
CONDITIONAL PROBABIliTIES OF OCCURRENCE 

OF WET AND DRY YEARS 

OVER A LARGE CONTINENTAL AREA 

By 

Subin P inkayan 

April 1966 

12 



CONDITIONAL PROBABIllTIES OF OCCURRENCE OF WET AND DRY YEARS 

OVER A LARGE CONTINENTAL AREA 

April 1966 

By 

Subin Pinkayan 

HYDROLOOY PAPERS 

COLORAOO STATE UNIVERSITY 

FORT COLllNS. COLORAOO 

No. 12 



ACKNOWLEOOMENTS 

The writer wishes to acknowledge the support of the U. S. 

National Science Foundation in the research leading to this hydrology 

paper. A rcsearch assistantship was awarded to the writer by 

Colorado State University. Research on this paper was initiated 

and carried out while the writer was studying towards his Doctor 

of Philosophy Degree at this university. The writer wishes to ex­

press his appreciation for the guidance by Dr. V . M . Yevdjevich, 

Professor or Civil Engineering, and ror advice by Dr. M. M. SiddiqUi, 

Proressor of Statistics , in conducting research presented in this 

paper. 

iii 



Abstract 

n 

ill 

IV 

V 

TABLE OF CONTENTS 

Introdu ction . 

t. Significance of this study. 
2. Definition of wet and dry years 
3. Objectiv e "",.. .. 
4 . Method of investigation 
5. Two methods of computation and analysis of data 

Mathematical Models 

1. Selection of mathematical models . 
2. Model I: Independe nce. • • . . , 
3. Modelll: Exponential dependence. 
4. Model W: Linear dependence 
5. Model IV: Hyperbolic dependence. 
6. Measurement of goodness of fit of mathematical models. 

Investigation of Goodness of Fit of Mathematical Models By The First Method 

1. Dataused .... . ..•.•. .. , ~ . ... .. • .. 
2. Synoptic maps of wet a nd dry years in the Western United States 
3. Sequence of the percent of areas having wet and dry years. , 
4. DIstribution of the percent of areas having wet and dry years. 
5. Conditional probability of wet and dry years 
6. Modell: Independence • ..•• 
7. Modelll: Exponential dependence . . . . . . . . 
8. Model ill: Linear dependence. . . . . . . . . . 
9. Model IV: Hyperbolic dependence •... . , .. 

10. Mean conditional probability of wet and dry years. 
11. Comparison of mathematical models. . . , • . . 

Investigation of Goodness of Fit of Mathematical Models By The Second Method . 

1. Conditional probability of wet and dry years . 
2, FItting mathematical models to be observed • . . . 
3. Significance of parameters in mathematical models • 
4. Comparison of mathematical modelS 

Conclusions. 

Bibliography 

Appendix A. 

1. Grid system 
2 . Centroid of a sub-area . 

Appendix B . .. •.. 

1. Grid system 

Appendix C • .. ... 

v 

Page 

iie 

I 
I , , , 
3 

3 
3 
3 
5 
5 
5 

6 

6 
7 
7 
7 

15 
15 
'6 
'6 
33 
33 
33 

37 

37 
38 
41 
4Z 

46 

46 
46 

47 

47 



Figure 

, 
3 

• 
5 

6 

1 

8 

9 

10 

II 

Il 

13 

15 

16 

17 

18 

19 

ZI 

22 

23 

25 

26 

21 

UST OF nGURES AND TABLES 

Conditional probabilities of wet and dry years as a function of distance described by 
mathematical Models I, U, ill and IV 

Areal distribution of precipitation stations. 

Grid system Cor determining synoptic maps of wet and dry years 

Synoptic m aps of wet and dry years for individual years durine: the period 1931 to 1936 

Synoptic maps of wet and dry years for individual years durine: the period 1937 to 1942 

Synoptic maps of wet a nd dry years for individual years during the period 1943 to 1948 

Synoptic maps of wet and dry years for individual years during the period 1949 to 1954 

Synoptic maps of wet and dry years for individual years during the period 1955 to 1960 

Time series of the percent of areas having very dry, dry, normal, wet and very wet years 

Frequency distributions of percent oC areas having very dry, dry, normal, wet and very 
wet years . . . . . . . . . . . . • . . . . . . . . . . . . . . . . . . . 

RelationShip among coefficients of variation, skewness coefiicients and types of wet and 
dry years . . . • . . . • . . . • • . . . . • • . . . 

Locations of central sub-area centers in the Western United States 

Comparison of conditional probabilities of having a wet year at the sub-areas at the dis­
tance k, given a wet year at the central sub-area, with t hose of Model I . . . . 

Comparison of conditional probabilities of having a very wet year at the sub-areas at the 
distance k, given a very wet year at the central sub-area, with those of Model I 

Comparison of conditional probabilities of having a normal year at the sub-areas at the 
distance k, given a very wet year at the central sub-area, with those of Model D 

Comparis on of conditional probabilities of having a normal year at the sub-areas a t the 
distance k, given a very dry year at the central sub-area, with those of Model U 

Chi-squares for testing for each year of the indepe ndence of wet and dry years .. 

Synoptic m ap of wet and dry years obtained from the table of independent numbers 

Conditional probabilities of wet and dry years from the table of independent numbers 

Areal and frequency distributions of standard error oC estimate S44 for Modell . 

Areal and frequency distributions of standard error of estimate S43 for Modell. 

Mean standard error of estimate, 51j , as a function of F (J:~ and F(x). • . . . 

Coefficient of variation, C , of the standard error of estimate, S .. , as a function of 
F{x

o
) and F{x) •• v ••.••••...••. . ' .. . ~J •.•..... 

Areal and frequency distributions of s tandard error of estimate, 555, a nd of parameter 
A55 for Model D. • • • • • • . . . . . . . . . . . • • . . . . . . . . . . 

Areal and frequency distributions of standard error of estimate, 5 31 , and of parameter 
A31 for Model n. . . . . . . . . . . . . • • . 

Means or medians of parameters of mathematical models . . . 

Comparison of conditional probabilities of having a v@ry dry year at the s ub-areas at the 
distance k, given a very dry year at the central sub-area, with those of Model m 

vi 

Page 

• 
6 

1 

8 

9 

10 

11 

" 
13 

14 

16 

16 

11 

18 

19 

" 
" 
" 

" 
" 
" 
" 
30 

31 



Figure 

Z8 

29 

30 

3! 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

Tables 

z 

3 

4 

5 

6 

7 

8 

9 

UST OF FIGURES AND TABLES - continued 

Comparison of conditional probabilities of having a wet year at the Bub-areas at the 
distance k, given a very dry year at the central sub-area, with those of Model III 

Comparison of conditional probabilities of having a dry year at the s ub-areas at the 
distance k, given a dry year at the central sub-area, with those of Model IV . 

Comparison of conditional probabilities of having a very wet year at the sub-areas at the 
distance k, given a dry year at the central sub-area, with those of Model IV . .. 

Comparison of mean conditional probabilities of wet and dry years, with those of Models 
I, 11, m and IV . . . . . . • . . . . . . . . • • 

Comparison of the goodness of Cit of Models I , 11, III and IV. 

Conditional probabilities of a dry year and a normal year at the distance k, given a dry 
year at a central station . . . . . . . . . . . . . . . . • . . • . . . • 

Joint probability distribution function of probabilities F(xO> and F(x) for various dis-
tanc es k . . . • . . . • . . . . • . • • . . . . • . . . . . . • • . . 

Standard error of estimate of the four mathematical models. 

ParameterS of the four mathematical models as a fUnction of F (x
o

) and F (x) 

Comparison of mathematical Models I. II, 111 and IV. . • . 

Standard error of estimate and the parameters .of recommended mathematical models. 

Five cases of mean conditional probabilities fitted by the recommended mathematical 
models .•..•....... ... ... . ..•. •• 

Circular grid system used for comparison of conditional probabilities 

Circular grid system used for computation of conditional probabilities. 

Correlation coefficients of the percent of areas having Xi' X Z' X 3, X4 and XS' 

Mean conditional probability Pij (k). computed by the first method. . . . . . . 

Standard deviation of conditional probability Pij (k), computed by the first method 

Coefficient of variation o f conditional probability Pij (k), computed by the first method . 

Comparison of standard errors of estimate 5 .. obtained from p .. (k) and S .. obtained from 
Pij (k), by the first method . . . • . l~ . . . . . . . l~ • . . . IJ. . . . . . . 

Comparison of parameters of the four mathematical models obtained from Pij (k) and P
ij 

(k) 
by the hrst method . • . . . • • . . . . • • . • . • • . . . . . . . . . . 

