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ABSTRACT

THE MÖBIUS HOMOLOGY LAPLACIAN FOR PERSISTENCE

Persistent homology provides a framework for studying the evolution of topological features

across filtered spaces. While persistence diagrams give discrete invariants that record the birth

and death of homological features, they do not directly encode analytic or geometric structure

associated to persistence modules. This dissertation develops a spectral framework for persistent

homology by introducing and studying a Laplace operator on the Möbius chain complex, called

the Möbius homology Laplacian.

Möbius homology categorifies Möbius inversion for persistence modules by replacing integer-

valued data with vector-space-valued chain complexes. By equipping these chain complexes with

inner products, we define a Laplace operator on the Möbius chain complex whose kernel provides

canonical cycle representatives for the associated Möbius homology space. We analyze the spectral

properties of this operator in two primary settings: one-parameter persistence modules and birth-

death modules arising from filtrations of simplicial complexes. In both cases, we show that the

spectrum reflects the combinatorial structure of the associated persistence diagram.
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Chapter 1

Introduction

Persistent homology was developed as a tool for extracting topological information from data

[1–3]. In topological data analysis, one often constructs a filtered simplicial complex from a point

cloud of data (for example, the Vietoris-Rips or Čech complexes [4, Section 2.2]) and tracking

the evolution of homological features as the filtration value varies. A key feature of persistent

homology is stability: persistence diagrams vary continuously under perturbations of the data,

ensuring robustness to noise [5, 6].

Although motivated by data analysis, persistent homology has developed into a rich mathemat-

ical theory. Filtered simplicial complexes give rise to persistence modules: sequences of vector

spaces with linear maps between them. In the one-parameter setting, persistence modules admit

complete discrete invariants in the form of persistence diagrams [7]. Persistence diagrams record

the birth and death of homological features, and they can be computed using algebraic and com-

binatorial methods such as rank invariants [7], birth-death functions [8], and interval decomposi-

tions [9]. However, while these constructions are equivalent in the one-parameter case, they are

combinatorial in nature. They record when features exist, but they do not provide canonical cycle

representatives or analytic structure. This dissertation is motivated by the following question:

Can persistence admit an intrinsic analytic structure, analogous to Hodge theory in

classical topology?

In classical topology, algebraic and combinatorial invariants are enriched by analytic meth-

ods such as the Hodge Laplacian on a Riemannian manifold or its combinatorial counterpart on a

simplicial complex. The kernel of the Hodge Laplacian recovers homology spaces and provides

canonical harmonic representatives for each homology class, and its non-zero spectrum reflects

geometric and combinatorial structure [10–13]. Persistence modules have not traditionally admit-
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ted such operators. This dissertation develops a framework in which an analytic structure naturally

emerges. To do so, we utilize Möbius homology, a categorification of Möbius inversion.

Möbius inversion is a classical tool for extracting local contribution from cumulative data on

finite posets [14]. In persistence theory, rank and birth-death functions encode cumulative infor-

mation about the presence of homological features across intervals. The persistence diagram can

be computed by applying Möbius inversion to these functions, as described in Chapter 3.

Möbius homology categorifies Möbius inversion [15]. Instead of assigning integers to inter-

vals, it assigns vector spaces organized into a chain complex indexed by intervals (see Chapter 4).

In the one-parameter setting, Möbius homology recovers the same interval decomposition data as

persistence diagrams (see Section 4.3.1). In the case of mutliparameter modules, where no com-

plete discrete invariants exist, Möbius homology distinguishes non-isomorphic modules that are

indistinguishable by Möbius inversion and persistence alone. The additional structure of chain

complexes allow for the introduction of inner products, adjoint operators, and ultimately a combi-

natorial Laplacian acting on the Möbius chain spaces (see Chapter 5).

The central idea of this dissertation is that Möbius homology admits a natural Laplace operator,

called the Möbius homology Laplacian, that provides analytic structure for persistence modules.

Main Contributions

This dissertation establishes foundational elements of a spectral theory for persistence modules.

First, we define the Möbius homology Laplacian for persistence modules indexed by finite

posets. This operator is self-adjoint and positive-semidefinite, and its kernel is canonically isomor-

phic to Möbius homology (see Theorem 5.1.2).

Second, in the one-parameter setting, we provide an explicit spectral description of the degree-

one Möbius homology Laplacian. The eigenvalues are determined by the combinatorial organiza-

tion of the persistence diagram (see Theorem 5.1.13).

Third, when persistence modules arise from simplicial filtrations, the analytic viewpoint re-

flects the geometry of the underlying simplicial complex: this is discussed in detail in Chapter 6.
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The degree-zero Laplacian acts on a birth-death module constructed directly from the filtration, and

harmonic representatives emphasize newly added simplices (see Theorem 6.4.2). Moreover, even

in the multiparameter setting, spectral invariants such as the trace admit combinatorial descriptions

in terms of the birth-death function (see Theorem 6.5.5).

In all, this work introduces the operator, establishes its fundamental properties, and connects it

to existing perspectives in persistence theory. Many deeper analytic and geometric consequences

remain to be explored.

Related Work

Spectral methods have previously been introduced for filtered simplicial complexes through

constructions such as persistent Laplacians [16–18] and harmonic persistent homology [16, 19].

These approaches act on filtered chain complexes at individual parameter values. In contrast,

the Möbius homology Laplacian acts on the Möbius chain complex, whose construction depends

on the combinatorics of the entire indexing poset. A similar perspective appears in recent work

defining the Grassmannian persistence diagram [20, 21]. Nonetheless, the cycle representatives

obtained via the Möbius homology Laplacian coincide with these previously studied constructions.

We make the relationship between our work and existing literature more precise in Section 6.6.1.

Organization

This dissertation is organized as follows. Chapter 2 develops analytic background from combi-

natorial Hodge theory. Chapter 3 reviews Möbius inversion and one-parameter persistence. Chap-

ter 4 introduces Möbius homology as a categorification of Möbius inversion. Chapter 5 constructs

the Möbius homology Laplacian and analyzes its spectral properties in the one-parameter case.

Chapter 6 specializes to simplicial filtrations, establishing geometric interpretations of cycle rep-

resentatives and combinatorial descriptions of spectral invariants.
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1.1 Category Theoretic Language

This section reviews only the categorical notions required for this dissertation: categories,

functors, and natural transformations. These concepts provide a concise language for objects cen-

tral to this work, such as persistence modules and cosheaves. No further categorical machinery is

assumed, but the interested reader can refer to [22] for further discussion.

Definition 1.1.1: A category C consists of objects A,B and morphisms f : A → B satisfying

the following properties. Each object has an identity morphism 1A : A→ A. For every f : A→ B

and g : B → C, the composition gf : A→ C is also a morphism in C. For f : A→ B, composing

with the identity does not change the morphism f : that is, 1Bf = f1A = f . Finally, composition

is associative.

Below are examples of categories that we will see throughout this work.

Example 1.1.2: Denote by VecF the category of vector spaces over the field F. Morphisms are

given by linear maps. We will often consider vector spaces over the real numbers: VecR.

Definition 1.1.3: A partially ordered set, or a poset, is a set P endowed with an order relation ≤

such that, for all elements a, b, c ∈ P , the following hold.

1. a ≤ a (reflexivity),

2. If a ≤ b and b ≤ a, then a = b (anti-symmetry),

3. If a ≤ b and b ≤ c, then a ≤ c (transitivity).

If p ≤ q and p ̸= q, we write p < q.

Example 1.1.4: Any poset P is a category. Elements are given by poset elements p, q ∈ P and

morphisms p→ q are given by relations p ≤ q.

We will also consider various categories associated to simplicial complexes. First, we review

the definition of a simplicial complex.
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v1 v2

v3

Figure 1.1: The standard 2-simplex, ∆2, is given by all non-empty subsets of the vertex set {v1, v2, v3}.

Definition 1.1.5: A simplicial complex K is a collection of sets, called simplices, that is closed

under taking subsets. That is, if σ ∈ K and τ ⊆ σ, then τ ∈ K and we call τ a face of σ.

See Figure 1.1 for a visualization of a simplicial complex.

Example 1.1.6: Any simplicial complex K is a poset (thus, a category) where elements are given

by simplices σ in K and the order is given by reverse inclusion. That is, we say σ ≤ τ if τ is a

face of σ.

See Figure 1.2 for the Hasse diagram of a simplicial complex. A Hasse diagram is a visual-

ization of a poset P , constructed as follows. We say q covers p, denoted p <1 q, whenever p < q

and there is no t ∈ P so that p < t < q. In the Hasse diagram, every p <1 q is shown as a line

connecting p and q, with the larger element q drawn above the smaller element p. Properties such

as transitivity and reflexivity are implied.

Example 1.1.7: Denote by ∆K the poset (thus, category) of subcomplexes of K. Elements are

subsets L ⊆ K such that L is a simplicial complex itself. The order is given by inclusion ⊆. That

is, there is a morphism L→ L′ whenever L ⊆ L′.

It is common in mathematics to map one mathematical object to another type of object: for

example, as we will see in Section 2.2, simplicial homology maps simplicial complexes to vector

spaces. It is expected that such maps preserve important mathematical properties. Namely, it is

expected that such maps respect not only the objects in a category, but also the morphisms. These

maps are called functors in the language of category theory.

Definition 1.1.8: Let C,D be categories. A functor F : C → D assigns to every A ∈ C an

object F (A) in D and to every morphism f : A → B in C a morphism F (f) : F (A) → F (B)

5



[v1v2v3]

[v1v2][v2v3][v1v3]

[v1] [v2][v3]

Figure 1.2: The Hasse diagram of the simplicial complex ∆2 shown in Figure 1.1.

in D. This morphism must obey composition and identity morphisms. That is, F (1A) = 1F (A)

and, for gf : A→ C, F (gf) = F (g)F (f).

Throughout this dissertation, we will study various functors. Below is a type of functor that is

commonly studied in persistent homology.

Definition 1.1.9: Let P be a poset and K a simplicial complex. A filtration of K is a functor

from P to the category of subcomplexes of K, F : P → ∆K.

Intuitively, throughout a filtration of a simplicial complex, we slowly build the complex K

as we move through the poset P . Since poset relations map to inclusions of subcomplexes, the

simplicial complex K is "growing" throughout the filtration F .

Given two categories C and D, the collection of functors C → D also forms a category. The

morphisms in such a category are called natural transformations.

Definition 1.1.10: Given two functors F,G : C → D, a natural transformation φ : F ⇒ G

between them assigns to every object A ∈ C a morphism φA : F (A) → G(A) so that for every

morphism f : A→ B in C the following diagram commutes.

F (A) F (B)

G(A) G(B)

F (f)

ϕA ϕB

G(f)

That is, G(f)φA = φBF (f). We call φA the component of the natural transformation at A. We

call φ a natural isomorphism if every φA is an isomorphism.

6



Below are two other types of functors that we will encounter throughout this work.

Definition 1.1.11: Let P be a poset. A persistence module is a functor M : P → VecR.

That is, persistence modules map poset elements to vector spaces and poset relations to linear

maps so that everything commutes. Morphisms between persistence modules M,N : P → VecR,

then, are natural transformations φ : M ⇒ N . Two modules are isomorphic if there is a natural

isomorphism between them.

Given two persistence modules M : P → VecR and N : P → VecR, their direct sum is

another persistence module M ⊕ N : P → VecR defined as follows: for poset elements a ∈ P ,

(M ⊕N)(a) =M(a)⊕N(a). For poset relations, (M ⊕N)(a ≤ b) =M(a ≤ b)⊕N(a ≤ b).

Definition 1.1.12: Let K be a simplicial complex. A simplicial cosheaf valued in VecR is a

functor F : K → VecR.

Intuitively, simplicial cosheaves assign vector spaces to each simplex, and the linear maps

propagate information down in dimension. That is, if σ ≤ τ (τ is a face of σ), then there is a linear

map F(σ → τ). Again, morphisms of simplicial cosheaves are natural transformations.

Overall, category theory provides a concise and unified language to describe the central ob-

jects in this dissertation. Persistence modules, simplicial cosheaves, and filtrations of simplicial

complexes will be the central objects of study in future chapters.
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Chapter 2

Combinatorial Hodge Laplacians

The central objects in this dissertation are combinatorial Laplace operators. In this chapter,

we develop the mathematical framework for studying these operators, which, in our setting, are

square matrices acting on finite-dimensional inner product spaces. These operators provide an an-

alytic method for studying discrete structures such as graphs, simplicial complexes, and simplicial

cosheaves. In particular, the kernel of the combinatorial Laplacian provides canonical "harmonic"

representatives for homology classes, while the spectrum of the operator reflects combinatorial and

geometric structure of the underlying object.

The motivation for studying such operators originates in differential geometry. Building upon

de Rham’s work on cohomology theories for Riemannian manifolds and algebraic varieties, Hodge

sought to relate topological and geometric properties using analytic tools. To do so, he introduced

the Hodge Laplace operator, which acts on differential forms on compact manifolds. The kernel

of the Hodge Laplacian consists of harmonic forms, which provide canonical energy-minimizing

representatives for de Rham cohomology classes. Furthermore, the Hodge decomposition theorem

states that any differential form decomposes into harmonic, exact, and coexact components. This

decomposition separates topological information from non-harmonic contributions.

Scalar functions are examples of differential 0-forms. Related to the degree-zero Hodge Lapla-

cian (differentiated by a sign and a constant related to curvature) is the classical Laplacian on

Euclidean space and the Laplace-Beltrami operator on Riemannian manifolds. Intuitively, this op-

erator measures how the value of a function at a point deviates from the average of the function

at nearby points. Elements in the kernel of the Laplacian are called harmonic functions and are

known to minimize Dirichlet energy, which measures local variation of a function.

In this dissertation, we are interested in combinatorial Laplace operators defined on discrete ob-

jects such as graphs, simplicial complexes, and simplicial cosheaves. Much like in the smooth set-

ting, these operators are constructed using boundary maps and their adjoints. By equipping chain
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spaces with inner product structures, we obtain combinatorial Laplace operators whose kernels

recover the associated homology and whose spectra reflect combinatorial and geometric features

of the underlying data.

We begin this chapter by introducing prerequisite material from inner product spaces and sim-

plicial homology. Using these tools, we introduce Laplace operators on graphs, simplicial com-

plexes, and simplicial cosheaves. Throughout, we discuss combinatorial analogs of harmonicity

and Hodge decomposition and summarize known results on the spectra of these operators.

2.1 Inner Product Spaces

We begin by recalling structures from linear algebra that will be necessary in our discussion

of combinatorial Hodge Laplacians and their spectrum. Throughout, all vector spaces are finite-

dimensional over R. See [23, Chapter I] and [24, Chapters 6-7] for more details.

Definition 2.1.1: An inner product on a real vector space V is a map ⟨·, ·⟩V : V × V → R such

that for all x, y, z ∈ V and α ∈ R:

1. ⟨x, y⟩V = ⟨y, x⟩V (symmetry),

2. ⟨αx+ βy, z⟩V = α⟨x, z⟩V + β⟨y, z⟩V (linearity),

3. ⟨x, x⟩V ≥ 0 with equality if and only if x = 0 (positive definiteness).

When the space V is clear from the context, we write ⟨·, ·⟩.

Definition 2.1.2: We call (V, ⟨·, ·⟩V ) an inner product space. When the inner product structure is

clear from the context, we will simply write V .

Definition 2.1.3: The norm induced by ⟨·, ·⟩V is ∥x∥V =
√
⟨x, x⟩V . The energy of a vector x is

given by its norm squared ∥x∥2V = ⟨x, x⟩V .

Definition 2.1.4: A Hilbert space is an inner product space V that is complete with respect to the

norm induced by the inner product ⟨·, ·⟩V .

9



For the purposes of this dissertation, we will focus on finite-dimensional vector spaces over R.

In finite dimensions, every inner product space over R is complete, so any finite-dimensional inner

product space is a Hilbert space.

We denote by HilbR the category of Hilbert spaces over R. The morphisms are bounded linear

maps. We say a linear map f : V → W is bounded if there exists a constant L > 0 such that, for

all v ∈ V , ∥f(v)∥W ≤ L∥v∥V . Indeed, any linear map between finite-dimensional vector spaces

(which is the setting we are working in) is bounded.

Definition 2.1.5: Vectors x, y ∈ V are orthogonal if ⟨x, y⟩V = 0. For a subspace W ⊆ V , the

orthogonal complement of W in V is

W⊥ = { v ∈ V | ⟨v, w⟩V = 0 for all w ∈ W }.

Given an inner product on V and a subspace W ⊆ V , we can define a linear map that projects

vectors in V onto the subspace W .

Lemma 2.1.6: Let V be a finite-dimensional inner product space and let W ⊆ V be a subspace.

Then there exists a unique linear map projW : V →W such that x−projW (x) ∈ W⊥ for all x ∈ V .

If {wi}ki=1 is an orthonormal basis of W , then for all v ∈ V ,

projW (v) =
k∑

i=1

⟨v, wi⟩V wi.

Lemma 2.1.7: For any subspace W ⊆ V , we have a direct sum decomposition

V = W ⊕W⊥.

In particular, every v ∈ V decomposes uniquely as v = w + z with w ∈ W and z ∈ W⊥.

When taking a quotient of an inner product space by a subspace, it is not immediately obvious

how the quotient space inherits an inner product structure. One method for understanding the inner

10



product structure on the quotient space is to consider an isomorphic inner product space. We give

such an isomorphism in the lemma below.

Lemma 2.1.8: Let V be a Hilbert space and let W be a subspace of V . Then, V/W ∼= W⊥.

Proof. By Lemma 2.1.7, each v ∈ V decomposes as v = w + z with w ∈ W and z ∈ W⊥.

Consider the projection map from Lemma 2.1.6: projW⊥ is surjective and projW⊥(v) = z. More-

over, projW⊥(v) = 0 ⇐⇒ z = 0 ⇐⇒ v ∈ W . That is, ker projW⊥ = W and by the first

isomorphism theorem V/W ∼= W⊥.

Given a bounded linear map f : V → W between Hilbert spaces, we are interested in a

"backwards" map W → V that preserves inner products in the following sense.

Definition 2.1.9: Let V,W be Hilbert spaces and let f : V → W be a morphism between them.

Then, the adjoint of f , denoted f ∗, is the unique map f ∗ : W → V such that

⟨f(v), w⟩W = ⟨v, f ∗(w)⟩V

for all v ∈ V , w ∈ W .

Again, since we are only considering finite-dimensional Hilbert spaces, every linear map has a

unique adjoint. This follows from the Riesz Representation Theorem: see Definition 7.1 and the

following discussion in [24, Chapter 7].

Let F be the matrix representation for f : V → W in terms of the bases {vi} for V and {wi}

for W . We can compute the adjoint matrix F ∗ as follows. There is a unique square matrix MV

so that ⟨v, x⟩V = vTMV x for all vectors v, x ∈ V, and similarly there is a unique matrix MW so

that ⟨w, y⟩W = wTMWy for all vectors w, y ∈ W . We call these the Gram matrices for the inner

products on V and W , respectively. By the definition of adjoints, ⟨Fv, w⟩W = ⟨v, F ∗w⟩V and,

thus, vTF TMWw = vTMV F
∗w for all v ∈ V,w ∈ W . The equality F TMW = MV F

∗, then,

results in the following equation for adjoint matrices: F ∗ = M−1
V F TMW . If both {vi} and {wi}

are orthonormal bases, then F ∗ = F T .
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The following proposition relates the image of a bounded linear map to the kernel of its adjoint.

Proposition 2.1.10: Let V andW be Hilbert spaces, and let f : V → W be a bounded linear map.

Then, ker f ∗ = (im f)⊥.

Proof. Let x ∈ W . Then,

x ∈ (im f)⊥ ⇐⇒ ⟨x, w⟩W = 0 for all w ∈ im f

⇐⇒ ⟨x, f(v)⟩W = 0 for all v ∈ V

⇐⇒ ⟨f ∗(x), v⟩V = 0 for all v ∈ V

⇐⇒ x ∈ ker f ∗.

In the following section, we will focus specifically on automorphisms, also called operators,

from a Hilbert space V to itself.

2.1.1 Operators on Inner Product Spaces

Given a (finite-dimensional) Hilbert space V , an operator on V is a bounded linear map from V

to itself, f : V → V . In this section, we will discuss various methods for studying such operators

and their matrix representations, focusing specifically on spectral analysis. For the purposes of this

section, fix a basis {vi} for V and let F be the matrix representation of f : V → V according to

this basis. Notice that F is a square matrix with dimensions given by dimV .

Definition 2.1.11: The characteristic polynomial of F is given by det(λIn − F ), where n is the

dimension of V .

Recall that a zero λ of the characteristic polynomial is an eigenvalue of F , and that λ comes

associated with eigenvectors v such that Fv = λv. That is, the eigenvectors of F are the vectors

in V that are simply rescaled by the action of F . The rescaling factor is precisely the associated

eigenvalue.
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Remark 2.1.12: Observe that we defined the characteristic polynomial and, thus, the eigenvalues

and vectors of an operator f in terms of its matrix representation F according to some basis {vi}.

Both the characteristic polynomial and the eigenvalues of f are independent of choice of basis.

Indeed, suppose U−1 is the change of basis matrix for V that transforms the basis {vi} to another

basis {ui}. Then, U−1FUv = λv =⇒ (FU)v = λ(Uv). Thus, the eigenvalues of f are

basis-independent. The eigenvectors of f , as abstract elements in the vector spaces V , are also

basis independent. However, we have shown that the coordinates of the eigenvectors will change

according to the change of basis.

Below, we give various spectral properties of certain nice operators f . Motivated by the remark

above, we will state such spectral properties in terms of the linear map f rather than a specific

matrix representation.

Definition 2.1.13: Let f have eigenvalues λ1, λ2, · · · , λn counted with algebraic multiplicity. The

trace of f is tr(f) =
∑n

i=1 λi. The determinant of f is det(f) =
∏n

i=1 λi.

As an immediate consequence of the definition above, the determinant is the constant term of

the characteristic polynomial multiplied by (−1)n. The trace is the negative of the coefficient in

front of λn−1.

Definition 2.1.14: Given an operator f : V → V such that f = f ∗, we call f self-adjoint.

Self-adjoint operators have various nice spectral properties that we will rely on throughout this

dissertation.

Proposition 2.1.15: If f : V → V is self-adjoint, then its eigenvalues are real.

Proof. See [24, Proposition 7.27] for a proof that the characteristic polynomial of f has all real

roots. Thus, all eigenvalues of f are real.

Proposition 2.1.16: The operator f : V → V is self-adjoint if and only if V admits an orthonor-

mal basis consisting of eigenvectors of f . Equivalently, the matrix representation of f with respect

to such a basis is diagonal.

13



Proof. This is the real spectral theorem: see [24, Proposition 7.29].

In other words, if F is the matrix representation of f : V → V according to some basis {vi},

then there exists an orthogonal matrix U so that U−1FU = D for a diagonal matrix D. Indeed, in

this case, the columns of U are eigenvectors of f with eigenvalue given by the respective diagonal

entry of D.

Definition 2.1.17: We say that the operator f : V → V is positive-semidefinite if it is self-adjoint

and ⟨f(v), v⟩V ≥ 0 for all v ∈ V.

Proposition 2.1.18: Let f : V → V be self-adjoint. Then f is positive-semidefinite if and only if

all eigenvalues of f are nonnegative.

Proof. By Proposition 2.1.16, there exists an orthonormal basis {ei} of V consisting of eigenvec-

tors of f , with f(ei) = λiei. For any vector v =
∑

i ciei, the inner product ⟨f(v), v⟩ is given by

the sum
∑

i λic
2
i . Thus, ⟨f(v), v⟩ ≥ 0 for all v if and only if λi ≥ 0 for all i.

The central objects of study in this dissertation, combinatorial Hodge Laplacians, are self-

adjoint, positive-semidefinite operators that act on graphs, simplicial complexes, or simplicial

cosheaves. The fact that the eigenvalues of such operators are always non-negative is a useful in-

sight for extracting combinatorial and geometric information about the underlying objects. Thus,

before introducing combinatorial Hodge Laplacians, we will investigate simplicial complexes and

their homology spaces.

