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ABSTRACT

NONLINEAR DYNAMICS AND MACHINE LEARNING CLASSIFICATION OF PLANT

PIGMENT PATTERNS

Plants exhibit a variety of vibrant colors that are both beautiful and functional. They owe

their reds, purples, and blues to a class of pigments called anthocyanins. Many plants possess

spatial variation in their anthocyanin concentration and color, which manifest as diverse patterns

on their leaves and flowers. Flower patterns can influence interactions with pollinators, who may

have innate preferences for certain patterns and can learn to distinguish between them. Recent

work has identified the genes and proteins involved in activation and inhibition of anthocyanin

synthesis in some species of Mimulus and showed that their dynamics can be described with a two-

component diffusion model. In this thesis, we combine numerical simulations of this model with

machine-learning algorithms to classify patterns based on a parameter value that influences the

pattern spot size and density. A key challenge is to successfully classify using 2-dimensional spot

data, which would permit the classification of real petal data from photos. Our approach makes

use of the Voronoi mountain function to construct a 3-dimensional surface from the 2-dimensional

data. Classification is very successful with simulated data, and it produces plausible results for real

Mimulus petals.
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Chapter 1

Introduction

Plants are a diverse and vibrant group of organisms, owing their colors to a variety of cell

pigments. The most well-known of these pigments is chlorophyll, which gives plants their green

color. The other groups of pigments are carotenoids (yellow, orange, and red), betalains (red,

purple, yellow, and orange), and anthocyanins (red, purple, and blue) [1]. Plant pigments serve a

variety of functions, including photoprotection and cell defense [1–3]. They also influence and are

influenced by cell pH, a vital regulator of cell processes [4, 5].

Anthocyanins are common in many plants, though often not in quantities large enough to pro-

duce color. They are responsible for the reds and purples of autumn foliage and are often a dom-

inant presence in young leaves, which gradually turn green as they mature [6]. Some plants have

colored leaves year-round, which can often be attributed to high concentrations of anthocyanins.

Many types of flowers owe their colors to the presence of anthocyanins, as do some red and purple

fruits and vegetables [7–9].

Figure 1.1: Samples from the vibrant palette produced by anthocyanins. Top row: An autumn leaf, red

onions (Allium cepa), blackberries (Rubus sp.). Bottom row: Dahlia flowers (Dahlia hybrid), petunia flowers

(Petunia × hybrida), young begonia leaf (Begonia rex).
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Anthocyanins are of particular interest to the food and beverage industry due to their common

presence in edible plants and their byproducts. The colors imparted by anthocyanins influence

consumer choices of produce and beverages [9–11]; one such bevarage is wine, whose color and

taste come from the contributions of anthocyanins in grapes [12]. Anthocyanins also have the

potential to be used as natural colorants, which requires an understanding of their behavior and

stability outside of the cell [13, 14].

Inside the cell, anthocyanins display an array of unique behaviors. Microscopy of floral epider-

mal cells (Figure 1.2) shows that anthocyanins associate with other molecules to form complexes

(panel a) or themselves to form particles (b,c). Anthocyanins in solution form particles as the

solution evaporates (d); the particles fluoresce when exposed to ultraviolet light (e).

Figure 1.2: Microscope images of pigmented plant cells and anthocyanin complexes. (a) Anthocyanins

associated with microtubules in geranium cells. (b,c) Various phases of anthocyanin complexes are present

in these cells of (b) purple petunia and (c) blueberry. (d) These black particles remained after an acidic

solution of the anthocyanin cyanidin 3-glucoside evaporated. (e) The particles of panel (d) observed in

fluorescent light. (f) Conical, blue cells of a butterfly pea flower turn red upon being exposed to (acidic)

HCl; (g) HCl diffused into a live flower epidermal peel turned the originally blue cells orange; in this image,

NH3 (a base) is diffusing over the peel from the left, turning the cells first pink and then back to blue. (h)

The cells of panel (g) exposed to fluorescent light; the blue cells fluoresce; the orange ones do not. (i) The

vein cells of a blue butterfly pea flower turn red upon exposure to HCl. (j) A fluorescence image of the cells

in panel (i) reveals that the red cells fluoresce. Samples were prepared and imaged by S. Thompson.

Interestingly, when the epidermal cells in Figure 1.2 are treated with acids and bases, color

changes and fluorescence occur (panels f-j). The dramatic pH-induced color changes seen in an-

thocyanins are not observed in any other biological pigment. Figure 1.3 shows the color variation
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of cabbage and radish extracts, which contain a variety of anthocyanins, and pure malvin, the

predominant anthocyanin in red wine.

Figure 1.3: Anthocyanin extracts from cabbage and radish, and pure malvin, at a range of pH values.

Extracts prepared by S. Thompson [15].

As we see in Figure 1.1, anthocyanins contribute to the diverse colors seen on many flowers.

Differing anthocyanin concentrations between petal cells can also result in pigmented patterns.

Flower patterns are diverse, and they can even vary among members of the same species; ornamen-

tal plant growers have taken advantage of this variation to produce a wide variety of flower cul-

tivars. Many species of monkeyflower, genus Mimulus, have particularly distinctive anthocyanin

spot patterns. These spots affect pollinator visitation and may be the target of pollinator-mediated

selection [16]. Natural variation in spotting in Mimulus luteus is shown in Figure 1.4.

Figure 1.4: Pattern variation in Mimulus luteus flowers. Photos from [16].

Baoqing Ding and colleagues found that the activator-inhibitor pair that controls anthocyanin

spot production in Mimulus lewisii and Mimulus guttatus can be modelled using a system of 2

partial differential equations known as the Gierer-Meinhardt reaction diffusion model [17]. The
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Gierer-Meinhardt model requires an activator and an inhibitor, which diffuse to nearby cells at dif-

ferent rates. Additionally, the activator must activate both itself and its inhibitor, and the inhibitor

must travel faster than the activator. If both of these conditions are met, the Gierer-Meinhardt

model guarantees pattern formation. Ding and colleagues verified the model for M. lewisii pattern

formation by using it to generate simulated patterns. The resulting simulations resembled the spots

found on real petals (Figure 1.5).

Figure 1.5: Pattern variation in genetically modified Mimulus lewisii flowers, compared with simulated

patterns. Figure from [17].

In this thesis, we will build on the work of Ding and colleagues by combining the Gierer-

Meinhardt model with machine learning to develop a method for anthocyanin pigment pattern

classification that can be used with real flower petals. In chapter 2, we will first provide background

information on the structure and function of anthocyanins in flowers, then introduce the Gierer-

Meinhardt model for anthocyanin spot patterns in M. lewisii. In chapter 3, we will present our

methods and results for pattern classification.
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Chapter 2

Anthocyanins and flower patterns

2.1 Anthocyanin structure

The chemical structure of anthocyanins is integral to their color-changing abilities. Antho-

cyanins are formed from a parent molecule, the flavylium cation (Figure 2.1, column (a)). The

rings, labelled A, B, and C in the figure, form the chromophore. The addition of −H, −OH (hy-

droxy), or −O−CH3 (methoxy) groups to the positions labelled Ri transforms the flavylium cation

into one of the 20 known types of anthocyanidins. The anthocyanidins pelargonidin and malvidin

are shown in column (b) of Figure 2.1; note the differences in functional groups in the Ri positions.