Mean conditional probability Pij (k), computed by the second method 

Standard deviation of conditional probability p .. (k). computed by the second method 
'l 

Coefficient of variatiOn of conditional probability P
ij 

(k), computed by the second method. 

vii 

Page 

32 

34 

35 

36 

36 

37 

39 

40 

41 

4 3 

43 

46 

4 7 

15 

48 

48 

49 

49 

so 

51 

5Z 

53 



ABSTRACT 

The probability of occurre nce of wet and dry years over an area for each 
year from 1931 to 1960 is investigated by a s tochastic approach. T o use this 
concept. years are class ified into o ne of five categories: very dry year 
[0 < F(x) 'S 0. 15 ). dry year [0. 15 < F(x) 'S 0.35). normal year (0. 35< F (x)'S 0, 65) . 
wet year [0 .65 < F(x) '$ 0. 85]. and very wet year [0.85 < F(x) 'S 1. 00]. with 
F {xl t he probability di stribution fUTl ction of an annual p r ecipitation and annual runoff. 

Four mathematical models are used to describe the probabilities of occur­
rence of wet and dry years over an area if the type of year at the central sub-area 
or central station is known. Model I. which advances the hypothesis that the occur­
rences of wet a nd dry years over an area are independe nt. is reject ed. Model In, 
which has the linear dependence of the occurrences of a wet or a dry year at t wo 
sub-areas. or at two stations, is considered an acceptable model. Models 11 a nd IV, 
which have an exponential dependence and an hyperbOlic dependence, respectively, 
a r e applicable in s pecific cases. An example of these specific cases occurs when 
the types of year s i n t wo sub-areas. or at t wo stations. are different but not 
opposite , such as very dry a nd dry, no rmal and either very dr y or very wet, 

ix 



CONDITIONAL PROBABIUTIES OF OCCURRENCE OF WET AND DRY YEARS 

OVER A LARGE CONTINENTAL AREA 

By; Sub!n Pinkayan 

CHAPTER I 

INTRODUCTION 

1. Significance of this study. Planning of 
water resources development and operation of large ­
scale water resources projects include many types of 
proble ms. Planning proble ms involve engineering, 
economic and financial feasibility studies with the en­
gineering feasibility being of primary concern. Em­
dent operation requires a good knowledge of hydrolo­
gic processes. 

Both planning and operation require hyd­
rologic data of which precipitation and river now re­
cords are of a major importance. The engineer must 
have a thorough understanding of the occurrences and 
properties of these factors before applying them to 
planning and operation of a ny water resource project. 
The problems associated with these two important 
phases of the hydrologic cycle refer to their distribu­
tions both i n time and in space. 

A large number of studies have been made 
on time distr ibution of rainfall and runoff. Investiga­
tions probing this problem revealed conflicting con­
clusions between two groups of researchers . But in 
more recent studies, most of the researchers have 
used appropriate statistical methods in their investi ­
gations and have arrived at Similar conclusions . The 
conclusion is that the sequences of annual precipitation 
and annual river flow can be conside r ed as stochastic 
processes . 

Problems involving areal distribution of 
precipitation and runoff depend upon the physiographic 
features of the area and the general circulation in the 
atmosphere. These large-scale phenomena are com ­
plex and are not completely understood theoretically. 
This study is an attempt to describe mathematically 
the simultaneous occurrences of wet and dry years 
over large continental areas . 

l . Definition of wet and dr5 vears . A wet or 
dry year can be indlcated by severa phenomena such 
as rainfall, stream flow, water levelB in wells, mois­
ture content in the air, or similar variables. Hy­
draulic e ngineers and agriculturists consider a wet 
year as being one where there are excesses in annual 
rive r now or in annual soil moisture. Meteorologists 
consider a wet year as one with an excess of annual 
pre cipitation. The definitions of wet and dry year s 
vary from onc field of interest to another and from 
place to place. For instance, 15 inches of annual 
precipitation in Louisiana is a dry year, whereas 15 
inches of annual precipitation in some parts of Ari­
zon a is a wet year. Definitions of wet and dry years 
in this study are based on the use of the probability 
concept in sorting annual values of precipitation or 
runoff in wet and dry years. They are defined as 
follows: 

Let X be a random variable of annual 
precipitation or annual runoff with a distribution func­
tion F(x) which is defined as; 

F(x) " P[X~.xl. (I) 

If F(x) is known. Xl' Xl' x3 and x4 can be determined 
by: 

F (X I) 0. 15; 

F(xz) o. 35; 

F (x 3) 0.65; 

and 

In this study, a year is considered to be 

"very dry" if for that year, XS xI; 
"dry" if for that year, XI < X!: x Z: 
"normal" if for that year, x l < X!: x 3; 
"we t" if for that year, x3< X~ x4; 

and, "ve ry wet" if for that year, x, < X. 

Since F (x) is not known, it is necessary 
to cstimate the percentiles XI' Xl' x3 and x 4 from 

the sample of observed data. The random variable X. 
which is a standardized variable of the variable Q, is 
computed from a set of observed data such that 

X ' .9...:..R. , (l) 

where X is the standardized variable of the variable 
Q, ~ is th e mean of the variable Q, and s is the 
standard deviation of the variable Q. 

The method of using plotting positions and 
smooth curve fittings to obtain the distribution F (x) 
may be used to estimate the percentiles Xl' Xl' x3 

and x4 . This was found to be a time consuming 

method because investigators were working with n 
large number of stations. In this stUdy a digital com ­
puter was us ed to derive these percentiles in the 
following manne r : 

The standardized variables of each station, 
and the record of each station for a 30-year period 
(1931-1960) were serialized according to their magni­
tudes so that 



Therefore, a year is considered: 

"very dry" if for that year, 

"dry" if for that year, 

"normal" if for that year, 

"wet" if for that year, 

"very wet" if for that year, 

where 
XXI ~(X4 .... X 5): 

XXz }{(X10 + XII): 

XX3 ~(Xt9 + X ZO); 

and 

x ~ XXI; 

XXI < X~ XX Z: 

XX Z< X~ XX3: 

XX3< X~ XX4: 

XX" < X 

3. Objective. The objective of this study is 
to investigate the simultaneous occurrence of wet and 
dry years over an area, Cor any given year. Depend­
ence in sequence of preclpitation and runoff is not in­
vestigated. This study is intended to increase the 
knowledge of basic hydrologic processes by attempting 
to answer the following two questions: ( I) Are there 
systematic patterns in the distributions of wet and dry 
years over an area? (Z) If these patterns are sys­
tematic, what kind of regularity do they Collow? 

4. Method of inves~auon. Hydrologic sys ­
tem investigation methods f into two principal cate­
gories entitled "parametric hydrology" and "stochastic 
hydrology." The parametric hydrologic method is the 

z 

search for deterministic relationsnips among physical 
factors involved in hydrologic processes. The stochas­
tic hydrolOgiC method consists of the use of statistical 
and probability methods in analyzing the variables which 
follow hydrologic stochastic processes . As the annual 
precipitation and the annual river now are stochastic 
variables, the second method of investigation was used 
exclUSively in this study. First, distribution char­
acteristics of observed data were studied. Then, a 
$ample technique, such as the concept of conditional 
probability of wet and dry years was employed to ana­
lyze the problems investigated. 

5. Two methods of computation and ana~si.s 
of data. Two methods were used tor computmg t~e 
conditional probabilities. The first method included 
the computation of the synoptic maps of wet and dry 
years by dividing the total continental area into sub­
areas in such a way that the types of wet o r dry years 
of sub-areas are determined from all precipitation 
stations falling inside each sub-area. Then the con­
ditional probabilities of wet and dry years at various 
Bub - areas, given the type of year at a ce ntral sub­
area, were computed from the synoptic maps. This 
first method and the results obtained are descr ibed in 
Chapter Ill. 

The second method included the computa­
tion of conditional probabilities or wet and dry year s 
of precipitation stations at a given distance k from 
the central station, given the type of year at the cen­
tral station. This second method and the results ob­
tained are described in Chapter IV. 

The terms "first method" and "second 
method, " which represent the methods described 
above, are used in the further text of this paper. 

• 



CHAPTER n 

MATHEMATICAL MODELS 

1. Selection of mathematical models. In the 
past the simultaneous occurrence of wet and dry years 
over an area has been studied and described on a 
qualitative basis only. Th is limitation is the result of 
the complexity of the problem and the lack of know­
ledge of how hydrologic variables, such as precipita­
tion and river flow. are related over large regions. 
This study employs the conditional probability concept 
to describe this phenomenon. In Chapter I, a year 
was classified into one of five categories. Since each 
category has one point in common with all other cate­
gories there are twenty - five possible combinations of 
conditional probability. The conditional probability of 
e a ch combination has its own characteristic. There ­
fore, several mathematical models are requi r ed to 
des cribe each of these twenty-five combinations . 

This chapter proposes and investigates 
mathematical models for th e Simultaneous occurrence 
of wet and dry sub-areas or stations for a given year. 
The first model, entitled the independent model, may 
be considered a null hyp:>thesis . Th is hypothesis 
assumes that wet and dry sub-areas or stations for a 
given year are distributed on a chance basis. All r e­
maining models are based on the following a ssu,mp­
tion: the conditional probability of a sub-area or sta­
tion having wet or dry years Similar t o its adjacent 
sub-area or station, depends only on the distance be­
tween the two sub-areas or stations . Different 
models assume different functional fo rms for th is de­
pendence . Thus, the second model assumes an ex ­
ponential function, the third model a linear function 
and the fourth model a hyperbolic function. The 
follOwing criteria was used as a guide to develop 
mathematical models other than the independent model. 

