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TRANSIENT FLOWS THROUGH AN INFINITE —
/ SATURAIED AQUIFER OF 220 SLOPER

by
Willian Hausnilé? and Gordon Keused

ABSTRACT

Prediction of the water table position and the amount of
withdrawal‘where ground wvater is flowing from an aguifer to a
reservolr has not besn exact dus, in part, to the difficulty of
solving the nonlinear partial differential equation which des-
cribes the flow.

Approximate solutions obtainsd by two differsnt methods
for ths ncnlinear squation are presented., Both solutions glve
better agresment with expsrimenial results than doss ths solu-

tion of the simplified linear equatlon for the flow,

Tne solution of one-dimensional boundary value problams
in ground water flow has many interesiing applicsiions. For
example, the increment of water added to bank slorage when

fi11l1irg a reservoir or the decrement teken from bank storaze
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vhenxemptying a reservolr can bs a considsrable amount and its
prediction is desirable, The same solution also applies to
certain cases of transients caused by the digging of drains
and to bank storage adjacent to streams that undergo changes in
water level. This paper presents four aspproximate solutions for
the problem. Solutions I and III are first approximations in
which the effect of the drawdown on the arsa available for the
flow of ground water is neglectad. Solutions II and IV are
second approximations which take the effect of drawdown into
account.
The solutions presented in. this paper are based upon the
following assumptionss
1. The saturated aquifer is of infinite extent and over-
lays an impermeable layer of zero slope.
2. The Dupuit-Forchheimer assumptions hold.
3. The change in reservoir water level is ingstantaneous.
4. The aguifer 1s composed of an isotroplc and homogsneous
material,

Solution I

Considsr the flow into a ressrvoir as shown in figure 1.



Land Surface ﬁ“//’___/,“_;_\,,,
/‘\-——/—‘——W/—V :
*
~
il Water Table at t=0
e S
(
/ ohn | S TR SREA ¢ SEN
H
/ H
2
i SIS IIRPELEL R, -5 (SRS 2
—_—— A
= ({_(__ e
Reservoir ) | dx d

Fig. | Flow into a Reservoir

The flow through a cross section of unit width at the distance x

from the origin is

Q=/((a’*__/z/*A 24 (1)
e X
where: K is the permeability of the aquifer,
If we let
D= o+ K (2)
A
then

Q=KH(D+Ah) 3h (3)
2X
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The equation of continuity for the strip of width dx and
time increment dt is

AQ dx ot = Y % ot Jx (4)
9X o

vhere: V 1s the specific ylsld of the aquifer,

Or, by use of equation (3)

2
K(D#)%h + K[2h\ = v 24 (5)
)ax‘ (ax) L
By letting o= 562, equation (5) becomes
2h x X 4 3% (6)
“($)r5() - 2 - & 5

This differential equation is nonlincar in form. If 4 is
much larger than H, h can be discarded from equation (3).
The continuity equation (4) then gives the following linear

differential equation,

% = 2k (7)
I X% 3T

A solution of this equation as presented by Gloveré/ is

/7/ BT ES - //¢ (8)
whera:
gz
# - /-u_a (9)
p=

& Glover, R. E. Personal communication. July 1958.
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¢ is the error function. The integral is tabulated in Reference
3.

This is solution I. Uhen the drawdown is small compared to
the thickness of the aquifer, Solution I is an approximate solu-

tion of equation (6). It satisfies the boundary and initial

conditions:

for x=0 t> 0 h1=--g
.x—-—oo h1=g
t=0 x>0 by = 2

Solution II
A second approximation to the true solution of equation ()

may be obtained by applying the method of Picard (1). This
method uses each successive approximation to approach a closer
approximation. To obtain the second approximation, the non-
linear terms of equation (6) ars computed from the first
epproximate solution, equation (8), and substituted into equa-
tion (6) as knoun functions. The differesntial equation, as
thus modified, is then solved again subject to the initial and
boundary conditions. The process of solution requires that
particular integrals of the known functions be found.

h,\2
A particular intsgral pj, for the term - -%5- (——l) is:

P = — AL (10)
20D

2h
Similarly a particular integral p,, for the term - -%(- h —i;l

is:



Pz = "jiéi j%év h, oz (11)
The expanded form of this particular integral 1s: "
Pz = — L7/ R e fié%;i+-.£§/_£; c "i%ﬁ?z
2/ ZDV_W L2
-l
A S ¢/ (12)

An approximate solution of the modified form of differential
equation (6) which satisfies the initial and boundary conditions

iss

hy=p, *pz *g (13)
This is solution II; where q 1is the first approximation

altered to correct h2 for the initial and boundary conditlons.

g=——2_//—£ ////<¢/ /V/*f/ 7

A plot of equation (13) is shown in figure 2 with the
dimensionless paramster h/H as ordinate and x/ /L & t as
abscissa., A comple@e drawdown is assumed so that the solution
can be compared with experimental data. Ths solution for the
linear case, equation (8), is also shown in figure 2.