Anthocyanidins are water-insoluble. The addition of sugars (or glycosyl units, shown in col-

umn (c) of Figure 2.1) at some of the positions marked 1-8 or 1’-6’ turns an anthocyanidin into

one of the over 900 known types of anthocyanins, which are water-soluble. Adding glycosyl units

to positions 3 and 5 on malvidin produces the anthocyanin malvin. Anthocyanins can be modified

further through the addition of acyl units to the glycosyl units, shown in column (d). Acyl units

can donate electrons to the chromophore, which changes the geometry and color of the molecule.

Figure 2.1: Column (a): the flavylium cation; column (b): examples of anthocyanidins produced by sub-

stitutions at the positions Ri; column (c): glycosyl (sugar) units such as glucose and sophorose are added

to positions 1-8 and 1’-6’ to produce a water-soluble anthocyanin; column (d): acyl units may be added to

glycosyl units. Figure from [15].
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An anthocyanin can undergo a series of fast and slow reactions to form different chemical

species (Figure 2.2) [4]: A– , the anhydrobase anion, appears blue. The A– species undergoes a

fast acid-base reaction with a proton that transforms it into the purple quinoidal base, A, and the

addition of another proton transforms A into the red flavylium cation, AH+. The slow hydration

of AH+ transforms it into the colorless hemiketal, B. B is a structural isomer (or tautomer) of

the light yellow cis-chalcone Cc, meaning it has the same number of atoms of each element, but

with a distinct combination of bonds. Cc transforms into the trans-chalcone Ct through slow

isomerization, where the functional groups of the molecule shift their spatial arrangement.

The equilibria, and thus the dominant species, of these reactions are influenced by the pH of

the solution, which then determines the color of the solution. In particular, higher pH values favor

reactions to the left of Figure 2.2. In neutral and alkaline solutions (pH ≥ 7), the blue A– species

dominates. In solutions with 4 < pH ≤ 6, which is the typical vacuolar pH range, the purple A

and red AH+ species dominate. The colorless B species dominates in solutions with pH 4.

Figure 2.2: pH-dependent anthocyanin structural changes. Figure from [15]

Single anthocyanin molecules, referred to here as monomers, can associate with each other and

other molecules [4, 5, 18–22]. Intramolecular anthocyanin associations are called dimers, trimers,

and j-mers (for j ≥ 3) and are facilitated through multiple types of chemical bonding. The type

of bond, its strength, and its geometry are factors in anthocyanin association [4]; for example,

AH+ has a positive charge, so it can ion-pair with negatively-charged ions to create zwitterionic

molecules (AH+)– . Similarly, A– can pair with positively-charged ions. A is less soluble because

it has a neutral charge, which results in a reduction in association ability.
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2.2 Anthocyanin reaction scheme

The basic anthocyanin species reaction scheme is as follows:

A− +H+
k
−1

−−⇀↽−−
k1

A

A +AH+, B
k6−−⇀↽−−
k
−6

B− +H+

AH+ k3−−⇀↽−−
k
−3

B +H+

B
k4−−⇀↽−−
k
−4

C
k5−−⇀↽−−
k
−5

C− +H+

(2.1)

We can use this scheme and the law of mass action to write a system of differential equations

for the change in concentration of each species:

d

dt
[A−] = {−k−1[A

−][H+] + k1[A]} (2.2)

d

dt
[A] = −{−k−1[A

−][H+] + k1[A]}+ {−k−2[A][H
+] + k2[AH

+]} (2.3)

d

dt
[AH+] = −{−k−2[A][H

+] + k2[AH
+]}+ {−k3[AH

+] + k−3[B][H+]} (2.4)

d

dt
[B] = −{−k3[AH

+] + k−3[B][H+]}+ {−k4[B] + k−4[C]}+ {−k6[B] + k−6[B
−][H+]}

(2.5)

d

dt
[B−] = −{−k6[B] + k−6[B

−][H+]} (2.6)

d

dt
[C] = −{−k4[B] + k−4[C]}+ {−k5[C] + k−5[C

−][H+]} (2.7)

d

dt
[C−] = −{−k5[C] + k−5[C

−][H+]} (2.8)

The equilibrium constants are the ratios of the forward and backward reaction rate constants.

Equilibrium constants are known for each type of anthocyanin.

K1 =
k1

k−1

, K2 =
k2

k−2

, K3 =
k3

k−3

, K4 =
k4

k−4

, K5 =
k5

k−5

, K6 =
k6

k−6

. (2.9)
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Equilibrium solutions can be found by setting the above time derivatives equal to 0 and writing

each concentration in terms of [A].

[A−] =
K1

[H+]
[A]

[A] = [A]

[AH+] =
[H+]

K2

[A]

[B] =
K3

K2

[A]

[B−] =
K6K3

[H+]K2

[A]

[C] =
K4K3

K2
[A]

[C−] =
K5K4K3

K2[H+]
[A]

(2.10)

The total anthocyanin concentration [T ] is the sum of the concentration of each species and is

a conserved quantity.

[T ] = [A−] + [A] + [AH+] + [B] + [B−] + [C] + [C−] (2.11)

Substituting in the quantities from (2.10) gives

[T ] = KT ([H
+])[A] (2.12)

where KT ([H
+]) is a function of the concentration of hydrogen ions:

KT ([H
+]) =

K1

[H+]
+ 1 +

[H+]

K2

+
K3

K2

+
K6K3

[H+]K2

+
K4K3

K2
+

K5K4K3

K2[H+]
(2.13)

A graph of anthocyanin steady-state mole fractions as a function of pH is pictured in Figure 2.3.

Anthocyanins are stored in the vacuole. Typical vacuolar pH ranges from 4 to 6, so the equilibrium

solution of the basic anthocyanin reaction scheme indicates that the colorless B species should
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dominate. In spite of this conclusion, colored anthocyanin species are still observed in plant cells

(Figure 1.2).

Figure 2.3: Equilibrium mole fractions for each anthocyanin species as a function of pH.

One hypothesis is that association can cause chemical changes that allow anthocyanins to dis-

play their colors in the cell. For example, anthocyanins formed from the anthocyanidins cyanidin,

petunidin, and delphinidin have two -OH groups on their B ring that can form both metal and non-

metal complexes, which exhibit unusual free-radical and excited-state behavior. These properties

help explain the vibrant blue color seen in flowers like the hydrangea, whose anthocyanins form

complexes with aluminum ions in acidic soil, and the blue cornflower, Centarurea cyanus, whose

anthocyanins form complexes with iron, magnesium, and calcium ions [14, 23–25]. Hydrangeas

are unique because they have a wide range of pink to blue coloration that is entirely derived from

one anthocyanin, delphinidin 3-glucoside (Figure 2.4) [26].
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Figure 2.4: Two Hydrangea macrophylla cultivars with different petal colors, both a product of delphinidin

3-glucoside.

