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ABSTRACT OF D ISSER TA T IO N

TRACKING OF MULTIPLE MERGING AND SPLITTING TARGETS WITH 

APPLICATION TO CONVECTIVE SYSTEMS

A statistical approach to multiple target tracking is presented which allows for birth, death, 

splitting and merging of targets. Targets are also allowed to go undetected for several 

frames. The splitting and merging of targets is a novel addition for a statistically based 

tracking algorithm. This addition is essential for the tracking of storms, which is the 

motivation for this work. The utility of this tracker extends well beyond the tracking of 

storms however. It can be valuable in other tracking applications that have splitting or 

merging, such as vortexes, radar/sonar signals, or groups of people. The method assumes 

that the location of a target behaves like a Gaussian Process when it is observable. A 

Markov Chain State Model decides when the birth, death, splitting, or merging of targets 

takes place. The tracking estimate is achieved by an algorithm that finds the tracks that 

maximize the conditional density of the unknown variables given the data. The problem of 

how to quantify the confidence in a tracking estimate is addressed as well. Some theoretical 

properties of this tracking estimate are also developed such as sufficient conditions for 

consistency. The properties of the proposed method will be demonstrated on simulated 

data. Finally, the method is applied to the problem for which it was designed, tracking 

storms from radar reflectivity data.
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Statistics Department 

Colorado State University 
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Fall 2005

iii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ACKNOWLEDGMENTS

I would like to express deep gratitude to my advisors Professor Thomas Lee and Professor 

Jan Hannig for their steadfast patience and guidance over the years. When they did not 

have time to meet with me, they made time. They went way out of their way on many 

occasions to help me in this pursuit. I cannot express in words how grateful I am for them.

Many thanks to Doug Nychka and NCAR for supporting me financially throughout the 

last two years. This support was essentially to work on the problem that eventually became 

the heart of this thesis. Doug not only provided me with a thesis problem but also played 

a crucial role in the development of the ideas used to solve this problem. I also want to 

mention Chris Davis at NCAR who helped me better understand the atmospheric science 

behind convective systems. Tim Hoar was also a very important resource for his help with 

the computational aspects of this problem.

I would also like to thank the other members of my committee, Professor Jay Breidt 

and Professor Aubrey Poore, for devoting their valuable time to oversee my research. The 

entire Colorado State University Statistics Department also deserves my thanks for giving 

me the opportunity to grow as a Statistician over the years.

I most certainly would not have gotten this far without the loving support of my wife 

Andrea. Her patience and understanding over the last several months has been supernatural. 

Most importantly, I would like to thank my Lord and Savior, Jesus Christ, for being with 

me always through all of my tribulations and giving me peace during this stressful time in 

my life.

iv

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

1 Introduction 1

1.1 Two Scientific P ro b lem s.......................................................................................  2

1.1.1 Convective Systems ..................................................................................  2

1.1.2 2-D Turbulence...........................................................................................  4

1.2 Description of the Tracking P ro b le m ................................................................... 6

1.3 Literature Review ................................................................................................. 9

1.3.1 Nearest Neighbor (NN, G N N )................................................................... 11

1.3.2 Multiple Hypothesis Tracking (MHT) ............................................   12

1.3.3 Joint Probabilistic Data Association ( J P D A ) ......................................  14

1.3.4 Interacting Multiple Model (IM M ).........................................................  15

1.3.5 Comparison of GNN, MHT and JP D A ...................................................  16

1.3.6 Merging and Splitting of T a rg e ts .............................................................  17

1.4 Contribution of this Thesis ...................................................................................  18

2 The Stochastic M odel 20

2.1 Target State M odel.................................................................................................  22

2.2 Missing State M o d e l.............................................................................................. 24

v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3 Target Location M odel............................................................................................  25

2.3.1 B ir th ...............................................................................................................  25

2.3.2 M erger............................................................................................................  26

2.3.3 S p l i t ................................................................................................................ 28

2.3.4 Measurement E rro r......................................................................................  29

2.4 Target Attribute M odels......................................................................................... 29

2.4.1 S i z e ............................................................................................................... 29

2.4.2 O rien ta tio n ..................................................................................................  32

2.4.3 In tensity ........................................................................................................  32

2.5 False Alarm M o d e l................................................................................................  33

2.5.1 False Alarm State ...................................................................................... 33

2.5.2 False Alarm Location ................................................................................ 35

2.5.3 False Alarm Attributes ............................................................................  36

3 Model Likelihood 37

3.1 Target D e n s i ty ........................................................................................................  38

3.1.1 Target State D ensity ................................................................................... 39

3.1.2 Missing State D e n s ity ................................................................................ 41

3.1.3 Target Location D ensity ............................................................................. 43

3.2 False Alarm D e n s ity .............................................................................................  47

3.2.1 False Alarm State D ensity.......................................................................... 47

3.2.2 False Alarm Location D ensity ...................................................................  48

3.3 A ttrib u tes ................................................................................................................  49

3.3.1 Radius D en sity ............................................................................................  51

vi

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.3.2 Angle of Orientation D e n s ity ................................................................. 53

3.3.3 Intensity D en sity .......................................................................................  55

4 Parameter Estim ation 56

4.1 Parameters of the State M o d e l  : . 56

4.2 Parameters of the Missing State M odel............................................................... 58

4.3 Location P aram eters ..............................................................................................  59

4.3.1 White Noise V a ria n c e .............................................................................. 59

4.3.2 IBM Variance S ca la r.................................................................................  61

4.3.3 Initial Conditions.......................................................................................  63

4.3.4 Splitting and M erg in g ..............................................................................  64

4.4 Size Param eters....................................................................................................... 66

4.5 Orientation Parameters ...................................................................................... 68

5 The Tracking Estim ate 69

5.1 Calculating ( U , V , V ) .............................................................................................  70

5.2 Optimization A lgorithm .......................................................................................  74

5.3 Incorporating Parameter E s tim a tio n ................................................................... 78

6 Theoretical Considerations 79

7 Simulated Data R esults 111

7.1 Simulations without C lu tte r .................................................................................  112

7.1.1 Birth O n l y .................................................................................................  113

7.1.2 Death O n ly .................................................................................................  113

vii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.1.3 Splitting Only ........................................................................................... 115

7.1.4 Merging O n ly ..............................................................................................  116

7.1.5 Completely Random Model Realizations...............................................  117

7.1.6 Completely Random Model Realizations with S i z e ............................  118

7.1.7 Results .......................................................................................................  120

7.2 Simulations with C lu tte r ....................................................................................... 124

7.2.1 Results ........................................................................................................ 124

7.3 Decreasing Time Increm ents..........................................    130

8 Application to  Rainfall D ata 132

8.1 Detection A lg o rith m .............................................................................................  132

8.2 R esults......................................................................................................................  134

9 Conclusions & Further Work 138

A Mean and Covariance Calculations 140

A.l Mean Functions....................................................................................................... 143

A.2 Covariance Functions.............................................................................................  143

B Lemmas 150

viii

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



List o f Figures

1.1 Radar Reflectivity Images Evolving During July 14, 1996 ............................  3

1.2 2-D Turbulence Simulation ................................................................................  5

1.3 Illustration of the tracking problem.....................................................................  7

1.4 Illustration of the tracking problem.....................................................................  9

2.1 Physical Description of a M e rg e r .......................................................................  27

2.2 R\,  R 2 , and Q2 ......................................................................................................  30

6.1 (U,V,V)k  incorrectly breaks target track 1 into two trac k s .............................. 85

6.2 (U,V,V)k  incorrectly breaks apart a merger into two deaths and a birth . . 93

6.3 (U, V, V ) k incorrectly breaks apart a split into a death and two births . . .  95

6.4 (U,V,V)k  incorrectly joins target tracks 1 and 2 into one t r a c k ....................  96

6.5 (U, V, R ) k incorrectly merges targets 1 and 2 into target 3 ...................  98

6.6 (U,V,P)k  incorrectly merges targets 1 and 2 into target 3 .................... 100

6.7 Break (U,V,V)k  into track segments and connect them to get (U,V,V)k ■ ■ 103

7.1 Birth Only Realization with Possible S o lu tio n s ............................................... 114

7.2 Death Only Realization with Possible Solutions............................................... 115

ix

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.3 Splitting Only Realization with Possible Solutions .......................................... 116

7.4 Merging Only Realization with Possible Solutions............................................. 117

7.5 Random Model Realization with Possible Solutions..........................................  118

7.6 Random Model Realization with S ize ...................................................................  119

7.7 Observations at Each Time of a CR Model Realization with Clutter . . . .  125

7.8 Birth Only Realization with C l u t t e r .................................................................  126

8.1 Best Fitting Ellipses of Radar Reflectivity Im ages.............................................  135

8.2 Best Fitting Ellipses with T ra c k s ........................................................................  137

x

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C hapter 1

Introduction

Multiple target tracking has application to many scientific problems. It has importance in 

radar and signal processing, air traffic control, robot vision, GPS-based navigation, biomedi­

cal engineering, and video surveillance to name a few. The approach developed in this thesis 

is motivated by the applications of storm tracking and tracking vortexes in turbulence fields. 

In these applications, the splitting and merging of targets is quite common. The term target 

will be used repeatedly throughout to denote a generic object of interest. In this thesis, we 

develop a tracking method that can effectively handle splitting and merging targets. The 

utility of the ideas developed here extend well beyond the tracking of storms and vortexes 

however. The method can be valuable in other tracking applications that have splitting 

or merging targets, such as radar/sonar signals or group tracking. In particular, the ideas 

developed here with respect to confidence in a tracking estimate and consistency of an 

estimate apply to any tracking application.

1
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1.1 Two Scientific Problem s

This section highlights two scientific problems for which the tracking of targets is an im­

portant step to their solutions.

1.1.1 C on vective  S y stem s

The first problem concerns the study of the evolution of storm/rainfall systems captured 

by satellite radar imaging techniques. Figure 1.1 shows radar reflectivity images evolving 

over time on July 14, 1996 from 1:00am to 3:30am. Radar reflectivity is highly correlated to 

rainfall intensity so that we can attribute the variation of color in these images to different 

rainfall intensities. In these images blue would indicate 0 inches/hour of rainfall increasing 

on a log scale to bright yellow indicating > 2 inches/hour. The images are separated by 30 

minutes.

The goal here is to track the larger convective systems in these images. For our purposes, 

a convective system is defined to be a rainfall system that is larger than 100 km in length 

(approximately 1° of latitude or longitude).

This problem has been studied previously in [20, 57]. The very short term behavior (less 

than 1 hour) of such systems are reasonably well-known, but the moderately short term (1 

to 6 hours) and long term (1 to 2 days) behaviors are still largely unknown. It is certainly 

desirable if such longer term behaviors are better understood, and a useful tool that would 

help in this direction is a procedure that automatically monitors the movements and the 

interactions (e.g., merging and splitting) of all the structures in the overall system.

The merging of two systems that are located at the corner of South Dakota, Wyoming, 

and Nebraska can be seen in the first few images. These are clearly separate systems until

2
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Figure 1.1: Radar Reflectivity Images Evolving During July 14, 1996
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the third image, where they are now one system. There is also a splitting event in the 

panhandle of Florida as a fairly large system breaks apart into two smaller systems

Another aspect to this problem is the validation and improvement of the storm activity 

in Regional Climate Models. These are complex computer models for the state of the 

atmosphere. These models are used for prediction of weather and to otherwise generate 

data to answer scientific hypotheses. It is necessary for these models to maintain a certain 

degree of reality in terms of the storms that they produce. Comparing storm tracks from 

real data to those of the Regional Climate Model is one way to verify this.

1.1.2 2-D  T urbu lence

The second motivating problem focuses on a 2-dimensional turbulence simulation of freely 

decaying vortexes; see Figure 1.2. These images are of a 2-dimensional vorticity field with 

random initial conditions as it develops over time with no energy loss to the overall system. 

The white objects are centers of vorticity rotating in a clockwise direction, whereas the 

black vortexes have the opposite rotation.

Vortexes of the same spin will coalesce as they get close to each other. There is a good 

example of a merger on the left edge of the images a little bit below center. Also, vortexes 

of opposite spin have a tendency to parallel each other for a while before moving off in 

different directions. Two vortexes exhibiting this behavior are called dipoles. An example 

of dipoling can be seen by the two larger vortexes in the lower right of the images.

Recently such image sequences are a subject of much research [10, 45, 61], as it is (i) 

a paradigm for anisotropic geophysical and astrophysical turbulence, and (ii) it is also the 

most computationally accessible example of fluid turbulence. Automatic tracking of such

4
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vortexes is an important step to understanding the interactions amongst these structures.

Figure 1.2: 2-D Turbulence Simulation

An important characteristic to these two tracking problems is that the targets exhibit 

merging, and for the former problem, the targets also exhibit splitting. Thus the tracking 

algorithm developed to monitor these systems must be able to identify this behavior.

5
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1.2 D escrip tion  o f th e Tracking Problem

The basic premise of the multiple target tracking problem is that we wish to follow targets 

through a sequence of images or scans. Each image contains information about the locations 

(and perhaps other attributes) of the targets. We wish to take this information and recover 

the tracks of the targets.

Tracking algorithms are usually dependent on an identification algorithm. The iden­

tification algorithm will record the location of each target that it finds in each image. In 

some cases, it may record other information about the target as well, such as size, shape, 

intensity, etc. The key user-defined parameter in an identification algorithm is the level of 

thresholding. If the threshold is too low, we will have too many many spurious observations 

or false alarms (often called clutter). If it is set too high, then we will have too many missed 

detections of actual targets.

Some methods use adaptive thresholding to aid in the identification process [62, 63, 29, 

12]. In these approaches, the thresholding is set lower in regions that are likely to contain 

observations from actual targets (see discussion of gating in Section 1.3.2). This way we 

are more likely to detect an actual target if it still exists, but we will not pick up excessive 

false alarms in the other regions.

There are some algorithms that avoid the thresholding step altogether and identify and 

track the targets all in one step [30, 1, 58]. These methods are known as track before detect 

algorithms in the literature even though the tracking and detection are actually performed 

simultaneously. They have been shown to be very effective at tracking dim targets in the 

presence of clutter.

We are assuming the more traditional problem here however, that the tracking is per-

6
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formed on the data obtained after image processing. Adaptive thresholding can always be 

used in conjunction with this approach. The goal of the tracking algorithm then, is to take 

the location data recorded over time and recover the track of each target. A track is defined 

to be the (x(t),y(t)) coordinates of each target at each time during the image sequence.

To illustrate the idea further, assume there are 4 targets at each time step as in Fig­

ure 1.3. The locations of the targets in this figure are simulated from the model to be 

described in Chapter 2. We are however ignoring the possibility of birth and death of 

targets as well as missing and false alarm observations for the time being.

time = 1 time = 2 time = 3 time = 4

(3) _  
0  ®

0

®  0

®

©
(2) 

@ (2)

All Times The Solution

Figure 1.3: Illustration of the tracking problem.

The targets in the figure are labeled according to time so that time is distinguishable 

when all times are included in the plots at the bottom of the figure. The targets are free to 

change position from one time step (image) to the next. The data association problem is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



to determine which temporal set of locations corresponds to one particular target. Another 

way to think of this is how to sequentially connect the targets in the plot in the bottom left 

to form tracks. Since this is simulated data, the solution to this is known and the correct 

tracks are given in the bottom right plot. Typically the position and/or velocity of the 

targets is estimated once this data association problem is solved. An exception to this is 

the JPDA approaches discussed in Section 1.3.3.

There is a very slight difference in the way we will use the terms paths and tracks. 

We will use tracks to emphasize the data association problem in terms of selecting several 

sequential observations to put into a collection that we will call a track. A path will be used 

more to denote the continuous location curve of a target in 2-D space. So in our definition, 

a track is the discrete counterpart of a path.

Of course Figure 1.3 is an overly simplistic representation of reality. Most applications 

will not have the same number of targets in each image. Imperfect detection and occlusion 

will lead to missing targets in some images. There can also be false alarms or clutter. As 

mentioned previously, there is usually a trade off in number of false alarms to the number of 

missed detections as determined by the amount of thresholding that is used in the detection 

algorithm.

In addition, some targets may appear for the first time or disappear for good in the 

middle of the image sequence. These events, which we will call birth and death, can happen 

when a target moves into or out of the field of vision. In the case of storm tracking, the 

targets can actually form or disappear right in the middle of the field of vision.

As already mentioned, in our problems we deal with situations where two targets com­

bine into one larger target (merging) and one target breaks apart into two smaller targets
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(splitting). Figure 1.4 shows our simple example again but now with a birth, missing 

observation, and a split.

time = 1 time = 2 time = 3 time = 4

0 © © ® ®0

® 0 © 
® ©

©

©

All Times The Solution
©

©  ® © ^ © >
© ©® p

Figure 1.4: Illustration of the tracking problem.

1.3 L iterature R eview

In the following, we will give a summary of the work relevant to our problem that has been 

described in the tracking literature. For a more detailed review of tracking techniques, the 

reader is referred to two very comprehensive books by Bar-Shalom [2] and Blackman [6].

The target tracking problem has been studied extensively in the engineering literature 

over the past thirty years. The approaches to this problem can be separated into statis­

tical and non-statistical groups. The non-statistical approaches typically use either image 

differencing techniques for consecutive images [46] or some sort of heuristic penalty score

9
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approach based on a smoothness of motion assumption[55, 52], In either case an optimiza­

tion problem is solved by shuffling the labels of the observations around to create tracks 

that optimize some criteria.

These methods have been used with some success [28] and even in the area of tracking 

storms [32, 33, 15, 11, 25]. These approaches are attractive because of their speed and 

simplicity, but their weakness is in the inability to adequately initiate tracks (birth) and 

terminate them (death). In addition there is no way to assess the confidence in the tracking 

estimate. Because of this, the focus recently in the tracking literature has been in the area 

of the more powerful statistical approaches. These methods employ a statistical model to 

describe the motion of the targets to be tracked. Usually a Gaussian state space model is 

assumed, the most popular of which is the nearly constant velocity model which assumes 

that the acceleration of the target is a white noise. This is equivalent to an Integrated 

Brownian Motion (IBM) model. From here the Multiple Hypothesis approach to the prob­

lem is to find the hypothesis (collection of tracks) that results in the maximum likelihood 

of the model. Mori [43] describes a good general mathematical framework for this problem.

The use of hypothesis here means a particular labeling of the observations to create a 

collection of tracks, such as in Figures 1.3 and 1.4. It is not to be confused with a statistical 

hypothesis, but there is some similarity. For example, if we considered the collection of 

tracks to be a parameter, then we may wish to decide if a particular parameter is correct 

versus an alternative.

There are many different ways to label the targets to create tracks. Each set of possible 

tracks is a collection of permutations of the labels of the observations in each image. Suppose 

again for the moment that there is no birth, death or false alarms and refer to Figure 1.3.

10
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In this simple example, there are 4 targets in each image and 4 images, so there axe 4!4 =  

331,776 possible ways to create tracks. This number becomes prohibitively large quite 

quickly when the problem is more realistic in terms of more targets and more time steps, 

not to mention allowing for birth, death, missing values, and false alarms. It is not feasible 

to go through all possible combinations to find the global solution. Therefore, an important 

part of developing a tracking algorithm is not only posing an optimization problem to solve, 

but also solving that problem in an efficient way. In the following, we will describe the three 

of the most widely used approaches to solving this problem.

1.3.1 N earest N eigh b or (N N , G N N )

The simplest approach to approximate the global maximum to the likelihood is to use 

the Nearest Neighbor (NN) in terms of the Mahalanobis Distance [17]. Here the previous 

locations in a track are used to determine which target in the next image is the ’most likely’ 

to be part of that track. The ’most likely’ target is determined to be the one that maximizes 

conditional likelihood of its location given the previous locations in the track. This most 

likely target is the same as the one that minimizes the Mahalanobis distance. Each path 

is assumed to follow some Gaussian state space model independent of the other paths, so 

the conditional likelihood or Mahalanobis distance is calculated efficiently via the Kalman 

Filter. The problem with the Nearest Neighbor approach is that one observation can be 

assigned to multiple targets. The Global Nearest Neighbor (GNN) approach is the same 

as the Nearest Neighbor with the restriction that all observations must belong to only one 

track. For more information on the Nearest Neighbor approach, the reader is referred to 

[17] or [23],

11
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1.3.2 M u ltip le  H yp o th esis  Tracking (M H T )

A major advance that generated much interest in statistical approaches to tracking was 

made with the Multiple Hypothesis Tracking Algorithm (MHT) of Reid [48]. This method 

allows for target birth and death in addition to classifying false alarms separately. The 

optimization algorithm used is similar in flavor to GNN, but it delays final decisions about 

correspondence until several images later when more information is available.

The MHT logic works as follows. Consider a collection of possible tracks after n images 

to be a hypothesis, Hn. Suppose after time step (image) n, we know the K n most likely 

hypotheses Hn \ .. .  Hnj<n as determined by their likelihood. Now a new set of observations 

are received at the next time step, n  +  1. These new observations are used in conjunction 

with Hn>i to form all ’’feasible” new hypotheses assuming that Hn<\ was correct. A feasible 

hypotheses is one that is formed from compatible tracks. Compatible tracks are those 

that share no observations. The same thing is done then for the rest of the hypotheses 

Hn 2 ■ ■ ■ Hn Kri. The collection of the K n+\ most likely hypotheses are kept from all of these 

newly formed hypotheses and the rest are discarded. This process is then repeated at time 

step n + 2.

The process is started by considering all possible hypotheses after two time steps. From 

this collection, the K 2 most likely are kept and the rest are discarded and the algorithm is 

off and running.

To make the algorithm quite a bit more efficient, a procedure called gating is used to 

screen out very unlikely tracks before forming a hypotheses. Consider a given track T  which 

is part of a particular hypothesis, Hn, at time step n. At time step 71 +  1 it is stated above 

that all new observations are considered for inclusion into track T  to form new hypotheses.

12
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However, we can limit the number of new observations to be considered for inclusion into 

track T  by the following strategy. We can form a prediction region for the (x,y) location 

of the target from track T  at time step n  + 1 using the previous observations in the track. 

Only new observations within this prediction region (or gate) are considered for inclusion 

into track T.

The advantage of MHT over GNN is that decisions about correspondences or false alarm 

vs. target at time step n  can wait until several time steps later to be resolved. Of course, 

it is still possible for the optimal solution to be deleted at one of the iterations if too few 

hypotheses are kept at that time step. It is particularly important to hold on to a lot of 

hypotheses in the early time steps until enough data is available to establish tracks and 

hence make hypothesis decisions more accurate.

Many improvements on speed and efficiency of the original MHT algorithm have been 

made. In Reid’s original implementation, many unlikely hypotheses must be evaluated 

before they are deleted. However, Cox [18] extended Murty’s method [44] for finding the 

IV-best solutions to an assignment problem to the MHT. This can be used to inhibit the 

formation and evaluation of many unlikely hypotheses.

There is also a track orientated approach to MHT in which the possible tracks are 

dealt with individually. All possible tracks are formed and maintained at each time step 

by confirming it or deleting it. A Sequential Likelihood Ratio Test (SQRT) is performed 

to determine if a track should be confirmed or deleted as described in Chapter 6 of [6], 

Hypotheses are then reformed at each time step from compatible, likely tracks. The ad­

vantage here is that we can choose only the likely tracks, as deemed so by their likelihood, 

to be considered for hypothesis generation. The difficulty of course is that we need a way

13
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to keep straight which tracks are compatible and form only those hypotheses that con­

tain compatible tracks. Alternatively, Poore [47] and Deb [21] have formed this problem 

as a multidimensional assignment problem and use Lagrangian Relaxation to achieve the 

compatible tracks constrained solution.

The difference between track oriented MHT and the traditional MHT is that in the 

former the actual tracks are maintained then hypotheses are formed as opposed to the latter 

where it forms and maintains the hypotheses directly. The question remains which approach 

is better, but it seems that both approaches give similar results in terms of accuracy (and 

speed when considering Cox’s efficient implementation to the traditional MHT) [6].

A particular variation of the Multiple Hypothesis Algorithm used to solve the optimiza­

tion problem we pose in Chapter 5 will be described in Section 5.2. For other applications 

of the MHT algorithm to a variety of scientific problems see [39, 64, 31, 34, 5]

1.3.3 Jo in t P rob ab ilistic  D a ta  A sso c ia tio n  (J P D A )

Another approach that has received a lot of attention is the Joint Probabilistic Data As­

sociation (JPDA) algorithm developed by Fortmann, Bar-Shalom, and Scheffe [27]. The 

Probabilistic Data association approach is a different philosophy than the multiple hy­

pothesis approach. It estimates the target state (position and velocity) by treating each 

observation as coming from a mixture distribution. For example, each new observation has 

a probability of originating from each target or a false alarm. The probability of a new 

observation originating from a particular target is computed conditionally based on the 

previous state of the target. The new state of the target is then estimated by a Gaussian 

approximation to what is really a Gaussian mixture using the Kalman Filter. Hence it uses
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the locations of all prospective targets at the current time to predict the state for each 

target at that time.

The JPDA has been shown to be very effectively for tracking targets in heavy clutter 

[40] and [3]. The downside for this method is that track initiation (birth) and termination 

(death) are more complicated [6] and [2], Also, there is a coalescence problem for closely 

spaced targets [26]. For closely spaced targets the new observations produced by each target 

are close together. Hence, they both will have a high probability of coming from either 

target. In turn, the updated state estimates for each target will weight each observation 

highly. The result is that the state estimates will get closer and closer together. Research 

has been done on reducing the effect of this problem however [7].

1.3 .4  In teractin g  M u ltip le  M od el (IM M )

The interacting multiple model (IMM) is a useful model for tracking maneuvering targets. 

The IMM was first proposed by Blom [8, 9] with a good review given in Chapters 1 - 3 of [2] 

and Chapter 4 of [6]. Some applications (i.e. tracking fighter jets) have targets that move 

for the most part in a straight line, but will suddenly alter their course (maneuver). The 

multiple model approach describes this behavior with separate models, one with a small 

motion variance component for the straight line motion and the other with a larger variance 

for the maneuvering. Of course, there can be more than two models for the behavior of the 

targets as well. In fact, applications for maneuvering targets typically assume three target 

motion models.