(a) The mathematical function should be 
simple and not involve more than two parameters; 

(b) Pij (0) - 0, for I ~ j and Pjj (0) _ 1; 

(c) lim Pi) (k) - Pi for all i, j 
k_co 

where 
(3) 

and it is the conditional probability of Xi at the dis­

tanc e k. given Xj at the distance zero. Several 

othe r models were alSo conSidered, for example: 

Pij (k) '" Pi -
Pi 

+ wijk
Z 

for i f j 

, - p. 
Pj + 1 for I .. j 

1 + Wjl
l 

(4) 

Pij (k) " Pi -
P, 

for ilj 
(I + Wijk)l 

, 

fori~j 

" p. + 
J , 

for i - j (6) 

However, a graphical comparison indicated 
that these functions are not very well suited for the (>b­
served data in comparison with the four functions. 

Z. Modell: Independence . Throughout this 
study wet or dry years are considered to occur inde­
pendently from year to year. The hypothesis of this 
model is that sub-areas or stations having a wet or a 
dry year occu r randomly over the total area. In 
other words, there is no regular pattern in the Simul­
taneous occurrence of wet and dry years over the 
large-area fo r any particular year, provided that .the 
time series of wet and dry years at any sub-area 1S 
independent. 

From the hypotheSiS of the independent 
model and the definition of wet and dry years. the 
conditional probability of Xi at the distance k . given 

Xj at the distance zero is; 

Pij (k) Pi for k ~ 0 and i, j" 1, Z. '" • 5 

1 for k-O a nd i-j 

o for k - 0 and i I j. (7) 

The conditional probability of wet and dry years as a 
function of distance described by Modell is shown in 
fig. 10.. 

3. Model n: Ex,??nential dependence. The 
hypotheSiS of the exponenhal model is that the pro­
bability of occurrence oC a wet or a dry year in one 
sub-area or station depends upon the occurrence of a 
wet or a dry year in the adjacent sub- areas or sta­
tions. The degree of dependence decreases as the 
distance between the sub-areas or stations increases 
and is asymptotic to the value of zero. These condi­
tional probabilities of wet and dry years as a function 
of distance are ·de.scribed by the exponential function. 

- , k 
Pij (k) .. Pi (I - e ij) for i I j 

-),jl 
.. Pj + (1 - Pj) e for i '" j (8) 

where i. j" I. Z, 5· \j is the parameter which 

is dependent on i and j. The value of Xij measure!!' 

the degree of dependence between sub-areas or sta­
tions . The greater Xi1' the smaller the dependence . 

- Pi 
Pj + 

(1 + ~jl)l 
for i = j (5) The conditional probability Pij(k) as a function of 

distance k described by Model II is shown in fi g. 1 b. 

3 
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Curve fitting, using the least - squares 
method was used to estimate the parameter Xij" Let 

S be the average squared deviation of the observa­
tions about the estimated r egression function 

• 
Pi (I_e-\jk) ] l , n G S "'- I: p .. (k)-

n k" l IJ 
(9) 

A 

where Xij is the estimated parameter of Xij' 

The minimum value of S is obtained by 
taking the derivative of eq. (9) with respect to '1ij and 

equating t o zero. 
A 
-X .. k 

Pi(l-e IJ)] 

4. Modellll: Linear dependence . Th e hypo­
thesis of this model IS that the prObability of occur­
rence of a wet or a dry year in one sub - area or sta­
tion depends Unearly upon the occurrence of a wet or 
a dry year in the adjacent sub-areas or stations. The 
conditional probability of Xi at the distance k, 

given Xj at the distance zero is: 

p . - ~ .. 
I IJ k 

a ij 
13 1j + 

Pi 

o 

forO< k <"ij 

for k > "ij 

fork=Oandi-j 

fork"Oandilj 

(tI) 

where i, j " I, Z, .•. , 5; ~ij and a 1j are para­

m eter s of th e model. Let 

v ij " ( I Z) 

Then, v ij is the slope of eq. (1 1) for ° '5 k'5 aij and 

the measure of dea-ree of depe ndence between sub­
areas or stations. The greater v •. the larger the 

'J 
dependence. Figure 1 c shows the conditional pro­
bability Pij (k) as a function of the distance k, 

given the values of aij and "if 

The least - squares method for curve fitting 
was used to estimate the parameters "ij and air A 

straight forward method of finding the least - squares 
estimate of a ij and ~ij is as follows : 

m m m m 
1:; Pij(k) I: kl I: k I; k Pij (k) 

"k,·O''-.:....--;;mCk= • .!.' __ --'kc·"''m;;--!!k.:.-;',,_ .:...._ (13) 

m k: 1 kl [;'1 kJ 

5 

and 
m 

m I: kl 

k-' ( '4) m m 
m I: k p .. (k) - 1: k 

k - I IJ k=l 
A A 

where a ij and ~ij are the estimates of the para-

meters a ij and ~ij' respectively. 

5. Model IV: Hyperbolic dependence. This 
mathematical fu nction was proposed by a graphical 
comparison between the shape of the function and the 
observed data. The conditional probability of X. at , 
the distance k. given Xj at the distance ° is: 

Pij (k) " Pi -
Pi 

'oe , I j 
+ "'ij k 

1 - p . 
" Pj + J 'oe i . j (15) 

1+ "'jl 

Figure Id shows the conditional probability Pij(k) as 

a function of the distance k for the different values 
Of'lif 

The method of least-squares was used to 
estimate the parameter "'if Let S be the average 

s quared deviation of the observations about the esti­
mated regression function 

, 
, n [ Pi J S-n: 1: Pij(k)-(Pi -t.+ff . k) 

k - I IJ 
(16) 

wh ere ~ij is the estimated parameter of 'ltj' 

A minimum value of S is obtained by tak­
ing the derivitive of eq. (16) with respect to ~ .. and 
equating to zero. IJ 

6. Measurement of goodness of fit of mathe­
matical models . The goodness of fit of mathematical 
models tothe observed data is measured by the stan­
dard error s of estimate which is denoted by S . . and 
is defined by 1J 

N 
k=\ [Pij (k) - Poij (k)] 1 

(18) 
N 

where P
ij 

(k) is the estimated conditional probability. 



CHAPTER III 

INVESTIGATION OF GOODNESS OF FIT OF MATHEMATICAL MODELS 

BY THE FIRST METHOD 

This chapter describes the method used to ob­
tain synoptic maps of wet and dry years at sub - areas 
in the Weste rn Unit ed States for each year from 1931 
to 1960 , the computation of conditional probabilities 
of wet and dry years of sub-a r eas as a function of 
distance, and the investigation of goodness of fit of 
mathematical models. 

I . Data used. The accuracy of results in 
this study depends on the density of rainfall and run­
olf stations over the continental area used for the ana­
lysis . The amount of rainfall station data exceeded 
that from runoff stations , Ihus investigator decided 
to use only the annual precipitation data. This data 
taken from 1141 stations duri ng the period from 193 1 

"-" 

to 1960, is from ZI Western States and the provinces 
of Briti s h Columbia, Alberta and Saskatchewan in 
Southwestern Canada. Primary source of data was 
the published records of the United States W'eather 
Bureau and the Canadian Department of Commerce, 
Meteorological Branch. Distribution of the precipita­
tion stations over this large area is shown in fig. 2 
(stations cover different climatic and physiographic 
features). 

This identical data was used by Yevdjevich 
(1963), Caffey ( 1965). Markovic (1965) and Pinkayan 
(1965). Characteristic details of the stations and the 
accuracies of the records can be found in these re­
ferences . 
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grid system, as shown in fig. 
sub- areas, with each Bub-area 

quadrangle of latitude and longitude. 
is assumed to have approximately a 

and meteorological homogeneity, or that 
cor relation coefficient of annual precipitation at 

any two stations Inside a sub-area is very high (say, 
greater than O. 70). This assumption is supported by 
several results, parUcularly by Caffey ' s (196~). The 
assumption further implies that every point in a sub­
area has approximately the same precipitation char­
acteristics concerning the classification of wet and 
dry year s . Precipitation data recorded at one point 
in a sub-area was used to represent the precipitation 
of the total sub - area. If more than one precipitation 
station was available in a sub-area, t hen the average 
annual precipitation of all stations was considered as 
the annual value for that sub-area. 

T he occurrence of a very dry, dry, nor­
mal, wet, or very wet year for each sub - area and for 
each year from 1931 to 1960, was determined from 
the standardized variables of annual precipitation by 
using definitions of wet and dry years given in Chapter 
1. The number of stations in each sub - area ranged 
from nine to zero. In the event there was no precIpi­
tation station in a sub-area, the type of year for the 
sub - area was specified as the same type of year as 
the adjacent or nearest sub-area which contained 
precipitation stations. 

Synoptic maps of wet and dry years for 
each year from 1931 to 1960 were computed on a 
CDC 3600 high - speed computer, and are presented in 
figs. 4 through 8 . These thirty individual maps, pre­
sented in groups of six maps per figure, represe nt 
the baSic research material for the first method of 
analysis given later in this chapter. 

