondences or false alarm
vs. target at time step m can wait until several time steps later to be resolved. Of course,
it is still possible for the optimal solution to be deleted at one of the iterations if too few
hypotheses are kept at that time step. It is particularly important to hold on to a lot of
hypotheses in the early time steps until enough data is available to establish tracks and
hence make hypothesis decisions more accurate.

Many improvements on speed and efficiency of the original MHT algorithm have been
made. In Reid’s original implementation, many unlikely hypotheses must be evaluated
before they are deleted. However, Cox [18] extended Murty’s method [44] for finding the
N-best solutions to an assignment problem to the MHT. This can be used to inhibit the
formation and evaluation of many unlikely hypotheses.

There is also a track orientated approach to MHT in which the possible tracks are
dealt with individually. All possible tracks are formed and maintained at each time step
by confirming it or deleting it. A Sequential Likelihood Ratio Test (SQRT) is performed
to determine if a track should be confirmed or deleted as described in Chapter 6 of [6].
Hypotheses are then reformed at each time step from compatible, likely tracks. The ad-
vantage here is that we can choose only the likely tracks, as deemed so by their likelihood,

to be considered for hypothesis generation. The difficulty of course is that we need a way

13
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to keep straight which tracks are compatible and form only those hypotheses that con-
tain compatible tracks. Alternatively, Poore [47] and Deb [21] have formed this problem
as a multidimensional assignment problem and use Lagrangian Relaxation to achieve the
compatible tracks constrained solution.

The difference between track oriented MHT and the traditional MHT is that in the
former the actual tracks are maintained then hypotheses are formed as opposed to the latter
where it forms and maintains the hypotheses directly. The question remains which approach
is better, but it seems that both approaches give similar results in terms of accuracy (and
speed when considering Cox’s efficient implementation to the traditional MHT) [6].

A particular variation of the Multiple Hypothesis Algorithm used to solve the optimiza-
tion problem we pose in Chapter 5 will be described in Section 5.2. For other applications

of the MHT algorithm to a variety of scientific problems see [39, 64, 31, 34, 5]

1.3.3 Joint Probabilistic Data Association (JPDA)

Another approach that has received a lot of attention is the Joint Probabilistic Data As-
sociation (JPDA) algorithm developed by Fortmann, Bar-Shalom, and Scheffe [27]. The
Probabilistic Data association approach is a different philosophy than the multiple hy-
pothesis approach. It estimates the target state (position and velocity) by tfeating each
observation as coming from a mixture distribution. For example, each new observation has
a probability of originating from each target or a false alarm. The probability of a new
observation originating from a particular target is computed conditionally based on the
previous state of the target. The new state of the target is then estimated by a Gaussian

approximation to what is really a Gaussian mixture using the Kalman Filter. Hence it uses
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the locations of all prospective targets at the current time to predict the state for each
target at that time.

The JPDA has been shown to be very effectively for tracking targets in heavy clutter
(40] and (3]. The downside for this method is that track initiation (birth) and termination
(death) are more complicated [6] and [2]. Also, there is a coalescence problem for closely
spaced targets [26]. For closely spaced targets the new observations produced by each target
are close together. Hence, they both will have a high probability of coming from either
target. In turn, the updated state estimates for each target will weight each observation
highly. The result is that the state estimates will get closer and closer together. Research

has been done on reducing the effect of this problem however [7].

1.3.4 Interacting Multiple Model (IMM)

The interacting multiple model (IMM) is a useful model for tracking maneuvering targets.
The IMM was first proposed by Blom (8, 9] with a good review given in Chapters 1 - 3 of [2]
and Chapter 4 of [6]. Some applications (i.e. tracking fighter jets) have targets that move
for the most part in a straight line, but will suddenly alter their course (maneuver). The
multiple model approach describes this behavior with separate models, one with a small
motion variance component for the straight line motion and the other with a larger variance
for the maneuvering. Of course, there can be more than two models for the behavior of the
targets as well. In fact, applications for maneuvering targets typically assume three target
motion models.

The target is allowed to switch from one model to the other at each time step according

to a Markov chain. That is, at each time step, there is a probability F;; of switching from
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model i to model j.

The IMM can be incorporated into any of the three optimization methods described
above (GNN, MHT, or JPDA). For the storm tracking problem, this approach seems to be
unnecessary since the motion of the storms tend to be fairly consistent. The IMM can be
useful for the 2-D turbulence problem however, since the motion dynamics of the vortexes

tend to change as vortexes get close to each other.

1.3.5 Comparison of GNN, MHT and JPDA

The GNN, JPDA, and MHT have been widely used for several decades. Unfortunately, there
have been relatively few comparative studies performed. What has been done suggests that
for tracking targets in cluttered environments, the JPDA and MHT are superior to the GNN.
Also, the MHT seems to outperform the JPDA for more difficult problems [22, 60, 37]. The
reason for this seems to be the delayed decision logic involved in the MHT. The JPDA
uses only one step ahead logic to estimate the probability of an observation belonging to
a target. Attempts have been made to extend the JPDA to incorporate a multiple frame
logic [53, 24, 50]. Results from Salmond [53] for one of theses multi-scan JPDA methods
indicate performance similar to that of MHT for a single target in clutter. In any case there
is clear advantage to some form of delayed decision logic.

The MHT and JPDA methods have established a baseline for researchers to modify and
improve these methods to fit there situation. Since the creation of these methods, contribu-
tions have typically been made by (1) developing better or more specific statistical models
to describe the targets and/or (2) developing better/faster algorithms to approximate the

corresponding optimization problem.
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1.3.6 Merging and Splitting of Targets

Most recent approaches for target tracking are able to adequately handle track birth, death,
missing values and clutter. But this paper is motivated by the problem of storm tracking
from rainfall data. This problem comes with the issues above in addition to the merging and
splitting of targets. Merging and splitting of targets has an important application to radar
applications as well. When two targets are close together, resolution limits may prevent
both targets from being detected. Hence, the scan returns one observation for both targets.

Although this is perceived as a very important problem by Daum [19] and Blackman
[4], very little work has been done for merging and splitting of targets. What has been done
for merging [59, 13, 38| and summarized in [6] pages 378-386, is not well defined in terms
of an overall probabilistic model. It seems to be more of a patch for the problem than an
accepted solution.

Also, the birth and death of targets for all of the methods described is dealt with in a
hypothesis test approach. Recently however, Li [42] proposed the use of a Hidden Markov
Model for birth and death of targets. This is more in line with the type of thinking that is
needed here. We will extend this idea to include birth, death, splitting, and merging into
an overall model for the targets. The overall model will then have a state component and
a location (or motion) component. This way, birth, death, splitting, and merging can be
predicted along with target state all in one step instead of deciding on birth, death, splitting

and merging with a hypothesis test first, then predicting target state.
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1.4 Contribution of this Thesis

The novel contribution made in this thesis is to address the concerns in Section 1.3.6 with
a stochastic model that allows for splitting and merging of targets. The model we propose
will incorporate birth, death, splitting, and merging of targets into the likelihood, as well
as missed detections and false alarms. Predictions then can be made purely by considering
the distribution of the relevant variables given the data. There is no need for hypothesis
testing to initiate and terminate tracks as an intermediate step.

In addition to this, much can be added in the area of theoretical considerations for track-
ing methods. Convergence results to date deal with speed or convergence of the numerical
algorithm used to solve the optimization problem such as in [41] or [16]. It is very necessary
to have some theoretical justification for the optimization problem itself.

Chen [14] provides some theoretical justification for a method to choose the correct
number of targets as the number of scans or images goes to infinity, but much more needs
to be done. For example, under what conditions does the tracking estimate converge to
the true values of the variables being estimated as the time increment between observations
goes to zero? At what rate does this convergence take place? We also present a way to
quantify the uncertainty in the tracking estimate which includes the uncertainty in birth,
death, splitting and merging as well as the uncertainty in data association.

In the Chapter 2 we will describe the stochastic model that we use to explain the
behavior of the targets to be tracked. Chapter 3 gives a more mathematical description
of the model along with the likelihood. Estimation of the parameters in the model will be
discussed in Chapter 4. Chapter 5 describes how to use the model to estimate the tracks of

the targets and how to quantify the uncertainty involved in that estimate. Some theoretical
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justification for this tracking estimate in terms of its asymptotic properties is provided
in Chapter 6. The methodology will then be illustrated on simulated data in Chapter 7.

Lastly, we will look at the satellite reflectivity rainfall data and track the storms that are

present in Chapter 8.
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Chapter 2

The Stochastic Model

In this chapter we define a continuous time stochastic model that we assume defines the
motion and state of the targets to be tracked. By using a continuous time model, irregularly
spaced observations in time and fill in asymptotics are much easier to deal with versus a
discrete time model. This model will then be used to estimate the tracks of the targets by
using the model likelihood given in Chapter 3.

Define a path, (X(¢),Y(t)), to be the coordinates of a target at time t, ¢ > 0. We
observe the targets at discrete times t = (fo,t1,...,t,). We are assuming a 2-dimensional
path, but the following could allow for paths in 2. We wish to model a path of a target
(for example a storm) by a 2 dimensional Gaussian Process (GP).

The complication is that we may not observe the target if we look in on the process at

a time t, because of several issues:
1. it will exist in the future, but does not exist yet (birth)

2. it no longer exists (death)
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3. it broke off into 2 new targets (splitting)
4. it combined with another target (merger)
5. it may not be found by our detection procedure (missing).

In addition, to these five issues there is another problem:

6. there may be false alarms (clutter) that are found by the detection algorithm.

We would like to model these false alarms separately from the actual targets.

In the following we describe an overall model for the targets that has four components:
State Model, Missing State Model, Location Model, and Attribute Models. The State
Model describes how and when targets come into existence and terminate. The Missing
State Model describes when an existing target is observable or missing. The Location
Model describes how an existing target moves and the Attribute Models describe other
characteristics of the targets, such as size, orientation, or intensity.

We will also allow for false alarms to appear in this model. There are essentially two
types of false alarms. Those that exist for an extended period of time are called persistent
false alarms or persistent clutter. Those that can be treated as a one time occurrence that
lasts an infinitesimal length of time will just be called false alarms or clutter. We are ounly
concerned with the latter here since persistent clutter will be modeled as an actual target
as suggested by Blackman [6]. The model for false alarms will be described separately in

Section 2.5.
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2.1 Target State Model

To deal with problems 1-5 above we propose a continuous time Markov chain model that
determines how and when a birth, death, split, or merger occurs. This State Model is very
similar to a birth and death process. There are four types of events that can occur in this
process: births, deaths, splits, and mergers. The rate at which these events happen are
Mo, N(t)Ag, N(t)As, and (N(t) — 1), respectively, where N(t) is the number of targets
in existence at time ¢. It is assumed that the initial number of targets, Nop = N(0) ~
Poisson{\p).

The Markov Chain assumption implies that the times between successive events (birth,
death, split, or merger) are independent exponentially distributed random variables. How-
ever, if this assumption is not reasonable, another positive continuous distribution can be
used. The Markov property would then be lost however, which would make the likelihood
calculation in Section 3.1.1 more difficult.

The following notation will be used to describe the state model

Up,; = number of births in the interval [t;,¢;41)

Ug; = number of deaths in the interval [t;,¢;41)

Us; = number of splits in the interval [t;,%;41)

Upn,; = number of mergers in the interval [t;,t;41). (2.1)

We will also let Uy = (Up 1, - ..,Usp) and similarly for Ug, U, and Uy,. Then denote the

collection of Ny and the U’s by U = (No, Uy, Uy, U, Up,). We will also need to specify
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which targets were involved in the events. Let,

Vb; = the collection of indices of targets that were born in the interval [t;,¢;41)
Va; = the collection of indices of targets that died in the interval [¢;,¢;41)
V,,j = the collection of triplets (i1,12,43) where 41 is the index of the parent and

i2,43 are the children for every split interval [¢;,%;41)
Vm,j = the collection of triplets (i1, 2,%3) where 41,14y are the indices of the parents and

i3 is the child for every merger in the interval [t;,¢;41). (2.2)

It is assumed that when a target is born it takes on the next available index. When there
is a death, each target that is alive up until the time of death is equally likely to be the
one that dies. When there is a split, all of the targets alive up until that time are equally
likely to be the parent and the children take on the next two available indexes. Finally, for
a merger all of the N choose 2 pairs of targets for the N targets alive up until that time
are equally likely to be the parents and the child takes on the next available index.

Let Vi = (W1, .., W) and similarly for V4, V5, and V.. The collection of all the V'’s
will be denoted V = (V, V4, Vi, V). We will say that the variables U, and V), describe
the target state model. This is a hidden Markov model in that we do not actually get to
observe these states from the data. Predicting the state variables, which targets merged
with which etc., is part of the tracking problem. This will be described further in Chapter 5.

We will say that a target is initiated if it is a new target as a result of a birth, split,
or merger. Likewise, a target is terminated if it no longer exists because it died, split or

merged. When a target exists, it may or may not be observable. We will describe how to
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model this behavior next.

2.2 Missing State Model

The State Model defines in a probabilistic way how birth, death, splitting, and merging
occur. We now define how an existing target may become unobservable or missing. It
is certainly not ideal to simply allow this target to die and start a new path when it
appears again. Missing observations are usually handled in the tracking literature by a
white noise. That is, if a target exists, it has probability P, of being detected and producing
an observation at a given time ¢ and this is iid over time.

If missing observations have a tendency to be correlated over time, an alternative to the
white noise model would be to use a continuous time Markov Chain that simply changes
between two states, missing and observable. While in the observable state, the target goes
missing with rate v; and when missing, the target becomes observable with rate vp. In
either case, we will let W;(t) be the missing state variable that represents the observability
of the i** target at time . Suppose that W;(t) = 1 if the i*" target is observable at time ¢
and W;(t) = 0 if it is missing.

It is worth mentioning that if we have attribute information such as size or intensity, it
may be beneficial to allow P, to be proportional to the mean size or intensity of the target.
This would allow targets with intensity near the threshold value for intensity to go missing
more often for example. This could also be incorporated into the rates vy and v if we use

the Markov model.
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2.3 Target Location Model

As mentioned previously, when a target is determined to exist by the State Model, the
path of the i*® target, (X;(t), Y;(t)) will behave like a Gaussian Process. Target paths are
assumed to run their course independently of other targets unless they are required to split
or merge as determined by the State Model. The dependency introduced by splitting and
merging will be worked into the following.

The distribution of X;(¢) will be defined below for the three cases of a target resulting
from (1) birth, (2) merger, and (3) split. The distribution of Y;(¢) will be similar with the

obvious changes in notation and parameters and independent of X;(t).

2.3.1 Birth

Suppose that the it" target resulted from a birth. Let the 2 component of location and
velocity of the i*" target at time t be denoted by X;(t) and X!(t) respectively. Also denote
the time of initiation of the it" target by &;. If the i*" target exists at the first observation

time ¢1, then it is assumed that £ = t;. Then
Xi(t) = X&) + Xi(&)(t = &) + 0:Gi(t — &) (2.3)

where G;(t) is some continuous mean 0 Gaussian Process. It is also assumed that the

initial position and velocity are Gaussian. Specifically, X;(§;) ~ N (u Xo» 0)2{0) and X/(&) ~
N (;U’X(’)a Ug%) -

As mentioned in the introduction, integrated Brownian Motion (IBM) is a popular model
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to use for the random motion component G(¢). This is given by,

Gi(t) = /0 t Bi(s)ds (2.4)

where B;(t) is the Brownian Motion driving the i** path.

The model in (2.3) is set up for G;(t) to be an IBM. If we change the model for G;(t),
we may wish to change (2.3) accordingly. For example, if we use twice integrated Brownian
Motion, we may want to add an initial acceleration term instead of assuming that it is 0.

To implement an Interacting Multiple Model here we would have several random motion
models G; 1 ...G; k. To maintain the continuous time nature of our model, we would need
a continuous time Markov Chain that would switch back and forth between motion models.
With probability P;; it would switch from model i to model j with the time between

switches distributed as independent exponential random variables.

2.3.2 Merger

Now suppose that the " target is initiated from a merger. Let p; be a vector containing

the indices of the two targets that merge together to create the i** target. Then we have,

Xi(t) = % (Xpi (&) + Xpy 5 (60) o+ B— (X;;i,l(ﬁi) + X;;m(fi)) + 1/);”} (t—&)+0:Gi(t—&)
(2.5)
where ¢ ; ~ N(0,0%, ) and ¢, ; ~ N(O,ngn).
Notice that the initial position of the new target (child) is the average of the positions of
the merged targets (parents) at the time of merger plus a little bit of noise ¥, ;. Figure 2.1

displays a physical representation of this. Also, the initial velocity of the new target is the

26

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



average of the velocities of the parents at the time of merger plus a little bit of noise 1/1;”’1-.
Presumably, cr%(m and 0%, are small so that the new target location and velocity are likely

to be close to the averages of the parents.

time =&, — € time = &; time=¢&; + €

Figure 2.1: Physical Description of a Merger

The two parent targets are currently not required to be close to each other at the time
of merger. To ensure that the parents get close to each other before merging, the difference
between locations of the parents is conditioned to be small at the time of merger, &;. A
more precise explanation of this is as follows.

Let d be a vector containing the three targets involved in the merger. The indices of the
parents are di and ds where ds is the index of the child. The difference in location between

the two parents at the time of merger plus a random noise term is given by

D = Xy, (8a5) — X, (€a3) + %4 (2.6)

where g ~ N (0,a§(d). ‘We will then condition the model for X on D and evaluate this
model at D = 0. If ox, is small, this will make it very likely that the two parent paths are

close together right before the merger. Referring to Figure 2.1 once again, we see a merging
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event with a possible realization of ¥g.

For the storms problem, Figure 2.1 is a realistic physical description of what is actually
happening. That is, two targets really do become one target. Other applications of merging
targets may not share this same physical representation. For the case of unresolved radar
observations, there is obviously still two separate targets that just produce one observation
because they are very close together. However, we may wish to track the centroid of
these two targets, which is the best that we can do until the targets show up as separate
observations again. In this framework then, we actually do have a new merged target that
can be thought of as a phantom target in between the actual targets, which is waiting to

split into the actual targets again.

2.3.3 Split

Suppose that the i** target is initiated by a splitting event. To keep notation consistent
with that for mergers, let p; be a vector of length one that contains the index of the parent

of the it* target. Then the location is given by
Xi(t) = Xp;, (&) + ¥si + [X,';i,l(fi) + ¢§,i] (t—&) +0:Gilt — &) (2.7)

where ¢; ~ N(0,0%,) and ¢; ~ N(0, 0§<;)- Similar to the model for a merger, the initial
position and velocity of a new target from a split is the same as that of the parent plus
some error. It is assumed that J§<s is small so that the new targets are likely to appear
close to where the parent split. Similarly, U%(; should be small so that the new targets have

a velocity similar to that of their parent.
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2.3.4 Measurement Error

In many cases, we do not get to observe the exact locations of the targets because of random
error in our measuring device. Rather, at a time ¢, we get to observe X;(t) + ¢ where ¢ is
an independent measurement error term. If these measurement errors are independent over

time as well, then for j = 1,...,n we would observe

X7 (t5) = Xilt;) + e (2.8)

where it is assumed that

ei; B N(0,0%.). (2.9)

2.4 Target Attribute Models

In this section we will describe several models that can be used in conjunction with the
location and state models if some auxiliary information about target attributes is available.
We present a few special cases of attributes that are commonly available (Size, Orientation,

Intensity). Other attributes may be handled in a similar manner.

2.4.1 Size

The size of the target, which is a measure of area for the 2-dimensional case, can be taken
into account by the following. We will use the length of the minor and major axes, Ri(t)
and Ry(t), of the best fitting ellipse to each target as shown in Figure 2.2.

We are assuming here that a best fitting ellipse for each target is determined by standard

imaging techniques such as in [51]. If the data is such that we cannot fit an ellipse, but
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Target
\

Best Fitting
Ellipse

Figure 2.2: R;, Ry, and Q2

we do have the overall size, then we can use this same model for size, S(t) = R;(t)Ra(t),
which ends up being less complicated than the discussion that is to follow. Note that we
have excluded the factor of 7 in the target size definition for convenience of notation.

Let Ry ;(t) and Ry ;(t) be the radii of the minor and major axes respectively for the ith
target at time t. Ry ;(t) and Ry ;(t) will be treated as random variables from a log-normal
distribution with parameters (ug, ;, 012?’111,) and (4R, ,, 0%32,1,) respectively. These observations
are assumed to be independent over time. In other words R;(¢) and Ry(t) are assumed to be
log-normal white noise with their respective parameters which remain constant over time.
This assumption may not be met in many applications, but should be approximately true
unless the size of targets changes quite drastically. It is also certainly possible to make the
mean size a parametric function of time so that it can grow in the beginning and get smaller

over time like a storm system would tend to do. Or perhaps for radar applications, the mean
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size can remain constant, but the variance could be a function of distance from the radar to
allow for more measurement variability the further a target is from the measurement source.
In any case, the assumption of independence of size observations over time is necessary in
order to adequately deal with splitting and merging of targets; see the discussion at the end
of this section.

Since Ry ;(t) and Ry (t) are log-normal, S;(¢) is also log-normal with parameters (ug, ; +
[LRzﬂ.,O'}Q%M + U%u). Hence the mean value of S;(t) is

1
BIS(0] = oxp { i + s+ 5 (o, + o)) (2.10)

In the event of a split, the mean sizes of the two new targets will sum to the mean size of
the parent target. For example, if E[S;] is the mean size of the #*" target which splits into
targets j and &, then we have E[S;] = E[S;]+ E[Sk]. The new parameters are otherwise free
and will need to be specified or estimated. In the event of a merger, the same conservation
of mean size rule will apply.

In this formulation, it is possible that at some times by random chance, R;;(t) will
be greater than Ry ;(t). From the data we receive from the best fitting ellipse, we won’t
know when this is happening. So in reality, we only observe the order statistics R(;)(t) =
R1(t) A Ra(t) and Rgy(t) = Ry(t) V Ra(t). Thus it is the likelihood of the collection of Ry
and R(s) variables that needs to be calculated in Chapter 3.

It seems as though it would be beneficial to allow the radii or size to change as positive,
continuous processes. An exponential Brownian motion or a Bessel Process would be viable

options. A problem comes in with merging and splitting though. For example, the size
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of a child after merger should be equal to the sum of the sizes of the parents. The sums
of exponential Brownian motions are hard to work with. Also, in the event of a split, we
need to somehow randomly distribute the size of the parent into the two children. This
makes it very difficult, if not impossible, to construct process that models this behavior
with a tractable likelihood. We may be able to use an approximate likelihood however.