2.2 Simplicial Homology

Now, we recall standard definitions and conventions for simplicial homology. See [25] for

more details. The chain spaces and boundary maps defined here will be central to our discussion

on combinatorial Hodge Laplacians. Indeed, simplicial complexes are the discrete structures for

which we want to extend Hodge Laplacians. We restate the definition of a simplicial complex

below, adding additional language.
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Definition 2.2.1: A simplicial complex K is a collection of sets, called simplices, that is closed

under taking subsets. That is, if σ ∈ K and τ ⊆ σ, then τ ∈ K. We call σ an i-simplex

if |σ| = i + 1. Let Ki be the i-skeleton of K (that is, all σ such that |σ| ≤ i + 1), and denote the

set of all i-simplices of K by K [i] = Ki −Ki−1.

For the purposes of this dissertation, we will focus on finite simplicial complexes: that is,

simplicial complexes K where each K [i] is a finite set. Furthermore, we will consider simplicial

complexes where the empty set is not a simplex.

Fix a total order on the vertices ofK. Such an order induces an orientation on simplices: that is,

we write an i-simplex as an ordered list of vertices σ = [v0v1 . . . vi]. If τ = [vπ(0)vπ(1) . . . vπ(i)] for

an odd permutation π of {j}ij=0, we say that σ and τ have opposite orientation and write τ = −σ.

If π was, instead, an even permutation, we say that σ and τ have the same orientation: τ = σ.

Definition 2.2.2: For i ≥ 0, the i-th chain space Ci(K) is the real vector space with basis given

by the set of ordered i-simplices K [i]. That is, an i-chain has the following form:

z =
n∑

j=0

ajσj,

where each σj ∈ K [i] and each aj ∈ R.

Define the boundary map ∂i : Ci(K) → Ci−1(K) on i-simplices as follows:

∂i(σ) =
i∑

j=0

(−1)j[v0 . . . v̂j . . . vi],

and extend linearly to obtain a map on all of Ci(K). Here, v̂j means that the jth vertex has been

removed.

Definition 2.2.3 ([19, Definition 4.2]): The support of an i-chain z =
∑n

j=0 ajσj ∈ Ci(K) is

given by the set supp(z) =
{
σj ∈ K [i] | aj ̸= 0

}
.
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It is easy to check that ∂i∂i+1 = 0. Thus, we can collect all of the chain spaces and boundary

maps into a chain complex:

· · ·
∂i+1
−−→ Ci(K)

∂i−→ Ci−1(K)
∂i−1
−−→ · · ·

∂1−→ C0(K)
∂0−→ 0.

Definition 2.2.4: For i ≥ 0, define the cycle and boundary subspaces as

Zi(K) = ker ∂i and Bi(K) = im ∂i+1

respectively. The i-th homology space is given by the quotient Hi(K) = Zi(K)/Bi(K).

It is worth noting that different orderings on vertices and, thus, orientations on simplices will

result in the same homology spaces up to isomorphism.

Definition 2.2.5: The Euler characteristic of K is given by

χ(K) =
∑

i≥0

(−1)i dimHi(K).

Now, consider a subcomplex A of the simplicial complex K. We wish to describe homology

of K relative to the subcomplex A.

Definition 2.2.6: For A ⊆ K, the relative i-chain space is defined as the quotient

Ci(K,A) =
Ci(K)

Ci(A)
.

A quick check shows that the boundary maps on K restrict to boundary maps on A and, thus,

respect the quotient. That is, we obtain maps ∂i : Ci(K,A) → Ci−1(K,A). These maps also

satisfy ∂i∂i+1 = 0 and, thus, we write the relative chain complex as

· · ·
∂i+1
−−→ Ci(K,A)

∂i−→ Ci−1(K,A)
∂i−1
−−→ · · ·

∂1−→ C0(K,A)
∂0−→ 0.
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Definition 2.2.7: For i ≥ 0, define the i-th relative cycle and boundary spaces as

Zi(K,A) = ker ∂i and Bi(K,A) = im ∂i+1,

respectively. Then, the i-th relative homology space is Hi(K,A) = Zi(K,A)/Bi(K,A).

Example 2.2.8: Let ∆2 be the standard 2-simplex: that is, ∆2 is the simplex composed of all

possible (non-empty) subsets of {v1, v2, v3}. See Figure 1.1. Place the lexicographic order on

vertices, v1 < v2 < v3, and order the basis of C0(∆
2) accordingly. Order the basis for C1(∆

2)

similarly: [v1v2] < [v2v3] < [v1v3]. Then, the boundary maps are defined as follows on basis

elements:

∂2 [v1v2v3] = [v2v3]− [v1v3] + [v1v2], ∂1 [vivj] = vj − vi.

Their matrix representations are

∂2 =




1

−1

1




and ∂1 =




−1 0 −1

1 −1 0

0 1 1



.

Indeed, H0(∆
2) ∼= R whereas Hi(∆

2) = 0 for all i > 0. Thus, χ(∆2) = 1.

On the other hand, consider the subcomplex given by the boundary of the 2-simplex: ∂∆2.

This is the simplicial complex consisting of the simplices {v1, v2, v3, [v1v2], [v1v3], [v2v3]}. Then,

the only non-trivial relative chain space is C2(∆
2, ∂∆2) ∼= R. Thus, H2(∆

2, ∂∆2) ∼= R whereas

all other relative homology is trivial: Hi(∆
2, ∂∆2) = 0 for i ̸= 2.

By introducing an inner product structure on the chain spaces of a finite simplicial complex, the

vector spaces Ci(K) are, actually, Hilbert spaces. A common inner product structure for Ci(K) is

given by the standard inner product in R
n. In particular, define ⟨·, ·⟩Ci(K) by declaring that the set
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of i-simplices K [i] forms an orthonormal basis. That is, for all σ, σ′ ∈ K [i], we define

⟨σ, σ′⟩Ci(K) =





1 if σ = σ′

0 else

and extended linearly. Thus, Ci(K) is an inner product space and so are the cycle and boundary

subspaces, Zi(K) and Bi(K). Since each space is finitely generated, the boundary maps ∂i are

bounded. However, it is not immediately obvious how to induce an inner product on the homology

spaces Hi(K). Recall that, instead, we can identify Hi(K) with an intersection of two inner

product spaces.

Proposition 2.2.9: Given a finite simplicial complex K and i ≥ 0, Hi(K) is isomorphic to the

subspace of Ci(K) given by Zi(K) ∩Bi(K)⊥.

Proof. Use Lemma 2.1.8 to obtain an isomorphism Hi(K) = Zi(K)/Bi(K) ∼= Bi(K)⊥. To

highlight that this is the space of cycles that are orthogonal to all boundaries, rather than chains

that are orthogonal to all boundaries, we write Hi(K) ∼= Zi(K) ∩Bi(K)⊥ ⊆ Ci(K).

Simplicial homology is an algebraic method that describes topological properties of the associ-

ated simplicial complex K. By introducing an inner product structure on each chain space Ci(K),

we can study the simplicial complex K analytically. We do so by investigating combinatorial

analogs of the Hodge Laplacian.

2.3 Combinatorial Hodge Laplacians

By placing an inner product on simplicial chain spaces, we can study analytic and geometric

properties of the underlying simplicial complexes. We will do so by introducing combinatorial

Hodge Laplacians, slowly increasing in generality. We will begin by introducing the graph Lapla-

cian, then we will extend the Laplacian to simplicial complexes and simplicial cosheaves on them.
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2.3.1 Graph Laplacians

The graph Laplacian was first introduced by Kirchhoff in his study of electrical circuits, mo-

tivated by calculating quantities such as current flow and effective resistance between nodes [12].

The graph Laplacian is defined as follows. Let G = (V,E) be a finite, simple, undirected graph.

That is, the graph G consists of a finite vertex set V = {vi}i∈I and edge set E that consists of

unordered pairs of vertices {vi, vj} with i ̸= j. We construct the following matrices to analyze G.

Define the adjacency matrix A = (aij) by

aij =





1, if {vi, vj} ∈ E,

0, otherwise.

Observe that, because we are considering simple graphs with no vertices of the form {vi, vi}, all

diagonal entries of A are equal to 0.

The degree matrix is the diagonal matrix D where D(i, i) is the degree of vertex i. That is, the

entry D(i, i) counts the number of edges that contain vi.

Definition 2.3.1: The graph Laplacian is the |V | × |V | matrix L = D − A. When the graph G

needs emphasis or clarification, we will write LG.

Observe that, since we are considering undirected graphs, the graph Laplacian is symmetric.

Intuitively, think of the graph Laplacian as follows. The ith entry of a vector x ∈ R
|V | assigns

a real number to vertex vi. When applying the Laplacian to x, entry i of Lx describes how much

the value assigned to vi differs from the average of the values assigned to each of vi’s neighbors.

That is, much like the continuous setting, the graph Laplacian measures "local variation."

Alternatively, we may define the graph Laplacian by viewing a graph as a one-dimensional sim-

plicial complex and using the boundary matrices defined in Section 2.2. That is, we can compute

the graph Laplacian as follows.

Proposition 2.3.2 ([26, Lemma 1]): L = ∂1∂
T
1 .
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Proof. First, focus on the diagonal entries. Entry ∂1∂T1 (i, i) is given by multiplying row i of ∂1 by

column i of ∂T1 . That is, we get a factor of ±1 × ±1 (signs matching) for each edge that contains

the vertex vi. That is, ∂1∂T1 (i, i) = D(i, i) = L(i, i).

Next, focus on the entries ∂1∂T1 (i, j) for i ̸= j. Since we have a simple graph, row i of ∂1 and

column j of ∂T1 will both have a non-zero entry in precisely one entry if and only if {vi, vj} ∈ E,

and in this case, ∂1∂T1 (i, j) = −1 = −A(i, j) = L(i, j).

In Proposition 2.3.2, we are implicitly assuming that the chain spaces C1(G) and C0(G) are

endowed with inner product structures so that the edges and vertices form orthonormal bases. By

considering a different inner product structure on chain spaces, we obtain a "new" graph Laplacian

defined by ∂1∂∗1 .

Kirchhoff’s original paper, along with the applications to electrical engineering, includes inter-

esting theoretical results about the graph Laplacian and the connection between its spectrum and

combinatorial properties. For example, Kirchhoff proves the matrix tree theorem, which we will

state later. However, it took more than 100 years for the graph Laplacian to become a popular

object of study: Fiedler is often credited for popularizing the graph Laplacian with his study on the

algebraic connectivity of graphs in 1973 [27]. Indeed, since the mid-twentieth century, extensive

research has focused on understanding the combinatorial and geometric properties of the graph

Laplacian and its spectrum. For one, Fisher studied the normalized graph Laplacian (as a discrete

analogue to the Laplace-Beltrami operator) and its connection to random walks on lattices in [28].

Moreover, Anderson and Morley prove important results about the spectrum of the graph Lapla-

cian in [26]. For example, [26, Theorem 1] states that the eigenvalues of a graph with n vertices

will always lie in the (closed) interval [0, n]: in doing so, they show that the graph Laplacian is

positive-semidefinite. The proof of their result utilizes the following proposition, which will play

a central role in later chapters of this dissertation.

Proposition 2.3.3: Let Kn be the complete graph on n vertices. Then, the eigenvalues of LKn

are 0 with multiplicity 1 and n with multiplicity n− 1.
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v1 v2

v3

Figure 2.1: The complete graph on three vertices, K3.

Proof. Since each vertex inKn has degree n−1, the adjacency matrix forKn satisfiesA = J−In,

where J is the all-ones matrix and In is the n× n identity matrix. Thus,

LKn = D − A = (n− 1)In − (J − In) = nIn − J.

Let 1⃗ denote the all-ones vector. Then, J satisfies J 1⃗ = n1⃗ and LKn 1⃗ = 0⃗. Moreover, Jx = 0⃗ for

all x orthogonal to 1⃗. Thus, LKnx = nx. Therefore, the eigenvalues ofLKn are 0 with multiplicity 1

and n with multiplicity n− 1.

Remark 2.3.4: In the proof of Proposition 2.3.3, we showed that the eigenvectors x of LKn with

non-zero eigenvalue are orthogonal to 1⃗. Indeed, since the Laplacian is self-adjoint, eigenvectors

with distinct eigenvalues must be orthogonal. In this case, 0 = ⟨x, 1⃗⟩ =
∑n

i=1 xi. That is, the

entries of any eigenvector x for KKn with eigenvalue n must sum to 0.

Example 2.3.5: Consider the complete graph on three vertices, K3 (see Figure 2.1). The graph

Laplacian LK3 is given by

LK3 =




2 0 0

0 2 0

0 0 2




−




0 1 1

1 0 1

1 1 0




=




2 −1 −1

−1 2 −1

−1 −1 2



.
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The eigenvalues of LK3 are {0, 3, 3} as expected, and their respective eigenvectors are




1

1

1



,




1

−1

0



,




0

1

−1



.

Moreover, in [26, Section 5], the authors fully characterize the eigenvalues for other nice

classes of graphs (i.e., complete bipartite graphs, cycles, paths, and wheels). These results demon-

strate the ability of the spectrum of the graph Laplacian to reflect the combinatorial structure of

these objects. We will see throughout that this trend generalizes.

While investigating the eigenvalues of the graph Laplacian L, it is natural to investigate the

characteristic polynomial of L: det(λI|V | − L) =
∑|V |

i=0(−1)iqiλ
|V |−i. Indeed, recall that the

eigenvalues of a square matrix are the zeroes of its characteristic polynomial. For the graph Lapla-

cian, it is known that the characteristic polynomial also reflects the combinatorial structure of the

underlying graph G. In particular, the following result of Biggs shows that the characteristic poly-

nomial is a generating function for forests of G.

Definition 2.3.6: A forest of a graph G is a subgraph F = (V (F ), E(F )) such that each pair of

vertices in F is connected by at most one path. Equivalently, a forest is an acyclic subgraph of G.

A spanning tree of G is a subgraph that contains all vertices of G and each pair of vertices is

connected by exactly one path. Equivalently, a spanning tree is a connected, acyclic subgraph on

all vertices of G.

The coefficients of the characteristic polynomial are a generating function for the number of

vertices in forests with i many edges. This statement is made precise in the following proposition.

Proposition 2.3.7 ([29, Theorem 7.5]): The coefficient qi of det(λI|V | − L) is given by

qi =
∑

F, |E(F )|=i
|V (F )| .
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That is, the coefficient qi is the sum of the number of vertices in each forest with i many edges.

In particular, Kirchhoff’s matrix tree theorem states that, for a connected graph, the number of

spanning trees of G is given by 1
|V |q|V |−1 (the product of the non-zero eigenvalues of L divided by

the number of vertices in G). Furthermore, the trace of L is given by q1 = 2 |E|. Finally, observe

that q|V | = det(L) = 0 since 0 is always an eigenvalue (the row sums are 0).

Example 2.3.8: Again, consider the complete graph on three vertices, K3. The characteristic

polynomial of LK3 is det(λI3−LK3) = λ3− 6λ2+9λ. Indeed, q1 = 6 = 0+3+3 = 2 · |E(K3)|.

Further, q2 is the product of the non-zero eigenvalues of LK3 : 9 = 3 · 3. By Kirchhoff’s matrix tree

theorem, there are 9/3 = 3 spanning trees for K3. This is easy to verify.

In the next section, we extend this construction of a Laplacian matrix from graphs to simplicial

complexes by using boundary maps to encode higher-dimensional adjacency.

2.3.2 Simplicial Hodge Laplacians and Discrete Hodge Theory

By writing the graph Laplacian as a composition of the transpose of a boundary operator on a

one-dimensional simplicial complex with the boundary operator itself, it is natural to ask whether

there are generalizations. Eckmann was the first to generalize Kirchhoff’s graph Laplacian to a

combinatorial Laplacian on simplicial complexes [11]. We will review his constructions here.

Definition 2.3.9: Let K be a (finite) simplicial complex, and endow each chain space Ci(K) with

an inner product. The i-th combinatorial Laplacian is defined as:

Li = ∂i+1∂
∗
i+1 + ∂∗i ∂i : Ci(K) → Ci(K).

It is common to decompose Li into an up part and a down part. The up Laplacian is Lup
i =

∂i+1∂
∗
i+1 and the down Laplacian is Ldown

i = ∂∗i ∂i. Observe that Li = Lup
i + Ldown

i .

Furthermore, if we equip each chain space Ci(K) with the inner product for which the i-

simplices form an orthonormal basis, then adjoints are given by transposes. That is, the combina-
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torial Laplacian is written as Li = ∂i+1∂
T
i+1 + ∂Ti ∂i. In this case, when i = 0, L0 coincides with

the graph Laplacian as it sees only the 1-skeleton of K. For i > 0, the operator Li detects higher-

dimensional structure by incorporating how i-simplices meet along (i− 1)-faces and (i+1)-faces.

Example 2.3.10: Consider the standard 2-simplex, ∆2 (See Figure 1.1). The zero Laplacian L0

will be the same as LK3: see Example 2.3.5. However, the two-simplex in ∆2 provides extra

structure. To compute L1, first compute the boundary maps:

∂∆
2

1 =




−1 −1 0

1 0 −1

0 1 1



, ∂∆

2

2 =




1

−1

1



.

Then, the Laplacian L1 is:

L1 =




3 0 0

0 3 0

0 0 3



.

Because L1 is diagonal, we can easily read off the eigenvectors and eigenvalues.

Not only did Eckmann generalize Kirchhoff’s work to combinatorial Laplacians, but he also

defined harmonic homology spaces associated to a simplicial complex.

Definition 2.3.11: For K a finite simplicial complex and i ≥ 0, the i-th harmonic homology

space is defined as Hi(K) = kerLi. Elements of Hi(K) are called harmonic i-cycles.

Indeed, harmonic homology spaces are isomorphic to (the more familiar) simplicial homology

spaces, and they coincide with our method for identifying homology with an inner product space.

Proposition 2.3.12: Hi(K) = Zi(K) ∩Bi(K)⊥.

Proof. We begin by showing that Hi(K) = kerLi = ker ∂i ∩ ker ∂∗i+1. Let z ∈ ker ∂i ∩ ker ∂∗i+1.

Then,

Li(z) = ∂i+1 ◦ ∂
∗
i+1(z) + ∂∗i ◦ ∂i(z) = 0,
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and thus z ∈ kerLi. That is, ker ∂i ∩ ker ∂∗i+1 ⊆ kerLi.

Now, take z ∈ kerLi. Then, ∂i+1 ◦ ∂
∗
i+1(z) + ∂∗i ◦ ∂i(z) = 0 and

⟨z, ∂i+1 ◦ ∂
∗
i+1(z)⟩+ ⟨z, ∂∗i ◦ ∂i(z)⟩ = 0

=⇒ ⟨∂∗i+1(z), ∂
∗
i+1(z)⟩+ ⟨∂i(z), ∂i(z)⟩ = 0.

However, this is only possible if z ∈ ker ∂∗i+1 ∩ ker ∂i. Thus, kerLi ⊆ ker ∂∗i+1 ∩ ker ∂i and we

have shown that Hi(K) = kerLi = ker ∂∗i+1 ∩ ker ∂i.

Finally, we argue that ker ∂∗i+1 ∩ ker ∂i = Zi(K) ∩ Bi(K)⊥. By definition, Zi(K) = ker ∂i.

Furthermore, by Proposition 2.1.10, ker ∂∗i+1 = (im ∂i+1)
⊥ = Bi(K)⊥. That is, we have shown the

following equalities:

Hi(K) = ker ∂∗i+1 ∩ ker ∂i = Zi(K) ∩Bi(K)⊥.

Corollary 2.3.13: Hi(K) ∼= Hi(K).

Proof. This follows immediately from Propositions 2.2.9 and 2.3.12.

Much like the continuous case, elements of Hi(K) provide "nice" cycle representatives for

homology classes in Hi(K). A harmonic chain is, intuitively, a cycle of minimal energy: Hi(K)

contains canonical representatives of homology classes that minimize the norm induced by the

inner product on Ci(K). Although we will defer the proof of an energy minimizing property for

a later chapter, the discrete Hodge decomposition provides some insight [11]. The discrete Hodge

decomposition states that, for i ≥ 0 and K a finite simplicial complex, we have the following

orthogonal decomposition of Ci(K):

Ci(K) = im ∂i+1 ⊕Hi(K)⊕ im ∂∗i .
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The elements of Hi(K), then, are orthogonal to both boundaries and coboundaries.

As with the graph Laplacian, the spectrum of Li often reflects the combinatorial structure of the

associated simplicial complex. Duval and Reiner, for one, show that a certain class of simplicial

complexes called shifted simplicial complexes always have integer eigenvalues that arise from

an associated integer partition [30]. Furthermore, Horak and Jost explicitly compute an upper

bound on the spectrum of Li and, in the case of normalized combinatorial Laplacians, the authors

provide a full characterization of the spectrum of Li for certain types of simplicial complexes

[13]. Steenbergen dives further into the spectrum of combinatorial Laplacians in his doctoral

dissertation [31], and in [32, 33] the characteristic polynomial of the combinatorial Laplacian is

related to higher-dimensional forests and discrete Morse theory.

In all, there is a wealth of research demonstrating the connections between the spectrum of the

combinatorial Laplacian and the underlying geometry and combinatorics of the associated simpli-

cial complex. However, as we endow our simplicial complex with the data of vector spaces over

each simplex (that is, if we consider a simplicial cosheaf), the story becomes more complicated. In

the following section, we will explore existing work in the area of simplicial cosheaf Laplacians.

2.3.3 Simplicial Cosheaf Laplacians

Hansen and Ghrist generalize the simplicial Hodge Laplacian even further in their work on

cellular (co)sheaf Laplacians [34]. Although the work of Hansen and Ghrist applies for more

general (co)sheaves on cell complexes, we will focus on the smaller sub-class of (co)sheaves on

simplicial complexes. See [35, Chapter 4] for more on cellular (co)sheaves, and see [36] for a more

complete treatment of Laplacians for cellular (co)sheaves and their applications.

Recall Definition 1.1.12: a simplicial cosheaf is a functor F : K → VecR. Intuitively, sim-

plicial cosheaves provide a way to assign local data to the cells of a simplicial complex K. This

assignment is compatible with how higher-dimensional simplices meet their faces. A cosheaf

propagates data downward in dimension: that is, data on a simplex is mapped down to its faces.
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The inherent structure of simplicial cosheaves allows for the construction of cosheaf-valued

chain spaces and, thus, cosheaf homology.

Definition 2.3.14: Given a simplicial cosheaf F , define the i-th chain space as the direct sum:

Ci(K;F) =
⊕

σ∈K[i]

F(σ).

Define the i-th boundary map as the direct sum:

∂i =
⊕

σ∈K[i]

(
∑

σ<τ

[τ : σ]F(σ → τ)

)
,

where [τ : σ] = (−1)j for σ = [v0v1 · · · vi] and τ = [v0 · · · v̂j · · · vi].

Combining the data of chain spaces and boundary maps, we obtain a chain complex C•(K;F):

· · ·
∂i+1
−−→ Ci(K;F)

∂i−→ Ci−1(K;F)
∂i−1
−−→ · · ·

When F is the cosheaf that assigns R to all simplices σ with F (σ → τ) = 1 for all morphisms

(in this case we call F the constant R-cosheaf), the chain spaces Ci(K,F) and boundary maps ∂i

match the simplicial chain spaces and boundary maps from Section 2.2.

Definition 2.3.15: Given a simplicial cosheaf F , the cosheaf homology spaces are given by

Hi(K;F) = ker ∂i/im ∂i+1.

Cosheaf homology often provides useful information about the cosheaf itself: for one, zeroth

cosheaf homologyH0(K;F) gives the space of global cosections of our cosheaf. Again, when F is

the constant R-cosheaf, simplicial cosheaf homology is the same as ordinary simplicial homology.

Furthermore, just as we defined the Euler characteristic of a simplicial complex, we can also define

the Euler characteristic of a simplicial cosheaf using cosheaf homology spaces.
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Definition 2.3.16: Given a simplicial cosheaf F , its Euler characteristic is given by

χ(F) =
∑

i≥0

(−1)i dimHi(K;F).

Suppose, now, that each F(σ) carries the additional structure of a Hilbert space. Since we are

restricting to finite simplicial complexes, all chain spaces are necessarily finitely generated and all

maps F(σ → τ) are bounded linear maps. Thus, we will now consider cosheaves valued over the

category of Hilbert spaces: F : K → HilbR. In [34], the authors call these weighted simplicial

cosheaves.

With an inner product on each costalk F(σ), we obtain an inner product on cosheaf chain

spaces as follows. Each summand in Ci(K;F) =
⊕

σ, dimσ=iF(σ) retains its inner product struc-

ture, and all summands are mutually orthogonal. That is, ⟨·, ·⟩Ci(K;F) is given by:

⟨x, y⟩Ci(K;F) =





⟨x, y⟩F(σ) if x, y ∈ F(σ),

0 if x ∈ F(σ), y ∈ F(σ′) for σ ̸= σ′.