Fig. 3 
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Grid system for determining synoptic maps 
of wet and dry years In the Western United 

States 
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3. Se ence of the ercent of areas havin 
wet a nd dry years. The convergence of the ongl-
tUdmaI lines towards the North Pole does not allow 
all the sub - areas in the grid system to be equaL 
Therefore , the surface of a sub-area depends upon 
where it is located. The percentages of the sub-areas 
having very dry, dry, normal, wet and very wet years 
were computed for each year from 1931 to 1960, by 
using the thirty synoptic maps of wet and dry years, 
and the results are presented In fig . 9, 

T he computed mean values of the percent 
of sub-areas having very dry, dry, normal, wet and 
very wet years are 13.40 percent, 20. 12 percent, 
29.88 percent, 19. 44 percent, and 16.61 percent . 
These values deviate from the expected means of 
I ~ . 00 percent, ZOo 00 percent, 30.00 percent, 20 . 00 
percent and 15.00 percent, respectively. The two 
main reasons for these deviations are; 

( I) The number of wet and dry years on 
record could not be evenly divided into five categories 
using standard classiCying procedures . In the thirty 
year period covered in this study, there must be 4.5 
6, 9, 6, 4. ~ years being very dry, dry, normal, 
wet and very wet in each sub-area, respectively. 

(Z) Errors were introduced by aSSigning 
a type of year to sub-areas which do not contain a 
precipitation station. However, the deviations irom 
the expected means are not large . 

The correlation coeificients taken between 
two variables at a time , between the percent of sub­
areas In the Western United States having very dry , • 
dry, normal, wet and very wet years , we re computed 
as shown in Table I. Correlation coeffi cients between 
the two adjacent time series in fig . 9; or lor the sub ­
areas having very dry, and dry years, sub-areas of 
dry and normal years, sub-areas of normal and wet 
years, and sub-areas of wet and very wet years; are 
poshive. They range from 0.2142 to 0. 6108. The 
correlation coefficients between time series for the 
sub-areas which are not adjacent in fig. 9; or the 
sub-areas having very dry years and either normal. 
wet or very wet years , and sub-areas of normal 
years and very wet yearS or very dry years; are 
negative. They range from - 0. 2864 to -0.8 5Z3. These 
patterns in correlation coeificients should be expect ed 
whenever there is a conditional probability of distri ­
bullon of wet and dry years, and where sub-areas of 
live categories are restricted by the total area being 
100 percent. T he probability that the sub- areas 
surrounding a sub - area having a very wet year will 
also have a wet year which is greater than the pro ­
bability in the case of an independent distribution of 
wet and dry years acroBs the sub-areas . This is due 
to the fact that sub - areas that are close together face 
a greater probability of being subjected to the same 
hydrologic conditions than in the case of independent 
distribution of wet and dry years. This is the pri­
mary reason for a positive correlation coefficient. 
The correlation coefficients of a very wet year versus 
normal, dry or very dry years are negative because 
the conditional probabilities are smaller than the 
probabilities in the case of independe nt joint distribu­
tion of wet and dry years. 

4, Distributions of the percent of areas hav­
ing wet and dR years . Frequency distributions of 

















TABLE I 

Correlation coefficients of the percent of areas 

having XI' X Z' X3, X4 and X5 

X, X, X, X. X, 

X, - 0.6 108 - 0.2864 - 0.8036 -0,6 118 

X, - 0.Z737 - 0.6644 -0.8523 

X, - 0.2 14 2 -0.5103 

X. - 0.4275 

X, -

with Xl a very dry year; Xz '" dry year; X3" normal year; and X4 a wet 

year; and X5" very wet year. 

and very wet years deviated somewhat Cr.om their ex ­
pected values (IS. 00), whereas the percent of areas 
havi ng dry, normal and wet years deviated very little 
from their e xpected values (ZOo 00, 30.00, 20 . 00, re­
spectively) . Positive skewnesses were found in dis­
tributions of the sub-areas having very dry and very 
wet years, and negative skewnesses were found in 
dry, normal and wet years . The coefficient of varia­
tion and the skewness coefficient change with the 
types of wet and dry years as shown in fig. 11. Both 
increased toward the extremes. 

5, Conditional rObability of wet and dry 
yedra. By using the gri system, as shown in fig. 40, 
an escribed in Appe ndix A, the conditional pro­
bability Xi at the sub-areas at the distance k from 

the central sub-area, given Xj at the central sub -

area, is 

( 19) 

where Nki is the number of the sub-areas having 

Xi at the distance k from the central sub - area, 

given Xj at the central sub - area, and Nkj is the 

total number of sub - areas at the distance k, given 
Xj at the central sub - area. 

Fifty - four central sub-areas, with 
various types of climates and different phYSiographi c 
features, were selected throughout the Western United 
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States for studying the goodness of fit of mathematical 
models to the observed data. The number of the 
central sub - areas were selected to minimize the use 
of the computer, Locations of central sub-areas 
centers are shown in fig . 12. The conditional pro­
babilities of wet and dry years as a function of dis­
tance were computed on a CDC 3600 computer. Ex­
amples of the results of these computations are pre­
sented in figs. 13 through 16, 

6. Model I: Independence. The null hypo­
thesis of the mathematical model states that wet and 
dry sub-areas for a given year are distributed on a 
chance basis. Therefore, the jOint areal distribution 
of very dry, dry, normal, wet and very wet years is 
a multinomial distribution of five variables . The chi ­
square test was used for testing the goodness of fit. 
For the j th year, with j .. I, 2, ... , 30, the statistic 
XZ is computed by 

(x. - m p .)! , , 
mPi 

(20) 

where m is the sample size, Pi is the probability 

of Xi ' and Xl is the observed value of Xi' From 

the property of the multinomial distri button, the stat­
istic X is distributed as chi - square with 4 degrees 
of freedom, The 10 percent rejection limit of signi ­
ficance being the 0.90 percentile of the chi-square 
distribution with 4 degrees of freedom was used here, 
and it is 7.78. Compute d chi-sQures Y(Uh 4 degrees 
Of freedom for each year are presented 10 fig. 17. 
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Points are the computed conditional probabilities: the solid line represents Modell 
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For 66.67 percent of years on record (20 years out of 
30) the chi-squares are greater t han 7.78. Those 10 
years (33.33 percent) which have chi- squres less 
than 7. 78 were found to be the years for which the 
very dry, dry, normal, wet and very .wet areas are 
approximately 15.00 percent, ZO.OO percent, 30.00 
percent, ZO .OO percent and 15.00 percent, respective­
ly. In other words, the distribution across the area 
follows approximately the definitions of wet and dry 
years at any sub-area. Therefore, the null hypothe­
sis ot jOint areal multinomial distribution of five 
variables is rejected at a 10 percent rejection limit 
of significance. 

In comparison of observed data with ran­
dom numbers. let a table of independent random num­
bers as large as the number of sub-a.reas represent 
an area under consideration for a given year in the 
period from 193 \ to 1960. Each number in the table 
represents the annual precipitation 1n a sub-area for 
that year. Values from the table of random independ­
ent numbers were assigned into the grid system ' of 
the Western United States to allow one number per 
sub-area. By using tbe definitions of wet and dry 
years, tbe type of year for each sub-area was deter­
mined from the independent number in the sub-area, 
whose numbers ranged from 00 to 99. The assigned 
independent numbers are interpreted as follows: 

Number 

00 - 14 
15 - 14 
35 - 64 
65 - 84 
85 - 99 

Type of Year 

very dry 
dry 
normal 
wet 
very wet 

The synoptic map derived trom the table ot independ­
ent numbers is presented in fig. 18. Statistic X com­
puted by eq. (20) is 0.8158. Since this yalue is less 

0 
[I]] ~, 

"" 
_ .. ... L 

"" ." -"fillY . n 

Fig . 18 Synoptic map at wet and dry years, as assigrr 
ed to sub-areas of the Western United States, 
for a given year, obtained from the table of 
indepe ndent numbers. 

tban 7.78 (10 percent rejectIon limit of significance 
being the O. 90 percentile of the chi-square distribu­
tion with 4 degrees of freedom) the independe nt num­
bers used are considered to be distributed by the 
multinomial distribution of five variables. This showl! 
a clear distinction between the observed distribution8 
of wet and dry years and the multinomial distribution. 
Visual comparison of fig . 18 with figs. 4 through 8 
also sbow this dilference clearly . 

Conditional probabilities of a variable Xi 

at the distance k from the central sub-area, given 
a variable Xj at the central sub-area were tested 

against the binomial distribution of the two independ­
ent variables Xi and Xj' These independent varia-

bles were obtained from the table ot independent num­
bers and are presented in fig. 19. The conditional 
probabilities are defined by eq. (7). The number of 
possible combinations of the five variables, consider­
ing two variables at a time, is twenty-five. Two ex­
amples or obseryed data. for seven central sub-areas, 
with different hydrologic and physiographic character­
istics fitted by Model I, are presented in figs . 13 and 
14. Mathematical Modell is suited for the observed 
data. 