Keller and Robinson (2) obtained measurements of the draw-
down curve in a lahoratory experiment in a sand filled flums,
Water was drained froan the sand through a 4-inch porforated
pipe located at the floor of the flume. The sand used had

values of K = 0.03, ft/sec, and V = 25.5 percent. The data
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of Keller and Robinson are compared with the theoretical approxi-

matién, equation (13), in figure 2,

Solution III

An alternative second approximation for fhe bank storage
case may be obtained by a method of equating flows. A first
approximation is obtalned as bafore and the flow Q 1s computed
from it. This flow ie then substituted into equation (3) and an
improved solution is obtained by integrating the resulting
expression. The first approximation will be solution III. It

is obtainad by solving the linearized differsntial equation

dA ' (14)

[\
™
M
\
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x=0 t>0 h=0
t=20 x>0 h =H
x —= 0 h—-H

The significance of the notation used in this case is shown in

SRR, o -0 0., - B 0
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Land Surface S 0 T
Water Table at t=0
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b i dx




The required first approximation, solution III, is then

/
/

by = HB (15)

Solutions I and III satisfy the same equations and boundary
conditions; only the reference point has changed. These solu-

tions therefore are idsntical.

Solution IV
A first approximation to the flow Q; through a cross

section of unit width at x 1is

R, = KD 34 (16)
x

whersa

D=d + g and hy 1is given by equation (15).
If the drawdown is taken into account, the expression for flow

is

Q= K(d+h) 94
g (17)

To obtain a closer approximation of h, equations (16) and (17)

are arbitrarily equated:

H(d*h) 24 = KD 4s (18)
Ix X
An integration with respect to x ylelds
(d+h)* = Dk + G bl
&

Thsa constant 01 may ba evaluated for the boundary condition

that h =0 when x = 0., The value so obtained is



L
C, = 2‘?/— (20)

Then, by substitution

(d+h)* = g%+ 2 D 4, (21)

Solution IV is obtained from this relation in the form:

he V204, +d* —d (22)

This solution satisfies the initial condition h = H when
t=0. If h4 is measursed from the same datum as hy so that
they may be compared directly, equation (21) becomes:

b =V2Dh +d* ~d -0.5 A

For the case of a complete drawdown it takes the form:

b4'= VHbh, —O.5H = HVE ~-0.5+ (23)

Ihis equation is shown on figure 2 for comparison with experi-
mental data.

A comparison of these solutions shows that the second
approximations II and IV agree better with the experimental
data than do the first approximations I and III, Fortunatsly,
the best agreemsnt is obtained from solution IV, which is the
easiest to use, The comparison is made here with the extreme
case of complete drawdown.

A1l the solutions are approximations based on the assump-
tion that d 1s very large compared to H., This assumption

18 least valid for the case of complete drawdown. Therefore,
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the results from using this solution with partial drawdowns
should be good.

Solutions I through IV were derived for the case of
inflow into a reserveir upon lowering of the reservoir water
level., However, the same equations and solutions apply to the
case of outflow if Q 1s considered to be negative for flow

into the aquifer.

Computation of &

Curves similar to those of figure ? can bs used to computle
oC for a given aquifer if values of h, H, d, x, and t have been
measured in the field. Prom these values H/D can be computed
and curves drawn for solution I or solution IV using h/H as
ordinate and x/ Lo t as abscissa. For a given h/H, & can
be calculated from the measured value of x/ ¥t and the value
of x/ VL « t obtained from the curve.

Solutions I and IV were used to determine & by the above
method for several of the points from Keller and Robinson's data.
These values were compared with the value of & computed from
laboratory measurements of K, D, and V. Table 1 indicates the

percentage errcr in &« as determined by these two solutions.
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TABLE 1

Brror in Deternination of «

h/H Solution I Solution IV
Percent Percent
- 0.41 88 84
- 0.12 7 36
+ 0,06 60 24
+ 0.42 21 17
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