2.3 Flower color

Pollinators have the ability to distinguish between flowers based on color and other morpholog-

ical properties, and pollinator-mediated selection on flowers can be strong [27]. The vision of bees

has been studied extensively; the honeybee was even the first non-human animal that was shown to

have color vision in experiments conducted by Karl von Frisch [28, 29]. Von Frisch demonstrated

that honeybees use the color, rather than brightness, of stimuli to discriminate between rewards.

Like humans and other primates, bees have trichromatic vision. Figure 2.5 shows examples of

flowers viewed by humans and bees. Bees can detect ultraviolet (UV) [30], and their photoreceptor

sensitivities peak in the UV, blue, and green areas of the spectrum [31–33]. The three photoreceptor

types are S, short-wavelength, peaking at approximately 344 nm (UV), M, middle-wavelength,

peaking at approximately 436 nm (blue), and L, long-wavelength, peaking at approximately 544

nm (green) [34]. In human cone photoreceptors, S peaks at approximately 420 nm (blue), M peaks

at approximately 534 nm (green), and L peaks at approximately 564 nm (red). The rods peak at

approximately 498 nm [35]. The similarities of color vision in primates and bees appear to be a

result of convergent evolution [36].

Bees also possess a mechanism for color constancy, the ability to identify colors in the same

hue regardless of lighting conditions [36,37]. Without color constancy, bees would lack the ability
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Figure 2.5: From left to right, flowers viewed in human vision, bee colors, and projected into the bee vision

lattice. Blue corresponds to the S (UV) receptor, green to the M (blue) receptor, and red to the L (green)

receptor. Flowers are, top to bottom, Helianthemum nummularia, Aquilegia vulgaris, Mespilus germanica,

Linum austriacum, Vella spinosa, Nonea lutea, Taraxacum officinale, Stellaria holostea. Figure from [29]

to recognize the same object repeatedly in different conditions, which would prevent them from

using color recognition and learning as a component in their foraging decisions.

Indeed, bees can learn to use color in conjunction with other visual, olfactory, or tactile prop-

erties to forage efficiently and maximize nectar rewards. Von Frisch’s color vision experiments

trained honeybees to associate a reward with a card of a specific color [28], and further work has

advanced our understanding of what bees are capable of learning. Bees learn very quickly, though

the learning speed and success rate varies between colors. In one set of experiments, bees were
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trained to visit violet (413 and 428 nm) after just one trial, while blue-green (494 nm) was the

most difficult color for the bees to learn [29, 38]. Later experiments showed that bees possess

very complex and flexible learning mechanisms, contrary to the assumption that insects and other

invertebrates have limited (if any) learning capacity. Remarkably, they have different memory-

forming phases that allow them to process and use new information before the old information is

stored [38].

Color is an important factor in the bee learning process, but there is little evidence to suggest

that bees have innate color preferences [27]. Furthermore, bees are virtually colorblind when they

view flowers at a distance [39,40]; instead, they use their green (L) receptor to perceive brightness,

which means the L receptor contrast of a flower compared to its background is important for

detection [39, 41]. Bees also have relatively low-resolution distance vision [29], so small flowers

with colors offering low L-contrast are difficult for them to detect at a distance. Despite this, many

such flowers are bee-pollinated.

2.4 Flower patterns

To make sense of this apparent discrepancy, we must consider the role of flower patterns in

pollinator signaling. Many flowers have multicolored patterns on their petals, caused by variations

in the concentration of anthocyanins and other pigments. There are a wide variety of patterns that

anthocyanins can form, including spots, veins, and complex arrangements of lines (Figure 2.6,

panel (a)). Many ornamental flowering plants are selectively bred for distinctive patterning.

Bees are able to discriminate between petal patterns, use prior knowledge of patterns to recog-

nize their variations [42], and, after extensive training, can learn to generalize them [43]. While

bees possess advanced pattern discrimination abilities at close range, they are incapable of dis-

cerning floral details at a distance due to their poor visual resolution (Figure 2.6, panel (b)). As a

result, many experiments that test bee pattern preference at only one distance seem to contradict

other experiments that test at a different distance [44]. Different spatial scales must be considered

to understand the effect of flower patterns on bees and vice versa.
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(a) Anthocyanin patterns on petals: From left to right, patterns on a desert willow, a petunia, a snapdragon

vine, a palo colorado, and a moth orchid.

(b) Flowers as viewed by a human and a honeybee, including their L-

receptor contrast. Blue corresponds to the S (UV) receptor, green to the

M (blue) receptor, and red to the L (green) receptor. Figure from [41]

Figure 2.6: Examples of flower patterns. Panel (a) shows various examples of anthocyanin petal patterns,

while panel (b) shows flower patterns as seen by humans and bees.

The low resolution of insect eyes prevents bees from resolving elaborate flower patterns from

a distance. Their ability to see patterns is also influenced by their flight trajectory [45]. However,

flower patterns can still send long-distance signals even if bees are too far away to fully discern

their details. Bees are reliant on L (green) receptor contrast for long-distance pattern detection,

so contrasting colors within a flower can greatly enhance its visibility [41]. The presence of spot

and ring markings reduce naive bumblebee search time compared to unpatterned flowers [46].

Detection of colored rings is enhanced further depending on the contrast between the inside and

outside of the ring. Furthermore, bees detect large single-colored disks better than colored ring

markings [47], but many flowers have complex patterns that would seemingly be difficult for a bee

to detect from afar.
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However, we also need to consider bee vision at a smaller scale. At close range, bees possess

complex pattern processing abilities. They can be trained to recognize patterns on rewarding flow-

ers and avoid patterns associated with punishment [46]. Patterns can be attractive to naive bees

as well. One category of patterns called nectar guides visually signals the location of nectar in a

flower, improving foraging efficiency and ensuring that bees and other pollinators come into con-

tact with pollen. Bees prefer flowers with radiating nectar guide-like patterns to both plain flowers

and those with randomly-arranged patterns [44], and the presence of a nectar guide increased for-

aging speed in both naive and experienced bees [48]. Additionally, moving the nectar guide away

from the location of the nectary disrupts bee search times, indicating that the pattern itself and not

its position plays a role in guiding bees [49]. Therefore, flower patterns must balance long-range

detectability with short-range attractiveness.

Although bee vision has been studied at both long-range and close-range, the process through

which bees combine visual information from different scales has yet to be understood. The precise

functional significance of flower patterns is also an active area of study.

2.5 Pattern model

The mechanics of pattern formation have long fascinated both mathematicians and biologists,

and many models for these mechanisms have been proposed. One of these is the reaction-diffusion

model, proposed by Alan Turing [50] and independently advanced by Alfred Gierer and Hans

Meinhardt [51, 52]. Turing showed that pattern formation can occur through the interaction of

two substances with different diffusion rates (the speed at which the substance spreads). The

term "reaction-diffusion" refers to any system with this property, but not all reaction-diffusion

systems form patterns. Gierer and Meinhardt’s work introduced the conditions that guarantee

pattern formation in a reaction-diffusion system [53].