Whereas cosheaf homology itself is an algebraic operation, the addition structure of inner prod-

ucts on each costalk F(σ) and, thus, each chain space Ci(K;F) will allow us to investigate an-

alytic properties of these cosheaves. We do so by extending the definition of the combinatorial

Hodge Laplacian to simplicial cosheaves.

Definition 2.3.17 ([34]): Given a simplicial cosheaf F : K → HilbR, the i-th cosheaf Laplacian

is the operator on Ci(K;F) defined as follows:

LF
i = ∂i+1∂

∗
i+1 + ∂∗i ∂i.

Although the definition above looks identical to that of the combinatorial Laplacian, it is im-

portant to remember that we have the extra information of a cosheaf F over K. However, when

the cosheaf structure is clear, we will simply write Li.
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Figure 2.2: Two cosheaves on K3. All unlabeled maps are the identity.

Example 2.3.18: Consider two cosheaves on K3: let F : K3 → HilbR be given by F(σ) = R

for all simplices σ with all morphisms the identity (See Figure 2.2, left). Let each F(σ) have the

standard inner product. Let G : K3 → HilbR be given by G(σ) = R for all simplices σ with linear

maps given by G([v1v3] → v3) = −1 and all other maps the identity (See Figure 2.2, right). Again,

endow each G(σ) with the standard inner product.

A quick computation confirms that the 0-th cosheaf Laplacian LF
0 is identical to the graph

Laplacian LK3 . For one, this means that the spectrum of LF
0 is {0, 3, 3} and that H0(K3;F) ∼= R.

On the other hand, LG
0 reflects the "twisting" that occurs from [v1v3] to v3. First, compute the

chain spaces: C0(K3;G) = R
3 and C1(K3;G) = R

3. The boundary map ∂G1 is

∂G1 =




−1 −1 0

1 0 −1

0 −1 1




and, thus,

LG
0 = ∂G1 (∂

G
1 )

T =




2 −1 1

−1 2 −1

1 −1 2



, LG

1 = (∂G1 )
T ∂G1 =




2 1 −1

1 2 −1

−1 −1 2



.

The eigenvalues of both LG
0 and LG

1 are {1, 1, 4}. Since 0 is not in the spectrum, H0(K3;G) = 0.

Observe that cosheaf homology can differentiate between F and G whereas their Euler charac-

teristics cannot. Indeed, χ(F) = 1− 1 = 0 and χ(G) = 0.
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In [34], Hansen and Ghrist provide a first look into the spectral properties of the cosheaf Lapla-

cian LF
i . However, because a simplicial cosheaf provides so much additional information, the

spectrum of LF
i is, in general, quite mysterious. In Chapter 4, we will explore a specific cosheaf

obtained via Möbius homology [15]. Inspired by Möbius inversion, a counting technique from

algebraic combinatorics, the inherent structure of Möbius homology make it especially amenable

to spectral analysis. This is especially true for modules arising from persistent homology. Later,

in Chapters 5 and 6, we will utilize both the algebraic and analytic techniques developed in this

chapter to investigate this new Laplace operator.
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Chapter 3

Möbius Inversion in One-Parameter Persistence

The overarching goal of this dissertation is to apply the analytic machinery of combinatorial

Hodge Laplacians from Chapter 2 to better understand the structure of persistence modules. Recall

from Definition 1.1.11 that a persistence module is a functor M : P → VecR from a finite poset P

to the category of R-vector spaces. In persistence, we want to answer the following question: when

do features appear (are "born") in M , and when do they get mapped to zero?

In this chapter, we will focus specifically on one-parameter modules. That is, we will focus

on modules M : T → VecR indexed over a finite totally ordered set T . Indeed, the theory and

computation of persistence began in this one-parameter setting, and the structure of one-parameter

modules is well understood. More specifically, the persistence diagram provides a summary of the

birth and death of features in M , and it is known that the persistence diagram of a one-parameter

module completely determines its isomorphism type.

We will provide three (equivalent) methods for computing the persistence diagram of a one-

parameter module M : T → VecR. We will first investigate the algebraic structure of one-

parameter persistence modules using tools from representation theory. For T a finite totally or-

dered set, a module M : T → VecR is known to decompose into a direct sum of simpler modules

called "interval modules." The persistence diagram is given by the multiplicities of the interval

modules in the decomposition of M .

On the other hand, Möbius inversion provides another approach for understanding the structure

of persistence modules. The Möbius inversion approach to persistence dates back to original papers

such as [3], but Patel was the first to make concrete connections to Rota’s work on algebraic

combinatorics [37]. To apply these tools to persistence modules M : T → VecR, we will take the

following steps. First, define an integer-valued function on half-open intervals in T obtained from

the data of the module M . There are multiple functions to choose from, but for the purposes of

this dissertation, we will focus on the rank and the birth-death functions. Then, we apply Möbius
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inversion to track the changes in this function: this gives the persistence diagram. Despite being

indexed over distinct posets, applying Möbius inversion to the rank and the birth-death functions

yields equivalent persistence diagrams.

We begin this chapter with a general treatment of Möbius inversion as it plays a central role

in the theory and computation of persistence. Then, we focus on the three existing methods for

computing the persistence diagram for one-parameter modules: interval decompositions, Möbius

inversion of the rank function, and Möbius inversion of the birth-death function. Indeed, all three

methods will provide equivalent descriptions of a one-parameter module M : T → VecR.

3.1 Möbius Inversion on Posets

We begin with a general treatment of Möbius inversion as it is the foundation for the remainder

of this chapter. Let P be a poset.

Definition 3.1.1: A closed interval in P is [a, b] = {c ∈ P | a ≤ c ≤ b}. Denote by I(P ) the set

of closed intervals in P .

We say P is locally finite if all intervals [a, b] are finite. Given an integer-valued function

f : P → Z on a locally finite poset P , we define its Möbius inverse as follows.

Definition 3.1.2: Let P be a locally finite poset, and let f : P → Z be an integer-valued function

on P . Then, the Möbius inverse (or, inversion) of f is defined as the unique function ∂f : P → Z

satisfying

f(b) =
∑

a≤b
∂f(a)

for all b ∈ P.

The Möbius inverse of f acts as a sort of "combinatorial derivative." Indeed, the formula above

looks like a discrete analog of the fundamental theorem of calculus.

Möbius inversion is a common technique used in algebraic combinatorics: we may learn about

a "harder" function by expressing it as the Möbius inverse of an "easier" function. It originated in
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number theory, specifically considering functions over the poset of divisors of the natural numbers.

Below, we provide one of the original examples of Möbius inversion.

Example 3.1.3: Consider the (locally finite) poset of natural numbers N ordered by divisibility.

That is, we say d ≤ n if d|n. Given an integer n, we wish to count the number of natural numbers

coprime to n. This is Euler’s totient function, and it is denoted Φ : N → Z. This is the "harder"

function in this example. We express Φ as the Möbius inverse of the "easier" function f : N → Z

given by the identity map, f(n) = n. That is, Φ = ∂f , resulting in the equation n =
∑

d|nΦ(d).

Hall and Weisner independently extended Möbius inversion beyond the original setting of arith-

metic functions, such as Euler’s totient function, to the more general setting of functions over

posets [38, 39]. Later, Gian-Carlo Rota systematized and unified the theory of Möbius inversion

by relating it to the incidence algebra of a poset P [14].

Definition 3.1.4: Let P be a locally finite poset, and let I(P ) denote the set of intervals [a, b] in P .

The incidence algebra of P is the algebra of functions ϕ : I(P ) → Z. Addition is given by point-

wise addition, and multiplication is given by convolution. Given two functions ϕ, ψ : I(P ) → Z,

their convolution is given by the formula ϕ ∗ ψ[a, b] =
∑

c∈[a,b] ϕ[a, c]ψ[c, b].

In the incidence algebra, the unit element is the delta function δ : I(P ) → Z defined as follows:

δ[a, b] =





1 if a = b,

0 else.

The zeta function ζ : I(P ) → Z is the element in the incidence algebra of P so that ζ[a, b] = 1 for

all [a, b] ∈ I(P ). Although not all elements in the incidence algebra are invertible, ζ is.

Definition 3.1.5: The inverse of ζ is the Möbius function µ : I(P ) → Z. The Möbius function is

computed as follows:

µ[a, b] =





1 if a = b,

−
∑

a≤c<b µ[a, c], if a < b.
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Indeed, the Möbius function is deeply connected to Möbius inversion.

Proposition 3.1.6 ([14, Corollary 1]): Let P be a locally finite poset, and let f, g : P → Z be

functions so that

f(b) =
∑

a≤b
g(a).

That is, g = ∂f . Then,

∂f(b) = g(b) =
∑

a≤b
f(a)µ[a, b].

Let’s apply the proposition above to the example of Euler’s totient function.

Example 3.1.7: Again, consider the poset of natural numbers N ordered by divisibility. The

Möbius function on this poset is given by:

µ[d, n] =





1 if d = n,

(−1)t if n
d

is a product of t distinct primes,

0 if p2|n
d

for some prime p.

By Proposition 3.1.6,

Φ(n) =
∑

d|n
d · µ[d, n].

The theory of Möbius functions, then, can provide useful insights to various counting problems.

Indeed, Hall and Weisner were both interested in Möbius inversion as a technique for problems in

group theory. Other combinatorial concepts such as the principle of inclusion-exclusion and the

chromatic number, for example, can be expressed in the language of Möbius inversion. As we

will discuss in Section 3.2, Möbius inversion is also central to the theory and computation of

persistence.
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3.2 One-Parameter Persistence

In this dissertation, we are particularly interested in one example of Möbius inversion: persis-

tence. In particular, we are interested in one-parameter persistence. That is, we will investigate

modules M : T → VecR indexed over a finite totally ordered set T . We want to study the structure

of the module M by answering the following question: when do features first appear in M , and

when do they get mapped to zero?

Observe that features may persist indefinitely rather than disappearing at a finite parameter

value. In order to capture such features alongside those that die at a finite index, it is standard to

adjoin a formal top element to the finite totally ordered set T representing "infinity."

Definition 3.2.1: Let T be a finite totally ordered set. We define

T = T ∪ {∞}

to be the poset obtained by adjoining a top element ∞ with the convention that a < ∞ for all

elements a ∈ T .

Thus, we will use elements of T to identify the birth of a feature inM : T → VecR, and we will

use elements in T to identify its death. We represent the birth and the death of a feature together

using symbolic persistence intervals.

Definition 3.2.2: Let T be a finite totally ordered set and let T = T ∪ {∞}. A half-open persis-

tence interval is a formal symbol [a, b) with a ∈ T and b ∈ T such that a ≤ b. Denote by Dgm(T )

the set of all persistence intervals. The subset {[a, a) | a ∈ T} is called the diagonal.

We emphasize that [a, b) is not interpreted as a subset of T , but rather as a symbolic object

recording a birth index a and a death index b.

The persistence diagram ofM : T → VecR assigns to each formal persistence interval [a, b) the

number of features that appear at a and become zero at b. We will compute the persistence diagram

of a one-parameter module using three methods: interval decomposition, Möbius inversion of
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the rank function, and Möbius inversion of the birth-death function. All three methods result in

equivalent diagrams that completely characterize the isomorphism type of one-parameter modules.

3.2.1 Interval Decomposition of One-Parameter Modules

We first define the persistence diagram using the interval decomposition. Let M : T → VecR

be a one-parameter module. It is known that, when each c ∈ T is assigned a finitely generated

vector space M(c), the one-parameter module M decomposes into certain "nice" pieces. These

pieces are called interval modules.

Definition 3.2.3: Let T be a finite totally ordered set, let T = T ∪ {∞}, and let [a, b) ∈ Dgm(T )

with a < b. The interval module I[a,b) : T → VecR is defined as follows:

I[a,b)(c) =





R, if a ≤ c < b

0, otherwise.

For c ≤ d in T , the morphism

I[a,b)(c ≤ d) : I[a,b)(c) → I[a,b)(d)

is the identity whenever I[a,b)(c) = I[a,b)(d) = R, and is the zero map otherwise.

The following proposition utilizes results from representation theory and the structural theorem

of finitely generated modules over principal ideal domains. We state it using the notation from

persistent homology originating with Zomorodian and Carlsson’s work.

Proposition 3.2.4 ([9, Section 3.2]): Let T be a finite totally ordered set and M : T → VecR be a

persistence module such that each M(c) is finitely generated. Then, there exists a function

mB : Dgm(T ) → Z≥0
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such that

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .

The function mB (equivalently, the associated multiset of intervals) is uniquely determined by M .

We call
⊕

[a,b)∈Dgm(T ) I
⊕mB([a,b))
[a,b) the interval decomposition of M .

In particular, because the functionmB is uniquely determined byM , the interval decomposition

of a one-parameter module M : T → VecR determines its isomorphism type.

Remark 3.2.5: Although the decomposition of a module M given in Proposition 3.2.4 is unique,

the isomorphism φ :M ⇒
⊕

[a,b)∈Dgm(T ) I
⊕mB([a,b))
[a,b) is not.

Definition 3.2.6: Let T be a finite totally ordered set and let M : T → VecR be a persistence

module. The persistence diagram1 of M is the finite-support function

mB : Dgm(T ) → Z≥0

such that

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b)

as in Proposition 3.2.4. The value mB([a, b)) is called the multiplicity of the interval [a, b) in the

persistence diagram. We call an interval [a, b) a point in the persistence diagram if mB([a, b)) ̸= 0.

Remark 3.2.7: Observe that we excluded intervals of the form [a, a) from the definition of an

interval module (Definition 3.2.3). Thus, diagonal intervals [a, a) necessarily have multiplicity

zero in the persistence diagram for any module M .

1In the literature, it is common to call mB the "barcode" of the module M : T → VecR, with individual persistence
intervals [a, b) called "bars" if mB([a, b)) ̸= 0. Motivated by the equivalence of methods presented in Section 3.2.4,
we use the terminology "persistence diagram" to refer to all three construction presented in this section.
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1 2 3 4

Figure 3.1: The persistence diagram mB for a module with interval decomposition I[1,3) ⊕ I[2,4). We
represent intervals [a, b) such that mB([a, b)) ̸= 0 as lines from a to b.

Example 3.2.8: Let M : T → VecR be the module over the totally ordered set 1 < 2 < 3 < 4

given by:

R













1

0













−−−→ R
2

(

0 1

)

−−−−−→ R

(

0

)

−−−→ 0.

The interval decomposition of M is given by M ∼= I[1,3) ⊕ I[2,4). See Figure 3.1 for a visualization

of the persistence diagram.

In all, representation theory provides a method for understanding the algebraic structure of a

persistence module M : T → VecR for T a finite totally ordered set. Indeed, the persistence

diagram mB gives the isomorphism type of M . In the following sections, we provide two other

methods for obtaining the persistence diagram of a one-parameter module M using Möbius inver-

sion. Indeed, as we will see in Section 3.2.4, the three methods are equivalent.

3.2.2 Rank Function and Möbius inversion

Again, let M : T → VecR be a module over a (finite) totally ordered set T . We will use

Möbius inversion to describe the structure of M . However, recall that Möbius inversion is defined

for functions on finite posets. Thus, in this section, we will introduce the rank function, an integer-

valued function on the poset of persistence intervals of T .

Definition 3.2.9: Given a finite totally ordered set T , let T = T ∪ {∞}, and let Dgm(T ) denote

the set of symbolic persistence intervals [a, b) where a ∈ T , b ∈ T , and a ≤ b. We define a partial

order on Dgm(T ), denoted by ⊇, by declaring

[a, b) ⊇ [c, d) if and only if a ≤ c and d ≤ b.
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We refer to ⊇ as the reverse containment order.

Remark 3.2.10: We emphasize that elements of Dgm(T ) are formal symbols and are not inter-

preted as subsets of T . Thus, the order ⊇ is defined symbolically and is not set-theoretic inclusion.

With this order, Dgm(T ) is a finite poset. Furthermore, observe that, for each a ∈ T , the

diagonal interval [a, a) is a maximal element of Dgm(T ) with respect to ⊇.

The rank function, then, is defined as follows.

Definition 3.2.11 ([7]): Let T be a finite totally ordered set, let T = T ∪ {∞}, and consider a

one-parameter module M : T → VecR. Define the rank function

rkM : (Dgm(T ),⊇) → Z≥0

as follows. For [a, b) ∈ Dgm(T ), set

rkM([a, b)) = rank
(
M(a ≤ b−)

)
= dim

(
im (M(a ≤ b−))

)
,

where b− ∈ T denotes the greatest element in T that is strictly less than b. In particular, we define

rkM([a,∞)) = rank(M(a ≤ maxT )) and rkM([a, a)) = rank (M(a ≤ a)) = dimM(a).

Intuitively, the rank function counts how many features exist (or, are "born") by the index

a that are not yet zero (or, have not yet "died") before the index b. The value rkM([a,∞)), in

particular, records the rank of the map from M(a) to the final vector space M(maxT ), and thus

counts features present at a that persist through the end of the module. However, we want to know

precisely when these features are born and when they die. In order to do so, we apply Möbius

inversion.

Definition 3.2.12: Let T be a finite totally ordered set, let T = T ∪{∞}, and let (Dgm(T ),⊇) be

the poset of symbolic persistence intervals with the reverse containment order. Let M : T → VecR
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be a persistence module, and let rkM : (Dgm,⊇) → Z≥0 denote its rank function. We define the

persistence diagram of M as the Möbius inverse of rkM , denoted

∂rkM : (Dgm(T ),⊇) → Z.

That is, ∂rkM is the unique function satisfying

rkM([a, b)) =
∑

[c,d)⊇[a,b)

∂rkM([c, d)).

Because T is a totally ordered set, we are able to provide explicit formulas for ∂rkM . Let a ∈ T

and b ∈ T with a < b. Let a− denote the greatest element in T that is strictly less than a, when it

exists. Similarly, let b+ denote the smallest element in T strictly greater than b, when it exists. In

particular, if b = maxT , then b+ = ∞. Then, for an interval [a, b) ∈ Dgm(T ) with b ∈ T ,

∂rkM([a, b)) = rkM([a, b))− rkM([a−, b))− rkM([a, b+)) + rkM([a−, b+)),

where any term involving a non-existent a− is omitted. On the other hand, for intervals [a,∞),

∂rkM([a,∞)) = rkM([a,∞))− rkM([a−,∞)).

Remark 3.2.13: Unlike the interval decomposition approach for obtaining the persistence dia-

gram, the function ∂rkM may take negative values on diagonal intervals [a, a). Indeed, we see an

example of this in Figure 3.2. Furthermore, when ∂rkM([a,∞)) ̸= 0 for some a ∈ T , we know

there is an infinitely persistent feature in the module M . That is, there is some feature born at the

index a ∈ T that is never mapped to zero.
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Figure 3.2: From left to right: the poset (Dgm(T ),⊇) when T is given by 1 < 2 < 3 < 4, the rank function
rkM of the module M from Example 3.2.14, and the resulting persistence diagram ∂rkM .

Example 3.2.14: Consider the module M : T → VecR over the totally ordered set 1 < 2 < 3 < 4

from Example 3.2.8:

R













1

0













−−−→ R
2

(

0 1

)

−−−−−→ R

(

0

)

−−−→ 0.

See Figure 3.2 for an illustration of the poset (Dgm(T ),⊇), the rank function rkM , and the persis-

tence diagram ∂rkM .

3.2.3 Birth-Death Function and Möbius Inversion

In the previous section, we considered the persistence diagram as a function on the poset of

symbolic persistence intervals with the reverse containment order, denoted (Dgm(T ),⊇). In this

section, we present an alternate but equivalent description of the persistence diagram obtained by

applying Möbius inversion with respect to a different partial order. The underlying indexing set

remains Dgm(T ), but we now equip this set with a partial order induced by the product order on

birth and death parameters. This new ordering allows us to separate the roles of birth and death,

leading to the notion of the birth-death function.
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Definition 3.2.15: Given a finite totally ordered set T , let T = T ∪ {∞}, and let Dgm(T ) denote

the set of symbolic persistence intervals [a, b). We define a partial order ⪯ on Dgm(T ) by declaring

[a, b) ⪯ [c, d) if and only if a ≤ c and b ≤ d.

We call ⪯ the product order on Dgm(T ).

Remark 3.2.16: Again, we emphasize that the persistence intervals [a, b) are formal symbols, not

subsets of the totally ordered set T . Thus, the product order ⪯ is defined using the birth and death

indices alone, not using any set-theoretic ordering.

In order to compute the birth-death function of a module M , we must first compute a free

presentation of M .

Definition 3.2.17 ([40, Definition 4.9]): A persistence moduleG : T → VecR is free if it is a finite

direct sum of persistence modules of the form R
↑a, defined by

R
↑a(b) =





R if a ≤ b

0 else.

and morphisms R↑a(b ≤ c) given by the identity map for a ≤ b ≤ c and the zero map else.

Given a module M : T → VecR, a free presentation of M consists of a free module G and a

surjective natural transformation φ : G⇒M .

Since we are working specifically over finite totally ordered sets T , all modulesM : T → VecR

admit a free presentation: see [40, Proposition 4.13].

Definition 3.2.18 ([40, Definition 5.1]): Let T be a finite totally ordered set, let T = T ∪ {∞},

and let (Dgm(T ),⪯) denote the poset of symbolic persistence intervals equipped with the product

order. Let M : T → VecR be a persistence module with free presentation φ : G ⇒ M . The
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birth-death function associated to φ is the function

bdϕ : (Dgm(T ),⪯) → Z≥0

defined by

bdϕ([a, b)) =





dim (G(a) ∩ kerφb) , if b ∈ T,

dim(G(a)), if b = ∞.

Observe that, with the product order on intervals in Dgm(T ), the birth-death function is a

weakly increasing function.

The birth-death function has a slightly different interpretation than the rank function. It counts

the number of features born by step a that have died by step b. However, we again want to com-

pute precisely when these features are born and when they die. Much like the rank function, the

persistence diagram provides this information and is given by Möbius inversion.

Definition 3.2.19: Let T be a finite totally ordered set with T = T ∪ {∞}. Let M : T → VecR be

a persistence module with free presentation φ : G ⇒ M . The persistence diagram associated to

φ is the Möbius inversion of the birth-death function

∂bdϕ : (Dgm(T ),⪯) → Z.

That is, it is the unique function satisfying

bdϕ[a, b) =
∑

[c,d)⪯[a,b)

∂bdϕ[c, d).

Again, because T is a totally ordered set, we are able to provide an explicit formula for ∂bdϕ.

Let a ∈ T and b ∈ T with a < b. Let a− denote the greatest element in T that is strictly less than a,

when it exists. Then, for an interval [a, b) ∈ Dgm(T ) with b ∈ T ,

∂bdϕ([a, b)) = bdϕ([a, b))− bdϕ([a
−, b))− bdϕ([a, b

−)) + bdϕ([a
−, b−)),
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where any term involving a non-existent a− is omitted. In particular, for intervals [a,∞),

∂bdϕ([a,∞)) = bdϕ([a,∞))− bdϕ([a
−,∞))− bdϕ([a,maxT )) + bdϕ([a

−,maxT )).

Remark 3.2.20: Although Möbius inversion is used to compute the persistence diagrams for both

the rank and the birth-death functions, these are different Möbius inversions. Indeed, they act on

distinct interval posets: one with the reverse containment order and the other with the product order.

For example, observe that the explicit formulas for ∂rkM([a, b)) and ∂bdϕ([a, b)) have different

indices. Furthermore, see Figures 3.2 and 3.3 for visualizations of the two different posets. The

arrows in (Dgm(T ),⊇) point down and to the right whereas the arrows in (Dgm(T ),⪯) point up

and to the right.

Remark 3.2.21: Unlike the persistence diagram obtained from the interval decomposition, the

persistence diagram defined via the birth-death function may take nonzero values on the diagonal:

that is, on intervals [a, a). These diagonal terms reflect relations among generators in the chosen

free presentation and do not correspond to persistent features. In later sections, we will show that

the off-diagonal part of ∂bdϕ agrees with the persistence diagrams obtained via the rank function

and via the interval decomposition. The diagonal values, on the other hand, encode generators in

the free presentation that are immediately killed by relations.

Example 3.2.22: LetM : T → VecR be the one-parameter module from Example 3.2.8. Consider

the free module G : T → VecR given by

R













1

0













−−−→ R
2













1 0

0 1













−−−−−→ R
2













1 0

0 1













−−−−−→ R
2.
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Figure 3.3: From left to right: the poset (Dgm(T ),⪯) when T is given by 1 < 2 < 3 < 4, the birth-death
function for M and free presentation ϕ as in Example 3.2.22, and the persistence diagram ∂bdϕ.