The standard errors of estimate for the 
mathematical model, as defined by eq. (18), was used 
in this study to measure the goodness of fit of mathe­
matical Modell to the observed data. In this case, 

the estimated probabilities are: ~ij (k) :: Pi' 

p .. (0) • 0, and "'P .) (0) • 1. Two examples of areal 
'J J 

distribution and frequency distribution at standard 
error of esti.lro te, obtained by using the fUty-four 
selected central sub-areas, are presented in figs. ZO 
and ZI. The areal distributions are very erratic 
forcing the isolines of standard error of estimate to 
be drawn schematically as an approximation. How­
ever, the coeCCicients of variation ot standard errors 
of estimate, which range from 0. Z789 to 0.Z987, can 
be considered as being in tolerance. Therefore, the 
mean value of standard error of estimate is con­
sidered a sufficient statistic for measuring the ap­
plicability of Model I. The twenty-five possible com ­
binations of the five variables, conSidering two var­
iables at a time , can be represented by a 5 x 5 matrix. 
However, since wet and dry years are classified into 
five arbitrary categories (ve ry dry, dry , normal, 

zz 

wet and very wet years) this matrix was transformed 
into a continuous graphical representation in the 
following way: Let F (x) be a distribution function 
of annual precipitation of any station, as defined by 
e q. (1). If the annual precipitation at a station is 
between Xl and Xz so that F (X I ) > O. 35 and 

F (xZ) '5 0.65, then that year is classified as normal. 

The distribution function F(x) is F(Xo) for any cen­

tral sub-area, and F (x) for any sub-area which is 
at the distance k from tbe central sub-area. The 
mean standard error of estimate obtained from fifty-

four selected central sub-areas is denoted by Sij 

where i and j refer to the types of years at the two 
sub- areas . Only twenty-five possible combinations 
of wet and dry years ot 5

ij 
are available. These 

twenty-five have the average values F (xO> or F (x) 

of 0.075, 0.Z5, 0.50, 0.75 a nd 0. 9Z5 which are t he 
central probabilities of yery dry, dry, normal, wet 
and very wet years . In this way, a continuous 
representation of the mean standard error of estimate 
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Fig. 19 Conditional probabilities of wet and dry year s as a function of distance com puted from the table of 
independent numbers 

was obtained and presented in fig . ZZ, a through d. 

A functional relationship between F(xo) ' 

Fex) and Sij could be fitt ed to the twenty-five points 

in fig . 2:2: a. However, the pa.tte rns of i s olines in 
fig. 2:2: a are only quali tatively desc r ibed here as 
follows: (1) Given a norm al year , the probabilities 
of having any category of wet and dry years can be 
well described by Model I with the m ean standard 
error of estimate S"ij'S 0. 06; (Z) Given a dry year, 

the probabilities of having any category of wet and 
dry years can be describe d sufficiently by Modell 

with 0.06 < 5
ij 

-:: 0 . 08 ; (3) Given a wet year, the 

probabilities of having a very dry, dry, normal or 
wet year can be sufficiently described by Model I 

with 0.06 < Sij '!: 0.08; (4) Given a very dry year , 

the probabilities of having a normal o r a wet year 

can be desc r ibed by Model I with 0. 08 < 'S" .. < 0, 10; 
'J -

(5) Given a very dry year. the probability o f having 
a very dry year can be des cr ibed by Model l only 

with 5ij > O. 10; (6) Given a ver y wet year, the 

probabilities of having a very dry year, dry, normal 
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or wet year can be de scribed by Model l with 

o. OS <: 5
1j 

'S 0 . 10; a nd (7) Given a ver y wet year, 

the probability of having a very wet year can be de­
scribed only with 'S"ij > O. 10. The relationship be -

t ween the coefficient of variation of Sij' F(xo) a nd 

F(x) has no r e gular pattern. It is presented in fig . Z3a. 

7. Model U; Exponential dependence. The 
mathematical Model 11. as glven by eq. (8) was used 
to fit the conditional probabilities of the five variables, 
considering two variables at a time, as a function of 
distance from the central s ub-area to th e s ub-areas 
unde r consideration. The number of possible com ­
binations of rive variables, considering two variables 
at a time, is twenty-five. The goodness of fit of this 
m odel to the observed conditional probabilities was 
measured by the standard error of estim ate. 

Two exampl es of observed data fitted by 
Model II are presented in figs . 15 and 16. The stan ­
dard errors of estimate were computed by eq. ( 18) . 
Two examples of areal distribution and frequency 
distribution of standard error of estimate for fifty­
four se lected central sub-areas are presented in figs . 
Z4 and Z5 . 

The same notations for the mean standard 
error s of estimate which were used in the Modell 
were also used here. It was found from fig. II b that 

the relationship between Sij' F (xo) and F (x) have 

some patterns. T hey are not sim ple enough to be ex ­
pressed by a fitted mathematical fu nction. The main 
c haracteristics of these patterns are as foll ows; 
( I ) Given a very dry or dry year , the conditional 
probabilities of having a wet or very wet year can be 

described by Model II with ~ij 'S 0.06; (l) Given a 

no rm al year, the probabilities of having a very dry , 
dry, wet or very wet year can be described by Model 

11 with ~ij 'S 0. 08; (3) Given a wet or very wet 

year, the probabilities of having a very dry or dry 
year can be described by ModelU with S"ij'S 0.06: 

and (4) For the other combinations, besides those 
mentioned under ( t ), ( l) and (3), the conditional 
probabilities can be described by this model only if 

0. 08 < ~ij ~ 0. 16. It was also found that there is 

no appare nt regular patterns in the relationship be­
tween the coefficients of variations, Cv ' of standar d 

error of estimate, Sij ' F (xal a nd F (x) as is 

shown in fig . l 3 b. 

The parameter \j of mathematical 

Model 0 was estimated by eq. ( 10). Two examples 
of the areal distribution and the frequency distribution 
of estimated parameters for the fifty -four selected 
central sub- areas are presented in figs . l 4 and l5. 
T he mean of estimated parameters 'Xi ' of the fUty-J _ 
four selected central sub-areas is denoted by Air 

The r elationship bet ween lii' F (xo) and F (x) is 

presented in fig . l6 a . No attempt has been made to 
express the relationship existing in fig. l6 a by a 
simple fitted mathematical expression, though some 
regular patterns seem to exist. These patterns can 
be described qualitatively as follows: Parameters 
have high values in cases when a normal year occurs 
at a sub-area and a normal year occurs in the adja-
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cent sub-areas. while the values decrease towards 
the corners . The higher X"ij' the more independent 

the two variables become. 

8 . Model 10; .. L1near dependence . Mathe­
matical Model m, as given by e q. {II}. was used to 
fit the observed conditional probabilities of wet and 
dry years as a fu nction or distance from the centr al 
s ub- area to the sub-areas under consideration. The 
goodness of fit was measured by the s tanda r d error 
of estimate which is defined in eq . ( 18) . 

T wo exam ples of the observed data being 
fitted by Model lU a r e prese nted in figs . Z7 a nd ZS. 
It was found that the linear dependence fitted very 
well the observed dat a. However, the fitted fun ction 
given by eq. (11) does not satisfy the boundary condi ­
tion when k > a ij , and Pij (k) • Pi" The ranges 

between k > Qij and the maximum k were found to 

be very small when compar e d with the ranges between 
k = 0 and k ~ 0ij . The condition k > Qij (for dis­

t ances much greater than 800 miles) is not of much 
interest in this study. 

From the studies of Models I and II it was 
found that the areal distributions of the s tandard e rror 
of estimate and the estimated parameters are erratic, 
and their coefficients of variation were small. There­
fore , the mean valu es are considered to be the most 
significant statistic. The mean standard e rrors of 
estimate from fifty-four selected central sub-areas 
for twenty -five combinations of wet and dry years , 
are presented graphically in fig . II c . The sam e 
notations used in Models I and II wer~ used here 

where ~ij is the mean_of standard error of estimate 

51]' It was found that 51j approximately ranges from 

0. 0300 to 0.0400 except for the cases of a very dry 
or very wet year. To describe the same category of 

year for this condition , the value of ~ij is approxi­

mately 0. 500. However, this model is conSidered to 
be better fitted than Models I and II. The coeffi cients 
of variation of Sij presented in fig . l3 c, range from 

O. 30 to 0.40. These values are considered to b e very 
small and do not seem to have 0. simple relationship 
with F (xal and F (x ) . 