The target is allowed to switch from one model to the other at each time step according 

to a Markov chain. That is, at each time step, there is a probability Pitj of switching from
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model i to model j.

The IMM can be incorporated into any of the three optimization methods described 

above (GNN, MHT, or JPDA). For the storm tracking problem, this approach seems to be 

unnecessary since the motion of the storms tend to be fairly consistent. The IMM can be 

useful for the 2-D turbulence problem however, since the motion dynamics of the vortexes 

tend to change as vortexes get close to each other.

1.3.5 C om parison  o f G N N , M H T  and J P D A

The GNN, JPDA, and MHT have been widely used for several decades. Unfortunately, there 

have been relatively few comparative studies performed. W hat has been done suggests that 

for tracking targets in cluttered environments, the JPDA and MHT are superior to the GNN. 

Also, the MHT seems to outperform the JPDA for more difficult problems [22, 60, 37]. The 

reason for this seems to be the delayed decision logic involved in the MHT. The JPDA 

uses only one step ahead logic to estimate the probability of an observation belonging to 

a target. Attempts have been made to extend the JPDA to incorporate a multiple frame 

logic [53, 24, 50]. Results from Salmond [53] for one of theses multi-scan JPDA methods 

indicate performance similar to that of MHT for a single target in clutter. In any case there 

is clear advantage to some form of delayed decision logic.

The MHT and JPDA methods have established a baseline for researchers to modify and 

improve these methods to fit there situation. Since the creation of these methods, contribu­

tions have typically been made by (1) developing better or more specific statistical models 

to describe the targets and/or (2) developing better/faster algorithms to approximate the 

corresponding optimization problem.
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1.3.6 M erging and  S p littin g  o f  T argets

Most recent approaches for target tracking are able to adequately handle track birth, death, 

missing values and clutter. But this paper is motivated by the problem of storm tracking 

from rainfall data. This problem comes with the issues above in addition to the merging and 

splitting of targets. Merging and splitting of targets has an important application to radar 

applications as well. When two targets are close together, resolution limits may prevent 

both targets from being detected. Hence, the scan returns one observation for both targets.

Although this is perceived as a very important problem by Daum [19] and Blackman 

[4], very little work has been done for merging and splitting of targets. What has been done 

for merging [59, 13, 38] and summarized in [6 ] pages 378-386, is not well defined in terms 

of an overall probabilistic model. It seems to be more of a patch for the problem than an 

accepted solution.

Also, the birth and death of targets for all of the methods described is dealt with in a 

hypothesis test approach. Recently however, Li [42] proposed the use of a Hidden Markov 

Model for birth and death of targets. This is more in line with the type of thinking that is 

needed here. We will extend this idea to include birth, death, splitting, and merging into 

an overall model for the targets. The overall model will then have a state component and 

a location (or motion) component. This way, birth, death, splitting, and merging can be 

predicted along with target state all in one step instead of deciding on birth, death, splitting 

and merging with a hypothesis test first, then predicting target state.
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1.4 C ontribution of th is  Thesis

The novel contribution made in this thesis is to address the concerns in Section 1.3.6 with 

a stochastic model that allows for splitting and merging of targets. The model we propose 

will incorporate birth, death, splitting, and merging of targets into the likelihood, as well 

as missed detections and false alarms. Predictions then can be made purely by considering 

the distribution of the relevant variables given the data. There is no need for hypothesis 

testing to initiate and terminate tracks as an intermediate step.

In addition to this, much can be added in the area of theoretical considerations for track­

ing methods. Convergence results to date deal with speed or convergence of the numerical 

algorithm used to solve the optimization problem such as in [41] or [16]. It is very necessary 

to have some theoretical justification for the optimization problem itself.

Chen [14] provides some theoretical justification for a method to choose the correct 

number of targets as the number of scans or images goes to infinity, but much more needs 

to be done. For example, under what conditions does the tracking estimate converge to 

the true values of the variables being estimated as the time increment between observations 

goes to zero? At what rate does this convergence take place? We also present a way to 

quantify the uncertainty in the tracking estimate which includes the uncertainty in birth, 

death, splitting and merging as well as the uncertainty in data association.

In the Chapter 2 we will describe the stochastic model that we use to explain the 

behavior of the targets to be tracked. Chapter 3 gives a more mathematical description 

of the model along with the likelihood. Estimation of the parameters in the model will be 

discussed in Chapter 4. Chapter 5 describes how to use the model to estimate the tracks of 

the targets and how to quantify the uncertainty involved in that estimate. Some theoretical
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justification for this tracking estimate in terms of its asymptotic properties is provided 

in Chapter 6 . The methodology will then be illustrated on simulated data in Chapter 7. 

Lastly, we will look at the satellite reflectivity rainfall data and track the storms that are 

present in Chapter 8 .
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C hapter 2

The Stochastic M odel

In this chapter we define a continuous time stochastic model that we assume defines the 

motion and state of the targets to be tracked. By using a continuous time model, irregularly

spaced observations in time and fill in asymptotics are much easier to deal with versus a

discrete time model. This model will then be used to estimate the tracks of the targets by 

using the model likelihood given in Chapter 3.

Define a path, (X(t),Y(t)) ,  to be the coordinates of a target at time t, t > 0. We 

observe the targets at discrete times t — . . .  , tn). We are assuming a 2-dimensional

path, but the following could allow for paths in 5ft3. We wish to model a path of a target 

(for example a storm) by a 2  dimensional Gaussian Process (GP).

The complication is that we may not observe the target if we look in on the process at 

a time t, because of several issues:

1 . it will exist in the future, but does not exist yet (birth)

2 . it no longer exists (death)
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3. it broke off into 2 new targets (splitting)

4. it combined with another target (merger)

5. it may not be found by our detection procedure (missing).

In addition, to these five issues there is another problem:

6 . there may be false alarms (clutter) that are found by the detection algorithm.

We would like to model these false alarms separately from the actual targets.

In the following we describe an overall model for the targets that has four components: 

State Model, Missing State Model, Location Model, and Attribute Models. The State 

Model describes how and when targets come into existence and terminate. The Missing 

State Model describes when an existing target is observable or missing. The Location 

Model describes how an existing target moves and the Attribute Models describe other 

characteristics of the targets, such as size, orientation, or intensity.

We will also allow for false alarms to appear in this model. There are essentially two 

types of false alarms. Those that exist for an extended period of time are called persistent 

false alarms or persistent clutter. Those that can be treated as a one time occurrence that 

lasts an infinitesimal length of time will just be called false alarms or clutter. We are only 

concerned with the latter here since persistent clutter will be modeled as an actual target 

as suggested by Blackman [6 ], The model for false alarms will be described separately in 

Section 2.5.
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2.1 Target S tate M odel

To deal with problems 1-5 above we propose a continuous time Markov chain model that 

determines how and when a birth, death, split, or merger occurs. This State Model is very 

similar to a birth and death process. There are four types of events that can occur in this 

process: births, deaths, splits, and mergers. The rate at which these events happen are 

At, N(t)\ f i , N(t)Xs, and (N ( t ) — l)Am respectively, where N(t)  is the number of targets 

in existence at time t. It is assumed that the initial number of targets, No = N ( 0) ~  

Poisson(Ao).

The Markov Chain assumption implies that the times between successive events (birth, 

death, split, or merger) are independent exponentially distributed random variables. How­

ever, if this assumption is not reasonable, another positive continuous distribution can be 

used. The Markov property would then be lost however, which would make the likelihood 

calculation in Section 3.1.1 more difficult.

The following notation will be used to describe the state model

Ubj = number of births in the interval [tj,tj+1)

Udj =  number of deaths in the interval [tj,tj+i)

Usj  = number of splits in the interval [tj,tj+i)

Um,j — number of mergers in the interval [tj, fj+i). (2 -1 )

We will also let Ub — (E4,i, • • ■, Ub,n) and similarly for U U s, and U m. Then denote the 

collection of No and the U ’s by U = (No,Ub,Ud,Us, U m). We will also need to specify
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which targets were involved in the events. Let,

Vbj = the collection of indices of targets that were born in the interval [tj,tj+1)

Vdj = the collection of indices of targets that died in the interval [tj, t j+1 )

Vsj  = the collection of triplets (h , i 2 , h )  where i\ is the index of the parent and

%2 , is are the children for every split interval [tj,tj+i)

Vm,j = the collection of triplets ("ii, *2 > *3 ) where i i , t 2 are the indices of the parents and

is is the child for every merger in the interval [tj,tj+i). (2.2)

It is assumed that when a target is born it takes on the next available index. When there 

is a death, each target that is alive up until the time of death is equally likely to be the 

one that dies. When there is a split, all of the targets alive up until that time are equally 

likely to be the parent and the children take on the next two available indexes. Finally, for 

a merger all of the N  choose 2 pairs of targets for the N  targets alive up until that time 

are equally likely to be the parents and the child takes on the next available index.

Let V b — (I4,i■ • • • j V^n) and similarly for Vd, V s, and V m. The collection of all the V ’s 

will be denoted V =  (V&, Vd, V 3, V m). We will say that the variables U , and V, describe 

the target state model. This is a hidden Markov model in that we do not actually get to 

observe these states from the data. Predicting the state variables, which targets merged 

with which etc., is part of the tracking problem. This will be described further in Chapter 5.

We will say that a target is initiated if it is a new target as a result of a birth, split, 

or merger. Likewise, a target is terminated if it no longer exists because it died, split or 

merged. When a target exists, it may or may not be observable. We will describe how to
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model this behavior next.

2.2 M issing S ta te  M odel

The State Model defines in a probabilistic way how birth, death, splitting, and merging 

occur. We now define how an existing target may become unobservable or missing. It 

is certainly not ideal to simply allow this target to die and start a new path when it 

appears again. Missing observations are usually handled in the tracking literature by a 

white noise. That is, if a target exists, it has probability P(i of being detected and producing 

an observation at a given time t and this is iid over time.

If missing observations have a tendency to be correlated over time, an alternative to the 

white noise model would be to use a continuous time Markov Chain that simply changes 

between two states, missing and observable. While in the observable state, the target goes 

missing with rate v\ and when missing, the target becomes observable with rate vq. In 

either case, we will let Wi(t) be the missing state variable that represents the observability 

of the ith target at time t. Suppose that Wj(t) =  1 if the ith target is observable at time t 

and Wi(t) — 0 if it is missing.

It is worth mentioning that if we have attribute information such as size or intensity, it 

may be beneficial to allow Pd to be proportional to the mean size or intensity of the target. 

This would allow targets with intensity near the threshold value for intensity to go missing 

more often for example. This could also be incorporated into the rates vq and u\ if we use 

the Markov model.
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2.3 Target Location M odel

As mentioned previously, when a target is determined to exist by the State Model, the 

path of the ith target, (A)(t), Yi(f)) will behave like a Gaussian Process. Target paths are 

assumed to run their course independently of other targets unless they are required to split 

or merge as determined by the State Model. The dependency introduced by splitting and 

merging will be worked into the following.

The distribution of Xi(t)  will be defined below for the three cases of a target resulting 

from (1 ) birth, (2 ) merger, and (3) split. The distribution of Yi(t) will be similar with the 

obvious changes in notation and parameters and independent of Xi(t).

2.3.1 B ir th

Suppose that the ith target resulted from a birth. Let the x component of location and 

velocity of the ith target at time t be denoted by Xi(t) and X'^t)  respectively. Also denote 

the time of initiation of the ith target by . If the ith target exists at the first observation 

time t\,  then it is assumed that — t\. Then

Xi(t) =  Xiiti) + X ^ i ) ( t  -  &) +  ciiGiit -  &) (2.3)

where Gi(t) is some continuous mean 0 Gaussian Process. It is also assumed that the 

initial position and velocity are Gaussian. Specifically, Xi(&) ~  N  (ixx0, 4 o) a n d A ' ( & ) ~

As mentioned in the introduction, integrated Brownian Motion (IBM) is a popular model
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to use for the random motion component G(t). This is given by,

i{t) = f  Bi{s)ds (2.4)
Jo

Gi

where Bi(t) is the Brownian Motion driving the ith path.

The model in (2.3) is set up for Gi( t )  to be an IBM. If we change the model for Gi( t ) ,  

we may wish to change (2.3) accordingly. For example, if we use twice integrated Brownian 

Motion, we may want to add an initial acceleration term instead of assuming that it is 0.

To implement an Interacting Multiple Model here we would have several random motion 

models Git i . . .  Gij<. To maintain the continuous time nature of our model, we would need 

a continuous time Markov Chain that would switch back and forth between motion models. 

With probability Pij  it would switch from model i to model j  with the time between 

switches distributed as independent exponential random variables.

2.3.2 M erger

Now suppose that the ith target is initiated from a merger. Let Pi be a vector containing 

the indices of the two targets that merge together to create the ith target. Then we have,

- ^ ( 0  =  2  ( - ^ P i , l ( & )  +  X pii2(£i))+4>m, i+ -  ( X p itl(£i) ( t - ^ + V i G i i t - ^ i ,

(2.5)

where W * ~  N(0 ,a2x J  and ^  ~  IV (0,cr^).

Notice that the initial position of the new target (child) is the average of the positions of 

the merged targets (parents) at the time of merger plus a little bit of noise Figure 2 .1  

displays a physical representation of this. Also, the initial velocity of the new target is the
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average of the velocities of the parents at the time of merger plus a little bit of noise 

Presumably, aXm and a \ ,  are small so that the new target location and velocity are likely 

to be close to the averages of the parents.

time =  £ time = time = + 8

t rt

W  *i

U x p ^ + X p ^ y

Figure 2.1: Physical Description of a Merger

The two parent targets are currently not required to be close to each other at the time 

of merger. To ensure that the parents get close to each other before merging, the difference 

between locations of the parents is conditioned to be small at the time of merger, A  

more precise explanation of this is as follows.

Let d be a vector containing the three targets involved in the merger. The indices of the 

parents are d\ and d-2 where c/3 is the index of the child. The difference in location between 

the two parents at the time of merger plus a random noise term is given by

D = X dl( ^ 3) - X d2(U3) + ^ d (2 .6 )

where ^  ~  N(0 ,ax  ). We will then condition the model for X  on D and evaluate this 

model at D — 0. If u x d is small, this will make it very likely that the two parent paths are 

close together right before the merger. Referring to Figure 2.1 once again, we see a merging
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event with a possible realization of ipd-

For the storms problem, Figure 2.1 is a realistic physical description of what is actually 

happening. That is, two targets really do become one target. Other applications of merging 

targets may not share this same physical representation. For the case of unresolved radar 

observations, there is obviously still two separate targets that just produce one observation 

because they are very close together. However, we may wish to track the centroid of 

these two targets, which is the best that we can do until the targets show up as separate 

observations again. In this framework then, we actually do have a new merged target that 

can be thought of as a phantom target in between the actual targets, which is waiting to 

split into the actual targets again.

2.3 .3  Sp lit

Suppose that the ith target is initiated by a splitting event. To keep notation consistent 

with that for mergers, let pi be a vector of length one that contains the index of the parent 

of the ith target. Then the location is given by

Xi(t) = X p i A t i  + +  [*« .!& ) +  < i ]  (* -  6 ) + -  &) (2.7)

where ifa N (°iax s) and i ’i N(0,ax , ). Similar to the model for a merger, the initial 

position and velocity of a new target from a split is the same as that of the parent plus 

some error. It is assumed that a \  is small so that the new targets are likely to appear 

close to where the parent split. Similarly, a \ ,  should be small so that the new targets have
A S

a velocity similar to that of their parent.
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2.3 .4  M easu rem en t Error

In many cases, we do not get to observe the exact locations of the targets because of random 

error in our measuring device. Rather, at a time t, we get to observe Xi(t) + e where e is 

an independent measurement error term. If these measurement errors are independent over 

time as well, then for j  = 1 , . . . ,  n we would observe

— Xi( t j ) +  £ij (2.8)

where it is assumed that

(2-9)

2.4 Target A ttribu te M odels

In this section we will describe several models that can be used in conjunction with the 

location and state models if some auxiliary information about target attributes is available. 

We present a few special cases of attributes that are commonly available (Size, Orientation, 

Intensity). Other attributes may be handled in a similar manner.

2.4.1 S ize

The size of the target, which is a measure of area for the 2-dimensional case, can be taken 

into account by the following. We will use the length of the minor and major axes, Ri(t) 

and R 2 (t), of the best fitting ellipse to each target as shown in Figure 2.2.

We are assuming here that a best fitting ellipse for each target is determined by standard 

imaging techniques such as in [51]. If the data is such that we cannot fit an ellipse, but
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Figure 2.2: R\, R 2 , and Q2

we do have the overall size, then we can use this same model for size, S(t) = R\(t)R 2 (t), 

which ends up being less complicated than the discussion that is to follow. Note that we 

have excluded the factor of it in the target size definition for convenience of notation.

Let R i ti(t) and t>e the radii of the minor and major axes respectively for the ith

target at time t. R\^(t) and i?2 ,i(t) will be treated as random variables from a log-normal 

distribution with parameters <7^ .) and respectively. These observations

are assumed to be independent over time. In other words Ri(t)  and R 2 (t) are assumed to be 

log-normal white noise with their respective parameters which remain constant over time. 

This assumption may not be met in many applications, but should be approximately true 

unless the size of targets changes quite drastically. It is also certainly possible to make the 

mean size a parametric function of time so that it can grow in the beginning and get smaller 

over time like a storm system would tend to do. Or perhaps for radar applications, the mean
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size can remain constant, but the variance could be a function of distance from the radar to 

allow for more measurement variability the further a target is from the measurement source. 

In any case, the assumption of independence of size observations over time is necessary in 

order to adequately deal with splitting and merging of targets; see the discussion at the end 

of this section.

Since and are log-normal, Si(t) is also log-normal with parameters i +

^R2)iJcrRl i +  aR2i)- Hence the mean value of S)(i) is

In the event of a split, the mean sizes of the two new targets will sum to the mean size of

targets j  and k, then we have E[Si] =  -E[Sj] +  S[S,fc]. The new parameters are otherwise free 

and will need to be specified or estimated. In the event of a merger, the same conservation 

of mean size rule will apply.

In this formulation, it is possible that at some times by random chance, Ri,i(t) will 

be greater than f?2 ,*(t). From the data we receive from the best fitting ellipse, we won’t 

know when this is happening. So in reality, we only observe the order statistics R ^ ( t )  — 

R\(t)  A f?2 (i) and f?(2)(f) =  Ri{t) V R^ t ) .  Thus it is the likelihood of the collection of R ^  

and 2) variables that needs to be calculated in Chapter 3.

It seems as though it would be beneficial to allow the radii or size to change as positive, 

continuous processes. An exponential Brownian motion or a Bessel Process would be viable 

options. A problem comes in with merging and splitting though. For example, the size

+  aR2tl)} (2 .10)

the parent target. For example, if .E[<Si] is the mean size of the ith target which splits into
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of a child after merger should be equal to the sum of the sizes of the parents. The sums 

of exponential Brownian motions are hard to work with. Also, in the event of a split, we 

need to somehow randomly distribute the size of the parent into the two children. This 

makes it very difficult, if not impossible, to construct process that models this behavior 

with a tractable likelihood. We may be able to use an approximate likelihood however. 

This problem is potentially an area of further research.

2.4.2 O rien tation

The orientation of a target can be measured by the angle, Q2 of the major axis corresponding 

to i?2 as shown in Figure 2.2. We will use the usual notation Q2 ,i(t) to represent the angle 

for the Ith target at time t. We will assume that Q2 ,i{t) comes from a VonMises distribution 

on [0,7r] with parameters a* and /%. Like i?i and R 2 , Qzit) is assumed to be iid over time.

Also, since we only get to observe R(2)(t) we won’t know which axis is the major axis, 

so we can’t observe Q2 - We do however get to observe the angle of i2(2)W which we will 

call Q(2)(t). The likelihood for the collection of Q^)  variables will be given in Chapter 3.

2.4 .3  In ten sity

The intensity I  (t) of a target can be defined for the storms application to be the maximum 

rainfall rate of the pixels that make up the storm, the average of rainfall rates for all of 

the pixels, or some combination of the two. For the 2-D turbulence problem, we can use 

vorticity in place of rainfall rate. For other applications the intensity of a target may be 

otherwise defined in a suitable way.

Once we have decided on a definition for intensity of a target, it can be modeled in
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a manner similar to the other attributes. We can assume some appropriate distribution 

and let the observations be iid over time. For example, we could assume a log-normal 

distribution,

I(t) ~  logN^m^aj.)  (2.11)

For a merging and splitting, it may be reasonable that the mean intensity is conserved in 

a manner similar to size. For example, if E[Ii\ is the mean intensity of the ith target which 

splits into targets j  and k, then we have E[Ii] — E[Ij} + E[Ik\. It could also be possible 

depending on the definition that the maximum intensity is conserved. Another option is 

that there is no conservation of intensity and all the parameters are free. In any case, once 

it is determined how to introduce the dependency of the parameters, if any, the likelihood 

is computed the same way in Chapter 3.

2.5 False A larm  M odel

The model used for false alarms will be broken up into separate parts (state, location, 

attributes) in a manner similar to that for targets. However, since false alarms only exist 

for an infinitesimal length of time, they can only be observed once. Hence, these models 

are much less complicated than those for actual targets.

2.5.1 False A larm  S ta te

We will assume that the distribution of false alarms is a Spatial Poison Process which is 

independent over time. Hence, the number of false alarms at time t, N f ( t ), is distributed
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as a Poisson random variable,

Nf(t)  Poisson (Ay A) (2 .12 )

which is iid over time. Here A  is the area of the field of vision or image window, so that Af  

is the expected number of false alarms in a unit area.

If we are using adaptive thresholding, then we will have a higher concentration of false 

alarms in the gating regions where we are using a smaller threshold. Hence, we would need 

to allow for a higher rate parameter, for the gating regions. Suppose G denotes the set 

in 3?2 which is the collection of all gating regions. We would then have a heterogeneous 

spatial Poisson process with parameter

baseline amount of thresholding over the field of vision be ro. We can subtract an amount 

t XiV to this baseline threshold which is proportional to the conditional density of a new 

observation given the previous observations in a track. In this way, we threshold at a much 

lower level near where we expect the new observations to be. For this type of thresholding, 

we could assume a heterogeneous spatial Poisson process with a parameter Af (x ,y)  that is 

inversely proportional to tq — Tx<y so that

A x,y =  A/IGc(x,y) + A *f IG{x,y) (2.13)

It may also be beneficial to use the following form of adaptive thresholding. Let the

(2.14)
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would be a continuous function of x,y-space. If we denote the field of vision as the set 

F € 5ft2 then for either of the two models for Af (x ,y )  we have

Nf(t)  ~  Poisson A/(x,y)^ . (2-15)

There is no need for a missing state model for false alarms. The conceptual reason for 

this is that there is nothing there to be missing in the first place. The existence of a false 

alarm implies that it is detectable. If for some reason we were to assume a probability 

of detecting a false alarm Pd, on top of a probability of its existence, then the number of 

observable false alarms Nf(t)  would still have a Poisson distribution with rate parameter 

Af  — Pd^f- Hence, we would just have to absorb the probability of detecting a present false 

alarm into our rate parameter anyway. Hence, the false alarm state model is assumed to 

describe how many false observations will be detected at a given time.

2.5 .2  False A larm  L ocation

For the homogeneous spatial Poisson process, the location of a given false alarm observation 

X  will be assumed to have a uniform distribution that is independent of other false alarms 

in space and time,

X  ~  Umf(Lx,Ux)-  (2.16)

where L x  and Ux are the range limits in the field of vision or image window. He distribution 

for Y  would be defined similarly.

For the heterogeneous Poisson models, the distribution will be more concentrated where 

Af (x ,y)  is higher. This means we have to consider the distribution of X  and Y  together.
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The density of X, Y  for a heterogeneous Passion process is actually proportional to the rate 

A f (x,y).

2.5.3 False A larm  A ttr ib u tes

Whatever attributes that are modeled for targets, must also be modeled for false alarms. 

This is so that a likelihood computed assuming a group of sequential observations originated 

from a target would be comparable to the likelihood assuming the observations were false 

alarms. We propose that a false alarm attribute have independent and identical distribution 

for each false alarm occurrence.

For example, if we were to use the size or Ri  and R 2 in our model, each target would 

have its own size parameters, but all false alarms would have the same parameters. We 

would let the minor radius for all false alarms have the distribution,

and similarly for R 2. We will model the angle of orientation of the major axis for all false 

alarms as

Ri  ~  lo g N Q ^ ^ c r f^ ) (2.17)

(2.18)

and lastly for intensity we will use

I  ~  logN (2.19)
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C hapter 3

M odel Likelihood

In this Chapter we will present the likelihood of the model described in Chapter 2. We 

will use the notation [X] to denote the probability density function of the random variable 

X, [X](x) to denote [X] evaluated at x and [X | V] to denote the conditional density of 

X given Y. We wish to write out the density, or likelihood, for the following collection of 

random variables that correspond to targets,

(W,V,W,X,T) (3.1)

The bold W, X,and y  denote the collection of those variables for all targets at all times. 

These variables will be more formally defined in the following sections. For ease of presen­

tation, we are restricting the focus to location information right now. We will incorporate 

the attribute contribution to the likelihood later.

In addition, we wish to write out a density for the following collection of random variables
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that correspond to false alarms.