There is a free presentation φ : G⇒M with components given by

φ1 = 1, φ2 =



1 0

0 1


 , φ3 =



0

1


 , and φ4 = 0.

See Figure 3.3 for the birth-death function bdϕ : (Dgm(T ),⪯) → Z≥0 and the resulting persis-

tence diagram ∂bdϕ : (Dgm(T ),⪯) → Z.

Observe that the definition of the persistence diagram (as well as the birth-death function)

given above relies on the choice of a free presentation φ. However, there are many different free

presentations for one given module. As stated in the following proposition, different choices of

free presentation will result in equivalent persistence diagrams. That is, the persistence diagrams

will agree on non-diagonal elements.

Proposition 3.2.23 ([40, Corollary 5.8]): Let M : P → VecR be a persistence module with two

free presentations φ : G1 ⇒M and ψ : G2 ⇒M . Then, ∂bdϕ[a, b) = ∂bdψ[a, b) when a ̸= b.

Proof. The proof relies on the kernel function, another integer-valued function ascribed to a per-

sistence module. See [40, Proposition 5.7]: the result follows as a corollary.
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3.2.4 Equivalence of Methods

In the preceding sections, we introduced three closely related constructions associated to a

one-parameter persistence module. First, we described the persistence diagram via the interval de-

composition of a persistence module, encoding the multiplicities of symbolic persistence intervals.

Second, we defined the persistence diagram as the Möbius inverse of the rank function on the poset

of symbolic persistence intervals Dgm(T ) equipped with the reverse containment order. Third, we

introduced the birth-death function, and we defined a persistence diagram via Möbius inversion

with respect to the product order on the poset of symbolic persistence intervals.

Although these constructions arise from different perspectives and use different partial orders

on the set of persistence intervals, they encode the same information in the one-parameter setting.

The goal of this section is to make this equivalence precise and to clarify how these definitions are

related.

Proposition 3.2.24: Let M : T → VecR be a one-parameter persistence module, and let

∂rkM : (Dgm(T ),⊇) → Z and ∂bdϕ : (Dgm(T ),⪯) → Z

denote the Möbius inverses of the rank and the birth-death functions, respectively. Then, for every

interval [a, b) ∈ Dgm(T ) with a < b,

∂rkM([a, b)) = ∂bdϕ([a, b)).

Proof. Combine [8, Section 9.1] with [41, Proposition 6.3].

That is, the two Möbius-inversion constructions of the persistence diagram agree on all off-

diagonal intervals.

Moreover, the rank function is a complete invariant on the collection of one-parameter modules

M : T → VecR, meaning it distinguishes isomorphism classes of such modules [7]. In the lan-
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guage of interval decompositions, the rank function provides the same information as the interval

decomposition. This is made precise in the proposition below.

Proposition 3.2.25: Let M : T → VecR be a persistence module with interval decomposition

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .

Then, for every interval [a, b) ∈ Dgm(T ) with a < b,

mB([a, b)) = ∂rkM([a, b)).

Proof. See [7, Theorem 12]: to show that the rank invariant is a complete invariant in the one-

parameter setting, Carlsson and Zomorodian prove a bijection between possible interval decompo-

sitions and possible rank functions.

That is, the multiplicity of the indecomposable interval module I[a,b) in the interval decompo-

sition of M is equal to the Möbius inversion of the rank function evaluated at [a, b).

Combining Propositions 3.2.24 and 3.2.25, we immediately obtain the following.

Corollary 3.2.26: Let M : T → VecR be a one-parameter persistence module with interval de-

composition

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .

Let φ : G⇒M be a free presentation of M . Then, for every persistence interval [a, b) ∈ Dgm(T )

with a < b,

mB([a, b)) = ∂rkM([a, b)) = ∂bdϕ([a, b)).

Consequently, all three constructions define the same persistence diagram off the diagonal.

Example 3.2.27: Consider Examples 3.2.22 and 3.2.14 along with their persistence diagrams as

shown in Figures 3.2 and 3.3. Observe that ∂bdϕ([a, b)) = ∂rkM([a, b)) whenever a ̸= b. Further-
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more, recall Example 3.2.8: mB([1, 3)) = mB([2, 4)) = 1, and all other intervals in Dgm(T ) have

multiplicity zero in the persistence diagram.

In all, both the rank and the birth-death functions provide useful (and equivalent) information

for describing the structure of one-parameter persistence modules M : T → VecR. Furthermore,

the persistence diagrams of these functions are equivalent to the persistence diagram obtained via

the interval decomposition of M .

Not only is the persistence diagram uniquely determined by the isomorphism class of the one-

parameter module M : T → VecR, but "close" persistence modules will also result in "close"

persistence diagrams. This is the bottleneck stability theorem, first proved for functions on topo-

logical spaces in [5] and extended to the case of persistence modules more generally in [6]. The

bottleneck stability theorem states that, if two persistence modules are "ϵ-interleaved" (meaning

they are a "distance" of ϵ away from being isomorphic), then the resulting persistence diagrams

have bottleneck distance at most ϵ. The bottleneck distance, deeply related to the optimal transport

distance in measure theory, quantifies the "cost" of moving points from one persistence diagram

to another. Although we will not provide an in-depth treatment of stability results in persistence,

such results justify the use of persistence diagrams for comparing topological spaces and persis-

tence modules, particularly in applications.

However, when considering multiparameter modules M : P → VecR (that is, when P is not

totally ordered), the results presented in this section do not necessarily hold. Although we may

extend the definition(s) of a persistence diagram to such multiparameter modules, they exhibit

pathological behavior that inhibits interpretability. In the following chapter, we introduce methods

for studying multiparameter persistence modules. Namely, we will introduce Möbius homology, a

categorification of Möbius inversion.
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Chapter 4

Möbius Homology and Multiparameter Persistence

We now wish to extend the constructions from Chapter 3 to multiparameter modules. More

specifically, we want to define persistence diagrams and other persistence invariants to understand

the structure of modules M : P → VecR indexed over a finite poset P . However, when extending

the interval decomposition, rank function, and birth-death function approaches to define persis-

tence diagrams for a multiparameter module M , pathological behavior makes the analysis of such

invariants significantly more difficult.

Indecomposable modules in the multiparameter setting do, indeed, exist, but they no longer

take solely the form of interval modules, like those in the one-parameter case. That is, there

are more types of indecomposable modules, and they do not necessarily have an easy-to-define

structure. Nonetheless, multiparameter modules M : P → VecR do admit a decomposition into

indecomposable summands. However, many multiparameter modules are of "wild type," meaning

their decomposition into indecomposables is quite complex and difficult to state. Furthermore,

in [42], Bauer and Scoccola show that any multiparameter persistence module M : P → VecR is

arbitrarily close to an indecomposable module. Moreover, they show that small perturbations in

an indecomposable module result in non-trivial changes to its decomposition. In all, a structural

theorem for multiparameter modules M : P → VecR is considered infeasible.

Thus, we turn our attention to the approach of Möbius inversion of the rank and the birth-

death functions. Unfortunately, Carlsson and Zomorodian showed in [7] that there are no complete

discrete invariants for multiparameter persistence modules. Nonetheless, generalizations of the

rank and the birth-death functions and their resulting persistence diagrams are still used to describe

modules M : P → VecR for P a finite poset. However, the equivalence of methods that exists in

the one-parameter setting no longer holds here. That is, the rank and the birth-death functions for

a multiparameter module M : P → VecR may yield non-equivalent persistence diagrams. See,

for example, [40, Table 2]. A discussion of generalized rank invariants may be found in [43, 44].
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However, in this dissertation, we choose to focus on the birth-death approach to multiparameter

persistence specifically (the motivation for this choice is explained in Section 4.1). In Section 4.2,

we will define the birth-death function (along with a categorification) for a module M : P → VecR

indexed over a finite poset P .

Moreover, when defining the persistence diagram for a module M : P → VecR indexed over a

finite poset, even the off-diagonal persistence intervals [a, b) may be assigned negative values. This

greatly reduces the interpretability of the persistence diagram: we may no longer interpret the value

of an interval [a, b) in the persistence diagram as counting features born at a that die at b. In order

to understand the appearance of negative values in the persistence diagram, structure beyond that

of the integer-valued Möbius inversion is necessary. Möbius homology, a recent categorification

of Möbius inversion by Patel and Skraba [15], provides that structure. It utilizes the data of a

module M : P → VecR to construct a chain complex and, thus, homology spaces. Such spaces

provide higher-order structure with which we can study multiparameter modules. For one, Möbius

homology is able to distinguish non-isomorphic modules that are indistinguishable by Möbius

inversion and other persistence invariants alone.

4.1 Non-Functoriality of Images

We wish to categorify existing persistence invariants in order to obtain higher-order struc-

ture. The rank function, however, does not have a natural categorification. Indeed, consider a

one-parameter module M : T → VecR, and let rkM : (Dgm(T ),⊇) → Z≥0 denote its rank func-

tion. Recall that the rank function assigns to the symbolic persistence interval [a, b) the integer

rkM([a, b)) = dim(imM(a ≤ b−)) where b− denotes the greatest element in T that is strictly less

than b (see Definition 3.2.11). Thus, the natural choice for lifting the rank function to a vector

space-valued module is the image. However, taking images is not functorial. To demonstrate this

claim, we provide a counterexample below.
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Example 4.1.1: Let T be the totally ordered set 1 < 2 < 3 < 4 < 5, and let M : T → VecR be

the module given by

R













1

0













−−−→ R
2 I2−→ R

2





















1 0

0 0

0 0





















−−−−−→ R
3 → 0

where I2 denotes the identity matrix.

The reverse containment order on Dgm(T ) admits the relation [1, 5) ⊇ [2, 4). We compute the

images imM(1 ≤ 5−) = imM(1 ≤ 4) and imM(2 ≤ 4−) = imM(2 ≤ 3) below:

imM(1 ≤ 4) =

〈



1

0

0




〉
and imM(2 ≤ 3) =

〈

1

0


 ,



0

1



〉
.

However, observe the data of the module M does not provide a canonical map from the space

imM(1 ≤ 4) to imM(2 ≤ 3). That is, the relation [1, 5) ⊇ [2, 4) does not induce a map between

the corresponding images.

Indeed, the example above demonstrates that images of linear maps, the natural choice for a

categorification of the rank function, are not functorial. Thus, for the remainder of this chapter,

we will focus on the birth-death approach. Indeed, the birth-death function does admit a natural

categorification.

4.2 Categorification of the Birth-Death Function

In order to obtain higher-order structure with which to study multiparameter modules, we will

use the birth-death approach. More specifically, we will study higher-order structure using birth-

death modules that categorify birth-death functions. Furthermore, we will use the birth-death

approach to define persistence diagrams for multiparameter modules. In order to do so, we will

restate many definitions from Section 3.2, this time specifically for a finite poset P .
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Let M : P → VecR be a multiparameter module indexed by a finite poset P . Because features

inM may persist infinitely, never getting mapped to zero, we will adjoin a formal top element to P

representing "infinity."

Definition 4.2.1: Let P be a finite poset. We define

P = P ∪ {∞}

to be the (finite) poset obtained by adjoining a top element ∞ with the convention that a < ∞ for

all elements a ∈ P .

We will again use symbolic persistence intervals to track both the birth and the death of a

feature in M .

Definition 4.2.2: Let P be a finite poset and let P = P ∪ {∞}. A half-open persistence interval

is a formal symbol [a, b) with a ∈ P and b ∈ P such that a ≤ b. Denote by Dgm(P ) the set of all

persistence intervals. The subset {[a, a) | a ∈ P} ⊆ Dgm(P ) is called the diagonal.

Again, we emphasize that persistence intervals [a, b) are formal symbols rather than subsets of

the indexing poset P . Because we are using the birth-death approach, we will place the product

order on Dgm(P ).

Definition 4.2.3: Let P be a finite poset with P = P ∪ {∞}. Denote by (Dgm(P ),⪯) the poset

of persistence intervals with the product order ⪯. That is, we define

[a, b) ⪯ [c, d) if a ≤ c and b ≤ d.

Now, we will again compute a free presentation of a module M : P → VecR to capture the

birth and death of generators.
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Definition 4.2.4 ([40, Definition 4.9]): A persistence module G : P → VecR is free if it is a finite

direct sum of persistence modules of the form R
↑a, defined by

R
↑a(b) =





R if a ≤ b

0 else.

and morphisms R↑a(b ≤ c) given by the identity map for a ≤ b ≤ c and the zero map else.

Given a module M : P → VecR, a free presentation of M consists of a free module G and a

surjective natural transformation φ : G⇒M .

Much like the one-parameter case, since we are specifically considering finite posets P , all

modules M : P → VecR admit a free presentation (see, again, [40, Proposition 4.13]).

Instead of directly computing an integer-valued function on (Dgm(P ),⪯), we will use a free

presentation φ : G⇒M to compute a birth-death module indexed by (Dgm(P ),⪯).

Definition 4.2.5 ([40, Section 5.1]): Let P be a finite poset with P = P ∪{∞}. Let (Dgm(P ),⪯ )

denote the poset of symbolic persistence intervals with the product order. Let M : P → VecR be

a persistence module, and let φ : G ⇒ M be a free presentation of M . The birth-death module

associated to φ is the module BDϕ : (Dgm(P ),⪯) → VecR defined on objects by

BDϕ([a, b)) =





G(a) ∩ kerφb, if b ∈ P,

G(a), if b = ∞.

We call BDϕ([a, b)) the birth-death space at [a, b).

For a morphism [a, b) ⪯ [c, d) in (Dgm(P ),⪯), the induced linear map

BDϕ([a, b) ⪯ [c, d)) : G(a) ∩ kerφb →֒ G(c) ∩ kerφd

is given by the inclusion induced by the structure maps of G.
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Intuitively, the birth-death space BDϕ([a, b)) records the elements of the free module G that

are present at index a and that map to zero inM(b). Thus, the birth-death module tracks generators

that are born by a and have died by b.

Indeed, the birth-death module is the natural categorification of the birth-death function. Con-

sider a persistence module M : P → VecR with free presentation φ : G⇒M . We may define the

birth-death function associated to the free presentation φ as the dimension function of the birth-

death module.

Definition 4.2.6 ( [40, Definition 5.1]): Let P be a finite poset, let P = P ∪ {∞}, and let

(Dgm(P ),⪯) denote the poset of symbolic persistence intervals equipped with the product or-

der. Let M : P → VecR be a persistence module with free presentation φ : G ⇒ M . The

birth-death function associated to φ is the function

bdϕ : (Dgm(P ),⪯) → Z≥0

given by the dimension function of the birth-death module BDϕ : (Dgm(P ),⪯) → VecR. That is,

bdϕ([a, b)) = dimBDϕ([a, b)) = dim (G(a) ∩ kerφb) .

Because the structure maps in the birth-death module are inclusions, the birth-death function is

a weakly increasing function.

Definition 4.2.7: Let P be a finite poset with P = P ∪ {∞}. Let M : P → VecR be a persistence

module with free presentation φ : G ⇒ M . The persistence diagram associated to φ is the

Möbius inversion of the birth-death function

∂bdϕ : (Dgm(P ),⪯) → Z.

54



1 2 3 4

1

2

3

4

0

0

R

R

0

R

R
2

R

R
2

R
2

(

1
0

) (

1
0

)

I1

(

1
0

)

I2 I2

Figure 4.1: The birth-death module BDϕ : (Dgm(T ),⪯) → VecR for the module M as in Example 3.2.14.

That is, it is the unique function satisfying

bdϕ([a, b)) =
∑

[c,d)⪯[a,b)

∂bdϕ([c, d)).

The definition of the birth-death function associated to a free presentation for general multipa-

rameter modules agrees with the definition given for one-parameter modules in Section 3.2.3.

Remark 4.2.8: Given a module M : T → VecR indexed over a finite totally ordered set T and a

free presentation φ : G⇒M , we may still compute the birth-death module as in Definition 4.2.5.

Taking the dimension function will yield the one-parameter birth-death function given in Defini-

tion 3.2.3. To illustrate this point, consider the module M : T → VecR indexed over the totally

ordered set T given by 1 < 2 < 3 < 4 and free presentation φ : G ⇒ M from Examples 3.2.14

and 3.2.22. The birth-death module BDϕ : (Dgm(T ),⪯) → VecR is shown in Figure 4.1. Taking

the dimension function yields bdϕ : (Dgm(T ),⪯) → Z, which is shown in Figure 3.3

Observe that the birth-death module BDϕ contains strictly more information than bdϕ. Indeed,

the birth-death module carries the structure of vector spaces and linear maps, where the birth-death

function retains only the dimensions of the birth-death spaces. Recall that, in order to define the
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Figure 4.2: A poset P (left) and its order complex ∆P (right).

persistence diagram of a module M : P → VecR, we Möbius inverted the birth-death function. In

the following section, we categorify Möbius inversion by introducing Möbius homology.

4.3 Möbius Homology

Observe that, in order to compute persistence diagrams, we begin with a persistence module

and define integer-valued functions in order to investigate the structure of the persistence module.

When reducing a module to its persistence diagram, information is lost, particularly in the multipa-

rameter setting. In this section, we will obtain higher-order information via Möbius homology [15].

Möbius homology provides a homology theory for persistence modules that categorifies Möbius

inversion. That is, we can reconstruct Möbius inversion using Möbius homology, which provides

more information and structure.

We begin by introducing Möbius homology in general. We then explore applications of Möbius

homology to persistence: in particular, we will compute Möbius homology for one-parameter

persistence modules in Section 4.3.1. Then, in Section 4.3.2, we will see an example of Möbius

homology applied to the birth-death module.

First, we define the order complex of a poset P . This is a method for obtaining a simplicial

complex associated to a poset. With the structure of a simplicial complex, we can use tools from

algebraic topology (namely, homology and simplicial cosheaves) to study the structure of P .

Definition 4.3.1: Let P be a poset. Its order complex, denoted ∆P , is the simplicial complex

constructed by including an i-simplex for all i-chains a0 < a1 < · · · < ai in P . Since subchains

are necessarily chains themselves, ∆P is closed downwards and is, indeed, a simplicial complex.
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Intuitively, the order complex captures the combinatorial "shape" of a poset by encoding the

elements of P along with comparability and sequences of comparable elements (that is, longer

chains). See Figure 4.2 for an example of an order complex.

Observe that, when P is a finite poset, ∆P is a finite simplicial complex. Now, given a persis-

tence module M : P → VecR over such a finite poset P , we will construct a cosheaf on the order

complex ∆P using the data of M .

Definition 4.3.2 ([15, Definition 3.6]): Let M : P → VecR be a module over a finite poset P .

The order cosheaf of M is the simplicial cosheaf M : ∆P → VecR defined as follows. Given a

simplex σ ∈ ∆P , let M(σ) = M(min σ). For τ ≥ σ, the morphism M(τ → σ) is given by the

linear map M(min τ ≤ min σ).

We will now focus on a specific element b in our poset P by considering its downset: that is, all

elements a such that a ≤ b. In the order complex, a similar construction gives way to a subcomplex

of ∆P .

Definition 4.3.3 ([15, Definition 3.7]): The lower complex of b ∈ P is the subcomplex of ∆P

given by ∆P≤b = {σ ∈ ∆P | max σ ≤ b}. The strict lower complex of b ∈ P is the subcomplex

given by ∆P<b = {σ ∈ ∆P | max σ < b}.

That is, the lower complex of ∆P at b contains only the chains that end at or before b. The strict

lower complex of ∆P at b contains only the chains that end (strictly) before b. We are specifically

interested in chains that end exactly at b: algebraically, we study these chains by computing relative

chain spaces.

Definition 4.3.4 ([15, Definition 3.8]): Let P be a finite poset, and letM : P → VecR be a module.

Fix b ∈ P . The Möbius chain complex of M at b is the relative simplicial cosheaf chain complex

given by

C↓
•M(b) = C•(∆P≤b,∆P<b;M).

57



Denote by

∂↓i : C
↓
iM(b) → C↓

iM(b)

the boundary maps in C↓
•M(b).

Applying homology in dimension i yields the Möbius homology space of M at b:

H↓
iM(b) = ker ∂↓i /im ∂↓i+1.

That is, Möbius homology assigns a vector space for every i ≥ 0 to every element b ∈ P ,

retaining chain-level structure that is lost when considering integer-valued invariants. Nonethe-

less, when "decategorifying," we relate Möbius homology to Möbius inversion via the following

proposition.

Proposition 4.3.5 ([15, Theorem 3.13]): Let P be a finite poset, let M : P → VecR be a module,

and let m : P → Z be the dimension function of M . That is, m(b) = dimM(b). Then, for

all b ∈ P ,

∂m(b) =
∑

i≥0

(−1)i dimH↓
iM(b). (4.1)

The proposition above states precisely how Möbius homology is a categorification of Möbius

inversion. Indeed, the Möbius inversion of the dimension function is the Euler characteristic of the

order cosheafM (see Definition 2.3.16). Recall Example 2.3.18: we have already seen an example

of two cosheaves with identical Euler characteristic but different cosheaf homology. Similarly,

the extra structure of Möbius homology may be able to differentiate two distinct modules that are

indistinguishable by Möbius inverting their dimension functions.

Example 4.3.6: Let P be the finite poset as shown in Figure 4.2. Let M,N : P → VecR be the

two modules shown in Figure 4.3. Since dimM(p) = dimN(p) for every p ∈ P , their dimension

functions m,n : P → Z are equal: see Figure 4.3c. Thus, the Möbius inversions ∂m, ∂n are equal

as well.
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R
2

R R

0

(
1 0

) (
0 1

)

(a) M : P → VecR

R
2

R R

0

(
1 0

) (
1 0

)

(b) N : P → VecR

2

1 1

0

(c) m,n : P → VecR

Figure 4.3: Two persistence modules over the same poset P and their dimension functions m = n.

Although dimension cannot distinguish M and N , their Möbius homology spaces can. Con-

sider the element d ∈ P , and consider chains in P ending at d. Order the 2- and the 1-chains

lexicographically. The Möbius chain complex C↓
•M(d) is given by:

· · · 0
∂↓3−→ R

2 ⊕ R
2

∂↓2=































−1 0 −1 0

0 −1 0 −1

1 0 0 0

0 0 0 1































−−−−−−−−−−−−−−−−−−→ R
2 ⊕ R⊕ R

∂↓1−→ 0 → 0.

Thus, H↓
iM(d) = 0 for all i.

On the other hand, the Möbius chain complex C↓
•N(d) is given by:

· · · 0
∂↓3−→ R

2 ⊕ R
2

∂↓2=































−1 0 −1 0

0 −1 0 −1

1 0 0 0

0 0 1 0































−−−−−−−−−−−−−−−−−−→ R
2 ⊕ R⊕ R

∂↓1−→ 0 → 0.

Thus, H↓
2N(d) ∼= R

4/R3 ∼= R and H↓
1N(d) ∼= R. For all i ̸= 1, 2, H↓

iN(d) = 0.

Recall that we are specifically interested in applying Möbius homology to persistence. Thus,

in the following sections, we will use Möbius homology to study existing persistence invariants.

First, we will compute Möbius homology for one-parameter persistence modules, relying heavily
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on their interval decomposition. Then, we will show that applying Möbius homology to the birth-

death module distinguishes non-isomorphic modules with equivalent persistence diagrams.

4.3.1 Möbius Homology of One-Parameter Modules

We now want to understand Möbius homology for the simplest possible type of module. That

is, we want to understand Möbius homology for modules M : T → VecR indexed over a finite

totally ordered set T . We saw in Section 3.2 that such modules have a unique decomposition into

interval modules. Let Dgm(T ) denote the set of symbolic persistence intervals [a, b) for a ≤ b

such that a ∈ T and b ∈ T = T ∪ {∞} (see Definition 3.2.2). Then, by Proposition 3.2.4, there

exists a (finite-support) function mB : Dgm(T ) → Z≥0 so that M decomposes into the direct sum

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .

Moreover, mB uniquely determines the module M . Thus, we expect that Möbius homology will

reflect the known structure of such one-parameter modules.

Indeed, in this section we will compute Möbius homology of a module M : T → VecR for

every element in c ∈ T . As we will see, the degree-zero Möbius homology spaces will identify

the birth index a of intervals [a, b) in Dgm(T ) so that mB([a, b)) ̸= 0, whereas degree-one Möbius

homology will identify the death index b when b ̸= ∞.