This problem is potentially an area of further research.

2.4.2 Orientation

The orientation of a target can be measured by the angle, ()2 of the major axis corresponding
to Ry as shown in Figure 2.2. We will use the usual notation Q2 ;(t) to represent the angle
for the i" target at time t. We will assume that Q2 ;(t) comes from a VonMises distribution
on [0, 7] with parameters o; and ;. Like R; and Rs, Q2(t) is assumed to be 4id over time.

Also, since we only get to observe R(9)(t) we won't know which axis is the major axis,
so we can’t observe (2. We do however get to observe the angle of R9)(t) which we will

call Q(9)(t). The likelihood for the collection of ()(5y variables will be given in Chapter 3.

2.4.3 Intensity

The intensity I(t) of a target can be defined for the storms application to be the maximum
rainfall rate of the pixels that make up the storm, the average of rainfall rates for all of
the pixels, or some combination of the two. For the 2-D turbulence problem, we can use
vorticity in place of rainfall rate. For other applications the intensity of a target may be
otherwise defined in a suitable way.

Once we have decided on a definition for intensity of a target, it can be modeled in
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a manner similar to the other attributes. We can assume some appropriate distribution
and let the observations be iid over time. For example, we could assume a log-normal

distribution,

I(t) ~ lOgN(/L[i,O'i) (2.11)

For a merging and splitting, it may be reasonable that the mean intensity is conserved in
a manner similar to size. For example, if E[I;] is the mean intensity of the i*" target which
splits into targets j and k, then we have E[I;] = E[I;] + E[I]. It could also be possible
depending on the definition that the maximum intensity is conserved. Another option is
that there is no conservation of intensity and all the parameters are free. In any case, once
it is determined how to introduce the dependency of the parameters, if any, the likelihood

is computed the same way in Chapter 3.

2.5 False Alarm Model

The model used for false alarms will be broken up into separate parts (state, location,
attributes) in a manner similar to that for targets. However, since false alarms only exist
for an infinitesimal length of time, they can only be observed once. Hence, these models

are much less complicated than those for actual targets.

2.5.1 False Alarm State

We will assume that the distribution of false alarms is a Spatial Poison Process which is

independent over time. Hence, the number of false alarms at time ¢, N (%), is distributed
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as a Poisson random variable,

N¢(t) ~ Poisson(AfA) (2.12)

which is iid over time. Here A is the area of the field of vision or image window, so that A
is the expected number of false alarms in a unit area.

If we are using adaptive thresholding, then we will have a higher concentration of false
alarms in the gating regions where we are using a smaller threshold. Hence, we would need
to allow for a higher rate parameter, A%, for the gating regions. Suppose G denotes the set
in R? which is the collection of all gating regions. We would then have a heterogeneous

spatial Poisson process with parameter

Aoy = Aflee(z,y) + Npla(z,y) (2.13)

It may also be beneficial to use the following form of adaptive thresholding. Let the
baseline amount of thresholding over the field of vision be 79. We can subtract an amount
Try to this baseline threshold which is proportional to the conditional density of a new
observation given the previous observations in a track. In this way, we threshold at a much
lower level near where we expect the new observations to be. For this type of thresholding,
we could assume a heterogeneous spatial Poisson process with a parameter A¢(z,y) that is

inversely proportional to 79 — 7, so that

c

__(To ) (2.14)

Ap(z,y) =
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would be a continuous function of x,y-space. If we denote the field of vision as the set

F € R? then for either of the two models for A¢(z,y) we have

N¢(t) ~ Poisson (/F A,c(:t,y)) . (2.15)

There is no need for a missing state model for false alarms. The conceptual reason for
this is that there is nothing there to be missing in the first place. The existence of a false
alarm implies that it is detectable. If for some reason we were to assume a probability
of detecting a false alarm P, on top of a probability of its existence, then the number of
observable false alarms Ny(t) would still have a Poisson distribution with rate parameter
A ¢ = PgAy. Hence, we would just have to absorb the probability of detecting a present false
alarm into our rate parameter anyway. Hence, the false alarm state model is assumed to

describe how many false observations will be detected at a given time.

2.5.2 False Alarm Location

For the homogeneous spatial Poisson process, the location of a given false alarm observation
X will be assumed to have a uniform distribution that is independent of other false alarms

in space and time,

X ~ Unif(Lx,Ux). (2.16)

where Lx and Ux are the range limits in the field of vision or image window. He distribution
for Y would be defined similarly.
For the heterogeneous Poisson models, the distribution will be more concentrated where

A¢(z,y) is higher. This means we have to consider the distribution of X and Y together.
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The density of X,Y for a heterogeneous Passion process is actually proportional to the rate

A (@, ).

2.5.3 False Alarm Attributes

Whatever attributes that are modeled for targets, must also be modeled for false alarms.
This is so that a likelihood computed assuming a group of sequential observations originated
from a target would be comparable to the likelihood assuming the observations were false
alarms. We propose that a false alarm attribute have independent and identical distribution
for each false alarm occurrence.

For example, if we were to use the size or Ry and Rz in our model, each target would
have its own size parameters, but all false alarms would have the same parameters. We

would let the minor radius for all false alarms have the distribution,

Ry ~ 10gN(/'LR1,f’O-‘I?%Lf) (217)

and similarly for Ry. We will model the angle of orientation of the major axis for all false

alarms as

Q2 ~ VonMises(ay, B) (2.18)

and lastly for intensity we will use

I ~logN(uz,,0%,) (2.19)
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Chapter 3

Model Likelihood

In this Chapter we will present the likelihood of the model described in Chapter 2. We
will use the notation [X] to denote the probability density function of the random variable
X, [X](z) to denote [X] evaluated at z and [X | Y] to denote the conditional density of
X given Y. We wish to write out the density, or likelihood, for the following collection of

random variables that correspond to targets,
U, y,w,x,y) (3.1)

The bold W, X,and Y denote the collection of those variables for all targets at all times.
These variables will be more formally defined in the following sections. For ease of presen-
tation, we are restricting the focus to location information right now. We will incorporate
the attribute contribution to the likelihood later.

In addition, we wish to write out a density for the following collection of random variables

37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



that correspond to false alarms.

(Nyg, X5, V) (3.2)

where Ny = (Ny(t1),..., Nf(tn)) and the bold Xy and Yy denote the collection of the
locations for all false alarms at all times. The overall model likelihood function is then

given by

[(U7V7W7X7y)a(Nf7Xfayf)] = [Z/{?v?W?XJy][NfaXfayf] (33)

since the false alarms are assumed to be completely independent of the targets unless we are
using adaptive thresholding in which case the false alarm density will depend on the target
density. In the following sections we will write out the target density, [/, V, W, X, )], and

and the false alarm density, [Ny, X, Vy).

3.1 Target Density

Using the properties of conditional probability, we can write the target density as

UYW.X ¥ = UV - WUV X UVW -V IUTVW (3.4)

since X and )Y, are independent given (U,V,W). We will call the conditional densities in
(3.4), in order from left to right, the target state density, missing state density, and target

location densities respectively. We will describe each of these in the following sections.
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3.1.1 Target State Density

Since the State Model has independent increments, the Target State density can be written

as

n
U, V] = [No] H[Ubw Udj»Usjs Umys | N1 Ve3> Vago Vo Vi | N(t5), Usg, Uay Us gy U]

~ (3.5)
where recall that N(t) is the number of targets that exist at time ¢. Also, Ny is the initial
number of targets and is Poisson with parameter A\g so

k,—Xo
[Nol(k) = 29—

(3.6)

To write out the exact density for (Up;,Uq;,Us,j, Um,; | N(t;)), is difficult since they are
dependent on each other. The rate of death, \yN(t), for example changes when there
is a birth, death, split or merger. Suppose U; = Up; + Ug; + Us; + U ;. The exact
distribution of (Up;, Uqs, Us,i, Um) would require us to sum over all the permutations of
the order that the U; events could happen in the interval [t;,¢;,1). For each of these
permutations, we would have to calculate the probability that the sum of U; independent
exponential random variables with respective rates (which are generally different) would be
less than At; = t;41 —t;. Instead, we will approximate this probability by assuming that
the rate of the occurance of events stays constant during the interval [t;,t;11). If we let

N; = (N(tj) + N(tj41))/2, which is the average number of targets alive during the interval,
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then we can assume that the rate of each of the events during the interval is

Mg = N (3.7)
Aaj = MN; (3.8)
Asj = AN (3.9)
Amj = MmN (3.10)

for birth, death, splitting, and merging respectively. With this assumption, the variables
(Ub,i,Ud s, Us s, Un i) are independent and P(Uy; = u) for example is the probability that
the sum of u iid exponential random variables with rate S\dyj are less than At;. This is the

same as the Poisson density with parameter Ay ;At; evaluated at u. Hence,

U | N(t)] () = (ApAty) e84 ful (3.11)

Ua; | Nt () =~ (AgzAty)re a8 fy) (3.12)

Uej INEN ()~ (R jAtj) e o080 ful (3.13)

Unmj | N (@) = (mAty)uermibt fy) (3.14)
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For the variables (Vi;, Vi, Vs, Vim,i) if we make the same assumption that N(¢) = Nj is

constant during the interval [t;,%;41), then we have

Yo | N Vsl @) = 1 (315
Vi | N(tj), Uagl (v) = (1/Nj)Ts (3.16)
Vo | NG Ul () ~ (1) 317
Vs | VDOm0 > (0(F)) (3.8

and we can write (3.5) as

LV} = [No] [ T1Ub )V | Ul - W)V | U] - [Us3lVas | Usg) - Wimil[Vimss | Umig)-

7=1
(3.19)

3.1.2 Missing State Density

Recall that W;(t) represents the observability (0 or 1) of the i** target at time t. Let
W, = (Wi(t1),..., Wi(ty)) and W = (W,...,W,,) where m is the number of targets that
existed before time ,,. The time of initiation of the i*® target is denoted by &. Also let the
time of termination of the i** target be given by ¢;. For convenience if the i** target is still
alive at time t,,, we will let (; = t,,.

The state variables &/ and V do not specify the exact values of & and ¢;. They do
however specify which interval, between observations they are in. This is all we need for W
since its dependence on U/ and V is only on whether or not a target exists at the observed

time points. For the following, if it is known that &; is in the interval (t;,¢;41), we will set
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& =t;+ At;/2.

The white noise model for W of Section 2.2 assumes probability Py of observing the 4t
target if it exists at a given time, independent of other times. If the target does not exist
at time ¢ then W;(t) = 0. Under this model, the conditional density of W given the state
variables in (3.4) can be written out using indicator functions to separate the cases when

the it target exists and does not. This density is then given by

WU, V(w) = H H {Tits,£0(cortnl (B (1 = wig) + g, ¢ (t5) (1 = wig) (1 = Pu) + wij Pa) }
o (3.20)
where w;; is representing an observed value of W(t;).

If instead we assume the Markov Chain model of Section 2.2, then we will make the
following assumptions. For a time t before a target is initiated W;(t) = 0. When target i
is initiated, W;(&;) = 1. During the lifespan of a path, it switches back and forth between
missing and observable with rates vy and v4. As soon as path ¢ is terminated by the State
Model, W;(¢t) becomes 0 again for ¢ > ;.

Since for i # j, W; is independent of W; given the state variables and W; is Markov, we

have

WU, Vi(w H H (Wilty) 1U YV, Wiltj-1) = wij1}(wi ;) (3.21)

Now let P;i(At) be the probability of W; going from state j to state k in a time At ,
assuming that the path exists during this time as determined by the State Model. Simple

calculations can show these transition probabilities to be

_ Nk Vi (votu1)At
P (At) = 0L 3.22
J’k( ) v+ +I/()+I/1€ ( )
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Let At; = t; —t;_1. Also for notational convenience, adopt the convention that ¢y < t; even
though we do not observe the process at tg. We can then write the conditional density of
Wi;(t;) on the right side of (3.21) by using indicators to break it apart into the times when
the target exists and does not and also into the case of the first observation of an existing
target and a consecutive one.
(Wilt;) | U, V, Wiltj1) = wi 1) (wig) =
Tty €00l (83) (1 = Wig) + Tt 60 (85— g, ¢ (8) Prowy (85 — &) +

I[Ei,Ci] (tj—l)I[&yCz‘] (tj)Pwi,jvluwij (Atj) (3.23)

Equation (3.23) along with (3.21) describe the the conditional density of W given the state

variables in (3.4) for the Markov Chain model.

3.1.3 Target Location Density

Since X;(t) is normally distributed for all ¢, the observed location of all targets at all time
points, has a multivariate normal distribution. Let the times at which the i** target is
observable be denoted by ¢; = (ti1,...,tin;). Also let X; = (Xi(tin),. .., Xi(tin,)) and

lastly let X = (X4,...,X ) be the collection of all observed locations of all targets. Then,

X ~ N(px,Xx) (3.24)

where we will define px, and Xx below.
Recall from Section 2.3 that this mean and covariance will depend on the time of ini-
tiation, &£, of the targets. We will adopt the convention of the previous section here and

set & =t; + At;/2 if §; is known to be in the interval (¢;,%;41). Since ux and Y x depend
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on the exact values of &, this will be an approximation to the true density. In order to
get the exact density, we would have to integrate out on the joint distribution of X' and &,
given that the &;’s are in their respective intervals. This would have to be done numerically
and would not be feasible in practice. If the intervals are sufficiently small though, this
approximation will be quite close to the true density.

Also recall from section 2.3 that we need to then condition X on the random variable
D and evaluate this density at D = 0. Let d; be the vector d from Section 2.3.2 for the it

merging event, ¢ = 1, ..., Ng. Then let

D; = Xdi,l (Edi,s) - de ('Edi,e.) + i (3.25)

be the difference, D, for the it* merging event. The random variable D; is also normally

distributed. Finally, let D = (Ds,...,Dn,). Then we also can write,

D ~ N(up,Zp)

For the collection of both X and D we have

X
~ N, %) (3.26)
D
where
P (3.27)
UD
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and

(3.28)

The mean vectors and covariance matrices will be described in the following. Let u;(t) =
EX;(t) and pp, = ED;. These functions are given for the IBM model in Appendix A.
Then let p; = (pi(tin), ..., 1i(tin;) and we can now write the mean vectors in (3.27) as
px = (K1, -5 M) and pp = (Upy, - - - kDy,)-

Define the matrices X; ; to be the covariances between all of the observations of target
path i with all of the observations of path j. Specifically the (k,1)*" element of this matrix

can be written

Em‘(k‘, l) = COV(Xi(ti’k),Xj(tjyl)) k=1,...,n;; l=1,..., n; (3.29)

Also define the matrices ¥; p and Xp, by their (k, 1)t element as follows

Ei,D(k,l) - COV(Xi(ti,k),Dl) k=1,...,ni; l=1,..,,Nd (3.30)

Spk,l) = Cov(Dg,D;) k=1,...,Ng 1=1,...,Ny (3.31)

The covariance functions in (3.29), (3.30), and (3.31) for the IBM model are given in

Appendix A.
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Now we can write the covariance matrix for X as

Y11 Y12 o0 Zim
5 ) >
Sx=| T zm (3.32)
Em,l Em,Q E'rn,m
and that for (X, D) as
1D
Yxp= : (3.33)
Z:m,D

This completes the description of the distribution of (X; D) given in (3.26).
Now we are ready to write out the conditional distribution of X given D = 0, which
we will just call the distribution of X from this point forward. Multivariate normal theory

tells us that

X|D=0~ N(u*, X% (3.34)
where
@t =px — Sx,pIp' o (3.35)
and
* =Ex — Zx,0Z5' Zx.p (3.36)

The density of X is then just the multivariate normal density with parameters, p* and X*.
This will require taking the inverse of £*, but this can be done somewhat efficiently since
¥* is a relatively sparse matrix. Unless path ¢ is a relative of path j, in the sense that one

is a by-product of splits or mergers of the other, they will have 0 covariance.
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Because of the conditioning on D, this model cannot be conveniently put into state
space form. Hence, the Kalman filter cannot be used to update the conditional distribution
of a new observation given the previous observations. However, it is possible that the
Innovations Algorithm could be used to make the likelihood calculation of this model more

efficient.

3.2 False Alarm Density

In a manner very similar to target density we can write the density of of the false alarm

variables from (3.2) as,
(Np: X5, V5l = [Ngl-[Xp | Ngl- [V | Nyl (3.37)

We will call these conditional densities, false alarm state density, and false alarm location

densities respectively.

3.2.1 False Alarm State Density

The density for false alarm state or Ny = (Nf(t1),..., N¢(tn)) is straight forward to write
out since it is assumed in Section 2.5.1 to be iid Poisson distributed random variables with

rate Ay A. Hence the density of Ny is,

n(ApA)kerrA
~m =] ”’Tf

J=1

(3.38)

For the case of adaptive thresholding, we simply replace the rate parameter AsA at

each time with the integral over the field of vision, F, of the rate function A¢(x,y,t). Note
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that the rate function must be a function of time as well since the thresholding values will
change for each time step. For adaptive thresholding, the density for IN; is conditional
on the target model variables since the gating regions depend on the state variables and

location. We are however suppressing this dependency in the notation. This density is then,

n kj
H 7;— (/ Ap(z y)> e~ JrAs(@y) (3.39)

where we have suppressed the dependency on the target model for notational convenience.

3.2.2 False Alarm Location Density

The location density for false alarms is also simple compared to that for targets since the
false alarms locations are assumed to be independent over time and space. Let the z
component of the i‘" false alarm at time ¢ be denoted as X ;(t) for i = 1,..., Ns(t). Also

let

XfZ{Xf’i(tj):i: 1,...,Nf(tj), ji=1,...,n}

be the collection of z locations of all false alarms at all times. We will also use the same

notation for Y.

For the uniform model of (2.16) the density function for a particular X ;(t) would be

1

(3.40)
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and the density for &'y would then be

(X7 | Ny)(z H Fzif) (3.41)

i ::]‘”

where z;; is a dummy variable for the value of X;(t;) The density for YV; would be the
same except for the obvious difference in parameters and independent of X'.
For the case of adaptive thresholding the density for X'¢, Y is proportional to the rate

function Af(z,y). Hence the density for (Xy;(t),Ys:(t)) should be

flz,y,t) = chp(z,y,t) (3.42)

where

1

S W i ) (3:43)

This density obviously depends on the target variables as well but we have again sup-
pressed this dependence to make notation less cumbersome. The density for (X5, V) would

then be
n Ny(t;)

[Xf>yf|Nf (z,y) =H H F(@ij, Y35, t5) (3.44)

j=1 i=1
3.3 Attributes

The attribute variables are assumed iid over time given the Missing State variable W.

Hence the densities are fairly straight forward to write out. With attributes, we now have

49

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the following collection of random variables for targets,

UV, W, X, D, 4) (3.45)

where A denotes the collection of all attribute variables. In the following we will assume
A= (R, R(2), Q2), I), which are the smallest radius, largest radius, angle of orientation

and intensity for targets respectively. These variables will be more formally defined in the

following sections.

We also have the following collection of random variables that correspond to false alarms,

(Nf’vayfa-Af) (3'46)

where Ay = (R 5, R2),f> 2),7> L) Which are the same variables as above for false alarms.

The target likelihood function is then given by

UIYW, XV A = [UV]- WUV X UYWL UV - [ATWV (3.47)

So we can just multiply [A | W] to the target density without attributes given in (3.4).
Technically A should really be conditioned on U, V, X, and Y as well, but the way we
modeled attributes in the previous chapter, the density of A would still depend only on W

so we dropped the other variables in the notation. Similarly, the false alarm likelihood is
given by

(IN#, X5, V5, Afl = [Ngl-[Xp [ Ngl- [V | Nyl [A| Ny (3.48)
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so we can just multiply [A | INy| to the false alarm density with out attributes in (3.37).

And of course the overall density is

[(u,V,W,X,y,A),(Nf,Xf,yf)] = [U,V,W,/Y,y,A]-[Nf,Xf,yf,Af]. (3'49)

We can of course incorporate any of these attribute variables separately or add other

attributes in a similar manner. For this collection above though, we have

(A1 W] = [Ray, R | WI[Qy | WIIZ | W] (3.50)

and

[AINysl=[Ray,pRe)r | NillQu)r | NsllZs | Nyl (3.51)

We will describe these densities in the following sections.

3.3.1 Radius Density

For target size, we will use the following notation. Let Ri;(t) and Ry ;(t) be the length of
minor and major axes of the best fitting ellipse to target ¢ at time ¢. We observe the min

and max of these which are Ry ;(t) and R(y);(t) respectively. Also let

Ruy ={(Roy(t) i 1Si<m, 1< <n)

and similarly for Ry).
Recall that Ry ;(t) and Ry ;(t) are assumed to be distributed as independent log-normals

for all t. The density for (R();(t), R(2):(t)) does not depend on time so we will write it as
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[R(1),i» R(2),i]- This density is similar to that for order statistics and is given by

(R B2yil(r, 8) = {[R14](r)[R2,)(8) + [R13](8)[Ra4] ()} Ir<s) (3.52)

where [R1 ;] and [Ry;] are log-normal densities with parameters (ug, ;, cf%zl Jand (pR,;, 0%, )
respectively as described in Section 2.4.1.
Since the radii of path i at time t;, are independent of the radii at other times or of

other targets, the density for (R(),R(a)) is

m
[R(l)aR(Q) | W(r, s) H H [R(l),iaR(2),i] (Timsi,j) (3.53)
i=1 {7 W; g= 1}

where r; ; and s;; are the arguments for the values of R(yy;(¢;) and R()4(t;) respectively
and as usual m is the number of targets observed before t,.

For false alarms, we will use similar notation. Let (Ry f;(t) and Ry f,(t)) be the length
of minor and major axes of the best fitting ellipse to the ** false alarm at time ¢t. We

observe the min and max of these which are R(y) f;(t) and R(yy s;(t) respectively. Also let
Rayp = {(Ryelty) 11 <7 <my 1<8< Np(ty), }

and similarly for Rg) .
The density for false alarms is very similar to that above, but all false alarms at all

times are assumed to have the same distribution so
[Ra1y,£.:(t), Ry, 7.:s(0)] = [Ry, 10 (t), Reay, 1. (1)) = [Ray, 1 B2y 6]
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where

[R(1),15 B2),£1(r, 8) = {[Ra,¢)(r)[Ra,5](s) + [Ra,£)(s) [Ra,4](r) } I{r<s) (3.54)

and [R1 4] and [Ry ;] are log-normal densities with parameters (ug, ;, 0%, ;) and (g, [, ok, ,)-

So the density of (R s, R2),r) is

n Nf(tj

)
Ray.sReys | N s) =[] 11 Raw.r Reysflrigs i) (3.55)
j=1 =1

where r; ; and s; ; are the arguments for the values of R(y) f;(t;) and R(y) £,(t;) respectively.