( N f , X f , y f ) (3.2)

where N f  — (N f( t i ) , . . . ,  N f( tn)) and the bold X f  and T j denote the collection of the 

locations for all false alarms at all times. The overall model likelihood function is then 

given by

[ ( w , v , w , x ,y ) , ( N f , x f , y f )} =  [u,v , w , x , y ) [ N f , x f , y s] (3.3)

since the false alarms are assumed to be completely independent of the targets unless we are 

using adaptive thresholding in which case the false alarm density will depend on the target 

density. In the following sections we will write out the target density, [W, V, W, X,  T], and 

and the false alarm density, [Nf ,  Xf ,  T/]-

3.1 Target D en sity

Using the properties of conditional probability, we can write the target density as

\ u , v , w , x , y ]  =  [ u , v ] - [ w \ u , v } - [ x  \ u , v , w ] - [ y  \ u , v , w \  (3.4)

since X  and y,  are independent given (U, V, W). We will call the conditional densities in

(3.4), in order from left to right, the target state density, missing state density, and target 

location densities respectively. We will describe each of these in the following sections.
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3.1 .1  T arget S ta te  D en sity

Since the State Model has independent increments, the Target State density can be written 

as

P ,  V] =  [N0] Y[ [Ub,v  UdJ, UsJ, UmJ | N(tj)][Vbd,Vdij,Vaj , V mj  | N(t j ) ,  Ubtj,UdJ, UaJ, UmJ\
3 = 1

(3.5)

where recall that N(t)  is the number of targets that exist at time t. Also, No is the initial 

number o f  targets and is Poisson with parameter Aq s o

\ k p- Ao

[No]{k)= k T '  (3‘6)

To write out the exact density for {Ubj , U dij ,Us,j,Umj  \ N(tj)),  is difficult since they are 

dependent on each other. The rate of death, XdN(t),  for example changes when there 

is a birth, death, split or merger. Suppose Uj = Ubj  +  Udj  +  Usj  +  Um>j. The exact 

distribution of (Ubd,Ud)i,US:i,Umti) would require us to sum over all the permutations of 

the order that the Uj events could happen in the interval [tj,tj+i). For each of these 

permutations, we would have to calculate the probability that the sum of Uj independent 

exponential random variables with respective rates (which are generally different) would be 

less than Atj =  tJ+i — tj. Instead, we will approximate this probability by assuming that 

the rate of the occurance of events stays constant during the interval [tj,tj+i). If we let 

Nj =  (N ( t j ) + N{t j+\))/2, which is the average number of targets alive during the interval,
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then we can assume that the rate of each of the events during the interval is

A&j =  A b (3.7)

A d,j = AdNj (3.8)

A S)j =  A sNj  (3-9)

A m,j — AmNj  (3.10)

for birth, death, splitting, and merging respectively. With this assumption, the variables 

{Ubti,U,iti,USii,Um^) are independent and P(Udj = u) for example is the probability that 

the sum of u iid exponential random variables with rate Ad,j are less than Atj. This is the 

same as the Poisson density with parameter XdjAtj  evaluated at u. Hence,

[Ubij\N(tj)]{u)- ^  ( \ A t j ) ue~XbAti / u\ (3.11)

P d j  I N{tj)} (u) «  (XdjAtj)ue-~Xd̂ / u \  (3.12)

[UaJ | N{tj)} (u) «  (ASiiAt j)ue-~x^ i / u \  (3.13)

[Um,j | N{tj)} (u) »  CXm,Atj)ue-~Xm-iAti /u \  (3.14)
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For the variables (14,i, V^i, 14,i, Vm,i) if we make the same assumption that N(t) — Nj  is 

constant during the interval [tj,tj+1), then we have

[Vb d \ N i t ^ U b d i v ) w 1 (3.15)

[Vd,j 1 N(tj),  Udj] (v) (3.16)

Waj N(tj),  Usj] (v) »  (1 / N j f ' J (3.17)

\Ym,j I A (tj) ,[/mj] (v)
^  M 2

(3.18)

and we can write (3.5) as

n

[W, V ]«  [JV0] Y[{UbtJ}{VbJ I UbJ] • [Udtj][Vdj  I UdJ] ■ [Uaj}[Vaj  | USJ] • [UmjWmj  I UmJ}.
3 =1

(3.19)

3.1 .2  M issin g  S ta te  D en sity

Recall that 114(f) represents the observability (0 or 1) of the ith target at time t. Let 

W i  = (Wi(ti), . . . ,  Wi(tn)) and W =  { W i , . . . ,  W m) where m  is the number of targets that 

existed before time tn. The time of initiation of the ith target is denoted by Also let the 

time of termination of the ith target be given by Q. For convenience if the ith target is still 

alive at time tn, we will let (i — tn.

The state variables U and V do not specify the exact values of £; and Q. They do 

however specify which interval, between observations they are in. This is all we need for W  

since its dependence on U and V is only on whether or not a target exists at the observed 

time points. For the following, if it is known that is in the interval ( tj , tj+1), we will set
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& = tj + Atj /2.

The white noise model for W of Section 2.2 assumes probability Pd of observing the ith 

target if it exists at a given time, independent of other times. If the target does not exist 

at time t then Wi(t) =  0. Under this model, the conditional density of W  given the state 

variables in (3.4) can be written out using indicator functions to separate the cases when 

the ith target exists and does not. This density is then given by

m  n

[ W  I U, V] ( w)  =  n  II { - W d u K i . t n l f e X 1 -  Wij) +  % i ,ci ] ( ^ )  ( ( 1  -  Wij)(  1 -  P d) + W i j P d) }
i=1 3=1

(3.20)

where Wij is representing an observed value of Wi(tj).

If instead we assume the Markov Chain model of Section 2.2, then we will make the 

following assumptions. For a time t before a target is initiated Wj(f) — 0. When target i 

is initiated, Wi(£j) =  1. During the lifespan of a path, it switches back and forth between 

missing and observable with rates vq and v\. As soon as path i is terminated by the State 

Model, Wi(t) becomes 0 again for t > Q.

Since for i ^  j , W i  is independent of Wj given the state variables and Wi is Markov, we 

have
m  n

[w i M,viw=nn w  =m w  (3-2i)
i=l j—l

Now let Pjtk(At) be the probability of Wi going from state j  to state k in a time At  , 

assuming that the path exists during this time as determined by the State Model. Simple 

calculations can show these transition probabilities to be

Pik(At)  = Ul~—  +  — - — e_(!/°+l/l)At (3.22)
u0 + Ui Vq +  v\
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Let Atj = tj Also for notational convenience, adopt the convention that to < ti even

though we do not observe the process at to- We can then write the conditional density of 

Wi(tj) on the right side of (3.21) by using indicators to break it apart into the times when 

the target exists and does not and also into the case of the first observation of an existing 

target and a consecutive one.

['Wi { t j ) I U , V , W i { t j - 1) =  =

-  wij) +  (tj -  &) +

( ^ i )  (3.23)

Equation (3.23) along with (3.21) describe the the conditional density of W given the state 

variables in (3.4) for the Markov Chain model.

3 .1 .3  T arget L ocation  D en sity

Since Xi(t) is normally distributed for all t, the observed location of all targets at all time 

points, has a multivariate normal distribution. Let the times at which the ith target is 

observable be denoted by U =  (fi,i, • • •, Also let Xi  — (Xi(titi ) , . . . ,  Xj(tji7li)) and

lastly let X  — ( X j , ... , X m) be the collection of all observed locations of all targets. Then,

X ~ N { plx,V x ) (3-24)

where we will define fix> and Ex  below.

Recall from Section 2.3 that this mean and covariance will depend on the time of ini­

tiation, £, of the targets. We will adopt the convention of the previous section here and 

set & =  tj +  Afj/2 if is known to be in the interval (tj,tj+1)- Since n x  and Ex depend
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on the exact values of £, this will be an approximation to the true density. In order to 

get the exact density, we would have to integrate out on the joint distribution of X  and £, 

given that the £j’s are in their respective intervals. This would have to be done numerically 

and would not be feasible in practice. If the intervals are sufficiently small though, this 

approximation will be quite close to the true density.

Also recall from section 2.3 that we need to then condition X  on the random variable 

D and evaluate this density at D — 0. Let di be the vector d from Section 2.3.2 for the ith 

merging event, i — 1 , . . . ,  Nd- Then let

A  =  * 4 ,i ( U ,3) -  * 4 ,a(U ,3) +  V’i (3.25)

be the difference, D , for the ith merging event. The random variable Dt is also normally 

distributed. Finally, let D  =  (D1 , . . . ,  D ^ d). Then we also can write,

D  ~  N ( hd , Ed )

For the collection of both X  and D  we have

where

*  ' N(n,E)  (3.26)
D

M = | | (3.27)
V-D
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and

E =
^X, D

(3.28)
^ X , D

The mean vectors and covariance matrices will be described in the following. Let Hi{t) =  

EXii t )  and fiDi = E D L. These functions are given for the IBM model in Appendix A. 

Then let =  (Mi( î, 1), • • • and we can now write the mean vectors in (3.27) as

M X  =  ( M l ;  • • ' A m )  a n d  M O  =  ( M O i , -  • - , I ^ D N d )-

Define the matrices E jj to be the covariances between all of the observations of target 

path i with all of the observations of path j.  Specifically the (k, l)th element of this matrix 

can be written

The covariance functions in (3.29), (3.30), and (3.31) for the IBM model are given in 

Appendix A.

Also define the matrices and E#, by their (k, l)th element as follows

£ ;,d (M ) =  Co v(Xi(t itk),Di) fc =  1 , . . . ,  rij; l — l , . . . , N d  (3.30)

E D{k,l) = Co v(Dk,Di) k = l , . . . , N d] 1 = 1 , . . . , N d (3.31)
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Now we can write the covariance matrix for X  as

 ̂ S i ,1 S i 2

S x  =
S 2 ,l S 2,2

(3.32)

and that for D ) as

/  S i n

\  S m,D J

(3.33)

This completes the description of the distribution of (X , D ) given in (3.26).

Now we are ready to write out the conditional distribution of X  given D  = 0, which 

we will just call the distribution of X  from this point forward. Multivariate normal theory 

tells us that

X  \ D  = 0 ~  IV( // ,£ * )  (3.34)

where

(3.35)

and

^  -  ^X,d X>£, x ,d (3.36)

The density of X  is then just the multivariate normal density with parameters, fi* and £*. 

This will require taking the inverse of E*, but this can be done somewhat efficiently since 

E* is a relatively sparse matrix. Unless path i is a relative of path j ,  in the sense that one 

is a by-product of splits or mergers of the other, they will have 0  covariance.
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Because of the conditioning on D,  this model cannot be conveniently put into state 

space form. Hence, the Kalman filter cannot be used to update the conditional distribution 

of a new observation given the previous observations. However, it is possible that the 

Innovations Algorithm could be used to make the likelihood calculation of this model more 

efficient.

3.2 False A larm  D en sity

In a manner very similar to target density we can write the density of of the false alarm 

variables from (3.2) as,

[ N j , X f , y f \ = [Nf] • [Xf  I N f ] • [y I Nf ]  (3.37)

We will call these conditional densities, false alarm state density, and false alarm location 

densities respectively.

3.2.1 False A larm  S ta te  D en sity

The density for false alarm state or IV/ =  (Nf ( t i ) , . ..  , N f ( t n)) is straight forward to write 

out since it is assumed in Section 2.5.1 to be iid Poisson distributed random variables with 

rate A /A.  Hence the density of N  f  is,

" (XfA ^ e ~ xf A
—  (3 -38)

j=i 3 '

For the case of adaptive thresholding, we simply replace the rate parameter A/ A  at 

each time with the integral over the field of vision, F,  of the rate function Af (x,y, t)-  Note
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that the rate function must be a function of time as well since the thresholding values will 

change for each time step. For adaptive thresholding, the density for N f  is conditional 

on the target model variables since the gating regions depend on the state variables and 

location. We are however suppressing this dependency in the notation. This density is then,

(XA/(x,2/))fc' e~ fFXfix,v) (3-39)

where we have suppressed the dependency on the target model for notational convenience.

3.2.2 False A larm  L ocation  D en sity

The location density for false alarms is also simple compared to that for targets since the 

false alarms locations are assumed to be independent over time and space. Let the x 

component of the ith false alarm at time t be denoted as Xf f ( t )  for i = 1 , . . . ,  Nf(t).  Also 

let

x f  =  {X fAt j )  '■ i =  3 =

be the collection of x  locations of all false alarms at all times. We will also use the same 

notation for Yf.

For the uniform model of (2.16) the density function for a particular Xf^(t)  would be

'<*> -  i r a  (3'40)
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and the density for X /  would then be

n  N f  ( t j )

[ X f \ N f ](x) = l [  n  /(* « ) (3-41)
j =1 i=1

where Xij is a dummy variable for the value of Xf j ( t j )  The density for T / would be the 

same except for the obvious difference in parameters and independent of Xf .

For the case of adaptive thresholding the density for X f , y f  is proportional to the rate 

function Af (x,y) .  Hence the density for Yf^ t ) )  should be

f ( x , y , t )  = c \ f (x,y, t )  (3.42)

where

c =  r ' }------   (3.43)
JF Xf (x ,y , t )

This density obviously depends on the target variables as well but we have again sup­

pressed this dependence to make notation less cumbersome. The density for ( X /, T /) would 

then be
n  N f  ( t j )

[ X f , y f \ N f ]}(x ,y) = Y l  n  / ( xb ’2/u’^ )  (3-44)
j =1 i=l

3.3 A ttributes

The attribute variables are assumed iid over time given the Missing State variable W. 

Hence the densities are fairly straight forward to write out. With attributes, we now have
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the following collection of random variables for targets,

{ U , V , W , X , y , A )  (3.45)

where A  denotes the collection of all attribute variables. In the following we will assume 

A  = ("72.(1) i ^-(2 ) > 2 (2), Z), which are the smallest radius, largest radius, angle of orientation 

and intensity for targets respectively. These variables will be more formally defined in the 

following sections.

We also have the following collection of random variables that correspond to false alarms,

( N f , X f , y f , A f )  (3.46)

where A f  — (TZ^ j ,  TZ(2 ),f , 2 (2),/>2/) which are the same variables as above for false alarms. 

The target likelihood function is then given by

[ u , v , w , x , y , A ]  = [ u , v \ - [ w \ u , v ] - [ x  \ u , v , w } - [ y  \ u , v , w \ - [ A \ w \  (3 .4 7 )

So we can just multiply [A | W] to the target density without attributes given in (3.4).

Technically A  should really be conditioned on U, V, X,  and y  as well, but the way we 

modeled attributes in the previous chapter, the density of A  would still depend only on W  

so we dropped the other variables in the notation. Similarly, the false alarm likelihood is 

given by

[ N f , X f , y f , Af ]  =  [Nf] ■ [Xf  I Nf ]  ■ [ y  I N f ]  ■ [A I Nf ]  (3.48)
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so we can just multiply [A | N  f] to the false alarm density with out attributes in (3.37).

And of course the overall density is

We can of course incorporate any of these attribute variables separately or add other 

attributes in a similar manner. For this collection above though, we have

We will describe these densities in the following sections.

3.3.1 R adius D en sity

For target size, we will use the following notation. Let and i?2 ,i(f) be the length of

minor and major axes of the best fitting ellipse to target i at time t. We observe the min 

and max of these which are and R(2 ),i(t) respectively. Also let

and similarly for 7 7 (2).

Recall that Rif( t )  and R 2 ,i(t) are assumed to be distributed as independent log-normals 

for all t. The density for ( R^ f ( t ) ,  i?(2),iW) does not depend on time so we will write it as

[ A\ W}  = [77(1),77(2) | W][Q(2) | W][T | W] (3.50)

and

[-4 | N f ] =  [77(i)i/,77(2)j  | N f ][Qi2)J \ N f ][Xf  \ N f ] (3.51)

77(i) =  {(-R(i)Oj) 1 < j < n }
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[i?(i),i, -R(2),i]- This density is similar to that for order statistics and is given by

[R (l),i, R (2 ),i](r > s) =  {[■Rl,i](r)[i?2 ,i](s) + [R l,i\ (s) [R2,i] (r)} I{r<s} (3.52)

where and [i?2 ,i] are log-normal densities with parameters ([iRi t , ct2Ri .) and (/Lr2 i > ; )

respectively as described in Section 2.4.1.

Since the radii of path i at time tj, are independent of the radii at other times or of 

other targets, the density for (R^,TZ^2)) is

m
[R(X),R(2) I W](r,s) =  n  n  (3'53)

i = l  { j : W i j  =  1}

where r^- and Sjj are the arguments for the values of R(i)ti(tj) and R(2 ),i{tj) respectively 

and as usual m  is the number of targets observed before tn.

For false alarms, we will use similar notation. Let (i?i,/,*(£) and i?2 ,/,iW) be the length 

of minor and major axes of the best fitting ellipse to the ith false alarm at time t. We

observe the min and max of these which are R ^ j j ( t )  and i?(2),/,i(t) respectively. Also let

),f =  { ( %  ) Ati) : 1 <  J 1 < i <  Nf ( t j ) , }

and similarly for 1Z(2),/■

The density for false alarms is very similar to that above, but all false alarms at all 

times are assumed to have the same distribution so

[R (l)J,i{t)i R (2)J,i(t)} iR (l)J,i' W ’ R (2),f,i' (0 ] lR (l),f> R (2),f\
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where

iR (i)J^R (2 )j}{r,s) = {[Rij](r){R2j}{s) +  [Ri,/](s)[R2 , / ]M } /{r<8} (3.54)

and and [-R2 .il are log-normal densities with parameters f , cr^ f ) and {hr2 

So the density of (R-(i),/, R-(2),/) Is

n N f  )

[R{i ) j ,R( 2 ),f | N f ](r,s) =  n  n  [R(l),/j R(2),/] (̂ ”i j  j si,j) (3.55)
j = 1 i=l

where r^- and Sjj are the arguments for the values of R(i),f,i{tj) and R(2),f,i{tj) respectively.

3.3.2 A ngle  o f O rien tation  D en sity

For target orientation or angle, we will use the following notation. Let Q2 ,i{t)) be the angle 

of orientation of the axis corresponding to R2 of the best fitting ellipse to target i at time 

t. We observe <3(2),i(0) which is the angle that corresponds to R(2),iW- Also

Q(2) =  {Q(2 ){tj) : 1 < i < m ,  1 < j < n } .

Consider for now a given target’s orientation at a fixed time Q(2 ),i(t)- We will drop the 

subscript i and argument t for now and write this as Q(2) make notation less cumbersome. 

When R(2 ) =  R2 , <3(2) =  <32 - However, when R(2) =  Ri, <3 (2) =  [<32 +  rr/2 j pz where [xjy is 

x mod y.

Hence, the distribution of Q(2) given (R(i), R(2)) is a mixture distribution that takes the
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value of Q2 with probability 7  and |_Q2 + T*/2\v with probability 1 — 7 , where

7  =  P{R\ < R 2 | R {1), R {2 ))

[ R M Rw X Rt K R w )
(3.56)

[Rl](R{l))[R2](R(2)) + [Rl\(R{2))[R2}(R(l))'

Thus the conditional density of 2 (2)/ is

[Q(2 ),i I R{i),R(2 )\(q) = l[Q2 ,i](q) + (1  -  7 )[Q2 ,i](L? +  7r/2jtt) (3.57)

where [Q2 ,i] is the VonMises density on [0 , 7r) given by

e /3 iCOs(q-ct i )

[ 2 2 , i ] ( g )  =  n y 0 (j3.)  7 lo ." ) ( g ) -  ( 3 ‘5 8 )

Here ^o(x) is a modified Bessel function of the first kind of order 0. As with the radii, 

Q(2),i(t) is independent over time and of other targets so the conditional density of Q(2) is

771

[2(2) I ^  =  [2(2) I R(l),i(tj)i R(2),i{tj)] {Qi,j) (3.59)
i=  1 { j : Wi d =  1}

where qij are the arguments for the values of 2 (2) / (^')-

Again the situation for false alarms is very similar. We will let 2 (2),/ /M  be the angle 

of orientation corresponding to i?(2),//(f) and

2 (2),/ =  {2 (2), i(tj) : 1 < j < n ,  1 < i < N f (tj)}.

Let [2 2 ,/] be the same density as in (3.57) only with parameters 0 7  and (3f in place of a*
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and fa. False alarms are iid so

n  N f  ( t j )

[Q{2),f{t) | w , ■/?.(!), 7?.(2)](g) [Q(2)J \ R(l)Jti{tj),R(2)J,i{tj)]{<li,j)- (3.60)
3=1 i= 1

3.3.3 In ten sity  D en sity

Intensity does not have any of the dependency like that built into size and orientation, so

the density is quite a bit simpler. For target intensity, we will use familiar notation. Let

Ii(t) be the intensity of target i at time t. Also let

I  =  {Ii(tj) : 1 < i < m, 1 < j  < n}.

For any target the density of Ii(t) does not depend on time so we will write it as [/*]. Recall 

from Section 2.4.2 that [Jj] is assumed to be a log-normal density with parameters 

The density of I  is then
m

p: i w ] ( o n  n  m m  (3.6i)
» = 1  { j : Wi d =  1 }

where as usual ii j  are the arguments for the values of h{tj).

For false alarm intensity, we again assume the same density [If] for all false alarms which 

is log-normal with parameters 0 / ). The density of I f  is then

n  N f  ( t j )

[ i i ^ w n  n  M M '  (3-62)
j=1 i=1
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C hapter 4

Param eter Estim ation

In this chapter we describe how we chose to estimate the parameters of the model given in 

Chapter 2. In most cases these estimates are the maximum likelihood estimators (MLE’s). 

In some cases however, the MLE is not in closed form and would be too computationally 

expensive to compute. In these cases we will make use of other reasonable choices for 

estimates

4.1 Param eters of the S tate M odel

The State Model parameters are Ao, A b, A a, As, and Am. There is also the false alarm state 

parameter, A/. For the State Model parameters can calculate approximate MLE’s based on 

the approximate likelihood given in Section 3.1.1. The MLE for Ao is obviously

Ao =  N0 (4.1)

where recall No is the initial number of targets.
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Now consider the estimation of the death rate, Xd. From the approximation in (3.12) we 

can consider the Udtj for j  = 1 , . . . ,  n as independent Poisson observations with parameter 

NjXdjAt j .  Recall that Nj  is the average number of targets alive in the interval [tj,tj+1 ). 

Denote the collection of iV/’s by N .  Then the contribution to the likelihood in (3.19) from 

U d is
n

[Ud | N] (u) = U i N . A d j A t j ^ e - ^ ^ / u j !  (4.2)
3 =  1

So the derivative of the log likelihood is

, n

—  log [Ud \ N } ( u ) = J 2 j - d ~ R i A tr  (4'3)
3 =  1

Setting (4.3) equal to zero gives

\  =  Udj  ... (4 4)
d E L i  NjAt j  [ j

In similar fashion the approximate MLE’s of Af,, Xs. and Xm can be shown to be

E  =  (4.5)
Z^J= 1  ^ zj

 ̂ E j= i  u Sj  ( Aa^
d  ~  {  '  >

A =  E j = l  Urn,j , .

Lastly, consider estimation of the false alarm rate, Xf.  The number of false alarms at 

each time, Nf{t j )  is Poisson with parameter A/A, where A is the area of the field of vision.
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Hence the MLE for Xf  is

A/ =  (4-8)

4.2 Param eters o f th e M issing S tate M odel

If we assume the simple Ud model for missing observations, then the MLE for the missing 

state model parameter, P^, is the ratio of the number of times targets were observable to 

the number of times they existed.

/  y^n y^n r \ (4-9)
2—ii=m £—ij= 1 [L :Ci] ' 3 )

To estimate the parameters and u\ of the Markov Chain Model, we will settle for 

approximate MLE’s. We will assume that transitions from missing (W — 0) to observable 

(W = 1) or observable to missing, happen at the observed time points, t j 's. Let r̂ fe be the 

time of the kth transition from 0 —> 1 or 1 —> 0 for for the ith target, Wi. We are assuming 

then that we know the exact value of the Tj^’s. Let ngt be the number of transitions made 

by Wi during the time interval we observe the process, [0, in]. For notational convenience 

let Tifl = Remember it is also assumed that Wj(^) =  1. The approximate likelihood is 

then

m  I n t , i  n t , i

L{v0,I^) =  n  { n  Y l  u0e - Uô k- Ti-k- l)
2 = 1  I k —  1 A;—1

\  k  o d d  k  even

( p  " o ( C i  T i , n t  i ) j  g  "1  (C i T i , n t  i ) j  \
I e  1 { n t , i  o d d }  ' c  {nt,i e v e n }  J (4.10)
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The derivative of the log likelihood with respect to v\ is then

log L(vo, ui) = Y
i =  1 k — i

k  o d d

Setting the above equation equal to zero gives the approximate MLE for v\ to be

matrix algebra involved. Exact MLE’s would require a time consuming iterative method. 

We therefore decided to use alternatives to the MLE’s for the location parameter estimates. 

We will present these estimates for the x-coordinate parameters. The estimates for the 

y-coordinate parameters will be the same with the obvious changes.

4.3 .1  W h ite  N o ise  Variance

We will first consider estimation of the white noise error variance a \  e. For the IBM model, 

the observed location for a path is

Vi = (4.12)
even}

k  o d d

In a similar manner, the approximate MLE for is

vo = E r = iK * / 2 j (4.13)

k  ev en

4.3 Location Param eters

The derivative of the location density is difficult to work with analytically because of the

■tj &
(4.14)
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So if we make a derivative approximation, we have

B i d  _  X?{tj+i) X ? ( t j )  ^ y'f.M  I ,t2P. ( t  — f  i -I — O — r  i~  ^ ~  +  ^ . v euj+l e«jj-

If we then take the consecutive diiferences of the D j /A tj we have

Df< =
A tj+i At,-

a i  i B i i t j +1 -  6 ) -  B i ( t j  ~  6)) 

1

^  Atj+i~^A£-Ai- - ^ ^ £i>i+ 2  {^tj+i + At j )£i j ^ i  + At j^i£i j )

The covariance of consecutive £)J’s is given by

C o v ( Z ^ +1) «

where

_  At j (At j+\  + Atj+2 ) +  Atj+2(Atj  +  A tj+i)
J ~  At jA t j+1At j+2

Hence a method of moments estimate for the measurement error variance is

1 m T)1 n 1 
X'e IV ^  ^  Kh*=ijeOi J

where Oi is the set of indices, j ,  that we have four consecutive times t j , t j+\, t j+2 , t j+ 3  

the ith target is observable,

Oi = {j  : Wi(tj) = Wi(tj+1) =  Wi(tj+2) =  Wi(tj+3) = 1}
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and N  = ’̂ 2i n(Oi), is the total number of terms in the sum in (4.19).