Parameters Il
j 

a nd a.. of mathematical 
, 'J 

Model llI were estimated by eqs. (13) and ( 14), r e­
spectively . T he term v ij ' which is defined by eq. (1l) . 

repre sents the slope of the straight line given by eq. 
( 11) . Instead of using the mean of v 1j ' the median 

was used in this study to eliminate the effects of ex­
treme values of v if The median of v ij is a meas­

ure of the degree of dependence between sub-areas 
and is presented in fi g. l6 b. If v .. is small (0.0000 

' J 
to ! O. 0050) , then Model III becomes Model I as 
shown in fig. l6 b for the followi ng conditions: 
(1) Given a normal year, the conditional probability 
functions of having very dry, dry , wet or very wet 
year have the medians of 11.. from - 0 . OOOZ to 

'J 
+0. 00l7 ; (Z) Given a dry or wet year, the conditional 
pr obability of having a normal year have the medians 
of 11 ij from - 0.0005 to - 0. 00l9 . It proves that 

under these two conditions Model III is identical to 
Model I. These results confirm the conclusions made 
with the investigation of Model J. 
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Parameter a ij is the distance from t he 

central sub~area to the sub-areas in which their 
occurrence is independent of the occurrence or the 
central sub-area. The range of a 1j is very large. 

The median or a ij was used in this study to elimin­

ate the effect of extreme values and i s presented in 
fig . 26 c as a function of F (x

o
) and F (x). Values 

of a ij range from 10 to 24 units or approximately 

500 to 1200 miles. Larger values were found for the 
cases in which given a very wet year the occurrence 
of a very dry year is to be described or vice versa. 
lt means that there is a high degree of dependence 
between a very dry year and a very wet year over the 
area. This statement was confirmed by the correla ­
tion coefficient which is -0. 6118 between the percents 
of the sub-areas having very dry and very wet years. 

9. Model IV: Hyperbolic dependence . Mathe­
matical Model IV, as given by eq. (15), was used to 
fit the observed data and its goodness of fit was 
measured by the standard error or estimate defined 
byeq. (18). The parameter of the Model IV was 
estimated by a least square fitting. Since the normal 
equation of the least squares, eq. (17) is not linear, 
the estimated parameter lJij was obtained by the 

graphical method with minimum standard error of 
estimate. A CDC 3600 computer was used to avoid 
the graphical method. Given a value of lJij' the 

standard error of estimate was computed by eq. (17). 
One hundred and fifty values of lJ ij ranging from 

0.00 to 7. 45 were used. In this way. the estimated 
parameter lJ. . with minimum standard error of 

'J 
estimate was obtaine d. 

Two examples of the observed data being 
fitted by Model IV are presented in figs . 29 and 30 . 
The means of the standard error of estimate. 'S'ij . 

range from O.O]ZO to 0.09 10 and are presented in 
fig . 22 d. It was found that this model fitted the ob­
served data quite well except for th e following cases; 
(1) Given a very dry year, then to describe a ve ry 
dry or dry year, or vice versa; (Z) Given a very 
wet year, then to describe a wet or very wet year, or 
vice versa. The coefiicients of variation, C v' of 

Sij range from 0.251 to O. 61Z, and are presented in 

fig. 23 d. In most cases , the average coefficient of 
variation of S . . is O. 300, except for the following 

'J 
cases: given a dry, normal or wet year, then to 
det ermine the probabilities of a very dry or a very 
wet year. 

T he mean parameter, ilij' of the mathe ­

matical model is a measure of the degree or depend­
e nc e between sub-areas and is presented in fig . Z6 d. 

If Tl
ij 

is larger (greater than 4 .0) then Model IV be­

comes Modell (independence model). The cases 
wh ich have Tiij > 4. 0 and Sij < 0.06 are: (I) Given 

a dry year, then to describe a very dry or normal 
year; (2) Given a normal year, then to describe a 
dry or wet year; (3) Given a wet year, then to de­
scribe a very wet or normal year. These results 
confirm the conclusions made from the studies of 
Model l. 
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10. Mean conditional probability or wet and 
dry years. The mean conditional probablUty denoted 

by J5'ij (k) is defined as: 

P;j (k) + p~j(k)+' " + P~j (k) 
n (Z 1) 

where plj (k), pfj (k). P~j (k) are the condi~ 
tional probabilities Pij (k) given Xj at the sub-area 

I, at the sub-area Z, ... , at the sub - area n, re­
spectively . 

Means, standard deviations and coefficients 
of variation of Pij (k) for fifty-four central s u b-areas, 

were computed and a r e presented in Appendix C, 
tables 2, . 3 .and 4, respec.tively. The maximum stan­
dard deVlahon or p .. (k) 1S 0.137. Standard devia-

'J 
tions are excessive in th e two following conditions: 
(I) When the distances k are small; for instance, 
1 or Z units (approximately 50 or 100 miles) ; (2) When 
the two categories or years under consideration a r e 
very different or opposite ; for instance, give n a very 
dry year then to describe a very wet year or vice ver­
sa. Most of the standard deviations range Crom 0.0] 
to 0.09 and are conSidered to be small. Therefore, 
the mean values are the best statistics to represent 
the conditional probability Pij (k) over the total area. 

The four mathematical models were also 
fitted to the mean conditional probability, 1>ij (k). 

Two examples of this fitting are presented in fig. ]1. 
Mean values, Pi j (k). for fifty-four central sub-areas 

are much smoother than the values p . . (k) of individual 
'J 

sub - areas. This gave a better fit of the mathematical 
models to the observed data. However, the study or 
any individual central sub-area is still important be­
cause it presents information distributed over the 
whole area as well as its variations from one place 
to another. Comparisons between the mean values of 
the standard error of estimate and the parameters ob­
tained from individual analysis of fifty - four central 
sub-areas and the values from the mean of fifty - four 
central sub - a r eas , are presented in Appendix C, 
tables 5 and 6, respectively. 

11. Comparison of mathematical models . The 
comparison or the mathematical Models 1. 11, ill and 
IV is based on the use of the mean standard e rrors of 

estimate, Sij '$ 0.06, and '§ij '$ 0.08. The condi­

tions dictating the use of these mathematical models 
depend upon the values of F(x

o
) and F(x). The dis-

tributions F (xo) and F (x) were introduced pre­

viously, with F(xo) being the probability of annual 

precipitation at any central sub - area, and F (x) being 
the probability of a nnual precipitation at a ny sub-area 
at the distance k from the central sub-area. Comti­
tions under which these four models are applicable 
were discussed earlier in this chapter. However, the 
general comparison can be made conveniently by the 
graphical presentations shown in fig . 3Z a for 

'Sij '$ 0.06 and fig. 32b for Sij '$ 0.08. Each 

area in fig. 3Z has numbers of those models among 
the four models, which fit well the computed 
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conditional probabilities under the criterion that It is also shown that Model III fits well all cases, 

'Sij '5 0.06 (fig. na) or 51j 'S 0.08 (fig. 3Zb). It 

is shown that Model III fits best the computed condi ­
tional prObabilities in the occurrence either of very 
wet years or of very dry years on both sub-areas . 

and the next best to this model is Model IV • There­
fore, either a linear dependence or a hyperbolic de­
pendence may be used in practically all cases, 
assuming that 'Sij should be equal or less than 0. 08. 
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CHAPTER IV 

INVESTIGATION OF GOODNESS OF F1T OF MATHEMATICAL MODELS BY THE 

SECOND METHOD 

This chapter describes the computation of 
conditional probabilities of having wet and dry years 
at stations or at points which are at a distance of k 
miles from the cent ral station, given a wet or a dry 
year at the central station. The investigation or 
goodness of fit of mathematical models to computed 
conditional probabilities is the subject of this chapter. 

I. Conditional probability of wet and dry 
yetrs . By using Ihe clrcular grid system, as shown 
in ia;. 4 1 Appendix B, the conditional probability, 
Pij (k), of having Xi at the distance k trom the 

central station. given Xj at the central s tation, is 

m 

1: 1 Nki 
Pij (k) · m N

kj 
Ill) 

where Nki is the number of years of having Xi of 

a station at the distance k. m is the total number of 
s tations being in the area at the distance k. and Nkj 
is th e number or years at the central station having 
X . 

J. . .. 
· . 
.. 
.. 
· . 
· . 

pu(1<) .. 
.. 
· . 
. ' 

. 00 - - -

All conditional probabilities for Xi 

occurring at the distance k trom the central station, 
given Xj at the cent ral station, were computed on a 

CDC 3600 computer. Four examples are shown in 
fig. 33, and each ot them for two cases , pzz and 

P32: The upper graph gives Pzz (k) as a function of 

distance k . with four individual examples ( I) to (4). 
and the average value of pzz (k) for all centra l sta­

tions (average of 1141 precipitation stations) . line(S). 
The lower graph gives P3Z (k) as a fun ction of diS ­

t ance k. with four individual stations (I) to (4) . and 
the average value of P3Z (k) for all central stations 

(1141), line (5) . P oi nts on lines (I) t o (4) for small 
values of k have a larger fluctuation than for large 
values of k. T his is mainly caused by the small 
sample e rrors. F or instance, in the cast: of a given 
very dry year at the central station, there are only 
four years om of a 30 year period that are very dry. 
At a distance of less than 100 mUes the average num­
ber of stations used in computing the conditional pro­
bability is less than ten. This means that the sample 
Size for this case of small k is less than 40. In 

- .00 .00 '00 - .-
DIll,....,. ~ (ID,I .. ) 

Fig. 33 
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Conditional probabilities of a dry year (upper graph) and a normal year (lower graph) at the distance 
k, given a dry year at a central station: ( I) central station, Seward, Nebraska; (Z) central station, 
Uti ca, Nebraska; (3) central station, Acton Escondido, California; (4) central station, Riverside F ire 
Station No. 3, California; and (S) Average conditional probabilities for all 1141 precipitation sta-

tions used in this study. 
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some cases , only one or two stations were present in 
the vicinity of the central stations. T o av oid this 
large dispersion of points both {or s m all values of k 
and large values of k. the mean conditional probabili­
ty. li

1j 
(k). of all centr al stations (114 1 in number) is 

used to rep r esent the conditional p robabilities of the 
continental area of Western North America. 