The Gierer-Meinhardt reaction-diffusion model requires two components, an activator and in-

hibitor. The activator must activate both itself and its inhibitor, the inhibitor must inhibit the

activator, and the inhibitor must have a larger diffusion coefficient than the activator [51]. The
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activator is referred to as "short-range," while the inhibitor is "long-range." Pattern formation oc-

curs in a reaction-diffusion system if and only if the conditions of local activator self-activation

and long-range inhibition are satisfied. These assumptions were not included in Turing’s original

model [53].

The mathematical formulation is a system of partial differential equations:

∂A

∂t
= DA∆A+GA

(
A2

I
+ Ã0

)
− UAA

∂I

∂t
= DI∆I +GIA

2 − UII.

(2.14)

Here, A is the concentration of activator and I is the concentration of inhibitor. The operator

∆ is the 2-dimensional Laplacian, ∆ = ∂2

∂x2 +
∂2

∂y2
. The constants DA and DI are the diffusion co-

efficients of the activator and inhibitor, respectively. We require DA << DI due to the assumption

of short-range activation and long-range inhibition. The activator activates itself with potency GA

and the inhibitor with potency GI . The terms GAÃ0 and I0 = 0 are the background production

rates of the activator and inhibitor. The term GA
A2

I
refers to the activation of the activator by itself

as well as its inhibition by the inhibitor, and GIA
2 refers to the activation of the inhibitor by the

activator. The constants UA and UI are the degradation rate constants of the activator and inhibitor.

Figure 2.7 shows patterns produced by the Gierer-Meinhardt model with different parameters.

The monkeyflowers, genus Mimulus, are used as a model organism for several purposes, includ-

ing pollinator ecology, speciation, genetics, and evolutionary developmental biology (evo-devo).

Many species have distinctive anthocyanin spot patterns. Baoqing Ding and colleagues showed that

the activator and inhibitor of Mimulus lewisii and Mimulus guttatus spot patterns are in the R2R3-

MYB and R3-MYB protein families, respectively [17]. The corresponding gene for the activator

is NEGAN (Nectar Guide Anthocyanin), and the gene for the inhibitor is RTO (Red Tongue). Fig-

ure 2.8 shows experimentally-created Mimulus lewisii mutants with varying levels of anthocyanin

density.

Furthermore, NEGAN activates itself and RTO, RTO inhibits NEGAN function, and RTO is

capable of intercellular (long-range) inhibition [17]. Therefore, the NEGAN-RTO system satisfies
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Figure 2.7: Examples of patterns produced by the Geirer-Meinhardt model. Figure from [53]

Figure 2.8: Wild type and experimentally-produced mutant Mimulus lewisii anthocyanin patterns. From

left to right: (A) Wild-type, (B) Absence of anthocyanins due to NEGAN downregulation, (C) Anthocyanin

overexpression from homozygous rto alleles, and (D) F1 plant with intermediate anthocyanin production

due to incomplete dominance of rto. Figure from [17]
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the requirements for the Gierer-Meinhardt model. Ding et al. proposed a modified version of the

equations in (2.14):

∂A

∂t
= DA∆A+GA

A2 + A0

I +K
− UAA

∂I

∂t
= DI∆I +GIA

2 + I0 − UII.

(2.15)

Here, the residual K = 0.001 prevents the denominator of A2+A0

I+K
from becoming 0, which

allows the initial concentration of the inhibitor to be 0.

The Gierer-Meinhardt model produces patterns that look very similar to real M. lewisii spot

patterns. We used the same parameters used by Ding and colleagues to generate simulated flower

patterns: Diffusion constants DA = 0.01 and DI = 0.5, degradation rate constant UA = 0.03,

background production rate constants A0 = 0.01 and I0 = 0, and activation potency rate constants

GA = 0.08 and GI = 0.12. The degradation constant of the inhibitor, UI , was varied to produce

different degrees of spot patterning. The initial activator concentration was 1M, while the initial

inhibitor concentration was 0M.

Numerical simulations were done using a Fourier spectral method with periodic boundary con-

ditions and fourth-order Runge Kutta method, given in [54]. The time scale of the simulations was

chosen to be t = 1500 (1.5 ∗ 104 iterations with a time step of dt = 0.1) because the patterns no

longer evolved after this time. Our spatial domain was 0 ≤ x, y ≤ 50, with a spatial step of 50
256

and

grid size 256x256. An example of the activator concentration surface for UI = 0.15 is shown in

Figure 2.9. This combination of parameters produces scattered arrangements of spots with smooth

peaks, similar to the pattern seen in panel (a) of Figure 2.7.

The 2-dimensional images were produced by taking a level set at z = 3, which was also used

by Ding and colleagues. Points with an activator concentration greater than 3 were assigned a value

of 1, and the rest were assigned a value of 0. We colored the cells with value 1 red and the cells

with value 0 yellow to produce images that resemble M. lewisii spots. Furthermore, we restricted

our spatial grid to a size of 75× 150, which gave us a narrow domain similar to the spotted area of

the flower petals.
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Figure 2.9: The activator concentration surface obtained using the Gierer-Meinhardt model.

A comparison between the spotted area of a M. lewisii petal and a simulated pattern is shown

in Figure 2.10. Ding et al. visually matched this petal to UI = 0.06 in the model, so we also chose

UI = 0.06 for this comparison.

Figure 2.10: (A) A M. lewisii petal, (B) the same petal binarized in MATLAB with a threshold parameter

of 0.53, (C) a simulated pattern with UI = 0.06, restricted to a grid size of 75x150. Petal photo from [17].

In the following chapter, we will further discuss the role of the parameter UI in spot forma-

tion, then introduce a method to classify these flower patterns by their UI values using persistent

homology.
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Chapter 3

Pattern classification

3.1 Motivation

Our goal is to classify Mimulus lewisii petal patterns using their UI values as the categories.

Specifically, we seek to use the classifier on real data. We also have the broader goal of developing

a classification method that can be used with petal patterns and their corresponding mathematical

models in other flower species, in addition to other 2-D pattern-forming systems.

3.2 Pattern dependence on inhibitor degradation rate

Ding and colleagues modified the value of UI , the degradation rate of the RTO inhibitor, in

their modified Gierer-Meinhardt model (2.15) and found that spot size and density increased as

UI increased. We used UI values in a range from 0.03 to 0.18 with step size 0.01 to generate the

patterns we will use for classification (Figure 3.1). Furthermore, different values of UI produce

patterns that resemble M. lewisii with varying degrees of RNAi knockdown targeting the RTO

gene [17]. Thus, the inhibitor degradation rate is a strong component in different degrees of spot

expansion (Figure 3.2).

Persistent homology is the basis for our training data, so we also examined the persistence

diagrams for each value of UI . The persistent homology of the patterns varies with the value of UI

as well (Figure 3.3). Since variations in UI cause dramatic changes in both the pattern images and

their persistent homology, we determined that it would be feasible to classify the patterns based on

their UI values.