3.3.2 Angle of Orientation Density

For target orientation or angle, we will use the following notation. Let Q2 ;(t)) be the angle
of orientation of the axis corresponding to Ry of the best fitting ellipse to target i at time

t. We observe Q(z)’i(t)) which is the angle that corresponds to R(Q)’i(t), Also let
Qo) = {Q(t;):1<i<m, 1<j<n}

Consider for now a given target’s orientation at a fixed time Q) ;(t). We will drop the
subscript ¢ and argument ¢ for now and write this as Q) to make notation less cumbersome.
When R(y) = Rz, Q2) = Q2. However, when Ry = Ry, Q2) = |Q2 + 7/2],i where |z, is
z mod y.

Hence, the distribution of @,y given (R(1), R(2)) is a mixture distribution that takes the
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value of Q2 with probability v and |Q2 + 7/2], with probability 1 — =, where

vy o= P(Rl < Ry ] R(l),R(z))
[R1)(R1))[R2](R(2y)

= R R (Rey) + Rl (R ) (R (3:56)
Thus the conditional density of Q). is
Qe | Ry Renl(a) = 2@aal(a) + (1 — 7)[@2.l( g+ 7/2)) (357)
where [Q2] is the VonMises density on [0,7) given by
oicos(a—ay)
@24l(0) = S o 0 (3.58)

Here Wo(z) is a modified Bessel function of the first kind of order 0. As with the radii,

Q(2),i(t) is independent over time and of other targets so the conditional density of Q) is

Q) | W, Ry, Repl(@) =] ] [Qe2y | R(1yi(t5), Re2),s ()] (qiz) (3.59)
i=1 (Wi =1}

where ¢; ; are the arguments for the values of Q(g);(t;)-
Again the situation for false alarms is very similar. We will let Q(2) 7:(t) be the angle

of orientation corresponding to Ry ¢;(t) and

Qayr = {Q)ilty) 1 1< <n, 1<i< Ne(ty)}

Let [Q2,f] be the same density as in (3.57) only with parameters oy and Sy in place of ;
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and G;. False alarms are iid so

n Nslt;)

Q02,5 W, R, R @ [T TT Qeyr | Raysilts) Ry, i (ti)) (gig)- (3.60)
j=1 =1

3.3.3 Intensity Density

Intensity does not have any of the dependency like that built into size and orientation, so
the density is quite a bit simpler. For target intensity, we will use familiar notation. Let

I;(t) be the intensity of target ¢ at time t. Also let

I={Lt;):1<i<m, 1<j<n}

For any target the density of I;(t) does not depend on time so we will write it as [I;]. Recall
from Section 2.4.2 that [I;] is assumed to be a log-normal density with parameters (p1,, 07,).

The density of Z is then

3

17 | WI(v) | LA (3.61)

1{j:W;=1}

)

where as usual ¢; ; are the arguments for the values of I;(t;).
For false alarm intensity, we again assume the same density [If] for all false alarms which

is log-normal with parameters (up,, a%f). The density of 75 is then

n Ng(ts)

ZIWI T TT G- ’ (3.62)

j=1 i=1
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Chapter 4

Parameter Estimation

In this chapter we describe how we chose to estimate the parameters of the model given in
Chapter 2. In most cases these estimates are the maximum likelihood estimators (MLE’s).
In some cases however, the MLE is not in closed form and would be too computationally
expensive to compute. In these cases we will make use of other reasonable choices for

estimates

4.1 Parameters of the State Model

The State Model parameters are Ag, Ay, Ag, As, and A,. There is also the false alarm state
parameter, A f‘. For the State Model parameters can calculate approximate MLE'’s based on

the approximate likelihood given in Section 3.1.1. The MLE for Ay is obviously
o =Ny (4.1)

where recall Ny is the initial number of targets.
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Now consider the estimation of the death rate, Aq. From the approximation in (3.12) we
can consider the Uy ; for j = 1,...,n as independent Poisson observations with parameter
NjAg;At;. Recall that N; is the average number of targets alive in the interval [t;,¢j41).
Denote the collection of N;’s by N. Then the contribution to the likelihood in (3.19) from
U,is

n
[Ug| N (u) = H (NjAg Aty % e Nida 8% [y, 1 (4.2)

So the derivative of the log likelihood is

d — . _
= log [Ug | N (u) =Y & — N;At;. (4.3)
dAy pat Ad
Setting (4.3) equal to zero gives
"
. c_Ud
Sy = ——-Z,Ef‘l_ i (4.4)
Ej:l N;At;
In similar fashion the approximate MLE’s of Ay, A, and A, can be shown to be
n
. Uy
f = =ilbs (4.5)
Zj:l At;
n
. _ Us
A = ____Znﬂ—l_ i (4.6)
> NjAt,
‘13
. Unm.j
>\d — Z] 1 m,J . (47)
Zj 1( )At

Lastly, consider estimation of the false alarm rate, A¢s. The number of false alarms at

each time, N¢(t;) is Poisson with parameter A\yA, where A is the area of the field of vision.
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Hence the MLE for Ay is

. " Ns(t)
=14Vf
=== (48)

4.2 Parameters of the Missing State Model

If we assume the simple iid model for missing observations, then the MLE for the missing
state model parameter, P, is the ratio of the number of times targets were observable to

the number of times they existed.

S\f _ Z?:m Z;‘L—_—l VVi(tj)I[Ei,Ci] {t5) (4.9)
tem 2 ge= Tlesci ()

To estimate the parameters vy and vy of the Markov Chain Model, we will settle for
approximate MLE’s. We will assume that transitions from missing (W = 0) to observable
(W = 1) or observable to missing, happen at the observed time points, ¢;’s. Let 7; x be the
time of the k" transition from 0 — 1 or 1 — 0 for for the i*" target, W;. We are assuming
then that we know the exact value of the 7;;’s. Let n;; be the number of transitions made
by W; during the time interval we observe the process, [0,?,]. For notational convenience
let 7,0 = &. Remember it is also assumed that W;(§;) = 1. The approximate likelihood is

then

m Mg, Nt,i

L, 1) = H H Vle—Vl(Ti,k—Tz‘,k~1) H Voe—VO(Ti,k—Ti,k—l)
i=1 k=1 k=1
k odd k even

(e_UO(Ci—Ti'nt’i)I{ntyi odd} + e-—lll (C'L"Ti,nt,i)I{nt’i even}> (410)
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The derivative of the log likelihood with respect to v is then

Nt.4

0 i Nt 4 2
2rog L) = 3L S i~ ) = (6= o ey (41D
=1 k=1
k odd

Setting the above equation equal to zero gives the approximate MLE for v; to be

i — DLNIE] W)
zr'll k,:;l (Ti,k - Ti,k—l) + (Cl - Ti,nt,i)l{nt,i even}
odd
In a similar manner, the approximate MLE for v is
o RLE] w1
i1 Zki':l (Tisk — Tik—1) + (G = Tinei ) fnes odd)

4.3 Location Parameters

The derivative of the location density is difficult to work with analytically because of the
matrix algebra involved. Exact MLE’s would require a time consuming iterative method.
We therefore decided to use alternatives to the MLE’s for the location parameter estimates.
We will present these estimates for the z-coordinate parameters. The estimates for the
y-coordinate parameters will be the same with the obvious changes.

4.3.1 White Noise Variance

We will first consider estimation of the white noise error variance O'g(, .- For the IBM model,

the observed location for a path is

ti—&;
X7 (t;) = Xi(€) + tX/(&) + o? /0 Bi(s)ds + €1 (4.14)
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So if we make a derivative approximation, we have

Di,j ‘- X,,:*(tj‘i'l) _ X:(t]) — Iig 21 ' . 1 N
At] - Atj ~ Xi (é‘) + g; B’L(tj §'L) + At] (51,,_7—-}-1 — E1,J)' (415)

If we then take the consecutive differences of the D;/At; we have

p2. _ Dignn  Dij
W Atj+1 Atj

~ o} (Bi(tj+1 — &) — Bi(t; — &)

1

+—~———-—At At (Atjesjro — (Atjpr + Otj)eg iy + Atjiigij). (4.16)
7 J

The covariance of consecutive D?’s is given by

Cov(Df,DJQ-H) ~ Kjagge (4.17)

where
K= At (Atj_;_l -+ Atj+2) + At; +2(At + AtJ_H) (4.18)
= .
At; Atj+1AtJ+2
Hence a method of moments estimate for the measurement error variance is
D, D2
LD 3 B i an

=1 jeO;

where O; is the set of indices, j, that we have four consecutive times ¢;,%;41,%;+2,t;4+3 where

the it" target is observable,

O; = {j : Wi(ty) = Wiltj41) = Wiltj12) = Wiltj43) = 1}
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and N = 3. n(0;), is the total number of terms in the sum in (4.19).

4.3.2 IBM Variance Scalar

For the estimate of the variance scalar, o2 for the ith target, we will make use of the
estimate for ag(’ . and use a local linear regression to estimate X;(t;)’s given the observations
X (t;) = Xi(t;) + &,5. Once we have an estimate for the X;(¢;)’s, we can form an estimate
o2,

The criterion for selection of the bandwidth, k will based on the following rule presented
on pages 100-101 of [54]. Dropping the subscript i, we have n observations X*(t;) and we

wish to estimate X(t;). Denote this estimate as 7(t;,h). Then as described in [54], the

mean square error is

X 4) sl b)) Z X(t) = nlty, W) | + 0%, (n - 26(8))  (420)
n n 5’2
ST ey, W) = S (X () — e, B+ e 2ue(S)). (421)
j=1 j=1

Since it is our goal to minimize the bias which is the first term on the right side of (4.20),

we will use the bandwidth, h, that minimizes the quantity

R(h) = % Zn: ity h))? — :’Lf (n = 262(S)). (4.22)

We will only use this approach to estimate X;(t;) if there are more than K observations for
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the it" path. We usually set K = 6 in practice.

Now we turn to the problem of estimating o2. We can do this in the following way.

From the above discussion, we now have an estimate, X;(t;), for X;(t;) and
Xi(t;) = Xi(0) + tX[(0) + 02 Git;) (4.23)

where G;(t) is an IBM, G,(t) = f(f Bi(s)ds. The consecutive difference quotient is

Di; — Xiltye) = Xilty) _ o o2 »
Aty At; ~ Xi(0) + At (Gi(tj+1) — Gi(ty)) (4.24)

And taking consecutive differences of the bi,j /Aty’s gives

., Di  Di o2
P R L APY J At;Gi(tia) — (At; + At41)Gi(t; Aty 1Gy(t;
Dw Atj+1 Atj AtjAth ( t]Gz( J+2) ( it J+1)G1( ]+1) + tJ+1Gz( J))

(4.25)
The variance of ﬁﬁ ; is then
Var(DiZ’j) ~ Cja? (4.26)
where Cj is given by
= — 1 At?t—Ja—J“—Q+(At-+At- )Qt?—+1+At2. b
T 7 (AAt )2 |3 A i+13
2 i 2 £
—Atj (At]' + Atj_H) tj+1tj+2 — T - AtjAtj+1 tjtj+2 — —5
3
— At (At + Atjyq) (tftm - —39— . (4.27)
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Hence a method of moments estimate for o2 is

1 (DiZj)z
Ui _ - (4.28)
N2 G,

where here O; is the set of indices, j, that we have three consecutive times ¢;,t;41,%;42

where the it" target is observable,
O; = {j : Wi(ty) = Wiltj41) = Wiltj42) = 1}

and N = 3. n(0;), is the total number of terms in the sum in (4.28).
Again, we only estimate ¢? in this way if we have greater than K observations for the
ith path. If the *" path has less than K observations, then we let ai2 equal the weighted

average of the o7 estimates of the other paths.

4.3.3 Initial Conditions

To estimate the initial conditions parameters, ux,, ox,, Xy, and ox;, We will also take
advantage of the local regression fits X;(t). We can use the local regression to estimate
Xi(&). Let t; ; be the j** time at which the i** path is observed for j = 1,...,n;. We can
then estimate X/(&;) as

>/ Xi 7 _Xi %
Xi(gi) — (tt,ilz_& (é.)

. (4.29)

If the it" path has fewer than K observations, then we can simply let X (&) = Xi(t;1) and

/

Xi(&) = (Xi(tio) — Xi(ti1))/ (tiz — tia).

Let B = {i : target i is a an initial target or a birth}, and let n(B) be the number
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elements in B. We can construct estimates for the initial conditions parameters as

xy = ﬁg)@(&) (4.30)
%, = -JB—ZB( uxo)Z (4.31)
ix; = %B)E; (&) (4.32)
0% = ﬁx(Xi(gi)"ﬂX6)2 (4.33)

4.3.4 Splitting and Merging

Here we will construct estimates for the parameters involved in the initial conditions of a
split or merger, ox,, 0x;, 0X,,, 0x. , and ox,. In order to do this we need estimates for
Xi(¢) and X/(¢;). We can also use the local regression to estimate X;({;) and in a similar
manner we can estimate X/(§;) as

Xi(G) — Xi(tin)
G —tin '

X6 = (4.34)

Adopt the convention of Section 2.3 and denote the indexes of the parents of target ¢ (if

it has any) as p; 1 and p;2. Recall that ox, is the variance of

Ysi = Xpiy (&) — Xi(&)

and ox: is the variance of

Vi = Xy, (&) — Xi (&)
for any path 4 that is the result of a split. If we let S = {i : target ¢ is the result of a split}
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and n(S) be the number elements in S, then we can construct estimates for these parameters

as

B = g & (s = Kite) (4.35)
€S

% = —15-2( o) — i) (4.36)
es

Similarly, ox,, is the variance of

1 1
wm,i = iXpi,l(&) + §Xm,2 (&) - Xz(&)

and oy is the variance of

1 !
'(an - 2 p“(&) + 2 piz(fl) - Xz(gl)

for any path ¢ that is the result of a merger. Solet M = {i : target 7 is the result of a merger}

and we can construct estimates of these parameters as

~9 1 14 1 - 2

Jxm - n(M) <2 pil (CP‘L 1) + sz 2 (Cpl 2) z(fz)) (437)
€M

i = it 2o (500G 5 K0ea o) - K@) e

Xm T TL(M) v 97 P, 1\ 3Pt 9 Pi,2\SPi2 Xi(&i .

Lastly, ox, is the variance of

wd,i = XP‘L’,I (&1) - Xpi,z (fz)
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for any path ¢ that is the result of a merger. So its estimate is given by

a%(m = n(:]lw) Z (Xpi,l(cpi,l) - sz‘,z (Cpi,2)>2 (4'39)

4.4 Size Parameters

Estimation of the size parameters g, ,, Or,;, tR,,;, and og,, is complicated by the re-
striction that mean size must be conserved. Let the size of a target i be defined to be

Si(t) = R1,i(t)Rq,(t) as in Section 2.4.1. So the constraints are that

ES; + ES;y1 = ES), (4.40)
if targets ¢ and 7 + 1 are the result of a split and

ES; =ES,, , + ESp, , (4.41)

if target ¢ is the result of a merger.

A brief overview of the plan here is to first estimate the mean size for each target, E.S;,
under the constraints above. Then estimate the scale parameter, a%i, for 5;. We will use
these to get an estimate for the shape parameter, ug,, of S;. Lastly, we can then estimate
the parameters ug, ;, ORr, ;; UR,,, and og,; by maximum likelihood under the constraints
that pg, , + pr,, = ps, and O'%U + 0'%%” = a%i. This procedure will ensure that that the
mean size is conserved by these parameter estimates.

Again let ¢; ; be the 4% time at which the i** path is observed for j = 1,...,n;. Notice
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that for size, we do not have the ambiguity problem that can occur with the radii. For
example S = R1 Ry = R(1)R(g), so estimating the actual parameters of the size, S;, is not
complicated by only observing the order statistics of the radii. To first estimate the ES;,
we used a weighted least squares approach. The weights are to be inversely proportional
to the sample variance of the observations for S;. Let var(S;) denote the sample variance
of the S;(t; ;) observations for j = 1,...,n;. Then we wish to find the values of ES; that
minimize

Z > ;a??sv_z)(si(ti,j) ~ ES;)? (4.42)

subject to the constraints in (4.40) and (4.41). This is carried out using the Lagrangian
Multiplier method. Denote the resulting minimizers of expression (4.42) as ES;.

We will then estimate the scale parameter for S, a?gi = U%m +01232’i by the unconstrained
MLE. This is just the sample variance of the log(S;(t;;)) observations for j = 1,...,n;.

Denote this estimate as &%i. Notice that since S; is log-normal

1,2
ES; = eHsitos,

where ps, = (iR, ; + 1R, is the shape parameter of S;. So once the estimates ES; and &?gi

are obtained, we can let

N o 1,
fig, = log(ES;) — 50?91,. (4.43)

Finally, we can estimate the parameters ug, ;, Or, ;, UR,,, and og,,; by maximum like-

lihood under the constraints that fip, . + fig,, = fig, and 6%” + &QR“ = &251,. If we set

BRy; = MS; — MR, and U%M = agi - 0%31,1" this is equivalent to the estimation of ug, ,
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and o, , with g, ; unconstrained and op, ; confined to the interval (0, &%i). Recall from
equation (3.52) that this likelihood is a product of sums, and we will therefore need an iter-
ative method to maximize it. Thus this estimation is carried out using a Newton Raphson
algorithm. Notice, however that this is only a two dimensional maximization and we can
use the unconstrained MLE’s assuming R; = R(;) for the parameters as starting points.
The optimization can therefore be carried out quite quickly. This is the reason we chose to
first reduce the problem to a two dimensional estimation for each target instead of applying

a Newton Raphson approach to the entire problem to begin with.

4.5 Orientation Parameters

For the estimation of the angle of orientation parameters, o; and f;, we again use maximum
likelihood. Recall from (3.56) and (3.57) that the likelihood for the Q;(t;) depends on the
R(1yi(t;), R2):(t;) and their corresponding parameters ug, ;, OR, , /iRy, a0d OR, ;. So we
can substitute the parameter estimates fig, ,, 6R,;, fig,,, and o pr,; from Section 4.4 into
the density for Q given in (3.59). We then again use Newton Raphson to find the values of

«; and §; that maximize the likelihood given in (3.59).

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 5

The Tracking Estimate

The general frame work of the tracking problem is the following. We collect data at the
following times t1,...,t,. At each time there are m; observations which correspond to
either targets or false alarms. Let Z;(t;) be the i** observation at time t;. Each Z;(t;) is a
vector of the location values and any attribute values for either a target or false alarm.

Let Z; be the collection of observations at time t;, Z; = (21(t;), ..., 2m,(t;)), and let
ZZ{Zi(tj):lﬁan, ].Sifmj }

be the collection of observations at all times.

For each observation, Z;(t;), we need to decide whether it originated from a target or
a false alarm. Also, if from a target, we need to know which target to assign it to. Note
that each observation can be assigned to only one target and each target can have only one
observation assigned to it. We will creafe the variable p;(t;) which is the index of the target

that observation Z;(t;) originated from. We can assume that the index for a false alarm is
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0. Let

P:{(pi(tj)ijl,...,n, izl,...,mj}.

So for a given Z, P will specify the tracks of each target, but we must also specify the
events (births, deaths, splits, and mergers) that took place with &/ and V. The variables U/
and V together with P will denote a solution to the tracking problem. Let our estimate of

the tracking solution (U, V,P) be denoted

U, v,P).

A~ ~ A

5.1 Calculating (U, V,P)

To achieve our tracking estimate, we will compute the conditional density of (U, V, P) given

Z

)

UV, P|Z = 2z|(u,v,p). (6.1)

Note that this is also a probability mass function since the variables (U, V, P) are discrete.

From this we can select as our tracking estimate

(Z;l, V,’f’) = argmax[U,V,P | Z = z|(u,v,p) (5.2)

u,v,p

Even more, we know that [U,V,P | Z = 2] (U, V,P) is the probability that U, V,P) is the
correct solution given the data Z.

We will now consider how the to calculate the density in (5.1). Since we have written
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out the density for

(U,V,W,X,y,A,Nf,Xf,yf,Af)

in (3.49), we will consider how we may use this to calculate the density in (5.1)

Notice that there is 1 to 1 mapping
g: (P,Z) - (W,X,y,A,Nf,Xf,yf,Af,Z)

So for a given Z, the information contained in P and (W, X, Y, A, N, Xf, V¢, Ay) is the

same. Let

g* : (P>Z)_> (W7X7y1AaNf7Xf1yfaAf)

be the function g without the last variable in its output. Then we can write

UV, P|Zl(u,v,p|2) = PU=u,V=0,P=p|Z=z}
=PU=u,V=0v,(W,X, VAN X; V5, Af) = g*(p, 2) | Z=2}

= UV, WXV, AN X, V5, Ap) | Zl(w,0,97(p,2) | 2) - (5.3)

It is assumed that the distribution of Z given (U, V, W, X, Y, A, Nf, X, V¢, Ay) is point
uniform on the possible permutations of the values of (X, ), A, X¢, V¢, Ay) within each time

tj, 0

1

[Z \ M>V7W7XayaAaNf,Xf7yfa-Af](z | u,v,w,x,y,a,nf,mf,yf,af) = 'n—'IB(Z)
J:

1My

(5.4)
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where

B ={z:9"(p,2) = (w,z,y,a,nf,2y,ys,ay) for some p}

So we can write out the likelihood of (U, V, W, X, Y, A, N, Xf, V¢, As, Z) by multiplying

the likelihood given in (3.49) by that in (5.4). To then obtain the density in (5.3), note that

UV WXV ANy Xp, Vg, Ap, | 2l < UV W, XV, A Ny X5, V5, Ap, 2] (5.5)

and also realize that for a given z, there are a countable number of arguments,

o = (Ui, Vi, Wi, Ti, Ui, G, N, Tf4, Y40y 0f,), that will make

[U,V,W,X,y,A,Nf,Xf,yf,Af,|Z](ai|z)>0 (5.6)

since the values of X, ), A, Xf, Y, Ay must be a permutation of the values in Z at each

time. This means that we must have

[U,V,W,X,y,A,Nf,Xf,yf,.Af,| Z](ai l 2)
[U,V,W,X,y,.A,Nf,Xf,yf,Af,Z](ai,z)
;’;I[U,V,W,X,y,A,Nf,Xf,yf,Af,Z](aj,z)
UYVW XV AN X5, Vi, Asl(ai)

Z;il[u»v’w’xvy’/LNf’Xf7yf7-Af](aj)

where the second equality comes from the fact that the contribution of Z to the density is

a constant by (5.4). Now by equation (5.3) we have

[U,V,W,X,y,A,Nf,Xf,yf,Af](U,U,g*(p,Z))

UV, Pl Zj(u,v, =
[ | 2}, v,p | 2) UV W, XV, A N;, X5, Vi, Afl (), v5, 9% (pjs 2)))

(5.7)
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where {(uj,v;,p;) : j = 1,2,...} is an enumeration of the possible tracking solutions.
Equation (5.7) gives us the distribution of the possible tracking solutions given the data 2,
which is much more informative than just the estimate (Z:{ , ]},75) For example, we could
make a confidence set of solutions such that the probability that the correct solution is
captured by that set is 100(1 — a)%. We could also calculate the probability that a given
observation is a target or a false alarm or the probability that two targets merged, etc.