4.3 .2  IB M  V ariance Scalar

For the estimate of the variance scalar, of for the ith target, we will make use of the 

estimate for a \  e and use a local linear regression to estimate Xi ( t jYs given the observations 

X*{tj) — Xi(tj)  +  £ij.  Once we have an estimate for the Xi(t j ) 's, we can form an estimate

The criterion for selection of the bandwidth, h will based on the following rule presented 

on pages 100-101 of [54], Dropping the subscript i, we have n observations X*(tj)  and we 

wish to estimate X(t j) .  Denote this estimate as m(tj ,h).  Then as described in [54], the 

mean square error is

E
1=1

E
i=i

T 2tr(5)) (4.20)

so

\  ^2(X*{t j )  -  ) ) 2 «  i  Y^ i X i t j )  -  m( t j , h ) ) 2 +  -  2tr(5)). (4.21)
1= 1 1 = 1

Since it is our goal to minimize the bias which is the first term on the right side of (4.20), 

we will use the bandwidth, h, that minimizes the quantity

_ n  i.2

R(h) =  -  ~ rh(tj, h ) f  -  - ^ - { n  -  2tr(S)). (4.22)
l=i

We will only use this approach to estimate Xi(tj) if there are more than K  observations for
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the ith path. We usually set K  — 6  in practice.

Now we turn to the problem of estimating of. We can do this in the following way. 

From the above discussion, we now have an estimate, Xi(tj) ,  for Xi ( t j ) and

Xi{tj)  «  Xi(0) +  tX'i(0) +  crfGi(tj) (4.23)

where G*(t) is an IBM, Gi{t) =  Bi(s)ds. The consecutive difference quotient is

I ' %  =  «  AJ(0 ) +  ^ ( G f . ( t J+l) -  at*,)) (4.24)

And taking consecutive differences of the D i j / A t j ’s gives

^  A t j A t j+i  (At j ° l{tj+2) ~ {At> +  + Atj+rGiitj) ) .

(4.25)

The variance of I)? ■ is then

Var0 l 3) «  C r f  (4.26)

where Cj is given by

c i {AtjAtj+ly + + ^ j + i )2 "up  +

t3
- A t j ( A t j  +  Atj+i) I t j + i t j +2

( t?
- A t j + i ( A t j  +  A t j + i)  I t j t j +1 —

At,-At t1ti+ 2 -

( 4 . 2 7 )
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Hence a m ethod of moments estimate for erf is

= 4  £  ^  <4-28>
\2

N  Cij€Oi 0

where here Oi is the set of indices, j ,  that we have three consecutive times t j , t j+i , t j+2 

where the ith target is observable,

Oi = {j : Wi(tj) = Wi(tj+1) = Wi(tj+2) =  1}

and N  = ]TL n(Oj), is the total number of terms in the sum in (4.28).

Again, we only estimate of  in this way if we have greater than K  observations for the 

ith path. If the ith path has less than K  observations, then we let erf equal the weighted 

average of the erf estimates of the other paths.

4 .3 .3  In itia l C ond itions

To estimate the initial conditions parameters, fix0, c x 0, Mx'i and &x'0i we wdl also take 

advantage of the local regression fits Xi(t).  We can use the local regression to estimate

Let t i j  be the j th time at which the ith path is observed for j  = 1, . . .  ,-rii. We can

then estimate X-(£i) as

X'& i) = Xi{t f  (4.29)
H,1 ~

If the ith path has fewer than K  observations, then we can simply let X%{£i) = Xi(t^i)  and 

Xi{^i) — (Xi(tit2) -  X z(thl))/(th2 -

Let B = {i : target i is a an initial target or a birth}, and let n(B)  be the number
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elements in B.  We can construct estimates for the initial conditions parameters as

(4.30)

(4.31)

(4.32)

(4.33)

4.3 .4  S p littin g  and M erging

Here we will construct estimates for the parameters involved in the initial conditions of a 

split or merger, a x s, &x's, v x m, vx<mi and ° x d• In order to do this we need estimates for 

Xi(Q) and We can also use the local regression to estimate W(G) and in a similar

manner we can estimate X}(£j) as

Adopt the convention of Section 2.3 and denote the indexes of the parents of target i (if 

it has any) as piti and pip- Recall that ax,  is the variance of

(4.34)

and av'  is the variance of

for any path i that is the result of a split. If we let S  — {i : target i is the result of a split}
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and n(S) be the number elements in S, then we can construct estimates for these parameters 

as

° 2x a ~  n {S) (4.35)

<4-36>

Similarly, <Jxm is the variance of

V w  =  \ x PiM i )  + \ x PiAZi) -  * & )

and (7x ' is the variance of

for any path i that is the result of a merger. So let M  = {i : target i is the result of a merger} 

and we can construct estimates of these parameters as

= n{M)  2 ^ Pi,2^ Pi’2  ̂~ (4-37)

+ } < « ( & « )  - * ' t e ) Y  (4.38)
'  ’ i£M '  '

Lastly, crxd is the variance of

Y’d.i ~  —
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for any path i th a t is the result of a merger. So its estimate is given by

ax m ~  n (M)  ^  (^Pi,i) ^Pi,2 (Cpi,2)) (4.39)
'  ' iSM

4.4 Size Param eters

Estimation of the size parameters (JiRl i , crRl i , and crR2i is complicated by the re­

striction that mean size must be conserved. Let the size of a target i be defined to be 

Si(t) = R i ti(t)R.2 ,i(t) as in Section 2.4.1. So the constraints are that

ESi  +  ESi+i = ESPiA (4.40)

if targets i and i +  1 are the result of a split and

ESi — E SPi l -(- E SPi<2 (4-41)

if target i is the result of a merger.

A brief overview of the plan here is to first estimate the mean size for each target, ESi,  

under the constraints above. Then estimate the scale parameter, cr|., for Si. We will use 

these to get an estimate for the shape parameter, /i^ , of 5). Lastly, we can then estimate

the parameters crRXi, ^R2i, and crR2i by maximum likelihood under the constraints

that /r.Ri t +  hr2 i — [iSi and cr2Rl . +  cr^2 , =  cr|.. This procedure will ensure that that the 

mean size is conserved by these parameter estimates.

Again let t i j  be the j th time at which the ith path is observed for j  — 1 , . . . ,  n*. Notice
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that for size, we do not have the ambiguity problem that can occur with the radii. For 

example S = R 1 R 2 = R(i)R(2 )> so estimating the actual parameters of the size, Si, is not 

complicated by only observing the order statistics of the radii. To first estimate the ESi,  

we used a weighted least squares approach. The weights are to be inversely proportional

of the Si(tij) observations for j  — 1 , . . . ,  rij. Then we wish to find the values of ESi  that

subject to the constraints in (4.40) and (4.41). This is carried out using the Lagrangian 

Multiplier method. Denote the resulting minimizers of expression (4.42) as ESi.

We will then estimate the scale parameter for Si, <r|. =  aRi . +(?r2 . by the unconstrained 

MLE. This is just the sample variance of the log(S'i(fij)) observations for j  = 1 

Denote this estimate as <j|.. Notice that since Si is log-normal

Finally, we can estimate the parameters HRlti, <trm, ^R2i, and <JR2i by maximum like-

to the sample variance of the observations for Si. Let var(S'j) denote the sample variance

m i n i m i z e

(4.42)

where =  hr1 t + hr2 i is the shape parameter of Si. So once the estimates ESi and ag. 

are obtained, we can let

A Si = log (ESi) -  ^d|.. (4.43)

lihood under the constraints that fiRli + fi‘R2i = As* ancl ~  ^  we set

HR2i — ns . — [iRli and (t2r = cr|. — cr^. ,  this is equivalent to the estimation of /iRli
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and aRli with HRXi unconstrained and aRXi confined to the interval (0, a% ). Recall from 

equation (3.52) that this likelihood is a product of sums, and we will therefore need an iter­

ative method to maximize it. Thus this estimation is carried out using a Newton Raphson 

algorithm. Notice, however that this is only a two dimensional maximization and we can 

use the unconstrained MLE’s assuming R\  =  R for the parameters as starting points. 

The optimization can therefore be carried out quite quickly. This is the reason we chose to 

first reduce the problem to a two dimensional estimation for each target instead of applying 

a Newton Raphson approach to the entire problem to begin with.

4.5 O rientation Param eters

For the estimation of the angle of orientation parameters, a* and (3X, we again use maximum 

likelihood. Recall from (3.56) and (3.57) that the likelihood for the Qi(tj) depends on the 

R(i)ti{tj), R(2 ),i{tj) and their corresponding parameters HRXi, crRXi, ^R2i, and &R2i. So we 

can substitute the parameter estimates p>RXi, 0Rxi , P>R2i> and from Section 4.4 into 

the density for Q given in (3.59). We then again use Newton Raphson to find the values of 

cti and fy that maximize the likelihood given in (3.59).
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C hapter 5

The Tracking Estim ate

The general frame work of the tracking problem is the following. We collect data at the 

following times t\, . . . , tn. At each time there are rrij observations which correspond to 

either targets or false alarms. Let Zi(tj) be the ith observation at time tj. Each Zi(tj) is a 

vector of the location values and any attribute values for either a target or false alarm.

Let Zj  be the collection of observations at time tj, Z j  = (zi(t j) , . . . ,  zmj(tj)), and let

Z  =  {Zi(tj) : 1 < j  < n, 1 < i < rrij }

be the collection of observations at all times.

For each observation, Zi(tj), we need to decide whether it originated from a target or 

a false alarm. Also, if from a target, we need to know which target to assign it to. Note 

that each observation can be assigned to only one target and each target can have only one 

observation assigned to it. We will create the variable Pi(tj) which is the index of the target 

that observation Zi(tj) originated from. We can assume that the index for a false alarm is
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0. Let

'P =  { ( P & j )  : 3 =  i  =  1

So for a given Z,  V  will specify the tracks of each target, but we must also specify the 

events (births, deaths, splits, and mergers) that took place with U and V. The variables U

and V together with V  will denote a solution to the tracking problem. Let our estimate of

the tracking solution (U,V,V)  be denoted

(U,V,V).

5.1 C alculating (U, V, V)

To achieve our tracking estimate, we will compute the conditional density of (U , V, V)  given

Z,

[U,V,V \ Z  = z}(u,v,p).  (5.1)

Note that this is also a probability mass function since the variables (U, V, V) are discrete. 

Prom this we can select as our tracking estimate

( l l ,V,V) = argmax{U,V,V | Z  — z}(u,v,p) (5.2)
u,v,p

Even more, we know that [U,V,V \ Z  = z](U,V,V)  is the probability that (U,V,P)  is the 

correct solution given the data Z.

We will now consider how the to calculate the density in (5.1). Since we have written

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



out the density for

( u , v , w , x , y , A , N f , x f , y f , Af )

in (3.49), we will consider how we may use this to calculate the density in (5.1)

Notice that there is 1 to 1 mapping

g : (V,Z)  -+ ( W , X , y , A , N f , X f , y f , Af , Z)

So for a given Z,  the information contained in V  and (W, X , y , A,  N  f, X  f , y  f , Af )  is the 

same. Let

g* : (V, Z)  ^  ( W , X , y , A , N f , X f , y f , Af)

be the function g without the last variable in its output. Then we can write

[U,V,P | Z](u,v,p  | z) = P{U = u ,V = v , V  = p \ Z  = z}

= P{U = u ,V = v , ( W , X , y , A , N f , X f , y f , Af ) =  g*(p , z ) \ Z  = z} 

= [ U, V , ( W, X , y , A , Nf , X f , y f , A f ) \Z}(u, v, g*( jp, z) \ z)  (5.3)

It is assumed that the distribution of Z  given (U, V, W, X  , y ,  A,  N  f, X  f , y  f, Af)  is point 

uniform on the possible permutations of the values of (X, y ,  A,  X  f , y  f , Af )  within each time 

t j , so

[Z I U , V , W , X , y , A , N f , X f , y f ,Af]{z \ u , v , w , x , y , a , n f , x f , y f , a f ) =  -----:IB{z)
11.7=1 mi-

(5.4)
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where

B = {z \  g*(p, z ) =  {w, x , y, a, n f , x f , yf ,af ) for some p}

So we can write out the likelihood of (U, V, W, X , y , A , N f , X f , y j , A f , Z )  by multiplying 

the likelihood given in (3.49) by that in (5.4). To then obtain the density in (5.3), note that

p , v , w , x , y , A , N f , x f , y f , A f , \ z ] < x [ u , v , w , x , y , A , N f , x f , y f , A f , z \  (5 .5 )

and also realize that for a given z, there are a countable number of arguments,

(Xi > Xi, Wi, Xi, yi , cii, xipi, x j  -i, ypi , ^/,i); that will make

[ U , V , W , X , y , A , N f , X f , y f , A f , \ Z } ( a i \ z ) >  0  (5.6)

since the values of X,  y ,  A,  Xf ,  y j ,  Af  must be a permutation of the values in Z  at each 

time. This means that we must have

[ u , v , w , x , y , A , N f , x f , y f , A f , \  z ] ( ai  \ z )

= [ u , v , w , x , y , A , N f , x f , y f , Af , z } ( ai ,z) 
[ u , v , w , x , y , A , N f , x f , y f , Af , Z] {a j ,z) 

[iU , V , W , X , y , A , N f , X f , y f ,Af}(ai ) 
ET= i V,  V, w , x , y ,  A,  Nf ,  x f , y f , A f ](aj )

where the second equality comes from the fact that the contribution of Z  to the density is 

a constant by (5.4). Now by equation (5.3) we have

[ U , V , V \ Z \ { u , v , p \ z )  =
[U, V, W, X , y,  A, N f ,  X f ,  y f , Af](u, V,  g*(P, z)) 
i[W, V, W, X , y ,  A, N f ,  X f , y f ,Af}{uj ,vj ,g*(pj,z)))

(5.7)
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where {(Uj , Vj , p j ) : j  = 1 ,2 , . . . }  is an enumeration of the possible tracking solutions. 

Equation (5.7) gives us the distribution of the possible tracking solutions given the data Z,  

which is much more informative than just the estimate (U,V,V).  For example, we could 

make a confidence set of solutions such that the probability that the correct solution is 

captured by that set is 100(1 — a)%. We could also calculate the probability that a given 

observation is a target or a false alarm or the probability that two targets merged, etc.

The difficulty of course is that we cannot calculate all possible tracking solutions in 

practice. Suppose we make a reasonable restriction to the set of solutions such as every 

target must be observed at least once. Then the number of solutions is finite, but still too 

large in practice to calculate a likelihood for all of them. However, notice that the solution 

(u , v , p )  that maximizes (5.7) is the same one that maximizes the numerator. Hence we can 

use the Multiple Hypothesis Tracking (MHT) Algorithm described in Chapter 1 to search 

for the solution with the highest model likelihood. The variant of the MHT that we used 

will be described in more detail next in Section 5.2, but first we will discuss what we can 

do with the results of the MHT.

The MHT will give us an approximation to the solution that maximizes the numerator 

of (5.7). Hence this takes care of the point estimate (1J,V,V),  but we would still like to 

make the probability statements about the solution and this requires having an estimate of 

the distribution. This can still be done as well though, since the MHT approximately gives 

us the M  best solutions (those with highest likelihood) as well. Label these M  solutions 

(ui ,Vi ,pi)  for i — 1, . . .  , M  and let Ad denote the set of these M  solutions. If we assume 

that the correct solution is in Ad, then we can calculate the conditional density of (TJ, V, V) 

given Z  = z and the event (U , V, V) £ Ad. This would be given by
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[U,V,V \ Z , ( U, V , V)  e M](u , v , p \  z)

=  [ U , V , W , X , y , A , N f , X f , y f , A f ] (u, v, g*{p, z))

We can then use the distribution given in (5.8) to give the probability that our estimate 

(U,V,V)  is correct or the probability that a given observation is a false alarm. In addition, 

when we estimate target position and velocity, we could use the distribution of tracking 

solutions to get mean and variance estimates for these as well. Note that this type of 

estimation for target position and velocity is very similar in flavor to the JPDA approach 

described in Section 1.3.3.

5.2 O ptim ization  A lgorithm

As stated before, the optimization algorithm is a variant of the MHT algorithm outlined in 

Section 1.3.2. Note that in our framework, a possible solution, (U,V,P),  is a hypothesis in 

the terminology of Section 1.3.2. The algorithm used here will proceed as follows.

At each time, tj,  when we receive a new set of observations, Zj ,  we will assume that 

each observation, Zi(tj) is either:

1. an observation from an existing target track,

2. the first observation from a target resulting from birth,

3. the first observation from a target resulting from split,

4. the first observation from a target resulting from merger, or

5. a false alarm.
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Tracks that did not receive a new observation to continue the track must either

1. go missing (stay missing), or

2. terminate.

At time t\ each observation is treated as an initial target or a false alarm. Now assume 

that we have a set of likely solutions (hypotheses) for the observations through time t j - 1 . 

We would then take the new observations, Zj ,  at time tj and form updated solutions based 

on all possible combinations of the above possibilities. We then hold on to several of the 

solutions with the highest likelihood to use to form solutions at the next time step, t j+1 . 

The actual number of solutions to make it through to the next time will vary. Let max{Lj}  

be the log-likelihood of the best solution at time t j . We would then hold on to all solutions 

that had log-likelihood greater than max{Lj} — Id- For speed concerns, we also set a limit, 

Ms, for the maximum number of solutions that make it through to the next time. The 

control parameters Id and Ms  varied depending on the complexity of the problem, but were 

usually set to Id = 10 and M s = 200 for the problems of Chapters 7 and 8.

Of course it is very inefficient to examine all possible combinations at each time, so we 

will form gates for each of the tracks. A gate is a prediction region for a new observation 

at time tj given the previous observations assumed to be part of the track. We used a 

probability of pg = 0.999 for the gating or prediction region. We then limit the possible 

observations for inclusion into a track to only those that fall in the gating region for that 

track.

We can also do a similar form of gating for observations that we are considering to be the 

first observations of new tracks resulting from the split of an existing track. We can just add
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axs and oys to the x  and y components of the conditional variance for the prediction of a 

new observation in a track. We can then form the prediction region or gate using the inflated 

variance. This is equivalent to forming a prediction region for (Xi(t j ) ,Yi ( t j)) +  (ipx,s, V’v.s)- 

We would then only consider pairs of new observations within this region to possibly be a 

split pair from the existing track.

For possible mergers, we can also form a similar region. We can compute the prediction 

region for the difference between a pair of existing tracks plus a random V'd term, for example 

(X i{tj) — X 2 (t j),Yi(tj)  — Y2 (tj)) + {fpx,d^Y,d)- If this prediction region for this quantity 

includes zero, we will consider the two targets for a possible merger. Suppose targets 1 and 

2 can be considered for merger, then we must also find a new observation to be the first 

observation of the track that they merge into. So we must form another prediction region 

for 1/2(Xi(t j)  + X 2 (tj),Y\(tj) + Y2 (tj)) +  (ipx,m, V’y.m)- We would then only consider new 

observations within this region to be from a new track resulting from the merger of tracks 

1 and 2.

The prediction regions described above are calculated via the Kalman Filter without 

the built in dependency of merging and splitting. That is the first observation is assumed 

fixed and the others are calculated assuming the model given in (2.3). It is possible to 

improve these regions if we had an iterative method such as the Kalman Filter to compute 

the updated conditional distribution of new observations from a track. This would also 

increase the efficiency of likelihood computation for a possible solution. As mentioned 

before, this is something to look into.

Suppose we are running the algorithm on a fixed number, n, of time points, and we 

obtain the set of likely solutions for the last time tn. It is possible in the MHT that the
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a solution that would eventually be optimal (have the highest likelihood) has a likelihood 

that is not very high early on when considering only a subset of all the times. We can only 

hold on to a limited number of solutions at each time, so it is possible that the optimal 

solution will be discarded at an earlier time less than tn and thus never recovered.

In this case however, the MHT will likely produce a solution that is close to the optimal 

one with just a few things different, i.e. false alarms connected together in a short track, 

declaring a birth and two deaths instead of a merger, etc. We can improve the set of solutions 

obtained at the last time, tn, by a greedy exchange algorithm similar to that described by 

Sethi [55]. This basically considers making several simple changes to a solution. If a change 

results in an increased likelihood, then make the change. This process continues until there 

are no more beneficial changes to be made.

There are a multitude of possible changes that we could consider making, but from 

initial results of the MHT, it seemed to do a pretty good job of classifying the splitting and 

merging events correctly, as well as identifying the correct correspondences of observations 

within tracks. However, where it seemed to struggle the most, was to form short tracks 

that were made up of only false alarms. This is likely because, it had to discard the correct 

solution, which labeled these observations as false alarms, before it realized it would have to 

kill this track. Hence the simple greedy exchange algorithm we use here, will only consider 

the possibility of changing short tracks (< Mn observations) into false alarm observations. 

For the results in Chapters 7 and 8 we set Mn =  3.

So for each of the K n solutions produced by the MHT, we will go through and consider 

changing any track with less than 4 observations to a collection of false alarm observations. 

If one of these changes improve the likelihood, then we will keep it.
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5.3 Incorporating Param eter E stim ation

Up until this point, we have ignored the idea of estimating model parameters for the pur­

poses of the tracking estimate. If the problem requires estimation of model parameters, 

then we can do so with those given in Chapter 4. The problem is that we do not know the 

values of the variables that go into these estimates unless we specify a tracking solution, 

(U,V,V).  Hence, we will allow each of the solutions that we consider in the MHT algorithm 

to have its own parameter estimates. Note that this will make some solutions have an overly 

optimistic likelihood and bias the distribution given in (5.8). We can limit the amount of 

this bias by setting reasonable limits for the parameter estimates. This can be done very 

effectively in most problems, since the researcher is usually quite familiar with the number 

of targets and false alarms to expect and the velocity of the targets, etc.

Also in the first few time points, some of our estimates in Chapter 4 cannot be computed 

because of lack of data. In these cases, we need an initial guess for some of the parameter 

values. We simply used the midpoint (or geometric midpoint for variance parameters) of 

the parameter limits for an initial guess until enough data was available to estimate these 

parameters.
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C hapter 6

Theoretical Considerations

In this chapter we will derive some results for the tracking estimate of Chapter 5. Intuitively, 

the estimate should get better if we sample at a finer time step, At. The question then is 

how much better does the estimate get? Here we will show that under certain conditions 

the tracking estimate converges to the correct solution almost surely.

We will assume the following. For each k — 1,2, . . .  we look in on the process and 

collect observations Zk = {Zk,i ■ ■ ■ Zk,nk) at times 0 < t \  < t% < ■ ■ ■ < < T. Let

A tj — tj+ 1  — tj. Further let fjb, j  =  l , . . . , n ^  denote the j th time that the ith target 

is observed, where n* is the number of times the the ith target is observed. So then also 

Af-C =  t!-j+l — t\j .  At times it will be convenient to write t i j  = •, At f j  = At i j  and

rii =  71̂ , keeping in mind that these are still a function of k.

We will assume that we are using a Brownian Motion model for G;(f) in equations (2.3),

(2.5), and (2.7). We will replace equation (2.3) with

Xi(t) = X i (ii) + o?Bi ( t - Z i) (6.1)
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and similarly adjust (2.5), and (2.7). In addition, we will assume that the variance scalers 

af = a 1 for all i. The estimator we will use for a 1 is given by

Essentially this will eliminate extreme observations from biasing the variance estimate if 

the tracking estimate has incorrectly connected tracks. It will also be important to exclude 

extreme observations from the estimator even when the tracks are correctly specified as we 

will see. The conditions needed for Theorem 1 are as follows.

C ond ition  1. supj{Af^} =  0(fc-1) as k —» oo

C ond ition  2. The events of birth, death, splitting, and merging are distributed according 

to the State Model of Section 2.1.

C ondition  3. The random motion component, Gift), of the location model in Section 2.3, 

is a Brownian Motion for all targets.

C ondition  4. The likelihood is calculated under the assumption that Gift) is a Brownian 

Motion for all targets

C ondition  5. The parameter estimates are confined to a compact set such that Aq, A j,, Â ,

(6 .2 )

where N  = Y2iLi(ni ~  1)> ^  the total number of consecutive differences from all tracks and

the set E ij  is given by

(Xfi t lJ+1) -  Xj(t h J ) ) 2 +  (Yj(thJ+1) -  Yjf t j j ) ) 2 

A Uj
< K\  ̂ lo g  log N (6.3)

for some constant K i > 0. The indicator in (6.2) is to make the estimator more robust.
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Xs, and Xm are greater than zero and all the variance components of the location model 

(except o2) are greater than 0 .

C ondition 6 . The variance parameters for the random process components of Xi(t) and 

Yi(t) which are a 2 and 77? respectively are such that cr2 =  cr2 and rj2 =  rj2 for all i. The 

estimates for a2 and i f  are given by (6 .2 ).

C ondition 7. There is no iid measurement error, a 2 = 0.

C ondition 8 . The estimate iU,V,V)  given in (5.2) is restricted to those with less than M  

tracks where M  > m(oS), which is the number of tracks in the correct solution (U,V,V).  

The estimate (U, V,V)  is further restricted so that consecutive observations in a track must 

be such that

{Xi(tiJ+1) -  Xi i Uj ) ) 2 +  (Yi(tiJ+1) -  Y i ( U j ) ) 2 < K 2 log AT1 

for some positive constant K 2.

C ondition 9. There are no missing observations, Pd =  0.

C ondition 1 0 . There are no false alarms, Xf — 0.

The following theorem uses the propositions that follow to show that the tracking solu­

tion is estimated correctly in the limit.

T heorem  1. Assume Conditions 1-10. Let (U,V,V)k be a sequence of correct tracking 

solutions. Let (U,V,V)k be given by (5.2) restricted by Condition 8  for each k. Then 

(l l ,V,V)k — (U,V,V)k eventually almost surely (a.s.)
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The conclusion in Theorem 1 means that for a given w i n a  set with probability 1, there 

exists a K(u>) such that the estimate will equal the correct solution for all k > K(u).

Suppose we replace Condition 3 with the following condition.

Condition 3'. The random motion component, Gift), of the location model in Section 2.3, 

is any continuously differentiable random process that satisfies the result of Lemma 1.