In the next sections, we will discuss persistent homology and its uses in machine learning in

more detail.
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Figure 3.1: Patterns for values of UI from 0.03 to 0.18, in increments of 0.01.

Figure 3.2: Simulated patterns that resemble incremental degrees of RNAi on the RTO gene in M. lewisii.

Petal photos and parameter choices from [17].
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Figure 3.3: Persistence diagrams (H0 in blue, H1 in orange) for values of UI from 0.03 to 0.18 in increments

of 0.01.

3.3 Persistent homology

Persistent homology is a powerful computational topology tool that tracks the appearance and

disappearance of features in a sequence of topological spaces. This information can be represented

in a persistence diagram. Persistence diagrams are also referred to as birth-death diagrams because

they are a collection of points (x, y), with each point representing a feature that appears (is born)

21



at the scale x and disappears (dies) at scale y [55]. Generally, we consider features with longer

lifespans (more "persistence") to be more important descriptors of the data.

For points in the plane, there are two topological features, namely connected components and

holes. We illustrate persistent homology with the example set Ω in Figure 3.4, panels (a-c). The

set Ω is a hexagonal lattice in which two points have been perturbed and one removed. These

alterations introduce "holes" of different sizes into the pattern. Persistent homology allows us to

characterize these holes. Suppose we place disks of radius r centered at each point in Ω. We

connect any two points in Ω by an edge if the disks centered at these points enclose each other’s

centers. In addition, if three disks contain a triangle of edges, then that triangle is filled in by a face.

The resulting simplicial complex, which consists of the points Ω, edges, and faces, is illustrated for

a series of three progressively larger values of r, the connectivity parameter, in Figure 3.4 (a-c).

r = r3

(d) (e)

r = r1 r = r2

(a) (b) (c)

rstart rstart

r
e
n
d

r
e
n
d

Figure 3.4: A set Ω of points, shown in solid dots in panels (a,b,c), was produced by removing one point

and perturbing two points of a hexagonally arranged set of dots (open dots designate the original positions

of dots that were altered). As the connectivity parameter r increases, edges and faces are added to form a

sequence of simplices, examples of which are shown in panels (a,b,c). Each point (rstart, rend) in the H0

persistence diagram of panel (d) designates a value r = rstart at which some connected component forms

and the value r = rend of r at which that component ends by joining a connected component with a smaller

value of rbirth. Similarly, the H1 persistence diagram of panel (e) illustrates the values rstart and rend of the

connectivity parameter at which holes form and are filled in by faces, respectively.

For any value of r, we can count the number of holes in the simplicial complex, where a hole

is defined to be a closed loop of edges that is not filled in by a face. There are, respectively, 0, 3,

and 2 holes in the simplicial complexes of the first three panels of Figure 3.4. As we increase r,

for any hole, there is a value rstart of the connectivity parameter at which the hole first appears and

a value rend at which it is filled in by a face. Each point in the persistence diagram shown in Figure
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3.4 panel (e) is located at the coordinates (rstart, rend) corresponding to a hole. This is called the H1

persistence diagram.

The H0 persistence diagram (Figure 3.4, panel (d)) is constructed similarly for components.

Each point in the H0 persistence diagram is located at the coordinates (rstart, rend) corresponding

to values of r at which a connected component forms and then merges with another component.

Because our data will always have at least one component, the H0 diagram contains a point of

infinite persistence corresponding to the fully-connected simplical complex. We have omitted this

point in our diagrams.

3.4 Persistence images

The space of persistence diagrams can be equipped with a metric, usually the Wasserstein or

Bottleneck metric. These metrics are stable with respect to noise in the original data, so machine

learning techniques can be used in conjunction with them. However, this approach is insufficient

for some machine learning tools, and use of the metrics is very computationally expensive [56].

We solve this problem by using persistence images, which are stable vector representations

of persistence diagrams [55]. The "pipeline" from persistence diagram to persistence image is

summarized in Figure 3.5.

Figure 3.5: Pipeline to transform data into a persistence image. Figure from [55]

Let B be a persistence diagram (the set of points (x, y)). Let T : R
2 → R

2 be the linear

tranformation (x, y) 7→ (x, y − x). Then, T (B) transforms B so that the line y = x becomes the

horizontal axis.
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Now, let ϕµ : R2 → R be a differentiable probability distribution with mean µ = (µx, µy) ∈ R
2

and variance σ2. We use ϕµ = gµ, where gµ is the normal/Gaussian distribution with probabilty

density

gµ(x, y) =
1

2πσ2
exp

(
−
(x− µx)

2 + (y − µy)
2

2σ2

)
(3.1)

We also require a weighting function f : R2 → R. The weighting function must be 0 along the

horizontal axis, continuous, and piecewise differentiable. The weighting function should also be

nondecreasing in y so it weights points with higher persistence more heavily. We use the weighting

function used by Adams and colleagues in [55]. Let b > 0 and define wb(t) as follows:

wb(t) =





0 t ≤ 0

t

b
0 < t < b

1 t ≥ b

(3.2)

We define f(x, y) = wb(y), with b defined to be the persistence value of the most persistent

feature.

The above components are combined to convert the persistence diagram B into a persistence

image. First, we create a persistence surface ρB : R2 → R by taking the Gaussian distribution

centered at each point in T (B), then multiplying it by the weight of that point:

ρB(z) =
∑

u∈T (B)

f(u)ϕu(z) (3.3)

The assumptions we made for the weighting function f ensure the stability of the transforma-

tion of the persistence diagram into a persistence surface. The surface ρB is reduced to a finite-

dimensional vector by discretizing the plane: we fix a grid of n boxes or pixels in the plane, then

integrate ρB over each box. The persistence image I of B is defined as follows for 1 ≤ p ≤ n:

I(ρB)p =

∫ ∫

p

ρBdydx (3.4)
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In our persistence images (images for H1 are shown in Figure 3.6), we used the Gaussian

distribution shown in (3.1), the weighting function defined in (3.2), and a pixel size of 1.

Figure 3.6: Examples of H1 persistence images from simulated spot patterns. Compare to the persistence

diagrams seen in Figure 3.3.

3.5 Support vector classification

We will now summarize the machine learning approach that we will use to classify our pattern

data. The goal of classification is to assign input vectors x to one of k discrete categories, {Ci}
k
i=1.

In our case, the input vectors are the persistence images, and the categories are the value of UI that

should be used to generate the pattern. The categories are taken to be disjoint: that is, each input

vector is only assigned to one category. Therefore, the input space can be divided into "decision

regions" with boundaries called "decision boundaries" [57].

Machine learning algorithms are tasked with determining the location of the decision bound-

aries. There are many such algorithms, but we will use the linear Support Vector Machine (SVM).

If we have n-dimensional training data, the decision boundary will be an n − 1-dimensional hy-

perplane. SVM places the hyperplane in a way that maximizes the distance (called the margin)

from the hyperplane to the nearest training points of each category. The nearest training points are

referred to as the support vectors (Figure 3.7) [58]. Thus, only a small amount of the training data
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is needed to construct the hyperplanes; points outside of the margin can be moved around without

affecting the solution to the optimization problem [57].