The difficulty of course is that we cannot calculate all possible tracking solutions in
practice. Suppose we make a reasonable restriction to the set of solutions such as every
target must be observed at least once. Then the number of solutions is finite, but still too
large in practice to calculate a likelihood for all of them. However, notice that the solution
(u,v,p) that maximizes (5.7) is the same one that maximizes the numerator. Hence we can
use the Multiple Hypothesis Tracking (MHT') Algorithm described in Chapter 1 to search
for the solution with the highest model likelihood. The variant of the MHT that we used
will be described in more detail next in Section 5.2, but first we will discuss what we can
do with the results of the MHT.

The MHT will give us an approximation to the solution that maximizes the numerator
of (5.7). Hence this takes care of the point estimate (i{,V,P), but we would still like to
make the probability statements about the solution and this requires having an estimate of
the distribution. This can still be done as well though, since the MHT approximately gives
us the M best solutions (those with highest likelihood) as well. Label these M solutions
(ui,viypi) for i = 1,..., M and let M denote the set of these M solutions. If we assume
that the correct solution is in M, then we can calculate the conditional density of (U, V, P)

given Z = z and the event (U,V,P) € M. This would be given by
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UV, P|Z,U,V,P)e Mj(u,v,p| 2)

[u,v,w,X,y,A,Nf,Xf,yf,Af](u,'U,g*(p,z)) ]
Z;W:I[Z/{,V,W,X,y,ft,Nf,Xf,yf,Af](uj,'Uj,g*(pj,Z)))

(5.8)

We can then use the distribution given in (5.8) to give the probability that our estimate
(l:l Y, 75) is correct or the probability that a given observation is a false alarm. In addition,
when we estimate target position and velocity, we could use the distribution of tracking
solutions to get mean and variance estimates for these as well. Note that this type of
estimation for target position and velocity is very similar in flavor to the JPDA approach

described in Section 1.3.3.

5.2 Optimization Algorithm

As stated before, the optimization algorithm is a variant of the MHT algorithm outlined in
Section 1.3.2. Note that in our framework, a possible solution, (Z:{ Y, 75), is a hypothesis in
the terminology of Section 1.3.2. The algorithm used here will proceed as follows.

At each time, t;, when we receive a new set of observations, Z;, we will assume that

each observation, Z;(t;) is either:
1. an observation from an existing target track,
2. the first observation from a target resulting from birth,
3. the first observation from a target resulting from split,
4. the first observation from a target resulting from merger, or

5. a false alarm.
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Tracks that did not receive a new observation to continue the track must either
1. go missing (stay missing), or
2. terminate.

At time t; each observation is treated as an initial target or a false alarm. Now assume
that we have a set of likely solutions (hypotheses) for the observations through time ¢;_;.
We would then take the new observations, Z;, at time ¢; and form updated solutions based
on all possible combinations of the above possibilities. We then hold on to several of the
solutions with the highest likelihood to use to form solutions at the next time step, t;1.
The actual number of solutions to make it through to the next time will vary. Let max{L;}
be the log-likelihood of the best solution at time t;. We would then hold on to all solutions
that had log-likelihood greater than max{L;} — 4. For speed concerns, we also set a limit,
M, for the maximum number of solutions that make it through to the next time. The
control parameters [y and Mg varied depending on the complexity of the problem, but were
usually set to Iy = 10 and M = 200 for the problems of Chapters 7 and 8.

Of course it is very inefficient to examine all possible combinations at each time, so we
will form gates for each of the tracks. A gate is a prediction region for a new observation
at time ¢; given the previous observations assumed to be part of the track. We used a
probability of p, = 0.999 for the gating or prediction region. We then limit the possible
observations for inclusion into a track to only those that fall in the gating region for that
track.

We can also do a similar form of gating for observations that we are considering to be the

first observations of new tracks resulting from the split of an existing track. We can just add
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ox, and oy, to the x and y components of the conditional variance for the prediction of a
new observation in a track. We can then form the prediction region or gate using the inflated
variance. This is equivalent to forming a prediction region for (X;(¢;), Yi(¢;)) + (¥x,s, ¥y,s)-
We would then only consider pairs of new observations within this region to possibly be a
split pair from the existing track.

For possible mergers, we can also form a similar region. We can compute the prediction
region for the difference between a pair of existing tracks plus a random 4 term, for example
(X1(t5) — Xa(t)), Ya(t;) — Ya(t;)) + (¥x,a,¥va). If this prediction region for this quantity
includes zero, we will consider the two targets for a possible merger. Suppose targets 1 and
2 can be considered for merger, then we must also find a new observation to be the first
observation of the track that they merge into. So we must form another prediction region
for 1/2(X1(t;) + Xao(t;), Yi(t;) + Ya(t;)) + (¥x,ms Yy.m). We would then only consider new
observations within this region to be from a new track resulting from the merger of tracks
1 and 2.

The prediction regions described above are calculated via the Kalman Filter without
the built in dependency of merging and splitting. That is the first observation is assumed
fixed and the others are calculated assuming the model given in (2.3). It is possible to
improve these regions if we had an iterative method such as the Kalman Filter to compute
the updated conditional distribution of new observations from a track. This would also
increase the efficiency of likelihood computation for a possible solution. As mentioned
before, this is something to look into.

Suppose we are running the algorithm on a fixed number, n, of time points, and we

obtain the set of likely solutions for the last time t,. It is possible in the MHT that the
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a solution that would eventually be optimal (have the highest likelihood) has a likelihood
that is not very high early on when considering only a subset of all the times. We can only
hold on to a limited number of solutions at each time, so it is possible that the optimal
solution will be discarded at an earlier time less than ¢, and thus never recovered.

In this case however, the MHT will likely produce a solution that is close to the optimal
one with just a few things different, i.e. false alarms connected together in a short track,
declaring a birth and two deaths instead of a merger, etc. We can improve the set of solutions
obtained at the last time, £, by a greedy exchange algorithm similar to that described by
Sethi [55]. This basically considers making several simple changes to a solution. If a change
results in an increased likelihood, then make the change. This process continues until there
are no more beneficial changes to be made.

There are a multitude of possible changes that we could consider making, but from
initial results of the MHT, it seemed to do a pretty good job of classifying the splitting and
merging events correctly, as well as identifying the correct correspondences of observations
within tracks. However, where it seemed to struggle the most, was to form short tracks
that were made up of only false alarms. This is likely because, it had to discard the correct
solution, which labeled these observations as false alarms, before it realized it would have to
kill this track. Hence the simple greedy exchange algorithm we use here, will only consider
the possibility of changing short tracks (< M, observations) into false alarm observations.
For the results in Chapters 7 and 8 we set M,, = 3.

So for each of the K, solutions produced by the MHT, we will go through and consider
changing any track with less than 4 observations to a collection of false alarm observations.

If one of these changes improve the likelihood, then we will keep it.

7
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5.3 Incorporating Parameter Estimation

Up until this point, we have ignored the idea of estimating model parameters for the pur-
poses of the tracking estimate. If the problem requires estimation of model parameters,
then we can do so with those given in Chapter 4. The problem is that we do not know the
values of the variables that go into these estimates unless we specify a tracking solution,
(U,V,P). Hence, we will allow each of the solutions that we consider in the MHT algorithm
to have its own parameter estimates. Note that this will make some solutions have an overly
optimistic likelihood and bias the distribution given in (5.8). We can limit the amount of
this bias by setting reasonable limits for the parameter estimates. This can be done very
effectively in most problems, since the researcher is usually quite familiar with the number
of targets and false alarms to expect and the velocity of the targets, etc.

Also in the first few time points, some of our estimates in Chapter 4 cannot be computed
because of lack of data. In these cases, we need an initial guess for some of the parameter
values. We simply used the midpoint (or geometric midpoint for variance parameters) of
the parameter limits for an initial guess until enough data was available to estimate these

parameters.
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Chapter 6

Theoretical Considerations

In this chapter we will derive some results for the tracking estimate of Chapter 5. Intuitively,
the estimate should get better if we sample at a finer time step, At. The question then is
how much better does the estimate get? Here we will show that under certain conditions
the tracking estimate converges to the correct solution almost surely.

We will assume the following. For each £ = 1,2,... we look in on the process and
collect observations Zy = (Zy1...Zgp,) at times 0 < th < th < ... < tﬁk < T. Let
Ath =tk | — tk. Further let tf;, j = 1,...,n denote the j* time that the " target
is observed, where nf is the number of times the the it* target is observed. So then also

Atk =tk th

ig+1 T i At times it will be convenient to write ¢;; = tk Atf’j = At; ; and

.37

n; = nf, keeping in mind that these are still a function of k.
We will assume that we are using a Brownian Motion model for G;(t) in equations (2.3),

(2.5), and (2.7). We will replace equation (2.3) with

Xi(t) = Xi(&) + o7 Bi(t — &) (6.1)
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and similarly adjust (2.5), and (2.7). In addition, we will assume that the variance scalers

2

02 = 0?2 for all i. The estimator we will use for o is given by

m n;

0_2 — N ZZ ( ( ’J+14)&t. . ( 7.7)) IEiyj (62)
.3

i=1 j=1

where N = 7" (n; — 1), is the total number of consecutive differences from all tracks and

the set E; ; is given by

{(Xi(ti,j-i-l) - Xi(ti,j))ij;j(yi(ti,j+l) — Yi(ti;))? < K1\/W} (6.3)

for some constant K; > 0. The indicator in (6.2) is to make the estimator more robust.
Essentially this will eliminate extreme observations from biasing the variance estimate if
the tracking estimate has incorrectly connected tracks. It will also be important to exclude
extreme observations from the estimator even when the tracks are correctly specified as we

will see. The conditions needed for Theorem 1 are as follows.
Condition 1. supj{Atg?} =O0(k™!) ask —

Condition 2. The events of birth, death, splitting, and merging are distributed according

to the State Model of Section 2.1.

Condition 3. The random motion component, G;(t), of the location model in Section 2.3,

is a Brownian Motion for all targets.

Condition 4. The likelihood is calculated under the assumption that G;(t) is a Brownian

Motion for all targets

Condition 5. The parameter estimates are confined to a compact set such that Ao, Ay, Ag,

30
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As, and A, are greater than zero and all the variance components of the location model

(except 02) are greater than 0.

Condition 6. The variance parameters for the random process components of X;(t) and
Y;(t) which are o2 and n? respectively are such that 02 = o and n? = n? for alli. The

estimates for o and n* are given by (6.2).
Condition 7. There is no iid measurement error, o2 = 0.

Condition 8. The estimate (U, V, P) given in (5.2) is restricted to those with less than M
tracks where M > m(w), which is the number of tracks in the correct solution (U,V,P).

The estimate (Z;{ , 9,75) is further restricted so that consecutive observations in a track must

be such that

(Xiltija1) — X)) + (Yiltijp) — Yi(ti))? < Kologk™!

for some positive constant Ks.
Condition 9. There are no missing observations, Py = 0.
Condition 10. There are no false alarms, Ay = 0.

The following theorem uses the propositions that follow to show that the tracking solu-

tion is estimated correctly in the limit.

Theorem 1. Assume Conditions 1-10. Let (U,V,P)r be a sequence of correct tracking
solutions. Let (U, V,P)i, be given by (5.2) restricted by Condition 8 for each k. Then

U, V, P = U, V, P eventually almost surely (a.s.)
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The conclusion in Theorem 1 means that for a given w in a set with probability 1, there
exists a K(w) such that the estimate will equal the correct solution for all k > K(w).

Suppose we replace Condition 3 with the following condition.

Condition 3'. The random motion component, G;(t), of the location model in Section 2.3,

is any continuously differentiable random process that satisfies the result of Lemma 7.

Lemma 7 is basically saying that there is no chance that two paths will ever be equal

at the same time. Then we also have the following theorem.

Theorem 2. Assume Conditions 1, 2, &8 and 4-10. Let (U,V,P)i be a sequence of correct

tracking solutions. Then (U,V,P)x = (U,V,P) eventually a.s.

At first glance it may seem somewhat restrictive to assume o> = 0, but there can still
be measurement error. As long as it is a continuously differentiable process, we could add
it to the G;(t) component of the model and we have the same result.

We will prove the theorem by computing the ratio of the likelihood of the best possible
alternative, (i, V, P), to that of the correct solution, (I,V,P). We will then show that this
ratio converges to zero.

These results assume a Brownian Motion model for likelihood computation. It would
seem that for most cases the integrated Brownian Motion Model (IBM) would be a better fit
to the data. But the Brownian Motion case will give some intuition into what should happen
in the IBM case. For example we may conjecture that for a likelihood calculated with an
IBM, we would get the same result in Theorem 2 for a twice continuously differentiable
process.

Before we can compare likelihoods, we must first consider how an alternative solution

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



can differ from the correct one. We will consider the following six ways an alternative can
differ from the correct solution. We will then argue that any incorrect solution may be

obtained by applying these differences sequentially to the correct solution.

1. It incorrectly breaks a target track into two target tracks.
2. It incorrectly labels a merger as two deaths and a birth.
3. It incorrectly labels a split as a death and two births.
4. It incorrectly connects a death with a birth to make one track.
5. It incorrectly labels two deaths and a birth as a merger.
6. It incorrectly labels a death and two births as a split.
If we were considering false alarms, then there are two more possibilities
7. It incorrectly labels a false alarm as a target.
8. It incorrectly labels a target as a false alarm

The following propositions deal with each of the first six possible differences between so-
lutions listed above. Each one assumes something about two sequences of tracking estimates
U, V,P) and U, V,P)y.

Recall from Chapter 5 that Z is the collection of locations and attributes for targets
and/or false alarms and there is a mapping ¢*(P,2) = W, X, YV, A, N, X, V¢, Af). For

the following we will assume that we do not have any attributes however so let

g"(P,2) = (Wi, X, D) (6.4)
(P, 2) = (Wi, Xy, k) (6.5)
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where recall that X' and Y are the collection of x and y coordinates respectively of the
locations of the targets and W is the collection of missing state variables. The attribute
and false alarm variables are absent in (6.4) and (6.5) because we are not considering
attributes and condition 10 implies there are no false alarms.

Recall that tf,, j =1,... ,n¥ is the j®" time that the i** target is observed. At times
it will be convenient to write X ; = Xi(tﬁ j), and n; = n¥ keeping in mind these are still a
function of k. For the tracking estimate (Z;l ,19,75) r we will will denote X; ; and n; as X i
and 7, respectively. For (Z:l ,f),’ﬁ)k we will denote them as X i; and 7;. Adopt a similar
notation for Y.

Propositions 1a and 1b deal with the first difference listed above. They basically say
that asymptotically it is not beneficial to break a correct target track into separate tracks.
Proposition 1a considers breaking the track at a fixed time, while Proposition 1b considers
breaking the track at an arbitrary time.

We will make use of the following definition of a track segment. A target track for
target ¢ is made up of a sequence of observed locations (X1, X;2,...,Xin;). Define a
track segment to be any subsequence of a track where consecutive elements are the same as

those in the track, i.e. (X;;, Xij41,...,X;;) where 1 < j <1 < n;. Define a correct track

segment to be a track segment of a track in the correct solution (U, V,P)i

Proposition 1la. Assume Conditions 1-10. Let © be the set of all pairs of tracking solu-
tions sequences, O = (U, V,P)k and O, = (U, V,P)i, that have the following property. All
of the tracks that make up ék and 0, are correct track segments and ék differs from ék at
every k only by breaking a correct target track labeled i1 from 0y into two tracks by incor-

rectly specifying the death of target i1 and the birth of target i2 during a fized time interval
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[t;?,, t?,ﬂ) for each k. Then,

Ry, = - [(U’V’P)k | Zk]((z;:{ ? ﬁ)k) < O(k‘_g(logk)c) s k — 00 .s.
(ékyék)e@ [(U7V”P)k l Zk]((u V, )k)

for some positive constant ¢ which depends on w.

Proof. WLOG assume that i; =

1 and i3 = 7n, where 7 is the number of tracks in

(Z;l,f),’ﬁ)k; see Figure 6.1. Note that this implies m = 7 — 1 where 7 is the number

of tracks in ({4, V, P)x. From (5.7) of Chapter 5 the ratio of the densities in the proposition

(U VP

Uit Ty
Y 1 Y N
T T T~ /="

Figure 6.1: (,V,P), incorrectly breaks target track 1 into two tracks

can be written as

(@, VP | Zl(@V, P))  _ Uy V) Uk, Vi) - i | Ui, Vi OW3) |

(U, V, P | ZR)(U,V, P)i) Ui, Vel Uk, Vi) - Wi | Uk, VI OWi)
[/?k | (7/:{,1:7 V:V) ](Xk) Vi | (Z:/ 17 V:V) k] (k) (6.6)
[Xe | UV, W](Xk) - i | (@Y, W) (k)

since again there are no attribute or false alarm variables. Also, since we are assuming
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P; =1 by condition 9, we do not really need to consider the ratio

Wi | Uk, Vil (W)
Wi | Uk, Vi)(Wy)

unless one of the solutions has a missing value in which case its density would be identically

0.

Let Xi - (Xi,h . )Xi,TLi) and let

]:i,j =S (Xi,1,~ .. ,Xi,j,Xi——l,-- .,Xl,Dl,... ,DNm)-

where D; are the difference variables resulting from merger as given as in (3.25). By
convention let F; 0 = (X1,...,Xi-1,D1,...,Dn,,). Then let .7A-"i,j and j:i’j denote the F; ;

variable for the solutions (U4, V,P)x and (i, V, P)s, respectively. Notice that we can write

the = component of the likelihood for (i, V, P)y given Z as

m 7y

[‘)}‘I(Z)’YAA HH ,Jlfyj 1 )

i=1 j=1

for example. So we can write the ratio of the x location densities in (6.6) by breaking it

apart into tracks 2,...,7m — 1, which the two solutions have in common, then handle tracks
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1 and 7 separately

i | @O W) T T Ky | Figma(Riy)
@YD T T R | Fagal(Ri)
_ IL_Q H 1Koy | Figmal(Ke 5) T4 K | Frm)(Rrg)
T T Xy | Fojm)(Xag) TH24 X1y ] Frj-al(Xay)

) .H?Q[ijlj:mj I &)
1+1) H?:lﬁl+2[X1] "7:1] 1](X13)

Xpil Fr, X’
A[ ,I ,o]](X 1 6.1

[Xl,ﬁ1+1 Ij:l,’fh (
Butfori=2,...,m—1,and j =1,...,7n;, we have Xi,j = Xi/,j for some #'. The number
of observations 7; = 7i; for all of these tracks are the same as well. Also X 1, = X 1,j for
j=1,...,71 and X1 Pt = Thj for j =2,...,7,5. So by Lemma 6 the first, second and

third terms of (6.7) are no more than a (log k)mb for some constants a and b so that

m(log k)mb a.s. (6.8)

< = =
k) [Xl,’FL1+1 | flill]

Since 1 < M by Condition 8 we have

sup ad’ | (Z{ 1} W)k]({(k) < sup — [Km,1 I?:m’o](){m’l) aM(log k)Mb a.s. (6.9)
(ék’ék)ee[xk ‘ (u V W)k](‘)(k) (ék’ék)e@[xl,’ﬁ1+l |‘Fl,fll](X1,ﬁ1+l)

Notice that the term in the numerator of (6.9) is the density of the first observation of a
new track and hence for all (i, V, P)), must be smaller than the mode of the normal density

with variance O'X Also, the denominator can be written out by utilizing Lemma 3. So we

have,
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$(0;0,0%,) - a™ (log k)M®

N - - .
i (Xl (t?’+1)"X1 (t§,)+0(k~1)) —— -
(éklgkf)ee exXp { 262At§,+0(k—2) /\/271’0 Atj, + O(k: )

(6.10)
The same is true for Y and it is independent of X. Recall that the variance parameter of

the Brownian Motion for Y; is denoted as 7;. Then we have

sup (X, Vi | UV, W)l (Xk, Vi) < ¢(0;0,0%,)6(0;0,0%,) - a™ (log k)M® (6.11)
5 5o X6 Vi | UV W) (X5, Vi) ,inf D '
(Ox.0r)c0 0.0x)c0
where
exp 4 — (Rattt, )~Xu(5)+0E)) N (B0t )-Fa (k)00
26° Atk, +O(k—2) 27° Ak, +O(k~2)
D= - ’ (6.12)
2mG AL, + O(k=3/2)
Now
(Ralth ) - %)) L2 )

where B(t) is a Brownian Motion or a Brownian Motion conditional on the D;-s of Lemma 5.

In either case, because of Lemma 5, any path properties of Brownian Motion will apply.

Also realize that all of the track segments in (i, V, P)}, are correct so by Lemma 8, % — o2,
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Using this fact along with (6.13) on D, we have

(o) (B, )-B(t)) +(1+o(0) (Bitk,, )~ B(tk))”
eXPy— 2485 +0(k~2)
D=

inf (6.14)
X 2ot + O]
(B(t’?, )—B(t’?,))2+(}§(t’?, )—B(t’?,))2 B
exp {_ 2At?, fogiog(l/Ajt;?,)-l—loglogj(il—/lAt;?,)OJ(k“z) (1 + 0(1)) log log(l/Atj/)
= (6.15
CAtk, + O(k=3/72) (6.15)
Bk, )—B ) (B, )-BE))
o { - L 2D L) 1 o) oty
_ (6.16)

CAtE + O(k=2/2)

where B and B are independent Brownian Motions. Now remember that [t;?,,t?, 41) is a

fixed interval for each k. Also assume that B is a Brownian Motion (not conditioned on

Dj’s) so that B(t?,ﬂ) - B(t?,) £ B*(At?,) where B* is a Brownian Motion. We can now

apply Lemma 1 to D which gives,

exp {— (1+ o(1)) log log(1 /Atf,)}

inf D >
H = CAt, + O(k—27?)