The mean conditional probability, Pij (k). 

of having Xi at the distance k Crom t he central sta­

tion, given ~ at the central station, is defined by 

p ~ . (k) + p~. (k) + .. . + p~ . (k) 
Pij(k) .. 1] 1] n 11 (Z3) 

where pij (k) , Ptj (k) •. . . • P~j (k) are the condi­

tional probabilities, Pij (k) . of having ~ at t he dis­

tance k . given Xj at the central station I, at the 

cent r al station Z •. .. • at the central station n. re­
spectively. with n the total number of s tations (1141). 
The two lines (5) of fig . 33 give t wo examples of 

Pij (k) as a fu nction of distance. 

From the definitions of wet Ilnd dry years, 
as given in Chapter I. a year was classified into one 
of live c ategor ies. Since each category at one station 
can be considered with any of the five categories 
occurring at anoth er station. there are twenty - five 
combinations of the conditional probabilities of wet 
and dry years between the two stations with a dis­
t ance k . These combinations can be represented by 
a 5 x 5 matrix . This matrix was transformed into a 
continuous form in such a way that F(x) is a pro­
bability distribution function of annual precipitation 
at any station, a s deCined by eq. (1). If the annual 
precipitation at a station is between Xl and Xz so 

that F (Xl) > O. 35 and F (x z) :5 0.6:), then that 

year is classified as nor mal. The distribution /unc­
tion F (x) is considered as being F (xO-> for any cen­

t ra1 s1ation and F(x) for any other station which Is 
at the distance k from the central station. The 
mean conditional probabilities of wet and dry years 
for various distances k wer e computed on a CDC 
3600 computer. The results a re p resented in table 7, 
Appendix C. T heir statistics, s uch as standard de­
viation and coefficient of variation, are presente d in 
tables 8 and 9, Appendix C. Four exam ples of joint 
distribution of F(x

o
) and F(x) at various distances 

k, are given in fig. :H which can be interpreted in 
the following way. U the distance between two sta­
tions is less than 100 miles, as s hown in fig. :H a, 
the conditional probabilities of the same category of 
years (such as wet year at centr al station and wet 
year at a station with the distance k from the central 
station, or other four same categories ) range from 
0. 40 to O. 50. The larger the difference between 
F {xJ and F (xl. - s ay as wet year at the central 

s tatio n and dry year at the station with the distance 
k - the smaller become the conditional probabilities . 
T hese joint probabilities of F (xo) and F (x) are 

nearly zero when the two categories a re opposite, 
such as very dry and very wet years, o r vice versa. 
Figure 34 shows the joint distribution o f F (xo) and 

F (x) a t the distance of ZOO miles. The conditional 
probabilities of a normal year at stations at an ap ­
proximate distance of 450 miles from t he central 
s tation, given any of five c ategories of a year at the 
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central s tation are approximately the probabilities of 
independent jOint distributions. They are shown in 
fig. 34 c. At a distance of approxim ate ly k " 930 miles, 
the fo llowing conditions exist; (1) the joint probability 
which is represented bi' the 0.30 - isoline passes 
vertically through F (x) " 0.50, as s hown in fig. 34 d; 
(Z) the O. ZO - isoUne passes vertically at app roxi­
mately F (x) • O. Z5 and F (x) ., 0. 75 , as shown in 
fig: 34 d; and (3) the O. 15 - isoline passes vertically 
at appr oximately F (x) • 0.075 and F(x) • 0.9Z5, as 
shown in the same figu re . These results indicate that 
all twenty-five cases of conditional probabilities of 
wet and dry years equal the probabilities of independ­
ent joint distributions of F(xo) a nd F(x). In other 

words, the occurrences of wet and dry years at that 
distance are approximately independent of the occur­
rence of wet and dry years at the central station. 

Z. Fitting mathematical models to obse r ved 
data. The four mathe matical modeiB . desc r ibed lR 

~ter II, were fitted to the computed me an condi ­
tional probabilities as a function of distance. The 
goodness of fit o f these models was measured by the 
standard e rror of estimate as defined by eq. (18) . A 
presentation of t.he s tandard error of estimate of 
those fits for the twenty-five conditional probabilities, 
with a Similar pr esentation as in !ig. :H, is s hown in 
fig. 35 . 

Model l. The goodness of !it of thi s 
model is shown in fig. 35 a. (1) Given a very dry 
year or a very wet year, the c onditional probabilities 
of havine any of·the five categor ies of years can be 
descr ibed by Mo del I, with a s tandard e rror of esti­
mate greater than 0.08; (2) Given a dry year or a 
wet year t he probabilities o f having any of the five 
categories of years can be described by Model I with 
s tandard errors of estimate between 0 . 04 and O. 08; 
(3) Given a normal year, the probabilities of having 
any of the fi ve c ategories of years , except fo r a 
normal year, can be descr ib e d by Model I with the 
standard e rror of estimate between 0.02 and 0.06. 

Model n. The goodness of !it of this 
model is s hown in fig . 35 b. (1) Given a very dry 
year or a ver y wet year, the conditional probabilities 
of having any ot the five cat egories of years, ex cept 
the same categories of given years , can be des cr ibed 
by Model II with s tandard errors of estimate between 
0. 02 and 0. 06; (Z) Given a dry year or a wet year, 
the conditional probabilities of having any of the five 
categories of years can be described by Model II with 
standard e rror s of estimate between O. OZ and O. 06; 
(3) Given a normal year , the conditional probabilities 
of having any of the five categories of years. except 
for a norm al year, c an be described by Model II with 
a standard e rror of estimate of less than O. 02. 

Modei lli. The goodness of !it of this 
model is s hown lR fig . 35 c. The standard errors of 
estimate of Model III range from O. Ot to 0.05 for all 
cases. This model may be applied to all cases i n de­
scribing the occurrences of wet and dry year s , re­
gardless of the type of year. 

Model IV. The goodness of !it of this 
model is shown in fig. 35 d. The standard e rror s of 
estimate of Mode l IV r ange Crom 0.0 1 to 0. 05 for 
twenty-one cases . The other fou r cases (very dry 
a nd either very dry or dry; very wet and either very 
wet or wet) have standard errors of estim ate b etween 
0. 06 to O. 08. This model is considered to be as 
accurate as Model m, except for those ext reme 
ca ses . 
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3. Significance of parameters in mathemati­
cal modele. It was found that the number oC para­
meters of models play an important role in the appli­
cability of a model. Model III has two parameters and 
fits better the computed conditional probabilities than 
do Models I, Il a nd IV. Model n. which has one para­
meter, fits better than Model l. Special cases of any 
model with two parameters are models with only one 
or no parameter. F or instance. Model ill becomes 
Model I when the parameter t!ij is equal to Pi' Model 

II becomes Model l when the parameters \j is very 
large. 
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Parameters Aij of Model II has a high 

range oC values. The range of Aij is shown in fig , 

36 a , For a great difference of F (x
o

) and F (x) the 

values are usually between 0 , 002 and 0.020, For 
small differences of F (xo) and F (Xl the range is 

large and in the neighborhood of 0, 0 I 0 to 3, 000. For 

Aij ~ 0 , 010 Model II becomes approrimately the 

same as Model I. 
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Parameter a .. , measured in miles, of 
.J 

Model III is shown in fig . 36 b; and is appr oximately 

800 miles for most cases. This means t hat at a dis ­

tance of approximately 800 miles the con ditional pro­

babilities oC occurrences oC wet and dry years between 

two stations are probabilities of independent jOint diS ­

tributions . Parameter .aij 
oC Model m is given in 

fig, 36 c , It shows a variation from 0.2 to 0.4. 

Parameter II iJ of Model ill, which is a combination 

oC parameters aij 
and ,9ij of this model, represents 

the slope of the linear mathematical model. The 

values of II .. are given in fig. 36 d. When II . . is 
~ ~ 

small, from 0,000002 to 0.000026, Mo del ill is equi­

valent to Model I . These results confirm the con­

cluSions inferred Crom the investiga tion of Model I. 