In order to make this statement precise, we start by computing Möbius homology for a single

interval module.

Lemma 4.3.7: Let I[a,b) : T → VecR be an interval module (see Definition 3.2.3). Let c ∈ T .

Then,

H↓
0I[a,b)(c)

∼=





R if c = a,

0 else.
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H↓
1I[a,b)(c)

∼=





R if c = b,

0 else.

H↓
i I[a,b)(c) = 0 for all i ≥ 0.

Proof. Denote by [a, b−] the subposet of T consisting of all poset elements c such that a ≤ c < b.

That is, [a, b−] = {c ∈ T | a ≤ c < b}. Recall that interval modules are not defined for diagonal

persistence intervals [a, a). We will consider three cases: c = a, c = b, and c ̸= a, b.

First, let c = a. As there are no elements z < a ∈ T where I[a,b)(z) ̸= 0, the Möbius chain

complex C↓
•I[a,b)(a) is given by

0 −→ R −→ 0.

Thus, H↓
0I[a,b)(a)

∼= R and H↓
i I[a,b)(a) = 0 for all i ≥ 1.

Next, let c = b. Since c ∈ T , b ̸= ∞ here. Suppose n = #{x ∈ T | a ≤ x < b}. First, recall

that I[a,b)(x) = R for all a ≤ x < b. Then, there are
(
n
k

)
k-chains in ∆T ↓

≤(b)\∆T
↓
<(b) that start at

or after a. That is, the Möbius chain complex C↓
•I[a,b)(b) is given by

0 −→ R
(nn) ∂↓n−→ · · · −→ R

(n2)
∂↓2−→ R

(n1)
∂↓1−→ 0 −→ 0.

First, it is clear that H↓
0I[a,b)(b) = 0. For i ≥ 0, we claim that H↓

i+1I[a,b)(b)
∼= Hi(∆

n−1)

where ∆n−1 denotes the standard (n − 1)-simplex. Indeed, view the elements x ∈ [a, b−] as

vertices with an ordering inherited from T , and consider all chains in [a, b−]. This forms the stan-

dard (n−1)-simplex, and the faces of dimension i are in one-to-one correspondence with the i+1

chains in ∆T ↓
≤(b)\∆T

↓
<(b). The boundary map ∂∆

n−1

i is identical to ∂↓i+1 (the boundary map in the

Möbius chain complex). That is, H↓
i+1I[a,b)(b)

∼= Hi(∆
n−1). Since ∆n−1 is contractible, we obtain

H↓
1I[a,b)(b)

∼= R and H↓
i I[a,b)(b) = 0 for i ≥ 2 for b ̸= ∞.
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Now, suppose c ̸= a, b. First, consider the case a < c < b and let m = #{x ∈ T | a ≤ x < c}.

Using a similar argument to above, the chain space C↓
•I[a,b)(c) is:

0 −→ R
(mm) ∂↓m−→ · · · −→ R

(m2 )
∂↓2−→ R

(m1 )
∂↓1−→ R −→ 0.

First, observe that ∂↓1 is the all-ones m-vector. Indeed, each 1-chain d < c for d ∈ [a, c−] induces

the identity map I[a,b)(d) → I[a,b)(c). Thus, H↓
0I[a,b)(c) = 0. Then, again relating chains in [a, c−]

with the standard (m − 1)-simplex, we have that H↓
i I[a,b)(c)

∼= H̃i−1(∆
m−1) (reduced homology

of the standard (m− 1)-simplex) for all i ≥ 1. That is, H↓
i I[a,b)(c) = 0 for all i.

It is easy to see that, when c < a,H↓
i I[a,b)(c)

∼= 0 for all i ≥ 0. For c > b, we get the same chain

complex as above but the dimension is shifted up. That is, H↓
i I[a,b)(c) = 0 whenever c ̸= a, b.

Remark 4.3.8: When applying the lemma above to a persistence interval of the form [a,∞),

Möbius homology of the interval module I[a,∞) : T → VecR at c ∈ T is given by

H↓
0I[a,∞)(c) ∼=





R if c = a,

0 else.

Furthermore, H↓
i I[a,∞)(c) = 0 for all i ≥ 0. Indeed, for c ∈ T , it is never true that c = ∞. Thus,

we will never have a non-zero degree-one Möbius homology space for interval modules of the

form I[a,∞).

Using the lemma above, we can compute Möbius homology for any one-parameter module M

at any index c ∈ T .

Lemma 4.3.9: Let T be a finite totally ordered set and let M : T → VecR be a one-parameter

persistence module with interval decomposition

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .
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Then, for each c ∈ T and each i ≥ 0,

H↓
iM(c) ∼=

⊕

[a,b)∈Dgm(T )

(
H↓
i I[a,b)(c)

)⊕mB([a,b))

.

Proof. Fix an isomorphism φ : M ⇒
⊕

[a,b)∈Dgm(T ) I
⊕mB([a,b))
[a,b) . Möbius homology respects iso-

morphisms and distributes over direct sums. Thus, we conclude.

Theorem 4.3.10: Let T be a finite totally ordered set and let M : T → VecR be a one-parameter

persistence module with interval decomposition

M ∼=
⊕

[a,b)∈Dgm(T )

I
⊕mB([a,b))
[a,b) .

Then, for each c ∈ T ,

dimH↓
0M(c) =

∑

[a,b)∈Dgm(T )
a=c

mB([a, b)), dimH↓
1M(c) =

∑

[a,b)∈Dgm(T )
b=c

mB([a, b)),

and H↓
iM(c) = 0 for all i > 1.

Proof. The result follows from Lemmas 4.3.7 and 4.3.9.

In particular, degree-zero Möbius homology records the birth indices of symbolic persistence

intervals [a, b) so that mB([a, b)) ̸= 0 whereas degree-one Möbius homology records the finite

death indices.

Example 4.3.11: Let M : T → VecR be the module over the totally ordered set 1 < 2 < 3 < 4

from Example 3.2.14:

R













1

0













−−−→ R
2

(

0 1

)

−−−−−→ R

(

0

)

−−−→ 0.
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R
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I2 I2

Figure 4.4: A free module G : P → VecR for P as in Figure 4.2.

We saw in Example 3.2.8 that the interval decomposition of M is given by M ∼= I[1,3)⊕ I[2,4). The

Möbius chain complex C↓
•M(2) is given by

· · ·
∂↓3−→ 0

∂↓2−→ R

∂↓1=













1

0













−−−−−→ R
2 ∂↓0−→ 0.

A quick calculation confirms that H↓
0M(2) ∼= R and H↓

iM(2) = 0 for all i > 0.

On the other hand, the Möbius chain complex C↓
•M(3) is given by

· · · 0
∂↓3−→ R

∂↓2=





















−1

1

0





















−−−−−−−→ R
3

∂↓1=

(

0 0 1

)

−−−−−−−−−−→ R
∂↓0−→ 0.

A quick calculation confirms that H↓
1M(3) ∼= R and H↓

iM(3) = 0 for all i ̸= 1.

Thus, Möbius homology captures the well-known structure of one-parameter persistence mod-

ules M : T → VecR.

4.3.2 Möbius Homology of the Birth-Death Module

In this section, we provide an example of two non-isomorphic modules whose persistence

diagrams are equivalent (in fact, equal). Nonetheless, Möbius homology of the associated birth-

death modules are distinct.
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Example 4.3.12: Consider the two modules M,N : P → VecR from Figure 4.3. A free module

G : P → VecR is shown in Figure 4.4.

There is a free presentation φ : G⇒M with components given by

φa = I2, φb =

(
1 0

)
, φc =

(
0 1

)
, φd = 0.

Here, I2 denotes the identity matrix. The birth-death module BDϕ : (Dgm(P ),⪯) → VecR and

the resulting persistence diagram ∂bdϕ : (Dgm(P ),⪯) → Z are shown in Figure 4.5.

There is also a free presentation ψ : G⇒ N with components given by

ψa = I2, ψb =

(
1 0

)
, ψc =

(
1 0

)
, ψd = 0.

The associated birth-death module BDψ : (Dgm(P ),⪯) → VecR and the resulting persistence

diagram ∂bdψ : (Dgm(P ),⪯) → Z are shown in Figure 4.6.

Observe that, although the birth-death modules are distinct, the resulting persistence diagrams

are equal (even on diagonal persistence intervals): ∂bdϕ = ∂bdψ. However, the two birth-death

modules have different Möbius homology spaces.

We focus on the interval [a, d) ∈ Dgm(P ). For the free presentation φ : G ⇒ M , Möbius

homology of BDϕ[a, d) is trivial in all dimensions i ≥ 0. In particular,

H↓
0BDϕ[a, d) = 0 and H↓

1BDϕ[a, d) = 0.

Performing the same computations for the free presentation ψ : G ⇒ N , however, yields non-

trivial Möbius homology spaces. In particular,

H↓
0BDψ[a, d) ∼= R and H↓

1BDψ[a, d) ∼= R.

For i > 1, H↓
i BDψ[a, d) = 0.
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[a, a)

[a, b) [a, c)

[a, d)[b, b) [c, c)

[d,∞)

[b, d) [c, d)[a,∞)

[b,∞) [c,∞)[d, d)

0

R

R
2

R

R R

R
2

R
2

R
2

R
2

R
2

R
2

R
2

(

1
0

)

(

1
0

)

(

0
1

)

(

0
1

)

0

1

0

1

0 0

0 0

0

0

0 0

0

Figure 4.5: From left to right: the Hasse diagram of the interval poset (Dgm(P ),⪯) for P as in Figure 4.2,
the birth-death module BDϕ for free presentation ϕ : G ⇒ M as in Example 4.3.12, and the resulting
persistence diagram ∂bdϕ. All unlabeled maps in BDϕ are either the identity or the zero map.

Furthermore, we can verify Proposition 4.3.5 by taking the Euler characteristic and compar-

ing it to the persistence diagram. In this case,
∑

i≥0(−1)i dimH↓
i BDϕ[a, d) = 0 = ∂bdϕ[a, d).

Similarly, we have that
∑

i≥0(−1)i dimH↓
i BDψ[a, d) = 1− 1 = 0 = ∂bdψ[a, d).

Thus, Möbius homology of the birth-death module provides extra structure that may be able to

distinguish non-isomorphic multiparameter modules M,N : P → VecR that are indistinguishable

by their persistence diagrams.

4.4 Motivation for a Laplacian on the Möbius Chain Complex

Throughout this dissertation, we have discussed existing invariants for persistence modules.

In Chapter 3, we used the persistence diagram to characterize the isomorphism classes of one-

parameter modules. Indeed, for modules M : T → VecR indexed over a finite totally ordered

set T , the persistence diagrams obtained via interval decomposition, Möbius inversion of the rank

function, and Möbius inversion of the birth-death function were all equivalent. This is not the

case in the multiparameter setting. Furthermore, there are no complete discrete invariants for

multiparameter modules.
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[a, a)

[a, b) [a, c)

[a, d)[b, b) [c, c)

[d,∞)

[b, d) [c, d)[a,∞)

[b,∞) [c,∞)[d, d)

0

R

R
2

R

R R

R
2

R
2

R
2

R
2

R
2

R
2

R
2

(

0
1

)

(

0
1

)

(

0
1

)

(

0
1

)

0

1

0

1

0 0

0 0

0

0

0 0

0

Figure 4.6: From left to right: the Hasse diagram of the interval poset (Dgm(P ),⪯) for P as in Figure 4.2,
the birth-death module BDψ for free presentation ψ : G ⇒ N as in Example 4.3.12, and the resulting
persistence diagram ∂bdψ. All unlabeled maps in BDψ are either the identity or the zero map.

Thus, extra structure is often desirable when investigating multiparameter persistence modules.

In particular, we saw in the previous section that Möbius homology applied to the birth-death

module may distinguish persistence modules that are indistinguishable by persistence diagrams

alone. The extra structure of chain complexes and homology spaces obtained in the calculation of

Möbius homology provide additional information with which to work with.

The Möbius chain complex, in particular, admits boundary operators. If we equip the Möbius

chain spaces with an inner product structure, these boundary operators have unique adjoints, allow-

ing for the construction of combinatorial Hodge Laplace operators on the Möbius chain complex.

In the following chapter, we will provide an analytic treatment of Möbius homology using

the tools developed in Chapter 2 to construct a Laplacian on the Möbius chain complex. Indeed,

we will use Definition 2.3.17 to obtain a cellular cosheaf Laplacian acting on the Möbius chain

spaces. This Laplacian may be defined for any degree i ≥ 0 and any index a in the underlying

finite poset P . The resulting Laplace operator is the Möbius homology Laplacian. In the chapter

to follow, we define the Möbius homology Laplacian in general and provide a first analysis.
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Chapter 5

The Möbius Homology Laplacian

We saw in Chapter 4 that Möbius homology categorifies Möbius inversion. More specifically,

the Möbius chain complex is a relative cosheaf chain complex that contains useful information

about the local structure of a persistence module M : P → VecR. When M is, instead, valued

in the category of Hilbert spaces, there is extra structure with which to study M . For this entire

chapter, we now consider persistence modules M : P → HilbR.

Much like Hodge’s original motivation for developing Hodge Laplacians in the continuous set-

ting, we are interested in taking an analytical approach to the algebraic construction of Möbius

homology. We will do so by utilizing the tools from Chapter 2 to define a Laplace operator on

the Möbius chain complex: the Möbius homology Laplacian. The analytic information encoded

in the Möbius homology Laplacian will provide useful and interesting information about the per-

sistence diagram and Möbius homology spaces of the underlying module M : P → HilbR. For

one, the kernel of the Möbius homology Laplacian provides canonical, energy minimizing cycle

representatives for H↓
iM(a).

Another benefit to studying the Möbius homology Laplacian is the extra information provided

by the non-zero spectrum. Indeed, in Chapter 2, we saw that the spectrum of the graph and simpli-

cial Hodge Laplacians reflect the combinatorial structure of the underlying objects. However, the

spectrum of the simplicial cosheaf Laplacian is less understood. In this chapter, we will utilize the

inherent structure present in persistence (particularly one-parameter persistence) in order to make

precise statements about the associated Möbius homology Laplacian. Specifically, in Section 5.1.1,

we exploit the well-known structure of one-parameter modules for an explicit spectral analysis of

their Möbius homology Laplacians. Later, in Chapter 6, we study a different Möbius homology

Laplacian obtained via filtrations of a simplicial complex. The geometric structure present from

such filtrations will allow for deep spectral analysis.
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We begin this chapter by introducing the Möbius homology Laplacian and stating properties

that hold in general. We then narrow our focus to the Möbius homology Laplacian for one-

parameter persistence modules. In Section 5.1.1, we provide the central result of this chapter: we

give a complete characterization of the eigenvalues of the degree-one Möbius homology Laplacian

for one-parameter modules.

5.1 Constructing a Laplacian on the Möbius Chain Complex

For the remainder of this chapter, we will consider persistence modules valued in the category

of Hilbert spaces: M : P → HilbR. That is, each M(c) is endowed with an inner product structure.

Recall from Section 2.3.3 that the Möbius chain space

C↓
iM(c) =

⊕

i-chains σ, max(σ)=c

M(min σ)

inherits an inner product structure as follows. In C↓
iM(c), each summand M(min σ) retains its

inner product structure and is orthogonal to every M(min σ′) for distinct i-chains σ′ ̸= σ. With

an inner product structure on each Möbius chain space, we can define adjoint operators for each

boundary map ∂↓i . Thus, assuming that all of the Hilbert spaces M(c) are finite-dimensional, we

construct the cellular cosheaf Laplacian on the Möbius chain space by way of [34].

Definition 5.1.1: Let M : P → HilbR be a module over a finite poset P whose stalks are finite-

dimensional. Then, the degree-i Möbius homology Laplacian of M at a ∈ P is the operator

L↓
iM(a) = ∂↓i+1(∂

↓
i+1)

∗ + (∂↓i )
∗∂↓i

acting on the Möbius chain space C↓
iM(a). Recall that ∂↓i denotes the i-th boundary operator in

the Möbius chain complex C↓
•M(a).

Observe that the Möbius homology Laplacian is defined point-wise at a fixed index a ∈ P .

Thus, provided a module M : P → HilbR, we may construct a Laplacian L↓
iM(a) for any poset
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element a ∈ P and for any dimension i ≥ 0. For every a ∈ P and i ≥ 0, we immediately obtain

the following result.

Theorem 5.1.2: Let P be a finite poset, let a ∈ P , and let M : P → HilbR be a module. Then,

kerL↓
iM(a) ∼= H↓

iM(a).

Proof. This follows immediately using results from [34, Theorem 3.1]. Indeed, Hansen and Ghrist

argue that kerL↓
iM(a) = ker ∂↓i ∩ im (∂↓i+1)

⊥. By Lemma 2.1.8, the projection map proj(im ∂↓i+1)
⊥

yields an isomorphism H↓
iM(a) = ker ∂↓i /im ∂↓i+1

∼= ker ∂↓i ∩ im (∂↓i+1)
⊥ where we take the

intersection in C↓
iM(a).

Furthermore, as in simplicial harmonic homology, kerL↓
iM(a) provides energy minimizing

cycle representatives for H↓
iM(a), which on its own provides only an equivalence class of cycles.

In the theorems and definitions below, we make this claim precise.

Definition 5.1.3: Let P be a finite poset, let a ∈ P , and let M : P → HilbR be a module. Denote

by

φ : ker ∂↓i → H↓
iM(a)

the natural surjection obtained by taking the quotient ker ∂↓i /im ∂↓i+1. The space of cycle repre-

sentatives for a homology class [x] ∈ H↓
iM(a) is given by φ−1([x]).

Obtaining cycle representatives for H↓
iM(a) is akin to finding a suitable section of φ. In

the following theorem, we show that kerL↓
iM(a) provides a method for obtaining such cycle

representatives.

Theorem 5.1.4: Let P be a finite poset, let a ∈ P , and let M : P → HilbR be a module. The

inclusion s : kerL↓
iM(c) →֒ ker ∂↓i induces a section of the quotient map φ : ker ∂↓i → H↓

iM(a).
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Proof. Let [x] = [y] ∈ H↓
iM(a), meaning x = y + ∂↓i+1z for some z ∈ C↓

i+1M(a). Since

proj(im∂↓i+1)
⊥(x) = proj(im∂↓i+1)

⊥(y + ∂↓i+1z) = proj(im∂↓i+1)
⊥(y),

the map s is well-defined and, thus, yields a canonical representative for [x] ∈ H↓
iM(a) contained

in kerL↓
iM(a).

In other words, Theorem 5.1.4 states that for each homology class [x] ∈ H↓
iM(a), the element

proj(im∂↓i+1)
⊥(x) is the unique representative of [x] lying in kerL↓

iM(a). Moreover, as we will show

below, these representatives have nice geometric properties. Recall that the energy of a vector x is

given by its norm squared ∥x∥2 (see Definition 2.1.3).

Theorem 5.1.5: Let P be a finite poset, let a ∈ P , and let M : P → HilbR be a module. Let

x ∈ kerL↓
iM(a) and let y ∈ φ−1([x]) be another cycle representative of the same homology class.

Then,

∥x∥2 ≤ ∥y∥2.

That is, x ∈ kerL↓
iM(a) is the unique representative with minimal energy.

Proof. Since y ∈ φ−1([x]), [y] = [x] and we can write y = x + ∂↓i+1z for some z ∈ C↓
i+1M(a).

Using the inner product structure on C↓
iM(a),

∥y∥2 = ⟨y, y⟩ = ⟨y, x⟩+ ⟨y, ∂↓i+1z⟩

= ⟨x, x⟩+ ⟨∂↓i+1z, x⟩+ ⟨x, ∂↓i+1z⟩+ ⟨∂↓i+1z, ∂
↓
i+1z⟩

= ⟨x, x⟩+ ⟨∂↓i+1z, ∂
↓
i+1z⟩

≥ ∥x∥2.

Note that equality holds if and only if ∂↓i+1z = 0 =⇒ y = x.

The two results above establish that the kernel of the Möbius homology Laplacian provides

canonical and energy minimizing representatives for Möbius homology spaces. In the sections and
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chapters to follow, we will utilize these results for two modules arising from persistent homology.

Furthermore, for these modules specifically, the inherent structure of Möbius homology makes its

associated cosheaf Laplacian amenable to spectral analysis.

To illustrate the claim above, we will investigate the Möbius homology Laplacian in-depth for

one-parameter persistence modules. Not only will we provide a complete characterization of the

eigenvalues of this Laplacian, but we will show that these eigenvalues reflect the combinatorial

structure of the persistence diagram.

5.1.1 Möbius Homology Laplacian for One-Parameter Modules

In this section, we will focus specifically on one-parameter modules, M : T → HilbR for T

a finite totally ordered set. Recall that such modules have well-known structure: as we saw

in Proposition 3.2.4, one-parameter persistence modules decompose into a direct sum of inter-

val modules. That is, denote by Dgm(T ) the collection of symbolic persistence intervals [a, b)

where a ∈ T and b ∈ T = T ∪ {∞} such that a ≤ b. Then, there exists a finite-support function

mB : Dgm(T ) → Z≥0 such that

M ∼=
⊕

[a,b)∈Dgm(T )

I
mB([a,b))
[a,b) .

Recall that we call [a, b) a point in the persistence diagram of M if mB([a, b)) ̸= 0.

To study the Möbius chain spaceC↓
iM(c) analytically, we first endow each chain spaceC↓

iM(c)

with an inner product structure. Recall that C↓
iM(c) is given by

⊕
i-chains σM(min σ). Thus, we

need only describe the inner product structure on each summand M(min σ) or, equivalently, the

spaces M(c). We will rely heavily on the interval decomposition of M to define an inner product

structure on M(c). For elements c ∈ T such that a ≤ c < b, endow I[a,b)(c) ∼= R with an orthonor-

mal basis (that is, 1 with the standard inner product). Then, M(c) ∼=
⊕

[a,b)∈Dgm(T ) I[a,b)(c)
mB([a,b)),

by construction, also has an orthonormal basis. Thus each summand I[a,b) determines an orthonor-

mal basis vector in M(c).
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With an inner product structure on each chain space C↓
iM(c), we can compute its associated

Möbius homology Laplacian L↓
iM(c). In this section, we will focus specifically on the degree-

one Möbius homology Laplacian L↓
1M(c). Indeed, recall from Theorem 4.3.10 that degree-one

Möbius homology H↓
1M(c) has dimension given by the number of points [a, c) in the persistence

diagram of M (counted with multiplicity).

The spectrum of the Möbius homology Laplacian L↓
1M(c) will depend heavily on the length

of persistence intervals [a, b) in Dgm(T ).

Definition 5.1.6: Let P be a finite poset, and let [a, b) be a symbolic persistence interval. Define

the length of [a, b) as

len([a, b)) = #{c ∈ P | a ≤ c < b}.

We emphasize that the death index b is not counted in the length calculation. In particular,

len([a, a)) = 0 and len([a,∞)) = #{c ∈ P | a ≤ c}.

The proof of Lemma 4.3.7 immediately shines a light on the degree-one Möbius homology

Laplacian of an interval module I[a,b) at the (finite) element b ∈ T , L↓
1I[a,b)(b).

Corollary 5.1.7: Let I[a,b) : T → HilbR be an interval module with b ̸= ∞, and let n = len([a, b)).

The degree-one Möbius homology Laplacian L↓
1I[a,b)(b) : C

↓
1I[a,b)(b) → C↓

1I[a,b)(b) is the (unnor-

malized) graph Laplacian on Kn, the complete graph with n vertices.

Proof. From the proof of Lemma 4.3.7, recall that C↓
•I[a,b)(b) is isomorphic to C•(∆

n−1). Re-

call that the degree-zero simplicial Hodge Laplacian ∂∆
n−1

1 (∂∆
n−1

1 )T on C0(∆
n−1) is precisely the

graph Laplacian on the 1-skeleton of ∆n−1, which is the complete graph on n vertices. Further-

more, with our choice of inner product on I[a,b)(b), adjoint operators are given by the transpose.

Since ∂∆
n−1

1 = ∂↓1 (again, see the proof of Lemma 4.3.7), we conclude.

Corollary 5.1.8: Let I[a,b) : T → HilbR be an interval module with b ̸= ∞, and let n = len([a, b)).

Then, the eigenvalues of L↓
1I[a,b)(b) are 0 (with multiplicity 1) and n (with multiplicity n− 1).
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Proof. This is a direct consequence of Corollary 5.1.7 and Proposition 2.3.3.