(ékﬁk)ee

(6.17)

Note that B* may have been a different Brownian Motion for each k, but there is a countable
number of them so the sets with probability zero can be joined. If B(t) was a Brownian
Motion conditioned on D;’s then the result in (6.17) is still true since the path set for B(t)
is the same as that of Brownian Motion excluding the paths in a set with probability zero.
Hence we are left with

log(l/Atf,)”H"(l)
- CAtE +O(k3/2)

inf

ir (6.18)
(Hk,Hk)ee

Y

C'k(logk)™! as. (6.19)

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for some constant C’ where we used Condition 1 to get from (6.18) to (6.19). This says that
the location contribution to the density of target 1 at time t?/ goes to oo like k/(log(k))®.
This along with (6.11) gives,

[Xe, Vi | UV, W))(Xk, Vi)

sup eI Pt < Ok (log(K))) as. (6.20)
,0)co X0 Ve | UV W)el(Xk, Vi)

We also need to consider the state density contribution to the ratio of (6.6). The state
densities [(U, V)x] (U, Vi) and [(U, V)e} (U, V)r) will be different only in their contribution
of the number of events during the interval [t?,, t?, +1)- For (U, V)4, there is one more death

and one more birth in the interval than for (U4, V)i, so we have

(U@ _ PWUsy=Unyrt1)PWayr =V +1)PWUsyr =Us ) PUnmygr =Uns) PV =V)
(U, V), Vi) P(Us,jo=Uv,; )PUay =Uaj )P(Usj=Us ;) P(Unm,j =Us; ) P(Vk=V)
Motk ) gD e\ alp ad)Taa T s Ak -
/ ] —
( e o€ T ) P(Ve=Vy)
()‘bAtf’)(Ob’jl) —Ap Atk ()‘de’At’fv')wd’jl) -/\de/At’? P(V V )
5 ! —_— Fa =
A ’ ] € k k
(A (NaNy AL 621

" (Upg + 1)Uy +1)

But notice that Ubyj/ > 0and (A]d,j/ > 0 while Nj/ < M. Hence

sup LVk) _ o(Ath)?
b Boyeo (U VIR(UV)E)
= O(k)_2) a.s. (622)
Putting this together with (6.20) gives us,
sup WUV PRIZHCL VP < os(rog(k))e) as. (623)
(ék,ék)e@ (U, P | Z)(U,V, Pi)
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as we desired.

O

Proposition 1b. Assume Conditions 1-10. Let © be the set of all pairs of tracking solu-
tions sequences, Oy = (U, V, Py and 0 = (U, V, P that have the following property. All
of the tracks that make up 8y, and 0y are correct track segments and 0y differs from 05 at
every k only by breaking a correct target track labeled i1 from 61, into two tracks by incor-

rectly specifying the death of i1 and the birth of target iy during an arbitrary time interval

[t?, , t;?,H). Then,

Rip = sup
(0k: yek)ee

< O(k™%(log k)°) as k — oo a.s.

for some positive constant ¢ which depends on w.

Proof. This proof follows the exact same logic as the previous proof of Proposition 1a. The
only difference being that now t;?, is an arbitrary time. Hence the only change will be to

apply Lemma 2 instead of Lemma 1 to (6.14). So for the D of (6.11) we end up with

B(th, )= B +(B(tk, )—B(k))*
exp { - sup, BRI EG BN 1 1 ofa))tog1/ah) |
D >

= CAt: + O(k—372)

(6.24)
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Now use Lemma 2 which results in

exp {— (1+o(1)) 1og(1/At§,)}

it D=z (6.25)
(ék,ék)ee CAt.I;I + O(k’~3/2)
Atk 1+o(1)
- k( ) (6.26)
CAtJ/ + O(k—3/2)
= 0O(1) as. (6.27)
This gives us,
sup e UV WXk Vb)  atgoq pyms (6.28)
Bebyeo [T Vi L ULV, W)](Xk, Vi)
The state model is the same as previously in Proposition la,
vy LUV o o
@1.0:)c0 (U, V)Rl (U, Vi)
This along with (6.28) gives us,
20D F
6,50eo UV P | Z(U,V, P))
O

Propositions 2 and 3 deal with the second and third differences listed earlier. These
propositions say that it is not beneficial asymptotically to break apart a correctly specified

merging or splitting event.

Proposition 2. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution

sequences, Oy = (U, V, Py and 8, = (U, V, P)y that have the following property. All of the
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track segments that make up 0r and Oy, are correct track segments and 6y, differs from 0y, at
every k only by relabeling a correct merging event of targets iy and iy into target iz as the

deaths of targets i1 and is and the birth of target i3. Then

< O(k™2%(logk)®) as k — oo a.s.

for some positive constant ¢ which depends on w.

Proof. WLOG assume that i; = 1, io = 2 and i3 = 3; see Figure 6.2.

(U VPp) (U V,p)

S
S

Figure 6.2: (Z;l ,V,P)i incorrectly breaks apart a merger into two deaths and a birth

Here we have that fori =1,...,m,and j = 1,...,7;, the locations Xi,j = X’i/,j for some
#'. The number of observations 7; = 7; for all of these tracks are the same as well. Hence
by Lemma. 6 the ratio of the x location densities in (6.6) is no more than am(log k)mb for

some constants a and b,

< am(log k)mb a.s. (6.31)
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and since there are less than M tracks the solutions (?:{, f),f?)/c and (Z:{, 9,75)k, we have

(X
su ~
NG

.it’) < aM(logk)M® as. (6.32)
(9k 9k)€@ [ X)

A
)&l(

Of course the same is true for YV as well so we have

sup [{C‘kw),\)k ‘ (L!v]fyyhv)k](‘)f‘a%)k) < G,QM(lOg k)2Mb a.5. (633)
(ék:ék)EG [Xk’yk ; (U,V,W)k](X,yk)

For the state model contribution, the state model for (i, V,P); has 2 more events in

[t?,,té?,ﬂ), than (Z:{,f),f?)k. As in (6.22) then we have

wp [V
o VI,

Q> Ql
<’ T:‘

; ; <Ok a. (6.34)

This along with (6.33) gives us the desired result.

d

Proposition 3. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
sequences, 0 = U, V,P) and O = (U, V,P)x that have the following property. All of the
tracks that make up ék and 8}, are correct track segments and 05 differs from ék at every k
only by relabeling a correct splitting event of target i1 into targets ia and i3 as the death of

target i1 and the birth of targets iy and iz. Then

B 4.7 | 240 7.7

AN ORI

< O(k™?(logk)®) as k — o< a.s.

Q> K

for some positive constant ¢ which depends on w.
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Proof. This is symmetric with respect to the difference between solutions in Proposition 2;

see Figure 6.3. The proof will therefore be identical.

(U, Vp), (1, Vp),

Figure 6.3: (Z:I Y, 75);c incorrectly breaks apart a split into a death and two births

g

We will say that two targets labeled i) and iy at times t; and 9 are distinct if their
labels are different in the correct solution (4, V,P). That is to say that they are not the
same physical target. Proposition 4 deals with the fourth difference listed earlier in the
chapter. It assumes that (Z/{ ,1),75) has the death of a target labeled i; and the birth of
a target labeled i in the same interval [t;?,,t?, +1). These two events are not necessarily
labeled correctly. However target i; at time t;?, is assumed to be distinct from target i
at time té?, 41+ The solution (Z:{ Y, 73) then connects these two track segments which is not
consistent with the correct solution; see Figure 6.4. Proposition 4 then says that there can

be no differences of this type eventually.

Proposition 4. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
sequences, O = (Z;{,f),’f?)k and G, = (U, V,P)y that have the following property. The

sequences 0 and 8y, differ at every k only by joining the birth and death of two targets i;
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\/,4 Yy 2 \\/—c 1
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Figure 6.4: (U, V,P)) incorrectly joins target tracks 1 and 2 into one track

and iy which are distinct into one target track. Then © is the empty set.

Proof. WLOG assume that ¢ = 1 and i3 = 2 as in Figure 6.4. The observations that
get incorrectly joined together in a track in the solution (if,V,P) are (X 1(t§,),f"1(t§,))
and (X g(tg?/ 1) f’z(t?, +1))- Now these are observations from distinct targets in the correct

solution so by Lemma 7 and the continuity of Brownian paths, we know that

e { (X2(t;§,+1) _ Xl(t§,))2 + (%(t?/-l,-l) — ﬁ(tﬁ?/)f}

= inf [ (Ra6, 71 05)) = (Rolds + 1), Valthon)) |

> Cl >0 a.s. (635)

So by Condition 8 there cannot be a solution that connects these two observations in the

same track eventually. Hence such a sequence (Z:{ , \7,75)k does not exist.

O

Note that this is the only place where we use the second part of Condition 8. This is a

very reasonable assumption to make, since it only prevents us from forming discontinuous

96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



paths. It seems however, that the likelihood should prevent us from doing this anyway. We
do indeed believe that this is the case, but need to develop tighter bounds in formulation
of Lemma 6 before we can remove the second part of Condition 8.

The next proposition deals with the fifth difference listed in the beginning of the chapter.
It basically says that it is not advantageous asymptotically to take actual deaths and a birth
and merge them together.

We will say that an event in (I;{ ,f),ﬁ)k corresponds to an event in (U, V,P) if they
happen to the same target in the same interval. For example if target 1 dies in the interval

k
[tj”

t§,+1) in (U, V,P), and in (U, V, P) target 1 merges with target 2 in that interval, then
the death of target 1 in (Z;{ ,1},75)k corresponds to the merger of target 1 with target 2 in

(U,V,P)g. Also two events in a solution are distinct if they are not the same event.

Proposition 5a. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
sequences, O, = (U, V,P)y and 0 = (U, V,P)g that have the following property. All of the
tracks that make up ék and ék are correct track segments and 0y, differs from 9k at every k
only by declaring a merging event in place of two deaths and a birth for two targets i, and
iy that died in (U, V,P), with a target iz that was born in (1;1,1},75);6. It is further assumed
that the deaths of targets i1 and i9 and the birth of target i3 may be incorrectly specified in
(I;I,f),f?)k, but at least two of these three events must correspond to two distinct events in

the correct solution (U,V,P)g. Then,

[(u7 V, P)k ‘ Zk]((aa 97 75)]6)

Rgs, = sup SRS
[(Z/{,V,P)k | Zk]((uvv’ P)k)

6 Br)co

=0 eventually as k — oo a.s.

Proof. WLOG let i3 = 1, io = 2, and i3 = 3; see Figure 6.5. Let the unknown times at
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Figure 6.5: (,V,P)x incorrectly merges targets 1 and 2 into target 3

which the two distinct events occur be denoted 7 and 7, and assume WLOG that 7, < 75.
Since these are the times of actual events from the state model, 71 < 7o with probability
1. Hence by condition 1 there is a K such that for all £ > K there will be a sample
time, t;?,, in the interval (71, 72). For this sample time, one of the targets involved in the
proposed merging event in (U, V,P)g will be missing. Since the probability of detection,
P;, is assumed to be 1 by Condition 9, [1;1,17,73);9,219]((2:{, V, Pk, Zk) = 0 unless it merges
targets 1 and 2 before before 7. But both targets still exists in (Z:{ ,V,'f/’)k at time t?, S0

this would violate the hypothesis. So eventually [/, V, P)x, Z&]({U, V, P)k, Z1) = 0.

O

Proposition 5b is very similar to proposition 5a, but now there is no restriction that
any of the two deaths and a birth in (Z;[ ,V,P); correspond to events in (U, V,P)i. Thus
they can be at arbitrary times. In this case there may be an advantage to combine these
three events into a merger by switching to the alternative (4, V,P);. This will not be
a problem however as we will see that there would have to be too many other negative

differences before (i, V, P)) could make use out of any possible advantage it may gain from
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the difference in Proposition 5b.

Proposition 5b. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
sequences, Oy = (Z:{,f),f?)k and 8 = (2:1,9,75)k that have the following property. All of the
tracks that make up 0y and 0y are correct track segments and 0, differs from 0y at every k
only by declaring a merging event in place of two deaths and a birth for two targets i1 and

19 that died in (1;{,1},75)k with a target i3 that was born in (Z;[, 1>,75)k. Then

k) < bk%(log k)¢ as k — oo a.s.

for some positive constants b and ¢ which depend on w.

Proof. This differs from the previous proposition since, the deaths of targets i1 and i and
the birth of target iz in (Z:{ , 17,75)k do not necessarily correspond to events in the correct
solution. WLOG assume that 41 = 1, i3 = 2 and i3 = 3. Here we have the reverse case of
Proposition 2, so again we have that for ¢ = 1,...,m and 5 = 1,...,7n;, the observations
X i = X i ; for some i’ . The number Qf observations 7i; = ny for all of these tracks are the

same as well. The same arguments as in the proof of Proposition 2 lead us to

sup Lk [ULV W) ont g pyoas g, (6.36)
G, Gyye0 (X0 Ve | UV W, V)

For the state model contribution, the two deaths and a birth (Z;l , ]}, 75);c do not necessarily
correspond to events in the correct solution, so it is possible that they are all in the same
interval [t;?,, t;?, +1). This would be the worst case, since if they were not, by arguments of

the previous proof, [(U,V, P)k, Zk]((?:{, v, 73)k, Zi) = 0 eventually. So assume that all three
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events are in the same interval for all k. In which case, the state density for (Z:l , lA), 75)k and
U, V,P)), will differ only in their contributions during the interval [t?,,t?, +1)- The state

model for (Z;{, v, 75)k has two more events in [té?/,tflﬂ) than does (4, V, P)i. In the same

manner we derived (6.21) we can see that

Aa(Nyr = DAY O 0 + 1) (Uayr + 1)(Uayr +2)
(A ALE Y AaNy A2 (Upn v + 1)

) _
)

After taking into account that ﬁb,j/, Ud,j/, and Nj/ are no more than M while Umyj/ >0, we

have
sup (Zi{’l)’,}?)k](a{’ 1}’ ?)k) < ck? as. (6.37)
(ékyék)ee [(Z/l, Vv P)k]((“) V) P)k)
Combining this with (6.36) gives the desired result.
U

Proposition 6a is the counterpart of Proposition 5a for splitting instead of merging; see

Figure 6.6.

(1, Vp), (U, Vp),

Figure 6.6: (i, V, P), incorrectly merges targets 1 and 2 into target 3

Proposition 6a. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
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sequences, 0 = (Z;{,\A),?A:‘)k and 0y = (Z;{,]~2,75);c that have the following property. All of the
tracks that make up 0i and 0y are correct track segments and 0y, differs from 6 at every k
only by declaring a splitting event in place of two births and a death for a target i1 that died
in (Z;I,IAJ,’]AD);c with two targets i1 and i3 that were born in (I;I,f/,’p)k. It is further assumed
that the death of target i1 and the birth of targets io and i3 may be incorrectly specified in
(1:1,9,75),6, but at least two of these three events must correspond to two distinct events in

the correct solution (U,V,P)r. Then,

(U, V, Pk | Zi)((
[(u’ Vap)k | Zk]((

Reo = sup
(Or.01)€0

}j ki =0 eventually as k — oo a.s.

u,v,p)
U, v,P)

Proof. This follows the exact same arguments as the proof of Proposition 5a

Proposition 6b is also the counterpart of Proposition 5b for splitting instead of merging.
Again, when the events in (4, V, P) that we join together into a splitting event in (i, V, P)y
do not correspond to actual events in the correct solution, there may be an advantage to

switch to (l:l Y, 75) k. This will need to be dealt with in the proof of Theorem 1.

Proposition 6b. Assume Conditions 1-10. Let © be the set of all pairs of tracking solution
sequences, O = (Z;{ l>,75);c and 0 = , V,P)i that have the following property. All of the
track segments that make up 6r and 0y are correct track segments and 0 differs from ék at
every k only by declaring a splitting event in place of two births and a death for a target iy

that died in (U, V,P)) with two targets iy and i3 that were born in (?;l, IA),’IAD)IC Then

R6b — Sup [(uaV7P)k | Zk](g S bk?(log k)c as k — 00 a.S.

U, v, P)
G, Bco UV Pl | Z(UV, P)y)

for some positive constants b and ¢ which depend on w.
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Proof. Because of the symmetry of splitting and merging, this is identical to the proof of

Proposition 5b.
O

Proof of Theorem 1. Let (Z:{ , f}, 75) k be an arbitrary incorrect solution sequence. The solution
(Z:I , f), 75)1C has incorrect tracks, and/or incorrectly labeled events. Realize, however that the
tracks of any incorrect solution are made up of correct track segments which are only joined
together incorrectly. We can define 7 to be the minimal set of correct track segments that
makes up (Z:l,ﬁ,ﬁ)k. Since there is a finite number of possible track segments for each k,
this minimal set exists for all k.

Let the difference between solutions described in Propositions 1a, 1b, ... 6b be referred
to as difference 1a, difference 1b, ..., difference 6b. We can apply differences 1a, 1b, 2, and
3 sequentially to break (U, V), P); into the track segments in 7. The diagrams in Figure 6.7
illustrate this process. We can then connect these track segments together using differences
4, 5a, 5b, 6a, and 6b sequentially to form the tracks of (if,V, P)k; See the last transition in
Figure 6.7. Furthermore, we can do this by applying any of the differences 5a, 5b, 6a, and
6b that we may need before applying any difference 4’s. So all of the difference 1a, 1b, 2, 3,
5a, bb, 6a are applied to solutions with tracks that are correct track segments and hence fit
into the conditions of their respective propositions. In actuality, there can be no difference
4’s eventually by Proposition 4 anyway.

So there is a sequence of solutions that starts with (U, V, P); and passes through several
incorrect solutions to arrive at (Z:{ ), 73) k. Each element of this sequence has one and only

one of the differences described above from the previous element. We shall write this
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Figure 6.7: Break (U,V,P)i into track segments and connect them to get U, V, P

sequence as,

UV, P, UV, PO, U V2P, (U VE P, ULV, P (6.38)

We can write the likelihood ratio of any incorrect solution (Z:l ,V,P)i to that of the correct

solution (U, V,P)i as

(@Y, PYe | ZW@H, Y, PYe) _ [V, Pl | ZH UV PYR) [V, P | 212,V P2))

(
[(U’V’P)k ‘ Z]((uvv77))k) B [(uaV7P)k l Z]((Z/{,V,P)k) [(U,V,P)k | Z]((ul?vlapl)k)
. [(M7V7P)k | Z]((Z{7]>vf))k)
[(U,V,P)k | Z}((ulvvl7pl>k)

(6.39)
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Let © be the set of all tracking solution sequences satisfying Condition 8 eventually.
That is they have no more than M tracks and they restrict the distance between consecutive
observations in a track to be less than (clogk™!). We claim that the correct sequence of
solutions (U, V,P) is in this set.

Obviously (U, V,P)i has no more than M tracks. And for the difference between con-
secutive observations, in any of the tracks we have

sup (X (t2) = X(02))* + (¥ (t2) — Y (t1))2)

0<ty <to<T
to—t1<ck~!

< oV®y sup <
0<t1<tp<T
to—t; <ck~1

(X(tg) — X(tl))2 + (Y(tz) _ Y(tl))2>l/2
o2V n?

2\ /2
<ovn suwp ((X(tg)—X(tl))2 L (W(t) ~ Y (1)) )1

0<t;<tg<T o? 772
to—t;<ck~!
=oVn sup |[|B(tz) — B(th)]
0<ty <tg<T
to—t1<ck—1

< (2e1klog(cT k)2 eventually as k — oco.

by Lemma 2. Hence all of the consecutive differences in the correct solution will eventually
be smaller than clogk™'. Also note that by Proposition 4, there can be no sequence
(U, V,P); € © that has any difference 4’s from the correct solution.

Let © = O\{(U,V,P);}. We need to show that the supremum over (i, V,P) € @' of
the ratio in (6.39) converges to 0 as k — oco. By Propositions 1a, 1b, 2, 3, 5a, and 6a, any
of the ratios in (6.39) that have differences 1a, 1b, 2, 3, 5a, and 6a, are < O(k~2(log k)°).
However, if any of the terms in (6.39) have differences 5b or 6b, they can be as big as
ck®(log k)¢. If there are two many of these differences then the ratio may not converge to 0.

We will then have to consider how these differences could be applied to obtain (Z:{ Y, 73)19
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We will first consider how there can be one difference 5b or 5a in an interval [tg?,, t?, +1)’ then
consider multiple differences.

Suppose exactly one difference 5b was applied to (U, V¥, P%);, during the interval [t?,, t;?, +1)
to obtain (U**1, Vil Pty For difference 5b, we must merge together two deaths and
a birth, of which no two of these three events can correspond to distinct actual events in
(U,V,P)g. Otherwise this would be difference 5a. The three events must also be in the
same interval [tg?,, tf, +1), otherwise in a manner similar to that of Proposition 5a, the ratio

(U, V, P | Z)(@H, VL, P,
[(U,V,P)k | Z]((ui7viapi)k)

=0

eventually.

So before we can apply difference 5b, we must first use differences la, 1b, 2, or 3, to
create at least two of the three events (two deaths and a birth) in (1%, Vi, P*);. Notice that
we cannot use differences 2 and 3 together to create these events since then two of the three
events would correspond to distinct events in (U, V, P).

So there are exactly five ways difference 5b can be applied.

1. We could use a correctly labeled death in (4%, V?, P")z. We would then still need a
birth and a death. This would require using at least one difference la in the interval
[t?,, tf, +1) previously in our sequence of solutions to get to U, Vi, PY)y.. Tt is difference
1a not difference 1b since the interval that contains the correctly labeled death is fixed.

The overall contribution then of difference 5b to the ratio in (6.39) is no more than

RiaRs, < O(k™3(log k)°) - bk*(log k)° = O(k™ " (log k)*°)
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2. We could use a correctly labeled birth in (4%, V¢, P%),. We would then still need two
deaths. This would require using at least two applications of difference la in the

interval [té?,, t;?, +1) previously in our sequence of solutions.

3. We could use difference 2 to get two deaths and a birth previous to (U*, V¢, P*)x, but
only two of these three events can be used in the difference 5b, otherwise we would be
reconstructing a correct merger. So we would still need to apply difference la previous

to (U, Vi, Pt at least once to get another birth or death.

4. We could use difference 3 to get a deaths and two births previous to (¢, Vi, P¥), but
we would still need at least one more death to apply difference 5b. Hence we would
need to apply difference 1a previous to (U?,V*,P")x at least once to get the other

death.

5. Lastly, we could apply difference 5b in an arbitrary time interval, but this would
require us to create two deaths and a birth in the interval [t?,,t?, +1) previous to
(U, V*, PY). This would require at least two applications of difference 1b since now

the interval is arbitrary.