Parameter 'I1ij of ModelJV is given in 

fig. 36 e. It has a high range of values, from 0, 0 10to 

100. The large values, 600 to 700, are in thE" center 

of the graph and are not presented in fig. 36 e , An 

exception to the foregoing stat ement occurs when 

two categories of year s are the two extremes , In 

this situation the values of II .. range from 0, 001 to 
.J 

0.010. Model IV becomes Model I when II 1j is 

greater than O. 0 10, 
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4. Comparison of mathematical mode ls . A 

comparison of mathematical Models I. II, ill a nd IV 

is based on the values of the standard error of esti­

mate. For instance , a t the standard error of esti­

mate less o r e qual to 0.04 the conditional probabilities 

of having a normal year, given a dry year, can be 

described by either Model ill or Model IV, The condi ­

tions dictating the use of these mathematical m odels 

depend upon the two categories of year s which fo r m s 

the conditional probability. This section discusses 

the conditions unde r which these four models may be 

a pplied. However, the gene r al comparison of these 

models is illustrated in fig . 37 a for Sij 5 0. 04 and 

fig. 37 b fo r Sij ~ 0.06 . 

Figure 38 illustrates the mathematical 

model best suited to each of the twenty - five discrete 

cases of the combinations of F(x
o

) and F(x). Model 

I, or Fix) is independent of F (xo). and is not re ­

commended for a ny case, Modelll is well applicable 

for five cases . Model ill is applicable lor fourteen 

cases, and Model IV is applicable fo r six cases . 

A summary of recommended models , their goodness 

of fit, and their parameters are presented in fig. 38. 

Five examples o f goodness of fit are given in fig. 39. 
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CHAPTER V 

CONCLUSIONS 

This study was conducted to find the condi ­
tional probability mathe matical functions to describe 
the occurrence of wet and dry year s over an area for 
any gi ven year. T wo diffe r e nt methods of investiga­
tion of mathematical models were used. First, aver­
age annual precipitation of the sub-areas were ob­
tained, and these average or represe ntative values of 
s ub-areas were used in computing conditional pro­
babilities of a given type of year occurr ing at a sub­
area of k unit distance from a central sub- area given 
a type o f year at this central sub - area. This investi ­
gation is designated as the first method. Second, the 
annual precipitation on the individual stations were 
used as the basic data in computing the conditional 
probabilities . The conditional probabilities for a 
given type of year, occurring at the stations which 
are at a distance k miles from a cent r al station, 
given a type of year at the central s tation, were 
computed for a total of 1141 precipitation stations, 
and their conditional probabilities were averaged. 
This approach is designated as the second method of 
investigation. 

The following conclusions were drawn from 
the results: 

1. Mathematical Model I, being the inde­
pendence model, with the hypothesis that the occur­
rences of wet and dry years over the sub-areas or 
stations are independent, i8 rejected fo r the applica­
tion. 

Z. Mathematical Model II, being the ex­
ponential dependence model, Is based on the hypothe­
sis that the probability of occurrence of a wet or a 
dr y year in one sub-area or at one station is depend­
ent upon the occurrence of a wet or a dry year in the 
adjacent sub- areas or stations , respectively. The 
degree of dependence decreases as the distance be­
tween the sub - areas or s tations increases . This de ­
pende nce asymptotically converges to the independent 
case with the distance . The conditional probabilities 
of wet and dry years as a function of distance are de­
scribed in this model by the exponential function. The 
model was fou n d to be the best applied to five cases 
out of the twent y -five. 

3. Mathematical Model IU is the linear de­
pendence for th e occurrence of a wet or a dry year at 
t wo sub-areas or stations . ModellU is considered to 
be the bes t mathe mati cal model to describe the occur­
rence of wet and dry years over an area, but especial­
ly for fourteen cases out of t he twenty - five . 

4. Mathematical Model IV is a hyperbolic de ­
pendence model. This mathematical function was in­
terred by a graphical fit 01 the hyperbolic function to 
observed data. Model IV is recommended whe n the 
two categories of years of the two sub-areas or two 
s tations are very dUfe rent but not oppoSite, su c h as 
normal and either very dry or very wet, or vice ver ­
sa. This model was found to be the best applied to 
s ix cases out of the twenty-five. 
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APPENDIX A 

GRlD SYSTEM USED FOR COMPUTATION OF COND{TIONAL PROBABIUTlES AS 
A FUNCTION OF DISTANCE BY USE OF THE FIRST METHOD 

I. Grid system. Let Zo and Yo be re­

spectively the longitude and latitude of the center 
of a central sub - area. A circular grid system 
is superimposed on the synoptic maps of wet and dry 
years. The center of the grid system is at the center 
of the central sub-area as shown in fig. 40, The cir ­
cular area around the central sub-area with a radius 
ro is called the "sub-area under consideration" hav-

ing Xj' The area around this sub-area under con­

sideration, which is bounded by the radius r I' is 

called the " I - unit - distance area, " Similar ly, the 
area bounded by the radii r l and r Z is called the 

lIZ - unit - distance area," The "k - unit - distance 
area" is the area bounded by the radii r

k
_

1 
and r

k
• 

If r k - t is given, r k is determined so that the k - unit 

distance area is divided equally into N sub-areas Ao 

with the increment of the radial distance, denoted by 
6r, being approximately constant. 

Z. Centroid of a sub-area. From the defini­
tion of the terms used in the grid system and the 
method of dividing the k - unit - distance area into 
equal sub-areas , the follOwing equations are derived: 

r J::ro+Ar 

rk - ro+kt>r 

LATlTUOE 

Fig , 40 Circular grid system used for computation 
of conditional probabilities of wet and dry 
years as a function of distance, by the use 

of the Cirst method. 
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And 

., <r1t. - r~_I)· AoN. (Z4) 

Substituting r k and r k _J in eq. (Z4) , 

•• c ( ) N" ~ Zr + Zk Ar-Ar. 
o 0 

(ZS) 

In £inding the exact value of r k, eq. (Z4) gives 

(26) 

where N is an integer computed from eq. (ZS). 

The controid of the i-th a r ea Ao is ~ 

and 6ki as shown in fig. 40 . Rk is the distance 

from the central sub-area to Ao and 0kl is the 

angle measured counter- clockwise from the horizon­
tal axis. By approximation ~ is 

and 

r
k 

+ r
k

_
1 

l 

l. • N N 

where i-I, Z, .•.• N. 

(27) 

(lS) 

tn thiS study, the central sub-area has a 
radius r o of SO miles, a sub-area is ZOOO s quare 

miles, and the inc rem ents of the radial distance are 
approximately 50 miles. 

The computation of longitude and latitude 
of the i-th area Ao is as follows: Let 0 be the 

center of a ce ntral sub-area with longitude Zo and 

latitude Yo' S is the center of a s ub-area Ao at 

the distance ~ from 0 and the angle oC direction 

a
ki

, as shown in fig. 40. For comparatively short 

distances, not greater than 1000 miles , the triangle 
SOA (in fig. 40) can be considered as a plane triangle. 
The degree of error introduced by this approximation 
is much less than the inaccuracies in the data used and 
the method o r finding the areal distribution of wet and 
dry years . Kells and others (1942, p. 61) conceived 
a m ethod for converting the distances along latitudinal 
line s to differences in longitude by the following ex­
pressions: 

(19) 



and where Y ki and Zki are respectively the latitude 

and longitude of the controid of sub-area at k-unit 
distance from the central sub-area. 

APPENDIX B 

GRID SYSTEM USED FOR COMPUTATION OF CONIXTIONAL PROBABILITIES 
AS A FUNCTION OF DISTANCE BY USE OF THE SECOND METHOD 

1. Grid system. Let Zo and Yo be the 

longitude and latitude of the central station, respec­
tively. The method of computing the conditional pro­
babilities oC having a wet or a dry year at the distance 
k Crom the central station, given a wet or a dry year 
at this station is as follows: A circular grid system 
is superimposed on the area with its center located at 
the central station (as shown in fig. 41). The area of 
distance k is defined as the area of the ring between 
two circles which have a radius of R t and Rz' one 

Consider the i - th station whose longitude 
and latitude are Zi and Yi , respectively . The dis­

tance between the central station and the i-th s t ation 
was computed by the following expressions : 

Ri Sin 8i 
Y i .. Yo + 60 (3Z) 

aod 

Zi % Zo - -to Ri Cos 9t Sec ~ (Yo + YI.) (33) 

of which encloses the other. where By solving eqs. (3Z) and (33) 

k· 

Fig. 4 1 

(3t) 

and 

-, 
9 • tan 

R .• , 
...... _ .. _-

[
(Yi-YO)Sec m(Yo+Yi)] 

z - z. o , 

Y. - Y ) 60 
, 0 

Circular grid system used for computation of conditional probabilities 
of wet and dry years as a lunction of distance, by the use of the second 

method. 

APPENDIX C 

TABLES 

(see following pages) 

(34) 

(35) 
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TABLE 6 - COMPARISON OF PARAMETERS OF THE FOUR MATHEMATICAL MODELS OBTAINE D FROM 

Pij (k) AND P1/k). BY THE FlRST METHOD 

Mean or med1an ot par&lQeter. trom P1j (k ) Parameter. tTaD Pij ( k ) 

Model I Model II Model III Model IV Modlill I Model II Model III Model IV 

\j 
Median ot 

~ij 
Med1an ot 

1l1j '1< a
ij ·ij 

- a
i j 

Yij 
- Yij 'ij 

- . 204} 15.1~ . ~618 _.0211 1.316 - .1Eo8 15·1'5 . /j.586 -. 0196 ·9 ' 
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