Figure 3.7: An example of a binary SVM problem in 2 dimensions. The support vectors are marked with

grey squares. Figure from [58]

SVM is formulated as a binary classification algorithm, but it has been extended for multiclass

problems. Suppose we have a classification problem for k categories. There is the "one-vs-rest"

method, which trains k binary SVMs: for the ith SVM, category i is separated from the rest of

the categories. The second approach is the "one-vs-one" method, where
k(k−1)

2
binary SVMs are

trained to separate pairwise combinations of the categories [57]. Our classifier uses the "one-vs-

one" method.

3.6 Classification results

We used MATLAB to generate our point data. For classification, we used the following Python

packages: Ripser [59] to generate persistence diagrams, Persim to generate persistence images, and

Scikit-Learn [60] for the classifier. We generated 120 simulations with random initial conditions

for each value of UI from 0.03 to 0.18 in increments of 0.01. In the simulations where the 75×150

grid size was used, we used 3 samples from different areas for each pattern, bringing the total

number of datasets up to 360.
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The data were randomly assigned to the training and test sets with a split of 80% training data

and 20% test data. We ensured consistency between methods by using a seed of 2. Persistence

images of different dimensions can be used alone or concatenated with each other [55], so we

trained classifiers using H0, H1, and H0 and H1 concatenated.

Accuracy is calculated as the ratio of correct classifications (classifications with U
predicted
I =

Uactual
I ) to the total number of patterns in the test set. Our increment between UI values is very

small, resulting in subtle differences in the spot locations of adjacent patterns. Therefore, we also

include a quantity that we refer to as "off-diagonal accuracy," where we sum (classifications with

U
predicted
I = Uactual

I ) + (misclassifications where U
predicted
I = Uactual

I ± 0.01) before dividing by

the total number of test patterns.

3.6.1 Classification using 3-D data

First, we used the 3-dimensional activator concentration surfaces from the Gierer-Meinhardt

model (shown in Figure 2.9) to train the classifier. The surfaces were converted into point data

by taking the x- and y-values of their relative maxima, which correspond to the locations of the

surface’s peaks, using the extrema2 function [61].

Figure 3.8: The locations of the relative maxima overlaid on a surface with UI = 0.15.
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We began by using the extrema of the entire 256 × 256 grid size. The confusion matrices are

shown in Figure 3.9. Classification with H0 was 76.0% accurate, H1 was was 86.2% accurate, and

H0 and H1 was 85.7% accurate. Using both H0 and H1 showed no improvement over H1 alone.

Off-diagonal accuracies were 85.9% for H0, 100% for H1, and 100% for H0 and H1.

(a) H0, 76.0% (85.9%) accurate (b) H1, 86.2% (100%) accurate (c) H0 and H1, 85.7% (100%) accu-

rate

Figure 3.9: Confusion matrices using the relative maxima of the original activator concentration surfaces,

using training data with domain 256× 256. Percentages in parentheses are off-diagonal accuracies.

Classification results were very good for the full grid size, but we also tried restricting the grid

to 75 × 150 to match the real petal spot domain (see Figure 2.10). Confusion matrices are shown

in Figure 3.10. Classification with H0 was 40.1% accurate, H1 was 21.61% accurate, and H0 and

H1 was 39.0% accurate. Off-diagonal accuracies were 79.3% for H0, 56.4% for H1, and 78.6%

for H0 and H1.

Classification accuracy decreased dramatically when we restricted the grid size. Additionally,

this method cannot be extrapolated to real data because it requires the 3-D activator concentration

surface, which we can only obtain through simulations. However, we found that the topology of

patterns with different UI values is distinct enough to classify using the locations of the spots, so

we turned our attention to the 2-D pattern images.
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(a) H0, 40.1% (79.3%) accurate (b) H1, 21.61% (56.4%) accurate (c) H0 and H1, 39.0% (78.6%) ac-

curate

Figure 3.10: Confusion matrices using the relative maxima of the original activator concentration surfaces,

using training data with domain 75× 150. Percentages in parentheses are off-diagonal accuracies.

3.6.2 Classification using 2-D data: Center of mass

Next, we converted the level sets seen in Figure 3.1 into point data by taking the center of mass

of each cluster of 1s (the red spots). One limitation of this method was immediately apparent:

we could not use it to generate data for the images corresponding to UI values of 0.17 and 0.18.

These images had so much red that only one center of mass could be generated, which provides

insufficient data for persistent homology.

In the rest of the patterns, taking centers of mass resulted in only one point for each red area. As

a result, these points only captured the density of the spots and not their size. The center of mass

points were especially poor descriptors of the patterns with higher UI values that led to merged

spots. These larger spots appeared in the point data only once, despite their larger area in the

pattern, as shown in Figure 3.11.

Despite these limitations, the classification had fairly good accuracy when tested on simulated

data. Confusion matrices are shown in Figure 3.12. Classification with H0 was 54.0% accurate,

H1 was 49.4% accurate, and H0 and H1 was 52.1% accurate. Off-diagonal accuracies were 86.2%

for H0, 86.2% for H1, and 89.1% for H0 and H1. The lack of information for the shapes of larger

spots is apparent as the value of UI increases.
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(a) Extrema of the origi-

nal surface

(b) Centers of mass of

the level set

Figure 3.11: A comparison between the extrema of the original surface and the centers of mass of the level

set for the same pattern with UI = 0.15.

(a) H0, 54.0% (86.2%) accurate (b) H1, 49.4% accurate (86.2%) (c) H0 and H1, 52.1% (89.1%) ac-

curate

Figure 3.12: Confusion matrices for classification with the centers of mass of the 2-D patterns. Percentages

in parentheses are off-diagonal accuracies.

Spots in real petals are often much less uniform in organization and shape than the simulated

data that the classifier was trained on, so we looked for a data processing method that could better

capture the information in the patterns.

3.6.3 Classification using 2-D data: Voronoi surfaces

The center of mass method resulted in the loss of a large amount of topological information,

so we moved on to developing a method to extract 3-dimensional information from the level sets.
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We constructed 3-dimensional surfaces by using an algorithm similar to the one used to generate

3-dimensional Voronoi diagrams, also referred to as Voronoi cones or mountains.

A 2-dimensional Voronoi diagram is constructed using a set of points, referred to as generators

or seeds, {pi}
n
i=1. The plane is divided into regions, {Ri}

n
i=1, where pi is inside Ri for each i. The

distance from every point in the plane to the generators is calculated with the l2 distance, but other

distance functions can be used. All the points in region Rk (1 ≤ k ≤ n) are closer to the generator

pk than they are to any other generator pi (where i ̸= k). The points that form the boundaries of

each region are equally close to the two nearest generators.

Voronoi diagrams are converted into Voronoi cones by setting the z value of each point equal

to its distance from the generator of its region. This surface may be reflected across the xy-plane

so the generators form the peaks of the cones. In MATLAB, we accomplished this by using the

voronoi mountains function [62].