Notice for cases 2-5 that there must be at least two applications of differences la, 1b, 2, or
3. The largest resulting ratio from any of these is O(k~2(log k)¢). Hence the overall contri-
bution of difference 5b to the ratio of (6.39) for cases 2-5 is no more than O(k~2(log k)%).

Therefore if there is one difference 5b applied in any interval then the overall contri-
bution of that difference to the ratio in (6.39) for any of the five cases is no more than
O(k~(log k)%°).

Now Suppose exactly one difference 6b was applied to (Lli, Vi,Pi)k during the interval
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[t

,, t5 ) to obtain (UL, Vil Pt Because of the symmetry of the problem the logic
g i+l

is identical to the five cases above and the overall contribution of that difference to the ratio
of (6.39) is no more than O(k~!(log k)2°)

We now consider N* differences 5b and/or 6b applied in a single interval [t?,,t?, 1)
where N* > 1. Again let (%, V!, P);, be the element of the solution sequence just before
we apply the N* differences 5b and/or 6b. Note that applying differences 5b and/or 6b N*
times requires at least N* deaths and at least N* births in (%, V¢, P%); during the interval
[t;?,,t;?, +1)- Note that this N* combinations of differences 5b and/or 6b can only use one
of an actual death, an actual birth, an actual merger with difference 2, or an actual split
with difference 3 since eventually only one of these events will be in the interval [tf,, tf, 1)

There are again the same five cases to consider:

1. We could use a correctly labeled death in (4%, V', P%);,. We would then still need at
least N* more births and this would require N* applications of difference 1a in the
interval [t;?,, t;?, +1) previously in our sequence of solutions. So the contribution of the

N* differences 5b and/or 6b to the ratio of (6.39) is no more than

(Ri)™ (Rsp)™ = Ok~ (log k)*V7e).

2. We could use a correctly labeled birth in (U4*, V*,P*)x. We would then still need at
least N* deaths. This would require using at least N* applications of difference la
previously. So the contribution of differences 5b and/or 6b to the ratio is again no

more than

(R1a)N " (Rsp)N" = Ok~ (log k)2V"¢).
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3. We could use difference 2 to get two deaths and a birth previous to (U, V?, P")g, but
we would still need N* — 1 more births which would require N* — 1 applications of

difference la previously. This makes the contribution of differences 5b and/or 6b to

the ratio no more than

Ry (R1)V " Rsp)V = Ok~ =D (1og k)2V").

4. We could use difference 3 to get a death and two births previous to (U¢, V¥, P%)i, but
we would still need at least N* — 1 more deaths. Hence we would need to apply
difference 1a at least N* — 1 times previous to (U*, V¢, P%); get the other deaths. This

makes the contribution to the ratio no more than

Rs- (Ria)" " (Rsp)™" = Ok~ V"~ (log k)2N"€).

5. Lastly, we could apply the differences 5b and/or 6b in an arbitrary time interval. Let
N5 and Ng be the number of applications of difference 5b and difference 6b respectively
so that N5 + Ng = N*. Let N, and N; be the minimum number of births and deaths
needed respectively. Notice that Ny = N5 + 2Ng and Ny = 2N5 + Ng. The minimum

number of applications of difference 1b that we would need is

min {Nb \% Nd} = min {(N5 + 2N6) \Y (2N5 + Ng)}

Ns,Ng N5, Ng
Ng+Ng=N* Ns+Ng=N*
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This minimum is achieved when

N* N*
N5=[2-| anng——-[zJ

or vise versa. In either case this makes

N* N* N*
3 — o > * *>
in {Ny Vv Ng} 2{2-‘+[2J_N +"41 VN* >1
N5+Ng=N*

This means we need at least [(5/4)N*] applications of difference 1b previous to
U, Vi, Py, which means the contribution of the N* differences 5b and/or 6b to

the ratio is no more than

(Rup) DN (Rey)V" = O(k™ /2N (log k) /9N "),

This along with the case of N* =1 tells us that for any number of differences 5b and/or
6b applied in any one interval then the overall contribution of that difference to the ratio
of (6.39) is no more than O(k~!(log k)¢) for some constant c.

So if we apply any number of differences 5b or 6b to the correct solution (U, V,P); to

obtain an incorrect solution (i, V,P)x we have

sup [(U7V7P)k ‘ Z]((Z{)D7'P)k)
U, V,P)eo [(u’ V7P)k I Z]((U,V,P)k)

< O(k~Y(log k)°) (6.40)

Of course if we don’t apply any differences 5b or 6b then we had to apply at least one of
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the differences la, 1b, 2, 3, 5a, or 6a. This would make the ratio

(ORI ZI@ VP
U, V,P)e0 [(U,V,P)k | Z]((U,V,P)k)

< O(k~%(log k)©) (6.41)

Hence in general we have (6.40). This means for a given w there exists a K (w) s.t. for all

k> K(w),

)k)
k)

sup <1

@ pyeo WUV, P | Zi]

[(uv V, P)k 1 Zk]((l;{a f), 73
o, v,p

Hence, our estimate (i, V, P) = (U, V, P);, for all k > K.

O

Proof of Theorem 2. Whenever we used the Law of the Iterated Logarithm or Levy’s
Modulus of Continuity in the Lemmas or Propositions, we can substitute the assumption
that X;(t) has a continuous derivative and hence the derivative is bounded on the interval
[0,T]. This implies a faster convergence of differences between consecutive observations
than we had for Brownian Motion. Hence the rates in the propositions will only improve

and the proof proceeds the same as in Theorem 1.
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Chapter 7

Simulated Data Results

In this chapter, we present some results of the tracking algorithm on simulated data. For all
of these simulations, the data, Z, is assumed to come from the model given in Chapter 2.
The random motion component, G;(t) is an integrated Brownian Motion for all targets. The
parameters used to simulate the different cases will be given below. All of the simulations use
common location parameters. These values were meant to make the target tracks produced
from the model behave like the storm tracks of the Chapter 8. So in all of the realizations
we set, ux, = —113, U§<0 = 100, pxy = 1.5, ag% = .1, 01'2 = 0.1 for all ¢, Ug{s = .5,
0% = .01, 0%, =125, 0%, = .01, 0%, =1, 0%, =0, py, = 37.5, 0§ = 100, py; = 0,
af,o, =2,n2 =1 for all 4, 012/3 = .5, a%,s, = .5, U%m =.125, O'%T,n = .01, a%,d =1, and a%,e =0,
where IJ’XO’O%{O’ e 70%@ are defined in Section 2.3. The parameters /,LYO,O'%/O, o ,a%,e are
the counterparts for the y-coordinate. Also o2 and n? are the variance scalers multiplied to
G;(t) for X;(t) and Y;(t) respectively.

We also set the probability of detection to be P; = 0.95 in all simulations. The param-

eters Ao, Af, Ap, Ag, and A, and A, are different for each simulation and will be described
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for each case.

For the parameter estimation, we restricted the parameter values to the followings sets
Ao € [0,25], A\f € [0,0.02], Ay € [0.001,.25], Ay € [0.001,.15], \; € [0.001,.15], A, €
[0.001,.15], Py € [0.5,1.0], px, € [~120,-85], 0%, € [500,1000], pux; € [0,5], a‘;’% €
[0.001,5.0], o7 € [0.001,10.0], 0%, € [0.001,1.5], 0%, € [0.0,1.0], 0% € [0.001,0.5), 0%, €
[0.0,1.0], 0%, € [0.001,5.0}, 0%, € [0.0,1.0], py, € [25,50], 0%, € [500,1000], pys € [-5,5],
af,o, € [0.5,10.0], 7} € [.001,10.0], 0§, € [0.001,1.5], 0%, € [0.0,1.0], of, € [0.001,0.5],
Ug/r,n € [0.0,1.0], o%,d € {0.001,5.0], and a%,e € [0.0,1.0]. Notice that it seems awkward to
have the lower parameter estimate limits for ag(o and 012/0 be higher than the actual values
are set in the simulation. This was done because for this problem with At = 1 and clutter,

the algorithm seemed to perform better when there was a little extra penalty for a target

birth.

7.1 Simulations without Clutter

This set of simulations assumes that there are no false alarms or that Ay = 0. This was
essentially done to get a baseline idea of how well the algorithm works to identify birth,
death, splitting and merging. There are six cases that we considered here: (i) birth only, (ii)
death only, (iii) splitting only, (iv) merging only, (v) completely random model realizations,
and (vi) completely random model realizations with size. For each case we generated N =
100 realizations. These simulations take place on the time interval [0,9] with At; =1 for
all j so that t = (0,1,...,9).

In these simulations we have the following hypotheses we wish to investigate.

1. The percentage of births, deaths, splits, and mergers labeled correctly in each of the
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first four simulations will be roughly equal to the rates of correctly labeled events in

the full model realizations of simulation (v).

2. Since birth is symmetric to death in reverse time, we would expect that the rate of

correctly labeled births would be similar to that of correctly labeled deaths.

3. Since also splitting is symmetric to merging in reverse time, we would expect that the

rate of correctly labeling these two events would be similar.

4. The results with additional size information in simulation (vi) should be an improve-

ment over those in simulation (v).

7.1.1 Birth Only

In these simulations, we set Ay = 2.0, A\, = 0.20 so that we would have an average of
approximately 2 births in a time interval {0,9]. We then set Ay = A\; = A, = 0 s0 we
could isolate the tracking algorithm’s ability to identify birth events. We also restricted the
realizations to have at least one birth event. An example of a realization from this model
can be seen in Figure 7.1. This plot has all the observations for each time on one plot.
Observations from time n are labeled 'n’. The correct solution and the top four alternative

solutions are given along with their estimated probability given by (5.8).

7.1.2 Death Only

In these simulations, we set A\g = 4.0, Ay = 0.10. This makes for an average of about 2.5
deaths in the time interval and we restricted the set of realizations to have at least one
death. We then set Ay, = A\; = A\, = 0. An example of a realization from this model can be

seen in Figure 7.2. Again, the the correct solution and the top four alternative solutions are
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All Times

Correct Solution

o

Alternative 1

Prob = 0.9996

Alternative 2

89
3
Prob = 0.0000 Prob = 0.0000
Alternative 3 Alternative 4
789
0
Prob = 0.0000 Prob = 0.0000

Figure 7.1: Birth Only Realization with Possible Solutions

given. Notice that the correct solution and the top alternative are indistinguishable from
these plots. What actually happened was that the target that reaches the top of the plot
at time 8, actually dies before time 9. The first alternative labeled it as missing at time 9
however, so it did not kill it. This is a common problem for deaths that occur near the end

of the time window.
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All Times

Correct Solution

8
7
6
5

0
40 1 2 3456,

©

Alternative 1

Prob = 0.1952

Alternative 2

Prob = 0.7931

Alternative 3

Prob = 0.0087

Alternative 4

")

Prob = 0.0012

Prob = 0.0006

Figure 7.2: Death Only Realization with Possible Solutions

7.1.3 Splitting Only

In these simulations, we forced there to be exactly one target that split into two targets at
a random uniformly distributed time in the interval (1.0,8.0). An example of one of these

realizations is given in Figure 7.3
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All Times

Correct Solution

o

Alternative 1

Prob = 0.9788

Alternative 2

Prob = 0.0206

Alternative 3

Prob = 0.0002

Alternative 4

Prob = 0.0000 . Prob = 0.0000

Figure 7.3: Splitting Only Realization with Possible Solutions
7.1.4 Merging Only

In the same manner as for the splitting simulations, here we forced exactly one merger
by two targets at a uniform time in the interval (1.0,8.0). An example of one of these

realizations is given in Figure 7.4
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All Times

Correct Solution

6
5
4
0 3
Prob = 0.9994
Alternative 1 Alternative 2
0
0
Prob = 0.0000 Prob = 0.0000
Alternative 3 Alternative 4
9
Prob = 0.0000 Prob = 0.0000

Figure 7.4: Merging Only Realization with Possible Solutions

7.1.5 Completely Random Model Realizations

These are completely unrestricted realizations from the model with state parameters set as
Mo =4, A =01, \g = .02, \; = 0.06, and A\, = .08. The death rate was lower than the

rate of splitting and merging since for the storm problem there seemed to be more splitting
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and merging than death. An example of one of these realizations is given in Figure 7.5

All Times Correct Solution
9
8
7
0823 4 5_ 6
2 5
43 4
5
5 6 7 g
3 4 9
2 3
3 2
0
Prob = 0.9953
Alternative 1 Alternative 2
Prob = 0.0038 Prob = 0.0004
Alternative 3 Alternative 4
9 9

Prob = 0.0000

Prob = 0.0000

Figure 7.5 Random Model Realization with Possible Solutions

7.1.6 Completely Random Model Realizations with Size

These are the same realizations from the model in Section 7.1.5, but now with size informa-

tion to be used in the tracking algorithm. You can see that there is now size information in
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the plots in Figure 7.6. This plot is displaying circles with the appropriate size, not ellipses,

All Times Correct Solution

%
B @@
ORXO)

Prob = 0.9997

Alternative 2

Prob = 0.0000 Prob = 0.0000

Alternative 3 Alternative 4

Prob = 0.0000 Prob = 0.0000

Figure 7.6: Random Model Realization with Size

so we cannot see the actual radii, but they are what is being used in the algorithm.
Sizes parameters were randomly generated for each realization. For each (ur, R, ;)
pair we would generate two random variables 213 ~ N(0.6,.01), 23 ~ AN(0.6,.01) and set

KRy ; = 21 A 22, Ry, = 21V z2. We then set the log-normal scale parameters, of%“ = 0.001
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Birth Death Split Merge CR CR w/Size

% Best Est Correct | 88.0 78.0 94.0 89.0 91.0 95.0
% Births Correct | 94.6 NA NA NA 97.6 100.0

% Deaths Correct | NA 79.2 NA NA 90.2 94.9

% Splits Correct | NA NA  96.0 NA 974 97.3

% Mergers Correct | NA NA NA 97.0  95.1 98.7
% Falling in 95% CS | 92.0 89.0 95.0 99.0 95.0 97.0

(5%) | 0.000 0.000 0.156 0.222 0.062 0.596

Prob of True (25%) | 0.986 0.711 0.948 0.963 0.920 0.996
(50%) | 0.996 0.996 0.987 0.994 0.994 0.996

(5%) | 0.787 0.684 0.665 0.671 0.668 0.966

Prob of Best Est (25%) | 0.996 0.992 0.954 0.963 0.948 0.996
)
)

(50%) | 0.996 0.996 0.988 0.994 0.994 0.996

(5%) | 0.000 0.000 0.000 0.000 0.000 0.000

Prob of 2nd Est (25%) | 0.000 0.000 0.001 0.000 0.000 0.000
(50%) | 0.000 0.000 0.007 0.002 0.001 0.000

(5%) { 0.852 0.720 1.000 0.882 0.954 0.996

Track Purity (25%) | 1.000 1.000 1.000 1.000 1.000 1.000
(50%) | 1.000 1.000 1.000 1.000 1.000 1.000

Table 7.1: Results of 100 Realizations Without Clutter
and 0%3“ = {0.001 for all i. In the parameter estimation, parameter limits for size were set for
WS = MRy, + KRy, and cr%ﬂ- = 012?’1’1_ + 0%32’1,. The parameter limits for pug; were set to be the
min and max of the observed values of the log sizes, ug; € [min{log(S; ;)}, max{log(S;;)}|
and cr?g’i € [0.001,1.0]. Also recall that pg; is also restricted by merging and splitting so
that the mean size of the parent(s) adds to the mean size of the child(ren). The radius

parameters were otherwise free in the maximum likelihood estimation.

7.1.7 Results

The results of each of the simulations in Section 7.1 are given as the columns of Table 7.1. In

the following we describe each of the summary statistics that make up the rows of Table 7.1.

% Best Est Correct This is the percentage of times that (I, V, P) was equal to the cor-

rect solution (U, V,P).
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% Births Correct Percentage of all birth events in the simulation that were labeled cor-

rectly by the estimate, (I;{, v, 75)

% Deaths Correct Percentage of all death events in the simulation that were labeled

correctly by the estimate.

% Splits Correct Percentage of all splitting events in the simulation that were labeled

correctly by the estimate.

% Mergers Correct Percentage of all merging events in the simulation that were labeled

correctly by the estimate.

% Falling in 95% CI We form a 95% confidence set of solutions for each realization. This

is the percentage of times that the 95% confidence set contained the correct solution.

Prob of True This is the estimated probability of the correct solution, (U, V,P), given
by (5.8). These three rows are respective quantiles from the 100 realizations for these

probabilities

Prob of Best Est This is the estimated probability that the estimate (4, V,P) in (5.2) is

correct given the data, again presented by the quantiles.

Prob of 2nd Est This is the estimated probability that (Z:{ ,1),75), which is the second

best estimate was correct given the data presented by the quantiles.

Track Purity These three rows are quantiles for the overall track purity for each realiza-

tion. The overall track purity is defined below.

Consider a given track in the correct solution, (U, V,P). Track purity for this track is

defined to be the proportion of observations in that track that are labeled as part of the
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same track in the estimate (Z;{ ,9,75). The overall track purity is then the proportion of
observations in all tracks in (U4, V, P) that are labeled together in tracks in (Z:{ ,V,P). This
is the same as the weighted average (by number of observations in the track) of individual
track purities. For example if (U,V,P) had two tracks; track 1 with 5 observations and
track 2 with 10 observations. And the estimate, (Z;l , 9,75), has three tracks; track 1, track
2, and track 3. Where track 1 in (i{,V,P) is identical to track 1 in (U4, V,P). Track 2 in
(U, V,P) is the first 7 observations of track 2 in (i, V, P) and track 3 in (i, V, P) is the last
3 observations of track 2 in (U, V,P). Then the track purity for track 1 is 1.0. The track
purity for track 2 is 0.7 and the overall track purity is [5(1.0) + 10(0.7)}/15 = 0.8.

Refer back to the four hypotheses we posed earlier. The first hypothesis is that the rates
of events labeled correctly in the first four simulations will equal the rates of events labeled
correctly in the completely random (CR) model case which is the fifth simulation. We can
see from Table 7.1 that the percentages of estimates that equaled the correct solution for
the first four simulations is roughly equal to the percentage for the fifth simulation (the
CR model realizations). Also, the percentage of births labeled correctly in the birth only
simulation (94.6%) is roughly equal to that in the CR model (97.6%). The percentage of
deaths labeled correctly in the death only case (79.2%) is slightly lower than that for the
CR model (90.2%) which is somewhat surprising. If anything we would expect this to be
the other way around, so this difference could be due to random chance. The death rate
is higher in the death only simulations, which would make for shorter tracks though. So
this may have something to do with this as well. The percentage of splits correct in the
splitting only case is also comparable to the CR model, (96.0%) versus (97.4%). Lastly the

percentage of mergers correct in the merging only case is also similar to that for the CR
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model, (97.0%) to (95.1%). Hence it appears that we have some strong evidence that the
first hypothesis is correct.

For the second hypothesis, the percentage of births correct in the birth only case (94.6%)
is a bit higher than the percentage of deaths correct in the death only case (79.2%). The
standard deviation in these estimates is about 4% so it is likely that these rates are not the
same. One explanation for this may be the problem mentioned with respect to Figure 7.2.
This problem is for deaths that occur near the end of the time window. These will sometimes
be labeled as missing observations for a time or two at the end instead of a death, since the
likelihood doesn’t find it beneficial to kill the target until it has more missing observations.
Another explanation was hinted at in the previous paragraph, that a high death rate leads
to short tracks. The algorithm, might then misclassify these short tracks as clutter.

For the third hypothesis, the percentage of splits correct in the splitting only case
(96.0%) is very similar to the percentage of mergers correct in the merging only case (97.0%).
This is fairly strong evidence that third hypothesis is correct.

Our last hypothesis states that the size information will improve the results. This is
somewhat evident from the number of correct estimates increasing from (91.0%) in the CR
model without size to (95.0%) in the CR model with size which is not a large increase, but
there was not too much room for improvement. In any case, the standard error of these
rates is about 3% so this is not conclusive evidence that size information helps. However,
if we look at the probability of the correct solution given the data we see that the fifth
percentile for the without size case is 0.062 while that for the with size case is 0.596. Hence

for the extreme cases, it appears that the size information is quite helpful.
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It is also worth noting that the 95% confidence sets for these simulations had fairly
accurate coverage at 92.0%, 89.0%, 95.0%, 99.0%, 95.0%, and 97.0% for the six simulations

respectively. The track purity values were also very high for each case.

7.2 Simulations with Clutter

This set of simulations allows false alarms to appear at each time with rate Ay = 0.007.
The limits of the field of vision are (—120, —85) x (25,50), so this corresponds to an area,
A = 1125. Hence, A\fA = 7.9, so we can expect about 8 false alarms at each time. We
repeated the same six simulations from Section 7.1 again with N = 100 realizations each so
as to compare results. We also wish to investigate the same hypotheses 1 - 4, posed in the
previous section now with the presence of clutter.

An example of a realization from the CR model now with clutter is given in Figures 7.7
and 7.8. It is informative here to examine Figure 7.7 which gives the plot of the observations
at each time step. This way we can get a feel for how many false alarms there really are
at each time. Figure 7.8 makes it seem like there is more clutter than there actually is. In
any case, it is still very difficult to discern any sort of pattern from the plots at each time.
We would be better off using the “All Times” plot in Figure 7.8, but it is still hard to see

the true solution here as well.

7.2.1 Results

The results of each of the simulations in Section 7.2 are given as the columns of Table 7.2.
Here there are a few additional summary statistics that result from the addition of false

alarms. These are described below.
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Figure 7.7: Observations at Each Time of a CR Model Realization with Clutter
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Figure 7.8: Birth Only Realization with Clutter

% Targets Correct This is the percentage of all targets in the simulation that were la-

~

beled correctly as targets by the estimate (i1, V, P).