Indeed, when considering a single interval module I[a,b) for b ̸= ∞, the fact that L↓
1I[a,b)(b) has

eigenvalue 0 with multiplicity 1 agrees with Lemma 4.3.7: kerL↓
1I[a,b)(b)

∼= H↓
1I[a,b)(b)

∼= R.

Indeed, we can utilize the corollary above to describe the eigenvalues of L↓
1M(c) for any one-

parameter module M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) and any index c ∈ T . For one, the spectrum

of L↓
1M(c) will contain information about the length and location of points [a, b) in the persistence

diagram in relation to the chosen element c ∈ T . We will make this statement precise in the

following two lemmas. First, however, we will need the following proposition.

Proposition 5.1.9: Let A be an n × n matrix with eigenvalues λ1, λ2, . . . , λn and corresponding

eigenvectors x⃗1, x⃗2, . . . , x⃗n. Then, the eigenvalues of A+ aIn are a+ λ1, a+ λ2, . . . , a+ λn with

corresponding eigenvectors x⃗1, x⃗2, . . . , x⃗n.

Proof. This follows from the calculation (A+aIn)x⃗i = Ax⃗i+aInx⃗i = λix⃗i+ax⃗i = (λi+a)x⃗i.

Indeed, we can use Corollary 5.1.8 to show that the spectrum reflects the points [a, b) in the

persistence diagram "below" c: that is, b ≤ c.

Lemma 5.1.10: Let M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) be a module over the totally ordered set T and

let c ∈ T . Then, for each [a, b) ∈ Dgm(T ) so that mB([a, b)) ̸= 0 and b ≤ c, L↓
1M(c) has

eigenvalues

len([b, c)) with multiplicity mB([a, b)),

len([a, c)) with multiplicity mB([a, b)) · (len([a, b))− 1) .

Proof. First, since b ≤ c and c ∈ T , we necessarily have that b ̸= ∞.

Since the inner product of M(c) is such that distinct interval modules are orthogonal, we can

write L↓
1M(c) as direct sum of L↓

1M(c)
∣∣
I[a,b)

for all persistence intervals [a, b) counted with mul-

tiplicity mB([a, b)). Thus, it suffices to look at one point in the persistence diagram at a time: for

this lemma, we will focus on [a, b) so that b ≤ c.

74



We claim that L↓
1M(c)

∣∣
I[a,b)

can be expressed as L
Klen([a,b))

0 + len([b, c))Ilen([a,b)). Indeed, view

L↓
1M(c)

∣∣
I[a,b)

as the (unnormalized) graph Laplacian on the complete graph on len([a, b)) vertices

with an extra edge attached to each vertex for every x such that b ≤ x < c. These edges connect

an "empty" vertex corresponding to x to each element d such a ≤ d < b. Formally, the "empty"

vertices come from our module structure: I[a,b)(x) = 0. This amounts to adding len([b, c)) to the

degree of each vertex: that is,

L↓
1M(c)

∣∣
I[a,b)

= L
Klen([a,b))

0 + len([b, c))Ilen([a,b)).

By combining Proposition 5.1.9 with Corollary 5.1.8, the eigenvalues of L↓
1M(c)

∣∣
I[a,b)

are given

by 0 + len([b, c)) with multiplicity 1 and len([a, b)) + len([b, c)) = len([a, c)) with multiplic-

ity len([a, b)) − 1. Since the eigenvalues of a direct sum of matrices is the disjoint union of the

eigenvalues of each summand, we conclude.

Observe that the above result agrees with Corollary 5.1.8. Indeed, consider a single interval

module I[a,b) : T → HilbR such that b ̸= ∞. In this case, mB([a, b)) = 1. Then, L↓
1I[a,b)(b) has an

eigenvalue of len([b, b)) = 0 with multiplicity 1 and len([a, b)) with multiplicity (len([a, b))− 1).

Now, we will see that L↓
1M(c) also contains information on the points [a, b) in the persistence

diagram that "intersect" c: that is, a < c < b.

Lemma 5.1.11: Let M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) be a module over the totally ordered set T and

let c ∈ T . Then, for each [a, b) ∈ Dgm(T ) so that mB([a, b)) ̸= 0 and a < c < b, L↓
1M(c) has

eigenvalues

len([a, c)) with multiplicity mB([a, b)) · len([a, c)).

Proof. Again, we will consider one summand L↓
1M(c)

∣∣
I[a,b)

of L↓
1M(c) at a time. Now, we will

focus on points [a, b) in the persistence diagram so that a < c < b.
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The Laplacian L↓
1M(c)

∣∣∣
I[a,b)

is given by L
Klen([a,c))

0 +(∂↓1)
∗∂↓1 . Since c < b, the boundary map ∂↓1

is the len([a, c))-vector of all 1’s and, thus, (∂↓1)
∗∂↓1 is the len([a, c))× len([a, c)) matrix of all 1’s,

denoted J . Thus, L↓
1M(c)

∣∣∣
I[a,b)

= L
Klen([a,c))

0 + J = len([a, c))Ilen([a,c)). Since the eigenvalues of a

diagonal matrix are precisely the diagonal entries, we conclude.

Intuitively, the lemma above states that the spectrum of L↓
1M(c) contains the length of the

"truncation" of the point [a, b) in the persistence diagram at c. The multiplicity of len([a, c)) in the

spectrum is also given by this length.

Remark 5.1.12: In particular, Lemma 5.1.11 applies to persistence intervals of the form [a,∞).

That is, let M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) be a module over the totally ordered set T and fix c ∈ T .

Then, for each [a,∞) ∈ Dgm(T ) so that mB([a,∞)) ̸= 0 and a < c, then L↓
1M(c) has eigenvalue

len([a, c)) with multiplicity mB([a,∞)) · len([a, c))

Combine the previous two lemmas to get a complete characterization of the eigenvalues of the

degree-one Laplacian L↓
1M(c) for any c ∈ T .

Theorem 5.1.13: Let M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) be a module over the totally ordered set T and

let c ∈ T . Then, the eigenvalues of L↓
1M(c) are given by

For [a, b) such that b ≤ c : len([b, c)) with multiplicity mB([a, b)),

len([a, c)) with multiplicity mB([a, b)) · (len([a, b))− 1),

For [a, b) such that a < c < b : len([a, c)) with multiplicity mB([a, b)).

Proof. Since the Laplacian is diagonalizable (as it is self-adjoint), the number of eigenvalues (with

multiplicity) must equal the dimension of C↓
1M(c). By definition, C↓

1M(c) is given by the direct

sum
⊕

d<c

M(d) ∼=
⊕

d<c


 ⊕

[a,b)∈Dgm(T )

I[a,b)(d)
mB([a,b))


 ,
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1 2 3 4 5 6 7

Figure 5.1: The persistence diagram mB for module with interval decomposition I[1,4) ⊕ I[2,7) ⊕ I[4,5).

and, thus

dim
⊕

d<c

M(d) = dim
⊕

d<c


 ⊕

[a,b)∈Dgm(T )

I[a,b)(d)
mB([a,b))




=
∑

d<c

dim
⊕

[a,b)∈Dgm(T )

I[a,b)(d)
mB([a,b)).

Observe that the chain space C↓
1M(c) only includes interval modules I[a,b) such that a < c. The

corresponding point [a, b) in the persistence diagram either "intersects" c (meaning a < c < b) or

does not (meaning b ≤ c).

If a < c < b, then I[a,b) appears mB([a, b)) · len([a, c)) many times in the direct sum C↓
1M(c).

In this case, Lemma 5.1.11 accounts for all possible eigenvalues. On the other hand, if a point [a, b)

is such that b ≤ c, then there are mB([a, b)) · len([a, b)) many copies of I[a,b) in C↓
1M(c). In this

case, Lemma 5.1.10 accounts for all possible eigenvalues.

In conclusion, Lemmas 5.1.10 and 5.1.11 provide the same number of eigenvalues (with mul-

tiplicity) as the dimension of C↓
1M(c) and, thus, provide the entire spectrum.

Theorem 5.1.13 is best illustrated with an example.

Example 5.1.14: Let M : T → HilbR be a module over the totally ordered set T given by all

integers in the interval [1, 7], and suppose M has interval decomposition M ∼= I[1,4)⊕ I[2,7)⊕ I[4,5).

See Figure 5.1 for a visualization of the persistence diagram mB.

We will compute L↓
1M(4). There are

(
3
2

)
= 3 two-chains in T that end at 4 and

(
3
1

)
= 3

one-chains in T that end at 4. Order these chains lexicographically. The Möbius chain complex
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C↓
•M(4) is given by

· · · −→ R⊕ R⊕ R
2 ∂↓2−→ R⊕ R

2 ⊕ R
2 ∂↓1−→ R

2 −→ 0

where the boundary maps are

∂↓2 =




−1 −1 0 0

1 0 −1 0

0 0 0 −1

0 1 1 0

0 0 0 1




and ∂↓1 =



0 0 1 0 1

0 0 0 0 0


 .

First, observe that H↓
0M(4) = R

2/im ∂↓1
∼= R, which coincides with Theorem 4.3.10. Indeed, 4

is the birth index of the point [4, 5) in the persistence diagram. In the eigenvalue computations

that follow, we will see that H↓
1M(4) ∼= R, which coincides with 4 being the death index of the

point [1, 4). Then, compute the Laplacian L↓
1M(4) = ∂↓2(∂

↓
2)
T + (∂↓1)

T∂↓1 :

L↓
1M(4) =




2 −1 0 −1 0

−1 2 0 −1 0

0 0 2 0 0

−1 −1 0 2 0

0 0 0 0 2




.

Its eigenvalues are {0, 2, 2, 3, 3}.

First, recall Theorem 4.3.10: dimkerL↓
1M(4) = 1 reflects the fact that 4 is the death index

of a point in the persistence diagram. Next, recall Lemma 5.1.11: for this example, the only

point [a, b) in the persistence diagram with b ≤ 4 is [1, 4). Thus, the spectrum contains {0, 3, 3}.

Indeed, the point [1, 4) has length 3, and its death index is 0 steps away from 4. Finally, recall

Lemma 5.1.10: [2, 7) is the only point in the persistence diagram that intersects 4, meaning the
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spectrum contains {2, 2}. Indeed, the "truncated" interval [2, 4) has length 2. By Theorem 5.1.13,

these two cases provide the entire spectrum: {0, 2, 2, 3, 3}.

In conclusion, we know precisely what the eigenvalues of L↓
1M(c) are for any index c ∈ T . In

particular, if c = maxT , then we can obtain even more information from the spectral decompo-

sition of L↓
1M(c). In this case, its eigenvectors reflect the points in the persistence diagram with

finite death index. We make this statement precise in the following corollary.

Corollary 5.1.15: Let M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) be a module over a totally ordered set T and

let c = maxT . Fix a persistence interval [a, b) ∈ Dgm(T ) with b ̸= ∞, and let n = len([a, b)).

Let m = mB([a, b)). Then, for each of the m distinct summands

I
(1)
[a,b), · · · , I

(m)
[a,b)

in the interval decomposition of M , L↓
1M(c) has an eigenvector x⃗j with eigenvalue len([b, c)) so

that:

1. x⃗j has exactly n non-zero entries,

2. each non-zero entry of x⃗j is equal to 1, and

3. the support of x⃗j consists precisely of the basis elements I(j)[a,b)(x) ∈ C↓
1M(c) for a ≤ x < b.

In particular, if m > 1, the m eigenvectors x⃗1, . . . , x⃗m have pairwise disjoint supports.

Proof. Recall that L↓
1M(c) can be written as a block diagonal matrix. In particular, there is a block

L↓
1M(c)

∣∣∣
I
(j)
[a,b)

for each copy of I[a,b) in the interval decomposition of M . Thus, we focus on one

such block for the remainder of the proof.

By Lemma 5.1.10, we have that L↓
1M(c)

∣∣∣
I
(j)
[a,b)

= LKn

0 + len([b, c))I , where LKn

0 denotes the

graph Laplacian for the complete graph on n vertices. By Proposition 5.1.9, the eigenvectors

of L↓
1M(c)

∣∣∣
I
(j)
[a,b)

are the same as the eigenvectors of LKn

0 . In this case, the all-ones vector is an

eigenvector with eigenvalue len([b, c)) (see the proof of Proposition 2.3.3).
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Extending to the entire spaceC↓
1M(c), we obtain an eigenvector ofL↓

1M(c) with exactly n non-

zero entries, each equal to 1. These non-zero entries correspond precisely to the basis elements

I
(j)
[a,b)(x) ∈ C↓

1M(c) for a ≤ x < b. Since distinct copies I(i)[a,b) determine distinct blocks in L↓
1M(c),

the resulting eigenvectors have distinct support.

Example 5.1.16: Recall Example 5.1.14 and Figure 5.1. Since there are no points in the persis-

tence diagram of the form [a,∞), we can compute the spectral decomposition of L↓
1M(7) to obtain

a complete picture of the interval decomposition of the module M ∼= I[1,4) ⊕ I[2,7)I[4,5). Order the

summands in C↓
1M(7) according to the lexicographic order. That is, write C↓

1M(c) as follows:

M(1)⊕M(2)⊕M(3)⊕M(4)⊕M(5)⊕M(6)

or, in terms of interval modules,

I[1,4)(1)⊕ I[1,4)(2)⊕ I[2,7)(2)⊕ I[1,4)(3)⊕ I[2,7)(3)⊕ I[2,7)(4)⊕ I[4,5)(4)⊕ I[2,7)(5)⊕ I[2,7)(6).

Recall that each summand above is isomorphic to R. Since the boundary maps ∂↓1 and ∂↓0 are much

larger than in Example 5.1.14, we omit them here. Computing ∂↓1(∂
↓
1)

∗ + (∂↓0)
∗∂↓0 yields

L↓
1M(7) =




5 −1 0 −1 0 0 0 0 0

−1 5 0 −1 0 0 0 0 0

0 0 4 0 −1 −1 0 −1 −1

−1 −1 0 5 0 0 0 0 0

0 0 −1 0 4 −1 0 −1 −1

0 0 −1 0 −1 4 0 −1 −1

0 0 0 0 0 0 2 0 0

0 0 −1 0 −1 −1 0 4 −1

0 0 −1 0 −1 −1 0 −1 4




.
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The eigenvalues of L↓
1M(7) are given by {0, 2, 3, 5, 5, 5, 5, 6, 6} with eigenvectors given by:

E =




0 0 1 0 0 0 0 −1 −1

0 0 1 0 0 0 0 1 0

1 0 0 −1 −1 −1 −1 0 0

0 0 1 0 0 0 0 0 1

1 0 0 1 0 0 0 0 0

1 0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0 0

1 0 0 0 0 1 0 0 0

1 0 0 0 0 0 1 0 0




.

Here, the eigenvector in column i of E corresponds to the i-th smallest eigenvalue.

Notice the first three eigenvectors: the first column of E with eigenvalue 7 − 7 = 0 has five

non-zero entries, identifying the summands I[2,7)(x) for 2 ≤ x < 7. The second column with

eigenvalue 7− 5 = 2 has one non-zero entry, identifying the summand I[4,5)(4). The third column

with eigenvalue 7 − 4 = 3 has three non-zero entries, identifying the summands I[1,4)(x) for

1 ≤ x < 4.

In summary, an eigenvector of L↓
1M(maxT ) consisting of only 1’s and 0’s identifies a single

summand I[a,b) (such that b ̸= ∞) in the interval decomposition M ∼=
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) of a

one-parameter module M : T → HilbR.

It is, thus, tempting to claim that we can construct the persistence diagram of M using the

spectral decomposition of L↓
1M(maxT ). However, there is an important subtlety hiding here.

Recall that we considered an inner product on each M(c) so that its interval decomposition has

an orthonormal basis. Provided an isomorphism φ : M ⇒
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) , we can define

such an inner product on each M(c) as follows. Denote by ⟨·, ·⟩⊕ the inner product on M(c) so
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that
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) has an orthonormal basis. Then, for any x, y ∈M(c), define

⟨x, y⟩M(c) = ⟨ϕ(x), ϕ(y)⟩⊕.

However, having an isomorphism means that we already know the interval decomposition of M .

To be able to truly construct this interval decomposition from L↓
1M(maxT ), we need to answer the

following inverse problem: which inner products on M guarantee that its interval decomposition

has an orthonormal basis?

5.2 Discussion and Directions for Future Work

In this chapter, namely in Section 5.1.1, we provide a complete characterization of the spec-

trum of L↓
1M(c) for a one-parameter module M : T → HilbR at a fixed index c ∈ T , where M

has interval decompositon
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) . By Theorem 5.1.13, the spectrum of L↓

1M(c)

captures the combinatorial structure of the persistence diagram mB : Dgm(T ) → Z≥0 for per-

sistence intervals [a, b) such that b ≤ c. Moreover, by Corollary 5.1.15, certain eigenvalues of

L↓
1M(maxT ) identify summands I[a,b) with finite death index, b ̸= ∞.

Interesting future work in this direction is as follows. As mentioned at the end of the previous

section, these results rely heavily on a choice of inner product on each M(c) that is compatible

with its interval decomposition. Determining which inner product structure(s) onM guarantee that
⊕

[a,b)∈Dgm(T ) I
mB([a,b))
[a,b) admits an orthonormal basis is an interesting and subtle, though potentially

difficult, problem. A solution to this problem may lead to a new method for computing the interval

decomposition of M .

Additionally, the results presented in this chapter rely on the interval decomposition of one-

parameter modules. It would be interesting to study whether similar methods could be applied

to the spectrum of the Möbius homology Laplacian for zigzag modules or other multiparameter

modules that are known to decompose into indecomposable summands [45]. These questions for

future work are a direct continuation of the one-parameter case.
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Finally, recall that persistence homology is motivated by the study of filtered simplicial com-

plexes. The evolving topology of such filtered complexes give rise to persistence modules: in

particular, a birth-death module. Furthermore, the geometry of a filtered complex leads to a natural

choice of an inner product structure on its associated birth-death spaces and hence Möbius chain

spaces. Thus, we are interested in studying analytical properties of modules arising from filtrations

using the geometry of the underlying simplical complex. In Chapter 6, we will analyze a Möbius

homology Laplacian arising from filtrations of a simplicial complex.
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Chapter 6

Möbius Homology Laplacian for Simplicial

Filtrations

In the previous chapter, we defined a Laplace operator on the Möbius chain complex, called

the Möbius homology Laplacian. This Laplacian depends on a module M : P → HilbR, an index

a ∈ P , and dimension i ≥ 0. When working specifically with one-parameter modules, we saw

in Section 5.1.1 that the spectrum of the Möbius homology Laplacian captured the structure of

the persistence diagram. In this chapter, we will investigate the Möbius homology Laplacian for

the birth-death module. Unlike Chapter 5.1.1, we are no longer constrained to the one-parameter

setting. That is, we consider modules over finite posets P .

To study the Möbius homology Laplacian for the birth-death module, we will return to the

original motivation for persistent homology: filtrations of a (finite) simplicial complex K. Given

a filtration of K over a finite poset P , we will define a new birth-death module that captures the

evolving topology of K throughout the filtration.

Moreover, the extra data of a filtered simplicial complex will allow for an inner product struc-

ture on birth-death spaces that reflects the geometry of the underlying simplicial complex. In

particular, this inner product structure will allow us to study analytical properties of the birth-death

module by computing its associated Möbius homology Laplacian. We will see that the kernel of

the degree-zero Möbius homology Laplacian has nice geometric properties. That is, it provides a

method for obtaining cycle representatives for Möbius homology that emphasizes "newly added"

simplices. Furthermore, the spectrum of the Möbius homology Laplacian for the birth-death mod-

ule will, again, reflect the combinatorial structure of the persistence diagram.
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6.1 Birth-Death Modules from Simplicial Filtrations

We begin this chapter by describing how to construct the birth-death module directly from the

data of a filtration of a simplicial complex K. This method will differ slightly from the method de-

scribed in Section 4.2, but, as we will see, the two methods provide equivalent persistence diagrams

in the end.

Recall from Definition 1.1.9 that a filtration of a finite simplicial complex K is a functor from

a poset P to the category of subcomplexes of K, denoted F : P → ∆K. In this chapter, we

will consider filtrations over a finite poset P . Intuitively, a filtration assigns a subcomplex F (a) to

each a ∈ P , and for every relation a ≤ b there is an inclusion F (a) ⊆ F (b). In other words, the

simplicial complex grows throughout P .

When working with a filtration F : P → ∆K, we construct persistence modules associated

to F as follows.

Definition 6.1.1 ( [9]): Let P be a finite poset, K a simplicial complex, and F : P → ∆K a

filtration of K. Fix a dimension p ≥ 0. The degree-p persistent homology module associated to

F is defined as the composition

HpF : P
F
−→ ∆K

Hp(−)
−−−→ VecR.

The morphisms are given by the induced maps HpF (a ≤ b) : HpF (a) → HpF (b).

That is, the degree-p persistent homology module assigns to each a ∈ P the p-th homology

of F (a). In order to compute the persistence diagram for the module HpF , we begin by first

obtaining a free presentation φ : G ⇒ HpF (see Definition 4.2.4). Then compute the birth-death

module BDφ and function bdφ, obtaining the persistence diagram by Möbius inverting ∂bdφ: see

Section 4.2. We outline this process through an example, given below.
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v1

v2 v3

v4

Figure 6.1: A filtration F : T → ∆K for T given by 1 < 2 < 3 < 4.

Example 6.1.2: Let K be the simplicial complex consisting of all subsets of the (oriented) two-

simplices [v1v2v4] and [v2v3v4]. See Figure 6.1 for an example of a filtration F : T → ∆K (in

particular, with F (maxT ) = K).

Computing the degree-one persistent homology module H1F : T → VecR yields the same

module as M : T → VecR in Example 3.2.14. Thus, a free presentation φ : G ⇒ H1F is given in

Example 3.2.22. See Figure 3.3 for the birth-death module and resulting persistence diagram.

However, when considering simplicial filtrations, we can compute the birth-death module us-

ing the data of F directly, no longer requiring the data of a free presentation. This module is

constructed using the birth-death spaces as first defined by Ghrist and Henselman-Petrusek in [46].

Definition 6.1.3: Let K be a finite simplicial complex, P be a finite poset, and P = P ∪ {∞}.

Let (Dgm(P ),⪯) be the poset of symbolic persistence intervals with the product order. Fix p ≥ 0,

and let F : P → ∆K be a filtration. The birth-death module associated to F is the module

BDpF : (Dgm(P ),⪯) → VecR defined on objects by

BDpF ([a, b)) =





ZpF (a) ∩BpF (b), if b ∈ P,

ZpF (a), if b = ∞,

where we view the cycle and boundary spaces ZpF (a) and BpF (b) as subspaces of Cp(K), the pth

chain space of the total simplicial complex K. Thus, we take the intersection in Cp(K).

For each relation [c, d) ⪯ [a, b) in (Dgm(P ),⪯), the birth-death module assigns an injective

linear map BDpF ([c, d) ⪯ [a, b)) : BDpF ([c, d)) →֒ BDpF ([a, b)) induced by the inclusions of

cycle and boundary spaces: ZpF (c) →֒ ZpF (a) and BpF (d) →֒ BpF (b).
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The birth-death module applied to a persistence interval [a, b) consists of cycles at step a of the

filtration F that are boundaries at step b. We will define the birth-death function and persistence

diagram using the module BDpF directly, rather than choosing a free presentation.

Definition 6.1.4 ([8, Definition 5.6]): LetK be a finite simplicial complex, P be a finite poset, and

P = P ∪ {∞}. Let (Dgm(P ),⪯) be the poset of symbolic persistence intervals with the product

order. Let F : P → ∆K be a filtration, and fix p ≥ 0. The birth-death function associated to F

is the integer-valued map

bdpF : (Dgm(P ),⪯) → Z≥0

given by the dimension function of the birth-death module BDpF : (Dgm(P ),⪯) → VecR. That

is,

bdpF ([a, b)) = dim (ZpF (a) ∩BpF (b)) = dimBDpF ([a, b)).

Because the structure maps in the birth-death module are inclusions, the birth-death function is

a weakly increasing function.

Intuitively, the birth-death function counts the number of cycles in the subcomplex F (a) that

are boundaries in the larger subcomplex F (b). In other words, bdpF counts the number of cycles

born at or before a that become boundaries at or before b.

Definition 6.1.5: Let K be a finite simplicial complex, P be a finite poset, and P = P ∪ {∞}.

Let F : P → ∆K be a filtration, and fix p ≥ 0. The persistence diagram of F is the Möbius

inversion of the birth-death function

∂bdpF : (Dgm(P ),⪯) → Z.