(a) Voronoi diagram (b) Voronoi cones

Figure 3.13: An example of a Voronoi diagram and its corresponding Voronoi cones. Images generated

with [63].

We used the indices of each red cell from the level set matrix to create our set of generating

points. We generated a Voronoi surface V1 with this set. However, every point in a spot was treated

as a generator, preventing us from obtaining defined peaks. We solved this problem by creating a

second Voronoi surface V2 using the indices of each yellow cell as generators, which gives us the

distances from the red points to the nearest yellow area. We combined these surfaces by replacing

the red areas in V1 with the negative z-values from V2, which gave us smooth peaks in the center
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of each red spot. Finally, we reflected the surface over the xy-plane so the red areas would form

peaks as they did in the original surface.

For UI = 0.03 and UI = 0.04, the spots were so small that this method did not yield point data

that was accurate to the patterns. For these sets, we found the extrema of V2 (the surface using the

yellow points as generators) directly.

Figure 3.14: An example of the Voronoi surface for a pattern with UI = 0.15.

This method recovered the behavior of the original surface very well. A comparison between

the original surface and its Voronoi reconstruction from the level set is shown in Figure 3.15.

We obtained point data by taking the x- and y-values of the relative maxima (as we did for the

original surfaces). A comparison of the points generated from the original surface and the Voronoi

surface is shown in Figure 3.16. Notably, the Voronoi surface had more relative maxima within the

larger spots than the original surface did.

Confusion matrices are shown in Figure 3.17. Classification with H0 was 66.8% accurate, H1

was 60.2% accurate, and H0 and H1 was 64.8% accurate. The Voronoi-surface approach thus

acheived the best accuracy of the data processing methods. Off-diagonal accuracies were 97.1%

for H0, 95.0% for H1, and 97.5% for H0 and H1. Therefore, we also obtained the best off-diagonal

accuracy using the Voronoi-surface method. Classification was most successful for the UI values

on the highest end of the range.
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(a) The original sur-

face

(b) The Voronoi sur-

face

Figure 3.15: A comparison of the original activator concentration and Voronoi surfaces for the same simu-

lated pattern with UI = 0.15.

(a) Extrema of the origi-

nal surface

(b) Centers of mass of

the level set

(c) Extrema of the

Voronoi surface

Figure 3.16: A comparison of the points generated by the data processing methods we used for the same

simulated pattern with UI = 0.15.

3.6.4 Choice of level set for Voronoi surface

The choice z = 3 for the level set was arbitrary and based on the resemblance of the simulated

images to real patterns. We generated additional patterns using different thresholding values to

determine whether the topological features are preserved at different level sets.
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(a) H0, 66.8% (97.1%) accurate (b) H1, 60.2% (95.0%) accurate (c) H0 and H1, 64.8% (97.3%) ac-

curate

Figure 3.17: Confusion matrices for classification with extrema of the Voronoi surfaces. Percentages in

parentheses are off-diagonal accuracies.

We found that z = 4.5 and z = 2.65 were the highest and lowest level sets, respectively, that

preserved the patterns for all UI values and gave persistence diagrams with enough information for

classification. A comparison between patterns thresholded with z = 2.65, z = 3, and z = 4.5 is

shown in Figure 3.18.

(a) Level set at z = 2.65 (b) Level set at z = 3 (c) Level set at z = 4.5

Figure 3.18: A comparison of the 2-D pattern images and the maxima of their Voronoi surface reconstruc-

tions for different level sets. The pattern has UI = 0.15.

Confusion matrices are shown in Figure 3.19 for z = 4.5 and 3.20 for z = 2.65. Classification

using the z = 4.5 level set with H0 was 55.0% accurate, H1 was 49.2% accurate, and H0 and H1
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was 54.9% accurate. Off-diagonal accuracies were 93.2% for H0, 91.1% for H1, and 94.1% for

H0 and H1.

Classification with the z = 2.65 level set with H0 was 74.3% accurate, H1 was 97.9% accurate,

and H0 and H1 was 97.5% accurate. Off-diagonal accuracies were 97.0% for H0, 91.8% for H1,

and 96.1% for H0 and H1.

(a) H0, 55.0% (97%) accurate (b) H1, 49.2% (91.1%) accurate (c) H0 and H1, 54.9% (94.1%) ac-

curate

Figure 3.19: Confusion matrices for classification with extrema of the Voronoi surfaces using z = 4.5.

Percentages in parentheses are off-diagonal accuracies.

(a) H0, 68.8% (97.0%) accurate (b) H1, 58.4% (91.8%) accurate (c) H0 and H1, 64.5% (96.1%) ac-

curate

Figure 3.20: Confusion matrices for classification with Voronoi surfaces using z = 2.65. Percentages in

parentheses are off-diagonal accuracies.

Both raw and off-diagonal accuracy decreased slightly from level set 3, but were still high. We

tested the highest and lowest level sets that provided us with meaningful topological information
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and found that classification accuracy is relatively unchanged. Therefore, we conclude that the

unique surface topology of each pattern is preserved between level sets.

3.6.5 Summary of classification accuracy

We summarize the classification accuracies for each method we tested in Table 3.1. We ad-

ditionally provide computation times for each step of the process in Table 3.2. Times for data

processing are given as an approximation for one dataset. Times for persistent homology and

classification include all three dimensions we used for the entire data.

Table 3.1: A summary of accuracies for each classification method.

Method H0 H1 H0 and H1

Surface maxima, 256× 256 76.0 86.2 85.7

Off-diagonal accuracy 85.9 100 100

Surface maxima, 75× 150 40.1 21.6 39.0

Off-diagonal accuracy 79.3 56.4 78.6

Centers of mass 54.0 49.4 52.1

Off-diagonal accuracy 86.2 86.2 89.1

Voronoi maxima, z = 3 66.8 60.2 64.8

Off-diagonal accuracy 97.1 95.0 97.3

Voronoi maxima, z = 4.5 55.0 49.2 54.9

Off-diagonal accuracy 93.2 91.1 94.1

Voronoi maxima, z = 2.65 68.8 58.4 64.5

Off-diagonal accuracy 97.0 91.8 96.1

Table 3.2: Computation times for each method (in seconds).

Method Processing PH Training

Surface maxima, 256× 256 0.15 189.5 1.27

Surface maxima, 75× 150 0.06 18.5 36.6

Centers of mass 0.002 18.6 83.5

Voronoi surface 0.2 29.41 51.4
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3.7 Petal data

We tested both of the 2-D classification methods with M. lewisii photos taken by Ding and

colleagues [17]. Figure 3.2 lists the photos alongside the simulations that Ding and colleagues

matched them with based on visual resemblance. We use these identifications to compare the

results of machine learning with identifications done by humans.

We split the petals in half because the shadows from the groove in the center led to inaccurate

thresholding. Thresholding was done in MATLAB, with parameters chosen manually for each

image. We chose parameters so the thresholding captured as much spot information as possible

without including noise from the photos.