% FAs Correct Percentage of all false alarms in the simulation that were labeled correctly

by the estimate.
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Birth Death Split Merge CR CR w/Size

% Best Est Correct | 72.0 60.0 61.0 82.0 67.0 92.0
% Births Correct | 94.8 NA NA NA 83.1 100.0

% Deaths Correct | NA 79.2 NA NA 70.2 95.7

% Splits Correct | NA NA  93.0 NA 87.0 100.0

% Mergers Correct | NA NA NA 970 907 98.7
% Targets Correct | 99.3  99.0 989  99.9  99.0 99.8
% FAs Correct | 97.4 95.2 97.4 99.5 99.2 99.6

% Falling in 95% CS | 94.0 79.0 86.0 98.0 81.0 96.0

(6%) | 0.015 0.000 0.001 0.059 0.000 0.068

Prob of True (25%) | 0.292 0.090 0.074 0.598 0.207 0.996
(50%) | 0.850 0.685 0.746 0.947 0.996 0.996

(5%) | 0.315 0.209 0.294 0.363 0.265 0.790

Prob of Best Est (25%) | 0.614 0.508 0.583 0.695 0.582 0.996
(50%) | 0.906 0.877 0.891 0.947 0.996 0.996

(5%) | 0.000 0.000 0.000 0.000 0.000 0.000

Prob of 2nd Est (25%) | 0.000 0.000 0.000 0.000 0.000 0.000
(50%) | 0.051 0.076 0.046 0.031 0.000 0.000

(5%) | 0.881 0.610 0.831 0.938 0.856 1.000

Track Purity (25%) { 1.000 1.000 1.000 1.000 0.956 1.000
(50%) | 1.000 1.000 1.000 1.000 1.000 1.000

(5%) 1 0.903 1.000 0.997 1.000 0.869 1.000

Prob of Target (25%) | 1.000 1.000 1.000 1.000 1.000 1.000
(50%) | 1.000 1.000 1.000 1.000 1.000 1.000

(6%) | 0.922 0.705 0.897 0.922 1.000 1.000

Prob of FA (25%) | 1.000 1.000 1.000 1.000 1.000 1.000
(50%) | 1.000 1.000 1.000 1.000 1.000 1.000

Table 7.2: Results of 100 Realizations With Clutter

Prob of Target This is the probability given the data that a given target at the last time
step should be labeled a target. The three rows are the quantiles of these probabilities

over all of the targets in the last time step in all of the realizations.

Prob of FA This is the same as “Prob of Target” only for false alarms.
We will now reconsider the four hypotheses we posed in Section 7.1 but this time with

the presence of clutter.
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Recall that the first hypothesis states that the first four simpler simulations will translate
their error rates to the more complicated CR model case. From Table 7.2 we can see that
average of the percentages of estimates that were equal to the correct solution for the first
four simulations, (72.0% + 60.0% + 61.0% + 82.0%)/4 = 68.8%, is roughly equal to the
percentage of correct estimates for the CR model realizations (67.0%). Also, the percentage
of births labeled correctly in the birth only simulation (94.8%) is somewhat higher but
comparable to that in the CR model (83.1%). The percentage of deaths labeled correctly
in the death only case (79.2%) is also comparable to that for the CR model (70.2%). The
percentage of splits correct in the splitting only case is close to the CR model, (93.0%)
versus (87.0%). Lastly the percentage of mergers correct in the merging only case is also
similar to that for the CR model, (97.0%) to (90.7%). Hence, it once again seems that we
have some evidence that the first hypothesis is correct even with the addition clutter.

For the second hypothesis, the percentage of births correct in the birth only case (94.8%)
is again a bit higher than the percentage of deaths correct in the death only case (79.2%).
This is likely due to the same problems menfioned for the case without clutter. That is
deaths near the end of the time window and high death rate resulting in shorter tracks. In
fact, the fifth percentile for track purity in the death only case is only 0.610 here which
leads us to believe there are a few instances where the algorithm decided to label a short
track as clutter instead of paying the price for a birth and a death.

For the third hypothesis, the percentage of splits correct in the splitting only case
(93.0%) is again quite similar to the percentage of mergers correct in the merging only case

(97.0%). So again there is some good evidence that third hypothesis is correct.
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Recall that the last hypothesis says that the size information will improve the results.
This was not abundantly clear in the simulations without clutter. However, in the presence
of clutter, the size information adds quite a bit of discernment power. The percentage of
correct estimates jumps from 67.0% for the CR model without size to 92.0% for the CR
model with size. Also if we look at the probability given the data that the correct solution
is correct we see these are substantially higher when we include size. Lastly, the coverage
of the 95% confidence sets is significantly improved from 81.0%, to 96.0% when we use size
in the algorithm.

The coverage of the 95% confidence sets for these simulations 94.0%, 79.0%, 86.0%,
98.0%, 81.0%, and 96.0% for the six simulations dropped off some from the simulations
without clutter. One explanation for this, referring back to (5.8), is that these sets assume
that that the correct answer is in the collection of solutions we obtained from the MHT
algorithm. If it is not always in this collection, which it is not, then of course our distribution
given of solutions given in (5.8) will not be correct. Also, since we estimate parameters
for each of the possible solutions, this also introduces some bias. Overall though, these
confidence sets and probabilities give a very good general idea how confident we are in the
estimated solution(s).

Notice that although the estimate is not always the correct solution for these simulations,
the track purity values are always high. Only 5% of track purities for any of the cases was
below 0.88 with the exception of the death only simulation which had 5% below 0.610. The
percentages of Targets correct and false alarms correct were also uniformly high. These were

usually around 99% for most cases and never lower than 95.2% for any of the simulations.
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CR, Ai=10 CR, At=05 CR, Ai=01
% Best Est Correct 67.0 79.0 99.0
% Births Correct 83.1 88.2 100.0
% Deaths Correct 70.2 91.1 98.2
% Splits Correct 87.0 95.7 100.0
% Mergers Correct 90.7 97.7 100.0
% Targets Correct 99.0 99.7 100.0
% FAs Correct 99.2 99.9 100.0
% Falling in 95% CS 81.0 90.0 100.0
(5%) | 0.000 0.006 0.834
Prob of True (25%) 0.207 0.622 0.994
(50%) |  0.996 0.970 0.996
G%) | 0.265 0.499 0.836
Prob of Best Est (25%) 0.582 0.803 0.994
(50%) | 0.996 0.974 0.996
(%) | 0.000 0.000 0.000
Prob of 2nd Est (25%) 0.000 0.000 0.000
(50%) 0.000 0.014 0.000
G%) | 0.856 0.940 1.000
Track Purity (25%) 0.956 1.000 1.000
(50%) | 1.000 1.000 1.000
(%) | 0.869 0.999 1.000
Prob of Target (25%) 1.000 1.000 1.000
(50%) 1.000 1.000 1.000
(5%) | 1.000 1.000 1.000
Prob of FA (25%) |  1.000 1.000 1.000
(50%) |  1.000 1.000 1.000

Table 7.3: Results of 100 Realizations With Clutter

7.3 Decreasing Time Increments

This set of simulations uses a model identical to that of the CR model realizations with
clutter of Section 7.2. Here however, we use three different time increments, At = 1.0,
At = 0.5, and At = 0.1. The conjecture here is that even with false alarms, missing
observations, and a likelihood based on an integrated Brownian Motion model, there is still
a convergence of the estimate to the correct solution as in Chapter 6. The results of these

simulations can be found in Table 7.3.
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From Table 7.3 we can see that the estimation does improve substantially as At gets
smaller. We see a dramatic improvement in the number of correct estimates. The percentage
goes from 67.0% for the At = 1.0 case, to 79.0% for the At = 0.5 case, to 99.0% for the
At = 0.1 case. Also for the probability of the correct solution given the data, 256% of the
At = 1.0 probabilities are less than 0.207, but only 5% of the At = 0.1 probabilities are
less than 0.834. It is very likely that there is a convergence similar to that in Chapter 6

happening for this situation as well.
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Chapter 8

Application to Rainfall Data

In this chapter we consider tracking the storms that evolve during the morning of July 14,
1996 in the images of Figure 1.1. Here we will make use of all the attribute data that we have
available as well as location. These would include size (radii), orientation, and intensity. For
the purposes of this problem, we are only interested in tracking the mesoscale convective
systems, which we will conveniently define to be any storm with major axis longer than
100 km. This corresponds to roughly 1° latitude or longitude in Figure 1.1. Before, we can
track the storms though, we must first explain how to identify them from the images and

measure their location and attributes. This is done next.

8.1 Detection Algorithm

The problem of target or object identification in images has been studied quite thoroughly.
It is not the goal of this thesis to make a contribution in this area, hence a detailed de-
scription of these techniques will not be given. We will however describe the details of the

particular identification technique we chose to use on the storm tracking problem. For a
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good summary of other imaging techniques, see [51].

Recall, the goal of the detection algorithm is to go through each image and record the
location of each target, in this case storm, that it finds. In our case, we will record the size
and orientation of the storms as well.

An image consists of intensity values I; ; for each of the pixels. We start by thresholding
the intensities at a value a. At this point, all pixels with intensities I; ; < o get set to zero.
We then consider all of the pixels with I; ; > o and we wish to group these pixels together
to make up the targets.

Simply stated, all pixels with I; ; > o that are connected to each other are part of the
same target. We just need to define what it means for two pixels to be connected. There
are two definitions that are allowed here. Two pixels are 4-connected if the share one of
their 4 sides with each other. Two pixels are 8-connected if the share a common side or
corner. We have found that the 4-connected definition works well for the storms problem,
but certainly the best one to use is problem dependent.

We now have a collection of targets, defined by their corresponding cluster of pixels.
To specify location, size and orientation of the targets, we will fit an ellipse to each target
(cluster of pixels). This will be accomplished by estimating a bivariate Gaussian distribution
for each target and using the 99% contour of the density.

The mean and covariance of the Gaussian distribution used to fit an ellipse to a given
target are given by the following. Suppose x;;, ¥, are the coordinates of the center of
pixel ¢, j. The moments, fig, fly, 0z, Gy, and Gy for a given target are given by the MLE’s
under the assumption that the locations of the pixels, (z; ;,%;;), that make up that target,

are iid observations from a bivariate normal distribution.
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The location of the target is then given by (fiz, fiy). The length of the radii of the minor
and major axes, R and Ra, of the target are given by those of the 99% contour ellipse.
Similarly for the the angle of orientation of the major axis Q2. Refer back to Figure 2.2 for
an illustration of this. The intensity I for a storm is defined here to be the average of the
10 highest pixel intensities I; ; which make up the storm.

For this application, the pixel intensities ranged anywhere from 0.00 to 150.00 mm /hour
of rainfall which roughly equates to 0.0 to 6.0 inches of rain per hour. Most pixels that
made up storms had intensities between 1.00 and 10.00 mm/hour. We used a threshold of
a = 0.10 with the 4-connected definition. In addition, we are only considering mesoscale
systems here, which are storms with Ry > 1°. All other storms are discarded, so this could

be considered a second stage of thresholding.

8.2 Results

Here we give some results of the application of the tracking algorithm to this problem.
Recall that the images in Figure 1.1 are separated by 30 minutes. So this small illustration
covers a time span of 2.5 hours. Figure 8.1 shows the images after the processing of the
detection algorithm. It is the ellipses in these images that we will actually feed into the
tracking algorithm.

Figure 8.2 shows the results of applying the tracking algorithm to the images in Fig-
ure 8.1. Here we used the size, orientation, and intensity attributes along with the location
in the tracking algorithm. The parameter limits were set to the same as those in the simu-
lations of Chapter 7. The tracks that the storms tock given by the tracking algorithm are

drawn in red. When there is a merger or a split, the red track line connects the parents
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Figure 8.1: Best Fitting Ellipses of Radar Reflectivity Images
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to the children. We can see an example of this between 1:00am and 1:30am where the
two storms in the south west corner of South Dakota merge together into one storm. Also
in this same time interval, the large system over Alabama and the panhandle of Florida
splits apart into two smaller systems. The reader is also referred to the following website,
http:/ /www .stat.colostate.edu/~storlie/ncar/, to see a video of the raw data, the processed
data, and the solution with the track lines. The corresponding links from the above web-
page are “Rain Fall Video”, “Cleaned Rainfall Images”, and “Paths Given by Tracking

Algorithm”. These videos cover a longer time span as well, from 1:00am to 1:00pm on July

14, 1996.
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Chapter 9

Conclusions & Further Work

In this thesis we have presented a novel approach to multiple target tracking which allows
for birth, death, splitting and merging of targets. The model we proposed incorporated the
events of birth, death, splitting, and merging of targets into the likelihood, as well as missed
detections and false alarms. Track estimation was then accomplished purely by considering
the distribution of the relevant variables given the data. There was no need for hypothesis
testing to initiate and terminate tracks as an intermediate step. We also addressed the
problem of how to quantify the confidence in the results of a tracking estimate.

In addition, we gave some theoretical justification for this approach to multiple target
tracking in terms of sufficient conditions under which the estimate will converge to the
correct solution. In doing so we realized the importance of using a robust estimate of the
variance component for the random process G;(t). The results obtained by the simulated
data also gave strong evidence that this estimation procedure works very well even in the
presence of clutter and missing observations from targets.

Finally the utility of the method was demonstrated on radar reflectivity data collected
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over the United States. The algorithm successfully recovered the storm tracks along with
the merging and splitting events.
In the future we would like to address many other concerns related to multiple target

tracking estimation which were not investigated here. These are summarized below.

e Theoretical Results

— Allow for missing observations and clutter in the Theorems of Chapter 6.

— Examine the properties of assuming an integrated Brownian Motion model.

¢ Develop a procedure for sample size (or At) determination for tracking problems.

e Improvement to the Optimization Algorithm

— Develop a way to approximate the conditional distribution of a new observation

by updating, similar to the Kalman Filter, for this model.

— Possibly incorporate a track orientated approach or a method similar to Cox’s

implementation to efficiently find the NV best solutions.

e Application to Storms

— Improve the identification procedure to more intelligently identify storm objects.

— Recover the tracks for several months worth of real data and compare the results

to those of regional climate models.

e Apply the method to the 2 dimensional turbulence simulations of Section 1.1.2.

139

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix A

Mean and Covariance Calculations

Here we calculate the mean functions EX;(t), ED; and the covariance functions Cov(X;(s), X;(¢)),
Cov(X;(s), D;), and Cov(D;, D;). Recall in Section 3.1.3 that these are calculated before
conditioning on any merging events.

As in Section 4.3, let

B = {i:target 7 is an initial target or a birth}
S = {i:target 7 is the result of a split}

M = {i:target ¢ is the result of a merger}

Also let n(B), n(S), and n(M) be the number elements in these sets respectively. The

location equations for a target resulting from birth, split, and merger from (2.3), (2.7), and
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(2.5) are given here again for convenient reference as

(51) + X (fz)(t - £z) + Uz ( &z) forie B

Xpoa(66) + Vo + [ X5, (6) +01,) (£ = 6) +0:Gilt = &) forie S
Xi(t) =

% (Xpiyl(g’i) + Xpia (gz)) + Y it forie M
[% (XI/’z 1( i)+ XI/% 2(‘51)) mz] (t = &)+ 0:Gi(t — &)

where we are assuming that G;(t) is an IBM. Also recall that we actually observe

X*(t;) = Xi(t;) +¢; for each time point ¢t;. We give the target velocities for the three cases

as well,

(fz) + 0; z( 51) forie B

Xi(t) = Xp, (&) + ¥, +aiBi(t - &) forie S

{ %( P11(£1)+ 2(£i)>+¢mz+a—1 ’L( éz) fOI'ZEM

Lastly, the variable D; for i = 1,...,n(M) from (3.25) where n(M) is the number of

mergers is given as

D; = Xdi,l(gdi,fs) - Xdi,z(gdi,B) + Y, (A'l)

We will use the following notation to denote the means and covariance of path locations
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and velocities

pi(t)
pa(t)
’Yi*,j (s,t)
i(s,1)
i i(s,t)
Vi (5,t)
~i(s,t)
7i(s,t)

i (s,1)

EX;(t)

EX;(t)
Cov(X}(s), X} (1))
Cov(X;(s), X;(1))
Cov(Xi(s), X}(t))
Cov(X{(s), X}(t))
Cov(X;(s), Xi(t))
Cov(Xi(s), X|(t))

Cov(X(s), Xi(t))

(A.10)

Note that for the purposes of likelihood calculation, we are only interested in the func-

tions given in (A.2) and (A.4) above. However, the expressions for these two functions will

depend on the others, so in the following, we will need to write out expressions for all of

these functions.
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A.1 Mean Functions

We can write out the mean functions for location for the three cases of birth, split, and

merger as a recursive formula,

Bxo + (8 — &)px, ific B

pilt) = ppes (&) + (= &)uap, , (&) ifies (A.11)

Sttps s (66) + 31ipea (6) + 55 (i, (6) + 1y, (6)) i i € M.

Eventually this recursion will lead back to a parent target which is an initial target or a
birth, at which point the recursion will terminate. We can also write out the mean velocities

for the three cases in a similar manner,

pi(t) = p,, (&) ifieS (A.12)

3 (%iyl(fi) + iy, (£¢)> ifie M.

Of course the mean of D; can be written as

ED; = pa; (fdi,a) T Hdi g (édza) (A.13)

A.2 Covariance Functions

Now we will consider the calculation of the covariance functions. First realize that

Y i(8,8) = 73 (8,1) + 0% =gy o=} (A.14)
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Also for Cov(X;(s), D), and Cov(D;, D;) we have

Cov(Xi(s),D;) = idj,1 (s, 5d,~,3) — Yidj2 (87£dj,3) (A.15)
COV(D’iv Dj) = ’Ydiyl,de (§d1,3 y Edj@) - ’Ydi,l,djg (§d1,3 3 é.djyg) - ’Ydi,g,dj,l (§d1,37 £djy3) +

Ydi2.d;5,2 (€d1,3 ) gdj,B) (A.16)

so we need just to write out an expression for 7; ;(s,t). This will require the following
definition. Let two paths 7 and j be connected if one is a byproduct of a splits and/or
mergers of the other. That is they are relatives in the sense that there is a way to trace

back the genealogy from one to the other in the family tree. Define the indicator §; ; to be

1 if path ¢ is connected to path j
0 = (A.17)
0 otherwise

It is clear that v; j(s,t) = 0, whenever J; ; = 0, since paths are independent unless they are
connected. Consider now calculating the covariance function ~; ;(s,t) when 6; ; =1, ¢ < j

and j € S.

Yg(s:8) = Cov(Xil(s) . Xy (&) + ey + [ X, (&) + ¥, ] (= &) + 036t~ )

’Yivpj,l('s?é-j) + (t - Ej)%{,pjyl(svgj)' (A18)

Using this same idea, we can calculate the case for §;; = 1,1 < j and j € M as well. If
i < j and j € B then necessarily d;; = 0. This is true because if i < j and j € B, then
be the way we have organized the labels, §; < &;, and if target j is a birth, there is no way

they can be connected. Since we always break down the larger index into the contribution
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from its parents, we will eventually get to the covariance of a parent(s) that is a birth or
initial target and the recursion will terminate.

Hence we have
ils, t) ifi=j
Vipsp (8,&) + (E = &)vip, (8,6) i =1,i<j, jeS

8 (s (5.6 + ipya(.6) +
%)j(s,t) _ f (.%p],l( ) 'Lapj,2( 1))

o (A.19)
b (%‘,pj,l(s,&) + %‘,pj,z(s,&-)> fé;=1,i<jjeM

Y5 (t, 8) if6;=1,1>

0 otherwise.

We can also calculate ~] ;(s,t) in the same manner as in (A.18). Although, now we
cannot use the symmetry of the function if ¢ > j. So consider calculating %(’j(s,t) for the
case when 0;; = 1,7 > j and 4 € §. We still want to break down the larger index into its

parents, so we can write this as

Yg(s,1) = Cov(Xp, () + Yo+ [Xp, (€ + 0] (s = &) + 0iGils — &) , X}(1))

= ryll’i,l,]‘ (&ist) + (s — fi)')’;/;,iyl,j (&, 1). (A.20)
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The other cases are similar and v; ;(s,t) can be written as

.
Yi(s,t) ifi=jy
"y{r’pj:l(s,fi) if 51"]' = 1, 1 < j, _] cs

L (Vo (3:6) +90p,(5,6)) 0 =1,i<], jEeM

7L 5(s,8) = (A.21)

7;;i,1,j(€i’t) +(s— &)ryzl)/i,hj(&’t) if 51'0' =1L1i1>47€8

( 1/7 13(‘5“ +7p 23(5“ ))
(7;;7_1] £Z7 +7p12](£’i) )) if 5i,j = 17 7‘>]7 .7 eM

cn [\ Ll

0 otherwise.

In the same way we as in (A.19), we can calculate ;' ;(s,t), since we again have symmetry

in the function.

[ +(s,1) ifi=j
Vip;1 (8:6i) ifé,;=1,i<j,j€S8
i (s,0) = (A, (5,60 + Ly, (5,6)) i 8y =1,i<j jeM (A.22)
V54t 8) ifé&;=1,i>j
{ 0 otherwise.

Moving on now to the function ~;(s,t), we can use the same technique in (A.18) but

now breaking down both arguments to the covariance since they are the same path. For
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exarnple, if target 7 is a birth or an initial target, then we have

yi(sit) = Cov(Xi(&) + Xi(&)(s — &) + 0:Gi(s — &)
Xi(&) + X&)t — &) + 0:Gi(t — &)

= 0%, +(s— &)t - &)03(6 + 07Cov(Gi(s — £),Gi(t — €)) (A.23)

where for an IBM

sAt)i(svit)  (sAt)?
2 6

Cov(Gi(s), Gi(t)) = & (A.24)

If target ¢ is a split then we have

7i(s,t) = Cov (Xm,l(fz') + s + [Xz,,i!l(fi) + w;ﬂ] (s — &) + 0iGi(s — &) ,
Xpua (6) + o + [Xp,,(6) + 0] (t = &) + 0:Gilt - &)
Vour (60 &) + 0%, + (E+ s = 267, , (&, &) +

(s —&)(t—&) (’Y;’i,l(&,fi) + U?{;) +07Cov(Gi(s — €),Gi(t — €)) (A.25)

and the calculation is very similar for a merger. The general form for v;(s,t) is then given
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by

Ug{o +(s—&)(t— 51)0'3% + U?COV(GZ'(S —£),Gi(t—¢)) ifieB

Ypia (él»gl) + Ug(s + (t +8— 251‘)'7;,7“ (£17 £z)+

(8= &)(t—&) (7;;,1 (&, &) + ag(;) + 02Cov(Gi(s — &), Gl(t — €)) ifieS
Wi(swt) =
i (71%,1 (gla El) -+ Tpi,2 (Ezag’b) + 2’Yp¢,1,pi,2 (éza El)) + Ug(";l-

SRt (7;/;“ (€0 &)+ Vp, 5, (660 &) + Yy 1 2805 &) + Vi 2 opi (éiv&i)) -+

L8028 (o1 (63, €0) + (€606 + 2000 e (66060) ) +

Pi,1,P4,2

(s —&)(t— &)o?«m +02Cov(Gy(s ~ €),Gi(t — £)) ifi ¢ M.
(A.26)

Making use of the same strategy as in (A.23) and (A.25) we can calculate ~](s,t) to be
(s — fi)ag(é + 02Cov(Gi(s — £),Gi(t — &) ifie B

Yoou (6 &) + (5= 6) (o, (€, 6) + 0%, ) + 02Cov(Gils — €), Git =€) ifi€ S
vlst)=q , , /

1 (me(gia ) V5.2 (6606) + W, 1 pin (660 60) + Vs i (5"’&)) +
S5 (s (6080 + 900 (60 6) + 200 (6080 (5= )0, +
| 02Cov(Gi(s - €), Gt - )

ifie M.
(A.27)
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For the IBM,

Cov(Gi(s), Gi(t))

E { (/0 Bi(u)du> Bi(t)}

= / E{B;(u)Bi(t)} du
0
= / (u A t)ydu
0
2
= (—S%LL +t(s—sAt)
(A.28)
Lastly, we can use the same strategy to calculate v/ (s, t),
0%, + 07Cov(Gi(s — €), Gi(t — ©)) ificB
v (&, &) + 0%, + 02Cov(Gi(s — €), Gi(t — €)) ifie S
vi(s,t)=3 7 XS (A.29)
b (vl (60 66) + Yy (6606 + 200060 6)) 0
| 02Cov(Gi(s — £),Gi(t - §)) ifie M

and this completes the description of the covariances.