Lemma 7 is basically saying that there is no chance that two paths will ever be equal 

at the same time. Then we also have the following theorem.

Theorem 2. Assume Conditions 1 , 2, 3' and f-10. Let (U,V,V)k be a sequence of correct 

tracking solutions. Then (U,V,V)k = {G,V,V)k eventually a.s.

At first glance it may seem somewhat restrictive to assume a'l =  0, but there can still 

be measurement error. As long as it is a continuously differentiable process, we could add 

it to the Gf t )  component of the model and we have the same result.

We will prove the theorem by computing the ratio of the likelihood of the best possible 

alternative, (U , V, V),  to that of the correct solution, fU, V, V).  We will then show that this 

ratio converges to zero.

These results assume a Brownian Motion model for likelihood computation. It would 

seem that for most cases the integrated Brownian Motion Model (IBM) would be a better fit 

to the data. But the Brownian Motion case will give some intuition into what should happen 

in the IBM case. For example we may conjecture that for a likelihood calculated with an 

IBM, we would get the same result in Theorem 2 for a twice continuously differentiable 

process.

Before we can compare likelihoods, we must first consider how an alternative solution
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can differ from the correct one. We will consider the following six ways an alternative can 

differ from the correct solution. We will then argue that any incorrect solution may be 

obtained by applying these differences sequentially to the correct solution.

1. It incorrectly breaks a target track into two target tracks.

2. It incorrectly labels a merger as two deaths and a birth.

3. It incorrectly labels a split as a death and two births.

4. It incorrectly connects a death with a birth to make one track.

5. It incorrectly labels two deaths and a birth as a merger.

6. It incorrectly labels a death and two births as a split.

If we were considering false alarms, then there are two more possibilities

7. It incorrectly labels a false alarm as a target.

8. It incorrectly labels a target as a false alarm

The following propositions deal with each of the first six possible differences between so­

lutions listed above. Each one assumes something about two sequences of tracking estimates

( U , V , P ) k and ( U , V , P ) k .

Recall from Chapter 5 that Z  is the collection of locations and attributes for targets

and/or false alarms and there is a mapping g*(V,Z)  =  ( W , X , y , A , N f , X f , y f , A f ) .  For

the following we will assume that we do not have any attributes however so let

g*{ P, Z)  =  ( W k , X k M  (6.4)

g*{ P, Z)  = (Wfc, T fc,Tfc) (6.5)
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where recall that X  and y  are the collection of x  and y coordinates respectively of the 

locations of the targets and W  is the collection of missing state variables. The attribute 

and false alarm variables are absent in (6.4) and (6.5) because we are not considering 

attributes and condition 10 implies there are no false alarms.

Recall that ^  j  =  1, . . . ,  is the j th time that the ith target is observed. At times 

it will be convenient to write X i j  =  X ^ t ^ ) ,  and n* =  n\  keeping in mind these are still a 

function of k. For the tracking estimate (U,V,V)k  we will will denote X i t} and n* as X i j  

and hi respectively. For (TJ,V,V)k we will denote them as X i j  and hi. Adopt a similar 

notation for Y.

Propositions la  and lb  deal with the first difference listed above. They basically say 

that asymptotically it is not beneficial to break a correct target track into separate tracks. 

Proposition la  considers breaking the track at a fixed time, while Proposition lb  considers 

breaking the track at an arbitrary time.

We will make use of the following definition of a track segment. A target track for 

target i is made up of a sequence of observed locations (Aip, Xi t2 , ■ ■ ■, XitTH). Define a 

track segment to be any subsequence of a track where consecutive elements are the same as 

those in the track, i.e. (Xij ,  X i j + i , . . .  ,X^i)  where 1 < j  < I < rii. Define a correct track 

segment to be a track segment of a track in the correct solution (U, V, V)k

Proposition la . Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solu­

tions sequences, =  {U,V,P)k and 9k — (U,V,V)k that have the following property. All 

of the tracks that make up 6 k and 6 k are correct track segments and 9y differs from 6 k at 

every k only by breaking a correct target track labeled i\ from 9k into two tracks by incor­

rectly specifying the death of target i\ and the birth of target *2 during a fixed time interval
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[tkj, , tk-,+l) for each k . Then,

R la  =  SUp
[{U,V,V)k \ Z k\{{U,V,V)k) 

{f j k)&Q {(U,V,V)k \ Z k]{{U,V,V)k)
< 0 (k (logfc)0) as k —» oo a.s.

for some positive constant c which depends on u.

Proof. WLOG assume that i\ =  1 and '<2 =  fh, where to is the number of tracks in 

(U,V,V)k ; see Figure 6.1. Note that this implies rh = fh — 1 where m is the number 

of tracks in (U, V , V ) k■ From (5.7) of Chapter 5 the ratio of the densities in the proposition

A  A  a

( U P p \

Y

( U P p \

h ,y  h j '+ i

\  i

x x
Figure 6.1: (U,V,V)k incorrectly breaks target track 1 into two tracks

can be written as

[{U, V , V) k \ Zk]{{U,V,V)k) _  p4,Vfc](Z4,Vfc)-[Wfc |Z4,Vfc](Wfc)
[ (U,V,P)k\Zk}((U,V,V)k) {Uk,Vk}(Uk,Vk) - [ Wk \Uk, Vk\ (Wk)

[xk 1 ( u , v , w ) k ] ( x k) •  [yk I { u y , w ) k]{yk) 
[xk I  ( i i , v , w) k} ( xk) ■ [yk I  (U, v , w)k] ( yk)

(6 .6 )

since again there are no attribute or false alarm variables. Also, since we are assuming
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Pd =  1 by condition 9, we do not really need to consider the ratio

[Wfc I Uk,VkKWk)
[Wfc |Wfe,Vfe](Wfc)

unless one of the solutions has a missing value in which case its density would be identically 

0.

Let X.i (X)}i , . . . ,  X-i^'j and let

P i , j  — { X i ,  11 • • • J X i , j  1 X i —1, . . . , -X”r ,  D i ,  . . . , -Djvm )-

where D j  are the difference variables resulting from merger as given as in (3.25). By 

convention let =  ( X i , . . . ,  . . . ,  D ^ m ) .  Then let T i j  and T i j  denote the T % j

variable for the solutions (U,V,V)k  and (U,V,V)k  respectively. Notice that we can write 

the x  component of the likelihood for (U,V,P)k  given Z  as

m fii
[T I (U, V, W)\(X)  = n n ^ b i  I

4=1 j  =  1

for example. So we can write the ratio of the x location densities in (6.6) by breaking it 

apart into tracks 2, . . . ,  fh — 1, which the two solutions have in common, then handle tracks
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1 and m separately

[Xk I iu, V, w ) k \ ( x k) n(2in£i[Xij I
[* fc I (W, V, W )fc] (* fc) n m r  1

1 1 n g i f e  i

t^ i.n i+ i I •^l.fhK-X’i.ni+i) n ^ 1+2[^ i,i I •̂ ’lj-iK-X’i j )

But for i =  2 , . . . ,  fh — 1, and j  =  1, . . . ,  hi, we have X i j  = X ^ j  for some i!. The number 

of observations hj =  hy  for all of these tracks are the same as well. Also X \ j  = X \ j  for 

j  =  1 , . . . ,  hi and X 1 =  X ^  . for j  = 2 , . . . ,  h So by Lemma 6 the first, second and 

third terms of (6.7) are no more than am (log k)mb for some constants a and b so that

[Xk I ( U, V , W)k](Xk) < J ^ m , i l  ^m ,o](^m ,i) . 0m (1 fc)mb ag- (g 8)
[Xk \ ( U , V , W ) k]{Xk) -  {Xlfil+1 \ F 1 >fll}(Xlfii+1)

Since fh < M  by Condition 8 we have

[ X k I i U , V , W ) k \ { X k ) [ X m  l  | ^rm,o](A’m,l) Mn , \M6 /£. Msup ^ 1—x—*—„ „—  < sup —---------2 1 -7—1-a (logfc) a.s. (6.9)
1 ^ ■ v . w h m )  - lSj k)eal x lAl+l  I ^ A ] ( x l i A l + 1 )

Notice that the term in the numerator of (6.9) is the density of the first observation of a 

new track and hence for all (U , V, V)k must be smaller than the mode of the normal density 

with variance cr^ . Also, the denominator can be written out by utilizing Lemma 3. So we 

have,
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[Xk \ (U,V, W)k](Xk)

(8 k,8 k)e& l X k \ & , V , W h m ) -

  0(0; 0, o'xq) ' aM(l°gk)Mb

(6 .10)

The same is true for T and it is independent of X.  Recall that the variance parameter of 

the Brownian Motion for 1) is denoted as rji. Then we have

[xk, yk 1 (u,v,w)k]{xk,yk) < 0(o;o,^o) (̂o;o,4o) ■aMqogfc)Mb (g n
I & , V , W ) k]{Xk, y k) -  . inf 2?

(Wfe,yfc)e°  (0*A)ee

where

exp J _ ( ( ^ ^ +i)-^^)+°(fc~1))2 , (n^^l-n^d+otfc-1))2̂  1 
|  1 2(7 At k, + 0 ( k ~ 2) 2f ]  A t k, + 0 ( k ~ 2) J J

2lT<7f)Aty +  0(A)-3/2)  ̂ ^

Now

  .5 -  -  = - (B (t* .+ i)  -  *>($)) (6.13)cr cr J J

where 5(f) is a Brownian Motion or a Brownian Motion conditional on the D 's  of Lemma 5. 

In either case, because of Lemma 5, any path properties of Brownian Motion will apply. 

Also realize that all of the track segments in (U , V, V )k are correct so by Lemma 8, cr2 —> a2.
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Using this fact along with (6.13) on T>, we have

6XP| 2 A t j , + 0 ( k ~ 2)

( f aA)e eV  27r<Tim A tp  + 0 (k~3/2) (6'14)

exp
2 A t k, l o g l o g ( l / A t * ,  ) + l o g l o g ( l / A t * , ) 0 ( f c  2 ) ( +  l°g l°g (l/A ^ ,)

C A tk +  0 ( k ~3/2)

e X P  ) ---------------------------2 A t > g l o g ( l / A t * , ) ----------------------  U  +  ®  l o g ( l / A t j / )

-(6.15)

C A tk + 0(fc-3/2)
(6.16)

where B  and B  are independent Brownian Motions. Now remember that \ty ,t-,+l) is a 

fixed interval for each k. Also assume that B  is a Brownian Motion (not conditioned on 

D j’s) so that B (tkr+1) — B( tk,) = B*(Atk,) where B* is a Brownian Motion. We can now 

apply Lemma 1 to T> which gives,

exp { -  (1 + o(l)) log log (l/A ty ,)|

Note that B* may have been a different Brownian Motion for each k. but there is a countable 

number of them so the sets with probability zero can be joined. If B(t)  was a Brownian 

Motion conditioned on D j ’s then the result in (6.17) is still true since the path set for B(t) 

is the same as that of Brownian Motion excluding the paths in a set with probability zero. 

Hence we are left with

lo g (l/A d )~ 1+o(1)

> C'k(logk) 1 a.s. (6.19)
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for some constant C'  where we used Condition 1 to get from (6.18) to (6.19). This says that 

the location contribution to the density of target 1 at time ty  goes to oo like fc/(log(fc))c. 

This along with (6.11) gives.

[ W A K M d f e . W  < a , .  (6.20)
(fliAlee \x t .yt \ (U,V,W)i }(Xt ,y k)

We also need to consider the state density contribution to the ratio of (6.6). The state 

densities [(U , V)fc]((W, Vk) and {(U, V)k\{(U, V)fc) will be different only in their contribution 

of the number of events during the interval \tk-,,tk-,+l). For (U,V)k, there is one more death 

and one more birth in the interval than for (U,V)k , so we have

[(U,V)k}((U,V)k) = P(Ubj '  = Ubj'  + l)P{Udj' = Udj-+l)P(Usj '=U.j ' )P(Umd' = Ub,j')P(Vk = Vk) 
[(W, V)fc]((W, V)fc) P{Ubj . =UbJ')P(Udj . =Udj')P{Uaj. = Uaj')P(Umj> = Uw)P{Vk = Vk)

0 0 0 0 ^ 0  ( 0 0 0 ^ ^  ■) m - m

_  (XbA 0 ) ( X dN f A 0 )

{Ub,j' +  1 ) 0 d , j '  +  1)

But notice that Ubji > 0 and U^y > 0 while Ny < M.  Hence

(6 .2 1 )

, i i l)£6 [(“ .VW ((M .VW

= 0 (k~2) a.s. (6.22)

Putting this together with (6.20) gives us,

A . i  e W . v . - P h l ^ W . v . r ^ ) -
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as we desired.

□

P roposition  lb .  Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solu­

tions sequences, 9k =  (U,V,V)k and 6 k =  (U,V,V)k  that have the following property. All 

of the tracks that make up 6 k and 9k are correct track segments and 9k differs from 9k at 

every k only by breaking a correct target track labeled i\ from 6 k into two tracks by incor­

rectly specifying the death of i\ and the birth of target 12 during an arbitrary time interval 

[itk , tk,+1). Then,

m , v , P ) t  i z km v , v h ) <

/or some positive constant c which depends on oo.

Proof. This proof follows the exact same logic as the previous proof of Proposition la. The 

only difference being that now t k, is an arbitrary time. Hence the only change will be to 

apply Lemma 2 instead of Lemma 1 to (6.14). So for the V  of (6.11) we end up with

exp j -  suPi (1 + o(l)) log(l/A tk )

V  *  — ------------------------------- (TA tjv, +  0 ( fc ~ 3/ 2)------------------------------------------------- (6 -24)
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Now use Lemma 2 which results in

exp { -  (1 + o(l)) log(l/Af?f,)}

X J a W o t  ( 6 ' 2 5 )

A (tfc)i+0(i)
(6.26)

C A t k-, +  0 ( k ~ 3/ 2)

= 0(1) a.s. (6.27)

This gives us,

[Xk,yk I  {U,V,W)k\{Xk, y k) /  M n  MAfft sup -----------—x—> >---------- < a (logk) a.s. (6.28)

The state model is the same as previously in Proposition la,

sup m m & m  = 0 ( k - ’ ) , s .  (6.29)

This along with (6.28) gives us,

( ( g v i M  *

□

Propositions 2 and 3 deal with the second and third differences listed earlier. These 

propositions say that it is not beneficial asymptotically to break apart a correctly specified 

merging or splitting event.

P roposition  2. Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solution 

sequences, 0 k — (U,V,V)k and Ok = (U,V,V)k that have the following property. All of the
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track segments that make up Ok and Ok are correct track segments and Ok differs from Ok at 

every k only by relabeling a correct merging event of targets i\ and i 2 into target i% as the 

deaths of targets i\ and i 2 and the birth of target i3 . Then

R-2 = sup
[(U,v,v)k \ Z k K( u , v , v ) k ) < 0 (k 2 (logk)c) as k —> 0 0  a.s.
m , v , v ) „ \ z k\ m , v , v ) k)

for some positive constant c which depends on u>.

Proof. WLOG assume that i\ =  1 , i2 — 2  and 13 =  3; see Figure 6.2.

(UVp) ,  ( U V p ) k

Y Y

X X

Figure 6 .2 : {U,V,V)k incorrectly breaks apart a merger into two deaths and a birth

Here we have that for i = 1, . . . ,  m, and j  = 1, . . . ,  hi, the locations X i j  — for some 

i'. The number of observations hi = hit for all of these tracks are the same as well. Hence 

by Lemma 6  the ratio of the x  location densities in (6 .6 ) is no more than am (logk)mb for 

some constants a and b,

m m s m - < a ^ i o g k r b a.,
[Xk I (U,V,V)k](X)

(6.31)
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and since there are less than M  tracks the solutions ( l l ,V,P)k  and (U ,V,V)k,  we have

[Xk | (U,V,V)k\(X)  ̂ Mn ,,Mb ,ro^sup —7—x— < a {log k) a.s. (6.32)

Of course the same is true for y  as well so we have

h U y S M M h w < a 2M( l o g t r t B S  (633)
( i J ^ e l x - - y * W , V , W h ] ( X . y k )

For the state model contribution, the state model for (U,V,V)k  has 2 more events in 

[tfitj'+i),  than (Li,V,V)k- As in (6.22) then we have

m v m u v h )
[(M .VW ((M,VW  -  

This along with (6.33) gives us the desired result.

n

P ro p o sitio n  3. Assume Conditions 1-10. Let O be the set of all pairs of tracking solution 

sequences, 9k =  (U,V,V)k and 9k =  (U,V,V)k that have the following property. All of the 

tracks that make up 9k and 9k are correct track segments and 9k differs from 9k at every k 

only by relabeling a correct splitting event of target i\ into targets *2 and i% as the death of 

target i\ and the birth of targets i 2 and i%. Then

(hA)ee mv,V) t \ZMU,V,P)k)

for some positive constant c which depends on ui.
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Proof. This is symmetric with respect to the difference between solutions in Proposition 2; 

see Figure 6.3. The proof will therefore be identical.

A  A  .

( U V P X

X X

Figure 6.3: (JJ,V,V)k incorrectly breaks apart a split into a death and two births

□

We will say that two targets labeled i\ and *2 at times t\  and t 2 are distinct if their 

labels are different in the correct solution (U , V , P ). That is to say that they are not the 

same physical target. Proposition 4 deals with the fourth difference listed earlier in the 

chapter. It assumes that (U,V,V)  has the death of a target labeled i\ and the birth of 

a target labeled *2 in the same interval \tk, , t k,+l). These two events are not necessarily 

labeled correctly. However target i\ at time tk, is assumed to be distinct from target ii 

at time tk,+1. The solution (U,V,V)  then connects these two track segments which is not 

consistent with the correct solution; see Figure 6.4. Proposition 4 then says that there can 

be no differences of this type eventually.

P roposition  4. Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solution 

sequences, Ok — (U,V,V)k and Ok = iU,V,V)k that have the following property. The 

sequences Ok and Ok differ at every k only by joining the birth and death of two targets i\
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A  A  a

( U V p ) t

k̂,j' f 
\  kj'+l

(UV,p)k

X  X
Figure 6.4: (U,V,P)k  incorrectly joins target tracks 1 and 2 into one track 

and 12 which are distinct into one target track. Then 0  is the empty set.

Proof. WLOG assume that i\ = 1 and i -2 =  2 as in Figure 6.4. The observations that 

get incorrectly joined together in a track in the solution (U,V,V)  are (Xi ( t ^ , ) ,Yi ( t f ) )  

and {X 2 (ty+1 ) , Y 2 {tlji+i)). Now these are observations from distinct targets in the correct 

solution so by Lemma 7 and the continuity of Brownian paths, we know that

inf <! [X 2 ( 4j' + l! M 4 ) )  +(*2($+1) - £ ( $ ) )

= mf |  ( 1 , ( 4 ) ,  y ^ , ) )  -  ( i 2( 4  +  i ) , y 2( 4 +1))

> Ci > 0 a.s. (6.35)

So by Condition 8 there cannot be a solution that connects these two observations in the 

same track eventually. Hence such a sequence (U,V,V)k  does not exist.

□

Note that this is the only place where we use the second part of Condition 8. This is a 

very reasonable assumption to make, since it only prevents us from forming discontinuous
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paths. It seems however, that the likelihood should prevent us from doing this anyway. We 

do indeed believe that this is the case, but need to develop tighter bounds in formulation 

of Lemma 6 before we can remove the second part of Condition 8.

The next proposition deals with the fifth difference listed in the beginning of the chapter. 

It basically says that it is not advantageous asymptotically to take actual deaths and a birth 

and merge them together.

We will say that an event in (U,V,V)k  corresponds to an event in (U,V,'P)k if they 

happen to the same target in the same interval. For example if target 1 dies in the interval 

[tf > tj>+1) in (M, V, V)k and in (14, V, V)k target 1 merges with target 2 in that interval, then 

the death of target 1 in (U,V,V)k  corresponds to the merger of target 1 with target 2 in 

(U,V,V)k-  Also two events in a solution are distinct if they are not the same event.

P ro p o sitio n  5a. Assume Conditions 1-10. LetO be the set of all pairs of tracking solution 

sequences, 8 k = (U,V,V)k and 8 k = (U,V,V)k that have the following property. All of the 

tracks that make up 8 k and 8 k are correct track segments and 8 k differs from 8 k at every k 

only by declaring a merging event in place of two deaths and a birth for two targets i\ and 

i 2 that died in (JA,V,V)k with a target i% that was born in (l4 ,V,V)k■ It is further assumed 

that the deaths of targets i\ and *2 and the birth of target i% may be incorrectly specified in 

(U,V,P)k,  but at least two of these three events must correspond to two distinct events in 

the correct solution (l4,V,V)k- Then,

r 5„ =  sup Vu ’v ’v h  \ = Q evmtuall os k _  ^  0 s
(M„)€9 1(u,v,-P)t \z tw ,v ,v ) t)

Proof. WLOG let i\ — 1, i?, — 2, and i% = 3; see Figure 6.5. Let the unknown times at
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( u p p ) ,  ( u v p x

X  X

Figure 6.5: (U,V,V)k incorrectly merges targets 1 and 2  into target 3

which the two distinct events occur be denoted t \  and T2 and assume WLOG that t \  < t - i. 

Since these are the times of actual events from the state model, t \  < 72 with probability

1. Hence by condition 1 there is a K  such that for all k > K  there will be a sample 

time, t k, ,  in the interval ( 7 1 , 7 2 ) .  For this sample time, one of the targets involved in the 

proposed merging event in (U,V,V)k  will be missing. Since the probability of detection, 

Pd, is assumed to be 1 by Condition 9, [U, V, V)k, -Zfc]((W, V, V)k, -Hfc) — 0  unless it merges 

targets 1 and 2 before before t \ .  But both targets still exists in (U , V , V ) k  at time t k, so 

this would violate the hypothesis. So eventually [U,V,V)k, Zk\{{U,V,V)k,  2k)  — 0.

□

Proposition 5b is very similar to proposition 5a, but now there is no restriction that 

any of the two deaths and a birth in (U,V,V)k  correspond to events in (U,V,V)k- Thus 

they can be at arbitrary times. In this case there may be an advantage to combine these 

three events into a merger by switching to the alternative (U,V,V)k- This will not be 

a problem however as we will see that there would have to be too many other negative 

differences before (U, V, V)k could make use out of any possible advantage it may gain from

98

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



the difference in Proposition 5b.

Proposition 5b. Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solution 

sequences, 6 k — (U,V,V)k and 9k — (U,V,'P)k that have the following property. All of the 

tracks that make up 0 k and 9k are correct track segments and 9k differs from Of- at every k 

only by declaring a merging event in place of two deaths and a birth for two targets ii and 

i2 that died in (U,V,V)k with a target 13 that was born in (U ,V ,V )k • Then

K u , v , r h \ z t m , v , r M  < b k 2 ( l o g t r  

( t e e  m v , v ) k \ z kw , v , v ) t ) ~

for some positive constants b and c which depend on uj.

Proof. This differs from the previous proposition since, the deaths of targets i\ and '<2 and 

the birth of target i3 in (U,V,V)k  do not necessarily correspond to events in the correct 

solution. WLOG assume that i\ =  1, 12 =  2 and i-$ = 3. Here we have the reverse case of 

Proposition 2, so again we have that for i — 1 , . . .  ,m and j  = 1, . . .  ,nj, the observations 

X i j  — X i ’tj for some i' . The number of observations n* =  ftp for all of these tracks are the 

same as well. The same arguments as in the proof of Proposition 2 lead us to

{M#)

A a )£9 lXk-y t  1 t e w t e . m

For the state model contribution, the two deaths and a birth (U, V, V)k do not necessarily 

correspond to events in the correct solution, so it is possible that they are all in the same 

interval \tk-,,tk-,+f). This would be the worst case, since if they were not, by arguments of 

the previous proof, [(U, V, V)k, Zk]((U, V, V)k,Zk) — 0 eventually. So assume that all three

99

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



events are in the same interval for all k. In which case, the state density for (U,V,V)k  and 

(U,V,V)k will differ only in their contributions during the interval [ty,tj,+1). The state 

model for (U,V,V)k  has two more events in [ty, ty+l) than does (U,V,V)k-  In the same 

manner we derived (6.21) we can see that

[ {U, V, P) k] ( (U, V, P)k) =  -  1)At*,)(UbJ’ +  1 )(Udy  +  l)(Udj '  +  2)
{(U,V,V)k]((U,V,P)k) ~  ( \ bA t * ) ( \ dNr A t ^ ( U m,f  + l)

After taking into account that Ub,j', Udtj>, and Ny  are no more than M  while > 0, we 

have

< c t 2 _  (M 7)

Combining this with (6.36) gives the desired result.

□

Proposition 6a is the counterpart of Proposition 5a for splitting instead of merging; see 

Figure 6.6.

A  A  A

( U V p \ ( U V p X

XX

Figure 6.6: (U, V,V)k  incorrectly merges targets 1 and 2 into target 3

Proposition 6a. Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solution
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sequences, Ok — (U,V,V)k and, 9k = (U,V,V)k that have the following property. All of the 

tracks that make up Ok and Ok are correct track segments and 9k differs from 9k at every k 

only by declaring a splitting event in place of two births and a death for a target i\ that died 

in (U,V,V)k with two targets i\ and i3 that were bom in (U,V,V)k- It is further assumed 

that the death of target i\ and the birth of targets i2 and ij, may be incorrectly specified in 

(U,V,V)k, but at least two of these three events must correspond to two distinct events in 

the correct solution (U,V,V)k- Then,

Rea =  sup 1 Z k]{{U,V,V)k) = eventuaU as k oo a s

Proof. This follows the exact same arguments as the proof of Proposition 5a

Proposition 6b is also the counterpart of Proposition 5b for splitting instead of merging. 

Again, when the events in (U, V, V)k that we join together into a splitting event in (U, V, V)k 

do not correspond to actual events in the correct solution, there may be an advantage to 

switch to (U ,V ,V )k • This will need to be dealt with in the proof of Theorem 1.