As previously mentioned, the center of mass method only captured information about spot

density and not size or shape, which caused the point clouds for real patterns to be relatively poor

descriptors of the data. We also could not classify the mostly red petal (Figure 3.23, panel (d))

with centers of mass because we could not train the classifier with patterns for UI = 0.17 and

0.18. Conversely, the Voronoi method captured the pattern on a real flower better than the center of

mass method did, due to its ability to capture the shape information in larger spots. A comparison

between the centers of mass and Voronoi maxima for the same petal are shown in Figure 3.21.

(a) Centers of mass (b) Voronoi maxima

Figure 3.21: Comparison of centers of mass and Voronoi maxima for the same petal.
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We found that using centers of mass almost entirely gave classifications of UI = 0.15 and 0.16,

regardless of the dimension of persistent homology (Figure 3.22). When we used the Voronoi sur-

faces, we obtained more plausible results for 2 of the petals (Figure 3.23, panels (a,d)). However,

the classifier was less successful when presented with the petal with intermediate spotting (panel

b,c), predicting UI = 0.18 for both.

(a) UI = 0.03

(b) UI = 0.06

(c) UI = 0.15

Figure 3.22: Results for real petal classification using centers of mass for the spots. Petals are labelled

based on the parameter given to them in Ding et al.
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(a) UI = 0.03

(b) UI = 0.06

(c) UI = 0.15

(d) UI = 0.18

Figure 3.23: Results for real petal classification using Voronoi surfaces. Petals are labelled based on the

parameter given to them in Ding et al.
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Chapter 4

Conclusions and discussion

4.1 Conclusions

In this thesis, we found that training a classifier using persistent homology in conjunction with

the Gierer-Meinhardt model yields enough information for us to successfully categorize flower

pattern data. Patterns can be classified using persistent homology on points obtained directly from

the surface given by the Gierer Meinhardt model (Section 3.6.1). However, we can also use persis-

tent homology with 2-D pattern images, which gives us the ability to classify real flower patterns

using simulated training data. Notably, classification is based solely on the shape and location of

spots, rather than their radius.

We have presented a novel method for processing 2-D pattern data by using a modified Voronoi

surface algorithm. This method is very successful with simulated training data, and we have shown

that it can produce plausible classifications for real flower patterns. Furthermore, this was possible

even with relatively limited information (a small pattern domain) and subtle differences between

each pattern category. If we compare our results to the results for the other two methods, we

find that a key advantage is its ability to capture long spots, as evidenced by its improvement in

performance for higher UI values.

4.2 Discussion

4.2.1 Role of H0 and H1

Regardless of the method we used to process the data, we found that the H1 persistence im-

ages were consistently worse for classification than H0. Furthermore, concatenating H0 and H1

improved accuracy compared to H1 alone, but not H0.

40



One hypothesis for this result is that H0 persistent homology may contain more information

about the shape of the spots than H1. The sizes of the strings of points we see in longer spots

(Figure 3.16), or their absence, are included in the H0 persistence diagram.

However, when we take into account the off-diagonal classifications, H0 and H1 concatenated

yields better results than either on their own, although H0 alone still has better accuracy than H1.

This indicates that, while H0 persistence images provided a better basis for accurate classification,

adding H1 to it added more precision in the misclassifications.

4.2.2 Category density and regression

Here, we took a relatively fine increment of 0.01 between UI values. Because most misclassifi-

cations were for neighboring values of UI , we infer that taking coarser increments would improve

classification accuracy, while finer increments would worsen it.

Rather than taking progressively finer increments between categories, future work could treat

pattern classification as a regression problem, which would give us a continuous probability distri-

bution for each value of UI . This would allow us to characterize patterns more precisely without

using increasingly small pattern categories.

4.2.3 Improving classification for real data

Classification for real data could be improved further by modifying the training data to better

resemble real patterns.

While the simulated patterns produced by the Gierer-Meinhardt model bear a resemblance to

M. lewisii spot patterns, their uniform spot density and spot sizes limit this similarity. This limits

the accuracy of classification for petals with intermediate degrees of spotting because they often

have spots with irregular shapes, sizes, and spatial position. Future work could modify the training

data to better equip the classifier for such patterns.

One possibility is to randomly remove spots from the simulated patterns, which would expose

the classifier to training data containing empty spaces similar to what we see in real M. lewisii

petals. Another possibility would be to modify our algorithm for patterns where the "red" area
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covers most of the plane, as the points generated by our Voronoi surface do not account for all of

the red in the pattern (Figure 4.1). This is a potential explanation for the results shown in Figure

3.23, panels (b) and (c).

(a) Points over a

pattern with UI = 0.18

(b) Scatter plot of

the simulated

points

(c) Points over a

real petal

(d) Scatter plot of the

petal points

Figure 4.1: A comparison of the points for a pattern with UI = 0.18 to those for the petal seen in Figure

3.23, panel (c).

Additionally, one limitation of using binary images as inputs is that classification of photos

is dependent on the quality of the photo and how it was thresholded (particularly because the

thresholding was done at our discretion). Some of the petal photos that we used had inconsistencies

in lighting, so a portion of the spots did not appear in the thresholded images. Generally, we also

wish to test the classifier on more M. lewisii petal images with a wider range of spot patterns. Future

development of the classifier should use better quality images in greater numbers to increase the

quality of classification.

Finally, our classification method should be tested on other petal pattern formation models. If

it can be used to classify 2-D patterns in other pattern systems, we could better discern the effects

42



of visually-similar patterns on pollinator preference and learning. It would also provide insight

into the significance of factors that underlie petal pattern development.

4.2.4 Beyond flower patterns

Although this thesis has focused on the use of our classification method for pigment patterns on

flower petals, it has the potential for use in other pattern-forming systems because it only requires

2-D images as input data. One interesting example in ecology is dryland vegetation. Dryland

vegetation appears inconsistently patchy from the ground, but aerial photography reveals orderly

arrangements of plants resembling Turing’s reaction diffusion patterns (Figure 4.2) [64].

Figure 4.2: Large-scale reaction diffusion patterns formed by dryland vegetation. Figure from [64].

These patterns are the result of a water-biomass feedback loop caused by areas with denser veg-

etation drawing water away from its surroundings [64, 65]. Different mechanisms of water trans-

port induce positive feedback loops that can act separately or together to produce pattern-forming

instabilities; their relative importance changes with environmental conditions. Furthermore, this

mechanism can be modelled using a system of partial differential equations, giving a quantitative

basis for large-scale vegetation patterning [66].

43



If we view vegetation pattern formation as a function of precipitation, the results look remark-

ably similar to the patterns in Figure 2.7. Characterizing the patterns between multiple ecosystems

could provide insight into the environmental conditions that drive them. In the face of a changing

global climate, patterns could also serve as an indicator for unusual environmental conditions and

a guideline for human intervention.

Figure 4.3: An illustration of vegetation pattern dependence on precipitation. Figure from [64].

Vegetation patterning is just one example of a potential application for 2-D pattern classifi-

cation. Orderly pattern formation occurs in many more biological systems, and using machine

learning to characterize their parameters would provide a better understanding of their effects and

the mechanisms that underlie them [65].
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