149

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix B

Lemmas

Here we present the Lemmas used in the proofs of Chapter 6. All of the results in this
chapter assume the Brownian Motion model given in (6.1). We begin with the Law of
Iterated Logarithm for 2 dimensional Brownian Motion. The proof of Lemma 1 for Brownian

Motion in d dimensions can be found in [35]. Let ||-|| denote the Euclidean norm.

Lemma 1. (Law of the Iterated Logarithm) For B a Brownian Motion in R?,

= Bol
d {ltll%l(%loglog(l/t))l/z _1} - (B

Lemma 2 is Levy’s Modulus of Continuity for 2 dimensional Brownian Motion.

Lemma 2. (Levy’s Modulus of Continuity) For B a Brownian Motion in R2,

— IB(t2) = B} _, | _
P gl_r% 0;;12)251 (e log(1/2)) 12 =1;=1 (B.2)

to—t1<e
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Proof. This follows the same general argument as for the one dimensional case given in [49].

We will only show that

|1 B(tz2) — B(ty)]|

P { lim su <1lp=1 B.3
e—0 ogtlglt:)zgl (2€1Og(1/5))1/2 - ( )
ta—t1<e

since this is all that is needed in the propositions of Chapter 6. To prove the other direction
is actually simpler and can be done by following the logic of the proof given in [49] with
changes similar to those that we make here.

Pick § € (0,1) and ¢ > 0 such that (1 4+¢€)?(1 —6) > 1+ 4. Let K be the set of pairs
(4,7) of integers such that 0 < i < j < 2" and 0 < j—i < 2™ and for each pair set k = j —1.

Also let h(t) = (2tlog(1/t))/2. Set

_ 1B(2™") = Bi2™")|
L=P {(ir,ljl)a}sXK AGED > 1+ 5} . (B.4)

Now

|BG2™) - Bi2™)|| ¢
h(k2—m)

(2log(k~12m)) "2 x1/? (B.5)
where X ~ x3. The distribution of Y = ¢X!/2 is given by

Y(y) = g—ﬁ—(l—)ye“yz/ 22 (B.6)
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Hence,

< * ~1lon —(2log(k~127))y?/2
< ¥ /+EF(1)(210g( 2" )ye dy

(i.5)eK
o0
= C Z (log(k 12n) ye_yz/zdy
(i,7)eK (14-¢)(2log(k—12m))1/2
= C 3 (log(k™'2")exp (~(1 +)*(log(k™"2")
(i,7)eK
= C Z (log(k™12™)) (k= 2m)~(1+)’
(i.5)eK

where C'is a constant. Since k~! is always less than 27, we further have
L< C2—n(1—6)(1+5)2 Z (log(k_12"))
(i,j)eK

Moreover, there are at most 219 points in K and for each of them k is greater than 1,

since i < j, so log(k~12") < log(2"). And finally we have

L < C2—n(1—(5)(1+€)22n(1+5) (lOg(Zn))

— Cln2—n((1—5)(1+6)2——(1+6))

By the choice of £ and § this is the general term of a convergent series; by the first Borel-

Cantelli Lemma, for almost every w there exists an integer N(w) such that for n > N(w),
1B(j27") = B(i2™")|| < (1 +&)h(k27")

where (i,7) € K and k = j — i. Moreover, the integer N(w) may be chosen so that for
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n> N(w),

SR < O S (p277) 7 < sh(2m (D9, (B.7)

m>n p>1
Let w be a path for which these properties hold. Pick 0 <t; < to £ 1 such that tp —#; <

2-N(@)(-8) Next pick an integer n > N(w) such that
9—n < 2-(114-1)(1—5) S t2 _ tl < 2—-77,(1—5).
We may find integers i, j, pr, s, such that

fp=i2 -2 2P tg =2 427U 4272 4

withn<pi<pp<..,n<q@<@<..and0<j—i< (ty—1t)27" <2, Since B is

continuous,

| B(t2,w) — B(t1,w){| < ||B(27™"w) — B(t1,w)|| + ||B(j27",w) — B(i2™,w)|| +
|| B(t2,w) — B(527",w)||
< 2046 hRP)+(L+e)h((G—-27)

p>n

2(1+ £)oh (2700 4 (14 2)h (( - 927")

IA

Since h is increasing in a neighborhood of 0, for ¢t — t; sufficiently small, we have

|B(t2,w) = B(ty,w)| < (2(1+ )6 + (1 +¢€)) Atz — t1). (B.8)
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But € and ¢ can be chosen arbitrarily close to zero which gives

HB(tQ,w) nd B(tl,w)H S h(tz - tl). (Bg)

and completes the proof.

O

For the purposes of comparing likelihoods, we need a convenient form for the location
density. This will require the following Lemma. To write the overall location density,
each observation is conditioned on the previous observations and all of the D; variables
from the mergers. We then take the product of all these conditional densities. Let X; =

(Xin, ..., Xip,) and let
Fi’j = (Xi’]" o ’Xiv.j’ X’l:—-l’ R ] X13D17 PP )-DNm)
As usual let t;; be the jth time at which the ith target is observed. Notice that we can

write the x component of the likelihood as

m N4

L@y, PINX) = [T | Fajo]

i=1j=1
So we will need to give a convenient expression for [X; ; | Fi j—1].

Lemma 3. Under Conditions 1-10 of Theorem 1, the distribution of X;; given F; ;1 is
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Gaussian with mean and variance given by

po= Xi(tij-1)+O0k™)

ot = Ati,jGQ-{-O(k)_z) (B.lO)

forj=2,...,n,
Proof. We can write the density of X ; given F;;_1 as

o

(Xij | Fijal(z, fig) = / (Xij, Xi(O) | Fijal(z, ze, fij)dze (B.11)

—0o0

where ¢ is the termination time of the i** target. But

[Xigs XiQ) | Fij—1l(zj, z¢, fig) = [Xiy | Xi(Q)s Fij—1l(zs, 2¢, fig) [Xi(C) | Fig—al(me, fig)

= [Xiy | Xij—1, Xi(O)(zj, Tj—1, ) [Xi(C) | Fij1)(z¢, fig)-

For convenience of notation, drop the subscript 7 on ¢; ; to let t; = ¢; ;. Now the conditional
distribution of X ; given X; ;1 = x;_1 and X;(¢) = ¢ can be shown to be Gaussian with

mean and variance given by

¢ —t At;
junnd —_— T + X
K C—tj—lx] YT ¢
N2
2 = Atjo? - (—Ail)—az. (B.12)
¢—tj-1

Also the conditional distribution of X;(¢) given F;; = fi; is Gaussian with mean and

variance denoted by pz, and o2 o Notice that we never observe X;(¢) so this conditional
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distribution has a variance o2 . > 0. We can then write the integral in (B.11) as

-ty At; 2
o o0 (xj T Y-l T C_tj—l:rc> (z¢ — ng)z
I 2 BLe T 202
oo 2| Atjo — 50 T¢
F—1

Following some tedious algebra we can see that the above expression is equal to

O’ exp {_(xj —zj+ O(Atj))Q}

2(0’2At]‘ - O(Atj)Q)
which we can recognize as the density of a Normal distribution with mean z;_; + O(At;)
and variance 02At; — O(At;)?. Now using Condition 1 gives the desired result.

O

The following Lemma is a version of the main Theorem proven by Shepp in [56]. We will
say that two measures 17 and us are equivalent if they have the same sets of measure zero.
We will denote this g1 ~ us. This Theorem gives necessary and sufficient conditions for a
measure px imposed by a Gaussian process X(t) to be equivalent to the measure imposed

by a Brownian Motion, pp. Let m(t) = EX(¢) and v(s,t) = E(X (s) — u(s)) (X () — u(t))

Lemma 4. (Shepp’s Theorem) Assume that (0/0s)y(s,t) = is continuous for s # t. Then

ux ~ g if and only if

(0/0s)v(s,sT) — (0/9s)y(s,s7) =1, for0<s< oo (B.13)
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and there exists a function k € L? for which

m(t)——-/o k(u)du. (B.14)

The function k is unique and is given by k(t) = m/(t) for almost every t.

We will now use Shepp’s Theorem to show that the measure imposed by a Brownian

Motion conditioned on {D; : 1 < j < Ny} is equivalent to pp

Lemma 5. Assume that B is a Brownian Motion. Consider the measure, pu* imposed by
B given (D1 =0,...,Dy,, = 0) where D; is the difference between parents at the time of

merger plus an error defined in (8.25). Then pu* ~ upg.

Proof. We just need to show that the conditions (B.13) and (B.14) hold. But the second
condition is trivially satisfied since m(¢t) = 0. So we just need to show that (B.13) holds.
Let s <t and let ¥ be the covariance matrix for the vector (B(s), B(t), D1,...,Dn,,)".
Also, let ¥; and Yo, be the covariance matrices for (B(s), B(t))" and (D1, ..., Dy,,) respec-
tively. Finally let ¥15 be the matrix that contains the pairwise covariances of the elements

in (B(s), B(t)) with those in (D,..., Dy, ) as its elements so that

PR
5= e (B.15)
Notice that
s s
1= (B.16)
s t
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and

S 8 . s
Sig — fi(s)  fa(s) SN (8) (B.17)
AG@) folt) - fNa(D)
for some functions fi1, ..., fn,,. The matrix ¥ is symmetricsolet vy,..., vy, and Ay, ..., AN,

be its eigenvectors and eigenvalues respectively. We can write the covariance matrix of

(B(s), B(t))’ conditional on (D1, ...,Dy,,) as
DIESD WD NTI I HPE (B.18)

The off diagonal element of the matrix £12%5 %}, is given by

fi(®) F()
Nm
TACNAE R EIE S Bl D DRI AN AN AR O]
: i=1 " :
me(t) me(t)
N Now
=22 i) it (B.19)
i=1 j=1 """

This gives ¥(s,t) = Cov(B(s), B(t) | (D1,...,Dp,,) in general as

Npm Nm

V(s,t) = s A t— ZZ%vfjfi(s)fi(t). (B.20)

i=1 j=1

Hence we have

Dalsis) = 133 SRAOK) (B.21)

Solss) = =YY TREAGA) (B.22)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



which satisfies (B.13) and completes the proof.

O

The next two Lemmas are needed to compare the location densities of two different
sequences of solutions (U, V,P), and (U, V,P)g. It gives a bound for the ratio of two
location densities for two track segments with different F; ; variables. Let F;(t) = F; j for

J =max{j: t;; <t}.

Lemma 6. Assume Conditions 1-10 of Theorem 1. Let © be the set of all pairs of tracking
solutions sequences, O), = (i{,v,ﬁ)k and ), = (U, V,P)x that have one of the differences
la, 1b, 2, 3, 5a, 5b or 6b from the propositions. Consider a track segment (:cl,...,a:n;c)

such that
(Xil(tj’), . 'aXil(tj’—k-n;c)) = (Xiz(tjl), o 7Xi2<tj’+n§€)) = (z1,... ,:I'n;c) for all k

for some iy and iy. If X, (ty) and Xiz (t;) are both the first observation of a track in their

respective solutions then

up (2 Tl _ ) g o0 as (B.23)
Bubnee Kialty) | Fiulty)l()

and

sup 1550 X 6, (8 45-1) | Fiy (tjr45-2)] ()
Brfireo 15 X (tirin) | Fiy (tyra-2)) ()

< a(log(k))® as k — oo a.s. (B.24)

for some constants a and b which depend on w.
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If neither X, (t;1) and Xi,(t;) are the first observation of a track in their respective

solutions then

n.;i Xz Lirgiz ﬁi tirgim i
sup Hi/—l[ - (i) | - (ty+-2)](@5) < a(log(k))® as k — oo a.s. (B.25)
@r0yeo TLE X (t1-1) | Fiy (yrai-2))(25)

for some constants a and b which depend on w.

Proof. For (B.23) consider the case where target 4; is a birth. Then
[Xi (t7) | Fir (t-0))(21) < (0,0, 0%,) (B.26)

which is the mode of the normal density for the initial position of a target resulting from

birth. This is true for any 6. Similarly if target i1 is the result of a split or a merger, then

[Xis(t) | Fislty )] (1) < 6(0:0,0%,) and (B.27)

(X (t0) | Fasltyn)] (a0)

IA

$(0;0,0%,.) (B.28)

respectively. Let C) be the maximum of the three quantities in (B.26), (B.27) and (B.28).

Now for any Brownian path on a finite interval

P ( sup |B(t)]| < oo) =1

0<t<T

Hence for every w in a set with probability 1,

sup |B(t)| < M(w) < o0.
0<t<T
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so we know that z; is less than a constant for all w. Also, [Xy,(t;7) | Fi,(ty_1)](z) > 0
for —oo < x < oo since for any of the three cases (target is resulting from birth, split, or

merger) it is a diffuse distribution. Thus

_inf (X () | Fo(ty-1))(z5) = Ca(w) > 0

0r.0:)e0
and finally
[Xil (tj') lj:ll (tj’—l)](afl) 0]
sup — _ =1
@, Goeo Kalty) | Fi(tp-1))(z:) ~ C

which gives the first result.
Now consider the ratios in (B.24) and (B.25). We only need to show (B.24) since they

are equivalent if in (B.25) we relabel 1 as x2 and so on. By Lemma 3 can write the ratio

in (B.24) as
Hi,iQ[)fn(tJ’#»J—l) |7A’i1(tj'+j—2)]($j) _ ﬁAj B (B.29)
Hjiz[Xiz(tJ’ﬂ—l) | Fiy (tj’-l-j—?)](xj) =2
where
k 22 _
7 2rAth G2 + O(k~2)’
ng — 2 —-1\\2
(a:j — Zj-1 + O(k 1)) (mj -~ Tj-1 + O(k' ))
B _ + B.31
P JZ—‘; ( 208562 + O(k?) 201562 + O(k2) (B.31)

and all of the O(h) are possibly different functions that tend to zero like ch as k — oo.
We will need to calculate a bound for how much different the estimates 6% and 62 can

be. Notice that in the conditions of any of the propositions, 2 and 62 can be different only
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by one term in the sum. That is for

m Ni—1 5
52— _1_2 Xiltign) — Xi(tag)®
N3 = Ati B
1 m ﬁi—l 9
= =X > Dy (B.32)
N = =
and
m N-1 & =
2 = =} Xitiger) = Xitig)® | _
N i Atiyj E,;
1 m n;-1 9
= ﬁz D ;, (B.33)
=1 j=1

where recall E; ; is given by

(s o) — Xt )2 (t: 1) — Vil )2
(i) = X0 Oilh) YO i) (s

and E‘i,j and Eiyj denote E;; for the two solutions 6 and 6 respectively. Now all of the

D;; = Di,j except for possibly one, and |N — N| < 1. Assume for the moment that

-~ N ~ D . . ~
N =N —1 and that Dy does not appear in the estimate 2. Then

m 'le 9 Th ﬁ/z -9
62-5* = |W-1)3 3D - NY > Dj;| /(N -1)
i=1 j=1 i=1 j=1
no
= - Z Dt,] /(N(N_l))+D1'J'/N
=1 j=1
= /N 4D /N (B.35)
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so that

~ ~ 92 ~
—-5*/N <6*-5*< Dy /N

but D?/,]-, < C\/loglogN by Condition 6 and % < K for some constant K < oo by

Condition 5. So we have

K/N < 62— 5% < cyJloglogN/N

Then assuming that N = N+1 gives us the reverse inequality which gives us
62 — 52 < cy/loglog N/N.

Now considering the quantity A; in (B.30), since |62 — 62| < (cloglog N')/N we have

62+ 0(k1)
7% + O(k™1)

62— 52+ 0(k™1)
= 1+ — -
7+ O(k™1)

A =

< \/1+02 loglog N/N.

\/1 + (czloglog N)/N.

IN

since N < ck. But N >nj —1so

7 A
123

HAj < (1 + (02loglogZQ')/]\Af)N/2

i=2

163

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now if ny — o0 as k — oo, then

ANy
(1 + (c2 loglogN)/N)

(log N)e2/2

— 1

so that

i,
HA]- < (log N)e2/?
j=2

eventually which means that
ng

1145 < cs(log k). (B.36)

j=2
Of course if nj is bounded then []7%, A; is also bounded.

Now for B notice that

(zj —zjo1 + O(k™)? = (zj — 25-1)* + (x5 — 2j—1)O(k™) + O(k™2),

2Atk6?

=1+0(k™),
208567 + O(k~2) =)

and

2A k52 52 — 52 =\ .
] :1+——u——)§1+<cm/loglogN> /N,

2At55% + O(k~2) 6%+ O(k—1

So we can write B as

B =exp {Z (— (o~ o) ey =2 JOWT) 4 00T 4 gty B.47)
=2 39
(zj —j-1)® + (25 —2;-1)O(k™!) + O(k~2) o
4 2At?&2 <1+O( loglogN/N>>>}
ng (I’j—fﬂj_l)20(k“1)+($j — $j_1)0(k~1)+(l'j—$j_1)20 < IOgIOg N/.ZV) +O(k}_2)
-oP f\; 2At55?
164

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now this track segment is from a solution from the conditions of one of Propositions la,
1b, 2, 3, 5a, b, 6a, or 6b so all of the tracks are correct tracks segments. Hence all of the

(xj—1,%;) pairs are consecutive observations from a scaled Brownian path. Therefore

(zj —zj-1) N(0,0%).

Thus if nj — oo and remember that nj < ck, then for any solutions g and 6, B is no more

than

exp{ (a}_i (x; -mj__l)2> Ok g, (” (z; — zj-1) ) O(k™") /2 Toglogny,
k

k
— >
26 =2 \/2At§n§€ log log nj,

=2 ! 2,/Atk6”
ny, (z; —2j_1) O( 10g10g]\7/]\7>,/2n;clog]0gn;c nl,
Y e +3 0%
j=2 2At? ny log log nj, 2 At?c’)—Q =

The first term in the exponent is O(1) a.s. by the strong law of large numbers. The second
term is less than (Cqloglogk) a.s. by the Law of the Iterated Logarithm and the fact that
ng < ck for some constant ¢ by Condition 1. The third term is less than (Cgm loglog k)
a.s. also by the Law of the Iterated Logarithm and the fact that N < ck and ny < ck for
some constant ¢. The last term is O(1) because we are adding up less than k terms which

are all O(k™!). Hence we are left with

sup BSexp{C’l+C’gloglogk+03\/iloglogk}.
i N

But in the propositions, we are restricting the solutions to have at most a total of M tracks.

This means that for some constant ¢, N > ck for any solution, since at least one track must
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be accumulating observations as k& — oo. Thus
sup B < exp{C]+ Cjloglogk} = a(logk)® (B.38)
CIAEE)
for some constants a and b. Combining this with (B.36) gives the desired result.

|

Lemma 7 states that the probability that any of the 2 dimensional Brownian Motion
paths will intersect at a any time t in a finite interval is zero. This Lemma is an immediate

consequence of Proposition 1.4.1 on page 353 of {36].

Lemma 7. Consider any two (z,y) paths (X1,Y1) and (Xo,Y2) from the location model in

Section 2.8 where G;(t) is a Brownian Motion Then,

P{ inf [[(X,(6), Yi(0))) — (Xe(t), Ya(0))]| > o} —1 (B.39)

0<t<1

Lastly, Lemma 8 states that our robust estimate of the Brownian Motion variance term

is consistent.

Lemma 8. The estimate 6° given by (6.2) is strongly consistent as k — oo when applied to
the any sequence tracking solutions, (Z;I,IA},?A?);W that has less than M tracks and its tracks

are made up entirely of correct track segments.

Proof. Recall
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where N = Y- n¥. Under the the assumption that all of the tracks are correct track

segments, for each of the terms

Xi(tijr1) — Xiltes) ~ N(0,02)
At; ol

and they are independent. If we let (Z;)2 = ZJZIEM. then we can write 62 as

1 1 N 1 N
* 2 E : *\2
NN = NZZjIEi,j - N (Z5)
j=1 g=1

where Z; g (0,02). There are a finite number of tracks in (I, V, P) which means N > ¢;k

for some positive constant ¢i, so N — oo as k — oo. Hence it is sufficient to show that

2

LSy — o2 as.

Let u, = |@"], for @ > 1 which is fixed for now. We first need to show that

Sy —ES:

U,

> #(

> s) < o0 (B.40)

Un

But

Var(Sp) = Y Var ((Z)?) < S E((2)")
k=1

= nE(Z}Ig,,) < nE(Z;) = 2no”. (BA1)

So it follows by Chebyshev’s Inequality that the sum in (B.40) is no more than

i Var(S; ) < f: 2una2.
e2u?

24,2
n=1 n=1 E7Un
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Now y < 2|y| for y > 1 so we have that

1 = L,
n=1 n=1
and finally
* o ES*

n

(e

22
€><———02K<oo.
[

Hence by the first Borel-Cantelli Lemma, we have

(

for all € > 0. Taking a union over positive rational € gives us that (S; — ES; )/u, — 0

S, —ES,

Up,

> eventually) =0

a.s. But

ES;/n =E(Z})* - EZ} = o°,

so that S} /un — o2 as.

If u, <k <upqq, then

* * *
Unp, Sun < i < Un+1 Sun+1
Untl Un K 7 Up Upy

but up41/un — a so

*
la < th < hmsk < ac? as.
o' k k

This is true for all @ > 1. Now take « | 1, rational, and we have

k—oo - Nooo N
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O

Corollary 1. The estimate 6% given by (6.2) is strongly consistent as k — oo when applied
g

to the correct sequence of tracking solutions, (U,V,P)k.

Proof. Immediate consequence of Lemma 8.
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