P roposition  6 b. Assume Conditions 1-10. Let 0  be the set of all pairs of tracking solution 

sequences, Ok = (U, V, V)k and 9k — (U, V, V)k that have the following property. All of the 

track segments that make up 9k and 9k are correct track segments and 9k differs from 9k at 

every k only by declaring a splitting event in place of two births and a death for a target ii 

that died in (U,V,V)k with two targets i\ and i3 that were bom in (U,V,P)k- Then

< « >  9 K«.v,p)*|z*]«w,v,:pW

for some positive constants b and c which depend on w.
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Proof. Because of the symmetry of splitting and merging, this is identical to the proof of 

Proposition 5b.

□

Proof of Theorem 1. Let (U, V, P)k be an arbitrary incorrect solution sequence. The solution 

(U,V,'P)k has incorrect tracks, and/or incorrectly labeled events. Realize, however that the 

tracks of any incorrect solution are made up of correct track segments which are only joined 

together incorrectly. We can define T  to be the minimal set of correct track segments that 

makes up (U,V,V)k- Since there is a finite number of possible track segments for each fc, 

this minimal set exists for all k.

Let the difference between solutions described in Propositions la, lb , . . .  6b be referred 

to as difference la, difference lb, . . . ,  difference 6b. We can apply differences la, lb, 2, and 

3 sequentially to break (U, V, V)k into the track segments in T. The diagrams in Figure 6.7 

illustrate this process. We can then connect these track segments together using differences 

4, 5a, 5b, 6a, and 6b sequentially to form the tracks of (U,V,P)k',  See the last transition in 

Figure 6.7. Furthermore, we can do this by applying any of the differences 5a, 5b, 6a, and 

6b that we may need before applying any difference 4’s. So all of the difference la, lb, 2, 3, 

5a, 5b, 6a are applied to solutions with tracks that are correct track segments and hence fit 

into the conditions of their respective propositions. In actuality, there can be no difference 

4’s eventually by Proposition 4 anyway.

So there is a sequence of solutions that starts with (U , V, V)k and passes through several 

incorrect solutions to arrive at (jU,V,V)k- Each element of this sequence has one and only 

one of the differences described above from the previous element. We shall write this
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( U V p ) k ( U V P ) ,

t2

Figure 6.7: Break (U ,V ,V )k into track segments and connect them to get (U,V,V)k

sequence as,

(U, V, V)k, (U1, V1, V l)k, (U2 ,V 2 ,V 2 )k, ( U l,V l, V l)k, (U, V, V)k (6.38)

We can write the likelihood ratio of any incorrect solution (U,V,V)k  to that of the correct 

solution (U,V,V)k  as

{(U,V,V)k 1 Z]((U,V,V)k) l(U,V,V)k 1 z m w w 1)*) l(U,V,V)k \Z}((U2 ,V 2 , V 2)k) 
[(U,V,V)k | Z}((U,V,V)k) [{U,V,V)k I Z}((U,V,V)k) l (U,V,V)k I Z \ { { U \ V \ V l )k)

[(U,V,V)k \ Z \ ( ( U , y y ) k)
[(U,V,V)k \Z]((Ul,Vl, V l)k)
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Let 0  be the set of all tracking solution sequences satisfying Condition 8 eventually. 

That is they have no more than M  tracks and they restrict the distance between consecutive 

observations in a track to be less than (clogfc-1). We claim that the correct sequence of 

solutions (U,V,V)k  is in this set.

Obviously (U,V,T)k  has no more than M  tracks. And for the difference between con­

secutive observations, in any of the tracks we have

sup ((X( t2) -  X ( h ) ) 2 + (Y ( t 2) -  Y ( t i))2) 1/2
0 < t i < t 2 < T

< a V r] sup
0 < t i < t 2 < T

t 2 ~ t \ < c k ~ 1

< a V rj sup
0 < t x < t 2 < T  

t 2 ~ t i < c k ~ 1

= aVrj  sup \\B(t2) -  B(ti)\\
0 < t i < t 2 < T

t 2 —t i < c k ~ 1

< (2cifc_1 log(cJ'1fc))1//2 eventually as k —* oo.

by Lemma 2. Hence all of the consecutive differences in the correct solution will eventually 

be smaller than clog/c_1. Also note that by Proposition 4, there can be no sequence 

(U,V,V)k ^ © that has any difference 4’s from the correct solution.

Let 0 ' =  0\{(W, V, V)k}- We need to show that the supremum over (U,V,P)k G 0 ' of 

the ratio in (6.39) converges to 0 as k —> oo. By Propositions la, lb , 2, 3, 5a, and 6a, any 

of the ratios in (6.39) that have differences la, lb, 2, 3, 5a, and 6a, are < 0(&:~2(log k)c). 

However, if any of the terms in (6.39) have differences 5b or 6b, they can be as big as 

c/c2(log k)c. If there are two many of these differences then the ratio may not converge to 0. 

We will then have to consider how these differences could be applied to obtain (U, V,P)k-
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We will first consider how there can be one difference 5b or 5a in an interval [tky  , tk-,+1), then 

consider multiple differences.

Suppose exactly one difference 5b was applied to (W,  V \ Vl)k during the interval \tk-,,tk-,+1) 

to obtain (Ul+1, Vt+1, Vl+1)k- For difference 5b, we must merge together two deaths and 

a birth, of which no two of these three events can correspond to distinct actual events in 

(iU,V,V)k• Otherwise this would be difference 5a. The three events must also be in the 

same interval otherwise in a manner similar to that of Proposition 5a, the ratio

[{U,V,V)k \Z \ ( (W +1 ,V i+\ V i+1)k)
[ ( U , v , v ) k

eventually.

So before we can apply difference 5b, we must first use differences la, lb, 2, or 3, to 

create at least two of the three events (two deaths and a birth) in (Ul, V \ Vl)k- Notice that 

we cannot use differences 2 and 3 together to create these events since then two of the three 

events would correspond to distinct events in (U,V,V)k-

So there are exactly five ways difference 5b can be applied.

1. We could use a correctly labeled death in (U\  V \ V l)k- We would then still need a 

birth and a death. This would require using at least one difference la  in the interval 

\tkj i , tk-,+1) previously in our sequence of solutions to get to (W\ V*, P*)fc. It is difference 

la  not difference lb  since the interval that contains the correctly labeled death is fixed. 

The overall contribution then of difference 5b to the ratio in (6.39) is no more than

RiaRhb <  0 (£ T 3(log fc)c) • 6fc2(log k)c =  0{k~ l {log k f c)
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2. We could use a correctly labeled birth in {U%, Vl , V l)k- We would then still need two 

deaths. This would require using at least two applications of difference la  in the 

interval [tj,,t^,+1) previously in our sequence of solutions.

3. We could use difference 2 to get two deaths and a birth previous to (Ul, V \ P l)fc, but 

only two of these three events can be used in the difference 5b, otherwise we would be 

reconstructing a correct merger. So we would still need to apply difference la  previous 

to (W\ Vl , V l)k at least once to get another birth or death.

4. We could use difference 3 to get a deaths and two births previous to (U \  Vl,V l)k, but 

we would still need at least one more death to apply difference 5b. Hence we would 

need to apply difference la  previous to (Ul, V*, V l)k at least once to get the other 

death.

5. Lastly, we could apply difference 5b in an arbitrary time interval, but this would 

require us to create two deaths and a birth in the interval \tk-,,tk-,+l) previous to 

(Ul , V \ V l)k- This would require at least two applications of difference lb  since now 

the interval is arbitrary.

Notice for cases 2-5 that there must be at least two applications of differences la, lb, 2, or

3. The largest resulting ratio from any of these is 0 (k~ 2 (logk)c). Hence the overall contri­

bution of difference 5b to the ratio of (6.39) for cases 2-5 is no more than 0(fc~2(log k)2c).

Therefore if there is one difference 5b applied in any interval then the overall contri­

bution of that difference to the ratio in (6.39) for any of the five cases is no more than 

0(fc-1 (log k)2c).

Now Suppose exactly one difference 6b was applied to (Uz,Vl , V l)k during the interval
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1) to obtain (£T+1, Vt+1, V l+1 )k- Because of the symmetry of the problem the logic 

is identical to the five cases above and the overall contribution of that difference to the ratio 

of (6.39) is no more than 0(/c_1(log k)2c)

We now consider N* differences 5b and/or 6b applied in a single interval 

where N* > 1. Again let (Ul ,Vl ,V l)k be the element of the solution sequence just before 

we apply the N* differences 5b and/or 6b. Note that applying differences 5b and/or 6b N* 

times requires at least N* deaths and at least N* births in (Ul , V*, V l)k during the interval 

[ij/,fk;+i). Note that this N* combinations of differences 5b and/or 6b can only use one 

of an actual death, an actual birth, an actual merger with difference 2, or an actual split 

with difference 3 since eventually only one of these events will be in the interval [ty,^ |V+1). 

There are again the same five cases to consider:

1. We could use a correctly labeled death in (Ul , V*, V %)k- We would then still need at 

least N* more births and this would require N* applications of difference la  in the 

interval [ty,tj,+1) previously in our sequence of solutions. So the contribution of the 

N* differences 5b and/or 6b to the ratio of (6.39) is no more than

(R la f*  ( R ^  = 0 (k~N\ \ 0 g k )2N*C).

2. We could use a correctly labeled birth in (ZY®, V \'P *)/C. We would then still need at 

least N* deaths. This would require using at least N* applications of difference la  

previously. So the contribution of differences 5b and/or 6b to the ratio is again no 

more than

(Ria)N'(Rsb)N' = 0 (k~N* (log k)2N*c).
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3. We could use difference 2 to get two deaths and a birth previous to (ZT, V \ V %)k, but 

we would still need N* — 1 more births which would require N* — 1 applications of 

difference la  previously. This makes the contribution of differences 5b and/or 6b to 

the ratio no more than

i?2 • {Rla)N*-HRsb)N' =  Oi k - W- V i l o g k ) ™' * ) .

4. We could use difference 3 to get a death and two births previous to but 

we would still need at least N* — 1 more deaths. Hence we would need to apply 

difference la  at least N* — 1 times previous to (W, Vl ,V')k  get the other deaths. This 

makes the contribution to the ratio no more than

R s  ■ { R i a ^ ' - ' i R s b f *  =  O i k - W ' - ' H l o g k ) ™ * 0 ) .

5. Lastly, we could apply the differences 5b and/or 6b in an arbitrary time interval. Let 

IV5 and Nq be the number of applications of difference 5b and difference 6b respectively 

so that N5 + Nq =  N*. Let and Nd be the minimum number of births and deaths 

needed respectively. Notice that Nf, =  IV5 +  2N$ and Nd — 2N$ + 1V6. The minimum 

number of applications of difference lb  that we would need is

min {Nb V Nd} -  min {(./V5 +  2N6) V (2N5 +  Ne)}
^5’NQ n5>N6

N 5+ N q= N *  N s + N q= N *
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This minimum is achieved when

N, =
" IV *

~2
and N q =

N*
~2

or vise versa. In either case this makes

min {Nb V N A  — 2W5,N6
N 5+ N e = N *

"IV*" N* 'IV*'
+ > N* +

2 _ 2 _ 4
VIV* > 1

This means we need at least [(5/4)N*~\ applications of difference lb  previous to 

(U\ V1, V %)k, which means the contribution of the IV* differences 5b and/or 6b to 

the ratio is no more than

(Rib)(5/4)N* (R5b)N* = 0(fc_(1/2)Ar*(logfc)(9/4)JV*c).

This along with the case of N* — 1 tells us that for any number of differences 5b and/or 

6b applied in any one interval then the overall contribution of that difference to the ratio 

of (6.39) is no more than 0(fc-1 (log k)c) for some constant c.

So if we apply any number of differences 5b or 6b to the correct solution (U,V,V)k to 

obtain an incorrect solution (U,V,V)k we have

( w . S e e  KU,V,P)k \ Z \ m v , P ) k)

Of course if we don’t apply any differences 5b or 6b then we had to apply at least one of

[(U,V,V)k \Z\((U,V,V)k) < 0 (k (log k)c (6.40)
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the differences la , lb , 2, 3, 5a, or 6a. This would make the ratio

sup
(w,v,-p)fcee

[(U,V,V)k \Z}((U,V,V)k)
((U,V,V)k \Z]((U,V ,V)k)

< 0 (k~ 2 (log k)c) (6.41)

Hence in general we have (6.40). This means for a given us there exists a K(u>) s.t. for all 

k > K(us),

Proof of Theorem 2. Whenever we used the Law of the Iterated Logarithm or Levy’s 

Modulus of Continuity in the Lemmas or Propositions, we can substitute the assumption 

that Xi(t) has a continuous derivative and hence the derivative is bounded on the interval 

[0,T]. This implies a faster convergence of differences between consecutive observations 

than we had for Brownian Motion. Hence the rates in the propositions will only improve 

and the proof proceeds the same as in Theorem 1.

sup
{ U , V , f ) k €&

Hence, our estimate (U, V, P)k =  (U, V, V )k for all k > K

□

□
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C hapter 7

Sim ulated D ata R esults

In this chapter, we present some results of the tracking algorithm on simulated data. For all 

of these simulations, the data, Z, is assumed to come from the model given in Chapter 2. 

The random motion component, Gi(t) is an integrated Brownian Motion for all targets. The 

parameters used to simulate the different cases will be given below. All of the simulations use 

common location parameters. These values were meant to make the target tracks produced 

from the model behave like the storm tracks of the Chapter 8. So in all of the realizations 

we set, n x 0 — —113, a Xo  = 100, j ix '0 = 1-5, ax  ̂ =  .1, of =  0.1 for all i, a X s  = -5, 

a \,a =  .01, a2Xm =  .125, a2̂  =  .01, a \d =  1, a2Xe =  0, /iy0 =  37.5, a \Q = 100, =  0,

<jy, — 2, rj2 =  .1 for all i, ays — -5, <Jy, = .5, Oy^ =  .125, ay, — .01, ayd = 1, and a\^ — 0, 

where Hx0 ,&x0’ • ■ • > ax e are defined in Section 2.3. The parameters /xy0, ayQ, . . . ,  a \e are 

the counterparts for the y-coordinate. Also a 2 and rj2 are the variance scalers multiplied to 

Gi(t) for Xi(t)  and Yi(t) respectively.

We also set the probability of detection to be Pj =  0.95 in all simulations. The param­

eters Ao, Af, A;,, Ad, and Xs, and Am are different for each simulation and will be described
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for each case.

For the parameter estimation, we restricted the parameter values to the followings sets 

A0 G [0,25], A f  G [0,0.02], \ b G [0.001,.25], Xd G [0.001,.15], As G [0.001, .15], Am G 

[0.001, .15], Pd G [0.5,1.0], fixo G [-120,-85], a2Xo G [500,1000], G [0,5], 4 , G 

[0.001,5.0], a 2 G [0.001,10.0], 4 S G [0.001,1.5], a2x , G [0.0,1.0], 4 m e  [0.001,0.5], 4«„ G 

[0.0,1.0], 4 d G [0.001,5.0], 4 e G [0.0,1.0], fiYo G [25,50], 4 o G [500,1000], fiY, G [-5,5], 

4 ,  G [0.5,10.0], rii G [-001,10.0], 4  G [0.001,1.5], 4  G [0.0,1.0], 4  G [0.001,0.5], 

4 ,  G [0.0,1.0], 4 d e [0.001,5.0], and 4 e G [0.0,1.0]. Notice that it seems awkward to 

have the lower parameter estimate limits for 4 0 and 4 0 higher than the actual values 

are set in the simulation. This was done because for this problem with A t  — I and clutter, 

the algorithm seemed to perform better when there was a little extra penalty for a target 

birth.

7.1 Sim ulations w ithout C lutter

This set of simulations assumes that there are no false alarms or that A/ =  0. This was 

essentially done to get a baseline idea of how well the algorithm works to identify birth, 

death, splitting and merging. There are six cases that we considered here: (i) birth only, (ii) 

death only, (iii) splitting only, (iv) merging only, (v) completely random model realizations, 

and (vi) completely random model realizations with size. For each case we generated N  = 

100 realizations. These simulations take place on the time interval [0,9] with Atj = 1 for 

all j  so that t = (0,1, . . . ,  9).

In these simulations we have the following hypotheses we wish to investigate.

1. The percentage of births, deaths, splits, and mergers labeled correctly in each of the
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first four simulations will be roughly equal to the rates of correctly labeled events in 

the full model realizations of simulation (v).

2. Since birth is symmetric to death in reverse time, we would expect that the rate of 

correctly labeled births would be similar to that of correctly labeled deaths.

3. Since also splitting is symmetric to merging in reverse time, we would expect that the 

rate of correctly labeling these two events would be similar.

4. The results with additional size information in simulation (vi) should be an improve­

ment over those in simulation (v).

7.1.1 B ir th  O nly

In these simulations, we set Ao =  2.0, A & =  0.20 so that we would have an average of 

approximately 2 births in a time interval [0,9]. We then set Â  =  As =  Am =  0 so we 

could isolate the tracking algorithm’s ability to identify birth events. We also restricted the 

realizations to have at least one birth event. An example of a realization from this model 

can be seen in Figure 7.1. This plot has all the observations for each time on one plot. 

Observations from time n are labeled V . The correct solution and the top four alternative 

solutions are given along with their estimated probability given by (5.8).

7.1.2 D ea th  O nly

In these simulations, we set Ao =  4.0, Â  =  0.10. This makes for an average of about 2.5 

deaths in the time interval and we restricted the set of realizations to have at least one 

death. We then set A;, =  As =  Xm — 0. An example of a realization from this model can be 

seen in Figure 7.2. Again, the the correct solution and the top four alternative solutions are
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All Times Correct Solution

Prob = 0.9996

A lterna tive  1 A lte rn a tiv e  2

Prob = 0.0000Prob = 0.0000

A lterna tive  3 A lte rn a tiv e  4

Prob = 0.0000 Prob = 0.0000

Figure 7.1: Birth Only Realization with Possible Solutions

given. Notice that the correct solution and the top alternative are indistinguishable from 

these plots. What actually happened was that the target that reaches the top of the plot 

at time 8, actually dies before time 9. The first alternative labeled it as missing at time 9 

however, so it did not kill it. This is a common problem for deaths that occur near the end 

of the time window.
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All Times Correct Solution

A lte rn a tiv e  1

Prob = 0.7931

A lte rn a tiv e  3

Prob = 0.0012

Prob = 0.1952

A lte rn a tiv e  2

Prob = 0.0087

A lte rn a tiv e  4

Prob = 0.0006

Figure 7.2: Death Only Realization with Possible Solutions 

7 .1 .3  S p lit t in g  O n ly

In these simulations, we forced there to be exactly one target that split into two targets at 

a random uniformly distributed time in the interval (1.0, 8.0). An example of one of these 

realizations is given in Figure 7.3
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All Times Correct Solution

Prob = 0.9788

A lte rn a tiv e  1 A lte rn a tiv e  2

Prob = 0.0206 Prob « 0.0002

A lte rn a tiv e  3 A lte rn a tiv e  4

Prob = 0.0000Prob = 0.0000

Figure 7.3: Splitting Only Realization with Possible Solutions 

7.1.4 M e rg in g  O n ly

In the same manner as for the splitting simulations, here we forced exactly one merger 

by two targets at a uniform time in the interval (1.0,8.0). An example of one of these 

realizations is given in Figure 7.4
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All Times Correct Solution

Prob = 0.9994

5

4

9

8

7

6

0 1 2  3  
2

1

0

A lte rn a tiv e  1 A lte rn a tiv e  2

Prob = 0.0000 Prob = 0.0000

A lte rn a tiv e  3 A lte rn a tiv e  4

Prob = 0.0000Prob = 0.0000

Figure 7.4: Merging Only Realization with Possible Solutions 

7.1 .5  C om p lete ly  R andom  M od el R ea liza tion s

These are completely unrestricted realizations from the model with state parameters set as 

Ao =  4, Ab =  0.1, Ad — .02, As =  0.06, and Am =  .08. The death rate was lower than the 

rate of splitting and merging since for the storm problem there seemed to be more splitting
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and merging than death. An example of one of these realizations is given in Figure 7.5 

All T im es  C o rre c t S o lu tio n

A lte rn a tiv e  1

A lte rn a tiv e  3

Prob = 0.0038

Prob = 0.0000

Prob = 0.9953

A lte rn a tiv e  2

A lte rn a tiv e  4

Prob = 0.0004

Prob = 0.0000

Figure 7.5: Random Model Realization with Possible Solutions

7 .1 .6  C om pletely  R andom  M od el R ealizations w ith  S ize

These are the same realizations from the model in Section 7.1.5, but now with size informa­

tion to be used in the tracking algorithm. You can see that there is now size information in
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the plots in Figure 7.6. This plot is displaying circles with the appropriate size, not ellipses,

All T im es  C o rre c t S o lu tio n

A lte rn a tiv e  1

Prob = 0.0000 

A lte rn a tiv e  3

Prob = 0.9997

A lte rn a tiv e  2

Prob = 0.0000 

A lte rn a tiv e  4

Prob = 0.0000 Prob = 0.0000

Figure 7.6: Random Model Realization with Size

so we cannot see the actual radii, but they are what is being used in the algorithm.

Sizes parameters were randomly generated for each realization. For each 4, fiR2 i) 

pair we would generate two random variables z\ ~  A7(0.6,.01), z<i ~  A/”(0.6, .01) and set 

Mfli i =  d  AZ2 , i — z\ V Z2 - We then set the log-normal scale parameters, cr^ . =  0.001
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Birth Death Split Merge CR CR w/Size
% Best Est Correct 88.0 78.0 94.0 89.0 91.0 95.0

% Births Correct 94.6 NA NA NA 97.6 100.0
% Deaths Correct NA 79.2 NA NA 90.2 94.9

% Splits Correct NA NA 96.0 NA 97.4 97.3
% Mergers Correct NA NA NA 97.0 95.1 98.7

% Falling in 95% CS 92.0 89.0 95.0 99.0 95.0 97.0
(5%) 0.000 0.000 0.156 0.222 0.062 0.596

Prob of True (25%) 0.986 0.711 0.948 0.963 0.920 0.996
(50%) 0.996 0.996 0.987 0.994 0.994 0.996

(5%) 0.787 0.684 0.665 0.671 0.668 0.966
Prob of Best Est (25%) 0.996 0.992 0.954 0.963 0.948 0.996

(50%) 0.996 0.996 0.988 0.994 0.994 0.996
(5%) 0.000 0.000 0.000 0.000 0.000 0.000

Prob of 2nd Est (25%) 0.000 0.000 0.001 0.000 0.000 0.000
(50%) 0.000 0.000 0.007 0.002 0.001 0.000

(5%) 0.852 0.720 1.000 0.882 0.954 0.996
Track Purity (25%) 1.000 1.000 1.000 1.000 1.000 1.000

(50%) 1.000 1.000 1.000 1.000 1.000 1.000

Table 7.1: Results of 100 Realizations Without Clutter 

and <7jj2 . =  0.001 for all i. In the parameter estimation, parameter limits for size were set for 

— MRi i + i and cr| i — <j 2Ri . + <t|j2 .. The parameter limits for fis,i were set to be the 

min and max of the observed values of the log sizes, /rs,i £ [min{log(S'iJ )},max{log(5iJ )}] 

and a2S i £ [0.001,1.0]. Also recall that ns,i is also restricted by merging and splitting so 

that the mean size of the parent(s) adds to the mean size of the child(ren). The radius 

parameters were otherwise free in the maximum likelihood estimation.

7.1 .7  R esu lts

The results of each of the simulations in Section 7.1 are given as the columns of Table 7.1. In 

the following we describe each of the summary statistics that make up the rows of Table 7.1.

% B est E st C orrect This is the percentage of times that (U , V,"P) was equal to the cor­

rect solution (U,V,V).
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% Births Correct Percentage of all birth events in the simulation that were labeled cor­

rectly by the estimate, ( U , V , P ) .

% Deaths Correct Percentage of all death events in the simulation that were labeled 

correctly by the estimate.

% Splits Correct Percentage of all splitting events in the simulation that were labeled 

correctly by the estimate.

% Mergers Correct Percentage of all merging events in the simulation that were labeled 

correctly by the estimate.

% Falling in 95% C l We form a 95% confidence set of solutions for each realization. This 

is the percentage of times that the 95% confidence set contained the correct solution.

Prob of True This is the estimated probability of the correct solution, (U,V,V),  given 

by (5.8). These three rows are respective quantiles from the 100 realizations for these 

probabilities

Prob of Best Est This is the estimated probability that the estimate ( l i ,V,V)  in (5.2) is 

correct given the data, again presented by the quantiles.

Prob of 2nd Est This is the estimated probability that (U, V, V), which is the second 

best estimate was correct given the data presented by the quantiles.

Track Purity These three rows are quantiles for the overall track purity for each realiza­

tion. The overall track purity is defined below.

Consider a given track in the correct solution, (U,V,V).  Track purity for this track is

defined to be the proportion of observations in that track that are labeled as part of the
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same track in the estimate (U,V,P).  The overall track purity is then the proportion of 

observations in all tracks in (U,V,V)  that are labeled together in tracks in (U,V,P).  This 

is the same as the weighted average (by number of observations in the track) of individual 

track purities. For example if (U,V,V)  had two tracks; track 1 with 5 observations and 

track 2 with 10 observations. And the estimate, (U,V,P),  has three tracks; track 1, track 

2, and track 3. Where track 1 in (U,V,P)  is identical to track 1 in (U,V,V).  Track 2 in 

(U, D, V) is the first 7 observations of track 2 in (U, V, V) and track 3 in (U, V, P)  is the last 

3 observations of track 2 in (U,V,V).  Then the track purity for track 1 is 1.0. The track 

purity for track 2 is 0.7 and the overall track purity is [5(1.0) +  10(0.7)]/15 =  0.8.