That is, it is the unique function satisfying

bdpF ([a, b)) =
∑

[c,d)⪯[a,b)

∂bdpF ([c, d)).
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Whether computing the persistent homology moduleHpF and the birth-death function of a free

presentation φ : G⇒ HpF , or instead computing the birth-death module BDpF from the filtration

F directly, the resulting persistence diagrams will be equivalent, as made clear in the following

proposition.

Proposition 6.1.6 ([41, Proposition 6.3]2): Let F : P → ∆K be a filtration of a finite simplicial

complex K over a finite poset P . Let φ : G ⇒ HpF be a free presentation of the persistent

homology module HpF . Let bdϕ denote the birth-death function associated to φ, and let bdpF

denote the birth-death function associated to F . Then, ∂bdφ([a, b)) = ∂bdpF ([a, b)) when a ̸= b.

Example 6.1.7: Let T be the totally ordered set 1 < 2 < 3 < 4, and let F : T → ∆K be the

filtration shown in Figure 6.1. The birth-death module BD1F : (Dgm(T ),⪯) → VecR and the

resulting persistence diagram ∂bd1F : (Dgm(T ),⪯) → Z are shown in Figure 6.2. Observe that,

in this case, we have equality of the two persistence diagrams: ∂bd1F = ∂bdϕ, where ∂bdϕ is

shown in Figure 3.3.

Thus, for the remainder of this chapter, we will focus specifically on the birth-death module

obtained directly from a filtration F : P → ∆K. In the following section, we will discuss the

Möbius chain complex on such modules. With an inner product structure on the birth-death spaces,

we can apply the tools from Chapter 5 to study the associated Möbius homology Laplacian.

6.2 Hilbert Space Structure and Möbius Homology Laplacians

Recall that, for every interval [a, b) ∈ (Dgm(P ),⪯), the Möbius chain complexC↓
•BDpF ([a, b))

is constructed as follows (see Definition 4.3.4):

· · ·
∂↓i+1
−−→

⊕

i-chains c
max c=[a,b)

BDpF (min c)
∂↓i−→

⊕

(i−1)-chains c
max c=[a,b)

BDpF (min c)
∂↓i−1
−−→ · · ·

2As noted in [41], Proposition 6.1.6 is due to Alex McCleary.
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Figure 6.2: From left to right: the birth-death module BD1F : (Dgm(T ),⪯) → VecR associated to the
filtration F in Figure 6.1 and the resulting persistence diagram ∂bd1F : (Dgm(T ),⪯) → Z.

We equip each birth-death space with the following inner product and use it to induce an inner

product on each chain space C↓
i BDpF ([a, b)). Let K [p] denote the collection of p-simplices in K.

Given two p-cycles z =
∑

σ∈K[p] aσσ and w =
∑

σ∈K[p] bσσ in BDpF ([a, b)), define their inner

product as follows:

⟨z, w⟩BDpF ([a,b)) =
∑

σ∈K[p]

aσbσ.

That is, the inner product on BDpF ([a, b)) is inherited from the standard inner product on Cp(K)

as discussed in Section 2.2. Indeed, this is the inner product structure commonly used in the

literature: see [16–21].

Thus, we now view the birth-death module as a module valued in the category of Hilbert

spaces: BDpF : (Dgm(P ),⪯) → HilbR. The Hilbert space structure allows us to define the

Möbius homology Laplacian for birth-death modules as in Definition 5.1.1. That is, the degree-i

Möbius homology Laplacian for BDpF ([a, b)) is the operator

L↓
iBDpF ([a, b)) = (∂↓i )

∗∂↓i + ∂↓i+1(∂
↓
i+1)

∗

89



acting on C↓
i BDpF ([a, b)).

For the remainder of this chapter, we will focus specifically on L↓
0BDpF ([a, b)) = ∂↓1(∂

↓
1)

∗.

That is, we will focus on the end of the Möbius chain complex for BDpF ([a, b)), which is given in

terms of birth-death spaces below:

· · ·
∂↓2−→

⊕

[c,d)≺[a,b)

BDpF ([c, d))
∂↓1−→ BDpF ([a, b)) −→ 0.

By Theorems 5.1.2 and 5.1.4, we know that kerL↓
0BDpF ([a, b)) ∼= H↓

0BDpF ([a, b)) and

that elements in kerL↓
0BDpF ([a, b)) provide canonical cycle representatives for H↓

0BDpF ([a, b)).

Thus, we focus on the degree-zero Möbius homology Laplacian, as it enables an analytic study of

the birth-death spaces themselves.

Since L↓
0BDpF ([a, b)) is self-adjoint, the spectral theorem yields

C↓
0BDpF ([a, b)) = BDpF ([a, b)) = imL↓

0BDpF ([a, b))⊕ kerL↓
0BDpF ([a, b)).

In this chapter, we will study both the kernel and the image of L↓
0BDpF ([a, b)). Indeed, we will

see that the entire spectral decomposition of L↓
0BDpF ([a, b)) reflects geometric and combinatorial

properties of the persistence diagram ∂bdpF .

In order to make computations and prove theorems about the non-zero spectrum of the Möbius

homology Laplacian of the birth-death module, it will often be useful to write the matrix represen-

tation of L↓
0BDpF ([a, b)) in terms of some basis for BDpF [a, b). Recall that we also relied heavily

on the matrix representation of L↓
1M(c) for M a one-parameter module in Section 5.1.1. Thus,

before beginning our analysis, we provide an in-depth description of the matrix representation for

L↓
0BDpF ([a, b)).
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6.3 Matrix Representation of the Degree-Zero Laplacian

We saw in Section 2.1 how to construct the adjoint of a linear map using Gram matrices.

In this section, we review that construction, specifically for the Möbius homology Laplacian

L↓
0BDpF ([a, b)). Indeed, the construction given in this section will be useful for both compu-

tations and proofs later on.

Let P be a finite poset with P = P ∪ {∞}. Denote by (Dgm(P ),⪯) the poset of symbolic

persistence intervals [a, b) where a ∈ P and b ∈ P . Let F : P → ∆K be a filtration of a

finite simplicial complex K, and let BDpF : (Dgm(P ),⪯) → HilbR be the associated birth-death

module. Fix a persistence interval [a, b).

Suppose dimBDpF ([a, b)) = m, and let {z1, z2, . . . , zm} be cycles that form a basis for

BDpF ([a, b)). Observe that the basis given for BDpF ([a, b)) is likely not an orthonormal ba-

sis. Define the Gram matrix Ma,b for BDpF ([a, b)) by (Ma,b)i,j = ⟨zi, zj⟩ =
∑

σ∈K[p] aiσa
j
σ for

basis elements zi =
∑

σ∈K[p] aiσσ and zj =
∑

σ∈K[p] ajσσ.

Let {[ci, di)}Ni=1 be the persistence intervals strictly less than [a, b) in (Dgm(P ),⪯). The Gram

matrix M for the chain space C↓
1BDpF ([a, b)) =

⊕N
i=1 BDpF ([ci, di)) is a block diagonal matrix

with blocks given by Mci,di . Indeed, the block structure here reflects the orthogonality of the direct

sum
⊕N

i=1 BDpF ([ci, di)).

Consider the inclusion fi : BDpF ([ci, di)) → BDpF ([a, b)). If dimBDpF ([ci, di)) = ni and

the set of cycles {w1, w2, . . . , wni
} forms a basis for BDpF ([ci, di)), denote by Ai the m × ni

matrix representation of fi. Suppose fi(wj) =
∑m

k=1 akzk. Then, column j of Ai is given by the

m-vector with entries {ak}mk=1.

The map
⊕N

i=1 BDpF ([ci, di))
∂↓1−→ BDpF ([a, b)) can be written as the block matrix

∂↓1 =

(
A1 A2 · · · AN

)
.
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Thus, the Laplacian L↓
0BDpF ([a, b)) can be written as:

L↓
0BDpF ([a, b)) = ∂↓1(∂

↓
1)

∗ = ∂↓1M
−1(∂↓1)

TMa,b

=

(
A1 A2 · · · AN

)



M−1
c1,d1

· · · · · ·

M−1
c2,d2

· · ·

· · · · · · M−1
cN ,dN







AT1

AT2

· · ·

ATN




Ma,b.

We will use this matrix representation and its block structure to help us understand and compute

both the kernel and the image of L↓
0BDpF ([a, b)).

6.4 Harmonic Representatives and Newly Added Simplices

In this section, we will explore the kernel of L↓
0BDpF ([a, b)). Again, by Theorem 5.1.4, we

know that kerL↓
0BDpF ([a, b)) provides cycle representatives for H↓

0BDpF ([a, b)). Moreover, the

representatives in kerL↓
0BDpF ([a, b)) have a nice geometric interpretation: by Theorem 5.1.5,

elements in kerL↓
0BDpF ([a, b)) have minimal energy (that is, they have minimal squared norm).

In the case of the birth-death module for filtrations, we can say more about the geometric properties

of elements in kerL↓
0BDpF ([a, b)). Inspired by Basu and Cox’s work on harmonic persistent

homology [19], our choice of an inner product structure on each BDpF ([a, b)) results in harmonic

representatives that maximize the contribution of "newly added" simplices. In the definitions and

propositions to follow, we make this claim precise.

Recall Definition 2.2.3: the support of a chain z =
∑

σ∈K[p] aσσ ∈ BDpF ([a, b)) ⊆ Cp(K) is

given by the collection supp(z) = {σ ∈ K [p] | aσ ̸= 0}. That is, the support of a chain z consists

of all p-simplices with non-zero coefficient in z.

Definition 6.4.1: Let
∑

[c,d)≺[a,b) BDpF ([c, d)) denote the internal sum of the birth-death spaces

BDpF ([c, d)), and let A = BDpF ([a, b))\
∑

[c,d)≺[a,b) BDpF ([c, d)). Then, given a symbolic per-

92



sistence interval [a, b) ∈ Dgm(P ), define

ν[a, b) =
⋂

z∈A
supp(z).

We call ν[a, b) the set of newly added simplices associated to the persistence interval [a, b). Then,

the relative new content of a chain z =
∑

σ∈K[p] aσσ ∈ BDpF ([a, b)) is defined as

New(z) =

(∑
σ∈ν[a,b) a

2
σ∑

σ∈K[p] a2σ

)1/2

.

The definitions of the set of newly added simplices associated to an interval and the relative

new content of a chain are adapted from Basu and Cox’s set of essential simplices and relative

essential content, respectively. See [19, Definitions 4.4 and 4.5].

Intuitively, the relative new content of a chain z in BDpF ([a, b)) quantifies the proportion of

simplices in z that are "newly added:" that is, they do not appear in previous birth-death spaces.

Observe that, if BDpF ([a, b))\
∑

[c,d)≺[a,b) BDpF ([c, d)) = ∅, then ν[a, b) = ∅ as well. In this case,

the relative new content of any chain z ∈ BDpF ([a, b)) will be zero.

Recall Definition 5.1.3: given the natural surjection φ : BDpF ([a, b)) → H↓
0BDpF ([a, b)), the

space of cycle representatives for an equivalence class [x] ∈ H↓
0BDpF ([a, b)) is given by φ−1([x]).

Theorem 6.4.2: Let K be a finite simplicial complex and P a finite poset. Let F : P → ∆K be a

filtration, and fix p ≥ 0. Consider a persistence interval [a, b) ∈ Dgm(P ) so that BDpF ([a, b)) has

the property dimBDpF ([a, b))− dim
∑

[c,d)≺[a,b) BDpF ([c, d)) = 1.

Let z0 ∈ kerL↓
0BDpF ([a, b)), and let z ∈ φ−1([z0]) be any other cycle representative. Then,

New(z0) ≥ New(z).

Proof. The argument is nearly identical to that of [19, Theorem 4.8], as their theorem was the

inspiration for this result. We provide the proof for our specific context here.
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Recall that the boundary operator ∂↓1 : C↓
1BDpF ([a, b)) → C↓

0BDpF ([a, b)) is the direct sum

of inclusions BDpF ([c, d) ⪯ [a, b)) for [c, d) ≺ [a, b). Thus, im ∂↓1 =
∑

[c,d)≺[a,b) BDpF ([c, d)).

Let z0 ∈ kerL↓
0BDpF ([a, b)), and let z =

∑
σ∈K[p] aσσ ∈ φ−1([z0]) be a cycle representative

of the same homology class [z0] ∈ H↓
0BDpF ([a, b)). Define z1 =

∑
σ∈ν[a,b) aσσ to be only the

contribution of "newly added" simplices, and define z2 = z − z1.

Restated in our context, [19, Lemma 4.10] states that σ ∈ ν[a, b) if and only if σ ∈ (im ∂↓1)
⊥.

Thus, each σ ∈ supp(z1) is in (im ∂↓1)
⊥, and therefore z1 ∈ (im ∂↓1)

⊥. Thus

z0 = proj(im ∂↓1 )
⊥(z) (by Theorem 5.1.4)

= proj(im ∂↓1 )
⊥(z1) + proj(im ∂↓1 )

⊥(z2)

= z1 + proj(im ∂↓1 )
⊥(z2) (since z1 ∈ (im ∂↓1)

⊥).

Now, we will compute proj(im ∂↓1 )
⊥(z2). For σ ∈ ν[a, b), σ /∈ supp(z2), and hence [19, Lemma

4.10] yields σ /∈ supp(proj(im ∂↓1 )
⊥(z2)). In particular,

supp(z1) ∩ supp(proj(im ∂↓1 )
⊥(z2)) = ∅ =⇒ ⟨z1, proj(im ∂↓1 )

⊥(z2)⟩ = 0. (6.1)

We will now compare relative new content.

New(z)2 =
∥z1∥

2

∥z∥2

=
∥z1∥

2

∥z1∥2 + ∥z2∥2
(since ⟨z1, z2⟩ = 0 by construction)

≤
∥z1∥

2

∥z1∥2 + ∥proj(im ∂↓1 )
⊥(z2)∥2

(orthogonal projection does not increase norm)

=
∥z1∥

2

∥z0∥2
(by Equation 6.1).
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Since σ ∈ ν[a, b) =⇒ σ /∈ supp(proj(im ∂↓1 )
⊥(z2)), and since z0 = z1 + proj(im ∂↓1 )

⊥(z2), the only

simplices in ν[a, b) appearing in z0 are those in z1. That is, New(z0) =
∥z1∥2
∥z0∥2 and we obtain

New(z)2 ≤ New(z0)
2,

as desired.

Example 6.4.3: Consider the filtration F : T → ∆K in Figure 6.1 and its birth-death module

BD1F as shown in Figure 6.2.

Let the birth-death space BD1F ([2, 4)) be generated by the cycles z1 = [v1v2] + [v2v4]− [v1v4]

and z2 = [v2v3] + [v3v4] − [v2v4]. The Möbius chain space C↓
1BD1F ([2, 4)), then, is given by the

direct sum BD1F ([1, 3))⊕BD1F ([1, 4))⊕BD1F ([2, 3)) as these are the only persistence intervals

strictly less than [2, 4) in the product order so that BD1F ([c, d)) ̸= 0. All three spaces are generated

by z1. Thus, the internal sum BD1F ([1, 3)) + BD1F ([1, 4)) + BD1F ([2, 3)) has dimension 1 and

BD1F ([2, 4)) satisfies the requirements of Theorem 6.4.2.

The end of the Möbius chain complex C↓
•BD1F ([2, 4)) is given by

· · ·
∂↓2−→ R⊕ R⊕ R

∂↓1=













1 1 1

0 0 0













−−−−−−−−−−→ R
2 → 0.

We now compute the Laplacian L↓
0BD1F ([2, 4)). The Gram matrix M2,4 is given by




3 −1

−1 3


.

The Gram matrix on C↓
1BD1F ([2, 4)) is M = 3 · I3. Thus, the degree-zero Möbius homology

Laplacian for BD1F ([2, 4)) is

L↓
0BD1F ([2, 4)) = ∂↓1M

−1(∂↓1)
TM2,4 =



3 −1

0 0


 .
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It is easy to check that kerL↓
0BD1F ([2, 4)) is generated by



1/3

1


, which represents the cycle

z =
1

3
([v1v2] + [v2v4]− [v1v4]) + ([v2v3] + [v3v4]− [v2v4])

=
1

3
[v1v2]−

1

3
[v1v4] + [v2v3]−

2

3
[v2v4] + [v3v4].

The energy of z is ∥z∥2 = 8/3. The energy of z2, a different cycle representative for the bar [2, 4),

is given by ∥z2∥
2 = 3. Indeed, ∥z∥2 ≤ ∥z2∥

2.

We also compute the relative new content of z and z2. First, observe that the set of newly added

simplices for [2, 4) is given by ν[2, 4) = {[v2v3], [v3v4]}. Then,

New(z) =

(
12 + 12

8/3

)1/2

=
√
3/4, and

New(z2) =

(
12 + 12

3

)1/2

=
√
2/3.

Indeed, New(z) ≥ New(z2). Although the supports of both z and z2 contain ν[2, 4), the relative

new simplices make up a larger proportion of the support of z ∈ kerL↓
0BD1F ([2, 4)).

Remark 6.4.4: Let F : P → ∆K be a filtration, and let [a, b) ∈ (Dgm(P ),⪯) be such that

dimBDpF ([a, b)) = 1 and dimBDpF ([c, d)) = 0 for all [c, d) ≺ [a, b). Since BDpF ([a, b))

satisfies all requirements of Theorem 6.4.2, elements in kerL↓
0BDpF ([a, b)) will provide cycle

representatives that emphasize newly added content. In this case, there are some subtleties worth

pointing out. Computing C↓
•BDpF ([a, b)) yields

· · · −→ 0
∂↓1−→ BDpF ([a, b)) −→ 0.

Thus, L↓
0BDpF ([a, b)) = 0. Choose a generator x ∈ BDpF ([a, b)). Then, x ∈ kerL↓

0BDpF ([a, b)).

It is vacuously true that x maximizes relative new content. Since there are no cycles present in pre-

vious birth-death spaces, all simplices present in x are new. Thus, New(x) = 1.
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6.5 Combinatorial Spectral Properties of the Degree-Zero Lapla-

cian

Let F : P → ∆K be a filtration, and let BDpF : (Dgm(P ),⪯) → HilbR be its associ-

ated birth-death module. In the previous section, we investigated the kernel of the degree-zero

Möbius homology Laplacian L↓
0BDpF ([a, b)). In particular, Theorem 6.4.2 states that, when

dimkerL↓
0BDpF ([a, b)) = 1, the elements in kerL↓

0BDpF ([a, b)) have nice geometric proper-

ties. Namely, they have minimal energy, which in this case means they emphasize relative new

content.

The Möbius homology Laplacian, however, provides additional structure beyond its kernel.

Much like classical combinatorial Hodge Laplace operators, we expect that the non-zero spectrum

of L↓
0BDpF ([a, b)) will reflect the combinatorial structure of the persistence diagram associated

to F , the underlying object in question here. Indeed, the number of non-zero eigenvalues of

L↓
0BDpF ([a, b)) is the same as the rank of ∂↓1 . Recall that these are the cycles in BDpF ([a, b))

that are born at c and die at d for [c, d) ≺ [a, b).

However, observe that the results from Section 5.1.1 do not apply here. Indeed, even when P is

totally ordered, Dgm(P ) is often not.3 Thus, new methods are needed to investigate the spectrum

of L↓
0BDpF ([a, b)).

6.5.1 Spectrum in the One-Parameter Setting

We again start by restricting to the simpler, one-parameter case. Let F : T → ∆K be a

filtration indexed over a totally ordered set T and let BDpF : (IntT,⪯) → HilbR be the birth-

death module associated to F . In this setting, under the condition that the cycles in the birth-

death module do not branch, we can simplify the matrix representation of L↓
0BDpF ([a, b)) from

Section 6.3 to extract its corresponding eigenvalues.

3For T a totally ordered set, the interval poset (IntT,⪯) is only totally ordered when T has two or fewer elements.
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Definition 6.5.1: Let F : T → ∆K be a filtration, let (Dgm(T ),⪯) denote the poset of persistence

intervals with the product order, and let BDpF : (Dgm(T ),⪯) → HilbR be the birth-death module

associated to F . Fix a persistence interval [a, b). We say a cycle z ∈ BDpF ([a, b)) branches if it

can be written as a sum z = z1 + z2 such that

• The cycle z1 first appears in BDpF [c1, d1). That is,

[c1, d1) = min
⪯

{[c, d) ⪯ [a, b) | z1 ∈ BDpF ([c, d))} ,

• The cycle z2 first appears in BDpF [c2, d2). That is,

[c2, d2) = min
⪯

{[c, d) ⪯ [a, b) | z2 ∈ BDpF ([c, d))} ,

• The persistence intervals [c1, d1) and [c2, d2) are incomparable in (Dgm(T ),⪯).

Theorem 6.5.2: Let F : T → ∆K be a filtration indexed over a finite totally ordered set T , let

BDpF : (Dgm(T ),⪯) → HilbR be the birth-death module associated to F . Fix [a, b) ∈ Dgm(T ).

Suppose BDpF ([a, b)) does not contain any cycles that branch, and let {z1, z2, . . . , zm} be a basis

that is compatible with each space BDpF ([c, d)) so that [c, d) ⪯ [a, b). That is, we can write

BDpF ([c, d)) = span{zi | [αi, βi) ⪯ [c, d)}. For every zi, define

[αi, βi) = min
⪯

{[c, d) ⪯ [a, b) | zi ∈ BDpF ([c, d))} .

That is, BDpF [αi, βi) is the first birth-death space that zi appears in. This is guaranteed to be

unique since we are considering a one-parameter filtration. Then,

λ = len
([

[αi, βi), [a, b)
))

= #{[c, d) ∈ Dgm(T ) | [αi, βi) ⪯ [c, d) ≺ [a, b)}.

is an eigenvalue of L↓
0BDpF ([a, b)).
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Proof. We prove the proposition by showing that we can write the Laplacian L↓
0BDpF ([a, b)) as

an upper triangular matrix, where

(L↓
0BDpF ([a, b)))i,i = λi = {#of birth-death spaces BDpF [cj, dj) that contain zi} .

First, order {z1, z2, . . . , zm} according to the order in which they appear in F . If two appear at

the same time, order arbitrarily. Then, order each BDpF ([cj, dj)) according to dimension. Again,

if two spaces have the same dimension, order arbitrarily.

Since no basis element of BDpF ([a, b)) branches, with our choice of basis for BDpF ([a, b)) we

can write each inclusion BDpF ([cj, dj) ⪯ [a, b)) as a block matrix of the formAj =




Inj

0(m−nj)×nj


.

Thus, we can write

(∂↓1)
TMa,b =




AT1

AT2

· · ·

ATN




Ma,b

=




Ma,b|[c1,d1)

Ma,b|[c2,d2)
...

Ma,b|[cN ,dN )




,

where Ma,b|[cj ,dj) is Ma,b with the rows corresponding to zi ∈ BDpF [a, b)\BDpF [cj, dj) deleted.

Then, multiplying by M−1, we obtain

M−1(∂↓1)
TMa,b =




M−1
c1,d1

· · · · · ·

M−1
c2,d2

· · ·

· · · · · · M−1
cN ,dN







Ma,b|[c1,d1)

Ma,b|[c2,d2)
...

Ma,b|[cN ,dN )



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=




M−1
c1,d1

Ma,b|[c1,d1)

M−1
c2,d2

Ma,b|[c2,d2)
...

M−1
cN ,dN

Ma,b|[cN ,dN )




Observe that, for every j, the productM−1
cj ,dj

Ma,b|[cj ,dj) decomposes into a block matrix of the form(
Inj×nj

∗nj×(m−nj)

)
where the matrix ∗nj×(m−nj) is potentially non-zero. Thus, we obtain

∂↓1M
−1(∂↓1)

TMa,b =

(
A1 A2 · · · AN

)




M−1
c1,d1

Ma,b|[c1,d1)

M−1
c2,d2

Ma,b|[c2,d2)
...

M−1
cN ,dN

Ma,b|[cN ,dN )




=

(
A1 A2 · · · AN

)




In1 ∗n1×(m−n1)

In2 ∗n2×(m−n2)

...
...

InN
∗nN×(m−nN )




=




In1 In2 · · · InN

0(m−n1)×n1 0(m−n2)×n2 · · · 0(m−nN )×nN







In1 ∗n1×(m−n1)

In2 ∗n2×(m−n2)

...
...