Refer back to the four hypotheses we posed earlier. The first hypothesis is that the rates 

of events labeled correctly in the first four simulations will equal the rates of events labeled 

correctly in the completely random (CR) model case which is the fifth simulation. We can 

see from Table 7.1 that the percentages of estimates that equaled the correct solution for 

the first four simulations is roughly equal to the percentage for the fifth simulation (the 

CR model realizations). Also, the percentage of births labeled correctly in the birth only 

simulation (94.6%) is roughly equal to that in the CR model (97.6%). The percentage of 

deaths labeled correctly in the death only case (79.2%) is slightly lower than that for the 

CR model (90.2%) which is somewhat surprising. If anything we would expect this to be 

the other way around, so this difference could be due to random chance. The death rate 

is higher in the death only simulations, which would make for shorter tracks though. So 

this may have something to do with this as well. The percentage of splits correct in the 

splitting only case is also comparable to the CR model, (96.0%) versus (97.4%). Lastly the 

percentage of mergers correct in the merging only case is also similar to that for the CR
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model, (97.0%) to (95.1%). Hence it appears that we have some strong evidence that the 

first hypothesis is correct.

For the second hypothesis, the percentage of births correct in the birth only case (94.6%) 

is a bit higher than the percentage of deaths correct in the death only case (79.2%). The 

standard deviation in these estimates is about 4% so it is likely that these rates are not the 

same. One explanation for this may be the problem mentioned with respect to Figure 7.2. 

This problem is for deaths that occur near the end of the time window. These will sometimes 

be labeled as missing observations for a time or two at the end instead of a death, since the 

likelihood doesn’t find it beneficial to kill the target until it has more missing observations. 

Another explanation was hinted at in the previous paragraph, that a high death rate leads 

to short tracks. The algorithm, might then misclassify these short tracks as clutter.

For the third hypothesis, the percentage of splits correct in the splitting only case 

(96.0%) is very similar to the percentage of mergers correct in the merging only case (97.0%). 

This is fairly strong evidence that third hypothesis is correct.

Our last hypothesis states that the size information will improve the results. This is 

somewhat evident from the number of correct estimates increasing from (91.0%) in the CR 

model without size to (95.0%) in the CR model with size which is not a large increase, but 

there was not too much room for improvement. In any case, the standard error of these 

rates is about 3% so this is not conclusive evidence that size information helps. However, 

if we look at the probability of the correct solution given the data we see that the fifth 

percentile for the without size case is 0.062 while that for the with size case is 0.596. Hence 

for the extreme cases, it appears that the size information is quite helpful.
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It is also worth noting that the 95% confidence sets for these simulations had fairly 

accurate coverage at 92.0%, 89.0%, 95.0%, 99.0%, 95.0%, and 97.0% for the six simulations 

respectively. The track purity values were also very high for each case.

7.2 Sim ulations w ith  C lutter

This set of simulations allows false alarms to appear at each time with rate A/ — 0.007. 

The limits of the field of vision are (-120 ,-85 ) x (25,50), so this corresponds to an area, 

A =  1125. Hence, XfA  =  7.9, so we can expect about 8 false alarms at each time. We 

repeated the same six simulations from Section 7.1 again with N  = 100 realizations each so 

as to compare results. We also wish to investigate the same hypotheses 1 - 4 ,  posed in the 

previous section now with the presence of clutter.

An example of a realization from the CR model now with clutter is given in Figures 7.7 

and 7.8. It is informative here to examine Figure 7.7 which gives the plot of the observations 

at each time step. This way we can get a feel for how many false alarms there really are 

at each time. Figure 7.8 makes it seem like there is more clutter than there actually is. In 

any case, it is still very difficult to discern any sort of pattern from the plots at each time. 

We would be better off using the “All Times” plot in Figure 7.8, but it is still hard to see 

the true solution here as well.

7.2.1 R esu lts

The results of each of the simulations in Section 7.2 

Here there are a few additional summary statistics 

alarms. These are described below.
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Figure 7.7: Observations at Each Time of a CR Model Realization with Clutter
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All Times Correct Solution

A lte rn a tiv e  1

A lte rn a tiv e  3

Prob = 0.9001

A lte rn a tiv e  2

Prob = 0.0930 Prob = 0.0028

A lte rn a tiv e  4

Prob = 0.0026 Prob = 0.0003

Figure 7.8: Birth Only Realization with Clutter

% Targets Correct This is the percentage of all targets in the simulation that were la­

beled correctly as targets by the estimate (U,V,V).

% FAs Correct Percentage of all false alarms in the simulation that were labeled correctly 

by the estimate.
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Birth Death Split Merge CR CR w/Size
% Best Est Correct 72.0 60.0 61.0 82.0 67.0 92.0

% Births Correct 94.8 NA NA NA 83.1 100.0
% Deaths Correct NA 79.2 NA NA 70.2 95.7

% Splits Correct NA NA 93.0 NA 87.0 100.0
% Mergers Correct NA NA NA 97.0 90.7 98.7
% Targets Correct 99.3 99.0 98.9 99.9 99.0 99.8

% FAs Correct 97.4 95.2 97.4 99.5 99.2 99.6
% Falling in 95% CS 94.0 79.0 86.0 98.0 81.0 96.0

(5%) 0.015 0.000 0.001 0.059 0.000 0.068
Prob of True (25%) 0.292 0.090 0.074 0.598 0.207 0.996

(50%) 0.850 0.685 0.746 0.947 0.996 0.996
(5%) 0.315 0.209 0.294 0.363 0.265 0.790

Prob of Best Est (25%) 0.614 0.508 0.583 0.695 0.582 0.996
(50%) 0.906 0.877 0.891 0.947 0.996 0.996

(5%) 0.000 0.000 0.000 0.000 0.000 0.000
Prob of 2nd Est (25%) 0.000 0.000 0.000 0.000 0.000 0.000

(50%) 0.051 0.076 0.046 0.031 0.000 0.000
(5%) 0.881 0.610 0.831 0.938 0.856 1.000

Track Purity (25%) 1.000 1.000 1.000 1.000 0.956 1.000
(50%) 1.000 1.000 1.000 1.000 1.000 1.000

(5%) 0.903 1.000 0.997 1.000 0.869 1.000
Prob of Target (25%) 1.000 1.000 1.000 1.000 1.000 1.000

(50%) 1.000 1.000 1.000 1.000 1.000 1.000
(5%) 0.922 0.705 0.897 0.922 1.000 1.000

Prob of FA (25%) 1.000 1.000 1.000 1.000 1.000 1.000
(50%) 1.000 1.000 1.000 1.000 1.000 1.000

Table 7.2: Results of 100 Realizations W ith Clutter

Prob of Target This is the probability given the data that a given target at the last time 

step should be labeled a target. The three rows are the quantiles of these probabilities 

over all of the targets in the last time step in all of the realizations.

Prob of FA This is the same as “Prob of Target” only for false alarms.

We will now reconsider the four hypotheses we posed in Section 7.1 but this time with 

the presence of clutter.
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Recall that the first hypothesis states that the first four simpler simulations will translate 

their error rates to the more complicated CR model case. From Table 7.2 we can see that 

average of the percentages of estimates that were equal to the correct solution for the first 

four simulations, (72.0% +  60.0% + 61.0% + 82.0%)/4 =  68.8%, is roughly equal to the 

percentage of correct estimates for the CR model realizations (67.0%). Also, the percentage 

of births labeled correctly in the birth only simulation (94.8%) is somewhat higher but 

comparable to that in the CR model (83.1%). The percentage of deaths labeled correctly 

in the death only case (79.2%) is also comparable to that for the CR model (70.2%). The 

percentage of splits correct in the splitting only case is close to the CR model, (93.0%) 

versus (87.0%). Lastly the percentage of mergers correct in the merging only case is also 

similar to that for the CR model, (97.0%) to (90.7%). Hence, it once again seems that we 

have some evidence that the first hypothesis is correct even with the addition clutter.

For the second hypothesis, the percentage of births correct in the birth only case (94.8%) 

is again a bit higher than the percentage of deaths correct in the death only case (79.2%). 

This is likely due to the same problems mentioned for the case without clutter. That is 

deaths near the end of the time window and high death rate resulting in shorter tracks. In 

fact, the fifth percentile for track purity in the death only case is only 0.610 here which 

leads us to believe there are a few instances where the algorithm decided to label a short 

track as clutter instead of paying the price for a birth and a death.

For the third hypothesis, the percentage of splits correct in the splitting only case 

(93.0%) is again quite similar to the percentage of mergers correct in the merging only case 

(97.0%). So again there is some good evidence that third hypothesis is correct.
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Recall that the last hypothesis says that the size information will improve the results. 

This was not abundantly clear in the simulations without clutter. However, in the presence 

of clutter, the size information adds quite a bit of discernment power. The percentage of 

correct estimates jumps from 67.0% for the CR model without size to 92.0% for the CR 

model with size. Also if we look at the probability given the data that the correct solution 

is correct we see these are substantially higher when we include size. Lastly, the coverage 

of the 95% confidence sets is significantly improved from 81.0%, to 96.0% when we use size 

in the algorithm.

The coverage of the 95% confidence sets for these simulations 94.0%, 79.0%, 86.0%, 

98.0%, 81.0%, and 96.0% for the six simulations dropped off some from the simulations 

without clutter. One explanation for this, referring back to (5.8), is that these sets assume 

that that the correct answer is in the collection of solutions we obtained from the MHT 

algorithm. If it is not always in this collection, which it is not, then of course our distribution 

given of solutions given in (5.8) will not be correct. Also, since we estimate parameters 

for each of the possible solutions, this also introduces some bias. Overall though, these 

confidence sets and probabilities give a very good general idea how confident we are in the 

estimated solution(s).

Notice that although the estimate is not always the correct solution for these simulations, 

the track purity values are always high. Only 5% of track purities for any of the cases was 

below 0.88 with the exception of the death only simulation which had 5% below 0.610. The 

percentages of Targets correct and false alarms correct were also uniformly high. These were 

usually around 99% for most cases and never lower than 95.2% for any of the simulations.
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CR, Ai=1.0 CR, At=0.5 CR, Ai=0.1
% Best Est Correct 67.0 79.0 99.0

% Births Correct 83.1 88.2 100.0
% Deaths Correct 70.2 91.1 98.2

% Splits Correct 87.0 95.7 100.0
% Mergers Correct 90.7 97.7 100.0
% Targets Correct 99.0 99.7 100.0

% FAs Correct 99.2 99.9 100.0
% Falling in 95% CS 81.0 90.0 100.0

(5%) 0.000 0.006 0.834
Prob of True (25%) 0.207 0.622 0.994

(50%) 0.996 0.970 0.996
(5%) 0.265 0.499 0.836

Prob of Best Est (25%) 0.582 0.803 0.994
(50%) 0.996 0.974 0.996
(5%) 0.000 0.000 0.000

Prob of 2nd Est (25%) 0.000 0.000 0.000
(50%) 0.000 0.014 0.000

(5%) 0.856 0.940 1.000
Track Purity (25%) 0.956 1.000 1.000

(50%) 1.000 1.000 1.000
(5%) 0.869 0.999 1.000

Prob of Target (25%) 1.000 1.000 1.000
(50%) 1.000 1.000 1.000

(5%) 1.000 1.000 1.000
Prob of FA (25%) 1.000 1.000 1.000

(50%) 1.000 1.000 1.000

Table 7.3: Results of 100 Realizations W ith Clutter

7.3 D ecreasing T im e Increm ents

This set of simulations uses a model identical to that of the CR model realizations with 

clutter of Section 7.2. Here however, we use three different time increments, At =  1.0, 

At =  0.5, and At =  0.1. The conjecture here is that even with false alarms, missing 

observations, and a likelihood based on an integrated Brownian Motion model, there is still 

a convergence of the estimate to the correct solution as in Chapter 6. The results of these 

simulations can be found in Table 7.3.
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From Table 7.3 we can see that the estimation does improve substantially as At gets 

smaller. We see a dramatic improvement in the number of correct estimates. The percentage 

goes from 67.0% for the At =  1.0 case, to 79.0% for the At =  0.5 case, to 99.0% for the 

At =  0.1 case. Also for the probability of the correct solution given the data, 25% of the 

At =  1.0 probabilities are less than 0.207, but only 5% of the At =  0.1 probabilities are 

less than 0.834. It is very likely that there is a convergence similar to that in Chapter 6 

happening for this situation as well.
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C hapter 8

A pplication to Rainfall D ata

In this chapter we consider tracking the storms that evolve during the morning of July 14, 

1996 in the images of Figure 1.1. Here we will make use of all the attribute data that we have 

available as well as location. These would include size (radii), orientation, and intensity. For 

the purposes of this problem, we are only interested in tracking the mesoscale convective 

systems, which we will conveniently define to be any storm with major axis longer than 

100 km. This corresponds to roughly 1° latitude or longitude in Figure 1.1. Before, we can 

track the storms though, we must first explain how to identify them from the images and 

measure their location and attributes. This is done next.

8.1 D etection  A lgorithm

The problem of target or object identification in images has been studied quite thoroughly. 

It is not the goal of this thesis to make a contribution in this area, hence a detailed de­

scription of these techniques will not be given. We will however describe the details of the 

particular identification technique we chose to use on the storm tracking problem. For a
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good summary of other imaging techniques, see [51].

Recall, the goal of the detection algorithm is to go through each image and record the 

location of each target, in this case storm, that it finds. In our case, we will record the size 

and orientation of the storms as well.

An image consists of intensity values I i j  for each of the pixels. We start by thresholding 

the intensities at a value a. At this point, all pixels with intensities / j j  < a  get set to zero. 

We then consider all of the pixels with I i j  > a  and we wish to group these pixels together 

to make up the targets.

Simply stated, all pixels with I i j  > a  that are connected to each other are part of the 

same target. We just need to define what it means for two pixels to be connected. There 

are two definitions that are allowed here. Two pixels are 4-connected if the share one of 

their 4 sides with each other. Two pixels are 8-connected if the share a common side or 

corner. We have found that the 4-connected definition works well for the storms problem, 

but certainly the best one to use is problem dependent.

We now have a collection of targets, defined by their corresponding cluster of pixels. 

To specify location, size and orientation of the targets, we will fit an ellipse to each target 

(cluster of pixels). This will be accomplished by estimating a bivariate Gaussian distribution 

for each target and using the 99% contour of the density.

The mean and covariance of the Gaussian distribution used to fit an ellipse to a given 

target are given by the following. Suppose Xij, yi j,  are the coordinates of the center of 

pixel i , j .  The moments, px, j ly ,  ax, ay , and crxy for a given target are given by the MLE’s 

under the assumption that the locations of the pixels, (xi j ,y i j ) ,  that make up that target, 

are i i d  observations from a bivariate normal distribution.
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The location of the target is then given by (p,x ,p,y). The length of the radii of the minor 

and major axes, Ri  and i?2 , of the target are given by those of the 99% contour ellipse. 

Similarly for the the angle of orientation of the major axis Q2 - Refer back to Figure 2.2 for 

an illustration of this. The intensity I  for a storm is defined here to be the average of the 

10 highest pixel intensities R j  which make up the storm.

For this application, the pixel intensities ranged anywhere from 0.00 to 150.00 mm/hour 

of rainfall which roughly equates to 0.0 to 6.0 inches of rain per hour. Most pixels that 

made up storms had intensities between 1.00 and 10.00 mm/hour. We used a threshold of 

a — 0.10 with the 4-connected definition. In addition, we are only considering mesoscale 

systems here, which are storms with i?2 > 1°- All other storms are discarded, so this could 

be considered a second stage of thresholding.

8.2 R esu lts

Here we give some results of the application of the tracking algorithm to this problem. 

Recall that the images in Figure 1.1 are separated by 30 minutes. So this small illustration 

covers a time span of 2.5 hours. Figure 8.1 shows the images after the processing of the 

detection algorithm. It is the ellipses in these images that we will actually feed into the 

tracking algorithm.

Figure 8.2 shows the results of applying the tracking algorithm to the images in Fig­

ure 8.1. Here we used the size, orientation, and intensity attributes along with the location 

in the tracking algorithm. The parameter limits were set to the same as those in the simu­

lations of Chapter 7. The tracks that the storms took given by the tracking algorithm are 

drawn in red. When there is a merger or a split, the red track line connects the parents
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time = 1:00am time = 1:30am

longitude

time = 2:00am

lonoitude

time = 3:00am

longitude

time = 2:00am

time = 3:30am

Figure 8.1: Best Fitting Ellipses of Radar Reflectivity Images
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to the children. We can see an example of this between 1:00am and 1:30am where the 

two storms in the south west corner of South Dakota merge together into one storm. Also 

in this same time interval, the large system over Alabama and the panhandle of Florida 

splits apart into two smaller systems. The reader is also referred to the following website, 

http://www.stat.colostate.edu/~storlie/ncar/, to see a video of the raw data, the processed 

data, and the solution with the track lines. The corresponding links from the above web­

page are “Rain Fall Video” , “Cleaned Rainfall Images” , and “Paths Given by Tracking 

Algorithm” . These videos cover a longer time span as well, from 1:00am to 1:00pm on July 

14, 1996.
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Figure 8.2: Best Fitting Ellipses with Tracks
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C hapter 9

Conclusions & c  Further Work

In this thesis we have presented a novel approach to multiple target tracking which allows 

for birth, death, splitting and merging of targets. The model we proposed incorporated the 

events of birth, death, splitting, and merging of targets into the likelihood, as well as missed 

detections and false alarms. Track estimation was then accomplished purely by considering 

the distribution of the relevant variables given the data. There was no need for hypothesis 

testing to initiate and terminate tracks as an intermediate step. We also addressed the 

problem of how to quantify the confidence in the results of a tracking estimate.

In addition, we gave some theoretical justification for this approach to multiple target 

tracking in terms of sufficient conditions under which the estimate will converge to the 

correct solution. In doing so we realized the importance of using a robust estimate of the 

variance component for the random process Gi{t). The results obtained by the simulated 

data also gave strong evidence that this estimation procedure works very well even in the 

presence of clutter and missing observations from targets.

Finally the utility of the method was demonstrated on radar reflectivity data collected
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over the United States. The algorithm successfully recovered the storm tracks along with 

the merging and splitting events.

In the future we would like to address many other concerns related to multiple target 

tracking estimation which were not investigated here. These are summarized below.

• Theoretical Results

— Allow for missing observations and clutter in the Theorems of Chapter 6.

— Examine the properties of assuming an integrated Brownian Motion model.

• Develop a procedure for sample size (or At) determination for tracking problems.

• Improvement to the Optimization Algorithm

— Develop a way to approximate the conditional distribution of a new observation 

by updating, similar to the Kalman Filter, for this model.

— Possibly incorporate a track orientated approach or a method similar to Cox’s 

implementation to efficiently find the N  best solutions.

• Application to Storms

— Improve the identification procedure to more intelligently identify storm objects.

— Recover the tracks for several months worth of real data and compare the results 

to those of regional climate models.

• Apply the method to the 2 dimensional turbulence simulations of Section 1.1.2.
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A p p en d ix  A

M ean and Covariance Calculations

Here we calculate the mean functions EAj(f), EDi and the covariance functions Cov(A}(s), Xj(t)),  

Cov(A}(s),D j ) ,  and Cov ( D i , D j ) .  Recall in Section 3.1.3 that these are calculated before 

conditioning on any merging events.

As in Section 4.3, let

B — {i : target i is an initial target or a birth}

S = {i : target i is the result of a split}

M  — {i : target i is the result of a merger}

Also let n(B), n(S), and n(M)  be the number elements in these sets respectively. The 

location equations for a target resulting from birth, split, and merger from (2.3), (2.7), and
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(2.5) are given here again for convenient reference as

Xi(&) +  *?(&)(* -  &) +  CiGi{t -  ii) for i £ B

Xi{t) =
x P i , i  ( & )  +  V v  +  x 'P i A  ( & )  +  V ' s . i  ( *  “  & )  +  -  & )  f o r  i  6  S'

2 ( ' ^ P i , l ( ^ » )  "f" - ^ P t , 2 ( & ) )  "f" ^7 7 1 ,1 +  f ° r  i *= A f

f ( * ; Mte ) +  ^ i2& ))  + (t -  &) +  cnGi(t -  eo

where we are assuming that Gj(t) is an IBM. Also recall that we actually observe 

X i(t j) ~  x i{tj) + ej f°r each time point tj. We give the target velocities for the three cases 

as well,

X'(&) +  OiBiit -  &) for i e B

x 'i(t) = l + for i & S

 ̂ I  + X 'ii2& ))  + +  aiB.it -  &) for * £ M.

Lastly, the variable Di for i = 1 ,.. .  ,n(M ) from (3.25) where n ( M ) is the number of

mergers is given as

(A.l)

We will use the following notation to denote the means and covariance of path locations
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and velocities

=  E Xi{t) (A.2)

=  E X'(t) (A.3)

7ijOM) = Co v(X?(s) ,X?(t)) (A.4)

-  Cov(Xi(s),Xj(t)) (A.5)

7i,j(s,t) -  Cov(Xi(s),Xj(t)) (A.6 )

7 = Cov(X'(s), X'-(t)) (A.7)

7 =  Cov(Xi(s),X i (t)) (A.8 )

Ti(M) =  Cov(Xi(s), X '(t)) (A.9)

7 =  Cov(X '(s),X '(t)) (A.10)

Note that for the purposes of likelihood calculation, we are only interested in the func­

tions given in (A.2) and (A.4) above. However, the expressions for these two functions will 

depend on the others, so in the following, we will need to write out expressions for all of 

these functions.
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A .l  M ean Functions

We can write out the mean functions for location for the three cases of birth, split, and 

merger as a recursive formula,

+  (*  -

/•Ji(t) — < Mpi,i(£i) ~b (f — £0 /^ ,! (£i)

2^4,1 (£0 “b 2^Pi,2 (£*) 2^ ^4,2^*))

if z G .B 

if i G 5 

if i € M.

(A-ll)

Eventually this recursion will lead back to a parent target which is an initial target or a 

birth, at which point the recursion will terminate. We can also write out the mean velocities 

for the three cases in a similar manner,

Vx'

2 (b'pi,i(&) + ^ 4 ,2 ^ ))

if i G B 

if f g S 

if i G M.

(A.1 2 )

Of course the mean of Do can be written as

E -D i fldi 1 ( ^  3 )  Md*,2 (^ 1 ,3 ) (A.13)

A .2 Covariance Functions

Now we will consider the calculation of the covariance functions. First realize that

= H,3{s,t) + a2XeI [i=j}I {s=t}. (A.14)
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Also for Cov(Xj(s), Dj), and Cov(Dj, Dj) we have

Coy{Xi{s),Dj) = H,dj:l{ s ^ dji3) ~ li,dj,2 (s^ d ji3) (A.15)

Cov(Dj, Dj) Idi'i ,dj,i (£di,3 i Cdj:3 ) T,<fi,i,dj,2 (£<h,3 > ^dj:3) 7di:2,djti (£di,3 > £dj:3) T

1<ii,2,4j,2 (£̂ 1,3 > ̂ dj:3) (A.16)

so we need just to write out an expression for 7 i j (s , t ) .  This will require the following 

definition. Let two paths i and j  be connected if one is a byproduct of a splits and/or 

mergers of the other. That is they are relatives in the sense that there is a way to trace 

back the genealogy from one to the other in the family tree. Define the indicator 6ij to be

1 if path i is connected to path j  
Sij = <( (A.17)

0  otherwise

It is clear that 7 ij (s,  t) =  0, whenever 8ij — 0, since paths are independent unless they are 

connected. Consider now calculating the covariance function 7 i j ( s , t )  when = 1 , i < j  

and j  e S.

7i,j(s i 0  =  C ov^X i(s)  , X Pj x( £ j )  +  7pSij  +  X pj  l {^,j) +  ips j  ( t  — £ j )  +  a j G j ( t  — £j)^

=  (s > £j) +  {t  ~~ j ( a  £:/)• (A.18)

Using this same idea, we can calculate the case for Sij — 1, i < j  and j  £ M  as well. If 

i < j  and j  e B  then necessarily 81:J =  0. This is true because if i < j  and j  G B,  then 

be the way we have organized the labels, & < £j, and if target j  is a birth, there is no way 

they can be connected. Since we always break down the larger index into the contribution
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from its parents, we will eventually get to the covariance of a parent(s) tha t is a birth or

initial target and the recursion will terminate.

Hence we have

7 i ( M ) if i = j

=  <

7i,PjA (s, Si )  + (t -  ^ )7 iiPiil (s, &) if =  1, i < j,  j  e S'

2 (Wpj, 1 (S’ £*) d" 7i,Pj,2 (s ) £*)) d"

^  &) + 7'i,Pji 2(s, S i ) )  if k j  = 1, i <j ,  j  e M
(A.19)

if <5io- =  1, i > j

otherwise.

We can also calculate 7 I -(s,t) in the same manner as in (A.18). Although, now we 

cannot use the symmetry of the function if i > j.  So consider calculating 7 for the 

case when — 1, i > j  and i £ S.  We still want to break down the larger index into its 

parents, so we can write this as

' )  =  Cov ( x Piil(£i) + iljS!i +  X'Pt l {Si) + ipsj {s -  Si )  +  <Ti Gi { s  -  Si )  , Xji t))

= 7 pt,1j(Cof) +  ( s -C i) 7 pi,1j ( 6 ,f)- (A.20)
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The other cases are similar and 7 - j ( s , t )  can be written as

7 ' ( M ) if i = j

=  <

if Si<3 =

5  (7 l,PjA (s, &) + 7i,Pji 2 (s, &)) if <Jij =  1 , i < j , j e M

Ip i . i j t e ’Q + (s ~ ^  k j  = 1, i >  j, j  £ S

^  (jp'i.i if = 1, i >  j, j  € M

0 otherwise.

(A.2 1 )

In the same way we as in (A.19), we can calculate 7 i), since we again have symmetry 

in the function.

7" M ) if i =  j

=  <

7"Pjil(s ,6 ) if =  1, i < j, j  £ S

5  (%%, j (s, &) + 7" Pj- 2 (s, &)) if k j  =  1, i < j ,  j € M

if k i  ~  1 > i >  3

(A.2 2 )

0 otherwise.

Moving on now to the function j i (s, t ),  we can use the same technique in (A.18) but 

now breaking down both arguments to the covariance since they are the same path. For
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example, if target i  is a birth or an initial target, then we have

7i(a, t )  = C o + X!(&)(s -  &) + O i G i i s  -  &) ,

* i& )  + X'i i&it  -  &  + <yiG>(t -  &))

=  aXo + (s -  ZiW -  Zi)°x' + V i C o v ( G i ( s - £ ) , G i ( t - £ ) )  (A.23)

where for an IBM

Co v(Gl (s),Gi (t)) =
(sA t)2(s Vt) {s A t y (A.24)

If target i is a split then we have

7 i0 ,f) =  Cov( x p il (£i) +  il)Syi + X '.il(^) +  V's,i ( s - & )  +  criG i(s-& ) ,

*Pi,i & ) + V’s.i +  [ * ^ ( 6 )  + < i ]  (* -  &) +  -  6 )

— 7pi,i(&>&) +  ^  +  (f + s -  2£j)7pi|1(£i,&) +

(s -  m  -  &) + <4,) +  afCov(Gi(s -  £),<?<(* -  0 )  (A.25)

and the calculation is very similar for a merger. The general form for 7 i(s,t) is then given
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by

= -

ax 0 + (s -  €i)(t ~ ii)o2x , + afCov(Gi{s -  £),Gi(t -  £)) if i G B

7pi,i (£i> £i) + ff| ,  + (f + s — 2^ ) 7 ^.^ (£i, £i) +

( s -  &)(£ -& ) (7 ^ ,! ^ .^ )  +0-X') +crl2Cov(Gi( s -  Q,G'i(t -  £)) if i € S

4 (7 pi,i (£i> Ci) +  7p-i,2 (£»> £t)  "h 27pi,i ,Pi,2 (£*> £*))  "h crx m +

£±̂  (7 ^ , , ^ . ^ ) + 7 ; ,2t e , ^ ) + 7 ; >ltP,,2(&,&)+ 7 ;,,2,Pl,,(&,&)) +

-  (7p4il(€i,ei)+7^,a(&,ei)+ 2 7 ^ ,* ,„& ,& )) + 

„ {s -  ti)(t -  Zi)(Tx! + cr?Cov(Gl(s -  £ ) ,G i ( t - £,)) if i € M.
(A.26)

Making use of the same strategy as in (A.23) and (A.25) we can calculate 7 l(s,t) to be

7 i ( M )

(s -  ii)cr2x , + afCov(Gi{s -  £), G'(t -  £)) if i 6 £?

7pi,! (&> 60 + (s -  60 (7^,! (€i, 60 + <T ,̂) + cr?Cov(Gi(s -  £), G'(t -  0 ) if i € 5

4 ('I'pi,! (6i j 60 +  7pi:2 (6i> 60 +  7pijl,p.ii2 (6ii 60  +  7pii2,pi,i (6i> 60^ "t

( 7^,! (6i> 60 +  7p,,2 (60 Si) +  27pI,1,pii2 (6i, 60 )  +  (s -  6 0 ° i;i +s  —; 
4

{ <T?Cov(Gi(8- £ ) ,& & - £ ) ) if i G M. 
(A.27)
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For the IBM,

Bi(u)du ) Bi(t)

E{jBi(u)Bi{t)} du

5

(u A t)du

(s a  t y
4~ t(s — s At)

Lastly, we can use the same strategy to calculate 7 f(s, t),

=  <

a ^  +  ^ C o v ^ - O ^ ^ - O )

7" , 6 )  +  4 '  + °f Cov(G'(s -  0 ,  G '(t -  0 )

3  ( ^ ll(6 . 6 ) +  '/w,a(6 . 6 ) +  2 ^ lllW>a(6 , 6 )) + 4 ^  

[ <T?Cov(G;(S - 0 . G ; ( i - 0 )

+

if z 6  B  

if i £ S

if i £ M

and this completes the description of the covariances.
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A p p en d ix  B

Lemmas

Here we present the Lemmas used in the proofs of Chapter 6. All of the results in this 

chapter assume the Brownian Motion model given in (6.1). We begin with the Law of 

Iterated Logarithm for 2 dimensional Brownian Motion. The proof of Lemma 1 for Brownian 

Motion in d dimensions can be found in [35]. Let ||-|| denote the Euclidean norm.

Lem m a 1. (Law of the Iterated Logarithm) For B  a Brownian Motion in 5ft2,

Lemma 2 is Levy’s Modulus of Continuity for 2 dimensional Brownian Motion. 

Lem m a 2. (Levy’s Modulus of Continuity) For B  a Brownian Motion in 5R2,

do (2iloglog(l/f))

(2e log(l/e))1/2
(B.2)
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Proof. This follows the same general argument as for the one dimensional case given in [49]. 

We will only show that

sup
\  0 <t l <t2<i ( 2 e l o g ( l / e ) ) 1/2 

*2 —t i < e  )

< 1 > -  1 (B.3)

since this is all that is needed in the propositions of Chapter 6. To prove the other direction 

is actually simpler and can be done by following the logic of the proof given in [49] with 

changes similar to those that we make here.

Pick 5 <£ (0,1) and e > 0 such that (1 +  e)2(l — <5) > 1 +  S. Let K  be the set of pairs 

(i, j ) of integers such that 0 < i < j  < 2n and 0 < j  — i < 2nS and for each pair set k = j  — i. 

Also let h(t) = (2t log (l/t))1/2. Set

L = P { max I T O 2 - " ) : y - " ) l l > 1 + 4 . (B.4)
h(k 2 -n) ' y ’

Now

m 2 ~h(k 2-n)(' 2~n)l1 = (21og (fc_12n) ) - 1/2^ 1/2 (B.5)

where X  ~  x |- The distribution of Y  =  c X 1!2 is given by

M M  =  (B-6)
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Hence,

/ o c  o  ,

— -(21og(fc-12"))ye-(21ô - l2n))*/ !2dy 
+ e L W

r  o o

= c  yZ (los(fc~l2n)) / ve~y /2dy{ ~^K 7 ( l+e )(2 1 o g (fe - i2 " ) ) i /2

=  c j  (log(/c_12n)) exp (—(1 + e)2(log(fc-12n)))
(ij)GK

=  C ^  (log(A;-12n))(fc-12n)-(1+£)2

where C is a constant. Since /c_1 is always less than 2~nS, we further have

L < C2- n^ -m + e )2 ^  (log{k~l 2n))

Moreover, there are at most 2n(1+l5) points in K  and for each of them k is greater than 1, 

since i < j ,  so log(fc-12n) < log(2n). And finally we have

L < C'2“n(1“5)(1+£)22"(1+^(log(2n))

—  (7'n2 -n((1- ,5)(1+£)2- (1+5))

By the choice of e and <5 this is the general term of a convergent series; by the first Borel- 

Cantelli Lemma, for almost every u> there exists an integer N ( lo) such that for n > N(u>),

\\B{j2-n) - B ( i 2 - n) \ \< { l  + e)h{k2-n)

where (i,j)  £ K  and k =  j  — i. Moreover, the integer N (u)  may be chosen so that for
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n  >  N(u>),

Y  h(2~m) < C'h(2~n) Y  (p2~p) 1/2 < bh{2-("+i)(i-«)). (B.7)
m > n  p > I

Let w be a path for which these properties hold. Pick 0 < t\ < t2 < 1 such that t2 — ti < 

2-JV(w)(i-5)_ pick an integer n > N(u>) such that

2 ~ n  < 2-(n+ l)(l-5)  < t 2 - t i <  2~n^ ~ S\

We may find integers i, j ,  pr, qs, such that

h  =  %2~n -  2~Pl -  2~P2 -  . . . ,  t2 = j2~n + 2~qi + 2~q2 + ...

with n < pi < P2 <■■■, n < qi < q2 < . .  ■ and 0 < j  — i < (t2 — fi)2~n < 2nS. Since B  is 

continuous,

\\B(t2,u) -  B(ti,ui)\\ < \\B(i2~n,uj) -  B ( h , u )|| +  \\B{j2~n,u>) -  B(i2~n,u)\\ +

|| B{t2, u ) - B ( J 2 ~ n,u,)\\

< 2(1 + e) Y  h{2~p) + (1 +  e)h ((j -  i)2~n)
p > n

< 2(1 + e)5h (2-(n+1^ - 5̂  +  (1 +  e)h ((j  -  i)2~n) .

Since h is increasing in a neighborhood of 0, for t2 — t\  sufficiently small, we have

\\B(t2,u>) — B(ti,u>)\\ < (2(1 + s)5 +  (1 +  e)) h(t2 — ti). (B.8)
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But e and 5 can be chosen arbitrarily close to zero which gives

||B (t2,u) -  B ( t i,w)|| < h(t2 -  h ) .  (B.9)

and completes the proof.

□

For the purposes of comparing likelihoods, we need a convenient form for the location 

density. This will require the following Lemma. To write the overall location density, 

each observation is conditioned on the previous observations and all of the Dj variables 

from the mergers. We then take the product of all these conditional densities. Let X i  = 

(Xiti , .. . ,X i ,nJ  and let

Xi,j =  (X ^ i , . . .  , X itj, X j_ i , . . .  , X i , D i , .. . ,D Nm).

As usual let Uj be the j th time at which the ith target is observed. Notice that we can 

write the x component of the likelihood as

m rii
{ X \ (U 1V,V)}(X) = H l l [ X i j \ X itJ- 1}

i=lj=l

So we will need to give a convenient expression for [Xij \ X i tj - 1].

L em m a 3. Under Conditions 1-10 of Theorem 1, the distribution of X i j  given IFij - 1  is
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Gaussian with mean and variance given by

H = X i{ t i j - i )  +  0{k  x)

a2 — A tijcr2 +  0(fc~2) (B.10)

for j  = 2 , . . . ,  ni

Proof. We can write the density of X i j  given X i j - 1 as

/ OO
[Xitj,Xi{C) | X i j - i ] { x ,x c, f i j )d x c (B .ll)

-OO

where C is the termination time of the ith target. But

[Xij,Xi(£) | Xi j - i ] (xj , x^,  fij) = [Xij  | Xj ( £ ) ,  , fi,j)'[Xi(( )̂ | fij)

i ^ h j  I t j ~ 1 > (0] (x j ; x j  — 11 x<̂)' [ X i  (£) | X i j  — \ \ ( xQ,  f i j ) .

For convenience of notation, drop the subscript i on t j j  to let tj =  t i j .  Now the conditional 

distribution of X i j  given X i j - i  — Xj-i  and W(C) =  x£ can be shown to be Gaussian with 

mean and variance given by

C -  tj A ti
H =  j — . X j - i  +  j —  z cC, -  tj-1 Q -  t j -1

r 2 =  A t j 0 2 - - ^ ^ c 2. (B.12)
C t j -1

Also the conditional distribution of Xi(()  given X i j  — f i j  is Gaussian with mean and

variance denoted by /ix< and o2(.. Notice that we never observe Xi(Q  so this conditional
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distribution has a variance a 2 >  0. We can then write the integral in (B .ll)  as

C

Following some tedious algebra we can see that the above expression is equal to

2(a2A tj — O (A tj)2)

which we can recognize as the density of a Normal distribution with mean Xj-\ +  O(Atj) 

and variance a2A tj — O (Atj)2. Now using Condition 1 gives the desired result.

The following Lemma is a version of the main Theorem proven by Shepp in [56]. We will 

say that two measures pi and p,2 are equivalent if they have the same sets of measure zero. 

We will denote this m  ~  ^ 2 . This Theorem gives necessary and sufficient conditions for a 

measure px  imposed by a Gaussian process X (t ) to be equivalent to the measure imposed 

by a Brownian Motion, /j,b • Let m(t) =  EX(f) and 7 (s,t) =  E(X(s) — fx(s))(X(t) — p(f))

Lem m a 4. (Shepp’s Theorem) Assume that (d/ds),y(s,t) — is continuous for s 7  ̂ t. Then 

h x  ~  Hb if  and only if

□

(<9/<9s)7(s ,  s + ) -  (d/ds)'j(s, s ) =  1 , for 0 < s < 00 (B.13)
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and there exists a function k £ L 2 for which

m(t) — / k(u)d\u. (B.14)
o

The function k is unique and is given by k(t) =  m!{t) for almost every t.

We will now use Shepp’s Theorem to show that the measure imposed by a Brownian 

Motion conditioned on {Dj : 1 < j  < N m} is equivalent to p s

L em m a 5. Assume that B is a Brownian Motion. Consider the measure, /a* imposed by 

B given (D\ =  0, ,Dpfm = 0 )  where Dj is the difference between parents at the time of 

merger plus an error defined in (3.25). Then p* ~  ps-

Proof. We just need to show that the conditions (B.13) and (B.14) hold. But the second 

condition is trivially satisfied since m{t) =  0. So we just need to show that (B.13) holds.

Let s < t  and let E be the covariance matrix for the vector (B(s), B(t), D \ , . . . ,  Dpfm)'. 

Also, let Ei and E2 , be the covariance matrices for (B (s), B{t))' and (£>1 , . . . ,  D ^ m)' respec­

tively. Finally let E 12 be the matrix that contains the pairwise covariances of the elements 

in (B(s),B(t))' with those in {D \, . . .  ,Djvm)/ as its elements so that

(B.15)

Notice that

(B.16)

157

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for some functions f i , , /jvm- The matrix £ 2  is symmetric so let . . .  , v ^ m and A i , . . . ,  Aj\rm 

be its eigenvectors and eigenvalues respectively. We can write the covariance matrix of 

(B(s), B(t))' conditional on (D \ , . . .  ,DNm)' as

S * v* v-'
=  2 j 1  —  Z j  1 2 ^ 2  ^ 1 2 - (B.1 8 )

The off diagonal element of the matrix £ 1 2  £ 2 * £ 1 2  is given by

-1

(  h i t )  X 

h i t )
Y- ^ s^  '' ■’f N™ W)v v 'i=1

Nm Nm -j 

/ni=1 j= 1

1 h i t )  x 

h i t )

\ fN mit)J 

(B.19)

This gives j ( s , t )  = Cov(B(s),B(t)  | (D1 , . . .  ,D ^ m) in general as

Hence we have

N m Nrr1 Ym  -1 y m  -|

7(s, t) = s A t - J 2 Y ;  Y vi j h i s)h it)
1=1 j=l

(B.20)

A
<9s

7 (s,s+) =
■̂m -1

1 _ E E r 4 / i ( s)/*(s)1 1  'n t = l J = 1
-/Vm -Nm -

i=l

(B.2 1 )

(B.2 2 )
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which satisfies (B.13) and completes the proof.

□

The next two Lemmas are needed to compare the location densities of two different 

sequences of solutions (U,V,V)k and (U,V,V)k- It gives a bound for the ratio of two 

location densities for two track segments with different X i j  variables. Let Xiit) =  Xij> for 

j '  =  max{j : t itj < t}.

Lemma 6. Assume Conditions 1-10 of Theorem 1. Let 0  be the set of all pairs of tracking 

solutions sequences, Ok — (JA,V,V)k and Ok — {U,V,V)k that have one of the differences 

la, lb, 2, 3, 5a, 5b or 6b from the propositions. Consider a track segment ( x i , . . .  ,x n> ) 

such that

{Xh {tj'),. . . ,  =  (X i2{tf ), ■ . . ,X i2(tj>+n>k)) =  {xu .. . , x n,J for all k

for some i\ and 1 2 - I f  X j  {tp) and X i2(tj/) are both the first observation of a track in their 

respective solutions then

sup =  0(1) as k —► oo a.s. (B.23)

and

r w * u ( v + i - i )  I ^ i ( V + , - 2 ) ] ( ^ )  n \ \ b  i r o  r,A\sup ——--- ;----------------- ;--------------------- < a(log(fc)J as k —> oo a.s. (B.24)
(0k,0k)&& YlMXnto'+i-i) I J'h{tj'+j-2)](xj)

for some constants a and b which depend on o j .
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I f  neither X ^ t y )  and X i2(ty) are the first observation of a track in their respective 

solutions then

sup < a(log(fc))b as k —» oo a.s. (B.25)

for some constants a and b which depend on lu.

Proof. For (B.23) consider the case where target i\ is a birth. Then

[Xh {ty) | ^ 1( t / - 1)](xi) < (f)(0-,0,a2Xo) (B.26)

which is the mode of the normal density for the initial position of a target resulting from 

birth. This is true for any 0. Similarly if target i\ is the result of a split or a merger, then

X n ( ty )  | ^ i i ( V - i )  (Ti) < and

Xiiitj1) I fiiitj'-i)} (xi) ^ 4>{0',o,vxm)

(B.27)

(B.28)

respectively. Let C\ be the maximum of the three quantities in (B.26), (B.27) and (B.28). 

Now for any Brownian path on a finite interval

P  sup \B(t)\ < 0 0  =  1.
\ 0 < t < T  I

Hence for every w in a set with probability 1,

sup |.B(f)| < M (u) < 0 0 .
0 < t < T
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so we know that x\  is less than a constant for all to. Also, [Xi2(tj/) \ (iy_i)](x) > 0

for —oo < x < oo since for any of the three cases (target i2 resulting from birth, split, or 

merger) it is a diffuse distribution. Thus

 ̂ inf [Xi2(tj') | i 7il(fj/_i)](a;j) > C2(ui) > 0 
(OkA )e e

and finally

bliP A A ^  —
kt0k)ge [Xi2{tj') I •^ii{^j'-l)](x l) 2

which gives the first result.

Now consider the ratios in (B.24) and (B.25). We only need to show (B.24) since they 

are equivalent if in (B.25) we relabel x\ as x 2 and so on. By Lemma 3 can write the ratio 

in (B.24) as
nk

I L i 2[ * i a ( V + i - l )  I 3~h{tj'+j-2)\{xj) \j=2
Y I a A - B  (B.29)

where

A? — \
27rA^,d2 +  0(fc-2) 
2ttA t*,a2 +  0 ( k ~2) ’

(B.30)

~  \ h  T 2K i ^  +  0 ( k - i )  " + j j ( 31)
and all of the 0 ( h ) are possibly different functions that tend to zero like ch as k —* oo.

We will need to calculate a bound for how much different the estimates a2 and <r2 can 

be. Notice that in the conditions of any of the propositions, a2 and cr2 can be different only
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by one term in the sum. That is for

a =
1 y -  y ^  Xj(t j tj+1) — Xj(t j tj )2 j.

~fj ^  A t i j  E i ji=i j=i
 ̂ m  rii- 1

-
iV i=i j=i

(B.32)

and

~ 2 _  A t( t j j+i) -  Xj ( t j j )2
a ~  N 2^ 2^  A ^  ^2—1  ̂= 1 w

fa fii-1

A' i ■ i t=i ]=\
(B.33)

where recall E ij  is given by

At
< \/log log N (B.34)

and E i j  and E i j  denote E ij  for the two solutions 9 and 9 respectively. Now all of the 

D ij = D ij  except for possibly one, and \N — IV | < 1. Assume for the moment that 

N  = N  -  1 and that D^ji  does not appear in the estimate a2. Then

i . 2  ~  2  _a — a =
m rii m rii

2 = 1 j = 1 2=1 j = 1
rh fii

/ ( N ( N  -  1))

EE Did | / ( N { N - 1 ) ) + D i, j , / N
i=i j= i

= - a * /N  + Dild, /N (B.35)
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so that

- a 2/ N  < a 2 -  a2 < i> l j , /N

■2
but Dl, j, < c y log log N  by Condition 6 and a2 < K  for some constant K  < oo by 

Condition 5. So we have

K / N  < a2 — a2 < c \ j log log IV/ N

Then assuming that N  =  N  +  1 gives us the reverse inequality which gives us

\a2 — a21 < c^/log log N /N .

Now considering the quantity Aj  in (B.30), since |<r — a \ < (clog log N ) /N  we have

Aj
I a2 +  0 (k  *) 
<T2 + 0(fc_1)

I ^ _ - 2  + 0(fc- 1)

y a2 + o i k ^ 1)

< \ j l + C 2 \j\og log N / f t .

< \JI  + (c2 log log f t ) / f t .

since f t  < ck. But f t  > n'k — 1 so

Aj < ( l  + (c2 log log !V)/jV) / ■
i=2
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Now if rifc —> oo as k  —> oo, then

( l  + (c2 log logiV)/iV^ 
(logiV)c2 /2

N /2

so that
rik

n  Aj < (log N ) ĉ 2
3 = 2

eventually which means that
nk

Aj < ca(logk)°4.
3 =  2

(B.36)

Of course if n'k is bounded then H j= 2  Ai is also bounded.

Now for B  notice that

(xj -  X j-i + 0(fc-1))2 — (Xj -  i)2 +  (xj -  Xj_x)0(fc_1) +  0(k~ 2),

2A t )u 2 + 0(fc-2)

and

2A t)b2
2AtjCr2 + 0 ( k - 2)

1 +
d2 -  a2

^  + o ( t - 1) - 1 + l Clv 1°e l°gJVJ /iV

So we can write B  as

B = exp { £  ( -  ~ * {XS~ ^ 0{k~l) + 0 ( t ~2) (1 + Q ( t- ‘))
0=2

(B.37)

+ (x , -  X, - , ) 2 + ( x ^ -  ^ l ) O ( f ' )  + Q(k~2) ^  + 0

n. ix , — Xj_i)20(fc_1) + (a;j — Xj_i)0(fc~’) + (x, — x,_i)20  h/ioglogTV/M +0(k~2)'

eXPlX ! ~ ------------- ------------------------- ---------------- -------------
j= 2 2A t?d2
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Now this track segment is from a solution from the conditions of one of Propositions la, 

lb, 2, 3, 5a, 5b, 6a, or 6b so all of the tracks are correct tracks segments. Hence all of the 

(xj-i ,X j)  pairs are consecutive observations from a scaled Brownian path. Therefore

~ A f(0 ,a 2).

Thus if n'k —» oo and remember that n'k < ck, then for any solutions 6 and 9, B  is no more 

than

exp _L V ' W  ~ Xi-V  u \k )nk + Y  [Xj jy ^ n fc log log nk ^
j = 2  J  2(7 \^=2 ^2At*n'fc log log n‘k J  2,J~Atja2

< n‘k . , \  o  (\J\og log N / f l \  \j2n’k log log n'k n'
V  - A l - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - i V o r 1 )

Vp—2 2Atj n!k log log nk J 2^J A t fa2 j= 2

The first term in the exponent is 0(1) a.s. by the strong law of large numbers. The second 

term is less than (C2 loglogfc) a.s. by the Law of the Iterated Logarithm and the fact that

7ifc < ck for some constant c by Condition 1. The third term is less than (Cs^Jk/Nloglogk)  

a.s. also by the Law of the Iterated Logarithm and the fact that N  < ck and ri)c < ck for 

some constant c. The last term is 0(1) because we are adding up less than k terms which 

are all 0(fc_1). Hence we are left with

sup B < exp < Ci + 0 2 log log k + C3 J  log log k > .
( W . l «  I  V jv J

But in the propositions, we are restricting the solutions to have at most a total of M  tracks. 

This means that for some constant c, N  > ck for any solution, since at least one track must
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be accumulating observations as k —> oo. Thus

sup B  < exp {C^ +  C'2 log log fc} =  a(log k)b
(^ A )e e

(B.38)

for some constants a and b. Combining this with (B.36) gives the desired result.

□

Lemma 7 states that the probability that any of the 2 dimensional Brownian Motion 

paths will intersect at a any time t in a finite interval is zero. This Lemma is an immediate 

consequence of Proposition 1.4.1 on page 353 of [36].

Lem m a 7. Consider any two (x ,y ) paths (Xi,  Yi) and (X2 , Y2 ) from, the location model in 

Section 2.3 where Gi(t) is a Brownian Motion Then,

Lastly, Lemma 8 states that our robust estimate of the Brownian Motion variance term 

is consistent.

0 < t < l
(B.39)

Lem m a 8. The estimate a2 given by (6.2) is strongly consistent as k —> 0 0  when applied to 

the any sequence tracking solutions, {U,V,'P)k, that has less than M  tracks and its tracks

are made up entirely of correct track segments.

Proof. Recall
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where N  — Y^T=i n i- Under the the assumption that all of the tracks are correct track 

segments, for each of the terms

-fofo’j+i) ^  j\f(o c?)
Tj

and they are independent. If we let (Z*)2 =  Z 2IEij then we can write <j\ as

3 = 1 3 =  1

where Zj W(0, a2). There are a finite number of tracks in (Vi, V, V)  which means N  > c\k 

for some positive constant ci, so N  oc as k —> oo. Hence it is sufficient to show that

j jS lf  —> cr2 a.s.

Let un — [anJ , for a > 1 which is fixed for now. We first need to show that

E p
71=1

C *  TP C *
Un Un

>  6  <  O O (B.40)

But

Var(S*n) = J 2 VaT((Z3 * f ) ^ E  E ((Z3*)4)
k=1 k=l

= nE ( Z p Ei .) < nE (Zf )  = 2na2. (B.41)

So it follows by Chebyshev’s Inequality that the sum in (B.40) is no more than
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Now y  < 2[j/J for y  >  1 so we have that

OO OO -
Y  ±  < Y  ± 2 a - n = K

^ ?#._ ^  7/„
< 00

U n  XLr,
n ~ 1 n=l

and finally

E *
n=l

O* I?  o *
^ U n  ^ U n

Ur
2<r2

> £ I < —7tK  < O O .

Hence by the first Borel-Cantelli Lemma, we have

Q* T7 Q*
U'n u n > e eventually J  =  0

for all e > 0. Taking a union over positive rational e gives us that (5*n 

a.s. But

ES*Jn =  E (Z*)2 -» EZ) =  u2,

so that S*n/u n —> cr2 a.s.

If un < k < un+1 , then

< SI  <  u„+i S,‘ tl.;

b u t  U n - \ . \ / u n  — > OL SO

— a 2 <  l i m ^ -  <  l i m ^ -  <  a a 2 a.s. 
a k k

This is true for all a  > 1. Now take a [ 1, rational, and we have

T  /v 9 T  ^ / V  2
l i m  a t  =  l i m  —r r  =  0* a . s .fĉ oo K oo iV

168

-  E S * n ) / u n  -  o

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



□

C orollary 1. The estimate a2 given by (6.2) is strongly consistent as k —> oo when applied 

to the correct sequence of tracking solutions, (U,V,V)k-

Proof. Immediate consequence of Lemma 8.
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