InN
∗nN×(m−nN )




The block matrix structure above implies that L↓
0BDpF ([a, b)) is upper-triangular. Indeed, when-

ever i > j, (L↓
0BDpF ([a, b)))i,j = 0. Thus, the eigenvalues are given by the diagonal entries. The

block structure also implies that (L↓
0BDpF ([a, b)))i,i counts the number of symbolic persistence

intervals [c, d) ≺ [a, b) such that zi ∈ BDpF [c, d). That is, if the first birth-death space that zi

appears in is BDpF [α, β), then (L↓
0BDpF ([a, b)))i,i = len

([
[α, β), [a, b)

))
.
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The theorem above is consistent with our results on kerL↓
0BDpF ([a, b)). Suppose BDpF ([a, b))

satisfies the conditions of Theorem 6.5.2, and let zi ∈ BDpF ([a, b)) be such that zi /∈ BDpF [c, d)

for all [c, d) ≺ [a, b). That is, BDpF ([a, b)) is the first birth-death space that zi appears in. Then,

len ([[a, b), [a, b))) = 0 is an eigenvalue of L↓
0BDpF ([a, b)).

Example 6.5.3: Consider the filtration F : T → ∆K in Figure 6.1 and its birth-death module

BD1F as shown in Figure 6.2.

Observe that no cycles in BD1F ([2, 4)) branch, meaning the conditions of Theorem 6.5.2 are

satisfied. The Möbius homology LaplacianL↓
0BD1F ([2, 4)) is computed in Example 6.4.3. Indeed,

observe that L↓
0BD1F ([2, 4)) is upper-triangular and has eigenvalues 0 and 3. The eigenvalue 3 is

given by len ([[1, 3), [2, 4))) = #{[1, 3), [1, 4), [2, 3)}.

It is worth noting that the conditions in Theorem 6.5.2 are sufficient but not necessary. In Ap-

pendix A, we provide additional examples of one-parameter filtrations and birth-death spaces that

do not satisfy the branching condition. One example will result in a Möbius homology Laplacian

with integer eigenvalues while the other will have non-integer eigenvalues. Furthermore, the defini-

tion of a branched cycle is not well-defined in general for multiparameter filtrations. Nonetheless,

there are multiparameter filtrations who admit Möbius homology Laplacians that achieve the result

of Theorem 6.5.2. Again, see Appendix A for an example.

Even without the branching condition in Theorem 6.5.2, when considering one-parameter fil-

trations, we know that the eigenvalues of L↓
0BDpF ([a, b)) are related to the points in the persistence

diagram below [a, b).

Proposition 6.5.4: The number of non-zero eigenvalues of L↓
0BDpF ([a, b)) is the same as the

number of points (with multiplicity) [a, b) in the persistence diagram of BDpF for F : T → ∆K

a one-parameter filtration.

Proof. The number of non-zero eigenvalues is given by dim im
(
L↓
0BDpF ([a, b))

)
. We know

that imL↓
0BDpF ([a, b)) = im ∂↓1 . The map ∂↓1 is the direct sum

⊕
[c,d)≺[a,b) BDpF ([c, d) ⪯ [a, b)),

where each BDpF ([c, d) ⪯ [a, b)) is the inclusion BDpF [c, d) →֒ BDpF [a, b). Thus, im ∂↓1 con-
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sists of all the cycles that are born at c and die at d for [c, d) ≺ [a, b). When F is a one-

parameter filtration, these cycles are in one-to-one correspondence with the intervals [c, d) such

that ∂bdpF [c, d) ̸= 0 (counted with multiplicity).

6.5.2 General Spectral Properties

Although we will not provide a complete characterization for the eigenvalues ofL↓
0BDpF ([a, b))

for filtrations F : P → ∆K indexed over a finite poset P , we can still extract spectral information

from the characteristic polynomial of L↓
0BDpF ([a, b)). In particular, we will compute the trace

exactly and provide a lower bound for the determinant. These properties will, as we expect, reflect

the combinatorial structure of the persistence diagram.

Recall that, to compute the eigenvalues of L↓
0BDpF ([a, b)), we solve for the roots of the char-

acteristic polynomial det(λIm − L↓
0BDpF ([a, b))) where m = dimBDpF ([a, b)). It is known that

the coefficient in front of λm−1 is given by −trL↓
0BDpF ([a, b)). In fact, we can compute the trace

exactly.

Theorem 6.5.5: Let F : P → ∆K be a filtration, and let BDpF : (Dgm(P ),⪯) → HilbR be its

associated birth-death module for a fixed p ≥ 0. Fix [a, b) ∈ Dgm(P ), and let L↓
0BDpF ([a, b))

denote the associated Möbius homology Laplacian. Then,

trL↓
0BDpF ([a, b)) =

∑

[c,d)≺[a,b)

bdpF ([c, d)).

Proof. We begin by changing basis so that, for every interval [c, d) ⪯ [a, b), BDpF ([c, d)) has

an orthonormal basis. In particular, this means the direct sum
⊕

[c,d)≺[a,b) BDpF ([c, d)) also has

an orthonormal basis. Denote by U−1 and V −1 the change of basis matrices for BDpF ([a, b))

and
⊕

[c,d)≺[a,b) BDpF ([c, d)), respectively. Changing basis changes the matrix representation of

the Laplacian L↓
0BDpF ([a, b)) as follows. Denote by L̃0

↓
BDpF ([a, b)) the new representation
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given by

L̃0

↓
BDpF ([a, b)) = U−1∂↓1V V

−1(∂↓1)
∗U

= U−1∂↓1V (U−1∂↓1V )∗,

where the second equality follows from the fact that U and V are orthogonal matrices. Further-

more, since we have changed to orthonormal bases,

L̃0

↓
BDpF ([a, b)) = U−1∂↓1V (U−1∂↓1V )T .

Let ∂̃↓1 = U−1∂↓1V . Observe that changing basis does not change eigenvalues (recall Remark 2.1.12).

Suppose L̃0

↓
BDpF ([a, b)) has eigenvector v⃗ with eigenvalue λ. Then,

L̃0

↓
BDpF ([a, b))v⃗ = λv⃗ =⇒ U−1∂↓1V V

−1(∂↓1)
∗Uv⃗ = λv⃗

=⇒ ∂↓1(∂
↓
1)

∗Uv⃗ = U(λv⃗)

=⇒ L↓
0BDpF ([a, b))(Uv⃗) = λ(Uv⃗).

In particular, trL↓
0BDpF ([a, b)) = tr L̃0

↓
BDpF ([a, b)).

Now, ∂̃↓1 has block structure given by

(
Ã1 Ã2 · · · ÃN

)
(see Section 6.3). Thus, we can

write L̃0

↓
BDpF ([a, b)) = Ã1Ã1

T
+ Ã2Ã2

T
+ · · ·+ ÃN ÃN

T
. Each summand ÃiÃi

T
is a projection

matrix that projects onto BDpF ([ci, di)) ⊆ BDpF ([a, b)). Thus, tr ÃiÃi
T
= dimBDpF ([ci, di))

and, because the trace distributes over matrix addition,

trL↓
0BDpF ([a, b)) =

∑

[c,d)≺[a,b)

dimBDpF ([c, d))

as desired.

Furthermore, the methods utilized in the proof of Theorem 6.5.5 will also provide insight into

the determinant of L↓
0BDpF ([a, b)).
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Theorem 6.5.6: Let F : P → ∆K be a filtration, and let BDpF : (Dgm(P ),⪯) → HilbR be its

associated birth-death module for a fixed p ≥ 0. Fix [a, b) ∈ Dgm(P ), and let L↓
0BDpF ([a, b))

denote the associated Möbius homology Laplacian. Let m = dimBDpF ([a, b)). Then,

(detL↓
0BDpF ([a, b)))

1/m ≥ # {[c, d) | [c, d) ≺ [a, b) and bdpF ([c, d)) = bdpF ([a, b))} .

Proof. First, change basis as in the proof of Theorem 6.5.5. Because changing basis does not

change the determinant,

detL↓
0BDpF ([a, b)) = det L̃0

↓
BDpF ([a, b)) = det(Ã1Ã1

T
+ Ã2Ã2

T
+ · · ·+ ÃN ÃN

T
).

By the Minkowski determinant inequality (see [47, Part II Section 4.1.8]),

(det(Ã1Ã1

T
+ Ã2Ã2

T
+ · · ·+ ÃN ÃN

T
))1/m

≥(det(Ã1Ã1

T
))1/m + (det(Ã2Ã2

T
))1/m + · · ·+ (det(ÃN ÃN

T
))1/m.

(6.2)

Since each ÃiÃi
T

is a projection matrix, det(ÃiÃi
T
) = 0 if dimBDpF ([ci, di)) < dimBDpF ([a, b))

whereas det(ÃiÃi
T
) = 1 if dimBDpF ([ci, di)) = dimBDpF ([a, b)). Thus, we conclude.

Intuitively, the 1/bdpF ([a, b))-th power of the determinant of L↓
0BDpF ([a, b)) is bounded from

below by the number of intervals [c, d) ≺ [a, b) where bdpF ([c, d)) = bdpF ([a, b)).

The lower bound for (detL↓
0BDpF ([a, b)))

1/m given by Theorem 6.5.6 is less informative as

the number of intervals [c, d) ≺ [a, b) grows. Indeed, Equation 6.2 follows inductively:

(det(Ã1Ã1

T
+ Ã2Ã2

T
+ · · ·+ ÃN ÃN

T
))1/m

≥(det(Ã1Ã1

T
))1/m + (det(Ã2Ã2

T
+ · · ·+ ÃN ÃN

T
))1/m

≥(det(Ã1Ã1

T
))1/m + (det(Ã2Ã2

T
))1/m + (det(· · ·+ ÃN ÃN

T
))1/m

≥ · · ·

≥(det(Ã1Ã1

T
))1/m + (det(Ã2Ã2

T
))1/m + · · ·+ (det(ÃN ÃN

T
))1/m.
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That is, each summand ÃiÃi
T

adds an inequality.

Example 6.5.7: Consider the filtration F : T → ∆K shown in Figure 6.1 and its birth-death

module BD1F as shown in Figure 6.2. In Example 6.4.3, we computed the Möbius homology

Laplacian L↓
0BD1F ([2, 4)) =



3 −1

0 0


. The characteristic polynomial, then, is given by

det(λI2 − L↓
0BD1F ([2, 4))) = λ2 − 3λ.

First, observe that trL↓
0BD1F ([2, 4)) = 3 = bd1F [1, 3) + bd1F [1, 4) + bd1F [2, 3). Furthermore,

detL↓
0BDpF ([a, b)) = 0. Indeed, there are zero birth-death spaces below BD1F ([2, 4)) with the

same dimension.

See Appendix A for more examples illustrating Theorems 6.5.5 and 6.5.6.

In particular, the two theorems presented in this chapter relate the combinatorial structure of

the birth-death function to the spectrum of L↓
0BDpF ([a, b)) through linear algebraic invariants (the

trace and the determinant).

6.6 Discussion and Future Directions

In this chapter, we first introduced filtrations of a simplicial complexK, denoted F : P → ∆K.

In order to describe the evolving topology of K, we constructed the birth-death module BDpF di-

rectly from the data of the filtration F . By endowing the birth-death spaces BDpF ([a, b)) with an

inner product structure inherited from the geometry of the underlying simplicial complexK, we de-

fined the Möbius homology Laplacian L↓
iBDpF ([a, b)) acting on the chain space C↓

i BDpF ([a, b)).

We were particularly interested in the degree-zero Möbius homology LaplacianL↓
0BDpF ([a, b)).

Under certain conditions, we found that kerL↓
0BDpF ([a, b)) provided cycle representatives for the

Möbius homology space H↓
0BDpF ([a, b)). These representatives maximize relative new content.

Furthermore, we provided a first spectral analysis of L↓
0BDpF ([a, b)). We computed the trace of

L↓
0BDpF ([a, b)) exactly, and we obtained a lower bound on the determinant of L↓

0BDpF ([a, b)).
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Both quantities were given in terms of bdpF . Finally, under the conditions that F is a one-

parameter filtration and BDpF ([a, b)) has no cycles that branch, we computed the eigenvalues

of L↓
0BDpF ([a, b)) exactly.

In all, we have demonstrated that the Möbius homology Laplacian for the birth-death module

of a filtration is an interesting analytical tool with which to study the filtration F : P → ∆K

and its associated birth-death module BDpF . However, we are not the first to investigate Laplace

operators and harmonic homology spaces associated to a filtration: we provide a brief summary of

the literature in this area in Section 6.6.1.

6.6.1 Relationship to Related Work

We are not the first to define or study combinatorial Laplace operators or harmonic cycle rep-

resentatives for persistent homology. Early work on persistent harmonic forms appeared in a 2014

talk by Lieutier [16]. Since then, many researchers have studied analytic and algebraic properties

of simplicial filtrations using tools such as persistent Laplacians, harmonic persistent homology,

and orthogonal Möbius inversion. In this section, we briefly summarize how our approach relates

to existing methods. We refer interested readers to the cited literature for further details.

Many existing tools in the area of persistent Laplacians and harmonic persistent homology

consider one-parameter filtrations. Let T be a finite totally ordered set and let F : T → ∆K

be a filtration. In Section 6.1, we obtained the persistence diagram of F by first constructing

the birth-death function bdpF : (Dgm(T ),⪯) → Z≥0 then applying Möbius inversion to obtain

∂bdpF : (Dgm(T ),⪯) → Z. The following constructions provide cycle representatives associated

to a persistence interval [a, b) ∈ Dgm(T ):

• In [19], Basu and Cox define a space of harmonic cycle representatives for a persistence

interval [a, b) ∈ Dgm(T ) so that ∂bdpF ([a, b)) ̸= 0. This space is denoted Pa,b
p .

• In [20, 21], Gülen, Mémoli, and Wan define orthogonal Möbius inversion, a method for

applying Möbius inversion to the Hilbert-space-valued birth-death module BDpF . The or-

thogonal Möbius inverse of BDpF ([a, b)) is denoted OI(BDpF ([a, b))).
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In the proposition to follow, we clarify how these existing approaches relate to our construction.

Proposition 6.6.1 ([20, 21]): Let T be a totally ordered set, let F : T → ∆K be a filtration, and

let BDpF : (Dgm(T ),⪯) → HilbR be the associated birth-death module. Then,

kerL↓
0BDpF ([a, b)) ∼= OI(BDpF ([a, b))) (6.3)

∼= Pa,b
p . (6.4)

Proof. Equation 6.3 follows from combining Theorem 5.1.2 with [20, Theorem 9], where the

authors prove that OI(BDpF ([a, b))) ∼= H↓
0BDpF ([a, b)). Equation 6.4 follows from [21, Theo-

rem 9].

That is, in the one-parameter setting, orthogonal Möbius inversion, harmonic persistent homol-

ogy, and the Möbius homology Laplacian all provide isomorphic spaces of cycle representatives.

Moreover, Gülen, Mémoli, and Wan prove [20, Theorem 9] for the multiparameter setting.

Specifically, if F : P → ∆K is a filtration indexed by a finite poset P , then, combining [20,

Theorem 9] with Theorem 5.1.2 yields

kerL↓
0BDpF ([a, b)) ∼= H↓

0BDpF ([a, b)) ∼= OI(BDpF ([a, b))).

Finally, we note that our construction differs from existing formulations of persistent Lapla-

cians (see, for example, [17, 18]), which typically act directly on simplicial chain complexes as-

sociated to each filtration level. In contrast, the degree-zero Möbius homology Laplacian acts on

Hilbert-space-valued birth-death modules defined on intervals. Thus, the two provide complemen-

tary analytical methods with which to study filtered simplicial complexes.

6.6.2 Future Work

Thus, the Möbius homology Laplacian L↓
0BDpF ([a, b)) is compatible with existing construc-

tions of cycle representatives. Moreover, the results of this chapter demonstrate that the non-zero

107



spectrum of L↓
0BDpF ([a, b)) reflects the combinatorial structure of the associated persistence dia-

gram. However, there are many avenues for future work that remain to be investigated.

For one, further investigation into the characteristic polynomial of L↓
0BDpF ([a, b)) would be

interesting. We have already seen that the trace of L↓
0BDpF ([a, b)) reflects the combinatorial struc-

ture of the persistence diagram, and we have a lower bound for the determinant in terms of the

birth-death function. However, when dimBDpF ([a, b)) > 2, there are more than two coefficients

in the characteristic polynomial det(λIm−L↓
0BDpF ([a, b))). It would be interesting to investigate

whether the coefficients of this characteristic polynomial admit combinatorial or topological inter-

pretations, as in the case of the graph and combinatorial Laplacians. A better understanding of the

characteristic polynomial of L↓
0BDpF ([a, b)) will aid in better understanding of its spectrum as a

whole.

Furthermore, recall that we focused particularly on the degree-zero Möbius homology Lapla-

cian L↓
0BDpF ([a, b)) in this chapter. Recall from Section 4.3 that the appearance of non-diagonal

persistence intervals [a, b) such that ∂bdpF ([a, b)) < 0, in part, motivated the introduction of

Möbius homology. Indeed, a negative value for ∂bdpF ([a, b)) suggests the presence of odd degree

Möbius homology spaces H↓
2i+1BDpF ([a, b)). Investigating the degree-one Möbius homology

Laplacian, for example, may provide useful insight.

Moreover, Proposition 6.1.6 begs the question: given a persistence module M : P → HilbR

with free presentation φ : G⇒M , it is natural to ask which spectral properties of L↓
0BDpF ([a, b))

extend to the birth-death module BDϕ associated to φ. WhenM = HpF for a filtration F , it would

be interesting to investigate how the Möbius homology Laplacian associated to BDϕ relates to that

associated to BDpF .
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Appendix A

Examples of Filtrations

In this appendix, we provide multiple examples of filtrations F : P → ∆K indexed over a

finite poset P . Denote by (Dgm(P ),⪯) the poset of all persistence intervals [a, b) with a ∈ P

and b ∈ P = P ∪ {∞} so that a ≤ b. In all examples, we will compute the birth-death module

BDpF : (Dgm(P ),⪯) → HilbR for p = 1.

These examples are meant to illustrate that the conditions of Theorem 6.5.2 are sufficient but

not necessary. The conditions for this theorem are that (1) P must be totally ordered, and (2) cycles

in BDpF ([a, b)) do not branch. Furthermore, we will explore the statements of Theorems 6.4.2,

6.5.5, and 6.5.6 in these specific examples.

A.1 One-Parameter Examples

We start by considering one-parameter filtrations. That is, F : T → ∆K for T a finite totally

ordered set. First, we provide an example where L↓
0BD1F ([a, b)) has integer eigenvalues even

though the branching condition is not satisfied.

Example A.1.1: Consider the filtration F : T → ∆K in Figure A.1. Observe that BD1F ([2, 4))

contains a cycle that branches: namely, z = ([v1v2] + [v2v3]− [v1v3]) + ([v3v4] + [v4v5]− [v3v5]).

The cycle [v1v2] + [v2v3] − [v1v3] first appears in BD1F ([2, 3)) whereas [v3v4] + [v4v5] − [v3v5]

first appears in BD1F ([1, 4)), but [2, 3) and [1, 4) are not comparable in Dgm(T ).

However, the Möbius homology Laplacian for BD1F ([2, 4)) is the identity matrix:

L↓
0BD1F ([2, 4)) =



1 0

0 1


 .
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Figure A.1: Above: a filtration F : T → ∆K where T = 1 < 2 < 3 < 4. Below: the birth-death module
BD1F (left), and the persistence diagram ∂bd1F (right). In BD1F , all unlabeled maps are either the zero
map or the identity

Indeed, the eigenvalue of 1 with multiplicity two is given by len([[2, 3), [2, 4))) = #{[2, 3)} and

len([[1, 4), [2, 4))) = #{[1, 4)}. Furthermore,

det
(
λI2 − L↓

0BD1F ([2, 4))
)
= λ2 − 2λ+ 1.

In this case,

trL↓
0BD1F ([2, 4)) = 2 = bd1F ([1, 4)) + bd1F ([2, 3))

and

det
(
L↓
0BD1F ([2, 4))

)1/2
= 11/2 ≥ 1.
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Figure A.2: Above: a filtration F : T → ∆K where T = 1 < 2 < 3 < 4. Below: the birth-death module
BD1F (left), and the persistence diagram ∂bd1F (right). In BD1F , all unlabeled maps are either the zero
map or the identity.

Next, we provide an example of a filtration F and a birth-death space BD1F ([a, b)) contain-

ing cycles that branch. The conditions of Theorem 6.5.2 do not hold, and we have non-integer

eigenvalues.

Example A.1.2: Consider the filtration F : T → ∆K in Figure A.2. The Möbius homology

Laplacian for BD1F ([2, 4)) is

L↓
0BD1F ([2, 4)) =



1/2 1/2

1/6 3/2


 .
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The eigenvalues of L↓
0BD1F ([2, 4)) are 1± 1√

3
. The two non-zero eigenvalues represent the points

in the persistence diagram at [1, 4) and [2, 3), but they do not give us some notion of "length."

Furthermore,

det
(
λI2 − L↓

0BD1F ([2, 4))
)
= λ2 − 2λ+

2

3
.

In this case,

trL↓
0BD1F ([2, 4)) = 2 = bd1F ([1, 4)) + bd1F ([2, 3))

and

det
(
L↓
0BD1F ([2, 4))

)1/2
= (2/3)1/2 ≥ 0.

A.2 Multiparameter Examples

Now, we provide examples of multiparameter filtrations F : P → ∆K: that is, P is a finite

poset. First, let’s see an example where L↓
0BD1F ([a, b)) has non-integer eigenvalues.

Example A.2.1: Consider the filtration F : P → ∆K in Figure A.3. The Möbius homology

Laplacian of BD1F [d, d) is the 2× 2 matrix given by:

L↓
0BD1F [d, d) =




5 −2/3

−2/3 5


 .

The eigenvalues of L↓
0BD1F [d, d) are 13

3
and 17

3
. The characteristic polynomial is

det
(
λI2 − L↓

0BD1F ([d, d))
)
= λ2 − 10λ+ 24

5

9
.

In this case,

trL↓
0BD1F ([d, d)) = 10 =

∑

[x,y)≺[d,d)

bd1F ([x, y))

and

det
(
L↓
0BD1F ([d, d))

)1/2
= (221/9)1/2 ≥ 3.
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Figure A.3: Above: a filtration F : P → ∆K where P is not totally ordered. Below: (Dgm(P ),⪯) (left),
the birth-death module BD1F (center), and the persistence diagram ∂bd1F (right). In BD1F , all unlabeled
maps are either the zero map or the identity.

Now, let’s see an example of a multiparameter filtration F where L↓
0BD1F ([a, b)) has integer

eigenvalues.

Example A.2.2: Consider the multiparameter filtration from Figure A.4. Let BD1F ([c, d)) be

generated by the cycles z1 = [v1v2] + [v2v4] − [v1v4] and z2 = [v2v3] + [v3v4] − [v2v4], and let

BD1F ([a, d)) be generated by z3 = z1 + z2. The Möbius homology Laplacian for BD1F ([c, d)) is
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given by

L↓
0BD1F ([c, d)) =



1/2 1/2

1/2 1/2


 .

It is easy to check that kerL↓
0BD1F ([c, d)) is generated by




1

−1


, which represents the cycle

z = ([v1v2] + [v2v4]− [v1v4])− ([v2v3] + [v3v4]− [v2v4])

= [v1v2] + 2[v2v4]− [v1v4]− [v2v3]− [v3v4].

Observe that z1 is another representative for BD1F [c, d). We can write z1 as the sum 1
2
z+ 1

2
(z1+z2)

where z1 + z2 is the image of z3 under ∂↓1 . Up to rescaling, the harmonic representative z has

minimal energy: ∥z1∥2 = 3 whereas ∥1
2
z∥2 = 1

4
8 = 2.

The eigenvalues of L↓
0BD1F ([c, d)) are 0 and 1. Indeed, 1 = len ([[a, d), [c, d))) = #{[a, d)}.

The characteristic polynomial is

det
(
λI2 − L↓

0BD1F ([c, d))
)
= λ2 − λ.

In this case,

trL↓
0BD1F ([c, d)) = 1 = bd1F ([a, d))

and

det
(
L↓
0BD1F ([c, d))

)1/2
= 01/2 ≥ 0.
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Figure A.4: Above: A filtration F : P → ∆K where P is not totally ordered. Below: (Dgm(P ),⪯) of
P (left), the birth-death module BD1F (center), and the persistence diagram ∂bd1F (right). In BD1F , all
unlabeled maps are either the zero map or the identity.
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